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PREFACE

This book contains the Full Papers presented at ADMOS 2011, the fifth International Conference on Adaptive Modeling
and Simulation, held in Ecole Centrale Paris (Châtenay-Malabry, France) from June 6 to 8, 2011.
Numerical Modeling and Simulation has reached an amazing level of maturity and therefore is increasingly used as a
complement to Experimental Modeling and Analysis and as a design or certification tool in engineering applications.
However, after more than thirty years of worldwide research efforts around Adaptive Modeling and Simulation, the problem
of assessing and controlling the quality of the numerical solutions is still relevant. The design of sophisticated engineering
systems requires increasingly complex and coupled modeling and increasingly time-consuming computations. Adaptive
approaches, which provide reliable and cost efficient modeling and coherent coupling of different scales and mechanisms
in a unique model, are more strategic and indispensable than ever.
The objective of the ADMOS 2011 conference on Adaptive Modeling and Simulation is to provide a forum for presenting
and discussing the current state-of-the-art achievements in the fields including theoretical models, numerical methods,
algorithmic strategies and challenging engineering applications.
The papers included in this book address not only the classical theoretical aspects and numerical techniques related to
the adaptive modeling, but also their extensions for the classes of more challenging problems, such as: the guaranteed
error bounds and adaptive strategies for non-linear, transient or coupled problems, the goal-oriented anisotropic error
estimators and remeshing, the stochastic framework and uncertainties, etc.. The connections between the adaptive
modeling and some alternative advanced numerical methods, for example the XFEM, the meshless method and
the domain decomposition method etc., are also addressed. The considered application domains are very varied,
including the more traditional areas of structure or fluid mechanics and acoustics, as well as the quantum mechanics
or biomechanics, with the scales ranging from the one of nanoparticles, via the mesoscopic level, to those of industrial
structures and even of civil engineering constructions.
This book includes Full Papers sent directly by the authors, and the editors cannot accept responsibility for any
inaccuracies, comments and opinions contained in the text. The organizers would like to take this opportunity to thank
all the authors for submitting their contributions.

Denis Aubry, Bing Tie		
			
Ecole Centrale Paris
Laboratoire de Mécanique des Sols,
Structures et Matériaux (LMSSMat)
Châtenay-Malabry, France
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MODEL VERIFICATION THROUGH GUARANTEED UPPER
BOUNDS: STATE OF THE ART AND CHALLENGES
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Abstract. The central question discussed here is how to develop efficient and guaranteed
error bounds and how to calculate them. For quasi-static linear problems, various answers
have been given between 1990 and the present. In fact, all of them are very similar. We are
going to show that they can be viewed as further developments of the Constitutive Relation
Error method. For nonlinear problems such as viscoplasticity as well as for dynamics, a first
answer was given recently. The Constitutive Relation Error (CRE) method has been extended
to provide guaranteed error bounds for small-displacement problems, even in dynamics. The
presentation will focus on the basic features of the extended CRE method and present some
examples illustrating its capabilities. The latest developments and the remaining challenges
will also be presented.
1

INTRODUCTION

Today more than ever, modeling and simulation are central to any mechanical engineering
activity. A constant concern both in industry and in research has always been the verification
of models which, today, can attain very high levels of complexity. The novelty of the situation
is that over the last twenty-five years truly quantitative tools for assessing the quality of a FE
model have appeared; this topic is now known as "model verification". Of course, the original
continuum mechanics model remains the reference (Fig. 1). The state of the art can be found
in [1,2,3,4,5].
One of the key issues nowadays is how to assess the quality of the calculated outputs of
interest resulting, for example, from a finite element analysis. This objective goes beyond the
ambition of earlier error estimators. These provided only global information, which is totally
insufficient for dimensioning purposes in mechanical design (where the dimensioning criteria
involve local values of stresses, displacements, stress intensity factors…).
Among the numerous works on the linear case, we can mention as the earliest ones: PerairePatera, Rannacher and al., Strouboulis-Babuska, Oden-Prudhomme, Ladevèze and al.; further
references can be found in [2,3,4,5]. The main idea which emerged then was that an output of
interest can be written globally, thus allowing the reuse of global error estimators; however,
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accurate error estimation required the finite element solution of what is called the adjoint
problem". Extensions to the nonlinear case appeared in the early 90’s with [6] [7] [8]; these
approaches consisted in getting back to the linear case through linearization during each time
step.
Unfortunately, most of these estimates are not guaranteed to be upper or lower bounds, which
is a very serious drawback for robust design. Consequently, one of today’s research
challenges is to derive upper error bounds for the calculated values of outputs of interest.
Even in the linear case, relatively few works have proposed answers: [1,2,9,10,11,12,13,14].
Outside of the FE context, and only for the linear case, there exist a few early works on this
subject, such as [15] and [16]. These, which use analytical Green functions, have serious
limitations and seem quite remote from the present concern, in which numerical aspects are
central.
The central question discussed here is how to develop efficient and guaranteed error bounds
and how to compute them not only for quasi-static linear problems but also for nonlinear
problems such as (visco)-plasticity as well for dynamics. A first general answer was given
recently [17,26]. This work completed the a posteriori error estimation method developed
particularly at LMT-Cachan (see [2] and [18]), which was based on the concept of
Constitutive Relation Error (CRE) and on quasi-explicit techniques for the construction of
associated admissible FE solutions. Using the standard thermodynamics framework involving
internal state variables , classical convexity properties being assumed, nonclassical concepts
such as the “dissipation” CRE-error or the ”mirror” problem should be introduced.
2 THE REFERENCE PROBLEM TO BE SOLVED AND ITS OUTPUT OF
INTEREST
2.1 The conceptual structural model
2.1.1

Standard formulation

Initially, the structure being studied occupies a domain Ω bounded by !Ω. We will assume
small displacements, quasi-static loading and isothermal conditions. The time interval of
interest is denoted [0, !]. At any time ! belonging to [0, !], the structure is placed in an
"environment" characterized by a displacement !! on a part !! Ω of the boundary of Ω, a
traction force density !! on !! Ω (the part of !Ω complementary to !! Ω), and a body force
density !! within the domain Ω.

Figure 1: Schematic representation of the environment (i.e. the prescribed conditions)
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The problem which describes the evolution of the structure over [0,T] is: Find the
and   Ω, which
displacement field ,  and the stress field , , with   0,
verify:
• the kinematic constraints:
   , ;| Ω   on 0,
(1)

• the equilibrium equations (principle of virtual work):
   , ;   0,
   ,

-. 
! T r $  dΩ & ! ' (  dΩ & ! ) (  d+  ! , . (  dΩ
Ω
Ω
* Ω
Ω -




• the constitutive relation:
  0,



  Ω|/  0$1|2 ; 3 4 

(2)

(3)

$ denotes the strain associated with the displacement ($56  . 5,6 & 6,5 ).  , is
7

the space containing the displacement field  defined over Ω 8 0, , and  , is the space
containing the stresses, also defined over Ω 8 0, . Finally, , is the vector space of the
,
prescribed virtual velocities. Let us denote  the space of the displacements which verify
the kinematic constraints (1).

2.1.2

Formulation within the thermodynamics framework

The reference problem (1), (2), (3) is rewritten using some global notations within the
framework of classical thermodynamics with internal variables. Let us introduce the
following generalized quantities:
$1>
$1

(4)
9  : <=1>  ? A=1B  ? B A
;
@1
@1
We have $  $B & $> , where $B and $> are the elastic part and the inelastic part respectively;
the additional internal variables are the n-vectors @ and ;. The dissipation bilinear form over
the time-space domain is:




=1> , 9 C ! ! 9 ( =1> DdΩDd  ! !  Tr $1>


Ω



Ω

The reference problem becomes:
Find =1> , 9   , such that:
• =1  =1B & =1> : K admissible
• =1 , 9: S admissible
• state equations: =B  Λ9
• state evolution laws: =1>  U9

; ( @1dΩDd

• initial conditions: 9  0, =  0,   0, 1  0 at   0

19

(5)

(6)

Pierre Ladevèze

Λ is assumed to be linear, symmetric and positive: this is the case of most viscoplastic
materials, generally after a change of internal variables (see [21]). This material description is
called "normal". Let us note that what we are doing here could easily be extended to the case
where Λ derives from a convex potential. U can be nonlinear and multivalued, as in plasticity.
It is assumed to be monotonous.
2.2 The output of interest

The quantity of interest W is a goal-oriented quantity, such as the mean value of a stress or any
internal variable component over an element or a set of elements, and over a time interval.
True local quantities in time as well as in space could be also considered. Such an output of
interest can be written globally:


WBX  ! ! Y Tr BX ZΣ\1 & Tr $1BX Z]^ & 1BX ( ZΓ\^ `dΩDd


Ω

(7)

where the extractor is: ZΣ\1, Z]^ , ZΓ\^  over 0, 8 Ω. "ex" denotes the exact solution of the
conceptual structural model. Here, for the sake of simplicity, we are not considering nonlinear
functionals of the exact solution, but such extensions would involve no serious difficulties.
Z is a symbol indicating that the extractor must be interpreted as a finite, but relatively small,
variation. However, we do not carry out any linearization.
The W-error for which we are going to derive strict bounds is:
|WBX

Wa |

where Wa is the value obtained through the computational model.
2.3 Definition of an admissible solution
In the dissipation framework, the concept of admissibility must be modified (see [2] and
[21]).
Definition 1 A pair =1> , 9   , is admissible if:
b
the state equations are veridied over 0, 8 Ω=1B  Λ9
bb
=1  =1B & =1> and 9 verify the kinematic constraints and the equilibrium equations
over 0, 8 Ω
bbb the initial conditions at   0 are veridied over Ω

In other words, an admissible solution verifies all the equations except the state evolution
laws.
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3 THE CONCEPT OF “MIRROR” PROBLEM AND ITS FUNDAMENTAL
IDENTITY
3.1 The “mirror” problem
The "mirror" problem is associated with the extractor. It replaces the adjoint problem, with
which it coincides in the linear case. The "mirror" problem introduced in [17] is similar to the
reference conceptual problem, except that time goes backwards (    ) and the state
evolution laws have been modified. This mirror problem, expressed in terms of -quantities,
is defined with the following state evolution law:

 ̃     ̃    
(8)
̃  

where   is the calculated solution of the reference problem. ̃ and ̃ are functions of
  .
3.2 The fundamental identity

Let us assume that we know an admissible solution ̂ , ̂  of the reference problem and an
admissible solution ̃ , ̃  of the mirror problem. The basic relation leading to the bounds
is an extension of the relation obtained for the quasi-static case in [26]:
Theorem 1 The -error is equal to

     Ω   ̂   ̃,  ,  ̂,   ̃ Ω
where:


  Ω
•    Ω r   r̂    
• ̂ , ̂ : admissible solution of the reference problem
̂,  ̂  ̂

• ̃ , ̃ : admissible solution of the mirror problem
̃,  ̃  ̃

   ̃  ̃







An upper bound could be derived if it is possible to get an bound of (  ̂ , , 
̂, This is done in the next paragraph.

5
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4 THE CONCEPT OF DISSIPATION CRE-ERROR AND THE FUNDAMENTAL
ERROR RESULT
4.1 Hypotheses

The reference is the conceptual structural model defined by the material operators q, Λ, U.
Let us assume that:
b
v
t
tbb

q, Λ are symmetric and positive dedinite operators such that
0 x y7 z 4 q 4 y. z x ∞ and 0 x |7 z 4 Λ 4 |. z x ∞
U is maximal monotonous

H
• 9 9 ~  ( =1> =1 ~ >   0 =1> , 9, =1 ~ > , 9 ~   Γ
u
t
• =1> , 9  Γ9 9 ~  ( =1> =1 ~ >   0  =1 ~ > , 9 ~   Γ
t
sbbb ,, Λ are independent of time

where Γ is the subset of  defined by:

Γ j Y=1> , 9  ; =1>  U9`

(10)

A special, but important, case is that where the material operator U is described using two
dual potentials which are convex functions.
4.2 Definition of the dissipation Constitutive Relation Error
Here, we are following the same lines as in [26] but the used constitutive relation error are
quite different.Here , one tries to give the less importance as possible to additional internal
variables.

Definition 2. The local (in space) dissipation constitutive relation error 
is:



=1> , 9 



max ,  ! d  !
 

B1 , 

/





-3

Tr

  1>

where Γ , is the set of the pairs =1> , 9     , which verifies:
•
the state evolution law =1>  U9  ;
•
the state equations except the elasticity equation;
•
the initial condition =>  0 and 9   0 at   0.

,Ω
Definition 3. The global dissipation constitutive relation 
is:
,Ω


=1> , 9  ! 
=1> , 9dΩ
Ω

and its relative error:
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,
/

=1> , 9

-3
;. @1
with   ! d Ω ! d  !
$



Ω

Proposition 1. For =1> , 9  

,

, one has:


b 
=1> , 9  0

bb Under  hypothesis, 
=1> , 9  0 if =1> , 9  Γ ,

4.2 Fundamental error result
It has been proved :
Theorem 2. One has:



!d Ω ! d  !


Ω

-3

YTr BX

1 `
̂>,a

na 1>,BX


-
1
YTr BX
 !d Ω !
2 Ω


na 7 BX

na  `

Such a theorem links the CRE-error with the error on solutions.

5

THE METHOD TO GET UPPER ERROR BOUNDS: PRINCIPLE

The starting point is the following identity proved in [16].
Q = |. Wa
where
•
•
•
•

WBX   mΩ d Ω m d =1>,BX


=̂1>,a . Z9̃la

9BX

9a Z =̃l >,a 

=1>,BX , 9BX  is the exact solution of the reference problem;
=̂1>,a , 9̂ a  is the admissible solution of the reference problem;
Z=̃l1>,a , Z9̃la  is the admissible solution of the mirror problem;
| is a scaling parameter.

Q could also been written using the fundamental error result as : Q = mΩ d Ω q
with q=1>,BX , 9BX  = m d 1>,BX


 /
- µ ( m  YTr
.

2
+m d  m YTr

7

BX

BX

where µ is a positive constant .

1 . Z]a
̂>,a

na 7 BX

na 1>,BX
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It follows that :
  .      in   Ω 


where   ax ,,   , .

Ω

Then, one has to solve a time-problem at each point of the domain Ω, practically at each
Gauss point. Depending on the reference problem, such a problem could be solved
analytically or numerically.
6

APPLICATIONS

Most of recent applications have been done with L. Chamoin. For linear problems, including
viscoelastic ones even in dynamics, the mirror problem coincides with the adjoint one. More,
the q-problem could be done explicitly leading to an upper bound which is the product of the
dissipation errors related to the reference and the adjoint problems [24,25,27-30,33]. One
keypoint to get accurate upper bounds is the used technique for the computation of admissible
fields associated to the f.e. solution and the data ; several interesting enhancements have been
proposed [31,35]. For nonlinear problems as (visco)-plasticity ones, the solving of the qproblem is not easy ; a work is at the present time in progress at Cachan. Numerical
illustrations have been done.
7

CONCLUSION

We introduced a new and general approach to error calculation leading to strict error bounds
of outputs of interest for quasi-static and dynamic problems. (Visco)plastic materials can be
used, but only under the small-displacement assumption. All sources of error are taken into
account, including modeling errors. The development and implementation of these strict
bounds will be presented in companion papers. The first application concerns the linear
viscoelastic case [19,20].
This paper focuses on the basic features of the proposed error calculation approach.
Convexity (or, at least, monotonous properties) are assumed. At present, going further (for
example for large displacements or for plasticity with softening) while keeping strict error
bounds seems to be an impossible challenge. A less satisfactory alternative would consist in
trying to extend the error bounds proposed here heuristically, as we did for global errors in
[2,23].
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Abstract. We present in this work an alternative approach to classical adaptive modeling
usually based on a posteriori error estimation: the new adaptive method is founded on
the concept of optimal control and is applied to the simulation of atomistic-to-continuum
coupled models developed using the Arlequin framework. The solutions of the coupled
model represent approximations of the solutions to fully atomistic models. The coupled
solutions may indeed contain errors due to the misplacement of the overlap region defined
in the Arlequin framework. Since the position of the overlap region is not known a priori
and may depend on the goal of the simulation, our objective here is to determine, a
posteriori, its best position, or equivalently, the optimal size of the atomic region that
needs to be retained in the coupling formulation in order to accurately predict prescribed
quantities of interest. In this new adaptive process, the position of the overlap between
the particle and continuum models is conveniently parameterized and iteratively identified
by searching for the optimal parameters. The performance of the method is illustrated
on two-dimensional test problems.
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1

INTRODUCTION

The development of multiscale methods for the simulation of material responses is
an important research area for applications involving complex phenomena that transcend
many scales. The objective of multiscale modeling is thus to concurrently combine models
so as to capture only the scales that are relevant to accurately predict quantities of
interest of complex problems. For example, when studying physical events that take
place at the atomic or molecular scale, one is generally faced with such a large number
of degrees of freedom that the solution of such systems is simply intractable. However,
in many cases, molecular models can be replaced by continuum models in the regions in
which only the large-scale phenomena play a significant role for the prediction of localized
quantities of interest. We consider here a class of atomic-to-continuum coupling methods,
based on the Arlequin framework [1, 2], that seamlessly blend models on overlapping
subregions of the computational domain. In these methods [3, 4, 5], the reference particle
model is replaced by a coupled model that concurrently solves for the large and small
spatial scales. It is important to recognize that the coupled model only constitutes a
surrogate model that provides approximations of the solution to the reference particle
model. The modeling error is then defined as the difference between the solutions of
the reference and coupled models. The selection and utilization of these models in the
computational domain depend on the scale at which one needs to describe the physical
phenomena. Unfortunately, the regions, in which the different models should be used,
are not necessarily known a priori. Adaptive methods to control the position of the
interface region between models have been proposed based on classical goal-oriented error
estimation techniques [6, 7]. We describe in this work an alternative method based on
optimal control [8]. In this new adaptive process, the position of the overlap between the
particle and continuum models is conveniently parameterized and iteratively identified by
searching for the optimal parameters. The method provides a means to automatically
identify the optimal location of the overlap region between the two models, and thus,
to automatically construct the optimal surrogate model that will best predict specific
quantities of interest with the smallest number of degrees of freedom. The performance
of these two methods is compared on two-dimensional test problems.
2

MODELING APPROACH: Particle, Continuum, and Coupled Models

We consider a lattice system of n particles distributed on a regular lattice in Rd ,
d = 1, 2, or 3. The displacement of particle i is given by yi ∈ Rd . We suppose that the
problem of interest consists in finding the deformed configuration of the particle system
at equilibrium, described by y ∈ Y, that minimizes the potential energy of the system,
i.e.


n

y = argmin E(z) −
(1)
fi · zi
z∈Y

i=1

2
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where Y denotes the space of trial and test vectors (which includes the definition of
homogeneous boundary conditions for some of the particles on the boundary of the lattice),
E the total strain energy of the system (defined in terms of harmonic potentials for all
pairwise interactions), i.e.
n
n
1 
E(z) =
Vij (zi , zj )
(2)
2 i=1 j=1
and fi the pointwise external force applied at each particle (which will be set to zero for
most of the particles). In the following, we will assume that every particle i interacts
only with a subset of neighboring particles while neglecting long-ranged interactions. In
variational form, the problem reads:
Find y ∈ Y such that B(y; z) = F (z) ∀z ∈ Y

(3)

where B(·; ·) and F (·) are semi-linear and linear forms, respectively, defined as:
n

∂E
B(y; z) =
(y) · zi
∂yi
i=1

and

F (z) =

n

i=1

fi · zi

(4)

In general, one is not necessarily interested in the full solution of problem (3), often
intractable for most practical applications, but in specific features of the global solution y.
Most of the time, specific features can be expressed in terms of linear functionals of
the solution Q(y), defined with respect to a subset of particles, such as an averaged
displacement of particles in a given subregion. We present below a surrogate model of (3)
that is tractable and aims at accurate predictions of the quantities of interest only.
The surrogate model is based on coupling the particle model with a continuum model
using the Arlequin framework (see [4, 6]) that consists of the following ingredients:
1. A continuum model is selected to be used in a region Ωc located sufficiently far
away from the particles involved in the calculation of the quantity of interest Q(y).
We will use a linear elasticity model assuming that deformations in Ωc are small.
Denoting by u the displacement in Ωc , by (u) = (∇u + ∇T u)/2 the linearized
strain energy, and by K the linear, symmetric, positive-definite, Hooke tensor, the
continuum strain energy reads:

1
Ec (u) =
(u) : K(u) dx
(5)
2 Ωc
Note that the parameters of the Hooke tensor K should be calibrated based on
the particle model in order to make sure that the two models be compatible in the
regime of validity of the continuum model. The space of admissible displacements
is denoted by U.
3
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2. The particle model is kept only in a sub-domain Ωd of Ω, the region covered by the
whole lattice, i.e. Ω = Ωc ∪ Ωd and Ωc ∩ Ωd = ∅. Let m denote the number of
particles in Ωd where ideally one has m  n. Let w define the displacement vector
of these particles, i.e. w = (w1 , w2 , . . . , wm ) ∈ W = Rd×m . We denote the strain
energy associated with this subset of particles as:
m

m

1 
Ed (w) =
Vij (wi , wj )
2 i=1 j=1

(6)

The coupling method builds on the Arlequin framework [1, 2, 4] and is based on the
two following principles:
1. Let Ωo = Ωc ∩ Ωd denote the overlapping region between Ωc and Ωd . A global strain
energy Eg of the coupled system is defined by weighting the energy of each model
by means of a partition of unity to approximate the strain energy E of the original
lattice system, such that:
1
Eg (u, w) =
2



αc (x) K(u) : (u) dx +
Ωc

m 
m


αdij Vij (wi , wj )

(7)

i=1 i=1

which is well defined ∀u ∈ U and ∀w ∈ W. Here, the coefficients αc and αdij
denote the weighting coefficients for the continuum and discrete models, respectively.
Details on constructing such weighting functions can be found in [9].
2. The solutions of the continuum and particle models are matched together on the
overlap region Ωo . In order to do so, we introduce a linear interpolation operator Π
that maps the discrete displacement vector w into a continuous piecewise linear
displacement field Πo w on Ωo and a restriction operator Ro that restricts the continuum displacement u to Ωo . The coupling term is introduced here by the bilinear
form b(·, ·), defined on X = H 1 (Ωo ) as:

b(µ, v) =
µ · v + βµ · v dx
∀µ, v ∈ X
(8)
Ωo

where β is a scaling factor. Other types of coupling operators have also been proposed such as that based on an averaging operator on Ωo (see [10]).
Assuming that the external loading forces fi are applied to the particles that lie within
the critical region Ωd \Ωo only, the weak formulation of the Arlequin problem reads:
Find (u, w, λ) ∈ U × W × X such that:
B0 ((u, w, λ); (v, z, µ)) = F0 (v, z, µ)
4
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where




B0 ((u, w, λ); (v, z, µ)) =
αc (x) K(u) : (v) dx



Ω
c




m
m 
m



∂

ij

αd Vij (wi , wj ) · zk
+

∂w
k
i=1 j=1
k=1



− b(λ, Ro v − Πo z) − b(µ, Ro u − Πo w)




m



 F (v, z, µ) =

fi · zi
 0

(10)

i=1

One can easily obtain a finite element formulation of Problem (9) by introducing the
finite element spaces Uh and Xh for the continuum solution and Lagrange multiplier field,
respectively. The finite element problem reads:
Find (uh , wh , λh ) ∈ Uh × W × Xh such that :
B0 ((uh , wh , λh ); (v, z, µ)) = F0 (v, z, µ) ∀(v, z, µ) ∈ Uh × W × Xh

(11)

Although the displacement w of the original problem is by definition a discrete field, we
use the notation wh here to emphasize that it depends on the finite element solutions uh
and µ.
3

AN OPTIMAL CONTROL APPROACH FOR ADAPTIVE MODELING

The classical approach for adaptive modeling is not shown here as it has already been
extensively described in other works [6, 7].
We now propose to develop a new approach for modeling adaptation, based on classical optimal control theory, which aims at determining the optimal values of some given
parameters of the problem. In our case, the control parameters are those that define the
size and shape of the particle region Ωd \Ωo and may be introduced in various ways to
represent the shape of the particle region. In what follows, the control parameters are
collected together into the vector m ∈ Q and the Arlequin solution obtained with respect
to those parameters are denoted by U(m) = (u(m), w(m), λ(m)). For a given set of
parameters m, the Arlequin problem (9) reads:
Find U(m) ∈ V such that

B0,m (U(m); V) = F0 (V),

∀V ∈ V

(12)

where we explicitly indicate the dependence of the parameters m on the solutions and
bilinear form B0,m (·, ·) and use the notations V = (v, z, µ) and V = U × W × X for the
test functions and the global space of trial functions, respectively.
From an optimal control viewpoint, the adaptive process consists in finding the set of
parameters m∗ that minimizes the error E in the quantity of interest Q, up to a given
5
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preset tolerance τ . Denoting by y0 (m) ∈ W the particle displacement obtained from the
Arlequin solution (u(m), w(m), λ(m)), the problem reads:


2
1
∗
m = argmin
Q(y) − Q(y0 (m))
= argmin J(U(m))
(13)
2
m
m

where J denotes the objective function. Such a problem is generally solved using an
iterative gradient algorithm with fixed step: given an approximate value mk of m∗ at the
k th iteration, the value mk+1 obtained at the next iteration k + 1 is computed as:
mk+1 = mk − η∇m J(U(mk ))

(14)

where η is a prescribed parameter that depends on the step size. The main difficulty
in such an algorithm is the computation of the gradient ∇m J. In the present work, we
employ a method based on the adjoint state. In order to do so, we define the Lagrangian
associated with the minimization problem (13) as:


L(U, P, m) = J(U) − B0,m (U; P) − F0 (P)
(15)

and seek for the saddle-point (U, P, m) such that:



∂L


=
0




B0,m (U; V) = F0 (V),
∀V ∈ U (Primal Prob.)


∂P




∂L
= 0 ⇒  ∇U B0,m (U; V, P) = ∇U J(U) · V, ∀V ∈ U (Adjoint Prob.)



∂U




 ∇ B (U; P) · q = 0,


∂L
∀q ∈ Q (Control Prob.)
m 0,m


=0
∂m

(16)

Skipping all technical details (see [8] for an extended exposition), it can be shown that
the gradient ∇m J may be approximated as:
∂mi J(U(m)) ≈

1
c
d
B0|Ω
(u(m), pu , αcmi ) − B0|Ω
(w(m), pw , αcmi )
d,∆mi
d,∆mi
∆mi
− b|Ωd,∆mi (λ(m), Ro pu − Πo pw ) − b|Ωd,∆mi (pλ , Ro u(m) − Πo w(m))


1
mi +∆mi
mi +∆mi
c
d
+
B
(u(m), pu , αd
) − B0|Ωo,∆m (w(m), pw , αd
)
i
∆mi 0|Ωo,∆mi



(17)

where Ωd,∆mi and Ωo,∆mi denote the increments of the particle and overlap regions between
two iterates, respectively, obtained by updating the parameter mi to mi + ∆mi , i.e.
Ωd,∆mi = (Ωd \Ωo )mi +∆mi − (Ωd \Ωo )mi
Ωo,∆mi = (Ωd )mi +∆mi − (Ωd )mi
6
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Ω 0,∆ mi
Ω d, ∆ mi

mi

mi + ∆ mi

mi + ∆ mi

Figure 1: Definition of regions Ωd,∆mi and Ωo,∆mi .

as shown in Fig. 1, and where the particle solution in Ωo,∆mi is retrieved from the interpolation of the continuum displacement.
The adaptive algorithm for the control of modeling error based on the optimal approach
can thus be summarized as follows:
1. Set the initial configuration of the Arlequin problem.
2. Solve the surrogate problem (9) for (u, w, λ).
3. Solve the adjoint problem (16) for (pu , pw , pλ ).
4. Use (17) to compute ∇m J with respect to each parameter mi .
5. Use (14) to update the parameters.
6. Check convergence by calculating the difference between the values of the quantity
of interest evaluated at two successive iterations (or the maximal component of
∇m J). If necessary, go to step 2.
7. Stop.
4

NUMERICAL EXPERIMENTS

We consider a two-dimensional L-shaped lattice represented in Fig. 2. The particles are
supposed to interact only with their nearest neighbors by means of harmonic potentials
with stiffness coefficients k1 = 10 (for the horizontal and vertical bonds) and k2 = 5
(for the diagonal bonds). The structure is subjected to vertical traction forces f = 0.01
applied to each particle located on the upper right boundary of the lattice. The collective
action of these forces is represented by the force F in Fig. 2. The quantity of interest
is chosen here as the stretching of the bond between particles P1 and P2 located in the
reentrant corner of the structure.

7
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f

F

P1
P2

Figure 2: Two-dimensional example: the particles shown as P1 and P2 are those used to define the
quantity of interest Q.

In the initial configuration of the Arlequin problem, the particle model is preserved in
the corner and in the upper right side of the structure. The meshes for the discretization of
the continuum model and of the Lagrange multiplier are made of squared finite elements
each consisting of 5 × 5 particles. We compare the classical and optimal approaches
for modeling adaptation. We choose here to adapt the Arlequin configuration at each
iteration one element at a time. Note that in the optimal approach, the number of
parameters obviously increases with the number of iterations as the overlap region after
each iteration is made of more elements. Recall that parameters are defined with respect
to each of the elements in Ωo . The exact value of the quantity of interest, as computed
with the full particle system, is given by Q = 0.1205. We show in Fig. 3 the Arlequin
configuration after the fourth iteration using the two adaptive approaches. Convergence
of the approximate prediction Qh of Q with respect to the number of iterations of the
two adaptive processes is shown in Fig. 4, where the dashed line is used for the classical
approach and the solid line for the optimal approach. We clearly observe that the newly
proposed optimal approach produces a faster convergence of the estimates Qh toward the
exact value Q with respect to the number of iterations.
5

CONCLUSIONS

A new adaptive scheme based on an optimal approach for multiscale modeling has been
applied to the case of a coupling method that blends a particle model with a linear elasticity model. The procedure consists in searching for the optimal parameters (size and shape)
of the particle region. In the present work, the parameters are conveniently characterized
in terms of the finite element discretization on the overlap region. Preliminary results
show that the method is promising and performs better on a simple two-dimensional test
problem than a classical approach based on goal-oriented error estimators, in the sense
that it converges faster to the desired value of the quantity of interest.
8
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Figure 3: Arlequin configuration after the fourth iteration using the classical approach (left) and the
optimal approach (right). Note that the configuration is already different after four iterations but that
the estimate of Q is more accurate using the latter approach (as shown in Fig. 4).
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Abstract. Robust and reliable a posteriori error estimation is one of the cornerstones in
adaptive strategies. In this paper, we therefore present and compare the performance of
explicit and implicit residual-type error estimators for Q1 -quadrilateral XFEM discretizations applied to LEFM problems. More precisely, in either case we derive a computable
upper bound on the discretization error measured in the energy norm. Furthermore,
both approaches are extended to goal-oriented error estimators to estimate the error of a
given quantity of interest, such as the J-integral as a fracture criterion in LEFM. Finally,
illustrative numerical examples are presented.

1

INTRODUCTION

Nowadays, the eXtended Finite Element Method (XFEM), the origins of which date
back to the seminal works by Belytschko et al. [3, 11], has been proven to be an extremely
“powerful“ tool to tackle crack propagation problems within the framework of linear
elastic fracture mechanics (LEFM). Briefly speaking, the capability of XFEM to capture
the stress singularity at the crack tip and to let a crack run through an element enables a
situation when the initial, relatively coarse mesh might need only a slight and, moreover,
local mesh refinement to meet a predefined error tolerance. However, being a priori (by
Tymofiy Gerasimov and Marcus Rüter are supported by the DFG under grant no. WR 19/39-1.
Furthermore, the authors would like to thank Professor Peter Wriggers for multiple support.
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default) more accurate than the standard FEM, XFEM still requires robust and reliable
error estimation techniques, carefully tailored to the particular problem at hand.
So far, the main efforts in a posteriori error estimation analysis for XFEM with application to LEFM have been directed towards strategies based on stress-recovery techniques,
see e.g. [4] and the more recent paper [9].
More sophisticated strategies like explicit and implicit residual-type a posteriori error
estimation have been drawn less attention to in the XFEM engineering literature due to
some mathematically sound difficulties to overcome. In order to enable e.g. an explicit
estimation procedure of residual type (or Babuška-Miller type, see [2]) in the context of
XFEM, one has to construct a specific quasi-interpolation operator yielding optimal local
interpolation error estimates. These questions have been currently addressed and studied
in [8] for the P1 -variant of XFEM with a cut-off function used, and in [7] for the more
conventional (original) version of XFEM based on Q1 -approximations. In either case, the
upper bound on the discretization error measured in the H 1 and energy norms have been
constructed and analyzed. The obvious advantage of an explicit error estimator is that it
can be derived in a relatively simple and straight-forward way making explicit use of the
approximation and the given data.
The derivation of an implicit residual-type error estimator is less trivial and requires
more efforts as it relies implicitly on the solutions of Neumann problems on the element
level for which equilibrated tractions have to be computed, see [13]. In this fashion, one
also obtains an upper-bound error estimator, which has the merit that it does not depend
on any interpolation constant.
Implementation and comparison of these two approaches is one of the goals of this
paper. Furthermore, the natural extension to the case of goal-oriented a posteriori error
estimation is considered which allows to control the error of the J-integral in LEFM.
This paper is divided into five sections. We start in Section 2 by recalling the LEFM
problem formulations along with the XFEM approximation to be implemented. Subsequently, Section 3 focuses on the two kinds of residual-type error estimators for the
energy norm which are then extended in Section 4 to the case of goal-oriented error control in LEFM. Finally, in Section 5 illustrative and comparative numerical examples are
presented.
2
2.1

XFEM APPROXIMATIONS IN LEFM
The model problem of LEFM

Let Ω ⊂ R2 be an open, bounded polygonal domain with a pre-existing crack, denoted
by Γc ⊂ ∂Ω, which is assumed to be a straight two-sided line (depending on the upward or
−
downward orientation of the normal vector n on Γc one distinguishes between Γ+
c and Γc
merging at the crack tip T ). The boundary ∂Ω of Ω consists of the three disjoint subsets
ΓD , ΓN and Γc , as can be seen in Fig. 1, such that ∂Ω = Γ̄D ∪ Γ̄N ∪ Γ̄c , and where ΓD and
ΓN are the segments on which homogeneous Dirichlet and (non)homogeneous Neumann
2
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• nodal set I ∗
nodal set J ∗
× nodal set IH

ΓN

ΓJ

Γc

T
T

ΩJ

Ω
ΓD

Figure 1: Pre-cracked domain.

Figure 2: XFEM enrichments.

Figure 3: Partition P1 .

boundary conditions are prescribed, respectively. The crack Γc is supposed to be traction
free.
The variational formulation of the elliptic and self-adjoint problem of LEFM consists
in finding the displacements u ∈ V := {v ∈ H1 (Ω) = [H 1 (Ω)]2 : v|ΓD = 0} such that
a(u, v) = F (v)

∀ v ∈ V,

(1)

where a : V × V → R and F : V → R are bilinear and linear forms on V defined as



σ(u) : ε(v) dxdy
and
F (v) :=
f ·v dxdy +
t̄·v ds,
(2)
a(u, v) :=
Ω

Ω

ΓN

respectively. In the above, f ∈ L2 (Ω) = [L2 (Ω)]2 and t̄ ∈ L2 (ΓN ) = [L2 (ΓN )]2 are body
forces and prescribed tractions, respectively, and σ = C : ε denotes the Cauchy stress
tensor obtained from the linear strain tensor ε = ∇sym u and the elasticity tensor C.
Existence and uniqueness of the solution u ∈ V is ensured by the Lax-Milgram lemma.
The pre-existing crack Γc starts to grow in the direction of x̄ if the value of the J-integral
exceeds the material-dependent threshold Jc . The domain expression of the J-integral,
see [14], is defined as

J(u) = −

H(q x̄) : Σ̃(u) dxdy.

(3)

ΩJ

Here, q is a weighting function with q = 1 on a plateau around the crack tip T and
q = 0 on ΓJ := ∂ΩJ \Γc , see Figs. 1 and 4. Moreover, H is the gradient tensor and
Σ̃ = Ws I − H T · σ denotes the nonlinear and unsymmetric Newton-Eshelby stress tensor
with the specific strain-energy function Ws = 1/2ε : C : ε, and the second-order identity
tensor I.
3
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2.2

The XFEM discretization

Let P0 = {K} be the partition of the non-cracked �
domain into open, convex quadrilaterals K, with diameter hk = diam(K), such that K∈P0 K̄ = Ω̄ and that the mesh
associated with P0 does not align with the crack Γc . The XFEM approximation associated with problem (1) reads
�
� 4
�
�
�
�
h
u (x) =
φi (x)H(x)b̂i, (4)
φi (x)ûi + R(x)
φi (x)
fn (r, θ)ĉi,n +
i∈I

i∈{I ∗ ∪J ∗ }

n=1

i∈IH

�
cf. [6]. Here, φi (x) is the Q1 -shape function at node i, R(x) :=
i∈I ∗ φi (x) is the
4
so-called ramp function, {fn (r, θ)}n=1 are the branch functions aiming to produce the
singular strains/stresses near the crack tip:
�
1 �
{fn (r, θ)}4n=1 := r 2 cos( 21 θ), sin( 21 θ), sin( 12 θ) sin(θ), cos( 12 θ) sin(θ) ,

(5)

and H(x) is the Heaviside-type function. Furthermore, ûi are classical nodal values and
ĉi,n , b̂i are additional degrees of freedom. Finally, I is the set of all nodes in P0 , I ∗ ⊂ I and
J ∗ ⊂ I are the subsets of nodes which are enriched by the branch functions (I ∗ consists
of all nodes within a certain radius rtip around the crack tip and J ∗ consists of the closest
neighboring nodes to the ones in I ∗ ), IH ⊂ I is the subset of nodes that are enriched
for the crack discontinuity (which consists of nodes of elements that are cut by the crack
excluding the nodes belonging to I ∗ ). In Fig. 2 an example of the XFEM enrichment
scheme employed is sketched.
The discrete analogue to the infinite dimensional space V is Vh := {v h ∈ H1 (Ω) :
h
v as in (4), v h |ΓD = 0} ⊂ V, and in the XFEM discretization of problem (1) we seek
displacements uh ∈ Vh such that
a(uh , v h ) = F (v h )

∀ v h ∈ Vh .

(6)

The J-integral as defined in (3) is then approximated by J(uh ).
The XFEM partition P0 = {K} not conforming with a crack is a partition of the
non-cracked domain Ω ∪ Γc . Hence, it cannot be used on the left-hand side of (6) straightforwardly. Therefore, we introduce and employ the object P1 = {K∗ } with K∗ ⊆ K,
explicitly defined as

if Γc �⊂ K,
 K
K ∩ Ωℓ , ℓ ∈ {1, 2} if Γc ⊂ K and T ∈
/ K,
(7)
K∗ =

K\Γc
if Γc ⊂ K and T ∈ K.
Here, Ωℓ , ℓ ∈ {1, 2} is a subdomain obtained from Ω by subdividing it into two parts using
the crack and its straight extension. Hence, K ∩Ω1 and K ∩Ω2 are simply the subelements
4

40

Erwin Stein, Tymofiy Gerasimov and Marcus Rüter

of the corresponding K lying on different sides of Γc . Also, K\Γc is an open domain with
a slit (i.e. two-sided boundary) obtained from the crack tip element K by “removing”
the set Γc . The partition P1 is sketched in Fig. 3, where we use different shadowing to
highlight K∗ -s from the second line in (7), whereas the domain K\Γc is filled up with
dots. It is obvious that now P1 is the partition of an actual (physical) domain Ω.
3
3.1

A POSTERIORI ERROR ESTIMATION IN THE ENERGY NORM
Error residual equation

In order to derive an a posteriori error estimate for the XFEM discretization error
e = u − uh , let us first recall the weak formulation (1). Upon inserting uh ∈ Vh into (1)
and introducing the weak form of the residual R : V → R defined by
R(v) = F (v) − a(uh , v)

(8)

we immediately obtain the error residual equation
a(e, v) = R(v)

∀ v ∈ V.

(9)

Note that (9) reveals the relation between the error (on the left-hand side) and the residual
(on the right-hand side). For later use, let us further introduce the associated local
problem of (9)
(10)
aK (e|K , vK ) = RK (vK ) ∀vK ∈ VK .

Here, aK : VK × VK → R and RK : VK → R denote the restrictions of a and R to an
element K, respectively, i.e. RK is defined as



RK (vK ) =
f |K · vK dxdy +
tK · vK ds −
σ(uh |K ) : ε(vK ) dxdy
(11)
K

∂K

K

with the exact traction field tK ∈ L2 (∂K) and VK is the local space on the element level
associated with V.
3.2

Explicit residual-type error estimation

In what follows, we briefly describe how an explicit error estimator can be obtained.
Upon recalling the discrete XFEM problem (6) and introducing the interpolation operator
Qh : V → Vh , see [7] for further details, we may recast (6) into
0 = F (Qh v) − a(uh , Qh v)

∀ v ∈ V.

(12)

Subtracting (12) from the error residual equation (9) then yields
a(e, v) = F (v − Qh v) − a(uh , v − Qh v) ∀ v ∈ V,
which is a point of departure in the explicit residual-type a posteriori error analysis.
5

41

(13)

Erwin Stein, Tymofiy Gerasimov and Marcus Rüter

Integration by parts of the left-hand side of (13) and successive application of the
Cauchy-Schwarz, (discretized) Hölder and Korn inequalities finally yields the explicit
residual-type a posteriori error estimate
� 21
�
�
2
2
ηK
+ ηK\Γ
=: Cηexp
(14)
|||e|||Ω ≤ C
∗ ,exp
c ,exp
K∗

in terms of a positive constant C. The explicit error estimator ηexp is defined in terms of
the local error indicators
�
�
L
�
1
2
2
h 2
h
2
hK �f + div σ(u )�L2 (K∗ ) + hK
ηK∗ ,exp :=
(15)
�[[σ(u )·n]]El �L2 (El ) ,
2µ
l=1

and

2
ηK\Γ
c ,exp

1
:=
2µ

�

+ hK

h2K �f + div σ(URh )�2L2 (K\Γc ) + hK

L−2
�
l=1

+

L
�

L
�

�σ(URh )·nEl �2L2 (El ⊂Γ±c )

l=L−1

�[[σ(uh )·n]]El �2L2 (El �⊂Γ±c ) + �div σ(USh )�2L1 (K\Γc )

(16)

�

�σ(USh )·nEl �2L1 (El ⊂Γ±c ) .

l=L−1

They can be treated as a measure of local discretization errors over each K∗ and K\Γc
and hence can be a guide for adaptive procedures (e.g. local mesh refinement etc.). Note
that since the error estimator is of explicit type, it can be straight-forwardly computed
from the given data.
In the above, we introduced the jump in the traction field across an edge El of K∗ ,
which is defined as
�
 1�
h
h
 2 σ(u )|Ki,∗ − σ(u )|Kj,∗ ·nEl if El = K̄∗ ∩ J¯∗ ,
t̄ − σ(uh )·nEl
if El ⊂ ΓN ,
[[σ(uh )·n]]El :=
(17)

h
±
−σ(u )·nEl
if El ⊂ ΓD or El ⊂ Γc .

Here, in the first line, nEl is the unit outward normal on El = K̄i,∗ ∩ K̄j,∗ with respect
to either Ki,∗ or Kj,∗. Note also that the actual jump on El in this case is σ(uh )|Ki,∗ −
σ(uh )|Kj,∗ and we split this difference into two equal parts in order to make each half
contribute to each adjacent element. For the sake of simplicity we also assume that the
element K∗ = K\Γc does not share ΓN . Moreover, URh ∈ H2 (K\Γc ) and USh ∈ H1 (K\Γc )
are regular and singular parts of uh on K\Γc , respectively, such that uh = URh + USh
on K\Γc . For the quantities involving Γ±
c it is meant that the corresponding situation
+
−
holds in both cases Γc and Γc . For further elaborations on the derivation of this explicit
residual-type error estimator we refer to [7], where also a new set of improved branch
functions is introduced to get rid of the terms depending on the singular parts USh .
6
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3.3

Implicit residual-type error estimation

The general idea for deriving an implicit error estimator is to substitute the exact
tractions tK in (11), which are apparently in equilibrium, with an approximation t̃K
which then defines the equilibrated residual R̃K : VK → R. Thus, we are led to the
problem of seeking an error approximation ψK ∈ VK such that
aK (ψK , vK ) = R̃K (vK ) ∀vK ∈ VK .

(18)

Since (18) is a Neumann problem, the approximate tractions t̃K have to be in equilibrium
as well to fulfill the well-posedness of the variational problem.
Evidently, upon summing up the equilibrated residuals R̃K over all nK elements K, its
sum has to equal R and thus it follows that


(19)
t̄ · v ds =
t̃K · v|K ds ∀v ∈ V.
ΓN

∂K

K

Hence, the equilibrated tractions t̃K have to coincide with the tractions t̄ on the Neumann
boundary ∂K ∩ ΓN . Furthermore, they have to fulfill Cauchy’s lemma, i.e. t̃Ki = −t̃Kj
on K̄i ∩ K̄j for all elements Ki �= Kj . Bearing in mind the above observations concerning
the weak form of the residual R and the exact error representation (9), we thus arrive at
the important relation

aK (ψK , v|K ) ∀v ∈ V.
(20)
a(e, v) =
K

Following [1], it can be shown that upon applying the Cauchy-Schwarz inequality twice
on (20) we obtain the implicit residual-type a posteriori error estimate
|||e|||Ω ≤





2
ηK,imp

K

 21

=: ηimp

(21)

without any constants. The implicit error estimator ηimp is defined by the local error
indicators
2
ηK,imp
= |||ψK |||2K
(22)
in terms of the solutions ψK of local Neumann problems that have to be solved additionally which is an essential difference to the explicit error estimator as derived in the
preceding section. Note that strictly speaking, the upper error bound given in terms
of ηimp only holds if the Neumann problems(18) are solved exactly. Thus, higher-order
ansatz functions are implemented in the XFEM code to retain the upper bound property
of the estimator. The implicit error estimator (21) was introduced in [13] for the case of
XFEM approximations.
7

43

Erwin Stein, Tymofiy Gerasimov and Marcus Rüter

3.4

Equilibration of tractions

The quality of the implicit error estimator (21) clearly depends on the choice of the
equilibrated tractions. The approach presented to compute t̃K closely follows the ones
originally proposed in [10], [15] and [16].
For the equilibrated tractions we introduce the following ansatz
t̃K = th + βij

on K̄i ∩ K̄j

(23)

with K̄i �= K̄j and XFEM tractions th . The vector-valued interface function βij : K̄i ∩
K̄j → R2 is determined by the equilibration condition R̃K (vK ) = 0 for all vK ∈ ZK ,
i.e. the space of rigid body modes. In the spirit of the L2 -orthogonality of finite element
ansatz functions, see [15], the key idea is to make an ansatz for βij that is L2 -orthogonal
to the XFEM ansatz functions (4) which results in a decoupled linear system of equations.
4
4.1

GOAL-ORIENTED ERROR ESTIMATION
Linearization of the J-integral

In computational LEFM, an energy norm error control, as described in the previous
section, is not efficient and thus not recommendable. Rather, the error of the nonlinear
J-integral
J(u) − J(uh ) = JT (e)
(24)
should be controlled directly, see [12], in terms of the (linear) tangent form JT : V → R,
defined as

JT (v) = −
Σlin(uh ) : H(v) dxdy
(25)
ΩJ

which holds for small discretization errors e. In the above, we introduced the stress tensor


(26)
Σlin (uh ) = tr[H(q x̄)]σ(uh ) − σ(uh ) · H T (q x̄) − H(q x̄) : H T (uh ) · C
resulting from the linearization of Σ̃, which proves convenient in the derivation of the
strong form of the dual problem. Note that (26) is a direct result of Eshelbian mechanics,
whereas its derivation in terms of the classical representation of the J-integral is much
more cumbersome.
4.2

Duality techniques

The error estimation of the J-integral requires an auxiliary dual problem based on the
∗
∗
dual bilinear form a : V × V → R, see [5]. Since a is symmetric, cf. (2), a coincides with
∗
a and the dual problem reads: find a solution u ∈ V that satisfies
∗

a(u, v) = JT (v) ∀v ∈ V.
8
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∗

As in the case of the primal problem (1), we can, at best, approximate u by the XFEM
∗ h
solution u ∈ Vh of the associated discretized dual problem.
Recalling (24), setting v = e in (27), employing the Galerkin orthogonality and intro∗
∗
∗h
ducing the dual XFEM discretization error e = u − u , the error of the J-integral can be
exactly represented by

∗
∗
ae (e|K , e|K )
(28)
J(u) − J(uh ) = a(e, e) =
K

and thus, with the Cauchy-Schwarz inequality, estimated from above by

∗
|||e|K |||K |||e|K |||K
|J(u) − J(uh )| ≤

(29a)

ne

∗

≤ |||e|||Ω |||e|||Ω .

(29b)

With the implicit energy norm error indicator (22) at hand we obtain from (29a) a nonguaranteed upper bound, which still holds in most computations and usually is very
efficient, whereas in (29b) we may use both explicit and implicit error estimators (14) and
(21), respectively, to obtain a guaranteed upper bound which is, in turn, not necessarily
efficient. We finally remark that in the case of the dual problem the strong form of (27)
has to be taken into account for the explicit error estimator (14), where div Σlin (uh ) acts
as a body load in ΩJ and vanishes at the plateau (i.e. for q = 1), since only gradients of
q appear in div Σlin(uh ) as can be seen from (26). As a consequence, we find that f = 0
in (16).
5

NUMERICAL EXAMPLES

We now turn to the numerical examples and investigate both the energy norm and
goal-oriented a posteriori error estimators as introduced in the preceding sections. As
depicted in Fig. 4, the system under consideration is a pre-cracked square plate that is
clamped on the right edge and subjected to tensile loads |t̄| = 0.33 N/mm2 at the upper
and lower edges. Young’s modulus and Poisson’s ratio are chosen as E = 64.000 N/mm2
and ν = 0.2, respectively. These material parameters relate to borosilicate glass. In our
computations the mesh has n elements in each Cartesian direction which will take on the
values {5, 7, 9, 13, 19, 27, 39, 55, 77, 109, 153, 215}, that is, uniform mesh refinements are
considered throughout this section. For fixed n the parameter hK is thus computed as
hK = 1000/n.
The solutions of the discrete primal and dual problem for n = 7 are plotted in Figs. 5
and 6, respectively. Here, the influence of the branch functions is visible which yield a
curved crack line even on a coarse mesh. For a better visualization, the deformations in
Figs. 5 and 6 are magnified 104 and 106 times, respectively.
In Figs. 7 and 8 we compare the convergence of the energy norm error estimators as
introduced in (14) and (21) as well as their goal-oriented counterparts as obtained from
9
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t
ΓN
500mm

ΓJ
ΩJ
Γc
q=1

ΓD

500mm

q=0
Ω
t
Figure 4: System and loading.

Figure 5: Primal solution.

Figure 6: Dual solution.

(29), respectively, with the exact error. The energy norm error estimators (14) and (21),
as plotted in Fig. 7, are designated as “explicit” and “implicit”, respectively. Similarly,
in Fig. 8 the goal-oriented error estimators resulting from (29a) and (29b) are designated
as “implicit 1” and “explicit/implicit 2”, respectively, depending on whether (14) or (21)
is used. In the case of energy norm error control, the required exact solution has been
approximated using adaptive finite
√ elements of Q2 -type with 232.568 degrees of freedom
and yields |||u|||Ω = 6, 43583216 N mm. In the case of goal-oriented error control, the
required exact value for the J-integral has been obtained in the same way and yields
J(u) = 0, 015193214 kJ/m2 , where 213.548 degrees of freedom have been used.
As can be observed from Figs. 7 and 8, the convergence rates of all error estimators
investigated are optimal. The overestimations of the explicit error estimators result from
both the local error at the crack tip element K\Γc and the unknown interpolation constant
in the error estimator which is a result of the various inequalities used in the derivation.
The overestimation of the implicit error estimators is a direct consequence of the equilibrated tractions, which are not the exact tractions, and the Cauchy-Schwarz inequality.
It should further be noted that since the local problems are computed in enhanced finitedimensional subspaces, rather than in the infinite-dimensional solution space, the true
upper error bound is approximated from below. The small fluctuation in the convergence
curves of the goal-oriented error estimators is justified by the definition of ΩJ which is
slightly different on every mesh owing to the fact that the meshes are not hierarchical.
Since the constant C in the explicit error estimator (14) is unknown, nothing can be
said about its effectivity. In the case of goal-oriented implicit error estimators, however,
the usual scenario can be verified in Fig. 8, where (29a) yields a sharp estimate that is
not guaranteed, whereas the error bound from (29b) is guaranteed but not very sharp.
Finally, we note that in order to achieve steeper slopes of convergence curves one has
to implement adaptive strategies such as local mesh refinements.
10
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Figure 7: Error estimators for |||u − uh |||Ω .

6

Figure 8: Error estimators for J(u) − J(uh ).

CONCLUSIONS

In this paper, explicit and implicit residual-type a posteriori error estimators for the
XFEM discretization error of the J-integral in LEFM were presented that are based
on classical energy norm error control of both the error of the primal and the error of
an auxiliary dual problem. The estimators presented have the virtue that they provide
upper bounds on the error. These bounding properties, however, depend either on an
unknown constant (in the case of explicit error estimation) or on exact solutions of local
problems in infinite-dimensional spaces (in the case of implicit error estimation), which
can be approximated in enhanced finite-dimensional subspaces to retain the upper bound
property. In the numerical examples both optimal error convergence and upper bound
properties of the explicit and implicit residual-type error estimators could be verified.
Future research concerns adaptive XFEM, which should increase the order of convergence.
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Abstract. Nowadays, adaptivity has been an important tool to reduce the computation time of flows
in very refined meshes, both in turbulent and laminar flows. Although it has been studied in a small
number of cases, specially steady cases.
The a posteriori error criterion used, suitable for Finite-Volume methods, is based on the fit error of
the LS regression used in the variables profile reconstruction, the regression can be used to compute a
residual of the governing equations. This estimator has been already used in an anisotropic refinement
problem [1].
This estimator was studied with different solutions of the Poisson, Convection-Diffusion and NavierStokes equations. Cases with analytic solution were selected to study the estimators performance in
the adaptive procedure.
The main goal is to perform mesh refinement during the computation maintain spatial accuracy to a
desired level.

1 ADAPTIVE PROCEDURE
The technique used in this work can make different kinds of profile regressions to the
computed variable, using the weighted least square method for each cell.
We can selected different polynomial order, types of cell neighbours and order (vertex or
face neighbours, first or second neighbours). The weight is computed with the inverse of the
distance square of the cells centroids, this is the typical weight used when computing the cell
centered gradient values with least squares gradient scheme:
(1)

With the profile regression for each cell we can computed two different types of adaptive
criteria. We can use a second or a third order polynomial and compute new face’s values and
gradients and revaluate the equation’s residuals. This technique works like an error estimator
and it also gives a good approximation of the error distribution in the computational domain.
We select to refine the cells each have values higher than the following formula (2), based in
the selected and the mean volume error:
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(2)

A second adaptive criteria can be obtained by computing two different regression, one with
a low order polynomial (first order) and one with a high order polynomial (third order), and
we used the coefficient of determination of each regression, this algorithm is based in the least
square fit error. We select the cell for refinement according to the following formula (3) based
in a selected value (between 0.01 and 0.2 for example):
(3)

This second method is nondimensional and is useful to track relative maximums and
minimums, suitable to track local phenomena and it’s computation does not depend of the
governing equations. This method can be used as an anisotropic refinement by using different
higher order polynomials, one for each direction.
2

RESULTS

In this section, the results obtained with these adaptive techniques are showed for the
Poisson equation, Convection-Diffusion equation and Navier-Stokes equations.
2.1 Poisson Equation
A study of the error evolution was made for the Poisson equation (4) using the least square
residual estimator in the adaptive procedure.
(4)

A case with analytic solution was selected in order to compute the error from the numerical
solution. The diffusion scheme used in this case is the over relaxed scheme used by Jasak [2].
The analytic solution of the select case is given by the following formula (5):
(4)

Figure 1 and 2: Solution distribution and Mesh after 4 levels of refinement
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The figure 1 shows the solution distribution in the computational domain, a high solution
variation is located in the middle of the domain upper bound. The figure 2 shows the mesh
obtained after 4 levels of refinement with the least square residual for a
.
From the observation of figure 1 and 2, the adaptive algorithm captures the main features
of the solution and refines the cells that are at the more relevant zone. To understand the error
evolution in the adaptive procedure, the analysis of the error evolution is required, figure 3
and 4 shows the mean and max error, respectively, against the number of cells for an uniform
grid and an adaptive grid.

Figure 3 and 4: Mean and Maximum Error in the uniform and the adaptive grid

Initially the mean error is lower than the uniform case, which does not happen, after the
third level of refinement. The objective of an adaptive procedure is to redistribute the error in
the domain, so it is important to reduce the maximum error in each level of refinement.
Reducing the value could help to improve the mean error evolution.
2.2 Convection-Diffusion Equation
A similar study is made for the Convection-Diffusion equation (6) using the least square
residual estimator in the adaptive procedure.
(6)

The following analytic case is used by Volker [3] and Juretic [4], with a rectangle domain
and
, gradient equal to zero is imposed in the right boundary
and Dirichlet condition is imposed in the other boundaries, details from the analytic solution
can be obtained in both references.
The adaptive procedure was made with equal to 0.2 up to 4 levels of refinement, second
order upwind was used as the convection scheme, a faced weighted least square was used as
the diffusion scheme, which uses all cells that have the face’s vertices in the regression.
Figures 5 and 6 show the solution and the analytic error distribution obtained in the final
mesh. The refined zone seems to open more than necessary from observation of the solution
distribution. But in figure 6, a transportation of the error can be observed in the vertical
direction, which causes the increase in the refinement zone, also the low is necessary to
avoid nonortogonal errors which can appear if higher values are used.
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Figure 5 and 6: Solution and Error Distribution in the mesh after 4 levels of refinement

The figures 7 and 8 show the mean and maximum error evolution for the uniform and the
adaptive grid to understand the refinement procedure.

Figure 7 and 8: Mean and Maximum Error in the uniform and the adaptive grid

Figures 7 and 8 shows that the adaptive solution has second order evolution similar to the
uniform case after the first level of refinement. The final grid have lower mean and maximum
error than the correspondent uniform case and corresponds to almost 63.13% of saving in the
number of cells.
2.3 Navier-Stokes Equations
In this section, an anisotropic adaptive procedure is done to the square cavity problem
, with the least square fit algorithm. The second order upwind is used in the
convective terms, the face least square is used in the diffusion terms and the is set to 0.1,
both regression are made to the velocity and . Figure 9 shows the adaptive grid after 12
levels of refinement, with 69930 cells.
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Figure 9: Anisotropic grid after 12 levels of refinement in the square cavity problem

This adaptive algorithm has the particularly to capture different scales in the flow since it
is based in relative values. For example it can capture multiple vortices in the bottom corners
of the domain, as it can be seen in the following figures. Figure 10 shows the streamlines plot
of the problem and figures 11 to 13 show, successively, the vortices that appear in the right
bottom of the domain.

Figure 10 and 11: Streamlines in the final mesh and First zoom in the right bottom vortices
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Figure 12 and 13: Second and Third zoom in the right bottom vortices

3

CONCLUSIONS
-

-

Two adaptive procedures were studied based in the profile regression with the
weighted least square method, one based in the residual computation with high order
polynomials and the another based in the differences between a high and lower order
regression profiles.
The residual least square procedure has been showed that can produce grids with
lower number of cells for a similar error level than compared with the uniform grid of
the same refinement level.
It was showed that the least square fit algorithm can detect different ranges of flow
scales in the square cavity problem and it can be used without previous information
about the flow features since it uses relative values.
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Abstract. The proposed results are in the line of the fully anisotropic goal-oriented mesh
adaptation method of Loseille et al.[1]. We consider here the extension to unsteady case. A
global fixed-point algorithm is introduced for solving the coupling mesh-solution. Because
state is solved forward in time and the adjoint associated to the output functional needs
to be solved backwards, a strategy of storage-recomputation is applied. Applications to
the emission and reception of sonic and blast waves are presented. The results shows that
only the precise part of the wave received by the captor (defining the goal) is followed by
the adaptive mesh.

1

INTRODUCTION

Engineering problems commonly require computational fluid dynamics (CFD) solutions with functional outputs of specified accuracy. The computational resources available for these solutions are often limited and errors in solutions and outputs are often
unknown. CFD solutions may be computed with an unnecessarily large number of grid
points (and associated high cost) to ensure that the outputs are computed to within a
required accuracy. One of the powerful methods for increasing the accuracy and reducing
the complexity is the mesh adaptation, whose purpose is to control the accuracy of the
1
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numerical solution by changing the discretization of the computational domain according
to mesh size and mesh directions constraints.
The technique adopted in this work is the anisotropic mesh adaptation for unsteady
flows introduced by Alauzet et al. in [8] combined with a goal-oriented mesh adaptation
method.
Starting from a priori estimates, Loseille et al. proposed in [21] a fully anisotropic goaloriented mesh adaptation technique for steady compressible Euler flows. Extension of
this method to unsteady flows is propsed in this paper. First section of this paper is
dedicated to a numerical description of the problem for unsteady Euler equations. Then,
we introduce the unsteady adjoint system among with its solver. The third part of this
paper describes the goal-oriented a priori estimate for the unsteady model. Next, we
will present the global transient fixed point algorithm necessary to converge the couple
mesh-solution, and finally applications to acoustic waves propagation and blast waves will
conclude the present paper.
2

Unsteady Euler model

The unsteady Euler equations for a calorically perfect gas, can be written in a compact
5
variational formulation in the functional space W ∈ V = [H 1 (Ω)] as follows:



∀φ ∈ V, (Ψ(W ) , φ) =
φWt dΩ + φ ∇.F(W ) dΩ − φ F̂(W ).n dΓ = 0 , (1)
Ω

Ω

Γ

where by Ω ⊂ R3 we denoted the computational domain and Γ its boundary, n the outward
normal to Γ and the boundary flux F̂ contains the different boundary conditions, which
involve inflow, outflow and slip boundary conditions.
As a spatially semi-discrete model, we consider the Mixed-Element-Volume formulation
[2]. As in [1] we reformulate it under the form of a finite element variational formulation,
this time in the unsteady context. We assume that Ω is covered by a finite-element
partition in simplicial elements K. The mesh is the set of K’s, denoted by H. Let us
introduce the following approximation space:



Vh = φh ∈ V ∩ C 0 (Ω̄)  φh |K is affine ∀K ∈ H .

and the interpolation operator is chosen as the usual P 1 operator:

Πh : V ∩ C 0 (Ω̄) → Vh such that Πh ϕ(xi ) = ϕ(xi ),
for all vertices xi of H.
We extend it to time-dependent functions:
Πh : H 1 {[0, T ]; V } → Vh such that (Πh ϕ) (t) = Πh (ϕ(t)) , ∀ t ∈ [0, T ].
The weak discrete formulation writes:
∀φh ∈ Vh , (Ψh (Wh ) , φh ) = 0,
2
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with
(Ψh (Wh ) , φh ) =



Ωh

−



Γh



φh ∇.Fh (Wh ) dΩh

ˆ
φh Fh (Wh ).n dΓh +
φh Dh (Wh )dΩh
φh Wh,t dΩh +

(2)

Ωh

Ωh

with Fh = Πh F and Fˆh = Πh F̂ and Γh = ∂Ωh . The numerical diffusion term Dh is at
least a third order term with respect to mesh size, everywhere limiters do not apply. Even
for shocked flows, we have found it is interesting to neglect it, see [1]. This option is also
followed in this paper.
As for time advancing, an explicit scheme is considered, more preciselly, a Strong-StabilityPreserving (SSP) Runge-Kutta scheme. Such time discretization methods have non-linear
stability properties like TVD which are particularly suitable for the integration of system
of hyperbolic conservation laws where discontinuities appear.
3

Error Analysis
For a solution W of state system (1), we define the functional output as:
j ∈ R ; j = (g, W ).

The continuous adjoint W ∗ is the solution of:


∂Ψ
∗
∗
(W )ψ, W
= (g, ψ) .
W ∈ V , ∀ψ ∈ V ,
∂W

(3)

(4)

The objective is to estimate the following approximation error on the functional:
δj = j(W ) − j(Wh ) ,
where W and Wh are respectively solutions of (1) and (2). Using the fact that Vh ⊂ V,
the following error estimates for the unknown can be written:
(Ψh (W ), ϕh ) − (Ψh (Wh ), ϕh ) = (Ψh (W ), ϕh ) − (Ψ(W ), ϕh ) = ((Ψh − Ψ)(W ), ϕh ).

(5)

It is then useful to choose the test function ϕh as the discrete adjoint state, ϕh = Wh∗ ,
which is the solution of:


∂Ψh
∗
∀ζh ∈ Vh ,
(Wh )ζh , Wh = (g, ζh ),
(6)
∂Wh
We assume that Wh∗ is close to the continuous adjoint state W ∗ . We refer to [1] in which
the following a priori formal estimate is finally proposed:
δj ≈ ((Ψh − Ψ)(W ), W ∗ ) .
3
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Application to unsteady compressible Euler: We replace in estimator (7) operators
Ψ and Ψh by their expressions given by relations (1) and (2) . In [1], it was observed that
even for shocked flows, it is interesting to neglect the Dh numerical viscosity term. We
follow again here this option. We also discard the error term due to the imposition of the
initial condition. After integrating by parts we get:
 T


δj ≈
W ∗ W − Πh W t dΩ dt
0
Ω
 T


∇W ∗ F(W ) − Πh F(W ) dΩ dt
−
0
Ω
 T


W ∗ F̄(W ) − Πh F̄(W )) .n dΓ dt.
−
(8)
0

Γ

with F̄ = F̂ −F. We observe that this estimate of δj is expressed in terms of interpolation
errors of the Euler fluxes and of the time derivative weighted by continuous functions W ∗
and ∇W ∗ .
Error bound with a safety principle. The integrands in error estimator (8) contain
positive and negative parts which can compensate for some particular meshes. In our
strategy, we prefer not to rely on these parasitic effects and to slightly over-estimate the
error. To this end, all integrands are bounded by their absolute values:
 T


(g, Wh − W ) ≤
|W ∗ | | W − Πh W t | dΩ dt
0
Ω
 T
|∇W ∗ | |F(W ) − Πh F(W )| dΩ dt
+
0
Ω
 T
|W ∗ | |(F̄(W ) − Πh F̄(W )).n| dΓ dt.
+
(9)
0

4

Γ

Optimal metric

We propose to work in a continuous mesh framework, which is made easier thanks to
the a priori estimate. It allows us to define proper differentiable optimization [3, 4] or
to use the calculus of variations that is undefined on the class of discrete meshes. This
framework lies in the class of metric-based methods.
4.1

Continuous mesh model

A continuous mesh M = (M(x))x∈Ω of Ω is a Riemannian metric field [5]. For all x
of Ω, M(x) is a symmetric tensor having (λi (x))i=1,3 as eigenvalues along the principal
directions R(x) = (vi (x))i=1,3 . Sizes along these directions are denoted (hi (x))i=1,3 =
4

70

Anca C. Belme, Frederic Alauzer and Alain Dervieux
−1

(λi 2 (x))i=1,3 . With this definition, M admits the more practical local decomposition:


−2
r1 3 (x)

t
2
− 23
 R(x),
M(x) = d 3 (x) R(x) 
r
(x)


2
2
−3
r3 (x)
where

1

• the node density d is equal to: d = (h1 h2 h3 )−1 = (λ1 λ2 λ3 ) 2 =



det(M),

• the three anisotropic quotients ri are equal to: ri = h3i (h1 h2 h3 )−1 .

By integrating the node density, we define the complexity C of a continuous mesh which
is the continuous counterpart of the total number of vertices:
 

d(x) d x =
det(M(x)) d x.
C(M) =
Ω

Ω

Given a continuous mesh M, we shall say, following [?], that a discrete mesh H of the
same domain Ω is a unit mesh with respect to M, if each tetrahedron K ∈ H, defined
by its list of edges (ei )i=1...6 , verifies:


1 √
and QM (K) ∈ [α, 1] with α > 0 ,
∀i ∈ [1, 6], M (ei ) ∈ √ , 2
2
in which the length of an edge M (ei ) and the quality of an element QM (K) are defined
as follows:
2
 
3
36
|K|M
∈ [0, 1], with |K|M =
det(M(x)) dx,
QM (K) = 1 6 2
3 3 i=1 M (ei )
K
 1
t ab M(a + t ab) ab dt, with e = ab.
and M (ei ) =
i
0

We choose a tolerance α equal to 0.8.
Given a smooth function u, to each unit mesh H corresponds a local interpolation error
|u − Πu|. In [?] it is shown that all these interpolation errors are well represented by the
so-called continuous interpolation error related to M, which is expressed in terms of the
Hessian Hu of u as follows:
1
1
1
trace(M− 2 (x) |Hu (x, t)| M− 2 (x))
10
3

2
1
− 23
d(x)
ri (x) 3 t vi (x) |Hu (x, t)| vi (x),
=
10
i=1

(u − πM u)(x, t) =

(10)

where |Hu | is deduced from Hu by taking the absolute values of its eigenvalues and where
time-dependency notations have been added for use in next sections.
5
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4.2

Error model minimization

Working in this framework enables us to write Estimate (9) in a continuous form:
 T


|(g, Wh − W )| ≈ E(M) =
|W ∗ | | W − πM W t | dΩ dt
0
Ω
 T
|∇W ∗ | |F(W ) − πM F(W )| dΩ dt
+
0
Ω
 T
|W ∗ | |(F̄(W ) − πM F̄(W )).n| dΓ dt, (11)
+
0

Γ

where M = (M(x))x∈Ω is a continuous mesh defined by a Riemannian metric space and
πM is the continuous linear interpolate defined hereafter. In the general case, we need to
split the description of the mesh into the volumic mesh, described by M and the surfacic
mesh for the boundary, described by M̄. The error dependancy to these two meshes
writes:
 T 
 T 
E(M, M̄) =
gk |(1 − πM )uk |dΩ dt +
ḡk |(1 − πM̄ )ūk |dΓ dt . (12)
k

0

Ω

k

0

Γ

In the different couples (gk , uk ), we account for all the integrands in the volumic integral,
that is the term from the time derivative, and the 15 terms resulting from the multiplication of interpolation error of Euler fluxes by adjoint spatial derivatives.
In the different couples (ḡk , ūk ), are accounted the five terms resulting from the multiplication of interpolation error of boundary Euler fluxes by adjoint components, this for all
time levels.
Before solving the minimisation system, we simplify it a little more. Indeed, when minimising E(M, M̄) with respect to M and M̄, we manage to adapt simultaneously the
volumic mesh and the mesh of its boundary. We would like to emphasise that the optimal
surface mesh is generally not the trace of the optimal volumic mesh. The fully anisotropic
goal-oriented mesh adaptation formulation carries informations for improving the surface
mesh. In [?], an analysis including the boundary mesh is proposed. In many cases, it
is enough to optimise the volumic mesh. Choosing that latter case, we discard the M̄
component and related integrals:
Find Mopt = ArgminM E(M),

(13)

under the constraint of bounded mesh fineness:
Cst (M) = N.

(14)

where N is a specified total number of nodes. Since we consider an unsteady problem, the
space-time (st) cost in computing the solution needs now to take into account the time
6
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discretisation. The above constraint then imposes the total number of nodes in the time
integral, that is:

 T
−1
τ (t) dt dM (x)dx
Cst (M) =
0

Ω

where τ (t) is the time step used at a time t of interval ]0, T [.
4.3

Optimal goal-oriented metric

For each vertex x of Ω, a 3 × 3 symmetric matrix arising from the volume contribution
of the sum of the Hessian of each component of the Euler fluxes weighted by the gradient
of the adjoint state and the Hessian of the state time derivative weighted by the adjoint
state:

1
1
1
E(M) =
| trace(M− 2 (x) |H(x)| M− 2 (x))|dΩ
Ω 10
H(x) =

5
m 


([∆t]j (x) + [∆x]j (x) + [∆y]j (x) + [∆z]j (x)) ,

(15)

n=1 j=1

where



T

 ∗
 

Wj (x, t) · H((Wj,t ))(x, t) dt,
0

 T
 

 ∂Wj∗
 


[∆x]j (x) =
 ∂x (x, t) · H(F1 (Wj ))(x, t) dt,
0

 T
 
 ∂Wj∗

 · H(F2 (Wj ))(x, t) dt,

[∆y]j (x) =
(x,
t)

 ∂y
0

 T
∗
 

 ∂Wj
 · H(F3 (Wj ))(x, t) dt .

[∆z]j (x) =
(x,
t)

 ∂z
0
[∆t]j (x) =

with Wj∗ denoting the j th component of the adjoint vector W ∗ and H(Fi (Wj )) the Hessian
of the j th component of the vector Fi (W ), The solution of the error optimisation problem
(13,14) is the optimal metric goal oriented (“go”) tensor field:
1

Mgo (x) = C det(|H(x)|)− 5 |H(x)|,

(16)

where constant C depends on the desired space-time complexity N . In the simplest case
where the time step τ (t) used at time t does not depend on the adapted spatial mesh,
then the value of C is easily found as:
C =



N
T
0

(τ (t))−1 dt

 23 

Ω

7
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In the case of an explicit time advancing we get a more complex context, since time step
strongly depends on the smallest mesh size. A model need be chosen for this dependence
and accounted for finding C. Once C is obtained, we can make explicit the minimal value
of the error functional which will be in the simplest above case:
E(Mgo ) = N

2
3



det(|H(x)|)

1
5

Ω

 53

.

(18)

Continuous problem (13) has been solved from an explicit optimality condition producing the optimal metric field as a function of continuous state and adjoint. This means
that the coupled mesh optimality continuous system writes:
W ∈ V , ∀ϕ ∈ V , (Ψ(M, W ), ϕ) = 0
“Euler”


∂Ψ
W ∗ ∈ V , ∀ψ ∈ V ,
(M, W )ψ, W ∗ = (g, ψ)
“adjoint”
∂W
 
2
1
N Ω det(|H(W, W ∗ , x)|) 5 3
1
M(x) =
det(|H(W, W ∗ , x)|)− 5 |H(W, W ∗ , x)|.(19)
T
(τ (t))−1 dt
0
In practice, it remains to approximate the above three-field coupled system by a discrete
one. For discretising the state and adjoint PDE’s, we take the spatial schemes introduced below and the explicit Runge-Kutta time advancing schemes. Discretising the last
equation consists in specifying the mesh according to a discrete metric deduced from the
discrete states.
5

Unsteady Adjoint state and Lagrange multipliers
Consider the following semi-discrete unsteady compressible Euler model (RK1):
Ψn (W n , W n−1 ) =

W n − W n−1
+ Φ(W n−1 ) = 0
n
δt

for n = 1, ..., N.

(20)

The time-dependent functional is discretised as follows:
j(W ) =

N


δtn j n−1 (W ).

n=1

The problem of minimizing the error committed on the target functional j(W ) = (g, W ),
subject to the Euler system (20), can be transformed into an unconstrained problem for
the following Lagrangian functional:
L=

N

n=1

n n−1

δt j

(W ) −

N


δtn (W ∗,n )T Ψn (W n , W n−1 )

n=1

8
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where W ∗,n are the N vectors of the Lagrange multipliers (which are the time-dependent
adjoint states). The conditions for an extremum becomes then:
∂L
= 0 and
∂W ∗,n

∂L
= 0,
∂W n

for n = 1, ..., N.

The first condition is easily verified using assumption (20). Thus the lagrangien multipliers
∂L
W ∗,n must be chosen such that the second condition of extrema ∂W
= 0 is verified.
n
This gives the unsteady discret adjoint system:
 ∗,N
W
= 0
n
(21)
∂j n
n+1
∗,n+1 T ∂Ψ
W ∗,n = W ∗,n+1 + δtn+1
−
δt
(W
)
n
n
∂W
∂W
As the adjoint system runs in reverse time, the first expression in the adjoint system (21)
is referred to as adjoint ”initialization”.
Computing W ∗,n at time tn requires the knowledge of state W n and adjoint state
∗,n+1
W
. Moreover, the knowledge of all states {W n }n=1,N is needed which involves large
memory storage effort. This drawback can be reduced by out-of-core storage of checkpoints (as shown in the picture below), although it implies a recomputing effort of the
state W .
5.1

Unsteady mesh adaptation model

To converge the couple mesh-solution, a fixed-point mesh adaptation algorithm has
been successfully used in [6]. When an adjoint-based criterion is adopted this algorithm
cannot be used efficiently. Thus, similary to [7], we pass to a global fixed point covering the
whole time-frame [0, T ], and define a Global adjoint fixed-point mesh adaptation algorithm:
//--- Fixed-point loop to converge the global space-time mesh adaptation
For j=1,nptfx //--- Solve state once to get checkpoints
For i=1,nadap
j
j
j
• S0,i
= ConservativeSolutionTransfer(Hi−1
, Si−1
, Hij )

j
, Hij )
• Sij = SolveStateForward(S0,i

End for //--- Solve state and adjoint backward and store samples
For i=nadap ,1
j
, (S0∗ )ji+1 , Hij )
• (S ∗ )ji = AdjointStateTransfer(Hi+1

j
• {Sij (k), (S ∗ )ji (k)}k=1,nk = SolveStateAndAdjointBackward(S0,i
, (S ∗ )ji , Hij )

• |Hmax |ji = ComputeGoalOrientedHessianMetric(Hij , {Sij (k), (S ∗ )ji (k)}k=1,nk )
9
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End for
• C j = ComputeSpaceTimeComplexity({|Hmax |ji }i=1,nadap )
• {Mji }i=1,nadap = ComputeUnsteadyGoalOrientedMetrics(C j , {|Hmax |ji }i=1,nadap )
• {Hij+1 }i=1,nadap = GenerateAdaptedMeshes({Hij }i=1,nadap , {Mji }i=1,nadap )
End for
To summarise the algorithm consists in splitting the time interval [0, T ] into nadap meshadaptation time subintervals. Then, state solution time-forward computation is performed
with a storage of the checkpoints. Starting from the last sub-interval (loop i = nadap , 1) we
solve time-backward for the adjoint.At the same time, we compute metrics |Hmax |ji needed
to generate new individual meshes per sub-interval. Transfers between two successive
solutions/checkpoints are performed by using a conservative transfer (see [?]). This steps
are repeated a fixed number of nptf x times (typically 5−15 global iterations are sufficient).
6
6.1

Numerical Experiments
2D Acoustic wave propagation

We consider a sound source located at the center-bottom of a rectangular domain.
We are interested by the mesh-adaptive calculation of the impact of the sound on a
micro M located on the center of the same domain top. The role expected from mesh
adaptation is to reduce as much as possible mesh fineness in the parts of computational
domain where accuracy loss does not influence the quality of sound prediction on the
micro. This is illustrated in Figure 1.
T
The analysis of the integrand k(t) = M 12 (p − pair )2 dM of j(W ) = 0 k(t)dt on the micro
M for different sizes of non-adapted meshes shows, as picturized in Figure 2 (left image),
that for a rather coarse mesh of about 60, 000 nodes we have a small perturbation at the
entrance of the micro, that diminishes with finer meshes. This behaviour is completeley
disolved with the adaptive mesh computation (Figure 2 right image).
Convergence analysis:
For a mesh of N vertices, let us call the approximate solution uN and uexact the exact
solution. The following relation holds:
α

α

uN (x, t) = uexact (x, t) + N − d u1 (x, t) + o(N − d )
for d spatial dimension, α the convergence parameter to be found and u1 the first normalized error term. Since α cannot be directly determined, an estimation is done on three
meshes of different sizes. Suppose uN1 ,uN2 and uN3 the corresponding numerical solution
10
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Figure 1: 2D Acoustic Blast wave. Propagation of acoustic waves: density field evolving in time on
uniform mesh (left), adapted one (middle), with corresponding images of adaped meshes (right)

Figure 2: 2D Acoustic Blast wave. Functional time integrand calculation on different sizes of non-adapted
meshes(left) vs. adapted ones (right)

computed on different meshes of respectively N1 , N2 and N3 number of vertices.
We search for α such that :
1−
1−

α

N2 − d
N1
α
N3 − d
N1

≈

uN1 − uN2
u N1 − uN 3

(22)

with the dimension d = 2 in our case.
Furthermore, we make the assumption that N1 represent the higher number of vertices
and N3 the lowest one.
We solve equation (22) for both uniform and adapted meshes presented in the previous
section (see Figure 2). The values of uNi , with i = 1, 2, 3 are considered as the first
11
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Mesh
First observed maximum
Uniform mesh 60K nodes
1.67578e − 06
Uniform mesh 80K nodes
1.84838e − 06
Uniform mesh 117K nodes
2.05461e − 06
Adapted mesh 12K nodes
Adapted mesh 24K nodes
Adapted mesh 64K nodes

1.89061e − 06
1.99895e − 06
2.06722e − 06

Convergence order
0.6

1.98

Table 1: 2D Acoustic Blast wave. Mesh convergence for the time-dependent pressure deviation on
observation area

maximal values observed. Tab. 6.1 summarizes the data collection for the three meshes
and the convergence order is found to be 0.6 for uniform meshes and 1.98 for the adapted
one.
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∗ LMT

Cachan (ENS Cachan/UPMC/CNRS/PRES UniverSud Paris)
61, Av du président Wilson, 94230 Cachan, France
e-mail: {blaysat,ladeveze,florentin}@lmt.ens-cachan.fr, www.lmt.ens-cachan.fr
† EADS

Foundation, Chair Advanced Computational Structural Mechanics, France

Key words: Verification; Goal-oriented error estimation; Strict bounds; Non-Linear;
Elasto-Plasticity.
Abstract. This paper deals with the calculation of strict error bounds on a local quantity
of interest in the nonlinear framework. The method relies on the dissipation error concept
and its associated admissible construction.

1

INTRODUCTION

First verification tools have been developed in order to obtain a global estimation of the
discretization error; the state of the art can be found in [1, 2, 3]. In most cases, problems
contain one or more geometric singularities (corner, hole...) or time singularities (related
to the loading...). Due to these singularities, the solution is made of local information, local
extrema (as displacements, intensity factors...), and it is judicious to know the associated
accuracy of this local information. Research has been recently focused on the assessment
of the quality of local quantities of interest computed with numerical methods. For linear
problems, various methods exist and it is possible to compute the solution of a problem
as well as associated local error bounds which are guaranteed and sharp. Methods using
duality approaches and the constitutive relation error are summed up in [3].
The purpose of this paper is to go further and obtain local accuracy for nonlinear problems such as those involving plasticity. In this context, a new and first error computation
method leading to strict bounds on the discretization error has been proposed in [4, 5].
Here this method is developed for plasticity problems. It relies on the construction of
the mirror problem (equivalent to the adjoint problem in the linear case). This problem
is reverse in time, has a local loading related to the quantity of interest and its behavior is chosen close to the reference one. Both reference and mirror problems are solved,
1
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associated admissible solutions are deduced and the bounding technique is applied. The
weak mathematical regularity of this kind of problem requires the introduction of dedicated unusual methods. Two key points of the approach are detailed in this paper: (i)
the particular numerical method employed to solve the mirror problem; (ii) a geometric
approach used to compute guaranteed bounds, called the central problem.
2

THE REFERENCE PROBLEM AND THE DISSIPATION CONSTITUTIVE RELATION ERROR

2.1

The reference problem

Initially, the structure being studied occupies a domain Ω bounded by ∂Ω. We will
assume small displacements, quasi-static loading and isothermal conditions. The time
interval of interest is denoted [0, T ]. At any time t belonging to [0, T ], the structure is
placed in an ”environment” characterized by a displacement U d on a part ∂u Ω of the
boundary of Ω, a traction force density F d on ∂f Ω (the part of ∂Ω complementary to
∂u Ω), and a body force density f d within Ω.
∂f Ω

Given surface
forces
Fd

Given
body forces
Ω

fd

∂u Ω prescribed displacement ud

Figure 1: Schematic representation of the environment (i.e. the prescribed conditions).

The problem which describes the evolution of the structure over [0,T] is:
Find for all(M, t) ∈ Ω × [0, T ] : 

(u(M , t), (M, t)) ∈ U ad × S ad
(M, t) = A( (u(M , τ )), τ ∈ [0, t])

where U ad is space of kinematically admissible displacements:
 ∗


u (M , 0) = 0
3
∗
ad
U = u (M , t) ∈ [H1 (Ω)] , ∀t ∈ [0, T ]|
∀M ∈ ∂u Ω, u∗ (M , t) = ud (M , t)

2
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and S ad is space of the symmetric statically admissible stress tensors:

 ∗


 (M , 0) = 0

∗
(M , t) ∈ [L2 (Ω)]6 ∀t ∈ [0, T ]| ∀M ∈ ∂f Ω, ∗(M , t).n = F d (M, t)
S ad =



div( ∗ (M, t)) + f d = 0

(3)

The writing (M , t) = A( (u(M , τ )), τ ∈ [0, t]) is used to denote the total strain =
e + p , where e is the elastic part and p the inelastic one, the initial condition on the
internal variable ( p(t = 0) = 0) and the behavior. It could be separated in two parts:
the state equations:
�

= K. e
R = k.p

(4)

the evolution laws:

 ṗ ≥ 0 ans � D � − (R + R0 ) ≤ 0
ṗ. (� D � − (R + R0 )) = 0

D
˙ p = ṗ R+R
0

(5)

Let us call xex = (uex , ex ) the exact solution of the continuum problem (1). As
this solution in impossible to obtain in most cases, a numerical method is used. The
usual finite element method is implemented in order to obtain an approximate solution
xh = (uh , h ) depending on a discretization Ωh × ∪i [ti , ti+1 ] of the domain Ω × [0, T ].
Its solution is defined as: the displacement is looking for in the discrete kinematically
admissible space Uhad and the stress has to be in the image of this space using the behavior:
h = A( (uh (M , τ )), τ ∈ [0, t]). An incremental method is introduced to solve the nonlinear problem at each time step using the radial return algorithm as used in [6]. Using
this method, the solution xh satisfies the kinematic admissibility and the behavior exactly
but the equilibrium (3) is weakly satisfied.
2.2

The dissipation constitutive relation error

An error could be introduced, using a measure in dissipation of an admissible solution
denoted x̂h . This solution is chosen as its displacement ûh is kinematically admissible and
its stress ˆh statically admissible. The global measure of the error is based on the one
introduced in [5] but the importance of the internal variables is in this case reduced:
�� T � t �
� T
���
�
∗
∗
(6)
dt {êCRE } = − inf
dt
dτ ( − ˆh ) ˙ p − ˆ˙ p,h
∗
0

x ∈Γ

0

0

where Γ is the space of solutions that satisfy the behavior (state equations (4) and evolution laws (5)) and initial condition for the internal variable (p∗ (t = 0) = 0). The definition
3
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of the global error and its relative associated value is:

T
Ω×[0,T ]
ÊCRE = Ω dV 0 dt {êCRE } ;

Ω×[0,T ]

T t 
Ê
˙
ǫ̂CRE = CRE
with
D
=
dV
dt
dτ
(
R̂
+
R
)
p̂
h
0 h
D
Ω
0
0

Let the functional g(xex ) be defined as follows:
 t
 1
dτ 
( ex − ˆh )( ˙ p,ex − ˆ˙ p,h ) + (
g(xex ) =
2
0 T

ex

− ˆh )K−1 (

ex

− ˆh )

This functional satisfies the important relation:

dV {g(xex )} = 0
∀t ∈ [0, T ];

(7)
(8)

(9)

(10)

Ω

And it follows the link between the exact error and the dissipation error:

 T

1
dt 
T,Ω ˙
( ex − ˆh )K−1 ( ex − ˆh ) ≤ ECRE
dΩ
(êp,h , ŝh )
2 Ω
T
0
2.3

(11)

Definition of an admissible solution

The calculation of the dissipation error requires the knowledge of an admissible solution
x̂h over Ω × [0, T ]. The building of this solution is similar to that introduced in [7]. The
solution xh obtained using a FE method on the reference problem is used and two steps
are introduced in order to obtain x̂h :
• the total displacement ûh is the same as uh (Uhad ⊂ U ad ) and the stress ˆh is computed
starting from h and using specific techniques as introduced in [8, 9];
• the internal variables (p̂h , R̂h ) are defined minimizing the dissipation error under thermodynamic availability constraint (p̂˙h ≥ 0, �ˆD,h � − (R̂h + R0 ) ≤ 0 and
p̂˙h .(�ˆD,h � − (R̂h + R0 )) = 0) [7] .
2.4

Example

This part illustrates an application of the dissipation error presented. Let us consider
a plate, that presents two rectangular holes and is subject to a traction force density
f d = f0 Tt .ex (resp. f d = −f0 Tt .ex ) along the left (resp. right) side. The other two
sides are traction free boundaries. Only the upper right quarter of the plate is modeled,
considering the symmetry conditions, as shown in Fig.2. Figure 2 also illustrates the
chosen mesh (865 elements), and 20 times steps are considered to discretize the time
domain.

4
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fd
Ω
ey
ex

Figure 2: The continuum problem with its loading (left) and the associated finite element mesh with
symmetry conditions (right). The point in the figure on the left localizes Gauss point 2920.

The Prandtl-Reuss plastic model with linear hardening and the following nondimensional parameters are used:
R0 = 1;

k = 8.16;

E = 244.95;

µ = 0.3.

Figure 3 shows the cumulative plastic strain at t = T (left), equivalent von Mises
stress evolution versus equivalent von Mises total strain at particular Gauss point 2920
(center) and the contribution of each Gauss point to the global error. This problem has
the following relative global error:
ǫ̂CRE = 3, 51%
The values of the strict bounds of the global error are compared to the ones used in [9] (in
the same case, the error value is 2, 97%). Results are of the same order of magnitude and
space contributions are similar; however the error introduced in this paper makes possible
to derive local error bounds.
2
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Figure 3: Results of the reference problem.
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3

METHODS TO GET STRICT BOUNDS

The first part of this paper shows an elasto-plasticity problem and a new dissipation
measure of the global error. A particular functional g(xex ) has been introduced, linking the
exact error and a dissipation distance between the exact solution xex and an approximate
one x̂h . We present here a method to obtain a strict bound of a local quantity of interest.
This approach involves two steps: (i) the solving of the mirror problem, that gives a
weighting function for the global error; (ii) the bounding technique of the error using the
functional g(xex ).
3.1

Definition of a quantity of interest

The quantity of interest I is a goal-oriented quantity, such as the mean value of a stress
or any internal variable component over an element or a set of elements, and over a time
interval. Real local quantities in time as well as in space could be also considered. Such
an output of interest can be written globally:
 T 


Iex =
dt dV Tr[ ex δ ˙ Σ ] + Tr[˙ ex δ Σ ]
(12)
0

Ω

where (δ ˙ Σ , δ Σ ) are extractors defined over Ω×[0, T ] and ”ex” denotes the exact solution
of the conceptual structural model. δ is a symbol indicating that the extractor must be
interpreted as a finite, but relatively small, variation. However, we do not carry out any
linearization. Let us note that (12) can lead to outputs of interest related to the inelastic
strain. For example, one has:
 T 
(13)
dt dV {Tr[ p,ex δAΣ ]}
Iex =
0

with δ ˙ Σ = −K−1 δAΣ , δ
3.2

Σ

=

The mirror problem

T
t

Ω

δAΣ .

In the case of a linear evolution problem, the mirror problem is equivalent to the adjoint
or dual problem [10]. It has been introduced in [4], and could be interpreted has a mean
to build a weighting function. Let the mirror problem be a perturbation problem of the
reference one. Its loading is defined by the extractors (pre-stress and pre-strain), time is
going backwards (τ = T − t) and the evolution law is chosen in such a way that it remains
to the reference problem.
Let the problem mirror be:
Find for all(M , t) ∈ Ω × [0, T ] : 

(δu(M , τ ), δ (M, τ )) ∈ Ũ ad × S̃ ad
δ (M, τ ) = Ã( (δu(M , s)), s ∈ [τ, T ])
6
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where Ũ ad is space of kinematically admissible displacements (equivalent to space U0ad ):
�
�
� ∗
u (M , T ) = 0
3
ad
∗
Ũ = u (M , τ ) ∈ [H1 (Ω)] , ∀t ∈ [0, T ]|
(15)
∀M ∈ ∂u Ω, u∗ (M , τ ) = 0
and S̃ ad is space of symmetric statically admissible stress tensors:
 ∗


 (M , T ) = 0


∗
S̃ ad =
(M, τ ) ∈ [L2 (Ω)]6 ∀t ∈ [0, T ]| ∀M ∈ ∂f Ω, ∗ (M , τ ).n = 0



div( ∗ (M, τ ) − Σ (M , τ )) = 0

(16)

The behavior is summed up in the writing δ (M, τ ) = Ã( (δu(M , s)), s ∈ [τ, T ]). It
is used to denote the total strain δ ep = δ e + δ p , its admissibility δ ep + Σ = (δu),
the final condition on the internal variable (δp(τ = 0) = 0) and the behavior. It could be
separated in to parts:
the state equations:

the evolution laws:

�

δ = K.δ e
δR = k.δp



 δ p≥ 0 ans � D,h + δ D � − (Rh + δR + R0 ) ≤ 0
δ p . (� D,h + δ D � − (Rh + δR + R0 )) = 0

 ˙ + δ = (ṗ + δ p) D,h +δ D
p,h
p
h
Rh +δR+R0

(17)

(18)

xh is the solution of the reference problem (which satisfies the behavior exactly) and f is
the reverse-time derivative (f = ∂f
= − ∂f
).
∂τ
∂t
The mirror problem is solved using a method similar to that of the reference problem. A
finite element method is developed, but related to the local particularity in space and time
of the mirror problem; it could be interesting to increase the discretization parameters
around the zone of interest. The figure 4 shows the definition of the zone of interest, in
space as in time and the mesh used to solve the mirror problem.
A similar approach to that of the reference problem is developed. As the mirror problem
could be treated as a perturbation problem, a dedicated technique has to be introduced.
The classical radius problem is here extended in this case in order to avoid the numerical
instability.
An admissible solution δx̂h could be computed using the finite element solution of the
problem mirror δxh and the same methods introduced for the reference problem. Figure
5 illustrates the results of the mirror problem: the cumulative plastic strain is mapped for
τ = T and the time evolution of the same quantity at Gauss point 2920. One can denote
the local behavior of the mirror solution, in time as in space.

7

85

B. Blaysat, P. Ladevze and É. Florentin
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Figure 4: Definition of zone of interest, in space (left) and time (center). The figure on the right illustrates
the chosen mesh.
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Figure 5: Cumulative plastic strain of the mirror problem at τ = T (left) and its evolution at Gauss
point 2920.

3.3
3.3.1

The bounding technique
Theoretical approach

Using extractors, the error on the quantity of interest reads:

 T 

˙
dV
dt ( ex − ˆh ) ˙ Σ + Σ ( ˙ ex − ˆh )
Iex − Ih =
Ω

(19)

0

Admissible solutions x̂h and δx̂h satisfy the static and kinematic admissibilities for each
problem and the initial condition (for x̂h ) and final condition (for δx̂h ). A method introduced in [5] uses those properties to write the error as:
 

 T 
 T 

Iex −Ih =
dV
dt −( ex − ˆh )δ ˆ˜p,h +δ ˆ˜h ( ˙ p,ex − ˆ˙ p,h ) =
dV
dt xex − x̂h , δ x̃ˆh
Ω

0

Ω

0

(20)
The use of the bilinear product �., .� simplifies the equation and shows that the mirror
solution can be interpreted as a weighting functional on the global exact error (xex − x̂h ).
The bounding technique needs the global function g(x) (9), that is equal to zero for
the exact solution. Two parameters µ < 0 and λ > 0 are introduced in order to define a

8
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lower bound and a upper bound:
�� T ��
�
�
�
���
1
∗
∗
dV sup
dt x − x̂h , µδ x̃ˆh − g(x )
Iex − Ih ≥
µ Ω
x∗ ∈Γ
0
�� T ��
�
�
�
���
1
∗
∗
ˆ
dV sup
dt x − x̂h , ηδ x̃h − g(x )
≤
η Ω
x∗ ∈Γ
0

(21)

The functional ǫ and a correcting term Ihh could be finally introduced in order to obtain
a simple writing of the local error:
ad
|Iex − Ih − Ihh | ≤ ǫ(xad
h , δxh )

(22)

ǫ is computed solving a problem called central problem illustrated in Fig. 23. Its
problem is a minimization under constraint problem and it is a local problem: it has to
be solved for each Gauss point.
3.3.2

Numerical approach: the central problem

Under the notation introduced in (22), a numerical problem has to be solved. This
problem could be recast in what we called the ”central problem”:
� T � t
�
� ∗
∗
∗
∗
)(
˙
)
(23)
−
−
˙
γ(x) = inf
{L(x,
x
)}
,
where
L(x,
x
)
=
dt
dτ
(
p
p
∗
x ∈Γ

0

0

It is a minimization under constraint problem, which is local: the minimization has to be
performed for each Gauss point. One can denotes that the functional L is defined using
the tensor part of the x∗ solution. This functional
could be divided in three terms L1
∗
(containing informations about direction � D∗ � ), L2 (scalar problem in (R∗ , ṗ∗ )) and L3
D
(elastic part of the error). A preliminary study of the order of magnitude of each term
allows to approximate L1 by using the direction of the solution of the reference problem.
L3 could be calculated as post-processing of the minimum argument of L2 .
Let x̄ be the solution minimizing L2 . Writing the stationary of the L2 functional gives
the following local equation:
 �T �
�
dτ

R̄
−
R
+ Qh ≥ 0
h

t T

 p̄˙ ≥ 0

 ��
�
�
T dτ �
(24)
.p̄˙ = 0
R̄
−
R
+
Q
h
h
t T




R̄ = R0 + k.p̄


p̄(t = 0) = 0
where Qh is known. This problem is an optimal problem with ”Runge-Tucker” limit conditions. A direct numerical procedure has been implemented (using a LEMKE procedure)
9
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in order to solve this problem. Since the total cost of its method was oversize (about 2.50
hours using 300 CPU), a direct one has been introduced, called geometric approach. It is
T
a global in time approach: a functional Zh = t dτ Rh − Qh is defined over [0, T ] and its
T
convex hull directly gives t dτ R̄ satisfying (24) as shown in Fig.6.
T
t

dτ R̄
Zh =

0

T
t

T

dτ Rh − Qh

time

Figure 6: Example of the construction of the solution, using the geometrical approach.

3.4

Numerical example

The quantity of interest chosen for this study is defined in (13), extracted from the
reference problem illustrated in section 3.2. Figure 7 shows the evolution of the bound
versus parameters µ and η. Minima are obtained for values µ = −0.84 and η = 0.78.
Theses values could be directly calculated using the quadratic behavior of the bounds, as
introduced in [5].
0

0.0275

0.02
0.027

0.04
0.06

0.0265

0.08
0.026

0.1
0.12

0.0255

0.14
0.16
1

0.9

0.8
µ

0.7

0.025

0.6

0.65

0.7

0.75

0.8
η

0.85

0.9

0.95

Figure 7: Lower and upper error bound evolution versus parameters µ and η.

Using these optimal parameters, we obtain:


 Iex − (Ih + Ihh ) 
 ≤ 45%



Ih + Ihh

This error interval could be used to bound the value of the exact quantity of interest:
Iex = 3, 95 ± 45%. These results could be improved using a temporal function in front
10
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of the global functionnal g used during the bounding (21) in order to obtain a temporal
weighting around the temporal window of interest.
4

CONCLUSIONS

This work presents a first illustration of a method which allows to obtain strict upper
and lower bounds of the error in the case of nonlinear problems. The dissipation error
and methods to build an admissible solution are applied to reference and mirror problems.
Eventually a dedicated method called geometric is introduced towards computing these
bounds.
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Abstract. A class of problems of gas dynamics with nonlinear heat conductivity which
solutions are represented as discontinuities or continuous running waves is considered.
Numerical solutions are obtained with use of a dynamic adaptation method. The main concept
of the method is automatic transformation of the coordinates which is carried out by means of
the sought solution. The adaptation function is defined from the quasi-stationarity principle.
An arbitrary non-stationary coordinate system allows explicit tracking all discontinuities and
continuous running waves. Accuracy of calculations is defined from comparison with the
received self-similar solution. Efficiency of the method is defined by the relation of quantity
of nodes required for achievement of the same calculation accuracy on grid with dynamic
adaptation and on the fixed grid. Dynamic adaptation allows obtaining solution on grids with
30–50 nodes that by 2–3 order is less than the number of nodes on the fixed grids.
1

INTRODUCTION

The problems related to the motion of completely ionized plasma comprise an entire class
in gas dynamics. Along with radiation, the basic mechanisms of energy transfer in plasmas
are convection and conduction. Accordingly, mathematical models for these problems are
underlain by the radiative transfer equations and the ﬂuid dynamic equations with nonlinear
heat conduction. Much attention to the inﬂuence of nonlinear heat conduction on the
interaction between thermal and hydrodynamic processes was given in [1–6]. It was established
that problems of this class have widely different solutions, and self-similar solutions were
obtained in a relatively narrow range of parameters [1, 4–8]. The interaction between thermal
and hydrodynamic ﬂuxes changes qualitatively with varying heat conduction of the medium.
Purely hydrodynamic phenomena dominate at low heat conduction. In this case, the heat
conduction is a dissipating and smoothing factor. High heat conduction leads to the
development of temperature waves [9], which are divided into two different types according to
the form of the hydrodynamic motion they cause.
Temperature waves of the ﬁrst kind (TW-I) are characterized by supersonic heat transfer
with temperature waves propagating at a ﬁnite velocity against a zero-temperature initial
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background. An isothermal shock wave can develop behind a TW-I front.
Temperature waves of the second type (TW-II) are characterized by subsonic heat transfer.
A TW-II front propagates behind a shock wave and is characterized by a zero heat ﬂux W, a
maximum of the density , and a local temperature minimum.
Computationally, the ﬂuid dynamic equations with nonlinear heat conduction represent a
complicated problem to solve. A typical solution to such problems has a complex structure
and includes strong discontinuities (shock wave fronts), weak discontinuities (thermal wave
fronts), and regions of steep temperature, pressure, density, and velocity gradients. The
structure of thermal-wave and shock fronts depends on the degree of nonlinearity of the heat
equation. Without taking into account the dissipative processes in the medium, a shock wave
is a strong discontinuity in all the solution components u, , P, and T. When heat conduction
is taken into account, the discontinuity in T(x, t) is eliminated and the temperature front now
has an effective width. At low heat conduction, the temperature shock front is nearly quasidiscontinuous. When the thermal conductivity depends strongly (as a power law) on
temperature, the effective width of the shock front increases considerably and temperature
waves develop whose fronts at the matching point of the solution with the unperturbed front
are weak discontinuities.
The presence of discontinuous solutions, steep-gradient regions, and their fast propagation
in space impose strict requirements on the efﬁciency of the computational algorithms used,
primarily, on the grid generation principles rather than on the quality of the difference
schemes applied.
In this paper, the problem of an accelerating piston is considered in the framework of onedimensional unsteady fluid dynamics with nonlinear heat conduction (the thermal
conductivity  is a power function of T and : (T, ρ)= 0 T a ρb. The regime of heat transfer
depends on a number of factors. The relation between the thermal and hydrodynamic
processes involved is significantly affected by the law of motion of the piston and by the law
of heat flux variation on it.
The main goal of this paper is to develop an effective computational algorithm with a
controllable grid point distribution and explicitly specified strong and weak discontinuities as
applied to fluid dynamics problems with nonlinear heat conduction. In this case, the total
number of grid nodes is less by several orders of magnitude than in grids with fixed nodes.
2 MATHEMATICAL STATEMENT OF THE PROBLEM
In the Eulerian formalism, the problem of a piston accelerating in an ideal gas with
nonlinear heat conduction is described by the complete system of gas dynamic equations with
heat conduction
∂ρ ∂
+
(ρu ) = 0,
∂t ∂ x

(1)

∂
(ρ u ) + ∂ P + ρ u 2 = 0,
∂t
∂x

(2)

(
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∂
(ρ ε ) + ∂ (ε ρu ) + P ∂ u + ∂ W = 0, W = −λ(ρ, T ) ∂ T ,
∂t
∂x
∂x ∂x
∂x

(3)

R
5
T, γ = .
γ −1
3
Here,  is the density, u is the velocity, P is the pressure,  is the internal energy, T is the
temperature, R is the gas constant,  is the adiabatic index, W is heat ﬂux, and  is the thermal
conductivity. It is assumed that  is a power function of the temperature and density:
λ(T , ρ ) = λ 0T a ρb . Parameters a = 5/2, b = 0 are chosen for fully ionized plasma.
Initial conditions. At t = 0, it is assumed that the background temperature, velocity, and
pressure are zero and the background density is a constant:
with the equations of state P = ρ R T ,

u (x, 0 ) = 0,

ε=

P (x, 0) = 0, T (x, 0) = 0, ρ(x, 0) = ρ0 .

(4)

Boundary conditions. They are formulated taking into account the fact that strong and
weak discontinuities are explicitly tracked in the dynamic adaptation method. The left plane
x = Γp (t ) is the surface of the piston. When W  0, this is a source of motion and heat. For
this reason, two boundary conditions determining the velocity of the piston and the heat ﬂux
are speciﬁed on the piston surface:

(

)

u (Γp (t ), t ) = v0t n , W Γp (t ), t = ρ0 v0 t 3n .
3

(5)

The particular values of a, b, and nare matched with a self-similar solution and will be
speciﬁed later.
The background values are preserved on the right boundary x= :
u (∞, t ) = 0, T (∞, t ) = 0, ρ(∞, t ) = ρ0 .

(6)

Since all the perturbations arise on the left boundary (piston surface) x = Γp (t ) and
propagate rightward, the unperturbed domain is excluded from consideration in order to
reduce the computational costs. For this purpose, the right boundary is shifted toward the left
one to be a small distance away from it. When a perturbation arises on the right boundary, it is
treated as a free surface ( x = ΓT (t ) ) propagating at the velocity of thermal or gas dynamic
perturbations. In problems with nonlinear heat conduction and a zero temperature
background, the new boundary x = ΓT (t ) always coincides with a temperature wave front,
which is a weak discontinuity whose propagation velocity vT is determined by a relation
derived from the equation of motion in the moving frame of reference. The other conditions
are transferred from (6) without change:

x = ΓT (t ) :

vT =

1 ∂P
,
ρ0 ∂ u

u (ΓT (t ), t ) = 0, T (ΓT (t ), t ) = 0, ρ(ΓT (t ), t ) = ρ0 .
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Relations on the shock front. Since the temperature across the front shock x = ΓW (t ) is
continuous, we write three conservation laws (Rankine–Hugoniot relations):
ρ − (u − − vW ) = ρ + (u + − vW ) = DM

P− + ρ − (u − − vW ) = P+ + ρ + (u + − vW )
2

ε − + P− ρ − +

(u − − vW )
2

2

+

2

(8)

(u − vW ) W+
W−
= ε + + P+ ρ + + +
+
.
DM
2
DM
2

Here, the minus and plus indices denote the variables on different sides of the shock wave,
vW is the velocity of the shock wave, and DM is the mass flux across the shock front.
3 ARBITRARY NONSTATIONARY SYSTEM OF COORDINATES

According to the dynamic adaptation method [10-13], we proceed to an arbitrary nonstationary coordinate system. In the new variables (q, ), system (1)–(3) becomes

∂
(ψ ρ) + ∂ (ρ(u + Q )) = 0,
∂τ
∂q

(9)

∂
(ψ ρ u ) + ∂ (P + ρ u(u + Q )) = 0,
∂τ
∂q

(10)

∂
(ψ ρ ε ) + ∂ (ε ρ(u + Q )) + P ∂ u + ∂ W = 0, W = − λ(ρ, T ) ∂ T ,
∂τ
∂q
∂q ∂q
ψ ∂q

(11)

∂ψ
∂Q
=−
,
∂τ
∂q

(12)

On proceeding to an arbitrary non-stationary coordinate system, the original Euler
equations (1)–(3) are transformed into extended model (9)–(12), which has been
supplemented by the inverse transformation equation (12). Initial and boundary conditions
(4)–(7) are

u (q, 0 ) = 0,

P(q, 0) = 0, T (q, 0) = 0, ρ(q, 0) = ρ 0 , ψ (q,0) = 1

u ( Γ p , τ) = v 0 τ n ,
Q(ΓT , τ) = −

W (Γ p , τ ) = ρ 0 v 0 τ 3n , Q(Γ p , τ) = − v0 τ n ,
3

1 ∂P
⋅
, u (ΓT , τ) = 0, T (ΓT , τ) = 0, ρ(ΓT , τ) = ρ 0
ρ0 ∂ u

at τ = 0,

at q = Γ p
at q = ΓT .

(13)
(14)
(15)

Here q = Γp is the left plane is the surface of the piston. The new boundary q = ΓT always
coincides with a temperature wave front, which is a weak discontinuity whose propagation velocity
vT = −Q(ΓT , τ) is determined by a relation derived from the equation (10). In the nonstationary

4
93

Pavel V. Breslavskiy, Alexandr V. Mazhukin and Vladimir I. Mazhukin.

coordinate system, discontinuities are explicitly introduced in the solution and, after a shock
wave appears, system (9)–(12) is solved in two subdomains divided by the shock front. At the
front q = ΓW , the resulting solutions are matched using the Rankine–Hugoniot conditions (8):
ρ − (u − + QW ) = ρ + (u + + QW ) = DM

P− + ρ − (u − + QW ) = P+ + ρ + (u + + QW )
2

2

W− + 0.5 ρ − (u − + QW ) = W+ + 0.5 ρ + (u + + QW )
3

3

at q = ΓW .

(16)

QW = −vW

4

CHOICE OF THE ADAPTATION FUNCTION

The grid point distribution in the dynamic adaptation method is controlled using the
adaptation function Q. In the case of steep-gradient solutions, this function is usually
determined from the quasi-stationarity principle [12-14], according to which we choose a nonstationary coordinate system in which all the physical processes proceed as steady-state ones
and the corresponding time derivatives are relatively small. Setting the time derivatives in the
equations equal to zero yields the sought adaptation function.
The general solution to the complete system of ﬂuid dynamics equations (9)–(16) is
determined by the sum of the velocity, density, and temperature. These functions have
different (frequently oppositely directed) spatiotemporal distributions. A controllable grid
point distribution for the system of equations must take into account the features of the
spatiotemporal distributions for all the solution components.
In the general case, the adaptation function in ﬂuid dynamics problems can be determined
using the entire system of equations [10, 13]. In this paper, the function Q is found from energy
equation (11), whose solution depends on the velocity, density, and heat conduction. In nonconservative form, the energy equation is
∂ ε (u + Q ) ∂ ε P ∂ u ∂ W
+
+
=0.
+
∂τ
ψ ∂ q ρψ ∂ q ∂ q
Based on the quasi-stationarity principle, we set / = 0 to obtain the equation
ρ (u + Q )

∂ε
∂ u ∂W
+P
+
=0
∂q
∂q ∂q

By taking into account the particular form of the equations of state P = ρ R T , ε =
and differentiating the heat ﬂux W = −
rearrangements in (17)

(17)
R
T
γ −1

λ(ρ, T ) ∂ T
⋅
, the function Q is determined by simple
ψ
∂q
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∂u
Q = − u + C1T
∂q



 ∂T

+ re  +

 ∂q

 C2  ∂ λ ∂ ρ ∂ λ ∂ T
∂ 2T

+ λ (ρ, T ) 2
+
+

∂q
 ρ ψ  ∂ ρ ∂ q ∂ T ∂ q
 λ(ρ, T ) ∂  1 
C1 = (γ − 1),
+ C2
 ψ ,
q
ρ
∂





 
 ∂T

+ re   +
 
 ∂q
C2 =

(18)

(γ − 1) ,
R

where re is a regularizing constant that is a lower bound for the derivative as it tends to zero.
After the difference approximation, the ﬁrst square bracket in (18) exerts a contraction
effect on the grid points in u and T. The second square bracket takes into account the
inﬂuence of nonlinear heat conduction and exerts a contraction effect with respect to  and T.
The last term is of the diffusion type. If (, T)  0, it has a smoothing effect and, in
particular, prevents the intersection of grid point trajectories.
The features of the class of problems under consideration are determined by two factors.
The ﬁrst is that the thermal conductivity is a power function of the temperature. At low
temperatures (near zero), since the thermal conductivity is low, the dissipating effect of the
diffusion term decreases sharply and may become insufﬁcient for an optimal grid point
distribution. The second factor is that the original problem is represented in the form of a freesurface problem. The original domain may then increase by many orders of magnitude.
Accordingly, the values of  increase as well, which also strongly reduces the diffusion
component. To eliminate these effects, it is reasonable to supplement Q with a function
obtained from the diffusion approximation [10] taking into account the presence of moving
boundaries:
Q = −D

∂ψ
,
∂q

where D is the diffusivity. Its value is determined by the geometric size of a cell (the mesh
size h), by the velocity of the boundary points (υl, υr), and by the minimum of the function
(min) over the entire domain:
D=

h max(υl , υr )
.
ψ min

Additionally, it is reasonable to represent the ratio of two temperature derivatives in Eq.
(18) in the form of the derivative of a slowly varying logarithmic function:
∂ 2T
∂ q2


 ∂   ∂ T
 ∂T

+ re  
+ re  =
ln 

 ∂ q   ∂ q
 ∂q


In view of the features described above, the adaptation function can be ﬁnally written as
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∂u 
+
Q = − u + C1T
∂ T 

 C  ∂ λ ∂ρ ∂ λ ∂T
    C λ (ρ, T )
 ∂ψ
∂   ∂ T
+ 2 
+
+ λ(ρ, T )
+ re    −  2 2 + D 
ln


∂q  ∂q
 ρ ψ  ∂ ρ ∂ q ∂ T ∂ q
 ∂q
    ρ ψ
(γ − 1)
C1 = (γ − 1), C 2 =
R

5





(19)

SELF-SIMILAR SOLUTION

To estimate the advantages of the dynamic adaptation method, the resulting numerical
solution should be compared with the analytical one (if any) or with a solution obtained in
another way. A widespread approach is based on a comparison with self-similar solutions.
Fluid dynamics problems with nonlinear heat conduction have been well studied and the selfsimilar solutions available for them comprise a relatively large class [4-8].
Following the technique described in [8], we ﬁnd a self-similar solution to problem (1)–(3)
with a nonlinear thermal conductivity represented as a power function of the temperature and
density,
λ = λ 0T a ρ b ,

a > 0, b ≤ 0 ,

(20)

and with boundary conditions (5) with a nonlinear heating ﬂux on the boundary x = Γp (t ) :

(

)

(

)

u Γp (t ), t = v0t n , W Γp (t ), t = ρ0 v0 t 3n .
3

To determine a self-similar solution, we need to ﬁnd a, b, and n for which the given
solution exists, to set up a system of ODEs in similarity variables, and to solve it numerically.
Gas dynamic equations (1)–(3) with heat conduction can be analyzed as follows. The
physical dimensions of the functions and constants used in the problem are
[ρ] = M L−3

~ −1
[u ] = L T

~
[T ] = C

~ −3
[W ] = M T
[λ ] = M L T~ −3 C~ −1




[R ] = L2 T~ −2 C~ −1

−3
[ρ0 ] = M l

~ −1−n
[v0 ] = L T

1−b 1+3⋅b ~ −3 ~ −1− a
T C
[λ 0 ] = M L

(21)

where M , L, T~, C~ are the dimensions of mass, length, time, and temperature.
It is well known [15] that a solution is self-similar if all the governing dimensional
parameters of the problem (in our case, R, ρ 0 , v 0 , λ 0 ) include k – 1 constants with
independent dimensions, where k is the number of basic dimensional units. Since k = 4 in the
problem under study, one of the four governing parameters must be linearly dependent on the
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other three. Choosing v0 , ρ0 , R to be constant parameters with independent dimensions, we
determine a, b, and n for which λ0 is expressed in terms of these parameters.
Let λ 0 = λˆ 0 ⋅ v0 x ⋅ ρ0 y ⋅ R z , where λ̂ 0 is a dimensionless constant. Then, taking into
account (21), the system of correspondence of each dimension to λ 0 is written as
M 
 
L 
 T~ 
 
 C~ 
 

⇔

y = 1− b
x − 3 y + 2 z = 1 + 3b


(1 + n) x + 2 z = 3
 z = 1 + a



 y = 1− b
x + 2 z = 4

 2 a = 2 + n −1.

n x = −1
 z = 1 + a

Setting a = 5/2 and b = 0, we see that the self-similarity condition is n = 1/3.
To derive a system of ODEs, we introduce the dimensionless functions f, α, δ, w,

f (s ) =

R T ( x, t )
,
v0 2 t 2⋅n

α (s ) =

u ( x, t )
,
v0 t n

δ(s ) =

ρ( x , t )
,
ρ0

w(s ) =

W ( x, t )
,
ρ0 v03 t 3⋅n

where the formulas for the transition to the coordinate s are given by
∂s
δ
∂s d s
∂s
=

=
−u
= −(n + 1) s t −1 − α δ t −1 .
n +1
∂t d t
∂x
∂ x v0 t

Then, for example, for the equation in (1), we have
∂ρ ∂
(ρ u ) = 0  ∂ ρ ⋅ ∂ s + ∂ (ρ u ) ∂ s = 0 
+
∂t ∂ x
∂ s ∂t ∂ s
∂x
δ
ρ0 δ′ − (n + 1)s t −1 − α δ t −1 + ρ0 δ′ α v0 t n + ρ0 δ α′ v0 t n
=0 
v0 t n+1

(

) (

)

− (n + 1)s δ′ + δ 2 α′ = 0

Proceeding in a similar manner with the other equations in (2)–(3) and with the heat equation
involving the thermal conductivity given by (20), we obtain

(n + 1)s δ′ = δ 2 α′
n α − (n + 1)s α′ = −( f δ)′
1
(2 n f − (n + 1) s f ′) = − f δ α′ − w′
γ −1
w = −λˆ 0 f a δb +1 f ′
or, in view of a = 5/2, b = 0, n = 1/3, and  = 5/3,
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4 s δ′
= δ 2 α′
3
α 4 s α′
−
= − ( f δ) ′
3
3
f − 2 s f ′ = − f δ α ′ − w′
w = −λˆ 0 f 5 / 2 δ f ′

(22)

The boundary conditions are
s=0
α = 1, w = 1
s=∞
α = 0, w = 0, f = 0, δ = 1.
By introducing the auxiliary functions
w
16 2
1
, ∆=
s − δ 2 f and ϕ = α + δ F
F =−
5
/
2
9
3
λˆ 0 f δ
system (22) can be rewritten in a somewhat different form:
4 sϕ
3 ∆
ϕ δ2
δ′ =
∆

α′ =

(23)

w′ = 2 s F − f − f δ
f′=F

4 sϕ
3 ∆

Before solving this system, we make the following two remarks. First, there exists a point
s0 (thermal wave front) at which the function f’ is discontinuous. To the right of this point, all
the functions have initially given values. Second, the expression for  implies that  < 0 at
s = 0 and  > 0 at s = s0. Moreover, there is no point q1 at which  = 0 [8]. Therefore,  and all
the other unknown functions, except for f, are discontinuous at this point. The Rankine–
Hugoniot relations at this discontinuity can be written in similarity variables:
δ1 36 f1 δ12
=
=Θ
δ2
49 s12
α 2 = α1 +

7 s1
(1 − Θ)
6 δ1

(24)

f 2 = f1
3

(

 7s 
w2 = w1 − 0.5 δ1  1  1 − Θ 2
 6 δ1 

)

The values of s0 and s1 are determined by numerically solving system (23) with the
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corresponding boundary conditions speciﬁed at s = 0 and s = s0.
The algorithm for solving system (23) can be described as follows. For a chosen value of
s0, we ﬁnd s1 such that the dimensionless function  obtained by solving (23), (24) with s = 0
becomes equal to the value speciﬁed in the boundary conditions ( = 1). If w > 1, then we
choose a new value of s0 that is smaller than the previous one. If w < 1, the new value of s0
used is greater than the previous one. The iteration continues until w = 1 to within the
prescribed accuracy, in which case the solution is regarded as found.
We found two self-similar proﬁles for various thermal conductivities: λ 0 = {1, 10} (R = 1).
6

SIMULATION RESULTS

The problem of a piston accelerating in a medium with nonlinear heat conduction was
simulated by solving system (9)–(12) with initial conditions (13), boundary conditions (14)–
(15), Rankine–Hugoniot relations (16), and adaptation function (19). Since the solution was
compared with self-similar profiles, the problem was solved in nondimensionalized variables
with the constants corresponding to the self-similar solution: R = 1, o =1, vo =1, n = 1/3,
a = 5/2, b =0.
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TW-II is formed if o is smaller than some dimensionless constant o < * (i.e., o  *,
where *  3 in the case under study), and a TW-I is formed if o  *. We considered a
version of TW-II with o = 1 (Figs. 1) and version of TW-I with o = 10 (Figs. 2).
The TW-II with o = 1 is characterized by subsonic heat transfer. For its simulation, we
used a grid with the total number of nodes N = 30, of which 25 were located between the
piston and the shock wave and the other 10 between the shock wave and the outer boundary.
Figure 1 show the spatial profiles of the gas dynamic functions and the temperature at the
times t = 1.
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Figure 2 displays the spatial profiles of the gas dynamic functions, temperature, and  for
TW-I with o = 10 TW-I after the numerical solution has reached the self-similar one (at t = 1).
7

CONCLUSIONS

The dynamic adaptation method was applied to gas dynamic simulations with nonlinear
heat conduction. The major features of the solution to the ﬂuid dynamic equations with
nonlinear heat conduction include the presence of three moving boundaries and two (TW-I
regime) or three (TW-II regime) regions of rapid variations in all the solution functions.
For this class of problems, an adaptation function was proposed that controls the grid point
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distribution depending on the features of the solution. The adaptation function has a complex
structure and consists of several terms. Some of them are determined by the diffusion
approximation and take into account the variations in the size of the computational domain
caused by the motion of the piston and by propagation of weak and strong discontinuities. The
other terms are determined by the quasi-stationarity principle and are responsible for mesh
reﬁnement in regions with steep gradients of temperature, density, and velocity.
In the course of solving the problem, the numerical solution approached the self-similar
proﬁle and ultimately coincided with it. This suggests that the numerical results are of high
quality and that the dynamic adaptation method can be applied to gas dynamic simulations
with nonlinear heat conduction.
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de Mécanique et Technologie (LMT)
Ecole Normale Supérieure de Cachan
61, avenue du Président Wilson, 94230 Cachan, France
e-mail: chamoin@lmt.ens-cachan.fr, web page: www.lmt.ens-cachan.fr
† Centre
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Abstract. We consider in this paper the initial-boundary value problem for the 1D
neutron transport equation with isotropic scattering, set in some bounded interval with
entering boundary conditions. The usual parabolic scaling yields the diffusive limit. A
surrogate model, coupling transport and diffusion equations, is then introduced in order
to accurately assess the value of specific quantities of interest. The control of the quality
of the computation, with respect to a given quantity of interest, is performed by means
of a modeling error estimation method, whereas an associated algorithm enables to adapt
the coupled model if necessary.

1

INTRODUCTION

In this paper, we deal with physical problems governed by the transport equation, and
more specifically with problems of neutrons transport in the study and control of nuclear
plants [8, 9, 13, 7]. The linear kinetic equation which is involved, sometimes referred
as linear Boltzmann’s equation, takes into account physical phenomena associated with
particle transport, i.e. collision, absorption, and emission; its solution enables to know
the density of particles with a given speed at a given space-time coordinate. However,
discretization of the transport equation in practical applications involves a huge number
of degrees of freedom (since the phase space is distributed) which is out of reach for
simulation tools.

1
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Nevertheless, when the characteristic time of previously introduced transport phenomena is small compared to the one related to the domain size and particles speed, the
transport equation may be approximated with a diffusion equation. This latter equation,
which can be seen as an homogenized equation at the macroscale, is therefore used wherever it is valid in the domain, leading to model reduction and affordable computations.
The resulting coarse model (denoted as the surrogate model in the following) is then
made of two coupled concurrent models: (i) a mesoscale model governed by the transport
equation and applied in critical subregions where a fine solution is required or in which a
macroscale model is not reliable; (ii) a macroscale model governed by the diffusion equation in the complementary part of the domain.
Usually, the simulation of a physical phenomenon is performed in order to get information on a set of specific quantities of interest. From the analyst point of view, a critical
issue is therefore to know whether or not the simulation model is sufficiently relevant
for the assessment of these given quantities of interest. In other words, information on
modeling and discretization errors is required. During the last decade, and in the Computational Mechanics community mainly, tools have been introduced in order to assess
the quality of the computerized model with respect to local quantities [14, 15]. Moreover,
dedicated algorithms have also been introduced in order to adapt the surrogate model up
to an acceptable error level [16, 18]. In this paper, we extend these tools to the framework
of neutrons transport simulated with a coupled transport/diffusion model. We consider
a simple 1D transport model with isotropic scattering, and choose the pointwise neutron
density as the quantity of interest.
The paper is structured as follows: after this introduction, Section 2 describes the
reference transport problem; Section 3 presents the surrogate model using the diffusion
approximation; in Section 4, we recall basics on modeling error estimation and extend the
methodology to the framework of neutrons transport; eventually, Section 5 shows some
numerical results that illustrate performances of the method.
2
2.1

Reference model
The 3D model

We consider an open bounded domain X of R3 , with boundary ∂X, populated with
neutrons. Each neutron is defined by its position x, and the direction n of its velocity
(whose modulus v is assumed to be constant). The transport equation [8] describes the
evolution of a population of neutrons in this domain occupied by a medium which is in
interaction with the neutrons. This equation aims at calculating the neutron angular
density, denoted u(x, n, t), and defined as the probable number of neutrons at position x
with direction n at time t per unit volume per unit solid angle.
Denoting by Σ the scattering cross section i.e. the probability of collision per unit dis2
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tance travelled (Σ ≥ 0), and assuming that the collision process is isotropic, the transport
equation consists of finding u(x, n, t) such that [5]:

 
∂u
1
′
′
+ vn · ∇x u = Σv
u dΩ − u = −σSu ∀(x, n, t) ∈ X × Ω × [0, T ]
(1)
∂t
4π Ω
where u′ = u(x, n′ , t), σ = σ(x) := Σ(x)v, S is the scattering operator, and Ω is the unit
sphere S 2 of R3 .
In order to scale the problem, we usually introduce the parameter ε (Knudsen’s number)
defined as the ratio of the average distance traveled by a neutron between two successive
collisions (mean free path λ = 1/Σ) and a characteristic length of the problem. The
transport equation (1) comes down to finding uε (x, n, t) such that:
ε

∂uε
1
+ vn · ∇x uε = − σSuε
∂t
ε

∀(x, n, t) ∈ X × Ω × [0, T ]

(2)

On the other hand, the transport problem has initial and entering boundary conditions
which respectively read:
uε (x, n, 0) = uI (x) ∀(x, n) ∈ X × Ω ;

uε (x, n, t) = ud (x, n, t) ∀(x, n) ∈ Γ−

(3)

with uI a given positive function (independent of n), and Γ− = {(x, n) ∈ ∂X × Ω; ν x · n <
0}, ν x being the outer normal of ∂X at x. Of course, ud = 0 if no external source is
applied.
Solving system (2)+(3) is difficult and the difficulty increases as the mean free path
becomes smaller. Indeed, the operator in the transport equation acts on functions with 5
variables in the phase space X × Ω, and this operator is neither self-adjoint nor elliptic, so
that general variational methods can not be used. Therefore, powerful numerical methods
are required in order to get useful results.
2.2

The 1D model

In several cases, equations of transport theory can be written in 1D; this is particularly
the case when considering X as an infinite 2D or 3D strip, of width L on the transversal
axis x and invariant by a translation perpendicular to this axis (see [11]). The 1D problem
consists of finding uε (x, µ, t) such that:
∂uε 1
∂uε
+ µv
+ σSuε = 0 ∀(x, µ, t) ∈]0, L[×[−1, 1] × [0, T ]
∂t
∂x
ε
uε (0, µ, t) = u0 (µ, t) ∀µ ≥ 0 ; uε (L, µ, t) = uL (µ, t) ∀µ ≤ 0 ; uε (x, µ, 0) = uI (x)
(4)
ε

3
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with µ the cosine of the angle between Ox and the velocity. For the neutron transport
with isotropic scattering we consider, the 1D scattering operator S reads:

1 1
Su = u −
u(x, µ′ , t)dµ′ .
(5)
2 −1
The 1D transport problem (4) can also be written under the weak form:
Find uε (x, µ, t) ∈ U such that B(uε , vε ) = F (vε ) ∀vε ∈ V

(6)

In practice, (4) (or (6)) is numerically solved by means of a specific discretization in
each dimension: P elements in the space domain [0, L], N time steps in the time domain
[0, T ], and K angular steps in the angular domain [−π, 0]. Using a finite differences
(p,k,n)
, with
algorithm, the discretized problem provides for an approximate solution uε
(p, k, n) ∈ [1, P + 1] × [1, K + 1] × [1, N + 1].
3
3.1

The surrogate model
Diffusive limit for the transport equation

For media which have a large size compared to the characteristic lengths of the transport equation (mean free path for instance), we can obtain an approximate solution of the
transport equation by means of a diffusion equation whose coefficients are derived from
those of the transport equation. This is the diffusion approximation [8, 11], in which x
and t are the only variables, so that information about the direction n of the neutrons
velocity is lost.
Let us recall that mathematically speaking, one introduces a scaling parameter ε which
is related to the mean free path of the particles, such that the scattering cross section is
of order Σ/ε and the mean time between collisions is of order ε. We are thus led in the 1D
1
case to the scaled system (4). Denoting the neutron density ρε (x, t) = −1 uε (x, µ, t) dµ
1
and the neutron current jε (x, t) = 1ε −1 µv uε (x, µ, t) dµ, the two following equations can
be deduced from (4):


 1
∂ρε ∂jε
+
=0
obtained from
• dµ
∂t
∂x
−1

 (7)
 1
 1
∂
2
2 ∂jε
+v
µ uε (x, µ, t) dµ + σ(x)jε = 0
obtained from
• µdµ
ε
∂t
∂x −1
−1
where • stands for the 1D transport equation. Combining equations in (7), we get:



 1
∂
∂
1
∂ρε
2 ∂jε
2
−
ε
+v
µ uε (x, µ, t) dµ
= 0.
∂t
∂x σ(x)
∂t
∂x −1
4
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When parameter ε is sufficiently small, the neutron density ρε (x, t) is thus correctly approximated with its diffusive limit, i.e. the solution ρ̂(x, t) of the following heat equation
(see [11, 5, 3, 12, 10, 19]):


∂ ρ̂
∂
2 ∂ ρ̂
−
=0
(9)
∂t
∂x 3Σ(x) ∂x
1
It is associated with the initial condition ρ̂(x, 0) = −1 uI (x) dµ. As regards boundary
conditions for the diffusive limit, an accurate (order 2) approximation of the transport
model is provided by the use of Robin boundary conditions [5]. These mixed boundary
conditions consider that when applying homogeneous Dirichlet boundary conditions (on
the microscale transport model), the neutron density actually goes to zero at some distance
from the outer boundary of the macroscale diffusion model. The distance d at which it
drops off to zero is called the extrapolation length [6]; it is related to the mean free path λ
by a coefficient Λ (d = Λλ) obtained by means of the conservative Milne problem, which
is a stationary problem defined in a semi-infinite domain. In our case, Λ ≈ 0, 7104 [4].
3.2

Coupling between transport and diffusion models

When simulating transport models, a classical model reduction method consists in replacing the transport equation by the diffusion equation in parts of the domain where
this latter equation is relevant. The practical importance of such a procedure is to enable
one to approximate the transport problem by using a suitable (and computable) approximation provided by a tractable coupled problem. Here, we introduce the diffusive limit
model in order to obtain a surrogate model of the transport model, as in [17, 20, 21].
The domain X =]0, L[ is divided into two parts Xt =]0, a[ and Xd =]a, L[ (0 < a < L).
Assuming that in Xt the diffusion theory gives a poor approximation of the neutron density, the proposed method consists of coupling two models: (i) the transport model used
in Xt ; (ii) its diffusion approximation used in Xd . These two models are only coupled by
their boundary conditions at x = a. The coupled problem thus reads: find the solution
pair (ũε , û), with ũε (x, µ, t) (resp. û(x, t)) defined in Xt (resp. Xd ), such that:
∂ ũε
1
∂ ũε
+ µv
= − σS ũε in Xt × [−1, 1] × [0, T ]
∂t
∂x
ε
ũε (0, µ, t) = u0 (µ, t) ∀µ ≥ 0 ; ũε (a, µ, t) = û(a, t) ∀µ ≤ 0
——


∂
∂ û
2 ∂ û
−
= 0 in Xd × [0, T ]
∂t
∂x 3Σ(x) ∂x
 1
Λ(a)ε ∂ û
û(a, t) −
(a, t) = 2
ũε (a, µ′ , t)µ′ dµ′
Σ(a) ∂x
0
 0
Λ(L)ε ∂ û
(L, t) = 2
uL (µ′ , t)|µ′ |dµ′.
û(L, t) +
Σ(L) ∂x
−1
ε

5
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with initial conditions ũε (x, µ, 0) = û(x, 0) = uI (x).
The model (10) coupling transport and diffusion models is denoted as the surrogate
model. It can be written under the weak form:
Find (ũε , û) ∈ Uc such that B0 ((ũε , û), (ṽε , v̂)) = F0 (ṽε , v̂) ∀(ṽε , v̂) ∈ Vc
4

(11)

Modeling error estimation and model adaptation

In this section, we introduce the methodology used to assess discretization and modeling errors that occur in numerical simulations. In our case, it will specifically be used to
control the quality of the surrogate model that couples transport and diffusion equations.
The error estimates and adaptive control procedures it enables to derive are targeted to
specific quantities of interest and are thus referred to as goal-oriented. The development of
such numerical tools has been the object of numerous works in recent years [14, 15, 1, 18].
4.1

Definition of the error on a quantity of interest

We assume we are interested in a specific feature of the solution uε , i.e. a quantity of
interest denoted Q(uε ). The functional Q can generally be written under the global form:
 T 1 L
Q(uε ) =
g(x, µ, t) uε (x, µ, t)dxdµdt
(12)
0

−1

0

where g is called the extraction function or extractor.
In practical cases, uε is unreachable and the quantity of interest Q is approximated
from a coupled problem (cf. (11)) of the form:
Find u0 ∈ U0 ⊂ U such that B0 (u0 , v0 ) = F0 (v0 ) ∀v0 ∈ V0 ⊂ V

(13)

with u0 (x, µ, t) = ũε (x, µ, t) in Xt and u0(x, µ, t) = û( x, t) in Xd . The modeling error in
the quantity of interest Q we aim at assessing thus reads:
Emod = Q(uε ) − Q(u0 ).
4.2

(14)

Adjoint problem and goal-oriented error estimation

In [2], an optimal control approach is proposed in order to deal with errors on Q; it is
based on a constrained minimization framework and leads to an adjoint problem. In our
case, B and Q are respectively bilinear and linear functionals so that this adjoint problem
reduces to:
Find pε ∈ V such that B(vε , pε ) = Q(vε ) ∀vε ∈ V
(15)
Physically speaking, adjoint problem (15) is a transport problem similar to (4), except
that it is reverse in time (with zero final conditions), has homogeneous Dirichlet boundary
6
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conditions, and is loaded by a source term represented by extrator g. It reads in its strong
form:
∂pε
∂pε 1
+ µv
+ σSpε = g(x, µ, t) ∀(x, µ, t) ∈]0, L[×[−1, 1] × [0, T ]
∂t
∂x
ε
pε (0, µ, t) = 0 ∀µ ≥ 0 ; pε (L, µ, t) = 0 ∀µ ≤ 0 ; pε (x, µ, T ) = 0
(16)
Again, the adjoint problem is usually not tractable and needs to be replaced by a coupled
problem of the form:
−ε

Find p0 ∈ V̄0 such that B̄0 (v0 , p0 ) = Q(v0 ) ∀v0 ∈ V̄0

(17)

where B̄0 and V̄0 are similar to B0 and V0 except that domain Xt in which the transport
model is conserved is taken a bit larger. In practice, the interface between the concurent
coupled models is placed at x = ā := a + ∆a, with ∆a > 0.
We can now define the following residual functionals, associated with reference and
adjoint problems respectively:
R(u0 , v) := F (v) − B(u0 , v) ;

R̄(p0 , v) := Q(v) − B(v, p0 ).

(18)

They represent the degree to which u0 and p0 fail to satisfy reference and adjoint problems
(6) and (15).
In [15], a general relation is established between the modeling error in the quantity of
interest and the residual functionals. In our case, it merely reads:
Emod = Q(uǫ ) − Q(u0 ) = R(u0 , pε ) = R(u0 , p0 ) + R(u0 , ǫ0 )

(19)

where ǫ0 = pε − p0 is the error on the adjoint solution. Assuming that this error is small,
a good estimate of the modeling error on Q is Emod ≈ R(u0 , p0 ).
4.3

Goal-oriented model adaptation

When using a surrogate model, it is fundamental to be able to adapt this surrogate
model if need be. In our case, assuming the discretization error is neglectable, the adaptation of the surrogate model consists in enlarging the region Xt in which the transport
model lies, up to obtaining a sufficiently accurate value for the quantity Q.
Therefore, we come up with an adaptive greedy algorithm that aims at controling the
modeling error Emod within some preset error tolerance γtol . This is achieved by generating
a sequence of surrogate problems with solutions (uk0 , pk0 ) so that for some integer k0 , the
modeling error satisfies:


Q(uε ) − Q(uk0 ) ≤ γtol
(20)
0
7
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At each iteration, the goal is to reduce the global quantity R(u0 , p0 ) by locally enriching
the surrogate model, i.e. by locally switching on the transport model in the subregions
where the diffusion model is not accurate enough. This is possible by observing that the
residual term R(u0 , p0 ) is defined globally over the whole domain and can be decomposed
into local contributions ηc defined over predefined subdomains (here finite elements of the
mesh used to discretize the diffusion model in space). Finally, prescribing a user-defined
parameter γa such that 0 < γa < 1, the subdomains with contributions ηc can be switched
from the diffusion model to the transport model whenever ηc > γa maxc ηc .
The proposed algorithm, denoted Goals Algorithm, reads as follows:
1. Specify error tolerance γtol and refinement parameter γa .
2. Solve the primal surrogate problem for u0.
3. Solve the adjoint surrogate problem for p0 .
4. Compute ηest = R(u0 , p0 ). If


 ηest 


 Q(u0 )  < γtol

then stop. Otherwise, continue to step 5.

5. Decompose the residual term R(u0 , p0 ) into contributions ηc over
predefined subdomains (can be chosen as the elements for the
discretization of the diffusion model).
6. Switch subdomain with contribution ηc to transport model if ηc >
γa maxc ηc , and go to step 2.
Figure 1: Greedy algorithm for goal-oriented error estimation and control of modeling error.

5

Numerical results

In the following experiments, we consider a 1D diffusion problem over a time-space
domain ]0, L[×[0, T ], with L = 5 and T = 2. Moreover, we choose ε = 5.10−2 and
v = 1. On the other hand, we take zero initial conditions (uI (x, t) = 0) and the following
boundary conditions:
u0 (µ, t) = 1 and uL (µ, t) = 0 ∀(µ, t) ∈ [−1, 1] × [0, T ]

8
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We consider a piecewise linear evolution for Σ(x) (see Fig.2):

for x ∈ [0, 2];
 ε
ε + (x − 2)(1 − ε) for x ∈ [2, 3];
Σ(x) =

1
for x ∈ [3, 5].

(22)

Therefore, Σ/ε = 1 in the transparent part of the domain.
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Figure 2: Evolution of the scattering cross section Σ over the space domain.

Theoritically, the diffusion limit is valid at each time-space point where: (i) the mean
free path is very small compared to the characteristic size of the domain; (ii) the considered space point is far from the boundaries where data have high gradients; (iii) the
considered time point is far from t = 0, i.e. is large compared to a characteristic time
of the phenomenon (λ/v for instance); we thus intend that the diffusion model is valid
in the left-hand side of the domain in our case. In the following, the interface between
transport and diffusion models is initially placed at a = 2.
Even though, in practical applications, larger time steps ∆t and space steps ∆x are
used for the discretization of the diffusion model, we use here the same values as for
the discretization of the transport model. For this last model, the CFL condition reads
∆t < ε∆x. Furthermore, in order to represent the scattering phenomenon correctly, the
ε2
time step should verify ∆t ≪
and as regards the diffusion model, the stability condiσ
2
tion reads ∆t < Σ∆x
. In the following, we thus choose ∆x = 5.10−2 and ∆t = 2.10−5 .
2
We choose as a quantity of interest the neutron density at a given space-time point
(x0 , t0 ) ∈]0, L[×[0, T ], which leads to the extractor g(x, t) = δx0 (x)δt0 (t). In the following,
9
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we take x0 = 1.5 and t0 = 1.8.
We represent in Fig. 3 (resp. Fig. 4) the exact solution of the reference (resp. adjoint)
problem.

Figure 3: Exact solution of the reference problem: ρε (left), jε (right).

Figure 4: Exact solution of the adjoint problem: ρpε (left), jεp (right).

We give in Fig. 5 the approximate solution ρ0 (neutron density obtained by means
of the coupled model with interface at a = 2) as well as the contributions to the error
estimate R(u0 , p0 ) over the space domain [0, L].
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Figure 5: Approximate solution ρ0 (left), and contributions to the error estimate (right).

After five iterations in the Goals Algorithm, we obtain a relative estimated error lower
than 5% for Q, with a surrogate model whose interface is placed at a = 3.8.
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Abstract. In the eXtended Finite Element method, the interface is implicitly represented
by a level-set, the mesh does not necessarily match the interface, and enriched functional
bases are used on the elements that are cut by the interface. Impressive improvements in
the accuracy can be observed with respect to Finite Elements results, in terms of global
energy norm. We advocate in this paper that the improvements are not so clear in terms
of fluxes close to the interface, while this quantity is oftentimes of major interest. For
example, in erosion problems, the interface marks the limit between the solid phase and
the eroding fluid, and the shear force exerted by the fluid on the solid (which is related
to the fluxes) is what controls the erosion process. An improvement to the classical XFE
formulation is also described in this paper, that ensures that fluxes are well evaluated.
The results discussed here are particularly relevant when the material parameters of the
two phases are very different.

1

INTRODUCTION AND INGREDIENTS

In this introduction, we first present the general setting of this paper, in which we
discuss the evaluation of fluxes by the eXtended Finite Element (XFE) method. The
physical situation is that of the erosion of a saturated soil under the action of a flow
of water. Two domains are considered: a free fluid, modeled by Stokes equations, and
a porous medium, through which the flow of water is modeled using Darcy law. Both
1
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these physical behaviors are implemented in the setting of the Brinkmann equations, and
the erosion is controlled by the fluxes at the interface between the soil and the fluid.
The ingredients of the discussion are introduced in this section, along with the precise
objectives of this paper.
1.1

Brinkman flow

The flow of a fluid in a porous medium can be modeled using Brinkmann equation,
that states: find the velocity and pressure fields (v, p) ∈ [H01 (Ω)]d × L2 (Ω)/R such that:

−∇ · (ν∇s v) + ρg
Φv + ∇p = ρg
K
(1)
∇·v =0
with appropriate boundary conditions, and where ν and ρ are the viscosity and density
of the fluid, Φ is the volumetric porosity (the ratio between the volume of void space and
the total volume of the porous medium), and K is the permeability (in units of velocity).
The last two numbers are characteristic of the porous medium at hand.
The first term of equation (1), similar to that appearing in the Stokes equations, models
the stiffness/viscosity of the fluid, while the second on, similar to that appearing in Darcy
law, represents a homogenized drag force from the solid matrix onto the fluid phase. The
equation can be obtained, under certain conditions of the ratio of matrix and fluid phases,
by theoretical homogenization of the Stokes equation in a porous medium, with explicit
modeling of the matrix phase [1, 2, 3, 4, 5]. Note that these equations are homogenized, so
both the velocity and pressures fields, normally defined only in the fluid, are prolongated
within the matrix (by zero for the velocity and by an average value for the pressure,
see [3]).
1.2

Coupling methods for erosion problems

The problem that we consider here is that of erosion in a domain Ω ∈ R3 . That domain
is subdivided in a soil domain Ωs , in which there are both soil particles and fluid, and a
fluid domain Ωf , where there is only fluid. We assume that Ωs ∪ Ωf = Ω and Ωs ∩ Ωf = ∅.
The fluid domain may be either a cavity or an open area, as in the case of floods for
example. Only the fully saturated case is considered for the soil domain. The interface
between Ωs and Ωf , denoted Γ, is assumed to be a discontinuity in the properties, and
to be a purely geometrical interface in the sense that it is not attached to any material
particle. Indeed, as erosion takes place, this interface evolves. We assume that the
quantity of eroded material in the carrier fluid is too small to modify its properties, so
that the erosion is only observed through the evolution of the interface.
In these problems of erosion, the open flow is naturally modeled using Stokes equations,
while the flow through the porous medium is more often considered through Darcy’s law.
It is then necessary to design a method for the coupling of these two mathematically
heterogeneous equations. This has been investigated by many researchers [5, 6]), with
2
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difficulties of a rather mathematical or numerical order. Hypotheses need to be introduced
in order for the coupled problem to be solvable. In some cases, these hypotheses simplify
the problem greatly and provide (Robin-like) boundary conditions on the Stokes flow [5,
7], rather than a fully coupled problem. However, the physical justification of these
hypotheses is sometimes arguable.
The approach that is followed in this paper consists in writing both the Stokes flow (in
Ωf ) and the Darcy flow (in Ωs ) in the same context of the Brinkmann equation. We are
therefore considering only one set of equations, with coefficients that vary in space. In
particular, in Ωf , the drag force coefficient ρgΦ/K will be considered very close to zero,
while in Ωs , it is the viscosity coefficient ν that will be taken close to zero. Indeed, an
interesting feature of the Brinkmann equation (1) is that if ν/L2 << ρgΦ/K, where L2
is some characteristic length of variation of the velocity field, it is very similar to Darcy
law, while it is very similar to the Stokes equations when ν/L2 >> ρgΦ/K. Note that
this setting implies: (a) that the pressure and velocity fields are continuous, and (b) that
the parameters of the Brinkmann equation are non-continuous over the domain Ω, with
very large variations at the interface.
A similar approach for an erosion problem was already considered in [8, 9, 10, 11], but
with Darcy’s law rather than Brinkman equations on both sides of the interface. The
permeability for the open flow was taken 1000 times larger than the permeability through
the soil. In [12], the authors considered Stokes equations on both sides of an interface
between an open flow and the flow through a porous medium, and selected the viscosity in
the porous medium to be much larger than that in the open area. Although the approach
that they consider is similar in spirit to the one that we advocate here, the fact that the
viscosities should be different does not appear in the homogenization process that we have
described.
1.3

Modeling of erosion

Several models for surface erosion of cohesive soils under axial and radial flow conditions
have been proposed in the literature (see in particular the review [13], or [10] for more
detailed references). As this paper is not concentrating on the modeling aspect of the
problem, and rather on the numerical aspect, we only introduce in this section illustrations
stressing the importance of the appropriate evaluation of dual quantities of the velocity
and pressure fields.
One of the most widely used models for erosion by perpendicular flows describes the
rate of erosion per surface area ˙ (sometimes denoted Dc ) as proportional to the hydraulic
shear stress τ :
˙ = Kc (|τ | − τcr ),
(2)

where Kc is the coefficient of erosion, or erodibility rate (with values ranging from 10−1
to 10−6 s.m−1 [14]) and τcr is a critical shear stress (with values ranging from 6 to 160
N.m−2 [15]), both material-dependent. This leads to an evolution of the interface with
3
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the following normal velocity:
vn (x, t) =

˙
Kc
=
(|ν∇s v · nt | − τcr ),
ρs
ρs

(3)

where ρs is the density of the solid matrix, and nt is a vector parallel to the interface Γ.
Alternatively, following [14, 13] in the context of Darcy’s law, an approximation can
be used to derive the hydraulic shear stress as a function of the gradient of the hydraulic
head,
τ = ρw g0 ∇h(x, t),
(4)
where 0 = 1 m in 2D problems. This finally leads to a normal velocity for the cavity-soil
interface:
Kc
vn (x, t) =
(ρw g0 + 0 |∇p(x, t)| − τcr ) .
(5)
ρs
1.4

Objectives of this paper

The important point in the two previous examples is that, in each of them, the rate
of erosion, which is the main quantity of interest in erosion problems, is related to the
derivative of the main unknowns, the pressure and the velocity fields, close to the interface
Γ. Hence, it is of the upmost importance to be able to evaluate appropriately these local
dual quantities. As we will see further down, the XFE method does not yield that goal in
the general case. The XFE method works extremely well at improving the solution (with
respect to a FE method) globally, but not necessarily locally (close to the interface), for
a derivative of the velocity or pressure.
In the next section, we introduce the XFE method, with a particular focus on the levelset description of the interface Γ, the Hamilton-Jacobi equation, that drives the evolution
of the interface, and the weak formulation of the XFE method. Finally we finalize the
section with an example illustrating the deficiency of the XFE method for the evaluation
of our quantity of interest. In the following section, we introduce another method, very
close to the XFE method and denoted XFE+ method, that remedies this issue.
2

EVALUATION OF FLUXES BY THE XFE METHOD

In this section, we introduce the main ingredients of the XFE method and illustrate
its difficulty in approximating appropriately the dual quantities close to the interface.
2.1

The level-set description

As stated in section 1.2, the two subdomains Ωs and Ωf are separated by an interface
Γ. This interface evolves in time with a normal velocity vn (x, t). Note that the definition
of this velocity field implies the choice of an ”interior” and ”exterior”. Two examples of
such situations, with closed and open interfaces, are shown in the left column of figure 1.
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Figure 1: Two examples of 2D two-phases system (left) with the corresponding level-set functions (right)

The main idea of the level-set approach is to consider a function, defined on the entire
domain of interest, with values that depend on the position in one phase or the other.
The most common approach consists in defining the level-set function Φ as the distance
function to the interface, with the sign indicating the subdomain. In mathematical terms,
it is defined by

|Φ(x)| = (x)



Φ(x) > 0
x ∈ Ωs
,
(6)

Φ(x)
<
0
x
∈
Ω
f



Φ(x) = 0
x∈Γ

where (x) indicates the euclidian distance from point x to the closest point of curve
Φ = 0. Hence, the level-set function is defined in a space with a higher dimension than
the interface it attempts to parameterize. However, the additional dimension allows for
an increased smoothness of the function, which can hence be more easily manipulated.
Further, the level-set description of the interface fits properly in a FE context because the
function Φ may be interpolated using the same mesh. This allows describing arbitrary
interfaces, not restricted to contain the mesh nodes, with an accuracy and regularity up
to the resolution of the FE discretization. The level-set functions corresponding to two
examples of interfaces are shown in figure 1. In these two examples, the interfaces are
lines (1D) in a 2D space, and the level-set functions are surfaces (2D) in a 3D space.
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2.2

The Hamilton-Jacobi equation

As the phases of the model evolve in time, so does the interface and its level-set
description. The evolution of the level-set function Φ is determined by the normal velocity
of the interface at every point, vn (x, t). This front velocity is considered to be positive
if the interface advances towards the positive values of Φ, that is in the direction of the
unit normal vector n = ∇Φ/|∇Φ|. The transport equation for Φ is the Hamilton-Jacobi
equation, and its derivation, given the front velocity vn (x, t), is sketched below.
Let us consider a point x(t) following the interface in its movement. Thus, at every
time t,
Φ(x(t), t) = 0.
(7)
The time derivative of this equation yields
∂Φ
∂x
+ ∇Φ ·
= 0.
∂t
∂t

(8)

Recalling that the front velocity is precisely vn (x, t) = n · ∂x/∂t, with n = ∇Φ/|∇Φ|,
the second term in the left-hand-side of the previous equation is replaced by vn (x, t)|∇Φ|.
This results in the Hamilton-Jacobi equation:
∂Φ
+ vn (x, t)|∇Φ| = 0.
∂t

(9)

Note that, to this point, no hypothesis has been made on the form of the normal
velocity field vn . This equation is therefore compatible with different physical models of
the evolution of the interface. Conversely, the only necessary modification for passing
from one model to another is to change the form of the normal velocity. This property
was stressed upon in [8].
2.3

FE and XFE methods

Starting from the strong formulation of the Brinkman equations in equation [1], the
corresponding weak formulation is: find (v, p) ∈ [H01 (Ω)]d × L20 (Ω), such that:




ν
M0 v · wdx − p∇ · wdx =
ρg · wdx,
(10)
ν∇s v : ∇s wdx +
2
Ω
Ω
Ω
Ω σ
and
−



Ω

q∇ · udx = 0,

(11)

for all (w, q) ∈ [H01 (Ω)]d × L20 (Ω). The functional spaces are defined by H01 (Ω) = {v ∈
H 1 (Ω),v|∂Ω = 0}, in the case of pure Dirichlet boundary conditions, and L20 (Ω) = {p ∈
L2 (Ω), Ω pdx = p0 }. In the classical FE method, one would choose a mesh of the domain
Ω, and (for example) linear functions of approximation on each element of the mesh. If the
6
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h=1

Ω2
Ω1
h=0

(a) pex  = 1.3585

(b) pF E  = 1.4555

(c) pXF E  = 1.3608

Figure 2: Setting of the two-phase Darcy problem (left figure), and fluxes Φv evaluated at the Gauss
integration points for the FE (center figure) and XFE (right figure) solutions. The values indicated below
the figures are the energetic norms of, respectively, the exact, the FE, and the XFE solutions. The
interface on the two rightmost figures is shown after some time of erosion.

mesh does not follow the interface Γ, which is desirable in particular when that interface
is evolving, then it is impossible to represent the theoretical discontinuity of the gradient
of the solution v arising from the assumed continuity of the fluxes ν∇s v. Indeed, the
continuity of the fluxes ν∇s v · n, along with the discontinuity of the parameter ν implies
a discontinuity of the gradient of the velocity
The XFE method [16, 17, 18, 19] proposes to add to the approximation basis functions
that have a discontinuous gradient on the interface Γ. Hence, the only difference between
the FE and the XFE method lies in the choice of functional spaces that is considered. In
the XFE method, we use the same functional space as in the FE method, with additional
functions over the elements that are cut by the interface.
2.4

Error in global norm and local fluxes

In this section, we try to illustrate on an example that the XFE method, although
much better in terms of global error, does not behave so well in the evaluation of the local
gradients close to the interface. To simplify the discussion, we do not consider the full
Brinkmann equation, but rather the simpler setting of the Darcy equation. We consider
the example drawn in figure 2.4, for which the boundary conditions are indicated on the
drawing, and the ratio of physical parameters between the two domains is 1000. The
interface is shown on the figures after several iterations over time in the Hamilton-Jacobi
equation, and the fluxes (plotted at the Gauss integration points) are normalized with
respect to the largest vector.
Comparing the figures, the first observation that can be made is that the XFE method,
in terms of global evaluation (see the energetic norm of the solution below the figures),
behaves very well. Indeed, based on this norm, the XFE solution is very close the exact
solution, and in any case, much better than the FE solution. However, when one compares
7
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the local fluxes, they are not so well represented close to the interface. On the elements
that are cut by the interface, on the weakest side, and depending on the ratio of weak to
strong phase on that element, errors on the evaluation of the fluxes can become very large.
As a consequence, in the two rightmost figures, we observe that the erosion interface is
much less smooth than expected after a few iterations of resolution of the Hamilton-Jacobi
equation.
3

THE XFE+ METHOD

The explanation for this deficiency is contained in the fact that the continuity of fluxes is
hidden in the continuous form of the weak formulation [10] but is not enforced anywhere
once using the discretized weak formulation. The FE approach, as well as the XFE
method, yield averages over elements of the contribution of both phases, which are heavily
influenced by the strongest side. The idea of the new method that we propose below is
to enforce weakly, and explicitly, this continuity.
Using a Lagrange formulation for instance, one gets the modified weak formulation:
find (v, p, λ) ∈ [H01 (Ω)]d × L20 (Ω) × [H01 (Ω)]d such that:


Ω

ν∇s v : ∇s wdx −



Γ

ν∇s λ · n · wdx +



Ω

ν
M0 v · wdx
σ2


− p∇ · wdx =
ρg · wdx, (12)
Ω

−
and
−



Γ



Ω

q∇ · udx = 0,

(13)

ν∇s v · n · µdx = 0,

(14)

Ω

for all (w, q, µ) ∈ [H01 (Ω)]d × L20 (Ω) × [H01 (Ω)]d . In these equations, the jumps over Γ are
represented with a double bracket:
α = α|Ω1 − α|Ω2 .

(15)

More considerations about this new method are given in [9, 11]. Note that this presentation can be generalized to the Darcy equation (in which case the continuity would
be enforced in terms of jumps on the gradient of the pressure), or the Stokes problem (as
in the example below). The discretized version of this mixed formulation can be shown
to be stable for an appropriate choice of the functional spaces.
4

APPLICATION: EROSION OF A 3D BRIDGE FOOT

We consider here a 3D example very similar to the one described in [20] about the
evaluation of erosion around a bridge pier. We therefore consider a 3D box, with water on
8
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(a) t1

(b) t2

(c) t3

(d) t4

(e) t5

(f) t6

Figure 3: Evolution of the fluid-soil interface with time for the pier example. The pier is represented by
the dark cylinder, while the greyish surface is the interface.

the upper side, and a water-filled soil in the lower part. Stokes equations are used, both
for the open water and the flow through the porous soil. The normal velocity is imposed
on two of the sides, while wall conditions are imposed on the rest of the sides. This
creates a flow of water through the system, which accelerates around the pier, because of
the decreased area. A coarse mesh of 1989 nodes and 8858 tetrahedra was used and the
simulation ran in 1h30 on a basic dual-core laptop. Although it is much shorter than the
2 days reported in [20], it is hard to compare the two computational methods because
some data is missing in the paper, and the results are not described precisely. Still, the
method is indeed very promising for 3D applications.
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11

124

V International Conference on Adaptive Modeling and Simulation
ADMOS 2011
D. Aubry and P. Dı́ez (Eds)

ADAPTIVE ANISOTROPIC MESHING FOR
INCOMPRESSIBLE NAVIER STOKES USING A VMS
SOLVER WITH BOUNDARY LAYER
T. COUPEZ∗ AND E. HACHEM†
MINES ParisTech, Center for Materials Forming (CEMEF)
UMR CNRS 7635, BP 207, 06904 Sophia-Antipolis, France
∗ e-mail: thierry.coupez@mines-paristech.fr
† e-mail: elie.hachem@mines-paristech.fr

Key words: Adaptive Modeling, Simulation
Abstract. In this work, we propose to show that adaptive anisotropic meshing based on a
posteriori estimation can be addressed for incompressible Navier Stokes at High Reynolds
number. The proposed a posteriori estimate is based on the length distribution tensor
approach and the associated edge based error analysis. It will be shown that boundary
layer can be produced automatically on an unstructured mesh basis. The Finite Element
flow solver is based on a Variational MultiScale (VMS) method, which consists in here
of decomposition for both the velocity and the pressure fields into coarse/resolved scales
and fine/unresolved scales. This choice of decomposition is shown to be favourable for
simulating flows at high Reynolds number. The stabilization parameters are determined
rigorously taking into account the anisotropy of the mesh using a directional element
diameter.

1

INTRODUCTION

Anisotropic mesh adaptation enables to capture scale heterogeneities that can appear
in numerous physical or mechanical applications including those having boundary layers,
shock waves, edge singularities and moving interfaces ( [1], [2], [3], [4]). In these cases,
discontinuities or gradient of the solution are highly directional and can be captured
with a good accuracy by using anisotropic meshing at a low extra number of elements.
Several approaches to build easily unstructured anisotropic adaptive meshes are then
often based on local modifications ([5], [6], [7]...) of an existing mesh. Indeed, it mainly
requires extending the way to measure lengths following the space directions and can be
done by using a metric field to redefine the geometric distances. In parallel, theories
of anisotropic a posteriori error estimation (i.e. [8]) have been well developed, leading
to some standardization of the adaptation process; production of metrics from the error
1
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analysis of the discretization error and steering of remeshing by these metrics. It follows
that most adaptive anisotropic meshing techniques take a metric map as input. For
practical reasons, meshing tools requires often a nodal metric map. In fact, during the
remeshing operations, the elements are much more volatile than the mesh nodes and
therefore defining fields on a continuous basis ease their reconstruction, interpolation or
extrapolation. By following the lines in [1], we recall that a different route for the metric
construction was descriped and it is done directly at the node of the mesh without any
direct information from the element, neither considering any underlying interpolation. It
is performed by introducing a statistical concept: the length distribution function. A
second order tensor was introduced to approximate the distribution of lengths defined by
gathering the edges at the node. Therefore, we can compute the error along each edge
and in the direction of each edge.
In this work, we propose an extension of this theory to take into account Multicomponent fields (tensors, vectors, scalars). Rather than taking several metric intersection and
calculation, we propose in here an easy way to account for several fields in the a posteriori
analysis while producing a single metric field. Therefore, for the Navier Stokes equations,
this approach is able to account for all components of the velocity field and to follow
the interpolation error estimation for the velocity (and not the velocity norm). By using an adequate scaling, the boundary layers with highly stretched element are produced
automatically. The proposed analysis is implemented in the context of adaptive meshing
under the constraint of a fixed number of nodes, with the advantage to avoid evaluating
precisely the constant arising in the error analysis and also to provide a useful tool for
practical applications.
The paper is structured as follows. In section 2 we introduce the node based metric
framework and describes the anisotropic mesh adaptation procedure governed by the
length distribution tensor. In section 3, the interpolation edge error for multicomponent
fields is described. Section 4 presents the developed VMS Navier-Stokes solver. Section 5
provides some numerical results and examples.
2

Length distribution tensor approach

The first step consists in building a continuous natural metric field of a given mesh. In
another words, the desired metric field is for which all the edges have a unit length ([1]).
This unit mesh metric is constructed directly at the nodes by collecting informations from
the edges vectors as follows:
Let Xij be the edge vector and Aij be a transformation changing it into a unit length
vector:


|Aij Xij | = 1 then for M = tAij Aij , we get M Xij , Xij = 1.
M is a positive symmetric tensor but not definite yet. In order to build Mi such as the
edge length of node, i, is almost equal to 1, the immediate solution is to sum up the
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previous relation:
 

j∈Γ(i)



Mi Xij , Xij =
1

=⇒

j∈Γ(i)



Mi : 



j∈Γ(i)



Xij ⊗ Xij  = |Γ(i)|

(1)

where |Γ(i)| denotes the cardinality of subset |Γ(i)|. Consequently, the length distribution
tensor at node i and denoted as Xi is defined by:
Xi =

1  ij
X ⊗ Xij
|Γ(i)|

(2)

j∈Γ(i)

Note that, Xi is a positive symmetric matrix when there exist at least d non aligned edge
vectors.
3

Interpolation edge error for multicomponent fields

In what follows, we assume that the approximation error is proportional to the interpolation error, allowing using directly the proposed estimate. We begin by recalling
that:
 
∃c > 0, u − uh  < c u − πh u with πh u Xi = u(Xi ), ∀i ∈ N
(3)
The basic idea is then to compute the error along the edge and in the direction of each
edge. We start by introducing u as a multicomponent fields (uk ; k = 1, ..., n). It can be
seen as the assembly of multiple scalars, vectors, tensors fields, or the combination of any
of these. Following the lines in [1], we compute the multiple gradient recovery operator
defined by:
 
 ij

Gik ·
( Xij ⊗ Xij =
Uk Xij
(4)
j∈Γ(i)

Then, by taking Ui =



j∈Γ(i)

U ij Xij , we get for each k = 1, ..., n:

j∈Γ(i)

 −1 i
Uk
Gik = Xi

(5)

In order to obtain a new metric depending on the error analysis, one has to recalculate
a new length for each edge and then to use it for rebuilding the length distribution tensor.
Let skij , i, j ∈ N be the set of edges scaling (stretching) factors defined by:
eij = (skij )2 eij
 
  ij 
X  = sij k |Xij |
3
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where e and X
 denote respectively the target error and associated edge length.
The continuous metric field defined at the mesh nodes is obtained by consedring:

i) A be a given number of edges of the mesh,



ii) eij = Gij · Xij  be the calculated error along and in the direction of the edges.

iii) p ∈ [1, d] be an exponent to be defined.
We obtain:

where



−1

1
(skij )2 Xij ⊗ Xij 
Mi = 
d
∈Γ(i)

skij =
and

(7)



λ
ekij

1/p

p+2
 
p 
p
p+2
eij

 i ∈Γ(i)

λ=


A

(8)

(9)

minimizes the error for a fixed number of edges. Moreover, when sij = 1, ∀i, ∀j ∈ Γ(i) then
the mesh is optimal. For the Navier-Stokes equations, we compute the error estimation
based on the velocity vector and its norm. Therefore, u can be seen in this case as
the combination of the normalized velocity components and the velocity norm. This will
enable from one hand to adapt along the change of different directions whereas the velocity
norm gathers informations only on the velocity magnitude.
4

VMS: incompressible Navier-Stokes solver

In this section the general equations of time-dependent Navier-Stokes equation are
solved. The stabilizing schemes from a variational multiscale point of view are described
and presented. Both the velocity and the pressure spaces are enriched which cures the
spurious oscillations in the convection-dominated regime as well as the pressure instability.
Following the lines in [9], we consider an overlapping sum decomposition of the velocity
and the pressure fields into resolvable coarse-scale and unresolved fine-scale u = uh + u
and p = ph + p . Likewise, we regard the same decomposition for the weighting functions
w
 =w
 h +w
  and q = qh +q  . The unresolved fine-scales are usually modelled using residual
based terms that are derived consistently. The static condensation consists in substituting
the fine-scale solution into the large-scale problem providing additional terms, tuned by a
local time-dependent stabilizing parameter, that enhance the stability and accuracy of the
4
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standard Galerkin formulation for the transient non-linear Navier-Stokes equations. Thus,
the mixed-finite element approximation of the incompressible Navier-Stokes problem can
read:
Find a pair (u, p) ∈ V × Q, such that: ∀ (w,
 q) ∈ V0 × Q0

ρ (∂t (uh + u ), (w
h + w
  ))Ω







+ρ ((uh + u ) · ∇(uh + u ), (w
h + w
  ))Ω






(10)
+ 2η (
˙ uh + u  ) : (
˙w
h + w
 ) Ω











−
((p
+
p
),
∇
·
(
w

+
w

))
=
+
w

)
f
,
(
w


h
h
h
Ω


Ω





(∇ · (uh + u ), (qh + q ))Ω = 0

To derive the stabilized formulation, we first solve the fine scale problem, defined
on the sum of element interiors and written in terms of the time-dependant large-scale
variables. Then we substitute the fine-scale solution back into the coarse problem, thereby
eliminating the explicit appearance of the fine-scale while still modelling their effects. At
this stage, three important remarks have to be made:
i) when using linear interpolation functions, the second derivatives vanish as well as
all terms involving integrals over the element interior boundaries;
ii) the subscales will not be tracked in time, therefore, quasi-static subscales are considered here;
iii) the convective velocity of the nonlinear term may be approximated using only the
large-scale part;

Consequently, applying integration by parts and then substituting the expressions of
both the fine-scale pressure and the fine-scale velocity into the large-scale equations, we
get

ρ (∂tuh , w
 h )Ω + (ρuh · ∇uh , w
 h )Ω








 −  (τ R , ρu ∇w

˙w
 h) Ω
 h )K + 2η (
˙ uh ) : (

K
M
h



K∈Ωh




− (ph , ∇ · w
 h )Ω +
(τC RC , ∇ · w
 h )K
(11)
K∈Ωh







= f, w
h
∀w
 h ∈ Vh,0


Ω







(∇
·

u
,
q
)
−
(τK RM , ∇qh )K = 0 ∀qh ∈ Qh,0
h h Ω


K∈Ωh
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Figure 1: Anisotropic meshes for Reynolds 1000, 5000 and 10, 000

When compared with the Galerkin method (10), the proposed stable formulation involves
additional integrals that are evaluated element wise. These additional terms, obtained by
replacing the approximated u  and p into the large-scale equation, represent the effects of
the sub-grid scales and they are introduced in a consistent way to the Galerkin formulation
(see [9] for details). All of these terms, controlled by some stabilizing parameters, enable
to overcome the instability of the classical formulation arising in convection dominated
flows and to satisfy the inf-sup condition for the velocity and pressure interpolations.
5

Numerical examples

The performance of the method will be assessed by benchmarking the driven cavity
and by comparing to very accurate reference solutions. In such simulations we show
that boundary layers as well as vortices can be well captured at high Reynolds numbers.
Results are compared with the literature and show that the flow solvers based on stabilized
finite element method is able to exhibit good stability and accuracy properties on such
anisotropic meshes.
5.1

Driven flow cavity problem (2-D)

We begin to numerically solve the classical lid-driven flow problem. This test has been
widely used as a benchmark for numerical methods and has been analyzed by a number
of authors [9, 10, 11]. Dirichlet boundary conditions prescribe on the upper boundary
at y = 1, and zero elsewhere on . The source term is identical to zero. The viscosity
is adjusted in order to obtain Reynolds number of 1, 000, 5, 000, 10, 000, 20, 000, and
100, 000.
All numerical experiments are done with a fixed number of nodes. As shown in figure
1, we obtained for Reynolds number less then 10, 000 a converged meshes ( 10, 000 nodes).
All the boundary layers as well as the vortices are well captured and highlited. As shown
in figure 2, the results are in very good agreement with the reference having a 601x601
mesh [10].
6
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Figure 2: Velocity profiles for uy along y = 0.5

Note that for Reynolds numbers 20, 000 and 100, 000, the number of nodes is fixed to
20, 000 and the solutions are unsteady. We plot in figure 3 only snapshots at a certain
time step. Again, the developed incompressible Navier-Stokes VMS solver shows to be
very efficient and robust especially when using highly stretched elements.
6

CONCLUSIONS

We proposed in this paper a posteriori estimate based on the length distribution tensor
approach and the associated edge based error analysis. It is addressed for incompressible
Navier Stokes at High Reynolds number. We show that boundary layer can be produced
automatically on an unstructured mesh basis. All the meshes are obtained by solving
an optimization problem under the constraint of a fixed number of edges in the mesh.
The Variational MultiScale (VMS) method is shown to be favourable for simulating flows
at high Reynolds number. The numerical results show that the flow solvers based on
stabilized finite element method is able to exhibit good stability and accuracy properties
on such anisotropic meshes.
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Departamento de Matemática Aplicada, Universidad de Valladolid, Spain
Research supported by Spanish MICINN under grant MTM2010-14919 and by JCyL under
grant VA001A10-1 (frutos@mac.uva.es)
∗

† Departamento
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Abstract. We consider an adaptive algorithm to approximate evolutionary convectiondiffusion equations in the convection dominated regimen. The method is based on the idea
of postprocessing: one first compute the standard Galerkin approximation and then solve
a steady convection-reaction-diffusion problem using the SUPG stabilized method with
a right hand side based on the data of the problem and the already computed Galerkin
approximation. The difference between the postprocessed oscillation-free approximation
and the polluted Galerkin approximation can be used as an a posteriori indicator of
the oscillations presented, at each element of the mesh, in the Galerkin approximation.
Using this indicator, it is possible to detect the oscillations developed in the Galerkin
approximation and consequently refine locally the mesh before these oscillations become
excessively large and globally pollute the approximation.
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1

INTRODUCTION

In this paper we consider the numerical approximation of evolutionary convectiondiffusion equations of the form:
ut − ∆u + b · ∇u + c u = f, in Ω,
∂u
= g2 , in ∂ΩN
u = g1 , in ∂ΩD ,
∂n
u(0, x) = u0 (x), in Ω,

(1)

where b and c are sufficiently smooth functions of x,  is a positive constant and Ω is
a bounded open domain with ∂ΩD ∪ ∂ΩN = ∂Ω. We assume that ∂ − Ω ⊂ ∂ΩD , ∂ − Ω
being the inflow boundary of Ω, i.e., the set of points x ∈ ∂Ω such that b(x) · n(x) < 0.
For simplicity in the exposition we will assume throughout the paper that Ω is, a convex
polygonal or polyhedral domain.
It is well known that when the diffusion coefficient  is small with respect to the
size of the convective term, the solutions can develop sharp layers that are difficult to
resolve by means of standard (centered) finite element methods over uniform meshes.
Typically such approximations exhibit non-physical oscillations that can finally render the
computations completely useless. Stabilizations procedures are then used to get improved
(oscillation free) approximations. One of the most popular and successful methods is the
so-called stabilized streamline-upwind Petrov Galerkin (SUPG) method introduced in
[5], [1]. This method was originally developed for steady equations. More recently some
literature has appeared dealing with the use of SUPG methods for evolutionary convection
dominated problems, see for example [8], [7] and references therein. However, there is no
clear consensus about some key implementation issues, such how to chose optimally the
stabilization parameter, among others.
In [2] we propose an alternative for the discretization of unsteady convection dominated
problems. The technique acts as a filter applied to a standard method. More precisely, in
[2] we prove that it is possible to compute the approximation with an standard finite element discretization (without stabilization) until a previously selected time and then solve
a SUPG-stabilized discretization of a steady problem with a right hand side computed
using the data of the problem and the usually oscillating numerical approximation, see
next section. The procedure, that we call postprocessing, gives a nearly oscillation free
approximation and it is the basis of the adaptive procedure that we use in this paper, see
[4]. Moreover, the postprocessed method can be used with more complicated nonlinear
convection dominated problems, see the numerical experiments section in this paper. Numerical experiences with several methods and different a posteriori error estimators have
received growing attention in the recent literature, most of them concerning the steady
state case. In [6] an extensive numerical study and comparison of different a posteriori
error estimators applied to the SUPG method has been presented.
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2

THE NUMERICAL METHOD

Let Th be a given conforming triangulation of the polygonal domain Ω. We denote
by Vh the corresponding linear finite element space. Let uh (t) ∈ Vh be the semidiscrete
approximation to (1) defined as the solution of
(uh,t , ϕh ) + (∇uh , ∇ϕh ) + (b · ∇uh , ϕh ) + (c uh , ϕh ) = (f, ϕh ) ∀ϕh ∈ Vh ,

(2)

where (·, ·) denotes the usual inner product in L2 (Ω). The system of ordinary differential
equations (2) is numerically solved by means of some standard time marching scheme.
Common choices in this context are the backward Euler method or the trapezoidal rule
although other choices, such as BDF based methods for example, are possible and sometimes even desirable. Let us denote by Uhn the sequence of approximations to uh (tn ) with
tn , n = 0, 1, . . . , denoting the time levels at which the output is desired. The time levels
tn can be coincident with the time steps of the time marching scheme but this is not
 n at time tn is defined as the solution of
necessary. The postprocessed approximation U
h
the SUPG stabilized method
 n , ϕh ) = (f − d∗ U n , ϕh ) + (f − d∗ U n , b · ∇ϕh )h
aS (U
h
t h
t h

∀ϕh ∈ Vh ,

(3)

where (·, ·)h denotes the mesh dependent inner product

δK (v, w)K ,
(v, w)h =
K∈Th

with δK the stabilization parameter and (·, ·)K denoting the standard L2 -inner product
in the element K. The SUPG bilinear form aS (·, ·) is defined as usual as
aS (vh , wh ) = (∇vh , ∇wh ) + (b · ∇vh + c vh , wh ) + (b · ∇vh + c vh , b · ∇wh )h .

(4)

The symbol d∗t denotes some approximation to the derivative with respect time. In the
numerical experiments that we present in this paper we define d∗t by
(d∗t Uhn , ϕh ) = −(∇Uhn , ∇ϕh ) − (b · ∇Uhn + c Uhn , ϕh ) + (f (tn ), ϕh ) ∀ϕh ∈ Vh .
This choice is useful from the implementation point of view because then d∗t is the last
evaluation of the right hand side in (2). In [2] we prove that the postprocessed ap n is convergent (independently of ) to the solution of problem (1). More
proximation U
h
 n is
interesting to the objective of this paper is that the postprocessed approximation U
h
 n is based, see
nearly oscillation free even if the Galerkin approximation Uhn , in which U
h
(3), is completely polluted by non physical oscillations. We can observe this fact in the
following numerical experiment. We consider the one-dimensional Burger’s equation
ut + uux =  uxx ,
0 < x < 1,
u(0, t) = u(1, t) = 0, t > 0,
u(x, 0) = sin 2πx,
0 < x < 1.
3
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In the experiment we put  = 10−6 , a quite small value of the diffusion parameter. As
it is well known the solution of (5) progressively develop a sharp interior layer located in
the center of the spatial interval. We discretize the equation using linear finite elements
in an uniform mesh with 800 elements. For the time discretization we use a simple
semi-implicit backward Euler time integrator with time step ∆t = 0.001 small enough to
make the temporal discretization errors negligible. We integrate the equation until time

Figure 1: Galerkin and postprocessed approximations to Burger’s equation. Galerkin approximation on
the left. Postprocessed on the right

T = 0.6. As it was expected the numerical approximation, let us call it UhN , N = 600, is
completely polluted with oscillations. In the left side of Figure 1, we can perfectly observe
the oscillations of the Galerkin approximation. Nevertheless, we use UhN as input in the
equations (3) (with b = UhN and a constant stabilization parameter δK = h/(2UhN ))
 N . In the right side of Figure 1 we have
that define the postprocessed approximation U
h
 N using a solid black line superimposed to the oscillating U N . As it can
represented U
h
h
be appreciated the postprocessing step has filtered out the oscillations in UhN . We can
make use of this remarkable behaviour of the postprocessed method to design an adaptive
algorithm that minimize the number of degrees of freedom necessaries to time integrate
the equations. We refer to [2] for a detailed numerical analysis of the postprocessed
method and its stabilizing properties, see also [3].
3

AN ADAPTIVE ALGORITHM

In this section we present an adaptive algorithm that take advantage of the smoothing
property of the postprocessed approximation. The objective, of course, is to obtain a
smooth numerical approximation to the solution of (1) with a number of degrees of freedom
as small as possible. To this end, each time step we compute the standard Galerkin
 n . We use (3) with the stabilization
approximation Uhn as well as the postprocessed one U
h
4
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parameter
δK =




hK
,
2bK

if PeK ≥ 1,

 h2K ,

if PeK < 1,

12

K hK
.
where PeK is the local Péclet number PeK = b6
We define the local error indicator as


 n
n
 − U n | dxdy.
ηK =
|∇ U
h
h

K

n
is a measure of the size of the local oscillation of Uhn relative to the
The indicator ηK
 n . In this point we can introduce the following adaptive algorithm
smoother U
h

1. Choose two real positive numbers TOL1 > TOL2 .

2. At time t = 0 choose an initial mesh T 0 and put n = 1.
 n , ap3. Perform one time step to compute the Galerkin, Uhn , and postprocessed, U
h
proximations. If tn = T stop.

n
n
. If ηK
> TOL1 mark K to refine.
4. For each K ∈ T n compute the local indicator ηK
n
If ηK < TOL2 mark K to coarse and adapt the mesh accordingly to generate the
mesh T n+1 .

5. Interpolate Uhn at the new mesh. Put n = n + 1 and return to 3.
The main difficulty appears in the coarsening process of step 4. For one dimensional problems this process is not difficult and, in our implementation, consists simply of halving the
elements marked to refine and merging the elements [xj−1 , xj ] and [xj , xj+1 ], eliminating
the point xj , if the last element is marked to coarsen. For two dimensional problems the
process is more involved. We refer to [4] for a complete description. The mesh refining
strategy follows the well known red-green refinement with longest edge bisection. For the
coarsening process an iterative procedure described in detail in [4] is used.
4

NUMERICAL EXPERIMENTS

In this section we present some numerical experiments to asses some of the properties
of the adaptive procedures. We present first a non-linear one-dimensional problem and
then some two-dimensional experiments.
4.1

One dimensional Burgers’ equation

Let us consider problem (5) with  = 10−6 . The parameters of the adaptive algorithm
are TOL1 = 0.01 and TOL2 = TOL1 /100. We take a uniform initial mesh with 3000
elements and integrate in time until T = 0.6 with time step ∆t = 0.002. In step 4 we do
5
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Figure 2: On the left, Galerkin approximation to Burgers’ equation with the adaptive method. On the
right, density of nodes in the final mesh

not mark an element to coarse if its size exceed h = 0.04. On the left of Figure (2) we
have represented the Galerkin approximation in the final time T . As we can observe the
Galerkin approximation does not have any oscillations. The postprocessed approximation
is, in this case, indistinguishable and it is not represented in the figure. On the right of
Figure 2 we have plotted in a bar chart the position of the nodes of the final mesh,
marked with a circle in the Figure, and the density of the nodes. The length of each bar
is proportional to the number of nodes lying in the vicinity of the node over which the bar
is plotted. As we can see, most of the nodes are concentrated in the vicinity of x = 0.5
the place where the inner layer has been formed. In fact, the final mesh consists of only
68 elements 40 of them in the neighbourhood of x = 0.5.
4.2

Two dimensional experiments

This section is devoted to present three different two-dimensional numerical experiments. In all of them we consider problem (1) in the domain Ω = (0, 1) × (0, 1) with
different boundary and initial conditions and/or different values of the (constant) convection vector b and forcing term f . In all the experiments we put c = 0. The time integrator
was in all cases a semi-implicit Backward Euler method with a small time step ∆t = 0.001.
The parameters for the adaptive procedure were TOl1 = 0.01 and TOL2 = TOL1 /20.
4.2.1

First test problem

In the first problem we take homogeneous Dirichlet boundary conditions in ∂Ω, the
forcing term is f = 1 and the initial condition u0 = 0. The value of the diffusion coefficient
is  = 10−4 . The convection vector is b = [2, 3]T . The solution of this problem progressively
develops a sharp boundary layer in the sides defined by y = 1 and x = 1. In the top
of Figure 3 we have represented on the left the Galerkin approximation and on the right
6
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the postprocessed approximation. As we can observe the postprocessed approximation
is slightly smoother than the Galerkin one, although both of them present still some
oscillations that could be reduced taking TOL1 smaller.

Figure 3: Galerkin (top, left) and postprocessed (top, right) approximations. Final mesh (bottom). First
test problem. Final time is T = 0.6

In the bottom of Figure 3 we have plotted the mesh used at the final time t = 0.6. We
can observe that the adaptive procedure heavily and automatically refines the mesh in the
vicinity of the boundary layers giving a smooth solution everywhere in the computational
domain.
4.2.2

Second test problem

In this experiment we take f = 0, u0 = 0 and, again, b = [2, 3]T . We consider the
problem with homogeneous Neumann boundary conditions on the sides x = 1 and y = 1.
On the side x = 0 the boundary condition is u = 1 and in y = 0, u = 0. We integrate in
time until T = 0.4. The value of the diffusion parameter is  = 10−3 . The solution of this
7
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Figure 4: Galerkin approximation for the second test problem. On the left the numerical approximation.
On the right the mesh in time T = 0.4.

problem consists of two nearly constant areas separated by an internal layer along the
direction of the vector b. In Figure 4 we have represented the Galerkin approximation (on
the left of the picture) and the mesh (on the right) at time T = 0.4. As we can observe,
the mesh is adapted quite precisely to the behaviour of the solution. We remark that in
this case we have a moving layer. Then, each time step the mesh has to change to adapt
itself to the new position of the layer.
4.2.3

Third test problem

In the last numerical experiment we take again  = 10−3 and f = 0. The convection
vector is b = [1, 0]T and the initial condition u0 = 0. We impose homogeneous Neumann
boundary conditions on the sides y = 0, y = 1 and x = 1 and a Dirichlet condition u = 1
on the side x = 0. The solution of this problem is a moving front that travels from x = 0
to x = 1 that smears with time by the effect of the diffusion.
In Figure 5 we have represented the Galerkin approximation at four different times
t = 0.15, t = 0.30 t = 0.45 and t = 0.6. The corresponding meshes are depicted in Figure
6. We remark that in this problem it is not possible to determine a priori a region of the
domain where a finer mesh is needed because the position of the layer moves with time.
Then this is a typical problem where a dynamically adaptive procedure is of most value.
The procedure we propose it is able to follow the moving front closely, updating the mesh
each time step in order to keep the number of degrees of freedom in a reasonable level.
The use of other error estimators or different refinement and coarsening strategies is, of
course, possible. A comparison among the different possibilities is the subject of future
research and it will appear elsewhere.
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Figure 5: Third test problem. Galerkin approximation in times t = 0.15, t = 0.30, t=0.45 and t = 0.6.
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Abstract. The aim of this paper is to study the efficiency and robustness of adaptive
techniques and goal-oriented error estimates for a benchmark test. The techniques used
here are based on a simple post-process of the finite element approximations. The goaloriented error estimates are obtained by analyzing the direct problem and an auxiliary
problem related to a specific quantity of interest. The proposed procedure is valid for
both linear and non-linear quantities. Different error representations are discussed and
the influence of the dispersion error is analyzed. The numerical results show that the error
estimates provide fairly good approximations of the actual error and that the proposed
adaptive refinement technique leads to a faster reduction of the error.

1

INTRODUCTION

The Integrated Multiphysics Design Database [1] was launched in March 2009 to provide a computational tool for the evaluation of uncertainties and a reference with useful
validation guidelines in areas such as engineering, telecommunications, aerospace, energy,
biomechanics, medicine, and computational science. The final goal of the database is to
provide realistic multidisciplinary design and optimization (MDO) test cases allowing a
reliable comparison and validation of MDO tools and methods.
This paper studies a radar wave propagation problem, developed as a benchmark test
in the Industrial and Academic Database Workshop held in Finland in March 2010, which
involves the scattering phenomenon from an acoustically hard obstacle. The problem is
simulated using the Helmholtz equation and the obstacle consists of three ellipses. In
1
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particular, in this work interest is placed in studying the behavior of adaptive algorithms
for the computation of the acoustic field either in global norms or in specific quantities of
interest. For more details on the benchmark see testcase TA2 in [1].
In this work, the benchmark test is used to analyze and demonstrate the efficiency and
robustness of the new adaptive refinement strategy proposed in [2]. These goal-oriented
adaptive technique is based on a simple and effective post-process of the finite element
approximations. The goal-oriented character of the estimate is achieved by analyzing both
the direct problem and an auxiliary problem, denoted as adjoint or dual problem, which
is related to the quantity of interest. Thus, the error estimation technique proposed in [2]
would fall into the category of recovery-type explicit residual a posteriori error estimates.
In the benchmark test, both linear and non-linear quantities of interest are considered.
The results demonstrate the efficiency of the proposed approach and discuss: (1) different
error representations, (2) assessment of the dispersion error, and (3) different remeshing
criteria.
2

PROBLEM STATEMENT

Consider the acoustics problem of finding the complex-valued scalar field u ∈ U, the
spatial component of the acoustic pressure or velocity potential, such that
a(u, v) = ℓ(v) ∀v ∈ V,
where a(·, ·) and ℓ(·) are the bilinear and linear forms associated to the Helmholtz equation, namely



2
a(u, v) :=
∇u · ∇v̄ dΩ − κ uv̄ dΩ −
muv̄ dΓ,
Ω

ℓ(v) :=



Ω

f v̄ dΩ +



Ω

gv̄ dΓ +
ΓN



ΓR

βv̄ dΓ.

ΓR

Here, Ω denotes the interior spatial domain and Γ denotes its boundary which is assumed
to be sufficiently smooth and which is divided into three disjoint parts, ΓD , ΓN and
ΓR , where Dirichlet, Neumann and Robin boundary conditions are applied respectively.
The symbol ¯· denotes the complex conjugate and U := {u ∈ H1 (Ω), u|ΓD = uD } and
V := {v ∈ H1 (Ω), v|ΓD = 0} are the solution and test, H1 (Ω) being the standard Sobolev
space. The prescribed data, f, g, m and β, are assumed to be sufficiently smooth and κ
is the wave number associated to problem.
The goal of the vast majority of finite element simulations is to determine specific
quantities (outputs) which depend on the solution of the partial differential equations
governing the problem. These quantities of interest are approximated using the finite
element approximation of u, uH , and goal-oriented error assessment strategies aim at
estimating the error committed in these quantities and possibly providing bounds for it.
The quantities of interest considered here are nonlinear functional outputs of the solution, J(u), and the aim is to assess the error committed when approximating these
2
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quantities using the finite element approximation. Specifically, the goal is to assess and
control the quantity J(u) − J(uH ).
3

ERROR ASSESSMENT FOR NON-LINEAR OUTPUTS

Most existing techniques to assess the error in non-linear quantities of interest introduce
a linearization of the quantity of interest. The same approach is used here, and thus it
is convenient to make the linear, quadratic and higher order term contributions of J(u)
more explicit. To this end, J(u) is expanded introducing the Gâteaux first and second
derivatives of J(·) at uH , namely
J(uH + v) = J(uH ) + ℓO (v) + Q(v, v) + W(v),
where ℓO (v) = [Dv J](uH ) · (v), 2Q(v1 , v2 ) = [Dv2 J](uH ) · (v1 , v2 ), see [3], and the functional
W contains the higher order terms.
Using this decomposition and taking into account that e = u − uH , the error in the
quantity of interest may be rewritten as
J(u) − J(uH ) = J(uH + e) − J(uH ) = ℓO (e) + Q(e, e) + W(e).

(1)

It is clear, then, that in order to estimate the error in the quantity of interest, it
is sufficient to estimate the linear, quadratic and higher-order terms separately, ℓO (e),
Q(e, e) and W(e) respectively.
In [2], a new a-posteriori based error estimation techniques is used to assess these linear
and non-linear contributions to the quantity of interest. Since the same approach is used
hereafter, a brief summary of this technique is provided in the remainder of the section.
A posteriori assessment of non-linear quantities of interest relies on obtaining a good
approximation of ℓO (e), Q(e, e) and W(e). This translates in finding a new enhanced
solution u∗ , based on the information at hand, that is uH , and such that u∗ approximates
the actual solution u much better than uH . Thus, a computable error estimate is readily
obtained e ≈ e∗ = u∗ − uH yielding also the corresponding estimate for the quantity of
interest
J(u) − J(uH ) ≈ ℓO (e∗ ) + Q(e∗ , e∗ ) + W(e∗ ).
This approximation of the error in the quantity of interest is obtained from equation (1)
substituting the actual error e by its approximation e∗ . Thus, the key issue in any error
estimation technique is to produce a properly enhanced solution u∗ .
In practice, since the most-contributing term to the error in the quantity of interest
is the linear term, alternative representations are used for the term ℓO (e∗ ), whereas no
additional effort is done in the higher-order terms. This involves introducing and adjoint
auxiliary problem associated to the linear contribution of the selected output along with
its finite element approximation, ψH , and a properly enhanced adjoint solution ψ ∗ .
More specifically, the technique to assess the error in a non-linear described in detail
in [2] may be sketched as:
3
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1. Compute the finite element approximation of the primal problem: find uH ∈ UH
such that
a(uH , v) = ℓ(v) ∀v ∈ VH ,
where UH ⊂ U and VH ⊂ V are the spaces associated to a finite element mesh.
2. Introduce the adjoint problem associated with the linear contribution of the selected
output: find ψ ∈ V such that
a(v, ψ) = ℓO (v) ∀v ∈ V,
and compute its finite element approximation ψH ∈ VH .
3. Recover the approximation for the error in the output in the four following steps:
3.1. Recover the enhanced solutions u∗ and ψ ∗ from uH and ψH in a finer reference
mesh, and compute the error estimates
e∗ = u∗ − uH

and ε∗ = ψ ∗ − ψH .

3.2. Consider the standard error representation
ℓO (e) = RP (ε) = RD (e),

(2)

where RP (·) and RD (·) stand for the weak primal and adjoint residuals associated with the approximations uH and ψH respectively,
RP (v) = ℓ(v) − a(uH , v) , RD (v) = ℓO (v) − a(v, ψH ),
and e = u − uH and ε = ψ − ψH .
3.3. Compute the estimate of the linear term ℓO (e) by means of either
RD (e∗ )

or

RP (ε∗ ).

3.4. Compute one of the following estimates for the full quantity of interest
J(u) − J(uH ) ≈ RD (e∗ ) + Q(e∗ , e∗ ) + W(e∗ ),
or
J(u) − J(uH ) ≈ RP (ε∗ ) + Q(e∗ , e∗ ) + W(e∗ ).
As in [2], in this work the strategies presented in [4, 5] are used to recover the enhanced solutions u∗ and ψ ∗ from uH and ψH respectively. A simple and inexpensive
post-processing technique is used to recover the approximations u∗ and ψ ∗ of u and ψ
in a finer reference mesh of associated characteristic mesh size h << H. Thus, u∗ ∈ Uh
4
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and ψ ∗ ∈ Vh , where Uh and Vh are the discrete functional spaces associated to the finer
reference mesh, UH ⊂ Uh ⊂ U and VH ⊂ Vh ⊂ V.
For sufficiently refined meshes, the error in the quantity of interest is controlled by the
linear term, since the quadratic and higher-order contributions converge faster to zero.
Thus, the proposed approach is to make use of the available estimate e∗ to obtain a
simple and inexpensive estimate of the non-linear contributions. Namely, the quadratic
and higher-order contributions to the error in the output, Q(e, e) and W(e) respectively,
are assessed using the reconstruction of the primal error e∗ used to assess the linear part
of the error, namely
Q(e, e) ≈ Q(e∗ , e∗ ) and W(e) ≈ W(e∗ ).
A precise description of this procedure may be found in [2] along with some numerical
implementation details.
4

ADAPTIVE REFINEMENT

Adaptive mesh refinement is nowadays an essential tool to obtain high-fidelity simulations at the lesser cost. The main ingredients of the proposed adaptive procedure are:
the h-refinement, that is, the new meshes are obtained by subdividing the elements of
the mesh; optimal indicators, the refinement is organized with the aim of achieving equal
error in each element of the new mesh; iterative process, the target in each refinement
step is to reduce the global error until the calculated error drops below the tolerance
specified by the user. Additionally, assessing the error measured in some functional norm
is not sufficient for many applications. In practice, the finite element user is interested
in specific magnitudes extracted from the global solution by some post-process. These
magnitudes are referred to as quantities of interest or functional outputs. Goal-oriented
error assessment strategies aim at estimating the error committed in these quantities and
possibly providing bounds for it.
This requires obtaining local error indicators allowing to decide the elements to be
marked for refinement – those with larger contribution to the total error. In order to
determine the contribution of every element to the total error, spatial error distributions
of the estimates are derived decomposing the global estimates into a sum of local contributions in each element of the mesh induced by UH .
The estimates for the error in the quantity of interest are of the form
J(u) − J(uH ) ≈ ℓO (e∗ ) + Q(e∗ , e∗ ) + W(e∗ ),
where the linear term ℓO (e∗ ) is replaced by either RP (ε∗ ) or RD (e∗ ), depending on the
selected representation of the linear term. Since the linear term is the driving term of
the error in the quantity of interest, in this work, the adaptive procedure is chosen to be
driven by ℓO (e∗ ). That is, the global estimate for the linear term ℓO (e∗ ) is decomposed
into a sum of local contributions in each element. These local quantities are used to design
the adaptive procedure.
5
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4.1

Local Indicators

The natural restriction of the integral forms a(·, ·), ℓ(·) and ℓO (·) to every element of
the mesh Ωk yield the elementary contributions denoted by ak (·, ·), ℓk (·) and ℓO
k (·) such
that
nel
nel
nel



O
a(u, v) =
ak (u, v), ℓ(v) =
ℓk (v), ℓ (v) =
ℓO
k (v).
k=1

k=1

k=1

Similarly, the primal and adjoint residuals are decomposed as
P

R (v) =

nel


RkP (v)

,

D

R (v) =

k=1

nel


RkD (v),

k=1

where RkP (·) := ℓk (·) − ak (uH , ·) and RkD (·) := ℓO
k (·) − ak (·, ψH ).
Hence, the error representations for the linear contribution of the error in the quantity
of interest given in equation (2) are associated to the elementary error distributions
O

ℓ (e) =

nel


RkP (ε)

k=1

=

nel


RkD (e).

k=1

It is worth mentioning that, while the global error quantities are equal in both representations, the local quantities RkP (ε) and RkD (e) represent different elementary contributions
to the error and, besides, they are not necessarily positive nor even real numbers.
Analogously, the global estimates of η := ℓO (e)
η ε := RP (ε∗ ) and η e := RD (e∗ ),
are associated to the local error indicators ηkε := RkP (ε∗ ) and ηke := RkD (e∗ ), such that
ε

η =

nel


ηkε

e

and η =

k=1

nel


ηke .

k=1

A simple adaptive strategy is employed, using the local indicators produced during the
calculation of the estimate for the output, to drive the non-linear output to a prescribed
precision. That is, the algorithm ends if
nel


ηk⊛ + Q(e∗ , e∗ ) + W(e∗ ) < ∆tol ,

k=1

where ηk⊛ stands for any of the following local contributions ηkε or ηke , ∆tol is a userprescribed desired final accuracy, and at each level of refinement, the elements marked for
refinement are those with larger values of the local linear contribution ηk⊛ .
6
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4.2

Remeshing criterion

In acoustic problems, the local contributions are not necessarily positive and in fact, in
contrast to what occurs in thermal or elasticity problems, they can be complex numbers.
To select the elements with larger local contributions, the modulus of the values ηk⊛ is
considered. In [2] a complete study of the performance of different remeshing criterions is
studied. However, for simplicity of presentation, this work only considers the refinement
strategy based on subdividing the elements verifying
|ηk⊛ |
≥
Ak

nel


|ηk⊛ |

k=1

AΩ

,

where Ak and AΩ represent the areas of the element Ωk and of Ω respectively.
5

BENCHMARK TEST DEFINITION

The radar wave problem is a benchmark problem which involves the scattering from an
acoustically hard obstacle, where the obstacle is composed of three ellipses, see figure 1.
Two different computational domain containing the ellipses are considered: a rectangular
α
ui

ur

Figure 1: Scattering problem from an incident wave that hits a rigid obstacle composed of three ellipses.

domain of dimensions 30 × 20 and a circular domain of radius r = 25, see figure 2.

ΓO

1

4

O

Ω

25
ΓN

20

ΓN
Ω

ΓR

4

Ω
ΓR

30
Figure 2: Geometry and boundary conditions for the interior scattering problem, where the exterior
boundary is described by two different domains, a rectangular form (left) and a circular one (right).

The scattering problem consists in computing the reflected wave ur solution of the
Helmholtz equation with f = 0. Neumman boundary conditions are applied on the
7
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boundary of the obstacle, ∇ur · n = −∇ui · n, and first order Bayliss-Gunzberger-Turkel
(BGT) non-reflecting boundary conditions are applied to the fictitious boundary
ζ
∇ur · n = mur = −iκur + ur ,
2

(3)

where ζ is the curvature of the surface of the scatterer. For the case of a rectangular
exterior boundary ζ = 0, and equation (3) reduces to a standard Robin condition, which
is equivalent to a zero-order BGT-0 condition. It is known that a BGT-0 boundary is not
very accurate in practical implementations. For the circular exterior boundary of radius
r, the curvature is given by ζ = 1/r. Thus, the circular domain approximation is expected
to yield smaller errors due to the approximation of the boundary conditions.
In particular, here this benchmark test is used to analyze the proposed adaptive refinement strategy for specific quantities of interest. Although the most relevant quantity of
interest for this problem is the scattering cross section, an initial not-so-ambitious goal has
been considered here: obtaining the average of squared modulus of the scattered solution
on ΓO and ΩO respectively.
Thus, the simplified problem of predicting the noise (an eventually reducing it) in
a specific area of the domain is considered. For this, the aim is placed in measuring
the modulus of the reflected solution. Specifically, for the example with the rectangular
boundary, the output of interest is the average of the squared modulus of the solution
over the boundary strip ΓO shown on the left of figure 2, namely

1
uū dΓ,
J1 (u) =
lΓO ΓO
where lΓO is the length of the boundary strip. Since this output depends quadratically on
u, W1 (v) = 0 and the linear and quadratic contributions are

1
O
ℓ1 (v) =
(uH v̄ + ūH v) dΓ and Q1 (v, v) = J1 (v).
lΓO ΓO
For the example with circular boundary, the quantity of interest is the normalized L2 norm of the squared modulus of the solution over the subdomain ΩO shown on the figure
2, namely J2 (ur ), defined by

1
J2 (u) =
uū dΩ
AΩO ΩO
where AΩO stands for the area of the subdomain ΩO . Again, since the output is quadratic,
W2 (v) = 0,

1
O
ℓ2 (v) =
(uH v̄ + ūH v) dΩ and Q2 (v, v) = J2 (v).
AΩO ΩO
8
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Figure 3: Galerkin finite element approximation of the primal problem (top) and of the adjoint solution
(bottom) for the waver number κ = π for the meshes of 16212 and 26584 nodes, corresponding to the
problems with rectangular (a) and circular (b) exterior boundaries, respectively.

Note that, for simplicity of computation in the circular region, instead of considering a
strip inside the domain, a subdomain ΩO is used. In this case, ΩO is obtained from ΓO
by expanding the strip to a width of 1.
Figure 3 shows the Galerkin approximations of the primal and adjoint problems both
for the rectangular and circular geometries for the wave number κ = π. As expected, both
approximations provide similar results for the acoustic field surrounding the obstacles.
In order to see how well the estimators perform, the value of the true error J(u)−J(uH )
or ℓO (e) are obtained by making use of a sufficiently accurate approximation uh of u in
a finer reference mesh, that is, the estimates are compared with the reference values
J(uh ) − J(uH ) and ηh := ℓO (eh ) respectively. Note that the reference value ηh can also
be recovered from a faithful representation of the adjoint problem ψh since ηh = ℓO (eh ) =
RP (ψh ) = RP (εh ). Also, noting that ηh = RD (eh ) = RP (εh ) reveals that the quality of the
estimates depends on the quality of the approximations e∗ ≈ eh and ε∗ ≈ εh . The accuracy
of these approximations is closely related to the so-called pollution or dispersion error.
Here, the influence of the dispersion error in the estimates for the quantity of interest is
analyzed using the estimates for the dispersion error introduced in [4, 5]. These estimates
are denoted by E e and E ε for the primal and adjoint problems respectively. A detailed
description of the computation of these estimates is given in [5].
First, the error in the linear contribution ℓO
2 (ur ) is analyzed for a uniform mesh refinement in a series of unstructured meshes for both wave numbers. Table 1 shows the values
O
of the reference relative errors, ρh = ℓO
2 (eh )/ℓ2 (uH ), and its corresponding estimates
ε
ε O
e
e O
ρ = η /ℓ2 (uH ) and ρ = η /ℓ2 (uH ) along with the estimates for the relative dispersion
ε
e
error ρE = E ε /κ and ρE = E e /κ. Note that while the errors are larger for κ = π the
estimates behave similarly providing similar relative errors. Since the dispersion error is
9
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an important source of error for this problem, the dispersion error is closely associated to
the behavior of the representations η ε and η e . Indeed, representation using the recovered
adjoint error ε∗ is slightly better than the representation using the recovered primal error
e∗ . Thus, the dispersion error can be used to choose the error representation from which
to obtain the approximation for the output.
κ=π
nnp
1711
6713
26584

ρh
0.8873
0.7341
0.1313

ε

ρ
ρe
0.3563 0.3430
0.2753 0.2699
0.1067 0.0780

ε

e

ρE
ρE
0.1101 0.1906
0.0994 0.1002
0.0431 0.0504

O
Table 1: Estimates for the error in the linear term ℓO
2 (eh ) relative to ℓ2 (uH ) and relative dispersion error
for the primal and adjoint problem for a uniformly refined set of meshes.

Table 2 shows the estimates obtained for the quantity of interest J1 (ur ) for the parameter κ = π/4 using three uniformly refined meshes for the rectangular geometry. In order
to illustrate the influence of the different terms contributing to the error in the quantity
of interest, the linear and quadratic contributions are shown separately. As can be seen,
the linear term provides a very good inside to the total error since the quadratic term
converges rapidly to zero. For all the meshes, the dispersion error is smaller for the adjoint
problem which causes the representation η ε to be more accurate than η e .

J1 (uh )
J1 (uH )
J1 (uH ) + η ε + Q(e∗ , e∗ )
J1 (uH ) + η e + Q(e∗ , e∗ )
ηε
ηe
Q1 (e∗ , e∗ )
Eε
Ee

number of nodes
1065
4123
16212
3.3862e-2 4.2634e-2 4.7342e-2
2.4265e-2 3.7859e-2 4.5476e-2
2.6712e-2 3.9939e-2 4.6638e-2
2.6622e-2 3.9867e-2 4.6588e-2
2.4350e-3 2.0785e-3 1.1621e-3
2.3456e-3 2.0068e-3 1.1117e-3
1.2002e-5 1.2984e-6 1.0155e-7
5.9456e-3 1.4779e-3 3.5560e-4
8.7771e-3 3.9217e-3 1.5675e-3

Table 2: Estimates for the non-linear quantity of interest J1 (ur ) for κ = π/4 and for the its error,
including the linear and quadratic contributions to the quantity of interest and the dispersion errors for
the primal and adjoint problems.

The convergence of the estimates for a uniform and an adaptive procedure are shown
in figure 4. Note that the adaptive refinement leads to a faster reduction of the error and
it can be seen that the local indicators associated to the estimates behave properly since
10
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the convergence curves of the estimates are in good agreement with the reference ones.
For κ = π/4, the curve associated to the reference estimate ηh and a uniform refinement
has a convergence of O(nnp )2/3 . However, for the estimates η ε and η e , there is a short
range where the solution is in a preasymptotic stage [?]. Note that as the wave number κ
grows, for instance κ = π, the preasymptotic range is increased due to dispersion errors.
estimates for ℓO (e)

10
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3
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−2
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10
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4·10
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η ε -unif
η e -unif
η ε -adap
2·10
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3

5·10

3
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4

number of nodes

Figure 4: Convergence of the relative error for the quantity of interest J1 (ur ) for κ = π/4 (left) and
κ = π (right), respectively for uniform and adaptive processes in the reference solution compared with
the enhanced solutions.

The final meshes produced by the adaptive procedure associated to the contributions
of η ε to the error in the quantity of interest are shown in figure 5. Note that the adaptive
procedure refines the neighborhood of the obstacle but also refines around the boundary
strip, where the solution is evaluated to compute the quantity of interest.
Finally, figure 6 shows the elements marked to be refined for the problem with circular
boundary in the first step, in on intermediate mesh and the final mesh produced by the
adaptive procedure associated to the estimate η ε for the wave number κ = π/4. It can be
seen that the regions refined in the both geometries are very similar. However, since the
circular domain is slightly bigger, in this case the adaptive procedure has to refine areas
not included in the rectangular domain.
6

CONCLUSIONS

A simple and effective strategy for guiding goal-oriented adaptive procedures has been
presented and applied to the radar wave propagation benchmark test. It has been shown
that the accuracy of the representations, which involve the post-processing of either the
primal or adjoint finite element approximations, is related to the dispersion error of the
corresponding problems. The numerical results show that the error estimates provide
good approximations to the true error and that the convergence rate of the estimates is
the expected one. Moreover, the proposed adaptive refinement technique leads to a faster
reduction of error when compared to uniform mesh refinement.
11
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Figure 5: Final adapted meshes for the rectangular exterior boundary. For κ = π/4 (left) and κ = π
(right), with with 17916 and 23635 nodes, respectively.

Figure 6: Elements to be refined in the first step highlighted for the strategy proposed (left) and the
intermediate (middle) and final (right) adapted meshes with 2790 and 14207 nodes for the circular exterior
boundary with κ = π/4.
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Abstract. Modern simulation scenarios require real-time or many query responses from
a simulation model. This is the driving force for increased efforts in model order reduction
for high dimensional dynamical systems or partial differential equations. This demand for
fast simulation models is even more critical for parametrized problems. Several snapshotbased methods for basis construction exist for parametrized model order reduction, e.g.
proper orthogonal decomposition (POD) or reduced basis (RB) methods. An often faced
problem is that the produced reduced models for a given accuracy tolerance are still of
too high dimension. This is especially the case for evolution problems where the model
shows high variability during time evolution. We will present an approach to gain control
over the online complexity of a reduced model by an adaptive time domain partitioning.
Thereby we can prescribe simultaneously a desired error tolerance and a limiting size of
the dimension of the reduced model. This leads to fast and accurate reduced models. The
method will be applied to an advection problem.

1

INTRODUCTION

Simulations of complex parametrized evolution problems often require high dimensional discrete models due to the need of a high space resolution of the discretization. As
a consequence these models are not suited for multi-query tasks like parameter optimization, statistical analysis or inverse problems because the calculation of solutions for many
different parameters can take an excessive amount of time. This is the motivation for the
application and the development of model reduction techniques for parametrized models.
1
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Projection based model reduction techniques are widely used, such as proper orthogonal
decomposition [11], Krylov-subspace [1] or reduced basis methods [9]. In these methods
the discrete operators are projected onto a reduced space so that the problem can be
solved rapidly in this lower dimensional space.
However, if the problem depends on many parameters or if the solution shows a high
variability with the parameters, a relatively high dimensional reduced space is needed in
order to be able to represent all possible solution variations well, which leads to long online simulation times. This effect is even considerably increased when treating evolution
problems with significant solution variations in time. These difficulties play a role particularly in case of real time applications, where full control over the online simulation time
is required. Another aspect is the fact that projection based model reduction techniques
generate small but full matrices while common discretization techniques (as FEM) lead to
large but sparse matrices. It is even possible that calculating a solution with the reduced
model is more time consuming than the simulation of the original model.
Consequently, the goal is to provide methods for generating reduced models being simultaneously accurate (concerning the approximation error) and performant (concerning
the online simulation time) independent of the complexity in parameters and the complexity in the time evolution of the original problem. There exist approaches to control the
online complexity of reduced models in parameter space in [3] and [5]. However, the same
approximation space is used here over the whole time domain. We propose to generate a
segmentation of the time interval into several smaller intervals and to construct a reduced
approximation space on each of the time intervals. By an adaptive partitioning of the time
domain we can even guarantee the accuracy of the reduced model with respect to a fixed
error tolerance while limiting simultaneously the dimension of the approximation space
per interval. Although the method can be applied to various projection based reduction
techniques, we will put the focus here on the reduced basis (RB) method. An introduction
to the RB method applied to time dependent problems can be found in [4],[9] and [6].
In literature we did not find similar approaches for a partitioning of the time domain in
model reduction. Yet, in [2] an adaptive approach of generating collateral reduced bases
on different time domains for the use in empirical interpolation of nonlinear operators was
applied. An adaptive choice of the size of the reduced space at every time step during
online simulation was realized in [7]. This approach optimizes the number of basis vectors
used for the approximation of the solution but it does not give full control over the online
complexity by strictly limiting the size of the reduced basis.
The current presentation is structured as follows. In Section 2 we introduce the general evolution equation and some notations. In Section 3 we give a brief introduction
to the reduced basis method as model reduction technique of choice. In Section 4 the
time domain partitioning approach is presented and a possible algorithm for adaptively
partitioning the time domain is developed. The application of the method to an advection
problem can be found in Section 5 followed by conclusions and an outlook in Section 6.
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2

PROBLEM SETTING
We consider the general linear parameter dependent evolution equation
∂t u(·, t; µ) = L(t; µ)u(·, t; µ) + b(·, t; µ)
u(·, 0; µ) = u0 (·; µ)

in Ω
in Ω

(1)
(2)

with solutions u(·, t) from a Hilbert space X for all t ∈ [θ, T ] and suitable boundary
conditions. The parameter vector µ stems from a possible set of parameters P ⊆ Rp . After
discretization in space (by finite element or finite volume techniques, for example) and a
discretization of the time interval [θ, T ] by K + 1 equidistant time instants tk := k∆t + θ
and a first order time integration we obtain the discrete evolution scheme




k
Id − ∆tLh,Im (tk ; µ) uk+1
(µ)
=
Id
+
∆tL
(t
;
µ)
ukh (µ) + ∆tbh (tk ; µ), (3)
h,Ex
h


u0h (µ) = P u0 (x; µ) ,

(4)

producing spatial solutions ukh (µ) = uh (tk ; µ) in a discrete function space Xh ⊂ X with
dim(Xh ) = H at time step k = 0, . . . , K, where P : X → Xh denotes the L2 orthogonal
projection operator. In order to obtain a very general formulation for the discrete evolution scheme, we included operator splitting of the operator L into an implicit part Lh,Im
and an explicit part Lh,Ex . For details we refer to [6].
For the separation of the procedure into a preparing offline phase and a rapid online simulation phase we need the operators Lh,Im and Lh,Ex as well as the right hand side b and
the initial conditions to be parameter separable:
QLIm
k

Lh,Im (t , µ) =



ΘqLIm (tk ; µ)Lqh,Im

k

bh (t ; µ) =

Lh,Ex (t , µ) =



Θqb (tk ; µ)bq

(5)

q=1

q=1

QLEx
k

Qb


ΘqLEx (tk ; µ)Lqh,Ex

q=1

0

u (µ) =

Qu0


Θqu0 (µ)uq0 .

(6)

q=1

The coefficients Θq[·] (tk ; ·) : P → R can be evaluated rapidly in the online phase.
3

REDUCED BASIS METHOD

Although the technique of time domain partitioning in the generation of reduced
parametrized models presented here can also be applied to other model reduction methods, we will focus here on the application of the reduced basis method to illustrate and
explain the procedures.

3
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3.1

Reduced evolution scheme

In RB methods the reduced basis ΦN consisting of basis vectors ϕn is constructed
by solution snapshots corresponding to several parameters. The basis vectors ϕn , n =
1, . . . , N span the space XN = span(ΦN ) = span{ϕ1 , ..., ϕN } ⊆ Xh with the inner product
inherited from X. We assume that the basis vectors ϕn are orthonormal ϕn , ϕm  = δnm
for n, m = 1, ..., N . For the solution in the reduced space we start with the ansatz
ukN (µ)

=

N


akn (µ)ϕn (x).

(7)

n=1

By a Galerkin projection of (3) onto XN using (7) we obtain the reduced evolution scheme




(8)
Id − ∆tLIm (tk+1 ; µ) ak+1 = Id + ∆tLEx (tk ; µ) ak + ∆tb(tk ; µ)


a0n = u0h (µ), ϕn
∀n = 1, ..., N (9)

(8) are
with ak = (ak1 , ..., akN )T . The reduced operators LEx (tk; µ), LIm (tk ; µ) in equation

k
k
Gramian-like matrices with entries (LEx )n,m (t ; µ) = Lh,Ex (t ; µ)ϕm , ϕn and


(LIm )n,m (tk ; µ) = Lh,Im (tk ; µ)ϕm , ϕn respectively for n, m = 1, ..., N . The projected


right hand side vector b(tk ; µ) has components (b)m (tk ; µ) = b(tk ; µ), ϕm for m =
1, ..., N . All quantities and operators in the reduced evolution scheme (8) are of low
dimension N and are independent of the original discrete space dimension H.
In order to circumvent conducting a Galerkin projection for every new parameter we
use the property of parameter separability of the operators. Thereby, we can calculate in
an offline phase the operator components projection


(LqEx )n,m = Lqh,Ex ϕm , ϕn
(bq )m = bq , ϕm 
(10)

 0,q 

 q
 q
q
(LIm )n,m = Lh,Im ϕm , ϕn
a m = u0,h , ϕm
(11)
where LqEx , LqIm ∈ RN ×N and bq ∈ RN . When a new parameter µ for simulation is set, we
only have to evaluate the values of the coefficients Θq[·] and assemble the reduced operators:
QLEx
k

LEx (t , µ) =



ΘqLEx (tk , µ)LqEx

b(tk , µ) =

LIm (t , µ) =



ΘqLIm (tk , µ)LqIm

0

a (µ) =

q=1

3.2

Θqb (tk , µ)bq

(12)

Θqu0 (µ)a0,q

(13)

q=1

q=1

QLIm
k

Qb


Qu0

q=1

A-posteriori error estimation

Reduced basis
provide
a-posteriori error estimators bounding the approxi k methods

k


mation error uh (µ) − uN (µ) ≤ ∆k (µ) between the reduced solution and the highdimensional discrete solution for all k = 0, . . . , K. During the online simulation such an
upper bound for the approximation error can rapidly be calculated [4, 10, 6].
4
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3.3

Reduced basis generation by POD-Greedy algorithm

In reduced basis methods a common approach to build up a reduced basis space is
the use of the POD-Greedy algorithm in time dependent cases [3, 8, 6]. In every loop
of the POD-Greedy algorithm, we search on a training set Mtrain of parameters the one
parameter for which the reduced solution produces the highest estimated error. Next, a
high dimensional detailed solution is calculated for this parameter. A POD over the time
sequence of projection errors is performed and the first mode (or another fixed number of
k modes) is added as a new basis vector to the existing reduced basis. This procedure is
repeated until the maximum error estimator falls beneath a given tolerance.
4

TIME DOMAIN PARTITIONING

The basic idea is to construct a segmentation of the time domain into several intervals
τi and to create reduced bases for each of these time intervals. In analogy to the parameter
domain partitioning [3, 5] these specialized reduced bases on the time intervals require
less basis vectors to approximate the solutions with a given error tolerance. An adaptive
partitioning of the time domain allows to fix the maximum number of basis vectors per
time interval Nmax while keeping the overall approximation error below the tolerance εtol .
We assume that the whole time domain [θ, T ] is subdivided into Υ time intervals
Υ

τ1 , ..., τΥ with τ1 := [θ, tκ(1) ], τ2 := [tκ(1) , tκ(2) ], ... τΥ := [tκ(Υ−1) , T ] so that [θ, T ] =
τi .
i=1

We define that κ(i) is the index of the time step at the joint border between interval i
and i + 1 so that τi ∩ τi+1 = tκ(i) . tκ(0) is defined to be θ.
For every time domain interval τi , i = 1, ..., Υ we assume to have a reduced basis
Φi = {ϕi,1 , . . . , ϕi,Ni } of size Ni which spans the reduced solution space XNi = span(Φi )
for this time interval. We approximate the solution in this time interval τi using the
appropriate reduced basis Φi of the segment in the ansatz
ukNi (µ)

=

Ni


akn,i (µ)ϕn,i ∈ XNi .

(14)

n=1

In an offline phase the reduced bases for every time interval are generated by starting
the POD-Greedy early stopping algorithm (see Algorithm 1) on every part of the time
interval. As we want to generate a basis representing well the solution variability on their
time interval, we only consider the error produced on the actual domain for the algorithm.
The reduced operator components are calculated according to (11) for every interval. In
the online simulation phase the reduced evolution scheme (8) is conducted on every time
κ(i−1)
interval. In order to obtain the “initial coefficients” ai
at the first time step of a new
time interval we perform an orthogonal projection of the solution at the last time step of
κ(i)
the previous interval uNi−1 onto the reduced space XNi of the current interval:


κ(i)
κ(i)
uNi−1 (µ) − uNi (µ), ϕm,i = 0
(15)
5
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for all m = 1, . . . , Ni . With the ansatz (14) in (15) and assuming orthonormal bases we
κ(i)
κ(i)
obtain ai (µ) = T (i−1,i) ai−1 (µ) with (T (i−1,i) )m,n = ϕm,i , ϕn,i−1  for n = 1, . . . , Ni−1
T

and m = 1, . . . , Ni and aki = ak1,i , . . . , akNi ,i . The projection error ∆pi−1,i can be
calculated rapidly online by




T
T

 κ(i)
κ(i)
κ(i)
κ(i)
κ(i)
κ(i)
ai (µ) ai (µ) − ai+1 (µ) ai+1 (µ).
∆pi,i+1 (µ) = uNi (µ) − uNi+1 (µ) =
2

(16)

This can be used to derive a-posteriori error estimators for our enhanced scheme.

Proposition 4.1. Let be rik (µ) = ukh (µ) − ukNi (µ) the approximation error in the time
interval τi at time step k with κ(i − 1) < k ≤ κ(i). If assuming that ||r10 (µ)|| = 0 and
that the implicit operator Lh,Im is negative definite, then the error can be bounded by
||rik (µ)|| ≤ ∆k (µ) with
k

∆ (µ) =

k


(j−1)

C k−j (||Resji (µ)|| + ||Resproj (µ)||).

(17)

j=1

C > 0 is a constant depending on the explicit operator Lh,Ex . The residual is defined as


(µ) = Id − ∆tLh,Im (tk+1 ; µ) uk+1
Resk+1
i
Ni (µ)


(18)
− Id + ∆tLh,Ex (tk ; µ) ukNi (µ) − ∆tbkh (µ)

and i is chosen appropriately to the according time step κ(i−1) < k ≤ κ(i). The projection
Υ−1

residual Resjproj is defined as Reskproj (µ) =
δκ(i)k ∆pi,i+1 (µ) where δκ(i)k is supposed to
i=1

be the Kronecker delta.

Proof. In general we can estimate the norm ||rik (µ)|| of the approximation error by putting
the definition of the approximation error rk (µ)i = ukh (µ) − ukNi (µ) in (3), rearranging the
terms and assuming ||Id − ∆tLh,Im (tk+1 ; µ)||−1 ≤ 1 due to the negative definiteness and
0 < ||Id + ∆tLh,Ex (tk ; µ)|| ≤ C to obtain
(µ)||.
||rik+1 (µ)|| ≤ C||rik || + ||Resk+1
i

(19)

For details of this deduction we refer to [6]. However, if k is the first time step of an
interval (k = κ(i) for any i = 1, ..., Υ − 1) we do not know the value for the “initial error”
||rik ||. But we can estimate its value by
||rik (µ)|| = ||ukh (µ) − ukNi (µ)|| = ||ukh (µ) − ukNi−1 (µ) + ukNi−1 (µ) − ukNi (µ)||
k
(µ)|| + ∆pi,i+1 (µ).
≤ ||ukh (µ) − ukNi−1 (µ)|| + ||ukNi−1 (µ) − ukNi (µ)|| ≤ ||ri−1

Calculating ||rik (µ)|| recursively with (19) and (20) leads to (17).

6
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4.1

Adaptive time domain partitioning

When using a fixed partitioning of the time domain we obtain a more accurate and
faster model. We will now present an adaptive way for a partitioning of the time domain
guaranteeing an overall approximation error lower than εtol while limiting simultaneously
the basis size to Nmax . The algorithm to this adaptive approach is described in Algorithm
2. The overall goal of this algorithm is to generate a reduced model with the following
properties:
• It produces a uniform error growth over the whole time during online simulations.
• It has limited online complexity. (The basis size on each interval is limited a priori.)
• The maximum approximation error stays below a given error tolerance.
To estimate the approximation error we use the error estimator for general evolution
equations from Proposition 4.1. As it grows monotonically, the maximum error estimator
value is found at the last time step and this value ∆K (µ) should be kept below a given
global error tolerance εtol,global . In order to have an approximately uniform growth of
the error on the whole time domain, we fix the error tolerance for an interval τi to
κ(i)
κ(i−1)
εtol,i = εtol,global t −tT
. We start the basis generation using the POD-Greedy algorithm
on an interval. As soon as the maximum size Nmax of the reduced basis is reached, the
POD-Greedy algorithm is stopped and a refinement of the time domain is triggered. In
the present work, each interval marked for refinement is divided into two intervals of equal
size. After a segmentation of the time interval we restart the POD-Greedy algorithm on
every interval while fixing the error tolerance on the new time intervals to εtol,i , fixing the
maximum basis size to Nmax and adapting the indices of the bases and intervals. This
procedure is conducted until obtaining a segmentation of the time domain where on every
interval exists a reduced basis with less then Nmax basis vectors and a training error lower
than εtol,i .
EarlyStoppingGreedy(Φ0 , Mtrain , εtol , Mval , ρtol , Nmax )
1 Φ := Φ0
2 repeat
3
µ∗ := arg maxµ∈Mtrain ∆(µ, Φ)
4
if ∆(µ∗ ) > εtol
5
then
6
ϕ := ONBasisExt(u(µ∗ ), Φ)
7
Φ := Φ ∪ {ϕ}
8
ε := maxµ∈Mtrain ∆(µ, Φ)
9
ρ := maxµ∈Mval ∆(µ, Φ)/ε
10
until ε ≤ εtol or ρ ≥ ρtol or |Φ| ≥ Nmax
11 return Φ, ε
Algorithm 1: The early-stopping (POD-)greedy search algorithm, for ρtol = ∞, Nmax = ∞
recovering the standard (POD-)greedy procedure.
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AdaptiveTimePartition(T0 , εtol,global , Nmax )
1 T := T0 , Φi := ∅ for τi ∈ T
2 repeat
3
Υ = card(T )
4
for i = 1, ...Υ with Φi = ∅
5
do Φi := InitBasis(i)
6
Mtrain,i := Mtrain(i)
7
ηi := 0
8
εtol,i := εtol,global · (tκ(i+1) − tκ(i) )/(T − θ)
9
[Φi , εi ] := EarlyStoppingGreedy(Φi , Mtrain,i , εtol,i , ∅, ∞, Nmax )
10
if εi > εtol,i
11
then ηi := 1
12
ηmax := maxi=1,...,Υ ηi
13
if ηmax > 0
14
then [T , Φ] := RefineTPart(T , Φ, η, Mval )
15
until ηmax = 0
16 return T , {Φi , εi }Υ
i=1
Algorithm 2: The adaptive time partition algorithm generates automatically a partitioning
of the time domain and generates a reduced basis on each domain having less than Nmax basis
vectors and an approximation error on the training set Mtrain,i lower than εtol,i . T = {τi }Υ
i=1 is
the set of all time intervals with the initial set T0 and ηi marks the intervals which have to be
refined by a refinement algorithm.

5

EXPERIMENTS

5.1

The advection model

In the experiments we consider the advection problem
∂t u(µ) = −∇ · (v(µ)u(µ)) in Ω × [0, T ]

(21)

with Ω := [0, 2] × [0, 1], θ = 0 and T = 1. We assume suitable initial conditions u(µ) =
u0 (µ) for t = 0. Furthermore, Dirichlet boundary conditions u(µ) = udir on Γdir × [0, T ]
and Neumann boundary conditions ∇u(µ) · n = uneu on Γneu × [0, T ] are prescribed. The
velocity v is supposed to be adivergence free parameter
and time dependent velocity

µ(1 − t) · 5(1 − x22 )
field of the form v(x, t; µ) =
with x = (x1 , x2 )T ∈ Ω. This
−0.5(1 − t)(4 − x21 )
can be discretized with cell-wise constant functions and a Finite Volume scheme using
an Engquist–Osher flux, which results in a corresponding discretization space Xh and
discretization operators Lh,Im and Lh,Ex as well as in a discrete right hand side bh for
including the boundary conditions. We chose a space discretization into 64 × 32 intervals
and a triangular grid leading to 4096 degrees of freedom. For satisfying the CFL conditions
we discretized time into 512 time steps. Here, we chose a pure explicit discretization
8
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scheme with LIm = 0. Solutions are illustrated in Figure 1. As the control of the
parameter complexity is not the issue here we restrained our model to be dependent of
only one parameter. (This parameter controls the strength of the velocity field in xdirection.) In case of models depending on many parameters and in case of high solution
variability with the parameter changes, the adaptive methods from [5] can be applied.

a)

b)
Figure 1: Solutions to the advection problems with a) µ = 0 and b) µ = 1 at time instants t = 0, t = 0.3
and t = 1. Obviously, the solutions varies considerably with time.

5.2

RB Model reduction with time domain partitioning
adaptation
yes
no
no
no

Υ
1
7
7
64
128

ø-dim(RB)
84.00
33.63
34.31
24.61
23.43

ø-online time[s]
0.7
0.61
0.61
0.61
0.64

max. error
−3

9.87 · 10
7.85 · 10−3
9.32 · 10−3
6.28 · 10−3
7.36 · 10−3

offline time[h]
0.84
2.10
0.70
5.08
12.13

Table 1: Comparison of average reduced basis sizes, offline time, average run-times and maximum error
estimates for non-adaptive and adaptive runs with different fineness of the time interval partition. The
average online run-times and maximum errors are obtained from 20 simulations with randomly selected
parameters µ.

We generated reduced basis spaces using a POD-Greedy algorithm in three different
ways: without T-partitioning, on predefined equally sized subdivisions into 7, 64 and 128
intervals of the time domain and with the adaptive approach from Section 4.1 limiting
the maximum number of reduced basis functions by Nmax = 45. The desired error tolerance was set to εtol,global = 10−2 . Online simulations were performed for a set of 20
randomly chosen parameters using all previously generated models. Table 1 compares the
reduced basis sizes averaged over the sub-intervals, the average online simulation time,
the maximum estimated error during online simulations and the offline time consumed for
the basis generation. We observe that a predefined subdivision into seven sub-intervals
9
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already leads to a significant reduction of the reduced basis sizes by a factor of 2.5. It is
noteworthy, that even the offline time is slightly reduced in this case due to the polynomial
complexity of the basis generation w.r.t. the number of basis functions.
The bases on the very fine divisions into 64 and 128 intervals (meaning respectively 8
and 4 time-steps per interval) are practically of the same average size. Consequently, these
can be considered as bases of minimal possible basis size per interval representing the limit
of what we are able to reach when using the T-partition approach alone. We need this
minimal basis size per interval to cover the parameter variability of the solution. Table 1
also shows, that the adaptive basis generation approach produces only slightly larger
reduced bases (ø dim(RB) = 33.63) than the “minimal possible bases” (ø dim(RB) ∼ 25).
The same fact is also illustrated in Figure 2b where the reduced bases dimensions on the
sub-intervals are shown. The adaptively generated basis envelops closely the minimal
possible basis sizes. Both models produce the largest reduced spaces near the point
of highest solution variation around t = 0.5. The fact that the adaptively generated
subdivision of the time domain is very close to the optimum is also confirmed by Figure 2a,
which shows the estimated error evolution over time for different reduced models. First,
we see that the error grows almost uniformly over the whole time domain as desired. The
error evolution of the adaptively generated T-partition model is very close to the maximal
feasible error evolution by a very small refinement into 128 partitions. Furthermore, we
observe that the projection error between the intervals is non-negligible, but it diminishes
for smaller intervals.

Figure 2: Comparison of models with non-adaptively and adaptively generated T-partition bases and
different fineness of the partitions: a) Illustration of the time-evolution of the maximum error estimator
over a set of 20 randomly chosen parameters. b) Illustration of reduced basis sizes on time intervals.

We stated that it was possible to generate fast and accurate reduced models using the
T-partition approach, meaning that the approximation error as well as the reduced basis
dimension are simultaneously controllable. In order to show this we generated several
reduced models with different demands on the error tolerance εtol,global at a predefined
10
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basis size constraint Nmax = 40 using the adaptive T-partition approach. For comparison
we created reduced models without T-partitioning. We calculated for a validation set
of 25 randomly chosen parameters the average simulation time as well as the maximum
estimated approximation error. The results are illustrated in Figure 3. We observe the
average simulation time rises for the model without adaptive T-partitioning. This is due
to the fact that we need higher dimensional reduced models to meet the accuracy requirements. Yet, when using the adaptive T-partition approach we can limit the maximum
number of basis vectors per interval (almost) independently of the error tolerance. Consequently, when the demand to the error tolerance is augmented the average simulation
time can be kept almost constant and we obtain fast and accurate models.
Approximation error vs. average simulation time

1.4

no Tpartition
adaptive Tpartition Nmax40

1.3

average simulation time in sec.

1.2
1.1
1
0.9
0.8
0.7
0.6
0.5

3

10

2

10
maximum estimated error

1

10

Figure 3: The average simulation time plotted over the maximal error estimator over a randomly chosen
test set of 25 parameters using reduced models with and without T-partitioning.

6

CONCLUSION AND OUTLOOK

With the time domain partitioning approach we presented a generic method for treating model reduction of evolution problems and guaranteeing simultaneously online time
efficiency and accuracy. This is realized by an adaptive partitioning of the time domain
into several intervals and creating specialised reduced bases with limited size on each
of the intervals. We showed in experiments with an advection problem dependent on
one parameter, that applying the method leads to a considerable improvement of the
approximation error while the online simulation time is kept on a low level.
As this method produces a non-negligible projection error between the intervals we
see room for improvement. In case of problems with complex parameter dependency, it
is probable that the T-partition approach does not have enough effect for a considerable
improvement of the approximation error. However, this problem should be solved by
combining the T-partition approach with the P-partition approach from [5].

11
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Abstract. We are interested in the simulation and optimization of gas and water transport in networks. Those networks consist of pipes and various other components like
compressor/pumping stations and valves. The flow through the pipes can be described
by different models based on the Euler equations, including hyperbolic systems of partial differential equations. For the other components, algebraic or ordinary differential
equations are used. Depending on the data, different models can be used in different
regions of the network. We present an algorithm that adaptively applies the models
and discretizations, using adjoint-based error estimators to maintain the accuracy of the
solution. Finally, we give numerical examples for both types of networks.

1

INTRODUCTION

Gas and water supply networks play an important role in the public utility infrastructure. Therefore, the support of gas and water suppliers with software tools is of
great common interest. While monitoring systems are already quite advanced, efficient

1
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simulation and optimization tools are only available to some extent. Of course, before
optimization tasks can be considered, reliable simulation algorithms are essential.
In the field of simulation and optimization of gas and water supply networks, a lot of
research has been done in the last years, see for example [5, 10–12, 15, 16]. Usually, especially for optimization problems, fixed models and also fixed discretizations are considered.
Existing software packages like SIMONE [18] allow stationary as well as transient models
for the simulation of gas networks. However, for the simulation process, one model has to
be chosen in advance. SIMONE is also able to solve optimal control problems, but only
steady state models are used here. In [5, 10], where nonlinear programming techniques
are used to solve optimal control problems for gas and water supply networks, full a priori discretizations in time and space are applied to the underlying equations. Similarly,
in [15, 16], where mixed-integer linear programming is used for gas network optimization,
fixed models and fixed discretizations are used. Moreover, the applied discretizations are
typically quite coarse to keep the complexity of the resulting problems treatable.
While the application of coarse discretizations or simplified models is often adequate in
many parts of the considered networks to resolve the dynamics in the daily operation of gas
and water supply networks, no information about the quality of the computed solutions
is provided in all mentioned approaches. Recently, we have proposed an algorithm to
adaptively control model and discretization errors for the simulation of gas and water
supply networks, see [6–9]. An extended version of this paper is to appear in [9].
This paper is organized as follows. We begin with a description of the underlying model
equations of gas and water supply networks in Section 2. Then, we present an algorithm
that uses adjoint-based estimators to adaptively control model and discretization errors
with respect to a given quantity of interest (Section 3). Finally, numerical results are
presented for a gas and a water supply network in Section 4.
2

MODELLING

In this section, we give a brief introduction into the modelling of gas and water supply
networks. A detailed description can be found in [6–9, 13].
2.1

General Aspects

The flow of gas or water through pipes is a directed quantity, which can be adequately
described in one space dimension. To give the pipes an orientation, we model gas and
water supply networks as a directed graph G = (J , V) with arcs J and vertices V.
Typically, the set of arcs J mainly consists of pipes Jp ⊆ J , where we have a hierarchy
of models to describe the underlying gas/water dynamics. For the computations, one of
these models is chosen for each pipe in each time step. From top to bottom, each model
in the hierarchy results from the previous one by making simplifying assumptions. In the
case of gas networks, we have a hierarchy of three models, while we consider only two
models to describe the flow of water. In both cases, the most complex model consists of a

2
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hyperbolic system of partial differential equations (PDEs). In the case of gas transport,
the considered networks also consist of compressor stations, valves and control valves,
while we have pumping stations, valves and tanks in water supply networks. These
components are described by algebraic equations or ordinary differential equations.
In addition to the equations on the arcs of the network, it is necessary to specify
adequate initial, coupling and boundary conditions, which is not trivial in the case of
hyperbolic equations (see for instance [2, 6]).
2.2

Gas Supply Networks

In this section, we want to have a closer look on how the flow through gas networks is
modelled. These consist of pipes, compressor stations, valves and control valves.
2.2.1

Pipes

The models describing gas flow in pipelines are based on the Euler equations, a hyperbolic system of nonlinear partial differential equations. This system consists of the
conservation of mass, momentum and energy together with the equation of state for real
gases. The transient flow of gas may be described appropriately by equations in one space
dimension, pressure losses due to friction are modelled via a source term. A common simplification, the restriction to isothermal flows, that is, flows with constant temperature,
makes the energy equation become redundant. If we assume a constant speed of sound
and let the pipes be horizontal, the equations result in the nonlinear model [2],
ρ0 c2
qx = 0 ,
A

A
ρ0 c2 q 2
λρ0 c2 |q|q
qt + p x +
.
= −
ρ0
A
p x
2dAp
pt +

(1a)
(1b)

Here, q denotes the flow rate under standard conditions (1 atm air pressure, temperature
of 0 ◦ C), p the pressure, c the speed of sound, λ the friction coefficient, d the diameter, A
the cross-sectional area of the pipe and ρ0 the density under standard conditions.
Neglecting the nonlinear term in the spatial derivative of the momentum equation (1b)
yields the semilinear model. A further simplification leads to a (quasi-)stationary model :
Setting the time derivatives to zero results in an ordinary differential equation, which can
be solved analytically [17].
2.2.2

Compressor Stations

A compressor station is a facility that increases the pressure of the gas. Running a
compressor is relatively costly, since the compressor station consumes some of the gas,
qout = qin − Fc (pin , pout , qin )
3
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with the fuel gas consumption Fc [12]. The increase in pressure, performed by the compressor station c, is denoted by ∆pc = pout − pin .
2.2.3

Valves

Valves are used to regulate the flow of the gas by opening or closing. In case of an open
valve, the equations qin = qout , pin = pout hold. If the valve is closed, then qin = qout = 0 .
2.2.4

Control Valves

Control valves, sometimes also referred to as regulators [10], are valves that reduce the
gas pressure by a controlled amount. The behaviour of a control valve is modelled via
!
pin − pout = u with (non-negative) control variable u = u(t). The ingoing and outgoing
flow rates are identical: qin = qout .
2.3

Water Supply Networks

Water supply networks feature similar structures as gas supply networks. Here, the
main components are pipes, pumps, valves and tanks.
2.3.1

Pipes

To describe the dynamics inside the pipes of a water supply network, we consider
two different models, which can for instance be found in [1]. The most complex model,
considering the elastic effects, is given by the so-called water hammer equations,
gA
ht + qx = 0 ,
a2
qt + gAhx = −λ

(3a)
q|q|
,
2DA

(3b)

a semilinear hyperbolic system of partial differential equations, where the piezometric
head h and the flow rate q are the space and time-dependent state variables. The gravitational constant is denoted by g, a is the speed of sound in the pipe, A and D are the
cross-sectional area and the diameter of the pipe, respectively. The right hand side of (3b)
models the influence of friction, where λ is the friction coefficient.
A simplified model for the water dynamics inside the pipes can be derived by neglecting
the time derivatives in (3). As above, the resulting (quasi-)stationary or algebraic model
can be solved analytically.
2.3.2

Pumps

Pumps are installed in water supply networks to generate or maintain a certain pressure. Typically, the relation between the flow rate through a pump and the resulting
4
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pressure increase is described by a set of characteristic curves. A commonly used form
for a single curve (see e.g. [5]) is H(q) = hout − hin = α0 − αr q r with q = qin = qout and
r ∈ R+ . If multiple curves are given, the parameters α0 and αr depend on the current
speed ω of the pump. The running costs of a pump result from the power consumption
Pc of its motor.
2.3.3

Valves

There are various kinds of valves installed in water supply networks to control the flow
rate and pressure. Here, we consider gate valves, where the opening can be externally
controlled. With u ∈ [0, 1] being the control variable for the fraction of the opening, we
apply u2 (hin − hout ) = ζq|q| with the friction loss coefficient ζ and q = qin = qout .
2.3.4

Tanks

Water tanks are used to store water at certain positions in the network. The ingoing
flow at the bottom of a tank is given by

q = C sign(houter − hinner ) |houter − hinner |
(4)
with the discharge coefficient C. Here, houter denotes the outer pressure head in front of
the inlet of the tank and hinner is the inner pressure head at the bottom of the tank, which
is the sum of the elevation of the tank and the current stage. The change of the stage
and therewith the change of hinner is modelled by an ordinary differential equation:
1
d
hinner = q ,
dt
A

(5)

where A is the cross-sectional area of the tank.
3

ERROR ESTIMATORS AND ADAPTIVE ERROR CONTROL

For given initial and boundary conditions as well as control states for the controllable
elements, the described model equations on the whole network can be solved applying
appropriate discretization schemes. For the discretization of the (hyperbolic) PDEs in the
pipes, we apply an implicit box scheme [13, 14], which perfectly matches the properties
of the underlying equations. The time steps of this scheme are also used to discretize the
ordinary differential equations as occurring in the model of water tanks.
Now, we are searching for a compromise between the accuracy of the numerical solution
and the computational costs. We want to use the more complex models in the pipes only
when necessary and to refine the discretizations only where needed. Using the solution
of adjoint equations as done in [2–4, 6–8], one may deduce model and discretization error
estimators to measure the influence of the model and the discretization on a user-defined
target functional M . With u being the exact solution of the (most complex) model
5
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equations and uh being the approximate (numerical) solution for some choice of models,
the error in the target functional can be approximated by
M (u) − M (uh ) ≈ ηm + ηh ,

(6)

where ηm estimates the model error and ηh = ηt + ηx the error resulting from the discretization. Here, ηt and ηx are separate estimators for the temporal and the spatial
discretization errors. Concerning the underlying adjoint equations, these error estimators
are currently implemented in a first-discretize manner. A detailed description can be
found in [8, 9].
With the error estimators, we can control the computational errors inside the network.
Since in practice the dynamic behaviour in the network varies, we want to control the
relative error resulting from the choice of the models and the discretization in blocks
of several time steps. Thus, we divide the time interval [0, T ] into blocks of equal size
[Tk−1 , Tk ], k = 1, . . . , NB . Regarding one subinterval [Tk−1 , Tk ], we can compute the
forward as well as the backward/adjoint solution and evaluate the error estimators locally,
which yields Mk (u) − Mk (uh ) ≈ ηm,k + ηt,k + ηx,k . Given a tolerance TOL for the relative
error, we can approximate the exact error by the estimators, giving


Mk (u) − Mk (uh )
|ηm,k + ηt,k + ηx,k | !
≈
≤ TOL .
(7)
|Mk (u)|
|Mk (uh )|
We first examine the discretization error to ensure the discretization to be adequate.
Then we consider the model error. In the following, we give a short description of the
algorithm. More details can be found in [6–9].
Check Discretization Error. First, the discretization is checked. Given the tolerance
TOL as above, we ensure the discretization error to be small enough by decreasing TOL by
a user-defined factor 0 < κ < 1 giving TOLh := κ · TOL. We demand the discretization
error estimator to satisfy


|ηt,k + ηx,k | ≤ TOLh · Mk (uh ) .

If the error estimator exceeds the given upper bound, the temporal and spatial discretization errors are treated individually (both with 12 TOLh ).
Check Temporal Discretization Error. If the temporal error estimator exceeds the
given tolerance, the time step size is marked for refinement. After checking the spatial
discretization error, the time interval [Tk−1 , Tk ] has to be computed again. If, in contrast,
the error estimator |ηt,k | is much smaller than the upper bound, the time step size is
marked for coarsening. If the current time interval has to be recomputed due to spatial
or model errors, the temporal coarsening is not applied.
Check Spatial Discretization Error. Now, the spatial discretization error ηx,k,j is estimated locally for each pipe j ∈ Jp , Then, it suffices to satisfy


Mk (uh )
1
|ηx,k,j | ≤ TOLh ·
∀j ∈ Jp
2
|Jp |
6
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with the number of pipes |Jp |. If |ηx,k,j | exceeds the given tolerance, the pipe is marked
for refinement. If, instead, the error estimator is much smaller than the right hand side,
the pipe is marked for coarsening. The time interval [Tk−1 , Tk ] is computed again with a
finer discretization where needed.
Check Total Error. If the discretization error is small enough, the total error estimator
ηm,k + ηt,k + ηx,k is evaluated. If


|ηm,k + ηt,k + ηx,k | > TOL · Mk (uh ) ,

that is, the total error does not fulfill the desired tolerance while the discretization error
did, the model error is checked.
Check Model Error. If the discretization error is small enough, but the total error is
not, the model errors of all pipes are checked. Again, we uniformly distribute the target
functional over all pipes. If the error estimator exceeds the given tolerance, that is,


Mk (uh )
|ηm,k,j | > TOLm ·
,
|Jp |

with TOLm := (1 − κ) · TOL, the pipe is supposed to use the model above subject to the
hierarchy. The time interval [Tk−1 , Tk ] is computed again with the adjusted models.
Coarsen Temporal and/or Spatial Discretization and Switch Down Models. If the total
error fulfills the desired tolerance, the time interval [Tk−1 , Tk ] is accepted and k is increased.
If the time step size or any pipes were marked for coarsening, the coarsening is applied.
Then, the estimators with respect to the lower models are computed. If the error estimator
is much less than the given tolerance, that is,


Mk (uh )
|ηm,k,j | ≤ s · TOLm ·
,
|Jp |
with a “shift down factor” s  1 (e.g. 10−1 or 10−2 ), the pipe can use the lower model
for the next calculations and we go on to the next interval.
4

NUMERICAL EXAMPLES

In this section, we give numerical results for a medium sized real life gas network and
a water supply network. All presented computations were done on an AMD AthlonTM 64
X2 Dual Core 6000+.
4.1

Gas Supply Network

We begin with a gas supply network, which is shown in Fig. 1. The considered network
consists of twelve pipes (P01 – P12), two sources (S01 – S02), four consumers (C01 –
C04), three compressor stations (Comp01 - Comp03) and one control valve (CV01).
The simulation starts with stationary initial data. The boundary conditions and the
control for the compressor stations and the control valve are time-dependent. Plots of the
7
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Figure 1: Gas supply network with compressor stations and control valve

control functions are given in Fig. 1. The target functional is given by the total fuel gas
consumption of the compressors Jc , i.e.
 T
Fc (t) dt .
M (u) =
0

c∈Jc

The simulation time is 86,400 seconds (24 hours) with an initial time step size ∆t = 3, 600
seconds. The subintervals are 7,200 seconds (2 hours) each. The initial spatial step size
is ∆x = 10, 000m. The factor κ is set to 10−1 and the shift down factor s to 10−1 . The
tolerance TOL is set to values between 10−1 and 10−4 .
Table 1 shows the maximal relative error in the target functional


Mk (u) − Mk (uh )
rel.err. = max
,
(8)
k
|Mk (u)|
the total target functional, the maximal and the minimal time and spatial step size used
subject to the tolerance TOL and the running time. As an approximation of the exact
solution we computed a solution with the nonlinear model and a finer discretization than
used in the adaptive algorithm, which is shown in the last row.
Table 1: Results using different values for TOL

TOL
rel.err.
M (uh )
1e-01 1.690905e-01 5.0480603810e+01
1e-02 1.756343e-02 4.8408860265e+01
1e-03 1.288994e-03 4.8487439184e+01
1e-04 4.010694e-05 4.8486374440e+01
reference solution
4.8485402013e+01

max/min ∆t
3600/900
900/450
225/28.125
14.0625/1.7578
1
8
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max/min ∆x
time [s]
33,333.3/10,000 2.7e-01
33,333.3/10,000 1.0e+00
16666.7/1,250 3.5e+01
16666.7/312.5 1.0e+03
312.5
4.2e+03
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Generally, we observe that the maximal relative error decreases with the tolerance TOL.
We can also see that the error estimators do not provide a sharp upper bound for the
error.
Besides the discretization, it is also interesting how the model switching part works
depending on TOL. Table 2 shows how often which model is used during the simulation.
The trend is the same as for the discretization. For smaller tolerances, the share of the
more complex models is higher.
Table 2: Models used during simulation for different values of TOL

TOL
1e-01
1e-02
1e-03
1e-04

4.2

ALG
100%
46.7%
13.7%
2.5%

LIN
0%
53.3%
85%
73.7%

NL
0%
0%
1.3%
23.7%

Water Supply Network

As a second example, we consider the water supply network shown in Fig. 2. The
network consists of sixteen pipes (P01 – P16), two suppliers (S01 – S02), six consumers
(C01 – C06), three pumps (Pump01 - Pump03), four tanks (T01 – T04) and two valves
(V01 – V02).
T04
T02

T03

V01

V02

P12

P14
P11

C03

P16

C04

P13

C06

C05
P15

S02

P10

S01

P06

Pump01

P09

P08
C02

P03
T01
P01

Pump03

P07

P05

P04

C01
P02
Pump02

Figure 2: Water supply network with pumps, valves and tanks

The simulation starts with approximately stationary data. The boundary conditions
as well as the control for the pumps and the valves are time-dependent. As above, plots
of the control functions are given in Fig. 2. The target functional is given by the total
9

176

Pia Domschke, Oliver Kolb and Jens Lang

energy consumption of the pumps Jc ,
M (u) =



c∈Jc

T

Pc (t) dt .
0

The simulation time is 86,400 seconds (24 hours) with an initial time step size ∆t = 3, 600
seconds. The subintervals are 7,200 seconds (2 hours) each. The initial spatial step size
has been chosen as coarse as possible such that the applied (spatial) error estimators can
be evaluated, that is exactly four grid points per pipe. Similar to above, the factor κ is set
to 10−1 and the shift down factor s to 10−1 . The tolerance TOL is set to values between
10−1 and 10−4 .
Table 3 shows the maximal relative error in the target functional according to (8),
the total target functional, the maximal and the minimal time and spatial step size used
subject to the tolerance TOL and the running time. As an approximation of the exact
solution we computed a solution with the time-dependent model and a finer discretization
than used in the adaptive algorithm, which is shown in the last row.
Table 3: Results using different values for TOL

TOL
rel.err.
M (uh )
1e-01 1.228465e-02 8.3184539798e+01
1e-02 1.491658e-03 8.3079443781e+01
1e-03 9.460297e-04 8.3014423132e+01
1e-04 7.546011e-05 8.3037462607e+01
reference solution
8.3038197026e+01

max/min ∆t max/min ∆x
3600/900
6666.7/166.7
900/225
6666.7/166.7
112.5/28.125
6666.7/166.7
14.0625/3.5156 6666.7/166.7
2
100

time [s]
5.4e-01
1.9e+00
9.7e+00
1.6e+02
1.5e+03

As above, we observe that the maximal relative error in each block decreases with TOL.
Moreover, the error tolerance is satisfied here. Obviously, the time discretization plays the
crucial role in this example. The initial spatial discretization is not refined. Additionally,
the difference between the two models only becomes important for the smallest tolerance,
which can be seen from Table 4.
Table 4: Models used during simulation for different values of TOL

TOL
1e-01
1e-02
1e-03
1e-04

ALG
100%
100%
100%
42.2%

10
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5

CONCLUSION AND OUTLOOK

In this paper, we have presented an algorithm to adaptively control model and discretization errors for the simulation of gas and water flow through networked pipelines.
The gas and water dynamics in the pipes are described by a hierarchy of models, ranging
from partial differential to algebraic equations. Further network components are modelled
by algebraic and ordinary differential equations. Using adjoint equations, we considered
error estimators to measure the influence of the discretization in time and space and
the applied models with respect to a given target functional. With these estimators, we
developed an algorithm to adaptively control the different errors within a given tolerance.
We gave examples for both types of networks to show the applicability of the algorithm. In both cases, it could be seen that the actual errors decreased with the prescribed
tolerance. By construction, the error estimators do not provide an upper bound but are a
first order approximation of the true error. For the considered water supply network, all
error bounds were maintained. For the gas network, the actual errors were slightly larger
than the given tolerance.
The results achieved so far (also in [6–9]) make us confident that the presented techniques to solve simulation tasks can build a reliable basis to address optimal control
problems for gas and water supply networks. In particular, the sensitivity information
computed for the evaluation of the error estimators can be used to compute gradient
information for derivative-based optimization. There, we will have to consider multiple
quantities of interest. These are the objective function of the given task and all constraints, which are supposed to be evaluated within given tolerances as well.
Another part of our future work is the extension of the presented approach to further
applications. The principle of adjoint-based control of model and discretization errors
does not stick to gas and water supply networks. For instance, other transport processes
on networks can be considered. Here, one application we have in mind is traffic flow on
networks.
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Abstract. At the nanoscale, the mechanical properties of materials derive from electrons
repartition. They are determined thanks to the Schrödinger equation which cannot be
solved exactly for general cases. This work uses the Hartree-Fock approximation and the
finite element method to solve it by a variational approach. The finite element method is
based on bounded domain whereas the quantic problem is an unbounded one. The goal
here is to estimate the accuracy of the energy estimation with respect to the size of the
bounded domain considered.

1

INTRODUCTION

To have more information about a material, we study it at smaller and smaller scales.
At the bottom of this hierarchy, atomic scale is of great interest because it appears to be
the ground scale to study the mechanical behaviour of materials. Thereby, it can provide
powerful information and improve the prediction of models considering upper scales. Abinitio simulations are memory-consuming but modern computers offer suitable ability to
handle them.
At the atomic level [1], the electronic structure of a material is described by its wavefunction Ψ and its total energy E. They are the eigenpair of the Schrödinger equation
which reads in atomic units (distances in Bohr – 1 a0 = 5.292 10−11 m – and energy in
Hartree – 1 Ha= 4.360 10−18 J):
1
HΨ = − ∆x Ψ + Vne Ψ + Vee Ψ = EΨ,
(1)
2
where Vee and Vne are respectively electron-electron and electron-nucleus interaction potentials. H is the Hamiltonian operator of the system.
This model provides only a probability description of the atomic system, which is
beyond deterministic description. At a given position, the probability density of the
1
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electrons presence is |Ψ|2 . The probability of presence of all electrons over the whole
space must be equal to 1, and the electrons must satisfy the Pauli exclusion principle.
Therefore, the electronic problem reads:

1

 HΨ = − ∆x Ψ + Vne Ψ + Vee Ψ = EΨ
2
(2)
(Ψ, Ψ) = 1


Ψ (x1 , . . . , xa , . . . , xb , . . . , xNe ) = −Ψ (x1 , . . . , xb , . . . , xa , . . . , xNe ) .

This problem is 3Ne −dimensional, it cannot be solved even numerically for general
cases. Approximations are used to get a computable problem. We consider the HartreeFock approximation and propose to solve it numerically thanks to the finite element
method.
The quantum problem is defined on an unbounded domain whereas finite element
method (FEM) considers a bounded one. The goal is to study, for isolated systems,
the influence of the dimension of the FEM domain on the accuracy of the numerical
results. We focus
 on the electronic energy E as quantity of interest. It is defined by
E = (HΨ, Ψ) = R3Ne Ψ∗ HΨdx where Ψ∗ is the conjugate of Ψ.
2

HARTREE-FOCK APPROXIMATION

We study here only stationary and non relativistic systems, free of external forces.
Nuclear properties are out of scope, therefore, the Born-Oppenheimer approximation is
assumed and the problem includes only the electronic structure. The spin dependency is
ignored.
The Hartree-Fock approximation considers trial wavefunction as a Slater determinant
Ψ0 of ortho-normalized functions ΦHF :



1

Ψ0 (x1 , . . . , xNe ) = √
det ΦHF (x1 ) , . . . , ΦHF (xNe )
,
N!
  ΦHF ⊗ ΦHF dx = I e
R3

with ΦHF : R3 → CNe and ⊗, the tensorial product.
The functions ΦHF are solution of a constrained minimization problem solved thanks
to the Lagrangian:
 


 HF 
HF
HF ∗
L Φ , E = (HΨ0 , Ψ0 ) + Tr E · I −
Φ ⊗Φ
dx ,
R3

where E denotes the Lagrange multiplier matrix used to enforce the orthonormalization
condition and Tr the trace of a tensor. In the approximate problem, the unknowns are
{ΦHF , E, G} where G denotes the Green functions associated with the interelectronic

2
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repulsion. They are defined by the Fock system:
 1



 
 
− ∆ΦHF + Ven ΦHF + T r G ΦHF ΦHF − G ΦHF , ΦHF = EΦHF
2


∗
−∆G ΦHF = 4πΦHF ⊗ ΦHF
(3)
The Hartree-Fock approximation of the energy is


 

1  HF
1
HF
HF
HF
HF
T r (E) +
∇Φ , ∇Φ
E
+ Vne Φ , Φ
+ Vnn .
=
2
2

The dimensionality of the problem, associated with each component of the vector ΦHF
and the matrix G, is 3. We solve them thanks to the finite element method.
3

NUMERICAL RESULTS

We consider the Helium atom, an isolated system of two electrons described by a
unique electronic wavefunction ϕ. The matric E is here a vector with a unique component
e. The wavefunction of this atom respects analytically ϕ (r, θ, z) = eimθ ϕ (r, z) where m
is the second quantum number. Only, the in-plane term ϕ (r, z) is computed thanks to
the finite element method on a semi-disk. On the axial boundary, the condition ∂ϕ
= 0 is
∂r
imposed. On the external boundary, transparent √
conditions are considered, the behavior
is approximated by those of spherical waves ∂ϕ
=
−2eϕ where e is the energy associated
∂r
with the wavefunction ϕ.

Figure 1: FEM domain considered

The equation is solved thanks to a Newton solver. Only the ground state, which
matches the minimal value of the energy is studied. Hydrogenoid orbital is imposed as
initial guess and Lagrange quadratic polynomials are used.
3
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Fig. 2(a) represents the estimation of the electronic energy as a function of the number
of degrees of freedom used to solve the function ϕ. Two values of the radius of the FEM
domain are tested, and the results appear to be dependent of the radius of the domain. To
study that dependance, the problem is solved for many values of radius and the converged
results are plotted on Fig. 2(b). The estimation converges for large radii. The asymptotic
value of e is −0.9187 Ha which is coherent with litterature data [2].

(a)

(b)

Figure 2: Electronic energy for the He atom as a function of:
(a) the number of degrees of freedom used to solve ϕ, for FEM domain of different radii R
(b) the radius of the FEM domain

Using the finite element method to solve the atomic problem appears to be concluant
even if the numerical tool does not consider an unbounded domain of definition. Nevertheless, a criterion is required to validate the value of the radius of the FEM domain.
4

A POSTERIORI ERROR ESTIMATION ON ENERGY

The goal is to estimate the model error between the eigenpairs of solution {ΨRh , ERh }
and {ΨR , ER } computed on a FEM domain of radius Rh and R respectively .
A dual pair {Ψz,R , Ez,R } is associated with the solution {ΨR , ER } and a Lagrangian
is introduced in order to estimate the error with respect to the energy as a minimization
problem:
L (ER , ΨR , Ez,R Ψz,R ) = ER (ΨR , ΨR ) + ((H − ER ) ΨR , Ψz,R ) + Ez,R (1 − (ΨR , ΨR )) , (4)
Similarly, in the case of a domain of radius Rh , the Lagrangian can be written as:
L (ERh , ΨRh , Ez,Rh , Ψz,Rh ) = ERh (ΨRh , ΨRh )
+ ((H − ECI,M ) ΨCI,M , Ψz,M ) + Ez,M (1 − (ΨCI,M , ΨCI,M )) .
4
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4.1

Primal and dual problems

Choosing the energy as quantity of interest, the primal and dual problems are exactly
the same.
The minimum energy of the system is determined as the stationary solutions of the
Lagrangian in (4), with respect to (ΨR , ER , Ψz,R , Ez,R ), such that
∀(δER , δΨR , δEz,R , δΨz,R ) ∈ (R, VR ) ,

∂L
∂L
∂L
∂L
δER +
δΨR +
δEz,R +
δΨz,R = 0.
∂ER
∂ΨR
∂Ez,R
∂Ψz,R

The derivatives with respect to Ψz,R and Ez,R lead to the conditions verified by the
primal state:

(H − E) Ψ = 0
(5)
(Ψ, Ψ) = 1,
ΨR is normalized and solution of the Schrödinger equation HΨR = ER ΨR .
The derivatives with respect to (Ψ, E) impose the conditions verified by the dual state:

Ψz = Ψ
(6)
Ez = E.

Thefore, the dual problem is here directly solved as it is identical to the primal state.
Introducing a dual problem appears to be artificial here but it would be essential for more
general quantities of interest, for which the dual and primal states would differ.
4.2

Error estimation between ER and ERh

Satisfying the conditions (5) and (6), L (ER , ΨR , Ez,R , Ψz,R ) = ER and thus, the difference between these two Lagrangians provides first a representation of the error in energy:
ERh − ER = L (ERh , ΨRh , Ez,Rh , Ψz,Rh ) − L (ER , ΨR , Ez,R , Ψz,R ) .

Let xR = (ΨR , ER , Ψz,R , Ez,R ) denote the solution of Schrödinger model with a domain
of radius R and xRh = (ΨRh , ERh , Ψz,Rh , Ez,Rh ) denote the solution of the surrogate model
on a reduced domain of radius Rh . Let L be the derivative of L. It can be shown [3]
that:
ER − ERh = L (xR ) − L (xRh )
1
1  1 
= L (xRh ) (xR − xRh ) +
L (δxR , δxR , δxR ) s (s − 1) ds
2 
2 0

1
1
−ERh (ΨRh , δΨz,R ) + (∇ΨRh , ∇δΨz,R ) + ((Vne + Vee ) ΨRh , δΨz,R )
=
2
2
1
+ δEz,R (δΨR , δΨR )
2
This last expression is obtained considering optimality conditions. It is true for all
(δEz,R , δΨR , δΨz,R ) ∈ (R, V, V). Therefore, the particular case δEz,R = ER − ERh , δΨR =
5
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ΨR − ΨRh and δΨz,R = ΨR − δΨRh for any δΨRh ∈ VRh can be chosen:


1
1
−ERh ΨRh + (Vne + Vee ) ΨRh − ΨRh , ΨR − δΨRh
ER − ERh =
2
2
1
+ (ER − ERh ) (ΨR − ΨRh , ΨR − ΨRh )
2
Now, the classically evocated stability assumption [4, 5] is considered, according to
which the approximate solution is sufficiently close to the reference solution to admit the
following inequality:
(ΨR − ΨRh , ΨR − ΨRh ) ≤ 1.
(7)
Thus:




1
|ER − ERh | ≤ −ERh ΨRh + ΨRh + (Vne + Vee ) ΨRh  |ΨR − δΨRh |
2

The difficulty remains in estimating the term |ΨR − δΨRh |, which represents the orthogonal part of ΨRh in VR . A first idea is to consider δΨCI,M equal to zero. |Ψ| can be
considered as an unknown constant with respect to the approximate modelling:




1

|ER − ERh | ≤ −ERh ΨRh + ΨRh + (Vne + Vee ) ΨRh (ΨRh ) |ΨR | .
2

Thanks to this strategy, the error between two values of the FEM domain radius can be
estimated. Another interest of this estimate would be to optimize the computer ressources
and efficiently select the numerical characteristics to improve. We consider in the next
section mesh refinement as an alternative way of increasing computation accuracy.
4.3

Error estimation between E and Eh

Let xh = (Ψh , Eh , Ψz,h , Ez,h ) denote the solution of the Schrödinger model and x =
(Ψ, E, Ψz , Ez ) denote the solution of the model on a refined mesh.
Using the same strategy, we obtain:




1

|E − Eh | ≤ −Eh Ψh + Ψh + (Vne + Vee ) Ψh  |Ψ − δΨh |
2
1

Interpolation can be used to consider |Ψ − δΨh | ∼ hk |Ψ| 2 where h is the maximal size
of mesh elements.
Optimizing the number of degrees of freedom is of great interest in the Hartree-Fock
context because the Fock system involves the vectorial unknown ΦHF and the matricial
unknown G. Studying large systems, the total number of degrees of freedom increases
largely due to the number of functions to compute.
6
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5

CONCLUSIONS

The dual residual method provides an estimation of the numerical error in energy in
the Hartree-Fock approximation. Different numerical characteristics can be competitively
improved to optimize computations.
It would be interesting to extend this methodology to other quantities of interest such as
the approximate wavefunction Ψ, or mechanical quantities of interest such as the bonding
force.
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Abstract. This work deals with discretization error on quantities of interest for linear
elasticity problems with stochastic material parameters. We consider here the method
based on the duality approach and the constitutive relation error (CRE). After introducing
the CRE, we first show that guaranteed local error bounds can be obtained. Performances
of the method will be illustrated on 2D examples.

1

INTRODUCTION

In the stochastic case, simulation has become somewhat commonplace, at least in the
domain research domain, thanks to the Karhunen-Loeve and ”polynomial chaos” methods
developed in [1, 2]. Such models are more an more employed nowadays [12, 33, 23, 8, 34, 2].
Conversely, little research has been carried out on the verification of probabilistic models.
Nevertheless, one should mention the error indicators proposed in [25, 18, 11], which are
more error indicators than garanteed bounds.
Research has recently focused on goal-oriented error estimation, i.e. the estimation of
the error on specific outputs of interest which may be relevant for design purposes (see
[1, 17, 26, 6, 28, 31, 35, 9] for an overview). Several techniques have been proposed for goaloriented error estimation, and particularly for linear problems [26, 6, 28, 31, 35, 9, 10]. A
general framework was recently introduced for robust goal-oriented error estimation, and
has the advantage to be valid for a large class of mechanical problems [16, 20, 21]. In this
work, we intend to use this framework in order to extend the goal-oriented error estimation
to stochastic problems. First, we state the problem’s equations, particularly those relative
to uncertainties on the model. To make things clear, we consider the case where the
1

187

E. FLORENTIN∗ , L. CHAMOIN∗ , S. PAVOT∗ AND V. VISSEQ†

data are not completely deterministic. Then, we present the extension to the stochastic
framework of the constitutive relation error concept and dual problem definition. Finally,
the goal-oriented error estimator method is illustrated with numerical test cases.
2
2.1

Reference problem and notations
The stochastic reference problem

We consider an open bounded domain Ω ∈ Rd , with d the spatial dimension, representing a mechanical structure in a given environment (see Fig. 1). This structure, whose
boundary is denoted ∂Ω, is subjected to a prescribed external loading represented by a
displacement field ud over ∂1 Ω ⊂ ∂Ω such that ∂1 Ω = Ø, a traction force density Fd over
∂2 Ω (with ∂1 Ω ∩ ∂2 Ω = Ø and ∂1 Ω ∪ ∂2 Ω = ∂Ω), and a body force field fd within Ω.
∂1Ω
ud

∂2Ω
Ω

Fd

Figure 1: The structure considered and its environment.

The material which constitutes Ω is assumed to linear and elastic, and K denotes the
corresponding Hooke tensor. Nevertheless, we consider random fluctuating material para4
meters so that the Hooke tensor is modeled by a random field K(x, θ) ∈ [L2 (Θ, C 0 (Ω))]d ;
(Θ, F, P ) is a complete probability space defined in the Kolmogorov sense [14], with Θ
the set of possible outcomes, F a σ-algebra of events (subsets of Θ), and P : F → [0, 1] a
probability measure. We assume that the field K(x, θ) is bounded and uniformly coercive,
that is ∃(Kmin , Kmax ) ∈]0, +∞[2 such that :
0 < Kmin ≤ |K(x, θ)| ≤ Kmax

∀x ∈ Ω, almost surely

(1)

Remark 1 In practice, following the Karhunen-Loeve method [22], the stochastic description of K will be limited to a finite number of k independent stochastic variables
ξi (θ) : Θ → R :
k 

K(x, θ) ≈ K̄(x) +
λi ξi (θ)Z i (x)
(2)
i=1

2
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where K̄ = E[K] = Θ KdP is the mean value (or mathematical expectation) of K,
whereas {Z i , λi } are eigenvector/eigenvalue pairs of the covariance operator.
We equip the space (Θ, F, P ) with an L2 -inner product on probability measures, defined
as :

α(θ), β(θ) ≡
α(θ)β(θ)dP
(3)
Θ

where (α, β) is a couple of random variables. The probability measure dP shall be understood as p(α(θ), β(θ))dθ, p being the corresponding probability density. We also define
the following norms on Ω × Θ :
||| • |||K

 
1/2
1/2
 
= E
Tr[ (•)K (•)]dΩ
= E || • ||2K

||| • |||K−1

 
1/2
 
1/2
−1
= E
Tr[•K •]dΩ
= E || • ||2K−1

(4)

Assuming an isothermal state with small perturbations, the quasi-static problem consists
of finding the displacement-stress pair (u(x, θ), (x, θ)) which verifies :
• the kinematic compatibility equations :
u∈U

;

u|∂1 Ω = ud

almost surely

• the equilibrium equations :



∗
∗
∈S ; E
Tr[ (u )]dΩ − fd · u dΩ −
Ω

• the constitutive relation :

∗



Fd · u dS = 0 ∀u∗ ∈ U0

∂2 Ω

Ω

(5)

= K (u)



(6)
(7)

2

U = [L2 (Θ, H 1 (Ω))]d , S = τ ; τ = τ T , τ ∈ [L2 (Θ, L2 (Ω))]d



, and U0 is the vectorial space

associated with U. (•) = 21 [Gradu + GradT u] is the linear strain tensor.
2.2

Discretization errors

The exact solution of problem (5–7) is denoted (uex , ex ). In practice, it is approximated
using a finite element method in space, and a specific numerical technique in the stochastic
dimension :
– non-intrusive methods, such as Monte Carlo methods or regression methods, in which
a set of events is drawn to compute realizations in a deterministic way ;

3
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– intrusive methods, such as the (generalized) polynomial chaos associated with the
stochastic finite element method, which searches an approximate solution in a finite
dimension space. In the polynomial chaos case, this space is defined from a polynomialbasis {Ψα } of variables ξi (θ). Namely, elements of the basis are defined as
Ψα = ki=1 Hαi (ξi ), where Hαi (ξi ) are orthonormal polynomials with respect to the
inner-product defined in (3).
A review on the various possible techniques that yield approximate stochastic solutions
can be found in [4].
The obtained solution is denoted (uh,m , h,m ), with h,m = K (uh,m ), h (resp. m) denoting the discretization in the space (resp. stochastic) dimension. Using then the energetic
norm associated to operator K, we define a measure of the global discretization error :
Eglob = |||uex − uh,m |||K

(8)

We can also define the discretization error on a quantity of interest I(u) representing a
specific feature of the global solution u :
Eloc = I(uex ) − I(uh,m ) = Iex − Ih,m
3
3.1

(9)

Constitutive relation error
Definition and properties

We first introduce the notion of admissibility : a solution (û, ˆ) is said admissible if
û verifies (5) and ˆ verifies (6). We will show in Section 3.2 that such a solution can be
obtained as a post-processing of (uh,m , h,m ).
We then define, for an admissible couple (û, ˆ), the constitutive relation error in a
stochastic sense :
1
ecre (û, ˆ) = √ |||ˆ − K (û)|||K−1 ≥ 0
(10)
2
This is a straightforward generalization of the classical constitutive relation error given
for deterministic models [17] :
1
ecre,spa (û, ˆ) = √ ||ˆ − K (û)||K−1
2

(11)

It is also easy to show that properties of this latter constitutive relation error extend to
the stochastic formulation :
ecre (û, ˆ) = 0 ⇐⇒ (û, ˆ) = (uex ,

almost surely


1
|||uex − û|||2K + ||| ex − ˆ|||2K−1
2
2
ecre (û, ˆ) = 2||| ex − ˆ ∗ |||2K−1

e2cre (û, ˆ) =
with ˆ ∗ = 21 [ˆ + K (û)].

ex )

4
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3.2

Computation of admissible fields

An admissible solution, denoted (ûh,m , ˆh,m ) in the following, is computed from the
approximate solution (uh,m , h,m ) at hand. On the one hand, as regards the kinematically
admissible displacement field ûh,m , we merely choose ûh,m = uh,m even though other
choices would be possible. On the other hand, the computation of a statically admissible
stress field ˆh,m is a technical point of the method. It can be performed using different
techniques [17, 7, 19, 24, 27] ; here, we use the technique recently introduced in [19] which
constitutes a good compromise between quality and computational cost [29, 30].
4

Goal-oriented error estimation

4.1

Adjoint problem

Assuming it is linear with respect to u, the quantity of interest is first written under
the global form :
  

I=
(15)
Tr[˜Σ (u)] + f̃Σ · u dΩdθ
Θ

Ω

where stress ˜Σ (x, θ) and body force f̃Σ (x, θ), which may be explicitly or implicitly given,
are extractors defined on Ω × Θ.
Using the optimal control approach proposed in [3], we define the adjoint problem
related to I ; it consists of finding the displacement-stress pair (ũ(x, θ), ˜(x, θ)) which
verifies :
• the kinematic compatibility equations :
ũ ∈ U

;

ũ|∂1 Ω = 0 almost surely

(16)

• the equilibrium equations :



∗
∗
˜∈S ; E
Tr[(˜ − ˜Σ ) (u )]dΩ − f̃Σ · u dΩ = 0 ∀u∗ ∈ U0
Ω

• the constitutive relation :
4.2

(17)

Ω

˜ = K (ũ)

(18)

Error bounding

We obtain the fundamental relation :

ˆ h,m ))K −1 (
Iex − Ih,m = E
Tr[( ˆ˜h,m − K (ũ
Ω

ex

−



∗
ˆh,m
)]dΩ

c
+ Ih,m

c
is a correcting term that is fully computable ; it is defined as :
where Ih,m


−1 ˆ ∗
c
Ih,m = E
Tr[(ˆh,m − K (ûh,m ))K ˜h,m ]dΩ + I(ûh,m − uh,m )
Ω

5
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∗
with ˆ˜h,m
= ( ˆ˜h,m + K (ûh,m ))/2. Result (19), for which proof can be found in [16, 21],
shows that local error Eloc can be represented from global solutions of both reference and
adjoint problems.

From (19), and using the Cauchy-Schwarz inequality, we finally obtain the guaranteed
upper bounds :


c
ˆ ˆ˜)
|Iex − Ih,m − Ih,m
| ≤ E ecre,spa (û, ˆ) · ecre,spa (ũ,
(21)
ˆ ˆ˜)
≤ ecre (û, ˆ) · ecre (ũ,
The last bounds are easy to implement as far as initial and adjoint problems have their
mean computed separately.
5

NUMERICAL RESULTS

The studied structure is given Figure 2. The Young modulus E1 is partially known.
We assume that the random variable is defined on Ω1 and has a given probability density
with mean m1 and standard deviation σ1 .

ud

Fd

Figure 2: Studied problem

Loading and material parameters are given in the table (Figure 5) :
The studied quantity of interest is the mean horizontal displacement on the application
zone of Fd . More precicely :
 
(22)
I=
f̃Σ · u dΩdθ
Θ

Ω

6
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m1
1

Fd · x ud · y
−1.5
−2

σ1 E2
0.1 2

Figure 3: Loading and material parameters

with :

1
f̃Σ = δx=b x
c
and δx=b is the function that localises I in the physical space.
The exact quantity Iex of interest can be computed using a very fine mesh and a Monte
Carlo full simulation on this simple test example.
Vérification de problèmes éléments finis pour des données incertaines
Iex =

−168.8

La figure
présente un computation
exemple de maillageis
pour
ces deux problèmes
Aci-dessous
finite element
performed
and et
is précise
illustrated
ce que représentent les paramètres h et h̃.

figure 4.

Figure 4: representation of an event for the Mises stress

3.3.2

Using the du
bounding
technique
developped
Discrétisation
domaine des
réalisations

in last section (21) we obtain directly :

Pour un module d’Young aléatoire (E1 ), on a le domaine des réalisations ΩX = R+∗ . En
−189.8 ≤ Iex ≤ −139.4
effet, un module d’Young nul rend le problème mal posé, et un module d’Young
négatif n’a
pas de signification physique. Dans les calculs par tirage de Monte Carlo, on vérifiera donc que
les tirages
situent bien sur la demie-droite positive (E1 > 0).
6 se CONCLUSIONS
Le choix du quadrillage de l’espace des réalisations consiste, en présence d’une seule variable
aléatoire, àIn
définir
despaper,
bornes extrêmes
et une suite de
réalisations
à l’intérieur
de ces bornes,
this
we extended
the
concept
of adjoint
problem to the stochastic case in the
pour lesquelles le calcul du problème direct et adjoint sera réalisé. Une telle détermination a
framework of linear elasticity using the constitutive relation error. This adjoint problem
priori semble à première vue arbitraire (et l’est en partie). Cependant il est possible d’exploiter
can be
used
directly
to estimate
bounds
on quantities
of interest. The tests we carried out
les propriétés
de la
densité
de probabilité
pour déterminer
un quadriage
a priori pertinent.

illustrate the capabilities of this new tool, which provides strict error bounds.
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[18] Ladevèze P, Florentin E. Verification of stochastic models in uncertain environments
using the constitutive relation error method. Computer Methods in Applied Mechanics and Engineering 2006; 196:225–234.
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[29] Pled F, Chamoin L, Ladevèze P. On the techniques for constructing admissible stress
fields in model verification: performances on engineering examples. International
Journal for Numerical Methods in Engineering 2011. doi:10.1002/nme.3180
9

195

E. FLORENTIN∗ , L. CHAMOIN∗ , S. PAVOT∗ AND V. VISSEQ†

[30] Florentin, E., Guinard S., Pasquet, P. A simple estimator for stress errors dedicated
to large elastic finite element simulations : Locally reinforced stress construction.
Engineering Computations. 2011. 28:76-92
[31] Prudhomme S, Oden J.T. On goal-oriented error estimation for elliptic problems: application to the control of pointwise errors. Computer Methods in Applied Mechanics
and Engineering 1999; 176:313–331.
[32] Romkes A, Oden J.T, Vemaganti K. Multiscale goal-oriented adaptive modeling of
random heterogeneous materials. Mechanics of Materials 2006; 38:859–872.
[33] Schueller G. A state-of-the-art report on computational stochastic mechanics. Probabilistic Engineering Mechanics 1997; 12:197–321.
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Abstract. The aim of this paper is to derive an accurate estimation of the local truncation error of partial differential equations, numerically solved using finite differences
or finite volumes approach on structured meshes. In this work, we approximate the local truncation error by means of a modified Richardson extrapolation procedure, which
aims at comparing the residuals on a sequence of grids of different spacings. We focus the analysis on a one-dimensional scalar linear test-case first, in order to check the
accuracy of the estimation of the truncation error, for both finite differences and finite
volumes approaches. Then, we extend the analysis to two-dimensional Euler equations.
We demonstrate in this paper that this approach yields a highly accurate estimation of
the truncation error if some conditions are fulfilled on the accuracy of the restriction
operators.

1

Introduction

The problem of accuracy assessment is a necessary step that follows the code verification
and precedes the code validation. Verification provides evidence that the conceptual model
is solved correctly by the discrete mathematics embodied in the computer code. The
fundamental strategy of verification is the identification, quantification, and reduction of
errors in the computational model and its solution [1, 2]. Numerical errors become, in
this way, an efficient uncertainty estimator.
Since the discretized equations represent approximations to the differential equation,
the exact solution of the latter does not satisfy the difference equation. The imbalance,
which is due to truncation of the Taylor series, is called truncation error.
The exact truncation error formulation can be derived in two distinct ways: by inserting
the exact solution of the differential equation in the discretized equation, or by the use of
Taylor series expansions. The first approach is generally not considered as it requires the
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analytic solution of the differential equation to be solved. The second method has known
more success in order to quantify the error commited in discretizing partial differential
equations, like for instance in [3, 4, 5]. However, the primary issue with these approaches
is the complexity of the related expressions, especially for multi-dimensional problems on
arbitrary grids. The second issue is their lack of generality, as the truncation error differs
from one scheme to another.
Another family of methods employed to study the discretization or truncation error
are based on Richardson extrapolation [6, 7, 8]. The estimation of the discretization error
by Richardson extrapolation is based on the existence of a decomposition in Taylor series
of the solution, then it is assumed a smooth solution of the partial differential equation.
Recent analysis has been performed for instance in [9, 10, 11]. The major advantage of this
approach is that it is independent of the numerical scheme, then easily extendable to any
numerical solver. However, it requires the computation of an approximated solution on
at least two meshes (three if the order of accuracy of the numerical scheme is considered
as an unknown) of different spacings, making it hardly suitable for three-dimensional
industrial applications. On the other hand, the estimation of the truncation error by
means of τ -estimation [8] is an interesting alternative as it does not require the solution
on a secondary grid, but only the computation of the residual. Furthermore, it is closely
linked to the forcing term in the Full Approximation Scheme of the multigrid approach
[7], making it easy to compute in a solver with a multigrid strategy. Extensive analysis
can be found in [12, 13] on the accuracy of the estimation of the truncation error by
τ -estimation, yielding stringent conditions on the restiction operators for transfers from
fine-to-coarse/coarse-to-fine grids. However, much work has been performed using a finite
differences approach while few papers are devoted to its extension on finite volumes solvers.
Syrakos [14] successfully investigated the τ -estimation for finite volumes discretization of
the incompressible Navier-Stokes equations, in order to increase the order of accuracy of
the overall spatial scheme (procedure known as τ -extrapolation [8]). However he does not
provide extensive analyses on the accuracy of the estimations, with respect to restriction
operators or grid non-uniformities. Here, we propose to extend the work of Bernert [12]
and Fulton [13] to finite volumes solvers. We will study the influence of the restriction
operators on the accuracy of the truncation error estimate.
2

Problem formulation

Let’s consider the discretization of a partial differential equation on a grid Ωh indexed
by a mesh size parameter h of the form:
Lh uh = f h := I h f

(1)

where, as mentionned in the last section, I h represents a linear continuum-to-grid Ωh
transfer for the specified f (e.g., pointwise restriction), and uh the converged numerical
solutions. The corresponding local truncation error is defined as
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Lh I h u = f h + τ h → τ h = Lh I h u − I h Lu

(2)

In addition to the discrete equation Eq.2, and considering a Full Approximation multigrid algorithm [8], the coarse-grid equation may be written as
LH ûH = LH (ÎhH ũh ) + IhH (f h − Lh ũh ),

ûH = ÎhH (hit + ũh )

(3)

corresponding to the discrete equation on a coarser mesh ΩH , with mesh ratio ρ =
h/H < 1. In Eq. 3, ũh is the current approximation of the solution (relaxed on the finegrid and not necessarily converged), hit = uh − ũh is the fine grid iteration error whose
low frequencies are to be smoothed, IˆhH represents the fine-to-coarse transfer operator of
the solution whereas IhH represents the fine-to-coarse transfer operator of the residual.
Similarly, introducing the relative local truncation error τhH , Eq.3 may be written as
LH ûH = f H + τhH
τhH = (LH ÎhH ũh − f H ) − IhH (Lh ũh − f h )

(4)
(5)

Our goal is to use τhH to estimate τ H . If this can be done with sufficient accuracy, then
one can use this local error as a mesh adaptation indicator, uncertainty estimator or to
increase the order of accuracy of the spatial scheme.
In case that the fine grid solution is converged, then ũh = uh , and the second right
hand side term of Eq.5 can be neglected.
The following theorem provides the relation between the accuracy of τhH towards τ H
and the order of the restriction operators acting in Eq.5.
Theorem 1 (Truncation Error Estimate) Assume that there exists p ≥ 1 and q, r, s ≥
1 such that if u ∈ C n+p+q (Ω), the truncation error (2) satisfies:
Assuming:
• (A1) Local truncation error of order p: τ h = hp I h v + O(hp+q )
• (A2) Local discretization error of order p: h = hp I h w + O(hp+q )
• (A3) Fine-to-coarse transfer operator of the residual of order r: IhH I h u = I H u +
O(hr )
• (A4) Fine-to-coarse transfer operator of the solution of order s: ÎhH I h u = I H u +
O(hs )
then we get for the linear case:
τhH = (1 − ρp )τ H + IhH Lh hit − LH ÎhH hit + O(hmin(s,p+min(q,r)) )
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and for the non-linear case:

τhH

p

= (1 − ρ )τ

H

+

IhH



∂L  H h
∂L  h
Î  + O(max(hmin(s,p+min(q,r),2p) ), 2it )
 −
∂u H h it
∂u h it

(7)

Detailed proof for both linear and non-linear cases and for converged and non-converged
solution are derived in [15].
The main conclusion of Eq.6 is related with the order of the restriction operators.
Looking at the exponent of the order of magnitude of the remaining term in Eq.6, it can
be deduced that, while linear interpolation is enough accurate to transfer the residual
r ≥ 1, it is necessary to use higher order interpolation s > p to transfer the solution from
fine to coarse mesh. If s ≤ p then the truncation error estimation will be dominated by
a term O(hs ), spoiling the general results of the formula.
3

Analysis on reference problems

3.1

One-dimensional test-case

First, in order to illustrate the accuracy of the estimation of the local truncation error
based on the formulation (5), we consider the 1D diffusion (linear) equation with known
exact solution. In this case, we can compute the exact truncation error by injecting the
exact solution in Eq.2.
The 1D equation considered read:
−u = f,
f (x) = 16 cos(4x)
uex (x) = cos(4x)
u(0) = uex (0), u(1) = uex (1)

(8)

Eq.8 is solved using second order spatial schemes. A finite differences approach associated to second order accurate central scheme for the computation of the second derivative
will be considered. As far as the finite volumes approach is concerned a cell-centered
second order central scheme for the computation of the fluxes will be used. These spatial
discretizations then yield the truncation error formulas of Eq.9 for the finite differences
approach and Eq.10 for the finite volumes approach. The steady-state solution is reached
by the use of a Runge-Kutta relaxation scheme and a multigrid strategy.
hi − hi−1
τ (xi ) = −
3
h



∂ 3u
∂x3



x=xi

h2 − hi hi−1 + h2i−1
− i
12

where hi = xi+1 − xi
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∂ 4u
∂x4



x=xi

+ O(h3 )

(9)
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 3 
 2 
h2i − h2i−1
∂ u
∂
u
h
+
h
i
i−1
h
−
−
τ (xci ) =
2
6(xi+1 − xi ) ∂x3 x=xc
2(xi+1 − xi ) ∂x x=xc
x=xci
i
i
 4 
3
3
hi + hi−1
∂ u
+ O(h3 )
(10)
−
24(xi+1 − xi ) ∂x4 x=xc


∂ 2u
∂x2



i

where xci is the barycenter of the cell delimited by xi and xi+1 , hi = (xi+2 − xi )/2.
It can be observed in Eq.9-10 that the truncation error has two different main contributions. The first right hand terms only appear when non-uniform grids are used. If
the grid is highly distorted, this means that hi − hi−1 ∼ hi and the truncation error
is dominated by these terms. For smooth meshes, e.g. hi − hi−1 ∼ h2i or higher, the
truncation error gets second order precision, which is the known performance of central
schemes on smooth meshes. At this point, it is important to stress that, although for very
distorted meshes where the magnitude of the truncation error becomes first order or of
order unity, the discretization error (for this particular discretization) can be still second
order. The explanation resides in the fact that the truncation error is related not only
with the discretization error itself but also in its smoothness.
It is also worth to mention that Eq.9 (FD) and Eq.10 (FV) differ when the grid is
non-uniform. In the case of highly distorted meshes the finite volumes approach yields an
inconsistency because of the use of non-weighted central scheme for the computation of
the fluxes at the interfaces of the grid cells. However, as we will see later, this term is of
order two when the grid is smooth (e.g. when hi − hi−1 ∼ h2i ) giving the same magnitude
of the truncation error as the finite differences approach.
• Influence of the order of the restriction operator for the solution (ÎhH ) and uniformity
of the grid
The estimation of the local truncation error is performed using several restriction
operators to interpolate the solution from the fine grid level to the first coarse level.
We restrict here the analysis to converged solutions, then the influence of the order
r of the restriction operator for the residual is not considered.
While for finite differences approach the use of injection is trivial, as the computational nodes coincide from fine to coarse grids, for cell-centered finite volumes
approach; full weighting, third and fourth order accurate interpolation methods are
employed. Computations of the estimation of the local truncation error are performed on a set of uniform and smooth non-uniform grids of different sizes. The
non-uniformity is governed by the following equations:

 B=



1+(eα −1)x0
ln 1−(1−e
−α )x
0


sinh(α(η
−B))
i
 xi = x0 1 +
,
sinh(αB)
1
2α
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i−1
,
imax−1

i = 1, ..., imax
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where imax is the overall number of nodes in the x-direction, α controls the stretching and x0 the location in the domain where grid lines are to be clustered. This
distribution yields smooth grids, as the difference of two successive intervals is of
order 2, ensuring that the non-uniform terms of Eq.9-10 do not dominate.
The L∞ norm of the difference between the exact and the estimate of the truncation
error has been computed and reported in Fig.1.
The numerical experiments follow the conclusions of the analysis of section 2. When
injection is used, e.g. when finite differences approach is used, eq.6 holds with
p = q = 2 and s = ∞ then we expect the difference between the exact and the
estimate of the truncation error to be of order four. This has been verified for both
uniform and smooth non-uniform grids (see Fig.1).
When cell-centered finite volumes approach is used, Eq.6 holds with p = q = 2,
s = 3 and s = 4 respectively, then we expect the difference between the exact and
the estimate of the truncation error to be of order three and four respectively. This
has been verified for both uniform and smooth non-uniform grids (Fig.1). When
second order (full-weighting, s=2) operator is used to restrict the solution of the
finite volumes approach, the estimation of the local truncation error is no longer
accurate as the exact truncation error for these particular problems is of order two
itself.
• Boundary condition analysis
The previous analysis has been performed by omitting a boundary strip of length
1/8. In fact in the regions close to the boundaries the L∞ norm of the difference between the exact and the estimate of the truncation error drops to second
order magnitude. This issue has been already reported using a finite differences
methodology by Fulton [13], although no explanation of the causes of this anomaly
is provided. This problem is due to the boundary condition imposed on the coarse
mesh. If we impose the exact solution u∗ in the ghost cell or the exact flux F ∗ at
the boundaries, this adds a source of error in the estimation of the truncation error
using Eq.5. To overcome this problem on a practical side, we can extrapolate the
boundary condition of the coarse mesh from the grid nodes located in the interior
of the domain. To illustrate this problem, in Fig.2 the estimation of the truncation
error is reported imposing Dirichlet boundary condition (Fig.2.a) and extrapolating
the value of the ghost cell from the interior nodes (Fig.2.b-d).
• Iteration error
While the previous analysis has been done at convergence, it is interesting to monitor
the accuracy of the estimation of the truncation error when the solution is not
converged (it = 0). For that purpose, we plot in Fig.3(a)-(b) the evolution of the
L∞ norm of the difference between the exact and estimation of the truncation error
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with respect to the residual of the iterative process. Plots have been obtained on
a uniform 65 × 65 grid, with a finite differences approach, using injection (s = ∞)
or fouth order (s = 4) restriction for the solution and all using full weighting for
the residual. Following Eq.6, we observe the presence of additional terms when the
solution is not converged, related to the iteration error it = 0. When these terms
become negligible then the estimation becomes accurate as noted in Fig.3.
The coarse grid operator and the restriction operators for both the solution and the
residual might be chosen in such a way that the additional terms cancel out. In
the particular case where Lh (respectively LH ) is the discretized operator of second
order derivative using central finite differences, the additional terms cancel out if
the restriction operator for the solution ÎhH is injection and the restriction for the
residual IhH is full weighting, while they do not if fourth order operator is used.
This means, as can be seen in Fig.3, that when injection is used to restrict the
solution and full weighting for the residual, the estimation of the truncation error is
accurate at the first iteration while when fourth order is employed, iterations have
to be performed to damp the additional terms of Eq.6.
This result is of importance for many applications, for instance in dynamic mesh
adaptation, as CPU time might be saved if the estimation of the truncation error is
used to flag regions for refinement. This might be useful especially with meshes of
bad quality since in only a few iterations an estimation of the truncation error will
be available.
3.2

Two-dimensional Euler equations

We solved the 2D Euler equations on quadrilateral-based geometries using the vertexbased finite volumes DLR TAU-Code [18] and the AUSMDV first order upwind scheme
[20]. For the supersonic divergent channel, an analytical solution can be obtained from
the conservation of mass and total enthalpy, assuming an isentropic flow uniform in each
circular section.
The estimation of the truncation error has been performed using a first and second
order restriction operator to transfer the solution from fine-to-coarse meshes. Eq.7 holds
with p = 1, q = 1 and s = 1, 2 for first order and second order restriction operators
respectively.
The L∞ norm of the difference between the exact truncation error and the estimate
for the continuity equation, both for a uniform distribution of nodes and for a smooth
non-uniform distribution (governed by Eq.11) is plotted in Fig.4(c)-(d). As predicted by
Eq.7, the estimation is not accurate when first order interpolation is used to restrict the
solution. An interpolation of order s > p is required. When full weighting is used to
restrict the solution from fine to coarse grid, the difference between the estimation and
the exact truncation error decreases with a second order rate of convergence when the grid
is refined, which ensures that the estimation is accurate when using a first order spatial
scheme.
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4

Conclusion

Accurate estimations of the local truncation error have been successfully perfomed on
finite differences solvers and extended to finite volumes solvers on uniform, and smooth
non-uniform meshes. Conditions on the order of accuracy of the restriction operators
to ensure accurate estimations have been derived and verified numerically on 1D scalar
Poisson equation and 2D Euler equations.
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Figure 1: Error in the truncation error estimate on (a)-(b): uniform grids, (c)-(d): smooth non-uniform
exact truncation error, -o- error
grids. In red, finite differences approach; ..-.. discretization error,
in the estimation (s = ∞: injection). In green, finite volumes approach; ..-.. discretization error,
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Abstract. There is an increasing interest on the use of goal-oriented error estimates
which help to measure and control the local error on a linear or non-linear quantity of
interest (QoI) that might result relevant for design purposes (e.g. the mean stress value in
a particular area, displacements, the stress intensity factor for fracture problems,...). In
general, residual-based error estimators have been used to obtain upper and lower bounds
of the error in quantities of interest for finite element approximations. In this work, we
propose a novel a posteriori recovery technique to obtain an upper error bound of the
QoI. We use a recovery procedure based on the superconvergent patch recovery (SPR)
technique to obtain nearly statically admissible recovered stress fields for the primal and
dual problems. This recovery technique was previously used to obtain upper bounds of
the error in energy norm and has been used in this paper to obtain a computable version
of the upper bound for the quantity of interest.

1

INTRODUCTION

The goal of many numerical computations is the determination of a particular Quantity
of Interest (QoI) which is needed for taking decisions during the design process. It is
also important to be able to guarantee the quality of such analysis by controlling the
error of the approximation used for evaluating the QoI. Most of the techniques used to
obtain error estimates prior to the mid 90s were aimed to bound the global error in
energy norm. The vast majority of these techniques were based on residual-type error
1
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estimators. Recovery based error estimators have been traditionally unable to provide
upper bounds of the discretization error in energy norm because the recovered stress field
used in their evaluation were not statically admissible. However, later works by Diez et
al. [1] and Ródenas et al. [2] have shown a methodology to obtain upper bounds of the
error in energy norm �e� using a recovery-based approach. These references propose the
following equation to evaluate sharp upper bounds of the error in the energy norm:




 ∗

 ∗
2
−1
T
h
h T
�e� ≤
σ −σ
σ − σ dΩ − 2 e · sdΩ − 2
D
eT · rdΓ
(1)
Ω

Ω

ΓN

where D is the material matrix that relates stress and strain, σ h and σ ∗ are the raw
FE and recovered stress fields and ΓN is the Neumann boundary of the domain Ω. A
technique based on the Superconvergent Patch Recovery (SPR) procedure which imposes
local satisfaction of equilibrium in patches of elements is used in this equation to evaluate
a nearly-statically admisible recovered stress field σ ∗ . The last two terms of the equation
are used to account for the lack of internal and boundary equilibrium s and r.
Ródenas et al. [2] indicated that, although the first term in (1) cannot be strictly
considered an upper bound of �e� (the remaining terms are also needed), the evaluation
of this term can be considered as a low-cost computed version of the upper error bound.
Significant advances in the late 90s introduced a new approach focused on the evaluation of error estimates of local quantities which are crucial in applications [3]. Goal
oriented error estimators have been usually developed from the basis of residual formulations and the widely used strategy of solving a dual problem [3, 4]. In order to obtain an
error estimate for the QoI two different problems are solved: the primal problem which
is the FE approximation under consideration, and the dual or adjoint problem which is
related to the (non)linear functional that describes the QoI. In this paper we propose a
technique to evaluate error upper bounds in linear QoIs using an extension of the technique presented in [1, 2]. In section 2 we focus on the representation of the error in the
QoI and the solution of the dual problem. We also discuss the recovery technique used
to obtain an error estimate. Section 3 describes how the expressions of body loads and
boundary tractions required for the stress recovery of the dual problem can be evaluated
for two linear QoI. In section 4 we present some numerical results which include the effectivity index of the proposed error estimator for QoI. Finally, the main conclusions are
drawn in section 5.
2

ERROR IN QUANTITIES OF INTEREST
Consider the linear elastic problem given by
Find u ∈ V : B(u, v) = F (v) ∀v ∈ V


T
T
B(u, v) = (Lv) DLudΩ
F(v) =
v bdΩ +


Ω

Ω

2
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where b is the vector of body loads, t are the tractions imposed along ΓN and L is the
differential operator used to obtain the strains ε.
Let uh ∈ V h ⊂ V be an approximate FE solution of the problem in (2) and Q a
bounded linear functional representing some quantity of interest. The goal is to estimate
the error in Q(u) when calculated using the value of the approximate solution uh :
Q(u) − Q(uh ) = Q(u − uh ) = Q(e)

(4)

A standard procedure to evaluate Q(e) consists of solving the auxiliary or adjoint
problem defined as
Find wQ ∈ V : B(u, wQ ) = Q(v) ∀v ∈ V

(5)

It can be proved that the error in estimating the quantity Q(u) using uh is given by





Q(e) = B(e, eQ ) =
σ p − σ hp D−1 σ d − σ hd dΩ
(6)
Ω

where σ p is the stress field associated with the primal solution and σ d is the one associated
with the dual solution. Using the expression for the Zienkiewicz-Zhu [5] error estimator
in energy norm, we can derive an estimate for the error in the QoI which under the
assumption of statically admissible recovered stress fields for the dual and the primal
problems σ ∗p and σ ∗d provides an upper error bound for the QoI:

 ∗



Q(e) ≤ Q(ees ) =
σ p − σ hp D−1 σ ∗d − σ hd dΩ
(7)
Ω

where σ ∗p , σ ∗d represent the recovered stress fields for the primal and dual problems.
Recovery based error estimators have been traditionally unable to provide upper bounds
of the discretization error in QoIs because the recovered fields were not statically admissible. In fact, previous works in errors in QoIs based on recovery techniques [6] indicated
that no error bounds can be obtained in this fashion.
In order to obtain nearly statically admissible recovered fields both for the primal and
dual solutions, we propose the use of the equilibrated recovery-based techniques introduced in [7, 8] and then used in [1, 2] to obtain upper bounds of the error in energy norm
respectively in FEM and XFEM. This technique, which is an enhancement of the superconvergent patch recovery (SPR) proposed in [9], enforces the fulfilment of the internal
and boundary equilibrium equations locally at patches. For problems with singularities
the stress field is also decomposed into two parts: smooth and singular, which are then
separately recovered.
Note that the computed version of the error upper bound proposed in (7) neglects the
effect of the equilibrium residuals in σ ∗p and σ ∗d . The numerical results will show that
despite of this assumption, upper error bounds of the QoIs are still obtained in most cases.
In the cases where the upper bound property is not achieved only a very small level of
underestimation is obtained.
3
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3

BODY LOADS AND BOUNDARY TRACTIONS FOR THE DUAL PROBLEM

The recovery procedure based on the SPR technique relies on the values of b and t
to impose the internal and boundary equilibrium equations, which are already available
for the primal problem (bp and tp ). Although the values of body forces and boundary
tractions bd and td are not known for the dual problem, we can easily find their expressions
associated to certain linear QoIs like the mean values of displacements and stresses in a
sub-domain of interest Ωi .
3.1

Mean displacement in Ωi

Assume that we want to evaluate the mean value of the displacements in a sub-domain
of interest Ωi . The QoI can be evaluated as:

1
uT cu dΩ
(8)
Q(u) = ūi =
|Ωi | Ωi
where |Ωi | is the volume of Ωi and cu is a vector used to select the appropriate component
of u. For example cu = {1, 0}T if we are interested on the first component of u. Now,
considering v ∈ V in (8):



cu
T
Q(v) =
dΩ
(9)
v
|Ωi |
Ωi
Note that the term cu /|Ωi | formally correspond to a vector of body forces in (2).
Therefore we can say that bd = cu /|Ωi | is a constant vector of body loads that applied
in the sub-domain of interest Ωi can be used in the dual problem to extract the mean
displacements.
3.2

Mean strain in Ωi

In this case we are dealing with first derivatives of displacements. Consider for example
ǫxx . This term can be expressed as:
  

 

 
∂ ∂
∂ux
1 0 ux
u
u
=∇·
=∇·
ǫxx =
=
= ∇ · (Cxx u)
(10)
0 0 uy
0
0
∂x
∂x ∂y
The components of the strain vector are then given by:
ǫxx = ∇ · (Cxx u)
with
Cxx



1 0
=
0 0

ǫyy = ∇ · (Cyy u)


Cyy



0 0
=
0 1
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ǫxy = ∇ · (Cxy u)

Cxy





0 1
=
1 0

(11)
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Taking (11), the mean value of the strain ǫxx in Ωi can be evaluated as:


1
1
Q(u) = ǭxx =
ǫxx dΩ =
∇ · (Cxx u) dΩ
|Ωi | Ωi
|Ωi | Ωi

Considering the divergence theorem the previous equation can be writen as:

1
(Cxx u)T ndΓ
Q(u) = ǭxx =
|Ωi | Γi

(12)

(13)

where n is the unit outward normal vector. The domain integral is then transformed into
a contour integral. Finally, considering v ∈ V in the previous expression and reordering
we obtain:
 T 

Cxx n
T
Q(v) =
dΓ
(14)
v
|Ωi |
Γi


Note that the term CTxx n / |Ωi | formally correspond to a vector of boundary tractions


in (2). Therefore we can say that td = CTxx n / |Ωi | is a vector of boundary tractions
that applied along the boundary of the sub-domain of interest Γi can be used to extract
the mean strain in Ωi .
3.3

Mean stress value in Ωi

Let us consider now as QoI the mean stress value σi which reads:

1
σi dΩi
Q(u) = σi =
|Ωi | Ωi

(15)

The stress components are linear combinations of the strain components. A linear
combination of strains ǫη is given by
ǫη = cǫxx ǫxx +cǫyy ǫyy +cǫxy ǫxy = cTǫη ǫ = ∇·((cǫxx Cxx +cǫyy Cyy +cǫxy Cxy )u) = ∇·(Ru) (16)
where
R = cǫxx Cxx + cǫyy Cyy + cǫxy Cxy

(17)

Finally, we could evaluate an expression similar to (14) for any combination cǫ of the
strain components as:
 T 

R n
T
dΓ
(18)
v
Q(v) =
|Ωi |
Γi
where R is evaluated using (17).
Any combination of stress components σα can be expressed as:
σα = cTσα σ = cTσα Dǫ = cTǫη ǫ

(19)

where cσα is the vector used to define the combination of stress components and cǫη defines
its corresponding combination of strain components. Therefore, one could evaluate the
mean value of any combination cσα of stress components in Ωi using (18), where R is
evaluated using the coefficients of cTǫη = cTσα D in (17).
5

213
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4

NUMERICAL RESULTS

In order to analyse the performance of the proposed technique, a problem with known
exact solution has been considered. In Figure 4, the model for a pipe under internal
pressure and the initial mesh are represented. The domain of interest is defined by using
an arbitrary closed polygon, in this case denoted by a yellow square. Material properties,
loads and the analyticalsolution are also defined in the figure, where for a given point
(x, y) we have that r = x2 + y 2 , φ = arctan(y/x) and k = b/a.

Zone 1

E = 1000, ν = 0.3, a = 5, b = 20, P = 1


b2
P (1 + ν)
(1 − 2ν)r +
ur =
E(k 2 − 1)
r


2
b
P
σr = 2
1− 2
k −1
r


b2
P
σt = 2
1+ 2
k −1
r
2
σxx = σr cos (φ) + σt sin2 (φ)
σyy = σr sin2 (φ) + σt cos2 (φ)
σxy = (σr − σt )sin(φ)cos(φ)
P
σz = 2ν 2
k −1

Zone 2
b

P
a

Figure 1: Pipe under internal pressure. Model and analytical solution, the domain of interest Ωi is
indicated in yellow.

Two linear quantities of interest have been considered for this problem, the mean
displacements and the mean stresses in the domain of zone. The h-adaptive FE code
used in the numerical examples is based on cartesian meshes independent of the problem
geometry, with linear quadrilateral (Q4) elements.
4.1

Mean displacements in Ωi

In this case, the main objective is to evaluate the mean displacement ux in Ωi . The
h-adaptive procedure is guided by the error estimation in the QoI.
Figure 2 shows a sequence of the four first meshes in the refinement process guided by
the error estimate for the QoI. Table 1 shows the convergence of the h-adaptive process.
The exact value of the QoI is ux = 0.002238239291713. This table indicates the exact
error of the QoI Q(e), the estimated error of the QoI Q(ees ), the effectivity of the QoI
θQoI = (Q(uh ) + Q(e))/Q(u) and the effectivity of the error estimator θ = Q(ees )/Q(e).
The effectivity of the error estimator converges and is very close to one, which is the
6
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expected theoretical value. It also overestimates the true error, providing an upper bound
as shown in Figure 3b. Moreover, the results indicate that the QoI is accurately evaluated
as the effectivity of the QoI is practically one. Figure 3a shows that the h-adaptive process
has a stable convergence.

a) Mesh 1

b)Mesh 2

c) Mesh 3

d)Mesh 4

Figure 2: Pipe under internal pressure. Sequence of meshes for the mean displacement in a domain of
interest.

4.2

Mean stresses in Ωi

Consider as QoI the mean stress value σx given in (15). The model and domain of
interest Ωi are those shown in section 4.
Figure 4 shows a sequence of the four first meshes of linear elements used in the refinement process guided by the error estimated for the QoI. Table 2 shows the convergence
of the h-adaptive process. This table indicates the exact error of the QoI Q(e), the estimated error of the QoI Q(ees ), the effectivity of the QoI θQoI and the effectivity of the
error estimator θ, as in the previous case. The exact value of the QoI is σx = 0.06̄. The
results presented in Figure 5 clearly show that the proposed methodology accurately evaluates the error in the QoI. Table 2 shows that, although the method proposed is only a
computed version of the upper bound given in (7) as statical admissibility is only partially
7
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Table 1: Pipe under internal pressure. Convergence of QoI, mean displacements

Q(e)

Q(ees )

θQoI

θ

1.666604 · 10−5
1.302659 · 10−6
1.693087 · 10−7
2.217745 · 10−8
3.467689 · 10−9

1.671996 · 10−5
1.376840 · 10−6
1.777029 · 10−7
2.310459 · 10−8
3.544779 · 10−9

1.00002409
1.00003314
1.00000375
1.00000041
1.00000003

1.00323511
1.05694600
1.04957946
1.04180541
1.02223102

Dof

10−2

1.1

e
ees

Effectivity (θ)

Relative error QoI

528
1,711
11,488
74,372
549,626

10−4

10−6
102

103

104
105
NDoF

1.05
1
0.95
102

106

a) Relative error

103

104
105
NDoF

106

b) Global efectivity

Figure 3: Pipe under internal pressure. Convergence analysis of QoI, mean displacements

satisfied, in most of the cases the method overestimates the true exact error in the QoI.
Table 2 also shows that the value of the QoI obtained after considering its estimated error
is very accurate.
5

CONCLUSIONS AND FUTURE WORK.

We have presented a recovery-based error bounding technique for quantities of interest.
The technique is based on the use of a recovery technique that provides locally equilibrated
stress fields for both the primal and the dual problem. The computed version of the upper
Table 2: Pipe under internal pressure. Convergence of σ̄x

Dof
528
2,024
11,431
72,139
494,337

Q(e)

Q(ees )

θQoI

θ

−1.738886 · 10−3
−2.599536 · 10−5
2.439647 · 10−6
2.019382 · 10−6
1.769040 · 10−7

−1.687560 · 10−3
−3.596610 · 10−5
2.419110 · 10−6
2.148944 · 10−6
1.818697 · 10−7

1.00076988
0.99985044
0.99999969
1.00000194
1.00000007

0.97048359
1.38355873
0.99158191
1.06415931
1.02806990

8
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a) Mesh 1

b)Mesh 2

c) Mesh 3

d)Mesh 4

1.4

e
ees

10−2

Effectivity (θ)

Relative error QoI

Figure 4: Pipe under internal pressure. Sequence of meshes for the mean stress in a domain of interest.

10−4

102

103

104
105
NDoF

106

1.2

1
102

a)Relative error evolution

103

104
105
NDoF

106

b) Global efectivity

Figure 5: Pipe under internal pressure. Convergence analysis of σ̄x

error bound neglects the smalls lacks of equilibrium finally obtained in the recovered
stress fields. However, the numerical results clearly indicate that the proposed technique
provides practical sharp upper error bounds for the QoI.
Future work will include the extension of the proposed technique to other QoIs of
9
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practical interest like the evaluation of the stress intensity factor in fracture problems.
Reference [10] presented a recovery technique based on an equilibrated Moving Least
Squares approach which avoids the use of the corrections terms in (1). An extension of
the work presented in [10] to upper error bounding in QoI is now under development.
6
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Abstract. This papers presents a new technique aimed to obtain upper bounds of
the error in energy norm using a recovery-based procedure which correctly enforces the
satisfaction of the boundary equilibrium equation. In a previous work considering a
moving least squares (MLS) approach to recover the stress field, the continuity is satisfied
because of the MLS properties and Lagrange multipliers are used to impose equilibrium
equations. The boundary equilibrium on patches that intersect the contour is enforced in
the three closest nodes along the boundary to the centre of the support. Therefore, the
equilibrium condition is not exactly satisfied along the Neumann boundary.
In this paper, we propose for the same patches a new procedure which considers the
enforcement of the equilibrium equation on the nearest point to the boundary. Thus, the
boundary equilibrium condition is fully satisfied as we approach the boundary. Furthermore, instead of using Lagrange multipliers, the equilibrium conditions are embedded in
the linear system by introducing them in the minimization functional.
Numerical results show an improvement on the accuracy of the error estimate based on
the proposed technique and that, up to machine precision, the estimate is a computable
sharp upper error bound.
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1

INTRODUCTION

During the last decades numerical techniques, such as the finite element method (FEM),
have been used to approximate the solution of real problems both in industry and in research. In order to assess the quality of these approximations it is necessary to evaluate
the error committed in the simulation. Current methods used to estimate the discretization error of finite element (FE) solutions are usually classified into residual based and
recovery based error estimators [1, 2].
Error estimators can normally over estimate or under estimate the exact error. For
this reason, the use of bounding techniques which guarantee certain level of accuracy is
preferred. Traditionally, residual methods are considered to have a sounder mathematical
basis and naturally provide upper and lower error bounds [1]. Dual analysis techniques
have been used in [3] to obtain upper error bounds from an equilibrated and a compatible
finite element solutions. However, the use of recovery based estimators is more widespread
due to their robustness and simple implementation into existing FE codes. In a seminal
work, [4] proposed a recovery based error bounding technique. These authors obtained an
upper error bound using a recovered stress field that almost satisfies the equilibrium and
compatibility equations, and then correct the estimate evaluated with this field with a
term that takes into account the lack of equilibrium. Later, [5] enhanced the previous work
and extended it to the XFEM framework. Although the technique provides very precise
upper error bounds, it requires the evaluation of special terms to account for the lacks
of equilibrium. Such correction terms involve the evaluation of the exact displacement
error which is in general unknown and, therefore, the terms are approximated using a
projection procedure.
The objective of the present paper is to develop a technique to evaluate upper bounds
of the discretization error for FEM that does not require the evaluation of any correction
terms. The proposed technique uses an equilibrated moving least squares (MLS) formulation to recover the stress field. The paper is organized as follows: in Section 2 we
present the reference problem. Section 3 deals with the main aspects of error estimation
and error bounding in FE approaches. In Section 4 we focus on the development of an
equilibrated recovery technique based on a MLS formulation. Finally, numerical results
are presented in Section 5, and conclusions are drawn in Section 6.
2

PROBLEM STATEMENT

Let us consider the 2D linear elastic problem. The unknown displacement field u,
taking values in Ω ⊂ R2 , is the solution of the boundary value problem given by
−∇ · σ (u) = b
σ (u) · n = t
u=0

in Ω
on ΓN
on ΓD

(1)
(2)
(3)

where ΓN and ΓD denote the Neumann and Dirichlet boundaries with ∂Ω = ΓN ∪ ΓD
2
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and ΓN ∩ ΓD = ∅. The Dirichlet boundary condition in (3) is taken homogeneous for
simplicity.
The weak form of the problem reads: Find u ∈ V such that
∀v ∈ V

a(u, v) = l(v),

(4)

where V is the standard test space for the elasticity problem such that V = {v | v ∈
H 1 (Ω), v|ΓD (x) = 0}, and



t · vdΓ,
(5)
σ(u) : (v)dΩ
l(v) :=
b · vdΩ +
a(u, v) :=
Ω

Ω

ΓN

where σ and  denote the stress and strain operators.
3

ERROR ESTIMATION IN ENERGY NORM

The discretization error is defined as the difference between the exact solution u and
the finite element solution uh : e = u−uh . Since the exact solution is in practice unknown,
in general, the exact error can only be estimated. To obtain an estimation of e, norms
that allow a better interpretation of the error are normally used. The Zienkiewicz-Zhu
error estimator [6] defined as

 ∗
T


2
2
e ≈ ees  =
σ − σ h D−1 σ ∗ − σ h dΩ
(6)
Ω

relies on the recovery of an improved stress field σ ∗ , which is supposed to be more accurate
than the FE solution σ h , to obtain an estimation of the error in energy norm ees . D is
the elasticity matrix of the constitutive relation σ = Dε.
4

EQUILIBRATED MLS RECOVERY TECHNIQUE

The proposed recovery technique is based on a MLS procedure which provides a continuous recovered field σ ∗ that directly satisfies the internal and boundary equilibrium
equations.
The MLS technique is based on a weighted least squares formulation biased towards the
test point where the value of the function is asked. The technique considers a polynomial
expansion for each one of the components of the recovered stress field in the form:
σi∗ (x) = p(x)ai (x) i = xx, yy, xy

(7)

where p represents a polynomial basis and a are unknown coefficients. In a 2D problem
these can be coupled for the three stress components into P and A. Suppose that there
are n sample points with coordinates xl , l = 1, . . . n, in the support corresponding to a
point x. To obtain values for the coefficients A, the following functional is minimized:
χ=

n

l=1

n

2 

2
W (x − xl ) σ ∗ (x, xl ) − σ h (xl ) =
W (x − xl ) P (xl ) A (x) − σ h (xl )
l=1

3
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Evaluating ∂χ/∂A = 0 and reordering results in the linear system M(x)A(x) = G(x)
used to evaluate A, where
M (x) =

n

l=1

W (x − xl ) PT (xl ) P (xl )

,

G (x) =

n

l=1

W (x − xl ) PT (xl ) σ h (xl ) (8)

In the above equations W is the MLS weighting function, which in this paper has been
taken as:


(x − xl )2 + (y − yl )2
1 − 6s2 + 8s3 − 3s4 if |s| ≤ 1
W (x − xl ) =
with s =
(9)
rω
0
if |s| > 1
where s denotes the normalized distance function and rω the distance that defines the
support size. Continuity in σ ∗ is directly provided by the MLS approach. The following
section is devoted to the satisfaction of equilibrium.
4.1

Internal and boundary equilibrium

The enforcement of the internal and the boundary equilibrium equations for stress
recovery has been previously considered in the literature as a mean to improve the quality
of the recovered field [5, 4, 7, 8, 9, 10, 11]. Note that equilibrium is not fully satisfied
in these references. In [4, 5] correction terms to account for the lack of equilibrium were
used to obtain upper bounds.
The boundary equilibrium equation must be satisfied all along the contour. To impose
the boundary constraints in a smooth continuous manner avoiding the introduction of
discontinuities in the recovered field, we have followed a nearest point approach. For a
point x with a support intersecting the boundary, the equilibrium constraints are imposed
only in the closest points to x on each contour as shown in Figure 1.
The boundary constraints are introduced to the functional in (8) in a weak sense. First,
let us express the stress vector in a coordinate system x y  aligned with the contour such
that x is the outward normal vector, rotated an angle α with respect to x:
σ  (x) = R(α)σ(x)

(10)

where R is the stress rotation matrix.
The expression for the MLS functional incorporating the boundary constraints reads:
χ=

n

l=1

nbc

2 

2
ex
W (x−xl ) σ ∗ (x, xl ) − σ h (xl ) +
W  (x−xj ) σi (x, xj ) − σ  i (xj )

(11)

j=1

where nbc is the number of points xj on the boundary used to enforce the known boundary
constraints σ  ex
i (in general, those would be the normal σx x and tangential σx y  stresses).
4

223
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Support centre
Boundary points
Sample points

Figure 1: MLS support with boundary conditions applied on the closest boundary points.

W  is a weighting function whose value increases as we approach the boundary (when
x → xj , s → 0 ), thus increasing the weight of the boundary constraint in the functional,
and it is defined as:

1
W (x − xl )  − 6s + 8s2 − 3s3 if |s| ≤ 1

W (x − xl ) =
= s
(12)
0
s
if |s| > 1
The recovered stress field σ ∗ must also satisfy the internal equilibrium equation
∇σ ∗ + b = 0

(13)

To impose the fulfilment of this equation the spatial derivatives of σ ∗ must be evaluated.
The partial derivative of σ ∗ with respect to x reads




∂P
∂A
∂σ ∗
=
A+P
(14)
∂x
∂x
∂x
The first term in (14) can be directly evaluated differentiating the polynomial basis.
Previous works have only considered this first term in the satisfaction of the internal
equilibrium equation, thus only providing a pseudo-satisfaction [12] of this equation. To
obtain the second term we derive the linear system MA = G with respect to x and
replace in (14). Finally, the following expression is obtained:


∂σ ∗
∂P
∂G
−1 ∂M
=
− PM
A + PM−1
(15)
∂x
∂x
∂x
∂x

5
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with
n

nbc

 ∂W  (x − xj )
∂M  ∂W (x − xl ) T
=
P (xl )P(xl ) +
PT (xj )rTi ri P(xj )
∂x
∂x
∂x
j=1
l=1
n

(16)

nbc

 ∂W  (x − xj )
∂G  ∂W (x − xl ) T
ex
h
=
P (xl )σ (xl ) +
PT (xj )rTi σ  i (xj )
∂x
∂x
∂x
j=1
l=1

(17)

The derivatives of W and W  are easily obtained from (9 ) and (12). Following the
same procedure similar expressions are obtained for the partial derivative with respect
to y. Observe that the derivatives of σ ∗ are expressed as a function of A, the vector of
unknowns. With these expressions one can easily impose the two constraints equations
required to satisfy the internal equilibrium equation in 2D using Lagrange multipliers.
5

NUMERICAL EXAMPLES

In this section numerical tests using 2D benchmark problems with exact solution have
been used to investigate the quality of the proposed technique. Sequences of uniformly refined irregular meshes with linear (TRI3), quadratic (TRI6) triangles and linear (QUAD),
quadratic (QUAD8) quadrilaterals elements have been considered for the analyses. A
support size with a radius approximately two times the average size of the surrounding
elements has been used to perform the MLS recovery, with 19 sample points in triangular
elements and 25 sample points for quadrilaterals. To evaluate the performance of the
technique we have used the global effectivity index of the error in energy norm θ given by
θ=

ees 
eex 

(18)

where eex  denotes the exact error in energy norm, and ees  represents the evaluated
error estimate. At element level, the distribution of the local effectivity index D, its mean
value m(|D|) and standard deviation σ(D) have been analysed, as described in [11]:
D = θe − 1 if θe ≥ 1
1
D = 1 − e if θe < 1
θ
5.1

with

θe =

eees 
eeex 

(19)

2×2 square with a 3rd-order polynomial solution

The 2×2 square model shown in Figure (2) is analysed, with material parameters of
Young’s modulus E = 1000 and Poisson’s ratio ν = 0.3, considering plane strain
condition. Dirichlet boundary conditions are indicated in Figure (2), Neumann boundary
conditions have been applied along the highlighted boundaries.
Figure (3) shows the evolution of the global effectivity index θ and the mean absolute
value m(|D|) and standard deviation σ(D) of the local effectivity index for the different types of elements considered. In this example, the effectivity index converges to the
6
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2
y

2

x

u(x, y) = x + x2 − 2xy + x3 − 3xy 2 + x2 y
v(x, y) = −y − 2xy + y 2 − 3x2 y + y 3 − xy 2
E
(1 + 2x − 2y + 3x2 − 3y 2 + 2xy)
σxx =
1+ν
E
σyy =
(−1 − 2x + 2y − 3x2 + 3y 2 − 2xy)
1+ν
x2 y 2
E
(−x − y +
+
− 6xy)
σxy =
1+ν
2
2
E
(1 + y)
bx (x, y) = −
1+ν
E
by (x, y) = −
(1 − x)
1+ν

Figure 2: 2×2 square plate.

theoretical value (θ = 1) rapidly from the first meshes and displays high accuracy. Compensations between underestimated and overestimated areas of the domain might result
in misleading values of θ, to take this into account we will consider the parameters m(|D|)
and σ(D) which are expected to decrease when we increase the level of refinement. The
global parameters m(|D|) and σ(D) in Figure (3) decrease for finer meshes showing a
good performance of the error estimator.
Figure (4) shows the distribution of the local effectivity on a set of TRI3 meshes,
Figure (5) displays the results for a set QUAD4 meshes. In both cases we can observe an
homogeneous distribution of the local effectivity and good results along the boundary of
the problem. In addition, D decrease for finer meshes and we have always values within
a very narrow range. The results show that the technique provides an exact estimation
of the error in energy norm, with an underestimation in some of the meshes so small that
the estimate can be considered a practical upper bound.
5.2

Thick-wall cylinder subjected to an internal pressure.

The geometrical model for this problem is shown in Figure (6). Due to symmetry
conditions, only one part of the section is modelled. We assume plane strain condition,
dimensions and material properties are a = 5, b = 20, P = 1, E = 1000 and ν = 0.3. The
exact solution to this problem
 is given by the expressions in Figure (6), where for a point
(x, y) we have c = b/a, r = x2 + y 2 and φ = arctan(y/x).
Figure (7) shows the values obtained for θ, m(|D|) and σ(D) for the chosen meshes.
Results for this problem indicate a very good agreement with the observations made for
the square plate problem. Note that with the proposed technique we obtain very accurate
values of θ, especially for linear elements, and the error estimate converges to the exact
value with an increase of the number of degrees of freedom (dof). For linear elements the
7
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TRI3
dof
θ
102 0.991
366 0.995
1374 0.996
5310 0.998

θ
1.01

TRI3
QUAD4
TRI6
QUAD8

1.005
1

TRI6
QUAD8
dof
θ
dof
θ
366 0.996
286 1.001
1374 0.998 1054 1.001
5310 0.999 4030 1.001
20862 0.999 15742 1.000

0.995
0.99
102

103
dof

QUAD4
dof
θ
102 0.997
366 1.005
1374 1.003
5310 1.002

104

m(|D|)

σ(D)
10−1

10−2
10−2
TRI3
QUAD4
TRI6
QUAD8

10−3
102

TRI3
QUAD4
TRI6
QUAD8

103
dof

104

102

103
dof

104

Figure 3: Square with uniformly refined meshes. Global indicators θ, m(|D|) and σ(D).

Figure 4: Square with TRI3 elements. Distribution of the effectivity index D.

effectivity index is very close to the theoretical value θ = 1, with a maximum value of
1.165 for the second QUAD4 mesh. For quadratic meshes the maximum value obtained
is θ = 2.509. The results in Figure (7) indicate that the estimator performs satisfactorily
8
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Figure 5: Square with QUAD4 elements. Distribution of the effectivity index D.

y

ur
σr
σt
b

a

σxx
σyy
σxy

P
x

σz



b2
P (1 + ν)
r (1 − 2ν) +
=
E(c2 − 1)
r


b2
P
1− 2
= 2
c −1
r


b2
P
1+ 2
= 2
c −1
r
2
= σr cos (φ) + σt sin2 (φ)
= σr sin2 (φ) + σt cos2 (φ)
= (σr − σt ) sin(φ) cos(φ)
P
= 2ν 2
k −1

Figure 6: Thick-wall cylinder subjected to internal pressure.

for the different sequences of meshes analysed as m(|D|) and σ(D) tend to zero when we
increased the number of dof. The results for this problem show that, up to the error due
to machine precision, the error estimate can be considered as a computable upper bound
of the exact error.
Figure (8) shows the distribution of the local effectivity index D in a sequence of meshes
with linear triangular elements (TRI3). The figure displays an uniform distribution of the
local effectivity at each mesh, with a range between [−0.82, 0.82] for the coarsest mesh.
The equilibrium enforcement improves the solution especially along the boundary, where
it is well known that recovery techniques tend to perform badly. Note also that the local
values improve as we refine the meshes and that, for the last mesh in the sequence, the
local effectivity is now within the range [−0.27, 0.27].
Figure (9) shows the distribution of the local effectivity index D in a sequence of meshes
with linear quadrilateral elements (QUAD4). Again, we can see an uniform distribution
9
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Figure 7: Cylinder with uniformly refined meshes. Global indicators θ, m(|D|) and σ(D).

Figure 8: Cylinder with TRI3 elements. Distribution of the effectivity index D.

of the local effectivity at each mesh and that the local effectivity improves as we refine
the meshes.
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Figure 9: Cylinder with QUAD4 elements. Distribution of the effectivity index D.

6

CONCLUSIONS

In this paper, the use of an equilibrated moving least squares recovery technique for
FEM problems has been investigated. The proposed technique imposes internal and
boundary equilibrium constraints in the MLS formulation to obtain an statically admissible recovered stress field. As the obtained MLS recovered field is continuous and statically
admissible, we can evaluate a computable upper error bound which is accurate up to the
errors due to machine precision.
The technique presented here has been validated using examples with known analytical
solution. The numerical results have shown the accuracy of the proposed technique, which
provides values of the effectivity index that converge and are very close to the theoretical
value θ = 1. The distribution of the local effectivity at the elements is homogeneous
for the problems considered, and the mean value m(|D|) and standard deviation σ(D)
decrease as we increase the number of dof.
7
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11

230
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Abstract. Shape optimization of complex structures usually involve large numerical
models and therefore objective functions with very high computational costs. The Finite
Element Method over Polynomial Algebra (FEMPA) is one of many tools developed with
the goal of building surrogate models of this function. This technique was first developed
for model updating purposes and is implemented here in the frame of shape optimization.
FEMPA introduces the dependence over the design parameters into the numerical model
without changing its finite element basis. This introduction is done by building vector
fields over a multivariate polynomial ring instead of the real algebraic field. It leads to
a high quality surrogate model with reasonable computational times. Here, we show the
FEMPA performances taking as an example the shape optimization of a 2D truss.
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1

INTRODUCTION

Shape optimization [1] of complex structures usually involve large numerical models
and therefore objective functions with very high computational costs. Therefore, many
methods have been developed with the goal of building surrogate models of this function.
They can be divided into two categories.
On the first hand, we have techniques that rely on evaluations of the numerical model for
several sets of parameters, like the Proper Orthogonal Decomposition [2], Kriging [3] or
the Monte Carlo methods[4]. A specific a posteriori post-processing builds a dependence
of the objective function over the parameters. The quality of the surrogate model depends
on the choice of the evaluation points, which can become a sensitive issue.
This concern is avoided by the second category of methods such as the perturbation theory
[5], the asymptotic methods [6] or the Stochastic Finite Elements [7]. They enrich the
Finite Element basis where the solution is searched, in order to introduce the dependence
over the parameters into the numerical model. This approach leads to a more accurate
surrogate model but is more difficult to implement and can cause high computational
costs.
In this work, we use the Finite Element Method over Polynomial Algebra (FEMPA) [8]
in order to approximate the objective function. This technique was first developed for
model updating purposes and is implemented here in the frame of shape optimization.
FEMPA introduces the dependence over the design parameters into the numerical model
without changing its finite element basis. This introduction is done by building vector
fields over a multivariate polynomial ring instead of the real algebraic field. It leads to a
high quality surrogate model with reasonable computational times.
At first, we will describe the multivariate polynomial ring over which we build vector fields.
Then, we will show how on a 1D bar example how to use this ring to solve a parameterized
finite element problem with FEMPA. Finally, we show the FEMPA performances taking
as an example the shape optimization of a 2D truss.
2
2.1

THE MULTIVARIATE POLYNOMIAL RING
Set of polynomials

Let P(nd , nX , K) denote the set of the polynomials in nX variables with maximum
degree nd and coefficients in K. In the rest of the paper, for the sake of simplicity, this
set will be denoted P when there is no ambiguity. The nX variables will be denoted
X = (X1 , . . . , XnX ). The basis:



in 
(1)
X1i1 . . . XnXX  i1 + · · · + inX  nd
can generate this set. Thus, a polynomial p ∈ P can be expressed as:


in
p=
pi X i =
pi1 ,...,inX X1i1 . . . XnXX .
ind

i1 +···+inX nd

2
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2.2

Operations on polynomials

For k ∈ K and (p, q) ∈ P 2 ,
p=

�

pi X i , q =

�

qi Xi ,

(3)

ind

ind

let + denote the internal operation
�

p+q =

(pi + qi )Xi ,

(4)

ind

let . denote the external operation
k.p =

�

kpi Xi ,

(5)

ind

and let × denote the internal operation
p×q =

�

ind

where Σi is the set:




�

(α,β)∈Σi



pαqβ  Xi ,

(6)

Σi = {(α, β)|∀s ∈ [1, . . . , nX ], αs + βs = is }.

(7)

With these definitions, it is very easy to prove that (P, +, ., ×) has the required properties to be an algebra over the field K and that (P, +, ×) as the required properties to
be a ring.
2.3

Polynomial division

(P, +, ×) is not a field because an element has an inverse for operation × if, and only
if, its constant term is nonzero. Let P ÷ denote the subset of P whose elements have an
inverse for operation ×. We will show that P ÷ �= P − {0P }, where 0P is the neutral
element of operation +.
For a given p ∈ P, denoting 1P is the neutral element of operation ×, one can find
q ∈ P such that:
�
� �
�
�
�
p×q =
qi Xi = 1P
(8)
pi X i ×
ind

ind

when

qi =


1




 p(0,...,0)


−1



 p(0,...,0)

for i = (0, . . . , 0)
,
�

(α,β)∈Σ′i

pαqβ for i �= (0, . . . , 0)
3
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z

y
x
S(θ)

F
Ω(θ)

x=0

x = L(θ)
Figure 1: Loaded bar

where Σ′i is the set:
Σi = {(α, β)|(α, β) ∈ Σi and α �= (0, . . . , 0)}.

(10)

In other words, such a polynomial q exists if, and only if, p(0,...,0) �= 0. In such a case, we
will denote q = 1P ÷ p.
3

A SIMPLE FEMPA EXAMPLE: 1D BARS

In this section, whose aim is to explain FEMPA, we show how this method can be
implemented on a particularly simple problem, although it could be solved analytically.
3.1

Continuous problem

Let us consider a homogeneous, isotropic bar (see Figure 1) restrained at the one end
and subjected to a load F at the other end. We want to know how the displacement at
the loaded end depends on the geometry. Therefore, we control the length and the section
area with two parameters θ = (θ1 , θ2 ) lying within a conception space Θ. More precisely,
θ1 works out the length L(θ) fluctuating around L(0) :
L = L(0) (1 + θ1 )

(11)

and θ2 works out the section area S(θ) fluctuating around S (0) :
S = S (0) (1 + θ2 )

(12)

We modelize the bar behavior by introducing a displacement field u(θ) defined over the
domain Ω(θ) = [0, L(θ)]:
u(θ) : Ω(θ) −→
R
x
�−→ u(θ)(x)

(13)

and a normal stress field N(θ) also defined over Ω(θ):
N(θ) : Ω(θ) −→
R
x
�−→ N(θ)(x)
4
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These fields fulfill the constraint condition:
u(θ)(x = 0) = 0

(15)

the static equilibrium equations:
∂N(θ)
(x) = 0 ∀x ∈ Ω(θ)
∂x
N(θ)(x = L(θ)) = F

(16)
(17)

and the constitutive equation:
∂u(θ)
(x) ∀x ∈ Ω(θ)
∂x
where E is the Young modulus of the bar material.
N(θ)(x) = E S(θ)

(18)

This problem can be rewritten in a more succinct way under variationnal form. We
now have to find a displacement field u(θ) ∈ U(θ) = H 1 (Ω(θ)) such that:
u(θ)(x = 0) = 0
∂v
∂u(θ)
(x). (x) dx = F.v(x = L(θ)) ∀v ∈ U 0 (θ)
E S(θ)
∂x
∂x
Ω(θ)



(19)
(20)

where U 0 (θ) is the set of the fields v ∈ U(θ) such that v(x = 0) = 0.
3.2

Discretization

In order to be able to digitally solve the problem, we limit the solution search space to
a finite dimension vectorial space contained inside U(θ). Let us take Uh (θ), the dimension
2 vectorial space generated by the functions φ1 and φ2 :
φ1 (θ), φ2 (θ) : [0, L(θ)] −→
φ1 (θ) :
x
�−→
φ2 (θ) :

x

R
x
L(θ)
x
� → 1−
−
L(θ)

(21)

Displacement field u(θ) is then approximated under the form:
u(θ) ≈ uh (θ) =

2


ui(θ)φi

(22)

i=1

The problem now amounts to finding the real numbers (u1 (θ), u2 (θ)) such that:


k11 (θ) k12 (θ)
k21 (θ) k22 (θ)


5
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u1 (θ)
0
=
u2 (θ)
F

(23)
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where
kij (θ) =

�

E S(θ)

Ω(θ)

∂φj (θ)
∂φi (θ)
(x).
(x) dx ∀(i, j) ∈ ({1} ∪ {2})2
∂x
∂x

(25)

To solve the linear system (24) under the constraint (23), finite elements softwares use
either Lagrange multipliers or a penalization method. We choose the latter, and therefore
we multiply k11 (θ) by a penalization factor p ≫ 1.
After computation of the terms kij (θ) (see equation (25)), the problem amounts to
solving the linear system:


E S(θ)
E S(θ) 
 

p
−
u1(θ)
0


L(θ)
L(θ) 

=


(26)
 E S(θ) E S(θ) 
u
(θ)
F
2
−
L(θ)
L(θ)
3.3

Polynomial writing

We want to know how the displacement at the loaded end of the bar depends on its
geometry. With the notation previously introduced, it amounts to studying the function
u2 :
u2 : Θ −→ RΩ
(27)
θ �−→ u2 (θ)

where RΩ is the set of function from Ω to R.
FEMPA makes it possible to approximate this function. To do so, we start by writing
all the data under polynomial form, that is in a set of the kind P(nX , nd , R). Given there
is two parameters, we take nX = 2. For the sake of an easy reading, we limit ourselves to
nd = 2.
Under polynomial form, geometric caracteristics are rewritten:
L(X) = L(0) (1 + X1 )
S(X) = S

(0)

(1 + X2 )

(28)
(29)

The linear system (26) becomes:
�
�
��
p.E × S (0) (1 + X2 ) ÷ L(0) (1 + X1 ) −E × S (0) (1 + X2 ) ÷ L(0) (1 + X1 )
u1 (X1 , X2 )

�

0

�

=
u2 (X1 , X2 )
F
(30)
Its unknows lie in P(2, 2, R). With the assistance of operations defined in equations (3),
(6) and (9), it is now:
��
�
� �
�
(0)
ES (0)
2
2
u
0
(X
,
X
)
1
1
2
p ES
(1
−
X
+
X
+
X
−
X
X
)
−
(1
−
X
+
X
+
X
−
X
X
)
1
2
1
2
1
2
1
2
(0)
(0)
1
1
L
L
=
ES (0)
ES (0)
2
2
p L(0) (1 − X1 + X2 + X1 − X1 X2 )
(1
−
X
+
X
+
X
−
X
X
)
(X
,
X
)
F
u
1
2
1
2
(0)
1
2
1
2
L
(31)
−E × S (0) (1 + X2 ) ÷ L(0) (1 + X1 )

E × S (0) (1 + X2 ) ÷ L(0) (1 + X1 )

6
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3.4

Solution

Solving linear system (31) with coefficients in P(2, 2, R) using operations (3), (6) and
(9) leads to:


F ES (0)


u
(1 − X1 + X2 + X12 − X1 X2 )
(X)
=
 1
L(0) (p − 2)
(32)
F ES (0)

2

(1
−
X
(X)
=
+
X
+
X
−
X
X
)
u

1
2
1 2
1
 2
L(0) (1 − p2 )
(k)

(k)

To get an approximation of the solution for a specific value θ(k) = (θ1 , θ2 ) of the pa(k)
(k)
rameters, all we have to do is substitute X1 for θ1 and X1 for θ1 in (32).

In this specific example, we know the solution of the analytical problem penalized with
a factor p:


F ES (0) (1 + θ2 )


u
(θ)
=
 1
L(0) (p − 2)(1 + θ1 )
(33)
F ES (0) (1 + θ2 )



 u2 (θ) = L(0) (1 − 2 )(1 + θ )
1
p
We notice that the solution given by FEMPA is a Taylor expansion of the analytical
solution around (0, 0).
3.5

Computation reuse

Let us take an interest in a case where the geometric characteristics are parameterized
differently, with two functions f1 and f2 that vanish at (0, 0):
L(θ) = L(0) (1 + f1 (θ))

(34)

S(θ) = S (0) (1 + f2 (θ))

(35)

It is not necessary to restart all the computations in order to get an approximation of the
solution. We can reuse (32) for a specific value θ(k) of the parameters. All we have to do
is substitute X1 for f1 (θ (k) ) and X2 for f2 (θ (k) ).
4

APPLICATION OF FEMPA TO THE SHAPE OPTIMIZATION OF A
2D TRUSS

We apply FEPMA to the shape optimization of a 2D truss described in [9]. The truss
represents a bridge (see Figure 2) subjected to a moving load. Its geometry is controlled by
five parameters influencing the nodes positions. We optimize its weight under conditions
of admissible deflection, admissible tension stress and admissible compressive stress. We
obtained the same results as [9].
7
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Figure 2: Initial and optimized shapes of the 2D truss

5

CONCLUSION

FEMPA provides surrogate models for shape optimization problem. However, these
models proved to be effective on simple structures and still have to be implemented for
more complex cases.
6
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Abstract: Proposed approach is based on two adaptive tools used for the Universe simulators

development: on variability of measurement standards and on unknown functions description
as polynomials in the first approximation presented as combination of variables with the range
of power 0 - 1. This approach permits us to predict some features of the Universe:
spontaneous growth of distance between two resting objects detected by an observer at one of
these objects, velocity/distance dependence is known to meet the Hubble Law, constancy of
any solid body linear dimensions in time and equality of absolute values of gravitational
braking and of illusive acceleration of galaxies is believed to be caused by linear
measurement standard shortening some 6-8 billion years ago, as well as by mass loss by
physical objects. The latter permits us to propose simulator, describing gravity as
manifestation of reaction forces.

1. INTRODUCTION
Any system modeling is based on selection and usage of such unknown components as
constants, variables and functions. Different combinations of these components result in
different models, whereas quality of each model is often determined according to two criteria:
adequacy of model and number of assumptions used. The latter criterion, being also called
“Occam’s blade” is used for selection of a model using minimum assumptions in a set of
adequate models thus adapting model used to the chosen data domain. This paper develops
further the concepts presented in [1, 2] with regard to astrophysics, i.e. ideas based on the
measurement standards variability and unknown functions presentation as polynomials in the
first approximation presented as combination of variables with the range of power 0 - 1.
Meter is one of the most popular linear measurement standards, its length is strongly

1
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connected with the size of the Earth: designating distance between the North Pole and Equator
7

d.
by the surface of the Earth on the Paris longitude as “d”, one meter is determined, as 10
Bellow we keep in mind, that:
due to [5] diameter of the Earth is shortening with time;
the Moon’s diameter shortening, discovered in August 2010 by means of images of the
Lunar Reconnaissance Orbiter Camera [3];
diameter of Mercury is shortening according to the Mariner 10 images.
Mass loss resulting from this shrinking is used bellow for developing of simulators,
describing gravity and inertia as different manifestations of reaction forces.
2. Symbols, definitions and assumptions
Below the following symbols and definitions are used:
t – running time;
T – Universe lifetime;
r – linear measurement standard used;
Ri – true distance between an observer and i-th object;
Li - distance to be fixed between an observer and i-th object as a ratio of Ri to the linear
measurement standard (r):
Li = Ri/r ;
(1)
-18
-18
-1
H – Hubble constant [4]: 1.618∙ 10 ≤ Н ≤ 3.2∙10 (sec. ) ;
(2)
-1
Below we also use H value meeting (2): H ≈ 1/T (sec. ),
(3)
γ – gravitational constant;
ρ – average density of the Universe matter;
- radius of visible Universe;

М - mass of matter in the Universe :
4
3

M

3

;

(4)

I – a set of space objects indices, for which the Hubble Law is true.
Further we suppose that for each distance measurement process linear measurement
standard value corresponding to the measurement time is used. This condition is not important
in the case of small distances measurement – in this case it is fulfilled automatically, but for
astronomical distances, when information transfer time is comparable with the Universe
lifetime, its role is known to grow.
3. MEASUREMENT STANDARDS VARIABILITY
As opposed to the existing models bellow we suppose that any measurement standard value is
variable.

2
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3.1. Linear measurement standard
As linear measurement standard r value is variable, detected by an observer velocity of
interval value Li change due to (1) is equal to:

i:r

dLi
dt

dRi
dt

Ri dr
.
r dt

(5)

As for the space objects meeting the Hubble Law detected by an observer velocities are
exceeding peculiar velocities of corresponding objects:
i I: r

dLi
dt

dRi
,
dt

(6)

dLi
dt

Ri dr
.
r dt

(7)

system (5) can be transformed as follows :
i I :r

Combining (1), (7) and Hubble Law, we get the system:
dLi
HLi ;
dt
dL
Ri dr
i I :r i
;
dt
r dt
Ri
i : Li
,
r
i I:

(8)

with the following solution:

r

r0 exp{ Ht};

(9)

where r0 is linear measurement standard r value if t=0.
Equation (9) results in the following features of physical bodies:
as shortest distance between any two points of a solid body can be used as a linear
measurement standard, linear dimensions of any solid body are the exponentially decreasing
functions of time meeting (9);
as linear measurement standards are changing according to the same laws, as the
measured objects, observers do not detect these changes directly.
Similar, but independent results, are presented in [6].
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3.2. Mass measurement standard
As the mass measurement standard – kilogram can be determined as the weight of a cubic
decimeter of water, thus depending on linear measurement standard value, it is possible to
detect a corresponding loss of mass by any mass measurement standard m:
m = m0∙exp(-3Ht),
(10)
where m0 is mass measurement standard m value if t=0.
As in the case of linear measurement standards usage, measured directly with the help of mass
measurement standard “m” mass “M” of any physical body does not depend on time - due to
(10) true is the ratio μ:
M
m

M 0 exp( 3Ht )
m0 exp( 3Ht )

M0
m0

const.

(11)

3.3. Force measurement standard
Let A mass loosing body correspond to a certain material point A, moving with a A constant
acceleration during a time interval (t). Keeping in mind (9), FA acceleration force is equal to:
FA

a A m A, 0 e

3 Ht

.

(12)

Denoting the a AmA ,0 product by FA ,0 variable, equation (12) which characterises a force
affecting а acceleration to A body can be changed to:
FA

FA,0 e

(13)

3 Ht

It means that the force imposing a constant acceleration on A body is not constant.
Nevertheless it is not possible to find directly the inconstancy of this force by comparing two
such forces affecting mass emitting A and B bodies, one of them being force measurement
standard, due to their ratio being constant:
FA
FB

FA, 0
FB , 0

.

(14)

In other words for an internal observer the second Newton’s law is valid: a body moving with
a uniform acceleration in the K coordinate system during a certain time period (t) is under the
impact of a constant force (F).

4. VARIABILITY OF THE HUBBLE CONSTANT VALUE
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Below equation (9) is used for the values of Hubble constant determination for three
mentioned above shrinking planets: for the Moon, for the Mercury and for the Earth.
4.1 The Moon
Shortening of the Moon’s diameter D during the Δt period equal to about 0.8 billion years
[3] permits us to determine the value of the Hubble constant for the Moon HL using (9):
ln D0

HL

ln D
t

,

(15)

where D 0 is equal to the Moon’s diameter 0.8 billion years ago.
Keeping in mind that during this period D shortening is equal to 110 – 182 m., HL value being
contained in the range 1.255∙10-21 - 2.076∙10-21 (sec.-1).
4.2 The Earth
Vyacheslav Orlenok, Professor of geology at the Kant Russian State University in
Kaliningrad, comparing relief structures 4.5 billion years ago, when the Earth’s surface had
just started to solidify, to the state of those of today, found that its average radius was equal to
R = 6,956 km, and has since reduced by value ΔR = 585 km.[5]. This permits us to determine
the value of the Hubble constant for the Earth similar to (15) keeping in mind that “t” value is
equal to 4.5 billion years:
R
ln
R
R 3.48 10 18 (sec 1 ).
(16)
HE
t
Comparison of HE with (2) diapason shows that H and HE values are close.
4.3 Mercury
Mariner 10 images allowed us to suggest that the Mercury’s radius, which is roughly 2400
km., has shrunk by one to two kilometers since its formation more than four billion years ago.
Using the same logic as above, we can determine HM value of the Hubble constant for
Mercury:
HM = 3.25∙10-21 (sec.-1).
(17)
Now, keeping in mind HL , HM and HE values it is possible to determine in the first
approximation as square polynomial dependence of the Hubble constant either on planet’s
diameter D (km.) or on planet’s mass m (kg.):
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H(D) ≈ 5.26∙10-19 - 2.59∙10-22 D + 3.13∙10-26 D2,
H(m) ≈ 2.9∙10-21 -1.63∙10-44 m + 6.7∙10-64 m2.

(18)

5. KINEMATICS
Below are presented resulting (9) illusions in measurement of distances, velocities and
acceleration in astronomy.
5.1. Distance
Analyzing fixed L0 distance between two resting in coordinate system O1 space objects
when one or both of them have shortening linear measurement standard values meeting (9), an
observer at the one of shrinking objects using shortening linear measurement standard r of
R0
“its” object, will detect growing with time distance value L
. In other words, if there is
r
no external influence upon each of two resting in coordinate system O1 space objects, one of
them being shrinking, an observer at the latter, using coordinate system O2 of “its” object, and
its shortening linear measurement standard, will discover spontaneous growth of distance
between these objects:
R0
(19)
L
exp{ Ht} L0 exp{ Ht}.
r0
5.2. Velocity
Substituting the equation of (9) in (7), and denoting the velocity of real distance value R
change as V, while denoting fixed by an observer velocity r
value as follows:

V

V0

dL
as V0 , we can determine V
dt

HR.

(20)

The dependence of the galaxies velocities values V0 on R corresponds to the Hubble Law [3],
whereas dependence V on R is corresponding to the peculiar velocities (Figure 1).
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Figure 1. Diagram of velocity/distance illustrates velocities values V0 (triangles) and
V (rhombuses) for the nearest galaxies in the Local Neighborhood (R < 3 Mpc.).

Thus the Hubble Law can be explained by shortening of the Earth linear measurement
standard values, resulting in comparatively stable Universe thus ignoring the idea of dark
energy distribution in the Universe [7].
5.3. Acceleration
We shall further analyze two components of accelerated movement of galaxies at the edge
of visible Universe: component “g” of acceleration vector, caused by the gravitational
braking, and opposite directed component “a” being resultant of linear measurement standard
shortening:
a
g

H2 ;
3
,
4

(21)

Keeping in mind (3) the total acceleration value (α) can be determined as follows:
(

1
T2

4
3

).

(22)

As at about 6 – 8 billion years ago α had value equal to zero, true is the following equality:
4
3

1
,
T12

(T1 )

where T1 is equal to the Universe lifetime 6 – 8 billion years ago ( T1

(23)

6 7 billion years).

Designating nowadays lifetime of the Universe as T2 and taking into account that:
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(T2 )
T2

3
;
8 T2

(24)

2T1 ,

it’s easy to show that (T1 ) 8 (T2 ) .

(25)

Now it’s possible to show that according to system (23) – (25) absolute values of the
gravitational braking “g” and of illusive acceleration “a” caused by the Earth linear
measurement standards shortening, coincided 6 – 8 billion years ago. This is used below for
the analysis of Newton Laws.

6. DYNAMICS
With regard to the models to be studied below we assume the following assumptions being
valid: mass density in a material point A, is inseparably connected to its mass emission
towards the points nearest to A, in which density is lower with the emission intensity towards
φ direction depending on t time of this point occurrence and the difference of density at A
point and in the near proximity to it in φ direction. Now if the space adjacent to A planet is
isotropic, i.e. A does not experience any external effects, then the F forces resultant of Fs

reaction being the consequence of mass emission from each unit of A planet S surface is
determined by F value: F

Fs ds. This is used below for analyze of Newton Laws.

6.1. First Newton Law
«Spanning» planet A into a point A it is easy to see that for any reaction force vector
of F(φ) corresponding to φ direction in relation to A there is a similar force in value and
opposite in direction F(-φ) = - F(φ), i.e. resultant of reaction forces F = 0. In other words
reaction forces in the isotropic medium are unable to change the state of A material point if
there are no external effects. This is found to correspond to the First Newton Law.
6.2. Reaction forces and the law of gravity
Let two losing mass bodies A and B create cocoons of emitted mass round each of them.
They are located at R distance from each, the interaction being manifested by mass flow from
one body which reaches the layer closest to the surface of the cocoon formed by emitted mass
by another body (Figure 2), this flow is added to the cocoon energy formed by emitted mass
of this body.
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A

m
(
A
)

B

А

R

В

(
B
)

Figure 2. Remote interaction of А and В bodies

Thereby reactive force FA of A body depends on two factors: on loss of mass per a time unit
by A body y1 and on reaching this body flow y2 of mass emitted by B body. Keeping in mind
(10) FA value in the first approximation looks as follows:
FA = f0 + f1y1 + f2y2 + f3y1y2,

(26)

where:
dm A
3H A m A ;
dt
3H B mB
1 dmB
y2
;
2
dt
4 R
4 R2
i : f i unknown function.
y1

(27)

As equality to zero of mass of any of these bodies results in equality to zero of reactive force
FA, it is easy to show that f0 = f1= f2 = 0, thus transforming (26) polynomial into the following
equation:
9 H A H B mA mB
.
(28)
FA f 3
4
R2
Comparison of (28) with the law of gravity reflects their coincidence if function f3 is
determined as follows:
4
,
f3
(29)
9H A H B
where for HA and HB determination can be used (14).
It is obvious that reaction forces FA and FB have coinciding values and opposite directions.
Moreover, system (28) - (29) coincidence with the law of gravity permits us to interpret
gravitation as reaction forces caused by the physical objects mass loss.
7. CONCLUSIONS AND QUESTIONS
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The above presented adaptation tools allow us to develop new simulators of the Universe
resulting in its new features, which do not contradict to the experimental data:
1. Solid bodies are spontaneously shrinking according to exponential relationship.
2. In the case of absence of any external influence upon each of two resting bodies, one of
them being shrinking, an observer at the latter will discover spontaneous growth of distance
between these bodies.
3. Hubble Law can be explained by exponential shortening of linear measurement standard,
thus ignoring the contradictory idea of dark energy distribution in the Universe [7].
4. Taking into account only the velocities of galaxies, it is possible to say that the Universe is
more stable than it was earlier assumed.
5. Gravity can be explained by reaction forces caused by physical bodies’ spontaneous mass
loss.
And finally four questions, permitting either to verify the presented approach or to develop it:
a) Is it possible to expand the dependence of the Hubble constant either on planet’s
diameter or on planet’s mass above to other space objects?
b) Is it possible to detect mass loss directly, if measured object and mass measurement
standard used are from the planets with different Hubble constants?
c) Is loss of mass always accompanied by shrinking of a planet?
d) What features of a solid body except presented above (real and illusive) can follow such
a loss of mass?
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Abstract. This work aims at presenting a method to build energy preserving reduced
order models (ROM) based on proper orthogonal decomposition (POD) for parametrized
partial differential equations (PDE) solutions. After determining a POD basis with the
method of snapshots, the POD coefficients are computed to minimize the projection error.
As a matter of fact the resulting POD model do not preserve the energy of the solutions.
Energy preserving POD (ePOD) coefficients are, then, derived to simultaneously minimize the projection error and preserve the solutions’ Sobolev norm. The ePOD method
is exposed on the unsteady one dimensional heat equation, showing that the solutions’
H1 norm is conserved while the projection error is not affected.

1

Introduction

Finite element (FE), finite volume (FV) or finite differences (FD) codes are often used
in engineering design as decision support tools to help engineers take well grounded decisions based on accurate results. Nevertheless, as far as the design of complex systems
(cars, aircrafts, ships, nuclear power plants, etc.) is concerned, the accuracy of the results obtained requires several computational hours in spite of the widespread use of
high performance computing clusters. Consequently, limited computational budgets have
stimulated the development of metamodeling strategies to design complex systems. Building metamodels requires the exact evaluation of design related quantities (performances,
1
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costs, responses etc.) for smartly selected values of the design parameters in order to
efficiently carry out the exploration of the design space. These design sites are picked out
using a design of computer experiments (DoCE) procedure [1]. Once the selected design
sites have been exactly evaluated, general metamodels can be built on the parameters
space. Common metamodels include diffuse approximation [2], moving least-squares [3]
and kriging methods [4].
One of the main drawbacks of general ROMs lies in the fact that they do not contain
a priori physical knowledge, which restricts their domain of validity. A very popular
physics-based metamodeling technique consists in carrying out the approximation on the
full vector fields using POD and Galerkin projection [5]. Its main drawback is its intrusive
feature: the computational code has to be modified in order to develop a ROM. Besides,
the resulting system of ODEs can become chaotic misrepresenting the physics [6]. Nair [7]
proposed a formalism of non-intrusive physics-based metamodeling in the case of stationary parametrized partial differential equations (PDE) with Dirichlet boundary conditions
using basis functions and residual’s norm minimization (Monte-Carlo method) to determine the coefficients. Alonso et al. [8] built metamodels for heat transfer in fluid flows
using POD basis functions and evolutionnary residual’s norm minimization to find the
coefficients. Alternative methods focused on the determination of more suited projection
bases and coefficients to satisfy physics-based constraints [9, 10]. Xiao et al. [11] developed a non intrusive method to determine the coefficients to satisfy linear constraints on
u for precomputed POD bases.
In this work we present a non intrusive method to determine the coefficients to satisfy
non linear energy based constraints for precomputed POD bases. The goal is to build an
energy preserving ROM for the solution of a parametrized PDE [1]. We suppose that u
lies in a Sobolev space H = W q,2 of order q ∈ N. The ROM is defined by a projection basis
of m spatial functions Φm = [Φ1 , . . . , Φm ], an order m and a set of parameter dependent
functions am (θ) = (a1 (θ), · · · , am (θ)). The ROM’s prediction for any θ is given by
û =

i=m


ai (θ)Φi (x).

(1)

i=1

No centering term is considered as it simplifies the derived expressions for our method.
and it is facultative [1, 12]. The novelty of this work resides in the computation of am such
that C(u) = C(û), where C is a non linear application that maps H to R and represents
energy-based quantities that are to be preserved while building the ROM. For example, in
[11], where an intake port test case is considered, the ROM is built such that the tumble
and the mass flow are conserved. In this study, we have focused our attention on the
conservation of non linear energy-based quantities. As the energy of functions lying in a
Sobolev space H is related to their norm in this space, we have chosen C(u) = u H .
In section 2, the method of computing the POD and ePOD coefficients a for a precomputed
POD basis is presented. In section 3, the ePOD is compared to POD, for the conservation
of the H1 norm, in the case of the unsteady one dimensional heat equation.
2
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2
2.1

The Constrained orthogonal method
The POD basis

POD is a widely used approach to determine a projection basis. It can be applied
efficiently to large systems using the method of snapshots [13]. Consider the collection
of N solutions of a parametrized PDE, Su = u(θ1 ), · · · , u(θN ) for different values of


θ, Sθ = θ1 , · · · , θN specified by a DoCE procedure. The numerical resolution of the
parametrized PDE yields an approximation Ui ∈ Rd of u(θi ), with i ∈ [1, · · · , N], d being
the number of degrees of freedom of the mesh. We define the snapshot matrix U ∈ Rd ×RN
as the matrix whose columns are the vectors Ui :
U = [U1 , · · · , UN ] .

(2)

The vectors Ui , i ∈ [1, · · · , N] generate a subspace F of H. The POD basis [13] of order
m ≤ N is the orthonormal set, Ψm = [Ψ1 , · · · , Ψm ] of F that minimizes the sum of the
squared projection errors EP OD as follows:


i=N
i=m


Ψm = argmin[ϕ1 ,··· ,ϕm ]∈Hm ,<ϕk ,ϕl >H =δkl EP OD ≡
 u(θi ) −
< u(θi ), ϕi >H ϕi 2H ,
i=1

= argmax[ϕ1 ,··· ,ϕm ]∈Hm ,<ϕk ,ϕl >H =δkl

i=N
 j=m


i=1

< u(θj ), ϕj >2H .

(3)

i=1 j=1

The orthonormal basis Ψm naturally generates an m-dimensional subspace Fm ⊂ F and
defines an orthogonal projector PP OD expressed by:
PP OD : F −→ Fm
i=m

< u, Ψi >H Ψi .
u 

(4)
(5)

i=1

The orthogonal projector PP OD defines the best linear model that allows to minimize
EP OD . The POD basis Ψm = [Ψ1 , · · · , Ψm ] is usually ordered as the decreasing sequence
2
]. It can be shown [?] that EP OD is equal
of the squares of the singular values [σ12 , · · · , σm
to the sum of the squares of the singular values whose corresponding vectors are not
included in the basis Ψm ,
Ns

σi2 ,
(6)
EP OD =
i=m+1

th

where σi is the i singular value. The POD basis Ψm and the set of coefficients (<
u, Ψ1 >H , · · · , < u, Ψm >H ) are by definition optimal in the sense that they define the best
linear model that minimizes EP OD ; however, it is important to note that this optimality
applies only to the representation of a known state u in the reduced space without taking
3
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into account some important characteristics of u like its energy or its moments. The
energy of a solution that lies in a Sobolev space H is equal to  u H . It would be
interesting to find a projector that simultaneously minimizes the projection error and
conserves the energy of u for a given POD basis. In the following section, we present
the construction of a constrained projector that simultaneously allows to minimize the
projection error and to conserve the Sobolev norm of solutions.
2.1.1

POD modes computation

It is well-known [?] that the POD modes ψk , k ∈ [1, · · · , N] are solutions of the following eigenvalue problem:
∀ k ∈ [1, · · · , N] ,

i=N


< ui , ψk >H ui = λk ψk ,

(7)

i=1

where the solutions ui , ∀i ∈ [1, · · · , N] belong to the Sobolev space H with <, >H the
scalar product of H. In this paper, H = H1 in section 3. The solutions ui , ∀ i ∈ [1, · · · , N]
are approximated by finite length vectors of Rd , where d is the number of degrees of
freedom of the mesh. The scalar product < u, v >H1 is approximated by U T QH V , where
U and V are the approximations of u and v respectively
and QH is a symmetric
positive


2
L
H1
L2
definite matrix. When using a FE method Qij = Ω (ξi · ξj ) and Qij = Qij Ω (∇ξi · ∇ξj )
1
1
where ξi is a shape function. When using a FD method QH is defined by QH = I +D T D
where I is the identity matrix and D the first derivative matrix (centred FD of order two
for interior points and decentered FD of order two for boundary points). Then, (7)
becomes:
i=N

∀ k ∈ [1, · · · , N] ,
Ui UiT QH Ψk = λk Ψk ,
(8)
i=1

where Ui and Ψk are the finite length vectors of Rd that respectively approximate ui and
ψk . Solving (8) requires to find the eigenvalues and eigenvectors of the non-symmetric
matrix UU T QH , with U = [U1 , · · · , UN ]. To avoid numerical errors, (8) is transformed
by performing a Cholesky decomposition of QH such that QH = RT R and multiplying
(8) by R which yields the following equation:
∀ k ∈ [1, · · · , N] , Y Y T Φk = λk Φk ,

(9)

where Φk = R Ψk and Y = R U. The matrix Y Y T is a square symmetric semi-positive
definite matrix of size d and its reduction requires a large computational effort. The
problem (9) is solved by noticing that Y T Y and Y Y T have the same eigenvalues and
that their eigenvectors are related by simple relationships [?]. Therefore, to solve (8) one
can apply the following scheme:

4
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1. Constitute a snapshot matrix U = [U1 , · · · , UN ] of finite elements velocity field
vectors
2. Compute the Cholesky decomposition of the symmetric positive definite matrix
QH = RT R
3. Solve (9) by finding ∀ k ∈ [1, · · · , N] , λk and Φk
4. Compute ∀ k ∈ [1, · · · , N] , Ψk = R−1 Φk
2.2

Definition of a constrained projector

Let us suppose that we have an orthonormal 1 projection basis Ψm = [Ψ1 , · · · , Ψm ] that
spans a subspace Fm ⊂ F of dimension m (it is the POD basis that has been discussed
in section 2.1). We seek to build an application P : F ∗  F −→ Fm ⊂ F ∗ that projects
u ∈ F ∗ on P(u) ∈ Fm so that
C(u) = C(P(u)).
(10)
The constraint (10) implies that P is only defined on a subset F ∗  F and not on the
whole subspace F . Because of (10), this application is commonly called a constrained
projector.
The projector P is formally defined as follows:
∀u ∈ F ∗ , P(u) = argmin v∈Fm  u − v 2H ,
subject to
C(u) = C(v),

(11)
(12)

where  . H is the norm defined on H by
u

2H

= < u, u >H =

 

 ∂ α u 2 dΩ,

(13)

Ω |α|≤q
|α|

iu
where α = (α1 , · · · , αr ) is a vector of r non-negative integers and ∂ α u = ∂xα∂1 ,···α,∂x
αr
r
1
i=r
is the weak derivative of order |α| =
α
of
u
with
respect
to
the
field
variables
i=1 i

x = (x1 , · · · , xr ) ∈ Ω ⊂ RN . ∀v ∈ Fm , there exists a ∈ Rm such that v = i=m
i=1 Ψi ai .
∗
m
Similarly, there exists a ∈ R such that

P(u) =

i=m


Ψi a∗i .

(14)

i=1

1

The basis orthonormality is equivalent to < Ψi , Ψj >H = δij , with <, >H the scalar product defined
on H and δij the Kronecker symbol

5
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Moreover, given the orthonormality of Ψm in H, ∀ (u, v) ∈ F × Fm we have:
J (a) =  u − v 2H

(15)

= < u, u >H −2

i=m


i=m


ai < u, Ψi >H + <

= < u, u >H −2

i=m


ai < u, Ψi >H +aT a.

Ψi ai ,

i=1

i=1

i=m


Ψi ai >H

(16)

i=1

(17)

i=1

Then building P(u) (see(11)-(12)) involves finding a∗ ∈ Rm such that:
a∗ = argmina∈Rm J (a),
subject to
aT a =< u, u >H ,

(18)
(19)

where .T is the transposition operation in Ms (R). The optimality conditions for the
system ((18),(19)) can be derived by defining the following Lagrangian functional that
maps Rm × R to R and is defined by:
∀(a, λ) ∈ Rm × R , L(a, λ) = J (a) + λ(aT a− < u, u >H ).

(20)

The necessary first order optimality conditions are as follows:
∀i ∈ [1, · · · , s] , (λ + 1)a∗i − < u, Ψi >H = 0,
(a∗ )T a∗ − < u, u >H = 0.

(21)
(22)

If we multiply (22) by (λ + 1)2 and use (21) we have the following system:
∀i ∈ [1, · · · , m] , (λ + 1)a∗i =< u, Ψi >H ,
i=m

2
< u, Ψi >2H .
(λ + 1) < u, u >H =

(23)
(24)

i=1

If < u, u >H = 0 then u = 0 and, a∗ = 0 (see (22)), which implies, by definition of P (see
(14)) that P(u) = 0. Conversely, if we suppose that < u, u >H = 0, then using (22), we
get a∗ = 0. At this stage of the resolution, the orthogonality of u relatively to Fm has to
be taken into account. If u is not orthogonal to Fm , there is a unique solution to (18-19)
expressed by:
< u, Ψi >H
,
λ+1
 12

i=m
2
<
u,
Ψ
>
i
H
i=1
(λ + 1) =
.
< u, u >H

∀i ∈ [1, · · · , m] , a∗i =

6
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In (26), (λ + 1) must be postive in order to get the solution that minimizes J (a). Indeed,
in the case of minimizing J (a), a∗i and < u, Ψi > have to be of the same sign (see (17)),
which fixes the sign of (λ + 1) through (23).
If u is orthogonal to Fm , then ∀i ∈ [1, · · · , m] , < u, Ψi >H = 0 and (λ + 1) = 0 as
< u, u >H = 0 (see (26)). Therefore, using (22), a∗ verifies (a∗ )T a∗ =< u, u >H , thus all
the points a∗ of the hypersphere of Rm of radius  u H are admissible solutions. In this
case, the solution is not unique and the constrained projector cannot be defined, that is
why it is necessary to ensure that u is not orthogonal to Fm , a condition that will be
satisfied in the following by setting F ∗ ≡ F \ (Fm )⊥ .
The constrained projector can be defined as follows:
∀u ∈ F ∗ , P(u) =

i=m


a∗i Ψi ,

(27)

i=1

< u, Ψi >H
with a∗i = 
 1  u H .
i=m
2 2
i=1 < u, Ψi >H

(28)

Moreover, using (16), the projection error can be computed as follows:
J(a∗ ) =  u − P(u) 2H ,
 21
i=m

=  w H −
< w, Ψi >2H
,

(29)
(30)

i=1

where w = u H u. Given a POD basis Ψm , a constrained projector P that allows
to minimize the projection error and to conserve the solutions’ energy has been defined.
In the following sections, the approach is applied to the unsteady one dimensional heat
equation (see section 3).
3

Test Case: Unsteady heat equation

In this section the method’s principles are detailed on the one dimensional unsteady
heat equation with Dirichlet boundary conditions. The PDE equation under consideration
reads as follows:
∂u
∂2u
= κ 2,
∂t
∂x
u(0, t) = u0 , u(1, t) = u1 ,
u(x, 0) = U0 (x),

(31)
(32)
(33)

where u is the unknown field variable to solve for, x ∈ [0, 1] the spatial variable, t ∈ [0, 1]
the time variable and κ the thermal conductivity (κ is fixed to 0.1). The one dimensional
unsteady heat equation ((31),(32),(33)) is solved with a FD scheme relying on a CrankNicholson scheme with central differencing for spatial derivatives. A constant time step,
7
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∆t = 0.01, is considered resulting in 100 time steps and a constant spatial mesh size
κ ∆t
1
∆x = 30
≡ 0.9. The initial solution
, is used, which results in a CFL number=
(∆x)2
U0 (x) is built to satisfy ((31),(32),(33)). U0 is obtained as the solution of ((31),(32),(33))
after 2 time steps of size ∆t with an initial guess Ũ0 as follows:
if 0 ≤ x ≤
if

1
then, Ũ0 (x) = u0 + 4(1 − u0 )x2 ,
2

(34)

1
≤ x ≤ 1 then, Ũ0 (x) = u1 + 4(1 − u1 )(x − 1)2 .
2

(35)

The couple (u0 , u1 ) that defines Ũ0 is equal to (0, 1) which yields the initial condition
U0 represented on Figure 1. The numerical resolution of ((31),(32),(33)) in time allows
1
0.9
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0.4
0.3
0.2
0.1
0
0

0.1

0.2

0.3

0.4

0.5
0.6
Space Coordinate

0.7

0.8

0.9

1

Figure 1: The initial condition U0

us to build a snapshot matrix St = [St1 , · · · , StN ] of N = 51 snapshots selected by
taking one time step out of two from the 101 generated solutions. Then, POD modes are
computed using the method of snapshots [13]. The singular values of St are ordered from
the highest singular value, σ1 , to the lowest one, σN , yielding the decreasing sequence
[σ1 , · · · , σN ] (see Figure 2). The POD modes are ordered according to this decreasing
sequence of singular values such that the mode Ψi corresponds to the singular value σi for
i ∈ [1, · · · , N]. The POD coefficients are computed by projecting the exact solution on
the POD basis. The ePOD coefficients are computed using Equation (28). The POD and
ePOD approximations of order k (k ∈ [1, · · · , N]), ûk and ũk respectively, of the exact
solution u are given by:
ûk =

i=k

i=1

< u, Ψi >H1 Ψi , ũk =

i=k

i=1

< u, Ψi >H1

 12  u H1 Ψi
i=k
2
i=1 < u, Ψi >H1

(36)

<, >H1 being the usual H1 scalar product. The proportion of the variance contained in
8
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Figure 2: The decreasing sequence of St eigenvalues λi = σi2

St captured by k POD modes is given by:
∀k ∈ [1, · · · , N] , η(k) =

i=k

2
i=1 σi
i=N 2 .
i=1 σi

(37)

As can be seen in Table 1, four modes (see Figure 3) are sufficient to get the whole variance
contained in St . To measure the performances of the POD and ePOD approximations,
k
1
2
3
4
η 0.9703 0.9975 0.9998 1.0000
Table 1: Values of η for different k

two types of errors are defined, the mean (over all the snapshots) of the relative projection
1
error, eH , of the POD and ePOD approximations, ûk and ũk respectively,of u and the
mean (over all the snapshots) of the relative error on the H1 norm, e H1 , of the POD
and ePOD approximations, ûk and ũk respectively, of u, whose expressions are as follows:
1
 i=N
 |  ûi H1 −  ui H1 |2 2
1
k
(38)
e H1 =
N i=1
 ui 2H1
1
 i=N
  ûi − ui 2 1 2
1
1
k
H
.
(39)
eH =
N i=1
 ui 2H1
1

As can be seen in Figures 4 and 5, if eH is the same for both methods, then e H1 decreases
with the order k of the POD approximation ûk while being quasi null for the ePOD
approximation ũk , which shows that the ePOD method is able to preserve the energy of
u while having the same mean relative projection error as the POD approximation.
9
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Figure 3: The four leading POD modes (Ψ1 : ◦,Ψ2 : ,Ψ3 : ×,Ψ4 : ♦)
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Figure 5: Mean relative projection error eH for POD method (− ◦ −) and ePOD method (−−)

4

Conclusion and outlooks

In this paper we propose to modify the POD coefficients in order to preserve the solutions’ energy. The method is then tested on the unsteady one dimensional heat equation
showing that the method is able to preserve the H1 norm while having a similar projection
error to the POD method. While showing excellent performances on the presented use
case, the method still needs to be tested on more complex cases (Navier-Stokes flows, 3D
shells design optimization, etc.).
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Abstract. The monotonicity-preserving properties of Backward Differencing Formulae
are investigated here in connection with the integration in time of the system of Ordinary
Differential Equation obtained from the space discretization of the two-dimensional scalar
advection equation. The space discrete equations are obtained by means of a standard
finite volume scheme for unstructured triangular grids. Similarly to the one-dimensional
case, an upper boundary for the Courant number is found which prevents the appearance
of new extrema in the solution. For the considered cases, the maximum Courant number
is found to be around 0.5, a value that is comparable to that obtained from the onedimensional theory. These findings applies also to dynamic grids with edge-swapping, in
which the advection equation is solved by means of an Arbitrary Lagrangian Eulerian
approach.

1

INTRODUCTION

As it is well known, a relevant property of the solution of the unsteady advection equation is the preservation of the monotonicity of the initial data, namely, no new extrema
are generated as time elapses [7]. Unfortunately, many popular linear multi-step schemes
for time integration do not guarantee that this relevant behavior is shared by the numerical solution [10]. In particular, Backward Differencing Formulae (BDF), which are
widely adopted for their simple form and high stability limits, were found to require that
a maximum Courant number is not exceeded to ensure the preservation of monotonicity
[3, 5], at least in the case of one-dimensional problems.
The present paper investigates the CFL limits in the case of two-dimensional advection
problems, in which the discrete form of the advection equation is obtained by applying
the standard unstructured-grid finite volume scheme together with the first, second- and
third-order BDF schemes, which are referred in the following as BDF1, BDF2 and BDF3,
1
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respectively. In particular, the monotonicity limit is investigated for the special case of
dynamic meshes with edge-swapping, in which the Arbitrary Lagrangian Eulerian formulation is used to represent all grid alterations in terms of continuous (in time) deformations
of the finite volumes defined around the grid nodes.
2

EDGE-BASED ALE SOLVER FOR ADVECTION EQUATIONS

The advection equation for a scalar quantity ρ ∈ R in two spatial dimensions over a
moving control volume, i.e. in an Arbitrary Lagrangian Eulerian (ALE) framework [1, 2],
reads


d
ρ+
ρ(a − v) · n = 0,
∀C(t) ⊆ Ω(t),
(1)
dt C(t)
∂C(t)
where the solution is sought for in the spatial domain Ω ∈ R2 , with boundary ∂Ω for
all times t ∈ R+ . System (1) is to be made complete by specifying suitable initial and
boundary conditions. In Eq. (1), a = (ax , ay )T ∈ R2 is the advection field, n(s, t) =
(nx , ny )T is the outward unit vector normal to the boundary ∂C(t) of the control volume
C(t) and it is a function of the curvilinear coordinate s along ∂Ci and of the time as well
and v = v(s, t) is the local velocity of ∂C(t).
The discrete counterpart of the advection equation (1) is obtained by selecting a finite
 number of non overlapping volumes Ci (t) ⊂ Ω(t), with boundary ∂Ci (t), such that
i Ci (t) ≡ Ω(t). According to the node-centered finite volume approach considered here,
each finite volume Ci surrounds a single node i of the triangulation of Ω. For each finite
volume, equation (1) reads

 
d[Vi ρi ]
=−
ρ(a − v) · ni −
ρ(a − v) · ni , ∀i ∈ K,
(2)
dt
∂C
∂C
∩∂Ω
i
ik
k∈K
i,=

where Vi = Vi (t) is the area of Ci , K is the set of all nodes of the triangulation and ρi
is the average value of the conserved variable over Ci . The right hand side of (2) is split
into boundary and domain contributions. Ki,= = {k ∈ K, k = i|∂Ci ∩ ∂Ck = ∅} is the set
of the indexes k of the finite volumes Ck sharing a portion of their boundary with Ci , Ci
excluded and each interface ∂Cik is associated to the corresponding edge i-k connecting
nodes i and k of the triangulation of Ω. Considering a centered approximation of the
unknown at the cell interfaces, the domain contributions read
ρi + ρk
(aik − νik ),
2
where aik and νik satisfy the following consistency conditions


aik = a · ni and νik = v · ni .
Φ(ρi , ρk , νik , aik ) = −

∂Cik

(3)

∂Cik

The function Φ is usually referred to as the integrated numerical flux. Thanks to the
piecewise constant representation of the unknown over the boundary portion ∂Ci ∩ Ω,
2
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the last term of the right hand side of equation (2) can be expressed as Φ∂ (ρi , νi , ai ) =
−ρi (ai − νi ). As for the domain interfaces, ai and νi satisfy the boundary counterpart of
the consistency conditions expressed by equation (3).
A high-resolution expression for the integrated numerical flux is used in the present
work based on the Total Variation Diminishing (TVD) approach. To this purpose, the
second order approximation is replaced by the first order upwind flux near flow discontinuities. The switch is controlled by the the limiter of van Leer [7]. Note the the above
high-resolution version of the scheme requires the definition of an extended edge data
structure that includes also the extension nodes i and k  , that are needed in the evaluation of the limiter function [12].
When dealing with ALE formulation of the governing equations, an additional conservation law is usually enforced, i.e.
 dVik dVi,∂
dVi
=
+
.
dt
dt
dt

(4)

k∈Ki,=

Equation (4), usually referred as Geometric Conservation Law (GCL), can be automatically satisfied if the interface velocities are computed as time derivatives of the swept
areas, i.e.
dVik
dVi,∂
νik =
and
νi =
.
(5)
dt
dt
The expressions of the average interface and boundary velocities of equation (5) are
now used to complete equation (2) to express the conservation of the solution in the ALE
framework, i.e.


d


[V
ρ
]
=
Φ(ρi , ρk , νik , aik ) + Φ∂ (ρi , νi , ai ),
i
i


dt


k∈Ki,= (t)


∀i ∈ K
dVik
(6)
=
ν
,
ik

∀k ∈ Ki,= (t)

dt





 dVi,∂ = ν .
i
dt

Where the term Ki,= (t) accounts for possible changes in the grid connectivity occurring
during the simulation, e.g. due to the application of a swap of the edges to locally increase
the quality of the triangular-elements. Following [8], the changes in the finite volumes
shape due to the edge-swapping are interpreted as continuous deformations in time, see
figure 1, and the resulting swept-areas are used as correction for the computation of the
grid velocities of the interfaces located inside the quadrangle i, j, k, . The solution over
the adapted grid is thus computed integrating the governing equations, thus skipping any
explicit interpolation step[6].

3
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k



i

Cj

Cj
(b)

n+1 −tn
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t=tn + t

j
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Figure 1: Computation of the interface velocities in case of edge-swapping. a) Collapse of the quadrangle
i, j, k,  on the node k. b) Change of topology of the quadrangle. d) Expansion of the quadrangle from
the node k.

As shown by [8], to ensure the conservativity of the scheme, the flux contribution due
to a swapped edge can not be immediatly dropped. E.g. the numerical flux associated
with edge j- of figure 1 is
n+1
Φn+1
, ρn+1
, νj
, 0)
= Φ(ρn+1
j
j


(7)

where aj = 0 since the interface collapses, is given by the ALE contribution to the fluxes
n+1
during the time step
caused by the change in position and shape of the interface ∂Cj
n n+1
[t , t ). The numerical ALE flux given by (7) can be eventually dropped when the
its contribution to the governing equations is identically zero, thus when νj = 0. For
example, integrating the governing equations adopting a Backward Differences Formulæ
(BDF) scheme of order m, the flux contribution of a removed edge can be dropped after
m steps from the its removal.
Discretizing time domain with a constant time step ∆t, it is possible to discretize
equation (6) with a BDF scheme of order m in order to compute the solution ρ at time
tn+1 , namely
 m−1




n−p n−p

∂ n+1
n+1 n+1 n+1
n+1 n+1

)
+
a
V
ρ
=
Φ
(ρ
,
ν
,
a
Φ(ρn+1
, ρn+1
, νik
, aik )
p

i
i
i
i
i
i
k


n+1

p=−1
k∈Ki,=








n+1
n+1
n+1


+
Φ(ρi , ρk , νik , 0) ∆t



[n−m−1,n+1)

k∈Ki,=
∀i ∈ K

∀k ∈ Ki,[n−m−1,n+1]
m−2

=


n−p

n+1

α
∆V
=
ν
∆t
p

ik
ik



p=−1




m−2


 
n−p

αp ∆Vi,∂
= νin+1 ∆t


p=−1

(8)

4
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n+1
where Ki,[n−m−1,n+1)
= {k ∈ K, k ∈
/ Ki,n+1
= 0}, Ki,[n−m−1,n+1]
= Ki,[n−m−1,n+1)
∪ Ki,n+1
=
= : νik
=
=
= and
quantities are assumed to be known at time levels previous of n + 1. The grid-dependent
quantities Vin+1 , an+1
and an+1
are computed from the known positions of the grid
i
ik
p nodes
at time level n + 1, ap are the standard m-th order BDF coefficients and αp = r=−1 ar .
The nonlinear system (8) for ρ at time level n + 1 is solved here by means of a modified
Newton method, in which the Jacobian of the integrated flux function is approximated
by that of the first-order upwind scheme.

2.1

Courant number

The Courant number for the node-centered finite-volumes scheme expressed equation (2) is computed as [4]
Coi =



|aik − νD,ik − νS,ik |

[n−m−1,n+1]

∆t
,
Vi

k∈Ki,=

where the ALE contribution to the eigenvalues has been written as the sum of the
formation velocity and the correction term accounting for changes in the topology,
νD,ik and νS,ik respectively. Resorting to a BDF scheme of order m to approximate
velocities of equation (5), the above relation can be rewritten as


m−2
m−2




1 
n−p 
αp ∆VD,n−p
+
α
∆V
Coi =
aik ∆t −
p
ik
S,ik 

Vi 
[n−m−1,n+1]
p=−1

k∈Ki,=

dei.e.
the

(9)

p=−1

where ∆VD,ik and ∆VS,ik are the area swept by an edge due to deformation of the mesh
and the possible application of the swapping technique, respectively, and sum up to the
total swept area. Assuming that both the grid velocity and the swept area due to mesh
deformation are continuous and differentiable in time, the first and the second terms of
the right hand side of equation (9) can be neglected for sufficiently small values of the
step-size. The third term, however, does not depend on the step size, since the area swept
by the volumes during the swapping procedure depends only on the initial configuration
of the two triangles sharing the swapped edge and it is computed as shown in figure 1.
Therefore, for a sufficient small ∆t, the Courant number of a finite volume located on a
node of an edge that has been swapped is
Coi =



max

[n−m−1,n+1]

p

k∈Ki,=


1 
.
αp ∆VS,n−p
ik
Vi

For simplicity the sum over p has been replaced by the maximum over p, since it has been
supposed that a given edge is not swapped twice, i.e. forth and back, in two subsequent
iterations. The definition of the ratio between the area swept and the element volume is
5
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now introduced, namely β = k ∆VS,ik /Vi . The Courant number can then be rewritten
as Coi = |αp β|. A rough estimate of the terms ∆VS,ik and Vi for a uniform grid of
equilateral triangles, undergoing the swap of a single edge, gives β ∼ 1/6. Since the α
coefficients for standard BDF have values ranging from 0 to 2, the maximum Courant
number that occurs when the edge swapping is applied is roughly 0.3 ÷ 0.4 and it does
not depend on the time step nor on the grid size. Such values of Co are well below
the usual stability limit for time integration methods. Problems may arise if first order
TVD methods are extended to high-order methods, e.g. linear multi-step methods [11].
Hundsdorfer, Ruuth and Spiteri [5] have shown that the maximum Courant number to
ensure the monotonicity a standard BDF2 scheme, in the 1-D case, is one half of the
stability limit of the corresponding forward Euler scheme. In the following section the
monotonicity properties of the outlined scheme are investigated in two-dimensions. In
particular the effects of the edge swapping on the monotonicity of the solution will be
studied.
3

NUMERICAL RESULTS

The first test case is a one-dimensional advection problem treated as two-dimensional.
The computational domain is a rectangular box of dimensions 2 × 0.2 discretized by a
uniform grid of triangles of size h = 6 · 10−3 (12235 nodes). The imposed advection field
is a = [0.5, 0]T and the grid is fixed, i.e. v = 0. The system (6) is integrated resorting to
BDF schemes of order 1, 2 and 3 and the step-size is varied in order to change the global
Courant number, i.e. Co = |a|∆t/h. Two different initial conditions are prescribed: a
smooth one, i.e. sine function, and a discontinuous one, i.e. step function. In figure 2
the solutions obtained at t = 1 are plotted for different values of Co. Adopting a BDF1
scheme, see figure 2(b) and 2(a), for increasing values of the Courant number the solution
is smeared and no new extrema are introduced. When higher-order schemes are adopted,
the preserved of the monotonicity of the solution is not guaranteed, particularly for the
discontinuous case, see figures 2(d) and 2(f). In fact the results suggest that the BDF2 and
BDF3 schemes are monotone only for Courant numbers lower than 0.52. This result is in
agreement with [5] that set a maximum Courant to ensure monotonicity of a BDF2 scheme
in the one-dimensional case at 0.5 times the maximum Courant of the corresponding firstorder explicit scheme.
The second test case investigates the order of accuracy of the adopted time schemes.
The computational domain is a 1.6 × 1.6 box, represented in figure 3, discretized by a
uniform grid of triangles of size h = 1 · 10−2 (30162 nodes). The imposed advection field
represent a rigid rotation around the origin, i.e.
a = 2π ϕa (t) [−y, x]T

(10)

and is allowed to vary in time; in the present case ϕa (t) = sin(2πt). Two different type
of motions are assigned to the grid: a rigid rotation, i.e. v = −2π sin(6πt) [−y, x]T , or
a deformable rotation where the elements are stretched along the radial coordinate, i.e.
6
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Figure 2: Smooth and discontinuous solution of the one-dimensional test case evaluated at t = 1 for
several time schemes.

v = −2π sin(6πt) max(R/0.8, 1) [−y, x]T , where R is the radial coordinate. No topology
modifications occur. Two different initial solutions are prescribed: a smooth one, i.e. ρ0 =
1+0.1(x−y)(1−cos[π
min(1, 1.5 R)]), and a discontinuous one, i.e. ρ0 = 1.5+0.5 sign(0.3−

2
2
(x − 0.35) + y ). Both solutions are plotted in figure 3(b) and (c). Equation (6) is
integrated and the L2 norm of error between the computed solution and the exact solution
evaluated at the time t = 1, i.e. the initial solution, is computed for different values of
time-step ∆t. The obtained convergence (in time) curves are gathered in figure 4 for
different initial solutions, grid velocities and integration schemes. In all the presented
cases the order of accuracy correspond to the expected value, i.e. 2 and 3.
The third test case presented here is the rotation of half cylinder about the axis on a
fixed grid, i.e. ρ0 = 1.5 + 0.5 sign(−y[0.6 − R]). The adopted advection field is expressed
by equation (10) with ϕa = 1, the grid velocity is null and no topology modifications
7
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v(R, t)

a(R, t)

(a) Computational Domain

(b) Smooth Solution

(c) Discontiuous Solution

Figure 3: Schematic representation of the computational domain and the initial solution of the test case.
The advection fields represent the a rigid rotation about the origin, while the grid velocity also allows for
deformations. Both functions depend of the radial coordinate and of the time.
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Figure 4: Convergence curves for the case of the rotation of a smooth (upper row) and a discontinuous
(lower row) function around the origin.
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(a) BDF1, Co = 1.56

(b) BDF1, Co = 1.04

(c) BDF1, Co = 0.78

(d) BDF2, Co = 1.56

(e) BDF2, Co = 1.04

(f) BDF2, Co = 0.78

(g) BDF3, Co = 1.56

(h) BDF3, Co = 1.04

(i) BDF3, Co = 0.78

Figure 5: Computed solution at the time t = 0.5 for the case with rigid-rotation advection field for half
cylinder about the origin, for several values of Courant number and time schemes. Red: regions where
the solution is lower than 1. Blue: regions where the solution is greater than 2.
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Figure 6: Grid close up, (a) the external domain is rotated of 180/π degrees and the edges are randomly
swapped, (b) every 8 time-steps the mesh quality is maximized via edge-swapping.

occur. In figure 5 the solution computed at the time t = 0.5 is shown for several values
of Courant number and adopting BDF schemes of increasing accuracy. The first-order
scheme does not introduce new extrema in the solution for any value of Co. None of the
adopted values of the Courant number guarantee the monotonicity preservation for the
BDF2 scheme, while the third order scheme is basically monotone for Co ∼ 0.75. As
shown in the quasi one-dimensional test case presented above, the spurious oscillations
introduced by the high-order schemes are more quickly damped by the BDF2 rather than
the BDF3.
The last test case is the rotation of a cylinder of radius 0.3 and of a box of size 0.3 × 1
about the origin. The advection field is the same adopted in the previous case, while the
grid velocity is the same outlined in the second test case, i.e. rigid rotation of the external
boundaries with prescribed deformation of the internal mesh. During the computations
the internal edges are randomly swapped at every iteration, see figure 2.1. Every 8 steps
the highest possible grid quality is restored by performing a full edge-swapping cycle as
suggested by [8], see figure 2.1. In figure 7 the solution computed at the time t = 0.5 is
shown for different values of the Courant number and of the order of accuracy. As expected
the first-order scheme is monotone for both the values of Co while the BDF2 and BFD3
schemes again are monotone only for the lower value of the Courant. Surprisingly enough
the repeated application of the edge-swapping does not seem to have any effect on the
preservation of monotonicity that appears to be still mainly driven by the global Courant
number.
4

CONCLUSIONS

In the present paper an edge-based finite volume scheme for the Arbitrary Lagrangian
Eulerian formulation of two-dimensional scalar advection was adopted to perform un10
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(a) BDF1, Co = 1.56

(d) BDF1, Co = 0.78

(b) BDF2, Co = 1.56

(e) BDF2, Co = 0.78

(c) BDF3, Co = 1.56

(f) BDF3, Co = 0.78

Figure 7: Computed solution at the time t = 0.5 for the case rigid rigid-rotation advection field, deforming
mesh and random swap of the edges. Red: regions where the solution is lower than 1. Blue: regions
where the solution is greater than 2.

steady computations on dynamic meshes with edge-swapping. The local modifications of
the topology of the grid are interpreted as a continuous deformation of the finite volumes
occurring during the time-step. The solution over the new grid is therefore computed
simply integrating the governing equations, thus skipping any explicit interpolation step.
Time convergence was studied for high order schemes, such as BDF2 and BDF3, that
confirms the order of accuracy of the adopted methods. Results also confirm the existence
of a maximum value of the Courant number for preserving the monotonicity of the solution
when schemes of order of accuracy greater than one are used, as shown by other authors [9,
5, 3] in the case of one-dimensional problems over fixed grids.
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Abstract. This paper presents a meshless implementation for the dual analysis of 2D
linear elasticity problems. The derivation of the governing system of equations for the discretized equilibrated model is detailed. Crucial implementation issues of the equilibrated
algorithm are described. It presents the inf-sup condition for particular cases of essential
boundary conditions approximations when the space of Lagrange multipliers belongs to
the space of domain nodal unknowns. Several examples with energy and stress verification
are demonstrated.

1

INTRODUCTION

Meshless methods are well developed for modelling complex problems in solid mechanics. But most models are concentrated on usage of strain driven approach based
on building the problem’s weak form either from the compatibility equation or from the
potential energy [3, 13]. For the same problems, the alternative formulation which assumes that the equilibrium equations are satisfied and the compatibility equations may
be violated can be used as well, but the use of the so-called stress driven approach using
meshless approximations for the weak form discretization is restricted to very few papers,
see [9].
The implementation of this approach is more demanding than the strain driven one
due to the following facts: (i) higher order derivatives may appear in governing matrix
1

276

V. Ivannikov, C. Tiago, J. P. Moitinho de Almeida and P. Dı́ez

equations (if, for instance, stress functions are used), (ii) static boundary in most practical
examples is larger than the one where kinematic boundary conditions are defined and (iii)
some features of the problem can easily lead to numerical instability. This issues are
not related with a specific approximation (FEM, Meshless, etc), but are common to all
of them. In fact, it results in the relative unpopularity of this approach. When both
models are used in the analysis of a particular problem, it is possible to perform the
so-called dual analysis, introduced for the first time by Fraeijs de Veubeke with respect
to the conventional finite element method [7]. Regardless of the higher computational
cost, the dual analysis can be efficiently used to obtain upper and lower bounds of some
characteristic values of the system, typically, potential energy. Local quantities, like the
stress and displacement fields, can also be verified [6].
The structure of this work is as follows. Section 2 presents the basic solid mechanics
differential equations and two models required for dual analysis: compatible and equilibrated. The implementation issues, especially for the equilibrated model are discussed
in details in Section 3. Two numerical examples are presented then in Section 4: the
classical Timoshenko beam problem and the infinite plate with circular hole subjected to
uniform tensile load. Finally, Section 5 collects our ideas and comments about theoretical
and numerical results obtained during the research.
2
2.1

DUAL ANALYSIS
Linear elasticity equations

Consider a linear elastic plane domain, Ω, with boundary, Γ, subjected to body forces,
b, in Ω, distributed surface loads on the static boundary, Γt , and constrained with prescribed displacements on the kinematic boundary, Γu . As usual, we require that Γu ∩Γt = ∅
and Γu ∪ Γt = Γ.
The relations governing the plane stress elasticity problem are outlined in tho following.
The compatibility equations in the domain are
ε = ∇u in Ω,

(1)

and on the kinematic boundary they are
u = u on Γu ,
The differential operator, which maps the displacements onto strains, is defined as


∂
 ∂x 0 

∂ 


∇= 0

∂y 

 ∂
∂ 
∂x
2
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The equilibrium equations in the domain are
∇T σ + b = 0 in Ω,

(4)

and on the static boundary they are
N σ = t on Γt ,

(5)

Here N is the projection of ∇ in the boundary, gathering the outward normal components,
i. e.,


n x 0 ny
N=
(6)
0 ny n x
The constitutive relation is
σ = Dε,
where D is a constitutive tensor, which for two dimensional plane stress case is


1 ν
0
E  ν 1
0 
D=


2
1−ν
1−ν
0 0
2

(7)

(8)

Let us also introduce the potential energy Π = Π(u) and the complementary potential
energy Π∗ = Π∗ (σ), both will be outlined below. It can be shown [8] that, under appropriate conditions, the exact value of the potential energy of the system is bounded by
these two values:
Π < Πexact < Π∗
(9)
2.2

Equilibrated model

We start from the equilibrated model, making a short review of the compatible one
afterwards. To derive the required weak form let us define a complementary potential
energy [8]:


1
∗
∗
Π (σ) = U0 (σ) dΩ − tT u dΓu , where U0∗ (σ) = σ T D−1 σ
(10)
2
Ω

Γu

The static and kinematic boundary conditions are the essential and natural ones, respectively, in this case. The natural ones are explicitly added as a second term in (10)
while the essential boundary conditions can be imposed in various ways [10]. In the
present work Lagrange multipliers are added into the complementary potential energy
functional (10), resulting in the following augmented complementary potential energy
functional:

∗
∗
Π (σ, u) = Π (σ) − uT (t − t) dΓt
(11)
Γt

3
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From the physics of the problem it follows that Lagrange multipliers represent displacements on the static boundary. The notation in (11) was chosen to reflect this fact.
The augmented weak form of the problem can be recovered by taking variation of (11)
and equating it to zero:






T
T
−1
T
δσ D σ dΩ − (Nδσ) u dΓt − δu Nσ − t dΓt − δσ T NT t dΓt = 0 (12)
Ω

Γu

Γt

Γt

To derive (12) we took into account that δu = 0 and used (6) as well. Notice that the (12)
doesn’t imply any special requirements for the stresses, besides the ones arise from (4).
To make this equilibrium condition satisfied all over the domain we consider stresses to
be expressed by means of the Airy stress function [14]:


σ = ∆Ψ + V I − ∇∇T Ψ,
(13)
where ∇ is the gradient, ∆ is the Laplacian ∇T · ∇, I is the identity matrix and V defines
the potential of the domain body forces as follows:
b = −∇V
For two dimensional case (13) can be written in a simpler manner:

 

 
σxx
Ψ,yy
1





1 
σyy
Ψ,xx
σ=
=
+ γV , where γ =
0
σxy
−Ψ,xy

(14)

(15)

Let us introduce a discretization for the Airy stress function and its variation in the
form:
n

h
Ψ =
φi (x)Ψi
i=1

h

δΨ =

n


(16)

φi (x)δΨi

i=1

or using matrix notation:
Ψh = ΦΨ
δΨh = ΦδΨ

(17)

where φi is an arbitrary domain approximation function. With respect to the latter
equation and also implying that δV = 0 we obtain the discretized forms of the domain
stresses and theirs variations for two dimensional case:


Φ,yy
σ h = CΨ + γV
(18)
, where C =  Φ,xx 
δσ h = CδΨ
−Φ,xy
4
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Also let us introduce an approximation for the Lagrange multipliers and theirs variations:
uh = Lu

(19)

δuh = Lδu

Until now we have not told anything about functions used for both approximations (17)
and (19), but in fact there are some limitations exist on their choice. We will highlight
this question later (see Secton 3.3).
Let substitute now (18) and (19) into (12). After some simplifications it is possible to
obtain


T
T
T
−1
δΨ
Φ D Φ dΩΨ + δΨ
ΦT D−1 γV dΩ−
Ω
Ω


T
T
T
T
δΨ
Φ N u dΓu − δu
LT NδΦ dΓt Ψ+
(20)
Γt
 Γu


LT t dΓt − δΨT
ΦT NT L dΓt u − δuT
LT NγV dΓt = 0
δuT
Γt

Γt

Γt

Since the weak form (20) must hold for ∀δΨ ∈ U and ∀δu ∈ V we finally can write the
governing system of equations:

  

Ψ
d
F G
=
(21)
u
f
GT 0
where
FIJ =
GIK =
dI =
fK =






Ω

ΦTI D−1 ΦJ dΩ

(22a)

ΦTI NT LK dΓt

(22b)

Γt

Γu

Γt

LTK NγV

and
LK =
2.3

−



dΓt −



ΦTI NT u dΓu



Ω

Γt

LK 0
0 LK

ΦTI D−1 γV dΩ

(22c)

LTK t dΓt

(22d)



(23)

Compatible model

Comparing to the model presented above this one must satisfy the compatibility relations, instead of the equilibrium ones. To derive the required weak form let us define a
5
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potential energy:
Π(u) =



U0 (u) dΩ −

Ω



1
uT t dΓt , where U0 (u) = uT Du
2

(24)

Γt

The kinematic and static boundary conditions are the essential and natural ones, respectively, in this case. The natural ones are explicitly added as a second term in (24)
and the essential boundary conditions can be imposed in various ways [10]. In the present
work Lagrange multipliers are added into the potential energy (24), resulting the following
augmented potential energy functional:

Π(u, t) = Π(σ) − tT (u − u) dΓu
(25)
Γu

From the physics of the problem it follows that Lagrange multipliers represent tractions
on the kinematic boundary. The notation in (25) was chosen to reflect this fact.
The augmented weak form of the problem can be recovered by taking variation of (25)
and equating it to zero [13]:





T
T
T
T
(26)
δε Dε dΩ − b δu dΩ − t δu dΓt − δt (u − u) dΓu − tT δu dΓu
Ω

Ω

Γt

Γu

Γu

The approximants for the domain displacements and unknown boundary tractions are
defined in the similar manner as it was done above for the equilibrated model, being the
only difference now the fact that the domain approximation (for the displacements) has
two degrees of freedom instead of one, therefore the ΦK takes form:


ΦK 0
(27)
ΦK =
0 ΦK
The displacements uh and their variations δuh are approximated with certain interpolants:
uh = Φu
δuh = Φδu

(28)

The essential boundary tractions th have the approximation defined by matrix L, which
will be detailed below
th = Lt
δth = Lδt
The equation (26) leads to the following system:

   
K G
u
f
=
GT 0
t
v
6
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being


BTI DBJ dΩ
Ω

GIK = −
ΦTI LK dΓu
 Γu

T
ΦI b dΩ +
ΦTI t dΓt
fI =
Ω
Γt

LTK u dΓu
vK = −
KIJ =

(31a)
(31b)
(31c)
(31d)

Γu

where
B = ∇ΦI
3

(32)

IMPLEMENTATION ISSUES

3.1

Domain approximation functions

Let xi be the coordinates of a particle i in a domain Ω containing n nodes. Then the
multiple fixed least-squares 1 approximation f h (x) for an arbitrary function f (x) is [3, 13]:
f h (x) = Φ(x)f , where Φ(x) = pT (x)A(x)−1 B(x)

(33)

A(x) = PT V(x)P and B(x) = PT V(x),

(34)

Here we denoted
where matrix P contains values of basis functions p(x)2 for each particle of a domain:
T

(35)
P = p(x1 ) p(x2 ) . . . p(xn )

and

V = diag [w(x1 − x), w(x2 − x), . . . , w(xn − x)]

(36)

To specify V need to define a weight function. For this particular case we chose quintic
spline function with circular support:

1 − 10r2 + 20r3 − 15r4 + 4r5 if r ≤ 1
(37)
w =
0
if r > 1
where ri is the support radius for the particle i.
1

Here we use the Multiple Fixed Least-Squares approximation [12] and distinguish it from the Moving
Least-Squares approximants, but it can be shown that all the conclusions we will obtain below holds for
the MLS case as well.
2
For our case we define them as polynomials xk of order k, but the basis can be formed of any linearly
independent functions.

7
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3.2

Computation of the support radius

According to the properties of approximation functions (33), the support size influences
significantly the sparsity of stiffness or flexibility matrix and, consequently, the computational cost. Hence, from the practical point of view, it’s desirable to choose smaller support
but its minimal size is bounded by the requirement of generating a non-singular moment
matrix A in (33). Consider the usage of polynomial basis of order m > 0. To avoid matrix
ill-conditioning in this case supports must satisfy the following conditions [13]:
1
• each point of interest must be covered at least by (m + 1)(m + 2) supports from
2
its neighbourhood,
• for 2D case a certain point of interest must be covered in each of at least two
non-collinear directions by more than m supports.
Let us choose now the order of basis to be used for both models. For the compatible
model to reproduce constant stress field we have to use linear basis since stresses are first
derivatives of displacements. But to reproduce it with the equilibrated solution we must
use at least quadratic basis, which results in the loss of sparsity. For instance, to obtain
the exact solution of Timoshenko beam example (see Section 4.1) we have to use 3rd order
basis for the compatible model and 4th order for the equilibrated one.
3.3

Lagrange multipliers approximation functions

To approximate Lagrange multipliers we use two types of approximants:
• Lagrange polynomials of a prescribed order:
L(s) =

m


Lj (s), where Lj (s) = yj

j=0



0≤k≤m
k=j

s − sk
sj − sk

(38)

• the trace on the boundary of the domain approximation functions, i. e.
L=Φ

(39)

These two approaches have completely different fundamental behaviors. The first one
implies that we use different spaces to approximate values within the domain and on the
essential boundary. As it will be exposed, this results in numerical stability thanks to the
LadyzhenskayaBabǔuskaBrezzi (LBB)-condition fulfilled in this case, but the drawback
of this approach is that we can’t impose boundary conditions exactly.
On the other hand it can be shown [13] that the exact imposition of the essential
boundary conditions requires that both spaces for the approximation function inside a
8

283

V. Ivannikov, C. Tiago, J. P. Moitinho de Almeida and P. Dı́ez

domain and on a boundary must coincide. But in practice MFLS approximants can’t be
used explicitly in this manner. For instance, consider the domain on figure 1 clamped on
the left side and subjected to a unit tensile load uniformly distributed on the right side.
Material parameters are Young’s modulus E = 1 · 103 and Poisson’s ratio ν = 0.3.
3.5
3
2.5
2

p=1

3

1.5
1
0.5
0

6
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Figure 2: Tension test. Particles distribution.

Figure 1: Tension test. Problem statement.

This problem was analysed with the two possible approximants for the essential boundary and with the compatible model. On the second solution of the figure 3 it can be seen,
that zero value displacements propagate inside a domain, clamping in the y-direction not
only the boundary but also the area where the displacements are approximated by the
particles which supports intersect the boundary. It is visible that exactly two lines of
particles intersect the boundary and the area bounded by the second line is completely
locked (figure 3).
3

3

2

2

1

1

0

0
0

2

4

6

8

10

12

0

2

4

6

8

10

12

Figure 3: Comparison of Lagrange polynomials and MFLS approximation functions for tractions approximation.

To explain this result let us write the discrete bilinear form of (30):

a(uh , vh ) + b(vh , φh ) = f (vh ) ∀vh ∈ Vh
b(uh , ψ h ) = g(ψ h ) ∀ψ h ∈ Wh

(40)

where uh and φh forms arbitrary solution of (40). For this case, the LBB condition
reads [1, 2]:
b(vh , ψ h )
inf sup
≥β>0
(41)
ψ h ∈Wh vh ∈Vh vh ψ h 
9
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According to [1, 5] the inf-sup condition can be rewritten with matrix notation:
inf sup
Ψ h Vh

VhT GΨh
≥β>0
vh ψ h 

(42)

where vectors Vh and Ψh must satisfy the solvability conditions for (30) [1, p. 313]3 .
Using the same approximation functions for both kind of variables we rewrite (31b):

 T 
G=
Φm Φ dΓ
(43)
Γ

Here m subscript refers to domain approximation functions which contribute to the boundary, i. e. m is a number of domain particles whose supports intersect the boundary.
Therefore the approximation space Wh of the Lagrange multipliers containing traces of
the domain approximation functions is a subspace of Vh . Due to this fact, the size of
matrix G is n × m (where n is a total number of particles in the domain, but only the
m × m part is different from zero. Therefore we can write G as follows:



 T

T
, where T =
G=
Φm Φm dΓ
(44)
0
Γ
To keep the multiplication VhT G correct we can similary subdivide the vector of nodal
values Vh into 2 parts:
 


Vh = V1 V2 = Ψh V2
(45)

Here we also implied that space Wh ∈ Vh according to previous assumption to substitute
V1 .
The denominator of (42) contains norms which can be introduced in a different manner.
We follow the idea proposed in [1, p. 301] to define them for the vector values as an
equivalent of the Sobolev  · 1 norm:

  ∂wi 


w1 =
(46)
 ∂xj  2
L (Ω)
i,j
But since the Poincaré-Friendrichs inequality holds [4]

2 
 
 
3
3 
∂wi
2
(wi )
dΩ ≤ c
dΩ
∂xj
Ω
Ω
i=1
i,j=1

(47)

Notice the difference between terms vh and Vh : the former is a test function from the Vh space
and the later forms the space of vectors that satisfy GT Vh = 0, i. e. represents the kernel of GT . The
similar remark should be noted for ψ h and Ψh .
3

10
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for further simplifications we substitute the ψ h 1 norm with

 
3

|ψi |L2 (Ω) =
(ψi )2 dΩ
(|ψ h |0 )2 =
Ω

i

(48)

i=1

The discrete solution space vh is approximated using the vector of nodal values Vh :
ψ h = Φ m Ψh

(49)

Substituting the latter expression into (48) we obtain:

 

 T

T
2
T
(|ψ h |0 ) =
Φm Φm dΩΨh = ΨTh TΨh
(Φm Ψh ) (Φm Ψh ) dΩ = Ψh
Ω

(50)

Ω

Now using (44) and (45) and since V1 refers to nodal values of particles which intersect
the boundary, we can simplify the numerator of (42):


 T

T
T
Ψh = ΨTh TΨh
(51)
Vh GΨh = V1 V2T
0
After all deductions we can rewrite the inf-sup condition for this particlar case:

Ψ h Vh

what results in:

ΨTh TΨh
≥β>0
 12
T
Ψh TΨh ψ h 

inf sup 
inf

sup

ψ h ∈Wh vh ∈Vh

ψ h 
≥β>0
vh 

(52)

(53)

This expression means that if we use the traces of the internal variables approximation
functions for Lagrange multipliers we must make an interacting approximation function to
bring the maximum value on a boundary, i. e. propagating inside a domain the approximation function should decrease. This property is perfectly fulfilled by the particles which
are on the boundary (or very close to). Moreover it is now clear why Finite Elements do
not meet this kind of problems: since the FEM shape functions fulfil the Kroneker δij
property, the LBB condition (53) is automatically satisfied (figure 4).
To overcome the described dificulty some constraints on the boundary should be relaxed. It can be done in a standard manner by means of the Moore-Penrouse pseudoinverse to solve the governing system of equations. In fact, this procedure introduces
some error in essential boundary conditions incorporation, but eliminates matrix illconditioning.

11
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Figure 4: Inf-sup condition for the FEM and MFLS approximation functions for the boundary approximation.

3.4

Flexibility matrix natural ill-conditioning

Let us notice that both the stiffness matrix in (30) and the flexibility matrix in (21)
are rank deficient since essential boundary conditions are only imposed afterwards. In
the compatible model they are imposed directly on the displacements which are domain
unknowns in this case, but for the equilibrated model they are imposed on the stresses,
which don’t coincide with domain unknowns (the weights of the Airy stress function
approximation). That means that for the stress function three rigid body modes are
not restrained even once the boundary conditions are imposed. To eliminate this illconditioning we have to impose three extra conditions directly on the values of the Airy
function. This ones can be set to any arbitrary values in any three noncolinear particles,
since if Ψ(x, y) is a solution of (21) then Ψ̃(x, y) = Ψ(x, y) + ax + by + c is also a solution
of a system, where a, b and c are arbitrary constants, since
Ψ̃(x, y),xx = Ψ(x, y),xx , Ψ̃(x, y),yy = Ψ(x, y),yy , Ψ̃(x, y),xy = Ψ(x, y),xy
These restrictions are also imposed by means of Lagrange multipliers:


λΨ
= 0, where i = {k, l, m}, 0 < i ≤ N ,
Ψ
Ψ
−
i
i
i

(54)

(55)

where N is a total number of particles in a domain.
3.5

Linear dependencies on the essential boundary

When imposing essential boundary conditions, one should take care of possible linear dependencies which arise in the connection point of two adjacent boundaries. This
problems appears in both models. We present it for compatible one only.
On figure 5 two boundaries with prescribed boundary conditions are connected at point
A. Since this points belongs to discretization of both boundaries its displacements are
Γ
Γ
constrained twice and Lagrange multipliers vectors λAt1 and λAt2 turn out to be linearly
12
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Гt1

Гt2

Г2

λ Aty

A
Г
λ Aty1

Г2

λ Atx

Г1

λ Atx

Figure 5: Dependencies in Lagrange multipliers on a boundary.

depended. To release this constraint we add one more Lagrange multiplier in a following
manner:


Γt 1
Γt 2
α λ A − λA = 0
(56)

We also note that it is necessary to ensure the admissibility of nonhomogeneous boundary conditions. For example, at point A, the horizontal displacement in Γt1 must coincide
with the one in Γt2 . The complementary conditions also apply to the equilibrated model.
4

Numerical examples

4.1

Timoshenko beam problem

Consider a beam subjected to a parabolic tip load as represented in figure 6. The
dimensions of the beam are L = 48, h = 12. The cross section of the beam is considered
to have unit width. Material parameters are Young’s modulus E = 3 · 107 and Poisson’s
ratio ν = 0.3.
5

y
τxy

h

0

x

5
10
0

L

10

20

30

40

Figure 6: Timoshenko beam problem. Problem Figure 7: Timoshenko beam. Particles distribustatement.
tion, integration cells and deformed shape.

The imposed tangential stress on the right edge is
τxy = −

h3
P 2 h2
(y − ), where I = .
2I
4
12

13
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Figure 8: Timoshenko beam. Energy bounds and convergence rates.

Hence, the total distributed load acting along the tip boundary renders:
P =

h/2

τxy dy = 1000

(58)

−h/2

The left edge of the beam is subjected to the kinematic boundary conditions defined by
the exact solution for displacements:



Py
h2
2
(6L − 3x)x + (2 + ν) y −
ux = −
6EI
4


(59)
2
P
hx
2
2
uy =
3νy (L − x) + (4 + 5ν)
(3L − x)x
6EI
4
The computation was performed with different approximations (see figure 7, for instance) and different orders of basis k. The exact solution of this problem gives the
potential energy4
Πexact =

2LP 2 (3h2 + 5L2 + 3h2 ν)
= 4.474667
5h3 E

4

(60)

In fact for this problem the exact solution can be obtained by means of both models if we use 3rd
and 4th order polynomials respectively.
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and according to the results on figure 8 both model perfectly bounds this value.
The energy convergence slopes (see figure 8) for the compatible solution can be estimated and numerical solutions give the predicted values, but for the equilibrated model
the authors are not aware of such assessments. The results presented indicate the complexity of the model.
4.2

Hole in an infinite plate
5

y

4
3

p=1
5

2
1

x

1

0
0

5
Figure 9: Plate with hole. Problem statement.

1

2

3

4

5

Figure 10: Plate with hole. Particles distribution, integration cells and deformed shape.

Consider the problem of the infinite plate [11] with a central circular hole subjected
to a unidirectional tensile load in x direction. Plane stress conditions are assumed and
Young’s modulus is E = 1 · 103 and Poisson’s ratio is ν = 0.3. Only the upper right
quadrant of the plate is modeled due to symmetry (figure 9). To this end we apply on
the right and top sides of the plate the stresses which correspond to exact solution of the
problem:


3a4
a2 3
σxx (r, θ) = 1 − 2
cos 2θ + cos 4θ) + 4 cos 4θ
r
2
2r


2
3a4
1
a
σyy (r, θ) = − 2
cos 2θ − cos 4θ) − 4 cos 4θ
r
2
2r


2
3a4
1
a
σxy (r, θ) = − 2
sin 2θ + sin 4θ) + 4 sin 4θ
r
2
2r

(61)

where r, θ are polar coordinates and θ is measured from the positive x axis couterclockwise.
The exact value of potential energy is Πexact = 0.0129754. Both models demonstrate
similar convergence rates (figure 11) comparing to the ones given by the previous example.
15
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Figure 11: Plate with hole. Energy bounds and convergence rates.

To show that the stresses in both cases concide as well we provide figure 12, where the
stresses σxx in the left edge of the plate are shown. For this case the discretization from
figure 13 was considered and 2nd and 4th order bases were used to build compatible and
equilibrated solutions respectively. Since the displacements in x direction are prevented
on the left edge due to symmetry conditions we also can obtain the values of Lagrange
multipliers which correspond to tractions tx in compatible model. This graph perfectly
coinciding with the values of stresses computed by both models is presented on figure 12.
5

CONCLUSIONS

We demonstrated successfully the possibility to use dual analysis approach by means of
meshless methods with multiple fixed least-squares approximations used as a core for the
discretization process. Of course, the equlibrated model meets a lot of implementation
issues which can be easily avoided in the compatible solution. But we can outline the key
requirements for a robust implementation:
- The domain requires a good mesh discretization even for simple domains in order to
avoid ill-conditioning if the A matrix used to build MFLS approximation functions.
This problem arrise due to high order of the basis we use to build the equilibrated
solution;
16
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Figure 13: Plate with hole. Disctretization
used for the calculations.

Figure 12: Plate with hole. Stress σx , y = 0.

- The ill-conditioning of the flexibility should be explicitly considered;
- Some dependencies may arise on the essential boundary. They should be eliminated,
for instance, by means of the introduction of extra Lagrange multipliers. In fact, this
problem also appears in the compatible solution, but since the kinematic boundary
is usually shorter than the static one, the equilibrated model is much more prone
to this kind of problems. Care should also be taken to ensure the admissibility of
the applied loads.
Also we presented an explanation of why the domain MFLS functions should’t be used
for approximants of the Lagrange multipliers imposed on essential boundaries. It is based
on the inf-sup condition for mixed models. Conventional finite elements are insensitive
to this limitation due to Kronecker-Delta property relevant for their shape functions. It
induces us to use totally different functions space for the boundary approximation.
Once all the limitations are known the dual analysis can be performed efficiently. Of
course the stress model can not replace the displacement one due to the reasons mentioned
above but it can serve as a natural verification method for a deformation energy and stress
values bringing more confidence in the obtained solution.
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e-mail: piotr.breitkopf@utc.fr

Key words: Multiobjective optimization, Metamodels, Polynomial Chaos Expansion,
Crude Monte Carlo Simulation
Abstract. Tackling random uncertainties in a multiobjective optimization context at
low computational cost is a challenging issue. In fact, combining evolutionary techniques
and the computation of the needed statistical quantities (means, standard deviations,
quantiles,...) at each step of the optimization process is costly. Strategies have to be
established to compute these quantities at low computational costs (avoiding large number
of simulations). In this paper, we focused on one particular multiobjective reliability-based
formulation to assess the mean and the standard deviation of the stochastic responses.
Four metamodeling strategies are investigated and compared in terms of accuracy and
number of calls to the exact finite element analysis. The stochastic objective functions
used for this study are derived directly from structural computations (the mass and the
maximal axial stress). The numerical results obtained on a planar truss demonstrate that
a bilevel metamodeling scheme combining hierarchically polynomial chaos expansion and
moving least squares outperform simulation-based strategies investigated.

1

INTRODUCTION

Multi-objective optimization techniques have been developed to address a gap in classical mono-objective optimization: setting eﬃciently a set of trade-oﬀ optimal solutions
among several objectives with possibly antagonist behaviors (cost vs environmental impacts, safety,...). Multi-objective optimization processes take into account this diﬃculty
1
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encountered in a wide range of real world applications by solving the following optimization problem:
min f (x)
x

s.t g(x) ≤ 0
h(x) = 0

(1)

where f = [f1 , . . . , fm ] is the m objective function vector, x = [x1 , . . . , xn ] the n
design variables, g(x) and h(x) the constraints. The solution of this problem is generally
not unique. A set of best compromise solutions called Pareto set (corresponding to the
Pareto front in the objective functions space) is to be found by appropriate algorithms.
Evolutionary algorithms are particularly well suited to address these problems.
In the case of random uncertainty the variability of stochastic objective functions and
constraints are induced by random parameters ξ. These are supposed to be modelled
by a probability distribution and decoupled from the deterministic design variables x.
Some recent works propose new formulations to encompass the uncertainty treatment in
a multi-objective optimization process inspired by classical robust and reliability based
optimization concepts [1].
Looking at these formulations, diﬀerent statistical quantities (means, standard deviations, quantiles,...) are each time needed to assess some probabilistic measures at each
step of the optimization process. In the scope of this paper we investigate the challenging issue of computing these quantities at low computational costs. We then compare
diﬀerent metamodelling strategies in terms of number of calls to the exact model for a
minimum level of accuracy.
As an application, we focused on the formulation proposed in [2]. In this work, assessing
the mean Ef the and standard deviation σf of the stochastic responses f is needed to build
the so-called stochastic Pareto sets.
In the first part of the study, we focus on the proposed multi-objective formulation
under uncertainty highlighting the concept of stochastic Pareto sets. Then in a second
part, we present the reference results and the proposed metamodelling strategies. Finally,
in a third part, we compare them in terms of computational costs and accuracy.
2
2.1

FORMULATION OF MULTI-OBJECTIVE OPTIMIZATION PROBLEM
UNDER UNCERTAINTY
Multi-objective optimization under uncertainty

The general formulation of a multi-objective optimization problem under uncertainty
is expressed as follows [1]:
min c(x, ξ)
x

s.t g(x, ξ) ≤ 0
h(x, ξ) = 0
2
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where:
- x is the vector of deterministic design variables which are manipulated during the
optimization process,
- ξ is the random variable vector supposed to be decoupled from the design variables
x
- c is the objective function vector, usually a statistical measure of the stochastic
objective function (mean, standard deviation, quantiles,... ),
- g is the inequality constraints vector used as a criterion to evaluate the stochastic
performance of each solution (can also be statistical measures),
- h is the equality constraints vector.
2.2

Reliability based formulation

The original formulation on which we focus here is detailed in [2]. Inspired from the
concepts of reliability-based optimization, this formulation encompasses random uncertainties by defining stochastic Pareto sets. The formulation is expressed as follows:
min ζ = [ζ1 , . . . , ζm ]
x,η

s.t Pnon-dominance ≡ P [f (x, ξ) � ζ] ≥ αf
Psafety ≡ P [g(x, ξ) ≥ 0] ≥ αg
with ζi = E[fi (x, ξ)] + ηi σfi (x, ξ)]

(3)

where:
- E[fi (x, ξ)] and σ[fi (x, ξ)] are respectively, the mean and the standard deviation of
the stochastic responses.
- η = [η1 , . . . , ηm ] are additional design variables manipulated by the algorithms and
aimed at computing the quantiles ζ so that to satisfy the non-dominance and the
safety constraints.
- αf , αg are user defined probability levels.
The key feature of the formulation lies in the computation of the non-dominance probability. Taking into account the inherent multi-objective nature of the problem, it assesses
the Pareto robustness by constraining the objective function vector f (x, ξ) to dominate
the quantiles ζ with a given (user defined) probability level αf . To compute these quantiles, the mean E[fi (x, ξ)] and the standard deviation σ[fi (x, ξ)] of the objective functions
at each design point x are needed.
Assessing these statistical quantities with a good accuracy can be costly particularly
when Cure Monte Carlo simulations are used: the number of calls to the exact model
3
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can be prohibitively large to reach convergence. One way to alleviate this issue is to use
diﬀerent metamodeling strategies aiming at decreasing the number of calls to the high
fidelity model.
2.3

Test case

In this paper, the proposed metamodeling strategies are tested and compared in the
shape optimization context of a steel truss bar. The design variables are the vertical
coordinates of the nodes 14 and 21 represented in figure 1, x = {Y14 , Y21 }. The vertical
coordinates of the intermediate nodes are computed using a spline interpolation imposing
horizontal tangent at the nodes.
The stochastic variables are the upper and lower bars cross sections, ξ = {S1 , S2 }.
Their mean and standard deviation are respectively: µ = 90 cm2 and σ = 1 cm2 .
The objective functions to be minimized are for example the truss structural mass, the
maximal axial stress.
("
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!&"

Stochastic cross sections
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#$%"
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¥ Deterministic variables

x
¥Stochastic variables:

¥ Objective functions

f (x, ξ)

Figure 1: Structural test case

3
3.1

METAMODELING STRATEGIES
Crude Monte Carlo simulations as reference results

Reference results (E ref [fi (x, ξ)] and σ ref [fi (x, ξ)]) are established using a large number
of Monte Carlo simulations on a full factorial sampling grid in the design variable space.
4
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The bounds of the design variables are x1 ∈ [1; 5.8] , x2 ∈ [1; 5.8] and the size of the
Design of Experiments (DOE) is s = 15x15.
With 100 000 Monte Carlo simulations, the convergence of E[fi (x, ξ)] and σ[fi (x, ξ)]
is reached.
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Figure 2: Reference surface for a 15x15 full factorial design

Given the prohibitively large number of calls to the high fidelity finite-element-based
model to compute the needed statistical data, strategies to decrease computational eﬀorts
have to be established. One way to investigate is the use metamodelling strategies.
Let MvD(v) be the high fidelity model (usually costly) of the output data D = {d1 , . . . , dt }
depending on the input variables and parameters v = {v1 , . . . , vf }. Metamodelling techniques are aimed at replacing this usually costly model by a cheaper albeit accurate
approximated model M̃vD̃(v) called metamodel. This cheaper model is built using some
experiment points on the variables v, gathered on a ndoe sized design of experiments
VDOE = {v(1) , . . . , v(ndoe ) }. These points are then used as training points to fit a response surface. Diﬀerent kinds of response surfaces methods exist in the literature (least
squares approximation, radial basis function networks, kriging, neural networks, moving
least squares...). In this paper, we use the interpolating version of moving least squares
to build the response surfaces [4].
3.2

Strategy 1: Metamodels on the statistical data (M̃xẼ[f ](x),σ̃[f ](x) )

The first metamodelling strategy consists in considering the mean E[f ](x) and the
standard deviation σ[f ](x) of the objectives as functions of the design variables x.
Firstly, a design of experiment in the design variables space is built using an uniform
Latin Hypercube Sampling (LHS) of size ndoe = 200. Then for each of these points,
the output quantities of interests (E[f ](x) and σ[f ](x)) are computed using a suﬃciently
5
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large enough number of Monte Carlo Simulations (MCS) to reach convergence. From
these training points, the interpolating version of Moving Least Squares (MLS) are then
used to build the response surface.
XDOE = {x(1) , . . . , x(ndoe ) } −MLS
(4)
−−→ Ẽ[f ](x), σ̃[f ](x)
To reach convergence, for most of the design points the values gathered in the table 1
are necessary.
Table 1: MCS to reach convergence for the mean and standard deviation of each response

Mean (E[f ](x))
10 000
40 000

Structural mass
Maximal axial stress

Standard deviation (σ[f ](x))
100 000
100 000
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Figure 3: Reference surface for a 15x15 full factorial design

3.3

(x,ξ)

Strategy 2: Metamodels on the structural response (M̃f̃ (x,ξ) )

A second metamodeling strategy aims at building a response surface on the objective
functions f (x, ξ) using a mixed Latin hypercube sampling design simultaneously on the
deterministic design variables x and on the stochastic variables ξ. Then for each of the
points (x, ξ) of the design of experiments, the high fidelity finite-element-based model is
called to compute f (x, ξ).
The design of experiment is built using a mixed Latin hypercube sampling design of
ˆ
experiment merging variables with uniform distribution x and normal distribution ξ.
6
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The interpolating version of moving least squares is then used to build the response
surface.
ˆ
(XDOE , Ξ̂DOE ) = {(x(1) , ξˆ(1) ), . . . , (x(ndoe ) , ξˆ(ndoe ) )} −−
MLS
(5)
−−→ f̃ (x, ξ)
Crude Monte Carlo simulations are then performed on the approximated MLS-based
metamodels to retrieve the mean and the standard deviation. The results presented here
have been established using a mixed Latin hypercube sampling design of experiment of
size 10 000, which seems to be largely under the necessary value to reach the convergence.
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Figure 4: M̃f̃ (x,ξ) MLS-based response surface

As noticed on the figure 4, for the mean mass response, the results have reached
convergence, but that’s not the case for the other results.
3.4
3.4.1

Strategy 3: Bi-level metamodeling strategy
One-level metamodel strategy (M̃ξf (x,ξ) )

In the frame of finite element based structural design, the literature oﬀers some particularly well adapted method to compute stochastic metamodels [3]. In this study, the
deterministic conception variables x are supposed to be decoupled from the stochastic
variables ξ. The Polynomial Chaos Expansion (PCE) allows to expand the stochastic
function onto a well adapted basis of orthogonal polynomials. This orthogonality property depends on the nature of the probability distribution followed by the design variables. Here, each stochastic variable ξ1 , ξ2 is supposed to follow a gaussian distribution
ξ1 , ξ2 ∈ N (µ, σ) (µ = 90 cm2 , σ = 1 cm2 ). Then, the corresponding polynomial orthogonal basis is made of Hermite polynomials. The exact polynomial expansion at a design
point x of the stochastic function f (x, ξ) is then given by :
7
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f (x, ξ) =

∞
�

ˆ
γjf (x)ψj (ξ)

(6)

j=0

ξ−µ
is the reduced-centered part of ξ, γj∈N is the set of polynomial chaos
where ξˆ =
σ
coeﬃcients, and ψj the j th multidimensional Hermite polynomial. In practice, the number
of terms of the polynomial chaos expansion is usually truncated to a maximal degree N .
The expansion becomes then:
f˜(x, ξ) =

P
−1
�

ˆ
γjf (x)ψj (ξ)

= f¯(x, ξ) +

j=0

P
−1
�

ˆ
γjf (x)ψj (ξ)

(7)

j=1

where ψj is now the j th multidimensional Hermite polynomial, the total degree of which
does not exceed N . In our case, the number of terms of the expansion of degree N = 2
with M = 2 stochastic variables is then given by :
P =

N
�

k
CM
+k+1 =

i=0

(N + M )!
=6
N !M !

(8)

The key point is then to compute the P polynomial chaos coeﬃcients. To do so, using
the collocation method, a response surface on the stochastic variables is built: Q > P
equality points (Q=30) ΞDOE = {ξˆ(1) , . . . , ξˆ(Q) } between the exact stochastic model f (x, ·)
and the metamodel-based estimation f˜(x, ·) are defined.
PCE
ΞDOE = {ξ (1) , . . . , ξ (Q) } −−
−−→ f̃ (x, ·)
The coeﬃcients are obtained solving the following linear set of equations:
 


 f
(1)
(1)
ˆ(1) ) 



ψ
γ
f
(x,
ξ
(ξ
)
.
.
.
ψ
(ξ
)
(x)
0
P
−1

 0




.
..
.
.
.
.
.
=


.
.
.
.




 f


(Q)
(Q)
(Q) 
ˆ
ψ0 (ξ ) . . . ψP −1 (ξ )
γP −1 (x)
f (x, ξ )

(9)

(10)

In the scope of this study, the mean and the standard deviation of the objective functions can then be retrieved using Monte Carlo sampling on PCE-based metamodel of the
response or even by less costly simple operations on the polynomial chaos coeﬃcients.

f

 Ẽ[f (x, ·)] = γ0 (x)
P
−1
�
(11)
E[ψj2 (·)]γj2 (x)

 σ̃[f (x, ·)] =
j=1

8
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Figure 5: M̃ξf (x,ξ) PCE-based response surface

3.4.2

Second level of metamodels (Mxγ(x) )

As noticed in the previous section, the stochastic PCE-based metamodel has to be
built at each design point x. Q > P, (Q = 30) numbers of calls to the exact models
have to be performed each time a new design point is found by the algorithm. As P
exponentially grows with the polynomial degree N and with the number of stochastic
variables M (see (8)), and as the number of design point found by the optimization
algorithm might be large until the convergence is reached, Q may become prohibitively
large. To alleviate this issue a second metamodel level is introduced aiming at building a
mapping of the estimated value of each coeﬃcient of the polynomial chaos expansion in the
design variables space Γ̃ = {γ̃0f (x), . . . , γ̃Pf −1 (x)} from a ndoe2 sized design of experiment
XDOE = {x(1) , . . . , x(ndoe2 ) }
(1)
(ndoe2 )
{x(1) , . . . , x(ndoe2 ) } MLS
}
(12)
−−−→ {Γ̃ , . . . , Γ̃
The mean and the standard deviation of the objective functions are now retrieved using
Monte Carlo sampling on the bi-level PCE-based metamodel of the response or even by less
costly simple operations on the now approximated polynomial chaos coeﬃcients computed
from the second metamodel level.

f

 Ẽ[f (x, ·)] = γ̃0 (x)
P
−1
�
(13)
E[ψj2 (·)]γ̃j2 (x)

 σ̃[f (x, ·)] =
j=1

Adding this second metamodelling strategy to the first one, keeps on decreasing the
computational costs. In fact, in the first level, Q = 30 simulations were needed for each
points to be approximated while adding the second metamodel limits the numbers of
9
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Figure 6: M̃ξf (x,ξ) + Mxγ(x) PCE-based response surface

calls to Q x ndoe2 , (ndoe2 = 200) whatever the number of design points x (s) found by the
algorithm is. Most of the times, of course, ndoe2 < s.
4

DISCUSSION

To compare the results obtained using the diﬀerent strategies, some reference points are
built from a full factorial design of experiment XDOE = {x(i) }i∈{1,...,s} , of size s = 15x15
in the design variables space.
First we compare the number of simulations needed for each metamodelling strategy
M
M
M to assess of the data of interest AM
(i,j)∈{1,2}2 at this point (A1,j = E[fj ](x) or A2,j =
(σ[fj ](x)).
Then considering only the points where convergence is achieved, we compute the mean
relative error on each point to compare the metamodelling strategies results with the
reference results obtained by crude Monte Carlo simulations:
�
� ref
�
�A(i,j) − AM
(i,j)
ei,j = E
(14)
ref
�A(i,j) �
All the results are reported in the table 2. It shows that using the polynomial chaos
expansion to compute the statistical quantities, circumvent the high computational costs
of simulations-based strategies for sometimes even more accurate results. The bilevel
PCE-based metamodelling strategy, even if, in a general way, is less accurate than the
first level PCE-based metamodel, it is still accurate enough and keeps on decreasing the
computational cost.
Note: In our case: Q = 30, s = 152 , ndoe2 = 200
10
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Table 2: Summary of the numerical results

5

(x,ξ)

Number of calls

M̃xẼ[f ](x),σ̃[f ](x)
100 000 x s

M̃f̃ (x,ξ)
>10 000 x s

M̃ξf (x,ξ)
Qxs

M̃ξf (x,ξ) +Mxγ(x)
Q x ndoe2

Mean relative error
E[Mass]
E[Max Axial Stress]
σ[Mass]
σ[Max Axial Stress]

1.5183e-04
0.0198
0.0073
0.0478

0.0022
N/A
N/A
N/A

9.5839e-06
0.0371
0.0018
0.0603

3.7847e-04
0.0432
0.007849
0.0756

CONCLUSIONS AND FUTURE PROSPECTS

Conclusions. In the frame of multi-objective reliability based optimization, statistical
quantities involved in the problem formulation are needed to be computed for each solution (design points) issued from the solving algorithms. Performing crude Monte Carlo
simulations on these data shows that a prohibitively large number is necessary to reach
the convergence and at the same time a good accuracy. Thinking about strategies in order to reduce this computational costs is then necessary. Metamodeling techniques allow
to replace the high fidelity model by a less costly model representing the high fidelity
one with a good controlled accuracy. Among the three strategies investigated here, the
number of Monte Carlo simulations is aimed at being decreased. However, the results in
terms of accuracy shows varying degrees of success.
Building a metamodel directly on the statistical data with a design of experiments on
the allows a good precision on the condition that a large enough number of Monte Carlo
simulations are performed to reach the convergence on each of the DOE points.
Building a metamodel on the objective function trying to map simultaneously their deterministic and stochastic behavior by a mixed design of experiment on the deterministic
and stochastic design variables shows very bad accuracy for the case treated. This metamodelling strategy seems in fact very sensitive to the parameters adjusting, but seems
anyway costly.
Although, the use of a third strategy based on hierarchical metamodels using polynomial chaos expansion is investigated. As a first level, the use of PCE metamodels allows
to build a stochastic response surface from a design of experiment on the stochastic variables. This response surface represents the stochastic behavior of the objective at a given
design point. This allows to circumvent the disadvantage of large number of Monte Carlo
simulations by computing cheaply the statistical quantities. The second level keeps on
decreasing computational costs by building a metamodel on the polynomial chaos coefficient based on a design of experiment on the design variables. From this second level,
it is then possible to re-build the polynomial expansion of the objective function for any
11
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design point without calling the high fidelity model. These two levels results in a very
eﬃcient way to compute the statistical quantities for any point of the design space.
Future Prospects. But, as noticed in (8) the number of coeﬃcients to be computed in
the polynomial chaos expansion can increase drastically with the degree of the polynomial
chaos and the number of variables, increasing at the same time the computational costs.
Building sparse polynomial expansions shows great results in decreasing the number of coeﬃcients to be computed [5]. A further move has to be taken to incorporate these methods
based on model selections techniques within a multi objective optimization process.
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Abstract. Pulsed laser action is characterized by the appearance of the fast phase transitions
of the first order which velocity increases as the pulse duration decreases and the intensity
increases. Mathematical modeling of the fast phase transitions requires explicit tracking of the
interphase boundaries and is a difficult but solvable problem using the method of dynamic
adaptation. The method is based on a transition to an arbitrary non-stationary coordinate system allowing obtaining fixed grids with non-moving boundaries in the computational space
while its images in the physical space are moving. High velocity of the phase fronts determine
the high degree of non-equilibrium of the process exhibiting itself in the appearance of metastable highly overheated states in the solid and liquid phases. Mathematical modeling with
explicit front tracking allowed us to determine typical values of overheating (relative to the
equilibrium temperature of melting and evaporation) of the solid and liquid phases for different duration of the laser pulse.

1. INTRODUCTION
Pulsed laser ablation which is material removal as a result of irradiation of the target by intense laser pulses is a widely used technology in many applications[1], such as cutting, deposition of thin films, drilling, cleaning, surface microstructuring, etc. This is also an effective
method of the controlled production of nano-particles[2]. Furthermore, pulses with very short
duration such as pico- or femtosecond are preferable in many applications[3]. In particular,
short duration limits thermal diffusion and results in high quality processing.
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Despite of the fact that pico-and femtosecond laser ablation became one of the most intensively investigated domains in the laser-matter interaction, the main mechanisms of ablation
remain unclear. Usage of ultrashort τ  ≈ 10 −12 ÷ 10 −15 s high-power G ~ 1012 ÷ 1018 W / cm 2
laser pulses for the material treatment creates unique physical conditions where the duration
of the action is comparable with the characteristic time of the thermalization and phase
change in the matter. This results in the necessity to consider complex fundamental problems
among which are investigation of highly non-equilibrium heating of matter by laser radiation
and dynamics of fast phase transitions. But since pico-and femtosecond ablation takes place in
very short time and space scale where experimental approaches are very limited, the methods
of mathematical modeling become the main investigation tool.
The main peculiarities of the ultrashort laser action on metals are associated with the high
rate and volume type of the laser energy deposition. The high heating rate of the condensed
phase is connected with the fast phase transformations of matter that are characterized by the
transfer of the strong matter and energy flows over the phase boundaries. The speed of the
phase fronts reaches or becomes comparable to the one of sound in the condensed media resulting in the formation of the shock waves in solid. The energy transport by the material flow
together with the volume type of the energy deposition contribute to the heating of the interphase boundaries to the temperatures significantly higher than the equilibrium melting and
evaporation temperature[4]. The mathematical description of these processes if performed
within the approximation of different types of Stephan problem[5], which main peculiarity is
the presence of moving interphase boundaries with explicit tracking that make the problem
non-linear in principal.
The aim of this work is to present the abilities of the dynamic adaptation method that is
used to solve the non-equilibrium hydrodynamic type of Stephan problem describing the action of a picosecond laser pulse on the Aluminum target.
2. THEORETICAL MODEL.
The laser radiation propagates from the right to the left and is partially absorbed at the surface of the metal target. Fig.1 shows spatial configuration of the phase fronts Γsl (t ), Γlυ (t ) and
the shock wave in the condensed media Γsh ,s (t ) . The statement of the problem includes the
following limitations and suppositions.

Figure 1: Spatial phase configuration.
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The mechanisms of the volume melting and evaporation are not included in the consideration. It is supposed that the melting front appear at the irradiated surface when the temperature
reaches Tm0 and overheated metastable states behave in a stable way during the consideration.
The mathematical description and modeling of the femtosecond laser ablation of hard
Aluminum target in vacuum is performed within the framework of a non-equilibrium Stephan-type hydrodynamic and two-temperature and spatially one-dimensional model with multiple fronts written for two media: solid and liquid:
 ∂ρ ∂ (ρ u)

=0
 +

∂x
 ∂t

 ∂(ρ u) ∂(ρ u2 )

∂P


+
=−
∂x
∂x
 ∂t



 ∂ (ρeεe ) + ∂ (ρeuεe ) = − P ∂u + ∂We + g(T )(T − T ) + ∂G 
,
(1)
e
e
ph
 ∂t
∂x
∂x 
 ∂x ∂x


 ∂ (ρ ε ph ) + ∂(ρ uε ph) = − P ∂u + ∂Wph − g(T )(T − T )  
e
e
ph 
 ∂x ∂x
 ∂t

∂x

 

m
 ∂G

ρe = z ρ,
 + α ( Te )G = 0,

M
 ∂x
k
t>0, Γs < x < Γsh ,s (t )  Γsh ,s (t ) < x < Γs (t )  Γs (t ) < x < Γυ (t )
∂T
∂Te
, W ph = − λ (T ph ) ph , ε e = Cυe (Te )Te , ε ph = Cυph (T ph )T ph
∂x
∂x
P(ρ , T ) = P(ρ e , Te ) + P(ρ ph , T ph ) ,

where We = −λ (Te , T ph )

Here: ρ, u, ε, T, P are the density, gas-dynamic velocity, internal energy and pressure,

α (Te ), R(Te ) are the coefficient of volume absorption and the surface reflectivity, G is the laser radiation density, Cϑ λ are the heat capacity and the heat conductivity coefficient, g (Te )
is the electron-phonon coupling constant. The indexes s, l, υ represent solid, liquid and vapor
phases, e, ph represent electron and phonon gas, k = s, l
The model of the surface non-equilibrium melting is formulated at the boundary x = Γs (t )
as a set of three conservation laws: mass j sm , momentum j si , energy j se and an additional
condition for temperature.
All relations are written in the coordinate system moving with the velocity of the solid
phase u s . The velocity of the phase front is given as υ sl = υ sl∗ − u s , where υ sl∗ is the velocity of
the melting-crystallization front in the stationary (laboratory) coordinate system.
jsm = ρ sυ s = ρ  (u s − u + υ s ) ,

(2)

jsi = Ps + ρ sυ s2 = p + ρ  (u s − u  + υ s ) ,
2

(3)
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2

υ s2 

u s − u + υ s ) 
(
T
m
j = − j + j  H s +  = − j + js  H  +
 ,
2 
2



e
s

T
s

(3)

m
s

where H  = C ps ∆Ts , H  = C p ∆Ts + Lm , Ws = −λ (Tph,s )

∂ Tph,s
∂x

, W = −λ (T ph, )

∂ T ph,
∂x

Here H s , H  , W , Ws are the enthalpy and the heat flows in the solid and liquid phases correspondingly.
The energy conservation law for j se can be easily transformed into canonical form of the
differential Stephan condition:

∂T  
∂T 

 λ ph ph  −  λ ph ph  = ρ s Lne
m υ s ,
∂x  s 
∂x  


(4)

ρ s + ρ  (u s − u )2
where L = Lm + ∆C ps ∆Ts +
,
∆C ps = (C p − C ps ) , ∆Ts =(Tm (Ps ) − Tm ) ,
ρ s − ρ
2
Lne
m is the non-equilibrium melting heat.
The differential Stephan condition is supplemented by the phenomenological condition of
the temperature equity:
ne
m

Ts = Ts = T = Tm (Ps ) , where Tm (Ps ) = (Tm , 0 + θ ⋅ Ps ) ,

(5)

where θ is a constant depending on the material, Ps is the pressure on the surface of the solid
phase. The pressure dependence of the melting temperature is typical for the fast phase transitions where the velocity of the phase front υ sl is comparable to the velocity if sound in the
condensed media.
The following relations are written for the electron component at x = Γsl (t ) :

 ∂Te   ∂Te 
 λe
 =  λe
 ,
 ∂x  s  ∂x  

Te, s = Te, ,

(6)

The model of surface non-equilibrium evaporation is formulated within the approximation
of the Knudsen layer. Three conservation laws are written at the boundary x = Γkυ (t ) : mass
jkmυ , momentum jki υ , energy jkeυ and two additional relations, characterizing the degree of
non-equilibrium of the phase transition. All relations at the evaporating surface are written in
the coordinate system moving with the velocity of the condensed phase υ kυ = υ k∗υ − u k , υ k∗υ is
the evaporation front velocity in the stationary (laboratory) coordinate system:
jkmυ = ρ kυ kυ = ρυ (u k − uυ + υ kυ ) ,

(7)
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jki υ = Pk + ρ kυk2υ = pυ + ρυ (uk − uυ + υ kυ ) ,

(8)



υ2 
(u − uυ + υ kυ )2  ,
jkeυ = −Wk + jkmυ  H k + kυ  = −Wυ + jkmυ  Hυ + k

2 
2




(9)

2

where Wk = −λ (Tph,k )

∂ T ph,k
∂x

, Wυ = −λ (Tυ )

∂ Tυ
, H k = C pυ (T ph ,k − Tb ), H υ = C pυ (Tυ − Tb ) + Lυ .
∂x

The conservation law can be finally written as
∂Tph 

ρ k + ρυ (u  − uυ )2
ne
ne
 λ ph
 = ρ kυkυ Lυ , Lυ = Lυ (T ph ,k ) + C pυ (Tb − T ph ,k ) +
∂x k
ρ k − ρυ
2


The values of Tυ , ρυ , pυ are determined from the relations at the non-equilibirum Knudsen
layer[6]:

ρυ = α ρ ( M ) ρ sat ,

Tυ = α T ( M )T ph ,k ,

 L
Psat (T ph,k ) = Pb exp υ
 RTb

 ∆T ph,k

 T
 ph,k


 ,



(10)

ρ sat =

Psat (Tph,k )
RTphk

,

where Lυne is the non-equilibrium heat of evaporation , α Τ , α ρ are the Crout coefficients, M
is the Mach number at the outer side of the Knudsen layer, ρ sat , Psat are the density and pressure of the saturated vapor, Pb , Tb , are the equilibrium boiling pressure and temperature, Tυ ,

ρυ are the vapor temperature and pressure. At M=1: Tυ = 0.633 T , ρυ =0.328 ρ sat .
The following relations are written for the electron component and the equation of the laser
energy transfer at the boundary x = Γυ (t ) :
  t
∂T
− λe e = σ Te4 , G (t ) = (1 − R (Te )) ⋅ G0 exp − 
 τ L
∂x






2






(11)

where σ is the Stephan-Boltzmann constant, R is the surface reflectivity coefficient.
The temperature dependencies of the transport and optical properties λe (Te , T ph ) , λ ph (T ph ) ,
g (Te ) , α ( Te ) , R(Te ) were determined using the approach from Refs.[7,8].

3. THE COMPUTATION ALGORITHM AND DIFFERENTIAL SCHEMES.
The main peculiarity of the Stephan problems is the presence of the boundaries moving with the velocities υ s and υkυ . That means that the problem (1) – (11) will be non-linear
even with constant values of the optical and thermophysical properties. The presence of the
moving boundaries also results in significant complication of the computational algorithm. At
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the low rate of the phase transformations (the velocity of the phase front is much lower than
the speed of sound), the processes of the phase transformation take place in a quasiequilibrium way. The interphase boundaries in these cases are not tracked explicitly. The account of the phase transformations is performed using so-called enthalpy approach[9], where
the smoothing function is used instead of the differential Stephan condition. In this case the
phase transformation is taken into account using a singular additive to the heat capacity (to
the equation of state) in the point of the phase transition. The fast phase transitions (the transition velocity is comparable to the one of sound in the condensed media) that are typical for
powerful pulsed laser action take place in the conditions of high non-equilibrium caused by
the rapid material flow[10] over the interphase boundary. The enthalpy approach is not applicable in these situations since the smoothing of the heat capacity function narrows the class of
solutions of the phase transformations in the media, in particular, it excludes from the consideration the phenomena of overheating and overcooling of the condensed media. The interphase boundaries should be explicitly tracked in order to take these phenomena into account.
The method of dynamic adaptation[11,12] is used to solve the non-linear system (1)-(11)
within the domain with the moving boundaries Γsl (t ) , Γkυ (t ) and Γsh,s (t ) . This method is
based on a transition to an arbitrary non-stationary coordinate system.
The transition to an arbitrary non-stationary coordinate system is performed using an automatic coordinate transformation using the sought solution. The transition is performed from
the physical space Ω x, t with Euler variables ( x, t ) into the computational space with nonstationary coordinate system Ω q ,τ and variables (q,τ ) :
∂
∂

 ∂ τ (ψ ρ ) + ∂ q (ρ (u + Q )) = 0,



∂
∂

 ∂ τ (ψ ρ u ) + ∂ q (P + ρ u (u + Q )) = 0,



∂
∂ u ∂ We
∂
∂G 
 ∂ τ (ψ ρ e ε e ) + ∂ q (ε e ρ e (u + Q )) = − P ∂ q − ∂ q −ψ g (Te ) (Te − T ph ) − ∂q ,




 ∂ (ρ ε ph ) + ∂ (ε ρ (u + Q )) = − P ∂u − ∂W ph + ψ g (T ) (T − T ),

ph
e
e
ph
 ∂τ

∂q
∂q
∂q


 ∂ G + ψ κ ( ρ , T ) G = 0,

∂ q



∂x
 ∂ψ = − ∂ Q ,

ψ=
 ∂τ

∂q
∂q

(12)

τ > τ 0 , Γs < q < Γsh ,s  Γsh ,s < q < Γs  Γs < q < Γυ
The initial differential system (1) is transformed into the extended system (12) during this
transition to an arbitrary non-stationary coordinate system. Here the first five equations describe the physical processes and the last one is the equation of the reverse transformation
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which type, properties and boundary conditions depend on the particular form of the transformation function Q. The transformation function can be assumed to be the mass flow Q=ρu. This equation is then used to construct the grid dynamically adapting to the solution. Its
difference analogue describes the grid nodes dynamics and the function Q performs controlled motion of the grid nodes adapted to the dynamics of the sought solution.
The transformation functions Q are determined from the quasi-stationarity principle that
states that it is necessary to determine the system where all processes take place is a stationary
way. In this problem, two energy equations were used to determine the function Q from the
∂ε
∂ε
condition e = ph = 0.
∂τ
∂τ
Initial and boundary conditions for the system (12) are formulated in the following way.
τ =τ0 :
Te (τ 0 , q ) = T ph (τ 0 , q) = T0 ,
ψ (τ 0 , q ) = 1 ,
q = q0 :
q = Γs :

λ ph ρ ∂T ph
λe ρ ∂Te
=−
= 0,
ψ ∂q
ψ ∂q
 λe ρ ∂Te 
 λ ρ ∂Te 

 =  e
 ,
 ψ ∂x  s  ψ ∂x  

Q s (τ , q 0 ) = 0

-

Tsl = T ph , s = T ph ,l = Tm

 λ ph ρ ∂T ph   λ ph ρ ∂T ph   −1
 − 
  Lm , υ s = − ρ s−1Qs
Qs = − ρ sυ s , Qs = 
ψ
x
ψ
x
∂
∂

s 
  
 λ ph ρ ∂T ph 
 −
 = − Lυ Qkυ ,
q = Γkυ :
Qkυ = − ρ kυ kυ
∂q  k
 ψ

(13)

Q kυ = − ρ υ (υ kυ − u ) , Pk + Qkυυ kυ = pυ − ρ k (υ kυ − u ) , Tυ = α T ( M )T ph ,k , ρ υ = α ρ ( M ) ρ H ,
2
 λ ρ ∂T


 e e e = σT 4 , G(τ ) = A(ω , T ) ⋅ G exp −  τ   
k=s,l
e
e
0
 ψ ∂q
  τ L   

 k .

2

The differential problem (12), (13) is approximated by a set of conservative difference
schemes written on the computational grids for each sub-domain (solid and liquid). The solution of the obtained non-linear differential equations was performed using enclosed iterative
procedures.
4. RESULTS OF THE MODELING
The surface of the Aluminum target in vacuum is irradiated by a laser pulse with Gaussian
  τ 2 
time distribution of intensity G (t ) = (1 − R (ω , Te )) ⋅ G0 exp −    , duration of τ L = 10 −12 s ,
 τ L  


−2
fluence
of
and
peak
intensity of
wavelength λ = 0.8 µ m ,
F = 0.5 J cm
F
G0 = 1 / 2 = 2.82 ⋅ 1011 W cm −2 .
π τL
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Figure 2: Time profile of the initial laser
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Figure 3: Time profile of the surface temperatures Te (t ) , T ph (t ) .

The absorbed portion of the radiation Gs (t ) = (1 − R (ω , Te )) ⋅ G (t ) , Fig.2, is completely released in the electron component. Due to the low heat capacity of electron and slow energy
exchange between the subsystems, the electron gas is rapidly heated to the temperatures significantly higher than the one on the lattice Te >> Tph . Fig.3 shows the time dependence of the
temperatures Te (t ), Tph (t ) at the surface. The maximum value of the electron temperature

Te max (t ) ≈ 1.55 ⋅ 104 K is reached right after the peak intensity. The maximum separation of the

temperatures ∆T (t ) = Te (t ) − T ph (t ) reaches the value of 1.2 ⋅ 10 4 K , Fig. 4. The rapid rise of

the electron temperature results in the rise of the energy exchange coefficients g (t ) and
λe (t ) , Fig.5. The coupling factor g (t ) is increased by more than 1.5 orders, resulting in the
fast rise of the lattice temperature and decrease of the electron one. The maximum value of
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Al
3
the lattice temperature T ph, max ≈ 7 ⋅ 10 K are reached after the end of the laser pulse at the

end of the non-equilibrium period at t ≈ 7.5 ps . The significant increase of the electron heat
conductivity coefficient λe (t ) , approximately by ~ 10 times results in the sharp rise of the
energy carry-out from the heating zone by the heat conductivity so that the value of ∆T (t ) < 0
becomes negative, Te < T ph ≈ 103 K , Fig.4. The complete temperature equilibration takes
place at about t ≈ 60 ps .
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Figure 4: Time profile of the temperature difference ∆T (t ) = Te (t ) − T ph (t ) .
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Figure 7: Spatial profiles of the pressure

2,3

P( x ) and density ρ ( x ) .

The main peculiarity of the picosecond action is the high rate of the laser energy release
that causes the high rates of the target heating and the phase transformations. Fig.6 shows the
time dependencies of the propagation velocities of the melting υs (t ) and evaporation υ υ (t )
fronts. Their maximum values are 3.5 km/s and 24 m/s correspondingly. The velocity of the
melting front becomes comparable to the velocity of sound in the solid phase generating the
pressure of Ps ≈ 0.11 Mbar at the melting surface that is enough to generate a compression
wave in solid that is then transformed into a shock wave, Fig.7. The high velocities of the
phase fronts provide high material and energy flows over the interphase boundaries. Together
with the volume heating of the lattice, that causes interesting physical phenomena – overheating of the solid and liquid surface and formation of the sub-surface temperature maximums,
Fig.8. According to the computations, the overheated metastable states in the solid and liquid
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phases can exceed the equilibrium values of the melting Tm and evaporation Tb temperatures
by several thousands of degrees.
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Figure 8: Spatial profiles of the temperatures

Te ( x ) , Tph ( x ) at t = 5 ps .
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Another manifestation of the non-equilibrium effects is very large size of the heat action zone
that is determined by the heat conductivity of electron Fermi-gas. Fig. 9 compares the nonequilibrium heating zone δ ne (t ) and the equilibrium one δ (t ) that is determined as

δ (t ) = (λ / C p t )1 / 2 . Their relation δ ne (t ) / δ (t ) ≈ 7 ÷ 10 shows how much the non-equilibirum

zone is larger that the equilibrium one.
5. CONCLUSION
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The mathematical modeling of ultrashort laser action on solid target was performed. The
behavior of the main processes under the conditions of non-equilibrium heating was analyzed.
The most important point in this investigation is the usage of the method of dynamic adaptation allowing explicit tracking interphase boundaries and fronts of the shock waves. Their
tracking allows obtaining results that are not reachable using other solution methods. In particular, the dynamic adaptation allowed to investigate the dynamics of the fast phase fronts
and associated highly overheated metastable states in solid and liquid phases appearing during
fast energy release in the condensed media.
The work was supported by RFBR (projects No 10-07-00246-a, No 09-07-00225-a).
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Abstract. In the context of scattered problems and exterior domains, a Proper Generalized Decomposition (PGD) for the parametrized Helmholtz equation is analyzed. Unlike
previous PGD contributions, which deal with elliptic problems, the present work is focused on a more challenging scenario for the separable representation due to the loss
of the elliptic behavior. The proposed PGD involves a separable representation of the
unknown reflected wave in space, wave number and angle of incidence. Such a decomposition appears to be really interesting for practical purpose, where goal-oriented results
are critical for a wide range of frequencies and incident waves. Moreover, the accuracy
of the presented approximation is evaluated using an error estimation based on the dual
formulation of the problem.

1

INTRODUCTION

In initial boundary-value problems the solution is critically affected by the value of its
inherent model parameters. For a multitude of applications, it is essential to know how the
solution field behaves for an wide range of these parameter values. Typical situations are
control, optimization or inverse problems, where usually a large number of solutions are
required, and, consequently, it is necessary to solve many direct problems. In many cases,
the solution of the model is a tricky task that demands important computational resources
and usually implies extremely large computing times. Usual optimization procedures
are inapplicable under real-time constraints because they need numerous solutions. The
same issues are encountered when dealing with inverse analysis in which material or
process parameters are expected to be identified from numerical simulation, by looking
for the unknown parameters such that the computed fields agree with the ones measured
experimentally. Clearly, using brute force and computing as many fields as parameter
1
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values are needed is not a suitable option. Simple interpolation techniques between a few
computed fields introduces an error which may not be controllable. On top of that, usual
mesh-based discretization methods, like those derived from Galerkin projections, fail due
to the exponential growth of the number of degrees of freedom with the dimension of the
space, leading to prohibitive computational costs.
Model reduction techniques, also known as reduced-order models, have proved their
competitiveness in this scenario. The main idea of a reduced model approach is to construct a finite dimensional basis {Φi (x)}1≤i≤N , or reduced basis, in which the solution
field u(x) can be approximated with reasonable accuracy by a low-order field uN (x) as
N

u(x) ≈ u (x) =

N


αi Φi (x),

(1)

i=1

where αi are the coefficients of uN obtained by projecting the governing equation of the
model on the space defined by the reduced basis. Note that, in general, the independent
variables x = (x1 , x2 , ..., xd ) are spatial, time, or any desired model parameters (material,
boundary conditions, etc). The goal now is to develop a proper method for constructing
each component Φi of the basis. Let us focus here on a separable representation in the
form
d

Φi (x) =
Fij(xj ), i = 1, . . . , N.
(2)
j=1

If a mesh is defined for every coordinate xj ∈ Ωj , this representation provides the undoubted advantage of linearly growing the number of degrees of freedom (not exponentially) with the dimension of the total space Ω := Ω1 × Ω2 × · · · × Ωd .
Some a posteriori techniques have been proposed in the last decades to build up the
reduced basis. These techniques are based on the previous knowledge of the solution at
some points xs , where the known values us = u(xs ) are usually called snapshots. With this
situation, the proper orthogonal decomposition (POD) has been widely used for long-time
evolution simulations [1, 2, 3]. For a given norm, POD minimizes the distance between the
snapshots and the approximation (1). Thus, it results in an optimal decomposition in the
least squares sense. It has been shown that the minimization problem is equivalent to an
eigenproblem: G(us )Φi = λi Φi , also known as singular value decomposition (SVD). The
eigenmodes Φi related to the N most significant eigenvalues λi are used to construct the
low-order approximation uN , see, for instance, [4] for more details. For high-dimensional
models, the main drawback of POD resides in the extremely large computational cost
to carry out the SVD. When the model is parametrized, POD reduced basis can be
then computed for a certain subset of the parameter values. A still open issue is how
to interpolate the solution for the unsolved parameter values. Other more sophisticated
POD-based techniques have been proposed for this reason, like global POD basis [5] or
special interpolation methods [6]. In any case, error estimation is crucial either to select
2
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the points xs or to enrich the final basis. In this context, the reduced basis approach
is an alternative a posteriori technique which has been also developed for dealing with
parametric or stochastic problems [9, 7, 8]. Under the essential assumption of an affine
parametrization, this method is able to build up the reduced basis in a computational
expensive offline stage. The key point here is the use of suitable goal-oriented error
estimators, developed for some kind of problems, to choose an appropriate trial range of
parameter values from which accurate solutions are computed. In a second unexpensive
online stage, the solution for the rest of the unsolved parameter values is computed using
Galerkin projection onto the reduced basis. Unfortunately, this methodoly does not ensure
good accuracy for all parameter values besides the used ones in the basis construction.
Basis enrichment procedure is thus critical.
Some a priori methods have already been proposed which address the more challenging
problem of building up the reduced basis in a priori manner, and therefore without
any knowledge of how the solution should behaves. See for instance the a priori model
reduction, originally described in [10] and successfully applied in some evolution problems
[11, 12]. In this approach, the reduced basis is successively improved using the discretized
residual of the model equation and the Krylov’s subspace that this residual generates.
Main difficulties of such an approach are the incremental algorithm that it needs (due
to the incremental Krylov’s basis) and the poor optimality of the reduced basis for some
problems, e.g. the wave equation.
Here the recently proposed proper generalized decomposition (PGD), which is an a priori technique with the separable representation given in (2), is used. It was originally
developed for a high dimensional problem in [13, 14]. Imposing the separable representation (2) into the model, the PGD procedure adaptively computes each of the separated
functions Fij(xj ) by solving the resulting equation with an iterative non-linear algorithm.
In [4] a review of various dedicated algorithms is done for an advection-diffusion-reaction
model. The PDG has been fully extended for solving time-space elliptic and parabolic
problems with successful results, see for instance [15, 16], as well as non-linear fluid models
like Navier-Stokes equations [17]. Also it has been defined for stochastic problems [18],
where the method is named as generalized spectral decomposition. Recently, the PGD
approximation has been proved to be convergent for elliptic problems, see [19].
Unlike all these previous contributions, the purpose of the present work is to analyze
the PGD in the context of a more challenging model for the separable representation,
the parametrized wave propagation problem. To the authors knowledge, there are no
previous contributions of the PGD for the Helmholtz equation in unbounded domains. For
high frequencies the problem presents important numerical difficulties due to oscillatory
behavior of the solution and the loss of ellipticity. The considered parametrization is
given by the wave number k and the angle θ of the incident wave. Note that the proposed
PGD basis is then Φi (x, y, k, θ) = Fi1(x, y)Fi2(k)Fi3(θ), i = 1, . . . , N. With this strategy,
the full 4D problem is reduced to the iterative solution of one 2D problem and two 1D
problems. This problem can be generalized to a practical application: harbor agitation.
3
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With the proposed approximation, the harbor agitation can be readily computed for any
wave number k ∗ and incident angle θ∗ by simply evaluating functions Fi2(k ∗ ) and Fi3(θ∗ )
and a non-expensive linear combination.
Moreover, a goal-oriented error estimator, based on the dual formulation of the problem, is finally used to evaluate the accuracy of the PGD basis. A first attempt on this
topic for highly dimensional models was done in [20]. A reasonable engineering QoI is
employed. Results are shown for a couple of numerical examples.
2

THE WAVE PROBLEM MODEL

In this section the Helmholtz wave problem is presented for a parametrized scattered
field u(x, k, θ) in a product domain Ω × Ik × Iθ ,

∆u + k 2 u = 0
in Ω × Ik × Iθ , 

n · ∇u = q(k)u + g(x, k, θ) in ΓR × Ik × Iθ ,
(3)


n · ∇u = r(k)u
in ΓNRB × Ik × Iθ .
Where it is important to note that x is now used only for the spatial dimensions, i.e.
x = (x, y), and that all the differential operators in (3) are spatial operators. The
boundary condition on ΓR depends on the incident wave
u0 (x, k, θ) = exp[ik(x cos θ + y sin θ)].
Consequently, functions q(k) and g(x, k, θ) are q = ikα and g = −∇u0 · n + ikαu0 , where
α ∈ (0, 1) is a parameter controling the physical property of the boundary: from the
perfect reflection case (α = 0) to the total absorption case (α = 1). On the artificial
boundary ΓNRB a first-order Sommerfield-like condition is selected for simplicity. For an
artificial boundary of radius R, this condition establishes r(k) = ik − 1/(2R).
With the following definition of the spaces V := H01 (Ω), Pk := L2 (Ik ) and Pθ := L2 (Iθ ),
the variational form of problem (3) reads: find u ∈ V := V ⊗ Pk ⊗ Pθ such that
A(u, v) = L(v) ∀v ∈ V ,
where the bilinear form A(u, v) and the linear form L(v) are given by
� � �
�
2
A(u, v) =
(∇u, ∇v)Ω − k (u, v)Ω − q (u, v)ΓR − r (u, v)ΓNRB dk dθ,
Iθ Ik
� �
L(v) =
(g, v)ΓR dk dθ,
Iθ

(4)

(5)
(6)

Ik

�
and standard notation for spatial integrations is used (u, v)B := B uv̄ dB.
It must be emphasized that the bilinear form A(u, v) is not hermitian, as well as it is
not positive definite for high values of the wave number.
4
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3

APPLICATION OF THE PROPER GENERALIZED DECOMPOSITION
The scattered field is separated in the following form
un+1(x, k, θ) =

n+1


αi Fi (x)Gi (k)Hi (θ) = un + αn+1 R(x)S(k)T (θ),

(7)

i=1

n

where u is supposed to be known, αn+1 is set to 1 and the goal now is to find the new
term Φn+1 = R(x)S(k)T (θ) of the reduced basis. As this separable representation is
imposed to be the solution of (4), one directly reaches the non-linear equation
A(RST, v) = L(v) − A(un , v) ∀v ∈ V ,

(8)

where v = R∗ ST + RS ∗ T + RST ∗ . A natural way to solve this problem is performing a
fixed point iteration strategy. If R, S and T are assumed to be alternatively known, solving
equation (8) is equivalent to solve the following three equations until reach convergence
in RST :
• If S and T are known, then S ∗ = T ∗ = 0. The function R = Rn (S, T ) : Pk ⊗Pθ → V
is defined by: find R ∈ V such that
A(RST, R∗ ST ) = L(R∗ ST ) − A(un , R∗ ST ) ∀R∗ ∈ V.

(9)

• If R and T are known, then R∗ = T ∗ = 0. The function S = Sn (R, T ) : V ⊗Pθ → Pk
is defined by: find S ∈ Pk such that
A(RST, RS ∗ T ) = L(RS ∗ T ) − A(un , RS ∗ T ) ∀S ∗ ∈ Pk .

(10)

• If R and S are known, then R∗ = S ∗ = 0. The function T = Tn (R, S) : V ⊗ Pk → Pθ
is defined by: find T ∈ Pθ such that
A(RST, RST ∗ ) = L(RST ∗ ) − A(un , RST ∗ ) ∀T ∗ ∈ Pθ .

(11)

Note that Rn is solved in the spatial domain and could be expensive if fine discretizations must be used. The algebraic equations given by Sn and Tn are 1D problems (L2
projections) which are computationally unexpensive. At each iteration ν of the non-linear
solver, all functions Rν , S ν , T ν are L2 -normalized. Denoting Φνn+1 = Rν S ν T ν , the adopted
stopping criteria for the non-linear solver is then ||Φνn+1 − Φν−1
n+1 || < ǫ. Once the solver has
converged, the n + 1 coefficients α of the separable representation (7) are recalculated by
means of projecting the Helmholtz equation onto the reduced basis. That is
< (∆u

n+1

2 n+1

+k u

), Φj >L2 = 0 ⇐⇒

n+1


A(Φi , Φj )αi = L(Φj ),

j = 1, ..., n + 1. (12)

i=1

Equation (12) is a small (n + 1) × (n + 1) system which can be fast solved using direct
methods.
5
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4

GOAL-ORIENTED ERROR ESTIMATION

In any reduced order method an important issue is to determine how many elements
are necessary in the basis. As in any estimation procedure this issue must by controlled
by a quantity of interest (QoI) usually engineering-based. Here, following the proposed
ideas in [20], it seems appropriate to use a goal-oriented error assessment in order to stop
the basis enrichment just when the error in a given QoI LO (u) reaches some tolerance.
The error is evaluated via the so-called dual problem of (4), namely, find φ ∈ V such that
A(v, φ) = LO (v)

∀v ∈ V .

For problem (3), a generic QoI is defined as
� �
O
L (v) =
lO (v) dk dθ,
Ik

where
O

l (v) =

�

Ω

O

f v dΩ +

(13a)

Iθ

�

O

g v dΓ +

ΓR

�

hO v dΓ,

(13b)

ΓNRB

and f O , g O , and hO are the desired extractors of the solution. With the previous definition
of the QoI, see (13), the dual field φ(x, k, θ) is the solution of the following Helmholtz
dual problem:

∆φ + k 2 φ = f¯O
in Ω × Ik × Iθ , 

n · ∇φ = q̄(k)φ + ḡ O

n · ∇φ = r̄(k)φ + h̄

O

(14)

in ΓR × Ik × Iθ ,




in ΓNRB × Ik × Iθ .

Given the PGD primal approximation un , the objective is to compute the error in
the QoI as LO (u) − LO (un ) = LO (u − un ) = LO (e), where the linearity of (13) has
been used. In this work an accurate dual φ∗ is assumed to be known. This means
that φ∗ is computed by solving the dual problem (14) and making use of the separable
representation with m > n terms in the reduced basis. In the context of finite elements,
Galerkin orthogonality implies a null residual when the dual and the primal are computed
with the same mesh. Here, Galerkin orthogonality for un , i.e. A(un , un ) = L(un ), is
achieved because the projection proposed in (12) is used. Consequently, it is mandatory
that m > n for the computation of φ∗ , and the error in the QoI can be estimated by
LO (e) = A(e, φ∗ ) = L(φ∗ ) − A(un , φ∗ ).
A reasonable QoI in wave scattering problems is the norm of the solution u in a given
area or boundary, but the norm is non-linear in u. Hence the linearization proposed in [21]
is used. For instance, if the interest is on the module of the solution u on the reflecting
boundary ΓR , then the extractors are g O = ūn and f O = hO = 0, and equation (13b)
becomes
�
O
ūn u dΓ.
(15)
l (u) = 2Re
ΓR

6
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But if the interest is the norm in an area A ⊂ Ω the extractors are f O = ūn if x ∈ A and
f O = 0 otherwise, whereas g O = hO = 0 and (13b) becomes

O
l (u) = 2Re ūn u dΩ.
(16)
A

Note that in both cases, the dual is an easier problem to solve than the original primal
form (3).
5

NUMERICAL RESULTS

In this section two applications of the proposed PGD are addressed and analyzed.
To better clarify the conclusions, results are shown for two separated cases: a first case
when u is only parametrized by the angle of incidence, that is u = u(x, θ) and un+1 =
un + R(x)T (θ); and a second case when it is parametrized by the wave number, such that
u = u(x, k) and un+1 = un + R(x)S(k).
In order to compare and analyze the results of the PGD three types of errors are
computed and depicted:
eApp (un ) := ||un+1 − un ||/||un+1|| = (αn+1 ᾱn+1 )/||un+1||,
eRes (un ) := A(un , un+δ ) − L(un+δ ),
eQoI (un ) := LO (e) = A(e, φ∗ ) = L(φ∗ ) − A(un , φ∗ ).
The errors eApp and eRes are the approximation error and the estimated residual of un
respectively. Note that eRes is a reasonable measure because Galerkin orthogonality is
ensured by (12). In practice, δ = 5 is enough to estimate this residual. The error eQoI
is the error in the QoI. Obviously it depends on the QoI. The first example uses (15)
and the second (16). The corresponding dual fields φ∗ are computed, for each case, using
m = n + γ terms, where for values of γ > 5 the estimated errors hardly differ between
them.
Standard finite element method is used with quadratic triangles for function R(x),
while linear elements and 90 nodes with a Chebyshev’s distribution are employed for
functions S(k) and T (θ).
5.1

Scattering circle

An incident wave which is scattered from a circular obstacle is studied. The selected
domains are Ik = (1.9, 4) with θ = 0 for the parametrization by k, and Iθ = (0, π/2) with
k = 4 for the parametrization by θ. Figure 1 shows the spatial mesh, boundary conditions
and a couple of solutions. Convergence in eApp and eRes for both parametrizations is shown
in Figure 2. For the parametrization in θ, the approximation and residual errors decay
monotonically with the number of terms of the separable representation. In fact, only 6
terms are enough to a priori capture the scattered field with an acceptable engineering
7
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Figure 1: Scattering circle. Left: solution for k = 1.9, θ = 0 with solid line: ΓNRB and dashed line: ΓR
with α = 0. Right: solution for k = 4, θ = 0.

Figure 2: Scattering circle: residual and approximation errors, u(x, θ) (left) and u(x, k) (right).

tolerance. However, the parametrization in the wave number k results in a non-monotone
convergence, which needs close to 60 terms to reach the same engineering tolerance in
the residual error. The first 9 terms induce a monotone decrease in eApp and eRes . But,
convergence shows several flat areas where the PGD algorithm is not able to find a term
which provides new information to describe the scattered field. Note that such a behavior
is an indicator of the loss of orthogonality in the reduced basis.
In this example the QoI is the wave height on the reflecting obstacle. Thus, (15)
is used to determine the number of necessary elements in the reduced basis. Figure 3
shows the error in QoI for the parametrization in k. It is important to note the different
convergence behavior. The first terms which reduce eRes increase eQoI . This convergence
indicates that almost 70 terms are needed in the basis to have an error in the wave height
on the reflecting circle with a reasonable engineering tolerance.
8
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Figure 3: Scattering circle: error in the QoI eQoI for parametrization u(x, k).

Figure 4: Notched boundary. Left: solution for k = 1.2, θ = 3.9 with solid line: ΓNRB , dashed line: ΓR
with α = 0 and dotted line: α = 1. Right: solution for k = 11.2, θ = 3.9.

5.2

Notched boundary

This example proposes a boundary which induces important reflections. Figure 4 shows
the spatial mesh, boundary conditions and a couple of solutions. The selected domains
are now Ik = (1.2, 11.2) with θ = 3.9 for the parametrization by k, and Iθ = (π, 3π/2)
with k = 11.2 for the parametrization by θ.
Figure 5 shows a similar behavior as in the previous example for both parametrizations.
For the parametrization in θ, a reasonable tolerance in the residual is reached with twelve
terms. But for the parametrization in k, much more terms are needed to slowly decrease
eApp and eRes . In fact, much more than in the previus example because of the importance
of the reflections of the scattered wave, which is directly connected to k. To determine
the necessary number of terms, the error estimation strategy is here crucial. A suitable
output for this example is related with the wave height in the notch, i.e. area A in Figure 4.
Thus, the goal-oriented error defined in (16) is considered and its convergence is depicted
9
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Figure 5: Notched boundary: residual and approximation errors, u(x, θ) (left) and u(x, k) (right).

Figure 6: Notched boundary: error in the QoI eQoI for parametrization u(x, k).

in Figure 6. It can be noticed that the separable representation do not provide good
information for decreasing the error in the region of interest until the term 36. Close to
350 terms are in fact needed to ensure a reasonable tolerance.
Finally, Figure 7 shows the first three functions T (θ) and S(k) provided for the PGD
algorithm. Note that functions T (θ) present a global behavior similar to the first modes in
most standard decompositions. While the first functions S(k) associated to a parametrization u(x, k) are localized at a given node of the discretization.
6

CONCLUSIONS

Here, a first attempt is presented to solve the parametrized wave problem, exemplified by the Helmholtz equation, using the a priori model reduction given by the Proper
Generalized Decomposition. The analysis has been done for the parametrization in the
incident angle and in the wave number. In this context, convergence is obtained and also
determined with a proper estimation of the error in a quantity of interest. Nevertheless,
the proposed algorithm converges rapidly when the considered parameter is the incident
10
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Figure 7: Notched boundary: first three functions T (θ) (left) and S(k) (right).

angle. But, the convergence rate needs improvement when the parameter is the wave
number. The separated functions in this case are seen to have a local behavior.
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Abstract. We present an a posteriori error estimator for the postprocessed MITC finite
element methods approximating the Reissner–Mindlin plate bending problem. Our error
estimator follows a residual based approach recently proposed for the original MITC
elements in the presence of clamped boundaries and utilizes a postprocessing method
derived for the MITC methods. In particular, the current analysis covers general boundary
conditions. The basic features of the error estimator are illustrated by numerical tests.

1

INTRODUCTION

For thin plate structures, the most commonly used models in engineering applications
are the Kirchhoff–Love and Reissner–Mindlin plate models, the latter being capable of
modelling a wide range of applications of moderately thick plate structures as well. Regarding the finite element methods approximating the solution of the Reissner–Mindlin
plate bending problem, the MITC finite elements – first introduced in [4] and later widely
analyzed in the literature, especially in the sense of stability, a priori error estimates
and numerical benchmarks (cf. [8, 15, 16, 5, 13, 14, 12] and the references therein) – is
1
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propaply the most well known and the most reputable plate element family. A posteriori
error analysis for the MITC elements has been quite recently accomplished succesfully in
[9] covering several families of conforming MITC elements. For a generalization of that
approach and for further references on a posteriori error estimators of Reissner–Mindlin
plate elements, we refer to [11].
In this paper, we first recall the physical setting and the basic quantities of the Reissner–
Mindlin plate model as well as the corresponding mathematical formulations. Then we
recall a triangular MITC finite element family and the main results of the a priori error
analysis for both the original method (cf. [8], for instance) and the postprocessed method
introduced and analyzed in [14]. The rest of the contribution is organized as follows:
We first present a local, residual based error indicator for adaptive mesh refinements.
Second, we recall the main results of the theoretical error analysis proving the reliability
and efficiency of the corresponding error estimator. Third, by a benchmark problem
including different types of boundary conditions, we study the applicability of the error
estimator and illustrate its robustness in adaptive computations.
2

REISSNER–MINDLIN PLATE MODEL

Let Ω be a polygonal domain in R2 representing the midsurface of a plate of thickness
t. We assume that the boundary Γ of Ω is a union of five disjoint sets defined as
Γ = ΓCH ∪ ΓCS ∪ ΓSH ∪ ΓSS ∪ ΓF ,

(1)

with each set above being a finite union of connected components. The plate is (respectively hard and soft) clamped on ΓCH ∪ΓCS , (respectively hard and soft) simply supported
on ΓSH ∪ ΓSS and free on ΓF . For simplicity, we assume that all boundary conditions are
homogeneous, and that the union of the clamped and simply supported parts has a positive measure in the sense that the rigid body motions of the plate can be neglected.
Finally, let the plate be subjected to a vertical loading f , which already includes the
standard scaling by t3 .
The variational spaces of kinematically admissible deflections and rotations are defined,
according to the boundary conditions listed above, as
W = {v ∈ H 1 (Ω) | v = 0 on ΓCH ∪ ΓCS ∪ ΓSH ∪ ΓSS },
V = {η ∈ [H 1 (Ω)]2 | η · n = 0 on ΓCH ∪ ΓCS , η · τ = 0 on ΓCH ∪ ΓSH },

(2)
(3)

with τ denoting the unit tangent to Γ obtained by an anti-clockwise rotation of the
outward normal n. Then, let the scaled bilinear form of the problem be defined as
B(z, φ; v, η) = a(φ, η) + t−2 (∇z − φ, ∇v − η),
where the scaled bending part is defined as
1
ν
(div φ, div η)}
a(φ, η) = Cε(φ) = {(ε(φ), ε(η)) +
6
1−ν
2
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with C denoting the (scaled) fourth order tensor of the bending moduli, ε denoting the
symmetric gradient and ν standing for Poisson’s ratio. Above, we have scaled the problem
by the shear modulus and included the so-called shear correction factor into the thickness
parameter.
With these assumptions and notation, the variational formulation for the Reissner–
Mindlin plate bending problem can be written in the following form:
Variational formulation 2.1 Find the deflection w ∈ W and the rotation β ∈ V such
that
B(w, β; v, η) = (f, v)

∀(v, η) ∈ W × V ,

(6)

with, here and in what follows, (·, ·) standing for the standard scalar product in L2 (Ω).
For the analysis below, we need to write the problem in mixed form with the shear
force
1
q = 2 (∇w − β)
(7)
t
as an independent unknown in the space Q = [L2 (Ω)]2 :
Variational formulation 2.2 Find (w, β, q) ∈ W × V × Q such that
a(β, η) + (q, ∇v − η) = (f, v) ∀(v, η) ∈ W × V ,
(∇w − β, r) − t2 (q, r) = 0 ∀r ∈ Q.
3

(8)
(9)

MITC FINITE ELEMENTS

In this section, we recall a family of triangular MITC elements and the main results of
the a priori error analysis for the method as well as the postprocessing method for the
deflection approximation.
3.1

Finite element formulation and a priori error estimates

First, we emphasize that the theoretical results below are valid for other triangular and
quadrilateral MITC families (specified in [8, 9, 11], for instance) as well. In what follows,
by Ch we denote the triangulation of Ω, and by Eh the set of all its edges. As usual, for
the mesh size we use the notation h = maxK∈Ch hK , where hK is the diameter of element
K. The space of polynomials of degree k on K is denoted by Pk (K). By C we denote
positive constants independent both of the thickness t and the mesh size h.
In the MITC method considered, the finite element subspaces Wh ⊂ W and V h ⊂ V
are defined for the polynomial degree k ≥ 2 as follows:
Wh = {v ∈ W | v|K ∈ Pk (K) ∀K ∈ Ch },
V h = {η ∈ V | η |K ∈ [Pk (K)]2 ⊕ [Bk+1 (K)]2 ∀K ∈ Ch },
3
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with the ”bubble function space”
Bk+1 (K) = {bp | p ∈ P̃k−2 (K), b ∈ P3 (K), b|E = 0 ∀E ⊂ ∂K},

(12)

where Pk−2 (K) denotes the space of homogeneous polynomials of degree k − 2 on the
element K and E denotes an edge to K.
We denote the rotated Raviart–Thomas space of order k − 1 by
Qh = {r ∈ H(rot , Ω) | r |K ∈ [Pk−1 (K)]2 ⊕ (y, −x)P̃k−1 (K) ∀K ∈ Ch }.

(13)

Note that the requirement Qh ⊂ H(rot , Ω) implies that the tangential components of
functions in Qh are continuous along inter element boundaries. Next, we define the
reduction operator Rh : [H 1 (Ω)]2 → Qh , with RK = Rh|K , by the conditions
(RK η − η) · τ E , pE = 0
(RK η − η, p)K = 0

∀p ∈ Pk−1 (E) ∀E ⊂ ∂K,
∀p ∈ [Pk−2 (K)]2 ,

(14)
(15)

where τ E denotes a unit tangent to E. The notations (·, ·)K and ·, ·E stand for the
standard inner products in L2 (K) and L2 (E), respectively. The MITC finite element
method is now defined as follows [8]:
Method 3.1 Find the deflection wh ∈ Wh and the rotation β h ∈ V h such that
Bh (wh , β h ; v, η) = (f, v)

∀(v, η) ∈ Wh × V h ,

(16)

with the reduced bilinear form
1
(Rh (∇z − φ), Rh (∇v − η)).
t2
The discrete shear force q h ∈ Qh is defined as
1
q h = 2 Rh (∇wh − β h ).
t
The mixed variant of Method 3.1 is of the following form [8]:
Bh (z, φ; v, η) = a(φ, η) +

Method 3.2 Find (wh , β h , q h ) ∈ Wh × V h × Qh ⊂ W × V × Q such that

a(β h , η) + (q h , Rh (∇v − η)) = (f, v) ∀(v, η) ∈ Wh × V h ,
(Rh (∇wh − β h ), r) − t2 (q h , r) = 0 ∀r ∈ Qh .

(17)

(18)

(19)
(20)

Regarding the a priori error analysis for the method, we show here only the following
result for a smooth solution, refering to [8, 15, 16, 5, 13] for more refined error estimates.
In Section 5, however, we illuminate this issue by a priori and a posteriori convergence
results of numerical computations.
Theorem 3.1 Let the solution of problem (6) and the scaled shear force derived from (7)
be sufficiently regular. Then, there exists a positive constant C such that
||w − wh ||H 1 (Ω) + ||β − β h ||H 1 (Ω) + t||q − q h ||L2 (Ω) + ||q − q h ||V 


≤ Chk ||w||H k+1 (Ω) + ||β||H k+1 (Ω) + ||q||H k−1 (Ω) + t||q||H k (Ω) .
4
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3.2

Postprocessing method for the deflection

In this section, we will briefly review the postprocessing procedure introduced and analyzed in [14]. In the end of the section, we will introduce a new result for the postprocessed
deflection, useful in the following a posteriori error analysis.
First, we define an interpolation operator into the space Wh as follows:
Definition 3.1 Let a and E, respectively, be a vertex and an edge of the triangle K. The
interpolation operator Ih : H s (Ω) → Wh , s > 1, is defined by the conditions
(v − IK v)(a) = 0 ∀a ∈ K,
v − IK v, pE = 0 ∀p ∈ Pk−2 (E) ∀E ⊂ K,
(v − IK v, p)K = 0 ∀p ∈ Pk−3 (K),

(23)
(24)
(25)

for IK = Ih|K ∀K ∈ Ch .
In the postprocessing, we construct an improved approximation for the deflection in
the space
Wh∗ = {v ∈ W | v|K ∈ Pk+1 (K) ∀K ∈ Ch }.

(26)

Furthermore, we use the splitting
 (K) ⊕ W (K),
Pk+1 (K) = Pk (K) ⊕ W

(27)

where we have used the following notation:
(K) = {v ∈ Pk+1 (K) | IK v = 0, (v, p)K = 0 ∀p ∈ P̃k−2 (K)},
W
(28)
W (K) = {v ∈ Pk+1 (K) | IK v = 0, v, pE = 0 ∀p ∈ P̃k−1 (E) ∀E ⊂ K}. (29)
∗
Then, we are ready to define the postprocessed deflection wh|K
as follows:

Postprocessing scheme 3.1 For all the triangles K ∈ Ch , find the local post-processed
∗
 (K) ⊕ W (K) such that
finite element deflection wh|K
∈ Pk+1 (K) = Pk (K) ⊕ W
∗
= wh|K ,
Ih wh|K

(30)

 (K),(31)
∇wh∗ · τ E , ∇v̂ · τ E E = (β h + t2 q h ) · τ E , ∇v̂ · τ E E ∀E ⊂ ∂K, ∀v̂ ∈ W
(∇wh∗ , ∇v̄)K = (β h + t2 q h , ∇v̄)K ∀v̄ ∈ W (K).
(32)
Here, it should be pointed out that the postprocessed deflection is conforming since (β h +
t2 q h ) · τ is continuous along inter element boundaries.
Let now the operator Oh be defined as follows: Given any vector field η : Ω → R2
(K) ⊕ W (K) is
sufficiently regular, for all elements K ∈ Ch the function Oh (η)|K ∈ W
defined by
 (K), (33)
∇Oh (η) · τ E , ∇v̂ · τ E E = η · τ E , ∇v̂ · τ E E ∀E ⊂ ∂K, ∀v̂ ∈ W
(∇Oh (η), ∇v̄)K = (η, ∇v̄)K ∀v̄ ∈ W (K).
5
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Remark 3.1 When writing wh∗ = wh + whd it is easy to check that the improvement
 (K) ⊕ W (K) can be simply written as
whd ∈ W




(35)
whd = Oh β h + t2 q h − ∇wh = Oh (I − Rh )β h .

The following theorem which can be immediately derived from the results shown in [14]
exhibits an improvement of order O(h + t) for the convergence rate of the postprocessed
deflection with respect to the convergence rate of the original deflection approximation in
Theorem 3.1.
Theorem 3.2 For a convex and fully clamped plate, there exists a positive constant C
such that


w − wh∗ 1 ≤ C(h + t)hk ||w||H k+2 (Ω) + ||β||H k+1 (Ω) + ||q||H k−1 (Ω) + t||q||H k (Ω) . (36)

For a more general case, the proposition below grants an improved convergence rate in
a different norm. For all v ∈ H 1 (Ω) and η ∈ [H 1 (Ω)]2 , we define a mesh dependent norm
coupling the deflection and the rotation as follows:

1
|||(η, v)|||2 = ||η||2H 1 (Ω) +
||∇v − η||2L2 (K) .
(37)
2
2
t
+
h
K
K∈C
h

Note that, for all t ≤ t̄, with a fixed t̄, it clearly holds


|||(η, v)||| ≥ C ||η||H 1 (Ω) + ||v||H 1 (Ω) .

(38)

Finally, the following result builds a bridge to the a posteriori error estimates of the
next section.
Proposition 3.1 There exists a positive constant C such that


|||(β − β h , w − wh∗ )||| ≤ Chk ||w||H k+2 (Ω) + ||β||H k+1 (Ω) + ||q||H k−1 (Ω) + t||q||H k (Ω) . (39)
A POSTERIORI ERROR ESTIMATES

4

In this section, we present our local residual based error estimator and give the corresponding reliability and efficiency results uniform in the thickness parameter.
4.1

Error estimator

Let first the moment operator be defined as
∀φ ∈ H 1 (Ω),

m(φ) = Cε(φ)

and let a new approximation for the shear force be defined as
1
q ∗h = 2 (∇wh∗ − β h ).
t
6
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Then we define the following local error indicators, for all elements K and edges E of the
mesh Ch :
2
= h2K (h2K + t2 )||f + div q h ||2L2 (K) + h2K ||div m(β h ) + q h ||2L2 (K) ,
η̃K

(42)

ηE2 = hE (h2E + t2 )||q h · n||2L2 (E) + hE ||m(β h )n||2L2 (E) ,

(43)

ηS2 H ,E = hE ||n · m(β h )n||2L2 (E) ,
ηS2 S ,E = hE ||m(β h )n||2L2 (E) ,
2
= hE ||m(β h )n||2L2 (E) + hE (h2E
ηF,E

(45)

ηC2 S ,E = hE ||τ · m(β h )n||2L2 (E) ,

(44)
(46)

2

+ t )||q h ·

n||2L2 (E) ,

(47)

where · represents the standard jump operator (which is assumed to be equal to the function value on boundary edges). Moreover, for every K ∈ Ch let us define the consistency
terms
t4
∗ 2
 2
(σK
) = 2
||q ∗ − q h ||2L2 (K) ,
(σK
) = ||rot (I − Rh )β h ||2L2 (K) .
(48)
t + h2K h
Then, for any element K ∈ Ch , the local error indicator is defined as



1  2
2
+
ηE +
ηC2 S ,E +
ηS2 H ,E
ηK = η̃K
2
E∈I(K)
E∈CS (K)
E∈SH (K)
1/2


2
2
 2
∗ 2
+
ηSS ,E +
ηF,E + (σK ) + (σK )
,
E∈SS (K)

(49)

E∈F (K)

where I(K) denotes the edges of the element K lying in the interior of Ω, while CS (K),
SH (K), SS (K) and F (K) represent the edges of K on ΓCS , ΓSH , ΓSS and ΓF , respectively.
By using the definitions (41) and (18), the last term in (49) can be expressed in the
form
1
∗ 2
(σK
||(I − Rh )β h − ∇whd ||2L2 (K)
) = 2
∀K ∈ Ch .
(50)
t + h2K
Finally, the global error indicator is defined as
1/2

2
ηK
.
ηh =

(51)

Furthermore, we define a computable global term
(q h , (I − Rh )ψ h )
µh =
,
sup
||ψ h ||H 1 (Ω)
ψh ∈[P 1,0 ]2 \{0}

(52)

K∈Ch

h

with Ph1,0 denoting the space of continuous piecewise linear functions on Ch , as well as a
load oscillation term

osc(f )2 =
h2K (h2K + t2 ) min ||f − fI ||2L2 (Ω) .
(53)
fI ∈Pk (K)

K∈Ch

7
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Remark 4.1 Whenever k ≥ 2, it holds that Ph1,0 ⊂ Qh and thus the term µh is null.
Moreover, if the load is regular, the term osc(f ) is a higher order term with respect to the
error estimator.
4.2

Reliability and efficiency results

The following reliability end efficiency results [6] show that the error estimator proposed
can be used as a basis for adaptive refinements and error estimation.
Theorem 4.1 There exists a positive constant C such that
|||(β − β h , w − wh∗ )|||2 + t2 ||q − q h ||2L2 (Ω)



+t4 ||rot (q − q h )||2L2 (Ω) + ||q − q h ||2V  ≤ C ηh2 + µ2h .

Theorem 4.2 There exists a positive constant C such that

ηh2 ≤ C |||(β − β h , w − wh∗ )|||2 + t2 ||q − q h ||2L2 (Ω)
5


+t4 ||rot (q − q h )||2L2 (K) + ||q − q h ||2V  + µ2h + osc(f )2 .

(54)

(55)

NUMERICAL RESULTS

In this last section, we finally present some numerical results confirming the theoretical
results and illustrating the applicability of the method in adaptive computations. Our
main goal is to numerically confirm the theoretical effectivity and reliability results and
to illustrate the robustness of the error estimator by comparing the convergence graphs
for uniform and adaptive mesh refinements.
We have implemented the lowest order element MITC7 (with k = 2) of Method 3.1
and the corresponding Postprocessing scheme 3.1 together with the error estimators of
(49) in the open-source finite element software Elmer [10]. For adaptive mesh refinements,
the Elmer software supports a complete remeshing methodology based on error balancing
strategy, cf. [7].
5.1

Problem setting for a semi-infite domain

Our numerical computations are performed for a test problem with an analytical solution obtained in the reference [1]: The plate domain is the semi-infinite region Ω =
{(x, y) ∈ R2 | y > 0} with the loading f = G1 cos x and the shear modulus G.
In [2, 3], the edge effects of the Reissner–Mindlin plate model are shown to be of
different order for different types of boundary conditions; the weakest layer of order O(t3 )
appears in the soft clamped case whereas the free and soft simply supported cases have the
strongest layers of order O(t). For hard simply supported and hard clamped boundaries
the order of the edge effect is O(t2 ). As an exception, the boundary layer totally disappears
for soft clamped and hard simply supported boundaries of zero curvature. Here, we
concentrate on hard simply supported and free boundaries.
8
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We have chosen the given constants as ν = 0.3, G = 1/(2(1 + ν)), t = 0.01. We use the
domain D = (0, π/2) × (0, 3π/2) with Dirichlet boundary conditions obtained from the
exact solution imposed along the boundaries on the lines x = 0, x = π/2 and y = 3π/2
such that the quadrangular domain D can be regarded as a part of the upper half plane
Ω.
For uniform refinements, we have chosen the following six mesh sizes: h = 1, 0.5, 0.1,
0.05, 0.02, 0.01 corresponding to the following series of the total number of elements in the
domain D, N = 22, 84, 1730, 6894, 42982, 171398, respectively. For adaptive refinements,
we have used three different values of error tolerances as stopping criteria, in order to
obtain three different runs with different convergence histories of adaptive refinements.
5.2

Hard simply supported boundary – regular solution

We have first set the hard simply supported boundary conditions on the boundary Γ =
{(x, y) ∈ R2 | y = 0}. In particular, this implies that the boundary layer disappears and
hence the theoretical convergence rate is O(h2 ). It should be noticed that for quasiuniform
meshes it holds that h ∼ N −1/2 .
The convergence graphs for the energy norm error and the error estimator are plotted
in Figure 1, for both the uniform and adaptive refinements. It can be clearly seen that
the convergence rates for both the energy norm error and the error estimator very tightly
follow the theoretical convergence order O(h2 ) depicted in the same figure (dashed line
without markers) – as proposed by the theoretical reliability and efficiency theorems and a
priori results above. Due to the absence of edge effects, the solution is regular, and hence
the uniform and adaptive strategies produce almost identical curves. From N = 1730 to
N = 171398, the effectivity constant measuring the ratio between the error estimator and
the true error seems to be around the value 10.
5.3

Free boundary – solution with edge effects

Next, the boundary Γ is free, which implies a strong boundary layer with the theoretical
convergence rate O(h1/2 ) for the energy norm error.
For this case as well, we have executed a series of runs for both uniform and adaptive
refinements. The convergence graphs of the energy norm error and error estimator are
plotted for both strategies in Figure 2, together with the theoretical convergence rates
O(h1/2 ), O(h) and O(h2 ). These figures reveal that for uniform refinements the convergence rate detoriorates due to the boundary layer, for both the energy norm error and the
error estimator. For adaptive refinements, instead, the convergence of the error is clearly
improved by local refinements near the free boundary – which can be seen also in Figure 3
providing example meshes depicted from four different steps of an adaptive run. Finally,
we note that a fictional curve drawn through the last steps of adaptive runs of Figure 2
seems to follow the optimal convergence order O(h2 ) – for both the energy norm error
and the error estimator.

9
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Figure 1: Hard simply supported boundary: Convergence of the energy norm error and the error estimator; uniform and adaptive refinements.
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Figure 2: Free boundary: Convergence of the energy norm error and the error estimator; uniform and
adaptive refinements.
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Figure 3: Free boundary: Finite element meshes for steps 1, 4, 6 and 10 of an adaptive run (with N = 22,
289, 1160 and 2598, respectively).
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[16] J. Pitkäranta and M. Suri. Design principles and error analysis for reduced-shear
plate-bending finite elements. Numer. Math., 75:223–266, 1996.

12

342

V International Conference on Adaptive Modeling and Simulation
ADMOS 2011
D. Aubry and P. Díez (Eds)

A NEW HIERARCHICAL MODEL REDUCTION-REDUCED
BASIS TECHNIQUE FOR
ADVECTION-DIFFUSION-REACTION PROBLEMS
MARIO OHLBERGER∗ AND KATHRIN SMETANA∗
∗ Institute

for Computational and Applied Mathematics (ICAM)
University of Muenster
Einsteinstrasse 62, 48149 Muenster, Germany
e-mail: mario.ohlberger@uni-muenster.de, www.math.uni-muenster.de/u/ohlberger
e-mail: kathrin.smetana@uni-muenster.de, www.math.uni-muenster.de/u/smetana

Key words: Model Reduction, Adaptive Modeling, Hierarchical Model Reduction, Reduced Basis Methods, A Posteriori Error Estimation
Abstract. We extend previous work on the Hierarchical Model Reduction-Reduced
Basis (HMR-RB) approach to an advection-diffusion-reaction problem. In comparison to
the Boussinesq approach we do not neglect the dependency on the vertical direction but
enhance the solution for the horizontal direction with appropriately chosen basis functions
living on the vertical one. This is done by a combination of the frameworks of hierarchical
model reduction [4] and the reduced basis methods [3]. We derive a new a posteriori error
estimate and demonstrate in numerical experiments that few basis functions suffice to get
good approximations.

1

INTRODUCTION

Many phenomena in fluid dynamics, as for example groundwater, river, and blood
flow, have dominant spatial directions along which the essential dynamics occur. Along
the other, transverse direction the velocity of the fluid varies often only slightly. Hence
in the Boussinesq approach the velocity of the fluid is assumed to be constant in this
direction and the dimension of the model is reduced by at least one full dimension. However there are many situations, e.g. a bridge pier in the river or a strong rainfall event
in the context of groundwater flow, where this assumption is not true. So, the idea is to
reduce the model not by a full dimension but rather step by step. This can be done by
the Hierarchical Model Reduction (HMR) approach, which was introduced by Vogelius
and Babuška in [5] and generalized by Perotto, Ern, and Veneziani
in [4]. Here the soluPm
tion p of an elliptic problem is approximated by pm (x, y) = k=1 pk (x) φk (y), where the
{φk (y)}k are orthonormal basis functions, living on the transverse direction. Of course

343

Mario Ohlberger and Kathrin Smetana

the central question is how to choose the functions {φk (y)}k . In [4] sine functions are a
priori chosen. The idea of the HMR-RB approach, introduced in [2], is to choose the basis
functions a posteriori, adapted to the problem at hand. Therefore a parameter dependent
1D problem is derived from the original one, where the variable x and the behavior of the
solution in x direction are considered as parameters. To find the optimal parameters, we
adapt methods common in the framework of the reduced basis (RB) method [3], having
been developed to tackle parameter dependent problems efficiently.
The contribution of this work is the extension of the HMR-RB approach to advectiondiffusion-reaction problems and the presentation of a new a posteriori error estimator.
In the next section we briefly recall the HMR approach. Afterwards we describe the
HMR-RB approach consisting of the derivation of the parameter dependent 1D problem
and the presentation of the algorithm adapt-HMR-POD for the construction of the basis
functions. In section 4 we derive a new efficient and reliable a posteriori error estimator.
Then we present numerical examples and finally close with concluding remarks. But first
we would like to specify the problem we deal with.
We consider an advection-diffusion-reaction problem. Let Ω ⊂ R2 be the computational
domain with Lipschitz boundary ∂Ω and outer normal n. Let ΣR , ΣD ⊂ ∂Ω be two
relatively open, pairwise disjoint one-dimensional Lipschitz manifolds, such that ∂Ω =
ΣR ∪ ΣD . Here ΣR is the Robin and ΣD is the Dirichlet boundary. We assume for the
sake of simplicity |ΣD | > 0 and homogeneous Dirichlet boundary conditions. See [2] for
the treatment of nonhomogeneous Dirichlet boundary conditions. So, we consider the
following problem for p
−∇ · (k ∇ p − b p) + dp = f
p = 0
−(k ∇ p − b p) · n = gR (p)

in Ω,
on ΣD ,
on ΣR .

(1)

To guarantee well-posedness of the problem we assume k ∈ L∞ (Ω) with 0 < c1 ≤ k ≤ c2
for constants c1 , c2 ∈ R+ , b ∈ [H 1,∞ (Ω)]2 , d ∈ L∞ (Ω), f ∈ L2 (Ω) and d + 1/2∇ · b ≥ 0
and b · n ≤ 0 on ΣR . The Robin boundary conditions are assumed to be affine in p by
gR (p) = gR,1 p − gR,2
where gR,1 ∈ L∞ (ΣR ) and gR,2 ∈ L2 (ΣR ). Let furthermore be V = {v ∈ H 1,2 (Ω) | v =
0 on ΣD }. Then we define for v, w ∈ V the bilinear form
Z
Z
Z
Z
a(w, v) :=
k ∇w ∇v −
b w ∇v +
dwv +
gR,1 w v
(2)
Ω

Ω

and the linear functional
f (v) :=

Z

Ω

fv+
Ω
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Figure 1: The mapping Ψ : Ω → Ω̂, [4]

So, the corresponding weak formulation of (1) is: Find p ∈ V so that there holds
a(p, v) = f (v) ∀ v ∈ V.
2

(4)

THE HIERARCHICAL MODEL REDUCTION APPROACH

We use the hierarchical model reduction framework introduced by Perotto, Ern, and
Veneziani [4], which is briefly described in this section — cf. [2, 4] for details. Let us
assume that Ω can be described as a two-dimensional fiber bundle
[
Ω=
{x} × γx ,
x∈Ω1D

with Ω1D being the dominant direction and γx the transverse fiber associated with x ∈
Ω1D . For the sake of simplicity, we suppose Ω1D =]x0 , x1 [. For any x ∈ Ω1D we define the
mapping
ψx : γx → γ̂
between the fiber γx and a reference fiber γ̂ with γ̂ =]y0 , y1 [. Then a point z = (x, y) ∈ Ω
is mapped on ẑ = (x, ŷ) ∈ Ω̂ via the mapping Ψ : Ω → Ω̂ with ŷ = ψx (y) for y ∈ γx
as shown in Fig. 1. We assume that ψx is a C 1 -diffeomorphism, that the mapping Ψ is
differentiable relative to z and that 0 ∈ γx for all x. Finally we introduce the notations
D1 (z) = ∂x ψx ,

and

D2 (z) = ∂y ψx .

Now we carry this splitting of the space over to a splitting of the functions. Therefore
we initially define the two spaces
V1D := {v ∈ H 1,2 (Ω1D ) | v = 0 on ΣD,side } and Vγ̂ := {v ∈ H 1,2 (γ̂) | v = 0 on ΣD,top }.
Then we introduce a set of basis functions {φk }k∈N ∈ Vγ̂ , which are orthonormal with
respect to the L2 (γ̂)-inner product. Combining them with V1D defines the reduced space
)
(
m
X
(5)
v k (x) φk (ψx (y)), with v k (x) ∈ V1D , x ∈ Ω1D , y ∈ γx ,
Vm = vm (x, y) =
k=1
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where m ∈ N is the model order. Our reduced problem reads: Find pm ∈ Vm so that for
all vm ∈ Vm there holds
Z
Z
Z
Z
Z
Z
k ∇pm ∇vm −
b pm ∇vm +
d p m vm +
gR,1 pm vm =
f vm +
gR,2 vm .
Ω

Ω

Ω

ΣR

Ω

ΣR

Pm

We can rewrite pm as pm (x, y) = l=1 pl (x) φl (ψx (y)). The test functions υk (x, y) are
chosen as υk (x, y) = v(x) φk (ψx (y)), k = 1, ..., m, with v(x) being an arbitrary function
in V1D . Transforming Ω to Ω̂ via Ψ we get the following problem (cf. [2, 4] for detailed
computations): Find pl (x) ∈ V1D for l = 1, ..., m so that for all v(x) ∈ V1D and φk (ŷ) with
k = 1, ..., m there holds
m Z
X
dv(x)
dp (x)
dp (x) dv(x)
+ Dlk (x)pl (x)v(x)dx
+ B1,lk (x) l v(x) + B2,lk (x)pl (x)
Alk (x) l
dx
dx
dx
dx
Ω
1D
l=1
Z
+ Glk (x0 ) pl (x0 )v(x0 ) =
Fk (x) v(x) + Gk (x0 ),
Ω1D

with
Alk (x) =

Z

k(x, ψx−1 (ŷ))φl (ŷ)φk (ŷ)|D2−1 (x, ψx−1 (ŷ))| dŷ,
γ̂

Z

k(x, ψx−1 (ŷ))φl (ŷ)φ′k (ŷ) D1 (x, ψx−1 (ŷ))|D2−1 (x, ψx−1 (ŷ))| dŷ,
γ̂
Z 
B2,lk (x) =
k(x, ψx−1 (ŷ))φ′l (ŷ)φk (ŷ) D1 (x, ψx−1 (ŷ))
γ̂

−1
−b1 (x, ψx (ŷ))φl (ŷ)φk (ŷ) |D2−1 (x, ψx−1 (ŷ))| dŷ,
Z 
n
2 
2 o
′
′
−1
−1
−1
Dlk (x) =
k(x, ψx (ŷ))φl (ŷ)φk (ŷ) D1 (x, ψx (ŷ)) + D2 (x, ψx (ŷ))
γ̂


D1 (x, ψx−1 (ŷ))
−1
′
−b(x, ψx (ŷ))φl (ŷ)φk (ŷ) ·
D2 (x, ψx−1 (ŷ))

+d(x, ψx−1 (ŷ))φl (ŷ)φk (ŷ) |D2−1 (x, ψx−1 (ŷ))| dŷ
B1,lk (x) =

+gR,1 (x, ψx−1 (y0 ))φl (y0 )φk (y0 )|D2−1 (x, ψx−1 (y0 ))|,
Z

(ŷ))| dŷ,
Glk (x0 ) = gR,1 (x0 , ψx−1
(ŷ))φl (ŷ)φk (ŷ)|D2−1 (x0 , ψx−1
0
0
γ̂
Z h
i
−1
Fk (x) =
f (x, ψx (ŷ)) φk (ŷ) |D2−1 (x, ψx−1 (ŷ))| dŷ
γ̂

+gR,2 (x, ψx−1 (y0 ))φk (y0 )|D2−1 (x, ψx−1 (y0 ))|,
Gk (x0 ) =

Z

γ̂

gR,2 (x0 , ψx−1
(ŷ))φk (ŷ)|D2−1 (x0 , ψx−1
(ŷ))| dŷ.
0
0
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For the numerical computation of pm (x, y) we introduce a partition TH on Ω1D with
elements Ti = (xi−1 , xi ) of width Hi = xi −xi−1 and maximal step size H := maxTi Hi and
H
H
) = NH < ∞.
⊂ V1D , such that dim(V1D
a suitable conforming Finite Element space V1D
H
Then the discrete reduced space Vm can then be defined as
)
(
m
X
H
H
H
.
vH
VmH = vm
(x, y) =
k (x) φk (ψx (y)), with v k (x) ∈ V1D , x ∈ Ω1D , y ∈ γx
k=1

H
. Then
the solution pH
Let ϕxi (x), 1 ≤ i ≤ NH be a basis of V1D
m of our discrete reduced
P
P
NH i
m
H
problem can be written as pm (x, y) = l=1
i=1 pl ϕxi (x) φl (ψx (y)) and the discrete
H
H
H
reduced problem reads: Find pm ∈ Vm so that for all vm
there holds
Z
Z
Z
Z
Z
Z
H
H
H
H
H H
H H
H
H
k ∇pm ∇vm − b pm ∇vm + d pm vm +
gR,1 pm vm =
f vm +
gR,2 vm
. (6)

Ω

Ω

Ω

ΣR

Ω

ΣR

After all the question remains, how the basis functions {φk }k∈N can be chosen. An
option are a priori chosen functions [4] as sine functions or Legendre polynomials or
functions being adjusted to the original problem, as it is done in the next section.
3

THE HMR-RB APPROACH

The central idea of the HMR-RB approach is to use basis functions adapted to the
problem at hand. A 1D problem is derived from the original problem by considering the
variable x and the behavior of the solution in x direction as parameters. In order to
find the optimal basis functions, techniques common in the framework of reduced basis
methods are combined to derive the adapt-HMR-POD algorithm. In this section we firstly
derive the 1D problem for the advection-diffusion-reaction problem and after this briefly
outline the adapt-HMR-POD algorithm, being described in [2] in detail.
3.1

Formulation of a parameter dependent 1D problem

To realize the dimensional splitting we use test functions v of the form v(x̂, ŷ) =
q(x̂)· v(ŷ), where the mapping Ψ is included
 in the test function. That is why we solve our
original problem (4) in the space X̃1 = ṽ1 (x̂, ŷ) = v(ŷ) · e1 (x̂), v(ŷ) ∈ Vγ̂ , x̂ ∈ Ω1D , ŷ ∈
γ̂ , leading to a reduced problem for p̃1 (x, y). Rewriting p̃1 (Ψ−1 (ẑ)) = p(ŷ) · e1 (x̂) yields
the reduced problem: Find p(ŷ) ∈ Vγ̂ so that for all v(ŷ) ∈ Vγ̂ there holds
Z
A(ŷ) ∂ŷ p(ŷ) ∂ŷ v(ŷ) + B1 (ŷ) ∂ŷ p(ŷ) v(ŷ) + B2 (ŷ) p(ŷ) ∂ŷ v(ŷ) + D(ŷ) p(ŷ) v(ŷ) dŷ
γ̂
Z
(7)
F (ŷ) v(ŷ) dŷ + G2 (y0 ) v(y0 ),
+ G1 (y0 )p(y0 )v(y0 ) =
γ̂

347

Mario Ohlberger and Kathrin Smetana

with
A(ŷ) =

Z

B1 (ŷ) =

ZΩ1D

k(x, ψx−1 (ŷ)) (e1 (x))2 [D12 (x, ψx−1 (ŷ)) + D22 (x, ψx−1 (ŷ))] |D2−1 (x, ψx−1 (ŷ))| dx,

ZΩ1D

k(x, ψx−1 (ŷ)) ∂x e1 (x) e1 (x) D1 (x, ψx−1 (ŷ)) |D2−1 (x, ψx−1 (ŷ))| dx,

k(x, ψx−1 (ŷ)) ∂x e1 (x) e1 (x) D1 (x, ψx−1 (ŷ))
Ω1D


D1 (x, ψx−1 (ŷ))
−1
2
|D2−1 (x, ψx−1 (ŷ))| dx,
− b(x, ψx (ŷ)) (e1 (x)) ·
D2 (x, ψx−1 (ŷ))
Z h
i
−1
2
−1
−1
2
D(ŷ) =
k(x, ψx (ŷ))(∂x e1 (x)) − b1 (x, ψx (ŷ)) ∂x e1 (x) e1 (x) + d(x, ψx (ŷ))(e1 (x))
B2 (ŷ) =

Ω1D

· |D2−1 (x, ψx−1 (ŷ))| dx + gR,1 (x0 , ψx−1
(ŷ)) (e1 (x0 ))2 |D2−1 (x0 , ψx−1
(ŷ))|,
0
0
G1 (y0 ) =
Z
F (ŷ) =

Z

Ω1D

Ω1D

gR,1 (x, ψx−1 (y0 )) (e1 (x))2 |D2−1 (x, ψx−1 (y0 ))| dx,

f (x, ψx−1 (ŷ)) e1 (x)|D2−1 (x, ψx−1 (ŷ))| dx

(ŷ))|,
+ gR,2 (x0 , ψx−1
(ŷ)) e1 (x0 ) |D2−1 (x0 , ψx−1
0
0
G2 (y0 ) =

Z

Ω1D

gR,2 (x, ψx−1 (y0 )) e1 (x) |D2−1 (x, ψx−1 (y0 ))| dx.

To get a 1D problem in ŷ we approximate the integrals over Ω1D by a quadrature rule.
The simplest one is a one point quadrature rule, where we evaluate the integrand in
a quadrature point xq and multiply it by the measure of Ω1D . The crucial question is
how to choose the quadrature point(s), or, in other words, for which points do we include global information from the data. To find the optimal quadrature points xqi , we
perceive xqi as components of a parameter µ in the framework of reduced basis methods. We would like to recall that we assumed for the derivation of the 1D problem that
p(Ψ−1 (ẑ)) ≈ p(ŷ) · e1 (x̂), implying that e1 (x) stands for the behavior of the solution in x
direction. As this behavior is unknown, we regard the evaluations of e1 (x) and ∂x̂ e1 (x)
in xqi and optionally the values of e1 on the left and right side of the boundary e1 (x0 )
and e1 (x1 ) as the other part of the parameter µ. So the parameter µ has the form
µ = (xq1 , e1 (xq1 ), ∂x e1 (xq1 ), ..., xqn , e1 (xqn ), ∂x e1 (xqn ), e1 (x0 ), e1 (x1 )). The parameter
n space D,
containing all feasible parameter values of µ, is chosen as D = Ω1D × I1 × I2 × I1 × I1
for I1 , I2 ⊂ R. Then for each parameter vector µ ∈ D ⊂ RP and all v(ŷ) ∈ Vγ̂ pµ (ŷ) is the
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solution of the parameter dependent 1D advection-diffusion-reaction problem
Z
(8)
A(ŷ; µ) ∂ŷ pµ (ŷ) ∂ŷ v(ŷ) + B1 (ŷ; µ) ∂ŷ pµ (ŷ) v(ŷ) + B2 (ŷ; µ) pµ (ŷ) ∂ŷ v(ŷ)
γ̂
Z
F (ŷ; µ) v(ŷ) dŷ + G2 (y0 ; µ) v(y0 ),
+ D(ŷ; µ) pµ (ŷ) v(ŷ) dŷ + G1 (y0 ; µ)pµ (y0 )v(y0 ) =
γ̂

where the coefficient functions are defined as above. To compute pµ (ŷ) numerically we
introduce a partition τh of γ̂ with elements τj = (ŷj−1 , ŷj ) of width hj = ŷj − ŷj−1 and
maximal step size h := maxτj hj . Moreover let Vγ̂h ⊂ Vγ̂ be a conforming Finite Element
space with dim(Vγ̂h ) = nh < ∞ and ϕyj (ŷ), 1 ≤ j ≤ nh a basis of Vγ̂h . Then phµ (ŷ) denotes
the solution of the discrete parameter dependent 1D problem. As we cannot compute
phµ (ŷ) for all parameter values µ ∈ D, we define a finite dimensional surrogate Ξtrain ⊂ D
for whose parameters µ we compute the discrete solutions.

3.2

Construction of the basis functions — the adapt-HMR-POD algorithm

One goal of this subsection is to find a basis {φk }k , 1 ≤ k ≤ m, with m as small as
possible and kp − pH
m kH 1,2 (Ω) ≤ εtol for a given tolerance εtol . The other goal is to do
this construction as cheap as possible. This results in the central question: How can we
compute the optimal basis in the most efficient way. Most algorithms use either a Proper
Orthogonal Decomposition (POD) and/or a Greedy approach for the generation of the basis. In short a POD determines the principal components of a given set of functions. The
Greedy approach proceeds iteratively, enhancing in each loop the basis by the function
which is worst approximated by the already chosen ones (cf. [3] for further details on the
two approaches). In our proposed algorithm adapt-HMR-POD we use a combination of
adjusted versions of those two approaches, exploiting the advantages of both. Obviously
the computational costs accelerate with the increase of the sample size ntrain , for which
reason we want to be Ξtrain as small as possible. This can be done by adaptively refining
the parameter space, which was introduced in [1]. As in [1] we use a hexaedral mesh,
but in spite of choosing the vertices of the grid as the parameter values, we use randomly
generated training sets in each element of the grid.
For the description of the algorithm we need some notations. M shall be a hexaedral,
possibly non-conforming grid in the parameter space D, e an element of M and NM the
number of elements in M . Moreover let Ξe be the randomly generated training set of an
element e and nΞ the sample size of Ξe , which is identical for all elements. ΞM denotes
the union of the training sets of all elements and ntrain the sample size of ΞM . Inspired
by [1] we use a
SOLVE → ESTIMATE → MARK → REFINE
strategy. Let ∆HMR
(µ) estimate the error between p and pH
m
m in an appropriate norm,
HMR
where ∆m (µ) is derived in the next section. Then the element indicator η(e) is defined
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Algorithm 1: adapt-para(M, ΞM , s(M ), m, {φk }1m−1 , iter, ̺)

foreach element e ∈ M do
Compute η(e) , ξ(e) and py,e
end
for i = 1:iter do
M := MARK(η(M ), ξ(M ), ̺)
(M, ΞM ) := REFINE(M, ΞM )
s(M \ M) = s(M \ M) + 1
Compute η(M), ξ(M) and py,M
end

as

η(e) := min ∆HMR
(µ).
m
µ∈Ξe

Now we fix θ ∈ (0, 1] and during each iteration the θ · NM elements with the smallest
indicators η(e) are refined. To guarantee that local structures in the data are resolved,
we use an additional criterion in the marking strategy. We define
ξ(e) := γ(e) · s(e),
where γ(e) depends on diam(e) and s(e) counts the number of loops during which e has
not been refined, since his last refinement. If ξ(e) ≥ ̺, where ̺ has been fixed, the element
e is refined. During the refinement step all elements marked for refinement are bisected in
every direction. In each new element as many new randomly generated parameter values
are added as needed to attain the sample size nΞ . Before completing the description of
Algorithm 1 adapt-para we still need some notations. iter denotes the number of refinement steps per basis function. η(M ), ξ(M ), and s(M ) contain the respective values for
all elements of M . py,e is the set of solutions of the parameter dependent 1D problem
belonging to the parameter values of Ξe .
As ∆HMR
(µ) estimates the error between p and pH
m
m , it depends on m basis functions.
That is why the algorithm adapt-para is run repeatedly in the Algorithm 2 adapt-HMRPOD. But for financial reasons adapt-para is only applied until a given maximal model
order mmax . The numerical experiments in [2] show that small values like mmax = 2 are
sufficient. In the end, we use a POD to determine
the L2 -orthonormal basis functions,
qP
n
k
m
train
k
demanding that εtol ≤ εm
POD , where εPOD :=
k=m+1 λPOD and λPOD are the eigenvalues
of the eigenvalue problem equivalent to the POD. This completes the outline of the adaptHMR-POD algorithm.

350

Mario Ohlberger and Kathrin Smetana

Algorithm 2: adapt-HMR-POD(M0 , Ξ0,M , iter, mmax , εtol , ̺)

for m=1:mmax do
py,M =adapt-para(M, ΞM , s(M ), m, {φk }1m−1 , iter, ̺)
{φk }m
1 := POD(py,M , m)
end
m
mPOD
{φk }1 POD := POD(py,M , εtol ), so that εPOD
≤ εtol .

4

A POSTERIORI ERROR ESTIMATION

The goal of this section is to derive an error estimator estimating the error between
the discrete reduced solution pH
m and a solution pH×h computed using 2D FEM in an
appropriate norm. First we need a FE space which is suitable for this comparison. We
introduce a partition P := TH × τh of Ω̂ induced by the partitions TH on Ω1D and τh on
γ̂ with elements Tij := Ti × τj , 1 ≤ i ≤ NH , 1 ≤ j ≤ nh . Next we define a set of basis
functions
ϕij (x, ŷ) := ϕxi (x) · ϕyj (ŷ), 1 ≤ i ≤ NH , 1 ≤ j ≤ nh .
(9)
For the sake of simplicity we restrict ourself to the case where both ϕxi (x) and ϕyj (ŷ)
are piecewise linear. This implies that their product ϕij (x, ŷ) is a standard bilinear
quadrilateral element on Tij . For this reason we introduce the space Qk := {u(x, ŷ) :=
P
l n
0≤l,n≤k cl,n x ŷ }. Now we can introduce a FE space

VH×h := v ∈ C 0 (Ω̂) : v|Tij ∈ Q1 and v|∂Tij ∈ P1 ,

which coincides with the standard bilinear Finite Element space. Next we need a suitable
norm. Let as (w, v) := 12 a(w, v) + a(v, w) denote the symmetric part of the bilinear form
a(w, v), specified in (2) for all w, v ∈ VH×h . Based on that we define a VH×h -inner product
and the induced VH×h -norm
p
(·, ·)VH×h := as (·, ·),
k · kVH×h := (·, ·).

Then the error e := pH×h − pH
m satisfies the equation

m
(vH×h ) ∀ vH×h ∈ VH×h ,
a(e, vH×h ) = rH×h

where
m
(vH×h ) := f (vH×h ) − a(pH
rH×h
m , vH×h ) for vH×h ∈ VH×h ,

with f (v) specified in (3). Now we introduce the Riesz representation of rH×h (vH×h ),
denoted as Rm ∈ VH×h , fulfilling the identity
m
(Rm , vH×h )VH×h = rH×h
(vH×h ) ∀ vH×h ∈ VH×h .
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Figure 2: In comparison from left to right and top to bottom: the 2D FEM solution and the approximating
solution for 5, 7 and 10 basis functions

And finally we define our error estimator
R
∆HM
:= kRm kVH×h .
m

Efficiency and reliability of this estimator can be proved.
5

NUMERICAL EXPERIMENTS

As we are aiming at the application of the HMR-RB approach to unsaturated groundwater flow, we consider a test case quite similar to this situation. The diffusion coefficient exhibits an interface imitating the macroscopic interface between dry and wet soil
in groundwater flow and the x-dependent advection coefficient points downwards like the
gravitation term in the Richards equation. So we solve problem (4) on Ω = (0, 2)×(0, 0.5)
with a diffusion coefficient




1
0
≤
x
<
0.75
0 ≤ y ≤ 0.1

1
k1 (x) = −2x + 2.5 0.75 ≤ x < 1.25 , k1 (y) = −9y + 1.9
0.1 < y < 0.2 ,




0
else
0.1
else




0.75 < x ≤ 1.25
0 ≤ y ≤ 0.3
2x − 1.5
1
k2 (x) = 1
, k2 (y) = −9y + 3.7
1.25 < x ≤ 2
0.3 < y < 0.4 ,




0
else
0.1
else
k(x, y) = k1 (x)k1 (y) + k2 (x)k2 (y),
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an advection coefficient b = (0, 10x + 25)t and a zero source term. We prescribe
Dirichlet boundary conditions gD (x, y1 ) = 0 on the top and gD (x, y0 ) = 1 on the bottom
and homogeneous Neumann boundary conditions on the left and right side of the domain.
Typically the solution manifold, containing the solutions of the parameter dependent
1D problem (7) for all parameters µ ∈ D, is of very low dimension. However, due to
the presence of the advection term and the interface in the diffusion coefficient we cannot
expect that. To validate the proposed HMR-RB approach for this setting we first compare
the isolines of the 2D FE solution using bilinear finite elements and the approximating
solutions for five, seven, and ten basis functions in Fig. 2. Here we have used equidistant
grids in x- and y-direction of mesh size H = 0.005 and h = 0.0025 both for the 2D FEM
and the HMR-RB approach. We observe a perfect matching between the 2D FE solution
and the approximating solution using ten basis functions. Also the solution produced by
seven basis functions approximates the 2D FE solution quite well. This is a first hint that
the approach seems also applicable to problems with advection. Moreover, we see in Fig. 3
1,2
-error (solid), and the POD
that both the error estimator ∆m
HM R (dash), the computed H
m
error εP OD (dash-dot) show an exponential convergence rate of order 2−m/2 (dot) for an
increasing model order m. This convergence rate is not as good as in smooth examples
without interfaces (see [2]), but of course we could not have expected that. Furthermore,
1,2
-error in Fig. 3
comparing the behavior of the error estimator ∆m
HM R and the computed H
demonstrates that the error estimator is both reliable and efficient. At last we discuss
the refinement of the parameter space. We have chosen D = [0, 2] × [0, 4] × [−10, 10],
nΞ = 7, mmax = 2, iter = 3 (2) for the iteration for the first (second) basis function, and
θ = 0.25. A sample size of ntrain = 1680 is obtained. In Fig. 4 we can see where additional
parameter values are put successively in the interval [0, 2], meaning in the x-direction.
What we see is that especially the interval [0.75, 1] is refined, which is reasonable owing
to the kink that the coefficient function exhibits here. So, we can say that the algorithm
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adapt-HMR-POD refines the right regions in x-direction.
6

Conclusions

We have extended the HMR-RB approach to advection-diffusion-reaction problems.
The numerical results show that the method is applicable to problems with advection. The
next steps would be to study problems with a more dominant advection and also problems
on more complex domains Ω, as the geometry strengthens the advective contribution.
Furthermore we presented a new error estimator. As its computation is very expensive,
its application is especially interesting in the case of parameter dependent problems where
the construction of the basis functions can be done in a possibly costly offline phase.
Here both the reliability and the efficiency of the error estimator will probably lead to a
reduction of the model order m, which in turn reduces the online costs considerably.
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Abstract. This paper presents a strategy for adaptative verification of computations
driven in a sub-structured framework arising from the use of non-overlapping domain decomposition methods. We currently restrict ourselves to global estimates of discretization
error in the context of linear mechanical problems. The key point of our method which is
based on the use of constitutive relation error is a parallel recovery of admissible interface
fields. This allows to obtain relevant estimates far before the domain decomposition solver
reaches convergence.
1

INTRODUCTION

For the last decades, three trends have grown and reinforced each other in computational mechanics: the fast growth of hardware computational capacities, the requirement
of finer and larger finite element models for industrial simulations and the development of
efficient multiscale computational strategies amongst which non-overlapping domain decomposition (DD) methods (like FETI [4] and BDD [11, 12]) are very popular since they
have proved to be scalable in many applications. Unfortunately, the quality of the discretized models is not always checked in spite of the development of verification techniques
and error estimators [8, 2, 14, 17].
Our objective is to warranty the quality of computations of large finite element models
by providing a strategy to control discretization error in large FE problems solved by
non-overlapping domain decomposition methods.
We first focus on global a posteriori error estimates and associated element-wise contributions obtained through the error in constitutive relation [8] for linear mechanical
problems. Our method [15] has been developed within a generic framework for domain
decomposition [6]. It computes error estimate in a fully parallel way for both primal
1
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(BDD) and dual (FETI) approaches whatever the state (converged or not) of the associated iterative solver. To do so, our strategy consists in building, in parallel and during
the iterations, displacement and stress fields which are kinematically admissible (KA) and
statically admissible (SA) on the whole structure. The numerical costs remain low thanks
to the exploitation of classical domain decomposition preconditioners to build in parallel
continuous displacement and balanced traction fields independently on each subdomain.
It comes out that the study convergence of the discretization error estimator with respect
to the interface error of the domain decomposition method (displacement gap and lack of
balance of interface forces) enables to propose new stopping criteria for the DD solver.
Though our method has been developed for both dual and primal approach of domain
decomposition, this paper aims to present our strategy especially in the framework of the
FETI method. We thus invite the interested reader to refer to [15] for more details about
the specific setup related to the BDD method. Section 2 recalls the general framework
related to substructuring and the formulation of FETI method. After introducing the
concept of error in constitutive relation, section 3 presents its formulation within domain
decomposition. Then, section 4 details the specific implementation in the context of the
FETI method. Finally, section 5 presents numerical assessments, especially to show that
a good estimation can be obtained far earlier than the solver converged (in the sense of
domain decomposition iterative solver).
2
2.1

FRAMEWORK AND BASICS
Reference mechanical problem

Let us consider the static equilibrium of a structure which occupies the open domain
Ω ⊂ Rd and which is submitted to given body forces f , to given traction forces g on ∂f Ω and
to given displacements ud on the complementary part ∂u Ω ≠ ∅. We assume the structure
undergoes small perturbations and that the material is linear elastic, characterized by the
Hooke’s tensor H.
For an open subset ω ⊂ Ω, and denoting by u the unknown displacement field, ε(u) the
symmetric part of the gradient, σ the Cauchy stress tensor, we introduce the following
subspaces Ka(Ω) of kinematically admissible and Sa(Ω) statically admissible fields:
Ka(ω) = {v ∈ [H 1 (ω)] such that tr(v)∣∂u ω = ud }
d

Sa(ω) = {τ ∈ [L2 (ω)]sym such that ∫ τ ∶ ε(v) dω = ∫ f.v dω + ∫
ω
ω
∂

(1a)

d2

fω

g.v dΥ, ∀ v ∈ Ka 0 (ω)}

where tr is the trace operator and KA0 (ω) is the vector space associated to Ka(ω).
The mechanical problem set on Ω can then be formulated as:
Find (u, σ) ∈ Ca(Ω) × Sa(Ω) verifying: σ = H ∶ (u)
2
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2.2

Substructured formulation

Let us consider a decomposition of domain Ω in open subsets (Ω(s) )1⩽s⩽Nsd (Nsd is the
′
number of subdomains) so that Ω(s) ∩ Ω(s ) = ∅ for s ≠ s′ and Ω̄ = ∪s Ω̄(s) . For any Nsd turple (v (s) )1⩽s⩽Nsd of local fields denoted by v ◻ , we define the global assembling operator
A by:
v = A(v ◻ ) ⇔ v∣Ω(s) = v (s)

(3)

Under this framework, kinematic and static admissibility on the whole structure can
be restricted to each sub-structure Ω(s) provided the verification of interface conditions,
namely displacements continuity and tractions balance (action-reaction principle):
A(u◻ ) ∈ Ka(Ω) ⇔ {

A(σ ◻ ) ∈ Sa(Ω) ⇔ {

u(s) ∈ Ka(Ω(s) ), ∀s
′
′
tr(u(s) ) = tr(u(s ) ) on Υ(ss ) , ∀(s, s′ )

(4a)

σ (s) ∈ Sa(Ω(s) ), ∀s
′
′
′
σ (s) .n(s) + σ (s ) .n(s ) = 0 on Υ(ss ) , ∀(s, s′ )

(4b)

The sub-structured problem may then be formulated as:

Find (A(u◻ ), A(σ ◻ )) ∈ Ca(Ω) × Sa(Ω) verifying: σ (s) = H ∶ (u(s) )

2.3

Finite element approximation

(1 ≤ s ≤ Nsd )

(5)

Let Ωh be a tessellation of Ω̄ associated to a finite dimensional subspace Kah (Ω) of
Ka(Ω) and leading to a conforming substructuring so that (i) each element only belongs
to one subdomain and (ii) nodes are matching on the interfaces. Under those assumptions,
each degree of freedom is either located inside a subdomain (subscript i) or on its boundary
′
Υ(s) = ∪s′ Υ(ss ) (subscript b) where it is shared with at least one neighboring subdomain.
Approximation uh ∈ Kah (Ω) of u may then be expressed with the d × Ndof matrix ϕ of
shape functions (which form a basis of Kah (Ω)) and the vector of nodal unknowns u as
uh = ϕu.
(s)
Introducing λb , vector of unknown efforts imposed on the interface of a subdomain
Ω(s) by its neighbors, the finite element problem can be written on each subdomain
separating internal and boundary degrees of freedom (dof):
(s)

(s)

(s)

(s)

(s)

K
Kib
ui
fi
0i
( ii(s)
(s) ) ( (s) ) = ( (s) ) + ( (s) )
ub
fb
λb
Kbi Kbb

(6)
(s)

where K(s) is the (symmetric positive definite) stiffness matrix of domain Ωh and f (s) is
the vector of generalized forces. Eq. (6) then allow to express equilibrium on sub-domains
in a condensed form function of the dof located on Υ(s) (eq. 7a). In addition to that, the
discretization of interface conditions included in (4a) and (4b) can be expressed as dof-todof relationships thanks to the conforming feature of the decomposition. As a result, finite
3
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element approximation of the substructured reference problem leads to the following interface system:
S(s) ub = b(s) + λb
(s)

(s)

(s)
∑ A ub = 0
s

(s)

∑ A(s) λb = 0
(s)

s

(7a)

with:

(s) −1

S(s) = Kbb − Kbi Kii
(s)

(7b)

(s)

(s) −1 (s)
fi

b(s) = fb − Kbi Kii
(s)

(7c)

(s)

(s)

Kib

where A(s) and A(s) are assembling operators 1 so that A(s) enables to formulate the
mechanical equilibrium of interfaces (4b) and A(s) enables to formulate the continuity of
displacements (4a) (see [6] for more an extensive description of all operators). Let’s bring
back the fundamental orthogonality property verified by assembling operators:
∑ A(s) A
s

2.4

FETI approach

=0

(s) T

(8)

The starting point of the Finite Element Tearing and Interconnecting domain decomposition [4], is to introduce a unique interface traction unknown λb so that interface
(s)
equilibrium is always insured when expressing λb :
λb = A(s) λb ⇒ ∑ A(s) λb = 0
(s)

(s)

T

s

(9)

Displacements can yet be deduced from λb (10a) if it satisfies Fredholm’s alternative (10b)
on each substructure:
+

ub = S(s) (b(s) + A(s) λb ) + Rb α(s)
(s)

0 = Rb

(s) T

(s)

T

(b(s) + A(s) λb )
T

(10a)
(10b)

where α(s) is the unknown magnitude of rigid body motions and superscript + denotes
the generalised inverse. The FETI solver then consists in iteratively finding an interface
effort λb (under the previous constraint) insuring the continuity of interface displacement
(s)
0 = ∑s A(s) ub , which leads to the well-known interface problem:
S G λb
b
( dT
) ( ) = ( d)
α
e
G
0

where:

Nsd

Sd = ∑ A(s) S+ (s) A(s)
s=1
Nsd

+ (s)

bd = − ∑ A(s) S(s) bp
s=1

1

T

G = [A(1) Rb . . . A(Nsd ) Rb
(1)

e = [−bp

(1) T

(Nsd )

Rb ⋅ ⋅ ⋅ − b p
(1)

(Nsd ) T
(1)
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]

(2)

α = [α(1) . . . α(Nsd ) ]

T T

T

(Nsd )

Rb

In the case of two subdomains, one has ∑s A(s) λb = λb + λb

4

(11)

T

]

(s)

= 0 and ∑s A(s) ub

(1)

(2)

= u b − ub

= 0.
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In order to iteratively solve problem (11) in an efficient way, the best preconditioner
+
for operator Sd is built as an assembling of inverses of local operators S(s) previously
involved:

−1
S̃d

Nsd

−1

(s)

S̃d = ∑ Ã S(s) Ã

(s)

s=1

(s) T

(12)

where (Ã )s are scaled assembling operators verifying the fundamental property (13),
whose typical example is the multiplicity scaling (14)2 :
(s)
∑ A Ã
s

(s) T

=I

(13)

Ã

(s) T

=A

(s) T

(∑ A
j

(j)

A

(j) T

−1

)

(14)

Let us note that more elaborate operators taking the heterogeneity into account may be
used in the case of heterogeneous structures [16].
3

A POSTERIORI ERROR ESTIMATION

3.1

Error in constitutive relation

Let us come back to the continuous level and introduce the functional error in constutive
relation measuring the non-verification of constitutive relation between a given pair of
displacement and stress (v, τ ):
1/2

erdc,ω (v, τ ) = ∣∣τ − H ∶ ε(v)∣∣ H−1,ω

with ∣∣ ● ∣∣H−1,ω = [∫ ● ∶ H−1 ∶ ● dω]
ω

(15)

Recall that given the tessellation Ωh and its associated subspace of admissible displacements Kah (Ω) ⊂ Ka(Ω), the usual finite element approximation of reference problem (2)
writes:
Find uh ∈ Cah (Ω) such that σh = H ∶ ε(uh ) satisfy:

∫Ω σ(uh ) ∶ ε(vh ) dΩ = ∫Ω f.vh dΩ + ∫∂

fΩ

(16)

g.vh dΥ, ∀ vh ∈ Cah0 (Ω)

Then, on the basis of the solution (uh , σh ) of (16) satisfying the classical properties uh ∈
Ka(Ω) and ecr,Ω (uh , σh ) = 0 but σh ∉ Sa(Ω), the basic principle of the error in constitutive
relation consists in deducing an admissible displacement-stress pair (ûh , σ̂h ) ∈ Ka(Ω) ×
Sa(Ω) in order to measure the residual on the constitutive equation (15). Hence, the
evaluation of ecr,Ω (ûh , σ̂h ) ≥ 0 for any admissible pair (ûh , σ̂h ) provides a guaranteed
upper bound of the global error thanks to the Prager-Synge theorem:
∣∣e∣∣ H,Ω = ∣∣u − uh ∣∣H,Ω ≤ [erdc,Ω (ûh , σ̂h )]

1/2

1/2

2

In the case of two subdomains, one has ∑s Ã

with ∣∣ ● ∣∣H,ω = [∫ ε(●) ∶ H ∶ ε(●) dω]
ω

(s)

(s)

λb

5
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=

1
2

(1)

(2)

(λb − λb ) .

(17)
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Kah (Ω) being a subspace of Ka(Ω), the construction of an admissible displacement field
ûh is straightforward since it can be taken equal to uh . On the other hand, as σh is not
statically admissible, the construction of an admissible stress field σ̂h ∈ Sa(Ω) is a crucial
point which has already been widely studied in the literature. In addition to the use of dual
formulation [7], classical methods consist in post-processing a statically admissible field
from Field σh (obtained by a displacement formulation) through the element equilibration
techniques [8, 9], which have been improved by the use of the concept of partition of unity
[10] or flux-free-based methods [14, 5, 13]. In most cases they involve the computation
of efforts on “star-patches” which are the set of elements sharing one node, for each node
of the mesh. Though rather simple, these computations are in great number and thus
expensive.
In the following, we note by Fh the algorithm which has been chosen to build an
admissible stress field σ̂h . Whatever the choice, the algorithm takes as input not only the
finite element stress field σh but also the continuous representation of the imposed forces
(f, g).
σ̂h = Fh (σh , f, g) ∈ SaΩ
The algorithm we have used for our applications is the one proposed in [8] using a three
degrees higher polynomial basis when solving the local problems on elements [3].
3.2

Formulation within a generic domain decomposition

Following the previously presented idea of error in constitutive relation in a sequential
framework, the key point for an efficient evaluation in a substructured context (with(s) (s)
out overlapping) is to define admissible pairs (ûh ,σ̂h ) ∈ Ka(Ω(s) ) × Sa(Ω(s) ) on each
subdomain so that the associated assembled pair is admissible for the reference problem
(A(û◻h ), A(σ̂h◻ )) ∈ Ka(Ω) × Sa(Ω). Due to the absence of overlap, the additive structure
of the associated error in constitutive relation leads to a fully parallel evaluation of the a
posteriori error estimator:
Nsd

ecr,Ω (A(û◻h ), A(σ̂h◻ )) = ∑ (ecr,Ω(s) (ûh , σ̂h ))
2

s=1

(s)

(s)

2

However, the application of a classical recovery strategy to compute admissible fields
raises two difficulties in a substructured context. First, the star-patches can not be employed on the boundary nodes without assuming communication between subdomains.
Though these exchanges would remain limited, we propose an alternate strategy to achieve
full parallelism without impairing the properties of the error in constitutive relation. Second, recall that the FETI method used on the discrete substructured problem (7) consists
in iteratively solving eq. (11) so that displacement continuity (4a) is only verified (up
to a certain precision) once the solver converged. Thus recovering strategies need to be
(s)
(s)
adapted so that the local fields (ûh , σ̂h ) satisfy the interface conditions.
6
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4
4.1

PARALLEL RECOVERY OF ADMISSIBLE FIELDS
Kinematically admissible fields

In order to ensure interface Condition (4a) when building ûh ∈ Ka(Ω(s) ) so that
A(û◻h ) ∈ Ka(Ω), we start off by introducing on each sub-structure continuous interface
′
(s)
(s)
(s′ )
(s)
displacement fields ûbh verifying ûbh = ûbh on Υ(ss ) . Denoting by ûb the nodal value
(s)
ûbh , the last condition can be directly transposed into a discrete counterpart thanks to
the matching discretizations on the interface:
(s)

ûb = ûb , ∀(s, s′ )
(s)

(s)
∑ A ûb = 0

⇐⇒

(s′ )

(s)

s

(18)

However, displacement continuity (7b) is only verified upon convergence in the FETI
method, but local displacements on each substructure may be computed at each iteration
through (10a) since condition (10b) is always satisfied. The associated gap of interface
displacement is given by:
ub  = ∑ A(s) ub

(s)

s

(19)

Then, we choose to use the scaled assembly operators introduced for the preconditionning
(s)
step (12), and define ûb as:
ûb = ub − Ã
(s)

(s)

(s) T

(20)

ub 

(s)

Thereafter, the property (13) satisfied by operators Ã ensures the verification of the
(s)
discrete continuity condition (18) on ûb .
Finally, one finite element problem solved independently on each subdomain with im(s)
posed Dirichlet conditions on the interface given by ûb enables to deduce the kinematically admissible displacement field û = A(û◻h ) ∈ Ka(Ω):
(s) −1

ûi = Kii
(s)

(s)
ûh

= ϕ û

(fi

(s) (s)

(s)

− Kib A(s) ûb )

= (ϕi

(s)

(s)

T

(s)

(s)

û
ϕb ) ( i(s) )
ûb
(s)

(21)

Let us note a key feature of this approach which comes from the fact that all the involved
operations are already realized during the steps related to the Dirichlet’s preconditioner
(12), so that all finite element quantities (even the internal ones) are available at no cost:
the quantity ub  is directly available during the classical solution procedure (without
computing any α(j) ) which is based on an initialization/projection algorithm [4], and the
displacement field u(s) can be defined up to an element of the kernel (a rigid body motion)
since only its symmetric gradient is used during the computation of the error.
7
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4.2

Statically admissible fields

In order to ensure interface Condition (4b) when building σ̂h ∈ Sa(Ω(s) ) so that
A(σ̂h◻ ) ∈ Sa(Ω), a generic way consists in introducing on each subdomain a continuous
(s)
balanced interface traction field F̂bh defined on Υ(s) which satisfy:
∫Ω(s) f

(s)

.ρdΩ + ∫

∂f

Ω(s)

(s)

g (s) .ρdS + ∫

F̂bh + F̂bh = 0
(s)

Γ(s)

(s′ )

sur Γ(ss )
′

(22a)

F̂bh .ρdS = 0 ∀ρ ∈ KaR(Ω(s) )
(s)

(22b)

where KaR(Ω(s) ) is the set of rigid body motions which are compatible with Dirichlet conditions imposed on ∂u Ω(s) , and (22b) stands for the translation of Fredholm’s alternative.
(s)

(s)

We then associate F̂bh to a finite element nodal reaction field λ̂b

F̂bh =
(s)

(s)
Gh (λ̂b )

requiring that the discrete field

(s)
λ̂b

through an algorithm

the same virtual work in any finite element displacement field:
∫Υ(ss′ ) F̂bh ⋅ ϕj
(s)

(s)

(s)

where j denotes a node of the interface, ϕj
(s)

′
∣Υ(ss )

(s)

and the continuous field F̂bh develop
(s)

dS = λ̂b,j

(23)
(s)

its associated shape function and λ̂b,j the

corresponding nodal component of λ̂b . We get the following discrete counterparts for
(s)

λ̂b :
(s)

∑ A(s) λ̂b = 0
s

(s) T

Rb

(s)

(λ̂b + b(s) ) = 0

(24)

In the FETI solver, the nodal interface fields are by construction (9) always balanced at the
interface and associated to well-posed discrete Neumann problems on each substructure
(s)
(s)
thanks to (10b), allowing us to directly set λ̂b = λb . Setting up the algorithm Gh in
(s)

(s)

order to get F̂bh from λ̂b is strongly linked to a choice of interpolation basis. A simple
(s)
(s)
choice is then to use the basis of finite element shape functions on Υ(s) : F̂bh = ϕ∣Υ(s) F̂b ,
which, though leading to a coarse interpolation, doesn’t alter the global performance of
the method 3 .
(s)
Once the traction field F̂bh has been recovered, we get the statically admissible field
σ̂h = A(σ̂h◻ ) ∈ Sa(Ω) through a two-step process. First one is to solve a finite element
problem (25a) on each subdomain with imposed Neumann conditions on the interface
(s)
given by F̂bh . The next one is to apply a sequential recovery algorithm Fh on each finite
3

Let us note that more consistent choices needs to allow discontinuities at nodes, a counterpart of
which is to use an additional minimization problem. Some alternative choices are currently studied and
will be discussed.

8
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element stress field H ∶ ε(ϕ(s) ũ(s) ) previously obtained (25a) taking into account F̂bh as
an imposed force on Υ(s) :
(s)

+

(s)

ũ(s) = K(s) (f (s) + t(s) λ̂b )
T

(25a)
(s)

σ̂h = Feq (H ∶ ε(ϕ(s) ũ(s) ), f (s) , {g (s) , Gh (λ̂b ))})
(s)

(25b)
(25c)

It has to be observed that the fully parallel procedure Gh proposed above leads to a
different admissible traction field than the one which would have been obtained using
standard patch-technique [9] (referred in the sequel as the sequential approach) so that
the parallel error estimation is different from the standard sequential one. Finally, let us
note that the only extra operations are due to the use of algorithms Gh (to compute F̂bh )
and Fh (to compute σ̂h ).
5

NUMERICAL ASSESSMENT

The performances of our parallel error estimator has been assessed on a 2D toy problem
of a Γ-shape structure clamped on its basis and submitted to traction and shear on its
upper-right side, with an isotropic linear elastic material behavior. A set of computations
with increasing number of subdomains has been driven on a sequence of regular meshes
generated with a increasing refinement. In addition to the new parallel error estimator
seq
eddm
cr , the standard sequential one ecr and the true error eh (using a reference field uex
on a very fine mesh) has been computed:
√
seq
ddm
◻
◻
ecr = ecr,Ω (ûh , σ̂h ) ecr = ecr,Ω (A(ûh ), A(σ̂h )) eh = ∣∣uex − ûh ∣∣H,Ω = ∣∣uex ∣∣2H,Ω − ∣∣ûh ∣∣2H,Ω
(26)
At last, let us note that all our computations are driven in the ZeBuLoN finite element
code [1], using elements of polynomial degree p = 1. The results when convergence of
the domain decomposition solver is reached, which can be found in the paper [15], show
that eddm
barely depends on the substructuring so that the estimates are quite similar
cr
whether they are conducted on a single domain or on Nsd subdomains. As a conclusion,
the parallel error estimator eddm
enables to recover the same efficiency factor as the
cr
standard sequential one, while the CPU-time is divided by Nsd .
Another interesting feature associated to the use of an iterative solver for the domain
decomposition (DD) problem is that the discretization error estimation can be conducted
before DD convergence is reached, that is in presence of displacement discontinuity at the
interface when using FETI. We illustrate this point on a small crack opening problem (fig.
1) already used in other papers [14, 10]. The behavior is supposed to be isotropic linear
elastic (E = 2000 Pa and µ = 0.3) and plane stress hypothesis is assumed. Beside, the
FETI algorithm used on the 14-sub-domain decomposition is equipped with the Dirichlet
9
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(b) Substructuring (Nsd = 14)

(a) Finite-element problem

(c) Elementary contributions
eddm
cr,E at convergence

Figure 1: Crack opening problem

preconditioner (12) while its convergence criterion (which stands here for the interface
displacement gap) is set to 10−6 . Figure 2 shows the convergence curve of eddm
during the
cr
FETI iterations, plotted as a function of the corresponding residual that is the normalized
displacement gap at the interface.
3.2

parallel estimator
sequential estimator

3

absolute error

2.8
2.6
2.4
2.2
2
1.8
1.6
1

0.1

0.01

0.001

0.0001

1e-05

1e-06

FETI normalized tractions jump

Convergence of eddm
cr

eddm
cr,E : iter. 1

eddm
cr,E : iter. 2

eddm
cr,E : iter. 3

Figure 2: Convergence of eddm
vs. interface residual and elementary contributions to eddm
cr
cr

The curve show a rapid convergence of the parallel error estimator along iterations
of the solver, so that eddm
can be considered as converged when the residual reaches
cr
an order of magnitude of 5.10−2 which corresponds to at most 4 iterations whereas the
solver convergence is achieved in about 15 iterations. The “L”-shaped curves show that
the impact of residual of the DD solver is preponderant only at the first iterations (when
interface fields are very poorly estimated), afterwards eddm
stagnates at a value close
cr
seq
to ecr which is only associated to the discretization error. The maps of the elementary
ddm at iterations 1, 2 and 3 corroborate
contributions eddm
cr,E to the parallel error estimator ecr
the previous observation. An interesting fallout of the foregoing is that when willing to
carry out remeshing procedures, the maps obtained after few iterations of the solver are
10
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sufficient to define correct refinement instructions.
6

CONCLUSIONS

In this paper, we presented a new method to handle error estimation within domain decomposition approaches. Our approach relies on the construction of admissible interface
fields followed by a fully parallel construction of a displacement-stress pair that is kinematically and statically admissible on the whole structure. We then obtain a simple and
efficient extension to error in constitutive relation in a substructured context. Moreover,
this construction can be realized at every iteration of the domain decomposition solver,
at a reduced numerical cost when taking advantage of the associated preconditionners.
As a result, not only our method enables to divide the huge CPU cost associated to error
estimation, but a satisfactory estimate can also be accessed far before the solver reaches
convergence. Indeed, results show that even roughly estimated interface fields enable to
obtain a good estimation of the discretization error and correct maps of elementary contributions. This last feature let us envisage, on the one hand, the development of a new
convergence criterion for the iterative solver, and, on the other hand, the set up of efficient
mesh adaptation procedures relying on estimates obtained after only few iterations. Such
procedures are currently studied and leads to different approaches whether the remeshing
step may preserve or not the topology of the sub-structuring. Other current studies deals
with heterogeneous problems, whose results will be presented during the conference.
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Abstract. Nowadays, a major interest in research activities concerns methods that aim
at providing a reliable mean to control and assess the numerical quality of specific quantities, i.e. strict and accurate local error bounds. A general method for robust goal-oriented
error estimation relies on the concept of constitutive relation error (CRE), associated to
admissible stress fields and classical extraction techniques. This paper first deals with the
comparison between different techniques used for constructing admissible stress fields,
which are usually required in methods providing for robust global/goal-oriented error
estimation. In this work, a new hybrid technique, called the element equilibration +
star-patch technique (EESPT), is compared with the two other main existing techniques,
namely the element equilibration technique (EET), and the star-patch equilibration technique (SPET) in terms of quality of associated error estimates, computational cost and
simplicity of practical implementation into existing finite element codes. Besides, an enhanced version of the EESPT method has been revisited and demonstrates its relevance
to produce sharper estimators. In a second part, we analyze goal-oriented error estimators
constructed from the CRE. Two- and three-dimensional numerical experiments are carried out to investigate the performance of each estimator for the calculation of guaranteed
error bounds on specific quantities of interest.

1

INTRODUCTION

The growing interest in the use of numerical simulation has intensively spurred the
development of practical and efficient tools allowing to assess the quality of numerical
approximate solutions obtained through the finite element method (FEM). First research
works dealt with the development of effective global error estimation methods, providing
an appraisal of the global measure of the discretization error by means of global energy
1
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norms [1]. From now on, both researchers and engineers are motivated by the desire to
evaluate numerical quality of specific quantities of practical interest, which are relevant
for industrial decision making and certification. Various goal-oriented error estimation
methods have been emerging for few years, applied to both linear and non-linear problems.
Nevertheless, only a few error estimators lead to robust and relevant error estimates
ensuring the recovery of strict upper bounds of the exact error both for global or goaloriented estimation. Such error estimators are currently based on the post-processing
of the FE solution to build an admissible one. More precisely, a complex and key task
concerns the derivation of a statically admissible stress field, whose construction relies
on recovery techniques. A first technique relies on a dual formulation of the reference
problem, which can be brought back to the calculation of another global solution of the
reference problem leading straightforwardly to an admissible stress field. Despite its remarkable accuracy, this technique is not appropriate for error estimation, as it requires
the use of a completely different formulation involving a costly global computation. A
second technique, called the element equilibration techniques (EET) [1, 2], is based on the
computation of equilibrated tractions through the use of an energetic relation, called prolongation condition, prior to the calculation of a statically admissible stress field through
the fine resolution of problems defined at the element scale. Despite its affordable computational cost, this method is reckoned to be difficult to implement into a standard FE
framework. A third technique, called the star-patch equilibration technique (SPET) [3],
alleviates this difficulty since it relies on the partition of unity concept and, hence, leads
to the fine resolution of self-balanced problems defined over stars or patches of elements,
resulting in a higher computational cost. However, the practical implementation of this
flux-free method is facilitated, as it does not require any flux-equilibration procedure.
Eventually, the recently introduced and last technique, called the element equilibration
+ star-patch technique (EESPT) [2, 4], is an hybrid technique, as it benefits from components of both EET and SPET methods. Hence, this technique tends to be a fairly
good trade-off between easiness of implementation, computational cost and quality of the
error estimate. In this work, we aim at comparing performances of those classical balance techniques on industrial numerical examples. Besides, an enhanced version of the
construction of equilibrated tractions involved in the EET and EESPT methods extends
ideas first tackled in [5] in order to improve the set of balanced tractions in local regions.
It consists in the local minimization of the complementary energy through a weakened
prolongation condition in order to improve the quality of equilibrated tractions. The
major breakthrough is the introduction of geometric and error criteria to define specific
zones for optimizing the tractions, with the objective to obtain sharper bounds without
noticeably increasing the computational cost.
As regards robust goal-oriented error estimation, a general method, initially developed
in [6], has been prone to considerable developments. This technique, based on classical and
powerful tools, such as extraction techniques and, more recently, handbook techniques and
projection procedures [7], provides high-quality local error bounds on specific quantities
2
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of interest. It also requires the resolution of an auxiliary problem, often referred to as dual
(or adjoint) problem, involving extraction operators (or extractors). The resulting bounds
are defined by means of two global error estimates with respect to the energy norm of
the (quasi-)exact discretization error of reference and adjoint problems, respectively. An
overview of the main features of this method is presented in this work.
The paper is organized as follows. Section 2 presents basics on error estimation in order
to introduce the concept of admissible solution. Section 3 describes the main features of
the three equilibration techniques which are considered to set up admissible stress fields;
it particularly focuses on the new hybrid technique EESPT. Section 4 deals with the
enhanced version of the EESPT technique, while Section 5 presents the key aspects of the
goal-oriented error estimation based on extraction techniques. Section 6 shows numerical
results on two- and three-dimensional applications.
2
2.1

BASICS ON ERROR ESTIMATION AND ADMISSIBLE SOLUTIONS
The reference problem and associated discretization error

Let us consider a mechanical structure represented by an open bounded domain Ω,
with boundary ∂Ω. The prescribed volume and surface mechanical sollicitations acting
on structure Ω are: a displacement field U d on part ∂1 Ω = ∅; a traction force density
F d on the complementary part ∂2 Ω of ∂Ω such that ∂1 Ω ∪ ∂2 Ω = ∂Ω, ∂1 Ω ∩ ∂2 Ω = ∅;
a body force field f d within Ω. Structure Ω is composed of an isotropic, homogeneous
material with linear and elastic behavior characterized by Hooke’s tensor K. Given a
quasi-static loading, an isothermal case and a small perturbations state, the reference
mechanical problem consists in finding a displacement/stress pair (u, ) in the space
domain Ω, which verifies:

1
◦ the kinematic conditions: u ∈ U ; u|∂1 Ω = U d ;
(u) = ∇(u) + ∇T (u) ;
(1)
2
◦ the equilibrium equations:
∈ S;





∗
∗
∗
Tr
(u ) dΩ =
f d · u dΩ +
F d · u∗ dS;
(2)
∀ u ∈ U 0,
Ω
∂2 Ω
Ω


(M ) = K u(M ) ∀ M ∈ Ω,
(3)
◦ the constitutive relation:

where (u) represents the classical linearized strain tensor corresponding to the symmetric
part of the gradient of displacement field u. Affine spaces U = {u ∈ [H1 (Ω)]3 } and
S = { ∈ Ms (3) ∩ [L2 (Ω)]6 } guarantee the existence of finite-energy solutions, Ms (3)
representing the space of symmetric square matrices of order n. U 0 ⊂ U denotes the
vectorial space associated to U .
In practical applications, the exact solution of the reference problem, hereafter denoted
(u, ), remains usually out of reach and only an approximate solution, referred to as
(uh , h ), can be obtained through numerical approximation methods (such as the finite
element method (FEM) associated with a space mesh Mh mapping physical domain Ω).
Such a numerical approximation is sought in a discretized space U h × S h ⊂ U × S. A
3
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displacement-type FEM leads to a displacement field uh verifying kinematic constraints
(1), while a stress field h can be derived from the constitutive relation (3). The resulting
discretization error, denoted eh = u − uh , can be measured by means of the classical


 1/2
energy norm || • ||u,Ω = Ω Tr K (•) (•) dΩ
, providing a global discretization error
||eh ||u,Ω . Besides, local measures defined with respect to a specified quantity of interest
I(u) of the problem enable one to capture local errors eloc
h = I(u) − I(uh ).
2.2

The construction of an admissible solution

Verification research activities focus on the setting up of robust error estimation methods. The construction of what is called an “admissible solution” is currently an essential
and key step in order to obtain guaranteed error bounds. An admissible pair (ûh , ˆh )
verifies all the equations of the reference problem, apart from constitutive relation (3).
On the one hand, a kinematically admissible displacement field is generally obtained by
taking merely ûh equal to uh . On the other hand, the derivation of a statically admissible stress field can be achieved by using various techniques. Such an admissible
stress field ˆh can be deduced from the data and the FE stress field h alone. Section 3 focuses on the key points of the three existing techniques suitable to error estimation, namely the element equilibration technique (EET), the star-patch element technique
(SPET) and the element-equilibration + star-patch technique (EESPT). Starting from an
admissible solution (ûh , ˆh ) provided by one of the previously mentioned balance techniques, one can measure the residual on constitutive relation (3), called the constitutive
relation error (CRE) and hereafter referred to as ecre (ûh , ˆh ) = ||ˆh − K (ûh )|| ,Ω , with


 1/2
. Assessing the CRE ecre (ûh , ˆh ) provides a guaranteed
||•|| ,Ω = Ω Tr • K−1 • dΩ
upper bounds of the global discretization error ||eh ||u,Ω , as the well-known Prager-Synge
theorem leads to the following bounding inequality:
||eh ||2u,Ω = ||u − ûh ||2u,Ω  ||u − ûh ||2u,Ω + || − ˆh ||2 ,Ω = e2cre (ûh , ˆh ),

(4)

which conveys the guaranteed nature of the CRE ecre (ûh , ˆh ). Now, let us focus on the
principles of the EET and SPET methods and the main aspects of the EESPT method.
3

TECHNIQUES FOR CONSTRUCTING ADMISSIBLE STRESS FIELDS

Let us define E, N , I, N / I and J the set of elements, nodes, vertices, non-vertex
nodes and edges of the FE mesh Mh , respectively. EΓJ ⊂ E represents the set of elements
connected to edge Γ, respectively. JiI ⊂ J represents the set of edges connected to vertex
i. NEE ⊂ N and NΓJ ⊂ N stand for the set of nodes associated with element E and edge
Γ, respectively. IEE ⊂ I and IΓJ ⊂ I designate the set of vertices connected to element E
and edge Γ. NEE / IEE ⊂ N / I denotes the set of non-vertex nodes connected to element E.
Finally, the FE displacement field uh is assumed to belong to the FE interpolation space
U ph of degree less than or equal to p. Uhp corresponds to its one-dimensional correspondent.

4

370

F. Pled, L. Chamoin and P. Ladevèze

3.1

The element equilibration technique EET - standard method

The first technique, called the element equilibration technique (EET ), initially introduced by Ladevèze [1], uses the FE properties of the stress field h through an energy
relation, called prolongation condition, connecting the searched admissible stress field ˆh
to the FE stress field h under the form:

(ˆh − h ) ∇ϕi dΩ = 0 ∀ E ∈ E, ∀ i ∈ NEE ,
(5)
E

Uhp

is the FE shape function associated with node i.
where ϕi ∈
Classically, the EET can be decomposed into two stages: first, construction of tractions
F̂ h in equilibrium with the external loading (F d , f d ) on element boundaries ∂E of the
spatial mesh Mh ; second, calculation of an admissible stress field ˆh in equilibrium with
these equilibrated tractions F̂ h and body force field f d at the element level:


 ˆh|E ∈ S
div ˆh|E + f d = 0 in E
ˆh|E ∈ S F̂ h ⇐⇒
(6)


ˆh|E nE = ηE F̂ h on ∂E
Tractions F̂ h are intended to reproduce the stress vectors ˆh|E nE on edges ∂E of
element E ∈ E: ˆh|E nE = ηE F̂ h on ∂E, where nE is the outgoing normal vector to
element E and ηE = ±1 are functions ensuring the continuity of the stress vector across
∂E. Besides, these tractions F̂ h are built in equilibrium with the external loading (F d , f d ).
The procedure for calculating tractions F̂ h on the element edges of the mesh Mh is
quasi-explicit in the following sense: first, prescribed constraints ηE F̂ h = F d are enforced
on ∂E ⊂ ∂2 Ω; second, prolongation condition (5) leads to local problems PiN associated
with each node i ∈ N . Problem PiN is a linear system, whose unknown quantities over
(i)

edges Γ ∈ JiI are projections b̂|Γ of traction F̂ h|Γ over the FE shape function ϕi . The
existence of solutions to problem PiN follows from the FE equilibrium properties. In
the case of multiple solutions of local problems PiN , the least-squares minimization of a
(i)

(i)

cost function J(b̂ ) involving known quantities b|Γ , which are the projections of the FE
stress vector h n, over edges Γ ∈ JiI , on the FE shape function ϕi , is performed to ensure
uniqueness of the solution. Eventually, force fluxes F̂ h|Γ are sought along each edge Γ ∈ J
(i)

in the FE space U ph|Γ and are recovered from the projections b̂|Γ associated to each node
i ∈ NΓJ by merely solving a set of linear local problems defined over each edge Γ ∈ J .
Afterwards, the construction of such balanced tractions allows to seek the local restriction ˆh|E of an admissible stress field ˆh to each element E ∈ E as the solution of a
self-equilibrated local problem PEE (6), for which the pre-computed tractions F̂ h|∂E and
body force field f d|E act as prescribed external loading over each element E ∈ E. Although the resolution of problem (6) was originally performed analytically by searching
the admissible stress field in a piecewise polynomial basis [1], numerical methods, such as
5
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the displacement-type FEM combined with a p-refinement or h-refinement technique, are
henceforth employed to achieve an accurate approximation of the exact strictly admissible stress field. The p-approach with an additional degree k = 3 is commonly favored
to solve numerically local problems (6), as it commonly provides quasi-admissible stress
fields leading to accurate error bounds.
In spite of its affordable computational cost, the EET faces a major drawback related
to its difficult and complex implementation inherent to the construction of equilibrated
tractions.
3.2

The star-patch equilibration technique SPET - flux-free method

The second technique, called the star-patch equilibration technique (SPET ), originally
introduced in the field of fluid mechanics, has been adapted to solid mechanics by Parés,
Dı́ez and Huerta [3] under the name flux-free technique. This technique gets around the
need of flux-equilibration procedure, resulting in an implementation easier than the first
technique. Its specificity is the introduction of a partition of unity leading to the resolution
of self-equilibrated local problems defined on sets of elements, also called patches or stars.
Starting from equilibrium equations (2) and replacing u by eh + uh , one obtains the
global problem defining the discretization error eh = u − uh that reads: Find eh ∈ U 0
such that:








∗
∗
∗
F d · u∗ dS
Tr K (eh ) (u ) dΩ = − Tr K (uh ) (u ) dΩ + f d · u dΩ +
Ω

Ω

Ω

∗

∗

∂2 Ω

(7)
= Rh (u ) ∀ u ∈ U 0 ,
where Rh represents the weak residual functional associated with the FE approximation.
This residual equation expresses the extent to which a numerical solution fails to verify
the the FE equilibrium equations.
Introducing the partition of unity, defined by the linear FE shape functions λi ∈ Uh1
based on vertices i ∈ I, into (7) leads to the definition of a set of local problems defined
over patches Ωi of elements surrounding each vertex i ∈ I: Find ei ∈ U 0|Ωi such that:



Tr K (ei ) (u∗ ) dΩ = Rh (λi u∗ ) ∀ u∗ ∈ U 0|Ωi ,
(8)
Ωi


where U 0|Ωi is the restriction of U 0 to patch Ωi : U 0|Ωi = u∗ ∈ U |Ωi , u∗|∂1 Ω∩Ωi = 0 .
Solvability and well-posedness of problems (8) is ensured by the introduction of projector Π : U 0 → U 1h,0 onto linear FE space U 1h,0 into the right-hand side term of (8),
especially for an interpolation degree p = 1 (see [2] for full details). Replacing the r.h.s
term by Rh (λi (u∗ − Πu∗ )) into (8) before using the well-known Galerkin orthogonality
property leads to a new set of local problems PiI over each patch Ωi in the form: Find
ei ∈ U 0|Ωi such that:



Tr K (ei ) (u∗ ) dΩ = Rh (λi (u∗ − Πu∗ )) ∀ u∗ ∈ U 0|Ωi .
(9)
Ωi

6
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Such local problems (9) defined at the patch scale are self-equilibrated, which constitutes a serious advantage for implementation purposes. In practice, the fine resolution
of local problems (9) is performed using a classical displacement FEM along with a papproach, i.e. using the original FE mesh Mh with a p + 3 discretization over each patch
Ωi . Numerical solutions ei of problems (9) allow to obtain both a global error estimate,
which is a guaranteed upper bound of the energy norm of the discretization error, and an
admissible stress field over each element E ∈ E:


1/2

 

||eh ||u,Ω  
(10)
||
ei|E ||2u,E  ; ˆh|E = h|E + K 
ei|E  ,
E∈E

with || • ||u,E =



E

E
i∈IE

E
i∈IE

1/2



Tr K (•|E ) (•|E ) dΩ

. Though rather accurate and simple, the

SPET may present a serious drawback inherent to the high calculation cost of problem
PiI (9) for three-dimensional computations, as problems PiI (9) are defined at the patch
scale, contrary to problems PEE (6) defined at the element scale.
3.3

The element equilibration and star-patch technique EESPT - hybrid
method

This last technique, formerly studied in Ladevèze et al [2, 4], is a hybrid and appealing
method in the sense that it takes advantage of the ingredients of both EET and SPET
methods introduced in Section 1, namely the prolongation condition and partition of
unity concept. Similarly to the EET method, the procedure to construct an admissible
stress field is carried out in two main steps: first, construction of a set of tractions F̂ h in
equilibrium with the external loading (F d , f d ) on element edges ∂E of the spatial mesh
Mh ; second, calculation of an admissible stress field ˆh solution of static local problems
PEE (6) over each element E ∈ E where the equilibrated tractions F̂ h act as Neumann
boundary conditions. The second stage is similar to that involved in the EET method.
Therefore, we now focus on the key points related to the traction recovering step.
Given that the restriction of prolongation condition (5) to linear FE shape function
λi ∈ Uh1 is sufficient to satisfy equilibrium condition between tractions and body force field,
it can be reformulated in the global form; using then the weak form of the equilibrium
equations
satisfied by ˆh leadsto:




∗
∗
∗
(11)
ηE F̂ h · v h dS −
Tr [ h (v h )] − f d · v h dΩ = 0 ∀ v ∗h ∈ V 1h .
E∈E

∂E

E

V 1h

where
represents the space of piecewise linear polynomial functions which are continuous over each element E ∈ E and possibly discontinuous across the inter-element
edges.
By using the partition of unity defined by the linear FE shape functions λi ∈ Uh1 , let
us now consider the following set of local problems QIi defined over patch Ωi of elements
(i)

E ∈ EiI associated to each vertex i ∈ I: Find λi F̂ h such that:
7
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(i)

a(λi F̂ h , v ∗h ) = QΩi (λi v ∗h ) ∀ v ∗h ∈ V 1h ,





(i)
(i)
λi F̂ h · 
ηE v ∗h|E  dS
where a(λi F̂ h , v ∗h ) =
Γ

Γ∈JiI

and

QΩi (λi v ∗h )

=

 

Tr [

(12)

E∈EΓJ

h

(λi v ∗h )]

Ωi

− fd ·

λi v ∗h



dΩ.

The specificity of problems QIi (12) is that the kernel ofbilinear operator a(•, •) is
1
1
known beforehand, as it corresponds to the space Ū h,0|Ωi = v ∗h ∈ V̄ h , v ∗h |Γ∈J I ∩∂Ω = 0 ,
i

1
V̄ h

V 1h

v ∗h

∈
which are
defines the set of piecewise linear polynomial functions
where
continuous over the whole patch Ωi and a fortiori across edges Γ ∈ JiI . The a priori
knowledge of this kernel makes this technique practical and readily implementable. Thus,
solvability of problems (12) is ensured for a FE interpolation degree p  2 by considering
1
Ū h,0|Ωi along with FE properties. A special treatment is required in the case p = 1,
for which the r.h.s term of problems (12) is replaced by QΩi (λi v ∗h (xi )), thus ensuring
well-posedness (see [2] for more details).
Uniqueness of the solution of such problems is guaranteed by means of the minimization

(i)
(i)
(i)
of a cost function of the form [2]: JΩi (λi F̂ h ) = 12 Γ∈J I (λi F̂ h − λi F h )2|Γ , where the
i

(i)

known quantity λi F h|Γ depends on the projection of the FE stress field
Γ ∈ JiI and the traction force density F d .

h

over the edge

(i)

Eventually, searching λi F̂ h in U ph|Γ leads to equilibrated tractions F̂ h along each edge

(i)
Γ ∈ J merely defined as F̂ h|Γ =
i∈I J (λi F̂ h )|Γ . Let us recall that such tractions
Γ

naturally satisfy (11). Furthermore, enforcement of conditions ηE F̂ h = F d over edges
Γ ⊂ ∂2 Ω can be achieved by adding these constraints in the constrained minimization
problem. In the following, we focus on the main points dealing with the enhanced version.
4

IMPROVEMENT IN THE CONSTRUCTION OF EQUILIBRATED TRACTIONS

The principle, inspired from an idea developed in [5], is to optimize the quality of the
computed admissible stress field by improving the recovering strategy for the construction
of equilibrated tractions without impairing the corresponding computational cost too
much. To do so, the original prolongation condition involved in the EET and EESPT
has been weakened with the objective to confer a greater flexibility on the construction
of balanced tractions,
 thus leading to the following energetic relation:
E

(ˆh −

h)

∇ϕi dE = 0 ∀ i ∈ NEE / IEE , ∀ E ∈ Ee ,
8
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where ϕi is the FE shape function associated with non-vertex node i and Ee ⊂ E (similarly,
Je ⊂ J ) is the set of elements (respectively edges) involved in the enhanced procedure.
Various criteria, such as geometric or error estimate criteria, can be considered to a priori
select part Ωe , i.e. the set Ee of elements. Hence, the construction of balanced tractions
along edges Γ ∈ Je involved in the EET and EESPT methods needs to be adapted to this
weakened prolongation. Densities F̂ h along edges Γ ∈ Je are still sought in U ph|Γ , but are
henceforth decomposed in the form:

(14)
Ĥ h ϕi = 0 ∀ i ∈ IΓJe ,
F̂ h = Ĥ h + R̂h on Γ ∈ Je , with
Γ

(15)
R̂h ϕi = 0 ∀ i ∈ NΓJe / IΓJe .
Γ

First, part Ĥ h on Γ ∈ Je can be determined in the same way as for the original
construction, but using both weak prolongation condition (13) and relation (14) instead of
strong prolongation condition (5). Second, calculation of part R̂h on Γ ∈ Je is performed
by minimizing the complementary energy (or, equivalently, the constitutive relation error)
locally on part Ωe ⊂ Ω containing elements E ∈ Ee under the following constraints:
Neumann boundary conditions over edges Γ ∈ Je ∩∂2 Ω; equilibrium conditions of tractions
Ĥ h + R̂h with body force field f d over each element E ∈ Ee ; equilibrium conditions of
Std

tractions Ĥ h + R̂h with body force field f d and standard tractions F̂ h over each element
E ∈ Ēe /Ee , where Ēe ⊂ E denotes the set of elements E connected to at least one edge
Γ ∈ Je ; therefore, Ēe /Ee contains all the elements connected to one and only one edge
Std
Γ ∈ Je ; F̂ h are pre-calculated tractions over edges Γ ∈ ∂E/Je coming from the standard
construction over element E ∈ Ēe /Ee . The yielded tractions are optimized so that the
resulting estimate is sharper than the one obtained by original version of the construction
of balanced tractions.
5
5.1

GOAL-ORIENTED ERROR ESTIMATION
The extraction technique and associated adjoint problem

Let us now outline the main aspects of the general method dealing with goal-oriented
error estimation. The objective consists in evaluating the discretization error in a specific
quantity of interest I by means of extraction techniques, i.e. by expressing the local
quantity I in the global form involving extraction operators or extractors. Let us consider
a quantity of interest I represented by a linear functional L of displacement field u, defined
on space U , written in the following global form:
 



I = L(u) =
Tr ˜Σ (u) + f̃ Σ · u dΩ,
(16)
Ω

where ˜Σ and f̃ Σ are known quantities, called extractors, homogeneous to a stress field
and a body force field, respectively. Then, the approach consists in introducing an adjoint problem, similar to the reference problem, but with a different mechanical loading
9
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involving not (F d , f d ) either, but extractors. The adjoint problem consists in finding a
displacement/stress pair (ũ, ˜) in the space domain Ω, which verifies:
◦ the kinematic conditions: ũ ∈ U 0 ;
◦ the equilibrium equations:
◦ the constitutive relation:

(17)


Tr ˜ (u∗ ) dΩ = L(u∗ )
∀ u∗ ∈ U 0 ,
Ω


˜(M ) = K ũ(M ) ∀ M ∈ Ω,
˜ ∈ S;





(18)
(19)

As seen earlier in Section 2.1, one can compute an approximate solution, denoted
(ũh , ˜h ), using a FEM associated with a space mesh M̃h which may differ from FE mesh
ˆ h , ˆ˜h ) of
Mh used to solve the reference problem. Subsequently, an admissible solution (ũ
the adjoint problem can be derived from one of the equilibration techniques presented in
ˆ h , ˆ˜h ).
Sections 3 and 4. Eventually, one can compute the associated CRE ecre (ũ
5.2

The resulting bounds

Let Iex and Ih be the unknown exact value of the quantity of interest I and its associated
approximate value obtained through the FEM, respectively. Owing to the linearity of L,
the discretization error in I reads Iex −Ih = L(u−uh ). Given admissible solutions (ũh , ˜h )
ˆ h , ˆ˜h ) of reference and adjoint problems, respectively, the procedure described in
and (ũ
[8] leads to the following bounding inequality:
ˆ h , ˆ˜h ),
|Iex − Ih − Ihh |  ecre (ûh , ˆh ) · ecre (ũ

(20)



1
ˆ h )) + L(ûh − uh ) can be viewed as a
Tr (ˆh − K (ûh )) K−1 ( ˆ˜h + K (ũ
2 Ω
correction term related to the independent nature of the spatial discretization associated
to the reference and adjoint problems.
The resulting bound on the local error Iex − Ih is expressed as not only the product of
ˆ h , ˆ˜h ), related to reference and
two global error estimates, namely ecre (ûh , ˆh ) and ecre (ũ
adjoint problems, respectively, but also using a calculable correction term Ihh . Hence,
quantity Ih + Ihh can be considered as a new approximate value of Iex . Note also that
the derivation of bounding relation (20) requires no orthogonality property of the FE
solutions, contrary to classical procedures. A detailed description and proofs of the bound
properties can be found in [8, 7].
where Ihh =

6



NUMERICAL RESULTS

Performances of the proposed robust global estimators are illustrated through a twodimensional weight sensor under bending, represented in Figure 1. The FE mesh, containing 11 807 linear triangular elements and 6 320 nodes (i.e. 12 640 d.o.f.), is given in
Figure 1. The mesh density increases toward the top and bottom regions of the two holes,
which constitute the highest stress zones. The reference solution is obtained from a very
fine mesh made of 3 326 963 linear triangular elements and 1 668 711 nodes (i.e. 3 337 422
10
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d.o.f.) (“overkill solution”). The quasi-exact value of the energy norm ||eh ||u,Ω of the
discretization error (i.e. the reference error) is equal to 347.997.
f

y
x

Figure 1: Weight sensor model problem (left) and associated finite element mesh (right).

Capabilities of the different techniques for global error estimation are reported in Table 1 and compared in terms of numerical quality and computational cost. It is observed
that the SPET method gives better numerical accuracy, while EET and EESPT methods require lower computational cost, at least 4 times less expensive than that needed
for the SPET method. Eventually, the EESPT method seems to be a fairly good tradeoff, as it provides slightly better accuracy than the EET at similar CPU cost, and its
implementation has been made simpler than that of the EET.
Table 1: Comparison of the error estimators given by the EET, the SPET, and the EESPT.

Methods
EET
SPET
EESPT

Estimate ecre
812.999
556.629
812.801

Effectivity index ecre /||eh ||u,Ω
2.3362
1.5995
2.3357

Normalized CPU time
1.000
4.218
1.156

Figure 2 shows maps of the elementary contributions to the global reference error and
that of the global estimates, obtained by the EET and SPET and EESPT methods,
respectively. The largest contributions to the global reference error/estimate are located
in the neighborhood of the highly-loaded zone.

(a)

(b)

(c)

(d)

Figure 2: Maps of local contributions to the global reference error (a), the error estimates computed
using the EET (b), the SPET (c), and the EESPT (d), and zoom around the highly-loaded region.

7

CONCLUSIONS

Assessment of the performances of various techniques to reconstruct admissible fields
has been performed. Numerical results show that the hybrid EESPT method is a worth11
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while technique allowing to obtain accurate error bounds at reasonable computing time
with little effort, as the practical implementation is simpler than the EET method. However the EESPT, as well as the EET, gives less accurate estimate than the SPET, since
the latter presents sharper upper bounds than the former. Nevertheless, the computational cost needed to compute the EESPT is much smaller than that required for the
SPET. In addition, one can prove that the enhanced procedure applied to the EESPT (or
EET) enables to recover better effectivity indices, i.e. sharper estimates, than the original
construction, while keeping an affordable CPU time in the case of error estimate criteria.
Those results confirm that accuracy of the yielded estimate is driven by the quality of the
associated balanced tractions, especially in specific regions where the local contributions
to the error are predominant. Besides, when willing to deal with goal-oriented error estimation, this improved procedure can be fairly used to obtain high-quality bounds on the
local error on a given quantity of interest.
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Abstract. When dealing with the identification of space-dependent parameter fields,
the classical ways to regularize the subsequent inverse problem can lead to incorrect
results. Here is presented an overall strategy using classical adaptive meshing methods to
improve the identification of spatial fields. Two specific examples are studied to illustrate
this strategy and investigate possible leads of improvement.

1

INTRODUCTION

It is well known that identification problems are inverse problems, whose ill-posedness
leads to non-unique and unstable solutions. To avoid such difficulties, regularization
terms are usually added to the norm quantifying the discrepancy between the model’s
predictions and experimental data. Such an addition, however, is often insufficient to
perform the identification of a field of material properties which varies spatially. This is
all the more difficult when dealing with the numerical solution of this inverse problem,
for the sought field is spatially discretized and this discretization can influence the result
of the identification.
In order to circumvent these drawbacks, an overall strategy inspired from [1] and using
classical adaptive meshing methods is proposed. The first step consists in using two
distinct meshes: one specifically associated with the discretization of the sought spatial
field, the other associated with the solution of the mechanical problems (forward state
as well as the adjoint state used to compute the gradient of the discrepancy norm). In
a second step, local error estimators allow an oriented refinement of the mesh associated
with the sought parameters.
This general strategy is applied to practical case studies: inverse electron elastic scattering as it occurs in Transmission Electron Microscopy [2], and the detection of underground
cavities using experimental surface displacements obtained by an interferometric device
on a satellite [3].
1
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2

GENERAL STRATEGY

The proposed strategy is described in the case of the parameter identification of a
generic stationary problem defined by a Partial Differential Equation (PDE) whose parameters vary spatially on the studied domain Ω.
2.1

Forward problem

The forward problem consists in finding the state variable u, belonging to a specific
Hilbert space V, such that the following forward state equation is verified:
a(u, p)(v) = f (v) ∀v ∈ V0

(1)

where p denotes the unknown parameter spatial field defined in a Hilbert space P. This
stationary PDE is written in weak form by means of the semilinear form a : V×P×V0 → R
(i.e. linear with the argument in the second pair of parentheses only) characterizing the
mechanical behavior of the domain Ω, and the linear form f : V0 → R associated with
the applied loadings. V0 stands for the subset of functions v ∈ V with homogeneous
conditions on the boundary ∂Ω of Ω.
2.2

Inverse problem

The parameter identification problem is based on the minimization of a norm quantifying the discrepancy between the model’s predictions and the available experimental
data, which can be formally written as the following misfit function:
1
J (p) = �D(u) − Dexp �2Σ + R(p)
2

(2)

where u is the solution of the forward problem (1) with parameters p. � · �Σ is the norm
defined on the Hilbert space of measurements Σ. D : V → Σ is the observation operator,
which maps the state variable u to the space Σ. This mapping is compared with the
experimental data Dexp . An additional Tikhonov’s regularization operator R is used,
which, for example, bounds the amplitude of the parameter field p.
2.3

Adjoint state formulation

The minimization of the previous misfit function (2) is usually performed by means
of gradient-based techniques. In order to avoid time-consuming computations as well
as inaccuracies associated with the use of numerical differentiation, the misfit function’s
derivative is analytically introduced by means of an adjoint state formulation.
The solution z of this adjoint state problem can be considered as a Lagrange multiplier
in the following Lagrangian function L(u, p, z):
1
L(u, p, z) = �D(u) − Dexp �2Σ + R(p) − (a(u, p)(z) − f (z))
2
2
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where (u, p, z) are considered independent. Minimizing J(p) with u verifying the forward equation (1) is then equivalent to writing the first-order stationarity conditions for
L(u, p, z).
The first-order stationarity condition with respect to u then leads to the adjoint state
problem:


D(u) − Dexp , δu Σ − ∇u a(u, p)(z, δu) = 0 ∀δu ∈ V0
(4)
 
where ·, · Σ is the scalar product defined on Σ and ∇u a is the directional derivative of a
with respect to u. The adjoint state solution z can be seen as the solution of a linearized
version of the forward problem (1) along with the model-measurements discrepancy as
the applied loading.
Eventually the misfit function’s derivative is expressed as the directional derivative of
L with respect to p:
∇p J (p)δp = ∇p R(p)δp − ∇p a(u, p)(z, δp) ∀δp ∈ P

(5)

where ∇p a is the directional derivative of a with respect to p. The optimal p has then to
verify that ∇p J (p)δp = 0 ∀δp ∈ P.
2.4

Spatial discretization of the inverse problem

To solve the identification problem, the first step consists in choosing finite dimensional subspaces Vh ⊂ V, V0,h ⊂ V0 and Ph ⊂ P using a typical Finite Element (FE)
discretization with a given mesh Mh . Then the discrete problem to solve reads:
a(u , p )(v ) = f (vh )

 h h h
∇u a(uh , ph )(zh , δuh ) = D(uh ) − Dexp , δuh Σ
∇p a(uh , ph )(zh , δph ) = ∇p R(ph )δph

∀vh ∈ V0,h
∀δuh ∈ V0,h
∀δph ∈ Ph

(6)

with unknowns (uh , zh , ph ) ∈ V0,h × V0,h × Ph .
In the applications considered here, the numerical method to solve the previous system (6) is a damped Newton method: at each step, the algorithm computes the analytical
expression of the Jacobian matrix associated with the full system, then its numerical expression using the current values of the unknowns, and finds the best step length reducing
the value of the residual associated with the system. The process is then stopped when
the estimated relative error is below a given threshold.
Nevertheless, it may be difficult to find satisfactory results for the parameter identification when solving the previous system (6), because one tries to determine a spatiallyvariable field numerically represented by a large amount of unknown scalar values, whereas
experimental information is typically scarce (e.g. known on the boundaries only). The
mesh that is used for the discretization of this field then influences the solution of the
inverse problem.
3
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2.5

Strategy using two different meshes

Starting from the fact that the coarser the mesh is, the fewer unknowns are to be
found, and so the less ill-posed the inverse problem should be in terms of uniqueness and
stability, the strategy consists in using two different meshes: a sufficiently refined mesh
Mh for the solutions of the forward and adjoint state problems (1) and (4), and a coarse
mesh MH for the discretization of the sought spatial field p. The discrete problem then
consists in finding (uh , zh , pH ) ∈ V0,h × V0,h × PH such that:
a(uh , ΠhH pH )(vh ) = f (vh )


∇u a(uh , ΠhH pH )(zh , δuh ) = D(uh) − Dexp , δuh Σ
∇p a(ΠHh uh , pH )(ΠHh zh , δpH ) = ∇p R(pH )δpH

∀vh ∈ V0,h
∀δuh ∈ V0,h

(7)

∀δpH ∈ PH

where Vh and PH are associated with the fine mesh Mh and the coarse mesh MH respectively, and ΠhH : VH → Vh and ΠHh : Vh → VH are specific operators associated with
pointwise mappings (projection and extension respectively).
The system (7) is solved in the same way as the system (6) was previously, by using
a damped Newton method. In [3], it was shown on a specific example that using a
coarse mesh for discretizing the unknown spatial field p had a regularizing effect on the
inverse problem. The result of the identification process, however, may be rather imprecise
depending on the coarseness of the mesh MH used for the discretization of the spatial
field p.
2.6

Iterative strategy with adaptive meshing

To improve the identification further, an iterative method based on [1] is proposed: the
mesh MH is progressively refined according to classical mesh adaption methods. Here, a
L2-norm error indicator based on the residual r associated with the third equation of the
system (7) is used:

eL2 =

Ω

H 4 |r|2 dΩ

(8)

where H is the local size of the mesh MH . This choice can be justified by the assumption
that there is a constant C such that the error e verifies |e| ≤ CH 2 |r|.
To evaluate the residual r, the solution of the equation is mapped on a mesh identical
to MH , but with quadratic shape functions [4]. The local contribution for a given element
is then computed by averaging over the element the corresponding nodal values of r. The
elements whose local contributions are the highest ones are refined: the algorithm selects
these elements in a way that at each refinement step k + 1, about three quarters of the
initial number of elements of MkH are added to the mesh Mk+1
used in the next step.
H
The adaption steps stop when the global error is below a given threshold characterizing
4

394

G. Puel and D. Aubry

the quality of the solution of the third equation of the system (7), and consequently, of
the identified spatial field p.
Of course, it would be possible to use similar L2-norm error indicators to refine the
mesh Mh as well. Here, however, this choice is not made for the sake of simplicity, and
it is assumed that the mesh Mh is sufficiently refined for the solution of the forward and
adjoint state problems (1) and (4).
3

INVERSE ELASTIC ELECTRON SCATTERING

The first example deals with the case of electron-matter elastic interaction as it occurs in Transmission Electron Microscopy (TEM) experiments. The associated goal is to
determine the electronic structure of a sample by studying how it scatters an incident
electron wave.
3.1

Forward scattering problem

Classically, an incident electron propagating in an empty domain Ωe can be considered
as a complex plane wave function associated with a given real wave vector ki :
ψi (x) = ψ̃i exp(iki · x)

(9)

when the time harmonic factor is removed. The domain Ωs corresponding to the sample
is characterized by a spatial potential field V , associated with the sample’s electrons and
nuclei. It is the sample’s potential, as seen by the incident electron, and which vanishes
rapidly outside Ωs .
After several assumptions and further approximations, described in [2], it is possible
to express the electron wave function as the sum of the known incident wave ψi and of
the unknown scattered wave ψd . Eventually, the scattered electron wave function ψd has
to satisfy the following Helmholtz equation:
1
∆ψd + Ei ψd = V ψi
2

(10)

where Ei = ||ki ||2 /2 is the energy of the incident electron, and ∆ is the Laplacian operator
with respect to the space variable x.
In order to deal with the high-frequency content of ψd , a paraxial approximation is
introduced, consisting in searching for the unknown ψ̃d such that:
ψd (x) = ψ̃d (x) exp(iki · x)

(11)

Even if, formally, this approximation does not imply that the scattered wave function
should be oriented along the incident wave’s direction, this fits well with the TEM’s
experimental conditions. Eventually, since Ei = ||ki||2 /2, one gets that, in Ωe :
1
∆ψ̃d + iki · ∇ψ̃d = V ψ̃i
2
5
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where ∇ stands for the gradient with respect to the space variable x.
Since, numerically, it is not possible to deal with an infinite domain Ωe , the fact that
the scattered wave function ψd is of the evanescent kind far from the considered sample
can be used. This fact allows to bound the domain Ωe with a boundary, denoted Σ∞ in
Figure 1, where the following classical evanescent condition is applied:
∂ψd
= i||ki ||ψd
∂n

(13)

where n stands for the unit outward normal on the boundary Σ∞ . Along with the paraxial
approximation, this boundary condition on Σ∞ results in:
∂ ψ̃d
= i(||ki|| − ki · n)ψ̃d
∂n

(14)

Figure 1: Considered domain for the electron scattering problem

3.2

Inverse scattering problem

The inverse problem consists in determining in Ωe the spatial potential field V such
that the electronic wave’s intensity ||ψ̃i + ψ̃d ||2 of the forward problem on the virtual plane
Σm fits the measured intensity ||ψm ||2 of the outgoing wave best. By this means, it should
be possible to detect a defect within the studied sample. Inspired from (2), the misfit
function is defined as follows:
 
2 α 
1
2
2
||ψ̃i + ψ̃d || − ||ψm ||
+
(V − V0 )2
(15)
J (V ) =
4 Σm
2 Ωv
where ψ̃d is the solution of the forward scattering problem (12)-(14) with parameter
field V . α is a regularization parameter to be set, and Ωv ⊂ Ωe stands for the domain
where the potential V is looked for. V0 is a potential field, which is chosen a priori.
Typically this latter is assumed to be close to the sought potential field: for example, when
dealing with the detection of a defect within the sample, one can choose the potential
associated with the perfect crystal. In this latter case, the inverse problem consists in
finding the defect by means of the involved modification of the potential.
6
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As described in Section 2.3, the misfit function’s derivative is estimated by means of
an adjoint state formulation with unknown z:
1
∆z
2

+ iki · ∇z = 0 in Ωe
= −i(||ki|| + ki · n)z on Σ∞




1
∂z
2
2
(ψ̃i + ψ̃d ) on Σm
=
||
ψ̃
+
ψ̃
||
−
||ψ
||
i
d
m
2
∂n

(16)

∂z
∂n

where [[·]] stands for the discontinuity gap. The adjoint state can be interpreted as the
solution of a backwards wave scattering problem. The directional derivative of the misfit
function can then be easily estimated as:
 

∇V J (V ) δV =
α(V − V0 ) − Re(ψ̃i∗ z ∗ ) δV
(17)
Ωv

where Re and ·∗ stand for the real part and the complex conjugate respectively.
3.3

Strategy with adaptive meshing

Following the iterative strategy proposed in Section 2.6, the numerical problem to solve
consists in finding (ψ̃d,h , VH , zh ) ∈ V0,h × PH × V0,h such that:

 
1
∗
∗
(18)
− ∇ψ̃d,h · ∇wh + iki · ∇ψ̃d,h wh
2
Ωe


i
∗
(||ki|| − ki · n)ψ̃d,h wh =
+
ΠhH VH ψ̃i,h wh∗ ∀wh ∈ V0,h
2
Σ
 Ωe 
  ∞
i
1
(||ki|| + ki · n)zh wh∗
− ∇zh · ∇wh∗ − iki · ∇zh wh∗ +
2
2
Ωe
Σ∞
 

||ψ̃i,h + ψ̃d,h ||2 − ||ψm ||2 (ψ̃i,h + ψ̃d,h )wh∗ = 0 ∀wh ∈ V0,h
+
Σm
 

∗
α(VH − V0,H ) − Re(ψ̃i,H
ΠHh zh∗ ) δVH = 0 ∀δVH ∈ PH
Ωv

where V0,h and PH are associated with the fine mesh Mh and the coarse mesh MH
respectively.
3.4

Example

The strategy is applied to the detection of a defect within a given sample. First,
synthetic data are obtained with the forward scattering problem (12)-(14) using a sample
with a lacuna as seen in Figure 2(a); it is assumed that the sample’s potential corresponds
to the perfect crystal’s potential minus the potential associated with the missing atom.
Concerning the regularization of the inverse problem, α is set so that both terms in the
4
m |||ψm ||∞
misfit function (15) have approximately the same magnitude: α ≈ |Σ
. The mesh
2|Ωv |||V0 ||2
∞

7
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Mh associated with the forward and adjoint state problems consists of 5,044 quadratic
elements, whereas the initial mesh M0H discretizing the difference ∆V = V − V0 between
the sought potential and the perfect crystal’s potential is made of 8 linear elements,
which constitute the search domain Ωv enclosing the crystal. Both meshes are depicted
in Figure 3.
Figure 2(b) shows the identified potential difference ∆V after 5 refinement steps, while
the associated mesh M5H made of 1,201 linear elements is visible in Figure 3(c). The
strongest fluctuations are located in the vicinity of the lacuna, but several artefacts are
visible, mainly close to the boundaries of the search domain Ωv . This can be an effect of
the regularization.

(a)

(b)

Figure 2: (a) FE forward calculation of ||ψi + ψd ||2 for an α-iron sample with a lacuna (b) Identified
potential difference ∆V after 5 iterations

(a)

(b)

(c)

Figure 3: (a) Mesh Mh associated with ψ̃d,h and zh (b) Initial mesh M0H associated with VH − V0 (c)
Mesh M5H after 5 iterations

8
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4

INVERSE PROBLEM IN ELASTICITY

The second example deals with the detection of underground cavities using experimental data obtained by an interferometric satellitar device: given the displacement of the
surface of the monitored area, it consists in identifying the unknown Young’s modulus
field.
4.1

Forward problem

The domain associated with the ground is denoted Ω and the following conditions
are verified on the boundary ∂Ω of the domain Ω: whereas no load is applied on the
surface Σexp of the ground, we assume that the displacements on the others boundaries
of the domain are equal to zero. So the forward problem is defined as follows: given a
Young’s modulus spatial field E belonging to a specific Hilbert space P, we compute the
displacement field u in another Hilbert space V verifying the following weak formulation:


tr [EC0 ε(u)ε(w)] dΩ + ρgez · w dΩ = 0
∀w ∈ V0
(19)
Ω

Ω

with V0 = {w ∈ V | w = 0 on ∂Ω − Σexp }. tr, ε(u), g and ez are the trace operator, the
small strain tensor, the acceleration of gravity and an upward vertical vector respectively.
C0 is the normalized constitutive
which is such that the stress tensor
 relation tensor,

1
ν
stands as σ = EC0 ε(u) = E λ̄(trε)I + 2µ̄ ε , where λ̄ = (1−2ν)(1+ν)
and µ̄ = 2(1+ν)
are the normalized Lame coefficients, with I the identity tensor. ν and ρ stand for the
Poisson’s ratio and the mass density respectively, whose spatial distributions are assumed
known a priori.
4.2

Inverse problem

We consider that the inverse problem consists in determining the Young’s modulus
spatial field E resulting in a displacement field on Σexp as close to the experimental
displacements uexp as possible. According to (2), the proposed misfit function is:


β
1
2
�∇E�2 dΩ
J (E) =
�u − uexp � dΣexp +
(20)
2 Σexp
Ω 2
where u is the solution of the forward problem (19) with parameter field E, and ∇E
stands for the gradient of E with respect to the space variable x. As detailed in [3], the
choice of a gradient-based regularization seems the least sensitive to the noise level. It
is also consistent with the assumption that the ground is made of different homogeneous
layers, and that the cavity is a medium with uniform properties.
As described in Section 2.3, the misfit function’s derivative is estimated by means of
the following adjoint state problem with unknown z:


(u − uexp ) · δu dΣexp − tr [EC0 ε(δu)ε(z)] dΩ = 0
∀δu ∈ V0
(21)
Σexp

Ω

9
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The adjoint state problem is similar to the forward problem (19), except that for the
adjoint state problem, a boundary condition is applied to the surface of the ground Σexp
and expressed as the discrepancy between the displacements u and uexp . The misfit
function’s derivative is then as follows:


∇E J (E) δE = − tr [C0 ε(u)ε(z)δE] dΩ + β ∇E · ∇δE dΩ
(22)
Ω

4.3

Ω

Strategy with adaptive meshing

The iterative strategy proposed in Section 2.6 consists here in finding the solution
(uh , zh , EH ) ∈ Vh × V0,h × PH such that:


 H

tr Πh EH C0 ε(uh )ε(wh ) dΩ + ρ0 gez · wh dΩ = 0 ∀wh ∈ V0,h (23)
Ω
Ω


 H

(uh − uexp ) · wh dΣexp −
tr Πh EH C0 ε(zh )ε(wh ) dΩ = 0 ∀wh ∈ V0,h
Σ
Ω

 exp


h
h
− tr C0 ε(ΠH uh )ε(ΠH zh )δEH dΩ +
β ∇EH · ∇δEH dΩ = 0 ∀δEH ∈ PH
Ω

Ω

where V0,h and PH are associated with the fine mesh Mh and the coarse mesh MH
respectively.
4.4

Example

The strategy is applied to a 2D example where synthetic data are used as experimental
data: the displacements uexp are simulated with a very fine 2D FE mesh Mhh based
on a forward model with only one homogeneous rectangular layer Ω whose mechanical
properties are the following ones: E0 = 60GP a, ν0 = 0.25, ρ0 = 2, 600kg/m3. The
cavity is introduced as an elliptic homegeneous medium Ωc within Ω, characterized by:
Ec = 0.6GP a, νc = 0.25, ρc = 2, 600kg/m3.
Concerning the regularization of the inverse problem, β is set so that both terms in the
2 |Σ
2
exp ||∆x|
∞
misfit function (20) have approximately the same magnitude: β ≈ �uexp �|E
, where
2
0 | |Ω|
|∆x| is an equivalent distance giving a rough estimate of the maximal spatial variation
of the sought field. In the following, we use the fine and coarse meshes depicted in Figures 4(a) and 4(b) respectively. Mh is made of about 6,000 quadratic triangular elements
whereas M0H only has 12 linear triangular elements. The shape of the cavity introduced in
the very fine calculation of uexp is added for information purposes. Figure 5(a) illustrates
the identification of an elliptic cavity using 6 adaption steps refining M0H to a mesh M6H
with about 2,000 elements in the end. Figure 5(b) also demonstrates that the successive
refinements occur near the location of the sought cavity, as well as close to the surface
of the ground, where the solution of the adjoint problem is mainly located and influences
the misfit function’s derivative.
10
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(a)

(b)

Figure 4: (a) Mesh Mh associated with uh and zh (b) Initial mesh M0H associated with EH

(b)

(a)

Figure 5: (a) Young’s modulus identified ager 6 iterations (b) Mesh M6H after 6 iterations

5

CONCLUSION

When dealing with the inverse problem of identifying a spatial field of material properties, one is confronted with the difficult choice of a relevant regularization. This is
particularly true when the sought field is discretized on a FE mesh, for the choice of this
latter can influence the result of the identification.
Here is introduced a general iterative strategy using adaptive meshes in order to circumvent the shortcomings of the classical regularization methods. The goal is to use a specific
mesh MH for the spatial discretization of the field to be identified, independently from
the mesh Mh used to discretize the forward and adjoint problems. The use of a coarse
mesh for MH makes the choice of the regularization terms easier, and the identification
can be improved by refining the mesh MH according to classical error estimators.
Work is in progress about possible leads to improve the proposed strategy. One shortcoming lies in the fact that the closer we are to the minimum of the misfit function, the
smaller the magnitude of the adjoint solution is, and so, the slower the convergence of the
11

401

G. Puel and D. Aubry

iterative strategy is. In order to circumvent the evanescence of the adjoint solution, it is
possible to modify the initial Lagrangian function (3) by focusing on a so-called quantity
of interest, which may be the average value of the parameter field for example. The use
of such a quantity, inspired by [5, 6], has been proposed in [3]: first results showed that
using a quantity of interest to drive the mesh refinement, on which the proposed strategy
is based, seemed to improve both the regularization of the inverse problem and the result
of the identification itself.
However, further investigations still need to be conducted to get valuable information
about the different choices made all along the strategy.
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Abstract. The most important requirements for the numerical solution of differential
equations are accuracy and efficiency. Therefore adaptivity in space and time is advantageous. For obtaining a stable numerical solution of fluid and structure problems an
implicit or linear-implicit method should be used. In this talk we concentrate on the timeadaptivity of diagonally implicit Runge–Kutta methods and linear implicit Rosenbrock–
Wanner methods. These methods are introduced and applied on several problems as for
example the incompressible Navier-Stokes equations.

1

INTRODUCTION

Discretising time-dependent partial differential equations in space leads to stiff ordinary
differential equations (ODEs), i.e. the heat equation, or differential algebraic equations
(DAEs), for example the incompressible Navier–Stokes equations. One possibility to solve
such problems are one-step methods [9, 28] since this class of methods allows an easier
implementation of an adaptive time step control than multistep methods do.
Explicit time integration methods may not be a good choice for getting a stable numerical solution since a stepsize restriction may arise, i.e. the problem should be solved with
very small timesteps. Therefore it might be better to use implicit methods, as for example
implicit Runge-Kutta methods, or linear-implicit methods such as Rosenbrock–Wanner
methods [9, 28].
Fully implicit Runge–Kutta methods may be ineffective for solving high dimensional
ODEs (as for example semi-discretised PDEs) since they need a high computational effort.
In this case it might be better to use diagonally implicit Runge–Kutta methods, but in
this case the so-called stage order is limited to 2 for the diagonally implicit Runge–Kutta
methods [9, 22]. If the dimension of the ODE or the DAE is not too large then Rosenbrock–
Wanner methods (ROW–methods) may be a good choice since ROW–methods need only
the solution of linear and not of non-linear systems of equations.
1
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For solving an ODE or a DAE a good time integration method needs an error estimator
to increase efficiency. This error estimator suggests a new time step size to reach a given
accuracy. If the time step size is too small then a lot of unnecessary computational work
has to be done. Otherwise if the time step size is too large, the results become less
accurate. In [8] two approaches for time-adaptive one-step methods are presented. This
first one is called Richardson extrapolation and can be applied to every one-step method.
In this case the calculations for computing an approximation of the solution at the next
time step are repeated with the time step size τ /2 and compared with the first result, i.e.
the computational work increases by a factor of 3. Thus, the question of efficiency arises
(see [16]).
A more effective control of time steps can be achieved with the so-called embedding
technique which can be used for many Runge–Kutta and Rosenbrock–Wanner methods.
In this case a second solution can be computed with almost the same coefficients and
without solving a further linear or non-linear solution, i.e. there are almost no further
computational costs. Applications can be found in [21, 16, 17].
In the case of the incompressible Navier–Stokes equations an inf–sup stable finite element method is used [4]. It was demonstrated in a number of numerical studies, e.g.
in [26, 13, 16], that the pair of second order velocity Q2 and first order discontinuous
pressure P1disc on quadrilateral and hexahedral meshes is among the best performing finite
element methods. Thus, the Q2 /P1disc finite element is a popular choice if finite element
methods are used in the simulation of incompressible flows [6].
Many simulations of incompressible flows use explicit or simple implicit time-stepping
schemes, like the backward Euler scheme, the Crank–Nicolson scheme or the fractional–
step θ–scheme. We will concentrate in this paper on implicit schemes, which are appropriate for laminar flow simulations and which avoid the nasty CFL condition.
An efficient time step control for commonly used, simple implicit schemes is hard to
achieve. For this reason simulations with implicit temporal discretisations and adaptive
time step control are rather rare in the literature. In [29] it is proposed to compare the
results of a Crank–Nicolson step with a step of the fractional–step θ–scheme, which are
both of second order. The quality of the time step is estimated on the basis of different
constants in the error estimates. This approach roughly doubles the computational efforts
compared to using just one of these schemes. A different approach is considered in [1]
where space–time adaptive finite elements are used and the numerical error is approximated with two numerical solutions obtained at different times. Another possibility offers
the predictor–corrector schemes, for example the Adams–Bashford method combined with
the Crank-Nicolson scheme, see [6].
In this paper we restrict ourselves to ODEs and the incompressible Navier-Stokes equations. Applications to structural problems can be found in [10, 12, 11]. The paper is
structured as follows: First we consider the space discretisation of the incompressible
Navier-Stokes equations. Then Runge–Kutta methods and Rosenbrock–Wanner methods
are introduced. Finally these methods are applied on several test problems.
2
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2

DISCRETISATION IN SPACE

2.1

The incompressible Navier–Stokes equations

Let Ω ⊂ Rd , d ∈ {2, 3}, be a bounded domain and T > 0. The motion of incompressible flows is modeled by the incompressible Navier–Stokes equations, which are given in
dimensionless form by
ut − Re−1 ∆u + (u · ∇)u + ∇p = f in (0, T ] × Ω
∇ · u = 0 in [0, T ] × Ω.

(1)

Here, u is the velocity, p the pressure, f represents body forces and parameter Re is the
Reynolds number. The system of equations (1) has to be closed with appropriate initial
and boundary conditions. If Dirichlet conditions are prescribed on the whole boundary
∂Ω, a condition for the pressure, like Ω p(x) dx = 0, has to be added.
For simplicity of presentation we consider the case that (1) is equipped with homogeneous Dirichlet boundary conditions in [0, T ]. Let V = (H01 (Ω))d , Q = L20 (Ω), then the
time–continuous weak or variational problem reads as: Find (u, p) ∈ V × Q such that
(ut , v) + (Re−1 ∇u, ∇v) + ((u · ∇)u, v) − (p, ∇ · v) = (f , v) ∀ v ∈ V
(∇ · u, q) = 0 ∀ q ∈ Q.

(2)

Here, (·, ·) denotes the inner product in (L2 (Ω))d , d ∈ {1, 2, 3}.
Finite element methods are a standard approach to perform the spacial discretisation
of (2), [6]. The unique solvability of the arising discrete system requires that the velocity
finite element space Vh is sufficiently large compared to the pressure finite element space
Qh . The precise description of this property is the so–called inf–sup condition [4]
inf

sup

qh ∈Qh vh ∈Vh

(qh , ∇ · vh )
≥ β > 0.
qh L2 ∇vh L2

(3)

A discretisation in space leads then to following DAE of index 2
  (1)   (1)  

  (1) 
u̇h
M 0 0
uh
fh
A11 (uh )
0
B1
(2)
 0 M 0   u̇(2)  =  f (2)  − 


0
A
(u
)
B
11
h
2
uh 
h
h
0 0 0
B1
B2
0
ṗh
0
ph
where M is the mass matrix and Aii the stiffness matrix.
3

Time discretisation

3.1

Diagonally implicit Runge–Kutta methods

Application to ODEs. Consider now an ODE of the form
M u̇ = F(t, u),
3

405

u(0) = u0 .

(4)

Joachim Rang

Let s ∈ N. An s–stage Runge–Kutta method (RK–method), [9, 28], is a one–step–method
for solving (4) of the form
M ki = F (tm + ci τm , Ui ) ,

U i = u m + τm

s


aij kj ,

i = 1, . . . , s,

(5)

j=1

um+1 = um + τm

s


bi k i .

(6)

i=1

The coefficients of a RK–method are usually represented with the help of a Butcher–table,
c1 a11
c2 a21
..
..
.
.
cs as1
b1

...
...
...
...

a1s
a2s
.. = c A .
.
b
ass
bs

Value s indicates the number of stages, ector c includes the grid points of the time
discretisation, and b is a weighted vector. The coefficients aij , bi and ci should be chosen
in such a way that some order conditions are satisfied to obtain a sufficient consistency
order.
In the numerical studies, only RK–methods with s ≥ 2 and with coefficients satisfying
the hypotheses
(H1) : aij = 0, i < j, i, j ∈ {1, . . . , s},
(H2) : a11 = 0,
(H3) : aii = 0, i ∈ {2, . . . , s},
(H4) : bi = asi , i ∈ {1, . . . , s}.
will be studied. RK–methods satisfying (H1) are called diagonal–implicit RK–methods
(DIRK–methods). These methods are discussed in several papers and books, e.g. in
[28, 9]. A Runge–Kutta–method satisfying asi = bi , i.e. (H4), and cs = 1 is called stiffly
accurate. This is an essential property for DAEs since it guarantees that the index-1
constraints are satisfied for the numerical solution. Solving a stiff ODE with the help
of a RK–method, the convergence order may drop down from p to q, if p > q, see [9],
i.e. the method has order reduction. The minimum of p and q is often called stage
order of the Runge-Kutta-method. An application to index-2 DAEs and especially to the
Navier-Stokes equations can be found in [16].
Adaptive time step control. RK–methods have the advantage that they allow an
easy implementation of an adaptive time steplength control. Consider a RK–method of
order p ≥ 2. An adaptive time step control employs a second RK–method which has
4
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the coefficients aij , b̂i and ci , i, j = 1, . . . , s, and order p − 1. The solution of the second
method at tm+1 is given by
s

b̂i ki .
ûm+1 = um +
i=1

Now, the next time step τm+1 is proposed to be
τm+1 = ρ

2
τm

τm−1



T OL · rm
2
rm+1

1/p

,

(7)

where ρ ∈ (0, 1] is a safety factor, T OL > 0 is a given tolerance and
rm+1 := |J (um+1 ) − J (ûm+1 )|

or rm+1 := |J (um+1 − ûm+1 )| ,

(8)

where J(·) is some functional. This step size selection rule is called PI–controller and goes
back to Gustafsson et al. [7]. For details on the numerical error and the implementation
of automatic steplength control we refer to [9, 17]. The notation of a pair of RK–methods
with order (p, p − 1) means that the original RK–method has order p and the embedded
method has order p − 1.
3.2

Rosenbrock–Wanner methods

Application to ODEs. Consider as in the case of DIRK schemes an ODE of the
form (4). An s–stage Rosenbrock–Wanner–method (ROW method) is given by
i



M ki = F tm + αi τm , Ũi + τm W
γij kj + τm γi Ḟ(tm , um ),

(9)

j=1

Ũi = um + τm
um+1 = um + τm

i−1

j=1
s


aij kj ,

i = 1, . . . , s,

bi k i ,

(10)

i=1

where s is the number of internal stages, αij , γij , bi are the parameters of the method,
αi :=

i−1

j=1

αij ,

γi :=

i−1


γij ,

γ := γii > 0, i = 1, . . . , s,

j=1

and W := ∂u F(tm , um ).
A sufficient consistency order can be obtained if parameters αij , γij , and bi are chosen
appropriately. If W is only an approximation to ∂u F(tm , um ) or if W is an arbitrary matrix, additional consistency conditions arise. This class of methods are called W–methods,
5
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[28]. If a ROW method is applied to semidiscretised partial differential equations, further
order conditions should be satisfied to avoid order reduction, see [19].
An ROW method requires the successive solution of s linear systems of equations with
the same matrix M − γτm W . Note that W depends only on um . The right hand side of
the i–th linear system of equations depends on the solutions of the first to the (i − 1)–
st system. Thus, a main difference of ROW methods to implicit θ schemes and DIRK
methods is that it is not necessary to solve a nonlinear system of equations in each discrete
time but a fixed number of linear systems of equations.
An application to index-2 DAEs and especially to Navier-Stokes equations can be found
in [16]. Again, as in the last section about diagonal–implicit RK–methods, an automatic
step length control can be implemented with the help of an embedded method. Common
Rosenbrock methods as ROS3P, ROS3Pw have an embedded method.
4

NUMERICAL STUDIES

In this section we are considering two ODEs and a Benchmark problem for the incompressible Navier–Stokes equations. We apply several time integration methods on these
problems which are listed in Table 1. We choose DIRK and ROW methods with different
orders.
Table 1: Methods considered in the numerical studies

method
stages
ROS2S
3
ROS2PR
3
ROS3P
3
ROS3Pw
3
RODASP
6
BWE
1
CN
2
FS
4
DIRK34
4

order
2
2
3
3
4
1
2
2
3

remarks
from [11], stiffly accurate, L-stable
from [24], stiffly accurate, L-stable
from [18], strongly A–stable
from [25], strongly A–stable
from [27], L–stable
L-stable
A-stable, stiffly accurate
from [5], strongly A-stable, stiffly accurate
from [22], strongly A-stable, stiffly accurate

For the computations a core of linux cluster with a 3 GHz system processor was used.
The linear systems are solved directly with an LU-decompostion. The simulations were
performed with the code MooNMD [14] and with the linear solver package UMFPACK [3,
2].
4.1

Ordinary Differential Equations

First we consider the well-known example from Prothero and Robinson [20]
ut = λ(u(t) − ϕ(t)) + ϕt (t),
6
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with
ϕ(t) = sin

π



+t .
4
This problem becomes very stiff if λ tends to −∞. In this case the numerically observed
order of convergence drops from p to q, if q ≤ p (see [9, 23]). In Figure 1 we present the
0.01

0.0001

ROS2S
ROS2PR
ROS3P
0.0001 ROS3Pw
RODASP
BWE
CN
1e-06
FS
DIRK34

ROS2S
ROS2PR
ROS3P
1e-06 ROS3Pw
RODASP
BWE
CN
FS
1e-08
DIRK34
error

error

1e-08
1e-10

1e-10
1e-12
1e-12
1e-14

1e-14

1e-16

1e-16
0.001

0.01
Timestep

0.1

0.001

0.01
Timestep

0.1

Figure 1: Results τ versus error for (11): λ = −1 (left) and λ = −106 (right)

numerical results for λ = −1 (left) and λ = −106 (right). The ODE is solved (11) with
1
equidistant step sizes τ = 10·2
k , k = 0, . . . , 13 in the time interval (0, 1/10]. In the case
λ = −1 all methods converge with the classical order. The other case λ = −106 shows
that the fractional-step-θ scheme has order reduction. The numerically observed order of
convergence drops down to one. But the numerical convergence order of all other methods
does not change.
Next we consider the linear ODE
u̇ = Au + b
with

8L + 2
6L + 4
4L + 6
2L + 3
1  −4L − 7 −3L − 14 −2L − 16 −L − 8 
,
A=− 

7
14
11
3
5
−1
−2
2
6


8L sin t + 2 sin t + cos

1
−(4L + 7) sin t
,
b= 

7 sin t
5
− sin t


7
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where L > 0 is a given constant. The exact solution is given by

 
u1
2 exp(−Lt)
 u2   − exp(−Lt) + 2 sin t − cos t
 
u=
 u3  =  − sin t + 2 cos t − exp(−t)
− cos t + 2 exp(−t)
u4




.


We solve the ODE in the time interval [0, 1000] with equidistant timesteps τ = 5·24N ,
N = 0, 1, . . . , 10. The results are presented in Figure 2. It can be easily observed that
10
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0.01

Timestep
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Figure 2: Results τ versus error for (12): L = 1 (left) and L = 106 (right)

the implicit Euler method delivers poor results for L = 1 and L = 106 . All other schemes
converge to the solution with the convergence order which is expected. In Figure 3 the
10

10
ROS2S
ROS2PR
ROS3P
ROS3Pw
RODASP
FS
DIRK3

1

0.1

ROS2S
ROS2PR
ROS3P
ROS3Pw
RODASP
FS
DIRK4-NEW4

1
0.1
0.01

0.01
error

error

0.001
0.0001

0.001

1e-05
0.0001
1e-06
1e-05
1e-07
1e-06
0.1

1

10

1e-08
0.1

100

CPU Time

1

10

100

CPU Time

Figure 3: Results CPU-time versus error for (12): L = 1 (left) and L = 106 (right)

numerical results with adaptive timestep control are presented. The backward Euler
8
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and the Crank-Nicolson scheme are not considered in this test since these methods have
no embedded method. All other schemes give good results for this problem. It can
be observed that higher order methods are more effective than lower order methods.
Moreover there are no big differences between DIRK– and ROW methods in the efficiency
since only 4-dimensional systems have to be solved.
4.2

Incompressible Navier-Stokes equations
inlet

0.15 m

S

outlet
0.41 m

0.1 m

0.15 m

2.2 m

Figure 4: Flow around a cylinder, the channel with the cylinder

The flow around a cylinder was defined as a benchmark problem in [26] and studied
numerically in detail in [13]. Figure 4 presents the flow domain. The right hand side of
the Navier-Stokes equations is f = 0, the final time is t̄ = 8 and the inflow and outflow
boundary conditions are given by
u(t, 0, y) = u(t, 2.2, y) = 0.41−2 sin(πt/8)(6y(0.41 − y), 0) m s−1 , 0 ≤ y ≤ 0.41.
On all other boundaries, the no-slip condition u = 0 is prescribed. The Reynolds number
of the flow, based on the mean inflow, the diameter of the cylinder and the prescribed
viscosity ν = 10−3 m2 s−1 , is 0 ≤ Re(t) ≤ 100.

Figure 5: Flow around a cylinder, the coarsest grid (level 0)

The coarsest grid (level 0) is presented in Figure 5. All computations are carried out
on level 4 of the spatial grid refinement resulting in 107,712 velocity d.o.f. and 39,936
pressure d.o.f.
The characteristic values of the flow are the drag coefficient cd (t) and the lift coefficient
cl (t) at the cylinder. These coefficients can be computed by
cd (t) = −20 [(ut , vd ) + (ν∇u, ∇vd ) + ((u · ∇)u, vd ) − (p, ·∇vd )]
cl (t) = −20 [(ut , vl ) + (ν∇u, ∇vl ) + ((u · ∇)u, vl ) − (p, ·∇vl )]
9
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for all functions vd ∈ (H 1 (Ω))2 with (vd )|S = (1, 0) , and vd vanishes on all other boundaries and for all test functions vl ∈ (H 1 (Ω))2 with (vl )|S = (0, 1) , and vl vanishes
on all other boundaries, respectively. Another benchmark value in [26] is the difference of the pressure between the front and the back at the cylinder at the final time
p(8, 0.15, 0.2) − p(8, 0.25, 0.2). Reference values for this difference and the maximal values of the drag and the lift coefficient are given in [13, 16]. In this example we use an
0.1

10
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CN
FS
DIRK34

0.01

10
ROS2S
ROS2PR
ROS3P
ROS3Pw
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1

1
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0.001

ROS2S
ROS2PR
ROS3P
ROS3Pw
RODASP
CN
FS
DIRK34

0.01

0.01
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CPU Time
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CPU Time

1e+06

0.0001
1000

10000

100000

1e+06

CPU Time

Figure 6: CPU-time versus error for (11): drag (left), lift (middle) and ∆p (right)

adaptive timestep control (see [16] for details). Only the method of Crank–Nicolson is
applied without time-adaptivity since embedding is not possible for this method (see [23]).
The BWE is not considered since the method gives rather poor results for this problem
(see [15]). The numerical results are presented in Figure 6. It can be observed that
DIRK–methods are not as effective as ROW–methods since the costs for the linear algebra are more expensive if larger tolerances are used. The solvers CN and FS are quite
ineffective. Moreover, the second order ROW-methods, i. e. ROS2PR and ROS2S, are
not as effective as the third order methods.
5

CONCLUSIONS

In this paper DIRK– and ROW–methods are introduced and applied on several test
problems, for example the incompressible Navier–Stokes equations. It can be seen that
higher order methods give in general better results than first or second order methods.
If all linear systems can be solved directly than ROW–methods are quite effective. In
the next step ROW– and DIRK–methods should be applied to three-dimensional problems. Moreover, DIRK–methods should be derived which are third order accurate for the
pressure component.
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Abstract. The description of heterogenous material is here given within the probabilistic framework, where uncertain material properties in time and/or space are represented
by stochastic processes and fields. For material with uncertain structure such as quarry,
masonry etc., we study the coupled heat and moisture trasnport modelled by the Künzel
equations. The transport coefficients defining the material behavior are nonlinear functions of structural responses — the temperature and moisture fields — and material
properties.
In order to closely determine the mentioned parameters of such system we focus our
attention on the solution of inverse problem via direct, non-sampling Bayesian update
methods which combine the a priori information with the measurment data for the description of the posterior distribution of parameters. Namely, we consider material parameters, observations and forward operator as random. Since the measurments are always
polluted by some kind of measurment error we modell it here by a Gaussian distribution.
The new approach has shown to be effective and reliable in comparison to most methods,
which take the form of integrals over the posterior and compute them by sampling, e.g.
Markov chain Monte Carlo (MCMC). In addition, we compare our method with this and
other Bayesian update methods
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1

INTRODUCTION

The heterogeneous material such as quarry masonary has random microstructure which
cannot be modelled in efficient way via multiscale methods based on homogenization techniques such as for example in a case of regular masonary or composite materials. The
properties of heterogenous material change in a space and/ or time, and thus are considered as uncertain. Here the uncertainties are described by probabilistic methods based
on white noise analysis. In other words, instead of assuming material properties to be
constant in a homogenized medium, their more realistic random nature can be conserved
by taking a finite number of random fields in the description. Numerical procedures are
then developed to change/update the description once the materials have been manufactured, in order to take into account additional information, such as may be obtained for
example from measurements. This results in an improved description of the uncertainties
of the material behaviour called inverse problem.
The inverse problems are often settled in Bayesian framework setting, which offers
a rigorous foundation for inference from noisy data and uncertain forward models, a
natural mechanism for incorporating prior information, and a quantitative assessment of
uncertainty in the inferred results summarising all available information.
In recent studies [2, 9, 10, 12, 14, 21], the Bayesian estimates of the posterior density
are taking the forms of integrals, computed via asymptotic, deterministic or sampling
methods. The most often used technique represents a Markov chain Monte Carlo (MCMC)
method [7, 10, 14], which takes the posterior distribution for the asymptotic one. This
method has been improved by introducing the stochastic spectral finite element method
[15] into the approximation of the prior distribution and corresponding observations[12,
14]. This group of methods is based on Bayes’s formula itself. Another group belongs
to so-called ’linear Bayesian’ [8] methods, which update the functionals of the random
variables. The simplest known version represents the Kalman-type method [6, 1, 3, 22].
However these methods require a large number of samples in order to obtain satisfying
results. On the other hand, methods like the extended Kalman filter run into closure
problems for non-linear models [5]. Due to this, they are not suitable for high dimensional
problems and another procedure has to be introduced.
In this paper the identification problem is cast in a linear Bayesian framework based on
’white-noise’ analysis [11], starting with a probabilistic model for the uncertain properties
with the prior assumption in a form of a lognormal random field with some covariance
function. The system output due to specified external loading is measured in certain
locations, and from this we sequentially update the description of the unknown fields.
The method is direct and doesn’t involve sampling at any stage.
2

THE PROBLEM SETTING

The system model or so-called forward model is described by an operator A, which
describes the relation between the model parameters q, external influence f , and the
2
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system state u [18]:
A(u; q) = f.

(1)

This further defines a well-posed problem such that there exists a unique “solution” u
satisfying:
u = S(q; f ),
(2)
where S is the solution operator describing the explicit relationship between u and the
model parameters q. We further define an observation operator Y relating the complete
model response u to an observation y as
y = Y (q; u) = Y (q; S(q; f )).

(3)

However, the measurements are in practice always disturbed by some kind of error ε,
which determines the difference between the actual value ŷ of a measured quantity and
the observed value z
z = ŷ + ε.
(4)
The random elements in ε are assumed to be independent of the uncertainty in the model
parameters q.
3

THE COUPLED HEAT AND MOISTURE TRANSFER

The subject of this paper is to perfom uncertainty updating in the Künzel coupled
heat and moisture transport in heterogenous material [20, 12] with uncertain structure as
quarry masonry, described by the energy balance equation:
dH dΘ
= ∇[λ∇Θ] + hv ∇[δp ∇ϕpsat (Θ)]
dΘ dt

(5)

and the equation of the mass conservation:
dw dϕ
= ∇[Dϕ ∇ϕ] + ∇[δp ∇ϕpsat (Θ)].
dϕ dt

(6)

The problem is fully described by following material parameters: thermal conductivity
λ, evaporation enthalpy of water hv , water vapor permeability δp , water vapor saturation
preassure psat , luiquid conduction coefficient Dϕ , and the total entalpy of building material
H. These parameters depend on the set q of eight material characteristics which will be
modelled as random fields.
In order to simplify the problem we assume that the described random fields are fully
correlated, which is more realistic than the full spatial independence. In the same way we
choose the corresponding prior probability distribution functions via maximum entropy
principle.
Thus, the particular material parameter q is modeled by defining q(x) for each x ∈ G
as a random variables q(x) : Ω → G on a suitable probability space (Ω, B, P) in some
3
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bounded admissible region G. As a consequence, q : G × Ω → R is a random field and one
may identify Ω with the set of all possible values of q or with the space of all real-valued
functions on G. Alternatively, q(x, ω) can be seen as a collection of real-valued random
variables indexed by x ∈ G.
3.1

Stochastic Finite Element Method

The problem is described by a strong form of Künzel equations [20], which furter may
be transformed to a corresponding variational formulation. The discretisation techniques
for the weak problem are then used for both spaces, deterministic and stochastic one.
The spatial discretisation is based on the known finite methods such as finite element or
finite volume method.
Taking a finite element ansatz {φn (x)}N
n=1 [19, 4] as a corresponding subspace, the
solution may be discretised by:
u(x, ω) =

N


un (ω)φn (x),

(7)

n=1

where the coefficients {un (ω)} are now random variables, further represented as a functions of independent and uncorrelated random variables, in this case the Hermitian basis
{Hα }JZ and Gaussian random variables θ:

un (θ(ω)) =
u(α)
(8)
n Hα (θ(ω)),
α∈JZ

where JZ represents the finite set of multiindexes with cardianlity Z.
The stochastic discretisation is done by expanding the corresponding fields into the
Karhunen-Loève expansion (KLE)
q=

∞

√

χj ψj ξj (θ),

(9)

j=0

where ψj represent the eigenvector and ξj (θ) the random variables. The eigenvectors
describe the fluctuation of material property within the studied domain G. They are
obtained as the eigenfunctions of the Fredholm integral equation with the covariance
function Cq as the integral kernel:

Cq (x, y)ψj (x)dy = χj ψj (x)
(10)
G

where χj are positive eigenvalues ordered in a descending order.
After the discretisation is done and the corresponding problem is linearized one arrives
at the standard stochastic linear problem already studied in many papers before [12, 15,
16].
4
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3.2

THE UPDATE PROCEDURE

The primary computational challenge is extracting information from the posterior density of parameters. The estimates done in this paper are based on the forward problem
solved in stochastic Galerkin way and the update procedure done in a pure deterministic
way, as well as by sampling procedures.
By subjecting the system Eq. 5 and Eq. 6 to varying external influences we observe
the output, and update our knowledge of the range of possible parameter values q from
these observations. Thus, the probabilistic identification problem is cast in a functional
approximation setting — the best known of which is the polynomial chaos expansion
(PCE) — and the linear Bayes form of updating. In this way the identification process
can be carried out completely deterministically. In the case where the original problem was
a deterministic identification task the method additionally provides a quantification of the
remaining uncertainty in a Bayesian setting. But it can also be used as an identification
procedure in an originally probabilistic setting.
If we now view the parameters q due to the uncertainty as a random variable (with
values in the space of admissible log-conductivity fields) and want to approximate this
random variable with our previous knowledge — the prior random variable qf and the
measurements z, then the minimum mean square estimator is one frequently used approximation. The estimator is also the minimum variance estimator, i.e. a linear Bayesian
update with the variance of the difference as loss function. In the case of a linear problem
and Gaussian random variables it is well known in the guise of the Kalman filter. Taking
the projection formula of the estimator [18, 17]:
q a (ω) = q f (ω) + K(z(ω) − y(ω)),

(11)

with so called ’Kalman’ gain
K = C qf y (C y + C  )−1

(12)

and projecting it onto the polynomial chaos space, one obtains:
qa = qf + (K ⊗ I) (z − y).

(13)

in tensorial notation, where
qa =



β∈JZ

q βa

q βa ⊗ eβ .

(14)

Here
denote the coefficients of polynomial chaos expansion, while eβ the canonical
basis in RZ . The covariances between the corresponding variables (given in index) are
denoted by C.
This is contreasted to the Markov chain Monte Carlo method [12], formulating the
update procedure on the measure how good a forward operator A explains the data z, i.e.
on the likelihood function. Using Bayes’s rule:
p(q|z) = const p(z|q)pq (q),
5
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which denotes the a posteriori probability density for the model parameter, given an a
priori distribution pq (q) of parameters and an uncertain observation of the data z represented by conditional probability distribution p(z|q) where the forward operator relying
observable quantities z and model parameter q is included. The a posteriori information
in the space of model parameters is given by the marginal probability density:

πq (q) = p(q|z)dz = const pq (q)L(q)
(16)
where data z enters through the likelihood function L(q), which gives a measure of how
good a model is in explaining the data z. Since we explicitely know the a priori distribution, we also assume that we are able to obtain as many samples of the prior probability
density pq (q) as we wish. The problem at hand is to sample the conjunction of the
known a priori density function and the likelihood function L(q). The evaluation of the
likelihood function requires evaluation of the forward model, which may be done in two
different ways: by Galerkin projection and stochastic finite element methods or sampling
techniques such as Monte Carlo Markov Chain technique (MCMC). MCMC exploration of
the reduced-dimensionality posterior still requires repeated solutions of the forward model,
once for each proposed move of the Markov chain. The acceleration of the Bayesian inference is done by using stochastic spectral methods to propagate prior uncertainty through
the forward problem. These methods effectively create a surrogate posterior containing
polynomial chaos (PC) representations of the forward model outputs as it is described in
[13].
4

CONCLUSIONS

A linear Bayesian estimation of unknown parameters is formulated in a purerly deterministic and algebraic way, without the need for any kind of sampling techniques like
MCMC. The regularisation of the ill-posed problem is achieved by introduction of a priori
information approximated by a combination of KLE and polynomial chaos expansions
truncated to a finite number of terms. This representation enters a stochastic forward
model, solved by a Galerkin procedure and reduction methods.
The suggested method is tested on the model of heat transport equation under steady
state conditions, and then on the coupled model.
The identification experiment, characterised by a sequential update process, is performed for a “deterministic truth”with increasing spatial compability. In this way we
have shown the influence of additional information and loading conditions on the update process. The presented linear Bayesian update does not need any linearity in the
forward model, and it can readily update non-Gaussian uncertainties. In addition, it
accommodates noisy measurements and skewed RVs.
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[12] A. Kučerová and H. G. Matthies. Uncertainty updating in the description of heterogeneous materials. Technische Mechanik, 30((1-3)):211–226, 2010.
[13] Y. M. Marzouk and H. N. Najm. Dimensionality reduction and polynomial chaos
acceleration of bayesian inference in inverse problems. Journal of Computational
Physics, 228:18621902, 2009.
7

421
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Instituto Politécnico da Guarda
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Abstract. This paper is devoted to an adaptive finite element method for elliptic problems using domain decomposition techniques. We construct an adaptive finite element
method for elliptic problems (Adaptive Modified Uzawa Method) using non-overlapping
domain decomposition, generalize the algorithm for Convection-Reaction-Diffusion problems and present as well a parallel version of the algorithm for shared memory machines.
We consider different initial triangulation and an adaptive mesh refinement, based on a
posteriori error estimates, in each subdomain. We show that the adaptive modified Uzawa
method is convergent to a discrete solution in a space corresponding to a sufficiently refined mesh. The numerical experiments support the results of theoretical analysis as well
as the robustness of the algorithm.

1

INTRODUCTION

Adaptive mesh refinement based on a posteriori error estimative is an essential instrument for efficient numerical solving of PDEs. Domain decomposition methods are very
useful when the original problem has different properties in distinct regions of the initial
domain, such as nonlinearity. A lot of research has been carried out (see, e.g, [1]) in this
area and there are many applications in diverse fields (see, e.g, [2]). We construct an
adaptive finite element method for elliptic problems (adaptive modified Uzawa method)
using domain decomposition. Therefore, we can consider different initial triangulation
1
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and an independent adaptive mesh refinement in each subdomain. We consider a linear
stationary problem defined in a Ω domain, decompose the domain into two subdomains
Ω1 y Ω2 , Γ12 is the interface, and we apply on each subdomain an adaptive finite element
method (AFEM), using mesh refinement based on a posteriori error estimative. Under
these assumptions it is not difficult to generalize the algorithm to the nonlinear case. The
starting point is the Hybrid Primal formulation of an elliptic problem. It is well known
that the rate convergence of the Uzawa algorithm is very low to solve this kind of problem.
We modify the Uzawa algorithm in two ways: First we use different auxiliary operators to
solve the problem on the interface in order to accelerate convergence. Second, we introduce mesh adaptivity (Adaptive Modified Uzawa algorithm). The convergence is proved
with respect to a discrete solution in a space corresponding to a sufficiently refined mesh.
We will show some numerical results obtained using the AMUADD algorithm, namely
problems with some singularity in a well defined region of the original domain. Hence we
are able to make a domain decomposition isolating the singularity on a given subdomain.
Numerical tests show that the method could be adapted to nonlinear problems. In both
cases the computation time and the computational resources are less than without domain
decomposition. Several examples shows the convergence of the method. We present as
well some results obtained using a parallel version of the AMUADD for shared memory
machines. The numerical experiments have been developed in C++ language using a
finite element routines collection that we called neptunoDD++ based on a basic routines
collection, neptuno++ [3], and with freefem++ [4].
2

MODEL PROBLEM AND DOMAIN DECOMPOSITION

Let Ω be a bounded open set in Rd d = 1, 2, with smooth boundary ∂Ω. Set H := H01 (Ω)
where H01 (Ω) is the Sobolev space of order 1 on L2 (Ω) of those functions which are zero
on ∂Ω; M := L2 (Γ12 ) is a space of functions defined on the interface that are L2 ; In the
following (., .) denotes de inner product in L2 and < ., . > the duality pairing between the
corresponding spaces; Moreover consider a continuous real bilinear form

∂u ∂v
a(u, v) =
dx, ∀u, v ∈ H
(1)
dkl
∂xl ∂xk
Ω
where

dkl ∈ L∞ (Ω),



dkl ξk ξl  α

k,l



ξk2 , α > 0 in Ω

k

We also have the ellipticity property of a(., .) on H, since there exists α > 0 such as
a(v, v) ≥ αv2H ,

∀v ∈ H

(2)

and from these we can define a continuous linear operator A : H → H ∗
Au, v = a(u, v)
2
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where H ∗ is the dual space of H. a(., .) defines a equivalent norm in H
vA := a(v, v)1/2

(4)

We consider the following elliptic stationary problem, exposed in variational form:
given f ∈ L2 (Ω) find u ∈ H such that
a(u, v) = (f, v) ∀v ∈ H

(5)

Under the previous considerations (5) has a unique solution [5], that we want to approximate.
We assume that the domain Ω is made of two parts Ω1 , Ω2 and denote by Γ12 their
common boundary and by Γi the intersection of ∂Ω with ∂Ωi ,
Ω̄ = Ω̄1 ∪ Ω̄2

Ω1 ∩ Ω2 = ∅

Γ12 = ∂Ω1 ∩ ∂Ω2

Γi = ∂Ω ∩ ∂Ωi

i = 1, 2

i.e., a non-overlapping decomposition of Ω. Solving the model problem in H01 (Ω) is equivalent to finding the pair {u1 , u2 } such that
ui ∈ H 1 (Ωi )
− ∇(D∇ui ) = f
u1 = u 2
ui = 0
(D∇u1 ).n1 + (D∇u2 ).n2 = 0

i = 1, 2
in Ωi
on Γ12
on ∂Ω ∩ ∂Ωi
on Γ12

(6)

where ni is the unit outward normal vector on ∂Ωi (on Γ12 n1 + n2 = 0). In order to use
the Hybrid Primal formulation, we need some notation: We define the functional spaces

1
1
V :=
H0,Γ
(Ωi ) and Λ = H − 2 (Γ12 )
(7)
i
i=1,2

where
and H

− 12



1
1
H0,Γ
(Ω
)
=
v
∈
H
(Ω
)
:
v|
=
0
i
i
i
Γ
i
i

(Γ12 ) is the dual space of

1
H 2 (Γ12 ) = µ : µ = v|Γ12 ,

(8)


1
v ∈ H0,Γ
(Ωi ), i = 1, 2
1

(9)

Let us consider the Hybrid Primal formulation of our problem:
Problem 1 Find (u, p) ∈ V × Λ such that



D∇u∇v +
pv =
fv
l



Ωl

l

∂Ωl

l

Ωl

∀v ∈ V
∀µ ∈ Λ

[[u]] µ = 0

Γ12

3
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with l = 1, 2 y [[u]] = u1 − u2 .
To solve this problem we can use the well known Uzawa method taking into account the
domain decomposition: given pn ∈ Λ, compute un



n
D∇u ∇v =
fv −
pn v
(11)
l

Ωl

Ωl

l

then actualize Lagrange multiplier pn ,


n+1
p µ=
Γ12

n

Γ12

l

p µ−ρ



∂Ωl

[[un ]] µ

(12)

Γ12

Now we will show that the above algorithm may be considered as a fixed point iteration
for the application defined over Λ. Using operator notation we have
1
(Ω1 )
A1 u1 + γ1∗ p = f1 in H0,Γ
1

(13)

1
A2 u2 − γ2∗ p = f2 in H0,Γ
(Ω2 )
2

Bu = 0

above Λ

where γi is linear continuous application defined by
γi : H 1 (Ωi ) → L2 (Γ12 )
ui
→ γi ui = ui |Γ12
and γ1∗ , γ2∗ are the correspondent self-adjoint applications that verify:
γ ∗ µ, v = H − 1 µ, γvi 
2

1

H2

1
∀vi ∈ H0,Γ
(Ωi )
i

(14)

Using a matrix notation,

 
 
 ∗ 

u1
f
γ1
A1 0
∗
, B = (γ1 , −γ2 ), B =
, f= 1
A=
∗ , u =
0 A2
−γ2
u2
f2
we obtain the equivalent system
 
   ∗ 

f1
u1
γ1
A1 0
+
∗ p =
0 A2
u2
−γ2
f2
 
u
(γ1 , −γ2 ) 1 = 0
u2
We can rewrite (15) such as
 ∗ 
    −1
   −1
A1
γ1
A1
f1
u1
0
0
−
=
−1
∗ p
0
A
0 A−1
−γ
f
u2
2
2
2
2
4
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Let us consider the following relation in p :
p = p + ρBu

para

ρ>0

Replacing Bu in (17) we have
 
 ∗ 
 −1
 −1
f1
γ1
A1
A1
0
0
p = p + ρ(γ1 , −γ2 )
− (γ1 , −γ2 )
−1
∗ p
0 A−1
0
A
f
−γ
2
2
2
2

(17)

(18)

Let S be the Schur complement defined by the operator S : Λ → Λ
S := BA−1 B ∗

(19)

combining the Schur complement S with the equation (18), leads to the following fixed
point iteration in Λ
p = (I − ρS)p + ρBA−1 f
(20)

giving this relation origin to the adaptive algorithm that we apply in each subdomain Ω1 ,
Ω2 to compute the solution of the stationary problem.
Algorithm 1 For any p0 ∈ Λ and an obtained pj−1 ∈ Λ, compute pj for j ≥ 1 by
pj = (I − ρS)pj−1 + ρBA−1 f

(21)

Since, in the experiments, V and Λ are finite dimensional spaces, S is symmetric and
positive definite and this algorithm will be convergent if we choose an appropriate ρ > 0
such that S verifies
σ := I − ρSL(Λ,Λ) < 1
(22)
3

ADAPTIVE ALGORITHM

In this section we describe the adaptive modified Uzawa method with domain decomposition. To simplify notations let us assume that Tj stands for the mesh from Tj−1 by
refining and the corresponding sets of finite element functions are denoted by (Vj , Mj ) y
(Vj−1 , Mj−1 ). Consider a pair of successions:
V0 ⊂ V1 ⊂ . . . ⊂ Vj−1 ⊂ Vj ⊂ . . . ⊂ VJ
M0 ⊂ M1 ⊂ . . . ⊂ Mj−1 ⊂ Mj ⊂ . . . ⊂ MJ

(23)

For any P0 ∈ M0 , ε0 > 0, 0 < γ < 1. Given Pj−1 ∈ Mj−1 , let uj ∈ VJ denote the solution
of the auxiliary problem,
a(uj , v) = f, v − (Pj−1 , Bv) ∀v ∈ VJ
where a(u, v) =

 
l

Ωl

D∇u∇v.

5

427

(24)

Manuela Simões and Luis Ferragut

An adaptive FEM method is applied to find Uj ∈ Vj solution of
a(Uj , V ) = f, V  − (Pj−1 , BV )

∀V ∈ Vj

(25)

such that
Uj − uj V ≤ Cεj ,

(26)

Pj = Pj−1 + ρBj Uj

(27)

where C is a constant independent of j and εj < γεj−1 .
We finally update the multiplier Pj−1 ∈ Mj where Mj−1 ⊂ Mj ⊂ MJ , by
where Bj : Vj → Mj is the operator defined by Bj = B|Vj thus, (27) is equivalent to the
following,
Pj = Pj−1 + ρBUj
(28)
The following box describes the algorithm:
Adaptive Modified Uzawa Algorithm with domain decomposition
(AMUADD)
Choose parameters ρ > 0 satisfying (22), 0 < γ < 1, ε0 > 0;
set j = 1.
1. Select any initial mesh T0 ∈ V0 and any P0 ∈ M0 .

2. Obtain Tj refining Tj−1 and compute Uj in Vj .
3. Compute Pj in Mj using Pj−1 and Uj .
4. Update εj ← γεj−1 .
5. Update j ← j + 1.
6. Go to step 2.

Notice that step 2 of the algorithm is applied independently to every subdomain.
The convergence is proved with respect to a discrete solution in a space corresponding
to a sufficiently refined mesh. Suppose that the algorithm with the refining strategy that
we use satisfies (26), we get the following convergence result, proven in [6]:
Theorem 1 Let ρ > 0 and (Uj , Pj ) be the sequence of finite element solution computed
using the adaptive modified Uzawa algorithm with domain decomposition. Hence C and
δ < 1 are positive constants such that
u − Uj V + p − Pj M ≤ Cδ j
where vV = (

nd

i=1

(29)

|v|21,Ωi )1/2 ; (u, p) ∈ VJ × MJ denote the solution of the problem 1.
6
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3.1

A posteriori error estimative

For discretization, let Th be an uniformly regular triangulation of any Ωl characterized
by the diameter h. Let Vh := {vh ∈ C ∞ : vh |T ∈ P 1 (T ) ∀ T ∈ Th } ∩ H01 (Ω), indicate
the space of continuous piecewise linear finite element functions and let Th1 be a conform
and regular partition of Γlk . Mh := {vh ∈ H 1 (Γlk ) : vh |T ∈ P 1 (T ) ∀ T ∈ Th1 } indicate
the space of continuous piecewise linear finite element functions, hence in practice we
compute p using





n+1  
n+1
n  
n
(p ) µ +
p µ=
(p ) µ +
p µ−ρ
[[un ]] µ
(30)
Γ12

Γ12

Γ12

Γ12

Γ12

because with this relation we achieve better results.
Let us assume that Th stands for the mesh from TH by refining. Let (UH , PH ) be the pair
of discrete solution in (VH , MH ) spaces. In Ωl we estimate the error |u − UH | using the
1
norm in H0,Γ
(Ωl ) defined by
l
|·|:v ∈

1
H0,Γ
(Ωl )
l

−→ |v| =



D∇v∇v

Ωl

 12

Let us assume the a posteriori error estimative

|u − UH |Ωl ≤ (
ηT2 )1/2

(31)

(32)

T ∈TH

where
ηT2 :=h2T f + ∇(D∇UH )20,T +



S  ∈S  H

hS  PH − D∇UH .nS  20,S 

1 
hS [[D∇UH .nS ]]s 20,S
+
2 S∈S

(33)

H


is the set of edges in
SH is the set of edges that are not on any Γi = ∂Ω ∩ ∂Ωi and SH
TH that are on the interface Γ12 = ∂Ω1 ∩ ∂Ω2 . We get the following upper bound error
estimator: There is a constant C1 depending on the minimum angle of TH such that
nd

i=1

2
|ui − UHi |21,Ωi ≤ C1 ηH
= C1



ηT2

(34)

T ∈TH

Let tol is a given tolerance for the error and ηUH > tol, we refine the mesh while η > tol.
Given γ ∈ (0, 1) and using the maximum strategy we mark for refine the elements T̂ such
that
ηT̂ > γ max ηT , for all T ∈ TH .
(35)
7
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4

NUMERICAL EXPERIMENTS
Consider the following problem:
− ∇(a(x, y)∇u) = f (x, y) en Ω = [0, 1]2
u(x, 0) = u(0, y) = u(x, 1) = u(1, y) = 0

(36)

where
1
+ α(r − β)2
α
f (x, y) = 2[1 + α(r − β) arg tan(α(r − β) + arg tan αr)]

a(x, y) =

with

r=

Set ρ = 25,
4.1



x2 + y 2 ,

α = 100

and

β = 0.36388.

ε0 = 1.0 γ = 0.6

Decomposition in two subdomains

Set Ω1 = [0, 0.5] × [0, 1] and Ω2 = [0.5, 1] × [0, 1]. Let us assume an initial triangulation
T0 with 66 DOF in each subdomain. To solve the problem on the interface Γ12 , let us
assume an initial mesh with 999 DOF hence the edge longitude is hS  = 0.001. Figure
1 shows the U1 and U2 solutions after 25 iterations in Ω1 and Ω2 , and the final mesh
obtained in each subdomain. Figure 2 shows the behavior of the error estimators ηUi in

Figure 1: Left: U1 solution. Right: U2 solution

each solution Ui , i = 1, 2 and the line of optimal convergence as well for the same DOF.
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Error de Uzawa
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Figure 2: Left: Error in Ω1 . Center: Error in Ω2 . Right: Uzawa Error with and without mesh
refinement.

4.2

Decomposition in three subdomains

Set Ω1 = [0, 0.3] × [0, 1] Ω2 = [0.3, 0.6] × [0, 1] Ω3 = [0.6, 1] × [0, 1]. Let us assume an
initial triangulation T0 with 44 DOF in Ω1 , Ω2 and with 55 DOF in Ω3 . In the interfaces
Γ12 and Γ23 let us consider a mesh with 999 DOF. Figure 3 shows the solution and the
final mesh in each subdomain. Let ηU = ηU1 +ηU2 +ηU3 be the error indicator of the global

Figure 3: Left: U1 solution. Center: U2 solution. Right: U3 solution

solution U = U1 + U2 + U3 . Figure 4 on the left shows the behavior of ηU and the line of
optimal convergence as well for the same DOF and on right shows the Uzawa error.
1
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Γ12
Γ
23
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0

10
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1
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0.004

ηU

CDOF1/2

0.002

2

10

2

10

3

4

10

10

0

5

10

0

5

10

15

20

25

Number of iterations

Degrees of freedom (DOF)

Figure 4: Left: Global Error. Right: Uzawa Error
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5

CONVECTION-REACTION-DIFFUSION PROBLEM

Let us consider two subdomains, a rectangle minus one unitary triangle Ω2 = {(x, y) :
0 < x < 2, 0 < y < 1, x > 1} and a unitary circle Ω1 centered in the lower left corner of
the rectangle. This problem has different characteristics in each of the subdomains. In
Ω1 we have a strongly convective problem and in Ω2 we have a non linear problem, with
non homogeneous Dirichlet boundary conditions. The problem is defined by
→
−∆u + −
v ∇u = 0
−∆u = 1
u=1

in Ω1
in Ω2
on Γi i = 1, 2

(37)

−
with →
v = (100x, −100y).
We applied the AMUADD algorithm to this problem doing mesh adaptation independently in each subdomain. Figure 5 shows the final mesh and the solution obtained in each
subdomain, as observed we achieved the continuity on the interface. Let ηU = ηU1 + ηU2
be the error indicator of the global solution U = U1 + U2 . Figure 6 on the left shows the
behavior of ηU and the line of optimal convergence as well for the same DOF and on right
shows the behavior of the Uzawa error.
IsoValue
1.0014
1.00647
1.01154
1.01661
1.02168
1.02675
1.03181
1.03688
1.04195
1.04702
1.05209
1.05716
1.06222
1.06729
1.07236
1.07743
1.0825
1.08757
1.09264
1.0977

Figure 5: Left: Final solutions. Right: Final meshes .
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Figure 6: Left: Global Error. Right: Uzawa Error.
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5.1

Parallel implementation

Due to the characteristics of the algorithm that uses domain decomposition and the
fact that the solutions are computed independently in each subdomain, the algorithm is
suitable to be used on parallel machines. We can distribute among the available processors the work of computing the solution in each subdomain and perform the computations
corresponding to the different subdomains in parallel. We chose to implement our parallel algorithm for a shared memory machine architecture because there is no need to
have communication between the processors. We developed our parallel algorithm using
OpenMP [7]. The parallel algorithm performance was analyzed using standard parameters
like CPU time, speedup and efficiency. So we introduce the following definitions.
Speed-up =

T1
Tp

Efficiency =

T (1)
p ∗ T (p)

(38)

where p is the number of processors, T1 is the execution time of the sequential algorithm
and Tp is the execution time of the parallel algorithm with p processors. The following
tables have the results obtained using the parallel algorithm to compute the solution
of our test problem (36) using different domain decompositions. Table 1 presents the
results obtained making the Ω decomposition in two subdomains Ω1 and Ω2 , such as:
2DS corresponds to Ω1 = [0, 0.5] × [0, 1] and Ω2 = [0.5, 1] × [0, 1]; 2DN S corresponds to
Ω1 = [0, 0.3] × [0, 1] and Ω2 = [0.3, 1] × [0, 1].
Table 1: Decomposition of Ω in two subdomains

Decomp
2DS
2DN S

Speed − up
1.34
1.59

Ef f iciency
0.67
0.80

Table 2 presents the results obtained doing the decomposition of Ω in four subdomains
Ω1 = [0, 0.5]×[0, 0.5], Ω2 = [0.5, 1]×[0, 0.5], Ω3 = [0, 0.5]×[0.5, 1] and Ω4 = [0.5, 1]×[0.5, 1].
Table 2: Decomposition of Ω in four subdomains

T (p) Speed − up Ef f iciency
T (2)
1.59
0.80
T (3)
1.76
0.59
T (4)
1.90
0.48

As observed, the speed-up increases with p value in all decompositions although with
11
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the decomposition in 4 subdomains for p=4 the algorithm is not so well balanced which
explains the better efficiency reached with p = 2.
6

CONCLUSIONS
- The numerical experiences verify the results of the theoretical analysis as well as
the robustness of the algorithm.
- The AMUADD captures the bound inner layers very well, even in the case where
the inner layer crossing the interface and the obtained orders of convergence are
optimal.
- The AMMUADD algorithm is suitable to use on parallel machines. Hence the
problem solution is computed independently in each subdomain.
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Université Paul Verlaine-Metz
Ile du Saulcy 57000 cedex 1 Metz, France
e-mail: yendtamp@umail.univ-metz.fr;michel.potierferry@univ-metz.fr
† Centre

de Recherche Public Henri Tudor, Luxembourg
e-mail: yao.koutsawa@tudor.lu

Key words: Meshless method, Convergence analysis, Taylor approximation
Abstract. We present a meshless method based on Taylor series approximation. This
method resolves exactly the Partial Differential Equation (PDE) in the domain. The
boundary conditions are applied by using a least square method as proposed by Zhang
et al [2], for stabilized collocation method. After showing accuracy and efficiency of
the technique, we will analyse the series solution. There we will introduce convergence
analysis technique as Domb Sykes plot, Hadamard criterion, and a Darboux criterion.
This analysis will lead to detection of eventual singularity hide in the structure of the
exact solution. What can be useful to apply convergence acceleration techniques.

1

Introduction

In computational mechanics, methods of solving partial differential equations (PDE)
are essential for successful numerical simulations. Several methods have been developed
to achieve this end. Most of these methods are based on the mesh. However in recent
decades new methods known as meshless methods are the subject of major research. These
methods are comparable to previous but they have the advantage of avoiding the presence
of an explicit mesh. The approximate solution is constructed entirely with a finite number
of nodes selected in the domain. However, these methods are little used for industrial
simulations, mainly because of difficulties related to numerical integration. In this article
we focus on a meshless method introduced in [1]. The main idea of this technique is
to introduce polynomial shape functions of high degree. The good convergence and pconvergence of this technique have already been shown in [1]. Nevertheless we notice that
the convergence rate depends on the considered problem, and that for some problem we
don’t have p-convergence (need to resolve the problem by sub domains).
1
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In an approximation by Taylor series, the asymptotic behavior of the coefficients depends
on the nature of the singularity of the approximate function. In our algorithm, although
the problem is solved exactly in the domain, the approximation in boundary conditions
can introduce errors. It is not obvious that the approximate solutions obtained behave
as Taylor series. The study of convergence alone is not sufficient to assess the reliability
of the technique. We will study the stability of the coefficients depending on the degree
to assess this reliability. After this study, a convergence analysis is done. The paper
main purpose is to determine the structure of the exact solution, through the detection
of singularities. We will use techniques such as Hadamard criterion, Domb Sykes plot,
Darboux criterion, etc. This analysis will be a guide to introduce convergence acceleration
techniques as Padé approximant.
2

Technique convergence

2.1

The method

The proposed technique uses polynomial approximation to solve exactly the problem
in the domain. On the edge, boundary conditions are applied on an arbitrarily chosen set
of boundary nodes. Here we give a general idea of the technique. A full description can
be found in [1].
In order to introduce polynomial shape functions, the key of the algorithm is to approach the solution of a PDE by its Taylor series approximation (here the technique is
presented in 2D):
h

u (x, y) =

k
N 


uk−i,i x

k−i i

k=0 i=0

y =

N


k=0

Xk

  k
u .

(1)

with


 

 T
X k = xk , xk−1 y, · · · , xy k−1 , y k and uk = �uk,0 , uk−1,1 , · · · , u1,k−1 , u0,k �

After replacing the relation (1) in the equation, and after some calculations, this approximation leads to:
uh (x, y) = �P (x, y)� {v}

(2)

where < P (x, y) > is a family of polynomials that are exact solutions of the equation,
and {v} is a vector of coefficients derived from {uk }.
Thus it remains only to determine the vector {v} to have completely uh . This is the last
step of the technique and it involves the application of boundary conditions. It consists
to minimize the function (xj are nodes chosen on the boundary):

2
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M

1� h
J(v) =
�u (xj ) − udj (xj )�2
2 j=1

(3)

This minimization leads to a system Kv = F where K is an invertible matrix.
2.2

Error Estimation

We study the convergence of the technique through error estimation for the Laplace
and Helmholtz equations.
Laplace problem
in Ω = {(x, y)/x2 + y 2 = 1}
x − x0
 u(x) = uo (x) =
on ∂Ω
(x − x0 )2 + (y − y0 )2

 − ∆u = 0

(4)

The exact solution of this problem is uo (x). This solution has a singularity at x0 =
[x0 , y0 ]. In [1], a good convergence of the technique was shown for this problem. Here we
investigate the influence of singularity point on the convergence rate.
2
Singularity at [1.2,0.3]
singularity at [2,0.3]

2

4

10

Log (maximal Error)

0
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Figure 1: P-convergence: Dirichlet problem (4) with two cases, depending on the position of the singularity x0 = [x0 , y0 ]

Figure 1 shows the evolution of the error depending on the degree, in a case where
the singularity x0 = [1.2, 0.3] is close to the boundary and in another where it is away
from the unit circle: x0 = [2, 0.3]. In both cases, there is an exponential convergence with
3
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the degree (p-convergence), as for the p-version of finite element method [5]. However
convergence is much slower if the singularity is near the domain, with an error of about
10−2 in this case while it is about 10−10 with a singularity in x0 = [2, 0.3]. This shows
that it is interesting to evaluate the singularities of the unknown function to analyze and
possibly improve the convergence of the series.

Helmholtz problem

− ∆u + u = 0
in Ω = {(x, y)/ − l ≤ x ≤ l and 0 ≤ y ≤ h}



u(x, 0) = u(x, h) = 0


 u(±l, y) = sin( π y)
h
The exact solution of this problem is
�
� �
π2
cosh x 1 + h2
�π �
�
�
y
sin
u(x, y) =
�
h
π2
cosh l 1 + h2

(5)

(6)

Table 1 presents the logarithm of the error for two lengths of different structures. It
is noted that as in the case of the Laplace problem one has the p-convergence. But
convergence is poorer when the structure is longer, because in this case the boundary
layers are more pronounced.
l=5
l=30

5
-0.6042
-0.2418

10
-1.6735
-0.3195

15
-3.6802
-0.4843

25
-6.8653
-0.8174

35
-5.3546
-1.2566

45
-5.7254
-2.0848

60
-5.8298
-4.1788

Table 1: Logarithm of the maximum error for the problem (5)

In Figure 2 , exact and approximate solutions are represented for the length l = 30.
Convergence is good inside the domain and bad when one approaches the boundary. This
fact suggests the existence of an area of convergence beyond which the solution is poorly
approximated by the Taylor series. A better way to approach this solution would be to
solve the problem by subdomains (see [1]).
3

Series analysis

In this section we are interested in studying the analytic structure of the solution of a
PDE through series obtained after applying the proposed technique. As pointed out in the
previous section, the quality of convergence depends on the structure of the exact solution.
4
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1
Exact solution
Approximate solution

0.9
0.8
0.7

u

0.6
0.5
0.4
0.3
0.2
0.1
0
30

20

10

0
x

10

20

30

Figure 2: Exact and approximate solution of the Helmholtz problem along the line y = 1.5

The knowledge of the coefficients of the Taylor series theoretically gives many informations
about the analytic function, even far from the development point of the series. Usually
the radius of convergence of a numerical series is calculated using the behavior at infinity
of its coefficients, but in literature there are several methods for estimating the radius
of convergence with a finite number of coefficients. We will introduce techniques such as
Hadamard criterion, the Darboux criterion, Domb Sykes plot and Padé approximants.
To use these techniques, we extract 1D series from 2D solution.
3.1

Coefficients stability

To assess the effectiveness of the proposed technique, we study the stability of the
series coefficients when the degree of the polynom is changed. Indeed, in the meshless
algorithm proposed, one does not calculate the Taylor coefficients of a given function, and
we do not compute the Taylor coefficients of the solution of an algebraic equation as in
the asymptotic numerical method [8]. In the proposed method, we calculate the degree
of polynomial solutions by combining Taylor series and identification by a collocation
technique. Therefore it is not obvious that these polynomials behave as Taylor series.
To answer this question, we compared the Taylor coefficients of the exact solution, with
the coefficients of the polynomial obtained by the proposed meshless technique. This
comparison was made for the solution of the Laplace problem for the case x0 = [1.2, 0.3],
and the line y = 0 (see table 2) and the case of the Helmholtz problem with l = 5 and
the line y = 1.5 (see table 3).
It is found that the Taylor coefficients obtained by the meshless method are extremely
5

439

Y. TAMPANGO,M. POTIER-FERRY and Y. KOUTSAWA

c0
c1
c2
c8
c9
c10

Collocation N=10
-0.784266
-0.576596
-0.391874
0.087762
0.092167
0.087152

Collocation N=20 Exact series
-0.784313727
-0.784313725
-0.576701274
-0.576701268
-0.392006103
-0.392006091
0.08739559
0.08739570
0.09185160
0.09185170
0.08695963
0.08695973

Table 2: Coefficients stability for Laplace problem with singularity at [1.2,0.3]

accurate, with the exception of the last ones. For example, at order N = 20, the accuracy
precision is 10−5 for the first coefficient c0 and it is still 10−3 for the coefficient c12 . In
contrast, there is some variation on c10 and c12 in the case of table 3 for the Helmholtz
problem. Nevertheless, this precision should be sufficient to apply standard techniques of
series analysis.
c0
c1
c2
c4
c10
c11
c12

Collocation N=12
3.395 10−3
-5.067 10−16
2.8014 10−3
3.6849 10−4
2.030 10−8
-6.433 10−21
-1.844 10−12

Collocation N=20
3.4667 10−3
-7.917 10−14
2.80235 10−3
3.775837 10−4
1.055508 10−8
2.2448 10−21
1.2914 10−10

Exact series
3.4664 10−3
0
2.80237 10−3
3.775849 10−4
1.055534 10−8
0
1.2929 10−10

Table 3: Coefficients stability for Helmholtz problem with l=5 and h=4

3.2
3.2.1

Estimation of the radius of convergence and position of singularities
Domb Sykes plot

Domb Sykes plot are inspired by the convergence criterion of D’Alembert. This criterion assumes that the radius of convergence of a series, is the limit of the ratio cn−1 /cn .
This calculation seems impossible when one knows only a limited number of coefficients.
We must therefore make an estimate of this ratio. Domb and Sykes in [3] shows that the
inverse ratio cn /cn−1 is a linear function of 1/n for n sufficiently large.
Indeed for a singular function of type (singularity at x0 ):

α �= 0, 1, 2, · · ·
(x0 ± x)α ,
f (x) ≡ const ∗
α
(x0 ± x) log(x0 ± x),
α = 0, 1, 2, · · ·
6
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the coefficients of its power series satisfy:
cn
cn−1

=±

1
1+α
)
(1 −
x0
n

(7)

Domb Sykes plots from the numerical solution of equation (4) are presented on Figures
3 and 4. In Figure 3, the plot is deduced from the function u(x, x) (i.e in the direction
π/4), and in Figure 4, from the function r → u(r cos θ, r sin θ) with θ = arctan(y0 /x0 ) (i.e
in the direction of the singularity [x0 , y0 ]). One sees that the relation (7) is valid only in
the direction of the singularity. This suggests that the Domb Sykes plot can be used to
find the directions in which there is a singularity. Other tests done in this case and in
others, have shown that the Domb Sykes plot of functions r → u(r cos θ, r sin θ) permits
to find the directions in which it can have a singularity.
2

0.9

1.8

0.85

1.6

0.8

1.4

0.75
cn/cn1

cn/cn1

1.2
1
0.8

0.65

0.55

0.4

0.5

0.2
0

0.05

0.1

0.15

0.2

0.25
1/n

0.3

0.35

0.4

0.45

0.45
0.05

0.5

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

1/n

Figure 3: Domb Sykes plot for Laplace equation
in the direction π/4

3.3

0.7

0.6

0.6

0

Point singulier [2,0.3]
Point singulier [1.2,0.3]

Figure 4: Domb Sykes plot for Laplace equation
in the direction arctan(y0 /x0 )

Darboux criterion

Here we use a technique presented in [4] by Hunter and Guerrieri. From a classical
result of Darboux, they showed that the Taylor coefficients ci of a function admitting a
singularity of type (x − x0 )−ν at x0 satisfy:
i+ν−1
ci−1 = O(iν−3 )
(8)
i
Writing relation (8) for two consecutive orders i and i − 1, and neglecting terms in O()
lead to:
c i x0 −

7
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1
ci
ci−1
=i
− (i − 1)
= D(i)
x0
ci−1
ci−2
ci
x0 − i + 1
ν=i
ci−1

(9)

This last relation is an estimate of the singularity and its order from coefficients of
finite index. This estimate of the radius of convergence will be compared
Hadamard
 to
n
criterion, which postulates that ”the radius of convergence of a series
an x is R = 1/L
1/n
with L = lim sup �an �
”.
Degree (N)
15
20
30
35
40

Singularity Darboux
1.2401085
1.2365621
1.2369345
1.2369336
1.2369317

Singularity Domb Sykes Hadamard criterion
1.2374733
1.2395022
1.2368829
1.2388032
1.2369319
1.2381821
1.2369318
1.2380034
1.2369316
1.2378693

ν Darboux
1.031941
0.994812
1.0000623
1.000050
1.0000013

Table 4: Position and order of singularity for Laplace problem with x0 = [1.2, 0.3]

In table 4 and 5 one presents the position of the singularity estimated by Darboux
criterion, Hadamard criterion and Domb Sykes plot and the order of singularity obtained
by the Darboux technique. These tables are built in the direction of the singularity. It is
found that these three techniques give a good estimation of the position of singularity as
well as the order of singularity.
Degree (N)
15
20
30
35
40

Singularity Darboux
2.0223748
2.0223748
2.0223777
2.0222251
2.0230693

Singularity Domb Sykes Hadamard criterion ν Darboux
2.0223748
2.0238753
1.00000007
2.0223748
2.0235001
0.999999
2.0223749
2.0231249
1.000041
2.0223719
2.0230178
0.997459
2.0224055
2.0229383
1.01312

Table 5: Position and order of singularity for Laplace problem with x0 = [2, 0.3]

As in the case of Domb Sykes plot, we get a bad estimation of the radius of convergence
by the technique of Darboux, when one moves away from the direction of singularity(figure
5). In these directions, the value D(i) of relation (9) varies considerably when passing
from one order to another. It therefore becomes necessary to define a reliability test that
will determine the direction of singularity and hence its position and order. From all these
results, it appears that the possible singularities are in direction where the ratios cn /cn−1
8
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0.2
0.18
0.16
0.14

D(n)

0.12
0.1
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0.06
0.04
0.02
0

0

0.05

0.1

0.15

0.2

0.25
1/n

0.3

0.35

0.4

0.45

0.5

Figure 5: Darboux technique in the direction 2π/3

and D(n) converge for large n.
The direction of singularity is such that for large orders N one has:
�

D(N )
− 1� ≤ ǫ
D(N − 1)

where ǫ is a small real number.
4

Pade approximant

The idea of this technique is to replace a power series truncated at degree M + N by
a rational function [M/N ] with a numerator of degree M and a denominator of degree
N [9]. In the literature, Padé approximants are used for convergence acceleration and for
detection of singularities [7]. The singularities are detected by the poles of the fraction. In
Table 6 we present the poles of the Padé approximant for the Laplace problem in several
directions.
Contrary to the results of the previous section, the singular point appears whatever the
direction chosen. Despite all, this pole is difficult to extract in cases where the structure
of the analytical solution is unknown. This is due to the presence of other stable poles,
which are known as defects by specialists of Padé approximants. Hence this technique
can not be used as a reliable criterion for detecting singularity.
But in the literature this technique is one of the most common methods for improving
the convergence of a series [7]. A comparison between the accuracy of the polynomial
approximation and of the Padé approximants is presented in table 7. Clearly the Padé
9
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Pade[11/1]
Pade[10/2]
Pade[6/6]

θ=0
1.2109
1.2 ± 0.29i
1.2 ± 0.3i
0.78 ± 0.19i
-0.82 ± 0.85i

θ=π
- 1.21
-1.2 ± 0.29i
1.2 ± 0.3i
0.79 ± 0.85i
-0.78 ± 0.19i

θ = arctan(y0 /x0 )
1.2346
1.2369 and 0.808
1.2369 ; 0.808
-0.04 ± 1.15i
-0.9 ± 0.62i

Table 6: Pade approximant poles for Laplace problem with singularity at [1.2,0.3]

approximants improves significantly the convergence of the method (error of order 10−3
instead of 10−1 with series).

θ=0
θ = π/2
θ = −2π/3
θ = arctan(y0 /x0 )

series (degree=12)
-1.048
-1.561
-1.547
-0.591

Pade[11/1]
-0.676
-1.2025
-0.459
-2.255

Pade[10/2]
-2.417
-4.313
-3.484
-2.776

Pade[9/3]
-2.415
-4.333
-2.798
-2.776

Pade[6/6]
-4.188
-4.568
-4.408
-2.776

Table 7: Logarithm of the error with various Padé approximants: Laplace problem with singularity at
[1.2,0.3]

5

Conclusion

A meshless method based on Taylor series approximation has been proposed. Applications made on Laplace and Helmholtz problem have shown that the technique converges
and we have a p-convergence. Nevertheless the rate of convergence depends strongly on
the radius of convergence of the series and the position and nature of the singularities
of the approximate function. Several series analysis techniques were used to get an idea
about the asymptotic behavior of the resulting series.
Most of these convergence analysis techniques are efficient only when the direction of the
singularity is known. Nevertheless we have established that Domb Sykes plots permits
to detect the direction of nearest singularity and one gets a reliable tool by combining
various analysis techniques.
In the future, the knowledge of this singularity can be very useful to choose convergence
acceleration technique as Padé approximants, Euler transformation or elimination of the
singularity.
6
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Abstract. In this contribution, we propose to discuss several key points concerning the
adaptive finite element modeling of elastic wave propagation, by presenting our recent
research works and focusing our attention on the design and development of efficient
numerical tools for the goal-oriented adaptive remeshing. The adaptive dynamic solver is
developed within the framework of the time-discontinuous space-time Galerkin method. The
a posteriori error estimates of the direct and the adjoint problems are performed by solving
the residual problem split on the patches of finite elements. Several linear functional outputs
defining space-time local quantities of interest are considered and the developed adaptive
strategies are applied to large sized industrial shell-like structures.
1

INTRODUCTION

Nowadays, it is widely believed that well-designed adaptive strategies are extremely
powerful tools to achieve quality control with cost optimized numerical models. However,
despite the impressing progress made in academic research works and its growing needs in
industrial applications, the transient elasto-dynamic problems still remain a challenging field
for the adaptive modeling. The purpose of this contribution is to discuss several key points
concerning the adaptive finite element modeling of elastic wave propagation, by presenting
our recent research works and focusing our attention on the design and development of
efficient numerical tools for the goal-oriented adaptive remeshing.
A two-fields time-discontinuous space-time Galerkin method is adopted in our work- as it
guarantees the unconditional stability in a naturally suitable way, even if finite element
discretizations adaptively evolve in time[1]. Indeed, this method subdivides the whole spacetime domain into space-time slabs and the time jumps in displacement and in velocity
between two successive space-time slabs are allowed and are treated in a natural way. The
elastic and kinetic energies dissipated in the time discontinuities can be in fact considered as
numerical damping, filter high frequency numerical noises and allow oscillation-free capture
of transient phenomena localized in space-time, such as the elastic wave fronts. Otherwise,
this method provides also an appropriate variational framework for considering in a uniform
way a posteriori error estimates both in space and in time.
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Much work has been carried out on the techniques to assess discretization errors in the
classical global energy norm and more recently in goal-oriented norms[2],[3],[4]. Herein to
represent the discretization errors, we use a residual-type method[5],[6] and couple it to the
standard approach of defining an adjoint problem according to linear functional outputs of
quantities of interest to control. In the case of the elasto-dynamics, the adjoints problems are
in fact the same as the initial direct problem but with different loading and are backward in
time. Therefore, in our work, we propose to perform the a posteriori error estimates of the
direct and the adjoint problems in the same way by solving the residual problem split on the
patches of finite elements, meshed with more refined finite elements compared to the initial
mesh.
The mesh adaptation is made in an iterative process during which the whole structure is
remeshed according to size maps defined from error cards. However, the question of how to
manage the solving of the initial forward in time problem and the adjoint backward in time
problem to get efficient and reliable error estimates and to perform adaptive remeshing is not
easy, appropriate strategies are searched and discussed.
As numerical applications, we are interested in the numerical modeling of the propagation
of elastic waves, especially the shock waves triggered by supersonic moving loads, in largesized shell-type structures. As the frequency domain of interest are very large, including high
frequencies, very fine discretizations both in space and in time are necessary to guarantee the
quality of the numerical modeling. Different goal-oriented outputs, global or local in the
space-time domain are proposed and considered and the developed adaptive strategies are
applied to the structures of space launcher.
2 ELASTIC WAVE PROPAGATION MODEL PROBLEM AND ITS SPACE-TIME
WEAK FORMULATION
Let us consider an elastic wave propagation model problem in a structure " # $ d (d = 1, 2
or 3) and in a time interval ! =]0 ,T [ . Herein, for simplicity concern, only a surface external
loading g( x,t ) applied on the part of the structure’s boundary !" # ! = $% is considered and
!
the homogenous Dirichlet boundary condition is applied on the complementary
part of the
boundary "u = " \ "# .
!

2.1 Two fields strong formulation
!Taking

the displacement u( x,t ) and the velocity v( x,t ) as two unknowns and denoting by
S = " # $ the whole space-time domain of interest, the strong formulation of our transient
problem read as, for "( x,t ) # S :
!

! )) = #$ v( x,t )
Div" ( u( x,t
t
Div" ( # t u( x,t ) $ v( x,t )) = 0

!
!

(1)

with appropriate boundary conditions:

!
$( x, t) % " u S = &u ' (
! u = 0, " t u # v = 0
" ( u ).n = g, " ( # t u $ v ) = 0 %(x, t) & #" S = '" ( )

and initial conditions:
!

!

2
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u( x,0" ) = u0 , v( x,0" ) = v0

#x $ %

(3)

The peculiarity of this formulation lies in the fact that the displacement and the velocity are
considered as two independent unknowns, so the compatibility equation between them is
! derivative operator describing the dynamic equilibrium. Otherwise,
added and use the same
the initial conditions are written in such a way that the displacement and the velocity can be
discontinuous in time at t = 0 : u( x,0" ) # u( x,0+ ), v( x,0" ) # v( x,0+ ) . In the following, the time
jumps will be denoted as: [•( x,t )] = •( x,t + ) " •( x,t " ) .
!
2.2 Two fields space-time
! Galerkin weak formulation
! variational principle to the strong equations (1), it is straightforward to
By applying the
obtain the following two-field space-time Galerkin weak formulation:
Find U = (u,v) " V (S) # V (S) , such that for " W = (wu ,wv ) # L2 ($;V (% )) & L2 ($;V (% )) , we have:
B(U ,W ) = F(W )

(4)

space of functions defined on the space-time domaine S
! where V ( S ) denotes an appropriate
!
and V (! ) the standard Sobolev space of kinematically admissible fields. Let (• ,•) S denote the
!

integral of the inner product of two vectorial or tensorial fields over the space-time domain S ,
the bilinear and linear forms B(• ,•) and F(•) read as follows:
B(U ,W ) = ( "#t v,wv ) S + ($ (#t u), % (wu )) S + ($ (u), % (wv )) S & ($ (v), % (wu )) S

(5)

+ ( "v(0 + ), wv (0 + )) ' + ($ (u(0 + )), % (wu (0 + ))) '
F(W ) = ( g, wv )"# S + ( $v0 , wv (0 + )) % + (# (u0 ), & (wu (0 + ))) %

!

2.3 Two fields time-discontinuous space-time Galerkin weak formulation
!

Using a partition ! of the time interval ! : 0 = t0 < L < tn < L tN = T , the space-time domain
S is subdivided into N space-time slabs: S n = " # $ n with " n =]t n#1, t n [ . The two basic ideas of
the time-discontinuous Galerkin method are:
- the displacement and the velocity!can be discontinuous at the beginning of each space!
time slab U ( x,tn" ) # U ( x,tn+ ) ; and !
- the continuous numerical fluxes at the beginning of each space-time slab are determined
by the inwards ones U ( x,tn" ) due to the time causality.
!Then the variational problem (4) is transformed into the following one:
Find U" # V"(S) $ V"(S) ,such that for W" # V"(S) $ V"(S) , we have :
!

B"(U" ,W") = F(W")

(6)

where V!
!( S ) is an appropriate space of !functions that can be discontinuous between two
successive space-time slabs !and we have V( S ) ! V"( S ) ! L2 (#;V ( $ )) , and the bilinear form
B"(•,• ) reads as:

!

3
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N '1

B"(U" ,W" ) = B(U" ,W" ) + ( (( # [v"(t n )],wv ,"(t n+ )) $ + (% ([u"(t n )]), & (wu,"(t n+ ))) $ )

(7)

n=1

The variational problem (6) is in fact resolved in a sequential way space-time slab after
space-time slab from the initial moment. In the n-th space-time slab S n = ! " # n , the weak
!
formulation is:
Find U n ! V ( S n ) " V ( S n ) ,such that for ! Wn " V ( S n ) # V ( S n ) , we have :
(8)

Bn (U n ,Wn ) = Fn (Wn )

with
Bn (U n ,W" ) = ( #$t v",wv ,"
!) S n + (% ($t un ), & (wu ,n )) S n + (% (un ), & (wv ,n )) S n ' (% (vn ), & (wu ,n )) S n

(9)

+
+
+
+
+ ( #vn (tn'1
),wv ,n (t n'1
)) ( + (% (un (tn'1
)), & (wu,n (t n'1
))) (
&
+
&
+
Fn (W ) = ( g, wv ,")#$ S n + ( %vn (tn&1
),wv ,n (t n&1
)) ' + ($ (un (tn&1
)), ( (wu,n (t n&1
))) '

2
2
2
! Finally, if we denote by ||U"(t) ||tot =|| v"(t) ||M + || u"(t) ||K the total energy integrated over !

at the! moment t, the sum of the kinetic energy || v"(t) ||M2 and the elastic energy || u"(t) ||K2 , the
norm associated to the inner product defined by the bilinear form B! is the following:
!

U!

2

B!

= B!( U !,U ! ) =

1
2

(!
U !( T " )

2

tot

+ U !(0 + )

2

tot

N "1

) + # [U !(!
tn )]
n =1

2

(10)

tot

The unconditional stability behavior of the time-discontinuous Galerkin method can be
easily proven as the following energy conservation equation can be obtained:
U !( T " )

3

2

tot

= U !( 0 " )

2

N "1

2

- # [U !( t n )]
tot
tot n=1

(11)

A POSTERIORI ERROR ESTIMATES IN GLOBAL OR LOCAL NOMRS

The variational problem (8) defined in each space-time slab is then discretized using spacetime finite elements and the space-time discretization error E",h is simply defined as:
E",h = U # U",h = U # U" + U" # U",h

!

(12)

Herein, only the space discretization error of! the time-discontinuous formulation (6),
denoted as Eh = U" # U",h is considered. We assume that the time discretization error
!
E" = U # U" of the model problem (4), introduced by the time-discontinuous space-time
Galekin method is well-controlled and negligible, as this method is third order accurate in
time!and a sufficiently fine time partition ! is necessary, so that its numerical damping filters
only numerical high frequency noises but has no effect on the lower frequencies of interest.
3.1 Residual-type error equations
Due to the linear feature of the model problem, it is straightforward that the error E h is the
solution of the following residual type problem:

4
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Find Eh = (eu , ev ) " V#(S) $ V#(S) , such that for " W# $ V#(S) % V#(S) , we have:
B"(Eh ,W") = R",h (W")

(13)

! the residual operator R (•) = F(•) - B !(U
where
",h
" ",h ,•) is a linear functional in the dual space
of V"(S) , depending only upon the finite element solution U !,h .
!

3.2 Error representation
! by adjoint states
!

A quantity of interest is a linear form G (•) and allows to extract local information of a
physical field. With a quantity of interest, an adjoint problem is defined as follows:
Find !" # V"( S ) $ V"( S ) , such that for ! W" # V"( S ) $ V"( S ) , we have:
B"(W",#") = G(W")

(14)

Nowadays, it is well known that its solution !", called adjoint state, allows to relate the
quantity of interest G (•) to the source of errors R",h (•) :
!

G(Eh ) = R",h (#")

(15)

As the residuals R!,h (•) are known, !
if we can correctly estimate the adjoint state !", we can
get reliable evaluation of the quantity of interest G ( E!) .
!

Let !",h denote the finite element solution of the adjoint problem (14), E!h = !" #!",h the
space discretization error, then the following result is immediate thanks to the well-known
orthogonality property of the errors:
G(Eh ) = B"(Eh , E#
h )

(16)

Therefore, it is possible to estimate the error in the quantity of interest G ( Eh ) , if a
posteriori estimates are performed
for the direct and adjoint errors Eh and E"h .
!
In the case of elastodynamics, the adjoint problem is in fact a backward problem in time
and is computed from the final time T with the initial conditions defined at t = T + . However,
! (14) becomes exactly the
after a simple variable change: !"* ( T # t ) = #!"( t) , the adjoint! problem
same forward in time problem as the direct model problem, but having a different loading
term:
Find !"* # V"( S ) $ V"( S ) , such that for ! W" # V"( S ) $ V"( S ) , we have:
*
B"(#"
,W") = $G(W")

(17)

Therefore all numerical strategies developed for the direct model problem can be applied
to the adjoint problem (17).
!

3.3 Linear outputs of quantities of interests
According to our needs, different linear outputs of quantities of interest can be defined,
which allow to extract global or local information from the discretized solutions. In the case
where we are interested by the total error in the whole structure ! at the final moment T !,
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G (•) is defined as:
G(W) = ( "ev (T - ),wv (T - )) # + ($ (eu (T - )), % (wu (T - ))) #

(18)

It can be easily proven that with this linear output, we obtain the following equation and an
upper bound of errors in the global norm[1]:
!

Eh

2
tot

= R!,h ("!) # C ( h ,!) R!,h

(19)

Herein, we propose also to use the following linear outputs of quantities of interest, which
allow to extract quantities localized at a point (! , " ) in the space-time domain:
G(W) = ( "r( f c ; t # $ )k% (x # & )ev , wv ) S + (' (r( f c ; t # $ )k% ( x # & )eu ), % (wu )) S
G(W) = ( "r( f c ; t # $ )% ( x # & )ev , wv ) S

(20)

In (20), r ( fc ; t ! " ) is a Ricker type signal centered at ! in time and at f c in the frequency
!
domain, k! ( x " # ) is a mollification function, a bubble function having very small support,
!
centered at the space point ! and ! ( x " # ) the Dirac delta function ! .
3.4 Space discretization errors indicators by solving direct and adjoint local residual
problems
In our work, to calculate local error indicators in the quantities of interest G ( Eh ) , both the
direct and the adjoint errors Eh and E"h are estimated by using a residual type method. For the
direct error E h , we split the direct residual problem (13) into local residual problems, which
have homogeneous Dirichlet boundary conditions and are defined on the small patches of
! twice!refined mesh M h / 2 of the initial mesh M h (Figure 1). The solving
finite elements of the
of these local residual problems are not expensive at all and give us a local error indicator ! e
for each finite element e of the mesh M h . The same approach is used to get local error
indicators !"e of the adjoint error E!h by considering the adjoint residual problem (17). Then
the local error indicator in the quantities of interest G ( Eh ) in the element e is simply
calculated as ! e!"e . A size map is then defined according to these error indicators and used to
drive adaptive remeshing.

Figure 1: Definition of patches of finite elements for the a posteriori error estimates

4

ADAPTIVE REMESHING STRATEGIES
Driven by the size map defined according to the error indicators, which changes over time,
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the adaptive remeshing is performed in a completely automatic way during the transient
analysis.
If we need to control the discretization error in the whole structure ! at the final time T ! in
global norm (18), the adaptive scheme is defined in the following simple way, as only the a
posteriori error estimate of the direct problem is necessary and can be performed
progressively during the transient computation:
o Loop of time discretization (space-time slab S n):
- dynamic solving on the initial mesh M h of the current space-time slab S n
- Computing of the local indicators of the direct error de l’erreur directe E h
- Definition of the size map
- Adaptive remeshing to obtain a new mesh M h !
- Dynamic solving on the new mesh M h !, go to the next space-time slab S n+1
However, if we need to control the discretization error related to a local output of
quantities of interest (20), it is necessary to estimate the direct and the adjoint errors E h and
E!
h for the whole time interval, which can be very expensive. Herein, we propose to use a
background mesh M * on which the error estimates are performed for the whole time interval
to define a size map that evolves in time. Afterward, the adaptive dynamic solving with
respect to the defined size map is performed:
o Phase of error estimates on the background mesh M * , loop of time disrectization
(space-time slab S n):
- Dynamic solving
- Estimates of the direct and adjoint errors E h and E!h
- Definition of the size map for the current space-time slab S n and then go to
the next space-time slab S n+1
o Phase of adaptive dynamic solving, loop of time disrectization (space-time slab S n):
- Remeshing with respect to the size map defined for the current space-time
slab S n
- Dynamic solving and then go to the next space-time slab S n+1
5

NUMERICAL EXAMPLES

We present herein two examples of the propagation of elastic shock waves triggered by
supersonic moving loads, in large-sized shell-type structures.
5.1 Elastic shock waves in a rectangular plate
The first example considers the propagation of elastic shock waves triggered by a
supersonic in-plane moving loads. The plate is elastic orthotropic, so we do not observe pure
pressure (P) and shear (S) wave fronts, but quasi-P and quasi-S wave fronts. Figure 2 shows
the plate under a pyrotechnic cut test, the initial finite element mesh and the wavelength
depending on the space direction. We are interested by local quantities of interest at the point
A (Figure 2).
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Figure 2: Example 1. Rectangular plate subjected to a supersonic moving loads of in-plane pressure

The error cards of the direct error E h , of the adjoint error E!h and in the quantities of
interest G ( Eh ) are shown in Figure 3. The shock wave fronts (P wave component) are
presented in Figure 4. The adaptive remeshing shown in Figure 4 is performed according to
the error card of the direct error E h .

Figure 3: Example 1. Time evolution of the error cards in a plate subjected to a supersonic in-plane moving
loads. Are presented (from the top to the bottom): Error indicators of the direct propagation E h , of the adjoint
propagation E!
h and in the quantities of interest G ( Eh )
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It can be observed that the direct error is concentrated around the shock wave fronts,
forming the famous Mach cone. Concerning the adjoint problem, the plate is subjected to a
point-wise loading at the point A and goes back in time. The goal-oriented error cards G ( Eh ) ,
which combine the direct and adjoint error cards, indicate smaller zones of refinement than
the direct error cards and show a great interest if we try to optimize numerical models
according to quantities of interest localized in the space-time domain.

Figure 4: Example 1. Propagation of shock waves (P wave component) and adaptive remeshing according to the
direct error cards in a plate subjected to a supersonic in plane moving loads of in-plane pressure

5.2 Elastic shock waves in a payload adaptor of a space launcher
The second example considers the shock wave propagation in a payload adaptor of space
launcher. The payload adaptor is a conic structure made of composite sandwich shell with a
honeycomb core. We are interested by local quantities at two points A1 and A2 at the top of
the payload adaptor, where payloads or electronic equipments can be attached (Figure 5). The
objective is to prevent the payloads or the electronic equipment from the damage caused by
the high vibration levels due to the shock waves, which are triggered by the powerful
pyrotechnic cut during the operations of stage separation or cap jettison during the fly.

Figure 5: Example 2. Payload adaptor of a space launcher subjected to a supersonic pyrotechnic cut and its
initial FE mesh for the adaptive computing

As for the first example, Figure 6 presents different error cards, which evolve in time.
Similar remarks can be made regarding the interest of using the goal-oriented error cards.
Figure 7 presents the shock wave fronts and the adaptive remeshing, which is still driven by
the direct error cards.
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Figure 6: Example 2. Time evolution of the error cards in payload adaptor subjected to a supersonic pyrotechnic
cut. Are presented (from the top to the bottom): Error indicators of the direct propagation E h , of the adjoint
propagation E!
h and of the output of quantities of interest G ( Eh )

Figure 7: Example 2. Time evolution of the error cards in payload adaptor subjected to a supersonic pyrotechnic
cut. Are presented membrane shock wave fronts (from the top to the bottom): membrane P wave component,
membrane S wave component, out-of-plane bending wave component
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6

CONCLUSIONS

Our recent research works on the adaptive remeshing and the goal-oriented error estimates
for the elasto-dynamic problem, especially for the numerical modeling of the propagation of
elastic waves, are presented in this contribution. Although the variational framework of the
time-discontinuous space-time Galerkin method is adopted to unify the error estimates both in
space and in time, only the space discretization error is considered herein. The errors cards of
the direct and the adjoint problems are calculated by using a residual-type method, then the
error card of the output of quantities of interest is obtained by combining the direct and the
adjoint error cards. The adaptive remeshing during the transient analysis is performed in a
completely automatic way according to the size map defined from the error cards. The
developed adaptive dynamic solver is applied to large sized industrial structures. Our current
works are concentrated in the adaptive remeshing driven by the goal-oriented error cards.
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Abstract. This work aims at finding natural quantities of interest of the elastodynamic
equations. Natural quantities of interest are those that lead to dual problems that can
be solved with the same tools available for the primal. These quantities are the type of
outputs that are suitable for goal oriented error assessment. Thus, obtaining the general
form of these natural quantities is interesting for the end-user of the finite element code.

1

INTRODUCTION

Error assessment techniques for Finite Element Analysis has become in the two last
decades an important tool to assess the reliability of numerical simulations. Goal oriented
error assessment techniques presented in [1, 2, 3] are of notorious importance since they
introduce more meaningful error measures than the usual energy norm considered by
the pioneering works [4, 5, 6]. Goal oriented error estimation allows to control the error
in a specific quantity of interest of the problem expressed as a linear functional of the
solution. The common feature of these techniques is the introduction of an auxiliary
problem referred as adjoint or dual which is defined by the quantity of interest.
For elliptic problems as steady heat transfer or linear elasticity, the dual problem has
the same structure as the primal and the quantities of interest are easily identified with the
usual load types. This relation between primal / dual problems and quantity of interest
/ loading data is not so obvious in more complex situations as linear elastodynamics.
Previous works by Ladevèze and Waeytens [7] and Schleupen and Ramm [8] consider
quantities as averages in space and time of velocities, stresses and strain rates and end
up with a dual problem that can be treated with the same techniques as the primal
1
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one. In order to take into account averages of displacements the work in [9] by Oden,
Prudhomme and co-workers introduces a two field formulation, but in this case different
computer codes are required to solve the primal and dual.
The present work is intended to find the general expression of the natural quantities of
interest. These type of quantities lead to dual problems that can be solved with the same
tools available for the primal. Natural quantities of interest are identified with the usual
loading data (i.e. body forces, surface tractions, pre-stresses and initial conditions) of the
elastodynamic equations. These quantities are averages in space and time of velocities,
displacements, strains and strain rates, as well as average of velocities and strains in the
final configuration. It turns out that averages of displacements and strains cannot be
naturally treated with single field solvers and a suitable two field formulation must be
used.
It is numerically demonstrated that the obtained representation for the solution is
exact up to rounding errors independently of the quality of the discretization. This
is achieved if the numerical solution fulfils the proposed variational formulation. The
numerical implementation of the time integration stepping uses a time discontinuous
Galerkin formulation proposed in [11].
This paper is divided in 5 sections. The first one is this introduction. The second
section is devoted to state the elastodynamic equations and to introduce the two field
formulation. In the third section the general form of the natural quantities of interest is
presented. In the same section the relation between natural quantities and the loads of the
primal problem is presented. In the fourth one the obtained expressions are numerically
demonstrated with an example. Finally in fifth section the most relevant conclusions are
summarized.
2

PROBLEM STATEMENT

An elastic body with Rayleigh dumping occupies at the initial time the open bounded
domain Ω ⊂ Rd , d ≤ 3 with boundary ∂Ω. The boundary is divided in two disjoint parts,
ΓN and ΓD such that ∂Ω = ΓN ∪ ΓD . Perturbations are assumed small and therefore the
evolution of displacements u and stresses σ of the body in the time interval I = (0, T ] is
described by the elastodynamic equations
ρü + ρa1 u̇ − ∇ · σ (u, u̇) = f
u=0
σ (u, u̇) · n = t
u = u0
u̇ = v0

on Ω × I
on ΓD × I,
on ΓN × I,
at Ω × {0} ,
at Ω × {0} ,

(1a)
(1b)
(1c)
(1d)
(1e)

where ρ = ρ (x) > 0 is the density, a1 ≥ 0 is the first Rayleigh coefficient and a superposed
dot indicates partial derivation with respect time. The function f is the body force, t is
2
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a traction acting on the Neumann boundary ΓN × I and n is the outward normal to ∂Ω.
The initial conditions are u0 = u0 (x) for displacements and v0 = v0 (x) for velocities.
For the sake of simplicity homogeneous Dirichlet conditions are considered on ΓD × I.
The set of equations (1) is closed with the constitutive and kinematic relations
σ (u, v) = C : ε (u) + a2 C : ε (v) ,
ε (•) = ∇S (•) ,

where a2 is the second Rayleigh coefficient, C is the standard 4th-order elastic hook tensor
and ∇S is the symmetrized gradient operator.
In the following discussion velocities v are taken as a new unknown of the problem.
This new form of the problem is needed because, if the quantity of interest consists of
average of displacement or strains, then dual velocities do not coincide with the time
derivatives of dual displacements any more. The following two field problem is considered
ρv̇ + ρa1 v − ∇ · σ (u, v) = f
−∇ · (σ e (u̇) − σ e (v)) = 0
u=v=0
σ (u, v) · n = t
e
(σ (u̇) − σ e (v)) · n = 0
u = u0
v = v0

on Ω × I,
on Ω × I,
on ΓD × I,
on ΓN × I,
on ΓN × I,
at Ω × {0} ,
at Ω × {0} ,

(2a)
(2b)
(2c)
(2d)
(2e)
(2f)
(2g)

where σ e (•) = C : ε (•).
The weak form of equations (2) is introduced as follows. Let Wu (resp. Wv ) be the
spaces of admissible displacements (resp. velocities) vanishing on ΓD × I. With this
notation the weak form reads, find [u, v] ∈ Wu × Wv such that,
B ([u, v] , [wu , wv ]) = L ([wu , wv ])

∀ [wu , wv ] ∈ Wu × Wv .

(3)

For the sake of brevity the particular expressions of B and L are not included. They
can be found in the work by Wiberg and Li [10] and are particular cases of the time
discontinuous Galerkin formulation
by Hubert and Hughes in [11].
 h,∆t h,∆tintroduced

The discrete solution u , v
is obtained after discretization both in space and
time of spaces Wu and Wv into Wuh,∆t and Wvh,∆t .
3

NATURAL QUANTITIES OF INTEREST

Goal oriented error assessment aims at measuring the discretization error in a quantity
of interest. This quantity is a linear functional of the solution referred as LO . Thus,
3

459

F. Verdugo, P. Dı́ez and F. Casadei



the goal of these techniques is to assess the value eO := LO ([u, v]) − LO uh,∆t , vh,∆t .
Suitable expressions of the functional LO are presented later in the text. The common
feature of goal oriented error estimation is the introduction of a dual problem, that allows
to compute the value eO performing global operations. This approach allows to use global
error assessment techniques to compute the error in the quantity LO instead of the usual
energy norm.


The dual problem of (3) is defined as follows, find ud , vd ∈ Wu × Wv such that,



(4)
B [wu , wv ] , ud , vd = LO ([wu , wv ]) ∀ [wu , wv ] ∈ Wu × Wv .
 d,h,∆t d,h,∆t 
A numerical approximation u
of the dual solution is obtained in the
,v
h,∆t
h,∆t
discrete spaces Wu and Wv . Once the dual solution is obtained, the value eO can be
expressed in two equivalent ways
- either directly using the definition of the quantity of interest
O
O
eO
d := L ([u, v]) − L



uh,∆t , vh,∆t

- or using the representation with the dual solution
O
eO
r := L ([u, v]) − B



,

 

uh,∆t , vh,∆t , ud,h,∆t , vd,h,∆t .



(5)

(6)

O
It follows that eO = eO
d =r by the definition of problem (4).

After integration by parts in (4) it turns out that the dual problem has final conditions,
negative viscosity and the following constitutive law


 
 
σ d ud , vd = C : ε ud − a2 C : ε vd .

For this reason problem (4) has to be solved backwards in time using a suitable change
of variables. The dual problem has the same structure as the primal one after this manipulation. The linear functional LO acts as loading data and particular expressions of it can
be related with particular loads of the primal problem. Table 1 compares the generalized
loads of the problem (2) with expressions of the quantity of interest. These quantities are
called natural because they can be treated with the same computer code available for the
primal. Note that quantities of interest as average of velocities and average of strain rates
are identified with the usual loads of the single field elastodynamic equations. It is not the
case for the quantities averages of displacements or average of strains that are identified
with loads acting in the equations introduced in the two field formulation. Thus, the two
field formulation is required in order to account for such quantities.

4
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Table 1: Relation between natural quantities of interest and dual loading data.

Quantity of interest

Dual loading data

Average of velocities on Ω × I
T 
F · v dΩdt
0
Ω Σ

d

ρv̇ − ρa1 v − ∇ · σ

Average of displacements on Ω × I
T 
J · u dΩdt
0
Ω Σ

d

Body force

u , vd = −FΣ



d

Generalized body force
 
 e  d
∇ · σ u̇ − σ e vd = JΣ

Average of strain rate on Ω × I
T 
S : ε (v) dΩdt
0
Ω Σ

Pre-stress

 d  d d
ρv̇ − ρa1 v − ∇ · σ u , v + SΣ = 0
d

Average of strain on Ω × I
T 
RΣ : ε (u) dΩdt
0
Ω

d



∇· σ

Average of velocity on ΓN × I
T 
TΣ · v dΓdt
0
ΓN

e

Generalized pre-stress

 

u̇ − σ e vd + RΣ = 0



d

σ

Average of displacements on ΓN × I
T 
HΣ · u dΓdt
0
ΓN

d

Surface traction

u , vd · n = −TΣ



d

Generalized surface traction
 
 
σ e u̇d − σ e vd · n = HΣ



Average
of velocities at Ω × {T }

ρV
·
Σ v (T ) dΩ
Ω
Average
of strains at Ω × {T }
 e
σ (UΣ ) : ε (u (T )) dΩ
Ω

4

d

Final velocity condition
vd (T ) = VΣ

Final displacement condition
ud (T ) = UΣ

NUMERICAL EXAMPLE

Two quantities of interest are taken into account in this example which are thought to
be among the most usefull in practical situations. These quantities are formally written
as

LO
1

([u, v]) =



T

0

LO
2

([u, v]) =



0

T



f (t) δ(x − xΣ ) ei · v dΩdt,

(7)

Ω

f (t) δ(x − xΣ ) ei · u dΩdt.

(8)

Ω



They are weighted averages in time of the punctual values of velocities and displacements at point xΣ and direction given by ei . The time dependent weighting function is
defined in Figure 1(c) with parameters tΣ and ε. Note that for vanishing ε, the presented
5
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quantities of interest tend to be punctual values at position xΣ and time tΣ , but in practice
ε will be allways different from zero.

(a) Problem geometry

(b) Definition of primal load

(c) Definition of time dependence
of dual load

Figure 1: Statement of the primal and dual problems.

The primal problem under study is defined in Figure 1(a). It consists of a cylindrical
bar of length L = 1 m which is blocked at one of is extremes. At the other extreme the
time-dependent pressure defined in Figure 1(b) with pm = 1 · 108 Pa and tm = 1 · 10−4 s is
applied. The bar is characterized by a linear elastic behavior with steel like characteristics,
Young’s modulus E = 2 · 1011 Pa and density ρ = 8 · 103 kg/m3 . The Poisson’s ratio ν
is taken to zero in order to have a purely one dimensional behavior. The motion of the
O
bar is studied up to time T = 1 · 10−3 s. Quantities of interest LO
1 and L2 are considered
−3
−3
with parameters xΣ = 0.2 m, tΣ = 0.594 · 10 s and ε = 0.06 · 10 s.
Approximations of the primal, and dual problems are computed with three different
discretizations, one rather coarse, one fine and other very fine. The number of elements
and time steps for each discretization are found in Table 2. The solutions for the very
fine discretization are plotted in Figure 2. The analytical solution of this simple problem
is known and therefore the values of the quantities of interest for the exact solution can
be computed. This value is denoted by sO := LO ([u, v]).
Table 2: Information about the discretization of the coarse, fine, and very fine meshes.

h (m)
∆t (s)
# elements
# time steps

coarse mesh

fine mesh

very fine mesh

2 · 10−1
2 · 10−6
5
500

2 · 10−2
2 · 10−6
50
500

2 · 10−3
2 · 10−6
500
500

O
The quantities eO
d and er defined in (5) and (6) can be computed for this example
because the exact solution is known. Recall that eO
d uses the definition of the quantity
O
of interest while er uses the representation of the dual solution. Of course, both of them
should be equal by definition. It is demonstrated in Table 3 that these values coincide for

6
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Table 3: Error in measured in two quantities of interest for three different discretizations.

case LO
1

coarse mesh
fine mesh
very fine mesh

case LO
2

O
eO
d /s (adim.)

O
eO
r /s (adim.)

O
eO
d /s (adim.)

O
eO
r /s (adim.)

−1.1402 · 10−01
−2.0209 · 10−04
−9.6845 · 10−10

−1.1402 · 10−01
−2.0209 · 10−04
−9.7658 · 10−10

−2.3143 · 10−03
1.0399 · 10−06
2.7522 · 10−12

−2.3143 · 10−03
1.0399 · 10−06
−5.3318 · 10−12

the coarse and fine discretizations. However if the discretization is very fine, they do not
coincide. The reason is that the error introduced by the discretization is so small that is
of the same order of the rounding off errors involved in the arithmetical operations.
Dual solution for LO
1

·10

-3

9

Position [m] 1

-3

0

0

0

Position [m] 1

-2.5
-3

·10
3.5

-3

1·10

Time [s]

Time [s]

2.5

0

Position [m] 1

-2.5

0

-12

·10
4

-3

1·10

0

0

Position [m] 1

-4
-8

·10
2.5

-3

1·10

Time [s]

0

1·10

0

-8

·10
2.5

-3

1·10

Time [s]

0

Velocity (m/s)

-4

Time [s]

Displacement (m)

1·10

Dual solution for LO
2

Time [s]

Primal Solution

0

Position [m] 1

-2.5

0

0

Position [m] 1

-2.5

Figure 2: Numerical solution of the primal and dual problems using a very fine discretization.
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5

CONCLUSIONS
- In this article the natural quantities of interest of the elastodynamic equations are
presented. These quantities have the usefull feature that lead to dual problems that
can be treated with the same computer code available for the primal. These quantities are averages in space and time of velocities, displacements, strains and strain
rates, as well as average of velocities and strains in the final configuration. It turns
out that not all these quantities can be treated with standard single field solvers. In
particular, averages in space and time of displacements and strains require the introduction of a two field formulation. The proposed two field formulation lead to a dual
problem with the same structure as the primal one. This result was not obtained in
previous works using other two field formulations. The drawback of the proposed
formulation is that Dirichlet boundary conditions have to be imposed in order to
have a unique relation between velocities and time derivatives of displacements.
- It is numerically demonstrated that the quantities of interest of the numerical solution are exactly represented by the solution of the dual problem. This is achieved if
the approximation fullfills a space-time variational formulation of the problem. It
remains to be studied how good is the representation for approximations obtained
with semidiscrete methods that are not variational in time. This question is relevant because in practical applications Newmark-like methods are broadly used in
dynamic simulations.
- There are other meaningful quantities of interest, as average of stresses or averages
of tractions at Dirichlet boundary, that are not accounted for in the list of the
natural quantities interest. It can be shown that these quantities can be rewritten
in terms of natural ones. The study of these two quantities will be object of near
future work.
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Abstract. The current paper proposes to quantify errors in FEM analyses by means of
“numerical” quality indicators. The “numerical” quality indicators have been implemented in
CESAR-LCPC computer code in order to observe the numerical errors at local level, namely
the nodal stresses. The problems studied are simple 3D problems for which analytical
solutions are available. The accuracy of the analyses is dealt with by creating and comparing a
series of stress distribution maps at element nodes. Stress maps have been plotted for a set of
problems for which a number of aspects that intervene in the modeling have been studied:
number and type of finite elements, size of the reduced model, reduce/complete integration.
The quality indicators graphically represented by stress maps are good representations of the
errors that may occur in FEM analyses. They point to the areas of large inconsistencies at
stress level.
1

INTRODUCTION

Assessment of the accuracy of the FEM analyses has been a priority for many researchers
in the last 30 years. The accuracy of the numerical analyses has been studied by means of
global error estimators. In recent years, the focus of error estimators has shifted from the
estimating the errors in global energy norms to local quantities of interest (average stresses on
material interfaces, boundary displacements, etc) since the former provides insufficient
information to engineers about FEM accuracy [1]. Although they have proven their reliability
in a number of applications, they are still in development stage due to difficulty of
implementing in current computer codes.
A series of simple problems with known analytical solutions have been computed in
CESAR-LCPC using 3D models while taking into account a number of factors that influence
the results (type of elements, mesh fineness, mesh size). Their accuracy has been examined
using the "numerical" quality indicators.
2 NUMERICAL QUALITY INDICATORS
The present paper proposes to quantify the errors in an easy manner by means of quality
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indicators. The quality indicators represent the discretization and computation errors
computed at element nodes, at local level. They have been introduced in the CESAR-LCPC
computer code. The quality indicators are divided into three groups:
- "analytical" type quality indicator. This quality indicator can be studied only for simple
problems for which the analytical solution is known. They have been studied in order to
validate the development of the quality indicators;
- "numerical" type quality indicators. They are computed based solely on the numerical
solution;
- "measurement" type quality indicators. The errors are deduced by comparing the FEM
solution with the measurements obtained from the instrumentation of the site.
This paper will deal with the “numerical” quality indicator. The quality indicators are
computable for each component of the stress tensor. They are graphically represented by
stress maps plotted at element nodes.
Several quality indicators have been defined as follows:
(1)
ij

σ =

σijmax − σijmin

(1)

max σijmax

where: σij(1) represents the norm of the error on a component of the stress tensor, σ ijmax and

σ ijmin represent the maximum and minimum values of σ ij over all elements connected to this
node and max σ ijmax represents the maximum σ ij value over the entire mesh.

σ (x2) =

σ (y2) =

σ1x + σ 2 x
max(σ1x , σ 2 x )

(2)

σ1y + σ 2 y

(3)

max(σ1y , σ 2 y )

where: σ (x2 ) , σ (y3 ) represent the norm on the error of a component of the stress vector, σ1x,
σ2x, σ1y and σ2y represent the normal and tangent stress vector components at the element
interface (see Figure 1).
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Figure 1: Interface between two elements.

In the following chapters, numerical solutions will be analyzed using only the numerical
quality indicator described by equation (1).
3 UPPER AND LOWER BOUNDS ON THE ERRORS GIVEN BY THE QUALITY
INDICATOR
The upper and lower bounds for the quality indicator described by equation (1) are:

0 ≤ σij(1) ≤ 1

(4)

where σij(1) = 0 gives the most accurate value for the FEM analysis.
If we consider σijmin ≥ 50% σ ijmax as acceptable for any given node, except for nodes that
belong to elements having different material properties, then the admissible upper bound for
(1) becomes:

σ (ij1) ≤ 0.5

(5)

The denominator in (1) has been chosen as the maximum stress value over the entire mesh
in order to avoid having maximum values for the quality indicator around the least loaded
areas. There, even if the stresses are very small the relative difference between them can be
considerable, overshadowing the important errors that occur in the vicinity of the loaded area.
The 0.5 value is acceptable for the nodes close to the loading area where we tend to have
the greatest stresses. The acceptable values for the quality indicator decrease as the studied
nodes are further from the loaded area.
4

ANALYZED PROBLEMS

In order to test the accuracy of the results and the reliability of the quality indicators, three
simple 3D problems have been analyzed by FEM computer code CESAR-LCPC: circular
cavity expansion, strip load on elastic half space and uniform vertical loading of smooth rigid
strip. The circular cavity expansion problem and the strip load on elastic half space problem
have been analyzed also in the 2D space, see [2, 3].
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4.1 Circular cavity expansion
The analyzed problem is graphically described in Figure 2. The soil has been modeled
using two types of constitutive laws for the soil, consecutively: linear orthotropic constitutive
law (E1=75 kN/m2, E2=100 kN/m2, υ1=0.5, υ2=0.2, G2=42 kN/m2) and linear elastic
constitutive law (E=1 kN/m2, υ=0.3) since analytical solutions can be found in the literature
[4]. A uniformly distributed load p=2.25 kN/m2 is applied in the cavity for the orthotropic
problem and p=0.2 kN/m2 is applied in the cavity for the isotropic problem.

Figure 2: Schematic representation of the circular cavity expansion problem.

Further, the accuracy in terms of mesh fineness and reduced/complete integration will be
studied. The accuracy of the FEM modeling in terms of type of elements used will not be
investigated for the 3D problems as it has already been noticed for the 2D analyses that
triangular elements T3 and T6 give unsatisfactory results; quadrilateral elements will be used,
see [2].
4.1.1 Mesh fineness
The influence of the number of elements is studied for the circular cavity expansion
problem. The results of the analyses for different mesh finenesses using H20 elements are
studied.

(b)

(a)

4
469

Cristina Vulpe, Emmanuel Bourgeois, Philippe Mestat, Fabien Chiappini and Niculai Droniuc.

(d)

(c)
(1)

Figure 3: Circular cavity expansion problem, σ xx error along the mesh: (a) 3100 element mesh and (b) 11900
element mesh using the elastic constitutive law; (c) 3100 element mesh and (d) 11900 element mesh using the
linear orthotropic constitutive law.

As it has been noticed for the 2D analyses in [3], Figure 3 shows that both the coarse and
finer meshes give very good results.
4.1.2 Reduced/complete integration
The influence of the reduced/complete integration schemes has been studied. As can be seen
from Figure 4, the difference between the errors is infinitely small; the results are in
agreement with the findings of [2] for the 2D case.

(a)

(b)

(d)

(c)
(1)

Figure 4: Circular cavity expansion problem, σ xx error along the mesh: (a) reduced integration analysis and (b)
complete integration analysis using the elastic constitutive law; (c) reduced integration analysis and (d) complete
integration analysis using the orthotropic constitutive law.

As has been noticed by [2, 3] for the 2D analyses, the reduced integration scheme offers
very good results; it is recommended to use the reduced integration to save computation time.
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4.2 Strip load on elastic half space
The strip load on elastic half space problem is graphically described in Figure 5. The soil
has been modeled by using isotropic linear elastic constitutive law (E=1000 N/m2, υ=0.2). A
uniformly distributed load p=40 N/m2 is applied. The exact solution for the strip load on
elastic half space is given by [5] and [6].

Figure 5: Schematic representation of the strip load on elastic half space problem.

4.2.1 Type of elements
The types of elements used in the analyses are P6 and P15 triangular elements and H20
quadrangular element. All examples are studied for very fine meshes (~50 000 elements) in
order to avoid the influence of the mesh fineness.

(a)

(b)

(c)

(1)

Figure 6: Strip load on elastic half space problem, σ xx error along the mesh: (a) H20 element mesh; (b) P15
element mesh; (c) P6 element mesh.

Best accuracy is achieved using the H20 elements. For all element type analyses, the
numerical indicator finds the largest errors in the discontinuity area, at the end of the 1m
loading strip. Overall, all analyses give satisfactory results.
4.2.2 Mesh fineness
The influence of the number of elements is studied for the strip load on elastic half space
problem. The results of the analyses for different mesh finenesses using H20, P15 and P6
elements are studied.
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The very coarse meshes (~500 elements) give poor accuracy results; once a reasonably fine
mesh is obtained the results are satisfactory, see Figure 7. The cost of computation of a very
fine mesh (~50 000 elements) is too high and not necessary since a decent fine mesh (~5000
elements) would obtain the same results as proven by the numerical quality indicator (1).

(a)

(d)

(b)

(c)

(e)

(f)

(h)

(g)

(i)

(1)

Figure 7: Strip load on elastic half space problem, σ xx error along the mesh: (a) coarse H20 element mesh; (b)
fine H20 element mesh; (c) very fine H20 element mesh; (d) coarse P15 element mesh; (e) fine P15 element
mesh; (f) very fine P15 element mesh; (g) coarse P6 element mesh; (h) fine P6 element mesh; (i) very fine P6
element mesh.

4.2.3 Mesh size
The influence of the size of the model has been studied for the strip load on elastic half
space problem; the problem is described in Figure 8.
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3m
10m

3m

10m

Figure 8: Description of original (10x10m) and reduced model (3x3m) for the strip load problem.

(b)

(a)
Figure 9: Strip load on elastic half space problem,
(b) represents the 3x3m model.

σ (xx1) error along the mesh. (a) represents the 10x10m model;

Larger errors can be noticed for the reduced model (see Figure 9) since the model is too
small and the boundary conditions have an influence on the stress field obtained near the load.
The maximum value of the quality indicators for the reduced model is σ (xx1) = 0.606 while for
the original model (10x10m) σ (xx1) = 0.256 . Taking into account the recommendations given by
(5), it results that the reduced model (3x3m) is not sufficiently large. These results are
consistent with the recommendations given by [7]. The same results have been noticed for the
2D model, see [3].
4.3 Uniform vertical loading of smooth rigid strip on an elastoplastic half space
The uniform vertical loading of smooth rigid strip problem is graphically described in
Figure 10. The soil has been modeled by using Tresca constitutive law (E= 1000 kN/m2,
υ=0.2 and c= 20 kN/m2) the rigid foundation by using the isotropic linear elastic constitutive
law (E=300 000 kN/m2, υ=0.2). A uniformly distributed load p=40 kN/m2 is applied. The
exact solution for the strip load on elastic half space is given by [4] and [8].

8
473

Cristina Vulpe, Emmanuel Bourgeois, Philippe Mestat, Fabien Chiappini and Niculai Droniuc.

Figure 10: Schematic representation of the uniform vertical loading of smooth rigid strip problem.

Large errors are expected in the nodes belonging to the intersection of the two materials;
these errors will exceed the recommended value of 0.50 for the quality indicator.
4.3.1 Type of elements
The types of elements used in the analyses are P6 and P15 triangular elements and H20
quadrangular element. As in the case of the strip load on elastic half space problem, all
examples are studied for very fine meshes (~50 000 elements) in order to avoid the influence
of the mesh fineness.

(a)

(c)

(b)
(1)

Figure 11: Uniform vertical loading of smooth rigid strip problem, σ xx error along the mesh: (a) H20 element
mesh; (b) P15 element mesh; (c) P6 element mesh.

The largest errors are concentrated in the discontinuity area between the rigid strip and the
elastic bedding; the P15 element mesh gives the most accurate solution while the P6 element
mesh produces the highest errors.
4.3.2 Mesh fineness
The influence of the number of elements is studied for the uniform vertical loading of
smooth rigid strip problem. The results of the analyses for different mesh finenesses using
H20 and P6 elements are studied.
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(a)

(b)

(d)

(e)

(c)

(f)
(1)

Figure 12: Uniform vertical loading of smooth rigid strip problem, σ xx error along the mesh: (a) coarse H20
element mesh; (b) fine H20 element mesh; (c) very fine H20 element mesh; (d) coarse P6 element mesh; (e) fine
P3 element mesh; (f) very fine P3 element mesh

Contrary to the expectations, best results are obtained for the medium fine mesh in the H20
element mesh analyses. The worst results are obtained for the coarse mesh.
In the case of the P6 element meshes, the best accuracy is obtained for the finest mesh.
Nonetheless, all analyses with P6 elements produce large errors in the discontinuity area.
Modeling with H20 elements is preferred by comparing the errors using H20 and P6
elements.
5

CONCLUSIONS

The quality indicators graphically represented by stress maps are good representations of
the errors that may occur in FEM analyses. They point to the areas of large inconsistencies at
stress level.
The numerical quality indicator described in the present paper provides good information
about the accuracy of the 3D analyses.
Considering the reliability of the currently presented quality indicator, the numerical
quality indicators described by equations 1.2 and 1.3 will be discussed in future research.
Several types of quality indicators must be used in order to obtain decisive information about
the accuracy of FEM analyses. The development of quality indicators is still an ongoing
research process.
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Abstract. Anisotropic grid refinement is performed for the simulation of water flow with
free-surface waves. For these flows, the refinement criterion must provide refinement at
the water surface, to resolve the conservation law which indicates the surface position,
and below the surface to resolve the water flow. A combined criterion is presented, based
on the free-surface position and on the Hessian of the pressure. It is shown that this
criterion creates suitable grids for two- and three-dimensional flows.

1

INTRODUCTION

The simulation of water flows with a free water surface is inherently a multiphysics
problem, as the surface deformation through waves interacts with the viscous, turbulent
flow below the surface. In a flow solver, a model for the water surface position has to be
added to the standard Navier-Stokes equations. In general, this is a convection equation
for either the volume fraction of water (VoF methods) or for a smooth distance function
to the surface (level set methods). Accurate simulation of water flow requires a good
resolution of this additional model, as well as the flow equations, on the same grid. Thus,
adaptive grid refinement applied to water flows must take into account both these models.
And therefore, refinement criteria that are a combination of different sensors are essential.
An adaptive grid refinement method has been developed [1, 2] for ISIS-CFD, the unstructured Reynolds-averaged Navier-Stokes solver developed by the Numerical Modelling
group of LMF. This commercialised flow solver is aimed at the simulation of realistic flow
problems in all branches of marine hydrodynamics. The method is therefore developed
to be general and flexible, featuring anisotropic refinement on unstructured hexahedral
grids, derefinement of previous refinements to enable unsteady flow computation, and full
parallelisation including integrated dynamic load balancing. The anisotropic refinement is
1
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metric-based. Thus, the refinement criteria are 3 ×3 symmetric tensors in each cell, which
indicate the local desired cell size in all directions. This formulation allows the straightforward implementation of highly differing refinement criteria. The refinement method
has already been succesfully applied to different test cases in marine flow simulation [2].
The focus of this paper is on the development of combined refinement criteria in the
metric-based context. We discuss how multiple refinement criteria can be combined into
one, how the different criteria should be weighted to achieve good accuracy in all equations,
and which features are relevant as refinement criteria for hydrodynamic flows. Section
2 introduces the flow solver and the meshes used, section 3 gives an overview of the
anisotropic mesh refinement method. Then section 4 discusses the necessity of combined
criteria for flows with a free water surface. Section 5 shows the construction of a criterion
that combines directional refinement at the free water surface with a pressure Hessian
criterion. Two test cases in section 6 indicate that the criterion generates effective meshes
for two- and three-dimensional free surface flows.
2

FINITE-VOLUME METHOD

The grid refinement is applied to a finite-volume method on unstructured grids, with
a surface-capturing discretisation of the water surface, as implemented in the flow solver
ISIS-CFD developed by the Numerical Modelling Group at LMF. This section describes
the governing flow equations, the finite-volume discretisation and the type of meshes
used, concentrating on those aspects that are most important for grid refinement and the
construction of refinement criteria. Full details of the discretisation can be found in [3].
2.1

Governing equations

The ISIS-CFD flow solver resolves the incompressible Unsteady Reynolds-Averaged
Navier Stokes equations in a two-fluid formulation. The conservation laws for momentum,
total mass, and mass of each fluid, are written as follows:




∂
→ −
−
→
−
→
ρUi dV + ρUi U · n dS = (τij Ij − pIi ) · n dS +
ρgi dV,
(1)
∂t V
S
S
V

→ −
−
U ·→
n dS = 0,
(2)
∂
∂t



V

S

ci dV +



S

→ →
−
ci U · −
n dS = 0,

(3)

→
where V is a volume, bounded by the closed surface S with a unit normal vector −
n
→
−
directed outward. U and p represent, respectively, the velocity and pressure fields. τij
and gi are the components of the viscous stress tensor and the gravity vector, whereas Ij
is a vector whose components are zero, except for the component j which is equal to unity.
ci is the ith volume fraction for fluid i and is used to distinguish the presence (ci = 1)
2
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or the absence (ci = 0) of fluid i. In the case of turbulent flows, additional transport
equations for modelled variables are solved in a form similar to the momentum equations
and they are discretized and solved using the same principles.
The effective flow physical properties (viscosity µ and density ρ) are obtained from the
physical properties of the constituent fluids (µi and ρi ) with the following constitutive
relations:



ρ=
ci ρi ,
µ=
ci µ i ,
1=
ci .
(4)
i

i

i

Thus, for two fluids, equation (3) only has to be solved for fluid 1.
In this framework, free-surface water flows are modelled by specifying a discontinuous
inflow condition for ci (ci = 1 below the surface and ci = 0 above it). As equation (3)
is a pure convection equation, the resulting solution for ci is discontinuous in the whole
domain. Thus, a sharp water surface is obtained without a specific model at the surface.
2.2

Discretisation and meshes

The flow equations of the previous subsection are discretised in a finite-volume framework. Pressure-velocity coupling is obtained through a Rhie & Chow SIMPLE-type
method: in each time step, the velocity updates come from the momentum equations
(1) and the pressure is given by the mass conservation law (2), transformed into a pressure equation. The water volume fraction ci comes from a discretisation of the linear
convection equation (3), it is solved in each time step, decoupled from the pressure and
velocity updates.
The discretisation is face-based. While all unknown state variables are cell-centered,
the systems of equations used in the implicit time stepping procedure are constructed face
by face. Fluxes are computed in a loop over the faces and the contribution of each face is
then added to the two cells next to the face. This technique poses no specific requirements
on the topology of the cells. Therefore, the grids can be completely unstructured, cells
with an arbitrary number of arbitrarily-shaped faces are accepted.
For this study, unstructured hexahedral meshes are used (see figure 1). These meshes
are generated with the HEXPRESS grid generator from NUMECA International. They
offer the flexibility of an unstructured grid, yet have large regions where the mesh is
structured. Variations in mesh size are handled by having small cells laying next to larger
cells, a situation called ‘hanging nodes’ by other authors. In ISIS-CFD, due to the facebased algorithm, these cells are treated in exactly the same way as all the others: the
larger cells are simply seen as cells with more than 6 faces.
Unstructure hexahedral grids are ideal for automatic grid refinement. Isotropic or
anisotropic grid refinement can be applied to any of the hexahedral cells, the result will
still be an unstructured hexahedral mesh. Therefore, locally refined meshes can be used
directly in a flow solver that supports unstructured hexahedral meshes; no changes to the
flow solver are needed to incorporate grid refinement.

3
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Figure 1: Cut through an unstructured hexahedral mesh.

3

GRID REFINEMENT PROCEDURE

The grid refinement procedure developed for ISIS-CFD [1, 2] is integrated completely
in the flow solver. The method is entirely parallelised, including automatic redistribution
of the grid over the processors. During a flow computation, the refinement procedure is
called repeatedly. In such a call, first the refinement criterion is calculated, then in a
separate step of the procedure the grid is refined based on this criterion. For steady flow,
the refinement procedure converges: once the grid is correctly refined according to the
criterion, further calls to the procedure no longer cause any changes.
3.1

Anisotropic refinement

Anisotropic refinement is essential for our type of grid refinement. Isotropic refinement
is very costly in three dimensions, since each refinement means a division in eight (for a
hexahedron). Thus, creating very fine cells to accurately resolve a local flow phenomenon
becomes almost impossible. However, by applying anisotropic refinement for flow features
that need a fine grid in only one direction (notably, the water surface!), the total number
of cells required can be greatly reduced or much finer flow details can be resolved.
Also, in unstructured hexahedral original grids, cells of completely different aspect
ratios lie side by side (see figure 1). Therefore, when refining, we need to control the size
of the fine cells in all their directions independently, otherwise refined grids may have
smoothly varying sizes in one direction, but repeated changes from fine to coarse and
back to fine in another. Isotropic refinement is not enough to prevent this. Therefore,
directional refinement is the mandatory choice.
3.2

Tensor refinement criteria

For directional refinement, a way is needed to specify different cell sizes in different
directions. The use of metric tensors as refinement criteria is such a way. This tech4
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nique was first developed for the generation and refinement of unstructured tetrahedral
meshes [4, 5]. It is also an extremely useful and flexible framework for the refinement of
unstructured hexahedral meshes.
For tensor-based refinement, the refinement criterion in each cell is a 3 × 3 symmetric
positive definite matrix Ci . The refinement of the cells is decided as follows. Let the
criterion tensors Ci in each cell be known (they are computed from the flow solution, see
section 5). In each hexahedral cell, the cell size vectors dj,i (j = 1, . . . , 3), which are the
vectors between the opposing face centres in the three cell directions, are determined.
Next, the modified sizes are computed as:
d̃j,i = Ci dj,i .

(5)

Finally, a cell is refined in the direction j when the modified size exceeds a given, constant
threshold value Tr :
(6)
�d̃j,i� ≥ Tr .
The tensors Ci are direct specifications of the desired cell sizes: in the refined grid, the
cell sizes are inversely proportional to the magnitude of the Ci .
4

THE NEED FOR COMBINED REFINEMENT CRITERIA

Water waves are usually generated by the pressure and velocity disturbances created
when the water flow passes around a foreign body, either a stationary object or a floating
body such as a ship. These disturbances are not only generated at the surface, but also
well below it; even a fully submerged object may create waves (see for example section
6.1). Once the waves are created, they propagate through a cyclic exchange of potential
(gravity) and kinetic energy. Water particles in a travelling wave field describe an orbital
motion; the velocities associated with this motion cause the propagation of the wave
energy. Thus, to correctly resolve the generation and the propagation of a travelling
surface wave, a good resolution must be obtained for the pressure and velocity fields
below the surface, as given by equations (1) and (2).
The accuracy of the volume fraction equation (3) is of prime importance as well. As
the water surface is physically a discontinuity, the interface region for ci must be as sharp
as possible. It can be shown [3], that a diffused interface increases numerical damping, so
a too coarse grid at the surface will damp out waves. In our experience, the grid at the
surface needs to be about twice as fine as the grid used in the vicinity of the surface, in
order to resolve correctly equation (3).
Thus, to create suitable grids, a grid refinement criterion for water wave simulation
must be based both on the pressure and velocity field and on the volume fraction. For
these two, different indicators must be used. The reason for this, is that ci is discontinuous
at the surface and constant everywhere else, while the pressure and the velocity are smooth
in the whole flow field except at the surface. Therefore, gradient- or second-derivative
based error indicators can be used to identify the regions of importance for the flow field
5
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below the surface, but any derivative-based indicator applied to ci would go to infinity
when the grid is refined, thus causing infinite refinement unless the criterion is artificially
limited. Also, grid misalignment must be avoided in the surface region, as it leads to
large errors in the volume fraction. Therefore, the grid specified by the criterion must be
as uniform as possible near the surface. Numerical evaluations of the derivatives of ci are
never smooth, so they cannot guarantee uniform grid.
Therefore, a suitable refinement criterion for water flow with waves is an error indicator
for the flow field and a simpler criterion for ci , combined into one.
5

PRESSURE HESSIAN – FREE SURFACE CRITERION

A possible criterion for the simulation of flow with waves is based on the Hessian matrix
of second derivatives of the pressure, combined with a criterion that refines in the normal
direction of the surface for those cells where ci is neither 0 nor 1.
5.1

Free-surface criterion

To resolve accurately the solution of equation (3), which is a discontinuity for ci that
is convected with the flow, it is sufficient to refine the grid in the direction normal to the
water surface. When the surface is locally aligned with the cell directions, anisotropic
refinement can be used to keep the total number of cells as low as possible.
The free-surface criterion is therefore based on a vector, normal to the surface, with
length 1. Thus, from equation (6) it follows that the threshold value Tr directly indicates
the desired cell size at the surface. The normal direction to the surface is computed from a
ci field that is smoothed out by averaging over a cell and its neighbours, a given number of
times. The gradient of this field gives the normal directions. The criterion vectors vi are
then chosen as the unit vectors in this normal direction for those cells where the smoothed
ci field is non-zero, and as zero everywhere else. Switching based on the smoothed field
guarantees that the mesh is refined also next to the surface, to create a margin of safety.
In tensor form, the free-surface criterion is implemented as matrices having only one
non-zero eigenvalue, associated with the direction of the vector. In the directions normal
to the vector, the eigenvalues are zero, so the desired grid size is infinity. Thus, the grid
is only refined in the direction of the vectors. The tensors CS,i are computed as follows
(with ⊗ representing the tensor product):
CS,i = vi ⊗ vi .

(7)

The free-surface criterion has been used on its own, with good results, in our earlier work
[1, 2].
5.2

Computing the Hessian

Hessian-based criteria are often used to control anisotropic grid refinement [4]. We
base this criterion on the pressure as this variable is insensitive to boundary layers, where
6
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we consider that the original unrefined grid should be sufficiently fine to ensure the best
grid quality.


(pi )xx (pi )xy (pi )xz
Hi = (pi )xy (pi )yy (pi )yz  .
(8)
(pi )xz (pi )yz (pi )zz

The Hessian matrix is usually computed by using the Gauss theorem for finding the
gradients of the quantity, then applying the Gauss theorem again to the gradients in order
to compute the second derivatives. Our meshes, however, always have places where the
grid size changes abruptly, as small cells lie next to twice larger cells. In these locations,
the Gauss method has an order of accuracy zero.
Therefore, we compute the Hessian in each cell using a least-squares fit of a third-order
polynomial to the solution in the cell, its neighbour cells and its neighbours’ neighbours.
There is no better third-order polynomial fit to these points, so the fit is fourth-order
accurate. Therefore, its second derivatives are second order accurate, independent of the
configuration of the neighbour cells.
To compute the refinement criterion, the Hessian is modified with a power law:
CH,i = (Hi )p ,

(9)

where (Hi )p has the same eigenvectors as Hi and eigenvalues that are those of Hi (in
absolute value) to the power p. In general, we use p = 21 .
5.3

Hessian at the free surface

The Hessian criterion cannot be directly evaluated at the free surface, because the the
pressure gradient is proportional to the density ρ according to equation (1). Thus, in the
water surface zone where ci goes from 0 to 1, the pressure gradient normal to the surface
approaches a discontinuity as the grid becomes finer, while the second derivative normal
to the surface approaches a Dirac δ function. The polynomial used for the least-squares
fit cannot give a good approximation to the pressure field in this case.
To use the least-squares procedure around the surface, one could try to fit the polynomial to a modified pressure field whose first and second derivatives remain continuous even
when the water surface approaches a discontinuity. Thus, all gradients due to non-equal
densities in the cells should be removed from the pressure field in a cell and its neighbours.
This implies finding locally a pressure field p∗ such that equation (1) is satisfied for the
→
−
real velocities U , but a constant density ρ̄. By dividing out ρ in the derivative form of
equation (1), we find that p∗ must satisfy:
∇p
∇p∗
=
.
ρ̄
ρ

(10)

This expression shows immediately that it is impossible to construct p∗ . Consider two
7
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−
−
coordinates →
x 1 and →
x 2 . Then
−
→
x 2 ) − p∗ (−
x 1) =
p (→
∗



−
→
x2

−
∇p · d→
s = ρ̄
∗

−
→
x1



−
→
x2

−
→
x1

∇p −
· d→
s.
ρ

(11)

In general, ρ cannot be included in the gradient, so the integral depends on the path being
followed. Thus, p∗ has no unique definition.
For the moment we consider that, while the Hessian computed from the real pressure
field p has a peak at the surface, this peak is associated with an eigenvector normal to
the surface. The pressure gradient parallel to the surface is approximately zero, so the
second derivative parallel to the surface is close to zero as well. Therefore, we compute
the Hessian at the surface from the original pressure, then we limit all eigenvalues of the
matrix Ci (equation (9)) to 1, divided by the desired cell size at the surface. The Hessian
criterion then behaves like the free-surface criterion around the surface. We consider this
a temporary solution and we hope to improve it later on.
5.4

The combined criterion

To create the criterion to be used, the two criteria above are combined. Even if the
current implementation of the Hessian criterion has a behaviour similar to a free-surface
criterion at the water surface, the real free-surface criterion is used as well because it
guarantees that the grid at the surface is absolutely regular and that a safety zone of
refined cells is generated around the surface.
The criteria are combined into one tensor criterion by taking a weighted maximum of
the two tensors. We want Tr to indicate directly the desired cell size (as for the free-surface
criterion), so we apply a weighting factor c only to the Hessian criterion:
CC,i = max (CS,i , c CH,i ) .

(12)

The (approximate) maximum of the two tensors is computed using a procedure similar
to the one in [5]. First, the eigenvalues and eigenvectors of the two tensors are computed.
Then new eigenvalues are set for each tensor, as the maximum of the original eigenvalue
and the length of the corresponding eigenvector when it is multiplied by the other tensor.
This gives two approximations to the maximum tensor; the final tensor in each cell is a
weighted average of these two.
6
6.1

TEST CASES
Immersed NACA0012 wing

The first test case is meant to evaluate the behaviour of the combined refinement
criterion for a two-dimensional wave field. We study the influence of the ratio parameter
c from equation 12. The case is the geometry studied by Duncan [6], a wave train generated
by an immersed NACA0012 profile of chord 0.203 m at 5 degrees angle of attack, with
8
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Figure 2: Refined mesh around the immersed profile for the Duncan case with c = 0.001.

its centre point at 0.236 m below the surface. The inflow velocity is 0.8 m/s and Re =
1.42 · 105 . The problem geometry can be found in figure 2.
Four simulations are performed, starting from an original mesh that has some refinement around the profile but none at the surface. For each simulation, the grid is refined
around the free surface to a target size Tr = 0.002m. Different values of c give different
sizes of the grid below the surface. The grid for c = 0.001 is given in figure 2, it shows
refinement around the profile (notably at the leading edge), in a specific region between
the profile and the surface, and in the wave field. A zoom of the meshes around the first
wave is given in figure 3; the first figure is the result with refinement around the surface
only, the last figure with c = 0.004 has pressure-based refinement below the surface with
the same size as the refinement specified by the free-surface criterion. Interestingly, while
the refinement procedure is fully anisotropic, the pressure Hessian criterion creates only
square cells below the waves.
Table 1: Number of cells in the refined meshes, Duncan test case.

c
cells

0
0.001 0.002 0.004
3539 10244 37035 189860

In figure 4, the position of the free surface is given for the four cases. The results
on the three grids produced with the combined criterion are very similar. Thus, it is
not necessary to refine the grid below the surface to the same size as the grid at the
surface, twice and even four times coarser cells are acceptable. As the total number of
cells increases strongly with the parameter c (table 1), this parameter should be kept low.

9
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Figure 3: Refined meshes at the first wave for the Duncan case with surface-only refinement c = 0.0
(a), with c = 0.001 (b), c = 0.002 (c), and c = 0.004 (d).

6.2

Series 60 wave pattern

An initial computation is made of the flow around a Series 60 ship in still water at
Froude number F r = 0.316 and Re = 5.3 · 106 . The computation is started from a coarse
mesh that has no initial refinement at all around the free surface, it is used to show that
a sensible refined mesh for free-surface ship flow can be obtained entirely with automatic
grid refinement. The grid is obtained with a target cell size Tr = 0.001L and a ratio
c = 0.004, the original grid has 253k cells and the final grid 2.81M cells.
Four X cross-sections of the refined mesh can be seen in figure 5. The free-surface
criterion applies directional refinement around the undisturbed surface; without this refinement, the interface would be dispersed in front of the ship, so accurate computations would be impossible. Refinement in all directions appears in the strongest waves.
Pressure-based refinement is seen at the bow of the ship, below the hull at the stern, and
below the waves. It is concentrated near the sharp peaks of the wave system. As for the
Duncan test case, the refined cells below the waves are predominantly square.
The wave pattern, compared with experiments from IIHR [7], is given in figure 6. The
correspondance is good, comparable with the results obtained in [3] on structured grids
of 3.8M cells. Given the results of the Duncan test, a similar accuracy can probably be
obtained with fewer cells if c is reduced. This is a subject for further study.

10
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Figure 4: Duncan test case, free-surface positions of the four computations.

7

CONCLUSION

It is shown that refinement criteria for water flow with a free surface must refine both
around the surface, to resolve the convection equation for the volume fraction, and in
the region below it in order to capture the orbital flow fields. Due to the discontinuous
solution at the surface, different criteria must be used to control the refinement in these
two regions. Tests show, that a criterion which combines refinement normal to the surface
with Hessian-based refinement, can accurately resolve free-surface flows when starting
from uniformly coarse original grids. Optimal results are obtained when the grid at the
surface is two to four times finer than directly below it.
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Abstract. To get guaranteed error bounds on quantities of interest in dynamics, we use
the concept of constitutive relation error and the resolution of an adjoint problem. In
this paper, we aim at presenting techniques that improve the accuracy of bounds owing
to a better solution of the adjoint problem. First, space local refinement in the loading
area is performed. We show that this approach is particularly efficient for highly damped
structure. Then, analytical enrichment by means of Green’s functions is developed. Sharp
bounds may be obtained even for pointwise quantities of interest.

1

INTRODUCTION

Thanks to the development of computers and dedicated methods, more and more numerical computations are used in mechanical engineering. Thus, one needs to master the
reliability of these numerical solutions. After a fine understanding of global error estimation, the focus is now to evaluate the error on quantities of interest such as Von Mises
stress in a critical zone of the physical domain. For robust design, the local error estimate
must be guaranteed i.e. it should overestimate the real local error, and sharp i.e. it
should be close to the real local error.
Within the framework of dynamics problems, a methodology was proposed in [1] to
compute strict error bounds on quantities of interest. Then, a first application on 2D
examples in transient dynamics was performed in [2]. The method uses the concept of
constitutive relation error and the solution of an adjoint problem. Hence, the reconstruction of admissible fields in dynamics is required.
In the present talk, we aim at presenting techniques that improve the accuracy of error
1
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bounds on a quantity of interest owing to a better resolution of the adjoint problem.
The first way is to refine the discretization in space and in time. The adjoint problem
loading being prescribed on a restricted area, a local refinement technique is carried out.
It must be noted that the main difficulty in this part is in the reconstruction of admissible
fields. Another way consists in using enrichment functions. Hence, the adjoint problem
solution is decomposed into an analytical part, determined from dynamics Green’s functions in infinite media and a residual part, computed numerically using the finite element
method and a time integration scheme.
The paper is organized as follow: in Section 2 the method to obtain a guaranteed local
error estimation is given; in Section 3 the different techniques to improve the accuracy of
the guaranteed local error estimation are presented; in Section 4, performances of these
techniques are illustrated on 2D examples.
2

STRICT BOUNDS ON A QUANTITY OF INTEREST

2.1

The bounding

A viscoelastodynamics problem under small perturbations is considered. With the
Maxwell material model, it reads:
Find the displacement field u(x, t) and the stress field σ(x, t),
with t ∈ [0, T ] et x ∈ Ω, which verify:
• the kinematic constraints (u KA):
u ∈ U [0,T ] ; u|∂1 Ω = 0, ∀t ∈ [0, T ]
e

(1)

v

ǫ = ǫ + ǫ , ∀x ∈ Ω, ∀t ∈ [0, T ]

(2)

• the equilibrium equations ((u,σ) DA):
σ∈S

[0,T ]

;

−



Ω

∗

σ : ǫ(u )dΩ +



∗

Ω

f d .u dΩ +



∗

F d .u dS =
|∂2 Ω



ρü.u∗ dΩ

Ω

∗

(3)

∀u ∈ U 0 , ∀t ∈ [0, T ]

• the state equation:
• the evolution law:

ǫe = Λσ, ∀x ∈ Ω, ∀t ∈ [0, T ]

(4)

ǫ̇v = Bσ, ∀x ∈ Ω, ∀t ∈ [0, T ]

(5)

2
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• the initial conditions:
u(t = 0) = 0, u̇(t = 0) = 0, σ(t = 0) = 0

(6)

U [0,T ] is the set of finite energy displacement fields and S [0,T ] the set of symmetric and
[0,T ]
finite energy stress tensors. We also define U 0 = {u ∈ U [0,T ] ; u|∂1 Ω = 0, ∀t ∈ [0, T ]}.
ǫe and ǫv are the elastic and inelastic contributions, respectively, to the deformation ǫ.
Later, problem (1-6) will be referred as the “reference problem”.
First, we aim at computing strict bounds on the exact value of the following quantity
of interest:
 T 

I=
σ : Σ̃˙ + ǫ̇ : σ̃ Σ + ρu̇.Γ̃Σ dΩdt
0

Ω

˙ σ̃ et Γ̃ are given extractors.
where Σ̃,
Σ
Σ

Thus, using the general method proposed in [1] based on the concept of dissipation
error and classical extraction techniques, one gets the bounding:
Iˆh + Iˆhh − ECRE ẼCRE ≤ Iex ≤ Iˆh + Iˆhh + ECRE ẼCRE

(7)

where:
• Iˆh is the approximate quantity of interest determined using finite elements method
and Newmark integration scheme;
• Iˆhh is a correcting term involving solutions of the reference problem and an adjoint
problem;
• ECRE (resp. ẼCRE ) corresponds to the dissipation error of the reference problem
(resp. adjoint problem).
Let us now present the tools needed to compute bounds (7) on the quantity of interest.
2.2

Computation of the error bounds

To compute the bounds on the quantity of interest defined by (7), one needs to calculate the dissipation error from an admissible solution. Let us define admissible solutions
(noted with a ∧):
Definition: A solution (Û , σ̂) is said admissible if all the equations of the reference
problem are verified except the evolution law.

3
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Figure 1: The differents areas for the local refinement of the adjoint problem

The point is thus to determine kinematic admissible fields (i.e. verifying (1)) and
dynamic admissible fields (i.e. verifying (3) and (4)) using the approximate finite element
solution (U h , σ h ). Details can be found in [2, 3, 4, 5, 6].
After all admissible fields are obtained, the dissipation error ECRE is computed:



1
e2CRE (ǫ̂˙ v , σ̂) = σ̂ − B −1 ǫ̂˙ v : B σ̂ − B −1 ǫ̂˙ v
2
 T
2
v
ECRE (ǫ̂˙ , σ̂) =
e2CRE (ǫ̂˙ v , σ̂)dΩdt
0

3

(8)
(9)

Ω

TECHNIQUES TO GET EFFECTIVE BOUNDS

Previously, a method to obtain guaranteed bounds on a quantity of interest was presented. Nevertheless, for robust design, these bounds should also be effective. This is the
purpose of the present section.
Our strategy consists in improving the quality of the bounds by concentrating on the
resolution of the adjoint problem alone. In fact, when the dissipation error of the adjoint
problem ẼCRE tends to zero, the bounds on the quantity of interest tend to its exact value
Iex .
First, local refinement of the adjoint problem is developed. Then, analytical enrichment
of the adjoint problem solution by means of Green’s functions is presented.
3.1

Local refinement

From the extractors of the quantity of interest, one defines the loading of the adjoint
problem. If local quantities of interest in space are considered, we can plan to refine the
mesh only in the area of interest and its close neighbourhood. An example is given in
Figure 1.

4
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Figure 2: Equilibrated densities for non-matching mesh

Local refinement in space allows to save computation time compared to global refinement on the whole domain. The main difficulty in this approach is the reconstruction
of an admissible stress field. More precisely, it concerns the construction of equilibrated
densities on a non-matching mesh (see Figure 2).

For quasi-static problems, works proposed to determine a better solution of the adjoint
problem from a first coarse solution without local refinement in space [8]. An additional
problem defined on the refined area (see Figure 1) is solved with a fine discretization. Let
us notice that this non-intrusive approach can not be extended easily to the dynamics
case. In fact, in dynamics, kinematic and dynamic admissible fields can not be constructed
independently because of the acceleration term and finite velocity.
3.2

Analytical enrichment

As it was shown before, sharper bounds can be obtained by only improving the accuracy
of the adjoint problem solution. In this section, we propose to determine an approximate
solution of the adjoint problem by decomposing it into two parts: (i) an analytical part;
(ii) a residual part computed with classical tools (finite element method, Newmark integration scheme). This technique is particularly effective for pointwise quantities of interest
˙ σ̃ , Γ̃ ) are defined by means of
(in time and/or in space). In this case, extractors (Σ̃,
Σ
Σ
Dirac or Heaviside’s functions, leading to a singular adjoint solution. The singularity is
carried out in the analytical part of the solution which is determined thanks to Green’s
functions in infinite media.
The adjoint solution with its different components is:
hand

Ũ = Ũ P U M + Ũ

res

+ σ̃ res
σ̃ = σ̃ hand
P UM
5
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UM
UM
Figure 3: Definition of subregions ΩP
and ΩP
.
1
2

where:
hand

• Ũ P U M is the enriched displacement, defined over Ω as:
hand

Ũ P U M = φ Ũ

hand

(11)

hand

with Ũ
the handbook displacement determined thanks to Green’s functions and
φ a given weight function.
To satisfy the prescribed displacements of the adjoint problem, the weight function
φ is chosen such that it vanishes on ∂1 Ω. We thus choose φ as:

P UM

1 , in Ω1
(12)
φ = p ∈]0, 1[ , in ΩP2 U M


0 , on ∂ΩP2 U M ∩ ∂1 Ω

with ΩP1 U M ∪ ΩP2 U M = Ω, ΩP1 U M ∩ ΩP2 U M = ∅ (see Figure 3). In practice, φ is constructed from the partition of unity defined by linear FE shape functions associated
to the spatial mesh.
• σ̃ hand
is the associated stress;
P UM
res

• Ũ
and σ̃ res are residual parts, defined over the whole space time domain, which
remain to be calculated.
Similar enrichment techniques were developed in [9] for elastodynamics problems and
in [8] for quasi-static problems.

6
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Nd
N0

T

t

Figure 4: Reference problem

Introducing the new approximate solution of the adjoint problem (10) in (7), one gets
improved bounds on the quantity of interest:
G
res
G
res
− ECRE ẼCRE
≤ Iex ≤ Iˆh + Iˆhh
+ ECRE ẼCRE
Iˆh + Iˆhh

(13)

Let us notice that:
• the dissipation error for the adjoint problem corresponds to the dissipation error
res
associated with its residual part alone ẼCRE
;
G
depends on the handbook solution. The computation of this
• the correcting term Iˆhh
term, by means of numerical integrations, requires a special care. In our case, we
use 16 Gauss points on each element.

4

NUMERICAL EXAMPLES

Both examples which are presented satisfy the plane stress assumption. The material
uses Maxwell’s rheological model, with Young’s modulus E = 109 Pa, Poisson’s ratio
ν = 0.3. The operator B is chosen such that B = (τ K)−1 where τ is the relaxation time.
Lastly, the density ρ is 103 kg/m3 .
4.1

Local refinement method

Figure 4 shows the reference problem under consideration. The loading along the onemeter long upper right edge grows linearly with time from N0 = 0 at t = 0 s to N0 = 107
Pa at t = T = 10−2 s.

To solve this problem, we used the finite element method with 400 linear quadrilateral
elements and Newmark’s conditionally stable linear acceleration scheme with 160 time
steps.

7
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˙

Σ˜ yy

ω

1
mes(ω) .( t 1 − t0)

t0 t0 b

t1 b t1

T

t

Figure 5: The domain of interest (left) and the extractor (right)

The chosen quantity of interest I is defined by:
 T
I=
σyy Σ̃˙ yy dΩdt
0

(14)

ω

where extractor Σ̃˙ yy and area of interest ω are represented in Figure 5.
To solve the adjoint problem, the finite element method and the Newmark acceleration
scheme are still used. For the local refinement in space, we take:
• 1/20 meter long elements in the coarse area;
• ˜lr meter long elements in the refined area and L̃r = 0.6 m (see Figure 1)
h,c
h,r
The dissipation error in the coarse area (resp. refined area) is noted ẼCRE
(resp. ẼCRE
).
One has the property:
h,c
h,r
h
(ẼCRE
)2 = (ẼCRE
)2 + (ẼCRE
)2
(15)

The dissipation errors associated to the adjoint problem and the normalized bounds
on the quantity of interest are studied for different relaxation times τ and for different
discretizations in the refined area ˜lr .
In Figure 6, a relaxation time of 10−3 s is considered. It corresponds to a 100% first mode
reduced damping. When the same mesh is employed in both areas (˜lr = 1/20 m), we
can see that 87% of the total dissipation error of the adjoint problem is localized in the
refined area. Hence, by only refining the mesh in this area, one can reduce drastically
the dissipation error. Without refinement, ±35% bounds on the quantity of interest are
obtained, whereas ±15% bounds are obtained when the mesh in the refined area is 4 times
smaller.
In Figure 7, a relaxation time of 10−2 s is considered. It corresponds to a 10% first
mode reduced damping. When the same mesh is employed in both areas (˜lr = 1/20 m),
we can see that 52% of the total dissipation error of the adjoint problem is localized in
the refined area. One can notice that the total dissipation error is 20 times higher than
8
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Dissipation error

Normalized bounds

Figure 6: Dissipation errors of the adjoint problem (left) and normalized bounds on the quantity of
interest with τ = 10−3 s (right).

Figure 7: Dissipation errors of the adjoint problem (left) and normalized bounds on the quantity of
interest with τ = 10−2 s (right).

the previous case. Consequently, a local refinement in the refined area is not sufficient to
obtain sharp bounds on the quantity of interest. In fact, with ˜lr = 1/80 m, we get ±55%
normalized bounds. If we keep refining only in this zone, the dissipation error associated
to the refined area will tend to zero, but the bounds will not be under ±50%.
4.2

Analytical enrichment method

The studied structure is an isotropic homogeneous square of one-meter long. The representation of the reference problem is shown in Figure 8. To solve the problem, we use
the finite element method with 1600 four-nodes quadrangular elements and the Newmark
linear acceleration scheme (γ = 1/2, β = 1/6) with 560 time steps.
We decide to focus on the x component of the velocity at point Mi (Figure 8) on the

9
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Figure 8: Reference problem (left) and adjoint problem (right).
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Figure 9: Enriched areas ΩP
, ΩP
(left) and weight function φ with yenr = 0, 2 m (right) for the
1
2
square structure.

time interval [t0 , t1 ]:
I=



T
0



ρΓ̃x vx dΩdt

(16)

Ω

where extractor Γ̃x is defined in Figure 8.
After the admissible fields reconstruction for the reference problem, we compute the
approximated quantity of interest
Iˆh = 25.48 m/s

(17)

the dissipation error on [0, t1 ] and its relative error
h
ECRE
= 82.0,

ǫhCRE = 5.5%

(18)

Then, the adjoint problem is introduced (Figure 8). We observe that the loading
remains singular at point Mi . To solve this problem, the solution is decomposed into:
• an analytical part; in this case, it corresponds to the superposition of three generalized functions whose loading time evolutions correspond to a ramp. These functions
are determined in viscoelastodynamics.
• a numerical part; it corresponds to the solution of the residual problem.

To solve the residual adjoint problem, the finite element method and the linear
acceleration scheme are used with the same discretization as the reference problem.
10
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After the computation of admissible fields, the dissipation error and its relative error
are calculated:
res,h
ẼCRE
= 4.5.10−2 , ǫ̃res,h
(19)
CRE = 69%
Knowing the admissible fields of both problems, the correcting term Iˆhh is computed
using a numerical integration with 16 Gauss points per element. We obtain:
Iˆhh = 7.4.10−2 m/s
The guaranteed bounds on the exact quantity of interest are computed:
�
ξ − = 21.84 m/s
ξ + = 29.27 m/s

(20)

(21)

To introduce normalized bounds, the reference problem is solved with an overkill mesh
and we consider that the quantity of interest Iex computed with this mesh is quasi-exact.
Thus:

ξ−

ξ¯− =
= 0.855
Iex
(22)
+

ξ¯+ = ξ = 1.145
Iex
5

CONCLUSIONS

In this paper, we were interested in improving the accuracy of strict bounds on the
error on quantities of interest. The main idea was to compute a better approximation
of the adjoint problem solution. By only refining the mesh in the area of interest, one
shows that sharp bounds can be obtained in dynamics upon condition that the structure
is highly damped. Then, analytical enrichment using Green’s functions was developed.
This method was particularly effective for a pointwise quantity of interest in space.
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Abstract. The inverse problems of a complex configuration remains a complicated and
expensive procedure which requires seamless interfaces between several software like CAD
system, the mesh generator, the flow analyzer and the optimizer. Maintaining mesh quality
during the optimization procedure is a crucial constraint to satisfy for accurate design inverse
or optimization problems.
The paper investigates the numerical efficiency of mesh, meshless and hybridized
mesh/meshless methods for solving inverse reconstruction problems dealing with multi
element geometries like the so called BINACA0012 airfoils configuration operating at
subsonic regimes. The hybridized mesh/meshless methods split the computational domain
discretized in the ratio of 80% and 20% (near the geometry) with finite volume mesh and
meshless respectively. A fast Delaunay graph mapping strategy is considered to move the
cloud points in the meshless domain avoiding the regeneration of most region of the mesh
domain during the optimization procedure.
Results obtained by the hybridized mesh/meshless methods have the advantages of
flexibility, accuracy and efficiency of both mesh method and meshless method. Thus, the
reconstruction inverse problems where the objective function the minimization of the distance
error of the candidate surface pressure error to prescribed pressure using Simple Genetic
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Algorithms (SGAs), Nash GAs.
1 DYNAMIC CLOUD METHOD BASED ON DELAUNAY GRAPH MAPPING
STRATEGY
In order to simulate the movement of boundaries in an optimization flow computation, it is
required that clouds of discrete points have the ability of moving with the rigid body
boundaries. Hence, a fast and efficient dynamic cloud method based on the Delaunay graph
mapping strategy [1] is proposed in this paper.
Firstly, as shown in Figure 1, a Delaunay triangulation of the flow field is set up by
using the given points located on the boundaries. Then, for every point P(x, y) in the flow field,
we find the triangulation is contained, and notate the points of every
element E1 ( x1 , y1 ) , E2 ( x2 , y2 ) and E3 ( x3 , y3 ) . Then the coordinates of point P can be expressed
as

 x = a1 x1 + a2 x2 + a3 x3
(2)

 y = a1 y1 + a2 y2 + a3 y3
where a1 = S1 S , a2 = S 2 S , a3 = S3 S ; S , S1 , S2 , S3 are the relevant triangle’s areas. Then, the
whole background points by the movement of the boundary’s points are adjusted. Coordinates
of the relevant triangle become E1 ( x1′, y1′) , E2 ( x2′ , y2′ ) and E3 ( x3′ , y3′ ) , and the new coordinates
of point P can be denoted as
 x′ = a x′ + a x′ + a x′
1 1
2 2
3 3

 y′ = a1 y′1 + a2 y′2 + a3 y′3

Figure 1: Global and close-up views of a Delaunay graph in the case of a NACA0012 airfoil.
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Figure 2 shows the moved cloud of points for a 30° airfoil pitch using a spring analogy
method described in [2] while Figure 3 shows us the moved meshless clouds for 30° pitch
using the Delaunay graph mapping strategy. It is obviously that we have a better result using
the Delaunay graph mapping strategy to ensure the flow field points following the movements
of the body boundaries.

Figure 2: Moved meshless clouds for a 30° airfoil pitch using the spring analogy method.

Figure 3: Moved meshless clouds of a 30° pitching airfoil using the Delaunay graph mapping strategy.

3
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2

GOVENING EQUATIONS

Euler equations represent the conservation principle for mass, momentum and energy of
inviscid fluids. In a two-dimensional Cartesian coordinate system, Euler equations are
expressed in the following form
∂W ∂E ∂F
+
+
=0
∂t
∂x ∂y

(4)
(1)

Ax = b

where the unknown vector W , and the inviscid or convective vectors E and F are defined by
 ρ(u − xt ) 
 ρ(v − yt ) 
ρ
ρu(u − x ) + p
 ρu(v − y ) 
ρu
t
t





(5)
W=
E=
F=
 ρv(u − xt ) 
ρv(v − yt ) + p
 ρv 




 
e
(e + p)(u − xt ) 
(e + p)(v − yt )
In (5), ρ is the density, u is the x-velocity component, v is the y-velocity component, p is the
pressure. The above system (4) is closed with the state equation,
p
1
+ ρ (u 2 + v2 )
γ −1 2
where (6) is valid for perfect gas and γ denotes the ratio of specific heats.
e=

3

(6)

SPATIAL DISCRETIZATION

The weighted least square (WLS) method is used to approximate the spatial first order
derivatives in the meshless domain, and in cloud C(i), (4) becomes
∂Wi
+ ∑ α ik Eik + ∑ β ik Fik = 0
∂t k∈C (i )
k∈C ( i )

(7)

Let denote U = α (u − xt ) + β (v − yt ) and G = [ ρU , ρ uU + α p, ρ vU + β p, (e + p )U ]T , then Eq.
(7) can be further expressed as
∂Wi
+ ∑ G ik = 0
∂t k∈C (i )

(8)

Using the well-known Roe’s Flux function [10], G ik can be written as
1
Gik = G(WR ) + G(WL ) − A (WR − WL )
2

(9)

where the Jacobian matrix A = ∂G ∂W can be diagonalized as A = TΛT −1 . The column
of T are the eigenvectors of A , and Λ is the diagonal matrix of the eigenvectors. The notation
A = T Λ T −1 means that the matrix contains the absolute values of eigenvalues.
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 = ( ρ , u , v, p )T and P =
Let W

∂W
. The difference ( Wik+ − Wik− ) can be defined by

∂W

 ik+ − W
 ik− )
Wik+ − Wik− = P ( W

(10)

 ik+ and W
 ik− are computed with flux limiters ϕ + and ϕ − as follows
where W

 W
 ik+ = W
 i + 1 ϕ −∇ W
 i ir
ik
2
(11)
 −
 ik = W
 i − 1 ϕ +∇ W
 i ir
 W
ik
2
 is directly computed
Here rik is the vector pointing from node i to k . The gradient ∇W
 = W − W . The flux limiter can be expressed as [4]
according to Eq. (1). Let ∇ W
k

i

 k ⋅ r ∆W
 + ∇W
 k ⋅ r ∆W
 +ε

∇W
ik
ik
ϕ + =

 k ⋅ r 2 + ∆W
 2 +ε
W
∇
ik

(12)

 i ⋅ r ∆W
 + ∇W
 i ⋅ r ∆W
 +ε
 − ∇W
ik
ik
ϕ =
2
 i ⋅ r + ∆W
 2 +ε

∇W
ik

−12
A small value ( ε = 10 ) is used to prevent division by zero in smooth regions where the
differences are very small. Elements of the Jacobian matrix A are calculated by using Roe’s
averages.

4

(

) (

)

(

) (

)

TEMPORAL DISCRETIZATION

In cloud C(i), at a definite point of time, spatial derivatives are treated as constants, then (4)
becomes a semi-discrete form
d Wi
= −R i
(13)
dt
In a full implicit time concept, time derivatives in Eq. (11) are discretized by the second-order
backward difference method, and then Eq. (11) becomes [11]
3Win +1 − 4 Win + Win −1
(14)
+ R i ( Win +1 ) = 0
2∆t
A dual-time method is introduced to advance the Eq. (13) in real time layer, the derivative
terms of conserved variables with respect to pseudo-time. τ is added to the left side of Eq. (13).
3Wn+1 − 4Win + Win−1
+ Ri (Win+1 ) , Eq. (13) can be written
By using the denotation of R*i (Win+1 ) = i
2∆t
as
dWin+1
(15)
+ R*i (Win+1) = 0
dτ
An explicit four-stage Runge-Kutta algorithm is used to advance the flow equations in

5
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pseudo-time, in which the solution is advanced from pseudo-time level n∆τ to level (n + 1)∆τ ,
and can be written as

 Wi(0) = ( Wi* ) n
 (1)
(0)
*
(0)
 Wi = Wi − α1∆τ i R i ( W )
 Wi(2) = Wi(0) − α 2 ∆τ i R *i ( W (1) )
 (3)
(0)
*
(2)
 Wi = Wi − α 3 ∆τ i R i ( W )
 Wi(4) = Wi(0) − α 4 ∆τ i R *i ( W (3) )
 * n +1
(4)
( Wi ) = Wi

(16)

with the coefficients α1 = 0.0833 , α 2 = 0.2069 , α 3 = 0.4265 , α 4 = 1.0000 . The major

disadvantage of the explicit scheme is that the time step ∆τ i is restricted by the CourantFriedrichs-Lewy (CFL) stability condition.
In order to accelerate the convergence, a local time stepping method and an implicit
residual averaging method are employed in the pseudo-time integration.
The local time step ∆τ i of discrete point is given by the following equation [6]
∆τ i = min[∆τ i′, 2 / 3∆t ]

where ∆τ i′ =

(17)

CCFL
, CCFL denotes the coefficient of CFL;
max { ρ ( A1 ) , ρ ( A 2 ) ,⋯ , ρ ( A M )}

ρ ( Ai ) can be calculated by (9).

Let R i represents the residual at node i , a new residual can be given by [11] in the
meshless method

R i + ε ∑ k =1 R 'k
M

'
i

R =

(18)
1+ ε M
where ε = [0.2, 0.5] and it can be accomplished by performing two Jacobi iterations. The
above technique allows the CFL number to be increased to 2 or 3 times when compared to the
unsmoothed value, and consequently the CFL number is increased from 2.0 to 4.5 in the
present study.
5

DIRECT PROBLEMS

Hybrid mesh/meshless methods combine the advantages of mesh methods and meshless
methods. In our research, clouds of points are distributed in the vicinity of the target single
NACA0012 airfoil and meshes are distributed in the rest of the computational domain as
shown in figure 4. From the comparisons of convergence history from the pure finite volume
method, meshless method and the hybrid mesh/meshless method, we can clearly see that the
hybridized mesh/meshless method keeps the efficiency of mesh method and the flexibility of
meshless method.

6
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Figure 4: Computational domain
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Figure 5: Comparisons of convergence history for NACA0012 airfoil

6

RECONSTRUCTION FOR BINACA0012 AIRFOILS

BINACA0012 airfoils which are defined in the [4] have been selected in our present work.
Let each NACA0012 airfoil oscillate in pitch about its quarter chord, and the rotating angles

7
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α1, α2 are selected as the design parameters. For the global GAs, the objective function is
defined according to the surface pressure coefficients as
M1

2

M2

2

i =1

i

i =1

i

min f (α1，α 2 ) = ∑ C p (α1 ) − C p (α1* ) +∑ C p (α 2 ) − C p (α 2* )

where M1 is the total number of points distributed on the surface of upper airfoil while M2 is
the total number of points distributed on the surface of lower airfoil, the search spaces are
α1 ∈ [−10.0 ,10.0 ]，α 2 ∈ [−10.0 ,10.0 ] and α1*，α 2* are the target parameters. Some
parameters in the GAs are set as follows:
Size of population is 20;
Probability of crossover is 0.85;
Probability of mutation is 0.01.
The objective functions defined in Nash GAs are:
M1

2

M2

2

i =1

i

i =1

i

min f1 (α1，α 2** ) = ∑ C p (α1 ) − C p (α1* ) +∑ C p (α 2** ) − C p (α 2* )
M1

2

M2

2

i =1

i

i =1

i

min f 2 (α1**，α 2 ) = ∑ C p (α1** ) − C p (α1* ) +∑ C p (α 2 ) − C p (α 2* )
Parameters are set like the global GAs except:
Size of population is 10;
Probability of mutation is 0.02.

The flow conditions of direct Euler equations are: Mach number is 0.5; the target parameters
are 0.0° and 3.0°.
In Figure 5 is the convergence history of objective function reconstruction process and
Figure 6 is the convergence history of design parameter reconstruction process using GAs and
Nash GAs based on mesh method. Using GAs to search for the prescribe position of
BINACA0012 airfoils, it reaches the fitness value of 10-3 around 600 generations while the
two Nash players get the fitness values of 10-8 around 100 generations. In this case, the
advantage of the Nash game strategy in GAs shows that it is much faster than the global GA
in finding the target positions of BINACA0012 airfoils.

8
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Figure 6: Partial view of the mesh and clouds of points for BINACA0012 airfoils
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Figure 7: Comparisons of convergence history of reconstruction fitness function achieved by GAs and
two Nash players.

Ax = b

The next example is a multi-line equation:

9
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Ax = b
Ax = b

(2)

12 CONCLUSIONS
The hybridized mesh/meshless methods have combined advantages of flexibility, accuracy
and efficiency of both mesh method and meshless method. Numerical experiments have been
presented and discussed in the paper for the reconstruction of BINACA0012 airfoils. They
clearly demonstrate the benefits of using a hybridized mesh/meshless Euler flow analyzer
coupled to evolutionary optimizer. Numerical results have shown the potential and the
flexibility of the hybridized mesh/meshless technique for inverse problems in aerodynamics.
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Abstract. As soon as one is interested in local quantities or local behavior, multiscale
methods are appealing. In this context, the paper deals with the modeling of a coupling
between a deterministic continuum model and a stochastic discrete one in the framework
of the Arlequin method. An adaptive strategy is also proposed to control the quality of
the local solution obtained by this specific method.

1

INTRODUCTION

In the context of increasingly complex structures, predictive and fast simulations must
be able to represent properly the mechanical behavior providing an essential tool in engineering studies. Classically, deterministic and relatively coarse models provide eﬀective
results for a large range of industrial structure under simple loadings. However, these
models become ineﬀective when one is interested in local quantities, or local behaviors.
Further, in many cases, local defects (cracks, hole, local stiﬀness...) can strongly aﬀect
the behavior of a structure in a localized region while the remainder of the structure is
only slightly modified. In these cases, it is neither reasonable nor tractable to model the
entire structure with a fully fine-scale method.
To overcome this issue, various multiscale methods or strategies have been developed.
Three families of multiscale methods can be distinguished: homogenization-based meth1
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ods, enrichment methods and superposition methods. The former ones, first developed
by Hashin [11] aim at obtaining a continuum macroscopic description by some averaging techniques of the microscopic state over a so-called Representative Volume Element
(RVE). The bridge between the two scales is usually based on an energetic equivalence between the homogeneous cell and the actual one. The FE2 method, developed by Feyel [9],
uses homogenization techniques directly inside a finite element approach. The problem
is solved iteratively to capture the non-linear eﬀect induced by the local behavior. In
this class of methods, the definition of the RVE and its boundary conditions are still an
open issue, specially in the case of random materials. Moreover, this procedure is not
straightforward when one is interested in a local quantity such as the stress distribution
in the case of a fracture for instance.
On the other hand, enrichment methods aim at generalizing the classical Finite Element Method (FEM). In the case of complex microstructures or cracks, the discretization
elements have to be smaller than the micro characteristic size. In the eXtended Finite
Element Method or the Generalized Finite Element Method, both based on the Partition
of Unity Methods developed by Melenk and Babuška [1], flexibility is added to the FEM.
These methods propose to enrich locally the basis of the approximated spaces used in the
global model, with specific deformations induced by local defects (crack for instance) or
local eﬀects (geometric singularity for instance). The validity of this approach is limited
to the fact that it works on the space approximation only. It eﬃciency is then related to
the assumption that local enrichment can be known or partially known analytically.
The superposition methods directly work at several approximation levels in the same
time. Local fields correct global ones. The coarse part is generally solved using the
FEM, and a particular attention concerns the approximation of the fine part. In the
Variational Multiscale Method proposed by Hughes [13], the fine part is seen as the
residual in displacement of the coarse approximation. Two issues arise at this point, the
determination of Green’s functions that arise from the problem decomposition and the
relation between the fine and coarse solutions. The approximation of Green’s functions
can give birth to bubble functions, where the zero-value at the boundary of the fine
domain ensures the non-redundancy of the field at each macro cell edge. Approximation
of Green’s functions by use of a set of fine grids within each macro grid cell leads to the
so-called Multiscale Finite Element Method by Hou [12]. Developed by Oden [17], the
Hierarchical Dirichlet Projection Method proposes to superpose to the coarse model a
fine FE model of heterogeneities (in morphology and/or in behavior) similarly to the FE2
and using Dirichlet boundary conditions (for linking considerations). The particularity
of this method is that it proceeds iteratively to correct the estimated error, adding fine
models where peaks of error appear. Finally, the S-method by Fish [10] is considered to
be slightly diﬀerent as it proposes to introduce a modification of the global model. It
superposes a fine FE mesh with a coarse one, where the coupling appears explicitly in
the discretization process. However, some redundancy issues can occur at the coupling
frontier. As the S-method, the Arlequin method, developed by Ben Dhia [3, 4], uses the
2

512

C. Zaccardi, L. Chamoin, R. Cottereau and H. Ben Dhia

model superposition in a known area. Contrary to the previous method, the local model
is not added to the global one but crossed and glued on it in a coupling zone where the
models co-exist.
However, one has to keep in mind that the model used for the resolution of an engineering problem remains an approximation of the real problem. In parallel with the
development of eﬀective numerical methods, techniques have been developed to evaluate
the quality of the approximated solution. In the case of the approximation by the FEM,
first verification works have concerned linear thermal or elasticity problems in the 70s.
The main idea, in the so-called a posteriori method, is to evaluate a norm (e.g. the
energetic norm) of the global error induced by the use of an approximate model. Let us
mention methods based on the lack of equilibrium of the numerical solution ([7]), first proposed by Babuška and Rheinboldt [2], methods based on the regularity defect introduced
by Zienkiewicz and Zhu [20], and finally, methods based on the error in the constitutive
equation proposed by Ladevèze [14].
Nevertheless, from the engineer point of view, global error has a limited relevance.
Usually, the design problem concerns local quantities such as the displacement of a point
or the average of the stress field in a zone. That is why, more recently, active research
fields have aimed at evaluating the error in the approximation of a specific local quantity.
The so-called goal-oriented method, proposed by Prudhomme and Oden (discretization
error [18], modeling error [15]) for example proposes to use an adjoint problem with
extracting techniques to evaluate an error on a local quantity.
In this context, we study a molecular stochastic model. In practice, this problem is
unsolvable due to its high number of degrees of freedom (both for the spatial description,
as for the stochastic description). In this contribution, we propose to reduce the problem
using the Arlequin method in which a molecular stochastic model is coupled to a continuum deterministic one. To control the quality of the approximation on a local quantity
(e.g. the displacement of a particle), the goal-oriented method is used to estimate the
error induced and to drive an adaptive process.
2

REFERENCE MODEL

The reference model is described by a discrete physics whose associated parameters
are stochastic (cf. Fig. 1). This model is composed of N particles (that can represent
atoms, molecules, polymer chains...) occupying initially a domain Ω, and submitted to an
internal load f (x). Boundaries ΓN and ΓD are described by NN particles (index defined by
the set ΓNN ) and ND particles (index defined by the set ΓND ) respectively. The particles
of ΓNN are fixed. A surface load g(x) is distributed on the particles of ΓND . Considering a
complete probability space (Θ, T , P ) with Θ a set of outcomes, T a σ-algebra of events,
and P : T → [0, 1] a probability measure, and denoting by z the particle displacement
vector, and W = {z ∈ L 2 (Θ) × R2N , zi = 0, ∀i ∈ ΓND , a.s.} the space of admissible
displacements, the problem reads:

3
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Figure 1: Reference model

Find z ∈ W such that:
a(z, w) = �(w),

∀w ∈ W,

(1)

where a : W × W → R and � : W → R are defined, respectively, by:
a(z, w) =

N
�
∂Ed (z, θ)
i=1

and
�(w) =

N
�

fi w i +

i=1

∂zi

�

wi ,

(2)

gi wi ,

(3)

i∈ΓNN

fi is the volume force f distributed on the particles, gi the surface force g distributed
on the particles indexed on ΓNN and Ed (z, θ) denotes the strain energy of the particle
system.
In practice, this model exhibits a heavy cost to obtain directly an eﬀective approximation of the solution in a reasonable time. That is why the Arlequin method is used to
approximate this reference problem by a reduced model (cf. Fig. 2).
3

APPROXIMATION USING THE ARLEQUIN METHOD
The Arlequin method proposes a multimodel strategy based on the following key points:
• a model superposition,
• a volume coupling between models,
• a distributed mechanical energy between the models in a coupling zone.
4
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Figure 2: Reduced model using the Arlequin method

From the reference model, a zone Ω2 ⊂ Ω0 in which a molecular description, described
by Np particles, is essential (geometric singularity zone, crack tip...) is chosen. The
remaining structure is modeled by a continuum and deterministic model. The Arlequin
method enables to couple the deterministic continuum model with the molecular stochastic
one. Considering a complete probability space (Θ, T , P ) with Θ a set of outcomes, T a
σ-algebra of events, and P : T → [0, 1] a probability measure, the primal problem reads:
Find (u0 , z 0 , λ) in V1 × W2 × Wc such that:

 a1 (u0 , v) + C(λ, v) = �1 (v), ∀v ∈ V1 ,
a2 (z 0 , w) − C(λ, Πw) = �2 (w), ∀w ∈ W2 ,
(4)

0
0
C(µ, u − Πz )
=
0,
∀µ ∈ Wc .

with V1 = {v ∈ H 1 (Ω1 ), v(x) = 0, ∀x ∈ ΓD }, W2 = {z ∈ L 2 (Θ) × R2Np } where
Π denotes a projection operator from W2 to Wc . In this work, we consider the linear
interpolation operator. The total energy of the system is distributed using two parameters
(α1 (x), α2 (x)) (see [3, 6, 8] for more details). The internal works a1 : V1 × V1 → R and
a2 : W2 × W2 → R are defined, respectively, by:
�
α1 (x)Kd (x)∇u∇v dΩ,
(5)
a1 (u, v) =
Ω1

and
a2 (z, w) =

Np
�
i=1

∂Edp (z, θ)
α2i (xi )
wi ,
∂zi

(6)

where Edp denotes the strain energy of the Np particle system and where α2i denotes a
specific distribution of α2 (x). The external works �1 : V1 → R and �2 : W2 → R are
defined, respectively, by:
�
�
�1 (v) =
α1 (x)f v dΩ +
α1 (x)gv dΓ,
(7)
Ω1

ΓN

5
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p

�2 (w) =

N
�

α2i (xi )fi wi .

(8)

i=1

The three equations (4) respectively describe:
1. the equilibrium of the first model (continuum deterministic) defined in the sub-space
Ω1 ,
2. the equilibrium of the second model (molecular stochastic) defined in the sub-space
Ω2 ,
3. the coupling of the particle displacement field z 0 with the continuum displacement
field u0 in a sub-domain Ωc of S = Ω1 ∩ Ω2 �= ∅.
This coupling operator is mainly inspired by the coupling of a deterministic continuum
model with a stochastic continuum one studied in [6, 8]. The coupling space Wc is
composed of random fields with a spatially varying mean and perfectly spatially correlated
random fluctuation:
�
1
2
Wc = {ψ(x) + θIc (x)|ψ ∈ H (Ωc ), θ ∈ L (Θ, R),
ψ(x) dΩ = 0},
(9)
Ωc

/ Ωc ) = 0. The
where indicator function I(x) is defined by: Ic (x ∈ Ωc ) = 1 and Ic (x ∈
2
coupling operator C : Wc × L (Θ, V1 ) → R is written:
��
�
C(λ, v) = E
(κ0 λ v + κ1 ∇λ∇v) dΩ .
(10)
Ωc

The coupling of the models using the Arlequin method allows the reduction of the
reference model and the approximation of the solution. Nevertheless, the quality of this
solution has to be controlled, for example by adapting:
• the mesh size used,
• the coupling zone size,
• the patch size (Ω2 ).
4
4.1

GOAL ORIENTED ERROR ESTIMATION
Quantity of interest

To control the accuracy of such an approach, a goal-oriented method [15, 16] is used
to estimate the error introduced by the approximation with the Arlequin method on the
evaluation of a quantity of interest (e.g. the average of a component of the displacement
field in a given region of Ω2 ).
6
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Following an idea proposed in [19], an error estimate of η = q(z) − q(z 0 ) is introduced
to develop an adaptivity method on this specific coupling. For example, we want to
investigate the mean displacement of particle k, initially at position xk . In order to do
that, the method consists in writing the local quantity in a global form using extracting
techniques:
� N
�
�
q(z) = E [zk ] = E
δki zi ,
(11)
i=1

where δki denotes the Kronecker symbol, and N is the total number of particles. The
error η can then be related to the product of the global error on the primal problem with
the solution of adjoint model defined in the next section [19].
4.2

Definition of the adjoint problem

We assume here that a solution z of the reference problem (1) is known. We define the
adjoint problem related to the quantity of interest q(z) as:
Find p ∈ W such that:
a(w, p) = q(w),

∀w ∈ W,

(12)

with q(w) defined at Eq. (11) and where only the second member of the equation have
changed compared to equation (1) when a is self-adjoint, i.e. a(w, p) = a(p, w).
The error η can then be estimated as [19]:
η � R(z p , p),

(13)

where R(., .) is the residual function defined by:
R(z, p) = �(p) − a(z, p),

(14)

and where z p is a projection of the approximated solution of (1) in space W. In the case
described here of an approximation by the Arlequin method (u, z, λ), this projection can
be defined as [19]:
�
if i = 1 . . . Np ,
zi
zp =
(15)
u(xi ) if xi ∈ Ω1 \ Ω2 .
However, problem (12) is still based on the reference model description. For the same
reasons, this problem is thus intractable. It is in practice approximated by the Arlequin
method. We denote the associated quantities with a ∼. This approximation has to be
suﬃciently accurate. To control this, a global estimation error method can be used. To
ensure the quality of this approximation, the Arlequin model of the adjoint problem has
to be finer than the one used for the primal problem (i.e. with a bigger patch: Ω2 ⊂ Ω̃2 ).
An approximated adjoint problem can thus be defined as:
7
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Find (p̃u , p̃z , p̃λ ) in Ṽ1 × Ṽ2 × Ṽc such that:
a0 ((v, w, µ), (p̃u , p̃z , p̃λ )) = q(v, w),

∀(v, w, µ) ∈ Ṽ1 × Ṽ2 × Ṽc .

where
q(v, w) =

�

Ω1

α1 (x)δ(x − xk ) v dΩ + E

�

N
�

�

α2i δki wi ,

(16)

(17)

i=1

and denoting xk the position of the particle k, where δ(x − xk ) = 1 in xk and 0 otherwise.
4.3

Error estimation

Projecting the approximate solutions obtained by the Arlequin method of the primal
problem (u0 , z 0 , λ) and of the adjoint one (p̃u , p̃z , p̃λ )) in V 0 and denoting these projections
z p and p̃p respectively, the error η can be estimated by:
η � R(z p , p̃p ).

(18)

To upgrade the quality of the approximation in relation to the considered quantity of
interest, we propose to separate the diﬀerent sources of error considering intermediate
problems: modeling error, spatial discretization error and stochastic discretization error.
Consequently, we propose to adapt the coupling zone size, the finite element discretization,
or the discretization related to the stochastic dimension to control the quality of the
solution in an optimized manner.
5
5.1

UNIDIMENSIONAL APPLICATION
Reference model

We propose in this part to apply the previous method to a simple unidimensional case.
The reference model is described by a fully particle system (see Fig. 3), composed of n + 1
particles connected each other by n harmonic springs of strength ki > 0 and equilibrium
length li .

Figure 3: Reference particle model

We consider here that ki are random variables whereas li = l is deterministic and
constant. The particles are initially at position xi and we denote their displacement by zi
when the system is submitted to deterministic traction force f = 1 applied in xp = 0.5.
8
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We also assume that particles are clamped at both ends (i.e. z0 = zn+1 = 0 almost
surely). The potential energy of such a system is given by:
n

Ep (z) =

n

�
1�
ki (zi − zi−1 )2 −
f i yi .
2 i=1
i=1

(19)

Denoting W = {z ∈ L 2 (Θ) × Rn+1 , z0 = zn+1 = 0, a.s.} the space of admissible displacements, the problem reads:
Find z ∈ W such that:
a(z, w) = �(w), ∀w ∈ W
(20)
where a : W × W → R and � : W → R are defined, respectively, by:
a(z, w) =

n−1
�
i=1

[ki (zi − zi−1 ) − ki+1 (zi+1 − zi )]wi ,

and
�(w) =

n
�

fp w i ,

(21)

(22)

i=1

where fp is a vector defined by (fp )i = δip . The stiﬀness ki follows a uniform law with
bounds (30.013, 235.70).
Moreover, we suppose that in this model, there exists a defect, centered around the
point xp , and modeled by a weakening of spring strengths around xp . We also assume
that this defect is suﬃciently local, i.e. far from both ends. This is represented by the
multiplication of the initial stiﬀness ki with the function:
dp (xi/2 ) =
where xi/2 =
5.2

1
(1 + 10 exp(−1000(xi/2 − xp )2 ))

xi−1 −xi
.
2

Arlequin approximation

Figure 4: Arlequin approximation

9
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A particle description is needed only around the defect. Far from it, we can model the
behavior using a continuum description defined by:
∇ · (Kd ∇u) = f.

(24)

where Kd denotes the homogenized parameter defined from spring strengths ki by:
Kd =

1
N

Sl
�n

1
i=1 ki

,

(25)

S being the cross-sectional area. In the following numerical example, Kd has a value close
to 1 (in fact, the bounds of the uniform law for ki have been chosen to get this result).
The coupling between the stochastic particle model and the continuum one is performed
using the Arlequin method, as described in section 3. In this case, the distributed α2i is
defined by:
α2i = α2 (xi/2 ).
(26)

0.4

displacement [−]

0.3
0.2
0.1
0
−0.1
0

0.2

0.4
0.6
x axis [−]

0.8

1

Figure 5: Approximate solution: deterministic part in black solid line, mean of the stochastic particle
solution in red circles VS reference particle solution in blue crosses.

We now wish to control the quality of the solution, with respect to a local quantity
defined by q(z) = E [zp ] (i.e. the mean displacement of particle p, initially at position
xp = 0.5). The results associated to this error estimation, and the associated adaptivity
process will be shown during the conference.

10
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6

CONCLUSION

In this contribution, the Arlequin method is used to reduce the size of a reference
problem which is intractable directly. This method enables to couple a fine model, which
is stochastic and discrete, with a coarser one, which is deterministic and continuous.
Finally, considering a local quantity of interest, an error estimation is proposed for this
coupling.
7
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Abstract. As a material removal process, metal milling process involves large geometry deformation, material thermo-visco-plastic flow coupled with damage and complex
contact-friction problems. During simulation of metal milling, the finite elements distort
severely at the local regions with high gradient of physical field such as stress, strain and
temperature due to these problems. This paper presents numerical adaptive remeshing
procedure dedicated to metal milling process. The procedure integrates explicit solver of
ABAQUS, OPTIFORM mesher and field transfer to execute step by step the incremental
milling process. At each step, the meshes are refined and coarsened automatically based
on geometrical and physical error estimations; the physical fields are transferred (point to
point) from old to the new one using advanced algorithm. Johnson-cook material model
is used to simulate the material plastic flow with ductile damage. Some numerical results
are given to demonstrate the efficiency of the proposed procedure.

1

INTRODUCTION

Metal milling is a widely used material removal process in manufacturing. During
metal milling, the physical fields (stress, strain and temperature) have the severe localization and this effects the milling surface error directly. The cutting force also changes
in different cutting conditions and it is important to study the tool breakage, tool wear
and chatter. Hence, it is necessary to predict the physical field distribution and cutting
force in metal milling. Finite element method is a significant method to be used in metal
milling simulation. The simplified orthogonal cutting model was proposed in literatures
[1, 2, 3] to predicted the physical field and cutting force. The end milling and face milling
process based on two-dimension finite element analysis were presented. The FE model of
orthogonal cutting are developed for micro-milling in literature [4] and the relationship
between the cutting forces, uncut chip thickness and cutting velocity is predicted. A three
1
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dimension finite element model was developed in literature [5]. The simulation of cutting
force and deflection in end milling operation was presented.
To simulate metal milling process, some problems must be considered like material
visco-plastic flow coupled with fracture, large geometrical deformation and complex contact of boundary. The finite elements distort severely at the local regions with high
gradient of physical field such as stress, strain and temperature due to these problems.
To successfully simulate the metal milling process, the finite element mesh must be fine
enough at these regions. Considering computing cost, it is valuable to adapt the finite
element to different milling regions. Hence, the adaptive remeshing procedure is proposed
and it has implemented in metal cutting process successfully. H.Borouchaki [6] makes
great contributions to Adaptive remeshing research field in both R2 and R3 . The Adaptive remeshing scheme which he proposed is widely used in elastic-plastic-damage [7, 8]
and electromagnetic [9, 10] FE simulations.
This paper presents the three dimension adaptive remeshing procedure for metal milling
finite element simulation. The procedure integrates explicit solver, OPTIFORM mesher
and field transfer to execute the milling process step by step. At each step, the meshes are
refined and coarsened automatically based on geometrical and physical error estimations;
the physical fields are transferred (point to point) from old to the new one using advanced
algorithm; and the new finite element model is solved by explicit algorithm. Johnson-cook
material model is used to simulate the material flow and Johnson-cook damage criterion
is considered to judge elements killing. Some numerical results of metal up milling process
are given to predicate various physical fields and cutting forces.
2

Adaptive remeshing procedure

The proposed adaptive remeshing procedure is an numerical calculating environment
integrates explicit solver, OPTIFORM adaptive mesher and point to point field transfer
algorithm. The temperature-displacement dynamic explicit in ABAQUS is chosen to solve
our numerical simulation issue. It is based on the explicit central-difference integration
rule and it requires no iterations and no tangent stiffness matrix[11]. OPRIFORM mesher can provide us the adaptive mesh for tetrahedral finite element. The unit remeshing
strategy and Constraint Delaunay kernel[9] are proposed to refine and coarsen automatically the FE meshes. It uses edge removing and edge-based refinement combined with
a constraint Delaunay method to construct a unit mesh. Hence, the FE mesh optimize
from both element and its edges. Prior and posterior error estimates are interpolated
to generate different mesh size map and control the local mesh density. The elements
will be killed in OPTIFORM when damage criterion is satisfied. The new boundary is
constructed after unit mesh generating, edges/elements optimizing and elements killing.
The field both on nodes and elements are transferred. Fields on element, such as stress
and plastic strain, are transferred through Gauss point from old mesh to the new one.
Fields on node, such as temperature, is transferred based on fast point and element search
algorithm [12] from old mesh to the new one directly.
2
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Based on above theories, the adaptive remeshing procedure is used to simulate metal
milling process. We consider Ω1 and Ω2 as the initial domain of workpiece and milling cutter respectively in R3 . The adaptive remeshing procedure is executed using the following
scheme:
1. Computation the finite element model created by Ω1 and Ω2 . Solution S at each
step time is defined for Ω1 ;
2. Detection of contact region and deformation zone using prior error estimate. The
first mesh size map will be defined as a prior metric field to govern the remeshing
domain;
3. Confirmation of local mesh quality using posterior error estimation based on physical
field solution S. The second mesh size map will be defined as a posterior metric
field to govern the remeshing domain;
4. Intersection of the mesh size map and definition the unique size map to adaptive


remesh and optimize the domain; The new boundary Ω1 and Ω2 are created.




5. Transfer of thermal-mechanical fields from Ω1 , Ω2 to Ω1 , Ω2 ; return to step 1.
The metal milling process is divided into several iterations and the adaptive remeshing
procedure is used to ensure the mesh quality. During adaptive remeshing, the mesh size is
controlled by element minimal size (hmin ) and maximum size (hmax ). The contact region is
detected and remeshed based on prior estimate. The mesh is optimized and refined based
posterior estimate which can be chosen in provided solution S, for example equivalent
plastic strain. The field of damage must be calculated through various fracture criterion
to judge damaged elements and kill these elements. The finite element simulation for metal
milling process will be finished when all of these iterations are implemented successfully.
3

Finite element model

Generally, metal milling includes up (conventional) milling and down (climb) milling.
In this paper, adaptive remeshing procedure for up milling is presented. Johnson-Cook
material model and damage criterion is used to predict the material behavior in the finite
element model.
3.1

Material behavior

Johnson-cook[13] material model was used to predict thermal-visco-plastic material
behavior. It provides a suitable description of material behavior in metal milling process.
It considers large strains, high strain rates and temperature dependent visco-plasticity.
The J-C model for von Mises plastic flow stress expresses in Eq. 1.
T − T0 m
˙
) ]
(1)
σ(, ˙ , T ) = [A + Bn ][1 + Cln ][1 − (
˙0
Tm − T0
3
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Where  is equivalent plastic strain, ˙ is equivalent plastic strain rate, ˙0 = 1.0s−1
(determined by experimental conditions) and Tm is melting temperature, T0 is room temperature. A, B, C, m, and n are material parameters.
The J-C damage equivalent plastic strain f is given in Eq. 2, where D1 ∼ D5 are the
experimental material parameters and σm is the average of the three normal stresses:
σm
T − T0 m
˙
f = [D1 + D2 exp(D3 ( ))][1 + D4 ln ][1 + D5 (
) ]
σ
˙
Tm − T0
and the accumulated ductile damage D is giebn 0by :
D=

 
f

(2)

=1

(3)

The  is increment of the equivalent strain which occurs during an integration cycle,
Material
T i − 6Al − 4V
4340Steel

A(MPa)
870
792

A(MPa)
990
510

n
C
m
0.28 0.028 1.0
0.26 0.014 1.03

D1
-0.09
0.05

D2
0.25
3.44

D3
D4
D5
-0.5 0.014 3.87
-2.12 0.002 0.61

Table 1: Johnson-Cook material parameters of Ti-6Al-4V and 4340 Steel [13, 14, 15]

Thermal-mechanical parameters
M odulus of elasticity E (M P a)
P oisson s ratio ν
Density ρ (T onne/mm2 )
Specif ic heat capacity c (mJ/T onne ∗ K)
T hermal conductivity k (mW/mm ∗ K)
T hermal expansion α (K −1 )

Ti-6Al-4V
110000
0.33
4.43 × 10−9
670 × 10−6
6.6
9 × 10−6

4340 Steel
200000
0.29
7.83 × 10−9
477 × 10−6
38
32 × 10−6

WC ISO-P20(cutter)
705000
0.23
15.7 × 10−9
178 × 10−6
24
5 × 10−6

Table 2: Thermal-mechanical parameters for cutter and workpiece [13, 14]

the criterion for damage initiation is met when Eq. 3 is satisfied in theory. In this paper,
the Ti-6Al-4V and 4340 Steel materials are considered to study the milling process. The
material parameters of elasticity, plasticity, damage and thermal are presented in Tab 1
and Tab 2.
3.2

Description of milling process

When the cutter rotates in up milling, small chips of material are cut by each tooth
of the cutter. The physical field distributions and cutting forces depends on several
variables, see in Fig 1 and Tab 3. The variable (vc ) is the cutting speed at which each
tooth cuts through the material as the tool spins. It is decided by spindle speed and the
4
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diameter of cutter. Feed per tooth (fz ) is the distance the material is fed into the cutter
as each tooth rotates. This value is the size of the deepest cut the tooth will make. It
is decided by spindle speed (S), feed rate (vf ) and number of tooth (z). Depth of cut
(working engagement:ae ) is how deep the tool is under the surface of the material being
cut. Typically, the depth of cut will be less than or equal to the diameter of the cutter.

Figure 1: Parameters of up milling

Working engagement ae (mm)
Feed per tooth fz (mm)
Orthogonal rank (◦ )

Figure 2: Initial mesh and boundary

0.5
0.127
6

Back engagement ap (mm)
Cutting speed vc (mm/s)
Orthogonal clearance (◦ )

2.54
2000
15

Table 3: Mechanical milling conditions

At initial, as shown in Fig 2, the workpiece (20mm×8mm×2.54mm) has a very coarse
mesh of 276 deformed tetrahedral elements. The milling cutter (d = 6mm) has 2160 rigid
elements. The meshes are refined and coarsen automatically for workpiece at each step
displacement of tool. For this model, the following adaptive parameters are used:
1. hmin = 0.05mm and hmax = 2.0mm are used to control the minimal and maximal
element size respectively.
2. δ = 0.3mm is used to detect the contact zone and damage region for priori estimate;
The mesh size in these region will be refined with the size hmin .
3. Dk = 0.8 is used to control the element killing and Dc = 0.6 is used to refine the
mesh to minimal mesh size when D reach to Dc .
The physical field solution of equivalent plastic strain is chosen as the adaptive physical
field to control the mesh size. The equivalent plastic strain of J-C fracture is calculated
5
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to judge whether the element need to be killed or not. The mesh of cutter keeps on its
shape and size without remeshing.
4
4.1

Numerical results
Boundary conditions and adaptive mesh

The initial boundary conditions and workpiece mesh of milling model using adaptive
remeshing is presented in Fig 2. The nodes in the bottom and left side of workpiece are
fixed all the time. The cutter is controlled by the reference point which has a X direction
movement and also a rotation circling Z axis (U=0.025mm and R=7.875◦ at each step).
The adaptive remeshing procedure for up milling is implemented successfully. During
the simulation, the chip thickness starts at zero, and increases up to the maximum. The
cutting force is so small when the cutter does not cut. Slowly, the cutter slides across the
surface of the material, until sufficient pressure is built up and the tooth suddenly bites
and begins to cut.
The adaptive finite element meshes in each iterations of Ti-6Al-4V milling process are
illustrated in Fig 3 (a∼g). The mesh sizes and element qualities in different regions of
workpiece are well controlled with both geometrical and physical error estimates. The
mesh size of local region where has the high equivalent plastic strain distribution and
contact with cutter surface reaches to the specified value (0.05mm). The shape of elements
is optimized in all iterations at the same time. Based on adaptive remeshing procedure,
the accurate simulation results are obtained using the tetrahedral elements as few as
possible. For comparing, the simulation without adaptive remeshing for the same milling
process is presented in Fig 3(h). We can see that the element are distorted severely and
unreliable numerical results are obtained. If we control the mesh size of whole workpiece
to hmin , there will generates millions of tetrahedral elements and we need a very long time
to solve it.
4.2

Prediction of temperature

The temperature distribution has various negative effects for metal milling. The high
cutter temperature produces cutter diffusion wear and limits the cutting speed. The high
temperature and strain rate of cutting area can form the chips with adiabatic shear band
and this creates the fluctuation in cutting forces, even it generates the mechanical instability. Hence, to predict the temperature distribution in up milling process is important.
Figs 4 and 5 illustrate the temperature distribution during milling process for material
Ti-6Al-4V and 4340 steel respectively. The temperatures have the higher values when
material is cutting (4a and 5a;4b and 5b) and the lower values when cutter has no contact
with workpiece(4c and 5c).
Material deformation and friction of contact are two heat generating source. Comparing
to Ti-6Al-4V, 4340 steel has the higher strength and hardness. It needs more power to
cut 4340 steel, as in Fig 7, greater cutting force is used. But, the thermal conductivity
6
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(a) Iteration 2: U=0.050mm

(b) Iteration 10: U=0.250mm

(c) Iteration 15: U=0.375mm

(d) Iteration 35: U=0.875mm

(e) Iteration 140: U=3.500mm

(f) Iteration 210: U=5.225mm

(g) Iteration 360: U=8.975mm

(h) Without remeshing

Figure 3: Adaptive remeshing mesh in different tool displacement and comparison mesh during milling
process with/without remeshing

of 4340 steel (38mW/mm ∗ K) is much larger than Ti-6Al-4V(6.6mW/mm ∗ K) and the
heat is easier to transfer in 4340 steel. On the contrary, the cutting heat concentrates in
7
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(a) U=0.050mm

(b) U=0.875mm

(c) U=2.250mm

Figure 4: Temperature distribution at each steps for Ti-6Al-4V

(a) U=0.050mm

(b) U=0.875mm

(c) U=2.250mm

Figure 5: Temperature distribution at each steps for 4340 Steel

Figure 6: Milling temperature versus tool displacement

the tip of cutter and it is hard to be transferred in Ti-6Al-4V. consequentially, we get a
higher temperature distribution in milling process of material Ti-6Al-4V. Fig 6 gives some
comparison during milling process for different materials. We can noting that, the milling
temperature is higher in Ti-6Al-4V (average 800◦ ) than that in 4340 steel (average 500◦ ).
We can also see that, the temperature increases when cutter is cutting the workpiece and
then decreases to the minimal values until the teeth cuts material again.

8
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4.3

Cutting forces

The main cutting force Fx is well predicted in milling process (see Fig 7). At the first
teeth cutting, the chip thickness starts at ae and the very large cutting force reaches.
Then, Fx decreases to 0 when the chip is removed. In the following iterations, the chip
thickness starts at zero, and increases up to the maximum. Slowly, the cutter slides across
the surface of the material, until sufficient pressure is built up and the tooth suddenly
bites and begins to cut. During these processes, the cutting contact force increases from
zero to maximal value (1200N for Ti-6Al-4V and 3000N for 4340 steel) and than decrease
to zero again at each contact tool-workpiece.

(a) Milling force of material Ti-6Al-4V

(b) Comparison of milling force

Figure 7: Forces in milling process of materials Ti-6Al-4V and 4340 Steel

The experiment results of orthogonal cutting at the same cutting conditions for material
Ti-6Al-4V [16] are shown in Fig 7 (a). It is obvious that the numerical simulation results
(average 600N) based on proposed adaptive remeshing procedure is close to the experiment
values (average 559N). The milling predicted force for 4340 steel (in the same milling
conditions) is compared with Ti-6Al-4V in Fig 7 (b). It needs more power to cut 4340
steel (higher strength and hardness) and bigger cutting force generates in the same cutting
conditions. The cutting force reaches to 1500N in our simulation.
5

CONCLUSION

The three dimension adaptive remeshing procedure based on tetrahedral element has
been proposed to simulate the metal up milling process. It is obviously that we have the
finest mesh where deforms severely and the very coarse mesh where can be ignored. The
numerical results prove that the proposed procedure is helpful for advanced numerical
simulation of metal milling in three dimension. The temperature during milling process
are well simulated and the cutting forces in different directions are well predicted. The
material Ti-6Al-4V and 4340 Steel are considered to compare the differences of cutting
9
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force and temperature in various material milling.
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Abstract. The wave propagation issue in elastic structures with shunted piezoelectric
patches is dealt with in this work. The shunt circuit on the piezoelectric patches is
composed of a resistance (R) and an inductance (L) in series. This semi-active control
approach has the advantage of guaranteeing stability and low complexity in implementation. A finite element based numerical approach named Wave Finite Element (WFE)
method is firstly developed as a prediction tool for characterizing wave propagation in
beam like structures, and subsequently extended to take shunted piezoelectric elements
into account through the Diffusion Matrix Model (DMM). All these techniques enable the
calculation of reflection and transmission coefficients of propagating waves in the structures with shunted piezoelectric patches. The four classical wave modes (two flexural
modes, one torsional mode, and one traction/compression mode) are well captured and
their corresponding dispersion curves can be calculated with the WFE method. The performance of shunted piezoelectric patches on the control of flexural wave propagation is
investigated numerically with the DMM. A homogenized Euler-Bernoulli beam model is
created as an analytical reference for the numerical simulations. The numerical prediction
tools presented in this paper can facilitate design modifications and systematic investigations of geometric and electric parameters of beam structures with shunted piezoelectric
patches.
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1

Introduction

Mechanical integration of active smart materials, electronics, chip sets and power supply systems enables the creation of a new generation of smart composite structures [1, 2].
The intrinsic passive mechanical behavior of the material can be controlled through electromechanical transducers in order to attain new desired functionalities [3]. A well-known
control configuration is the piezoelectric damping using external resistor-inductor shunt
circuit [3, 4, 5, 6, 7]. This semi-active configuration has the advantage of guaranteeing
stability, and can be obtained by bonding piezoelectric elements onto a structure and
connecting the electrodes to the external shunt circuit. Due to straining of the host structure, and through the direct piezoelectric effect, a portion of the mechanical energy is
converted into electrical energy and subsequently be dissipated by joule heating via the
connected resistor. By varying the inductance in the shunt circuit, the tuning frequency
can be adjusted to desired frequency band.
In order to predict the dynamical behavior of smart materials with shunted piezoelectric
elements, suitable physical models should be established. The finite element method
(FEM) is an interesting choice as it possesses the advantages of widespread use in the
engineering domain and the capability of treating complex geometry. But the excessive
computational time associated with large models constitutes one of the major limitations
of this method. As an alternative, the numerical description of waves traveling into
waveguides and slender structures like beam structures can be applied. This description
provides a low cost and efficient way to capture the dynamic behavior of those structures
as it only requires the treatment of a typical subsystem [8] whose sizes are related to the
cross-section dynamics only. The Wave Finite Element (WFE) method [9, 10], which is
based on the classic finite element description of a typical cell extracted from a given
global system, is an efficient tool for the prediction of wave propagation characteristics
in waveguides such as beams [11] and plates [12] in a wide frequency band. And this
paper aims at presenting this numerical tool and its applications in smart structures with
shunted piezoelectric patches.
2

Numerical models of beams with shunted piezoelectric elements

In this section, the WFE formulation and the DMM are presented firstly. Then the
numerical models of beams with shunted piezoelectric elements are described in detail.
The finite element diffusion model proposed in [9] was extended to consider piezoelectric
elements. All these techniques enable the extraction of reflection and transmission coefficients of the flexural wave propagating in the beam so as to reveal the influence of the
shunted piezoelectric patches on the propagation of the flexural mode.
2.1

Wave propagation and diffusion in structures through finite elements

The WFE method was employed to study the energy diffusion problem [9, 13]. These
references provide a detailed description of the dynamical behavior of a slender structure,
2
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Figure 1: An illustration of a periodic waveguide [9].

as illustrated in Figure 1, which is composed, along a specific direction (say X−axis), of N
identical substructures. Note that this general description can be applied to homogeneous
systems whose cross-sections are constant. The dynamic of the global system is formulated
from the description of the waves propagating along the X−axis.
Let us consider a finite element model of a given substructure k (k ∈ {1, . . . , N })
belonging to the waveguide (cf. Figure 1). The left and right boundaries of the discretized
substructure are assumed to contain n degrees of freedom (DOFs). Displacements q and
forces F which are applied on these boundaries are denoted by (qL , qR ) and (FL , FR ),
respectively. It is assumed that the kinematic quantities are represented through state
(k)
(k)
(k)
(k)
(k)
(k)
vectors uL = ((qL )T (−FL )T )T and uR = ((qR )T (FR )T )T , and that the internal DOFs
of substructure k are not submitted to external forces.
According to [9], the continuity conditions between the substructures combined with
the periodicity condition and the dynamical equilibrium of each substructure can finally
lead to the following boundary value problem:
SΦi = µi Φi

|S − µi I2n | = 0.

,

The matrix Φ of the eigenvectors can be described in this way:
 inc

Φq
Φref
q
Φ=
Φinc
Φref
F
F

(1)

(2)

where subscripts q and F refer to the components which are related to the displaceT
inc T T
ref T
ref T T
ments and the forces, respectively; ((Φinc
q ) (ΦF ) ) and ((Φq ) (ΦF ) ) stand for the
modes which are incident to and reflected by a specific boundary (left or right) of the
heterogeneous waveguide, respectively.
(k)
(k)
Finally, assuming modal decomposition, state vectors uL and uR of any substructures
k can be expressed from eigenvectors {Φi }i=1,...,2n [8]:
(k)

uL = ΦQ(k)

,

(k)

uR = ΦQ(k+1)
3
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Figure 2: An illustration of the coupling between two different periodic waveguides [9].

Here, vector Q stands for the amplitudes of the wave modes, which can be expressed by
(cf.Equation (2)):
 inc 
Q
(4)
Q=
Qref

The dynamical behavior of a periodic waveguide can be simply expressed from a basis of
modes representing waves traveling in the positive and negative directions of the system.
An analysis of the dynamical response consists of evaluating a set of amplitudes {(Qinc(k) ,
Qref(k) )}k associated with the incident and reflected modes. Nevertheless, to evaluate
energy diffusion, the formulation of the boundary conditions of the system is needed, and
particularly at a coupling junction where several waveguides can be considered. In order
to characterize, in terms of wave modes, the coupling conditions between two different
periodic waveguides, the two systems are assumed to be connected, in a general manner,
via an elastic coupling element (see Figure 2). This study aims to predict the dynamics
of complex systems which are composed of two periodic waveguides.
Let us consider two periodic waveguides which are coupled through a coupling element
and let us consider two corresponding substructures (1 and 2) which are located at the
ends of the waveguides (see Figure 2). These substructures are coupled with the coupling
element at surfaces Γ1 and Γ2 and are coupled with the other substructures, into waveguides, at surfaces S1 and S2 . It is assumed that the coupling element is only subject to
the coupling actions (i.e. there is no force inside the element).
According to [9], with the dynamical equilibrium of the wave guides and the coupling
element, and their continuity conditions of nodal displacement and force expressed in
the modal basis, it can be demonstrated that the dynamical behavior of a given coupled periodic waveguide i (i = 1, 2) can be simply expressed in terms of wave modes
inc(i)
inc(i)
ref(i)
ref(i)
((Φq )T (ΦF )T )T incident to the coupling element and wave modes ((Φq )T (ΦF )T )T
reflected by the coupling element. In this sense, it can be proved that amplitudes
(Qref(1) , Qref(2) ) of the modes reflected by the coupling element can be related to amplitudes (Qinc(1) , Qinc(2) ) of the modes incident to the coupling element via a diffusion
4
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Figure 3: Finite element model of a beam with symmetric shunted piezoelectric patches. The coupling
element is the part of the beam with the two symmetric piezoelectric patches.

matrix, namely C, which relates the reflection and transmission coefficients of the wave
modes through the dynamical behavior of the coupling element:
 ref(1) 
 inc(1) 
Q
Q
=C
(5)
ref(2)
Q
Qinc(2)
(1)

The diffusion matrix C directly depends on the normalization of eigenvectors {Φj }j and
(2)
{Φk }k . It seems advantageous to normalize the eigenvectors of the two waveguides in a
similar manner.
2.2

Piezoelectric finite element formulation for the coupling element

In the Diffusion Matrix Model (DMM) [13], in order to consider properly a coupling
element with shunted piezoelectric patches, an appropriate formulation should be used.
Firstly, the three-dimensional piezoelectric constitutive law can be written as:
T = cE S − e T E
S

D = eS +  E

(6a)
(6b)

where E denotes the electric field vector, T the mechanical stress vector, S the mechanical strain, and D the electric displacement vector; cE represents the material stiffness
matrix, e denotes the piezoelectric stress coupling matrix, and S is the permittivity
matrix under constant strain. Equation (6a) represents the indirect piezoelectric effect,
whereas Equation (6b) characterizes the direct piezoelectric effect.
A finite element model of the coupled system consisting of a beam and a pair of identic
piezoelectric patches with shunted circuit is then established, as displayed in Figure 3.
This model contains two periodic waveguides and a coupling element with 3D linear brick
piezoelectric finite elements. Each piezoelectric element has 8 nodes and 4 degrees of
freedom (DOF) per node. Each node has 3 structural DOF and 1 electrical DOF (electrical
5
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potential). All the electrical potential DOF that are placed on electrode surfaces of the
patches are reduced such that only one potential master DOF remains. All the electrical
potential DOF in the beam and those on the patch surfaces bonded to the beam are
grounded. The whole structure has free mechanical boundary conditions. For the sake
of simplicity, detailed deductions of strain energy, mass and stiffness matrices for the
piezoelectric elements without shunt circuit, which can be found in [7], are not presented
in this paper. The discretized electro-elastic system of equations can be written in the
form shown in Equation (7a) and Equation (7b).
Mdd d̈ + Kdd d + Kdv V = f

(7a)

KT
dv d + Kvv V = q

(7b)

where d and V represent the nodal DOF, and:


T
E
Mdd = Nd ρNd dV
Kdd = BT
d c Bd dV
Vs

Kvv = −



Vs

Vs

s
BT
v  Bv dV

f=



NT
df

dS

Sf

Kdv =



Vs

q=−

T
BT
d e Bv dV



NT
v qdS

(8)

Sq

where Nd and Nv are the shape functions, Bd = DNd and Bv = ∇Nv . D is the linear
differential operator matrix which relates the strains to the structural displacements U .
After finite element assembly, the discretized coupled piezoelectric and structural field
equations are finally given in terms of nodal displacements u and nodal electric potential
φ. Following the electrode definitions mentioned in [6], the electrical potential DOF in
the piezoelectric patches are partitioned into DOF on the potential electrode φp , on the
grounded electrode φg and in the interior of the patch φi respectively. The equations of
motion are subsequently partitioned in the form shown in Equation (9).


 
 


ü
Kuu Kui Kup Kug
Muu 0 0 0
F
u

 0
  T
 


Kii Kip Kig 
0 0 0 
ui
  φ̈i  +  KT

  φi  =  Q i 
(9)
T
 0
0 0 0   φ̈p   Kup Kip Kpp Kpg   φp   Qp 
T
0
0 0 0
KT
KT
φg
Qg
φ̈g
ug Kig
pg Kgg

Then the grounded potential DOF are set to zero as a reference, such that the fourth
equation and fourth column in the mass and stiffness matrices can be eliminated. Internal
potential DOF can be determined by exact static condensation from Equation (9) as
internal electric charges are zero:
−1
T
φi = −K−1
ii Kui u − Kii Kip φp

(10)

Since all the nodes on the potential electrode surfaces have identical potentials, an
explicit transformation matrix Tm can be used to define the master potential DOF φm ,
as shown in Equation (11).
φp = T m φm
(11)
6
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The use of Equation (11) yields the fully coupled dynamics:

 

 


ü
Huu Hup
F
u
Muu 0
+
=
HT
Qm
0
0
φm
φ̈m
up Hpp

(12)

with
T
Huu = Kuu − Kui K−1
ii Kui
Hup = (Kup − Kui K−1
ii Kip )Tm

T −1
Hpp = TT
m (Kpp − Kip Kii Kip )Tm

Qm =

TT
m Qp

(13a)
(13b)
(13c)
(13d)

After the definition of the master DOF, the R-L shunt circuit can be considered. The
electrical impedance of the circuit under harmonic excitation can be written as:
Zsh = R + jωL

(14)

The current Ish in the shunt circuit can be expressed as Equation (15).
Ish = jωQ =

φm
Zsh

(15)

By substituting Equation (15) into Equation (12), the electrical DOF can be condensed
and the equation that governs the structural dynamics under harmonic excitation is shown
in Equation (16).
[Huu − ω 2 Muu + Hup (

−1
1
∗
− Hpp ) HT
up ]u = D u = F
jωZsh

(16)

Equation (16) gives a full finite element description of the beam with two symmetric
shunted piezoelectric patches as a coupling element for the DMM calculation. Matrix D∗
represents the dynamical stiffness matrix of the coupling element.
3

Numerical simulations using diffusion matrix model (DMM) with shunted
piezoelectric coupling element

In this section, the DMM with shunted piezoelectric coupling element is applied to
calculate the reflection and transmission coefficients of the flexural wave propagating in
the beam. The structure to be studied is a beam with two symmetrically bonded R − L
shunted piezoelectric patches. In this study case, the widths of the beam and the patches
are the same. The finite element model of the coupling element is shown in Figure 4, with
the definition of geometric parameters. The parameter Lbeam represents the length of the
beam involved in the coupling element. The mesh resolution is 0.005 × 0.005 × 0.002 m3 .
Numerical values of those geometric parameters are listed in Table 1. The material of the
7
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Figure 4: Finite element model of the coupling element and definition of geometric parameters.
Table 1: Numeric values of the geometric parameters in the coupling element shown in Figure 4. The
units of all the parameters are in meter (m).

Lbeam
0.04

Lpatch
0.04

bbeam
0.02

bpatch
0.02

hbeam
0.004

hpatch
0.002

beam is aluminium and considered as isotropic, with Young’s modulus Ebeam = 70 GP a
and Poisson’s ratio νbeam = 0.34, and density ρbeam = 2700 kg/m3 . The piezoelectric
patches are fabricated by Saint-Gobain Quartz (type SG P189) and the corresponding
material characteristics are listed in Appendix A. This type of piezoelectric patch works
mainly in bending mode, hence the Z-axis bending wave mode is the most concerned one
in this case.
At first, the beam is treated as a waveguide and the corresponding dispersion curves of
the wavemodes propagating in the beam are extracted via the WFE approach, as shown
in Figure 5.
The DMM calculation of the Z-axis wave mode gives the reflection and transmission
coefficients as displayed in Figure 6, with R = 100 Ω and L = 2 H. The tuning frequency
of the shunted piezoelectric patches is about 1.34 kHz. In fact, around this tuning frequency, the impedance of the structure is greatly modified by the shunted piezoelectric
patches so that the wave propagation characteristics change significantly. This frequency
can be calculated according to Equation (17) [5]:
ftune =

1

S
2π 2LCp3

(17)

S
2
T
= (1−k31
Cp3
) is the capacitance of the piezoelectric patch measured at constant
where Cp3
T
strain. Cp3 is the capacitance of the piezoelectric patch measured at constant stress. k31 is
the electromechanical coupling coefficient. The subscript 1 represents the X-axis direction
while the subscript 3 denotes the Z-axis direction.

8
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Figure 5: Dispersion curves of the wave modes propagating in the beam: (1)Traction/compression wave
in X-axis (2)Torsional wave in X-axis (3)Flexural wave in Y -axis (4)Flexural wave in Z-axis. These wave
modes are identified through their mode shapes (eigenvectors) issued from the WFE approach.

Figure 6: Reflection and transmission coefficients of the Z-axis flexural wave mode propagating in the
beam in case A. (solid line)With R-L shunt circuit (dashed line)Open circuit (point-dashed line)Beam
without piezoelectric patches.

9
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Figure 7: Comparison of reflection and transmission coefficients of the flexural mode in Z-axis between
the results of the homogenized Euler-Bernoulli beam model and those of the DMM approach in case A.

Thereafter, the numerical results are compared to those derived from an analytical
model using wave propagating approach in Euler-Bernoulli beam [14] with a homogenization procedure [15] to take the two shunted piezoelectric patches into consideration [4].
The comparison results are shown in Figure 7. The results issued from the DMM approach and those from the homogenized Euler-Bernoulli model correspond well below 2
kHz. However, at higher frequencies, as the homogenization method becomes inaccurate [16], those two approaches give different predictions of reflection and transmission
coefficients of the flexural wave. Furthermore, the Euler-Bernoulli analytical model becomes also incorrect at middle and high frequencies, as its plane wave description of the
bending mode is not a priori satisfied in this frequency range [9]. Nevertheless, these two
different approaches give the same tuning frequency ftune . The prediction performance of
the DMM approach is well manifested in this case.
4

Conclusions

This work offers effective prediction tools of wave propagation characteristics in smart
structures equipped with shunted piezoelectric elements. The finite element based WFE
approach is developed and its corresponding DMM model is extended to consider shunted
piezoelectric elements in a beam structure. The wave modes propagating in the structure
are correctly captured and the influence of the shunted piezoelectric patches on the control
of the flexural wave mode is investigated through the reflection and transmission coefficients of this wave mode. The numerical results correspond well with the analytical results
derived from an homogenized Euler-Bernoulli beam model in which the shunted piezoelectric patches are taken into account. The numerical tools presented in this work enable the
evaluation of the performance of shunted piezoelectric patches on the control of flexural
10
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wave propagation, and can facilitate design modifications and systematic investigations of
geometric and electric parameters of beam structures with shunted piezoelectric patches.
Future work aims at the experimental validation of the numerical results. The numerical
investigation of structures with multiple shunted piezoelectric patches and corresponding
experimental validations will be carried out as well.
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Appendix A: material properties of the piezoelectric patch (type SG P189)
Mass density ρ: ρ = 7650 kg/m3 .
Material stiffness matrix cE :

15.40 8.263 7.859
0
0
0
 8.263 15.40 7.859
0
0
0


7.859
7.859
13.74
0
0
0
cE = 1010 × 
 0
0
0
4.590
0
0

 0
0
0
0
4.590
0
0
0
0
0
0
3.570






 Pa




The piezoelectric stress coupling matrix e:


0
0
0
0
12.88 0
0
0
0
12.88
0
0  N/(V · m)
e=
−6.187 −6.187 12.80
0
0
0
The permittivity matrix under constant strain S :


1.011
0
0
1.011
0  C/(V · m)
S = 10−8 ×  0
0
0
0.591
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Abstract. Optimization processes are usually associated to a high computational cost.
This is especially relevant in shape optimization of structural components, where each
geometrical configuration has to be evaluated using a numerical technique like, for example, the Finite Element Method (FEM). The objective of this work is to present the
advantages of the use of a methodology based on a Cartesian Grid (CG) Finite Element
code in structural shape optimization processes. This methodology considerably reduces
the mesh burden and uses a hierarchical data structure that reduces to a minimum the
total amount of calculations required to evaluate each geometry. As Cartesian Grids are
independent of the geometry of the domain to be analyzed, their use also allows to share
information between different geometries.

1

INTRODUCTION

Optimization processes are composed by two levels. The higher level, controlled by the
optimization algorithm and the lower level controlled by a numerical method, such as the
FEM in structural shape optimization. This one is used to evaluate the objective function
and the level of satisfaction of the constraints, with the required accuracy to ensure the
convergence of the optimization process.
The discretization error of each individual must be controlled to ensure the convergence
of the optimization process [1]. This justifies the use of adaptive procedures to ensure
that the prescribed accuracy level is obtained with the lower computational cost. In any
case, adaptive analyses involve a considerable computational cost. It is thus necessary
to develop new methodologies with a higher computational efficiency and accuracy. This
work is devoted to the efficiency and accuracy improvements of the FE analyses for shape
optimization processes. This paper proposes the use of a a Cartesian Grid (CG) FE
code to reduce the mesh burden and to allow for the use of efficient hierarchical data
1
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structures [2]. This type of techniques has been described with several names such as
Fictitious Domain [3, 4, 5, 6, 7], Implicit Meshing [8], Inmersed FEM [9], Inmersed
Boundary method [10, 11], Fixed Grid FEM [12, 13], etc.
In an optimization process some parts of the geometry do not change along the optimization process. The CG code has been used to easily share information between
individuals, reusing information previously evaluated in other individuals.
CGs FE codes have an important disadvantage: there is a considerable reduction of
the stress accuracy along the boundary [6, 8, 11, 12]. To account for this we have adapted
to CG the recovery techniques developed by Ródenas et al. in the context of the standard
FEM [14, 15, 16, 17]. We also propose the use of the recovered fields σ∗ in the Zienkiewicz
& Zhu error estimator [18] to guide the h-adaptive process.
2
2.1

PROBLEM STATEMENT
Optimization problem

An optimization problem may be defined as follows: given a decision space X, an
objective space Y , an objective function f : X −→ Y under constrains gi , find the
parametric vector x∗ ∈ X which minimizes the objective function:
min f (x)
where x = {xi } i = 1, 2, ..., n
subjected to g(x) ≤ {gj (x)} j = 1, 2, ..., m
ai ≤ xi ≤ bi i = 1, 2, ..., n

(1)

In an structural shape optimization problem, the objective function (OF) is usually
the weight of the component, xi are the design variables and x and gj are the constrains
in stresses and displacements. The values ai and bi define lateral constraints.
In this work we use the evolutionary algorithm Differential Evolution (DE), version
DE1, developed by Storn & Price [19]. This algorithm proposes the geometrical configurations to be analyzed.
2.2

Elastic problem

2D linear elasticity is considered to analyze the geometries proposed by the optimization
algorithm. Consider a 2D linear elasticity problem. The unknown displacement field u,
taking values in Ω ⊂ ℜ2 , is the solution to the boundary value problem:
−∇σ(u) = b
σ(u)u = t
u = ũ
2
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where ΓN and ΓD , with ∂Ω = Γ¯N ∪ Γ¯D and ΓN ∩ ΓD = 0 are the Neumann and Dirichlet
boundaries. The weak form of the problem reads: Find u ∈ V such that:
a(u, v) = l(v)

∀ v∈V

(3)

where V is the standard test space for the elasticity problem and




σ(u)ǫ(v)dΩ =
σ(u)D−1 σ(v)dΩ
Ω


l(v) :=
bvdΩ +
tvdΓ

a(u, v) :=

Ω

Ω

(4)
(5)

ΓN

where D is the Hooke’s tensor, σ and ǫ denote the stress and strain operators.
This problem will be numerically solved by means of a MatLab implementation of a
CG based FEM code with h-adaptive refinement.
3
3.1

CARTESIAN GRID (CG) FEM
Batery of meshes

In our implementation we define a battery of meshes where the geometry is embedded.
This battery of meshes is built by using bilinear and quadratic quadrilaterals. The data
structure related with the battery of meshes is stored according to the method proposed
by Ródenas in [2]. This fact allows us to easily share information between all geometrically
similar elements. Moreover some information of elements, such as their stiffness matrix,
is only calculated for a reference element and shared between all similar elements. Figure
1a shows the overlapped elements of the battery of meshes used to define the problem
domain. In order to create an analysis mesh, some of these elements are chosen. In Figure
1b the analysis mesh is build for the domain of the problem.

a)

b)

Figure 1: Battery of uniformly refined meshes (a) and analysis mesh (b).

As the mesh is structured, computationally efficient functions have been coded to
generate the elements of the data structure that are required at each step of the h-adaptive
analysis. The analysis mesh in Figure 1b is not a conforming mesh. In order to ensure
the C 0 continuity, multi-points constrains are used at marked nodes.
3
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3.2

Mesh-geometry intersection

The mesh must be intersected with the geometry of the domain to be analyzed to
properly evaluate the integrals required for the FE analysis. The bibliography about
this subject presents various approaches to perform this intersection [12, 13, 20, 21].
The approach used in our implementation is similar to that proposed by Daneshmand
et al [13]. The elements of the mesh can be subdivided into three sets: a) elements
completely located outside the domain, b) elements completely located into the domain,
and c) elements that intersect the boundary of the domain. Elements in set a) will not
be considered in the FE analysis. Elements in set b) will be considered in the analysis
and integrated as standard FE elements. Finally, a special procedure is used for each
element in set c), as illustrated in Figure 2. The first step is the evaluation of the points
of intersection of the domain’s boundary with the sides of the element. Depending on
the curvature of the boundary, additional points over the boundary are then created into
the element for a better description of the domain. All these points together with the
nodes of the element are then used to create a Delaunay’s triangulation, see Figure 2b,
that defines triangular integration subdomains into the element. Only the triangular
subdomains located into the domain will be selected for integration as represented in
Figure 2c.

a) Element intersected by
the boundary

b) Delaunay’s triangulation c) Selection of integration
of element
subdomains into the domain
Figure 2: Definition of triangular integration subdomains in elements intersected by the boundary.

3.3

Boundary Conditions

The Neumann boundary conditions are easily considered by generalizing the conventional procedure used in the standard FEM, where the boundary of the domain coincides
with element sides, to the more general case where the Neumann boundary is located in
the interior of the element.
Based on the intersections of the boundary with the elements, a the Lagrange multipliers field is defined along the Dirichlet part of the contour. The Lagrange multipliers
method is used to impose the boundary condition in a weak form, as in the mortar
method. The Lagrange multipliers field is defined in the whole Dirichlet contour not only
point-wise like in the standard FEM.
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3.4

Refinement procedure

The implementation uses two refinement criteria: a geometrical criterion and a solutionbased criterion.
With the geometry-based refinement the size of the mesh is automatically adjusted to
the curvature of the boundary to create the first FE analysis mesh, see Figure 3.
Initial mesh

1st analysis mesh,
geometrically adapted

Initial mesh

1st analysis mesh,
geometrically adapted

Figure 3: Comparison between the initial mesh and the geometrically adapted mesh.

Once the mesh is geometrically adapted, the h-adaptive process considers the minimization of the error in energy norm to refine the mesh. This error is estimated using the
Zienkiewicz & Zhu error estimator [18]:

2
�ees � = (σ∗ − σh )T D−1 (σ∗ − σh )dΩ
(6)
Ω

where σ is the stress field obtained from the FE solution and σ∗ is the the recovered
solution. Figure 4 shows examples of meshes obtained during the refinement process.
h

2nd analysis mesh

3rd analysis mesh

2nd analysis mesh

3rd analysis mesh

Figure 4: Second and third analysis mesh obtained using the information of the error estimator in
energy norm.

4

STRESS RECOVERY PROCEDURE

In order to improve the accuracy level, mainly along the boundary, we have used a
recovery technique [22] which is an improvement of the Superconvergent Patch Recovery
5
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(SPR) presented by Zienkiewicz & Zhu [23]. The technique used locally enforces the
satisfaction of the equilibrium and compatibility equations in the recovered stress field.
A high quality recovered field, even at elements along the boundary, is obtained which is
used both for the h-adaptive process and as the standard stress field output.
Since the meshes are regular, only a small amount of patch configurations is possible.
As shown in Figure 5, in a 2D analysis, there are only 19 possible configurations for
internal patches. This fact allows us to pre-calculate these 19 systems of equation for
all internal patches and, thus, to basically reduce the computational cost of the recovery
process only to the contour patches.

Figure 5: Internal patches shape possibilities in 2D

5

USE OF INFORMATION BETWEEN INDIVIDUALS

An important advantage of the CG-FEM code is that it is easy to share information
into a FE analysis along the h-adaptive process (intersection information, stiffness matrix
for internal and boundary elements, elementary force vector, etc.). This improves the
efficiency of each analysis, individually.
We can always use the same initial mesh for all individuals in the recovery process,
as the mesh is geometry-independent. Observe that the elements marked in light blue in
Figure 6, located over a boundary curve that was set to ’fixed’ during the optimization
process, are repeated in both geometries. This allows us to share all the information
related to these elements, thus avoiding reevaluations of previously calculated data.
6

NUMERICAL EXAMPLES

Some optimization problems have been analyzed with the implementation of the proR
posed methodology (CG-FEM) and with ANSYS
11. In order to control the global
accuracy of the solution we consider the relative error in energy norm:
ees 2
γ =
uh 2 + ees 2
2
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a) Geometry i of the
optimization process

b) Geometry j j >
i of the optimization
process

c) Geometry i detail

d) Geometry j
i detail

j >

Figure 6: Example of two different geometries of the structural optimization process of a pipe under
internal pressure.

 
where uh  is the energy norm:
6.1

 h 2
u  =



(σh )T D−1 σh dΩ

(8)

Ω

Pipe under internal pressure

In order to check the implemented software, the optimization of a problem with known
solution has been carried out. This problem is a pipe under internal pressure. The data,
the design variables and the analytical solution is shown in Figure 7. The external boundary is represented
by using a cubic spline, defined by points 1, 2, and 3. In this Figure we

define r = x2 + y 2 , φ = arctan(y/x) y k = R0 /a, where (x, y) are global coordinates.
Considering a yield stress Sy = 2 · 106 , the optimal shape is an external circular surface
of radius R0 = 10.67033824461. The optimal area is Aopt = 69.787307715081.
Table 1 shows the input constrains of the design variables and its range. The number
of individuals at each iteration is 30 and the number of iterations is 150.
Variables
V1
V2
V3
V4

Description
x point 1
y point 2
x point 2
y point 3

Range
[5, 24]
[5, 23]
[5, 23]
[5, 24]

Constrain

Reference solution
20
19
V 3 < V 1 − 0.5
19
V 4 > V 2 + 0.5
20

Table 1: Pipe under internal pressure. Design variables constrains and reference solution.

We ran the problem for several accuracy levels γ < (1, 2, 5, 10)% to check the influence
of the discretization error in the area error. Figure 8a shows the evolution of the caculated
area in the optimization process where the black line is the exact optimal solution. There
is a relation between the prescriber error γ and the area error.
Figure 8b displays analysis times using different strategies. The figure shows the time
R
improvement when a CG solver is used instead a standard FE solver such as ANSYS�
7
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E = 10.1 · 106 , ν = 0.3, a = 5, P = 0.9 · 106


R02
P (1 + ν)
(1 − 2ν)r +
ur =
E(k 2 − 1)
r


2
R
P
σr = 2
1 − 20
k −1
r


R02
P
σt = 2
1+ 2
k −1
r
2
σxx = σr cos (φ) + σt sin2 (φ)
σyy = σr sin2 (φ) + σt cos2 (φ)
σxy = (σr − σt )sin(φ)cos(φ)
P
σz = 2ν 2
k −1

V4
V2

3

2

V3

y
P
a

1

o

x

V1

Figure 7: Pipe under internal pressure. Model and analytical solution.
·104

4

150

CG-FEM sharing
CG-FEM

1%
2%
5%
10%

Time (s)

Area

100

3

50

R
ANSYS
11

2

1

0

50

100

0

150

0

50

100

150

Iteration

Iteration

b) Comparison of computational cost between
the software implemented (CG-FEM sharing
R
11
and CG-FEM) and ANSYS

a) Area evolution during the optimization process for several values of γ

Figure 8: Pipe under internal pressure. Area and time evolution in the structural optimization process.

11 and the effect of sharing information between different individuals. Observe that
R
a reduction of a 52% in comparison with the time required by ANSYS
11 is finally
obtained. This is more significant if we take into account that all the code of the proposed
R
tecniche is fully implemented in Matlab
2009b - 64bit.
6.2

Gravity dam

This problem consist in the structural optimization of the section of a gravity dam. The
optimization process will change the shape of the internal hole in order to decrease the
8
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dam volume. Figure 9a shows the global model and the material data. The optimization
process ran during 100 iterations with 30 individuals in each generation. Figure 9b shows
a detail of the internal hole defined by a spline (points 22, 23, 24, 25, 26, 27 and 21) and
by an straight line (points 21 and 22).
b)

a)

V6
V5
V8

25

32.5 m

27
21

V3

V7

25
26

V4

24

26

V10

23
22

24
V2

V9
27

23

21

V1

E = 10.1 · 1010 ,
Sy = 27.5 · 106
ρconcrete = 2300
ρwater = 1000

ν = 0.25

22

Figure 9: Gavity dam. Model and parameters.

Variables
V1
V2
V3
V4
V5
V6
V7
V8
V9
V10

Description
x point 23
y point 23
x point 24
y point 24
x point 25
y point 25
x point 26
y point 26
y point 27
y point 27

Range
[50, 60]
[2, 10]
[41, 50]
[3, 20]
[25, 48]
[3, 25]
[25, 39]
[3, 20]
[23, 30]
[2, 10]

Constrain

V3<V1−2
V4>V2+3
V5<V3−3
V6>V4+2
V7<V5−3
V8<V6−2
V9<V7−2
V 10 < V 8 − 3

Reference solution
50
30
47
7
40
10
33
7
30
3

Table 2: Gravity dam. Design variables constrains and reference solution.
R
In this case we used CG-FEM sharing information between individuals and ANSYS
11 in the numerical analysis. Figure 10b shows that the evolution in the convergence
R
process is quite similar between both solvers. Optimal area using ANSYS
11 is 2414.8
2
2
m and 2447.0 m using the CG-FEM solver. However, an important detail is that the
R
prescribed error γ, black line in Figure 10a, is not achieved when ANSYS
11 is used as a
solver because its default refinement procedure is unable to adequately adapt the analysis
mesh whereas the CG-FEM solver does. Figure 11 shows the optimal geometry obtained
using both solvers.

7

CONCLUSIONS

In this work we have proposed a CG based FEM as the numerical methodology used to
evaluate the structural behavior of each geometrical configuration considered in a shape
optimizacin process guided by an evolutionary algorithm. The results show that the use
9
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Figure 10: Gravity dam. Evolution of the prescribed error, the estimated error and the area in the
R
11 and CG-FEM solvers.
optimization processes with ANSYS

R
b) Optimal geometry obtained with CG-FEM
a) Optimal geometry obtained with ANSYS
11
solver
Figure 11: Gravity dam. Optimal geometries obtained in the structural optimization process.

of this methodology significantly improves the efficiency of the optimization algorithm as
it considerably reduces mesh burden and allows for the use of efficient data structures
that reduce to a minimum the number of calculations required to perform the FE analysis. The recovery procedure used in the implementation provides accurate stress fields
that adequately drive the h-adaptive analyses. The accurate results of the FE analyses
correctly drive the optimization process.
8
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Abstract. Often structures comprise waveguides connected by joints. The knowledge of the
reflection and transmission properties of these joints is important for many applications. This
paper presents a hybrid approach, combining finite element (FE) and a wave and finite
element (WFE) models, for calculating the scattering properties of a joint. First, the joint is
modelled using standard FE. Then, the waveguide is modelled using the WFE method, where
the FE model of a small segment of the waveguide, whose cross-section could be arbitrarily
complex, is post-processed to yield the wave properties of the whole waveguide. The two
models are coupled to find the scattering matrix of the joint. This hybrid approach allows a
model of the structure to be developed where the basis functions are the waves travelling
through the structure’s various waveguides. The present approach yields very small models
when compared to full FE models. A numerical example is presented.
1

INTRODUCTION

Waveguide structures comprise homogeneous waveguides that are connected via joints.
The wave behaviour of such structures involves the scattering coefficients of the connecting
joints. If these are known, then the vibrational response can be described in the wave domain.
This has many applications, in particular at higher frequencies where finite element (FE)
models become impractical. Examples include statistical energy analysis, structure-borne
sound, disturbance propagation, etc.
The approaches developed to analyse waveguide structures can be categorised into matrixand wave-based methods. The former uses a matrix formulation to couple the waveguides that
constitute the structure [1]. Examples include the dynamic stiffness method [2-4], mobility
power-flow analysis [5], the wave scattering approach [6], and the spectral element method
[7]. Other researchers presented a matrix formulation with wave scattering [8-10] to analyse
waveguide structures.
Wave propagation methods rely on obtaining the reflection and transmission coefficients
of the joints. For thin beams, Cremer et al. [11] calculated the reflection and transmission
coefficients of joints due to an incident propagating wave. Mace [12] considered the
scattering due to an incident evanescent wave, and later studied the properties of the scattering
coefficients [13]. Researchers using wave-based methods also treated three-dimensional
frames [6], truss-like structures [14], and structural networks [15, 16]. Wave approaches were
also used to calculate the reflection and transmission coefficients of plate/beam junctions [17],
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bolted joints [18] and curved beams [19]. Heron [20] used a line impedance wave approach to
calculate the transmission between two plates and Hambric et al. [21] compared various
models of a T-joint. Their results showed that at higher frequencies the finite dimensions of
the joint become important and should be included in the model.
The waveguides in the reviewed literature were mostly isotropic and the joints were often
idealised (e.g. point connections). For such cases, analytical models can be developed both for
wave propagation and the continuity and equilibrium conditions at the joint. However, for
complicated waveguides and/or complicated joints, finding the reflection and transmission
matrices of the joints using a purely analytical formulation can be extremely difficult at best,
so that a numerical approach might be required. In this paper, a hybrid approach for
calculating the reflection and transmission matrices of joints is presented. Joints are modelled
using standard FE methods whereas the waveguides are modelled using the wave and finite
element (WFE) method. This relies on post-processing a standard FE model of a small
segment of each waveguide using periodic structure theory. The degrees of freedom at the
interfaces of the WFE and FE models of the waveguides and the joint are compatible. The
models are coupled to yield the reflection and transmission matrices of the joint. These can
then be used to obtain the response of the whole waveguide structure. The approach is similar
to that described by Doyle [7] in which a joint is modelled in FE and coupled with
waveguides which are modelled by spectral elements formed from analytical models.
However, this suffers from two possible problems: first if the waveguide has a complicated
construction (e.g. a laminate), then finding the spectral element analytically can be very
difficult. Secondly, in such an approach, the models of the waveguides and the joint are not
compatible at their interface. While the models can be coupled (e.g. [7] or by the use of
Lagrange multipliers), there is a discontinuity in the models, which results in spurious,
although often small, additional scattering effects at the interface [22, 23]. In the approach
described here, these issues are not relevant: the WFE method is used to determine the
wavemodes so that the complexity of the construction is arbitrary, and the interfaces between
the joint and the waveguides have compatible meshes.
The WFE method has been used to study the free [24] and forced [25] vibration of
waveguides. The WFE method for waveguides has also been used to study thin-walled
structures [26], laminated plates [24] and fluid filled pipes [27, 28]. It has also been extended
to two dimensional plane [29] and cylindrical structures [30].
The remainder of the paper is arranged as follows. The WFE method is reviewed in
Section 2. The hybrid FE/WFE approach for calculating the reflection and transmission
coefficients of joints is presented in Section 3. Numerical examples are presented in Section
4, and conclusions for this work are drawn in Section 5.
2

REVIEW OF THE WFE METHOD

The review presented here is heavily borrowed from [31]. It starts with the formulation of
free wave propagation using the WFE method, and then the forced response is treated.
2.1

Free wave propagation and the wave basis

The WFE method starts with obtaining the FE model of a small segment of the waveguide
(shown in Figure 1) using any FE package with the only constraint being that the nodes and
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their degrees of freedom (DOF)s are ordered identically on the left and right sides of the
segment.

Figure 1 FE model of a segment of a waveguide with the waveguide’s local coordinate system.

Internal nodes can be eliminated via dynamic condensation [31]. Time harmonic dependence
of the form eit is assumed throughout this work and is suppressed for brevity. The governing
equation of the segment of Figure 1 is
Dq 
f  e , D=K  iC   2 M ,

(1)

where q , f and e are  2n  1 vectors of nodal DOFs, internal and external nodal forces
respectively, D , M , C and K are the dynamic stiffness, mass, viscous damping and
stiffness matrices of the segment and n is the number of DOFs at each side of the segment.
The dynamic stiffness matrix can be partitioned to reflect the influence of the left and right
nodes of the segment, and thus Equation (1) can be expressed as
 D LL
D
 RL

D LR  q L  f L  e L 

   ,
D RR  q R  f R  e R 

(2)

where the subscripts L and R denote the left and right sides of the segment, respectively.
When a wave propagates freely through the waveguide, the propagation constant   e ik 
relates the right and left nodal DOFs and forces by

qR  λ qL

, fR   λ fL .

(3)

Substituting Equation (3) into Equation (2) yields an eigenvalue problem for  . This can
be cast in a number of forms, perhaps the simplest being

 DLR1 D LL
q L 
q L 
  T   , where T  
1
 fL 
 fL 
  D RL  D RR D LR D LL



DLR1 

D RR DLR1 

(4)

is the transfer matrix. The eigenvalue problem of Equation (4) is solved to yield the
propagation constants  j and the corresponding wavenumbers kj ( j  1, , 2n) . For
complicated waveguides with many DOFs at each node, numerical problems may arise [31].
The eigenvalue problem is usually then recast into one of a number of better-conditioned
forms [32].
It has been shown [32, 33] that the eigenvalues of the transfer matrix occur in reciprocal
pairs as  j and  j  1  j with wavenumbers k j and k j   k j , corresponding to positive-
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and negative-going waves respectively. Associated with these eigenvalues are the positiveand negative-going eigenvectors φ j and φ j respectively, which will also be referred to as
wavemodes. As per Equation (4), every wavemode can be partitioned into a displacement and
a force sub-vector,

φq 
φj    .
φ f  j

(5)

Positive-going waves are characterised by

 j  1,









Re f LT q L  Re i  f LT q L  0 if

 j  1,

(6)

which states that if the wave is travelling in the positive direction, then its amplitude should
be decreasing or that if its amplitude remains constant, then there is time average power
transmission in the positive direction. The wave modes can be grouped as

Φ  
φ1  φ n  , Φ Φ 


Φ   .

(7)

It is also advantageous to obtain the left eigenvectors of the transfer matrix. These are 1 2n 
vectors which can be partitioned as
ψ j   ψ f

ψ q  ,

(8)

j

and further grouped into
 ψ1 
Ψ  
 
, where Ψ     ,

Ψ 

Ψ 
 ψ n 
 

j  1, , n .

(9)

The left and right wavemodes can be normalised as [31]


Ψ  Φ  I
yielding Ψ TΦ diag   j  ,

(10)

where diag(.) represents a diagonal matrix. The partitions of the left and right eigenvectors
can be used to form the matrices
 ψ q ,1 


Φ q 
φ q,1  φ q,n  , Ψ q    ,

 ψ q ,n 



j  1, , n .

(11)

Similar expressions hold for Φ f and Ψ f . These matrices, together with the orthogonality
relations of Equation (10), define transformations between the physical domain, where the
motion is described in terms of q and f, and the wave domain, where the motion is described
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in terms of waves of amplitudes a  and a  travelling in the positive and negative directions
respectively. Specifically,
q L  Φ q a   Φ q a 

a  
q 
; f L  Φ f a   Φ f a  , or  L   Φ a ; a     .
 fL 
a 

(12)

In practice, as in modal analysis, only m pairs of (positive- and negative-going) waves
might be retained, so that Φ q , f and Ψ q , f are n  m and m  n matrices respectively. The
number retained can be different at different frequencies. All the propagating waves, for
which   1 , must be retained together with the least-rapidly attenuating waves, i.e., for

  1 , all those for which   0.5 , or some other user-defined criterion. The reasons for
reducing the size of the wave basis are partly that the size of the model will be smaller, but
also that the calculation of the high-order wavemodes, which decay very rapidly with distance
(by orders of magnitude over the segment’s length) and thus have a negligible contribution to
the response, is very prone to poor numerical conditioning [31].
2.2

Forced response

A point excitation fe will generate positive- and negative-going waves of amplitudes a 
and a  which will propagate away from the excitation point in the right and left directions
respectively. Continuity and equilibrium equations can be written at the excitation point and
projected onto the wave basis, and then the orthogonality conditions presented in Equation
(10) can be used to give [31]
a   Ψ q fe

, a    Ψ q fe .

(13)

In the case of spatially distributed loads, the amplitudes of the excited waves can be
obtained analytically (without formulating a convolution integral) by using contour
integration techniques along with the WFE model [34].
3

REFLECTION AND TRANSMISSION COEFFICIENTS OF JOINTS

The reflection and transmission coefficients of joints in waveguide structures will now be
evaluated using a hybrid FE/WFE approach. First, point joints (Figure 2) will be treated,
followed by the case of joints of finite dimensions (Figure 3).
3.1

Point joints

Figure 2 shows p waveguides with zero-dimensional cross-sections connected at a point
joint 1 . For the j-th waveguide, the local coordinate system is defined such that the
waveguide’s axis is directed towards the joint. The rotation matrix R j transforms the DOFs
from the local  x j , y j  to the global  X , Y  coordinate system.

1

For simplicity the waveguides are assume to lie in a plane: if this is not the case, the only difference is related to the rotation matrices R j .
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Figure 2 Waveguides connected at a point joint: p
waveguides with incident and scattered waves at the
point joint.

Figure 3 Schematic of two waveguides attached at a
joint with incident, reflected and transmitted waves
(the number of waveguides conned to the joint could
be arbitrary but here two are shown for simplicity).

The WFE model of each waveguide is obtained in its local coordinate system  x j , y j  . The
incident and scattered waves are related through the scattering matrix as


a k s
j , k 1, , p ,
kj a j

(14)

where s jj  r jj is the reflection matrix of the joint at the j-th waveguide, and s kj  t kj (for
j  k ) is the transmission matrix of the joint from the j-th to the k-th waveguides. It is
assumed that the DOFs of the waveguides are compatible and all the waveguides are
modelled using the same number of DOFs. If the DOFs of the waveguides are incompatible,
then the interface can be modelled using full FE and the results of the next section can be
used.
The equilibrium condition at the joint, expressed in the global coordinate system, can be
stated as
p

R f
j1

j j

 FJ where FJ  D J R j q j

 j,

(15)

and D J is the dynamic stiffness matrix of the joint. The continuity conditions can be stated as
R1q1 
 R p q p or as R1q1  R j q j 
0, j 
2, , p .

(16)

The DOFs and nodal forces can be expressed in the wave domain using Equation (12). For
the j-th waveguide, these are written as
qj 
Φ q , j a j  Φ q , j a j , f j 
Φ f , j a j  Φ f , j a j .

(17)

If FJ is expressed in terms of the DOFs of waveguide 1 for example, then Equations (15)
and (16) can be written as
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 R1Φ f ,1  D J R1Φ q,1
a1 

R1Φ q,1
   
 
 

C a  C a  0, a     , C 


a  

p
 
R1Φ q,1


R 2Φ f ,2

R p Φ f , p 

0
0
 . (18)




  R p Φ q , p 


 R 2Φ q,2

0

The scattering matrix can be obtained straightforwardly as
1

s   C  C .

(19)

If only m j  n pairs of (positive- and negative-going) waves are retained for the WFE
model of the j-th waveguide, then C is not invertible. In this case, pseudo-inversion should
be used, for example by premultiplying the j-th row block in Equation (18) by Ψ f , j R Tj , so
that

 Ψ f ,1R1T

s   G  C  G  C where G    
 0

1

3.2



.

T
 Ψ f , p R p 



0


(20)

Finite joints

Next, the reflection and transmission properties of joints of finite size will be considered.
Suppose p waveguides are attached at a joint, Figure 3. The waveguides are modelled using
the WFE method of Section 2, and the joint is modelled using standard FE. The WFE model
of each waveguide is obtained in its local coordinate system  x j , y j  using n j DOFs (on each
side of the waveguide segment) and m j pairs of positive- and negative-going waves retained
in the WFE model. It is assumed that the interface DOFs of the joint are compatible with
those of the WFE models.
Time harmonic behaviour of the joint is described through

D
ii

 Dni

   Qi   Fi 
D
in
    ,

Dnn  Q n  Fn 

(21)

where Q and F are vectors of DOFs and internal nodal forces represented in the global
coordinate system  X , Y  and the subscripts i and n represent interface and non-interface
nodes, respectively. Since it is assumed that no external forces are applied at the non-interface
nodes ( Fn  0 ), the FE model of the joint can be condensed as

 D
 D
 1 
 1D

Dii Qi 
Fi , Dii 
D
D
ii
in nn Dni and Q n 
nn ni Q i

(22)

The above condensation is the simplest; other approaches can be used for enhanced
computational speed and better accuracy [7, 22]. Moreover, the interface nodes can be
separated into those corresponding to each waveguide, Figure 3.
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Vectors q and f and matrices Φ q , f , Ψ q , f and R are now defined by concatenating the
relevant vectors and matrices for the individual waveguides (for Φ q , f , Ψ q , f and R , the
matrices are block-diagonal). The continuity and equilibrium conditions for the joint are
0.
Qi  Rq , Fi  Rf 

(23)

Writing q and f in terms of the wave amplitudes, i.e.,
q 
Φ q a  Φ qa 

Φ f a  Φ f a  ,
, f 

(24)

then leads to
 Rf  Dii Rq  a    Rf  Dii Rq  a   0 .

(25)

The scattering matrix follows as
1

s
  Rf  Dii Rq   Rf  Dii Rq  .

(26)

Once again, if a reduced number of waves is retained, then pseudo-inversion is required. For
example, one can premultiply Equation (25) by Ψ f , so that
  Ψ f  RΦ f  Dii RΦ q   Ψ f  RΦ f  Dii RΦ q  .
s
1

4

(27)

NUMERICAL EXAMPLE

In this section, an example is presented to demonstrate the developed method. All
properties and dimensions are in SI units.
4.1

L- frame

In this example an L-shaped beam is considered. The beam is made of mild steel
E 210 109 ,   7850 ,   0.3 ,   0.03 ) and its cross-sectional area is uniform
(
throughout with L
L
0.18 , LJ  0.02 , b  0.04 and h  0.01 , Figure 4. The L-frame is
1
2
fixed at the horizontal end and free at the vertical end. Using the coordinate system of Figure
4, the following points are defined: A  L1 / 2, h / 2, b / 2  and B  L1  LJ , L2  LJ , b / 2  .

ANSYS® was used to model a segment of the frame with SOLID45 (which are eightnoded) elements of length  0.01 . The segment is discretised (across its width) using four
elements with three translational DOFs per node. Thus there are 30 DOFs on each side of the
segment.
When the eigenvalue problem of Equation (4) is solved, 30 pairs of (positive- and
negative-going) waves are obtained. Wavemodes with Im  k    1 are retained to calculate

the forced response. Most of the wavemodes obtained are strongly decaying waves at each
frequency, and their contribution to the response is thus negligible.
The joint is modelled using 12 SOLID45 elements and has 120 DOFs. The interface nodes
of the joint are consistent with the nodes of the WFE segments. Finding an analytical
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expression for the reflection and transmission matrices of this joint is extremely difficult.
However, if the structure is simplified to a thin “beam-beam” model, with beams of length
L  L1  LJ  h / 2 , then the scattering coefficients can be obtained analytically [11]. In this
case, the waveguides can be modelled using a beam element. Equation (19) is used to predict
the scattering coefficients from the WFE models of the beams with all the resulting waves
being retained. The beams can support propagating axial, torsional, in-plane and out-of-plane
bending waves. There are also evanescent bending waves and higher order (Lamb) waves
whose cut-off frequencies are much higher than the frequencies considered in this example.
Moreover, wavemode conversion occurs at the joint. The analytical and numerical predictions
for the simplified model are in very good agreement, Figure 5 and Figure 6. However, while
the scattering coefficients of the simplified model are close to the WFE predictions of the
solid model at very low frequencies, Figure 5 and Figure 6, very substantial differences arise
at higher frequencies due to the finite dimensions and flexibility of the joint and the width of
the beam.

Figure 4 Schematic of an L-frame. The joint (modelled using standard FE) is indicated in dashed lines and
the “beam-beam” simplified model is shown in dotted lines.

The scattering coefficients of the joint can be used to obtain the forced response of the
whole structure. The amplitudes of the excited waves can be obtained using (13) and these
can be related to the incident, travelling and scattered waves [31]. Results of the FE/WFE
model are compared with those of the full FE model (meshed with the same element size).
The full FE model contains 1200 DOFs whereas the WFE model has only 60 DOFs (30 DOFs
for each waveguide and these match the interface nodes of the joint). A point force in the ydirection is applied at A and the response at B is shown in Figure 7. The FE/WFE results are
in very good agreement with the full FEA results for the solid model. The results of the
simplified ‘beam-beam’ model are in agreement with the results of the FE/WFE results at low
frequencies only. However, at higher frequencies the results of the simplified model deviate
from the results of the solid models as the influence of the joint size and beam width become
larger.
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5

CONCLUSION

This paper presents a hybrid FE/WFE approach for finding the scattering coefficients of
joints connecting waveguides. The waveguides are modelled using the WFE method where a
small segment of a waveguide is modelled using standard FE and this small FE model is used
to predict the wave properties of the waveguide. On the other hand, joints are modelled using
standard FE, with the interface DOFs of the WFE and FE models being compatible. The two
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models are combined to obtain the scattering coefficients of the joint. Apart from providing
knowledge regarding wave scattering, the results can also be used to find the forced response
of the whole structure.
The theoretical developments in this paper were for an arbitrary number of waveguides
connected by a joint, while the illustrative example concerned only two waveguides.
Analytical results are available for a simplified model of the example presented. For the
simplified model, the FE/WFE results are in full agreement with the analytical results.
However, the numerical simulations illustrate that this simplified model is only suitable at low
frequencies and at higher frequencies, this model deviates from the actual behaviour of the
structure as the influence of the joint size grows.

6
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This book contains the Full papers presented at ADMOS 2011, the fifth International
Conference on Adaptive Modeling and Simulation, held in Paris from June 6 to 8,
2011.
Numerical Modeling and Simulation has reached an amazing level of maturity and
therefore is increasingly used as a complement to Experimental Modeling and
Analysis and as a design or certification tool in engineering applications. However,
after more than thirty years of worldwide research efforts around Adaptive
Modeling and Simulation, the problem of assessing and controlling the quality of
the numerical solutions is still relevant. The design of sophisticated engineering
systems requires increasingly complex and coupled modeling and increasingly
time-consuming computations. Adaptive approaches, which provide reliable and
cost efficient modeling and coherent coupling of different scales and mechanisms
in a unique model, are more strategic and indispensable than ever.
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