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PREFACE

PREFACE
This volume contains the full papers accepted for presentation at the VI International 
Conference on Computational Methods for Coupled Problems in Science and 
Engineering, COUPLED PROBLEMS 2015 (18 - 20 May 2015, San Servolo, 
Venice, Italy).

The previous five editions of this conference were held on the islands of Santorini 
(Greece) on 25-28 May 2005, Ibiza (Spain) on 21-23 May 2007, Ischia (Italy) on 8-11
June 2009, Kos (Greece) on 20-22 June 2011 and Ibiza (Spain) on June 17 – 19
June 2013.

The objectives of COUPLED PROBLEMS 2015 are to present and discuss state of 
the art, mathematical models, numerical methods and computational techniques for 
solving coupling problems of multidisciplinary character in science and engineering. 
The conference goal is to make a step forward in the formulation and solution of real 
life problems with a multidisciplinary vision, accounting for all the complex couplings 
involved in the physical description of the problem. 

The conference is one of the Thematic Conferences of the European Community on 
Computational Methods in Applied Sciences (ECCOMAS) and a Special Interest 
Conference of the International Association for Computational Mechanics (IACM). 

The conference is jointly organized by the Department of Civil, Environmental and 
Architectural Engineering (DICEA), of the University of Padova (Italy), the 
International Centre for Numerical Methods in Engineering (CIMNE), of the Technical 
University of Catalonia (UPC) and the National Technical University of Athens 
(Greece). 

The organizers would like to thank the authors for submitting their contributions and 
for their respect of the deadlines. Special thanks go to the colleagues who contributed 
to the organization of the 23 Invited Sessions in the fields of the Conference, and to 
the colleagues of international prestige that accepted the invitation to address a
Plenary Lecture.
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B. Schrefler, E. Oñate and M. Papadrakakis(Eds)

A CONSERVATIVE, OPTIMIZATION-BASED
SEMI-LAGRANGIAN SPECTRAL ELEMENT METHOD FOR

PASSIVE TRACER TRANSPORT

Pavel B. Bochev∗, Scott A. Moe†, Kara J. Peterson∗ and Denis Ridzal∗∗

∗Computational Mathematics,
Sandia National Laboratories1, Mail Stop 1320

Albuquerque, New Mexico, 87185-1320.

∗∗Optimization and Uncertainty Quantification,
Sandia National Laboratories, Mail Stop 1320

Albuquerque, New Mexico, 87185-1320.

†University of Washington
Department of Applied Mathematics

Seattle, WA 98195

Key words: High order methods, transport, semi-Lagrangian methods, optimization

Abstract. We present a new optimization-based, conservative, and quasi-monotone
method for passive tracer transport. The scheme combines high-order spectral element
discretization in space with semi-Lagrangian time stepping. Solution of a singly linearly
constrained quadratic program with simple bounds enforces conservation and physically
motivated solution bounds. The scheme can handle efficiently a large number of pas-
sive tracers because the semi-Lagrangian time stepping only needs to evolve the grid
points where the primitive variables are stored and allows for larger time steps than a
conventional explicit spectral element method. Numerical examples show that the use
of optimization to enforce physical properties does not affect significantly the spectral
accuracy for smooth solutions. Performance studies reveal the benefits of high-order ap-
proximations, including for discontinuous solutions.

1Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corpo-
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1 INTRODUCTION

In this paper we present a semi-Lagrangian spectral element method (SL-SEM) for the
solution of the scalar transport equation for a positive density function ρ,

∂ρ

∂t
+ ∇ · (vρ) = 0, (1)

and the related equation
∂ρq

∂t
+ ∇ · ρqv = 0 (2)

for transport of a passive tracer with mixing ratio q. Equations (1)–(2) imply that

∂q

∂t
+ v · ∇q = 0 , (3)

that is, the passive tracer is constant along the characteristics. Although (3) is relatively
simple, atmospheric models may involve large numbers of passive tracers, which makes
their solution a major part of the computational cost.

The use of SEM for the spatial discretization of (3) offers important computational
advantages such as a diagonal mass matrix and arbitrary order of accuracy [9]. However,
in combination with an explicit time stepping scheme SEM, like other high-order methods,
suffers from a severe, stability imposed, time step restriction.

On the other hand, schemes that adopt a Lagrangian viewpoint [3] and directly ap-
proximate the motion of “fluid particles” under a given velocity field have the potential
to avoid restrictive CFL stability conditions. This makes such time stepping schemes
particularly attractive for use with high-order spatial discretizations; see, e.g., [4, 11, 5]
for some recent efforts to combine SEM with semi-Lagrangian time stepping.

An important complaint, though, about SL-SEM schemes is that they do not neces-
sarily preserve physical properties such as conservation of total mass, or local solution
bounds. Yet, such properties are often critical for accurate and physically consistent sim-
ulations of atmospheric models. This is especially true for schemes employing high-order
spatial discretizations because in the presence of solution discontinuities such methods
are prone to large unphysical oscillations, known as Runge or Gibbs phenomena.

In this work we combine the attractive traits of a parent SL-SEM with a novel,
optimization-based strategy for the enforcement of the relevant physical properties [1].
Specifically, the raw high-order solution of the SL-SEM defines an optimization target,
whereas mass conservation and physically motivated local solution bounds provide the op-
timization constraints. The actual solution is then determined by solving a singly linearly
constrained quadratic program with simple bounds, which can be done very efficiently
[2]. Similar ideas have been applied in an Eulerian spectral element method [6], however
in the context of explicit time stepping. Our approach allows for the same high-order
accuracy but avoids the stringent time stepping restriction experienced in that work.

2
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2 PRELIMINARIES

2.1 Scalar advection

The basic problem considered in this work is the numerical solution of the multi-
dimensional scalar advection equation (3). Atmospheric models require simultaneous
advection of many tracers, which makes this problem a major source of computational
cost. A semi-Lagrangian method would be ideal for this for two reasons. First it would
allow much larger time steps than an Eulerian method. Second, to advect multiple tracer
values located at a grid point, the method moves that point along a characteristic line
and then computes the updated solution by interpolating the tracer values at the new
point location. As a result, the cost to track the characteristics is amortized over a large
number of passive tracer values.

This work focuses on divergence-free velocity fields. In this case equation (1) has the
same form as (3), and

∫
Ω qdV is a conserved quantity. Thus, we present the method for

(3) alone. Formulations for general velocities will be considered in a forthcoming paper.

2.2 Spatial discretization

In this work we combine spatial discretization by spectral elements with semi-Lagrangian
time stepping. For simplicity we describe the approach in two dimensions. Extension of
the main ideas to three dimensions is straightforward. Thus, in what follows K(Ω) is a
conforming partition of a bounded region Ω ∈ R2 into quadrilateral cells κi, i = 1, . . . , K.

In the spectral element method the basis functions on the reference quadrilateral
κ̂ = [−1, 1]2 are Lagrange polynomials corresponding to a tensor product grid of Gauss-
Legendre-Lobatto (GLL) nodes. Specifically, let N = {ξi}r+1

i=1 denote a set of GLL nodes
in [−1, 1] and let

X̂ = {(ξi, ξj) | ξi, ξj ∈ N }
be the corresponding GLL tensor product grid in κ̂. The associated reference spectral
element basis functions {φ̂ij} are rth degree Lagrange polynomials such that

φ̂ij(ξl, ξk) = δliδkj . (4)
Given an element κm ∈ K(Ω), let Fm be the isoparametric map defined by (4), which
takes the reference element into κm, i.e., Fm(κ̂) = κm. The image of X̂ under Fm

Xm = {xij = Fm(ξi, ξj) | ξi, ξj ∈ N }

provides a GLL tensor product grid on κm. We define the spectral element basis {φkl}
on K(Ω) by pullback, i.e., the local basis set {φm

ij }r+1
i=1 on an element κm comprises the

functions
φm

ij (x) = φ̂ij ◦ F −1
m (x) .

The spectral element space Qr = span{φkl}. Although the accuracy of the GLL nodes is
slightly less than that of Gauss-Legendre nodes (2r − 1 vs. 2r + 1 for r + 1 points), the
use of the former brings about some very attractive computational properties.

3
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• They display asymptotically optimal Lebesgue Constant growth [10].

• The associated GLL quadrature does not significantly degrade the accuracy of the
discrete solution.

• The basis (4) is orthogonal with respect to the GLL points, which results in a
diagonal mass matrix when using them as quadrature points for SEM.

• Inclusion of the endpoints of the interval allows to maintain inter-element continuity.

The ability to maintain inter-element continuity is important for the stability of the
spectral element method. For instance, using Gauss-Legendre nodes to implement a
semi-Lagrangian scheme may introduce large oscillations due to solution discontinuities
across element interfaces. For brevity, we restrict attention to bi-cubic basis functions φ̂ij.
In this case the relevant set N contains the following four GLL nodes:

X =
{

−1, −
√

1/5,
√

1/5, 1
}

(5)

2.3 A parent semi-Lagrangian spectral element method (SL-SEM)

Let x̃(t) be the solution of the characteristic equation

dx̃

dt
= v and x̃(0) = x̃0, (6)

and let q(x, t) be a solution of (3). Then,

d

dt
q(x̃(t), t) = ∂q

∂t
+ dx̃

dt
· ∇q = ∂q

∂t
+ v · ∇q = 0. (7)

In other words, q is constant along the characteristics x̃(t). Thus, if q is known at x̃(0) its
values along x̃(t) can be determined by tracking the characteristic line. This observation
forms the basis of semi-Lagrangian methods.

2.3.1 Semi-Lagrangian time stepping scheme

The semi-Lagrangian approach solves equation (3) by breaking it up into a series of
ODEs of the form (6) coupled with an interpolation. To describe the basic scheme let
X be the union of all GLL points in the mesh K(Ω), i.e., X = ∪κmXm. Suppose that
the values of q at the current time step tn are known at all points in X. To find the
approximation of q at the GLL points at tn+1 = tn + ∆t we track these points back along
the characteristic lines using X as initial data for (6). Succinctly, the two steps are

Trace back: ∀xij ∈ X solve: dx̃ij

dt
= −v in [tn, tn+1] with x̃ij(tn) = xij,

Interpolate: q(xij, tn+1) := q(x̃ij(tn+1), tn).
(8)

4
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The point x̃ij(tn+1) is generally referred to as the “trace back” of the GLL point xij ∈ X.
In a nutshell, the parent semi-Lagrangian scheme transports the function q back along
the characteristics and then uses the spectral element basis to interpolate its value at
x̃ij(tn+1); see Figure 2.3.1.

Figure 1: The SL-SEM traces back the GLL set along the characteristics x̃(t) and then uses the spectral
basis to interpolate q(x̃(tn+1), tn). The interpolated values provide the approximation q(xij , tn+1) of q
at the GLL points at the next time step.

Although formally of high-order, the parent SL-SEM does not preserve local solution
bounds. A simple solid body rotation example illustrates this fact and motivates the need
for an optimization-based solution to preserve relevant physical properties. Specifically, we
apply the SL-SEM to advect a discontinuous profile given by the slotted Zalesak cylinder
[7] using the rotational velocity field

v =
[
(0.5 − y) (0.5 − x)

]T
. (9)

The velocity field (9) rotates the initial profile around the center of the unit square with
period 2π. There is no deformation and the velocity field is divergence free.

Figure 2(b) compares the initial profile with the SL-SEM solution after one full revo-
lution. The exact solution satisfies global solution bounds and should remain between 0
and 1. The side view in Figure 2(c) clearly shows that the numerical solution develops
spurious oscillations and significantly violates the global solution bounds.

3 OPTIMIZATION-BASED SL-SEM

In this section we combine the SL-SEM with an optimization-based approach to enforce
conservation and local solution bounds. We note that in Eulerian methods preservation of

5
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Figure 2: SL-SEM solution of the solid body rotation problem with a slotted cylinder initial condition
on an 80 × 80 uniform grid with CFL = 0.7. (a) Initial profile; (b) solution after one revolution; (c) side
view after one revolution. The discontinuous initial profile results in spurious oscillations.

local bounds is accomplished through the use of limiters to obtain monotone reconstruc-
tions of the primitive variables. This prevents the numerical solution from developing new
extrema.

The theory of monotonicity preserving limiters is well understood and developed for
low-order finite volume methods [8]. However, because limiters modify the reconstruction
process their application to high-order methods may degrade the accuracy. In fact, for
such methods it is not clear how to preserve monotonicity without harming accuracy in
smooth regions, or even if that is possible.

In contrast, following the ideas of [1] we separate reconstruction from the enforcement
of physical properties such as solution bounds and conservation. To this end, we treat
the solution of the parent SL-SEM as an optimization target, whereas the local solution
bounds and mass conservation define the optimization constraints. The goal is to find
the spectral element function that is the closest to the target field and simultaneously
satisfies the constraints.

In particular, one can enforce bounds on the interpolation operator itself, giving com-
pletely decoupled bounds for each individual degree of freedom. Because the type of lower

6
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and upper bounds introduced are not guaranteed to enforce exact monotonicity, we refer
to this type of methods as quasi-monotone [6].

Optimization-based SL-SEM. Given SEM approximation qn(x) ≈ q(x, tn) the fol-
lowing algorithm computes the optimization-based SL-SEM solution qn+1(x) ≈ q(x, tn+1)
at the next time step:

1. Trace back: ∀xij ∈ X solve: dx̃ij

dt
= −v in [tn, tn+1] with x̃ij(tn) = xij.

2. Interpolate and set target: q̃n+1(xij) := qn(x̃ij(tn+1)).

3. Determine lower and upper bounds q
ij

and qij, respectively for qn+1(xij).

4. Determine qn+1(x) by solving the optimization problem:

qn+1 = arg min
q∈Qr

‖q − q̃n+1‖2
0 subject to




∫

Ω
qdΩ =

∫

Ω
qndΩ (Conservation)

q
ij

≤ q(xij) ≤ qij (Local bounds)
(10)

3.1 Determination of local solution bounds

Because the solution is constant along the characteristic lines, we can determine q
ij

and
qij by examining solution values in a neighborhood of the trace back point x̃ij(tn+1). In
this paper we adopt an approach where these bounds are set by computing the minimum
and maximum solution values at the GLL points in the neighborhood of the element
containing x̃ij(tn+1). Given κi ∈ K(Ω) let B(κi) be the set of all its neighbors and κi

itself.

Local solution bounds. Given a trace back point x̃ij(tn+1) the following procedure
determines local solution bounds for the optimization-based SL-SEM:

1. Find element κm ∈ K(Ω) such that x̃ij(tn+1) ∈ κm.

2. Define χm = {xkl|xkl ∈ X and xkl ∈ B(κm)}.

3. Set bounds q
ij

= minx∈χm qn(x) and qij = maxx∈χm qn(x).

3.2 Algebraic form of the optimization problem

For notational simplicity we drop the time step index from the target and simply write
q̃. The coefficient vectors of q̃ and the state q are denoted by q̃ and q, respectively.
Expanding the objective yields

‖q − q̃‖2
0 =

r+1∑
i,j=1

r+1∑
k,l=1

(qijqkl − 2qij q̃kl + q̃ij q̃kl)
∫

Ω
φijφkldΩ, (11)

7
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Figure 3: Optimization-based SL-SEM solution of the solid body rotation problem with initial profiles
of varying degrees of smoothness; 100 × 100 uniform grid, bi-cubic elements, and CFL=0.7. (a) Initial
time; (b) Solution after one full revolution.

where φij are the spectral basis functions corresponding to the GLL nodes in X. Thus,

‖q − q̃‖2
2 = qT Mq + cT q + c0; c = −2M q̃; c0 = q̃T M q̃ and Mij,kl =

∫

Ω
φijφkldΩ.

The SEM approximates the integrals above by using the GLL points in X along with
suitable weights {wij}. Let w be the vector of these weights. Since the SEM basis
functions are orthogonal with respect to the GLL nodes it follows that M = diag(wij) =
w. As a result, the SL-SEM optimization problem (10) assumes the following simple
algebraic form

qn+1 = arg min
q

qT Mq+cT q+c0 subject to




wT q = wT qn (Conservation)
q ≤ q ≤ q (Local bounds)

(12)

Problem (12) is a singly linearly constrained quadratic program (QP) with simple bounds.
The structure of this QP lends itself to an extremely efficient solution method; see [2].

4 NUMERICAL EXAMPLES

4.1 Solid body rotation test

To test the optimization-based SL-SEM we combine the rotational velocity field from
Section 2.3.1 with an initial profile comprising a notched cylinder, a smooth hump and
a cone. This example is a standard advection test introduced in [7]. Figure 3 shows the
initial profile and the numerical solution after one full revolution. The plot in Fig.3(b)
reveals minimal smearing of the discontinuous profiles and an essentially monotone solu-
tion.
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Figure 4: Optimization-based SL-SEM solution of the modified deformational flow example using 80×80
uniform grid and bi-cubic basis functions. (a) Initial profile; (b) Solution at maximum deformation time.

4.2 Modified deformational flow test

This example uses a modified version of the deformational flow test on the sphere, which
is standard in the climate modeling community [6]. The goal is to examine the convergence
rates of the optimization-based SL-SEM. Specifically, we combine the divergence-free
velocity field v =

[
u v

]T
where

u = sin(πx) sin(πx) sin(2πy) cos
(

π
t

T

)

v = − sin(πy)2 sin(2πx) cos
(

π
t

T

)
(13)

with a Gaussian initial profile defined on Ω = [0, 1] × [0, 1] by

q(x1, x2) = sin(2πx)4 sin(2πy)4 exp
(
−β((x1 − x0)2 + (x2 − y0)2)

)
(14)

where β = −40.0 and (x0, y0) = (0.7, 0.5). The velocity field is designed so that after
time t = 2.5 it reverses and the profile returns to the initial condition at 5.0. The initial
profile is infinitely smooth except for the boundary where it is scaled so that it is zero on
∂Ω. This allows us to impose periodic boundary conditions.

Figure 4 shows the initial profile and the solution at the maximum deformation in-
stant t = 2.5. Figure 5 shows the convergence results for this example. We observe a
slight degradation in the accuracy of the L∞ norm errors, while the L1-norm errors are
not significantly affected. This is a very good result for a method that also eliminates
oscillations. A method that is exactly monotonicity preserving would typically truncate
the convergence rate to order 2 even in the L1 norm.

9
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Figure 5: The effect of optimization-based enforcement of local bounds on convergence rates.

5 PERFORMANCE STUDIES

This section compares several realizations of the optimization-based SL-SEM with dif-
ferent orders of basis functions. The comparison is done using a Gaussian profile and
the slotted Zalesak cylinder both advected by the deformational flow velocity field intro-
duced in Section 4.2. In all cases we use fourth-order Runge Kutta for back-tracing the
characteristics.

In this study the SL-SEM is run over a wide range of mesh and time step sizes using
several different polynomial orders. The purpose of this study is to examine the accuracy
of the method as a function of the spatial resolution, as measured by the number of
spatial degrees of freedom and the temporal resolution, determined by a varying time
step size. The accuracy is measured by the L2-norm error. Figures 6(a) and 6(b) reveal
an interesting behavior of the optimization-based SL-SEM. Unlike with Eulerian schemes,
there is an optimal time step size. The reason for this is that every interpolation instance
builds up some amount of error. Thus, there appears to be an optimal time step size which
balances the accumulation of the errors with the available resolution. Also, as expected,
increasing the number of spatial degrees of freedom tends to reduce errors.

All numerical computations in this section are done on a workstation with an Intel core
i5-2500 processor and 8 Gigabytes of memory.

6 CONCLUSIONS

We presented an optimization-based semi-Lagrangian spectral element method for a
scalar advection equation. The method combines a characteristic-based approach with
optimization to enforce preservation of physical properties such as global conservation
and local solution bounds. Convergence studies reveal minimal degradation of L1-norm
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Figure 6: Parameter study of the approximation error in the optimization-based SL-SEM as function
of the time step size and the number of spatial degrees-of-freedom for different polynomial degrees.

convergence rate for smooth solutions.
A parameter study was performed to characterize accuracy with respect to the number

of degrees of freedom and the time step size. The study reveals the existence of an optimal
time step for a given spatial resolution and indicates that higher polynomial degrees
outperform lower degrees even on discontinuous profiles, which confirms the utility of the
proposed approach in the context of high-order approximations.
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Abstract.
The mechanics of stress partitioning in two-phase porous media is predicted on the basis

of a variational purely-macroscopic theory of porous media (VMTPM) with compressible con-
stituents. Attention is focused on applications in which undrained flow (UF) conditions are
relevant, e.g., consolidation of clay soils and fast deformations in cartilagineous tissues. In a
study of the linearized version of VMTPM we have recently shown that, as UF conditions are
approached (low permeability or fast loading), Terzaghi’s effective stress law holds as a general
property of rational continuum mechanics and is recovered as the characteristic stress partition-
ing law that a biphasic medium naturally complies with. The proof of this property is obtained
under minimal constitutive hypotheses and no assumptions on internal microstructural features
of a particular class of material. VMTPM predicts that such property is unrelated to compress-
ibility moduli of phases and admits no deviations from Terzaghi’s expression of effective stress,
in contrast with most of the currently available poroelastic theoretical frameworks. This result
is presently illustrated and discussed. Simulations of compressive consolidation tests are also
presented; they are obtained via a combined analytical-numerical integration technique, based
on the employment of Laplace transforms inverted numerically via de Hoog et al.’s algorithm.
The computed solutions consistently describe a transition from drained to undrained flow which
confirms that Terzaghi’s law is recovered as the limit UF condition is approached and indicate
a complex mechanical behavior.
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1 INTRODUCTION

The analysis of the dynamic response of multiphase porous media in the limit of undrained
flow conditions is relevant in all those applicative contexts where the nature of characteristic
loadings, compared to the characteristic consolidation time of the medium, determines a flow
regime close to the ideal conditions of complete prevention of fluid drainage. Canonical ex-
amples of applications in which this condition is met are the analysis of saturated clay soils
subjected to seismic loading [1], or building-induced short time static loading, and the analysis
of cartilaginous tissues subjected to physiological impulsive loading [2].

Among several approaches so far proposed for continuum modelling of multiphase porous
media, variational approaches [3–5] provide a tool for addressing poroelastic multiphase prob-
lems by introducing the least possible number of mechanical assumptions and postulated bal-
ance laws.

We have recently proposed a least-action based macroscopic continuum description of two-
phase poroelasticity to derive a general biphasic formulation at finite deformations based upon
the inclusion of the intrinsic volume variations of the solid [6, 7] among the kinematic descrip-
tors. This theory is shortly referred to as Variational Macroscopic Theory of Porous Media
(VMTPM). In VMTPM no Lagrange multipliers are employed to obtain the macroscopic local
balance equations. The main consequence is that work-association between stress and strain
measures is naturally preserved, and the local macroscopic Euler-Lagrange momentum balance
equations include a momentum balance associated with intrinsic volumetric strains.

For the subclass of undrained flow (UF) problems in which macroscopic fluid redistribution
within the mixture is impeded and inertial forces can be neglected, the linearized version of
VMTPM predicts that stress is partitioned in the two phases in strict compliance with Terza-
ghi’s law. This relation is found to hold irrespective of thermodynamic constraints, constitutive
or microstructural features of the medium, and independently from intrinsic compressibility
properties of phases. Furthermore, such a property, provided UF conditions are met, admits no
deviations from Terzaghi’s expression of effective stress, in contrast with most of the currently
available poroelastic theoretical frameworks.

The objective of this study is to complement the general law of stress partitioning in UF,
derived in [8], with solutions of the general 1D consolidation problem. The objective is the
analysis of the transition from a drained to an undrained behavior so as to investigate the be-
havior of systems which admit superposition of solutions, and for which solution techniques
based on Laplace transforms can be exploited. Accordingly, the governing equations herein
considered are those pertaining to the linearized VMTPM in which elastic stiffness moduli are
introduced in a standard purely-variational form as the second derivatives of strain potentials.
The constitutive parameters employed in the numerical simulations are selected in compliance
with the bounds reported in [9, 10].
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2 VMTPM IN QUASI STATIONARY FLOW

The purely mechanical linearized version of VMTPM is considered herein. Accordingly, all
forces are represented by a potential so that Hamilton’s principle, written for the solid porous
phase, takes the form:

δ
∫ t2

t1

(
T (s) − U (s)

)
dt = 0. (1)

In the previous relation U (s) is the total potential energy of the porous solid body, T (s) is the
kinetic energy and t1 and t2 are two generic times.

In linearized kinematics, the infinitesimal deformation of the solid phase is defined, at the
macroscale, by the solid macroscopic infinitesimal displacement field ū(s), and by the macro-
scopic field of the intrinsic volumetric strain ê(s). The latter is related to the microscopic volu-
metric strain field of the pore-scale deformation, e(s), by the standard averaging relation:

ê(s) (x ) =
1

V (s)

∫

Ω
(s)
RV E(x )
e(s) dV =

dV (s)

V (s)
. (2)

where V (s) and dV (s) are the volumes of the subset of the representative volume element cen-
tered in x , and its first-order variation, respectively. The addition of ê(s) as a kinematic descrip-
tor beside displacements is the unique essential kinematic/contitutive enhancement introduced
with respect to standard Cauchy continuum theory. The reader is referred to [6–8] for a more
extensive description of the VMTPM.

Hereby, the kinematics and the linearized set of governing equations are briefly recalled.
Specifically, employing the notation conventions and terminology used in [8], we recall from [7]
the specialization of the linearized VMTPM, which stems by considering negligible inertia
forces. This condition will be shortly termed henceforth Quasi Stationary Flow (QSF).

The extrinsic volumetric strain, ē(s), is ordinarily related to the macroscopic solid displace-
ment field as the trace of the solid strain tensor:

ē(s) = trε̄(s) = ∇ · ū(s), (3)

where ε̄(s) = sym ū
(s)
∇ , being ū

(s)
∇ = ū(s) ⊗∇ the displacements gradient.

The governing equations of linearized VMTPM at QSF are synoptically recalled in Table
1 where the notation employed in [8, 10] is used. Equations (4) and (5) are, respectively, the
so-called extrinsic momentum balance of the solid phase and the intrinsic momentum balances,
both stemming from (1). These two equations express stationarity of the Action functional
with respect to variations of the solid displacements and variations of ê(s), respectively. Equa-
tion (7) represents the saturation constraint in linearized kinematics (see [8], and Bedford and
Drumheller [3]), written in dimensionless form for a biphasic compressible medium.

Accordingly, p is the fluid pressure while volumetric fractions φ(α)
o (with α = s, f ), due to

the saturation hypothesis fulfill φ(f)
o + φ(s)

o = 1. Moreover, σ̌(s) and p̂(s), termed ’solid extrinsic
stress tensor’ and ’solid intrinsic scalar pressure’, are the primary stress measures of the solid

3
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Extrinsic linear momentum balance of solid phase

∇ · σ̌(s) + πfs = 0 (4)

Intrinsic momentum balance of the solid phase

p̂(s) + p̂(fs) = 0 (5)

Momentum balance of the fluid phase

−φ(f)
o ∇p+ πsf = 0 (6)

Combined fluid mass balance and saturation constraint (Dimensionless saturation
constraint)

φ(f)
o ē(f) + φ(s)

o ē(s) = φ(f)
o ê(f) + φ(s)

o ê(s) (7)

Table 1: General set of equations that govern the mechanical behavior of the biphasic compressible poroelastic
system in linearized VMTPM.

phase workassociated with ε̄(s) and ê(s), respectively while p̂(fs) = −∂ψ̄(f)

∂ê(s)
where ψ̄(f) denotes

the strain energy density of the fluid phase. Mutual drag body volume forces acting over the
solid and the fluid phase are respectively denoted by πfs and πsf , with πfs = −πsf .

The linear theory in terms of elastic coefficients is derived introducing the elastic moduli
in a standard form, as second order derivatives of strain potentials with respect to the primary
strain measures [9, 10]. Compared to the general treatment, the QSF theory admits a simpler
description in which only two additional moduli appear along with Lamé elastic moduli. These
two moduli are a dimensionless coefficient k̄r which is characteristic of VMTPM and couples
extrinsic strains with intrinsic ones, plus an auxiliary intrinsic stiffness modulus, k̂s. They are
defined as follows:

k̄r = φ(s)
o

∂2ψ̄(s)

∂ê(s)∂ē(s)

(
∂2ψ̄(s)

∂ê(s)∂ê(s)

)−1

, k̂s =
1

φ
(s)
o

∂2ψ̄(s)

∂ê(s)∂ê(s)
. (8)

Employing the coefficients defined in (8), a linear combination of the linear isotropic consti-
tutive laws of the solid phase with the intrinsic momentum balance can be conveniently intro-
duced in QSF, [10]:

σ̌(s) = 2µ̄ε̄(s) + λ̄ē(s)I− k̄rpI,
φ(s)
o

k̂s
p = −k̄rē

(s) − φ(s)
o ê(s) (9)

Moreover, in QSF a combination of governing balances (4)-(7) yields a u-p form of the gov-
erning equations in which the primary variables are the solid macroscopic displacements and
the fluid pressure, [9, 10]. This form turns out to be more practical from an engineering com-
putational point of view, although limited to QSF problems. Upon introducing a simple linear
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Darcy law for the drag body volume forces πfs:

πfs = −πsf = K

(
∂ū(f)

∂t
− ∂ū(s)

∂t

)
(10)

(with K measured in
[
Ns
m4

]
) the u-p form reads:

∇ · σ(s)
D −

(
φ(f)
o + k̄r

)
∇p = 0 (11)

−

(
φ(f)
o

)2

K
(∇ · ∇) p+

(
1 + k̄r

) ∂

∂t
∇ · ū(s) +

1

k̂sf

∂p

∂t
= 0 (12)

where σ
(s)
D = λ̄ē(s)I + 2µ̄ε̄(s) is the drained solid stress and k̂sf =

(
φ
(s)
o

k̂s
+ φ

(f)
o

k̂f

)−1

, being k̂f

the bulk modulus of the fluid phase.

3 STRESS PARTITITONING IN UNDRAINED FLOW

The UF condition refers to the flow of a biphasic medium contained in a closed region of
space ΩbU ⊆ Ωb such that macroscopic fluid mass flow across the boundary S̃ of any closed
region contained in ΩbU is zero. Conditions of UF are met when 1) the characteristic consoli-
dation time is much higher than the timescale of observation of the problem; 2) when drainage
is prevented at the boundaries and/or in presence of special symmetry conditions (such as those
typically encountered in jacketed tests). The characterization of UF conditions from a kine-
matic point of view corresponds to the existence of a unique macroscopic continuum field of
undrained displacements ū(un), common to both solid and fluid phases, defining the macro-
scopic displacements of the undrained medium:

ū(un) (x ) = ū(f) (x ) = ū(s) (x ) , x ∈ ΩbU . (13)

The dual static characterization of (13) has been determined, in linearized kinematics, in [8].
Upon deriving the characteristic forms, U int

bU , U ext
bU , achieved at UF by the internal and eternal en-

ergy potentials, the Principle of Virtual Deformations is applied in the framework of linearized
VMTPM. The primary difference with respect to the derivation of the principle of virtual work
for single phase continuum mechanics is that, in accordance with the presence in VMTPM of
two macroscopic state fields ū(un) and ê(s), two variational integral conditions (describing equi-
librium in static UF configurations) are accordingly inferred. These equations are associated
with virtual macroscopic displacements δū(un) and virtual intrinsic strain variations δê(s):

∂(ū(un), ê(s))U
tot
bU

[
δū(un), δê(s)

]
= 0, ∀ δū(un), δê(s). (14)

Derivation of the explicit strationarity integral equation stemming from (14) yields explicitly
the following fundamental mechanical identification which holds within UF conditions:

∂ψ̄(f)

∂ē(un)
= −p. (15)

5
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As shown in [8], conversion from weak to strong form of the equilibrium equations yields a
set of local equations which exactly match the classical tensorial statement of Terzaghi’s prin-
ciple. Specifically, these equations state that on the boundary of a region undergoing undrained
flow, tractions, t(ext), applied by the external environment are related to internal stress measures,
σ̌(s) and p, by

t(ext) =
(
σ̌(s) − pI

)
n, (16)

where — it is worth being recalled — σ̌(s) is the stress tensor naturally work-associated with
isochoric (volume preserving) strains of the solid phase, consistently with its role of ’effective’
stress. This relation holds irrespective of thermodynamic constraints, of the constitutive or
microstructural features of the medium and independently from intrinsic compressibility of
phases.

4 TRANSITION FROM DRAINED TO UNDRAINED FLOW

The transition from a more general condition of drained flow to UF conditions has been
investigated, as predicted by VMTPM, under conditions of quasi stationary flow for a simple
1D consolidation problem. A semi analytical numerical solution method based on Laplace
transforms was applied to solve the QSF problem of a generic biphasic specimen subjected to
uni-axial confined compression in a stress-relaxation test. The examined problem is the fol-
lowing. A biphasic sample is laterally and inferiorly confined in an impermeable chamber, and
compressed by a porous plug allowing for fluid exudation. The setup considered is schematized
in Figure 1.

Figure 1: Simulated experimental setup for uni-axial confined compressive test: (a) biphasic mixture is confined
in an impermeable chamber and axially compressed by a porous plug allowing for fluid exudation; (b) compressive
displacement history applied to the plug for static tests (U ) and associated boundary conditions.

6
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A dimensionless treatment of this problem is exploited and tilde accents are used to indicate
dimensionless quantities. Denoting by L and to, respectively, the characteristic sample length
and time scale of observation, we introduce the following dimensionless quantities:

p̃ =
p

(λ̄+ 2µ̄)
σ̃
(s)
Dxx =

σ
(s)
Dxx

(λ̄+ 2µ̄)
, ũ(s)

x =
ū(s)
x

L
, x̃ =

x

L
, t̃ =

t

to
(17)

so that the 1D counterpart of u-p equations (11), (12) can be recast in the form:

∂2ũ(s)
x

∂x̃2
(x̃, t̃)− (φ(f)

o + k̄r)
∂p̃

∂x̃
(x̃, t̃) = 0 (18)

(1 + k̄r)
∂2ũ(s)

x

∂t̃∂x̃
(x̃, t̃) + Cr

∂p̃

∂t̃
(x̃, t̃)− 1

De

∂2p̃

∂x̃2
(x̃, t̃) = 0 (19)

Coefficients De and Cr are dimensionless characteristic parameters of the system, defined
by:

De =
τ

to
, τ =

L2(φ(f)
o )2

K(λ̄+ 2µ̄)
, Cr =

λ̄+ 2µ̄

k̂sf
(20)

where τ is proportional to the consolidation time of the system.
The physical meaning of coefficient De is closely related to the Deborah number [13], since

τ is a characteristic time proportional to the classic poromechanics definition of relaxation time
(i.e. the time required for the biphasic medium to adapt to applied stresses or deformation). The
range of this coefficient is 0 ≤ De ≤ ∞. When De >> 1 the system tends to behave as an
elastic completely undrained medium. The opposite condition of completely drained behavior
corresponds to De << 1 while, for De � 1, the fluid component of the mixture provides a
significant contribution to time dependent stress/deformation phenomena.

The dimensionless quantity Cr represents the ratio of the aggregate modulus of the solid
phase in the mixture (i.e., λ̄ and µ̄) over the intrinsic stiffness (k̂sf ) of the medium. Accordingly,
when Cr → 0, the mixture can be assumed to be intrinsically incompressible.

Space-time boundary conditions of the problem of Figure 1 are also directly examined in
dimensionless form. At time t = 0 the mixture is in an undeformed state and in equilibrium
with the environment so that the initial conditions are:

ũ(s)
x = 0, p̃ = 0 t̃ = 0, x̃ ∈ [0, 1] (21)

At the bottom of the specimen (i.e., x̃ = 0), solid displacement is null, and no fluid flows
through the inferior wall of the chamber. This condition amounts to a null solid-fluid relative
displacement and, recalling (6) and (10), implies a null pressure gradient. At the top (x̃ =
1), fluid exudation occurs through the porous plug. In addition, for the case of displacement
controlled compression, the displacement applied to the plug follows a ramp-and-hold time
sequence, where the dimensionless ramp time is t̃R, and the final compressive displacement is

7
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−Uo, (with Uo > 0) see figure 1b. Based on these assumptions, the boundary conditions of the
problem are collected below:

ũ(s)
x (0, t̃) = 0,

∂p̃

∂x̃
(0, t̃) = 0, ũ(s)

x (1, t̃) = Ũ(t̃) = −Uo

L

[
t̃−H(t̃− t̃R)

]
, p̃(1, t̃) = 0

(22)
where H is the Heaviside function Ũ = U/L and t̃R = tR/to. The absolute value of the
displacement applied to the porous plug, finally attained in the ramp-and-hold time sequence,
is Uo = 0.01L (i.e., 1 percent of the total length of the sample) while the ramp time is t̃R = 0.1
(see figure 1b).

Solutions to the boundary value problem composed of equations (18), (19), (21), (22) are first
determined in the complex Laplace space. Expressing (18), (19) in terms of Laplace transforms,
denoted by star superscripts, yields:

∂2(ũ(s)
x )∗

∂x̃2
(x̃, s)− (φ(f)

o + k̄r)
∂p̃∗

∂x̃
(x̃, s) = 0 (23)

s(1 + k̄r)
∂(ũ(s)

x )∗

∂x̃
(x̃, s) + sCrp̃

∗(x̃, s)− 1

De

∂2p̃∗

∂x̃2
(x̃, s) = 0 (24)

Denoting by Ũ∗ the Laplace transform of Ũ(t̃), the transforms of the dimensionless solid
displacement, of the solid displacements gradient and of the fluid pressure turn out to be:

(ũ(s)
x )∗(x̃, s) = Ũ∗

[
β 1

α
√
s
sinh(α

√
sx̃)

cosh(α
√
s)

+ (1− β) x̃
]

[
β 1

α
√
s
tanh(α

√
s) + 1− β

] (25)

∂ū∗
x

∂x̃
(x̃, s) = Ũ∗

[
β cosh(α

√
sx̃)

cosh(α
√
s)

+ 1− β
]

[
β 1

α
√
s
tanh(α

√
s) + 1− β

] (26)

p̄∗(x̃, s) = Ũ∗

[
cosh(α

√
sx̃)

cosh(α
√
s)

− 1
]

[
(φ

(f)
o + k̄r)

1
α
√
s
tanh(α

√
s) + Cr

(1+k̄r)

] (27)

where parameters α, β are defined as follows:

α =
√
De (Cr + γ), β =

γ

Cr + γ
, γ = (φ(f)

o + k̄r)(1 + k̄r). (28)

Further mathematical details for obtaining the solution of equations (23) and (24) are reported
in [11].

Except for special cases, Laplace anti-transforms of (25)-(27) cannot be performed analyt-
ically retaining a closed form. Thus, they were carried out by numerical computation via de
Hoog et al’s algorithm [15]. A special case is represented by the UF limit at De → ∞. In such
a limit the antitrasform of (27) to the time domain is easily obtained analytically. This solution
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consistently corresponds to strain and pressure fields that are uniform in space. In particular the
constant value attained by the pressure field, written in dimensional form, is:

p = −
(
1 + k̄r

)
k̂sf

Uo(t)

L
(29)

and corresponds to the general undrained solution, compliant with Terzaghi’s law (16), whose
full expression is reported in [10].

For solutions outside of the UF limit, De �= ∞, the observation of the system is carried out
over a value of the dimensionless time equal to 1 and is obtained numerically.

Concerning the selection of the values of the dimensionless coefficients employed in the
simulations (φ(f)

o , λ̄+2µ̄, k̄r, k̂s for the solid, and k̂f for the fluid phase), these were set so as to
describe the behavior of a generic biphasic medium, without referring to a particular medium
of a specific application. In absence of an experimental characterisation of these parameters,
special attention has been payed in assigning to φ(f)

o , λ̄+2µ̄, k̄r, k̂s consistent values preserving
physical admissibility and meaningfulness. In this respect, it is important to observe that, while
k̂f is unrelated to the parameters pertaining to the solid phase (φ(f)

o , λ̄ + 2µ̄, k̄r, k̂s) the latter
four parameters cannot be independently assigned since they all belong to the solid phase. To
recognize this it can be easily verified that, if these values are improperly selected so that the
condition Cr + γ > 0 is violated, the solution achieves a singularity with unbounded values for
β and imaginary values for α.

It can be shown that, by considering standard Mori-Tanaka estimates for the macroscopic
shear modulus and Hashin’s Composites Spheres Assemblage (CSA) estimates for k̄r, k̂s and
λ̄, the range of variation of k̄r is −1 ≤ k̄r ≤ 0 [9, 10] and that the quantity (Cr + γ) is strictly
positive [11]. Conversely, as φ(f)

o increases, function β turns from negative to positive values.
In the example of Figure 3 below it is shown that this change of sign determines significant
qualitative and quantitative differences in the strain profiles.

For De = 1 and different values of φ(f)
o , k̄r and Cr (details on the employed data are re-

ported in [11]) the shape of the curves of stress history at the plug is the same. Stress increases
throughout the ramp phase of the displacement and reaches a peak value at t̃R. Subsequently,
while plug displacement is held fixed, stress relaxes to an equilibrium value corresponding to
the condition in which no relative motion between solid and fluid phases occurs (see Figure 2).

To appreciate the role played by k̄r in determining the character of the solution, sensitiv-
ity analyses of the space-time solutions have been carried out numerically [11] by employing
dimensionless coefficients provided by CSA and Mori-Tanaka estimates [9–11]. Herein two so-
lutions are presented from those considered in [11]; they have been obtained with the two sets
of dimensionless parameters of Table 2, which in turn correspond to two different values of the
porosity φ(f)

o = 0.25 (A) and φ(f)
o = 0.5 (B). Figure 3 shows, at several dimensionless times,

the computed strain profiles. While the final stationary states of cases A and B are coincident,
significant qualitative and quantitative differences are detected in the transient response. Details
of these analyses and an extensive discussion of the related results are reported in [11].

9
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Simulation Cr De φ(f)
o γ Cr + γ β α

A 0.25 1 0.25 -0.08 0.17 -0.45 0.42
B 0.25 1 0.5 0.24 0.49 0.49 0.7

Table 2: Sets of dimensionless parameters employed in the analysis of transient strain profiles of Figure 3.

Figure 2: Apparent solid stress at plug for De = 1 and different φ(f)
o , k̄r and Cr [11].

5 CONCLUSIONS

The analytical and numerical analyses developed in the present paper provide the following
evidences.

• The computed solutions confirm that, in the transition from drained to undrained flow
(De → ∞), Terzaghi’s law is recovered as the unique stress partitioning law as the limit
UF condition is approached, in agreement with the general property shown in [8].

• Numerical results show that the ratio k̄r, which defines the elastic coupling between ex-
trinsic strains and intrinsic ones, plays a significant role in determining the quantitative
and qualitative character of the solution, in a way similar to the role played by Poisson
ratio for single continuum mechanics. Since k̄r is not affected by the intrinsic (grain)
compressibility, and hence is a parameter unrelated to Biot’ coefficient, this indicates
that k̄r should be carefully characterized in order to properly analyze the macroscopic
mechanical response of a given biphasic medium.
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Figure 3: Transient strain profiles of the mixture at several dimensionless time frames: (a) Ũ(t̃) plug displacement
history with marks of time frames investigated; (b) strain profiles at α; (c) strain profiles at β; (d) strain profiles
at γ; (e) strain profiles at δ; (f) strain profiles at ε. In all Figures (b)-(f): response for set A of parameters with
φ
(f)
o = 0.25 (solid line); response for set B of parameters with φ

(f)
o = 0.5 (dotted line). Sets A and B are reported

in Table 2.
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Abstract. Wellbore instability, in particular in deep perforations, continues to be one of
the major problem in the oil and gas industry, that can dramatically increase production
costs. Eventual instabilities may be prevented supporting temporarily the wellbore with
mud circulation. If instability may occur, the value of the mud pressure needs to be
sufficiently high to prevent compressional failure, but it should also be lower than a critical
value that would cause tensile failure and unintentional hydraulic fracturing. Predicting
faithfully the stress distribution around a borehole, and moreover the yielding and failure
zones, is a challenging but fundamental task, essential to estimate the correct mud pressure
and hence to prevent instabilities and sand production. This study focuses on quantifying
the pressure distribution, stress field and plastic zones around a horizontal borehole drilled
at great depth through a highly porous rock formation. The perforation of a wellbore
in a saturated porous material is a coupled problem, which involves deformations of
the solid phase and simultaneous diffusion of the fluid phase. A fully coupled finite
element method is adopted, considering both material non linearity (elastoplasticity) and
geometric nonlinearity (finite deformations) in the solid matrix, resulting in a so called
u−p formulation. The variation of porosity and permeability, as consequence of the finite
deformations of the solid matrix, is taken into account. The model adopts an elastoplastic
constitutive law characterized by two yield surfaces, that is able to capture the dilatant
and compactant plastic mechanism. The simulations investigate the quasi-static transient
phenomenon associated with the perforation, until the steady state condition is reached.
The model describes the evolution of the stress and pressure distribution, and moreover
the propagation of the plastic zones around the borehole. The work demonstrates the
capability of the finite deformations coupled approach to simulate the whole process,
giving an instrument to determine the stability and sand production of the wellbore.

1

Finite strains fully coupled analysis of a horizontal wellbore drilled through a porous rock formation
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1 INTRODUCTION

Wellbore instability is still one of the major problem in the oil and gas industry, with
disruptive consequence in the perforation and exploitation costs [1]. The instability of
a wellbore is the effect of the failure of the rock surrounding the borehole, which may
collapse under the new stress distribution due to the perforation.

In order to prevent instabilities during the drilling process, the wellbore is temporarily
supported by the mud pressure [2]. The value of the mud pressure has to be properly
determined: if the value is too low, compressional failure may occur around the wall of
the hole. On the other hand, if the value of the mud pressure is too high, tensile failure
may occur, causing unintentional hydraulic fracturing. Even if the risk of complete failure
is avoided, the limitation of the failure zones is desirable, to reduce as much as possible
the production of sand. For all these reasons, predicting faithfully the stress distribution
around a borehole - and moreover the yielding and failure zones - is a fundamental task,
essential to decide the most appropriate range of values for the mud pressure.

Traditionally, the stability of a well is determined using models based on linear elastic-
ity, where failure is assumed to occur when the stress along the wall of the hole reaches
the failure strength of the rock. An improvement in the assessment of the stability is
given by numerical simulations, in particular with Finite Element Models. FEM analysis,
endowed with elastoplastic constitutive law, can provide a more realistic evaluation of
stability, with the advantage of being able to delineate the extent of the damaged region
[3, 4, 5]. However, the complete drilling process can be properly simulated only if the
interaction between the fluid phase and the solid phase is taken into account. Normally,
these two fields are treated as separate issues and the tendency for each field is to simplify
and make approximate assumptions for the other field. This is expected because of the
complexity of treating geomechanics and multiphase fluid flow as coupled processes.

The aim of this study is to quantify the pressure and stress distribution and the prop-
agation of plastic zones around a horizontal borehole drilled at great depth through a
highly porous rock formation. The solid-displacements/fluid-diffusion problem is simu-
lated with a fully coupled finite element method, resulting in a so called u−p formulation
[7]. The model assumes finite strains formulation, which guarantees the correctness of the
method, even in case of large deformation of the solid matrix. The variation of porosity
and permeability, as consequence of the finite deformations of the solid matrix, is taken
into account. The constitutive behavior of the porous rock formation is described by
an elastoplastic cap model. In fact, highly porous rock are susceptible to different fail-
ure mechanisms, mainly due to shear-induced dilation and shear-enhanced compaction.
Hence, the model is characterized by two yield surfaces, in order to capture the dilatant
plastic mechanism and the compactant plastic mechanism.

The paper is organized as follow: section two briefly recall the finite strains coupled
formulation for a fully saturated porous media. Section three deals with the constitutive
laws adopted for the solid phase and the fluid phases. Section four presents the numerical
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results of a wellbore considered ad example, drilled in an high porous rock formation, to
illustrate the importance of coupling rock deformation and fluid flow. Finally, section five
draws the conclusion of the presented work and gives an insight of the future developments
of the research.

2 THEORETICAL FRAMEWORK

In this section we briefly recall the balance laws that govern the solid-displacement/fluid-
diffusion problem in the fully saturated porous rock formation [7]. The fundamental idea
consists in writing the mass balance and linear momentum equations for a two phase
continuum body. We use mixture theory to formulate the kinematics of deformation of
the solid matrix containing the fluid within its pores. We denote the motion of the solid
matrix by ϕs(Xs, t) where Xs = X is the position vector of the solid material point X in
the reference configuration, the motion of fluid by ϕf (Xf , t), where Xf is the initial posi-
tion vectors of fluid. Referring to the motion of the solid, we can write the material time
derivatives following the fluid motion in terms of the material time derivative following
the solid motion as

df (·)
dt

=
d(·)
dt

+∇x(·) · ṽ, (1)

where ṽ := vf − v is the velocity of the fluid with respect to the solid.
Let x = ϕ(X, t) denote the position of the solid material point X and F = ∂x/∂X
the associated deformation gradient of the solid matrix, with the Jacobian J such that
J = det(F ) = dv/dV . We denote the volume fraction φα of the constituent α as the
ratio between its volume dV α divided by the total volume of the mixture dV , that is,
φα = dV α/dV . Therefore,

φs + φf = 1 (2)

The partial mass density of constituent α is given by ρα = φαρα, where ρα is the intrinsic
mass density of constituent α. This gives

ρs + ρf = ρ (3)

where ρ is the total mass density of the mixture.
With these preliminaries, the conservation of mass equation for the solid and fluid phases
are respectively

ρ̇s + ρs∇x · v = 0; (4)

ρ̇f + ρf∇x · v = −∇x · q, (5)

where q ≡ ρf ṽ is the Eulerian relative flow vector of the fluid phase with respect to the
solid matrix. Adding Eqs. (4) and (5), we get the basic conservation of mass equation
for the system, i.e.

ρ̇0 = −J∇x · q, (6)

3
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where ρ0 ≡ Jρ is the pull-back mass density of the mixture in the reference configuration.
In order to formulate the balance of linear momentum, a thermodynamically consistent
effective stress equation may be written in terms of the total Cauchy stress tensor σ,
effective Cauchy stress tensor σ′ and pore fluid pressure p as

σ = σ′ − Bp1, (7)

where B = 1−K/Ks is the Biot coefficient and K is the bulk modulus of the solid matrix.
To impose the balance of linear momentum with respect to the undeformed configuration,
we need to introduce the first Piola-Kirchhoff stress tensor P , which holds

P = τ · F−T = τ ′ · F−T − BθfF
−T (8)

where τ = Jσ is the symmetric total Kirchhoff stress tensor, τ ′ = Jσ′ is the effective
Kirchhoff stress tensor and θf = Jp is the Kirchhoff pore fluid pressure. Ignoring inertia
forces, the balance of linear momentum in Lagrangian form can be written as

∇X(P ) + ρ0g = 0. (9)

The balance laws (6) and (9), in addition with the constitutive laws developed in the
next section, provide a complete set of governing equations, which allow for the solu-
tion of quasi-static deformation-diffusion boundary-value problems. After developing the
variational form, the problem results in a parabolic system where the displacements of
the solid phase and the pore pressures are the basic unknowns in an updated Lagrangian
finite element scheme.

3 CONSTITUTIVE MODELS

For the solid phase, we employ an elastoplastic model based on the multiplicative
decomposition of deformation gradient and product formula algorithm described by Simo
[9]. The elastic region is assumed to be governed by an isotropic strain-energy function
as follow

Ψ =
1

2
λ[εe1 + εe2 + εe3]

2 + µ[(εe1)
2 + (εe2)

2 + (εe3)
2], (10)

where λ and µ are the classical Lamé constants and εea = lnλe
a, with λe

a (a = 1, 2, 3) the
principal elastic stretches. The Kirchhoff effective stress tensor τ ′ is coaxial with the left
elastic Cauchy-Green deformation tensor be = F e · F eT and defined such that

τ ′ = 2
∂Ψ

∂be
· be. (11)

The plastic region is defined in terms of stress invariants of the effective Kirchhoff stress
tensor

P =
1

3
tr(τ ′) Q =

√
3

2
‖s‖ , (12)
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Figure 1: Schematic representation of the elastoplastic constitutive model for the high porous rock.

where s = τ ′ − P1. The yield function is characterized by two surfaces F1 and F2, that
intersect smoothly: a linear surface to capture the dilatant shear failure and an elliptical
surface to capture the compactant mechanical behavior of high porous rock. The yield
functions, in the Kirchhoff stress invariants space, take the form

F1(P,Q) = Q−mP − c0 = 0 F2(P,Q, Pi) = B2(P − Pi)
2 + A2Q2 − A2B2 = 0

(13)

where m is the slope of the linear yield surface, associated with the frictional angle, c0 is
the cohesion, A and B are respectively the minor and major semi-axis of the ellipse and Pi

is the centroid. The intersection between the two surfaces is defined as the point in which
F1 is tangent to F2, ensuring that the two surfaces produce a unique surface without
any angular point. Hardening is admissible only along the compactant side, since the
elliptical surface contracts and expands depending on the accumulated plastic volumetric
strain εpv, maintaining a constant width (i.e. A = A0) [10] and remaining always tangent
to the linear surface, as follow

Pi = Pi0

(
ε∗

ε∗ − εpv

)r

(14)

where Pi0 is the initial value, ε
∗ is the volumetric deformation at ultimate compaction and

r is the exponent that control the rate of volumetric hardening [11]. A non associative
flow rule is assumed only for the linear side, with a plastic potential of the form

Ḡ = Q− m̄P − c̄ = 0. (15)

This non-associative law, assuming that m̄ < m, avoid the often excessive dilatancy
predicted by the associative rule. Fig. 1 summarizes all the relevant information of the
elastoplastic model.

The constitutive relation for the fluid phase is given by the generalized Darcy’s law,
which takes the form

5
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φf ṽf = −k ·∇
(

θf
ρfg

+ z

)
, (16)

where g is the gravity acceleration constant and z is the elevation potential. We
consider the following evolution of the hydraulic conductivity isotropic tensor, to express
the change of permeability with deformation through the Jacobian J with the Kozeny-
Carman equation

k = ks(J) =
gρf
µ

D2

180

(J − φs
0)

3

J(φs
0)

2
1, (17)

with µ is the dynamic viscosity of the fluid, D is the diameter of the grains, and φs
0 = 1−φf

0 .

4 NUMERICAL SIMULATIONS

The balance equations and the constitutive laws proposed have been implemented in
a non linear finite element code, following standard procedures. To show the capability
of the method, we investigate a horizontal wellbore drilled in Campos Basin field [12], a
reservoir located 290 Km offshore Brazil cost. The parameters of numerical simulations
are as follow: E = 3500 MPa, ν = 0.15, φf

0 = 0.3, m = −1.08, c0 = 10 MPa, m̄ = −0.15,
µ = 0.1 Kg/ms, D = 0.01 mm, B = 0.6. As far as the in-situ geostatic stresses in
the reservoir production region, the total horizontal stresses are equal in both principal
directions, and read SH = Sh = 41.4 MPa. The total vertical stress is assumed to be
SV = 64.5 MPa. The pore fluid pressure in the reservoir is equal to Pp = 32 Mpa. The
open-hole wellbore radius is R = 107.95 mm. The wellbore axis is parallel to the direction
of the principal horizontal far-field stress Sh. Numerical analysis assumes a plane strain
condition. Hence, the principal stress acting on the plane of the borehole section are the
vertical and the horizontal stress.

The domain is discretized with quadrilateral elements, endowed with 9 nodes for dis-
placements unknowns and 4 nodes for pressure unknowns, integrated over 9 Gauss point.
The finite element geometry, with the boundary conditions, is represented in Fig. 2.

The analysis consists in two phases: in the first phase, the in-situ stresses and the
reservoir pore pressure are applied to the complete domain - i.e. as the rock formation
is still intact - in order to simulate the in-situ condition before the drilling process. In
the second phase, in order to simulate the drilling process, the elements corresponding
to the borehole are progressively removed from the domain, decreasing the stiffness and
increasing the permeability. At the same time, the value of the mud pressure is applied
to the nodes along the wall. This process is simulated instantaneously, assuming just for
computational reason a period of time of 0.02 s.

The Fig. 3 represents the results in term of pore pressure (top row) and vertical dis-
placements (bottom row) in case of balanced drilling (∆P = 0 MPa), i.e when the mud
pressure equals the reservoir pore pressure. When the rock is drilled, the pressure distri-
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(a)

Sv
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R 10 R (b)

Sv
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R 10 R

Figure 2: Plane strain domain of a quarter of the borehole. (a) In-situ configuration (no hole): far
field stress and reservoir pressure applied (dashed line). (b) Drilling configuration (with hole): far field
stress, reservoir pressure (dashed line) and mud pressure (dotted line) applied, with the hole. The box is
zoomed in Fig. 5

Figure 3: Wellbore drilling simulation with ∆P = 0 MPa. Top images: nodal pore pressure distribution
over time. Bottom images: vertical displacements over time.
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Figure 4: Wellbore drilling simulation with ∆P = 0 MPa. Top images: Plastic volumetric strains over
time. Bottom images: Plastic deviatoric strains over time.

bution immediately change significantly. An increment of pressure along the direction of
the minimum stress is observed, associated with a decrease of pressure along the direction
of maximum stress. This is due to the fact that initially the new load configuration in
the rock formation is transferred only to the fluid. Then, the fluid diffuses through the
rock until the considered domain reaches an uniform pressure distribution. The diffusion
process is associated with the increase of vertical displacements (Fig. 3, bottom row), in
close analogy with a consolidation process. The displacements are concentrated along the
direction of the maximum stress, increasing in the area along the wall of the hole.
The Fig. 4 represents the results in terms of volumetric (top row) and deviatoric (bot-
tom row) plastic strain. The fluid diffusion determines the expansion of the plastic zone
along the wall of the wellbore, as consequence of the increase of the effective stress. The
plastic zone is located along the direction of the minimum in-situ stress and involve a
significant portion of the rock along the hole. This plastic zone is associated exclusively
with the dilatant plastic mechanism (demonstrated by the positiveness of the volumetric
plastic strain εpv), which means that, for the considered stress configuration, the rock is
not subjected to a compactant plastic mechanism.

Following results show the effect of the mud pressure on the drilling process. Two
additional configurations are considered, namely with the mud pressure equal to Pm = 30
MPa (under-balanced drilling with ∆P = 2 MPa) and the mud pressure equal to Pm = 36
MPa (over-balanced drilling with ∆P = 4 MPa). The vertical displacement of point A
(see Fig. 5) over time is represented in Fig. 6 in the three different configurations. The
severe increase of displacements (about 2 mm) in the first instants is associated with
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Figure 5: Detail of the domain around the hole. The point with star is located 18 mm far from the hole.
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Figure 6: Vertical displacement of point A with different value of mud pressure.

the drilling phase (simulated instantaneously, assuming just for computational reason a
period of time of 0.02 s). Then, there is a progressive increase of the vertical displacement
due to the diffusion process of the fluid (about 1 mm). The incrementation of the mud
pressure, as expected, reduces the vertical displacements, thanks to the contrast furnished
to the settlements.

The Fig. 7 represents the evolution of the pore pressure in the point A* (i.e. along the
direction of the maximum stress), for the three different values of mud pressure. As can
be observed, there is an initial drop of the pressure, associated with the drilling process,
until the pore pressure reaches the lowest value. Subsequently, the pore pressure increase
progressively, due to the diffusion of the fluid, until the steady state condition, which
depends on the mud pressure applied (respectively 30, 32 and 36 MPa).

The Fig. 8 represents the evolution of the pore pressure in the point B* (i.e. along
the direction of the minimum stress), for the three different configurations. The evo-
lution of the pore pressure is characterized by an initial increase, corresponding to the
drilling phase. Then there is a progressive decrease of the pressure, until the steady state
condition. It is interesting to observe that the path is not monotonic, resembling a behav-
ior comparable with the so called Mandel-Cryer effect observed in the two-dimensional
consolidation.

The Fig. 9 represents the evolution of the deviatoric plastic strain in the point B,
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Figure 7: Pore pressure of point A* with different value of mud pressure.
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Figure 8: Pore pressure of point B* with different value of mud pressure.

extrapolated from the closest Gauss Point. The point has been selected since it is situated
in the region where plastic deformations are localized. As can be observed, there is
firstly an increase of plastic strain associated with the drilling process, and secondly a
further increase due to the diffusion of the fluid, until the domain reaches the steady
state condition. Depending on the applied mud pressure, the amount of the accumulated
plastic strain changes accordingly: an increase of the mud pressure reduces the value of
the plastic deviatoric strain, limiting the plastic zone. Since the plasticity is associated
with the linear side of the yield surface, the evolution of the deviatoric and volumetric
plastic strain are proportional, and therefore the volumetric strain follows the same path.

5 CONCLUSION

This work investigates the drilling process of a horizontal wellbore in a fully satu-
rated rock formation, taking into account the coupling effects between the fluid and solid
phases. Results of the analysis show the capability of the numerical simulations to de-
scribe the complete process. Fundamental is the detection of the plastic zones, which can
be considered to assess the stability of the wellbore and the sand production.

Due to the impact that this topic has in the oil and gas industry, this subject may
be extensively further developed. In particular, the analysis of different in-situ stress
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Figure 9: Deviatoric plastic strain of point B with different value of mud pressure.

and pressure configurations should be considered. The evolution of the porosity and
permeability in the rock formation associated with the deformations should be assessed.
Furthermore, this proposed formulation, based on finite strains assumptions, can be par-
ticularly suitable to analysis the eventual band localization around the wellbore, which
can have dramatic consequences in the reservoir exploitation.
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Abstract. This paper presents experimental hygrothermal data of an hemp concrete
wall of dimensions 0.9× 0.9× 0.1 [m3]. The wall is instrumented with sensors to monitor
temperature, relative humidity at the middle of the wall and incoming heat flows at the
external surfaces. It is placed in a double climatic chamber that allows the regulation
of temperature and relative humidity on each side of the wall, independently to each
other. The experimental results leads to a clear identification of the coupling between the
variation of the relative humidity inside the wall and its temperature. The validity of the
commonly adopted assumptions for hygrothermal simulation are finally analyzed in the
light of these experimental results. The material parameters used for the simulations are
measured separately on decimetric samples of the same hemp concrete, which comes from
the same mix and with the same apparent density.

1 INTRODUCTION

Buildings now represent 23.5% of the greenhouse gas emissions in France [1].This energy
cost is due to buildings consumptions (heat, ventilation...), but also to the embodied
energy required for their construction, their rheabilitation and their dismantling. In this
context, the use of bio-based insulating materials like hemp concrete are gaining interest.
Indeed, they allow to drastically reduce fossil energy consumption and greenhouse gas
emissions associated with the manufacture compared to conventionally used materials for
building insulation such as rock wool or fiberglass [2].
They are renewable, extracted from biomass and have promising thermal and acoustical
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characteristics [3], [4], [5]. In addition, thanks to their ability to allow diffusion of water
vapor within their porous network [6], these materials present an alternative option to
isolate and rehabilitate buildings made with non-industrial materials (rammed earth, cob,
adobe,...) and whose stability requires to maintain a water exchange with the outside [7].
The thermal conductivity of hemp concrete depends on its formulation, its implementation
and its water content. It commonly ranges from 70 mW/(mK) to 300 mW/(mK) [8],
which is quite high for an insulating material. In comparison, the thermal conductivities
of expended polystyrene and glass wool are about 40 mW/(mK). However, the thermal
performance of hygroscopic insulating systems like hemp concrete is commonly above that
what can be expected by considering their sole characteristics on thermal conductance and
their thickness. This higher performance can be attributed to the latent heat associated
with the liquid-to-vapor phase change of the water contained in the porous network of
the material.
Another impact of this in-pore water phase change is the moisture buffering abilities of
these materials. For example, at building scale, it was shown that the use of hygroscopic
materials leads to a significant reduction of moisture variation amplitudes, which thus
induces energy saves on ventilation [9].
In this context, this paper focus on experimental identification and quantification of the
couplings between the flows of heat and water mass within a hemp concrete wall of
dimensions 0.9 × 0.9 × 0.1 [m3]. The tested material, the experimental device and the
implementation of the wall are presented in a first section. Then, the results obtained for
two kind of hygrothermal loadings are presented and discussed in the light of numerical
simulations based on the system of equation developed by [10]. The test conditions are
chosen in order to clearly observe the impact of hygrometry on temperature variations.

2 MATERIALS AND METHODS

2.1 Material

The binder used in this study is the Tradical PF70. It is mixed with water and hemp
by the amounts indicated in Table 1. The mixture is then compacted in a framework of
internal dimensions 0.9× 0.9× 0.11 [m3] by 8 successive layers.

Hemp/Binder water/Binder ρd φ μ μe λ at w = 0% λ at w = 5%
kg/kg kg/kg kg/m3 - - - mW/(m.K) mW/(m.K)
0,33 0,81 504 0.46 0.42 0.25 147 162

Table 1: Main characteristics of the tested material

In addition to the wall, the same batch is used to realize cylindrical samples of 16cm
diameter and 32cm length and plates of dimensions 0.3× 0.3× 0.06 [m3]. These samples
are used for porous, hydric and thermal characterizations. The wet density just after
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Figure 1: Sorption isotherm of the test hemp concrete at 20oC

the mixing of the wall, of the cylinders and of the plates are almost the same (800 +/−
50 [kg/m3]). The apparent dry density of the hemp concrete, ρd, is measured from the
weighting of dried cylinders at 50oC, and the porosity, φ is estimated with a water pyc-
nometer, through the relation : φ = (ρs − ρd)/ρs, where ρs is the density of the skeleton
estimated with the pycnometer.
The hydric characterization consists on a isothermal sorption isotherm following the NF
EN ISO 12571 standard at 20oC , water vapor resistance (μ) following the NF EN ISO
12572 standard between relative humidities of 0% and 43.2%, and apparent water vapor
resistance (μe) which is realized using the same protocol but at higher humidity (between
43.2% and 97%). These two last measurements allow to estimate the vapor and liquid
transport characteristics, which are noted respectively δp and Dϕ [10]:

δp =
δa
μ

; Dϕ = pV Sδa

(
1

μe
− 1

μ

)
(1)

where δa is the vapor permeability of stagnant air (equal to 2.0 ×10−10 s at 20oC), and
pV S the saturated vapor pressure. This latter is an increasing function of temperature
whose expression is well known and can be found, for example, in [11]. Let us underline
that the value of Dϕ obtained in this way remains valid only in the range of relative
humidity used to estimate μe. A precise determination of this parameter would require
the measurement of evolution of the relative permeability of the material with its water
content.

Finally, the thermal conductivity, λ, is measured with a hot wire apparatus (Neotim -
FP2C) and a hot plate apparatus (HFM - Netsch). The hot wire apparatus only allows

3

61



Antonin FABBRI, Pierre-Antoine CHABRIAC, Dac Thuong NGO, Frederic SALLET, Emmanuel
GOURDON, Henry WONG and Jean-Claude MOREL

local measurements. Then, its accuracy is questionable when heterogeneous materials like
hemp concrete are tested. To overcome this problem the thermal conductivities deter-
mined with this device are the average of a least five measurements at several locations
of the sample. Using this protocol, the obtained result for the dried sample is similar
to the one obtained with a standardized hot plate apparatus. In consequence, we can
assume that the hot wire apparatus is suitable to estimate the thermal conductivity of
the studied hemp concrete.
Thanks to its rapidity, the hot wire technique allows the determination of thermal con-
ductivity of wet samples with a limited risk of water content variation during the mea-
surement. The thermal conductivity of the tested material is then measured at both
w = 0% and w = 5%, where w is the gravimetric water content (defined as the mass of
water within the pores per unit of solid skeleton mass). Hydric and thermal properties of
the hemp concrete are reported in table 1 and in Figure 1 for the sorption curve. Let us
underline that the obtained results are in the range of the values commonly observed in
literature for this kind of material.

2.2 Calibration and design of the instrumentation scheme

The wall is instrumented with internal temperature and relative humidity sensors and
with surface heat flow meters. It is placed in a double climatic chamber that allows the
regulation of temperature and relative humidity on each side of the wall, independently
to each other. The instrumentation of the wall is illustrated in Figure 2.
The accuracy of the temperature and heat measurements is first tested on a expended
polystyrene wall whose thermal porperties are known and are equal to λ = 40 mW/(m.K)
and ρC = 24 kJ/(m3.K). As illustrated in Figure 2, two temperature sensor are placed in
the middle of the wall. The first one, called top-middle temperature sensor, is inserted
from the top of the sample, while the other one, called side-middle temperature sensor, is
inserted from the left side of the sample. The aim of these two measurements is to scan
the impact of the temperature sensor implementation on the measurement accuracy.
For this preparatory test, the thermal solicitation consists in three steps. During the first
one, the left climatic chamber temperature is held at 40oC and right climatic chamber
temperature is held at 20oC. During the second stage, the temperature of both climatic
chambers is fixed at 20oC. Finally, the last stage is the symmetric of the first one: the
left climatic chamber temperature is kept at 20oC while the right climatic chamber tem-
perature is increased to 40oC. Each stage lasts approximatively 4 hours.

The temperature and heat flow measurements are compared to a pure thermal one-
dimensional calculation. The thermal equation, namely ρC∂T/∂t = ∇ · (λ∇T ) where T
is the absolut temperature in Kelvin and ∇ is the symbol Nabla, is solved with COMSOL
Multiphysics using the PDE module. The simulation is made for a 1D geometry of length
L = 0.1m (x direction). It represents the lateral section of the tested wall. The Fourier’s
boundary conditions are set according to the temperature measurement within climatic

4

62



Antonin FABBRI, Pierre-Antoine CHABRIAC, Dac Thuong NGO, Frederic SALLET, Emmanuel
GOURDON, Henry WONG and Jean-Claude MOREL

Side view 

Left climatic chamber Right climatic chamber 

Left incomming flow meter Right incomming flow meter 

 « Top-middle »Temperature and 
hygrometry sensor 

 « Side-middle » temperature sensor 
(for polystyrene sample only) 

Waterproof thermal insulation 

Figure 2: Schematic representation of the instrumentation of the wall

chambers and the heat transfer coefficients are supposed constant and respectively equal
to 6 W/(m2.K) for the left chamber and 7 W/(m2.K) for the right one. These values are
estimated from the average air velocity measurements within the climatic chambers at the
vicinity of the wall which are equal to 0.1 m/s for the left one and 0.4 m/s for the right one.

Results, reported in Figure 3, show a good correlation between the measured and
calculated incoming heat flows at both surface. The same conclusion can also be hold for
the top-middle temperature sensor measurements. This comparison gives some confidence
on the reliability of the temperature and heat flows which are measured. On the opposite,
a significant difference is observed between the calculation and the measurements of the
side-middle temperature sensor. Indeed, this latter remains very close to the temperature
of the left climatic chamber, which suggest that, in that case, a significant thermal bridge
is created between the sensor and the climatic chamber. In consequence, even if this
experimental bias should be lowered when the thickness of the wall increases, the insertion
of temperature sensor along the thermal gradient direction should be, whenever possible,
avoided, and the measurement from temperature sensor instrumented in that way should
be analyzed with care.

2.3 Definition of the loading paths

This paper focus on the coupling between heat and mass transfers within hemp con-
crete. To do so, two simple hygrothermal loadings are performed. The first one consists
in a sudden increase of relative humidity within the two climatic chambers from 35% to
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A B 

Figure 3: Comparison between the measured and the calculated temperature (A) and heat flows (B)
for the polystyrene wall

80% at a constant temperature of 30oC. In that way, any variation of temperature in the
middle of the wall and any heat flow across the wall surfaces would be induced by the
condensation of water within the wall.
In the second experiment the left climatic chamber temperature is held at 30oC while the
right one is held at 40oC. The two climatic chambers are initially at a relative humidity
of 50%. After a stabilization period (that last about one week), a sudden increase of rela-
tive humidity from 50% to 80% is performed within both climatic chambers. Then, after
another stabilisation period of 8 days, a sudden decrease of relative humidity from 80% to
50% is imposed within both climatic chambers. The purpose of this second experiment is
to scan the effect of the phase change phenomena when the wall is submitted to temper-
ature and vapor pressure differences between its two sides, and to compare the amplitude
of the heat flow caused by this temperature difference and the one cause by the phase
change processes. Let us underline that each loading are preceded by an equilibration
period that last until the hygrometry and temperature measured within the wall are the
same than the ones within the two climatic chambers.

3 RESULTS

The obtained variation of temperature and relative humidity within the two climatic
chambers and at the middle of the wall during the first test are reported in Figure 4.

At first, even if the temperature within both climatic chambers remains fairly stable,
the increase of relative humidity leads to a significant increase of temperature of 3oC
within the wall. The shape of the wall temperature variation seems to follows the temporal
derivation of the wall internal relative humidity (double-lined curve in Figure 4B).
The Figure 5A shows that this temperature increase go along with a decrease of the
incoming heat flow at both sides down to significant negative values. Assuming that the
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dφ/dt 

Figure 4: Temperature (A) and relative humidity (B) variations within the two climatic chamber and
at the middle of the wall during the first test and their comparison with numerical results

heat flow through the isolated surfaces of the wall are negligible, the power provided by
the wall due to the condensation process reads:

W = −(qleft + qright) (2)

where W is the supplied power per unit of wall lateral surface, while qleft and qright are
respectively the measured incoming heat flow through the left and right sides of the wall.
It leads to values up to 10W/m2. Given the fact that this supplied power remains higher
than 6W/m2 for at least 24 hours, the induced energy provided by the wall can become
significant if an important surface of an hygroscopic wall is submitted to condensation.

Let us now observe the results from the second experiment which are reported in Figure
6 for the temperature and relative humidity variations and in Figure 5B for the heat flows.
Similarly to the previous experiment, the wall temperature variation follows the same
tendency than the variation of temporal derivation of relative humidity within the wall.
An increase of the wall temperature (up to 1.5oC) is observed when the relative humidity
increases and a decrease of wall temperature (down to 1.5oC) is observed when the wall
relative humidity decreases. When the wall relative humidity returns to equilibrium with
the relative humidity within the climatic chambers, no more phase change phenomena
occurs and the temperature at the middle of the wall becomes equal to the average of the
climatic chambers temperatures. In that case, the Figure 5B shows that the incoming
heat flows from the left and right sides are opposite and equal to respectively -10W/m2

and 10W/m2. During the phase change processes, these two flows are no more directly
opposite. The condensation process leads to a strong reduction of the incoming flow
through the ”hot” surface, while the evaporation process leads to a strong reduction of
the outgoing flow though the ”cold” surface. For at least 1 day, these reductions remain
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A B 

Figure 5: Heat flow at the left and right sides of the wall during the first (A) and the second (B) tests
and their comparison with numerical results

higher than 75% of the heat flow induced by a temperature difference of 10oC between
the chambers.

4 DISCUSSION

A simple way to explain the variation of temperature with time derivation of relative
humidity is to consider the thermal equation in its unidimensional form for porous media
with in-pore water phase change (proof reported in [12] and [11]):

�ρC� ∂T
∂t

= ∇ · (�λ�∇T )− LV
o
mV (3)

where LV stands for the latent heat of evaporation/condensation,
o
mV is the rate of water

mass which evaporates per unit of material volume, �ρC� is the average volumetric heat
capacity of the material, and �λ� is its average thermal conductivity. These two latter vary
with water content and temperature. However, only their variations with water content
is considered here following the relations:

�ρC� = (1− φ)ρsCs + ρdwCL +

(
φ− wρd

ρL

)
CAρA ; �λ� = λ0 + δλw (4)

where Cs = 1.6kJ/(kg.K) [13], CL = 4.2kJ/(kg.K) and CA = 1.0kJ/(kg.K) are the
specific heat capacities of the solid skeleton, the liquid water and the wet air, while
ρA = 1kg/m3 and ρL = 1000kg/m3 are the density of air and of liquid water. Finally,
λ0 = 147mW/(m.K) is the dried thermal conductivity and δλ = 300mW/(m.K) is the
variation of �λ� with water content. For illustration purpose, these two relations leads to
�ρC�= 981kJ/(m3.K) and �λ� = 162mW/(m.K) at w = 0.05.
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A B 

dφ/dt 

Figure 6: Temperature (A) and relative humidity (B) variations within the two climatic chamber and
at the middle of the wall during the second test and their comparison with numerical results

According to the sorption curve of the material reported in Figure 1, the water content
of the material increases with relative humidity. The obtained results are then consistent
with eq. (3). Indeed, the relative humidity increases within the climatic chambers will
lead to an increase of the water content of the wall and thus to condensation process

within the porous network. In that case,
o
mV is negative, and the last term of (3), which

correspond to the heat supplied by the phase change process will be positive. On the

opposite, a decrease of the chambers relative humidity leads to a positive
o
mV , and thus

to heat consumption. However, the quantification of this effect is not so simple and a

precise evaluation of
o
mV requires a fully coupled hygrothermal model. To do so, it is

commonly assumed that the equilibrium between the liquid water and its vapor is reach
at anytime and anywhere within the porous network of the wall, and that the overall
mass variation of water vapor can be neglected. Under these two assumptions, the mass
conservation equation of water vapor leads to equality between the evaporation mass rate
and the outgoing mass flow of vapor within the material :

o
mV= −∇ ·

(
δp∇ϕpV S

)
(5)

where ϕ is the relative humidity and pV S is the saturated vapor pressure. Eq. (5) allows
rewriting the thermal equation in the form :

�ρC� ∂T
∂t

= ∇ · (�λ�∇T ) + LV∇ ·
(
δp∇ϕpV S

)
(6)

The outgoing mass flow of vapor within the material can eventually be estimated from
the overall mass conservation of water. Assuming that the liquid water mass flow induced
by temperature gradient at constant relative humidity is negligible and recalling that the
water content is defined as w = (mV +mL)/mS where mV , mL and mS are respectively

9

67



Antonin FABBRI, Pierre-Antoine CHABRIAC, Dac Thuong NGO, Frederic SALLET, Emmanuel
GOURDON, Henry WONG and Jean-Claude MOREL

the mass of vapor, liquid water and solid skeleton, this latter reads:

∂mV +mL

∂t
= ρd

∂w

∂t
= ∇ ·

(
δp∇ϕpV S +Dϕ∇ϕ

)
(7)

The system of equation (6)-(7), which was initially developed by [10], is the one which
is commonly used to compute hygrothermal problems. It is solved with COMSOL Mul-
tiphysics using the PDE module. The simulations are made for a 1D geometry of length
L=0.11m (x direction). It represents a cross section of the tested wall. Similarly to the
purely thermal simulation realized on polystyrene, the Fourier’s boundary conditions are
set according to the measurement within the two climatic chambers and with heat ex-
change coefficients of 6 W/(m2.K) for the left chamber and of 7 W/(m2.K) for the right
one. As suggested by [10] the moisture exchange coefficient is estimated to be equal to
25 10−9 kg/(m2.s.Pa). No exchange of liquid water is assumed between the wall and the
exterior. The material parameters used for the simulation are the ones reported in Table
1. Comparisons of calculated temperature, relative humidity and heat flows with their
measurements are reported in Figures 4, 5 and 6.
Whatever the considered test, the system of equation (6)-(7) seems to overestimate the
heat flows and the temperature variations while it tends to underestimate the variation of
relative humidity at the middle of the sample. These two observation are contradictory.
Indeed, to reach approximatively the same variation of the relative humidity, we need to
consider a vapor resistance coefficient μ around 0.5 (which is, by the way, unrealistic since,
by definition, μ should not be lower than 1). This decrease of μ will increase the vapor
diffusion coefficient δp up to 4 10−10 kg/m/s/Pa and thus increase the heat source term,
namely LV∇·

(
δp∇ϕpV S

)
in the thermal equation. In consequence, the difference between

the calculated and measured heat flows and temperature would become even higher. To
counterbalance this effect, we need to consider an specific thermal capacity Cd of about
150 000 J/(kg.K), which is clearly unrealistic and which leads to a significantly smoother
temperature variation than the measured one.
In conclusion, the classical hygrothermal equation gives the good tendencies but does not
seems to quantify correctly the hygrothermal behavior of the tested wall. Consequently,
like it was recently made for raw earth materials by [11], the relevance of the simplifying
assumptions which are commonly made in hygrothermal computations should be tested
in the case of hemp concrete.

5 CONCLUSIONS

An hygrothermal experiment of an hemp concrete wall of dimensions 0.9 × 0.9 × 0.1
[m3] is presented. The wall is instrumented with sensors to monitor temperature, relative
humidity at the middle of the wall and incoming heat flows at the external surfaces. It is
placed in a double climatic chamber that allows the regulation of temperature and relative
humidity on each side of the wall, independently to each other. Before the experiment,
the accuracy of the measurement are tested on a calibrated material. This preliminary
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test underlines the bias on temperature measurements when the sensors are introduced
in the wall following the thermal gradient direction.
The test on the hemp concrete wall allows to observed its hygrothermal ability with a
heat power supplied by the wall higher than 6W/m2 during 24 hours when the relative
humidity of the ambiance increase from 30% to 80%.
When a 10oC difference of temperature is imposed between the left and the right cli-
matic chambers, the condensation process leads to a strong reduction of the incoming
flow through the ”hot” surface, while the evaporation process leads to a strong reduction
of the outgoing flow though the ”cold” surface. For at least 1 day, these reductions remain
higher than 75% of the heat flow induced by a temperature difference of 10oC between
the chambers.
Finally, the numerical computation of this experimental results underlines that the clas-
sical hygrothermal equation leads to the good tendencies, but does not seems to quantify
correctly the behavior of the tested wall. The relevance of the simplifying assumptions
which are commonly made in hygrothermal computations should thus be checked in the
case of hemp concrete.
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ronment and energy Management (ADEME) through project IBIS (PIA - Projets d’Investissement
d’Avenir).
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Abstract. Due to the industrial needs, one of the key issues nowadays is to develop numerical 
tools that are able to predict the leakage rate through a cracked structure. This paper presents a 
validation of a numerical modelling of leakage rate through a mortar specimen in a splitting 
test versus experimental results. The mechanical state of the material is described by means of 
an enhanced non-local damage model which takes into account the stress state and provides a 
realistic damage field at failure. Two continuous approaches based on permeability-damage 
law are considered to study the coupling between the mechanical state of the material and the 
permeability. The first one lies on coupling the permeability of a crack with the mechanical 
state by means of the damage variable, and the second one is based on the regularized 
equivalent strain. Results show that the first approach isn't acceptable in case of discontinuous 
macrocracking while the second one predict well the permeability in the same case.  
 
1 INTRODUCTION 

During their service life, due to external loading (mechanical and/or environmental), 
concrete structures may undergo damage in a diffuse manner (microcracking) at the material 
scale and/or localised (macrocracking) at the structural level. The estimation of the evolution 
of transfer properties in such a cracked material is a key issue for structural durability 
analysis. Choinska et al. [1] observed in their experimental study three different regimes of 
permeability evolution. A first regime exhibiting relatively a slight permeability increase, 
which is due to the presence of microcracks spread out in the material. Coupling between 
permeability and microcracking (diffuse damage), has been proposed by Picandet et al. [2] 
when the material is in compression. A second regime is also observed where the permeability 
of the material increase rapidly due to strain localization. This regime is an intermediate phase 
between diffuse damage and discontinuous macrocracking. A third regime is observed where 
macrocracks are formed and permeability is governed at the macrostructural level by 
Poiseuille’s law and mainly depends on the crack opening, this regime is characterized by a 
slower rate of permeability increase with respect to the second regime. 

Two approaches are considered in order to numerically simulate the coupling between the 
mechanical state of the material and the permeability: 
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  A first approach was proposed by Pijaudier-Cabot et al. [3] that is based on a 
permeability-damage law, which is a combination of Picandet and Poiseuille's 
permeability. Where the two permeabilites are directly related to damage.  

 
 A second approach proposed in this paper that is also based on a permeability-damage 

law, Picandet's permeability is retained but Poiseuille's permeability is no longer 
function of damage but related to the regularized equivalent strain. 

 
Those two approaches allow to predict a leakage rate without need to calculate the CODs. The 
permeability is obtained at each integration point and is used to compute the leakage rate point wise in 
the volume. The mechanical state of the material is described by means of an enhanced non-
local damage model which takes into account the stress state and provides a very realistic 
damage field representing micro cracking and macro cracking at failure [4]. 
A physical experiment has been performed on a mortar specimen subjected to splitting test; 
the gas permeability of the specimen is measured during the test at different load levels. The 
validation of the approach against experimental results is performed on the leakage rate 
perpendicular to the disk for different load stages. 

The physical experiment of the splitting test will be detailed in section 2 and the numerical 
models (damage and continuous approach for leakage rate) will be presented in the section 3. 
In section 4 the application of the numerical models on the splitting test will be detailed. 
 
2 PHYSICAL EXPERIMENT 
The experiment [5] consists of performing a brazilian splitting test applied on mortar 
specimens. The Brazilian splitting test is an indirect tension test used to measure tensile 
strength of concrete, rocks and other geomaterials. It consists of loading a cylindrical 
specimen along a diametral plane by means of steel or wood bearing plates, as shown in 
Fig.1. Gas flow rate measurements are taken after partially unloading the sample to avoid 
brutal rupture (See Fig. 2). The sample has a cylindrical shape of 40 mm of height and 110 
mm of diameter. It is worth noting that the sample wasn’t a perfect cylinder, a difference of 
0.1 mm in diameter was observed. The Young modulus is equal to 18 MPa and the Poisson’s 
coefficient equal to 0.2. 
 

                    
 

Figure1: Permeability analysis while performing a Brazilian test on a mortar sample. [5] 
 

The splitting test is controlled and directed by the crack opening located on the horizontal 
transversal line of the bigger face of the specimen, a displacement sensor is placed in the 
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central part of this face to do the controlling. The other face (the smaller) is discretized by 
means of a speckle pattern in order to perform Digital Image Correlation and get the 2D 
displacement field on the surface. 
 

 
 

Figure2: Mechanical behavior and permeability evolution versus the crack opening displacement for two mortar 
specimens. [5] 

 
The Mechanical response and the permeability evolution of two mortar specimens are given 
in Fig. 2. The mechanical response is composed of an elastic part, and after reaching the peak 
the softening behavior ends by a complete split of the specimen. At COD equal to 
approximately 34 microns the specimen is split and the behavior afterwards is described by 
the half portion of the specimen subjected to compression loading. An analysis has proven 
that there was a 3D effect on the force-COD behavior of the specimen. The crack is initiated 
and propagated firstly on the bigger face and then is propagated in the longitudinal direction 
to reach the smaller face and propagate on it until the total split of the specimen. Therefore 3D 
simulations are needed.  
The permeability evolution can be described by the three regimes proposed by Choinska: For 
crack openings varying from 0 to 30 microns a slight increase in the permeability is recorded 
which corresponds to the first regime. Afterwards the second regime appears when a large 
increase in the permeability begins for crack openings higher than 30 microns. Finally, one 
can see a decrease of the rate permeability increase. In the third regime, a coefficient  that 
includes the roughness of crack, the turtuosity and the constrictivity of the material is 
calculated at COD equal to 100 microns. This coefficient is an adjustment factor for the 
Poiseuille's law (See Fig. 3).  
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Figure3: Identification of an average roughness coefficient at COD equal to 100 microns. [5] 
 
3 CONTINUOUS APPROACH BASED ON DAMAGE 
The advanced numerical modelling of cracking in reinforced concrete structures may be dealt 
with either by means of advanced discontinuous models (G-FEM, etc.) or using continuous 
constitutive models such as damage mechanics. In this approach damage models are 
considered since the permeability-mechanical state coupling is based on damage. The 
enhanced non-local damage model that is based on the stress state will be reviewed in the 
following. In the second subsection the continuous approach is presented. 
 
3.1 Regularized damage models 
 

The loss of stiffness associated to mechanical degradation of the material is represented by D: 
 

𝜎𝜎 = (1 − 𝐷𝐷)𝐶𝐶: 𝜀𝜀 (1) 
  
Where 𝜎𝜎 and 𝜀𝜀 are respectively the Cauchy stress tensor and the small strain tensor, and C is 
the tensor of elastic moduli.The parameter D range between 0 for virgin materials and 1 for 
completely damaged materials. It is assumed that D depends on a state variable Y, which in 
turn depends on the strains, Y = Y (𝜀𝜀).The basic idea of nonlocal damage models is averaging 
the state variable Y in the neighborhood for each point. In this manner, the nonlocal state 
variable �̃�𝑌is obtained: 
 

�̃�𝑌 = ∫ 𝛼𝛼(𝑑𝑑)𝑌𝑌𝑑𝑑𝑌𝑌/ ∫ 𝛼𝛼(𝑑𝑑)𝑑𝑑𝑌𝑌
𝑣𝑣𝑣𝑣

 (2) 

  
The weight function 𝛼𝛼 depends on the distance d to the point under consideration. Generally a 
Gaussian function is used: 
 

𝛼𝛼(𝑑𝑑) = exp[− (2𝑑𝑑
𝑙𝑙𝑐𝑐0

)
2

] (3) 
 

Where lc0 is a material parameter of the nonlocal damage model called characteristic length, 
and Y is the state variable, that drives the damage (D=D(�̃�𝑌)) according to Mazars law: 
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𝑌𝑌 = √∑[max(0, 𝜀𝜀𝑖𝑖)]2
𝑖𝑖

     (4) 

 

Damage evolution follow a law which distinguishes tensile damage Dt and compressive 
damage Dc: 
 

cctt DDD        (5) 
  
Where αt and αc are the weights computed from the strain tensor. The tensile damage Dt and 
compressive damage Dc are calculated as follows: 
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ctctD
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AY

D 


      (6) 

 

The newly version of this damage model, the non local stress based (NLSB) is characterized 
by the regularization that takes into account the stress state of the material. A modification on 
the Gaussian function is applied and the function becomes: 
 

𝛼𝛼(𝑑𝑑) = exp[− ( 2𝑑𝑑
𝑙𝑙𝑐𝑐0 ∗ 𝜌𝜌

)
2

]     (7) 
 

Where 𝜌𝜌 a factor that is calculated for each point and depends on the principal stresses of the 
medium. 
 
3.2 Permeability-Continuous approach 
 

The continuous approach is based on a permeability-damage law that is presumed to describe 
the three different regimes. The following equation is one of the matching laws proposed by 
Pijaudier-Cabot et al. which was proven to be the most convenient to describe the 
permeability evolution. 
 

)log()log()1()log( fD kDkDk      (8) 
 

This law is a logarithmic combination of Picandet’s permeability for diffuse damage (low 
damage) and Poiseuille’s permeability when a macrocrack is formed. Dk  and fk are two local 
permeabilites defined for each integration point in the medium and D is the value of damage 
at the integration point. Regarding diffuse damage, the first term of the modified Picandet’s 
permeability is retained. Hence Dk is equal to: 
 

  )(10 DkkD      (9) 
 

Where  and   are two parameters to be determined from experimental results. They were 
fitted by Picandet to 11.3 and 1.64 respectively on experimental results of axial compressive 
damage on gas permeability of ordinary and high-performance concrete. However for a 
splitting test the damage is mainly generated in tension and is localized in the crack surface, 
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Consequently a negligible variation of the mean structural permeability due to diffuse damage 
is seen in the physical experiment.  
Concerning the permeability of a macrocrack, Poiseuille’s permeability of two parallel planes 
(𝑘𝑘𝑃𝑃 = 𝝃𝝃[𝒖𝒖]𝟐𝟐𝟏𝟏𝟐𝟐 ) is considered with taken into account the coefficient (). Pijaudier-Cabot et al. 
supposed equivalence at failure between continuous damaged domain with a damaged zone of 
width lc and discrete macrocracked domain with a crack opening [u]. This assumption was 
followed in order to substitute crack opening by damage field. Then the Poiseuille’s 
permeability is equal to: 
 

 20
1

2

)(
12

)( D
c

P YDFlk       (10) 

 

Where cl is the characteristic length,   is a unit less factor that influences the width of the 
damaged band given equal to 2 and 0DY  is the damage threshold. The inverse damage 
evolution law )(1 DF  , based on equation (6), is used in order to represent the permeability kf: 
 

t
D B

DYDF )1ln()( 0
1 

  
   (11) 

 

The second approach consists firstly of using a function F(�̃�𝑌) instead of the inverse function 
of damage. Then the crack opening is related to this function as follows: 

 
  )Y- )Y~F((* D0Densu      (12) 

 

Where YD0 is the threshold of damage (See Table 1) and Dens is an average of the density of 
the mesh of the fracture zone.  F( Y~ ) for a cracked element is the component of the 
regularized equivalent strain Y~  for this element that is in the orthogonal direction to the 
element surface. That means that before applying Eq. 12 the cracked elements and its 
orientations has to be identified using numerical tools such as the global tracking algorithm 
[6]. In case of splitting test, for sake of simplicity one can suppose that the plane of symmetry 
is the surface of the crack, it means all the elements of this surface are cracked and the 
orthogonal direction to the elements in this case is the horizontal direction parallel to the x 
axis. Thus, in this case F  )Y~(  is the horizontal component of the regularized equivalent strain 
Y~ . 
The permeability of a cracked element at the integration point fk  is defined as follows: 

 
S

Lukk Pf
.   

   (13) 
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Where  u  the crack opening of the element, and 
S
L  is the fraction between the length of the 

element and its surface. For sake of simplicity 
S
L  is calculated as 

el
1  where el equal to  eV3 , 

( eV  is the volume of the element).Thus fk  is equal to: 

 
e

f l
uk

12
 

3

  
   (14) 

 

To determine the total leakage rate, the permeability problem by imposing a pressure gradient 
has to be solved. Once the leakage rate is determined, by means of Darcy’s law, the mean 
structural permeability can be calculated and will be compared to the permeability measured 
experimentally. 
 
4 APPLICATION ON A 3D SPLITTING TEST 
This numerical study is a simulation of the physical experiment presented in section 2. The 
steel bearing plates are modelled as rigid plates, with high Young’s modulus (E = 300 GPa) 
and Poisson’s ratio  of mortar (=0.2) in order to avoid a confinement effect of mortar. 
Numerical simulations are performed in the FE code Cast3m with 4-nodes tetrahedral 
elements in 3D. Due to the symmetry of the problem, the computation domain consists of 
only quarter of the specimen. The mesh is shown in Fig. 4 (b). It should be noted that the 
mesh is generated with the same conicity of the real specimen in order to reproduce the 3D 
effect in the simulations. Ss and Sb corresponds respectively to the smaller and bigger edge 
surfaces of the specimen. The post-peak behavior in splitting test includes a snap-back in the 
force displacement curve and therefore an arc-length control (by maximum strain or crack 
opening) is required to solve the numerical problem [7,8].  
 

                           
  (a)                                                             (b) 

 

Figure 4: Brazilian splitting test (a) problem statement (b) 3D conic FE mesh. 
 
4.1 Mechanical description  
 

In this subsection the mechanical description by the stress based non local NLSB is 
concerned. Young’s Modulus and Poisson’s ratio of the mortar are taken from physical 
experiment. A calibration of the parameters is done for the model after finding a good 
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numerical description of the physical response and the set of Mazars’ parameters is given in 
table 1. 
 

Parameter NLSB 
𝒀𝒀𝑫𝑫𝑫𝑫  3.5.10-4 
Ac 1.4 
At 0.88 
Ac 800 
At 4050 
𝜷𝜷 1.06 
lc0 7.5 mm 

 

Table 1:Set of Mazars’ parameters for the damage models 
 
The point P on which the crack opening displacement is calculated is located on the central 
horizontal line of the bigger face distant of 10 mm from the center (See Fig. 4 (a)). The 
numerical simulation of the mechanical response (Force versus COD at P) of the physical 
experiment presented in section 2 is given in Fig. 5. This result shows that the stress based 
non local model NLSB is in a good agreement with the physical response in describing the 
behavior even after the total split. However, the model is elasto-damageable model that do not 
take into account the plastic deformation therefore the exaggerated snap-back where COD 
decreases from about 35 to about 30.5 microns is probably due to elastic discharge of the face 
where the COD of P is calculated. This drawback in the model will eventually affect the 
coupling since the permeability is directly linked to the mechanical state. 
 

 
 

Figure 5: Mechanical response (Force versus COD) described by NLSB compared to experimental response. 
 
4.2 Damage propagation  
 

Damage fields at 4 loading levels given by the NLSB model are displayed in Fig. 6. At the 
peak A, damage is initiated in the center of the surface Sb and diffused in the volume. In the 
post-peak behavior (between A and B) localized damage propagates from the center on the 
surface Sb and in the transversal direction toward the surface Ss. At point B the damage arrives 
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to the surface Ss and between the points B and C damage propagates on the surface Ss. At 
point C the behavior becomes the one of the half portion and almost all the crack surface is 
totally damaged. D corresponds to a total split with COD on P equal to 105 microns.  
 

  
  

 
  

Figure 6: Damage fields given by NLSB at 4 loading levels A B C and D. 
 
5 COUPLING PERMEABILITY-DAMAGE 
Once the numerical simulation of the mechanical response is achieved, one can apply the 
matching law in the post treatment phase in order to obtain the permeability at each 
integration point and then compute the leakage rate point wise in the volume by applying a 
pressure gradient and solving the permeability problem (See Fig. 7). Hence, the mean 
structural permeability is calculated using Darcy’s law and compared to experimental 
measurements. 

 
 

Figure 7: Solving the permeability problem by applying a pressure gradient. 
 
The evolution of the mean permeability calculated by applying the matching law proposed by 
Pijaudier-Cabot et al. versus the COD at point P is presented in Fig. 8. It is shown that the 
estimated mean permeability for low level of damage is acceptable. However in the 
intermediate zone the permeability is overestimated due to an overestimation of the crack 
opening (COD at P ranging from 380 to 600 microns). Moreover for higher COD, the 
evolution of the mean permeability becomes asymptotic. This is due to the stabilization of the 
damage around 0.99. Consequently the relation between the crack opening and the inverse 
function of D F-1(D) (Eq. 11) could be discussed. Another limit is that for this model the 
damage state do not evolves during unloading. One can see on Fig. 8 that during unloading a 
constant permeability is predicted. 

A 

B 

C 

D 

P=0 

P=1 

Flux 

A B 

D C 

79



M. Ezzedine El Dandachy, F. Dufour, M. Briffaut and S. Dal Pont 

 

 10 

 

 
Figure 8: Mean permeability calculated by applying Matching law based on the first approach versus COD of 

point P. 
 
The evolution of the mean permeability calculated by the proposed method as well as a 
comparison between the result of the two approaches are presented in Fig. 9. The coefficient  
is supposed to be constant for any COD and is taken as calculated from the physical 
experiment at COD=0.1 mm equal to 0.06. This result shows that the mean permeability is 
very well predicted at the COD=0.1 mm where the coefficient  were calculated, however it is 
overestimated for lower CODs. The issue of constant permeability when unloading is 
resolved since the equivalent strain decreases and unlike the damage the equivalent strain do 
not stabilize but continue to increase with the crack opening.  
 
 

 

Figure 9: Mean permeability calculated by applying Matching law based on Damage MLD and by the proposed 
one based on equivalent strains ML versus COD of point P. 
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6 CONCLUSIONS 
The mechanical simulation of the physical experiment of a splitting test performed on a 
mortar specimen were done using the NLSB model. Two approaches were considered in order 
to do the permeability-mechanical state coupling. A first approach that was proposed by 
Pijaudier-Cabot et al that is based on damage. The second one proposed in this article based 
on the regularized equivalent strain. The study has shown that the crack opening of an 
element cannot be directly related to its damage because the damage stabilize around 0.99 and 
do not evolves during unloading. It has been shown also that the crack opening can be related 
to the regularized equivalent strain since the prediction of the structural permeability using 
this approach is good compared to the experimental measurements. 
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Abstract. The numerical simulation of a consolidation process undergoing large strains
is a challenging task that requires the formulation and the solution of the coupled solid-
deformation/fluid-diffusion problem within a changing geometry. Deformations can be
rigorously taken into account with the classical Finite Element Method (FEM) based on
continuum mechanics of porous media at finite strains. Alternatively, several innovative
methods (SPH, MPM, PFEM, MLPG, etc.), which have been specifically developed to
simulate large deformations, can be used. Among them, the Material Point Method
(MPM) has been recently grown in popularity. With the MPM, large deformations are
simulated with material points (MP) moving through a fixed mesh. The MP trace all
the properties of the continuum (mass, velocity, stress, strain as well as external loads),
while the mesh is used to solve the governing equations, but does not store any permanent
information thus it can be redefined at the end of each time step, preventing problems
of element distortions. The aim of this work is to investigate the analogies and the
differences in terms of theoretical formulation and numerical results between FEM and
MPM in consolidation processes undergoing large deformations. In fact, the simulations of
the one-dimensional consolidation process in case of small deformations demonstrate that
the two methods give identical results, which are also in agreement with the analytical
solution demonstrated by Terzaghi. On the contrary, differences are observed in the case
of large deformations. The results obtained with the two formulations are compared and
discussed, enlightening the most probable source of differences.

1 INTRODUCTION

The numerical simulation of consolidation processes is a fundamental task, which can
have important implications in the design of geotechnical structures. The simulation

1
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of these phenomena, which involve the coupled interaction between the solid and the
fluid phases, becomes particularly challenging when the solid phase is subjected to large
strains, introducing a source of geometric non linearity in the formulation. There are many
classical geotechnical applications where the finite deformations effects on a consolidation
process could critically influence the results of a numerical analysis. For example, the
consolidation in highly compressible clays, or the consolidation under a tower, due to the
P − δ effect [1].

The consolidation process can be accurately simulated using the classical coupled finite
element formulation, based on continuum theory of mixtures, considering the soil-water
mixture as a two-phase continuum. Finite strains can be rigorously taken into account
as an extension of the infinitesimal framework [1, 2], adopting an adequate formulation
for the constitutive model. However, Updated Lagrangian Finite Element Methods (UL-
FEM) encounter numerical problems for severe element distortions, with the consequent
lack of convergence of the algorithm.

The problem of severe mesh distortion in UL-FEM may be circumvented by remeshing
the domain or refining the regions where the elements are most deformed [3, 4]. Alter-
natively, some stabilization techniques have been proposed to prevent excessive element
distortion [5, 6]. These strategies have the disadvantage to increase considerably the
computational cost; moreover, numerical stability is still not ensured in case of extreme
distortions.

To overcome the distortion problems encountered by FEM undergoing large deforma-
tions, in the last decades several innovative methods have been proposed in the literature,
such as SPH [7], MPM [8], PFEM [9], MLPG [10]. In particular, the Material Point
Method (MPM) has been recently grown in popularity.

The MPM belongs to the family of particle-based methods. It derives from the Particle-
in-cell method (PIC) used for fluid mechanics [11]. Schreyer, Sulsky and co-workers,
extended it for problems of solid mechanics [8]. Since then, the method has been widely
applied to many fields of engineering and science and extended with advanced features.
The application of MPM to multiphase problems is recent [12–17] and the research is in
progress.

Although the MPM has been successfully applied to study coupled large deformation
problems [18–20], not much work has been done to compare the numerical results obtained
with the FEM based on finite strain theory and the MPM, in particular to simulate large
deformation phenomena.

This work investigates the analogies and the differences in terms of theoretical for-
mulation and numerical results between the FEM and MPM, in consolidation process
undergoing large deformation. These methods give identical results in case of small de-
formation, coincident with the classical Terzaghi’s solution. On the contrary, differences
are observed in case of large deformations. The goal of this study is to identify the pos-
sible sources of differences, suggesting a discussion on the topic likely leading to future
improvements of the methods.

2

83



N. Spiezia, F. Ceccato, V. Salomoni, P. Simonini

The article is organized as follow. Section two and three briefly introduce respectively
the FEM and MPM formulation. Section four presents the numerical results obtained by
the two methods. One-dimensional consolidation with elastic and elasto-plastic material
is solved, in case of small and large deformations. Section five draws the conclusion,
discussing the differences among the two methods.

2 FINITE ELEMENT FORMULATION

This section recalls the complete set of governing equations, which allow for the solu-
tion of quasi-static deformation-diffusion boundary-value problems, such as consolidation,
based on the classical mixture theory [21,22].

Let x = ϕ(X, t) denote the position of the solid material point X and F = ∂x/∂X
the associated deformation gradient of the solid matrix, with the Jacobian J such that
J = det(F ) = dv/dV . We denote the volume fraction φα of the constituent α as the
ratio between its volume dV α divided by the total volume of the mixture dV , that is,
φs = dV s/dV and φw = n = dV w/dV , with n denotes the porosity. Therefore,

φs + φw = 1 (1)

The partial mass density of constituent α is given by ρα = φαρα, where ρα is the intrinsic
mass density of constituent α. This gives

(1− n)ρs + nρw = ρs + ρw = ρ (2)

where ρ is the total mass density of the mixture.
With these preliminaries, the conservation of mass equation for the solid and water

phases are respectively

ρ̇s + ρs∇x · v = 0; (3)

ρ̇w + ρw∇x · v = −∇x · q, (4)

where ∇x · (·) is the divergence operator with respect to the current configuration, v is
the velocity of the solid phase, w is the velocity of the water phase, q ≡ ρf ṽ = ρw(w−v)
is the Eulerian relative flow vector of the water phase with respect to the solid matrix.
Adding Eqs. (3) and (4), we get the basic conservation of mass equation for the system,
i.e.

ρ̇0 = −J∇x · q, (5)

where ρ0 ≡ Jρ is the pull-back mass density of the mixture in the reference configuration.
Ignoring inertial forces, the balance of linear momentum in Lagrangian form can be

written as

∇X(P ) + ρ0g = 0. (6)
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where g is the gravity vector. The first Piola-Kirchhoff stress tensor P reads

P = τ · F−T = τ ′ · F−T − θwF
−T (7)

where τ = Jσ is the symmetric total Kirchhoff stress tensor, τ ′ = Jσ′ is the effective
Kirchhoff stress tensor and θw = Jpw is the Kirchhoff pore pressure, in accordance with
the principle of effective stress.

The links between the state of stress and the deformations and between the flow vector
and the water pressure in the porous media are provided by constitutive relationships. The
stresses are assumed to be a nonlinear function of the deformations via an elastoplastic
constitutive response. On the other hand, the relative flow vector is related to the fluid
pressure using Darcy’s law, assuming constant permeability. The constitutive law for
the solid phase is cast within the framework of nonlinear kinematics where the total
deformation gradient is assumed to allow the multiplicative decomposition into elastic
and plastic parts, F = F e · F p, where F e and F p are defined as the elastic and plastic
deformation gradient, respectively. The constitutive law is given in terms of the Kirchhoff
effective stress tensor τ ′ and the left elastic Cauchy-Green deformation tensor be = F e ·
F eT through the relation

τ ′ = 2
∂Ψ

∂be
· be. (8)

where Ψ is the strain-energy function.
The balance laws (5) and (6), together with constitutive relations, provide a com-

plete set of governing equations, which allow for the solution of quasi-static deformation-
diffusion boundary-value problems. The discretized equations are obtained following stan-
dard Galerkin procedure, approximating the nodal displacements u and pore pressure pw
by means of shape functions (N , N p), and integrating implicitly over time. Hence, the
two balance equations can be written as

Hext −H int(u, pw) = 0 (9)

F ext − F int(u, pw) = 0 (10)

whereH int =
∫
V0
[N pT∆ρ0−∆t(JΓTq)]dV0 and F int =

∫
V0
[BT (τ ′−JpwI)−ρ0N

Tg]dV0.
For more details the reader should refer to [1, 2].

3 THE MATERIAL POINT METHOD

In the MPM, arbitrary large deformations of a body are simulated by a set of material
points (MP) which move through a computational finite element mesh. The MP carries
all the information of the continuum such as velocity, acceleration, stress, strain, material
parameters as well as external loads. It can be regarded as an extension of the FEM,
because the underlying finite element grid is used, as with the FEM, to solve the system
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Figure 1: (left) configuration at the beginning of a time step in which the red dots are the
MP; (center) incrementally deformed mesh; (right) reset mesh at the end of a time step

of equilibrium equations. However, information is mapped from nodes to MP at the end
of each time step and the mesh is usually reset into its original state (Fig. 1). The mesh
does not follow the deformations of the body as in the FEM, thus preventing problems of
element distortion.

An available dynamic MPM code is used in this study. The primary unknown variables
of the implemented two-phase formulation are the solid velocity v and fluid velocity w.
This formulation follows [23] and has been preferred for the adopted MPM because it
is able to properly capture the dynamic response for general loading [24]. The (v −w)
formulation is derived from the momentum equations of the water phase and the soil-water
mixture as follows. The momentum equation of the water phase is

ρwẇ + ((nγw)/k)(v −w) = ∇pw + ρwg (11)

where γw is the unit weight of the water and k is the Darcy’s permeability; the latter
is assumed constant. The second term on the left hand side represents the interaction
between solid and fluid.

The momentum equation for the mixture is

(1− n)ρsv̇ + nρwẇ = ∇ · (σ′ + Ipw) + ρg (12)

where σ′ is the effective stress and I = [1, 1, 1, 0, 0, 0].
The excess pore pressure increment can be calculated from the mass balance equation

for the water phase
ṗw = Kw/n[(1− n)∇ · v + n∇ ·w] (13)

The effective stress increment is calculated with the soil constitutive model as

σ̇′ = Dε̇ (14)

where D is the constitutive tensor and σ̇′ is the Jaumann stress rate tensor defined as

σ̇′ = σ′ −W · σ̇′ + σ̇′ ·W T (15)
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in which σ̇ is the Cauchy stress and W is the spin tensor.
Again, the discretized equations are obtained by deriving the weak form of the mo-

mentum conservation, using the Galerkin procedure, and approximating the velocity field
by means of shape functions (N ) [16]. They can be written as

Mwẇ = F ext
w − F int

w − F drag
w (16)

Msv̇ + M̄wẇ = F ext − F int (17)

where the subscripts s and w indicate the soil and water phase respectively; no subscript
indicates that the quantity belongs to the mixture.

F drag
w =

∫
V
nγwk

−1NTNdV (v −w) denotes a drag force computed from the relative
water velocity (w − v) which takes into account the solid-fluid interaction. The mass
matrices for the fluid and the soil skeleton are defined as: Mw =

∫
V
ρwN

TNdV and
Ms =

∫
V
(1− n)ρsN

TNdV . Matrix M̄w is formed using the density nρw in place of ρw.
For numerical implementation, the lumped mass matrices are used. The internal forces
are calculated as F int

w =
∫
V
BT IpwdV and F int =

∫
V
BTσdV where σ is the total stress.

For more details the reader should refer to [16].
In the present study the explicit Euler-Cromer scheme is used. This means that the

acceleration is calculated explicitly and the velocity is updated from it implicitly.
The MPM solution procedure follows [25]. The acceleration of the fluid is calculated

by solving Eq. (16). It is subsequently used to obtain the acceleration of the solid from
Eq. (17). The velocities and the momentum of the MP are updated from the nodal
accelerations of each phase. The nodal velocities are then calculated from the nodal
momentum and used to compute the strain rate (ε̇) at the material point location. The
excess pore pressure increment can be calculated from Eq. (13). The effective stress
increment is calculated with the soil constitutive model (Eq. 14). The displacement and
position of each MP is updated according to the velocity of the solid phase.

4 NUMERICAL RESULTS

The consolidation problem is studied considering a 1m-long column. The head of the
column is permeable and the bottom is impermeable, therefore the water can flow out
of the column from the top surface and the drainage length h is 1m. Firstly, the case of
small deformations is studied and the numerical solution is compared to the Terzaghi’s
analytical solution. Secondly, large deformations are taken into account. Thirdly, the
plastic behavior of soil is considered using the Modified Cam Clay model [26].

In case of small strain, a linear elastic material with Young’s modulus E = 10000kPa,
and Poisson’s ratio ν = 0 is used. The permeability is k = 10−3m/s. A load of 10kPa
is applied at the head of the column. In the FEM model the column is discretized with
40 quadrilateral elements, with 9 nodes for the displacements unknowns and 4 nodes for
the pressure unknowns, integrated over 9 Gauss Point. On the other hand, in the MPM
model the column is discretized with 40 rows of 6 tetrahedral elements containing 4 MP
each.
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Figure 2: Normalized pore pressure along depth, comparison between numerical and
analytical solution.

A non-dimensional time factor can be defined as:

T =
cvt

h2
(18)

Figure 2 plots the normalized pore pressure pw/pw0 (pw0 = 10kPa) against the normal-
ized depth y/h as function of the non-dimensional time. The numerical solutions obtained
with FEM and MPM are in perfect agreement with the Terzaghi’s analytical solution.

The case of large deformations is considered assuming E = 100kPa and applying a load
of σy = 50kPa. Figure 3a shows the normalized pore pressure distribution at different
normalized time TL, which calculated with Eq. 18 where h is the initial length of the
column. Regarding the pore pressure evolution with time, the MPM predicts higher pore
pressures than the FEM, especially for time factors between 0.05 and 0.5. The maximum
difference is about 20% at the bottom of the column. Some differences are also observed
in the decrease of column height during time (Fig. 3b). In particular, the final column
high obtained with the MPM is 0.674m and with the FEM is 0.704m.

The plastic behavior of soil is considered using the modified Cam Clay model with
the input parameter summarized in Table 1. The adopted FEM implements the modified
Cam Clay model proposed in [27]; the reader should refer to this work for a correct
interpretation of the input parameters of the model.

The material is assumed normally consolidated; the initial vertical and horizontal effec-
tive stresses are 50kPa. A vertical load of 150kPa is applied. In this case, the consolidation
coefficient used to compute the time factor is calculated as:

cv =
k(1 + e0)σ

′
v0

λγw
(19)
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(a) Normalized pore pressure along
depth.

(b) Column height as function of the time factor TL.

Figure 3: Large strain consolidation with linear elastic material; comparison between
MPM and FEM solutions.

(a) Normalized pore pressure along
depth.

(b) Column height as function of the time factor TL.

Figure 4: Large strain consolidation with elastoplastic material; comparison between
MPM and FEM solutions.

8

89



N. Spiezia, F. Ceccato, V. Salomoni, P. Simonini

Material property Symbol Value

Virgin compression index [-] λ 0.3
Recompression index [-] κ 0.04
Effective poisson ratio [-] ν ′ 0.25
Slope of CSL in p-q plane [-] M 0.92
Initial void ratio [-] e0 1.0
Darcy’s permeability [m/s] k 3 · 10−3

Table 1: Material properties used in CPT analyses with MCC material model

where σ′
v0 is the initial vertical effective stress.

Figure 4 compares the results obtained with FEM and MPM in terms of pore pressure
distribution and column height. With regard to the pore pressure, better agreement is
obtained compared to the elastic case. A difference of about 20% is observed for TL = 0.10
and TL = 0.2, while the pore pressure distribution for the other time factors are almost
coincident. This peculiar result will be deeply investigated in the near future. The
small differences in terms of pressure do not affect significantly the evolution of vertical
displacements with time. Both method predict a final settlement of 0.142m.

5 DISCUSSION AND CONCLUSIONS

This paper compares the fully coupled FEM and the MPM in the simulation of one
dimensional consolidation undergoing large strains.

Both method, even though adopting different primary unknowns (namely u− pw and
v − w), can describe efficiently the solid-displacement/fluid-diffusion process, typical of
consolidation problem. Identical results are obtained with the two methods for small
deformations. This observation is in agreement with the comparison made in [28] (for
harmonic loading and small strain) of the two different ways of coupling solid and fluid
interaction. Furthermore, the choice of different primary unknowns involves also the
adoption of different time integration algorithms. In fact, the quasi-static FEM adopts
an implicit time integration scheme; on the contrary, the dynamic MPM uses an explicit
scheme. However, the adopted time increments ensure a sufficiently accurate solution for
both methods.

In case of large deformations, the displacements predicted by the two method are in
good agreement. However, discrepancies are observed in the evolution of pore pressure
distribution.

Probably, the major source of differences between the MPM and the adopted FEM lies
in the way large deformations are treated, in particular with respect to the constitutive
equations. In MPM the hypothesis of small strain is assumed within the time increment,
thus allowing the use of the Jaumann objective stress rate. This formulation restricts
the validity of the rate constitutive equation to small elastic strains [29]. As regard the
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FEM, the formulation of the constitutive law is based on hyperelasticity combined with
the multiplicative decomposition of the deformation gradient. This formulation is more
accurate for the development of large elastic strains, and also circumvents the so-called
rate issue in finite deformation analysis [27]. The introduction of plasticity reduces the
differences between the two methods, because if the elastic strains remain small the results
based on the Jaumann rate should be close to results of formulations that are based on
the multiplicative decomposition [29].

These considerations do not probably fully explain the differences observed in the
pore pressure distributions. Further investigations, focusing on the diffusion problem
combined with large deformations, should be carried out, possibly comparing the results
with experimental data and also with available analytical solution such as [30].

This paper doesn’t accomplish all the aspects in the comparison of the two numerical
methods. Since considerable effort has been devoted in the last years to large strain
coupled formulation in the MPM, with promising outcomes, a deeper investigation in
the results should be carried out. The research should consider bidimensional and three
dimensional problems, transient boundary conditions, cyclic loads, etc. In particular,
simulations leading to a significant element distortions should be investigated, comparing
FEM (enhanced with remeshing techniques) and MPM.
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Abstract. Refractory materials have a wide range of applications in steel-making in-
dustry. Often, magnesia carbon bricks (MgO-C) are used. These consist of a periclase
phase (MgO) with inclusions of carbon and gas filled pores. The thermo-mechanical
properties of MgO-C composites could significantly be improved using cellular MgO-C
composites based on carbon foams. Modelling of MgO-C composite foams is not only
a multi-phase, but also a multi-physics problem, in which both the displacement field
and the temperature field have to be taken into account. In the present contribution, a
fully coupled phenomenological thermo-mechanical continuum model was developed. The
theory of porous media (TPM) with a kinematic coupling of the displacement and tem-
perature fields of all constituents was used. Linear thermoelasticity with a multiplicative
decomposition of the deformation gradient into an elastic and a thermal part for isotropic
materials was extended to the mixture of MgO and C phase. The total macroscopic
stress was calculated using the theory of mixture, including the contributions from the
pore pressure.

1 INTRODUCTION

Refractory materials have a wide range of applications in steel-making industry as
lining of furnaces, oxygen converters or for ladles. Common refractories are made of a
periclase phase (MgO) with inclusions of carbon and gas filled pores. In their applica-
tions, refractories are subjected to thermal and mechanical loads causing damage. There
are two possible types of thermally induced stress. Permanent thermal stress arises only
in heterogeneous materials due to the coupling of materials having different coefficients of
thermal expansion (CTE). The corresponding thermal damage results from the isotropic
expansion of both phases. Temporary thermal stresses emerge by temperature gradients
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in homogeneous and also in heterogeneous materials causing mechanical damage and van-
ish for elastically loaded materials at thermal equilibrium. Mechanical damage occurs not
only in multi-phase materials with differences in their CTE but also in homogeneous sin-
gle phase materials. In the quasi-static heating of a furnace, no temperature gradients
arise, hence the only possible thermal stresses are permanent thermal stresses due to the
coupling of materials with a mismatch in their CTEs.
The next generation of carbon containing refractories should show improved characteris-
tics in terms of microstructural design, material processing, and material sustainability. In
recent studies, the thermo-mechanical properties of MgO-C composites could significantly
be improved using cellular MgO-C composites based on carbon foams [1]. Foams consist
of three different hierarchical levels. The macro scale deals with whole components, the
meso scale with several pores and the micro level comprises single struts. In experiments
and modelling, foams can be described on these different scales.
Modelling of MgO-C composite foams is not only a multi-phase and multi-physics prob-
lem, but also a multi-scale problem. In previous work, a mesoscopic elastic thermo-
mechanically coupled model was used to investigate the structure-property relationship
of MgO-C hybrid foams, in order to reduce thermally induced stresses and accompanying
damage [2]. In the present contribution, the thermo-mechanical behavior of cellular ce-
ramic composites will be modelled by a new multiphase approach of porous media using
a fully coupled phenomenological thermo-mechanical continuum model. The key assump-
tion is the use of the theory of porous media (TPM) with a kinematic coupling of the
displacement and temperature fields of all constituents.

2 KINEMATICS FOR MgO-C FOAMS BY A MULTIPHYSICS APPROACH

Figure 1 shows the typical repesentative elementary volume (REV) of the micro struc-
ture of a common MgO-C brick and of a cellular MgO-C foam. Whereas common MgO-C
bricks consist of a carbon matrix with inclusions of MgO and irregular pores, the new
MgO-C foams consit of a carbon skeleton and more or less circular pores. The carbon
skeleton is coated with a layer of MgO. There are several ways to model such problems.
On the one hand, each constituent can be modeled according a single phase theory. Due
to the coupling and contact of the constituents, this is very expensive. For each micro
structure a different approach is needed. On the other hand, both micro structures can
be described and modelled using the TPM by homogenization of the mixture and solving
the problem as smeared out multiphase continuum. The theory of mixture according to
Truesdell & Topin [3] uses a continuum with statistically distributed, immiscible con-
stituents, but there is not a volumetric measure of the constituents included. Hence, for
porous media, the concept of volume fractions can be introduced [4].
According to the concept of volume fractions, the volume V of the body B is the sum of

the partial volumes V β of the constituents ϕβ in the body B. In the case of the MgO-C
foams, a volume element dv of the mixtures consists of the sum of the partial volume
elements dvβ of all phases ϕβ. Here, the three constituents carbon (ϕ1), magnesia (ϕ2)
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Figure 1: REV of a common MgO-C brick (a) and of a new cellular MgO-C foam (b) and substitute
model according to the concept of volume fractions (c).

and pore gas (ϕ3) are taken into account.

dv = dv1 + dv2 + dv3 =

k
�

β = 1

dvβ for k = 1, 2, 3 (1)

V =

�

B

dv =
k

�

β =1

V β with V β =

�

B

dvβ =

�

B

nβ dv and nβ =
dvβ

dv
(2)

The volume fraction nβ is the local quotient of the volume element dvβ of ϕβ refered to
the volume element dv of the mixture. The volume fractions of all constituents must fulfill
the saturation condition, whereas the sum of all volume fractions is equal one. Hence,
the volume fraction of one phase can be calculated from the volume fractions of the other
phases

k
�

β =1

nβ = 1 with k = 1, 2, 3 hence, n1 + n2 + n3 = 1. (3)

The REV of the MgO-C foam can be substituted in a homogenised sense by the concept
of volume fractions according to Figure 1 (c). For multiphase materials, two different
densities can be defined. The real density ρβR = dmβ/dvβ is the local quotient of the
local mass element dmβ and the local volume element dvβ. Whereas, the partial density
ρβ = dmβ/dv is the quotient of the local mass element dmβ and the volume element of
the mixture dv. Both densities are coupled by the volume fraction

ρβ = nβ ρβR. (4)

It is assumed, that the two solid phases (phase (1), C and phase (2), MgO) of the
cellular refractories are materially incompressible but due to the compressibility of the
pore phase (phase (3), air), they possess a structural compressibility in the macro model.
This leads to the geometrical constraint, that the real densities ρβR of the solid phases
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are constant. Due to the compressibility of the pore gas, the mixture is also compressible.
Carbon and MgO have a changing partial density ρβ, since the volume fractions nβ and
hence the partial densities change with compression of the mixture. The total volume
reduces by compression, the pore volume vanishs at the point of compaction, but the
solid body mass mβ stays constant. As a result, the partial density ρβ increases.

ρβR = const. β = 1, 2 and ρβ =
dmβ

dv
�= const. (5)

The TPM combines the theory of mixture with the concept of volume fractions and
assumes that all constituents are statistically distributed in the REV leading to a statistic
substitute model for the mixture with superimposed and interacting constituents [5]. The
spatial point x of the current configuration is at the same time occupied by material
points of all constituents ϕβ. Material points of individual constituents follow their own
motion function χβ and hence, originate from different initial positions Xβ.
In contrast to the TPM, in our multiphase approach of porous media, it is assumed, that
individual phases do not interpenetrate. In these modified superimposed continua for
MgO-C foams, material points of the three phases (C, MgO, air) originate from the same
initial position X, follow the same motion function χ and occupy the same point x at the
time t (see Figure 2).

x = χβ (Xβ, t) = χ (X, t) ∀ β (6)

with Xβ = χβ (Xβ, t0) = χ (X, t0) = X = χ−1 (x, t) (7)

For the velocity refered to the reference configuration, one has

vβ (Xβ, t) =
∂χβ (Xβ, t)

∂t
=

∂χ (X, t)

∂t
(8)

And with respect to the current configuration, one obtains

vβ (x, t) = x′

β

(
χ

−1

β (x, t) , t
)

= x′

β (x, t) (9)

As a result, the velocities vβ of all constituents are equal v = vβ = v1 = v2 = v3.
The deformation gradient Fβ with respect to a motion χβ of a constituent ϕβ is

Fβ =
∂χβ (Xβ, t)

∂Xβ

= Gradβ χβ = Gradx = F. (10)

According to the assumption that the motion functions of all constituents ϕβ are equal,
the deformation gradient and the Jacobi determinant of all phases are equal, as well.

F = Fβ and Jβ = detFβ = detF with β = 1, 2, 3 (11)

4
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x

X = Xα = Xβ

body of mixture B

surface S of B

reference configuration (t0) current configuration (t > t0)

dx

e1

e2

e3

O

χ (X, t) = χα = χβ

dX

Figure 2: Kinematics for the modified superimposed continua of MgO-C foams

3 BALANCE EQUATIONS FOR MgO-C FOAMS

Balance equations for mixtures can be deduced from Truesdells three methaphysic
principes [3]. All properties of the mixture must be mathematical consequences of the
properties of all constituents. To describe the motion of one constituent, conceptually, one
can separate this constituent from the residual constituents of the mixture, on condition
that the influence of the other constituents is considered. By the introduction of the
production terms in the balance equations, the interaction between the constituents ϕβ

can be described. And finally, the motion of the mixture is governed by the same equations
as the motion of an one-phase material. The general local form of balance equations for
one phase materials is [5]

ψ̇β + ψ div ẋ = div φ + σ + ψ̂ (12)

with ()• representing the total time derivative with respect to the baroccentric velocity.
Hence, the local form of the balance equations for the various constituents ϕβ is

(ψβ)′
β

+ ψβ div x′

β = div φβ + σβ + ψ̂β, (13)

whereas (·)’β is the material time derivative, which describes the changes of Ψ that an
observer experienced who moved with the material point Xβ.
Before deducing the individual balance equations for the mixture and the various con-
stituents, there is a short summary of all assumptions made up to now and further as-
sumptions for the evaluation of the balance equations.

[A 1 ] Concept of volume fractions and superimposed continua

[A 2 ] Material incompressibility but structural compressibility for phase (1), C & (2),MgO

[A3 ] Material compressibility for phase (3), the pore fluid, air

[A 4 ] Superimposed continua with equal motion functions χβ = χ

5
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[A 5 ] For each point in time, the constituents occupy the same place

[A 6 ] Truesdells metaphysical principle

[A 7 ] No mass exchange between the various constituents

3.1 Mass balances

The local form of the mass balance of the mixture is

ρ̇ + ρ div ẋ = 0 yielding ρ = ρ0 det F−1 with ρ0 : reference density (14)

Because of the fact, that the pore fluid is compressible, the mixture is compressible as
well, although the phase (1) and phase (2) are incompressible.

The partial mass balances for each phase ϕβ deduce by the extension of the axiom of
mass conservation by production terms. In general, the mass of one constituent stays not
constant, it changes by mass exchange between the various constituents of the mixture,
e. g. by melting of ice or chemical reactions.

(
ρβ
)′

β
+ ρβ div vβ = ρ̂β with vβ = x′

β (15)

With assumption [A 4] of equal motion functions and [A 7], no mass exchange between
the various constituents, the mass balance for the various constituents ϕβ becomes to

(
ρβ
)′

β
+ ρβ div vβ = 0 with ρβ = nβ ρβR (16)

⇒ nβ
(
ρβR

)′
β

+ ρβR
(
nβ

)′
β

+ nβ ρβR div vβ = 0 (17)

For the three phases, different assumptions concerning the compressibility were taken,
leading to different mass balances. Phase (1), C and (2) MgO are material incompressible,
hence, the mass balance reduces to a volume balance

(
ρβR

)′
β

= 0 ⇒
(
nβ

)′
β

+ nβ div vβ = 0 for β = 1, 2 (18)

Since all velocities of the phases are equal, the material time derivative is equal to the
total time derivative

(
nβ

)′
β

= ṅβ and it follows directly by integration of Eq. 18

nβ = nβ
0 detF−1

β = nβ
0 det F−1 (19)

In contrast to the carbon and magnesia phase, phase (3), the pore gas is materially
compressible. In the mass balance of Eq. (17), nβ will be replaced by n3 = 1 − n1 − n2

according to the saturation condition (Eq. (3)). The material time derivative (n3)
′

3 can
be replaced using the definition of the material time derivative and the volume balance
for phase (1) and (2) (Eq. (18)) by

(
n3
)′
3

= n1 div v1 − grad
(
n1
)

(v3 − v1) + n2 div v2 − grad
(
n2
)

(v3 − v2) (20)

6
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Based on assumption [A 4] with equal motion functions, the velocities are equal, as well
v = v1 = v2 = v3. Hence, there is no relative velocity between the various phases
and the seepage velocity between the phases became zero, whereas all diffusion terms and
gradients vanish. The material time derivative reduces to

(
n3
)′
3

=
(
n1 + n2

)
div v. (21)

Hence, the mass balance of the pore gas reduces to
(
1 − n1 − n2

) (
ρ3R

)′
3

+ ρ3R div v = 0. (22)

With div v = (detF)• / detF and nβ = nβ
0 det F−1 the mass balance for the compressible

pore gas follows by direct integration

ρ3R = ρ3R
0

1 − n1
0 − n2

0

detF − n1
0 − n2

0

(23)

3.2 Momentum balance

The change of the momentum of a body is caused by any force acting on the body.
Disregarding external forces, for the momentum balance of the mixture, one has

ρ ẍ = div T + b (24)

The partial momentum balance of the constituent ϕβ with the partial stress Tβ is

ρβ x′′

β = div Tβ + bβ + p̂β (25)

The momentum production term p̂β describes the interaction forces between the various
constituents ϕβ. The stress tensor of the mixture consists of the sum of the partial stresses
and the diffusion terms, where x′

β is the velocity of the constituent ϕβ and dβ is the relative
motion by the diffusion velocity

T =
∑

β

(
Tβ − ρβ x′

β ⊗ dβ

)
with [A 4] ⇒ T =

∑
β

Tβ (26)

With assumption [A 4], there is no relative motion between the various phases, whereas
the diffusion part ρβ x′

β ⊗ dβ is zero. The stress tensor of the mixture is the sum of the
stresses of its constituents. The constituents are allowed to exchange momentum, but a
production of momentum for the whole mixture is not acceptable, hence

∑
β p̂β = 0.

4 LINEAR THERMOELASTICITY FOR MgO-C FOAMS

4.1 Strain measures by multiplicative decomposition of F

For the evaluation of strain measures of the phases (1), C and (2), MgO, the defor-
mation gradient F will be multiplicatively decomposed, according to Figure 3. The inter-
mediate configuration Bθ at a nonuniform temperature θ is obtained from the deformed

7
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θ0, σ = 0

θ, σ = 0

θ, σ

B0
Bθ

B

reference

configuration

configuration

current

thermal
intermediated configuration

F

Fβ,θ

Fβ,el

Figure 3: Multiplicative decomposition of the deformation gradient F in a thermal Fβ,θ and an elastic
part Fβ,el for the constituent ϕβ ; F = Fβ = Fβ,el · Fβ,θ.

configuration B by isothermal destressing to zero stress. The deformation gradient from
initial to deformed configuration F is decomposed into an elastic part Fel and a thermal
part Fθ, such that F = Fθ · Fel [6, 7]. Under the assumtion of equal motion functions
[A 4] it follows that

F = Fβ = Fβ,θ · Fβ,el (27)

Where Fβ,θ describes the thermal deformation and Fβ,el the elastic deformation of the
constituent ϕβ . Under the assumption of isotropy and pure volumetric temperature evo-
lution, Fβ,θ · Fβ,el leads to the same result as Fβ,el · Fβ,θ [6]. For the thermal part of the
deformation gradient under the above-mentioned assumptions, one has

Fβ,θ = ϑβ(θ) I (28)

where ϑβ(θ) is the thermal stretch ratio. With the linear coefficient of thermal expansion
(CTE) α, the thermal stretch ratio can be written as

ϑβ(θ) =
l

l0
= 1 + α(θ) ∆T ≈ 1 + α0 (θ − θ0) (29)

∆T describes the temperatue difference between the temperature θ0 in the reference con-
figuration and the temperature θ of the thermal intermediate configuration. Based on the
different CTEs of carbon and magnesia (αC �= αMgO), the thermal part of the deformation
gradient differs for each phase, whereas the total deformation gradient is equal.
For the Green-Lagrangian strain tensor, reads as follows

E =
1

2

(
FT · F − I

)
= Eβ =

1

2

(
(Fβ)T · Fβ − I

)
(30)

8
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The thermal strain of the mixture on the reference configuration is defined by

Eθ =
1

2

(
(Fθ)T · Fθ − I

)
(31)

The thermal strains of the various constituents are defined by

Eβ,θ =
1

2

(
(Fβ,θ)T · Fβ,θ − I

)
(32)

The Green-Lagrangian strain can be additively splitted into

E = Eθ + Eel (33)

The elastic Lagrangian strain Eel = E − Eθ defined relative to B is a mixed term of

Eel and Eθ. With the push-forward operation, the Lagrangian strain Γ̂
el

relative to the
intermediate configuration Bθ at non-uniform temperature θ relates to

Γ̂
el

= (Fθ)−T
(
E − Eθ

)
(Fθ)−1 =

1

ϑ2

(
E − Eθ

)
(34)

Using Eq. 28 and the symmetry of the thermal deformation gradient, the thermal strain
in Eq. 31 becomes to

Eθ =
1

2
(ϑ2 − 1) I (35)

By substituting Eθ in equation Eq. 34 in relation to Bθ, the elastic strain on the inter-
mediate configuration can be expressed by the total Lagrangian strain E of the reference
configuration and the thermal stretch ratio ϑ as

Γ̂
el

=
1

2

(
1

ϑ2
− 1

)
I +

1

ϑ2
E. (36)

Since the overall strains E for all phases are equal (see Eq. 30), the elastic strain for each
phase is distinguished by the thermal stretch ratio ϑβ and hence, by the linear coefficient
of thermal expansion αβ. The elastic strain for the constituent ϕβ becomes to

Γ̂
el,β

=
1

2

(
1

ϑ2
β

− 1

)
I +

1

ϑ2
β

E. (37)

4.2 Stresses based on linear thermoelasticity

Using the concept of multiplicative decomposition of the deformation by the introduc-
tion of a thermal intermediate configuration, the Helmholtz free energy for the various
constituents ϕβ can be additively split into an isotropic function ψel,β of the elastic strain

9
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Γ̂
el,β

and the temperature θ and a part ψθ,β only dependent on the temperature, according
to [7]

ψβ = ψel,β
(
Γ̂

el,β
, θ
)

+ ψθ,β (38)

The partial stress Tβ relies only on the elastic strains and the elastic part of the free
energy, but it is weighted by the thermal stretch ratio [7],

Tβ =
ρβ,0

ϑ2
β

∂ψel,β

∂Γ̂
el,β

(39)

With the relationship ρβ,0 = ϑ3
β ρβ,θ, between the densities ρβ,0 of the reference configu-

ration and ρβ,θ in the intermediate configuration, the stress response can also be written
as

Tβ = ϑβ Tel,β, Tel,β = ρβ,0
∂ψel,β

∂Γ̂
el,β

(40)

For the suggestion, that the Helmholtz free energy ψel,β is a quadratic function of the
elastic strain components, such that

ρβ,θ ψel,β =
1

2
λβ(θ)

(
tr
(
Γ̂

el,β
))2

+ µβ(θ) Γ̂
el,β

: Γ̂
el,β

(41)

whereas λβ(θ) and µβ(θ) are the temperature-dependent Lamé constants of the various
solid phases ϕβ. It follows, that

Tel,β = C
el,β(θ) : Γ̂

el,β
, with C

el,β(θ) = λβ(θ) I ⊗ I + 2 µβ(θ) I (42)

Where I is the fourth-oder unit tensor

Iijkl =
1

2
(δik δjl + δil δjk) (43)

According to the assumptions for the motion function [A 4] and the deformation gradient
of the various constituents, the overall strain of the mixture is equal to the partial overall
strains, E = Eβ = E1 = E2 since F = Fβ = F1 = F2. By substituting Eq. 42 and
Eq. 36 into Eq. 40, based on the isotropic linear thermoelasticity, the partial stress Tβ for
the various constituents ϕβ is

Tβ =
1

ϑβ

[λβ(θ) tr(E) I + 2 µβ(θ)E] +
1

2
I

(
1

ϑβ

− ϑβ

)
[3 λβ(θ) + 2 µβ(θ)] (44)

Notice, the thermal stretch ratio ϑβ(θ) depends also on the temperature. Replacing the
Lamé constant λβ by the compression modulus κβ with

κβ(θ) = λβ +
2 µβ

3
⇔ λβ = κβ −

2 µβ

3
(45)

10
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the partial stress can be written as

Tβ =
1

ϑβ(θ)
[λβ(θ) tr(E) I + 2 µβ(θ)E] +

3

2

(
1

ϑβ(θ)
− ϑβ(θ)

)
κβ(θ) I (46)

If the Lamé constants are taken to be temperature-independent, and if for the thermal
stretch ratio, the approximation ϑβ(θ) ≈ 1 + αβ,0 (θ − θ0) is used, the partial Cauchy
stress Tβ can be expressed by the infinitesimal strain E in form of the Duhamel-Neumann
expression of isotropic linear thermoelasticity [8, 9].

Tβ = λβ,0 tr(E) I + 2 µβ,0 E − 3 αβ,0 (θ − θβ,0) κβ,0 I (47)

Hence, the partial stresses of the phases (1), C and (2), MgO depend on the same strain
E but differ according to the different Lamé constants and CTEs.

5 CONSTITUTIVE EQUATIONS FOR MgO-C FOAMS

The constitutive equation for the MgO-C foams is evaluated using the rule of mixture
for the partial stresses Tβ, whereas the partial stresses are weighted by their volume frac-
tion nβ . The pore pressure p3 is caused by the compression of the mixture, leading to the
compression of the pore gas (phase (3), air). According to Newton’s law ’actio = reactio’,
the pore pressure p3 acts on the both other phases and hence contributes to 100% to
the stress of the mixture. For the overall stress of the MgO-C foams, made of the three
phases, one has

T = − p3 I + n1 T1 + n2 T2 (48)

To describe the evaluation of the pore pressure p under deformation of the mixture,
the ideal gas law was used as equation of state for the pore gas.

p V = n R θ with ρ =
m

V
and M =

m

n
(49)

V denotes to the gas volume, n is the amount of substance, R the ideal gas constant, m
the mass and M the molar mass of the gas. Finally, using the mass balance for the pore
gas (Eq. 23), the pore pressure p3 can be determined by

p3 = ρ3R
0

R θ

Mair

1 − n1
0 − n2

0

detF − n1
0 − n2

0

(50)

6 CONCLUSIONS

In this contribution, we presented a new multiphysics approach for porous media, espe-
cially cellular MgO-C refractories. The key assumption is the use of the theory of porous
media (TPM) with a kinematic coupling of the displacement and temperature fields of
all constituents. It was assumed, that there is no interdiffusion of the three constituents

11
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(MgO, C and pore gas) with the result that the motion functions and hence the defor-
mation gradients of all phases are equal. Linear thermoelasticity with a multiplicative
decomposition of the deformation gradient into an elastic and a thermal part for isotropic
materials according to the Duhamel-Neumann relation was extended to the mixture of
MgO and C phase. The difference in the coefficient of thermal expansion (CTE) leads to
different thermal induced stresses in both phases. For the pore gas, the ideal gas law was
used as equation of state for the evolution of pressure as function of the density and the
temperature. The total macroscopic stress was calculated using the theory of mixture,
inclusing the contributions from the pore pressure and the two solid phases.
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Abstract. In this paper a brief and critical review of the current literature on hydro-mechanical 
coupling is presented. Furthermore, an enhanced discrete element model is used to investigate 
the mutual relationship of soil water retention curve and suction stress curves and how the two 
are affected as a result of change in the initial porosity of the soil sample. The model revealed 
the suction stress values in wetting were less affected as in drying branch as a result of the
change in the initial porosity of the soil sample.

1 INTRODUCTION
Unsaturated soil is a complex medium composed of different phases and interfaces. The 

volume fraction of different phases influences the overall macroscopic behavior of unsaturated 
soil. On the other hand the porous network of unsaturated soil changes under external loading 
and is stress level dependent. Therefore, the volume fraction of different phases changes with 
the stress level and accordingly the topology, connectivity of the porous network, and fluid 
paths change. This means the mechanical behavior of system is saturation dependent and the 
hydraulic behaviour of the system is stress level dependent. This has been referred to as hydro-
mechanical coupling in the literature of unsaturated soil mechanics. There are various studies 
in the literature which investigate each of these phenomena alone and independently and the 
connection of the two is not comprehensively looked into [1]. The soil water retention curves 
for deformable porous media have been explored by various researchers [e.g., 2-4] and the 
dependency of stress measures on the saturation level has been investigated in some others [5]. 
However, these two phenomena are mutually inter-related and it is also of practical importance 
to look into saturation dependent stress measures and stress dependent retention properties in a 
single framework, and not only that, different micro scale and macro scale phenomena are also 
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worth being investigated from this perspective. In this study, a thorough and critical review of 
current literature on the hydro-mechanical coupling is presented and different 
phenomenological and mathematical aspects of hydro-mechanical coupling are discussed.

2 A BRIEF AND CRITICAL DISCUSSION OF THE LITERATURE

Noting the points raised in the introduction section, one will find the following two issues have 
faced less attention in the current literature:

1. Is there any mathematical, and or physical framework to demonstrate the mutual relationship 
discussed above? In other words, such coupled behavior which can be empirically and 
intuitively understood and is widely acknowledged among researchers, should also be 
established and demonstrated via a mathematical and/or physical approach. The benefit of any 
further elaboration on this is better understanding of such coupling and arriving at the better 
options to incorporate it in the current constitutive models and computational tools instead of 
the ad hoc, heuristic and empirical ways of proposing equations for it.

2. One of the important factors influencing the hydro-mechanical coupling is the internal 
structure of the porous medium (i.e., the porous structure of the medium). In other words, the 
effect of stress level on the hydraulic behaviour of the porous media can be different for 
different porous network structures. It can vary in different porous media with various porous 
networks (in networks with mono-modal or bimodal pore size distribution, dissimilar pore 
shapes, different distribution of pores and throats, and coordination number distributions (or 
porous network connectivity). This means a pore and/or grain scale study of the coupled 
phenomena is important to shed light into such coupling. We hereafter refer to this part as 
phenomenological study as with such a tool we can better study different processes and physical 
effects associated with the coupled phenomena.

This paper briefly reports some of the recent works of the authors on these two important 
aspects of coupled phenomena in unsaturated poromechanics. In the following section, we first 
quickly illustrate how such mutual relationship is expected to exist due to the inherent 
mathematical symmetry in the unsaturated system. Afterwards, the DEM approach which is 
employed by the authors to look at hydro-mechanical behaviour of unsaturated soils is 
introduced. Finally concluding remarks are given and further research directions are discussed.

3 A MATHEMATICAL VIEW POINT: INHERENT SYMMETRY

Let W be a strain energy function which represents the free energy of the deformable 
unsaturated medium per a unit initial volume of it. Huyghe et al. (2015) have revealed that the 
following results can be obtained through a systematic formulation of the thermodynamics of
such media [6]:

𝝈𝝈𝝈𝝈𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 1
𝐽𝐽𝐽𝐽
𝑭𝑭𝑭𝑭. 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑬𝑬𝑬𝑬
.𝑭𝑭𝑭𝑭𝑐𝑐𝑐𝑐 (1)

2
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PC = −𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕R𝑤𝑤𝑤𝑤

(2)

In Equation 1, 𝝈𝝈𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆is the so-called effective stress tensor. E specifies the Green strain, and J 
denotes the Jacobian of the deformation gradient tensor (F).

In Equation 2, Pc is capillary pressure which is the pressure difference between air and water.
𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖𝑤𝑤𝑤𝑤 stands for the intrinsic density of the wetting fluid and Rw is Lagrangian apparent density 
of wetting fluid. These two equations are two of the most important equations which can define 
mechanics and hydraulics of the unsaturated mixture. Having a look at the symmetry involved 
in the following equation:

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕R𝑤𝑤𝑤𝑤𝜕𝜕𝜕𝜕𝑬𝑬𝑬𝑬

=
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑬𝑬𝑬𝑬𝜕𝜕𝜕𝜕R𝑤𝑤𝑤𝑤
(3)

If we note that the left hand side is connected to the deformation effect on the values of capillary 
pressure and the right hand side is the effect of change of saturation on effective stress 
relationship, then this equation and the symmetry involved there basically states from an 
energetic view point these two phenomena are mutually interrelated. In fact such relationship 
can be used to establish a formulation for the effective stress in unsaturated soil which is fully 
discussed in Huyghe et al. (2015) and interested reader can refer to that [6].

We now add two other important equations to the set of equations presented above. The soil 
water retention curve (SWRC), defined as follows:

PC = F(SW) (4)

It is worth mentioning that the F function (appearing in Equation 4) could be directly 
thermodynamically/ mathematically obtained, if the exact form of dependencies of W (mixture 
strain energy) was known. In the absence of such knowledge, the numerical and experimental 
approaches are utilized to get insights on the form of F function. Therefore the F function is 
usually determined empirically, most well-known forms of it are Brooks-Corey (BC), Van 
Genuchten (VG), Fredlund and Xing (FX) [7-9] but of course it can also be obtained from 
modeling tools such as discrete element model provided that the model can hydraulically 
represent the unsaturated soil well enough to give results which are within a
reasonable/acceptable range of accuracy. For this purpose, calibration of the model with 
experimental data at the first stage is pursuit. In general, the pore and grain characteristics of 
the model and the medium (and their degree of similarity) can be considered as two most 
influential factors in arriving at a proper estimation of SWRC. Geometry of the grain and the 
intra and inter-aggregate porosities are also of importance.

3
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Not surprisingly there is the same problem with the effective stress defined in Equation (1)
based on the strain energy function of the mixture which leaves us with the option of empirical 
equation for it (of course the effective stress formulation can still be obtained through a 
thermodynamic framework but we need to either assume some dependences for strain energy 
function or for the soil water retention relationship and plug it into the Equation (1) or (2), 
respectively). This is of course subject of a separate study (see for instance Huyghe et al. 2015). 
For the current study, let us consider one of the most famous empirical equations for the 
effective stress in unsaturated soils, known as Bishop Equation [10]:

𝝈𝝈𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 = 𝝈𝝈𝝈𝝈 − 𝑝𝑝𝑝𝑝𝑎𝑎𝑎𝑎𝑰𝑰𝑰𝑰 + 𝜒𝜒𝜒𝜒(𝑝𝑝𝑝𝑝𝑎𝑎𝑎𝑎 − 𝑝𝑝𝑝𝑝𝑤𝑤𝑤𝑤)𝑰𝑰𝑰𝑰 (5)

where 𝝈𝝈𝝈𝝈 is total stress. Hereafter, the first term on the right hand side (the difference between 
total stress and pore air pressure) is called net stress. 𝑝𝑝𝑝𝑝𝑤𝑤𝑤𝑤and pa are wetting phase and nonwetting 
phase pressures, respectively (in our case, water and air). 𝜒𝜒𝜒𝜒 is the so-called effective stress
parameter.

The difference between the effective stress and net stress has been coined by Lu and Likos as 
suction stress [11].

Lu et al. (2010) proposed the following equation for the suction stress [12]:

𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 = 𝝈𝝈𝝈𝝈𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 − (𝝈𝝈𝝈𝝈 − 𝑝𝑝𝑝𝑝𝑎𝑎𝑎𝑎𝑰𝑰𝑰𝑰) = 𝑆𝑆𝑆𝑆𝑒𝑒𝑒𝑒(𝑝𝑝𝑝𝑝𝑎𝑎𝑎𝑎 − 𝑝𝑝𝑝𝑝𝑤𝑤𝑤𝑤)𝑰𝑰𝑰𝑰 (6)

where 𝑺𝑺𝑺𝑺𝒆𝒆𝒆𝒆 is the effective degree of saturation. Here, we have changed their formulation 
regarding the sign convention and we have also rewritten it in a tensorial format.

Therefore, one straight forward way to look into the coupled phenomena and mutual 
relationship stated by Equation 3 is first investigating the effect of stress level on the soil water 
retention curve. The values of effective saturation at each capillary pressure can then be 
employed to look into the effect of stress level or deformation on the stress measures of the 
medium (effective stress or suction stress). This can be done by investigating the suction stress 
at different stress levels or porosity levels, or investigating it, at least (in a most simple way), 
at different initial porosities. For this purpose experimental data or numerical models can be 
employed. Numerical models have this merit that they are not as time consuming as the 
experimental tests and a better control on the physical factors can be achieved but on the other 
hand, at the present, there are lots of simplifying assumptions involved in the numerical 
modeling. That said, due to considerable merits of the numerical model, we have focused on a 
numerical model (discrete element model) here.
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One can notice the mathematical analysis presented above did not elaborate on the hysteresis 
phenomenon (i.e., the difference in the soil water retention curves in drying and wetting as well 
as the other hydraulic paths). However, a possible approach to account for the hysteresis 
phenomenon is considering different parameters for Equation (4) for different hydraulic paths.
Nonetheless, in order to consider the effect of deformation, similar hydraulic paths would need 
to be compared at different states of stress (or measures of deformation). The numerical
simulation presented in this study, thus, includes the variation of suction stress for both drying 
and wetting at different porosity values.

In what follows a modeling tool (discrete element technique) which is capable of capturing the 
main features of unsaturated porous media is employed to model the two sides of hydro-
mechanical coupling. As we are in the preliminary stages of this research, the study presented 
here is limited to first model the effect of different initial porosities on the soil water retention 
curve and then to investigate the suction stress values at different levels of capillary pressure 
for different values of initial porosity (for drying and wetting branches). Therefore, in the 
current study basically the change of initial porosity has been considered as a measure of stress 
level and then drying and wetting paths have been modeled. This means highly collapsible soils 
and/or highly swelling soils are not subject of this study. In order to have a precise model to 
study them, the instantaneous change of porosity as a result of suction change needs to be 
accounted for.

4 THE PHENOMENOLOGICAL STUDY: DISCRETE ELEMENT MODELING OF 
THE COUPLED PHENOMENA
The phenomenological study contains two parts. First simulating the soil water retention curves 
using a Discrete Element Method (DEM). The discrete elements model is calibrated to be 
utilized as a virtual laboratory. It is then employed to obtain the soil water retention curve for 
different initial porosities of the same soil type to account for the effect of stress level. To study 
the other direction of this mutual relationship (the effect of change of porosity on soil water 
retention curve and then consequently on the effective stress state of the medium), the suction 
stress curves under different porosities are obtained using the results of DEM.

The simulation of SWRCs are done in two subsequent stages. First a packing was generated in 
particle model Yade-DEM, and second the SWRC was determined by an implemented quasi-
static two-phase flow module. 

Particle model Yade-DEM is based on the Discrete Element Method (DEM), where particles 
are considered as discrete elements. Each particle is simulated as an elastic sphere. At a contact 
between two particles a force is calculated which is a consequence of elasticity, this is calculated 
using the physical based Hertz-Mindlin mechanics. The elastic force at a contact between two 
particles is given by [13]:
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𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛 = −𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛𝛿𝛿𝛿𝛿𝑛𝑛𝑛𝑛
3
2� (7)

   

𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛 is the inter-particle force at a contact, 𝛿𝛿𝛿𝛿𝑛𝑛𝑛𝑛 is the normal displacement. 𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛 is the contact 
stiffness in the normal direction and is given by:

𝑘𝑘𝑘𝑘𝑛𝑛𝑛𝑛 =
4
3
𝐸𝐸𝐸𝐸∗√𝑅𝑅𝑅𝑅∗

(8)

    

Where 𝐸𝐸𝐸𝐸∗ = �1−𝜈𝜈𝜈𝜈1
2

𝐸𝐸𝐸𝐸1
+ 1−𝜈𝜈𝜈𝜈22

𝐸𝐸𝐸𝐸2
�
−1

, representing the average of Young’s moduli of the two 

particles, 𝑅𝑅𝑅𝑅∗ is the reduced radius and given by 𝑅𝑅𝑅𝑅∗ = 𝑅𝑅𝑅𝑅1𝑅𝑅𝑅𝑅2
𝑅𝑅𝑅𝑅1+𝑅𝑅𝑅𝑅2

For each particle all forces arising from contacts, gravity, and boundary conditions are 
summed and transferred to particle motions (using Newton’s second law). Using Yade-DEM, 
a packing of 4000 spheres was randomly generated with the particle size distribution for Hostun 
sand [14]. The particles were packed by an all-round stress, before a vertical confinement was 
applied. The vertical net-stress was increased until a target porosity was achieved, this was 0.39
[14]. For the inter-particle friction we used that of Labenne sand (17°) and a Poisson ratio of 
0.5 [15]. The particle stiffness was set at 1MPa. However as we used porosity as a measure for 
state-of-stress, the exact particle stiffness is not required to arrive at a certain initial porosity, 
as the confining stress would capture the exact state-of-stress.  

After the target porosity was achieved, an implemented quasi-static two-phase flow 
algorithm was used to obtain points on the SWRC for both drainage and imbibition. First the 
pore geometry was meshed into tetrahedra using Delauney triangulation [16]. Each tetrahedron 
represents one pore-unit and has at each corner one particle. The resulting network of pore-
units was used to simulate the SWRC experiments. The top of the box generated in Yade-DEM 
represented an air reservoir and had an air-pressure (Pa) and at the bottom a water reservoir with 
a water pressure (Pw). As mentioned before, the capillary pressure is defined as PC =Pa-Pw. The 
water saturation in each pore-unit was either one or zero (i.e., small partial water volumes in 
pore units were considered negligible). Initially the packing was saturated with water. At the 
pore-scale the capillary pressure was used to establish whether air will invade during drainage 
or water during imbibition, using the following criteria. Drainage: the invasion criterion was 
based on the entry pressure (Pe) associated with the smallest transect in between two pore units. 
Air invaded if Pc>Pe. Imbibition: the invasion criterion was based on the critical pressure (P)
corresponding to the largest curvature found inside a pore-unit, which is that of an inscribed 
sphere and was calculated following [17]. Water invaded if Pc<Pe. For each invasion of a pore-
unit the connectivity of both water and air phase with their reservoirs was checked, if a residual 
phase was present invasion of that pore-unit did not occur.
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5 RESULTS AND DISCUSSION: SIMULATED SWRCS AND SSCCS FOR 
HOSTUN SANDS

Most granular materials do not contain perfect spherical particles. Therefore, a slightly more 
angular material, sand, is tested. Lins and Schanz (2005) have studied the soil-water retention 
curve in Hostun dune sand, at a porosity of 0.39 [14] The results (Fig. 1) indicate that the 
capillary pressure for both drainage and imbibition is in good agreement with the experimental 
data. We simulated spherical particles in contrast to sand, which typically is more angular, 
although the effect of particle angularity on SWRC is limited [18]. During drainage, the 
irreducible water saturation in angular sands can be present in pendular rings, corners, and as 
disconnected blobs, from which the later one is only accounted for in these simulations. During 
imbibition corner flow can strongly influence snap-off, thus affecting the amount of 
disconnected air blobs. To improve the magnitude of residual air saturation and the irreducible 
water saturation, effects of angularity such as corner flow, should be accounted for. Our above-
mentioned relatively basic simulation of imbibition does, however, still capture the main 
effects.

Fig. 1: Capillary-pressure saturation behavior for Hostun sand, with a porosity of 0.39. 
Experimental data by Lins and Schanz (2005), and model results by quasi-static two-phase flow 
within Yade-DEM.
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Fig 2: Suction stress as function of capillary pressure for Hostun sand at different porosities 
A) drainage and B) imbibition.

To investigate the hysteresis and stress level effects on suction stress, the capillary pressure -
saturation curve of Huston sand at a porosity of 0.39 (Fig. 1) is transferred to suction stress –
capillary pressure curve for drainage (Fig. 2A) and imbibition (Fig. 2B).

It is apparent that larger states of suction stresses are found during drainage than imbibition. 
The effect of porosity on suction stress is investigated by decreasing the porosity from 0.39 to 
0.35 and 0.30. Simulations indicate that a decrease in porosity causes an increase in suction 
stress, as pore sizes become smaller. Such effects are more pronounced in the drying curves as 
compared to the imbibition ones. That can root in the fact that throat radii control the drying
process and they are more easily affected by a change in the porosity and/or an increase in the 
stress level than the radii of pores. The radii of pores control the imbibition and therefore, 
imbibition branches of suction stress are not affected as much as drying branches as a result of 
porosity change.

6 CONCLUDING REMARKS
- Critical evaluation of the literature showed the mutual relationship between stress level 

effects on the capillary pressure and effective stress measure has not yet been well 
studied in the literature. To better investigate such mutual interrelationship, some 
insights based on mathematical symmetry were presented. This issue has extensively 
and comprehensively been explained in a forthcoming publication of the authors [6].

- A discrete element model was employed to elucidate how such mutual relationship 
holds. In particular, we investigated the effect of deformation (change in the initial 
porosity of the soil sample) on the suction stress and soil water retention curve in both 
drying and wetting paths. The utilized discrete element model was first calibrated with 
soil water retention data of one of the samples and was then used to predict the effect 
of porosity change on the suction stress and soil water retention curves.
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Abstract. A parallel fully-coupled approach has been developed for the fluid-structure in-
teraction problem in a cerebral artery with aneurysm. An Arbitrary Lagrangian-Eulerian
formulation based on the side-centered unstructured finite volume method [2] is employed
for the governing incompressible Navier-Stokes equations and the classical Galerkin fi-
nite element formulation is used to discretize the constitutive law for the Saint Venant-
Kirchhoff material in a Lagrangian frame for the solid domain. A special attention is given
to construct an algorithm with exact fluid mass/volume conservation while obeying the
global discrete geometric conservation law (DGCL). The resulting large-scale algebraic
linear equations are solved using a one-level restricted additive Schwarz preconditioner
with a block-incomplete factorization within each partitioned sub-domains. The parallel
implementation of the present fully coupled unstructured fluid-structure solver is based
on the PETSc library for improving the efficiency of the parallel algorithm. The proposed
numerical algorithm is applied to a complicated problem involving unsteady pulsatile
blood flow in a cerebral artery with aneurysm as a realistic fluid-structure interaction
problem encountered in biomechanics.

1 INTRODUCTION

The development of increasingly accurate and reliable simulation tools in hemody-
namics allows to better understand development of cardiovascular diseases, design and
evaluation of medical devices and prediction of surgical outcomes. It is known that hemo-
dynamic factors like the wall shear stress (WSS) play a major role in cardiovascular
diseases. In particular, areas of turbulence, flow recirculation or places where the artery
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wall is subject to low or oscillating shear stress are at higher risk for plaque formation
and disease.

To investigate the influence of hemodynamic factors in blood vessels, we have developed
a parallel fluid-structure interaction (FSI) analysis technique [1] and applied to a compli-
cated problem involving unsteady pulsatile blood flow in a cerebral artery with aneurysm
as a realistic fluid-structure interaction problem encountered in biomechanics. The side-
centered unstructured finite volume method based on an arbitrary Lagrangian-Eulerian
formulation [2] is employed for the governing incompressible Navier-Stokes equations and
the classical Galerkin finite element formulation is used to discretize the constitutive law
for the compressible Saint Venant-Kirchhoff material in a Lagrangian frame. The present
arrangement of the primitive variables leads to a stable numerical scheme and it does
not require any ad-hoc modifications in order to avoid odd-even pressure decoupling or
spurious pressure modes on unstructured meshes [3]. To the authors’ best knowledge, the
present arrangement of the primitive variables is not considered for the FSI problems.
In the present work, a special attention will be given to satisfy the continuity equation
exactly within each element and the summation of the continuity equations can be exactly
reduced to the domain boundary. In addition, a special attention is given to construct
a second-order ALE algorithm obeying the local DGCL [4]. Furthermore, a more com-
patible discrete kinematic boundary condition is enforced at the common fluid-structure
interface in order to satisfy the global DGCL, which is required in order to conserve total
fluid volume/mass at machine precision.

FSI simulations in general can be solved in a monolithic or partitioned way. In the
partitioned approach, separate solvers are utilized for the fluid and structure subprob-
lems. The main advantage of the partitioned approach is the ability to reuse existing
solvers which allows the application of different, possibly more efficient, computational
methods specifically developed for either the fluid or the structure subproblem. Although
the implementation of this approach is relatively easy, it does, however, suffer some seri-
ous drawbacks. The fixed point iterations tend to converge slowly and the iterations may
diverge in the presence of strong fluid-structure coupling due to the high fluid/structure
density ratio which causes to the so-called artificial added mass effect [5]. In a fully cou-
pled (monolithic) approach, the fluid and structure equations are discretized and solved
simultaneously as a single equation system for the entire problem. However, this requires
an efficient numerical technique for the solution of a large system of coupled nonlinear alge-
braic equations, which poses the major challenge of monolithic FSI approaches, especially
in large scale problems. Although monolithic solvers are believed to be too expensive for
use in large-scale problems, more recent studies [6, 7] demonstrate that monolithic solvers
are competitive even in the case of weak fluid-structure interactions problems. In the
present paper, the original system of equations is preconditioned with an upper triangu-
lar right preconditioner which results in a scaled discrete Laplacian instead of a zero block
in the original system due to the divergence-free constraint. Then a one-level restricted
additive Schwarz preconditioner with a block-incomplete factorization within each parti-
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tioned sub-domains is utilized for the resulting fully coupled system. The implementation
of the preconditioned Krylov subspace algorithm, matrix-matrix multiplication and the
restricted additive Schwarz preconditioner are carried out using the PETSc [8] software
package developed at the Argonne National Laboratories.

2 MATHEMATICAL AND NUMERICAL FORMULATION

The integral form of the incompressible Navier-Stokes equations over an arbitrary mov-
ing control volume are discretized using the arbitrary Lagrangian-Eulerian (ALE) based
side-centered finite volume method [2]. In this approach, the velocity vector components
are defined at the mid-point of each cell face, while the pressure term is defined at el-
ement centroids. The present arrangement of the primitive variables leads to a stable
numerical scheme and it does not require any ad-hoc modifications in order to enhance
the pressure-velocity coupling. In the current discretization, the continuity equation is
satisfied within each hexahedral elements at machine precision and the summation of
the discrete equations can be exactly reduced to the domain boundary, which is im-
portant for the global mass conservation. In addition, a special attention is given to
construct a second-order accurate arbitrary Lagrangian-Eulerian algorithm obeying the
discrete geometric conservation law (DGCL) [4]. The classical Galerkin finite element
formulation is used to discretize the governing solid equations for the compressible Saint
Venant-Kirchhoff material. In here, the displacements at any point in the isoparametric
hexahedral element are approximated by a linear combination of the displacements at
the nodal points of the element. The numerical simulation of fluidstructure interaction
problems requires to fulfill two coupling conditions: the kinematic and the dynamic con-
tinuity across the fluid-solid interface at all times. The kinematic boundary condition
on the fluid-structure interface is driven by requiring continuity of the velocity while the
dynamic condition means that the equilibrium equation holds for the surface traction at
the common fluid-structure interaction boundary. However, the problem with the clas-
sical application of kinematic boundary condition is that the discrete equations are not
compatible with the global DGCL and the total volume/mass of the fluid domain will
not conserved at machine precision if an incompressible fluid is fully enclosed in the solid
domain. A more compatible application of the kinematic boundary condition is given
in [1] in order to conserve total fluid volume/mass at machine precision. In the present
paper, the original system of equations is preconditioned with an upper triangular right
preconditioner which results in a scaled discrete Laplacian instead of a zero block in the
original system due to the divergence-free constraint. Then a one-level restricted addi-
tive Schwarz preconditioner with a block-incomplete factorization within each partitioned
sub-domains is utilized for the resulting fully coupled system. The implementation of
the preconditioned Krylov subspace algorithm, matrix-matrix multiplication and the re-
stricted additive Schwarz preconditioner are carried out using the PETSc [8] software
package developed at the Argonne National Laboratories. The METIS library [9] is used
to partition the computational domain for a balanced domain decomposition.
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3 NUMERICAL RESULTS

In this section, the numerical method is applied to a more complicated problem involv-
ing unsteady pulsatile blood flow in a cerebral artery with aneurysm. The geometry of the
arterial lumen is taken from the work of Marchandise et al. [10]. The average radius of the
arterial lumen is 0.1075cm at the inlet and the values are 0.0855cm and 0.0729cm at the
two outflow ends. All hexahedral conforming mesh generation for the present geometry
is rather challenging and the DISTENE MeshGems-Hexa algorithm based on the octree
method is used to generate the initial all hexahedral conforming coarse mesh. Then the
CUBIT Geometry and Mesh Generation Toolkit developed at the Sandia National Lab-
oratories [11] is employed to refine the initial mesh with optimization-based smoothing
techniques. The boundary layer mesh is constructed by extruding the mesh in the out-
ward normal direction. However, this approach is not suitable for the construction of the
mesh for the vascular wall due its relatively large thickness which leads to untangled ele-
ments. For this purpose, we use the radial basis function (RBF) based mesh deformation
algorithm given in [2] which moves the coarsened number of mesh vertices on the lumen
surface in the outward normal direction exactly with a distance of 0.02cm, meanwhile
the rest of vertices on the lumen surface vertices are moved using the RBF interpolation.
In addition, we added two layers of hexahedral meshes at the inflow and outflow ends
in order to make these surfaces planar. The computational mesh shown in Figure 1-a
consists of 501,065 vertices and 472,794 hexahedral elements for the fluid domain. The
solid domain is constructed using 5 layers of hexahedral elements across the arterial wall
and consists of 262,870 vertices and 262,275 elements leading to 7,364,244 DOF for the
whole domain.

The boundary condition at the inflow is set to the periodic velocity boundary condition
across a single cell distance with the time-dependent prescribed mass flow rate given in
[12]. The time variation of the cross-sectional average velocity at the inlet is provided
in Figure 1-b. At the outflow the natural (traction-free) boundary condition is imposed.
Although more realistic outflow conditions such as the resistive boundary condition [13]
may be applied, neither the resistance parameter nor the physical properties of the arterial
system is available to us. For the solid domain, the arterial walls are clamped near to the
inflow and a Neumann homogeneous boundary condition is applied on the other ends of
the structure as in the work of Crosetto et al. [14]. On the exterior surface of the solid
domain, we impose the following condition due to the support of exterior tissue [14]

σsn+ αsd = 0 (1)

with αs = 1× 104. Rayleigh damping [C] = α[M ] + β[K] with α = 6× 103 and β = 0 is
also introduced in order to model the damping effect of surrounding tissue. The present
simulations are carried out with a constant time step of 0.004s. In these simulations, the
blood is assumed to be a Newtonian fluid and the material properties are provided in
Table 1.
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The numerical simulation of the blood flow within the present saccular aneurysm is pre-
sented by Salmon et al. [15] by assuming that the vessel wall is rigid. The non-dimensional
Reynolds number based on the peak cross-sectional average velocity and the trunk radius
at the entrance cross section Re = ρf ŪmaxR̄/µf is equal to 159.38. The Womersley num-
ber, based on the trunk radius at the entrance cross section Wo = R̄

√
ω/νf equals to

1.6 with an angular frequency of ω = 2π rad/s. The Strouhal number St = ωR̄/Ūmax is
0.016. In the current numerical simulations, the vessel wall is modelled as an isotropic
hyperelastic material using the compressible Saint Venant-Kirchhoff model. The present
numerical calculations are started impulsively and the numerical solutions presented in
here correspond to third cardiac cycle. The velocity vector magnitude contours are pre-
sented in several planes normal to y−axis along with the stream traces in Figure 2-a at

[a] [b]

Figure 1: The computational all hexahedral conformal mesh with 735,069 hexahedral elements and
763,935 nodes (7,364,244 DOF) for fluid and solid domains [a] and the time variation of the total mass
flow rate at inlet [b].

Table 1: Material properties.

Fluid
Density ρf [g/cm3] 1

Dynamic viscosity µf [g/cmṡ] 0.04

Solid
Density ρs [g/cm

3] 1.2

Poisson ratio νs 0.45

Young modulus Es [dynes/cm
2] 6× 106

5
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[a] [b]

Figure 2: The computed velocity vector magnitude contours at several planes normal to y−axis with
streamtraces [a] and the arterial wall displacement [b] at t = 2.2s

t = 2.2s. The velocity contours indicate that a low velocity zone exists towards to the
end of the saccular aneurysm. In addition, a large swirl is observed within the saccular
aneurysm. Furthermore, three-dimensional Dean vortices are observed within the two
curved branches of the saccular aneurysm. These three-dimensional flow structures may
be seen more clearly from Figure 3-b. The simulations also indicate that the initial artery
wall deformation at the inlet section is not radially symmetric due to the elliptical geome-
try of the inlet cross section. The maximum deformation is observed at the middle of the
bifurcation of the branch where the lumen surface curvature is very small, as seen from
Figure 2-b. In these simulations, it is important to impose the support due to exterior tis-
sue since the branches tend to move away from each other due to the employed Neumann
homogeneous boundary condition at the outlets. The computed wall shear stress (WSS)
lines in Figure 3-a indicate separation line just before the saccular aneurysm. Large shear
stresses are also observed close to the shoulder of the branch bifurcation. However wall
shear stress is rather low towards to the end of the saccular aneurysm where the velocity
magnitude is relatively low. It should be noted that the use of present octree based all
hexahedral meshes leads to a more effective solution technique since the background mesh
consists of mostly uniform Cartesian meshes. Therefore, the combination of the present
algorithm with the octree based mesh generation is very efficient for treating complex
FSI problems. However, we should mention that there are still open issues related to all
hexahedral conformal mesh generation [16].

6
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[a] [b]

Figure 3: The wall shear stress lines [a] and the vertical velocity component contours with the 3d
streamtraces [b] at t = 2.16s.

4 CONCLUSIONS

The parallel monolithic approach [1] has been applied to the unsteady pulsatile blood
flow in a cerebral artery with aneurysm. The governing equations for the incompressible
Navier-Stokes equations for the fluid dopmain is discretized using the side-centered finite
volume method based on an Arbitrary Lagrangian Eulerian formulation meanwhile the
nonlinear Saint Venant-Kirchhoff equations for the solid domain is discretized using the
classical Galerkin finite element. The continuity equation is satisfied within each element
exactly and the summation of the continuity equations can be exactly reduced to the do-
main boundary, which is important for the global mass conservation. In addition, a special
attention is given to construct a second-order ALE algorithm obeying the DGCL. Fur-
thermore, a more compatible application of kinematic boundary condition is introduced
at the common fluid-structure interface in order to conserve total fluid volume/mass at
machine precision. The resulting large-scale nonlinear equations from the discretization
of fluid and solid domains are solved in a fully coupled form using a monolithic approach
based on a one-level restricted additive Schwarz preconditioner with a block-incomplete
factorization within each partitioned sub-domains.
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Summary. This paper presents advanced methods of image segmentation suitable for 
automatic recognition of the human liver and its vessel system, but in general could be used to 
segment any organ or body tissue. The comparison of studied methods is being made in terms 
of segmentation quality and algorithm speed. The main criterion for quality evaluation of each 
selected method is the level of conformity between the automatically recognized boundary 
and the reference boundary specified by experienced user. For all the tests sequences of CT 
and MRI images were used.

1 INTRODUCTION 
Nowadays digital image processing and analysis is extensively used in different areas of 

human activities. One of these fields is medicine, where the enormous amount of data has to 
be processed. In diagnostic medicine, radiologists use for example computed tomography 
(CT) or magnetic resonance imaging (MRI) to help diagnose diseases or to perform surgical 
procedures. Although those high-end technologies are very sophisticated and developed, there 
is still room for improvements especially in the area of post-processing. For example to plan 
the liver resection, surgeon will need an accurate 3D model of a liver with its vessel system. 
To visualize 3D data, volume rendering method is available and can be used directly. 
Disadvantage of this technique is that it does not provide any other information than 3D 
models for visualization itself. To obtain models for hemodynamics simulations or even 
models where volume of certain part of the model could be measured, methods of advanced 
image processing have to be used. 

The keystone of the digital image processing methods is an image segmentation which 
works with pixel intensity levels. Segmentation methods like those based on regions (region 
growing) [1, 2, 3], thresholding (Otsu’s methods) [1, 4], clustering (k-means clustering) [1, 5, 
6] and others are available. Those techniques used solely without any further processing are 
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usually sufficient in cases where different parts of the image have significant differences in 
intensities of pixels like in cases of bones segmentation. The soft tissues like liver and its 
vessel system are much more challenging due to low contrast and direct influence of other 
organs which have the same intensity levels of the pixels. 

In the paper three main image segmentation algorithms with other pre- and post-processing 
procedures are used for automatic image segmentation. Segmentation is used to recognize 
liver tissue and liver vessel system. The first segmentation algorithm is based on region 
growing [1, 2, 3], the second one works with multi Otsu’s algorithm [1, 4] and the third one is 
based on k-means clustering [1, 5, 6]. In the paper comparison of above mentioned techniques 
and procedures in terms of segmentation quality and speed is provided. The main criterion for 
quality evaluation of each segmentation method is the level of conformity between the 
automatically recognized boundary and the reference boundary made by specialist. For all the 
tests sequences of CT and MRI images were used. Each modality of the input data had at least 
two different sources. One served as training data in the preparation phase and the other one 
was used for testing of the proposed methods. Combining three main segmentation algorithms 
and selected pre- and post-processing procedures five different methods for liver 
segmentation were used in total. Multi Otsu algorithm and k-means algorithm were then used 
to create two methods for segmentation of the liver vessel system. 

Paper is organized in the following manner: in section 2 we present detailed description of 
each automatic segmentation method used for liver and the liver vessel system; in section 3 
description of the image data selected for the tests is provided; section 4 describes evaluation 
method; in section 5 results of the evaluation are shown; section 6 discusses the results; 
section 7 brings the conclusion. 

2 AUTOMATIC SEGMENTATION METHODS 
In this section description of the main segmentation methods is provided in more detail. 

All necessary steps for pre- and post-processing of the data are also described. 
Introduced methods are considered as automatic in case we know at least one point within 

the segmented object. In case of liver segmentation it is a point inside the liver. For 
segmentation of vessel system we have to define one point inside the vessel system. Methods 
for determination of such point or points are described in more details in [7, 8]. 

2.1 Region growing algorithm 
In general region growing algorithm is one of the region based techniques. This algorithm 

partitions an image into regions that are similar according to a set of predefined criteria [1, 2, 
3]. 

In our case we use a region growing algorithm that groups every pixel around the seed 
point to one group. To add new pixel to the group, intensity of that particular pixel is 
evaluated and it is added to the group only if its intensity does not exceed the mean intensity 
of the group more than the tolerance. The region is grown in 4-neighbourhood manner (north, 
south, east and west) around the seed pixel, while in total 8-neoghbours are available around 
the pixel. 
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2.2 Multi Otsu algorithm 
Multi Otsu algorithm [1, 4] uses multilevel thresholding to segment the image. It works 

with pixel intensity levels. Histogram of an image is divided into M classes. The number of 
classes is user defined parameter. To divide the histogram into M classes M-1 thresholds are 
necessary. Optimal threshold values are chosen is such a way that between-class variance is 
maximized. Every pixel in the image is then classified into one of the M classes based on the 
rule described in (1). 

1

1 2

1

( , ) 1 ( , )
2 ( , )

( , )M

g i j for f i j T

for T f i j T

M for T f i j−

= <
= ≤ <

= ≤
⋮ ⋮ ⋮ ⋮

(1)

where f(i,j) is image pixel and g(i,j) is pixel after classification into one of the M classes. 

2.3 K-means clustering 
K-means clustering is image segmentation algorithm based on clustering. This algorithm 

partitions n pixels into k clusters, where k is integer value that holds k<n. K-means algorithm 
classifies pixels in an image into k number of clusters according to some similarity feature 
like grey level intensity of pixels and distance of pixel intensities from centroid pixel intensity 
[1, 5, 6]. The algorithm works in the following way: 

(i) Selection of k clusters (it is a user defined parameter) 
(ii) Calculation of the total number of image pixels N
(iii) Random selection of k initial pixel intensity centroids µj

(iv) Calculation of distances Dij between pixel xi and each centroid µj as in (2). 
Particular pixel xi is then classified to cluster cj to which centroid it has the smallest 
distance 

2( )ij i jD x µ= − (2)

where i=1÷N and j=1÷k. 

(v) Re-calculation of centroid positions µj as a mean value from all pixel intensities 
which belong to cluster cj. 

1

1 jl

j i
ij

x
l

µ
=

= ∑
(3)

where lj is a number of pixels that belong to cluster cj. 

(vi) Steps (iv) and (v) are repeated until classification of image pixels does not change 
or equivalently centroids do not move. 

2.4 Pre-processing procedures 
Before image segmentation could be performed images have to be pre-processed to reduce 

noise. Different noise reducing filters are available. In this paper adaptive Wiener filter was 
used for this purpose. Adaptive Wiener filter is based on statistics estimated from a local 

127



Petr Strakos, Milan Jaros, Tomas Karasek, Tomas Kozubek, Petr Vavra and Tomas Jonszta. 

4

neighborhood of each pixel [9]. 
Determination of necessary parameters for the three segmentation algorithms to run 

without further user intervention could be also considered as one of the steps of the pre-
processing stage. In case of region growing algorithm optimal intensity tolerance was 
determined. In case of multi Otsu algorithm optimal number of dividing classes was 
determined and in case of k-means algorithm optimal number of segmenting clusters was 
determined. During the preparation phase series of ten images was segmented. Optimized 
parameter of each segmentation algorithm has varied in particular user defined band over each 
image and volumetric overlap error (VOE) (see section 4) was evaluated for every 
segmentation. Lowest sum of VOE values over all images specified the optimal value of the 
parameter to be used in the test phase. This part of pre-processing can be thus considered as a 
reference model for the segmentation. The reference model supplies necessary parameters so 
the segmentation of test images can run automatically. 

2.5 Post-processing procedures 
To obtain boundaries of segmented objects flooding of segmented regions is performed. 

This is the main post-processing operation. Extracted boundaries can then be approximated by 
closed cubic spline. This is the case of liver segmentation where such smoothing of the 
boundary suits the expected shape of the liver. In case of vessel system segmentation only 
area flooding with the boundary extraction without spline approximation was used. 

For area flooding with boundary extraction we used modification of the basic 4-directional 
flood-fill algorithm [10]. Modification resides in marking the boundary pixel every time the 
flooding boundary is met and not only flooding the area without creating the boundary. User 
can also size the flooding element of square shape above the 1 pixel minimum. This 
modification is used to minimize the flooding of the areas with narrow connections to the 
main area. These areas usually occur in over-segmented images (more area is being 
segmented as part of the segmented object). 

For the spline approximation we used periodic cubic spline [11] to smooth the segmented 
boundary of the liver. 

Based on the specified post-processing procedures five different methods to segment the 
liver and two different methods to segment the vessel system have been evaluated in this 
paper. For liver segmentation it was: 

(i) Multi Otsu method with 8 or 5px flooding element (Multi Otsu 8(5)px flood) 
(ii) Multi Otsu method with 1px flooding element (Multi Otsu) 
(iii) K-means method with 8 or 5px flooding element (K-means 8(5)px flood) 
(iv) K-means method with 1px flooding element (K-means) 
(v) Region growing method (Region growing) 

For vessel system segmentation it was: 

(i) Multi Otsu 1px flooding element without spline approximation (Multi Otsu) 
(ii) K-means 1px flooding element without spline approximation (K-means) 
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3 SELECTED IMAGE DATA 
All evaluated methods were tested on two different modalities of the image data. We used 

data from the computed tomography (CT) and from the magnetic resonance imaging (MRI). 
All CT data had resolution of 512x512 pixels while MRI data had resolution 256x256 pixels. 
Publicly available DICOM database [12] was used as a source of data. Presented methods 
were used to segment the liver and the liver vessel system. Evaluated methods first proceeded 
through the preparation phase to establish settings which were then used in the test phase. 
Beside the different modalities, images from different patients were used as well. In 
preparation phase methods worked with series of ten images while the test phase performed 
on two images. Images in preparation phase always differ from those in the test phase. In 
Figure 1 example of two different modalities of the image data is shown. 

Figure 1: Example of the CT (left) and MRI (right) modality of the used image data 

4 EVALUATION METHOD 
Comparison of presented segmentation algorithms is based on computational time and 

segmentation quality. 
Since each method ran in the preparation phase to establish important setting values which 

are then used in the subsequent test phase, two different runtime values were measured. First 
was the preparation phase runtime and the second was the test phase runtime. 

Concerning the segmentation quality, several metrics are available [13, 14] which compare 
the segmentations with the manually segmented reference made by trained specialist. In this 
paper we use two metrics based on volumetric overlap. It is volumetric overlap error (VOE) 
and relative volume difference (RVD). As the main criterion for quality evaluation of each 
selected technique VOE is used. In section 5 where results are presented we use the mean 
VOE of two test images for the quality evaluation. 

4.1 Volumetric overlap error 
The volumetric overlap error (VOE) is given in percent and it calculates the error between 

two sets of pixels A and B as described in (4). 
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A B
VOE 100 1

A B
 

= ⋅ −  
 

∩
∪

(4)

One of the pixel sets stands for the reference and the other one for the segmented set. 
Which set is which, whether A or B, does not matter as we calculate union and intersection 
between the sets. The 0 value of the volumetric overlap error means that there is a perfect 
match between the sets A and B. Value of 100 means that the pixel sets A and B do not 
overlap at all. The reason why this metric was used is that it is one of the most popular 
method for evaluation of the segmentation accuracy.

4.2 Relative volume difference 
The relative volume difference (RVD) is also given in percent and it is calculated between 

two sets of pixels A and B by the equation (5). 

A B
RVD 100

B
 −

= ⋅   
 

,
(5)

In equation (5) A stands for the segmented pixel set and B stands for the reference pixel 
set. The 0 value of equation (5) means both pixel sets have the same volume and in this sense 
they are identical. It has to be noted that this does not imply that A and B are identical, or 
overlap with each other. This is the drawback of the RVD method in comparison with VOE. 
On the other hand the RVD metric gives direct volumetric information. The RVD is a signed 
value and thus it also gives a good insight whether the method tends to over- or under 
estimate total volume. This is the main reason why RVD metric was used in this paper. 

5 RESULTS 
As mentioned earlier, tests were performed on two different images in each modality (CT 

and MRI) for liver segmentation and also on two images in each modality for vessel system 
segmentation. Results in Table 1 show numerical values for CT vessels segmentation. Images 
after segmentation are depicted in Figure 2. In Table 2 and Figure 3 results of CT liver 
segmentation are provided. Results for MRI modality are listed in Table 3 and Figure 4 in 
case of vessel segmentation. Results for MRI liver segmentation are listed in Table 4 and 
Figure 5. All results were obtained on PC with Intel Core i3, 1.9 GHz, with 4GB of RAM and 
MATLAB R2014a. 

Table 1: Vessel segmentation results on two test CT images for evaluated methods. Mean VOE value 
calculated as mean from VOE values on each image. 

 Prep. 
Runtime 

(~100 
iterations) 

[s] 

Runtime 
Image 1 

[s] 

VOE 
Image 1 

[%] 

RVD 
Image 1 

[%] 

Runtime 
Image 2 

[s] 

VOE 
Image 2 

[%] 

RVD 
Image 2 

[%] 

Mean 
VOE 
[%] 

K-means 1174 6.1 57.959 11.640 5.3 62.014 7.931 59.987 

Multi Otsu 28 2.9 58.576 -14.768 2.3 65.825 -27.500 62.201 
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a) b) c) d) 

Figure 2: Vessel segmentation results on two CT test images for evaluated methods. Red line is reference, blue 
line is segmentation. a) K-means, image 1; b) K-means, image 2; c) Multi Otsu, image 1;d) Multi Otsu, image 2 

Table 2: Liver segmentation results on two test CT images for evaluated methods. Mean VOE value 
calculated as mean from VOE values on each image. 

 Prep. 
Runtime 

(~100 
iterations) 

[s] 

Runtime 
Image 1 

[s] 

VOE 
Image 1 

[%] 

RVD 
Image 1 

[%] 

Runtime 
Image 2 

[s] 

VOE 
Image 2 

[%] 

RVD 
Image 2 

[%] 

Mean 
VOE 
[%] 

Multi Otsu, 
(8px flood) 

355 4.8 4.623 -2.966 3.9 4.937 2.158 4.780 

K-means, 
(8px flood) 

1190 10.5 4.860 -3.770 9.9 5.407 -2.162 5.134 

K-means 1190 13.0 6.044 -2.077 12.5 7.811 7.765 6.928 

Multi Otsu 355 5.0 6.959 3.131 5.4 7.943 7.912 7.451 

Region 
growing 

499 5.3 6.186 -5.675 5.7 9.613 -8.493 7.900 
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a) b) c) d) 

e) f) g) h) 

  

i) j)   

Figure 3: Liver segmentation results on two CT test images for evaluated methods. Red line is reference, blue 
line is segmentation. a) Multi Otsu (8px flood), image 1; b) Multi Otsu (8px flood), image 2; c) K-means (8px 
flood), image 1; d) K-means (8px flood), image 2; e) K-means, image 1; f) K-means, image 2; g) Multi Otsu, 

image 1; h) Multi Otsu, image 2; i) Region growing, image 1; j) Region growing, image 2
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Table 3: Vessel segmentation results on two test MRI images for evaluated methods. Mean VOE value 
calculated as mean from VOE values on each image. 

 Prep. 
Runtime 

(~100 
iterations) 

[s] 

Runtime 
Image 1 

[s] 

VOE 
Image 1 

[%] 

RVD 
Image 1 

[%] 

Runtime 
Image 2 

[s] 

VOE 
Image 2 

[%] 

RVD 
Image 2 

[%] 

Mean 
VOE 
[%] 

Multi Otsu 12 1.2 78.681 -78.681 0.9 62.334 27.632 70.508 

K-means 230 1.7 79.147 -79.147 0.9 62.589 25.804 70.868 

a) b) c) d) 

Figure 4: Vessel segmentation results on two MRI test images for evaluated methods. Red line is reference, blue 
line is segmentation. a) Multi Otsu, image 1; b) Multi Otsu, image 2; c) K-means, image 1;d) K-means, image 2 

Table 4: Liver segmentation results on two test MRI images for evaluated methods. Mean VOE value 
calculated as mean from VOE values on each image. 

 Prep. 
Runtime 

(~100 
iterations) 

[s] 

Runtime 
Image 1 

[s] 

VOE 
Image 1 

[%] 

RVD 
Image 1 

[%] 

Runtime 
Image 2 

[s] 

VOE 
Image 2 

[%] 

RVD 
Image 2 

[%] 

Mean 
VOE 
[%] 

Multi Otsu, 
(5px flood) 

72 1.3 11.538 2.035 1.3 18.585 3.350 15.062 

K-means 321 3.1 17.940 -10.940 3.4 22.167 2.849 20.054 

K-means, 
(5px flood) 

321 2.6 32.661 -31.220 3.0 12.308 7.278 22.485 

Region 
growing 

96 1.9 26.490 -20.432 1.5 18.632 3.530 22.561 

Multi Otsu 72 3.0 22.176 21.340 1.8 23.337 19.497 22.757 
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a) b) c) d) 

e) f) g) h) 

  

i) j)   

Figure 5: Liver segmentation results on two MRI test images for evaluated methods. Red line is reference, blue 
line is segmentation. a) Multi Otsu (5px flood), image 1; b) Multi Otsu (5px flood), image 2; c) K-means, image 
1; d) K-means, image 2; e) K-means (5px flood), image 1; f) K-means (5px flood), image 2; g) Region growing, 

image 1; h) Region growing, image 2; i) Multi Otsu, image 1; j) Multi Otsu, image 2 

6 DISCUSSION 
By comparing automatic segmentation methods we could observe that the best results are 

obtained on CT modality when segmenting the liver tissue itself. CT modality brings two 
times higher resolution in comparison with MRI (see section 3). The lowest VOE value of 
4.780 % is obtained by multi Otsu (8px flood) method. Possibility to restrict the flood fill 
algorithm to 8 pixels helps a lot since the plain method with 1 pixel flooding tends to over-
segment. This is true also for k-means method in CT liver segmentation, see Table 2 and 
Figure 3. On the other hand region growing method tends to under-segment as can be seen in 
Table 2. This is why restriction of flood fill algorithm to higher pixel values has not been used 
for region growing method. 

For the MRI modality of the liver tissue segmentation, multi Otsu (5px flood) is a best 
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performing method with VOE value of 15.062 %. Restriction of the flood fill algorithm does 
bring improvements only in the case of multi Otsu method which tends to over –segment in 
its non-restricted version. 

From Table 1 and Table 3 can be observed that segmentation of the liver vessel system 
performs better on CT than MRI images. In case of CT the best VOE value of 59,987 % is 
produced by k-means method as shown in Table 1. In case of MRI images segmentation 
methods show almost identical results with VOE around 71 % as visible from Table 3. 

Concerning the runtimes, long runtimes in preparation phase can be explained by high 
number of evaluations (10 evaluated images, each image processed approx. 10 times). Highest 
runtimes occur for k-means method. This is caused by the fact that k-means method execution 
time depends on initial setting of cluster centroids. If initial setting is far away from optimum, 
k-means takes long. 

7 CONCLUSION 
It has been shown that best performing segmentation method for liver segmentation is 

multi Otsu method with restriction of flood fill algorithm. 
There is significant difference in segmentation quality when segmenting CT or MRI 

modality. This is due to two times less image information in MRI images in comparison to 
CT images. Therefore CT images appear as more suitable for the used segmentation 
techniques. 

Segmentation of the liver vessel system does not show any particular advantage of any 
used methods. Slightly better results are obtained in case of CT data, which can be again 
explained by the fact that CT data contain two times more image information than MRI data. 
Problems in vessel segmentation are caused mainly by the presence of noise. It happens that 
small vessels simply disappear in the noise. 

For a future work tested methods need to be effectively applied to the sequence of 
consecutive images covering the whole liver area. For segmentation of the liver vessel system 
different and more proper methods have to be searched since the presented methods are not 
very effective. 
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Abstract. High fidelity CFD/FE FSI (Computational Fluid Dynamics/Finite Element Fluid-
Structure Interaction) code development and validation by full-scale experiments is presented, 
for the analysis of hydrodynamic and structural slamming responses. A fully instrumented 9 
meter high speed-planing hull with sterndrive is used. Starboard and port bottom panels are 
constructed with different composite materials and fiber orientations, allowing for study of the 
relation between structural properties and slamming. The code CFDShip-Iowa is employed 
for CFD simulations and the commercial FE code ANSYS is used as structural solver. The 
hydrodynamic simulations include captive (2DOF without sterndrive) and 6DOF free running 
conditions for various Froude numbers in calm water and regular waves. Calm water 
simulations compares well with the experimental data and 1D empirical data provided by the 
sterndrive manufacturer for resistance, heave, pitch and roll motions. Numerical one-way 
coupling FSI is performed in head and following regular waves representative of sea-trial 
conditions, using FE models for two bottom panels. The resulting strains are compared with 
experimental data showing a good qualitative and quantitative agreement. 

1 INTRODUCTION 
Slamming impact loads are a critical factor in the structural design, performance and safety 

of ships, especially for high speed planing hulls.  The complex physics of the fluid-structure 
interactions are not well understood.  Experimental studies have primarily involved wedge 
drop tests, while model or full-scale ship test data is limited. USNA model planing hull 
slamming pressures and accelerations are reported in [1]. Current prediction methods are 
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largely empirical or use analytical [2] or potential flow-FE methods, often for 2D sections or 
idealized geometries.  Studies have demonstrated the effectiveness of CFD in slamming 
analysis, including uncertainty quantification for regular/irregular waves using the Delft 
catamaran [3] and validation for regular/irregular waves for Fridsma model [4] and USNA 
model including slamming pressures [5]. Most slams show both primary re-entering (the bow 
enters the wave face) and secondary emerging (the bow impacts the wave crest) pressure 
peaks, whereas some show only re-entering pressure peaks, which is more typical of wedge 
drop and full-scale displacement ship test data.  Extreme event slams (about twice standard 
deviation) correlate with three consecutive incoming wave lengths close to ship length with 
large steepness. Accelerations and pressure display Froude scaling.   

The present collaborative research utilizes an instrumented slamming load test facility 
(high-speed planing hull - Numerette) for full-scale experimental validation of high-fidelity 
CFD/FE fluid-structure interaction.   

The simulation environmental conditions model 
the experiments for head and following waves. 
Hydrodynamic calm water and seakeeping 
validation uses limited Numerette data along with 
1D Mecury Marine system based predictions and 
other planing hull data, respectively.  Initial one-
way coupling fluid-structure interaction validation 
uses Numerette strain data from strain gages 
embedded in bottom composite sandwich panels, 
collected by an onboard data acquisition system. 

2 COMPUTATIONAL METHODS 
The FSI study is performed by means of CFD/FE coupling routines. One-way coupling is 

realized by application of the hydrodynamic loads on the structure. CFDShip-Iowa V4.5 [6] is 
used as high-fidelity solver for the flow field, whereas ANSYS Mechanical APDL V14.5 is 
used to solve the structural displacements and strains. 

The CFDShip-Iowa is an overset, block structured CFD solver designed for ship 
applications. Absolute inertial earth-fixed coordinates are employed with turbulence model k-ε/k-
ω based isotropic and anisotropic RANS. A single-phase level-set method is used for free-
surface capturing. Dynamic overset grids use SUGGAR to compute the domain connectivity. 

ANSYS Mechanical is a comprehensive commercial code for structural FE analysis. A 
fully transient dynamic analysis is used to determine the dynamic response of the structure 
under the action of time-dependent loads. It includes structural nonlinearities and utilizes the 
Newmark time integration method to solve the FE equations. 

The one-way coupling method consists of computing the forces acting on the structure 
using CFD, assuming rigid-body motion of the entire ship, and then applying the forces on the 
elastic model of the panels. The response is determined in one way, since the deformed 
geometry is not fed back into the CFD solver. In a two-way coupling approach, the flow field 
and the elastic deformations are computed by feeding back the elastic motions of the structure 
into the CFD solver. A tradeoff between one- and two-way coupling methods consists in 
extending the former, using the wet elastic modes of the structure. This requires the modeling 
of added mass and damping due to the elastic deformation of the body in water. The 

 

 
Figure 1: Slamming load test facility 
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acceleration of the water due to the body deformation is not taken into account in the CFD 
solver. In general, the use of a feedback (two-way coupling) is required when large 
deformation significantly affects the flow field. In this work, the one-way coupling method is 
used for preliminary qualitative/quantitative analysis and comparison with experimental data. 

Specifically, CFDShip-Iowa provides the hydrodynamic loads in terms of distribution of 
force per unit area over the ship hull surface. The force distribution is given for the CFD grid 
points and in the CFD coordinate system. A coordinate transformation is applied in order to 
provide the force distribution on the FE model, which has its own coordinate system. The 
interpolation of the loads on the FE grid points is carried out using Gaussian quadrature. The 
structural problem is solved by ANSYS for displacements, strains and stresses. CFD/FE 
numerical results are validated by comparison with experimental strain data. 

3 EXPERIMENTAL SETUP 
The slamming load test facility is a 9 meter long 1.9 meter wide steel/composite boat 

designed and manufactured by Grenestedt [7].  The boat structure consists of a welded AL-
6XN stainless steel frame and composite sandwich panels.  The boat has a top speed of 
approximately 27 m/s and a full load displacement of 2450kg. 

 

 
Figure 2: Slamming load test facility layup 

To facilitate comparison of different panel constructions, the 10 bottom panels have varied 
composite layups. All bottom panels are vacuum infused with vinyl ester resin and use a 
Divinycell H250 foam core but vary in both reinforcement types and fiber direction. The 
results presented will focus on the behavior of panels in bay 4.  The layup of these panels is 
given in Table 1.  

Table 1: Slamming load test facility bay 4 bottom panel layup 

 Bay 4 Port Panel Bay 4 Starboard Panel 
Top 

 
 

Bottom 

2 layers DBL700 (0°, ±45°)* 
Divinycell H250 Foam core 
3 layers DBL700 (0°, ±45°)* 
1 layer L(X) 440-C10 (0°)* 

2 layers DBL700 (0°, ±45°)** 
Divinycell H250 Foam core 
3 layers DBL700 (0°, ±45°)** 
1 layer L(X) 440-C10 (0°)* 

 * 0° parallel to keel 
 ** 0° perpendicular to keel 

 
Devold AMT DBL700 triaxial carbon and L(X) 440-C10 unidirectional carbon 

reinforcements are used in both port and starboard bay 4 panels, but the orientation of the 
DBL700 differs resulting in a large difference in stiffness.   

The slamming load test facility is instrumented with strain gages on both inner and outer 
skins of the bay 4 bottom panels. Vishay CEA-06-250UN-350/P2 and CEA-06-250UT-
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350/P2 gages were used in quarter bridge configuration to measure strain parallel and 
perpendicular to the keel in the center of each panel.  National Instruments NI-9237 signal 
conditioning and ADC modules were used to acquire 24 bit strain data at 50 kHz per channel.  
This data was filtered to 5 kHz in post processing. 

Modal tests of the dry structure were conducted by exciting the panels at a number of grid 
points using an instrumented impact hammer and measuring the response with an 
accelerometer.  The least squares complex exponential method was used to extract modal 
parameters. A National Instruments NI-9234 signal conditioner was used with the PCB 
Piezotronics 086c03 modal analysis impact hammer and 352c04 accelerometer. 

Sea trials were conducted in the Atlantic Ocean near the Barnegat Inlet in Barnegat Light, 
NJ. Multiple tests, each with duration of 5-10 minutes, were performed.  The strain gages 
were zeroed when the craft was at rest before each test sequence. The vessel was then 
accelerated to the maximum speed allowable in the conditions. Steering input was used to 
achieve as close to neutral roll angle as possible.  The vessel has since been outfitted with a 
trim tab to control roll angle. Test segments consisted of a single loop. Data acquisition was 
stopped when the vessel returned to the approximate starting position. 

4 COMPUTATIONAL SETUP 
The total number of grid points for CFD simulations with sterndrive is 18.2 M (Figure 3). For 

bare hull simulations, symmetry with respect to 
the longitudinal plane is imposed; accordingly, 
the grid includes only the starboard side of bare 
hull and half-domain background with 6.94 M 
grid points.  

During the experimental tests, the ship 
experiences irregular wave, variable heading, and 
variable speed. A CFD captive regular-wave 
simulation is used to model the irregular wave 
pertaining to real-sea conditions [3]. Available information about test conditions includes: sea 
state 3 conditions; nearly head waves in the first segment of the trial; ship trajectory and 
speed.  

Since the sea trial consists of a single loop, 
two segments are selected that present alignment 
between the ship trajectory and the wave 
direction. The segments are used to model a 
regular head wave (S1) and following wave (S2) 
simulations and they are taken as a benchmark for 
validation. The speed used in S1 and S2 is the 
average speed �̅�𝑉 of the trial within the selected 
segments. The wave height is defined as the most 
probable condition associated to the 
Bretschneider spectrum, representing a fully-
formed sea state 3 (see, e.g., [3]). The wave 
angular frequency 𝜔𝜔 is derived by 𝜔𝜔𝑒𝑒 = 𝜔𝜔 −
(𝜔𝜔2�̅�𝑉/𝑔𝑔)𝑐𝑐𝑐𝑐𝑐𝑐�̅�𝜃, where 𝜔𝜔𝑒𝑒 is the encounter angular frequency determined as the frequency 

 Figure 4: FE model of a Bay 4 panel showing 
cored sandwich areas (blue), single skin areas 

(red) and hollow steel longeron (green) 

 

 
Figure 3: CFD model of Numerette with 

detailed view of the sterndrive 
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associated with the FFT-peak of the experimental strain, 𝑔𝑔 is the gravity acceleration, and �̅�𝜃 is 
the heading angle (�̅�𝜃 = 0 for following seas), which is approximated assuming the ship 
longitudinal axis always aligned with the trajectory. 

Finite element models were developed for the slamming load test facility port and 
starboard bay 4 composite sandwich bottom panels extending from the keel to the chine and 
from the aft vertical bulkhead in bay 4 to the fore vertical bulkhead in bay 4 (Figure 4).  The 
panel model consists of a sandwich cored region, a perimeter with only composite skins and 
the stainless steel longeron. All areas were modelled with Shell99 elements in ANSYS.  The 
model is constrained in X,Y,Z displacement at the keel and chines, Y,Z displacement at the 
bulkheads and Y,Z displacement at the ends of the longerons. The total number of grid points 
is 51,648. The model was validated by comparison with experimental modal tests and static 
displacement tests. 

5 EXPERIMENTAL ANALYSIS 
Experimental data collected from operation of the slamming load test facility during a 400 

second duration test is presented here. The position track and speed over the duration of the 
tests are shown in Figure 5. Head (S1) and following (S2) wave segments are also identified.  

The transverse and longitudinal strains measured at the center of the port panel are shown 
in Figure 6.  The port panel strain waveforms for a typical single slamming event are shown 
in Figure 7. Also shown are the maximum strains for the 100 highest slamming events, used 
for comparison with CFD/FE results from regular wave simulations. 

The highest magnitude strains are seen on the inner skins transverse to the keel. Strains on 
the inner skins are primarily in tension indicated by positive strain, while the outer skins are 
under compression indicated by negative strain. The mean value of the highest 1/3 strain peak 
strains identified during the S1 head wave segment, S2 following wave segment and full test 
duration are indicated in Table 2. 

 
 

 
Figure 5: Sea trial trajectory and speed with color mapping for time 
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Figure 6: Port bay 4 panel transverse (left) and longitudinal (right) strains 

  

Figure 7: Typical slamming event strain waveforms and maximum strains for the 100 most severe slamming 
events (note that regular wave CFD/FE gives one value per simulation). 

Table 2: Average of highest 1/3 peak strains in port and starboard bay 4 panels for full test duration and S1, 
S2 wave segments 

 Port Transverse Strain Starboard Transverse Strain 
Full Test Duration 8.04x10-4 3.11x10-4 

Head Wave Segment S1 8.89x10-4 2.70x10-4 

Following Wave Segment S2 8.40x10-4 3.83x10-4 

6 HYDRODYNAMIC ANALYSIS 
The calm water simulations are conducted for both a captive and a free running model. The 

captive simulations are conducted for a wide range of Fr for the bare hull model free to heave 
and pitch. The free running simulations are conducted at Fr=1.1, 1.9 and 2.7 for the model 
appended with sterndrive and body force propeller. The free running model has 6DOF.  

Figure 8 shows the comparison of steady state values for both captive and free running 
simulations, compared with the experimental data. Heave and pitch motions are slightly larger 
for free running simulation, but the trends versus Fr are similar for both captive and free 
running simulations. The maximum pitch is for Fr=1.1 (3.6 and 4.2 deg for captive and free 
running simulations, respectively). Compared to the available experimental pitch data, the 
comparison errors E=(D-S)%D (D and S are the experimental and simulation values, 
respectively) for captive and free running simulations are E=6.4 and -8.9%D, respectively.  
Roll motion is only predicted for the free running model. The roll angle increases by Fr and it 
is about 2.5 deg for the highest speed, very close to the available experimental value at Fr=2.7 
(E=0.8%D). The propeller RPS shows the same trend as EFD, however, it is over predicted 
for high Fr (E=-12%D). Since the experimental resistance could not be measured for the full 
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scale Numerette, it is estimated from the propeller input power computed using both the 
engine curve and propeller open water torque curve. The estimated experimental resistance 
based on engine curve shows similar resistance for low and high Fr, while open water curve 
estimates very small resistance at high speeds. The captive CFD simulations show E=58%, 
49%, and 13% for Fr=1.1, 1.9, and 2.7, respectively. Corresponding errors for free running 
simulation are 49%, 36%, and -9%. The study of the free running results show that the 
pressure resistance of the sterndrive is comparable with the resistance of the bare hull. 
Therefore, captive simulations for the bare hull geometry with no sterndrive under predicted 
the resistance significantly.  Figure 8 also shows the comparison of CFD results with 1D 
simulation results, provided by Mercury Marine. The propeller RPS, sterndrive resistance and 
total resistance show fairly good agreement with CFD free running simulations. However, the 
1D simulation predicts larger trim angle as no model was used for the stepped bottom of the 
boat. CFD free surface and pressure distribution on the hull are shown in Figure 9 for Fr = 2.1 
and 2.7, i.e. same as used later for regular wave simulations (S1 and S2, respectively). 

 

 
Figure 8: Comparison of CFD and EFD results in calm water 

 
Figure 9: Free surface and pressure distribution for calm water simulation at Fr = 2.1 and 2.7 
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Figure 10 shows comparison of the captive simulations with the results for other ship hulls 
including USNA, USCG and Fridsma model. All geometries show similar non-dimensional 
resistance at high speed. The non-dimensional heave motion is smaller for Numerette, but it 
follows the same trend as for other geometries. The largest heave motion is for Fridsma, 
which has the shortest length among all geometries (L=4.5 ft). For pitch motion, Numerette 
and USNA show similar values for high speed and both show smaller values compared to 
those for USCG and Fridsma. The trends for pitch motion are the same for all geometries, i.e. 
there is a peak for pitch motion around Fv=𝑉𝑉/√∆1/3𝑔𝑔=2.5-3.0. 

 

 

 
Figure 10: Comparison of motions and resistance against USNA (CFD), USCG (EFD) and Fridsma (EFD)  

 
The speed values used for S1 and S2 are based on Figure 11, which is a close-up of Figure 

5, including running mean and RMS. The corresponding inputs for S1 are: Fr equal to 2.15, 
wave height equal to 0.587 m, with a frequency of the encounter equal to 0.9625 Hz 
(corresponding to a wave frequency equal to 0.2380 Hz, λ/L equal to 3.120 and  H/λ = 1/47). 
For S2, Fr equals 2.77, the wave height is 0.587 m, and the (negative) frequency of the 
encounter is 0.9331 (corresponding to a wave frequency equal to 0.2700 Hz, λ/L equal to 
2.424 and H/λ = 1/37).  

The resistance coefficient, heave and pitch motions indicate satisfactory convergence, as 
shown in Figure 12 and Figure 13, for S1 and S2 respectively. The response is highly 
nonlinear.  Figure 14 shows the slamming pressures for the keel and panel center, as shown in 
Figure 2.  Note that the experimental strains are measured at the panel center.  The slamming 
pressures for S1 panel center and S2 keel are similar to those described earlier.  For S1 keel, 
the emerging phase has two peaks, which requires more study.  For S2, the panel center is not 
wetted. The re-entering peak is in correspondence with minimum pitch, whereas the emerging 
peak(s) occurs when the heave starts rising, as shown in Figure 15. The re-entering peaks on 
the keel for S1 and S2 are comparable in magnitude, and close to 140 kPa. 

The results of current regular wave simulations are compared to other planing hulls. 
Specifically, the 1st harmonic amplitude of heave and pitch motions is compared to Fridsma 
and USNA models in Figure 16. For Fridsma, x3/A increases gradually by decreasing the 
encounter frequency and reaches 1 for long waves. The peak is found near a wavelength 
corresponding to its resonance condition. Fridsma results also show that x5/Ak increases with 
decreasing encounter frequency and reaches nearly 1 for long waves, presenting a small peak. 
The non-dimensional heave and pitch resonance frequencies are nearly 0.6 for Fridsma. Both 
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USNA and Numerette geometries have data for limited encounter frequencies and thus the 
peaks of x3/A and x5/Ak are not identified. USNA show similar trend i.e. small motions at 
short wavelength, increasing to x3/A=1 and x5/Ak=1 at long wavelength. However, Numerette 
data shows small values at long wavelength, which requires more study. 

 

 
Figure 11: S1 (left) and S2 (right) speed from experiments including running mean and RMS 

 
Figure 12: CFD-predicted forces and motions for S1 (time scale=tU/L) 

 
Figure 13: CFD-predicted forces and motions for S2 (time scale=tU/L) 

 
Figure 14: CFD pressure probes location and pressure history for S1 (left) and S2 (right) (time scale=tU/L) 
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Figure 15: Heave and pitch associated with S1 (left) and S2 (right) simulations 

 
Figure 16: Heave and pitch motions for different geometries 

7. FSI ANALYSIS 

The CFD/FE slamming strains are validated for S1 and S2, following the approach used 
for validation of slamming pressures in [5].  Slamming strain events are aligned in time by 
their re-entering peaks, which provide the expected value EV and standard deviation SD for 
the peak value and duration, and mean slamming strain. The event duration is defined by the 
re-entering peak and the signal drop below a given threshold (5% of the peak value). Only 
strains exceeding the 30% of the highest peak are considered, which is reasonable to detect 
actual slams from the strain signal. The inner skin transverse strains at the panel center are 
used for validation, since more severe.  The strains are very irregular, however the mean 
strain is smooth and has a trend similar to typical slamming pressures, as shown in Figure 17. 

The CFD/FE slamming strains are also shown in Figure 17, which shows a reasonable 
agreement with the experiments, especially in consideration of the simulation input 
approximation to the experimental conditions. The trend of port versus starboard panel strains 
is well captured by CFD/FE.  For S2, peak value and duration are validated since the 
comparison error E%D is less than the SD%D, as shown in Table 3.  The duration is found 
0.14 times the encounter period. For S1, the CFD/FE shape is similar to the keel slamming 
pressure in showing a large re-entering peak and two emerging peaks.  The peak E%D is 
about 3 times larger than SD%D, whereas the duration E%D is less than the SD%D, as shown 
in Table 3. The duration is found 0.08 times the encounter period. 

The comparison of CFD/FE peaks to 1/3 highest experimental peaks average is also 
provided in Table 3. The average error for the 1/3 highest peaks average is larger for S1 than 
S2. Overall, the average error is slightly smaller for the 1/3 highest peaks average than that for 
EV using 30% maximum peak threshold, nevertheless the trend is similar. The identification 
of the best statistical approach for validation requires irregular wave free-running CFD/FE 
simulations consistent with the actual experimental conditions. Moreover, the trend of S1 
versus S2 depends on head versus following waves, which may be affected by surge and 
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propeller controller, not considered herein (the CFD/FE model is towed at constant speed). S1 
and S2 CFD/FE simulation peaks are included in Figure 7, for comparison with the 100 most 
severe slams from experiments. 

 

Figure 17: Inner skin transverse strains for port (left) and starboard (right), and S1 (top) and S2 (bottom) 

Table 3: Comparison of CFD/FE and EFD results for inner skin transverse strains at panel center 

 

S1 S2 

S EV (D) 
E%D 

SD%EV (D) S EV (D) 
E%D 

SD%EV (D) EV Ave. 
1/3 hst EV Ave. 

1/3 hst 

Port Peak 1.19E-03 7.25E-04 -64.3 -34.0 38.0 7.46E-04 7.36E-04 -1.39 11.2 25.5 
Duration 0.15 0.16 6.25  36.8 0.09 0.11 18.2  44.7 

Starboard Peak 6.96E-04 2.56E-04 -172. -157. 36.0 4.44E-04 4.34E-04 -2.38 -16.0 42.7 
Duration 0.14 0.16 12.5  36.1 0.09 0.10 5.26  52.9 

Average 
absolute 

Peak 9.44E-04 4.91E-04 118. 95.9 37.03 5.95E-04 5.85E-04 1.89 13.6 34.15 
Duration 0.15 0.16 9.38  36.48 0.09 0.11 11.72  48.80 

7 CONCLUSIONS AND FUTURE RESEARCH 
Hydrodynamic slamming on the bottom of a high-speed planing hull was studied 

experimentally and numerically (CFD). A highly instrumented 9 meter long hull developed 
for slamming research was used. The bottom of this craft consists of ten separate carbon and 
glass fiber skin / foam core sandwich panels, each with its unique set of material 
combinations and fiber layup angles. This allows for study of the influence of bottom stiffness 
on slamming pressures and deformations.  The code CFDShip-Iowa was employed for CFD 
simulations and the commercial FE code ANSYS was used as structural solver. The 
hydrodynamic simulations included captive (2DOF without sterndrive) and 6DOF free 
running conditions for various Froude numbers in calm water and regular waves. Resistance, 
heave, pitch and roll motions correlated well between experimental operation and numerical 
simulations for calm water. In offshore sea trials operating in head (S1) and following (S2) 
waves, strains in two different bottom panels were measured experimentally as well as 
calculated numerically using one-way coupling (pressures from CFD of rigid hull, applied on 
dynamic FE model). A few simple parameters such as average peak strains in starboard and 
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port panels were compared; initial indications are that the numerical procedure correctly 
predicts which panel is straining more, although the error may be on the order of 30-50%.  

Future research will focus on: grid and time-step verification for slamming pressure and 
strains; semi-coupled two-phase free running irregular wave hydrodynamics simulations 
including sterndrive/propeller/controller and superstructure; and trim tab and asymmetric 
pressure distribution effect on the slamming strains. Experimentally, bottom pressures will be 
measured with piezoresistive thick film high-speed sensors at over 100 locations and 
correlated with numerical analyses. The influence of bottom stiffness on slamming pressures 
will be studied experimentally and numerically; in particular, an attempt will be made to 
answer questions such as whether a more compliant bottom leads to lower slamming 
pressures. Two-way fluid-structure interaction analyses are required for studying such effects, 
which is of top priority. 
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Abstract. Modeling and numerical simulation of the coupled physical and chemical
processes observed in the subsurface are the only options for long-term analyses of com-
plex geological systems. This contribution discusses some more general aspects of the
(dynamic) process modeling for geoscientific applications including reflections about the
slightly different understanding of the termsmodel and model validation in different scien-
tific communities, and about the term and methods ofmodel calibration in the geoscientifc
context. Starting from the analysis of observations of a certain part of the perceived real-
ity, the process of model development comprises the establishment of the physical model
characterizing relevant processes in a problem-oriented manner, and subsequently the
mathematical and numerical models. Considering the steps of idealization and approx-
imation in the course of model development, Oreskes et al. [1] state that process and
numerical models can neither be verified nor validated in general. Rather the adequacy
of models with specific assumptions and parameterizations made during model set-up can
be confirmed. If the adequacy of process models with observations can be confirmed using
lab as well as field tests and process monitoring, the adequacy of numerical models can
be confirmed using numerical benchmarking and code comparison. Model parameters
are intrinsic elements of process and numerical models, in particular constitutive param-
eters. As they are often not directly measurable, they have to be established by solving
inverse problems based on an optimal numerical adaptation of observation results. In ad-
dition, numerical uncertainty analyses should be an obligatory part of numerical studies
for critical real world applications.
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1 INTRODUCTION

Modeling and numerical simulation of the coupled physical and chemical processes ob-
served in the subsurface are the only options for long-term analyses of complex geological
systems. The numerical simulation of geotechnological processes (dynamic modeling) re-
quires the existence of models that describe the considered problems as adequately as
possible. Within this context, it has to be considered that models represent approxi-
mations and idealizations of the considered part of the perceived reality, and will map
the real world by approximation. During the process of model development, certain rel-
evant aspects will be covered sufficiently accurate, whereas other details, which can be
considered as irrelevant for the specific problem definition, can be neglected. In this ap-
proximate sense, models are qualified to enable predictions of the behavior of real-world
processes, which are not (yet) open for efficient empirical measuring procedures due to
exceptional long time scales to be considered (e.g., within the context of geological waste
deposition) or due to the general difficult access to local in situ measurements in the
subsurface. However, absolute exact predictions can never be expected based on process
modeling. The model quality, i.e., the degree of conformance of models with the part
of the perceived reality they describe, and thus the reliability of model predictions, de-
pends on many factors. Within this context, the quality as well as the spatial and time
density of measured data characterizing the observation area plays a crucial role. These
data are necessary for parameterization (i.e., calibration; parameter identification; inverse
modeling) and confirmation of the developed models.

2 MODELS WITHIN A GEOSCIENTIFIC CONTEXT – AN ATTEMPT
OF DISAMBIGUATION

Discussing about models in a geoscientifc context, different scientific communities (e.g.,
geologists; geophysicists; experts in continuum mechanics; engineers) sometimes use this
term based on slightly different associations. Thus, in the following we attempt to provide
clear definitions of the term model:

• Spatial and/or structural models usually will be summarized using the term
(static) reservoir model, and comprise all empirically ascertainable information re-
garding geometry, geological structure, basic material characteristics (e.g., porosity,
intrinsic permeability, thermal and mechanical parameters), and reservoir conditions
(e.g., pressure, temperature) of the considered area.

• Process models represent mathematical models based on physically founded as-
sumptions about coupled physical, geochemical, geoelectrical, and (micro-)biological
processes observed in real-world applications. Basically, process models include bal-
ance laws and constitutive relations. More detailed reflections regarding process
modeling will be discussed in Sec. 3 of this contribution.

2
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• Numerical models: The field equations based on balance laws including relevant
constitutive relations can be solved analytically just in exceptional cases. Corre-
sponding specific problems frequently will be defined in terms of benchmarks for
model and software confirmation. Usually, the solution of field equations describing
a real-world problem requires the use of numerical methods. For that, the local
formulation of balance laws in terms of differential equations has to be transformed
into a global integral formulation. In general, the resulting system of equations is a
nonlinear one and contains time derivatives of the primary variables to be calculated.
As numerical methods do not provide spatially and temporally continuous solutions,
but rather solutions in discrete points of the given solution space, the system of field
equations including constitutive relations has to be discretized in space and time
within the context of incremental-iterative approximation procedures. In addition,
nonlinear systems have to be linearized. The resulting so-called initial-boundary
value problem can be solved numerically in discrete locations at discrete points of
time. As spatial discretization approaches, the methods of finite differences (FDM),
finite volumes (FVM), and finite elements (FEM) are widely excepted means of
choice. Within this context, the term numerical model characterizes either

– numerical methods and algorithms necessary for computer-based simulations
of the process model, or

– the entire data set necessary for the numerical simulation of a specific problem
(parameterized and spatially discretized structural model; boundary and initial
conditions; parameters controlling the simulation procedure).

3 PROCESS MODELING

The process modeling of physical, geochemical, and (micro-)biological processes in the
subsurface is based on mathematical theories enabling the description of spatially and
temporally evolving processes of the perceived reality in terms of differential equations
or systems of differential equations. Developing the relevant mathematical apparatus, we
make use of physically, chemically, and biologically founded assumptions.

Figure 1: Origin of the development of process models

Thus, based on reasonable abstractions, the process model to be defined can be for-
mulated to be sufficiently complex in order to cover all relevant aspects of the specific
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real-world application but at the same time to be sufficiently simple in order to enable its
numerical solution. Observations of the interesting, problem-specific part of the perceived
reality serve as the nucleus of the development of process models (cf. Fig. 1). A first step
in this procedure is the establishment of physical models adequately mapping the per-
ceived reality based on decisions to neglect those processes that are not relevant for the
considered application (cf. Fig. 2). This kind of idealization is problem-dependent, and
thus, different problems related to the same observation area may result in different phys-
ical models (e.g., if a shallow subsurface area is designated for groundwater remediation
activities or for use as geothermal reservoir).

Figure 2: Generation of a physical model

The second step in the definition of process models is the development of a mathemat-
ical framework describing the physical model in an approximate manner, and consisting
of balance laws and constitutive relations in terms of algebraic, differential or integral
equations (cf. Fig. 3).

Figure 3: Generation of a mathematical model

As a matter of principle, processes of the nature can be characterized using balance
laws related to fundamental state variables. Those are primarily the balances of mass,
linear momentum, moment of momentum, and energy. Balance laws are independent from
the real materials under consideration, and can be formulated locally in terms of problem-
oriented (systems of) differential equations based on convenient assumptions. Within this
context, they are valid for each location of the observation area, and are usually called
field equations.
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Observations of the nature show that certain physical variables may evolve in different
manner dependent on the specific materials involved in the considered application (e.g.,
various pictures of deformation of a solid body of the same geometry and subjected to the
same external loading, but consisting of different materials). This causes the necessity of
the definition of additional equations, the so-called constitutive relations characterizing
material-dependent dependencies between state variables. Equations of state for fluids,
stress-strain relations for solid bodies, and kinetic (reaction) models for chemical reactions
are typical examples for constitutive relations. For mathematical reasons, the definition of
constitutive relations is necessary in order to define a closed system of equations including
balance laws and constitutive relations. The pure system of field equations resulting
exclusively from the balance laws contains more unknowns as equations, and can thus not
be solved in a unique manner.

4 MODEL CONFIRMATION

The procedure of the development of process models illustrated in Sec. 3 shows that
models are always idealizations and approximations of a considered part of the perceived
reality reflecting specific assumptions and parameterizations made for the model set-up.
In order to assure the usability of a process model and the corresponding numerical model,
it has to be shown that it adequately reflects real-world processes. In the literature, this
process is called model validation or even model verification – but are these terms justified
in their absolute, literal meaning? According to Oreskes et al. [1]

• Model verification ”. . .means an assertion or establishment of truth.” and ”To
say that a model is verified is to say that its truth has been demonstrated, which
implies its reliability as a basis for decision-making.”

• Model validation ”. . . does not necessarily denote an establishment of truth. . .
Rather, it denotes the establishment of legitimacy. . . ” and ”. . . a model that does
not contain known or detectable flaws and is internally consistent can be said to be
valid.”

Considering the steps of idealization and approximation in the course of model de-
velopment, and the open character of models, Oreskes et al. [1] state that process and
numerical models can neither be verified (establishment of the truth of the model) because

• ”. . .models. . . are never closed systems” (but truth can be demonstrated only for
closed systems),

• models ”. . . require input parameters that are incompletely known”,

• data sets for the parameterization (i.e., calibration) of process models are always
incomplete (e.g., due to the availability of only a few locally determined parameters
from core tests considering a model of a whole geological reservoir), and
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• often used phenomenological constitutive theories are characterized by loss of in-
formation on real physical scale (e.g., use of macroscale models not being based on
real microscale behavior),

nor validated (establishing the legitimacy of a model) in general because

• model results depend on assumptions required for model development and on pa-
rameterization, and

• models valid for one mapping of the reality may not be valid for another one (e.g.,
material behavior dependent on temperature).

If the terms model verification and model validation are unfavorable in their literal
meaning, how else the usability of process models can be assured? For this purpose,
Oreskes et al. [1] introduce the term model calibration stating: ”. . . science requires that
empirical observations be framed as deductive consequences of a general theory. . . If these
observations can be shown to be true, the theory. . . is confirmed. . . ”, and ”. . . confirming
observations do not demonstrate the veracity of a model. . . , they only support its proba-
bility.” Thus, rather the adequacy of models with specific assumptions and parameteriza-
tions made during model set-up can be confirmed, not their (general) truth. Within this
context, model parameterization is performed using well-established approaches of model
calibration. If the adequacy of process models with observations can be confirmed using
lab as well as field tests and process monitoring, the adequacy of numerical models can be
confirmed using numerical benchmarking (e.g., providing analytical solutions) and code
comparison for more complex systems (see Class et al. [2], Kolditz et al. [3], and others).

Figure 4: Direct modeling: simulation of real-world problems using parameterized process and numerical
models

5 MODEL CALIBRATION AS AN OPTIMIZATION PROBLEM

Model parameters, in particular constitutive parameters, are constituent, intrinsic ele-
ments of process and numerical models. Parameterized models are used for simulations in
order to analyze and/or predict the evolution of various processes in real-world applica-
tions, thus, solving a direct problem (cf. Fig. 4). Within this context, model parameters
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can be considered as reason for the specific evolution of relevant primary variables (e.g.,
fluid pressure, deformation of solids, temperature(s), concentration(s)).

As model parameters are often not directly measurable, their identification is based
on the analysis of their effects onto measurable field variables. This process of model
calibration (i.e., model parameterization) requires the solution of an inverse problem based
on an optimal numerical adaptation of observation results (cf. Fig. 5)

Due to the lack of information about the perceived reality (i.e., observation results are
available only for discrete points of the field problem to be solved for real-world appli-
cations), the process of identification of model parameters is an ill-posed problem being
source of the non-uniqueness of the solution, and potentially suffering from instabilities
of the solution.

Figure 5: Inverse modeling: optimal numerical adaptation of observations from lab and field experiments,
and from field exploration

As the operator mapping model parameters to the considered primary field variables
is usually of implicit, non-linear character with unknown mathematical structure, its ex-
plicit closed-form inversion approves to be impossible in this case. Consequently, the
ill-posed inverse problem of model calibration in general results in the solution of a non-
linear optimization problem: The parameters have to be estimated in such a way that
an appropriately defined objective function approaches its minimum (for an overview see
Bruhns and Andig [4], and others).

5.1 Objective Function

A model function will be defined, which characterizes an arbitrary field variable y
depending on a vector of variables x as well as on a set (vector) of model parameters c

y = y(x, c) . (1)

In order to analyze a deformation problem, the corresponding model function can be, for
instance, constituted by the displacement field depending on stresses, internal variables
and material parameters.

The calibration of constitutive models is aimed at the determination of parameters
realizing a sufficiently accurate approximation of measured discrete data ŷi representing
defined conditions for variables xi. The corresponding parameter set, which is in this

7

155



U.-J. Görke, T. Nagel and O. Kolditz

narrower sense an optimal one, and thus the best approximation of measured data, can
be considered as determined if a least squares norm approaches its minimum

1

2

n∑
i=1

[
ŷi − y(xi, c)

]2 −→ min . (2)

Based on the definition of a vector of residuals r between measured and calculated values

r(c) =
{
ri(c)

}
mit ri(c) = ŷi − y(xi, c) (3)

the objective function Φ can be formulated as the following least squares norm:

Φ(c) =
1

2
rT(c) r(c) =

1

2

n∑
i=1

r2i (c) −→ min . (4)

The necessary optimality criterion

∇Φ(c∗) = 0 (5)

results for models representing linear functions of the parameters c in a system of linear
algebraic equations with the coordinates of the optimal parameter vector c∗ as primary
variables. This system is known as normal equation

J̃T J̃ c∗ = J̃Tr . (6)

Here, J̃ represents the Jacobian matrix comprising the first derivatives of the residuals
with respect to the material parameters.

5.2 Optimization Procedure

If the identification of model parameters is based on the analysis of homogeneous
fields of primary variables, only the initial value problem has to be solved to obtain the
value of the objective function to be minimized (e.g., using results from uni- or triaxial
compression tests). Apart from deterministic (gradient-based) optimization methods in
this case special applications of stochastic and/or evolutional (gradientless) approaches
are reported in the literature even for quite complicated material models (see e.g. Harth
et al. [5]).

Analyzing experiments on samples with an inhomogeneous distribution of primary
variables the amount of information for a reliable identification process is distinctly higher.
In this case, the objective function has to be calculated solving a complex initial-boundary
value problem, for what usually FEM approaches are used. Thus, due to the time-
consuming solution of the direct problem stochastic methods are not suitable for the
analysis of inhomogeneous physical, geochemical, and/or (micro-)biological states but
deterministic approaches are well-tried for this case in engineering sciences. Regarding
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their mathematical basics we exemplarily refer to the monographs of Beck and Arnold
[6], Dennis and Schnabel [7], Nocedal and Wright [8] or Rao [9]. A crucial step to be
performed using deterministic optimization approaches is the so-called sensitivity analysis,
i.e., the calculation of the Jacobian matrix of first derivatives of the objective function (cf.
Eq. 6). Common methods to perform the sensitivity analysis are analytical calculations if
exclusively explicit functional dependencies occur, pure numerical approaches using finite
differences, or the direct differentiation (semi-analytical methods).

Considering the modeling of geoscientific real-world problems, the so-called history
matching is well-established for the parameterization of complete static site models.
Within the context, model parameters will be adapted performing simulations of the
considered problem with known process parameters (e.g., measured borehole pressures
and/or temperatures).

6 CONCLUSIONS

The above illustrated procedure of the development of process and numerical models
makes clear that at each stage of model definition certain approximations of the real
world are implemented. Thus, modeling and numerical simulation can provide a preview
of trends of the behavior of the studied systems in accordance to the defined assumptions
and preconditions, but no closed, accurate, deterministic predictions can be expected
(modeling is not reality). Consequently, formulations in regulatory documents establishing
rules for the implementation of (geo-)technologies have to reflect this character that is
inherent to modeling: it is not reasonable to claim exact long-term guarantees, but it is
rather useful to claim a statistically founded estimation of trends. Nevertheless, it is out of
question that modeling and numerical simulation is the only option for long-term analyses
of complex systems, and for providing prognoses in the range of reliable probabilities, if
empirical data are difficult to access in lab and/or field experiments. Climate simulations,
weather forecast, and geoscientific applications as considered here are exemplary for that.
Within this context, it is of vital importance to know what can be expected from modeling,
how results of numerical simulations have to be interpreted, and to keep limitations in
mind.

The following aspects are of great importance with respect to reliable process simula-
tions:

• Definition of the processes and subprocesses that are relevant for the specific problem
to be solved in order to establish a system of field equations, which is complex enough
to cover the relevant system behavior but simple enough to ensure an efficient and
stable solution process.

• Formulation of problem-dependent specific expressions of the balance laws and the
constitutive relations according to the latest state of research.

• Model confirmation using standardized benchmarks and code comparison.
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• Extensive provision of data from lab and field tests for an improved process under-
standing and for the model calibration.

• If measured data are not available for all local points of the spatially discretized
observation area (this is the usual case for geoscientific real-world applications), a
stochastically based parameter space has to be determined based on a statistically
sufficient number of different numerical realizations.

• An uncertainty analysis is advised based on this parameter space, and results of the
process simulation will be provided with certain likelihood.

These aspects have to be reconsidered, if the process and numerical models undergo
changes in the observation area (e.g., enlargement or reduction in one of the geometric
dimensions), and/or in the initial, boundary and/or process conditions, or if the specific
problem modifies (e.g., interest in hydro-mechanical coupled processes instead of pure
hydrological processes). The motivation behind is that each modeling process includes the
definition of problem-oriented input data, and thus, provides specific, problem-oriented
results.

As modeling cannot provide closed, deterministic predictions, but rather a preview
of trends regarding how the studied systems may behave under the defined assumptions
and conditions, the solution of inverse problems in geoscientific applications deserves
more attention. Within this context, an extensive provision of lab and field test data
for an enhanced process understanding combined with a more reliable and documented
model calibration are required to improve the adequacy of static and dynamic models.
In addition, numerical uncertainty analyses should be an obligatory part of numerical
studies for critical real world applications.
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Abstract.  In this work, the local radial basis function collocation method is applied to the 
thermoelasticity with intention to model the low-frequency electromagnetic direct-chill 
casting process of aluminium billets. The devised thermoelastic model is coupled with the 
heat transport model for the DC casting process and preliminary results on the stress state are 
presented. The effect of the casting speed and the application of the electromagnetic field on 
the principal stresses is presented. 
 
1 INTRODUCTION 

The thermomechanical phenomena that occur during DC casting of aluminium billets can 
have significant impact on the quality of the cast piece. Under specific stress conditions hot 
tearing and cracking of the cast piece can occur [1, 2]. Unwanted large deformations of the 
cast piece  lead to its scrapping.  The deformations also  drastically influence the heat transfer 
efficiency at the contact with the mold, which can lead to unwanted remelting and melt 
outbreaks.  

Modelling of thermomechanical phenomena during this process is not an easy task. In 
addition to elastic deformation, the strain field also has contributions from viscoplastic creep, 
plastic deformation, and thermal expansion. All these phenomena occur in nonhomogeneous 
material with strong dependence of material properties on the temperature. The importance of 
the stresses during the DC casting process results in a large number of papers dealing with its 
predictive modelling. The first simple models were developed quite early [3, 4] and consider 
heat diffusion and thermomechanics by simple constitutive relations. At present, more 
sophisticated models,  involving constitutive relations coupled with heat and fluid flow are 
being developed [1, 5]. 

Recently, the performance of the DC casting process is being upgraded by the application 
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of the oscillating electromagnetic field, with intention of improving the quality of the casting 
by stirring the melt [6]. To better understand the process, the numerical models are developed 
in parallel with industrial applications [7, 8].  

Many models describing the DC casting process already exist [1, 5, 9, 10] and can provide 
accurate results. Existing models mainly employ the Finite Element Method (FEM), which 
may prove inefficient in some circumstances. The local meshless method used in our work 
has several advantages over FEM [11, 12]. There is no need for expensive polygonization of 
the domain, since the only information needed are the positions of the points. The 
computational points can be easily added or removed to achieve optimal accuracy [13] and 
complex geometries can be easily described since irregular node arrangements can be used. 
The local radial basis function collocation method (LRBFCM) has already been successfully 
applied to many physical and engineering problems: heat and fluid flow with [14] and without 
[15] the influence of magnetic field, solidification [16], continuous casting of steel [17], and 
modelling of semiconductors [18] .  

The thermomechanics model that is presented, is intended to complement the meshless 
model of mass and heat transfer, which is developed in our group [4]. In this contribution, 
first the meshless method formulation for solution of boundary value problem is given, 
followed by some method benchmarks on simple thermoelasticity problems. The 
thermoelasticity model is described and the preliminary results for stationary state of DC 
casting are presented. 

 

2 GOVERNING EQUATION 
We consider uncoupled formulation of thermoelasticity with stationary thermal profile 

supplied by the heat and mass transfer model. The stress equilibrium is written in terms of 
deformation field u by employing Hooke’s law for an isotropic solid. Resulting governing 
equation is given as  

      2 ( ) T
refG G G T T              u u u u u f .   (1) 

Here G  stands for the shear modulus,   for Lamé parameter and f  for the body force. The 
coupling with the temperature field is described by the coefficient   defined as 

(3 2 )G    , where   is the coefficient of linear thermal expansion. refT  stands for the 
reference temperature at which the thermal expansion is considered to be zero. All the 
material properties are allowed to vary over the computational domain in a continuous 
manner. 

For the description of the problem setting, the displacement, symmetry, and traction 
boundary conditions are needed. The deformation of the top part of the billet is restricted by 
the mould, while the rest of the outer surface is free.  

In the computational domain, the material undergoes solidification and therefore 
significantly changes the elastic properties. The temperature dependence of alloy properties 
can be obtained from JMatPro database for each alloy considered [19]. 
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3 METHOD FORMULATION 
The aim of our work is to develop a method to model the boundary value problem for 

linear vector partial differential equation (PDE) in two dimensions. The governing equation 
equation (1) can be written in the form D u g   , with unknown solution vector u  and 
index   running over the coordinates of the chosen coordinate system. The formulation of the 
method incorporates the following steps: construction of local influence domains, local 
interpolation, calculation of the differential operators, and the construction of the system of 
linear equations representing the governing PDE. These steps are described in the following 
subsections. 

3.1 Node arrangement and influence domain selection 
The first step is setting up an appropriate node arrangement and determining the domains 

of influence for each node. The determination of influence domains is especially important, 
since the local interpolation of the solution is constructed on them. In general N  nodes are 
put on the boundary   and N  are distributed over the interior   of the computational 
domain. 

The node arrangement used in this work is obtained of by minimizing an energy function 
which is the sum of Lennard-Jones-like potentials among a certain number of nearby nodes as 
described in [20]. The procedure results in a node arrangement that is locally similar to the 
hexagonal grid and is illustrated Figure 1. 

The domain of influence for each node is determined by choosing l N nearest neighbors of 
the node with index , ,1l N  , where N N N    is the number of all discretization nodes. 
In this step we determine mapping ( ) : 'ls i i l   from the index 1,...,l Ni  , which enumerates 
the nodes in the local influence domain, to the global enumeration index 'l .  
 

3.2 Interpolant construction 
Radial basis function (RBF) interpolant is constructed over each domain of influence. 

Modifed multiquadrics (MQ), defined as  

 
2

2( ) | | 1j
l

j
lh

 
    

 
r r r , (2) 

augmented by linear and constant monomials are selected. Quantities used in the MQ 
definition have the following meaning: jr  is the position of the node in which the MQ is 
centered, l  is the MQ shape parameter, which is allowed to be different for different 
influence domain, and lh  stands for the influence domain size defined as 
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Formally, the interpolant is given as 
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where a N  is the number of augmentation monomials used (in present work fixed to 3 ) and 
,l i   are the expansion coefficients, which are determined by the collocation. The collocation 

equations, which are used to determine the coefficients  ,l i   are modified so that the 
resulting interpolant satisfies the appropriate boundary conditions, if any of the nodes in the 
considered influence domain lies on the boundary. The system of equations obtained in this 
manner can be compactly written in matrix form as 

 ,
,

, ,l lji
i

i l jA   


    (5) 

with the interpolation matrix l A  and the right-hand side vector l  given as 
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In the expressions (6) and (7) we assume that the boundary conditions are linear and 
specified by appropriate boundary condition operator as ( ) jj

jB u b  r . 

3.3 Discretization of the governing equation 
The interpolation of the field values specified in nodal points can be used to estimate the 

differential operators. Since the expansion coefficients are assumed to be constant, the 
differential operators act only on the basis functions. This fact can be used to discretize partial 
differential equations.  

By replacing the unknown solution u  with the interpolation given by equation (4), the 
governing equation at every interior node can be stated in terms of the interpolation 
coefficients. The interpolation coefficients are further replaced by the components of vector 
l , thus expressing the governing equation at every interior node by the unknown solution 
values and given boundary conditions for nodes that belong to the influence domain, centered 
on the considered node. The resulting governing equation is for each interior node l  stated as 

 1 1
,( ), ( ),

, ,
, ( ), ( ), ,

, ,

( ) ( )
l l l ls k s k ik i s k s kl l l l l

k i i
i

k
iku A D g b A D        

   

       r r   (8) 

In this expression the boundary and the domain indicators j
  and j

  are used to achieve an 
efficient notation. The indicators evaluate to one, if the corresponding point j  belongs to the 
set under consideration and to zero otherwise. 

      The set of linear equations for the unknown solution values stated in (8) is sparse and 
can be solved efficiently by specialized solvers. The numerical performance of the method 
has been investigated in our recent publications [21–23]. 
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4 PRELIMINARY RESULTS ON LFEMC DC CASTING 

4.1 Geometry and Boundary Conditions 

In present work we are considering the governing equation (1) applied to the axisymmetric 
case of the DC casting of round aluminium billets. The temperature field, which has the 
largest influence on the deformation and stress field during DC casting, is calculated by the 
heat and fluid flow model. The model itself along with the material properties used is in more 
detail presented in the accompanying contribution by Šarler et al.. Material properties are 
obtained from the JMatPro for the alloy AA6082, which is being considered in our case. 

Since linear thermoelasticity could not cope with the behavior of fluids, only the part of the 
billet that is solid is considered for the thermoelasticity model. The top boundary of the 
computational domain is chosen in such a way that it coincides with the position of the 
liquidus isotherm. The boundary conditions and the computational domain are shown in 
Figure 2. On the symmetry axis, the symmetry boundary conditions are assumed. On the 
bottom the deformation in vertical direction is assumed zero, while zero traction is prescribed 
in the radial direction. The outer surface is assumed to be free, except for the topmost part, 
which is constrained by the mould. In this part, the radial deformation is prescribed to be zero, 
while the zero traction is assumed in the vertical direction. On the top boundary, the 

  

Figure 1 The node arrangement used for 
the discretization of the stress 

equilibrium equation. The circles 
represent interior points and the squares 

the boundary points. 

Figure 2 Geometry of the considered DC casting 
example with scheme of the boundary conditions. 
The computational domain for the solid mechanics 

model is denoted by solid line while the 
computational domain for the heat and mass 
transfer model additionally includes the part 

denoted by the dashed line. 
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metallostatic pressure of the metal above the liquidus line is applied. 
Although in DC casting many process parameters are important, in this work we are 

considering only the effect of low-frequency electromagnetic stirring (EMS). Some 
preliminary results regarding the effect of the two parameters are demonstrated in the 
following two sections. With the reference solution at nominal casting speed 80 mm/min and 
without the EMS applied is shown in Figure 3. 

   
Figure 3 The stress state during DC casting. From left to right the plots show radial, vertical, 

and circumferential stress.  

4.2 Effect of casting speed 
Casting speed has important influence on the quality of the cast piece. The effect on the 

circumferential stress is shown in Figure 4. On all the plots the isoline of zero circumferential 
stress is shown. We can see that at the nominal casting speed of 80 mm/min the stress isoline 
touches the liquidus isoline on the surface of the billet. All the solidifying area thus 
experiences compressive stress. In case the casting speed is either increased or decreased, the 
zero stress isoline makes contact with the liquidus line in the interior of the billet. The 
solidifying area on the outside of the point of intersection experiences tensile stress, which 
increases the possibility of cracking. 
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Figure 4 The effect of the casting speed on the circumferential stress. From left to right the 
plots show circumferential stress at casting speed of 60 mm/min, 80 mm/min and 100 

mm/min. On each plot the zero isoline is shown. 

 

4.3 Effect of EMS 
In this study the driving current with amplitude 10 A and frequency 20 Hz has been 

applied to the casting process at the nominal casting speed of 80 mm/min. The difference 
between the reference stress without EMS and the stress when EMS is applied are shown in 
Figure 5. We can see that the application of EMS reduces the circumferential stress in the 
outer region and thus decreases the possibility of cracking. The effect of the EMS is beneficial 
also to the other two components, since the amplitude of the variations is slightly reduced.  

Circumferential stress [Pa]

-1.000e+09 3.5e+80-3.5e+8-7e+8 7.000e+080 0.35 0.7-0.7 -0.35-0.1
Circumferential stress [GPa]
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Figure 5 The difference in stress when the EMS is applied. From left to right the plots show 

the difference in radial, vertical, and circumferential stress. 

5 CONCLUSIONS 
The meshless method formulated in the paper is applied to the problem of LFEMC DC 
casting. The preliminary results obtained by the method show great potential in modelling of 
DC casting.  

In this paper only a simple thermoelastic model for the stationary state of the process is 
considered. In the future, we plan on extending the model to incorporate plastic phenomena 
and to introduce full coupling between the deformation field and the heat and mass transfer 
model. 
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Abstract. More than 95 % of crude steel is nowadays processed by Continuous Casting (CC) 
[1]. To further advance the quality of the products and efficiency of the process, electromagnetic 
(EM) field, which affects the fluid flow as well as the temperature and segregation is added to 
the CC process. In general, there are two types of electromagnetic devices applicable to the CC 
process; the electromagnetic breakers (EMBR) which employ the direct current, and the 
electromagnetic stirrers (EMS), which employ the alternating current. Which of the devices is 
employed depends on what are the desired effects. Both of the processes are modelled by 
implementing the Lorentz force into the momentum equation, and if necessary, the Joule 
heating term into the energy equation. However, the way how these two terms are modelled, 
depends on the type of the implemented device. In case of EMBRs, the assumption of low 
magnetic Reynolds number Rem is made, and consequently, the current density is calculated by 
solving the Poisson’s equation for the electric potential. The EMSs on the other hand, require a 
low-frequency approximation and the solution of induction equation. The complete set of 
governing equations for CC process [2] under the influence of magnetic field includes mass, 
momentum, energy, and species transfer equations, and Maxwell’s equations together with 
Ohm’s law and charge conservation equation. Additionally, the turbulent kinetic energy and 
dissipation rate equations together with Abe-Kondoh-Nagano closures are used to account for 
the turbulence, the lever rule model is used to model the microsegregation, the mixture 
continuum model is used to model the macrosegregation, fractional step method is used to 
model pressure-velocity coupling and the enthalpy-temperature relation is used to calculate the 
temperature from the enthalpy. The solution is sought for on a five-nodded local subdomains 
by constructing an approximation with multiquadric radial basis functions as a basis and 
collocation to find the expansion coefficients [3,4]. Present paper presents the discretization of 
governing equations, together with boundary conditions for both EMBR and EMS devices with 
meshless Local Radial Basis Function Collocation Method (LRBFCM) [5]. 
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1 INTRODUCTION 

The modelling of application of magnetic field to the continuous casting process started as 
early as 1982 [6]. In 1986 [7], the 3D flow field with a rotational EMS of round steel strand 
was calculated, allowing to examine the influence of the stirrers position, the stirring length and 
EM parameters on the flow field. The first computational 3D study of EMBR systems was 
performed in 1982 [8]. The modelling of solidification and solute distribution was added to the 
model in 1998 [9]. The model considers the blockage of fluid flow by columnar dendrites in 
the mushy zone, the change in liquidus temperature with liquid concentration and the double 
diffusive convection. Turbulence of molten steel flow was modelled by k   turbulence model 
in [7, 10], followed by  steady Reynolds-Averaged Navier-Stokes (RANS) models [11], filtered 
unsteady RANS model [11], Large Eddy Simulation (LES) models [11, 12, 13] and RANS 
Shear Stress (RANS-SST) model [14].  

The most common numerical methods used in computational modelling of continuous 
casting of steel are Finite Difference Method (FDM) [15, 16], Finite Volume Method (FVM) 
[17, 18] and Finite Element Method (FEM) [19, 20]. As the geometry in the continuous casting 
process is complex and the physical system requires moving and/or deforming boundaries, the 
mesh generation can present a substantial problem for the above mentioned numerical methods. 
To circumvent this problem, also meshless numerical methods have recently been considered 
for this problem. Among various available meshless methods, such as meshless local Petrov-
Galerkin method [21], point interpolation method [22], method of fundamental solutions [23], 
etc., LRBFCM [5] has been chosen to tackle the problem under consideration. This method has 
first been applied to the CC problem in 2011 [24]. Lately, the application of magnetic field [3, 
4] has been added to the model. The next step will be the application of macrosegregation [25] 
to the already existing heat transfer and fluid flow model of CC. 

The strength of magnetic field is calculated analytically and depends on the strand distance, 
the number of windings in the coils, the size of the windings, and the electric current. In the 
present paper the discretization of governing equations or EMBR and EMS devices is presented.  

 

2 GOVERNING EQUATIONS 
The continuous casting process with applied magnetic field can be described by five 

conservation equations; namely the mass, momentum, energy, species and charge conservation 
equations, 
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where v  stands for the velocity of the mixture, S L     is the density, assumed to be constant 
and equal in both phases. t  stands for time and p  for pressure. t  is turbulent viscosity and L  
is the dynamic viscosity, k  represents turbulent kinetic energy and 0K  is the permeability 
constant. Sv , T , C , g , T , refT , C , and refC  represent velocity of solid phase, thermal 
expansion coefficient, solute expansion coefficient, gravitational acceleration, temperature, 
reference temperature, species concentration and reference species concentration, respectively. 
j B  is Lorentz force, and is in detail described below. h  stands for enthalpy,   for thermal 

conductivity, and 0  for electrical conductivity. Sf , Lf , Sh , and Lh  represent solid volume 
fraction, liquid volume fraction, enthalpy of the solid phase and enthalpy of the liquid phase, 
and t  is turbulent kinematic viscosity. SD , and LD  are diffusion coefficients for solid and 
liquid phase respectively. e  and j  are electric charge density and current density. SC  and LC  
are the concentration of solute in solid and liquid phase, respectively. Level rule 
microsegregation model is used to determine the liquid fraction, structured with 
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mT , eT , and eC  are the melting temperature, the eutectic temperature and the eutectic solute 
concentration, respectively. 

Additionally, the turbulent kinetic energy and the dissipation rate equations are added to 
account for the turbulence  
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where   stands for the dissipation rate, t , C , k ,  , 1c  , 1f , 2c   and 2f  are closure 
coefficients. kP , kG , kD  , and kE   are the shear production of turbulent kinetic energy, 
generation of turbulence due to the buoyancy force, source term in k  equation and source term 
in   equation, respectively. Abe-Kondoh-Nagano closures are used [26]. 
Maxwell’s equations together with Ohm’s law are used to calculate the magnetic field effects 
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where E , 0 , B , and 0  are electric field, permittivity of free space, magnetic field density, and 
permeability of free space. The extent of coupling between the magnetic field and velocity, 
temperature, species concentration or energy, depends on the device (EMBR or EMS) that is 
used to produce the EM field. The coupling in both cases is done through the Lorentz force 

m  F j B , (17) 

which is added to the momentum equation and Joule heating term 
2

0

| |

j

, 
(18) 

that is added to the energy equation. 

3 ELECTROMAGNETIC FIELD EQUATIONS 
Both the EMBR and EMS are incorporated into the model through the Lorentz force, and if 

necessary, the Joule heating term. However, the magnetic field and consequently the Lorentz 
force for each of the EM devices are calculated in a different way. The calculation procedure is 
outlined below. In both, EMS and EMBR cases, an assumption of low 0 0Rem Lv    is made. v
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is the characteristic velocity and L  is the characteristic length. The solution of EMS additionally 
requires a low frequency approximation. 

3.1 Electromagnetic braking 
The considered device for EMBR consist of two coils facing in the same direction as 

schematically presented in Figure 1. This coil configuration consists with EMBR ruler. The 
magnetic field for such coil arrangement can be calculated analytically [27, 28] by first 
calculating the magnetic field components of each individual winding 
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where x , 1,3 2
ay y  , 2,4 2

ay y  , 1,2 2
bz z  , 3,4 2

bz z  , 2 2 2
i i ix yr z   . The assumption of 

tightly wound loops placed next to each other is then made. By substituting wx x n    , 
wy y m    and wz z m    , where n , m , and w are the number of loops in x direction, the 

number of loops in y  and z  directions and the diameter of the wire, the total field of a single 
solenoid coil is obtained by summing up all of the contributions 

1 N B B B . 
(22) 

The parallel coil configuration is obtained by employing a transformation 
2

x dx   and 

2
x dx  , where d  is the distance between coils, and the summation of both contributions is 

2 2
d d

 
 B B B . 

173



Katarina Mramor, Robert Vertnik and Božidar Šarler. 

 6 

  
Figure 1: Left: Scheme of EMBR configuration. Right: Scheme of EMS configuration. 

The magnetic field is then inserted into the electric potential equation 
2 ( )    v B   

      (23) 

which is obtained by inserting Ohm’s law (Eq. 9) into the charge conservation equation (Eq. 
5). Once the electric potential is calculated, it is inserted into Eq. 9 in order to obtain the 
current density, which is then used to calculate Lorentz force and, if needed, Joule source 
term. 
 

3.2 Electromagnetic stirring 
The considered device for EMS consists of four coils facing each other. The coils employ 

alternating current to produce a time varying magnetic field. By introducing the vector A  and 
scalar   potentials and enforcing the Coulomb gauge condition ( 0 A ), the magnetic and 
the electric fields are rewritten as 

 B A , 
(24) 

t
 

  

AE .       (25) 

Inserting Eqs. (24) and (25) into Maxwell’s equations (Eqs. 12-15), the following equations are 
obtained 

2
0 0 0 0 0( )ot

      
      


AA v A , 

(26) 

2 0  ,       (27) 

and consequently,   can be set to .const   By applying the Ohm’s law, Eq. 26 can be expressed 
as 
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2
0 ( )ind ext   A j j , (28) 

where indj  and extj  are induced and imposed currents, respectively. The solution of thus obtained 
linear system of equations can be further simplified by taking into account that the imposed 
current density is harmonic and can therefore be written as 

( ) i t
ext ext e j j r , (29) 

where ( )extj r  is the amplitude of current density in the coils and  is the source frequency [29, 
30]. The Lorentz force and, if necessary, the Joule source terms are calculated as a real part of 
the complex fields. 

4 DISCRETIZATION OF GOVERNING EQUATIONS  
The discretization procedure of LRBFCM is discussed in the continuation of the present 

paper. As all the governing equations follow the conservation principle, they can be described 
with a general transport equation as 

( )
( ) ( )D S

t






 
        


v  , 

(30) 

where D  is diffusion coefficient,   is general dependent variable (e.g. velocity) and S  a 
source term. The first term on the left side in the equation is called the transient term, whereas 
the second term is the convection term. On the right side, the first term is the diffusion term. 
The description of discretization is demonstrated for a general transport equation, as the 
discretization of mass, momentum, energy, species conservation, turbulent kinetic energy and 
dissipation rate governing equations follows the same principle.  

4.1 Time discretization 
The time discretization is performed by explicit first-order approximation (explicit Euler) 

scheme. The transient term (first term in Eq. 30) is thus rewritten as 

0 0 0 0 0 0 0
0

( ) ( ) ( ) ( )( ) t t t t t t

t t t t

   


            
  

   
 

(31) 

where 0( )t t   and 0( )t  represent the value of sought for variable at time 0t t   and 0t , 
respectively, and 0  represents the value of density at time 0t . 

4.2 Space discretization 
Space discretization in LRBFCM is done by collocation with RBFs. The general idea behind 

this method is to construct an approximation function on the local group of nodes, the so-called 
influence domains, and to apply the PDE on the approximation functions in a strong 
formulation. The approximation function   is constructed on a local subdomain l  and is 
represented as a linear combination of weighted basis functions l i  
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1

( ) ( )
basisN

l l i l i
i

 


  p p , 
(32) 

where l i , BasisN , l i , and x y zx y z  p i i i are the expansion coefficient, the number of basis 
functions, the basis function, and the position vector in influence domain l , where , ,1 domainNl 

, respectively. The position vector is expressed in Cartesian coordinate system with coordinates 
, ,x y z  and base vectors , ,x y zi i i . Among the various possible basis functions, such as 

polynomials, Fourier basis functions, the multiquadric RBFs are chosen  
2 2( )r r c   , (33) 

where 2 2 2|| ( ) ( ) )| (| l j l j l j
l j l j

l max l max l max

y z
r

y z
x x y z

x
 




 
 p p  is the distance between the central node p

and the support node l jp  and c  is the shape parameter. The distances between the current 
position p  and the support nodes in the influence domain region are normalized by the 
maximum lengths in subdomain l maxx , l maxy , and l maxz . This allows to use a constant value of (

32c  ) in differently arranged subdomains. The expansion coefficients of the approximation 
function are determined by collocation, which demands that the number of basis functions 
equals the number of the domain nodes. The collocation condition ( )l j l j  p  must hold for 
all the points in the influence domain. By implementing the collocation condition, a linear 
system of equations is obtained 

l l l ψ α , (34) 

where lψ , l α , and l  are the matrix of RBFs, the vector of the expansion coefficients, and the 
vector of corresponding data values, respectively. If the matrix is non-singular [31], the 
expansion coefficients can be obtained as 

1
l l l

 α ψ . (35) 

The approximation function thus becomes 

1

1 1

( ) ( ) ( )
Basis BasisN

l l i l ij l j
i j

N

  

 

   p p p . 
(36) 

The convection term is first rewritten as 
( ) ( )       v v v  (37) 

and spatial discretization is then applied to each of the terms separately. The first term is 
rewritten as 

  1

1 1

( ) ( )
BaB ss si iasN N

l i l in l nl
i njx

   

 


  

 v v  
(38) 

and the second term as 
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1

1 1

( )( )
domain domainN N

l l i l in l n
i njx

    

 


  

 v v . 
(39) 

In the present case, only the second term (Eq. 39) is calculated, as the density is considered 
constant. Similarly, the diffusion term is first rewritten as 

2( )D D D        , (40) 

where D  is a diffusion coefficient. The first term in Eq. (40) is discretized as 

1 1

1 1 1 1

( ) ( () )
domain domain domain domainN N N N

l l i l in l n l i l in l n
i n i nj j

D D
x x

    

   

 
    

      
(41) 

and the second as 
2

2 1
2

1 1

( )
Ba Basis ssiN N

l l l i l in l n
i nj

D D
x

  

 


   

  . 
(42) 

By using the above described procedure for time and space discretization, a general transport 
equation (Eq. 31) becomes 

1
0 0 0

1 10
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(43) 

4.3 Discretization of Poisson equations 
The discretization of Poisson’s equation is a boundary value problem, whereas the 

previously described discretization is an initial value problem. Respectively, its discretization 
by LRBFCM is described separately. It is used for the solution of electric scalar potential in 
EMBR (Eq. 23), vector potential in EMS (Eq. 28), and pressure in FSM method, which is used 
for coupling of the mass conservation with the momentum conservation equations. A detailed 
description of FSM pressure-velocity coupling solution procedure and its implementation in the 
LRBFCM can be found in [2-5]. The discretization procedure for Poisson’s equation is 
presented for a general variable. The global np  and the local influence domain l ip  nodes 
coincide and are connected by the following relation ( , )n l i l ip p . The general variable is 
represented on each of the influence domains as a linear combination of basis functions and 
expansion coefficients as  

( , )
1

( ) ( )
domainN

l n l i l
i

 


  p p . 
(44) 
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The expansion coefficients are determined from collocation, as presented in Eq. 35.   is 
therefore determined in each of the subdomains as  

1
( , ) ,( , )

1 1

( ) ( )
Basis BasisN N

l l n l i l ij n l j
i j

 

 

    p p . 
(45) 

The discretized general Poisson equation is a result of collocation and application of Laplace 
operator in global node kp  

1

domainN

kl l k
k

S


   , 
(46) 

where kl  is the sparse matrix element and kS  is a function of  . For scalar potential 

( )kS   v B , for vector potential 0 ( )k ind extS   j j   and for pressure *k t
S


  


v , where *v  is 

the intermediate velocity. 

4.4 Discretization of boundary conditions 
In general, there are three types of boundary conditions: the Neumann, Dirichlet and Robin 

ones, all of which are used in the solution of governing equations for the CC of steel under the 
influence of magnetic field. The implementation of Dirichlet boundary conditions is 
straightforward  

( )l l BC  p . (47) 

The implementation of Neumann boundary conditions on the other hand requires the 
application of collocation 

1

( ) ( )
domainN

l l j l j
j

 


 
 

 p p
n n

. 
(48) 

The same is true for Robin boundary conditions 

1

(( ) ( ) ( ) ))(
domainN

l l l j l j l j
j

a ab b  


 
    

 p p p p
n n

, 
(49) 

where n  is normal to the boundary, and a  and b  are the weights.  
 

5  CONCLUSIONS 
In this paper, a local meshless procedure for discretization of governing equations and their 

boundary conditions for a coupled multiphysics problem, resulting from EMBR and EMS in 
CC is presented. The general local form of discretized equations is applied to the transport 
equations of mass, momentum, species, energy, turbulent kinetic energy and dissipation rate. 
The solution of Poisson’s equation, which is representative for solving the electric vector 
potential and pressure Poisson’s equation, is discretized. The discretisation results in solving of 
a global sparse matrix for all the nodes in calculation domain. In both cases the collocation with 
RBFs is used for local space discretization on influence domains and explicit Euler scheme is 
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used for time discretization. Several numerical results, stemming from the presented meshless 
computational scheme will be presented at the conference. 
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Abstract.  Simulation  and  control  of  macrosegregation,  deformation  and  grain  size  under 
electromagnetic (EM) processing conditions is important in industrial solidification systems, 
since it influences the quality of the casts and consequently the whole downstream processing 
path. Respectively, a multiphysics and multiscale model is developed for solution of Lorentz 
force, temperature, velocity, concentration, deformation and grain structure of the casts. The 
mixture equations with lever rule, linearized phase diagram, and stationary thermoelastic solid 
phase  are  assumed,  together with  EM  induction  equation  for  the  field  imposed  by  the  low 
frequency EM field or Ohm’s law and charge conservation equation for stationary EM field. 
Turbulent  effects  are  incorporated  through  the  solution  of  a  low-Re  turbulence model.  The 
solidification  system  is  treated  by  the mixture-continuum model,  where  the mushy  zone  is 
modeled as a Darcy porous media with Kozeny-Karman permeability relation and columnar 
solid phase moving with the system velocity. Explicit diffuse approximate meshless solution 
procedure  [1]  is  used  for  solving  the  EM  field,  and  the  explicit  local  radial  basis  function 
collocation  method  [2]  is  used  for  solving  the  coupled  transport  phenomena  and 
thermomechanics  fields.  Pressure-velocity  coupling  is  performed  by  the  fractional  step 
method  [3]. The  point  automata method with modified KGT model  is  used  to  estimate  the 
grain structure [4]  in a post-processing mode. Thermal, mechanical, EM and grain structure 
outcomes of the model are demonstrated for low frequency EM casting of round aluminium 
billets.  A  systematic  study  of  the  complicated  influences  of  the  process  parameters  on  the 
microstructure  can  be  investigated  by  the  model,  including  intensity  and  frequency  of  the 
electromagnetic field. 
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1 INTRODUCTION 

Direct-Chill  (DC)  casting  [5]  turns  out  to  be  an  efficient  technology  for  production  of 
aluminium semi-products. The process is robust and relatively simple, however it can induce 
a  spectra  of  defects  in  the  ingots.  The  control  of  the  process,  depending  on  the  product 
geometry  and  alloy  composition,  basically  relies  on  adjusting  the mould  level,  the  casting 
speed,  the melt  temperature,  and  the  intensity  of  the  water  jets  that  chill  the  ingot.  These 
control  parameters  indirectly  influence  the  melt  flow  and  thus  the  solidification 
characteristics. An additional handle that can directly affect the flow is offered by alternating 
EM fields [6], applied to the DC process by means of coils placed around the casting system. 
They  induce  the  eddy  currents  in  the  melt  and  the  ingot  that  dissipate  heat  and,  more 
importantly,  assert  Lorentz  force  on  them,  thus  providing  a  stirring  force  on  the  melt.  A 
pioneering study of applying low frequency electromagnetic field to the casting process was 
presented in [7], while a recent magnetohydrodynamic study of this problem was done by our 
group in [8]. The main aim of the present paper is the extension of this model for including 
macrosegregation,  mechanical  effects  and  grain  structure  and  thus  forming  a  reasonably 
complete basic multiphysics and multiscale model of the process for the axisymmetric billets. 

2 MACROSCOPIC MODELS 

2.1 Thermofluid equations 

We express  all  the  governing macroscopic  transport  equations  in  cylindrical  coordinates 

 ,r z , with  base  vectors  ˆre   and  ˆze  with  z   coordinate  opposite  to  the casting  direction. We 

limit  ourselves  to  the  cases  where  velocity  vector  points  in  the  r z   plane.  The  mixture 
continuum  concept  [9],  adjusted  to  DC  casting  with  columnar  only  solid  phase  [10]  is 
adopted.  The  momentum  conservation  accounts  for  the  Darcy  drag  term,  and  the  volume 
force, decomposed into thermal and solutal Boussinesq buoyancy term and the Lorentz force: 

     cast
m l m

m m m m m l l m m

l l

P
t K

  
  

 

 
         

  
v v v v v v b  (1) 

   , 0 , 0 EM
1

n
i i

l T l C l l
i

T T C C  


 
      

 
b g b   (2) 

The  latter  is  denoted  by  EMb   and will  be  detailed  in  the  following  section.  The  solid 

phase velocity  Sv  is assumed to be constant and equal to the casting velocity  casts v v , that is 

parallel to  the  z  coordinate. The mixture density and velocity is defined as  l l s lm f f   , 

  /l l l s sm s mf f  v v v , with  lf  and  sf   standing for  the volume fraction of  the  liquid and 

solid phase, respectively. Mass conservation thus reads  0m  v . The permeability constant 

of the Darcy term, relevant in the mushy zone, is modelled as   
23

0 1L Lf fK K


  and is put 

to  0  by  hand  below  the  consolidation  temperature  corresponding  to 
lim

lf , where  the  liquid 

phase becomes trapped within the dendrites. The heat and species transfer is formulated with 
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the mixture convection-diffusion equations: 

        castm m m m m m m l m mh h T h h
t
   


            

v v v  (3) 
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m l l m m l l l m m l m m

C C
t

f D C f D C C C C

 

  


  



                 

v

v v

  (4) 

The enthalpy of  the mixture  is defined as  l l s smh f h f h  , where  the constitutive relations 

are given as  (T)S pssh Tc  and  ( ) ( )l ps pl sl ol Mch T TT Tc h      , with  Mh  denoting melting 

enthalpy.  We  assume  that  lf   rises  consistent  with  the  Lever  rule  in  the  mushy  zone, 

  : 1i
liq m lT T C f  ,   

m
i
l

iC C ;       : 1i i i i i
liq m sol m m l lT C T T C C f k C    ,   i

liq lTT C ;   : 0i
sol m lT T C f  , 

/i i i
l mC C k   and  that  the  heat  conduction  is  a  weighted  average 

l l s sff   .  On  the  inlet 

boundary (north) of the axisymmetric domain we impose the fully developed Poisseuille flow 
profile with known casting  temperature and nominal concentration of  the alloying elements 

0
iC : 

2 2

2 2

2
1 ,ˆ

S L cast cast

inlet in

z

let

R r
v T T

R R

 
   


  


v v e  (5) 

where  inletR  and  R  are the inlet and mould radii, respectively. On the top free surface we 

set  the  temperature  to  the  casting  temperature  and  concentration  to  the  nominal  alloy 
concentration,  and  for  the  velocity,  we  set  / 0, 0r zv z v    .  On  the  left  (symmetry) 

boundary, we prescribe  00, / 0, / 0, i i
r z lv v r T r C C        . On the right boundary (cooling 

side), the sticking boundary condition in the moving system is  cast zv v e . The cooling side 

temperature  boundary  condition  is  modelled  with  the  Robin  boundary  condition 

  / envk T r h z T T     ,  where   h z   takes  into  account  variation  of  the  heat  transfer 

coefficient with coordinate . It vanishes in the hot-top region. In the mould chill region we set 
it to a constant value  MCh  whereas in the direct chill region it starts at value  DCh  just below the 

mould chill and linearly rises to  3 DCh  on the bottom of the direct chill region. Finally, on the 

bottom  boundary  we  require  constant  field  derivatives  in  the  casting  direction 

/ 0, / 0, 0, / 0i
z r lT z v z v C z          . 

2.2 Electromagnetic field equations 

The dynamical pair of Maxwell is:  

 7
0 02

1
= - , , 4 10 Vs / Am

t c t
    

   
 

B E
E B = J +  (6) 

where  we  assume  c     and  work  in  the  quasi-static  approximation.  Electric  E   and 
magnetic B  fields are both divergence-free, i.e., solenoidal. In addition, the Ohm’s law in the 
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moving  frame  relates  fields with  induced  eddy  currents,    ext   J E v B J , where     is 

conductivity  that  is nonzero only  in  the conductor, whereas  extJ   is nonzero only  in  the coil 

and can be viewed as a boundary condition. We work with the electromagnetic potential  A  

defined  through  ,t     E A / B A   and  impose  the Coulomb gauge,  0  A ,  for 

the vector potential. Maxwell equations thus reduce to induction equation for A :  

2
0 0 ext , 0

t
   

 
      

 

A
A v A J  (7) 

We set  0v =  on the right-hand side since the effect of velocity on the EM field is small in 
regime of small magnetic Reynolds number. Details of equations in axisymmetry are given in 
[8]. 

2.3 Solid mechanics equations 

The solid mechanics model is solved by assuming the calculated temperature field from the 
thermal model. The assumed thermoelastic governing equation is: 

     2  ( )
T

T refG G G T T                   u u u u u f  (8) 

where  G  stands for shear modulus,     for Lamé parameter and  f   is  the body force. The 
coupling  with  the  temperature  field  is  described  by  the  coefficient     defined  as 

(3 2 )G      which  is  composition  dependent.  Another  free  parameter  is  the  reference 

temperature  refT , which denotes the temperature at which the thermal expansion is considered 

to be zero.  

3 MICROSCOPIC MODEL 

The microscopic model is solved in a post-processing mode. The model inputs temperature 
and concentration data from the macroscopic model. The representative input data are taken 
from  the  billet  center,  middle  and  surface  streamlines  in  Lagrangean  sense.  The  time  for 
microscopic  model  is  calculated  from  the  velocity  and  length  of  the  streamline.  A  typical 
3x3mm representative traveling area is considered on each of three considered streamlines. 

3.1 Nucleation kinetics 

To describe the nucleation event the continuous Log-normal Nucleation model is adopted. 
The  variation  of  the  grain  distribution  in  each  time  step  depends  on  the  undercooling 

temperature in the bulk of the casting. The density of grains   nucn T  at the given degree of 

undercooling  nucT  is given by the integral of nucleation density distribution: 

2

max 01 1 ln ln
exp

22
nuc

nuc nuc

dn n T T

d T T TT 

    
   

      

 (9) 

where  0T ,  T ,  maxn  represent the mean nucleation undercooling, the standard deviation 

and  the  maximum  density  of  nuclei  that  can  form  in  the  melt,  respectively.  These  three 
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standard nucleation parameters are determined experimentally for each alloy and grain refiner 
by measuring the grain size. 

3.2 Grain growth kinetics 

A modified KGT model is used to predict the grain growth velocities. The growth process 
is driven [11] by the local undercooling, approximated from the linearized phase diagram of a 

multicomponent alloy     01

n i i
liq i li

T T T t m C C


     , where  liqT ,  T ,  im , 
i
lC ,  0

iC  represent 

the  liquidus  temperature,  the  temperature  recalculated  from  the  macro model,  the  liquidus 
slope of species  i , the liquid concentration of species recalculated from the macro model and 
the initial concentration of species  i . In order to calculate the grain velocity V , the transport 
equations  are  solved  for  each  species  i .  The  solution  relates  the  nondimensional 
supersaturations  for  each  alloying  element  i ,  to  the  corresponding  growth  Péclet  number 

 , / 2 l
i i i iF P P rV D    where  r   is a  tip radius. The supersaturation  i   is expressed by the 

Ivantsov function for the purely diffusive growth regime       1P exp P Pi i i iF P E  where  1E  is 

the integral exponential function. The total undercooling can be expressed as: 

   0
1

1
1

1 1

n
i

i
i i i

T m C
k F P

 
      

  (10) 

where  ik   is  the  partition  coefficient  of  species  i .  The  marginally  stable  plane  front 

solution  is  applied  in  order  to  select  the  solution   V T ,  with 

 1/2 2

1
4 / 1 /

n i l
i i l ii

r V m k C D


   , where    stands for the Gibbs-Thomson coefficient. 

4 SOLUTION PROCEDURES 

The  time-averaged  Lorentz  force  is  calculated  by  discretizing  the  calculation  domain  in 
local  domains with 9 nodes with  the approximation  function expressed as  a minimum  least 

squares  fit  of  6  monomials   2 21, , , , ,x y xy x y .  The  weight  function  in  the  least  squares 

problem is chosen  to be Gaussian, 
2| /|e r .     is an average squared distance  from the center 

node  to  all  nodes  in  the  local  domain. The  sparse  linear  system  is  solved  using  the  sparse 
system solver [12]. The EM field calculation domain extends 1.5H  beyond the casting system 
in  vertical  direction  and  is  terminated  at  3R   in  the  radial  direction.  Unstructured  node 
arrangement  is  used  for  the  EM  field  calculation  that  has  embedded  the  nodes  for  the 
thermofluid equations in a way that in the mould the EM and thermofluid nodes coincide. The 
transport equations for mass, momentum, energy, and concentration are solved by collocation 
with multiquadrics radial basis functions with 5-noded subdomains in case of thermal model 
(as described in [13, 14]) and 6-noded subdomains in case of mechanical model as elaborated 
in the present proceedings [15].  
The  phase  change  kinetics  equations  are  solved  by  the  PA  method.  The  representative 

microscopic  calculated  domain  with  a  dimension  3x3  mm  is  discretized  into  360 000 
randomly  located  nodes. The post  processing calculations of  temperature and concentration 
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for this domain are taken from the macro level of calculations. The details of the PA method 
are elaborated  in [16]. The potential nucleation sites are randomly located in this domain in 
each  time  step. The  newly  arisen  site  represents  a  new  family  and  gets  a  randomly chosen 
color at the time when it appears. As grains nucleate, they start to grow with respect to the PA 
neighborhood  configuration  which  is  associated  with  the  position  of  the  neighboring  PA 

nodes which fall into a circle with assumed radius  0.5hR  µm. Due to random arrangement of 

the  nodes  each  grain  gets  different  neighboring  configuration.  For  the  given  values  of  the 

physical and  thermodynamic properties  , , i
i i lm k D  of  each alloy element  i ,  the variable grain 

growth  velocity  V   for  a  specified  undercooling  temperature  T   can  be  calculated. 
Independent calculations of the growth velocity for a given set of these values are carried out 
in each time step by using an iterative method. This requires to provide the micro model with 

values of T and  i
lC , taken from the macro model at every 0.05 s. 

5 NUMERICAL EXAMPLES 

Six  cases  of  aluminium  (Al-Cu-5.25%)  alloy were  simulated, where  the majority  of  the 
casting  parameters  remained  constant.  These  parameters  are  shown  in  Table  1.  Other 
parameters (casting speed, EM amplitude, EM frequency) were varied in order to study their 
effect on the shape and dimension of the liquid sump. Overview of calculated cases is given in 
Table 2. 

Table 1: Casting parameters. 

Casting temperature  707 °C 
Cooling water flow  140 m3/h 
Liquidus temperature  643 °C 
Solidus temperature  562 °C 
Liquid thermal conductivity  88.1 W/mK 
Solid thermal conductivity  180 W/mK 
Liquid specific heat  1160 J/kgK 
Solid specific heat  1270 J/kgK 
Permeability constant  6.7∙10-11 m2 
Latent heat  3.0∙105 J/kg 
Billets on a table  20 
Number of coil turns  48 
Coil width  20 mm 
Coil height  80.97 mm 
Coil inner radius  187.5 mm 
Coil lowest point  -101.87 

Table 2: Cases descriptions. 

Case number  Casting speed  Amplitude  Frequency 
Case 1  60 mm/min  0  0 
Case 2  80 mm/min  0  0 
Case 3  100 mm/min  0  0 
Case 4  80 mm/min  10 A  10 Hz 
Case 5  80 mm/min  10 A  15 Hz 
Case 6  80 mm/min  10 A  20 Hz 
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Case 1 Case 2 

 

Case 3 

 

Case 4 Case 5 Case 6 

Figure 1: Temperature distribution and streamlines are shown for cases 1 - 6. 
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The effect of the casting speed is evident from the comparison of results of cases 1, 2 and 
3, where the casting speed has values of 60, 80 and 100 mm/min  respectively.  It  is obvious 
that  an  increase  in  velocity  will  result  in  deeper  billet  sump,  which  is  in  accordance with 
general  observations  in  DC  casting.  The  depth  of  the  sump  (solidus  line  at  the  center) 
increases as 18 cm, 23 cm, 29.5 cm in cases 1, 2 and 3 respectively. Furthermore, the thermo-
solutal eddy in the central portion of the billet is also increasing with the casting speed. 
Case 2 (no EM field) and cases 4, 5 and 6 (with EM field)  can be compared to observe the 

effect of the EM field on the DC casting, as all cases were calculated for the same non EM 
field related casting parameters. Even though the sump depth is slightly smaller in the case of 
EM  field,  larger  differences  can  be  observed  in  the  velocity  field. The  eddy  formed  in  the 
sump due to natural convection is smaller in case 5. The streamlines are shallower, as the EM 
force amplifies the velocity in the horizontal direction. 
As  the  frequency  is  relatively  small  (low  frequency  EM  casting)  in  all  three  simulated 

cases  accounting  the  EM  field,  the  differences  in  the  sump  shape  are  barely  visible. 
Nevertheless,  the  effect  of  electromagnetic  frequency  variations  can  be  noticed  from  the 
streamlines, especially in the zone above the central eddy. If the EM frequency is increased, 
the  streamlines  of  the  inlet  melt  flow  become more  parallel  with  billet  axes.  Furthermore, 
higher frequency causes flatter central eddy. 

Radial stress

 

Vertical stress

 

Circumferential stress

 
Figure 2: Stress calculations from the thermoelastic model for case 4.  
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Figure 3: Results from the grain structure model: structure and Zn concentration for Al-Zn--5.35% Mg-
2.35% Cr-1.5% Cu-0.5% alloy. 

6 CONCLUSIONS 

A reasonably complete coupled multiphysics  and multiscale model of  the  low  frequency 
electromagnetic  casting  has  been  developed.  First  the  electromagnetic  field  is  calculated, 
followed  by  the  calculations  of  the  momentum  equation,  pressure  velocity-coupling,  the 
energy  equation,  and  species  equations,  respectively.  The  mechanical  calculations  are 
performed  without  feedback,  based  on  the  thermal  calculations.  The  microstructure 
calculations  are  coupled  in  Lagrangean  sense  to  the  calculated  velocity  and  concentration 
fields  in  a  post-processing mode.  The models  are on  the macro  level  solved by  the  diffuse 
approximate  method  and  on  the  micro-level  by  the  point  automata  method.  This  novel 
approach  is  completely meshless and no polygonisation  is  needed. The  considered  physical 
models incorporate only simple, basic elements that obviously need further improvements. In 
the  field  of macrosegregation,  the movement  of  the  solid  phase  and  influence  of  the  grain 
refiner  represent  the  next  necessary  steps  [17].  In  the  field  of  solid  mechanics,  the 
introduction of viscoelastic behavior and feedback to the thermal model (mould heat transfer) 
seems  important.  In  the  field  of  microstructure  modelling,  the  inclusion  of  the  secondary 
phases  is necessary  in  the model.  It  should be pointed out  that  the extension of  the present 
numerical approach to three dimensions seems straightforward, since the coding of the present 
axisymmetric meshless formulation is equivalent in higher dimensions. The capabilities of the 
model were demonstrated in figures 1, 2 and 3. 
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Abstract. Technology of the object-oriented implementation for the multibody dynam-
ics models is the key feature when developing the corresponding computer structures.
We are based on an approach originating from concepts explained earlier. Following the
guidelines outlined there one can develop the family of the constraint abstractions being
adapted to any type of the machinery applications and relatively easily implement cor-
responding family of Modelica models. One also can reorder these classes hierarchically
using sequences of the behaviour inheritance. Solutions concerning contact problems and
corresponding examples are under consideration.

1 INTRODUCTION

Development of a computer model for the multibody system (MBS) dynamics is con-
nected usually with use of a unified technology of any type for constructing models in an
efficient way. Object-oriented languages [1] are known to resolve such a problem succes-
sively step by step using their natural features. On the other hand one of the natural
way for representing the MBS dynamics is the so-called multiport representation of the
models initially based on the bond graph application [2]. This latter approach is based
on the idea of energy interchange, and substantially on energy conservation for physically

1
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interconnected subsystems of any engineering type. Consider in the sequel a technology
for constructing a model of MBS dynamics with constraints of any specific type in a uni-
fied way. Note that the unilateral constraints, like ones of mechanical contact may also
be included in the further consideration process.

A lot of methods to describe the structure of the MBS using different graph approaches
is known, see for instance [3]. Consider the MBS consisting of m + 1 bodies B0, . . . , Bm.
Represent it as a set B = {B0, . . . , Bm}. Here B0 is assumed to be a base body. We
suppose B0 to be connected with an inertial frame of reference, or to have a known motion
with respect to (w. r. t.) the inertial frame of reference. For example one can imagine
the base body as a rotating platform, or as a vehicle performing its motion according to
a given law. For definiteness and simplicity we suppose in the sequel all state variables
describing the rigid bodies motion always refer to one fixed inertial coordinate system
connected to the base body by default.

Some bodies are considered as connected by mechanical constraints. Suppose all con-
straints compose the set C = {C1, . . . , Cn}. We include in our considerations constraints
of the following types: holonomic/nonholonomic, scleronomic/rheonomic.

Thus one can uniquely represent a structure of the MBS via a undirected graph G =
(B, C, I). Here I ⊂ C × B is an incidence relation setting in a correspondence the vertex
incident to every edge Ci ∈ C of the graph. According to physical reasons it is easy to see
that for any mechanical constraint Ci there exist exactly two bodies Bk, Bl ∈ B connected
by this constraint.

2 BASE CLASSES FOR THE MULTIBODY DYNAMICS MODELS

It is clear that consideration of the graph G provides only a simplest structural infor-
mation insufficient for the MBS dynamical description. Indeed, in addition to the force
interaction represented usually by wrenches between bodies Bk, Bl through the constraint
Ci there exist kinematic conditions specific for different kinds of constraints. Wrenches
themselves can be represented in turn by constraint forces, reactions, and constraint
torques couples. These forces and couples are connected by virtue of Newton’s third law
of dynamics.

Thus if the system of ODEs for translatory-rotary motion can be associated with
the object of a model corresponding to rigid body, then the system of the algebraic
equations in a natural way can be associated with the object of a model corresponding
to constraint. Note that according to above consideration the set of algebraic equations
comprises relations for constraint wrenches, and kinematic relations depending on the
certain type of constraints.

Thus all the “population” of any MBS model is reduced to objects of two classes: Rigid-
Body (objects B0, . . . , Bm), Constraint (objects C1, . . . , Cn). According to this approach
simulation of the whole system behavior reduces to permanent information interaction be-
tween the objects of two considered types. Within the frame of Newton’s laws of dynamics
one can construct the MBS as a communicative network for this interaction. In this case

2
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the objects of bodies “feel” the action of other ones through corresponding objects of
constraints.

Physical interactions are conducted in models due to objects splitted also in two classes
of ports: WrenchPort, KinematicPort. The first one is to be used to transfer wrench.
In addition, WrenchPort has to be used for transferring the information about current
location of the point reaction acts upon.

In our idealized model the force interaction between bodies supposed exactly at a
geometric point. Its coordinates are fed outside constraint object through WrenchPort
permanently in time.

Now it is possible to describe an architecture of information interactions within the
particular constraint Ci corresponding to an individual edge of graph G, see Fig. 1. Thus
computer model of the particular constraint is represented by the communication network.

Figure 1: Architecture of constraint

KinematicPort is to be used to transfer the data of rigid body kinematics: configuration
(position of center of mass, orientation), velocity (velocity of the center of mass, angular
rate), and acceleration (acceleration of the center of mass, angular acceleration) contain-
ing in particular information about twist. When getting force information through ports
W1, . . . , Ws from the incident objects of class Constraint the object of class RigidBody
simultaneously generates, due to an integrator, kinematic information being fed outside
through the port K. On the other hand every object of class Constraint gets kinematic
data from the objects corresponding to bodies connected by the constraint under con-
sideration through its two “input” ports KA, KB. Simultaneously using the system of
algebraic equations this object generates information concerning wrenches, and transmits
the data to “output” ports WA, WB for the further transfer to objects of bodies under
constraint.

For simplicity and clearness we apply now base classes from above for simulating the
dynamics of MBSs with bilateral constraints [4]. Application of the components for the
unilateral constraints [5, 6] we will see later.
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In superclass RigidBody dynamics of rigid body is described here by means of Newton’s
differential equations for the body mass center, and by Euler’s differential equations for
the rotary motion. Note that to be able to have an invariant description of the rotary
motion one can use an excellent tool: quaternion algebra H. In this case we “lift” the
configuration manifold from SO(3) to S3 ⊂ H and then implement dynamics of rotation
in flat space H ∼= R4 taking into account that S3 is an invariant manifold of the rotary
dynamics redefined on H. In this way we have only one flat chart H for the underlying
due to double covering configuration manifold SO(3), and need not in any special choices
of the configuration angles or anything like that.

The double covering S3 → SO(3), q �→ T mentioned is implemented inside the Rigid-
Body class by the known formula. The rotation matrix T is fed outside the object through
the KinematicPort permanently in time. The Euler equations are constructed using
quaternion algebra in a way described in [4].

Remind that according to our technology of the constraint construction [4] two con-
nected bodies are identified by convention with the letters A and B fixed for each body.
All kinematic and dynamic variables and parameters concerned one of the bodies are
equipped with the corresponding letter as a subscript.

All objects of the class Constraint must have classes-inheritors as subtypes of a corre-
sponding superclass. According to Newton’s third law this superclass must contain the
equations of the form FA + FB = 0, MA + MB = 0 in its behavioral section. Here arrays
FA, MA and FB, MB represent constraint forces and torques “acting in directions” of
bodies A and B correspondingly. Kinematic equations for different types of constraints
are to be added to the last equations in different classes-inheritors corresponding to these
particular types of constraints.

3 JOINT MODEL AS ONE OF A BILATERAL CONSTRAINT

Class Joint plays a key role in the future model of a vehicle we will build. Joint is
a model derived from the base class Constraint. Remind [5] that in order to make a
complete definition of the constraint object behavior for the case of rigid bodies one has
to compose a system of twelve algebraic equations w. r. t. twelve coordinates of vectors
FA, MA, FB, MB constituting the wrenches acting upon the connected bodies.

First six (??) always present in the base model Constraint due to Newton’s third law.
For definiteness suppose these six equations are used to express six components of FB,
MB depending on FA, MA. Thus six components of FA, MA remain as unknowns. To
determine them each constraint of rigid bodies need in six additional independent algebraic
equations. These equations may include components of force and torque directly, or be
derived from the kinematic relations corresponding to specific type of the constraint.

In the case of the joint constraint being under construction here let us represent the
motion of the body B as a compound one including the body A convective motion w. r. t.
an inertial frame of reference, and a relative motion w. r. t. the body A. An absolute
motion is one of the body B w. r. t. the inertial system.
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Define the joint constraint with help of the following parameters: (a) a unit vector
nA defining an axis of the joint in the body A; (b) a vector rA fixed in the body A and
defining a point which constantly stays on the axis of the joint; (c) a vector rB fixed in
the body B and defining a point which also constantly stays on the axis of the joint. The
main task of the base joint class is always to keep geometric axes fixed in each of the
bodies in coincidence.

First of all one has to compute the radii vectors of the points fixed in the bodies w. r. t.
inertial system Rα = rOα + Tαrα (α = A,B), where [5] rOα is the position of the α-th
body center of mass, Tα is its current matrix of rotation. The joint axis has the following
components nAi = TAnA in the inertial frame of reference. According to the equation for
relative velocity for the marked point of the body B defined by the position RB we have
vBa = vBe +vBr, vBa = vOB

+ [ωB, TBrB], vBe = vOA
+ [ωA,RB − rOA

], where vBa, vBe,
vBr are an absolute, convective, and relative velocities of the body B marked point, ωA,
ωB are the bodies angular velocities.

Furthermore, according to the computational experience of the dynamical problems
simulation the precompiler work is more regular if the kinematic equations are expressed
directly through accelerations. Indeed, otherwise the compiler tries to perform the formal
differentiation of equations for the velocities when reducing an index of the total DAE
system. Frequently this leads to the problems either in time of translation or when running
the model.

Thus using the known Euler formulae for the rigid body kinematics and the Coriolis
theorem we obtain an equations for the relative linear acceleration in the form

aBa = aOB
+ [εB, TBrB] + [ωB, [ωB, TBrB]] , aBa = aBe + 2 [ωA,vBr] + aBr,

aBe = aOA
+ [εA,RB − rOA

] + [ωA, [ωA,RB − rOA
]] , aBr = µnAi,

where aBa, aBe, aBr are an absolute, convective, and relative accelerations of the body
B marked point, εA, εB are the bodies angular accelerations, vBr is a relative velocity of
the body B marked point, ωA, ωB are the bodies angular velocities.

We also need in an analytic representation of conditions that the only projections of
the bodies angular velocities and accelerations having a differences are ones onto the joint
axis. Corresponding equations have the form ωB = ωA + ωr, εB = εA + [ωA,ωr] + εr,
εr = λnAi, where ωr, εr are the relative angular velocities and accelerations.

Besides the kinematic scalars µ, λ we will need in their reciprocal values F = (FA,nAi),
M = (MA,nAi) correspondingly. Note that the class described above is a partial one
(doesn’t yet complete the constraint definition) and can be used to produce any imaginable
model of the joint type constraint. To obtain a complete description of the joint model
one has to add to the behavioral section exactly two equations. One of them is to define
one of the values µ, F (translatory case). Other equation is intended to compute one of
the values λ, M (rotary case).
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4 CONTACT AS A PARTICULAR CASE OF MECHANICAL
INTERCONNECTION

For simplicity we suppose here objects of unilateral constraint implement model of me-
chanical contact without impacts. Though in general according to the nature of unilateral
constraint one can describe it using fundamental state variable which at any time instant
can have one of three values: “Flight”, “Sliding”, “Rolling”. Values enumerated have a
sense transparent enough. State “Flight” means the constraint at a current time instant
is in a disconnected condition i. e. bodies in fact are not connected and can perform free
relative flying. As state variable has one of values “Sliding” or “Rolling” then bodies
supposed to be in a contact. The difference is that the first state permits the relative
slipping of the bodies but the second one does not.

The dynamics of a rigid body translatory–rotary motion was outlined above. However
the mechanical constraint model representation undergoes an essential changes in compare
with the bilateral case. We use the so called complementarity rules [7] as a base for the
unified description of the unilateral constraint. Taking into account complementarity rules
one can see easily that any constraint always is defined by the three scalar equations. To
derive these equations first consider local geometry of the problem, see Figure 2.

Figure 2: Area of Constraint

Outer surfaces supposed to be defined with respect to principal central axes of cor-
responding bodies by the equations fα (rα) = 0 (α = A,B). Then in inertial frame of
reference for the whole multibody system these equations will take the form gα (r0) =
fα [T ∗

α (r0 − rOα)] = 0 (α = A,B), with rOA
, rOB

being a vectors of masscenters positions
OA, OB for the bodies A and B, and TA, TB mean an orthogonal matrices for current
bodies orientations. An asterisk denotes conjugating what equivalent to inverting of ma-
trix for the case of orthogonality. Thus the functions gA(r0), gB(r0) depend upon the time

6
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indirectly through the variables rA, rB, TA, TB.
Constraint object of our model is to compute at each current instant positions of the

points PA and PB which are the nearest ones for interacting bodies A and B. By virtue
of above assumptions such points are to be evaluated in a unique way. Denote the radii
vectors of these points with respect to inertial frame of reference by rPA

, rPB
. Then using

simple geometric considerations for the coordinates of the cited vectors one can derive the
following system of algebraic equations

grad gA (rPA
) = λ · grad gB (rPB

) ,
rPA

− rPB
= µ · grad gB (rPB

) ,
gA (rPA

) = 0,
gB (rPB

) = 0.
(1)

One can verify easily that the gradients can be computed by formulae grad gα (rPα) =
Tα grad fα [T ∗

α (rPα − rOα)], where α = A,B. It easy to see the system (1) consists of
eight scalar equations and has eight scalar unknowns: xPA

, yPA
, zPA

, xPB
, yPB

, zPB
, λ, µ.

Variables λ, µ are an auxiliary ones. The equations (1) are in use either without or with
a presence of the contact of bodies A, B. In a latter case the equation µ = 0 instead of
one of the surfaces equations is in use.

According to computational experience it is more reliable and convenient to use the
equations of constraints in a differential form instead of those ones in the algebraic
form (1). Such an approach is used frequently also when analyzing the properties of
mechanical systems.

Normal vector nA = grad gA /|grad gA| will play an important role in the further course.
Normal for an outer surface of the body A is chosen here for definiteness. One can use
the vector nB as well.

Let us perform now a unified description of the unilateral constraint using kinematic
and/or force equations. Denote by FA the force acting on the body A from the body B.
And by FB denote the force acting on the body B from one of A vice versa. Each force
mentioned acts at the point Pα, α = A, B. In addition, let us introduce auxiliary notations
FAn = (FA,nA), FAτ = FA − FAnnA, vr = vPA

− vPB
, vrn = (vr,nA), vrτ = vr − vrnnA.

If the bodies are disconnected and the constraint is in a state “Flight” then the force of
reaction is equal to zero. Thus we have three scalar equations. For unifying the system of
constraint equations further and for taking into account arbitrary directions of the normal
nA let us introduce auxiliary scalar variable κ in a way such that

FAn = 0, FAτ − κnA = 0.

Actually one has obtained the system of four equation with four unknown variables FAx,
FAy, FAz, κ.

In case of bodies contact the condition FAn = 0 is substituted by the kinematic one
vAn = 0. States “Sliding” and “Rolling” differ one from another using conditions in a
tangent plane. Implementation of the Coulomb friction model supposed for the simplicity.
Then one can obtain the vector force equation in the tangent plane

FAτ − d · FAnvrτ /|vrτ | − κnA = 0, (2)

7
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where d is the coeffitient of friction.
For rolling the tangent velocity has to be zero

vAτ − κnA = 0.

In the case of sliding the model equation (2) “works” properly if the relative velocity
isn’t very small. However the problem of regularization for the equation of constraint (2)
arises at the instance of transition from “Rolling” to “Sliding”. It turns out that one can
apply here the known approximation for Coulomb’s friction using regularized expression
for the tangent force

FAτ − κnA = d

{
FAnvrτ /|vrτ | as |vrτ | > δ,
FAnvrτ/δ as |vrτ | ≤ δ,

where one supposes that δ � 1.
It is known [8] that in this case the solution of the regularized problem remains close

to the solution of the original one on asymptotically large time intervals. Implementation
and further simulation show this closeness holds with the very high degree of accuracy.
Such an approach resolves completely the problem of modeling for accurate transitions
between states of “Sliding” and “Rolling”.

Thus properties of the frictional contact as: (a) contact tracking algorithm; (b) contact
velocities computation; (c) contact forces computation; (d) contact surfaces particular
properties are combined in an object-oriented manner forming lines of inheritance in a
natural way.

5 CLASS PARAMETRIZATION IN CASE OF COMPLIANT CONTACT

Implementation of the mechanical contact model with compliance assumes much more
possibilities for the contact properties than in the rigid case. According to experience while
developing the models for elastic contacting of rigid bodies interactions in the multibody
dynamics a flexibility provided by an object-oriented approach can be used to utilize a
wide variety of different properties concerning a contact of solids. The properties are
mainly of the following categories:

(a) geometric properties for surfaces in vicinity of the contact patch (gradients of the
functions defining surfaces, their Hesse matrices);

(b) a model to compute the contact area dimensions and normal elastic force;
(c) model for the normal viscous force of resistance;
(d) model for the tangent forces along the plane of the contact area.
A submodel of the geometry properties is to describe analytically algebraic surfaces

of the structure complex enough. To implement the normal force computation one can
choose from at least two approaches: the Hertz model and its volumetric modification.
Force of viscous resistance also can be modeled in several different ways: linear, non-linear,
etc. In the models for tangent forces one can adopt either “simplest” approaches based

8
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Figure 3: The model of mechanical contact by stages of inheritance.

on the Amontons–Coulomb friction or more complex ones represented by the Contensou–
Erismann, and other models.

While developing a mechanical contact model architecture we used the base class Con-
straint described above as a starting point to construct its inheritor ContactConstraint-
Template being simultaneously a base class of new family of models to simulate mechanical
contacts. Really this class is a base template represented as a container having four “sock-
ets” to instantiate there the specific parameter classes of four types enumerated above,
see its visual model in Figure 3 at a top left corner.

To develop complete model one can move along different ways. Class parametrization
implemented in Modelica language for example is the facility in line to apply to the
problem under description. In our case we have four class parameters corresponding to
the submodel categories enumerated above. An example to construct specific contact
interaction model see in Figure 3. The example includes two stages of inheritance:

1. to derive a template with the forces models, namely: the Hertz model for normal
force, non-linear viscous force, the Contensou–Erismann model for the dry friction forces
(to “fill in” three sockets in the middle of the base template visual model, see the derived
template visual model at a central position of the Figure 3);

2. to complete the whole construct one should define a specific geometry submodel
for the surfaces in contact (to “seal” the socket for geometry properties, see the complete
visual model at a bottom right corner of the Figure 3).

9
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On all the stages of inheritance the templates considered have an internal information
interconnections between the submodels to be instantiated. These interconnections are
implemented via the set of equations hidden behind the visual models and can vary for
different models requiring different variables for the algorithms to compute normal and
tangent forces of the complete model. So the whole picture remind us known construct
of a card with the sockets and the interconnection wiring in its internal layers as a base
template, and a chips to be instantiated in the sockets as a models of four types from
above. With one exclusion: we have the derived template playing a role of additional
card with its own additional wiring servicing already instantiated models “covering the
card” of the base template.

One can remark finally an approach under presentation allows us to create and to
change fast enough different types of an elastic contact models while developing the multi-
body dynamics systems simulators.

6 EXAMPLE OF THE OMNI VEHICLE DYNAMICAL MODEL

Investigation of omni vehicle dynamical properties is sufficiently popular topic in field
of the multibody dynamics [9, 10, 11, 12]. The omni vehicle is one having omni wheels,
wheels equipped by rollers along the rim. Simplified, idealized models having contacting
rollers as an infinitely small discrete elements are known. Thus one has a resulting non-
holonomic constraint being “uniformly distributed” over the wheel rim.

Our goal here is to develop a technique for building up a dynamical prototype for the
“real” model of the omni vehicle explicitly involving dynamics of physical rollers. Here
we rely upon the “simple” 3D multibody dynamics library classes from above which was
utilized previously in several examples of the multibody systems dynamics [13]. Simulta-
neously this library enables us to create complex dynamical models including unilateral
constraints of different nature.

We will pay here main attention to the process of the omni vehicle dynamical model
development. Once again for simplicity we apply for the mechanical contact model the
rigid point-contact one. This model has three structural levels of complexity: level of the
roller; level of the omni-wheel; one of the whole vehicle, see Figure 4).

All the classes used in the vehicle model were mentioned above. In addition, one has
to note that the contact tracking algoritm is possible to be arranged extremely simple
and effective for the case of the wheel vertically aligned.

In the model of Figure 4 one has a vehicle with three omni-wheels. Each wheel has four
rollers. Computational experiments were performed for different numbers of rollers. In
addition, computational comparisons were performed for almost limit cases of simplified
models with rollers inertial properties almost vanishing. The verification process was
completed successfully.

10

200



Ivan I. Kosenko, Kirill V. Gerasimov and Mikhail E. Stavrovskiy

Figure 4: Left: The omni wheel visual model. Right: The omni vehicle visual model.

7 CONCLUSIONS

-The process of the models development and debugging becomes fairly easy and simple
if one uses physically-oriented approach for the MBS dynamics simulation.

-An acausal modeling accelerates the model development releasing an engineer from
the problem of causality assignment if s/he takes into account some requirements like
complementarity rules.

-An object-oriented representation makes it possible to develop the constraints models
adopted to the specific types of the bodies interconnections in a fast and effective manner.

-The bond graph theory guidelines are useful for the MBS model building process to
create consistent resulting DAE system.

-Introducing the compliance into the model may be useful and effective preserving the
principal properties of the MBS like anholonomity etc.

-The most natural and effective way to implement computer model of the mechanical
contact is use of the templates with the object-oriented class parametrization.

-There exist a possibility for smooth impactless switching between rollers at contact
upon rolling of omni wheel.

-Efficient and simplified contact tracking algorithm was implemented.
-Influence of friction model on dynamics of the omni vehicle was analyzed.
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Abstract. It is proposed further development of the theory of multicomponent dry friction 
which consists in presenting a more convenient form for the problems of the dynamics of the 
earlier developed models with a reduced number of coefficients. 

 
 
1 INTRODUCTION 

In recent years there has been a surge of interest in the dynamics of systems of solids with 
friction under conditions of the combined kinematics. Fact is that researchers in the field of 
dry friction has long been known that in case of combined of the kinematics, when the rubbed 
solids are participated, simultaneously, in the sliding, spinning and rolling motion, the use of 
the classical Coulomb's law is not correct, and the friction law is undergoing significant 
changes.  

One of the first attempts to describe the relationship of friction and spinning in the case of 
non-point contact of moving solids was undertaken by Contensou  Contensou got numerical 
dependence of the dry friction force from the ratio of the slip velocity to the linear velocity of 
spinning.  

The principle new development of the theory was given by Zhuravlev in  With the aid of 
transition of the coordinaton system origin, to the instantaneous center of velocities, he 
obtained exact analytical expressions of the resultant vector and friction torque for circular 
contact spot, on the assumption that the distribution of contact pressure in the contact area 
subject to the law of Hertz. To use the obtained relationships in the dynamics problems, 
Zhuravlev built their fractional-linear but Pade. The convenience of the use of the Pade 
approximations making it possible to describe the effects of the combined dry friction for the 
entire range of angular and linear velocities has led in subsequent to the development of 
principally new models of friction on their basis [3-10].  

Shortly after the publication of [2] in Russia and some European countries, several 
research groups focus their attention on studying the effects of dry friction in the combined 
kinematics. Main subjects of their research were the construction of mathematical models of 
dry friction, explaining the conditions of equilibrium of solids with dry friction and solution 
of various problems of classical dynamics. The narrow field of theoretical mechanics that 
began in the early 2000's with a few publications by Zhuravlev [2], Ivanov [11], 
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Kireenkov [12], Leine [13] and Karapetyan [14] are formed in integral scientific direction. 
Dozens publications on the subject were published.  

Starting with the work [12] author of this publication began to develop a theory of the 
multi-component dry friction, one of the directions of it consist in the construction of the 
phenomenological dry friction models which are suitable for using in differential equations of 
motion. 

The main distinguishing feature of this approach is that, at first, under the assumption of 
validity both the classical Coulomb's law in differential form for small element of the area 
inside the contact area and its generalized forms, there are constructed the exact coupled 
integral dry friction model, obtained by integrating the differentials of the principal vector and 
torque on the contact spot.  

It is worth explain the used of the term "Exact integral model" because any model can not 
be exact, because it is only an approximation to a real phenomenon. This notion is used in the 
sense that, after the initial assumptions about the validity of Coulomb's law in classical and 
generalized differential form and general properties of the normal contact distributions inside 
of contact spot, all other computations, from a mathematical point of view, are being made 
exactly, without the use of approximate methods. Thus, after writing expressions for the 
differentials of the dry friction principal vector and torque, all subsequent transformations are 
exact results, reflecting the nature of the phenomenon. 

The integral model gives a good description of the dry friction effects in the case of 
combined kinematics, but is inconvenient to be used in problems of dynamics, because it is 
required to calculate multiple integrals in the right-hand sides of the equations of motion. 
Previously, to escape this difficult procedure, the exact integral models are replaced by 
approximate models based on the Pade expansions of the first or second order. These 
replacements substantially simplify the combined dry friction modeling, making the 
calculation of double integrals over the contact area unnecessary. But in the case of arbitrary 
(in sign) velocities spinning ω and sliding v , the approximated models contain non-smooth 
functions (modules of velocities ω and ) in the denominators of the corresponded Pade 
expansions. A new type of approximated models which are the ratio of the linear form to 
square root of the quadratic form makes it possible to avoid this inconvenience.  

v

2 EXACT INTEGRAL MODELS IN THE CASE OF COMBINED KINEMATICS 
The dry friction exact integral models in the case of simultaneously sliding, spinning 

and rolling are constructed for circular contact sites under the assumption that the Coulomb 
law in generalized differential form holds for the small surface element dS in the interior of 
the contact spot, according to which the differentials of the resultant vector and the 
moment of friction with respect to the contact spot center are determined by the 
formulas [8]:  

dF
CdM

( ) ( )3 3
1 2 1 21 , 1 ,

( , ), ( , )

Cd f dS dM f dS

v y x x y

σ μ μ σ μ μ

ω ω

×
= − + − = − + −

= − =

V r VF V V V
V V

V r

V
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where f is the coefficient of friction, ( , )x y=r is the position vector of an elemental area in 
the interior of the contact spot with respect to its center Fig. 1 (left), ω is the angular 
velocity of rotation of the contact spot center, but 1μ  and 2μ  are the coefficients which can 
be defined in practice from experiments.. Necessity of using of the generalized differential 
form of the Coulomb law is caused by the numerous experimental investigations [15].  

     
Figure 1. Kinematics inside the contact spot 

In addition, in process of the exact integral models construction there are is used well 
known results from the theory of elasticity that tangent stresses lead to shift in the symmetric 
diagram of the normal contact stresses in the direction of the instantaneous sliding 
velocity v  or in the rolling direction.  

To use these results in the dynamics problems, it is proposed the simple asymptotic 
representations for the contact stresses distributions based on their general properties [6-7,16]: 

( )0( , ) 1 x yx y k x R k yσ σ= + + R (2) 

where R  - radius of contact spot and where 0 0 ( )rσ σ=  - distribution of normal contact 
stresses at absence of motion having the properties of central symmetry  

Presence of the simultaneously sliding and rolling in the different directions leads only to 
summarization of the corresponded coefficients. The influence of each of these effects can be 
investigated, due to linearity, independently. The only difference is that in case of rolling 
these coefficients depend on the direction and module of the rolling velocity  Fig 1 (right): rΩ

2 2, , , 1, 0 ifr y r x
xr xr r x y r r r

r r

k kk k k k
R R
Ω Ω

= = − Ω = Ω +Ω ≤ ≡ Ω
Ω Ω

0= (3) 

To define the corresponded coefficients can be used or the results of theory of elasticity [6] 
or procedure developed in [6]. 

Thus, we have substantial approximation to the real situation in dependence on the 
general properties of the normal contact stresses distribution and real differential 
characteristics of the friction law.  
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Integration of the corresponded differentials over the contact spot yields the resultant 
vector  of the friction force and torque : F CM
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where  and denote the respective components of the resultant vector directed along the F F⊥

tangent and the normal to the trajectory of motion modulus of which has form: 

3 2 2 2
1 2 1 02 2 2 2

2
2 2 20

2 2 2 2

2 2

02 2 2 2

( )(1 )
2 ( )

( ) 2

, {( , ) : }
( ) 2

( ( ) )(1 )

( ) 2

y

G

x

G

y
C

G

v y k y R
F f v v v x y dxd

x y v vy

k f xF dxdy G x y x
R x y v vy

x y vy k y R
M f dxdy

x y v vy

ω
μ μ μ ω σ

ω ω

ω σ

ω ω

ω
σ

ω ω

⊥

⎛ ⎞− +
⎜ ⎟= + − +
⎜ ⎟+ + −⎝ ⎠

= =
+ + −

+ − +
=

+ + −

∫∫

∫∫

∫∫

y

y R

+

+ ≤ (5) 

Expressions (5) are calculated under supposition that influence of nonlinearity in the 
Coulomb law on the friction torque is neglegible and the coefficients xk ,  are the small yk
parameters. These dependencies present the exact dry friction integral model in the case of 
combined kinematics. 

It is convinient to present the double integrals in formulas (5) in the polar coordinates: 
cos , sin , [0,1], [0,2 ]x r y r rα α α π= = ∈ ∈  (Fig. 1) with origin in the contact spot center. In 

these coordinates, the polynomials terms in expressions for the friction force component F  
directed along the tangent to the trajectory of motion are the first moments of the normal 
contact stresses distribution of the first  and  third  orders [7, 10]. 

3 APPROXIMATED DRY FRICTION MODELS 
The exact integral model (5) gives a good description of the dry friction effects in the case 

of combined kinematics, but is inconvenient to be used in problems of dynamics, because it is 
required to calculate multiple integrals in the right-hand sides of the equations of motion. 
Previously, to escape this difficult procedure, the exact integral models are replaced by 
approximate models based on the Pade expansions of the first or second order. These 
replacements substantially simplify the combined dry friction modeling, making the 
calculation of double integrals over the contact area unnecessary. But in the case of arbitrary 
(in sign) velocities ω and , the approximated models contain non-smooth v
functions (modules of velocities ω and ) in the denominators of the corresponded Pade v
expansions. A new type of approximated models which are the ratio of the linear form to 
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square root of the quadratic [16] form makes it possible to avoid this inconvenience. 
Possibility to use this kind of expansions was first mentioned in [9].  

Procedures of the approximated model construction are based on the analytical properties 
of the double integrals (first terms in proposed integral model) as functions of the velocities 
u R and v .  =ω
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(6) 

These integrals can be considered independently due to additivity of the integral model (5) 
with the aid of formal zeroing of the parameters 1μ  and 2μ  - case correspondents to the 
classical Coulomb low in differential form. Using Coulomb’s law in generalized differential 
form leads only to appearances of the additional polynomial terms.  

One of the main analytical properties the exact integral expressions (6) is that the absolute 
values of the friction force components and toque are the homogeneous functions of the 
variables  and v  of zero order of homogeneity: u 0( , ) ( , )F u v F u vλ λ λ λ λ= , 

0( , (F u F v)v ,u )λ λ λ= λ λ⊥ ⊥ , 0( , ) ( , )C CM u v M u vλ λ λ λ λ=

F F⊥ C

 Consequently, their approximations 
have to be the homogeneous functions of the variables u  and  of zero order of homogeneity. 
This fact significantly reduces the possible type of approximations, coefficients of which are 
defined from the behavior , and 

v

M  as functions variables { , as well as the 
behavior of their first derivatives at zero and at infinity . In result, the approximated analytical 
dry friction model in case of using of the Coulomb law classical differential form is 

}u v
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and in case of using of the Coulomb law in generalized differential form is 
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(8) 

Coefficients of these models (7-8) can be calculated analytically [6-10] or numerically if 
the distribution of the normal contact stresses inside of contact spot is described by a priory 
known laws: 
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where functions , F F⊥  and CM  are defined by the formulas (6). In the other cases they can 
be estimated from the experiments [15]. 

The dynamics coupling of the dry friction models (5), (7-8) is defined by the coefficient 
xk

F h
. If the external forces are absent then it can be calculated from the simple equation [10]: 

, where h  - distance from the center mass of the moving solids to the plane of 
sliding and  - the shifting of the center of gravity of the contact spot in the direction of 
sliding or rolling (Fig. 1). In result, the approximated analytical dry friction model has form: 

Ns=
s
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(10) 

New kind of the approximated dry friction models permits to escape using not smooth 
functions in the cases when velocities are changed their signs. These models are are defined 
by the same coefficients amounts as models based on Pade expansions and completely 
satisfies to the all integral model analytical properties. Moreover, the accuracy of these 
models are corresponded to accuracy of the models based on the second order Pade 
expansions 

4 CONCLUSIONS 
The proposed dry friction models enables as well to describe the relationship between 

force and kinematical characteristics by smooth analytical functions over the entire range of 
angular and linear velocities as to take into account the more realistic representation about 
normal contact stresses distribution and differential characteristics of the friction law. The 
approximate models preserve all analytical properties of the models based on the exact 
integral expressions and correctly describe the behaviour of the net vector and torque of the 
friction forces and their first derivatives at zero and infinity.  

Moreover, the models coefficients are numbers that can be identified from experiments. 
Consequently, these models may be considered as phenomenological models of the combined 
dry friction.  

The procedure of approximate dry friction models construction is universal method of the 
dry friction model developing in more difficult cases. 
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Abstract. We consider motion of a system consisting of a rigid body and internal
movable masses on a rough surface. The possibility of rotation of the system around its
center of mass because of the internal movable mass motion is investigated. To describe
the friction between the body and the reference surface selected local Amonton–Coulomb
law. To determine the distribution of the normal stress in the contact area between the
body and the surface linear dynamically collaborative model is used. As examples we
consider two configurations of internal masses: hard horizontal disk and two material
points, moving parallel to the longitudinal axis of the body symmetry in the opposite
way. Motions of the system analyzing for selected configurations.

1 INTRODUCTION

At the moment mobile robotics find wide application in various fields of human activity:
research, medicine, space, etc. Among the large variety of robotic systems moving on a
plane, class of the devices which move without any external moving parts, such as wheels,
tracks, legs can be distinguished. Such systems have a number of advantages associated
with their hermiticity and isolation from external adverse factors. For example a robot-
ball could be called.

Motion of the robot without external drivers can be achieved by using movable internal
masses and interaction with the supporting surface by friction forces. In the works [1, 2]
investigated one-dimensional motion of a dual-mass system in the presence of dry friction
forces. Optimal parameters which give the highest average speed of the body with imposed
restrictions is determined. In the paper [3] investigated the body with one and two internal
masses and three models of resistance to the robot motion: a piecewise-linear friction,
quadratic friction and dry friction.
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Two-dimensional movement of the three-mass robot in a liquid medium is investigated
in the work [4, 5]. The motion of the system is achieved by moving two internal masses
and the forces of viscous resistance. The possibility of the body rotation on a rough
surface with the rotor inside the body, which rapidly rotating around the longitudinal
axis of the body symmetry while the body move direct this axis is proved in [6, 7].

In this work, we study the rotation of the symmetrical hollow body around its center
of mass with by moving material points inside the body. It is assumed that the points are
located on a horizontal plane passing through the body center of mass and system center
of mass does not move inside the body. In contrast to [6, 7], in the present work applies
the local friction of rest.

2 MODEL OF THE SYSTEM

Consider a rigid body of mass m0, representing a hollow parallelepiped composed of six
homogeneous rectangles. Length of the body equal to a, width – b, height – 2h. The body
relies on a rough horizontal surface. We introduce a laboratory coordinates system O′xyz
with start on the surface and connected with the body system Oξηζ, where O – body
center of mass (Fig. 1). Axis O′z and Oζ forward vertically, the axis Oξ is parallel to
the larger edge of the parallelepiped base, the axis Oη directed so that the system formed
right-hand triple. We suppose that in the initial moment corresponding axis coincide.
The main axis of the central ellipsoid of inertia of the body coincide with the coordinates
system Oξηζ. Moment of inertia with respect to axis Oζ is equal to C. Inside the body
material points are located such way that center of mass of system coincides with the
center of mass of the body O. The system consists of the body and internal masses will
called a slider.

In the general case position of the body is determined by three coordinates. Coordinates
xO, yO determine point O in the laboratory coordinates system. The angle ϕ between the
axes O′x and Oξ determine rotation of the slider relative to its initial position. But in
this work we suppose that at the initial time body stay at rest. Due to the special chose
of the internal mass configuration and motion point O will be fixed during the whole
time of motion. Thus position of the body is determined by the angle of rotation ϕ and
coordinates of points O′ and O are xO = xO′ = 0, yO = yO′ = 0, zO = h, zO′ = 0.

3 FORCES AND MOMENTS

Let
∑s

i=1 mi – is the sum of the inside movable material points masses, s – the number
of points. Write theorem on the slider center of mass motion and the momentum change
of the slider relative to the point O:

mr̈O = F g + F n + F t, m = m0 +
s

∑

i=1

mi, (1)

K̇O = M g
O +Mn

O +M t
O, (2)
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Figure 1: Laboratory and body systems of coordinates

where rO =
−−→
O′O – the radius-vector directed from the point O′ to the body center of mass

O, F g – the force of gravity acting on the slider, F n and F t – the main vectors of norm
reactions and friction forces respectively. KO – kinetic moment of the slider relative the
point O, M g

O – the main moment of gravity force relative to the point O, Mn
O and M t

O –
the main moment of normal reactions and friction forces relative the point O respectively.

The radius-vector rO and unit vectors of the body coordinates system is equal to

rO =



0
0
h


 , e1 =



cosϕ
sinϕ
0


 , e2 =



− sinϕ
cosϕ
0


 , k =



0
0
1


 ,

Kinetic moment of the slider KO can be represented as a sum of the kinetic moments
of the body and internal movable masses:

KO = KO0 +
s∑

i=1

KOi, (3)

where KO0 = Cϕ̇k – kinetic moment of the body, KOi – kinetic moment of i-th internal
mass.

The force of gravity, main vectors of normal reactions and friction forces, as well as the
corresponding moments are determined by the following expression:

F g = −mgk, F n = k

∫∫
nAds, F t =

∫∫
tAds, (4)

M g
O = −

s∑
i=1

rOi ×migk, Mn
O =

∫∫
nArOA × kds, M t

O =

∫∫
rOA × tAds. (5)
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Here and elsewhere the integration extends over the region D(ξ, η), consisting of body
and surface contact points. nA and tA – normal and tangential stresses at point A ∈ D,
rOi = ξi(t)e1 + ηi(t)e2 and rOA = ξe1 + ηe2 − hk — radius-vectors from the point O
to the i-th internal mass and point A, respectively. Friction is locally described by the
locally Amontons–Coulomb law, which extend to the case of the body at rest:

tA = −µnAfA, fA =

{
υ−1
A υA, υA �= 0,

τA, υA = 0,

where µ – coefficient of friction, υA = ṙA, rA =
−−→
O′A. Since υO = 0, velocity of the

arbitrary point A of the slider base express by the formula:

υA = ϕ̇k × rOA = ϕ̇ (ξe2 − ηe1) ,

where ϕ̇k – angular velocity of the body. Thus, unit vector υ−1
A υA expressed:

υ−1
A υA =

ϕ̇

|ϕ̇|
−ηe1 + ξe2√

ξ2 + η2
.

The module of the vector τA is determined by attached to the slider forces and not
greater than one. This approach was previously proposed by John H. Jellett [8, 9]. Because
point O fixed, vectors υA directed perpendicular to the radius-vector rOA. Suppose that
vectors τA have the same orientation. Combining vectors υ−1

A υA and τA in one formula
we obtain the following expression (Fig. 2):

fA = fξe1 + fηe2, fξ = −fA
η√

ξ2 + η2
, fη = fA

ξ√
ξ2 + η2

, −1 ≤ fA ≤ 1.

Continuity condition of the contact between the body and the surface imposes on the
kinematic characteristics three independent constraints. Therefore, the model of nor-
mal stresses nA should include three independent parameters λ0, λ1 and λ2, which is
determines from these limitations each time. This model of normal stress distribution is
dynamically collaborative [8, 10].

nA = λ0 + λ1ξ + λ2η, (ξ, η) ∈ D. (6)

The physical interpretation of this formula can serve as a representation of small defor-
mations of the surface in the contact area, leading to the normal stresses by Hooke’s
law.

Substituting equation expressing the Amontons–Coulomb law and formula (6) in ex-
pressions (4), (5), then substituting the resulting expression into a system (1), (2), we get
the equation of motion of the slider in closed form. Each time are unknown coordinate
ϕ (coordinates xO, yO assumed to be constant) and the coefficients λ0, λ1 and λ2 of the
linear model (6).
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Figure 2: Decomposition of function fA on the basis e1, e2

4 COEFFICIENTS OF THE NORMAL STRESS MODEL

To determine the coefficient λ0 in the decomposition (6), simplify the expression for
the main vector of normal reaction calculating the integral in the second expression of the
(4). For this purpose it is necessary to take into account the symmetry of the slider and
surface contact area D(ξ, η):

−a

2
≤ ξ ≤ a

2
, − b

2
≤ η ≤ b

2
.

Then the second expression of the (4) is easily integrated:

F n = k

∫∫
(λ0 + λ1ξ + λ2η)dξdη = λ0abk. (7)

The continuity condition of the contact between the slider and the surface is equal to zero
projections of the velocities (and accelerations) of the body points on the vertical. This
condition can be expressed in three independent equations. First equation is obtained
from the required that projection of the main force on the vertical equality to zero, i.e.
the projection of the equation (1) on unit vector k:

(F g + F n) · k = 0. (8)

Substituting first formula (4) and (7) in (8), we find the coefficient λ0:

λ0 =
mg

ab
. (9)

Physical sense of the value λ0 is the average pressure of the body weight mg on a surface
area ab.

To obtain expressions for the coefficients λ1 and λ2 we project equation (2) on unit
vectors ej, (j = 1, 2). Main moment of the gravitational forces equals to zero because of

5
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the configuration symmetry of the internal masses: M g
O = 0. For the projections of the

main moments of the normal reactions and friction forces Mn
O and M t

O we obtain:

Mn
O · ej =

∫∫
nA (rOA × k) · ejds =

∫∫
nAk · (ej × rOA) ds,

M t
O · ej = −

∫∫
µnA (rOA × fA) · ejds = −

∫∫
µnAfA · (ej × rOA) ds.

We also use the decomposition (6), consider that K̇O · ej = 0 (all internal masses move
at the horizontal plane containing point O) and then obtain a system of two equations:∫∫

ψj (λ0 + λ1ξ + λ2η) ds = 0, ψj = (k − µfA) · (ej × rOA) . (10)

Perform calculations in the expression of ψj to simplify it:

ψ1 = η − µhfη, ψ2 = −ξ + µhfξ.

We rewrite the expression (10) in the form of a two linear equations relative λ1 and λ2:

a11λ1 + a12λ2 = a10λ0,

a21λ1 + a22λ2 = a20λ0,

where coefficients:

a11 =

∫∫
ψ1ξds, a12 =

∫∫
ψ1ηds, a10 = −

∫∫
ψ1ds,

a21 =

∫∫
ψ2ξds, a22 =

∫∫
ψ2ηds, a20 = −

∫∫
ψ2ds.

The solution of the system:

λ1 =
a10a22 − a12a20
a11a22 − a12a21

λ0, λ2 =
a11a20 − a10a21
a11a22 − a12a21

λ0. (11)

It is easy to verify that in this case λ1 and λ2 are equal to zero. Indeed, coefficients
a10 = a20 = 0 due to the odd of subintegral function ψj and symmetry of the region D.
It remains to show that the denominator in the formula (11) is not equal to zero:

a11a22 = −(µh)2
∫∫

fηξds

∫∫
fξηds =

= (µhfA)
2

∫∫
ξ2√

ξ2 + η2
ds

∫∫
η2√

ξ2 + η2
ds > 0,

a12a21 =

(
ab3

12
− µh

∫∫
fηηds

)(
−a3b

12
+ µh

∫∫
fξξds

)
= −a4b4

144
< 0.

It follows that
a11a22 − a12a21 > 0.

Thus, in this case, we find that λ1 = λ2 = 0. Within the selected linear model, the
distribution of the contact stresses is constant: nA = λ0.
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5 EQUATION OF MOTION

To obtain the equation of the slider motion projecting equation (2) on the unit vector
k:

K̇O · k = M t
O · k. (12)

Discover the right part of this equation:

M t
O · k = −µ

∫∫
nA [(ξe1 + ηe2 − hk)× fA] · kds = −µλ0

∫∫
(fηξ − fξη) ds.

Substituting this expression, formula (3) and expressions for fξ, fη in equation (12), we
obtain following equation of motion

Cϕ̈+
s∑

i=1

K̇Oi · k = −fATϕ, (13)

where

Tϕ = µλ0

∫∫ √
ξ2 + η2ds.

Left part of this equation depends on the specific configurations of the internal masses
and the laws of their relative motion. Let us consider two examples.

5.1 Disk

Let us put inside the body a disk mass md and radius d with horizontal plane and the
centre coincided with the point O (Figure 3a). Assume that the disk could rotate around
its axis by engine. Then its kinetic moment equals to:

s∑
i=1

KOi = KOd = Jd (ϕ̇+ ωd)k,

where Jd =
mdd

2

2
– axial moment of inertia, ωdk – angular velocity of the disk relative to

the body.
Substituting this formula into equation (13), we obtain the equation of the slider motion

with the horizontal disk located inside:

(C + Jd) ϕ̈ = Rd − fATϕ, (14)

where Rd = −Jdω̇d. Considering the double inequality −1 ≤ fA ≤ 1, the value fA is
defined by following expression:

fA =




ϕ̇|ϕ̇|−1, ϕ̇ �= 0,

RdT
−1
ϕ , ϕ̇ = 0, |Rd| ≤ Tϕ,

Rd|Rd|−1, ϕ̇ = 0, |Rd| > Tϕ.
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Figure 3: Slider with the disk (a) and two point masses (b)

From this formula is possible to find the minimum value of angular acceleration of the
rotor ω̇d is required to start rotation of the body:

|ω̇d| >
Tϕ

Jd
. (15)

As an example of a simple control law of the relative angular acceleration of the disk
we choose the two-phase piecewise constant periodic function. Then the relative angular
velocity of the disc must satisfy the periodicity conditions: ωd(0) = ωd(t

∗) = 0, where t∗

is the period of the disk rotation. Such conditions the following function satisfies:

ωd = Ω ·

{
tτ−1, 0 ≤ t < τ,

(t− t∗)(τ − t∗)−1, τ ≤ t ≤ t∗;
ω̇d = Ω ·

{
τ−1, 0 ≤ t < τ,

(τ − t∗)−1, τ ≤ t ≤ t∗;

where 0 < τ < t∗, Ω — maximum relative angular velocity of the disc. According with
condition (15), the body begin to move if one of the following conditions satisfied:

τ ≤ |Ω| Jd
Tϕ

, or τ ≥ t∗ − |Ω| Jd
Tϕ

.

On Figure 4 showed spaces of parameters (τ, t∗) (Figure 4a) and (τ, |Ω|) (Figure 4b).
Shaded areas correspond to the values of the parameters at which the body begins to
move.

8
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Figure 4: Shaded areas of the parameters (τ, t∗) (a) and (τ, |Ω|) (b) corresponding beginning of the
body movement

For the selected control law right part of the equation (14) piecewise constant. De-
pending on the functions fA, equation takes the following three types:

ϕ̈ = 0, ϕ̈ =
Rd

C + Jd

(
1± Tϕ

Rd

)
.

Thus the trajectory of the body ϕ(t) for piecewise constant control of the relative accel-
eration of the disk consists of a set of lines and parabolas.

5.2 Two point masses

Let us place inside the body two material points with masses m1 = m2. Mass can
move relative to the body on two rails parallel to its longitudinal axis of symmetry and
lying in a horizontal plane passing through the body center of mass O (Figure 3b). The
rails are positioned at equal distances η1 = −η2 > 0 of the point O. We assume that the
masses are moved inside the body in antiphase: ξ1(t) = −ξ2(t). Kinetic moment of i-th
point mass (i = 1, 2):

KOi = rOi ×m1υi = m1rOi ×
(
ϕ̇k × rOi + ξ̇i (t) e1

)
= m1

(
ϕ̇r2Oi − ξ̇i (t) ηi

)
k,

where υi – absolute velocity of i-th internal mass. Because of selected restrictions on the
function ξi(t) kinetic moment will be the same for both masses. Summarizing, calculating
the time derivative and projecting on the unit vector k, we obtain:

s∑
i=1

K̇Oi · k = 2m1

((
ξ21(t) + η21

)
ϕ̈+ 2ξ1(t)ξ̇1(t)ϕ̇− ξ̈1(t)η1

)
.

Thus, substituting this formula in (13), we find the equation of the slider motion with
two internal masses moves in antiphase:

(
C + 2m1

(
ξ21(t) + η21

))
ϕ̈ = Rp − fATϕ, (16)

9
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where Rp = −2m1

(
2ξ1(t)ξ̇1(t)ϕ̇− ξ̈1(t)η1

)
. The value of fA is defined similarly to the

previous subsection:

fA =





ϕ̇|ϕ̇|−1, ϕ̇ �= 0,

RpT
−1
ϕ , ϕ̇ = 0, |Rp| ≤ Tϕ,

Rp|Rp|−1, ϕ̇ = 0, |Rp| > Tϕ.

Absolute value of the relative acceleration ξ̈1(t) of the internal mass is needed to start
rotation of the body is bounded below:

|ξ̈1(t)| >
Tϕ

2m1η1
. (17)

Let’s consider two-phase piecewise linear function ξ1(t) as a control law of the internal
mass relative motion. The function must satisfy the boundary conditions: ξ1(0) = −a1,
ξ1(τ) = a1, ξ1(t

∗) = −a1, where a1 – amplitude of the movable mass displacement inside
the body. Prescribed conditions satisfies the following function:

ξ1(t) = a1 ·

{
2tτ−1 − 1, 0 ≤ t < τ,

1− 2(t− τ)(t∗ − τ)−1, τ ≤ t ≤ t∗.

Thus for the relative velocity ξ̇1(t) we obtain:

ξ̇1(t) = 2a1 ·

{
τ−1, 0 ≤ t < τ,

(τ − t∗)−1, τ ≤ t ≤ t∗.

Relative acceleration of the internal mass is always equals to zero, except the moments
0, τ and t∗, when the relative velocity changes abruptly:

ξ̈1(t) =
2a1
τ

δ(t)−
(
2a1
τ

+
2a1

t∗ − τ

)
δ(t− τ) +

2a1
t∗ − τ

δ(t− t∗), 0 ≤ t ≤ t∗,

where δ(t) – delta–Dirac function. It is obvious that for the chosen unction ξ1(t) condition
(17) will be executed at time 0, τ and t∗ with any parameters of the control law. Stepwise
change of the relative velocity of the movable mass means the presence of an impact in
the system, which has a decisive influence on the dynamics of the body. The magnitude of
the stepwise change of angular velocity is founded by integrating the equation of motion
(16) for infinitely small period of time which includes an impact. Thus, at moments 0, τ
and t∗ the body has the instantaneous increment of angular velocity:

ϕ̇(t+ ε)− ϕ̇(t− ε) =
2m1η1

C + 2m1 (ξ21(t) + η21)

t+ε∫

t−ε

ξ̈1(t)dt, ε → 0, t = 0, τ, t∗.

In the remaining time points relative angular acceleration of the internal mass is zero and
the function Rp = −4m1ξ1(t)ξ̇1(t)ϕ̇, t �= 0, τ , t∗.
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6 CONCLUSIONS

In this work we considered a rigid body based on a rough surface. The body has a
hollow parallelepiped shape and could contain a movable masses. Masses are arranged in
such way that the slider center of mass remained constant inside the body and coincide
with the body center of mass. It was assumed that the initial velocity of the body
center of mass is zero. Thus the position of the body is specified by the rotation angle
relative to the initial position. In the work the local Amonton–Coulomb law was used.
As a model of normal stress distribution in the contact area between the body and the
surface dynamically consistent linear model was selected. It was shown that within the
framework of this model, the distribution of normal stresses are constant. The equation
of body motion with an arbitrary configuration of movable masses was obtained.

As example considered horizontal disk and two point masses moving in antiphase.
Considered a two-phase piecewise constant control law of the relative acceleration of the
disk. Area of the control law parameters which correspond to overcome the force of
static friction and start the motion was found. Motion was qualitatively described. For
two point masses proposed two-phase piecewise linear control law of shift points. It is
established that the motion of the system is determined by the presence of impact resulting
by stepwise changes of the mass relative velocity.

Author express thanks to N. N. Bolotnik for helpful comments. The work was sup-
ported by the basic part of the state tasks in the field of scientific activity No. 2014/120
“Investigation of the regularities in the dynamics of systems with friction and the devel-
opment of mobile robots without external drivers” (research No. 2583) and the Russian
Foundation for Basic Research (No. 14-01-00432).
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Abstract Consolidated testing facilitates the investigation of the global behavior of structures 
subjected to fire and therefore may become increasingly important in structural fire engineering. 
In order to develop a consolidated testing procedure that meets the requirements arising from 
structural fire engineering and considers thermal strains, thermal creep effects as well as 
strength and stiffness degradation, a consolidated testing benchmark problem is elaborated. The 
benchmark problem allows to perform coupled experimental and numerical tests that can be 
verified by pure physical testing. Furthermore, a framework for a consolidated test setup is 
developed, including a tangent stiffness update algorithm. Two preliminary tests at ambient 
temperature show the eligibility of the consolidated testing framework and are presented in this 
paper. 

1. INTRODUCTION 

In structural fire engineering the mechanical response of a structure under a fire exposure 
must be realistically predicted. Elevated temperatures lead to stiffness and strength degradation 
of construction materials and influence strongly the mechanical response of a structure. 
Additionally, thermal expansion, stress-inducing constraints to thermal expansion within a 
global structure, high-temperature creep phenomena and strain rate effects have to be 
considered. In todays structural design practise, the fire resistance is usually assessed based on 
the structural fire behaviour of isolated load-bearing members and connections under natural 
fire or standard fire exposure. However, global fire tests [1] and experience from real building 
fire incidents have proven that in case of fire entire structures perform better, than as predicted 
on the basis of their single components performance. This is due to global structural effects, 
like load redistributions or change of the structural system. Therefore, experimental and 
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numerical analysis of the global structural behaviour is crucial for a realistic performance 
assessment and economic design of a structure in fire [2]. On the other hand, global testing is 
very expensive and rare [1] and purely numerical simulations remain afflicted with uncertainty. 
The proposed consolidated testing method combines physical element testing and global 
structural numerical simulation, to overcome these restrictions. Yet, considerable complexity 
is added to the part of the physical element testing by the aforementioned temperature-
dependent aspects of material behaviour. Therefore, a suitable benchmark problem for 
consolidated thermo-mechanical modelling was first developed and will be presented in this 
paper. This proposed basic framework for advanced thermo-mechanical modelling can be 
extended, to assess the global structural behaviour in fire and to develop a tool for fire resistance 
time verification of a global structure, e.g. 30, 60 or 90 minutes for standard fire as well as for 
a specific time or until full burnout in case of natural fires. 

2. FRAMEWORK FOR CONSOLIDATED TESTING IN FIRE ENGINEERING 

Effective structural fire design, considering the global structural behaviour is very costly and 
time consuming. However, by using a consolidated (coupled experimental and numerical) 
assessment method for thermo-mechanical problems, many difficulties due to experimental cost 
and uncertainty of testing can be overcome efficiently. Therefore, first some basic 
methodological problems have to be studied by means of a benchmark problem, which can be 
verified solely by physical testing. This methodology is described in this section. 

2.1 Thermo-mechanical benchmark problem 
Figure 1 overviews the developed concept of a thermo-mechanical benchmark test for the 

proposed consolidated assessment method. This benchmark problem, when solved 
consolidated, can be verified by physical testing. Figure 1a shows the examined structure of a 
simply supported beam with an additional restraint at midspan by a truss element. The 
connection between the beam and the truss element is hinged and the midspan deflection of the 
beam, w, is identical with the axial displacement of the truss element, utr. The entire structure 
is loaded with a concentrated force, P(t), whereas only the truss element is additionally exposed 
to increasing temperature, θ(t). Figure 1b shows the mechanical and thermal action on the 
structure in function of time. From the beginning of the test at time, t0, until the start of the 
temperature exposure at time, t1, the load is linearly increased to a magnitude of, P0. After the 
onset of the linear temperature increase, the magnitude of the load is held constant. The beam 
is assumed to remain in the elastic range and at ambient temperature throughout the entire test. 

Figure 1d shows the implementation of the examined structure as a complete physical model 
in an universal testing machine, combined with an electric furnace. The truss element extending 
between the points B and C represents the gauge length on a test specimen inside the furnace. 
The change in length, u, of this gauge length is continuously measured with a high-temperature 
resisting extensometer. Additionally, the specimen can be exposed to a controlled temperature 
increase, θ(t), and the actual specimen temperature is constantly recorded. The truss element 
extending from point A to B stands for the connecting rods and attachments between the 
specimen inside the furnace and the machine cross-head and the loading frame. These two truss 
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elements represent the truss element restraining the beam at midspan in the examined structure. 
The beam itself is represented in the physical model with two connecting rods with a stiffness 
equal to the beam stiffness, kb=48EI/L3. With load-cells the forces corresponding to the 
supporting forces of the beam, F1, and, F3, and the force in the restraining truss element, F2, are 
registered. 

Figure 1: Benchmark test for thermo-mechanical consolidated testing. (a) Benchmark problem, (b) mechanical 
and thermal loading in function of time, (c) response of physical model, (d) test setup of physical model and (e) 

experimental setup of the physical sub-model of the consolidated model. 
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Figure 1c illustrates the response of the physical model under the mechanical and thermal 
action as shown in Figure 1b. With increasing cross-head displacement until, utr(t1), the actual 
sum of the supporting forces of the beam, F1+F3, follows the straight line of the beam 
characteristic with a slope of, kb, whereas the force in the truss elements, F2, follows the truss 
elements in series characteristic with a slope of, ktr=kAB·kBC/(kAB+kBC). Depending on the 
stiffness ratio between the beam and the truss elements the shares of the preload, P0, that are 
finally taken by the beam and the truss elements can vary, but they always balance 
F1+F2+F3=P0, when the entire preload has been applied at time, t1. With the onset of the 
temperature increase mainly the truss element BC, but as well the truss element AB start to 
expand. However, with increasing cross-head displacement the supporting forces of the beam 
increase too. Consequently, the force in the truss elements must decrease in order to balance 
together with the supporting forces of the beam the sustaining load P0. The unloading of the 
truss elements continues until the entire sustaining load P0 is balanced solely by the supporting 
forces of the beam. This takes place at a cross-head displacement defined by the ratio of the 
magnitude of the preload and the stiffness of the beam. Beyond this point, ongoing temperature 
increase will lead to a compressive force in the truss elements and accordingly to supporting 
forces of the beam exceeding in the sum the preload magnitude P0. When the truss element BC 
starts buckling, the cross-head displacement decreases, until the compressive force in the truss 
elements has unloaded completely and the beam alone balances again the entire sustaining load 
P0. 

The benchmark problem can be used to verify a consolidated model, whose numerical part 
consists of the beam, while the heated truss elements represent the physical sub-model. 
Figure 1e shows the experimental test setup of the physical sub-model, which is identical with 
the setup of the physical model, with the exception that the connecting rods are omitted, since 
the action of the beam is modelled numerically. Performing a consolidated test with the same 
mechanical and thermal loading as in the physical test, allows to validate the consolidated 
model and therefore verify the method for applications in structural fire engineering. For further 
studies investigating the influence of (1) the heating rate, (2) the stiffness ratio of the truss 
element and the beam or (3) the level of the preload, the physical sub-model is reduced to the 
truss element BC and the displacement, u, measured directly on the specimen inside the furnace 
is set equal to the midspan deflection, w, of the beam in the numerical model. 

2.2 Setup for consolidated thermo-mechanical testing 
Figure 2a illustrates the thermo-mechanical consolidated test setup. Its two main components 

are a numerical and a physical sub-model. The physical sub-model consisted of a steel tensile 
coupon specimen that could be heated with a split-tube electric furnace (manufacturer: Könn) 
in a universal testing machine (manufacturer: ZWICK). The numerical model was developed 
in the FEM-software ABAQUS Standard which features user defined elements. A user defined 
element is an interface that allows to script a subroutine for the elemental calculations (nodal 
forces, element stiffness). This subroutine is called in every Newton-Raphson iteration. During 
such a subroutine call, control is handed over to the user and the FEM-program is put on hold 
upon completion of the subroutine. This offers the possibility to update the nodal forces and the 
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element stiffness of the user defined element with actual data of the physical sub-model. The 
necessary communication between the subroutine and the testing machine is facilitated via a 
server developed by the authors. Most thermo-mechanical problems in structural fire 
engineering can be treated as sequentially coupled problems, where only the thermal solution 
influences via temperature-dependent material properties the mechanical solution. Therefore, 
an increment of a sequentially coupled thermo-mechanical problem can be split into a sequence 
of a thermal step followed by a mechanical step, which is illustrated in Figure 2a with the two 
outermost bounding boxes. 

At the beginning of a new increment, first the thermal step is performed before any 
mechanical equilibrium iterations are executed. Therefore, the target temperature is updated 
and sent via the server to the furnace. During the heating phase the testing machine stands by 
in a force hold mode and the server monitors whether the target temperature has already been 
reached. As soon as the target is reached the server requests the current specimen displacement 
and force and forwards the data to the subroutine. This terminates the thermal step and initiates 
the mechanical equilibrium iterations. 

At the start of the mechanical step, the current estimate for the displacement is sent to the 
testing machine as new target, utarget. The testing machine starts ramping from the previous 
position, utarget,old, to the current target. This can be seen in Figure 2b which shows the evolution 
in time of the specimen displacement, u, together with the current and previous target values, 
indicated with stepped solid and dashed lines respectively. While approaching the target 
position, a limit monitoring procedure is activated, to provide the subroutine with an 
intermediate specimen displacement and force data set. This is triggered as soon as the 
displacement exceeds, uintermediate, (dotted lines). This mechanism is illustrated in Figure 2c with 
the displacement command, uj=1, of the first iteration, leading from point A to the target position 
in point C. When the specimen displacement reaches the intermediate position in point B, the 
current displacement, uactual, and force, Factual, are forwarded to the subroutine. While the testing 
machine is still approaching the target, the tangent stiffness, Ktanj=1, is updated using the 
intermediate data set, the nodal force in point C’ is extrapolated, and a solver pass is executed 
if the equilibrium check is not satisfied. Therefore, the new estimate for the second Newton-
Raphson iteration, uj=2, is already available, by the time when the testing machine reaches the 
target in point C. This procedure is repeated for the second (C to E) and third iteration (E to G). 
At the beginning of iteration 4 the displacement estimate, uj=4, is reduced with respect to the 
precedent iteration. This would lead to spurious unloading of the specimen in case if it was used 
as a displacement command. To prevent this from happening, no displacement command 
leading to a reduction of the actual specimen displacement is sent to the testing machine and 
the nodal force in point H’ is extrapolated, using the previous stiffness
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Figure 2: Consolidated thermo-mechanical test setup. (a) Solution procedure of thermo-mechanical 
increment in consolidated model, (b) displacement commands evolution with time, (c) illustration of tangent 

stiffness update algorithm with experimental test data.
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3. PRELIMINARY EXPERIMENTAL RESULTS 
Two preliminary coupled experimental and numerical tests were performed at ambient 

temperature to proof the eligibility of the consolidated testing framework. The preliminary tests 
showed different initial load distributions between the truss element and the beam. In the first 
case 90% of the total applied load would be carried initially (elastic range) by the truss 
element, ρ=0.9, whereas in the second case the truss element would only take 60% of the total 
load, ρ=0.6. The truss element was represented with tensile coupon specimens from an 
SHS 160·160·5 section of steel grade S355 (mild steel) [3]. Given the elastic stiffness of the 
truss element (230 kN/mm) the values of the beam stiffness were determined accordingly. The 
consolidated model results are presented in Figure 3a to Figure 3b, which show in sequence as 
a function of displacement, the total load, Ftotal,ABAQUS, the load per component, Ftruss,ABAQUS, 
and, Fbeam,ABAQUS, and the truss element force recorded during the experiment, Ftruss,exp. 
Furthermore, the load distribution, ρ, referring to the second vertical axis is plotted against the  

Figure3: Consolidated tests at ambient temperature. Force–deformation and load-share–displacement curves for 
ρ=0.9 (a) and ρ=0.6 (b), Tangent stiffness–deformation curves for ρ=0.9 (c) and ρ=0.6 (d). 
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displacement. The data points of converged increments of the consolidated model are denoted 
with markers. The forces in the two load-carrying components, Ftruss,ABAQUS, and , Fbeam,ABAQUS, 
always balance the externally applied load, Ftotal,ABAQUS. Additionally, the measured force in 
the truss element equals the force of the truss element in the consolidated model. This 
demonstrates, that the consolidated test was successful and represents accurately the structural 
behavior. The difference between the two lines at the beginning of the yield plateau is a 
consequence of the auto-incrementation feature, which was used in both consolidated tests. 
Reducing and fixing the increment size could mitigate the discrepancy of the two curves, at 
the cost of more iterations and calculation time. The change of load-share taken by the truss 
element throughout the consolidated test is illustrated with the ρ–u curves. The initial load 
distribution in the elastic range is in agreement with the chosen stiffness ratio between the 
truss element and the beam. As soon as the truss element reaches a plastic state, an additional 
external force increment can only be carried by the beam, while the displacement in the truss 
element increases at constant force. Consequently the ρ–u curve decreases once the truss 
element starts yielding. The plots of the tangent stiffness, given in Figure 3c and Figure 3d 
indicate that the stiffness update algorithm worked reliably. In both consolidated tests these 
plots exhibit the expected sequence of a constant stiffness in the elastic range, followed by a 
complete loss of stiffness during the yield plateau, and an increase in stiffness with the onset 
of hardening. 

4. CONCLUSIONS 
- A framework for consolidated thermo-mechanical modelling has been presented. This 

framework considers tangent stiffness updates in every Newton-Raphson iteration by 
using measured data of the physical sub-model. 

- A benchmark problem was developed to analyse methodological aspects of thermo-
mechanical modelling, and to verify the consolidated testing method with sole physical 
testing. 

- The eligibility of the developed consolidated testing framework has been shown with 
two preliminary consolidated tests at ambient temperature. 

- The framework might be extended to be used for realistic analysis of global structural 
fire behaviour and for the development of more efficient fire design solutions. 
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Abstract. The University of Toronto's ongoing work towards the improvement and further 
development of multi-platform simulation methods is presented in this paper. These 
developments include a ten-element hybrid simulator and a generalized OpenSees 
substructure element. Hybrid simulation which encompasses development of new integration 
algorithms, simulation frameworks, and applications has been an active research area in the 
past decade. Yet, unless the physically tested element significantly contributes to the overall 
lateral response of the structure in terms of stiffness, strength and energy dissipation, the 
improvement in the accuracy of results from the use of hybrid simulation may only be 
marginal. In most cases, the number of physically tested elements in the hybrid simulation is 
limited by the availability of experimental resources such as actuators, controllers, and 
laboratory space. As a step towards overcoming this limitation, a novel experimental 
apparatus, the UT10 Hybrid Simulator, is being developed at the University of Toronto. The 
UT10 is being developed to allow up to ten elements, such as braces and hysteretic dampers, 
to be concurrently tested and integrated into a hybrid simulation. The system can test up to ten 
physical specimens with peak force capacity ranging between 800 kN or 1,600 kN per 
specimen depending on the total number of tested specimens. The main design requirements, 
current development status, and potential applications of the UT10 Hybrid Simulator are 
presented in this paper. To integrate the potential numerical or physical substructures into 
distributed multi-platform simulations such as hybrid simulations, a generalized substructure 
element is being developed for OpenSees. The main research focus in this development is to 
standardize the data exchange format and communication protocol such that any other 
potential experimental and numerical substructure modules can be readily integrated into the 
simulation. The data exchange format is defined such that the number of degrees of freedom, 
data type, and error checks can be communicated in a seamless manner between modules. 
Designing a versatile data exchange format and a communication protocol is expected to 
facilitate simulation of coupled systems including diverse substructure modules and other 
loading scenarios such as thermal loading. The data exchange format and example 
implementations will be made available to the research community in the near future. To 
illustrate the current developments, an example of multi-platform simulation with a numerical 
substructure is presented in this paper.  
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1. INTRODUCTION 

The inelastic dynamic response of structures under earthquake loads is a complex problem, 
which involves complicated mechanical response of structural elements and their materials. In 
addition, the recent development of performance based seismic design methods require 
performance assessment of a structure against multiple seismic hazard levels. Thus, the 
research community recognizes the need for more accurate and reliable seismic response 
prediction tools for complex structures subjected to seismic loading.  

Although there have been considerable advances in the capabilities of numerical 
simulation platforms, most of the time a single platform is unable to handle all types of 
material behavior, loading conditions, and boundary configurations and therefore specialized 
software is required if a further detailed response is required for particular structural elements. 
Furthermore, since solving for the response of a complex and large structure with a similar 
level of model complexity for all elements is computationally expensive and even sometimes 
impossible, it may be preferred to use sophisticated models only for critical parts of the 
structure. Despite the advances in computational power and numerical techniques, physical 
testing, arguably the most realistic source of data, is still essential for validation and 
calibration of numerical elements. Therefore, structural analysis methods that can combine 
different numerical platforms and experimental components and benefit from advantages of 
each during the analysis are invaluable for more realistic response prediction of structures 
under earthquake loads. One approach to achieve this goal is by dividing a large structure into 
smaller substructures and model each substructure by the most suitable numerical or 
experimental platform with the desired level of model complexity. In these multi-platform 
simulation methods, the responses of different substructures are coupled during the analysis 
[1,2].  

Numerical-experimental hybrid simulation, also known as pseudo-dynamic (PsD) or online 
testing, is a laboratory dynamic test method which incorporates realistic experimental 
behaviour of the critical structural components into the numerical model of a structural 
system, thereby enhancing the accuracy in the response predictions of the system under 
earthquake loads. In this method some structural components, mainly the most critical ones, 
can be tested as physical substructures, while the rest of the structure is modeled in a 
computer as a numerical substructure. The numerical substructure contains dynamic 
properties of the system like damping and mass. The analysis of the model involves stepwise 
time integration loops. In each time step, the displacements of the physical substructures due 
to earthquake loads are numerically predicted in the computer model and are applied quasi-
statically on the physical substructures using hydraulic actuators in the laboratory. The forces 
and displacements from the physical substructures are then measured and sent back to the 
numerical model and are used to correct the predicted displacements. This process is repeated 
in each time step. Because the displacements on the physical substructures are applied with an 
expanded time scale, the PsD test is mainly suitable for physical substructures with rate 
independent mechanical behaviour [3].  

Since its early development in 1969 [4] and 1980s [5,6], numerical-experimental hybrid 
simulation has evolved considerably in different aspects such as integration algorithms, 
simulation frameworks, actuator delay compensation methods, and applications. The hybrid 
simulation method has been successfully implemented in many applied research projects for 
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testing a variety of structural components [7,8,9,10]. However, in cases where the global 
response of the structure is of interest, this improvement is not necessarily considerable, 
unless the behaviour of the physical substructures dominates the global response of the 
structure. Furthermore, if there are many structural components considerably affecting the 
response of the structure, a sufficient number of these structural components should be tested 
as physical substructures. In most cases however, the number of physically tested components 
in hybrid simulations is limited by the availability of experimental resources in the laboratory 
such as actuators, controllers, and laboratory space. To overcome this limitation, a new 
experimental platform, UT10 Hybrid Simulator, is being developed for hybrid simulation in 
the Structural Testing Facilities at the University of Toronto. This simulator is capable of 
performing hybrid simulations with up to 10 large-scale uniaxial physical substructures such 
as braces and hysteretic dampers. Development of this facility can significantly affect the 
accuracy of the hybrid simulation by making it possible to include significantly more physical 
substructures into the simulations and therefore incorporate more realistic experimental data 
into the model. Based on the authors’s knowledge, this facility will be the first of its kind 
when considering the number of physical substructures.  

In order to facilitate multi-platform simulations using substructuring techniques, a new 
element named SubStructure is being developed for the finite element analysis software, 
OpenSees [11]. This element is developed for general purpose such that it can be used to 
represent either experimental or numerical substructures regardless of the number of nodes 
and degrees of freedoms. The SubStructure element is based on the GenericClient element 
which has been implemented in OpenSees to enable the data exchange between the numerical 
module and the physical substructure modules through the interface program OpenFresco 
[12]. The original GenericClient element is compatible with only four types of experimental 
elements in OpenFresco namely the Truss, Beam-Column, Two-Node Link, and Inverted-V 
Brace elements. In addition, it is difficult to use the GenericClient element for other 
substructure modules and different loading scenarios. For instance, in order to include thermal 
loads in a hybrid simulation, the data exchange format and the communication protocol need 
to be modified accordingly. To make substructure hybrid simulation methods more 
approachable, a standardized data exchange format and a communication protocol are being 
developed for the generic SubStrucutre element. The implementation of this versatile data 
exchange format can not only facilitate maintenance and extension of the hybrid simulation 
framework for developers but also help users with similar configuration inputs for diverse 
substructure modules. 

Numerical-experimental hybrid simulation requires the implementation of two main 
modules: 1) The experimental module which is comprised of the physical substructures and 
the experimental platform including actuators to apply command displacements calculated by 
the numerical module on the physical substructures, control and communication platform to 
communicate between the numerical module and the actuators, and required frames to support 
and hold the specimens in place and 2) the numerical module which is the numerical 
substructure modeled in a software platform. The UT10 Hybrid Simulator is an experimental 
platform enabling hybrid simulations on uniaxial physical substructures. Different 
components of the UT10 Hybrid Simulator and the challenges involved for design and 
development of each component are described in the next section. The details of the 
development of the SubStructure element used in the numerical module are discussed in 
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section three. A schematic showing both modules and the communication flow between their 
components is given in Figure 1. 

2. DEVELOPMENT OF UT10 HYBRID SIMULATOR 

2.1 Specimens 

The UT10 Hybrid Simulator is designed for performing hybrid simulations with up to 10 
large-scale uniaxial physical substructures with rate independent hysteretic properties 
hereafter referred to as specimens. These specimens can be simple steel braces, Buckling 
Restrained Braces (BRBs), friction dampers, Self Centering (SC) braces, etc. The specimens 
will be pinned at both ends and will be loaded in their axial direction. The hybrid simulator 
provides space and axial loading capacity for testing up to 10, 800 kN and 5, 1600 kN large 
scale specimens with a maximum length of 1,660 mm, simultaneously. 

2.2 Actuators and specimen support frame 

UT10 Hybrid Simulator uses the existing Shell Element Tester (SET) located in Structures 
Testing Facility at the University of Toronto. The SET was originally developed to study the 
behaviour of large scale reinforced concrete (RC) shell elements under various loading 
configurations. The SET is equipped with 40, 1000 kN in-plane and 20, 500 kN out-of-plane 
actuators. Figure 2.a shows the SET with a RC shell specimen. 

 
Figure 1: Flow of communication between components of hybrid simulation. 
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Figure 2: a) The Shell Element Tester (SET) with RC shell specimen in the lab, b) 3D illustration of the UT10 

Hybrid Simulator steel frame with 4 specimens inside SET 

For the purpose of hybrid simulations, uncoupled axial displacements are applied on 10 
separate specimens, and hence, only ten in-plane vertical actuators at the top of the SET are 
used to control the specimens as shown in Figure 2.b. The other ten actuators at the bottom 
are used as fixed supports. Because both the top and bottom actuators are pinned at their both 
ends, the whole system develops a mechanism with four hinges and becomes unstable. To 
prevent this, the specimens are supported laterally in both the in-plane and out-of-plane 
directions while allowed to move freely in the vertical (axial) direction. A steel frame was 
designed and fabricated for the purpose of enabling the connection between the specimens 
and the in-plane vertical actuators for loading in the axial direction. The frame also provides 
lateral support to the specimens and connects to the horizontal in-plane and out-of-plane 
actuators to stabilize the system. Figure 2.b shows the 3D illustration of the steel frame with 4 
specimens, installed in the SET. Figure 3 shows a 3D illustration of different components of 
the steel frame. As can be seen from Figure 3 each specimen is laterally supported by 
adjustable lateral support beams through a loading shaft which can be also part of the 
specimen. In order to reduce the amount of friction between the lateral support beams in the 
steel frame and the loading shaft when the specimen is moving in the axial direction, low 
friction PTFE sheets are used at the interface of the lateral support beams and the exterior of 
the loading shafts.  

The axial deformations in UT10 Hybrid Simulator are applied by top vertical in-plane 
actuators that are pinned to the loading yokes which are connected to the loading shafts. The 
specimens are axially supported at their base by a base plate. The whole system is supported 
in all directions by in-plane and out-of-plane actuators that are pinned to the yokes which are 
in turn connected to the side plates and the base plate (see Figure 3). The loading shafts can be 
rectangular or square hollow structural sections (HSS) and the design of the steel frame is 
flexible to accommodate different sizes of loading shafts. The maximum size of the shaft that 
can be accommodated is 508 mmx254 mm.  
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Figure 3: 3D illustration of different component of the steel frame with friction damper and adjustable hysteretic 

specimens 

2.3 Control and communication platform 
All 60 actuators in the SET are controlled simultaneously with an MTS FlexTest® 

controller and AeroProTM control software with both force and displacement control 
capabilities. Additional analogue to digital input and digital to analogue output cards are 
installed on the existing MTS controller in order to provide external communication with the 
controller through analogue voltages.  

An interface program called Network Interface for Controllers (NICON) has been 
developed at the University of Toronto to facilitate communication between the numerical 
module and the MTS controller for hybrid simulations [13]. NICON uses National 
Instruments (NI) hardware and a LabVIEW script to receive displacement commands from 
the numerical module, communicate them to the MTS controller, and receive and send the 
feedback force and displacements from the controller to the numerical module. NICON has 
some added features like displacement and force limit checks, noise filtering, ramp 
generation, and coordinate transformation. The initial version of NICON can only handle 
problems with one independent degree of freedom. An updated version of NICON which is 
able to handle problems with several independent single degrees of freedom (SDOF) (which 
is needed for the UT10 Hybrid Simulator) and also for problems with multiple coupled 
degrees of freedom is being developed and is planned to be used in the UT10 Hybrid 
Simulator [14]. The communication between the controller and NICON is achieved with 
analogue voltages. Data flow between different components of the UT10 Hybrid Simulator is 
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shown in Figure 1.  
It is predicted that the amount of axial movement of the actuators can be different from the 

real axial displacements transmitted to the specimens and this is one of the major challenges 
for the control of the actuators in the UT10 Hybrid Simulator. These differences are mainly 
due to the elastic deformations of the actuator reaction frames and their connections and also 
the slackness present in the pin connections between the actuators and loading yokes. One 
solution to correct for these differences and to ensure that the command displacements are 
imposed on the specimens with acceptable accuracy is that the actual movement of the 
specimens be measured externally (Dm2 in figure 1) and fed back to NICON where they are 
compared to the actuator displacement feedbacks from the MTS controller (Dm1 in figure 1) 
based on which the command displacements to the actuators (Dc) can be corrected. The 
implementation of this error correction scheme is still in progress. 

3. DEVELOPMENT OF SUBSTRUCTURE ELEMENT 

3.1 Implementation and characteristics 
A generic SubStructure element is being built upon an object-oriented, open source 

software framework, OpenSees. A key feature of OpenSees is the ability to allow user-defined 
elements to be integrated into the application without the need to change the existing code. 
Therefore, the development and maintenance of the SubStructure element is independent from 
the main OpenSees software. The SubStructure element has the following characteristics: 

 It does not have geometry and material descriptions and is only defined by the 
connected nodes and the number of degrees of freedom. 

 It allows for the integration of any number of nodes and degrees of freedom for the 
substructure. 

 All degrees of freedom are defined in the global coordinate systems and hence no 
coordinate transformation is required in OpenSees. Coordinate transformation for the 
substructure modules connected through the element is automatically handled,  

 The represented substructure can have several structural elements. 
The main contribution in development of the SubStructure element is the implementation 

of a standardized data exchange format and a communication protocol. The data exchange 
format defines a structure of data to be transmitted through network between the integration 
module which performs the analysis and the numerical and/or physical substructure. It should 
cover all information needed for various simulation purposes and have flexibility for further 
extensions. Figure 4 shows the proposed data exchange format which is under development. 
The data format includes a message header as shaded in the figure and actual data to be sent 
or received within this communication. Specifically, the Version parameter indicates the 
version of the data exchange format for the purpose of maintenance. The Command parameter 
indicates the communication action which can be sending target displacement to the 
substructures or asking restoring forces from them. Test type parameter indicates whether the 
simulation is Pseudo-dynamic or real-time. Substructure type describes the type of the 
substructure used in the simulation which can be either numerical or experimental. Precision 
parameter defines the precision of data appended to the message header. Data type indicates 
the type of the appended data which can be displacement, force, velocity, acceleration, and 
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temperature, or any combination of them. The size of the header is fixed to be 16 bytes while 
the size of the attached data depends on the parameters defined in the message header. For 
example, if an experimental truss element is represented by a SubStructure element and the 
parameters of the message header for the communication have been initialized with the 
Number of DOFs parameter of 4 (the total number of DOFs of the substructure), the 
Command parameter of 3 (sending target displacements to the substructure), and the Precision 
parameter of 2 (double precision), then the size of the data appended to the message header 
will be set to be 32 bytes (4 DOFs×8 bytes) for target displacements. An example using the 
proposed data exchange format and the communication protocol in a multi-platform 
simulation with numerical substructure is shown in the following section. More details on the 
data exchange format will be released to the research community in upcoming publications.  

The SubStructure element is planned to be used with UT10 Hybrid Simulator for running 
numerical-experimental hybrid simulations. For this purpose, this element will be used to 
represent uniaxial physical substructures in the numerical module providing the connection 
and communication with the experimental modules. 

                          
Figure 4: Standardized data exchange format 

3.2 Test example 
In order to verify the functionality of the new OpenSees SubStructure element, a 6 story 

simple steel frame equipped with Buckling Restrained Braces (BRBs) in concentric chevron 
configuration was modeled in OpenSees and its response under a ground motion was 
evaluated using nonlinear time history analysis. The ground motion was the scaled (SF = 
1.89) 1994 Northridge earthquake recorded at Canoga Park-Topanga Can station with scaled 
peak ground acceleration of 0.68g. The record was selected from PEER NGA strong motion 
database [15]. The frame constitutes the main lateral load resisting system in one direction for 
a 6 story building located in Los Angeles where the earthquake loads are expected to govern 
the design of the structure for lateral loads. This building is designed and studied by Choi et 
al. [16]. 
    For the analysis of the structure, it is divided into two parts as indicated in Figure 5. The 10 
BRBs in the first 5 stories are modeled as a single numerical substructure in a separate 
OpenSees platform while the rest of the structural elements are modeled in the main 
OpenSees platform. The numerical substructure is represented by the SubStructure element 
that was developed in the main OpenSees platform. The frame is analyzed once using one 
OpenSees platform without substructuring (whole structure model) and once with two 
OpenSees platforms with one numerical substructure as explained above. Figure 6 shows the 
first 30 seconds of history of the first floor interstory drift ratio for both analyses. As can be 

Version Command Test type Substructure type
Precision Data type Number of DOFs

Step number Reserved for future extension
Time stamp

Data

32 bit

16 bytes

Size depends 
on header
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seen from this figure, the results completely match for both analyses showing that the 
Substructrue element is working properly. 

 
Figure 5: Six story frame model. a) Full frame with BRB braces, b) Main OpenSees model, c) Numerical 

substructure model  

 
Figure 6: History of first floor interstory drift ratio for the 6 story frame 

4. FIRST PLANNED RESEARCH PROJECT APPLICATIONS 

4.1 Investigation of response of structures with hysteretic damper braces 

Hysteretic energy dissipating braces are one of a number of effective devices for enhancing 
the seismic performance of structures [17]. The application of these devices is steadily 
increasing in North America. Several research projects have recently been completed at the 
University of Toronto on the development and deployment of novel hysteretic energy 
dissipation devices for use in high seismic performance steel structures [18,19]. Hybrid 
simulations are planned using the UT10 Hybrid Simulator to investigate the effect of the real 
properties of various hysteretic damper systems on the accuracy of commonly used numerical 
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models to predict the seismic performance of these structures. For this purpose and as a first 
step, the seismic performance of a 6-story steel structure equipped with BRBs will be 
evaluated using the UT10 Hybrid Simulator. In this study large scale BRB specimens will be 
used as specimens. In the second step, reusable specimens with adjustable hysteretic 
behaviour will be designed, fabricated, and used as the physical substructures in hybrid 
simulations. These specimens will be reusable and their important hysteretic parameters, like 
the post yield stiffness and self-centering capabilities, will be adjustable making it possible to 
perform experimental parametric studies. These specimens will be used to represent different 
types of hysteretic damper braces in the hybrid simulations. This experimental parametric 
study will not only help in verification of performance predictions inherent in existing design 
procedures, but will also provide a more realistic understanding from the behaviour of 
structures equipped with hysteretic damper braces.     

4.2 Selection strategy for physical substructures 

There are many cases in hybrid simulations where the number of critical structural 
elements that can be considered as physical substructure is more than what can be 
experimentally tested in the laboratory. In these cases, a strategy is required for the most 
efficient selection of physical substructures (number and location) which has the maximum 
effect on the response prediction of the structure. Preliminary studies of this kind have been 
completed at University of Toronto [13] and it was observed through experimental 
investigations on braced frames that the system-level response prediction of the structure can 
be significantly changed by changing the location of the brace (first story brace, second story 
brace, etc) that is represented by the physical substructures. A preliminary selection strategy 
for shear type buildings is also presented. More comprehensive studies of this kind using 
UT10 Hybrid Simulator with several specimens are planned.   

5. CONCLUSIONS 
The University of Toronto's ongoing projects for development and improvement of multi-

platform simulation methods was presented in this paper. These developments include a novel 
experimental platform called the UT10 Hybrid Simulator which is capable of performing 
hybrid simulations on up to 10 uniaxial structural elements simultaneously. This facility uses 
the existing Shell Element Tester (SET) facility in the structural laboratory for applying the 
required loads on the specimens. An improved version of the NICON interface is developed 
to facilitate communication of the numerical models with the existing MTS FlexTest actuator 
controller. A new OpenSees element called SubStructure was also developed which 
represents the numerical or experimental substructures in the multi-platform simulations. This 
generic element provides a newly developed standardized data exchange format and a 
communication protocol for communication between the integrating numerical module and 
other numerical and/or physical substructures. The functionality of this element was verified 
by a multi-platform simulation with a numerical substructure. The developments are still 
ongoing and future experimental-numerical hybrid simulations are planned in the near future 
using the new developed systems.  
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Abstract. The present paper presents all research activities focused on the development of a 
pure thermal hybrid simulator (THS). In detail, the need for a rigorous coupling is investigated, 
i.e. temperatures are sent from the numerical substructure (NS) to the physical substructure (PS) 
and interface heat fluxes are sent back from the PS to the NS. In this respect, a realistic 
benchmark case study is presented. It consists of a 2D truss bridge where a single truss element 
is “physically” substructured. In the current preliminary phase, an additional multiphysics FE 
code, COMSOL, is utilized to simulate the thermal response of this “experimental” substructure 
inside the electric furnace. In detail, two variants of the same case study are presented and 
characterized by two significantly different average thermal diffusivities. This approach 
provides a realistic insight into the capabilities of THS. Moreover, the present study paves the 
way for the implementation of a fully coupled thermomechanical hybrid simulation (TMHS), 
which account for indirect actions owing to restrained thermal deformations on the hot NS.

1 INTRODUCTION 
Large-scale structural fire tests are rare because they are costly and require specialized facilities. 
As a result, most of the research regarding the behavior of structures in fire has been carried out 
on single structural components. These component tests do not provide insight into the 
thermomechanical interaction problem of the selected structural component with the remainder 
of the structure. In fact, statically indeterminate structural assemblies subjected to thermal loads 
experience indirect actions due to restrained thermal deformations. The hybrid simulation 
technique, extensively investigated in the mechanical domain, can be extended to the thermal 
field through temperature controlled furnaces and, thus, account for such a thermomechanical 
interaction. The first hybrid fire test (HFT) was performed by Mostafaei [1,2]. The PS was a 
first story column of a six-story reinforced concrete building, exposed to both axial and thermal 
loads in a vertical furnace. In order to simulate the fire development, a standard ASTM E119 
fire curve was applied to both the column specimen and the numerical model of the remaining 
building, i.e. the NS implemented in the SAFIR FE Code [3]. However, the process was not 
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automated. A fully automated thermomechanical hybrid simulator (TMHS) developed by 
Whyte et al. [4] extended the scope of the well-known OpenFresco hybrid simulation 
framework [5] to include the temperature Degree-of-Freedom (DoF) and modeled the NS in the 
OpenSees FE code [6]. They validated their implementation on a Single-DoF two-element 
hybrid model. However, since OpenSees is a pure mechanical FE solver, the heat transfer 
dynamics was not accounted for on the numerical side. According to the state of the art, there 
remains a lack of a hybrid simulation (HS) environment where a substructure thermal coupling 
encompasses the whole domain, i.e. numerical and physical substructures. Along this line, the 
present paper describes research activities focused on the development of a pure thermal hybrid 
simulator (THS), which paves the way for simulating hot NSs for the purpose of TMHS. 

2 GOVERNING EQUATIONS OF THERMOELASTICITY 
First, the governing equations of thermoelasticity that define the coupled thermomechanical 
problem for a linear elastic isotropic continuum are briefly introduced [7]. The theory of 
thermoelasticity consists of i) the equilibrium equation; 

,ij j i iX uσ ρ+ = && (1) 

where  is the stress, Xi is the body force, ρ is the density and   is the displacement. 
 ii) the heat transfer equation and iii) Fourier’s heat conduction law: 

0
, 0

0

1p ii iic k Q
θ θρ θ θ θ βε

θ
 −− + + = 
 

& &
(2) 

,i jq kθ= − (3) 

where,  is the thermal conductivity,  is the specific heat at constant pressure,  represents 
the thermal expansion material constant,  the strain,  is the heat source per unit volume, 	
represents the temperature,  the reference temperature and qi is the heat flux. Then, for a 
linear elastic behavior the constitutive equations read: 

( )0
1

2 1ij ij kk ij ijG

νε σ σ δ α θ θ δ
ν

 = − + ⋅ − + 

(4) 

where 	and	 are the generic stress and the strain tensor components, respectively;  is the 
tangent elastic modulus, whilst  is the Poisson ratio and  =  ⁄  is the thermal dilatation 
coefficient. The thermoelastic problem - Eqn. (1-4) - is solved by prescribing boundary 
conditions on the body surfaces and initial conditions. Several discretization techniques allow 
for approximating solutions of the set of coupled equations (1-4). For the sake of simplicity, all 
the following equations refer to a linear thermoelastic system. The resulting semi-discretized 
set of ordinary differential equations reads, 

uu uu u uuu

u u

θ

θ θθ θ θθ θ

            
+ + =            

            

C 0 K K FM 0 u u u
C C K K F0 0 θ θ θ

&& &

&& &

(5) 
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In detail, matrix partitioning refers to displacement and temperature DoFs, i.e. 	and	, 
respectively. Accordingly, , 	and	 are mass, stiffness and damping 
matrices;		and	 are heat conductive and capacity matrices. 	and	 vectors represent 
mechanical and thermal loads, respectively, where positive thermal fluxes 	supply energy to 
the system, whilst negative subtract energy from the system. 
Since the out-of-diagonal block submatrix  provides internal forces owing to restrained 
thermal deformations, it is crucial to account for thermomechanical structural interactions. 
	accounts for thermal load changes due to mechanical behavior. This is the case when cover 
spalling in concrete structural elements occurs and reinforcement bars are directly exposed to 
the thermal action of fire or when the specimen undergoes large deformations in a compartment 
with non-uniform temperature, e.g. the floor deflects down towards the fire or a beam twists 
changing the exposure from the flange to the web. Finally, 	represents the heat generation 
due to strain rate, which is important for micro-scale applications, but negligible for large-scale 
problems. In this preliminary phase both contributions dictated by terms  and  were 
neglected, which means that the mechanical behaviour does not affect the temperature 
distribution in the solid body. At this stage, the following classification can be helpful: 

• Physics full coupling: the thermal behavior affects the mechanical behavior and vice versa. 
• Physics partial coupling: the thermal/mechanical behavior affects mechanical/thermal 

behavior but not vice versa. 

Now, by applying the Hybrid Simulation (HS) technique, each matrix can be partitioned in pure 
Numerical-, pure Physical- and Boundary-DoFs, respectively, [8]. For brevity, the following 
simplified notation holds: N-DoFs, P-DoFs and B-DoFs, respectively. The complete derivation 
of the governing discretized equations entails that, 

T T T T
N B P =  u u u u

,
T T T T

N B P =  θ θ θ θ
(6) 

Accordingly, a generic load vector  reads: 
T T T T

N B P
u u u u

 =  F F F F
,

T T T T
N B P

θ θ θ θ
 =  F F F F

(7) 

All matrices must be expanded to all DoFs considered in the emulated system. In the HS 
practice B-DoFs coincide with P-DoFs [9]. The expanded stiffness and conductivity matrices 
yield, 

, ,

N N
uu uu

N N N P P P
uu uu uu uu uu uu

P P
uu uu

   
   = =   
     

K K 0 0 0 0
K K K 0 K 0 K K

0 0 0 0 K K
, ,

N N

N N N P P P

P P

θθ θθ

θθ θθ θθ θθ θθ θθ

θθ θθ

   
   = =   
     

K K 0 0 0 0
K K K 0 K 0 K K

0 0 0 0 K K

(8) 

The same criterion applies to remainder of (5). Accordingly, (5) can be split into NS and PS 
contributions. 
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( ) ( )
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After simple manipulations of (9), the thermomechanical response of the PS enters the right 
hand side (RHS) of the balance equation as interface load	, i.e. force and heat flux, applied to 
the NS. With regard to the real-time (RT) case, where a rate dependent response of the PS is 
expected, (9) becomes, 

N N N N PN
uu uu u u uuu

N N N P
θ

θθ θθ θ θ

       −     
+ + =             −            

u u uC 0 K K F RM 0
θ θ θ0 C 0 K F R0 0
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&& &

(10) 

where, 
P P P P PP
u uu uu u uuu
P P P P

θ

θ θθ θθ θ

              
= + + −              

             

u u uR C 0 K K FM 0
θ θ θR 0 C 0 K F0 0
&& &
&& &

(11) 

However, the performance of the transfer system, i.e. furnaces and actuators, can limit the 
loading rate. Therefore, extended time scales are adopted in the laboratory where the test is 
slowed down with respect to RT testing. As a result, rate dependent components of the PS 
response must be accounted for numerically. This is the pseudodynamic (PsD) case and (9) 
turns into, 

( ) ( )
( )

N PN P N N N P
uu uuuu uu uu u u u

N N PN P
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θθ θ θθθ θθ
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θ θ θ0 K F R0 C C0 0
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(12) 

where, 
P P P P
u uu u u
P P P

θ

θ θθ θ

      
= −      

      

uR K K F
θR 0 K F

(13) 

The first block row of (10) and (12), without the coupling term	, has been deeply 
investigated for many years and extensively used in the seismic domain. Conversely, the second 
row-block still deserves particular attention. In fact, it determines the thermal coupling between 
NS and PS. In principle, compatibility of primal quantities -displacements, temperatures- and 
balance of dual quantities -forces, heat fluxes- must hold across the interface between the NS 
and the PS. This means that an accurate temperature control is needed for applying a prescribed 
temperature field at the interface of the PS and the corresponding heat fluxes should feedback 
to the NS. Nevertheless, some constraint can be potentially relaxed allowing for easier 
implementations. For the sake of clarity, a couple of definitions is given about strength of 
coupling between PSs and NSs: 

• Substructures full coupling: displacements/temperatures are sent from the NS to PS and 
interface forces/heat fluxes are sent back from the PS to the NS. 
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• Substructures partial coupling: the same as full coupling forces/heat fluxes are not sent back 
to the NS from the PS. 

In this respect, the paper focuses on the second row block of (9) from the hybrid simulation 
perspective, i.e. substructure thermal coupling. Therefore, a rigorous coupling among 
“physical” – here numerically emulated - and numerical subdomains is investigated through 
numerical simulations. 

3 THE ILLINOIS BRIDGE REFERENCE CASE STUDY 
From the perspective of the development of a full THS, a proof-of-concept case study was 
selected. The 5.6 m long, truss bridge mock-up model, which was tested at the Smart Structures 
Technology Laboratory (SSTL) of the University of Illinois at Urbana-Champaign [10], was 
taken as reference structural system, as illustrated in Figures 1 and 2. A typical fire scenario for 
such a structure can be a burning truck on the carriageway. The length of each bay of the truss 
is 0.4 m on each side. The thermal physics was considered only. 

Fig. 1 - Scheme of the Matlab 2D FE model based on thermal truss elements with numbering enabled. 

Fig. 2 - Mock-up model of the reference truss bridge 
case study. 

Fig. 3 - Substructuring scheme: Element #28 is 
substructured in the laboratory. 

As can be appreciated from Figure 3, a single 2D truss element is substructured in the 
laboratory. A Könn STE-12 HR/350’ electrical furnace (Könn Furnace in Figure 4a), which 
encapsulated the 1:5 scale specimen of the substructured truss of Figure 4b, controls 
temperatures using three West 8100+ Single Loop Controllers (West 8100). This provides the 
ability to control temperature in three zones. Although uniform temperature fields characterize 
the specimen in this preliminary study, thermal gradients can be potentially applied to the 
substructured element. The furnace is capable of heating at a rate of 60 degrees/minute up to 
600 degrees and 40 degrees/minute up to 1100 degrees. A Zwick 1484 Universal Testing 
Machine (Zwick UTM) holds the specimen. 
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a b 
Fig. 4 - a) Zwick UTM and Könn Furnace test setup; b) schematic of the dog-bone specimen including the 

geometric values in mm. 

Temperature feedbacks are measured from both ends of the specimen. The Zwick UTM and 
Könn furnace had existing controllers with a Zwick/Roell testXpert II Software user interface 
[11]. An INDEL RT computer runs a Simulink model that handles both the controller as well 
as the THS software. Figure 4b shows the geometry of the test specimen. Since grips hold 
specimen's ends, the highlighted portion, is considered as the scaled substructured truss for the 
purpose of THS. The nominal width		of	the	specimen	measures	10	, whilst the nominal 
thickness		measures	5	. The total length is		80	. Therefore, the specimen is 
consistent with the substructured truss with a geometric scaling factor 	equal to 5. A pair of 
thermocouples at each end of the specimen allows for estimating temperature gradients, and 
therefore feedback heat fluxes. 

3.1 FE model of the reference case study 
A linear 2D FE model of the bridge consisting of 53 thermal truss elements and 28 nodes was 
implemented in Matlab. According to Figure 1, structural nodes are numbered starting from left 
to right, with all the odd numbers at the lower chord, and all the even numbers at the upper 
chord, except node 28 which is at the right support. Each structural node number has a circle 
around it. All elements are characterized by a circular cross section with an inner diameter of 
1.09 cm and an outer diameter of 1.71 cm except Elements #24 and #28, which have 2.50 x 
5.00 cm rectangular solid cross sections. Uniform steel material properties were considered for 
the all bridge truss elements. Table 1 summarize steel material parameters characterizing the 
bridge that for simplicity were kept constant with temperature: 

Table 1. Steel material parameters characterizing bridge trusses. 
Description Symbol Value Unit 
Density ρ 7800 [kg/m3] 
Thermal conductivity k 43 [W/m/K] 
Thermal capacity  445 [J/kg/K] 
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In order to keep the problem linear, thermal radiation was neglected. Conversely, heat transfer 
by convection was considered at each node. An equivalent exchanging surface  of 0.80	

was considered for all related elements. In order to investigate the influence of each heat transfer 
mechanism on the analyzed problem, two case studies were defined: Case Study #1 considers 
a convective coefficient  equal to	50	/ and steel material properties; Case Study #2 
analyses the problem with reduced density of 78  ⁄  and convective coefficient  equal 
to	1	/. A significant reduction of density entails a much higher thermal diffusivity 
(from 11 mm2/s typical of steel to 1200 mm2/s typical of pyrolytic graphite) and a smaller Biot 
number for Case Study #2 than Case Study #1. This means that relative to Case Study #1, in 
Case Study #2 the resistance to heat transfer offered by conduction is less with respect to 
convection. The ANSYS FE code was taken as reference for the validation of the developed 
Matlab FE library. 

3.2 Refined numerical modelling of the THS environment 
HS was extensively applied for determining the seismic response of a prototype structure. In 
detail, the substructure, whose behavior is known, is modeled numerically - NS -, while the 
portion of the structure whose behavior is highly nonlinear or not well-understood is tested in 
the laboratory - PS -. The resulting hybrid model consists of numerical and physical subdomains 
that interact at each time step of the solution of the equation of motion for an applied dynamic 
excitation. The control software and the specimen actuation system enforce consistent boundary 
conditions at the interface between the substructures. The same philosophy applies to the 
thermal case. Here in the current preliminary phase, an axisymmetric COMSOL FE model 
simulates the thermal response of the “experimental” substructure inside the Könn Furnace. 
This approach allows for reliable estimates of actual heat fluxes coming from the truss 
specimen, which account for furnace leakage; thus, providing realistic insight into the 
capabilities of THS. The axisymmetric approach allows for reducing the total number of DoFs. 
Figure 5a reports the reference slice of the axisymmetric COMSOL FE model, whilst Figure 
5b, shows the FE model in the revolved 3D domain.

Fig. 5a - Scheme of the reference slice of the axisymmetric 
COMSOL FE model. 

Fig. 5b - Temperature response of the 
COMSOL FE model in the revolved domain. 

The PS in the 3D revolved domain, here numerically simulated, is characterized by the same 
lateral surface of the physical truss, which has a rectangular solid cross section. Therefore, an 
equivalent radius equal to	4.77	 was considered. All furnace characteristics, included 
dimensions and material properties, were obtained from the manufacturer and are summarized 
in Table 2. 
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Table 2. Material parameters characterizing the COMSOL FE model of the furnace. 
Material Density 

[ ⁄ ] 
Specific heat 
[ ⁄ ] 

Thermal conductivity 
[ ⁄ ] 

Wall ISO#1 300 1050 0.020 
Wall ISO#2 128 1130 0.060 
Wall ISO#3 880 1100 0.300 
Steel (specimen and grips) 7800 466 43 
Air (chamber) 1.25 1005 0.024 

The thermal load was applied to the heating coil domain in terms of heat source per unit volume. 
A maximum total power of 6 kW was allowed according to the furnace datasheet. Since air is 
a very good thermal isolator, the most of heat transfer is caused by mass transportation of 
convective flows, which mix air from cold and hot regions of the chamber subdomain. 
Therefore, mixing is crucial to replicate a realistic furnace behavior. To this end, an isothermal 
constraint was applied to the air subdomain. In order to preserve linearity, the radiation 
contribution was neglected. Nevertheless, all approximations have proven to be satisfactory and 
the COMSOL FE model replicates the Könn Furnace response without a need for a 
Computational Fluid Dynamics (CFD) simulation in the temperature range of interest, i.e. 300-
600 K. Figure 6 depicts a contour plot of the temperature response of the Könn Furnace 
subjected to maximum input power after 100 s. Black arrows represent heat flux streamlines. 
Figure 7 offers a close up view on the specimen domain, where interface temperatures and 
exchanged heat fluxes are indicated. 

Fig. 6 - Contour plot of the temperature response of the 
furnace. Black arrows represent thermal flux streamlines. 

Fig. 7 - Schematic of thermal fluxes applied to the 
1:5 scale truss specimen. Vector orientations must 

be intended as positive according to (8-11). 

According to Figure 6, the heat fluxes ,
  and ,

 	enter the specimen through the chamber 
and flows out to grips at both the specimen ends. Thus, negative heat fluxes ,

  and ,


are expected at both ends of the specimen, which interface the PS to the NS. 
In order to simulate the overall HS environment, the same PI control strategy of the Könn 
furnace was implemented and the developed COMSOL FE model simulated the plant. Since 
fire engineers are used to defining thermal loads in terms of time-temperature fire curves, a 
hybrid compatible Differential Algebraic Equation (DAE) solver was implemented. It is based 
on a dual formulation where a set of Lagrange multipliers can impose prescribed trajectories on 
derivatives of state quantities. Such an approach preserves the stability of the underlying time 

1:5 scale truss specimen 
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stepping scheme. In this particular case the trapezoidal rule was selected as reference algorithm, 
and the following DAE was taken as a model problem,

( ) ( )
( )

Tt t

t

θθ θθ θ θ θ

θ θ

+ = +

=

C θ K θ F L λ

L θ c

&

&
(14) 

where the Lagrange multiplier vector  consists of additional fictitious heat fluxes that force 
the temperature response to follow prescribed rates dictated by	.  is a Boolean matrix 
that localizes constrained DoFs and, therefore, localizes Lagrange multipliers on the load 
vector. 

4 NUMERICAL SIMULATION OF THS 
Several numerical simulations of the proposed THS architecture were executed considering 
different extended time scales . The devised PI controller was selected to impose temperature 
at furnace nodes by modulating the input heat power of heating coils in the COMSOL FE model 
of the Könn Furnace. A thermal load case was defined based on the international standard ISO 
834 temperature-time fire curve, which is defined in the Eurocode 1 Part 1-2 [12] as: 

10=20+345 log (8 t + 1)gθ ⋅ ⋅ (15) 

where  is gas or air temperature (°C) and  is time (min). For simplicity, the aforementioned 
ISO 834 time-temperature curve was applied to the Nodes #13, #15 and #17 of the hybrid model 
of the truss bridge as temperature history even though in reality the temperature of the element 
will not exactly follow the heating curve. SI units will be used in the following. Indeed 
temperature are expressed in K. 

a b 
Fig. 8 - ISO 834 time - temperature curve: a) time vs. temperature; b) time vs. temperature rate 

Since entailing temperature rate exceeds the Könn Furnace capabilities, which negates for 
values greater than 1 K/s, an extended time scale  was considered in the simulated laboratory. 
Therefore, the test was slowed down of a factor	 and the PS experienced a simulation time step 
∆ in ∆ of wall clock time. In order to investigate the effects of time scaling, a 2-DoFs thermal 
truss model of the sole 1:5 scale steel specimen was implemented. Material parameters refer to 
steel; see Table 1 in this respect, whilst geometric values refer to the 1:5 scale truss specimen 
of Figure 4b. A convective coefficient ℎ	equal	to	10	  ⁄  was considered as a 
reasonable value. Time constants derived from the 2-DoFs model of the 1:5 scale specimen are 
110.56 s and 605.80 s. Since temperature histories were imposed at both specimen ends, 
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estimations of both rate dependent and rate independent components of thermal fluxes, i.e. 


,and	
,,	 were estimated, 

,

,

P
P RD

P RI P

θθ
θ

θ θθ

λ
=

=

C θR

R K θ

& (16) 

where 
 and	

 ,	 are the heat capacity and the conductivity matrices of the 2-DoFs model 
of the specimen, respectively. Superscripts RD and RI stand for rate dependent and rate 
independent, respectively. Since the experimental time scale  affects temperature rates, it 
reflects on the corresponding heat flux	

,. Figure 9 reports time histories of both the 
components. In particular, Figure 9c focuses on rate dependent components for time scaling	
greater than one. 

a b c 
Fig. 9 - Time histories of feedback heat fluxes components: a) rate independent contribution 

,; b) rate 
dependent contribution 

,; close up view on rate dependent contribution 
,  in the case of extended time 

scales

From Figure 16 it is possible to observe that time scalings, which are compatible with the 
performance of the Könn Furnace, cancel rate dependent contributions, which must be taken 
into account numerically in the NS. This is the analogous to pseudodynamic (PsD) testing 
where rate dependent forces, e.g. inertia and viscous damping, are simulated numerically. 
Estimates of feedback heat fluxes retrieved from the COMSOL FE model were magnified 
according to the geometric scale factor	, and accounted for in the thermal balance equation 
(10-11). A simple proof of this approach can be derived from the Fourier law in the one-
dimensional case, 

' 2 dT
A

dx
λ δ δ

δ
Φ = − = Φ

(17) 

where Φand	Φ are heat fluxes related to the full scale model and the scaled specimen, 
respectively. As can be appreciated from Figure 10, which reports feedback heat fluxes 
retrieved from the COMSOL, transient dynamics occurs at the beginning of the simulation for 
all values of time scale	. Their lengths are constant in the laboratory time and of the same order 
of magnitude of the lower thermal time constant of the sole specimen, which was estimated at 
110 s. Therefore, they can be ascribed to a local transient thermal response of the 
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furnace/specimen. Figure 11 report the temperature responses of Node #17, which corresponds 
to the upper node of the specimen, for the Case Study #1. 

Fig. 10 - Feedback heat flux measured at the upper 
end of the 1:5 scale specimen on the COMSOL FE 
model vs. laboratory time (wall clock) for the Case 

Study #1 

Fig. 11 - Temperature response of Node #15 for 
different values of time scale 	for the Case Study #1. 

As can be appreciated from Figure 11, the devised THS allowed for applying the correct 
temperature path and simulating the global system response in a consistent manner. Potential 
aftermath of substructures partial and full coupling can be deducted more clearly by Lagrange 
multipliers behavior. In greater detail, Figure 12 reports the time histories of the Lagrange 
multiplier applied at Node #15, where the ISO 834 was prescribed for both the case studies. 

a b 
Fig. 12 - Time histories of Lagrange multipliers at Node #15 for different values of time scale 	for: a) Case 

Study #1; and b) Case Study #2. 

In detail, Figure 12a, which refers to Case Study #1, describes that when thermal diffusivity is 
on the order of 12 mm2/s and h/k = 1.16 m/m, specimen feedback heat fluxes are negligible 
because no effects can be appreciated on Lagrange multipliers that impose the temperature path 
on Node #15 as fictitious heat fluxes. As a consequence, a substructure partial coupling can be 
applied. Conversely, from Figure 12b, which refers to Case Study #2, when thermal diffusivity 
is on the order of 1200 mm2/s and h/k = 0.02 m/m, feedback heat fluxes affect the dynamic 
solution and should be taken into account. 

5 CONCLUSIONS AND FUTURE PERSPECTIVES 
The present paper summarizes all research activities focused on the development of a pure THS. 
The full set of coupled equations defining the thermomechanical problem was discussed from 
the HS perspective and particular care was given to the heat transfer physics. The study 
highlights the feasibility of the THS by applying an arbitrary temperature path to both case 
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studies and simulating the global system response in a consistent manner. Results have shown 
that specimen feedback heat fluxes can be neglected in the global heat balance when an is 
element characterized by thermal diffusivity on the order of 12 mm2/s - Case Study #1 – and 
h/k ≈ 1. Therefore, a substructure partial coupling can be applied. Conversely, when thermal 
diffusivity is higher (1200 mm2/s) and conduction offers very little resistance to heat transfer 
with respect to convection (h/k << 1) - Case Study #2 -, feedback fluxes affect the dynamic 
solution and must be taken into account using a substructure full coupling. A forthcoming 
experimental campaign will allow for updating the developed simulation environment and 
tuning an effective testing protocol. The presented approach provides a realistic insight into the 
capabilities of THS and paves the way for simulating hot NSs for the purpose of TMHS. 
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Abstract. In the last two decades, the increasing complexity of engineering systems boosted 
the development of very efficient simulation methods based on partitioning. In view of coupling 
dynamic parts of hybrid systems, the finite element tearing and interconnecting approach 
emerged as the most promising technique. Nonetheless, there is still a lack of a comprehensive 
study of algorithmic performances from the experimental perspective. In this view, the present 
paper sheds light on the application of two well-known parallel partitioning methods for the 
purpose of the simulation of hybrid models. Thus, an existent reinforced concrete bridge is 
chosen as a benchmark case study. In order to perform hybrid simulations, a novel coupling 
software was devised. It allowed for combining two physical piers to the numerical model of 
the remaining part of the bridge. As a result, successful tests were conducted at the ELSA 
laboratory of the Joint Research Centre of Ispra (Italy). 

1 INTRODUCTION 
In view of coupling dynamic parts of hybrid systems, partitioning methods are more than ever 
appealing and arouse a lot of interest in the context of hybrid experimental/numerical simulation 
techniques [1]. In fact, they are prone to combine a Physical Substructure (PS), which is the 
key region of interest of the emulated heterogeneous system, and a Numerical Substructure 
(NS) collecting all well-known subparts. During a heterogeneous simulation, a compliant time 
integrator calculates the interaction between NS and PS by solving the equation of motion of 
the entire system. Since Finite Element Tearing and Interconnecting (FETI) approaches allow 
for the concurrent solution of involved subdomains with large time step ratios, they guarantiee 
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a smooth stream of displacement commands on the PS, regardless the coarser time grid on the 
NS. In this context, [2] proved that velocity continuity on interface DoFs is the key solution to 
obtain unconditionally stable algorithms as long as all individual subdomains satisfy their own 
stability requirements. Along this line, Pegon and Magonette developed the PM method [3], 
which paved the way for parallel implementations of the FETI tailored to hybrid models. 
Interface energy dissipation and one order of accuracy loss in the subcycling case were stressed 
as major drawbacks. Moreover, the PM method needs for a starting procedure. Brun et al. 
proposed an improved variant of the PH algorithm [4], namely the modified PH method [5], 
which allows for computations in subdomains in a completely concurrent manner with no need 
for initialization and energy conserving. 
Mixed implicit/explicit multi-time partitioning methods tailored to Newmark schemes are ripe 
for a profitable application to hybrid simulations. Nevertheless, there is still a lack of a 
comprehensive study of algorithmic performances from an experimental perspective. Along 
this line, this paper presents algorithmic implementations of both the PM and modified PH 
methods tailored to both numerical/physical nonlinear systems. A twelve-pier reinforced 
concrete bridge is introduced as reference case study. Then, numerical simulations of the 
dynamic response of the bridge emphasize pros and cons of both algorithms. Finally, the 
experimental implementation of the PM method, which allows for conducting hybrid 
simulations of aforementioned bridge at the ELSA Laboratory of the Joint Research Centre of 
Ispra (Italy) is presented. 

2 PARTITIONED INTEGRATORS FOR SUBDOMAIN COUPLING IN HYBRID 
SIMULATIONS 

Both the PM and the modified PH algorithms are presented in this section. In detail, all 
implementations refer to the following set of coupled of nonlinear dynamic equations, 

( ) ( )
( ) ( )

,

,

T

T

A A A A A A A

B B B B B B B

t

t

 + + =


+ + =

M u R u u L Λ F

M u R u u L Λ F

ɺɺ ɺ

ɺɺ ɺ
 

(1) 

A A B B+ =L u L u 0ɺ ɺ  (2) 

where, with regard to the generic subdomain	,  is the mass matrix; ,  	and	 	are
displacement, velocity and acceleration vectors,  is the restoring force and  represents 
the external time-varying load. 	is a Boolean matrix that collocates interface DoFs on the 
related subdomain. According to [2], in order to obtain unconditionally stable algorithms as 
long as all individual subdomains satisfy their own stability requirements, velocity continuity 
on interface DoFs is pursued. For the sake of clarity, zero tangent stiffness	 and damping 
	matrices read, 

, ,

,
k k k k

k k
k k

k k

= =

∂ ∂= =
∂ ∂u u 0 u u 0

R RK C
u uɺ ɺɺ

 

(3) 

Both coupling method are supposed to handle a pair of arbitrary Newmark schemes with their 
own characteristic parameters, i.e. 	,	, and ,	, for subdomains A and B, respectively 
[6]. 
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2.1 The PM method 
The task sequence of the PM method, analyzed in depth in [7] is sketched in Figure 1. It clearly 
recalls the GC method [2].However, a time step equal to 2tA is exploited in subdomain A in 
order to anticipate information on the subdomain B at the beginning of a new time step	. 

 
Fig. 1 - Task sequence of the PM method algorithm. 

The dashed line describes the ongoing parallel process in the two subdomains. Note that the 
synchronized exchange of information enables the parallel computation of both subdomains. 
The PM method is briefly summarized hereinafter. 
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from  to  Calculation of interface Lagrange multipliers 
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 Coupled solution on subdomain B 
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Solution of the link problem on subdomain A  
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where, 

( )2A A A A A A A A
m m t m tγ β= + ∆ + ∆D M C K  (4) 

2( )B B B B B B B Bt tγ β= + ∆ + ∆D M C K  (5) 

Since the PM method needs to be initialized,  is equal to 1 when		is	equal	to	0, and the PM 
method is equivalent to the GC method, which is a staggered procedure. After the initialization 
step, i.e. n > 0,  is equal to 2 and the two-step forward prediction allows for parallel 
implementations. For the purpose of HS, the restoring force of the PS is measured on 
physical specimens, after applying the trial displacement	

 


,. Moreover, based on previous 

equations, the Steklov-Poincare' operator	, can be quantified as follows: 
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So, the  


 can be explicitly evaluated to cope with the synchronization requirements of HS. 
It is evident that the proposed method nicely suites the requirements of HS. 
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2.2 The modified PH method 
The task sequence of the modified PH method [5] is sketched in Figure 2. As for the PM 
method, it clearly recalls the PH method [4]. However, the evaluation of the Lagrange multiplier 
vector   is done at the end of each macro time step	Δ . 

Fig. 2 - Task sequence of the modified PH method algorithm. 
The red line describes the ongoing parallel process in the two subdomains. Note that the 
synchronized exchange of information enables the parallel computation of both subdomains. 
The modified PH method is briefly summarized herein. 
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where, 
2A A A A A A A A

t tγ β= + ∆ + ∆D M C K  (8) 
2B B B B B B B B

t tγ β= + ∆ + ∆D M C K  (9) 

Derivation of both coupling operators H and Y are briefly summarized. They can be easily 
derived on the linearized system of coupled equations (1-2) rearranged in matrix form. To this 
end, the Newmark algorithm is condensed to the following matrix equation, 
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Accordingly, for a linearized system, the modified PH method can be expressed as, 
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Boolean matrices k  and k localize Lagrange multipliers and coupling DoFs, respectively. 
Since the coupling of velocities was proved to favor the stability of the global scheme, they 
read, 

T T
k k =  L 0 0

,
k k =  0 L 0 (14) 

The linear system (13) can be solved using a bordered system approach. Subdomain matrix 
blocks can be gathered together and the system expressed as: 

1 1

1

UM L F
B 0 0

n n

n

+ +

+

    
=    Λ      

(15) 

Since the global solution is the sum of free and link quantities, 

1 1 1U V Wn n n+ + += +  (16) 

where, 
1

1 1V =M Fn n
−

+ +  
(17) 

1
1 1 1W = M L Y AB

n n n
−

+ + +− Λ = Λ  (18) 

The second block row of (24) can be split as follows,

1 1 1BU BV BW 0n n n+ + += + =  (19) 

Accordingly, Lagrange multipliers  can be easily expressed through the Steklov-Poincaré 
operator	H, which is the dual Shur complement of the block matrix reported in (15), 

( ) 111
1 1 1BM L BV =H VAB

n n n

−−−
+ + +Λ = −  (20) 

In this way, the relevant energy at the interface is preserved. 

3 THE RIO TORTO BRIDGE CASE STUDY 
The Rio Torto viaduct is a RC structure built during the sixties and located between Florence 
and Bologna in Italy. Twelve portal piers support the thirteen-span bay deck of each 
independent roadway as shown in Figure 3. End spans measure 29 m, whilst internal spans 33 
m. Six Gerber saddles are present in the middle of the bridge and close to both abutments. 
Additional details can be found in [8, 9]. 
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Fig. 3. Lateral view of the Rio Torto viaduct. 
Solid and hollow circular cross section columns characterize short and tall piers, respectively. 
Relevant diameters measure 1200 mm and 1600 mm. The taller Pier #7 measured 41.34 m, 
whilst the shorter Pier #12 measured 13.80 m. Gerber saddles were removed in the isolated 
configuration where a pair of Concave Sliding Bearing (CSB) isolator were interposed between 
the deck and each pier. A comprehensive set of time history analyses of a refined FE model of 
the bridge was conducted in the OpenSees environment at both the SLS and ULS. With 
reference to the as built configuration, all piers showed hysteretic dissipation already at SLS. 
Conversely, time history analyses conducted in the isolated case proved that isolator pairs 
dissipated the most of hysteretic energy whilst piers remained in the linear range. A linear 
response of the deck was observed for both conditions. Moreover, numerical simulations 
highlighted that frame piers experienced in-plane deformations. In order to comply with the 
computational and control performance of the experimental facility for complex HSs, a reduced 
88-DoFs substructured model of the viaduct was assembled for the as built and the isolated
case [8, 9].In greater detail, the internal constraint setting was simplified and out-of-plane 
displacements of piers were fixed, whilst relative rotations among the deck and piers were 
released. Figure 4 depicts schematics of bridge configuration with node numbering, dimensions 
and frequencies of the four lowest eigenmodes. Nonlinear reduced S-DoF piers, provided 
transversal stiffness to the deck, whose cross sectional characteristics were	 = 4.63	,  =
51.90	,  = 3.45	,  = 0.10	. 

Mode Freq. [Hz] 
1 0.3674 
2 0.3771 
3 0.3922 
4 0.4607 

 

a 

Mode Freq. [Hz] 
1 0.5010 
2 0.6606 
3 0.9392 
4 1.3642 

 

b 

Fig. 4. Plan view of the reduced nonlinear models of the Rio Torto viaduct in: a) as built configuration; b) 
Isolated configuration. Dimensions in m; 

As can be appreciated from Figure 4, Pier #9 and #11 were substructured in the laboratory 
together with related pairs of CSB isolators. The deck, remaining piers and related isolators 
were simulated numerically by means of reduced state space models. In greater detail, nonlinear 
S-DoF reduced models of piers were based on a modified version of the well-known Bouc-Wen 
mode. They were capable of reproducing the softening behavior predicted by the 
aforementioned refined OpenSees FE model. To this end, the factor 1/1 + α was added to 
modify the linear component of the tangent stiffness and a ρ parameter was introduced to 
simulate the degradation of the linear stiffness . The resulting formulation reads, 
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ɺ ɺ ɺ
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where β, γ and n are parameters of the Bouc-Wen model.  In order to decrease the number of 
nonlinear parameters, γ and n were set to zero and to one, respectively [10]. Because, reduced 
nonlinear springs were not capable of reproducing piers' behavior at their full operating range, 
a set of parameters was identified for each different limit state. In order to force a linear response 
of piers without damage, β and ρ were set to zero, respectively, in the isolated case. Single 
Friction Pendulum Bearing OpenSees elements embed a physical model that is able to replicates 
the slip mechanism of CSB devices. Because bilinear shapes characterize inherent hysteretic 
loops, the state space model proposed by [11] was selected to reproduce the NS of isolator 
elements. Although the effect of variable vertical loads was neglected in the NSs, simplified 
bilinear hysteretic models well reproduced the response of all OpenSees isolators. Identified 
values of all nonlinear parameters of both reduced isolators and piers can be found in [8, 9]. 

4 NUMERICAL COMPARISON OF PROPOSED METHODS 
In the following, the algorithmic performance of the aforementioned algorithm are compared 
in a pure numerical setting. From the HS perspective, the behavior of link solutions is crucial. 
In fact, their magnitude directly reflects on smoothness of actuators trajectories. Along this line, 
the following analyses try to shed light on both link quantities, which force velocity continuity 
at the interface between the NS and PS. Figure 5 depicts a schematic of the isolated bridge 
model with particular emphasis to the substructuring scheme. 

Fig. 5. Close up view on the substructuring scheme of the reduced nonlinear models of the Rio Torto viaduct 
in the Isolated configuration. 

As can be appreciated from Figure 5, both interface Nodes #468 and #564 gather mass from 
both the deck and the related CSB isolator element. The last contributions is very small and 
entails high frequency eigenmodes on each 2-DoFs PS when detached from the overall bridge, 
i.e. in the decoupled configuration, hereinafter. In principle, resulting faster dynamics increase 
free displacements  on the physical side, and therefore, that link displacements  	must 
compensate for within the subcycling time. As a consequence, actuators, which span free 
solutions, can potentially experience sharp trajectories that reduce the quality of the test. In 
order to mitigate such effect, part of the mass on the deck side -NS- is moved on the isolator 
side -PS-. Since both contributions share the same nodes, the overall dynamics remains 
unchanged and eigenfrequencies of the decoupled PS are pleasantly reduced. As a result, the 
PS benefits of smaller link displacements	 , and therefore, actuators experience smoother 
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trajectories. The mass fraction parameters  was introduced to modulate the mass transfer 
among NSs and PSs as follows, 

( )' '

, 1B B A A A
i i f i i f im m= + ⋅ = − ⋅M M M M M (22)

where the subscript  stands for interface; accordingly, mass matrices of (22) must be intended 
confined to interface DoFs. Therefore,  and  matrices characterize the interface DoFs 
masses of the PS and the NS, respectively, during HS. For the sake of clarity, Table 2 
summarizes the eigenfrequencies of the decoupled 4-DoFs PS for different values of the mass 
fraction parameter. 

Table 2 - Eigenfrequency of the decoupled PS 
Mass fraction 

Mode 0.001 0.005 0.05 0.95 
1 2.36 2.32 1.96 0.76 
2 3.56 3.50 2.98 1.15 
3 135.82 61.81 23.03 13.69 
4 174.67 79.45 29.53 17.51 

As can be appreciated from Table 2, a very small contribution of 0.005 already halves isolator 
eigenfrequencies. Clearly, such high frequency modes are not present in the PS of the as built 
configuration. Therefore, the isolated bridge is considered to compare algorithmic performance. 
In this preliminary study, coarse time step quantities are analyzed. Future investigations will 
shed light also on subcycling solutions. The same coarse time step was considered for both 
algorithms, i.e. Δt = 1/1024. Moreover, a Newmark implicit scheme -  = 0.5	and	 =
0.25 - was applied to both subdomains. In order to estimate errors, a reference solution was 
calculated considering a monolithic implementation of the Newmark implicit scheme with a 
time integration step	Δt = Δt 100⁄ . All reported results refer to the transversal displacement 
DoF of Node #468, which connects Pier #9 and related isolator to the deck. In detail, Figures 8 
and 10 compares link displacement histories obtained from both the PM and the modified PH 
methods for different subcycling and mass fraction setting.  

a) b) c) 
Fig.6 - PM method: link displacement solutions in the case of: a)  = , = . ; b)  = , =

. ; and c)  = , = . . 

   
a) b) c) 

0 5 10 15 20 25 30
-1.5

-1

-0.5

0

0.5

1

1.5

2 x 10-4

Time [s]

D
is

pl
ac

em
en

t [
m

]

NS
PS

0 5 10 15 20 25 30
-3

-2

-1

0

1

2

3

4 x 10-5

Time [s]

D
is

pl
ac

em
en

t [
m

]

NS
PS

0 5 10 15 20 25 30
-1

-0.5

0

0.5

1 x 10-6

Time [s]

D
is

pl
ac

em
en

t [
m

]

NS
PS

0 5 10 15
-1.5

-1

-0.5

0

0.5

1

1.5

2 x 10-4

Time [s]

D
is

pl
ac

em
en

t [
m

]

NS
PS

0 5 10 15
-1

-0.5

0

0.5

1 x 10-5

Time [s]

D
is

pl
ac

em
en

t [
m

]

NS
PS

0 5 10 15
-1.5

-1

-0.5

0

0.5

1

1.5 x 10-4

Time [s]

D
is

pl
ac

em
en

t [
m

]

NS
PS

275



Giuseppe Abbiati, Enrico Cazzador, Oreste S. Bursi, Pierre Pegon, Francisco Javier Molina and Fabrizio 
Paolacci 

11

Fig. 7 - Modified PH method: link displacement solutions in the case of: a)  = , = . ; b)  =
, = . ; and c)  = , = . . 

As can be appreciated from Figures 6a, 6b, 7a and 7b, given the same subcycling  the mass 
fraction parameter affects  displacements that prevail where the mass is smaller, and both 
the PM and the modified PH algorithms show the same behavior. Conversely, as can be 
observed in Figures 6c and 7c, only the PM method can benefit of subcycling for reducing 
displacements on the PS. 

5 THE EXPERIMENTAL FRAMEWORK FOR HYBRID SIMULATION 
A comprehensive set of HSs of the viaduct was conceived. The PM method was selected as 
parallel partitioned time integrator. Its inherent subcycling capabilities permit the 
synchronization of the two separated integration processes that involve both NSs and PSs with 
a coarse time step tA  and a fine tB and, respectively. As a result, smooth actuator trajectories 
were achieved. In this particular case, an extended time scale λ = 200 was assumed together 
with a subcycling parameter  equal to 250. As result, tA = 2.5 ms was applied to NSs, whilst 
tB = 0.01 ms was selected for PSs. Thus, actuator displacement commands were generated on 
the PS at the controller rate of 500 Hz. An additional computational driver ran the Cast3m FE 
model of the NS. 2.5 scale mock-up models of Piers #9 and #11 were experimentally 
substructured in the ELSA laboratory. Since gravity loads did not play an important role on 
piers, Procedure #2 proposed by [12] was selected for specimen scaling. Therefore, scale factors 
S and S2 were applied to displacements and forces, respectively. Hence, both stress and strain 
quantities were preserved. Several HSs were carried out. Figure 8 depicts the experimental 
setup and the hysteretic response of Pier #9 during Test k09 and Test l02, which correspond to 
the as built and the isolated configuration at ULS, respectively. 

a) b) c) 
Fig. 8. a) 1:2.5 mock-up scale specimens of Piers #9 and #11; b) vertical loading system of frame piers. c) 

Comparison of hysteretic loops of HS k09 and l02, i.e. as-built and isolated configurations at ULS, respectively, 
for Pier #9 

As can be appreciated from Figure 8c, HSs proved the effectiveness of the retrofitting scheme 
based on CSB isolators.  

6 CONCLUSIONS 
Mixed implicit/explicit multi-time partitioning methods are ripe for a profitable application to 
HS. From this perspective, the present paper presents a preliminary study on the performance 
of the PM and modified PH methods tailored to hybrid systems. A twelve-pier reinforced 
concrete was introduced as reference case study. Comparisons were done in term of link 
displacement quantities, which must entail smooth actuator trajectories. During HS umerical 
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simulations and experimental tests proved that both algorithms are suitable to HS. In this respect 
particular care must be devoted to the partitioning of mass between PS and NS. Future 
investigation will be addressed in the frequency domain, where spectral distributions of errors, 
kinematic quantities and Lagrange multipliers can be compared to eigenfrequencies of both 
coupled and decoupled substructures. 
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Abstract. Coupled problems of the multi-degree-of-freedom-system (MDOF) or Soil-
Structure Interaction (SSI) are usually translated to a series of the single-degree-of-freedom 
(SDOF) equations. In this paper, the predominant periods of MDOF analysis are analyzed 
without SDOF and the dynamic amplification factors for a sample data of a model building 
are shown. The analysis method is the assumption that, as well as SDOF analysis, the MDOF 
analysis is applied to the predominant periods by inelastic analysis. That can give the dynamic 
amplification factors of the MDOF. At the results, it is cleared that the predominant period of 
the MDOF is close to be the period by the eigenvalues and in the short period or in the high 
level modes, the dynamic amplification factors are high which should not be neglected.  

Moreover, soil-structure interaction with SDOF are also analyzed by elastic analysis for 
the model building. Some effects to the building structure model by the rocking on the ground 
are discussed in the sway-rocking models. 

 
1 INTRODUCTION

In the single-degree-of-freedom (SDOF) analysis, the mass, the damping coefficient and 
the stiffness can give the predominant periods and the response values. In the multi-degree-of-
freedom-system (MDOF) analysis, after the mass matrix [M] , the damping coefficient matrix 
[C] and the stiffness matrix [K] without any external forces can give the eigenvalues, the 
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modes and others, the MDOF model is usually translated to a series of the SDOF models and 
the response values are analyzed. In the MDOF analysis, the predominant periods of the 
MDOF system with external forces are not usually discussed. 

Therefore, in this paper, the predominant periods of the MDOF of the shear system of 3 
mass with external forces of the periodic motions are analyzed. This analysis can give the 
response values of each mass in any periods of external forces, the predominant periods of 
each mass, by elastic and inelastic analysis. The dynamic amplification matrix is proposed. 

Moreover, soil-structure interaction (SSI) with the SDOF is also analyzed by elastic 
analysis for the model building. Some effects of SSI to the building structure model are 
discussed in the sway-rocking model. The external force vector including moment is proposed. 

 
2 PREDOMINANT PERIOD OF MDOF ANALYSIS 

The predominant periods of the MDOF analysis are analyzed and the dynamic 
amplification ratios are shown. In this analysis, as well as the periodic motion y  (=psint) in 
the external force of SDOF analysis in equation (1), the periodic motion in the external force 
of MDOF analysis is applied in equation (2). 

 
tmpxkxcxm sin   (1) 

 
           yMxKxCxM    (2) 

 
Where 
[M], [C], [K] : n-by-n square matrix 
{ x },{ x },{ x } : n-by-1 column matrix of response values of acceleration, 

velocity or displacement of MDOF 
{ y }  : n-by-1 column matrix for external force ( y =psint) (cm/sec2) 

p  : constant value (cm/sec2) 
  : angular frequency of the periodic motion (rad./sec) 

 
The system of the response values is also applied to be the periodic motion in equation 

(3). Equation (3) is the particular solution of equation (2) by the method of undetermined 
coefficient which has the assumption that { x } on i-th storey is linear combinations of shaking 
functions <{ ix }= { ic1 sint+ ic2  cost} > (equation (3)), in which { ic1 } and { ic2 } are the 
undetermined coefficients. Equation (3) is substituted for equation (2) to make eqaution (4). 
Equation (4) is an identity in any time and can be solved to equation (5), (6), (7) or (8) which 
give the solution { ix } for the reponse displacement of MDOF.  

The each element of { ix }in equation (6) includes the periodic motion in { iy } 
calculated by the shaking functions with the angular frequency  and the phase lag i on i-th 
storey. The dynamic amplification matrix [A], which doesn’t include any shaking function, is 
calculated by [M], [C], [K] and . The multiple of [A] and [M] can be amplitudes of the 
periodic motion { iy }. Therefore, equation (6) gives the predominant periods of the MDOF 
by the spectral analysis of . 
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where 
[A] : n-by-n square matrix. [A] is a part of the particular solution and also the dynamic 
amplification matrix, which is calculated by [M], [C], [K] and  
[ 1A ], [ 2A ]: n-by-n square matrix. A part of [A] 
{ iy } : n-by-1 column matrix for a periodic motion part of the particular solution with the 
phase lag i on i-th storey, { iy =psin(t+i)} (cm/sec2) 
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In the analysis of SDOF, the complementary solution of equation (1), by the assumption 

that the external force is zero, can give the predominant period sgl = mk  and the particular 
solution by the method of undetermined coefficient of equation (1) can give the dynamic 
amplification ratio { S } explicitly by the ratio of the dynamic amplification to the static one 
in equation (9). The spectral relationship between /sgl and S  of equation (9) is well 
known as a curve line with one peak. 

 
 

222 )()( 


cmk

k
S


  (9) 

 
However, in the analysis of MDOF, the dynamic amplification matrix [A] of equation 

(6) doesn’t explicitly show the dynamic amplification ratio, likely equation (9) of SDOF. 
Moreover, the complementary solution of equation (2), can give the eigenvalues and the 
eigenvectors. These eigenvalues are considered to be the square of the angular frequency in 
the solutions and usually the high level modes are negleted in the analysis. 
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In order to know what the eigenvalues are in the analysis of MDOF, one example of a 
stucture data is as follows.  
 
3 EXAMPLE FOR PREDOMINANT PERIOD OF MDOF ANALYSIS 

3.1 Sant’Agostino in L’Aquila, Italy
The structure is a 2 storeys masonry sotructure heritage with a lantern storey. İt is 

assumed to be the shear system of 3 mass.  
In the 2009 Italy L'Aquila Earthquake, Abruzzo, Italy, many monuments are damaged. 

The complex monument and church of Sant'Agostino in L'Aquila, Italy is one of these 
monuments and the very valuable chance was given to see the damage of it in L'Aquila. The 
typical damage of Sant'Agostino is the lantern fallen down to the roof of the next building in 
the West and severe damages in the ellipse dome or the walls. In this analysis, some structural 
identification was made by the shear system of 3 mass (Figure 1.) [1].  

The inelastic dynamic response analysis needs the weight, the stiffness and the shear 
coefficient of each storey. The size of Sant'Agostino were measured based on the Google 
satellite map and plan or elevation figures in some references of Sant'Agostino. The Guideline 
for the Construction Technical Law [2], Italy is also referred for the material properties. The 
specific gravity is assumed to be 19 (kN/m3) and the shear stiffness is assumed to be 23.0 
(kN/cm2). The period of the 1st storey is assumed to be 1.0 (sec) and the structural 
identification for the appropriate period and shear coefficient of each storey were made to 
follow the collapse of the lantern fallen down in the West. According to the drawings, the 
height is considered to be 41m. The weight of each storey is based on the wall areas of 
planning and the height of each storey to calculate the wall volume of each storey, decreasing 
of the openings, multiplying the specific gravity. The periods of each storey are based on the 
period of the 1st storey and the assumption of the linear relationship between the period T and 
the height of other storeys. The shear coefficients of each storey are decided by the 
assumption that the storey drift angles of the 1st and 2nd storey at the yielding point are 
nearly 1/1,000 (rad.) and the one of the 3rd storey (the lantern storey) is nearly 1/500. These 
storey drift angles, the periods or the stiffness give the shear coefficient. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Cross section transverse in nearly EW direction and analysis model for shear system of 3 mass 
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Table 1: Example values of stiffness and period of each 

storey for shear system of 3 mass 

Storey Stiffness ik  (kN/cm) Period Ti (sec) 

3   234 0.40 

2 2,004 0.80 

1 6,069 1.00 

 
 
 
 

 

 








































































































































1
1
1

00
00
00

sin
0

0

00
00
00

00
00
00

1

2

3

1

2

3

122

2233

33

1

2

3

1

2

3

1

2

3

1

2

3

m
m

m
t

x
x
x

kkk
kkkk

kk

x
x
x

c
c

c

x
x
x

m
m

m













 (10) 

 
 where 

Period of i-th storey    sec2
i

n

ij
j

i k

m
T


 ：  

 
Damping coefficient of i-th storey  










cm
seckN22 n

ij
j

i
iiii

m

khmmhc ：
 

 
 
 

The matrix equation of motion in forced shakings with external dampings is shown in 
equation (10). The external forces are the periodic motions. 

Figure 2 shows the analysis model. Table 1 shows the stiffness ik  and the period Ti of 
each 3 storeys. According to the notes of equation (10), the period of i-th storey is calculated 
by the stiffness ik  of i-th storey and the summation of the mass upper than i-th storey. The 
damping coefficient of i-th storey is calculated by the damping factor h , the stiffness ik  and 
the mass im  of i-th storey and the summation of the mass upper than i-th storey. The damping 
factor h is 0.05. 

Equation (10) and (6) can give the dynamic amplification {xDA} and the static 
amplification {xSA} in equation (11-1) and equation (11-2). The ratio { D } of the dynamic 
amplification to the static one in each storey is shown in equation (12). 

Figure 3 shows the spectral analysis results for ( =2/T ) of the relationship between 
the dynamic amplification factor D  and the period T (sec) for the spectral analysis. Figure 3 
also shows the periods calculated by the eigenvalues which are given by equation (13). 
Equation (13) means the matrix equation of damped free motion with external damping. 
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 (13) 

 
According to Figure 3, the spectra of D  has the curves lines with usually 3 peaks on 

each storey. The periods calculated by the 3 eigenvalues are “0.39(s), 0.64(s) and 1.11(s)”.  
At the results, it is cleared that the predominant periods of MDOF are close to be the 

periods by the eigenvalues and in the short period or in the high level modes, the dynamic 
amplification ratios are at most 10. The dynamic amplification  DAx  at the predominant 
periods are usually different from the eigenvectors (Figure 4). 
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Figure 3: Spectra of dynamic amplification ratio D  

(when the stiffness is the initial stiffness of the hysteresis property.) (Ref. : Section 4.2) 
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Figure 4: Comparison of normalized response displacement (1F) and normalized eigenvectors by the 
value on the 3rd storey, at the initial stiffness of the hysteresis property. (Ref. : Section 4.2) 
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Almost eigenvalues are complex numbers (a bi, where a and b are real numbers, i: is 
imaginary number). But during the stiffness degrading, some of eigenvalues become real 
numbers. When the eigenvalues are real numbers, the motion is called as overdamping motion. 

The number of these eigenvalues is even, the issued frequency f (=1/T )(Hz) is zero and 
the eigenvector of the 1st eigenvalue is similar to the one of the 2nd eigenvalue. All elements 
of the eigenvectors are also similar. 

A part of the inelastic analysis results of Table 3.1 (shear coefficients at the yielding 
points qCyi are 0.07, 0.09 and 0.11), Section 4.2 is as follows. When the stiffness is decreased 
to 1/2,200 of the initial stiffness, the number of the eigenvalues which are real numbers is 2. 
The static amplification { SAx } in equation (11-2) is nearly 2.5x104 (cm) and the dynamic 
amplification { DAx } in equation (11-1) in the period T =0.83 (sec), is from 19 ~ 15 (cm), 
when the eternal force vector is t{1  1  1} (transposed matrix) (g). Therefore the ratio { D } in 
equation (12) is nearly 0.001 (Figure 5). The ratio { D } is less than 1, because the stiffness 
on the 1st storey is decreased in the stiffness matrix [K] and the motion is an overdamping 
motion on the 1st storey.  

Figure 6 shows the comparison of normalized response displacement (3F) and 
normalized eigenvectors by the value on 3rd storey, when the eigenvalue is a real number and 
the qk3 is decreased. Figure 6.(1) shows the response displacement on the 1st storey is larger 
than the one on the upper storeys in the 2nd and 3rd mode. It seems to match the overdamping 
motion on the 1st storey and the higher level modes should not be neglected.  

However, Figure 6.(2) seems to be similar to Figure 4.(2) at the the initial stiffness. 
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Figure 5: Spectra of dynamic amplification ratio D  

( when the eigenvalues are real numbers and qk3 = (1/1000)(qCy/y) (Ref. : Section 4.2) 
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4 RESPONSE VALUES OF MDOF BY ACCELERATION RECORDS 

4.1 Acceleration records 
The earthquake waves are shown in Table 2. Not only [2009 AQV EW, Itaca], but also 

[2009 L'Aquila Parking Entrance (AQK) EW, Itaca] and [2009 L'Aquila Castle (AQU) EW, 
Itaca] are used because the observation point of AQK is closer to Sant'Agostino and AQU is 
closest to it. In order to make the structural identification to clarify the physical phenomenon 
of the lantern fallen down to the West, the EW direction of these earthquake waves were used. 
 

Table 2: Earthquake waves in EW direction of L’Aquila Main shock (Magnitude 5.8) 

Date and Time 
in local time 

Station 
Code 

Address 
(L’Aquila, Abruzzo, Italy)

Peak Acceleration 
in EW (cm/sec2) 

Epicentral 
Distance 

(km) 

Distance to 
Sant'Agostino in 
L'Aquila (km)

06 Apr. 2009 AQV Center of Valley Aterno 662.6 4.9 5.5
03:32:39 AQK L’Aquila Parking Entrance 323.8 5.7 0.4

 AQU*) L’Aquila Castle 258 6.0 1.0
Note) *) The acceleration records of AQU are corrected by subtracting the average of all data. 

 

4.2 Inelastic dynamic analysis 
Figure 7 shows the hysteresis property of Tri-linear Model for the inelastic dynamic 

analysis. In this analysis, Takeda Model is applied which has the oriented point before the 
yielding point is the crack point in the opposite. The stiffness 4q k  of unloading after the  
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(2) qCy : Shear Coefficient at the yielding point of A 
( qCy = 0.07, 0.11, etc.) 

(3) qCmax : Shear Coefficient at the peak of B 
(4)   Q  : Storey Shear Force (kN) ( xk･ ) 
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(7) h  : Damping factor (= 0.05) 
(8) g  : Gravity Acceleration (=980 (cm/sec2)) 

Figure 7: Hysteresis property of Tri-linear Model 
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yielding point has some relationship with the stiffness 0q k  between the yielding point and the 

crack point in the opposite side ( 4q k = 0q k ( y/ peak)0.4). 
The other symbols of qCc, 1q k , 2q k  and 3q k  are calculated by equations in Figure 7. 

Equations of qCc=0.4･qCy and (qk2)=(qk1)/3 are referred by the reference [3]. 
Ty is calculated by the mass m and the secant stiffness ky in equation (14). 

 
 

g
y

gky
mTy

･

δ

･ qCy
2

k
22

yq

   (14) 

4.3 Response values of MDOF by inelastic dynamic analysis 
In the structural identification, some cases of the period and the shear coefficient on 

each storey are calculated and the one of these results are shown in Table 3.1 ~ Table 3.3. 
Table 3.1 shows that all of 3 cases (AQV, AQK and AQU) identified the larger displacement 
x3 on the lantern storey to the West. Table 3.2 and Table 3.3 show the results if the lantern 
storey would be retrofitted, when the qCy3 is increased from 0.11 to 0.15 or 0.16. This 
retrofitting method would have valuable effects which would reduce the response 
displacement x3 on the lantern storey less than that before retrofitting. 

This Section shows the analysis results for the effects of the shear coefficient qCy3.  
 

Table 3.1: Structural properties and analysis results before retrofitting 
Structure Properties of each Storey ACC. 

Records 
(EW) 

Analysis Results of each Storey 
Period (s) Shear Coefficient (-) Response Relative Displacement (cm) 

Ty1 Ty2 Ty3 qCy1 qCy2 qCy3 x1 x2 x3 
     AQV -4.15 -4.15  +8.05 

1.00 0.80 0.40 0.07 0.09 0.11 AQK -2.83 -4.79 -10.88 
     AQU 1.84 2.60  +2.75 

Notes)(1) x1, x2, x3 : the positive (+) means the displacement to the East and negative (-) to the West. 
 (2) Hysteresis property is the Tri-Takeda Model. Ref. : Figure 7. 
 (3) Period Tyi is calculated by the secant stiffness and the mass on i-th storey.  
 (Tyi=2 kyimi

) 
 (4) These Notes are also applied to the Table 3.2 and Table 3.3. 
 

Table 3.2: Structural properties and analysis results if retrofitting (qCy3  0.15) 
Structure Properties of each Storey ACC. 

Records 
(EW) 

Analysis Results of each Story 
Period (s) Shear Coefficient (-) Response Relative Displacement (cm) 

Ty1 Ty2 Ty3 qCy1 qCy2 qCy3 x1 x2 x3 
     AQV -4.17 -4.00 +14.23 

1.00 0.80 0.40 0.07 0.09 0.15 AQK -2.89 -3.91 +5.89 
     AQU   1.80  -2.56 +5.73 

 
Table 3.3: Structural properties and analysis results if retrofitting (qCy3  0.16) 

Structure Properties of each Storey ACC. 
Records 

(EW) 

Analysis Results of each Story 
Period (s) Shear Coefficient (-) Response Relative Displacement (cm) 

Ty1 Ty2 Ty3 qCy1 qCy2 qCy3 x1 x2 x3 
     AQV -4.11 -4.27 +1.41 

1.00 0.80 0.40 0.07 0.09 0.16 AQK -2.84 -4.51 - 3.07 
     AQU 1.79 -2.60 +0.81 

286



M. Inukai, T. Kashima, T. Saito and T. Azuhata 

 10

5 PREDOMINANT PERIOD OF SOIL-STRUCTURE INTERACTION  

5.1 Sway Rocking (SR) model 
The predominant period of soil-structure interaction is also analyzed. 
The sway rocking (SR) model is applied. Figure 8 shows overview of sway-rocking 

model for soil-structure interaction with SDOF. 
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Figure 8: Overview of sway-rocking model for soil-structure nteraction 

 
Figure 8 shows SDOF, sway and rocking between the foundation and the ground. This 

SR model has a mass of 0m  and 1m (kN/g) for mass of the structure and mass of the 
foundation. Stiffness of the structure and sway stiffness are k , Hk (kN/cm). Rocking stiffness 
is Rk (kN･cm/rad.). Damping coefficient of the structure is c kmh 12 (kN･sec/cm), the one 
of the sway in soil-structure interaction (SSI) is Hc = )(2 010 mmkhm H   (kN･sec/cm) and the 
one of the rocking in SSI is Rc = RkIh2 (kN･cm･sec/rad.). Equivalent height at the center of 
gravity of the structure and the foundation are 1H and 0H (cm). I (= 2

00
2

11 HmHm  ) (kN･cm2/g 
/rad.) is the moment of inertia at the ground surface for the 2 mass of SDOF and the 
foundation. h is damping facor (h = 0.02). g is gravity acceleration ( g = 980 (cm/sec2)). 

When the external force y  (cm/sec2) in acceleration records takes place on the ground 
level, SR model has the horizontal displacement of the ground y (cm), the horizontal sway 
displacement 0x  (cm), the horizontal displacement of SDOF  (cm) and the rotation angle of 
rocking  (rad.). The relative horizontal displacement to the ground of SDOF 1x  (cm) is 
calculated by equation (15). The storey shear force of SDOF is k  k ( 1x - 0x - 1H )) (kN).

 
   101 Hxx  (15) 
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 (16) 

 
These displacements have their velocities and accelerations. The motion equation is 

equation (16). In equation (16), the left sides are internal forces or moments and the right 
sides are external forces or moments. The 3rd equation in equation (16) has the external 
moment yHmHm )}({ 0011   (kN･cm) to SR model by the ground acceleration y , which 
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means the equilibrium of moments for the 2 mass around the ground surface and means that 
the 3rd equation includes implicitly the inertia forces, the damping forces and the storey shear 
forces in the 1st and 2nd equation in equation (16). Equation (16) is also described by 
equation (17) in matrix which has forced shakings and external dampings. 
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 (17) 

 
The right side of equation (17) shows the unit external force vector t{ 1  1  11{ Hm  

IHm )}( 00  } (transposed matrix). Similar unit external force vector in equation (10) 
shows that all elements are 1 (t{1  1  1}). But the 3rd equation of equation (17) is described 
for the response angle  (rad.) or the moment by the horizontal force, the mass matrix [M] for 
the response acceleration vector is same as the one for the external force vector and the 
rightest value is y  (cm/sec2). Therefore, this third element of the unit external force vector is 
“ 11{ Hm IHm )}( 00  ”. This unit is “rad./cm” and 1 (rad./cm) is not appropriate for this 
third element. It is understandable when 0m  is 0 and 0H is 0, the moment of inertia I would 
be described to be 2

11Hm  and this third element is calculated to be IHm 11 = 2
1111 HmHm = 

1/ 1H  (rad./cm), which is a reciprocal of an arm length of moment. 

5.2 Example of elastic analysis for SR model 
The predominat periods are also analyzed for SR model by elastic analysis. 
The model building is still Sant'Agostino in L'Aquila and it is modeled to SDOF of 

Figure 8. SR model needs many values in equation (17). All values are listed in Table 4. 
The period 1T  of SDOF of Figure 8 is assumed to be 1.14(sec), according to Figure 4, 

(1). Therefore, the stiffness k  of SDOF is 4.69x103 (kN/cm) ( k =(2/ 1T )2･ 1m ). 
Hk  and Rk  are assumed to be 1.47x106 (kN/cm) and 2.77x1011 (kN･cm/rad.), according 

to the test results in Japan before 1962 [4]. 
The height is modified to the equivalent height at the center of gravity for SDOF 

( 1H =1,130(cm)). Figure 1 doesn’t show the foundation, but it is assumed to have the 
foundation of 100 (cm) depth, the equivalent height ( 0H =50(cm)), the specific gravity (=15 
(kN/m3)) and the mass ( 0m =27.4 (kN/g)). 

Moreover, the period of the sway HT  is 0.0697 (sec) ( HT Hkmm )(2 01  ). 
The period of the rocking RT  is 0.167 (sec) ( RT RkI2 ). 

 
Table 4: Data for SR model 

m
1
 m

0
 I k k

H
 k

R
 c c

H
 c

R
 H

1
 H

0
 h 

154 27.4 1.95x108 4.69x103 1.47x106 2.77x1011 34.0 98.8 2.94x108 1,130 50 0.02
 

Figure 9 shows that the predominat periods of SR model are almost same as the periods 
calculated by the eigenvalues. The reason is predicted probably that the stiffness are far from 
other stiffness ( k << Hk << Rk ). All curves lines of SDOF, Sway and Rocking have the peaks at 
their periods and the curve of Sway has another peak at the same period as SDOF. The new 
period 0.0271 (sec) is very close to the period of only Sway without SDOF (TH’ = 

Hkm02 =0.0271 (sec)). The maximum of D  is nearly 25 in elastic analysis. 
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Figure 9: Spectra of dynamic amplification ratio D  in elastic dynamic analysis. 

 
6 COUCLUSIONS 

In this paper, the predominant periods of MDOF analysis are executed without SDOF 
and the dynamic amplification factors for a sample data of a model building are shown. The 
effects of soil-structure interaction are also analyzed in elastic analysis for the model building. 

The main points of these results are as follows; 
(1) According to the dynamic amplification ratio D  in the sample data of MDOF, the 

predominant periods of the MDOF for a model building are close to be the periods by the 
eigenvalues. The dynamic amplification ratios D  of MDOF are at most 10. 

(2) The normalized response displacement of MDOF at the stiffness degrading shows that the 
higher level modes should not be neglected. 

(3) In MDOF inelastic analysis, when some eigenvalues are real numbers, the motion seems 
to be overdamping. 

(4) For the effects of soil-structure interaction (SSI) with SDOF, the elastic analysis of sway-
rocking (SR) model, the predominant periods are close to the periods by the eigenvalues. 

(5) The maximum of the dynamic amplification ratio D of SR model in elastic analysis is 
nearly 25. 
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Abstract. A new hybrid simulation platform for addressing thermomechanical coupled 
problems has been introduced in OpenFresco. This middleware resides between a numerical 
substructure (NS) and a physical substructure (PS) in a hybrid simulation and provides the 
means of communicating between the two. Whereas previously, this communication was 
restricted to mechanical loads, the new OpenFresco thermomechanical hybrid simulation 
(TMHS) capability additionally provides thermal degrees of freedom and temperature loads in 
the hybrid model. TMHS was implemented at the ETH Zürich IBK Structural Testing 
Laboratory. It provides a platform for addressing mechanical-fire coupled problems, and in 
particular, earthquake-fire problems. 

The test presented herein demonstrates the capability of TMHS to simulate structural 
response to multi-hazard scenarios. The hybrid model consists of two elements. The NS is 
modeled in OpenSees. The PS is enclosed in a furnace placed in a universal testing machine. 
The hybrid model is first exposed to a ground motion excitation, applied mechanically by the 
universal testing machine, followed by a fire load specified by a fire cure and applied by the 
furnace. After completion of the fire loading and some cooling, a ground motion aftershock is 
applied to the hybrid model. The entire loading sequence is fully automated, so no user 
interaction is necessary except to open the doors of the furnace for the cooling phase. 
Demonstrating this successful investigation of the earthquake-fire coupled problem opens the 
possibilities for future investigations with more complex models and larger-scale tests. 
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1 INTRODUCTION 
 Knowledge about the behavior of structures in fire is severely limited by a lack of adequate 
testing of complete structural systems. Due to the need for expensive and highly specialized 
facilities to perform such tests, only a few full-scale tests [e.g. 1,2] or large-scale tests [e.g. 
3,4,5] have been performed. Instead, the majority of our knowledge about structural 
performance in fire is the result of single-component tests [e.g. 6,7,8,9,10,11,12], exposed to 
standard fire curves. These fire curves do not represent real fires [13], and single-component 
test do not provide information about the interactions that occur between structural members 
in a full structure [14]. 
 Structural fire design relies on prescriptive codes which are based on material behavior at 
elevated temperatures, observed in component tests: thus, the risk of structural system damage 
or collapse is not evaluated directly. There is great interest to adopt performance-based design 
approaches for fire [15]. However, high costs and access to sophisticated facilities will 
continue to impede extensive large-scale testing. The ability to develop performance-based 
fire design practices will rely on improved testing methods that assess global structural 
behavior, use of more realistic fire loads that include the post-fire cooling phase [16], and 
studies of the post-earthquake fire scenario, which is a common multi-hazard occurrence but 
is not addressed in the state-of-the-art design practices [17]. Hybrid simulation [18], which 
partitions a structure into numerical and physical substructures (NS and PS), and evaluates 
response of the combined hybrid model to some external excitation, was designed 
predominately to evaluate seismic loads. With its flexibility to accommodate different NS and 
PS configurations, ease of testing multi-hazard scenarios, including safely testing to the point 
of structural collapse, it is the ideal tool to improve our understanding of structural response 
in a variety of fire and combined earthquake-fire scenarios. 
 The thermomechanical hybrid simulation (TMHS) method has been implemented in the 
Open-source Framework for Experimental Setup and Control (OpenFresco) [19] hybrid 
simulation software framework, and verified and validated using a small-scale model in an 
electric furnace at the Swiss Federal Institute of Technology (ETH), Zürich [20]. 
 A TMHS earthquake-fire-earthquake test of a structure exposed to an earthquake, followed 
by a fire curve, partial cooling, and then an earthquake aftershock is presented herein as a 
demonstration of the capabilities of this method for simulating multi-hazard scenarios.  

2 BACKGROUND INFORMATION 
 The hybrid simulation testing method provides an opportunity to perform large-scale, 
coupled mechanical and fire tests, without the need for highly specialized laboratory facilities. 
It was originally developed [21,22,23] for determining the response of a structure to dynamic 
excitations, especially seismic. The portion of the prototype structure whose behavior is well-
understood is modeled as the NS using standard finite elements, while the portion of the 
structure whose behavior is highly nonlinear or not well-understood is modeled as the PS 
using experimental elements. These experimental elements interface with physical specimens 
in the laboratory through laboratory test setups. The NS and PS interact throughout the 
simulation via computer control software and the specimen actuation system, which enforce 
consistent boundary conditions at the interface between the substructures, as the coupled 
numerical-physical system responds to an excitation. 
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 The structural response of the hybrid model to thermomechanical loads over the time 
domain of interest is described by the following differential equations (Equation 1). 
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N in the superscript refers to the NS and P in the superscript refers to the PS. The variables �, 
�� , and ��  are the mechanical displacement, velocity, and acceleration, respectively. �, and ��  
are the temperature and rate of temperature change, respectively. ��� is the mass matrix. ��� 
is the mechanical damping matrix. ��� is the heat generation due to strain rate, which is 
important for micro-scale applications but is neglected for large-scale civil structural tests. 
��� is the thermal capacity matrix. ��� is the mechanical stiffness matrix. ��� represents the 
internal forces due to restrained thermal deformations. ��� represents the thermal load 
changes due to mechanical displacements. ��� is the thermal conductivity matrix. ����� are 
the time-dependent mechanical external forces. ����� are the time-dependent thermal fluxes. 
 Fully coupled physics is defined as the situation when thermal behavior affects the 
mechanical behavior and vice versa. For most problems, full coupling only involves the ��� 
off-diagonal term. ��� is important in cases when the specimen undergoes large deformations 
in a compartment with a non-uniform temperature, such that the mechanical behavior of the 
specimen changes its thermal exposure (particularly when the structural deformations result in 
new ventilation, e.g. when a window breaks or integrity of a fire wall is lost). 
 The substructures are mechanically fully coupled when the displacements are sent from the 
NS to the PS and interface forces are measured and returned from the PS back to the NS 
(displacement control). The feedback restoring forces are used to compute the displacements 
in the next time step, so the displacement sequences applied to the PS are not known a-priori. 
The substructures are fully coupled thermally when temperatures are sent from the NS to the 
PS and thermal fluxes are measured and returned from the PS back to the NS (temperature 
control). The substructures are fully coupled thermomechanically when they are fully coupled 
mechanically and thermally. The substructures are partially coupled thermomechanically 
when the substructures are fully coupled mechanically or thermally but not both. 
 The first application of hybrid simulation to investigate structural response in fire was 
performed by Mostafaei [24,25]. A standard fire test of a single column PS was combined 
with a NS of the remainder of the structure to enable examination of the behavior of the whole 
structure exposed to both mechanical and fire loads. However, this implementation involved 
human interaction for data transfer between the numerical and physical substructures. TMHS 
advances the state-of-the-art by providing computer controlled interaction between the NS 
and PS. This automated infrastructure is critical for working with complicated models, 
eliminating the possibility of human error in data transfer, maintaining synchronization of the 
mechanical and thermal loading patterns in the event of a hardware delay in the laboratory, 
and enabling real-time testing capabilities. 
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3 TMHS EARTHQUAKE-FIRE-EARTHQUAKE SIMULATION 

3.1 TMHS Framework 
 TMHS uses the Open System for Earthquake Engineering Simulation [26] software 
framework for modeling the NS. The OpenFresco hybrid simulation software framework 
provides the communication link between the NS and the PS, including the degree of freedom 
(DOF) transformations between the NS and the test setup in the laboratory and the interface 
with the test setup control system. Because OpenSees and OpenFresco were both originally 
developed for purely mechanical problems, the frameworks were extended to include the 
temperature DOFs at the nodes of the hybrid model [20]. The DOF transformation and 
experimental control for the thermal problem are both new additions to OpenFresco. 
 The earthquake-fire-earthquake TMHS presented here was done using a hybrid model with 
a partial coupling of the physics and a partial coupling of the substructures. Because 
OpenSees solves purely mechanical problems, the NS is not exposed to thermal loads. 
Developments for thermal capabilities in OpenSees are underway by researchers at Edinburgh 
[27,28]. Displacement control is used, meaning that the hydraulic actuator applies 
displacements to the PS and measures restoring forces. The temperatures are controlled on the 
PS, but the thermal fluxes are not measured and returned back to the NS. This constitutes a 
partial coupling of the substructures. 
 In the earthquake-fire-earthquake test, the equation of motion is solved in each time step 
using a hybrid simulation specific (but mechanical-only) Newmark Implicit integrator with an 
increment reduction factor of 0.4 and a fixed number of 4 iterations per time step [29]. The 
fixed number of iterations per time step is important for real-time hybrid simulation such that 
each simulation time step is applied in the same amount of clock time. The number of 
iterations necessary to achieve the required tolerance in each simulation time step is 
preselected based on the performance of the hybrid test in full-simulation (PS modeled as 
another NS on a separate processor) mode. 

3.2 Experimental Design 
 The earthquake-fire-earthquake test is conducted on a simple single DOF hybrid model. A 
single beam element NS is implemented in OpenSees (A) and a single truss element PS is 
modeled physically (B), as shown in Figure 1a. The fundamental vibration period of the 
hybrid model was set at 1 s and instantiated by calculating the necessary mass and assigning 
this mass entirely to the NS. A 5% mass proportional Rayleigh damping is used. The PS is a 
Grade S355 structural steel RHS 120-60-3.6 dogbone-shaped specimen (the narrow portion of 
the dogbone shape is 75 mm long, 10 mm wide, and 3.6 mm thick), tested in a combined 
Zwick 1484 Universal Testing Machine (UTM), which applies axial displacements and 
measures reaction forces, and a Könn STE-12 HR/350’  (0.1 m radius x 0.5 m tall) electrical 
furnace, which encapsulates the specimen and controls the temperature at specimen mid-
height (Figure 1b). Though the TMHS framework is designed to enable real-time testing, the 
low heating power of the Könn furnace cannot achieve real-time temperature loadings. An 
extensometer measures the strain of the physical specimen directly. The length, L, in Figure 
1a, is 40 mm to match the gage length of the extensometer probes. Three thermocouples 
measure temperature on the surface of the specimen. An Indel CPU board stand-alone master 
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(SAM) is used as the digital signal processor (DSP), responsible for generating displacement 
and temperature command signals and receiving feedbacks from both the UTM and furnace. 

 
Figure 1: (a) Hybrid model; (b) Physical specimen in the furnace 

 In this earthquake-fire-earthquake test, PS response was maintained in the elastic range 
because this test was part of a series of proof tests and the specimen was reused many times. 
Furthermore, the UTM is configured for tensile loads only, so compression of the PS had to 
be prevented. Performing the test in displacement control in this scenario requires careful 
design and coordination of the mechanical and thermal load patterns. As the specimen heats in 
a displacement controlled environment, its expansion has the effect of reducing the restoring 
force. The mechanical load pattern must counteract this behavior to maintain some tension on 
the specimen at all times, but not too much tension such that the specimen yields.  
 With these requirements in mind, the earthquake-fire-earthquake test was performed in the 
following way. Initially, a small force ramp of 5 kN was applied to the single DOF in the 
hybrid model over 30 simulation seconds and 120 steps. Then the 1940 El Centro NS ground 
motion was applied using a very small scaling factor (0.0005) to avoid yielding the PS. This 
ground motion record has 1600, 0.02 s long steps: thus, it took 32 simulation seconds. Next, 
another small force ramp of 5 kN was applied to the single DOF in the hybrid model. 
Simultaneously, the fire curve was commanded to the experimental element in the hybrid 
model (and thus sent to the PS). This was performed over 30 simulation seconds and 120 
steps. The fire curve was the international standard ISO 834 temperature-time curve, scaled to 
reach 200 deg C at 30 s, and defined in the Eurocode 1 Part 1-2 [30] as: 

Θg = 20 + 345log10(8t + 1) (2)

where Θg is temperature (C) in the fire compartment and t is time (min). After the peak of the 
fire curve was attained, the furnace was turned off and its doors were opened, with the intent 
to apply linear time-temperature cooling pattern over 90 simulation seconds. A negative 5 kN 
force ramp was applied simultaneously to unload the specimen and avoid yielding it as it 
cools and contracts. Finally, the 1940 El Centro NS ground motion scaled with the same scale 
factor of 0.0005 was applied to the hybrid model with the furnace door open to represent an 
aftershock striking a partly cooled structure. 
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3.3 Results 
 The displacement command history and temperature command history for the earthquake-
fire-earthquake test are shown in Figure 2. 

 
Figure 2: Displacement and temperature commands 

The force feedback history and temperature feedback history are shown in Figure 3. The 
control of the temperature at the start of the cooling phase has a small error. The cooling 
phase should follow a linear decreasing time-temperature ramp. However, when the furnace 
doors were opened, the temperature dropped quickly. OpenFresco temperature error tolerance 
was set at 5C, but the temperature dropped too fast below the tolerance range. By temporarily 
allowing a higher temperature error tolerance, the discrepancy was resolved, and the 
remainder of the cooling ramp was performed as planned. 

The displacement control errors and temperature control errors are shown in Figure 4. The 
displacement control errors are all on the order of 10-3 mm. The temperature control errors are 
generally within +/-5C, except for the error when the furnace doors were opened. At the end 
of the test, the temperature continued to drop as the aftershock earthquake was applied. This is 
a realistic scenario for continued cooling while an earthquake is applied to a partly cooled 
structure. 
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Figure 3: Force and temperature feedbacks 

 
Figure 4: Displacement and temperature control errors 

The force-displacement hysteresis for the single DOF of the hybrid model is shown in 
Figure 5. The forces are the sum of the restoring forces from the NS and PS. The specimen 
remains linear for the entirety of the test. This is confirmed by the same slope for the first load 
ramp (load ramp 1), the initial earthquake (GM1), and the final earthquake (GM2). The green 
line (load ramp 2) plots both the combined effects of the increasing load ramp (+5 kN) and 
the thermal load (fire curve), followed by the simultaneous decreasing load ramp (-5 kN) and 
cooling phase. The lower slope of this green line is the result of the specimen resistance 
dropping as it heats and expands (and the reverse during unloading and cooling). 
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Figure 5: Hybrid model force-displacement response  

4 CONCLUSIONS 
 The lack of knowledge about the behavior of entire structures in fire scenarios is a result of 
a lack of adequate testing. Very few full-scale structural fire tests have been performed due to 
the need for highly specialized facilities and high costs. Instead, tests are largely performed on 
single structural components, exposed to standard fire curves. Fire ratings are the outcome of 
such tests, which feed prescriptive fire design codes. 
 As in seismic design, fire design is moving towards performance-based standards. By 
designing for specific performance levels in hazard scenarios, the overall behavior of the 
structure will be considered from the outset of the design process. The risk to structures in fire 
scenarios will be known and quantifiable. 

Development of performance-based fire design hinges on the development of new testing 
methods that can assess the global behavior of structures in fire. The thermomechanical 
hybrid simulation framework addresses these needs. A TMHS proof test, presented in this 
paper, demonstrated the capabilities for testing multi-hazard scenarios. The response of a 
hybrid model to an earthquake, followed by a fire, a partial cooling phase, and an aftershock 
earthquake was successfully simulated. 

There are many opportunities for future work. The NS portion of the hybrid model used in 
the proof test was “cold”. By interfacing OpenFresco with finite element software that is 
specifically developed for thermomechanical hybrid simulation, such as SAFIR [31], more 
powerful numerical models can be instantiated and full coupling of the physics can be 
enforced. By measuring thermal flux feedback from the PS, full coupling of the substructures 
can be implemented. The low heater power of the Könn furnace and its poor controller were 
major impediments to the TMHS tests. With a more powerful furnace or other powerful 
heating elements, real-time TMHS is possible. The developments in OpenFresco presented 
herein support such real-time simulations. 
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Abstract. The present work deals with the numerical simulation of porous media
subject to the coupled effects of mechanical compaction and reactive flows that can sig-
nificantly alter the porosity due to dissolution, precipitation or transformation of the solid
matrix. These chemical processes can be effectively modelled as ODEs with discontinuous
right hand side, where the discontinuity depends on time and on the solution itself. Fil-
ippov theory can be applied to prove existence and to determine the solution behaviour
at the discontinuities. From the numerical point of view, tailored numerical schemes are
needed to guarantee positivity, mass conservation and accuracy. In particular, we rely on
an event-driven approach such that, if the trajectory crosses a discontinuity, the transition
point is localized exactly and integration is restarted accordingly.

1 Introduction

We propose a model to describe and simulate the compaction process under a pro-
gressive burial of a layer of sediments in which a mineral can dissolve in the water flow
and precipitate on the grains of the rock. On one hand, compaction is due to the burial
of the layer, which makes the overburden increase. On the other, the presence of the
precipitated mineral can affect the solid matrix porosity, since the dissolving mineral may
leave some void spaces, whereas the precipitated mineral may fill them. Moreover, an
alteration of porosity implies a variation of permeability that affects the pressure of the
water flowing through the rock layer. Again, fluid pressure counteracts compaction re-
ducing the effective vertical stress, which has an effect on porosity. Finally, the chemical
reactions that cause minerals to dissolve and precipitate are influenced by the fluid flow,
which transports the solute.

The result is a nonlinear system of strongly coupled equations. The flow is assumed
to obey Darcy’s law. We use a simplified description of chemical reactions to model the

1
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precipitation and dissolution of a mineral, such as quartz, see [7, 11, 2]. The effect of the
fluid-solid conversion on porosity is accounted for by modifying Athy’s constitutive law
for the porosity [1], following [15, 16]. Again, we follow the strategy proposed in [15] and
recast the governing equations in a Lagrangian frame. We simulate the sedimentation
process by providing a sedimentation rate that causes the overburden to increase.

The system is solved by splitting the stronger coupling between pressure and com-
paction from the solution of the advection-diffusion-reaction equation for the transported
solute. One main issue is that the equation that models the reaction of the mineral is
a differential equation with discontinuous right hand side [10]. This led us to introduce
another splitting between the advection-diffusion part of this equation and the reaction
one, to take advantage of the available ad hoc methods to manage the discontinuity. In
particular, among the possible strategies such as time step adaptation [8], or regulariza-
tion of the right hand side [4], we chose to adopt an event-driven approach where the
crossing of the discontinuity is exactly localized before restarting integration [5].

The paper is structured as follows. In Section 2 we present the mathematical model
and we recast it into a Lagrangian frame. Section 3 deals with the numerical approach.
In particular, we dwell on the application of a method to treat ODEs with discontinuous
right hand side to our specific case. Finally in Section 4 the numerical solution obtained
in one test configuration is analyzed, while conclusions are drawn in Section 5.

2 The model

We consider a layer of a sedimentary rock subject to a progressive burial. We assume
that the porous medium is saturated with water. We are interested in modeling the
behavior of a reactive material that can be advected by the flow when dissolved in water,
and precipitate on the grains surface in the rocks. On the other hand, the precipitated
mineral may dissolve into the fluid. It is clear that this mechanism, together with the
increasing load due to the burial of the layer, affects the porosity φ of the sediments,
leading to both geochemical and mechanical compaction.

2.1 The domain

We consider a two-dimensional model of the aforementioned processes, simulated in a
vertical cross section of a sedimentary layer. Due to compaction, the domain of interest Ω
evolves during the simulation. However, it is more convenient to cast the coupled problem
of fluid flow, compaction and chemical reactions in a fixed geometry. For this reason,
under the assumption that compaction acts only vertically, we define a fixed domain Ω̂,
obtained from Ω = Ω(t), as its completely compacted configuration once removed the
reactive (dissolvable) part of the rock.

More precisely, following [15] and [16], we assume that one can define at any point
x ∈ Ω(t) and at any time the field C = C(x, t), which represents the ratio between the
volume of the reactive part of the rock and the initial rock volume, so that the map

2
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ϕt : Ω̂ → Ω(t), (x, ξ) �→ (x, z(ξ, t)), is well defined and depends on C and φ. The
deformation gradient F associated to this map is

F := ∇ϕt =

[
1 0

∂z/∂x ∂z/∂ξ

]
, (1)

and it can be shown that the Jacobian is

J := det(F ) =
∂z

∂ξ
=

1− C0 + C

(1− C0)(1− φ)
> 0, (2)

where C0(x) = C(x, 0).
Note that the time derivative of the map coincides with the velocity us of the sediments

and that, due to the hypothesis of vertical compaction, one has us = uszez, being ez the
unit vector of the z-axis.

2.2 Governing equations

In this section we present the equations governing the porous matrix evolution, fluid
flow and chemical reactions in the fixed domain Ω̂. See [9] for a detailed derivation of the
model.

The generic scalar field f in Ω becomes f̂ = f ◦ϕt in Ω̂, and the generic vector field v

is transformed through the Piola transformation, that is v̂ = Ĵ F̂
−1
v ◦ ϕt, where Ĵ and

F̂ are the transformation of (1) and (2) in Ω̂. Finally, the nabla operator in the fixed
coordinate system is indicated with ∇̂.

If we assume that no water is released or consumed during the reactions, mass conser-
vation for the fluid phase reads

∂(φ̂ρ̂wĴ)

∂t
+ ∇̂ · (φ̂ρ̂wû) = 0 in Ω̂× (0, T ), (3)

where ρ̂w is the density of water, and û = ûw − ûs.
The relative velocity û of water ûw with respect to that of the solid matrix ûs is related

to the pore pressure p̂ by Darcy’s law, i.e.

φ̂û = −Ĵ
K̃

µw

(
∇̂p̂− ρ̂wF̂

T
g
)

in Ω̂× (0, T ), (4)

with g = −gez. Here µw denotes the water viscosity and K̃ := F̂
−1
K(φ̂)F̂

−T
, where the

permeability tensor K is assumed to be isotropic, thus

K(φ) = K(φ)I (5)

being K(φ) given by the following relation, see [3],

K(φ) =




k0φ
3 if φ ≥ 0.1

100 k0φ
5

(1− φ)2
if φ < 0.1

. (6)
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Mechanical compaction of porous media is usually modeled by a relation between
porosity and effective vertical stress known as Athy’s law, [1]. However, in the case of our
interest, porosity depends also on the concentration of precipitated mineral. According
to [15], we model the coupled effect of dissolution/precipitation and compaction with the
following equation,

φ̂ = (φ0 + (1− φ0)(Ĉ0 − Ĉ)) e−βσ̂, (7)

which is a generalization of Athy’s law. Here, σ̂ denotes the vertical effective stress defined
as σ̂ = ŝ − p̂, where ŝ is the overburden and can be obtained integrating the differential
equation

∂ŝ

∂ξ
= −[(1− φ̂)ρ̂s + φ̂ρ̂w] gĴ (8)

with the boundary condition ŝ(x, ξtop, t) = stop(t), where stop is a given function of time
and accounts for the weight of the overlying layers. The density ρs of the solid matrix
is obtained as the average of the density of the inert part of the rock ρr and that of the
precipitated mineral ρ̂p, weighted with their volume fractions, that is

ρ̂s =
(1− Ĉ0)ρ̂r + Ĉρ̂p

1− Ĉ0 + Ĉ
. (9)

The equations (3), (4), (7), and (8) describe the coupling between water flow and
compaction. We now introduce the chemical reactions that model the precipitation and
dissolution of the transported mineral specie. Let us introduce the field γ̂ that represents
the dissolved mineral concentration in terms of moles per unit volume of water. The
dissolved mineral is allowed to diffuse, to be transported by the fluid flow and to interact
with the solid matrix, i.e. to precipitate, behaving as prescribed by the following equation:

∂

∂t
(γ̂φ̂Ĵ) + ∇̂ ·

(
φ̂γ̂û−Dφ̂F̂

−T
∇̂γ̂

)
= r(Ĉ, γ̂)φ̂Ĵ in Ω̂× (0, T ), (10)

where D > 0 is the diffusion coefficient and r(Ĉ, γ̂) is a source/well term that repre-
sents the dissolution/precipitation rate of the mineral. We point out that, since we are
considering low velocities, we are here neglecting the effect of dispersion.

On the other hand, a source/sink term for equation (10) implies a sink/source term
for the equation of the volume fraction of the precipitated mineral Ĉ, as stated by the
following equation:

∂Ĉ

∂t
= −Vmr(Ĉ, γ̂)φ̂, (11)

where Vm is the molar volume of the mineral.
Following [2], we model the reaction rate r as a discontinuous function of γ and C. Let

us introduce the following notation

x+ := max(0, x), x− := (−x)+.
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We model the source/sink term for the equations (10) and (11) as

r(C, γ) = λ
(
sign(C)+F (γ)− − F (γ)+

)
, (12)

where
F (γ) =

γ

γeq
− 1, γeq > 0.

Here, γeq denotes an equilibrium concentration of the dissolved mineral. The rate constant
λ is modeled according to Arrhenius law as

λ = λ̄e−
E
RT > 0,

where E is an activation energy, R is the gas constant and the temperature T is assumed
to be a given function of time.

We observe that, if the solute concentration exceeds the equilibrium value, γ > γeq,

then F (γ) > 0 and r = −λ
(

γ
γeq

− 1
)

< 0. In this case, precipitation occurs. On the

other hand, if γ < γeq, then F (γ) < 0 and r = λ sign(C)+
(
1− γ

γeq

)
≥ 0. In this case, if

sign(C) > 0 (i.e. if some precipitated is available in the rock), dissolution occurs. Finally,
in case γ = γeq, F (γ) = 0 and the chemical equilibrium implies r = 0.

The solid mass conservation equation allows us to compute, knowing porosity and
precipitate concentration, the velocity of the solid matrix and therefore the deformed
configuration of the layer. Indeed, in this framework mass conservation of the solid phase
in a porous medium implies

∂

∂t
((1− φ)ρs) +

∂

∂z
((1− φ)ρsusz) = Qs in Ω(t)× (0, T ), (13)

where Qs is a source/sink term that models the growth or consumption of the solid grains,
which can be shown to be

Qs = ρp
(1− φ)

1− C0 + C

DC

Dt
. (14)

To recover the deformed configuration of the layer, one can solve (13) for usz with a
Dirichlet condition on the bottom boundary, and solve then ∂z

∂t
= usz with a proper initial

condition. We point out that, since we are considering the evolution of a single layer,
such boundary conditions should be provided by the reconstruction of the history of the
whole sedimentary basin.

The described system, complemented with suitable initial and boundary conditions, is
a nonlinear system of strongly coupled equations. Indeed, it is clear that the changes in
porosity can cause overpressures (i.e. pressures larger than hydrostatic) because perme-
ability is a function of porosity, and moreover porosity plays a role in the storage term of
fluid mass conservation. On the other hand, fluid pressure can counteract compaction re-
ducing the effective vertical stress. Finally, chemical reactions are influenced by the fluid
flow which transports the solute, and can increase or reduce the porosity if dissolution or
precipitation occur. The approximation strategy implemented to tackle this coupling is
illustrated in the next section.

5
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3 The numerical approximation

For the solution of the coupled problem described in the previous section one could opt
for a fully coupled approach using Newton iterations. However, even if a fully coupled
approach is in general more robust, it is computationally very expensive and moreover
the Jacobian matrix is likely to be ill-conditioned because of the different scales involved
in the equations. For this reason we resort to an iterative splitting where the problems
are solved in sequence, performing fixed point iterations until convergence is achieved.

3.1 Time discretization and iterative splitting

In principle all the aforementioned problems, i.e. fluid flow, compaction and solute
dissolution/precipitation are coupled. If we assume that the effect of chemistry on porosity
is moderate and relatively ”slow” we can solve via fixed point iterations only the stronger
coupling between pressure and compaction, and solve the advection, diffusion and reaction
for the solute once per time step, reducing the computational cost. Therefore, for each
time, we perform the following steps:

• integrate the chemical reactions and compute the solute using (10) and (11);

• enter the fixed point loop:

– compute the sedimentary load and the effective stress with equation (8);

– update of the porosity with equation (7);

– solve Darcy’s problem to obtain fluid pressure with equations (3) and (4);

– check for convergence.

Since the reaction term in the ADR equation for γ is discontinuous, its approximation
can benefit from a tailored integration scheme. Therefore it is very convenient, though
not mandatory, to split the equation into an advection-diffusion part and a reaction part.
This way, we can split the coupled problem of (10) and (11) into two sub-problems:

Advection-diffusion equation

∂

∂t
(γ̂φ̂Ĵ) + ∇̂ ·

(
φ̂γ̂û−Dφ̂F̂

−T
∇̂γ̂

)
= 0 (15)

Reaction system




∂γ̂

∂t
= r(Ĉ, γ̂)

∂Ĉ

∂t
= −Vmr(Ĉ, γ̂)φ̂

(16)

6
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The two problems are solved in sequence according to a second order Strang splitting
([12, 14]). If we denote with γ̂n,n+1, Ĉn,n+1 the concentrations at the discrete time tn

and tn+1 respectively, with γ̂∗,∗∗ two intermediate values of γ̂ and with ∆t the time step
amplitude, the splitting consists in performing the following three steps

I)
2(γ̂∗φ̂Ĵ − γ̂nφ̂Ĵ)

∆t
+ ∇̂ ·

(
φ̂γ̂∗û−Dφ̂F̂

−T
∇̂γ̂∗

)
= 0

II)





γ̂∗∗ − γ̂∗

∆t
= r(Ĉn, γ̂∗)

Ĉn+1 − Ĉn

∆t
= −Vmr(Ĉ

n, γ̂∗)φ̂

III)
2(γ̂n+1φ̂Ĵ − γ̂∗∗φ̂Ĵ)

∆t
+ ∇̂ ·

(
φ̂γ̂n+1û−Dφ̂F̂

−T
∇̂γ̂n+1

)
= 0.

Note that we have chosen an implicit, thus more stable, discretization for the advection-
diffusion part, while as concerns the reaction part an explicit scheme is more suitable for
the implementation of the event detection method described in Section 3.3. We also point
out that we are employing a higher order splitting to achieve better accuracy. Since for
each time step we also need to solve some fixed point iterations for pressure and porosity,
the use of an higher order splitting turns out to be more convenient than using a smaller
the time step.

3.2 Finite element discretization

We have chosen a mixed finite element method for both the Darcy’s problem and
the advection-diffusion part of the equation for the solute concentration. This allows
us to use the same finite element approximation for the relative velocity û in equations
(3) and (10). The finite element space chosen for the relative velocity û is the lowest
order Raviart Thomas IRT0(Ω̂, Th) ⊂ H(div, Ω̂), while the solute concentration γ and the
water pressure p are in the space of the piece-wise constant functions IP0(Ω̂, Th) ⊂ L2(Ω̂).
In both equations, since we are considering mixed formulations, the Dirichlet boundary
conditions on pressure and concentration are naturally included in the weak formulation,
while the Neumann boundary conditions on normal velocity and flux are imposed with
a Nitsche’s penalization technique (see [13]). Finally, the differential equation for the
computation of the overburden s is solved with a SUPG stabilized finite element method,
using P1 elements.

3.3 Numerical solution of the discontinuous ODEs for dissolution/precipitation

We now focus on the numerical approximation of the reaction part of the coupled prob-
lem (10), (11). Thanks to the splitting we can employ an ad hoc method for discontinuous
ODEs. Indeed, once the problem has been discretized in space with the finite element
method as described in the previous section, equations (16) become a system of ODEs for

7

306



Abramo Agosti, Luca Formaggia, Bianca Giovanardi and Anna Scotti

each single degree of freedom. If we denote as γ̂, Ĉ the vectors containing the degrees of
freedom representing the solute and precipitate concentrations, being r the corresponding
vector of the reaction rates defined as in (12), the two equations (10), (11) make up an
ODE system with discontinuous right hand side, to whom Filippov theory can be applied.
To this purpose, we define

y =

[
γ̂

Ĉ

]
and f =

[
r

−Vmrφ̂

]
,

and we observe that

∂yi
∂t

=

{
f 1
i C = 0 and γi < γeq

f 2
i elsewhere

, (17)

where

f 1 =

[
0
0

]
and f 2 =


 λ

(
1− γ

γeq

)

−λφVm

(
1− γ

γeq

)

 .

Numerical methods for the integration of DRH-systems can deal with the discontinuity
with different approaches, such as step adaptation, or smoothing of the right hand side.
The computational approach used in this work, proposed by [6], is designed to locate
with accuracy the points where the transition occurs and check the transversality/sliding
conditions of [6] through the following steps:

• integration of the ODE outside Σ, in particular, we use an explicit order 2 Runge
Kutta method;

• location of the point y ∈ Σ reached by a trajectory, and the corresponding time t∗

with an iterative method;

• check whether a crossing of the discontinuity has occurred;

• in case of sliding along the discontinuity, integration on Σ with the proper right
hand side.

These steps are performed for each degree of freedom during the integration of (16)
to achieve a good accuracy and, most of all, to avoid unphysical solutions such as the
occurrence of negative concentrations.

4 Results

We simulate the compaction process of a 200m×120m sedimentary layer buried at the
depth d. At the beginning of the simulation d = d0, then a sedimentation velocity ∂d

∂t
> 0

brings the domain at a depth d(t). We do not model the addition of extra layers due

8
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to the progressive burial and the sedimentation acts only as a variation of the boundary
conditions. For this reason, the boundary conditions for pressure and overburden are
time-dependent. Temperature is a given field and is obtained with a geothermal gradient
∂T
∂d

and a surface temperature T0. The parameters used for the simulation are summarized
in table 1.

Value Unit Value Unit Value Unit
β 10−8 Pa−1 φ0 0.5 - λ̄ 8.37 10−6 mol/(m3 s)

d0 2000 m ∂d
∂t

100 m/My E 60.1 kJ/mol

T0 20 ◦C ∂T
∂d

0.035 ◦C/m γeq 0.167 mol/m3

k0 10−6 Darcy g 9.81 m/s2 ρ̄ 2500 kg/m3

µw 0.001 Pa s D 1.58 10−8 m2/s ρd 2500 kg/m3

ρw 1000 kg/m3 Vm 0.0226 m3/mol ρm 2660 kg/m3

Table 1: Physical parameters for the simulation.

The numerical setup of this simulation is shown in figure 1. We have set for pressure
hydrostatic Dirichlet boundary conditions at the top of the domain and at the bottom.
The domain is considered as a part of a longer thin layer of rock, lying along the x-
direction, hence no-flux boundary conditions are imposed on the lateral edges. A Dirichlet
condition for the overburden is set at the top and we assume that the bottom of the domain
moves downwards with a given, and in our case uniform, velocity. Finally, the dissolved
mineral concentration is prescribed both at the top of the domain, where it is greater
than that of equilibrium, and at the bottom, where it is equal to zero.

The rock is initially filled with water with no dissolved mineral (γ0 = 0). The initial
condition for pressure is the hydrostatic pressure and the initial conditions for stress and
porosity are computed with some fixed point iterations of the stationary problem. The
initial distribution of the precipitated mineral in the rock is sketched in figure 1. Finally,
û0 = 0.

C0 = 0

120 m

200 m
x

z

C0 = 0.1

C0 = 0.1

C0 = 0.1

150 m

10 m

p = ρwgd
d γ = 1.5γeqs = ρ̄gd

û · n = 0 û · n = 0

x

z

γ = 0p = ρwg(d + Lz)

Lz

∇γ · n = 0∇γ · n = 0

Figure 1: Numerical setup.
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We solve the problem on a triangular mesh 50× 30 with time step ∆t = 0.5 1011 s ≈
1.5 ky to simulate a time span of T = 25 My.

As expected, the mineral in water starts immediately to precipitate at the top of the
domain, where its concentration is higher than that of equilibrium. At the same time, the
precipitated mineral in rock dissolves in the lower region, where γ < γeq, behavior which
lasts as long as there is mineral in rock that can dissolve, see Figure 2.

Figure 2: Plot of C at t = 0, t = 8 My, t = 16 My, and t = 24 My on the physical domain Ω(t).

In Figure 3, the porosity is shown, which decreases during the simulation due to the
increase of overburden. An higher porosity is obtained, as expected, where the mineral
originally present on the rock dissolves, since the dissolving mineral leaves some void
spaces. On the other hand, porosity is lower at the top of the domain, where the mineral
precipitates. Due to the non-uniform porosity, the domain compacts in a non-uniform way
and we can clearly see at the end of the simulation that the region in which precipitated
mineral has dissolved compacts more than its neighbor region.

5 Conclusion

We have proposed and tested a discretization method for the simulation of compaction
in porous media with a particular focus on the numerical treatment of the discontinuous
reaction terms that may arise in the modeling of geochemical processes. Even if we are
considering a simplified model where only one mineral is allowed to precipitate, dissolve
and be advected by the water flow, the results are qualitatively correct and the rigorous
treatment of the discontinuity avoids the occurrence of negative concentrations and os-
cillations. The whole approximation strategy has been developed with the aim of finding
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Figure 3: Plot of porosity versus z at t = 0, t = 8 My, t = 16 My, and t = 24 My, taken on the vertical
line that halves the domain. The dashed and the solid lines represent the initial and the final porosity
respectively.

a trade-off between accuracy and computational efficiency. However, there is still room
for improvement: in particular a more precise assessment of the error introduced by the
splittings will be the subject of future work.
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Abstract. Induction hardening has been widely applied for the heat treatment of components 
mainly in the aeronautical and automotive sectors because of its peculiar advantages like high 
quality and repeatability of process and its easy automation. A multi-scale multiphysical finite 
element (FE) analysis is presented in this paper for the prediction of microstructural evolution 
during induction hardening processes. An ad hoc external routine has been developed in order 
to calculate the phase changes during heating and cooling process associated with non-
isothermal transformations. This routine has been coupled with commercial FEM codes able 
to solve the coupled electromagnetic and thermal problem that typically describes the 
induction heating processes. During the heating, the magnetic field generated by the coil 
induces currents in the workpiece and as consequence the heating of conductive material by 
Joule effect. 
Material properties depend on the temperature distribution but also on the microstructure 
since the material could be seen as a mixture of different phases, each one with different 
physical properties. The effect of latent heat of solid-solid phase transformations has been 
also considered. 
From the solution of the coupled steady-state, at a given frequency, electromagnetic and 
transient thermal problem, temperature distribution as well as heating and cooling rates are 
used for the evaluation of the existing metallurgical phases at every time step. 

1 INTRODUCTION 
Heat treatments have been traditionally used in order to improve the mechanical properties 

of steel parts. In the particular case, superficial heat treatments permit to modify only the 
external layer of a work-piece, maintaining unchanged the core of the material. Nowadays 
Contour Induction Hardening (CIH) process is increasingly applied instead of carburizing 
process, due to its repeatability and easy automation. 

During induction hardening, the magnetic field generated by a coil induces current in the 
work-piece, which is heated by Joule effect. Thermal history induces, during the process, a 
solid-solid phase transformation in the material. 

Due to its multiphysical nature, simulation tools become essential for the prediction of 
phase transformations. 

Many studies have been carried out in the field of heating by induction [1, 2, 3, 4] and in 
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the specific case of induction hardening [5, 6, 7], but the multiphysical simulation of all the 
phenomena that occur during the whole process is still an open task. 

Several models for the simulation of quenching have been proposed in the past [8, 9, 10,  
11, 12, 13], but in the most of cases the body was uniformly heated above the austenitization 
temperature. In induction hardening, temperature distribution exhibits steep gradients and the 
actual distribution of austenitization in the piece is not uniform. 

In other hand many authors proposed different models for the simulation of laser welding 
process [14, 15, 16], that can be considered, for some aspects (phase transformations, high 
heating rate), similar to induction hardening. 

2 ELECTROMAGNETIC AND THERMAL FORMULATION 
The mathematical analysis of coupled electromagnetic and thermal problem has been 

carried out by solving Maxwell and Fourier equations. The computation of magnetic flux 
density and induced current density is obtained by solving a time-harmonic eddy-current 
problem at a prescribed frequency. 

The numerical solution of the EM problem has been carried out by applying the well-
known Magnetic Vector Potential formulation where the Coulomb gauge has been imposed in 
order to guarantee the uniqueness of  magnetic vector potential 𝑨𝑨. 
In the conductive region Faraday-Neumann law equation implies the existence of an electric 
scalar potential 𝑉𝑉, such that [2, 17] 

𝑬𝑬 = −𝑗𝑗𝑗𝑗𝑨𝑨 − ∇𝑉𝑉 

where 𝑬𝑬 is the electric field and 𝑗𝑗 the angular frequency. Given that induced current density 𝑱𝑱 
can be written as:  

𝑱𝑱 = −𝜎𝜎(𝑗𝑗𝑗𝑗𝑨𝑨 + ∇𝑉𝑉) 

in which 𝜎𝜎 is the electrical conductivity of the material. The previous relations and Maxwell 
equations lead to the following system of equations:  

{∇ × (1
𝜇𝜇 ∇ × 𝑨𝑨) + 𝜎𝜎(𝑗𝑗𝑗𝑗𝑨𝑨 + ∇𝑉𝑉) = 0

∇ ∙ 𝜎𝜎(𝑗𝑗𝑗𝑗𝑨𝑨 + ∇𝑉𝑉) = 0                          
 

When the current density distribution is known in the conductive body, the distribution of 
power densities by Joule effect can be evaluated as follow:  

𝑤𝑤𝑝𝑝 = 𝜌𝜌|𝐽𝐽|2 = 𝜌𝜌𝑗𝑗2|𝐴𝐴|2 

where 𝜌𝜌 is the electrical resistivity. 
The power densities calculated in the electromagnetic step are used as internal power 

densities in the transient thermal simulation and the thermal problem has been solved by 
means of Fourier equation for heat conduction:  

∇(𝜆𝜆∇𝑇𝑇) + 𝑤𝑤𝑝𝑝 = 𝛾𝛾𝐶𝐶𝑝𝑝
𝑑𝑑𝑇𝑇
𝑑𝑑𝑑𝑑  

in which 𝛾𝛾 is the density and 𝐶𝐶𝑝𝑝 the specific heat.  
The thermal exchange by convection and radiarion have been taken into account during the 

heating stage on the surfaces of contact between the trated body and the air: 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
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Φ(𝑇𝑇𝑆𝑆, 𝑇𝑇∞) = ℎ(𝑇𝑇𝑆𝑆 − 𝑇𝑇∞) + 𝑘𝑘𝐵𝐵𝜀𝜀(𝑇𝑇𝑆𝑆4 − 𝑇𝑇∞4) 

where ℎ is the coefficient of heat exchange by convection, 𝑘𝑘𝐵𝐵 the Stephan-Boltzmann 
constant and 𝜀𝜀 the emissivity of the surface. The temperature distribution calculated has been 
used for updating the electromagnetic properties in order to calculate accurately the Joule 
losses distribution for every time step of thermal transient simulation. 
 

3 THERMO-METALLURGICAL FORMULATION 
The nodal power densities calculated in the EM step for each time step are the internal heat 

sources in a coupled thermo-metallurgical model. 
In the thermo-metallurgical model the material can be described as a mixture of different 

phases, each one with different physical properties. The global material properties can be 
extimated through a linear rule of mixture[8,9]:  

𝑃𝑃(𝑇𝑇, 𝜉𝜉𝑘𝑘) = ∑𝑃𝑃𝑘𝑘(𝑇𝑇)𝜉𝜉𝑘𝑘
𝑁𝑁

𝑘𝑘=1
 

where 𝑃𝑃𝑘𝑘(𝑇𝑇) is the value of the physical property, temperature dependent and 𝜉𝜉𝑘𝑘 is the 
volume fraction of the k-th phase. During phase transformations latent heat is absorbed or 
released by the body and this effect mustbe included in the calculations for an accurate 
extimation of temperature distribution. The temperature distribution within the workpiece is 
determined by the modified heat conduction equation:  

∇(𝜆𝜆∇𝑇𝑇) + 𝑤𝑤𝑝𝑝 +∑∆𝐻𝐻𝑘𝑘
𝑑𝑑𝜉𝜉𝑘𝑘
𝑑𝑑𝑇𝑇

𝑁𝑁

𝑘𝑘=1
= 𝛾𝛾𝐶𝐶𝑝𝑝

𝑑𝑑𝑇𝑇
𝑑𝑑𝑑𝑑  

where ∆𝐻𝐻𝑘𝑘 is the enthalpy change due to phase tranformation. 

3.1 Austenitization 
During the induction heating the initial microstructure (generally made of pearlite, ferrite 

and carbides) transforms when austenitization temperatures are reached: below the Ac1 
temperature the microstructure is composed by ferrite and pearlite, between Ac1 and Ac3 it is 
a mixture of ferrite, pearlite and austenite and above Ac3 the microstructure is typically 
inhomogeneous austenite. These temperature are affected by the chemical composition, 
heating rate and also by the microstructure. The kinetics of transformation during high heating 
rate processes can be calculated through the use of Continous Heating Transformation (CHT) 
Diagrams, which provide an indication of the transformation temperatures at different heating 
rates. In this study, the CHT diagram has been derived from the literature [18] and the 
austenite transformation kinetic has been simplified as follow:  

𝜉𝜉𝐴𝐴 =

{ 
 
  

0               , 𝑇𝑇 < 𝐴𝐴𝐴𝐴1(�̇�𝑇)
𝑇𝑇 − 𝐴𝐴𝐴𝐴1(�̇�𝑇)

𝐴𝐴𝐴𝐴3(�̇�𝑇) − 𝐴𝐴𝐴𝐴1(�̇�𝑇)
, 𝐴𝐴𝐴𝐴1(�̇�𝑇) ≤ 𝑇𝑇 ≤ 𝐴𝐴𝐴𝐴3(�̇�𝑇)

1               , 𝑇𝑇 > 𝐴𝐴𝐴𝐴3(�̇�𝑇)

 

(7) 

(8) 

(9) 

(10) 
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3.2 Quenching 
During quenching several types of microstructures are generated by the decomposition of 

austenite (pearlite, ferrite, bainite and martensite), depending on the cooling rate. 
The microstructure can be evaluated starting from the thermal history using Isothermal (IT) 
diagrams. These diagrams can be drawn through a numerical method developed by Kirkaldy 
[19] and reviewed by Victor Li [20] derived from Zener [21] and Hillert [22] formulas, based 
on kinetic-chemical equations:  

𝜏𝜏(𝑋𝑋, 𝑇𝑇) = 𝐹𝐹(𝐶𝐶, 𝑀𝑀𝑀𝑀, 𝑆𝑆𝑆𝑆, 𝑁𝑁𝑆𝑆, 𝐶𝐶𝐶𝐶, 𝑀𝑀𝑀𝑀, 𝐺𝐺)
∆𝑇𝑇𝑛𝑛 exp (− 𝑄𝑄

𝑅𝑅𝑇𝑇)
𝑆𝑆(𝑋𝑋) 

in which 𝜏𝜏 is the time needed to transform, X the chemical composition, T the temperature, 
∆𝑇𝑇 the undercooling, Q the activation energy, R the gas constant, and 𝑀𝑀 is an empirical 
constant dependent on the diffusion mechanism (𝑀𝑀=2 for volume and 𝑀𝑀=3 for boundary 
diffusion). S(X) is the reaction term defined by Kirkaldy, which approximates the sigmoidal 
effect of phase transformation:  

𝑆𝑆(𝑋𝑋) = ∫ 𝑑𝑑𝑋𝑋
𝑋𝑋0.4(1−𝑋𝑋)(1 − 𝑋𝑋)0.4𝑋𝑋

𝑋𝑋

0
 

Considering the study carried out by Victor Li in [20], a reasonable value of the activation 
energy for all diffusional transformation is 27500 Kcal/(mol °C) 
The time of transformation for a fixed temperature can be found through the following 
expressions:  

𝜏𝜏𝐹𝐹 = exp (−4.25 + 4.12𝐶𝐶 + 4.36𝑀𝑀𝑀𝑀 + 0.44𝑆𝑆𝑆𝑆 + 1.71𝑁𝑁𝑆𝑆 + 3.33𝐶𝐶𝐶𝐶 + 5.19√𝑀𝑀𝑀𝑀)
20.41𝐺𝐺(𝐴𝐴𝐴𝐴3 − 𝑇𝑇)3 exp (− 27500

𝑅𝑅𝑇𝑇 )
𝑆𝑆(𝑋𝑋) 

𝜏𝜏𝑃𝑃 = exp (1 + 6.31𝐶𝐶 + 1.78𝑀𝑀𝑀𝑀 + 0.31𝑆𝑆𝑆𝑆 + 1.12𝑁𝑁𝑆𝑆 + 2.70𝐶𝐶𝐶𝐶 + 4.06𝑀𝑀𝑀𝑀)
20.32𝐺𝐺(𝐴𝐴𝐴𝐴1 − 𝑇𝑇)3 exp (− 27500

𝑅𝑅𝑇𝑇 )
𝑆𝑆(𝑋𝑋) 

𝜏𝜏𝐵𝐵 = exp (−10.23 + 10.18 + 0.85𝑀𝑀𝑀𝑀 + 0.55𝑁𝑁𝑆𝑆 + 0.90𝐶𝐶𝐶𝐶 + 0.36𝑀𝑀𝑀𝑀)
20.29𝐺𝐺(𝐵𝐵𝑆𝑆 − 𝑇𝑇)2 exp (− 27500

𝑅𝑅𝑇𝑇 )
𝑆𝑆(𝑋𝑋) 

Respectively for ferrite, pearlite and bainite transformation. 
The transformation temperatures have been calculated through the following models:  

𝐴𝐴𝐴𝐴3 = 883.49 − 275.89𝐶𝐶 + 90.91𝐶𝐶2 − 12.26𝐶𝐶𝐶𝐶 + 16.45𝐶𝐶𝐶𝐶𝐶𝐶 − 29.96𝐶𝐶𝑀𝑀𝑀𝑀 + 8.49𝑀𝑀𝑀𝑀 + 

−10.8𝐶𝐶𝑀𝑀𝑀𝑀 − 25.56𝑁𝑁𝑆𝑆 + 1.45𝑀𝑀𝑀𝑀𝑁𝑁𝑆𝑆 + 0.76𝑁𝑁𝑆𝑆2 + 13.53𝑆𝑆𝑆𝑆 − 3.47𝑀𝑀𝑀𝑀𝑆𝑆𝑆𝑆 
𝐴𝐴𝐴𝐴1 = 739 − 22.8𝐶𝐶 − 6.38𝑀𝑀𝑀𝑀 + 18.2𝑆𝑆𝑆𝑆 + 11.7𝐶𝐶𝐶𝐶 − 15𝑁𝑁𝑆𝑆 − 6.4𝑀𝑀𝑀𝑀 − 5𝑉𝑉 − 20𝐶𝐶𝐶𝐶 

𝐵𝐵𝑆𝑆 = 637 − 58𝐶𝐶 − 35𝑀𝑀𝑀𝑀 − 15𝑁𝑁𝑆𝑆 − 34𝐶𝐶𝐶𝐶 − 41𝑀𝑀𝑀𝑀 

𝑀𝑀𝑆𝑆 = 539 − 423𝐶𝐶 − 30.4𝑀𝑀𝑀𝑀 − 17.7𝑁𝑁𝑆𝑆 − 12.1𝐶𝐶𝐶𝐶 − 7.5𝑀𝑀𝑀𝑀 + 10𝐶𝐶𝑀𝑀 − 7.5𝑆𝑆𝑆𝑆 

(11) 

(12) 

(14) 

(13) 

(15) 

(16) 

(17) 

(18) 

(19) 
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Figure 1: Calculated TTT Diagram for AISI4340 

Once the IT diagram have been calculated, an analytical procedure has been developed for 
the calculation of microstructure evolution during quenching. Considering isothermal 
conditions, the kinetics of diffusional transformation can be expressed through the Johnson-
Mehl-Avrami-Kolmogorov (JMAK) equation:  

𝜉𝜉𝑘𝑘 = 1 − exp (−𝑏𝑏𝑘𝑘𝑡𝑡𝑛𝑛𝑘𝑘) 

where 𝜉𝜉𝑘𝑘 is the total ammount of transformed phase, 𝑡𝑡 is the time, 𝑏𝑏𝑘𝑘 and 𝑛𝑛𝑘𝑘 coefficients 
directly deduced from IT diagram.  
Diffusive transformations always require an incubation time before starting and this can be 
explained through Sheil’s additivity rule:  

𝑆𝑆 = ∑ ∆𝑡𝑡𝑖𝑖
𝜏𝜏𝑠𝑠(𝑡𝑡𝑖𝑖)

= 1
𝑛𝑛

𝑖𝑖=1
 

in which 𝜏𝜏𝑠𝑠(𝑡𝑡𝑖𝑖) is the incubation time at a current temperature and ∆𝑡𝑡𝑖𝑖 is the time increment. 
Transformation begins when Scheil’s sum is equal to unity. 

During quenching the material is never subjected to isothermal conditions and also 
sometimes the austenite is not the only one metallurgical phase existing in the material. To 
solve this problem the thermal history during the quenching needs to be discretized into 
isothermal steps. The effective elapsed time must be corrected, becouse of the different 
kinetics of transformation that occur during each step and can be calculated as the sum of the 
time step and a fictitious time evaluated from the IT diagrams[13]:  

𝑡𝑡𝑘𝑘
∗ = [−𝑙𝑙𝑛𝑛(−𝜉𝜉𝑘𝑘−1)

𝑏𝑏𝑘𝑘
]

1
𝑛𝑛𝑘𝑘

 

where 𝜉𝜉𝑘𝑘−1 is the transformed phase in the previous step. Once the fictitious time is known a 
fictitious volume fraction 𝜉𝜉𝑖𝑖

∗ can be calculated through the JMAK equation:  
𝜉𝜉𝑘𝑘

∗ = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒[𝑏𝑏𝑘𝑘(𝑡𝑡𝑘𝑘
∗ + ∆𝑡𝑡)𝑛𝑛𝑘𝑘] 

Hence the practical transformad volume fraction is:  
𝜉𝜉𝑘𝑘 = (𝜉𝜉𝑘𝑘−1

𝐴𝐴 − 𝜉𝜉𝑘𝑘−1)𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚 

(20) 

(21) 

(22) 

(23) 

(24) 
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in which 𝜉𝜉𝑘𝑘−1
𝐴𝐴  and 𝜉𝜉𝑘𝑘−1 are respectively the austenite volume fraction and the transformed 

phase in the previous step and 𝜉𝜉𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum possible transformed fraction. 
The equation considers that a part of the whole microstructure may not transform becouse 
already transformed or not austenitized; this is the case of coexistence of different phases due 
to a partial austenitization that occurs where Ac3 temperature has not been reached. 

A different formaulation is used to model the martensitic transformation that describe this 
process as a diffusionless (or displacive) transformation. 

The martensite volume fraction is generally evaluated through the Koistinen-Marburger 
(KM) model [23], but  it tends to underextimate the transformed part in low-alloy steels. In 
this model, the martensite volume fraction has been calculated through a semi-empirical 
model proposed by Lee [10]:  

𝜉𝜉𝑀𝑀 = 𝜉𝜉𝐴𝐴 ∙ {1 − exp [−𝐾𝐾𝐿𝐿𝐿𝐿(𝑀𝑀𝑆𝑆 − 𝑇𝑇)𝑛𝑛𝐿𝐿𝐿𝐿]} 

in which 𝜉𝜉𝑀𝑀 is the total ammount of martensite, 𝜉𝜉𝐴𝐴 the volume of parent phase, 𝐾𝐾𝐿𝐿𝐿𝐿 and 𝑛𝑛𝐿𝐿𝐿𝐿 
are two coefficients dependent by the chemical composition:  

𝐾𝐾𝐿𝐿𝐿𝐿 = 0.0231 − 0.0105𝐶𝐶 − 0.0017𝑁𝑁𝑁𝑁 + 0.0074𝐶𝐶𝐶𝐶 − 0.0193𝑀𝑀𝑀𝑀 

𝑛𝑛𝐿𝐿𝐿𝐿 = 1.4304 − 1.1836𝐶𝐶 + 0.7527𝐶𝐶2 − 0.0258𝑁𝑁𝑁𝑁 − 0.0739𝐶𝐶𝐶𝐶 + 0.3108𝑀𝑀𝑀𝑀 

 

4 FE SIMULATION PROCEDURE AND INPUT DATA 
In this study the multiphysical model has been applied to a 2D axy-symmetric geometry. 

The electromagnetic and thermal simulation for the determination of Joule losses distribution 
has been solved by means of the commercial FEM software Flux 2D [24].  
A circular billett (r=10 mm, h=60 mm) has been heated by a rectangular section coil 
(15x5x1.5 mm) witha C-shaped flux concentrator. Flux concentrator are often used in 
induction heating for increasing the efficiency of the process and improving thecontrol of  
heating pattern.  
The billet is made in AISI 4340, a low alloy steel, often used in aeronautical and automotive 
sectors due to its high mechanical properties and hardenability. 

 
Figure 2: Geometry layout of the electromagnetic-thermal coupled simulation (left) and Joule losses distribution 

at the beginning of the heating process (right) 

(25) 

(26) 

(27) 
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In this simulation the material of the billet has been considered as a unique phase with 
temperature dependent physiscal properties. An approximation of the effect of the latent heat 
absorbed during austenitic phase transformation have been introduced in the volumetric heat 
capacity. 

 
Figure 3: Physical properties of AISI 4340 - Resistivity (top-left), magnetic permeability (top-right),  thermal 

conductivity (bottom-left) and volumetric heat capacity (bottom-right) 

The heating process consists on a single shot step in wich the coil is fed by a current of 4300 
A at 10 kHz for 1s. During heating the thermal losses by convection and radiation have been 
considered on the line that describes the external surface of the billet through a constant heat 
convection coefficient 𝜀𝜀 = 15 𝑊𝑊/(𝑚𝑚2𝐾𝐾) and a emissivity 𝛼𝛼 = 0.8 𝑊𝑊/(𝑚𝑚2𝐾𝐾−4).  
At the end of electromagnetic-thermal coupled simulation developed in the commercial FEM 
code Flux2D, nodal power densities are exported at each time step to the thermo-metallurgical 
simualtion as internal power densities. The thermo-metallurgical simulation has been 
developed in Comsol with an ad hoc Matlab routine for the calculation of phase 
transformations. 

In this model the material is modeled as a mixture of different phases,each one described 
by its specific material properties. 

At the end of heating the billet is rapidly quenched with a acqueous polymer solution of 
polyalkilenglicole (PAG)  at 12%. In order to simulate the strong temeprature variations of the 
quenching, a precise description of convective heat exchange parameter is mandatory. The 
mechanism of quenching is affected by many factors, which significantly influence the 
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performance of this process. In general, cooling occurs in three different stages: the early 
vapor phase, governed by convection and conduction through a vapor film around the work-
piece; the main boiling phase, ruled by conduction between the hot surface and the quenchant, 
and the late convection phase into the liquid.  

 
Figure 4: Convective heat exhange coefficient in function of the superficial temperature of the body 

In figure 5 the martensite distribution at the end of quenching step is shown. In this type of 
calculation the effect of overtempering has not been taken into account insofar the tempering 
kinetics will be a subject of a further work. 

 
Figure 5: Temperature distriburion on the billet at the end of heating stage in the thermo-metallurgical 

simulation (left) and martensite distribution at the end of quenching (right) 
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5 CONCLUSIONS 
A FEM based mathematical method has been developed in order to predict the phase 

transformations kinetics during the whole process of induction hardening. In particular: 
- A non-linear magnetic behavior has been considered for the given steel, taking into 

account both magnetic saturation and Curie temperature. 
- Both heating and quenching process have been simulated, calculating the complete 

thermal history and the microstructure at every time step that discretizes the process 
time. 

- Different physical models have been weakly coupled in order to properly take into 
account the mutual dependences of material properties. 
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Abstract. Finite element simulation of resistance welding requires coupling between 
mechanical, thermal and electrical models. This paper presents the numerical models and their 
couplings that are utilized in the computer program SORPAS. A mechanical model based on 
the irreducible flow formulation is utilized to simulate plastic deformation and the resulting 
distribution of stress, a thermal model based on transient heat transfer is used to determine the 
distribution of temperature, and a steady-state electrical model is employed to calculate the 
distribution of electrical potential and current density. From a resistance welding point of 
view, the most essential coupling between the above mentioned models is the heat generation 
by electrical current due to Joule heating. The interaction between multiple objects is another 
critical feature of the numerical simulation of resistance welding because it influences the 
contact area and the distribution of contact pressure. The numerical simulation of resistance 
welding is illustrated by a spot welding example that includes subsequent tensile shear testing. 

1 INTRODUCTION 
Resistance welding is a widely applied joining technology. Spot welding, one of its 

variants, is very important in automotive assembly lines as it is a robust and effective joining 
process that is under continuous development to meet new demands due to novel materials, 
complex welding geometries and quality requirements. Projection welding is another widely 
applied variant of resistance welding which benefits from natural or fabricated projections. 
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Numerical simulation methods applied to resistance welding can provide a better 
understanding of the joining process and be utilized in the definition of operating parameters 
and prediction of the final quality of the welds. The role of numerical simulation in resistance 
welding is stated well by Singh [1], who points out that simulation cannot replace or 
substitute ingenuity or creativeness, but it can help in gaining understanding of the process, 
and hence reduce the amount of time spent during development. 

During the 1960s and 1970s, the first models considering resistance welding were 
exclusively focused on the temperature history and made use of 1D or 2D axisymmetric 
models without mechanical coupling. Early numerical simulations of resistance welding, 
starting in the 1980s, include finite element analysis by Nied [2] and application of the finite 
difference method by Cho and Cho [3]. The finite element method is more suited for the 
analysis of resistance welding due to the deformations involved in the process. Nied [2], who 
used the commercial program ANSYS, is recognized as the first to apply finite element 
analysis to resistance welding. He setup a rather complete model to study resistance spot 
welding that included electro-thermo-mechanical discretization of the electrodes and 
workpieces by solid elements and by surface elements at the interfaces between objects to 
account for elastic mechanical contact (Herzian contact) and for electrical and thermal contact 
resistances. Although the simulation only considered elastic deformation, it was the first ever 
to consider the developing contact areas that play a key role in the process. Furthermore, good 
agreement between presented experiments and simulations provided motivation and 
inspiration for others to continue developments of numerical methods applied to resistance 
welding.

Another example of finite elements applied to resistance welding is the numerical 
modelling of projection welding of an automotive door hinge with two projections welded to 
a sheet that was performed by Zhu et al. [4] using ANSYS with an electro-thermo-mechanical 
coupled model that included plastic deformation. Other examples are given by Ma and 
Murukawa [5]. 

The objective of this paper is to present an overview of the numerical methods utilized in 
the commercial finite element program SORPAS for the complete simulation of resistance 
welding. The program was developed in the 1990s at the Technical University of Denmark to 
solve 2D industrial applications and later commercialized, maintained and further developed 
by SWANTEC Software and Engineering [6, 7]. In contrast to general purpose finite element 
computer programs, SORPAS is a special purpose software dedicated to simulation and 
optimization of resistance welding processes. The 3D version of SORPAS has been recently 
developed in collaborative partnership between the Technical University of Denmark, the 
University of Lisbon and SWANTEC Software and Engineering and has been 
commercialized since 2012. 

The paper is organized such that Section 2 includes basic numerical models and the 
necessary couplings in the electro-thermo-mechanical model. Section 3 presents the numerical 
contact implementation as well as the physical contact modeling that are crucial for the 
simulation of resistance welding. Section 4 describes the prediction of phase changes and 
resulting hardness related to the weld quality. Section 5 presents a resistance welding example 
showing the application of the numerical methods to process simulation and subsequent 
strength test simulation, and Section 6 concludes. 
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2 ELECTRO-THERMO-MECHNICAL NUMERICAL MODEL 
This section presents the mechanical, thermal and electrical formulations that give support 

to the associated software modules and describes the necessary couplings. Coupled damage 
modeling is included as part of the mechanical module, while couplings between the three 
core modules are covered subsequently together with material dependencies. 

2.1 Mechanical module 
The mechanical module is based on the irreducible flow formulation, which takes the 

following weak variational form, 

0  Ci

tS
i

V
jjii

V

dSutdVKdV   (1)

where the first term covers the energy rate due to plastic deformation in domain volume V ,
the second term imposes the incompressibility constraint, the third term applies surface 
tractions over surface tS  and the fourth term is due to the contact contribution to be described 
in Section 3.1. Variations with respect to velocities iu  are identified by   while   is the 
effective stress,   is the effective plastic strain rate, the penalty factor K  is a large positive 
number, ii  is the volumetric strain rate, and it  are prescribed surface tractions. 

The plastic deformation is generally assumed to follow the isotropic von Mises yield 
criterion, 

2
2 3J (2)

where 2J  is the second invariant of the deviatoric stress tensor ij' . When simulating quasi-
static mechanical strength tests the accumulation of damage is accounted for by utilizing 
constitutive equations of metallic materials with porosity. The formation of porosity is 
associated with generation and coalescence of voids in average terms over each element. The 
yield criterion, 

12
2 IBJA
R

 (3)

where 1I  is the first invariant of the stress tensor ij , is capable of handling the volumetric 
changes due to variations in relative density. The effective stress response R  for a given 
relative density R  is given by 22  C

R
 , where   is the effective stress response of the fully 

dense material. The material constants A ,  B  and C  are dependent on the relative density and 
are assumed to follow the porous plasticity theory by Shima and Oyane [8]. The constant 

    1
13/49.21 028.12

5





R

RC  is responsible for the decrease in flow stress when the relative 

density decreases ( 1R ). The accumulated damage D  is formulated as, 
RD 1 (4)

This expression is zero for fully dense materials and increases linearly with decreasing 
relative density. 
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2.2 Thermal module 
The thermal module is based on the classical Galerkin treatment of the heat transfer 

equation giving the following governing equation for the temperature T ,

0,,   T
S

S
V

Vm
V

m
V

ii dSqdVTqdVTTcdVTkT   (5)

where the first term is due to heat conduction, the second term is due to stored energy 
associated with a temperature rate T , the third term includes the heat generation rate in the 
volume Vq  and the fourth term covers the rate of heat generation (or loses) at the surface Sq .
The last term includes thermal contact between objects as described in Section 3.2. 

In equation (5), k  is the thermal conductivity, m  is the mass density, mc  is the heat 
capacity, and   is used for the arbitrary variations with respect to temperature. 

The contributions to Vq  stem from plastic work and Joule heating, as follows, 

  plasticq
2JqJoule 

(6)

where   is the fraction of mechanical energy transformed into heat and is usually assumed to 
be in the range between 0.85 to 0.95,   is the electrical resistivity and J  is the current 
density calculated in the electrical module (Section 2.3). 

The rate of heat generation Sq  along surfaces is due to friction, convection and radiation, 
where the latter two are heat loses during the welding process, 

rffriction vq 

 fsconvection TThq 

 44
fsSBemisradiation TTq  

(7)

In the above equations, the heat due to friction is obtained from the product of the friction 
shear stress f  and the relative sliding speed rv  between two surfaces in contact. The 
convection is associated with the heat transfer coefficient h, the surface temperature sT  and 
the temperature fT  of the surroundings. The parameters expressing the radiation are the 
emissivity coefficient emis  and the Stefan-Boltzmann constant SB .

2.3 Electrical module 
The electric potential   is the major variable in the electrical module. The governing 

equation is the Laplace equation, which for an arbitrary variation of the electric potential 
and application of the divergence theorem can be written as, 

0,,,   
S

n
V

ii dSdV (8)

with the addition of the last term accounting for electrical contact between objects to be 
presented in Section 3.2. Equation (8) simplifies by the cancellation of the second term 
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because of the gradient of the potential along free surfaces n,  being zero. 
As it was early stated by Greenwood and Williamson [9], the electric field has a much 

faster reaction rate than the temperature field, and therefore the steady state approximation, 
0 , behind (8) is generally considered a very good approach. This means that the electric 

potential is determined solely by geometry. 
The current density J  is available from the ratio of the potential gradient and the electrical 

resistivity, iiJ , .

2.4 Electro-thermo-mechanical couplings 
The three modules are coupled as schematically shown by Figure 1. The mechanical 

module is run at the beginning of each step to establish the velocity field and geometry 
change, the contact areas and the overall stress response. Besides the new geometry, the direct 
influences in other modules are the deformation heat (6) and friction generated heat (7) in the 
thermal module. Another important influence is on the electrical and thermal contact 
properties that depend on the contact stresses. 

Figure 1: Numerical couplings between the electro-thermo-mechanical simulation of resistance welding. 

After convergence of the mechanical module, the electrical and thermal modules are run 
until individual and mutual convergence. The output from the electrical module is the current 
density giving rise to Joule heating (6) characterizing the resistance welding process. The 
resulting temperatures in the thermal module are used to update all temperature dependent 
material properties. Among the most important influences by the material property updates 
are the mechanical softening, the increasing electrical resistivity and the changes in thermal 
properties themselves. 

The coupling with the mechanical module is weaker than the coupling between the 
electrical and thermal modules. This is justified by simulating with very small time steps 
ensuring that the error in the mechanical module due to temperatures of the previous step is 
minimal. On the other hand, the time savings by weakening the coupling to the mechanical 
module is large. The coupling between the electrical and thermal modules is relatively 
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cheaper due to having only one third (in 3D) of the degrees of freedom for the two scalar 
fields (potential and temperature) and due to the linear and inexpensive solution of the 
electrical module. The limitation to using very small time steps is natural in resistance 
welding in order to capture all physical effects of the welding process. When, for example, 
simulating 50 Hz alternating current (AC), each half period corresponds to 10 ms and a 
minimum number of ten simulation points along each half period therefore requires time steps 
of maximum 1 ms. The time step should preferably be even smaller, especially when noting 
that alternating current in resistance welding machines typically has a conduction angle 
ranging from 50-90% (meaning that only 50-90% of the half period is active, and hence the 
time step should also be scaled to 50-90% to have the same resolution of the active current 
profile). Further details of the numerical implementation can be found elsewhere [10]. 

3 CONTACT 
The contact implementation is based on the penalty method with identification of contact 

pairs by a two-pass node-to-face algorithm. The faces in the contact pairs are quadrilateral 
surface elements of the hexahedral volume meshes of the objects. The normal directions in the 
contact pairs are determined uniquely by one of the four triangles appearing when introducing 
a temporary center node in the quadrilateral surface element. The choice of the triangle is 
determined by the projection point of the contacting node. This method was also adopted by 
Doghri et al. [11] to overcome symmetry loss that appear with the alternative, and not unique, 
division of the quadrilateral surface into two triangles by one of the two diagonals. 

3.1 Mechanical contact 
The last term in Equation (1) due to mechanical contact by the penalty method is given by 





cN

c

c
t

c
t

cN

c

c
n

c
nC ggPggP

11


(9)

which selectively penalizes normal gap velocities c
ng  by the first term and tangential gap 

velocities c
tg  by the second term. The penalty factor P  is a large positive number applied to 

cN  contact pairs. The first term is selective in the sense that it is generally active when 
otherwise leading to penetration and inactive when the two contacting surfaces are separating. 
However, in contact pairs identified as already welded, the term is always active. The second 
term is likewise active in welded contact pairs and also when simulating full sticking 
conditions. During frictionless or frictional sliding, the second term is inactive. 

The frictional stress f  during frictional sliding is applied in the contact pairs as surface 
tractions by the third term in (1) and is modeled by a combination of the Amonton-Coulomb 
law, nf   , and the law of constant friction, mkf   where   is the friction coefficient, m
is the friction factor, n  is the normal pressure and k  is the shear flow stress. Using the von 
Mises yield criterion, the flow stress is k3 , and the relation  am 3/  between the two 
friction laws is therefore valid when the transition between the two models take place at a 
normal pressure normalized by the flow stress  ka n 3/ , where a  is typically 1.5 to 3. 
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The frictional stress is applied in the direction opposite to the relative sliding velocity rv
through the following expression by Chen and Kobayashi [12], 











0

arctan2
v

r
f

v



(10)

where the ‘arctan’ function is introduced to ensure a continuous derivative for the finite 
element implementation. It resembles the direction sufficiently fine when 0v  is an arbitrary 
constant much smaller than the relative speed. The surface integration of (10) over each 
contact element face is performed by 5x5 Gauss quadrature following Barata Marques and 
Martins [13] who applied the procedure to contact between finite elements and rigid tools. 

3.2 Electrical and thermal contact 
The numerical contact ensuring the same potential and temperature on both sides of 

contact interfaces are described by the following two penalty terms, 




 
cN

c

c
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c
dP

1






cN

c

c
d

c
dT TTP
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(11)

by penalization of potential difference c
d  and temperature difference c

dT  in the cN  contact 
pairs. The two terms are added in equations (8) and (5), respectively. 

Physical contact in the electrical and thermal modules is included through thin layers of 
elements on the object surfaces. The electrical contact resistivity is higher than the bulk 
resistivities of the two contacting surfaces due to current restriction and eventual surface 
contaminants such as oil, dirt and grease. The contact resistivity in SORPAS is modeled as 
follows [7], 







 


 tcontaminan

n

soft
c 





2

3
21

(12)

with the fraction of real contact area to the apparent area in front of the parenthesis being 
expressed through the flow stress of the softer material soft  and the contact normal pressure 

n , as also performed by Bowden and Tabor [14]. The fraction of real contact area describes, 
in conjunction with the two bulk resistivities of the materials in contact 1  and 2 , the 
overall current restriction. The additional resistance due to contaminants is included through 
the resistivity tcontaminan . The high electrical contact resistivity expressed by (12) is one of the 
main contributions to the heat generation by Joule heating as it enters in Equation (6). 

Thermal contact resistivity is formulated in a similar way with the exception that the 
thermal resistance of the surface contaminants is considered negligible. Hence, the thermal 
contact resistance c  is expressed through the ratio of real contact area to the apparent area 
and the average thermal resistance (inverse conductivity) of the two materials, 1  and 2 ,
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(13)

4 PHASE CHANGES AND HARDNESS PREDICTION 
The phase changes during resistance welding involve melting and solidification as well as 

metallurgical changes of the solid materials due to microstructural changes. Besides the 
changing material properties of the solid or molten material, the latent heat L  also needs to be 
taken into account when simulating in the temperature range between the solidus temperature 

solT  and the liquidus temperature liqT . The latent heat is included by replacing the heat 
capacity in (5) by an effective heat capacity mc~  [15], 

solliq
mm TT

Lcc


~ (14)

Another effect of melting that needs to be taken into account is volume mixing of material 
properties when molten materials of different objects contribute to a molten volume. 

As regards microstructural phase changes, the following is based on typical automotive 
steel grades. Austenitization is considered during heating without consideration of the 
temperature rate such that zero austenite is formed below the Ac1 temperature, 100% 
austenitization is assumed above the Ac3 temperature and linear interpolation is assumed 
between the Ac1 and the Ac3 temperatures. Formation of subsequent phases upon cooling 
takes the formed austenite as the starting point and is then calculated based on critical cooling 
rates as defined in the continuous cooling transformation (CCT) diagram of Figure 2. The 
critical cooling rates Mv  for formation of martensite, Bv  for formation of bainaite and FPv  for 
formation of ferrite/pearlite are calculated from the chemical compositions by the formulas 
presented by Blondeau et al. [16]. 

The hardness of each of the phases are calculated by the formulas given in the work by 
Maynier et al. [17] based on the chemical compositions and the actual cooling rates calculated 
in the finite element simulations. Having calculated the fractions of each of the phases 
together with their hardness, the total hardness of the material is calculated by applying 
volume mixing. 

The change in hardness due to the temperature history is taken into account by scaling the 
flow stress curves approximated by  nC   0 , where the pre-strain 0  and strain 
hardening exponent n  of the original flow stress curve are kept constant while scaling the 
factor C . The scaling is performed with the objective of obeying the new tensile strength that 
can be approximated based on the new hardness. A number of simplified analytical 
approaches as well as empirical relations between the tensile strength and the hardness are 
available in literature, e.g. [18-21]. The often applied relation, VTS H3 , is utilized in 
SORPAS, where TS  is the nominal tensile stress at the instability point corresponding to an 
effective strain 0  ninst  and VH  is the Vickers hardness, which is calculated in the finite 
element simulation as explained above. Introducing the relation between the flow stress curve 
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(expressing the true stress) and the nominal tensile stress results in the following relation 
between the (true) flow stress at instability and the hardness, 

V
n

inst He 03   (15)

which needs to be obeyed for the corresponding effective strain 0n , and hence the new C -
value becomes, 

n
V

n nHeC /3 0 (16)

The new flow stress curves due to the calculated hardness distribution influence the 
simulation of strength testing. 

Figure 2: Schematic CTT diagram with indication of critical cooling rates at 700°C for formation of martensite, 
bainaite and ferrite/pearlite. 

5 RESISTANCE SPOT WELDING AND TENSILE SHEAR STRENGTH TESTING 
This section presents an example of a resistance spot welding experiment that includes 

subsequent tensile shear testing up to failure. The simulation is compared to the 
corresponding experiment to show the capabilities of the finite element implementation in 
prediction of overall morphology and quality of the weld. Figure 3 includes sheet dimensions, 
sheet material, electrode type, welding parameters and tensile shear testing speed and 
direction. The tensile shear testing is in compliance with the ISO standard 14273:2000(E). 
The initial finite element mesh utilizing one symmetry plane is shown in Figure 3, where the 
thin layers of elements on both sides of the sheets take into account the coating and interface 
properties. The electrodes are modeled during the welding simulation but are automatically 
removed before the tensile shear test simulation. 

Experimental and simulated results are included in Figures 4 and 5. The simulated weld 
nugget diameter is 6.8mm (Figure 4a at the end of the welding time) in comparison with the 
experimentally observed diameter 6.9mm (Figure 4b). The final shape after tensile shear 
testing can be compared in Figure 4b and Figure 4c, where the latter includes the simulated 
damage according to Equation (4). The agreement with the located crack initiation observed 
in the experiment is good. Both simulation and experiments show full plug failure in the 
tensile shear tests. Figure 4e shows photographs of the spot weld after failure in one of the 
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experiments. Figure 4d shows the simulated hardness Vickers that is influencing the tensile 
shear test simulation by the scaling of the flow stress curves according to Equation (16). 

Figure 3: Resistance spot welding case represented by the initial finite element mesh and the welding 
parameters in terms of electrode force F and welding current I as function of process time t. Subsequent tensile 
testing velocity is denoted v.

Figure 4: Simulation and experiments. (a) Simulated peak process temperature [°C] during welding and 
resulting weld nugget. (b) Experimental cross-section after welding and tensile shear testing. (c) Simulated 
deformation and damage resulting from tensile shear testing. (d) Simulated hardness Vickers distribution. (e) 
Photographs of spot weld after tensile shear testing until failure. (b,c,e) Arrows identify loaded sheets. 

Figure 5 shows the final results of the tensile shear test simulation together with the results 
of five repetitions of the same experiment. The level of maximum load is captured by the 
implemented damage model, which is of most industrial relevance, while the sudden drop in 
load due to fracture does not appear in the simulation due to absence of crack propagation in 
the finite element model. Good agreement between the simulation and the experiments are 
observed in the prediction of the tensile shear strength. 
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Figure 5: Comparison of simulation and experiments by load-elongation curves for tensile shear testing [22].

6 CONCLUSIONS 
The individual modules of the electro-thermo-mechanical finite element implementation in 

SORPAS 3D and the necessary couplings as well as the level of coupling were 
comprehensively described. Accurate modeling of contact, phase changes, hardness 
prediction and resulting new strength of the material in the welded zone allows simulation to 
be extended into the post-welding destructive tests that are commonly employed to evaluate 
the overall quality and strength of the resulting weld nuggets. 

Comparisons of the weld nugget size, weld strength and failure mode in a test case 
consisting of a single spot weld of two high strength steels are included to show the overall 
good agreement between experimental values and observations and numerical predictions. 
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Abstract. We present a computational multiscale approach to the nonlinear problems
of humidity diffusion and mechanical damage of large-scale masonry walls, and their cou-
pling in terms of the effects of the humidity diffusion on the mechanical response and the
effects of the mechanical degradation on the diffusion process. Such an approach allows us
to recover, both efficiently and accurately, the complex nonlinear response of large-scale
walls, which are in general hard to be solved by means of standard numerical tools.
Two representative tests of two- and three-storey walls are here analyzed, and the cor-
responding results reported and commented, aiming to show how samples like these can
potentially serve as reference solutions for more applicative purposes.

1 INTRODUCTION

The models of the two nonlinear problems, humidity diffusion and structural equilib-
rium, consider the wall as a lattice-like discrete system [1, 2], where the field variables
are associated to each block composing the wall, i.e. sandstone units, while the nonlinear
response is assumed to be concentrated at interface elements, i.e. cement mortar joints.
Although such models drastically simplify the corresponding physical phenomena, or more
sophisticated models [3], they present all the relevant nonlinearities of the problems, such
as the water uptake process under evaporation conditions, and the structural frictional

1

334



G. Castellazzi, S. de Miranda, G. Formica, L. Molari and F. Ubertini

toughness along with the softening material response. In order to address to more realis-
tic structural contexts, large-scale walls are hard to be solved numerically, even working
with physical models as simplified as the discrete models here adopted [1]. Regardless of
the computational costs which increase with the number of blocks in the masonry tex-
ture, the nonlinearities of the physical problems can lead to difficulties in convergence
[4]. Such nonlinearities and consequent failures in convergence are essentially related to
localization phenomena of the physical responses: roughly speaking, the water uptake
process tends to concentrate the humidity distribution in sharp fronts, in reason of the
simultaneous evaporation process; on the other hand, the strain localizes and produces
mechanical damage, so that the wall stress response becomes softening.

Following the approach proposed in [5] for pure mechanical contexts and then extended
to the diffusive context in [2], the discrete systems are solved by an iterative multilevel
strategy mimicking algebraic multigrid methods, where local solutions, those of balanc-
ing between two linked blocks, and global solutions, those of balancing two contiguous
patterns of blocks, work as nested sequences able to correct error distributions with high
and low frequency oscillation, respectively.

We conduct a numerical testing, whose meaningful results are here reported. We es-
sentially show how the diffusion properties are affected by existing damage patterns in
equilibrium with certain loading conditions, and conversely, how strength and elastic prop-
erties are degraded by existing distributions of humidity through water uptake processes
in steady-state. In particular, the results obtained on a two- and a three-storey wall are
discussed and compared.

2 COMPUTATIONAL MULTISCALE APPROACH

2.1 A sketch of the hygro-mechanical model

Here we summarize modelling equations of both diffusive and mechanical problems,
first proposed and validated in [2] and [1], respectively. The two physical problems are
both modelled in a 2D context basing on a Lagrangean formulation which leads to describe
the wall as a lattice-like discrete system.

Each brick is ideally divided in two blocks, where both humidity and displacement
variable fields are described by discrete parameters which refer to the block centroid: one
parameter generalizes the humidity scalar field over the block, while the kinematics vector
field is generalized in terms of three parameters, namely two displacement components
and the rotation of the block. Each block interacts with the n surrounding blocks through
the corresponding (two bed plus two head) mortar joints (n is equal to 3 or 4, depending
on whether the block is at the boundary or not). Such interactions are governed by consti-
tutive prescriptions which allow us to model each mortar joint as an interface exhibiting
the nonlinear response of both physical problems; in particular, the interface correspond-
ing to one of the two head joints accounts for the nonlinear response that develops within
the single real brick. Figure 1 sketches the key-points building up the discrete model:

2
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(a) initial 3D model to be discretized; (b) 2D discrete model; (c) the block as physical
Representative Elementary Volume (REV); kinematical (d) and humidity (g) descriptors;
interface nonlinear responses in terms of stresses (e) and moisture flux (h), and corre-
sponding tangent mechanical stiffness (f) and diffusive permeability (i) of the interfaces
depicted as springs.

Referring to Figure 1 for definitions of geometrical and physical symbols, and denoting
with hi and h(k) the values of the humidity h at the centroids of the i-th block and of the
k-th surrounding block, the discrete moisture-balance equation of each block reads as:

cw,h[hi]
∂hi

∂t
+

1

Ωb

n∑
k=1

b(k)
l(k)

Ch[h(k)]
(
h(k) − hi

)
− γw[hi]

(
hi − henv

)
= 0 (1)

where barred quantities mean that the corresponding continuum quantities are homog-
enized over the REV, according to an averaging procedure of material and geometric
properties of bricks and joints involved in the same REV. In particular, cw,h is the equiv-
alent ratio of moisture content cw, Ch(k) is the equivalent interface permeability between
two blocks, and γw is the humidity convective term accounting for the evaporation con-
ditions across the wall thickness. Finally, henv is the prescribed environmental humidity.
Further details can be found in [3, 2].
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Figure 2: Discrete model: (a) Three-dimensional model to be discretized; (b) Two-dimensional discrete
model (c) Representative Elementary Volume; (d) Kinematical descriptors of the mechanical model; (e)
Stress components; (f) Nonlinear interface springs; (g) Descriptor of the di↵usive model; (h) Moisture
flux component; (i) Nonlinear di↵usive spring (permeability).

3 NUMERICAL RESULTS

3.1 About both model and strategy validation

The validation of the discrete model in terms of pure mechanical response has been
carried out in [4], considering applications at the structural scale as well.

The validation of the discrete di↵usive model has been made in [2] by comparing the
two-dimensional discrete model with the three-dimensional continuum di↵usive model,
already proposed and tuned on experimental evidences in [3]. Referring to a small wall
made by sandstones and cement mortar joints, both uptake and water loss tests show
that the simplified (discrete) di↵usive model has good accuracy. In the water uptake
test, although the discrete 2D model tends to predict a straight front at steady-state
conditions, despite of a slightly smoother front attained by the 3D continuum model, the
resulting uptake curves are actually close; a maximum error lower than 10% has been
detected, while the measures of the volumetric water uptake at the steady-state solutions
are practically undistinguishable.
Similar results have been carried out for the water loss tests.

6

Figure 1: Representation of the generation of
the discrete model.

j-local node

global-FE node

b-local node

Finite Element

Figure 2: Representation of the different
scales/levels.

The discrete equilibrium equations of each block are generated similarly: the second
term in (1) assembles in the same way the stress contributions through the interfaces
surrounding the block, while the last source term in (1) corresponds in the mechanical
problem to possible loads referred to the block centroid; the first ratio-dependent term
is instead not present. The equivalent, normal and shear, stress contributions (σ, τ)
across the interfaces depend nonlinearly on the differential displacements (ε, γ) of the
surrounding blocks with respect to each considered block [1]:

σ =
kn(k) ε

1 + α(k)H(ε)
, τ =

kt(k)γ
{
1 + α(k)[1−H(ε)]

}
− α(k)τ (k)H(−ε)

1 + α(k)

. (2)
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In (2), kn(k) and kt(k) are, respectively, the normal and tangential stiffness associated to
the k-th joint, α(k) is the damage parameter of the k-th joint, and τ (k) is the frictional
toughness equivalent to a fully-damaged joint. τ (k) obeys to the Coulomb criterion:

τ (k) = kt(k)γ −max
{
−µ(k)σ, min[µ(k)σ, τ0(k) + kt(k)(γ − γ0)]

}
, (3)

being µ(k) the friction coefficient of the mortar/brick interface, and τ0(k) and γ0 the current
values of τ(k) and γ. Moreover, H is the Heaviside function, so as to switch compressive
to tensile conditions of the joint. Therefore, in compression the joint behaves as linearly
elastic, except for a Coulomb frictional toughness τ (k).

2.2 Numerical strategy

The two analyses of humidity diffusion and mechanical response run separately, the
former requiring a time-integration solution, the latter a parametric solution in the shear-
load amplification factor. In particular, for the humidity diffusion problem we use the
generalized-alpha method, as defined in [6]; a path-following technique recovers the pseudo-
static equilibrium paths of the mechanical problem, according to the scheme first proposed
in [1] and then developed in [5].

The two physics are coupled just in the initialization phase of the processes, where the
material diffusion parameters are modified in dependence on a known damage pattern,
and the material mechanical coefficients in dependence on a given humidity distribution.
From a computational point of view, both analyses require iterative solvers which actually
reveal the same complexity, sharing several parts of the algorithmic frameworks.

Indeed, both the iterative solution schemes solve the linearized problem serving as
corrector step of an initial guess. Let ul be the vector of initial guess: ul collects the
discrete parameters that correspond to the values of humidity of all the sandstone blocks,
in a case, and the displacements of all the sandstone blocks, in the other case. The
corrector step within the iterative strategies solves the following residual problem:

rl [δul] = f l − s [δul] = 0 , with s [δul] = K [ul] δul (4)

where rl is the residue, f l is the known term, and s [δul] is the linearized physical response:
K [ul] is the tangent matrix of the problem computed at the current solution ul, and δul

is the correction variable to find that updates ul; K [ul] serves as iteration matrix.
As proved in [5] and then in [2], computational multiscale approaches can successfully

avoid problems in convergence occurring when analyzing nonlinear responses of large-scale
walls. We distinguish two scales of representation (see Figure 2), i.e. the (reference) local
scale, defined at each block by the discrete models, and the global scale, defined as Finite
Elements which are a representation of the same local problems for a certain pattern of
blocks. Within an iterative scheme that reaches convergence at the reference scale, the
two scales serve both as partial solutions of the whole problem: the global scale is used
as a pre-conditioner of the local scale and corrects smooth distributions of the iterative
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error, while the local scale is used to solve the interaction between two blocks at a time
and then corrects high-frequency oscillations of distribution of the error.

Introducing for vectors and matrices subscripts l and g to label local and global quan-
tities, respectively, the global-level sequence of algorithmic operations starts from a trial
solution ul affected by the error rl, and consists of the following solutions:

rg = A�rl ⇒ dg = K−1
g rg ⇒ unew

l = ul +Adg (5)

In such a sequence, the first and latter items use the so-called scale bridging operator A,
to perform local-to-global and global-to-local transformations, respectively: in particular,
A� works as restriction of the local error to the global (coarser) error, while A interpolate
the global correction into a (finer) local correction which update the initial local solution.
Since this updated solution is usually affected by a new, high frequency, error rl, a
smoothing process works at local level, according to the following equations:

dl = K−1
l rl ⇒ unew

l = ul + dl (6)

Note that the local-level iteration (6) is enabled on the basis of a threshold criterion,
which is imposed on the global error eg left by the global-level solutions (5); on the other
hand, the global level can run when the local error el, resulting from local-level corrections,
reduce by a factor c < 1 the global error eg, ie. el < c eg.

The key-role is actually ruled by the scale bridging operator A, which is derived nu-
merically for each Finite Element simultaneously. The algorithm, implementing a sort
of algebraic homogenization procedure, results from a linearized solution computed at
the level of the single element: in one stage the linearized balance equations are solved
in terms of the discrete variables of the blocks surrounding the element boundary; these
boundary variables are then imposed to be perfectly conform to the shape functions de-
scribing the same variables in terms of the element at the global scale. This way to
proceed minimizes the numerical error introduced while smoothing the local evaluation of
the variables. Besides, it allows us to derive the global tangent matrix Kg, which turns
out to be the best coarse representation of the (finer) tangent matrix of the local problem
K [ul] when the local problem is linear [4].
Consider the local linearized balance, which represents a general form valid for both the
mechanical and the diffusive solution scheme, as the following system,

[
Kjj

l Kjb
l(

Kjb
l

)�
Kbb

l

] [
dj
l

db
l

]
=

[
rj
l

rb
l

]
. (7)

Here we assume a local linearized balance for each Finite Element, i.e. the global scale,
containing a certain pattern of bricks, which, in turn, contains the local scale, separating
brick local variables internal to the Element (labeled with superscript j) from those at
the boundary of the same Element (labeled with superscript b), see Figure 2. The Finite
Element size is defined by the user and, of course, must be a multiple of the brick size.
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Therefore, solving by condensation in the local problem (7) the internal variables dj
l

in terms of the boundary variables db
l , and enforcing db

l to be exactly conform to the
interpolation used to define the Finite Element representing the global scale, i.e. db

l =
Ndg, we finally obtain the scale bridging matrix for the generic Element as

A =
(
Kjj

l

)−1
Kjb

l N , (8)

where N is the matrix collecting the shape functions of each Element, evaluated at the
centroids of the boundary bricks. In particular, a 8-node Serendipity interpolation is used
as shape functions.
The global tangent matrix is then picked up by the remaining internal variables of the
same local problem (7): by imposing a mutual work identity between the two scales, i.e.
r�
l dl = r�

g dg, for each Element we have

Kg = N�
[(
Kbb

l

)−1 −
(
Kjb

l

)�(
Kjj

l

)−1
Kjb

l

]
N . (9)

Each Element is therefore balanced internally, i.e. the local linearized balance problem
is satisfied at each element separately, while it is compatible along its boundary with a
local solution. It means that if the local solution is exactly the one predicted by the
interpolating Serendipity functions at each Element boundary, then the global level reach
the exact linearized solution everywhere. As concerns K l, since it has to be able to
correct local fluctuations of the error, it corresponds to the tangent matrix of the problem
defined at a single block. Thus, the correction of the local variables is made block by
block, regardless of the influence of the blocks surrounding it, as well as a Gauss-Seidel
iterative scheme.

3 NUMERICAL RESULTS

The validation of the discrete model in terms of pure mechanical response has been
carried out in [5], considering applications at the structural scale as well. The validation
of the discrete diffusive model has been made in [2] by comparing the two-dimensional
discrete model with the three-dimensional continuum diffusive model, already proposed
and tuned on experimental evidences in [3].

In this section the proposed numerical strategy is applied to two significant large-
scale walls, characterized by different aspect ratios (height-over-width) of the wall size:
the former about 1, the latter about 3/2. Two masonry walls of two and three storeys
respectively were tested, whose geometries are depicted in Figure 3.
For both the walls we report: i) equilibrium curves providing shear-load carrying capacity,
see Figure 4; ii) uptake curves, measuring the cumulative volumetric water inflow up to
steady-state conditions, see Figure 5; iii) damage maps depicting in white-to-red color
scale joints with different values of damage (red color to 100% damaged joints), overlapped
with humidity maps depicting in white-to-aqua scale blocks with different values of water
content (aqua color to 100% wet blocks), see Figures 6 and 7 .

6
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Figure 3: Geometry of the tested walls (units in centimetres). FE mesh in red dashed lines.

3.1 Material properties and coupling relationships

Isothermal conditions are assumed, with the temperature T = 293K. The material
properties of the sandstone and cement mortar come from various experimental evidences
(see [1]–[5] for further details and references), and they are listed in Table 1. Note that
we adopt the following empirical expressions, as proposed in [7], for adsorption isotherm
and for liquid conductivity:

cw = φρw
ψ − 1

ψ − h
h , Kl = 3.8

(
A

φρw

)2

103(Sw−1) ∂cw
∂h

h

ρwRvT
, (10)

where A is the water adsorption coefficient, Rv the gas constant of water vapour, ρw the

water density, and the parameter ψ = 0.8
cw80 − φρlw

cw80 − φρlw0.8
fits the experimental data by

enforcing the measured value of water content at relative humidity h = 0.8.
The coupling phenomena are here modelled by constitutive relationships investing key

material quantities: i) the sandstone elastic (Young) modulus and the mortar tensile
strength, both decreasing as the water saturation degree increases; ii) the mortar perme-

7
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Table 1: Material property parameters.

meule sandstone parameter cement mortar

A = 0.225 water adsorption [kg/m2/s1/2] A = 0.015
φ = 0.235 porosity φ = 0.23
ρ = 2077 density [kg/m3] ρ = 2053

cw80 = 8.31 water content at h = 0.8 [kg/m3] cw80 = 59.3
Dv
RvT

= 4.401e-11 vapour permeability [kg/s/Pa/m] Dv
RvT

= 1.965e-11

E = 19 Young’s modulus [GPa] E = 0.5
G = 3.8 tangential modulus [GPa] G = 0.1
σt = 40 tensile strength [MPa] σt = 21
µ = 0.467 friction coefficient µ = 0.467

ability which increases as the mechanical damage increases.
The former relationships rule how mechanical characteristics are affected by the presence
of humidity in the wall, and they are expressed in terms of the water saturation degree
Sw = cw

/
ρwφ . The sandstone elastic modulus obeys to the following law

E = 3.121 + 19.06
/
Sw100 [GPa] (11)

according to experimental results reported and interpreted in [8]. On the basis of the
same work, the decay law of the cement tensile strength was derived and proposed in [2]:

σt = −7
(
(Sw − 10)

/
100

)1/5

+ 21 [MPa] (12)

Such a law is valid for values of Sw greater than 10%, while the constant value σt =
21 [MPa] is considered for values lower than 10%.
The influence of the mechanical damage on the mortar permeability is supported by more
recent experiments [9, 10]. In particular, the water vapour diffusion Cv

h and the liquid
water diffusion C l

h, which define the mortar permeability Ch = Cv
h+C l

h, are scaled by two
factors gvd and gld, respectively, which both depend on the percentage of damaged mortar

area β = α
/
(1 + α), according to the following laws:

gvd = −1.875β2 + 1.5β + 1 , gld = 1 + (b1β)
b2 + 1/2(b1β)

2b2 + 1/6(b1β)
3b2 (13)

where b1 = 11.3 and b2 = 1.64 are the coefficient values tuned on concrete materials.

3.2 Effects of moisture rising on the structural response

The structural response and carrying capacity are determined by performing push-over
like analysis: once humidity diffusion gets the steady-state and preliminary gravity load-
ing are applied, shear loading are monotonically increased according to an amplification
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factor, up to the ultimate condition of the structure. The equilibrium path during this
varying loading condition is recovered in terms of such an amplification factor and the
average lateral displacement of the wall.
Figure 4 reports the equilibrium paths followed by the two tested walls, so as to compare
structural performance in dry conditions with respect to those in wet conditions, for both
the walls. Such wet conditions are attained by conducting a diffusive analysis as we will
describe in the next Section. Both structural responses highlight how the presence of
humidity rising on the wall significantly affect the pre- and post-critical mechanical be-
haviours. Less evident is the influence of different diffusive conditions when the ultimate
shear load is attained. Such conditions indeed affect only the softening response of the
stress according to how the damage can diversely evolve and distribute; the limit load
is instead characterized almost by the friction toughness which is predominant on the
structural response as the damage becomes greater and greater.

By comparing the equilibrium paths in Figure 4, the two-storey wall is more sensitive
than the three-store wall to the different damage distributions passing from dry to wet
case. This result can be explained by considering that the shear limit conditions are
expected to be more evident in lower than higher walls.
In order to clarify this point two-by-two snapshots of damage maps over the structure are
reported in Figures 6 and 7. Dry and wet cases have quite similar spatial distribution
over the two walls. However, damage can grow along the left side more significantly in the
three-storey wall compared to that of the two-storey wall, since the former wall is subject
to a mechanical behaviour more flexural than shear, with respect to the latter wall.

3.3 Effects of damage level on moisture rising

The humidity diffusion analysis is conducted by simulating moisture rising from ground,
with evaporating conditions either applied as boundary Neumann conditions on all the
external surfaces, and applied in the entire wall domain as source term.
As the curves of volumetric water uptake show (see Figure 5), the presence of a damage
pattern increases noticeably the water content evolving in time. For both the walls, such
curves describe a qualitatively similar increment at steady-state conditions, as expected
by the fact that the moisture rising is imposed from the ground of both the walls, and
the damage pattern is mostly concentrated in the lower parts. However, the increment
of the volumetric water content in the lowest wall doesn’t exceed a value of 8%, while in
the highest wall it attains about a 20%. This result can be explained in reason of a wider
distribution of both damage and humidity in the three-storey wall, for the same inflow
surface area at the ground.

The differences in humidity distribution over the walls are also emphasized in Figures 6
and 7. Due to the different mechanical conditions (undamaged versus damaged wall), the
humidity significantly rises up to the first floor in the initially damaged wall for both the
analyzed cases. In particular, both the walls are characterized by a very similar moisture
rising in the undamaged cases (see figures on the left), owing to the identical boundary
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conditions imposed in the diffusion problems. However, the damage distribution in the
three-storey wall, which has a more pronounced flexural response with respect to the
two-storey wall, leads the moisture rising to assume a more evident straight front, while
the steady-state front attained in the two-storey wall follows more evidently diagonal,
shear-like, lines.
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Figure 4: Structural responses in the presence of moisture (wet case) compared with the dry case:
two-storey wall on the left, three-storey wall on the right.
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Figure 5: Volumetric water uptake with and without initial damage: two-storey wall on the left, three-
storey wall on the right.
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Figure 6: Two-storey wall: damage and water content distributions. Damage in dry conditions on
the left, in wet conditions on the right; water content in undamaged conditions on the left, in damaged
conditions on the right.
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Figure 7: Three-storey wall: damage and water content distributions. Damage in dry conditions on
the left, in wet conditions on the right; water content in undamaged conditions on the left, in damaged
conditions on the right.
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Abstract. Air chamber supported floating platforms can significantly decrease wave in-
duced structural responses. Novel applications, like floating arrays of solar collectors, with
low payload requirements allow the design of floating platforms supported by large, cylin-
drical air chambers made of highly flexible membranes. In order to predict the dynamics
of such systems a modelling strategy capturing all important phenomena: incompressible
free surface flow, compressible air and flexible structures is presented. The governing
partial differential equations and boundary conditions are given in their linearised form,
and subsequently solved by the finite element method. A frequency domain formulation
is chosen to compute the steady state response to harmonic excitation. In order to handle
problems in unbounded domains a perfectly matched layer formulation is used. Thereby,
radiating waves are efficiently damped at the edge of the computational domain. For the
sake of simplicity we present two-dimensional, test problems used for the validation of
the developed modelling strategy. Finally, we present a fully coupled simulation of wave
interactions with a flexible, air chamber supported floating platform.

1 INTRODUCTION

Air chamber supported platforms typically consist of a plate-like structure which is
carried by a number of air chambers. The chambers are formed by vertical walls extending
from the plate-like structure into the water. The lower end of the air chambers is formed
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by the free water surface. Thus, in a static situation, the equilibrium air pressure in
the chamber is proportional to the weight of the platform. Travelling waves will change
the volume of the chamber which leads to pressure variations and hence to a dynamic
excitation of the structure.

The concept of air chamber supported floating platforms was pioneered by Pinkster
and Meevers Scholte, who showed that air chambers can significantly reduce wave induced
forces [14]. Early works assumed spatially constant pressure in the air chambers [13, 15],
which is valid if the fundamental frequency of the first acoustic mode is well above the
highest expected wave frequency. Using a semi-analytic approach for the acoustic modes
in the air chamber, Lee and Newman [11] derived a model which takes spatially varying
air pressure in a rigid chamber into account. The governing Laplace equation in the
semi-infinite water domain is solved by the boundary element method (BEM). Small
deformations of the platform structure can be taken into account by the use of generalised
modal coordinates [7, 19]. The air chambers of all platform concepts investigated to date
have relatively stiff bounding walls [6, 7, 14, 18, 19], allowing no significant volume change
due to chamber deformations. These strong bounding walls are required because of the
high payload requirements (in terms of mass) of the platforms.

For novel target applications, e.g. offshore solar collectors, these payload requirement
can be as low as 25 kg/m2. Therefore, the internal pressure in the air chamber is less than
1 MPa. This allows for air chambers being formed of cylindrical, highly flexible polymer
membranes. When modelling such systems the deformation of the chamber walls due to
pressure oscillations must be taken into account, because they lead to significant changes
in the volume, which in turn influences the pressure: the system is strongly coupled.

2 PROBLEM FORMULATION

As an example a two-dimensional problem is depicted in Fig. 1. An arc-shaped flexible
structure is partially submerged in water. It is entrapping compressible air, thereby
forming an air chamber. All formulations are developed for the general three-dimensional
case.

Ωw

Ωa

Ωs

Γc
Γf

Γws

water

air

structure
Γas

Γw
Γe

free surface
water-air interface

water-structure
interfaceexcitation

air-structure
interface

fixed wall

absorbing
boundary

wave

x
z

Figure 1: Sketch of the model domains.
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2.1 Field Equations

Wave interaction problems require the modelling of unsteady free surface flow in the
water domain denoted by Ωw. A common modelling assumption in marine engineering is
to idealise the water as an inviscid, incompressible fluid [3]. The governing equation then
is the Laplace equation written as

−∇2pw = 0, (1)

where ∇2 denotes the Laplace operator, and pw denotes the dynamic pressure in the water
domain.

For the air in the chamber, i.e. the air domain Ωa, compressibility must be taken
into account. The air in the chamber is modelled as an ideal gas undergoing reversible,
adiabatic changes. Furthermore, the dynamic changes in pressure, pa, are assumed small
in comparison with the static pressure and the gas is considered as inviscid. The governing
equation then is the linear acoustic wave equation

1

c2a

∂2pa
∂t2

−∇2pa = 0 , (2)

where ca is the speed of sound in the medium.
The wall of the air chamber, i.e. the structure domain Ωs, will be considered as a linear

elastic, isotropic solid. The governing equations then are the balance of momentum, the
constitutive relation (Hooke’s law), and the linearised strain displacement relationship

ρ
∂2u

∂t2
= ∇ ·σ , (3a)

σ = Cε, (3b)

ε =
1

2

(
∇u+ (∇u)T

)
, (3c)

where u denotes the displacement vector, σ the (Cauchy-)stress tensor, C the stiffness
tensor, and ε the strain tensor. The juxtaposition of two elements, i.e. tensors of rank 0,
1, 2, or 4, denotes their dyadic product. Body forces were not included in the balance of
momentum.

2.2 Boundary and Coupling Conditions

At the water surface both the dynamic boundary condition, i.e. the equality of the
total pressure in water and air, and the kinematic boundary condition, i.e. interface
particles must stay on the interface, have to be fulfilled. Introducing a coordinate system
with the x-y-plane coinciding with the undisturbed water surface and the z axis pointing
upwards against the vector of gravity, the hydrostatic pressure in the water domain is
pw,0 = pa,0 − ρwgz, where ρw denotes the mass density of water. The hydrostatic pressure

3

348



Florian TOTH, Manfred KALTENBACHER and Franz G. RAMMERSTORFER

in the air, pa,0, is assumed constant. The interface between air and water can be described
by the function z = η(x, y, t). Requiring equality of the total pressure, composed of
hydrostatic and dynamic pressure, in water and air yields

pw − pa = ρwgη on Γc . (4)

The kinematic boundary condition, linearised and combined with the balance of momen-
tum, yields

−ρi
∂2η

∂t2
=

∂pi
∂nη

on Γc , (5)

where the index i is used for the water and air domain, respectively, and nη denotes
the normal vector of the water surface. In case of the free surface, i.e. water surface not
coupled to compressible air, the dynamic boundary condition reduces to pw = ρwgη which
can be used to eliminate η form the above equation giving

−1

g

∂2pw
∂t2

=
∂pw
∂nη

on Γf . (6)

At the solid-fluid interfaces between air/water and chamber wall the velocities perpen-
dicular to the wall must be equal. In combination with the linearised momentum equation
for the fluid one obtains

− 1

ρi
∇pi ·ns =

∂2u

∂t2
·ns on Γis , (7)

where ns is the normal vector of the interface. The second coupling condition at the
interface is the equality of surface stress and fluid pressure written as

σ ·ns = −pins on Γis. (8)

The case of a stationary rigid wall can be considered as a special case of fluid structure
coupling with immovable structure. The boundary condition then becomes

− 1

ρi
∇pi ·ns = 0 on Γw . (9)

Waves in the fluid domain are generated by specifying a Neumann boundary condition
for the pressure in the form

∂pi
∂n

= f(x, y, z, t) on Γe , (10)

where f is a known forcing function. For propagating surface gravity waves with low
amplitude an analytical solution for the pressure field is known [9, 12], and can be used
to compute the forcing function.
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2.3 Perfectly Matched Layer Formulation

When studying wave propagation in semi-infinite domains the waves must be allowed
to leave the finite computational domain. Therefore, a perfectly matched layer (PML)
formulation is used to absorb outgoing waves without reflection. The water domain of
interest, Ωw, is surrounded by a PML of thickness Lk in each coordinate direction k. In
this PML region, ΩPML, we introduce to the complex change of variables

x̃k(xk) = xk +
1

jω

xk∫

0

σk(x) dx ; xk ∈ {x, y, z} , (11)

according to Teixeira and Chew [16]. The damping function σk is positive inside ΩPML

and vanishes in Ωw. Hence, we obtain the following relations

∂x̃k

∂xk

= 1 +
σk

jω
= ζk and

∂

∂x̃k

=
1

ζk

∂

∂xk

. (12)

Performing a Fourier transform of the governing equation, Eq. (1), and the free surface
boundary condition, Eq. (6), and inserting above relations we obtain the modified equa-
tions, which have to be solved in ΩPML

− ∂

∂x

(
1

ζx

∂p̂w
∂x

)
− ∂

∂y

(
1

ζy

∂p̂w
∂y

)
− ∂

∂z

(
1

ζz

∂p̂w
∂z

)
= 0 ;

∂p̂w
∂n

=
w2

g
p̂w , (13)

with
ζx = 1 +

σx

jω
; ζy = 1 +

σy

jω
; ζz = 1 +

σz

jω
. (14)

The proper choice of the damping functions is of great importance, especially in order
to obtain a very robust and efficient PML-technique [4]. A wave travelling through the
PML region with a speed of cp will be damped, but totally reflected at the outer boundary
of the PML region. Assuming a layer thickness of L, e.g. in x-direction, the reflected wave
reaches the interface between propagation and PML region with an amplitude of

p̂w = p0e
−(2/cp) cosα

L∫
0

σx(x)dx
= p0R . (15)

Here, α models the angle with respect to the x-axis. In the choice of the reflection factor
R the trade-off between the necessity of sufficient reduction of reflected waves according
to Eq. (15) and possible disturbances of the numerical solution by a too rapid damping in
a narrow PML region has to be taken into account. In our computations we use a value
of R = 10−3. Using Eq. (15) one obtains the relations:

• constant damping

σconst
x =

−cp lnR

2L cosϕ
,
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• quadratically increasing damping

σquad
x =

3cp lnR

2L cosϕ

x2

L2
,

• inverse distance damping

σinverse
x =

cp
L− x

,

for different types of damping functions (for details see [8]). All of them were chosen di-
rectly proportional to the speed of the surface wave cp =

ω
k
= g

ω
to remove the dependence

on the wave frequency. As shown by Bermúdez et al. [2], the inverse distance damping
function leads to an optimal damping behaviour for the acoustic wave equation in the
frequency domain, and compared to other damping functions does not need specification
of the reflection coefficient R. Within our numerical investigations, we will demonstrate
that this is also true for our equation.

3 FINITE ELEMENT FORMULATION

To derive the FE formulation of the coupled problem, we assume a computational
domain as displayed in Fig. 1 and just extend it by ΩPML surrounding the water region Ωw.
Since we are interested in the time harmonic solution, we first perform a Fourier transform
of the PDEs. The hat symbol, e.g. p̂, is used to denote the Fourier transform of a quantity,
e.g. p, and ω denotes the angular frequency. In order to arrive at the FE formulation,
we introduce appropriate test functions ϕ, ψ, δ and µ, multiply our coupled system
of PDEs by these test functions and integrate over the whole computational domain.
Furthermore, integration by parts∗ and incorporation of the boundary conditions, yields
the weak (variational) formulation: Find û ∈ (H1

0 )
3, p̂w ∈ H1

0 , p̂a ∈ H1
0 , and η̂ ∈ H1

0 such
that†

∫

Ωw

∇ϕ ·∇p̂w dx

−
∫

Γf

ω2

g
ϕp̂w ds−

∫

Γc

ρwω
2ϕη̂ ds−

∫

Γws

ρwω
2ϕû ·ns ds =

∫

Γw

ϕf̂ ds , (16a)

∫

ΩPML

∇̃ϕ · ∇̃p̂w dx−
∫

Γf

ω2

g
ϕp̂w ds = 0 , (16b)

∗Using the relation ∇ · (δ ·σ) = (∇ ·σ) · δ + σ : (∇δ), where ’:’ denotes the double dot product, i.e.
the sum of the products of conjugated tensor elements.

†H1
0 is the space of functions, which are square integrable along with their first derivatives in a weak

sense [1].
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−
∫

Ωa

ω2

c2a
ψp̂a dx+

∫

Ωa

∇ψ ·∇p̂a dx+

∫

Γc

ρaω
2ψη̂ ds−

∫

Γas

ρaω
2ψû ·ns ds = 0 , (16c)

−
∫

Ωs

ρsω
2δ · û dx+

1

2

∫

Ωs

∇δ : C
(
∇û+ (∇û)T

)
dx

−
∫

Γws

p̂wns · δ ds−
∫

Γas

p̂ans · δ ds = 0 , (16d)

∫

Γc

µp̂w ds−
∫

Γc

µp̂a ds−
∫

Γc

µρwgη̂ ds = 0 , (16e)

for all test functions ϕ ∈ H1
0 , ψ ∈ H1

0 , δ ∈ (H1
0 )

3, and µ ∈ H1
0 . It has to be noted that

the surface elevation η acts as a Lagrange-multiplier to enforce the interface condition
between water and air along Γc. The scaled Nabla-operator ∇̃ in Eq. (16b) computes
according to Eqs. (13) and (14)

∇̃ =

(
1

ζx

∂

∂x
,
1

ζy

∂

∂y
,
1

ζz

∂

∂z

)T

. (17)

Furthermore, we want to note that the complex change of variables according to Eq. (11)
has also to be performed, when computing the Jacobian within the FE procedure for
Eq. (16b).

For the spatial discretisation we apply standard quadrilateral finite elements of 2nd

order. The whole scheme has been implemented in the in-house research software CFS++
(Coupled Field Simulation) and used to compute the results presented in the following
section. For some comparison, we have also applied the commercial software Abaqus [5].

4 RESULTS OF TEST PROBLEMS

Various numerical tests were carried out in order to validate the implementation of the
described equations. The assumed material properties are given in Table 1(a). For the
acceleration of gravity, g, a value of 9.81 m/s2 was assumed. For the sake of simplicity
two-dimensional problems are presented in the following.

Table 1: Assumed material properties for the fluids (a), and linear elastic, isotropic solid (b).

(a) Fluid properties

Property Air Water

ci in m/s 343.05 1484.58
ρi in kg/m3 1.2041 998.2

(b) Solid properties

E in MPa 800.0
ν 0.3

ρ in kg/m3 1000.0

7

352



Florian TOTH, Manfred KALTENBACHER and Franz G. RAMMERSTORFER

Table 2: Sloshing frequencies for the anticipated geometry.

Mode number n 0 1 2 3 4 5 6
Frequency in Hz 0.0306 0.0565 0.0764 0.0910 0.1044 0.1152 0.1247

4.1 Sloshing

In order to test the free surface boundary condition alone, the natural modes of a two-
dimensional, rectangular tank with length l = 350 m and a water depth of h = 50 m were
computed numerically. The domain was discretised by finite elements and the appropriate
boundary conditions were applied (stationary wall at the left, bottom and right side;
free surface condition at the top). The natural frequencies and corresponding mode
shapes were computed by solving the standard eigenvalue problem which is obtained
from the discretised ordinary differential equation system by making an harmonic Ansatz
for the time dependant pressure. The obtained natural frequencies are given in Table 2.
Comparison with the known analytical solution [9, 10] showed excellent agreement.

4.2 Travelling Waves

In order to test the efficiency of the PML formulation in a further test example a
rectangular domain of water of uniform depth h=50 m was considered. The length of the
domain was 350 m. Steady state solution of travelling waves were computed in a harmonic
analyses at a range of wave frequencies. Waves were generated on the left wall, and a
PML was used to absorb them at the right boundary.

If the absorption is not perfect, a part of the wave is reflected, and a superposition of
waves travelling in positive and negative direction is obtained. The combined wave system
shows a spatially varying amplitude. The reflection coefficient, i.e. the ratio between the
amplitude of the reflected wave and the amplitude of the incident wave, can be computed
by

aref
ainc

=
amax − amin

amax + amin

, (18)

where amax is the maximum amplitude of the combined wave system, and amin is the
minimum amplitude of the combined wave system.

The impact of the thickness of the PML was investigated by comparing results from
computations with PMLs consisting of 1, 2, 4 and 8 finite elements, respectively. For all
computations elements with 2nd order basis functions were used. The functions for the
quadratically increasing as well as inverse distance damping were accordingly adjusted in
each integration point. The results obtained for a wave frequency of 0.1 Hz, displayed in
Fig. 2(a), demonstrate the extreme performance of the inverse distance damping function,
which already shows an optimal performance with a layer thickness of just one finite
element.

In Fig. 2(b) a comparison of the PML formulation with inverse damping function
and acoustic infinite elements implemented in Abaqus [5] is shown for a range of wave

8
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(a) Comparison of different damping func-
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(b) Comparison of Abaqus infinite elements
and PML with inverse damping function.

Figure 2: Reflection coefficient in dependence of PML thickness (a) and wave frequency (b).

frequencies. The acoustic infinite elements in Abaqus are designed for the absorption of
sound waves. In order to achieve absorption of surface gravity waves, the compressibility
of the acoustic medium of the acoustic infinite elements was modified such that the speed
of sound equals the wave speed of surface gravity waves. Therefore, the compressibility

was set to Kinf = ρw
(
g
ω

)2
. The PML formulation with inverse damping function shows

the best performance (with almost vanishing reflection coefficients) over all frequencies,
due to the scaling of the damping function with speed cp of the surface wave.

5 FLOATING STRUCTURE WITH SINGLE AIR CHAMBER

As an example of a fully coupled, two-dimensional problem a single floating air chamber
as sketched in Fig. 1 was considered. A single chamber will likely become statically unsta-
ble, therefore, in a more realistic system at least three chambers must be used to provide
sufficient safety against overturning [17]. The single chamber system is nevertheless cho-
sen, because it is the simplest system to illustrate wave interaction effects with a flexible
air chamber. Figure 3 shows the computed pressure in the water and the air domain. The
flexible structure reflects a part of the incoming waves, visible in the spatially varying

Figure 3: Computed pressure in the water and in the entrapped air. Values in Pa.

9
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Figure 4: Computed mechanical displacement of the structure (in y-direction) and surface elevation.
Values in m.

pressure amplitudes at the water surface on the left side. On the right side of the water
domain, the pressure amplitude is constant, corresponding to waves propagating towards
the right edge where they are completely absorbed by the PML. The wave amplitude is
reduced to about 88% of the excitation amplitude behind the structure.

The structural displacements are displayed in Fig. 4, together with the surface eleva-
tion of the air-water interface, i.e. the Lagrange multiplier in the coupling equation. A
combination of rigid body heave displacement, superimposed by a bending type defor-
mation arises. The maximum displacement amplitudes are about one third of the wave
amplitude.

6 CONCLUSIONS

A monolithic finite element formulation for the fully coupled analysis of incompressible
free surface flow, deformable structures and compressible fluids was developed. As the
formulation is based on linearised theory it is applicable to cases with sufficiently small
disturbances from the equilibrium position. An harmonic formulation was chosen as it is
most suitable for the analysis of wave interaction problems. To allow for the analysis of
wave propagation in semi-infinite domains a highly efficient PML formulation was devel-
oped. Selected test cases were presented, to demonstrate the validity and performance of
the modelling strategy.

Wave interactions with an air chamber supported floating platform were treated in a
fully coupled manner. Here, the effect of a deformable chamber filled by a compressible
fluid could be directly included. Typical target applications for the modelling approach
are, hence, very large floating platforms, wave energy converters, or air chamber supported
floating platforms. Furthermore, the presented modelling strategy can be applied to
investigate sloshing effects in liquid filled tanks.
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Abstract. The boundary integral equation for elasticity is valid for a single domain
consisting of homogeneous material properties. In the case of heterogeneity the consid-
eration of different material properties is possible with a coupling of boundary element
regions. Of course each region is again homogeneous. Another simulation application of
multiple regions is the simulation of an industrial process, where different subdomains of
a homogenous domain are treated differently due to a mechanical process. For instance,
this is the case in tunnelling, where excavation is performed in a staged procedure. In
the simulation of such an excavation process regions are deactivated step by step. As
the material behaviour can be nonlinear an accurate simulation of such a staged pro-
cess is a necessary requirement. Thus, the domain is decomposed into subregions which
are coupled to neighbouring regions. There are different coupling strategies existing. In
some of them stiffness matrices of subdomains are worked out which are the basis for
the coupling and solution of the problem. A traditional method is the coupling of in-
terface surfaces only [1]. In this method the stiffness matrix of a region is computed on
the basis of the coupling surfaces (interfaces), whereas the coupling surface may be not
identical to the complete surface of a subdomain and the size of the stiffness matrix is
determined by the degrees of freedom of the coupling surface. In an application where
the boundary conditions change (e.g. from interface to Neumann condition) from one
calculation step to the other, the stiffness matrix has to be calculated new. A modern
coupling technique is the Boundary Element Tearing and Interconnecting (BETI) method
[2], similar to the method of Finite Element Tearing and Interconnecting (FETI) [3]. In
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this method the region stiffness matrix is worked out for the entire boundary of the re-
gion. The stiffness matrices of all regions remain the same during the whole analysis,
even if the boundary conditions change during the simulation process. In setting up the
equation system each subdomain is treated completely separated and independent from
the others. Thus, a parallelisation of the computational work is ideally suited and im-
plemented in the present computer code. In this work the theory of both mentioned
coupling techniques are introduced briefly. The differences of both methods are worked
out and advantages/disadvantages are shown and will be demonstrated. The accuracy of
the results as well as the computational performance will be shown and compared based
on a realistic simulation example.

1 INTRODUCTION

Within a tunnel excavation according the New Austrian Tunneling Method (NATM)
parts of the tunnel volume are excavated in a staged procedure. Due to this process
the tunnel construction is dependent on spatial and temporal development. In order to
provide certain predictions or in the case of verification of ongoing tunnel constructions
a numerical simulation has to consider those requirements. A typical tunnel construction
is shown in Figure 1. The tunnel cross section is divided into a top heading and a bench
part. In longitudinal direction the excavation of the top heading is more advanced then
the bench. The excavation is done in a way where volumes of rock with specified thickness
are removed.

top heading

bench

Figure 1: Sequential tunnel excavation
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As a tunnel construction typicaly occurs in an infinite or semi-infinite domain the
Boundary Element Method (BEM) is ideally suited for the numerical simulation of this
type of problems [4]. The fundamental solution used in BEM [5] are special solutions
for infinite domains, they allready fullfill the radiation conditons. There is no need to
truncate a mesh and therefore no artificial boundary conditions have to be applied. With
the BEM only the surface of the regions has to be discretised, thus the effort of mesh
generation is drastically reduced for such simulation problems. As shown in Figure 1 the
domain is subdivided into several regions. For the excavation volumes top heading and
bench finite regions are used. These regions are embedded in an infinite region which
represents the infinite extend of the domain. For the numerical solution of such problems
there is a need to couple these regions. In chapter 2 the displacement boundary integral
equation, its discretisation and solution is shown. In chapter 3 the development of two
multiple region BEM (MRBEM) coupling methods will be addressed. In chapter 4 the
coupling methods are demonstrated on a practical tunnel excavation example in 3D.

2 BOUNDARY INTEGRAL EQUATION

The displacement boundary integral equation [5] shown in Equation (1) is the basis of
the BEM:

C(y)u(y) + C

∫

Γ

T(y,x)u(x) dΓ =

∫

Γ

U(y,x)t(x) dΓ (1)

T(y,x) and U(y,x) are the fundamental solutions and u(x) and t(x) are the boundary
displacements and tractions, respectively. The boundary integral equation (1) is valid
for a single region whose boundary is discretised by boundary elements. Due to the
discretisation of the integral equation the boundary Γ is divided into a sum of elements
E and nodes N . Introducing the discretisation the integral equation (1) is transformed
into the following form:

Cui +
E∑

e=1

N∑
n=1

∆Te
niu

e
n =

E∑
e=1

N∑
n=1

∆Ue
nit

e
n (2)

∆Te
ni and ∆Ue

ni are integrated kernel coefficients with respect to the collocation node
i and element n. C is the integral free term which depends on the geometrical conditions
at node i. Equation (2) is evaluated for all collocation points i and the coefficients ∆Te

ni

and ∆Ue
ni are assembled into matrices [∆T ] and [∆U ], whereas the following equation

arise:

[∆T ]{u} = [∆U ]{t} (3)

With equation (3) a single boundary element region can be solved. At the nodes of the
boundary either displacements or tractions are known. The unknown boundary conditions
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(BC’s) are solved by rearranging equation (3). The unknown BC’s with its corresponding
columns of matrices [∆T ] and [∆U ] are shifted to the left side and the known BC’s are
multiplied with the columns of the matrices [∆T ] or [∆U ] and form the right hand side
vector {f} of the following equation:

[A]{x} = {f} (4)

In case of a mixed boundary value problem the content of the solution vector {x} are
either displacements or tractions, matrix [A] is filled up either with columns of matrix
[∆T ] or [∆U ].

3 MULTIPLE REGION BEM (MRBEM)

Ω1

Ω2

ΓN

ΓN

ΓN

ΓD
ΓI

ΓI

Figure 2: Multiple region system

If there is a system with more then one region present (as shown in Figure 2) a multiple
region boundary element method (MRBEM) is a possibility to solve such a problem.
In comparison to the single region BEM the boundary of a region is extended by the
interface boundary. The whole boundary of a region may be devided into a Neumann
(ΓN), Dirichlet (ΓD) and Interface (ΓI) part. At the interface displacements and tractions
are unknown. Thus additional conditions are necessary to solve this problem. These
conditions are equilibrium and compatability at the interface of adjacent regions. For the
solution of such a coupled system of regions different method formulations are available.
Two of them are discussed next. For both methods stiffness matrices are worked out. In
the first method (Interface Coupling (IC) method) the stiffness matrix of each region is
based on the degrees of freedom (DOFs) at the interface, in the second (BETI method)
the stiffness matrix is based on the DOFs of the whole region.
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3.1 IC method

For the derivation of the equation system of a multiple region system Equation (3) is
shown again as following:

[∆U ]{t} = [∆T ]{u} (5)

Due to the three different boundary types (Neumann, Dirichlet and Interface) Equation
(5) is expanded to:

[
[UI ] [UN ] [UD]

]


{tI}
{tN}
{tD}



 =

[
[TI ] [TN ] [TD]

]


{uI}
{uN}
{uD}



 (6)

The tractions {tN} are known BC’s and they will be shifted to the right side of the
equation system together with the associated kernel matrix [UN ]. {uN} are unknown
displacements at the Neumann boundary and they will be moved to the left side together
with matrix [TN ] as shown next:

[
[UI ] − [TN ] [UD]

]


{tI}
{uN}
{tD}


 =

[
[TI ] − [UN ] [TD]

]


{uI}
{tN}
{uD}


 (7)

The matrix on the left side of Equation (7) is renamed by [A] and on the right hand
side the interface displacements {uI} are seperated as following:

[
A

]


{tI}
{uN}
{tD}


 = [TI ] {uI}+

[
− [UN ] [TD]

]{
{tN}
{uD}

}
(8)

Solving Equation (8) for the vector on the left will result in:




{tI}
{uN}
{tD}


 = [A]−1[TI ] {uI}+ [A]−1

[
− [UN ] [TD]

]{ {tN}
{uD}

}
(9)

This equation can be simplified to:




{tI}
{uN}
{tD}


 =

[
[K]∗

[D]

]
{uI}+




{tI0}
{uN0}
{tD0}


 (10)

Taking the first equation from (10), which is:

{tI} = [K]∗{uI}+ {tI0} (11)

and multiplying it with the mass matrix [M ] the tractions of Equation (11) are trans-
formed to work equivalent nodal point forces. Because of this a coupling to the Finite
Element Method (FEM) is possible. As a result Equation (11) is transformed to:
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{fI}r = [K]r{uI}r + {fI0}r (12)

whereas {fI}r = [M ]r{tI}r, [K]r = [M ]r[K]∗r and {fI0}r = [M ]r{tI0}r. The final forces
at the interface of region r are the forces due to the interface displacements plus the
forces at the interface due to the loading (given tractions {tN}r and applied displacements
{uD}r). The final interface forces {fI}r and the interface displacements {uI}r are unknown
at the present state. Thus Equation (12) has to be applied to every region of the coupled
system and the final system of equation can be assembled under the following conditions:

• Equilibrium of forces at the interface:

{fI}1 + {fI}2 = 0 (13)

Equation (13) states that the forces at the interface of region 1 are in equilibrium
with those of the neighbouring region 2.

• Compatability of displacements at the interface:

{uI}1 = {uI}2 (14)

Equation (14) states that the displacements at the interface of region 1 are equal
with those of the neighbouring region 2.

Considering these conditions Equation (12) for every region is assembled into a global
equation system which is shown as following:

{fI}r = [K]sys{uI}+ {fI0} = 0 (15)

where [K]sys is the assembled stiffness matrix related to all coupling interfaces of the
system. {fI0} is the right hand side vector related to the loading of the system and {uI}
is the vector of interface displacements. This equation is solved for the interface dis-
placements. Once {uI} is known all remaining unknowns (tractions at the interface {tI},
displacements at the Neumann boundary {uN} and tractions at the Dirichlet boundary
{tD}) can be evaluated using Equation (10).

3.2 BETI method

The Boundary Element Tearing and Interconnecting Method (BETI) is a domain de-
composition method for the Symmetric Galerkin BEM [2] similar to the Finite Element
Tearing and Interconnecting Method (FETI) for the FEM introduced by [3]. Using simi-
lar concepts the BETI method will be applied in this work to the collocation BEM. For
each region this method works out a stiffness matrix which is based on the DOFs of the
whole region surface in contrast to the method applied in chapter 3.1 where the stiffness
matrix is based on the coupled DOFs only. From Equation (3) the boundary tractions of
a region can be calculated as following:
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[∆U ]−1[∆T ]{u} = {t} (16)

To make possible a coupling to the FEM, Equation (16) is multiplied with the mass ma-
trix [M ]. Using this procedure the boundary tractions are transformed to work equivalent
nodal point forces acting at the nodes of the boundary:

[M ][∆U ]−1[∆T ]{u} = [M ]{t} = {f} (17)

where the stiffness matrix [K] is:

[K] = [M ][∆U ]−1[∆T ] (18)

Inserting this into Equation (17) will result in the well known relation between dis-
placements and forces:

[K]{u} = {f} (19)

In order to formulate a coupled system of R boundary element regions two conditions
have to be satisfied:

• Equilibrium

• Compatability

3.2.1 Equilibrium of a boundary element region

The equilibrium state of a region can be described by using Equation (19):

[K]{u} = {fN}+ [B]T{λ} (20)

whereas the force vector on the right hand side of Equation (19) is splitted into:

{f} = {fN}+ [B]T{λ} (21)

and inserted into Equation (20). [K]{u} are the forces at the boundary of the region
due to deformation, {fN} is the force vector of the given loading (Neumann boundary
conditions) and [B]T{λ} are the coupling forces (Lagrange multipliers) to the neighbouring
regions.
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3.2.2 Compatability of interface displacements

The compatability of a system of R regions can be written in following form:

[B]1{u}1 + [B]2{u}2 + · · ·+ [B]R{u}R = {b} (22)

Equation (22) either guaranties that the displacements at the interface of adjacent
regions are equal or that the displacements at the Dirichlet boundary are equal to the
applied Dirichlet boundary conditions which are entries of vector {b}.

3.2.3 System of equation

The final system of equation of a coupled system of R boundary element regions is
shown as following:




[K]1 0 −[B]T1
[K]2 −[B]T2

0
. . .

...
[K]R −[B]TR

[B]1 [B]2 · · · [B]R 0



·




{u}1
{u}2
...

{u}R
{λ}




=




{fN}1
{fN}2

...
{fN}R
{b}




(23)

Equations 1 to R of Equation (23) are representing the equilibrium of each region and
the last equation of (23) guaranties compatability of displacements at every node at the
interface of adjacent regions and at the nodes of the Dirichlet boundary.

In the implementation of the BETI method Equation (23) is not assembled to an
equation system. The equation system (23) is condensed to the solution of the coupling
forces λ (Lagrange multipliers). This is done by inserting equations 1 to R into the
last equation of (23). From this equation λ is solved either directly or iteratively with
a BiCGSTAB iterative solver. As the stiffness matrix [K]r of a finite region (floating
region) is singular special treatment of rigid body motions have to be considered. The
whole solution formulation is shown in detail by [2].

3.3 Comparison of coupling methods

The main advantage of the BETI method is that the stiffness matrix of each region
has to be calculated only once and in the case of a sequential tunnel excavation these
matrices can be used for each load step of excavation. Using the BETI method for this
application type the stiffness matrices are independent on the changing boundary condi-
tions. Changing boundary conditions due to sequential excavation are considered by the
coupling matrix [B]r of Equation (23). The coupling matrices have to be computed again
for each calculation step. As those matrices are sparsely populated they are implemented
as sparse matrices. The effort to set up those matrices is small and it is insignificant
compared to the overall computing time. The way how the equation system is formulated
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makes the treatment of operations at the region independently from the other regions.
Thus, the BETI method is ideally suited for parallelisation.

The advantage of the IC method is that the size of the stiffness matrix is related to
the number of DOFs at the interface of the coupled system of regions. In the case of a
sequential excavation the coupling surfaces are reduced from one excavation step to the
other. In each load step one or more regions are deactivated from the simulation model.
Due to the deactivation the boundary condition of surfaces adjacent to the deactivated
regions change from Interface condition to Neumann condition. Thus, the size of the as-
sembled system stiffness matrix reduces from one load step to the other and the solution
of the equation system gets faster. For regions for which a change of boundary condi-
tions happens the stiffness matrix has to be calculated again. Compared to the BETI
method stiffness matrices do not remain constant throughout the entire analysis of such
an excavation simulation.

4 EXAMPLE - 3D TUNNEL EXCAVATION

In this example a 3D tunnel excavation is investigated. In Figure 3 the boundary
discretisation is shown. The tunnel geometry is subdivided into top heading and bench
regions (finite regions). These regions are embedded in an infinite region which represent
the infinite extend of the domain. The mesh is discretised with quadratic boundary
elements. At the starting of the tunnel quadratic plane strain infinite boundary elements
are used to simulate the infinite extend of the tunnel behind the tunnel face. Two different
meshes are investigated, a coarse mesh and a refined mesh as shown in Figure (3).

top heading

bench

infinite region

finite region

finite region

coarse mesh fine mesh

Figure 3: Discretisation

A constant primary stress field with σxx = −1.375, σyy = −1.375, σzz = −2.75 and
σxy = σyz = σzx = 0.0 is assumed. From this stress field the excavation tractions are
computed by t = σ · n, where n is the unit vector normal to the surface of the tunnel.
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This traction is applied at the free surface, this is the surface of the tunnel just excavated
in load step 1. The loading for every subsequent step is the traction applied at the parts
of the tunnel surface which changed from coupled interface conditions to free surfaces,
these are surfaces at adjacent regions to the deactivated regions. The tractions which
are applied in the current load step are taken from the result tractions at the coupled
interfaces from the previous laod step. From step 2 to 15 top heading and bench regions
are excavated alternately. The sequence of excavation is shown in Figure 4, where regions
are marked by the number of load step they are excavated. The excavation of the top
heading part takes place further ahead then the bench, which can be observed in Figure
4, too. Within an excavation step one or several regions might be excavated. In the first
step from the beginning top heading and bench regions are excavated to reach a typical
staged excavation configuration in the longitudinal direction.

1
2 4 6 8 10 12 14

3 5 7 9 11 13 15

Figure 4: Sequence of excavation load steps

In Figure 5 results for the displacements uz are shown at the infinite region and at
finite regions (embedded in the infinite region) for the refined discretisation.

Figure 5: Displacements uz for excavation load step 8

In the diagram of Figure 6 the deformation curves along a line (parallel to the longi-
tudinal tunnel axis) at the crown of the tunnel for the displacements uz are shown . The
curves are shown for the coarse and fine discretisation and for all load cases. Results are
shown only for the interpolation type Discontinuous. As can be seen the solutions for the
coarse mesh are almost of the same quality as the solution of the fine mesh.
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Figure 6: Displacements uz at the crown of the tunnel

In Table 1 the number of DOFs for the infinite region and for the size of the global
system of equation are shown for the coarse and fine discretisation. Three types of inter-
polation are choosen for the evaluation of this example - Continuous, Mixed and Discon-
tinuous. For the Continuous type continuous interpolation is applied for the displacement
and traction field, the Mixed type uses continuous interpolation for the displacement field
and discontinuos for the traction field. Within the Discontinuous type both fields are
interpolated discontinuous. The order of interpolation is choosen quadratic for all types
of interpolation.

Table 1: Degrees of Freedom

infinite Region Global
Dirichlet DOFs Neumann DOFs DOFs
Coarse Fine Coarse Fine Coarse Fine

Continous 3459 13755 3459 13755 5403 19785
Mixed 3459 13755 9192 36624 5403 19785

Discontinous 9192 36624 9192 36624 12048 48192

In relation to the numbers of DOFs of Table 1 in Table 2 the calculation times are shown
for the methods IC and BETI. The calculations are done with the parallised version of
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the code using 24 CPUs. As can be seen for all discretisations and interpolation types the
BETI method is faster then the IC method. According to our experiences the difference in
computing time of both methods is getting greater if the number of load cases is increased.
The reason for this is the repeated calculation of region stiffness matrices due to changing
boundary conditions for the method IC.

Table 2: Calculation Time

Calculation Time
IC BETI

Coarse Fine Coarse Fine
Continous 140 2027 59 524

Mixed 241 3613 136 1116
Discontinous 394 8706 215 3034

5 CONCLUSIONS

In the present work two coupling methods are investigated, the IC method and the
BETI method. Due to the formulation of stiffness matrices based on work equivalent
nodal point forces both methods are able to couple BE regions (BEM/BEM coupling)
and BE regions to FE regions (BEM/FEM coupling). The main differences of both
methods are worked out and on a practical 3D tunnel excavation example results are
shown. Particular attention has been paid to the computational performance of both
coupling techniques.
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Abstract. Buildings are grounded in the surrounding soil, so that soil and structure
interact with each other. Consequently in the soil induced vibrations are transmitted to
the structures. Neighbouring buildings and structures interact with each other, as they
are connected by the soil. Nowadays numerical simulation of soil structure interaction is
of great interest and is applied to very different problems. These include for example the
construction of reliable earthquake-resistant structures in seismic active areas, and also
the increase of comfort of buildings by decouple them form surrounding emissions like
vibrations induced by traffic of machine foundations.

This work shows that the simulation of soil-structure-interaction taking unbounded
domains into account, which fulfils the Sommerfeld radiation condition exactly, is not only
possible for academic examples, but for large scale real life problems as well. Therefore
two numerical methods where coupled to create an efficient coupled method, which can be
used to simulate soil-structure-interaction in time domain. The numerical implementation
of this coupled approach bases on a combination of finite element method [1] and scaled
boundary finite element method [2]. The finite element method is used to discretise the
near-field, containing structures and its surrounding soil. The coupled infinite half-space,
the far-field is realised by the scaled boundary finite element method.

A contemporary parallel implementation of the coupling algorithms is done, since the
simulation of soil structure interaction in time domain is very time and memory consum-
ing [3]. Subsequent the numerical performance of the implemented software is discussed
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in terms of speed-up and efficiency. Different geotechnical applications are illustrated and
the applicability of the coupled method is shown and discussed on chosen examples.

1 INTRODUCTION

Accurate simulations of wave-propagation is essential for soil-structure interaction (SSI)
analysis. Unbounded domains or infinite half-spaces, require careful analysis and call for
efficient methods in order to model wave-propagation to infinity. Whenever vibrations
or impulses are emitted to soil, they induce waves traveling through the ground that can
provoke structures to vibrate and even to fail. It is essential not only to analyze the
structure itself but also to take the surrounding soil into account [4, 5, 6].

Different methods considering the surrounding unbounded domain by a transmitting
boundary, have been developed during the last years. One of the simplest transmitting
boundary conditions is a viscous boundary condition, acting like a dashpot [7]. Other
local, arbitrary order absorbing boundary conditions [8, 8, 9] and several other types of
transmitting boundaries (e.g., infinite elements [10, 11]) have been proposed, but none of
them is able to fulfill the radiation condition exactly.

∞ ∞

Ω

Γ

SBFEM:
Scaling center

Interface

Far-field

FEM:

Structure

Foundation

Soil

Figure 1: Problem definition.

Here a substructuring method is used (see Fig. 1) therefore the soil-structure system is
spit up into a near-field and a far-field. Structure and foundation as well as parts of the
surrounding soil are represent by the near-field Ω. The unbounded domain is represented
by the far-field. The near-field can be easily discretized by finite elements the far-field
is discretized by scaled boundary finite elements. Both methods are coupled at their
common interface Γ. This discretisation assures that the radiation condition to infinity is
fulfilled [2].
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2 COUPLED FEM-SBFEM APPROACH

The equation of motion for the displacement-based FEM is given by

Mü+Cu̇+Ku = p, (1)

where M is the mass matrix, C is the damping matrix and K the stiffness matrix. The
vectors u, its first and second derivative represents displacement, velocity and acceleration.
Supposing that period T can be divided into n time steps of constant size yields to a time
step length ∆t = T

n
. Applying the Newmark scheme [12] to equation (1) leads to

Mün+1 +Cu̇n+1 +Kun = pn+1 , (2)

with the update rules for displacement

un+1 = un +∆tu̇n +

(
1

2
− β

)
∆t2ün + β∆t2ün+1 , (3)

and velocity
u̇n+1 = u̇n + (1− γ)∆tün + γ∆tün+1 . (4)

The parameters β and γ of the time step integration scheme should be set as follows

γ ≥ 1

2
and β ≥ 1

4

(
γ +

1

2

)2

. (5)

In order to couple FEM and SBFEM the entries of the matrices in equation (1) have to
be reordered

[
MΩΩ MΩΓ

MΓΩ MΓΓ

]
ü+

[
CΩΩ CΩΓ

CΓΩ CΓΓ

]
u̇+

[
KΩΩ KΩΓ

KΓΩ KΓΓ

]
u =

[
pΩΩ

pΓΓ

]
−

[
0
pb

]
(6)

so that the block with the subscript “ΩΩ” contains all nodes located in the near-field
while the block with subscript “ΓΓ” contains all nodes at the far-field-interface. The
blocks with the subscripts “ΩΓ” and “ΓΩ” include the coupling information of near-field
and far-field nodes. The vector pb acts on the boundare Γ only. This additional force
describes the response of the infinite half-space and can be applied to the near-field as a
load.

The near-field is described by the FEM the far-field by the SBFEM. The forces acting
at the interface of near-field and far-field are given by the convolution integral

pb(t) =

t∫

0

M∞(t− τ)ü(τ)dτ , (7)
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where M∞(t) is the unit-impulse matrix. To solve the convolution integral (7) the unit-
impulse matrices M∞

i are assumed to be constant within the time step ∆t,

M∞(t) =





M∞
0 t ∈ [0;∆t] ,

M∞
1 t ∈ [∆t; 2∆t] ,

...
...

M∞
n t ∈ [(n− 1)∆t;n∆t] .

(8)

Due to this assumption and applying the time step integration scheme, equation (7) can
be rewritten as

pb(tn) = γ∆tM∞
0 ün +

n−1∑
j=1

M∞
n−j (u̇j − u̇j−1) . (9)

The coupling of FEM and SBFEM is realized by simply adding equation (9) to the
presorted FEM (6)

[
MΩΩ MΩΓ

MΓΩ MΓΓ + γ∆tM∞
0

]
ü+

[
CΩΩ CΩΓ

CΓΩ CΓΓ

]
u̇+

[
KΩΩ KΩΓ

KΓΩ KΓΓ

]
u =




pΩΩ

pΓΓ −
n−1∑
j=1

M∞
n−j (u̇j − u̇j−1)


 ,

(10)

so that the coupling is described in equation (10) completely.

3 IMPLEMENTATION

For the SSI analysis two programs are developed. The far-field is computed by ScaBo
the coupled FEM-SBFEM analysis is computed by elPaSo [13, 14]. A more detailed
description about the concept of ScaBo is published in [3]. Different third party libraries
are used to achieve reasonable performance. ScaBo has to handle dense and sparse
matrices as well, that is why ScaLAPACK builds the main core of this program [15].
Additional libraries like LAPACK, BLAS, BLACS, SLICOT, PLICOC (see Fig. 2(left))
are used to gain an optimal performance [16, 17, 18, 19].

The coupling of near-field and far-field is performed using elPaSo, here PETSc [20]
builts the main core, hence sparse matrices are used. The libraries linkt to elPaSo are
shown in Fig. 2 (right). To get access to direct solvers for linear equation systems MUMPS
and SuperLU dist are also liked to elPaSo [21, 22, 23].

The communication is done by using the message passing interface (MPI) [24]. This
allows to run both programs on distributed memory systems like clusters of computers
and shared memory systems like multi core compute servers as well. This implementations
guarantee a high flexibility regarding the utilized compute resources.
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sequential libraries

parallel libraries

libraries for dense matrices

libraries for sparse matrices

BLAS

BLACS

PBLAS

LAPACK

SLICOT

RECSY

ScaLAPACK

SCASY PSLICOT PLiCOC

PETSc

sequential libraries

parallel libraries

libraries for dense matrices

libraries for sparse matrices

BLAS

BLACS

PBLAS

LAPACK

ScaLAPACK

SuperLU Dist MUMPS

PETSc

Figure 2: External libraries linked to ScaBo (left) elPaSo (right).

4 SETTLEMENT SIMULATION

In order to validate the implemented algorithms as illustrated in section 2 a settlement
problem is carried out. Therefore two different discretisations of the near-field far-field
interface are analysed. As already discussed in section 1, the problem has to be split
into two separate domains. The near-field is represented by linear finite elements and the
far-field by linear scaled boundary finite elements.

�x

�y

�z

q
r

q

Figure 3: Infinite half space under constant area load q. (left) The computational domain is realized
using a hemisphere. (right) The computational domain is realized using a cuboid.

Isotropic, homogeneous and fully linear elastic material is assumed for near-field and
far-field as well. The material parameter are chosen as follows: Young’s modulus E =
21000 [kNm−2], Poisson ratio ν = 0.15 and density ρ = 2100 [kgm−3]. In this case a
semi-analytical solution is available [25].

The numerical model is implemented for time domain analysis so that the displace-
ments are time-dependent. As the coupled FEM-SBFEM approach fulfills the radiation
condition, the nodal displacements become constant after a certain time, whenever con-
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stant loads are applied. In those cases the numerical results approximate the static semi-
analytical solution. To show the accuracy of the method we use two different meshing
strategies, which are discussed in detail in the following sections.

One interface is discretised by a cubuid shaped mesh (CSM) see Fig. 3(left). The
dimensions of the mesh are set to �x = �y = 457.2 [m] and �z = 190.5 [m]. The second
interface is discretised by a hemisphere shaped mesh (HSM) see Fig. 3(right). The distance
between this centre and all interface nodes at the boundary Γ is exactly r = 190.5 [m].
The scaling centre is located in both cases in the middle of the loaded area, so that the
smallest distance between scaling centre and boundary Γ is 190.5 [m]. On a square region
of 152.4 × 152.4 [m2] an area load q = 70 [kNm−2] is applied. Table 1 summarizes the
degrees of freedom (DoF) for the two discretised meshes.

Table 1: Discretisations with different number of DoF.

DoFFEM DoFSBFEM Θ DoFFEM

DoFSBFEM

CSM 14520 3720 25.6%
HSM 49155 3603 7.3%

The chosen material parameters yield to a longitudinal wave speed cp = 102.001 ms−1.
So that the critical time step length is given by ∆t = r

30cp
≈ 0.06 s [26]. The parameters

of Newmarks time step integration scheme are set to β = 0.3025 and γ = 0.6.
Evaluating the mentioned semi-analytical solution lead to a constant displacement

d(z = 0) = 0.560443138 [m] in the centre of the loaded area directly at the near-fields
surface. This solution is used to normalize the numerical time dependent solution as
shown in Fig. 4.
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Figure 4: Time dependent normalized settlement.
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5 FAR-FIELD MODEL REDUCTION

Computation of the unit-impulse response matrices M∞ and the convolution integral
eq. (7) is very expensive and memory consuming. Hence different model reductions are
used to reduce the computational effort and memory consumption.

Since M∞ increases after a certain time step tm (t0 ≤ tm ≤ tn), with a constant
increment, not all n matrices have to be provided for the numerical simulation. For a
simulation with n time steps, it is necessary to compute at least m matrices. All other
matrices can be computed by a recursive algorithm [27].

Applying this model reduction to the meshes discussed in section 4 lead to the results
as shown is Fig. 5. It is obvious that the used memory as well as the needed computation
time decreases with the reduction of provided M∞ matrices. As long as the number of
M∞ matrices is big enough the simulations relative error stays constant. If the number of
precomputed matrices is too small the relative error increases. With tm = 50 the relative
error and also the solution is the same, compared to the reference solution without matrix
extrapolation, but the memory usage is reduced to 32% and the run time is reduced to
37%.

50 100
0

0.5

1

Instant of time tm

M
em

o
ry

u
sa
g
e
[-
] CSM

HSM

50 100
0

0.5

1

Instant of time tm

N
o
rm

a
li
ze
d
ti
m
e
[-
] ScaBo

elPaSo

50 100

10−3

10−2

10−1

100

Instant of time tm

R
el
a
ti
v
e
er
ro
r
[-
] CSM

HSM

Figure 5: Memory usage (left), normalized compute time (mid) and relative error (right) when matrices
M∞

t , t ≤ m are extrapolated.

To make use of matrix extrapolation for model reduction, a recursive algorithm has
to be implemented. Another approach without modifying the calculus is the geometrical
decoupling. Therefore a threshold εz is introduced. This value is used to compare the
entities in the unit-impulse response matrices. If the matrix entry is smaller than εz the
influence of the corresponding nodes is supposed to be very small and so the value is
not used for further computation. The influence of εz is studied within a range 10−8 ≤
εz ≤ 10−2. The influence regarding the time used for computation is rather small, but
the memory consumption is significant (see Fig.6). The fully populated matrices are
computed and only at very end of the far-field computation the model is reduced. This
reduced model is then used for later near-field far-field coupling, regarding the solutions
relative error this model reduction is very robust.
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Figure 6: Memory usage (left), normalized compute time (mid) and relative error (right) when geomet-
rical threshold εz is used.

The next step is consequently to decouple the far-field nodes not at the end of the far-
field computation, but in the beginning. Hence the far-field is separated into an arbitrary
number of substructures. Each substructure is solved separately. When the coupling is
carried out, the substructures are combined with the near-field, so that the the complete
far-field is considered. Memory usage, needed computational time and relative error are
shown in Fig. 7. This reduction is very efficient in terms of memory and time consumption,
but the relative error increases imminently.
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Figure 7: Memory usage (left), normalized compute time (mid) and relative error (right) when far-field
is split up into substructures.

All three model reductions can be combined. The largest relative error of one method
is dominating the other two. If substructuring is done carefully and the parameters tm
and εz are chosen in a valid range a major reduction of memory usage and computational
time can be achieved. Here for instance if HSM is analysed with tm = 50, εz = 10−5

and the far-field is divided into four substructures only 11% of memory is required and
only 16.2% of the computational time. The solution is the same as the one which uses 4
substructures only.
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6 PARALLEL PERFORMANCE

Desktop computer and even compute server are limited in memory and performance,
hence the usage of compute cluster is a way to provide lots of memory and handle large
numbers of unknowns in order to simulate realistic problems. As already mentioned both
presented programs are designed to perform on distributed memory systems. In order
to show the parallel performance a weak scaling is done. According to Amdahl [28] the
time T needed to solve a certain problem can be split into one part which is going to be
performed sequentially αT and another part which can be done in parallel (1− α)T :

T = αT + (1− α)T . (11)

Applying this to p processes lead to

T (p) = αT (1) +
(1− α)T (1)

p
. (12)

Here the parallel performance of the coupled simulation is analysed. A detailed study
of the parallel performance of ScaBo can be found in [3]. The weak scaling is conducted
on a compute cluster of 15 nodes, each of them with 2 AMD Opteron 240 processors at
1.4 GHz and 3 GB of RAM, linked with a Myrinet-2000 interconnect. In all runs, one
MPI rank per CPU is used (for instance, runs with 2 processes use only one node).
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Figure 8: Parallel performence of the coupled simulation. Speedup (left), efficiency (right).

Fig. 8 displays the parallel speedup, which is defined as follows:

Sp =
T (1)

T (p)
(13)

The parallel speedup is equal to the gain factor when the code runs with p processors.
The plot shows an increasing of the speedup, which does not decay until 30 processes are
employed. The speedup is not very close to the theoretical maximum α = 0, but it shows
a significant gain of about 15 with 30 processes. In terms of efficiency

Ep =
Sp

p
=

T (1)

p · T (p)
, (14)
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which gives an indication of how well the code utilizes the available processors, a level of
50% is achieved in the worst case.

7 CONCLUSIONS

It is shown, that different model reductions techniques applied to the far-field can re-
duce the required memory and computational time without a leak of accuracy. Both,
model reduction techniques and parallel computing can provide an answer to the high
computational cost resulting from the application of SBFEM to very large scaled engi-
neering problems. It is demonstrated that, in practice, when run on a moderately-sized
cluster, the coupled FEM-SBFEM approach can yield the solution not only to academic
benchmarks, but also to real problems. More complex, large-scale applications using this
coupling approach will follow.
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Abstract. The mechanics of the piezoelectric functionally graded material (FGM) has 
received considerable research effort with their increasing usage in various applications 
including sensors and actuators, piezoelectric motors, reduction of vibrations and noise, 
infertility treatment and photovoltaics. It is hard to find the analytical solution of a problem in 
a general case, therefore, an important number of engineering and mathematical papers 
devoted to the numerical solution have studied the overall behavior of such materials.         
The time-stepping dual reciprocity boundary element method was proposed to solve the 2D 
coupled problem in anisotropic piezoelectric FGM plates. The accuracy of the proposed 
method was examined and confirmed by comparing the obtained results with those known 
previously.  

 
 
1 INTRODUCTION 
Numerical modelling of piezoelectric solids present certain difficulties since they exhibit not 
only electro-elastic coupling but anisotropic behaviour. Piezoelectric effect can only appear in 
crystals that lack of a centre of symmetry and that, as a consequence, are anisotropic. This 
anisotropy reduces in most cases to transversal isotropy. Piezoelectric ceramics are used for 
construction of sensors, transducers, actuators as well as adaptative structures. Lead zirconate 
titanate (PZT) is the most widely used piezoceramic. There are also piezopolymers as the 
polyvinilidene fluoride (PVDF). Owing to the coupling effects between mechanical and 
electric properties, piezoelectric materials (PMs) have found wide technological applications 
as sensors and actuators, piezoelectric motors, reduction of vibrations and noise, infertility 
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treatment and photovoltaics. Applications of piezoelectric materials as electro-mechanical 
devices have also stimulated a wide range of analytical researches [1-14]. It is usually difficult 
to obtain analytical solutions to problems involving finite solids or complex boundary 
conditions. Numerical methods, such as the finite difference method [15-19], the finite 
element method [20] and the boundary element method (BEM) [21-31] have also been 
applied to the analysis of electromechanical coupling under complicated conditions.  Pan [32] 
derived the Green’s functions for the anisotropic piezoelectric solids in an infinite plane, a 
half plane, and two joined dissimilar half-planes using the complex variable function method 
and presented a single-domain BEM analysis of 2D facture mechanics. Recent developments 
of 2D Green’s functions and BEM analysis can be found in Refs. [33–37] for example. It is 
well known that the BEM presents significant advantages over other numerical techniques for 
the analysis of fracture mechanics problems. This fact has led to the publication of several BE 
approaches for the analysis of cracks in piezoelectric solids in the la st few years. Presence of 
domain integrals in the formulation of the BEM dramatically decreases the efficiency of this 
technique. One of the most frequently used techniques for converting the domain integral into 
a boundary one developed through our paper is the so-called dual reciprocity boundary 
element method (DRBEM) [38-46]. 
In this article the DRBEM is used to solve the  coupled problem in anisotropic piezoelectric 
FGM plates. In the case of two-dimensional, a numerical scheme for the implementation of 
the method is presented. The accuracy of the proposed method was examined and confirmed 
by comparing the obtained results with those known before.  

2 FORMULATION OF THE PROBLEM  
Here, we present the basic equations of the piezoelectric elasticity theory, which will be used 
for the solution of the problem described in the Introduction. With reference to a Cartesian 
coordinate system (x, y, z) as shown in Fig. 1.  We shall consider a functionally graded 
anisotropic piezoelectric plate. The plate occupies the region 𝑅𝑅 =   𝑥𝑥, 𝑦𝑦, 𝑧𝑧 : 0 < 𝑥𝑥 < 𝜁𝜁, 0 <
𝑦𝑦<Ψ, 0<𝑧𝑧<𝜉𝜉 with graded material properties in the thickness direction.  
In this paper, the FGM properties are graded along the thickness direction (𝑥𝑥-direction) of the 
plate. The governing equations for the stress wave propagation in anisotropic functionally 
graded piezoelectric plate may be written in the following form 
𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖𝑢𝑢 ,i𝑓𝑓 = ρ𝑢𝑢 𝑔𝑔 − 𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖ℵ𝑢𝑢 ,i − e𝑖𝑖𝑓𝑓𝑔𝑔   Φ,𝑖𝑖𝑓𝑓 +ℵΦ,𝑖𝑖                                                                         (1) 
e𝑓𝑓𝑖𝑖𝑢𝑢 ,i𝑓𝑓 = 𝜖𝜖𝑓𝑓𝑖𝑖 Φ,i𝑓𝑓 − e𝑓𝑓𝑖𝑖ℵ𝑢𝑢 ,i  +  𝜖𝜖𝑓𝑓𝑖𝑖  Φ,i𝑓𝑓 +ℵΦ,i                                                                         (2) 
where 𝜎𝜎𝑓𝑓g  is the mechanical stress tensor, 𝜀𝜀i is the strain tensor, 𝑢𝑢 is the displacement 
vector, Ei  is the electric field vector, Φ is the electric potential, 𝐷𝐷 is the electric displacement, 
𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖  is the elasticity tensor  𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖 = 𝐶𝐶𝑔𝑔𝑓𝑓𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑓𝑓𝑔𝑔  , e𝑖𝑖𝑓𝑓𝑔𝑔  is the piezoelectric tensor  e𝑖𝑖𝑓𝑓𝑔𝑔 =
e𝑖𝑖𝑔𝑔𝑓𝑓, 𝜖𝜖𝑓𝑓𝑖𝑖 is the permittivity tensor  𝜖𝜖𝑓𝑓𝑖𝑖=𝜖𝜖𝑖𝑖𝑓𝑓, ρ is the density and ℵ=𝑚𝑚𝑥𝑥+1. 
A superposed dot denotes differentiation with respect to the time and a comma followed by a 
subscript denotes partial differentiation with respect to the corresponding coordinates. 
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3 NUMERICAL IMPLEMENTATION 
Using the contracted notation, the governing equations (1) and (2) can be combined to form a 
single equation as follows: 
𝐿𝐿GH 𝑈𝑈H = ρ𝛿𝛿𝐺𝐺𝐻𝐻𝑈𝑈 H − BG                                                                                                                          (3) 
where 
𝑈𝑈H =  𝑢𝑢           = H = 1,2,3

Φ           H = 4               
                                                                                                               (4) 

ΖG =  𝑡𝑡𝑔𝑔                𝑔𝑔 = 𝐺𝐺 = 1,2,3
𝑞𝑞                 𝐺𝐺 = 4              

                                                                                                           (5) 

𝐶𝐶𝑓𝑓GH 𝑖𝑖 =

  
 
  

𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖 ,     𝑔𝑔 = G = 1,2,3;  = H = 1,2,3
e𝑖𝑖𝑓𝑓𝑔𝑔 ,       𝑔𝑔 = G = 1,2,3; H = 4               
e𝑓𝑓𝑖𝑖 ,        G = 4;                 = H = 1,2,3
−𝜖𝜖𝑓𝑓𝑖𝑖 ,        G = 4;                H = 4                

                                                                         (6) 

𝛿𝛿𝐺𝐺𝐻𝐻 =  𝛿𝛿𝑔𝑔                     𝑔𝑔 = 𝐺𝐺 = 1,2,3,      𝑘𝑘 = 𝐾𝐾 = 1,2,3
0                        𝑜𝑜𝑡𝑡𝑒𝑒𝑟𝑟𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒                                        

                                                               (7) 

𝐿𝐿GH = 𝐶𝐶𝑓𝑓GH 𝑖𝑖
𝜕𝜕
𝑥𝑥𝑖𝑖

𝜕𝜕
𝑥𝑥𝑓𝑓

                                                                                                                                   (8) 

BG =  
𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖𝑢𝑢 + e𝑖𝑖𝑓𝑓𝑔𝑔  Φ ,                                        𝑔𝑔 = 𝐺𝐺 = 1,2,3
𝜖𝜖𝑓𝑓𝑖𝑖Φ,i𝑓𝑓 − e𝑓𝑓𝑖𝑖𝑢𝑢  +  𝜖𝜖𝑓𝑓𝑖𝑖Φ ,                          𝐺𝐺 = 4               

                                                      (9) 

𝑢𝑢 = ℵ𝑢𝑢 ,i ,             Φ = Φ,𝑖𝑖𝑓𝑓 +ℵΦ,𝑖𝑖                                                                                                     (10) 
Now, we choose the fundamental solution 𝑈𝑈𝑀𝑀𝐻𝐻

∗  as weighting function as follows 
𝐿𝐿𝐺𝐺𝐻𝐻𝑈𝑈𝑀𝑀𝐻𝐻

∗  𝑥𝑥, 𝜉𝜉 = −𝛿𝛿𝐺𝐺𝑀𝑀𝛿𝛿 𝑥𝑥, 𝜉𝜉                                                                                                            (11) 
By integrating the weighted residual formula by parts twice we obtain the following 
piezoelectric reciprocity relation 

  𝐿𝐿GH U𝐻𝐻𝑈𝑈𝑀𝑀𝐺𝐺
∗ − 𝐿𝐿GH 𝑈𝑈𝑀𝑀𝐻𝐻

∗ UG  
𝑅𝑅

𝑑𝑑𝑅𝑅 =   𝑈𝑈𝑀𝑀𝐺𝐺
∗ ΖG − Ζ𝑀𝑀𝐺𝐺

∗ UG 
𝛤𝛤

𝑑𝑑𝛤𝛤                                                 (12) 

 
where 

Ζ𝑀𝑀𝐺𝐺
∗ = 𝐶𝐶𝑓𝑓G𝐻𝐻𝑖𝑖𝑈𝑈𝑀𝑀𝐻𝐻 ,𝑖𝑖

∗ 𝑛𝑛𝑓𝑓  
By the use of sifting property, we obtain from equation (12) the piezoelectric integral 
representation formula 

𝑈𝑈M  ξ =   𝑈𝑈𝑀𝑀𝐺𝐺
∗ ΖG −Ζ𝑀𝑀𝐺𝐺

∗ UG  
𝛤𝛤

𝑑𝑑𝛤𝛤 − 𝑈𝑈𝑀𝑀𝐺𝐺
∗ (ρ𝛿𝛿𝐺𝐺𝐻𝐻𝑈𝑈 H − BG )𝑑𝑑𝑅𝑅

𝑅𝑅

                                             (13) 

To transform the domain integrals into boundary integrals over the global boundary of the 
analyzed domain, the DRBEM can be applied to equation (13) to give the dual reciprocity 
representation formula of piezoelectric as  

𝑈𝑈𝐻𝐻 ξ =   𝑈𝑈𝐻𝐻𝐺𝐺
∗ ΖG −Ζ𝐻𝐻𝐺𝐺

∗ UG  
𝛤𝛤

𝑑𝑑𝛤𝛤 +   𝑈𝑈𝐻𝐻𝑁𝑁
𝑞𝑞  𝜉𝜉 +   𝑇𝑇𝐻𝐻𝐺𝐺

∗ 𝑈𝑈𝐺𝐺𝑁𝑁
𝑞𝑞 − U𝐻𝐻𝐺𝐺

∗ 𝑇𝑇𝐺𝐺𝑁𝑁
𝑞𝑞  

𝛤𝛤

𝑑𝑑𝛤𝛤 
𝑁𝑁

𝑞𝑞=1
𝛼𝛼N

q        (14) 
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According to the steps described in Fahmy [43], the dual reciprocity boundary integral 
equation (14) can be written in the following system of equations  
ζ  𝑈𝑈  𝑡𝑡 − η T  t =  ζ  ℧  𝑡𝑡 − η τ  t  α 𝑡𝑡                                                                                           (15) 
where  ζ  , η  are BEM system matrices, 𝑈𝑈 , T   contain the nodal values of the generalized 
displacements and fluxes, and ℧ , τ  contain the particular solutions  
The coefficient vector αs  t  can be calculated by setting up a system of N equations from (15) 
using the point collocation procedure, which yields the system 
𝑀𝑀𝑈𝑈   𝑡𝑡 + ζ  𝑈𝑈  𝑡𝑡 = η T  t + ℬ  t                                                                                                        (16) 
where the volume matrix  V, piezoelectric mass matrix 𝑀𝑀 and source vector ℬ  t  are as 
follows: 
𝑉𝑉 =  η τ  t − ζ  ℧  𝑡𝑡  ℱ−1,      𝑀𝑀 = 𝜌𝜌𝑉𝑉,     ℬ  t = 𝑉𝑉𝐵𝐵  𝑡𝑡 .                                                         (17)  
The following matrix equation is obtained from Eq. (16).  

 𝑀𝑀
11 𝑀𝑀12

𝑀𝑀21 𝑀𝑀22  U k

U u  +  𝐾𝐾
11 𝐾𝐾12

𝐾𝐾21 𝐾𝐾22   
𝑈𝑈𝑘𝑘 (𝑡𝑡)
𝑈𝑈𝑢𝑢(𝑡𝑡) =  η 

11 η 12

η 21 η 22  
Tk (t)
Tu (t) +  ℬ

1(𝑡𝑡)
ℬ2(𝑡𝑡)                         (18) 

The unknown fluxes T𝑢𝑢 t  are obtained from the first row of matrix equation (18) and  
are expressed as follows.  

T𝑢𝑢 t =  η12 −1 𝑀𝑀11𝑈𝑈 𝑘𝑘  𝑡𝑡 + 𝑀𝑀12𝑈𝑈 𝑢𝑢 𝑡𝑡 + 𝐾𝐾11𝑈𝑈𝑘𝑘  𝑡𝑡   
                                 +𝐾𝐾11𝑈𝑈𝑘𝑘  𝑡𝑡 + 𝐾𝐾12𝑈𝑈𝑢𝑢 𝑡𝑡 − η 11Tk  t − ℬ1(𝑡𝑡)                                         (19) 
Making use of Eq. (19), we can write the second row of matrix equation (18) as  
𝑀𝑀𝑢𝑢U 𝑢𝑢 t + K𝑢𝑢U𝑢𝑢 t = Qk t                                                                                                             (20) 
where 
Qk t = ℬ k t + η kTk t − 𝑀𝑀𝑘𝑘𝑈𝑈 𝑘𝑘  𝑡𝑡 − 𝐾𝐾𝑘𝑘𝑈𝑈𝑘𝑘  𝑡𝑡                                                        
𝑀𝑀𝑢𝑢 = 𝑀𝑀22 − η 22 η 12 −1𝑀𝑀12  
𝑀𝑀k = 𝑀𝑀21 − η 22 η 12 −1𝑀𝑀11  
𝐾𝐾𝑢𝑢 = 𝐾𝐾22 − η 22 η 12 −1𝐾𝐾12  
𝐾𝐾k = 𝐾𝐾21 − η 22 η 12 −1𝐾𝐾11  
η k = η 21 − η 22  η 12 −1η11 
ℬ k t = ℬ2 𝑡𝑡 − η 22 η 12 −1ℬ1(𝑡𝑡) 
We now split the system (20) into elastic and electric parts as follows: 

 𝑀𝑀𝑢𝑢𝑢𝑢
𝑢𝑢 0

𝑀𝑀𝜑𝜑𝑢𝑢
𝑢𝑢 0  𝑢𝑢 

𝑢𝑢(𝑡𝑡)
𝜑𝜑 𝑢𝑢 (𝑡𝑡) +  

K𝑢𝑢𝑢𝑢
𝑢𝑢 K𝑢𝑢𝜑𝜑

𝑢𝑢

K𝜑𝜑𝑢𝑢
𝑢𝑢 K𝜑𝜑𝜑𝜑

𝑢𝑢   u𝑢𝑢(t)
𝜑𝜑𝑢𝑢 (t) =  Q𝑢𝑢

k (t)
Q𝜑𝜑

k (t)                                                               (21) 

The unknown electric potential φu  can be obtained from the second row of Eq. (21) as  
𝜑𝜑u  𝑡𝑡 =  𝐾𝐾𝜑𝜑𝜑𝜑

𝑢𝑢  −1 Q𝜑𝜑
k  t − 𝑀𝑀𝜑𝜑𝑢𝑢

𝑢𝑢 𝑢𝑢 𝑢𝑢 𝑡𝑡 − K𝜑𝜑𝑢𝑢
𝑢𝑢 u𝑢𝑢(t)                                                                    (22) 

With the aid of Eq. (22) into the first row of Eq. (21) we obtain  
𝑀𝑀 𝑢𝑢𝑢𝑢 𝑢𝑢  𝑡𝑡 + 𝐾𝐾 𝑢𝑢𝑢𝑢𝑢𝑢  𝑡𝑡 = 𝑄𝑄 𝑘𝑘  𝑡𝑡                                                                                                           (23) 
where 

𝑄𝑄 𝑘𝑘  𝑡𝑡 = 𝑄𝑄𝑢𝑢
𝑘𝑘  𝑡𝑡 − K𝑢𝑢𝜑𝜑

𝑢𝑢  K𝜑𝜑𝜑𝜑
𝑢𝑢  −1Q𝜑𝜑

k (t) 
𝑀𝑀 𝑢𝑢 = 𝑀𝑀𝑢𝑢𝑢𝑢

𝑢𝑢 − K𝑢𝑢𝜑𝜑
𝑢𝑢  K𝜑𝜑𝜑𝜑

𝑢𝑢  −1𝑀𝑀𝜑𝜑𝑢𝑢
𝑢𝑢  

𝐾𝐾 𝑢𝑢 = 𝐾𝐾𝑢𝑢𝑢𝑢
𝑢𝑢 − K𝑢𝑢𝜑𝜑

𝑢𝑢  K𝜑𝜑𝜑𝜑
𝑢𝑢  −1𝐾𝐾𝜑𝜑𝑢𝑢

𝑢𝑢  
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We can write Eq. (23) at time step 𝑛𝑛 + 1 
𝑀𝑀 𝑢𝑢𝑢𝑢 n+1

𝑢𝑢 + 𝐾𝐾 𝑢𝑢𝑢𝑢n+1
𝑢𝑢 = 𝑄𝑄 n+1

k                                                                                                                 (24) 
where 
𝑄𝑄 n+1

k = ℬ n+1
k + ηkTn +1

k − 𝑀𝑀𝑘𝑘𝑢𝑢 n+1
k − 𝐾𝐾𝑘𝑘𝑢𝑢n+1

k                                                                               (25) 
The displacements 𝑢𝑢𝑛𝑛+1 and velocities 𝑢𝑢 n+1 used in this algorithm are approximated at time 
step n+1 as follows:  
𝑢𝑢 n+1 ≈ 𝑢𝑢 n +   1− δ 𝑢𝑢 n + δ𝑢𝑢 n+1 ∆t                                                                                              (26) 

𝑢𝑢𝑛𝑛+1 ≈ 𝑢𝑢𝑛𝑛 + 𝑢𝑢 n∆t +   1
2 − α 𝑢𝑢 n + α𝑢𝑢 n+1 ∆t2                                                                          (27) 

The acceleration at time step n+1 may be expressed from Equation (27) as:    

𝑢𝑢 n+1 ≈ 1
α∆t2  𝑢𝑢𝑛𝑛+1 − 𝑢𝑢𝑛𝑛 − 1

α∆t 𝑢𝑢 n −  1
2α− 1 𝑢𝑢 n                                                                     (28) 

Upon substitution of (28) into (24) we obtain the following algebraic system 
ℝ𝑢𝑢n+1

u = ℳn+1                                                                                                                                     (29) 
where the stiffness matrix  ℝ and effective load vector ℳn +1 are given by 

ℝ = 1
α∆t2 𝑀𝑀 𝑢𝑢 + 𝐾𝐾 𝑢𝑢                                                                                                                               (30) 

ℳn+1 = 𝑄𝑄 n+1
k + 𝑀𝑀 𝑢𝑢  1

α∆t2 𝑢𝑢𝑛𝑛
𝑢𝑢 + 1

α∆t 𝑢𝑢 𝑛𝑛
𝑢𝑢 +  1

2α− 1 𝑢𝑢 𝑛𝑛𝑢𝑢                                                          (31) 

Once we have solved (29) for the unknown displacements at time step n+1, we can compute 
the accelerations and velocities from equations (28) and (26) respectively. Finally, the electric 
potential 𝜑𝜑u  𝑡𝑡  can be obtained from (22) and the unknown generalized tractions T𝑢𝑢  t  can 
be determined using equation (19).  

  

4 NUMERICAL RESULTS AND DISCUSSION 
With the view of illustrating the numerical results, the material chosen for the plate is the 
piezoelectric ceramic Lead Zirconate Titanate (PZT), and the physical data for which is given 
as follows:                                                                                                                                
The elasticity tensor 𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖  , piezoelectric tensor 𝑒𝑒  and relative permittivity ϵ

rel
 

 

𝐶𝐶𝑓𝑓𝑔𝑔𝑖𝑖 =

 

  
 

107.6 63.10
63.10 107.6

63.90 0.000
63.90 0.000

0.000 0.000
0.000 0. 000

63.90 63.90
0.000 0.000

100.4 0.000
0.000 19.60

0.000 0.000
0.000 0.000

0.000 0.000
0.000 0.000

0.000 0.000
0.000 0.000

19.60 0.000
0.000 22.20  

  
 

 

 

𝑒𝑒 =  
0.00 0.00 0.00 0.00 12.0 0.00
0.00 0.00 0.00 12.0 0.00 0.00
−9.6 −9.6 15.1 0.00 0.00 0.00

  

ϵ
rel =  

1936 0.00 0.00
0.00 1936 0.00
0.00 0.00 2109
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the results are plotted in Figs. 2–4 to show the validity of the DRBEM. These results obtained 
with the DRBEM have been compared graphically with those obtained using the Meshless 
Local Petrov–Galerkin (MLPG) method of Sladek et al. [47] are shown graphically in the 
same figures to confirm the validity of the proposed method. It can be seen from these figures 
that the DRBEM results are in excellent agreement with the results obtained by MLPG.     
The effects of the number of elements used were also examined. It was found that a further 
increase of boundary elements in the DRBEM led to improved numerical results (see Figures 
2, 3 and 4).  
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Abstract. Numerical simulation is a valuable tool to help investigate complex multiphysics 
problems of engineering and science. This also applies to inductive surface hardening with its 
coupled electromagnetic and temperature fields as well as the microstructure changes of the 
hardened material. In this field, numerical simulation is a well-established approach for 
effective process design. This is particularly true since an analytical approach usually fails 
because of the complexity of the problems. Also, experiments oftentimes are not leading to a 
solution in an acceptable period of time because of the big number of process parameters. 
Furthermore, numerical simulation can help to investigate effects that could not have been 
observed otherwise. An example is the Joule heat distribution within a heated work piece 
during inductive heating. However, the fields of application as well as the methods of 
numerical simulation have to keep pace with technological progress. Two examples of new 
applications and methods for numerical simulation in induction hardening are presented in 
this paper: A complex 3D model of a large bearing and a new approach for the numerical 
simulation of the martensite microstructure. 

 
 
1 INTRODUCTION 

In the first part of this paper, an application-oriented strategy to numerically model and 
investigate scan hardening processes for large bearings is introduced. It will be shown how 
the 3D model can be applied to different hardening setups by a user without deeper 
knowledge of the numerical software. The advantages of using the model for the development 
of complex inductor geometries compared to an experiment based approach will be pointed 
out. The model calculates the temperature profile within a work piece, which is shown 
exemplarily for an inner ring of a main bearing used in wind power systems. 
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In the second part of the paper, a new numerical model for calculating martensite 
microstructure in induction surface hardening processes is introduced. It takes into account 
the heating as well as the quenching process and uses the temperature history of a work piece 
to calculate martensite formation. The calculation is based on an empirical equation found by 
Koistinen and Marburger. A comparison between the heat distribution within a work piece at 
the end of the heating process and the distribution of martensite after quenching is performed 
for different process parameters. Thus, it is determined, in which case the temperature 
distribution is sufficient to predict the hardened layer and in which case the microstructure has 
to be calculated to receive accurate results. The model is verified by comparing simulation 
results with experiments. 

 

2 NUMERICAL 3D MODELLING AND VERIFICATION OF INDUCTION 
SURFACE HARDENING PROCESSES FOR LARGE BEARINGS 

The rapid growth of renewable energy all over the 
world goes hand in hand with technological progress 
in this field. This also applies to wind power systems 
with their constantly increasing size and nominal 
output power of recently up to 8 MW (Vestas V164-
8.0). The main bearings of such systems usually have 
a diameter of several meters. To prevent the bearings 
from wearing off, their running surfaces have to be 
hardened. A valid and often used process for this is 
inductive scan hardening. The process development 
requires a big financial effort as well as a lot of time 
because of the size of the bearings and the complexity 
of the inductors (Figure 1). Therefore, destructive 
material testing as well as design adaptions of the 
inductor have to be minimized. This can be achieved 
with the help of numerical simulation. A numerical 

2D model for hardening of the main bearing of a wind 
power system can be found in [1]. However, to fully 
understand and calculate the inductive heating process 
accurately, a full 3D model is required necessarily. 

It is crucial for the quality of the hardening process that 
no soft zones occur. This means an even and seamless 
hardening profile along the circumference of the bearing is 
required. To achieve this, the hardening process is divided 
into four steps which can be seen in Figure 2. In step 1, 
two scanning inductors remain stationary and heat up the 
work piece until hardening temperature is reached. After 
this, for step 2, quenching is initiated and both inductors 
are moving counter wise along the circumference to harden 
the work piece simultaneously. With some delay, 

Figure 1: Scanning inductor 

Figure 2: Hardening process 
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depending on the size of the bearing and the feeding speed, a third inductor starts to preheat 
the zone where the scanning inductors meet again. In step 3, the third inductor is removed 
right before the scanning inductors reach this final zone. When the scanning process stops the 
inductors remain motionless and heat up the preheated zone to hardening temperature before 
they are removed as well. After quenching this area, step 4 and hence the full hardening 
process is completed [2]. In this paper, only the scanning phase in step 2 will be investigated. 
It can be regarded as a quasi-stationary process in terms of the temperature profile within the 
work piece. 
 
2.1 Development of the numerical model 

For all calculations the FEM software 
package ANSYS is used. The algorithm 
applied to calculate the heating process is 
shown in Figure 3. Before the calculation 
starts, the geometry and the mesh are created. 
Also, a matrix containing the coordinates of 
all nodes of the work piece is stored. This is 
required to take into account the relative 
motion of the inductor. The idea is to move 
the temperature profile within the work piece 
along the direction of feeding as explained in 
[3]. The elements along the direction of 
movement can be of different size. In order to 
achieve this, temperatures, usually calculated 
at each node of an element, are interpolated if 
necessary. 

The heating process is divided into 
sufficiently small time steps and performed as 
a coupled harmonic-electromagnetic and 
transient-thermal calculation. The material 
properties are adjusted after each time step 
according to the recent temperature within the 
elements. If a stationary temperature profile is 
reached, the calculation ends. The result is the 
quasi-stationary 3D temperature distribution 
within the work piece. The calculation always 
starts with the whole system at room 
temperature. The transient transition period 
till the stationary state is reached has no relevance and physical significance since the real 
starting process is not part of the calculation. 

The general idea for the 3D model of a complex large scale inductor and bearing is to 
create the system’s geometry based on layers. All layers consist of the same number of 
geometric points. Their spatial coordinates are stored in simple text files, one for each layer. 
This way, the user is able to change the geometry by simply editing the text files without 

Figure 3: Calculation algorithm 
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having to use ANSYS. A layer does not have to be plane; the points defining it can differ in 
all three dimensions. The number of layers is unlimited in principal. The process of building 
the model from the bottom up at the start of a calculation is automated and does not require 
any action by the user. The points within each layer are used to define lines and areas. By 
finally connecting the layers, a 3D volume model is created. However, all geometries 
investigated have to have the same principal topology, which will be explained further below. 

To check if the automated generation of geometry and the calculation are working 
correctly, a simple setup was implemented and tested (Figure 4). Only the conductors, their 
field concentrating materials and the work piece are depicted, the surrounding air is 
suppressed. The setup consists of a flat steel work piece and two current carrying conductors. 
In this case, the geometry is not varying along the conductors and all points of a layer lie 
within the same plane. The 11 different layers were created by simply changing the x-
coordinate of their points. The amount of volumes between the layers sums up to 81. This 
topology can only be changed by editing the scripts for the automated creation of geometry. 
However, almost any setup with two conductors and field concentrators above a work piece 
can be modelled, which is the typical design approach for scanning inductors of large 
bearings. 

After creating the volumes and the elements of the model, material properties have to be 
assigned. To keep this procedure as simple as possible, a text file containing the required 
information is used. The file contains a matrix as shown on the right side of Figure 4: There is 
a line for each volume along the inductor and four rows. Two rows are used to specify the 
flux concentrating material of the left and right conductor, one defines if the work piece is 
present in this layer of volumes. The numbers within the matrix are pointing to the properties 
of the material in a database. This database can be edited at any time and new materials can be 
added. The material database and the assignment are completely independent of the geometry. 
This is a key aspect of the model: It is possible to test different field concentrator variants 
with the same inductor geometry by only editing the matrix of material parameters. 
 

Figure 4: Simple test setup 
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Figure 6: Volumetric model of the experimental setup 
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2.2 Experimental setup 
The hardening of an inner ring of a large 

bearing can be seen in Figure 5. A numerical 
investigation is especially interesting for the inner 
ring since the design of the inductor is by far 
more complex compared to the inductor of the 
outer ring of the bearing. The process used a 
frequency of 3.8 kHz, the overall system power 
was about 160 kW. A feeding speed of 5 mm/s 
was chosen for the inductor. The quenching 
device is not part of the numerical model since 

only the temperature distribution within the work 
piece is analysed in this investigation. 

 
2.3 Verification 

The volumetric model of the inductor and the inner ring from the experiment are shown in 
Figure 6. It consists of the inductor, including all field concentrators, the inner ring and the 

surrounding air, which again is 
suppressed in this picture. Additional 
constructive elements of the inductor 
are not included in the model since 
they are irrelevant for the magnetic 
field distribution. The conductors are 
not straight, which means that some 
of the 44 layers that were defined for 
this model have points in more than 
one plane. To limit the size of the 
model, only the volume of the inner 
ring, which is under influence of the 
electromagnetic field, is implemented. 
The curvature of the bearing is 
relatively small because of its large 
diameter and is hence neglected. This 
means that the inner ring in the model 
is straight with regard to the feeding 
direction of the inductor. All in all, 
the model consists of 202,288 
elements, which results in a 
calculation time of some 24 hours till 
the steady temperature state is 
reached if a standard PC is used. 
Thus, a new flux concentrator 
configuration can be tested within one 

Figure 7: 3D quasi-steady temperature profile 

Figure 5: Experimental setup inner ring 
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day. For an experiment, field concentrating material would have to be removed and replaced, 
which is by far more time consuming and expensive. 

The model is verified by comparing microsections of a hardened work piece with the 
quasi-steady temperature profile. The temperature for austenitization is about 850°C in this 
process and was derived from temperature measurements during experiments. A surface 
hardening depth (SHD) of about 6 mm is required along the running surface of the inner ring. 
Usually, the accurate calculation of an SHD of several millimetres has to take into account a 
calculation of martensite [3]. However, the temperature profile is sufficient to evaluate the 
hardened zone qualitatively. 

Figure 7 shows the quasi-steady temperature profile. The maximum of 1185°C occurs at 
the edge of the second conductor with regard to the scanning direction where the heated work 
piece leaves the inductor. 

A microsection and a cross-section of the temperature profile are compared in Figure 8. 
The cross-section is taken from where the maximum temperature occurs. The grey color of 
the temperature profile shows the area where austenitization was reached. The calculated 
SHD along the shoulder is smaller in comparison to the microsection. This can be explained 
by taking a closer look at the gap between inductor and work piece. In this area the gap was 
4 mm in the experiment as opposed to 5 mm in the simulation. Furthermore the power 
connection part of the inductor is not fully implemented in the model. These deviations result 
in less power being induced in the shoulder area. However, the model is verified with the help 
of the running surface: Temperature profile and microsection show good agreement since the 
numerical model is accurate there. 

 
Figure 8: Comparison of microsection and temperature profile 

2.4 Conclusions 
The model offers an easy way to numerically investigate induction hardening processes of 

large bearings. The data required for the automated creation of the complex geometry as well 
as all information about the position and type of flux concentrators is stored in simple text 
files. This way, no deeper knowledge of the simulation software and calculation algorithm is 
required to apply the model, given that the topology of the geometry remains unchanged. 
Results for a new flux concentrator of an existing setup or a modified inductor shape are 
available within one day. The model was verified by comparing its results to microsections 
and will be used to effectively develop hardening processes. The costly repetitive process of 
redesigning the inductor and conducting experiments can be avoided that way. 

I = 6750 A 
f = 3,8 kHz 
Tmax = 1185 °C 
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3 NUMERICAL CALCULATION OF MARTENSITE MICROSTRUCTURE IN 
INDUCTION SURFACE HARDENING PROCESSES 

In the second part of the paper, a new numerical model for calculating martensite 
microstructure in induction surface hardening processes is introduced. It takes into account 
the heating as well as the quenching process and uses the temperature history of a work piece 
to calculate martensite formation. The calculation is based on an empirical equation found by 
Koistinen and Marburger [4]. Before only coupled electromagnetic and thermal models have 
been used for the investigation and design of complex induction hardening processes for 
several years. Instead of calculating martensite formation during quenching, the models have 
used the temperature distribution at the end of the heating process to predict the 
microstructure within the work piece [3]. This approach is valid for surface hardening depths 
which do not exceed a few millimetres. If bigger hardening depths have to be investigated, 
heat transfer from the surface of the work piece to its core becomes increasingly important. In 
this case, the temperature distribution might lead to inaccurate predictions of the hardened 
profile. Furthermore, heat transfer has to be considered, if there is a delay between heating 
and quenching. This undesirable situation occurs in many industrial hardening processes. To 
investigate situations as described above, a new algorithm for computing martensite 
microstructures is applied. The aim is to determine, if there is a critical depth, which requires 
a martensite calculation. In addition, 
situations are identified, in which a delay 
of quenching cannot be neglected. For 
this, the influence of different quenching 
situations on the critical depth is 
investigated. 
 
3.1 Algorithm for calculating 
martensite microstructures 

Subsequent to heating, the quenching 
process has to be taken into considera-
tion. Therefore, a thermal calculation 
based on the temperature distribution at 
the end of the heating process has to be 
performed. The heat transfer is 
represented by a coefficient as a function 
of temperature, which is assigned to all 
locations on the work piece’s surface 
quenched with cooling agent. 
Coefficients for different agents and 
parameters like pressure and flow rate can 
be found in respective literature [6]. 

For calculating martensite micro-
structures the algorithm shown in Figure 
9 has to be performed for every node of a 
FEM model. The algorithm starts with an 
analysis of each node’s temperature 

Figure 9: Algorithm for calculating martensite 
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Figure 10: Typical time-temperature curve 
 

history. Two conditions have to be met necessarily to receive a fully martensitic 
microstructure: First, the austenitizing temperature TAC3 has to be reached during heating. 
This is required for a complete austenitic transformation. Secondly, the upper critical cooling 
rate 𝑣𝑣𝑈𝑈 has to be reached during quenching. Curve 1 in Figure 10 shows a typical time-
temperature curve of an inductive hardening process including heating and quenching, which 
fulfills these conditions. In this case, diffusion of carbon and iron is not possible and 
microstructures other than martensite cannot form. The fraction of martensite ξM can be 
calculated according to an equation of Wildau and Hougardy [7]: 
                                      ξM(ϑ) = [1 − exp(– c1(TMS − ϑ)c2)] ∗ 100% (1) 

(1) is based on an empirical approach by Koistinen and Marburger [4]. By introducing an 
additional constant c2 and taking into account that c1 and c2 strongly depend on the material’s 
carbon content, Wildau and Hougardy suggest an equation suitable for a wide range of steels. 

The martensite fraction 
is only a function of the 
material’s temperature ϑ 
after quenching. The 
formation of martensite 
begins below the 
martensite starting 
temperature TMS. If the 
speed of quenching is 
between 𝑣𝑣𝑈𝑈 and the 
lower critical cooling 
rate 𝑣𝑣𝐿𝐿, diffusion of 
carbon and iron occurs. 
Therefore the resulting 

microstructure contains bainite, ferrite and perlite besides martensite. An example of such 
time-temperature profiles is given by Curve 2 in Figure 10. (1) has to be extended with a 
factor 𝜉𝜉𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚, which represents the maximum martensite fraction at a certain cooling speed 𝑣𝑣. 
                            ξM(ϑ) = 𝜉𝜉𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚(𝑣𝑣) ∗ [1 − exp(– c1(TMS − ϑ)c2)] ∗ 100% (2) 

This factor is unity for cooling rates higher than 𝑣𝑣𝑈𝑈 and zero for rates lower than 𝑣𝑣𝐿𝐿 where 
martensite formation does not occur. To determine 𝜉𝜉𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚, the contents of bainite ξB, ferrite 
ξB and perlite ξB are calculated. The residual fraction of martensite is then given by [8]: 
                                                  𝜉𝜉𝑀𝑀_𝑚𝑚𝑚𝑚𝑚𝑚 =  1 − (ξB + ξB + ξB) (3) 

Several authors suggest using a semi-empirical approach by Johnson, Mehl and Avrami or 
Leblond to calculate microstructures occurring in diffusion processes [9-11]. Here, data that is 
derived from time-temperature transformation (TTT) and continuous cooling transformation 
(CCT) diagrams or determined by experiments is used to describe the formation. This 
approach is applied in simulations of many different processes, for example precision forging 
[12]. However, this paper is focused on calculating the martensite content within a relatively 
thin layer in induction surface hardening applications. Therefore, a more direct way to 
determine 𝜉𝜉𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 is suggested. By using a TTT diagram, 𝜉𝜉𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚 can be determined for 
different quenching rates. It was found that the relation can be described as: 
                                               𝜉𝜉𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚(𝑣𝑣) = 1 − exp[– (𝑣𝑣 − 𝑐𝑐5)/𝑐𝑐6] (4) 
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For quenching rates lower then 𝑣𝑣𝑈𝑈 first fractions of martensite occur at lower temperatures 
𝑇𝑇𝑀𝑀𝑀𝑀. Using data from the same TTT diagram 𝑇𝑇𝑀𝑀𝑀𝑀 is given as: 
                                                        𝑇𝑇𝑀𝑀𝑀𝑀(𝑣𝑣) = −𝑐𝑐3 ∗ ln(𝑣𝑣) + 𝑐𝑐4 (5) 

Both empirical equations are determined by using the method of least squares and show 
good agreement with data derived from TTT diagrams of various steels. The suggested 
approach can only be used for quenching processes typical for induction surface hardening. 
More complex temperature time profiles require the approach of Johnson, Mehl and Avrami 
or Leblond. Furthermore, the direct approach does not take into consideration that austenite 
formation already starts at temperatures above TAC1 [13]. The calculation only takes into 
account fully austenitized areas of material. 

 
3.2 Investigation using a basic 1D model 

The numerical model used for all basic investigations is one-dimensional and represents 
the infinite half space. It consists of a current fed inductor 2 mm above a work piece. Carbon 
steel C45 and alloyed steel 42CrMo4 are investigated exemplarily with their different material 
parameters [14]. To cover a wide range of hardening depths, frequencies of 62 kHz and 3 kHz 
are used in the simulation. In addition, a depth dTH (seen from the surface of the work piece) 
is defined for each simulation. The hardening temperature TH has to be reached within this 
depth, meaning that the material is fully austenitized. A constant value TH, sufficient for the 
shortest heating time, is assumed to allow better comparability. However, TH is varied for 
both frequencies because the initial heating time differs significantly. The parameters for 
investigating quenching are the delay time tdelay between heating and quenching and the 
intensity qint. of quenching. Water is used for quenching. Quenching is maintained until the 
maximum temperature within austenitized areas is below 50°C. To be able to compare 
temperature and martensite distribution, a depth dM is defined. Within this depth the 
martensite fraction amounts to 95 % and is therefore considered to be fully martensitic. 

Table 1: Investigation with f = 62 kHz and hWP = 100 mm 

Material TH [°C] dTH [mm] dM [mm] theat [s] tdelay [s] Quenching 
agent 

qint. 
[m³/s*m²] 

C45 925 1,00 1,00 0,27 0 water 2,00 
C45 925 2,00 2,00 1,75 0 water 2,00 
C45 925 3,00 3,00 6,85 0 water 2,00 

42CrMo4 925 3,00 3,00 6,30 0 water 2,00 
42CrMo4 925 3,00 3,00 6,30 1,0 water 2,00 
42CrMo4 925 3,00 3,00 6,30 0 water 0,28 
42CrMo4 925 3,00 3,00 6,30 1,0 water 0,28 

 
Table 1 shows simulation results for a frequency of 62 kHz and a work piece height of 100 

mm. The large height of the work piece in relation to the hardening depth of a few millimeters 
means that the core temperature does not increase during heating. For a value of dTH up to of 3 
mm there is no deviation of dM for C45 as well as 42CrMo4. Larger values of dTH have not 
been investigated with this frequency because of the small penetration depth. A decrease of 
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Figure 11: Investigation with f = 3 kHz, hWP = 100 mm 
and dTH with a value of (a) 6mm, (b) 7 mm and (c) 8 mm 

the quenching rate from 2 m³/s*m² to 0.28 m³/s*m² and the influence of a delay of 1 s was 
checked for 42CrMo4 additionally. 

Table 2: Investigation with f = 62 kHz and hWP = 6 mm 

Material TH [°C] dTH [mm] dM [mm] theat [s] tdelay [s] Quenching 
agent 

qint. 
[m³/s*m²] 

42CrMo4 925 3,00 3,00 2,90 0 water 2,00 
42CrMo4 925 3,00 3,00 2,90 0 water 0,28 
42CrMo4 925 3,00 3,40 2,90 0,5 water 0,28 
42CrMo4 925 3,00 3,72 2,90 0 water 0,28 
42CrMo4 925 3,00 4,68 2,90 1,5 water 0,28 
42CrMo4 870 3,00 4,44 2,90 1,5 water 2,00 

In Table 2 simulation results for a frequency of 62 kHz and a reduced work piece height of 
6 mm are shown for 42CrMo4. The austenitization depth dTH has a fixed value of 3 mm, 
which means that 50 % of the work piece is austenitized after heating. In this case, the heating 
time of 2.9 is significantly lower than 6.3 s in case of a work piece with a height of 100 mm. 

A decrease of the quenching intensity 
does not affect dM. A deviation only 
occurs, if a delay is taken into 
consideration as well.  A delay time of 
1.5 s results in 78 % percent of the work 
piece having a fully martensitic 
microstructure. If adjusted to the heating 
time of 2.9 s, TH has a value of about 
870°C. In this case, the deviation 
decreases and only 74 % of the work 
piece is fully martensitic. However, the 
influence of a delay is also evident here. 
In contrast to a work piece with a height 
of 100 mm, self-quenching does not 
occur. The average temperature after 
heating is much higher. Areas of the work 
piece further beneath the surface than dTH 
are austenitized between heating and 
quenching because the heat cannot be 
transferred to a cold core. 

Table 3: Investigation with f = 3 kHz, hWP = 100 mm and variation of dTH 

Material TH [°C] dTH [mm] dM [mm] tHeat [s] tdelay [s] Quenching 
agent 

qint. 
[m³/s*m²] 

C45 850 6,00 6,00 7,70 0 water 1,20 
C45 850 7,00 5,92 11,00 0 water 1,20 
C45 850 8,00 5,10 15,00 0 water 1,20 
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The investigation of hardening with a frequency of 3 kHz is shown in Table 3. The 
austenitization temperature was defined as 850°C and a quenching intensity of 1.2 m³/s*m² 
was used. Up to an austenitization depth of 6 mm there is no difference between the 
temperature and martensite profile. Bigger austenitization depths result in a decrease of the 
fully martensitic area. This can be also seen in Figure 11, where temperature and martensite 
profiles are shown for different values dTH from the left to the right. The deviation can be 
explained by taking a look at the heating times required for achieving these depths. For 
example, an austenitization depth of 8 mm requires a heating time of 15 s. Temperature 
curves for this case are illustrated in Figure 10. The amount of heat energy induced into the 
work piece in that period of time can neither be dissipated fast enough by quenching of the 
surface with water nor by self-quenching. Therefore, cooling rates are lower than 𝑣𝑣𝑈𝑈 and only 
fractions of material become martensitic (compare Curve 2 in Figure 10). It can be stated that 
longer heating times and bigger depths dTH have a negative impact on the depth of full 
martensite. 

 
3.3 Verification 

Figure 12 shows the microsection and simulation results of a hardened straight-cut gear. As 
described in [5], the gear was heated using simultaneous dual frequency (SDF®) and 
quenched with a water-air spray cooling afterwards. The temperature profile at the end of the 
heating process and the microsection show good agreement at the root and the flank of the 
tooth. However, the microsection shows that the tip of the tooth is almost through hardened, 
whereas the temperature distribution indicates a hardening profile following the gear’s 
contour. This can be explained by taking a closer look at the assumptions that are made when  
a temperature distribution is used to predict a hardening profile: As mentioned before, 

quenching is supposed to start without any delay after heating. If there is a delay, heat transfer 
from the surface of the work piece to its core has to be taken into account. The zone of 
austenitization might increase and therefore the hardened layer might as well. This effect is 
more pronounced at the tip of a tooth, because heat accumulates in this area, whereas self-
quenching occurs in the root area and heat is transferred to the core of the work piece. The 
actual delay between the end of heating and the start of quenching was 0.4 s in the 
experiment. If this is considered in the simulation and the new algorithm to compute the 
martensite microstructure is used, a better agreement of microsection and simulation is 
evident for the tip: An increased hardening depth as well as the contour being less sharp can 
be seen if Figure 12 (c) and (a) are compared. The results for root and flank stay unchanged. 

Figure 12: (a) Temperature profile, (b) microsection and (c) martensite profile of a straight cut gear 
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3.4 Conclusions 
A module for the calculation of quenching and martensite fraction was implemented in the 

existing simulation tool used for computing inductive surface hardening processes. 
Investigations with a 1D model have shown that the temperature distribution at the end of the 
heating process usually is sufficient for a good prediction of the hardened profile if a 
frequency of several 10’s of kHz is used and the height of the work piece is much bigger than 
the hardening depth. In case of a relatively thin work piece, a delay between heating and 
quenching as well as the quenching parameters have an influence on the hardening depth and 
martensite formation has to be calculated to receive accurate results. The verification of the 
extended simulation tool made evident that a deviation of temperature and martensite profile 
might also occur when more complex work pieces like gears are hardened with induction. A 
calculation of martensite should always be performed in such investigations to check, if there 
is deviation compared to the temperature profile. 
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Abstract. In the paper, a bi-objective optimization problem characterized by a multi-physics 
field analysis is investigated. The optimal design of a pancake inductor, related to the design 
of industrial devices for the controlled heating of a graphite disk is considered as the 
benchmark problem. The expected goal of the optimization process is to improve temperature 
uniformity in the disk as well as electrical efficiency of the inductor. The optimized device is 
designed using a multi-physics problem: magnetic problem for electrical efficiency 
computation and thermal problem for temperature uniformity computation. The solution of 
the relevant bi-objective optimization problem is based on a modified multi-objective genetic 
algorithm in the class of Non-dominated Sorting Genetic Algorithm. The proposed algorithm 
exploits the migration concept to vary the population genetic characteristics during 
optimization process in order to improve the Pareto front approximation. 

1. INTRODUCTION 
Induction heating is used in thermal processes to heat the workpiece at a prescribed 

temperature with high efficiency and accurate temperature control. In this area the solution of 
coupled electromagnetic and thermal fields is mandatory, as well as the use of optimization 
algorithms to identify the best device [1–6]. 

In the paper, a benchmark model to approach a multiphysics bi-objective optimal design is 
presented [2–5,7–9]. A finite-element analysis (FEA) is used to solve the inverse problem, 
whereas the optimization is performed by means of a modified NSGA algorithm. The 
proposed optimization algorithm uses the migration concept [10–12] to vary the population 
genetic heritage in order to modify the Pareto front through a better approximation in the 
objective space. It is well known that the concept of migration is observable in nature when 
groups of people move to a new country and mix with local population. For instance, 
mathematical models of bio-geography inspired a class of derivative-free optimization 
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algorithms aiming to find an optimum balance between immigrating and emigrating 
populations in an island [10,13–17]. The concept of migration has been already implemented 
in other algorithms that make use of parallel computing. In these algorithms migration 
concept is referred to an exchange of individuals between independent islands that evolve 
autonomously [14,18–20]. In the proposed strategy the migration concept is used to modify 
the genetic characteristics of the current population.  

The benchmark model represents an industrial device for the epitaxial processing of silicon 
wafer [2,7,9]. This device, meaningful from the industrial process viewpoint, has been already 
proposed as a test model for new optimization algorithms [2,3,5,7,9].  

The designed device includes a graphite disk, a pancake inductor and a ferrite yoke. Since 
a pancake inductor does not induce power on the axis of the load, temperature close to the 
disk axis can be significantly lower. The magnetic concentrator is used to increase the induced 
power density and as consequence the temperature in the center of the disk.  

The direct problem solves a time-harmonic magnetic problem to evaluate the power 
density in the graphite disk coupled to a steady-state thermal problem to evaluate the 
temperature profile.  

2. PROBLEM DESCRIPTION 

2.1. Direct problem 
The 2D benchmark model, sketched in Figure 1 (a), includes a graphite disk with a radius 

of 357.5 mm, an inductor with 12 copper turns (a pancake inductor) and a ferrite ring, 
magnetic field concentrator, under the most internal turns (one or two) that are located at the 
same height. Moreover, the two most external turns are fixed at the same height. In Figure 1 
(a) the design variables are also shown. 

All turns, series connected, carry a current in the order of 500-600 Arms at 4,250 Hz 
[7,21,22]. A total power of about 60 kW is prescribed in the device so that the disk reaches a 
steady state average temperature of 1050-1100 °C, as required by the industrial process. The 
corresponding inductor current is tuned in each FEA simulation: the FEA solution is updated 
with a new value of the inductor current (the source of electromagnetic model) when 
nonlinear material properties are taken into account in the model. Thermal and electrical 
properties of materials are in Table 1. In Figure 2, magnetic relative permeability and 
magnetization curve of the magnetic concentrator are presented.  

The target of the multi-physics design is to evaluating the graphite disk temperature using a 
given inductor geometry. The magnetic analysis evaluates the power density in the graphite 
disk starting from the inductor geometry and the supply current. The power density is the 
source for the thermal problem.  

The magnetic problem is solved in time-harmonic conditions by means of a commercial 
FEA code using the well-known A-V formulation, on second-order elements [23,24]. The 
current distribution in each turn is taken into account to correctly evaluate the inductor 
efficiency [2,25,26]. In particular, the magnetic problem is solved in terms of the phasor of 
the magnetic vector potential, A [2,3,25]: 

JAA    12 j  (1) 
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where J  and A  are the phasors of the current density and magnetic vector potential, 
respectively, µ is the material magnetic permeability,  the material electrical resistivity and 
 magnetic field pulsation. The resistivity depends on materials as reported in Table I and is 
the one of the graphite (=g) in the disk, the one of the copper (=c) in the inductor turns. 
Conductivity of the air and magnetic concentrator is null.  

The electrical efficiency, , is, then, computed from the power density as follow:  











cg

g

V cV g

V g

dVdV

dV
221221

221

AA

A
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where Vg and Vc are the volume of the graphite disk and the copper turns, respectively. 

 
(a) 

 
(b) 

Figure 1: (a) Geometry of the benchmark model with 12 design variables. In the enlarged image the 
magnetic concentrator (ferrite ring), and the relevant design variables are also shown. Finally, in the table the 

radii of the turns are reported. (b) Detail of the mesh. 

The thermal problem is solved in steady-state condition, assuming the power density in the 
disk computed by means of the magnetic problem as the source term [2,3,27]. The thermal 

Hf

h1

graphite disk

Inductor turns
Ferrite yoke

hi

Lf

Hf

h1
h10

 line

R1 5 mm R7 21 mm

R2 6.5 mm R8 24 mm

R3 9 mm R9 27 mm

R4 12 mm R10 30 mm

R5 15 mm R11 33.05 mm

R6 18 mm R12 34.95 mm
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domain is the graphite disk. Along the domain profile a boundary condition of heat exchange 
along is imposed. The thermal conductivity of the graphite is reported in Table I [2,28,29]. 
From these assumptions, it results that the solutions of magnetic and thermal problem are 
weakly coupled by means of the source term of thermal equation: 

  )(
221- A  T  (3) 

in which  is the thermal conductivity of the material. Along the disk surface these boundary 
conditions subsist: 

0



n
T

  (4) 

at r = 0, and 
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0

4
0 TTkTTh

n
T

B 



   (5) 

elsewhere, where h is the convective exchange coefficient (h=10 Wm-2K-1),  emissivity 
coefficient (=0.6) and kB Stefan-Boltzmann constant. The external temperature, T0, is equal 
to 850 °C. These parameters of the thermal model have been tuned in order to fulfill 
experimental results of a real device considering that the expected average temperature is 
1050-1100 °C. 

Table 1: Electrical and thermal material properties of model materials 

Element Electrical properties 
Disk Graphite (at 1200°C) g=7.76 10-6 m µr = 1 
Inductor Copper c=1.6 10-8 m µr = 1 

Ferrite ring Ferrite -- Nonlinear. Relative permeability in 
Figure 2 

 Thermal properties 
Disk Graphite =60 Wm-1K-1 

 
Figure 2: Relative permeability and magnetization curve of ferrite ring material.  

A typical second-order mesh to solve the magnetic problem has 124,000 nodes and 57,000 
elements. An example of the domain mesh is in Figure 1(b). The mesh of the thermal model is 
the one of the ferrite disk. The temperature has been evaluated on 201 sample points, 

µr

B(H)
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regularly spaced along the  line showed in Figure 1(a).  

2.2. Inverse problem  
A 12-dimensional vector x of geometric design variables has been defined for the model in 

Figure 1 (a); the list of considered design variables with corresponding variation ranges is in 
Table 2. In particular, the design variables are the vertical positions of the inductor turns and 
the size of the magnetic yoke. The design problem is characterized by two conflicting 
objectives: the maximization of the electrical efficiency, , defined as the ratio of active 
power transferred to the disk to the one transferred to the entire device using (2), and 
maximization of the temperature uniformity along the surface of the graphite disk at thermal 
steady state. In practice the inverse problem has been implemented as the simultaneously 
minimization of the following two objective functions: 

   xx 11f  (6) 

    ijTTTNNf ijj
j








 
 ,)

2
|,,(|sup)(

*

max2  xxx  (7) 

where f1 is the complementary value of the electrical efficiency and f2 measure the 
temperature in-homogeneity using the “criterion of proximity” [2,4,30]. This criterion is 
based on a tolerance interval, T (=10°C), around a give temperature value. In practice for 
each solution the greatest number of points included in the tolerance band is searched for (that 
corresponds to search for the minimum number of points outside the tolerance band). A 
detailed description of this criterion is in [2,4,30]. An example of ‘proximity criterion’ is in 
Figure 3: considering the reference path , shown in Figure 1(a), 9 points satisfy the criterion 
while 14 points are outside the tolerance band T; therefore 14 is the value assigned to f2.  

 
Figure 3: Example of “criterion of proximity” applied to the temperature along the  path shown in Fig 1(a). 

Table 2: Design variable ranges 
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In the optimization problem, both functions (6) and (7) have to be minimized with respect 
to design variables shown in Figure 1 (a) and Table 2: the objective (6) refers to the magnetic 
domain, while the (7) refers to the thermal domain and a multi-physics and multi-objective 
inverse problem is originated. 

1.1. Multi-physics optimization problem 
The direct and inverse problems are coupled as in Figure 4 in order to create an 

optimization tool to design the improved geometry of the device in Figure 1(a). The multi-
physics problem includes the solution in two steps of a magnetic problem and a thermal 
problem. The magnetic problem step includes two solutions of the same geometry if non-
linear material properties are considered. The first solution is used to evaluate the amplitude 
of the current source in order that the power dissipated by the device is close to the prescribed 
one (e.g. 60 kW); whereas the power density that is the source term of the thermal problem, 
and the electrical efficiency that is the input of the optimization algorithm, are evaluated from 
the second solution. From the thermal problem the second input for the optimization 
algorithm, the temperature uniformity, is evaluated. Then, the solution of the multi-physics 
direct problem in terms of electric efficiency and temperature uniformity are the inputs of the 
optimization algorithm that generates a new set of design variables vectors.  

 

 
Figure 4 Coupling of the direct and inverse problem. 

2. OPTIMIZATION ALGORITHM 
Optimization process uses a modified NSGA-II algorithm, named Migration-NSGA, 

MNSGA, that implements the concept of the migration of groups of individuals that belong to 
populations with different genetic characteristics [8,31,32]. This algorithm mimics the event 
of the arrival of a group of individuals that mixes with the current population and has different 
characteristics with respect to originating population. The new individuals carry different 
genes that can improve the original population. This way, the genetic heritage of the 
population can be mutated.  

MNSGA with the strategies sketched in Figure 5. A group of Pm individuals, generated 

Input data
(design variables)

Magnetic problem
at given current, I0

Power density

Thermal problem

Ptot 60 kW?
current source 
tuning, Inew

Magnetic problem
at new current, Inew

Y

N

Optimization
algorithm

Multi-physics problem

f2

f1

initialization
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through a random process like the one applied to create the initial population, the ‘immigrated 
population’, is added to the current population after the main genetic operator (i.e. cross-over 
+ mutation) and before the selection operator. This way, the immigrant individuals are added 
to the existing population of parents and off-springs and selection operates in such a way that, 
among the new individuals, only the ones with better characteristics are preserved in the 
population survived after selection. 

 
Figure 5 MNSGA algorithm 

 
The concept of the population migration in a population with Npop individuals is ruled by 

two parameters:  
 the period of migration, Tm, with respect to the number of generations, corresponding 

to the number of iterations (e.g. Tm=1 is equivalent to introduce a migration at every 
iteration)  

 the number of individuals in the immigrated population, Pm, between 1 and Npop. 
The number of individuals after selection is maintained constant to Npop by applying 

natural selection and emigration events. Both the steps that reduce the population dimension 
managed in the selection algorithm intended as: a subgroup of individuals dies and a subgroup 
emigrates. In both cases some individuals come out from the population during the selection 
step of the NSGA algorithm.  

3. RESULTS 
The device in Figure 1(a) has been optimized using both standard NSGA-II and new 

MNSGA algorithm. In the MNSGA algorithm different values for the migration parameters, 
Tm and Pm, have been chosen (Table 3). The number of iterations of both algorithms, NSGA-
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II and MNSGA, has been fixed to 50 with a population of 20 individuals. In Table 3 the 
maximum number of new individuals evaluated in each case during the optimization process 
is reported. It is evident that MNSGA algorithm evaluates a higher number of individuals and 
therefore implies an increased number of calls to the objective functions. Nevertheless, the 
increment of number of individuals in the order of 10-25 % improves the Pareto front 
approximation including more solutions that are not found using NSGA-II algorithm.  

Table 3: Description of the optimization algorithm set-up. 

#case Tm Pm #NSGA-generated 
individuals 

#immigrated individuals 
(increment[%]) 

#total individuals 

NSGA -- -- 1020 -- 1020 
MNSGA_T2N10 2 10 1020 250 (+25%) 1270 
MNSGA_T5N10 5 10 1020 100 (+10%) 1120 
MNSGA_T5N20 5 20 1020 200 (+19%) 1220 

In Figure 6 the comparison of the Pareto front for the cases NSGA and MNSGA_T5N20 
(Table 3), obtained starting from the same initial population, is reported. The Pareto fronts 
found using MNSGA algorithm are broader with respect to the ones obtained using NSGA-II 
algorithm. Moreover, in some cases solutions found with NSGA-II are dominated by the ones 
obtained using MNSGA. It appears that the inclusion of new individuals (i.e. the immigration 
event) during the population evolution improves substantially the approximation of the Pareto 
front.  

 
Figure 6 Starting populations and Pareto fronts obtained using NSGA-II and MNSGA algorithm. 

Figures 7 and 8 show the geometries corresponding to the solutions outlined on the 
approximated Pareto front in Figure 6 and reported in Table 4. They have been obtained using 
NSGA-II algorithm and MNSGA algorithm, respectively. In each figure the solution of 
magnetic problem is shown in terms of the magnetic flux lines, whereas the thermal problem 
solution is shown in terms of the temperature along the disk profile. The difference in terms of 
temperature uniformity for the two solutions at the two ends of the Pareto front is evident.  
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(a)  

(b)  
Figure 7 Geometry, magnetic flux lines and temperature on the disk surface of two solutions on Pareto front 

obtained using NSGA-II algorithm. (a) Point N1 and (b) point N2. 

Table 4: turn positions [mm], ferrite sizes [mm] and values of objective functions (6) and (7) for solutions 
highlighted in Figure 6. 

 h1 h2 h3 h4 h5 h6 h7 h8 h9 h10 hf Lf f1 f2 
N1 28.3 5.6 19.6 57.9 60.0 53.2 47.0 44.1 51.1 50.1 23.8 37.0 0.058 107 
N2 55.6 23.9 18.6 52.6 35.5 16.8 31.0 20.9 17.0 31.6 10.5 18.3 0.072 53 
M1 46.2 45.9 59.7 52.1 40.9 53.7 26.0 49.7 58.0 59.6 14.7 5.4 0.055 130 
M2 55.6 24.1 21.3 49.9 32.4 22.4 32.1 22.0 14.8 32.2 11.1 21.7 0.071 36 

Comparing Figure 7(b) and 8(b), that correspond to the points M2 and N2 in Figure 6 for 
which (7) is minimum, it is evident that the found solutions in terms of turns positions and 
ferrite sizes are very similar, as well as it appears in Table 4. In contrast, the geometry in 
Figure 7 (a) and 7(b) are very different in terms of both ferrite sizes and turn positions. 
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(a)  

(b)  
Figure 8 Geometry, magnetic flux lines and temperature on the disk surface of two solutions on Pareto front 

obtained using MNSGA algorithm. (a) Point M1 and (b) point M2. 

 
Figure 9 Comparison of the Pareto fronts obtained using MNSGA with different set-up of the immigration 

parameters (as in Table 3). 
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Figure 9 shows the Pareto front obtained starting from the same initial population and 
tuning the MNSGA algorithm as in Table 3: a different tuning of the optimization algorithm 
gives rise to different approximated Pareto fronts. 

4. CONCLUSIONS 
The paper shows the results obtained solving a multi-physics benchmark problem and 
optimizing two objectives functions stemming from two different physical domains. The 
approximated Pareto fronts prove a substantial improvement of the objective functions with 
respect to the initial sets. In particular, optimal solutions with very good temperature 
uniformity have been found. 
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Abstract. All-Vanadium Redox Flow Batteries (VRFBs) are emerging as a novel technology 
for stationary energy storage. Numerical models are useful for exploring the potential 
performance of such devices, optimizing the structure and operating condition of cell stacks, 
and studying its interfacing to the electrical grid. A one-dimensional steady-state multiphysics 
model of a single VRFB, including mass, charge and momentum transport and conservation, 
and coupled to a kinetic model for electrochemical reactions, is first presented. This model is 
then extended, including reservoir equations, in order to simulate the VRFB charge and 
discharge dynamics. These multiphysics models are discretized by the finite element method 
in a commercial software package (COMSOL). Numerical results of both static and dynamic 
1D models are compared to those from 2D models, with the same parameters, showing good 
agreement. This motivates the use of reduced models for a more efficient system simulation. 

1 INTRODUCTION 

The growing penetration of renewable sources in the electric grid has boosted the 
development of new technologies for stationary energy storage. All-Vanadium Redox Flow 
Batteries exhibit a very high potential for both medium and large scale applications. This is 
due to power/energy independent sizing, high round-trip efficiency, room temperature 
operation, and long charge/discharge cycle life. A number of challenges need to be tackled in 
order to gain full commercial success, regarding single cell and stack design, highly efficient 
energy-conversion materials, and optimal power management and control operations [1]. 

Numerical models are powerful tools in designing control and monitoring systems, which 
are needed for interfacing the stack to the electric grid. Both 1D and 2D finite element models 
have been developed in order to reduce computing cost in comparison with 3D models and 
allow for a real-time simulation of VRFB operations. A considerably complete and 
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comprehensive 2D distributed model, able of capturing time variations of current density and 
species concentrations inside the cell, was first developed by Shah et al. [2]. Vanadium 
crossover and related losses were accounted for in [3]. A 2D steady-state model, showing 
good agreement with experiments despite its simplicity, was later proposed by You et al. [4]. 
To simulate a VRFB stack rather than a single cell, Vynnycky proposed an asymptotic 
reduction approach to obtain a 1D multiphysics model for a single electrochemical cell. An 
enhanced version of this model, with concentration dependent kinetics, was presented in [5].  

Starting from this work, a novel 1D steady-state finite-element model of an all-vanadium 
redox flow battery is here proposed. A typical VRFB cell (Fig.1) consists of: the positive and 
the negative porous layers where chemical half-reactions occur, the separation polymer 
membrane for proton conduction, and the current collectors which convey the electrons 
to/from the external circuit. The FEM model incorporates the following multiphysics 
equations: momentum, charge and species conservation, mass transport (Nernst-Plank 
equation), electric conduction, charge generation (Butler-Volmer equation) inside the porous 
electrodes, and the proton conduction inside the membrane. In particular, the effect of mass 
transport on the charge generation is taken into account by considering the electrode surface 
concentrations, which differ from bulk concentrations. Differently from [5], the 1D model is 
implemented within a commercial software package (COMSOL) and takes into account the 
behaviour of the current collectors in order to achieve a more accurate representation of the 
device. The independent variables of the model are the electrode and electrolyte potentials 
and the ionic species concentrations in the electrodes. The cell voltage is obtained from the 
electrode potential as a function of the State of Charge (SoC).  

Figure 1: Schematic diagram of a VRFB (collectors + porous electrodes + polymeric membrane) interfaced to 
the electrical grid by a DC/AC converter. Electrolytes, stored in separated tanks, are pumped to the VRFB.     
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2 MULTIPHYSICS MODEL  
Fig. 1 shows a schematic diagram of a VRFB cell interfaced to the electrical grid. Energy 

conversion occurring inside VRFBs is based on the following electrochemical reduction and 
oxidation reactions at the electrode-electrolyte interface:  

 +  ⇄  + 2 +  (positive half-cell)   (1) 
               

        +  ⇄                                 (negative half-cell)    

The electrolytes are vanadium oxides dissolved in a sulphuric acid water solution (1−5 M 
concentration). Arrows in (1) indicate the charge/discharge operations, e.g. the rightward 
arrows indicate the charging phase when  and  are generated at the positive and 
negative electrode, respectively. During the charging operation the reduction half-reaction at 
the negative electrode extracts electrons from the collector and ions from the electrolyte, 
while the oxidation half-reaction at the other electrode provides electrons to the collector. 
Protons 	migrate from one electrode to the other (from anode to cathode) through a 
polymer electrolyte (membrane) that is impermeable to electrons, which are thus forced 
through the external circuit producing an electrical energy exchange.  

2.1 Porous electrode equations  
The electric charge is generated or consumed at the electrolyte-solid phase interfaces by 

chemical half-reactions. The reaction kinetics are modeled by using general expressions, 
derived from the classical Bulter-Volmer equation, which does not take into account the 
difference between surface and bulk concentrations. Following [5], charge generation rates at 
positive (1) and negative (2) electrodes are:  

 =  ,
 exp 

	  − ,
 exp − 

	 
 =  ,

 exp 
	  − ,

 exp − 
	     (1)    

where ,  are (concentration dependent) exchange current densities, , are electrolyte 
surface concentrations at the interface (which generally differ from bulk ones, ), ,, ,	
and ,, , are the anodic and cathodic charge transfer coefficients, and , ,  are 
constants (ideal gas and Faraday constants and temperature). Overpotentials in (1) are:  

 =  −  −  =  −  −      (2) 

where ,  are the electric potential in the solid phase and the electrolyte. The open circuit 
voltage (OCV) of each half-cell is calculated according to the Nernst equation as follows:  

	 = , + 	
 log	

 
 = , + 	

 log	
		      (3) 

where ,, , are the equilibrium cell potentials in standard conditions.       
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The electrochemical energy conversion occurs inside porous electrodes, where reactants 
and products are delivered. Ion species migration in porous electrodes is governed with a 
mass concentration equation, which is steady-state conditions becomes:  

∇ ∙  =       (4) 

where  is the molar flux of the  ion species in the porous medium and  is the source 
term of  electrochemical half-reactions. For the positive electrode  ∈ {, , , } and 
for the negative electrode  ∈ {, , , }. Source terms for these species are:  =−	/,  = 	/,  = 2	/,  = −	/,  = 	/,  = 0. 

The flow density is then composed of three source terms: molecular diffusion, migration 
due to electric field, and advection. By assuming dilute electrolyte concentrations, this can be 
modeled by using the Nernst-Plank equation:  

     = −∇	 − 
 	∇ + 	   (5) 

where ,  are the valence and molar concentration of the  species, and  is the velocity.   
The effective diffusivity is given by Bruggeman correction to molecular diffusivity, i.e. 

 = /, where  is the electrode porosity. The electrolyte velocity in porous media is 
governed by Darcy’s law, in which a Kozeny-Carmen law is used for the hydraulic 
conductivity in the porous felt 

 = − 
	


 ∇	      (6) 

where  is the porous felt fiber diameter,  is the Kozeny-Carman constant,  is the  
dynamic viscosity of the fluid, and  is the pressure. The velocity field can be derived from 
(6) by using the continuity condition for an incompressible liquid, i.e. ∇ ⋅  = 0, and the 
assumption of dilute solutions. The continuity condition is useful to obtain advection-
diffusion equations by combining (4) and (5). Neglecting the electro-migration term produced 
by the potential gradient, the following equation is obtained:  

−∇	 + 	∇ =      (7) 

which can be simplified, under the 1D assumption proposed in [5], as:  

− 	 
 +  

 =     (8) 

where  becomes the average bulk concentrations (depending only on ),  = 
 is the 

(equivalent) electrolyte velocity along the flow direction ,  is the volumetric flow rate,  is 
the electrode width, and ℎ is the electrode thickness.      

The charge transfer from the electrolyte to the carbon felt occurs at the interface between 
solid and liquid phases. Charge balance equations are written for an equivalent volume 
element, considering thus an averaged volumetric current density:  

∇ ⋅  = −∇ ⋅  =      (9) 
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where  and  are the current density in the electrolyte and in the solid phase, respectively. 
The volumetric current density is  = −	 (in the positive electrode) or  = 	 (in 
the negative electrode), where  is the specific surface area (/) which denotes the 
electrochemical active area for unit volume of electrode. The current density inside the 
electrolyte is only given by the ion migration so that:  

 = ∑ 		      (10) 

which, by letting expression (5) for the species molar flux, gives:  

 = −	∇ −  ∑ 	∇	      (11) 

where  = 
 	∑   is the effective ionic conductivity. In the solid phase, the 

current density is only given by the electronic conduction, and, by applying the Bruggeman 
correction on the felt conductivity σ = 1 − ϵ/	, this becomes: 

 = −       (12) 

Electrical conduction equations, needed to obtain the electric potential distributions, are 
finally obtained by letting (11) and (12) in charge balance equations.  

The independent variables of the model in the porous electrodes are the electrolyte and the 
solid phase potential , , and the species concentrations , , , ,  . The 
sulphate ion concentration  is finally obtained from the electro-neutrality condition:  

∑  = 0     (13) 

Homogeneous Neumann boundary conditions are applied for , while homogeneous 
Dirichlet boundary conditions are applied at the positive electrode for . The current density , which can be positive (charge) or negative (discharge), is applied at the positive 
electrode. Inlet concentrations for all ionic species are related to the SoC of the electrolyte: 

, = , + ,	
, = , + ,	


 = 
 + ,1 − 


 = 

 + ,	


 = 
 + ,	


 = 

 + ,	1 − 

     (14) 

where  = 
, = 

, is the State of Charge ( = 0 when the redox flow cell is fully 

charged,  = 1 when it is fully discharged) and , =  + , , =  +  are the 
total vanadium concentrations at the positive and negative electrodes, respectively.    

2.2 Membrane and current collector equations     
Electric charges generated and consumed at porous electrodes are drawn by the current 

collectors according to Ohm’s law for electronic conductors, i.e.  = −	∇, where  is 
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the (uniform) electronic conductivity. This relationship, combined with the charge 
conservation equation, provides:      

−∇ ⋅ 	 = 0     (15) 

The polymer membrane provides the protonic exchange and only a ionic current occurs in 
it, so that electrons are forced to the external circuit. The electrical behavior of the membrane, 
which can be regarded as a solid electrolyte, is characterized by the conduction equation:  

−∇ ⋅ 	 = 0     (16) 

where  =  			
	  is the effective conductivity of the membrane, with   proton 

valence,  concentration of fixed charge sites, and   the proton diffusion coefficient.  

2.2 Dynamic model equations      
During VRFB operations the species concentrations in the reservoirs vary due to the 
processes occurring in the half-cells. Having assumed the conservation of volumes [2], the 
volumetric flow rate at the outlet of the electrodes is  = 		. The outlet concentrations 
are calculated by averaging along the outlet surfaces. The changes in species concentrations at 
the inlet of the electrodes due to recirculation can be calculated from the following material 
balance, which assumes perfect mixing and negligible reaction in the reservoir of volume : 


 = 	 

  − ,       0 =    (17) 

The reservoir volume is obtained by subtracting the electrode volume 	
(ε Lwhe) from the volume of electrolyte on each side of cell, VT . The electrolyte volume can 
be estimated from Faraday law once the electrical current  and the charge time Δ have 
been fixed, as: 

 = 	
	       (18) 

where   and   are the initial and the final (estimated) concentrations of . The volume 
of electrolyte in the pipes and pump is assumed to be negligible. To account for the evolution 
in species concentration, the conservation equation (7) is modified as follows: 

		
	 =  + ∇	 − 	∇     (19) 

and a similar expression, corresponding to (8), is obtained under the 1D assumption: 

		
	 =  +  	 

 −  
      (20) 
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3 NUMERICAL RESULTS 
The 1D redox flow battery model is constructed from the previous non-linear equations: 

momentum, charge and species conservation, mass transport (Nernst-Plank equation), electric 
conduction, charge generation (Butler-Volmer equation) inside the porous electrodes, and the 
proton conduction inside the membrane. The basic assumption of the model regards the 
derivation of equation (8), and consists in approximating the concentration gradient inside the 
porous electrode with a finite difference. The partial differential equations (PDEs) for the 1D 
model are then simply expressed by substituting the gradient operator with  (derivative 
along the horizontal −axis in Fig. 2) where electrical conduction and species diffusion occur. 
The numerical model is implemented in COMSOL®, which provides a robust simulation 
environment for multiphysics problems. This software, based on the finite element method 
(FEM) for the discretization of 1D, 2D, 3D PDEs, provides different non-linear solvers.  

In order to assess the validity and the accuracy of the dimensional reduction numerical 
results of the 1D model are compared with those of a 2D model based on the same physical 
parameters. The meaning of the geometrical parameters of the 2D model is reported in the 
schematic of Fig. 2. The 1D model geometry consists in the union of intervals [Xi, Xi+1].   

Figure 2: Geometrical parameters in the schematic diagram of 2D VRFB model (C+, C−: collectors; E+, E−: 
porous electrodes; PEM: polymer membrane) implemented in COMSOL Multiphysics®.     

Due to the generality of PDEs defined in the fully coupled model, “General Form PDE” 
study nodes were used to implement both conduction and advection-diffusion equations in 
COMSOL. In particular, (8) was implemented as a diffusion-adsorption equation in order to 
account for the concentration gradient approximation. The degrees of freedom (DoF) of the 
discrete algebraic system are concentrations , , 

 (positive electrode) , , 


(negative electrode), the electrolyte potential  (membrane and electrodes), and solid phase 
potential  (electrodes and collectors). These equations, discretized with quadratic finite 
elements (for both 1D and 2D) defined on structured meshes, were solved by the Newton-
Raphson method with a fixed tolerance of 10.  
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The following computing performances were observed in both FEM steady-state models 
(1D vs. 2D) run on a Intel® Core™@2.70 GHz Processor, 64 bit system, 4 GB RAM: 7.235 
vs. 127.361 (number of DoF); 26 s vs. 899 s (solution time); 890 MB vs. 1.89 GB (physical 
memory); 1.094 MB vs. 2.16 GB (virtual memory). Steady-state solutions of the fully coupled 
problem were obtained by a parametric sweep (for  values ranging from 0.1 to 0.9), after 
imposing the electric current density  at the positive electrode and the inlet species 
concentrations (14). Geometrical and physical parameters in Tables I and II, used for both 1D 
and 2D models, were taken from [5] except for the thickness of collectors, which is here 
presumed. The electrical behavior of the redox flow battery was investigated by computing 
the electrical cell voltage between the positive and negative current collectors.  

Fig. 3 shows that charge and discharge curves of 1D and 2D models are in very good 
agreement, also with experimental data presented in [5]. The electrolyte and the electrode 
current density (for the 2D model, in particular, the -component is considered) in Fig. 4 
show a similar behavior. Product and reactant species concentrations at positive and negative 
electrodes are compared by considering, for the 2D model, the concentration profiles at the 
electrode outlets ( = ). Also in the case of non-electrical variables it can be observed that 
the reduced model provides high accuracy, even though its complexity is much smaller. The 
concentration variation inside the device is captured by the 2D model, i.e. Fig. 7 and 8 show 
that for reactants the concentration is higher near the inlet, whereas for products the 
concentration is higher near the outlet.    

Dynamic 1D and 2D models are constructed by adding the reservoir equation and by 
enforcing time-varying boundary conditions at the electrode inlets. Time profiles of model 
variables were obtained by an adaptive time-stepping backward Euler solver. Computing time 
and memory requirements, with the same computer as above, were 710 s and 1.86 GB for the 
2D model, and 232 s and 1.91 GB for the 1D model. Fig. 9 and 10 show that the reduced 
model again provides an accurate information about multiphysics problem variables.         

4 CONCLUSIONS 
A one-dimensional steady-state multiphysics model of a single VRFB, encompassing mass, 
charge, and momentum transport and conservation has been proposed. Compared to previous 
model in literature current collector have been included aiming at simulating real VRFB 
stacks. Comparisons with 2D steady-state multiphysics model show that the 1D assumption is 
reliable to properly simulate both electrical and chemical quantities. Starting from these 
models, reservoir equations and mass balance equations have been included in order to 
simulate charge-discharge operations and, in particular, to estimate the battery run-time.  
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Figure 3: VRFB cell voltage vs. State of Charge. Figure 4: Electrolyte (Je) and electrode (Js) current 
density in electrode + membrane region.

Figure 5: Positive electrode species concentrations , 	during charge phase (  0.5).
Figure 6: Negative electrode species concentrations 

, 	during charge phase (  0.5).
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Figure 7: Reactant concentration , 	distributions 
during the charge phase (2D model,   0.5).

Figure 8: Product concentration , 	distributions 
during the charge phase (2D model,   0.5).

Figure 9: Cell voltage time profile during charge 
(Δ 	2200 s) and discharge phases.

Figure 10:	State of charge time profile during charge 
(Δ 	2200 s) and discharge phases.
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Table 1: Geometrical parameters of the 1D−2D VRFB model 

ℎ 1.25 ⋅ 10	m PEM thickness ℎ 3.00 ⋅ 10	m electrode thickness  ℎ 1.25 ⋅ 10	m collector thickness   2.00 ⋅ 10	m cell length   2.50 ⋅ 10	m cell width   3 ⋅ 10	m reservoir volumes 

Table 2: Physical parameters of the 1D−2D VRFB model 

 0.929 electrode porosity  9.3 ⋅ 10.	m/s H+ diffusivity 
 3.9 ⋅ 10.	m/s V4 diffusivity 
 3.9 ⋅ 10.	m/s V5 diffusivity 
 2.4 ⋅ 10.	m/s V2 diffusivity 
 2.4 ⋅ 10.	m/s V3 diffusivity 
 1.1 ⋅ 10.	m/s SO4 diffusivity 

 60	ml/min molar flow rate   /ℎ electrolyte velocity 
 300	K cell temperature  

 1000 ⋅ 1 − ϵ.	 S/m solid phase 
conductivity , 1.004	V std  potential (+)  

, −0.255	V std  potential (−)  6.8⋅10	m/s rate constant (+) 
 1.7⋅10	m/s rate constant (−)  1.62⋅10	m2/ m3 specific area  0.5	 transfer coefficient   0.5	 transfer coefficient  

 ±	400	A/m2 collector current 
density (+: charge)  1000 S/m collector conductivity , 1500	mol/m3 tot concentration (+) 

, 1500	mol/m3 tot concentration (−) 
, 6000	mol/m3 H+ concentration (+) 
, 4500	mol/m3 H+ concentration (−) 

 1200	mol/m3 fixed charge 
concentration (PEM) , 3.5 ⋅ 10	m/s H+ diffusivity (PEM) 

 1 H+ valence  2 V2 valence  3 V3 valence  2 V4 valence  1 V5 valence 

, 1.6 ⋅ 10 1⁄ . mass transfer 
coefficient (+) 

, 1.6 ⋅ 10 1⁄ . mass transfer 
coefficient (−) 
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Abstract. Motor manufacturers are facing a difficult challenge in designing traction motors 
for the latest generation of hybrid and all-electric vehicles. The efficiency with which these 
motors can perform is critical, as it impacts on the vehicle range and battery life. Many of the 
issues involved in the motor design have a complex nature which requires multiple fields of 
physics such as electromagnetics (EM), mechanics and thermal analysis. All these physics are 
usually interdependent and have to be considered collectively in order to obtain optimal 
performance for a particular scenario. 

This paper presents a multiphysics simulation tool that was implemented to address this 
situation. The Opera FEA software suite [1] was developed to include a multiphysics analysis 
that can link several EM, thermal and stress analyses. Opera’s Machines Environment 
(parameterised template software for designing motors and generators) has been extended to 
allow easy setup of coupled multiphysics analyses such as EM to thermal and EM to stress. In 
order to further facilitate the coupling of different analyses, a link to the Python programming 
language was embedded in Opera FEA software. The embedded Python facility offers options 
to perform certain post-processing operations during the solving stage and hence allow data 
transfer between different stages of the multiphysics analysis. It also extends Opera’s 
capabilities to interact with other FEA software. 
 
1 INTRODUCTION 

With growing concerns over future petroleum supplies and air pollution, sustainable 
transportation has emerged as a vital mission for countries that seek to expand infrastructure 
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whilst minimising the associated economic and environmental costs. Hybrid electric vehicles 
(HEVs) and electric vehicles (EVs) represent one of the most promising routes to better 
energy security and reduced emissions of greenhouse gases. The research in HEVs/EVs has 
been widely supported by governments worldwide. The U.S. Department of Energy predicts 
that by 2030, alternative vehicles will comprise 28% of the total U.S. light-duty cars and 
trucks–a 20% increase from 2005 [2]. Consequently, there is a strong competition to develop 
efficient and cost-effective electric powertrains in order to meet these demands by focussing 
on simulation based development rather than prototype testing.  

The motor/generator plays a crucial role in driving the vehicle. Traction motors for EVs 
are different from other motors because they must work reliably in a severe physical 
environment. Motors must operate consistently under extreme hot and cold temperatures, hard 
duty cycles and rough road conditions. All of these variables must be addressed in motor 
design. 

Electrical machine designers have to consider the following fields of physics to obtain 
optimal behaviour of a particular machine: 

• Electromagnetics (EM) 
• Mechanics (stress) 
• Thermal characteristics 
All these physical phenomena usually have an effect on one another and have to be 

considered collectively. So, machine designers have to consider a combination of two or more 
physics problems while optimizing the overall design. Also, the focus is on getting very 
accurate results in less time.  

In this paper, various tools implemented in Opera for characterizing machine performance 
within a multiphysics scenario are discussed. The paper then presents the coupling options 
implemented in Opera’s Machines Environment. All the developments discussed in this paper 
were developed as part of a collaborative development programme named the ‘Rapid SR’ 
project [3] between Cobham Technical Services, Jaguar Land Rover and Ricardo, part 
supported by Innovate UK (previously known as the Technology Strategy Board). 

2 MULTIPHYSICS ANALYSIS  
In order to evaluate accurate performance of electric motors for traction application, it is 

necessary to assess the interaction between the various physics arising from the natural 
phenomena. For example, material properties are usually temperature dependent.  A 
multiphysics analysis tool to address this situation has been implemented that can chain EM, 
thermal and/or stress analyses. Results from one analysis are automatically transferred as 
input to any subsequent analysis in the chain. Table 1 shows the exchange of data between 
different analyses.   

For machines where the air gaps are small, it is important to include the structural changes 
evaluated by the stress analysis to characterize the machine performance. This can be 
achieved by chaining magnetostatic, stress and magnetostatic solutions, as shown in figure 1. 
Element force densities evaluated by the Maxwell stress in the magnetostatic analysis are 
supplied to the stress analysis, along with the rotational forces on the rotor. The last stage of 
the chain uses the displaced nodes to re-evaluate the electromagnetic behaviour of the 
machine.  This loop can be continued iteratively until convergence is obtained.  
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Table 1: Data exchange between different physics [4]. 
  Fields Calculated 

In
pu

ts
 u

se
d 

 EM Thermal Stress 
EM  Temperature Displacements 
Thermal Heat density from coils, 

and/or eddy currents 
 Displacements 

Stress Magnetic flux density, 
Element force densities 

Temperature  

For a multi-case analysis, where the electromagnetic simulation consists of different 
excitations (for example, different currents or frequencies) then the chain is repeated for all 
the cases. For example, for a solution at two current excitations chained with stress and a 
second EM, the multiphysics analysis will run a chain of EM, stress and EM for each 
excitation (six simulations in total).               

 

 
Figure 1: Multiphysics setup showing chained analyses 

     
For a transient analysis, where the electromagnetic simulation is a time-stepping solution, 

results may be averaged over a cycle and passed to the next analysis in the chain. For 
example, a transient electromagnetic simulation, which is set up to run for one cycle after 
reaching steady-state, is chained with a steady state thermal simulation. The program will 
automatically average the results (electromagnetic losses) from the EM solution over the one 
cycle and pass that average on to the thermal simulation to evaluate temperature rise.  

3 PYTHON 
A multiphysics analysis where different analyses are chained involves evaluating certain 

quantities from a particular solution, which are passed on to the next analysis as input. In 
some scenarios, this involves accessing the simulation while it is still running. In order to 
address this, Python (programming language) was embedded in Opera. Python’s functionality 
such as advanced string manipulation and numerical analysis components were the key 
features for it being a viable solution for addressing the requirements of the multiphysics 
analysis. The integration between Python and Opera has also enabled easy interaction of 
Opera with other 3rd party scientific programs. The following sections give an overview of 
how the Opera’s functionality was extended by using Python: 
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3.1 Opera Database Extraction 
The Opera Database Extraction package contains functionality to extract a data set of 

results from a particular simulation in a sequence (for example, one case is a transient 
simulation), and to subsequently store a subset of this data in an easily referable manner. The 
primary purpose of this is to allow user computations to be performed during the solving 
stage, although it may equally be used in a post-processing stage. For example, it may be used 
to extract x, y and z components of flux density, and store only the subset of this data relevant 
to ferrous regions (rotor or stator steel) throughout a transient simulation. Such data may then 
be used once the transient period has completed to evaluate iron loss.  

3.2 Opera Steady State Detection 
The package Opera Steady State Detection provides functionality to determine steady state 

in transient simulations (i.e. the time at which the behaviour of the system becomes time 
periodic). It includes a sequential analysis sub-package, which provides two detection 
methods that can be applied to global simulation data such as torque, speed, current etc. 
Sequential analysis solves hypothesis-testing problems in which the sample size is not fixed a 
priori but depends upon the data that have been already observed. While rudiments of 
sequential analysis date back to the works of Huyghens, Bernoulli, DeMoivre, Lagrange and 
Laplace as briefly noted in [7], the theory of sequential analysis was formulated by A. Wald 
in his celebrated work [8]. Over the recent years sequential analysis has become an important 
tool for handling real world problems arising across various branches of science and 
engineering: environment surveillance and monitoring, navigation and radar signal 
processing, fault detection, quality control, biomedical signal processing, econometrics and 
financial markets. The common feature of the above problems is the goal to detect one or 
several abrupt changes in some characteristic properties of the considered object.  

In the first method, called a "variance test" following [9] parameter estimation is 
performed on collected simulation data. Once the required criteria for steady state detection 
have been satisfied, further sampling is disabled. The stopping criterion is based on the 
minimization of a cost function that measures the data heteroscedasticity, the tendency of the 
standard deviation of the observed quantity to vary. 

The second sequential analysis detection method, referred to as the "mean test", is a 
version of CUSUM algorithm [10] specially designed to detect the transient time at which the 
mean of the data settles down to zero. It may be used, for example, to analyse the DC offset in 
a transient simulation. A log-likelihood function for the samples is computed and compared to 
a threshold value to decide whether the parameters of the underlying probability distribution 
represent steady or transient state. In transient electromagnetic simulations, the data (e.g. 
current, voltage) is periodic and the assumption is that the samples follow an arcsine 
distribution, in which the amplitude and the offset are the control parameters. The nominal 
values of these parameters define the steady state and need to be specified along with the 
threshold for the log-likelihood function. 

3.3 Opera Loss Calculation 
The package Opera Loss Calculation provides functionality to calculate losses over a 

steady state cycle and to subsequently upload such losses to an Opera database. The package 
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evaluates losses based on current density (J) and material conductivity (σ) and iron losses. 
The iron losses are based on the Steinmetz formulae and use the following methodology: 

 A full harmonic analysis is performed on the flux density waveform on an element-by-
element basis, to an order which is user specified. The number of sampling steps is 
also user-specified, and should be a function of the highest harmonic order chosen by 
the user, ensuring that the stored flux density variation with angle (time) contains 
enough information for correct harmonic amplitude extraction. 

 Element loss intensity tables are created which are then automatically transferred to 
the thermal model. 

 
3.3  Coupling to other software 

 
The close integration between Python and Opera has enabled easy extension of Opera’s 

functionality with 3rd party Python packages and other FEA systems. In order to extend the 
functionality, any new Python package needs to be installed preferably (but not necessarily) 
into the Opera Python distribution location  and the new functionality can be accessible 
immediately via a Python “import package_name” statement. In such a manner, a package 
like matplotlib can provide functionality to perform 3D plots where the data can be supplied 
dynamically, for example during solver solution.   

More advanced Python usage can be, for example, chaining Opera computations with other 
FEA solvers to perform acoustic, fatigue, fracture, dynamic vibration and other required 
analysis for electrical machines. The open source structural mechanics solver from EDF 
Code_Aster [6] can be used for this purpose. The following Python script snippet, shown in 
figure 2, demonstrates how to prepare FE data to Code_Aster using its native data exchange 
format MED (HDF based) library. 

 
Figure 2: Code snippet for transferring mesh data. 
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 The Python script above demonstrates only how to export FE nodes into MED file 
format. Similarly other FE mesh data (nodal connectivity, faces, and edges) can be exported 
using Python interfaces from the MED library. The same interface is used to extract field 
values back from an MED file after a Code_Aster analysis is performed. 

4 MACHINE DESIGN ENVIRONMENT 

 The machines environment is a design package, which capitalizes on the accuracy of 
Finite Element Analysis of the Opera Suite to offer various options to the machine designer, 
including standard analysis options required for the design process. The machines 
environment was extended to exploit the developments in Opera to provide standard 
multiphysics scenarios for designing motors for traction applications. Two such scenarios will 
be described in detail using a practical example of a switched reluctance motor, as shown in 
figure 3. Table 2 shows the specifications of the SRM considered. 

Table 2 Specification of SRM 

 

 

Figure 3: SRM geometry modelled in Opera 
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4.1 Electromagnetic and Stress Analysis 
An analysis required to evaluate how induced stress in various parts of the machine affects 

its electromagnetic performance was implemented by coupling the electromagnetic and stress 
analyses. This analysis also includes stress induced by centrifugal loading. The 
electromagnetic analysis creates a series of static jobs for different rotor positions. The 
performance of the machine is characterized by evaluating peak torque obtained for the given 
excitation. For each rotor position, a stress stage was added to evaluate the stress due to 
electromagnetic and centrifugal loadings.  

Convergence criteria with an iteration limit can be set by the user to decide whether further 
additional EM and stress stages should be added or not. Following are the two criteria which 
will be observed: 

 Absolute change on the deformation: For each of the rotor positions, the maximum 
displacement as a percentage of the air gap radius on the rotor faces is recorded. If this 
value, for any of the rotor positions, is greater than that specified by the user then the 
EM and stress stages are repeated up to the iteration limit. 

 Relative change between the iterations: The change in the percentage displacement 
between the iterations is also recorded. If this value is greater than that specified by 
the user then the EM and stress stages are repeated up to the iteration limit.  

 
Figure 4: Option to select fixing point for the stator. 

 
In order to accurately evaluate stress in the machine, appropriate boundary conditions 

need to be specified. Figure 4 shows the standard options that users can choose for the stator. 
For the rotor, the fixing points will be represented by the extremities of the shaft where a 
fixed displacement boundary condition will be applied. The length of the shaft can be set 
independently as compared to the length of the rotor to allow for a more realistic 
representation of the stresses produced in the device.  
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Figure 5 shows the electromagnetic characteristics (torque vs. rotor position) of the SRM 
at the end of simulation after accounting for the stress effects.  

 
Figure 5: Torque vs rotor position. 

Figure 6 shows an exaggerated view of the displacements due to the stress effects, where 
the winding displayed on the stator tooth is to show which of the phases was excited. The 
coloured plot shows that the displacement due to centrifugal loading is dominant and hence 
an even distribution across all the rotor teeth. Figure 7 shows the effect of stress on the air 
gap of the machine. For both the figures, the mesh shows the actual position of the rotor and 
the solid view shows the deformed position. 

 
Figure 6: Displacements due to stress effects. 
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Figure 7: Gap closure due to stress effects 

 

4.2 Electromagnetic and Thermal Analysis 
An analysis required to evaluate how temperature rise in a machine affects its 

electromagnetic performance was implemented by coupling the electromagnetic and thermal 
analyses. A transient mechanically coupled analysis with rotational motion is run for a 
machine with a user defined excitation. A default switching strategy is calculated based on the 
geometric parameters and the number of phases selected, but a custom strategy can also be 
defined. A hysteretic speed control is also implemented in order to maintain the speed at the 
defined level. After the transient stage, a static thermal stage is added where the losses 
calculated over the last cycle of the transient stage are used as input. 

This analysis uses the steady state detection package developed using Python in Opera in 
order to determine the start of the steady state. The analysis is run for one cycle after the 
steady state is detected. The loss calculation package of Python in Opera is used to perform 
the calculations over the one steady state cycle and pass the averaged losses over the cycle to 
the thermal stage.  

For the thermal stage, the Stator and Rotor core thermal conductivities can be defined as 
anisotropic having different coefficients in the in-plane (radial/azimuthal) and axial directions. 
The conductor thermal conductivity is homogenized as a combination of conductivities for the 
conducting material and insulation and accounts for the fill factor. The boundary conditions in 
the form of heat transfer coefficients for the core back and air gap are set along with an 
ambient temperature.  
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Figure 8: Tool for calculating heat transfer coefficients. 

 
The heat transfer coefficient for the air gap of the machine is evaluated using the Heat 

Transfer Tool in Opera, developed in collaboration with City University, London [5], the 
interface to which is shown in figure 8.  It calculates an estimate of the heat transfer 
coefficient for a cylindrical surface of a machine rotor, rotating in a larger cylindrical space, 
i.e. a rotor within a stator. The formulae used for the calculation have been collated from 
theory and experiment over different regimes of dimensions, rotation speeds and coolant 
properties. While this simple theory may only provide limited accuracy, the coefficients given 
provide good initial estimates and avoid the need for expensive computational fluid dynamics 
simulation before thermal analysis can proceed.  

Figure 9 shows the torque profile of the SRM obtained by running the analysis while 
maintaining the speed around 500 rpm, as shown in figure 10. Figures 11 and 12 show the 
temperature rise in the stator and rotor sections respectively. This analysis exploited Opera’s 
functionality of setting a 2d slice [4] of full 3d models for rapid simulation, but, consequently, 
neglects axial heat flow.  

 
Figure 9: Torque vs. rotor position obtained from CarmenRM analysis 

437



NIKHIL P. SAWANT, CHRIS P. RILEY, ARTURAS .VENSKUS, DANAIL H. VASSILEV, JOHN D. WALE, 
EDDIE WEARING, ALEX .M. MICHAELIDES, PHILIP J. TOPPING, HERMINDER MATHARU 

 11 

 
Figure 10: Speed vs time showing the hysteretic control of speed around 500 rpm 

 
Figure 11: Temperature rise in the stator section 

 
Figure 12: Temperature rise in the rotor section 

 

438



NIKHIL P. SAWANT, CHRIS P. RILEY, ARTURAS .VENSKUS, DANAIL H. VASSILEV, JOHN D. WALE, 
EDDIE WEARING, ALEX .M. MICHAELIDES, PHILIP J. TOPPING, HERMINDER MATHARU 

 12 

5 CONCLUSIONS 
   The impetus for understanding the behavior of electrical machines has increased, following 
the increased on-going research in HEV/EV for a sustainable future. An in-depth knowledge 
of the interactions between electromagnetics, thermal and mechanical behavior of machines 
has become vital in order to understand the material performance, reliability and 
electromagnetic characteristics in extreme environments and at high speeds. This has driven 
the rise in interest in multi-physics simulations.  

   Software tools for characterizing machine performance based on various physics were 
discussed. Also, tools developed in the machines environment for coupling various fields of 
physics in order to get the optimized designs were discussed. The tools developed were 
successfully applied to an 8/6 SRM in order to understand and quantify its advantages. 
Further work as a part of the Rapid SR project will be carried out in order to verify the 
simulation results against practical measurements.  
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Abstract. The current paper presents the Pseudo-Incident Wave method for the theoretical 
treatment of the dynamic interaction between general inhomogeneities in advanced 
piezoelectric structures. Instead of simulating the response of such complicated systems using 
purely numerical or analytical methods, the current technique will take the advantages of the 
accuracy and reliability of analytical solutions and the flexibility of numerical methods. Using 
this method the original interaction problem is reduced to the solution of coupled single 
inhomogeneity problems, for which analytical solutions or simpler numerical solutions could 
be derived. By considering the consistency condition between different inhomogeneities, the 
steady state dynamic solution of multiple interaction problems can be formulated in terms of 
coupled single inhomogeneity solutions. The current method is very general and can provide 
reliable simulation of complicated interaction problems. Numerical examples are presented to 
illustrate the effectiveness of the Pseudo-Incident Wave method in simulating dynamic 
interaction between general inhomegeneities under complicated geometries. 

1 INTRODUCTION 
 Piezoelectric materials are widely used in advanced structures to form self-monitoring and 

self-controlling smart systems and have drawn considerable attention from the research 
community. Mechanical deformation of such materials can be directly converted into electric 
signals for monitoring the mechanical deformation. In the reverse process, an applied electric 
field could induce deformation in the material. Therefore, the designers of such advanced 
structures will constantly face the challenge of properly modeling the electromechanical 
coupling between the electric and mechanical fields. 

 One of the most fundamental issues surrounding the optimization of the effectiveness and 
reliability of piezoelectric structures with multiple piezoelectric components is the evaluation 
of the effect of the interaction between different inhomogeneities, which will significantly 
affect both the local and global response of the coupled system. An accurate assessment of the 
coupled electromechanical behavior of an integrated piezoelectric composite system would, 
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therefore, require the determination of the local stress and electric fields involving interacting 
inhomogeneities. 

 Significant efforts had been made to the study of the quasistatic electromechanical 
behavior of piezoelectric composite materials. For example, the problems of a single elliptical 
(ellipsoidal) inhomogeneity in unbounded piezoelectric materials were solved using the 
Green’s function approach [1, 2], the effective properties of piezoelectric composites was 
determined using different micromechanical models [3-6], and the fracture and damage of 
piezoelectric materials was also studied [7]. However, relatively few studies have focused on 
the interaction between inhomogeneities, especially the dynamic interacting behavior of 
inhomogeneities. It should be noted, however, that piezoelectric structures are currently being 
used or intended to use in situations where dynamic loading is involved, such as smart 
structures under impact loading and the acoustic control of smart skin systems. Even for static 
cases, it was observed that for composite material systems the mechanical properties are more 
sensitive to the local response of individual inhomogeneities [8, 9], which is closely related to 
the interaction among inhomogeneities.  

 The mechanical and electrical properties of advanced piezoelectric composite structures 
are greatly affected by the attached piezoelectric sensors/actuators, debondings, fibres and/or 
embedded cracks. The interaction between these inhomogeneities will cause the redistribution 
of the local stress and electric fields, which results in mechanical shielding or amplification 
effects and affects the overall failure mechanism, and alters the electrical behavior of the 
structures. Because of the complexity of the problem, when dynamic loads are applied, the 
simulation of the dynamic response of such coupled systems possesses a significant challenge. 
Typical numerical methods, such as finite element method or boundary element method, can 
be used to conduct dynamic simulation of these problems under certain conditions but have 
their own limitations when multiple interactions are involved, because of the computing 
resource needed to obtain reliable results. Analytical study of interacting inhomogeneities 
under dynamic loads is very attractive because of its high reliability and accuracy, but is 
limited to only simple cases of single inhomogeneity of certain types.  

 It is therefore the objective of the present paper to provide a comprehensive treatment of 
the steady-state dynamic behavior of interacting inhomogeneities in piezoelectric composites. 
The original problem is decomposed into single inhomogeneity subproblems. The solutions of 
these subproblems are then implemented into a pseudo-incident wave method to account for 
the interaction between different inhomogeneities. Numerical examples are provided to show 
the effect of the interaction between inhomogeneities, the material mismatch and the loading 
frequency upon the dynamical field. 

2 PROBLEM FORMULATION 

 Consider an infinitely extended piezoelectric medium containing M  arbitrarily located 
circular piezoelectric inhomogeneities of radius mR (m=1,2, ... , M ), as shown in Fig.1. 
Inhomogeneity m and the matrix are bonded through a thin layer of thickness mh . A global 
Cartesian (x, y) and local polar ),( mmr θ coordinate systems are used to characterize the 
inhomogeneities. The position of the center of inhomogeneity m is denoted ),( mm yx  in the 
global coordinate system. The piezoelectric materials are assumed to be transversely isotropic 
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with the axis of symmetry being perpendicular to the yx −  plane. The shear moduli, the 
piezoelectric constants, the dielectric constants and the mass densities of the matrix and the 
inhomogeneities are denoted as MMMM ec ρκ ,,, 111544  and FFFF ec ρκ ,,, 111544 , respectively. The 
corresponding material constants of the interphase of inhomogeneity m  are mm ec 1544 ,  and m

11κ . 
 When subjected to a steady state load of frequency ω , the resulting fields will generally 

involve an exponential harmonic factor )exp( tiω− . For the sake of convenience, this factor 
will be suppressed and only the amplitude of different field variables will be considered. 

Figure 1: Interacting Piezoelectric Inhomogeneities 

The steady state behavior of a homogeneous piezoelectric material under antiplane 
mechanical and inplane electric loading is fully described by the following governing 
equations: 
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and the corresponding non-vanishing stress and electric displacement components can be 
expressed as: 
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In these equations, 111544 ,, κec  and ρ  are the elastic modulus, the piezoelectric constants, the 
dielectric constant and the mass density, which should be replaced by the corresponding 
material constants of the matrix, the inhomogeneities and the interphases, respectively, when 
these media are considered. 

3 INTERFACE MODEL 
 Interphases between matrix and fibers play a dominant role in characterizing the behavior 

of composites [10, 11]. In the current study, it is assumed that the thickness of interfacial 
layers is much smaller than the radius of fibers and the wavelength and that the inertial effect 
of the interfacial layers can be ignored. Accordingly, the radial shear stress rzτ , strain rzγ , 
electric displacement rD  and electric field intensity rE are assumed to be uniform across the 
thickness of interphases, and the constitutive relation of interphase m can be expressed as 
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4 SINGLE INHOMOGENEITY PROBLEM 

 For a single inhomogeneity m subjected to an incident wave. The general solution of the 
displacement and electric fields can be expressed in terms of Fourier expansions in a local 
polar coordinate system ),( mmr θ , as 
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where )1(
nH  and nJ  are Hankel function and Bessel function of the first kind, respectively. 

incw  and incf  represent the incident wave. The solution of m
n

m
n

m
n

m
n dcba ,,,  and m

n
m
n

m
n pgf ,,

and m
nq  can be obtained by making use of the interphase model, eqns. (6) and (7). 

 Truncating the Fourier expansion in (8) and (9) into Nth  term, the solution of the 
governing parameters m

n
m
n

m
n

m
n dcba ,,,  and m

n
m
n

m
n pgf ,,  and m

nq  can then be expressed in terms 
of the incident wave at the following integral points 

                                    Ll
L

ll
m ,...,2,1,

1
)1(2 =

−
−= πθ                                                       (10) 

as     
                                   { } [ ] { }mmm FAC =                                                                           (11) 

where [ ]mA is a known matrix, { }C m represents the coefficients of Fourier expansion of 
inhomogeneity m , given by 
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5 INTERACTING INHOMOGENEITIES 
For the cases where multiple inhomogeneities are involved, the interaction between these 

inhomogeneities may significantly affect the electromechanical behavior of the composites. 

Figure 2:  Pesudo-incident wave 
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5.1 Pseudo-incident wave method 

Let us now focus our attention on a specific inhomogeneity m . The total incident wave for 
inhomogeneity m can be expressed as 

                                               p
m

I
m uuu += 0                                                                   (14) 

where 0u  is the initial incident wave and p
mu  is the unknown pseudo-incident wave from other 

inhomogeneities with u representing both the mechanical and the electric fields. As a result of 
this incident wave, inhomogeneity m will result in a scattering wave sc

mu , as shown in Fig.2. 
The total field in the matrix can then be expressed as 

                                  sc
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can also be obtained by summing up the initial field and the contributions from all 
inhomogeneities, such that 
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The equivalence between eqns. (15) and (16) indicates that 
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Equation (17) represents the relation between different inhomogeneities. 

5.2 Solution of interacting inhomogeneities problems 

 According to eqns. (14) and (17), the general load { }mF  used in eqn. (11) can be 
expressed as  
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where mF }{ 0 is due to the original incident wave and m
j

scF }{ is the general load due to the 

scattered wave of inhomogeneity j . m
j

scF }{  can be obtained by using the general solution 
given by (8) and (9), and the constitutive relation (4) and (5) as 
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where jC}{ represents the Fourier expansion coefficients of inhomogeneity j and m
jT ][  is a 

known matrix obtained by rearranging (8) and (9). Substituting eqns. (18) and (19) into (11) 
results in 
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from which ),...,2,1(}{ MmC m = can be determined by solving a system of linear algebraic 
equations. 

 According to eqn. (16), the resulting mechanical and electric fields in the matrix given by 
eqns. (8) and (9) can be expressed in terms of the coefficients of Fourier expansions as 
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From Eqns. (21) and (22), the stress and the electric displacement in the matrix can be 
obtained using the constitutive relation given by (4) and (5). 

6 RESULTS AND DISCUSSIONS 
 The theoretical analysis described in previous section is used to investigate the coupled 

electromechanical response of piezoelectric composites to an incident harmonic wave, as 
shown in Fig. 1. The incident antiplane displacement and the electric potential can be 
expressed as 

                             )(

11

15)()sin(

*

)( , in

M

M
inyxconik

M
M

in w
e

e
kc

i
w M

κ
φτ == Γ+Γ−                                       

where τ is the maximum value of the shear stress carried by the incident wave, and Γ is the 
incident angle. In the following examples, uniformly distributed identical piezoelectric fibers 
will be examined. The present formulations predict the dependence of the electric and 
mechanical fields upon the geometry of the fibers, the material combination, the interfacial 
property, the frequency and angle of the incident wave. It should be recognized that only the 
amplitudes of the complex shear stress and electric potential are considered in the following 
figures.  

6.1 Local Shear Stress 
 It is well known that local stress field in composites will be disturbed by the existence of 

fibers due to material mismatch [12]. The current study indicates that even when there no 
elastic mismatch exists, the electromechanical coupling between electric and mechanical 
fields in piezoelectric inhomoheneities may also result in significant change in the local stress 
level. Figure 3 shows the distribution of the scattering shear stress (τ*=τrz/τ) along the 
circumference of a single fiber embedded in an insulating medium subjected to an incident 
wave with 090=Γ . The shear wave speeds (and shear moduli) of the fiber and the matrix are 

assumed to be same. In this figure, the normalized piezoelectric constant FF

F

c
e

11*

2
15}{

κλ =  is 

taken to be 1=λ and FRkk =*  represents the normalized frequency of the incident wave. 
Unlike non-piezoelectric materials for which no scattering will be generated for the current 
material combination, the piezoelectric fiber results in shear stresses over τ25.0 at 030=θ
and 0150 . Significant stress distribution is also observed in Fig. 4, which shows the 
corresponding interfacial shear stress distribution along the surface of inhomogeneity one with 
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the presence of inhomogeneity two. The distance between them is R2.0 with R  being the 
radius of the inhomogeneities. 

6.2 Electric field 
Electric potential induced in a piezoelectric composite could be used to monitor the 

deformation of the material and the property of the incident wave. Figure 5 shows the 

distribution of the electric potential ( τ
φφ R

eF
15* = ) along the boundary of a single fiber 

examined in Fig. 3. It is very interesting to note that the peak value of *φ has a unique relation 
with the incident angle ( 090=Γ ) for different loading frequencies. Figure 6 shows the 
corresponding results for two interacting inhomogeneities, similar to the case discussed in Fig. 
4. In this case, the relation between the incident angle and the position of the peak value of *φ
shows a strong frequency-dependence. 

6.3 Multiple interaction of inhomogeneities 
Interaction between multiple inhomogeneities was studied using the current method for 

mechanical problems. Figure 7 shows the displacement field (real part) of two interacting 
inhomogeneities with 090,5.7 =Γ=MRk and the distance between the inhomogeneities being 
R. The distribution of displacement (amplitude) around the boundary of the left 
inhomogeneity for different distances between the inhomogeneities is given in figure 8. The 
asymmetry of the results indicates the effect of the interaction between the inhomogeneities. 
Figure 9 shows the displacement field caused by four interacting inhomogeneities with

090,0.1 =Γ=MRk , the distance between adjacent inhomogeneities being 0.5R and the ratio 
of the wave speed (matrx/inhomogeneity) being 0.707. 

Interaction between multiple inhomogeneities, as shown in figure 10, is also considered, 
where the distance between the adjacent inhomogeneities is R. Figures 11 and 12 show the 
displacement field generated by the multiple interaction for 090,59.0 =Γ=MRk and 

090,37.1 =Γ=MRk , respectively. The incident wave is blocked by the inhomogeneity array 
for both frequencies, which are in the bandgap of the inhomogeneity array. The successful 
treatment of the interaction between large numbers of inhomogeneities clearly shows the 
advantage of the current method. 
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Figure 3: Shear stress of a single inhomogeneity                 Figure 4:  Shear stress of interacting inhomogeneities 

Figure 5:  Potential of a single inhomogeneity                         Figure 6:  Potential of interacting inhomogeneities

449



Xiaodong Wang, Huangchao Yu, S. Abdel-Gawad and Chen Wang 

11 

                

Figure 7: Wave field of two inhomogeneities                           Figure 8: Displacement around the boundary 

Figure 9: Displacement field due to four inhomogeneities 
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Figure 10: Array of multiple inhomogeneities 

Figure 11: Displacement field for a normal incident wave, kMR=0.59 

Figure 12: Displacement field for a normal incident wave, kMR=1.37 
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Abstract. We present an estimate for the convergence rate of the Dirichlet-Neumann
iteration for the discretized unsteady transmission problem. Specifically, we consider the
coupling of two heat equations on two identical squared domains. The Laplacian is dis-
cretized by second order central finite differences and the implicit Euler method is used
for the time discretization. For the semidiscrete case, Henshaw and Chad provided in
2009 a method to analyse stability and convergence speed based on applying the con-
tinuous Fourier transform to the semi-discretized equations. Numerical results for the
fully discrete case show differences, which is why we propose a complementary analysis
based on approximating the spectral radius of the iteration matrix. Numerical results are
presented to illustrate the analysis.

1 INTRODUCTION

Thermal fluid structure interaction occurs when a heat flux from a fluid leads to tem-
perature changes in a structure or vice versa. Examples for this are cooling of gas-turbine
blades, cooling of rocket thrust chambers [9], thermal anti-icing systems of airplanes [3],
supersonic reentry of vehicles from space [8, 10] or gas quenching [6, 14].

Unsteady thermal fluid structure interaction is modelled using two partial differential
equations describing a fluid and a structure on different domains. The equations are
coupled at an interface to model the heat transfer between fluid and structure. For
the solution of a coupled problem, two general approaches can be distinguished. In a
partitioned approach [4], different codes for the sub-problems are used and the coupling is
done by a master program which calls interface functions of the other codes. This allows
to use existing software for each sub-problem, in contrast to a monolithic approach, where
a new code is tailored for the coupled equations. The standard partitioned algorithm is

1
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the Dirichlet-Neumann iteration, where the PDEs are solved separately using Dirichlet,
respectively Neumann boundary conditions with data given from the solution of the other
problem. This iteration has been analyzed and a convergence condition is given by [12],
but convergence rates have not been computed.

Henshaw and Chad provided in [7] a method to analyse stability and convergence
speed of the Dirichlet-Neumann iteration for the thermal transmission problem based on
applying the continuous Fourier transform to the semi-discretized equations. Their result
depends on the thermal conductivities and diffusivities of the materials. However, in the
fully-discrete case we observe that the iteration converges much faster [2]. Therefore, we
propose a complementary stability and convergence study for this case.

In this paper we consider the transmission problem because it is a basic building block
in fluid structure interaction. In particular, we consider the coupling of two heat equations
on two identical squared domains. The Laplacian is discretized by second order central
finite differences and the implicit Euler method is used for the time discretization.

To study the convergence behaviour of this problem, we reformulate the fully-discrete
iteration as a system of algebraic equations. For each domain, we have a matrix describ-
ing the discretization of the Laplacian and a matrix describing the coupling conditions.
This leads us to a linear coupled system of equations with sparse block tridiagonal ma-
trices. Using the Schur complement [15], the exact iteration matrix can be written down.
However, the spectral radius of that is too difficult to compute. We therefore present an
estimate based on approximating the iteration matrix by its block diagonal because the
iteration matrix is a strictly diagonally dominant matrix.

An outline of the paper now follows. In Section 2, we define the problem to be solved in
terms of the partial differential equations, boundary conditions and interface conditions.
We also give a description of the discretization. In Section 3, we explain how to solve the
model problem using a fixed point iteration. Our stability analysis for the fully-discretized
case of the model problem using Dirichlet-Neumann interface conditions is presented in
Section 4. In Section 5, we present numerical results that show the theoretical stability
analysis. Conclusions are given in the final section.

2 MODEL PROBLEM AND DISCRETIZATION

The unsteady transmission problem is as follows, where we consider a domain Ω which
is cut into two subdomains Ω = Ω1 ∪ Ω2 with transmission conditions at the interface
Γ = Ω1 ∩ Ω2:

∂um(x, t)

∂t
+Dm∆um(x, t) = f(x), t ∈ [t0, tf ] x = (x, y) ∈ Ωm ⊂ R2, m = 1, 2

um(x, t) = 0, t ∈ [t0, tf ], x ∈ ∂Ωm\Γ
u1(x, t) = u2(x, t), x ∈ Γ (1)

K1∂xu1(x, t) · n = K2∂xu2(x, t) · n, x ∈ Γ

um(x, 0) = gm(x), x ∈ Ωm

2
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The constants K1 and K2 describe the thermal conductivities of the materials on Ω1

and Ω2 respectively. Analogously, D1 and D2 represent the thermal diffusivities of the
materials.

For this study, we use Ω1 = [0, 1]× [0, 1], Ω2 = [1, 2]× [0, 1] and

f(x, y) = sin πy2(π cos
π

2
x2 − π2x2 sin

π

2
x2) (2)

+ sin
π

2
x2(2π cos πy2 − 4π2y2 sin πy2).

This was chosen such that the exact solution is

u(x, y) = sin πy2 sin
π

2
x2, (3)

which satisfies the boundary conditions.
We discretize this problem using second order central differences for the Laplacian with

a constant mesh width of ∆x = ∆y. For the time discretization we use the implicit Euler
method. All linear systems are solved using CG.

2.1 Space Discretization

Let’s first discretize the equation D1∆u1(x, y) = f(x, y) on Ω1 with Dirichlet boundary
conditions at the interface Γ. Consider u1(xi, yj) ≈ u1,i,j for i = 0, ..Nx, j = 0, .., Nx + 1
and ∆x = ∆y = 1/(Nx + 1). We use the following second order central difference to
approximate the second order spatial derivatives,

u1,xx(xi, yj) ≈
1

∆x2
(u1,i+1,j − 2u1,i,j + u1,i−1,j), (4)

u1,yy(xi, yj) ≈
1

∆x2
(u1,i,j+1 − 2u1,i,j + u1,i,j−1). (5)

These approximations lead us to the following linear system,

A1u1 + f1 = 0, (6)

where A1 ∈ RNx·Nx×Nx·Nx and u1, f1 ∈ RNx·Nx×1. A1 is given by

A1 := − D1

∆x2




Ã I 0

I Ã
. . .

. . . . . . I

0 I Ã


 where Ã :=




−4 1 0

1 −4
. . .

. . . . . . 1
0 1 −4




Nx×Nx

(7)

and I is the identity matrix. Note that each block of the matrix A1 has size Nx ×Nx.
Finally, on the right boundary we have to add a matrix P describing the Dirichlet

coupling conditions at the interface. The full discretization is described as follows,

A1u1 +Pu2 + f1 = 0,

3
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where P ∈ RNx·Nx×(Nx+1)·Nx and is defined by

P =
D1

∆x2

(
0 0
I 0

)
. (8)

The bottom left block of the matrix P has size Nx ×Nx.
On the other hand, we also need to discretize the equation D2∆u2(x, y) = f(x, y) on Ω2

with Neumann boundary conditions at the interface Γ and Dirichlet boundary conditions
on ∂Ω2\Γ. The discretization for the interior points of the grid is the same as for Ω1.
Therefore, we only need to develop the discretization of this equation on the left boundary.

We discretize the Neumann boundary conditions at the interface using forward finite
differences:

K1∂u1(xNx+1, yj) · n ≈ K1(u1,Nx,j − u1,Nx+1,j)

∆x
and (9)

K2∂u2(x0, yj) · n ≈ K2(u2,0,j − u2,1,j)

∆x
for j = 0, .., Nx + 1. (10)

In general, the entire discretization looks as follows,

A2u2 +Du1 + f2 = 0, (11)

where A2 ∈ R(Nx+1)·Nx×(Nx+1)·Nx , D ∈ R(Nx+1)·Nx×Nx·Nx is the discrete normal derivative
at the interface and u1, u2, f2 ∈ R(Nx+1)·Nx×1. A2 is given by

A2 := − D2

∆x2




Â I 0

I Ã
. . .

. . . . . . I

0 I Ã




where Â :=




−3 1 0

1 −3
. . .

. . . . . . 1
0 1 −3




Nx×Nx

. (12)

Note that each block of the matrix A2 has size Nx ×Nx. D is described as follows,

D =
D2

∆x2

(
0 D̃
0 0

)
where D̃ =

K1

K2

(
I −I

)
Nx×2Nx

. (13)

2.2 Time Discretization

As we said before, we use the implicit Euler method for the time discretization of
(1). In order to simplify the analysis, we assume that f1 = f2 ≡ 0 without loss of
generality. Therefore, one can rewrite the time dependent transmission problem as the
coupled equations

u̇1 = A1u1 +Pu2, (14)

u̇2 = A2u2 +Du1,

4
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where A1 corresponds to the space discretization on Ω1, A2 to the space discretization
on Ω2, P to the Dirichlet boundary conditions mapping from Ω2 to Ω1 and D to the
Neumann boundary conditions mapping from Ω1 to Ω2.

Applying the implicit Euler method to the system (14), we get

un+1
1 = un

1 −∆t(A1u
n+1
1 +Pun+1

2 ), (15)

un+1
2 = un

2 −∆t(A2u
n+1
2 +Dun+1

1 ), (16)

with the time step size ∆t fixed.

3 FIXED POINT ITERATION

We now employ a standard Dirichlet-Neumann iteration to solve the discrete system
(15)-(16). This corresponds to alternately solving the problems (15) and (16), where prob-
lem (15) corresponds to a discretization of the transmission problem (1) on Ω1 only with
Dirichlet data on Γ given by u2 on the coupling interface and problem (16) corresponds to
a discretization of (1) on Ω2 only with Neumann data on Γ given by the discrete normal
derivative of u1 on Γ. This iteration is also known as Gauss-Seidel process [12].

Applying this to (15)-(16), one gets for the k-th iteration

un+1,k+1
1 = un

1 −∆t(A1u
n+1,k+1
1 +Pun+1,k

2 ), (17)

un+1,k+1
2 = un

2 −∆t(A2u
n+1,k+1
2 +Dun+1,k+1

1 ), (18)

with some initial condition, here un+1,0
2 = un

2 .
The iteration is terminated according to the standard criterion ‖uk+1 − uk‖ ≤ τ [1].

4 ANALYSIS

In this section we present the convergence analysis for the semi discrete and the fully
discrete case of the model problem.

4.1 Semi Discrete Case

Here, one applies the implicit Euler method for the time discretization on both equa-
tions in (1) but keeps the space continuous. Then, Henshaw and Chand applied in [7] the
Fourier transform in space in order to transform the second order derivatives into alge-
braic expressions. This converts the partial differential equations into a system of purely
algebraic equations. Once we have a coupled system of algebraic equations, we can insert
one into the other one and obtain the amplification factor β which is approximated by

β ≈ K1

K2

√
D2

D1

. (19)
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4.2 Discrete Case

To analyze the iteration (17)-(18), we isolate the term un+1,k+1
i for i = 1, 2 in both

equations:

un+1,k+1
1 = (I+∆tA1)

−1(un
1 −∆tPun+1,k

2 ), (20)

un+1,k+1
2 = (I+∆tA2)

−1(un
2 −∆tDun+1,k+1

1 ). (21)

Now we insert (20) into (21)

un+1,k+1
2 = (I+∆tA2)

−1(un
2 −∆tD(I+∆tA1)

−1(un
1 −∆tPun+1,k

2 ))

= (I+∆tA2)
−1un

2 − (I+∆tA2)
−1∆tD(I+∆tA1)

−1un
1 (22)

+(I+∆tA2)
−1∆tD(I+∆tA1)

−1∆tPun+1,k
2 .

To prove convergence, one needs to show that the norm of the iteration matrix M =
(I+∆tA2)

−1∆tD(I+∆tA1)
−1∆tP is smaller than 1 in some norm. Here we choose ‖ ·‖2.

The first natural idea when facing the problem of computing ‖M‖2 is to use the fol-
lowing basic norm property:

‖M‖2 ≤ ∆t2‖(I+∆tA2)
−1‖2‖D‖2‖(I+∆tA1)

−1‖2‖P‖2. (23)

However, the inequality in (23) is too coarse and the right hand side of the previous
expression is way bigger than 1. Any other combination of breaking ‖M‖2 lead us to
the same situation. In conclusion, in order to compute ‖M‖2 we need to compute the
iteration matrix M and apply the norm afterwards.

The iteration matrix M is not easy to compute for different reasons. First of all, the
matrices I+∆tA1 and I+∆tA2 are sparse block tridiagonal matrices, and consequently,
their inverses are not a straight forward computation. A block-by-block algorithm for
inverting a block tridiagonal matrix is explained in [13]. However, the algorithm is based
on the iterative application of the Schur complement [15], and it results in a sequence of
block matrices and inverses of block matrices that it is impossible to compute exactly.
Moreover, the diagonal block matrices of I+∆tA1 and I+∆tA2 are tridiagonal matrices
but their inverses are full matrices [5] which does not help for computing M.

Due to these difficulties, we propose here to approximate M. One can observe that
I+∆tA1 and I+∆tA2 are strictly diagonally dominant matrices, and therefore, we propose
to approximate them by the their block diagonal. Explicitly, if we define Ã1 := ∆x2A1,
we approximate

I+∆tA1 = I+
D1∆t

∆x2
Ã1 ≈ blockdiag

(
I+

D1∆t

∆x2
Ã1

)
=




A 0
. . .

0 A


 , (24)

where A is defined by (compare with (7))
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A :=




1 + 4D1∆t
∆x2 −D1∆t

∆x2 0

−D1∆t
∆x2 1 + 4D1∆t

∆x2

. . .
. . . . . . −D1∆t

∆x2

0 −D1∆t
∆x2 1 + 4D1∆t

∆x2




Nx×Nx

.

Analogously, if we define Ã2 := ∆x2A2, we approximate

I+∆tA2 = I+
D2∆t

∆x2
Ã2 ≈ blockdiag

(
I+

D2∆t

∆x2
Ã2

)
=




B 0
A

. . .

0 A


 , (25)

where B is defined by (compare with (12))

B :=




1 + 3D2∆t
∆x2 −D2∆t

∆x2 0

−D2∆t
∆x2 1 + 3D2∆t

∆x2

. . .
. . . . . . −D2∆t

∆x2

0 −D2∆t
∆x2 1 + 3D2∆t

∆x2




Nx×Nx

.

Observe that A and B are nonsingular and thus [11]

‖A−1‖2 =
1

σmin(A)
, ‖B−1‖2 =

1

σmin(B)
, (26)

where σmin is the smallest singular value. Note also that the eigenvalues of Ã are λi(Ã) =

−4+2 cos
(

iπ
Nx+1

)
for i = 1, .., Nx and the eigenvalues of Â are λi(Â) = −3+2 cos

(
iπ

Nx+1

)

for i = 1, .., Nx. Furthermore, as A, B and I are Hermitian matrices, the following
inequalities hold [15],

σmin(I+A) ≥ σmin(I) + σmin(A), σmin(I+B) ≥ σmin(I) + σmin(B). (27)

Now we can compute the product of the four matrices that conform the matrix iteration
M using the approximations (24) and (25) for the matrices I + ∆tA1 and I + ∆tA2

respectively. Thus,

7
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M ≈ ∆t2




B 0
A

. . .

0 A




−1

D




A 0
. . .

0 A




−1

P

=
D1D2K1∆t2

K2∆x4




B−1 0
A−1

. . .

0 A−1




(
0 I −I
0 0 0

)



A−1 0
. . .

0 A−1




(
0 0
I 0

)

=
D1D2K1∆t2

K2∆x4

(
0 B−1 −B−1

0 0 0

)(
0 0

A−1 0

)

=
D1D2K1∆t2

K2∆x4

(
−B−1A−1 0

0 0

)
.

So, we have that

‖M‖2 ≈
∥∥∥∥
D1D2K1∆t2

K2∆x4

(
−B−1A−1 0

0 0

)∥∥∥∥
2

=
D1D2K1∆t2

K2∆x4
‖B−1A−1‖2

≤ D1D2K1∆t2

K2∆x4
‖B−1‖2‖A−1‖2 =

D1D2K1∆t2

K2∆x4

1

σmin(A)

1

σmin(B)

≤ D1D2K1∆t2

K2∆x4

1

1 + D1∆t
∆x2 |λi(Ã)|

1

1 + D2∆t
∆x2 |λi(Â)|

≤ D1D2K1∆t2

K2(∆x2 +D2∆t)(∆x2 + 2D1∆t)
,

where the last equality holds due to (26) and the previous to last inequality holds by (27).
Therefore,

ε :=
D1D2K1∆t2

K2(∆x2 +D2∆t)(∆x2 + 2D1∆t)
−→ K1

2K2

when ∆x → 0 (28)

is the estimate of ‖M‖2 using the approximations explained above.

5 NUMERICAL RESULTS

First of all we present a numerical solution of the model explained above. Figure
1 shows the initial condition and the discrete solution for ∆x = 1/30, ∆t = tf/10,
tf = 0.01 and τ = 1e − 4. One can observe how the absolut maximum of the initial
condition decreases with time and the absolut minimum increases. This is due to the
heat interaction between both subdomains.

Now we want to compare the estimate ε with the convergent rates for different examples
varying the thermal diffusivities and conductivities D1, D2, K1 and K2. Input data for
the different cases can be checked in table 1.
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Figure 1: Contour lines of initial condition and discrete solution for ∆x = 1/30, ∆t = tf/10, tf = 0.01
and τ = 1e− 4.

Table 1: Data for different test cases. β is the semi discrete estimate in equation (19), and the last
column represents the asymptotics of the discrete estimate ε in (28).

Case D1 D2 K1 K2 β K1/2K2

0 0.1 1 0.1 1 0.32 0.05
1 0.1 0.5 0.2 1 0.45 0.1
2 1 1 1 1 1 0.5
3 0.1 1000 0.1 1 10 0.05
4 1000 0.1 0.1 1 0.001 0.05
5 0.1 1000 1 0.1 1000 5

Figure 2 shows the cases 0, 1 and 2 specified in table 1. We observe that the semidiscrete
estimate β is an upper bound and the discrete estimate ε intersects at certain point with
the convergence rates curve. However, the asymptotic behavior of both estimates is fairly
close to the asymptotic behavior of the convergence rates.

Figures 3a and 3b shows the comparison between cases 3 and 4 in table 1. Here, the
thermal conductivities K1 and K2 are the same in both plots but the thermal diffusivities
are switched (meaning that D1 in case 3 corresponds to D2 in case 4 and D2 in case 3
corresponds toD1 in case 4). We can observe that the asymptotics of the convergence rates
do not vary that much in both plots. This pattern is been observed in many numerical
experiments when we kept the same values for K1 and K2 and we varied D1 and D2. This
result leads us to the conclusion that the behavior of the convergence rates do not have a
strong dependence on the thermal diffusivities D1 and D2. This observation matches with
the asymptotic behavior of the discrete estimate ε (see equation (28)). It is important
to notice that the constants D1 and D2 have an effect in the convergence rates, but this
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Figure 2: Cases 0, 1 and 2 from table 1. The dotted line corresponds to ‖M‖2, the dashed line
corresponds to the semidiscrete estimate β, the crosses correspond to the discrete estimate ε and the
remaining line corresponds to the convergence rates. The curves are restricted to the discrete values
∆x = 1/30, 1/29, .., 1/2 and ∆t = 0.2. All the curves are plotted in logarithm scale.
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(a) Case 3.
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Figure 3: Cases 3, 4 and 5 from table 1. The dotted line corresponds to ‖M‖2, the dashed line
corresponds to the semidiscrete estimate β, the crosses correspond to the discrete estimate ε and the
remaining line corresponds to the convergence rates. The curves are restricted to the discrete values
∆x = 1/30, 1/29, .., 1/2 and ∆t = 0.2. All the curves are plotted in logarithm scale.

effect vanishes when ∆x tends to zero.
The comparison between figures 3a and 3b is also interesting because we can observe a

clear difference between the semidiscrete and the discrete cases. In particular, in figure 3a
the semidiscrete estimate predicts divergence, but we obtain convergence in the discrete
case for all ∆x.

Now we see when one keeps the same values for D1 and D2 and varies K1 and K2. We
can see an example of this in figures 3a and 3c where a comparison between cases 3 and 5
is shown. First of all, notice that the plot 3c does not converge, and therefore, the curve
named ”Conv. Rates” indicates the speed of the iteration in this case. However, although
the method does not converge in plot 3c we can observe that ε predicts the speed of the
iteration well.

Finally, we want to highlight that the experimental convergence rates and ‖M‖2 have
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a similiar behavior in figures 2 and 3. However, when ∆x tends to zero, ‖M‖2 separates
from the convergence rates. This shows that due to the unsymmetry the 2-norm is not a
good estimate of the spectral radius when ∆x tends to zero.

In conclusion, the main difference observed between the discrete and the semidiscrete
cases is that the estimated convergence condition does not depend on the thermal diffu-
sivities D1 and D2 for the discrete case.

6 CONCLUSIONS

We have described an approach for solving the coupling of two heat equations on two
identical squared domains. In particular, the coupled PDEs were discretized into a system
of algebraic equations. Afterwards, a fixed point iteration was performed and the exact
iteration matrix was found. And finally, due to the complexity of computing the spectral
radius of the iteration matrix, it was approximated by its block diagonal. Numerical
results show the accuracy of this approach as well as a comparison between the semi
discrete and the fully discrete cases.

The main difference observed between the discrete and the semidiscrete cases is that
the estimated convergence condition does not depend on the thermal diffusivities D1 and
D2 for the discrete case. Moreover, the estimated norm of the iteration matrix is observed
to be below the semi discrete estimate β. This proves a faster convergence speed for the
fully discrete case than for the semi discrete.

There are a variety of future directions for this work. More complicated domains can be
taken into consideration. One can also couple a fluid together with a solid, the so-called
fluid structure interaction. Another future direction will be to study the convergence
speed of an actual non-linear application.
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Abstract. We discuss well-posedness and stability of multi-physics problems by studying
a model problem. By applying the energy method, boundary and interface conditions are
derived such that the continuous and semi-discrete problem are well-posed and stable.
The numerical scheme is implemented using high order finite difference operators on
summation-by-parts (SBP) form and weakly imposed boundary and interface conditions.
Numerical experiments involving a spectral analysis corroborate the theoretical findings.

1 INTRODUCTION

Roughly speaking, a well posed initial boundary value problem require that a unique
solution that can be estimated in terms of the data, exist. The most common procedure for
showing well posedness is the so called energy-method where one multiply the governing
partial differential equations (PDEs) with the solution, integrate by parts and impose
boundary conditions [1]. The same general knowledge is not wide-spread when it comes
to the mathematical coupling of multi-physics problems. The reason for that is the more
complex and to some extent more unclear nature of coupling conditions compared to
imposing boundary conditions.

Firstly, accuracy relations must exist such that combinations of variables for one set of
PDEs at the interface is equal to combinations of variables for the other set. Secondly, the
number of accuracy relations must fit both problems. Too many conditions ruin existence
and too few ruin uniqueness. If the number of accuracy relations are too few, additional
conditions requiring external data must be added. Thirdly, the accuracy relations must
be such that no artificial growth or decay is generated.
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We will investigate the problems mentioned above and generalize the investigation in
[2, 3] where we derived the coupling conditions by only demanding a well posed problem.
Coupling of hyperbolic PDEs of different size at the interface will be our primary focus.
Once the coupling conditions are known for the continuous multi-physics problem we will
discretize using high order finite differences on summation-by-parts form and include the
coupling conditions weakly using the SAT technique [4, 5].

2 THE MODEL PROBLEM

We will consider the following system,

ut + Aux = 0, −1 ≤ x ≤ 0, t > 0, (1)

u(x, 0) = f(x),

and the scalar equation

vt + bvx = 0, 0 ≤ x ≤ 1, t > 0, (2)

v(x, 0) = g(x).

In (1), u = (u1, u2)
T is a vector of unknowns, f(x) = (f1(x), f2(x))

T is a vector of given
data and for simplicity we choose

A =

[
0 a
a 0

]
, a > 0. (3)

Two boundary/interface conditions are needed for the system (1) while equation (2) needs
one boundary/interface condition.

2.1 The interface conditions

We apply the energy method to both equations and add them together to get

d

dt
(‖u‖22 + α‖v‖22) = −uTAu|x=0 + αbv2|x=0 = wTEw, (4)

where α is positive free weight, w = [u1, u2, v]
T and E is

E =




0 −a 0
−a 0 0
0 0 αb


 . (5)

In (4), the boundary terms at the outer boundaries x = ±1 are ignored. The eigenvalues
of E are {a,−a, αb}. If b < 0, one of the eigenvalues is positive and we need one condition
at x = 0, otherwise we need two conditions.
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In order to couple the problems we need at least one accuracy condition. Let

v = CTu, C = [c1, c2]
T . (6)

The relation (6) inserted in equation (4) leads to

d

dt
(‖u‖22 + α‖v‖22) = uT (0, t)Du(0, t), (7)

where D = (αbCCT − A). The characteristic polynomial related to the eigenvalues λ of
D is

λ2 − αb(c21 + c22)λ+ 2αabc1c2 − a2. (8)

To simplify the following discussion we let 2s1 = −αb(c21 + c22) and s2 = 2αabc1c2 − a2,
which yields the roots

λ1,2 = −s1 ±
√

s21 − s2. (9)

First we consider b < 0. This leads to a positive s1. If c1c2 ≤ a/2bα, then s2 ≥ 0 and
both roots of the characteristic polynomial are negative, which means that D is negative
definite. This means that if c1 and c2 have opposite sign, the coupled problems satisfy
an energy estimate for all choices of α. But if c1 and c2 have the same sign, the energy
estimate is not satisfied for any value of α. Consequently the coupled problems with the
interface condition v = CTu satisfy an energy estimate for b < 0 if and only if c1 and c2
have opposite signs.

Next, consider b > 0. This leads to negative s1 and at least one of the eigenvalues must
be positive, which means that we need an additional condition. As mentioned above, two
conditions are needed at x = 0. One of them is an interface condition and the other one
must be such that the right-hand side of (7) is negative semi-definite. We will refer to this
additional condition as a boundary condition. If c1c2 ≤ a/2bα, then s2 ≤ 0 and one of
the eigenvalues of D is positive (λ+) and the other one is negative (λ−). Let D = Y ΛY T

and rewrite (7) as

d

dt
(‖u‖22 + α‖v‖22) = uT (0, t)(Y ΛY T )u(0, t), (10)

where Λ = diag{λ+, λ−} and Y is the matrix of eigenvectors to D. Let Λ = Λ+ + Λ−,
where Λ+ = diag{λ+, 0} and Λ− = diag{0, λ−}. Furthermore we have D = D+ + D−

where D+ = Y Λ+Y T and D− = Y Λ−Y T . Then (10) leads to

d

dt
(‖u‖22 + α‖v‖22) = (Y Tu(0, t))T (Λ+ + Λ−)(Y Tu(0, t)), (11)
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The most general condition based on (11) is

(Y T
+ −RrY

T
− )u(0, t) = h(t), x = 0, (12)

where Y+ and Y− are the eigenvectors related to the positive and negative eigenvalues,
respectively. Letting h(t) = 0 and inserting (12) into (11) leads to

d

dt
(‖u‖22 + α‖v‖22) = (λ− +R2

rλ
+)(Y T

− u(0, t))2. (13)

If λ− + R2
rλ

+ ≤ 0, then the right-hand side of (13) is bounded and we have a well-posed
coupling. Note that with Rr = 0 we have the so called characteristic boundary conditions.

Consequently an energy estimate is obtained if c1 and c2 are chosen such that c1c2 ≤
a/2bα. This means that c1 and c2 must be less than an arbitrary positive number that we
can choose. In short: all values of c1 and c2 lead to a well-posed problem if b > 0.

2.2 The semi-discrete problem

Let A be an M × N matrix and B a P × R matrix. The Kronecker product of these
matrices is defined as

A⊗ B =




a11B · · · a1NB
· · · · · ·

aM1B · · · aMNB


 . (14)

First, we consider b < 0. The semi-discrete SBP-SAT formulations of (1) and (2) are,

ut + (Du ⊗ A)u = (P−1
u Eu

N ⊗ Σ)(CT ũN − v0)e
u
N ,

vt + bDvv = P−1
v σ(v0 − CT ũN)e

v
0. (15)

In (15), the outer boundary conditions are ignored as in the continuous case, Du,v =
P−1
u,vQu,v are the difference operators, Pu,v are positive definite matrices and Qu,v satisfy

Qu,v + QT
u,v = diag[−1, · · · , 1]. The discrete grid functions, related to the grid vectors

xu = (x0 = −1, · · · , xN = 0) and xv = (y0 = 0, · · · , yM = 1) are

u = (u10, u20, · · ·u1N , u2N), v = (v0, · · · , vM). (16)

The vectors euN = (0, · · · , 0, 1, 1)T and ev0 = (1, · · · , 0)T are 2N×1 andM×1, respectively.
Eu

N = diag[0, · · · , 1] and Ev
0 = diag[1, · · · , 0] are N × N and M ×M , respectively. The

penalty matrix Σ is given by

Σ =

[
σ1 σ2

σ3 σ4

]
, (17)
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σ is penalty parameter and ũN = [u1N , u2N ]
T .

Next, consider b > 0. The semi-discrete SBP-SAT formulations of (1) and (2) are,

ut + (Du ⊗ A)u = (P−1
u Eu

N ⊗ Σ)(CT ũN − v0)e
u
N + (P−1

u Eu
N ⊗ Ξ)((IN ⊗ H̃)u− euN ⊗ h̃),

vt + bDvv = P−1
v σ(v0 − CT ũN)e

v
0. (18)

where the penalty matrix Ξ and H̃ are given by

Ξ =

[
χ1 χ2

χ3 χ4

]
, H̃ =

[
1 −Rr

0 0

]
Y T . (19)

The boundary data h̃ is defined as h̃ = [0, h]T . Also, in the following analysis we will use
the discrete norms

‖u‖2Pu⊗I = uT (Pu ⊗ I)u, ‖v‖2Pv
= vTPvv. (20)

2.2.1 Stability conditions at the interface

First we consider b < 0. The discrete energy method is applied to (15) by multiplying
the two equations with uT (Pu ⊗ I) and vTPv, respectively. The SBP properties of Du,v

yields

d

dt
(‖u‖2Pu⊗I + αd‖v‖2Pv

) =− ũT
NAũN + αdbv

2
0 + 2ũT

NΣH + 2αdσv0(v0 − CT ũN). (21)

In(21), αd is a positive weight (not necessarily the same as in the continuous case) and
H = [CT ũN − v0, C

T ũN − v0]
T . In order to mimic the continuous case, we choose σ2 =

c1αb/2 and σ4 = c2αb/2 and σ1 = σ3 = 0. The final penalty matrix in block form becomes
Σ = αb/2

[
0 C

]
. By inserting that into (21) we get

d

dt
(‖u‖2Pu⊗I + αd‖v‖2Pv

) =ũT
NDũN + αdv

2
0(b+ 2σ)− σv0C

T ũN(αb+ 2αdσ). (22)

If we choose σ = −αb/2αd, for αd ≤ α the right-hand side of (22) will be bounded due to
the continuous result above.

Next, we consider b > 0 and let h(t) = 0. Multiplying (18) by uT (Pu ⊗ I) and vTPv

leads to

d

dt
(‖u‖2Pu⊗I + αd‖v‖2Pv

) ≤ũT
N(D + ΞH̃ + (ΞH̃)T )ũN , (23)

where we have chosen Σ and σ as for the case b < 0. By using Y Y T = I, we can rewrite
the right-hand side of (23) as

ũT
N(D + ΞH̃ + (ΞH̃)T )ũN =(Y T ũN)

T (Λ + (Y TΞH̃Y ) + (Y TΞH̃Y )T )(Y T ũN). (24)
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Let Ξ̃ = Y TΞ and choose Ξ such that Ξ̃ = diag(χ̃1, χ̃2). We also use the following split,

(Y T ũN) =

[
(Y T

+ ũN)
(Y T

− ũN)

]
. (25)

Now, we can rewrite (24) as,

ũT
N(D + ΞH̃ + (ΞH̃)T )ũN =

[
(Y T

+ ũN)
(Y T

− ũN)

]T [
λ+ + 2χ̃1 −Rrχ̃1

−Rrχ̃1 λ−

] [
(Y T

+ ũN)
(Y T

− ũN)

]
. (26)

By the choice χ̃1 = −λ+, the right-hand side of (26) can be rewritten as

(λ− +R2
rλ

+)(Y T
− ũN)

2 − λ+((Y T
+ ũN)−Rr(Y

T
− ũN))

2, (27)

which is negative due to the continuous result. Consequently if we choose

Σ = αb/2
[
0 C

]
, σ = −αb/2αd, Ξ = Y

[
−λ+ 0
0 0

]
,

then for αd ≥ α, (18) is stable.

2.2.2 Stability conditions at the left boundary

In order to have a well-posed problem, we need one condition at x = −1. We consider
the homogeneous boundary condition

(XT
+ −RlX

T
−)u(−1, t) = 0, (28)

with |Rl| < 1. The SAT term at x = −1 is (P−1
u Eu

0 ⊗ Π)(IN ⊗ Ĥ)u, where

Π =

[
π1 π2

π3 π4

]
, Ĥ =

[
1 −Rl

0 0

]
XT , (29)

and X is the matrix of eigenvectors to A. It can be shown that an energy estimate is
obtained if

π1 = −a/(4(Rl + 1)), π2 = 0, π3 = a/(4(Rl − 1)), π4 = 0. (30)

2.2.3 Stability conditions at the right boundary

For the case b < 0, one condition at x = 1 is also needed. We choose the homogeneuos
v(1, t) = 0. The SAT term at x = 1 is P−1

v θv2Ne
v
N where θ satisfies

θ ≤ b/2. (31)
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3 THE SPECTRUM

In this section, we consider the continuous and discrete spectrum for our problem.

3.1 The spectrum for the continuous problem

By applying the Laplace transform to (1) and (2) we get the following system of
ordinary differential equations

sû+ Aûx = 0, −1 ≤ x ≤ 0,

sv̂ + bv̂x = 0, 0 ≤ x ≤ 1. (32)

We have ignored the initial conditions, since they do not influence the spectra and make
the ansatz û = ekxψ and v̂ = ek3xψ3. This leads to

(sI + Bk)Ψ = 0, B =

[
A 0
0 b

]
, (33)

where Ψ = [ψ1, ψ2, ψ3]
T . This system of equations have a non-trivial solution only when

det(sI + Bk) = 0, which leads to k1 = − s
a
, k2 =

s
a
and k3 = − s

b
.

The general solution including the eigenvectors is

ŵ = α1e
− s

a
x




1
1
0


+ α2e

s
a
x




1
−1
0


+ α3e

− s
b
x




0
0
1


 , (34)

where ŵ = [û1, û2, v̂]
T . The unknowns α1, α2 and α3, will be determined by the boundary

and interface conditions.
First we consider b < 0, with the conditions

(XT
+ −RlX

T
−)u(−1, t) = 0,

CTu(0, t)− v(0, t) = 0, (35)

v(1, t) = 0,

and |Rl| ≤ 1. The interface and boundary conditions are such that the coupled problem
is well-posed. By applying these conditions to (34), we obtain

Eα = 0, E =




c1 + c2 c1 − c2 −1
2e

s
a −2Rle

− s
a 0

0 0 e−
s
b


 , (36)

where α = [α1, α2, α3]
T . A non-trivial solution, require

det(E) = 2e−
s
b (e

s
a (c2 − c1)−Rle

− s
a (c1 + c2)) = 0. (37)
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The zeros of det(E) which form the spectrum of (32) are

s =

{
a
2
ln(|Rl(c1+c2)

c2−c1
|) + naπi, n ∈ Z, if Rl(c1+c2)

c2−c1
> 0,

a
2
ln(|Rl(c1+c2)

c2−c1
|) + naπi+ aπi

2
, n ∈ Z, if Rl(c1+c2)

c2−c1
< 0.

(38)

The real part of s is negative if |Rl(c1+c2)
c2−c1

| < 1. It is easy to verify that this holds for
|Rl| < 1 and c1, c2 with opposite sign. This means that if we choose c1, c2 and Rl such
that the coupled problem leads to an energy estimate, then the real part of s will be
negative. Recall that this required that c1 and c2 must have opposite signs.

Next, consider b > 0. In this case we have the conditions

(XT
+ −RlX

T
−)u(−1, t) = 0,

CTu(0, t)− v(0, t) = 0, (39)

(Y T
+ −RrY

T
− )u(0, t) = 0,

and λ− + R2
rλ

+ ≤ 0 and R2
l ≤ 1. The coupled problems with the conditions (39) satisfy

an energy estimate. By applying (39) to (34) leads to the following system of equations

Eα = 0, E =




c1 + c2 c1 − c2 −1
2e

s
a −2Rle

− s
a 0

y12 −Rry11 + 1−Rr y12 −Rry11 − 1 +Rr 0


 , (40)

where α = [α1, α2, α3]
T . The zeros of det(E) in this case are

s =

{
a
2
ln(|Rl(y12−Rry11+1−Rr)

−y12+Rry11+1−Rr
|) + naπi, n ∈ Z, if Rl(y12−Rry11+1−Rr)

−y12+Rry11+1−Rr
> 0,

a
2
ln(|Rl(y12−Rry11+1−Rr)

−y12+Rry11+1−Rr
|) + naπi+ aπi

2
, n ∈ Z, if Rl(y12−Rry11+1−Rr)

−y12+Rry11+1−Rr
< 0.

(41)

The real part of s is negative if

|Rl(y12 −Rry11 + 1−Rr)

−y12 +Rry11 + 1−Rr

| < 1. (42)

Note that the determinant of E is independent of c1 and c2. This means that if (42) holds,
then the real part of s is negative for all c1 and c2. Recall that for all values of c1 and
c2, suitable choices of α such that the coupled problems satisfy an energy estimate could
be found. This implies that there is no limitation on c1 and c2 in both the energy and
spectral analysis. However, recall that this required an additional boundary condition.

3.2 The semi-discrete spectrum

Consider b < 0. The SBP-SAT approximation of (1) and (2), including (35) is

ut + (Du ⊗ A)u = (P−1
u Eu

0 ⊗ Π)(IN ⊗ Ĥ)u+ (P−1
u Eu

N ⊗ Σ)(CT ũN − v0)e
u
N ,

vt + bDvv = P−1
v σ(v0 − CT ũN)e

v
0 + P−1

v θvNeN . (43)

8
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In order to determine the semi-discrete spectrum, we follow [6] and rewrite (43) in matrix
form as

Wt = P−1(Hi +Hc)W, (44)

where W = [u1,u2,v]
T and

Hi =

[
−(Qu ⊗ A) 0

0 −bQv

]
, P−1 =

[
P−1
u ⊗ I2 0

0 P−1
v

]
. (45)

The penalty matrix Hc which is zero except at the boundaries and interface has the
structure

Hc =




ΠĤ
. . .

ECT −E
−σCT σ

. . .

θ



, (46)

where E = [σ2, σ4]
T .

Next, consider b > 0. The SBP-SAT approximation of (1) and (2), with conditions (39)
is

ut + (Du ⊗ A)u = (P−1
u Eu

0 ⊗ Π)(IN ⊗ Ĥ)u+ (P−1
u Eu

N ⊗ Σ)(CT ũN − v0)e
u
N

+ (P−1
u Eu

N ⊗ Ξ)(IN ⊗ H̃)u,

vt + bDvv = P−1
v σ(v0 − CT ũN)e

v
0. (47)

The approximation (47) can be written on the the form (44) where in this case

Hc =




ΠĤ
. . .

ECT + ΞH̃ −E
−σCT σ

. . .

0



, (48)

whileHi is the same as before and given above. The eigenvalues of the matrix P−1(Hi+Hc)
form the discrete spectrum of (43) and (47).

4 NUMERICAL RESULTS

In this section, we use the method of manufactured solution in order to test the accuracy
of the approximations. RK3 is used to discretize time. We also discuss the relation
between the continuous and semi-discrete spectrum.

9
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SBP21 SBP42 SBP63 SBP84
N error rate error rate error rate error rate
20 2e-2 - 2e-3 - 2e-3 - 1e-3 -
40 6e-3 1.877 3e-4 3.006 1e-4 4.035 3e-5 5.376
80 1e-3 2.046 3e-5 3.242 8e-6 4.224 8e-7 5.392
160 4e-4 1.985 3e-6 3.052 4e-7 4.470 2e-8 5.113
320 1e-4 2.004 4e-7 3.021 2e-8 4.375 6e-10 5.091
640 2e-5 1.998 6e-8 3.013 1e-9 4.077 2e-11 5.047

Table 1: error and rate qu for b < 0.

SBP21 SBP42 SBP63 SBP84
N error rate error rate error rate error rate
20 2e-1 - 3e-2 - 3e-2 - 4e-3 -
40 4e-2 2.148 3e-3 3.154 1e-3 4.469 2e-4 4.288
80 1e-2 2.050 4e-4 3.046 6e-5 4.704 8e-6 4.741
160 2e-3 2.014 5e-5 3.011 2e-6 4.668 3e-7 4.916
320 6e-4 2.005 6e-6 3.003 1e-7 4.474 9e-9 4.798
640 2e-4 2.001 7e-7 3.002 4e-9 4.467 3e-10 4.832

Table 2: error and rate qv for b < 0.

4.1 Accuracy

The analytical solution that we use in the method of manufactured solution is

u1(x, t) = u2(x, t) = cos(2π(x− t)), v(x, t) = sin(3π(x− bt)). (49)

The rate of convergence is calculated as

qu = ln

(
‖(uN1

1 ,uN1
2 )− (u1, u2)‖Pu⊗I

‖(uN2
1 ,uN2

2 )− (u1, u2)‖Pu⊗I

)
/ ln

(
N1

N2

)
, qv = ln

(
‖vN1 − v‖Pv

‖vN2 − v‖Pv

)
/ ln

(
N1

N2

)
,(50)

where u1, u2 and v are the analytical solutions and uNi
1 , uNi

2 and vNi are the corresponding
numerical solutions with Ni grid points.

First, we consider b < 0. The choosen coefficients are α = αd = 1, a = 1, b = −1.
To have a well-posed problem, we choose |Rl| < 1 and c1, c2 such that c1c2 ≤ −1/2. Let
Rl = 0.25 and c1 = 1, c2 = −2. Tables 1 and 2 show the error and convergence rate qu
and qv, respectively, for SBP operators with 2th, 3th, 4th and 5th order. Next, we consider
b > 0. We again choose α = αd = 1, a = 1, b = 1 and take Rl = 0.25, Rr = 0.25, c1 = 1
and c2 = 1 in order to have a well-posed problem. Tables 3 and 4 show the error and
convergence rates for qu and qv, respectively. Clearly, the design order of accuracy is
obtained.

10
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SBP21 SBP42 SBP63 SBP84
N error rate error rate error rate error rate
20 2e-2 - 5e-3 - 3e-3 - 2e-3 -
40 6e-3 1.885 6e-4 2.951 2e-4 4.186 1e-4 4.239
80 1e-3 2.062 8e-5 2.979 8e-6 4.367 3e-6 5.050
160 4e-4 1.983 1e-5 2.994 4e-7 4.492 8e-8 5.222
320 9e-5 2.005 1e-6 2.999 2e-8 4.392 2e-9 5.200
640 2e-5 1.998 1e-7 2.999 1e-9 4.321 5e-11 5.193

Table 3: error and rate qu for b > 0.

SBP21 SBP42 SBP63 SBP84
N error rate error rate error rate error rate
20 3e-2 - 8e-3 - 7e-3 - 3e-3 -
40 7e-3 2.002 1e-3 3.083 4e-4 4.287 2e-4 4.427
80 1e-3 2.003 1e-4 2.954 1e-5 4.523 7e-6 4.542
160 4e-4 2.000 2e-5 2.983 7e-7 4.442 3e-7 4.773
320 1e-4 2.000 2e-6 2.989 3e-8 4.437 9e-9 4.753
640 3e-5 2.000 3e-7 2.994 2e-9 4.436 3e-10 4.749

Table 4: error and rate qv for b > 0.

4.2 The spectrum of the continuous and semi-discrete operators

Figures 1-3 show the discrete and continuous spectrum for different grids using the
SBP42 operator. One can clearly see the convergence of the discrete spectrum to the con-
tinuous one as the grids are refined. This convergence hold both for positive and negative
b and show that the solutions of the semi-discrete scheme converge to the continuous one.

5 SUMMARY AND CONCLUSIONS

We have discussed well-posedness and stability of multi-physics problems by analyzing a
model problem. It was shown that for ceartain wave speeds, only interface conditions were
required, while in other cases additional information in the form of boundary conditions
must be supplied.

By applying the energy method, we derived boundary and interface conditions such
that the continuous and semi-discrete problem are well-posed and stable. The numerical
scheme was implemented using high order finite difference operators on SBP form and
weakly imposed boundary and interface conditions using the SAT technique.

It was shown that we obtained design order of accuracy, and that the spectrum of the

11
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Figure 1: Global view: the discrete and continuous spectrum, b < 0 (left) and b > 0 (right).
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Figure 2: Medium view: the discrete and continuous spectrum, b < 0 (left) and b > 0 (right).

−1.32 −1.3 −1.28 −1.26 −1.24 −1.22 −1.2 −1.18

−14

−12

−10

−8

−6

−4

−2

0

2

4

 

 

N=80

N=160

N=320

N=640

Continuous

−1.43 −1.42 −1.41 −1.4 −1.39 −1.38 −1.37 −1.36 −1.35 −1.34

−8

−6

−4

−2

0

2

4

6

8

 

 

N=80

N=160

N=320

N=640

Continuous

Figure 3: Zoomed view: the discrete and continuous spectrum, b < 0 (left) and b > 0 (right).
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discrete operator converged to the spectrum of the continuous operator. The numerical
experiments in combination with the theoretical derivations showed what type of analysis
that is required to obtain accurate numerical simulations of multi-physics problems.

Future work will include a generalization of this investigation for hyperbolic problems,
and an extension to coupling of incompletely parabolic problems such as the compressible
Navier-Stoke’s equations.
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Abstract. During the last 5 years, quasi-Newton schemes have proven to be a robust
and efficient way to couple partitioned fluid-structure interaction. We showed in previous
work that they also allow to perform a parallel coupling. Bogaers et al. introduced a new
variant based on a multi-vector update [14]. This variant renders a tuning of the reuse
of old information unnecessary as all old iterations are implicitly covered in a Jacobian
update. In this work, we compare this multi-vector variant in an inverse formulation to
the classical IQN-ILS algorithm for serial as well as parallel coupling.

1 INTRODUCTION

The simulation of fluid-structure interactions is an important contribution to many
fields in science and engineering – from aero-elasticity in aerospace engineering to hemo-
dynamics in medical applications. At the same time, it is a very challenging type of
multi-physics application as it tends to be ill-conditioned and unstable in particular for
incompressible fluids.

Since fluid-structure interactions have been among the first multi-physics models con-
sidered for numerical simulation, the respective methods are in the meantime very so-
phisticated and, in particular, also a lot of very powerful monolithic solvers are available
[1, 2, 3]. We focus, however, on partitioned approaches as our aim is to provide a general
coupling tool, not only for fluid-structure interactions but also for multi-field coupling
[4] and situation where flexible ad-hoc solutions combining different existing solvers are
required. We have to design coupling numerics that are suited for black-box solvers where
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nothing but the pure input and output data of the respective solver are accessible to the
user. This enables us to use also commercial closed-source software as solvers can be
coupled to our coupling software with minimal code changes or code wrappers. Thus, we
consider the structural solver S and the flow solver F as mappings taking certain bound-
ary values as an input and delivering other values at the coupling surface between fluid
and structure as an output:

S : xf �→ xd,

F : xd �→ xf .

Here, xd denotes interface displacements or velocities at the wet surface between fluid and
structure, xf the forces or stresses modelling the impact of the fluid on the structure at
the wet surface. This notation corresponds to the well-known Dirichlet-Neumann cou-
pling between fluid and structure solvers. We are going to focus on this type of coupling
throughout this paper. Alternative ways to define boundary conditions for fluid and struc-
ture solvers often require at least some knowledge on discretization details or Jacobians
of the involved solvers. This is the case, e.g., for Robin-type boundary conditions [5].

Stability issues due to the physically strong coupling between fluid and structure, also
referred to as the added mass effect (see [6, 7]), enforce implicit coupling within each time
step. There are several ways how to realize the respective iterations which are different

1. in terms of the execution order of fluid and structure solvers,

2. in terms of the method used to stabilize and accelerate the coupling iteration.

Regarding the first, a staggered execution of fluid and structure solver, resulting in a
Gauss-Seidel type iteration has been the common approach for a long time (cf. e.g. [8]).
For compressible fluids, however, also the simultaneous execution of fluid and structure
solvers, i.e., a Jacobian-type coupling, in many cases even as an explicit version has been
in use ([8, 9]). We have presented a coupling based on the simultaneous execution of
both solvers also for incompressible fluids and examples with strong instabilities in [10].
This iteration type is not feasible for a pure fixed-point iteration. Thus, sophisticated
stabilization methods from 2. have to be used. We showed in [10] that neither constant
nor adaptive Aitken underrelaxation was sufficient to accelerate the simultaneous coupling
enough to make it competitive with the staggered iteration. Only quasi-Newton methods,
that showed the best results also for the staggered coupling over the last years ([11, 12, 13])
showed a very good performance as presented in [10], even for the parallel coupling of
more than two physical fields [4].

The combination of simultaneous solver execution with efficient quasi-Newton solvers
results in an almost optimal partitioned fluid-structure interaction simulation method.
However, the performance of the quasi-Newton methods depends on parameters such
as the number of old time steps used to estimate Jacobians, for which only experience
or try-and-error can be used to determine the optimal value. Therefore, we compare the
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quasi-Newton approach used in [11] and [10] with an alternative approach presented in [14]
for a different, block-iterative Newton solver. For this approach, information from passed
time steps is implicitly used in the Jacobian estimation by suitable norm minimization
conditions. The drawback, however, is that these methods explicitly determine and store
Jacobians whereas the quasi-Newton approach from [11] only estimates the results of
matrix-vector products involving parts of the Jacobian.

In the following1, we first present the respective different coupling methods in Sect. 2,
followed by numerical results in Sect. 3.

2 QUASI-NEWTON SCHEMES FOR PARTITIONED FLUID-STRUCTURE
INTERACTION

We consider two different implicit coupling systems, namely a serial or staggered cou-
pling and a parallel or vectorial coupling systems as mentioned above in Sect. 1. The
parallel or vectorial system is preferable in case of massively parallel simulations in order
to achieve a reasonable load balancing as described in [10]. We repeat the basics of both
systems in Sect. 2.1.

Both equation systems are solved in two different ways: Using the known interface-
quasi-Newton least squares approach as in [10, 11] and a multi-vector Jacobian approxi-
mation as described in [14] for a different Newton- iteration type, a block-iterative Newton
method. The two solver alternatives are introduced in Sect. 2.2.

2.1 Execution Orders and Fixed Point Equations

In this section, we shortly recapitulate the introduction of fixed-point equations at the
wet surface between fluid and structure depending on the execution order of the solvers.

Serial Implicit Coupling Scheme (S-System). If we execute the solvers in a stag-
gered way, i.e., the flow solver first computes stresses or forces that are communicated to
the structure solver that afterwards computes new wet surface displacements or velocities,
the corresponding interface equation reads

xd
!
= S ◦ F (xd) . (1)

Parallel Implicit Coupling Scheme (V-System) The above serial implicit coupling
scheme offers some remarkable drawbacks regarding efficient parallelization. There is
a substantial mismatch of work load between the structure and the fluid field solver,
which does not allow for an efficient parallelization using the S-System. The only way
to overcome these limitations in parallel efficiency is to evaluate the fluid and structure
solver in parallel. Hereby, the V-System uses the original input/output relation for both

1A more detailed presentation of the findings of this paper including tables and figures has already
been published in the master thesis of Klaudius Scheufele [15].
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solvers but the boundary values are exchanged after each solve of the solvers executed in
parallel. This leads to the vectorial fixed-point equation

(
xf

xd

)
!
=

(
0 F
S 0

)(
xf

xd

)
. (2)

The vectorial system results in two independent instances of the S-System if solved by a
pure fixed-point iteration, but quasi-Newton solvers turn out to be powerful enough such
that one iteration of the V-System is comparable to one iteration of the S-System (cf.
[4, 10]).

2.2 Quasi-Newton Solvers for the Interface Equations

In this section, we describe two quasi-Newton schemes, which can be applied to both
aforementioned fixed-point equations (1) and (2). For sake of clarity, we introdue a unified
notation:

x :=




xd(
xf

xd

)
and H :=




S ◦ F for the staggered equation (1) ,(
0 F
S 0

)
for the parallel equation (2) .

Thus, we have to solve the fixed-point equation

H(x) = x ⇔ R(x) := H(x)− x
!
= 0 . (3)

As a pure fixed-point iteration tends to be unstable and, in particular, two times slower for
the parallel fixed-point equation compared to the staggered one (compare [10]), we use a
quasi-Newton scheme as a stabilization and acceleration after each iteration x̃k = H(xk).
We, therefore, rewrite (3) to the equivalent inverse form

R̃(x̃) := x̃−H−1(x̃)
!
= 0 .

Now, the Newton iteration reads

solve
[
I − JH−1(x̃k)

]
∆x̃k = JR̃(x̃

k)∆x̃k = −R̃(x̃k) , (4)

set xk+1 = x̃k +∆x̃k . (5)

As the exact Jacobian JR̃(x
k) := I − JH−1(x̃k), however, is not accessible for black-box

solvers, we work with an approximation ĴR̃(x̃
k). To minimize the computational cost, in

particular of solving the system (4), we do not approximate the Jacobian itself, but its

inverse ĴR̃
−1
(x̃k). To do so, we collect input-output data throughout our iterations within

a time step and generate the following matrices:

Wk = (wk
i )

k−1
i=0 =

[
∆x̃k

0,∆x̃k
1, · · · ,∆x̃k

k−1

]
, with ∆x̃k

i = x̃k − x̃i ,

Vk = (vki )
k−1
i=0 =

[
∆Rk

0 ,∆Rk
1 , · · · ,∆Rk

k−1

]
, with ∆Rk

i = R(xk)−R(xi) .
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The inverse Jacobian approximately fulfills the secant equation, i.e.,

J−1

R̃
(x̃k) Vk ≈ Wk .

We use this as a system of equations for the entries of our approximate ĴR̃
−1
(x̃k). As k is in

general much smaller than the number of degrees of freedom at the coupling interface, Wk

and Vk are tall and thin matrices. Thus, we get an underdetermined system of equations

for the entries of ĴR̃
−1
(x̃k):

ĴR̃
−1
(x̃k)Vk = Wk . (6)

In the following, we present two approaches to compute ĴR̃
−1
(x̃k) or the result of

applying part of the approximate Jacobian to −R̃(x̃k) = −R(xk), respectively, based on
this secant equation.

2.2.1 Interface quasi-Newton Least Squares (IQN-LS)

The interface quasi-Newton least squares method presented in [11] uses the norm min-
imization ∥∥∥ĴR̃

−1
(x̃k)

∥∥∥
F
→ min (7)

to enhance the secant equation (6) to a system with a unique solution for ĴR̃
−1
(x̃k). Here,

‖ · ‖F is the Frobenius norm. This gives the approximate inverse Jacobian

ĴR̃
−1
(xk) = Wk

(
V T
k Vk

)−1
V T
k

and the update formula

xk+1 = x̃k +Wk (V
T
k Vk)

−1Vk

(
−R(xk)

)
︸ ︷︷ ︸

=: α

.

We do not have to explicitely compute the inverse Jacobian, but can restrict ourselves
to compute only the vector α. This can be realized very efficiently by solving the least
squares problem

minα∈Rk‖Vkα +R(xk)‖2 ,
where ‖ · ‖2 denotes the Euclidian norm.2

The convergence properties of the IQN-LS method can be greatly improved, if the in-
put/output informations from previous time steps are incorporated into the secant equa-
tion, i.e., into Wk and Vk. To achieve this, the difference matrices V n+1−R, · · · , V n, V n+1

2Note that the update formula for xk+1 also shows that skipping the fixed point iteration step (com-
puting x̃k = H(xk)) before using a quasi-Newton step would have lead to linearly dependent columns in
Wk: We then would always correct xk to xk+1 by adding multiples of differences xk − xi from previous
iterations as we would have to use Wk = (∆xk

0 ,∆xk
1 , . . . ,∆xk

k−1) with ∆xk
i = xk − xi in this case. Using

induction over the iterations, we see that all columns of Wk would be in the space spanned by x0 and
x1 − x0.
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and W n+1−R, · · · ,W n,W n+1 from the previous R ∈ N time steps are stored and included
in the secant equation of the current time step, i. e., we replaceWk and Vk by the enhanced
versions

W
(R)
k =

[
W {n+1−R},W {n−R}, · · · ,W {n+1}

k

]
,

V
(R)
k =

[
V {n+1−R}, V {n−R}, · · · , V {n+1}

k

]
.

This additional information significantly improves the convergence as shown in [11] and
Sect. 3. However, the optimal parameter R of reused time steps is highly problem de-
pendent and there is no analytical method available to determine the optimal R. Thus,
in practice, R has to be determined based on experiences and in a costly try-and-error
process. Also, linear dependencies and contradicting information within the accumulated
difference matrices need to be handled properly. The alternative quasi-Newton approach
presented in the next section provides an automatic implicit incorporation of informa-
tion from passed time steps and, thus, avoids these drawbacks of the IQN-LS method.

However, this requires to explicitly compute ĴR̃
−1

instead of only the short vector α ∈ Rk.

2.2.2 Interface quasi-Newton Multiple Vector Jacobian (IQN-MVJ)

The IQN-MVJ method presented here is a newly developed quasi-Newton fluid-structure
coupling approach. It combines the idea of approximating the Newton iteration defined
by (4) and (5) based on the secant equation (6) with the ideas presented in [14] for Jaco-
bian approximations in the context of a block-iterative Newton method. To implicitly use
information from previous time steps, the IQN-MVJ method uses a different norm mini-
mization than the IQN-LS method in order to achieve uniqueness of the inverse Jacobian
approximation: ∥∥∥ĴR̃

−1
(x̃k)− ĴR̃

−1

prev

∥∥∥
F
→ min , (8)

where ĴR̃
−1

prev denotes the last inverse Jacobian approximation of the previous time step.
Thus, our approximations always stay as close as possible to the approximation from
the last time step. This automatically guaranties that we profit from past information
without having to explicitely use old W and V matrices again. We get the approximate
inverse Jacobian

ĴR̃
−1
(x̃k) = ĴR̃

−1

prev +
(
Wk − ĴR̃

−1

prevVk

) (
V T
k Vk

)−1
V T
k

and the update formula

xk+1 = x̃k + ĴR̃
−1
(x̃k)

(
−R(xk)

)

= xk +
(
ĴR̃

−1

prev +
(
Wk − ĴR̃

−1

prevVk

) (
V T
k Vk

)−1
V T
k

) (
−R(xk)

)
.

6

482



Florian Lindner, Miriam Mehl, Klaudius Scheufele, and Benjamin Uekermann

There is a close relation of the IQN-MVJ update scheme to the Broyden method: The
Broyden method also minimizes distances between successively computed Jacobian ap-
proximations within a Newton iteration. However, Broyden minimizes the distance of
approximations between two successive iterations, whereas we minimize the distance be-
tween Jacobian approximations in two successive time steps. This also implies that our
updates are not only rank-one modifications as more than one new input/output pair is
added for the update of the Jacobian approximation from the previous time step to the
Jacobian approximation of the current time step.

In Algorithm 1, we oppose the two quasi-Newton approaches, the established IQN-LS
method from [11] and our new variant. Summarizing Sect. 2, we state that we have
described four different coupling methods, which are going to be considered for numerical
test cases in Sect. 3. For clarity reasons, we give an overview of our combinations in
Tab. 1.

Algorithm 1 Quasi-Newton schemes, left: the IQN-LS algorithm, a matrix free approach that approx-
imates for the inverse Jacobian of the residual operator, right: the IQN-MVJ algorithm which explicitly
stores the matrix of the Jacobian estimation. The inverse of the Jacobian of the residual operator is
approximated using information from previous time steps implicitly.

IQN-LS
initial value x0

x̃0 = H(x0) and R0 = x̃0 − x0

x1 = x0 + 0.1 ·R0

for k = 1 . . . do
x̃k = H(xk) and Rk = x̃k − xk

Vk = [∆Rk
0 , . . . ,∆Rk

k−1] with ∆Rk
i = Ri −Rk

Wk = [∆x̃k
0 , . . . ,∆x̃k

k−1] with ∆x̃k
i = x̃i − x̃k

decompose V k = QkUk

solve the first k lines of Ukα = −QkTRk

∆x̃k = Wα
xk+1 = x̃k +∆x̃k

end for

IQN-MVJ(x)
initial value x0 and ĴR̃

−1

prev
= 0

x̃0 = H(x0) and R0 = x̃0 − x0

x1 = x0 + 0.1 ·R0

for k = 1 . . . do
x̃k = H(xk) and Rk = x̃k − xk

Vk = [∆Rk
0 , . . . ,∆Rk

k−1] with ∆Rk
i = Ri −Rk

Wk = [∆x̃k
0 , . . . ,∆x̃k

k−1] with ∆x̃k
i = x̃i − x̃k

ĴR̃
−1

(x̃k) = ĴR̃
−1

prev

+
(
Wk − ĴR̃

−1

prev
Vk

) (
V T
k Vk

)−1
V T
k

∆x̃k = −ĴR̃
−1

(x̃k)Rk

xk+1 = x̃k +∆x̃k

end for

Serial System Vectorial System

IQN-LS S-IQN-LS V-IQN-LS

IQN-MVJ S-IQN-MVJ V-IQN-MVJ

Table 1: Numerical coupling methods examined in this paper: each method is defined
by choosing either the serial fixed-point equation (1) or the vectorial fixed-point equation
(2) and either the least-squares quasi-Newton solver described in Sect. 2.2.1 or the multi-
vector Jacobian approximation quasi-Newton approach from Sect. 2.2.2.
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3 NUMERICAL RESULTS

3.1 Software

All numerical experiments were conducted using the coupling library preCICE and the
simulation toolbox OpenFOAM. We give a brief summary of both below.

preCICE is a library for flexible numerical coupling of single-physics solvers. preCICE3

is developed at the Technische Universität München and the Universität Stuttgart. It uses
a partitioned black-box coupling approach, thus requiring only minimal modifications to
existing solvers. Its software architecture as a library in conjunction with a high-level
API fosters quick and minimal-invasive integration into existing codes. Integration can
be realized in less than 30 lines of code. preCICE offers a wide variety of runtime con-
figurable aspects of numerical coupling like serial and parallel as well as explicit and
implicit coupling schemes. The latter category includes the schemes presented in this
paper. Subcycling enables to combine problems that show convergence on different time
scales. Coupling between non-matching grids can be achieved by data mapping methods
ranging from simple projection methods to approaches based on radial-basis functions.
preCICE is written in C++ and features a clean and modern software design with exten-
sive unit and integration testing while maintaining minimal external dependencies and
easy extensibility. For more information, refer to [12].

OpenFOAM The fluid and structure simulations were done using a software based on
OpenFOAM4 resp. the foam-extend-3.1 project5. The preCICE adapter and the actual
solver were developed by David Blom et.al. from TU Delft. The fluid solver uses a 2nd

order finite volume discretization of the incompressible Navier-Stockes equation. Instead
of the standard PISO (pressure implicit with splitting of operator) algorithm it uses a
coupled solution algorithm as described in [16]. Time integration is performed by the
second order backward differencing scheme. The fluid equations are formulated in the
arbitrary-lagrangian-eulerian perspective whereas the mesh movement uses radial basis
function interpolation [17]. The structural domain is modeled using a fully langrangrian
formulation and a Saint Venant-Kirchhoff model. For more information, refer to e.g. [13].

3.2 Three-dimensional flow over an elastic structure

Scenario description. This case depicts a three-dimensional laminar and incompress-
ible flow over an elastic structure. The scenario is assumed to be symmetric in the
x/y-plane, hence, the simulation is only performed in one half of the domain. The ge-
ometry of the scenario and physical results are shown in Fig. 1 (a). The computational

3http://www5.in.tum.de/wiki/index.php/PreCICE Webpage
4http://www.openfoam.org/
5http://www.extend-project.de/
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Table 2: Three-dimensional flow over an elastic structure. Average numbers of coupling
iterations for IQN-LS and IQN-MVJ, and for serial and parallel coupling. The iteration
numbers are averaged over the first 40 time steps. Different numbers of reused time steps
are evaluated.† For a well-conditioned V-system we scaled the forces by a factor of 4.0 ·104
for IQN-LS and 104 for IQN-MVJ.

Reuse (R) 0 1 2 3 4 5 6 7 8

S-IQN-LS(R) 5.15 4.75 4.50 4.45 4.65 5.05 5.65 5.70 6.15

S-IQN-MVJ(R) 5.15 5.22 5.57 5.87 6.32 6.70 7.00 7.45 7.62

V-IQN-LS(R)† 9.30 7.85 7.07 6.90 6.70 6.80 7.05 7.15 7.45

V-IQN-MVJ(R)† 6.65 6.75 6.82 7.27 7.47 7.72 8.02 8.10 8.52

domain has a length of 1.5m along with a width and height of 0.4m, whereas the elastic
rectangular structure with dimensions 0.2m × 0.2m × 0.2m is mounted on the wall. The
fluid flow is driven by a parabolic velocity profile v with peak velocity vmax = 0.2 m

s
which

is imposed as a Dirichlet boundary condition at the inflow boundary. The profile is faded
in smoothly for t < 2.0. At the opposing side standard outflow conditions are applied, on
the symmetry surface free-slip conditions as well as no-slip conditions on all remaining
boundaries. The fluid density is 1× 103 kg

m3 , the dynamic viscosity 1× 10−3 Pa s. The

density of the structure is 1× 103 kg
m3 , the Poisson ratio 0.4 and the Young’s modulus is

set to 1× 104 N
m2 .

Results. The simulation domain is decomposed into 1632 cells for the fluid and 32 cells
for the structure mesh. Forty time steps with a time step size of 0.1 s are performed. A
relative convergence measure of 10−5 for the forces as well as for the displacements at
the fluid-structure interface is used. The results of the simulation are shown in Tab. 2.
The average number of iterations over the first 40 time steps are shown for the IQN-LS
as well as for the IQN-MVJ quasi-Newton scheme with different numbers of reused time
steps. To precondition the V-system, we scale the forces in advance, such that forces and
displacements have the same order of magnitude. It can be seen from Tab. 2, that the
IQN-LS and the IQN-MVJ approach yield quite similar results for the S-system (serial
coupling) as well as for the V-system (parallel coupling). As the IQN-MVJ implicitly
incorporates information from previous time steps via the norm minimization in eq. (8)
there is no benefit in collecting columns from previous time steps for the V and W
matrices. Hence, the IQN-MVJ scheme is more robust and there is no need to tune for
an optimal number of reused time steps (R).

3.3 Wave propagation in a three-dimensional elastic tube

Scenario description. This test case simulates the wave propagation in a straight,
three-dimensional elastic tube (cf. e.g. [11]). The length of the tube is 0.05m. The fluid

9
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domain has a diameter of 0.003m, whereas the tube thickness is 0.001m. Both ends of
the tube are fixed. For the initial duration of 0.003 s, the boundary condition for the
pressure inlet is set to a fixed value of 1333.2Pa. Thereafter, the inlet pressure is set to
zero. At the outlet, the pressure is set to zero. The fluid has a density of 1× 103 kg

m3 , and

a dynamic viscosity of 3× 10−3 Pa s. The density of the elastic structure is 1.2× 103 kg
m3 ,

the Young’s modulus 3× 105 N
m2 , and the Poisson’s ratio 0.3. A pressure pulse propagates

through the tube as shown in Fig. 1 (b).

(a) (b)

Figure 1: Geometry and physics of the simulated scenarios. (a) Three-dimensional flow
over an elastic structure. Streamlines and pressure contours in the fluid domain at t =
2.8 s. (b) Wave propagation in a three-dimensional elastic tube. Geometry and pressure
contours on the fluid-structure interface at t = 8.9 · 10−3 s

Results. The fluid mesh consists of 17600 cells, and the structure mesh contains 800
cells. Hundred time steps of 1× 10−4 s are performed. A relative convergence measure of
10−5 is used for both, the displacements and the traction on the fluid-structure interface.
The results of the simulation are shown in Tab. 3. It can be observed that the behavior of
S-IQN-LS(9) and S-IQN-MVJ(0) is quite similar, cf. Fig. 2 (a), which confirms the results
of Sect. 3.2. Also, it seems to be advantageous to reuse more time steps for the parallel
coupling than for the serial coupling. Furthermore, for parallel coupling, it turns out that
the IQN-MVJ scheme is more robust and performs slightly better than the IQN-LS. This
dominance of the IQN-MVJ(0) over the IQN-LS(17) is mainly due to the fact that the
IQN-MVJ is far more robust during the attack time of the simulation, as can be seen
from Fig. 2 (b).

4 CONCLUSIONS

We applied the multi-vector update scheme from Bogaers et al. [14] on the inverse
Jacobian formulation – the similar setting that was used by Degroote et al. to derive the
classical IQN-ILS scheme [11]. We tested this new coupling scheme, the IQN-MVJ, as
well as the IQN-ILS for serial and parallel coupling on two 3D scenarios. The multi-vector
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Table 3: Wave propagation in a three-dimensional elastic tube. Average numbers of
coupling iterations over first 100 time steps for IQN-ILS and IQN-MVJ, and for serial
and parallel coupling. Different numbers of reused time steps are evaluated. † For a well-
conditioned V-system, we scale the forces by a factor of 1010 for IQN-LS and 4.0 · 108 for
IQN-MVJ.

Reuse(R) 0 1 3 5 7 9 11 13 15 17

S-IQN-LS(R) 9.97 9.45 6.80 6.35 6.17 6.05 6.05 6.06 6.15 6.21

S-IQN-MVJ(R) 5.36 8.97 9.47 9.32 9.25 9.21

V-IQN-LS(R)† 21.41 18.63 13.73 12.90 12.28 11.95 11.71 13.36 13.36 11.47

V-IQN-MVJ(R)† 8.67 15.18 17.66 17.60 16.99 17.13

(a) (b)

Figure 2: Wave propagation in a three-dimensional elastic tube. Iteration numbers for
IQN-LS and IQN-MVJ, and for serial and parallel coupling. (a) timesteps 16 to 100, (b)
timesteps 1 to 15.

update renders, as expected, a fine-tuning of the reuse of old information unnecessary.
Similar to our previous findings for IQN-ILS [10], IQN-MVJ almost retains the conver-
gence order, when moving from the serial coupling to the parallel one. In upcoming work,
we want to automate the pre-conditioning of the parallel coupling.
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[2] Gee, M., Küttler, U. and Wall, W. A. Truly monolithic algebraic multigrid for fluid-

11

487



Florian Lindner, Miriam Mehl, Klaudius Scheufele, and Benjamin Uekermann

structure interaction Int. J. for Numer. Meth. in Eng. (2011) 85:987–1016.

[3] Crosetto, P., Deparis, S., Fourestey, G. and Quarteroni, A. Parallel algorithms for
fluid-structure interaction problems in haemodynamics Siam SISC (2011) 33:1598–
1622.

[4] Bungartz, H.-J., Lindner F., Mehl M. and Uekermann, B. A plug-and-play coupling
approach for parallel multi-field simulations Comp. Mech. (2014):1–11.

[5] Nobile, F. and Vergara, C. An effective fluid-structure interaction formulation for
vascular dynamics by generalized Robin conditions SIAM SISC (2008) 30:73–763.

[6] Causin, P., Gerbeau, J. F. and Nobile, F. Added-mass effect in the design of parti-
tioned algorithms for fluid-structure problems. Comput. Methods Appl. Mech. Eng.
(2005) 194:4506–4527.

[7] Van Brummelen, E. H. Added mass effects of compressible and incompressible flows
in fluid-structure interaction. J. Appl. Mech. (2009) 76:1–7.

[8] Farhat, C. and Lesoinne, M. Two efficient staggered algorithms for the serial and par-
allel solution of three-dimensional nonlinear transient aeroelastic problems. Comput.
Method. Appl. M. (2000) 182:499–515.

[9] Ross, M.R., Felippa, C.A., Park, K.C. and Sprague, M.A. Treatment of acoustic
fluid-structure interaction by localized Lagrange multipliers: Formulation. Comput.
Methods Appl. Mech. Eng. (2008) 197:305–3079.

[10] Uekermann, B., Bungartz, H. J., Gatzhammer, B. and Mehl, M. A parallel, black-box
coupling algorithm for FSI Proc. ECCOMAS Coupl. Prob. (2013).

[11] Degroote, J., Bathe, K.-J. and Vierendeels, J. Performance of a new partitioned pro-
cedure versus a monolithic procedure in fluid-structure interaction Comput. Struct.
(2009) 87:793–801.

[12] Gatzhammer, B. Efficient and flexible partitioned simulation of fluid-structure inter-
actions Ph.D. thesis, Technische Universität München, Inst. für Informatik (2015).

[13] Blom, D. S., van Zuijlen, A. H. and Bijl, H. Acceleration of strongly coupled fluid-
structure interaction with manifold mapping Proc. 11th. WCCM (2014) 4484–4495.

[14] Bogaers, A. E. J., Kok, S., Reddy, B. D. and Franz, T. Quasi-Newton methods
for implicit black-box FSI coupling Comp. Meth. in Appl. Mech. and Eng. (2014)
279:113–132.

[15] Scheufele, K. Robust quasi-Newton methods for partitioned fluid-structure interac-
tion Master thesis, Universität Stuttgart, Fakultät für Informatik (2015).

[16] Darwish, M., Sraj, I. and Moukalled, F. A coupled finite volume solver for the solution
of incompressible flows on unstructured grids J. of Comp. Phys. (2009) 228:180–201.

[17] de Boer, A., van Zuijlen, A. H. and Bijl, H. Radial basis functions for interface
interpolation and mesh deformation Lecture Notes in CSE (2010) 71:143–178.

12

488



A dynamically adaptive Lattice Boltzmann Method for predicting wake phenomena in fully coupled wind engi-
neering problems

VI International Conference on Computational Methods for Coupled Problems in Science and Engineering
COUPLED PROBLEMS 2015

B. Schrefler, E. Oñate and M. Papadrakakis(Eds)

A DYNAMICALLY ADAPTIVE LATTICE BOLTZMANN
METHOD FOR PREDICTING WAKE PHENOMENA IN
FULLY COUPLED WIND ENGINEERING PROBLEMS

RALF DEITERDING∗ AND STEPHEN L. WOOD†

∗German Aerospace Center (DLR)
Institute for Aerodynamics and Flow Technology

Bunsenstr. 10, 37073 Göttingen, Germany
e-mail: ralf.deiterding@dlr.de

†University of Tennessee - Knoxville
The Bredesen Center

Knoxville, TN 37996, USA
e-mail: swood@utk.edu

Key words: Lattice Boltzmann Method, Fluid-Structure Coupling, Wind Turbines,
Hinged Wing, Adaptive Mesh Refinement

Abstract. The essential components of a dynamically adaptive, parallel lattice Boltz-
mann method particularly tailored for coupled wind engineering are described. By uti-
lizing a level set approach for geometry embedding the method can handle rotating and
moving structures effectively and is thereby genuinely suited for fluid-structure coupling
problems involving low-Mach number flows. The approach is validated for the canonical
six degrees of freedom test case of a driven two-segment hinged wing. Subsequently, the
wake field in an array of three Vestas V27 wind turbines at prescribed rotation rate and
under constant inflow condition is simulated for two different scenarios. These results
demonstrate that the time-explicit nature and the low dissipation properties of the lat-
tice Boltzmann scheme in combination with dynamic mesh adaptation are able to predict
well-resolved vortex structures created by realistic rotor speeds far downstream of the
turbines at moderate computational costs.

1 Introduction

Many aerodynamic wind engineering problems are characterized by a strongly coupled
interaction between moving structures and fluid flow. An example of particular technical
relevance are horizontal axis wind turbines. Here, the incoming flow drives the motion and
elastic deformation of the rotor, which in itself generates large-scale wake structures that
can affect downstream turbines considerably. When multiple wind turbines are placed in
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an array, the question of optimal placement arises. If a turbine is exposed to a major vortex
field, its energy output will generally be reduced and additionally induced structural
vibrations will cause disproportionately accelerated material fatigue. In order to simulate
the flow field in a turbine array layout, e.g., for a dominant wind direction, vortex or disc
actuator models are presently most frequently adopted. Computational fluid dynamics
(CFD) with accurate consideration of the moving structures is still rarely applied, which
is due to the complexities involved in solving the weakly or incompressible Navier-Stokes
equations on moving three-dimensional meshes effectively, cf. [10].

As an alternative to the implicit, typically pressure-correction based CFD solution
algorithms generally applied in wind engineering [10], we adopt in here the lattice Boltz-
mann method (LBM). The LBM is based on solving the Boltzmann equation in a specially
chosen, discrete phase space and is fully explicit in time [7]. The scheme is normally con-
structed on uniform Cartesian grids and geometrically complex boundaries are considered
with an immersed boundary approach, making the method well suited for considering
moving structures. Here, we utilize a level set distance function to represent embedded
objects. Dynamic mesh adaptation is applied in addition in order to increase the lo-
cal resolution based on the level set function and features detected in the flow field [4].
Distributed memory parallelization is adopted to allow for large-scale simulations.

The paper is organized as follows: In Section 2, we recall the construction principles of
the LBM and our embedded boundary treatment method. In Section 3, the block-based
mesh adaptation procedure and in particular the incorporation of the LBM are presented.
Section 4 explains our approach in dealing with embedded geometries. Section 5 discusses
a coupled validation configuration of a two-segment hinged wing with torsion damper and
Section 6 presents first simulations of entire wind turbines with prescribed motion of the
rotor that demonstrate the benefit of the proposed overall approach. The conclusions are
given in Section 7.

2 Lattice Boltzmann method

The lattice Boltzmann method is based on computing approximations of the Boltzmann
equation with a simplified collision operator

∂tf + u · ∇f = ω(f eq − f) (1)

on a rectangular grid of characteristic domain length L with isotropic mesh spacing ∆x un-
der the assumption of a small Knudsen number Kn = lf/L � 1, where the mean free path
length lf is replaced with ∆x. A crucial idea of the LBM is to approximate Eq. (1) in a spe-
cially chosen discrete phase space, in which a partial density distribution function fα(x, t)
is associated to every discrete lattice velocity eα. The total density distribution is given
as ρ(x, t) =

∑
α fα(x, t) and the macroscopic moments as ρ(x, t)ui(x, t) =

∑
α eαifα(x, t).

A splitting approach is then adopted that first solves the homogeneous transport equation
with the time-explicit update step

T : f̃α(x + eα∆t, t + ∆t) = fα(x, t). (2)

2
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Here, we apply the D3Q19 model for which the lattice velocities are defined as

eα =





0, α = 0,
(±1, 0, 0)c, (0,±1, 0)c, (0, 0,±1)c, α = 1, . . . , 6,
(±1,±1, 0)c, (±1, 0,±1)c, (0,±1,±1)c, α = 7, . . . , 18,

with c = ∆x/∆t. The physical speed of sound cs is related to c by cs = c/
√

3. The
right-hand of Eq. (1) is integrated subsequently by the collision operator

C : fα(·, t + ∆t) = f̃α(·, t + ∆t) + ω∆t
(
f̃ eq

α (·, t + ∆t) − f̃α(·, t + ∆t)
)

(3)

with equilibrium function

f eq
α (ρ,u) = ρtα

[
1 +

3eαu

c2
+

9(eαu)2

2c4
− 3u2

2c2

]
(4)

Figure 1: The velocities eα of
the D3Q19 lattice.

with t0 = 1/3, tα = 1/18 for α = 1, . . . , 6 and t = 1/36
for α = 7, . . . , 18. The variation in hydrodynamic pressure
for the equilibrium function (4) reads δp =

∑
α f eq

α c2
s =

(ρ − ρ0)c
2
s.

Applying a Chapman-Enskog expansion procedure, it
can be shown [8] that the sketched LBM converges to a so-
lution of the weakly compressible Navier-Stokes equations

∂tρ + ∇ · (ρu) = 0, (5a)

∂tu + u · ∇u = −∇p + ν∇2u. (5b)

It can be shown further, cf. [7], that the kinematic viscosity ν and collision frequency ω
are connected by the relation

ω = τ−1 =
c2
s∆t

ν + ∆tc2
s/2

. (6)

While the sketched model can be used directly to simulate laminar flows, it is manda-
tory to apply a turbulence model in addition in high Reynolds number situations. In the
context of LBM, it is common to adopt a large eddy simulation approach and assume
that the partial density distribution functions used in the scheme represent the resolved
scales. The subgrid scale turbulence is then considered by adding a turbulent viscosity νt

to the physical one and by utilizing the effective viscosity ν� = ν + νt = 1
3

(
τ � − 1

2

)
c∆x

with τ � = τ + τt =: 1/ω� in (3) throughout the scheme. Like Hou et al. [8], we apply the
Smagorinsky model to evaluate νt, for which νt = (Csm∆x)2S̄ is used, with

S̄ =

√
2
∑
i,j

S̄ijS̄ij, S̄ij = − 1

2ρ0c2
sτ

∑
a

eαieαj(f̄α − f̄ eq
α ) (7)

yielding

τt =
1

2

(√
τ 2 + 18

√
2(ρ0c2)−1C2

sm∆xS̄ − τ

)
. (8)

3

491



Ralf Deiterding and Stephen L. Wood

(a)

fC,n
α,in

(b)

f f,n
α,in

f̃ f,n+1
α,out

(c)

T −1(f̃C,n
α,out)

Figure 2: Visualization of partial density distribution functions involved in necessary data exchange at a
coarse-fine boundary. The thick black lines indicate a physical boundary. (a) Coarse distributions going
into fine grid; (b) ingoing interpolated fine distributions in halos (top), outgoing distributions in halos
after two fine-level transport steps (bottom); (c) averaged distributions replacing coarse values before
update is repeated in cells next to boundary.

3 Dynamic mesh adaptation

For local dynamic mesh adaptation we have adopted the block-structured adaptive
mesh refinement (SAMR) method after Berger & Collela [1]. In order to fit smoothly
into our existing, fully parallelized finite volume SAMR software system AMROC [4], we
have implemented the LBM cell-based, which makes the scheme also conservative in ρ and
ρui. In the SAMR approach, finite volume cells are clustered with a special algorithm
into non-overlapping rectangular grids. The grids have a suitable layer of halo cells for
synchronization and applying inter-level and physical boundary conditions. Refinement
levels are integrated recursively. The spatial mesh width ∆xl and the time step ∆tl are
refined by the same factor rl, where we assume rl ≥ 2 for l > 0 and r0 = 1. Note
that in an adaptive LBM the collision frequency ωl is not a constant but needs to be
adjusted according to Eq. (3) for the update on each level. In addition to this, the
interface region requires a specialized treatment. Distinguishing between the transport
and collision operators, T and C, cf. Eqs. (2) and (3), the steps of our method for a
refinement factor of 2 are:

1. Complete update on coarse grid: fC,n+1
α := CT (fC,n

α )

2. Use coarse grid distributions fC,n
α,in that propagate into the fine grid, cf. Fig. 2(a), to

construct initial fine grid halo values f f,n
α,in, cf. Fig. 2(b).

3. Complete transport f̃ f,n
α := T (f f,n

α ) on whole fine mesh. Collision f
f,n+1/2
α := C(f̃ f,n

α )
is applied only in the interior cells (yellow in Fig. 2(b)).

4. Repeat 3. to obtain f̃
f,n+1/2
α := T (f

f,n+1/2
α ) and f f,n+1

α := C(f̃
f,n+1/2
α ).

4
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5. Average outgoing distributions from fine grid halos (Fig. 2(c)), that is f̃
f,n+1/2
α,out in

the inner halo layer and f̃ f,n
α,out (outer halo layer) to obtain f̃C,n

α,out.

6. Revert transport for averaged outgoing distributions, f̄C,n
α,out := T −1(f̃C,n

α,out), and
overwrite those in the previous coarse grid time step, cf. Fig. 2(d).

7. Parallel synchronization of fC,n
α , f̄C,n

α,out on entire level.

8. Repeat complete update on coarse grid cells next to coarse-fine boundary only:
fC,n+1

α := CT (fC,n
α , f̄C,n

α,out)

This algorithm is computationally equivalent to the method by Chen et al. [2] but tailored
to the SAMR recursion that updates coarse grids in their entirety before fine grids are
computed. Because of the nonlinearity of the collision operator C it becomes necessary
under this paradigm to repeat the LBM update for those coarse grid cells that share a
face or corner with a fine grid.

4 Embedded structure handling

We represent non-Cartesian boundaries implicitly on the adaptive Cartesian grid by
utilizing a scalar level set function ϕ that stores the distance to the boundary surface.
The boundary surface it located exactly at ϕ = 0 and the boundary outer normal in every
mesh point can be evaluated as n = −∇ϕ/|∇ϕ| [3]. We treat a fluid cell as an embedded
ghost cell if its midpoint satisfies ϕ < 0.

In order to implement non-Cartesian boundary conditions with the LBM, we have
chosen to pursue a 1st order accurate ghost fluid approach that was already available
in AMROC [3]. In our technique, the density distributions in embedded ghost cells are
adjusted to model the boundary conditions of a non-Cartesian reflective wall moving with
velocity w before applying the unaltered LBM. The last step involves interpolation and
mirroring of ρ, u across the boundary to ρ′ and ū and modification of the macro velocity
in the immersed boundary cells to u′ = 2w − ū, cf. [4]. From the newly constructed
macroscopic values the density distributions in the embedded ghost cells are simply set
to f eq

α (ρ′,u′).
Real-world geometries are considered in AMROC as triangular surface meshes. The

computation of the level set distance information in every Cartesian mesh point could
principally be accomplished by simply iterating over the entire surface mesh; yet, this
would lead to detrimental performance for increasing mesh size. The problem is equivalent
to determining for every Cartesian cell the closest facet on the surface mesh. For this
purpose, we employ a specially developed algorithm based on characteristic reconstruction
and scan conversion developed by Mauch [9] that is used to compute the distance exactly
only in a small band around the embedded structure.

The dynamics of multi-body systems undergoing interaction with the fluid are modeled
as sets of triangulated surface meshes configured in kinetic chains. The dynamics of

5
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these mechanisms are solved by a recursive Newton-Euler method at each time step [12].
Considering an arbitrary link with a coordinate frame located at point P that is not
coincident with its associated body’s center of mass, the force and torque applied by the
preceding link are

(

F
τP

)

=

(

m1 −m[c]×

m[c]×Icm −m[c]×[c]×

) (

aP

α

)

+

(

m[ω]×[ω]×c
[ω]×(Icm − m[c]×[c]×) ω

)

. (9)

Here, we additionally define the total force and torque acting on a body, F = (FFSI +
Fprescribed) · Cxyz and τ = (τFSI + τprescribed) · Cαβγ respectively. Where Cxyz and Cαβγ are
the translational and rotational constraints, respectively. FFSI and τFSI are determined
for each body by integrating the fluid pressure on the triangular facets of the respective
body’s surface mesh. Each surface mesh is associated with a kinetic link in a chain that
begins with a base link in the global coordinate frame. Links are connected by joints
that may be independently constrained in six degrees of freedom relative to the preceding
link. The evolution of the triangular surface mesh as well as the velocity w in each node
are communicated to the LBM fluid solver in dedicated coupling time steps. The data
exchange corresponds to the time step of an SAMR level but this does not have to be the
finest refinement level available, cf. [5].

Triangulated surface meshes can be generated by lofting closed 3D curves or read from
the standard STL format. Each surface mesh is associated with a kinetic link in a chain
that begins with a base link in the global coordinate frame. Links are connected by
joints that may be independently constrained in six degrees of freedom relative to the
preceding link. Constraints, C, which may be prescribed motions or reaction forces are
enforced during the backward calculation step of the Newton-Euler method as joint forces
are calculated by proceeding from the distill link of a kinetic chain to the base link. The
angular and linear position, velocity and acceleration of each link in terms of its preceding
link are calculated during the forward calculation step. This formulation readily facilitates
the analysis of motions, forces, and moments on each link and triangulated surface in the
global coordinate frame or in any of the link coordinate frames.

5 Fluid-structure interaction validation

A canonical problem of fluid-structure interaction and wake prediction proposed by
Toomey & Eldredge [11] is selected for validating the fluid-structure interaction simulation
method. This model, depicted in Fig. 3, utilizes a system of two articulated rigid bodies
connected by a torsion spring and damper. The kinematics of the centroid of the driven
wing are prescribed, while the trailing body responds passively to the aerodynamic and
inertial/elastic forces. The principle unknown in this rigid body dynamics problem is the
hinge angle θ. The parametric kinematic equations

Xt(t) =
A0

2

Gt(ft)

max Gt
C(ft), α1(t) = −β

Gr(ft)

max Gr
, Gt(t) =

∫

t

tanh[σtcos(2πt′)]dt′, (10)
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Table 1: Kinematic parameters

A0 (cm) 7.1
c (cm) 5.1
d (cm) 0.25
β π/4
σt 0.628
σr 0.628
Φ 0
Ret 73, 370
Rer 100, 500
ρb (kg/m3) 5080
f (Hz) 0.15Figure 3: Model system consisting of two rigid elliptical sections

connected by a hinge with torsion spring and damper.

Table 2: Nondimensional mean and peak force and moments

Rer = 100 Rer = 500
Mean Peak Mean Peak

Fx 2.78 430.2 3.78 429.8
Fx (%) -3.3 -9.8 -3.4 -9.9

Fy 39.0 206.2 52.3 210.2
Fy (%) -3.4 -15 -5 -7

M -3.3 248 0.9 228.5
M (%) 26 30 17 19

Gr(t) = tanh[σrcos(2πt + Φ)], C(t) =
tanh(8t − 2) + tanh(2)

1 + tanh(2)
. (11)

describe the motion of the driven body. The parameters utilized in this work and in
Case 1 of [11] to specify the kinematics through the translational, Gt(t), and rotational,
Gr(t), shape functions are given in Table 1. The start-up conditioner, Ct(t), is ap-
plied to the translational kinematics to avoid an impulsive start. The translational and
rotational Reynolds numbers are based on the peak translational, V , and rotational,
2πβσrfc/ tanh(σr), velocities as shown in

Ret = V c/ν, Rer = 2πβσrfc2/(tanh(σr)ν). (12)

The mean and peak values of the dimensionless fluid dynamic force, Fx,y = 2F ∗
x,y/(ρ2

fc
3),

and moment, M = 2M∗/(ρff
2c4), generated by the wing motion are presented in Table

2.
The relative error between the results of this work and those in [11] is also presented

in Table 2. The wing deflection and vorticity production at Re = 500 are depicted in
Fig. 4. Figure 5 displays the hinge deflection angle for experiments and simulations in

7
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Figure 4: Computed vorticity field at t/T= 0.6 (left), 0.8 (right).

-15

 0

 15

0.0 0.5 1.0 1.5 2.0 2.5 3.0

θ (
de

g)

t/TFigure 5: Hinge deflection angle over time. Experimental results (–); Toomey-Eldredge Re=100 (- -),
Re=500 (–··); Current Re=100 (- · -), Re=500 (· · · ).

[11] and our simulations through three periods of motion. The dimensional torsion spring
and damper coefficients utilized are K∗ = 5.5×10−2 kg m2/s2 and R∗ = 6.0×10−4 kg m/s2

respectively. These values differ from those used in the viscous vortex particle method
(VVPM) simulations by Toomey & Eldredge, however, the wing behavior and predicted
loads are comparable and in good agreement with the experiments in [6, 11]. Note that
although a no-slip boundary condition is applied at the wing surface, no interfacial shear
forces are considered yet in this work. It follows that the fluid loads, particularly the
moment, differ between this work and the VVPM used in [11], as shown in Table 2,
while the hinge deflection presented in Fig. 5 is in good agreement. Without considering
structural loading from shear forces yet, this work predicts the peak forces within 15%
of those simulated by the VVPM and reveals the rotation of the driven body influencing
hinge deflection with the same periodic trend as the experiments conducted by Toomey
& Eldredge [6, 11].

6 Simulation of wakes behind wind turbines

Utilizing the developed LBM solver for moving geometries, we have carried out a
simulation campaign to test the suitability of the overall approach to simulate the flow

8
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Figure 6: Snapshot of SAMR Mesh in rotor mid-
plane.

Figure 7: Emerging vortex field at t ≈ 9.3 s.
Rotation was started at t = 4 s.

fields created by wind turbines. We have built a tailored flexible surface mesh model of
a Vestas V27 turbine. The V27 has a rotor diameter of D = 27 m, a tower height of
∼ 35 m and achieves its maximal energy output of 225 kW at wind velocities from 14 to
25 m/s. A prototypical ground topology is also included into the surface mesh model that
represents the time-dependent geometry with ∼ 23, 300 facets per turbine. It is assumed
that the inflow wind direction is always in direction of the turbine middle axis and the
pitch blade angle is at 0 degree.

In the first computation, the wind velocity is u1 = 7 m/s with a boundary layer profile
of 5 m height assumed near the ground. A simulation domain of extensions 200 m ×
100 m× 100 m is used and discretized with a base grid of 400× 200× 200 cells. Dynamic
refinement with three additional levels refined by the factors r1,2 = 2 and r3 = 4 is applied.
The two highest levels are reserved to refine the moving surface mesh of rotor and tower at
a geometry resolution of ∆x = 3.125 cm; level 1 is used to dynamically adapt to the wake
region using an empiric error estimation criterion on |u|. Figure 6 shows a snapshot of the
Cartesian cells in the rotor midplane and the moving structure colored by the length of
the prescribed velocity vector. The computation is run for 141,344 highest level iterations
to a final time of te = 30 s, where a constant rotation with 15 rpm (corresponding to a
power generation of ∼ 52.5 kW) is started at t = 4 s.

Figure 7 displays by color the length of the vorticity vector in two 2D planes shortly
after starting the rotation. The creation of an emerging helical main vortex structure in
the downwind direction emanating from the blade tips can be inferred. This computation
was run on 96 cores of a cluster with Intel Xeon-Westmere CPUs and required ∼ 10, 400 h
CPU in total, i.e., 108 h wall clock time.

The second test setup considers three V27 turbines and corresponds to the U.S. De-
partment of Energy’s Scaled Wind Farm Technology (SWIFT) facility. Two turbines are
positioned 3D apart in the wind direction; the third turbine is placed 5D downstream
exactly in the rotor middle axis of the first one. This allows direct comparison of the
wake field between two interacting turbines with an undisturbed one. The computational

9
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Figure 8: 2D Color planes depict the length of the vorticity vector for 7m/s (left) and 25m/s (right)
inflow velocity at t ≈ 37 s.

setup is similar to the previous simulation, where a domain of 488 m × 240 m × 100 m is
discretized with a base resolution of 448 × 240 × 100 cells and again refined isotropically
by the factors 2,2,4 (resolution near the rotors is ∆x = 6.25 cm). Dynamic refinement of
the wake field is permitted now up to level 2, yielding again a resolution in the wake of
∆x = 25 cm.

Two configurations are compared: the case with u1 = 7 m/s inflow velocity and all
turbines operating at 15 rpm and a simulation with u1 = 25 m/s and 43 rpm, which cor-
responds to the maximally allowed rotation rate under normal operations. 94,224 highest
level iterations to a final time of te = 40 s are computed. Figure 8 depicts the wake
fields for both cases after t ≈ 37 s simulated time. The color coding in both graphics
uses the same scale and it is obvious that vorticity production is considerably increased
in the second configuration. In both simulations, the radius of the main vortices are
only sightly increasing and vorticity seems overall exceptionally well preserved. A strong
influence of the tower on the wake field is apparent and also the difference between the
wake fields behind the isolated turbine versus the two turbines aligned in the wind di-
rection is striking. A three-dimensional visualization of the wake field for the second
configuration in its quasi-steady state in Fig. 9 reveals this difference especially well.

Level Grids Cells
0 3,234 10,752,000
1 11,921 21,020,256
2 66,974 102,918,568
3 896 5,116,992

Table 3: Grids and cells at te.

Because of the higher wind velocity the number of vor-
tex rotations reduces in the second configuration from
∼ 15 to ∼ 12. In both simulations, incident pressure
and velocity on the downstream turbine are reduced (not
specially shown). Its rotation apparently induces a less
pronounced helical vortex than the upstream turbines, as
can be seen in Fig. 9.

The used SAMR grids and total number of cells on
each level for the second configuration at te are given in Table 3. Note that a corresponding
uniform mesh would require 44 · 109 cells and take four times more time steps than level
2, which contains the majority of cells. A benchmark run on 288 cores on a cluster of
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Figure 9: Quasi-steady three-dimensional wake field for the configuration with u1 = 25m/s and 43 rpm
visualized by coloring an iso-surface based on the length of the vorticity vector by the local total velocity.

Intel-Ivybridge CPUs required just 38.5 h wall clock time (11, 090 h CPU) to advance the
coupled, adaptive computation further from te = 40 to 50 s, which gives evidence for the
practical feasibility of carrying out these computations on compute clusters of moderate
size.

7 Conclusions

The first prototype of a dynamically adaptive, three-dimensional lattice-Boltzmann
method for simulating coupled wind engineering problems has been developed. The re-
sults show that the overall approach can easily handle large structural motion and high
coupling frequencies, while the low dissipation properties of the lattice Boltzmann scheme
in combination with dynamic mesh adaptation are able to resolve even complex vortex
structures at moderate computational costs. First coupled validation has been achieved
for a canonical FSI problem from [11]. As a first verification for wind turbine simulation,
we have demonstrated that our approach is able to simulate the propagation of wake
fields created by the prescribed rotation of accurate Vestas V27 wind turbine rotor geom-
etry, including the interaction with the tower, with apparent good quality and reasonable
compute time. Immediate future work will concentrate on fully validating the approach,
considering also the exchange of viscous shear forces beside hydrodynamic pressures, for
available laboratory benchmarks, e.g., the Mexico wind tunnel experiments [10] and then
to incorporate the dynamic elastic response of the blades into the turbine model.
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Abstract. An aero-acoustic coupling method based on the splitting into noise sources 
generation and acoustic propagation in separate physical domains is presented in this paper.
The key idea is to limit, as much as possible, the CFD domain to the noise generation region 
and to accurately propagate the acoustic waves with a CAA solver. The approach presented 
here is a domain decomposition method based on the coupling of different equations, methods
and meshes, which allows a simulation of both flow and acoustics in one single coupled 
calculation suitable for far field predictions with reflecting bodies through a coupling 
boundary.

1 INTRODUCTION
The numerical simulation of both generation and propagation of acoustic waves in one 

computation is actually a challenge due to the spatio-temporal scale disparities of the 
problem. The full time-dependent, compressible Navier-Stokes equations describe both 
aerodynamic and acoustic phenomena, but require a detailed numerical compressible flow 
simulation, using a grid fine enough to minimize the introduction of sound propagation errors. 
A large number of grid elements would be necessary to resolve all the scales accurately in an 
unsteady simulation. Moreover, the handling of long-distance sound propagation remains 
difficult with usual CFD solvers due to the numerical damping and dissipation. On the other 
hand, a single approach contains naturally the interaction of the acoustic perturbations with 
the flow field and with embedded geometries. The dissipation problems generally lead to 
carry out hybrid methods, in which the computational domain is split into different regions, 
such that the governing flow field (source region) or acoustic field (acoustic region) can be 
solved with different equations, numerical techniques and computational grids. Various 
hybrid methodologies exist, differing from each other in the type of applied propagation 
equations or in the way the coupling between source and propagation regions is made. Bailly 
and Bogey [1] proposed a review of the progress in the computational aeroacoustics field and 
discussed connections between CFD and CAA using hybrid approaches. The coupling 
methods commonly used for hybrid CFD/CAA applications are divided into two categories: 
one based on equivalent source formulations and the other based on an acoustic continuation 
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of source region simulation. For the first one, once the sound source is predicted, the approach
to describe its propagation is the extension of near-field CFD results to the acoustic far-field 
with surface or volume integral methods [2]-[6]. The second hybrid CFD/CAA approach 
solves the Acoustic Perturbation Equations [7]-[9] or the Linearized Euler Equations [10],
[11] to extend the CFD solutions to the far-field. These propagation solvers are generally high 
order accurate but necessitate a mean flow definition. Generally these hybrid methods do not 
take into account any acoustic feedback, except for the domain decomposition performed by
[12], [13], where the coupling approach connects different classes of methods on structured 
and unstructured grids for the solution of Navier-Stokes, Euler and linearized Euler equations.
The approach presented in this paper is also a domain decomposition method based on the 
coupling of different equations, grids and methods, which allows a simulation of both flow 
and acoustics in one single calculation suitable for far field predictions with reflecting bodies. 
The CFD domain solving the Navier-Stokes equations is reduced to the region of viscous 
effects and initial turbulence development which generally accounts for a small part of the 
flow. The acoustic propagation is solved with the full non-linear Euler equations with a 
coupling boundary located in the turbulent flow. The acoustic solver is based on high order 
Discontinuous Galerkin schemes [14], which offer a high accuracy, low dispersion and low 
dissipation. This class of solvers is able to accurately propagate waves over large distances 
and allows using unstructured grids, which present significant advantages such as a highly 
flexible refinement even in complex geometries.

The coupling method presented in this paper consists in separating the whole computational 
domain into two complementary parts. The first domain is assumed to contain the region 
where turbulence develops and its size is reduced as much as possible. The flow in this 
domain is solved using the Navier-Stokes equations. The second domain is devoted to the 
propagation of the perturbations generated in the first one, in a flow which is not necessary 
uniform and may contain reflecting bodies. It may also include noise production, in which 
viscous effects can be negligible. The problem is solved using the full Euler equations. Such 
LES/CAA couplings pose, a priori, the problem of the continuity of the solution on both sides 
of the exchange surface. Indeed, the LES must be performed using sufficiently fine meshes 
and time steps small enough to correctly simulate the development of turbulence. On the other 
hand, to be efficient, the CAA must be carried out using meshes and time steps adapted to the 
acoustic scales which are generally much larger than the turbulence scales. So, in this 
approach the spatial scales will be very different on both sides of the coupling boundary, but 
the time step will be identical.

In a previous study [15], this splitting method was applied to a hot jet simulation, that only 
dealt with a one way coupling from LES to CAA and thus mainly focused on the acoustic 
purpose. Here, this splitting method is applied to a 3D shear flow. The computational domain 
is a 3D cylinder, which includes a smaller one, and can be considered as a model of jet/wing 
interactions. A shear flow (100m/s-50m/s) is imposed at the inflow of the small cylinder and a 
rigid wall conditions is imposed at the external boundary of the big cylinder, which induces 
wave reflections impacting on the shear flow. In this approach, both the LES and CAA 
solvers are part of the same simulation framework. While the LES solver is based on a finite-
volume method for the prediction of the flow field, the CAA approach is based on a high-
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order discontinuous Galerkin solver for the acoustic field. The exchanges between both 
solvers are made through the MPI communications.

2 NUMERICAL METHODS

2.1 Finite-volume method for the flow simulation
The aerodynamic solver FUNk [16] developed at ONERA, is based on the unsteady

compressible Navier-Stokes equations expressed in conservative form. The LES equations are 
obtained using Favre filtering and the filtered equations are closed by means of a subgrid 
scale viscosity and the Prandtl analogy. The model used to compute the subgrid viscosity is 
the selective mixed scale model introduced for compressible flows by Lenormand et al. [17].
The spatial discretization method is based on the cell-centered Finite Volume methodology 
(FVM) on structured grid. An upwind biased scheme, with a third-order MUSCL 
interpolation scheme of AUSM+(P) family without any shock capturing feature is used for the 
convective terms. A second-order-accurate centered scheme is used for viscous fluxes. The 
time integration is carried out by means of a third-order compact Runge-Kutta scheme. The 
solver has been extensively validated and used for various flow problems.

2.2 Discontinuous Galerkin approximation 
The CAA computation is carried out with the SPACE solver developed at ONERA [18],

[19] which solves the Euler equations using a nodal Discontinuous Galerkin Method. A nodal 
DGM with an optimized Lagrangian polynomials basis of order N+1 is used to solve the 
conservative form of Euler equations:

0)(. =∇+∂ wFwt     (1)
Considering a domain Ω with an envelope Γ, the derivation of the DG method starts with the 
weak form of the equation. Therefore, Eq. 1 is multiplied by a test function Ψ and integrated 
over the domain Ω . A variational formulation of Euler equations reads:









=ΩΨ∇+∂Ω∈Ψ∀ ∫
Ω

0))(.(;)( dwFwV t (2)

Subdividing the domain 
i

iΩ=Ω and 
j

jΓ=Ω∂=Γ and using integration by parts on the 

flux term, we obtain the weak formulations of the differential equations:













=ΓΨ+ΓΨ+ΩΨ∇−ΩΨ∂Ω∈Ψ∀ ∫ ∑ ∫∫∑ ∫
ΓΩ∂ Γ

+
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where n is the surface normal vector in the reference system and iΩ∂ is the envelope of 
geometric cell iΩ . On the element boundaries ΓΩ∂ / , a numerical flux combines values w and 
w+ from both sides to a single flux. The Local Lax-Friedrichs Numerical Fluxes have been 
chose:
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The solution w is approximated using a polynomial basis N
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where the basis functions ijkϕ are the product of one-dimensional Lagrange polynomials li of 

degree N in each spatial direction and )(twijk ) are the sampling of solutions at (xi, yj, zk). The 

nodal basis is defined with a set of interpolation points { }N
i 0=ξ on the interval ξ ∈ [−1, 1], 

which in this work are the Gauss-Lobatto nodes. The fluxes are approximated using the same 
approach.

The integrals in Eq. 3 are approximated by Gauss-Lobatto quadrature. Generally, Gauss 
quadrature of an arbitrary function f (x) on the interval [−1, 1], with N+1 nodes can be written
as:

∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 = ∑ 𝜔𝜔𝑖𝑖𝑓𝑓(𝑥𝑥𝑖𝑖)  = ∑ 𝜔𝜔𝑖𝑖 ∑ 𝑙𝑙𝑗𝑗𝑁𝑁
𝑖𝑖=0 (𝑥𝑥𝑖𝑖)𝑓𝑓𝑗𝑗  = ∑ 𝜔𝜔𝑖𝑖

𝑁𝑁
𝑖𝑖=0  

   
𝑓𝑓𝑖𝑖

𝑁𝑁
𝑖𝑖=0

𝑁𝑁
𝑖𝑖=0

1
−1  , 

 
because  𝑙𝑙𝑗𝑗(𝑥𝑥𝑖𝑖) = 𝛿𝛿𝑖𝑖𝑗𝑗,  where the weights 𝜔𝜔𝑖𝑖 and the integration nodes 𝑥𝑥𝑖𝑖 are specific to the 
chosen quadrature. These weights are pre-calculated and stored to make the algorithm 
efficient. With the interpolation points { }iξ collocated at the Gauss nodes, all sums collapse 
into single values.
In the next step, the variational formulations are integrated in time to obtain the solution at the 
next time step, for which a low-storage three-order Runge-Kutta scheme is used, the same as 
the one used in the CFD solver.

The coupling from LES to CAA is achieved by a numerical integration along the coupling 
surface Γc :

∫
Γ

=ΓΨ
c

dnwF 0)(

For each CAA cell along the coupling boundary, the integral is computed using the values of 
LES solution interpolated on Gauss points.

2.3 Coupling procedure
The CWIPI [20], [21] library aims at providing a fully parallel communication layer for 

mesh based coupling between several parallel codes with MPI communications. CWIPI is a 
static tool in the sense that all the components of the simulations are started at the beginning, 
exchange data during the run phase and finish together at the end. The coupling is made
through 1D, 2D or 3D exchange zones that can be discretized in different ways in the coupled 
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codes. The library takes into account all types of geometrical elements (polygon, polyhedral) 
with an unstructured description. CWIPI functionalities involve the construction of the 
communication graph between distributed geometric interfaces through geometrical 
localization, interpolation on non coincident meshes, exchanges of coupling fields for 
massively parallel applications as well as visualization files.

At the coupling boundary, the DGM solver is supplied at each stage of the Runge-Kutta 
method with the conservative variables from the CFD solver at the Gauss points belonging to 
the coupling boundary. These variables are computed with an interpolation of same order as 
the DGM scheme starting from the nodal values of the LES cells containing the Gauss points 
under consideration. And vice-versa, the CAA solver fills the ghost cells of Finite Volume 
method in order to apply the scheme at the coupling boundary. This coupling procedure 
works with structured/unstructured and non-conform meshes on both sides of the exchange 
surface. 

3 LES/CAA COUPLING APPLIED TO 3D SHEAR FLOW SIMULATION
The simulation configuration consists of two cylinders fitted together as shown in Figure 1.

The length and diameter of the external cylinder are 1m and 0.0794m, whereas the 
dimensions of the internal cylinder are respectively 0.06m and 0.04m. The meshes are built 
around a square of 14 cells × 14 cells with radial layers. There are 281 points in the axial 
direction and 57 points in the azimuthal direction. The internal cylinder has 225 120 elements,
while the external one 1 061 760. The cylinder mesh is uniform in the axial direction with Δx 
=0.0005 m up to x=0 .06 and then a geometric progression is used in such a way that the cell 
size at the exit boundary Δx=0.02261 m.

In x=0, a velocity of 100m/s is imposed in the disc centered in 0 with a radius of 0.01m, on 
the remaining part of the entrance boundary the velocity is 50m/s as indicated in Figure 1,
which shows the plane z=0, giving the different boundary conditions. In x=1m, a non-
reflective condition is imposed at this boundary. The external envelope of the cylinder is a 
wall, on which is applied a slip condition. The coupling boundary is located at the interface of 
both cylinders. An explicit three-stage Runge-Kutta scheme is used in both solvers with a 
time step Δt= 10-7 s. The exchanges between the solvers FUNk and SPACE occur at each 
stage of the RK3 scheme. 
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Figure 1 : Two cylinders fitted together, 2D view (z=0) of the boundary conditions and velocity at the entrance 
(x=0).

A first validation has been carried out with the aerodynamic solver FUNk, with and 
without CWIPI coupling in order to control if exchanges are correctly made. The results are 
identical. All the following results are plotted at t=0.001s, when the shear flow is crossing the 
coupling boundary at x=0.06m. In Figure 2 the pressure iso-contours are plotted in the plane 
z=0, the black bold line marks the coupling CWIPI boundary. An enlargement around this 
boundary is displayed with the iso-contours of velocity u. Moreover, the plane x=0.061m
downstream to the coupling boundary shows the iso-velocity v. This case acts as reference for 
other simulations.

The aim of the hybrid method is first to use less points and high order in the CAA domain 
than in the same part of the previous CFD/CFD simulation. For that, each cell of the CAA 
part is divided by two in each direction. Then, the DGM method can access to high order 
schemes. 
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Figure 2 : FUNk/FUNk iso-contours: pressure and u-velocity (z=0), v-velocity (x=0.061).

The first FUNk/SPACE simulation uses the same mesh in the LES domain, but contains 
only 132 720 elements in the external cylinder, instead of 1 061 760 hexahedra in FUNk. A
Q1 Lagrangian basis is used for each SPACE hexahedra, which corresponds to approximately 
the same order of the LES scheme. The same iso-contours as previously are displayed in 
Figure 3. The results are similar to those obtained in the FUNk/FUNk simulation with much 
fewer points.

The second FUNk/SPACE simulation was to use a Q2 hexahedra in the SPACE solver
with the same coarse mesh, without changing anything for the FUNk solver. The results are 
plotted in Figure 4. The iso-pressure contours show that the pressure field is richer, especially 
between x=0.25 and 0.4m. That means the acoustic propagation is less numerically dissipative 
and dispersive, which is one of the main aims of this coupling method. The iso velocity-
contours display spurious oscillations close to the coupling boundary, maybe due to the coarse 
mesh in this region. To solve this problem, either the use of refined hexahedra or the use of 
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tetrahedra in the CAA domain only in the vicinity of the coupling boundary and in the 
remaining part of the domain a stretched mesh is sufficient.

Figure 3 : FUNk/SPACE(Q1) iso-contours: pressure and u-velocity (z=0), v-velocity (x=0.061).
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Figure 4: FUNk/SPACE (Q2): iso-contours: pressure and u-velocity (z=0), v-velocity (x=0.061).

4 CONCLUSION
A domain decomposition approach for the coupling of aerodynamic and acoustic 

calculations is presented and applied to a 3D shear flow simulation. The aerodynamic domain 
is computed by a LES based on a Finite Volume method with a structured grid, while the 
acoustic one is performed using a Discontinuous Galerkin method solving the full non-linear 
Euler equations on an unstructured mesh. These results constitute the first validation of the 
hybrid method. First of all, the iso-contours obtained in the FUNk/SPACE (Q1) are similar to 
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those obtained in the reference case FUNk/FUNk. So, with less (8 times) elements in the 
external cylinder, the same results are recovered. The first aim of the hybrid method is 
obtained. Secondly, with the order increase (Q2) of the DGM, the results show that the 
acoustic contain is improved and the ability of the CAA method to better propagate acoustic 
waves compared to the LES.

The next step in this study is to exploit the DGM ability of highly flexible refinement in 
order to improve the exchanges at the vicinity of the coupling boundary and to use a coarse 
mesh elsewhere. Moreover, this hybrid method will be very useful applied to a jet simulation, 
in which reflecting bodies may occur in the flow field.
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Abstract. In this study we present the results of the benchmark of a turbulent Fluid-
Structure Interaction test case. An implicit partitioned approach is employed to couple
the fluid and structure subproblems. We employ three different techniques to model the
turbulence in fluid motion. A 2-d unsteady Reynolds Averaged Navier-Stokes approach,
with an elliptic relaxation based turbulence model (ζ − f), successfully captures the os-
cillation mode. Further investigations are performed with a Delayed Detached Eddy
Simulation and a Large Eddy Simulation model. The ζ − f model is used as a baseline
unsteady Reynolds Averaged Navier-Stokes model for the Delayed Detached Eddy Simu-
lation. A comparison of the structural deflections from the simulations show a reasonable
agreement with the experiment. In light of the presented results, the suitability of the
modeling approaches is discussed.

1 INTRODUCTION

Fluid-Structure Interaction (FSI) phenomena are important to study the design of
many engineering applications. Experiments for most of the real-world FSI applications
are not feasible – measurement techniques can not look inside all the important param-
eters, and are too expensive. With increasing computational power, simulation of such
multi physics scenarios are becoming feasible and can give new knowledge. The capabil-
ities of these numerical methods to study FSI needs to be validated against benchmark
test cases.

A great number of FSI applications have turbulent fluid motion, thus making it im-
portant to study the FSI phenomena in turbulent flows. The numerical and experimental
studies on FSI, conducted in the last decade mostly focused on laminar flows. In an effort
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to provide experimental data for validation of numerical tools, Gomes and Lienhart [6]
proposed the first validation test case for FSI with incompressible turbulent fluid mo-
tion. The structural model of this test case, contains a thin flexible sheet attached to a
revolvable cylinder with a rectangular mass attached to the other end of the sheet. The
structure is placed inside a vertical tunnel with the flow Reynolds Number (Re) of 15,000,
based on the cylinder diameter. The structure exhibits a periodic oscillation close to
its natural frequency. This instability mechanism is characterized as Instability Induced
Excitation (IIE) [14] with the structure swiveling in the first mode.

Recently De Nayer and Kalmbach [4], as well as Kalmbach and Breuer [11] have pro-
posed two different test cases with turbulent fluid motion. The proposed benchmark test
cases offer a simpler structure geometry and provide a different excitation mechanism
and motion mode, which is not present in [6]. The Re based on the cylinder diameter is
in sub-critical regime [15] (103 < Re < 2 × 105). This flow configuration is considered
challenging for the turbulence models, since the boundary layer is laminar and transition
to turbulence occurs in the separated shear layers and the wake.

The present investigation aims to access the capabilities of different turbulence mod-
eling techniques for coupled FSI problems. The turbulent test case presented in [6] is
simulated employing three different turbulence modeling techniques. The ζ − f model
proposed in [8] is utilized to perform the study in 2-d Unsteady Reynolds Averaged Navier-
Stokes (URANS) flow simulation. The Smagorinsky model [18] with dynamic procedure
suggested by Germano [5] is used to carry out a Large Eddy Simulation (LES). A hybrid
URANS/LES based on the Detached Eddy Simulation model (DDES) [19] with ζ − f as
baseline URANS model, is also tested. The DDES formulation of ζ − f model has been
discussed and verified in [24]. The structural deflections, swiveling frequency and the end
mass phase delay from simulations are compared with the experimental data.

2 GOVERNING EQUATIONS

For the fluid subdomain Ωf , the fluid is assumed to be Newtonian with incompressible
fluid motion. The basic conservation equations governing transport of mass and momen-
tum are given as

∂vi
∂xi

= 0, (1)

ρf
Dvi
Dt

= − ∂p

∂xi

+ µf
∂2vi
∂x2

j

+ ρffi, (2)

where vi is the velocity vector, p is the static pressure, µf is the dynamic fluid viscosity,
ρf is the fluid density and fi represent the external force vector.

For the structure subdomain Ωs, we define a material point X in the reference config-
uration. The function χ represents the transformation from X to x as

xi = χ(Xj, t), (3)
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where Xj are the components of position vector X and xi represents the components of
current spatial position vector x. The displacements are then defined as

ui = xi −Xi. (4)

The basic equation of momentum balance for solid domain Ωs is written as

ρs
∂2χ(Xj, t)

∂t2
=

∂SjiFij

∂Xj

+ ρsfi, (5)

where Sji is the second Piola-Kirchhoff stress tensor, ρs is the density of solid material
and fs represents the external forces on the solid. Fij = ∂xi/∂Xj is the deformation
gradient. In the present study, the material is modeled utilizing a simple hyper-elastic
material model, the Saint Venant-Kirchhoff law (for details see [16, 23]). For the second
Piola-Kirchhoff stress tensor the model states

Sij = λsEkkδij + 2µsEij, (6)

where the Green-Lagrange strain tensor is represented as

Eij =
1

2
(Fkifkj − δij) , (7)

with λs and µs as Lamé constants.
The two subproblems are coupled at the boundary with suitable interface and boundary

conditions. The standard boundary conditions apply on the fluid boundaries Γf and the
structure boundaries Γs. The following conditions on velocities and stresses are applied
at the fluid-structure interface(

vfi

)
Γf∩Γs

= u̇b
i and

(
σs
ij

)
Γf∩Γs

=
(
σf
ij

)
Γf∩Γs

, (8)

where u̇b
i is the velocity of the interface and σs

ij and σf
ij represent the Cauchy stress tensor

of the solid and the fluid domain, respectively.

3 MODELING APPROACH

This section gives a brief description of turbulence modeling approaches in this study.

3.1 ζ − f Model

The ζ−f model proposed in [8] is a linear eddy-viscosity model. The model is capable
of predicting the anisotropic behavior of turbulence near walls by evaluating the eddy-
viscosity νt based on the wall normal velocity scale ratio ζ as νt = Cµζkτ , where ζ = v

′2
2 /k

and k is the kinetic energy of turbulence. The constitutive model equations are given as
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Dk

Dt
= P − ε+

∂

∂xi

[(
ν +

νt
σk

)
∂k

∂xi

]
, (9)

Dε

Dt
=

Cε1P − Cε2ε

τ
+

∂

∂xi

[(
ν +

νt
σε

)
∂ε

∂xi

]
, (10)

Dζ

Dt
= f − ζ

k
P +

∂

∂xi

[(
ν +

νt
σζ

)
∂ζ

∂xi

]
, (11)

L2∇f − f =
1

τ

(
c1 + C2

′P
ε

)(
ζ − 2

3

)
, (12)

where ε is the dissipation of turbulent kinetic energy, P is the production of turbulent
kinetic energy and f is the elliptic relaxation term that models the pressure-velocity
correlations. L and τ are the length and time scales of turbulence, whereas other unknown
terms in the given set of equations are model constants. For a detailed model description
see [8].

3.2 Dynamic Smagorinsky Model

The LES simulation in this study is performed by applying the Smagorinsky model
[18] to estimate the Sub-Grid Scale (SGS) turbulent viscosity νSGS as

νSGS = Cs∆
2|S|, (13)

where |S| = (2SijSij)
1/2 is the magnitude of strain-rate tensor Sij = ∂vi/∂xj + ∂vj/∂xi,

Cs is the model constant and ∆ = (∆1∆2∆3)
1/3 is the filter width, with ∆i representing

filter width in each spatial direction. An overbar on Sij represents a filtered quantity.
The model constant Cs = Cs(x, t) is calculated dynamically as proposed by Germano et

al. [5]. The resulting equation system to estimate Cs is solved using least squares method
as suggested by Lilly [12]. The Cs values are clipped as Cs(x, t) = max{Cs(x, t), 0} to
avoid negative values of Cs.

3.3 ζ − f DDES

The Detached Eddy Simulation (DES) concept first proposed by Spalart [20], is to
combine URANS and LES to have a model with better prediction of turbulence than
a URANS and computationally less expensive than an LES. In the DES approach, the
URANS model is modified to achieve a SGS model in regions where grid is fine enough
for an LES. The switching between two modes is based on the length scale lturb as

lturb = min(lRANS, CDES∆), (14)

where ∆ = max(∆1,∆2,∆3) and CDES is a model constant. lturb is introduced in the
URANS model by modifying the dissipation term in the transport equation (9) for the
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turbulent kinetic energy as ε = k3/2/lturb. lturb either becomes the original URANS length
scale (lRANS < CDES∆) or the SGS length scale (lRANS > CDES∆).

The Delayed Detached Eddy Simulation (DDES) model was proposed in [19] as an
improvement for some deficiencies of the original DES model. The modification and
verification of ζ− f model to perform a DDES are presented in [24]. For DDES, the DES
length scale is modified to incorporate a shielding function to preserve the URANS mode
in boundary layers, because of the grid clustering near the boundaries CDES∆ < lRANS.
A quantity rd is defined as

rd =
νt + ν

√
vi,jvi,jκ2d2

, (15)

where ν is the molecular viscosity, vi,j are the velocity gradients, κ is the Kármán constant
and d is the wall distance. The shielding function fd is defined as a function of rd as

fd = 1− tanh([8rd]
3). (16)

The function fd is designed to be 0, to prevent activation of LES mode in boundary layer
regions. The new length scale for DDES is then defined as

lDDES = lRANS − fd max(0, d− CDES∆ψ), (17)

where ψ is the term added to eliminate the influence of low-Re turbulence models in the
SGS mode, which is given as

ψ =

√(
Cε1

Cε2Cµζ

)3/2

. (18)

4 EXPERIMENTAL SETUP

The structural model for this test case consists of a flexible stainless steel sheet of 0.4
mm thickness, with density ρflexible sheet = 7855 kg/m3 and Young’s modulus Eflexible sheet =
2×1011 N/m2. The flexible sheet is attached to a revolvable circular cylinder of aluminum.
A rectangular stainless steel mass is attached to the other end of the sheet. The physical

Figure 1: Structural model and dimensions in mm.
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Figure 2: CFD grid around structure.

dimensions and shape of the structure are illustrated in Figure 1. Both, the front cylin-
der and the rectangular mass, can be considered rigid. The structure is placed inside a
vertical tunnel with a test section cross-sectional area of 180mm × 240mm and a length
of 338 mm. The fluid is water at 25◦C, with kinematic fluid viscosity νfluid = 0.97× 10−6

m2/s and density ρfluid = 998 kg/m3. The bulk fluid velocity at the inlet is 0.68 m/s.
The structure exposed to the incoming flow velocity oscillates around a mean position,
and the flexible sheet deflects in the first mode. The detailed experimental setup, the
measurement techniques, and the physical properties of the structure are described in [6].

5 COMPUTATIONAL APPROACH

The structural subproblem is solved employing the finite-element solver FEAP [21]. For
the fluid domain, the finite-volume solver FASTEST [13] with block-structured body-fitted
grids is used. The parallelization in FASTEST is achieved with domain decomposition and
communication via MPI. The data transfer between the two codes and the interpolation
on non-matching grid interfaces is performed via the interface coupling code MpCCI
[9]. For details concerning the coupling algorithm see [17]. Both, the structural and
fluid solver employ fully implicit second-order temporal discretizations. For the spatial
discretization, the structural solver involves hexahedra elements with enhanced-strain
formulation, whereas the fluid solver utilizes a second-order MUSCL [25] for the 2-d
URANS simulation, second-order Central Differencing Scheme (CDS) for the LES and a
blending between CDS and the GAMMA scheme [10] for the DDES. The blending between
two schemes is done via a function introduced in [22], which ensures the calculation of
fluxes with the CDS in LES regions and with the GAMMA scheme in RANS regions of
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the DDES.

Table 1: Number of CV and time step size

Abbreviation Turbulence No. of Time step Averaged no.
model CVs ∆t[s] of periods

Sim-1 ζ − f 0.37× 106 2.5× 10−4 9
Sim-2 ζ − f DDES 12.0× 106 1.5× 10−4 13
Sim-3 Dyn. Smag. 40.0× 106 1.5× 10−4 7

Table 1 summarize the number of Control Volumes (CV), the time step sizes ∆t, and
the number of motion cycles performed for averaging of the structural deflections. Figure
2 presents a view of the grid used for 2-d URANS (Sim-1), in x-y plane around the
structure, where every 4th grid-line is shown. The grids are designed to have y+ < 1,
for the first cell adjacent to solid walls. The time step sizes are lower bound by the
artificial added mass effect [2]. The convergence of the coupled problem was observed to
deteriorate, when reducing the time step size. The CFL number based on the time step
sizes varied between 1.4 and 2.0. One reason for large variations in CFL number is the
grid movement with structural deflections, where maximum CFL numbers are observed
when the structural deflection or the velocity approaches a maximum.

6 RESULTS AND DISCUSSION

The periodic motion of the structure is adequately predicted by the simulations, whereas
quantitative comparison among the simulations and the experiment is based on the av-
eraged structural deflections. The averaging is performed in time-phase as suggested in
[6], after cycle-to-cycle variations of the end mass displacements reach a minimum. The
number of motion periods averaged for each simulation are listed in Table 1.

Figure 3 compares the absolute velocity contours of the experiment and Sim-1 at differ-
ent phase angles. The arrangement of flow instabilities from the simulation is comparable
with the experiment, despite the 2-d approach in Sim-1. Table 2 draws a quantitative
comparison for the oscillation frequency of the structure fFSI , the end mass phase delay
φshift and y extrema of the end mass normalized by the cylinder diameter. The quantities
in Table 2 are time-phase averaged.

The time-phase averaged cylinder rotation angle, and the end mass excursions are plot-
ted in Figure 4a and Figure 4b, respectively. A slight asymmetry in the simulation data
can be observed from Table 2 and Figure 4. This asymmetry is more noticeable in Sim-1
and Sim-3, where the motion cycles performed for averaging are less than that of Sim-2.
The end mass displacement and the cylinder rotation from Sim-1 are underestimated, with
y extrema of the end mass 20% lower than that of experimental values. The overdamping
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0o 45o 90o 135o

Figure 3: Phase-resolved contours of absolute velocity at different phase angles for Sim-1,
comparison of experiment (top) and simulation (bottom).

Table 2: Oscillation frequency, the end mass phase shift and y extrema of the end mass
displacement

fFSI [hz] φshift[deg] (uy)
∗
max (uy)

∗
min

GL10 [6] 4.45 95 1.12 -1.11
Sim-1 4.58 109 0.85 -0.90
Sim-2 4.37 84 1.24 -1.25
Sim-3 4.37 83 1.25 -1.26

of the 3-d flow configuration in a 2-d flow simulation can explain the under-prediction of
the the structural deflections. A study conducted by Breuer [1] for 2-d simulation of a
circular cylinder at Re = 3900, reports the overdamping of turbulent fluid motion.

Sim-2 and Sim-3 exhibit a close agreement in predicted values of the structural deflec-
tions. y extrema of the end mass displacement are about 13% higher than the experimental
extrema of the end mass. A reason for this pronounced increase in the structural deflec-
tions could be the negligence of structural damping. A study of the laminar version of
this test case [7] produced good agreement when simulating the Movement Induced Insta-
bility (MII), whereas large differences are observed for IIE where the structure oscillates
in the first mode, as it is the case with this turbulent benchmark test case. The new
test cases proposed in [4, 3] (also introduced in Section 1) study the effects of material
damping in two different modes of the structural oscillation. The study depicts a higher
importance of the material damping in the first mode of the structural oscillation, where
the damping model significantly effects the structural deflections in numerical simulation.
Nevertheless the material damping for the rubber (used in [4, 3]) would be higher than
steel, and the premise that material damping is the cause of the over-prediction in Sim-2
and Sim-3, might not apply. Other possible reason for the differences between simulations

8
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0 90 180 270 360
Phase angle [

o
]

-40

-20

0

20

40

R
o
ta

ti
o
n
 a

n
g
le

 [
o
]

GL10
Sim-1
Sim-2
Sim-3

(a)

0.02 0.04 0.06 0.08
x [m]

-0.02

0

0.02

y
 [
m

]

GL10
Sim-1
Sim-2
Sim-3

(b)

Figure 4: (a)Cylinder rotation angle plotted against time phase angle. (b)Trailing edge
coordinates.

and the experiment could be the ignored side walls, taken as symmetry boundaries in the
simulations to reduce the computational cost. The effect of side wall boundary layers are
ignored on the assumption that the test section width in experiment is too high (about
8 times the diameter of cylinder) for the side wall boundary layers to have a significant
effect.

7 CONCLUSIONS

We have presented the results for a turbulent FSI benchmark test case. Three different
turbulence modeling techniques have been studied. The 2-d URANS depicts a reasonable
agreement with the experiment, regardless of the 3-d flow configuration. The excessive
fluid damping in 2-d URANS is considered to be the cause of underrated structural de-
flections. The LES and the DDES simulation reproduce a close agreement between each
other and an acceptable agreement with the experiment. The probable causes of overes-
timation of deflection in two simulations are also discussed. Further investigations with
a variation of the structural material model are planned, as well as the simulation of the
test cases [4, 3] with ζ − f model.
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B. Schrefler, E. Oñate and M. Papadrakakis(Eds)

COUPLED CFD-CAA APPROACH FOR ROTATING
SYSTEMS
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Abstract. We present a recently developed computational scheme for the numerical
simulation of flow induced sound for rotating systems. Thereby, the flow is fully resolved
in time by utilizing a DES (Detached Eddy Simulation) turbulance model and using an
arbitrary mesh interface scheme for connecting rotating and stationary domains. The
acoustic field is modeled by a perturbation ansatz resulting in a convective wave equation
based on the acoustic scalar potential and the substational time derivative of the incom-
pressible flow pressure as a source term. We use the Finite-Element (FE) method for
solving the convective wave equation and apply a Nitsche type mortaring at the interface
between rotating and stationary domains. The whole scheme is applied to the numerical
computation of a side channel blower.

1 INTRODUCTION

The cabin noise of modern ground vehicles is highly affected by flow related noise
sources. This is especially the case, when the vehicle is not moving. Thereby, the fan-
noise and outlet of the air-conditioning system are main acoustic sources and may reduce
the comfort significantly. Rotating fans generate a highly turbulent flow field and can be
identified as the main noise source in air conditioning units. Therefore, in addition to
the aerodynamic efficiency of the fan, the acoustic signature of the fan is a main design
criterion.
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This contribution focuses on Computational Fluid Dynamics (CFD) simulations of ro-
tating fans in air conditioning units using the Arbitrary Mesh Interface (AMI) which is
implemented in OpenFOAM. For the computation of the acoustic sources, highly ac-
curate unsteady CFD simulation data is needed. Therefore, the transient simulations
are carried out by using a DES (Detached Eddy Simulation) turbulence model to accu-
rately resolve the complex flow field. In addition, CAA (Computational AeroAcoustics)
simulations with the Finite-Element (FE) research software CFS++ (Coupled Field Sim-
ulation) are performed, which uses a Nitsche type mortaring to couple the acoustic field
between rotating and stationary parts [1]. By introducing on the interface between mov-
ing and quiescent grid an appropriate flux term in combination with a penalization term,
the method retains symmetry, consistency and stability of the algebraic system of equa-
tions. Furthermore, to precisely approximate the acoustic far field condition, we apply
our recently developed PML (Perfectly Matched Layer) technique [2]. To demonstrate
the applicability of our overall computational scheme, we will present CFD and CAA
computations of a side channel blower, as used in automotive air-conditioning systems.

2 Computational Aeroacoustics

The acoustic/viscous splitting technique for the prediction of flow induced sound was
first introduced in [3], and afterwards many groups presented alternative and improved
formulations for linear and non linear wave propagation [4, 5, 6, 7]. These formulations
are all based on the idea, that the flow field quantities are split into compressible and
incompressible parts.

We introduce a generic splitting of physical quantities to the Navier-Stokes equations.
For this purpose we choose the following ansatz

p = p̄+ pic + pc = p̄+ pic + pa (1)

v = v̄ + vic + vc = v̄ + vic + va (2)

ρ = ρ̄+ ρ1 + ρa . (3)

Thereby the field variables are split into mean (p̄, v̄, ρ̄) and fluctuating parts just like in
the Linearized Euler Equations (LEE). In addition the fluctuating field variables are split
into acoustic (pa, va, ρa) and flow components (pic, vic). Finally, a density correction ρ1
is build in according to (3). This choice is motivated by the following assumptions:

• The acoustic field is a fluctuating field.

• The acoustic field is irrotational, i.e. ∇× va = 0, and therefore may be expressed
by the acoustic scalar potential ψa via

va = −∇ψa . (4)

• The acoustic field requires compressible media and an incompressible pressure fluc-
tuation is not equivalent to an acoustic pressure fluctuation.
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By doing so, we arrive for an incompressible flow at the following perturbation equations
(for a detailed derivation of this perturbation equations we refer to [8])

∂pa

∂t
+ v · ∇pa + ρ0c

2∇ · va = −∂pic

∂t
− v · ∇pic (5)

ρ0
∂va

∂t
+ ρ0∇

(
v · va

)
+∇pa = 0 (6)

with the speed of sound c and mean density ρ0. This system of partial differential equa-
tions corresponds to [5]. The source term is the substantial derivative of the incompressible
flow pressure pic.

Using the acoustic scalar potential ψa, we may rewrite (6) by

∇
(
ρ0

∂ψ

∂t
+ ρ0v · ∇ψ − pa

)
= 0 , (7)

and arrive at

pa = ρ0
∂ψa

∂t
+ ρ0v · ∇ψa . (8)

Now, as shown in [9], we replace in the convective terms the material (Eulerian) velocity
v by the convective velocity v− vr, where vr is the mechanical velocity of rotating parts.
By doing so, we arrive at an ALE (Arbitrary Langrangian Eulerian) description for the
acoustic pressure

pa = ρ0
∂ψa

∂t
+ ρ0

(
v − vr

)
· ∇ψa = ρ0

Dψa

Dt
;

D

Dt
=

∂

∂t
+
(
v − vr

)
· ∇ . (9)

Furthermore, we transform (5) to the ALE framework

∂pa

∂t
+
(
v − vr

)
· ∇pa + ρ0c

2∇ · va = −∂pic

∂t
−

(
v − vr

)
· ∇pic . (10)

Now, we substitute (9) into (10) and arrive at

1

c2
D2ψa

Dt2
−∆ψa = − 1

c2
Dpic

Dt
. (11)

This convective wave equation fully describes acoustic sources generated by incompressible
flow structures and its wave propagation through flowing media. In addition, instead of
the original unknowns pa and va we have know just the scalar unknown ψa. Furthermore,
it allows to perform computations on stationary and rotating domains and results in the
acoustic scalar potential, from which the acoustic pressure pa is computed via (9).
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3 Application

The setup of investigation consists of a side channel blower as used in todays automotive
air conditioning units [10]. Figure 1 displays the geometry with the stationary and rotating
domains.

The used work-flow is depicted in Fig. 2, which illustrates the forward coupling of the
flow field to the acoustic field.

Figure 1: Geometry with rotating domain.

Figure 2: Work-flow for hybrid aeroacoustic computations in OpenFOAM and CFS++.

As discussed in the previous section, we compute the aeroacoustic sources based on
the flow field and project them to the acoustic domain using a conservative mapping
algorithm.
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3.1 CFD

In this contribution the OpenFOAM (Open Field Operation and Manipulation) CFD
Toolbox version 2.3.0 is used. OpenFOAM is an Open Source library of C++ routines to
solve the Navier-Stokes equations based on the finite volume method. Since version 2.1.0
the arbitrary mesh interface (AMI) was implemented based on the algorithm described in
[11]. The AMI allows simulation across disconnected, but adjacent mesh domains, which
are especially required for rotating geometries.

Regarding the computational setup (see Fig. 1), we embed inside the quiescent domain
(displayed in grey) a rotating subregion, marked in orange. The boundary of the rotating
region is modeled through the AMI. The blower rotates with 1.860 rotations per minute
giving a maximum velocity at the rotating interface of about 13m/s, which corresponds
to a Mach number of about 0.038. As the interior of the subregion is rotated around
the z-axis, an air stream is generated owing towards the outlet with maximum velocities
of about 35m/s in the whole domain. Thereby we can safely assume the assumption of
incompressible flow to be valid which enables the utilization of the given hybrid approach.
The flow solution is computed using the pimpleDyMFoam solver implemented in Open-
FOAM which can handle dynamic meshes with a time step size of ∆t = 10µs. For the
CFD computation a hex-dominant finite volume mesh consisting of 16.4 million cells was
created with the automatic mesh generator HEXPRESSTM / Hybrid from Numeca. The
transient simulation was carried out by using a detached-eddy simulation based on the
Spalart-Allmaras turbulence model to accurately resolve the complex flow field [12]. The
calculation was performed on the Vienna Scientific Cluster VSC2 with 144 Cores [13].
Figure 3 illustrates the highly unsteady flow field around the blower.

Figure 3: Cut at the z-plane colored by velocity, the black line represents the AMI.
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3.2 CAA

In accordance to the flow computation, the rotating domain is embedded into a quies-
cent propagation region. Furthermore, we add at the inflow and outflow boundaries of the
CFD domain two additional regions, on which we apply an advanced Perfectly-Matched-
Layer technique to effectively approximate acoustic free field conditions [2].

A close up of the computational grid is depicted in Fig. 4a. It can be seen, that a tetra-
hedral mesh is utilized around the more complex geometries and a coarser, hexahedra-
dominant mesh is defined in the remainder of the domain. To create the grid, the Pre-
processor ICEM is utilized and the maximum element size (hmax = 2cm) is chosen to
accurately compute acoustic wave propagation up to a frequency of approximately 3kHz.
The resulting computational grid thereby contains 2.3 million elements and 682.952 nodes.
To solve the resulting system of equations in each time step, a parallelized GMRES (Gen-

(a) Slice through computational grid for acoustic com-
putations with rotating (blue) and quiescent (yellow) re-
gions.

(b) Contours of acoustic velocity po-
tential at the interface between com-
putational regions. No numerical dis-
turbances at the interface are visible.

Figure 4: Computational CAA grid and contours of acoustic velocity potential.

eralized Minimal Residual Method) implementation is utilized which converges to a min-
imum residual of 10−10 using an average of 108 iterations per time step. Utilizing a direct
solution procedure is not necessarily beneficial in the context of rotating systems as the
system matrix is altered in each time step due to the update of the rotating interface.

For a characteristic time step, we display in Fig. 4b the acoustic velocity potential at
the interface. We can observe no visible numerical disturbances which demonstrates the
correct physical computation of the acoustic field. Finally, Fig. 5 provides an impression
of the acoustic wave propagation towards the exterior domain.
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(a) Contours of velocity potential. (b) Contours of acoustic pressure.

Figure 5: Acoustic waves in outlet domain.

4 Conclusion

A recently developed numerical scheme for computational aeroacoustics has been ap-
plied to calculate the noise generated by a side channel blower as used in automotive
air-conditioning systems. Thereby, the flow is computed by a DES turbulence model
and utilizing an arbitrary mesh interface between rotating and stationary domains. The
acoustic field is modeled by a perturbation ansatz to separate flow and acoustic quantities,
which results in a convective acoustic wave equation with the substantial derivative of the
incompressible flow pressure as a source term. The equation is solved by an FE formula-
tion with a Nitsche type mortaring coupling the acoustic field between the rotating and
stationary domains.
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Abstract. The general approach to the application of the LS-STAG method for RANS
simulation and for numerical simulation in coupled hydroelastic problems is suggested.
According to the concept of the LS-STAG method normal Reynolds stress components are
sampled on the base mesh (similar to pressure discretization) and shear ones are sampled
in the upper right corners of the base mesh cells. Thus, for the shear Reynolds stresses
an additional mesh (xy-mesh) is introduced. In this research the LS-STAG-discretization
for convective and diffusive fluxes on the xy-mesh is developed. A software package
is developed for numerical solution of the Navier-Stokes and Reynolds-averaged Navier-
Stokes equations by using the LS-STAG method. To validate this approach and developed
software package the flow past circular airfoil at the Reynolds numbers Re = 1000 and
Re = 3900 was simulated. Some numerical results are also presented for simulation of a
circular airfoil wind resonance phenomenon.

1 INTRODUCTION

Immersed boundary methods [1] have become popular in Computational Fluid Dy-
namics over recent years for simulating flows through complex solid geometries and in
coupled hydroelasctic problems. The advantage of these methods over a method with a
body-fitted mesh is their computational efficiency: they do not require regridding when
domain shape changes in the simulation process due to hydroelastic body motion.

The LS-STAG method [2] for viscous incompressible flows simulation combines the
advantages of immersed boundary methods, the marker and cells (MAC) method and
level-set [3] method. The LS-STAG method allows to solve on the Cartesian meshes such
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complicated problems of computational mechanics as coupled hydroelastic problems. In
contrast to classical immersed boundary methods, the flow variables are computed in the
cut-cells, and not interpolated. Moreover, the LS-STAG discretization in the cut-cells is
performed by the same formulae as in rectangular cells. Numerical analogues of total
mass, momentum and kinetic energy conservation laws in each cell is a base of LS-STAG
discretization constructing, which allows to obtain physically realistic numerical solution.

However, the LS-STAG method, as all mesh methods has a significant limitation when
simulating flows with high Reynolds number: it requires extremely small space and time
steps. It leads to significant increase in computational cost. The traditional method
of solving this problem is Reynolds averaged Navier—Stokes (RANS) simulation, Large
Eddy Simulation (LES), Detached Eddy Simulation (DES) etc. [4] usage. However, as
the analysis of the literature shows such modifications of the LS-STAG method currently
do not exist. Therefore the purpose of this study is the constructing of the LS-STAG
method extension for the numerical solution of two-dimensional RANS equations. This
modification of the LS-STAG method is presented below.

2 GOVERNING EQUATIONS

Two-dimensional RANS equations is considered:

∇ · v = 0,
∂v

∂t
+ (v · ∇)v = ∇p+

1

Re
∆v +∇ · τ̂ t. (1)

Here v = v(x, y, t) = u · ex + v · ey is the dimensionless Reynolds averaged velocity,
p = p(x, y, t) is the dimensionless Reynolds averaged pressure, τ̂ t is the Reynolds stresses
tensor. The relationship between τ̂ t and flow Reynolds averaged variables is given by the
turbulence model.

The boundary conditions on the computational domain are the following:

v
∣∣
inlet

= v∞,
∂v

∂n

∣∣∣
outlet

= 0,
∂p

∂n

∣∣∣
inlet&outlet

= 0, (2)

and boundary conditions on the airfoil are no-slip conditions:

v
∣∣
airfoil

= vib,
∂p

∂n

∣∣∣
airfoil

= 0. (3)

Here vib is the velocity of the immersed boundary. The airfoil assumed to be rigid and
it can oscillate with 1, 2 or 3 degrees of freedom. Its motion is described by dynamics
equations:

¨⃗q = Φ⃗(q⃗, ˙⃗q) + Q⃗flow + Q⃗ext. (4)

Here q⃗ is the airfoil generalized coordinates vector, Φ⃗(q⃗, ˙⃗q) is determined by elastic and

viscous constraints imposed on the airfoil, Q⃗flow is the generalized aerodynamic force, Q⃗ext

is external mass generalized forces vector.
In case of Reynolds Stress (RSM) RANS models the Reynolds stress transport equa-

tion is solved for simulating of τ̂ t. In case of Eddy Viscosity (EVM) RANS models the
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eddy viscosity νt (and the turbulent kinetic energy k in case of two-equation models) is
simulated and Reynolds stresses are evaluated using the Boussinesq assumption [4]:

τ̂ t = νt




2
∂u

∂x

∂u

∂y
+

∂v

∂x
∂u

∂y
+

∂v

∂x
2
∂v

∂y


+

2

3
kÎ. (5)

Here Î is the second-order unit tensor.
In this study the details of the LS-STAG discretization constructing for EVM RANS

approach are presented on example of the Spallart—Allmaras (S-A) turbulence model [5].
In this model the turbulent kinetic energy is assumed to be close to zero (k ≈ 0). Thus, the
following formulae for normal (6) and shear (7) Reynolds stresses are obtained from (5):

τ txx = 2νt
∂u

∂x
, τ tyy = 2νt

∂v

∂y
, (6)

τ txy = νt

(
∂u

∂y
+

∂v

∂x

)
. (7)

The eddy viscosity in the Spallart—Allmaras turbulence model is given by the following
equations:

νt = ν̃fν1,
∂ν̃

∂t
+ (v · ∇)ν̃ = P ν −Dν +

1

σ
∇ · [(ν + ν̃)∇ν̃] +

cb2

σ
(∇ν̃)2. (8)

Here ν̃ is the S-A working variable, Dν =

(
cw1fw−

cb1

κ2
ft2

)(
ν̃

d

)2

is the destruction term,

P ν=cb1[1−ft2]S̃ is the production term, d is the dimensionless distance from the field point
to the nearest wall, ν is the dimensionless viscosity, ft2= ct3 ·e−ct4χ2

, g = r + cw2(r
6 − r),

cw1 =
cb1

κ2
+

1 + cb2

σ
, S̃ =

�����
∂u

∂y
−

∂v

∂x

����� + fν2
ν̃

κ2d2
, fν1 =

χ3

χ3 + c3ν1
, fν2 = 1 −

χ

1 + χfν1
,

fw = g

(
1 + c6w3

g6 + c6w3

)1/6

, χ =
ν̃

ν
, r =

ν̃

S̃κ2d2
, ct3 = 1.2, ct4 = 0.5, cw2 = 0.3, cw3 = 2,

cν1 = 7.1, cb1 = 0.1355, cb2 = 0.622, κ = 0.41, σ = 2/3.
The ‘Trip-Less’ (TL) approach [6] is used: firstly very high value of the S-A working

variable is setted on inlet boundary and then once a separation zone is formed value of the
S-A working variable on inlet boundary is greatly reduced. Thus, the boundary conditions
for (8) take the following form:

ν̃|airfoil ≡ 0,
∂ν̃

∂n

���
outlet

= 0, ν̃|inlet = ν̃∞(t) =

{
ν, t ≤ t∗,
0.001ν, t > t∗.

(9)
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3 MAIN IDEAS OF THE LS-STAG METHOD

The Cartesian mesh with cells Ωi,j = (xi−1, xi)× (yj−1, yj) is introduced in the rectan-
gular computational domain Ω. It is denoted that Γi,j is the face of Ωi,j and xc

i,j = (xc
i , y

c
j)

is the center of this cell. Unknown components ui,j and vi,j of velocity vector v are com-
puted in the middle of fluid parts of the cell faces. These points are the centers of cells
Ωu

i,j = (xc
i , x

c
i+1)× (yj−1, yj) and Ωv

i,j = (xi−1, xi)× (ycj , y
c
j+1) with faces Γu

i,j and Γv
i,j and

areas Mx
ij and My

i,j respectively. If i = 1, N , j = 1,M , the base mesh contains E = N ·M
cells, x-mesh contains Ex = (N − 1) ·M cells and y-mesh contains Ey = N · (M − 1).

The level-set function φ = φ(x, y) [3] is introduced for immersed boundary Γib de-
scription [2]. The boundary Γib is represented by a line segment on the cut-cell Ωi,j.
Locations of this segment endpoints are defined by a linear interpolation of the variable
φi,j = φ(xi, yj). The cell-face fraction ratios ϑu

i,j and ϑv
i,j are introduced [2]. They take

values in interval [0, 1] and represent the fluid parts of the east and north faces of Γi,j

respectively. In 2D case, the cut-cells can be classified into trapezoidal, triangular and
pentagonal cells. Examples of each type cut-cells are presented on fig. 1.

Figure 1: Location of the variables discretization points on the LS-STAG mesh: (a) Cartesian Fluid
Cell; (b) North Trapezoidal Cell; (c) Northwest Pentagonal Cell; (d) Northwest Triangle Cell.

To preserve the five-point stencil structure of the MAC method we need to make
distinction between the discretization of the normal and shear stresses (fig. 1). The nor-
mal stresses are sampled in the center of Ωi,j cell while the shear stresses are sampled

4
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in its corners. Normal and shear Reynolds stresses are sampled similarly. It is conve-
niently to sample the eddy viscosity and the S-A working variable at the same points as
the shear stresses. Thus, in case of the LS-STAG method usage for RANS-based mod-
els we need the fourth mesh (xy-mesh with Exy = (N − 1) · (M − 1) cells) with cells
Ωxy

i,j = (xc
i , x

c
i+1)× (ycj , y

c
j+1). The faces of these cells are Γxy

i,j and their areas are Mxy
i,j .

4 THE GENERAL FORM OF THE LS-STAG DISCRETIZATION FOR
RANS EQUATIONS

According to the concept of the LS-STAG method equations (1) should be written in
integral form for cell of the base mesh, cell of x-mesh and cell of y-mesh respectively:

∫

Γi,j

v · n dS = 0, (10)

d

dt

∫

Ωu
i,j

u dV +

∫

Γu
i,j

(v · n)u dS +

∫

Γu
i,j

pex · n dS −
∫

Γu
i,j

ν∇u · n dS −
∫

Γu
i,j

τ txxex · n dS −
∫

Γu
i,j

τ txyey · n dS = 0,

d

dt

∫

Ωv
i,j

v dV +

∫

Γv
i,j

(v · n)v dS +

∫

Γv
i,j

pey · n dS −
∫

Γv
i,j

ν∇v · n dS −
∫

Γv
i,j

τ tyyey · n dS −
∫

Γv
i,j

τ txyex · n dS = 0.

Formally, the difference between the integral form of the RANS equations (10) and
integral form of the Navier–Stokes equations, for which the LS-STAG discretization was
constructed in [2], is only presence of the underlined terms.

The general form of the LS-STAG discretization for (10) can be written as the following:

DxUx +DyUy + U
ib
= 0, (11)

d

dt
(MxUx) + CxUx +Gx(P − Txx)−Dτ

xTxy − νKxUx + Sib,c
x − νSib,ν

x = 0,

d

dt
(M yUy) + CyUy +Gy(P − Tyy)−Dτ

yTxy − νKyUy + Sib,c
y − νSib,ν

y = 0.

Here P ∈RE is the discrete pressure, Ux∈REx and Uy∈REy are the discrete components
of the velocity vector, Txy∈RExy is the discrete shear Reynolds stresses, Txx∈RE and
Tyy ∈RE are the discrete normal Reynolds stresses; Sib,c

x ∈REx , Sib,ν
x ∈REx , Sib,c

y ∈REy ,

Sib,ν
y ∈REy are source terms; U

ib∈RE is the mass flux; Dx∈M(R)E×Ex , D
y∈M(R)E×Ey ,

Dτ
x∈M(R)Ex×Exy , D

τ
y∈M(R)Ey×Exy are the divergence discrete analogues; K

x∈M(R)Ex×Ex

and Ky∈M(R)Ey×Ey represent the discretization of the diffusive terms; Cx∈M(R)Ex×Ex

and Cy∈M(R)Ey×Ey represent the discretization of the convective terms; Gx = −DT
x and

Gy = −DT
y are the gradient discrete analogues.
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As in [2], matrices Dx and Dy have the following structure (i = 1, N , j = 1,M):

Dx
P (i,j)=ϑ

u
i,j∆yj, Dx

W (i,j)=−ϑu
i−1,j∆yj, Dy

P (i,j)=ϑ
v
i,j∆xi, Dy

S(i,j)=−ϑv
i,j−1∆xi. (12)

We need to construct the LS-STAG discretization of terms with shear Reynolds stress
underlined by two lines in (10), as they appear only in the RANS equations. Both for
rectangular cells, and for all types of cut-cells the following unified formulae can be written
down:∫

Γu
i,j

τ txyey ·n dS≈
1

2
(ϑv

i,j∆xi + ϑv
i+1,j∆xi+1)τ

t
x|i,j −

1

2
(ϑv

i,j−1∆xi + ϑv
i+1,j−1∆xi+1)τ

t
xy|i,j−1, (13)

∫

Γv
i,j

τ txyex ·n dS≈
1

2
(ϑu

i,j∆yj + ϑu
i,j+1∆yj+1)τ

t
xy|i,j −

1

2
(ϑu

i−1,j∆yj + ϑu
i−1,j+1∆yj+1)τ

t
xy|i−1,j.

Thus, matrices Dτ
x and Dτ

y in (11) can be defined as the following:

i = 1, N − 1 :

{
Dτ

x,P (i, j) = (ϑv
i,j∆xi + ϑv

i+1,j∆xi+1)/2, j = 1,M − 1;

Dτ
x,S(i, j) = −(ϑv

i,j−1∆xi + ϑv
i+1,j−1∆xi+1)/2, j = 2,M ;

(14)

j = 1,M − 1 :

{
Dτ

y,P (i, j) = (ϑu
i,j∆yj + ϑu

i,j+1∆yj+1)/2, i = 1, N − 1;

Dτ
y,W (i, j) = −(ϑu

i−1,j∆yj + ϑu
i−1,j+1∆yj+1)/2, i = 2, N.

The time integration of the differential algebraic system (11) is performed with a semi-
implicit Euler scheme. Predictor step leads to discrete analogues of the Helmholtz equa-
tion for velocities prediction �Ux, �Uy at the time tn+1 = (n+ 1)∆t:

Mn+1
x

�Ux−Mn
xU

n
x

∆t
+Cn

xU
n
x +Sib,c,n

x −DT,n
x (P n−T n

xx)−Dτ,n
x T n

xy−νKn+1
x

�Ux−νSib,ν,n+1
x =0, (15)

Mn+1
y

�Uy−Mn
yU

n
y

∆t
+Cn

yU
n
y +Sib,c,n

y −DT,n
y (P n−T n

yy)−Dτ,n
y T n

xy−νKn+1
y

�Uy−νSib,ν,n+1
y =0.

Here ∆t is the constant time discretization step. Corrector step leads to the following
discrete analogue of Poisson equation for Φ = ∆t(P n+1 − P n):

An+1Φ = Dn+1
x

�Ux +Dn+1
y

�Uy + U
ib,n+1

, (16)

A = −Dx(Mx)−1(Dx)T − Dy(My)−1(My)T , A ∈ M(R)E×E. Then flow variables at the
time tn+1 are computed by the following formulae:

Un+1
x = �Ux+(Mn+1

x )−1DT,n+1
x Φ, Un+1

y = �Uy+(Mn+1
y )−1DT,n+1

y Φ, P n+1 =
Φ

∆t
+P n. (17)

After this step in case of RANS equations, new values of Reynolds stresses T n+1
xx , T n+1

yy ,
T n+1
xy are computed by solving the discrete analogues of the corresponding equations. It

should be noted that linear systems are solved using the BiCGStab method [7] with the
ILU- and multigrid [8] preconditioning. An original algorithm for the solver cost-coefficient
estimation [9] is used for the optimal parameters choice for the multigrid preconditioner.
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5 EXTENSION OF THE LS-STAG METHOD FOR THE SPALLART —
ALLMARAS TURBULENCE MODEL

Since the eddy viscosity and shear Reynolds stresses sampling points are the same,
according to (7) it is possible to write down:

τ txy|i,j = νt
i,j

(
∂u

∂y

�����
i,j

+
∂v

∂x

�����
i,j

)
. (18)

The eddy viscosity average on the cell Ωi,j of the base mesh should be used for normal
Reynolds stresses computing (6):

τ txx|i,j=2νt
i,j

∂u

∂x

�����
i,j

, τ tyy|i,j=2νt
i,j

∂v

∂y

�����
i,j

, νt
i,j=αi,j(ν

t
i,j + νt

i,j−1 + νt
i−1,j + νt

i−1,j−1), (19)

αi,j =





0, if Ωi,j is a solid cell,
1/3, if Ωi,j is a triangular cell,
1/4, otherwise.

Moreover, the eddy viscosity reconstructing by S-A working variable (8) is performed in
the obvious way, since νt, ν̃ and fν1 are computed at the same points.

The transport equation (8) in integral form has the following form:

d

dt

∫

Ω∗

ν̃ dV +

∫

Γ∗

(v · n)ν̃ dS=

∫

Ω∗

(P ν −Dν) dV +
1

σ

∫

Γ∗

[ν + ν̃]∇ν̃ · n dS +
cb2

σ

∫

Ω∗

(∇ν̃)2 dV. (20)

It is obvious that
∫

Ωxy
i,j

(P ν −Dν) dV ∼= Mxy
i,j (P

ν
i,j −Dν

i,j) = Mxy
i,j Si,j because production

and destruction terms are sampled at the same points as the S-A working variable.
Convenience of ν̃ discretization on the xy-mesh consists mainly in the fact that due to

this ∂ν̃/∂x and ∂ν̃/∂y are sampled on the y-mesh and x-mesh respectively:

∂ν̃

∂x

�����
i,j

=
ν̃i,j − ν̃i−1,j

ϑv
i,j∆xi

,
∂ν̃

∂y

�����
i,j

=
ν̃i,j − ν̃i,j−1

ϑu
i,j∆yj

. (21)

The discretization of the last term in (20) is the following:

∫

Ωxy
i,j

(∇ν̃)2 dV ∼=(βi+1,j + βi+1,j+1)

(
∂ν̃

∂x

�����
i+1,j

)2

+(βi,j + βi,j+1)

(
∂ν̃

∂x

�����
i,j

)2

+ (22)

+(βi,j + βi+1,j)

(
∂ν̃

∂y

�����
i,j

)2

+(βi,j+1 + βi+1,j+1)

(
∂ν̃

∂y

�����
i,j+1

)2

=SG
i,j.

Here βi,j = αi,jVi,j, Vi,j is the area of Ωi,j cell.
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And for the diffusive term in (20) we obtain∫

Γxy
i,j

[ν + ν̃]∇ν̃ · n dS ∼= (23)

∼=
1

2

(
∆yj(ϑ

u
i,j + ϑu

i+1,j)

2
+
∆yj+1(ϑ

u
i,j+1 + ϑu

i+1,j+1)

2

)
∂ν̃

∂x

�����
i+1,j

(
ν+

ν̃i,j + ν̃i+1,j

2

)
−

−
1

2

(
∆yj(ϑ

u
i,j + ϑu

i−1,j)

2
+
∆yj+1(ϑ

u
i,j+1 + ϑu

i−1,j+1)

2

)
∂ν̃

∂x

�����
i,j

(
ν+

ν̃i,j + ν̃i−1,j

2

)
+

+
1

2

(
∆xi(ϑ

v
i,j + ϑv

i,j+1)

2
+
∆xi+1(ϑ

v
i+1,j + ϑv

i+1,j+1)

2

)
∂ν̃

∂y

�����
i,j+1

(
ν+

ν̃i,j + ν̃i,j+1

2

)
−

−
1

2

(
∆xi(ϑ

v
i,j + ϑv

i,j−1)

2
+
∆xi+1(ϑ

v
i+1,j + ϑv

i+1,j−1)

2

)
∂ν̃

∂y

�����
i,j

(
ν+

ν̃i,j + ν̃i,j−1

2

)
.

Then Kxy∈M(R)Exy×Exy and Sν
xy∈RExy can be defined:∫

Γxy
i,j

[ν + ν̃]∇ν̃ · n dS ∼= Kxy
S (i, j)ν̃i,j−1 +Kxy

W (i, j)ν̃i−1,j +Kxy
P (i, j)ν̃i,j+ (24)

+Kxy
E (i, j)ν̃i+1,j +Kxy

N (i, j)ν̃i,j+1 + Sν
xy, i,j .

Similarly, discretization for the convective term in (20) on the xy-mesh is obtained:∫

Γxy
i,j

(v · n)ν̃ dS ∼=
[ūes]− + [ūen]−

4
· ν̃i+1,j −

[ūws]+ + [ūwn]+

4
· ν̃i−1,j+ (25)

+
([ūes]+ + [ūen]+)− ([ūws]− + [ūwn]−) + ([v̄nw]+ + [v̄ne]+)− ([v̄sw]− + [v̄se]−)

4
· ν̃i,j+

+
[v̄nw]− + [v̄ne]−

4
· ν̃i,j+1 −

[v̄sw]+ + [v̄se]+

4
· ν̃i,j−1,

ūes = ūi,j + ūi+1,j, ūen = ūi,j+1 + ūi+1,j+1, ūws = ūi,j + ūi−1,j, ūwn = ūi,j+1 + ūi−1,j+1,

v̄nw = v̄i,j + v̄i,j+1, v̄ne = v̄i+1,j + v̄i+1,j+1, v̄sw = v̄i,j + v̄i,j−1, v̄se = v̄i+1,j + v̄i+1,j−1,

ūi,j = ϑu
i,jui,j∆yj, v̄i,j = ϑv

i,jvi,j∆xi, [c]+ = (c+ |c|)/2, [c]− = (c− |c|)/2.

This leads to matrix Cxy∈M(R)Exy×Exy . Additionally, the S
c
xy∈RExy contains a non-zero

components, which correspond to the boundaries of the computational domain.
Thus, the following difference analogue of (20) is obtained:

ν̃n+1=(Mxy,n+1)−1

[
Mxy,n{ν̃n+∆t·Sn}+∆t

(
Kxy,nν̃n+Sν,n

xy +cb2S
G,n

σ
−Cxy,n+1ν̃n−Sc,n

xy

)]
.

(26)
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6 NUMERICAL EXPERIMENTS

6.1 Flow past a fixed circular airfoil

The flow past circular airfoil was simulated using the developed modification of the
LS-STAG method at the Reynolds numbers Re = 1000 (on non-uniform meshes 120×148
with ∆t = 5 ·10−2 and 240×296 with ∆t = 10−3) and Re = 3900 (on non-uniform meshes
120× 148 with ∆t = 10−3 and 240× 296 with ∆t = 5 · 10−4). These values of the Re were
chosen because the experimental data [10] and results of other researchers [11, 12, 13]
are known for them. The time averaged drag coefficient CD and the Strouhal number St
were computed. Computational results are shown in table 1. These results are in good
agreement with experimental data for simulation on coarse meshes by using the proposed
modification of the LS-STAG method.

Table 1: Comparison of CD and St with established results from the literature.

Turbulence model Number Re = 1000 Re = 3900
of cells CD St CD St

Experiment [10] 0.98 0.21 0.93 0.22
LES [11] 1 103 520 — — 1.08 —

S-A, present study 17 760 1.12 0.26 0.86 0.18
S-A, present study 71 040 1.03 0.25 1.12 0.25

k − ε [12] 46 304 1.00 0.15 1.00 0.15
Real k − ε [12] 46 304 — 0.17 — 0.20
SST k − ω [12] 46 304 — 0.23 — 0.25

k − ε [13], ANSYS 388 550 1.17 — 0.74 —
SST k − ω [13], ANSYS 388 550 0.99 — 0.62 —

LES [13], ANSYS 388 550 1.15 0.21 1.07 —

6.2 Circular airfoil wind resonance

Coupled aeroelastic problems appear when simulating autorotation and auto-oscillations
phenomena, in particular, airfoil wind resonance. Such problems are complicated for nu-
merical solution, since it is necessary to take into account interference between the flow
and moving immersed body. In case of sufficiently massive body, coupled aeroelastic prob-
lems can be solved using step-by-step splitting numerical algorithm, firstly simulating flow
around a body moving with known parameters and then computing the dynamics of the
body with known hydrodynamic loads [14].

To simulate wind resonance phenomenon we have considered the motion of the circular
airfoil with diameter D across the stream (with one degree of freedom). Airfoil’s constrain
assumed to be linear viscoelastic and its motion (4) is described by the following ordinary

9

540



Valeria V. Puzikova and Ilia K. Marchevsky

differential equation:

mÿ∗ + bẏ∗ + cy∗ = Fy. (27)

Here m is the airfoil’s mass, b is the damping factor, c is the constraint’s elasticity, Fy is
lift force, y∗ is the deviation from the equilibrium. The natural frequency of the system
ω ≈

√
c/m (damping assumed to be small) can be set by varying of the coefficient c.

Number of computations have been performed on non-uniform grid 272×292 with time
discretization step ∆t = 0.0001 and the following dimensionless parameters: Re = 1000,
V∞ = 3.0, m = 39.15, b = 0.731. The dimensionless natural frequency of the system is
the following:

Shω =
ω

2π
·
D

V∞
= 0.150 . . . 0.280. (28)

Computational results are in good agreement with the previous studies [15]. Maximum
amplitude (fig. 2) is about 0.4D and it occures when the natural frequency of the system
Stω is close to the Strouhal number, calculated for a fixed airfoil St ≈ 0.24 [2].

Figure 2: Maximum amplitude of the circular airfoil oscillations at Re = 1000

7 CONCLUSIONS

- The key points of the LS-STAG method extension for RANS-based turbulence mod-
els are described. For the shear Reynolds stresses and for the eddy viscosity an
additional mesh (xy-mesh) is introduced.

- The general approach to the construction of the LS-STAG discretization for differ-
ential equations of the EVM RANS models on the additional xy-mesh is shown on
the example of the Spalarat — Allmaras model.

- A software package is developed for the numerical simulation of the bodies’ motion in
the viscous incompressible flow by using the LS-STAG method and its modifications.
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- To validate this approach and the developed software package the flow past a circu-
lar airfoil at the Reynolds number values Re = 1000 and Re = 3900 was simulated.
Computational results are in good agreement with established results from the lit-
erature.

- Simulation of a circular airfoil wind resonance phenomenon is considered. Compu-
tational results are in good qualitative agreement with the experimental data.
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Abstract. We present an integrated in-situ visualization approach for partitioned
multi-physics simulation of fluid-structure interaction. The simulation itself is treated
as a black box and only the information at the fluid-structure interface is considered,
and communicated between the fluid and solid solvers with a separate coupling tool.
The visualization of the interface data is performed in conjunction with the fluid solver.
Furthermore, we present new visualization techniques for the analysis of the interrelation
of the two solvers , with emphasis on the involved error due to discretization in space and
time and the reconstruction. Our visualization approach also enables the investigation of
these errors with respect of their mutual influence on the two simulation codes and their
space-time discretization. For efficient interactive visualization, we employ the concept
of explorable spatiotemporal images, which also enables finite-time temporal navigation
in an in-situ context. We demonstrate our overall approach and its utility by means of
a fluid-structure simulation using OpenFOAM that is coupled by the preCICE software
layer.

1 INTRODUCTION

Scientific computing and parallel visualization are at the cusp of the new era of exascale
computing. In-situ visualization plays a key role in this transition, since the involved data
rates are expected to be beyond the capabilities of future storage systems [23]. A central
difficulty with in-situ visualization in parallel computing is to conform to bandwidth
constraints. On the one hand, parallel scientific computing requires very high bandwidth,
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e.g., for the communication between different simulation processes, on the other hand,
high-resolution visualization at high frame rates is a prerequisite for successful research
and development. While many simulations are intrinsically global and require substantial
parallelization traffic, there is large potential for optimization in the visualization stage.

Since the available bandwidth typically does not allow for the transmission of the entire
data stream to dedicated visualization nodes, the data reduction has to take place directly
at the simulation nodes. In this paper, we present an approach to minimize the bandwidth
load exerted by producing a view-dependent reduced representation of the data, before
sending it to the visualization nodes.

For the scalar fields associated with the fluid, a common approach is to generate images
using volume raycasting. In more detail, rays are sent from the viewpoint through the
volume (typically one per pixel in the final image). Along each ray, scalar sample values
are taken, color and opacity are assigned to these values by means of a so-called transfer
function, and the final color of a ray (or a pixel) is generated by compositing these color
values (e.g., [16]). In a coupled fluid-structure simulation, several data sets are available
for analysis, and need to be handled by the visualization. To be able to get a concise
view of the phenomena arising from interactions between the fluid and the structure, data
from both solvers need to be integrated into the same visualization. This provides the
possibility to better explore the mutual influence of the two simulation domains.

In this paper, we introduce an integrated approach for the in-situ visualization of both
the volume stemming from the fluid solver and the structure surface. We then calculate
the deviation introduced by the relaxation step and use it to visualize the the magnitude
of the displacement on the representation generated for the structure. This enables the
examination of how the quasi-Newton step impacts the calculation of the next time step
for the different locations of the fluid-structure interface.

2 RELATED WORK

In case an incompressible flow is considered, sub-cycling of the fluid and solid solvers is
necessary in order to minimize the introduced error at the fluid-structure interface due to
the partitioning. Different coupling techniques can be applied, such as Aitken’s method
[19], vector extrapolation [20], Interface-GMRES(R) [27, 26] , and the interface quasi-
Newton inverse least squares (IQN-ILS) technique [9, 8]. The IQN-ILS technique [9] is an
efficient [10, 8] and robust black-box coupling algorithm for which convergence theorems
are available in [17], and is consequently used in this contribution.

For in-situ visualization, typically reduced representations of the original data are gen-
erated, usually resulting in both reduced cost for storage/transfer as well as for rendering
in comparison to the original. For this purpose, image-based or view-dependent tech-
niques are often used as they allow for high compression rates while still maintaining
high quality for a certain range of view configurations. Image-based rendering infers new
images from existing ones, e.g., with changed lighting or camera configuration [36]. A
number of techniques has been proposed to construct such different representations from
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multiple views, like view-dependent texture maps [7], warping [24], light fields [21], etc.
Other techniques use multiple images to synthesize new surface-based views of volume
data (e.g., [4, 3]). Such techniques allow the adaptation of color and lighting parameters
[18], or transfer functions [35].

Shade et al. [30] introduced LDIs (Layered Depth Images) that represent one camera
view with multiple pixels along each line of sight. Reconstruction of geometric surfaces
from LDIs has been discussed by Frey et al. [14]. In volume rendering, layer-based rep-
resentations have been used to defer operations such as lighting and volume classifica-
tion [29]. Such representations have also proven effective to cache results [22] or certain
volumetric properties along view rays that can be later reused for efficient transfer func-
tion exploration. Also for deferred transfer function exploration, Tikhanova et al. [32]
convert a small number of volume renderings to a multi-layered image representation.
In another work, [33] use an intermediate volume data representation which encodes the
distribution of samples along each ray. Shareef et al. [31] use image-based modeling to
render unstructured grids based on parallel sampling rays and 2D texture slicing.

Frey et al. [15] propose Volumetric Depth Images (VDI) for view-dependent volume
visualization as an extension of the Layered Depth Image (LDI) approach. Instead of
only saving for each view ray of one camera configuration the depth and color values for
a set of surfaces, as in LDIs, VDIs store so-called supersegments, each consisting of a
depth range as well as composited color and opacity. On this basis, Fernandes et al. [13]
introduce space-time VDIs (STVDIs) that provide an efficient space-time representation
of VDI streams by exploiting inter-ray and inter-frame coherence, while still maintaining
spatiotemporal flexibility. STVDIs provide the technical foundation for the approach
proposed in the paper at hand and is outlined in more detail in Sec. 4.

3 SIMULATION SETUP

3.1 Fluid solver

The flow is governed by the incompressible Navier-Stokes equations. Therefore, the
governing equations for the fluid are given by the balance of momentum

ρf
∂vf

∂t
+ ρf

(
∇vf

)
vf = ∇ · σf , (1)

and the balance of mass, which reduces to a divergence free constraint on the velocity
field due to incompressibility:

∇ · vf = 0 in Ωf , (2)

where the velocity field is denoted by vf , the pressure field is denoted by pf , and ρf

represents the density. A Newtonian fluid is considered, which leads to the constitutive
equation for the stress tensor σf

σf = −pfI + ρfνf
(
∇vf +∇vf T

)
, (3)
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for a given kinematic viscosity νf .
The foam-extend-3.1 package1 is used for the simulations, a fork of the well known

OpenFOAM package2. A coupled solution algorithm [5] is employed, instead of the well
known PISO pressure-velocity coupling technique. Here, the continuity and momentum
equation are solved in a fully coupled implicit manner, instead of a segregated approach.
A second order backward differencing scheme (BDF2) is used to integrate the governing
equations in time. The fluid mesh is deformed with radial basis function interpolation
[6].

3.2 Structure solver

The configuration of the structure domain is described by the displacement us. An
elastic and compressible structure is assumed, and the governing equation is given by the
balance of momentum

ρs
∂vs

∂t
+ ρs (∇vs)vs = ∇ · σs + ρsg in Ωs. (4)

Equation (4) is modified to use the total Lagrangian description, i.e. with respect to the
initial reference state Γs, resulting in

ρs
∂2us

∂t2
= ∇ ·

(
JσsF−T

)
+ ρsg in Ωs, (5)

where the deformation gradient tensor F is defined as F = I +∇us, and the Jacobian J
is the determinant of the deformation gradient tensor F . By applying the constitutive law
for the St. Venant-Kirchhoff material, the Cauchy stress tensor σs is found by applying

σs =
1

J
F (λs (trE) I + 2µsE)F T , (6)

with E = 1
2

(
F TF − I

)
, and the shear modulus µs [1].

The structure solver is also implemented within the foam-extend-3.1 framework for
ease of implementation. Therefore, a finite volume discretization is used instead of a
finite element approach.

3.3 Fluid-structure interaction

With regards to the fluid-structure interaction problem, the fluid solver and solid solver
are considered as black boxes. In other words, only the input and output information is
accessible. Whether a compressible or incompressible, viscous or inviscid flow is considered
does not influence the used methodology described in this paper. Also, different models

1http://www.extend-project.de/
2http://www.openfoam.org/
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for the solid domain can be applied, since only the input and output information from
the fluid solver and solid solver is considered to be accessible.

Therefore, at each time step the response of the fluid solver Ff is defined as

y = Ff (x) , (7)

where x denotes the displacement of the fluid-structure interface, and y denotes the
force acting on the fluid-structure interface. The response of the structure solver Fs is
consequently defined as

x = Fs (y) . (8)

Typically, at every time step the fixed point equation

x = Fs ◦ Ff (x) (9)

must be satisfied, which can also be written as the interface residual R

R (x) = Fs ◦ Ff (x)− x, (10)

which is solved with a minimization or optimization procedure aimed to find the optimal
solution x� such that

x� = argmin
x

||R (x)||2 . (11)

At the fluid-structure interaction Γf s, the balance of stresses is enforced through

σfn = σsn on Γf s, (12)

with the unit vector n normal to the fluid-structure interface Γf s, and the stress tensors
σf and σs. Also, the no-slip condition is imposed at the fluid-structure interface so that
the velocities vf and vs must be equal:

vf = vs on Γf s. (13)

As mentioned in the introduction, standard approaches used to solve the strongly
coupled fluid-structure interaction problem are the Gauss-Seidel method [12], fixed under-
relaxation [2], Aitken under-relaxation [28], and the IQN-ILS method [9, 11]. Here, the
IQN-ILS method is used to solve the interface problem.

4 IN-SITU VISUALIZATION OF COUPLED FLUID-STRUCTURE IN-
TERACTION

In this paper, we use a typical in-situ visualization setup consisting of a parallel sim-
ulation environment with integrated visualization. The fluid simulation nodes generate
the data, employing domain decomposition for parallel execution. On each compute node
a reduced representation of the density scalar field is produced and prepared to be sent
to the visualization nodes. Finally, the visualization nodes generate images from these
reduced representations interactively upon user request. In this section, we first briefly
outline the underlying VDI and STVDI [15, 13] (Sec. 4.1), and on this basis outline our
approach for the visualization of interaction properties (Sec. 4.2).

5

548



O. Fernandes, D. S. Blom, S. Frey, A. H. van Zuijlen, H. Bijl and T. Ertl

4.1 Space-Time Volumetric Depth Images

A volumetric depth image (VDI) is a representation of a three-dimensional scalar
dataset after applying a color transfer function [15]. It is generated internally from the
data volume as viewed from a specific vantage point, but can be actually explored in full
3D, for all parts of the simulation data which were in the original view frustum. Being
generated from a specific view point allows the user to choose more intuitively which parts
of the volume he wants to investigate, and restrict data retrieval to the chosen subset.

Volumetric Depth Images Data Structure. A VDI is produced by ray casting the
dataset along rays aimed at the region of interest within the dataset. In the following, we
assume that rays are uniformly seeded on a two dimensional grid with the size X × Y .
Along each ray rxy, where xy denotes its position on the regular grid, a number of Z
samples are taken (typically spaced equidistantly), from front to back. The color transfer
function is then applied to associate a scalar value with a user-defined color and opacity.
Strictly speaking, a sample depicts the value belonging to a value of a distinct point in
space in the volume. However, in the context of raycasting and a limited sampling rate,
it can also be seen as representing a certain volume around this point. Conceptually, this
is the extension of a pixel in image space to object space.

Storing each segment individually would produce a resampled representation R of the
size X × Y × Z for the volume covered by the rays. Instead, to reduce the size of
such a representation, samples having similar color are merged along a ray into so-called
supersegments. This can be done efficiently on-the-fly during while tracing the ray along
Z. For these supersegments, the starting and ending parameter value on the ray rxy are
stored, as well as the merged color. This produces a list Lxy of supersegments for each ray,
each with variable length, depending on how the algorithm was able to find mergeable
samples. As a result, the size of the VDI representation R has been reduced considerably
with respect to the original data, with only minimal loss (depending on the similarity
metric), to a set of X × Y lists each containing |Lxy| elements.

Space-Time Clustering. VDIs already reduce the data required to represent the
simulation data of interest considerably. This can further be improved upon by exploiting
coherency of data across rays, and if considering additional consecutive timesteps, even
time. To achieve this, the supersegments for all rays are grouped to form so called space-
time regions. Similar to the merging of segments into supersegments for VDIs, this is
done by comparing the color of neighboring supersegments ,where neighboring means in
adjacent rays or the same ray from an adjacent timestep. In detail, adjacent supersegments
that are considered similar by a user defined color metric are assigned the same region id.
A representative average color is calculated for an entire region and used in the following.

At this point, already a huge data reduction has been achieved, since the color data,
originally stored per supersegment, only needs to be stored per region. Note that the
loss in quality due to this can be controlled by the user by changing the parameters in
the similarity metric. To also reduce the data which needs to be stored to represent
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the locations of supersegments, we employ an algorithm which recalculates and sorts the
geometrical data such that it can efficiently be encoded to a stream by an entropy encoder
such as the zlib scheme. For more details on this algorithm, refer to the related work [13].

Rendering. On the visualization node, the stream is again decoded using the reverse
process explained in Sec. 4.1. All supersegments in a region receive the region’s color.
The reconstructed VDI representation is now used to define frustums. For each super-
segment a frustum is constructed by using the starting and ending point in depth along
the generating ray, and using the distance between rays as width and height. These frus-
tums then cover the entire original viewing volume, and are a good approximation to the
original simulation data. Unlike a ray cast, these new representation can be built from
comparably sparse data and be rendered at much higher speeds (see [15] for details).

4.2 Structural Data and Visualization of Interaction Properties

Many nodes computing the fluid domain solution also produce data for the structure, in
form of their boundary. This boundary can be directly converted into a renderable mesh.
Being only a two dimensional quantity described as a set of points and and a connecting
topology, the structure surface description needs far less data to be transferred, and
hence does not any special processing to reduce bandwidth load. To display information
concerning the interaction at the coupling boundary of the fluid and the structure solver,
we use the fluid solver boundary to define a surface representation of the structure.
On this surface, boundary related data can be displayed, which becomes interesting if the
data has a non-uniform distribution on the 2D manifold of the structure surface.

As an example of a data varying across the surface, the deformation of the structure
could be examined. The deformation consists of several factors involving both solvers and
the coupling mechanism. With many different factors involved, approximations have to
be made to accommodate both the numerics and the physics.
As mentioned in Sec. 3.3, a coupling scheme needs to be applied to the structure solvers
solution, in order to be able to simulate an incompressible flow without suffering from
instabilities due to the added mass effect.
The displacement introduced has an impact on the fluid solvers next iteration. To judge
the deviation introduced by relaxation, we now consider the displacement of the surface
before and after the relaxation step, and display the magnitude of the displacement vector
for the surface of the structure.

5 RESULTS

We demonstrate the integration of our technique in a distributed simulation setup, as
already outlined briefly in 4 and 4.2.

The test case, originally proposed in [34], consists of a two-dimensional incompressible
laminar flow around a fixed cylinder with an attached flexible cantilever. In [34], three
different scenarios are presented with different fluid to structure density ratios. Here, the
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fluid to structure ratio is set to ρf/ρs = 1, resulting in a strong coupling between the fluid
and the structure. The reader is referred to [34] for further details on this fluid-structure
interaction problem. An overview of the geometry is given by Figure 3.

In detail, the simulation outputs new time steps of the simulation in certain intervals
(e.g., every 1000 time steps). This output is then directly fed to the VDI generation and
spatiotemporal encoding/compression pipeline. This condensed representation is then
communicated to our visualization node, that generates images from this representation.
The table 2 shows the compression ratios determined during the simulation using the
space-time VDI method. A good compression ratio of around 20% was achieved on
average. The data sizes are compared to the output as written out for restarts by the
solver.

(a) Timestep 0.1 (b) Timestep 3.3

Figure 1: Volume rendering of the pressure in cylinder flap testcase. The yellow color on
the flap shows the distribution of the correction made by relaxation.

For the evaluation of the deviation visualization, we compared the output for the
structure including the deviation, using several timesteps. The static parts of the structure
(the cylinder) have not been displayed to reduce visual clutter. One can clearly see the
spatial distrubution across the moveable surface, as shown in Fig. 1.

Timestep Size (kBytes) Ratio CPU Time (s)

0.1 22 6.7% 4.2
1.4 53 16.3% 4.3
3.3 63 19.2% 4.3

Figure 2: The STVDI algorithm achieves a good compression ratio for different timesteps
(simulation time). The timings refer to the slowest process performing the algorithm for
a given timestep. Original data size: 326kByte.
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Figure 3: Geometry of the cylinder with an attached flap benchmark originally proposed
in [34]. The figure shows a channel flow with a fixed cylinder and a flexible flap attached
to the cylinder [25].

6 CONCLUSION

In this paper, we presented an integrated in-situ visualization approach for partitioned
multi-physics simulation of fluid-structure interaction. In this context, we introduced
new visualization techniques for the analysis of the interrelation of the two solvers, with
emphasis on the involved error due to discretization in space and time. We showed that
considerable compression can be gained by clustering in space-time and rearranging data
for entropy encoding. For this, we employed the concept of explorable spatiotemporal
images. Our visualization approach also enables the investigation of errors on the coupling
interface due to a quasi-Newton relaxation step. We evaluated our overall approach with a
fluid-structure simulation using an OpenFOAM implementation which allows for coupling
by the preCICE software layer.

This method can also be extended to other metrics arising in the context of coupled
systems, for example displaying coupling-layer internal interpolation error as part of the
fluid-structure visualization. Further, the internal properties of the structure itself, as
calculated in the structure solver, could be included to achieve a concise visualization.
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Abstract. Multi-physics simulations, such as fluid-structure-acoustics interaction (FSA),
require a high performance computing environment in order to perform the simulation in a
reasonable amount of computation time. Currently used coupling methods use a staggered
execution of the fluid and solid solver [6], which leads to inherent load imbalances.

In [12] a new coupling scheme based on a quasi-Newton method is proposed for fluid-
structure interaction which coupled the fluid and solid solver in parallel. The quasi-
Newton method requires approximately the same number of coupling iterations per time
step compared to a staggered coupling approach, resulting in a better load balance when
running in a parallel environment.

This contribution investigates the scalability limit and load-balancing for a strongly
coupled fluid-structure interaction problem, and also for a fluid-structure-acoustics inter-
action problem. The acoustic far field of the fluid-structure-acoustics interaction problem
is loosely coupled with the flow field.

1 INTRODUCTION

Simulation of fluid-structure-acoustics interaction will bring new insight into different
applications, as, for example, the sound design of aircraft or wind energy plants. But such
applications yield multi-scale problems including different length scales where solving large
problems with a monolithic approach would be too expensive.

Also, highly sophisticated software codes are available for each single physical phe-
nomena and it is desirable to reuse currently available codes for multi-physics simulations.
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Since different phenomena typically appear spatially separated it is possible to decompose
the overall simulation domain into non-overlapping partitions with distinctive treatment
and link these partitioned via a surface coupling. This allows the usage of different nu-
merical methods and tailored grid resolution for each individual partitioned. Moreover,
each partitions can be solved by individual software codes and we refer to this approach
as black-box approach. Additionally, this offers the possibility to benefit from prior expe-
rience on how to scale up each single simulation. We are aiming for such flexibility, but
the coupling between each pair of physical solvers needs to be carried out carefully, to get
a stable overall simulation, while not degrading the scalability.

Whereas for fluid-structure interaction the coupling approach is typically an implicit
coupling, which yield same accuracy as a monolithic simulation, for the fluid-acoustic
domain with sound generation and propagation several coupling approaches are known.
For the flow domain, we are choosing a compressible flow solver, since sound generation
implies small perturbations or changes in the density. Far away from the geometry, where
only propagation of acoustic waves is relevant, the set of equations can be reduced to the
linearized Euler equations. Additionally, the mesh, which needs to be very fine around
the geometry, can be much coarser. Another approach would be to use an incompressible
flow solver and extract the acoustic sources from the flow as proposed by Lighthill [11].
Note that the acoustic sources need to be extracted and propagated in the flow domain
as well.

The immense computational cost of a three-dimensional simulation demands to make
efficient use of todays massively parallel supercomputers. A scalable approach which uses
the computational resources efficiently and avoid idle processor is indispensable. Load
balancing inside one solver is understood very well, but load balancing over individual
solvers which are coupled at the boundaries is a different approach.

To achieve such a computational setup, all included components should fulfill the scal-
ability requirements. The high order discontinuous Galerkin solver Ateles, included in
the APES framework [14], scales up to more than 100k CPU cores, the limit of currently
available super computer facilities. It combines an octree-based data structure with a very
local numerical scheme. The used coupling tool preCICE [9], which is responsible for the
data exchange as well as for all interpolations between interfaces, is also executed in par-
allel and minimizes the amount of communication, since it works local on solver processes.
OpenFOAM uses a standard domain decomposition approach, since an unstructured mesh
is considered. The governing equations are solved in the separate domains and coupled
on the boundaries with appropriate boundary conditions.

The presented coupling approach using scalable software allows solving large multi-
scale problem on massively parallel machine where the numerical method as well as the
computational resources can be perfectly tailored to the physics.
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2 SIMULATION SETUP

The computational domain is partitioned into a fluid, structure and acoustics domain.
In each domain different governing equations are solved, and also specialized solvers are
developed in order to be able to easily switch between different models and software
packages. At the fluid-structure interface, and at the fluid-acoustics interface a coupling
tool is used to apply the appropriate boundary conditions.

2.1 Fluid solver

The flow is governed by the compressible Navier-Stokes equations. Therefore, the
governing equations for the fluid are given by the mass continuity equation

∂ρf

∂t
+∇ ·

(
ρf v

)
= 0, (1)

the balance of momentum

∂
(
ρf v

)
∂t

+∇ ·
(
ρf v v

)
= −∇pf +∇ · τ +B, (2)

and the balance of energy equation

∂

∂t

(
ρf

(
e+

1

2
v · v

))
+∇ ·

(
ρf v

(
e+

1

2
v · v +

pf

ρf

))
= −∇ · q +∇ · (τ · v) . (3)

The velocity field is denoted by vf , the pressure field is denoted with pf , and the density
is given as ρf . The viscous stress tensor is given by τ , the internal energy by e, and the
heat flux by q. The body force is denoted by B.

The foam-extend-3.1 package1 is used for the simulations, a fork of the well known
OpenFOAM package2. An unstructured mesh is used for the fluid domain, which gives
the advantage to easily generate a grid for complex geometries, which is often the case for
an engineering fluid-structure interaction test case. A second finite volume discretization
is applied in space, and a second order backward differencing time integration scheme
is used to propagate the solution in time. Regarding the pressure-velocity coupling, a
coupled solution algorithm [4, 3] is employed. The continuity and momentum equations
are solved in a fully coupled implicit manner. Thereafter, the energy equations is solved
in a segregated manner.

Due to the use of an unstructured mesh, a mesh deformation technique based on radial
basis function interpolation is used to interpolate the displacement of the fluid-structure
interface into the complete flow field [5].

Coupling an implicit BDF2 time integration scheme for the flow with an explicit sec-
ond or fourth order Runge Kutta scheme for the acoustics reduces to a first order time

1http://www.extend-project.de/
2http://www.openfoam.org/
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integration for the acoustic domain. This poses extra restrictions on the used time step
in order to have a stable integration.

At the fluid-acoustics interface, an interpolation is performed in order to transfer the
pressure, density, and velocities from OpenFOAM to Ateles via the coupling tool pre-
CICE. The ideal situation would be to use conforming or matching grids at the interface.
However, due to the coupling of a finite volume solver with a discontinuous Galerkin
solver, the meshes are not matching at the interface. Therefore, a radial basis function
interpolation is utilized at the interface in order to reduce the introduced numerical errors
due to the partitioning as much as possible.

2.2 Structure solver

The configuration of the structure domain is described by the displacement us. An
elastic and compressible structure is assumed, and the governing equation is given by the
balance of momentum

ρs
∂vs

∂t
+ ρs (∇vs)vs = ∇ · σs + ρsg in Ωs. (4)

Equation (4) is modified to use the total Lagrangian description, i.e. with respect to the
initial reference state Γs, resulting in

ρs
∂2us

∂t2
= ∇ ·

(
JσsF−T

)
+ ρsg in Ωs, (5)

where the deformation gradient tensor F is defined as F = I +∇us, and the Jacobian J
is the determinant of the deformation gradient tensor F . By applying the constitutive law
for the St. Venant-Kirchhoff material, the Cauchy stress tensor σs is found by applying

σs =
1

J
F (λs (trE) I + 2µsE)F T , (6)

with E = 1
2

(
F TF − I

)
, and the shear modulus µs [1].

The structure solver is also implemented within the foam-extend-3.1 framework for
ease of implementation. Therefore, a finite volume discretization is used instead of a
finite element approach.

2.3 Acoustics solver

The acoustic phenomena are also governed by the Navier-Stokes equations (1-3). A
simplification can be obtained by neglecting the dissipation terms which leads to the
inviscid compressible Euler equations. If there are only small changes in the flow, it can
be linearized around the base flow. The base flow is denoted by the subscript 0 and
the perturbation is denoted with the superscript a. The linearized variables describe the
acoustic phenomena in the fluid. Using the assumption of ideal gas

p = ρRT = (γ − 1)
(
e− ρv · v

2

)
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a relation between pressure p and energy e yields, where R is the ideal gas constant,
T the temperature and γ the isentropic coefficient. In the following, we will treat only
the primitive variables density ρ, velocity v and pressure p in the acoustic domain. The
linearized Euler equations are given by the linearized equation of mass

∂ρa

∂t
+∇ · (v0ρ

a + ρ0v
a) = 0, (7)

the conservation of the velocity perturbation

∂va

∂t
+∇ ·

(
v0v

a +
1

ρ0
pa
)

= 0 (8)

and the conservation of the pressure perturbation

∂pa

∂t
+∇ · (v0p

a + γ p0 va) = 0. (9)

The acoustic partition is simulated using the high order Discontinuous Galerkin solver
Ateles which is included in the APES framework. The Discontinuous Galerkin (DG)
method is based on a polynomial representation within an element and flux calculation
between elements. The choice of the polynomial degree controls the spatial discretization
order. By choosing a high degree of the polynomial function a higher order method can
be constructed.

A higher order scheme has different advantages. Firstly, it yields low numerical dissipa-
tion and dispersion errors, which is advantageous for approximating the wave propagation
over long distances in the acoustic far field. Secondly, it shows high convergence rates in
case the solution is smooth. Therefore, a high order scheme uses less elements while still
maintaining the same accuracy compared to a second order finite volume method. An
explicit second order Runge-Kutta method is used to propagate the solution in time.

The APES [14] framework, in which the solver in included, provides additional tools for
pre- and post-processing on the basis of the common mesh library TreElM3. The TreElM
library [10] relies on an octree representation of the mesh and provides the distributed
neighborhood search within that mesh. The APES framework is designed to take ad-
vantage of the massively parallel systems available in supercomputing today. Using a
space-filling curve for the domain composition of the octree mesh, gives hierarchically
structured data and maintains locality. This locality can be perfectly exploited by the
DG scheme, which is strongly coupled to data within one element and loosely coupled
via element boundaries. Hence, the framework and solver are designed to take advantage
of the massively parallel systems available in supercomputing today. By free choices of
the spatial scheme order and the hybrid parallelism, the solver can be adapted to the
executing machine.

3https://bitbucket.org/apesteam/treelm
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2.4 Fluid-structure interaction

With regards to the fluid-structure interaction problem, the fluid solver and solid solver
are considered as black boxes as mentioned in the introduction. In other words, only the
input and output information is accessible. Note that the used model for the solid domain
can be changed without changing the setup of the fluid-structure interaction problem,
since only the input and output information from the fluid solver and solid solver is
considered to be accessible.

Therefore, at each time step the response of the fluid solver Ff is defined as

y = Ff (x) , (10)

where x denotes the displacement of the fluid-structure interface, and y denotes the
force acting on the fluid-structure interface. The response of the structure solver Fs is
consequently defined as

x = Fs (y) . (11)

Typically, at every time step the fixed point equation

x = Fs ◦ Ff (x) (12)

must be satisfied, which can also be written as the interface residual R

R (x) = Fs ◦ Ff (x)− x, (13)

which is solved with a minimization or optimization procedure aimed to find the optimal
solution x� such that

x� = argmin
x

||R (x)||2 . (14)

At the fluid-structure interaction Γf s, the balance of stresses is enforced through

σfn = σsn on Γf s, (15)

with the unit vector n normal to the fluid-structure interface Γf s, and the stress tensors
σf and σs. Also, the no-slip condition is imposed at the fluid-structure interface so that
the velocities vf and vs must be equal:

vf = vs on Γf s. (16)

Standard approaches used to solve the strongly coupled fluid-structure interaction prob-
lem are the Gauss-Seidel method [8], fixed under-relaxation [2], Aitken under-relaxation
[13], and the IQN-ILS method [6, 7]. Here, the IQN-ILS method is used to solve the
interface problem.

In case a compressible flow is simulated, an explicit coupling at the fluid-structure
interface can also be applied. However, in this contribution the use of an implicit coupling
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Figure 1: Overview of the execution of the fluid-structure-acoustics simulations. Multiple calls to the
fluid and solid solvers are performed, since an implicit coupling is applied for the fluid-structure interaction
problem. A good load balancing can be achieved with the proper number of cores for the acoustic domain.
F: fluid, S: solid, A: acoustics.

technique is applied in order to remove the introduced partitioning error at the fluid-
structure interface.

A distinction is made between the case where the solvers are coupled sequentially, as
is generally the case, and in parallel. In [12] a new coupling scheme based on the IQN-
ILS method is proposed which coupled the fluid and solid solver in parallel. Hence, a
better load balancing is obtained giving the possibility to be able to scale a partitioned
fluid-structure interaction further compared to the serially coupled IQN-ILS algorithm.

2.5 Fluid-structure-acoustics interaction

The coupling to the acoustic field is treated with an explicit coupling. In other words,
in every time step the primitive variables (pressure, density, velocity) present at the fluid-
acoustics interface are transferred via the coupling tool and applied with a boundary
condition to the acoustic domain. Thereafter, the linearized Euler equations are solved
in the acoustic field.

An overview of the used coupling technique is shown in Figure 1. As shown in the
figure, the fluid and solid solvers are executed multiple times per time step. When the
FSI iterations are converged, the acoustic solver is called. An optimal load balancing can
be obtained by selecting the appropriate number of CPU cores for the acoustic domain,
such that the computational time is approximately equal to the time required for the FSI
iterations to converge.

3 NUMERICAL RESULTS

The used test case consists of a flexible cantilever in a cross flow. At the outer bound-
aries the fluid domain is coupled with the acoustic domain. Whereas are th structure-fluid
interface is matching, the fluid-acoustic interface differs. In contrast to the fluid domain,
which has 124 elements at the interface, the acoustic domain has only 24 elements. Hence,
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Table 1: Parallel scalability test for a fluid-structure-acoustics simulation. The fluid, solid and acoustics
solvers are coupled in a staggered sense, which leads to an non-optimal load balancing since processors
of 2 solvers are always idle, which hurts particularly for the flow solver. The number of fluid cores varies
for the computations shown here. The solid and acoustics solver both use one CPU core. 29 time steps
are simulated.

No. fluid cores Exec. time [s] Timing fluid [s] Timing solid [s] Timing acoustics [s]
32 225 187.33 19.37 33.25
64 126 93.74 18.62 35.43
128 80 45.98 18.74 30.99
256 60 22.6 19.75 33.88

Table 2: Parallel scalability tests for a fluid-structure-acoustics simulation. The fluid, solid and acoustics
solvers are coupled in parallel, leading to good load-balancing compared to the staggered coupling test
case. The number of fluid cores varies for the computations shown here. The solid and acoustics solver
both use one CPU core. 29 time steps are simulated.

No. fluid cores Exec. time [s] Timing fluid [s] Timing solid [s] Timing acoustics [s]
32 225 199.03 20.32 34.94
64 124 99.09 21.77 33.60
128 69 47.97 21.65 33.55
256 47 24.16 20.93 34.87

a fifth order discretization in space is used for the acoustic domain. The pressure field of
the test case at t = 0.2 s is shown in Figure 2.

Table 1 and 2 show the scalability results comparing the use of a serial and parallel
coupling scheme for the complete fluid-structure-acoustics interaction setup. The number
of cores for the structure and acoustics solvers are kept at one. The number of cores for
the fluid is increased from 32 to 256.

The results show the overhead of the communication between the different solvers, and
show the efficiency of the parallel coupling schemes. With a proper load balancing, if
the solvers are executed in parallel, smaller execution times are obtained in comparison
to sequentially coupled solvers. More importantly, this parallel coupling combined with
balanced work-load avoid idle processor and can make efficient use of today’s supercom-
puters.

4 CONCLUSIONS

The used methodology has been described for a partitioned fluid-structure-acoustics
setup. The fluid-structure interaction problem is coupled implicitly, whereas the fluid and
acoustics domain are coupled explicitly. Scaling tests have been performed in order to
examine the bottleneck of this approach. The use of a separate coupling tool between
the different domains imposes extra communication costs. Further research is dedicated
to use a asynchronous communication between the different solver. Also, the use of a
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Figure 2: Pressure field for the fluid-structure-acoustics domain at t = 0.2 s. The domain decomposition
of the flow is visible in the background. The fluid domain consists of 198 112 cells, the solid domain
contains 288 cells, and the acoustic domain consists of 6 144 elements.

spectral deferred correction time integration scheme is considered in order to solve the
complete fluid-structure-acoustics domain with a high order time integration scheme.
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Abstract. A dual experimental and numerical top-down approach is applied to investigate the 
link between the osteocyte morphology and their mechanical perception of the environment at 
the progenitor and mature stages. The numerical model is based on explicit tissue morphology 
discretization to identify bone in situ diffuse damage at the cellular scale. The 3D morphology 
of a human mature osteocyte was reconstructed from deconvoluted confocal microscopy 
observations. The in vitro experimental model presents Live Allograft Bone Systems (LABS) 
where a patient progenitor (bm hMSC) or mature (MLOY4) osteocytes were reseeded into 
fresh human donor cortical bone tissues. The system was subjected to mechanical loading and 
simultaneously progenitor and mature cell specific possible calcium mediated cell signaling 
responses were measured by fluorescent flow cytometry using CFSE labeling.  

 
 
1 INTRODUCTION 

With increasing life expectancy, bone pathologies related to massive bone loss occur later 
in life and carry $5-$10 billion financial burden on the U.S. healthcare system. Human 
Haversian cortical bone is a complex hierarchical heterogeneous tissue resulting from 
continuous remodeling. Micro damage are therefore resorbed by osteoclasts cells before 
tubular lamellar structures called osteons are formed by osteoblast cells laying Type I 
collagen fibrils mineralized by hydroxyapatite nano-platelet crystals glued together with non-
collagen proteins and proteoglycans. Trapped osteoblasts further differentiate into mechano-
sensitive osteocytes that are able to sense stimulation produced by micro damage.  
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However bone healing ability declines with long term degeneration during aging, massive 
trauma or large tissue resections such as tumor removals. To promote bone growth in large 
defects, autograft bone offers the gold standard repair but is limited by suitable tissue 
quantities and donor site morbidity. Successful techniques for massive tissue regeneration can 
be however difficult to produce and often require addition of functional materials. 
Nonetheless, allograft bone can be stored but does not always perform as well as fresh 
allograft and the current tissue disinfection procedures such as supercritical carbon dioxide 
significantly modifies the tissue properties. Yet cleaned and decellularized tissue from a donor 
represents the ideal matrix for co-cultures of the recipient patient cells for fast tissue 
reintegration and functionalization [1]. 

Mature osteocytes have the particularity to bear 40 to 60 cytoplasmic processes extending 
into canaliculi to create a syncytial network with the neighboring cells with which they can 
transmit signals in a fashion similar to the nervous system. Because osteocytes regulate 
healthy bone turnover, it is essential to quantify the relationship between in situ mechanical 
stimulation and the cell biological response. 

 

2 DESCRIPTION OF THE MODEL 

2.1 Micro damage threshold identification 
Dual experimental and numerical top-down investigations were applied through micro 

bending tests conducted on human femoral fresh cadaver samples to produce and image the 
growth of controlled nascent sub-microscopic damage near live osteocytes. The multi-scale 
local constitutive fracture mechanisms has been identified scale by scale after the balance of 
the energies at the global scale to evaluate the in situ stress field near bone cells shown in 
Figure 1 (a) and (B). The finite element model is based on explicit bone tissue morphology 
including the primary, secondary osteons and cement lines. The model Dirichlet boundary 
conditions are calculated by digital image correlation [2]. The osteon lamellae collagen 
orientations were modeled by cubic spline and crack bridging by the mineralized collagen 
fibers in the wake of the crack tips was modeled by a cohesive zone of 50 µm maximum 
length and 25 µm maximum opening from experimental measurements. The model must 
satisfy the macroscopic Dirichlet boundary conditions at each loading step, n. The micro 
damage threshold values and location were then identified by Newton-Raphson iteration 
algorithm on the local element elastic moduli at each macroscopic loading step and are 
described by the following constitutive relationship: 

     (1) 

where is the converged elastic moduli of element I at macroscopic loading step n, is the 
intact elastic moduli of element I prior to macroscopic loading and is the converged 
microdamage parameter in element I at macroscopic load step n. The local micro damage 
threshold is calculated when the local maximum principal stress exceeds the identified local 
yield strengths,  as follows: 

   



 

(2) 
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where  is local máximum principal stress at loading step n in the intact material. 
 

 The numerical model shows nascent diffuse damage within osteon lamellae appearing in 
locations where visible micro cracks further appear at higher load in Figure 1 (C) and (D). 

Multi-modal imaging techniques using UV and fluorescent microscopy shown in Figure 1 
coupled to a hierarchical multi-level numerical simulations contributed to confirm the location 
of diffuse damage regions ahead of micro crack tips prior to their growth initiation [2]. Dual 
SEM and BSEM microscopy were applied to image the relationship between sub-micro 
cracks in the osteonal lamellae and the canaliculi [4]. 

 

 
 

Figure 1: Diffuse damage numerical and experimental identifications in human Haversian cortical bone: (A) and 
(B) numerical identification of the compressive stress field before and after microcrack growth in a local FEM 
model including the osteon elastic moduli heterogeneity, the cohesive strength variation with the osteonal 
lamella orientations and mineralizations and the diffuse damage identification regularizing the local model 
response with the global sample response, (C) and (D) corresponding diffuse damage local identification, (E) 
diffuse damage visualization within the osteonal lamellae in the region of a microcrack tip using fluorescence 
microscopy of human cortical bone stained with calcein blue, (F) identification of sub-microcracks along 
osteocyte canaliculi in a region neighboring diffuse damage using superimposition  of secondary electron and 
backscattered electron microscopy. 

2.2 Three-dimensional numerical reconstruction of human osteocyte morphology 
The osteocyte morphology was observed in fresh human cortical bone simple of 500 µm 

thickness. A osteocyte in a region containing intra-lamellar sub-micro damage is selected for 
confocal observation. A tissue depth of 16 µm was penetrated by two photon laser excitation 
in the 650 nm range that provided the best detection of the integrin proteins layer coating the 
osteocyte lacunae and the canaliculi in which the osteocytic processes run inside Haversian 
bone as shown in Figure 2-A. Resolution of 0.18 µm /px was achieved in segmentation planes 
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and 0.51 micron in the orthogonal direction to the planes. Due to the non-zero thickness of the 
confocal plane of observation, the images were deconvoluted to rebuild a cubic voxel of the 
3D confocal observation of the osteocyte morphology. 

The 3D morphology of the osteocytes was first reconstruction using medical image 
visualization software imageJ [5]. The cell body contours were digitally surveyed in the 
parallel segmentation planes and regularized by smoothing interpolation to remove non-
physical noise perturbations. The canaliculi center paths were identified by finding the best 
path in 3D between points of the same canaliculus by bidirectional search A* on the 
reciprocal of the cost of moving to another point in the specific Fiji Plugin for cell processes 
tracking called Simple Neurite Tracer [6].  

The complete osteocyte morphology was reconstructed in Matlab based the body contours 
from the 3D parallel plane segmentation and the regularized center lines of the cell processes 
using Tubeplot [7]. Previous osteocyte morphology reconstruction captured up to 9 cell 
processes [8, 9]. In the presented model, 23 processes of the osteocyte were rebuilt in Figure 
2-B from the usual 40 bear by such cell.  

 

 

 

 

 

 

 

 

 

 

Figure 2: A- 3D confocal microscopy observation of a human osteocyte lacunae and canaliculi in fresh human 
Haversian cortical bone observed in the transverse direction to the osteons, B- 3D numerical reconstruction of a 
human osteocyte morphology from confocal microscopy observations. 

2.3 Fluorescent flow cytometry in the osteocytes under mechanical loading 
Osteocytes are known to respond to mechanical cues by releasing specific chemicals such 

as calcium [10, 11], PGE1 and NO [12] that can be observed under fluorescent microscopy by 
markers and are correlated to the cell biological reaction to mechanical stress. To quantify the 
cell morphology, displacements and in situ biological response, progenitor bone cells (MSC) 
and mature osteocytes (MLOY4) were reseeded in fresh human cortical bone tissues and 
observed in Nikon-Eclipse TE 200-U fluorescent microscope (B2OA Laboratory, Paris) in 
Figure 3 and 4 and a Nikon confocal microscope (LBPA Laboratory, Cachan) in Figure 3. 

A B 
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The fluorescence of the osteocytes was enhanced by labeling their cytoplasm with CFSE cell-
tracker (Invitrogen). A protocol to clean fresh human bone without altering its mechanical 
properties was developed using a succession of baths with a solvent and a basic solution, 
antibiotics, trypsin and a detergent. Live cells were then reseeded in the human bone bathed in 
biological serum. Bone marrow human mesenchymal stem cells (bm hMSC) harvested on a 
patient were used for the progenitor osteocytes and mouse mature osteocyte-like cells 
(MLOY4) were used for mature osteocytes because of the difficulty to isolate primary human 
mature osteocytes. The cell suspensions (105 per ml) were then added to bathe the donor bone 
tissues. After 5 days the cells were evenly reseeded on the tissue. After 10 days progenitor 
and mature reseeded osteocytes reorganized as shown in Figure 3. 

 
Figure 3: Cell reseeded in human Haversian cortical bone rearrangement after 10 days: (A) progenitor 
osteocytes (hMSC) moving into the Haversian canals and organized in radial hair-like arrays around the 
Haversian canals on the osteons transverse cross-section and schematic arrangement of hMSC in the Haversion 
canal in vivo presented above, (B) mature osteocytes (MLOY4) spread throughout the osteon cross-section and 
schematic arrangement of mature osteocyte observed under confocal microscopy in the osteonal lamellae in vivo. 
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3 RESULTS 

3.1 Mechanical response of Live Allograft Bone Systems (LABS) 
The numerical model identified nascent diffuse damage within osteon lamellae appearing 

prior to visible micro cracks as local stresses increase from yield values of  58/-77 MPa close 
to HAP (hydroxyapatite) strength to 108/-216 MPa when mineralized collagen fibers still 
bridge cracks [2]. These results confirm known brittle/ductile fracture behavior of bone 
through load bearing cooperation between HAP mineral phase and organic collagen fibers.  

Multi-modal SEM and BSEM microscopic observations within osteon lamellae showed 
micro-damage patterns near osteocytic processes and canaliculi in Figure 1 (F) in regions 
neighboring a visible micro cracks and containing diffuse damage. Calcein blue staining of 
cortical bone reveals diffuse damage regions in Figure 1 (E) where calcium ions exposed on 
hydroxyapatite broken edges interact with the stain [13]. 

The load deflection curves of the recellularized bone tissues are shown in Figure 4 for the 
allograft bone systems containing either bm hMSC or MLOY4 and tested in the elastic region 
prior to visible micro crack initiation but containing diffuse damage [13] in the anti-plane 
longitudinal direction. The mechanical responses of the Live Allograft Bone Systems (LABS) 
were compared to the mechanical responses of fresh cadaver human bone tissues samples 
tested until complete failure in the three characteristic directions of the osteons. 

 

 
Figure 4: Load-deflection curves of micro 3-point bending tests of fresh cadaver human cortical bone samples in 
the longitudinal, anti-plane longitudinal and transverse directions until complete fracture compared to micro 3-
point bending tests of anti-plane longitudinal human cortical bone samples that are recellularized with either 
progenitor or mature osteocytes and loaded in the elastic region prior to fracture. 

3.2 Progenitor and mature osteocyte in vitro special reorganizations on bone tissue 
bm hMSCs and MLOY4 cells reorganized in vitro as they would in vivo in fresh donor 

bone tissue as shown in Figure 3 after 10 days in an incubation chamber at 37oC. After 10 
days incubation, reseeded MCSs relocated inside the Haversian canals in the human tissue 
samples. The elongated MSCs cells are located in vivo in the bone marrow and circulate 
inside the Haversian canals of cortical bone. MCSs also exhibit morphological features with 
strong affinities to the topography of their residing lodges. On the other had after 10 days, 
mature osteocytes seeded and proliferated on the solid osteonal lamellae structures with 
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characteristic spacing observed in bone osteocyte lacunae organization. The osteocytes also 
regained hedgehog-like shapes and spread osteocytic processes to recreate a syncytial network 
as in vivo. Progenitor and mature osteocytes reseeded in cortical bone tissues therefore 
reconstituted live allograft bone systems similar to in vivo systems. 

3.3 Progenitor and mature osteocyte biological responses to mechanical loading 
The osteocyte biological response to mechanical loading was visualized by the 

instantaneous variation of fluorescence intensity due to cytoplasm staining by CFSE cell 
tracker. CFSE is a small molecule of 0.473 kDa molecular mass, that is easily permeable to 
cell plasma membrane in the form of CFDA-SE that looses its diacetate group through an 
intracellular esterase to become CFSE that covalent binds to intracellular Lysine residues of 
intracellular proteins and amines. CFSE is a biochemical dye to track cell proliferation over 
multiple days and also indicates cell viability when used in short amount of time. CFSE and 
Fluo4-AM labeling have also been used together to track lymphocyte proliferation and 
measure cytosolic free calcium simultaneously [14]. Figure 4 shows that bm hMSCs lost 
suddenly their fluorescence under mechanical loading less than 21 N while osteocytes retains 
a significant amount of fluorescence in Figure 5 for larger mechanical loading-unloading 
increment cycles up to 147 N shown in Figure 4. However, at larger loading increment despite 
almost no fluorescence, high magnification reveal that the bm hMSCs contours are still 
perceivable which could indicate that the cell integrity are preserved and that the cells did not 
loose fluorescence by plasma membrane rupture but possible other cell signaling mechanisms.  

CFSE binds to Lysine and Lysine is an essential α-amino acid that plays a role in different 
posttranslational modifications such as methylation of the ε-amino group into methyl-, 
dimethyl- and trimethyllysine that occurs in calmodulin. Calmodulin (CaM for Calcium-
Modulated proteIn) is a calcium-binding multifunctional intermediate messenger protein that 
transduces calcium signals by binding calcium ions and modify its interactions to target 
proteins afterwards. Proteins that bind to CaM cannot bind to calcium and uses CaM as a 
calcium sensor and a signal transducer. Calmodulin 1 in particular is located in the cytosol 
and on the plasma membrane facing the cytosol, CALM1 interacts with cation channel 
receptors such as TRPV1 activated in the sensation of pain. Calmodulin also mediates 
processes such as inflammation and apoptosis. L-Lysine plays therefore a very important role 
in calcium absorption. 

Lysine also plays a role in posttranslational modifications such as neddylation, 
biotinylation, pupylation and carboxylation but most importantly in acetylation, sumoylation, 
ubiquitination involved in apoptosis and cell response to stress. CFSE binds to lysine through 
an esterase that operates a deacetylation of CFDA-SE. Acetylation and deacetylation of a 
protein are significant posttranslational regulatory mechanisms that occur in the regulation of 
transcription factors, effector proteins, molecular chaperones and cytoskeletal proteins in an 
analogous manner to phosphorylation and dephosphorylation under the action of kinases and 
phosphatases. Acetylation and deacetylation has been suggested to crosstalk with key other 
biological mechanisms such as phosphorylation, methylation, ubiquitination, sumoylation 
[15] and different cell signaling such as the synthesis of tubulin of the microtubules of the 
cytoskeleton in which lysine take part and are solicited under mechanical load. 
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For all the above possible cell mechanisms’ interactions and from previous experiments on 
cell CFSE labeling and calcium flow cytometry [14] and experiments on osteocytes and 
osteoblasts calcium different responses [16], it is hypothesized that CFSE labeling is 
indicative here of distinct calcium responses from bone stromal cells at their progenitor and 
mature stages of their differentiation shown in Figure 5. 

 

 
Figure 5: Fluorescence decreasing of the cytoplasm of hMSC and MLOY4 cells stained with CFSE cell tracker 
when subjected to increasing tensile loading produced by the tension in the human Haversian cortical bone 
environmental “substrate”. 
 

4 CONCLUSIONS 
Hybrid experimental and numerical investigations quantified human osteocyte lacunae and 

canaliculi morphology alterations in bone diffuse damage areas that were correlated to 
nascent sub-micro cracks. Figure 4 showed the mechanical responses of live allograft bone 
systems containing live osteocytes that were consistent with the known mechanical response 
of fresh cadaver human bone tissue. Figure 3 reveals distinct spatial reorganizations of 
progenitor osteocytes in the Haversian canals after 10 days from the rearrangement of mature 
osteocytes regularly dispersed throughout the osteonal lamellae after 10 days of incubation. 
After 10 days the cells relocated in the allograft tissue microstructure studied here in vitro as 
they would be located in vivo: progenitor cells in the Haversian canals and mature osteocytes 
within the mineralized osteonal solid matrix. Human bone marrow mesenchymal stem cells 
also exhibited a typical elongated tubular shape and migrated into tubular Haversian canals 
while mature osteocytes displayed oblate-shaped bodies bearing multiple processes acting as 
hair-like structures shown in Figure 2 to detect mechanical loading in the mineralized 
extracellular matrix [17]. Loss of fluorescence shown in Figure 5 could be correlated to 
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possible calcium mediated cell signaling mechanisms involving lysine residues to which 
CFSE stain binds under the plasma membrane facing cytosolic free calcium participating into 
efflux through cytoplasmic membrane pumps or intracellular recycling. This aspect is 
currently under further investigations. Mesenchymal stem cells lost fluorescence under very 
low loading while a non-negligible percentage of the mature osteocytes retained some 
fluorescence at moderated load in Figure 5 that is in agreement with a modified calcium 
response of osteocytes through their differentiating stages observed in the literature [16]. 
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Abstract. In this contribution, we study biological nanoclusters where the coupling between
their parts is essential. The main focus is on the RNA-based nanostructures. RNA molecules are
very flexible in nature. This feature allows us to build various motifs which are indispensable
in bio- nanotechnological applications. Based on the previous studies on RNA nanoclusters, in
this contribution we analyze the structure and properties of RNA nanotubes, where we focus
on nanotubes consisting of a series of coupled nanorings of around 20nm in diameter. We
did a molecular dynamics (MD) simulation using CHARMM force field implemented in the
NAMD package to study the structural and thermal properties of the nanotube in physiological
solutions. Specifically, we have studied the behavior of these nanoclusters in solutions of NaCl,
MgCl2 and KCl. We have analyzed such characteristics as the Root Mean Square Deviation
(RMSD), the radius of gyration, the number of hydrogen bonds per base pairs, and the ionic
distribution around the surface of the RNA nanocluster under study in different solutions. The
variation of energy and temperature with simulation time have also been studied for all sets of
simulations. The change in these features with the nature of solution has also been studied.

1 Introduction

Unlike most of the other biological molecular systems, RNA is structurally more flexible in
nature which makes it an important biomolecular system. One of the most important application
of the RNA nanotechnology research is in the field of biomedicine and bioengineering [1, 2].
For these applications it is very important to built the proper self assembly of the RNA building
blocks. In our earlier studies, the modeling of RNA nanoclusters has been done by using the
RNAI/II building blocks [3, 4, 5, 6]. The RNAI/II building blocks are the RNA strands which
are taken from the protein data bank with the pdb code (2bj2.pdb) [7]. The elements of these
RNA strands are the nucleobases Cytosine (C) , Guanine (G), Adenine (A), Thymine (T) and
Uracil (U).

1
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(a) (b)

Figure 1: VMD generated image of the RNA nanotube immersed into the MgCl2 Solution (a) Water molecules
not displayed (b) With water molecules displayed.

The building blocks of these RNA nanoclusters i.e the RNAI and RNAII are defined as
the sense and anti sense plasmids that control the replication of COLE1 [8, 9]. COLE1 is a
DNA molecule separated from chromosomal DNA that is found in the cell of bacteria. The
sequences for the RNAI is (GGCAACGGAUGGUUCGUUGCC) and that for the RNAII is
(GCACCGAACCAUCCGGUGC) [7]. The six helical segments are constructed from RNAI
and RNAII building blocks to model the RNA nanoring and the nanorings are connected via the
links which are also built from the RNA strands of the size 22 nucleotides. The model structure
of the RNA nanocluster is presented in Figure 1.

Experimentally the studies have been done for the calculation of free energy of RNA hairpin
folding at different concentration of NaCl and KCl solutions [10] and found that the value of
the free energy is depending on the logarithmic of the salt concentration as well as the stability
of the RNA hairpin in NaCl solution was found more in comparison to the stability in in the
KCl solution . The ionic concentration dependence studies on the binding of HIV -B virus
has also been studied and it has been found that the binding of two human immunodeficiency
viruses type-1 (HIV-1) is much more favourable at high concentration of salt in the presence of
magnesium ion [11, 12]. Furthermore, the dependence of the self assembly of the tecto RNA
has also attracted interest [11]. Recently, the several salt solutions has been used to study the
detection of the MicroRNAs taking the DNA/silver nanocluster as the probe [13]. Having this
in mind, in our current study the calculation of properties of RNA nanoclusters in different kind
of solutions are performed for various type of ions.

The rest of this paper is organized as follows. In section 2 we describe the computational

2
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methodologies used for calculations. The results are presented and discussed in Section 3.
Concluding remarks and an outlook are then stated in Section 4.

2 Computational Details

In the modern development of the computational methods, the classical Molecular Dynamics
simulation is one of the most versatile tools for the modeling of the biological systems [14, 15].
Here in our present contribution we have solvated the RNA nanocluster in a water box. To this
solvated RNA nanocluster, we have added the K+, 25Mg2+and the 35Cl−ions in order to make
the RNA nanotube immersed in to the varieties of the salt solutions which can facilitate us to
see the solution dependent behaviour of the RNA nanocluster The solvation and the ionization
of the RNA nanocluster is done by using the VMD tool [16]. In order to do the molecular
dynamics simulation of this RNA nanocluster at the constant temperature we have used the
CHARMM27 force field [17] implemented by the software package NAMD [18].

In molecular dynamics simulation the classical equations of motion of a molecular system
are solved by their time dependent integration. The potential of the system used during the
molecular dynamics simulation using CHARMM force filed can be expressed as follows [17]:

Vtotal = ∑
bond

Kb(r− r0)
2 + ∑

angle
Kθ (θ −θ0)

2 + ∑
dihedral

Kφ (1+ cos(nφ − γ))

+ ∑
Hbond

(
Ci j

r12
i j

−
Di j

r10
i j
)+ ∑

Vanderwaals
(
Ai j

r12
i j

−
Bi j

r10
i j
)+∑ qi j

εri j
(1)

where the first term corresponds to bonds, second corresponding to angle parameters and so on
as indicated in the Equation 1 defining the potential of the system.

The output of the molecular dynamics simulation has also been analysed by using VMD to
calculate the radial distribution, ion distribution, RMSD and the radius of gyration at different
concentrations of salt solution. The RNA-nanotube modeled from the RNA building blocks
has been solvated in a water box. The size of the box is taken in such a way that the distance
from the surface of nanocluster to the wall is slightly larger than the cut off radius used in
the MD simulation. In order to make the system neutral we have added 1254 23Na+ to the
nanotubes. On top of this, before the MD simulation the RNA nanotube with four nanorings
is ionized with the 1254 23Na+ and 35Cl− ions added to the waterbox. In the case of the
MgCl2 solution we have added 1254 25Mg2+and 35Cl−ions to the solvated RNA nanocluster
system prepared for the molecular dynamics simulation. In case of the MgCl2 solution the
25Mg2+ions being doubly positive charged, the half of this will contribute to neutralization of
the phosphate group’s negative charges in the entire tube and the rest of this will contribute to
the added 35Cl−ions. These systems were first simulated at constant temperature and pressure
using NAMD software. The temperature in the system has been controlled by using Langevin’s
method with damping parameter η = 5 ps−1. For adding chemical bonds between the segments
in the nanoclusters we have used the topotools available in the VMD.

3
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Figure 2: (a) Energy vs time and (b) Temperature vs time during the molecular dynamics simulation of 4 ring
RNA nanotube in magnesium chloride solution.

3 Results and Discussion

In this contribution we focus on the behavior of RNA nanoclusters in the varieties of the
metal chloride solutions including the physiological solution. The RNA nanoclusters are built
from RNAI/II building blocks using molecular dynamics simulation. The construction of the
RNA nanoclusters using these RNA building blocks have been provided in detail in our earlier
work [4, 5]. The molecular dynamics simulations of the RNA nanotube have been performed
in the simulation box for the time period 1ns at a constant temperature 310K. The energy and
temperatures are saved in every 1ps. Variation of energy and the temperature during molec-
ular dynamics simulation for the RNA nanotube with four RNA nanorings in the magnesium
chloride solution is shown in Figure 2. From the energy plot it is clear that the energy at the
beginning of the simulation goes on increasing but after about the simulation time 0.2ns the
energy of the system becomes stable. The significant change in the energy is observed in the
minimization region of the molecular dynamics simulation. The later part of the simulation is
known as the production region around which we will do the calculations of the properties of
the RNA nanocluster in the MgCl2 and NaCl solutions.

The number of 23Na+, 25Mg2+and 35Cl−ions around the surface of the RNA nanotube within
the distance 5 Å from its surface as a function of time in NaCl and MgCl2 solutions are presented
in the Figure 3 (a). The trajectory of the molecular dynamics simulation is saved for 1ns time
range in each of the solutions at 310K temperature. From these ionic distribution plots we
see that the number of metal ions (i.e 23Na+and 25Mg2+) around the RNA nanotube surface
are significantly higher than the number of 35Cl−ions in both the solutions. The number of
25Mg2+ions is less then the number of 23Na+ions because the former is the divalent positive
charged ion whereas the later is the monovalent singly charged ion. For a particular type of
ions the number of ions at the beginning increases and approximately after 0.4ns the number of
ions becomes consistent. The distribution of the 25Mg2+and 35Cl−ions around the surface of

4
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Figure 3: (a) Number of ions with the range of 5 Å (b) Number of bonds per base pairs (c) Radius of gyration and
(d) RMSD of 4 ring RNA nanotube obtained from all atom molecular dynamics simulation.

the RNA nanocluster in MgCl2 solution is found similar to the distribution of the corresponding
ions in NaCl solution which is ultimately similar to the characteristics obtained for other various
RNA nanoclusters in physiological solution [4, 5]. Furthermore, the results for the radius of
gyration, root mean square deviation and the number of basepairs in two different solutions
are presented in Figure 3(b),(c) and (d) respectively. From the plots the radius of gyration of
the system is increasing at the beginning which later becomes constant for all solutions. The
value for the radius of gyration in the MgCl2 solution is higher than that in the NaCl solution.
The root mean square deviation is not significantly changing on going from one to another salt
solution.

In our earlier studies we have analysed the properties of the RNA nanocluster at different
temperatures as well as the different concentration of the physiological solution. In current
study the calculation of the properties in different kind of salt solution is done. The temperature
and the concentration are taken constant during molecular dynamics simulation.

5
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4 Conclusions

In this paper we have presented four ring RNA nanotube constructed from the RNA building
blocks as an example of a coupled problem in studying complex RNA based biological sys-
tems. Its behaviour in different metal chloride solutions has been studied. The change in the
behaviour of the RNA nanotube in these solutions are found similar to the results obtained in
our earlier work those were performed for the RNA nanoclusters of the various size [3, 4, 5].
From our analysis, it is clear that the quality of the results are likely to be improved further by
doing the MD simulation for longer period of time those are comparable to the time of the real
biological process that occur in the human body. Furthermore, the study of the properties of the
RNA nanocluster at the different concentration of 25Mg2+ions in the solution will give a better
understanding about the stability of the RNA nanocluster.
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Abstract. Development of a feasible model for transport within complex vasculature network 
and tissue remains a challenge. Such a model is particularly important when considering drug 
transport within tumor environment. A drug used to cure the cancer is first transported 
through blood vessels, then it attaches to the vessel endothelium and faces biological barriers 
in the vessel wall to reach cancerous cells.  
We have developed a model for convective-diffusive drug transport which is simple and 
computationally efficient. One of the challenges was to couple fluid domain within blood 
vessels and solid domain of the tumor microenvironment. We have introduced fictitious 1D 
finite elements which appropriately take into account transport characteristics of the vessel 
walls. These characteristics include leakage and permeability of the walls. In evaluating wall 
permeability of a drug, we implemented our hierarchical multiscale methodology which 
couples molecular dynamics (MD) and continuum FE model. A numerical homogenization 
procedure was employed to obtain equivalent continuum transport parameters which account 
for interaction on molecular level between drug and solid components of the wall 
microstructure. Also, a possibility of using equivalent continuum transport models for 
capillary beds is investigated in order to further simplify and increase efficiency for the 
overall model of tumor.  
As a numerical example, we calculate transport through a capillary bed to illustrate 
applicability of our methodology. 

1 INTRODUCTION 
We here study transport of particles/molecules dissolved within blood, and their 

subsequent transport through tumor tissue. The tumor vasculature consists of an arterial and 
venous system, including larger vessels (arterioles and venules) - with diameters on the order 
of hundred micrometers, and capillary vessels with diameters as small as a few micrometers. 
We consider that transport occurs from the arterial network into tissue, which is composed of 
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cells and intercellular space, and back - from tissue to the venous networks. There are two 
coupled transport domains: a fluid domain consisting of blood and a solid (tissue) domain. 
Transport within tumors is complex due to irregular blood vessel branching and variability of 
vessel diameters and lengths. Also, blood flow is affected by presence of cells within blood 
plasma, so that the fluid has a colloidal character.  In our model we approximate the blood by 
a Newtonian fluid and neglect additional resistance at branchings. 

Two references are cited here which are the closest to our study. The most commonly used 
is the “network” method [1], where the network is represented by blood vessel segments with 
common edges (nodes) within the network. Pressure change along segments is governed by 
the Hagen-Poiseuille law, while the pressure is equal for all segments at a common node, and 
the total flux at interior nodes is equal to zero. A system of linear equations with respect to 
nodal pressures is formed and solved with the given boundary conditions, pressures and/or 
fluxes. A generalization of this concept is given in [2]. 

In our transport model for large vascular systems [3], it was necessary to resolve the 
coupling of the fluid and solid domains, and to incorporate blood vessel wall properties with 
respect to hydraulic and diffusive transport. We here give details about the methodology for 
this coupling.  

In the next section we outline the main features of our tumor computational model and in 
Section 3 introduce the concept of the fluid-solid coupling. One numerical example is given in 
Section 4, followed by concluding remarks in the last section. 

2 COMPUTATIONAL MODEL FOR MASS TRANSPORT WITHIN LARGE 
BLOOD VESSEL NETWORK AND TISSUE 

Here is summarized the formulation of our model for transport within large blood vessels 
systems and tissue, according to reference [3].    

The 1D continuity equation has the form 

 1 0rx rvv
x r r


 

   
(1) 

where vx and vr are axial and radial velocity components, and x and r are axial and radial 
coordinates, respectively. Using boundary conditions at the (pipe) vessel internal wall R: vx=0, 
vr =∂R/∂t,  this equation transforms into 

22 0v v R R
x R x R t
  

  
  

 (2) 

where v is the mean velocity.  We further assume that wall is incompressible and elastic with 
Young’s modulus E, so that the radius change due to the change in pressure p (assuming 
cross-sectional uniformity), can be related by the equation: 

2
E

R pk R
t t

 


 
 (3) 

where the elastic constant kE  is 
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0

3  
4Ek

E
  (4) 

Here, we have neglected the change of the wall thickness δ0 . The continuity equation (2) can 
be written in terms of the fluid flux Q (Q=R2πv ),

 
 

32 0E
p QR k
t x

  
 

 
 (5) 

The equation of the balance of linear momentum, the 1D Navier-Stokes equation, for a 
pipe cross-section with the radius R, is: 

2 2

2 2

1 1x x x x x x
r x

v v v p v v vv v
t r x x r r r x




       
             

 (6) 

where   is kinematic viscosity, and   is fluid density.  This equation can be written in terms 
of pipe flux Q   as

  2 212 2 Q 0Q Q Q Q R pA
t A x R A x R x

 
  

    
          

 (7) 

where A is the cross-sectional area, and μ is the fluid viscosity;   is a dimensionless 
parameter  

2
2 2

0

2 R

xrv dr
R v

    (8) 

which is a measure of variation of velocity with distance from the axis of symmetry  (velocity 
profile); and  γ  is [4]: 

2 1x
rv v
R




      
   

 (9) 

parameter which defines the profile shape, from parabolic to plug flow. The value γ=2 
corresponds to a parabolic profile, while γ=9 can be used for oscillatory flow of one cardiac 
cycle. Parameters α and γ can be related as:    2 / 1     . For a parabolic profile, 
which is commonly assumed, α=4/3.   

Capillary wall is a multilayered composite structure with fenestrations (holes) allowing 
plasma leakage to the surrounding tissue [5].  Capillary walls can roughly be classified into 
non-fenestrated (continuous), fenestrated, and discontinuous (sinusoidal) [5].  The leakage can 
mathematically be described using the Starling hypothesis [6] (known also as Kedem-
Katchalsky equation [7]): 

   P w ves tis ves tisQ L A p p          (10) 
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where Lp is hydraulic conductivity [8], Aw is the surface area of the vessel-tissue interface, pves 
and ptis are pressures within vessel and within tissue (interstitium  pressure); ves  and tis are 
osmotic pressures in vessel and tissue, and   is the osmotic reflection coefficient. The 
leakage of fluid through vessel walls must be taken into account in the computational model. 

Convective-diffusive transport within blood vessels can be simplified if blood is 
considered as a homogenous fluid, so that the governing equation of mass balance has the 
form [9] 

0c c cv D q
t x x x
             

 (11) 

where c is concentration, D is diffusion coefficient within fluid - which may depend on 
concentration, and q is a source term.  

Particulate transport through the vessel wall is very complex due to various physical and 
biological effects, and can be expressed in the form [5] 

   1s w w ves tis lmQ D A c c Q c      (12) 

where Qs is the particulate flux, wD  is diffusion (or transport) coefficient of the wall (flux per 
unit area of the wall and unit concentration),  vesc  and tisc  are concentrations within vessel 
and tissue; and lmc  is the mean logarithmic concentration, 

 ln /
ves tis

lm
ves tis

c cc
c c


   (13) 

which can also be taken as the arithmetic mean. Diffusion coefficient wD can be determined 
experimentally or numerically.  

Interaction between particles/molecules and the wall solid components (epithelium cells, 
fibers, etc.) can dominate the transport through the wall. This interaction on a molecular level 
may be incorporated into a continuum transport model by evaluation of the effective diffusion 
coefficients (or scaling functions) using MD procedures and a numerical homogenization 
(within a multiscale-hierarchical concept); such multiscale model has been developed and 
applied to various bioengineering problems [10-14].  

We consider tissue as a porous medium where transport of fluid and particles/molecules 
(drugs, nutrients) occurs within intracellular space. The solid phase form a complex 
microstructure composed of cells, or cells and various types of fibers. The fundamental 
relations used for fluid flow and for diffusion are summarized in [15]. We cite here the basic 
Darcy’s law (which can have additional terms [15]) and the continuity equation in case of 
neglecting deformations of the solid microstructure,  

,,  no sum on ;          +q =0, sum on : =1,2,3            v
i Di i i

i

pv k i v i i
x


 


 (14) 
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where  iv  are Darcy’s velocities, Dik  are Darcy’s coefficients,  p is the interstitial pressure, 

and qv  is a source term; the second equation expresses the continuity equation.  Diffusive 
transport equation has the form (11), now extended to three dimensions, 

0,          sum on :  =1,2,3V
i i

i i i

c c cv D q i i
t x x x

    
         

 (15) 

and it also may be modified to account for specific biological effects [15].  Diffusion 
coefficients can also be calculated using the multiscale-hierarchical concept and numerical 
homogenization as for capillary wall: a reference volume is selected and equivalent diffusion 
parameters are evaluated from the mass release curves [14]. 

We next summarize the basic finite element equations for blood vessels and tissue, based 
on the above fundamental equations. First, the 2-node pipe 1D element for fluid flow is 
derived form (7) by a standard Galerkin procedure [9],   

1 1             vv vv vp ext vv t
IJt t

       
M K Q K P Q M Q  (16) 

where extQ  is external nodal flux, and  tQ is the flux at start of time step of size t . The 
matrices are given in  [3], with the matrix Kvv being a function of the flux Q within the 
element. Further, we differentiate equation (7) with respect to axial coordinate x, and then 
write that equation in the weak form, as (for equilibrium iteration “i”) 

   ( 1) ( 1) ( ) ( 1) ( 1) ( 1) ( 1) ( 1)p i p i i i p i p i i p i t           M K P F M K P M P  (17) 

where tP is nodal pressure at start of time step. Details are given in [3]. 
The balance equation (17) represents the basic equation with pressures as the nodal 

variables in which the continuity equation (5) is incorporated.  During solution process, 
equation (16) is used for updating fluxes in matrices of equation (17).  The derived equations 
for 1D FE are applicable to deformable and rigid pipes. In case of a rigid pipe, equation (17) 
reduces to linear equation:  

p K P F  (18) 

leading to a system of equations used in the “network” method [1], [2].  Details about the 
above derivations are given in [16]. 

In case of diffusion, there is additional system of equations, following from the balance 
equation (15),  

 
           

1
11 1 11 1i

ii c i i ic c cv ext V t c cv
c ct t


              

M K K C Q Q M C C K K C  (19) 

where the matrices and the source vector V
cQ  are evaluated at end of time step;  1iC and tC  

are nodal concentrations at the iteration (i-1)  and  start of time step, respectively;  and ext
cQ  is 
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the external nodal flux vector. The matrix which couples convection and diffusion within the 
pipe is the matrix cvK . The matrices are given in [16].  

The FE balance equation for fluid transport within tissue follows form continuity equation 
(14),

 ( ) ( 1)t i ext V t i
t t

   K P Q Q K P  (20) 

while the convective-diffusive balance equation has the form (19); details are given in [3]. 

3 FINITE ELEMENT FOR COUPLING FLUID AND SOLID DOMAIN 
We have above summarized the governing transport equations in differential and FE form.  

They differ for the fluid domain (within blood vessels) and tissue. The boundary between 
these two domains is represented by blood vessel walls, which have their own transport 
characteristics. Here, following [3] we introduce a 2-node 1D fictitious element to connect the 
two domains, with including the wall transport properties. The fictitious element AB (Fig. 1) 
have the node A connected to fluid, hence the node A is a node of 1D pipe element; and the 
node B is the node of the continuum (tissue) medium. Geometrically, the nodes A and B are 
at the same spatial position. There are gradients of pressure and concentration between nodes 
A and B. The characteristics of the AB element are such that they represent the particulate and 
fluid transport properties of the parts (L/2 in Figure 1) of pipe elements associated to the 
common node A.    

 
Figure 1: Fictitious 1D element for connection of blood vessel and tissue finite elements [3]. The node A 

belongs to a 1D vessel FE, while (at the same spatial position) the node B of the fictitious element belongs to a 
tissue continuum FE. 

In order to formulate the fictitious FE, we express the fluid flux according to equation (10) 
as  
 

 f p p A BQ L A P P   (21) 

where pL  and pA  are the equivalent hydraulic conductivity and surface, respectively.  We 

have neglected the osmotic part of the transport in this equation.  The product p pL A  can be 
evaluated as 
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1
2

e e
p p p

e

L A L A   (22) 

where summation is over elements e with the common nod A; the coefficient ½ indicates that 
half of the total element surface belongs to the common node A. Then, the incremental form 
of balance equation can be written as, 

( ) ( 1) ( 1)p i ext i p i   K P Q K P  (23) 

where 

1 1
1 1

p
p pL A

 
   

K  (24) 

( 1)ext iQ  are fluxes from the surrounding elements (for node A those are 1D blood vessel 
elements, and for node B are tissue elements); and the nodal pressure vector has the terms PA 
and PB. 

We formulate the convective-diffusive FE starting from the expression for flux, 

   1c w c A B lmQ D A C C Q C      (25) 

where wD  and cA  are the equivalent diffusive transport coefficient and equivalent diffusion 

surface, respectively; Q   is the equivalent fluid flux, which can be determined from pipe flow 
equations;  and lmC  is the is the mean logarithmic concentration (according to (13)).  The 
equation (25) can be transformed into the incremental form and then written into the FE 
format (23), 

( 1) ( ) ( 1) ( 1) ( 1)c i i ext i c i i
c

     K C Q K C  (26) 

where ( 1)c iK  is the transport matrix, and ( 1)ext i
c

Q  are diffusion fluxes coming from 

connecting pipe and continuum elements. The matrix ( 1)c iK  is  

 
 

    
1

1
1

1 1
1

1 1ln /

i
c i

w c i
A B

QD A
C C







   
         

K  (27) 

The flux  1iQ   can be determined from equation (21). 
Finally, we present a concept of the tumor model where the role of the fictitious 1D finite 

element is emphasized. Figure 2 shows a tumor model where larger vessels are represented by 
1D pipe elements, while capillary bed is modeled by the equivalent continuum elements [3]. 
The pipe elements are connected to tissue by the fictitious elements. Also, the fictitious 
elements are employed in the numerical homogenization to obtain equivalent transport 
parameters of the continuum. With this concept, the model of tumor becomes very efficient 
and can be used in research and further in medical practice. 
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Figure 2: Concept of a tumor model with use of 1D fictitious elements for coupling fluid and solid domains 

4 NUMERICAL EXAMPLE 
Here we present application of our model on a capillary bed domain. The model consists of 

capillary network, located between the inlet artery (left) and outlet vein (right side of model).  
Blood vessels are modeled by 1D finite elements and surrounding tissue is modeled by 2D 
FEs. Boundary conditions include: inlet and outlet pressures and inlet and outlet concentration 
of a drug, with PIN = 25mmHg, POUT = 10 mm Hg, CIN = 25 M/l and COUT = 10 M/l.  

 
Figure 3: Concentration field within capillary bed domain for different times: a) t = 0.2s b) t = 10s  and c) t = 

20s; d) Mass change over time in the 2D surrounding tissue  
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It is taken that the tissue boundary, within the indicated square, is impermeable. Fluid 
viscosity is 7.5 x E-6 mmHgs, while diameters of vessels are in the range of 30 mm for artery 
and vain down to 4 mm for capillary network. Leakage coefficient of the wall is 1 x E-3 mm 
/s, permeability of capillary wall is 0.05 Mole / mm2 s, diffusion coefficient in capillary is 5 x 
E+5 mm2/s, diffusion coefficient in tissue is 1000 mm2/s, and the Darcy coefficient in tissue is 
1.0 x E-4 [mm2 / mmHg s]. Concentration distributions of the drug within the capillary bed 
and surrounding tissue at times: t=0.2s, 10s and 20s is shown on Figures 3a,b,c respectively. 
Mass change during time in 2D surrounding tissue is shown on Fig 3d. 

4 CONCLUSIONS 
A 1D finite element is formulated for coupling fluid and solid domains in modeling 

transport within tumor. The element captures complex transport characteristics of capillary 
walls and provides an efficient way to simulate transport of drugs from blood vessels to 
tissue. 
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Abstract. Understanding heat and mass transfer phenomena at solid-liquid nanoscale 
interface plays a crucial role for introducing novel and more rationally designed theranostic 
particles, drug with tailored features and for gaining new insight on the biomolecules 
functioning. For instance, the water transport properties in the proximity of Amyloid beta 
peptides can influence the formation of amyloid plaques found in the brains of Alzheimer 
patients. 

In the present work, transport behavior of water molecules in nanoconfined conditions has 
been investigated. By means of equilibrium Molecular Dynamics (MD) simulations, 
characteristic length of water confinement has been evaluated in the proximity of several 
biomolecules such as proteins and amino acids. Moving from proteins to their building blocks 
(i.e. amino acids), a similarity in water behavior was initially expected; MD simulations 
results show, instead, a more complex picture revealing a difference between the potential of 
water nanoconfinement by either proteins or amino acids. Hence, the reduction of water 
mobility in the proximity of nanoscale interfaces does not rely only on the local physical and 
chemical properties of the biomolecules surface, but the effects of size and potentials overlap 
should be also taken into account. 

1 INTRODUCTION 
Nanomedicine is the science dealing with the design and development of therapeutic 

and/or diagnostic agents in the nanoscale range (i.e. diameters from 1 to 100 nm), including 
all the critical aspects linked to the transport and delivery of therapeutic molecules and drugs 
in the body. Several studies underline the importance of nanoscience in medicine. For 
instance, Nuclear Magnetic Resonance Imaging (NMRI), which is one of the most spread and 
powerful diagnostic techniques, is receiving great advantages thanks to the use of 
nanoparticles. Relaxivity parameters (  and   ) of MRI contrast agents are enhanced by 
nanoconfined conditions: for examples, Ananta et al. experimentally found    increases by 
confining contrast agents in mesoporous silica [1], whereas, Gizzatov A. et al. proved similar 
results for    of ultra small paramagnetic iron oxides nanoparticles (USPIOs) [2]. Other 
examples of successful coupling of nanotechnology to medicine come from therapeutic 
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application. Nanotechnology-based approaches to hyperthermia seem to have great 
potentiality and a reduced invasiveness [3][4]. 

In all the previous examples, the understanding of heat and mass transport phenomena at 
the nanoscale takes on great importance for designing patient-tailored and more performing 
biomedical devices. In particular, the modulation and precise control of the water molecules 
diffusion in the vicinity of MRI contrast agents allow remarkable improvement in imaging 
performance, whereas an accurate study of heat conduction in the proximity of heated 
nanoparticles can be extremily useful to design their shape, size and coating for thermal 
ablation. Moreover, also proteins may modify their structure and thus their functionality 
according to the dynamics of the surrounding water environment [5][6]. Enzymatic activity, 
molecular recognition and folding process of proteins are strongly influenced by surrounding 
water mobility [7][8]. Furthermore the hydration layer has a key role in the formation of 
protein aggregates, such as those involved in Alzheimer’s and Parkinson’s diseases [9][10]. 

The properties of water nanoconfinement and the reduced water mobility at the solid-liquid 
interfaces have been studied and scaled by Chiavazzo et al. [13][14]. After having evaluated 
the self-diffusion coefficient of water in several nanoconfined geometries, authors formulated 
a scaling behaviour for water molecules diffusion in confined configurations:  ( )  
  (   ) where   is the water self-diffusivity in the solvated system,    is the bulk self-
diffusion coefficient of water and   is a dimensionaless parameter which is related to 
confinement conditions. In particular,   is given by the ratio between the water confined 
volume and the total volume of water in the system. 

In this article, the nanoconfinement of water has been studied in the proximity of proteins 
and their building blocks: amino acids. Numerous experimental and theoretical studies have 
already demonstrated that the water molecules in the proximity of a protein surface are 
subjected to confined dynamics [15][16]. Moreover several works have shown the important 
role of amino acids in the protein structure stabilization [26][27], or their influence on water 
viscosity [26]. However, a broad physical understanding of the water mobility modification in 
the vicinity of any protein is still a subject of investigation, mainly because of the variety of 
amino acids physicochemical properties (hydrophilic vs. hydrophobic). 

Here, molecular dynamics simulations are used for evaluating the different water confining 
capabilities of a large variety of proteins and amino acids. The main results show the 
hydration layer around poroteins, forming beacause of the attractive potential with interface, 
is almost 40% bigger than the amino acids. The reason of this descrepacy has been attributed 
to the few atoms of proteins building blocks involving in the non-bonded interaction with 
water molecules. This latter evidence sheds light on the difficulty in diriving water 
confinement around proteins starting from their building blocks: just 20 amino acids can join 
with several possible configurations providing different proteins characteristics and 
functionality. Finally, some points of discussions for a future work  are presented.  

2 METHODOLOGY 

2.1 Molecular Dynamics simulations 
In order to study the water transport properties at the solid-liquid nanoscale interface, 

Molecular Dynamics (MD) simulations have been performed by GROMACS (GROningen 
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MAchine for Chimical Simulations) software [17]. By solving classical Newton’s laws, MD 
simulations are able to describe the motions of single atoms within a complex molecule or 
particle. 

In this study, equilibrium MD simulations have been carried out for five proteins (B1 
Immunoglobulin binding-domain, 1PGB; Ubiquitin, 1UBQ; Green Fluorescence Protein, 
1QXT; Lysozime, 1AKI; Leptine, 1AX8) and 13 amino acids. The proteins sample covers a 
large variety of these biomolecules, with different structure and functionality, which allows to 
deduce water confinement behavior independently from the specific protein characteristics. 
Among the 20 amino acids in nature, just some examples per each group (polar, charged and 
neutral) have been studied (Figure 1). Hence, hydrophobic as well as hydrophilic behavior is 
investigated. In detail we considered arginine (ARG), aspartic acid (ASP), glutamic acid 
(GLU) and lysine (LYS) as charged amino acids; asparagine (ASN), glutamine (GLN), serine 
(SER), threonine (THR) and tyrosine (TYR) among polar amino acids and valine (VAL), 
isoleucine (ISO), leucine (LEU) and glycine (GLY) for the neutral family. 

The geometries of all the studied cases have been downloaded from the RCSP Protein Data 
Bank [18] and the topologies have been completed by including CHARMM27 [19][20] force 
field. Each of these biomolecules has been solvated in a dodecahedral box of water where 
solvent molecules are described by spc/e model [20]. Before minimizing the energy, ions are 
added where needed, in order to achieve the neutrality of the system. Then two equilibration 
steps of 100 ps each have been performed: the former has been computed within a canonical 
ensemble (fixed Number of particles, Volume and Temperature-NVT) at 300 K by imposing a 
V-Rescale thermostat [21] on both water and biomolecule; the latter (fixed Number of 
particles, Pressure and Temperature -NPT), equilibrates the system to 300 K and 1 bar 
pressure, by means of Parinello-Rahman barostat [23][24]. Finally a 1 ns simulation has been 
performed for the equilibrated system. 

Confining characteristics of the considered biological surfaces are studied by post-
processing MD trajectories at steady state conditions. 
The solvent mobility has been described by the self-diffusion coefficient related to the slope 
of the mean square displacement (MSD) of water by the Einstein relation: 

    
   

〈‖  ( )    ( )‖ 〉         

where   ( ) and   ( ) are the position vectors of the solvent molecules at the time t, and at 
the time t = 0, respectively and   the self diffusion coefficient of water. The considered 
simulation time is larger compared to the typical time of the velocity autocorrelation function, 
so that any dynamical coherence of the molecules motion has disappeared. The GROMACs 
tool to compute the solvent self-diffusion is g_msd. Instead by g_sas, the solvent accessible 
surface (SAS) [25] of each bio-structure can be calculated. Both the total Stot and local solvent 
accessible surface related to the single atom (Sloc,i) are readily computed by GROMACS, once 
the geometry of the system is known (e.g. in the form of a pdb file). Moreover, the g_sas 
option, “-q” provides a pdb file containing the Cartesian coordinates of the points forming the 
solvent accessible surface. 
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Figure 1: Structure of the 11 amino acids studied in the present work. Amino acids pictures are made with 

USCF Chimera [11]. 

2.2 Derivations of the characteristic length of water confinement 
Moving from the bulk region to the proximity of solid-liquid surfaces, water molecules 

show a reduction of mobility and a more ordered structure. While in the bulk, fluid water 
molecules fluctuate with a kinetic energy proportional to    , where    is the Boltzmann 
constant (1.38 × 10−23 JK−1) and T is the temperature, close to the solid surfaces they are 
subjected to Van der Waals (Uvdw) and Coulomb (Uc) interactions, which interfere with their 
state of agitation. This induces a layering of water molecules with reduced mobility at the 
soli-liquid interfaces, as already pointed out in other works [12]. 

Chiavazzo and colleagues [13] introduced a characteristic length, δ, to quantify the 
thickness of such confined water layer. The length δ is derived from the effective potential 
Ueff that water molecules feel at the Solvent Accessible Surfaces (SAS). The calculation takes 
into account just the interactions between water and the N atoms of the solid structure within a 
fixed cut-off radius (Rc), where Rc has been chosen large enough to include all atoms with a 
potential contribution different to zero, namely Ueff ~0. The corresponding effective potential 
energy Ueff is due to Van der Waals (Uvdw) and Coulomb (Uc) interactions and it has been 
computed as:   

      ( )       ( )   〈  〉( )  (1) 
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where the n-axis is orthogonal to the SAS and it is passing through the center of the atom i-th. 
Van der Waals interactions are modelled by: 

     ( )   ∑   [(
  
  
)
  
 (    

)
 
]

  

   
  (2) 

with   ,    and    denoting the depth of the potential well, the distance where such potential 
becomes zero (both obtained with Lorentz-Berthelot rule), and the Euclidean distance 
between the generic line point with coordinate n and the center of k−th nearest neighbour, 
respectively. For the Coulomb interactions, the average potential energy between the N atoms 
and the water dipoles, at a fixed temperature T, is 

 〈  〉( )        (
   
   

)  (3) 

where E, μw, and Г denote the electrical field strength, water dipole moment (7.50 ×10-30 C m 
for SPC/E model) and the Langevin function. The 〈  〉( ) formulation is derived from the 
Maxwell-Boltzmann distribution of water dipoles orientation, due to the thermal agitation. 
Knowing the effective potential Ueff (n) for the atom i, a corresponding characteristic length  δi 
can be estimated. According to [13], δi is evaluated considering the depth within which the 
effective potential is stronger than water molecules thermal energy. Therefore, based on the 
definition of δi, all the water molecules located within such a distance are significantly 
affected by the Van der Waals and Coulomb interactions, whereas all the water molecules 
beyond the characteristic length δi can escape the potential well generated by the solid wall. In 
general, the quantity δi varies per each atom i. The mean characteristic length  ̅ of the overall 
solid surface can be derived as: 

  ̅   
∑          
   
    

  (4) 

with Sloc,i and N being the specific (per-atom) SAS for the atom i and the total number of 
atoms, respectively. Note that the above formulation is general and applies to hydrophilic and 
hydrophobic surfaces, regardless of their electrostatic surface charge. 

3 RESULTS 

3.1 Water confinement at solvent-proteins interfaces 
The computed characteristic lengths of water confinement for the five proteins previously 

described are shown in Table 1. Although the study cases present strong differences in 
structure, shape and functionality, the thickness of water molecules layer forming in the 
proximity of proteins surfaces is comparable and it oscillates in the range: 0.305±0.01 nm. 
Hence, results show that independently from the specific protein, just few layers of water 
molecules are significantly affected by the effective potential of the solid surface. 

Regarding the solvent accessible surface, values cover a range from 36.04 nm2 (B1 
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Immunoglobulin binding-domain) to 108.8 nm2 (Ubiquitin). 
The self-diffusion coefficient of water in the proximity of the studied proteins is reduced 

respect to the bulk value (2.6·10-9 m2/s [26]) and it goes from 2.364 ± 0.025 ·10-9 m2/s 
(Lysozime protein) to 2.434 ± 0.014 ·10-9 m2/s (B1 Immunoglobulin binding-domain protein). 
The latter results are in good agreement with the prediction of the scaling law suggested by 
[13]. 

Table 1: Mean characteristic length  ̅ of water nanoconfinement, solvent accessible surface (SAS) and water 
self-diffusion coefficient for five solvated proteins 

Proteins  ̅  [nm] SAS [nm2] D [m2/s] 
1 PGB 0.295 36.04 (2.434 ± 0.014) ·10-9 
1UBQ 0.309 48.02 (2.411 ± 0.063) ·10-9 
1QXT 0.302 108.8 (2.425 ± 0.016) ·10-9 
1AKI 0.306 67.4 (2.364 ± 0.025) ·10-9 
1AX8 0.315 68.9 (2.372 ± 0.016) ·10-9 

3.2 Water confinement at solvent-amino acids interfaces 
As described in the previous paragraph, the relation between water nanoconfinement 

length and proteins surface properties appears not so trivial: although proteins present 
different fuatures and configurations, they show the same ability in confining water at their 
surface. Because of this complexity a deeper investigation has been carried out on proteins 
building blocks: amino acids in dilute aqueous solution. 

The combined use of molecular dynamics simulations and computational methods has 
brought to the results in Table 2. Although just slight differences are evident among the 
characteristic length of polar, charged and neutral amino acids, it is interesting to note that 
those with similar solvent accessible surface present values of  ̅ increasing with the 
hydrophilicity. For example, the water molecules layer in the proximity of aspartic acid ( ̅ = 
0.18 nm), is larger than the Valine characteristic length ( ̅ = 0.153 nm). This result can be 
considered in line with the definition of  : because of the presence of charged and polar 
residues in the side chain of aspartic acid, water molecules are affected by a deeper potential 
well and thus by a stronger confinement at the solid-liquid interface.  

Concerning the self-diffusion coefficients of water in the proximity of the latter amino 
acids, D values are comparable to those of proteins. 

Table 2: Mean characteristic length  ̅ of water nanoconfinement and solvent accessible surface (SAS) for the 13 
amino acids considered 

Charged amino acids  ̅  [nm] SAS [nm2] 
ARG 0.208 3.06 
ASP 0.180 2.26 
GLU 0.185 2.52 
LYS 0.184 2.77 

598



A.Cardellini, M. Fasano, E. Chiavazzo and P. Asinari 

 7 

Polar amino acids  ̅  [nm] SAS [nm2] 
ASN 0.168 2.30 
GLN 0.182 2.55 
SER 0.163 1.98 
THR 0.164 2.19 
TYR 0.213 3 

Neutral amino acids  ̅  [nm] SAS [nm2] 
VAL 0.153 2.29 
ISO 0.167 2.51 
LEU 0.180 2.57 
GLY 0.155 1.65 

3.3 Interpreting the mismatch between   proteins and amino acids 
A comparison between Table 1 and Table 2 clearly leads to the consideration that the mean 

characteristic length of confinement evaluated for the amino acids is almost 40% less than the 
proteins one. This mismatch becomes even more evident from the Figure 2 where, the average 
value of  ̅ is plotted for the three amino acids groups (charged, polar and neutral) and for the 
studied proteins. 

It is well established that the hydration layer forming at the solvent-particle interface is 
strongly dependent on the surface physicochemical properties. However, since amino acids 
are proteins building blocks, the significant differences in terms of the mean characteristic 
length could result unclear. The latter behavior may be due to a size-dependent effect. In fact, 
because of the reduced number of atoms forming the amino acids, a water molecule in their 
proximity is subjected to a weak effective potential.  

Two further analysis have been followed to prove the size dependent feature of  . First, a 
MD configuration made out of two identical amino acids (arginine in this case) has been set-
up (Figure 3a). The initial distance, h, between arginines centers of mass has been fixed at 3 
nm and 1 ns equilibrium molecular dynamics simulation has been performed while fixing the 
amino acids relative position. In this case, each amino acid was characterized by its own  ̅, 
which exactly corresponds to the specific value reported in Table 2. Then, h was 
progressively decreased to 2 nm, 1nm up to 0.5 nm values (Figure 3b-d). As shown in Figure 
3, the solvent accessible volume in the region between the amino acids (h) is reduced as the 
amino acids were forced to approach each other. At one extreme, when h = 0.5 nm, water 
molecules are no more able to wet the entire surface of the two arginines, but they can just 
access to the external part of the coupled molecules. Comparing the  ̅, obtained for each set-
up, it is interesting to note an increase of the characteristic length of water confinement as the 
inter amino acids distance reduces (Table 3). This behavior is strictly connected to the 
effective potential overlap: as the arginines  approach, more atoms are located within the cut-
off radius, Rc, and thus more intense non-bonded interactions can be established between 
water molecules and the atoms of the bio-structure. Similar analysis has been repeated 
increasing the number of amino acids within the water box. Configurations with four and nine 
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amino acids are then simulated. As evident from Table 3, the mean characteristic length of 
water confinement further increases, as the amino acids distance reduces. A maximum value 
of 0.279 nm is reached in case of 9 arginine amino acids arranged in a 3x3 matrix with inter 
distances of 0.5 nm. 

 
Figure 2: Comparison between amino acids’ and protein’ s characteristic length of water confinement. An 

avarage value of  ̅ is calculated among proteins and charged, polar, and neutral amino acids. 

The latter value can be almost compared with the proteins hydration layer previously 
obtained, even if, probably the strong dipole of the peptide bonds (covalent chemical bonds 
formed when the amino group of one amino acid joins to the carboxyl group of its neighbor) 
can increase the effect of water confinement around a protein. Hence, in addition to the 
physicochemical properties of the solid surface, the water nanconfinement length is also 
influenced by the size of the considered molecule, and the potential overlapping assumes a 
relevant role to reduce the mobility of the polar solvent molecules close to the interfaces. 

To confirm the argument of potential overlapping, a second analysis has been considered. 
The MD trajectories of the solvated Ubiquitin protein (1UBQ) have been performed. Then, 
just a small portion of 1UBQ solvent accessible surface was analyzed and the effective 
potential Ueff evaluated (Figure 4). Results in Figure 4 clearly show that the solvent felt the 
potential from several amino acids present in its vicinity. Hence, the water local confinement 
can be attributed to the complex overlapping of the non-bonded potentials arising from 
contiguous amino acids. 
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Table 3: Mean characteristic length  ̅ of water nanoconfinement and SAS for different configuration of coupled 
arginine amino acids. 

n° Arginine 
molecules h [nm]  ̅  [nm] SAS [nm2] 

1  0.208 3.06 
2 3 0.198 6.21 
2 2 0.209 6.23 
2 1 0.216 6.09 
2 0.5 0.255 5.11 
4 0.5 0.256 9.10 
9 0.5 0.279 16.15 

 

 
Figure 3: Two ARG amino acids at different distane h. a) h = 3nm b) h = 2nm. c) h = 1 nm. d) h = 0.5 nm. 

Atoms within the cut-off radius contribuite to the effective potential which influences the water mobility at the 
solid-liquid interfaces. 

a b

c d

h
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Figure 4: Local effective potential (Ueff) felt by water molecules located along one of the normal directions to 
Ubiquitin surface. Because of the precise position on the protein, the dominant contribution to the effective 

potential comes from arginine -ARG- and  glutamic acid -GLN- atoms 

4 CONCLUSIONS 
The study of water dynamics under nanoconfined conditions has strong implication in 

nanomedicine, from the diagnostic to the therapeutic field. 
In this work, the water transport behavior in the proximity of proteins and their building 

blocks, amino acids, has been investigated. By means of molecular dynamics simulations and 
matlab computational tools, the water confinement length  ̅ has been evaluated at some 
proteins and amino acids interface. The latter physical quantity is defined as the distance 
between a water molecule and the solid surface where the attractive non-bonded interactions 
of the solid prevail on the kinetic energy of the liquid, thus causing a reduced mobility for 
water. The analysis of several study cases has shown a consistent mismatch: the almost 
constant values of δ among different proteins (       ) is significantly larger than the 
average one for amino acids (         ). We have demonstrated that the hydration layer at 
the solid-liquid interface has a strong dependence on the biomolecules size, in addition to the 
physicochemical properties of the solid surface. Thus, the limited amount of atoms in the 
amino acids structure determines a weak attractive potential with the water molecules in their 
proximity and thus a reduced confinement length. 

The latter evidence has been further proved by analyzing the  ̅ value in the light of the 
possible superposition principle of the solid-liquid non bonded potential. On one hand,  ̅ has 
been evaluated at the interface of two coupled amino acids at a variable distance, namely 
          . Moreover, also configurations with four and nine amino acids have been 
considered. On the other hand, the effective potential between water molecules and amino 
acids atoms has been calculated on a local portion of Ubiquitin surface. Results show that the 
enhanced water confinement capabilities of proteins do not depend on the average value of 
the amino acids one, but a cross interaction of the effective potential could occur. Therefore, 
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overall water confining properties of proteins are not strictly coupled to the ones of their 
building blocks, but they are enhanced by complex amino acids-amino acids interactions. 

The study of the hydration layer around amino acids or very small peptides such as 
Alzheimer’s amyloid-β(1–40) peptide could have implication in understaing the biomolecules 
aggragation, dynamics and functionality [29][30]. 
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Abstract. This work presents recent progress in phase-field-based fracture modeling in
heterogeneous porous media. Existing algorithms that have been developed in the last
years are extended to tackle three-dimensional configurations. Our solution technique
is formulated in terms of a nested Newton loop that combines a primal-dual active set
method (required for treating the crack irreversibility) and a Newton method to solve
the nonlinear, fully-coupled PDE system. An advanced numerical test demonstrates the
capabilities of our method.

1 INTRODUCTION

Crack propagation in elastic and porous media is currently one of the major research
topics in mechanical, energy, and environmental engineering. In this paper, we concentrate
specifically on pressurized-fracture propagation in heterogeneous media towards applica-
tions in porous media. Our method of choice is a variational approach for brittle fracture
[9] that is formulated in terms of a phase-field technique. The methodology seems very
promising as attested by several major publications in recent years [6, 7, 15, 14, 4, 2, 8].
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Here, discontinuities in the displacement field across the lower-dimensional crack surface
are approximated by an auxiliary phase-field function. This is an indicator function, which
introduces a diffusive transition zone (brittle or mushy-zone are also common expressions
depending on the discipline) between the broken and the unbroken material. Most impor-
tantly, fracture nucleation, propagation, kinking, and curvilinear paths are automatically
included in the model; post-processing of stress intensity factors and remeshing resolving
the crack path are avoided. Recent progress towards hydraulic fracturing scenarios has
been made in [10] (using XFEM/GFEM), [13] (using peridynamics) [5, 1] (using varia-
tional fracture methods), and [18, 19] (phase-field methods that are related to variational
techniques).

The crucial numerical aspects of a phase-field-based fracture propagation approach are
techniques that include resolution of the length-scale parameter ε, the numerical solution
of the forward problem and enforcement of the irreversibility of crack growth. The sum
of these requirements leads to a variational inequality discretized in terms of an adaptive
finite element scheme. A robust numerical framework has been proposed in [11] in which
a primal-dual active set method [12] is combined with a Newton method for the forward
problem and leading to a nested Newton loop.

The forward problem; namely, the coupled Euler-Lagrange PDE system is addressed
monolithically in which both equations, elasticity and phase-field, are solved simulta-
neously. We propose a robust numerical scheme in terms of a Newton linearization to
treat the non-convexity of the regularized energy functional and the consequences of non-
convexity on the Euler-Lagrange system.

The key aspect of this paper is to extend these algorithms to three-dimensional
applications and to demonstrate the potential of our method for two initially non-aligned
cracks in a heterogeneous medium and their propagation leading two interaction through
joining and branching. To the best of our knowledge such a result is novel for pressurized
cracks computed with phase-field.

The outline of this work is as follows: We first state the governing equations in Section
2. Then, we briefly state our main algorithm in Section 3. A sophisticated 3D numerical
example is presented in Section 4 in order to exploit the potential of our approach.

2 NOTATION AND EQUATIONS

In this section, we explain the governing equations. Here, we adopt an phase-field-
based approach in terms of the Euler-Lagrange weak formulation for pressurized fractures
that has been derived in [17, 18, 19]. The unknown solution variables are vector-valued
displacements u and a smoothed indicator phase-field function ϕ with values in [0, 1]. For
ϕ = 0, we denote a crack region and ϕ = 1 is the unbroken material. The intermediate
values constitute a so-called transition zone that is dependent on a regularization (or
length-scale) parameter ε. In particular, ε is the thickness of the transition zone. Due to
the crack irreversibility condition,

∂tϕ ≤ 0,

2
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the resulting system is a variational inequality.
Let V := H1

0 (Ω) and Win := {w ∈ H1(Ω)|w ≤ ϕn−1 ≤ 1 a.e. on Ω} be the function
spaces we work with; and for later purposes we also need W := H1(Ω).

Formulation 1 (Variational inequality system for pressurized fractures) Find (u, ϕ) ∈
V ×W with

((
(1− κ)ϕ2 + κ

)
σ(u), e(w)

)
− (α− 1)(ϕ2p, div w) = 0 ∀w ∈ V, (1)

as well as

(1− κ)(ϕ σ(u) : e(u), ψ−ϕ)− 2(α− 1)(ϕ p div u, ψ−ϕ)

+Gc

(
−1

ε
(1− ϕ, ψ−ϕ) + ε(∇ϕ,∇ψ−ϕ)

)
≥ 0 ∀ ψ ∈ Win ∩ L∞(Ω).

(2)

where, σ = σ(u) is the stress tensor,

σ := σ(u) = 2µe(u) + λ tr(e(u))I,

and e(u) the symmetric strain tensor defined as

e(u) :=
1

2

(
∇u+∇uT

)
.

and µ and λ are material parameters, I is the identity matrix, Gc is the energy release
rate Gc > 0, ε is the previously mentioned crack surface regularization parameter, and
finally κ is a positive regularization parameter for the elastic energy, with κ � ε.

This system is based on a quasi-stationarity assumption in which the time t (i.e. in a
quasi-stationary setting t is more a load parameter rather than true ’time’) enters through
time-dependent boundary conditions, e.g., u = u(t) = g(t) on ∂ΩD with a prescribed
boundary function g(t) of Dirichlet-type or through time-dependent right hand side forces,
e.g., p := p(t) as used in our numerical example.

Remark 2.1 In poroelastic applications, the pressure p is obtained from solving a pressure
Darcy equation. This coupled system is solved with a fixed-stress iteration [21, 16] in which
the pressure equation and elasticity equation are solved sequentially. Correct modeling
of interface forces [17, 19] ϕ2∇p where the fluid pressure in the crack interacts with
poroelastic fluid flow. However, for a given, piece-wise constant, pressure this term is
zero and neglected in the rest of this paper. In addition, Biot’s coefficient is chosen as
α = 0. Both terms appear in situations as investigated in [20, 22, 23].

3

607



Wick, Lee, Wheeler

3 NUMERICAL APPROXIMATION

Our solution algorithm is based on a combined Newton iteration (to compute an update
δUh

k such that Uh
k+1 = Uh

k +δUh
k , where k is the Newton iteration number, and h the spatial

discretization parameter) that assembles the crack irreversibility with the help of a semi-
smooth Newton method and a second Newton iteration for the fully-coupled forward
problem. The problem is quasi-static and temporal derivatives are approximated with a
backward difference scheme. Spatial discretization is based on Galerkin finite elements
using trilinear ansatz and test functions.

In the following, let the (discrete) residual be denoted by R(Uh
k ) = −A(Uh

k )(Ψ
h) with

Uh
k := {uh

k, ϕ
h
k} ∈ V h ×W h and (now neglecting the indices k and h):

A(U)(Ψ) =
((

(1− κ)ϕ̃2 + κ
)
σ(u), e(w)

)
− (α− 1)(ϕ̃2p, div w)

+ (1− κ)(ϕ σ(u) : e(u), ψ)− 2(α− 1)(ϕ p div u, ψ)

+Gc

(
−1

ε
(1− ϕ, ψ) + ε(∇ϕ,∇ψ)

)
= 0 ∀Ψ := {w, ψ} ∈ V ×W.

(3)

In this system, the well-known difficulty; namely the non-convexity of the first term on the

energy level,
((

(1− κ)ϕ2 + κ
)
σ(u), e(w)

)
is treated by replacing (the solution variable)

ϕ by a (known) extrapolation ϕ̃ computed from two previous time steps. This heuristic
procedure is very robust and yields excellent approximation properties with regard to the
true ϕ. Verification in terms of benchmarks is provided in [11].

The corresponding Newton matrix is built by computing the directional derivative
A′(Uh

k )(δU
h
k ,Ψ

h). Then, δUh
k := {δuh

k, δϕ
h
k} ∈ V h ×W h such that

A′(U)(δU,Ψ) =
((

(1− κ)ϕ̃2 + κ
)
σ(δu), e(w)

)

+ (1− κ)(δϕσ+(u) : e(u) + 2ϕ σ(δu) : e(u), ψ)

− 2(α− 1)p(δϕdiv u+ ϕ div δu, ψ)

+Gc

(1
ε
(δϕ, ψ) + ε(∇δϕ,∇ψ)

)
= 0 ∀Ψ := {w, ψ} ∈ V ×W.

(4)

Furthermore, (B)ii is a diagonal mass matrix [12].
The semi-smooth Newton method can be interpreted as a primal-dual active set method

and vice versa [12]. With these preparations, we define our solution algorithm:

Algorithm 3.1 ([11]) Repeat for k = 0, 1, 2, . . . :

1. Assemble residual R(Uh
k )

2. Compute active set Ak = {i | (B−1)ii(R
h
k)i + c(δUh

k )i > 0}, i : is a DoF

3. Assemble matrix G = A′(Uh
k )(·,Ψh) and right-hand side F = −A(Uh

k )(Ψ
h)

4
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4. Eliminate rows and columns in Ak from G and F to obtain G̃ and F̃

5. Solve the linear system G̃δUh
k = F̃ , i.e,

Ã′(Uh
k )(δU

h
k ,Ψ

h) = −Ã(Uh
k )(Ψ

h) ∀Ψ ∈ V h ×W h. (5)

6. Find a step size 0 < ω ≤ 1 using line search to get

Uh
k+1 = Uh

k + ωδUh
k ,

with R̃(Uh
k+1) < R̃(Uh

k ).

Finish if both stopping criteria are fulfilled simultaneously:

Ak+1 = Ak and R̃(Uh
k ) < TOL .

4 NUMERICAL TEST: TWO PENNY-SHAPED FRACTURES IN A HET-
EROGENEOUS MEDIUM

In this final section, we present an advanced numerical example that demonstrates the
capabilities for realistic scenarios of our method. This example is computed based on the
finite element software deal.II [3] and based on an extension of the programming code
developed for [11].

(a) Two initial fractures (b) Heterogeneity

Figure 1: (a) Two initial penny shaped crack is position in the middle of the media. (b)
Young’s modulus(E) has the value range of the shale rock region; E ∈ [1GPa, 10GPa]
and ν = 0.15.

We take a setting with two initial penny-shaped fractures in a 3D heterogeneous
medium. The locally refined grid in the cube Ω = (0m, 4m)3 with hanging nodes is
shown in Figure 1a. The cells around the crack interface are refined (if ϕ(x, t) < 0.8) us-
ing the a predictor-corrector strategy [11]. In Figure 1a two initial fractures are described.
The top fracture is centered at (2, 3, 2)[m] with radius r = 0.5m in y = 3m-plane and

5
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the bottom fracture is centered at (2.5, 2, 2)[m] with radius r = 0.5m in x = 2.5m-plane.
The crack is approximated as a volume by extending it with the spatial discretization
parameter h. The thickness of both fractures are 2hmin. As outer boundary conditions
we set the displacements zero on ∂Ω.

The pressure is constant in space with α = 0 in (1), but it is linearly increasing in
time as p = t × 1MPa[Pa], where t is the current time. The numerical constants are
given as k = 10−10 × hmin and ε = 2hmin. Here hmin = 0.0541266m and the time steps are
dt = 0.01s.

We observe joining and branching of non-planar fractures in heterogeneous media.
Those are automatically captured by the phase field method. See Figure 2 and Figure 3
for the details. Finally, in Figure 3, the bulk and crack energies are observed. We clearly
see that the crack energy remains constant while the cracks are not growing and this
energy increases for growing fractures.

(a) n = 10 (b) n = 11 (c) n = 13

(d) n = 14 (e) n = 15 (f) n = 16

Figure 2: Sequence of snapshots of fractures propagating at each time step number n in
3D heterogeneous media. The blue regions corresponds to ϕ < 0.1. Both fractures grow
non-planarly, then they join at n = 11 and start branching at n = 13.
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(a) Joining of two fractures (b) Branching after joining

Figure 3: Detailed snapshots of the areas where the cracks are (a) joining at n=11 and
(b) branching at n=13.
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Figure 4: Evolution of bulk and crack energies. The crack energy starts increasing when
the two fractures start growing at n = 10 (equal to t = 0.1). The bulk energy remains
increasing even for propagating fractures since the applied pressure is still advanced.

5 CONCLUSIONS

In this work, we applied recently developed algorithms to compute three-dimensional
pressurized-fracture propagation in heterogeneous media. The proposed method is effi-
cient and robust. The novelty in comparison to existent literature is a detailed numerical
simulation to show three-dimensional complex crack patterns, their forming, growth and
joining.
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Abstract. For the numerical simulation of oxygen potential distributions in Solid Oxide 
Fuel Cell (SOFC), the time-evolution of the anode microstructure is reflected in the 
macroscopic electrical conductivities and the amount of triple-phase boundaries. Once the 
oxygen potential distributions are determined, the time-variation of the reduction-induced 
strains due to nonstoichiometry of oxide materials is calculated along with the thermal strains. 
These strains cause the macroscopic stresses in mutually constrained components. Thus, the 
capability of the proposed method is demonstrated in characterizing the aging degradation of 
the macroscopic electro-chemo-mechanical behavior of SOFC that is caused by the Ni-
sintering in cermet microstructures during long-period control. 
 
1 INTRODUCTION 

Components of Solid Oxide Fuel Cells (SOFCs) are always exposed to high temperature 
and large gas pressure under operation. Subjected to the starting and stopping control, the 
performance of SOFC is gradually degraded. One of the degradation factors can be the 
thermal expansive deformation due to temperature change [1], but the expansive deformation 
under reduction environment is distinguishing [1] for SOFC. These stress-free deformations 
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inevitably invoke the unexpectedly large stress due to the mutual constraints of the 
components, which sometimes causes the mechanical deterioration. At the same time, Ni 
particles in the porous anode electrode of SOFC are subjected to coursing due to sintering 
under high temperature environment. The temporal changes of the anode microstructures 
cause the degradation of not only the overall mechanical properties, but also the electrical 
performance.  

In order to realize the macroscopic electro-chemo-mechanical coupling analyses of a 
SOFC under operation, we propose a characterization method of the time-varying overall or 
macroscopic electro-chemical and mechanical properties of anode electrodes by applying the 
phase-field method that enables us to capture the time-varying geometry of anode 
microstructures due to Ni-sintering. With this information at hand, the homogenization 
method is extensively applied to evaluate the temporal change of the macroscopic electro-
chemo-mechanical properties that characterize the macroscopic inelastic mechanical 
behaviour and the oxygen potential distribution in SOFC.  

For the numerical simulation of oxygen potential distributions, the time-evolution of the 
anode microstructure is reflected not only in the macroscopic electrical conductivities, but 
also the amount of triple-phase boundaries, which are the generation sites of electro-chemical 
reaction currents. Once the oxygen potential distributions are determined, the time-variation 
of the reduction-induced strains due to nonstoichiometry of oxide materials can be calculated 
along with the thermal strains, both of which cause the macroscopic stresses in mutually 
constrained components. Thus, the promise and capability of the proposed method can be 
demonstrated in characterizing the aging degradation of the macroscopic electro-chemo-
mechanical behaviour of SOFC that is caused by the Ni-sintering in cermet microstructures 
during long-period control.  

 

Figure 1: Framework of analysis 
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2 FORMULATION  

2.1 Electro-chemical phenomenon  
At the cathode electrode, oxygen O2 is reduced by electron e- to produce oxygen ion O2-, 

which can move through the electrolyte toward the anode electrode. The oxygen ion that 
reaches the anode electrode is oxidized by the reaction with H2, which is provided as a fuel, to 
produce water H2O and e-. 

2
2

1Cathode : O 2e O
2

    (1) 

2- -
2 2Anode :O H H O 2e    (2) 

Since the electrodes are porous materials, actual reactions are expected to occur at the 
interfaces between gas and solid phases. The latter electro-chemical reaction, i.e., oxidation 
with emission of electrons, occurs at the so-called triple phase boundaries (TPBs) of the anode 
electrode, which is generally a cermet composed of Ni particles and ion conductive ceramics. 
On the other hand, the cathode electrode, whose constituents are mixed ionic-electronic 
conductive ceramics, allows the reduction of O2 at the so-called dual phase boundaries 
(DPBs), involving the ionization of the oxygen with absorption of electrons.  

The electronic current density -
Anode
ei  generated with the oxidation (2) is known to be 

determined by the Butler-Volmer relationship [3,4] as 

-
Anode Anode

0 a ce [exp{(2 ) / ( ) } exp{(2 ) / ( ) }]i i F R E F R E        (3) 

where 196500CmolF   is the Faraday’s constant, R  is the gas constant,   is the 
temperature and Anode

0i  is the exchange current density, a  and c  are the anodic and 
cathodic charge transfer coefficients. In addition, E  is the polarization voltage expressed by 

 gas
O O( ) / 2E F     (4) 

where O  and gas
O  are the oxygen potentials in material and gas, respectively. The oxygen 

potential is calculated with the partial pressure of oxygen 
2Op  as  

2O O O
1 ln( )
2

R p     (5) 

where O 0   is the oxygen potential at standard condition. The normal component of current 
density -ei  inside the Ni particles equals to the generated electric current density as 

- - -
Anode

e e ei i  i n  (6) 

where n  is the outward unit vector on the TPB, directed to the normal to Ni surface. 
According to the electro-chemical reaction Eq. (2), the oxygen ionic current density  
generated at the same boundary surfaces can be evaluated as  

2 2 2- -
Anode Anode

O O O ei i i      i n  (7) 

where the outward unit vector n  is defined to the TPB, directed to the normal to the oxide’s 
surface. 
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The current density generated at the cathode with the reduction process expressed by Eq. 
(1) is also determined by the Butler-Volmer type equation as 

-
Cathode Cathode

0e [exp{(2(1 ) ) / ( ) } exp{(2 ) / ( ) }]i i F R E F R E         (8) 

where the exchange current density Cathode
0i  and  the charge transfer coefficient   are 

different from those for anode.. The relationships of this generated current density with the 
normal components of the current densities in the oxide are given as  

- - -
Cathode

e e ei i  i n  (9) 

2 2 2- -
Cathode Cathode

O O O ei i i      i n  (10) 

2.2 Microscopic electronic and oxygen-ionic conduction problems 
The electrical conduction in mixed ionic-electronic conductive ceramics can be 

characterized by the local transport of electro-chemical potentials and is governed by the 
following equations [5]: 

2-
2 2 2-

O
O O O O,

2 2
c
F F


       


i i  (11) 

-
-

e
O e e e( ) , ( 2 )

2 2
c
F F


        i i  (12) 

2- - 2 -O O e O e2 ,      i i i  (13) 

where 2-O  is the electro-chemical potential of oxygen ion, -e  is the electro-chemical 
potential of electron, 2

O m O O( ) ( 4 / )( ( ) / )c c F V         is the electric capacitance,   is 
the oxygen vacancy,  is the molal volume, i  is the total current density, and 2-Os  and -es  are 

Table 1: Electric conductivities and oxygen vacancy 

LSCF

( athode)C

8YSZ

( lectrolyte)E
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( node)A

LCCr

( nterconnect)I

e O2

mm

mm

m

m

v

v

v

v

Almost no oxygen vacancy

Almost no oxygen vacancy
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the electric conductivities of oxygen ion and electron, respectively. It is noted that the source 
terms of reaction current densities are not appeared in Eqs. (11) and (12). The reaction 
currents are generated at the TPBs or DPBs. The standard Dirichlet boundary conditions with 
the values of electro-chemical potentials are used for the pore surface in the microscopic 
problem. 

2.3 Macroscopic electronic and oxygen-ionic conduction problems 
The local transport of macroscopic electro-chemical potentials is governed by the 

following equations: 
2-

2 2 2 2-
O

O O O O O,
2 2
c j
F F


         


i i

      (14) 

-
-

e
O e e e e( ) , ( 2 )

2 2
c j
F F


          i i

      (15) 

2- - 2 -O O e O e2 ,      i i i     (16) 

where symbol   indicates the macroscopic (homogenized) quantity. The reaction current 
densities 2O

j 
  and 

e
j 
  are appeared as source terms in Eqs. (14) and (15). Once the solutions 

of these equations 2-O  and -e  are determined, the macroscopic oxygen potential O  can be 
obtained.  

2.4 Macroscopic deformation problem 
The macroscopic (homogenized) governing equations of deformation problem are written 

in the following forms: 
0   T b   (17) 

e c r   ε ε ε ε ε    q  (18) 
e e e

dev: (tr ) 2   T C ε ε 1 ε     (19) 
2c

m m 1 3/ || ||, || || exp( / )CC C    ε T T T        (20) 

 ε α q  (21) 
r  ε β   (22) 

where symbol   indicates the macroscopic (homogenized) quantity. The macroscopic 
reduction-induced strain r  is evaluated by the multiplication of the macroscopic vacancy   
from Table 1 by the coefficient  . The standard Dirichlet and Neumann boundary conditions 
are used. 

2.5 Microstructures of anode 
In this study, we assume that the main factor that deteriorates the anode made by Ni-YSZ 

is the sintering of Ni particles, which aggregate during the steady operation at 973-1173K. In 
particles touching with each other at lower temperature than the melting point, material 
transfer occurs so as to reduce the surface energy of the system. With the driving force of the 
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surface energy, the shapes of particles change with time. To simulate such a time-variation, a 
phase-field model for sintering [6,7] is employed in this study. We employ the following 
Ginzburg-Landau type free energy [8]: 

2
i i

i

1[ || ||
2

F   V  

ij2 2 2 2 2 2 2 2
i i i i i i j i j k

i i i j
(1 ) ( ) ]

4 2i
A B dv

        


         (23) 

where index i takes 1, 2 or 3, which indicates the phase of Ni, YSZ and void. Here, the first 
and second terms are the surface energies, the third term is the chemical free energy, and the 
fourth term is the interface energy of the TPB. Also, coefficients i , iA , iB , ij ji   and   
are the material constants associated with the corresponding energies or potentials. The Cahn-
Hilliard equations are used for the evolution equation because i  is a conservative quantity. 

i
i i

i
( , ) FM

t
  


             

 (24) 

where i i( , )M    is the mobility defined as i i i i( , ) ( ) ( )M D m    with the diffusivity 
function i( )D   and the mobility function i ( )m  , i.e., i( )D   vol i( )D f   vap i(1 ( ))D f    

surf i i(1 )D     and 8
i i i( ) 10 / 2[1 tanh{( ) / }]m b      where volD , vapD  and surfD  are the 

diffusivities for the volumetric diffusion, the gas diffusion and the surface diffusion, 
respectively, and ia  and ib  are the mobility parameters and i( )f   takes the form of i( )f   

3 2
i i i(10 15 6 )     . Substitution of i i( , )M    into Eq. (24) yields the following equation: 

2i
i i i i i

i i
( ) ( ( )) ( )F Fm D D

t
    

 
                     

 (25) 

Discretizing Eq. (25) with finite differential method, we simulate the development of order 
parameters.  

3 ANALYSIS CONDITION  

3.1 Material constants 
We employ La0.6Sr0.4Co0.2Fe0.8O3- (LSCF) for the cathode, 8mol% yttria-stabilized 

zirconia (8YSZ) for the electrolyte, Ni-YSZ cermet for the anode La(Ca)CrO3 (LCCr) for the 

Figure 2: Model of microstructure of electrodes 
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interconnect in this study. Note that the formulation does not limit the materials of cells. To 
evaluate the macroscopic material properties of the porous anode and cathode electrodes by 
performing the homogenization analyses, homogenization method are used to obtain the 
macroscopic material properties. In this study, numerical material testing [2] is employed for 
homogenization. Especially, the microstructure of anode, which is Ni-YSZ cermet, changes 
temporally due to Ni-sintering. The macroscopic properties of anode are calculated on the 
basis of the temporal microstructures.  

3.2 Temporal change of microstructure in anode 
Figure 2 shows the microscopic analysis models of anode (Ni-YSZ) and cathode (LSCF) 

microstructures, which are generated by the 3-dimensional porous material simulator POCO 
[9]. A phase-field simulation with the above-described evolution equations is carried out only 
for the Ni particles in Fig. 2 (a) that are assumed to be exclusively sintered. The finite 
difference model is generated with 5050 146 grids (Δx×Δy×Δz = 0.062m × 0.062m × 
0.062m). The material constants are chosen as 1 = 2 = 14.0×10-2 J/cm3, A1 = A2 = 22.0×10-

3 J/cm3, B1 = B2 = 1.0 J/cm3, 12 = 5.0×10-3 J/cm3,  13 = 23 = 0.0 J/cm3,  = 100.0×10-3J/cm3, 
Dvol = 5.0×10-13 cm2/s , Dvap = 5.0×10-15 cm2/s and Dsurf = 2.0×10-10 cm2/s. It is noted here that 
the diffusivity of the interface is set at a value larger than the ones for the solid and gas phases 
to promote the sintering near the interfaces. Figure 3 is the schematic of the condition of 
temperature control in a virtual SOFC operation. After the temperature increases to 1073K, 
this constant value of temperature is kept for 11 hours, and then decreases to the room 
temperature by natural cooling. Under this temperature control, the sintering simulation is 
assumed to start when the temperature reaches at 1073K, since Ni particles are sintered 
mainly in steady operations [1]. Here, the simulation time is 11h with Δt = 1s. The results of 
the sintering simulation of Ni particles are provided in Fig. 4 that shows the time-variation of 
the anode microstructure with the TPBs, which are generation sites of reaction currents. The 

Figure 4: Temporal changes of microstructure 
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amount of the TPBs shows that the frequency of TPBs is reduced with time during the 
sintering of Ni particles. 

3.3 Homogenization 
Based on the geometrical and material information about anode, which is shown in section 

3.1, and cathode, numerical material tests are conducted to evaluate the macroscopic 
properties such as oxygen ionic and electronic conductivities, elastic constants, creep 
parameters and coefficient of thermal expansion. The obtained properties are used for the 
macroscopic analysis.  

4 ANALYSIS RESULT  

4.1 Electric conduction problem 
Figure 5 is the analysis model and boundary conditions for macroscopic electric 

conduction problem. Figures 6, 7 and 8 show the time variations of the distributions of the 
potentials of oxygen ion, electron and oxygen, respectively. The contour plot on the left of 
each of these figures (Figures 6(a), 7(a) and 8(a)) shows their time varying distributions in the 
x1-x2 plane, while the graph on the right of each figure (Figures 6(b), 7(b) and 8(b)) shows 
their time-varying profiles on line P-Q indicated in Fig. 5. An increase of the uniform 
distributions of the electrochemical potential of electrons, which can be observed in Figs. (i) 
and (ii), reflects the supplying condition of fuel in the anode in the numerical analysis. After 
3,600s, the potential is kept constant as can be seen from Figs. (ii) and (iii), realizing the 
steady states.  

4.2 Deformation problem  
The analytic model and boundary conditions for macroscopic analysis for the macroscopic 

deformation problem are shown in Fig. 9. As can be seen from Fig. 10, at first, the overall cell 
structure is bent toward the interconnect side This initial bending until the temperature 
reaches at 1073K has been caused by the significant development of larger thermal expansion 
strains in the cathode than those in the interconnect. Subsequently, the deflection is gradually 
decreased and the head of the cell moves toward the cathode side during 10h-steady operation 
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and cooling, while the overall shape of the cell is warped into the interconnect side (See Figs. 
10(ii)-(v)). This is probably caused by the reduction induced expansive strains that are 
expected to developed in the interconnect side during steady operation and subsequent 
cooling.  
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5 CONCLUSIONS  

In this study, to perform stress analyses of SOFCs under operation, mechanical problem 
and electrochemical problem are coupled taking a time-varying geometries of anode 
microstructures due to Ni-sintering into account. The conclusions are summarized as follows: 

- A phase-field method was presented to simulate the micro-scale morphology change 
with time, from which the time-variation of the amount of TPBs was directly 
predicted. In the homogenization analyses, the dependencies of the properties of 
constituent materials on temperature and/or the oxygen potential, which is supposed 
to change within an operation period, were also considered.  
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- Under the assumption of an actual start-and-stop operation, the macroscopic electric 
conduction analysis was conducted to oxygen potential distribution in an overall cell 
structure under long-period operation with start-and-stop control, which determined 
reduction-induced expansive/contractive deformation of oxide materials. 

- The macroscopic stress analysis was carried out for the overall SOFC structure with 
the stress-free strains and the homogenized mechanical properties, both of which 
depend on the operational environment. 
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Abstract. Our objective in this study is to examine the applicability of a computational fluid 
dynamics (CFD) method to simulation of motions of microscopic two-phase fluid on solid 
surfaces with edges for evaluating fluidic devices and for predicting underground fluid flows 
through porous media. The method adopts the phase-field model (PFM) for fluid-fluid 
interfacial dynamics and the lattice-Boltzmann method (LBM) as numerical scheme for 
solving a set of two-phase fluid-dynamics equations. Based on the free-energy theory, the 
PFM reproduces an interface as a finite volumetric zone between phases without imposing 
topological constraints on interface as phase boundary. Wettability of solid surface to fluid is 
taken into account through minimizing the free energy of the fluid plus the surface energy per 
unit area. The LBM assumes that a macroscopic fluid consists of fictitious mesoscopic 
particles repeating collisions with each other and rectilinear translations with an isotropic 
discrete velocity set. The simply-iterative particle-kinematic operation in a semi-Lagrange 
form is useful for high-performance computing of complex fluid flow systems. The CFD 
method therefore has an attractive advantage over the others, efficient simulation of motions 
of multiple fluid particles on partially-wetted and textured solid surfaces. The major findings 
in preliminary immiscible liquid-liquid simulations are as follows: (1) the method simulated 
well departure of single droplet from flat surface due to buoyancy in agreement with the semi-
empirical prediction; (2) the droplet had larger static contact angle on hydrophobic grooved 
surface than that on flat surface in a similar way with available data; (3) the droplet moved 
more easily under external forcing in the tangential direction to the grooves than that under 
forcing in the normal direction in qualitative agreement with experimental observations.  

 
 
1 INTRODUCTION 

Microscopic gas-liquid and liquid-liquid flows with a fluid-fluid interface on a 
heterogeneously or homogeneously wettable solid surface are widely encountered in various 
science and engineering fields. It is often difficult to experimentally observe such flows and 
measure the velocity and the pressure simultaneously in three dimensions or to analyse 
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theoretically them by the classical continuum dynamics approach based on a sharp-interface 
model. Computational fluid dynamics (CFD) simulations facilitate the understanding and 
prediction of the two-phase flows for flexible and accurate control of fluid-particle motion 
and position; as its result, micro-fluidic devices and micro-electro-mechanical-systems 
(MEMS) device fabrication processes can be optimally designed [1-3]. 

In last two decades, the phase-field model (PFM) has been attracting much attention from 
many researchers as one of the mesoscopic models which efficiently simulate behaviours of 
multi-phase multi-component systems [4]. Based on the free-energy theory [5, 6], the PFM 
describes an interface as a finite volumetric zone between different phases, across which 
physical properties vary steeply but continuously. Two-phase coexistence is allowed by a 
free-energy functional which has a double-well potential of an order parameter (i.e. mass 
density, molar concentration) and its squared local gradient term, without imposing 
topological constraints on interface as phase boundary. The contact angle, depending on the 
energy balance among three types of interfaces, is obtained from a potential of the solid 
surface through a simple boundary condition of the gradient of the order parameter on the 
surface [7, 8]. As a result, the PFM-CFD methods do not necessarily require conventional 
elaborating algorithms for advection and reconstruction of interfaces [4, 7-18]. The method 
therefore has an advantage over others, efficient simulation of motions of multiple fluid-fluid 
interfaces attached on solid bodies with edges and partially-wetted textured surfaces. We have 
recently evaluated two types of diffuse-interface advection equation based on the PFMs [9, 
16] to the simulation of two-phase fluid motion on solid surface [17, 18].  

Our objective in this study is to examine the applicability of the PFM-CFD method that we 
have proposed [17, 18] to simulation of microscopic two-phase fluid motion on solid surfaces 
for evaluating fluidic devices and for predicting underground fluid flows. This paper is 
organized as follows. In the next section, the basic equations in the PFM-CFD method are 
outlined for immiscible isothermal liquid-liquid two-phase flow. The third section describes 
the numerical solution scheme based on the lattice-Boltzmann method (LBM) [8, 9, 19]. In 
the fourth section, we present preliminary simulation results by use of the method for three-
dimensional single droplet attached on flat solid surface in stagnant liquid under gravity, and 
3D droplet on textured solid surface. The conclusions are described in the last section. 

 

2 BASIC EQUATIONS IN PHASE-FIELD MODEL (PFM) 
The PFM-based CFD methods for simulating incompressible isothermal viscous two-phase 

fluid flows generally adopt the following set of mass and momentum conservation equations 
with an interface advection equation [4, 9, 16-18]: 

0 u  (1)

 1
Ip

t 


     


u u u τ F  (2)

 ( ) 0D
t
   
   


u  (3)

where u denotes the velocity; t, the time; , the density; p, the pressure; , the viscous stress 
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tensor; FI, the interfacial-tension force; , the order parameter which indicates each phase and 
interfacial regions with its continuous values; and D(), the diffusivity. In the well-known 
Cahn-Hilliard (CH) form [4-10, 12-15], the diffusion term of Eq. (3) includes the following 
coefficient: 

( )( ) CHD M  






 (4)

20( ) 
   



  


 (5)

where MCH denotes the mobility; , the chemical potential; 0, the double-well potential on 
 ; and , the capillary coefficient which is related with interfacial width and tension.  

In the method we have proposed [17, 18], the conservation-modified Allen-Cahn (AC) 
form [11, 16] is adopted to Eq. (3). The diffusion coefficient is defined as follows: 

1( )( ) 1ACD M 
   


 
    

 (6)

1( ) 1 tanh
2 2 

 


          
 (7)

where MAC denotes the mobility; and , the signed distance in the direction normal to the 
interface from the central position at  = 0. The profile of  across an interface in an 
equilibrium state is theoretically expressed by use of Eq. (7). In the fluid system, two phases 
correspond to the regions of  = 0 and 1 respectively, between which the interface is regarded 
as the finite volumetric region of 0 <  < 1 with width 40.5.  

In each of the CH and AC forms, the diffusion term of Eq. (3) disappears in an equilibrium 
state. The AC equation, Eq. (3) with Eq. (6), is fully equivalent to a conservative level-set 
equation [20] in one-step form by which both of interfacial re-initialization and advection 
calculation are done at the same moment [16]. The same idea for removing the interfacial-
curvature dependency on diffusion of  from the original AC equation [11, 16] is applicable 
to the diffusion coefficient of the CH equation, Eq. (4) [17]. 

In the same way as the other PFM-CFD methods [7, 8, 10, 15], a wetting boundary 
condition on solid surface is taken into account in the present method through the following 
equation [17, 18], 

S S     n  (8)

where nS is the unit vector normal to the solid boundary and the parameter S is called as 
wetting potential. The static contact angle W of a fluid phase on the surface depends on the 
local value of S. The angle can be flexibly set to be heterogeneous on textured solid surfaces 
by changing the value of S at arbitrary positions on the fluid-solid boundaries.  

In addition to Eq. (8), the following constraints are imposed on the stationary solid surface 
as a non-slip and no-flux boundary [15, 17, 18]. 

0S p n  (9)
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0S  n  (10)

u 0  (11)
 

3 NUMERICAL METHOD FOR TWO-PHASE FLOW 
For solving the above-mentioned set of Eqs. (1), (2) and (3) with Eqs. (6) to (11), we have 

proposed a numerical scheme [17, 18] based on the lattice Boltzmann method (LBM) [8-10, 
19]. The LBM assumes that a macroscopic fluid consists of fictitious mesoscopic particles 
repeating collisions with each other and linear translations with a set of isotropic discrete 
velocities. The main variables in the LBM are distribution functions of number density of the 
particles grouped with their velocities. Time evolutions of the distribution functions, fa and ga, 
at position x and at time t are expressed by 

   1 , ,eqa aI
a a a a

a f

f ff f t f t
t  

           
Fe x x

e
 (12)

   1 , ,eqa
a a a a

g

g g g t g t
t 

       
e x x  (13)

where ea is the particle velocity vector; the subscript a, index of the velocity set; f and g , the 
relaxation times for fa and ga respectively in the BGK approximation collision operator; and 
the superscript eq  denotes a local equilibrium state. 

In this study, Equations (12) and (13) are discretized respectively into the semi-Lagrangian 
forms with second-order accuracies in both space and time as follows [8-10, 19]: 

       , ' , , ,eq
a a a a a a a

f

tf t f t t f t t f t t

           x x e x e x e  

(14)

    2, , ' 3 a I
a a af t t f t w t

c


    
e Fx x  (15)

       , , , ,eq
a a a a a

g

tg t t t g t g t g t

         x e x x x  (16)

where t is the constant increase in time, x+eat denotes the position neighboring x in the 
direction of the vector ea, and wa is the weight parameter. In three-dimensional Cartesian 
coordinate system (x, y, z), the space is divided uniformly into unit cubic cells with sides 

x y z c t        (17)

where c is the lattice constant. The particles are set to be rest or to move according to three-
dimensional 15-velocity model [8-10, 19]. The scalar and vector variables of two-phase fluid, 
, u, p and  , are co-located at each of the spatial cell centers, and defined with fa and ga by 

eq
a aa a

f f     (18)

eq
a a a aa a

f f   u e e  (19)
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2 / 3p c  (20)
eq

a aa a
g g     (21)

The kinematic viscosity  and the constant part of the diffusion coefficient Eq. (6), D0 = 
MAC , are defined by the following equations, respectively [8-10, 17-19]: 

2

3 2f
c t     
 

 (22)

2
0 2g

tD c      
 

 (23)

where  is the parameter to control the number densities of the moving and rest particles in a 
stationary equilibrium state of ga

eq. 
The boundary conditions for fa and ga of the moving particles are taken into account as 

follows. On non-slip and non-flux solid walls, bounce-back condition is applied to the 
particles moving with ea from fluid side to solid side, which go back to the fluid side in the 
opposite directions of -ea. On inflow and outflow boundaries, it is assumed that the particles 
coming into the computational domain from the outside would be in a local equilibrium state 
for pressure and fluid velocity given at the outside.  

One of main features of the LBM scheme for solving Eqs. (1)-(3) is the simple particle-
kinematic operation of iterative local collisions and linear translations in the discrete 
conservation form on an isotropic spatial lattice. It is useful for high-performance computing 
on multi-phase fluid dynamics. 
 

4 NUMERICAL RESULTS 

4.1 Departure of droplet from solid surface due to buoyancy 
For evaluating the PFM-CFD method [17, 18], single droplet in a stagnant continuous 

liquid phase under gravity was simulated. The computational domain was divided into 
646464 cubic cells with sides x = y = z in the coordinate system (x, y, z), which was 
surrounded with stationary non-slip flat solid wall boundaries. In the initial condition, the 
droplet took a hemispherical shape with a radius of 16x on the bottom wall with 
homogeneously-wetted smooth surface at the static contact angle W = 60 or 90 to the 
continuous phase. The buoyant force acting on the droplet was taken into account inside the 
dispersed-phase region where  0.5 through volumetric forcing at each cell in an upward 
direction perpendicular to the bottom wall. The two-phase fluid was assumed as an oil-water 
system under the condition of interfacial tension  = 51 mN/m, density difference between the 
phases  of 108.2kg/m3 and equal viscosities of 1.0 mPas at room temperature and at 
pressure 1atm. The droplet volume VD was set within the range of 65.0l to 1.767ml in the 
actual system.  

As shown in Fig. 1, the droplet departs from the wall in cases of (A) at W = 90 and (C) at 
W = 60 for lager VD than that in other cases of (B), (D) and (E) at each W. It is also 
confirmed that the departure takes place more easily at smaller W. The numerical results on 
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departure and non-departure agreed with the semi-empirical prediction (see Fig.2).  

 
Figure 1: 3D simulation of oil droplet with volume VD on horizontal flat solid surface with W in stagnant water 

(continuous phase) under gravity g. 

 
Figure 2: Diagram of departure of droplet from horizontal flat solid surface under gravity g in terms of static 

contact angle W and volume VD. 

(b)W = 60

(a) Static contact angle W = 90
(A) VD = 1.767ml (departure) (B) VD = 0.382ml (non-departure)

(D) VD = 0.113ml 
(non-departure)

(E) VD = 0.065ml 
(non-departure)

(C) VD = 0.524ml 
(departure)
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4.2 Droplet on textured solid surface 
The numerical method was applied to micro-fluidic problem of a droplet attached on a 

textured solid surface in a stagnant liquid. In the Cartesian coordinate system (x, y, z), the 
computational domain was uniformly divided into 929296 cubic cells and surrounded with 
solid wall boundaries on the both sides in the x-axis and z-axis directions and with periodic 
boundaries in the y-axis direction. Initially a spherical-shaped droplet with diameter dD = 
48x was placed at the center of the bottom wall, which was patterned to have rectilinear 
grooves of width wF = 6x and their intervals of wS = wF along the x-axis. The static contact 
angle W of the droplet on the flat solid surface was set at 130, 113 or 101 uniformly. After 
time t = 0, external force G had been applied to the droplet. The two-phase fluid was assumed 
as an immiscible liquid-liquid system with equal density  and viscosity  for dimensionless 
parameters of Oh = /(dD)1/2 = 1.1410-2 and Eo = |G|dD

2/= 1.7610-2, which were set 
under the condition of  = 998.2kg/m3,  = 1mPas,  = 32mN/m and dD = 240m.  

Figure 3 shows the steady-state shapes of the droplet on the grooved surface under 
downward G in the z direction. At each case of W, the apparent contact angle on the y-z plane 
became larger than that on the x-z plane in the tangential direction to the grooves. In other 
cases, as shown in Fig. 4, the droplet moves when G has been applied in the x-axis direction, 
whereas the droplet remained at the initial position on the surface when applying G in the y-
axis direction. The numerical simulation results in terms of the apparent contact angles and 
the motion of the droplet agreed qualitatively well with experimental data.  

 

 
                 (a) W = 130                            (b) W = 113                            (c) W = 101 

Figure 3: Steady-state shape of droplet on grooved solid surface under downward external force G for static 
contact angle W and Oh = /( dD)1/2 = 1.1410-2 and Eo = |G|dD

2/ = 1.7610-2 

G

0t 

G

0t 

yz
O

xz
O
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(a) Force components Gx 0 and Gy = Gz = 0 

 
(b) Force components Gx = 0, Gy  0 and Gz = 0 

Figure 4: Snapshot of droplet on grooved solid surface under external force G = (Gx, Gy, 0) for W =113, Oh = 
1.1410-2 and Eo = 1.7610-2 

 

5 CONCLUSIONS 
In this study, we examined the applicability of the computational fluid dynamics (CFD) 

method based on the phase-field model (PFM) [17, 18] to the numerical simulations of 
motion of microscopic two-phase fluid on heterogeneously-wetted and textured solid surfaces. 
The PFM-CFD method, that adopted the lattice Boltzmann method (LBM) [8-10, 19] for 
solving the Navier-Stokes equations with the conservation-modified Allen-Cahn equation [16, 
20], was applied to preliminary simulations of an immiscible liquid-liquid two-phase fluid on 
flat and textured solid surfaces.  

The following major findings were obtained: 
- The PFM-CFD method simulated well departure of droplet from flat solid surface 

due to buoyancy in agreement with semi-empirical prediction. 
- The droplet on a rectilinearly-grooved hydrophobic solid surface had larger static 

contact angle than that on a flat surface. The droplet on the textured surface moved 
more easily in the tangential direction to the grooves than in the transverse direction 
to them. These numerical results agreed qualitatively with experimental data. 
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The above-mentioned results prove that the PFM-CFD method can be useful for 
numerically analyzing the microscopic two-phase fluid motions on solid surfaces for optimal 
design and evaluation of micro-fluidic devices and micro-fabrication processes, and also for 
understanding and prediction of underground water flowing with heat and mass transfer.  
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Abstract. We consider the numerical approximation and simulation of a particle beam,
usually modeled by the Vlasov-Maxwell system. Our work will deal with a 3D paraxial
approximate model, derived from asymptotic expansions. It includes a finite element
numerical implementation of the paraxial Maxwell model coupled with a Particle-In-Cell
method for the corresponding paraxial Vlasov model. Both methods are implemented
with Freefem++ software. Numerical results illustrated the efficiency of the method.

1 INTRODUCTION

Charged particle beams and plasma physics problems are extensively used in Science
and Technology. Although we often associate accelerators with the large machines of high-
energy physics, charged particle beams have continually expanding applications in many
branches of research and technology. Recent active areas include flat-screen cathode-ray
tubes, synchrotron light sources, beam lithography for microcircuits, thin-film technology,
production of short-lived medical isotopes, radiation processing of food, and free-electron
lasers. Clearly, there exists a significant interest in building mathematical models for
these beams.

If we consider collisionless plasma or non-collisional beams, one of the most complete
mathematical models is the time-dependent Vlasov-Maxwell system of equations. How-
ever, the numerical solution of such models requires a large computational effort. There-

1
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fore, whenever possible, we have to take into account the particularities of the physical
problem to derive asymptotic approximate models leading to cheaper simulations.

In this article, we consider the case of high energy short beams. A typical example is the
transport of a bunch of highly relativistic charged particles in the interior of a perfectly
conducting hollow tube. Numerical simulations are mostly performed using the particle-
in-cell method.

Following [1–5], we introduce a paraxial model that approximate the coupled time-dependent
Vlasov-Maxwell equations. This model is derived by introducing a frame which moves
along the optical axis at the speed of light. Then, considering a scaling of the equations
which reflects the characteristics of the high energy short beam, a small parameter η is
introduced, and asymptotic expansion techniques are used to derive a paraxial model,
accurate up to fourth order in η.

This model is then approximated by a finite element method, for the paraxial Maxwell
model, coupled with a Particle-In-Cell method for the corresponding paraxial Vlasov
model. This implementation is based on the Freefem++ software [7]. First numerical
results are proposed, and show the efficiency of the method.

2 THE 3D GOVERNING EQUATIONS

2.1 The Vlasov-Maxwell model

We consider the transport of a population of highly relativistic charged particles, with
a mass m and a charge q, in the interior of a perfectly conducting hollow tube, whose axis
is constituted by the z-axis. We denote by Ω the transverse section of boundary Γ. Let
x=(x,y,z ) denote the position of a particle, p=(px,py,pz) its momentum and v=(vx,vy,vz)
its velocity. We assume that the beam is non collisional so that its distribution function
f=f (x,p,t) in the phase space (x,p) is a solution to the Vlasov equation

∂f

∂t
+ v.∇xf + F.∇pf = 0, where p = γmv, γ = (1− | v |2

c2
)−1/2 . (1)

Above, F = q(E + v × B) denotes the electromagnetic force acting on the particles.
The electric field E=E(x,t) and the magnetic field B=B(x,t) are solutions to Maxwell’s
equations 



∂E

∂t
− c2∇×B = − 1

ε0
J,

∂B

∂t
+∇× E = 0,

∇.E =
ρ

ε0
, ∇.B = 0,

(2)

2
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where the charge and the current density ρ and J are obtained from the distribution
function f with

ρ = q

∫
fdp, J = q

∫
vfdp. (3)

Assuming the tube being perfectly conducting is equivalent to assuming that E (respec-
tively B) have a vanishing tangential (respectively normal) trace on the tube boundary.

2.2 The paraxial model

Assuming that the beam is highly relativistic corresponds to assume that γ >> 1.
Since vz � c for any particle in the beam, the Vlasov-Maxwell equations (1-2) can be
written in a frame which moves along z-axis with the light velocity c. For this purpose,
we set ζ = ct−z, vζ = c−vz and we perform the change of variables (x, y, z, vx, vy, vz, t) →
(x, y, ζ, vx, vy, vζ , t). It is also convenient to introduce the transverse quantities

x⊥ = (x, y), v⊥ = (vx, vy)

and to define the transverse operators

grad⊥ϕ = (
∂ϕ

∂x
,
∂ϕ

∂y
), curl⊥ϕ = (

∂ϕ

∂y
,−∂ϕ

∂x
), ∆⊥ϕ =

∂2ϕ

∂x2
+

∂2ϕ

∂y2
,

for ϕ = ϕ(x, y) a given scalar function. Similarly, for A⊥ = (Ax, Ay) denoting a transverse
vector field, we set

div⊥A⊥=
∂Ax

∂x
+
∂Ay

∂y
, curl⊥A⊥=

∂Ay

∂x
-
∂Ax

∂y
.

With these notations, the Vlasov-Maxwell equations (1-2) can be expressed in the new
variables. The second step to derive the paraxial model consists in introducing character-
istic quantities and rewrite the system of equations in dimensionless variables. Introducing
a small parameter, the paraxial model was derived by retaining the terms up to the third
order in the asymptotic expansion of the distribution function f . This third order ex-
pansion of f is entirely determined from the expansion of the transverse electromagnetic
force F⊥ up to order 2, and from the expansion of the longitudinal electromagnetic force
Fz up to order 1 only.

As a consequence, it was proved that the asymptotic paraxial Vlasov- Maxwell model
requires the knowledge of the principal parts (zero order) of the transverse electric field
E⊥, the first order part of the longitudinal electromagnetic field (Ez, Bz), and the second
order part of the transverse so-called ”pseudo-fields” E⊥, where E⊥ = (Ex, Ey) is defined
by Ex = Ex − cBy, Ey = Ey + cBx. Details may be found in [2], [3].

3
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Based on these remarks, we have to approximate by numerical methods the paraxial
Vlasov equation, and the electromagnetic components E⊥, Ez, Bz, E⊥, solutions to the
following paraxial Maxwell equations:





curl ⊥ E⊥ = 0 in Ω ,

div ⊥ E⊥ =
1

ε0
ρ in Ω ,

E⊥ · τττ = 0 on Γ ,

B⊥ = −1

c
E⊥ × ez ,

{
curl ⊥Ez = −∂B⊥

∂t
in Ω ,

Ez = 0 on Γ ,





curl ⊥Bz = µ0 J⊥ +
1

c2
∂E⊥

∂t
in Ω ,∫

Ω

Bz dΩ = 0 on Γ ,





curl ⊥ E⊥ = −∂Bz

∂t
in Ω ,

div ⊥ E⊥ = µ0 c Jζ −
1

c

∂Ez

∂t
in Ω ,

E⊥ · τττ = 0 on Γ ,

(4)

where Jζ is defined by Jζ = ρc − Jz = q

∫
vζfdV. In this model, the expression of the

Lorentz force F = (F⊥, Fz) is given by
{

F⊥ = q(E⊥ + (v⊥ × ez)Bz + vζ(B⊥ × ez) ,
Fz = q(Ez + v⊥ · (B⊥ × ez)) .

(5)

3 NUMERICAL METHODS

Our aim is now to build numerical methods to solve the problem (4-5). We have chosen
to derive a finite element approximation for the electromagnetic fields computations. The
Vlasov equation will be solved by a particle method.

3.1 Numerical schemes for the electromagnetic fields

The first step to get the numerical schemes consists in deriving variational formulations
of equations (4). Since the model is written in a frame which moves along the optical
axis at the speed of light, the bunch of particles is evolving slowly in that frame. As a
consequence, the 3D computational domain is defined as the product Ω×]0, Z[, 0 ≤ ζ ≤ Z.

Let us now introduce the variational formulations which will be the basis of the method.
For the sake of simplicity, we will only consider the components E⊥ and Ez, the other
components solving more or less similar equations. Moreover, as the regularity of the
fields are not an issue for our study, we will assume that they are smooth enough, for
instance belonging to a standard Sobolev space. For the sake of simplicity, we will denote
by V the space of the fields and of the test functions, regardless of the boundary condi-
tions they satisfy.

Let v⊥ denote a sufficiently smooth vector test function. We first apply the curl ⊥ operator
to the first equation of the system. Then, we take the dot product by v⊥, and integrate
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over Ω. Applying then Green’s formula for the curl ⊥, we obtain the following variational
formulation ∫

Ω

curl ⊥E⊥curl v⊥dΩ−
∫

Γ

(v⊥ · τττ)curl ⊥E⊥dΓ = 0

The divergence equation is handled through an augmented Lagrangian formulation. Mul-
tiplying it by div⊥v⊥, integrating over Ω, and adding it to the above equation, we get

∫

Ω

{curl ⊥E⊥curl v⊥ + div ⊥E⊥div ⊥v⊥}dΩ−
∫

Γ

(v⊥ · τττ)curl ⊥E⊥dΓ =
1

ε0

∫

Ω

ρ div ⊥v⊥dΩ

To handle the boundary condition on the curl −div system, we will use a Nitsche method,
as proposed in [6]. This is performed on the discretization level. Consider a regular finite
element mesh Th (where Th = ∪K) of the domain, and a finite element approximation
space Vh = {v⊥ ∈ V | v⊥|K ∈ Pk(K)}, where Pk(K) denotes the set of all vector fields

which are polynomials componentwise on K with degree � k. Let us denote by E⊥
h the

approximate solution of E⊥ inVh, Ch being the trace mesh induced by Th on the boundary
of the domain. Essentially, Nitsche’s method imposes the boundary condition via three
boundary terms. Two of them contain the weak form of the tangential trace of the
solution and the test functions. These two terms cause the method to be symmetric and
consistent. The third term (with a parameter β) depends on the domain tetrahedrization,
and causes the method to be stable. In our case, the Nitsche method is written

∫

Ω

{curl ⊥E⊥
h curl v

⊥ + div ⊥E
⊥
h div ⊥v⊥}dΩ−

∫

Γ

(v⊥ · τττ)curl ⊥E⊥
h dΓ

−
∫

Γ

(E⊥
h · τττ)curl ⊥v⊥dΓ + β

∑
E∈Ch

1

h

∫

E

(E⊥
h · τττ)(v⊥ · τττ)dΓ =

1

ε0

∫

Ω

ρ div ⊥v⊥dΩ ,

where β is some positive sufficiently large constant.

Concerning the computation of Ez, we have first to derive a suitable variational formula-
tion. Basically, we apply the curl ⊥ operator to the third equation of (4) and we use the
identity curl ⊥curl ⊥ = −∆⊥ to get

∆⊥Ez = curl ⊥
∂B⊥

∂t

As previously, we take the dot product by vz, a sufficiently smooth scalar test function, and
integrate over Ω. We then apply the classical Green’s formula for the Laplace operator,
and use that Ez vanishes on the boundary Γ. The variational formulation, basis of our
finite element method, is finally written

∫

Ω

grad ⊥Ez · grad ⊥vzdΩ =

∫

Ω

∂t(
∂By

∂x
− ∂Bx

∂y
)vzdΩ . (6)
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Similar formulations are obtained for the components Bz and E⊥, following the same
principles. As a result, one derives the finite element conforming P1 approximations by
using the FreeFem++ package [7]. The time discretization is performed with a classical
finite difference scheme. Remark that time discretization is not an issue here, since it
only appears in the right-hand sides of the formulations. Hence, there is no necessity to
satisfy any stability condition.

3.2 Particle approximation of paraxial Vlasov equation

The paraxial Vlasov equation (1), written in a paraxial form, that is for an electro-
magnetic force F deduced from the paraxial model, is numerically solved by means of a
particle method [8]. One approximates the function f(x,p, t) (where x = (x⊥, ζ)) by a
linear combination of delta distributions in the phase space (x,p), namely:

f(x,p, t) =
∑
k

wk δ(x− xk(t))δ(p− pk(t)) , (7)

where wk denotes the constant weight of the particle k. Its position in the phase space
xk = (x, y, ζ) and pk = (px, py, pz) is solution to the differential system:




dx

dt
=

px
γm

,
dpx
dt

= Fx,

dy

dt
=

py
γm

,
dpy
dt

= Fy,

dζ

dt
= c− pz

γm
,

dpz
dt

= Fz,

(8)

together with initial conditions.

The corresponding particle charge and current densities ρ and J are obtained by intro-
ducing the particle approximation (7) in equations (3) that yields:

ρ(x, t) = q
∑
k

wkδ(x− xk(t)) , (9)

and
J(x, t) = q

∑
k

wkvk(t)δ(x− xk(t)) . (10)

Such expressions, built at the particle positions, cannot be used in this form for solving
paraxial Maxwell equations. Indeed, a P1 finite element approximation requires values of
ρ and J at the vertices of the tetrahedral mesh. Following the classical procedure [8, 9],
we introduce the assignment and interpolation procedures.
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According to the general approach, time discretization of system (8) is built from a
leapfrog scheme, which is a second-order centered finite-difference scheme. The particle
positions are defined at time tn and the particle momenta are computed at time tn+1/2.
The equations of momentum pk are approximated by





1

∆t
(p

n+ 1
2

x − p
n− 1

2
x ) = F n

x ,

1

∆t
(p

n+ 1
2

y − p
n− 1

2
y ) = F n

y ,

1

∆t
(p

n+ 1
2

z − p
n− 1

2
z ) = F n

z ,

(11)

where (F n
x , F

n
y , F

n
z ) is a numerical approximation of the Lorentz force (5) at time tn, the

computation of which requiring the knowledge of the paraxial electromagnetic fields. Since
they are determined by finite element methods, an interpolation procedure is necessary
to recover the values of the fields at the particle locations. For this purpose, we use an
interpolation procedure, similar to the one proposed in [3], where the fields are computed
by a finite difference method.

The last step consists in computing the particle position solution to (8), that are obtained
by solving the following discretized system




xn+1 − xn

∆t
=

p
n+ 1

2
x

γn+ 1
2m

,

yn+1 − yn

∆t
=

p
n+ 1

2
y

γn+ 1
2m

,

ζn+1 − ζn

∆t
= c− p

n+ 1
2

z

γn+ 1
2m

,

(12)

where γn+ 1
2 is computed with γn+ 1

2 =

(
1 +

|pn+ 1
2 |2

(mc)2

) 1
2

. The final complete time advance

algorithm has the same structure as the one described in [3], where two dimensional
paraxial Maxwell equations were approached by a finite-difference method. We refer the
interested reader to this reference.

4 NUMERICAL RESULTS

Our aim is to demonstrate the accuracy and the validity of the numerical method,
derived from the discrete variational formulations. To this purpose, we consider a 3D
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computational domain consisting of a cylinder, the axis of which being the ζ axis. The
transverse section Ω is made of a disk of radius R = 0.1. We choose a mesh made of 100
edges on the base on the cylinder and 30 layers up, for a cylinder of length 0.3. The total
number of degrees of freedom is equal to 86862. We also choose a time step ∆t = 10−4s.
All runs were performed on a commercial laptop (MacBook Pro, Processor 2.6 GHz Intel
Core i5, Memory 8 GB 1600 MHz DDR3).

We first derive an analytic solution E⊥ for a given charge density ρ(x, t). Choosing
ρ(x, t) = 4ε0(cos(x

2 + y2)− (x2 + y2) sin(x2 + y2)) cos t, one easily finds that the electric
field E⊥ = (2x cos(x2+y2) cos t, 2y cos(x2+y2) cos t) solves the first equation of (4). With
these definitions, we can numerically compute the quantities related to the paraxial model
and compare the computed solutions to this exact one. Figure 1 shows respectively the
x and y components obtained after 100 time steps of simulation. In order to make the
visual comparison between the computed and exact solution more convenient, we have
chosen to display the solution in a cut plane of the mesh (ζ = 0.15). As one can see there
is an good agreement between the computed solution and the exact one, depicted at the
same scale. Indeed, there is no way of distinguishing the difference between the two cut
plans of the solutions, even if we used a rather coarse mesh.

5 CONCLUSION

In this paper, we proposed a numerical approximation of a paraxial Vlasov-Maxwell
model in three dimensions, adapted to highly relativistic beam. The system of equations
we got is simpler and easier to solve than the complete 3D Vlasov-Maxwell equations.
We have derived a finite element numerical implementation of the Maxwell part of the
model, coupled with a Particle-In-Cell method for the Vlasov part. Both methods were
implemented by using the Freefem++ software. This approach seems powerful in its
ability to get an accurate, but fast and easy to implement algorithm. Numerical results
have been presented to illustrate the feasibility of the method. This solver should give an
interesting numerical tool for simulating high energy short beams problems, and could be
valuable to the computational accelerator physics community.
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(a) numerical solution - Ex (b) exact solution - Ex

(c) numerical solution - Ey (d) exact solution - Ey

Figure 1: E⊥(x⊥, ζ = −0.15) after 100 time steps
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Abstract. This paper describes the derivation and implementation of the discrete adjoint
equations based on frequency domain methods (linear harmonics and harmonic balance)
within a turbomachinery CFD code. Applications to model problems are presented which
demonstrate the potential of the method for multidisciplinary turbomachinery problems,
e.g. aeroelastics or aeroacoustics.

1 INTRODUCTION

Computational fluid dynamics (CFD) is increasingly used to improve the performance
of turbomachinery components on the basis of numerical simulations. However, typical
measures to increase the aerodynamic performance or to reduce the component weight
imply a higher susceptibility to blade vibrations. Therefore, as the designs approach the
aerodynamic optimum, the design problem becomes more and more multi-disciplinary.
The application that the authors have in mind is a design optimisation where an aero-
dynamic objective (e.g. isentropic efficiency) and aeroelastic constraints (e.g. fatigue
strength) are competing goals.

When going from the evaluation of a single design to CFD-based optimisation, it is im-
portant to compute also gradients of the objective functions and constraints with respect
to design parameters. Since in typical applications the number of design parameters is
much larger than the number of objectives, it is advantageous to use the adjoint method
[1, 2]. While stationary adjoint methods are nowadays established also in the field of tur-
bomachinery design (see e.g. [3, 4]), the use of instationary adjoint CFD is very limited
due to its exceedingly high computational costs, see e.g. [5, 6, 7] and references therein.

The goal of this paper is to demonstrate how adjoint methods can be applied to fre-
quency domain methods. These have been successfully employed for turbomachinery
aeroelastic analysis, see [8] for an overview. In particular, the linear harmonic (LH) [9],
the nonlinear harmonic (NLH) [10], and the harmonic balance (HB) [11] approaches are
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widely used to simulate forced response and flutter. In the context of aeroelastic anal-
ysis, adjoint methods have been applied to LH methods [12, 13] as well as HB methods
[14, 15, 16], and to the formulation of the HB equations for one harmonic in the time-
domain [17]. In this paper, it is shown how to derive the discrete adjoint for the frequency
domain methods implemented in the DLR flow solver TRACE [18, 19]. The methodology
and solution techniques used for the discrete adjoint steady solver [20] are carried over to
the LH and HB solvers [21, 22, 23].

2 THEORY

2.1 Frequency Domain Methods

We present here briefly the harmonic balance method as implemented in TRACE, for
details we refer to [22, 23]. For simplicity we restrict the discussion to a single base
frequency ω. The time-dependent flow solution q(x, t) is approximated as a Fourier series
where a finite number K of higher harmonics is taken into account:

q(x, t) = Re

[
K∑
k=0

q̂k(x)e
ikωt

]
. (1)

Inserting this into the the time-dependent flow equation

d
dt
q(x, t) +R(q) = 0, (2)

where R is the discretised RANS residual, one obtains the following system of equations
for the Fourier components q̂k:

ikωq̂k + R̂(q)k = 0, k = 0, . . . , K. (3)

Since R is nonlinear, the k-th harmonic of the residual, R̂(q)k, may depend on all
harmonics of q. Therefore, it is approximated using the Discrete Fourier Transform (DFT)
for a set of sampling points t1, . . . , tn ∈ [0, 2π/ω]:

R̂(q)k ≈ F (R(F−1(q̂)))|k. (4)

F−1 denotes the inverse transform, i.e. the reconstruction F−1(q̂) = (q(t1), . . . , q(tn))
T ,

where q(tj) is given by (1) for t = tj. In the case of equidistant sampling points, i.e.
tj =

2πj
ωN

, we obtain

q(x, tj) = Re

[
K∑
k=0

eik
2πj
N q̂k(x)

]
, j = 0, . . . , N − 1. (5)

2

646



Anna Engels-Putzka and Christian Frey

The corresponding Fourier coefficients are then given by

q̂0(x) =
1

N

N−1∑
j=0

q(x, tj) (6)

q̂k(x) =
2

N

N−1∑
j=0

e−ik 2πj
N q(x, tj), k = 1, . . . , K. (7)

When the amplitudes of the harmonic perturbations (|q̂k| for k > 0) are small, we can
approximate the nonlinear Residual R(q) by its linearisation about the time average, i.e.

R(q(t)) = R(q̂0) +
∂R
∂q

∣∣
q̂0
(q(t)− q̂0). (8)

Then the different harmonics decouple and we obtain the steady equation R(q̂0) = 0
and a linear equation for each k > 0 [21, 24]:

(
ikω + ∂R

∂q

∣∣
q̂0

)
q̂k = 0. (9)

2.2 Discrete Adjoint Approach

Similar to the stationary case (see e.g. [20]) we derive the discrete adjoint equations
for the frequency domain methods. We assume that the objective functional I depends
on a set of parameters α only through the Fourier coefficients of q, i.e.

dI

dα
=

∂I

∂q̂

dq̂

dα
. (10)

For the purpose of this paper we assume that α is a parameter which influences only
the values prescribed by an inhomogeneous (gust) boundary condition. Starting with the
linearised equations , such a boundary condition yields an additional source term, so that
(9) takes the form Akq̂k = Sk,α [24]. From this we obtain immediately an equation for dq̂

dα
,

which can be used to eliminate this term from (10):

dI

dα
=

∂I

∂q̂
A−1∂Sα

∂α
=

(
(A−1)∗

(
∂I

∂q̂

)∗)∗
∂Sα

∂α
=: ψ̂∗∂Sα

∂α
, (11)

where we have omitted the index k to simplify the notation. In the last step we have
introduced the adjoint variables ψ̂, which can be obtained by solving

A∗ψ̂ =

(
∂I

∂q̂

)∗
. (12)
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For the adjoint harmonic balance method, we have to differentiate (3) with respect to

α. Setting RHB,k := ikωq̂k + R̂(q)k, we get

0 =
dRHB,k

dα
=

∂RHB,k

∂q̂

dq̂

dα
+

∂RHB,k

∂α

=
∑
j

(
ikωδjk +

∂R̂(q)k
∂q̂j

)
dq̂j
dα

+
∂RHB,k

∂α
. (13)

The derivation of the adjoint equations is now analogous to the linear case, with ∂Sα

∂α

replaced by −∂RHB,k

∂α
. The explicit form is not discussed here, since it is only needed for

the evaluation of sensitivities, which we do not consider in this article. To compute the
system matrix A and its adjoint, we use the approximation (4) for the Fourier coefficients
of the residual, and since F and F−1 are linear operations, we obtain

D(R̂(q)) = F

(
diag

(
∂R
∂q

∣∣∣
q(tj)

))
F−1 (14)

where diag(. . .) denotes a block diagonal matrix with the corresponding entries on the
diagonal. The submatrices are computed by reconstructing the flow solution at the sam-
pling points tj according to (5) and evaluating the residual Jacobian at each of these flow
states.

To determine the adjoint of the matrix D(R̂(q)), we have to find the adjoints of F and
F−1. The Fourier coefficients q̂ are complex vectors, but the transformation F is not
linear over the complex numbers. Therefore we consider all vectors as elements in real
vector spaces and define the scalar product by

〈ψ̂, q̂〉 = Re〈ψ̂, q̂〉C. (15)

The resulting adjoint transformations are given by

ψ(tj) = (F ∗ψ̂)(tj) =
1

N
Re(ψ̂0) +

2

N
Re

[
K∑
k=1

eik
2πj
N ψ̂k

]
(16)

ψ̂k = ((F−1)∗ψ)k =
N∑
j=1

e−ik 2πj
N ψ(tj). (17)

The complete adjoint system matrix is then

A∗ =
(
F−1

)∗ (
diag

(
∂R
∂q

∣∣∣
q(tj)

))∗
F ∗ − diag(ikω). (18)
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3 IMPLEMENTATION

In TRACE, the steady discrete adjoint equations are solved by a preconditioned
GMRes (Generalized Minimal Residual) algorithm with restarts. This has now been
extended to treat several harmonics at the same time, either uncoupled (adjoint LH) or
coupled (adjoint HB). The main difference for the coupled approach is that the multipli-
cation by the system matrix is replaced by several operations according to (18). First, the
adjoint solution vector is transformed into the time domain by an adjoint DFT. Then, for
each sampling point, the corresponding matrix is applied, and the result is transformed
back into the frequency domain. Finally, the frequency term (the original vector mul-
tiplied by −ikω) is added for each harmonic. For the computation of the matrices, the
primal flow solution is reconstructed at the same sampling points as are used for the trans-
formation of the solution vectors and the residual Jacobian is evaluated (numerically) at
these flow states. For preconditioning, we use the Jacobian computed at the time-mean
solution and only modify the diagonal by adding the frequency term corresponding to the
current harmonic. The inverses of the modified diagonals are precomputed and stored
for all harmonics. The preconditioner used in the following applications is SSOR with a
relaxation factor of 0.7.

All boundary conditions are applied in the frequency domain, for each harmonic com-
ponent separately. For this purpose, the stationary adjoint boundary conditions have
been extended to treat complex vectors and the nonreflecting boundary conditions used
at entries and exits (see [25]) now take into account the frequency, analogous to the linear
solver.

Like the existing adjoint and linear solvers, the modified solver works on structured
grids only and employs the constant eddy viscosity assumption. This means that possible
dependencies of the eddy viscosity on the parameter α are not taken into account.

For this prototype implementation we consider only one objective functional, namely
the entropy at the exit. More precisely, we consider the radial average of the circumfer-
ential Fourier coefficients for a given wave number.

4 APPLICATION

4.1 Numerical test case

As a simple numerical test case we use a segment of an annular duct with constant
flow conditions. For the forward computation, an entropy wave is prescribed at the entry.
The corresponding adjoint computation is done using the entropy functional (evaluated at
the exit) with the same circumferential wave number. Since the underlying mean flow is
constant, there is in this case no difference between linear harmonic and harmonic balance
computations, therefore we present only results for the harmonic balance method. In Fig. 1
the density component of the harmonic balance solution for a plane wave propagating in
axial direction, i.e. circumferential wave number zero, and the first component of the
corresponding adjoint solution are shown. The adjoint solution represents the sensitivity
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of the entropy functional with respect to sources in the flow field. The solutions are
reconstructed from the first harmonic at four different points in time. As expected, we
observe the same wave length and propagation speed in both cases.

Figure 1: Reconstructed solutions (using the first harmonic) at four different times. Left: HB simulation
of the propagation of an entropy wave. Right: Adjoint HB computation for the entropy functional.

In Fig. 2, the same results – but only for one point in time – are shown for a wave
with a phase shift corresponding to a circumferential wave number of 16, where a similar
relation between forward and adjoint solution can be observed.

4.2 Turbine rotor

As a model problem for turbomachinery applications we consider a configuration con-
sisting of a single blade row, namely the rotor from a high pressure turbine stage. The
flow conditions are subsonic with a maximum Mach number of about 0.78. The wake
of the stator is extracted from a steady computation and the circumferential component
with wave number m = 70, which corresponds to a phase shift (inter-blade phase an-
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Figure 2: Reconstructed solutions (using the first harmonic) at t = 0. Left: HB simulation of the
propagation of an entropy wave with circumferential wave number 16. Right: Adjoint HB computation
for the entropy functional.

gle) of 60 degrees, is prescribed as gust boundary condition at the entry of the rotor.
Computations with one and two higher harmonics are carried out. Figure 3 shows the
entropy contours for the time-averaged solution and for the reconstructed solution using
two higher harmonics. Although the inhomogeneous boundary condition is only used for
the first harmonic, the coupling leads to a nonzero result in the second harmonic, but its
magnitude is much smaller than that of the first (see Fig. 4). The effect of the coupling can
also be seen in a comparison of a linear harmonic and a harmonic balance computation,
each with one higher harmonic (Fig. 5).

Figure 3: Entropy contours of the time averaged solution (left) and reconstructed instationary solution
using two higher harmonics (right).

Similarly, in Fig. 6 we compare the results from the adjoint LH and adjoint HB methods
for a computation including the zeroth and first harmonic. Some differences can be
observed, although the overall structure of the solution is similar. In addition, we also
carried out an adjoint HB computation with the second harmonic added, but only for the
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Figure 4: Second harmonic of density, reconstructed at t = 0, from a harmonic balance computation
using two higher harmonics.

Figure 5: First harmonic of density, reconstructed at t = 0, from a linear harmonic (left) and a harmonic
balance (right) computation including the zeroth and first harmonics.

first harmonic a non-zero right hand side is prescribed. Figure 7 shows that, as in the
forward computation nonlinear effects lead to a non-negligible amplitude in the second
harmonic of the adjoint solution, and also the solution for the first harmonic changes due
to the coupling.
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Figure 6: Density component of the adjoint solution for the entropy functional in the time domain (at
t = 0) reconstructed using the first harmonic for linear harmonic (left) and harmonic balance (right)
method.

Figure 7: Density component of the first (left) and second (right) harmonic of the adjoint solution in
the time domain (at t = 0) for the entropy functional from an adjoint HB computation using two higher
harmonics.
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In Fig. 8, a comparison of the convergence histories for different setups is shown. The
convergence of the adjoint linear harmonic computation is similar to the steady adjoint
and forward linear harmonic computations, if the linear system is solved over the complex
numbers. If it is treated as a real system within the GMRes algorithm, the convergence
becomes somewhat slower. The convergence behaviour of the adjoint harmonic balance
computations depends strongly on the number of harmonics. If only one harmonic (besides
the zeroth) is considered, the convergence is still similar to that of the adjoint linear
harmonic computation using GMRes in real mode. If two higher harmonics are included,
significantly more iterations are needed. It has to be investigated if the convergence can
be improved by different GMRes settings (e.g. restart interval or preconditioner) or if
other solution techniques, e.g. pseudo-time marching, are more suitable for this kind of
problems.
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Figure 8: Convergence history for linear harmonic, adjoint linear harmonic and adjoint harmonic balance
computations compared with a steady adjoint computation. All computations have been carried out using
a restart interval of 100.

5 CONCLUSION

We have presented the derivation and implementation of adjoint frequency domain
methods based on existing implementations of the linear harmonic and harmonic balance
techniques. The functionality has been demonstrated using two model problems. The
application to a turbine rotor shows the potential of the method for turbomachinery ap-
plications. Although the adjoint harmonic balance computations need significantly more
computational time than the stationary adjoint, there is still a large speedup expected
with respect to instationary adjoint methods in the time domain.
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However, it has to be investigated if the current approach is also suitable for more
complex problems or if different solution strategies are needed. Further topics for future
work include the implementation of functionals which are relevant for aeroelastic analysis
(e.g. modal work), the evaluation of sensitivities with respect to design parameters, the
treatment of different boundary conditions and preconditioners, and the extension to
several blade rows.
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Abstract. Welding processes and installations used nowadays are mainly developed on 
practical experience and analytical calculations. Nevertheless, high frequency induction tube 
welding is a very complex three-dimensional dynamic process, where the electromagnetic and 
thermal characteristics are distributed not only in space but in time as well. A more profound 
detailed investigation of the induction tube welding process can be only done by numerical 
modelling. Full and local three-dimensional transient numerical models of induction tube 
welding process with continuous movement of the welded tube have been developed and 
tested. Coupled electromagnetic and thermal analyses are carried out at each time step of 
simulation for correction of temperature dependent material properties. Voltage or current of 
the induction coil can be individually input into electromagnetic analysis at each time step. 
This approach allows simulating “quasi” steady-state and transient operation modes. 
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1 INTRODUCTION 
For the production of tubes made of steel (ferritic or austenitic) as well as made of 

aluminium, brass, copper or zinc various conduction or induction welding technologies are 
used in industry. The longitudinal seam welding of the tube can be done by the use of high-
frequency (HF) resistance heating (conductive) or inductive heating. 

The HF induction welding process is executed with the application of a high frequency 
parallel or series resonant circuit converter for the energy supply. The welding is effected by a 
ring shaped or profiled inductor, which includes the tube and induces a high frequency current 
into it. The current passing the strip edges heats the material with an increasing temperature 
towards the welding spot. The welding itself is now here effected without any additional 
material by pure pressure from upsetting rolls. The welding beads are trimmed in hot 
condition behind the upsetting rolls on the outside and on the inside if necessary. 

Contrary to other methods of induction heating where the heating is affected directly next 
to the inductor, the heated area is mainly outside the inductor loop area at longitudinal seam 
welding. The currents induced under the inductor are passing the back of the tube, then 
the edges of the strip and meet at the welding spot. There then the required welding 
temperature of about e.g. 1400°C is achieved. 

2 HIGH FREQUENCY APPLICATIONS FOR THE TUBE PRODUCTION 
For the production of tubes made of steel (ferritic or austenitic) or steel coated with zinc or 

aluminium as well as made of aluminium, brass, copper or zinc conduction or induction 
welding and induction heating technologies are used in industry today as shown in Figure 1. 

 
Figure 1: HF applications and induction applications for the production of tubes 

(Courtesy: SMS ELOTHERM) 
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The longitudinal seam welding of the tube can be done by the use of high-frequency (HF) 
resistance heating (conductive heating) or inductive heating as explained more in detail in 
following chapter. Due to high cooling rates during the welding process, a different 
metallurgical structure and different mechanical properties compared to the base material 
occurs in the seam and in the heat affected zone. 

An induction seam annealing installation can be integrated in the welding line to achieve a 
homogeneous grain structure on the whole circumference. If the annealing of the complete 
tube is necessary from metallurgical point of view an induction tube heating system can be 
used. A cutting installation is arranged at the end of the tube production line in order to cut the 
tubes into conventional lengths. This unit can be operated mechanically, e.g. as a travelling 
saw, or in certain cases even by induction. In this latter case, the tube is heated by a short one 
turn inductor and then separated by a tension pulse in axial direction. 

The high frequency tube welding involves the application of a high-frequency alternating 
current in the range 100 - 500 kHz, with the tube forming and energy input operations being 
performed by separate units. This welding method simultaneously utilizes pressure and heat 
in order to join the strip edges of the open-seam tube together without the addition of a filler 
metal. Squeeze and pressure rolls in double- or multi-roll weld stands bring the edges of the 
open-seam tube gradually together and apply the pressure necessary for welding (see 
Figures 2 and 3). High-frequency alternating current offers a number of benefits as energy 
source for generating the heat required for the welding process. Due to the skin and proximity 
effect the current thus flows along the strip edges of the open-seam tube to the point at which 
the strip edges abut (welding point), and the ensuing concentration. Below the Curie point, the 
depth of current penetration only amounts to a few hundredths of a millimetre. Once the steel 
is heated above this temperature, it becomes non-magnetic and the current penetration depth 
rises to several tenths of a millimetre at frequencies in the region of 450 kHz. 

 
 

 

 
 

Figure 2: Schematic of the longitudinal high 
frequency seam welding of tubes using inductive 

welding 

 
Figure 3: Example of the high frequency induction 

welding of tubes 

Work coil 

Weld rolls 
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The welding current can be introduced into the open-seam tube both by conductive means 
using sliding contacts and by inductive means using single or multi-wind coils. Consequently, 
a distinction is made in the nomenclature between high-frequency induction (HFI) welding 
and high-frequency conduction welding. 

High frequency induction tube welding is a very complex multi-physical three-dimensional 
process. Additionally, the induced current and temperature are distributed not only in space 
but in time as well. The electromagnetic-thermal process parameters are depending on the 
geometry of the inductor, impeder and in particular on the tube (e.g. wall thickness, incoming 
angle etc.), the operation parameter, like total power, inductor current, frequency, welding 
feed etc. and finally also on the material data like electrical conductivity and other, which are 
temperature dependent or in case of magnetic permeability temperature and magnetic field 
strength dependent. 

All of these influence factors and physical correlations have to be taken into account for 
the design and optimization of the HF induction tube welding process. Therefore a more 
profound detailed investigation of the physical relations of the process can be only done by 
numerical modelling. In order to simulate the three-dimensional (3D) “quasi” steady state and 
if necessary transient mode of an induction tube welding system, special numerical models 
are required. The models must simulate the heating process distributed in space and in time. 
That is why the models of induction tube welding must be based on special algorithm 
providing a time loop additionally to coupling between electromagnetic and thermal analysis. 

Geometry of the welded edges and their position in the welding angle should be precisely 
input into the model because of their strong influence to the process. Any simplification in 
geometrical description of the welded edges made like in [1] distorts the results of simulation. 

3 ALGORITHM OF COUPLING BETWEEN ELECTROMAGNETIC AND 
THERMAL ANALYSES 

The developed numerical models of induction tube welding process with continuous 
movement of the tube are based on one specially created algorithm shown in Figure 4. 

For numerical simulation the continuously running physical heating process is replaced by 
big enough number of time steps. Electromagnetic and thermal analyses are carried out at 
each time step of simulation. The Joule heat distribution in the tube, calculated in the 
electromagnetic analysis, is used as an excitation for the thermal one at the running time step. 
Temperature dependent electro-physical material properties are corrected for electromagnetic 
analysis at the running time step according to temperature distribution in the tube after the 
previous time step. Thermal analysis with temperature dependent properties of steel includes 
also simulation of thermal losses by convection and radiation from all open surfaces of the 
calculated system. Heat flux by radiation is calculated taking into account view angles. 
Temperature dependent properties of steel used for simulation are shown in Figure 5. 

Input of voltage or current of the induction coil is individually input in electromagnetic 
analysis at each time step. This approach allows simulating various kinds of transient modes. 
The “quasi” steady-state operation mode can be reached as well via transient one after long 
enough time. 
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One robust way to implement 
movement of the workpiece is based on 
shifting the temperature field before 
each time step of thermal analysis [2]. It 
is very effective for simulation of 
induction heating systems with 
continuously moved endless workpiece 
of constant cross-section. However, 
uniform numerical mesh in the 
workpiece in the direction of motion is 
required for this approach. Speed of the 
workpiece is taken into account via 
values of simulation time steps. This 
approach was modified for the tube 
welding process to run with non-
uniform mesh in the tube which is very 
important for tube welding simulation. 
Arbitrary simulation time steps can be 
applied in this case as well. 

Two 3D transient numerical models 
of the induction tube welding process 
with continuous movement of the tube 
have been developed according to the 
created algorithm. The models are 
realized using Finite Element Method on 
the basis of commercial program 
package ANSYS. 

4 NUMERICAL MODELS FOR 
INDUCTION TUBE WELDING 
PROCESS 

Full model of the welding system 
includes the welded tube with V-angle, 
the induction coil, impeder (see 
Figure 6) and the surrounded air which 
is necessary for spreading of magnetic 
field. FEM element mesh in the tube has 
to be very fine because of small 
electromagnetic penetration depth at 
high frequency. Only a proper chosen 
non-homogeneous mesh allows 

Figure 4: Algorithm of transient coupled electromagnetic-
thermal analysis with the tube movement 
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reaching an acceptable compromise between the total amount of elements and the computer 
runtime needed for simulation. 

 

  

  
Figure 5: Electro-physical and thermo-physical properties of steel used in the model 

 
 
In the presented approach the tube edges are of fixed shape even above the melting 

temperature. That is why the numerical prediction of temperature can exceed the melting 
point. One example of temperature distribution in the welded tube edge is shown in Figure 7. 
Temperature distribution in the second welded edge is symmetric to the shown one. Before 
the welding point temperature grows because of eddy currents induced in the pipe. After the 
welding point no currents are running, so temperature drops down as a result of thermal 
equalization. 

The full model is absolutely necessary for parametrical study and optimization of the 
induction system geometry and electrical parameters of the induction coil and the other 
process improvements. 
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Figure 6: Geometry and FEM mesh in the tube in 

the full model 
Figure 7: “Quasi” steady-state temperature field in the 

tube received by the full model 
 

 
 

  
Figure 8: Geometry and FEM mesh in the tube in 

the local model 
Figure 9: “Quasi” steady-state temperature field in the 

tube received by the local model 
 
 

The second model, which is called local, includes the welded tube and the air surrounding 
only (see Figure 8). In spite of the full model, the current is implemented directly into the 
welded edges of the tube like it is made in HF conduction welding process. The local model 
approach allows increasing the element amount in the simulated system without rising of the 
runtime. It is necessary for deeper analysis of electromagnetic and thermal effects directly in 
the region of welding point. 
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One example of temperature distribution in the welded tube edge received by the local 
model is shown in Figure 9. The local model is very effective for investigation of 
electromagnetic, thermal and other effects around the welding point. 

Temperature distribution is very similar to the results from the full model if the distance 
from the current implementation to the welding point is chosen in a proper way. In front of 
the welding point temperature grows because of eddy currents induced in the pipe. Like in the 
previous case, no currents are running after the welding point, so temperature drops down as a 
result of thermal equalization. 

To compare the both developed full and local models, relative temperature profiles over 
the tube wall thickness in the welding point are shown in Figure 10. 

 
 

 
Figure 10: Relative temperature profiles over the tube wall thickness in the welding point received by the full 

and the local models 
 
 
The temperature level at the welding point depends on power which is defined by the given 

induction coil current or voltage. This current or voltage should be tuned to reach the 
reference temperature given for the certain point of the tube. 

Difference between the temperature curves does not exceed 20 K in the middle part of the 
tube edge. Because of the welded edges in the V-angle are not parallel to each other, the 
temperature profile is of small asymmetry. 
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5 CONCLUSIONS 
- High frequency tube welding is a very complex process with various physical 

phenomena. Detailed investigation and optimization of the induction tube welding process 
can be only done by numerical modelling. 

- Full and local three-dimensional transient numerical models of induction tube 
welding process with continuous movement of the welded tube have been developed. They 
are based on coupled electromagnetic and thermal analyses with temperature dependent 
electro- and thermo-physical material properties. 

- The full model is absolutely necessary for parametrical study and optimization of the 
induction system geometry and electrical parameters of the induction coil. The local model is 
very effective for investigation of electromagnetic, thermal and other effects around the 
welding point. 

- Temperature profiles over the tube wall thickness in the welding point received by 
full and local models are very similar if the distance from the current implementation to the 
welding point is chosen in a proper way. 
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Abstract. In this paper we investigate the electrostatics and charge transport in a triple-
gate Silicon Nanowire transistor. The quantum confinement in the transversal dimension
of the wire have been tackled using the Schrödinger equation in the Effective Mass Ap-
proximation coupled to the Poisson equation. This system have been solved efficiently
using a Variational Method. The charge transport along the longitudinal dimension of the
wire has been considered using the semiclassical approximation, in the ballistic regime.

1 INTRODUCTION

Silicon nanowires (SiNW) are considered an interesting alternative architecture to the
conventional planar technology for electronic devices, because different electronic struc-
tures and transport properties in one dimension can be utilized to fabricate high per-
formance and highly packed integrated circuits. By shrinking the cross-section of SiNW
electronic devices, effects of quantum confinement are observed and the wave nature of the
electrons must be taken into account. In addition, it is well known that the behavior of
field-effect transistors is dominated by electrostatics, which has therefore to be accurately
simulated in order to reproduce the device electrical behavior. In order to accurately
model transport charge in SiNW one have to take into account its transversal and lon-
gitudinal dimensions. For nanowires with transversal dimensions greater than 5 nm, the
2D Schrödinger equation in the Effective Mass Approximation (EMA) represents a good
approximation to describe the quantum confinement [1], but below, atomistic electronic
structure models must be employed. For longitudinal lengths (called channel) greater
than 20nm, the charge transport can be described with a semiclassical scheme, in which
the charges are treated as newtonian particles. Below this channel dimension, quantum
mechanical simulations based on the nonequilibrium Greens function (NEGF) formalism
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are mandatory. The goal of this paper will be the investigation of the charge transport in
a triple-gate SiNW transistor within the effective mass approximation, in the semiclassi-
cal regime. The EMA equation will be solved with a Variational Method, with the main
advantage to eliminate discretization errors as well as to cut down computational time
with respect to a purely-numerical approach. The charge transport along the channel will
be tackled in a ballistic regime.

2 Transport equations

In the following we shall consider a SiNW with rectangular cross section. For a quantum
wire with longitudinal expansion in z-direction, and confined in the plane x-y, the normed
electron wave function ψ(x, y, z) can be written in the form

ψ(x, y, z) = χα(x, y)
eikzz
√
Lz

(1)

where χα(x, y) is the wave function of the α-th subband and the term eikzz/
√
Lz describes

an independent plane wave in z-direction confined to the normalization length, where
z ∈ [0, Lz] and kz is the wave vector number. In general the electron is subject to external
confining potential U , such as by a discontinuity in the band gap at an interface between
two materials, and also to the effect of the other electrons in the system. The simplest
approximation, called Hartree approximation, is to assume that the electrons as whole
produce an average electrostatic energy potential, and that a given electron feels the
resulting total potential Vtot

Vtot(x, y, z) = U(x, y)− eΦ(x, y, z) . (2)

The normed wave function satisfies the Schrödinger equation in the Effective Mass Ap-
proximation, i.e. [

−
~2

2m∗
∆+ Vtot(x, y, z)

]
ψ = E ψ (3)

where E is the total energy, and m∗ denotes the effective mass of the electron in the
conduction band. By inserting eq.(1) into eq.(3), in each z-th cross section of the device,
one obtains the following equation for the envelope function χαz(x, y)




Hχαz = εαzχαz

H =
[
− ~2

2m∗

(
∂2

∂x2 +
∂2

∂y2

)
+ Vtot(x, y, z)

]

Eαz = εαz +
~2k2z
2m∗

(4)

where εαz is the kinetic energy associated to the confinement in the x-y plane, and we have
assumed the parabolic band approximation. The term Φ satisfies the Poisson equation

∇ · [ǫ∇Φ(x, y, z)] = e(n−ND +NA) (5)
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where ND, NA are the doping profile (due to donors and acceptors) and n(x, y, z, t) is the
electron density, which depends on χαz

n(x, y, z, t) =
∑
α

ρα(z, t)|χαz(x, y, t)|
2 (6)

where ρα is the subband linear density in the z-direction

ρα(z, t) =
2

2π

∫
fα(z, kz, t)dkz (7)

fα being the electron distribution function in the α-subband. For an assigned confining
potential, one has to solve a coupled problem formed by the eqs.(4), (5) and (6) to find
εαz, χαz in each cross-section. The subband electron distribution function can be obtained
by solving the 1-D Multiband Boltzmann Transport Equation (MBTE), which forms an
integro-differential system in two dimensions in the phase-space and one in time, with a
complicate collisional operator. The full solution of the MBTE can be obtained or by
using cpu-demanding methodologies such as the Monte Carlo one [2]-[10] or deterministic
numerical solvers [11],[12],[13], or by introducing hydrodynamic models [14]-[18].

3 Solution of the EMA equation

For a fixed total potential Vtot(x, y, z) in each cross-section (with z= const.) one has
to solve the eigenvalues problem (4). This can be achieved or by using a finite difference
numerical scheme, or by using a Variational Method. With a finite difference scheme, a 2D
spatial mesh with N1 grid points in the x-dimension and N2 in y-dimension is introduced.
If we approximate the differential operator ∂2

∂x2 with a central difference formula, then the
eigenvalues problem (4) reduces to a system of linear equations having a N1×N2 matrix.
The discretization error, in this case, is quadratic in the mesh size [19].

With the Variational Method [20], the eigenvalue problem of the Hamilton operator H
is approximated by the eigenvalue problem of the matrix H

Hv = λv , H{i}{j} =
〈
ψ{i}|H|ψ{j}

〉
, v = (v1, v2, ....) (8)

where the matrix elements H{i}{j} are expectation values of the Hamilton operator H with
respect to a set of orthonormal functions {|ψ{1}

〉
, |ψ{2}

〉
, .....} which span the Hilbert

space of H. Then the α-th approximated eigenvalue of the Hamilton operator H is the α-
th eigenvalue of the matrix H i.e. εα ≃ λα, and the α-th eigenfunction χα of the Hamilton
operator H is approximates as

χα ≃
∑
{i}

v{i}α |ψ{i}

〉
. (9)

We observe that the number of the orthonormal functions that span the Hilbert space of
H is infinite. Since the number of used orthonormal functions is finite, the solutions of
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H span in general a subspace of H. Hence the variational method is only an advantage
if the set of orthonormal functions is chosen appropriately so that the matrix elements
H{i}{j} are easily calculable and the accuracy of the approximation can be ensured for a
small number of orthonormal functions. A good choice for a set of orthonormal functions
are the eigenstates of the two-dimensional anisotropic harmonic oscillator which are given
by

|ψjx,jy

〉
=

(ab)
1
4√

π2jx+jyjx!jy!
exp

(
−
ax2

2
−
by2

2

)
Hjx(

√
ax)Hjy(

√
ay) (10)

a =
m∗ωx

~
, b =

m∗ωy

~
, {j} = (jx, jy) ∈ N× N (11)

where jx, jy are the quantum numbers, Hjx(
√
ax) is the Hermite polynomial of order jx

and ω the angular velocity. Then, the elements of the matrix H{i}{j} are formed by two
contributions:

H{i}{j} = H
(1)
{i}{j}

+H
(2)
{i}{j}

=
〈
ψ{i}

∣∣∣∣−
~2

2m∗

(
∂2

∂x2
+

∂2

∂y2

)∣∣∣∣ ψ{j}

〉
+
〈
ψ{i}|Vtot|ψ{j}

〉
. (12)

The first term can be evaluated as:

H
(1)
{i}{j}

=
~ωx

4
δiy ,jy

[
(2jx + 1)δix,jx −

√
j2x − jxδix,jx−2 −

√
i2x − ixδix−2,jx

]
+

~ωy

4
δix,jx

[
(2jy + 1)δiy ,jy −

√
j2y − jyδiy ,jy−2 −

√
i2y − iyδiy−2,jy

]
. (13)

The second term depends on Vtot(x, y, z). Let us suppose that this term reduces to a
two-dimensional finite rectangular potential well U(x, y), i.e.

U(x, y) =

{
0 ∀(x, y) ∈ [−Lx/2, Lx/2]× [−Ly/2, Ly/2]

U0 otherwise
(14)

where the depth of the potential well is usually taken U0 = -4.05 eV (the work function
of Si) and Lx and Ly are the lengths of the well in x and y direction respectively. In this
case, after some calculations, we have

H
(2)
{i}{j}

=
U0

π

√
1

2ix+iy+jx+jy ix!iy!jx!jy!
exp

[
−
1

4

(
aL2

x + bL2
y

)]
×





min(ix,jx)∑
k=0

2kk!

(
ix
k

)(
jx
k

)[
Hix+jx−2k−1(−

√
aLx/2)−Hix+jx−2k−1(

√
aLx/2)

]


×





min(iy ,jy)∑
k=0

2kk!

(
iy
k

)(
jy
k

)[
Hiy+jy−2k−1(−

√
bLy/2)−Hiy+jy−2k−1(

√
bLy/2)

]


 (15)
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Figure 1: The subband energies εα (4) obtained with a finite difference solver, with Ng grid points in
each axes.

If jx = 0, 1, ..., Nx and jy = 0, 1, ..., Ny then the matrix H has (Nx + 1)(Ny + 1) rows and
columns. The main advantage of the Variational Method is that no discretization error
is introduced, as in the finite difference case, and the convergence of the results depends
only on how many quantum numbers are taken. Just to have a comparison, we have taken
a SiNW with cross-section Lx = Ly = 10 nm, and we have evaluated the eigenvalues with
the two methods. In the figure 1 we plot the first ten eigenvalues εα obtained with the
finite difference scheme, by increasing the grid points Ng = N1 = N2. From this figure we
can clearly see that the convergence is reached for Ng= 141. In such a case, the matrix
dimension is 19881 × 19881 and the CPU time was ≃ 19000 sec (using MATLAB and
an AMD Phenom II X6 1090T processor). If we want to obtain a similar result with
the Variational Method, we have to take into account Nx = Ny = 16 quantum numbers.
In this case the matrix dimension is 289 × 289 and the CPU time was ≃ 163 sec. The
percentage error between the two methods is shown in the figure 2. Similar errors are
obtained for the envelope functions.

4 Ballistic transport

Once the quantum confinement in the transversal cross-section of the wire has been
dealt with by efficiently solving the EMA equation, another issue is the description of
the charge transport in the longitudinal direction of the nanowire. If the channel size
of the device is far larger than the scattering length, carriers undergo a large number of
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Figure 2: The percentage error between the subband energies εα (4) obtained with a finite difference
solver and the Variational Method.

scattering processes which result in the diffusive carrier motion. If the channel device size
is further decreased to less than the scattering length, ballistic carrier motion dominates
the transport. The upper limit of the channel size to have a ballistic regime is an open
question. Experimental results obtained in deeply scaled silicon MOSFETs [21] have
shown that the carrier transport is near ballistic for channel sizes lesser than 50 nm.

In this paper we have considered the optimistic case of fully ballistic transport. The
electrons are in equilibrium with their injecting reservoir (source or drain) which adsorbs
and feed carriers into the channel without reflections. The charges are injected into the
channel with unity probability, if their energy in the longitudinal direction is larger than
the maximum subband energy εαz. Then the carriers are transferred from the source to
the drain without being scattered, and by neglecting tunneling effects. The source-to-
drain current I can be evaluated with use of the method proposed in Landauer’s formula
[22], which is expressed as a sum of many one-dimensional subband components. Each
subband current component flowing in one direction is given by the product of the unit
charge, the number of carriers flowing into the subband per unit time, the transmission
coefficient of the subband, all integrated over the carrier energy. The number of carriers
flowing into the subband is further expressed by the product of the input carrier group
velocity, the density of states, and the probability that the state is occupied by the carrier.
In the not-degenerate case, the probability of carrier occupancy is given by the maxwellian
distribution function with the source Fermi level on the source side, and that with the

6
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drain Fermi level on the drain side of the subband. Both current directions, the one from
the source to the drain and that in the opposite direction, should be considered. Then
we have

I = q
∑
α

∫ +∞

0

vD(Eα)
{
f (eq)
α (Eα, EFS)− f (eq)

α (Eα, EFD)
}
T (Eα) dEα (16)

where v = ~kz/m∗ is the group velocity, and Dα(Eα) is the one-dimensional density of
state

D(Eα) =

√
2m∗

~π
Θ(Eα − εαz)√
Eα − εαz

. (17)

T (Eα) is the subband transmission coefficient which, in the ballistic transport, implies

T (Eα) =

{
1 if Eα ≥ εMax

α = maxz εαz

0 otherwise
(18)

In the not-degenerate case the equilibrium distribution function is the maxwellian, i.e.

f (eq)
α (Eα, EF ) ∝ exp

(
−
Eα − EF

kBT

)
(19)

where EF is the Fermi energy and T the lattice temperature. EFS, EFD are the source
and the drain Fermi energies respectively. If VD and VS are the applied voltage biases at
the drain and source respectively, VDS = VD − VS then EFD = EFS − qVDS.

The Fermi energy is obtained by imposing charge neutrality along each cross-section
of the device, i.e.

∫ ∫
n(eq)(x, y, z) dx dy =

∫ ∫
(ND −NA) dx dy (20)

and, if we suppose that the doping depends only on the longitudinal dimension z, we
obtain

EF (z) = −kBT log

{ √
2m∗kBT

π~ [ND(z)−NA(z)]LxLy

∑
α

exp

(
−
εαz
kBT

)}
. (21)

The equilibrium linear electron density (7) is evaluated using eqs.17),(19),(21)

ρ(eq)α (z) =

∫
Dα(Eαz)f

(eq)
α dEαz = (ND −NA)LxLy

exp
(
− εαz

kBT

)

∑
α exp

(
− εαz

kBT

) . (22)

Then by easy calculations eq.(16) reduces to

I =
2q

~π
kBT

∑
α

exp

(
−
εMax
α

kBT

){
exp

(
EFS

kBT

)
− exp

(
EFD

kBT

)}
. (23)
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5 Simulation of a triple-gate SiNW transistor

We have considered a SiNW transistor with a parallelepiped shape, having square
cross-section with dimension Lx = Ly = 10 nm and longitudinal dimension (i.e. the free
transport direction) Lz = 120 nm. The device consists in an internal parallelepiped filled
by Si (having dimension 8 x 8 nm2) surrounded by SiO2 of 1 nm thickness, producing
the confining potential (14). The silicon, in the internal parallelepiped, is doped in the
n+ region with N+

D = 1018 cm−3 and in the n region with ND = 1016 cm−3, with a
regularization at the two junctions given by a hyperbolic tangent profile, i.e.

ND(z) = N+
D −

N+
D −N−

D

2

[
tanh

(
z − z1
s

)
− tanh

(
z − z2
s

)]
(24)

where s = 5 nm and z1 = 10 nm, z1 = 80 nm. The bottom of the parallelepiped (for z=0)
is the source contact, and the top (for z = 120 nm) the drain contact. The triple-gate
contact surrounds three faces of the parallelepiped with an extension 20 ≤ z ≤ 100 nm.
The applied biases are VS= 0, VD= 0.5 V and VG is considered variable. The simulation
procedure is the following:

• the EMA equation (4) is solved with Vtot = U in each cross-section (z = const.),
obtaining the subband energies εαz and envelope functions χαz.

• These functions are used to evaluate the charge density (6) in equilibrium condition,
i.e. with ρα given by eq.(22).

• The Poisson equation (5) is solved leading to a new Vtot = U − eΦ.

• If the new Vtot does not coincide sufficiently well with the old one, we start a fur-
ther loop by solving the EMA equation with the new confining potential until the
maximum difference between these two quantities is smaller than a predetermined
tolerance.

• For each α-th subband, we evaluate εMax
α = maxz εαz, and finally the current (23)

is obtained.

We have taken into account only the first four subbands (α = 1, 2, 3, 4) since, numerical
experiments, shown that the other ones are very scarcely populated. The simulation
results are shown in the figure 3. This characteristic curve, obtained in the ballistic
approximation, gives us an upper limit to the the performance of this device, and the
chosen approximations ensure a very good trade off between accuracy and computational
resources required. Further extensions, such as including a more sophisticated transport
model per subband according to the guidelines in [23]-[29], is under current investigations
and will be presented in the next future.
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Figure 3: The current (23) versus the gate voltage VGS .
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Abstract. The paper outlines the developed mathematical models, computational algorithms 
forcalculation of dust and gas streams in the spectrum of action of local ventilation device of 
the closed type (aspiration shelter) from nodes overload of granular materials. 

 
 
1 INTRODUCTION 

The most reliable way of localization and capturing of dust and gas emissions in the 
production premises of industrial enterprises is the use of dedusting ventilation systems 
(aspiration), main element of which is local ventilation exhaust (LVE).Performance of 
dedusting ventilation system should reduce particulate air pollution to the level of maximum 
permissible concentration at a minimum flow of air entering in LVE. 

The aim of this work is to develop methods for the calculation of the velocity field in the 
spectra of actions of LVE, which allowstaking into account: influence of the rotating elements 
of the technological equipment on the velocity distribution of airflow; vortex structures, 
spreading in the closed LVE - aspiration shelters; separated flows, generated at the entrance to 
the leaks of aspiration shelters and exhaust openings; distribution of dust aerosols in the 
obtained velocity field of airflows. 

 

2 METHOD OF REDUCING VOLUME OF EJECTED AIR 
A mathematical model of ejection of air in a circular perforated pipe was developed for 

determining the effect of the flow of granular material on the air environment and the 
effectiveness of exhaust cover, equipped with a bypass chamber.  

It was considered axisymmetric particle flow in a circular pipe with cross-sectional area ts , 
m2 (Fig.1-2). A cylindrical bypass-chamber is provided around the tube (with cross-sectional 
area bs , m2), aerodynamically connected with a tube with perforated  wall. 

Because of overflowing of air from pipe to the bypass chamber, speed of ejected air in the 
pipe ( u , m/s) and speed of the upward flow in the bypass chamber (ω , m/s) are changing 
along the length of the channel. 

To determine these velocities we used the equation of conservation of momentum of the air 
in a fixed volume 3(m )V , bounded by the surface 2(m )S :


ρ    

 

      n n
V SS

u u dS MdV p dS ,where nu  - 
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 2 

projection of the vector the air velocity on the external  n  surface normal S , м/с; 

u   - 

velocity vector of air, м/с; ρ  - density of air kg/m3; 

M  - vector of mass forces, N/m3; 


 np  - 

vector of surface forces, applied to an elementary area d S with an external normal n , Pa. 
Whence, neglecting small values of higher order, we have come to the basic equation of 

one-dimensional problems of dynamics of ejected air in the pipe in a dimensionless form: 

4 Le( ) /    dp udu v u v u v dx , (1) 

where м чLe ψβ /  
klF V ; ч чβ / (ρ )    k k tG v s ; 22 / (ρ ); / ; / ; /          k k kp p v u u v v v v x x l ; p  - static 

pressure in pipe, Pa (hereinafter we are talking about excessive static pressure); kv  - velocity 
of particles at the end of pipe, m/s; l  - total length of pipe, m; dimensionless number 
Le («ejection parameter») is the ratio of maximum ejection pressure forces (at    kv u v ) and 
dynamic pressure of the ejected air. 

 
Figure 1:  The scheme of aspiration of handling 

node, equipped by upper (1) and lower (2) aspirated 
shelters, a perforated chute (3) with the bypass 

chamber (4) and form camera (5) in the lower shelter 

Figure 2:  An exemplary scheme of perforated chute 
with the bypass chamber: 1 – bypass chamber; 2 – a 

pipe;3 – perforated walls of chute 

Similarly, we obtained an equation of dynamic of rising air in the bypass channel with 
cross-sectional area bs  (in the absence of aerodynamic resistance forces of channel walls): 

2
ω ω ω4ω ω 0; 2 / (ρ ); ω ω /      k kdp d p p v v , (2) 

where ωp  - dimensionless static pressure in transverse cross sections of the bypass channel. 
After a number of transformations, we have a system of differential equations: 

/ γ ;  du dx E p  / 4 γ Le( ) /    dp dx uE p v u v u v ,  

where parameters are calculated by formulas  
 2

ω 02 ( ) /ap p p p u u r p      ; 
0 0/ ε / ( δ )   t tE S Пl s ; 2 2

0(1 ) ; /     kv n x n n v v ; γ – 
mark of pressure difference ω( )p p ;  
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0v - flow rate of particles at the inlet of the pipe; ˆ
tS  - the ratio of the total area of perforation  

holes in the walls of tube to its cross-sectional area; П  - perimeter of pipe; ε  - degree of 
perforation of the walls of the pipe ( ε 0 in the absence of perforation, ε 1  in the absence of 
the pipe walls); 0δ  - coefficient of local resistance (c.l.r.) of perforation hole. 

We use the following boundary conditions:  
2

0 0(0) ; (0) δ ;   nu u p u   (3) 2
0 0(1) ; (1) δ  ku u p u ,  (4) 

where ,δ δn k  - coefficients of local resistance to movement of air at the inlet of pipe and outlet 
of pipe. Some difficulties arise in connection with the fact that the desired data are exactly the 
velocity of the air at the entrance to the pipe (at the outlet of pipe) - 0u and overpressure at the 
beginning (at the end) of the bypass channel - ap . 

Therefore, the solution of the boundary value problem is solved by the method of random 
search:specifying of 0u , is solved the Augustin-Louis Cauchy problem with initial conditions 
(3), wherein a predetermined value of ap from the 
condition (1) (0) ap p p , 2

0(δ δ ) / 2 a k np u and then verifies the condition (4).  To facilitate the 
search of values 0u  and ap  you can use the bisection method (method of half division). 

The increase in the number of ejection Le, as in the case of flow in a pipe with 
impermeable walls, promotes growth of 0u . The asymptotic of the growth (fig.3) and decline 
in ejection are notable in compare with the flux of particles in the non-perforated pipe 
( 0 2u u - dash-dotted curve) in the investigated range of numbers Le.  

 
Figure 3: Dependence of ejected air velocity 0u  and pressure in the bypass chamber ap from the number 

of Le  (atЕ = 1; r = 1; n = 0.4319; δ 0.5;n δ 1;k 0δ 1.5 ) ;solid curves are constructed according to the 
formulas of the linearized problem; dashed line - at maximum forces 1k , Le( )v u ; dash-dotted line is for the 

case of pipes with impermeable walls ( 0E ); rhombuses  - for 0u and squares  - for ap  according to the 
results of the numerical solution of «exact» equation 
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An even greater effect of minimizing 0u  is observed when increasing the degree of 
perforation and there is asymptotic - when 2.5E the decrease of 0u  practically stops. 

The decrease volumes (speed 0u ) of ejected air due to its recirculation in the bypass 
channel is higher, the greater the number of Le and less than n. 

The decrease in ejection is even more noticeable with increasing aerodynamic resistance at 
the exit and entrance of air into the perforated tube. This fact confirms the significant role on 
the volume of recirculated air in the conventional (non-perforated) bypass channel 
pressurization of the top shelter and the presence of the buffer capacity (form-chamber) in the 
lower cover, which create a greater vacuum at the top of the pipe and an afflux - at the 
bottom. This creates conditions for a more intense overflow of air through the perforation 
holes. Volumes of ejected air can be reduced by 1.3-1.5 times by increasing δk to 8-32 and 
1.45-1.55 times with increasing of δn to 4-16 (if Le 10; 2; 2.5  r E ). 

3 REDUCTION OF THE VOLUME OF AIR ENTERING THROUGH LEAKAGES 
Initially, we considered a potential separation of airflow at the entrance to flat slot, in front 

of which there are two screens, perpendicular to its axis and investigated separated flow in the 
slit-like intake channel extending beyond the flat wall, in the spectrum of action of which 
there is an impervious screen. Then, using the theory of functions of a complex variable was 
able to solve the more general problem of separated flow in a horizontal channel, the inlet 
section of which protrudes from the vertical wall at a distance S (Fig. 4). 

The flow is limited by impenetrable screen, remote at a distance G from the inlet section of 
flat channel with height 2B, and divided at the distance M by vertical shield (screen with a 
central hole in height of 2R) into two regions. An impenetrable screen in this case allows 
simplifying the task of determining the constants of the integral of the Christoffel-Schwarz, in 
particular to estimate the magnitude of increments at the infinite point A. 

The function of Zhukovsky in this case has the form: 1 1ln ln
2 2


 

 

t pt b
t b t p

 , and for 

complex potential, we obtained an expression:   1ln ln 1
1 1
            

h m q t m h qw t
m m m 

. 

A connection of points of auxiliary plane t and points of the physical region defined by the 
formula: 

 1       z i k A k B 
 

, where
0 0

; .
1

 
  

t tdt dtA e B e
t m t

   
 

Shield with a central aperture divides intake torch into two parts, wherein, despite low 
consumption of closest to cut-off part of hole, its velocity is higher than the other parts, which 
increases the inertial preload of jet to  axis of the channel and, as a consequence, reduces the 
thickness of the jet  . 

On the value of   is influenced as location of shield M, as magnitude of the hole R. 
Influence of value   on the coefficient resistance of input environment   in aspirating hole 

is determined by the formula of Idelchik I.E .:   2
1/ 1 m  , where 1m  for slit intake 

canal and 2m  for round pipe. 

680



O. A. Averkova, K. I. Logachev, I. N. Logachev and A. E. Canar. 

 5 

 

Figure 4: To the definition of an orthogonal grid and velocity field of suction channel of protruding torch with 
screen 

As research has shown, the change in relative thickness of the jet    1 /      and the 
relative coefficient of resistance    1 /    (here   11 |  R  ;   |   R  )  have clearly 
defined extrema while removing the shield at 0.75M  not only at a considerable distance of 
blank wall, but also with a noticeable approximation of this wall to this aspiration hole. Thus, 
value   has a minimum, and  - the maximum.  

The use methods of theory of functions of a complex variable and Zhukovsky`s method 
allows accurately determine parameters of flow separation, but does not give the opportunity 
to explore the flow in plane multiply connected regions containing screens of finite length as 
well as the flows near the round suction channels.  

Therefore, there was a need to develop a method in which these disadvantages have been 
eliminated. 

We considered multiply connected flow region (fig.5 a) at the entrance into a flat (or 
round) intake channel, in the spectrum of action of which there is thin screen (a circular disc 
with a central opening), at its circulation flow around. Flow separation occurs and forms a 
free current line from a sharp edge C. 

A numerical procedure was developed to determine its position, velocity of flow at any 
given point and the coefficient of local resistance (c.l.r.) at the entrance to the inlet hole  

Discrete mathematical model for a plane problem is constructed as follows (fig.5 b). Let us 
denote: N is number of attached vortices, the same number will be the control points. A 
vortex lying on the sharp edge of visor C is considered to be free. Attached vortices were 
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located at the points of fracture boundaries. Between the attached vortices were located 
control points. 

 

Figure 5:The statement of the problem::а) physical region of flow; b) discretization of the boundary of area 
( −attached vortices,  −free vortices,  −control points) 

Point of  1 2,k    – is point location of k-th attached vortex;  1 2,px x x  – p-th control point. 
To ensure impermeability of axis OX we reflect symmetrically with respect to it all the 
vortices; circulations of symmetric vortices should be opposed.Compliance with this 
condition is automatically leads to a condition of non-circulatory flow. It was assumed that 
desired free line of vortices circulation is constant and equal to  . The total impact of all jets 
on a control point  px in the direction of the outward normal is expressed by the equation: 

             
1 1

, , , , 

 

    
S

S
NN

k Nq q N q k
n

q k
v x G x G x Г G x G x      ,  (5) 

where k –point location of the free vortex. 
Function     2 2

1 1 2 2 2 1 1 1 2 2( , ) ( ) ( ) / 2 ( ) ( )        G x x n x n x x  expresses by itself the velocity 
caused at the point 1 2( , )x x x along a predetermined direction  1 2,n n n

 of a single vortex, 
located at the point 1 2( , )   . Since   0p

nv x   in all control points,i. e. condition of 
impermeability is performed,  at change of 1,2, ,p N   the expression  (5) is transformed into 
a system of linear algebraic equations for determining the unknown circulations  qГ   of 
attached vortices. 

The second approximation for the free streamline is constructed using the Runge-Kutta 
method for the numerical solution of systems of ordinary differential 
equations ;x ydx / dt v dy / dt v  . 

Line current begins to build with sharp edges С. As soon as the distance between the point 
 ,x y  and sharp edge becomes h, then a free vortex comes in this point, i.e. it will be the 
second approximation for this point free line current. Then again, the current line is built, 
while again the distance between the point  ,x y  and the previous position of the free vortex 
will be h.А free vortex is placed at this point and so on.  

After determining of the second approximation for the free streamline is required to re-
solve the system of equations (5) and to determine the circulation of attached vortices. Then, 
the third approximation of free streamline is being built and etc. This iterative process 
continues until the distance between the subsequent position of SN -th free vortex and the 
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previous one will be no more than a given accuracy . Discrete mathematical model is 
constructed in a similar manner for the axisymmetric problem. 

The infinitely thin vortex rings were used as discrete features, without self-induction. The 
system of equations for determining the unknown intensities of attached vortex rings will take 
the form: 

     
1 1

, ,
SNN

p q q p k

q k
G x Г G x

 

      , (6) 

and speed is determined by the formula: 

     
1 1

( ) , ,
SNN

q q p k
n

q k
v x G x Г G x

 

      , (7) 

where     
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 2 2 2
1 1 2 2( ) 0a x x      ,  

π/2
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0

1 sin θ θE t t d   ; 

 
π/2

2 2
0
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1 sin θ

dF t
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4 4

0 0

1(1 ) (1 ) ln
1

i i
i i

i i
F t c t d t

t 

   
  , 

 
4 4

1 1

11 (1 ) (1 ) ln
1

i i
i i

i i
E t c t d t

t 

    
  , ,i ic d formula are taken from the tables of special functions. 

We considered various modes of flow around of vertical screen that is contained in the 
spectrum of the inlet channel. The circulation around the screen was the closest to the 
experimental data with the condition of finiteness of the speed on the lower edge. (Fig.6). 

 
Figure 6:  Line current at circulation flow around screen (   0.4957; r = 0.7) 

For a fixed value of length 0d of the vertical screen and the change of distance r there is a 
minimum value of  . In particular, the value of   for the plane problem for different values 
of 0d  has a minimum in the range 0,55 0,75r  , and for axisymmetric one –  0, 3 0, 35r  .  
With a significant increase of 0d  for a plane problem, extremum occurs when 0,75r  , that 
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corresponds with calculations according to the method of N. E. Zhukovsky at 0d  . 
Numerical experiments have shown that increasing the length of the profile of more than 

one caliber does not give significant practical effect. 

4 APPLICATION OF SWIRLED AIRFLOWS 

In this paragraph is being developed a method of modeling dusty flows in the spectrum of 
action of LVE from rotating cylindrical parts and offered a new direction to reduce the dust 
discharge from aspirated shelters due to the use of the properties of swirling flows. Initially 
we developed a method of computer simulation based on the method of boundary integral 
equations with plane jets simulating rotating cylinders. 

There were simulated dusty flows near open LVE, which shows the necessity of taking 
into account the rotation of the cylinders, which have a significant effect on the velocity field 
of the airflows and the value of the maximum diameter dmax  of dust particles captured by 
LVE. 

It decreases by 3-4 times. Thus, the accuracy of the model significantly influences on 
correct choice of an efficient dust collecting apparatus. It is shown that significant energy-
saving effect and increase the effectiveness of LVE can be achieved by installing a 
mechanical screen. 

In local exhausts of closed type - aspiration shelters can also be used rotating cylinders to 
reduce their energy consumption. 

Using the developed computer program, we determined the value of dmax finely dispersed 
aerosols of different physical properties, that being carried into aspiration network with the 
aim to develop constructive proposals for designing of aspiration shelters with the functions 
of dust precipitation chamber. 

Computational experiments have shown that reduction of 140-200 μm of the maximum 
diameter of dust particles can be achieved due to equipping of aspiration shelters with 
screening visors, rotating cylinders and exhaust-cylinder, conducing due to the airflow 
induced by their rotation of precipitation of dust particles on the bottom of cover. To study the 
processes of vortex is developed a mathematical model of vortex flows inside the shelter, in 
which may be located rotating cylinders, its computer implementation. 

We considered the region with the boundary of S, in which is set the normal component of 
the velocity. 

In the area may be located the rotors and exhaust-cylinders with known linear 
speeds , 1,2, ,kv k M  . To simulate the boundary S is used a simple layer: continuously 
distributed fictitious sources with intensities ( )q  . To account the influence of the airflow, 
initiated by rotation of a cylinder of radius of kR , locate in their centers kс plane vortices with 
known quantities of circulations 2k k кГ R v  .  

At the time of t = mt the system for determining the unknown circulation of attached 
vortices and intensities of sources (runoffs) will have the form: 
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2
1, 1

1 1 1 1 1 1
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expresses by itself an impact on the point 

1 2( , )x x x a single source located at the point 1 2( , )   along the unit vector  1 2,n n n
 ; ( )p

nv x  - 
speed in the direction of the external normal to the boundary of the region in the p-th control 
point at 1,2, ,p N    orthe middle of the p-th segment at 1, 2, ,p N N N W    ;   - 
regularizing variable of I. K.Lifanova; l  - circulation of free vortex descended from the l-th 
sharp edge at time t = t; W - number of boundary elements with a simple layer; N  -  
number of attached vortices. 

The speed is determined from the expression: 

2
1 1 1 1 1

( ) ( ) ( , ) ( ) ( , ) ( ) 2 ( , ) ( , ) .
k

N W N M m L
k k k k k p l l

n k k k
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The trajectory of the dust particle is constructed based on the integration of the equation of 
its movement: 

 3 31 1ρ π ψ ρ χ 2 ρ π
6 6p e p p a p a a m p ed v ( t ) v v v v S / d g,     

      
 

where av  air speed; ρa  air density; pv  particle velocity;  ρ p  density of the particle; dе  
equivalent diameter of the particles; g  acceleration of gravity; 2 / 4m eS d   the square of 
middle section of the particle;  coefficient of dynamic form; the coefficient of air 
resistance, calculated by the formulas of Stokes, Klyachko, Adam.  

With the help of developed set of numerical algorithms, computer program was identified 
patterns of behavior of dust aerosols, arising during overloads of granular materials in 
aspiration shelter of standard design, depending on the availability of non-stationary vortex 
structures in the flow domain. 

A set of particles of different sizes came in area of shelter from supply opening. We can 
enter dispersed composition and concentration of dust and performed simulation of its 
movement until their complete precipitation or capturing. Total mass of particles and 
concentration in the aspirated air have been determined, that were caught in the extraction, 
equal to the ratio of this mass to the volume of air in which they were held. The particle 
disperse structure in the suction pipe was determined by counting particles of different 
fractions, captured by suction. 

As an example, it was implemented modeling of movement of dust particles (Fig. 7) in an 
aspiration shelter of node overload clinker on conveyor. It was considered the movement of 
30,000 dust particles with a density of 3050 kg/м3 with dynamic coefficient shape of 1.8 
(sharp-grained particles). 
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Figure7: Movement of dust cloud of 30,000 
particles of various fractions in 

aspiration shelter node overload of clinker 
conveyor 

 
 

Figure 8: Swirledairfield 

 
Figure 9: Scheme of  experimental setup for determining 

resistance at the entrance of air into the screened round hole: 1 
screen with a central hole; 2 –shield;  

3 –directing triangular prism; 4 –pipe; 5 –micromanometer 
with inclined tube; 6 –pneumometric tube of Pitot-Prandtl; 7 –

steel rods-studs; 8 – screw-nuts for fixing screen 

Replacement of exhaust hole on rotating cylinder-suction significantly changes the 
aerodynamics inside the shelter (fig.8). 

Numerical experiments have shown that concentration of dust in intake air can be reduced 
from maximum permissible up to zero. It depends on speed of rotation of exhaust-cylinder. It 
is obvious that it should be the most removed from loading chute and conveyor belt. The 
direction of rotation should contribute to deposition of dust. 

 

5 COMPARISON WITH THE EXPERIMENT 
We have developed an experimental device, which is illustrated in fig.9, for study the flow 

separation at the entrance to the round aspiration channels. Comparison of calculated and 
obtained experimental values of coefficient of local resistance  (fig.10) demonstrates their 
satisfactory matching. The overestimation of calculated values of  , not more than 15%, and 
it is observed for small values of r.  
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Figure 10: Comparison of calculated values of coefficient of local resistance from a distancer 

when 0 1.55d  : а) d = 0.24; b) d = 0.48; c) d = 0.56; d) d = 1.2 (solid curve –calculations for a plane 
problem,dash-dotted curve –for axisymmetric one, dashed curve –method of N. E. Zhukovsky, circles – an 

experiment) 

Value of   is the сlosest to experimental data, that has been found for the problem in 
axisymmetric formulation, which is naturally, because full-scale experiment was placed in the 
same formulation. Calculated and experimental extrema of coefficient of local resistance (fig. 
10) are the same, which enables to conclude about the reliability of developed method of 
mathematical modeling and research results as for the plane problem (i.e. of separated flow at 
the inlet of rectangular aspiration aperture with an aspect ratio of not less than 1 to 10), as 
axisymmetric one. 
 

6 CONCLUSIONS 
1. For improving the efficiency of dedusting ventilation systems is necessary a package of 

measures for reducing:volume of ejected air, air consumption, entering through leaks and 
technological openings of aspirating shelters, dust discharge in aspiration network by using of 
properties of vortex, separate and recirculating flows.  

2. A method of reducing the volume of ejected air during overloads of granular materials 
was developed. The effectiveness of creating a load device is analytically proved in the form 
of a vertical perforated pipe with a bypass chamber when loading granular materials. The 
process of recirculation of air in the system "boot perforated pipe - bypass camera" was 
investigated, determined the influence of their geometric and aerodynamic characteristics on 
volume of ejected air and performance of the aspiration system. 

By calculation, it was shown that the performance of dedusting ventilation system might be 
reduced by at least 40% due to closed circulation of dusty flows without additional boosters 
of traction.  

3. A non-contact method of reducing volume of air was developed, entering through leaks 
and technological openings of aspiration shelters for localization dust emissions, based on the 
effect of separation of airflow from sharp edges of mechanical screens. 
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We proposed and patented a method of controlling flow separation at the inlet to aspiration 
channels. We have developed mathematical models of separated flows at the entrance of 
round and slotted aspiration channels in the range of which can be arranged end-thin profiles. 

We investigated different regimes of flow profiles, determined their geometrical 
dimensions and conditions, contributing to high aerodynamic resistance of aspiration 
channels. 

We developed recommendations to reduce the volume of air entering through leaks of 
aspiration shelters. Calculated data experimentally are shown that airflow is possible to reduce 
by at least 20%, thereby increasing the efficiency of the aspiration system by reducing energy 
consumption.  

4. A method for reducing dust discharge from aspiration shelters was developed, based on 
the use of swirling air currents, initiated by rotating exhaust-cylinders. 

We proposed program-algorithmic support for research of processes dust discharge in 
aspiration network from localizing dust emission devices and investigated the dynamics of 
dust aerosols in aspirated flows, containing mechanical screens and rotating cylinders. 

Based on computational experiments, we have investigated processes: influence of rotation 
cylindrical detail on airflow in the spectrum of absorption LVE open type and dynamics of 
dust particles in this flow; capturing of dust particles of different shape and density at 
changing ratio velocity of adsorption to speed of rotation of cylindrical part. 

We identified regularities of the influence of thin impermeable screens, rotating exhausts-
cylinders and cylinders on entrainment of dust in the aspiration network. It has been shown, 
that a significant reduction in dust discharge in aspiration network up to complete 
precipitation of dust on the conveyor belt can be achieved by using a rotating exhaust-
cylinder. 

5. Performed experimental research on installation of aspiration shelter with slotted 
leakages and stands for study of flow separation in the inlet to the intake of circular and slit-
like shape channels, allowed to confirm the data obtained by analytical and computational 
experiment. We established qualitative and quantitative concurrence of the velocity field in 
the spectra of absorption and regularities of changes of the coefficient of local resistance to 
the entrance of the intake channels. 

The reported study was partly supported by RFBR, research project No. 14-41-
08005r_ofi_m and the President of the Russian Federation, project MK-103.2014.1. 
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Abstract. The study of singularities in free surface flows remains a subject of consider-
ably interest. Regarding droplet dynamics the pinch-off events and merging of droplets
have been extensively studied due its enormous interest in industrial applications. The
level set techniques allows to embed the partial differential equations posed on a free
boundary into one higher dimension equations posed on a fixed domain, in such a way that
the classical potential flow model can be re-formulated in a complete Eulerian frame work,
with the advantage that free boundary topological changes are automatically included.
The Laplace equation for the velocity potential is solved via its integral formulation and
a boundary element approximation, whereas the evolution of the level set function and
extended velocity potential function is approximated using first order finite differences
schemes. Merging and splitting events are therefore computationally possible. In the case
of two equal drops coalescing, initial instants are very difficult to compute and also to
see experimentally. After initial contact a liquid bridge connecting the two drops grows
on time and a capillary wave, generated at the point of contact, propagates towards the
drop end points. Numerical results regarding two droplet coalescence are presented and a
detail discussion of the main flow characteristics is addressed. Comparison with previous
computations and laboratory experiments will be also included.
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1 INTRODUCTION

The phenomenon of coalescence entails a singularity in the free surface flow when the
two liquid droplets initially touch and merge to form a single body. Understanding this
complex flow is very important from both the theoretical view point as well as with
regard to various industrial applications such as emulsion stability, cloud formation and
nanofluidic technologies.

The general mathematical model to simulate this kind of flows is the Navier-Stokes
equations but its complexity and computational cost have motivated the use of various
simplifying assumptions. For low viscous fluids like water, the motion can be consid-
ered inviscid and irrotational up to length scales of few nanometers. One method for
potential flow computation in moving and breaking domains, uses the level set embed-
ding techniques to establish an Eulerian formulation of the classical Lagrangian equations
[1, 2]. The advantage of this approach is that it seamlessly allows topologically breakup
of droplets. It has proven to be a robust method in simulating various physical situations,
such as wave overturning and breaking, see [1]; the Taylor-Rayleigh instability of a fluid
jet, [2]; droplet and bubble evolution in a two fluid system, [3, 4]; and more recently
electrical droplet deformation, [5].

In this paper we use the same model and numerical algorithm to simulate drop coa-
lescence of two equal size droplets. In particular we analyze how our numerical method
handles the onset of the singularity and the subsequent propagation of the surface capil-
lary waves generated at the contact point. The evolution of the bridge radios is carefully
studied to establish possible self similar solutions and scaling laws.

2 THE MODEL EQUATIONS

To introduce the model equations we follow the presentation in [2] and consider two
time-dependent regions occupied by different fluids and separated by a moving boundary.
We use the subscript F for the liquid and E for the exterior fluid. Let ΩF (t), ΩE(t)
be three-dimensional moving fluid domains, Γ(t) a parameterization of the free surface
between both domains at time t ∈ [0, T ] and R(s, t), s = (s1, s2) the position vector of a
fluid particle on the moving front. See Fig. 1 for a 3D sketch of the physical domain.

We assume that the fluid in ΩE(t) is at rest and pa is the constant reference pressure.
The fluid occupying ΩF (t) is considered incompressible, irrotational and inviscid, and
thus the conservation laws of mass and momentum in ΩF (t) lead to the classical potential
Eulerian-Lagrangian formulation:

u = −∇φ in ΩF (t) (1)

∆φ = 0 in ΩF (t) (2)

DtR = u on Γ(t) (3)

Dtφ = f on Γ(t), (4)

where u is the velocity field, φ the velocity potential, p the pressure field and Dt stands

2
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Figure 1: Schematic figure of the physical setting. ΩF (t) is the fluid domain and ΩE(t) is the exterior
domain.

for the convective derivative, Dtφ = ∂φ

∂t
+ u · ∇φ. The right hand side of Eqn. (4) is the

function

f = −U +
1

2
|u|2 −

p − pa

ρ
, (5)

where the different terms represent the competing forces acting on the free boundary.
Here ρ is the fluid density and U the potential function for the remainder of the body
forces per unit mass in ΩF (t). Depending upon the flow assumptions, some of these
terms may be negligible compared to the others. For example, in the case of gravity
wave propagation, see [1], the gravitational field g = −∇U has to be considered and
surface tension forces can be neglected. Alternatively, the Rayleigh-Taylor instability and
breakup of an infinite jet and the coalescence of liquid droplets are processes driven by
surface tension and gravity terms can be neglected, see [2].

The pressure jump across the free surface Γ(t) is therefore given by

p − pa = γκ (6)

where κ is twice the mean curvature of the surface and γ the surface tension coefficient.
Then equation 5 reads

f =
1

2
|u|2 − γκ (7)

Note that gravity forces have been neglected as inertia, surface tension are the dominant
forces in the physical applications of drop coalescence presented here.

To make the equations dimensionless we introduce the usual characteristic scales for
length r0, capillary time t0. The non-dimensional model equations remain the same except
for f that becomes

f =
1

2
|u|2 − κ, (8)

3
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In what follows all the variables are dimensionless. We have thus avoided a separate
notation for the dimensionless variables.

Next, we formulate the above Eulerian-Lagrangian equations in a complete Eulerian
framework.

2.1 The Eulerian formulation of the model equations

Let ΩD be a fixed three dimensional domain that will contain the free boundary for all
times. In Fig. 1, ΩD = ΩF ∪ΩE . Eqns. (3) and (4), which are posed on a moving surface,
can be reformulated in this fixed domain using the level set/extended potential technique
described in [1, 2]. In this approach, the moving front Γ(t) and velocity potential φ|Γ(t)

are embedded into functions Ψ and G of one higher dimension, respectively. The level
set function Ψ and the extended velocity potential function G are defined on the fixed
computational domain ΩD that should contain the free boundary for t ∈ [0, T ] and such
that

Ψ(R(s, t), t) = 0 (9)

G(R(s, t), t) = φ|Γ(t) (10)

for t ∈ [0, T ]. Following the derivation in [2], Eqns. (3) and (4) transform into:

Ψt + uext · ∇Ψ = 0 in ΩD (11)

Gt + uext · ∇G = fext in ΩD, (12)

respectively. The subscript “ext” in Eqns. (11) and (12) denotes the extension of f and
u onto ΩD, the details of how to perform these extensions will be explained later. Note
that we here have set ΩD = ΩF ∪ ΩE , but it could be chosen in any other way. The only
requirement is that the free boundary should always be included in ΩD.

The Eulerian model equations for the coalescence problem are thus:

u = −∇φ in ΩF (t) (13)

∆φ = 0 in ΩF (t) (14)

Ψt + uext · ∇Ψ = 0 in ΩD (15)

Gt + uext · ∇G = fext in ΩD (16)

(17)

The rest of the boundary conditions and domain geometries have to be specified for each
particular application.

The main advantage of the level set/extended potential formulation relies on the fact
that any topological change of the free surface and evolving magnitudes within this bound-
ary are directly taken into account by Eqns. (15) and (16). Moreover, the embedding pro-
vides a convenient regularization of possible singular geometries and prevents the blow
up of diverging flow variables. This situation often occurs at fluid break-up and merging.

4
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3 NUMERICAL APPROXIMATION

The time discretization is done using a explicit forward Euler scheme with time step
∆t. At each time step tn, given Ψn = Ψ(tn) and Gn = G(tn) the following semi-discretized
system has to be solved:

un = −∇φn in ΩF (tn) (18)

∆φn(x, y, z) = 0 in ΩF (tn) (19)

φn|Γtn
= Gn|Γtn

(20)

Ψn+1 − Ψn

∆t
= −un

ext · ∇Ψn in ΩD (21)

Gn+1 − Gn

∆t
= −un

ext · ∇Gn + fn
ext in ΩD. (22)

Eqns. (18) to (20), which will be approximated using the Boundary element method,
are strongly coupled to Eqns. (21) and (22), which are approximated by applying suitable
finite difference level set schemes. First, the Dirichlet boundary condition (20) is obtained
from the spatial mesh values of Gn in ΩD and secondly u has to be provided from the
boundary element calculation to yield un

ext and fn
ext in the mesh points of ΩD.

Regarding the spatial discretization, linear elements are used to discretize the free
boundary and finite difference upwind schemes are used to approximate the level set
equations (21), (22).

The basic algorithm can be summarized as follows:
For n = 1, . . . , number of time steps

1. Calculate un using the Boundary element method to solve Eqns. (19),(18).

2. Extend un on to ΩD using the level set extension techniques.

3. Update Ψ at tn+1 using Eqn. (21) and the finite difference level set schemes.

4. Calculate the free boundary curvature κn+1

5. Calculate fn as fn =
1

2
|un|2 − κn+1.

6. Extend fn on to ΩD using the level set extension techniques.

7. Calculate Gn+1 using Eqn. (22) and the finite difference level set schemes.

8. Interpolate Gn+1 from the finite difference points to the boundary.

End For

5
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4 DROP COALESCENCE SIMULATIONS

During coalescence of two drops of the same size they first touch and then merge
as the liquid bridge connecting them grows in time. A capillary wave develops at the
contact point and propagates away from the singularity. At early stages of the merging
process the drop end points barely move, the dynamics occurs mainly in the bridge zone.
Occasionally the capillary wave reaches the drop ends causing visible oscillations until
the equilibrium state is finally achieved. For the numerical simulations presented here we
take as initial geometry two spherical droplets of r0 = 1 centered at z = 0 and z = 2,
respectively, such that the initial contact point lies at z = 1. The fixed domain for the
level set computations is set to ΩD = [−1, 5, 3.5]×[−1.5, 1.5] and the time span considered
is t ∈ [0, 1]. A good practice to validate numerical results is to check for convergence with
respect the discretization parameters. Simulations are run with (a) coarse and (b) fine
grids with sizes:
(a) ∆r = ∆z = 0.005
(b) ∆r = ∆z = 0.0025.
To discretize the free boundary a high resolution is needed near the initial contact point,
whereas at both ends of the droplet the size of the surface grid can be larger. We start
with ∆s = 0.02 near z = 1 and increase this distance gradually away from the center
point using the regridding technique established in [2]. Therefore the number of points
Np to represent the free surface varies with time between Np = 141 and Np = 135. The
time step is chosen adaptatively according with the criteria

∆t ≤ min(
∆r

|umax|
, 0.2∆s3/2),

which leads to time steps as low as ∆t = 1. × 10−5 to accurately resolve for the initial
perturbation and can be increased to ∆t = 1.×10−3 once a steady neck growth is achieved.

A very challenging issue that remains open regarding full numerical computations is
how to establish the initial conditions in the drop coalescence problem to avoid the sin-
gularity at t = 0. The general approach is to assume that immediately after the two
free surfaces touch, a bridge of small but yet finite size already exists [6, 7, 8]. Another
recent approach is to use the so called interface/disappearance model described in [9],
which suppresses the initial singularity but entangles a much more complex mathemat-
ical model and the tuning of various model parameters. Within the present model and
numerical framework, and due to the robustness of the level set method to handle topo-
logical changes, the initial condition is just two spheres touching tangentially at a single
point and no artificial smoothing (besides the inherent to the discretization procedure) is
needed. We do not claim the physical correctness of our initial contact evolution (molec-
ular forces would probably play an important role) but just its computational simplicity,
provided enough spatial-temporal resolution is given to resolve the small scales involved.
We restrict ourselves to report the numerical results obtained which can be of interest
to the computational community. In the present computations the early stages occur

6
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Figure 2: Initial stage evolution: Reconnection event at t = 0.00155

in the time interval t ∈ [0, 0.002], where the length of the contact line is stable or even
diminishes with time. It is worthy to report that at t = 0.00111 and t = 0.00155 two
free boundaries re-connections take place, hypothetically entrapping a thoroidal bubble
of radius 5 × 10−5 non dimensional units, see a zoom of the area at t = 0.00155 depicted
in Fig. 2. These events are easily handled by the level set technique and the computation
proceeds smoothly.

Once the onset of the liquid bridge between the drops has taken place, how its minimum
neck radios rmin evolves with time is a subject of interest, as theoretical works and
experiments indicate the existence of certain scaling laws. Duchemin et al [6] established
that, for inviscid fluids, capillary pressure should balance dynamical pressure at early

stages of the process, that is ρ(
drmin

dt
)2 ≈ ∆p, from which the following scaling law is

obtained:

rmin ≈ (
γR

ρ
)1/4t1/2

More recently, Paulsen et al [10] distinguished two different regimes regarding inviscid
drop coalescence: an initial regime (never identified before) which they named the inertial-
limited-viscous regime and a pure inertial regime. The scaling laws proposed by these
authors are rmin ≈ t and the above rmin ≈ t1/2 respectively. They conclude that
the initial regime should apply for drops of any viscosity. Nevertheless it is difficult to
establish in which time range (or rmin range ) these two regimes should apply due to
the difficulty of obtaining reliable experimental or numerical data at such early stages of
bridge formation.

7
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Figure 3: Minimum neck radios evolution

Therefore, one unavoidable characterization of the merging process is the time history of
the minimum neck radios. In Fig. 3 we plot rmin versus t for both mesh sizes, from which
we can conclude the independence of the results with respect the discretization parameters
at the present refinement level. In what follows the numerical results correspond to the
coarse grid. To check for the scaling laws proposed previously we plot in Fig. 4 log(rmin)
versus log(t). Looking at this graph we can distinguish two very different slopes. A
linear fit performed with Matlab gives an exponent of α = 1 for very early times in
t ∈ [0.004, 0.007], and a very stable exponent of α = 0.4 for times in the range [0.018, 0.15]
(and even beyond). The transition law between these two scaling laws would correspond
to the theoretical α = 0.5. The more persisting exponent of α = 0.4 found in this work
agrees very well with previously reported experimental results, see [8], [11], [7].

In Fig. 5 the evolution of the left end drop axial coordinate is depicted. As it can be
observed from this graph, droplet deformation from t ∈ [0, 0.4] is very much localized on
the bridge region as the end points barely move. The capillary wave reaches these end
points at around t = 0.4. In Fig. 6 we show the amplitude of the capillary wave with
respect the superimposed initial condition at time t = 0.1. We have focused the capillary
wave amplitude over the radial direction y = x. The amplitude of the wave with respect
the sphere of R = 1 is approximately 4 − 5 × 103.

Drop profiles at selected times are depicted in Fig. 7. To compare our simulated results
with the laboratory experiments in [11] we have to transform our non-dimensional times

to dimensional ones multiplying by the characteristic time scale to =
√

ρr3

0

γ
= 1720µs.

Here we have taken the usual water properties and r0 = 0.6mm, which is the radios of the
droplets in the experiments by Thoroddsen (see figure 12 of [11]). We observe that not
only the drop profiles are in very good agreement with the experimental ones, but also
the time occurrences.

8
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Figure 4: Log-log plot of minimum neck radios evolution
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Figure 5: Left end drop axial coordinate evolution
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Figure 7: Fronts of two equal drops coalescing at indicated times
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5 CONCLUSIONS

- In this paper we have used a three-dimensional algorithm with axial symmetry, based
on the Boundary Integral-level set coupling to approximate hydrodynamic problems
with free boundaries. Using the level set/extended potential model singular flow
events, such as fluid break-up or merging, are easily handled and the computations
can go past these singular times.

- In particular we have presented here the numerical results obtained in the case of
two drops of same size coalescing. With our numerical technique there is no need to
start the calculations with the artificial initial bridge needed in previous numerical
simulations. Moreover, the scaling laws obtained, drop profiles and time occurrences
are in very good agreement with published laboratory experiments.
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Abstract. The aim of this work is to provide a numerical method of fluid-thermal-structure 
coupled simulation of grid fins in hypersonic flows. Hypersonic flight vehicle with grid fins 
offers many advantages under high speed condition. The main advantages are small hinge 
moments, efficient packaging and capability to produce effective aerodynamic force at high 
angles of attack over wide Mach number ranges. The structure, however, sustains complicated 
loads caused by aerodynamic forces and heating during hypersonic flight. The large 
aggregations of experimental studies are limited to parts of physical characteristic due to the 
difficulty in the data transmission. This study takes the full influence of fluid flow into 
account as well as heat transfer on structure strength and stiffness. The following work is 
done. Firstly, Reynolds-Averaged approach and Spalart-Allmaras turbulence model are 
employed to solve the problem of flowing fluid. The simulation is achieved by using second 
order upwind scheme and hexahedral mesh grids. Validation has done by comparing the 
computed normal force coefficient with wind tunnel data for a Mach number from 1.8 to 3.5 
and different angles of attack. Secondly, computations are performed at free stream Mach 
number 6 at five angles of attack from 0 to 15 degrees. The data of aerodynamic forces and 
heat flux is obtained after fluid-thermal coupled calculation. The strength and stiffness 
calculations are carried out by taking the aerodynamic forces and heat flux as boundary 
condition of solid domain. Finally, two types of structure form are discussed for long time 
thermal protection. One is niobium alloy, the other is C/SiC composites. The article shows 
that different thermal and mechanical predictions are affected by various conditions such as 
angle of attack, material characteristics. The structure response takes on a whole different 
status under different angles of attack. This allows engineers to choose appropriate size and 
type for hypersonic thermal protection materials. 

 
 
1 INTRODUCTION 

With the comprehensive and integrated development of engineering system, researches on 
some problems are no longer confined to a single discipline, and the multi-physics coupling 
analysis is a universal example. The analysis often requires different processes simulations for 
the same region in order to get some results of two or more field interactions. Therefore, it’s a 
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great challenge for the research of multi-field couplings and its application in engineering 
problems, and the coupling mechanism has become a research focus of many disciplines.  

Grid fin is a nonconventional aerodynamic lifting and control surface consisting of an 
outer frame with internal lattice[1]. In the 1940s, scientists from the Soviet Union first carried 
out theoretical and experimental researches of the grid fin[2, 3] in aerodynamics, structure, 
strength, quality, and manufacturing process, but because of lack of knowledge of various 
features of such wing surface, the grid fin was not widely used. In recent years, the grid fin 
has again attracted the attention of the world. Russia, United States, Germany and China have 
strengthened theoretical researches and experimental development of grid fin and have 
successfully applied it to satellites, rockets and missiles. After that, many advantages of grid 
fin have been proved by the studies such as low hinge moment, efficient packaging, suitability 
of tube launching and good lifting characteristics in supersonic or hypersonic flows[4-7]. 
Naturally, with the hypersonic techniques development, the researches of grid fin are also 
extended to the field of hypersonic applications to achieve much better performance than the 
conventional wing configurations. 

However, it’s not quite easy for grid fin using in hypersonic flying which will be affected 
by the flow field, thermal field and structure field at the same time. The air flows opposite to 
the wings and provides lift force for the flight vehicle, while the wings stressed and deformed 
conversely affects the distribution of the flow field. Air friction changes the surface 
temperature of the wings, and the temperature conversely affects the physical properties of 
structure and fluid. During the flight, it may encounter any or all of the following conditions: 
1) extremely hot surface temperature; 2) large temperature gradients; 3) transient heating. In 
response to these extreme conditions, the grid fin may experience any or all of the following 
conditions: 1) possibly large thermal stress superimposed on aerodynamic pressure; 2) 
changes in material properties such as strength and elastic modulus; 3) high temperature creep. 
In addition, it’s really difficult to obtain reliable experimental structural response with a 
complex fluid-thermal superposition boundary condition. Hence, there are many significant 
challenges in predicting structural response in such an extreme environments, including: 1) 
the simultaneous response of fluctuating pressures, aerodynamic heating and structure 
deflection over long durations; 2) material nonlinearity; 3) spatial variation of material and 
structure properties; 4) uncertainty in loads, material properties, geometry, and boundary 
conditions; and 5) the computational cost and complexity of large, coupled models. 

Traditionally, in order to tackle those complex issues occurring in design process, an 
aerodynamicist will predict the surface pressures and heating rates by assuming a rigid 
isothermal body. These aerodynamic heating rates are used by a structural heat transfer 
analyst to predict the structure temperature distribution. Finally, a structural analyst uses the 
temperature distribution and aerodynamic pressure to predict the structural deformations and 
stresses. Such traditional independent approaches require several interactions between the 
different analysis methods and analysts. The approach is relatively inefficient and 
untrustworthy. Meanwhile, early theoretical calculations cannot fully reflect the coupling 
between the three physical fields of grid fin[8]. Even though a system of partial differential 
equations describing such problem is obtained, if it is not simplified, it’s also difficult to get 
solved manually. In fact, in the early 1900s, Lamb et al. proposed the problem that such 
structure had an impact on other media[9]. After that, Whitehead[10] proposed a classic semi-
empirical analysis method, actuator disk, for the numerical analysis of the flow field in 1959. 

702



Shengze Li, Zhenyu Jiang, Weihua Zhang and Ke Peng 

 3 

Whereas, because of other restrictions, not until the late 1960s when the numerical methods of 
finite element and boundary element came into being did the detailed analysis appear to solve 
the problem. In Applied Mechanics Review published by the American Society of Mechanical 
Engineers, there was no term of fluid-structure interaction from 1970 to 1980, and related 
terms were only aeroelasticity, tremor, etc. Not until 1981~1983 did the term fluid-structure 
interaction (FSI) began to come into being. With the establishment of the entry FSI, in these 
three years, the number of abstracts under this entry was up to 49, 73 and 50, which also 
shows certain development of fluid-structure interaction in the 1980s. In 1991, Bendiksen[11] 
was the first person to propose that fluid and structure domains could be solved through a 
unified equation, i.e. two-way media interaction. It meant that while the structure was solved, 
the force to the structure generated by the fluid should be explicitly solved. This forced 
decoupling method shows that people then began to use some effective ways to solve the 
problem of fluid-structure interaction. In 1992, Takashi[12] used Arbitrary Lagrange-Euler 
(ALE) for the description to solve the uniform hybrid equation and applied semi-implicit and 
semi-explicit method to the fluid and finally solve the N-S equation. In 2001, Choi[13] 
separated variables to solve the hybrid equation of fluid-structure interaction proposed by 
predecessors, who introduced the symmetrical pressure equation and applied the four-step 
method and ALE for the solution. From 2001 to 2004, Hubner[14-16] adopted the space finite 
element with discontinuous stabilized time to discretize the model equation, establish a single 
system of equations and solve the problem of flow around of two-dimensional viscous fluid. 
In 2005, Namkoong[17] proposed a method to directly solve the hybrid equation and address 
the problem of two-dimensional channel flow of two-dimensional vertical plate division. At 
the same time, in order to solve the problem of buckling and large deformation of the three-
dimensional structure, Zhang and Hisada[18] jointly developed a program of FSI that 
provided a method to follow to solve fluid-structure interaction, who at the same time applied 
ALE to solve the fluid-structure interaction problem of two-dimensional heart beat and three-
dimensional large deformation. Then, with the requirement of developing advanced 
hypersonic flight vehicle, the thermal influence was added in the fluid-structure coupling 
problem in order to synthesis the three fields interaction to support the structure design and 
the thermal protection system design for the hypersonic flight vehicle. In 2010, Culler[19] 
carried out the fluid-thermal-structure simulation on the hypersonic flight vehicle and validate 
the aerodynamic force and heating results with some wind tunnel test data. It shows goodness 
fit with the experiments and represent the future trends of flight vehicle design methodology 
in using fluid-thermal-structure integration method. Obviously, this method also suggests a 
new way of thinking about the grid fin designing and its application in hypersonic flight 
vehicle. In this paper, we presents a numerical approach to study the fluid-thermal-structure 
coupling problems of the grid fin. The influence factors of the attack angle on different field 
effect will be numerically discussed, and the structure response with two different material 
will also be revealed. The objective of this work is to provide investigators and designers of 
the grid fin with a relatively systematic reference. 

2 NUMERICAL MODEL 

2.1 Geometric model 
In order to facilitate the verification of the reliability of the simulation method, this paper 
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established the geometric model of grid fin in accordance with reference literature[1]. The 
geometrical configuration and dimensions are shown in Figure 1. The grid fin is at the tail of 
the missile, which can work within a time of 200s, at a height of 20km and a flight speed of 
6Ma. 

  
Figure 1: Geometric model and dimensions of grid fin 

2.2 Flow field model 
Figure 2 and 3 shows the mesh of flow field in ICEM. The minimum distance between the 

far field and the grid fin is 20 times of the chord length to ensure that the border will not 
interfere with the flow field around the grid fin. To facilitate the application of hexahedral 
mesh, the flow field is divided into multiblocks. On the contour of the fin, there are 118,883 
nodes distributed, and after swept along the flow direction, a total of 13,465,840 units are 
generated. The grids on the boundary layer are densified. 

  
Figure 2: Local meshes distributed on flow direction Figure 3: Local meshes distributed on grid fin surface 

After the geometric model and mesh division are completed, the coupled areas need to be 
marked so that the corresponding coupling surface can be selected for the coupling calculation. 
The independent set is respectively named for inlet, outlet, far-field boundary of the flow field 
and the contour of grid fin. Reynolds-Averaged approach and Spalart-Allmaras turbulence 
model are employed to solve the problem of flowing fluid, and the second order upwind 
scheme is used to achieve the simulation. 

2.3 Model validation 
This paper makes reference to the simulation results of the grid fin in literature[1] and 
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makes comparison between the angle of attack and normal force coefficient curve to verify 
the correctness of the established geometry and grid of the flow field. The numerical model of 
grid fin is validated with the flow field parameters: 1) free incoming flow Mach number 
Ma=1.8, 2.5 and 3.5; 2) incoming flow temperature T=293.15K; 3) Reynolds number 
Re=2.3×106, 3.0×106 and 4.7×106; 4) angle of attack α=0~15°and interval of 5°; 5) angle of 
sweepback δ=0, -15°. Through the numerical simulation at multiple angles of attack of grid 
fin, the relationship of change between the normal force coefficient and angle of attack is 
obtained, as shown in Figure 4 and 5. The grid fin’s normal force coefficient increases 
gradually with the growth of the angle of attack. It can be seen from the comparison between 
the measured data and model values that at the same angle of attack the normal force 
coefficient of the grid fin is very close and the minimum error is less than 18% (δ=0°) and 22% 
(δ=-15°), therefore, the parameter settings and grid distribution of the flow field model are 
reasonable. 

  
Figure 4: Normal force coefficient versus angle of 

attack, δ=0° 
Figure 5: Normal force coefficient versus angle of 

attack, δ=-15° 

3 NUMERICAL CALCULATION AND ANALYSIS 

3.1 Coupling calculation strategy 
For the coupling calculation of heat transfer between the flow field and the structure field, 

data exchange occurs on the wall contacting the flow field, called the coupling interface. Data 
repeatedly exchange on the coupling interface to satisfy the boundary conditions of the next 
calculation of the flow field and the structure field. The flow field requires new temperature 
boundary conditions provided by the coupling interface, while the structure field needs new 
heat flow boundary conditions. The coupling scheme in this paper is as follows: 

(1) At the time t=0s, a steady-state solution of the flow field is first calculated under the 
wall boundary conditions at a constant temperature, and then the heat flow value on the 
coupling interface is obtained (heat flow transferred from the flow field to the wall), 
represented by fq  ( f  represents the flow field). 

(2) Without wall radiation effect considered, according to energy conservation, the heat 
flow transferred from the wall into the structure field is equal to that from the flow field to the 
wall. So the heat flow boundary condition ( s represents the structure field) to calculate the 

705



Shengze Li, Zhenyu Jiang, Weihua Zhang and Ke Peng 

 6 

heat transfer of the structure field can be as follows: 

 yx x
s x y z f

TT Tk n n n q
x y z

  
      

 (1) 

 (3) The above formula is taken as the boundary condition of the structure field for solving 
the heat transfer equation, and after a time of t  (the coupling time of this model is 1s), the 
temperature sT  of the re-distributed field structure can be obtained (the structure field is in the 
uniform temperature state initially). 

(4) After the calculation of a time step t  (FEM) of the structure field, the temperature 
boundary condition sT  of the next calculated of the flow field can be obtained, i.e. the new 
wall temperature. 

(5) At the temperature boundary sT  the transient flow field calculation is carried out. After 
the time t , the new wall heat flow value fq  can be obtained. Then this variable is extracted 
from the flow field and loaded into the structure field as a boundary condition, and the next 
calculation is carried out. 

(6) The cycle is repeated until the end of the calculation. 

3.2 Fluid thermal coupled 
Actually, the validation model is used in the wind tunnel test and too small to be applied 

for the authentic flight vehicle. Hence, with considering the practical application, a major 
difference is that the calculation model is 10 times larger than the validation model. 
Meanwhile, the model is calculated in Ma=6 of free incoming flow at the angles of attack 
from 0 to 15°. By the calculation, the pressure and heat flux is obtained. Figure 6 shows the 
nephogram results of surface pressure after 200s flights in different angles of attack. It can be 
found that, in Figure 6(a), the high pressure area on the grid fin surface are mainly distributed 
in the region of the leading edge stagnation point, where the maximum pressure is 0.27 MPa. 
However, with the increasing of angle of attack, the high pressure area are no longer staying 
in the leading edge region due to the complex shock and expansion wave interaction between 
the inner lattice wings. Moreover, in Figure 6(c), the result shows that the area occurs in the 
leeside of gird fin which is totally different from the patchy distributions of angle 5° and 15°. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 6: Surface pressure nephogram in different angles of attack 

Figure 7 shows the nephogram results of heat flux in different angles of attack. The 
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distributing characteristics are displayed similar to Figure 6 and most area is graded in 
megawatt per square meter. As the Figure 6 and 7 show, it cannot be simply asserted that the 
leading edge of the grid fin will be the most severe region of aerodynamic heating as well as 
the design focus of thermal protection of the structure which just only happened in 0° attack 
angle. Due to the complex flow separation, the thermal protection design should synthesize 
each kind of situation. In addition, it should also be noted that the high pressure and heat flux 
environment will further promote heat exchange between the flow field and the structure field, 
therefore, to get the further structure response will be the focus of study on the use under 
hypersonic conditions. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 7: Heat flux nephogram in different angles of attack 

3.3 Structure response 
During a long time flying with the combination of extreme pressure and heat, general 

metal alloy is difficult to bear, so that, some high temperature materials are taken into account. 
Firstly, the niobium alloy which could provide an excellent high specific strength from 
1093°C to 1427°C is introduced in the coupled calculation with some considerations of its 
good mechanical property and a broad application scope of temperature. Some properties are 
shown in the following table: 

Table 1: Material properties of niobium alloy 

Temperature 
K 

Density 
kg/m3 

Thermal 
conductivity 

W/(m·K) 

Elasticity 
modulus 

GPa 
Poisson ratio 

Linear expansion 
coefficient 
×10-6(K-1) 

Specific heat 
J/(kg·K) 

1150 8800 37.4 103 0.3 8 273 
1580 8800 42.4 112 0.3 10 327.6 

About the boundary condition, the displacement restrictions through x, y and z orientation 
are applied to the bottom holder of grid fin, the initial temperature of the structure is set as 
295.15K. The wall boundary of grid fin is treat as the coupling area for exchanging and 
transferring variable data, the data of coupling is the heat flux variable which will be extracted 
through the fluid field calculation, at the same time, the temperature variable also could be 
picked up after the structure field calculation for the next coupling step. 

Figure 8 shows the temperature distribution of the grid fin in using niobium alloy after 
200s simulation. As the figure shows, in 0° angle of attack, the highest temperature is up to 
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1127K and rapidly declines along the longitudinal direction; in 5°, the temperature of bottom 
holder sharply climbed to more than 1500K, some area is even as high as 2500K; in 10°, the 
trailing edge occurs extreme high temperature as the heat flux distribution of Figure 6(c); in 
15°, the leading edge becomes the most serious area again as Figure8(a), but the temperature 
distribution of bottom holder is mostly the same as Figure 6(c). More generally, the 
temperature distribution is inhomogeneous caused by the differential of heat flux and most 
region has reached more than 500K, some local area has risen by over 1500K which is the 
maximum working temperature of niobium alloy. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 8: Temperature nephogram of niobium alloy in different angles of attack 

The drastic temperature gradients will further effect the strength and stiffness of the 
structure. As the Figure 9 shows, the average stress level increases with the increasing of 
attack angle. It should be also noted that, with the existence of the sharp corner, significant 
stress concentration appears especially for the bottom holder which is one of the weak parts of 
the main structure and need to be further optimized. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 9: Von-Mises stress nephogram of niobium alloy in different angles of attack 

As the displacement nephogram shows in Figure 10 which is got from the calculation 
results, an interesting phenomenon is found that the displacement is not simply enlarged with 
the increasing of attack angle, in 5°, an obvious extrusion takes place at the left and right edge 
of the outer frame and in 15°, by contrast, the expansion appears. Furthermore, the maximum 
displacement reaches 14.5mm that severely impact the aerodynamic configuration for 
supplying lifting force. Actually, in this model, some more detail properties (e.g. failure 
strength, fracture strength, etc.) are not added in the calculation when the working 
temperature exceed to 1500K in order to reduce the intolerable time cost. The structure will 
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be cracked in such an extreme environment under the alternate loading over the long period of 
time. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 10: Displacement nephogram of niobium alloy in different angles of attack 

It is with these thoughts in mind that the niobium alloy will no longer take into account due 
to the excess of its working temperature and large displacement caused by the high pressure 
and temperature environment, so some other materials should be sought to satisfy this 
environment. Based on the preliminary calculation results before, the C/SiC composites is 
used to replace the niobium alloy. It can almost meet all the need of hypersonic application: 
long life (under 1950K), finite life (under 2300K), and transient life (under 3100K). Here are 
some basic material properties listed in the following table: 

Table 2: Material properties of C/SiC composites 

Temperature 
K 

Density 
kg/m3 

Thermal 
conductivity 

W/(m·K) 

Elasticity 
modulus 

GPa 
Poisson ratio 

Linear expansion 
coefficient 
×10-6(K-1) 

Specific heat 
J/(kg·K) 

295.15 2000 8 124 0.06 0.38 800 
300 2000 8 112 0.06 3.09 900 
600 2000 8 102 0.06 3.72 1200 
900 2000 8 83 0.06 3.41 1500 

1100 2000 8 91 0.06 4.49 1700 
1300 2000 8 68 0.06 3.68 1700 
1390 2000 8 33 0.06 4.01 1800 

Through the comparison of temperature distribution between Figure 8 and 11, it was found 
that the maximum temperature of C/SiC composites is about 259K, 214K, 180K and 190K 
higher than the niobium alloy. It’s mainly because of their closely thermal conductivity and a 
lower heat capacity compared with niobium alloy.  
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(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 11: Temperature nephogram of C/SiC composites in different angles of attack 

Figure 12 shows the final stress distribution of the C/SiC composites structure. Although 
the elasticity modulus of C/SiC composites has fallen by almost 70% in comparison to the 
property under ambient temperature, however, the slow growth of expansion coefficient with 
temperature rise will prevent the increase of thermal stress and displacement, hence, the stress 
level in Figure 12 is about half lower than the niobium alloy. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 12: Von-Mises stress nephogram of C/SiC composites in different angles of attack 

The displacement in Figure 13 exhibits that the deformation of C/SiC composites structure 
is 40%, 57%, 35% and 27% lower than niobium alloy. In addition, it is noticed that, in 5° and 
15° attack angle, the bottom holder happens some lateral displacement influenced by the 
mixture load, the supporter should be enhanced to deter the lateral load. 

    
(a) α=0° (b) α=5° (c) α=10° (d) α=15° 

Figure 13: Displacement nephogram of C/SiC composites in different angles of attack 
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4 CONCLUSIONS 
This paper has analyzed the characteristics of fluid-thermal-structure interaction of grid fin 

under hypersonic conditions and makes comparison with former researches to verify the 
reliability of the calculation scheme. Following conclusions can be reached: 

(1) The value of normal force coeffecient is very close to the calculation results of the 
literature, and the reliability and effectiveness of the model is verified by simulations. 

(2) With the increasing of attack angle, the most serious region of aerodynamic pressure 
and heat flux no longer concentrate on the stagnation point of leading edge, the temperature, 
stress and displacement distribution changed followed by. The maximum value of 
temperature, stress and deformation occurs at the 5° attack angle. 

(3) The deformation and stress level of C/SiC composites are better than the niobium alloy, 
however, in this situation, the composites not fit for long time using under a fix attack angle. 

(4) The current configuration exhibits good resistance to bending, meanwhile, some lateral 
area should be paid attention especially for the root of bottom holder. 

The results provide a reference for the design of the heat-resistant structure of grid fin.  
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Abstract.
Intrinsic hybrids can be manufactured in a modified resin transfer molding (RTM) pro-

cess for fibre reinforced polymers. Our work concentrates on mesoscopic modeling for
temperature-dependent visco-elastic effects accompanied by curing within the RTM pro-
cess. During hybridization and later thermal loading the periodic mesostructure defined
by resin and fibres is taken into account as a representative volume element (RVE) sub-
jected to thermo-mechanical loading. Homogenization leads to results on the less resolved
macroscale. In the examples we illustrate the characteristic behavior of the mesoscopic
model, such as shrinking due to curing and temperature dependence and simulate the
RTM process as well as thermal loading of the cured composite with the finite-element-
method.

1 INTRODUCTION

Nowadays, polymeric materials find their applications in carbon- and glass fibre-rein-
forced epoxy laminates. The production process of polymeric materials is mainly charac-
terised by thermal loading and curing. Here, in the initial uncured state the mixture of
resin and curing agent exhibits a viscous liquid behavior allowing no more than hydro-
static pressure. With evolving curing polymer chains form and cross-link to each other
such that the viscosity of the liquid resin, its molecular weight and the stiffness increase,
see e.g. [1]. The process is highly temperature dependent and influences strongly the
mechanical, thermal and chemical properties of the final composite.
In [2] a phenomenological thermo-viscoelastic curing model for finite strain deformations

is proposed. The formulation is based on process dependent viscosities.

1
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Furthermore, [3], [4] and [5] formulate ad hoc assumptions for the bulk heat-dilatation
coefficient dependent on curing, whereas the bulk shrinking-dilatation coefficient is not
dependent on the degree of curing.
A micro-macro strategy suitable for modeling the mechanical response of heterogeneous

materials at large deformations and non-linear history dependent material behaviour is
presented in [6]. [7] investigates an algorithm for the computation of homogenized stresses
by volume averaging and the overall tangent moduli of microstructures undergoing small
strains is derived. In [8], the influence of the RVE size on the residual stresses created
during the curing process of a continuous fibre-reinforced polymer matrix tow is investi-
gated to calculate the response of woven fibre textile composites. Additionally, mechanical
loading for varying RVE size is investigated, not including the effect of curing stresses, or
in other words not including the process history.
Our work enhances these investigations, concentrating on the macroscopic anisotropic

thermal expansion coefficient including the history of a modfied RTM process. Within
a thermodynamic framework we use an additive ternary decomposition of the logarith-
mic Hencky strain tensor into mechanical, thermal and chemical parts, as in [4]. Based
on the concept of stoichiometric mass fractions [9] for resin, curing agent and solidified
material the bulk compression modulus as well as the bulk heat- and shrinking dilata-
tion coefficients are derived. An RVE simulating the RTM process is used to determine
the macroscopic strains by homogenization. Mesoscopic as well as macroscopic resid-
ual strains can be observed for the fully cured material. Based on this foundings, the
macroscopic anisotropic thermal extension is determined.

Notations

Square brackets [•] are used throughout the paper to denote ’function of’ in order to
distinguish from mathematical groupings with parenthesis (•).

2 A GENERAL FRAMEWORK FOR FIBRE REINFORCED POLYMER
CURING

Within the framework of large strain theory B0 ⊂ R3 in Figure 1.b denotes the periodic
mesostructure of a fibre reinforced composite in the reference configuration. It is related
to the homogenized macrocontinuum in the reference configuration B̄0 ⊂ R3, as shown in
Figure 1.a. V0 in Figure 1.c denotes the RVE associated with the structure B0. The volume
V0 consists of the resin part B0resin and the fibre part B0fibre, respectively, each regarded
as solid constituents. Thus, we consider the decompositions of the RVE and its surface
V0 = B0resin ∪ B0fibre. We denote by Pi ⊂ B0i, a spatial point for which either i = resin
or i = fibre holds. Its material counterpart at time t in the current configuration of the
mesostructure Bi, i = resin, fibre in the space-time-domain B0× ] − ∞, T [ is denoted
by pi, i = resin, fibre, where T is the total time of interest.

2
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a) b) c)

V0 ⊂ B0

E

Ē

B̄0

P ∈ V0
P̄ ∈ B̄0

B0resin

B0fibre

P ∈ V0

Figure 1: Macrocontinuum with a mesostructure: a) Homogenous macrocontinuum B̄0 and strain Ē at
point P̄ , b) periodic mesostructure B0 and RVE V0, c) RVE with strain E at point P .

Additionally, the deformation gradient Fi, i = resin, fibre is introduced at each
material point pi. It maps line segments dXi of the reference configuration B0i to line
segments dxi of the current configuration Bi. Additionally, we introduce its Jacobian
Ji = detFi, mapping a volume element dVi of the reference configuration B0i to a volume
element dvi of the current configuration Bi:

1. dxi = Fi · dXi, 2. dvi = JidVi, i = resin, fibre. (1)

A key point in constructing a framework of finite plasticity is the definition of the total
Hencky strain tensor Ei in a logarithmic form, see e.g. [10, 11].We assume this strain
measure to be a function of the right Cauchy-Green tensor

1. Ci = Ft
i · Fi, 2. Ei =

1

2
lnCi, i = resin, fibre. (2)

The volumetric and deviatoric parts of the Hencky strain tensor are defined as

1. Evol
i = 1

3trEi 1, 2. Edev
i = Ei − Evol

i , i = resin, fibre. (3)

3 MESOSCOPIC MODELING

The models for the composite constituents are described in the following subsections
3.1 and 3.2. The resin is modeled as visco-elastic and the fibre is considered as a thermo-
linear-elastic solid. For notational benefits, the index i = resin, fibre is omitted.

3.1 Modeling of resin: visco-elasticity coupled to curing

Based on the concept of stoichiometric mass fractions as discussed extensively in [9]
for resin, curing agent and solidified material the bulk compression modulus κ, the bulk
heat-dilatation coefficient α and the shrinking dilatation coefficient β are derived. For
subsequent analysis, we assume that α is dependent on the pressure p, the temperature
θ[t] and the degree of cure z[t]. Additionally we assume that the bulk curing-dilatation
coefficient β is dependent on the pressure p and the temperature θ[t].

3
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3.1.1 Mass fractions and the degree of cure

We assume a homogeneous mixture with three constituents resin, curing agent and
solidified material at each instant of time t. As a consequence there are neither concen-
tration gradients nor diffusion effects. With the time-dependent variables dmr[t], dmca[t]
and dmsol[t] for the masses of resin, curing agent and solidified material, respectively, the
conservation of mass during the curing reaction requires

dmr[t] + dmca[t] + dmsol[t] = dm0 = const, (4)

where the constant dm0 is the total mass of the mixture [9]. Dividing Eq.(4) by dm0 and
introducing the mass fractions of resin, curing agent and solid

ζr[t] =
dmr[t]

dm0

, ζca[t] =
dmca[t]

dm0

, ζsol[t] =
dmsol[t]

dm0

, (5)

we obtain the balance relation

ζr[t] + ζca[t] + ζsol[t] = 1. (6)

As explained in [9] the number of variables can be reduced by taking into account the
stoichiometry of the mixture. To this end the degree of cure 0 ≤ z[t] ≤ 1 is introduced, see
also [1], such that the mass fractions of the three components of the mixture are written
in the form

1. ζr[t] = n(1− z[t])

2. ζca[t] = (1− n)(1− z[t])

3. ζsol[t] = z[t].

(7)

The initial state with z[0] = 0 corresponds to the uncured, viscous mixture with ζr[0] = n,
ζca[0] = n − 1, ζsol[0] = 0 as initial conditions. Consequently, n and 1 − n are the mass
fractions of the resin and the curing agent at the beginning of curing, respectively. The
final fully cured state at time t → ∞ with z[∞] = 1 corresponds to the solidified material
at the end of the reaction, i.e. ζr[∞] = ζca[∞] = 0 and ζsol[∞] = 1.
In the subsequent exposition, occasionally an index i = r, ca, sol referring to resin,

curing agent and solidified material will be used. Then, Eq.(6) and the connectivity for
all three constituents renders the following balances at each body point X ∈ B0 and for
all times t > −∞:

1.
3∑

i=1

ζi = 1, 2. ζi ≥ 0, i = r, ca, sol. (8)

Furthermore, from Eq.(7) we obtain the functional relation

ζi = ζi[z], i = r, ca, sol, (9)

4
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which means, that the mass phase fractions ζi are independent of temperature and defor-
mation.
We also assume, that the mixture for the resin is homogeneous, i.e. all phases are

equally distributed. Then, the (bulk) densities ρ0 and ρ of the mixture with respect to
the reference and the current configurations B0 and B are respectively defined as

1. �0 =
dm

dV
, 2. � =

dm

dv
. (10)

Here, according to Eq.(1) dv and dV are the volume differentials of the mass differential
dm at the reference and the current configurations, respectively.
Within the volume dv, let the ith constituent have its volume dvi and its mass dmi,

i = r, ca, sol. Then, the mass phase fraction ζi and the density of the ith constituent are
defined by

1. ζi =
dmi

dm
, 2. ρi =

dmi

dvi
. (11)

The equations (10) and (11) imply the assumption, that the quantities ρ and ρi at a
body point P ∈ B0 are defined by a limit process with volumes contracting to this point.
Using Eq.(10), the relation dv =

∑3
i=1 dvi as well as Eq.(11.2) and Eq.(11.1) renders the

following mixture rule for the inverse of the bulk density ρ

1

ρ
=

dv

dm
=

∑3
i=1 dvi
dm

=
3

∑

i=1

dmi

ρidm
=

3
∑

i=1

ζi
ρi
. (12)

For the subsequent analysis, we assume that the density of each constituent is solely
dependent on the pressure p and the temperature, that is

ρi = ρi[p, θ]. (13)

Note, that the functional relations (9) and (13) combined with the mixture rule Eq.(12)
imply the functional relation

ρ[t] = ρ[p[t], θ[t], z[t]], (14)

i.e. the density change is induced by pressure p, temperature θ and/or by curing z.

3.1.2 Volume changes due to density changes

We assume that the total volume change J in Eq.(1.2) is multiplicatively decomposed
into an effective part (induced by pressure p), a thermal part (induced by temperature θ)
and a chemical part (induced by curing z as a result of shrinkage due to polymerization),
that is

J =
dv

dV
=

ρ0
ρ

= Jp · Jθ · Jz. (15)

5
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Using the relation (12) and exploiting the functional relation (13), the time derivative of
J for the third part in Eq. (15) is expressed as follows:

J̇ =
d

dt

(
ρ0
ρ

)
= ρ0

d

dt

(
3∑

i=1

ζi
ρi

)
= −

3∑
i=1

ρ0
ζi
ρ2i

∂ρi
∂p

ṗ−
3∑

i=1

ρ0
ζi
ρ2i

∂ρi
∂θ

θ̇ +
3∑

i=1

ρ0
ρi

∂ζi
∂z

ż. (16)

Next we define the isothermal compressibility κ, the (uni-directional) bulk heat-dilatation
coefficient α and the (uni-directional) bulk curing-dilatation coefficient β:

1. κ[p, θ, z] =
3∑

i=1

κi[p, θ]ζi, where 2. κi[p, θ] =
ρ0
ρ2i

∂ρi
∂p

3. α[p, θ, z] =
3∑

i=1

αi[p, θ]ζi, where 4. αi[p, θ] =
−ρ0
3ρ2i

∂ρi
∂θ

5. β[p, θ] =
3∑

i=1

βi[p, θ]
∂ζi
∂z

, where 6. βi[p, θ] =
ρ0
3ρi

.

(17)

For the mass fractions of the three constituents in Eq.(7), the bulk heat-dilatation coeffi-
cient in Eq.(17.3) is

α[p, θ, z] = αr[p, θ] n(1− z) + αca[p, θ] (1− n)(1− z) + αsol[p, θ] z, (18)

where αr[p, θ], αca[p, θ] and αsol[p, θ] are defined according to Eq.(17.4). In general, for
increasing temperature θ the densities ρi decrease, i.e. ∂ρi/∂θ is negative, such that
αi[p, θ], i = r, ca, sol are positive. The bulk curing-dilatation coefficient β in Eq.(17.5) is

β[p, θ] = −nβr[p, θ]− (1− n)βca[p, θ] + βsol[p, θ], (19)

where βr[p, θ], βca[p, θ] and βsol[p, θ] are defined according to Eq.(17.6). In general we
have ρsol > ρr and ρsol > ρca, such that β[p, θ] is negative.

3.1.3 Strains and stresses

The thermal and the curing strains

1. Eth =

∫ t

s=−∞
Eth =

∫ t

s=−∞
α[s]

dθ

ds
ds1

2. Ecur =

∫ t

s=−∞
β[s]

dz

ds
ds1,

(20)

are governed by α and β which are in accordance with Eqn.(17.3,17.5). In [4], the effective
strain tensor is obtained with E from Eq.(2.2):

Ep = E− Eth − Ecur. (21)

6
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Additionally, we define the Hill-stress tensor T = Tvol +Tdev with volumetric and devia-
toric parts

1. Tvol =

∫ t

s=−∞

1

κ[s, t]

d

ds
tr[Ep[s]] 1 ds

2. Tdev =

∫ t

s=−∞
2G[s, t]

d

ds
Edev[s]ds.

(22)

The compressibility κ in Eq.(22.1) is obtained in the same fashion as α in Eq.(18), and
G Eq.(22.2) is the shear modulus, in detail described in [4].

3.2 Modeling of fibre: thermo-linear-elasticity

The fibre is considered as a thermo-linear-elastic solid. Consequently it can be modeled
as a special case with the equations of subsection 3.1. For example, taking into account
Eq.(21) with ζsol = 1 and Ecur = 0 in Eq.(20.2), Eq.(21) reduces to Ep = E− Eth.

4 MESO TO MACRO TRANSITION

The mesostructure variables are related to the homogenized macrocontinuum B̄0 ⊂ R3

by use of the Volume Averaging Theorem, as formulated in [12]. Based on the decom-
position V0 = B0resin ∪ B0fibre in Section 2 we define the overall macro-strain Ē(t) of the
mesostructure B0 in relation to the strains from Eq.(2.2) as well as the general homoge-
nization operator •̄ by

1. Ē =
1

|V0|

∫

V0

EdV , 2. •̄ =
1

|V0|

∫

V0

•dV . (23)

5 NUMERICAL SIMULATION

In this section an RVE is simulated in two loading sequences. The first sequence sim-
ulates the RTM process. This leads to residual strains on the mesoscale. Macroscopic
strains are determined by homogenization. In the second sequence, based on the pro-
cess history of the fully cured composite from sequence one, the macroscopic anisotropic
thermal expansion coefficient is determined.

5.1 Thermal-mechanical-chemical coupling in an RVE during hybridization

In this example some features on the coupling of temperature, curing and visco-elasticity
of the model proposed in Section 3 are illustrated for a mesoscopic problem and its
homogenized macroscopic answer occuring in the RTM process. To model the three
dimensional RVE shown in Figure 2 and representing the composite material on the
mesoscale, stiff fibres (bright) are embedded in a soft resin matrix (dark), thus defining
B0fibre and B0resin. The cube-shaped RVE has a fibre-volume-fraction of 19.6 %. The
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V0

θ

Figure 2: Statically determined RVE V0: Geometry, FE-discretization and thermal loading θ.

fibres are assumed thermo-elastic, while the matrix material is modeled visco-elastic, see
Section 3. Fictive material parameters are chosen. The boundary conditions for the RVE
are statically determined to allow thermal expansion, or shrinkage, respectively. Since
temperature gradients occuring in the RVE are neglected, the RTM process is assumed
to be a pure homogenous thermal loading θ of the RVE denoted as HEAT, CURE and
COOL in Figure 2. In the first phase the temperature is increased with constant rate from
the initial value θ = 25 ◦C up to θ = 120 ◦C. During the second phase, the temperature is
kept fixed. In the third phase the temperature is decreased at constant rate to the initial
value of θ = 25 ◦C.
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Figure 3: RVE during the RTM process: a) Thermal loading and homogenized degree of cure vs. time,
b) components of homogenized strain tensor Ē and homogenized strains Ēth and Ēcur vs. time.
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HEAT, 200 s CURE, 1800 s COOL, 2000 s

E11

E22

Figure 4: RVE during the RTM process: Contourplots showing strains E11 and E22 during the three
phases of the loading program in Figure 3.a

As mesoscopic strains show symmetries for the x- and z-direction, it is sufficient showing
the contourplots in Figure 4 only for the unsymmetric x- and y-directions. The strain
contourplots offer residual strains as a remaining strain state for the fully cured composite
at the end of phase COOL. This is due to the change of the thermal-expansion coefficient
as a result of curing, see Eqn.(18,20.1).
In Figure 3.a-b we summarize some relevant macroscopic quantities resulting from the

mechanical-thermal-chemical coupling. The influence of curing and temperature on the
homogenized total strains Ē Eq. (23.1) can be observed. The strains offer a macroscopic
orthotropic deformation behavior with a symmetry in x- and z-direction and residual
strains at the end of phase COOL. Applying Eq. (23.2), homogenization leads to results
for the degree of cure z̄ as well as for the uniaxial thermal and shrinking strains Ēth and
Ēcur shown in Figure 3.a-b. The reason for an initial value for the homogenized degree of
cure z̄0 > 0 is that, in contrast to the resin, the fibres initial condition on the mesoscale
is z0 = 1. We want to remark, that during the COOL phase linear strain behavior can be
observed in Figure 3.b because curing is almost completed at 1600 s. In contrast, in the
preceding phases curing governs nonlinear strains.

5.2 Macroscopic thermal expansion coefficient of the fully cured composite

The aim of this example is the determination of the macroscopic thermal expansion
coefficient. Thus, the fully cured composite offers a strain state related to residual strains,
as shown in Section 5.2. The subsequent loading program shown in Figure 5.a is divided
into two phases HOLD and HEAT2 following the three phases in Section 5.2. During the
fourth phase the temperature is kept fixed. In the fifth phase the temperature is increased
by ∆θ = 1 ◦C. The motivation for the HOLD phase is found in relaxation of strains of
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Figure 5: Thermal loading of an RVE: a) Thermal loading and homogenized degree of cure vs. time,
b) tensor of homogenized strain increment per phase ∆Ē and homogenized strains Ēth and Ēcur vs.
time.

the visco-elastic material on the mesoscale. To observe this small effect, the mesoscopic
strain state at every material point of the mesoscale beyond the COOL phase is divided
from the mesoscopic strain state beyond the HOLD phase, resulting in the incremental
strains on the mesoscale. Homogenization then leads to

∆ĒHOLD = ĒHOLD − ĒCOOL. (24)

ĒHOLD and ĒCOOL are quantities obtained by use of Eq.(23.1) at times t = 4000 s and
t = 2000 s, respectively. As the strain increments ∆Ē show asymptotic behavior beyond
3500 s, the HEAT2 phase is started at t = 4000 s. Due to very slow heating and small
temperatur variation of ∆θ = 1 ◦C we exclude viscoelastic effects. Thus, the homogenized
strain increment ∆Ē is directly related to the anisotropic macroscopic thermal expansion
coefficients

∆ĒHEAT2 = ĒHEAT2 − ĒHOLD = ᾱ. (25)

The coefficients of ᾱ can directly be obtained from Figure 5.b as

ᾱT = [8.09 · 10−05, 1.16 · 10−04, 8.02 · 10−05, 1.84 · 10−08,−1.38 · 10−11, 1.86 · 10−08]. (26)

As expected, they show orthotropic behavior for the x- and z- components and, except
numerical inexactness, shear components xy, xz, zy = 0. Thus, the strains due to the
HEAT2 phase are very small. Contourplots for the HEAT2 phase displaying strain incre-
ments on the mesoscale are illustrated in Figure 6. We want to remark, that the displayed
strains ∆E are therefore residual strain free, in contrast to those of Figure 4.
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HEAT2, 6000 s

∆E11 ∆E12

∆E12 ∆E23

Figure 6: Thermal loading of the RVE: Contourplots showing strain increments ∆E11 , ∆E22 , ∆E12

and ∆E23 due to thermal loading HEAT2 following on the HOLD phase according to Figure 5.a

6 CONCLUSIONS

In this paper, we have developed a mesoscopic model for temperature-dependent visco-
elastic effects accompanied by curing of fibre reinforced composites, which are important
phenomena in production processes. The logarithmic Hencky strain tensor constitutes
the basis for the large strain formulation and is additively decomposed into a mechani-
cal, a thermal and a chemical part for the resin as for the fibre. Based on the concept
of stoichiometric mass fractions for resin, curing agent and solidified material the bulk
heat- and shrinking dilatation coefficients as well as a linear dependence with respect to
the degree of curing for the compressibility are derived. The meso to macro transition
is treated by use of the Volume Averaging Theorem. In the examples we illustrate the
anisotropic shrinking and thermal expansion due to curing as well as temperature de-
pendence. The hybridization process as a modified RTM process is simulated with the
finite-element-method for an RVE. Residual process dependent strain states are observed
on the mesoscopic as well as on the macroscopic scale for the fully cured composite, which
effect later use. Based on the process history, the macroscopic thermal expansion coef-
ficient is determined by further thermal loading of the fully cured RVE. The coefficient
mainly shows thermo-elastic orthotropic deformation behavior.
Concerning further extensions, taking a Navier-Stokes equation for the liquid phase

of the forming process into account is an area of future research work in the field of
fluid-structure interaction with phase transitions.
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Abstract. Incompressible smoothed particle hydrodynamics method has been used to
simulate the migration of a two-dimensional rigid disc in Couette flow in presence of an
external electric field. The electric field is perpendicular to the moving walls. The results
show that the trajectory of the disc is affected by the electrical properties of fluid and
solid.

1 INTRODUCTION

The interaction of a solid body with a fluid environment is one of the most common flow
features in nature and industry. When exposed to an external electric field, the motion
of the solid may undergo significant changes. Migration of rigid discs in Couette flow
has been the subject of many studies [1–3]. On the other hand, the rotation of spherical
bodies in electric field known as Quincke rotation [4], has attracted much attention [5, 6].
It is known that a particle laden fluid may exhibit changing viscosity when exposed to an
external electric field [7, 8]. This behavior is attributed to changing motion of particles
due to the electric field. However, a fully resolved simulation of a disc migrating in electric
field has not been conducted.
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In this study, a two-dimensional Incompressible Smoothed Particle Hydrodynamics
(ISPH) scheme is used to simulate the motion of a rigid disc in Couette flow subject to an
external electric field [9]. Solid and fluid phases are modeled as leaky dielectric materials
[10] while the electric field is taken to be perpendicular to the moving walls and in-plane
with the flow. Numerical simulation of a single disc placed off-center in Couette flow
is carried out and the results are validated against literature data in the absence of an
electric field. Then the same case at different electric permittivity and conductivity ratios
is simulated and compared to the case with no electric field. The results show that when
the conditions for Quincke rotation are satisfied, the disc’s migration toward the channel’s
center is hindered, in agreement with experiments [11].

2 GOVERNING EQUATIONS

Equations governing an incompressible flow subject to an external electric field may
be written in dimensionless form as

∇ · u = 0, (1)

Du

Dt
= −1

ρ
∇p+

1

Re
∇ · τ +

1

Ei
f(e), (2)

where u is the velocity vector, p is pressure, ρ is density, t is time and D/Dt = ∂/∂t+u ·∇
represents the material time derivative. Here, τ is the viscous stress tensor,

τ = µ
[
∇u+ (∇u)†

]
, (3)

where µ denotes viscosity and superscript �† represents the transpose operation. f(e) is
the electric force vector defined as [10]

f(e) = −1

2
E · E∇ε+ qvE. (4)

Here ε denotes electric permittivity, qv is is the volume charge density near the interface
while E is the electric field vector. Assuming small dynamic currents and neglecting
magnetic induction effects, the electric field is irrotational [12] and may be represented
by gradient of an electric potential ϕ, E = −∇ϕ. Further assumption of fast electric
relaxation time compared to viscous relaxation time leads to the following relations for
electric potential and charge density

∇ · (σ∇ϕ) = 0, (5)

qv = ∇ · (ε∇ϕ) , (6)

where σ is the electrical conductivity.
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Dimensionless values are formed using the following scales

x = x∗/a, ρ = ρ∗/ρf , u = u∗/Ga, t = t∗G, (7)

E = E∗/E∞, ϕ = ϕ∗/E∞H, p = p∗/ρf (Ga)2 ,

R = ρs/ρf , M = µs/µf , P = εs/εf , C = σs/σf , D = a/H

leading to Reynolds and inverse Electroinertial numbers defined as

Re =
ρfGa2

µf

, Ei =
ρf (Ga)2

εfE2
∞

. (8)

Here E∞ is the undisturbed electric field intensity, H is the distance between electrodes,
G is the shear rate and a denotes disc radius (figure 1-a). An asterisk marks dimensional
variables whereas subscripts �s and �f denote fluid and solid phases, respectively.

To distinguish between different phases, a color function ĉ is defined such that it as-
sumes a value of zero for one phase and unity for the other. The color function is then
smoothed out across the phase boundaries as

ci =
Jn∑
j=1

ĉjWij

ψi

, (9)

to ensure smooth transition between the properties of each phase when used for their
interpolation. Here, ψi =

∑Jn
j=1 Wij, is the number density of SPH particle i, calculated

as the sum of interpolation kernel of neighboring particles i and j over all neighbors of
particle i, Jn. Interpolation kernel, W (rij, h), is a function of the magnitude of distance
vector, rij = ri−rj, between particle of interest i and its neighboring particles j and h, the
smoothing length [13, 14]. Interpolation of phase properties is carried out using Weighted
Harmonic Mean (WHM),

1

χi

=
ci
χs

+
1− ci
χf

, (10)

where χ may denote density, viscosity, permittivity or conductivity [15].
All phases are treated as liquids initially while additional rigidity constraints are im-

posed in solid region [9]. To this end we use the current velocity of the solid particles to
compute a center-of-mass velocity and an angular velocity for the solid object:

ut
s =

1

Js

Js∑
j=1

uj, ur
s =

1

Is

Js∑
j=1

uj × rjs, (11)

and then assign an individual velocity to each solid particle according to rigid body
motion:

ui = ut
s + ur

s × ris. (12)
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Here, ris = ri − rs where rs denotes the solid object’s center of mass, Js is the number of
particles present in the solid phase and Is is the solid object’s moment of inertia about
its center of mass.

A predictor-correcter scheme is employed to advance the governing equations in time
using a first-order Euler approach with variable timestep according to Courant-Friedrichs-
Lewy condition, ∆t = CCFLh/umax, where umax is the largest particle velocity magnitude
and CCFL is taken to be equal to 0.25. In the predictor step, equations (5) and (6) are

solved to obtain f
(n)
(e) through equation (4). Then position, velocity and number density

are advanced to their intermediate forms using the following relations,

r+i = r
(n)
i + u

(n)
i ∆t+ δr

(n)
i , (13)

u+
i = u

(n)
i +

(
1

Re
∇ · τ (n)

i +
1

Ei
f
(n)
(e),i

)
∆t, (14)

ψ+
i = ψ

(n)
i −∆tψ

(n)
i

(
∇ · u+

i

)
, (15)

where starred variables represent intermediate values and superscript (n) denotes values
at the nth time step. The artificial particle displacement vector in equation (13), δri, is
defined as in [16] and a constant value of 0.06 is used.

Using intermediate values, pressure at the next time step is found by solving the Poisson
equation. This is then followed by corrections in position and velocity of the particles,
completing the temporal transition:

∇ ·
(

1

ρ+i
∇p

(n+1)
i

)
=

∇ · u+
i

∆t
, (16)

u
(n+1)
i = u+

i − 1

ρi
∇p

(n+1)
i ∆t, (17)

r
(n+1)
i = r

(n)
i +

1

2

(
u
(n)
i + u

(n+1)
i

)
∆t+ δr

(n)
i . (18)

In these equations, the rigidity constraints (equations (11) and (12)) are implemented
after each velocity update.

Boundary conditions are enforced through the MBT method described in [17] while
the first derivative and the Laplace operator are approximated through the following
expressions

∂fm
i

∂xk
i

akli =
∑
j

1

ψj

(
fm
j − fm

i

) ∂Wij

∂xl
i

, (19)

∂2fm
i

∂xk
i ∂x

k
i

aml
i = 8

∑
j

1

ψj

(
fm
i − fm

j

) rmij
r2ij

∂Wij

∂xl
i

. (20)

4

728



N. Tofighi, M. Ozbulut, A. Rahmat, J.J. Feng and M. Yildiz

2.9 3 3.1

0.15

0.25

0.35

x*/H

y*
/H

(b)

Figure 1: (a) Schematic of the test case. (b) Closeup view of initial particle distribution at the vicinity
of the solid disc. Black points denote solid particles whereas gray points are fluid particles.

Here, akli =
∑

j

rkij
ψj

∂Wij

∂xl
i
is a corrective second rank tensor that eliminates particle inconsis-

tencies [16]. The left hand side of equation (16) is discretized as

∂2fm
i

∂xk
i ∂x

k
i

(
2 + akki

)
= 8

∑
j

1

ψj

(
fm
i − fm

j

) rkij
r2ij

∂Wij

∂xk
i

. (21)

3 RESULTS

In this study, migration of a neutrally buoyant rigid disc in plane Couette flow is
simulated. When released from a distance h from the middle of the channel, it is expected
that the disc will migrate toward the centerline while moving with the flow for Re ≤ 2
[1, 18]. A schematic of this case is provided in figure 1-a. Computational domain consists
of an 8 × 32 rectangle discretized by 13806 particles initially arranged in a Cartesian
grid for fluid and concentric circles for the solid [9]. A close-up view of the particle
arrangement at the vicinity of the solid disc is provided in figure 1-b. The confinement
ratio is D = 0.125 while the disc is placed at h/H = 0.25 below the centerline. Top
and bottom walls abide by no-slip condition and are moving in opposite directions at a
velocity of Uw/2 where Uw = GH. Periodic boundary condition is imposed in streamwise
direction. Using a viscosity ratio of 100 [9] the results are compared to literature data
in the absence of electric field at Re = 0.625. Figure 2 shows the vertical position of the
disc versus time. As it is seen, the results of the current simulation are in good agreement
with the results found in [1–3].

When exposed to an external electric field, the motion of the disc may be altered
depending on the properties of the fluid and solid. To investigate the effects, Ei is set to
Re/4 to provide a large enough electric force while Re is kept equal to 0.625. A constant
electric potential difference of ∆ϕ = E∞H is imposed between the moving walls, resulting
in an electric field perpendicular to the flow, while periodic boundary condition is imposed
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Figure 2: Comparison of the vertical position of the disc’s center of mass versus time in the absence of
electric field.

in streamwise direction. Permittivity and conductivity ratios are individually varied as
0.2, 0.5, 2 and 5 (table 1). When P = C, the leaky dielectric model is reduced to the
perfect dielectric model. As such, equal permittivity and conductivity ratios are avoided
here. Figure 3 plots the trajectory and velocity of the disc for the case without electric
field and for (P , C) pairs of (0.2, 5) and (5, 0.2). The disc in case (0.2, 5) is accelerated
toward the centerline while in case (5, 0.2) it is moved toward the wall. Case (5, 0.2)
is solved until the disc touches the bottom wall. Defining τ = ε/σ as the electric time
scale, the necessary condition for Quincke rotation is τf < τs [6]. The configuration of
electric forces in case (5, 0.2) is such that the condition for Quincke rotation is satisfied.
This results in an angular moment that assists the rotation of the disc in the flow. On
the other hand, case (0.2, 5) has reduced angular velocity compared to the case with no
electric field. Normal velocity becomes zero when disc hits bottom wall or reaches the
channel centerline.

Table 1 provides the time until the disc comes to one radius distance of the bottom
wall or the channel center. Bold numbers show that the disc approaches the bottom
wall. The disc reaches the channel center at t∗G = 25.94 when no electric field is applied.
When τf > τs (lower triangle), the disc travels faster toward the channel center while
when τf < τs (upper triangle) the disc travels slower toward the channel center or moves
toward the channel wall. Such observations are reported in experiments as well [11].
As it is seen, increasing the permittivity ratio at a constant conductivity ratio results
in a gradual increase in the time needed for the disc to reach the channel center. At
large enough permittivity ratios the trajectory is reversed and the disc migrates toward
the channel wall. At this point, further increase of the permittivity ratio results in a
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Figure 3: Comparison of the vertical position (a) and vertical velocity (b) of the disc’s center of mass
versus time.

Table 1: Time until the disc reaches one radius distance of channel center (regular) or bottom wall
(bold). The disc reaches channel center at t∗G = 25.94 when no electric field is applied.

P 0.2 0.5 2 5

C

0.2 - 80.05 19.18 13.34
0.5 17.79 - 44.89 29.37
2 13.49 17.18 - 33.59
5 13.81 16.89 24.07 -

faster migration toward the channel wall. The inverse of this trend is observed when the
permittivity ratio is kept constant and the conductivity ratio is increased.

4 CONCLUSION

In this paper, we use ISPH to simulate the migration of a rigid disc in Couette flow
under external electric field. The results of the case without electric field are compared
to literature data and good agreement is observed. Further simulations are carried out
at different permittivity and conductivity ratios and the results are compared to the
case with no electric field. When the electric field augments the rotation of the disc, its
motion toward the center of the channel is hindered. At large enough ratios, this results
in complete reversal of the motion as the disc approaches the channel wall. Conversely
the disc moves faster toward the center when its angular motion is hindered.

7

731



N. Tofighi, M. Ozbulut, A. Rahmat, J.J. Feng and M. Yildiz

5 ACKNOWLEDGMENTS

The authors gratefully acknowledge financial support provided by the Scientific and
Technological Research Council of Turkey (TUBITAK) for project number 112M721 and
by the Natural Sciences and Engineering Research Council (NSERC) of Canada.

REFERENCES

[1] Feng, J., Hu, H.H. and Joseph, D.D. Direct simulation of initial-value problems for
the motion of solid bodies in a Newtonian fluid .2. Couette and Poiseuille flows. J.
Fluid Mech. (1994) 277:271-301.

[2] Feng, Z.G. and Michaelides, E.E. The immersed boundary-lattice Boltzmann method
for solving fluid-particles interaction problems. J. Comput. Phys. (2004) 195:602-628.

[3] Yan, Y., Morris, J.F. and Koplik, J. Hydrodynamic interaction of two particles in
confined linear shear flow at finite Reynolds number. Phys. Fluids (2007) 19:113305.

[4] Quincke, G. Ueber rotationen im constanten electrischen felde. Annalen der Physik
(1896) 295:417-486.

[5] Peters, F., Lobry, L., Khayari, A. and Lemaire, E. Size effect in Quincke rotation: A
numerical study. J. Chem. Phys. (2009) 130:194905.

[6] Das, D. and Saintillan, D. Electrohydrodynamic interaction of spherical particles
under Quincke rotation. Phys. Rev. E (2013) 87:043014.

[7] Pannacci, N., Lemaire, E. and Lobry, L. Rheology and structure of a suspension of
particles subjected to Quincke rotation. Rheol. Acta (2007) 46:899-904.

[8] Huang, H.F., Zahn, M. and Lemaire, E. Continuum modeling of micro-particle elec-
trorotation in Couette and Poiseuille flows-The zero spin viscosity limit. J. Electrost.
(2010) 68:345-359.

[9] Tofighi, N., Ozbulut, M., Rahmet, A., Yildiz, M. and Feng, J.J. Descent of a solid
disk in quiescent fluid simulated using incompressible smoothed hydrodynamics. Pro-
ceedings of WCCM XI (2014) 5:5310-5318.

[10] Saville, D. Electrohydrodynamics: The Taylor-Melcher leaky dielectric model. Annu.
Rev. Fluid Mech. (1997) 29:27-64.

[11] Boissy, C., Atten, P. and Foulc, J. On a negative rheological effect. J. Electrost.
(1995) 35:13-20.

[12] Hua, J., Lim, L. and Wang, C. Numerical simulation of deformation/motion of a
drop suspended in viscous liquids under influence of steady electric fields. Phys.
Fluids (2008) 20:113302.

8

732



N. Tofighi, M. Ozbulut, A. Rahmat, J.J. Feng and M. Yildiz

[13] Monaghan, J.J. and Lattanzio, J.C. A refined particle method for astrophysical prob-
lems. Astron. Astrophys. (1985) 149:135–143.

[14] Monaghan, J.J. and Kocharyan, A. SPH simulation of multiphase flow. Comput.
Phys. Commun. (1995) 87:225–235.

[15] Tomar, G., Gerlach, D., Biswas, G., Alleborn, N., Sharma, A., Durst, F., Welch,
S.W.J. and Delgado, A. Two-phase electrohydrodynamic simulations using a volume-
of-fluid approach. J. Comput. Phys. (2007) 227:1267-1285.

[16] Zainali, A., Tofighi, N., Shadloo, M.S. and Yildiz, M. Numerical investigation of
Newtonian and non-Newtonian multiphase flows using ISPH method. Comput. Meth.
Appl. Mech. Eng. (2013) 254:99–113.

[17] Yildiz, M., Rook, R.A. and Suleman, A. SPH with the multiple boundary tangent
method. Int. J. Numer. Methods Eng. (2009) 77:1416–1438.

[18] Pan, T.W., Huang, S.L., Chen, S.D., Chu, C.C. and Chang, C.C. A numerical study
of the motion of a neutrally buoyant cylinder in two dimensional shear flow. Comput.
Fluids (2013) 87:57-66.

9

733



Modelling and numerical calculation of piston-like oil displacement for doubly-periodic systems of oil fields de-
velopment

VI International Conference on Computational Methods for Coupled Problems in Science and Engineering 
COUPLED PROBLEMS 2015 

B. Schrefler, E. Oñate and M. Papadrakakis (Eds) 
 

 
 

MODELING AND NUMERICAL CALCULATION OF PISTON-LIKE 
OIL DISPLACEMENT FOR DOUBLY-PERIODIC SYSTEMS OF OIL 

FIELDS DEVELOPMENT 

VLADIMIR I. ASTAFEV * AND ANDREY E. KASATKIN † 

* Department of Oil and Gas Fields Development 
Samara State Technical University 

443100 Samara, Russia 
e-mail: vladimir.astafev@mail.ru, web page: http://www.samgtu.ru 

 
† Continuum Mechanics Department 

Samara State University 
443011 Samara, Russia 

Email: darantion_yar@mail.ru, web page: http://www.samsu.ru 

Key words: Mathematical modeling, Piston-like oil displacement, Weierstrass elliptic 
functions, Singular integral equation. 

Summary. Prediction of the motion of the oil-water contact boundary has great importance in 
the problems of design of oilfield development by waterflooding: knowledge of the nature of 
coupled motion of oil and water, displacing oil in the reservoir allows us to optimize the 
system of oil field development. The simplest model of coupled filtering of oil and water is 
the model of "multicolored" liquids, which assumes that oil and water have the same or 
similar physical properties (density and viscosity).  

In this paper we consider a more complex "piston-like" model of oil-water displacement, 
which takes into account differences in viscosity and density of the two fluids. Oil reservoir 
assumed to be homogeneous and infinite, fixed thickness, with constant values of porosity 
and permeability coefficients. It is assumed that the reservoir is developed by a group of a 
finite number of production and injection wells recurrent in two directions (doubly-periodic 
cluster). Filtration of liquids is described by Darcy's law. It is assumed, that both fluids are 
weakly compressible and the pressure in the reservoir satisfies the quasi-stationary diffusion 
equation. 

Piston-like displacement model leads to the discontinuity of the tangential component of 
the velocity vector at the boundary of oil-water contact. Use of the theory of elliptic functions 
in conjunction with the generalized Cauchy integrals reduces the problem of finding the 
current boundaries of oil-water contact to the system of singular integral equations for the 
tangential and normal components of the velocity vector and the Cauchy problem for the 
integration of the differential equations of motion of the boundary of oil-water contact.  

An algorithm for the numerical solution of this problem is developed. The monitoring of 
oil-water boundary motion for different schemes of waterflooding (linear row, four-point, 
five-point, seven-point, nine-point, etc.) is carried out.  
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1 INTRODUCTION 
Among the methods of oil fields development the waterflooding method [1, 2] became 

widespread. The main objective of waterflooding is to maintain by flooding the reservoir pressure, 
inevitably falling in the primary field development. Simulation of the flooding process, analysis of 
its qualitative and quantitative characteristics for different schemes of flooding are the 
purpose of the present study. In this paper, the model of the piston-like oil displacement by 
water [2], which takes into account the difference in physical properties (density and 
viscosity) displaced and displacing fluids. 

The task of monitoring of the line flooding motion (the line separating the displacement of 
the water and oil) was first considered by Muskat [3] and subsequently aroused great interest 
among researchers. It was noted by Leibenson [4], where the viscosity of the displacing fluid 
was neglected. In the paper of Danilov and Kats [5], based on the potential theory, the original 
problem of monitoring of the line flooding motion has been reduced to a nonlinear integro-
differential equations. Danilov’s method was used by Fazlyev [6] for the some scheme of the 
areal flooding. 

2 MATHEMATICAL MODEL 
Consider the plane filtration flow of a viscous compressible fluid with viscosity μ and 

compressibility β in an infinite horizontal reservoir with permeability k, porosity m and 
thickness h. For the quasi-stationary state of filtration flow the pressure in the reservoir 
p(x,y,t) satisfies the diffusivity equation and the velocity components Vx(x,y,t) and Vy(x,y,t) are 
calculated by the Darcy law [1-3]  

2 2

2 2( ),

,x y

p p p
t x y

k p k pV V
x y



 

  
 

  
 

   
 

                                                (1) 

where χ=k/mμβ - the coefficient of diffusivity. 
Simulated reservoir is developed by a doubly periodic system of production and injection 

wells. The whole set of production and injection wells can be represented as an infinite 
number of repetitions of the wells in two directions. Such repetition can be described by a 
doubly periodic lattice, which in the complex plane z=x+iy is defined by two complex periods 
1 and 2. The whole set of lattice points in the complex plane is defined as ω=mω1+nω2 
(m,n=0,±1,±2, ...), the value of 1 2Im( )   corresponds to the area of a parallelogram lattice 
(Figure 1). 

Solution of the equation (1) in the case of doubly periodic system of production and 
injection wells (doubly periodic claster) has been obtained in [7-9]. The distribution of the 
velocity field was presented by the Weierstrass zeta function and written as follows: 
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where 
2

,

1 1 1( ) '( )
i j

zz
z z


  





   
 - Weierstrass zeta function, zk - location of the k-th well in 

the cluster, Qk - flow rate of the k-th well (Qk<0 for the injection well and Qk>0 for the 
production well), /    and 1 1 1( 2 ( / 2)) /      .  
 

 

Figure 1: A five-point scheme of flooding (production wells are marked by black circles,  
injection – by white triangles) and doubly periodic lattice with its basic elements 

In the case of the piston-like flooding (moving boundary problem in the theory of 
filtration) the boundary conditions on the flooding line L (figure 2) for the tangential Vt and 
normal Vn components of the filtration velocity and for the pressure p are the follows (the 
index o refers to particles of oil, and the index w - to the particles of water): 

( ) ( )
( ) ( )

( ) ( )

( ) ( )

;
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o w
t o t w
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o w

V V

V V
p p

 





                                                      (3) 

Discontinuous on the line L, but doubly periodic function ( , ) ( , ) ( , )x yV z z V x y iV x y   in the 
complex plane z=x+iy will be sought in the form of the Cauchy-type integral [7-9] 

1( , ) ( , ) ( ) ( ) ,
2 L

V z z F z z z d
i

    


                                              (4) 

where ( , )F z z  is given by equation (2).  
The left and right boundary values of this function (4) at a point z(s) on the line L can be 

written in the form of Sokhotski–Plemel formulas [10] 
( )

( )

1 ( ( ))( ( )) ( ( )) ( ( ) ( )) ( ( )) ;
2 2
1 ( ( ))( ( )) ( ( )) ( ( ) ( )) ( ( )) .
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i d

dz z sV z s F z s z z s z d
i d

    
 

    
 

    

    





                            (5) 

736



Vladimir I. Astafev and Andrey E. Kasatkin 

 4 

Applying the Sokhotskiy-Plemel formulas (5), the unknown function γ(s) and the complex 
velocity ( ( ))V z s  at a point z(s) of the line L can be expressed as 

( ) ( )

( ) ( )

( ) ( ) ( ),

( ) ( ( ) ( )) / 2.

w o

w o

s V s V s

V s V s V s

  

 
                                                      (6) 

Taking into account the boundary conditions on the moving boundary (3), the relations (6) 
can be rewritten as  

( )
( ) ( )

( ) ( )
( ) ( )
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( ) ((1 / ) ( ) / 2 ( )) ,

w i
w o t

w w i
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                                    (7) 

where α – the angle between the tangent line L and the axis X, i.e. /ie dz ds   (figure 2). 
 Denoting the viscosity ratio as ( ) ( )/w o   , the normal and tangential velocity 

components of the water as ( )( ) ( )w
tT s V s  and ( )( ) ( )w

nN s V s , the equations (7) allow us to 
obtain the following singular integral equation for the unknown functions T(s) and N(s) on the 
line L: 

1 1( ) ( ) [ ( ) ( ( ) ( )) ( ) ]
2 2 L

dzT s iN s F s z z s T d
i ds

     


 
    .                        (8) 

The integral equation (8) must be supplemented by a differential equation that determines 
the time evolution of the line L. This equation has the form [1-3] 

0

( , ) ( ( , )),

( ,0) .i
w

z s tm V z s t
t

z s z r e 





                                                      

   (9) 

where z0 - the center of the injection well with radius rw, through which water is pumped into 
the reservoir. The initial condition (9) indicates the starting position of the point 

0( ,0) i
wz s z r e    in the beginning of flooding, the corresponding angle   is determined on 

the contour of the injection well. 
Using once more the second Sokhotskiy-Plemel formula (7) and the equation (8), the 

equation (9) can be rewritten as 

 

0

1( , ) ( , ) ( , ),
2

( ,0) .i
w

z s t zm T s t iN s t
t s

z s z r e 

 
 

 
 

                                        (10) 

where functions T(s) and N(s) for a given time t are obtained by solving the singular integral 
equation (8). 

3 NUMERICAL SOLUTION OF THE MOVING BOUNDARY PROBLEM 
Consider the algorithm for the numerical solution of integro-differential equations (8) and 

(10). For the numerical solution of singular integral equation (8) we divide the contour L by 
discrete set of points on the elements [zi, zi+1], (i = 0, 1, ... N-1) (Figure 2). Due to the closure 
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of line L, the first and the last points of the partition are the same, i.e., zN=z0. Each of the 
points zk corresponds to the length of the arc sk. Let us choose and fix the point zk=z(sk) on the 
contour L. Separating in equation (6) the real and imaginary parts, we obtain the following 
equations for the unknown values of Tk=T(sk) and Nk=N(sk) at the points zk=z(sk):  

'

'

1 1( ) Re [ ( ) ( ( ) ) ( ) ] ;
2 2

1( ) Im [ ( ) ( ( ) ) ( ) ] .
2

k k k k
L

k k k k
L

T s F s z z T d z
i

N s F s z z T d z
i

     


    


   
    

  


     
 





                               (11) 

Omitting the rather cumbersome intermediate calculations, we write the approximation of 
the integral term in equation (11) as follows: 
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Figure 2: Parameterization scheme of line L and its discretization by points Zk (k =0…N-`1). 

Equations (11) show us that the real part of the singular integral equation (8) matches the 
finding of values of the unknown function Tk=T(sk)  at a given time tn on a discrete set of points 
zk=z(sk). The imaginary part of this equation is, in fact, the formula for calculating the values 
of the function Nk=N(sk) at a given time tn at the same discrete set of points. 
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The obtained values of Tk and Nk are then used to calculate the displacements of points 
zk=z(sk) in the time interval [tn, tn+1]. These displacements are determined by the numerical 
solution of the Cauchy problem (10) with the Runge-Kutta method, modified in view of the 
complex nature of the differential equation (10). In the calculations was chosen the 
dimensionless time τ, associated with the original time t as 4 2

110 / 2 .Qt mh     

4 RESULTS OF CALCULATIONS 
To solve this problem there was developed software system to track the evolution of the 

flooding front (line L) in time, as well as to quantify the effectiveness of a particular scheme 
of flooding (water breakthrough time to production well and waterflood sweep efficiency 
Kwse). In numerical calculations there was considered frontal row, four-point, five-point, 
seven-point and nine-point scheme of flooding. To determine the current position of the 
flooding front it was involved 180 tracers - points coming out at the initial time of the 
injection well. 

It is known [11] that the viscosity ratio κ has a negative impact on the ultimate recovery: 
the decrease in the parameter κ leads to the decrease in the volume of recoverable oil due to 
the growing instability of oil displacement by water. In addition, when viscosity ratio κ<1, the 
Saffman-Taylor instability [12] occurs, which is often called as “viscous fingering”. The 
viscous fingering effect was observed in the course of our numerical calculations. The figure 
3 shows the formation of viscous fingers for five-point scheme of flooding at κ=1/5 and 
τ=0.045 values. For comparison, the figure 3 is supplemented by the figure from [13] (figure 
6a in the cited paper) obtained experimentally for similar geometry placement of wells. 

Additionally, the figures 4 and 5 show us the flooding area for seven-point and nine-point 
schemes of flooding. For comparison the left parts of these pictures show the flooding area 
with viscosity ratio κ=1 and the right parts – with κ=1/4. 

 
Figure 3:  Saffman-Taylor instability of the front of flooding for the five-point scheme   
(on the left – the numerical calculation for the mobility κ=1/5   = 1/5 and  = 0.0450,  

on the right - the data from [13]). 
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1, 0.0516       1/ 4, 0.0439    

Figure 4: The flooding area for seven-point scheme of flooding. 

      
1, 0.0277       1/ 4, 0.0232    

Figure 5: The flooding area for  nine-point scheme of flooding.  

Further, the Table 1 shows the values of the water breakthrough time into the producing 
wells  and the Table 2 - the waterflood sweep efficiency Kwse, calculated for four of waterflood 
patterns with different values of κ. Abbreviation VF (viscous fingers) indicates the 
appearance of the "viscous fingering" for the selected scheme of the flooding. Therefore, due to 
violation of the smoothness of the flooding front the count of the waterflood sweep efficiency Kwse for 
a given value of κ is not possible. For greater clarity, the columns of Table 2 are supplemented with 
values taken from the book by F. Craig [11] for the case of κ=1. 
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Table 1: The values of dimentionless time τ for different values of the mobility ϰ  

Scheme 
of flooding 

Values of the dimensionless breakthrough time τ 
κ=1 κ=1/2 κ=1/3 κ=1/4 

Five-point 1152 1017 960 VF 
Front row 1820 1500 VF VF 

Seven-point 516 472 452 439 
Nine-point 277 252 240 232 

Table 2: The values of waterflooding coverages Kcov for different values of the mobility ϰ 

Scheme 
of flooding 

Values of the waterflood sweep efficiency Kwse   
κ=1 [8] κ=1  κ=1/2 κ=1/3 κ=1/4 

Five-point 70% 72,5% 63,5% 60% VF 
Front row 58% 57,2% 47% VF VF 

Seven-point 73% 75,2% 68,5% 65,3% 63,3% 
Nine-point 55% 52,7% 48% 45,5% 44% 
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Abstract. In this paper genetic algorithm and sensitivity analysis are used to identify 6 
parameters of Chaboche kinematic hardening model using repeated Finite element (FE) 
simulations of indentation test. Five of them are material constants of Chaboche kinematic 
hardening model itself. The last one represents the stiffness of the foundation and the 
indenter. To obtain experimental data indentation test under cyclic loading on universal 
tensile testing machine was performed. Because for sensitivity analysis to obtain all possible 
combinations of parameters and its values large number of simulation have to be performed 
supercomputer Anselm hosted by IT4Innovation has been used. Advantage of using 
supercomputer is that every simulation could use multiple cores which will reduce 
computational time. Moreover, since each simulation is independent, computational time 
could be further reduced by performing multiple simulations at the same time. It is clear from 
the comparison of both methods that the genetic algorithm is very good choice for the 
parameter estimation. 
 
1 INTRODUCTION 

Although experimental measurement bears certain level of uncertainty and is influenced by 
error it is still the only way how to obtain material properties of any material. To describe the 
stress-strain behavior of any material under cyclic loading huge number of experiments has to 
be performed. In practice, it is sometimes very difficult to prepare specimens of the 
investigated material or application of standard testing method is unrealistic. The later occurs 
for example in the case of thin samples. Therefore, we need a new method to obtain stress-
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strain behaviour of investigated material. Numerical modelling and simulation could help to 
reduce number of physical experiments and also could give us better insight into the 
problematic 

For sufficiently accurate FE modelling of cyclically loaded structures we need good 
representation of material behaviour. In the case of fatigue occurrence we should describe 
well cyclic plasticity phenomenon as Bauschinger effect, cyclic hardening/softening of 
material or the phenomenon called ratcheting (cyclic creep). Ratcheting can be described as 
the accumulation of any plastic strain component of strain tensor with increasing number of 
cycles. The ratcheting may occur in practice for instance in the rolling/sliding contact. 

One of the first plasticity models, which can qualitatively capture ratcheting in numerical 
calculations, is Chaboche model [1]. Cyclic plasticity models have been extensively 
developed over the past three decades. The most popular kinematic hardening rules 
introduced into new constitutive theories are Ohno-Wang model II [2] and AbdelKarim-Ohno 
model [3]. For certain materials we can use Chaboche model with two backstress parts to 
capture all important effects in the simulation but for others it is necessary to implement a 
robust cyclic plasticity model into the FE code [4]. 

The main aim of this contribution  is comparison of various approaches to cyclic plasticity 
model calibration from indentation tests performed on the wheel steel Class C. Two 
algorithms have been applied, the genetic algorithm and the sensitivity analysis to estimate 5 
parameters of Chaboche model [1] and a stiffness of the indenter using experimental data 
from an indentation test with repeated loading. Results show very good prediction of the test 
using only two backstress parts in the Chaboche suporposition rule. The developed method 
can be advantageously used to compare various wheel steels from ratcheting point of view.  

2 EXPERIMENTAL DATA 
An indentation test was realized on testing machine TESTOMETRIC M500-50CT 

(FS_ZAZ_MR_11_009) at the VSB-Technical University of Ostrava to extract data for 
comparison of effectiveness of two different algorithms for material parameters identification. 
Our experiment was done by indeting of 5 mm steel ball into Class C wheel steel specimen. 
Applied force was between 5 and 2000 N increasing by force rate of 20 N/s. To obtain results 
for our calculations 10 cycles were performed and displacement as a function of applied force 
was recorded using a standard. 

3 MODEL DESCRIPTION 
Time-independent theory of elastoplasticity [5] was applied in this paper. Plastic behaviour 

is characterized by von Mises plasticity condition and could be described by the following 
equation 

 𝑓𝑓 =  √3
2 (𝐬𝐬 − 𝐚𝐚): (𝐬𝐬 − 𝐚𝐚) − 𝜎𝜎Y = 0, (1) 

where 𝐬𝐬 is the deviatoric part of stress tensor 𝝈𝝈,𝑎𝑎 is deviatoric part of kinematic tensor 𝜶𝜶 and 
Y is the yield stress. 
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To describe Bauschinger effect [6] pure kinematic hardening rule could be considered. 
Thus, no isotropic hardening was assumed for material model in this study. 

Memory term introduced by Armstrong and Frederick in [7], added to Prager’s bilinear 
kinematic rule could be written in following form: 

 dpγC= αdεdα p 3
2 , (2) 

where C , γ  are material parameters and dp  is accumulated equivalent plastic strain 
increment. It is possible to describe only the ratcheting with steady state (constant ratcheting 
strain increment in every cycle) with Armstrong-Frederick model and correct stress - strain 
response characterization is difficult. To treat these disadvantages of Armstrong-Frederick 
model, Chaboche proposed a superposition rule in [8] for backstress 

 
M

=i
i=

1
αα , (3) 

whereas evolution of each kinematic part is directed by Armstrong-Frederick rule 

 dpγC= iiii αdεdα p 3
2 . (4) 

Practically, from two to five kinematic parts are usually used. In this paper two kinematic 
parts are assumed, thus it is necessary to estimate material parameters 𝐶𝐶1, 𝛾𝛾1, 𝐶𝐶2, 𝛾𝛾2, and also 
the yield stress Y. 

4 METHODS DESCRIPTION 
To perform parameter identification several methods such as random gradient, genetic 

algorithm, and sensitivity analysis could be used [9] [10]. In this paper genetics algorithm and 
sensitivity analysis are used to find material constants of Chaboche kinematic hardening 
model using repeated FE simulations of indentation test. Results from FE analysis are 
compared with experimental measurements. 

Advantage of genetics algorithms is that for well-defined problem number of iteration 
needed to reach global minimum is usually very low. Detailed description of genetic 
algorithm could be found in [11]. In principle it is iterative process which is repeated until 
global minimum is found. In our case global minimum is defined as difference between 
measured and calculated values. 

Sensitivity analysis due to high number of possible combinations could be seen as an 
inadequate approach. Number of all possible combinations for N number of parameters, and P 
values for each parameter could be calculated as  

 𝑉𝑉𝑁𝑁𝑃𝑃 = 𝑁𝑁𝑃𝑃. (15) 

In our case, we have 6 parameters and 5 values for each parameter, therefore number of all 
possible combinations is  

 𝑉𝑉56 = 56= 15 625. (16) 
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The disadvantage of sensitivity analysis i.e. high number of simulations could be balanced 
by better understanding of how final results depend on input parameters and their 
combinations.  
To reduce computational time needed for performing of high number of simulations 
supercomputers could be employed. In our case we used supercomputer Anselm hosted by 
IT4Innovation to run simultaneously several FE simulations. 

5 NUMERICAL EXPERIMENTS 
Numerical model reproducing experimental set-up was created using commercial FE 

package ANSYS. Numerical model of specimen was created using approximately 2000 
axisymmetric structural elements (PLANE 182). The element has plasticity, hyperelasticity, 
stress stiffening, large deflection, and large strain capabilities. In our numerical simulation 
indented ball was considered as absolutely rigid. Numerical model of specimen and indented 
ball is shown at Figure 1. 

 

 
Figure 1: FE model of specimen and indented ball. 
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As boundary conditions axisymmetric boundary condition (displacement in x direction is 
set to zero) is used for left boundary and displacement in y direction was set to zero for nodes 
at the bottom of the specimen. Nodal forces in y direction were applied according to 
experiment. 

The values of searched parameters for genetic algorithm are listed in Table 1, where the 
first iteration (second row of table) is the initial state and in the next two rows are values of 
parameters in 600 and 1452 steps. The convergence of genetic algorithm is depicted in Figure 
2. 

Tabulka 1: Values of parameters for genetic algorithmm 

Iteration 𝜎𝜎𝑌𝑌 𝐶𝐶1 𝛾𝛾1 𝐶𝐶2 𝛾𝛾2 rigidity error 
1 450.0 120 000 400 10 000 5.0 120 000 0.17400 
600 337.0 113 601 552 7 496 5.6 104 998 0.00847 
1452 354.9 107 336 582 7 146 5.5 103 920 0.00750 

 

 
Figure 2: Convergence of genetic algorithm. 

 
Material model used for numerical experiment is described in previous section. For 

sensitivity analysis values of parameters C1, C2, C3, C4, C5, and C6 are listed in Table 2. 

Table 1: Values of parameters for sensitivity analysis 

C1 80 000 90 000 100 000 110 000 120 000 
C2 350 375 400 425 450 
C3 60 000 75 000 90 000 105 000 120 000 
C4 200 250 300 350 400 
C5 10 000 12 500 15 000 17 500 20 000 
C6 1 2 3 4 5 
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Since number of iteration of sensitivity analysis is apriori known we will be interested 
whether this method will be able to give us results which will satisfy our accuracy criteria. We 
decided that satisfactory results will be results for which difference between measured and 
calculated results is less than 1%. In case of genetics algorithm where we will run as many 
iterations as needed to fulfil accuracy criteria we will be interested in number of iterations as 
well. 

For genetics algorithm 991 number of iterations in total were needed to obtain combination 
of parameters which leads to the solution satisfying our criteria described above. Fig. 3 shows 
comparison between numerical solution and experimental results. Maximal error is 0.75% and 
optimal values for input parameters are listed in Table 3. 

Sensitivity analysis needed 15 625 iterations, as explained in previous chapter, to test all 
possible combinations of the parameters. The error for best combinations of the parameters is 
1.0% and optimal value of input parameters are listed in Table 3. Fig. 4 shows comparison 
between experimental results and results obtained from numerical simulation. On Figure 5 
comparison between both numerical approaches i.e. genetic algorithm and sensitivity analysis 
could be seen and detail is depicted in Figure 6. 

Table 2: Comparison of the best value for genetic algorithm and sensitivity analysis 

Parameter Gen. Alg. Sens. Anal. 
C1 103919.9 110000 
C2 354.9 425 
C3 107336.7 10500 
C4 582.1 400 
C5 7146.3 12500 
C6 5.53 5 
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Figure 3: Comparison between numerical simulation by genetic algorithm and experimental data (F – force [N], 

u-depth of indentation [mm]). 

 
Figure 4: Comparison between numerical simulation by sensitivity analysis and experimental data (F – force 

[N], u-depth of indentation [mm]). 
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Figure 5: Comparison between numerical simulations by genetic algorithm and sensitivity analysis (F – force 

[N], u-depth of indentation [mm]). 

 
Figure 6: Detail of Figure 4 (F – force [N], u-depth of indentation [mm]). 
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6 CONCLUSIONS 
Results presented in this paper shows that both methods i.e. genetics algorithm and 

sensitivity analysis are able to produce results with required precision. It is clear that genetic 
algorithm needs much smaller number of iterations to obtain satisfactory results. This 
advantage will be even more eminent if we increase number of parameters we would like to 
identify. A disadvantage of the sensitivity analysis is also the necessity of value interval 
estimation, which requires extensive experience with the used cyclic plasticity model. The 
paper was focused mainly on the inverse algorithm evaluation, a case study showing the 
correctness of estimated parameters for subsequent cyclic plasticity modelling will be 
discussed in a future paper. 
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Abstract. A high-order discontinuous Galerkin Finite Element solver is developed for solving 
electro-fluid-dynamics problems. The solver is employed to perform numerical simulations of 
deformation of a droplet suspended in another immiscible liquid by applying steady and 
oscillatory electric fields. The level set method is adopted to represent the common interface 
of the droplet and surrounding medium. Electrostatics equation with a jump in the dielectric 
property at the interface is solved to find the electric field distribution. The incompressible 
Navier-Stokes equations including the surface tension force are solved to find the flow field. 
The Electrostatics and Navier-Stokes equations are coupled through changes in the geometry 
because of the deformation of the droplet and the dielectrophoretic body force, which is 
present at the interface. 

1 INTRODUCTION 
Numerical simulations of deformation of a droplet in steady and oscillatory electric fields 

are performed in the present study. The droplet, which is shown in figure 1, is suspended in 
another immiscible fluid with the same density and viscosity but a different dielectric property 
(permittivity). The droplet and surrounding fluid are considered as perfect dielectrics. By 
applying an electric field, the fluids are polarized and because of the jump in the dielectric 
property, the dielectrophoretic force exerts at the interface of the droplet and surrounding 
fluid. The droplet continues to deform until a force balance between the electric force, 
pressure and surface tension force is achieved and the droplet becomes a spheroid, see e.g. 
Torza et al. [1]. The deformation of the droplet is defined in figure 1.  

A two-way coupling exists between the fluid and electric sub-problems. On one-hand, the 
electric force exerts at the interface of the droplet and surrounding fluid and on the other hand, 
the deformation of the droplet changes the geometry for the electric field computation. 
Therefore, an electromechanical approach is required, which includes solving the governing 
equations of both electric and fluid fields, computing the electric force and capturing the 
movement of the interface of the droplet and surrounding fluid. Supeene et al. [2] have 
considered a moving mesh approach to find the movement of the interface, which is suitable 
for small deformations. Hua et al. [3] have used a front tracking/finite volume method. In the 
present study, a high-order discontinuous Galerkin Finite Element method (DG)  is employed 
and a one-fluid approach is followed, which enables us to solve one set of the governing 
equations for the droplet and surrounding fluid. 
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The surface tension force is modeled using the continuum surface force model (CSF), 
Brackbill et al. [7]. To decrease the intrinsic spurious velocities, the surface tension force is 
computed by using high-order polynomials for computation of the normal vector,   , and 
curvature, κ. The normal vector is computed as the gradient of a signed-distance level set 
function,   . The curvature is the divergence of the normal vector by definition. A 
reinitialization equation is solved in each time step to find      from the level set function   , 
which provides the position of the interface by solving the level set advection equation, 
Mousavi [8]. 
 

 
Figure 2: The solution algorithm for the coupled Electro-Fluid-Dynamics problem. 

To find the electric potential, the Laplace equation is discretized using an interior penalty 
method (IP-MCP), which Emamy [4] has provided for the case of a regularized jump in the 
coefficient (dielectric property). After solving for the electric potential, the electric field and 
electric force are computed. The electric force is added as a body force to the Navier-Stokes 
equations, (1). 

3 NUMERICAL RESULTS 
To perform the numerical simulations, a Reynolds numbers of 1 is considered because the 

physical problem, which we consider, is a creeping flow. The numerical settings and 
boundary conditions from Karcher [9] are shown in figure 3. In figure 4, a test case with a 
negligible surface tension force is considered. In absence of the surface tension force, the 
droplet continues to deform in response to the electric force and there is no equilibrium state. 
The droplet preserves the shape of an ellipse while deforming. A convergence study for this 
test case is performed by grid refinement, which is shown in figure 5. Using polynomial 
degrees of 5 for the flow field variables, a convergence rate of 3.25 is achieved for the 
coupled problem. A reduced convergence rate is expected because of the regularization of the 
jump in the dielectric property at the interface. 

Including the surface tension force, in figure 6, effect of the size of the computational 
domain and boundary conditions on the deformation of the droplet in the equilibrium state, 
d∞, is studied. Dirichlet velocity (wall) and Dirichlet pressure boundary conditions are 
compared. For larger domains, influence of the boundary conditions becomes smaller. For 
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Abstract. This study analyses gas particle flow around a sphere under an adiabatic condition 
at high Mach number and low Reynolds number by direct numerical simulation of the three–
dimensional compressible Navier–Stokes equation to investigate flow properties. The 
calculation was performed on a boundary-fitted coordinate system with a high-order scheme 
of sufficient accuracy. Analysis is conducted by assuming a rigid sphere with a Reynolds 
number based on the diameter of the sphere, and the free-stream velocity set between 50 and 
300 and a free-stream Mach number set between 0.3 and 2.0. The effect of the Mach number 
on the flow properties and drag coefficient are discussed. The calculation shows the following 
results: 1) unsteady fluctuation of the hydrodynamic force becomes smaller as the Mach 
number increases, 2) the drag coefficient increases along with the Mach number due to an 
increase in the pressure drag by the shock-wave, and 3) an accurate prediction of the drag 
coefficient in the supersonic regime using traditional models might be difficult.

1 INTRODUCTION 
Certain acoustic phenomena are caused by fluid behavior. In particular, the exhaust gas 

from a rocket engine generates a strong acoustic wave. The acoustic waves reflected from the 
ground surface and launch facility, causes vibration of the payload in the fairing. Therefore, 
prediction and reduction of the acoustic level at lift-off are necessary. Traditionally, the 
acoustic level has been predicted by a semi-empirical method such as NASA SP-8072 [1] and 
subscale tests [2]. NASA SP-8072 is based on a large amount of flight data and results of 
static firing tests that were conducted by the organization in the United States; it does not 
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consider the effects of the launch pad and facility because NASA SP-8072 assumes that sound 
sources are distributed along a free jet. Therefore, it is necessary to create a model to modify 
the prediction results for each launch pad. Hence, NASA SP-8072 is not suitable as a design 
tool for new launch pads. Moreover, static firing tests are costly. Recent, predictions of the 
acoustic level using computational fluid dynamics (CFD) are required for these reasons. 

The alumina particles released from solid rocket motors and water droplets introduced by 
water injection to the exhaust gas might attenuate the acoustic wave. However, the attenuation 
mechanism is not well known. Recently, the effects of water droplets have been verified [3,4]. 
In previous studies, Tsutsumi et al. [5,6] performed analyses in consideration of the effects of 
the launch facility and the flame deflector plate. In addition, an analysis considering the 
difference of the components of the exhaust and the atmosphere was performed by Nonomura 
et al. [7]. Consequently, the acoustic phenomena have been clarified. If it becomes possible to 
consider the effect of the particles on the analysis, it is expected that acoustic wave level 
prediction using CFD will become more accurate than predictions under the present method. 
The diameters of the alumina particles released from solid rocket motors are 30-200 µm [8],  
and the exhaust gas is a supersonic flow. Therefore, flow around each particle has a high 
Mach number and a low Reynolds number. Accordingly, a drag model under a high Mach 
number and a low Reynolds number condition is necessary to perform analysis that considers 
the influence of the particle on the jet flow. In this study, direct numerical simulation (DNS) 
of the flow around a sphere at high Mach number and low Reynolds number is conducted to 
construct a subgrid scale and body-force models that consider the influence of particles. 
Analyses are performed by assuming that the alumina particle is a rigid sphere; the Reynolds 
number based on the diameter of the sphere and the free-stream velocity is set between 50 and 
300, the free-stream Mach number is set between 0.3 and 2.0 (Table 1). 

2 ANALYTICAL METHOD 

2.1 Computational grid 
A boundary-fitted grid is adopted for this computation. The dimensions of the grid are ξ × 

η × ζ = 107 × 48 × 177 points, with 909,072 grid points. The boundary condition at the 
sphere’s surface is nonslip and adiabatic. At the boundaries of the ξ and η directions, periodic 
boundary conditions with three overlapped grid points are imposed (Figure 1). The diameter 
of the analysis region is 100 times that of the sphere. Figure 1 shows a computational grid. 
The sphere's diameter is 1D. The grid size of the ζ direction is stretched by 1.03 times from 
the minimum grid width within 15D of the origin, and the grid size is constant after it reaches 
0.2D. In regions 15D or more away from the origin point, the grid size is stretched by 1.2 
times toward the outer boundary. The minimum grid size is calculated by the following 
formula [9.]: 

0.10Re
13.1

min ×
=dr . (1) 

In this study, the minimum grid for all calculations is fixed with the size determined by 
assuming that the Reynolds number is 300. 
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2.2 Computational method 
In this calculation, the Navier–Stokes equation is employed as the governing equation. The 

equation is non-dimensionalized by the free-stream speed of sound, the density, and the 
diameter of the sphere. The convection term is evaluated by the WENO-CU6-FP [10] method, 
the viscous term by the sixth-order central difference method, and time integration is 
performed by the third-order TVD Runge–Kutta method. WENO-CU6-FP is the WENO 
method satisfying the geometric conservation laws in the curvilinear coordinate system, 
which was proposed by Nonomura et al. [10]. This scheme can preserve the free-stream. In 
this study, the central difference component of the WENO-CU6-FP scheme is replaced by one 
of the splitting type [11] in order to better stabilize the calculation. 

3 COMPUTATIONAL RESULT OF FLOW AROUND A SPHERE 

3.1 Flow regime 

3.1.1 Pressure coefficient distribution and vortex structure 
Figures 2 and 3 are the snapshots of the moment field. Figure 2 shows the pressure 

Figure 1: Computational grid

x

z

b. Far view

a. Close view

x

z

50D

Table 1: Analysis case
Reynolds number Mach number Cace.

0.30 Re050M030
0.80 Re050M080
1.20 Re050M120
2.00 Re050M200
0.30 Re100M030
0.80 Re100M080
1.20 Re100M120
2.00 Re100M200
0.30 Re150M030
0.80 Re150M080
1.20 Re150M120
2.00 Re150M200
0.30 Re200M030
0.80 Re200M080
1.20 Re200M120
2.00 Re200M200
0.30 Re200M030
0.80 Re250M080
1.20 Re250M120
2.00 Re250M200
0.30 Re300M030
0.70 Re300M080
0.80 Re300M120
0.95 Re300M200
1.05 Re300M030
1.20 Re300M080
1.50 Re300M120
2.00 Re300M200

300

50

100

150

200

250
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coefficient distribution and the stream lines. Figure 3 shows the entire view of the vortex 
structure visualized by the isosurface of the second invariant of a velocity gradient tensor. The 
threshold is set to the appropriate value for each case. From the visualization, the pressure 
coefficient distribution is axisymmetric and a hairpin vortex is observed in the subsonic flow. 
Conversely, the pressure coefficient distribution becomes almost symmetric under transonic 
and supersonic conditions, and a clear hairpin vortex structure disappears as the Mach number 
increases. The hairpin vortex structure also disappears at Mach 0.95. In addition, at Mach 0.95, 
the shock-wave is formed at the downstream side of the sphere.  

3.1.2 Separation point and separation length 
The separation point is probed by considering the velocity gradient on the sphere surface. 

In this study, the separation point is expressed as the degree from the x axis, as shown in 
Figure 4. Separation length is expressed as the distance from the sphere’s surface to the 
separation regime termination. In this study, the separation length is probed by the u direction 
component of the flow velocity on the x axis of the downstream side. The end of the 
separation region is set to be the position where the sign of the u component velocity switches 
(Figure 4). Figures 5 and 6 show the separation point and separation length of the time-
averaged field, respectively. The separation point location and separation length change 
significantly in the transonic region. The separation point moves to the upstream side at 
subsonic flow and to the downstream side from transonic to supersonic flow. Conversely, the 
separation length increases under the subsonic and transonic flows and decreases at the 
supersonic flow. The separation length rapidly increases at Mach 0.95. In addition, the 
separation length is hardly changed; therefore, the separation point is influenced by the 
presence or absence of the shock-wave (i.e., M < 1 or M > 1), and the separation length is 
gradually influenced by the effects of compressibility. Hence, there is a need to discuss the 
interference of the shock-wave with the wake. 

Figure 2: Pressure coefficient distribution and streamline 

a. Re300M030 b. Re300M080 

e. Re300M120 

c. Re300M095 

f. Re300M200 d. Re300M105

1.06

-0.57
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Figure 3: Isosurfaces of the second 
invariant of the velocity gradient tensor

a. Re300M030 

c. Re300M080

b. Re300M070

d. Re300M095

Figure 4: Separation point  
and separation length  

Figure 5: Separation point 
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Figure 6: Separation length 
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Figure 7: Mean square amplitude

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.5 1.0 1.5 2.0

M
ea

n 
sq

ua
re

 a
m

pl
it

ud
e

Mach number

Re300

Figure 8: Strouhal number 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.5 1.0 1.5 2.0

St
ro

uh
al

 n
um

be
r

Mach number

Re300

764



T. Nagata, T. Nonomura, S. Takahashi, Y. Mizuno and K. Fukuda 

6

3.1.2 Time variation of the flow field
Figure 7 shows the root-mean-square amplitude of the lift coefficient when the Reynolds 

number is 300. The lift coefficient vibrates in the case of Reynolds number 300 and Mach 
numbers 0.3, 0.7, and 0.8. It is estimated that the phenomenon appears with the generation of 
the hairpin vortex. Therefore, flow fields are unsteady in these cases. Conversely, the flow 
fields under the transonic and supersonic conditions are steady. In addition, the root-mean-
square amplitude of the lift coefficient is mostly not influenced by the Mach number at 
Reynolds number 300. Hence, the flow regime is influenced by the presence or absence of the 
shock wave. Moreover, Figure 8 shows the Strouhal number based on the lift coefficient at 
Reynolds number 300. The Strouhal number decreases as the Mach number increases. This 
shows that the fluctuation frequency of the body force is influenced by the Mach number. 
Figure 9 shows the flow regime of each case. The red plot shows unsteady flow, the green 
plot shows steady non-axisymmetric flow, and the blue plot shows the steady axisymmetric 

Figure 9: Flow regime 
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Figure 10: Shock detachment distance at Re300
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flow. Flow becomes unsteady under the subsonic condition at Reynolds number 300. 
Conversely, flow becomes steady under the transonic and supersonic conditions at Reynolds 
number 300. In addition, when the Mach number is 0.3 and the Reynolds number is 250, there 
is a steady axisymmetric flow. At Mach numbers greater than 0.8, flow becomes steady and 
axisymmetric. Moreover, the flow regime at Mach 0.3 is the same as the results of previous 
studies of incompressible flow [9]. Hence, it appears that the flow field becomes steady and 
axisymmetric when the Mach number increases.  

3.1.3 Shock detachment distance 
Figures 10 and 11 show the comparisons of the shock detachment distance of the previous 

study and present results, respectively. Sugimoto et al. [12] and Haberle et al. [13] showed 
experimental results. Ambrosio et al. [14] showed a prediction model of the shock detachment 
distance that was constructed from the experimental data. From Figure 11, the present results 
agree well with Ambrosio et al. at Reynolds number 300. The model does not include the 
effects of the Reynolds number. The present results show that the shock standing distance 
increases as the Reynolds number decreases. Figure 12 shows the displacement thickness 
estimated by considering the flat plate boundary layer thickness. From Figure 12, the 
displacement thickness increases as the Reynolds number decreases. Hence, the shock 
detachment distance increases because the effective size of the object increases. Therefore, 
the fluctuation of the shock detachment distance is influenced by the thickness of the 
boundary layer. At low Reynolds numbers, the boundary layer is thicker than that at high 
Reynolds numbers. It is believed that the difference is caused by the boundary layer thickness.  

3.2 Drag coefficient 
In Figure 13–15, changes in the drag coefficients and their components as functions of the 

Mach number are shown. Figures 13, 14, and 15 show the drag coefficients, the pressure drag 
coefficients, and the viscous drag coefficients, respectively. Figure 12 shows that the drag 
coefficient increases as the Mach number increases. In particular, the drag coefficient 
increases rapidly in the transonic flow. Conversely, in the supersonic flow, the drag 
coefficient is hardly changed. In Figure 13, the pressure drag coefficient is influenced by the 
Mach number. In contrast, the viscous drag coefficient is hardly changed. In the below 
sections, the pressure and viscous drag coefficients will be discussed in detail. 

3.2.1 Pressure drag coefficient 
Figure 13 shows that the pressure drag coefficient increases along with the Mach number. 

Under the subsonic and transonic conditions, it rapidly increases. However, under the 
supersonic condition, it hardly changes. In addition, the pressure coefficient decreases in the 
low Reynolds number case of the supersonic flow. The pressure drag coefficient decrease 
under the subsonic condition occurs by the moving of the separation point to the upstream 
side. Under the transonic condition, the separation point moves to downstream side; however, 
the pressure drag coefficient increases. This appears to be because of the formation of the 
shock wave. 
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3.2.2 Viscous drag coefficient 
Figure 14, illustrates that the viscous drag coefficient is hardly influenced by the Mach 

number. In an incompressible flow, the viscous drag coefficient is influenced by the behavior 
of the separation point. However, Figures 6 and 14 show a different trend. In addition, Figure 
15 shows the trend of the increase in non-dimensional viscosity coefficients with increasing 
Mach number due to aerodynamic heating. 

In subsonic flow, the separation point moves to the upstream side, and the viscous drag 
becomes smaller due to the decrease of the attached flow area. Therefore, the viscous drag 
coefficient does not change much because the increase in the viscosity coefficient excludes 
the effects of the separation point. Conversely, in supersonic flow, the separation point moves 
to the downstream side, and the viscosity coefficient increases, though the viscous drag 
coefficient hardly does so. This is because of the deceleration. Figure 16 shows the velocity 
gradient of the u direction component at the one layer from the sphere surface normalized by 
the free-stream. From Figure 16, the velocity gradient decreases in the supersonic flow. This 
seems to be caused by the deceleration of the fluid at the detached shock waves. For these 
reasons, it is estimated that the viscous drag coefficient does not significantly increase under 
subsonic and supersonic conditions.  

Figure 13: Drag coefficient 
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Figure 15: Viscous drag coefficient 

Figure 14: Pressure drag coefficient 
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Figure 16: Non-dimensional viscosity 
coefficient on the sphere surface
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Figure 21: Analysis results and values 
predicted by drag models at the subsonic
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Figure 22: Analysis results and values 
predicted by drag models at the subsonic
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Figure 20: Drag coefficients of the analysis 
results and the previous study results
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Figure 17: Mean value of the x-direction 
component of the velocity gradient on the 
sphere surface 
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Figure 19: Separation lengths of the analysis 
results and the previous study results 
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Figure 18: Separation points of the analysis 
results and the previous study results 
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3.3 Comparison with incompressible flow 

3.3.1 Flow regime 
Under incompressible flow, the flow regime is same if the Reynolds number is matched. 

However, in compressible flow, both the Reynolds number and the Mach number need to be 
considered. Figure 17 shows a comparison of the separation point. The present results in the 
subsonic condition are in good agreement with incompressible results. However, the 
difference in the separation point becomes larger in transonic and supersonic flows. Therefore, 
it is estimated that the separation point is affected by the presence and intensity of the 
detached shock wave. Conversely, the separation length is different at Mach number 0.8 as 
compared with the results of the incompressible flow (Figure 18). Therefore, separation 
length appears to be gradually affected by the compressibility. 

3.3.2 Drag coefficient 
Figures 19–21 show the drag coefficient. Figure 19 shows the results in the incompressible 

flow condition [9] along with the results of this study. At Mach 0.3, the present result is in 
good agreement with the results of incompressible flow studies. However, under supersonic 
flow, there are large differences; thus, it can be seen that there is the need to consider the 
Mach number when predicting the drag coefficient for high Mach number and low Reynolds 
number flows. Figures 20 and 21 show the comparison between the prediction values of the 
drag models [8, 15-18] and the present results. In Figure 20, the results of the experiment and 
calculation from previous studies are also shown; under subsonic flow, predicted values of 
drag models show good agreement with the results of this study. The model of Carlson and 
Hoglund [15] shows the best agreement of any model. In addition, the values predicted by the 
drag model that does not consider the Mach number effect also show good agreement with the 
results of this study. However, in the case of high Mach numbers, the difference of the drag 
coefficient becomes larger over the entire region. In Figure 21, under the supersonic flow 
condition, predicted values of the drag models do not show as good agreement as in the 
subsonic case. In particular, the difference between the predicted value of the drag models and 
present result becomes larger at low Reynolds numbers. In addition, there are differences in 
each drag model. Note that the Carlson and Hoglund model still shows good agreement in the 
supersonic case. 

The model presented by Carlson and Hoglund does not consider the temperature ratio. 
However, it shows good agreement at all Mach numbers used in this analysis. The 
temperature ratio is the ratio between the temperatures of the particle and the free-stream. In 
this study, the calculation conditions are adiabatic at the sphere surface. Therefore, the 
temperature ratio is basically 1.0. However, at high Mach number flow, the sphere surface is 
heated by aerodynamic heating. Accordingly, in this study, particle temperature is decided by 
the average temperature of the sphere surface. Therefore, the cause of the large difference of 
the drag coefficient might be that the effects of the temperature distribution are not considered 
and there are problems with the calculation method. However, there is difference in the 
predicted value despite calculation under the same conditions. Therefore, it seems that the 
cause of the difference is something other than the temperature distribution. In addition, the 
difference becomes larger as Mach number increase. The target flow field has high Mach 
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number and low Reynolds number. Therefore, the measurement of the drag force is difficult. 
Hence, the drag model was built in a combination of the theoretical formula and indirect 
experimental data. Therefore, it seems that the prediction of the drag coefficient by the drag 
model is difficult under high Mach number and low Reynolds number conditions. 

4 CONCLUSIONS 
In this study, we performed the analyses of high Mach number and low Reynolds number 

flows. Consequently, we clarified the following topics: 1) As Mach number increases, 
unsteady fluctuation becomes weak and the separation point moves to the downstream side, 2) 
the drag coefficient becomes higher in the supersonic region due to the increase in the 
pressure drag by the detached shock-wave in the supersonic region, while the separation does 
not significantly affect it, and 3) the previous drag model shows good agreement with the 
present results in the subsonic region, while accurate prediction of the drag coefficient in the 
supersonic regime by traditional models might be difficult because the previous drag models 
are based on a model of incompressible flow and indirect experiment results.
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Abstract. In this work, direct numerical analyses for flow around particles passing a shock 
wave was carried out to predict effects of small particles in rocket plumes. A flow solver 
based on three-dimensional compressible Navier-Stokes equations is developed for the 
purpose of high accurate prediction of the acoustic field around rocket plumes. This flow 
solver is capable of analysing a flow around moving multiple particles and motion equations 
was introduced. The flow field and the drag coefficient after the shock wave passage were 
validated by comparing with the drag models at shock Mach number 1.2-2.8. The result was 
in good agreement with the drag models. In the flow around multiple particles, the 
interference between particles was confirmed. 
 
1 INTRODUCTION 

The acoustic waves from rocket plumes are sufficiently strong to damage the satellites 
inside the fairing of a rocket. These waves are assessed by empirical prediction methods in 
Europe, the United States and Japan [1]. These methods were based on the enormous 
launching results and test data in the United States. But, the low accuracy of these methods 
renders them unsuitable for a new rocket and a new launch site and more accuracy prediction 
of the acoustic environment and the quantitative evaluation of acoustic waves is required. 
Therefore various studies by the numerical analysis have been conducted. The acoustic 
prediction was enabled in various assumptions qualitatively [2-4]. In real large scale liquid 
launch vehicles, the generated acoustic waves are suppressed by water injection. For the high 
accuracy prediction of acoustic waves, examaination of detail of the effect of water droplets 
and the physical phenomenon is required and it is not considered at present numerical 
simulation.  
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Fukuda et al. showed that acoustic waves are primarily attenuated by interactions between 
particles and turbulence [5] from theoritical analysis. These particles which influence 
turbulence are alumina particles exhausting from the rocket nozzle or water droplets 
surrounding the rocket. However, the mechanism of the phenomenon is not well understood.  

Therefore, in this study, the direct numerical analysis is carried out in order to understand 
the behavior of gas-particle mixtures in high Mach number turbulent flowfield. The purpose 
of this study is to analyze the flowfield in which multiple particles pass a shock wave in order 
to understand the interference of those particles and turbulence in the rocket plumes. The flow 
of the particle passing shock wave has been studied as the multiphase flow or the shock tube 
problem [6-8]. However, those studies are not numerical analysis for the three-dimensional 
flowfield and understanding of the flow is not enough. This analysis employed in this study is 
direct numerical analysis for the flow in which multiple purticles pass a shock wave using the 
immersed boundary method. 

2.1 Governing Equations 
In the present study, flows are governed by three-dimensional compressible Navier-Stokes 

equations.  
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where E, F, and G are the inviscid fluxes in the x-, y-, and z- directions, respectively Ev, Fv, 
and Gv are the corresponding viscous fluxes, and Q contains the conservative variables. The 
pressure p is related to the total energy e per unit mass by the equation of state: 
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Here the stress tensor components are given as  
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All variables are nondimensionalized by the freestream conditions of density, sound speed, 
and unit length. The above equations are discretized on an equally spaced Cartesian mesh 
with a cell-centered arrangement. To eliminate additional numerical dissipation everywhere, 
except in the vicinities of shock waves and potential flows, the inviscid terms are computed 
by a hybrid scheme that combines the monotone upstream-centered scheme for conservation 
laws (MUSCL)-Roe scheme [9] and the second-order pseudo skew-symmetric scheme [10]. 
This cord has been validated in a two-dimensional flowfield [11].  
 

2.2 Boundary Representation 
The boundary is defined by the level set method and ghost-cell method. The level set 

function is determined in whole cells as assigned distance from the object boundary. In the 
present study, flows around multiple moving objects are solved by extending the level set 
method to multiple level set functions based on simple minimum distance approach. All cells 
are classified into three categories: fluid cell, ghost cell, and object cell. The ghost cells 
behave as guard cells between the fluid and object regions and are assigned in two layers 
under the present definition as follows: 
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The present ghost-cell method is adopted the image point approach. Ghost cells are used for 
imposing boundary condition. An image point set in the region of fluid cells is used to collect 
flow information for a ghost cell. The image point is located at the edge of a probe that 
extends from a ghost cell through the object boundary in the direction normal to the surface. 
The probe length is 1.75 times the mesh size. The probe is set to be longer then √3 times the 
mesh size to avoid a recursive reference. The nodes enclosed are classified only as fluid cells. 
The primitive variables on the image point are interpolated by the trilinear function based on 
the surrounding cells. Finally, the value of ghost cell is defined by the value of the image 
point. 
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3 COMPUTATIONAL RESULT OF FLOW AROUND A PARTICLE PASSED A 
SHOCK 

3.1 Computational Condition 
Figure 1 shows a computational domain. In this study, the shock wave is fixed in the 

coordinate system. A particle passes the shock from the low pressure side to the high pressure 
side. The Reynolds number, based on the particle diameter and freestream values (including 
viscosity), is fixed at 300, while the shock Mach number (freestream, initial particle velocity) 
are varied as Mach 1.2, 1.5, 2.0, 2.5, and 2.8. Mesh size is 0.1D, where the diameter D of the 
particle. The calculation domain is 20D at x-direction and 10D at y- and z- direction. The 
initial temperature of the particle surface is the same as the temperature of the shock wave 
front flow. After passing through it varies depending on the temperature of the shock wave 
wake. Dirichlet conditions are imposed on all flow variables at the inflow boundary and on 
density alone at the outflow boundary. Neumann conditions are imposed at the top and 
bottom boundaries for all variables. Table 1 shows the initial condition normalized by speed 
of sound and characterstic length.  

 
 

 
Figure 1 : Computational domain 

 
Table 1 : Initial conditions 

 

 

Reynolds Shock Mach Number p1 ρ1 u1 p2/p1 ρ2/ρ1 u2/u1
1.2 1.2 1.51 1.34 0.75
1.5 1.5 2.46 1.86 0.54
2.0 2.0 4.50 2.67 0.38
2.5 2.5 7.13 3.33 0.30
2.8 2.8 8.98 3.66 0.27

300 0.71 1.0
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3.1 Computational result  
 Figure 2 plots the pressure distributions at x = 6. The shock wave is not formed in front of 

a particle at M1.2 and M1.5, but it is formed at M2.0, M2.5, and M2.8 after the particle passes 
the shock wave. For this reason, the particle velocity exceeds speed of sound between M1.5 – 
M2.0 in the domain of the shock wave slipstream. 
 

 

         
(a) M1.2                                            (b)M1.5                                             (c) M2.0 

 

  

       
(d) M2.5                                  (e) M2.8 

 
Figure 2 : Pressure distributions (x = 6) 

 
Figure 3 shows drag coefficient. When a particle passes a shock wave at t = 3, the value of 

the drag coefficient increases sharply. The maximum value becomes large as the low Mach 
number. After the passage, the value decreases. The drag coefficient indicates zero  because 
the particle goes out of the computational domain at t = 18. 

To compare with the drag model, the value of the drag coefficient of Henderson’s model  
[12] and Carlson and Hoglund’s model [13] that calculated with the number of practice. 
Reynolds number at t = 12. Henderson has relatively close at M1.5 – M2.8. On the othe hand, 
Carlson has the same quantity at M1.5 and M2.0. Table 2 shows error (%) of the drag 
coefficient. Both models are the same value, however, the present result is different value at 
M1.2. Since this error occurred when the flow around a stationary particle is analyzed, this 
analysis code has an error in this case.   Henderson’ calculation formula contains the 
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temperature ratio effect of  fluid and particle. On the other hand, Carlson and Hoglund’s 
calculation formula does not consider this temperature ratio. The influence of this temperature 
ratio is samll, but this influence increases as the Reynolds number increases. Therefore the 
present result is  significantly different from Carlson and Hoglund in the high Mach number 
cases. 

Figure 4 plots the particle velocity. It is normalized in the particle velocity. The particle is 
decelerated after the shock wave passes. As the case in which particle velocity increases, the 
particle velocity suddenly decelerated. This is due to the wave resistance. 

Figure 5 shows the turbulence kinetic energy that is nondimensionalized by the sound 
speed behind the shock wave. Since the shock wave is x = 14, the value is rapidly changed. 
Furthermore the particle is x = 6.0, the value increases the wake of the particle. The increment 
becomes large as the Mach number increases. 
 

 
(a) Analysis results (b) Prediction value by drag models 

 
Figure 3 : Drag coefficient 

 
Table 2 : Drag coefficient error(%) 

 

 

Mshock Henderson Carlson and Hoglund
1.2 11 12
1.5 0.7 2.6
2.0 9.5 1.7
2.5 2.4 14
2.8 1.5 18
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Figure 4 : Particle velocity 
 

 
 

Figure 5 : Nondimensional turbulence kinetic energy 
 

4 COMPUTATIONAL RESULT OF FLOW AROUND PARTICLES PASSED A 
SHOCK 

4.1 Computational Condition 
Figure 6 shows a computational domain. Three particles (objects number : o1, o2, o3) pass 

a shock from the low pressure side to the high pressure side. The Reynolds number, based on 
the particle diameter and freestream values (including viscosity), is fixed at 300, while the 
shock Mach number (freestream, initial particle velocity) are varied as Mach 2.5. Mesh size is 
0.1DThe calculation domain is 40D at x-direction and 10D at y- and z- direction. Other 
conditions are the same as the a particle at M2.5.  
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Figure 6 : Computational domain 

4.1 Computational result  
  Figure 7 plots the pressure distribution at nondimensional time t = 6.2 and t = 12. Those 
particles are passing thorough the shock wave at t = 6.0. Those detached shock waves 
interfere with each other at t = 12. Figure 8 shows drag coefficient. o1 has little influence 
from other particles. As a result, the tendency of the drag coefficient is comformed to the 
result of a single particle. o2  has the influence from neighboring particles and the drag 
coefficient reduced. The value of o3 increases by the influence of o1. Figure 9 plots those 
particles velocity at each point. The transition of the particle velocity is different with each 
particle  because of interferes. Figure 10 displays the turbulence kinetic energy distribution 
that is nondimensionalized by the sound speed behind the shock wave. The particles are x = 
5.0, 6.0 and 7.0, the turbulence kinetic energy increases the slipstream of particles and 
expands over a wide range.  Moreover the maximum value becomes almost two times. 

 

       
(a) t = 6.0                                          (b) t = 12 

 
Figure 7 : Pressure coefficient distributions 
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Figure 8 : Drag coefficient 
 

 
 

Figure 9 : Particles velocity 
 

 
 

Figure 10 : Nondimensional turbulence kinetic energy 
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5 CONCLUSIONS 
Direct numerical simulation on particles passing a shock wave was carried out. The flow 

condition is the shock Mach number at 1.2, 1.5, 2.0, 2.5, and 2.8 at Reynolds numeber 300. 
As a result, the drag coefficient has the error about 10 %. However, this error is due to the 
drag coefficient does not have the temperature ratio effect of the flowfield and the particle. 
After the particle passes the shock wave, the particle velocity decereases. The low turbulence 
kinetic energy hasthe wake of the particle. In the flow including multiple particles, the 
fluction of the drag coefficient is influenced by the interference between the particle. In near 
future, we will conduct large-scale gas-particle flow simulation and focus on the turbulence 
energy generation or the interference between the particle. 
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Abstract. Dissolved oxygen (DO) transfer between bottom sediments and the overlaying 
water (Water-Sediment Interface, WSI) constitutes an essential coupling for benthic and 
pelagic ecosystems and influences a wide range of important geochemical processes. Very 
close to the bed, where turbulent diffusivity becomes negligible, DO fluxes are governed by 
molecular diffusion and the concentration gradients across the diffusive boundary layer 
(DBL) and diffusive sediment layer (DSL). The influence of the DBL dynamics induced by 
low-energetic oscillatory flows on the coupled transport of DO across the WSI is analyzed 
here by means of a 1D unsteady diffusive-reactive mass transport model in an evolving 
domain. A coordinate transformation is applied to map the evolving domain onto a fixed 
region and to solve the equivalent coupled transport problem. Using a multiple scale analysis, 
the DO transport regimes across de WSI are investigated as function of the DBL thickness 
variability. Model results show that the fluctuations of the DBL thickness induced by 
oscillatory flows lead to additional advective transport terms that enhance the DO transport 
across the WSI, playing an important role on the DO penetration depth and the occurrence of 
anoxia events in the sediment domain.   

1 INTRODUCTION 
Dissolved oxygen (DO) transfer between bottom sediments and the overlaying water 

(Water-Sediment Interface, WSI) constitutes an essential coupling for benthic and pelagic 
ecosystems and influences a wide range of important geochemical processes. For example, it 
regulates the organic matter degradation in the upper sediment. 

Very close to the bed, where turbulent diffusivity becomes negligible, DO fluxes are 
governed by molecular diffusion and the concentration gradients across the diffusive 
boundary layer (DBL) and diffusive sediment layer (DSL). These regions, in which gradients 
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in physical, chemical and biological properties are sharp, control the vertical mass transfer at 
the benthic boundary, since molecular diffusion is generally orders of magnitude slower than 
turbulent and advective transports. In these conditions, the thickness of the DBL plays an 
important role, as it depends on the bulk flow conditions. Moreover, recent studies show that 
the thickness of the DBL response to the variability of the flow conditions even at time scales 
of the order of seconds or minutes [1, 2].  

The thickness of the DBL and the DSL are time dependent. Here, they are denoted, 
respectively, as  D DBL t   and  S SBL t  . S  is defined as the penetration depth in 
which the solute concentration is 5% of the solute concentration in the water column. Deep 
enough in the sediment, Sh  , the DO concentration can be considered negligible and 
constant. The time dependence of D  is given by the water column hydrodynamics and it is 
assumed known. It can be calculated as function of the friction velocity *u  or the turbulent 
dissipation rate,  , depending of the bulk flow regime.  

In this work, we analyze the influence of the temporal variability of the DBL thickness 
under low-energetic oscillatory flows on the coupled transport of DO across the WSI. 
Applying a multiple scale analysis to the 1D unsteady diffusive-reactive mass transport 
problem in an evolving domain, we analyze the possible DO transport regimes across the WSI 
as function of the characteristic time scales of: (1) the oscillatory flow, (2) the diffusive 
transport processes, and (3) the kinetics of the oxygen consumption processes involved.    

2 THE DIFFUSIVE BOUNDARY LAYER MODEL  

2.1 Governing equations 

DO transport across the WSI located at 0z   is described as a time dependent one-
dimensional problem in an evolving domain. Figure 1a shows the sketch of the WSI problem.  
The location of the WSI is assumed to be constant in time. In the DBL region,  0 Dz t  , 
the DO transport is diffusive. While in the SBL, 0z  , the DO transport is governed both by 
diffusive transport and consumption kinetics. The DO consumption has been modeled here 
assuming a first order Michaelis-Menten kinetics. Thus, the governing equation of the WSI 
problem can be written as, 

1,2i i i
i i

i

C C CD i
t z z K C

                                            (1) 

where 1i   denotes the water diffusive region (DBL)  with 1 0  , and 2i   denotes the 
sediment diffusive layer (DSL) with 2 1  . iC  represents the DO concentration in each 
region. The diffusivities ( iD ) of the two regions are assumed constant within each region but 
discontinuous across the WSI.   and K  are constant kinetic parameters.  

2.2. Coordinate transformation and problem mapping 
 

The evolving domain of the WSI problem is transformed by defining the new variable    
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z
t





                                                                     (2) 

In terms of   , the DBL problem given by Eq. (1) can be written as 
2

2

' 1 ' 1 ' 0 1
w D

C C C
t T T

 
 

  
   

                                           (3) 

where wT  and DT  are, respectively, the characteristic time scales of the DBL thickness 
dynamics. They are be defined as,  

1 1 D

w D

d
T dt





                                                                (4a) 

2

1 w

D D

D
T 


                                                                  (4b) 

Notice that wT  and DT  depend on: (1) the characteristic diffusivity of the DBL in the water 
region ( 1 wD D ), and (2) on the bulk flow influence on the DBL thickness ( ( )D DBL t  ).  

Similarly, for the diffusive-reactive transport problem in the sediment region (DSL), the 
coordinate system can be transformed using 

 S

z
t





                                                                   (5) 

Being the characteristic time scales of the transport across this region,  

,

1 1 S

w s S

d
T dt




                                                               (6a) 

2
,

1 s

D s S

D
T 

                                                                  (6b) 

and 2 sD D . Figure 1b shows the sketch of the mapped domain after the coordinate 
transformation.  
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Figure 1. (a) Time dependent domain of the WSI under low-energetic oscillatory flows.  

(b) Mapped problem after coordinate transformation. 

 

Let us define 0' /t t T , where 0T  represents a selected characteristic time scale of the 
mapped problem. And, to express the time dependent variables as    

   
   
   

w w w

D D D

D D D

T t T T t

T t T T t

t t  

  

  

                                                             (7) 
where the overbar denotes the mean (time-averaged) of the time dependent variable and   

represents the instantaneous deviation from its mean value, e.g. ( )D D Dt     .  
Eq. (3) can be now rewritten as  

2
0 0

2

' 1 ' 1 ' 0 1
' 11 w Dw D

Dw

T TC C C
T Tt T T

TT

 
 

   
           

                                 (8) 
Eq. (8) makes apparent that the fluctuations of the DBL thickness, induced by the low-

energetic oscillatory bulk flow, lead to an additional advective transport term in the mapped 
problem of the DBL.  

Similarly, the characteristic time scales of the DSL can be expressed as  

   
   

   
   

, , ,

, , ,

w s w s w s

D s D s D s

S S S

T t T T t

T t T T t

t t

t t

  

  

  

  

  

  

                                                    (9) 
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where  t  is the characteristic time scale of the DO kinetics. The governing equation of 
diffusive-reactive transport in the DSL can be accordingly written as,  

 
2

0 0 0
2

, ,, ,

, ,

' 1 ' 1 ' 1 ' ' 1 0
' 11 1w s D sw s D s

w s D s

T T TC C C F CT Tt T T
T T

    


                                           
(10) 

In highly organic sediments, the DO consumption kinetics is typically faster than the 
diffusive transport, hence ,D sT  . Moreover, as ( )S St h   , the advective transport term 
in Eq.(9) can be considered negligible. Accordingly,   

 
2

0 0
2

,

' ' ' ' 1 0
' D s

T TC C F C
t T

 
 

 
    

 
                         (11) 

It is concluded that the DSL transport problem in highly reactive sediments in the mapped 
domain can be described as a diffusive-reactive transport process.  

3 MULTIPLE SCALE ANALYSIS AND WSI TRANSPORT REGIMES   
The DO transport regimes induced by the variability of the DBL thickness under 

oscillatory bulk flows are analyzed next as function of the characteristic time scales of the 
physical processes involved.  

First, the multiple scale analysis of the DBL problem is presented. For that, 0T  is defined 
as the characteristic time scale of the oscillatory bulk flow. Next, the transport regimes of the 
de DBL problem are established. Finally, the multiple scale analysis and transport regimes of 
the DSL are discussed. In this document we will discuss the particular case of highly organic 
sediments described by Eq. (11). 

To simplify the notation, hereafter, we skip the overbar (mean value) and the comma 
(adimensional variable) of the formulation. 

3.1. Multiple scale analysis of the DBL problem 

Let us define the parameter /D D     as a measure of the relative magnitude of DBL 
thickness variability with respect to its mean value, and D  as the characteristic time scale of 
DBL thickness dynamics. Making use of Eq. (4a), it is found that 
 

1 1
1w DT


 
 
  

                                                    (12) 

and  
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1 D

D D

d O
dt
 

 
 
 
 

                                                  (13) 

Similarly,  
21 1 1

1D DT T 
    

                                                     (14) 

where 2/D w DT D   is the mean time scale of the diffusive transport across the WSI.  
Making use of this scale analysis, Eq. (8) can be written as 

2 2
0 0

2

' ' 1 ' 0 1
' 1 1D D

T TC C C
t T

  
    

                  
                    (15) 

This equation shows that the fluctuations of the DBL thickness induced by low-energetic 
oscillatory flows lead to an additional advective transport term in the DBL mapped domain. 
The magnitude of the advective term varies linearly across the DBL and it is proportional to  

/ (1 )  , being /D D     the relative magnitude of DBL thickness variability with 
respect to its mean value. It is worthy to point out that the diffusive transport term in Eq. (15)  
has a constant diffusivity coefficient across the DBL and it is proportional to 21/ (1 ) .  

3.2. Transport regimes of the DBL problem  
Three possible transport regimes across the DBL can be distinguished as function of the 

relative magnitude of the advective and diffusive transport terms in Eq. (15): (1) DDT: 
Diffusive Dominant Transport regime; (2) ADT: Advective Dominant Transport regime; and 
(3) MT: Mixed transport regime.  

The Diffusive Dominant Transport regime (DDT) is defined here as those in which the 
characteristic time scales of the DBL problem fulfill that 0D DT T   . In this regime the 
DBL transport is governed by diffusion, with a decreasing diffusivity coefficient with the 
increasing amplitude of the DBL variability ( /D D    ).   

In the Advective Dominant Transport regime (ADT), the time scales of the problem satisfy 
the inequality: 0D DT T   . In this case, the advective contribution induced by the DBL 
thickness variability dominates the DO transport across the mapped DBL problem. The 
magnitude of the advective transport shows an asymptotic behavior as the parameter 

/D D     increases.  
Finally, it is possible to define a Mixed Transport regime (MT) in which the advective and 

diffusive contributions have the same order of magnitude, i.e. D DT  . In this regime, both 
terms (diffusive and advective) in Eq. (15) contribute significantly to the DO transport across 
the DBL.  
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Figure 2 shows the relative amplitude of the diffusive and advective transport processes 
across the DBL as function of the parameter /D D    . The mixed transport regime (MT) 
in which the transition from the diffusive dominant regime (DDT) to the advective dominant 
regime (ADT) was found equal to threshold value 0.618  , that is when 0.618D D   .  
The amplitude of the DBL variability is found to be one of the key parameter to control the  
relative influence of the different transport mechanisms in the DBL mapped problem. More 
precisely, the mean value ( D ), the amplitude ( D ) and the characteristic time scale ( DT ) of 
the fluctuations of the DBL thickness are the key parameters to identify the dominant DO 
transport regime across the DBL under low energetic oscillatory flows.  

These findings are consisting with previous numerical results by [2] for slow oscillatory 
motions of monochromatic type. 
 

  

Figure 2. Dependence of diffusive and advective transport processes of the mapped DBL problem, Eq.(15), as 
function of /D D    .  Normalized amplitudes of the diffusive term [ 21/ (1 ) ] and advective term [

/ (1 )  ] in the mixed transport regime (MT). 

3.3. Multiple scale analysis and transport regimes of the SBL problem 
The multiple scale analysis and the definition of the transport regimes of the DSL problem 

described by Eq. (10) was established following the same methodology applied to the DBL 
problem.  

In the particular case of highly organic sediments, the DSL mapped problem consists on 
the simplified diffusive-reactive one dimensional transport equation given by Eq. (11). In 
these sediments, typically, 0T   and ,D sT  . Consequently, the set of possible transport 
regimes reduces to one: the Reactive Dominant Transport regime (RDT).  

The coupling between the DBL and the DSL in these highly reactive sediments is through 
the influence of the DBL transport regime on the DO concentration at the water side of the 
WSI. Accordingly, the DO penetration depth in the porous media increases when the DBL 
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dynamics is governed by the advective dominant transport (ADT) regime. On contrary, events 
of anoxia in the sediment media are mainly related to DBL dynamics governed by the 
diffusive dominant transport (DDT) regime.   

4 CONCLUSIONS 
- The influence of the temporal variability of the DBL thickness on the coupled 

transport of DO across the WSI under low-energetic oscillatory flows was 
investigated as function of the characteristic time scales of: (1) the oscillatory flow, 
(2) the diffusive transport processes, and (3) the kinetics of the oxygen consumption 
processes involved. 

- Using a multiple scale analysis of the mapped DO transport problem induced by 
oscillatory flows it is showed that the variability of the DBL thickness is an 
additional degree of freedom in the WSI mass transport problem and enriches the 
possible mass transport regimes of the WSI. The analysis probes that the fluctuations 
of the DBL thickness lead to an additional advective transport term in the mapped 
transport problem of the DBL.    

- The mean value ( D ), the amplitude ( D ) and the characteristic time scale ( DT ) of 
the fluctuations of the DBL thickness are found to be key parameters to identify the 
dominant DO transport regime across the WSI. Three different transport regimes 
were found in the DBL transport problem. Moreover, the threshold value of the ratio 

/D D   for changing the transport regime across the DBL from diffusive-dominant 
to advective-dominant was found.  

- The variability of the DO penetration depth and the occurrence of anoxia events in the 
sediment domain are found to be related with two of these transport regimes in highly 
organic sediments. These findings are consisting with previous numerical results by [2] 
for slow oscillatory motions of monochromatic type.  
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Abstract. Noise influenced by multiphase flows becomes an increasingly important is-
sue. Numerical simulations can help for a better understanding of sound behavior within
heterogeneous media. In this work, we present a coupled approach for computing in-
compressible heterogeneous fluids with sound wave propagation. The linearized Eulerian
equations are used for the transport of the sound waves. We investigate the propagation
of the waves in the presence of a fluid/fluid interface and we verify the introduced ap-
proach. The method is also tested with an inclined interface, where different refraction
angles are investigated. The refraction as well as the reflection of sound waves can be
predicted with errors of less than one percent.

1 INTRODUCTION

In the modern world noise is a serious problem which often generates health problems
[1]. Therefore, it is important to understand the sources of noise and its propagation
mechanisms. A considerable part of noise is produced by multiphase flows, such as wa-
terfalls, waves hitting ships, wave-breakers, or sloshing in car tanks. A further field of
application is, for example, the meteorology, where rain on the sea is measured based on
its sound generation [2].
Generally, the prediction of sound parameters can be simulated by the use of the com-
pressible Navier-Stokes equations (direct noise computation, DNC [3]). Due to highly
different spatial and temporal scales in fluid flow and acoustics, DNC is not efficient for
low Mach numbers. To avoid the multiscale problem, the method of acoustic/viscous
splitting [4] is employed, where the acoustic effects are considered by a superposition
of the incompressible flow field and the fluctuating perturbations (expansion about in-
compressible flow, EIF). In this approach the incompressible Navier-Stokes equations are
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solved to obtain the acoustic source terms. Shen and Sørensen [5, 6] modified the acous-
tic/viscous splitting method of Hardin and Pope [4] and later Seo and Moon [7] used the
linearized compressible perturbation equations.
Based on the latter method, the sound field is computed by the linearized Euler equations
in the context of a finite-volume method. We introduce an extension of the method for
heterogeneous media based on [8]. In the following sections the basic theory is introduced,
the numerical approach is verified and results for reflection and refraction test cases are
shown.

2 GOVERNING EQUATIONS

In this section the governing equations of fluid dynamics and acoustics are given.
Throughout the paper, the Einstein summation convention is used. Sound waves are
a compressible phenomenon caused by varying flow variables. The general equations that
describe the flow situation are the compressible Navier-Stokes equations [9]:

∂ρ

∂t
+

∂(ρui)

∂xi

= 0, (1)

∂(ρui)

∂t
+

∂(ρuiuj)

∂xj

=
∂

xj

[
µ

(
∂ui

∂xj

+
∂uj

∂xi

− 2

3

∂uk

∂xk

δij

)]
− ∂p

∂xi

+ ρfi, (2)

with the velocity vector ui, the pressure p, the density ρ, the external forces fi and the
Cartesian coordinates xi.
In the splitting approach it is assumed that the density, the velocity and the pressure are
composed of an incompressible background flow (superscript inc) governed by the incom-
pressible Navier-Stokes equations with a superimposed acoustic perturbation (superscript
ac):

ρ = ρinc + ρac, (3)

u = uinc + uac, (4)

p = pinc + pac. (5)

This approach is part of the Expansion about Incompressible Flow [5, 6]. The inhomoge-
neous linearized Eulerian equations for the acoustic quantities read:

∂ρac

∂t
+ ρinc

∂uac
i

∂xi

+ uinc
i

∂ρac

∂xi

= 0, (6)

ρinc
∂uac

i

∂t
+ ρincuinc

j

∂uac
i

∂xj

+
∂pac

∂xi

= 0, (7)

∂pac

∂t
+ c2ρinc

∂uac
i

∂xi

+ c2uinc
i

∂ρac

∂xi

= −∂pinc

∂t
. (8)

A detailed derivation is given in [10].
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3 NUMERICAL METHODS

The numerical treatment of linear acoustics for a uniform medium where the density
ρinc and the speed of sound c are the same at every point, has been introduced and
investigated in [10, 11]. In the following we show the differences in the treatment of
heterogeneous media in comparison to uniform media. Due to the heterogeneous media
the density ρinc, the viscosity µinc, and the speed of sound c depend on its location x, y, z:

ρinc = ρinc(x, y, z) = ρinc(x), (9)

µinc = µinc(x, y, z) = µinc(x), (10)

c = c(x, y, z) = c(x). (11)

The acoustic equations can be written in flux formulation:

∂U

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= Q, (12)

with the variable vector

U = [ρac, uac, vac, wac, pac]T . (13)

The fluxes F, G, and H read in flux formulation:

F =




uincρac + ρinc(x)uac

uincuac + pac

ρinc(x)

uincvac

uincwac

uincpac + ρinc(x)c2uac



, (14)

G =




vincρac + ρinc(x)vac

vincuac

vincvac + pac

ρinc(x)

vincwac

vincpac + ρinc(x)c(x)2vac



, (15)

H =




wincρac + ρinc(x)wac

wincuac

wincvac

wincwac + pac

ρinc(x)

wincpac + ρinc(x)c2(x)wac



, (16)

and the source term

Q =

[
0, 0, 0, 0,−∂pinc

∂t

]T
. (17)

3

793



Dominik Staab, Stefanie Nowak, Dörte C. Sternel and Michael Schäfer

By transformation of the LEE into local coordinate system of a cell face with coordinate
ξ normal to the cell face it can be reduced to a one-dimensional problem:

∂Uξ

∂t
+ A(ξ)

∂Uξ

∂ξ
= 0, (18)

with the Jacobi matrix

A(ξ) =



u(ξ)incξ ρ(ξ)inc 0

0 u(ξ)incξ 1/ρ(ξ)inc

0 ρ(ξ)incc(ξ)2 u(ξ)incξ


 . (19)

The resulting Riemann problem is assumed to have a piecewise constant impedance Z =
ρincc (layered media), then the resulting problem is reduced to solve a general Riemann
problem [8]. We use a high-resolution scheme consisting of an exact Riemann solver and
the Lax-Wendroff method [10, 11].

4 TEST CASES AND RESULTS

In order to verify the implemented method the numerical order is computed. The
computation domain and the initial location of the sound wave are presented in Fig. 3.
The initial values of the acoustic density and of the sound particle velocity in y-direction
are ρac = 0 and vac = 0, respectively. The sound wave is defined by:

pac = 2−1200(x−0.25)2Pa, (20)

uac = 0.001 · 2−1200(x−0.25)2m/s, (21)

where pac and uac are the sound pressure and the sound particle velocity in x-direction.
The wave runs from fluid 1 to fluid 2. The speed of sound and the impedance are ci
and Zi, where i indicates the fluid. The computations are carried out on four grid levels
with 16384, 8192, 4096 and 2046 control volumes in x-direction. The Courant number
for the finest grid is chosen to be 0.8. The resulting order is shown in Fig. 2. The order
of the method tends to the analytical order of two. Table 1 shows the comparison of the
numerically computed transmission coefficients Cnum

T and reflection coefficients Cnum
R as

well as the analytical coefficients Cana
T and Cana

R with the 2064 cells grid.

Table 1: Transmission and reflection coefficients for the grid with 2064 cells

c1 < c2 c1 > c2
Cana

T 0.4 1.6
Cnum

T 0.3998 1.5998
Cana

R -0.6 0.6
Cnum

R -0.59998 0.5998
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Figure 1: Test case setup with initial values and material parameters for each fluid (left
side); the sound wave is indicated with a red line and runs from fluid 1 to fluid 2 (right
side)
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Figure 2: Order of accuracy of the quasi-one-dimensional acoustic test case; the order
tends to the analytical order of two
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Inclined interface

Next we investigate the sound wave behavior with an inclined interface. The setup is
similar to the previous test case, but with an inclined interface, which is shown in Fig. 3.
The number of cells in each coordinate direction is 512. The boundary conditions are set
to outlets everywhere. We concentrate on the orientation of the transmitted wave as well
as the reflected wave. We discuss the physical phenomena briefly. More details are given
in [12, 13, 14], for example.

If the direction of an incoming plane wave is not perpendicular to the interface of the
phases, it will be deflected. That means, the wave does not move over a straight line
from a point in medium 1 to a point in medium 2, but takes the way which uses the least
time. This phenomenon is called Fermat’s Principle [15]. From this principle the law of
refraction can be derived:

n =
sin(α1)

sin(α2)
=

c1
c2
, (22)

where α1 is the angle between the moving direction of the incoming wave and the normal
vector to the interface. α2 is the angle between the transmitted wave direction and the
normal to the interface (Fig. 3). c1 and c2 are the speeds of sound connected to each
medium and n is the refraction index. The angle of reflection should be the same as the
incoming wave angle

α1 = α1r. (23)

The transmission and the reflection angle is determined by the sound particle velocity.
The order of accuracy for the particle velocity shown in Fig. 3 is given in Table 2 for
different grid resolutions for α1 = 10 ◦.

Table 2: Order of accuracy of the two-dimensional acoustic computation

Grid resolution L2-norm (particle velocity) order

124 2.180 ·10−4

256 2.624 ·10−4

512 2.597 ·10−4 1.55
1024 2.624 ·10−4 1.98

In the following the number of grid cells is 512 in both coordinate directions. In
Table 3 results for four different incoming angles are shown. The reflected as well as
the transmitted angles are in good agreement with the analytical values. The error E is
computed by

E =
|αnumeric − αanalytic|

αanalytic

. (24)
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Figure 3: Test case setup with inclined interface; left: material properties; right: the wave
refracts with angle αw and reflects with angle α1r

Table 3: Investigation of different reflection and transmission angles for c1 > c2 for 512 x
512 grid cells

α1 (◦) α1r (
◦) E(α1) (%) α2ana (◦) α2num (◦) E(α2) (%)

10 10.007 0.07 4.98 4.986 0.12
30 30.003 0.01 15 15.05 0.33
45 44.997 0.006 20.7 20.71 0.04
60 59.993 0.011 25.6 25.69 0.35
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All errors are smaller than 1%. For an interchanged speed of sound (c2 > c1), total
reflection is possible and the limitation angle can be computed by

αT = arcsin

(
c1
c2

)
= arcsin

(
0.5

1

)
= 30◦. (25)

That means, for α1 ≥ 30 ◦, the wave is totally reflected and not transmitted. Results for
a lower angle are shown in Tab. 4. The computation error again is lower than 1%.

Table 4: Investigation of the reflection and transmission angles for c2 > c1 and α1 = 10◦

and for 512 x 512 grid cells

α1 (◦) α1r (
◦) E(α1) (%) α2ana (◦) α2num (◦) E(α2) (%)

10 10.035 0.35 20.32 20.29 0.15

5 CONCLUSION AND OUTLOOK

In this paper we presented a coupled method for sound wave propagation in heteroge-
neous media, which is derived by the splitting approach. We introduced numerical test
case setups to verify the method. The order of accuracy of the transmitted wave is in
good agreement with the theoretical order of two. Furthermore, the method is applied
to an inclined interface. The errors for the refraction and transmission of an incoming
wave are less than one percent. The strength of this approach is the decoupling of the
incompressible flow and the acoustic quantities, which allows a more flexible computation.
The multiscale problem, consisting of a high speed of sound and a low flow velocity can be
treated efficiently. In this paper we presented a first step of this method, where there is no
background flow. As a next step, this method will be applied to more realistic problems.
A background flow will be added, non-flat interface will be considered and surface tension
should be taken into account.
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Abstract. In the present research the well-known test problem of wind resonance
phenomenon simulation is considered. The Vortex Element Method and the LS-STAG
method are used for its solving and their comparison is carried out. The obtained results
can be useful for scientists and engineers who develop and operate the constructions which
structural elements oscillate under hydrodynamic forces.

1 INTRODUCTION

Lagrangian meshless Vortex Element Methods [1, 2] are well-known numerical meth-
ods which efficiency can be very high when solving coupled aerohydroelastic problems.
They allow to simulate both viscous and inviscid incompressible flows in bounded and un-
bounded domains. Vortex Element Methods for 2D flows are well developed and there are
number of approaches for viscosity accounting (e.g., Viscous Vortex Domains method [3])
and for boundary conditions satisfaction. The main advantage of Vortex Element Method
is that there is no necessity of mesh constructing and reconstructing when the airfoil moves
and the airfoil can be of arbitrary shape. It also provides small numerical viscosity and
requires sufficiently small memory and time of computations.

For flow simulation around airfoils with complicated shape or when the Reynolds num-
ber is about tens of thousands the number of vortex elements should be very large to pro-
vide the necessary accuracy. There are some approaches for accuracy improvement [4],
mainly based on the modified mathematical models, an also number of approaches for
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computations speedup, which presuppose parallel computational algorithms and fast ap-
proximate multipole methods usage. These approaches allow to simulate unsteady flows
and to solve directly coupled hydroelastic problems even on personal computers.

Another effective method for coupled hydroelastic problems solving which also doesn’t
require mesh reconstruction is Immersed Boundary Method [5]. Its LS-STAG [6] modifi-
cation is one of the most accurate algorithms because it provides correct approximation of
the governing equations both on rectangular fluid cells and cut-cells. Because of rectangu-
lar mesh usage the uniform 5-point stencil inside the flow region and 4 or 3-point stencils
at the boundaries are used, so it is possible to use high-efficiency numerical methods (e.g.
Krylov subspaces, multigrid preconditioners etc.) for linear systems solving. RANS-based
turbulence models have been recently implemented to LS-STAG method, so it can be used
in coupled problems when the Reynolds number is about tens of thousands.

In the present research the well-known test problem of wind resonance phenomenon
simulation is considered. The Vortex Element Method and the LS-STAG method are used
for its solving and their comparison is carried out.

2 GOVERNING EQUATIONS

The problem is considered in 2D unsteady case when the flow around an airfoil is
viscous and incompressible. The continuity and momentum equations are the following:

∇ · �V = 0,
∂�V

∂t
+ (�V · ∇)�V = ∇p+

1

Re
∆�V . (1)

Here �V = �V (x, y, t) = u · �ex + v · �ey is the dimensionless velocity, p = p(x, y, t) is the
dimensionless pressure. The boundary conditions are the following:

�V
∣∣
inlet

= �V∞,
∂�V

∂�n

∣∣∣
outlet

= 0,
∂p

∂�n

∣∣∣
inlet&outlet

= 0, (2)

�V
∣∣
airfoil

= �V ib,
∂p

∂�n

∣∣∣
airfoil

= 0. (3)

Here �V ib is the velocity of the immersed boundary. The airfoil is assumed to be rigid.
To simulate wind resonance phenomenon we consider the motion of the circular airfoil

with diameter D across the stream (with one degree of freedom). Airfoil’s constrain
assumed to be linear viscoelastic Kelvin — Voigt-type (fig. 1) and its motion is described
by the following ordinary differential equation:

mÿ∗ + bẏ∗ + ky∗ = Fy. (4)

Here m is the airfoil mass, b is small damping factor, k is the constraint’s elasticity
coefficient, Fy is lift force, y∗ is the deviation from the equilibrium. The natural frequency

of the system ω ≈
√

k/m can be changed by varying of the coefficient k.
The deviation from the equilibrium on the n-th step of computation is yn∗ = Y n

C − Y 0
C .

Here Y 0
C is the ordinate of the airfoil center at the initial time and Y n

C is the ordinate of
the airfoil center at the n-th step of computation.
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Figure 1: The circular airfoil with Kelvin — Voigt viscoelastic constraint and vortex wake behind it

In all numerical simulations with the following values of dimensionless parameters have
been chosen: Re = 1000, V∞ = 3.0, m = 39.15, b = 0.731. The dimensionless natural
frequency of the system is in the following range:

Shω =
ω

2π
·
D

V∞
= 0.150 . . . 0.280. (5)

3 MAIN IDEAS OF THE VORTEX ELEMENT METHOD

Navier — Stokes equations (1) could be written down in Helmholtz form using vorticity

vector �Ω(�r, t) = ∇× �V (�r, t):

∂�Ω

∂t
+∇× (�Ω× �U) = 0. (6)

Here �U(�r, t) = �V (�r, t) + �W (�r, t), �W (�r, t) is the so-called diffusive velocity [3], which is
proportional to viscosity coefficient:

�W (�r, t) = ν
(∇× �Ω)× �Ω

|�Ω|2
. (7)

If vorticity distribution is known, flow velocity can be computed using Biot — Savart law:

�V (�r) = �V∞ +
1

2π

∫

S

�Ω(�ξ, t)× (�r − �ξ )

|�r − �ξ |2
dS. (8)

Equation (6) means that vorticity in the flow moves and its velocity is �U . ‘New’ vorticity
is being generated only on airfoil surface ant this vortex layer intensity can be found from
boundary condition of airfoil surface.

Vortex element method is meshless particle-type methods, so the vorticity field in the
flow is discretized into separate vortex elements. Each vortex element is described by its
position �ri and circulation Γi, i = 1, . . . , N , where N is number of vortex elements in the
flow. So the discretized Biot — Savar law has the following form:
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�V (�r) = �V∞ +
N∑
i=1

Γi

2π

�k × (�r − �ri)

|�r − �ri|2
+

∮

K

�k × (�r − �ξ )

2π|�r − �ξ |2
γ(�ξ ) dlξ. (9)

Here �k is unit vector of the axis which is orthogonal to the plane of the flow.
Vortex elements movement according to (6) is simulated via solving the following or-

dinary differential equations system:
d�ri
dt

= �V (�ri) + �W (�ri), i = 1, . . . , N. (10)

Number of vortex elements in the flow N changes at every time step because of the
vorticity flux from the airfoil surface, which is simulated by vortex element generation
near the airfoil. Their circulations are calculated from the vortex layer intensity γ(�ξ ) on
the airfoil surface. The circulations of all vortex elements in the flow remain constant and
they can change only in special numerical procedure of vortex wake restructuring which
allows to merge closely spaced vortex elements and lower their number in the flow.

Vortex layer intensity γ(�ξ ) is unknown and can be found from the boundary condition

�V−(�r ) = �V ib(�r ), �r ∈ K. (11)

Here �V−(�r) is limit value of velocity from the airfoil side,

�V−(�r ) = �V∞ +
N∑
i=1

Γi

2π

�k × (�r − �ri)

|�r − �ri|2
+

∮

K

�k × (�r − �ξ )

2π|�r − �ξ |2
γ(�ξ ) dlξ −

γ(�r )

2

(
�k × �n(�r )

)
(12)

�n(�r ) is unit normal vector on the airfoil surface in point �r.
It can be shown [7] that we can solve one of scalar equation

�V−(�r ) · �n(�r ) = �V ib(�r ) · �n(�r ) or �V−(�r ) · �τ(�r ) = �V ib(�r ) · �τ(�r ) (13)

instead of vector equation (11). Here �τ(�r ) is unit tangent vector on the airfoil surface.
Mathematically there is no difference between solutions of these equations, but from
computational point of view the corresponding numerical schemes are very different.

In ‘classical’ approach [1, 2, 3] unknown vortex layer intensity on the airfoil surface is

assumed to be piecewise constant function and it satisfies equation �V− ·�n = �V ib ·�n, which
corresponds to equality of the flow and airfoil’s velocity normal components on the airfoil
surface and leads to singular integral equation of the 1-st kind

∮

K

[
�k × (�r − �r0)

]
· �n(�r )

2π|�r − �r0|2
γ(�r0) dlr0 = −�n(�r ) ·

(
�V∞ − �V ib(�r ) +

N∑
i=1

Γi

2π

�k × (�r − �ri)

|�r − �ri|2

)
. (14)

The solution of (14) certainly exists due to form of right side of this equation, but it is not
unique. In order to select the unique solution an additional condition should be added:∮

K

γ(�r)dlr = G. (15)
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The kernel of equation (14) is unbounded and it has nonintegrable Hilbert-type singu-
larity when |�r−�r0| → 0, so special numerical schemes are used for Cauchy principal value
computation. They allow to obtain the solution of linear system approximating (14) with
high accuracy when number of collocating points on the airfoil is large and its surface is
smooth curve. It is proved [1] that in this case numerical solution converges to exact one
in some integral (Hölder) norm. This approach lies in the basis of the ‘classical’ method;
it can be called ‘NVEM’ — Vortex Element Method with normal components of velocity
on airfoil surface.

The well-known numerical schemes [1], which are effective in vortex element method for
inviscous fluids, can be generalized for viscous case, but the difference between numerical
and exact solutions in uniform norm sometimes becomes significant. In order to take into
account correctly the influence of the term with sum in the right side we need to discretize
the airfoil extremely precisely, but it will lead to linear system with inadmissibly big
dimension which coefficients and right side computation as well as solution have a very
big computation cost.

At the same time if we simulate flow around the airfoil with angle points or sharp edges
using NVEM, the error sometimes even increases proportionally to number of collocating
points on the airfoil surface [4, 8]. So it is impossible to determine the vortex layer
intensity with high accuracy and classical NVEM-schemes can’t be applied for 2D Navier
— Stockes equations solution for airfoils with angle points and sharp edges. The matrix
of the linear system also can be ill-conditioned.

It also should be noted that linear algebraic system corresponding to (14) becomes
ill-conditioned for airfoils with angle points or sharp edges.

In order to solve the mentioned problems, the alternative approach based on ideas [7]
is developed by the authors [4, 8]. Vortex layer intensity is determined from solution of

equation �V− ·�τ = �V ib ·�τ , corresponding to equality of tangent component of flow velocity
limit value and airfoil surface velocity. It leads to Fredholm-type integral equation of the
2-nd kind with bounded (for smooth airfoils) kernel:

∮

K

[
�k × (�r − �r0)

]
· �τ(�r )

2π|�r − �r0|2
γ(�r0)dlr0 −

γ(�r )

2
= −�τ(�r ) ·

(
�V∞ − �V ib(�r ) +

N∑
i=1

Γi

2π

�k × (�r − �ri)

|�r − �ri|2

)
.

(16)
Solution of equation (16) is also non-unique, so the same additional condition (15) as

in classical method is used. This method is called ‘TVEM’ — Vortex Element Method
with tangent components of velocity on airfoil surface.

Equation (16) also can be approximated with linear algebraic system which is well-
conditioned both for smooth and non-smooth airfoils. Due to equation kernel boundness
an arbitrary quadrature formula can be used for integral approximation in (16). In sim-
plest case we also can consider vortex layer intensity to be piecewise constant function.

Results of numerical experiments show that errors are sufficiently big, but they could
be significantly decreased if we consider some ‘weak’ formulation of (16): integral equa-
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tion (16) in discrete numerical scheme will be satisfied not in separate collocation points
�rj, j = 1, . . . , N of airfoil surface, but on an average on airfoil surface parts (panels) Kp

whose lengthes are Lp, p = 1, . . . , N :

1

Lp

∫

Kp



∮

K

[
�k × (�r − �r0)

]
· �τ(�r )

2π|�r − �r0|2
γ(�r0)dlr0


 dlr −

1

Lp

∫

Kp

γ(�r)

2
dlr =

= − 1

Lp

∫

Kp

�τ(�r) ·
(
�V∞ − �V ib(�r )

)
dlr −

1

Lp

N∑
i=1

Γi

2π

∫

Kp

�k × (�r − �ri)

|�r − �ri|2
dlr, p = 1, . . . , N. (17)

The other modification concerns uniform vorticity distribution on airfoil surface. In
‘classical’ NVEM method intensity of vortex layer assumed to be constant on every part
(every panel) of the airfoil, but then all the vorticity from every panel concentrates in
one point on the panel and integral in (14) transforms into a sum of influences of discrete
(point) vortex elements. In the developed modified method TVEM vorticity assumed
to be uniformly distributed over every panel. Every panel on the airfoil is straight-line
segment, so internal integral in first term (17) transforms into a sum of influences of panels
with uniformly distributed vorticity which intensity on the q-th panel is equal to γq:

N∑
q=1

γq
Lp

∫

Kp



∫

Kq

[
�k × (�r − �r0)

]
· �τ(�r )

2π|�r − �r0|2
dlr0


 dlr −

γp
2

=

= − 1

Lp

∫

Kp

�τ(�r) ·
(
�V∞ − �V ib(�r )

)
dlr −

1

Lp

N∑
i=1

Γi

2π

∫

Kp

�k × (�r − �ri)

|�r − �ri|2
dlr, p = 1, . . . , N. (18)

All the integrals in (18) can be calculated analytically, the corresponding formulae are
derived in [4, 8]. Numerical results show that the developed TVEM-scheme and especially
its ‘weak’ form allows to increase the accuracy significantly: sometimes the error becomes
a tens or even hundreds times smaller [4, 8].

In order to compute the pressure distribution and hydrodynamic force which effect on
the airflow, the analogues of Bernoulli and Cauchy — Lagrange integrals are used [9].
This approach is very effective in Vortex Element method and it can be equally applied
for both NVEM and TVEM schemes.

It should be noted that computation cost of simulating fixed and movable rigid airfoils
when using vortex element method remains nearly the same, so they are very suitable
for coupled aerohydroelastic problems. However vortex element movement simulation is
‘N -body’-type problem, and in practice number of vortex element can be on the order of
tens and sometimes even hundreds of thousand, so special acceleration algorithms should
be implemented. Well-known Barnes — Hut fast algorithm analogue [10] can be very
effective, especially when using accurate analytical estimate of its computational cost [11]
which allows to choose its parameters optimally. Parallel computation algorithms are also
used in order to reduce time of computations [12].
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4 MAIN IDEAS OF THE LS-STAG METHOD

The Cartesian mesh with cells Ωi,j = (xi−1, xi)× (yj−1, yj) is introduced in the rectan-
gular computational domain. It is denoted that Γi,j is the face of Ωi,j and �xc

i,j = (xc
i , y

c
j) is

the center of this cell. Unknown components ui,j and vi,j of velocity vector �v are computed
in the middle of fluid parts of the cell faces. These points are the centers of control vol-
umes Ωu

i,j = (xc
i , x

c
i+1)× (yj−1, yj) and Ωv

i,j = (xi−1, xi)× (ycj , y
c
j+1) with faces Γu

i,j and Γv
i,j

and areas Mx
ij and My

i,j respectively (fig. 2). If i = 1, N , j = 1,M , base mesh, x-mesh and
y-mesh contain E = N ·M , Ex = (N −1) ·M and Ey = N · (M −1) cells correspondingly.
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Figure 2: Staggered arrangement of the variables on the LS-STAG mesh

The level-set function ϕ = ϕ(x, y) [13] is used for immersed boundary Γib description [6].
Cells which the immersed boundary intersects are the so-called ‘cut-cells’ (fig. 3). These
cells contain the solid part together with the liquid one. The boundary Γib is represented
by a line segment on the cut-cell Ωi,j. Location of this segment endpoints are defined by
a linear interpolation of the variable ϕi,j = ϕ(xi, yj).

The cell-face fraction ratios ϑu
i,j and ϑv

i,j are introduced in [6]. They take values in
interval [0, 1] and represent the fluid parts of the east and north faces of Γi,j respectively.
One-dimensional linear interpolation of ϕ(xi, y) on the segment [yj−1, yj] and ϕ(x, yj) on
the segment [xi−1, xi] is used for the cell-face fraction ratios computing:

ϑu
i,j=

min(ϕi,j−1, ϕi,j)

min(ϕi,j−1, ϕi,j)−max(ϕi,j−1, ϕi,j)
, ϑv

i,j=
min(ϕi−1,j, ϕi,j)

min(ϕi−1,j, ϕi,j)−max(ϕi−1,j, ϕi,j)
. (19)

In 2D case, the cut-cells can be classified into trapezoidal, triangular and pentagonal
cells. Examples of each type cut-cells are presented on fig. 3.
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Figure 3: Location of the variables discretization points on the LS-STAG mesh: a – Cartesian Fluid
Cell; b – North Trapezoidal Cell; c – Northwest Pentagonal Cell; d – Northwest Triangle Cell.

To preserve the five-point structure of the stencil of the MAC method we need to make
distinction between the discretization of the normal and shear stresses (fig. 3).

Hydrodynamic force can be computed by the following formulae:

Fx =
∑

Cut-cells Ωib
i,j

[
(ϑu

i−1,j − ϑu
i,j)∆yj

(
pi,j − ν

∂u

∂x

∣∣∣
i,j

)
− νQuadib

i,j

(∂u
∂y

�ey · �n
)]

, (20)

Fy =
∑

Cut-cells Ωib
i,j

[
−νQuadib

i,j

(∂v
∂x

�ex · �n
)
+ (ϑv

i,j−1 − ϑv
i,j)∆xi

(
pi,j − ν

∂v

∂y

∣∣∣
i,j

)]
.

The quadrature of the shear stresses Quadib
i,j has to be adapted to each type of cut-cells.

According to the concept of the LS-STAG method equations (1) should be written in
integral form for cell of base mesh, cell of x-mesh and cell of y-mesh respectively:∫

Γi,j

�v · �n dS = 0, (21)

d

dt

∫

Ωu
i,j

u dV +

∫

Γu
i,j

(�v · �n)u dS +

∫

Γu
i,j

p�ex · �n dS −
∫

Γu
i,j

ν∇u · �n dS = 0,

d

dt

∫

Ωv
i,j

v dV +

∫

Γv
i,j

(�v · �n)v dS +

∫

Γv
i,j

p�ey · �n dS −
∫

Γv
i,j

ν∇v · �n dS = 0.
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The general form of the LS-STAG discretization for (21) is the following [6]:

DxUx +DyUy + U
ib
= 0, (22)

d

dt
(MxUx) + CxUx +GxP − νKxUx + Sib,c

x − νSib,ν
x = 0,

d

dt
(MyUy) + CyUy +GyP − νKyUy + Sib,c

y − νSib,ν
y = 0.

Here P ∈RE is the discrete pressure, Ux∈REx and Uy∈REy are the discrete components

of the velocity vector; Sib,c
x ∈REx , Sib,ν

x ∈REx , Sib,c
y ∈REy , Sib,ν

y ∈REy are source terms; U
ib∈RE

is the mass flux; Dx∈M(R)E×Ex , D
y∈M(R)E×Ey are the divergence discrete analogues;

Kx∈M(R)Ex×Ex and Ky∈M(R)Ey×Ey represent the discretization of the diffusive terms;
Cx∈M(R)Ex×Ex and Cy∈M(R)Ey×Ey represent the discretization of the convective terms;
Gx = −DT

x and Gy = −DT
y are the gradient discrete analogues.

The time integration of the differential algebraic system (22) is performed with a semi-
implicit Euler scheme. Predictor step leads to discrete analogues of the Helmholtz equa-
tion for velocities prediction Ũx, Ũy at the time tn+1 = (n+ 1)∆t:

Mn+1
x Ũx −Mn

xU
n
x

∆t
+ Cn

xU
n
x + Sib,c,n

x −DT,n
x P n − νKn+1

x Ũx − νSib,ν,n+1
x = 0, (23)

Mn+1
y Ũy −Mn

y U
n
y

∆t
+ Cn

yU
n
y + Sib,c,n

y −DT,n
y P n − νKn+1

y Ũy − νSib,ν,n+1
y = 0.

Here ∆t is the constant time discretization step. Corrector step leads to the following
discrete analogue of Poisson equation for Φ = ∆t(P n+1 − P n):

An+1Φ = Dn+1
x Ũx +Dn+1

y Ũy + U
ib,n+1

, (24)

A = −Dx(Mx)−1(Dx)T − Dy(My)−1(My)T , A ∈ M(R)E×E. Then flow variables at the
time point tn+1 are computed by the following formulae:

Un+1
x = Ũx+(Mn+1

x )−1DT,n+1
x Φ, Un+1

y = Ũy+(Mn+1
y )−1DT,n+1

y Φ, P n+1 =
Φ

∆t
+P n. (25)

Linear systems (23), (24) are solved using the BiCGStab method with the ILU- and
multigrid [14] preconditioning. The optimal parameters of the multigrid preconditioner
were chosen using the original algorithm for the solver cost-coefficient estimation [15].

5 NUMERICAL EXPERIMENTS

Vortex Element Method implemented in POLARA software package [12] allows to
simulate flow-induced vibrations of the airfoil. The computational cost of the simulation
process is sufficiently small: time of computations in sequential mode and in parallel mode
for 200 second of physical time is shown in table 1 for different values of Shω value. All
the computations were performed on cluster with Intel Core i7 2,4 GHz processors.

9
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Table 1: Computational time (in hours) for vortex element method

Shω 1 CPU 2 CPU 4 CPU 8 CPU 16 CPU
0.17 (no resonance) 41.3 22.6 12.0 7.1 4.7
0.21 (max amplitude) 63.4 34.7 17.9 10.1 6.6
0.24 (close to resonance) 45.3 25.4 13.3 7.6 4.8

About 80 computations have been produced for different values of the dimensionless
frequency and the unsteady process have been simulated. At the initial time there were
still flow and the airfoil in equilibrium position. Time step ∆t was equal to 0.01, number
of panels which approximates the airfoil Np = 200. Then the velocity of the incident flow
became greater; at time moment t = 1.0 (after 100 time steps) it was equal to V∞ = 3.0
and then remained constant. After the transient mode airfoil’s oscillation in all cases
became close to periodical, their amplitudes dependency on the natural frequency Shω is
shown on fig. 4, a (dots connected by line).

The fig. 4, a shows that there is a sharp increase in the amplitude of oscillations at
Shω ≈ 0.198. It’s well known that there is hysteresis-type phenomenon [16] and in order to
simulate it the following computations were performed: from t = 0 to t = 100 (10 000 time
steps) Shω was equal to 0.21; at this time the oscillations become steady with amplitude
A/D ≈ 0.47, then the constraint’s elasticity coefficient was changed abruptly to the values
which correspond to Shω from 0.178 to 0.198 with step 0.00025. In each case after the
transient mode new steady oscillations were generated, and their amplitudes are shown
on fig. 4, b (dots connected by solid line).

0.18 0.20 0.22 0.24 0.26 0.28
Shω

0.1

0.2

0.3

0.4

0.5

A /D

0.18 0.20 0.22 0.24 0.26 0.28
Shω

0.1

0.2

0.3

0.4

0.5

A /D

a b

Figure 4: Maximum amplitude of the circular airfoil oscillations simulated using vortex element method:
a – airfoil’s initial state id equilibrium position, b — airfoil’s initial state is close to resonance oscillations

The obtained results for maximum amplitude of oscillation, the resonance frequency
and hysteresis properties are in good agreement with the results given in [16, 17].

When using the LS-STAG method number of computations have been performed on
non-uniform grid 272 × 292 with time discretization step ∆t = 0.0001. The maximum
amplitudes of oscillations dependency on the Strouhal number Shω is shown on fig. 5.

10
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Computational results are in good qualitative agreement with the previous studies [17].
Maximum amplitude is about 0.4D and it occurs when the natural frequency of the system
Stω is close to the Strouhal number, calculated for a fixed airfoil St ≈ 0.24 [6].

0.20 0.22 0.24 0.26
Shω

0.05
0.10
0.15
0.20
0.25
0.30
0.35

A /D

Figure 5: Maximum amplitude of the circular airfoil oscillations at Re = 1000 simulated using the
LS-STAG method

The original program package developed by the authors requires approximately 250
hours to simulate 200 seconds of unsteady airfoil’s oscillations at resonance mode and
about 180 hours at non-resonance mode. In order to obtain more accurate results we
need more detailed mesh, but the computational cost of the simulation for such mesh
will be extremely high because the program package operates in sequential mode. Its
parallelization and acceleration is very important but non-trivial problem.

6 CONCLUSIONS

Two different approaches to numerical simulation of flow-induced vibrations of the air-
foil in incompressible flow are considered. The first approach is based on the meshless
lagrangian Vortex Element Method while the second one corresponds to the LS-STAG im-
mersed boundary method. Software packages are developed for the numerical simulation
of the airfoils’ motion in the flow by using the mentioned methods and their modifications.
The model problem of wind resonance of the circular airfoil simulation is considered. Both
methods allows to obtain satisfactory results; Vortex Element Method seems to be more
accurate and it need approximately a fourth of time which the LS-STAG method need for
unsteady oscillations simulation. Nevertheless, LS-STAG method seems to be useful in
practice for high-Reynolds flows simulation because it allows to implement arbitrary tur-
bulence model while there are no modifications for Vortex Element Method which allows
to solve Navier — Stokes equations using RANS, LES or DES approaches.
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B. Schrefler, E. Oñate and M. Papadrakakis(Eds)

THE NAVIER-STOKES EQUATIONS IN TWO DIFFERENT
FORMULATIONS WITH MODERATE AND HIGH

REYNOLDS NUMBERS
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†Facultad de Ciencias F́ısico-Matemáticas, Benemérita Universidad Autónoma de Puebla.
18 Sur y San Claudio

Ciudad Universitaria, Puebla
e-mail:willi@fcfm.buap.mx

Key words: Navier-Stokes equations, Stream Function-vorticity Formulation, Velocity-
vorticity formulation, moderate and high Reynolds numbers

Abstract. The goal of this work is to present results for 2D viscous incompressible
flows governed by the Navier-Stokes equations. Two different formulations will be used:
The Stream Function-vorticity and the Velocity-vorticity formulation. To show that the
schemes we are using are working for moderate and high Reynolds numbers, we are going
to report results for the very well known un-regularized driven cavity problem, with
Reynolds numbers in the range of 3200 ≤ Re ≤ 50000.

1 INTRODUCTION

We are going to work with the Navier-Stokes in two different formulations: The Stream
Function-vorticity and the Velocity-vorticity formulation. The problem we are going to
solve is the well known un-regularized driven cavity problem, with Reynolds numbers in
the range of 3200 ≤ Re ≤ 50000. Results, in both formulations, are obtained using a
simple numerical scheme based on a fixed point iterative process (see [1]), applied to a
nonlinear elliptic system resulting after time discretization. The scheme has shown to be
robust enough to handle such Reynolds numbers, from moderate to high, which is not an
easy task to deal with (see [2] and [3]). As the Reynolds number increases the mesh has
to be refined and a smaller time step has to be used, numerically, by stability matters
and physically, to capture the fast dynamics of the flow, as pointed out in [4], although,
with the Velocity-vorticity formulation (see [5] and [6]), a finer mesh has to be used. So,
because of this, computing time is in general very large with this numerical scheme and
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for both formulations, so we seek to reduce this time by, instead of working only with the
matrix A, resulting from the discretization of the Laplacian term, using both matrixes A
and B, the second one resulting from the discretization of the advective term. For the
Stream Function-vorticity formulation and moderate and high Reynolds numbers, this
second scheme has been faster than the fixed point iterative method ( see [7], [8]). For the
Velocity-vorticity formulation we are just showing results using the fixed point iterative
method, and we are still looking forward to modify this scheme by using here too both
matrixes A and B and in this way being able to reduce computing time when using this
formulation.

2 Mathematical Models

Let Ω ⊂ RN (N = 2, 3) the region of a nonsteady, viscous, incompressible flow, and Γ its
boundary.

{
∂u
∂t

−∇2u + ∇p + (u · ∇)u = f, (a)
∇ · u = 0 (b)

(1)

These are the Navier-Stokes equations in primitive variables and this system has to be
supplemented with appropiate boundary and initial conditions.

2.1 The Stream function-vorticity Formulation

We will restrict ourselves to a bidimensional region Ω. Taking the curl in both sides of
the equation (1a) and taking into account that

{
u1 = ∂ψ

∂y
, u2 = −∂ψ

∂x
, (2)

which follows from (1b), with ψ the stream function and u1, u2, the two components of
the velocity. So we get:

{
∇2ψ = −ω (a)
∂ω
∂t

− 1
Re
∇2ω + u · ∇ω = fω (b)

(3)

where ω is the vorticity (ω = ∂u2

∂x
− ∂u1

∂y
). These are the Navier-Stokes equations in the

Stream function-vorticity formulation. The inconmpressibility condition (1b), by (2) is
automatically satisfied, and the pressure does not appear any more, which is a significant
advantage with respect to the primitive variable formulation.

2
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2.2 Velocity-Vorticity Formulation

Taking the curl in

ω = −∇× u (4)

and using the identity ∇×∇×a = −∇2a+∇(∇·a) and (1b), a velocity Poisson equation
results:

∇2u = −∇× ω. (5)

Then, two Poisson equations for the velocity components are obtained, which together
with the equation for the vorticity gives us







∂u1

∂t
+ ∇2u1 = −∂ω

∂y
(a)

∂u2

∂t
+ ∇2u2 = ∂ω

∂x
. (b)

∂ω
∂t

− 1
Re
∇2ω + u · ∇ω = fω (c)

(6)

These are de Navier-Stokes equations in the Velocity-vorticity Formulation.

3 The Numerical Schemes.

For the time derivative appearing in the vorticity equation in both schemes, the fol-
lowing second order approximation is used:

∂f

∂t
(x, (n + 1)∆t) =

3fn+1 − 4fn + fn−1

2∆t
(7)

where x ǫ Ω, n ≥ 1, ∆t denotes the time step, and f r ≈ f(x, r∆t), assuming f is smooth
enough.

3.1 The Stream function-Vorticity formulation

The following nonlinear elliptic system has to be solved at each time level:

�

∇2ψ = −ω, ψ|Γ = ψbc; (a)
αω − ν∇2ω + u · ∇ω = fω, ω|Γ = ωbc , (b)

(8)

where α = 3
2∆t

, ν = 1
Re

and fω = 4ωn−ωn−1

2∆t
. To obtain (ψ1, ω1), the first subinterval is

divided into M subintervals, and a first order scheme, such as Euler, is applied to each of
the M subintervals.

Let Rω be defined by:

3
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Rω(ω, ψ) ≡ αω − ν∇2ω + u · ∇ω − fω . (9)

So, system (8) is equivalent to:

�

∇2ψ = −ω in Ω , ψ = ψbc on Γ
Rω(ω, ψ) = 0 in Ω ω|Γ = ωbc

(10)

This system is solved, at time level (n+1), by the following fixed point iterative process:

Given ωn,0 = ωn, ψn,0 = ψn solve until convergence in ω and ψ















∇2ψn,m+1 = −ωn,m in Ω,

ψn,m+1 = ψn,m+1
bc on Γ

(αI − ν∇2)ωn,m+1 = (αI − ν∇2)ωn,m − ρωRω(ωm, ψn,m+1) in Ω,

ωn,m+1 = ωn,m+1
bc on Γ, ρω > 0.

(11)

and then, take (ωn+1, ψn+1) = (ωn,m+1, ψn,m+1).

In order to reduce computing time, we worked on solving system by the following
method at each time step:

�

∇2ψn+1 = −ωn, ψn+1|Γ = ψn+1
bc ; (a)

(αI − νA)ωn+1 + Bωn+1 = fω, ωn+1|Γ = ωn+1
bc , (b)

(12)

Here, A and B are the matrixes asociated with the discretization of the difussive (Lapla-
cian) and the advective term, respectively. The linear system of equations resulting, is
solved using Gauss-Seidel.

3.2 The Velocity-Vorticity Formulation

For the time derivatives appearing in the vorticity equation (7) is used, and the follow-
ing fully implicit time discretization system is obtained, in Ω,







∂u1

∂t
+ ∇2u1 = −∂ω

∂y
∂u2

∂t
+ ∇2u2 = ∂ω

∂x
, un+1|Γ = ubc

Rω(ω,u) = 0, ω|Γ = ωbc

(13)

where

4
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Rω(ω,u) ≡ αω − ν∇2ω + u · ∇ω − fω , (14)

and using again the fixed point iterative method, we have:

Given ωn,0 = ωn, un,0
1 = un

1 , un,0
2 = un

2 solve until convergence on ω, u1 and u2



































∂u
n,m+1

1

∂t
+ ∇2un,m+1

1 = −∂ωn,m

∂y

∂u
n,m+1

2

∂t
+ ∇2un,m+1

2 = ∂ωn,m

∂x
, un,m+1|Γ = un,m+1

bc

(αI − ν∇2)ωn,m+1 = (αI − ∆)ωm − ρωRω(ωn,m,un,m+1),
ρω > 0, ωn,m+1|Γ = ωn,m

bc .

(15)

and then, take (ωn+1, un+1
1 , un+1

2 ) = (ωn,m+1, un,m+1
1 , un,m+1

2 ).

4 Numerical experiments

The numerical experiments take place in rectangular domains Ω = (0, a)× (0, b), a, b >
0, in connection with the lid-driven cavity problem (in our case, a = 1 and b = 1).
The boundary condition of u is given by u = (1, 0) at the moving boundary y = b and
u = (0, 0) elsewhere.

4.1 Stream function-vorticity formulation

A translation of the boundary condition in terms of the velocity primitive variable u
to the ψ − ω variables has to be performed. Following [9], ψ = 0 is chosen on Γ, and by
Taylor expansion of (8a) on the boundary, with hx and hy the space steps, one obtains:



















ω(0, y, t) = − 1
2h2

x

[8ψ(hx, y, t) − ψ(2hx, y, t)] + O(h2
x)

ω(a, y, t) = − 1
2h2

x

[8ψ(a − hx, y, t) − ψ(a − 2hx, y, t)] + O(h2
x)

ω(x, 0, t) = − 1
2h2

y

[8ψ(x, hy, t) − ψ(x, 2hy, t)] + O(h2
y)

ω(x, b, t) = − 1
2h2

y

[8ψ(x, b − hy, t) − ψ(x, b − 2hy, t)] −
3
hy

+ O(h2
y).

(16)

With both schemes mentioned above (using just matrix A with the fixed point iterative
method, and using A and B) results agree very well, so we present the graphs obtained
with the second scheme. The advantage of the second scheme is that the computing time
requiered is almost half of the time needed for the fixed point iterative process.
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In Figure 1 we show the streamlines and isovorticity conturs for Re = 25000 with
h = hx = hy = 1/512. In Figure 2 we show results for Re = 31000 and the same value of
h. In figure 3, we show results for Re = 50000, with h = hx = hy = 1/1024. For these
Reynolds numbers, since there is no steady state, results are shown for Tf inal = 5.

Figure 1: Streamlines (left) and isovorticity contours(right)for Re = 25000, h = hx = hy = 1/728, dt =
.00025, Tfinal = 5

a) b)

Figure 2: Streamlines (left) and isovorticity contours (right) for Re = 31000, h = hx = hy = 1/512, dt =
.00025, Tfinal = 5

6
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a) b)

Figure 3: Streamlines (left) and isovorticity contours (right) for Re = 50000, h = hx = hy = 1/1024, dt =
.00025, Tfinal = 5

4.2 Velocity-Vorticity formulation

The boundary conditions are given by:















u1 = 0, u2 = 0, ω = ∂u2

∂x
on Γx = 0

u1 = 0, u2 = 0, ω = ∂u2

∂x
on Γx = 1

u1 = 0, u2 = 0, ω = −∂u1

∂y
on Γy = 0

u1 = 1, u2 = 0, ω = ∂u1

∂x
on Γy = 1

(17)

The initial conditions are given by u(x, 0) = (0, 0) and ω(x, 0) = 0

As remarked in [5], not all the results could be obtained with second order discretiza-
tion. A fourth order discretization was required . This is accomplished by using the
fourth order option of Fishpack ([10]) which was used in this work, for solving the elliptic
problems arising.

In Figure 4 we show the streamlines and isovorticity contours for Re = 3200, h = hx =
hy = 1/512, Tfinal = 50.

Finally, in Figure 5, we show just the vorticity contours For Re = 20000 with a)
h = hx = hy = 1/1512, Tfinal = 5, obtained using the Velocity-vorticity formulation, and
b) with the Stream Function-vorticity Formulation with h = hx = hy = 1/768, Tfinal = 5.

As can be seen, with the Stream Function-vorticity formulation we are using an h
half of the one used for the Stream Function-vorticity formulation and we think that the
results obtained with this formulation are much reliable; even more, the computing time
used to obtain the results with the Velocity-vorticity formulation was much more greater
than the one for the Stream Function-vorticity formulation. We think that there are still
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some numerical problems with this formulation for high Reynolds numbers.

a) b)

Figure 4: Streamlines (left) and isovorticity contours (right) for Re = 3200, h = hx = hy = 1/512, dt =
.0001, Tfinal = 50

(a) (b)

Figure 5: Isovorticity contours for Re = 20000, a) Velocity-vorticity formulation with h = hx = hy =
1/1512, dt = .0001, Tfinal = 5, b) Stream Function-vorticity formulation with h = hx = hy = 1/768, dt =
.0001, Tfinal = 5.
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5 Conclusions

We are presenting efficient numerical methods for solving the Navier-Stokes equations
in the Stream funtion-vorticity and the Velocity-vorticity formulations.

Results agree very well with those reported in the bibliography (see [2], [3], [4]), but
with the Stream function-vorticity formulation and working with matrixes A and B re-
sulting from the discretization of the Laplacian and the advective term respectively, we
were able to reduce computing time to almost one half with respect to the Fixed point
iterative method, especially for high Reynolds numbers, for which the computing time
increases a lot. In this case, as we have said, smaller values of h have to be used; numer-
ically for stability and physically to capture the fast dynamics of the flow. We are still
looking forward to reduce computing time. Previous results have already been obtained
for Re = 75000 using the Stream function-vorticity formulation; they will be reported in
a future work.

For the Velocity-vorticity formulation, as mentioned, we are just showing results using
the fixed point iterative method, and we are still looking forward to modify this scheme
by using here too both matrixes A and B and in this way being able to reduce computing
time when using this formulation. This is the reason we are just showing results for Re
up to 20000 and we did not go further.

In conclusion, the numerical procedure applied to the Stream Function-vorticity formu-
lation is not as good for the Velocity-vorticity formulation, however, the way it behaves,
through the discretization parameters, and the order of discretization, gives us another
point of view of the behavior of flows under different numerical methods and different
formulations, as pointed out in [5]. The difficulty of the Velocity-vorticity formulation is
reinforced through some works such as [11], who, with very different methods reported
driven cavity flows for moderate Reynolds numbers, lower than ours.
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Abstract. In PWR plants, nuclear fuel pellets (cylinders 1.2 cm length, 0.84 cm diameter) are 
piled in nuclear fuel rods placed in assemblies, each containing 265 fuel rods. the fuel rod is a 
tube manufactured in a zirconium alloyed material. Fuel cylinders are piled to form a fuel 
stack shorter than the overall tube length to maintain a remaining upper volume called 
plenum, able to allow fuel stack elongation and accommodation of the gaseous and volatile 
fission products released during operation. The fuel stack (3.6-4 m depending on the design) 
is typically maintained during handling operation by a spring placed in the plenum. The fuel 
rod is closed at both ends by sealed end plugs after filling dead volumes with a neutral gas 
(helium) with a pressure ranging from 1 to 34.5 bars. The cladding insures the first 
confinement barrier against radionuclides dispersion. During severe power transients some 
fission products, like iodine, are expected to assist cracks initiation and propagation at the 
inner surface of the cladding. Our major concern here aims improving understanding the 
involved mechanisms, accounting for the zirconia layer able to develop as soon as a closed 
contact is locally established between the pellet fragments and the cladding inner surface. 

In this work, we extend a specific numerical component, developed by EDF, coupling two 
numerical software codes [1]. The first one aims simulating the evolution of the fuel isotopic 
composition and the second one aims evaluating the fuel dioxide chemistry. The growth of 
the zirconia layer has been modelled and integrated in the numerical tool [2]. The scenario of 
Stress Corrosion Cracking (SCC) previously defined has been improved to consider the full 
impact of the zirconia layer on SCC. The role of the zirconia layer can be mechanical, thermal 
or even chemical. Assumptions and coupling of the phenomenon are discussed. 

To make demonstration, a sensitivity analysis is performed. This study considers several 
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zirconia layer thickness for two cases: a high burn-up fuel rod operated in normal PWR 
conditions, and a fuel rod segment pre-irradiated in a power plant and then submitted to an 
incidental power transient simulation in a MTR. The results demonstrated a protective effect 
of the zirconia layer. As a consequence, the corrosive attack of the clad is delayed. The 
logarithm function of the iodine chemisorption kinetic appears to be proportional to the 
zirconia thickness. The simulation analysis validates the extension of the SCC scenario. The 
results are in good agreement with experimental observations. 

 
1 INTRODUCTION 

The numerical component NUAGES – Numerical Unit ensuring ANGE coupling with 
EDMOND and STRAP – is an embedded software structure "like russian dolls ", in which the 
"father" component call and plug three “son” components [Fig 1]-[1,2]. 

 
Figure 1 - Scheme of a calculation performed with NUAGES [3,4] 

 
Version 1.1 of the component includes a scenario for modelling thermochemistry processes 

of the cladding Stress Constraint Corrosion (SCC). In parallel, it was developed to enable an 
estimation of the local zirconia layer growth at pellet cladding interface, and of the ballistic 
drop of fission products ejected from the pellet toward the cladding as well [5,6]. 

 
Bibliographical studies based on the analysis of a large number of destructive post ramp 

examinations, enlighten that the zirconia could have a protective effect against the SCC 
cracks propagations. The numerical component NUAGES, allows in a relatively simplified 
way modeling both phenomena and the way they could be coupled. We are going to present 
more in detailed the numerical tool developed and then show how results are quite promising 
regarding the prediction of the observations reported in literature [7,8]. 

 

2 PROTECTIVE EFFECT OF ZIRCONIA LAYER ON SCC 
 A very large number of post ramp examinations were conducted in the past and are 

still pursued to better understand and simulate the PCMI risk of failure during severe power 
transients. At this stage, most of observations lead to some main conclusions on which 
engineering studies agree:  
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1. The presence of oxygen in small quantity in the neighborhood accelerates SCC 
processes. It was evidenced by three tests: under air atmosphere, under inert gas atmosphere 
to lower the Oxygen potential and in presence of warmed shavings of zirconium (the 
oxidation of which lowers the partial pressure of oxygen with values close to those evaluated 
in the fuel rod) [9]. 

2. Presence of oxygen in high quantity in the test environment inhibits the reaction with 
the iodine. This was shown from local analyses realized on a surface of zirconium free of 
constraints, submitted to a molecular flow of iodine. The study concerns the impact of a flow 
of oxygen managed in the same place as the flow of iodine. It shows that there is a 
competition between the iodine and the zirconium chemical reactions on one hand, and the 
iodine and the oxygen chemical reactions on the other hand [10, 11]. 

3. Presence of a pre-oxidation layer important (upper to 0.2m thickness) on the inner 
surface of the metal is beneficial; nevertheless this layer can break easily with the differential 
strain, letting the iodine reach locally the surface. Tests on pre-oxidized claddings either in an 
oven or before fabrication, show that a too thin layer, like the one naturally formed in ambient 
atmosphere (10-15 nm), has no protective effect on the metal [9]. 

 
Eric Walle proposed some additional experiments to specify the role of the oxygen during 

SCC [12]. Samples used are leaky rings (10 mm in diameter) of recrystallized Zircaloy-4. A 
strain control loading path is applied in non–irradiated conditions. As there is no additional 
mechanical stress on the sample, the loading is only representative of the crack initiation 
mechanism (and not for propagation). The tests differ by the oxygen pressure, which is 
controlled just before the test, when the sample is sealed in a glass tube. They also differ 
either from the presence (or not) of a pre-oxidized layer on the cladding inner surface, either 
from the test duration. The results seem to indicate: 

4. That crack initiation is due to mechanics. On pre-oxidized samples, perpendicular 
cracks in the interface are developing in front of the oxidation forehead. The authors consider 
thus reasonable to think that the combined effect of the formation of oxide and the mechanical 
loading are at the origin of a purely mechanical initiation of cracks in the metal. 

5. That the presence of oxygen localizes the phenomenon of SCC. Without oxygen we 
observe a generalized corrosion of the samples, while the presence of oxygen allows the 
localization of the SCC [Fig. 2]. The protection of the surface by a pre-oxidized layer of 1 or 
10m turns out to be a sufficient (but not necessary) condition for a localization of the 
chemical attack relative to SCC.  

6. That the oxygen can lead to a passivation of the metal if the quantity is important 
enough so that the formation of an oxide layer on the metal surface is faster than the attack by 
the iodine [Fig 2]. 
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Figure 2 : Cross section of two samples, in [12] 

 
The sample on the left is a reference that has been preoxydized at 1 m, without iodine, 

and submitted to a 500 hour testing. The sample on the right has been preoxydized at 1 m, 
with a partial pressure of oxygen of 0.01 bars at ambient temperature, the a diiodine partial 
pressure of 0.01 bars and finally submitted to a 150 hour testing. 

 

3 EXTENDED MODELING SCENARIO OF SCC 
Here are the main steps and assumptions for the modeling scenario retained for SCC 

without considering the impact of the zirconia layer [7,8]: 
Step 1. Inventory of the neutronic balance sheet 
Step 2. Ballistic migration and drop of fissions products through the pellet-cladding 

interface 
Step 3. Thermochemistry: evaluation of condensed compounds and gaseous species (like I, 

I2, CsI O2) and also their chemical potential. 
Step 4. Evaluation of corrosive source term 
 
First assumptions. Fission gas released will be consider either from a conservative point of 

view (100% of fission gas is instantaneously released), either by means of a best estimate 
evaluation (the fission gas released rate is predicted by a thermo-mechanical code). 

 
Step 5. Corrosive attack of the cladding  
 
Second assumption: Cracking initiation is due to the mechanical loading (the corrosion 

only assists the failure mechanism) 
 
Third assumptions: The corrosive attack is due to gaseous iodine. The monoatomic specie 

has been preferred to the diatomic one.  
 
Fourth assumption: Because of lack of evidences, an hypothetical radiolysis of gaseous 

species is not considered. As a consequence gaseous CsI does not dissociate. 
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The main result of this scenario consists in an evaluation of the iodine and oxygen deposit 
rate on a zirconium crystal due to chemisorption. Indeed chemisorption is the first step for 
metallic corrosion. 

 

 
Figure 3. Chemisorption examples curves [13] 

 
Figure 3 shows examples of chemisorption curves which can be obtained at the end of 

SCC modeling. Those of the top correspond to two virtual cases where the oxygen is either in 
excess compared with iodine, or in equivalent quantity. Both bottom graphs correspond to 
two cases presented in Eric Walle's pHD thesis [12], the one on the left would be 
representative of a rod at the end of its life and the one on the right of a rod submitted to a 
power transient. 

 
Let us now consider the role of the zirconia layer: 
From a mechanical point of view, the zirconia is known for its very low mechanical 

resistance, even if the literature does not mention very homogeneous quantitative data on the 
subject [14,15]. As far as the previous study led on the SCC assume mechanical cracking 
initiation process, the wisest choice is to adopt a conservative approach: 

 
Fifth assumption: No mechanical resistance of the zirconia layer. 
In case of a power transient, we consider that the zirconia layer is systematically broken. 
 
So, according to this assumption, zirconia will have no mechanical protective role towards 

SCC. The latter could be only thermal or chemical. 
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From a thermal point of view, zirconia has a lower thermal conductivity than zicaloy. As a 
result, the thermal gradient in the cladding is modified. Considering that the thickness of the 
zirconia layer is low compared to the cladding thickness (ratio of the order of 1,5 %), it is 
likely that the modification of the thermal gradient only affects  the vicinity of the pellet-
cladding interface. Nevertheless, it cannot be neglect because it is exactly at this location that 
the SCC (known as a localized phenomenon), happens. 

This impact was taken into account in a new version of NUAGES [1.2]. Modelling 
considers a thermal conductivity of 15 W/m/K in the cladding, and 1.5 W/m/K in the zirconia 
layer (so a ratio of 10 between the two materials). 

 
Figure 4 – Example of a thermal gradient, in a rod submitted to a power transient, considering a 12 m thickness 

of zirconia at the inner surface of the cladding [16]. 
 
Figure 4 shows an example of thermal gradient considered in NUAGES v1.2, for a rod and 

a zirconia layer thickness that favor a huge thermal impact. The temperature drop through the 
zirconia layer is in this case about 14°C. We assume in the same time a systematic presence of 
crack in the zirconia layer. The temperature to be considered for chemisorption is then the 
temperature at the oxide-metal interface. This temperature is slightly lower than the 
temperature at the zirconia layer surface. The temperature drop in the zirconia layer is 
nevertheless low to explain a protective effect in absence of crack initiation. 

 
From a chemical point of view, the presence of zirconia results from an oxygen flow from 

the fuel oxide toward the cladding. The oxygen is taken in the periphery of the pellet. 
Logically, the oxygen potential decreases. As a consequence, the chemical balances are 
modified. In other words, for a given element (iodine for example) the molar quantity is not 
modified, but chemical forms proportions between I( g ) I2 ( g ) or CsI ( g ) are modified. 

Such effect is directly taken into account in NUAGES, in the sequence between EDMOND 
and ANGE [Fig 1]. The only constrain is to start calculations with a positive zirconia 
thickness and to provide an adequate time increment in the dataset file for the zirconia growth 
modeling [5]. 
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4 CALCULATIONS DEALING WITH THE PROTECTIVE ROLE OF ZIRCONIA 
ON SCC 

Figure 5 presents the zirconia layer thickness that has been measured in fuel rods: 

 
Figure 5 – Zirconia layer thickness, in [17,18] 

 
As far as we know, there are no observations below 5 m. The growth starts with localized 

zirconia islands, between which a continuous layer progressively develops. Studies let expect 
that this initiation phase is very quick, as soon as very punctual hard contacts happens 
between the pellet and the cladding. It is also observed that whatever the burn-up is, the 
zirconia layer growth is limited to about twelve micrometers. If we analyze more in details, 
for high burn-up the inner surface of the cladding penetrates HBS specific structure in the 
pellet rim, showing a wrinkled aspect. This phenomena strongly increases the specific surface 
between the cladding and the ceramic, making it difficult to measure the zirconia layer 
thickness [5]. 

 
For calculations, we choose to model the evolution of the observed thicknesses from 5 m 

to 12 m, with a 1 m step. For demonstration, we used again the two reference calculations 
R1 and R2 rod, previously studied when validating SCC modeling scenario without taking into 
account any zirconia layer [8].  

R1 is a UO2-Zy4 fuel rod irradiated during 5 cycles, to an average burn-up of 60 GWj/t 
(base irradiation) 

R2 is a power ramped segment taken from a fuel rod pre-irradiated during 3 cycles to an 
average burn-up of 45.3 GWd/t. This R2 segment was conditioned at 195W/cm during 16h40. 
The conditioning rise was of 10 W/cm/mn. The power of the high level was of 466 W/cm. 
The average power was 470 W/cm. The power increase rate was of 100W/cm/mn. These 
conditions correspond to a severe power transient. Thus, this rod failed after 4mn04s. The 
holding time was of 1h34mn. 

Each simulation was performed twice: 
- Assuming 100 % fission gas release (conservative approach of SCC scenario),  
- Providing a best-estimate evaluation of the fission gas release history (CYRANO3 

calculations).  
Finally, considering different zirconia layer thicknesses, we performed 36 simulations for 
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this sensitivity analyses. 

 
Figure 6 – Zirconia impact on chemisorption kinetics, NUAGES v1.2 

 
The covering rate of a zirconium monocrystal by iodine (to 1 more or less 10-6) is delayed 

in presence of a zirconia layer. The delay is proportional to the layer thickness [Fig 6]. 
There is a linear relationship between zirconia layer thickness and the logarithm of delayed 

impact. Comparing the four cases here above, the slope of the linear relationship seems to be 
the same. Then, we manage to draw the results considering:𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  − 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  , 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏   
standing for 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏   in case of a zero layer thickness [Fig. 7]. 

 
The linear relationship that quantifies the delayed impact of the zirconia layer on 

chemisorption can be then written: 

𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  𝑒𝑒𝑍𝑍𝑟𝑟𝑂𝑂 −  

with 𝑒𝑒𝑍𝑍𝑟𝑟𝑂𝑂  standing for zirconia thickness [m] and 1sec. 
 
The regression coefficient gives 0.897. It is quite satisfying. All the simulations points are 

quite uniformly distributed on each side of the regression line, at a maximum distance of 
twice the standard deviation. From a quantitative point of view, for a zirconia layer of 6 m, 
the chemical reaction step is multiplied by ten. So far, this modelling confirmed the protective 
role of the zircon layer against SCC [Fig. 7]. 

 
We showed previously that the temperature drop in the zirconia layer was not enough to 

explain its protective effect. The modelling presented here suggests that the protective effect 
has a chemical explanation. Indeed, the decrease of the surrounding oxygen potential induces 
a decrease of the Iodine monoatomic gaseous potential, which is the corrosive specie retained 
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in SCC scenarios. We have now to check that the SCC modelling scenario remains valid. 
 

 
Figure 7 – Quantification of zirconia impact on chemisorption kinetics, NUAGES v1.2 
 

5 VALIDATION OF SCC SCENARIO ASSUMPTIONS 
The first assumption considers an upper bound and a lower bound to take into account, 

with very fast computing times, the fission gas release. We can observe on figure 6 that this 
two bounds do not prevent the differentiation of the high burn-up rod (R1) and the rod 
submitted to a power transient (R2). Whatever the assumption on fission gas released is, the 
chemisorption is always faster in the case of the power transient, with three orders of 
magnitude. As a consequence, the extension of SCC scenario accounting for the the zirconia 
layer does not modify assumptions relative to fission gas release. They are adequate to answer 
the industrial specification in term of simulation. 
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 Figure 8 Zr-I-O binary diagram, NUAGES v1.2 Figure 9 Vapor pressure of gaseous iodine, 
 built with equations available in [12] NUAGES v1.2, built with equations available in [19] 

 
When equilibrium is established, the thermodynamic diagram predicts the development of 

zirconia at the inner surface of the cladding [Fig. 8]. This is in accordance with the in pile 
observations. On another hand the presence of a crack crossing the zirconia layer and reaching 
the zirconium interface, can lead to a steady-state thermodynamically compatible to initiate 
Iodine corrosion. In this case, even if the presence of the zirconia layer lowers the oxygen 
potential in the gap, it has no effect at the zirconia-zircaloy interface where ZrIx species are 
formed. Therefore, the hypothesis of a crack mechanical initiation stays a necessary condition 
for the SCC modeling scenario. 

 
The third assumption considers that diatomic gaseous iodine can be neglected compared 

with the monoatomic form. Figure 9 shows the proportions of monoatomic iodine vs diatomic 
iodine. Nevertheless gases are produced inside the pellet. Thus, we had to postpone on the 
diagram the partial pressures of iodine estimated by calculations, according to the average 
temperature of the pellet. Because it lowers the potential of gaseous monoatomic iodine for an 
equivalent temperature, the presence of zirconia does not call into question the predominance 
of this form against the gaseous diatomic iodine. On the contrary, it tends to strengthen it. The 
assumption considering the monoatomic Iodine form mainly responsible of the corrosive 
attack remains valid [Fig. 9]. 
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Figure 10 : Ternary Cs-I-O-U diagram, R2 calculation with a 12 m zirconia layer thickness,  

NUAGES v1.2 

Finally, the fourth assumption considers the radiolysis phenomenon in pile as marginal. 
CsI(g) is not a corrosive gas for the cladding. However in case of dissociation, it would 
provide monatomic or diatomic iodine. CsI(g) is produced in large quantities within the pellet. 
Moreover, according to the thermodynamics diagram balance, the potential of cesium is 
widely higher than that those of iodine and oxygen. We also notice that the calculations are 
always situated in the balance between I (g) and CsI (g) [Fig. 10]. 

 
At first glance, the zirconia layer does not carry new information about the hypothetical 

role of radiolysis. But, we also can consider another point of view. Let’s consider that 
radiolysis plays a significant role in pile. It would mean a large scale dissociation of CsI ( g ).  
As a consequence the potential of gaseous iodine species would be the same whatever is the 
zirconia layer thickness for a given burn-up. Calculations would not be able anymore to 
predict the protective role of the zirconia on SCC observed experimentally. 

 
In conclusions coupling a protective effect of the zirconia layer to the CsC model, remains 

consistent with all assumptions underlying the industrial CSC model. It even strengthened the 
original model. 
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6 ADEQUACY BETWEEN SIMULATIONS AND EXPERIMENTAL 
OBSERVATIONS 

 
We suggest here to confront experimental observations which describe the protective role 

of the zirconia towards SCC with our scenario and the results of simulations. 
 
1. Presence of oxygen in small quantity in the middle accelerates SCC The calculation 

consolidates this observation, the more the quantity of oxygen decreases the more the reaction 
mechanism of chemisorption of iodine is delayed [Fig. 6]. 

 
2. Presence of oxygen in high quantity in the test environment inhibits the reaction with 

iodine. In our calculations, the presence of oxygen is always unimportant compared with the 
quantity of iodine. However, considering a hypothetical case in which the quantity of oxygen 
would be equivalent to the initial quantity of iodine [Fig. 3], the oxygen would coat 
zirconium. inhibiting reaction with iodine. The chemisorption model thus accredits the 
experimental observations. 

 
3. The presence of a pre-oxidation layer protects the metal if the thickness is self-

important (upper than 200 nm). The one naturally formed in ambient atmosphere (10-15 nm), 
has no protective effect on the metal. Our simulations allowed to quantify the impact of 
zirconia towards SCC : 

if 𝑒𝑒𝑍𝑍𝑟𝑟𝑂𝑂 0.2 m, then 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  − 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  −  and 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏   

So, a 0.2 m zirconia layer would delay chemisorption reaction mechanism of less than 
3%. Considering this result, we can easily deduce that native zirconia layer has no protective 
effect. 

 
4. The origin of SCC cracking is not chemical but mechanical. This point has been 

previously discussed. The SCC scenario would be able to predict SCC chemical risk without 
this assumption. 

 
5. The presence of oxygen localizes the phenomenon of SCC. As the numerical 

component is 1D axisymmetric, we cannot give any comment on this observation. 
 
6. The oxygen can lead to a passivation of the metal if the quantity of oxygen is 

important enough to induce formation of an oxide layer faster than the iodine attack. The 
proportion of oxygen is always higher in the gap compared to iodine, favoring the zirconia 
formation kinetic [Fig. 3]. The final balance is also in favor of zirconia formation [Fig. 5]. 
The theory underlying the scenario of thermochemistry confirms this observation. 

 
Finally, the current scenario confirms five experimental observations over six. The sixth is 

not contradicted today, but not accessible with our 1D axisymmetric calculations. 
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7 CONCLUSIONS AND PERSPECTIVES 
Thanks to the numerical component NUAGES, a sensitivity analysis has been performed 

allowing to confirm the protective effect of the zirconia layer against SCC.  
• This protective effect looks to be not mechanical or thermal but only chemical.  
• It can be quantified as follow: 

𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏  𝑒𝑒𝑍𝑍𝑟𝑟𝑂𝑂 −  

with 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏   standing for 𝐿𝐿𝑜𝑜𝑔𝑔 𝑡𝑡 𝜏𝜏   in the case of a zero thickness zirconia layer. 

𝑒𝑒𝑍𝑍𝑟𝑟𝑂𝑂  represents the zirconia layer thickness [m] and =1sec. 
 
After coupling the zirconia layer model presented here and the SCC standard model, all 

hypotheses underlying the industrial modeling scenario remains valid, even strengthened. 
The current modeling scenario agrees with five experimental observations over six. The 

sixth is not contradicted, but simply inaccessible today in our 1D axisymmetric approach. 
 
An interesting perspective would be to enrich the present study with other simulations, in 

order to: 
• Confirm the generic character of an equation to represent the impact of the zirconia 

against the SCC risk 
• Refine when necessary the parameters of the equation modelling the delayed effect of 

zirconia on chemisorption kinetic. 
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Abstract. The subloading surface model is endowed the noticeable ability to describe the 
wide classes of irreversible mechanical behavior [1]. However, the past formulations of the 
subloading surface model have contained several inexact equations, which have been 
modified repeatedly after the concept of the subloading surface was proposed in 1977 [2]. The 
exact formulation is presented first in this article for the hypoelastic-based plasticity, which 
enjoys the distinguished superiority in the both aspects of the description of material behavior 
in high accuracy and of the numerical calculation in high efficiency.  

 
 
1 INTRODUCTION 

The subloading surface is based on the quite natural physical insight that the plastic strain 
rate develops continually as the stress approaches the yield surface. The formulation of the 
subloading surface model for the elastoplastic deformation has been modified repeatedly and 
developed from the initial ones [2,3,4,5]. Further, it has been applied to the descriptions of 
wide classes of irreversible mechanical phenomena, i.e. the monotonic and cyclic loadings of 
metals and soils, the viscoplastic deformation behavior 0, the damage behavior, the phase 
transformation behavior, the friction behavior and the crystal plasticity [3]. On the other hand, 
the other unconventional elastoplasticity models, e.g. the multi surface model [6], the two 
surface model [7] and the superposed kinematic hardening model [8], which does not assume 
that the inside of yield surface is an elastic domain but assume the existence of the small 
purely-elastic domain, have been formulated only for the description of cyclic loading 
behavior of metals. The extensive applicability of the subloading surface model to wide 
classes of irreversible mechanical behavior is based on the noticeable advantages such that it 
does not require the yield judgment on whether or not the stress reaches the yield surface and 
it is furnished with the controlling function such that the stress is pulled-back automatically to 
the yield surface when it goes out from the yield surface in numerical calculation due to finite 
incremental steps. However, the translation rules of the anisotropic hardening variable (back-
stress) and the elastic-core, i.e. similarity-center of the yield and the subloading surfaces and 
the accurate expression of the Masing rule have been modified repeatedly but they have been 
formulated in the inexact forms in the past [1,3,9]. Now, the exact formulation of the 
subloading surface model will be attained in this article, passing near a half century after the 
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concept of the subloading surface was proposed in 1977.  
 

2   STRAIN RATE AND HYPOELASTIC RELATION 
In the framework of the hypoelastic-based plasticity, incorporating velocity gradient 

=  v xl / , the strain rate sym[ ]d l  and the continuum spin ant[ ]w l  are used as the 
measures of the rates of deformation and rotation, respectively, where ( )sym[ ] / 2T t t   
and ( )ant[ ] / 2T t t   stand for the symmetric and the anti-symmetric parts, respectively, for 
an arbitrary second-order tensor t  and ( )T  for the transpose. Let the strain rate d  be 
decomposed additively into elastic strain rate ed  and the plastic strain rate pd  as  

= pe d d d                                                                 (1) 
First, assume that the elastic strain rate is given by the hypoelastic relation on the premise 

that the elastic deformation is small compared with the plastic deformation: 
1=e Ed :σ                                                                (2) 

where σ  is the Cauchy stress. E  is the elastic modulus tensor which is given by 
1 1( )2 32{ }ij klik jl il jkijkl ij klE = K G                                     (3) 

for the Hooke’s law, where K  and G  are the bulk modulus and the shear modulus, 
respectively. ( )  stands for the proper objective corotational rate, i.e.  

 
  ω ωt t t t                                                             (4) 

for an arbitrary second order tensor t , where ω  is the spin of substructure of material. The 
continuum spin w  may be used for ω  up to a moderate deformation. Needless to say, the 
corotational rate is also used for tensor-valued internal variables to describe anisotropy. 
   The continuum spin w  is additively decomposed into the elastic spin ew  and the plastic 
spin pw , i.e. 

= pe w w w                                                               (5) 
Here, we adopt the isoclinic concept insisting that the rigid-body spin is involved in the elastic 
spin ew  under the postulate that the spin of the substructure is induced by the rotations due to 
the rigid-body motion and the elastic distortion. Then, the spin of substructure ω  is given by 

ew , i.e. 
= = pe ω w w w                                                        (6) 

 
3   REFINEMENT FOR FORMULATION OF PLASTIC STRAIN RATE 

The plastic strain rate will be formulated based on the concept of subloading surface in the 
following.  
3.1  Yield surface 

The normal-yield surface with the isotropic and the kinematic hardenings is described as 
( ) = ( )ˆf F Hσ                                                          (7) 
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where H  is the isotropic hardening variable and 
ˆ  σ σ α                                                             (8) 

 tr =  ( 0)αα  being the kinematic hardening variable, i.e. back stress. The rates of these 
internal variables can be described by 

( ; || || )|| ||,( ; ) /,   =  =

( ; ) ( ; || || )|| ||, , , , /=       =

p ppp

p pp p

hdhd

kdkd

FfFfH

F F' '

 


ff

d ddd

d dd d

σσ

σ α σ αα
                      (9) 

since they are homogeneous functions of pd  in degree-one since they are induced only in the 
plastic loading process p Od  and the first-order time-differential quantities, where ||  ||  
designates the magnitude and ( )'  the deviatoric part, . Here, assume that ( )ˆf σ  is the 
homogeneous function of σ̂  in degree-one and thus it follows by the Euler’s theorem that 

( ) ( )=
ˆ ˆ ˆˆ

f f

σ σ σσ :                                                         (10) 

3.2  Concept of subloading surface model  
The plastic strain rate is induced explicitly when the stress lies on the yield surface. Here, 

in facts, the plastic strain rate is induced not suddenly at the moment when the stress reaches 
the yield surface but it is induced gradually as the stress approaches the yield surface. The 
accurate description of the plastic strain rate induced by the rate of stress inside the yield 
surface is required in order to predict the cyclic loading behavior of materials, although it has 
been ignored in the conventional elastoplasticity. Then, let the following postulate be 
incorporated, which is the basic concept of the subloading surface model [1,2,3,4,5]. 
Fundamental postulate of elastoplasticity (Subloading surface concept): The plastic strain 
rate is induced when the stress approaches the yield surface but only the elastic strain rate is 
induced when the stress moves towards of the inside the yield surface as shown in Fig. 1, 
while the stress rate causes the elastic strain rate inevitably. In other words, the stress 
approaches the yield surface when a plastic strain rate is induced but it moves towards 
the inside of the yield surface when only an elastic strain rate is induced. 

 Fig. 1 Background of the subloading surface concept.





0

= 0:p R

d O

> 0:p R


d O

= 0:p R

d O > 0:p R
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Then, it is first required to incorporate the measure which describes the approaching 
degree of the stress to the yield surface, renamed the normal-yield surface, in order to 
formulate the plastic strain rate based on the above-mentioned subloading surface concept.  

Then, let the following subloading surface which passes through the current stress and 
keeps the similar shape and orientation to the normal-yield surface be introduced, which plays 
the general measure of approaching degree of the stress to the normal-yield surface (see Fig. 
2). 

( ) = ( )f RF Hσ                                                      (11) 
where (0 1)R R   is the ratio of the size of the subloading surface to that of the normal-
yield surface and referred to as the normal-yield ratio which plays the role for the general 
measure to describe the approaching degree to the normal-yield surface. 

( )= /  

,   

ˆ
ˆ

R
R

 


  
 

 c cc α α
α c c

σ σ cσ σ α
                                         (12) 

leading to the expressions 
( ))(= = = ˆˆR R  σ cσ σ α σ cc                                       (13) 

c  represents the center of similarity of the normal-yield and the subloading surfaces, i.e. the 
similarity-center, while let it be called the elastic-core since the most elastic deformation 
behavior is induced when the stress lies on it. α  stands for the conjugate (similar) point in the 
subloading surface to the point α  in the normal-yield surface. All of the relations of variables 
in Eq. (12) hold by virtue of the similarity of the subloading surface to the normal-yield 
surface as known from Fig. 2. 

 
3.3 Evolution rule of normal-yield ratio 

Based on the afore-mentioned fundamental postulate of elastoplasticity, the rate of the 

Fig. 2 Normal-yield, subloading and elastic-core surfaces.

α

α
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σ
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0 ij
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ĉ
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normal-yield ratio must satisfy the following conditions. 
for  

for 0 for    = 0 for  
(< 0 for  

 = 0
<1

1=
)1>

p
R

R
R
R
R




 



d O                                       (14) 

 

 0 =for   for = 0 for  

pe

e
R


 

Od d O
Od

                                       (15) 

Taking account of the requirement in Eq. (14), let the evolution rule of the normal-yield ratio 
in the plastic deformation process be formulated as follows: 

 

  ( )|| || for=  
ppRR U  Odd                                            (16) 

where ( )U R  is the monotonically-increasing function of R  fulfilling the conditions (Fig. 3). 
  for  0  (quasi-elastic state)

0 for  < 1  (subyield state)
( )

= 0 for  = 1  (normal-yield state)
0 for  1  (over normal-yield state)

R
R

U R
R
R

 



 

                           (17) 

 
The function ( )U R  is given by the following equation, where u  is the material parameter.  

=( ) cot 2( )uR RU                                                      (18) 

      Equation (17) should be extended to the following equation for metals in which plastic 
strain rate is not induced until the normal-yield ratio R  reaches a certain value  (<1)eR  which 
is the material parameter. 

 

   

  for  0   (quasi-elastic state)
0 for  < 1  (subyield state)

( )
= 0  for  = 1  (normal-yield state)

0  for  1  (over normal-yield state)

e

e

R R
R < R

U R
R
R

  



 

                            (19) 

Fig. 3 Function U(R) in the evolution rule 
of normal-yield ratio.
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Eqs. (18) is modified for Eq. (19) as follows: 

=( ) cot 2 1( )e
e

RRuRU R
  


                                               (20) 

where     is the Macauley’s bracket. If u  is fixed to be constant, Eq. (16) with Eq. (20) can 
be integrated analytically as  

1 00
0( )2    1 cos for = cos exp 122 1 )][ ( ) (

p p
ee e e

ee
R RR RR u R RRR

 


 
  

       (21) 

under the initial condition 00 = := pp R R  , where || || ( : time)pp dt t   d , whilst one must 
set 0 eR R  for 0 eR R . The use of the analytical integration in Eqs. (21) contributes to the 
enhancement of the numerical calculation in the return-mapping projection. However, it spoils 
the automatic controlling function to attract the stress to the normal-yield surface, which is 
inevitable in the numerical calculation in the forward-Euler method. 

   The subloading surface model possesses the following distinguished abilities. 
1 ) Smooth transition from elastic to plastic state is described, fulfilling always the 

smoothness condition 0 as shown schematically in Fig. 4.  

 
Then, we don’t need suffer from the determination of an offset-value of strain for yielding. 
On the other hand, the determination of an offset value is required in the conventional 
elastoplasticity with an abrupt elastic-plastic transition, although it is accompanied with an 
arbitrariness. Smoother stress-strain curve is described for smaller value of the material 
parameter u . 

2 ) Plastic strain rate can be described even for the loadings under a low stress level and a 
small stress amplitude since a purely-elastic domain is not assumed. 

3 ) The yield-judgment whether or not the stress reaches the yield surface is unnecessary for 
the loading criterion, since the plastic strain rate develops continuously as the stress 
approaches the normal-yield surface.  

4 ) The stress is automatically attracted to the normal-yield surface in the plastic loading 
process. Therefore, in the numerical calculation due to the forward-Euler method, it is 
pulled back automatically to the normal-yield surface when it goes out from the normal-
yield surface in numerical calculation because of 0R


  for 1R   from Eq. (16) with Eq. 

 

 

Fig. 4 Influence of material parameter  u on curvature 
of stress vs. strain curve. 

0
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(17) 4  or (19) 4  as seen in Fig. 5.  

 
Consequently, the realistic description of mechanical behavior is attained by virtue of 1 ) and 
2 ) and further the efficient numerical calculation is realized by virtue of 3 ) and 4 ). Thus, the 
subloading surface model possesses the noticeable advantages in both aspects of the physical 
description and the numerical calculation. 
 
3.4  Associated flow rule for subloading surface 

The associated flow rule for the subloading surface is adopted: 

)  ( 0)   ( || || =p p  
   d dn                                              (22) 

where 10 
( ) ( ) ( ) ( )   (|| || 1)==|| || || ||/ /f f f f   

    
σ σ σ σ nn σσ σ σ                        (23) 

designating the magnitude and the direction of plastic strain rate by 


 and n , respectively. 
Then, H  and α  in Eq. (9) are expressed as follows: 

( ; ), ,( ; ), ,     =  =   kh nn Ff FH 
 f σ α nσ αn                              (24) 

where hnf  and nf  are the homogeneous functions of n  in degree-one.  
 
3.5  Unified nonlinear kinematic hardening rule 

The nonlinear kinematic-hardening rule of Armstrong and Frederick [10] is inapplicable to 
the general anisotropic hardening material with the plastically-compressibility causing the 
rotational-hardening as known from the fact that the anisotropic hardening is not induced by 
the isotropic plastic deformation but is induced by the deviatoric plastic deformation. Then, 
let the generalized evolution rule of anisotropic hardening variable ( )tr tr 0= =α α α  be given 
as follows: 

1 1|| || || ||= == ,   ) )( (p p

k k
k kkk nnb bc c'' ' '


 ffd d n nα α α                       (25) 

where kc  is the material constant but kb  is the material function in general. Equation (25) is 
applicable not only to the kinematic hardening in metals but also to the rotational hardening, 
i.e. the rotation of yield surface in soils [1]. 

0







0R=

 

 

Fig. 5 Stress is automatically attracted to normal-yield surface
in plastic loading process.

Subloading plasticity
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3.6 Translation rule of elastic-core 
The most elastic deformation behavior is induced in the state that the stress lies on the 

similarity-center, i.e. =σ c  leading to = 0R . Then, the similarity-center c  in the 
mathematical sense is interpreted physically as the most elastic stress state so that let it be 
called the elastic-core or elastic-center. Here, note that the elastic-core c  approaches the 
normal-yield surface, following the stress σ  in the plastic loading process. However, from the 
physical point of view the elastic-core should not approach the normal-yield surface without 
limitation as known from the fact that the abrupt transition from the elastic to the plastic state 
is predicted if the elastic-core lies on the normal-yield surface. On the other hand, the small 
yield surface enclosing a purely-elastic region is allowed to contact with the yield surface in 
the cyclic kinematic-hardening models [6,7] predicting the abrupt elastic-plastic transition. In 
addition, from the mathematical point of view the subloading surface is not determined 
uniquely if the stress coincides with the similarity-center lying just on the normal-yield 
surface.  

Now, let the following elastic-core surface be introduced, which always passes through 
the elastic-core c  and keeps the similar shape and orientation to the normal-yield surface with 
respect to the kinematic-hardening variable α . 

( ) ( ), i.e. /( ) ( )= =ˆ ˆc cf fF H F H c c                                (26) 
where c  designates the ratio of the size of the elastic-core surface to the normal-yield 
surface (see Fig. 2) so that let it be called the elastic-core yield ratio. Here, the elastic-core 
should not reach (lie on) the normal-yield surface as described above so that the elastic-core 
does not go over the following limit elastic-core surface. 

( ) ( )=ˆf F Hc                                                           (27) 
where (<1)　  is material parameter and the following inequality must be satisfied.  

( ) , i.e. ( )ˆ cf F H  c                                          (28) 
Let the translation rule of elastic-core be formulated as 

|| || = , == ˆ ˆ   ( ) ( )p pc c
c cn cn cc c 


 d d f f nn nc R R                         (29) 

  for 0=
  for ==  

 for =
  for =

ˆ
ˆ2

p

p

c

c
c

c

c

c


 
 

  
    

d
nO

d n

n
n

R

R
 

where c  is a material constant or material parameter and 
( ) ( ) ( ) ( ) = (|| ||=1)ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ|| || || ||/ / cc
f f f f   
   

n nc c c c
c c c c

                       (30) 

Here, it follows from Eq. (29) that 
 for = 0  <ˆ ˆ( )cc ccc  


n n n:c : R R                                  (31) 
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Therefore, the evolution rule of the elastic-core in Eq. (29) is furnished with the distinguished 
ability in numerical calculation that the elastic-core is automatically pulled-back to the limit 
elastic-core surface when it goes out from that surface by the input of finite numerical 
increment as shown in Fig. 6． 

 
 

3.7  Plastic strain rate 
The material-time derivative of Eq. (11) leads to the consistency condition of the 

subloading surface in the corotational time-derivative: 

( ) ( )
0=

f f
R F RF
  

  
 
σ σσ: :ασ σ                                  (32) 

It holds for Eq. (11) that 
( )

=
f RF

σ :σσ

                                                        (33) 

instead of Eq. (10), and then it follows that 
( ) ( ) ( )= =|| || || ||/ /f f f

RF
  
  
σ σ σ:n: σσ σ σ σ                                        (34) 

leading to 
( )1 =|| ||/ f

RF


σ n:σ
σ                                                        (35) 

The substitution of Eq. (35) into Eq. (32) leads to 

0=[( ) ]F R
F R

 

  :: n σσn α                                          (36) 

Here, the rate variable α  is described from Eq. (12) 2  as 

(1 )= ˆRR R
  α cα c                                                 (37) 

The substitution of Eq. (37) into Eq. (36) leads to 

( ) 0(1 ) =ˆ ][F R RR RF R

 

  : : cαn σ σσ n c                               (38) 

Further, noting the relation 

c>c R

=c R

Fig. 6 Elastic-core is automatically attracted to the limit 
elastic-core surface when it goes out from the surface.

ˆ cn

c

( ) ( )=ˆf F Hc
Limit elastic-core surface
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)(= =ˆR   σ αc c σασ                                               (39) 
it follows from Eq. (38) that 

(1 ) 0=[ ]F R RRF R

 
  c: : α σσn σ n                                    (40) 

Substituting Eqs. (16), (25) and (29) into Eq. (40), one has 

)(1 0][ cnhn kn
UF f R RF R c'    

   
    f f: :n σ n σ σ                      (41) 

where /F dF dH'  . 
Further substituting the associated flow rule in Eq. (22) into Eq. (41), one has 

0=pM 


:n σ                                       (42) 
where 

1 )(1 ˆ( ) ( )[ ]p ckhn ck
UF f RRM F b Rc c'

    n nα:n σ σ n R               (43) 

by Eqs. (25) and (29). 
The plastic multiplier 


 and the plastic strain rate pd  are given from Eq. (42) and (22) 

as follows: 
,  = =p p

p

M M



  d: :n nσ σn                                                     (44) 
 

3.8  Stress-strain relations 
The strain rate is given by substituting Eqs. (2) and (44) 2  into Eq. (1) as follows:  

1  = pM
 d E :n σ:σ n                                                      (45) 

from which the proportionality factor described in terms of the strain rate, denoted by 


 
instead of 


, in the flow rule (22) is given as follows: 

,=   =p
p pM M



 
d dE Ed
E E

n n: :: : nn nn n: : : :                                   (46) 

The stress rate is given from Eq. (45) by use of Eq. (46) 1  instead of Eq. (44) 1 , as follows: 

= pM  dE EE d
E

n ::: :σ nn n: :
                                             (47) 

3.9  Loading criterion 
The loading criterion is given as follows : 

 for > 0

 for 0

p

p









 

  

Od

Od
    or     for > 0

 for 0

p

p

 


  

Od dE
O dd E

n ::
n ::

                        (48) 

where the judgment whether or not the stress reaches the yield surface is not required since 
the plastic strain rate is induced continuously as the stress approaches the normal-yield 
surface. It should be noted that the loading judgment by the plastic multiplier 


 in terms of 
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the stress rate in Eq. (44) 1  cannot be used for the softening behavior and even for the 
hardening behavior since the stress is required to be pulled-back to the normal-yield surface 
leading to the contraction of the subloading surface after it goes over the normal-yield surface 
in the plastic loading process. 
 
3.10  Calculation of normal-yield ratio 

Substituting Eq. (13) into Eq. (11), the subloading surface is described as follows: 

( ) = ( )ˆf R RF Hσ c                                                     (49) 
from which the normal-yield ratio R  is calculated by substituting the updated values of 

,  , , Fcσ α .  
The normal-yield ratio can be calculated by the following two methods: 

1 ) We calculate it from Eq. (49) in both of the plastic (loading) and the elastic (unloading) 
processes after all the other variables are calculated. 

2 ) We calculate it by Eq. (49) in the elastic (unloading) process and in the state eR R  but 
we calculate it by the time-integration of Eq. (16) in the plastic (loading) process. Here, 
the analytical time-integration in Eq. (21) is beneficial to the enhancement of numerical 
analysis in the return-mapping projection 0. However, its use spoils the controlling 
function to pull-back the stress to the normal-yield surface numerical analysis in the 
forward-Euler method.  

The second method 2) would be superior to the first method 1), since the normal-yield ratio is 
calculated directly from the plastic strain rate.  
 
3.11  Expression of Masing rule 

Note the following facts: 
1 ) The difference between the curvatures in the reloading and the reverse loading curves 

becomes larger as the plastic deformation proceeds, which is called the Masing rule. 
2 ) The elastic core approaches the normal-yield surface, following the current stress, when 

the plastic deformation proceeds continuously, and the approaching degree of the elastic 
core to the normal-yield surface is expressed by the elastic-core yield ratio c  in Eq. (26).  

3 ) The transition from the elastic to plastic state is more abrupt, i.e. the curvature of stress–
strain curve is greater for a larger value of the material parameter u  in the function ( )RU  
in Eq. (16). Therefore, the increase in the curvature of stress-strain curve can be described 
by giving a larger value to the material parameter u .  

4 ) By the facts 1)-3), the difference between the values u  in the reloading process and the 
reverse loading process is greater for a larger value of c . 

5 ) The direction n  of plastic strain rate is near to the outward-normal ˆ cn  of the elastic core 
surface (Fig. 2) in the reloading process but it is far from ˆ cn  in the unloading process. 
Then, the degree how the process is near the reloading process can be expressed by the 
following scalar product of these unit tensors: 

ˆ   ( )cC C   n n:                                               (50) 
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Eventually, introducing the variables c  and C , let the material parameter u  in Eq. 
(18) or Eq. (20) be extended as follows:  

= exp( )c cuu Cu                                                      (51) 

where u  (average value of u ) and cu  are the material constant. u  is the continuous function 
of the variables c  and C . = 1C , 0  and  designate the states that the current stress has 
the outward-normal, tangential and inward-normal directions, respectively, of the similarity-
center surface. Then, u  increases in the loading direction but inversely it decreases in the 
opposite direction.  
 
3.12  Plastic spin 

The plastic spin in Eq. (6) is given following Zbib and Aifantis [11] by 

( ) ( )= =p p pp p  


 w d dσ σ σn nσ                                    (52) 
where p  is the material parameter.  
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Abstract. In this study, we develop the constitutive model to analyse the self-healing ceramic 
materials within the framework of FEM. The self-hearing and isotropic damage constitutive 
model for ceramic materials can describe not only the damage process under a certain bound-
ary condition, but also the self-healing process under a high-temperature condition. The dam-
age process is formulated based on the fracture mechanics, and the self-healing process is 
formulated based on the kinetic model of self-healing time and velocity. Then, we apply the 
proposed model to analyses of homogeneous ceramic materials and unit cell model of fiber-
reinforced ceramic material. 

 
 
1 INTRODUCTION 

The self-healing fiber-reinforced ceramic material (shFRC) developed by the authors is a 
new functional material [1-3]. The self-crack/damage-hearing function is one of most 
valuable phenomena to overcome the reliability decrease of blittle ceramics that are caused by 
non-acceptable cracking. When a micro-crack propagates in this material, the self-healing 
occurs under high-temperature. Then, the strength of the material recovers to its initial state 
because the crack is re-bonded. The reason why the self-crack/hearing automatically attains 
the complete recovery of damaged strength is that the passive oxidation of self-healing agent, 
for example SIC, is caused by a crack itself. However, in order to apply the self-hearing 
ceramic material to machines and constractions, it is important to develop the novel numerical 
simulation method. 

In this study, we develop the constitutive model to analyse the self-healing ceramic materi-
als within the framework of FEM. The damage process is formulated based on the fracture 
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mechanics [3], and the self-healing process is formulated based on the kinetics of self-healing 
time and velocity [1]. Therefore, the proposed self-hearing and isotropic damage constitutive 
model for ceramic materials can describe not only the damage process under a certain bound-
ary condition, but also the self-healing process under a high-temperature condition.  Then, we 
apply the proposed model to FE analyses of homogeneous ceramic material and unit cell 
model of ceramic matrix composites. 

2 CONSTITUTIVE EQUATION 
To formulate both the isotropic damage and self-healing behavior, we adopt the damage 

constitutive equation proposed by Kurumatani et al.[4]. In this model, the strain softening 
behavior due to damage is formulated based on the fracture mechanics of concrete material. 
Concretely, the critical energy release rate and the work due to the cohesive force and relative 
displacement relation are related, i.e. the damage behavior is described like a cohesive ele-
ment model. In addition,  the dependence on mesh size and mesh kind can be reduced because 
the size of finite element is incorporated as a characteristic length. In the following, first, we 
will explain the formulation under one-dimensional problem. Then, we will explain about the 
extension to three-dimensional problem using equivalent strain. Finally, we will explain about 
the evolution rule for self-healing behavior based on kinetics. 

2.1 Formulation for one-dimensional problem 

The one-dimensional damage model is described using scalar variable D as follows: 
 (1 )D E     (1) 

where  ,    and E  are stress, strain and Young’s modulus, respectively. The damage 
variable  D (0 1)D   prescribes magnitude of damage, i.e. D=0 is a non-damage state and 
D=1 is a perfectly fracture state. 

We assume that the relation of cohesive force and relative displacement (crack opening 
displacement) is expressed by an exponential function. Thus, the relation of cohesive force 
and crack opening displacement by tensile fracture in one-dimensional problem is given by 
the following equation. 

 Bwf Ae   (2) 

where f is the cohesive force on fracture surface, w is the crack opening displacement. And A 
and B are unknown parameters. If we assume tf  is one-dimensional tensile fracture strength, 
we can obtain the unknown parameter A as follows: 

 0
t tf Ae A f     (3) 

The fracture energy fG  is given as  

 
0 0

Bw
fG fdw A e dw

       (4) 

Thus, the unknown parameter B is obtained as follows: 

850



Shingo Ozaki, Yutaro Horie, Kosuke Hinata, Toshio Osada and Wataru Nakao. 

 3 

 t
f

f f

fA AG B
B G G

      (5) 

Consequently, the relation of cohesive force and crack opening displacement in one-
dimensional problem is obtained as follows: 

 exp t
t

f

ff f w
G

 
   

 
  (6) 

In the following, Eq.(6) based on the fracture energy is applied to the damage constitutive 
model. An strain corresponding to the tensile strength is defined as the initial damage strain 

0   and is given by 

 0
tf

E
    (7) 

The crack opening displacement w is given by the relationship between displacement and 
strain as follows: 
 0 0( )e e ew h h h         (8) 

where eh  stands the length of finite element. In the damage model, the cohesive force 
(traction) f  on the fracture surface is equivalent to stress  , as the following equation. 

 f    (9) 

The relation of cohesive force and crack opening is obtained from Eqs. (6)-(9), as follows: 

 
0 0 0

0 0 0exp ( ) 1 1 exp ( )

[1 ( )]

e e

f f

E h E hE E
G G

D E

        


 

                            
 

  (10) 

Representing   in the damage variable ( )D   by the maximum strain 0   during 
deformation history, the damage variable ( )D    is rewritten as follows: 

 0 0
0( ) 1 exp ( )e

f

E hD
G

   


 
     

 
  (11) 

We can judge the loading criterion in accordance with the magnitude relationship between 
  and  , i.e. 

 
if (loading)
if (unloading)

   
   
  

   
  (12) 

In addition, the judgment of damage is given as follows: 

 0

0

if 0 (undamage)
if ( )

D
D D

 
  
  

   
  (13)
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2 Formulation for three-dimensional problem 
In general, the equivalent strain, which is scalar value, is used for the isotropic damage 

model in multi-dimensional problems. Kurumatani et al.[4] have adopted the following 
equivalent strain eq  based modified von-Mises type [5]. 

 
2

1 1 22
1 1 1 12

2 (1 2 ) 2 1 2 (1 )eq
k k kI I J

k k


  
        

  (14) 

where   is Poisson’s ratio, and k  is a ratio of the compressive and tensile strengths. 1I  is the 
first invariant of strain tensor ε  and is given by 
 1 tr kkI  ε   (15) 

2J  is the second invariant of deviatoric strain tensor *ε  and is given by 

 * * * *
2

1 1:
2 2 kl klJ   ε ε   (16) 

The deviatoric strain is defined by  

 * 1 tr
3

 ε ε εI   (17) 

Here, I  is unit tensor.  
Next, we will describe the stress-strain relation in multi-dimensional problem. The 

isotropic damage model is described using damage variable D as follows: 
 (1 ) :D σ c ε   (18) 

where σ  is Cauchy stress tensor, c  is elastic coefficient tensor. In this study, we adopt the 
hypo-elastic coefficient tensor. 

By using the maximum value of equivalent strain 0   in deformation history, the damage 
variable ( )D   is given as follows: 

 00 0 0
0

( )( ) 1 exp ( ) 1e

f

E hD e
G

      
 

  
       

 
  (19) 

where 0  is the initial damage strain. In what follows,   is called the history variable or the 
maximum equivalent strain. The length of three-dimensional solid element is defined based 
on the volume eV  as follows: 

 1/3
e eh V   (20) 

The loading criterion is given by 

 
if (loading)
if (unloading)

eq eq

eq

   
   
  

   
  (21) 

 0

0

if 0 (undamage)
if ( )

D
D D

 
  
  

   
  (22) 
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2.3 Evolution rule for self-hearing 
To incorporate the self-healing behavior to the damage constitutive model, we assume that 

a micro cracks (damage) are recovered by self-healing function. In other words, the damage 
variable is varied from the damage state 0D   to the non-damage state 0D   in accordance 
with the self-healing that is affected by the temperature and atmosphere conditions. Thus, we 
assume that the history variable   evolves to be closer to 0  with the self-healing. That is, 
the damage history is gradually dissipated by the self-healing. Based on abobe-mentioned 
concept, we will formulate the evolution rule for self-healing. 

First, we assumed that the history variable is additively decomposed into the equivalent 
strain part   and the self-healing part h  as follows: 

 h      (23) 

where the contributed part by progress of equivalent strain eq  is given as 

 ifeq eqt
dt       (24) 

 eq          (25) 

On the other hand, the self-healing part h  is assumed a monotonic increasing function to 
approach the state 0  . we then assume the following simple function for the evolution 
rule of  h . 

    1 0 1 0h h h hv v               (26) 

 h h h ht
dt dt        (27) 

where 1  is the parameter that influences the rate of self-healing. hv  [s-1] is the average 
velocity of self-healing based on kinetics. In this study, we adopt the following equation 
proposed by Osada et al.[1]. 

 
2

3 /2
min
1 exp nh

h h O
hh

Q
v A a

RTt

 
    

 
  (28) 

where hA  is the frequency factor, hQ  is the activation energy for self-healing, R  is the gas 
constant, and hT  is the temperature. 

2Oa  and n  are the activity of Oxygen and the reaction 
order of Oxygen, respectively. Thus, we can consider e hh   as a filling velocity of mcro-crack.  

Furthermore, to describe that a restart of damage depends on a degree of the self-healing, 
the maximum equivalent strain   has to be re-defined. In the loading state, as well as the 
normal damage model,   is given by the following manners. 

 0max{ } for loading with damage      (29) 

On the other hand, in the self-healing state, we assume that the maximum equivalent strain   
gradually approaches to 0 . We then assume the evolution rule of the maximum equivalent 
strain as follows: 
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   2 0hv        (30) 

 
t

dt dt        (31) 

That is, in the reloading state, the damage does not occur until min( , )eq   . Here, 2  is the 
parameter that influences the rate of self-healing. Although the initial damage strain in the 
reloading state is  , strain necessary to reach it is adjusted by the magnitude of 1  and 2 . In 
the case of 1 2  , the super healing phenomenon, in which the fracture strength of healed 
material becomes higher than that of virgin material, is naturally described. Note that if we set 
the average velocity of self-healing to zero, i.e. 0hv  , the condition      is satisfied, 
and thus the model becomes the normal damage model as described in Section 2.2. 

By considering of the evolution rules for above-mentioned history variables, the loading 
criterion is summarized as follows: 

 
if 0 (loading)

if 0 (unloading)

eq eq

eq

 

 

   

  

     


   
  (32) 

 
0

0

if min( , ) 0 for
if min( , ) ( ) for
if min( , ) ( ) for

eq

eq

eq

D
D D
D D

    
     
     

    
    
    

  (33) 

It should be noted that the following equations based on the logistic curve would be 
suitable for the evolution rule of self-healing, instead of Eqs.(26) and (30). 

 1 0( )h H h hv           (34) 

  2 0hv         (35) 

3 FINITE ELEMENT ANALYSIS 
In this section, we demonstrate the analysis of damage and healing phenomena within the 

framework of continuum theory using the FEM implemented with the proposed model. 
 

Table 1: Material parameters. 

E  [MPa] 50000 k 10 

G  [MPa] 25000 eh  [mm] 10 

   0.3 hv  [s-1] 0-100 

[J]fG   100 1   1.0 

0   0.01 2   1.0 
 

3.1 Mechanical response of proposed model 
In this study, the self-healing and isotropic damage model is implemented in the 

commercial FEM software package LS-DYNA Ver.971 [6]. To demonstrate the capability of 
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the proposed model, we created a simplest FE model. The model is discretized by one eight-
node solid element. The element is 10 10 10 mm   in size. Prescribed forced cycle 
displacement into uniaxial direction is imposed at upper surface. Material parameters used for 
the analysis is listed in Table 1. Note that, to reasonably verify the mechanical response of 
proposed model, we adopt quite high values for the average velocity of self-healing, hv .  

Figure 1(a) and 1(b) show the effect of hv  on the stress-strain relation under cyclic loading. 
Figure 1(a) and 1(b) present result of “loading-unloading-rest” and “reloading” states, 
respectively, where the healing time is the same for each condition. It can be confirmed from 
Figure 1 that the self-healing occurs during stop of loading and the fracture strength recovers 
in accordance with the average velocity of self-healing. Figure 2 shows the variation of 
damage variable D  during cyclic loading as shown in Figure 1. By introducing of the 
evolution rule of Eqs.(26) and (30), the damage variable gradually approaches to zero. It is 
also confirmed that the variation rate of damage variable depends on hv . 

 
 

          
Figure 1: Effect of hv  on stress-strain relation under cyclic loading. 

 
Figure 2: Variation of damage variable D  during loading-rest-reloading. 
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Figure 3(a) and 3(b) show the effect of healing time on stress-strain relation under cyclic 
loading. Figure 3(a) and 3(b) present result of “loading-unloading-rest” and “reloading” states, 
respectively, where the average velocity of self-healing is the same for each condition. It can 
be confirmed from Figure 3 that the fracture strength recovers in accordance with the healing 
time. 

 

  
Figure 3: Effect of healing time on stress-strain relation under cyclic loading. 

 

3.2 Analysis of unit cell model of fiber reinforced ceramic 
Next, we analyze the damage and self-healing processes of ceramic matrix composite. Fig-

ure 4 shows the FE analysis model and imposed boundary conditions, where eight-node solid 
elements are adopted for discretization of ceramic matrix composite. In this study, we adopt 
the unit cell model of fiber reinforced ceramic matrix composite [2] for the analysis model. In 
the calculation, we apply the prescribed forced cyclic displacement to the side surface of unit 
cell. To reproduce the damage progress from matrix part, the initial defect is given as shown 
in Figure 4. Material parameters used for the analysis is listed in Table 2, while the fiber is 
assumed to an elastic material having 80 [GPa]E   and 0.2  . Note that, to reasonably verify 
the mechanical response of proposed model, we adopt quite high values for the average veloc-
ity of self-healing, hv . 

Figure 5(a) and 5(b) show the relationship between nominal stress and nominal strain of 
unit cell under cyclic loading. Figure 5(a) and 5(b) present result of “normal damage model” 
and “self-healing and damage model”, respectively, where the healing time is the same for 
each condition. Figure 6 shows the contour map of damage variable D during cyclic loading 
in the case of high healing velocity condition. As can be seen from Figures, the damaged re-
gion progresses from initial defect point and the stiffness of unit cell decreases during loading. 
After unloading, the self-healing occurs and the damaged region recovers to initial state as 
shown in Figure 6. Then, the fracture strength and stiffness are recovered according to the 
healing velocity hv  and the healing time. These results suggest that the proposed model can be 
applied to analyses of ceramic matrix composites having self-healing functions.  
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Table 2: Material parameters for fiber reinforced cermic. 

E  [MPa] 43200 k 10 

G  [MPa] 18000 eh  [mm] 0.008 

   0.2 hv  [s-1] 200, 2000 

fG  [Nmm] 10 1   1.0 

0   0.0056 2   1.0 
 

 
Figure 4: FE analysis model and boundary conditions of unit cell (thickness is 0.005 mm) 

   
Figure 5: Relationship stress and strain of unit cell under cyclic loading. 

 
Figure 6: Contour map of damage variable during cyclic loading in the case of high healing velocity condition. 
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4 CONCLUSIONS 
The present study formulated the self-healing and damage constitutive equation. We then 

applied it to the typical FE problems and then verified the formulation. The proposed model 
can describe the competition between the progress of damage and the self-healing by the uni-
fied formulation. Thus, the proposed model can be applied arbitrary deformation histories, 
including cyclic loading and strain holding. From the results of FE analyses, we can conclude 
that the present FE approach can be used to study the mechanical and material design of self-
healing ceramic materials. 

In the present FE analysis, however, the quite large values for healing velocity were 
adopted. Therefore, effects of temperature and oxygen conditions on healing velocity were 
not examined. Eq.(28) based on kinetics should be applied to FE analyses, in near future. 
Then, the verification of the concreate functions for the evolution rules should be performed 
by comparing with experiments.   
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Abstract. This paper describes a method for determination of elastic parameters (elastic 
moduli and Poisson’s ratio) of orthotropic composite plate-type structural elements using the 
results of natural frequency measurements. The identification of parameter values is provided 
by minimization of weighted squared difference (discrepancy) between physically measured 
frequencies and natural frequencies calculated by Finite Element Method. The metamodels 
for the frequency dependence on the elastic parameters and other geometrical and physical 
parameters of test specimens, including parameters with uncertainty (“noisy constants”) are 
built using experimental designs optimized according to the Mean Squared Error space filling 
criterion and third-order polynomial approximations. The minimum of weighted squared 
difference is found using the multistart random search method. The expressions for standard 
deviations of identified parameters depending on deviations of “noisy constants” are derived 
using linearized metamodels. The expressions for identification errors allow the statement of 
the identification task as a robust minimization problem by simultaneous minimization of the 
discrepancy function and standard deviations of the identified values by varying the values of 
unknown elastic parameters and weighting coefficients for different frequencies. The partial 
scaling of natural frequencies is used for the reduction of the uncertainty impact on the 
identification error. This allows to reduce the identification error of elastic moduli about two 
times and Poisson’s ratio about 20 times in comparison with the results obtained by using 
dimensioned frequencies.  

1 INTRODUCTION 
The method of identification of elastic parameters (Young's moduli, shear moduli, 

Poisson's ratio) using eigenfrequency measurements of specimens is quite old. Currently there 
exists an extensive amount of literature on the identification of elastic properties of layered 
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composite materials using physical measurements and numerical calculations of natural 
frequencies, mostly using Finite Element Method (FEM) [1,2,3]. The traditional numerical-
experimental identification procedure is based on the minimization of discrepancy between 
numerical and experimental results. There have been papers published suggesting that normal 
maximum likelihood is superior to weighted least squares for the determination of material 
elastic properties using the vibration method [4,5]. At the same time it has been proven that 
the three main estimation methods (normal maximum likelihood, weighted least squares and 
ridge regression) all have the same asymptotic covariance and that there is no gain in 
efficiency among them [6]. 

During the first years of using discrepancy minimization method, the main problem was 
the minimization of the discrepancy functional. FEM software cannot be used in 
identification, since the minimization of the differences between physical measurements and 
numerical results requires many thousands of FEM calculations that would take years to run. 
Therefore the metamodeling (also called surrogates) methodology is used [2,3]. The 
methodology consists in the creation of experimental designs for computer experiments with 
FEM software, carrying out computer experiments (100-300 experimental runs), building the 
approximate model for the dependence of natural frequencies of a given structural element on 
their geometrical and elastic parameters and finding the values of elastic parameters that 
minimize the difference between measured and calculated frequency values. The last step in 
this methodology is the verification of the result – repeated calculation of FEM results and 
validation – comparing identified elastic parameter values with values obtained by a different 
method (bending tests, for example). 

Today, using modern numerical experimental designs and nonparametric approximation 
methods, the discrepancy minimization is not a hard task. However, the estimation of the 
variance of obtained identified parameters is a pressing problem. The errors of identification 
depend on errors introduced by material production, cutting testing specimens, physical 
measurement errors and errors caused by disregarding significant factors in the finite element 
model. A large amount of literature is devoted to analysis of the accuracy of FEM, but the 
influence of errors of physical experiments, caused by parameter variance during material 
production, specimen preparation and errors of registration and measurement of natural 
frequencies, is significantly less studied. 

This paper will propose a methodology that allows both to minimize the difference 
between physically measured and numerically calculated natural frequency values, and to 
evaluate the robustness of the identification results and organize the identification process in a 
way that would allow obtaining the best possible identification precision. 

2 VIBRATION-BASED IDENTIFICATION OF ELASTIC PARAMETERS 
Identifiable elastic parameters usually are Young's moduli, shear moduli, Poisson's ratio. 

The classical idea is to find those values of elastic parameters of the mathematical FEM 
model which will give minimal discrepancy between calculated and physically measured 
natural frequencies. 

We will designate the column vector of n physically measured natural frequencies as f EXP 

𝒇𝒇EXP = [𝑓𝑓1EXP, 𝑓𝑓2EXP, … , 𝑓𝑓𝐿𝐿EXP]T, (1) 
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column vector of numerically calculated (mostly using FEM) natural frequencies as f FEM 

𝒇𝒇FEM = [𝑓𝑓1
FEM, 𝑓𝑓2

FEM, … , 𝑓𝑓𝐿𝐿
FEM]T (2) 

and column vector of n physically identifiable parameters of elasticity as E 

𝑬𝑬 = [𝐸𝐸1, 𝐸𝐸2, … , 𝐸𝐸𝑛𝑛]T. (3) 

A superscript T denotes the matrix transpose operation. The number n of identified parameters 
can be different, including elastic modulus and Poisson’s ratio for different composite layers. 
The discrepancy Φ between measured and calculated natural frequencies is calculated as 
weighted sum of L squared differences: 

𝛷𝛷 = ∑ 𝑤𝑤𝑖𝑖(𝑓𝑓𝑖𝑖
FEM − 𝑓𝑓𝑖𝑖

EXP)2𝐿𝐿
𝑖𝑖=1 , (4) 

where wi – nonnegative weighting coefficient for i-th frequency. 
A frequently used weighting method for discrepancy measure is the squared relative error: 

𝛷𝛷 = ∑ (𝑓𝑓𝑖𝑖
FEM−𝑓𝑓𝑖𝑖

EXP

𝑓𝑓𝑖𝑖
EXP )

2
𝐿𝐿
𝑖𝑖=1 . 

(5) 

The discrepancy minimization approach means that input parameters which give minimal 
value of functional  will be considered as identified values for unknown parameters E: 

𝑬𝑬∗ = arg min
      𝑬𝑬

 𝛷𝛷(𝑬𝑬)
 . (6) 

When using FEM software, the minimization requires physical experiments as well as 
numerical experiments; therefore this approach is sometimes called Mixed Numerical-
Experimental Technique (MNET) [2]. The traditional MNET steps are: 

Step 1. Preparation of specimen samples, providing frequency measurements by resonance 
measurements or Fourier analysis of free oscillations registered after initial excitation.  

Step 2. Design of numerical experiments for FEM software. The variable input factors for 
eigenfrequency calculations are identifiable elastic parameters. Mostly the Latin Hypercube 
(LH) type designs are used. Here we use LHs and non-LH type designs optimized according 
to the Mean Square Error space-filling criterion, introduced in [7]. The values for other input 
parameters (geometrical, mass, density, layer configuration and others) must correspond to 
specimens used in physical experiments. The number of runs for numerical experiments 
depends on the number m of identifiable parameters. For relatively simple plate-type 
specimens the calculations are fast enough to execute 100-300 trial runs in 15 minutes of 
computing time on PC with Intel quad-core i7 processor. 

Step 3. Carrying out numerical experiments, registering and grouping the eigenfrequencies 
according to vibration modes. 

Step 4. Building the metamodels (surrogate model) for the dependency of calculated 
eigenfrequencies f FEM on the input parameters E. 

𝒇𝒇FEM ≈ �̂�𝒇(𝑬𝑬), (7) 

where the “hat” above a function symbol signifies approximation. The software EDAOpt [8], 
created at Institute of Mechanics of Riga Technical University, was used for design of 
computer experiments, metamodel building and minimization of discrepancy functional. 
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Quality of approximation is estimated using leave-one-out cross-validation [9]. The relative 
cross-validation error CVE is calculated relatively to standard deviation from the mean value 
of responses. In cases where analytical thick plate models [9] are used instead of FEM, the 
prediction error was calculated in more than 106 test points and the mean error agrees very 
well with the cross-validation estimate.  

Practice shows that almost in all cases third order polynomials give the approximation of 
frequencies with relative cross-validation error less than 0.02%. For some more complicated 
specimens the best accuracy can be obtained using nonparametric approximation methods: 
kriging, locally weighted polynomials. 

Step 5. Finding the values of identifiable parameters by minimization of approximated 
discrepancy functional 

𝑬𝑬∗ = arg min
𝑬𝑬

 ∑ 𝑤𝑤𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑓𝑓𝑖𝑖(𝑬𝑬) − 𝑓𝑓𝑖𝑖

EXP)2

 
                                       (8) 

The software EDAOpt uses a modified multi-start simulated annealing method [10] and 
always gives global minimums of the discrepancy functional. It must be noted that the 
polynomial metamodels are relatively simple: for evaluation of the objective function Eq. (8) 
even several millions of evaluations need only a few minutes of computing time. 

Step 6. Traditionally, the next step is the recalculation of the metamodel in the sub-area 
near the found values of identified parameters, and analysis of the significance of different 
elasticity parameters for natural frequencies [2,3]. However, this analysis gives insufficient 
information for the estimation of accuracy of identified values. Therefore the present work 
proposes a method for accuracy estimation. 

3 STANDARD DEVIATIONS OF IDENTIFICATION 

3.1 Sources of composite material parameter deviations 
The errors of elastic parameter identification using the vibration method depend on errors 

introduced by material production, cutting of testing specimens, physical measurement errors 
and errors of the finite element model. Practice shows that the mode measurements using the 
Polytec PSV-400-3D Laser Scanning Vibrometer (http://www.polytec.com/) have very high 
accuracy. The repeated measurements for a given specimen give almost the same results. At 
the same time the measurements of 4-6 different specimens from the experimental sample 
allow to estimate the standard deviations from the mean as about 0.5% up to 2%. This means 
that the variance of parameters introduced by production (elasticity, density, thickness 
uniformity, misalignment of the reinforcing fibre etc.) and errors introduced by the 
preparation of the sample (geometrical errors, errors of density and weight estimation, 
microdamages created by sample cutting) have determining influence on the variance of 
identified elastic parameters. Here we will use the term „noisy constants” for parameters that 
are taken as constants in FEM calculations, but that contain uncertainty for the actual physical 
specimens. 

3.2 Discrepancy minimization approach in the presence of noisy constants 
Let us define the following variables: 

862



Janis Auzins, Eduards Skukis. 

 5 

E – column vector of size n of elastic parameters whose numerical values must be identified. 
In the simplest case of orthotropic material plate, this vector consists of 4 components (n = 4): 
longitudinal modulus Ex, transverse modulus Ey, shear modulus Gxy and Poisson’s ratio xy. 

𝑬𝑬 = [𝐸𝐸𝑥𝑥, 𝐸𝐸𝑦𝑦, 𝐺𝐺𝑥𝑥𝑦𝑦, 𝜈𝜈𝑥𝑥𝑦𝑦]T
 (9) 

P – column vector of size m of noisy constants – parameters that are taken into account as 
constants both in FEM and in approximated analytical calculations of eigenfrequencies, but 
physically are parameters with uncertainty. In the simplest case of rectangular plate, the 
vector P consists of four components (m = 4): plate length a, plate width b, plate total 
thickness h and the average material density  : 

𝑷𝑷 = [𝑎𝑎, 𝑏𝑏, ℎ, 𝜌𝜌]T. (10) 

f EXP – column vector of measured L lowest natural frequencies 𝑓𝑓𝑖𝑖
EXP, i = 1,2,…, L. 

�̂�𝒇- column vector of the approximated model for the dependence of natural frequencies on 
material elastic parameters E and specimen parameters P. This functional dependence can be 
obtained by metamodeling (approximation of FEM results) or using approximate analytical 
expressions: 

�̂�𝒇 = �̂�𝒇(𝑬𝑬, 𝑷𝑷)
W – diagonal matrix of weighting coefficients: 

𝑾𝑾 = [
𝑤𝑤1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑤𝑤𝐿𝐿

]

The discrepancy function that measures the deviation between measured and numerically 
calculated frequencies in matrix form: 

𝛷𝛷(𝑬𝑬, 𝑷𝑷, 𝑾𝑾) = (𝒇𝒇(𝑬𝑬, 𝑷𝑷) − 𝒇𝒇EXP)T𝑾𝑾(𝒇𝒇(𝑬𝑬, 𝑷𝑷) − 𝒇𝒇EXP)
Most frequently used weighting coefficients vary inversely as the square of measured 
frequency 𝑤𝑤𝑖𝑖 = (1 𝑓𝑓𝑖𝑖

EXP⁄ )2
, so that the discrepancy function is the sum of squared relative 

differences between measured and calculated frequencies [3,10 and others]. 
The discrepancy minimization approach means that for given values of specimen parameters 
P and weighting coefficients W, input parameters E which give minimal value of functional   
will be considered as identified values for parameters E*: 

𝑬𝑬∗ = arg min
𝑬𝑬

 𝛷𝛷(𝑬𝑬, 𝑷𝑷, 𝑾𝑾)
 

Because the simple third-order polynomial metamodels of FEM results give very small 
prediction error and the number of minimization variables is relatively small, the 
minimization of discrepancy function is easy and needs 1-3 seconds of PC processor time 
using the multistart random search method [8]. The main problem is not the discrepancy 
minimization, but the estimation and improvement of the accuracy of identification. 
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3.3 Calculation of the standard deviations of identified values 
Let us assume that the sources of identification errors are: 
1) Uncertainty of specimen’s parameters P.  We assume that these uncertainties may be 

described by unbiased independent random errors conforming to normal probability density 
distribution with zero means and given standard deviations: 

𝑷𝑷 = �̅�𝑷 + 𝜺𝜺𝑃𝑃 𝜀𝜀𝑖𝑖𝑃𝑃 = 𝑁𝑁(0, 𝜎𝜎𝑖𝑖𝑃𝑃), 𝑖𝑖 = 1,2,3,𝑚𝑚
2) Additional errors of measured frequencies, caused by measurement errors and 

uncertainty of parameters which are not included in vector P, for example dimensional 
inaccuracies like deviations of rectangularity, curvature, deviations of orthotropic axes and 
others. For simplicity, we consider these errors as unbiased independent random errors 
conforming to normal probability density distribution with zero means and given standard 
deviations: 

𝒇𝒇EXP = �̅�𝒇EXP + 𝜺𝜺𝐹𝐹 𝜀𝜀𝑖𝑖𝐹𝐹 = 𝑁𝑁(0, 𝜎𝜎𝑖𝑖𝐹𝐹), 𝑖𝑖 = 1,2, … , 𝐿𝐿
3) Deviations of elasticity parameters themselves. We consider these deviations as 

unbiased independent random errors conforming to normal probability density distribution 
with zero means and given standard deviations: 

𝑬𝑬 = �̅�𝑬 + 𝜺𝜺𝐸𝐸,   𝜀𝜀𝑖𝑖𝐸𝐸 = 𝑁𝑁(0, 𝜎𝜎𝑖𝑖𝐸𝐸)                                              (17) 

4) Other sources of identification errors include the lack of correspondence between the 
mathematical model and the physical experiment. This may occur due to neglecting 
temperature effects, internal and external friction (air resistance and fastening effects), the use 
of inadequate FEM elements (homogeneous shell elements instead of layered structural shell 
elements for multilayer plate, etc.). These errors are inherently more systematic than random 
errors and can be discovered by analysis of means and standard deviations of the difference 
between measured and calculated values. Comparisons with the elastic parameter 
measurements obtained by other methods, for example bending tests are always useful. 

5) Outliers - large errors made during physical and mathematical experimentation. The 
main source of this type of errors is the incorrect grouping of oscillation modes. All FEM 
software packages give the eigenfrequencies and corresponding modes in order of increasing 
frequency. The automatic mode recognition will be explained below. 

After the minimization of the weighted discrepancy function , the column vector of 
identified values E* is found. For the analysis of the identification errors we will use the 
linearized model of the frequency dependence on elastic parameters E and specimen 
parameters P in the form 

𝒇𝒇(𝑬𝑬, 𝑷𝑷) = 𝑨𝑨𝑬𝑬 + 𝑩𝑩𝑷𝑷 + 𝑪𝑪                                                 (18) 
where  A – constant matrix L×n, B – constant matrix L×m, C – constant column vector of size 
L. Matrices 𝑨𝑨 = 𝜕𝜕�̂�𝒇

𝜕𝜕𝑬𝑬 (𝑬𝑬
∗, �̅�𝑷), 𝑩𝑩 = 𝜕𝜕�̂�𝒇

𝜕𝜕𝑷𝑷 (𝑬𝑬
∗, �̅�𝑷) and column vector 𝑪𝑪 = 𝑓𝑓(𝑬𝑬∗, �̅�𝑷) − 𝑨𝑨𝑬𝑬∗ − 𝑩𝑩�̅�𝑷C 

can be calculated analytically, if the metamodel is polynomial or by use of numerical 
differentiation for other types of metamodels, including kriging. 
Then the discrepancy function assumes the form: 

864



Janis Auzins, Eduards Skukis. 

 7 

𝜱𝜱(𝑬𝑬, 𝑷𝑷,𝑾𝑾) = (𝒇𝒇(𝑬𝑬,𝑷𝑷) − 𝒇𝒇EXP)𝑻𝑻𝑾𝑾(𝒇𝒇(𝑬𝑬,𝑷𝑷) − 𝒇𝒇EXP)
= (𝑨𝑨𝑬𝑬 + 𝑩𝑩𝑷𝑷 + 𝑪𝑪 − 𝒇𝒇EXP)𝑻𝑻𝑾𝑾(𝑨𝑨𝑬𝑬 + 𝑩𝑩𝑷𝑷 + 𝑪𝑪 − 𝒇𝒇EXP) 

This is a second-order polynomial regarding components of vector E, therefore the minimum 
of the discrepancy function can be found by equating partial derivatives to zero:  

𝜕𝜕𝜱𝜱
𝜕𝜕𝑬𝑬 (𝑬𝑬

∗, 𝑷𝑷,𝑾𝑾) = 0                                                      (20) 

This gives a system of linear algebraic equations regarding the vector of parameters to be 
identified E* 

𝑨𝑨𝑻𝑻𝑾𝑾𝑨𝑨𝑬𝑬∗ + 𝑨𝑨𝑻𝑻𝑲𝑲𝑪𝑪 + 𝑨𝑨𝑻𝑻𝑾𝑾𝑩𝑩𝑷𝑷 − 𝑨𝑨𝑻𝑻𝑾𝑾𝒇𝒇EXP = 0                              (21) 

Introducing the designation for system matrix 𝑹𝑹 = 𝑨𝑨𝑻𝑻𝑲𝑲𝑨𝑨, we obtain the expression for vector 
of identified values: 

𝑬𝑬∗ = 𝑹𝑹−1(𝑨𝑨𝑻𝑻𝑾𝑾𝒇𝒇EXP − 𝑨𝑨𝑻𝑻𝑾𝑾𝑪𝑪 − 𝑨𝑨𝑻𝑻𝑾𝑾𝑩𝑩𝑷𝑷)                                   (22) 

The size of the symmetrical matrix R is equal to the number of parameters to be identified. 
The determinant and condition number of matrix R is very important. Small value of the 
determinant signifies an ill-conditioned identification problem, which can occur by using 
small number of frequencies and by including simultaneously non-identifiable parameters 
(like density, ply thickness and elastic moduli) in the vector E.  
We introduce symbols for matrices: 

𝑸𝑸 = 𝑹𝑹−1(𝑨𝑨𝑻𝑻𝑾𝑾𝑩𝑩)                                                      (23) 

and 

𝑺𝑺 = 𝑹𝑹−1(𝑨𝑨𝑻𝑻𝑾𝑾)                                                       (24) 
Taking into account assumptions about normally dispersed parameter errors and additional 
frequency errors, the standard deviation of k-th identifiable parameter can be calculated 
according to the statistical law for linear sum of random variables [11]. 

STD(𝐸𝐸𝑘𝑘∗) = √∑ (𝑄𝑄𝑖𝑖𝑘𝑘𝜎𝜎𝑖𝑖𝑃𝑃)2𝑚𝑚
𝑖𝑖=1 + ∑ (𝑆𝑆𝑖𝑖𝑘𝑘𝜎𝜎𝑖𝑖𝐹𝐹)2𝐿𝐿

𝑖𝑖=1 + 𝜎𝜎𝑘𝑘𝐸𝐸   ,   k = 1,…, n,                (25) 

It also is not difficult to take in account the correlation between frequency and parameter 
errors, if the covariance matrices can be estimated. 

4 PARAMETER IDENTIFICATION WITH ROBUSTNESS CONTROL 
The identification consists of two-stage optimization. During the first stage, the metamodel 

is built for the dependence of natural frequencies on the elastic parameters E and noisy 
constants P, and the unconstrained minimization of the discrepancy function is provided using 
fixed weighting coefficients W for frequencies. The metamodel is created on the basis of 
computer experiments, which are carried out according to space-filling Latin hypercube 
experimental designs [7]. Usually third-order polynomial approximations are used. The range 
of variation of noisy constants in the computer experiment should not exceed the real 
uncertainty level more than twice, because the following analysis of robustness assumes small 
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parameter deviations. During the creation of the metamodel, accurate mode recognition must 
be provided to exclude large errors of responses (outliers). In most cases the modal assurance 
criterion (MAC) based on Pearson correlation coefficient between two mode shapes allows 
fast and accurate mode grouping. 

 During the second stage, the robustness of the identification is checked. The calculation of 
the standard deviations of identified parameter values is based on the assumed values of 
deviations of noisy constants and natural frequency measurements. In reality these values are 
known only very approximately or not at all. In any case, the estimation of the deviations of 
parameters, used in physical measurements and FEM calculations, should be obtained with 
replicated measurements using a sufficiently large number of specimens. If the deviations of 
noisy constants (and the probability density functions for them) would be known with high 
precision, then the step of robust optimization could include the minimization of the standard 
deviation of identification by variation of weighting coefficients. Since in reality the 
deviations of noisy constants are known rather approximately, then in practice robust 
minimization in this case means simply the choice – to use or not to use some measured 
frequency in the discrepancy function. But the main significance of robustness analysis is the 
ability to compare the precision of different methods (using different modes, non-
dimensionalization and scaling of frequencies) with approximately identical deviations of 
measured parameters. 

After the analysis of the standard errors of identification and the choice of a different 
frequency set for identification, the first stage must be repeated. This process (discrepancy 
minimization – STD minimization) usually converges quickly. 

5 FREQUENCY APPROXIMATION AND NONDIMENSIONALIZATION 
The frequently used simple approximate analytical formula for natural frequencies of 

orthotropic plates with completely free boundary conditions is given by Dickinson [9]. He 
applied characteristic beam functions in Rayleigh’s method to obtain an approximate formula 
for the flexural vibration of specially orthotropic plates. (Specially orthotropic means that the 
orthotropic axes are parallel to rectangular plate edges). 
Using the four elasticity parameters (Ex, Ey, Gxy, xy), three dimensional parameters a, b, h and 
average density parameter , the formula assumes the form: 

𝑓𝑓𝑖𝑖𝑖𝑖 =
𝜋𝜋

2√12√1−𝜈𝜈𝑥𝑥𝜈𝜈𝑥𝑥𝐸𝐸𝑦𝑦 𝐸𝐸𝑥𝑥⁄
∙ ℎ
√𝜌𝜌 (

𝐺𝐺𝑖𝑖4𝐸𝐸𝑥𝑥
𝑎𝑎4 + 𝐺𝐺𝑗𝑗4𝐸𝐸𝑦𝑦

𝑏𝑏4 + 2𝐻𝐻𝑖𝑖𝐻𝐻𝑗𝑗𝜈𝜈𝑥𝑥𝐸𝐸𝑦𝑦
𝑎𝑎2𝑏𝑏2 + 4𝐽𝐽𝑖𝑖𝐽𝐽𝑗𝑗𝐺𝐺𝑥𝑥𝑦𝑦(1−𝜈𝜈𝑥𝑥𝜈𝜈𝑥𝑥𝐸𝐸𝑦𝑦 𝐸𝐸𝑥𝑥⁄ )

𝑎𝑎2𝑏𝑏2 )
1 2⁄

   (26) 

where fij is the natural frequency, measured in Hz, i and j are the number of halfwaves of 
mode shape in x and y direction respectively. The dimensionless parameters G, H, and J are 
functions of the indices i and j and can be taken from literature [9]. Comparison with the FEM 
calculations shows that the error of analytical approximation is about 4% for the case of 
homogenous plate. The analytical expressions of natural frequencies therefore cannot be used 
for accurate identification of elastic properties, but they can help to analyze the nature and 
sources of identification errors. 
As can be seen from equation (26), all frequencies have the coefficient ℎ √𝜌𝜌⁄  and the 
multiplication of all three elasticity moduli with any constant coefficient c causes the 
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increasing of frequency √𝑐𝑐 times. From this follows that it is not possible to simultaneously 
identify plate material density or thickness and elasticity parameters. This effect is called 
isospectral family – systems with different geometrical and elasticity parameters but equal all 
natural frequencies [12]. 

5.1  Partial nondimensionalization of natural frequencies. 
Let us assume that independent standard deviations of frequencies are proportional to mean 

values of frequencies. As can be seen, in approximated analytical expressions (26) the plate 
thickness gives a multiplier √ℎ3 for all frequencies, if the density is calculated as division of 
mass by volume  = M/abh. Therefore it would be very desirable to use not the frequency 
values, but the ratios between them, for example dividing all first L frequency values by the 
sum of frequencies: 

𝑓𝑓𝑖𝑖 = 𝑓𝑓𝑖𝑖
∑ 𝑓𝑓𝑗𝑗𝐿𝐿

𝑗𝑗=1
 , 𝑖𝑖 = 1,2, … , 𝐿𝐿                                                (27) 

This nondimensionalization can be carried out for physically measured and numerically 
calculated frequency values. Obviously, the nondimensional frequencies of this type (at least 
for analytical model Eq.(26)) do not depend on the plate thickness and are not affected by 
thickness errors. The drawback is that the elastic moduli cannot be determined uniquely – the 
frequencies �̃�𝒇 build an isospectral family. As can be seen from expression (26), multiplying 
the values of moduli Ex, Ey, Gxy by the same coefficient will give exactly the same values of 
scaled frequencies �̃�𝒇. Numerical experiments with FEM metamodels showed that the use of 
scaled frequencies gives very accurate identification of Poison’s ratio and the values of elastic 
moduli are determined with an accuracy of common unknown coefficient. This means that the 
values of nondimensional ratios Ey/Ex and Gxy/Ex can be determined very accurately. 
Therefore for practical use in identification, the lowest frequency was used without scaling: 

𝑓𝑓1 = 𝑓𝑓1,  𝑓𝑓𝑖𝑖 = 𝑓𝑓𝑖𝑖
∑ 𝑓𝑓𝑗𝑗𝐿𝐿

𝑗𝑗=1
 , 𝑖𝑖 = 2,3, … , 𝐿𝐿                                        (28) 

The lowest frequency for the Dickinson’s analytical frequency model [9] is the torsional mode 
f2,2 

𝑓𝑓1 = 𝑓𝑓2,2 = 1.10279ℎ√𝐺𝐺𝑥𝑥𝑥𝑥
𝑎𝑎𝑎𝑎√𝜌𝜌 = 1.10279√ℎ3√𝐺𝐺𝑥𝑥𝑥𝑥

√𝑀𝑀𝑎𝑎𝑎𝑎    .                                 (29) 

6 EXAMPLE OF IDENTIFICATION 
The designs of computer experiments optimized according to the MSE space filling 

criterion [7], the polynomial and kriging metamodels and the optimization software EDAOpt 
[8] have been used for the identification of composite material properties for more than 10 
years [3]. In the present study we demonstrate the use of the proposed method for the example 
problem and frequency measurements of P. Pedersen and P.S. Frederiksen [14], that have 
been used by many authors [4,10,13]. They measured the first ten natural frequencies of a thin 
glass/epoxy composite laminate with a stacking sequence of [0,-40,40,90,40,0,90,- 40]s. We 
seek the four in-plane ply-elastic constants of a thin composite laminate: Ex, Ey, Gxy and νxy. 
The rectangular plate had the dimensions (length a, width b and thickness h) given in Table 1. 
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Normal probability density distributions were used for uncertainties of noisy constants a, b, h, 
. The plate was attached by two strings which were assumed to be modeled appropriately by 
free boundary conditions. The measured frequencies are provided in Table 2. 

 
Table 1: Plate properties: length (a), width (b), thickness (h) and density (ρ) and their standard deviations 

Parameter a (mm) b (mm) h (mm)  (kg/m3) 
Mean value 209 192 2.59 2120 

Standard deviation 0.25 0.25 0.01 10.6 
 

Table 2: Measured natural frequencies [12] and assumed standard deviations [4] 

Frequency f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 
Value (Hz) 172.5 250.2 300.6 437.9 443.6 760.3 766.2 797.4 872.6 963.4 
STD % 0.5 0.52 0.54 0.58 0.585 0.686 0.687 0.697 0.721 0.75 

 
The 301-point 8-factor sequential MSE-optimized design [7] was used for metamodel 
building. The 8 factors were four elastic parameters Ex, Ey, Gxy, xy and four noisy constants a, 
b, h, .  

For FEM calculations the software ANSYS was used with elements SHELL 281. Third-
order polynomial approximations were used for metamodeling. The oscillation modes 4-5 and 
6-7 were mixed up (interchanged) for many points of experimental design in the output file of 
ANSYS. The relative cross-validation errors for frequencies 4,5, and 6, 7 with mixed modes 
were 3.9% and 10.2% respectively. After automatic mode recognition the cross-validation 
errors decreased to 0.03%, except for modes 2,3 and 9,10 which had CVE of about 0.2%. It 
must be noted that standard deviation from the mean value of frequency responses are about 
25 times smaller than the mean value. Therefore if the relative error would be calculated in 
relation to the mean value, the numbers would be correspondingly 25 times smaller, that is, 
approximately 0.008%. This means that the approximation error is at least 100 times smaller 
than the error of physical measurements.  

Using partially nondimensionalized frequencies the mean difference between measured 
and calculated frequencies for identified parameter values were about 0.2%. 

Table 3 shows the comparison of identification results obtained by different authors. As 
can be seen, the estimated standard deviation of Poison’s ratio when using dimensioned 
frequencies is 59%. This means that using discrepancy minimization with dimensioned Hz 
frequencies it is not possible to identify the Poison’s ratio if the frequency measurement 
standard deviation exceeds 0.5%. At the same time, using the partially scaled frequency 
approach, the estimated standard deviation for Poison’s ratio is only 2.6%, which means that 
the accuracy of identification is very high. 

In the publications of other authors regarding the identification of this plate, the evaluation 
of the standard deviation of identified parameters is given only in [4]. The present results of 
identification within 1-2 standard deviations overlap with the results given in [4], but the 
results obtained with the partial scaling method have 2 times smaller standard deviation for 
elasticity moduli and 5 times smaller STD for Poison’s ratio. Therefore identification with the 
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robust optimization approach is much more precise if it is assumed that the FEM model gives 
sufficiently accurate frequency calculations without systematic error. 
 

Table 3: Comparison of identification results obtained by different authors 

Method Ex      STD    CV% Ey     STD    CV% Gxy    STD  CV% xy      STD  CV% 
Present Hz 62.81  4.41   7.01 20.97  2.88  13.7 9.47   2.39  25.2 0.246   0.14     59 
Present scaled 65.40  1.15   1.75 22.63   0.42  1.84 8.39    0.21  2.51 0.186   0.005   2.6 
[14] 61.3    -----  ------ 21.4   ------  ----- 9.8    -----    ----- 0.280  -----  ----- 
[4] 60.8    1.85   3.05 21.3    1.16    5.46 9.87   0.59   5.96 0.27     0.034   12.2 
[13] 56.5   -----   ------ 20.8   ------  ----- 11.8   -----  ----- 0.349    -----  ----- 
[10] 57.2   -----   ----- 21.4   ------  ----- 11.3   -----  ----- 0.300    -----   ----- 

 

7 CONCLUSIONS 
- The use of the natural frequency metamodel with „noisy constants” included in the set 

of input variables and weighted discrepancy minimization method allows obtaining the 
estimated values for standard deviations of identified parameters. 

- The use of calculated standard deviations of identified parameters allows the 
formulation of the identification problem in the form of robust minimization – 
simultaneous minimization of the discrepancy function and the standard deviations of 
determined values by variation of unknown values of elastic parameters and weighting 
coefficients. 

- The third-order polynomial approximations for the dependence of natural frequencies 
(calculated by FEM) on the elastic parameters and „noisy constants” gives the 
prediction error of metamodel, which is approximately 100 to 200 times less than the 
frequency errors caused by uncertainty of geometrical and physical parameters of the 
composite material specimens. 

- The use of partially scaled frequency values allows to reduce the standard deviations of 
determined values of elastic moduli about two times and the STD value of Poisson’s 
ratio about 20 times in comparison with the use of dimensioned frequency values. 

- The relative standard deviations of all identified values of elastic parameters are 
typically about 3-4 times larger than the relative standard deviations of physically 
measured natural frequencies. The accuracy of elastic moduli identification was about 
4%, Poisson’s ratio – about 14% for 95% confidence level. The method proved that the 
Poisson’s ratio for plate type specimens can be determined using only out-of-plane 
bending modes with about 5% error for 95% confidence level, when frequency standard 
deviations are about 1%. 
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B. Schrefler, E. Oñate and M. Papadrakakis(Eds)

SIMULATION OF SELF-HEALING PROCESSES IN MICROCAPSULE

BASED SELF-HEALING POLYMERIC SYSTEMS

Steffen Specht∗, Joachim Bluhm∗ and Jörg Schröder∗

∗Institute of Mechanics
University of Duisburg-Essen
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Abstract. Self healing materials are becoming more and more important for the construction of

mechanical components due to their ability to detect and heal failures and cracks autonomously.

Especially in polymers and polymer-composites, where the component can loose a high rate of

strength and durability due to micro cracks, those damages are nearly impossible to repair from

outside. Thus, self healing ability is a very effective approach to extend the lifetime of polymer-

made components.

In view of the numerical simulation of such self healing effects we develop a thermodynam-

ically consistent macroscopic 5-phase model within the theoretical framework of the Theory of

Porous Media. The model consists of the following different phases: solid (matrix material)

with dispersed catalysts, liquid (healing agents), healed material and gas (air inside the cracks).

The increase of damage is driven by a discontinuous damage evolution equation. Furthermore, a

mass exchange between the liquid-like healing agents and the solid-like healed material, i.e. the

change of the aggregate state from liquid healing to solid healed material, describes the healing

process. The onset of the healing process is associated with the break open of the microcapsules

in connection with the subsequent motion of the liquid healing agents. A numerical example of

the simulation of damage and healing processes in polymers, is presented in order to show the

applicability of the model.

1 INTRODUCTION

Self-healing materials have the ability to repair damages autonomously, i.e., no manual in-

tervention is necessary. Such a behavior can be realized for example with a multiphase material,

which consists of a solid matrix material (epoxy) with dispersed catalysts (Grubbs’ catalysts)

and microcapsules, which are filled with liquid healing agents (dicyclopentadiene). If a crack

propagates through the body, the capsules break open and release the healing agents into the

crack, where they react with the catalysts, polymerize and close the crack, cf. [1]. Such a self-

healing approach is very useful for components where the detection and repair is very difficult

1
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and/or very costly like in aerospace applications. For an overview of different self-healing ma-

terials can be found in [2], whereas [3] and [4] show the different principles of self-healing.

In view of the numerical simulation of self-healing materials, several examples can be found

in literature. Some of these publications are listed in the following:

Self healing effects of polymers in an analytical manner where analyzed by [5]. Regarding

fiber reinforced composites the self healing behavior was investigated and simulated by [6–8].

In view of the development of thermodynamically consistent models it is referred to [9–11]. In

[12] the simulations base on Continuum Damage Mechanics (CDM), and [13] taking continuous

damage and healing variables into account. The model of [14] is based on the Mixture Theory.

In this contribution we focus on the numerical simulation of self-healing materials using the

Theory of Porous Media, as described in the following.

2 THEORY

For the description of coupled multiphase problems, the Theory of Porous Media (TPM) can

be used. This macroscopic continuum mechanical approach is basically a combination of the

Mixture Theory and Concept of Volume Fractions.

Using the the Mixture Theory, one is able to describe, for example, all κ constituents ϕα

of a multiphase problem by their own independent motion function. Furthermore, the super-

position of the phases is assumed, i.e., all different constituents appear in a spatial point x
simultaneously, see Figure 1. Due to that, all geometrical and physical quantities are defined as

statistically averages of the real quantities in the observed body.

microstructure ”smeared” model

Solid (S)

Catalysts (C)

Healed Material (H)

Liquid Healing Agents (L)

Gas/Crack (G)

homogeni-

zation

Figure 1: Homogenization of the microstructure.

Additionally, with help of the concept of volume fractions, the different constituents ϕα in

a material point x can be identified by the volume fraction of the corresponding phase, which

relates the real quantities with the partial quantities. For example, the partial density ρα of a

certain constituent can be directly related to its real density ραR using the corresponding volume

2
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fraction nα = dvα/dv, such that ρα = nαραR. The sum over all κ volume fractions nα in a

material point x is restricted by the so called saturation condition
κ∑

α=1

nα = 1 . (1)

For a detailed introduction into the Theory of Porous Media, the interested reader is referred

to the publications [15–20].

3 SIMPLIFIED FIVE-PHASE MODEL

In the following the developed five phase model for the description of the considered self

healing material will be presented. It consists of the solid matrix material (S) with dispersed

catalysts (C), the liquid healing agents (L), the solid like healed material (H), and the gas phase

(G), which represents the air. In order to build up the model, some assumptions and simplifi-

cations are made: 1) the whole is treated as isothermal; 2) dynamic effects are neglected; 3)

mass transition will be considered only between the liquid like healing agents and the solid like

healed material, in order to describe the phase transition of the healing material; 4) all phases

are assumed to be incompressible (ραR = const.), except the gas phase which is compressible

(ρGR �= const.); 5) the volume fraction of the catalysts is neglected with respect to the satu-

ration condition, due to the fact that it is very small in comparison with the other phases; 6)

the velocities of the solid and the solidified healed material are assumed to be identical, ex-

cept at an initial solid motion, i.e., before the healing mechanism is activated. This leads to a

multiplicative decomposition of the deformation gradient, depicted in Figure 2, in the form

FS = Grad χS =
∂χS

∂XS

= FH FS0 , (2)

which can be found in [21–23]. Due to the multiplicative decomposition of the deformation

gradient, three different right Cauchy-Green deformation tensors (corresponding to the whole

deformation, the deformation before and after the healing is activated) are available,

CS = FT

S
FS , CS0 = FT

S0
FS0 , ĈH = FT

H
FH . (3)

3.1 Field Equations

Considering the above mentioned assumptions and simplifications, the field equations are

given by the balance equation of mass for the solid, healed material, liquid healing agents,

catalysts and gas,

(nS)′
S
+ nS div x′

S
= 0 , (nH)′

S
+ nH div x′

S
=

ρ̂H

ρHR
, (4)

(nL)′
L
+ nL div x′

L
= −

ρ̂H

ρLR
, nS (cC)′

S
− div (nS cC wCS) = ρ̂C ,

(nG)′
G
+ nG div x′

G
+

nG

ρGR
(ρGR)′

G
= 0 ,

3
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FS0 nS0 , n
L
0

Bi

FH

healing

nS , nL

B

FS = FHFS0

reference config.

B0

nS0S , n
L
0S

intermediate config.

actual config.

Figure 2: Illustration of the multiplicative decomposition of the deformation gradient of the solid phase.

the balance equations of momentum for the mixture as well as for the liquid and gas phases,

div TSHLCG + ρSHLCG b = − ρ̂H wLS , div TL + ρL b = − p̂L , (5)

div TG + ρG b = −p̂G ,

and the material time derivative of the saturation condition with respect to the solid phase,

div ( nLwLS + nGwGS + x′

S
) +

nG

ρGR
( ρGR )′

G
− ρ̂H (

1

ρHR
−

1

ρLR
) = 0 . (6)

With the symbol (. . . )′α, the material time derivative of the expression with respect to the

corresponding constituent ϕα is indicated and ˆ(. . . ) denotes the direct production terms, in this

case of mass and momentum, respectively. The relative velocities wζS = xζ −xS (ζ = L,C,G)
are the difference velocities between the phases ζ and the solid phase. The value cC ∈ [0, 1]
indicates the concentration of catalysts and Tα = (Tα)T are the symmetric Cauchy stress

tensors for the different constituents. The expressions TSHLCG and ρSHLCG describe the sum of

the corresponding Cauchy stresses and partial densities, respectively, of the individual phases.

3.2 Constitutive Relations

In order to be able to solve the problem, constitutive relations for the stresses and the total

production terms of mass and momentum are needed. In the following, just the final equations

are given. For the derivation of these equations, it is referred to [24].

The constitutive relations for the Cauchy stresses read

TSH = − nSH λ I +
1

JS
{ ( 1 − DS ) [ 2µSKS + λS ( log JS ) I ] + (7)

+ ǫH nH JS ( 1 − DH ) [ 2µHKH + λH ( log JH ) I ] } ,

TL = − nL pLR I , TG = − nG pGR I , TC = − nC pCR I .

4
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In Eq. (7)1, the variables JS = detFS and JH = detFH represent the volume deformations

of the solid and healed material, respectively. The expressions KS = 1

2
(BS − I) and KH =

1

2
(BH − I) are the Karni-Reiner strain tensors, whereat BS = FSF

T

S
and BH = FHF

T

H
are the

left Cauchy-Green strain tensors of the solid and healed material, and I is the identity tensor.

The material parameters µS, µH and λS, λH are the Lamé constants. In order to ensure that the

healed material part of the Cauchy stresses get its full influence only if the liquid is completely

transformed into healed material, the parameter ǫH is chosen such that the product ǫHnH is equal

to one if nH reaches its maximum. The variables DS and DH are damage variables in order to

describe the isotropic discontinuous damage behavior of the solid and also the healed material.

The so called (1 − D) approach was originally introduced in [25] and further discussed, e.g.

in [26, 27]. The Lagrange parameter λ in Eq. (7)1 is defined as

λ = pGR − ph , (8)

where pGR is the real gas pressure given by the nonlinear gas law

pGR = −ΘRG ρGR

0G
log

ρGR

0G

ρGR
+ pGR

0
, (9)

and an additional pressure ph, which is alligned to the capillary pressure presented in [28],

ph = kL

h
sL

[
log

(
sL0
sL

− sL
0

)
− log (1 − sL

0
)

]
. (10)

The absolute temperature is given by Θ, RG denotes the specific gas constant, ρGR

0G
and pGR

0
are

initial real gas density and the initial real gas pressure. The constants kL
h

and sL0 are material

parameters and the liquid saturation sL = nL/(nL + nG) is the ratio of liquid with respect to

the whole hollow space inside the observed body. Furthermore, the real liquid pressure pLR,

appearing in Eq. (7)2, is given by

pLR = pGR + kL

h

[
log

(
sL
0

sL
− sL0

)
− log

(
1 − sL0

) ]
, (11)

see also [28]. The pressure part of Eq. (7)3 is the real pressure of catalysts,which is given by

pCR = −kC log
1

cC
+ pCR

0 , (12)

whereat the concentration cC is defined as the quotient of the volume fraction of the catalysts

with respect to the volume fraction of the solid cC = nC/nS.

For the description of mass exchange between the liquid healing agents and the solid healed

material ρ̂H, see equation (4)2,3, the production function proposed in [29] is used and modified

such that it depends on the concentration of catalysts,

ρ̂H = ρ̂H
m

(
cC − cC0

cCm

)2

exp

[
1 −

(
cC − cC0

cCm

)2
]
. (13)

5

875



Steffen Specht, Joachim Bluhm and Jörg Schröder

Therein, ρ̂H
m

is the maximum value of ρ̂H, and cC
0

is the maximum value of the concentration.

The parameter cC
m

defines the value of concentration where ρ̂H becomes its maximum. Due to

the fact that the amount of catalysts decreases in areas where healing occur, the total production

term of mass for the catalysts ρ̂C in Eq. (4)4 is set to be a negative and constant value.

Furthermore, due to the evaluation of the entropy inequality, the direct production terms of

momentum for liquid and gas are given by

p̂L = λ grad nL − ph grad nG + p̂L

E
, (14)

p̂G =
(
λ + ph

)
grad nG − p̂G

E
.

In Eq. (14) the vectors p̂L

E
and p̂G

E
denote the effective parts of the direct production terms of

momentum, which are defined as

p̂L

E
= − γL

wLS
wLS − γL

wGS
wGS , p̂G

E
= − γG

wGS
wGS − γG

wLS
wLS , (15)

whereat the occurring material parameters are restricted by

γL

wLS
≥ 0 , γG

wGS
≥ 0 , γL

wGS
+ γG

wLS
= 0 . (16)

4 NUMERICAL EXAMPLE

In order to show the applicability of the developed model, a numerical simulation of a real

experiment, cp. [30], is carried out. The dimensions of the specimen and the damaged virtual

specimen are depicted in Figure 3. It is discretized with 142 linear eight-nodular brick elements

and the total number of degrees of freedom is 2492. On both flanks a displacement of u = 0.6
mm is applied in y-direction. Moreover, the boundary surface at the beginning of the notch is

open for the gas phase, i.e., air can flow in and out.

25.4

92

31.75

2
8

6
1

21.8◦

2.5

6.25

45◦

7
6

.2

Figure 3: TDCB geometry, cp. [30] (left); damaged virtual specimen (right).

During the loading the TDCB fails. After the loading process the specimen is unloaded,

because in the real experiment the specimen is able to heal, only if the crack faces come into

6
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contact. Then, the TDCB gets 48 hours resting time before it is reloaded. As it is depicted in

Figure 4, the results of the numerical simulation is qualitatively in a very good agreement to the

experimental results of [30].

Table 1: Initial material parameters.

S H L G C unit

Young’s modulus Eα 3.0e+9 3.0e+9 – – – Pa

Poisson’s ratio να 0.2 0.2 – – – –

real density ραR0α 1200.0 980.0 980.0 1.0 – kg/m3

Darcy parameter kα
Darcy – – 9.0e-9 5.0e+2 – m4/N s

Parameter associated with healing kL

h – – 5.0e+1 – – Pa

initial volume fraction nα 0.7 0.0 0.2 0.1 – –

initial concentration cα
0

– – – – 1.0 ×100%

initial saturation sL0 – – 0.9 – – –

η = 88.1%

Figure 4: Experimental result, cp. [30] (left); result of the numerical simulation (right).

5 CONCLUSION

The presented work concentrates on the numerical simulation of damage as well as heal-

ing effects in a self-healing polymer composite. As the underlying theoretical framework the

Theory of Porous Media is used. The developed multiphase model consists of the solid matrix

material with dispersed catalysts, the liquid like healing agents, the solid like healed material,

and the gas phase. For the separate description of damage for the solid and the healed material,

two different damage functions are introduced based on the (1 −D) approach. In order to de-

scribe the healing mechanism, a phase transition between the liquid healing agents and the solid

healed material is considered.

7
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To show the applicability of the developed model, the numerical simulation of a tapered

double cantilever beam (TDCB) is compared with the experimental result from [30]. The sim-

ulation shows a qualitatively good agreement with the experimental observation, even for the

healing efficiency. The divergence between both results can be explained, e.g., due to the fact

that the healing of the real specimen depends on different factors, like wetting, different distri-

butions of microcapsules and catalysts in the damaged area, etc.. Hence, it can be assumed that

the resulting load-displacement curves of different specimens vary.
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Abstract. In this work, a solution strategy based on the use of Padé approximants
is investigated for efficient solution of parametric finite element problems such as, for
example, frequency sweep analyses. An improvement to the Padé-based expansion of the
solution vector components is proposed, suggesting the advantageous a priori estimate
of the poles of the solution. This allows for the intervals of approximation to be chosen
a priori in connection with the Padé approximants to be used. The choice of these
approximants is supported by the Montessus de Ballore theorem, proving the convergence
of a series of approximants with fixed denominator degrees. An acoustic case study is
presented in order to illustrate the potential of the approach proposed by the authors.

1 INTRODUCTION

The use of Padé approximants in order to improve the performance of Finite Element
(FE) solution procedures, e.g. for frequency sweeps in structural-acoustic applications,
has been given substantial attention in the last decade. These expansion methods have
shown to be very efficient for a wide range of problems such as for the control theory [1, 2],
acoustics or structural dynamics problems [3–5], or coupled problems [6–10].

In the work initiated with the present paper, the authors build upon previous contri-
butions related to both a modal approach for coupled structural-acoustic problems with
dissipative media [11, 12], and its combination with the component-wise solution approxi-
mation by Padé approximants [6]. The main idea is to introduce an early step in the Padé
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approximation procedure where poles of the response would be calculated. This step has
a twofold objective: i) with an accurate estimate of the poles of the response, a solid
foundation is provided for the Padé approximants to be calculated, thus ensuring a good
convergence of these approximants, and ii) with the poles known early in the procedure,
the choice of approximants in combination with their subdomains of convergence may
be done a priori, thus ensuring an efficient reconstruction of the response over the entire
domain of interest.

In the first part, the main steps of the component-wise Padé approximation procedure,
as previously used by the authors [6], are recalled . In the following section, the addition
of a priori knowledge of the poles of the response –an original step to best of the authors’
knowledge– is detailed. It is then tested in the last part on an academic acoustic problem
allowing for a detailed discussion of the potential of the proposed method. Further steps,
currently under investigation by the authors, are presented in the conclusion.

2 UNIVARIATE SOLUTION EXPANSION USING PADÉ APPROXIMANTS

2.1 Numerical calculation of the Padé coefficients

The starting point of the component-wise Padé univariate sweep, as described in [6],
is given by a linear system of equations in the following form,

K(x)U(x) = F(x), (1)

where x is the independent variable of the problem, e.g. the angular frequency ω for
the problems of interest in this contribution. In an FE problem, K(x), U(x), and F(x)
represent the system matrix of the discretized problem, the solution vector and the vector
of externally applied loads, respectively.

A component-wise solution expansion of the solution vector may be sought as Padé
approximants in the form

u(x0 +∆x) ≈ PL(∆x)

QM(∆x)
, (2)

where the solution vector U(x0), of which u(x0) is a component, is assumed to be known
after solving the system in Eq. (1). PL(∆x) and QM(∆x) are two truncated power series
in the variable ∆x = (x− x0), to the orders L and M respectively, and given by

PL(∆x) =
L∑

k=0

pk(∆x)k, (3a)

QM(∆x)=
M∑
k=0

qk(∆x)k. (3b)

In previous works, it was shown that the coefficients of these power series may be deter-
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mined from the coefficients of the Taylor series expansion [13]

AL+M(∆x) =
L+M∑
k=0

ak(∆x)k, (4)

where

ak =
u(k)(x0)

k!
, with u(0)(x0) = u(x0) = a0. (5)

These coefficients pk and qk are indeed solutions of the system of linear equations resulting
from equating the Padé approximant in Eq. (2) to the Taylor series expansion Eq. (4),
such that

PL(∆x)− AL+M(∆x)QM(∆x) = 0, (6)

where the identification of the coefficients of equal order in ∆x enables the formation of
a set of (L+M + 1) equations, after normalizing the zero-order denominator coefficient,
i.e. q0 = 1. In a first step, this leads to the following system of linear equations with the
denominator coefficients qk as unknowns,




aL · · · aL−M+1
...

...
aL+M−1 · · · aL






q1
...
qM


 = −



aL+1
...

aL+M


 with ai := 0 if i < 0. (7)

The numerator coefficients may subsequently be determined in a second step by simple
algebraic operations,

pk =
M∑
i=0

qia(k−i), (8)

with {
k = 0 · · ·L
aj := 0 if j < 0

.

The calculation of these Padé coefficients however depends on the ability to efficiently
calculate the L+M successive partial derivatives of the solution vector, at the reference
point x = x0, as implied by Eq. (5). This may be achieved via a recursive scheme, using
a Leibniz formula resulting from the differentiation of Eq. (1) with respect to x, at order
k, in x0,

k∑
j=0

(
k
j

)
Z(k−j)(x0)U

(j)(x0) = F(k)(x0), for k = 1, . . . , (L+M), (9)

where the zero-order derivatives correspond to the non differentiated functions, and the
binomial coefficients are given by

(
k
j

)
=

k!

j!(k − j)!
. (10)
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The recursive expression for U(k)(x0) follows from extracting the highest-order term from
the summation in Eq. (9),

Z(x0)U
(k)(x0) = F(k)(x0)−

(k−1)∑
j=0

(
k
j

)
Z(k−j)(x0)U

(j)(x0), for k = 1, . . . , (L+M), (11)

This implies that the successive derivatives of U with respect to x, required for the
determination of the Padé approximations, can be efficiently calculated as the solution of
a full-sized system of equations, with multiple right-hand sides.

2.2 Comments on the procedure

In agreement with the theoretical background recalled in the previous section, a cor-
responding efficient approach to calculate the Padé-expansion around a solution vector
U(x0) (only one reference point at x0 is considered in the present discussion) essentially
consists of 5 steps:

1. Factorize the system matrix Z of Eq. 1 at x0, and calculate the solution U(x0)
(coefficient a0).

2. Solve for the L+M successive derivatives of U with respect to x using an iterative
multiple right-hand-side procedure, Eq. (11) (coefficients a1 · · · aL+M).

3. For each component of interest in the solution vector, solve for the denominator
coefficients via a small linear system of equations Eq. (7) (coefficients q1 · · · qM ,
q0 = 1).

4. For each component of interest in the solution vector, evaluate the numerator coeffi-
cients via simple algebraic operations as presented in Eq. (8) (coefficients p0 · · · pL).

5. For each component of interest in the solution vector, evaluate the solution expan-
sion around x0 by evaluating Eq. (2).

Note that while the first two steps have to be performed at a global scale, involving the
full size of the original problem, the last three steps may be limited to the degrees of
freedom of interest for the solution. A few remarks may be made in relation with the five
main steps detailed above:

• Step 2 involves a multiple right-hand-side problem with as many recursions as the
number of numerator and denominator coefficients. In practice, there is a limit in the
number of recursions that can be performed: the propagation of the small numerical
error made at each recursion eventually affects the accuracy of the successive partial
derivatives.
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• More importantly, the system matrix involved in the solutions of Eq. (7) has the
form of a Toeplitz matrix, which, although benefiting from very efficient algorithms,
may become rapidly ill-conditioned with its increasing dimension. This implies that
the solution of Eq. (7) may become sensitive to small errors of the right-hand-side,
which consists of the Taylor coefficients, dependant on the accuracy of the successive
partial derivatives.

• In addition to the previous points, the right-hand-side of Eq. (7), as well as the
components of the system matrix, consist of the Taylor coefficients of highest order,
i.e. those most costly to calculate (latest stages of the recursive procedure in step 2)
and those with the most accumulated approximation error.

Even though the procedure presented in this section has proved to be very efficient for
a wide variety of examples [4, 6, 7], it appears that some of its steps may be improved in
light of the points aforementioned. The following section discusses one such possibility,
which additionally opens for the possibility of an a priori choice of Padé approximants
and their associated range of convergence.

3 A PRIORI CHOICE OF PADÉ APPROXIMANTS AND CONVERGENCE

3.1 Convergence of Padé approximants

The convergence of Padé approximants is a broad topic which has been given much
attention by specialists for decades [13]. In the present work, a key result from the so-called
Montessus de Ballore theorem, on the convergence of a series of Padé approximants [14],
is highlighted. This theorem guarantees, assuming a meromorphic function within a disk
(which is typically the case for the FE solutions of interest in this work), the uniform
convergence, except at poles of this function, of a sequence of Padé approximants of
increasing numerator degree, fixed denominator degree, and whose poles correspond to
simple poles of the approximated function within the considered disk. Thus, this result
implies that, given a set of simple poles of the function to be approximated, which define a
disk of anticipated convergence, uniform convergence will be observed on this disk, except
at the poles location, for a denominator degree corresponding to the number of poles, and
an increasing numerator degree.

It is on the basis of this result that the following section suggests an improved approach
in order to determine a priori, both the Padé approximants and their anticipated domain
of convergence, thus enabling the systematic approximation of FE solutions involving
parameter sweeps in a wide range.

3.2 An improved procedure with a priori control of the convergence

Following the observation made in the previous section, the poles of the Padé ap-
proximants play a key role in order to ensure a reliable reconstruction of the solution.
Additionally, the poles of these Padé approximants should correspond to the zeros of the
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characteristic equation of the FE system matrix. Thus, starting with a step at a global
scale (full-sized system of equations) by determining the zeros of this characteristic equa-
tion within subsets of the range of parametric sweep, would allow to address the comments
made in Section 2.2:

• Replace the vector-component-wise step of solving for the denominator coefficients
with Eq. (7).

• Ensure to have the same poles from one component to the other of the approximated
solution vector, and thus, in light of the convergence properties recalled in the
previous section, to enforce the same domain of convergence for all components.

• Reduce the number of Taylor coefficients required to be recursively calculated with
Eq. (11), or reallocate them in order to have numerator polynomials of higher de-
grees, thus ensuring a more accurate approximation over the domain of convergence
of the approximants.

• Use the information provided by the location of these poles in order to decompose
the range of the parametric sweep into subdomains corresponding to one reference
point of solution expansion and its associated convergence interval.

For the sake of validation in the scope of this contribution, the system matrix K(x)
in Eq. (1) is here supposed to be a quadratic function of x with real-valued eigenvalues,
solution of a polynomial characteristic equation. The application to more general cases is
an important extension for the validation of such an approach which will be presented in
further contributions by the authors. Thus, Step 3 in Section 2.2 would be replaced by a
step at the global scale, including the calculation of the roots {x̂01, · · · , x̂0M} closest to
x0, solution of the characteristic equation

det (K (x)) = 0. (12)

The steps of Section 2.2, for the Padé-based approximation of the solution around x0

may therefore be updated to the following 6-step procedure aiming at the same domain
of convergence (i.e. the same number of poles):

1. Solve for a set of roots {x̂1, · · · , x̂n} , n > M, solution of the characteristic equation
Eq. (12), including the subset of the M closest roots to x0 denoted {x̂01, · · · , x̂0M}.

2. Factorize the system matrix Z of Eq. 1 at x0, and calculate the solution U(x0)
(coefficient a0).

3. Solve for the L′ successive derivatives of U with respect to x using an iterative
multiple right-hand-side procedure corresponding to Eq. (11) (coefficients a1 · · · aL′).
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4. Once for all the components of interest in the solution vector, and assuming simple
roots at this stage, identify the M coefficients q1, · · · , qM such that

(−1)M

x̂01x̂02 · · · x̂0M

(x− x̂01) (x− x̂02) · · · (x− x̂0M) = 1+q1x+q2x
2+ · · ·+qMxM . (13)

(coefficients q1 · · · qM , q0 = 1).

5. For each component of interest in the solution vector, evaluate the numerator coeffi-
cients via simple algebraic operations as presented in Eq. (8) (coefficients p0 · · · pL′).

6. For each component of interest in the solution vector, evaluate the solution expan-
sion around x0 by evaluating Eq. (2).

The first step becomes an important stage when considering a parametric sweep en-
compassing a large number of poles, as well as higher-multiplicity poles. An initial step
where a sufficiently large number of poles may be determined –potentially all the poles
in the range of interest– allows for an a priori decomposition in subintervals of Padé-
based reconstructions. These intervals are typically defined by a fixed number of poles,
or by pushing poles with a higher order multiplicity to their bounds. In contrast with
the original procedure in Section 2.2, this latter point prevents the procedure from being
potentially hampered by the appearance of a higher-multiplicity pole within an interval
of reconstruction, which would concentrate the approximation at a singularity where no
convergence can be expected in the sense of the Montessus de Ballore theorem. It may
be argued that the pole-based bounds from one interval to the other can be chosen as
distinct poles. Then, if we consider three consecutive intervals centered on the interval
associated with x0,

· · · [· · · , x̂01−1] [x̂01, x̂0M ] [x̂0M+1, · · · ] · · · (14)

This suggestion is supported by the empirical evidence available for engineering applica-
tions [4, 6, 7] showing the slow divergence of Padé approximants outside of the convergence
bounds, especially for smooth responses. The analysis of the reconstruction of solutions
around multiple intervals is however left for a discussion beyond the scope of this contri-
bution where the attention is turned towards the validation of this procedure on a single
interval of reconstruction.

Another point to be highlighted from the upgraded procedure presented above concerns
the fact that the numerator polynomial degree L′ may be increased (L′ ≥ L) thanks to the
reduced number of successive derivatives that need to be calculated in Step 3. In light of
the Montessus de Ballore theorem on the convergence of a series of Padé approximants and
the limitations associated with the number of successive derivatives of the global solution
vector that may be iteratively calculated, this may imply the possibility to increase the
range of convergence of each interval in the reconstruction procedure. As a consequence,
the number of required intervals required to cover the entire parametric sweep may be
subsequently reduced.
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Finally, the reference point at x0 may be placed in the close vicinity (x0 should not
coincide with a pole so as not to jeopardize the calculation of the successive derivatives
of the solution vector) of the interval mid-point

x0 =
x̂01 + x̂0M

2
. (15)

Note that if the poles are complex-valued, e.g. in the case of a frequency sweep for a
damped dynamics problem, the mid-point may be calculated from the real part of the
poles.

4 NUMERICAL EXPERIMENT AND VALIDATION

In this section, some points of comparison between the original procedure in Section 2.2
and the updated one are analysed on a simple validation case consisting of a conservative
acoustic problem. A rigid acoustic cavity of dimensions 0.1 × 0.15 × 0.25 m3 is excited
at the corner (0, 0, 0) with a time-harmonic acoustic point source for consideration in
the range f = [500, 2250] Hz. The acoustic pressure fluctuation at the arbitrary position
(0.06m, 0.11m, 0.16m) is used in order to compare the frequency sweeps obtained by using
a Padé approximant on one interval with the reference solution. There are 11 eigenfre-
quencies of the acoustic cavity within the range of interest, see Table 1.

Table 1: Eigenfrequencies of the acoustic cavity in the range f = [500, 2250] Hz.

Mode order (l,m, n) (0, 0, 1) (0, 1, 0) (0, 1, 1) (0, 0, 2) (1, 0, 0) (0, 1, 2)
Eigenfrequency (Hz) 686 1143 1333 1372 1715 1786
Mode order (l,m, n) (1, 0, 1) (0, 0, 3) (1, 1, 0) (1, 1, 1) (1, 0, 2)
Eigenfrequency (Hz) 1847 2058 2060 2172 2196

First, anticipating a limitation in the Padé approximants orders mostly due to the
loss in precision associated with the recursive multiple-right-hand-side solution step, a
convergence test is made for a fixed denominator degree of 7 (at most seven poles in the
solution can be captured). The two procedures are compared, for one Padé approximant
with increasing orders of its numerator, which should imply a uniform convergence on
an interval encompassing the 7 closest poles to the reference frequency. The reference
frequency is first chosen at 1500 Hz, thus limiting the convergence to an interval including
the eigenfrequencies {1143 Hz · · · 2058 Hz}. Fig. 1 compares the convergence for these two
procedures with Padé approximants of numerator expansion orders 6, 9 and 11. The main
conceptual difference between the two procedures can be clearly seen in Figs. 1a and 1b
as the original procedure relies on the scalar-component data in order to determine the
pole of the Padé approximant when the updated approach relies on the eigenfrequencies
of the full-size problem. Consequently, the latter approach enforces the position of the
poles no matter which step of convergence is reached thanks to the polynomial order
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Figure 1: Convergence of the Padé-approximated solution with 7 poles (M = 7), reference
point at 1500 Hz: original procedure (Left) and updated procedure (Right); (a)–(b) L = 6,
(c)–(d) L = 9, (e)–(f) L = 11.
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of the numerator. Thus, as soon as expansion order L = 6 for the numerator, the 7
expected poles are visible on the approximated solution of the updated procedure in
Fig. 1b. In contrast, it appears that two poles are missing for the original procedure
(at 1847 Hz and 2058 Hz). A typical behaviour is for the poles to be shifted away in
such circumstances, in the higher frequency region in this case. Upon convergence with
increasing numerator order, one of the missing poles is shifted down to the domain of
interest, as can be seen in Figs 1c and 1e. It is however shifted from the eigenfrequencies
of the cavity, and one pole remains uncaptured by the approximation. The updated
procedure, however, manages to capture the dynamic content of the response in the
entire interval, all 7 eigenfrequencies as well as the sound pressure level in between being
accurately approximated after an expansion of the numerator to polynomial order 11.
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Figure 2: Convergence limits of the Padé-approximated solution with 9 poles (M = 9),
reference point at 1425 Hz: original procedure (Left) and updated procedure (Right);
(a)–(b) L = 10, (c)–(d) L = 12.
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The convergence limit of the original procedure is further illustrated in Figs 2, where 9
poles are considered, with a reference frequency of 1425 Hz, thus limiting the a priori con-
vergence to an interval including the eigenfrequencies {686 Hz · · · 2060 Hz}. Note that this
interval includes two very close eigenfrequencies (2058 Hz and 2060 Hz) at one bound of
the domain, a challenge for the approximation. Upon reaching limitations due to a combi-
nation of the high order of recursive derivatives in Eq. (11) and the ill-conditioned nature
of the problem in Eq. (7), the Padé-approximation based upon the original procedure fails
to capture the eigenfrequency at 686 Hz, and collapses in the region 1715− 1847 Hz and
above (see Figs 2a and 2c). Indeed, estimating the location of the 9 poles captured by the
approximant (L = 12;M = 9) in Fig. 2c gives two complex conjugate poles together with
{1143Hz, 1210Hz, 1333Hz, 1374Hz, 1717Hz, 1809Hz, 2431Hz}. Note that only 4 eigenfre-
quencies are accurately captured as poles of the approximant. In contrast, the updated
procedure allows to have a good representation over the entire domain anticipated, even
giving a fair approximation of the response at the challenging upper bound, where two
eigenfrequencies almost coincide (see Fig. 2d).

5 CONCLUSIONS

In this contribution, a procedure for the scalar-component Padé approximation ap-
proach is proposed as an alternative to the method where the Padé coefficients are derived
exclusively from the polynomial coefficients of the power series expansion of the solution.
This enhancement suggests that the denominator coefficients, i.e. the poles of the Padé
approximant, may be be advantageously determined from the full system of equations.
Subsequently, the numerator coefficients may be determined, for each scalar component
of the solution vector, from the polynomial coefficients of its power series expansion.

Several points of interest may be highlighted for the potential of this alternative ap-
proach: i) by calculating the denominator coefficients from the full system of equations,
the polynomial coefficients of the power series expansion are used exclusively for the cal-
culation of the numerator coefficients of the approximant, thus allowing to increase the
order of expansion of this Padé approximant; ii) the calculation of the poles of the so-
lution from the full system of equation may ensure that the accurate poles are enforced
for the Padé approximant in the neighbourhood of the expansion point considered, which
opens for the possibility to rely fully on the convergence theorem by Montessus de Ballore;
iii) consequently, the bounds of the intervals of convergence may be determined a priori,
which allows for an optimal decomposition of the parametric range of interest into several
intervals of convergence.

After the illustration on a conservative acoustic problem in this contribution, current
work aims at extending the method to fully coupled dissipative problems and integrating
it in a multi-point solution reconstruction.
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Abstract. A coupled mode model is presented for the propagation of acoustic-gravity waves 
in layered ocean waveguides. The analysis extends previous work for acoustic waves in 
inhomogeneous environment. The coupled mode system is derived by means of a variational 
principle in conjunction with local mode series expansion, obtained by utilizing eigenfunction 
systems defined in the vertical section. These are obtained through the solution of vertical 
eigenvalue problems formulated along the waveguide. A crucial factor is the inclusion of 
additional modes accounting for the effects of spatialy varying boundaries and interfaces. This 
enhancement provides an implicit summation for the slowly convergent part of the local-
mode series, rendering the series rapidly convergent, increasing substantialy the efficiency of 
the method. Particular aspects of the method include high order Lagrange Finite Element 
Methods for the solution of local vertical eigenvalue problems in the case of multilayered 
waveguides, and Gauss-type quadrature for the computation of the coupled-mode system 
coefficients. The above aspects make the present method quite efficient for long range 
propagation in extended waveguides, such as the ones found in geophysical applications, e.g. 
ocean basins, as only few modes are needed for the accurate representation of the wave field. 

1 INTRODUCTION 
 Ocean waves generate acoustic modes in a wide range of acoustic frequencies, as a result of 
non-linear interactions of pairs of nearly opposing gravity waves having equal or nearly equal 
frequencies. In this case, the lower frequency part of the spectrum, nominally for frequencies 
lower than 2 Hz is caused by the nonlinearity of the hydrodynamic equations; see e.g.,  [1,2]. 
Also, in the low frequncy band, energetic acoustic–gravity waves appear as a result of seismic 
activity in the seabed and generation and propagation of tsunami waves; see, e.g., [3] and the 
references cited there. These waves propagating from the open sea to nearshore areas, interact 
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with various layers of the inhomogeneous ocean waveguide and the seabed, and are 
characterised by partial energy exchage of the modes, shoaling and scattering effects. 
Wave propagation and scattering in an inhomogeneous waveguide is an interesting 
mathematical problem finding important applications, as, e.g., underwater acoustic 
propagation and scattering in shallow water and seismoacoustics [4, 5], atmospheric acoustics 
[6] and other. Several methods for treating this, generally non-separable, boundary value 
problem have been proposed, ranging from fully numerical, finite element and finite 
difference methods, to semi-analytical ones, like wavenumber integration, boundary integral 
equation and coupled-mode techniques, as well as various asymptotic models, like ray theory 
and the adiabatic and parabolic approximations; see e.g., [5, 7]. Fully numerical methods are 
computationally intense and thus, their use is more appropriate for short-range/low-frequency 
propagation and local scattering problems.  In this work, a fast-convergent spectral model is 
presented for treating harmonic wave propagation and scattering problems in stratified, non 
uniform waveguides, governed by the Helmholtz equation. The method is based on a local 
mode series expansion, obtained by utilizing local eigenfunction systems defined through the 
solution of eigenvalue problems, formulated along the cross section of the waveguide. 
Following Belibassakis et al. [8] the local mode series are enhanced by including additional 
modes accounting for the effects of inhomogeneous waveguide boundaries and/or interfaces. 
The additional modes provide an implicit summation of the slowly convergent part of the 
local-mode series, rendering the remaining part to be fast convergent, increasing the 
efficiency of the method, especially in long-range propagation applications (see also [9] and 
[10]). Using the enhanced local mode expansion, in conjunction with an energy-type 
variational principle, a coupled-mode system of equations is derived for the determination of 
the unknown modal-amplitude functions. The numerical solution of the local vertical 
eigenvalue problems, in the case of multilayered waveguides, is obtained by means of h- and 
p-FEM (see, e.g., [8, 11]) exhibiting robustness and good rates of convergence. On the basis 
of the above, the coefficients of the coupled-mode system are calculated by numerical 
integration. Subsequently, the solution of the present coupled-mode system is obtained by 
using a finite difference scheme based on a uniform grid and using second-order central 
differences to approximate derivatives.  Particular aspects of the method include high order 
Lagrange Finite Element Methods for the solution of local vertical eigenvalue problems in the 
case of multilayered waveguides, and  Gauss-type quadrature for the computation of the 
coupled-mode system coefficients. The above aspects makes the present method quite 
efficient for long range propagation in extended waveguides, such as the ones found in 
geophysical applications, e.g. ocean basins, as only few modes are needed for the accurate 
representation of the unknown fields. Numerical examples are presented illustrating the 
efficiency of the present model, that can be naturally extended to treat propagation and 
scattering problems in more complicated 3D waveguides. 

2    PROBLEM DESCRIPTION 
Consider the multilayered waveguide of Fig.1. For simplicity we restrict ourselves to a 2D 
problem in an ocean acoustic environment, governed by Helmholtz equation. However, the 
present method and analysis can be naturally extended to more general 3D acoustic-gravity 
waveguides.  
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Figure 1:  Multilayered two-dimensional acoustic waveguide.

The domain (1) (2) (3)D D D D= ∪ ∪ is decomposed into three parts ( )mD , 1,2,3m =  (see 
Fig. 1),  as follows: ( )1D  is the subdomain characterized by 1x a< nand ( )3D  is the subdomain 

characterized by 1x b> ( )b a> , and ( )2D  is the variable cross section subdomain lying 

between ( )1D  and ( )3D .  A similar decomposition is also applied to the (upper and lower) 
boundaries, as well as to the internal interfaces. The acoustic medium inside the domain is 
stratified. The physical properties of the layers, vary with respect to the ( , )x z  coordinates in 
the middle range-dependent subdomain ( )2D ,  and present only vertical variability in the two 
semi-infinite subdomains ( )1D  and ( )3D . Assuming that the whole domain consists of M
layers, a total number of 1M −  interfaces at  ( ), 1,2,..., 1jz h x j M= − = − ,  are considered, 
where ( )jh x  denotes the local depth of each interface (see Fig.1).  The waveguide is 
terminated below by a perfectly rigid (acoustically hard) horizontal boundary, located at 
z H= − . On the other hand, the waveguide is terminated above by an acoustically soft 
boundary, located at 0z = , corresponding to the free surface.  

The density , 1,2,..j j Mρ = , of each layer is assumed to be constant within the layer, 
presenting possibly sharp discontinuities at the interfaces. Moreover, the sound speed   
( ), , 1,2,..jc x z j M= ,   presents both vertical and horizontal variability in the middle 

subdomain ( )2D , and could also exhibit strong discontinuity at the interfaces. The sound 
speed becomes function only of z  in the two  semi-infinite subdomains ( )1D  and ( )3D ,   which 
are then range independent subdomains with respect to both geometry and physical 
parameters. This fact permits us to obtain complete expansions of the wave field in the above 
semi-infinite  regions by means of separation of variables, and consistently formulate the 
conditions of wave incidence and  transmission at x=a and x=b, respectively. 
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2.1   Governing Equations 
Restricting ourselves to monochromatic waves of angular frequency ω=2π f, the acoustic 

harmonic wave propagation problem inside the present  multi-layered waveguide is governed 
by the Helmholtz equation. The respective boundary value problem takes the form of finding 
the continuous function p  representing the acoustic pressure such that 

21 0k
p p

ρ ρ
 

∇ ⋅ ∇ + = 
 

 ,  in    D     (1) 

where the wavenumber ( , ) / ( , )k x z c x zω=  is a piecewise smooth function of the spatial 
coordinates, possibly presenting sharp discontinuities at the interfaces 

( ), 1,2,..., 1jz h x j M= − = − . Eq. (1) is supplemented by the following boundary conditions 

/ 0p z p∂ ∂ − = ,     on   the free surface   0z = , (2) 

/ / 0p n p z∂ ∂ = ∂ ∂ = ,   on  the perfectly rigid (terminating) boundary  at  z H= − , (3) 

where 2 / g ω=  is the frequency parameter of gravity waves (g=9.81m/s2), in conjunction 
with the interface conditions 

1

1 1

j j

p p

n nρ ρ +

∂ ∂
=

∂ ∂
  on  ( ), 1,2,..., 1jz h x j M= − = − .                                                             (4) 

In the previous equations /p n p∂ ∂ = ∇n  denotes the normal derivative, where n  is the unit 
normal vector on each boundary and interface. We consider a transmission problem forced by 
plane waves propagating in the positive x direction. The waves are incident from ( )1D , and 
then they are refracted and scattered in  the range dependent subdomain ( )2D , and finally 
transmitted in  ( )3D . In order to treat the present problem in the infinite domain, complete 
normal-mode type representations of the wave field in the regions of incidence ( )1D  and 
transmission ( )3D  are derived by separation of variables. In particular, the expansion of the 
wavefield in ( )1D  consists of incident and reflected (scattered) waves is as follows,  

( )(1) (1)(1) (1) (1) (1)

1

( )n nik x ik x
n n n

n

p A e B e Z z
∞

−

=

= +∑ (5) 

where the functions (1) ( )nZ z  and the numbers  (1) , 1,2,3...,nk n =  satisfy the following vertical 
eigenvalue problem in ( )1D

( )( )
2 (1) 2(1) (1) 2 (1)

2 ( ) 0n
n n

d Z
k z k Z

dz
 + − =  

,        (6) 

(1) (1)
(1)( 0) ( )( 0) 0,   0n n
n

dZ z dZ z H
Z z

dz dz
= = −

− = = = ,    (7a,b)

in conjunction with the interface condition, 
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( ) ( )1 1(1) (1)( 0) ( 0), 1,2, 1
j jn nZ h Z h j M− + = − − = − , (8) 
( ) ( )1 1(1) (1)

1

( 0) ( 0)1 1 , 1,2, 1j jn n

j j

Z h Z h
j M

z zρ ρ +

∂ − + − −
= = −

∂ ∂
, (9) 

where ( ) ( )(1) (1)/k z c zω= . Similarly, the expansion of the acoustic wavefield in the region of 

transmission ( )3D , consists only of outgoing radiated waves, and is given by 

( )(1)(3) (3) (3)

1
( )nik x

n n
n

p A e Z z
∞

=

= ∑ , (10)

where the eigenfunctions (3) ( )nZ z  and the corresponding eigenvalues  (3) ,nk 1,2,3...,n =  are 
obtained by similar as above vertical eigenvalue problems formulated in (3)D . From the 
properties of regular Sturm-Liouville problems ([12], [13]) the eigenvalues 

( )( ){ }2
, 1,2..m

nk n = , m=1,3,  are discrete, infinite, with continuously decreasing moduli, and 

thus,  the corresponding parameters ( ){ }, 1,2,3...m
nk n = , are subdivided into a finite real subset 

( ) ( ){ }, 1,2,3...m m
n pk n N=  and an infinite imaginary one ( ) ( ){ }, 1,....m m

n pi k n N= + ,  where ( )m
pN ,  

denotes the number of propagating modes in ( )mD , 1,3m = .  The first eigenvalue (n=1) and 
corresponding eigenvector is essentially associated with the free-surface gravity mode which 
presents fast decay in depth. 

Clearly, in order for the wave field to remain bounded at infinity, the coefficients of the 
expansion ( ) ( )1 10,n pA n N= > . On the other hand the terms ( ) ( )( ) ( ) ( )1 1 1expn n nA ik x Z z , ( )1

pn N≤ , 

constitute the given data associated  the incident wave field. Due to the linearity of the 
problem each one of the above terms could be separately considered as forcing of the present 
acoustic waveguide and the solutions is obtained by superposition of the responses. In 
addition, the terms ( )( ) ( ) ( )1 1exp n nik x Z z− , ( )1

pn N> , and ( )( ) ( ) ( )3 3exp n nik x Z z , ( )3
pn N> , are the 

evanescent modes in ( )mD , 1,3m = , respectively. These modes decay exponentially at large 
distances from the inhomogeneity in the two semi-infinite strips. By exploiting the 
representations (5) and (10), the problem can be formulated as a transmission boundary value 
problem in the bounded subdomain ( )2D ,  satisfying Eq. (1), (2) (3) and (4) and the following 
matching conditions:  

( ) ( ) ( ) ( )
( )

( )

( )

( )

2 1
2 1

2 1, , , , , 0,p p
p x z p x z x a H z

x x

∂ ∂
∂ ∂

= = = − < < (11a)

( ) ( ) ( ) ( )
( ) ( )2 3

2 3
1, , , , , 0p p

p x z p x z x b H z
x x

∂ ∂
∂ ∂

= = = − < < . (11b)
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2.2 Variational Formulation 

We proceed to formulate a functional   allowing us to state a variational formulation of 
the transmission problem. The admissible function space for the wave field ( ) ( ) ( )2 2,p x z D∈
(simply denoted from now on as p ), consists of globally continuous and piecewise smooth 
functions, possessing continuous second derivatives in the interior of each layer, such that 

( ) ( ), 0
, 0 0

p x z
p x z

z


∂ =
− = =

∂
(12)

For this purpose, we consider the following energy-type functional  

( ){ } ( ){ }( ) ( ) ( )
( )2

2 21 3 1 1 2 2

1

1 1, ,
2 2

x b

n n

x aD

p B A p k p dxdz p dxρ ρ 
ρ

=
− −

=

 = ∇ − + +  ∫ ∫

( ) ( ){ }( )
( ) ( ){ }( )3
3 3

3 31
2

z
n

n

z H

p A
p p A dz

x

η=

=−

∂ − −  ∂ ∫ ( ) ( ){ }( )
( ) ( ){ }( )1
1 1

1 11
2

z
n

n

z H

p B
p p B dz

x

η=

=−

∂ + −  ∂ ∫ . 

(13)

The present problem admits of an equivalent variational formulation expressed by 
( ){ } ( ){ }( )1 3; , 0n np B Aδ = (14)

Using Green’s theorem in conjunction with Eq. (12), the above variational equation takes the 
form   

( )( )
( )

( )( )
( )

( )( )
( ) ( )

1

2

3 1

1
11 1 2

3 1
3

z

z HD

z z

z H z H

p
p k p p dxdz p p dz

x

p p p
p p dz p dz

x x x

η

η η

ρ ρ δ δ

δ δ

=
− −

=−

= =

=− =−

+
∂

− ∇⋅ ∇ + − +
∂

 ∂ ∂ ∂
− − − − + ∂ ∂ ∂ 

∫ ∫

∫ ∫
( )

( )

3 3 1

1 1

1 1 0
j

z M

j j jz H z h x

p p p p
p dz p dx

x x N N

η

δ δ
ρ ρ

= −

= +=− =−

  ∂ ∂ ∂ ∂
− − − − =    ∂ ∂ ∂ ∂   

∑∫ ∫ , 

(15)

where 
( )j

j

z h x

dhp p p

N z dx x=−

∂ ∂ ∂
= +

∂ ∂ ∂
. The usefulness of the above variational principle hinges on 

the fact that it leaves us the freedom to choose any particular representation for the unknown 
field (2)( , )p x z D∈ . In this way, a variety of possible algorithms for the numerical solution of 
the present wave problem can be constructed.  

3   ENHANCED LOCAL MODE REPRESENTATION  

Inside the bounded domain (2)D , the solution ( , )p x z  may be set into a standard spectral-
type representation, based on local-mode series, as follows 
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1
( , ) ( ) ( ; )n n

n

p x z U x Z z x
∞

=

= ∑ . (16)

The family of local vertical basis functions ( ; )nZ z x  appearing in the above expansion, which 
are parametrically dependent on x ,  is obtained by formulating and solving local, vertical 
Sturm-Liouville problems in the z -intervals [ , 0]H− , for each horizontal position a<x<b. 
However, any finite truncation of the series (16) is incompatible with any of the sloping 
interface conditions, whenever ( ) 0jdh x dx ≠ , 1,2,... 1j M= − , rendering the above series to 

converge only in an 2L -sense, and the coefficients nU  to decay like ( )2O n− ; see Belibassakis 
et al [8]. To remedy this inconsistency, an additional mode associated with each interface is 
introduced, denoted by ( ) ( );j jU x Z z x , 2,.., 1,0j M= − + − . These modes are called sloping-
interface modes. Thus, we obtain the following enhanced local-mode series  

0

2 1
( , ) ( ) ( ; ) ( ) ( ; )n n n n

n M n

p x z U x Z z x U x Z z x
∞

=− + =

= +∑ ∑ . (17)

The vertical structure of the sloping-interface modes, for every horizontal position 
a x b< < , is any globally continuous and piecewise smooth function defined with support in 
the local vertical intervals 1 2[ ( ), ( )]M Mh x h x− −− − ,...., 1[ ( ),0]h x− , satisfying the following 
condition(s) 

1

1 1 1,    1,2,..., 1
j j

n n

j jz h z h

Z Z
j M

z zρ ρ +=− =−

∂ ∂
− = = −

∂ ∂
. (18)

Moreover, the function  ( )0 ;Z z x  should satisfy the homogeneous Dirichlet condition  at 

( )z xη= . Consequently, the M-1 terms ( ) ( );j jU x Z z x , 2,.., 1,0j M= − + − , are additional 
degrees of freedom in the bounded subdomain (2)D , permitting the consistent satisfaction of 
all interface conditions. The amplitude of the additional modes is given by  

1
1

1 1( ) , 1,2,.. 1
j j

j
j jz h z h

p p
U x j M

z zρ ρ−
+=− =−

∂ ∂
= − = −

∂ ∂
. (19)

From this last relation, it is evident that no extra mode needs to be introduced in the last 
layer terminated in the lower flat boundary, where a homogeneous Neumann condition is 
satisfied.  

The important effect of the additional modes is to significantly increase the rate of decay of 
nZ − Fourier coefficients of the acoustic wave potential (modal amplitudes). In this case, the 

modes associated with the enhanced series exhibit a rapid decay rate:  ( ) ( ) 4
nU x C x n−≤ , 

n →∞ , [ ],x a b∀ ∈ . The bound ( )C x  is a continuous function on [ ],a b  and, thus, the 
previous estimate is global: ; see also [9,10]. If the additional modes are not included, then the 
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rate of decay of the modes in the standard series (16) is only ( )2 .nU O n−= The above result 
is obtained by means of repetitive use of integration by parts, in conjunction with the 
properties of the local Sturm-Liouville system, and will be illustrated through appropriate 
numerical examples in a subsequent section. 

4   FEM SOLUTION OF THE LOCAL  VEP    
In this section we will describe the finite element method, as applied to the solution of the 
vertical eigenvalue problem (vep). In the following we adopt the notation by Hughes [11]. We 
assume that for all x in the interval a<x<b, it is 2( ; ), ( ; ) ( ,0)z x k z x L Hρ ∞∈ − .  

Let us introduce the (Sobolev) function spaces { }1 1
( ) : ( ,0),  x [a,b]E xH u u H H∈ − ∈≜ . The 

continuous vertical eigenvalue problem, at each horizontal position, can now be stated  in 
variational form as follows 

Find 1
0 ( )( , ) E xp Hλ ∈ ×ℝ  such  that   ( , ) ( , )a w p b w pλ=  , 1

( )E xw H∀ ∈ ,                              (20)
Where 

[ ]
0 01 2 1 1

0
( , )

zH H

dw dp
a w p dz k wpdz wp

dz dz
ρ ρ ρ − − −

=− −
= − +∫ ∫ ,       (21a)

0 1( , )
H

b w u wpdzρ−

−
= −∫ , (21b)

Assume a partition of[ ,0]H− , of the form 1 2 1..... 0NH z z z +− = < < < = , with N ∈ℕ  and 
N M>  ( M  being the number of layers in the waveguide). The partition is such that x∀  the 
interface positions coincide with 1M −  nodes. We introduce the sequence of finite element 
sub-spaces, 

{ }
1

1

[ , ]
( ,0) : P (z), 1,2,..., ,  , x [a,b]  

i i

h h h

z z
V u H H u i N

+

∈ − ≡ = ∈ ∈ℓ≜ ℓ ℕ

where ( )P zℓ  is a polynomial of degree ℓ .  Obviously 1
( )

h
E xV H⊂ . The discrete variational 

formulation of the vertival eigenvalue  problem takes the following form: 

Find ( , )h h hp Vλ ∈ ×ℝ  such that ( , ) ( , )h h h h ha w p b w pλ=  , h hw V∀ ∈                                 (22)

In the following analysis we assume piecewise linear, quadratic and cubic interpolations 
for the finite element solution, i.e. 1, 2and3=ℓ . Regardless of the interpolation degree, the 
desired solution has the form,  

1

( )
N

h
j j

j

p c N z
=

= ∑ . (23)

where h
jN V∈ . Introducing the above expansion in Eq. (22), the discrete variational 

formulation finally becomes an eigenvalue matrix equation of the form: 
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λ=A u Bu  ,                                                                                                                   (24)

where the elements of the N N×  matrices A  and Β  are ( , )ij i ja a N N=  and ( , )ij i jb b N N= , 
, 1,2,..,i j N= , respectively. 

4.1   Numerical solution of VEP
As demonstrative examples we consider the case of an acoustic environment of total thickness 
(depth) 1000H m= , consisting of two layers of thickness 100m (upper) and 900m (lower) 
and equal thickness 500m, respectively. In the first case the position of the internal interface is 
at a depth  1 100h m= , and in the second at 1 500h m= . Moreover, two frequencies have been 
considered 2f Hz=  and 0.08f Hz= . Both the density and speed of sound are assumed to be 
constant within each layer. For the upper layer corresponding to water these quantities are 

3
1 1 /g cmρ = , 1 1500 / secc m= , and for the lower layer 3

2 1.5 /g cmρ = , 2 1700 / sc m= , 
corresponding to sediment. Details concerning the exact analytical solution of this problem  
are included in the APPENDIX 1. 

The first  5 eigenfunctions for f=2Hz  are shown in Fig. 2. A zoom on the upper 10m is shown 
in the right subplot, illustrating the layered structure of the free-surface (gravity) mode (n=1), 
which presents exponetial decay in depth. Corresponding resuts for the lower frequency 
f=0.08Hz are plotted in Fig.3, for two positions of the interface at 100m (left subplot) and 
500m (right subplot), which is indicated by using thick dashed lines. In the above plots the 
first eigenfunction (n=1) associated with the free-surface (gravity) mode is normalizad with 
its maximum value at z=0, while the rest of the modes (n=2,3,4…) are normalizad with 
respect to their values at the bottom (z=-H). With increasing frequency parameter  , a 
positive sway of the first eigenvalue, is observed leading to the formation of a boundary layer  
visible in the sublot of  Fig. 2. The eigenvalues as computed with the finite element method,  
using 20,40,80N =  elements,  are in perfect match when compared against   the  exact 
solution for the first modes.A series of numerical results are shown for the case of placing the 
interface at 1 100h m=  and 0.08f Hz= . In Fig. 4 a comparison between the first exact and 
computed eigenvalues is shown for different number of elements, 20, 40and80N = , and two 
different interpolation degrees, 1and 2p = .  It is observed that the error of the numerical 
solution for the eigenvalues is found to increase with increasing eigenvalue numbers. The  
convergence of the finite element solution for the 5th, 10th and 15th eigenvalues is 
demonstrated in Fig. 5. Convergence rates are observed for increasing interpolation degree, 

1, 2and3p =  and are found to be  2, 4 and 6 respectively. Enhanced rates have been obtained 
by raising the degree ℓ  of the piecewise polynomials. 

5   THE COUPLED - MODE SYSTEM 

Having obtained the eigenfunctions associated with the local vertical problem, [ , ]x a b∀ ∈ , we 
proceed to  the calculation of the mode amplitudes  ( ){ }, 2,.., 1,0,1,2,.........jU x j M= − + − . 
To this respect we substitute the enhanced local mode representation (17) in the variational 
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principle (15), and express the variation of the unknown field (2)( , )p x z D∈ , through the 
variations of the modal amplitudes 

1

( , ) ( ; ) ( )n n
n M

p x z Z z x U xδ δ
∞

=− +

= ∑   .                                                          (25)

Figure 2: First 5 eigenfunctions for f=0.2Hz. The position of the interface is at 100m  is indicated in the left 
subplot by thick dashed lines. A zoom on the upper 10m is shown in the right subplot, illustrating the layered 

structure of the free-surface (gravity) mode (n=1). 

Figure 3: First 5 eigenfunctions in the low frequency case f=0.08Hz. The position of the interface at 100m (left 
subplot) and 500m (right subplot) is indicated by thick dashed lines. 

Next, by considering only the variations ( ), 2,..,0,1,...nU x n Mδ = − + , in a x b< < , we 
obtain from the first term in the left hand side of Eq. (16)  the following coupled-mode system 
(CMS) of second-order ordinary differential equations, with respect to the mode amplitudes, 

( ), 2,..,0,1,2,..nU x n M= − + , 

( ) ( ) ( ) ( ) ( ) ( )
2

2
2

0n n
mn mn mn n

n M

d U x dU x
a x b x c x U x

dx dx

∞

=− +

+ + =∑ , (26)
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where 2,..,0,1,2,...m M= − +  The x -dependent coefficients ,mn mna b  and mnc  are defined in 
terms of ( ; )nZ z x  in a x b< <  and are given by 

Figure 4: Comparison between the computed eigenvalues against the exact solution (thick line) for 1p =  (left) 
and 2p =  (right). 

Figure 5: Convergence of the finite element solution for the 5th, 10th  and 15th eigenvalues, using 1, 2and3p = . 

,mn n ma Z Z= ,    (27)

1

1 1

1 12 , ( ) ( )
M

jn
mn m n j m j

j j j

dhZ
b Z Z h Z h

x dxρ ρ

−

= +

 ∂
= + − − −  ∂  

∑ ,           (28)

2 2 1
2

, ,2 2
1

, ( )
M

jn n
mn n m n z n x m j

j

dhZ Z
c k Z Z Z Z Z h

x z dx

−

=

 ∂ ∂
= + + + + − ∂ ∂  

∑        .     (29)
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In the above relations, 1, : ( ) ( )
H

f g f z g z dz
η
ρ −

−
= ∫  is the weighted inner product of 

2( ,0)L H−  function spaces, for all x in a x b< < . Further, the quantities  n x
Z  are defined by 

,
1

1 1

j j

n n
n w

z h z hj j

Z Z
Z

w wρ ρ+ −=− =−+

 ∂ ∂
= − 

∂ ∂  

   , 1,2,..., 1j M= − .     (30)

From the last four terms in the left-hand side of the variational equation (16), defined on the 
vertical interfaces at x a=  and x b= , respectively, we obtain the following end-conditions 
for the mode amplitudes ( )nU x , 

( ) ( ) ( )
1/ , 0,1, 2,...m m m

n n n n nC dU dx D U F n+ = = , 1,3m = ,      (31)

where the coefficients ( ) ( ) ( ), , , 1,3m m m
n n nC D F m = , are defined in terms of the physical 

parameters at the end points x a=  and x b= . 

6   NUMERICAL RESULTS AND DISCUSSION 
In the present work, the numerical solution of the above coupled-mode system is obtained 

by truncating the series (17) and using a finite difference scheme based on a uniform grid and 
second-order central differences to approximate derivatives. In order to further enhance the 
efficiency of the present model, future work is focused on the application of p-Finite Element 
Methods, in conjunction with grid adaptation techniques based on the spatial variability of the 
system coefficients ,mn mna b  and mnc . 

As an example, we consider underwater acoustic propagation in a coastal environment, 
characterized by variable seabed boundary. As before, the upper layer (layer 1) is sea water of 
density and speed of sound 3

1 11 / , 1500 / sg cm c mρ = = . The lower layer (layer 2) 
corresponds to sand-silt-clay sediment with properties 3

2 1.5 /g cmρ = , 2 1700 / sc m= , 
terminated at the impermeable (rigid) bottom which is located at a depth 100z m= − . The  
geometry of the internal interface is defined as 

1
3000( ) 500 450 tanh 2 0.5  ,  

4000
x

h x a x bπ
 −  = − − ≤ ≤      

     ,                             (32)

where a=2800m and b=7200m.  
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Figure 6: Acoustic pressure (real part). Frequency 0.08 Hz. Excitation by the first surface (gravity) mode, n=1. 
Parameters: 3

1 11 / , 1500 / sg cm c mρ = = , 3
2 21.5 / , 1700 / sg cm c mρ = = . 

Figure 7: Acoustic pressure (modulus). Frequency 2 Hz. Excitation by the second interior (acoustic) mode n=2, 
and acoustic parameters same as in Fig.6. 

Numerical results concerning the real part of the calculated wave field and its modulus, forced 
by the first incident mode n=1, when the waveguide is excited at frequency 0.08f Hz=  and 
by the second incident mode n=2, for 2f Hz= are shown in Fig. 6 and 7, respectively, as 
obtained by present method. In the case of Fig.4 there is only one propagating mode (n=1), 
while in Fig.7 the number of propagating modes is 3 (n=1,2,3) both in the regions of 
incidence and transmission. The local-mode series is truncated by keeping 5 totally modes, 
and the coupled-mode system is discretized using 1200 segments, which were proved to be 
enough for numerical convergence. It can be seen that in the low frequency case 

0.08f Hz= the gravity mode interacts very little with the rest of the modes. Near the shallow 
end of the domain  small part of the energy is transmitted from the upper medium (water) to 
the lower medium (sediment). Also, in the case of higher frequency 2f Hz=  the interaction 
of the first acoustic mode (n=2) with the gravity mode (n=1) is very small and the generated 
free-surface elevation is negligible. Thus, the acoustic mode is difficult to be observed  at the 
free surface, however  this could become possible at lower depths under the free surface. 
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Figure 8: (a) Pressure at depth 50m for frequency f=0.08Hz with excitation by the free surface (gravity) mode 
n=1 of unit amplitude, and for f=2 Hz with excitation by the second interior (acoustic) mode n=2 of 10 times 

smaller amplitude.  (b) Pressure signal at depth 50m at the shallow end of the domain b=7200m. 

As an example we present in Fig.6 the pressure distribution at depth 50m (location of the 
seabed in the shallow end of the domain) calculated for frequency f=0.08Hz with excitation 
by the free surface (gravity) mode n=1 of unit amplitude, and for f=2 Hz with excitation by 
the second (acoustic) mode n=2 of 10 times smaller amplitude, which is in compatibility with 
the spectrum characteristics of tsunami waves generated by bottom dislocation.   For this 
example the pressure signal at depth 50m at the shallow end of the domain is plotted in the 
right subplot of Fig.8, where the acoustic-gravity waves associated with the mode n=2 are 
clearly observable as high frequency ripples. The latter travel at significant higher speed that 
the free surface waves associated with the first mode at f=0.08Hz leaving an option for an 
advance warning sufficient for evacuation and protection. 

7   CONCLUSIONS 
In this work an improved coupled-mode method is presented for the efficient solution of 

the problem of time-harmonic propagation and scattering of acoustic-gravity waves in a non 
uniform stratified waveguide. The problem is governed by the Helmholtz equation, with 
variable coefficients, in conjunction with the linearized free-surface boundary condition 
associated with gravity waves.  Our method is based on an enhanced local-mode series for the 
representation of the wave field, including additional modes, accounting for the effects of the 
inhomogeneous interfaces. In the case of multilayered waveguides, the local vertical 
eigenvalue problems are treated by h- and  p-FEM, exhibiting robustness and good rates of 
convergence.  In order to further enhance the efficiency of the present model, current work is 
focused on the application of hp-FEM for the solution of the coupled systen on thehorizontal 
plane, in conjunction with grid adaptation techniques based on the spatial variability of the 
system coefficients. Among several other advantages, the present method can be naturally 
extended to treat wave propagation and scattering problems in 3D  multi-layered waveguides. 
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APPENDIX  

In the case of two layers 1,2 , with constant physical properties 1 1,cρ , 1 1k cω=   and 

2 2,cρ , 2 2k cω=  respectively,  the exact analytical solution of the vertical eigenvalue problem 
is given by   

[ ](1) 1 1( ) cos( ) sin( )n n n nZ z B b z zλ λ= +    ,           [ ](2) 2( ) cos ( )n n nZ z B K z Hλ= +    ,                (A1) 

where 
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2 2
1 1n nk kλ = −     ,              2 2

2 2n nk kλ = −     ,                                                                      (A2) 

and 

1n
nb

λ


= ,                             
( )

1 1 1 1

2 2

cos( ) sin( )
cos

n n n
n

n

b h h
K

h

λ λ
λ

− + −
= .                                                (A3)  

In this case, the eigenvalues nk  are found as the roots of the equation 

[ ] [ ]2 1
1 1 1 1 2 2 1 1 1 1

1 2

sin( ) cos( ) tan( ) sin( ) cos( )n
n n n n n n n

n

b h h h h b h
ρ λ λ λ λ λ λ
ρ λ

+ − = − − ,                          (A4) 

which expresses the continuity of 1 /Z zρ − ∂ ∂  across the interface  at 1z h= − .  The remaining 
constants 


 , 1,2,....n = , of the above solution can be fixed by appropriate normalization.  
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Abstract. This paper proposes an approach for the sensitivity computation of an aeroa-
coustic problem via the solution of the continuous sensitivity equations. The equations are
derived by differentiating the coupled system (Navier-Stokes equations and the linearized
Euler equations) with respect to design parameters. The obtained acoustic sensitivity in-
formation can be used to analyze the flow control variable’s influence on the acoustic field
or to calculate the gradient of an objective functional within aeroacoustic optimization
problems. The components of the coupled sensitivity solver are systematically verified.

1 INTRODUCTION

The prediction and optimization of noise generated by fluid flow is of high interest in
numereous fields in industry and current research. Many occurances in the aeroacoustics
field are related to low-speed flows, e.g. wind turbines or automobile’s noise. Numerical
simulations of aeroacoustic problems support practical experiments and provide eligible
measurements for noise reduction.
The sound prediction can be based on the simulation of the compressible Navier-Stokes
equations (direct noise computation, DNC). DNC is inefficient for low Mach number flows,
because of the different spatial and temporal scales in the fluid flow and the acoustics.
Hybrid approaches consider the flow and the acoustic field separately and, therefore, are
cost saving. Lighthill’s acoustic analogy [1] and his further work [2] were important mile-
stones in the aeroacoustics discipline. Alternatively to the acoustic analogies splitting
approaches are considered. In [3] the acoustic/viscous splitting is introduced. Here, the
compressible field is considered as the superposition of an incompressible flow with an
acoustic perturbation. The flow is computed via the incompressible Navier-Stokes equa-
tions. Shen and Sørensen proposed a modified version of the method in [4], where the
sound field is obtained with the linearized Euler equations.

1
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However, not only the behavior of the flow and the originated sound is of interest, but
how to affect the flow and consequently the sound to reach given aims. An objective could
be, for instance, to minimize the sound intensity in a given area.
Optimization methods for the resolution of minimization problems can be divided into
strategies without and with determination of the cost functional’s derivative. An efficient
possibility of computing this gradient is to solve the continuous sensitivity equations
(CSE). These equations arise from differentiating the state equations with respect to a
design parameter. In [5] an outline of sensitivity analysis of flow problems is presented
and Gunzburger [6] discusses sensitivity analysis in the context of flow control and op-
timization. In addition to the CSE method, there is the discrete sensitivity equation
approach, in which the total derivative of the flow approximation with respect to the
design parameter is calculated. In Kleiber et al. [7] a discussion of the two approaches is
found.
A method for computing transient flow sensitivities with the CSE method is presented
by Ilinca et al. [8] and Hristova et al. [9]. After extensive research the authors have not
found any application of the continuous sensitivity equation method for the LEE in any
scientific contents.
This paper presents the theoretical background of the CSE of a coupled aeroacoustics
problem. The coupling of the sensitivity equations and verification test cases of each
component of the coupled solver are considered.

2 GOVERNING EQUATIONS

The aeroacoustic equations are derived via employment of the expansion about incom-
pressible flow proposed by Shen and Sørensen [4] and are further developed by Kornhaas
[10]. Here the compressible flow field at low Mach numbers is composed of an incom-
pressible backround flow (superscript inc) with a superimposed acoustic perturbation
(superscript ac). The Einstein summation convention is used throughout the paper. The
composition is given by

ρ = ρinc + ρac, ui = uinc
i + uac

i , p = pinc + pac, (1)

with density ρ, velocity ui and pressure p. The following paragraphs describe the models
for the incompressible flow and the acoustics.

Flow equations The incompressible and unsteady fluid flows are modelled by the
Navier-Stokes equations (NSE) [11]. The conservation equations of mass and momen-
tum can be written as

∂uinc
i

∂xi

= 0, (2)

ρinc
∂uinc

i

∂t
+ ρinc

∂uinc
i uinc

j

∂xj

=
∂τ incij

∂xj

−
∂pinc

∂xi

+ ρincfi, (3)

2
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with the time t, Cartesian coordinates xi and the external body forces fi. With the
dynamic viscocity µ the stress tensor is given by

τ incij = µ

(
∂uinc

i

∂xj

+
∂uinc

j

∂xi

)
. (4)

Acoustic equations Under the assumption that the acoustic variables are small com-
pared to the flow variables, the linearized Euler equations (LEE) [12] are used to obtain
the acoustic variables.

The LEE are given by

∂ρac

∂t
+ ρinc

∂uac
i

∂xi

+ uinc
i

∂ρac

∂xi

= 0, (5)

ρinc
∂uac

i

∂t
+ ρincuinc

j

∂uac
i

∂xj

+
∂pac

∂xi

= 0, (6)

∂pac

∂t
+ c2ρinc

∂uac
i

∂xi

+ c2uinc
i

∂ρac

∂xi

=
∂pinc

∂t
, (7)

with the speed of sound c.

3 GRADIENT BASED OPTIMIZATION

A general aeroacoustic optimization problem is composed of a given objective func-
tional J depending on flow state variables φ, for example, fluid velocity or pressure and
acoustic state variables ψ, for example, the sound pressure or the particle velocity. Both
state variables depend on the design variables a, for example, the inlet velocity of the
flow or shape parameters. Mathematically an aeroacoustic optimization problem can be
formulated as

min
a∈Rn

J (ψ(a), a) subject to

{
F(φ(a), a) = 0

A(ψ(a), φ(a), a) = 0.
(8)

Here, the constraints F = 0 and A = 0 are the governing equations of the fluid and the
acoustics. Other side constraints are possible, like restrictions to the inlet velocity. The
objective function J is an essential concept in optimization problems. It describes what
is to be optimized, for instance, the sound intensity. J is usually not directly dependent
on the design variables, but via the acoustic state variables J depends indirectly on the
design variables.

Calculation of the objective function’s gradient Gradient-based optimization meth-
ods use information about the objective function’s gradient and its evaluations. The i-th
component of the gradient of the objective function can be written as

dJ

dai
=

∂J

∂ψi

∂ψj

∂ai
+

∂J

∂ai
. (9)

3
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dJ /dai denotes the total derivative of the objective function with respect to the design
parameter ai. In this case, the objective function depends only on the acoustic variables
and the control variables. In Eq. (9) the term ∂ψj/∂ai, the sensitivity with respect to
a design parameter ai, is rather complicated to compute. There are several procedures
for computing the sensitivities of flow and acoustics. The next section shows one of
these methods for the continuous sensitivities, starting with the theoretical background
of the coupling, and thereafter, the derivation of the continuous aeroacoustic sensitivity
equations.

4 COUPLED SENSITIVITY EQUATION SYSTEM

To obtain the CSE system the constraints in (8) have to be differentiated with respect
to the design parameters. This leads to the following equations

∂F

∂a
+

∂F

∂φ

dφ

da
= 0, (10)

∂A

∂a
+

∂A

∂φ

dφ

da
+

∂A

∂ψ

dψ

da
= 0. (11)

For the purposes of simplicity, the following abbreviation is introduced

φk =
∂φ

∂ak
. (12)

Differentiation of the unsteady Navier-Stokes equations (2)-(3) with respect to the k-
th design parameter ak results in the unsteady continuous sensitivity equations of the
unsteady NSE. In consideration of the chain rule, permutation of the differential operators
and notation (12) the equations are given by

∂uinc
j,k

∂xj

= 0, (13)

ρ
∂uinc

i,k

∂t
+

∂

∂xj

(
ρuinc

i,k u
inc
j + ρuinc

i uinc
j,k

)
−

∂

∂xj

[
µ

(
∂uinc

i,k

∂xj

+
∂uinc

j,k

∂xi

)]
=

∂pinck

∂xi

, (14)

assuming, that the material properties ρ and µ are constant and the volume force is
insensitive to external influences. The boundary conditions for the CSE are obtained by
differentiation of the corresponding boundary conditions for the NSE with respect to the
design parameter a.
The sensitivity equations of the linearized Euler equations are obtained via differentiation
of the linearized Euler equations with respect to the k-th design variable ak. Hence

4
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differentiation of (5)-(7) yields to

∂ρack
∂t

+ ρinc
∂uac

i,k

∂xi

+ uinc
i

∂ρack
∂xi

= −uinc
i,k

∂ρac

∂xi

, (15)

ρinc
∂uac

i,k

∂t
+ ρincuinc

j

∂uac
i,k

∂xj

+
∂pack
∂xi

= −ρincuinc
j,k

∂uac
i

∂xj

, (16)

∂pack
∂t

+ c2ρinc
∂uac

i,k

∂xi

+ c2uinc
i

∂ρack
∂xi

=
∂pinck

∂t
− c2uinc

i,k

∂ρac

∂xi

. (17)

The obtained equations have the same form as the LEE. Additional terms can be consid-
ered as additional source terms. The coupling between sensitivity equations for flows and
acoustics is realized by these terms using flow sensitivities and acoustic variables.

5 NUMERICAL METHODS

The numerical solution of the coupled system is realized as an integrated procedure,
see Figure 1. The acoustic sensitivities do not influence the flow sensitivities.

Figure 1: Numerical realization of the coupled approach as an integrated procedure

Before computing the flow sensitivities and the acoustic sensitivities, the NSE (2)-(3)
and LEE (5)-(7) have to be solved. This is done by using our in-house solver FASTEST
which applies a fully conservative finite-volume approach to solve the incompressible NSE
and the linearized Euler-equations on a collocated, block structured and cell centered
grid [12, 13]. After each time-step the flow and acoustic quantities are transferred to the
sensitivity solver via MPI (Message Passing Interface).

Flow sensitivity solver Analogously to the Navier-Stokes equations the spatial dis-
cretization of the sensitivity equations utilizes the finite-volume method. The discretiza-
tion of the sensitivity equations of the NSE for steady problems can be read in detail in
[15] and [16]. The unsteady sensitivity equations contain one additional term:

ρ
∂uinc

i,k

∂t
. (18)

The time discretization is performed with an implicit Euler scheme of first and second
order.

5
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Acoustic sensitivity solver Analogously to the linearized Euler equations the acoustic
sensitivities are computed via a high-resolution scheme, which solves a Riemann problem
at the cell faces. The high-resolution scheme combines the second-order Lax-Wendroff
method and the first order Godunov method with the help of flux-limiters. Kornhaas
presents the high-resolution scheme in detail [10]. The time discretization is done with
first and second order implicit Euler scheme.

6 VERIFICATION

To verify the implemented method, the numerical order achieved is compared to the
analytical order for each method of the coupled code. At first, the order of the unsteady
continuous sensitivity equation’s discretization method is presented followed by the order
of the sensitivity equations of the linearized Euler equations method.
To assess the solution quality, the error

eh = pacnum,h − pacana (19)

is considered, where pacnum is the numerically computed sound pressure and pacana is the
analytical sound pressure. The discrete L2-norm of the error is defined by

�e�h,L2
=

√√√√ 1

N

N∑
i=1

e2h, (20)

where N is the number of control volumes.

6.1 Verification of the acoustic sensitivity equations

The first verification test case is calculated without background flow (uinc
i = 0). The

computational domain and the initial location of the sound wave are presented in Figure
2. The computations are done on four grid levels with 16384, 8192, 4096 and 2046 control
volumes in x-direction.
The initial values of the acoustic quantities are as follows:

pac = 2−1200(x−0.25)2 , (21)

uac = 0.001 · 2−1200(x−0.25)2 , (22)

vac = 0, (23)

ρac = 0. (24)

6
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Figure 2: Domain and initial location of
the sound wave.
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The wave starts at x = 0.25 m. The density is ρinc = 1000 kg/m3 and the dynamic
viscosity is µinc = 10−5 kg/ms. The corresponding speed of sound is c = 1 m/s. The
resulting orders are illustrated in Figure 3. One can see that the upwind-scheme converges
to an order of one, whereas the Lax-Wendroff scheme converges to an order of two.

6.2 Verification of the flow sensitivity equations

In this section the time discretization scheme implemented in the flow sensitivity solver
is verified using the method of manufactured solutions (MMS) [17]. The order of the
spatial discretization for the steady NSE is presented in [15]. Direct differentiation of the
manufactured solution for the flow provides closed-form expressions for the sensitivities.
A time convergence study is performed to assess the temporal accuracy of the sensitivity
solutions.
We choose the following exact solution of the unsteady NSE, which is also the inflow
boundary condition and depends on the design parameter a:

uin(x, y) = a cos(5t) sin
(πx

2

)
cos

(πy
2

)
, (25)

vin(x, y) = −a cos(5t) cos
(πx

2

)
sin

(πy
2

)
. (26)

(27)
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Differentiation with respect to the design parameter a gives the sensitivities

uk(x, y) = cos(5t) sin
(πx

2

)
cos

(πy
2

)
, (28)

vk(x, y) = − cos(5t) cos
(πx

2

)
sin

(πy
2

)
. (29)

(30)

The computational domain and the sensitivities are shown in Figure 4 and Figure 5.

Figure 4: Domain and pressure sensitiv-
ity for t = 0 s.

Figure 5: Domain and flow sensitivity in
x-direction for t = 0 s.

Table 1 shows the time step sizes and the results for the order of the flow sensitivities for
the first order implicit Euler scheme. The order of the pressure computation is illustrated
at the left side, whereas on the right sight the order of the velocity computation is shown.
The order of the pressure and the order of the velocity converge to one. In Table 2 the
orders of the pressure and the velocity for the second order implicit Euler scheme are
presented. Both orders converge to two.

Table 1: Order of accuracy of the flow sensitivities for the first order implicit Euler scheme

time step size pressure order
0.005 0.46531836731
0.0025 0.47096579783
0.00125 0.47380853834 0.9903
0.000625 0.47523497813 0.995
0.0003125 0.47594950138 0.998

time step size u velocity order
0.005 -0.78628698376
0.0025 -0.78631729909
0.00125 -0.78633378171 0.89
0.000625 -0.78634240443 0.93
0.0003125 -0.78634681860 0.97

8
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Table 2: Order of accuracy of the flow sensitivities for the second order implicit Euler
scheme

time step size pressure order
0.005 0.47917358818
0.0025 0.47838279892
0.00125 0.47846168824 2.43
0.000625 0.47847809934 2.27
0.0003125 0.47848192570 2.10

time step size u velocity order
0.005 -0.78633065815
0.0025 -0.78636059225
0.00125 -0.78636832215 1.95
0.000625 -0.78637006368 2.15
0.0003125 -0.78637047477 2.08

6.3 Comparison of the acoustic sensitivities with the corresponding differ-

ence quotient

The acoustic sensitivity solver can be verified by estimating the gradients of the acoustic
quantities with respect to a using finite differences (FD). When computing FD the design
parameter a is changed by a small amount δa and the solution is recomputed. In this test
case only the sensitivity of the acoustic pressure and its difference quotient with respect
to a are considered. As a first step, the flow sensitivities are left out. A pressure pulse
and its sensitivities are prescribed as input for the sensitivity equations of the LEE:

pinc =103e−102(x2+y2)cos(200πt) a, (31)

pinck =103e−102(x2+y2)cos(200πt). (32)

The reference FD acoustic sensitivities are estimated by

(
∂pac

∂a

)

FD

=
pac(a + δa)− pac(a− δa)

2δa
+O(δa2). (33)

In the following comparison δa = 10−3 is chosen. The computational domain is illustrated
in Figure 6. As boundary conditions an acoustic outlet is used on each boundary. The
grid consists of 128 control volumes in x- and y-direction. The Courant number for the
acoustic computation is 0.1. The acoustic pressure sensitivity and the acoustic pressure
are monitored at point P(0, 0.5). The difference quotient and the sensitivity of the acoustic
pressure in P are shown in Figure 7. The comparison shows a good agreement between
the sensitivity and the difference quotient. Only minor differences of the gradients are
perceptible.

9
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Figure 6: Domain and pressure sensitivity for t = 0 s.
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Figure 7: Difference quotient and the sensitivity of the acoustic pressure in P after t = 0.05
s.

7 CONCLUSION

A general sensitivity based optimization approach for aeroacoustic problems has been
presented. We introduced the basic equations describing flow and acoustics, a general
optimization problem, and the gradient computation with a coupled sensitivity solver.
Furthermore, we presented the mathematical background for the derivation of the un-
steady sensitivity equations from the Navier-Stokes equations, and the linearized Euler
equations. Hereafter, the mathematical coupling of the solver was shown. In a first step
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the numerical results of the sensitivity computation could be verified for each component
of the coupled solver via investigation of the order and the comparison with a finite dif-
ference approach. The obtained sensitivity values enable a deeper understanding of the
whole system and provide information about the influence of all flow parameters on the
acoustics. For further investigations, a test case of acoustic sensitivities based on flow
sensitivity computation will be considered and an optimization test case with sensitivities
will be computed.
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Abstract. We investigate two different inverse problems of determining the tsunami
source using two different additional data, namely underwater measurements and satel-
lite wave-form images, and combination of these two inverse problems. We investigate
gradient-type methods for inverse problem solutions and show that combination of two
types of data allows one to increase stability and convergence of numerical inverse problem
solutions. Results of numerical experiments of the tsunami source reconstruction are pre-
sented and discussed. We present the 3D GIS visualization and information atmosphere-
ocean system with embedded described mathematical tools of simulation of processes in
atmosphere and ocean.

1 INTRODUCTION

Atmosphere-Ocean system is mathematically described by systems of hyperbolic equa-
tions. The parameter identification of Atmosphere-Ocean system using combined addi-
tional measurements is called coupled inverse problem for hyperbolic equations. These
problems are ill-posed, i.e. their solutions are not unique or/and unstable, and should be
regularized [1, 2].

As an example we consider coupled inverse source problem for the linear shallow water
equations that use for describing long waves (tsunamis). Most suitable physical models re-
lated to simulation of tsunamis are based on shallow water equations (1), [3, 4]. There exist
many numerical approaches for solving shallow water equations such as finite-difference,
finite volume, finite element, etc [5]. An overview of methodologies and techniques related
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to estimation of tsunami source characteristics are given in [6, 7, 8, 2]. The most of them
consists in determining the tsunami source using additional measurements of a passing
wave (this problem is often called inverse tsunami problem) such as DART (Deep-ocean
Assessment and Reporting of Tsunamis) buoys positioned on the ocean floor, tide gauges
measurements, satellite wave-form images, etc. Our goal is to reconstruct the tsunami
source using a combination of two types of data: DART buoys and satellite wave-form
image. We show that using a combination of two types of data allows one to increase the
stability and efficiency of tsunami source reconstruction [9, 10].

The paper is organized as follows. In Section 2 we describe the statement of three in-
verse problems. In Section 3 we consider a variational formulation of the inverse tsunami
problem for two types of measured data: DART data (inverse problem 1) and satellite
image data measured on the part of the water surface (inverse problem 2), and then
we consider the combined inverse problem (inverse problem 3). We compare two inverse
problems and their combination and show the benefits of usage of combined data. Results
of numerical experiments of the tsunami source reconstruction are presented in Section 4.
In Section 5 we present 3D GIS visualisation and information software for tsunami simu-
lation and run-ups with real bathymetry for the specified sea coast, as well as modelling
of earthquakes, floods and other natural hazards.

2 STATEMENT OF THE PROBLEMS

The ocean domain being considered is bounded from above by the free water surface
η(x, y, t), and from below, by the bottom relief H(x, y) > 0. We assume that the compu-
tational time T is not large enough for the wave to reach the edges of the domain, and
therefore we can set homogeneous boundary conditions at the boundary of the domain
Ω := (0, Lx)× (0, Ly) (figure 1). We formulate the initial boundary-value problem in the
Cartesian coordinate system





Lη := ηtt − div(gH(x, y)grad η) = 0, t ∈ (0, T );
η|

t=0 = q(x, y), ηt|t=0 = 0, (x, y) ∈ Ω;
η|∂ΩT

= 0, ΩT := Ω× (0, T )
(1)

for the linear equations of shallow water theory in terms of the free surface without
external forces, e.g. the Coriolis force and bottom friction [4]. Here H ∈ H1(Ω) is a
known function describing the bottom relief (bathymetry), q ∈ H2(Ω) is a tsunami source
which is supposed to have a compact support belonging to Ω, g = 9.8 [m/s2]. Further,
we will use notation c(x, y) =

�
gH(x, y) that describes the tsunami propagation velocity

according to the long-wave theory.
The direct tsunami problem (1) consists in determining of a function η ∈ C(ΩT ;H

2(Ω))
in the domain Ω by known functions H(x, y) and q(x, y).

Let us consider three inverse problems for linear shallow water equations:
Inverse problem 1 (IP 1): find q(x, y) from (1) using function H(x, y) and data

2
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Figure 1: Domain of calculation of direct and in-
verse problems.
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Figure 2: The 1D bottom relief H(x).

f ε
m(x, y, t) from underwater systems (DART buoys, tide gauges measurements) at ε-
neighborhoods of points (xm, ym) ∈ Ω

η(x, y, t) = f ε
m(x, y, t), x ∈ (xm − ε, xm + ε), y ∈ (ym − ε, ym + ε), ε > 0,

t ∈ (T
(1)
m , T

(2)
m ), m = 1, 2, . . . ,M.

(2)

Inverse problem 2 (IP 2): find q(x, y) from (1) using function H(x, y) and satellite
altimeters data F2(x, y)

η(x, y, T ) = F2(x, y), (x, y) ∈ ω ⊂ Ω, T > 0. (3)

Here ω := (l
(1)
x , l

(2)
x )× (l

(1)
y , l

(2)
y ) is a subset of Ω.

Inverse problem 3 (combined IP 3): find q(x, y) from (1)-(3) using function H(x, y),
measured data f ε

m(x, y, t), m = 1, . . . ,M , and F2(x, y).
Let us present inverse problems 1, 2 and 3 in the operator form: Aiq = Fi, i =

1, 2, 3. Here A1 : H2(Ω) �→ C(ΩT ;E
M), A2 : H2(Ω) �→ L2(Ω) and A3 := (A1, A2)

T ,
F1 := (f ε

1 , f
ε
2 , . . . , f

ε
M) ∈ EM is the vector of discrete output data depends on (x, y, t),

F3 = (F1, F2)
T , EM is Euclidean space. The inverse problem 3 is ill-posed because A3 is a

compact operator [1]. The compactness of operators A1 and A2 is established in papers [2]
and [11, 12, 9], respectively. We will find the solution q(x, y) of inverse problems in the

class of functions q(x, y) =
K
∑

k=1

qk(x) sin (2πky/Ly) which means that we regularize our

inverse problems using cut Fourier series [1].

3 VARIATIONAL FORMULATION OF INVERSE PROBLEMS

Inverse problems Aiq = Fi can be reduced to the minimization problems min
q∈H2(Ω)

Ji(q),

i = 1, 2 [1]. Here Ji(q) = �Aiq − Fi�
2 are cost functions, i = 1, 2.

In this section we find gradients of cost functions Ji(q), i = 1, 2, and introduce a cost

function J
(β)
3 (q) for the combined IP 3.

3
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3.1 Inverse problem 1

The conditions of well-posedness of IP 1 in one-dimensional case are given in [13]. The
algorithm of constructing function q(x, y) in two-dimensional case based on truncated
singular value decomposition is proposed in [6, 7, 14].

The cost function J1(q) for IP 1 has the form:

J1(q) = �A1q − F1�
2
L2(0,T ) :=

M�
m=1

T
(1)

m�

T
(1)

m

xm+ε�

xm−ε

ym+ε�

ym−ε

[η(x, y, t; q)− f ε
m(x, y, t)]

2 dy dx dt.

Lemma 1 [2]. The gradient of the cost function J1(q) has the form J ′

1q = ψ1t(x, y, 0).
Here ψ1 ∈ C(ΩT ;H

2(Ω)) is the weak solution of the following problem:




Lψ1 = R1(x, y, t), (x, y) ∈ Ω, t ∈ (0, T ),
ψ1(x, y, T ) = 0, ψ1t(x, y, T ) = 0, (x, y) ∈ Ω,
ψ1|∂ΩT

= 0, t ∈ (0, T ),
(4)

R1(x, y, t) = −2
M�

m=1

{[η(x, y, t)−f ε
m(x, y, t)]θ(x−xm+ε)θ(xm+ε−x) ·θ(y−ym+ε)θ(ym+

ε− y)θ(t− T
(2)
m )θ(T

(2)
m − t)}.

3.2 Inverse problem 2

The cost function J2(q) for IP 2 has the form:

J2(q) = �A2q − F2�
2
L2(0,T ) :=

l
(2)

x�

l
(1)

x

l
(2)

y�

l
(1)

y

(η(x, y, T )− F2(x, y))
2 dy dx.

Lemma 2 [8, 15]. The gradient of the cost function J2(q) has the form J ′

2q =
ψ2t(x, y, 0). Here ψ2 ∈ H2(Ω) is the weak solution of the following problem:





Lψ2 = 0, (x, y) ∈ Ω, t ∈ (0, T );
ψ2(x, y, T ) = 0, ψ2t(x, y, T ) = R2(x, y), (x, y) ∈ Ω;
ψ2|∂ΩT

= 0, t ∈ (0, T )

R2(x, y) = 2 (η(x, y, T )− F2(x, y)) θ(x− l
(1)
x )θ(l

(2)
x − x) · θ(y − l

(1)
y )θ(l

(2)
y − y).

3.3 Inverse problem 3

We introduce the cost function J
(β)
3 (q) for IP 3 in the form: J

(β)
3 (q) = βJ1(q) + (1 −

β)J2(q), β ∈ [0, 1]. The gradient of a cost function J
(β)
3 (q) has the form: J

(β)′
3 q = βJ ′

1q +
(1− β)J ′

2q.

4
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Figure 3: The exact solution qe(x, y) of inverse
problems.

Figure 4: The reconstructed solution q
(1)
5 (x, y)

of IP 1 from the random noisy output data with
γ = 3%.

4 RESULTS OF NUMERICAL CALCULATION

We apply the conjugate gradient method [16, 1] for solving IP 1, IP 2 and IP 3 numer-
ically.

We choose the following parameters for numerical experiments: Lx = 50 km, Ly =
100 km, T = 60 min, ε = 125 m, Nx = 750, Ny = 500, Nt = 600. The bottom
is assumed to be one-dimensional (see figure 2) with the highest Hmax = 6 km and
lowest Hmin = 5 m average depth of the ocean. We choose an exact solution qe(x, y)
of inverse problems with a wave height A = 8 m (see figure 3). We use the explicit
finite-difference conservative scheme of the second order approximation [2] with Courant

condition ht = 0, 8 · hxhy

(
h2
x + h2

y

)
−1/2

/�c�C . We set data f ε
m, m = 1, 6, and F2 with

”white” noise 1-7%, i.e. f ε,γ
m (x, y, t) = f ε

m(x, y, t) + γRandom(f ε
m)�f

ε
m�, γ ∈ (0.01, 0.07).

Noise data for IP 1 is generated from the discrete numerical solution of the direct problem
in six points (xm, ym) equally-spaced on the interval ((40, 15); (47, 89)). We choose an
initial approximation q0 = Hmax which corresponds to an unperturbed sea surface.

We use the stopping condition Ji(qn) < εs, i = 1, 2, where choosing of εs > 0 based
on analysis of deficiency [2]. The behaviour of deficiency as a function of the iteration
number n consists of three phases: the initial phase of rapid decrease but short duration,
the second phase of slow decrease, and the third phase of almost constant behavior, after
some iterations. The numerical results show the minimum value of difference between
exact qe and approximate qn solutions is achieved between the second and third phases of
the deficiency curve versus n.

Let us denote q
(i)
n , i = 1, 2, is n-th approximation of the solution of IP 1 and 2.

The reconstructed solution q
(1)
n of IP 1 from the random noisy output data γ = 3% is

demonstrated on figure 4.
For solving numerically IP 2 we put ω = (0, 25)×(0, 50) km. The reconstructed solution

q
(2)
n of IP 2 from the random noisy output data γ = 3% is demonstrated on figure 5.
The reconstructed solution q

(3)
n,β of IP 3 from the random noisy output data with γ = 3%,

β = 0.3, is demonstrated on figure 6. Note, that the location of initial source as well as

5
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Figure 5: The reconstructed solution q
(2)
15 (x, y)

of IP 2 from the random noisy output data with
γ = 3%.

Figure 6: The reconstructed solution q
(3)
4,β(x, y)

of IP 3 from the random noisy output data with
γ = 3%.

its amplitude is reconstructed better than in case of IP 1 and IP 2. The parameter β
in combined function J

(β)
3 (q) depends on sensitivity of the functional J1(q) and J2(q)

(figure 7).

We compare relative accuracy error curves Ei(n; q
(i); γ) = �qe − q

(i)
n �/�qe�, i = 1, 2,

for IP 1, 2 and E3(n; q
(3)
β ; γ) for IP 3. Figure 7 shows that using of combined underwater

systems and satellite data allows one to increase the stability and efficiency of tsunami
source reconstruction.

 7e-005
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 0.0001

 2  4  6  8  10  12  14
Number of iterations

E1(n;q;γ)
E2(n;q;γ)

E(n;q;γ), β=0.3
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Figure 7: The relative accuracy
errorsEi(n; q

(i); γ), i = 1, 2, 3, for
IP 1, IP 2 and IP 3 for β = 0.3
and β = 0.7. Note, that curves
E3 are located below curves Ei,
i = 1, 2, for n = 7 when β = 0.7
(blue line) and n = 5, 6, . . . , 14
when β = 0.3 (green line).

Note, that after reconstruction q(x, y) we can calculate the amplitude of the tsunami
wave using Airy-Green formula in case of 1D bottom profile (figure 2) [17]. In case of 2D
bottom profile and linear source q(x, y) = g(y)δ(x) we can solve 2D direct problem for
the amplitude S(z, y)

{
Sz + 0.5a1Sy + 0.5a2S = 0, z > 0, y ∈ (−∞,+∞);
S(0, y) = g(y), y ∈ (−∞,+∞)

6

926



Sergey I. Kabanikhin and Olga I. Krivorotko

Figure 8: Numerical modelling of the Simushir tsunami
13.01.2007 using the built-in software.

Figure 9: The flooding map of Nagapatti-
nam, India, after tsunami run-up.

which coincides with Airy-Green formula in 1D case: S(x) = 4

√
H(0)/H(x). Here new

variable z = τ(x, y) denotes the solution of eikonal equation τ 2x + τ 2y = (gH(x, y))−1, a1
and a2 depend on H(x, y) [17].

5 3D VISUALIZATION SYSTEM

Non-profit organizationWAPMERR (World Agency of Planetary Monitoring and Earth-
quake Risk Reduction) in collaboration with GeoSystema Ltd. and ICM&MG SB RAS
developed the Integrated Tsunami Research and Information System (ITRIS) to simu-
late tsunami waves and earthquakes, river course changes, coastal zone floods, and risk
estimates for coastal constructions at wave run-ups and earthquakes [18]. The special sci-
entific plug-in components are embedded in a specially developed GIS-type graphic shell
for easy data retrieval, visualization and processing (see figure 8). A series of preliminary
numerical experiments on the simplified three-dimensional models with invariable forcing
is conducted based on the computational technology. These experiments give particular
examples of fluid dynamics while interacting with external objects. The presented soft-
ware can be used for analysis and research of various natural and man-made hazards.
Figure 9 demonstrates the flooding map of artificial tsunami run-up near the Nagapatti-
nam, India. For run-up modelling we solve nonlinear shallow water equations by the finite
volume method. The main advantages of this method are using Total Variation Dimin-
ishing for stability control, high speed of calculations and adaptation for any topography
of settlement area.

There are built-in catalogues and databases with set of interfaces for data managing.
Fig. 10 present visualization of earthquake epicentres and tsunami locations around Japan.

The ICM&MG SB RAS develops mathematical and computational methods for Arctic
region. The coupled model consisting of blocks for blocks of model of dynamics of the
ocean, model of dynamics of the atmosphere and their interaction block is adapted for
the computing platform of the supercomputer. A new method of observational data
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Figure 10: Visualization of the available seismic data (left) and tsunami locations (right) around Japan.

assimilation is elaborated, which is based on properties of diffusive random processes.
Data on the Arctic region for the subsequent assimilation in the model are collected and
programs for selection and control of these data are created.
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Abstract. Automatic reed valves (suction and discharge) in a reciprocating compressor
are noise sources due to free vibrations and structure impacts on limiters and valve seat
during a pressure cycle. Understanding the noise source generation and propagation needs
a well-modelled pressure cycle in the compressor. Modelling the pressure behaviour in
a cylinder requires a robust thermodynamical/mechanical model in which both physics
interact. A Piao-McLinden model is proposed here to simulate the behaviour of a real gas
like refrigerant. The motion of the valves is formulated as a one dimensional damped mass-
spring system characterized by means of a Rayleigh method. Each model is compared
to experimental data before simulating the whole coupled system: compressor gas/reed
valve motion.

1 INTRODUCTION

An automotive air-conditioning (AC) reciprocating compressor consists of multiple out-
of-phase pistons that compress a gas provided by a suction chamber before ejecting to a
discharge chamber. To do so, there exist reed valves that automatically open and close
due to material characteristics (mass, stiffness, damping) as well as external parameters
necessary for better compressor yield. In some conditions, the reed valve appears to be a
noise source that propagates into the whole AC system and radiates to the cabin.
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To understand the sound generation of the reeds, it is aimed in this paper at modelling
their motion regarding the thermodynamic cycle of refrigerant 134a that is used as an
input for the dynamics model of the reed. Experimental data are used as reference for
the simulations.
The thermodynamics is described by the equations of Piao [1] and McLinden [2] (sec-
tion 2), delivering the main thermodynamic properties of the gas (figure 1-left). The reed
valves are then modeled in terms of a one-dimensional damped mass-spring systems (fig-
ure 1-right), but accounting for the 2D-beam deflection by means of a Rayleigh method
(section 3). Stiction effect due to the presence of a thin lubricating oil film between the
seat and the valve plate is of major importance. A simple model allows to take this phe-
nomenon into account. Moreover, the effect of gas flow inertia that crosses a valve during
its aperture is discussed. Few details of the numerical implementation are eventually
introduced in section 4 before showing results for the whole interacting model during a
compressor cycle (section 5).

Figure 1: Left: sketch of one of the compressor cylinders with suction (s) and discharge (d) chambers
(definition of the notations). Right: one-dimensional damped mass-spring system for the dynamics
modelling.

2 Thermodynamical model

2.1 Piao-McLinden model

The thermodynamical model of the refrigerant R-134a is based on the equation of state
of Piao et al. [1] and the heat capacity formulation of McLinden et al. [2]. Basically, it
deals with the calculation of the Helmholtz function according to the equation of state of
the pressure in vapor phase as well as the heat capacity at constant pressure, in order to
determine all thermodynamic properties of the gas.
The equation of state for the pressure P is defined as a density power series that reads:

P (ρ, T ) = P ∗

[
Trρr
Z∗ +

b

T 5
r

ρ2r +
8∑

i=1

ρi+1
r

4∑
j=1

aij

T j−1
r

]
(1)
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where coefficients aij and b are given in table 1 in appendix, superscript ∗ means crit-
ical value, ρr = ρ/ρ∗ and Tr = T/T ∗ are reduced density and temperature respectively.
Z∗ = P ∗/(rρ∗T ∗) is the compressibility factor of the gas in which r is the gas specific
constant.
The specific Helmholtz function f(ρ, T ) is then calculated since df =P/(ρ∗ρ2r)dρr, using
Eq.1 and the formulation for the heat capacity at constant pressure proposed by McLin-
den et al. [2].
The first law of thermodynamics is then stated for a single compressor cylinder of volume
V and the variation of temperature w.r.t. time is obtained:

dT

dt
=

1/V

ρ
(
∂h
∂T

)
ρ
−
(
∂P
∂T

)
ρ

{
dQ

dt
+ Φ− h

dm

dt
− V

dρ

dt

[
ρ

(
∂h

∂ρ

)

T

−
(
∂P

∂ρ

)

T

]}
(2)

where h(ρ, T ) is the specific enthalpy of the gas in the compressor cylinder, dQ/dt is
the heat transfer by conduction through the cylinder walls, m is the mass of gas in the
cylinder volume V , and Φ = qshs + qdhd is the total heat flux crossing the suction and
discharge valves determined from the mass flows qs and qd and the specific enthalpy of
each chamber.

2.2 Validation

A validation of the thermodynamical model alone has been conducted by considering
the compression stage in the whole compressor cycle. In this way, Eq.2 is simplified since
m becomes constant and Φ =0 (neither entering nor ejecting flows). Initial values for the
thermodynamic variables (P, ρ, T, h) are taken as in suction phase (Ps, ρs, Ts, hs). The
calculated pressure prediction is eventually compared to measurements in figure 2, for
two compressor rotation speeds in RPM (Rotation Per Minute). Results in pressure, for
given cylinder volume V (t) as function of the time t, show very good agreement between
model and experiments. Similar results are found for expansion stage if initial conditions
match with discharge characteristics.

3 Valve motion

Since both suction and discharge valves have a similar behaviour, only the modelling
of discharge valve is introduced here. Equivalent formulations for suction valve are then
implemented in the whole model simulations.
A valve consists of a reed that automatically opens and closes during a pressure cycle due
to its mechanical characteristics (mass, stiffness, intrinsic damping) on one hand, some
external paramaters like the presence of structural boundaries (up and down limiters) or
lubricating oil on the other hand. The reed characteristics are accounted for by means of
a Rayleigh method — equality of kinetic energies with effective and real mass — to be
implemented into a simplified one-dimensional damped mass-spring system as shown in
figure 1, where x represents the displacement of the valve plate.

3
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Figure 2: Pressure behaviour during compression stage at 1700 RPM (left) and 3200 RPM (right).
Comparison between model prediction (line) and experiments (symbols).

3.1 Formulation

The dynamics equation of the one-dimensional system satisfied by displacement x reads:

ẍ+
ω0

Q0

ẋ+ ω2
0x =

Fp

M
+

Fstic

M
(3)

where ω0 =
√
K/M is the angular frequency with K ≈ 8 ·103 N.m−1 the spring stiffness

and M ≈ 1.5·10−4 kg the effective mass — in terms of the Rayleigh method — in order
to consider the deflection of a real beam, Q0 is a quality factor related to the damping
coefficient C=ω0M/Q0, and Fp and Fstic are the pressure and stiction forces respectively.
Besides, solving this equation suggests some complications due to the presence of struc-
tural obstacles and lubricating oil in a real compressor.

3.2 Structural boundaries

A first correction on displacement is necessary because of structural boundaries such
as the valve seat and the limiter of height xL. Since the resolution of the whole system
{Thermodynamics+Mechanics} is performed step-by-step, this is simply done by impos-
ing the opposite value of the valve plate velocity at previous step, corrected by a coefficient
of restitution 0< η < 1 representing the absorbed momentum when the valve impacts a
boundary. η is commonly defined as the square root of the before/after impact kinetic
energy ratio. In other words, for calculated displacement xi at time-step i:

if

{
xi < 0 ⇒ xi = 0 , ẋi = −ηẋi−1

xi > xL ⇒ xi = xL , ẋi = −ηẋi−1

According to Cross [3], it is taken here a coefficient of restitution for steel/steel impact of
η=0.85.
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3.3 Gas inertia

The inertia of the fluid that crosses a valve during its aperture generates a pressure
force which aims at keeping the valve opened instead of closing quickly as it is shown in
figure 4 after the first maximum of the curves, whereas it is smoother in the experiments.
A simple model for the correction term on pressure is performed here, from the unsteady
Bernoulli’s equation expressed here from the cylinder (point 1) to the discharge chamber
(point 2) as in figure 1-right:

ρ2
dφ

dt
+ ρ2

u2
2

2
+ P2 = P1 (4)

with the potential φ=

∫ 2

1

uds ≈ Leff u2 in which u2 is the gas jet speed and Leff ≈1.2·10−2 m

is an effective length that is as the same order as the sum of the valve seat orifice and
thickness. u1, the gas flow speed at point 1 is neglected because the cylinder cross-section
S1 is much higher than the jet cross-section S2. Thus, the correction corresponds to the
time-derivative ρ2Leffdu2/dt. A similar correction can be also applied at the suction valve
but it has not been implemented here since the inertia correction is directly related to
pressure difference between both chambers and the suction valve involves a much lower
difference.
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Figure 3: Inertia effect at 1700 RPM (left) and 3200 RPM (right). Experiments (symbols) vs model
without inertia (—) and with inertia (−−)

Figure 3 shows that inertia effect is not so important whatever the compressor rotation
speed. It apperas the maximum of pressure reached at the opening of the valve is slightly
reduced and furthermore the decreasing slope during the valve aperture is attenuated.
The time the valve closes is a priori not influenced, justified since the pressure difference
is supposed to be equal or close to zero upon closing.
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3.4 Stiction effect

Stiction appears due to the presence of a thin oil film between the valve seat and the
valve plate. This phenomenon is shown to have an important effect [4, 5, 6, 7] on the
opening of the valve by generating by capillarity a low pressure area in the oil which keeps
the valve closed. This induces an overpressure in the cylinder required to lift the valve
plate and consequently a delay of the opening time.
Here, stiction is modeled as a constant pressure force applied on a ring surface of 1 mm
wide around the valve orifice and keeping the valve closed. While the calculated displace-
ment x (Eq.3) is smaller than a hundredth of the limiter position xL — same order as the
oil film thickness of Khalifa and Liu [5] — then the stiction force is applied. Otherwise,
when x becomes higher, the stiction force vanishes. Such a simple model seems to be
sufficient to simulate the effect of stiction observed in the measurements (figure 4). It can
be noted that the oil stiction force seems to increase with the rotation speed of the com-
pressor which agrees with Bauer’s observation [4]. Moreover, the maximum amplitude
of pressure is much higher than the experiments at the opening which is counterbalanced
by an important deacrease, but good agreement is observed at the closing.
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Figure 4: Stiction effect (no inertia) at 1700 RPM (left) and 3200 RPM (right). Experiments (symbols)
vs model without stiction (—) and model with stiction (−−)

Of course, improvements can be brought by modelling this force by means of the Reynolds
lubrication theory [8], as done by Pizarro et al. [6] who splitted the stiction force up as a
combination of a viscous effect force (oil deformation), a capillary force (meniscus curva-
ture) and an interfacial tension force. The main difference with the paper of Khalifa and
Liu [5] is the latter consider an infinite oil volume whereas Pizarro et al. assume a finite
oil volume that must be estimated.

4 Numerical implementation

Simulations have been conducted using the MATLAB R2013a calculation software, in
a step-by-step resolution because of the couplings between equation variables. First of all,

6
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the temperature variation is calculated from Eq. 2 in order to obtain the thermodynamic
properties (T, ρ, P,m). Then the flow mass q is evaluated to be used as a mechanical
model input. Displacement and velocity of the valve plate are then simulated according
to all aforementioned conditions (stiction, inertia, limiters). The mass flow q is finally
corrected so as to account for the real height x of the valve plate for the next step.
To solve the dynamics equation of valve motion (Eq.3), a classical 4th-order Runge-Kutta
scheme solver (RK4) is used at each time-step. Both suction and discharge valve motions
are calculated independently. Time origin is taken when the cylinder volume is equal to
the dead volume, so that thermodynamic properties are equal to the discharge values and
the discharge valve plate is supposed opened (suction valve closed).
Due to analytical formulations, the whole calculation performs within 2 seconds for about
5000 time-steps per pressure cycle. The convergence is observed by the second cycle,
because of discrepancies between assumed initial conditions and reality (especially the
unknown exact position of discharge valve plate).

5 General results for a pressure cycle

Figure 5 shows the importance to model the aforementioned effects by comparing the
simplest model with only structural boundaries accounted for (neither oil stiction nor gas
inertia forces) and the model with all of the three conditions: limiters+stiction+inertia.
The experimental data are plotted here as the reference for the models.
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Figure 5: Comparisons between simulations (lines) and experiments (symbols) at 1700 RPM (left) and
3200 RPM (right) for a whole pressure cycle. (—) simplest model without limiters restitution, stiction
nor inertia. (−−) model with limiters restitution, oil stiction and gas inertia.

Oil stiction appears to have the most significant impact on the pressure behaviour in the
cylinder since it imposes a high increase by sticking the valve plate onto the seat. The
inertia of the gas creates a pressure drop when it is at its maximum in the compressor
cycle. This leads to a smoother slope in decreasing the pressure till the closing of the
valve.
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However, as observed in the previous sections, the maximum pressure is overestimated in
the simulations when the valve opens, and the valve is predicted to close before the mea-
surement while, especially at lowest compressor rotation speeds. This can be explained
as the oil stiction is taken into account only for the opening but it also plays a role when
the valve closes.

6 Conclusion

In automotive reciprocating compressor, all suction and discharge valves open and close
successively during a pressure cycle. This generates acoustic interactions (amplification
or inhibition) that appear to have an effect on the noise that propagates through the
air-conditioning system and radiates to the cabin. Thus, modelling pressure and valve
motion behaviours allow to discriminate the noise sources produced by the impacts of
the reeds onto the limiters and the seat as well as by the vibrations of the valve plates
(eigenfrequencies).
In this paper, a coupled system involving a thermodynamical model and a mechanical
model has been implemented. Simulations give good agreements with experimental data
by accounting for oil stiction and gas inertia phenomena. However, the latter is shown not
to be of high importance compared to the other. The stiction model can also be improved
according to recent studies [5, 6].
Moreover, only stiction between the valve plate and the seat at the opening has been
considered here, but there likely exists oil stiction between the valve plate and the limiter.
Besides, stiction should play a role at the closing, especially by inducing an accelerated
decrease when oil film makes contact with the plate (oil suction) and a later opening
after the plate bounded on the seat. Then, parametric sensitivity investigations must be
done so as to optimize the involved variables. Since the mechanical model is based on
a one-dimensional damped mass-spring system, considering a realistic two dimensional
non-homogeneous beam should actually improve the predictions. Finally, the acoustic
interactions (resonances) between all out-of-phase valve cycles in the suction and discharge
chambers would be studied and compared to the measurements.
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Appendix

Table 1: Values of coefficients aij and b in the equation of state of Piao [1]

ai1 ai2 ai3 ai4
a1j 10.200664 -33.117138 27.006031 -9.3442006
a2j -32.533383 84.321026 -53.638675 5.1293252
a3j 78.123563 -186.15733 105.08815 0
a4j -68.597038 163.7985 -89.655243 0
a5j 28.411548 -68.88115 34.766061 0
a6j -4.9177332 13.40429 -5.7021512 0
a7j 0 -0.61139649 0 0
a8j 0.057702463 -0.077630849 0.069571809 0

b 0.043959113

9

938



Multipoint global optimal shape design by morphing

VI International Conference on Computational Methods for Coupled Problems in Science and Engineering 
COUPLED PROBLEMS 2015 

B. Schrefler, E. Oñate and M. Papadrakakis (Eds) 
 

 
 
MULTIPOINT GLOBAL OPTIMAL SHAPE DESIGN BY MORPHING  

 A. NASTASE* 

* Aerodynamics of Flight, RWTH, Aachen University 
Templergraben 55, 52062 Aachen, Germany 

e-mail: nastase@lafaero.rwth-aachen.de  

Key words: Multipoint Global Optimal Design, Extended Variational Problems with Free 
Boundaries, Hybrid Solutions for Navier-Stokes PDEs, Meshless Solutions, Movable Leading 
Edge Flaps. 

Abstract.  The determination of the global optimized (GO) shape of a flying configuration 
(FC), which is of minimum drag at two cruising Mach numbers, can be obtained by 
morphing. Two movable leading edge flaps are used for this purpose. They are retracted at 
higher Mach number and stretched by the lower one. Two consecutive enlarged variational 
problems with free boundaries occur and are solved by using the own iterative optimum-
optimorum theory as optimization strategy. It uses only in its first step of iteration hyperbolic 
potential solutions and determine the inviscid GO shape of FC as surrogate model. Up the 
second step of iteration own hybrid solutions for Navier-Stokes layer are used and the total 
drag is the new functional. 

 
 
1 INTRODUCTION 
     The aim of this study is to determine the aerodynamic, global optimized (GO) shape of a 
flying configuration (FC), which is flying at two supersonic cruising Mach numbers.  Due to 
the fact that the GO shape of a FC, with respect to minimum drag at cruise, changes its opti-
mal planform very much, if the supersonic cruising Mach number is varied, this aim can be 
correct realized only by morphing. The morphing is obtained by using movable leading edge 
flaps. The surfaces of the wing, of the fuselage and of the flaps are supposed to be expressed 
or approximated in form of different superpositions of homogeneous polynoms in two 
variables with free coefficients. These coefficients, together with the similarity parameters of 
the planforms of these components of FC, are the free parameters of optimization. The 
determination of the GO shape of FC at two supersonic cruising Mach numbers leads to the 
solving of two consecutive extended variational problems with free boundaries. The first one 
consists in the determination of the GO shape of the unmovable integrated wing-fuselage part 
of FC with retracted flaps, which is of minimum drag at higher cruising Mach number. The 
second one consists in the determination of the shape of the stretched leading edge flaps, in 
such a manner that the entire FC with stretched flaps is of minimum drag, at the second lower 
cruising Mach number.  
     An own developed mathematical strategy called iterative optimum-optimorum (OO) 
theory is used for the solving of these both consecutive variational problems. In the first step 
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of the iterative OO theory, the surrogate GO shape is determined by using the three-dimen-
sional hyperbolic potential solutions of the author as start solutions, as in ]1[  and the OO the-
ory as strategy of optimization of the inviscid drag functional. It follows a computational 
checking of the inviscid GO shape of the surrogate model by using hybrid solutions for the 
Navier-Stokes layer (NSL), proposed by the author, as in  ]2,1[

 . The friction drag coefficient is 
computed and a weak interaction aerodynamics-structure can be performed. Up the second 
step of iteration the new drag functional is the total drag and additional constraints due to the 
structure requests can occur. The following premises for the optimization are taken into 
consideration:  
- the FCs have sharp leading edges in order to avoid the bow shock and to fly with char-
acteristic surface; 
- the junction lines wing-fuselage and wing-flaps begin at the apex of the wing, in order  to 
avoid the sonic boom interference; 
- the surface of FC must be integrated (namely the wing and the fuselage have the same tan-
gent plane along the junction lines between the wing and the fuselage) in order to avoid the 
negative effects of corners; 
- the leading edges conturnements of their subsonic leading edges of wing with flaps in retrac-
ted position and of subsonic flaps in stretched position must be reduced. For these purposes 
the Kutta condition on leading edges is used.    
   
2  THREE-DIMENSIONAL HYPERBOLIC START SOLUTIONS FOR  INVISCID 
    GLOBAL OPTIMAL SHAPE DESIGN OF FLYING CONFIGURATION 
 

Let us firstly consider an integrated wing-fuselage FC with arbitrary camber, twist and 
thickness distributions, which is flying at the higher cruising Mach number M with the flaps 
in retracted position. The FC with retracted flaps is considered like an integrated wing-
fuselage FC with arbitrary camber, twist and thickness distributions and is flying at the higher 
cruising Mach number M . Dimensionless coordinates are used for the computation of the 
distributions of velocity's components: 
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    Further, integrated wing-fuselage FCs are considered, namely, for which the mean surface 
is continuous and the thickness distributions on the wing and on the fuselage are different and  
three-dimensional hyperbolic potential solutions, previously given by the author as in ]1[ , are 
used as start solutions for the determination of the inviscid GO shape of FC with retracted 
flaps, at higher cruising Mach number M  and also for the determination of the inviscid GO 
shape of the stretched flaps of the FC, at lower cruising Mach number  M  . 

     The downwashes on the thin and thick-symmetrical components of the integrated FCs, 
with flaps in retracted position w  and  w , 'w  (on the wing and on the fuselage of FCs), are  
expressed in form of superposition of homogeneous polynoms with arbitrary coefficients: 
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       The coefficients of the downwashes and the similarity parameter B

 
  Bc          

 ( 11 / h   , 12  MB  ) ,  of the planform of the wing are the free parameters of the 
optimization and  11,, h   are the dimensionless span, the half-span and the depth of the 

planform of the delta wing.  The quotient // ck    of the similarity parameters of the 
wing and of the fuselage, which depend on the purpose of the FC, is supposed constant.  If the 
principle of minimal singularities (which fulfill the jumps of the velocity's components) and 
the hydrodynamic analogy of Carafoli are used, the following expressions for the axial 
disturbances of the thin and of the thick-symmetrical components of the integrated wing-
fuselage FC with subsonic leading edges are obtained, as in ]1[ : 
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    The lift and the pitching moment coefficients of the integrated wing-fuselage FCs with 
stretched flaps, computed with the hyperbolic potential theory, are the following: 
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The inviscid drag coefficients of the thin, thick-symmetrical and thick, lifting FCs with 
retracted flaps are quadratical forms with respect to the downwashes coefficients : 
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     Let us now consider the FCs with stretched flaps.  The downwashes w  and   w , w on 
the thin and thick-symmetrical components of the integrated  FC remain unchanged because 
the surface of the wing part of FC remains unchanged.  The downwashes w   and w on the 
thin and thick-symmetrical stretched flaps are also supposed to be approximated in form of 
superposition of homogeneous polynoms in two variables with free coefficients, namely: 
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    The corresponding axial disturbance velocities of the thin and thick-symmetrical compo-
nents of the integrated FCs with stretched flaps at the second lower cruising Mach number 

M  are, as follows:  
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    Hereby are:  L ,  LB''~  ,  '' B ,   cB'' ,  the dimensionless span and the similarity 
parameters of the FC with stretched flaps, of its wing and of its integrated fuselage, at lower 
cruising Mach number '

M  , the quotients  Lk /~
  ,  Lck /  , 1'2'  MB  and here

Lyy /~  .  The lift and the pitching moment coefficients of the integrated  wing-fuselage FC 
with stretched flaps are linear and homogeneous functions with respect to the coefficients of 
the downwashes: 
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The inviscid drag coefficients of the thin, thick-symmetrical and thick, lifting FC are: 
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    The optimal planform of the GO shape of  FC presents an important change with respect  to 
the chosen cruising Mach  number . That is the reason that the multipoint design is realized by 
morphing.  
 
3   INVISCID GLOBAL OPTIMAL SHAPE DESIGN OF  FLYING   
     CONFIGURATION  WITH RETRACTED AND WITH STRETCHED FLAPS 
 
     The determination of the inviscid GO shape of the FC with movable leading edge flaps 
leads to two consecutive enlarged  variational  problems with free boundaries .                                                                 
     The first one concerns the determination of the GO shape of the integrated wing-fuselage 
configuration with retracted flaps, which is of minimum drag at higher cruising Mach number 

M . The free parameters of the optimization are the coefficients of the downwashes  ,w    

and 'w  and also the similarity parameters   and    of the planforms of the wing and of the 
fuselage. The quotient of these similarity parameters, which depends on the purpose of the 
FC, is supposed to be constant.  
    The constraints of the inviscid GO shape's design are the following: the given lift, pitching 
moment and the Kutta condition along the subsonic leading edges of the thin FC component 
(in order to cancel the induced drag at cruise and to suppress the transversal conturnement of 
the flow around the subsonic leading edges, in order to increase the lift) and the given relative 
volumes of the wing and of the fuselage zone, the cancellation of thickness along the leading 
edges and the new introduced integration conditions along the junction lines between the 
wing and fuselage zone of the thick-symmetrical FC component (in order to avoid the 
detachment of the flow along these lines). 
     According to the optimum-optimorum theory, the GO shape of the FC  is searched among   
the elitary FCs with the same area of their planforms which belong to the same class of FCs. 
The class is defined by the common properties of the elitary FCs which belong to this class.              
The similarity parameter   of the planform of FC is sequentially varied and a lower limit-

line of the inviscid drag functional of elitary FCs, as function of this similarity parameter  , 

is obtained.  For FCs with subsonic leading edges is: 0 <   < 1 .  The position of the mini-

mum of this limit-line gives the optimal value of the similarity parameter opt   and the 
corresponding elitary FC is, at the same time, the global optimized FC of the class.   

The author has used its OO theory for the determination of the inviscid GO shapes  of  
three models, namely, Adela (a wing alone) and Fadet I and Fadet II (two fully-integrated 
wing-fuselage FCs), which are of minimum drag , respectively, at  cruising Mach numbers 

3;2.2;2M .  In the (Fig. 1) is represented the GO shape of the model Fadet II.  
    The theoretical predicted lift, pitching moment and the pressure coefficients of the upper 
side of six delta FC's models (namely the wedged delta, the double wedged delta, the wedged 
delta wing fitted with central conical fuselage, the global optimized delta wing Adela, the  

w
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global optimized and fully-integrated wing-fuselage models Fadet I and Fadet II ) were 
measured in the trisonic wind tunnel of DLR-Köln,  in the frame of research projects of the 
author,  sponsored by the DFG.  
      
 

 
 

 
Figure 1: The Global Optimized and Fully-Integrated Shape of the Model Fadet II at Cruising Mach  
                                                                Number  = 3 
 

 
 

Figures 2a,b:  The Variation of Lift and Pitching Moment Coefficients of Model Fadet II 

M
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Figures 3a-c: The Variations of Pressure Coefficient on the Upper Side of Model Fadet II, in its Central 
Longitudinal Cut, for the Angles of Attack  8;0;8
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     The comparisons of theoretical and experimental-correlated values of the lift and pitching 
moment coefficients of all these models were in very good agreements with the experimental 
results. In the (Figs. 2a,b), are presented these agreements between the theoretical and the 
experimental correlated values of the lift and pitching moment coefficients.  
     In (Figs. 3a-c) are represented the agreements between the theoretical and the experimental 
interpolated values of pressure coefficients on the upper side of the longitudinal central cuts 
of  the model Fadet II  at the angles of attack     8;0;8    . 

The second new extended variational problem concerns the determination of the GO shape 
of the stretched flaps, in order that entire FC to be of minimum inviscid drag at the second, 
lower cruising Mach number '

M . The central part of the FC remains unchanged and the free 

parameters of optimization are now the coefficients of the downwashes  w~   and w~   on  the  
thin and thick-symmetrical components of the flaps and the similarity parameter LB''  of 
the planform of the entire FC with stretched flaps. 

The constraints for the thin component are: the given lift and pitching moment coeffi-
cients and the fulfilling of Kutta condition on the subsonic leading edges of the flaps and, for 
the thick-symmetrical component, the given relative volume of the flaps, null-thickness along 
the leading edges of the flaps (sharp leading edges) and full-integration along the junction 
lines wing-flaps. The optimal values of the free parameters  w~  , 


w~   and '   are obtained 

by cancellation of their coefficients in the first variation of the inviscid Hamilton’s operator.  
For the computation of the total drag, including friction, hybrid NSL’s solutions are further 

proposed.   
 

4 HYBRID SOLUTIONS FOR THE NAVIER-STOKES LAYER 
    The proposed hybrid solutions for the NSL use the hyperbolic potential solutions given 
here of the same FC, given here as outer flow at the NSL’s edge and to reinforce the NSL’s 
solutions. The structure of the velocity's components of the NSL are expressed as products 
between the corresponding potential velocity's components with polynoms with arbitrary 
coefficients, versus a spectral variable. These coefficients are used to satisfy the NSL's PDEs, 
in an arbitrary chosen number of points. Let us firstly introduce a spectral variable: 
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    The proposed forms for the hybrid numerical solutions of the velocity's components are , as 
in ]2,1[ ,  the following: 
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     The here introduced logarithmic density function lnR  and  the absolute temperature T  
are the following: 
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     The pressure  p  is computed by using the physical equation of perfect gas and, for the 
viscosity   , an exponential law is used: 
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     .                         (13a,b)   

    The free coefficients iiii rwvu ,,, and it are used to satisfy the NSL's PDEs in some chosen 
points.  If the hybrid forms for the velocity's components (11a-c) are introduced in the 
continuity's PDE and the collocation method is used, the coefficients ir are determined only 
as functions of the coefficients of the velocity's components, by  solving a linear algebraic 
system  and the coefficients it  satisfy the PDE of absolute temperature and are also obtained 
only as functions of the coefficients of the velocity's components by solving of a transcenden-
tal algebraic system. A splitting of the NSL's PDEs is obtained and the physical entities are 
expressed only as function of the spectral coefficients of the velocities components and can be 
easy updated in an iterative process. A speed up of computation time is obtained. The coef-
ficients of velocity's components are determined by using the impulse PDEs, which are itera-
tively solved.   
     The hybrid solutions for the NSL presented here are reinforced  numerical solutions, which 
present important analytical properties, namely: they have correct last behaviors,  they have 
correct jumps  due to the singularities located only along the singular lines ( like junction lines 
wing-fuselage, subsonic leading edges of the wing with retracted flaps and junction lines 
wing-fuselage, junction lines wing-flaps and subsonic leading edges of the flaps of the FC 
with stretched flaps) obtained  according to the principle of minimal singularities which fulfill 
the jumps and the singularities are balanced, they are accurate because the partial-derivatives 
of velocity’s components can be exactly computed, they are split due to the use of the 
logarithmic density function and therefore they produce a speed up of the computation time, 
they fulfill automatically the non-slip condition on the FCs surface, they are matched with the 
outer potential flow and for moderate perturbations, they are reduced to the potential solutions 
at the NSL’s edge, if some boundary conditions are satisfied and they do not need interface. 
Additionally, for hyperbolic PDEs the boundary condition on its characteristic surface is 
automatically fulfilled . The hybrid solutions of the NSL's PDEs are used for the computation 
of the friction drag coefficient of the FC. The skin friction coefficient at the wall is: 
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     The friction drag coefficient and the total drag of the FC, with arbitrary camber, twist and 
thickness distributions are: 
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      These hybrid NSL's solutions are also used for the viscous design of the GO shape of FC. 
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5     ITERATIVE OPTIMUM-OPTIMORUM  THEORY  
    The viscous iterative OO theory of the author is proposed for the viscous determination of 
the GO shape of the FC with flaps in retracted position in order to present a total minimum 
drag at the first higher cruising Mach number and also for the viscous determination of the 
GO shape of the flaps of the FC with stretched flaps, in order to obtain a minimum total drag 
for the entire wing-fuselage FC with the flaps in stretched position, at the second lower Mach 
number. The viscous iterative OO theory uses the inviscid hyperbolic potential solutions as 
start solutions and the inviscid GO shape of these FCs as surrogate models, only in its first 
step of iteration. An intermediate computational checking of this inviscid GO shape of the FC 
is made with own hybrid solvers, for the three-dimensional compressible NSL. The friction 
drag coefficient )( f

dC of the FC is computed and the inviscid GO shape is checked also for the 
structure point of view. A weak interaction aerodynamics-structure is proposed. Additional or 
modified constraints, introduced in order to control the camber, twist and thickness 
distributions of the GO shape, for structure reasons, are here proposed.  In the second step of 
optimization, the predicted inviscid GO shape of the FC is corrected by including these 
additional constraints in the variational problem and of the friction drag coefficient in the drag 
functional. The chart flow of the iterative OO theory is given in the (Fig. 4). 
 

 
 

Figure 4:  The Iterative Optimum-Optimorum Theory 
 

6   CONCLUSIONS  
- The author proposes analytical three-dimensional hyperbolic potential solutions for the  

computation of the axial disturbance velocity over the wing-fuselage FC fitted with 
flaps in retracted and in stretched positions, which are useful for the computation of its 
lift, pitching moment and pressure coefficients of the FC. These solutions are given in 
integrated forms, are in good agreement with experimental results and are used as start 
solutions for the determination of the inviscid GO shapes of FC with retracted and with 
stretched flaps.  These potential solutions are the start solutions for the determination of 
the inviscid GO shape of the FC. 
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- The hybrid numerical solutions for the three-dimensional full PDEs of NSL, proposed 
here, use these hyperbolic potential solutions twice, namely: as outer flow at the NSL’s 
edge and for the analytical hybridization of the numerical solutions. The velocity’s 
components are expressed as products of potential solutions and polynoms with 
arbitrary coefficients, which are used to satisfy the NSL’s PDEs in some chosen points. 
By using a logarithmic density a splitting of NSL’s PDEs is realized. 

- The hybrid numerical solutions of the NSL, proposed here, are accurate because they 
are meshless, their derivatives can be easy and exact computed, they automatically 
fulfill the non-slip condition and have important analytical properties given above, due 
to the analytical hybridization and due to the splitting. Artificial viscosity and cor-
rection coefficients are not used.  

- The evolutive iterative optimum-optimorum theory is a special deterministic strategy, 
developed by the author, for the solving of the enlarged variational problem with free 
boundaries.  The GO shape of FC is searched inside of a given class of elitary FCs. 
Therefore it has almost all attributes of genetic algorithms like: migrations (in the drag 
functional and in the constraints in the early steps of its iteration), crossover (by the 
construction of its NSL start solutions up the second step of its iterations), mutation (in 
the start solutions and in the constraints), multiple selections (inside of a class and 
among different classes of elitary FCs). 

-  It allows the performing of the multipoint global optimal design by morphing.  
Movable leading edge flaps are used for this purpose and the both enlarged variational 
problems with free boundaries, which occur, are solved. 

- It allows the performing of the multidisciplinary global optimization. A weak 
interaction aerodynamics-structure is proposed, via additional or modified constraints 
requested for the structure purpose.  

-  It is flexible because it can use different start solutions, drag functionals and 
constraints, which can be changed in the early steps of iterations.  

- It is economic and competitive, due to the splitting of the NSL's PDEs and of analytical 
hybridization a speed up of computation time occurs. 

The morphing of FCs, by using spanwise movable leading edge flaps, is especially useful for 
supersonic aircraft of small size, like business and rescue jets, which must be able to take off 
and to land on shorter runways and for UAVs. 
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Abstract. A method for simulation-based multidisciplinary robust design optimization
(MRDO) affected by uncertainty is presented, based on variable-accuracy metamodelling.
The approach encompasses a variable level of refinement of the design of experiments
(DoE) used for the metamodel training, a variable accuracy for the uncertainty quantifi-
cation (UQ), and a variable level of coupling between disciplines for the multidisciplinary
analysis (MDA). The results of the present method are compared with a standard MRDO,
used as a benchmark and solved by fully coupled MDA and fully accurate UQ, without
metamodels. The hull-form optimization of the DTMB 5415 subject to stochastic speed
is presented. A two-way steady coupled system is considered, based on hydrodynamics
and rigid-body equation of motion. The objective function is the expected value of the
total resistance, and the design variables pertain to the modification of the hull form. The
effectiveness and the efficiency of the present method are evaluated in terms of optimal
design performances and number of simulations required to achieve the optimal design.

1 INTRODUCTION

The design of complex engineering system requires simulation-based analysis, address-
ing the interaction of mutually coupled disciplines. Real world applications are affected
by uncertainty and require uncertainty quantification (UQ) and multidisciplinary robust
design optimization (MRDO) formulations. Simulation-based design (SBD) for shape
optimization has been used in diverse engineering fields, including naval applications [1].
SBD has been widely extended to multidisciplinary design optimization (MDO) problems,
including ship design [2]. The assessment of uncertainty in SBD has been presented in
[3], whereas a MRDO application addressing operational uncertainties has been shown
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in [4]. In order to reduce the MDO and MRDO computational costs, metamodels have
been widely applied in several engineering fields. In naval applications, a metamodels-
based UQ may be found in [5, 6] and a dynamic radial basis function metamodel for UQ
applications in ship hydrodynamics has been presented in [7]. The numerical solution
of the MRDO represents a challenge from both the algorithmic and computational view-
points, especially if computationally expensive simulations are required. Simulation-based
multidisciplinary analysis (MDA), UQ, and design optimization need to be effective and
efficient, in order to define an optimal solution at a reasonable computational cost.

The objective of the present work is the development and validation of a variable-
accuracy method for simulation-based MRDO. Specifically, the optimal solution is identi-
fied by variable-accuracy, metamodel-based design optimization. The focus is on two-way
steady problems and the method encompasses (a) a variable level of refinement of the
design of experiments (DoE) used for the metamodel training, (b) a variable accuracy in
the UQ analysis and (c) a variable level of coupling between disciplines in MDA [8].

The SBD application pertains to the hull-form optimization of the DTMB 5415 model,
an open-to-public early concept of the DDG-51, a USS Arleigh Burke-class destroyer,
widely used for both experimental [9] and numerical investigations [2]. Herein, the SBD
optimization is aimed at the reduction of the expected value of the total resistance in
calm water, considering stochastic speed. The two-way MDA is defined by the steady
hydrodynamics provided by a linear potential flow solver and the rigid body equation of
motion. The convergence of MDA is achieved iteratively, for each value of the stochastic
speed. Monte Carlo method coupled with Latin Hypercube Sampling (LHS) [8] is used for
UQ. The optimization is performed using a single objective deterministic particle swarm
optimization (PSO) algorithm [10], using a thin plate spline (TPS) metamodel built on
subsequent DoEs, obtained with variable UQ accuracy and MDA coupling. The results
are compared to a benchmark solution, obtained by optimization without metamodel and
a high level of UQ accuracy and MDA coupling.

2 PROBLEM FORMULATION

The single-objective MDO problem is formulated as

minimize f(x, a), x ∈ X ⊆ RNDV (1)

whereas the MRDO extension to problems affected by uncertainty reads

minimize µ(f) =

∫

Y

f(x,y, a)p(y)dy, x ∈ X ⊆ RNDV (2)

where x collects NDV deterministic design variables, f is the deterministic objective func-
tion, µ in Eq. 2 is the expected value of f and p(y) is the probability density function of
the stochastic environmental and operating conditions, collected in y. Box and functional
constraints may apply, if required.

The function f depends on several interconnected disciplines. The input of the i-th
discipline ∆i is defined by the set of design variables, x = [xT

i ,x
T
S ]

T , the set of output
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parameters provided by other disciplines ∆j (i �= j), {aj}i �=j, and, for Eq. 2, the set
of uncertain parameters y = [yT

i ,y
T
S ]

T . Variables indicated by xS are shared by all (or
part of) the disciplines, whereas the corresponding xi are assumed to be local to the i-th
discipline ∆i. Similarly, the vector yS is shared by all (or part of) the disciplines involved
and yi is local to the i-th discipline ∆i only (see, e.g., [4]).

In MDO, once the multidisciplinary equilibrium, a = [aT
1 , . . . , a

T
N∆

]T , is achieved (gener-
ally by iterative procedures), the deterministic objective function f = f(x, a) is evaluated
and an optimization algorithm is put on top of MDA.

In MRDO, the multidisciplinary equilibrium is conditional to y ∈ Y and UQ is needed
on top of MDA (as shown in the top box of Fig. 1). Once the multidisciplinary equilibrium
is achieved, the deterministic objective function f = f(x,y, a) is evaluated, the stochastic
objective function µ(f) is assessed by UQ, and finally an optimization algorithm is put
on top of UQ (see Fig. 1).

3 VARIABLE-ACCURACY METHOD FOR MRDO

A metamodel is interposed between UQ and the optimizer, as shown in Fig. 1. The
variable-accuracy metamodel-based MRDO is based on subsequent optimization stages,
characterized by: (a) a refinement of the DoE used for the metamodel training, (b) a
variable accuracy in the UQ analysis and (c) a variable level of coupling in MDA.

At the first stage, the training points are distributed in the whole design domain and
the corresponding objective function values are obtained considering both a low level of
accuracy in UQ and a weak coupling between disciplines. After the first optimization
stage, a refined subdomain centered in the current optimum is defined. A new training
set is used, with the corresponding objective function values obtained increasing both the
accuracy of UQ and the coupling in MDA. The procedure is iterated for an appropriate
number of stages, achieving fully accurate UQ and fully converged MDA, at the last
optimization stage. The pseudo-code of the methodology is presented in Fig. 2, where
NOS is the number of optimization stages and NTP is the number of training points per
optimization stage.

4 SBD FRAMEWORK FOR MRDO

The SBD optimization framework encompasses three essential and interconnected ele-
ments: (a) the analysis tools, (b) the optimization algorithm, (c) the tool for the design
modifications. The present toolbox includes a steady potential flow code, coupled with
rigid-body equation of motion, a UQ tool based on MC-LHS simulation, a TPS meta-
model, a deterministic version of the PSO algorithm, and a tool for geometry modifications
based on orthogonal basis functions.
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        Disciplinary Analysis ∆1 𝐚𝐚1
 
        Disciplinary Analysis ∆2 𝐚𝐚2 
 
 

𝜇𝜇 𝑓𝑓 =  𝑓𝑓 𝐱𝐱, 𝐲𝐲, 𝐚𝐚 𝑝𝑝 𝐲𝐲 𝑑𝑑𝐲𝐲 

 
 

METAMODEL 
 
 

 OPTIMIZER 
min𝐱𝐱   𝜇𝜇(𝑓𝑓) 

𝜇𝜇(𝑓𝑓) 
 

𝜇𝜇(𝑓𝑓) 
 

𝐱𝐱 

𝐱𝐱 

UQ 

MDA 

𝐚𝐚 𝐱𝐱 

𝐱𝐱𝑆𝑆, 𝐲𝐲𝑆𝑆 
𝐱𝐱1, 𝐲𝐲2 

𝐱𝐱𝑆𝑆, 𝐲𝐲𝑆𝑆 
𝐱𝐱1, 𝐲𝐲2 

Figure 1: Metamodel-based MRDO
method.

For 𝑖𝑖 = 1, 𝑁𝑁𝑂𝑂𝑂𝑂 
   Define 𝑁𝑁𝑇𝑇𝑇𝑇 training points, 𝐱𝐱(𝑖𝑖) ∈  𝑋𝑋(𝑖𝑖) 
   For 𝑗𝑗 = 1, 𝑁𝑁𝑇𝑇𝑇𝑇 
      Do while UQ tolerance not achieved     
        Define (new) LHS samples, 𝐲𝐲 ∈ 𝑌𝑌
         Do while MDA tolerance not achieved  
            For 𝑞𝑞 = 1, 𝑁𝑁∆ 
               Solve ∆𝑞𝑞  
            End 
            Evaluate 𝑓𝑓 𝐱𝐱 𝑖𝑖 , 𝐲𝐲, 𝐚𝐚  
         End 
      End 
   End 
   Build  the TPS metamodel for 𝜇𝜇(𝑓𝑓) 
   Optimize 𝜇𝜇(𝑓𝑓) by PSO 
   Define a new design domain 𝑋𝑋(𝑖𝑖+1), 
      based on current optimum 
End 

Figure 2: Pseudo-code of the variable-
accuracy metamodel-based MRDO method.

4.1 Tools for multidisciplinary analysis

The hydrodynamics is solved using the code WARP (WAve Resistance Program), de-
veloped at CNR-INSEAN. Wave resistance computations are based on linear potential
flow theory. For details of equations, numerical implementation and validation see [11].
The wave resistance is evaluated with the transverse wave cut method [12], whereas the
frictional resistance is estimated using a flat-plate approximation, based on the local
Reynolds number [13]. The inputs (x1 and y1) of the hydrodynamic solver are the design
variables and the speed, respectively, along with sinkage (σ) and trim (τ) values (collected
in a2). The corresponding outputs (collected in a1) are the hydrostatic and hydrodynamic
forces and moments.

The steady rigid-body equation of motion is evaluated for the 2DOF (sinkage and trim)
problem and includes the equilibrium of the vertical forces Fz, and y-moments My. The
incremental sinkage (∆σ) at the center of gravity (CG) and trim (∆τ) are evaluated by
the linearized equations, ∆σ = Fz/ρgSWL (where ρ is the water density, g is the gravity
acceleration and SWL is the waterline surface area), and ∆τ = My/ρgIWL (where IWL is
the waterline-area moment of inertia about the y-axis, passing at CG). The inputs are the
hydrostatic and hydrodynamic forces and moments (a1), and the weight force, whereas
the outputs (a2) are formed by sinkage and trim values.

The MDA achieves the equilibrium solution for a1 and a2 by an iterative procedure.
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4.2 UQ method

The integral in Eq. 2 is approximated as µ(f) = 1/NUQ

∑NUQ

i=1 f(x,yi), using the MC
method. LHS is applied by dividing the uncertain parameter domain with NUQ = 2k + 1
(k ∈ N) evenly spaced bins [8].

4.3 TPS metamodel

A TPS metamodel is used for the design optimization. Given a set of training points
{xi}, i = 1, . . . , NTP, and the corresponding objective function values f(xi), the objec-
tive function f(x) is approximated, using radial-basis functions (RBF), as per f̂(x) =
∑NTP

i=1 di ϕ[r(x,xi)], where ϕ(r) = r2 log r is the RBF kernel, with r = ‖x− xi‖. The
coefficients di are the solution of {ϕ(xi,xj)}{dj} = {f(xi)}. Herein, the training set is
distributed in the design domain using Hammersley sequence sampling (HSS) [8].

4.4 Optimization algorithm

The deterministic version of the PSO algorithm is used for the optimization [10]. The
swarm dimension is set to 4 · NDV, the swarm is initialized using HSS over the design
variables domain and its boundaries. The PSO coefficients are set as χ = 0.721, c1 =
c2 = 1.655, [10]. The number of function evaluations is set to NPSO = 512 ·NDV.

4.5 Shape modification method

Shape modifications are represented in terms of orthogonal basis functions ψj (j =
1, ..., NDV), defined over surface-body patches as

ψj(ξ, η) := αj sin

(

pjπξ

Aj

+ φj

)

sin

(

qjπη

Bj

+ χj

)

ek(j) (ξ, η) ∈ [0;A]× [0;B] (3)

where αj is the j-th (dimensional) design variable; pj and qj define the order of the basis
function in ξ and η direction respectively; φj and χj are the corresponding spatial phases;
Aj and Bj are the patch extension in ξ and η respectively, and ek(j) is a unit vector.
Modifications may be applied in x, y or z direction (k(j) = 1, 2, 3 respectively).

5 OPTIMIZATION PROBLEMS

The objective function for the problem in Eq. 1 is the total resistance (f = RT ) of the
DTMB 5415 [9] in calm water at 24 [kn], whereas the objective function for the problem
in Eq. 2 is the expected value of the total resistance in calm water, evaluated over a
stochastic speed y, with y ∈ [18; 30] [kn] following a uniform probability density function.

Two (normalized) design variables, x1 = α1/2 and x2 = α2, are used. The shape
modifications are obtained as per Eq. 3 with j = 1, 2 and k = 2. The associated
parameters are p1 = 2.0, φ1 = 0.0, q1 = 1.0, χ1 = 0.0, α1 ∈ [−2.0; 2.0] and x1 ∈ [−1.0; 1.0];
p2 = 1.0, φ2 = 0.0, q2 = 2.0, χ2 = 0.0, α2 ∈ [−1.0; 1.0] and x2 ∈ [−1.0; 1.0]. Geometric
constraints include fixed length between perpendiculars (LBP) and displacement.
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Potential flow calculations are performed using a 150x30 panel grid for the hull surface.
The computational domain for the free surface is defined within 1 hull length upstream,
3 lengths downstream and 1.5 lengths aside, discretized with 30x44, 90x44 and 30x44
surface panels, respectively. The grid convergence analysis is provided in [14].

6 NUMERICAL RESULTS

Benchmark solutions for both deterministic MDO and stochastic MRDO are presented
in the following, and compared to the variable-accuracy metamodel-based results.

6.1 Benchmark solution for MDO

Convergence of iterative MDA is conducted for both design variables and stochastic pa-
rameter at domain center (x1 = x2 = 0.0, y = 24 [kn], corresponding to Fr = y/

√
gLBP =

0.330). Fig. 3 shows the solution change for total resistance, pitch and vertical force
coefficients, sinkage and trim (respectively Ct = 2Fx/ρy

2SWL, CMy = 2Mh
y /ρy

2SWL,
CFz = 2F h

z /ρy
2SWL, σ and τ , where Fx is the total resistance, Mh

y is the hydrodynamic
moment, F h

z is the hydrodynamic force) versus MDA iterations.
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Figure 3: MDA convergence (x1 = x2 = 0,
y = 0.330).
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Figure 4: Sensitivity analysis for calm-water
total resistance at Fr = 0.330.

A benchmark tolerance of 10−4 is set for all parameters and the maximum number
of MDA iteration N

(max)
MDA is set equal to 14. The corresponding maximum number of

discipline evaluations is defined as N
(max)
S = NPSO ·N (max)

MDA and summarized in Tab. 1.
The sensitivity analysis for the resulting RT is shown in Fig. 4, versus x1 and x2. The

benchmark MDO results are included in Tab. 2, in terms of optimal design variables,
objective function value and number of discipline evaluations.
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Table 1: MDO and MRDO maximum number of simulations.

Problem ID Evaluations
MDO NPSO 512 ·NDV

N
(max)
MDA 14

N
(max)
S 7,168 ·NDV

Problem ID Evaluations
MRDO NPSO 512 ·NDV

N
(max)
UQ 33

N
(max)
MDA 14

N
(max)
S 236,554 ·NDV

Table 2: MDO and MRDO results.

Problem Design var. 1 Design var. 2 Obj. [kN]

∣∣∣∣
Obj.(B) −Obj.

Obj.(B)

∣∣∣∣% NS/NDV

MDO (benchmark) 0.99 0.99 573.64 - 5,024
Variable-coupling MDO 0.96 0.99 571.30 0.41 674
MRDO (benchmark) 1.00 0.53 712.34 - 167,587
Variable-accuracy MRDO 0.98 0.36 712.82 0.07 18,876

6.2 Variable-accuracy MDO

Three subsequent optimization stages are considered, the MDA coupling is increased
at each stage, whereas the number of training points NTP is fixed for each stage. The
tolerance for the solution change of Ct, CMy, CFz, σ and τ is set to 10−2, 10−3 and 10−4

for first, second and third optimization stage, respectively.
In order to define NTP: (1) a target number of total evaluations N

(T)
S = 0.1N

(max)
S

is assumed; (2) at the j-th stage, the number of evaluations is calculated as N
(j)
S =

NTP · N (j)
MDA; (3) a target number of MDA iterations is defined according to Fig. 3,

providing N
(T )
MDA = 4, 7, 14 for first, second and third optimization stage. Accordingly,

NTP equals 29.

Table 3: Metamodel-based MDO and MRDO evaluations.

Problem ID Stage 1 Stage 2 Stage 3 NS/NDV

Variable-coupling MDO NTP 29 29 29

N
(j)
S 87 210 377 674

Variable-accuracy MRDO NTP 39 39 39

N
(j)
S 1,209 4,680 12,987 18,876

7

958



C. Leotardi, E.F. Campana and M. Diez

Variable-coupling metamodel-based MDO results are included in Tab. 2 and are found
in close agreement with the benchmark values. The number of evaluations for each op-
timization stage is summarized in Tab. 3. The number of evaluations associated to the
variable coupling metamodel-based MDO is about 13.4% of the corresponding benchmark
value in Tab. 2. Figure 5 shows the subsequent metamodel-based optimization stages,
with the corresponding optima.
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Figure 5: Metamodel-based MDO with subsequent refinement of design variable domain.

6.3 Benchmark solution for MRDO

Convergence of UQ is studied versus the number of samples NUQ = 2k + 1, k ∈ N,
for x1 = x2 = 0.0 and a benchmark tolerance for MDA equal to 10−4. Fig. 6 shows the
solution change of the expected value of the total resistance (∆µ/µ) versus NUQ.
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Figure 6: UQ convergence (x1 = x2 = 0,
y ∈ [0.250, 0.410]).
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Figure 7: Sensitivity analysis for calm water
expected value of total resistance.

A benchmark tolerance for solution change is set to 2·10−2 and a number ofN
(max)
UQ = 33

is set. The maximum number of evaluations is defined as N
(max)
S = NPSO ·N (max)

UQ ·N (max)
MDA
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and summarized in Tab. 1.
The sensitivity analysis for each design variable is shown in Fig. 7, whereas the bench-

mark MRDO results are included in Tab. 2.

6.4 Variable-accuracy MRDO

Three subsequent optimizations stages are considered, the UQ accuracy, together with
the MDA coupling, is increased at each stage, whereas the number of training points NTP

is fixed for each optimization stage. The tolerance for the solution change of the expected
value of the total resistance is set to 5 · 10−2, 3 · 10−2 and 2 · 10−2, for the first, second
and third optimization stage, respectively. The MDA tolerances are the same as for the
MDO problem.

In order to define NTP: (1) a target number of total evaluations N
(T)
S = 0.1N

(max)
S is

assumed; (2) the number of evaluations for the j-th optimization stage is expressed as

N
(j)
S = NTP ·N (j)

UQ ·N (j)
MDA; (3) a target number of UQ samples is selected according to Fig.

6), which provides N
(T )
UQ = 9, 17, 33 for the first, second and third optimization stage;

(4) the target number of MDA iterations is the same as the MDO problem. Accordingly,
NTP is found equal 39.

Metamodel-based MRDO results are included in Tab. 2 and are found in close agree-
ment with benchmark values. The number of evaluations for each optimization stage are
summarized in Tab. 3. The number of simulations associated to the variable-accuracy
metamodel-based MRDO is about 11.3% of the corresponding benchmark values in Tab.
2. Figure 8 shows the subsequent metamodel-based optimization stages with the corre-
sponding optima.
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Figure 8: Metamodel-based MRDO with subsequent refinement of design variable domain.

Figure 9 (a) and (b) show the MDO and MRDO optimal shapes, compared to the
original. It is worth noting that the optimal MRDO and MDO configurations fall in
different points of the design variable domain. Nevertheless, the corresponding shapes are
similar, as also found in earlier research for a catamaran configuration [5].

Finally, a parametric analysis of the total resistance versus Fr is presented in Fig. 9 (c),
for the optimal and original configurations. The performances of benchmark and variable-
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(a) (b) (c)

Figure 9: (a) Optimal MDO hull shape vs original, (b) Optimal MRDO hull shape vs original, (c)
Parametric analysis of the total resistance vs Fr number.

accuracy solutions are found in close agreement for both MDO and MRDO, and present
an overall improvement in the whole speed range. Moreover, MDO and MRDO solutions
perform similarly; however the MRDO solution presents an overall best performance,
whereas the performance of the MDO solution is found slightly better for deterministic
Fr = 0.330.

7 CONCLUSIONS

A methodology for simulation-based multidisciplinary design optimization for prob-
lems affected by uncertainty has been presented. The approach encompasses a variable-
accuracy metamodel-based design optimization, with (a) a variable level of refinement of
the DoE used for the metamodel training, (b) a variable accuracy in the UQ analysis, and
(c) a variable level of coupling in MDA.

The methodology has been applied to the resistance optimization of the the DTMB
5415 model, within a stochastic speed range. A potential flow solver has been coupled
with the rigid body equation of motion (steady), the UQ has been performed by MC-LHS,
a TPS metamodel has been used for the design optimization, and a PSO algorithm has
been used for the optimization. Two design variables have been used, for the hull form
modification.

Both deterministic MDO and stochastic MRDO have been solved. MDO and MRDO
variable-accuracy metamodel-based solutions have been found in very close agreement
with the corresponding benchmark solutions (obtained by fully convergent UQ and MDA,
without metamodels). The present method allowed for a reduction of the computational
cost by 13.4% and 11.3% for MDO and MRDO, respectively (Tab. 3).

The parametric analysis, conducted for the optimal designs over the speed range, re-
vealed that the MRDO solution presents an overall best performance, whereas the MDO
solution shows the best deterministic performance. As in earlier research, MDO and
MRDO solutions have been found similar.

Future work will focus on the use of different surrogate techniques. Specifically, the

10

961



C. Leotardi, E.F. Campana and M. Diez

current a priori definition of the training points for the metamodel will be replaced by
dynamic metamodelling techniques (e.g. [7]). The sensitivity of the results to diverse
metamodels will be also investigated. The extensions to higher-dimensional problems
(with more than two design variables) will be also addressed.
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Abstract. In this paper, a parallel sampling strategy dedicated to SAO is proposed to enhance 
the competence of exploration and convergence simultaneously in the optimization process. In 
the parallel sampling procedure, new sampling points are identified in the pareto front of the 
multi-objective optimization problem, which is solved with the Normal constraint (NC) method. 
The objectives of the optimization problem are the two indices to represent the competence of 
exploration and convergence, and the sampled points will be evaluated by the true model in a 
parallel way. Furthermore, the proposed methodology is evaluated on two benchmark tests. 
Compared to other optimization algorithms, the PSAO algorithm yields equivalent or better 
objective values while the number of optimization iterations required to find the same global 
optima is reduced by multiple orders of magnitude, which substantially reduce the computing 
costs in the tested structural design optimization tasks, highlighting the applicability of the 
PSAO structural design optimization problems.  

 
 
1 INTRODUCTION 

Structural design optimization remains an important and challenging topic in the engineering 
design of lighter, more effective structures [1]. Design optimization aims to determine the 
optimal shape of a structure by maximizing or minimizing a given criterion, such as stiffness 
or weight, subject to stress or displacement constraints. Over the past decade, a number of 
optimization algorithms have been extensively used in structural optimization tasks, such as 
gradient-based algorithms, evolutionary algorithms (EAs) and approximation-based 
optimization algorithms [2]. Of course, advantages and disadvantages are associated with any 
optimization technique.  

Several examples of gradient-based optimization applied to structural design problems exist 
in the literature [3, 4]. However, gradient-based optimization techniques are extremely sensitive 
to the initial guess and prone to trapping in local optima.  

In the past few decades, structural design optimization problems have been increasingly 
solved by EAs such as the genetic algorithm [5], simulated annealing [6], particle swarm 
optimization [7] and the artificial bee colony algorithm [8]. EAs present several advantages 
over gradient-based methods [9]. Drawbacks of these methods are the huge number of function 
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evaluations required.  
In approximation-based optimization techniques, objective functions are expressed as low 

order polynomial approximations to explicit functions. The accuracy of these techniques is 
acceptable and the computational cost is much reduced. Commonly applied approximation 
techniques include the response surface method [10, 11], neural network [12, 13], polynomial 
regression models [14], Kriging methods [15] and the radial basis function (RBF) [16]. 
However, these techniques introduce error into the meta-model, which reduces their reliability. 

The SAO algorithm has been recognized as one of the most attractive approaches for 
engineering optimization [17]. The success of an SAO algorithm depends chiefly on the 
approximation technique and the sampling strategy. Therefore, this paper focuses on improving 
the sampling strategy to the extent that SAO becomes applicable to structural design 
optimization problems. The paper is structured as follows: Section 2 introduces the general 
formulation of the SAO approach and proposes a parallel sampling strategy. Finally, the 
procedure of the PSAO is presented. Section 3 presents two structural optimization case studies, 
which are used to demonstrate the efficacy of the methodology. Concluding remarks are 
presented in Section 4. 

2 PARALLEL SEQUENTIAL APPROXIMATION OPTIMIZATION 

2.1 General framework of the sequential approximation optimization 
Let us consider a general structural optimization problem with constraints: 

 find
min ( )
. . ( ) 0 1,2, ,

( ) 0 1,2, ,
i

j

L U

f
s t g i l

h j k
 
 

 

X
X
X
X

X X X

 (1) 

For most structural design problems, the objective function and constraints are implicit 
functions of design variables, usually obtained by finite element analysis (FEA). Since the 
computational cost for FEA may be high, the number of analyses carried out during the 
optimization has the main impact on the efficiency of the algorithm. This has initiated the 
development of optimization techniques that are suitable for structural design problems [18].  

In the classical approximation-based optimization procedure summarized in [19], the 
accuracy of the surrogate model could be degraded by an ill-chosen initial sample, leading to a 
deceptively positioned optimum. Here we assume that our optimum design is the best result of 
the true function, not that of the surrogate. Results from the surrogate are therefore evaluated 
by comparison with the true function evaluations. Additional calls to the true function are used 
to both validate the surrogate and enhance its accuracy. Thus, as shown in Figure 1, the SAO 
approach selects the new points at which the true function is called. Applying a series of new 
infill points based on some infill criteria (also known as a sampling strategy), the objective 
function is sampled using a constantly changing surrogate model [20]. 
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Distribution of initial sampling points
（Design of Experiment）

Distribution of initial sampling points
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Construction of surrogate model
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Construction of surrogate model
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Addition of the Sampling Points
（Sampling strategy）

Addition of the Sampling Points
（Sampling strategy）

Termination
criteria

Termination
criteria EndEnd

 
Figure 1: General framework of the sequential approximation optimization 

The SAO-based structural optimization can be mathematically expressed as: 
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the m-dimensional design variable X is scaled into an m-dimensional unit hypercube x by 

 1,2, ,
L

i i
i U L

i i

X Xx i m
X X


 


 (3) 

Here ( ) ( )nf x is the thn approximation of the objective function, ( ) ( )n
ig x and ( ) ( )n

jh x are the

thn approximations of the constraints. In addition, ( ) ( )nS x is a constraint deduced from the 
sampling strategy in the thn iteration. 

2.2 Parallel sampling strategy  
Since its proposal, a number of sampling strategies have been applied to the SAO algorithm 

[21, 22]. These strategies can be roughly divided into three categories: exploitation, exploration 
and balanced exploitation/exploration. The sampling strategies are usually performed by 
infilling the new point sequentially, which imposes restrictions on the capability of exploration 
and convergence. In this section, a parallel sampling strategy is proposed. 

The simplest exploitation sampling strategy for SAO is to find the optimum of the surrogate 
model ( )s x , while exploration maximizes the minimal Euclidean distance between sampling 
points ( )d x , given by  
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 ( ) ( )( ) min( ( ) ( )) ( 1,2, , )n T n n
i id i N （ ）x x - x x - x  (4) 

where ( )nN is the number of sampling points before the thn sampling. Here we adopt an 
adaptive sampling strategy by solving the multi-objective optimization problem  

 ( )
min max

( )

( )

: ( ), ( )

. . ( ) 0 1,2, ,

( ) 0 1,2, ,

n

n
i
n

j

max s d
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where l is the number of inequality constraints and m is the number of equality constraints of 
original optimization problems, ( ) ( )ns x is the meta-model constructed before the thn sequential 
sampling. Then the optimal solution of (1) together with the real response evaluated by the 
original model will be regarded as new sampling points to update the surrogate model. Solving 
problem (5), the Pareto front is easy to be obtained by Multi-objective Optimization 
Evolutionary Algorithms (MOEAs), such as NSGA or NSGA-II.  

Given the number of parallel sampling points, denoted by k , the procedure of parallel 
sampling is shown as follows: 

Step 1: solve the multi-objective optimization problem (5) to get the Pareto front; 
Step 2: select k points on the Pareto front evenly as the sampling points, which is illustrated 

in Figure 2; 
Step 3: Once these k sampling points are identified, those selected points are evaluated in 

parallel using the true model. 

Pareto front

Sampling points

s(x)

d(x)

 
Figure 2: The illustration on the sampling points on the Pareto front 

2.3 Procedure of the parallel sequential approximation optimization 
Figure 3 presents a detailed flowchart of the PSAO algorithm, which is roughly divided into 

four blocks: the Initial stage, Approximation stage, Termination criteria and Sampling stage. 
Each block is elaborated below: 

(1) Initial stage 
In this stage, the m-dimensional design variable is scaled into an m-dimensional unit 

hypercube, which is then sampled by the Optimal Latin Hypercube Design (OLHD) method. 
The number of sampling points N is generally estimated from the following rule: 
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 5 10 10
100 10

m m m
N

m
 

  
 (6) 

Finally, the objective function and the constraints of the sampling points are evaluated from 
the true model, and an initial sample set is generated. 

Scaling the m-dimensional design variable into an m-dimensional unit hypercube

Initial sampling using Optimal Latin Hypercube Design method

Evaluating objective function and constraints of the initial sampling points

Termination Criterion Satisfied?

Initial Stage

Approximation Stage

Sampling Stage

Determining the width of each Gaussian basis function based on the local
density of sampling points

Constructing the surrogate model of objective and constraints from sampling points

Solving the multi-objective optimization problem (5) to obtain the pareto front

End

Evaluating the selected points based on the original model

Add new
sampling point

Yes

NO

Solving the approximation-based optimization using PSO algorithm

Selecting k points on the Pareto front evenly as the sampling points

 

Figure 3: Procedure of the PSAO 

(2) Approximation stage 
Based on the sample set, a surrogate model of the objective function and its constraints is 

constructed using the enhanced approximate technique [23], whose kernel widths are obtained 
based on the local density of sampling points. The proposed point-density based estimate of the 
width of basis function demonstrates good performance for both uniform and non-uniform 
sampling points. Finally, the surrogate-based optimization problem is solved by the PSO 
algorithm [7]. 

(3) Termination criteria 
The PSAO is terminated under the following criteria: 
(i) If the relative distance between the optimal solutions of two successive iterations is below 

1%, then evaluate criterion (ii). Otherwise, advance the SAO to the Sampling stage; 
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(ii) If the relative error between the optimal objective functions under the constraints 
imposed by a penalty is less than 1%, then evaluate criterion (iii). Otherwise, advance the PSAO 
to the Sampling stage; 

(iii) If the relative error between the objective functions of the surrogate model and the true 
model in the current iteration is less than 1%, then convergence is reached and the PSAO 
algorithm is terminated. Otherwise, advance the PSAO to the Sampling stage. 

(4) Parallel sampling stage 
The detail of the parallel sampling strategy has been descripted in section 2.2. When 

sampling points are selected, the sampling points together with their responses based on the 
original model are added to the sample set to update the surrogate model in the next iteration. 

3 STRUCTURAL DESIGN OPTIMIZATION CASE STUDIES 
In this section, two case studies from simple to complex are taken from the engineering 

practices to investigate the general-purpose application and advantages of the proposed PSAO. 
The effectiveness and robustness of the proposed PSAO algorithm is validated in comparison 
with other optimization techniques in this section as well. 

3.1 Test case 1 
The first test case is a 72-member space truss with numerous design variables and constraints. 

The geometry and material properties, as well as the node and member numbering system, are 
shown in Figure 4. The optimization objective is to minimize the structural weight. The design 
variables are the cross-sectional areas of the truss members, grouped as shown in Figure 4. This 
grouping reduces the number of design variables to 16 member groups. The area is allowed to 
vary between 0.1 and 2.5 in2. The structure is subject to two loading conditions, as detailed in 
Table 2. The maximum allowable stress (tension or compression) is 25.0 ksi per member group, 
while the maximum allowable planar displacement of each node, in either the x or y direction, 
is ±0.25 in for both loading cases. 

Table 1: 72-bar truss member area groups. 

Area group Truss members Area group Truss members 
A1 1, 2, 3, 4 A9 37, 38, 39, 40 
A2 5, 6, 7, 8, 9, 10, 11, 12 A10 41, 42, 43, 44, 45, 46, 47, 48 
A3 13, 14, 15, 16 A11 49, 50, 51, 52 
A4 17, 18 A12 53, 54 
A5 19, 20, 21, 22 A13 55, 56, 57, 58 

A6 23, 24, 25, 26, 27, 28, 
29, 30 A14 59, 60, 61, 62, 63, 64, 65, 66 

A7 31, 32, 33, 34 A15 67, 68, 69, 70 
A8 35, 36 A16 71, 72 

 

 

Table 2: 72-bar truss loading cases 

Load case Node Fx [kips] Fy [kips] Fz [kips]  
1 1 5.0 5.0 -5.0 
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2 1 0.0 0.0 -5.0 

 2 0.0 0.0 -5.0 
-5.0 

 3 0.0 0.0 -5.0 
-5.0 

 4 0.0 0.0 -5.0 
-5.0 

 
Figure 4: 72-Bar truss geometry 

The optimization problem is solved by the proposed PSAO algorithm for 100 initial 
sampling points. In each iteration, 3 sampling points are selected in parallel. Figure 5 illustrates 
the relative distance and the relative error during the iteration history. The termination criterion 
is satisfied after 102 iterations and the evolution of the objective function is shown in Figure 6. 
The PSAO results are compared against those of recent publications; namely, the original SAO 
[9], penalty based PSO [24], and ant colony algorithms [25]. Table 3 summarizes the previously 
published results for the 72-bar truss problem using the different optimizers. Due to the parallel 
sampling strategy, the capacity of exploration and convergence of the original SAO is greatly 
enhanced. Hence, the number of iteration is reduced. It is noteworthy that the number of 
function evaluations for PSAO (406) is more than that for the original SAO (252). However, in 
PSAO, the sampling points are evaluated by the true model in parallel in each iteration, the 
actual computation time is equal to 202 function evaluations. Moreover, the SAO algorithm 
(PSAO and original SAO) shows a much better performance than EAs, and the number of 
function evaluations required to find the optimal solution is reduced from order 104 to order 102, 
indicating a substantial reduction in computing costs. 
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Figure 5: The best solution convergence history Figure 6: The objective function history 

Table 3: Optimization results for the 72-bar truss 

Design 
Variables PSAO SAO [9] Perez and 

Behdinan(PSO) [24] 
Camp and 

Bichon (ACO)[25] 
A1 [in] 0.157 0.157 0.162 0.156 
A2 [in] 0.546 0.549 0.509 0.550 
A3 [in] 0.405 0.406 0.497 0.390 
A4 [in] 0.566 0.555 0.562 0.592 
A5 [in] 0.520 0.513 0.514 0.561 
A6 [in] 0.518 0.529 0.546 0.492 
A7 [in] 0.100 0.100 0.100 0.100 
A8 [in] 0.100 0.100 0.110 0.107 
A9 [in] 1.258 1.252 1.308 1.303 

A10 [in] 0.513 0.524 0.519 0.511 
A11 [in] 0.100 0.100 0.100 0.101 
A12 [in] 0.100 0.100 0.100 0.100 
A13 [in] 1.898 1.832 1.743 1.948 
A14 [in] 0.513 0.512 0.519 0.508 
A15 [in] 0.100 0.100 0.100 0.101 
A16 [in] 0.100 0.100 0.100 0.102 

Max. stress [psi] 24999.67 24943.87 24485.67 24939.59 
Max. disp.[in] 0.2500 0.24992 0.2497 0.2500 

Weight [lb] 379.61 379.90 381.91 380.24 
Function 

evaluations 
202* 252 >20000 18500 

3.2 Test case 2 
This section presents the design of a moderate-dimensional case study of a bracket structure 

based on the proposed structural design framework. As depicted in Figure 7 eleven parameters 
that significantly affect the performance of the bracket are selected as design variables. Table 
4 presents the feasible range of the design variables. The CAE model of the bracket is shown 
in Figure 8. Young's modulus and Poisson's ratio are settled as 200 GPa and 0.3. The bracket is 
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subjected to a stretching force and a bending moment induced by the forces P1=4.7 kN and P2 
= 4.2 kN loaded at the center of such screws as L1, L2, L3 and L4. In addition, the bracket is 
fixed at the screws including R1, R2, R3 and R4. The optimization objective is to minimize the 
volume while the maximum stress is constrained to be less than 200 MPa and the total 
displacement less than 2cm. 

 

Figure 7: Description of the selected design variables 

Table 4: Design space 

Design variable (cm) Lower bound Upper bound 
D1  1.0 3.5 
D2  12.0 40.0 
D3  10.0 25.0 
D4  2.0 6.0 
D5  12.0 40.0 
D6  10.0 20.0 
D7 1.5 4.0 
D8 5.0 13.0 
D9  25.0 35.0 
D10 35.0 55.0 
D11 8.0 50.0 

 

Figure 8: Details of the CAE model  
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The proposed PASO algorithm is used to solve this optimization problem and the number of 
initial sampling points is settled as 100. In every iteration, 4 sampling points are selected in 
parallel. In this test case, the proposed approach is also benchmarked against other optimization 
techniques as shown in Table 5. The best result from the zero-order optimization method locates 
on the point of 34675.67 cm3 after 186 function evaluations. Pure GA with a population of 50 
individuals and PSO with a swarm of 40 individuals are also used to solve the optimization 
problem, and the optimal volumes of 31493.33 cm3 and 31510.26 cm3 are found after 120 
iterations (6000 FEA evaluations) and 140 iterations (5600 FEA evaluations), respectively. The 
original SAO requires 196 iterations to find the same level of optimal result, i.e. 296 FEA 
evaluations in sum [23]. Comparatively, the proposed PASO runs 152 iterations to get the same 
result as shown in Figure 9 and Figure 10. The total number of FEA iterations is 708. Because 
of the parallel mechanism, the equivalent number of function evaluations is 252. Based on the 
proposed approach, the computing costs of the structural optimization are immensely reduced.  

Table 5: Comparison of the design optimization results  

Optimization method Volume (cm3) Displacement (cm) Stress (MPa) FEA 
evaluations 

CAE built-in optimization 34675.67 1.86 196.5 186 
GA 31493.33 1.94 198.3 6000 
PSO 31510.26 1.96 195.4 5600 
SAO 31481.48 1.96 197.6 296 

PSAO 31502.22 1.96 196.5 252* 
 

 

Figure 9: The convergence history 
 

Figure 10: The iteration history of the objective 
function 

4 CONCLUSIONS 
This research has presented a parallel sequential approximate optimization (PSAO) 

algorithm that is suitable for structural design optimization tasks. This approach intends to 
reduce the computational costs normally associated with structural design problems.  

We introduce a parallel sampling strategy that balances exploration and exploitation, 
allowing high-efficiency searching of the global optimum during the optimization process. The 
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parallel sampling strategy substantially reduces the computation costs required to find the 
optimal solutions. The feasibility, convenience and efficacy of the proposed structural design 
optimization algorithm have been investigated through two cased studies. Furthermore, the 
effectiveness and computational efficiency of the PSAO methodology are benchmarked against 
other optimization approaches as well. The time consumed to find the optimum is reduced from 
the order of 103 to 102 by the PSAO. Accordingly, the proposed PSAO proves to be an adequate 
strategy for effectively and efficiently handling structural design optimization problems. 
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Abstract. The quasi-3-D model was developed for continuous induction heating of billets 
with arbitrary cross section. This computer model is intended for evaluation of electrical and 
thermal both stationary and non-stationary processes of stage and continuous working regime 
an induction heater with magnetic and non-magnetic loading with any of cross section shape. 
The combination of the most effective numerical methods for modeling induction heating 
process was used in this software: Finite Difference Method (FDM), Finite Element Method 
(FEM), Boundary Element Method (BEM), Integral Equation Method (IEM) and their 
combination. 

 
 
1 INTRODUCTION 

One of the basic areas, where the induction heating is widely applied, is the through 
induction heating of metals before plastic deformation, forging, rolling, pressing, etc. The 
shape of the cross section of the heating billets can be relatively simple, as for cylindrical or 
rectangular billets, and more complex, as for example, for flange beams. The purpose of 
heating is usually achievement of the given temperature with the certain allowable non-
uniformity in volume of the product. For the complete description of the temperature field in a 
heated up body it is necessary to know as temperature distribution in the cross section, as 
along the length of the billet. Usually continuous in-line induction heaters are used for heating 
of metal with high production rate. The power of these installations can reach 10-15 MW and 
accurate predictions of the temperature field’s distributions in the billets are very important at 
the design stage of installation as well for the control of the induction heaters. 

The development of the theory of induction heating is indissolubly connected to 
development and application of modern methods of mathematical modeling. Obtaining results 
with sufficient accuracy, describing parameters of induction system - one of the important 
ways to increase productivity, improvement of constructional and working parameters of the 
equipment of induction systems. The sharp growth of productivity of computer facilities gives 
an opportunity to use in mathematical models the most effective numerical methods, such as 
Finite Difference Method (FDM), Finite Element Method (FEM), Boundary Element Method 
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(BEM), Integral Equation Method (IEM) and their combination. Now these methods are 
widely used at modeling electromagnetic and thermal processes. 

Analysis has shown that the greatest dissemination has received so-called electrothermal 
models, which mirrored most essential features of the induction heating - coupling of 
electromagnetic and thermal fields. 2-D electrothermal models for calculation of the induction 
heating of cylindrical and plane bodies have designed at the end of 70th. Because of 
considerable time costs on preparing and input initial data, computation time and verification 
of the results, total cost of the design work was very high. 

Essentially the situation has changed with appearance of PCs. Their availability has 
reduced in necessity of development models with the "friendly" interface, which would allow 
the user, unfamiliar with the numerical methods, only on the basis of physical phenomena of 
the task easy to input data and receive appropriate results of computations. The work in this 
direction was carried out in the St.Petersburg Electrotechnical University (LETI). As the 
result of such work the complex of the programs has been designed [1,2], which are widely 
used by leading worldwide organizations, which design and manufacture induction 
equipment.  

Increasing of the production capacities, requirements to production rate of the induction 
equipment and quality of the heated body has give rise to increasing of the requirements to the 
designing software. Especially it has a major value at designing of whole technological line, 
which can consist of several in-line inductors. One of the major factors in software designing 
is dimension of the solving task. In most cases it is enough to use 2-D setting of the task. For 
a fast estimation of thermal processes and deriving of integral parameters of the induction 
system it is possible to use even one-dimensional model, especially when the influence of the 
“temporal factor”, which usually very short, has vital importance. In this case one-
dimensional model is predictable. For deriving the complete information about 
electromagnetic and thermal processes in induction system user should use 2-D or 3-D model. 
The most commercial packages, which inclusive the latest reaching in the field of 
mathematical simulation, are calculated for wide application in different areas of a science 
and engineering. Usage of non-highly tailored software encounters on serial of difficulties, 
concerned with complexity of the calculating model. User should has additional knowledge of 
the methodology of usage such software: defining geometry of the system, boundary 
conditions, applied sources, solvers, viewing results of computation. Chances of errors 
appearance at data input, which can be invisible for the user, in this case are relatively high. 
Total time of computation may be very form several hours to several days, even using modern 
high-end computers. Software should include different Databases of the material properties, 
which usually nonlinear, especially depending magnetic permeability on both temperature and 
intensity of the magnetic field. Computation should inform user about computation process 
and main characteristics of the induction system, give the possibility to have an influence on 
computation process.  

The advantages of using this software in comparison with some commercial packages: 
 Software is designed especially for induction heating applications and it realizes essential 

coupling of electromagnetic and temperature fields during computations that provides 
great accuracy 

 Most important features of the induction heating installations are taken into account, 
including characteristics of power sources and possibility to change power, voltage, 
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current and frequency during the process as well as possibility to simulate stages of 
holding billets in the inductor and its transport. 

 Developer’s knowledge of the induction heating theory is included in the software that 
allows, for example, to eliminate the problem of meshing and essentially to ease 
preparation of input data and to decrease time for it. 

 User has possibility on the base of the visual information to interrupt a computation, to 
change data and to continue computations. 

 Software can be used in the control systems in the real time. 
 It is easy to implement procedures of optimal design and optimal control of the induction 

heating installations. 
 Special database of materials and refractories that used in the induction heating 

installations is developed. 
 

2 DESCRIPTION OF THE SOFTWARE 
A high-efficient quasi-3D model was developed for induction heating of billets with 

arbitrary cross sections. Special algorithm was developed that comprises two 2D models. The 
first one allows receiving distribution of electromagnetic and temperature fields in the each 
cross-section of the billet along the length. This model is based on the FEM in the Ritz 
approach.  The second model allows predicting distribution of the electromagnetic field along 
the length of the billets.  Each model can be used separately.  At the same time the method of 
boundary impedance conditions is used for coupling these two models into one quasi-3D 
model. 

This software is intended for electrical and thermal computation both stationary and non-
stationary processes of periodic and continuous working regime an induction heater with 
magnetic and not magnetic loading with any of cross section shape. The calculation of 
induction heaters with multisectional and polyphase coils, with usual and autotransformer 
closing is provided. The program includes solution of the exterior electrical and internal 
electrothermal task. As a result of exterior electrical calculation at a given supply voltage the 
total true and reactive power, true power in load, electrical losses in coils, current of the coils, 
electrical efficiency of the coils and distribution of the intensity of magnetic field on surface 
of the load are defined. The internal electrothermal calculation gives distribution of the 
temperature in load at particular boundary conditions on a surface of a load, which are set, 
either from condition of free heat exchange with an environment, or in view of a refractory. 
Common thermal losses and temperature distribution on internal surface of the refractory 
simultaneously calculated. The external task is based on the basis of a boundary integral 
method and the computation of the distribution of an electromagnetic and temperature field in 
the workpiece (internal task) is made on the basis of a finite elements method. Pasting of 
external and internal electromagnetic tasks is carried out on elements of a surface of the 
workpiece by statement of impedance boundary conditions: 

 

  GijVXVRHEz ii
ie

i
itii  ,/0 

     (1) 
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where i - is specific resistance, ei - penetration depth, G - surface perimeter of the 

workpiece. 
The values of impedances z0 or factors VXi and VRi can be found directly from the solving 

of an internal task. 
The process of induction heating of conductive bodies in two-dimensional setting is 

reduced to solution of a quasi-stationary nonlinear differential partial equation concerning a 
magnetic intensity 

 












































 Hj

y
H

yx
H

x 0      (2)  

 
And non-stationary heat conduction equation: 
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Due to symmetry of distribution of an electromagnetic and temperature field in cross 

section, only a quarter of the load is considered. The boundary conditions then record as 
follows: 
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The specific power of thermal losses is defined as follows: 
 

  ),(44
0 ee TTTTp         (5) 

 
where   - emissivity,   - Stefan-Bolzman constant,  - heat transfer coefficient, eT - 

temperature of an environment; here T  and eT  - in degrees of Kelvin. 
The internal electrothermal task is solved by a method of finite element method. Usage 

this method gives a possibility to define fields distribution in arbitrary cross section. For 
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solution of the thermal task with the help of FEM, it is necessary to use a functional, bound 
with the equation (3): 
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For solution of the electrical task the functional for (2) was obtained: 
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Analysis of electromagnetic and temperature distributions in the billets with complicated 

cross-sections are given in the paper. 
 

3 CASE STUDY. CONTINUOUS  INDUCTION HEATING OF THE SLABS WITH 
ROUNDING CORNERS 

The following example illustrates features and abilities of the software UNIVERSAL3D. 
Titanium slabs with rounding corners go through line of three inductors (Figure1). Speed 

of the movement is 4 cm/sec. Length of each inductor is 50 cm with distance of 30 cm 
between them. The inductors have chamotte refractory with thickness 1 cm. Frequency of the 
current is 8000 Hz. Coils are connected in parallel and the output voltage of power source is 
constant during heating - 800 V. The initial temperature of the load is 20 C. 
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Figure 1. Sketch of the induction heating system 

 

 
Figure 2. Window UNIVERSAL3D 
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Figure 3. Strength of magnetic field at the surface of the load 

  

Figure 4. Distribution of the heat sources in the 1/2 section A of the load 
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Figure 5. Distribution of the heat sources in the 1/4 section B of the load 

 
Figure 6. Distribution of the temperature field  in the 1/4 section C of the load 
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Figure 7. Distribution of the temperature field  in the 1/4 section D of the load 
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Abstract. Electroelastic field in an semi-infinite body with D  symmetry subjected to a 
locally uniform electric potential on its surface is investigated. By extending a potential 
function method for transversely isotropic bodies, the electroelastic field inside the body is 
formulated. Furthermore, numerical calculation is performed to investigate the field 
qualitatively and quantitatively. 

1 INTRODUCTION 
The concepts of carbon neutrality have attracted considerable attention recently because of 

an increasing demand for a reduction in environmental loads. From the viewpoint of 
engineering production, wooden materials are one of the most promising candidates for 
achieving carbon neutrality. 

To ensure the quality of wooden materials, nondestructive evaluation techniques need to be 
developed.  In particular, the detection of local defects such as cracks, knots, and pith are of 
great importance for ensuring structural integrity. Wood has been known as a piezoelectric 
material since the middle of the 20th century, when Fukada succeeded in experimentally 
verifying the direct and converse piezoelectric effects of wood[1]. These effects are expected 
to be employed for nondestructive evaluation techniques[2-4].

From a mesoscopic viewpoint, woods are considered to belongs to point group D [1],
which is characterized by an  -fold rotation axis and a two-fold rotation axis perpendicular 
to it[5]. The nonzero components of the piezoelectric constant are 14d  and  1425 dd   only, 
allowing the  -fold rotation axis be the third axis. In that case, the electric field 
perpendicular to the  -fold rotation axis (third axis) induces shear strain in the plane 
perpendicular to the direction of the electric field. 

The elastic problems of transversely isotropic bodies, which correspond to a special case in 
the absence of the piezoelectric effects in body with  D  symmetry, were extensively 
analyzed[6―8]. On the other hand, electroelastic problems of bodies with  D  symmetry were 
investigated experimentally[9-12]. However, for sound operation of nondestructive evaluation 
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techniques, not only the input/output relationship but also the electroelastic field inside the 
material must be elucidated. 

In this paper, therefore, we analyze the electroelastic field in a body with D  symmetry. 
As an example, we treat a semi-infinite body subjected to a locally uniform electric potential 
on its surface. First, the displacement and electric field are expressed in terms of the potential 
functions. The governing equations for these functions are obtained by the equilibrium 
equations of stresses and the Gauss law. By solving the governing equations, the electroelastic 
field quantities are formulated. Moreover, by performing numerical calculation, the stress and 
electric field are investigated qualitatively and quantitatively, which helps us to understand 
the electroelascit field inside a body with D  symmetry. 

2 THEORETICAL ANALYSIS 

2.1 Problem 

We consider a semi-infinite piezoelectric body belonging to point group D , as shown in 
Fig. 1, where the z  axis is parallel to the  -fold rotation axis of the body. The surface of the 
body is subjected to a locally uniform distribution of electric potential and free from traction. 
The displacements and electric potential are assumed to be zero at infinity. Thus, the 
boundary conditions are given as 

   










0,0,0,0:
;,0,0,0:0

222
0

zyx

xyzxxx

uuuzyx
zHyHx 

. (1) 

In Eq. (1), ij , iu , and   denote the stress, displacement, and electric potential, respectively, 
 H  denotes the Heaviside step function, and   denotes the half-length of the square where 

the uniform electric potential is applied. 

Figure 1: Analytical model 

2.2 Governing equations 

Let ij , iE , and iD  yxji ,,   be the the strain, electric field, and electric displacement, 
respectively. The constitutive equations of the body are given as 

x

y
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where ijc , kl , and kje  denote the elastic stiffness constant, dielectric constant, and 
piezoelectric constant, respectively. The displacement-strain relations are given as 
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The equilibrium equations of stresses and the Gauss law are given, respectively, by 
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Referring to a solution technique for elastic problems of transversely isotropic bodies[6],
the displacement potential functions i  and i  are introduced as 
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1  and 2  are the roots of a quadratic equation for  :

  02 44334413
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133311

2
4411  ccccccccc  . (9) 

The components of the electric field are expressed by the electric potential function as 
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Substituting Eqs. (4), (7), and (10) into Eqs. (2) and (3) and the results into Eqs. (5) and (6), 
we have 
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2.3 Electroelastic field quantities 
By considering the symmetry of the electroelastic field and Eq. (1) and applying the 

Fourier transform techniques[13] to Eq. (11), the solutions to Eq. (11) are obtained as 
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where
2222 ,   iiii  ; (15) 

  ,iA  and   ,iC  2,1i  are unknown constants to be determined by the boundary 
conditions described by Eq. (1). The distribution function for surface electric potential is 
expressed in the Fourier integral form[13] as 
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By substituting Eq. (14) into Eqs. (2)－(4), (7), and (10), the electroelastic field quantities are 
formulated, for example, as 
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By substituting Eqs. (14), (16), and (17) into Eq. (1),   ,iA  and   ,iC  2,1i  are 
obtained as 
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and   ,*
2A  and  ,*

2C  are obtained by interchanging subscripts "1" and "2" in   ,*
1A

and   ,*
1C , respectively. 

3 NUMERICAL CALCULATION 
To illustrate the numerical results, the following nondimensional quantities are introduced: 
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Numerical parameters are chosen as 

    1.0,5.1,15,6.0,4.0,2.1,,,
couple

44

33131211  k
c

cccc  . (21) 

Figures 2－4 show the distributions of the electric fields and the resulting shear stresses in 
x , y , and z  directions, respectively.  Figure 2 shows that the electric field xE


 decreases 

monotonically toward zero with x  and that the resulting shear stress yz  exhibits similar 
behavior. Figure 3 shows that the electric field xE


 and shear stress yz  are maximum on the 

x -axis and, roughly speaking, decrease toward zero with y  and that, on the other hand, the 
electric field yE


 and the resulting shear stress zx  are zero on the x -axis, reach their maxima 

around the periphery of the surface electric potential, and decrease toward zero with y . From 
Fig. 4 it is found that the distributions of the electric field xE


 and shear stress yz  in z

direction exhibit similar behavior to those in y  direction. 

Figure 2: Distrubution of electric field and stress in x  direction  0,0  zy 
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Figure 3: Distrubution of electric field and stress in y  direction  0,1  zx 

Figure 4: Distrubution of electric field and stress in z  direction  0,1  yx 

4 CONCLUSIONS 

- The analytical solution of the electroelastic field in an semi-infinite body with D
symmetry subjected locally uniform electric potential is formulated. 

- For the analytical model above-mentioned, the electroelastic field inside the body, 
which is of great significance for sound operation of nondestructive evaluation 
techniques, is elucidated. 
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Abstract. Actuator is a mechatronic system that transforms one type of energy (e.g.
electric energy) into the mechanical displacement and mechanical force (mechanical en-
ergy). Nowadays, these actuators can be made of Functionally Graded Materials (FGM)
to ensure simple shape of the actuator and to improve its effectiveness, particularly for
micro systems. FGM is built as a mixture of two or more constituents which have almost
the same geometry and dimensions. The variation of macroscopic material properties can
be induced by variation of both the volume fractions and material properties (e.g. by a
non-homogeneous temperature field) of the FGM constituents.
The paper deals with a new approach in analysing of the systems made of FGM us-
ing our new beam finite elements. Multiphysical analysis (weak coupled electro-thermo-
mechanical analysis) and spatial continuous variation of material properties are supported.
The analysis of the micro actuator with constant cross section made of FGM is presented
in the paper. This simple-shaped actuator is supplied by electric current and the efficiency
of the actuator is optimised. The solution results will be compared with those obtained
by using solid elements of a FEM commercial program.

1 INTRODUCTION

Nowadays, the scientific and technological progress are already at such level that for
the development of new systems in classical way (such as mechanical and heating sys-
tems, systems in construction industry, etc.) it is not enough to propose new shapes of
components and their optimization, but it requires use of new materials with the desired
properties that lie outside the parameters of materials commonly used for that purpose.
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New materials like Functionally Graded Material (FGM) are necessary for sophisticated
structures like Micro-Electro-Mechanical Systems (MEMS), advanced electronic devices,
etc. In all these applications, using new materials like FGM can greatly improve efficiency
of a system e.g. classic shape of actuator (Fig. 1a) can be replaced by new type – simply-
shaped actuator (Fig. 1b) where functionality is caused by varying material properties.

Figure 1: (a) Classic shape of MEMS actuator, (b) New shape of FGM actuator

FGM is built as a mixture of two or more constituents which have almost the same geom-
etry and dimensions. From macroscopic point of view, FGM is isotropic in each material
point but the material properties can vary continuously or discontinuously in one, two
or three directions. The variation of macroscopic material properties can be caused by
varying the volume fraction of the constituents or with varying of the constituents’ ma-
terial properties (e.g. by non-homogeneous temperature field). The methods based on
the homogenization theory have been designed and successfully applied to determine the
effective material properties of heterogeneous materials from the corresponding material
behavior of the constituents (and of the interfaces between them) and from the geomet-
rical arrangement of the phases.
Coupled electro-thermo-mechanical analysis of actuator made of FGM using our new
beam finite elements will be presented.

2 FEM EQUATIONS FOR COUPLED ELECTRO - THERMO - MECHAN-
ICAL ANALYSIS

Derivation process of the new FEM equations for coupled electro-thermo-mechanical
element is based on differential equations for electric thermal and structural fields for 1D
type of analysis, respectively. All quantities in following equations are the polynomial
functions of x. Homogenization process of the varying material properties and the cal-
culation of other effective finite element parameters have been done by extended mixture
rule [1] and multilayer method is fully described in [2],[3].

2.1 Differential equations

Homogeneous 1D static differential equation for FGM (with non-constant coefficients
on on the left-hand side) for electric field with boundary conditions has a form:

−σ(x)
d2ϕ(x)

dx2
−

dσ(x)

dx

dϕ(x)

dx
= 0

ϕ(0) = ϕ0 J(L) = JL

(1)
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where ϕ(x) [V] is the electric potential, σ(x) [S/m] is the specific electric conductivity
and J(x) [Am−2] is the current density.

Static differential equation for heat transfer with non-constant auxiliary thermal source
Q(x) [Wm−3] in the volume, with non-constant convective heat transfer coefficient αt(x)
[K−1] and with coupled to the electric field has a form (2). One-way coupling between the
electric and thermal field is provided by Joule heat PJ1(x) [W/m3], that can be calculated
as one of the outputs from electric analysis and it enters the thermal analysis as volume
heat (beside or instead of Q(x)).

−λ(x)
d2T (x)

dx2
−

dλ(x)

dx

dT (x)

dx
+ αt(x)T (x)

o

A
= PJ1(x) +Q(x) + αt(x)Tamb

o

A
(2)

with boundary conditions, e.g.:

T (0) = 0 q(L) = qL (3)

where λ(x) [Wm−1K−1] is the thermal conductivity, T (x) [K] is the temperature, o [m] is
the perimeter, A [m2] is the cross section area, Tamb [K] is the ambient temperature and
q(x) [Wm−2] is the heat flux.

Homogeneous differential equation for structural analysis with effect of thermal expan-
sion (coupling with the electro-thermal analysis) for pure tensile and compressive stress
has a form:

ENH
L (x)

d2u(x)

dx2
+

dENH
L (x)

dx

du(x)

dx
=

=
n(x)

A
+ αt(x)∆t(x)

dENH
L (x)

dx
+∆T (x)ENH

L (x)
dαt(x)

dx
+ ENH

L (x)αt(x)
d∆t(x)

dx

(4)

with boundary conditions, e.g.:

u(0) = u0 σs
N (L) = σs

N,L (5)

where ENH
L (x) [Pa] is the Young modulus for tension/compression, u(x) [m] is the dis-

placement, n(x) [Nm−1] are the distributed axial forces, N(x) [N] is the normal force and
αt [K

−1] is the coefficient of thermal expansion.
Homogeneous differential equation for structural analysis for bending has a form:

d2w(x)

dx2
=

M(x)

EMH
L

(x)Iy (6)

with boundary conditions, e.g.:

w(0) = w0 σy(L) = σy,L (7)

where w(x) [m] is the transversal displacement, M(x) is the bending moment, EMH
L (x)

is the Young modulus for bending, ϕy(x) [rad] is the angle of the cross section rotation
(around y axis), Iy [m4] is the quadratic moment of the cross section.

The solution of these differential equations is based on numerical method for solving
1D differential equation with non-constant coefficients and with right-hand side described
in [4] in detail.
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2.2 New beam/link FGM finite element equations

The finite element equations for electric analysis in FGM link have a form:


c0(L) −1

−

�
c0(L)−

c1(L)c
′

0(L)

c′1(L)

�
1


 ·



ϕ0

ϕL


 =




c1(L)

σ0
J0

c1(L)

c′1(L)σL

JL


 (8)

FEM equations for thermal analysis considering the convective effect, generated heat and
Joule heat (coupling between the electric and thermal field) have a form:




c0(L) −1

−

�
c0(L)−

c1(L)c
′

0(L)

c′1(L)

�
1


 ·



T0

TL


 =

=




c1(L)

λ0
q0 −

g�
j=0

εjbj+2(L)

c1(L)

c′1(L)λL

qL −
c1(L)

c′1(L)

g�
j=0

εjb
′

j+2(L) +

g�
j=0

εjbj+2(x)




(9)

Derived FEM equations for the structural analysis for pure tensile and compressive stress
with coupling to the electro-thermal analysis (thermal expansion coefficient ) have a form:




c0(L) −1

−

�
c0(L)−

c1(L)c
′

0(L)

c′1(L)

�
1


 ·



u0

uL


 =

=




c1(L)

ENH
L A

N0 − c1(L)αt0∆T0 −

g�
j=0

εjbj+2(L)

c1(L)

c′1(L)

�
NL

ENH
L A

+ αtL∆TL −

g�
j=0

εjb
′

j+2(L)

�
+

g�
j=0

εjbj+2(L)




(10)

and FEM equations for bending of the beam have general form:

K11 K12 K13 K14

K21 K22 K23 K24

K31 K32 K33 K34

K41 K42 K43 K44


 ·




w0

ϕy,0

wL

ϕy,L


 =




Tz,0

M0

Tz,L

ML


 (11)

where Tz(x) [N] is the transversal force.
The terms ci(x), c

′

i, bi(x), b
′

i(x), i ∈ �0, 1� are the transfer functions (for particular solution
and for uniform solution) of the differential equations (1) - (6) which can be calculated
by simple numerical algorithm [4].
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3 NUMERICAL EXPERIMENT

Let us consider actuator with constant cross section made of FGM according to Fig. 2.
It consists of 3 parts (beams) that lengths are: L1 = 5 mm, L2 = 0.25 mm and L3 = 5
mm. Their constant rectangular cross-section is b = 0.2 mm and h = 0.1 mm.

L3

b

h

L2

L1

A B

CD

Figure 2: FGM microactuator

Actuator is made of FGM that consist of two components: NiFe - named as matrix and
denoted with index m and Tungsten - named as fibre and denoted with index f . Material
properties of the components are constant (not temperature dependent): Nife (matrix):
Young modulus Em = 255 GPa, thermal conductivity λm = 100 W/mK, electric conduc-
tivity γm = 1.31×107 S/m, thermal expansion coefficient αm = 1.5×10−5 K−1; Thungsten
(fibre): Young modulus Ef = 400 GPa, thermal conductivity λf = 160 W/mK, electric
conductivity γf = 2.84 × 107 S/m, thermal expansion coefficient αm = 5.3× 10−5 K−1.
The variation of material properties is caused by varying volume fraction. Variation of
the fibre’s volume fraction has been chosen as the polynomial function of x, y.

- Part 1

vf (x, y) =1/10 + 220× 103x2 − 232× 106x3 + 73600× 106x4 − 6912× 109x5

− 112× 1012x2y2 + 108800× 1012x3y2 − 33280× 1015x4y2

+ 3072× 1018x5y2 − 112× 1015x2y3 + 108800× 1015x3y3

− 33280× 1018x4y3 + 3072× 1021x5y3 + 22400× 1018x2y4

− 21760× 1021x3y4 + 6656000× 1021x4y4 − 614400× 1024x5y4

+ 44800× 1021x2y5 − 43520× 1024x3y5 + 13312× 1027x4y5

− 1228800× 1027x5y5

- Part 2
vf (x, y) = 0.766683

5
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- Part 3

vf(x, y) =0.766683 + 4.26633× 106x2 − 1.84858× 1010x3 + 3.89101× 1013x4

− 4.99269× 1016x5 + 4.25073× 1019x6 − 2.49749× 1022x7

+ 1.0285× 1025x8 − 2.96182× 1027x9 + 5.83847× 1029x10

− 7.49901× 1031x11 + 5.64709× 1033x12 − 1.88879× 1035x13

Variation of the fibres volume fraction vf (x, y) for part 1 and 3 are shown in Figure 3.
The same variation of the fibres volume fraction at the points B and C has been assumed.

Figure 3: Variation of the fibres volume fraction, left - part 1, right - part 3

The effective material properties (Young modulus for tension/compression ENH
L (x) [Pa],

Young modulus for bending EMH
L (x) [Pa], thermal conductivity λH

L (x) [Wm−1K−1], elec-
tric conductivity ρHL (x) [S/m], thermal expansion coefficient αH

TL [K−1]) of the homoge-
nized beam have been calculated by multilayered method [2], [3] and the results are:

- Beam 1 (the local axis x begins at node A and ends at point B - see Fig. 2):

ENH
L =2.695× 1011 + 2.24267× 1016x2 − 2.44373× 1019x3

+ 7.85707× 1021x4 − 7.424× 1023x5

EMH
L =2.695× 1011 + 1.70473× 108x+ 1.62396× 1016x2

− 1.84272× 1019x3 + 6.01868× 1021x4 − 5.72704× 1023x5

λH
L =106 +

135868725000

14641
x2 −

148050030000000

14641
x3

+
47600892000000000

14641
x4 +

4497721920000000000

14641
x5

ρHL =1.463× 107 + 2.3664× 1012x2 − 2.57856× 1015x3

+ 8.29057× 1017x4 − 7.83361× 1019x5

6
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αH
TL =0.00001356− 0.000286032x− 1.52203x2 + 1923.69x3

− 649717x4x5 − 6.34908× 107x5

- Beam 2 (the local axis x begins at node B and ends at point C - see Fig. 2):

ENH
L = 3.66169× 107

EMH
L = 3.66169× 107

λH
L = 146.001

ρHL = 2.48302× 107

αH
TL = 0.0000118

- Beam 3 (the local axis x begins at node C and ends at point D - see Fig. 2):

ENH
L =3.66169× 1011 + 6.18618× 1017x2 − 2.68044× 1021x3

+ 5.64197× 1024x4 − 7.2394× 1027x5 + 6.16356× 1030x6

− 3.62135× 1033x7 + 1.49132× 1036x8 − 4.29464× 1038x9

+ 8.46578× 1040x10 − 1.08736× 1043x11 + 8.18829× 1044x12

− 2.73875× 1046x13

EMH
L =3.66169× 1011 + 6.18618× 1017x2 − 2.68044× 1021x3

+ 5.64197× 1024x4 − 7.2394× 1027x5 + 6.16356× 1030x6

− 3.62135× 1033x7 + 1.49132× 1036x8 − 4.29464× 1038x9

+ 8.46578× 1040x10 − 1.08736× 1043x11 + 8.18829× 1044x12

− 2.73875× 1046x13

λH
L =146.001 + 2.5598× 108x2 − 1.10915× 1012x3

+ 2.33461× 1015x4 − 2.99561× 1018x5 + 2.55044× 1021x6

− 1.49849× 1024x7 + 6.17099× 1026x8 − 1.77709× 1029x9

+ 3.50308× 1031x10 − 4.49941× 1033x11 + 3.38826× 1035x12

− 1.13328× 1037x13

ρHL =2.48302× 107 + 6.52749× 1013x2 − 2.82832× 1017x3

+ 5.95325× 1020x4 − 7.63882× 1023x5 + 6.50362× 1026x6

− 3.82115× 1029x7 + 1.5736× 1032x8 − 4.53158× 1034x9

+ 8.93286× 1036x10 − 1.14735× 1039x11 + 8.64006× 1040x12

− 2.88985× 1042x13

αH
TL = 6.87608× 10−6 − 0.000186889x
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L

H
( )x

Figure 4: Homogenized thermal conductivity

The homogenized thermal conductivity λH
L (x) at part 1 and 3 is shown in Fig. 4.

The applied constrains and loads:

- electric potential and current: VA = 0 V, ID = 5 A;

- temperatures: TA = 25 ◦C, TD = 25 ◦C;

- fixed support: uA = 0 m, uD = 0 m,
fixed support: wA = 0 m, wD = 0 m,
fixed support: ϕA = 0 rad, ϕD = 0 rad;

The coupled electro-thermo-mechanical analysis of FGM actuator has been done using
our new FGM beam/link finite elements. The calculation has been done using software
MATHEMATICA [5]. Only three our new finite elements have been used (one for each
part). The same problem has been solved using a fine mesh - 12998 of PLANE223 ele-
ments of the FEM program ANSYS [6]. The average relative difference ∆ [%] between
quantities calculated by our method and the ANSYS solution has been evaluated.
Electric analysis was performed as the first solution and the nodal electric variables ϕ
have been obtained (see Table 1).

Table 1: The results of electric analysis

electric potential [V] new element ANSYS ∆ [%]
ϕB 0.077782 0.0775569 0.28
ϕC 0.080298 0.0796372 0.82
ϕD 0.131995 0.131098 0.67
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Thermal analysis was performed as the second one. Distributed thermal load - Joule
heat caused by electric current, was included into the analysis. The results of thermal
alalysis are presented in Table 2.

Table 2: The results of thermal analysis

temperature [◦C] new element ANSYS ∆ [%]
TB 346.33 340.42 1.71
TC 342.08 336.77 1.55

Structural analysis is performed as the last analysis, where thermal forces caused by ther-
mal expansion were included into the model. The solution of structural analysis are the
displacements u for longitudinal direction and w for transversal direction (see Table 3).

Table 3: The results of structural analysis

displacement [m] new element ANSYS ∆ [%]
uB 0.13713 ×10−4 0.13588 ×10−4 0.91
wB -0.70975 ×10−4 -0.72665 ×10−4 2.38
uC 0.67744 ×10−5 0.65903 ×10−5 2.71
wC -0.71917 ×10−4 -0.73204 ×10−4 1.78

As it can be seen in Tables 1 - 3, a very good agreement of both solution results has been
obtained. The comparison of total deformation of the FGM actuator calculated by our
new approach and comercial FEM program ANSYS is shown in Fig. 5.

ANSYS new elementundeformed shape

Figure 5: Total deformation of the FGM actuator
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4 CONCLUSIONS

New FEM equations for weak coupled static electro-thermo-mechanical analysis of the
FGM beam structures have been presented in this contribution. The numerical experi-
ment – multiphysical analysis of micro actuator made of FGM has been done using our
new approach and obtained results have been compared with ones obtained by solution
with software ANSYS. The effectiveness and accuracy of the new finite elements have
been shown.

Acknowledgement: This paper has been supported by Grant Agency APVV-0246-12,
Grant Agency VEGA No. 1/0228/14, Grant Agency VEGA No. 1/0453/15 and Agency
KEGA No. 007STU-4/2015.
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Abstract. The aim of this work is to compare, in monolayer graphene, solutions of the
electron Boltzmann equation, obtained with a discontinuous Galerkin method, with those
of a hydrodynamical model based on the Maximum Entropy Principle.

1 INTRODUCTION

Graphene is a gapless semiconductor made of a single layer of carbon atoms arranged
into a honeycomb hexagonal lattice [1]. In view of applications in graphene-based electron
devices, it is crucial to understand the basic transport properties of this material.

A physically accurate model is given by a semiclassical transport equation whose scat-
tering terms have been deeply analyzed recently [2, 3, 4]. Due to the computational
difficulties, the most part of the available solutions have been obtained by direct Monte
Carlo simulations. A different approach has been employed in [5].

For computer aided design (CAD) purposes, it could be useful to have macroscopic
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models like drift-diffusion, energy-transport and hydrodynamical ones. Macroscopic mod-
els have been proposed, for example, in [6, 7, 8].

The aim of this work is to assess the validity of the hydrodynamical model based on
the Maximum Entropy Principle (MEP) [7], by comparing the solutions of this model
with those of the transport equation for electrons in suspended monolayer graphene. A
numerical scheme based on the discontinuous Galerkin method is used for finding the
solutions of the electron Boltzmann equation because the same method has been already
successfully applied to a more conventional semiconductor material like silicon [9, 10].

Comparison of the physically average quantities, electron energy and velocity, shows
that the MEP model is reasonable even if the introduction of some improvements regarding
additional moments or nonlinear effects is needed.

2 THE TRANSPORT EQUATIONS FOR ELECTRONS IN GRAPHENE

The electron energy in graphene depends on a two dimensional wave vector k belonging
to a bi-dimensional Brillouin zone which has an hexagonal shape.

The most part of electrons are in the valleys around the vertices of the Brillouin zone,
called Dirac points or K and K ′ points. Usually the K and K ′ valleys are treated as a
single equivalent one.

In a semiclassical kinetic setting, the charge transport in graphene is described by four
Boltzmann equations, one for electrons in the valence band (π) and one for electrons in
the conduction band (π∗), that in turn can belong to the K or K ′ valley,

∂fℓ,s(t,x,k)

∂t
+ vℓ,s · ∇xfℓ,s(t,x,k)−

e

�
E · ∇kfℓ,s(t,x,k) =

dfℓ,s
dt

(t,x,k)

∣∣∣∣
e−ph

, (1)

where fℓ,s(t,x,k) represents the distribution function of charge carriers, band π or π∗

(s = −1 or s = 1), in the valley ℓ (K or K ′), at position x, time t and wave-vector k.
We denote by ∇x and ∇k the gradients with respect to the position and the wave vector,
respectively. The microscopic velocity vℓ,s is related to the band energy εℓ,s by

vℓ,s =
1

�
∇k εℓ,s .

With a very good approximation [1] a linear dispersion relation holds for the band energies
εℓ,s around the equivalent Dirac points; so that εℓ,s = s � vF |k− kℓ|, where vF is the
(constant) Fermi velocity, � the Planck constant divided by 2 π, and kℓ is the position of
the Dirac point ℓ. The elementary (positive) charge is denoted by e, and E is the electric
field obtained by the Poisson equation, which must be coupled with Eq. (1). The right
hand side of Eq. (1) is the collision term representing the interaction of electrons with
acoustic, optical and K phonons. Acoustic phonon scattering is intra-valley and intra-
band. Optical phonon scattering is intra-valley and can be longitudinal optical (LO) and
transversal optical (TO); it can be intra-band, leaving the electron in the same band, or
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inter-band, pushing the electron from an initial band to another one. Scattering with
optical phonon of K type pushes electrons from a valley to a nearby one (inter-valley
scattering). We assume that phonons are a bath at thermal equilibrium. Hence, the
general form of the collision term can be written as

dfℓ,s
dt

(t,x,k)

∣∣∣∣
e−ph

=
∑
ℓ′,s′

[∫
Sℓ′,s′,ℓ,s(k

′,k) fℓ′,s′(t,x,k
′) (1− fℓ,s(t,x,k)) dk

′

−

∫
Sℓ,s,ℓ′,s′(k,k

′) fℓ,s(t,x,k) (1− fℓ′,s′(t,x,k
′)) dk′

]
,

where the total collision term is given by the sum of the contributions of the several types
of scatterings described above

Sℓ′,s′,ℓ,s(k
′,k) =

∑
ν

∣∣∣G(ν)
ℓ′,s′,ℓ,s(k

′,k)
∣∣∣
2 [(

n(ν)
q + 1

)
δ
(
εℓ,s(k)− εℓ′,s′(k

′)− �ω(ν)
q

)

+ n(ν)
q δ

(
εℓ,s(k)− εℓ′,s′(k

′) + �ω(ν)
q

)]
. (2)

The index ν labels the ν-th phonon mode, G
(ν)
ℓ′,s′,ℓ,s(k

′,k) is the scattering rate, which
describes the scattering mechanism, due to the ν-th phonons, between electrons belonging
to valley ℓ′ and band s′, and electrons belonging to valley ℓ and band s. The symbol δ
denotes the Dirac distribution function, ω

(ν)
q is the ν-th phonon frequency, n

(ν)
q is the

Bose-Einstein distribution for the ν-type phonons

n(ν)
q =

1

e�ω
(ν)
q /kBT − 1

,

where kB is the Boltzmann constant and T the constant graphene lattice temperature. If,
for a phonon ν∗-type, �ω(ν∗)

q ≪ kBT , then the corresponding scattering can be assumed

elastic. In this case, we eliminate in Eq. (2) the term �ω(ν∗)
q inside the delta distribution

and we use the Laurent approximation n
(ν∗)
q ≈ kBT/�ω(ν∗)

q .
Electrons which contribute to the charge transport in graphene are those in the con-

duction and valence band, and it is preferable to treat the latter as holes for insuring
the integrability of the corresponding distribution function. Electrons and holes mostly
populate the states near to the K and K ′ valleys. In this paper we consider the case of
a high value of the Fermi energy which is equivalent for conventional semiconductors to
a n-type doping. Under such a condition electrons belonging to the conduction band do
not move to the valence band and vice versa. Therefore the hole dynamics is neglected.

A reference frame centered in the K-point will be used and in order to simplify the
notation the indices s and ℓ will be omitted.

Under the above hypotheses the scattering rates read as follows.
For acoustic phonons, we consider the elastic approximation

2n(ac)
q

∣∣G(ac)(k′,k)
∣∣2 = 1

(2 π)2
πD2

ac kB T

� σm v2p
(1 + cosϑk ,k′) , (3)
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where Dac is the acoustic phonon coupling constant, vp is the sound speed in graphene,
σm is the graphene areal density, and ϑk ,k′ is the convex angle between k and k′.
There are three relevant optical phonon scatterings due to the longitudinal optical (LO),
the transversal optical (TO) and the K (K) phonons. The related scattering rates are

∣∣G(LO)(k′,k)
∣∣2 =

1

(2 π)2
π D2

O

2 σm ωO

(1− cos(ϑk ,k′
−k + ϑk′ ,k′

−k)) (4)

∣∣G(TO)(k′,k)
∣∣2 =

1

(2 π)2
π D2

O

2 σm ωO

(1 + cos(ϑk ,k′
−k + ϑk′ ,k′

−k)) (5)

∣∣G(K)(k′,k)
∣∣2 =

1

(2 π)2
π D2

K

σm ωK

(1− cosϑk ,k′) , (6)

where DO is the optical phonon coupling constant, ωO the optical phonon frequency, DK

is the K-phonon coupling constant and ωK the K-phonon frequency. The angles ϑk ,k′
−k

and ϑk′ ,k′
−k denote the convex angles between k and k′ − k and between k′ and k′ − k,

respectively.

3 THE NUMERICAL METHOD FOR THE TRANSPORT EQUATION

A numerical approach based on the discontinuous Galerkin method for solving the
kinetic model described in Sec. 2 is used.

Since we are interested to the transport properties in a homogeneous suspended mono-
layer, we look for spatially homogeneous solutions to Eq. (1) with a constant electric field.
The Boltzmann equation in the K valley reduces to

∂f(t,k)

∂t
−

e

�
E · ∇kf(t,k) =

∫
S(k′,k) f(t,k′) (1− f(t,k)) dk′

−

∫
S(k,k′) f(t,k) (1− f(t,k′)) dk′ . (7)

A similar equation holds for the K ′ valley. As initial condition we take the Fermi-Dirac
distribution

f(0,k) =
1

1 + exp

(
ε(k)− εF

kB T

) ,

where T = 300K, and εF is the Fermi energy, which is related to the initial charge density
by

ρ(0) =
2

(2 π)2

∫
f(0,k) dk . (8)

Eq. (7) is discretized by adopting a discontinuous Galerkin scheme. We choose a bounded
domain Ω ⊂ R2 such that f(t,k) ≈ 0 for every k /∈ Ω and t > 0, and introduce a finite

4
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decomposition {Cα}
N

α=1 of Ω, with Cα appropriate open sets, such that

Cα ∩ Cβ = ∅ if α �= β, and
N⋃

α=1

Cα = Ω .

The distribution function is assumed to be constant in each cell Cα. If we denote by χα(k)
the characteristic function over the cell Cα, then the approximation of the distribution
function f is given by

f(t,k) ≈ fα(t) ∀k ∈ Cα ⇐⇒ f(t,k) ≈
N∑

α=1

fα(t)χα(k) ∀k ∈
N⋃

α=1

Cα .

This assumption replaces the unknown f , which depends on the two variables t and k,
with a set of N unknowns fα, which depend only on time t. In order to obtain a set of N
equations for the new unknowns fα, we integrate Eq. (7) with respect to k over every cell
Cα and replace f with its approximation. The derivative of f with respect to the time is
treated easily. We have ∫

Cα

∂f(t,k)

∂t
dk ≈ Mα

d fα(t)

dt

where Mα is the measure of the cell Cα. It is clear that the numerical method yields
a system of ordinary differential equations by discretizing the collision operator and the
drift term as discussed below.

Discretization of the collision operator.

Since for each k ∈ Cα∫
S(k′,k) f(t,k′) (1− f(t,k)) dk′ −

∫
S(k,k′) f(t,k) (1− f(t,k′)) dk′

≈

N∑
β=1

[∫

Cβ

S(k′,k) fβ(t) (1− fα(t)) dk′ −

∫

Cβ

S(k,k′) fα(t)
(
1− fβ(t)

)
dk′

]

=
N∑

β=1

[
fβ(t) (1− fα(t))

∫

Cβ

S(k′,k) dk′ − fα(t)
(
1− fβ(t)

) ∫

Cβ

S(k,k′) dk′

]
,

if we define

Aα,β =

∫

Cα

[∫

Cβ

S(k,k′) dk′

]
dk , (9)

then we obtain∫

Cα

[∫
S(k′,k) f(t,k′) (1− f(t,k)) dk′ −

∫
S(k,k′) f(t,k) (1− f(t,k′)) dk′

]
dk

≈
N∑

β=1

[
Aβ,α (1− fα(t)) fβ(t)−Aα,β fα(t)

(
1− fβ(t)

)]
.
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Cα

Figure 1: Cells employed for the numerical flux in the case of a simple rectangular grid.

So doing, the integral collision operator is replaced by quadratic polynomials. We note
that the numerical coefficients Aα,β depend only on the scattering terms and the domain
decomposition.

Discretizaton of the force term.

We must approximate the term

−
e

�
E ·

∫

Cα

∇kf(t,k) dk = −
e

�
E ·

∫

∂Cα

f(t,k)n dσ

where n is the external unit normal to the boundary ∂Cα of the cell Cα. Since, due to
the Galerkin method, the approximation of f is not defined on the boundary of the cells,
we must introduce a numerical flux, that furnishes reasonable values of f on every ∂Cα,
depending on the values of the approximation of f in the nearest neighborhood of the cell
Cα and on the sign of E · n. In Fig. 1 we show a simple picture of the cells that can be
involved to find the numerical flux. The simplest numerical flux is given by the upwind

rule, that uses only the four nearest adjacent cells.

4 CARRIER MOMENT EQUATIONS AND CLOSURE RELATIONS

Macroscopic quantities can be defined as moments of the distribution functions with
respect to some suitable weight functions ψ(k), assuming a sufficient regularity for the
existence of the involved integrals. In particular for electrons and holes, we propose a set
of moment equations consisting of the balance equations of the following quantities

6
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average density ρi =
4

(2 π)2

∫

R2

fi(t,x,k) dk,

average velocity ρiVi =
4

(2 π)2

∫

R2

fi(t,x,k)v dk,

average energy ρiWi =
4

(2 π)2

∫

R2

fi(t,x,k) ε dk,

average energy-flux ρiSi =
4

(2 π)2

∫

R2

fi(t,x,k) εv dk,

(i = electron, hole), where the factor 4 arises from taking into account both the spin
states and the two equivalent valleys.

By integrating the Boltzmann equations with respect to k, one has the following balance
equations for the above-defined macroscopic quantities

∂

∂t
ρi +∇r · (ρi Vi) = ρi Ci, (10)

∂

∂t
(ρi Vi) +∇r ·

(
ρi F

(0)
i

)
+ ei ρiG

(0)
i E = ρiCVi

, (11)

∂

∂t
(ρiWi) +∇r · (ρi Si) + eiρiE ·Vi = ρiCWi

, (12)

∂

∂t
(ρi Si) +∇r ·

(
ρiF

(1)
i

)
+ eiρiG

(1)
i E = ρiCSi

, (13)

where the G’s and F ’s are extra-fluxes and the terms at the right hand sides are produc-
tions (the reader is referred to [7] for details) and ei is equal to e for electrons and −e for
holes.

The extra fluxes and the production terms are additional unknown quantities. For
them constitutive relations in terms of the fundamental variables are needed in order
to get a closed system of balance equations. A well theoretically founded way to get
the desired closure relations is to resort to the Maximum Entropy Principle (MEP) [11],
according to which the electron and hole distribution functions can be estimated by the
distributions fe,MEP and fh,MEP solving the following problem

(fe,MEP
, fh,MEP

)= max
fe(t,x,)̇,fh(t,x,)̇∈F(R2)

S[fe, fh],

under the constraints
(

ρi
ρiWi

)
=

4

(2 π)2

∫

R2

(
1
ε

)
fi(t,x,k) dk,

(
ρiVi

ρiSi

)
=

4

(2 π)2

∫

R2

fi(t,x,k)

(
v
εv

)
dk,

7
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where S[fe, fh] is the total entropy of the system (remind that the phonons are assumed to
represent a thermal bath kept at constant temperature and therefore they add a constant
contribution to the entropy) given by

−kB

{
4

(2π)2

∫

R2

[f e ln f e + (1− f e) ln (1− f e)] dk+
4

(2π)2

∫

R2

[
fh ln fh+

(
1− fh

)
ln
(
1− fh

)]
dk

}
,

F(R2) being the space of the distribution functions that admit the moments required as
constraints.

By solving the above maximization problem we get

fi =
1

1 + exp (λi + λWi
ε+ v · (λVi

+ ελSi
))
.

As in [12] we linearize the distributions around their isotropic part, obtaining

fi ≈
1

eλi+λWi
ε + 1

[
1−

eλi+λWi
ε

eλi+λWi
ε − 1

v · (λVi
+ ελSi

)

]
,

where the λ’s are Lagrange multipliers which have to be expressed as functions of the
state variables by taking into account the constraints.

After that, these distributions are inserted into the kinetic definitions of the additional
variables, so closing the system of the balance equations (see [7] for the details).

5 NUMERICAL SOLUTIONS

We want to assess the validity of the MEP hydrodynamical model by a comparison with
the solutions furnished by the direct integration of the transport equation. For solving
the latter let us consider a circle as domain Ω. A TVD third order Runge-Kutta scheme
is used to solve the resulting ODE system similarly to Ref. [13]. We remark that the
numerical scheme guarantees the mass conservation.

The Fermi level is set equal to 0.4 eV, a value high enough for neglecting the inter-band
interactions, and the lattice constant is kept equal to 300 K. In the literature there are
several values for the coupling constants entering into the collision terms. For example
for the acoustic deformation potential one can find values ranging from 2.6 eV to 29 eV.
Similar degree of uncertainty is found for the optical and K phonon coupling constants
as well.

We have performed numerical simulations of a suspended monolayer graphene by con-
sidering the parameters used in [14]. The solutions do not depend on x and therefore we
neglect the terms in divergence form in the balance equations (10)-(13), that become a

8
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system of ODEs. Moreover only the component of the velocity and the energy-flux along
the direction of the electric field, which we assume to be the x axis, is changing with time
if we set the initial velocity equal to zero. Regarding the initial conditions of the other
macroscopic variables, consistently with an initial Fermi-Dirac distribution for Eq. (7),
we assume zero energy-flux while the initial density and the average energy density are
calculated from the initial Fermi-Dirac distribution.

Eq. (7) and the system (10)-(13) have been solved for different values of the applied
electric field and the results for the average velocity and the energy are shown in Fig.s 2,
3.

Regarding the average energy the results of the MEP model are quite satisfactory. In
the steady regime the maximum relative error is about 5 % and is reached when E = 10
kV/cm. In the other case we have a relative error of 1.4 % for E = 2 kV/cm, 2.4 % for
E = 4 kV/cm, 3 % for E = 20 kV/cm. Note that the error is not monotone with respect
to the electric field.

The behavior of the relative error for the velocity is different. This latter, instead, is
decreasing by increasing the applied field. The discrepancy has a maximum for E = 2
kV/cm of about 32 %. For E = 4 kV/cm the relative error is 28 %, for E = 10 kV/cm
19 %, for E = 20 kV/cm 4 %.

In order to understand if the Fermi energy influences the accuracy of the MEP model,
we have performed the same simulations with εF = 0.6 eV. The qualitative behaviour is
similar to the case εF = 0.4 eV. Again one finds a relative error for the energy not greater
than 5 %. Instead the relative error of the velocity is higher: 37 % if E = 2 kV/cm, 32
% if E = 4 kV/cm, 30 % E = 10 kV/cm, 24 % E = 20 kV/cm.

Although the overall discrepancy is reasonable for the applications, it is likely that one
needs to include some nonlinear terms in the velocity and the energy-flux or additional
moments. Apparently the MEP model under consideration is not able to give a correct
equilibrium limit. This is an open problem we are working on.
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Abstract. The paper deals with electro-thermal and structural analysis, modeling and
simulation of the Shape Memory Alloy (SMA) actuator made of Nickel-Titanium alloy.
Primary goal is focused on electro-thermal analysis and investigation of SMA actuator
temperature distribution near mechanical connection. The secondary goal is focused on
actuation deformation and the influence of nonhomogenous temperature distribution on
the deformation of SMA actuator. All analyzes are performed by finite element code
ANSYS.

1 INTRODUCTION

Shape Memory Alloy (SMA) is a smart material converting thermal energy to me-
chanical work, which can be used in many different mechatronic systems like actuators as
well as sensors [1, 2]. Transformation behaviour exploited in SMA material is thermally
induced shape change, often labeled the shape-memory effect. A material component
may be deformed or strained at low temperatures and when heated, it reverses this strain
and remembers its prestrained shape. Deformable martensite phase transforms to a more
stable austenite phase at higher temperatures. Thermally activated SMA applications
require temperature control to optimize the effect of shape memory. Typical application
areas of SMA are aerospace industry – composite structures that have SMA wires em-
bedded can be used to change the shape of an airplane wing; vibration damper systems –
vibrational dampers, comprised of composite materials using prestrained, embedded SMA
wire; medical applications – medical applications use the superelastic property of SMA,
and many of them are in the expanding field of minimally invasive surgery.

1

1015
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Figure 1: SMA actuator with clamp

The paper deals with coupled electro-thermo-structural analysis of thermal SMA wire
actuator made of Nickel-Titanium (NiTi) alloy in FEM code ANSYS [3] – see Fig 1.
The main idea of thermal SMA actuators is to cross transformation temperature from
martensite phase to austenite phase and than required actuation deformation of SMA
actuator is induced by this phase change. Both phases from electro-thermal viewpoint
have different electrical and thermal material properties and there is also latent heat
during phase transformation. Phase change is not performed at one temperature but
there is temperature range where the one phase is transformed to other. Start and finish
temperature of phase change depends on mechanical stress of NiTi wire as well as on
increasing or decreasing of temperature, i.e. heating or cooling of NiTi wire.

Investigated SMA NiTi wire actuator is loaded by external force which causes axial
stress in NiTi wire with value 200 MPa. The transformation of martensite phase to
austenite phase (i.e heating process) in investigated SMA wire under tensile stress 200
MPa starts at temperature 119 ◦C and finishes at temperature 129 ◦C. In the reverse
cooling process, where austenite phase transforms to martensite phase, the transformation
under the same stress conditions starts at temperature 81 ◦C and finishes at temperature
69 ◦C. In martansite phase under transformation temperature and under prescribed me-
chanical loading, the strain of SMA wire has value 4.8% and in austenite phase (i.e over
the transformation temperature) the strain has value 0.4%. These values in real system
and in modeled approximation in material model are shown in Fig. 2.

NiTi actuator is loaded through mechanical connection and actuation motion is per-
formed by heating up of actuator. Active length of NiTi wire is length between two

2
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Figure 2: Transformation temperatures during the phase change, Left – real behaviour, Right – modeled
approxiamtion in material model

mechanical connections – see Fig. 1. SMA wire is heated by Joule loss heat caused
by electric current that is passing through the NiTi wire through clamp and electrical
connection. System is naturally cooled by surrounding air.

Critical part of SMA actuator from thermal and also mechanical point of view is
mechanical connection of NiTi wire to clamp. This part of NiTi wire is cooled more
than the rest of the wire due to connections to clamp. It is necessary to investigate
the influence of actuator clamps and specially mechanical connection to temperature
distribution along NiTi wire and its effect on actuation deformation of SMA wire, because
unsuitably designed connection can cause loss of power or smaller actuation deformation
and other characteristics in this part of SMA actuator.

2 ELECTRO-THERMAL ANALYSIS

The goal of steady-state electro-thermal analysis is to calculate the spatial temperature
distribution on SMA actuator and special attention is paid to temperature distribution in
NiTi wire near mechanical connection, where the influence of different thermal conduc-
tivities of mechanical connection is analysed – see Fig. 1. Also transient electro-thermal
analysis is performed in order to investigate thermal dynamics of SMA actuator.

2.1 Geometry and material parameters

Geometry of NiTi wire with clamp is shown in Fig. 1. In this figure, there is also
shown mechanical and electrical connections.
NiTi wire has diameter 0.3 mm and the active length of actuator is 100 mm – this is the
length between two mechanical connections. The length of clamp is 11 mm and the inner
and the outer diameter of clamp is 1.5 mm and 2 mm, respectively. Screw diameter of
mechanical and electrical connection is 0.4 mm.
Considered electrical and thermal material parameters of NiTi wire, which are function
of temperature are defined in Tab. 1. Because not only steady-state but also transient

3

1017
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Table 1: Electrical and thermal material parametrs of NiTi wire as function of temperature

Martensite to Austenite [◦C] 0 119 129 180
(Increasing temperature)

Austenite to Martensite [◦C] 0 69 81 180
(Decreasing temperature)

Thermal conductivity [W/mK] 8 8 18 18
Electrical resistivity×108 [Ωm] 76 76 82 82

analysis was performed, thermal capacity and density of NiTi wire has to be included into
material model. Both material properties were considered as constant in all investigated
thermal conditions. Thermal capacity of NiTi wire has value 460 J/kgK and density of
NiTi wire is 6540 kg/m3.
All other components – clamp, screws for mechanical and electrical connections were con-
sidered with constant material properties – see Tab. 2. Clamp and screws for electrical
connection is made of copper. In order to investigate the influence of mechanical con-
nection, thermal conductivity of screws for mechanical connection is considered in some
range – from 0.5 W/mK to 2 W/mK. Other thermal and electrical material parameters
of screws for mechanical connection were compatible with material properties of teflon.

Table 2: Electrical and thermal material parametrs of clamp and connections

Component Material Thermal Electrical Thermal Density
conductivity resitivity capacity
[W/mK] [Ωm] [J/kgK] [kg/m3]

Clamp copper 385 1.67×10-8 396 8900
Mechanical connection 0.5/1/2 1×1012 1000 2100
Electrical connection copper 385 1.67×10-8 396 8900

In the inner space of clamp, there was considered air with constant thermal properties
– thermal conductivity 0.02 W/mK, thermal capacity 700 J/kgK and density 1.2 kg/m3.

2.2 FEM simulation

Electro-thermal steady-state and transient analysis of SMA actuator was performed
by code ANSYS Multiphysics. Due to symmetry of actuator and connections only 1/8 of
geometry model was considered - see Fig. 3 Top. There were used 2 element types, 3D
solid element for coupled analysis SOLID 226, where elctro-thermal capabilities were set
up and 2D surface effect element for convection and radiation heat transfer SURF 152.
Boundary conditions were prescribed as follows:

4
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Figure 3: Top – mesh of SMA actuator, Bottom – temperature distribution near mechanical connection

• electrical boundary conditions – electric current, that flows from clamp through
electrical connection to NiTi wire had value 0.8 A and in transient analysis starts
at time 0.01 s

• thermal boundary conditions – convection was prescribed in all outer surfaces of
NiTi wire and clamp. The coefficient of heat transfer by convection was calcu-
lated analytically separately for outer cylindrical surface of NiTi wire and separately
for clamp. All analytical calculations were performed for horizontal configuration
of SMA actuator using dimensionless parameters. Calculated coefficients of heat
transfer were included in the model as a function of surface temperature. Ambient
temperature was 27 ◦C.

In steady-state thermal analysis, three analyses with different thermal conductivities
of mechanical connection were performed. Longitudinal distributions of temperature in
active part of NiTi wire for all three thermal conductivities of mechanical connection
are shown in Fig. 4 Left. As we can see from this figure, if material of mechanical
connection has thermal conductivity 2 W/mK or 1 W/mK, not all points of NiTi wire
reach starting transformation temperatures. If we consider that thermal conductivity of
mechanical connection is 2 W/mK, than almost 16% of NiTi wire length does not cross
finish phase change temperature. The spatial temperature distribution in NiTi wire and
also in clamp and in connections for thermal conductivity of mechanical connection with
value 2 W/mK is shown in Fig. 3 Bottom. As we can see from the Fig. 3 Bottom and
from Fig. 4 Left, mechanical connection can strongly affect of NiTi wire temperature near
mechanical connection.

Fig. 4 Right and Fig. 5 Left and Right shows thermal dynamics of NiTi actuator. As we
can see from all three graphs, after 30 seconds the middle point of NiTi wire (see Fig. 1)

5
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Figure 4: Left – Longitudinal distributions of temperature in active part of NiTi wire for all three
thermal conductivities of mechanical connection, Right – thermal dynamics of NiTi wire with thermal
conductivity of mechanical connection 2 W/mK

Figure 5: Left – thermal dynamics of NiTi wire with thermal conductivity of mechanical connection 1
W/mK, Right – thermal dynamics of NiTi wire with thermal conductivity of mechanical connection 0.5
W/mK

almost reaches the finish phase change temperature for all three investigated thermal
conductivities of mechanical connection, but NiTi wire near mechanical connection does
not cross even start phase change temperature after 30 second.

3 STRUCTURAL ANALYSIS

The goal of static structural analysis is to calculate actuation deformation of SMA
thermal actuator, that is caused by phase change induced by increasing temperature.
As was mentioned in chapter 2, only material, whose temperature cross transformation
temperature transforms its phase and only this part of actuator works effectively. All
three longitudinal temperature distributions in NiTi wire, which are shown in Fig. 4 Left,
are considered.

3.1 Material parameters

In FEM code ANSYS, Souza-Auricchio material model of shape memory alloy with
shape memory effect is implemented [4]. The model contains six parameters, which has

6

1020
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to be determined by experiment.
Our SMA wire can be described by following material parameters: Young modulus of
austenite phase 45×109 Pa, Poisson ratio 0.3, hardening parameter 1000×106 Pa, tem-
perature below which no twinned martensite is observed 343 K, elastic limit 110×106 Pa,
material parameter β 4.49×106 Pa/K and maximal transformation strain 0.06.

3.2 FEM simulation

Static structural analysis of SMA actuator was performed by FEM code ANSYS Multi-
physics. Because only NiTi wire is analyzed, 1D beam element BEAM 188, that supports
SMA model with shape memory effect, was used. Only half of NiTi wire geometry was
modeled (NiTi wire between middle and mechanical connection point). Left end of beam
model, which represents mechanical connection of NiTi wire, was supported. At the right
end of beam model there was prescribed force 14.1372 N, which causes tension stress in
NiTi wire with value 200 MPa.

In order to simulate actuation deformation of SMA actuator, each simulation has to
contain two loading states. In the first state, NiTi wire is loaded by structural force.
The temperature considered in the first loading state is equal surrounding temperature.
In the second state, temperature distribution, that was calculated in 3D electro-thermal
analysis, is included into the model as thermal loading. This temperature distribution
causes phase change in the NiTi wire locations, where temperature cross transformation
temperature. The result of the phase change is the actuation deformation of SMA wire.

The longitudinal displacement of SMA actuator middle point caused by external force
after the first loading state has value 2.4 mm. The middle point longitudinal actua-
tion displacements of SMA wire after the second loading state for different temperature
distributions are shown in Tab. 3.

Table 3: Dependence of SMA middle point actuation displacement on temperature distribution

Temperature distribution Actuation displacement
for mechanical connection with: of SMA middle point [mm]

thermal conductivity 0.5 W/mK 2.1
thermal conductivity 1 W/mK 1.9
thermal conductivity 2 W/mK 1.8

Fig. 6 Left and Right shows stress-strain relations for middle point and mechanical
connection point with thermal conductivity of mechanical connection 0.5 W/mK, respec-
tively. As we can see from this figure, actuation deformation of mechanical connection
point is smaller than middle point deformation. This smaller deformation is caused by
the fact, that the temperature of mechanical connection point does not cross finish phase
change transformation temperature – this point has temperature only 124 ◦C and only

7
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Figure 6: Stress-strain relations for following NiTi wire points: Left – middle point, Right – mechanical
connection point, thermal conductivity of mechanical connection is 0.5 W/mK

adequate part of material is transformed from martensite phase to austenite phase.

4 CONCLUSIONS

Coupled electro-thermo-structural analysis of thermal SMA wire actuator made of
Nickel-Titanium alloy was presented in the paper. The primary goal of the paper was
focused on analysis of temperature distribution near mechanical connection of NiTi wire.
In the paper steady-state and transient electro-thermal analysis of NiTi wire was pre-
sented. The secondary goal of the paper was focused on structural analysis of NiTi wire
and on the investigation of influence of temperature distribution on actuation deformation
of SMA actuator. Our next research will be focused on shape optimization of mechanical
connection of NiTi wire.
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Abstract. In this study, a hierarchal decomposition for the interaction of the structure, fluid 
and electrostatic field or the structure-fluid-electrostatic interaction, which is one of typical 
phenomena in micro-electro-mechanical system (MEMS), is proposed in order to solve it 
efficiently.  The proposed decomposition partitions the structure-fluid-electrostatic interaction 
into the fluid-structure interaction (FSI) and the electrostatic field, and, moreover, splits the 
FSI into the velocity and fluid pressure fields.  In this way, the whole interaction system is 
decomposed into the three fields in a hierarchal way.  The proposed decomposition is 
implemented using a finite element method and is applied to a micro cantilever beam actuated 
by the electrostatic force in air.  It follows from the comparison among the results for the 
structure-fluid-electrostatic interaction, the FSI and the experiment that the proposed method 
taking into account the full-interaction can predict the vibration characteristic of the MEMS 
accurately. 
 
1 INTRODUCTION 

MEMS are typically smaller than 1 millimeter and larger than 1 micrometer in size.  At 
these size scales, the surface forces are superior to the body forces due to the scale effect.  
Therefore, MEMS are typically driven by the electrostatic force, and their vibrations are 
damped significantly due to the fluid viscous force from air.  In addition, both the electrostatic 
and fluid viscous forces are sensitive to the structural behavior.  Therefore, the structure-fluid-
electrostatic interaction is one of typical phenomena in MEMS.  Vibration characteristics such 
as the resonance frequency and the damping ratio are the key design parameters, and the 
interaction analysis is required in order to predict them accurately [1, 2]. 

In this study, a finite element analysis for the structure-fluid-electrostatic interaction is 
proposed.  The proposed analysis consists of the partitioned analysis, where the structure-
fluid-electrostatic interaction is partitioned into the FSI and the electrostatic field, and the 
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monolithic analysis for the FSI.  Moreover, the monolithic FSI system is solved using a 
projection method [5, 6, 7], where the FSI is split into the velocity and fluid pressure fields.  
Its application can be seen in [8, 9].  The decomposition used in the proposed analysis 
consists of the partitioning and the splitting in a hierarchal way.  Therefore, it is called as the 
hierarchal decomposition. 

The proposed analysis is applied to the micro cantilever beam driven by the electrostatic 
force in air.  It is demonstrated from the comparison among the results for the structure-fluid-
electrostatic interaction, the FSI, and the experiment that the proposed analysis taking into 
account the full interaction can predict the dynamic behavior of MEMS accurately. 

2 FINITE ELEMENT ANALYSIS USING HIERARCHAL DECOMPOSITION 

2.1 Finite element discretized equations 
The finite element discretized equilibrium equation system for the structure-fluid-

electrostatic interaction is schematically written as 
 

Qs + Qf = ge,          (1) 
 

where Q is the equivalent internal force vector including all effects such as the structural and 
fluid inertia, the structural elasticity, the fluid diffusion, and the fluid pressure gradient, g is 
the external force vector, and the superscripts s, f and e denote the quantities corresponding to 
the structure, the fluid, and the electrostatic field, respectively.  Since MEMS can undergo 
large deformation, the finite deformation is taken into account using the total Lagrangian 
formulation, where the Hooke’s law is used for the relation between the second Piola-
Kirchhoff stress and the Green-Lagrange strain under the assumption of small strain.  The 
fluid is assumed to be Newtonian. 

The electrostatic force ge is the nonlinear function with respect to the structural 
displacement vector us.  In the present study, ge is obtained as follows:  The electrostatic 
potential φ is obtained from the Laplace equation with the boundary including the structural 
surface.  Next, the electrostatic field E is given by the gradient of φ.  Finally, ge is obtained as 

 
ge = -(ε/2)(E・n)2n,         (2) 

 
where ε is the dielectric constant, n is the unit vector outward normal to the structural surface. 

2.2 Coupled analysis using hierarchal decomposition 
In order to partition the structure-fluid-electrostatic interaction into the FSI and the 

electrostatic field, Eq. (1) is evaluates as 
 

t+ΔtQs (k+1) + t+ΔtQf (k+1) = ge (t+Δtus (k)),       (3) 
 
where the superscript t+Δt denotes the current time step, and the superscript k with the round 
brackets denotes the iteration at the current time step.  After deriving the electrostatic force ge 
using the previous structural displacement t+Δtus (k), Eq. (3) can be solved monolithically.  
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Moreover, the FSI is split into the velocity and pressure fileds using a projection method [5, 6, 
7].  In this way, the structure-fluid-electrostatic interaction is decomposed into the three fields 
in a hierarchal way.  Therefore, the proposed decomposition is called as the hierarchal 
decomposition. 

The predictor multi-corrector algorithm based on the Newmark’s method is used for the 
time integration.  Fig. 1 shows the analysis flow of the proposed analysis. 

 
Figure 1: Analysis flow of the prpposed method. 

3 NUMERICAL EXAMPLE 

3.1 Problem setup 
The present problem is schematically shown in Fig. 2.  A micro cantilever beam is made 

using a chemical etching for the SOI wafer (the upper and bottom layers are made of arsenic-
doped Si and conductive, while the middle layer is made of SiO2 and isolated).  The step 
voltage is applied between the beam (the upper layer) and the base (the bottom layer).  The 
beam has the dimensions of the length L = 1.00×103 μm, the width W = 36 μm, the thickness 
H = 3.0 μm and the gap G = 5.0 μm, which are identified using the SEM images. 

The structural mass density ρs is assumed to be equal to that of the bulk material of Si 2328 
kg/m3.  The Poisson’s ratio ν is assumed to be 0 [3].  Since the Young’s modulus E is usually 
different from that of the bulk material of Si due to the scale effect, it is evaluated as follows:  
The natural frequency of the beam is evaluated from the experimental result of its free 
vibration in vacuum (under 2 Pa).  Then, E is evaluated using the natural frequency from the 
experiment and its theoretical solution under the assumption of the Euler-Bernoulli beam.  E 
is evaluated as 184.2 GPa, which is consistent with that in the previous study [4].  The 
material properties of air (26 degrees C) are the mass density ρs = 1.18×10-3 g/cm3 and the 
viscosity μ = 1.82×10-4 g/(cm sec).  The dielectric constant of air is 8.859×10-12 F/m. 

End

k = k+1

t = t+Δt

Derive electrostatic force using Eq. (2)

Derive intermediate velocity increment from equilibrium equation (3) using previous pressure

Derive current pressure from pressure Poisson equation 

Derive velocity increment from equilibrium equation (3) using current pressure

Predict acceleration, velocity, displacement, pressure using Newmark’s method

Correct acceleration, velocity, displacement and pressure using Newmark’s method

Start
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Figure 2: Schematic view of the problem setup. The micro cantilever beam is driven and vibrated by the 

electrostatic force generated by the step voltage between the beam and the base. 

Each voltage to the chip is supplied by the high speed DC power supply (the risetime is 
approximately 50μsec).  The velocity in the y-direction of the free end of the beam is 
measured using the laser Doppler vibrometer (Ono Sokki Co., Ltd., Japan).  The data of the 
supplied voltage and the velocity of the beam are simultaneously collected using a data 
acquisition system with a sampling speed of 500,000Hz.  The former is used to obtain the 
applied voltage between the beam and the base, and the latter is used for the validation of the 
present numerical results.  The time histories of the maximum applied voltages are shown in 
Fig. 3. 

 
Figure 3: Time histories of the maximum applied voltages.  The black line indicates the applied voltage in air, 

while the gray line indicates that in vacuum. 

The symmetry with respect to the y-z plane is taken into account for the analysis domain.  
The mesh for the structural domain consists of 661 nodes and 240 elements, where the 
quadratic hexahedral elements (20 nodes) are used, the mesh for the fluid domain consists of 
5,916 nodes and 26,698 elements, where the linear tetrahedral elements (4 nodes) are used, 
and the mesh for the electrostatic field domain consists of 195 nodes and 480 elements, where 
the linear tetrahedral elements (4 nodes) are used.  The time increment used in the numerical 
analyses is 1μsec. 
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3.2 Results and discussion 
Fig. 4 shows the time histories of the velocity in the y-direction of the free end of the beam 

for the applied voltage in Fig. 3.  As shown in this figure, the air damping was significant.  
Therefore, the FSI must be taken into account in the present problem.  Fig. 4 also shows the 
necessity of the full interaction analysis.  As shown in this figure, the numerical result for the 
structure-fluid-electrostatic interaction was consistent with the experimental result, while the 
numerical result for the FSI was inconsistent with the other results.  The vibration from the 
full interaction analysis was over-damping, while that from the FSI analysis was under-
damping.  This qualitative difference was caused by the high sensitivity of damping to the gap.  
At equilibrium, the displacement from the full interaction analysis was -1.36μm, while that 
from the FSI analysis was -0.899μm.  Therefore, the damping in the full interaction analysis 
was far larger than that in the FSI analysis. 

 
Figure 4: Time histories of the y-velocity of the free end of the micro cantilever beam for the applied voltage in 
Fig.3.  The black line indicate the numerical result for the structure-fluid-electrostatic interaction, and the narrow 
black line indicates the numerical result for the FSI, while the gray line indicates the experimental result in air. 

4 CONCLUSIONS 
In the present study, the finite element analysis using the hierarchal decomposition was 

proposed in order to solve the structure-fluid-electric interaction.  The proposed analysis was 
applied to the micro cantilever beam driven by the electrostatic force in air.  It follows from 
the comparison among the results for the structure-fluid-electrostatic interaction, the FSI, and 
the experiment that the proposed analysis taking into account the full-interaction can predict 
the MEMS dynamic behavior accurately. 
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Abstract. The nanoCOPS project [1, 2] is a collaborative research project within the FP7-
ICT research program funded by the European Union. The consortium comprises experts in 
mathematics, physics and electrical engineering from seven universities (BU Wuppertal, HU 
Berlin, Brno UT, TU Darmstadt, FH OÖ Hagenberg, U Greifswald, KU Leuven), one research 
institute (MPG Magdeburg), two industrial partners (NXP Semiconductors Netherland and ON 
Semiconductor Belgium) and two SMEs (MAGWEL and ACCO Semiconductor). We present 
an overview of the project subjects addressing the "bottlenecks" in the currently-available 
infrastructure for nanoelectronic design and simulation. In particular, we discuss the issues of 
an electro-thermal-stress coupled simulation for Power-MOS device design and of simulation 
approaches for transceiver designs at high carrier frequencies and baseband waveforms such as 
OFDM (Orthogonal Frequency Division Multiplex).  

 
 
1 INTRODUCTION 

Designs in nanoelectronics often lead to large-size simulation problems and include strong 
feedback couplings. Industry demands the provisions of variability to guarantee quality and 
yield. It also requires the incorporation of higher abstraction levels to allow for system 
simulation in order to shorten the design cycles, while at the same time preserving accuracy. 
The nanoCOPS project addresses the simulation of two technically and commercially important 
problem classes identified by the industrial partners: 

 
 Power-MOS devices, with applications in energy harvesting, that involve couplings 

between electromagnetics (EM), heat, and stress, and 
 RF-circuitry in wireless communication, which involves EM-circuit-heat coupling and 
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multirate behaviour, together with analogue-digital signals. 
 
To meet market demands, the scientific challenges are to: 
 

 create efficient and robust simulation techniques for strongly coupled systems, that 
exploit the different dynamics of sub-systems and that allow designers to predict 
reliability and ageing; 

 include a variability capability such that robust design and optimization, worst case 
analysis, and yield estimation with tiny failures are possible (including large deviations 
like 6-sigma); 

 reduce the complexity of the sub-systems while ensuring that the parameters can still be 
varied and that the reduced models offer higher abstraction models that are efficient to 
simulate. 

 
Our solutions are: 
 

 to develop advanced co-simulation/multirate/monolithic techniques, combined with 
envelope/wavelet approaches; 

 to produce new generalized techniques from Uncertainty Quantification (UQ) for 
coupled problems, tuned to the statistical demands from manufacturability; 

 to develop enhanced, parameterized Model Order Reduction techniques for coupled 
problems and for UQ. 

 
The best (efficient, robust) algorithms produced are currently being implemented and 
transferred to SME partner MAGWEL. Validation is conducted on industrial designs provided 
by the industrial partners. A thorough comparison to measurements on real devices will be 
made. A public online progress report can be found in [3].  

 

2 SIMULATION OF COUPLED PROBLEMS: CO-SIMULATION, MULTIRATE, 
AND MONOLITHIC 

The coupling of various physical effects in nanoelectronics plays an important role in the 
operational reliability, at both circuits and systems level. This is the case for high-performance 
applications (CPUs, RF-circuits) as well as applications in hostile environments (e.g., such as 
high voltages and/or high currents in automotive applications, RF Power and Base Stations 
applications). Various types of coupled phenomena exist. For example, electro-thermal 
coupling is a key concern during operational cycles in industry where a substantial amount of 
heat is generated that (1) will affect the voltage and current distributions and (2) will indirectly 
impact the sources of the heat itself. The extent and impacts of electro-thermal-stress coupling 
is studied in the modelling of power-MOS devices in DC and in the transient regime (time 
domain), taking environmental aspects like metal stack and package into account. The 
determination of both reliability and ageing needs to be more effectively addressed by the 
combined simulation of these coupled effects. Another challenging coupling mechanism 
concerns Radio Frequency (RF) designs that have to involve with circuit-EM-heat couplings, 
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where parasitic long-range electromagnetic (EM) effects induce substantial distortion at the 
circuit level, which can lead to the sudden malfunction of the circuit. In order to address both 
these types of problems, companies need to have a capability for the simulation of multi-physics 
with dynamics involving different time scales. 

Co-simulation techniques are natural approaches in efficiently solving coupled problems. 
Field-circuit couplings have been considered in [4, 5]. Dynamic iteration can be performed 
within each time window [6]. In [7], for the field-thermal coupling this is combined with a time-
averaging for the heat source, thus exploiting multirate difference in the dynamics between the 
field and the heat quantities. When strong couplings arise one will reside to efficient monolithic 
algorithms to solve the coupled problem (see also Fig. 1). 

 

  
 

Fig. 1. Left: Schematic of a coupled problem (consisting of two sub-problems), including uncertainties. 
In nanoCOPS, those problems are efficiently solved in time domain and probability space with 
exploitation of their multirate (different time steps) and multiscale behaviour (different discretizations). 
The discretized models will lead to different reduced models by techniques from MOR. Parameterized 
MOR will guarantee the ability to properly deal with the uncertainties in parameters, geometries, and 
coupling quantities. Right: Overview flow for strongly coupled problems, yielding a monolithic coupled 
simulation. 

 
Multirate time integration for circuit simulation has been studied for circuit decomposition 

as well as for signals with a broad difference in the frequency domain. When different signal 
shapes are present in the circuit, these may be approximated more efficiently if individual grids 
are used for each of the signals. The problem is cast in a hyperbolic time-domain formulation 
involving two time directions, one mimicking a low-frequency behavior, the other one a high-
frequency one with periodic boundary conditions: an MPDAE system (Multirate Partial 
Differential-Algebraic Equations). This splitting can be adaptively optimized during the 
process. The grid points along the fast-varying direction may vary when progressing in the low-
frequency time direction (see Fig. 2 (left)). Spline/wavelet methods are exploited for reasons of 
compactness of the support of the basis functions. 

As an example we consider a chain of 5 frequency dividers (as part of a PLL). In each step 
the frequency is reduced by a factor 2 as one can see in Fig. 2 (right). From the solution in 
(𝜏𝜏1,𝜏𝜏2)-time-domain space, a 1-dimensional solution depending on (𝑡𝑡, 𝜙𝜙(𝑡𝑡)) (for a suitable 
phase-function 𝜙𝜙) can be constructed, which provides an envelope solution. Recently, the 
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method has been extended to deal with circuit partitions as well [8, 9]. Currently, one considers 
coupling with heat as well. 

 

      
 

Fig. 2. Left: Adaptive grid for a Colpitss oscillator. Right: Several signals in a frequency divider chain 
as part of a PLL. 
 

A highlighting monolithic simulation for a coupled electromagnetic-heat problem is shown 
in Fig. 3. It couples large-scale (millimeter) structures to small-scale (sub-micron) finger 
details of a power MOS. 

 

 
 

Fig. 3: Analysis of a power MOS (left) resulting into an asymmetric current density due to 
thermally induced conductance variations in the metallic interconnect (right). 

 

3 MODEL ORDER REDUCTION, UNCERTAINTY QUANTIFICATION 
The involvement of varying parameters, needed in the design process, affects the 

performance of time-domain simulation techniques: the dynamics can change (resulting in 
different time steps in a monolithic simulation, or in more iterations for Dynamic Iteration in 
co-simulation, or in different multirate behavior of MPDAEs. Also projection matrices in 
Model Order Reduction techniques depend on chosen parameters. In [10] a robust algorithm 
for parametrized Model Order Reduction (pMOR), based on implicit moment matching 
involving Krylov-space techniques, has been derived, for linear systems based on state-space 
formulations, which directly applies to circuit equations. In [11] the method has been extended 
to second order systems coming from electromagnetic field discretizations. In a monolithic 
coupling the electromagnetic vector potential generates a heat coupling to heat by a power term 
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giving a quadratic term. For such couplings special MOR methods have been developed 
recently [12]: bilinear and quadratic-linear models were considered that allow treatments in the 
frequency domain (involving multiple frequencies).  Additionally in [11] an a posteriori output 
error bound for reduced order models of micro- and nano-electrical(-mechanical) systems is 
derived. The error bound is independent of the discretization method (finite difference, finite 
element, finite volume) applied to the original PDEs. Secondly, the error bound can be directly 
used in the discretized vector space, without going back to the PDEs, and especially to the 
bilinear form (weak formulation) associated with the finite element discretization, which must 
be known a priori for deriving/using the error bound for the reduced basis method. This can be 
combined with adaptive selection of expansion points. These techniques enable automatic 
generation of the reduced models computed by parametric model reduction methods based on 
approximation (interpolation) of the transfer function, e.g., Krylov subspace based methods.  

 

 
 

Fig. 4: Relative error of the expectation of the electrical field in a coplanar waveguide after using a 
pMOR Krylov-space technique within Uncertainty Quantification based on generalized Polynomial 
Chaos expansions. 

 
In [13, 14] methods for Uncertainty Quantification (UQ) via generalized Polynomial Chaos 

(gPC) expansions have been proposed. These methods can greatly benefit when being 
combined with methods for pMOR [15] (see also Fig. 4). Assuming that the discretization of 
the underlying structure of the electromagnetic problem is fixed, in [16] UQ-results are obtained 
involving parameterized MOR. In [17] the sensitivity of the variance with respect to parameters 
is considered. This gives an indication of dominant parameters, see also [15]. With Stroud-
quadrature [18] one can deal with a number of parameters that are of interest for industrial 
purposes.  

 
In [19] stochastically varying domains are considered, leading to topology optimization for 

a permanent magnet (PM) synchronous machine with material uncertainties. These techniques 
are now applied to problems in nanoscale.  In [20] for variation of the solution due to varying 
the thickness of a layer in a power MOS transistor model, or due to varying the conductivity in 
the layer, gPC was used to efficiently estimate mean and standard variation. 

 
In [21] the effect of the number of parameter variations on the impact of noise from digital 

parts on the isolation sensitive RF domains was investigated, i.e., the number of downbonds, 
the number of ground pins, the domain spacing and shape, the application of deep-Nwell and 
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exposed diepad, and the number of exposed diepad vias. 
 

 
 
Fig. 5: Left: Integrated RF-CMOS automotive transceiver design. Right: Floorplan model for isolation 
and grounding strategies. 
 
In order to minimize interference issues and coupling effects in RF products, it is essential to 
apply proper floorplanning and grounding strategies. The interaction of the IC with its physical 
environment needs to be accounted for, so as to certify that the final packaged and mounted 
product meets the specifications. 
The first focus is on the key requirements to address physical design issues in the early design 
phases of complex RF designs. Typical physical design issues encountered, such as on-chip 
coupling effects, chip-package interaction, substrate coupling and co-habitation, have been 
investigated. 
The main challenges are the first order prediction of cross-domain coupling. Therefore we apply 
a floorplan methodology to quantify the impact of floorplanning choices and isolation 
grounding strategies. This methodology is based on a very high level floorplan EM/circuit 
simulation model, including the most important interference contributors and including on-
chip, package and PCB elements, to be applied in the very early design phases (initial 
floorplanning). 
The overall model of a complete RF product contains the following parts (see Fig. 5): 

 On-chip: domain-regions, padring, sealring, splittercells, substrate effects. 
 Package: ground and power pins, bondwires/downbonds, exposed diepad. 
 PCB: ground plane and exposed diepad connections. 
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Abstract. For applications with large physical domains and large body displacements it is 
of vital importance to use an accurate and computationally affordable numerical method. The 
objective of the present study is to compare the accuracy and computational expenses of an 
immersed boundary method (using IB interpolation) with those of a boundary-conforming 
numerical method. For the latter, the Navier-Stokes equations were solved using cylindrical 
coordinates [1]. The same boundary conditions for inlet and outlet were applied in both 
simulations. In both cases a non-inertial frame of reference was applied to be able to model 
moving boundaries [2]. The vortical structures that appear behind the cylinder, as well as the 
drag and lift coefficients and the Strouhal number for forced and vortex-Induced-Vibrations 
(VIV) are compared under various conditions.  Although in cylindrical coordinates the 
definition of the boundary condition at the cylindrical wall is more accurate, the definition of 
the outflow condition was found to be problematic due to the usage of the moving frame of 
reference.  The simulation results show that both approaches produce acceptable results. 
When using a similar number of mesh points, the simulation  using cylindrical coordinates is 
less expensive, though the need for a larger computational domain when using cylindrical 
coordinates (to overcome difficulties in the definition of the outflow boundary conditions) 
again increases the computational costs of this method.  

 
 
INTRODUCTION 

The flow over moving bluff bodies received significant attention in the recent decade and 
obtaining accurate solutions for Fluid-Structure Interaction (FSI) problems is of interest in 
many engineering and scientific applications. A broad classification of FSI methods can be 
based on the type of mesh employed in the discretization, where we can differentiate between 
boundary-conforming and non-boundary-conforming mesh methods [3]. A well-known 
conforming mesh method is the curvilinear coordinate method which is combined with the 
Arbitrarily Lagrangian-Eulerian method (ALE) to model the FSI problem. For non-
conforming mesh methods usually an immersed boundary method is employed and the most 
recent developments in FSI methods are based on this approach. On the other hand, in some 
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applications, when there is only one moving structure, it is possible to adjust coordinates on 
the moving body and solve the flow governing equation in the relative frame of reference. In 
this case, there is no need to deform the mesh (curvilinear coordinate approach) or update the 
interpolation formulas (immersed boundary) while simulating flow structure interaction. In 
this study the objective is to compare the results using an immersed boundary (non-
conforming approach) with those using a conforming approach (curvilinear coordinates). For 
the latter, to minimize the discretization overhead cylindrical coordinates are used. To be able 
to compare our results with other experimental and numerical results, a low-Reynolds number 
flow around a cylinder is used as the test case.   

The immersed-boundary (IB) method is a technique for solving flow problems in regions 
with irregular boundaries using a simple structured grid solver. The term “immersed boundary 
method” was initially introduced by Peskin [4] while presenting simulation of blood flow in a 
cardiovascular system. It was specifically designed to handle deforming (elastic) boundaries 
interacting with low Reynolds number flow. The simulation was carried out on a Cartesian 
grid and at those locations where the boundary did not align with a mesh line the solution 
algorithm was locally modified to enforce the desired boundary conditions on the flow. More 
recently, numerous modifications and refinements have been proposed to enhance the 
accuracy, stability, and application range of the IB method [5]. 

Depending on the way that the boundary conditions are imposed on the immersed 
boundary, the IB methods can be generally categorized into continuous and discrete forcing 
approaches. In the continuous forcing method [3], a forcing function is applied to the Navier-
Stokes equation in order to maintain the boundary condition on the structure (e.g. enforcing a 
no-slip boundary condition on a stationary body). The most important issue in this method is 
the definition of the continuous forcing function needed to enforce the correct boundary 
conditions [6].  

 

   
Figure 1: A 2D Cartesian mesh with a solid boundary (circle) left). Interface point A requires 

interpolation, points A1 to A8 are all neighbouring points of A of which A2 and A7 are inside the solid 
domain. Right) Standard Reconstruction Method (SRM)[7]. Middle) Bilinear interpolation perpendicular 

to the solid surface [3]. 

 In this paper, the indirect discrete forcing approach is used for the IB method. In this case, 
the flow velocity is interpolated at the interface cells and the forcing term is imposed 
indirectly to the discrete equations. The interface points are defined as the points in the fluid 
domain near the solid boundary for which one of the neighbouring points in the discretized 
equations is inside the solid domain [3]. Therefore, the parameters related to these points 
cannot be updated through solving the governing equation. Any cells that contain one or more 
interface points are called interface cells (Figure 1). In the IB interpolations approach, each 
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time step the flow parameters in the interface cells are updated by direct interpolation and 
used as boundary condition for the flow solver. 

In the next section, the governing equations of the fluid flow and the structural problem, 
which has been used in the simulation, are introduced. 

FORMULATION AND NUMERICAL METHODS 

Flow governing equations 
The Navier–Stokes equation for an unsteady, incompressible fluid flow in vector form and 

relative frame of references is given by equations (1) and (2). 
 

ρ (∂𝐕𝐕
∂t + 𝐕𝐕. ∇𝐕𝐕) = −∇p + μ∇2𝐕𝐕 + ρG(v, t)     (1) 

𝛁𝛁. 𝐕𝐕 = 𝟎𝟎              (2) 

Where G(v,t) in equation (1) is the additional acceleration term due to deriving the Navier-
Stokes equation in a moving frame of reference which is defined as equation (3). For more 
information see [2]. 

 

G(v, t) = 2θ̇I0V + (θ̇)2X + θI0X − ATd̈ (3) 

In equation (3), the terms including θ̇ and θ̈ are omitted so that the rotation matrix AT 
becomes a unit vector, hence only the transverse degree of freedom of the cylinder is 
considered here. As a result, equation (3) reduces to describing the acceleration of a moving 
solid body in the transverse direction,- aysolid. 

In addition, the following terms are used to non-dimensionalize the flow governing 
equations. 

 

𝑡𝑡∗ = 𝑡𝑡 𝑉𝑉
𝐷𝐷    𝑥𝑥∗ = 𝑥𝑥

𝐷𝐷    𝑦𝑦∗ = 𝑦𝑦
𝐷𝐷      𝑝𝑝∗ = 𝑃𝑃

𝜌𝜌𝑉𝑉2      𝑢𝑢∗ = 𝑢𝑢
𝑉𝑉      𝑣𝑣∗ = 𝑣𝑣

𝑉𝑉       𝑅𝑅𝑅𝑅 = ρ𝑉𝑉𝐷𝐷
μ     (4) 

After applying the non-dimensionalisation and simplifications given above, the 
incompressible 2D Navier-stokes equations in a Cartesian domain and moving frame of 
reference become:  

∂u
∂t + ∂u2

∂x + ∂uv
∂y = − ∂p

∂x + 1
Re (∂2u

∂x2 + ∂2u
∂y2)          (5) 

∂v
∂t + ∂vu

∂x + ∂v2

∂y = − ∂p
∂y + 1

Re (∂2v
∂x2 + ∂2v

∂y2) − aysolid          (6) 

𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥 + 𝜕𝜕𝑣𝑣

𝜕𝜕𝑦𝑦 = 0   

For simplification “*” is dropped for the non-dimensionalized terms. 
 

(7) 

The non-dimensional, incompressible Navier-stokes equations in 2D cylindrical 
coordinates and moving frame of reference are given in eqns. (8) –(10). 

 

𝜕𝜕𝑢𝑢𝑟𝑟
𝜕𝜕𝑡𝑡 + 𝑢𝑢𝑟𝑟

𝜕𝜕𝑢𝑢𝑟𝑟
𝜕𝜕𝜕𝜕 +

𝑢𝑢𝜑𝜑
𝜕𝜕

𝜕𝜕𝑢𝑢𝑟𝑟
𝜕𝜕𝜕𝜕 −

𝑢𝑢𝜑𝜑
2

𝜕𝜕
= − 𝜕𝜕𝑝𝑝

𝜕𝜕𝜕𝜕 + 1
𝑅𝑅𝑅𝑅 [1

𝜕𝜕
𝜕𝜕

𝜕𝜕𝜕𝜕 (𝜕𝜕 𝜕𝜕𝑢𝑢𝑟𝑟
𝜕𝜕𝜕𝜕 ) + 1

𝜕𝜕2
𝜕𝜕2𝑢𝑢𝑟𝑟
𝜕𝜕𝜕𝜕2 − 𝑢𝑢𝑟𝑟

𝜕𝜕2 − 2
𝜕𝜕2

𝜕𝜕𝑢𝑢𝜑𝜑
𝜕𝜕𝜕𝜕 ] − aysolid sin(𝜕𝜕) 

(8) 
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𝜕𝜕𝑢𝑢𝜑𝜑
𝜕𝜕𝜕𝜕 + 𝑢𝑢𝑟𝑟

𝜕𝜕𝑢𝑢𝜑𝜑
𝜕𝜕𝜕𝜕 +

𝑢𝑢𝜑𝜑
𝜕𝜕
𝜕𝜕𝑢𝑢𝜑𝜑
𝜕𝜕𝜕𝜕 −

𝑢𝑢𝑟𝑟𝑢𝑢𝜑𝜑
𝜕𝜕

= −1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 1

𝑅𝑅𝑅𝑅 [
1
𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜕𝜕

𝜕𝜕𝑢𝑢𝜑𝜑
𝜕𝜕𝜕𝜕 ) + 1

𝜕𝜕2
𝜕𝜕2𝑢𝑢𝜑𝜑
𝜕𝜕𝜕𝜕2 −

𝑢𝑢𝜑𝜑
𝜕𝜕2 +

2
𝜕𝜕2

𝜕𝜕𝑢𝑢𝑟𝑟
𝜕𝜕𝜕𝜕 ] − 𝑎𝑎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 sin(𝜕𝜕) 

(9) 

𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕𝑢𝑢𝑟𝑟) +

𝜕𝜕𝑢𝑢𝜑𝜑
𝜕𝜕𝜑𝜑 = 0, (10) 

where ‘p’ is the generalised pressure which is defined by the static pressure divided by the 
density. Hence, to obtain the correct the static pressure we need to multiply ‘p’ by the density. 

A staggered variable arrangement, as introduced by Harlow and Welsh [8], is used to 
discretize the governing equations on a Cartesian mesh and in the similar way the equations in 
cylindrical coordinates are discretised. The continuity equation is enforced by taking the 
divergence of the momentum equation and using the continuity equation to obtain a Poisson 
equation for the pressure field. This equation is solved by using the strongly implicit 
procedure (SIP), Stone’s method, at every time step [9]. To maintain a consistent 
implementation, the pressure equation is discretized in a similar way as the momentum 
equations. 

The extent of the computational domain was selected to be relatively large to ensure that 
the location of the boundaries does not affect the simulation. The size of domain in the y 
direction is important to be able to minimize the blocking effect and the size of the domain in 
the x direction should be large enough to be able to minimize the effect of outlet boundary on 
the vortex shedding behind the cylinder. The size of mesh near the solid boundary was 
selected in a way to maintain the second order accuracy of the methods while minimising the 
computational cost which was checked in a mesh refinement study.  

A polar coordinate system was used around a circular cylinder in the conforming approach 
in which the grid is uniform in the circumferential direction and stretched in radial direction. 

 

 
 

Figure 2: fluid domain size and boundary conditions, left) Cylindrical coordinates Right) Cartesian 
Coordinates. 
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z

m 

k 

Structural equations 
The governing equation for a system with one degree of freedom (Figure 3) in the 

transverse direction is given by equation (11) which directly follows from Newton’s second 
law applied to a moving body. In this equation ‘m’ is the mass of the cylinder per unit length, 
‘C’ is the damping coefficient and ‘k’ is the stiffness of the structure. FL represents the 
hydrodynamic force in transverse direction from the fluid flow (lift force).  
 
 
 
 
 

 
 
 
 
 
 
 
 

𝑚𝑚 𝑑𝑑2𝑦𝑦
𝑑𝑑𝑑𝑑2 + 𝐶𝐶 𝑑𝑑𝑦𝑦

𝑑𝑑𝑑𝑑 + 𝑘𝑘𝑦𝑦 = 𝐹𝐹𝐿𝐿(𝑑𝑑) 
(11) 

 

Non-dimensionalized scales similar to the Navier-Stokes equations are applied to the 
structural equation, as shown in equations (12) to (15), where  𝑉𝑉𝑟𝑟 is the reduced velocity and 
𝑓𝑓𝑁𝑁 is the natural frequency of the structure in vacuum.  
  

𝑉𝑉𝑟𝑟 = 𝑈𝑈∞
𝑓𝑓𝑁𝑁𝐷𝐷     𝑎𝑎𝑎𝑎𝑑𝑑  𝑉𝑉𝑟𝑟 = ( 1

2𝜋𝜋)√𝐾𝐾
𝑚𝑚 

(12) 
𝐶𝐶𝐿𝐿 = 𝐹𝐹𝐿𝐿

1
2𝜌𝜌𝑈𝑈∞2 𝐷𝐷𝐿𝐿𝑐𝑐

 (13) 
𝑚𝑚∗ = 𝑚𝑚

𝑚𝑚𝑓𝑓
= 𝑚𝑚

𝜌𝜌𝑓𝑓𝜋𝜋(𝐷𝐷2
4 )𝐿𝐿𝑐𝑐

 (14) 
𝜉𝜉 = 𝑐𝑐

𝑐𝑐𝑐𝑐
   𝑎𝑎𝑎𝑎𝑑𝑑   𝑐𝑐𝑐𝑐 = 2√𝐾𝐾𝑚𝑚 (15) 

The non-dimensional form of the structural system becomes as equation (16). 
 

𝑑𝑑2𝑦𝑦∗

𝑑𝑑𝑑𝑑∗2 + 2 × 𝜉𝜉 × (2𝜋𝜋
𝑉𝑉𝑟𝑟

) 𝑑𝑑𝑦𝑦∗

𝑑𝑑𝑑𝑑∗ + (2𝜋𝜋
𝑉𝑉𝑟𝑟

)
2

𝑦𝑦∗ = 2×𝐶𝐶𝐿𝐿(𝑡𝑡)
𝜋𝜋𝑚𝑚∗  

(16) 

 
In the next section a comparison is presented of simulation results obtained by using the 

two approaches described above. 

SIMULATION RESULTS  
The results are presented in three main categories. Flow over stationary cylinder, cylinder 

moving with a prescribed motion and Vortex-Induced –Vibration of the cylinder. In all of the 
cases the Reynolds number is below 200 so that the flow remains two dimensional. For the 
flow around the stationary cylinder the results of a mesh refinement study are presented. In 
the case of forced vibration, the results of a parametric study that shows the effect of the size 

Figure 3: Schematic of the vibrating system 
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 6 

of the convective outlet boundary for the cylindrical coordinates are presented. In addition the 
results of the cylindrical coordinates are compared with the IB boundary approach as well.  In 
the final parts the results of vortex-induced vibration for low mass ratio cases are compared 
with the literature. 

Stationary cylinder results 
Before comparing the two methods a series of parametric studies are performed to show 

that the results for each case are not dependent on the sizes of grid and domain. The size of 
the mesh near the solid boundary plays a significant role both in the accuracy of the results 
and in the computational expenses.  In non-conforming boundary approaches, when the grid 
gets finer near the immersed boundary, the shape of the cylinder (IB) is approximated more 
accurately.  To find the proper mesh size for the numerical simulation while maintaining the 
second-order accuracy of the model 6 grid sizes ranging from 0.2D to 0.00625D are used.  
The simulation results for the flow over a stationary cylinder show that the Strouhal number, 
the drag and the lift coefficients for sufficiently fine grids (approximately finer than 0.025) are 
less dependent on the grid size. Also, using the conforming boundary method, the results 
show that the sizes of 0.005D in radial direction and 0.015D in the circumferential direction 
are optimum values.  

In addition the size of domain plays a significant role on the lift, drag and Strouhal number 
while flow is passing a circular cylinder. Here, a series of parametric studies is conducted for 
both the IB method and the cylindrical coordinates method. 

 

  
Figure 4: cylindrical coordinate (conforming boundary method), left) drag coefficient verse time of 

iteration, Right) the lift and drag coefficient verse size of domain in radial direction 

 The simulation results show that using cylinder coordinates the optimum domain size in 
radial direction is about 20D (figure 4). In the case of the IB method, the blockage effect 
becomes negligible when using a domain size of 40D in the cross flow direction (figure 5). A 
comparison between figures 4 and 5 indicates that the lift and drag has a similar trend in both 
approaches (conforming and non-conforming boundary) when using a larger domain.  
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 7 

  
Figure 5: IB (non-conforming boundary) method, left) drag coefficient verse time of iteration, Right) 

the lift and drag coefficient verse size of domain in radial direction 

Table 1 shows the drag and lift coefficients for the two methods at various Reynolds 
number using the optimum grid and domain sizes for both cases. The results show that for 
Reynolds numbers exceeding 150 the IB boundary approach predict higher lift and drag 
coefficients. However for lower Reynolds numbers, using cylindrical coordinates results in 
larger lift and drag coefficients. In addition, both approaches show acceptable results when 
compared to literature. Some of the results presented in the literature are provided for 
comparison in the table 1.    

 
Table 1: Lift and Drag coefficient for the flow over a stationary cylinder 

Methods Coefficient Re=80 Re=100 Re=120 Re=150 Re=180 Re=200 

Cylindrical 
coordinate 

Lift 0.25 0.337 0.41 0.52 0.62 0.668 

Drag 1.38 1.36 1.345 1.34 1.35 1.335 
IB, Cartesian 
coordinate Lift 0.21 0.315 0.42 0.535 0.642 0.701 

Drag 1.325 1.32 1.325 1.34 1.365 1.383 

Literature Lift 0.245[12] 0.329[13] 0.41[12] ---------- ---------- 0.8[10] 

Drag 1.35[12] 1.33[14] 1.32[12] ---------- ---------- 1.23[11] 

 

Forced vibration results 
One of the shortcomings of using cylindrical meshes in combination with the moving 

frame of reference for studying fluid structure interaction is the definition of the convective 
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outlet boundary conditions. While for the IB method the velocity of the structure has to be 
given at the top, bottom and inlet boundaries, for the boundary conforming method using 
cylindrical coordinates, it is not straight forward to define the optimum location of the 
boundary and outlet conditions. To show the effect of the location of the convective outflow 
boundary for the conforming method, 6 simulations using various ranges were performed and 
lift and drag coefficients were calculated. The size of the convective boundary is given in 
terms of the angle that the convective boundary arc subtends at the centre of the cylinder. The 
cylinder was moving with the prescribed motion 𝑦𝑦 = 0.6 sin(2𝜋𝜋𝜋𝜋𝜋𝜋). In which F= 0.75, 
F=f/fs, fs =0.198 is the vortex Shedding frequency at Re=200. 

 

  
Figure 6: lift and drag coefficient. The effect of size of the convective boundary cylindrical coordinates. 

Figure 6 shows that the lift and drag coefficient is converged for the cases that the 
convective boundary angle is less than 120 degrees, and the results are matching well with 
literature [11] and with the result based on immersed boundary (Figure 7).  

 
Figure 7: lift and drag coefficient, prescribed motion, Immersed boundary and moving frame of 

reference 
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Free vibration  
In this stage, the simulation results for the low mass ratio are compared to the results 

provided by Borazjani [15] and Ahn and kallinderis [16]  who employed the IB method and 
the ALE approach, respectively. In this case the Reynolds number, mass ratio and damping 
ratio are fixed at 150, 2, 0, respectively and the stiffness of the structural system is changed by 
varying the reduced velocity from 3 to 8. 

Simulation of the flow around a stationary cylinder shows that the non-dimensional vortex 
shedding frequency or Strouhal number is St=0.2 at Re=150, therefore the lock-in 
phenomenon should occur around this frequency and hence at a reduced frequency of Vr=5. 

The simulation results show that the applied IB reconstruction method accurately predicted 
the lock-in range, however, the maximum amplitude is predicted to be lower than the one 
obtained by Borazjani and Ahn & Kallinderis. This might be due to the definition of the 
pressure boundary for the pressure Poisson equation.  

  
Table 2: Amplitude of oscillation (ymax/D) at various reduced velocity at constant Reynolds number, 
Re=150, and low mass ratio, m*=2. 

Reduced Velocity Vr=3 Vr=4 Vr=5 Vr=6 Vr=7 Vr=8 Vr=25 

Recent Research 0.04 0.42 0.38 0.30 0.20 0.06 0.03 
Borazjani et al. 2008 0.06 0.52 0.48 0.43 0.38 0.08 ----- 
Ahn & Kallinderis 2006 0.06 0.56 0.52 0.42 0.37 0.08 ----- 

 

CONCLUSION  
Two methods, one using conforming (cylindrical coordinates) and the other 

nonconforming (Immersed boundary) coordinate systems were employed to perform three test 
cases 1) flow around a stationary cylinder and 2) flow around a cylinder undergoing a forced 
vibration and 3) flow around a cylinder undergoing vortex induced vibrations.  

For the stationary cylinder, a mesh refinement study for the IB method shows that the lift 
and drag coefficients become virtually grid independent as soon as the mesh size is less than 
0.025D. In addition, the lift and drag coefficients obtained with the two methods at various 
Reynolds number ranging from 80 to 200 are found to be in good agreement with one another 
as well as with results found in the literature. For the forced vibration of a circular cylinder at 
Re=200, both approaches were found to produce acceptable results. However, when using a 
similar number of mesh points, the simulation the boundary conforming method turns out to 
be less expensive. Finally, the simulation results for the VIV case suggest that the IB method 
(interpolation method) properly predicted the range of lock-in. However, this method also 
predicted a reduced maximum vibration amplitude compared to the experimental results.  
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Abstract. In the present work one of the hybrid VLES (Very Large Eddy Simula-
tion) turbulence models is investigated in the context of fluid-structure interaction (FSI).
Firstly, the formulation of the VLES model for two different RANS models (k − ε and
ζ− f) is validated with a fully-developed channel flow at a turbulent Reynolds number of
Re = 395. Then, this model is used to calculate the flow over an inclining plate in order to
investigate the potential of VLES for moving structures. The results of simulations using
two different background RANS models are compared to URANS and DDES results. In
addition, the simulation results for different underlying RANS models are discussed.

1 INTRODUCTION

Direct Numerical Simulation (DNS) of turbulence can only be applied to flows with very
simple geometries and small Reynolds numbers, because a complete resolution of the tur-
bulent structures is necessary. Another possibility is Large Eddy Simulation (LES), where
the big energy containing turbulent scales are resolved, while the small ones are modeled.
In this case the computational costs increase very quickly with increasing Reynolds num-
ber. This is why in many industrial fields Reynolds-Average-Navier-Stokes (RANS) mod-
els are still the preferred method for the prediction of turbulent flows. In this approach
all turbulent structures are modeled. Therefore, the results obtained with RANS models
are often not satisfactory for many kind of flows, in particular, for massively separating
flows.

1
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In the last decade so-called hybrid turbulence models became increasingly popular.
Compared to LES and DNS they deliver satisfactory results while demanding reduced
computational costs. The underlying idea is to combine the advantages of different mod-
eling approaches. These new models make it possible to solve also complex industrial
problems.

The most popular hybrid turbulence model which has also been successfully used for
many complex turbulent flow tasks is the Detached Eddy Simulation (DES), which was
first proposed by Spalart [11]. It combines a RANS mode in the attached boundary layers
with LES in separated regions and regions far from the wall. The complication in the
applying of DES is the ”gray area”, in which an undefined modeling zone exists. In this
area the solution is neither pure RANS nor pure LES [5].

Another kind of hybrid methodology, the so-called Very Large Eddy Simulation (VLES),
was proposed by Speziale [12]. This model provides a seamless change from RANS to DNS
depending on the numerical resolution. However, the original VLES model damped the
Reynolds stress too much and required a fine mesh resolution. Therefore, modification
were proposed in [5] or [3], with which the approach shows high efficiency and robustness
in many applications [6], [5], [3].

In [4] it has been reported, that the predictive accuracy of VLES depends on the specific
RANS turbulence model. This aspect is particularly observable for complex flows with
movable or deformable objects. This especially occurs for flows with separations and thus
justifies the use of more complex RANS models, like the ζ − f model.

The turbulent fluid-structure interaction (FSI) is currently not an established research
object. However, especially in the case of FSI the problems become much more demanding
in terms of computational cost owing to additional equations of motion for the structural
part, which have to be solved together with the flow equations within a coupled solution
procedure. Therefore, a reduction of computing times is especially important in the
context of FSI. The potential of hybrid modeling employed to FSI is mentioned in [14],
while some experiences are described in [2]. In these works the DES model has been used
and investigated. Studies on the behavior of the VLES model in the context of FSI are
rare.

In this paper k − ε and ζ − f VLES models are investigated in the context of FSI.
First, the VLES models are validated by computing the attached flow in a channel at a
Reynolds number of Re = 395. Finally, the models are applied to investigate a flat plate
which inclines at a constant angular velocity from 0◦ to 45◦ at Re = 30000. The focus
lies on the investigation of the results from the VLES model with different basic RANS
models and the comparison of the results to DES and URANS results.

2

1048



A. Kondratyuk, M. Schäfer

2 GOVERNING EQUATIONS

2.1 Reynolds Averaged Navier Stokes equations

In the present study an incompressible Newtonian fluid with constant fluid proper-
ties is considered. The Navier-Stokes equations describe the conservation of mass and
momentum for such fluids. Using the Reynolds decomposition and time averaging these
equations lead to the so-called RANS equations with an additional term, which arises due
to the averaging:

∂ui

∂xi

= 0 , (1)

∂ui

∂t
+ uj

∂ui

∂xj

=
∂

∂xj

(
ν
∂ui

∂xj

− τij

)
− 1

ρ

∂p

∂xj

, (2)

where ui, p and ν are mean velocity components, mean pressure and viscosity, respectively.
τij represents the Reynolds stress tensor, which can be represented by the Boussinesq’s
approximation as

τij = −u′
iu

′
j = 2νtSij −

2

3
kδij, Sij =

1

2

(
∂ui

∂xj

+
∂uj

∂xi

)
. (3)

Here νt presents a turbulent viscosity, which has to be modeled. In this paper only the
ζ − f model is presented, a detailed description of the k − ε model can be found in [8].

2.2 ζ − f model

The ζ−f RANS model developed by Hinjalic et al. [7] uses a transport equation for the
velocity scales ratio ζ = v2/k and the equation of the so-called elliptic relaxation function
f , additionally to the equations for turbulent kinetic energy k and its dissipations rate ε:

∂k

∂t
+ uj

∂k

∂xj

=Pk − ε+
∂

∂xj

[(
ν +

νt
σk

∂k

∂xj

)]
, (4)

∂ε

∂t
+ uj

∂ε

∂xj

=
Cε1P − Cε2ε

T
+

∂

∂xj

[(
ν +

νt
σε

∂ε

∂xj

)]
, (5)

∂ζ

∂t
+ uj

∂ζ

∂xj

=f − P

k
ζ +

∂

∂xj

[(
ν +

νt
σζ

∂ζ

∂xj

)]
, (6)

L2∆f − f =
1

T

(
C1 + C2

P

ε

(
ζ − 2

3

))
. (7)

The corresponding turbulence viscosity is defined as

νt = Cζ
µζkT, (8)

where T is the turbulent time scale and Cζ
µ is a model constant. The coefficients and a

detailed description of this model can be found in [6].

3
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This eddy-viscosity-based model yields better results in comparison to other RANS models
for the wall-bounded flows [6]. Since the predictive accuracy of VLES depends on the
specific RANS turbulence model [4], the application of the ζ − f model as a background
RANS model for VLES appears to be promising.

3 VLES MODEL

The VLES approach switches from RANS to DNS depending on the numerical reso-
lution. Between these two limits a LES will be recovered [3]. The switching is realized
through the rescaling of the subscale stress resolution control function Fr that is intro-
duced in this approach:

τ subij = Frτ
RANS
ij . (9)

Fr is a function of two length scales: the turbulent length scale Lc related to the spectral
cut-off and the integral length scale Li (∝ k3/2/ε):

Fr = min

[
1,

(
Lc

Li

) 3
4

]
. (10)

Fr gets a value between one and zero. When Fr approaches 0, then all scales are resolved
and the VLES model behaves like a DNS. In the near-wall region Fr → 1, because Lc > Li

and the model works as a RANS model, what is similar to the DES concept. In [3] a
detailed description of the VLES approach and the resolution control function Fr can be
found.
The VLES model can be blended with any trusted RANS turbulence model. In this paper
it was implemented with the standard k−εmodel [8] and with the ζ−f model [6] described
above. Compared to basic RANS models the VLES modifies only the formulation of the
turbulent viscosity. For example, for the ζ − f model the turbulent viscosity takes the
form

νt = FrC
ζ
µζkT. (11)

In [5] and [3] it has been shown that the VLES approach is capable of achieving good
predictions for a wide range of turbulent flows with less computational effort in comparison
to LES.

4 VALIDATION

The VLES model described before is validated with a fully-developed channel flow at a
turbulent Reynolds number of Reτ = 395, based on the friction velocity uτ . This test case
shows the feasibility of the VLES model to predict the attached boundary layer flows.

The size of the computational domain is given by Lx = 2π, Ly = 2 and Lz = π, for
streamwise, wall-normal and spanwise direction, respectively. For the simulation a mesh
with 64x100x40 grid points is used. The first grid node is located at the normalized wall
distance y+ = 1. Periodic boundary conditions are applied in streamwise and spanwise

4
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(a) Mean streamwise velocity profiles (b) Reynolds stress component profiles

Figure 1: Comparison of results for channel flow

directions. The results of the calculation within the VLES model for two different basic
RANS models, k−ε and ζ−f , are compared to the DNS data contributed by Moser [10].

Figure 1a shows the mean streamwise velocity given by different background RANS
models. Some difference in the buffer layer and the log-low region can be seen. However,
VLES shows good agreement to the reference for both overlying RANS models considering
that the mesh is quite coarse. The RMS velocities are compared in Figure ?? (b). The
VLES with the basis ζ−f model predicts the results very well in all of the three directions.
The k−ε shows good agreement in the v′v′ and u′u′ components, while the values for u′v′

are overpredicted in the buffer layer. It can be seen, that the results of the VLES models
for the turbulent channel flow are in good agreement with the DNS prediction.

5 NUMERICAL METHODS AND COMPUTATIONAL DETAILS

Next, the flow around a flat plate, which is inclining from 0◦ to 45◦, is investigated
with the VLES model. The plate is mounted inside a plane channel. The computational
domain is shown schematically in Figure 2. It is the same configuration as in [15]. The
length of the computational domain corresponds to 2m, the height and the depth of the
channel are equal to 0.45m. The chord length and the thickness of the plate is c = 0.12m
and 0.006m, respectively, the aspect ratio is AR = 3.67.

The plate is placed in the center of the channel and changes its angle of attack rapidly
from 0◦ to 45◦ at an averaged rotational speed of

α =
10π

3

rad

s
. (12)
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Figure 2: Sketch of computational domain

For the description of this motion the following equation is used:

α(t) =
π

4

[
sin

(π

T
t
)]2

, (13)

where T = 0.15 s equals one period. This expression makes it possible to avoid the
discontinuities in the calculations. The reduced pitching frequency for a non periodic
motion is defined as kpitch = ∆αc/(Ub∆t) = 0.168, where Ub = 3.75m/s is the inlet bulk
velocity.

This simulation was carried out at a Reynolds number of Rec = 30000. Non-slip
boundary conditions are applied at the surface of the plate as well as at the top and the
bottom of the computational domain. A profile of a fully developed turbulent channel
flow without any perturbations is prescribed at the inlet. At the outlet, a zero gradient
boundary condition is applied. Furthermore, periodic boundary conditions in the spanwise
direction (z-axis) are assumed.

For all simulations the same grid with about 2.6 million CVs is applied, with 240 CVs
in circumferential direction of the plate. The first node in normal grid direction is located
at y+ = 1.0. The mesh is clustered around the plate and this block rotates with the plate.
This ensures a good grid quality in the region, where the vortex shedding and recirculation
is expected. This allows to lower the computational cost, because no re-meshing and no
additional grid generation methods are required in this region.

All simulations are carried out with the code FASTEST [13], which is based on the
finite-volume method for block-structured grids. The parallelization in FASTEST is done
via domain decomposition using MPI. For the approximation of convective and diffusive
fluxes the central scheme of second-order accuracy is applied. A second-order backward
differencing scheme is used for the time discretization. The coupling between pressure
and velocity is done with the SIMPLE algorithm.

6
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6 RESULTS AND DISCUSSION

The flow over an inclined flat plate is simulated with the ζ−f and k−ε VLES models.
The character of the flow and the generation of the fluctuation for the quickly moving
structures are investigated.

(a) Lift coefficient for 0 ≤ t ≤ T/2 (b) Drag coefficient over 0 ≤ t ≤ T/2

Figure 3: Comparison of lift and drag coefficients

In the beginning of the simulation the plate changes its angle of attack from 0◦ to
45◦. In this upstroke phase no outstanding fluctuations are generated and the flow has
a two-dimensional character. This effect corresponds to the results by Martian [9], who
investigated the flow past a pitching NACA0012 airfoil. In this phase VLES, DDES and
URANS predict similar values for the lift CL and drag CD coefficient (Figure 3).

(a) VLES ζ − f for t = T/2 (b) VLES k − ε for t = T/2

Figure 4: Fluctuation visualized by Q-criterion at Q = 5, colored by streamwise velocity

Afterward, the plate remains at the constant angle of attack α = 45◦ and the CL

and CD values deviate (see Figures 3). Between URANS and VLES ζ − f no significant
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difference can be detected. In this flow phase fluctuations should start to be generated and
become more dominant over time [15]. However, the VLES simulations further shows a
two-dimensional character of the flow. Fluctuations have not been developed yet (Figures
4). The lack of fluctuations for hybrid turbulence models is also observed by Türk et al.
[15]. There it is also shows, that the URANS approach can predict the three-dimensional
character of this flow already in the beginning of the “remain“-phase.

Figure 5: VLES k − ε for t = 3T

Until t > 3T , the fluctuations start to form up and the flow shows a three-dimensional
character (Figure 5). The values of CL show a good agreement after this instant. CL is
underpredicted by the VLES k − ε model in the beginning of the “remain“-phase, but it
approaches the values of VLES ζ − f after a few iterations (Figure 6).

Figure 6: Comparison of lift coefficient for 0 ≤ t ≤ 6T
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(a) VLES k − ε (b) VLES ζ − f (c) URANS ζ − f

Figure 7: Contour and streamlines of streamwise velocity component for 2t/T = 1.8

The character of the flow past an inclined plate is known from a study by Breuer et. al
[1]. A large clockwise rotating vortex exists at the leeward side of the plate. This vortex
forms from the flow separation at the leading edge. The small size clockwise recirculation
originates at the trailing edge because of a roll-up of the shear layer. VLES simulations
predict these overall flow features very well (Figure 7). An insignificant difference appears
only in the location of the center of small vortices (Figure 8).

Figure 8: Location of the vortex cores, + VLES ζ − f , ◦ VLES k − ε and � URANS

7 CONCLUSION

We have presented the new VLES ζ − f model. We validated this model with a
turbulent channel flow at a Reynolds number of Re = 395. The validation result shows
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good agreement with the reference DNS data. Then the flow over an inclined plate was
investigated with the VLES approach and compared with URANS results. It was shown
that the VLES model yields unsatisfactory results on moving structures. The VLES
approach requires some computational time to predict the 3D character of the flow after
the plate has come to a rest. However, the character of the flow over the fixed inclined
plate was predicted very well by the VLES model.

This study is the first step to investigate the potential of VLES for moving structures.
The VLES approach with a modified ζ − f model can lead to an acceleration in the
development of fluctuation. Another factor that needs to be investigated is the influence
of the filter width on the results within VLES model.
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CS 60319, 60203 Compiègne, France
e-mail: anais.brandely@utc.fr, web page: http://www.utc.fr/

† Roberval Laboratory CNRS UMR 6253
Univ. of Techn. of Compiègne
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Abstract. The objective of this paper is to present a numerical model for fluid-structure
interactions (abbr. FSI). Indeed, emergence of hybrid vehicles, system such as Start &
Stop and reduction of engine noises have contributed to the appearance of components
previously inaudible. It is therefore necessary for fuel tank manufacturer to improve the
vibro-acoustic of their product. Numerical simulation of the fluid-structure interaction is a
way to identify the noise generated by fuel sloshing and to reduce costly experimental tests.
Its purpose, within the context of sloshing effect in a movable partially-filled tank, is to
improve understanding of interactions between fluid and the dynamics of the tank flexibly
attached to the vehicles. The FSI investigation is based on an added mass corrected
version of the classical strongly-coupled partitioned scheme exposed in [24]. A particular
case of a closed and full tank is treated and underlines the fact that the added mass effect
depends on the mass ratio between the fluid and the tank. Concerning the general case
for a partially-filled tank submitted to a sudden braking, the added mass effect depends
of the aspect ratio of the fluid domain. FSI calculations based on the non-corrected
coupling-scheme have been conducted and show the convergence limit. For both cases
the added mass term is integrated to the corrected staggered scheme and results show
that the corrected version permits to systematically converge to the coupled solution. For
rare cases where added mass effect is not so penalizing, it however permits to significantly
reduce the iterations required.
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1 INTRODUCTION

Sloshing can be defined as the motion of the free surface of the liquid in a partially filled,
moving tank. When tank motion is excited with frequencies that are at some distance
from the resonance frequencies of the sloshing, the response amplitude of the liquid free
surface remains small and the sloshing is considered as linear. However, as the excitation
period gets closer to the sloshing’s natural period, its response becomes more violent and
when it is coupled with the flexibility of the tank may be the source of undesired noise
and critical mechanical strength (tank walls and attachments to the vehicle for example).

Numerical simulation of fluid-structure interactions (abbr. FSI) is a way to identify the
noise resulting from fuel sloshing that can reduce the need for very expensive experimental
tests. Numerical investigation of the FSI between the sloshing sollicitation and a flexible
partially-filled tank, requires the use of a partitioned coupling: it consists in using a
dedicated solver for each of the two physics. Exchanges take place regularly between the
two solvers, through the use of a coupling scheme [6, 7, 8]. This coupled scheme is based
on successive solutions produced by the fluid and structure solvers: the coupling is referred
to as loosely-coupled partitioned if only one shot per time step is required for each field,
and strongly-coupled partitioned if an iterative procedure is used to ensure convergence of
the coupled solution [5].

Its major drawback is that where higher density fluids are involved, convergence is
no longer guaranteed, and divergence will generally be observed regardless of the chosen
time step for incompressible flows [9]. A number of approaches have been proposed to
counter this drawback,[10, 11, 12], including semi-implicit discretization [13] and adaptive
Aitken under-relaxation [14], but convergence is not always guaranteed, or may be slow
in cases of high-density fluids such as blood or water. An attractive technique for new
partitioned procedures based on Robin-type transmission conditions is proposed in [15],
but this technique requires adjustable parameters to fit.

The objective of this paper is to apply the corrected FSI scheme presented in [24] to the
case of a partially filled tank in two dimensions (2D). The flexibility here comes from the
mountings attaching the tank to the vehicle, since the tank itself is assumed to be rigid.
Particular attention is given to quantifying the effect of additional mass on convergence
and on the coupling results. At the same time, this study allows predicting influence of
the added mass effect according to the flexibility of attachement during an automotive
braking.

2 DESCRIPTIONS OF THE DIFFERENT MODEL USED TO INVESTI-
GATED THE SLOSHING EFFECT IN A PARTIALLY FILLED TANK

2.1 Partially filled tank case

The tank considered here has dimensions corresponding to a small real full tank but
with a simplified shape. It has been used precedently in [1] to study 2D fluid flow behavior
for axial sloshing in parallelepipedic tanks. L, b are respectively length and width of the
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tank. The tank of mass m is assumed rigid but flexibly attached to chassis of the moving
vehicle. This flexible assembly equates to a spring of rigidity k fixed to one end to a
fixed element. We denote respectively u(t) and u̇(t) position and velocity of the tank with
respect to its rest position.

y, �

u̇(t) u̇(t)

L

k
u(t)

Ω

Γb

�g

Γfs
η(x, t)

H

x, �ı

ρ

Γ
1

Γ
2

Figure 1: Definition of the moving, partially filled 2D tank with external rigidity

The tank is partially filled with a inviscid heavy fluid defined by its volumic mass ρ.
Its free surface elevation is defined by η(x, t).

2.2 Structure Model

The tank is governed by the Fundamental Principle of Dynamics (FPD). For a movable
tank located at u(t) with respect to its position at rest, its x-axis projected form may be
written as:

m
d2u

dt2
+ ku(t) = fp(t), with u(0) = u0 and u̇(0) = 0, (1)

The fp term, obtained from the integral of the pressure on the two internal faces Γ1 and
Γ2, is the pressure effect acting on the tank’s walls:

fp(t) = fp,1(t) + fp,2(t) = b

H∫

0

(p2(y, t)− p1(y, t)) dy, (2)

where b denotes the tank width.
The time resolution of the left term is here obtained using a Newmark-Wilson finite

difference [22] scheme. It is based on the following time series expansions on u and u̇
which allow the variation ∆u = un+1 − un to be deduced from:
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(
2m

b∆t2
+ k

)
∆u = fn

p − kun +m

(
2

b∆t
u̇n +

(1− b)

b
ün

)
. (3)

It should be pointed out that the fluid load term fp is here computed at time step n
because of the partitioned nature of the considered coupling scheme.

2.3 Potential fluid model

Potential fluid flow theory is based on the assumptions such as incompressible and
irrotational inviscid fluid flow. Under these assumptions it is possible [20][21] to define a
velocity potential function ψ that explicitly takes the tank motion into account:

�∇ψ = �V + u̇(t)�i = �∇Φ + u̇(t)�∇ψ0, and thenψ = Φ+ u̇(t)ψ0, (4)

where �V (x, y, t) denotes the local fluid flow velocity and is relative to the tank velocity u̇.
The potential function has been split into two components Φ and ψ0, respectively related
to the relative fluid velocity and to the wall tank velocity u̇. Combining this with the two
assumptions yields the classical Poisson equation:

∆ψ = 0 in Ω. (5)

2.3.1 Free surface equation:

By combining a dynamic condition (pressure) and a kinematic condition (velocity), the
free surface equation is obtained.

ψ̈ + g
∂ψ

∂n
= 0 on Γfs. (6)

2.3.2 Boundary conditions on the walls:

The two vertical walls Γ1,2 are assumed to be rigid but movable at velocity u̇(t):

∂ψ

∂n
= −u̇(t) on Γ1 and

∂ψ

∂n
= u̇(t) on Γ2, (7)

where �n always denotes a normal exterior vector. The boundary condition for the bottom
part is:

∂ψ

∂n
= 0 on Γb. (8)

The complete set of equations (5), (6), (7) and (8) governs the potential fluid flow problem.

2.3.3 Condensing the free surface problem:

In order to reduce significantly the size of the 2D problem to solve, it is condensed
by projecting it on the 1D free surface. Condensing method used has been developed by
Mottelet in [21].
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2.4 Strongly coupled partitioned scheme

After validation and verification of the fluid model, the fluid-structure interaction equa-
tion (1) can be treated. The principle of a partitioned approach consists in allocating
each of the terms to the left and right of the equal sign to its own dedicated solver (fluid
and solid). The staggered nature of the coupling scheme means that both terms are
successively solved in 4 steps, as illustrated in Figure 2.

Fluid

Tank Time

Time

∆t

(4)
(1)

(2)

(3)

u, u̇ p(Γ1,2)

n+ 1n

Figure 2: Partitioned and staggered coupling scheme

Indices n and n + 1 correspond to time steps t and t + ∆t respectively. In order to
reduce the discrepancy between a tank motion computed at n + 1 from a pressure given
at time n, and consequently to reinforce the coupling, an enclosed iterative procedure is
then added inside the temporal loop.

2.4.1 Data passing:

The coupling scheme is based on data passing, so as to update variables common to
the two physics. The tank transmits its position u and its velocity u̇, whereas the fluid
transmits its pressure field acting on the two vertical walls. We obtain:

p(y, t) = −ρgy +
1

2
ρu̇2 − ρ

dψ

dt
on Γ1,2, (9)

where
dψ

dt
is computed from a finite difference scheme for which the order of accuracy

may have an impact on the convergence properties.

2.4.2 Energy considerations:

This energy conservation (in absence of a physical damping effect and no forced exci-
tation, the sum of the total energy of the fluid and the tank remains constant over time
and equal to the energy resulting from the initial conditions) is one of the key elements
that ensure high quality FSI calculations.
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The total energy of the fluid part results from the kinetic and potential (gravity)
components:

EFL(t) = < ϕ >
ρb

2g
[Kϕ]{ϕ}+ < η >

ρ g b

2
[Mϕ]{η}. (10)

The free surface elevation η is computed from dynamic free surface condition. The me-
chanical energy of the tank also results from two components:

ETK(t) =
1

2
mu̇2 +

1

2
ku2.

3 LIMITS OF THE COUPLING SCHEME DUE TO THE ADDED MASS
EFFECT AND CORRECTED SCHEME

3.1 Description of particular case of a closed full tank

In addition to the analytical solution provided, the particular case of a closed full tank
represents an extreme case, that is the validation of an FSI where only the mass effect of
the fluid interacts with the dynamics of the tank.

HA

u(t)

ρ B

Closed tank
y, �

x, �ı
∂ψ

∂n
= 0

∂ψ

∂n
= 0

L

∂
ψ

∂
n

=
−
u̇

∂
ψ

∂
n

=
+
u̇

�g

u̇(t) u̇(t)

Figure 3: Particular case of a closed, full tank

The density of the considered fluid is equal to ρ = 1000 kg/m3. Naturally introducing
the added mass termmadd that is identical to the fluid mass. Injecting it into Equation (1)
yields the classical and predictable mass-spring form:

(m+madd)
d2u

dt2
+ ku = 0, with u(0) = uo,

whose exact solution is:

u(t) = uo cos(ωct), with ω2
c =

k

m+madd

, (11)

where ωc denotes the pulsation of the coupled system.
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3.2 Convergence analysis of the FSI scheme:

From equations (1) and (9), the iterative coupling process is then given by:

müi+1 + kui+1 = −mf

(
u̇i − u̇n

∆t

)
. (12)

The term dψ/dt required for the pressure calculation is here discretized according to a
first-order finite difference scheme. Convergence analysis requires it to be rewritten in the
form:

ui+1 = f(ui) with uo,

for which convergence is ensured if f(u) is continuously differentiable, |G| = |df/du| < 1
and uo sufficiently close to the solution. When combined with Equation (3) taken at
iterations i+ 1 and i, Equation (12) can be rewritten as:

ui+1 = − mr

2 + ∆t2ω2/2
ui + . . .

The term mr = mf/m is the mass ratio and ω = k/m denotes the natural pulsation. The
time step ∆t can be rewritten as:

T = N ∆t with T =
2π

ω
and then ∆t2ω2 =

4π2

N2
.

where N denotes the sample of the period T . We then identify:

f(ui) = G ui + ... with G = − mr

2 + 2π2/N2
. (13)

The convergence is then ensured if:

∣∣∣∣
df

du

∣∣∣∣ = |G| < 1 ⇒ mr < 2

(
1 +

π2

N2

)
. (14)

We consider a 2nd order of accuracy for dψ/dt, we can easily show that the corresponding
critical values for mr are respectively multiplied by 2/3.

dψ

dt

i
∣∣∣∣
2nd

=
3
2
ui − 2un + 1

2
un−1

∆t
+∆t2(. . .),

It is to be noticed that increasing the order of accuracy is extremely penalizing for con-
vergence.

For particular full tank closed case presented in Table 1, predicted limit mass ratio mr

ensuring convergence according to a 2nd order accuracy for time discretization is equal
to 1.24.
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Parameter uo [m] m [kg] k [N/m] L [m] H [m] ∆t [s] nstep N
Value 0.01 50 104 0.5 0.225 10−2 10 45

Table 1: Parameters for full, closed tank coupling

3.3 Corrected staggered scheme with added mass effect

The correction that we introduce to improve the convergence is similar to the one
described by Lefrançois in [24]. It is based on the observation that increasing the inertial
term or decreasing the force term will favor the iterative process. The main idea is to add
an inertial term on both sides of the equation, function of the added mass, such that:

maddü
i+1 + müi+1 + kui+1 ≈ f i

p +maddü
i. (15)

where the contributions of the left- and right-hand terms are taken at iterations i+1 and
i respectively. If convergence is reached, üi = üi+1 then the original expression (Equation
(1)) is exactly satisfied. Analysis of the convergence is similar to [24], the criterion for
convergence being:

G =
mr

4(1 +mr)(1 + π2/N2)
that always satisfies 0 < G < 1 ∀ mr.

The convergence of the corrected scheme is therefore always ensured.

3.4 Results of non-corrected and corrected staggered scheme with added
mass effect on the full closed tank case

To validate the predicted results of the effect of mass ratio on convergence, FSI calcu-
lations were carried out for the case illustrated in Figure 3 with different values of mr.
The number of iterations (mean value) required for convergence is given in Table 2. Each
column corresponds to a mass ratio (function of ρ) and the line to 2nd order of accuracy
for dψ/dt. The ’-’ sign denotes a divergence result.
Results obtained with corrected staggered scheme with added mass effect are presented in
the Table 2. Convergence is systematically reached whatever the mass ratio, which con-
firms the beneficial effect of the correction for the coupling scheme. The FEM solutions
perfectly match (not shown here) the predicted coupled solution given by (11) in terms
of pressure, displacement and coupled pulsation ωc. Moreover, the number of iterations
required are lower than for the classical case.
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mr 0.225 0.45 0.9 1.32 1.57 4.5
Non-corrected scheme 6 9 22 850 - -
Corrected scheme 4 5 5 6 6 6

Table 2: Number of iterations for FSI convergence by using the non-corrected and corrected staggered
coupling scheme at second accuracy order

4 RESULTS OBTAINED ON PARTIALLY FILLED TANKS SUBMITTED
TO AN AUTOMOTIVE BREAKING

4.1 Comparison between numerical and experimental results when the tank
is rigid

4.1.1 Added mass estimation

For general cases, as illustrated in Figure 2, the added mass effect is related to a
matrix denoted by [Madd] as detailed in [24]. Since we have here only one dof for the tank
dynamics, the added mass term is given by a scalar. The calculation of this term madd

is based [25] on the assumptions that the fluid flow is inviscid and that the convective
effects can be neglected with regard to the pressure gradient field.

4.2 Influence of the flexible tank attachment on sloshing and validation of
beneficial effects of the corrected scheme for sloshing FSI simulation

4.2.1 Comparison between experimental and numerical forces result in case
of rigid attachment:

Some experimental tests are in progress on a 3D tank model. The tank is made of 20
mm thick Plexiglas whose mass m is equal to 30 kg.

The test rig used for models tests is a specific test bench which reproduces real au-
tomotive braking and the cart deceleration is mesured by a capacitive accelerometer.
The global forces measurement set-up (empty tank + liquid) is mainly based on four
Kistler force sensors (type 9327A) that are mounted between two aluminum plates and
can measure compression and tensile forces during tests without deformation (rigid case)
of sensors or tank’s attachment. This installation allows measuring dynamics and quasi-
static forces engendered during sloshing with 1kH sampling rate. Experimental global
force results, engendered only by sloshing, are compared to numerical results issued from
two numerical codes. The first one is the linear model presented previously in section 2
and the second one is a commercial non-linear CFD code - Star CCM+. The imposed
acceleration (Figure 4) is included in the numerical models and the term of rigidity k is
considered as infinite.

As expected in Figure 5, during a sudden braking, amplitude of sloshing is important.
Therefore, some discontinuities at free surfaces are observable and linear resolution are
not enough accurate [1]. For example in Figure 5(b), the hydrodynamic impact of fluid
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Figure 4: Profil of an automotive experimental acceleration
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Figure 5: Global X-axis force time histories in case of rigid attachment

with air entrapment can not be taken into account by potential theory. However the linear
code is kept on using in this study because it allows validating our coupling scheme at a
lower cost.

4.2.2 Predicted sloshing force results according to the flexibility attachment
and explaination by cinetic and beneficial effects of the corrected scheme
for sloshing FSI simulation:

In this section, the aim is to predict the fluid force engendered by sloshing according
to the flexibility of the mountings. The minimum and maximum values of k correspond
respectively to a flexible and quasi-rigid mounting.

Results put in evidence that when the coupling frequency is closed to a low natural
frequency of the sloshing phenomenon, global fluid x-axis force are maximum. For L/H =
5 ,maximal global fluid force appears when the rigidity of the attachment corresponds to
1e3N/m and for L/H = 2.22, it appears when k is assumed to be equal to 1e4N/m.

In the same way, flexibility value impacts the number of iteration (Figure 7). Moreover,
we can note that the slopes of the corrected coupling scheme case are lower than non-
corrected one. It induces that the corrected coupling scheme allow limiting the number
of iterations whatever the rigidity value, the filling level or the imposed motion.
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Figure 6: Global X-axis force time histories in case of flexible attachment
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4.2.3 Numerical investigation of the link between the added mass and the
aspect ratio L/H:

We can observe a relation between the convergence property and the aspect ratio: the
lower the aspect ratio is, the higher the added mass term is (Figure 8), and consequently
the greater the difficulty for a non-corrected coupling scheme to converge is (Figure 7).
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Figure 9: Fluid energy time histories, H/L=5

Unsurprisingly, given that low aspect ratio values react as a fluid column strongly
interacting with the walls, higher values have a longer free surface over which energy can be
spread, resulting in less interaction with the walls. In order to confirm this interpretation,
time histories for fluid and tank energies are plotted in Figure 10(a) and Figure 9(a)
respectively for L/H = 2.22 (hight filling) and 5. Kinetic and potential components are
plotted as solid and dashed lines respectively whatever the rigidity. The most critical
case for convergence is for L/H = 2.22 and it can clearly be seen that the level of energy
exchange is lower than in the other case. Indeed, the potential component for the fluid is
relativly lower regarding to the kinetic component (Figure 10(a) and (b)).
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Figure 10: Fluid energy time histories, H/L=2.22

5 CONCLUSION AND PERSPECTIVES

This paper presents a corrected version of a strongly coupled partitioned FSI scheme
for studying the sloshing effect in a partially filled rectangular tank. It proves that in the
particular case of a closed, full tank, the iterative convergence of a classical FSI partitioned
scheme ceases to be guaranteed once the mass ratio (fluid mass divided by tank mass)
exceeds a predictable value. Correcting the FSI scheme using an added mass effect, as
detailed in [24], allows convergence to be ensured whatever the mass ratio. For the general
case of partially filled rectangular tanks submitted to an automotive braking, this scheme
significantly reduces the number of iterations required for convergence in low-density cases
that already converge, and ensures convergence in cases where the classical FSI scheme
fails to converge. This study allows predicting the effect of the flexibility attachment on
the global sloshing forces whatever the aspect ratio.

Future work will focus on solving sloshing cases taking into account complex geometric
tank shapes and flexible walls by using a non linear fluid code and by implementing the
corrected scheme in a non-linear structure model. The goal is to obtain more accurate
numerical data to compare with experimental data.
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Abstract. Aerodynamic pressure pulsation generated by rotating blades was measured using 
an experimental device consisting of fan blades, a motor, and pressure gauges. The motor was 
installed on a high-stiffness block via load cells and the motor reaction forces were measured 
by load cells. The aerodynamic pressure pulsation was also calculated using CFD simulation 
software, and based on those CFD results, motor reaction forces were also derived. 
Calculation results and experimental results were compared for both pressure pulsation and 
motor reaction forces and the calculations were found to agree well with experimental results.   

 
 
1 INTRODUCTION 

Many air conditioners use fan systems for heat exchange. Vibratory motion and noise in 
the air conditioner occur by the aerodynamic excitation forces generated by the rotating fan 
blades. Calculating these aerodynamic excitation forces is therefore a useful solution for 
reducing vibration and noise. 

In this report, we investigate aerodynamic excitation forces in the outdoor unit of air 
conditioners (Fig. 1). Aerodynamic excitation forces in air conditioners having a fan-motor 
system can be divided into the following two types: 

(1) aerodynamic pressure pulsation acting on the cabinet (the thin metal plate) of the air 
conditioner (referred to below as “aerodynamic pressure pulsation”), and 

(2) reaction forces acting on the base of the motor as a result of aerodynamic pressure 
pulsation (referred to below as “motor reaction forces”). 

In terms of prior work, Ota et al. measured the aerodynamic pressure pulsation and 
researched techniques for predicting structural vibration caused by the pressure pulsation [1]. 
Sato et al. discussed the relationship between aerodynamic pressure pulsation and motor 
reaction force experimentally [2]. Furukawa et al. simulated the vertical flow in a propeller 
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fan using large eddy simulation [3]. Watanabe et al. discussed the aerodynamic and noise 
characteristics of a centrifugal fan [4].  

In the study reported here, we measured the aerodynamic pressure pulsation of the rotating 
blades using an experimental device consisting of fan blades, a motor, pressure gauges, and 
load cells. The motor, which has four feet at its base, was installed on a high-stiffness block 
via load cells. Fan blades were attached to the motor axis by screwing them on through bosses. 
A measurement board was installed for receiving aerodynamic pressure pulsation, which was 
measured using a pressure sensor attached to the measurement board. 

We also calculated the aerodynamic pressure pulsation on the measurement board and fan 
blades using CFD simulation software, and based on those CFD results, we also derived 
motor reaction forces. We compared calculation results and experimental results for both 
pressure pulsation and motor reaction forces and found that the calculations agreed well with 
the results obtained by experiment. 

 

 
Figure 1: Outdoor unit of air conditioners 

 

    
 
       (a) Top view           (b) Side view 

Figure 2: Experimental setup 
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2 EXPERIMENTAL MEASUREMENTS AND CALCULATION OF 
AERODYNAMIC PRESSURE PULSATION 

A top view and side view of the experimental setup are shown in Figs. 2 (a) and (b), 
respectively. The motor has four feet at its base. The right-front foot facing the measurement 
board is called “foot 1” while the other feet are numbered as “foot 2,” “foot 3,” and “foot 4” 
in a counterclockwise direction.  

The motor is installed on a high-stiffness block via load cells. Six fan blades are screwed 
on to the motor axis at equal intervals through bosses, and each fan blade is installed with a 
60-degree tilt from the horizontal. The direction of this tilt is the direction of upward 
aerodynamic flow generated by the fan.  

The measurement board shown in Fig. 2 receives the aerodynamic pressure pulsation of the 
rotating fan blades. It corresponds to one of the thin metal plates making up the cabinet of an 
outdoor air conditioning unit. Here, the distance of closest approach between the 
measurement board and the tip of a fan blade is called the “gap.” In this experiment, we fix 
this gap to 10 mm and the rotating speed of the motor to 225 rpm.  

A wind pressure sensor is installed on the measurement board at the position shown in Fig. 
3. It is installed at a height of 398 mm corresponding to the heightwise center of the fan 
blades. Since the fan blades pass in front of the measurement board from right to left, the 
coordinate system of the measurement board is arranged accordingly with numerical signs 
running from minus to plus. The point corresponding to the closest approach of the fan blades 
(the center of the measurement board in the horizontal direction) is taken to be the origin of 
this coordinate system.  

The results of measuring the aerodynamic pressure pulsation on the measurement board for 
the three measuring points shown in Fig. 3 are shown in Fig. 4 (solid line). These 
experimental results represent average values over time and therefore exclude the random 
components characteristic of aerodynamic excitation forces. We also performed a 
computational fluid dynamics (CFD) analysis using the standard k-ε model in fluid flow 
analysis software PHOENICS developed by CHAM Limited. The calculation results of this 
analysis (dashed line) are shown in the figure superposed on the experimental results. It can 
be seen that the calculations represent the experimental results well in terms of magnitude and 
waveform.  

The results of performing a frequency analysis on the results obtained for aerodynamic 
pressure pulsation in Fig. 4 are shown in Fig. 5. A major peak can be observed at 22.5 Hz for 
both experimental results and calculations. This frequency, called the blade passing frequency 
(BPF), is given by the product of the rotating speed of the motor and the number of fan blades. 
Calculations agree well with experimental results for both the BFF (22.5 Hz) component and 
its higher frequency components. 

 
Figure 3: Three measuring points on measurement board 
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   (a) -80mm     (a) -80mm 

 

  
   (b) 0mm     (b) 0mm 

 

  
   (c) 80mm     (c) 80mm 

 
 

Figure 4: Time history response    Figure 5: FFT results  
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Figure 6: Coordinate system  Figure 7: Pressure distribution and concentrated load 

 

Figure 8: Force received at the motor’s foot-support points 

3 CALCULATION PROCEDURE AND CALCULATION/EXPERIMENTAL 
RESULTS OF MOTOR REACTION FORCES 

We also calculated the pressure acting on the fan-blade surface in the CFD analysis 
described above and used those results to calculate the motor reaction forces by the procedure 
described below. 

As shown in Fig. 6, the fan-motor system is installed in the X-Y-Z coordinate system of Fig. 
2 fixed in space. The four motor feet lie on the X-Y plane. The origin of this X-Y-Z coordinate 
system is the point where the plane formed by the motor feet (X-Y plane) intersects the 
motor’s axis. 

The measurement board shown in Fig. 4 constitutes the plane that intersects the Y axis at 
the Y coordinate equal to “fan radius + gap.” 

In addition, the xi -yi -zi coordinate system is fixed to the ith fan blade (i=1–N, where N is 
the number of fan blades; N=6 in this study), which means that it rotates with the blade. As 
shown in Fig. 6, the xi -yi plane runs parallel to the X-Y plane, but the wind-receiving surface 
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of fan blade i tilted with respect to the horizontal plane is separately specified as the xi - yoi 
plane. 

Next, as shown in Fig. 7, pressure Pia(xi ,yoi) and Pib(xi ,yoi) acting on the surface of the ith 
fan blade can be replaced by concentrated loads Fia (acting point (xia, yia, zia)) and Fib (acting 
point (xib, yib, zib)) applied to the fan blade. Here, suffixes a and b denote the front surface 
facing the direction of movement (pressure surface) and the rear surface (suction surface), 
respectively. We point out here that the surface acted on by pressure Pia(xi ,yoi) is on the side 
of the blade not shown in the figure, so Pia(xi ,yoi) and Fia do not explicitly appear in the figure. 

In addition, we convert concentrated loads Fia and Fib to component forces (FXia, FYia, FZia) 
and (FXib, FYib, FZib), respectively, corresponding to the axes in the X-Y-Z coordinate system, 
and likewise convert concentrated-load acting points (xia, yia, zia) and (xib, yib, zib) to 
coordinates (Xia, Yia, Zia) and (Xib, Yib, Zib), respectively, in the X-Y-Z coordinate system.  

As a result, we can replace the pressure acting on the fan-blade surface with the load acting 
at the origin of the X-Y-Z coordinate system and the moments about each axis in the X-Y-Z 
coordinate system as given by Eqs. (1) and (2). 

 

𝐹𝐹!
𝐹𝐹!
𝐹𝐹!

=
𝐹𝐹!!"
𝐹𝐹!"#
𝐹𝐹!"#

+
𝐹𝐹!"#
𝐹𝐹!"#
𝐹𝐹!"#

!

!!!

 
(1) 

 

𝑀𝑀!
𝑀𝑀!
𝑀𝑀!

=
𝑋𝑋!"
𝑌𝑌!"
𝑍𝑍!"

×
𝐹𝐹!"#
𝐹𝐹!"#
𝐹𝐹!"#

+
𝑋𝑋!"
𝑌𝑌!"
𝑍𝑍!"

×
𝐹𝐹!"#
𝐹𝐹!"#
𝐹𝐹!"#

!
!!!     

(2) 

 
Now, if we denote the force received at the motor’s foot-support points from foot 1 to foot 

4 as shown in Fig. 8, Eqs. (3) and (4) hold based on the balance of forces and balance of 
moments, respectively, on the motor. 

 

𝐹𝐹!
𝐹𝐹!
𝐹𝐹!

=
−𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!!
−𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!!
−𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!!

 

(3) 

 

𝑀𝑀!
𝑀𝑀!
𝑀𝑀!

= !
!

−𝑓𝑓!! − 𝑓𝑓!! + 𝑓𝑓!! + 𝑓𝑓!!
𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!! + 𝑓𝑓!!

𝑓𝑓!! − 𝑓𝑓!! + 𝑓𝑓!! + 𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!! − 𝑓𝑓!! + 𝑓𝑓!!
    

(4) 

 
Here, L denotes the interval from one foot to the other.  
A fan-motor system in an outdoor air conditioning unit is generally attached to the thin-

plate support structure. It therefore becomes necessary to apply an out-of-plane load when 
such a system is causing the thin-plate support structure to vibrate. In other words, FZ and MX, 
and MY in Eqs. (3) and (4) take on particular importance at this time.  
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Assuming that the stiffness of the motor is sufficiently high compared with the stiffness of 
the structure supporting the motor, and using the geometrical relationship of the four motor 
feet positioned on the same plane, motor reaction forces fZ1 – fZ4 can be given by Eq. (5) using 
FZ and MX, and MY determined from Eqs. (3) and (4). 

 

𝑓𝑓!! = −
𝐹𝐹!
4 −

𝑀𝑀! −𝑀𝑀!

2𝐿𝐿  
(5) 

𝑓𝑓!! = −
𝐹𝐹!
4 −

𝑀𝑀! +𝑀𝑀!

2𝐿𝐿  
 

𝑓𝑓!! = −
𝐹𝐹!
4 +

𝑀𝑀! −𝑀𝑀!

2𝐿𝐿  
 

𝑓𝑓!! = −
𝐹𝐹!
4 +

𝑀𝑀! +𝑀𝑀!

2𝐿𝐿  
 

Based on the flow described above, we calculated the motor reaction forces. We found that 
the main frequency component of motor reaction forces was also the same BPF component 
(22.5 Hz) as that for aerodynamic pressure pulsation described in the previous section.  

On the basis of this result, we decided to compare the results obtained by calculations with 
those by experiment for the BPF component of motor reaction forces for all four feet. The 
resulting temporal waveforms for the BPF component are shown in Fig. 9. It can be seen that 
calculation results reproduce well the experimental results in terms of magnitude and phase 
difference for the motor feet. This result demonstrates that motor reaction forces can be 
calculated with sufficient accuracy by the sequence of calculations presented in this report. 

 

  
       (a) Calculation           (b) Experiment 

Figure 9: BPF component of motor reaction forces 

4 CONCLUSIONS 
- In this paper, we investigated aerodynamic pressure pulsation and motor reaction 

forces as aerodynamic excitation forces generated by a rotating fan-motor system. 
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determined the pressure pulsation on the fan-blade surface by CFD analysis and used 
that result to also derive a formula for calculating the motor reaction forces. We 
found that the results of calculating motor reaction forces with that formula agreed 
well with experimental results, which demonstrated that motor reaction forces could 
be calculated with sufficient accuracy. 
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Abstract. In this paper a fluid-structure interaction problem is investigated, in which fluid 
flow and flexible deformations of structures are coupled. Exemplarily, the collision of a 
moving deformable water-filled container with a rigid wall is considered. Two simulation 
methods are compared to analyze the impact: the Coupled Euler-Lagrange Finite Element 
Method (CEL) and Smoothed Particle Hydrodynamics Analysis (SPH). On the other hand, the 
solutions of two software packages are compared, the commercial Finite Element code 
Abaqus (CEL, SPH) and the open source package HOTINT/LIGGGHTS (SPH). Goal is to 
find the various advantages and disadvantages of the two simulation methods and the two 
software codes.

1 INTRODUCTION 
In fluid-structure interaction problems, fluid flow and flexible deformations of structures 

are coupled. Examples are obstacles in fluid flow or the dynamics of fluid-filled structures. In 
this paper, two methods are compared for modelling and simulation of such processes.  

First, the Coupled Euler Lagrange approach (CEL) is considered [1], where solid bodies 
and structures are modelled by Lagrangian finite elements in which the material is fixed to the 
element. On the other hand, the fluid is modelled by Eulerian finite elements which are fixed 
in space, and the material moves through the elements. The coupling is established by contact 
interactions, implemented as a penalty contact method.  

In contrast, Smoothed Particle Hydrodynamics (SPH) [2] is a mesh-free Lagrangian 
method where the fluid is divided into discrete elements represented by particles. The 
interaction with solid structures, modelled by Lagrangian finite elements, is a crucial issue in 
today’s SPH approaches. In the present work, penalty-based formulations are used to model 
the wall boundaries. 

In the following computational study, a fluid-filled, flexible container colliding with an 
obstacle is considered. The resulting motion of the fluid, the deformation of the container, and 
the contact forces are investigated.  
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Three solutions are compared: (i) The multibody code HOTINT is coupled with the 
particle simulator LIGGGHTS which includes an SPH implementation [3]. Both packages are 
available as open-source software. The results of this co-simulation are compared with two 
formulations implemented in the commercial software Abaqus, i.e., the SPH formulation (ii) 
and the CEL approach (iii).  

In section 2 the investigated problem is stated. In section 3 the simulation models are 
described in detail. Section 4 shows a comparison of the simulation results and a discussion of 
the advantages and disadvantages of the investigated simulation methods. 

2 EXAMPLE PROBLEM 
In the following we consider the example problem as shown in Figure 1. A water filled 

container is horizontally moving towards a rigid wall with constant speed v0, which is defined 
as initial condition. Friction between container and floor is neglected, and the graviation g
directed towards the floor is acting on both the container and the fluid. The impact due to the 
collision of the container with the wall causes an elastic deformation of the container and flow 
of the water. The deformation is assumed to be elastic, but large deformations are considered. 
Goal is to investigate the contact force between container and wall during impact, the 
deformation of the container, and the distribution and motion of the fluid after the impact. 

Figure 1: Water filled container colliding with a wall 

Concerning the container, a linear elastic behavior is assumed, for which the material 
properties of aluminium in terms of Young's modulus E and Poisson's ratio ν  are given 
below. The geometric dimensions are length L, width B, height H and wall thickness t. The 
container is filled with water up to a height of H/2. The properties of water are the dynamic 
viscosity η, speed of sound c0 and density ρ. For the numerical investigations the parameters 
are chosen as 

v0  = 10e3 mm/s L  = 1e3 mm η = 1e-9 Ns/mm2 g = 9.81e3 mm/s2

E  = 70e3 N/mm² B  = 0.5e3 mm c0 = 1.45e5 mm/s 
 ν  = 0.3 H  = 0.5e3 mm ρ  = 1e-6 kg/mm3

     t = 1 mm 

Note that c0 is a factor of 10 smaller than the actual physical speed of sound in water, 
which leads to a higher compressibility of the simulated fluid. However, the density variations 
in the present example remain in the range of 1%. Therefore, the relevant behavior of water is 
still closely approximated, while the computational effort is significantly decreased. 
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In section 4, the simulation models are specified in more detail. The models in HOTINT 
and Abaqus are differing in several respects because of different implementation of the shell 
elements of the container, the contact formulations and the SPH formulations. In section 5, 
the solutions of the two software tools and the two simulation methods are compared. As 
mentioned above, the goal is to find the advantages and disadvantages of the simulation 
models and to verify the results. 

3 SIMULATION MODELS 
In this section three simulation models are compared. Care has been taken to develop 
coinciding models with respect to physical and numerical parameters. However there are 
some differences in the implementations in the two software tools Abaqus and HOTINT, as 
well as in the two simulation methods SPH and CEL in Abaqus. Especially, the contact 
algorithms are differing in the three investigated formulations. In the following sections the 
implemented models are described in detail.  

3.1 HOTINT/LIGGGHTS – SPH 
HOTINT is an open source (http://www.hotint.org), multi-purpose simulation software for 

both research and industrial applications [4]. The core functionality of HOTINT focuses on a 
detailed and efficient analysis of complex flexible multibody systems. In addition to 
conventional features of multibody codes, i.e., rigid bodies, simple flexible members and a 
large variety of kinematic pairs, HOTINT offers several elements for large deformation 
problems. The latter range from advanced beam, plate and shell elements to classical non-
linear solid finite elements. In the present investigations, a four-noded large deformation plate 
element is utilized for the representation of the solid container. The plate element [5] employs 
Kirchhoff’s kinematic assumption of shear deformation being negligible for thin structures.  
Concerning the numerical formulation, the element belongs to the family of elements based 
on the absolute nodal coordinate formulation (ANCF) [6]. The key idea of ANCF is to avoid 
rotational degrees of freedom in favour of slope vectors, i.e., the two gradient vectors of the 
mid-surface’s position in the present case. Each node consequently has nine degrees of 
freedom requiring third-order polynomials for the interpolation. Due to the high order of 
convergence, a relatively small number of elements are required as compared to the linear 
elements used in Abaqus. Each side of the container is discretized separately first; afterwards, 
the sidewalls are stitched together by means of kinematic constraints that prohibit the relative 
translation and rotation at the nodal positions on the edges. A rigid body fixed to the ground 
represents the obstacle. For the contact between the container and that obstacle, a penalty 
formulation is utilized in the simulations.   

Regarding time integration, a range of implicit high-order Runge-Kutta methods are 
available in HOTINT. For the present investigations, a third-order Radau IIA scheme with a 
constant step size is utilized. 

The fluid part is not directly included in HOTINT; instead, a co-simulation with the open-
source software LIGGGHTS (http://www.liggghts.com) is performed for this purpose. 
LIGGGHTS is a massively parallel solver originally developed for large-scale particle 
simulations in the field of molecular dynamics, on top of which the SPH functionality and a 
fluid-structure interface have been implemented [3]. 
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As opposed to the solid structure, the explicit time integration of the SPH formulation 
typically requires much smaller time-steps. Accounting for that, the two simulators HOTINT 
and LIGGGHTS are coupled in the sense of a weakly-coupled force-displacement scheme of 
Jacobi type (see, e.g., [7]). Performing the time-integration, several explicit time-steps are 
computed for the fluid during a single implicit step on the solid side. After each implicit step, 
the updated forces of the fluid on the structure and the position and velocity data of the 
structure’s surface (which forms the moving boundary for the fluid) are exchanged mutually 
by means of a TCP/IP interface. During the fluid substeps, the velocity field of the boundary 
is assumed constant, and the positions are obtained by explicit integration. Further details on 
the underlying penalty-based boundary formulation for SPH, the coupling scheme, and the 
implementation can be found in [3]; for advanced features and applications, the reader is 
referred to [8]. 

3.2 Abaqus – SPH and CEL 
The container is modelled by linear shell elements of type S4R, the floor and wall by rigid 
elements of type R3D3. In the SPH-model, the fluid is initially modelled by 3D continuum 
elements C3D8R and automatically converted to particles by the solver in the first simulation 
step. This conversion procedure enables a more comfortable way for defining the particles. 
On the other hand, in the CEL-model the fluid is represented by Eulerian elements of type 
EC3D8R. For modelling the interactions of the parts, a general contact formulation with soft 
behavior in normal direction is defined. Thus, contact is considered between fluid and 
container, as well as container and wall. Due to the differing implementations of SPH and 
Eulerian elements, there are slight differences in the contact model. Explicit time integration 
is performed considering large deformations. Further information about the implemented 
elements and algorithms can be found in Abaqus Manual [9]. 

4 SIMULATION RESULTS 

4.1 Displacements in the Container without Fluid 
In the first step, the displacements of the container in the static case are investigated. The 
container is clamped on the back wall. On the front wall a pressure of 4e-4 N/mm² is applied. 
The results of a geometrically nonlinear analysis for the magnitude of the displacements are 
shown in Figure 2. The maximum displacements in longitudinal (x) and transversal (z) 
direction obtained by HOTINT and Abaqus are compared in Table 1. 

Table 1: Maximum longitudinal and transversal displacements in a static simulation

Model ux (mm) uz (mm) 
HOTINT (8x4x4) 20.51 11.39 
HOTINT (16x8x8) 21.15 11.93 
Abaqus 21.73 11.38 
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Figure 2: Magnitude of displacements in a static simulation

In the next step, a modal analysis has been performed to obtain the eigenfrequencies of the 
container. The results obtained by HOTINT (three mesh sizes) and Abaqus (one mesh size) 
are compared in Table 2, Figure 3 shows the first two symmetrical modes. 

Table 2: Eigenfrequencies

Frequency (Hz) 
Mode Nr. HOTINT (4x2x2) HOTINT (8x4x4) HOTINT (16x8x8) Abaqus 

1 3.370 3.378 3.380 3.373 
2 5.388 5.444 5.459 5.454 
3 7.680 7.698 7.706 7.696 
4 12.233 12.346 12.364 12.356 
5 16.075 15.890 15.963 15.962 
6 16.599 16.156 16.133 16.129 

Figure 3: Symmetrical modes (a) mode nr. 2 and (b) mode nr. 5

In general these results show a good coincidence for the two simulation codes. The slight 
differences are caused by the different element types in the HOTINT and Abaqus model.
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4.2 Motion and Pressure of the Fluid 
Figures 4 and 5 show the situation 50 ms after the collision of the container and the wall. The 
figures show the deformed container and the motion of the fluid, by a plane cut through the 
scene. The contour plot refers to the pressure in the fluid. Good mutual agreement was 
obtained between the three results for both the displacement and the pressure field in the fluid. 
The Abaqus SPH-solution for the pressure exhibits much more noise than the SPH-solution of 
HOTINT/LIGGGHTS.  

However, the deformation field in the three solutions is differing significantly at the same 
time. The mechanical behaviour of the container has been investigated in section 4.1, showing 
a very good coincidence of the static results and the modal analysis. Therefore, we can 
assume that the discrepancies of the displacement field of the container in Figures 4 and 5 are 
caused by the different contact formulations in the simulation models. The specific model of 
the impact has significant influence on the amplitude and phase of the excited modes of the 
container.  
  

  
Figure 4: Pressure in the Fluid 50 ms after impact, (a) Abaqus CEL, (b) Abaqus SPH  

      
Figure 5: Pressure in the Fluid 50 ms after impact, HOTINT SPH 

1085



Christian Zehetner, Markus Schörgenhumer, Franz Hammelmüller and Alexander Humer 

7

4.3 Stress in the container  

In the next step, the distribution of the von Mises stress in the container is compared. 
Corresponding to the results in section 4.1, the von Mises stress field is compared for points 
in time with coinciding deformation of the container. Thus, Figure 6 shows the Abaqus results 
38 ms after the impact and Figure 7 the HOTINT results 28 ms after impact. Comparison of 
the three simulation models shows a good coincidence for the maximum von Mises stress in 
the container of about 400 N/mm².    

Figure 6: von Mises Stress in the container 38 ms after impact (a) Abaqus CEL (b) Abaqus SPH 

Figure 7: von Mises Stress in the Container 28 ms after impact, HOTINT 
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4.4 Contact Force 
Finally, the resulting contact force between container and wall is compared for the three 
simulation models in Figure 8, starting 2 ms after the impact. Due to differing contact 
formulations it is not reasonable to compare the contact force during the impact. This is also 
the reason for the phase shift a short time after the impact, and thus for the differences in the 
displacement field in section 4.2. For t>40 ms after impact the contact force shows a very 
good coincidence.  

Figure 8: Contact force 2 ms after impact 

4.4 Notes on the Computational Efficiency 
All three coupled fluid-structure simulations were performed with the same spatial resolution 
for the fluid domain (in the range of 80000 particles or elements, respectively), and 
comparable accuracy for the solid parts. As to the latter, the spatial resolution for the plate 
elements of the container is, as already mention, significantly lower in case of the high-order 
elements in HOTINT (cf. section 3.1). The different resolutions can be compared Figure 6 and 
Figure 7. 

 Regarding time integration, Abaqus exclusively uses an explicit integrator, while the 
HOTINT/LIGGGHTS approach is based on a coupling between high-order implicit and fast 
explicit integration (see again section 3.1).  

As a reference point, on 4 desktop CPUs, the average wall clock times for the whole 
impact simulation (i.e., 100 ms simulated physical time) are summarized in Table 3. We 
observed significantly better performance for the HOTINT/LIGGGHTS approach compared 
to the Abaqus simulations. Mainly, this is due to the highly efficient SPH implementation 
within LIGGGHTS. Note that the difference increases with increasing spatial resolution for 
the fluid domain.  

Table 3: Wall clock times T for the three simulations

Simulation T
Abaqus CEL ~ 3h 30min 
Abaqus SPH ~1h 45min 
HOTINT/LIGGGHTS – SPH  ~40 min 
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5 CONCLUSIONS 
In this paper two simulation methods and tools for modelling fluid-structure interaction have 
been compared. The results have shown a good coincidence for the displacement and pressure 
field of the fluid, the maximum von Mises stress in the container and the time response for the 
contact force. Due to differing contact formulations in the three models, it is not reasonable to 
compare the results during the impact. These differences also cause a phase shift in the results 
of the contact force and displacment field of the container. However, comparing the 
maximum displacements and von Mises stresses in the container for corresponding 
deformation shapes yields satisfactory agreement. 

The presented results show that all three methods are appropriate for simulating fluid-
structure interaction. Appropriate results can be expected for the motion of the fluid, the 
pressure field in the fluid, the contact force between container and wall, as well as the 
maximum displacements and stresses in the structure. 
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Abstract. Co-simulation, which involves codes coupling, is the most popular technique
in an industrial context to deal with multi-physics applications. This is mainly due to its
modular nature and the use of specialized solvers which have the ability to integrate the
most advanced numerical techniques and physical models in each scientific field. How-
ever, in many configurations, the development of coupling algorithms, easy to implement,
leading to a stable, accurate and efficient tool is generally not straightforward. For Fluid-
Structure Interaction (FSI) configuration involving hydrodynamics, it is well-known that
added-mass effect tends to distabilize classical coupling algorithms, such as the Block-
Gauss-Seidel algorithm (often denoted by Dirichlet-Neumann decomposition too). Here,
some modifications of this algorithm are proposed to reach a weak-intrusive stable cou-
pling method for rigid and elongated beam-like bodies. Efficiency is discussed and some
applications are shown to demonstrate the capabilities of such a coupling.

1 INTRODUCTION

Fluid Structure Interaction (FSI) problems are commonly encountered in naval archi-
tecture. Even if this can be done through a monolithic approach within a single solver, a
partitioned approach is most commonly used through codes coupling, especially well fitted
to the resolution of complex FSI problems. Indeed, with this technique, complex models
for both the fluid and the structure can be used because each solver can be numerically
adapted and dedicated to its own physics. In this work, two different general solvers are
used: ISIS-CFD and MBDyn, for the fluid and the structural part, respectively.

1
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ISIS-CFD is a Navier-Stokes solver developed in the LHEEA Laboratory at Ecole Centrale
de Nantes. MBDyn is an open-source solver intended to solve multi-disciplinary problems
including non-linear dynamics of rigid and flexible bodies subjected to kinematic con-
straints, along with active controls. The combination of these two solvers makes possible
the study of a broad spectrum of applications in the marine field which cannot be solved
with a unique solver. After describing how the code coupling is handled and how the
added-mass effects are tackled to reach a robust and efficient algorithm, some applica-
tions among those studied are shown. Especially, a test-cases of a ship with active control
of appendages (roll damping) is described, where good agreement with the experimental
data was obtained. Other applications with flexible slender bodies are also presented to
demonstrate the capabilities of such a coupling.

2 DESCRIPTION OF THE TWO SOLVERS

2.1 The fluid part: ISIS-CFD

ISIS-CFD is available as a part of the FINETM/Marine computing suite which is ded-
icated to marine applications. This is an incompressible unsteady Reynolds-averaged
Navier-Stokes (RANS) solver developed by the DSPM group of the LHEEA Lab. of
Ecole Centrale Nantes, UMR-CNRS 6598 . This solver is based on a fully unstructured
finite-volume method to build the spatial discretisation of the conservation equations.
Pressure-velocity coupling is obtained through a Rhie & Chow SIMPLE-type method : in
each time step, the velocity update comes from the momentum equations and the pressure
is given by the mass conservation, transformed into a pressure equation. An Arbitrary
Lagrangian Eulerian (ALE) formulation is used to take into account modification of the
fluid spatial domain [1]. It is associated with robust and fast grid deformation techniques
[2, 3]. The temporal discretisation scheme is the Backward Difference Formula of or-
der 2 (BDF2) when dealing with unsteady configurations. For each time step, an inner
loop (denoted by non-linear loop) associated to a Picard linearisation is used to solve the
non-linearities of the system and to converge all the sequential coupled equations.

Free-surface flow is addressed with an interface capturing method, by solving a convec-
tion equation for the volume fraction of water, which is discretised with specific compres-
sive discretisation schemes [4]. The code is fully parallel using the MPI (Message Passing
Interface) protocol. An automatic adaptive grid refinement technique [5] and a sliding
grid method are also included .

2.2 The structure part: MBDyn

MBDyn (Multi-Body Dynamics), is an open-source solver under the GNU GPL license
developed at the Dipartimento di Ingegneria Aerospaziale of the Politecnico di Milano. It
is aimed at the modelling of complex multi-bodies systems and muti-discipline problems
including non-linear dynamics, aero-servo-elasticity, smart piezo-structural components
and electric and hydraulic components [6] To solve the kinematic laws of a multi-body

2
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mechanical system, the Redundant Coordinate Set (RCS) formulation is used. This means
that every inertial body has six rigid body Degrees of Freedom (DOF) even if they are
constrained by joints for instance. Additional holonomic or nonholonomic constraint equa-
tions are added which introduce algebraic unknowns that are analogous to the Lagrange
multipliers and directly represent the reaction forces and couples [7]. All these equations
are written in the form of a set of first order Algebraic Differential Equations (ADE).
A direct resolution of these multi-body ADE is made possible through a combination
of a variable substitution of the algebraic unknowns, the scale of constraint equations
by the time step and a A-stable multi-step time integration scheme to damp numerical
oscillations. In this work, the BDF2 scheme, similar to the fluid solver, is used.

The ability to take into account multidisciplinary complex systems and the simplicity
of implementation are the main advantages of this formulation.

3 CODES COUPLING AND FSI

3.1 General algorithm

FSI problems can simply be expressed as two continuum materials (structural and fluid,
denoted by an index s and f , respectively) sharing a common interface Γs = Γf = Γ, where
the two following conditions operate:

kinematic condition: δs = δf on Γ , (δ refers to the position) (1)
dynamic condition: σs + σf = 0 on Γ , (σ refers to the stress vector) (2)

Using a domain decomposition point of view, let’s introduce the Steklov-Poincaré operator
S and its inverse S−1 , which can be seen as the transfer function at the interface of the
fluid and structure solver (subscript d represents the considered domain):

Sd(δd) = σd S−1
d (σd) = δd , (3)

The conditions (1) and (2) can be expressed with the operators previously defined in
different formulations which provide different resolution strategies ([8]). In particular, the
classical fixed-point algorithm, leading to an implicit Block Gauss-Seidel (BGS) approach
(also called Dirichlet-Neumann algorithm) can be simply represented with the following
expression:

σf = −Sf ◦ S−1
s (σf ) (4)

Equation (4) is a non-linear time dependant equation and has to be fully solved at each
time step. Explicit coupling schemes in time, which perform only one iteration to solve
equation (4) using predictor and corrector, can produce or dissipate energy at the interface
and leads to unphysical results if the problem is highly coupled. Moreover, they are very
sensitive to the destabilizing added-mass effect [9]. Hence, in this work, only implicit
time integration is considered. It means that equation (4) needs to be solved through
an iterative procedure, indexed by i. The simplest implicit BGS algorithm to solve time
iteration n+ 1 can be represented by equation (5):

3
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σf |i+1
n+1 = −Sf ◦ S−1

s

(
σf |in+1

)
︸ ︷︷ ︸

δ|i+1
n+1

(5)

At each coupling iteration, the structure problem is solved using the current fluid loads
σf |in+1 at time step n + 1 coming from the last iteration. This provides a new position

δ|i+1
n+1, which is used as an input data for the fluid solver to compute new fluid variables at

the same time step n+1, leading to an updated fluid stress field at the interface σf |i+1
n+1 .

This algorithm is quite easy to implement since it only operates at the temporal loop
level, but needs a lot of coupling iterations before reaching convergence. In order to reduce
the simulation time, Aitken ∆2 relaxation technique is often used [10]. This technique
is based on a geometrical approximation (tangent method) of the coupled problem. To
be efficient, the solvers have to produce physical results, and consequently, each operator
has to be solved accurately. This means that for an implicit coupling algorithm, the fluid
problem has to be solved several times at each time step which is not acceptable in term
of CPU time. In this work, the classical Steklov-Poincaré operator for the fluid problem
is then modified to reduce the CPU time of this part. This new operator, denoted as S∗

f

does not represent a global fluid resolution any more but only one Picard iteration of the
fluid solver as already considered in [9]. It can be seen as a fluid linearised version of the
Steklov-Poincaré operator. In a few words, the fluid problem converges at the same time
as the coupled problem. In term of implementation, it means integrating the resolution
of the structure solver inside the non-linear iteration of the fluid which becomes mixed up
with the FSI coupling loop. To be efficient, the CPU time related to the structural solver
has to be weak compared with that requested for the fluid part. A second requirement is
to have available fast grid deformation techniques since such procedure is now called at
each non-linear iteration to update the fluid mesh with the new boundary nodal positions
related to the solved structures. The final algorithm (including a relaxation operator
which is going to be introduced in section 3.2) is displayed on figure 1.

3.2 Added-mass effect and stabilization

When dealing with large fluid density or light structure, added-mass effects become
an important physical phenomenum for the coupled problem. At the discrete level, this
inertia effect which leads to fluid loads dependant on the acceleration of the structure
makes all the code coupling algorithms previously described unstable. This numerical
instability has been clearly highlighted in [11, 12]. When implicit algorithm is used, a
popular technique to tackle this diverging behaviour is to modify the structure equation
to decrease the acceleration dependancy of the source term. This modification can be
interpreted as an approximated (and then iterative) resolution of a block-LU factorization
of the monolithic system. Let’s represent the formal monolithic system as:

[
F CSF

CFS S

] [
xF

xS

]
=

[
sF
sS

]
(6)
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xF and xS refer to the fluid and structure variables, respectively. sF and sS include the
source term of the fluid and structure operators (F and S, respectively). CSF and CFS

define the data transfer operator at the interface between the two domains. A block-LU
factorization leads to the following system:

(S−CFSF
−1CSF )xS = sS −CFSF

−1sF (7)

FxF = sF −CSFxS (8)

This resolution exhibits operator composed with F−1, which is not acceptable to build in
the context of co-simulation. However, by reducing the Jacobian of CFSF

−1CSF only to
its inertial effect (i.e. by the added mass operator -Ma, approximation all the more valid
as the time step is small [13, 14, 3]), it is possible to transform the direct resolution of (7)
in an iterative procedure without any operator composed with F−1. It comes indeed:

(S+Ma) x
k+1
S = skS −CFSx

k
F +Ma x

k
S (9)

Fxk+1
F = skF −CSFx

k+1
S (10)

Whereas equation (10) refers to a classical resolution of the fluid solver, equation (9) is
a modified version of the structure solver in which the right-hand side term is far less
dependent on acceleration. In a code coupling context, this procedure is not suitable
since it requires to modify the structural solver. To avoid this, it can be shown that the
equation (9) is almost equivalent to a classical resolution of the structure solver added
to a second step of relaxation with an operator R, depending on the mass matrix of the
structure and the added-mass operator (or an approximation of it). In the context of code
coupling, the two approaches slightly differ. As a matter of fact, the evaluation of sS and
the non-linearities due to the rotation motion are not solved in the same manner, since
for the second case, the relaxation occurs after the global resolution of the structure. The
final algorithm is then simply described by equation (11) and is illustrated with a graph
in figure 1.

σf |i+1
n+1 = −S∗

f ◦R ◦ S−1
s

(
σf |in+1

)
(11)

For a body with one degree of freedom (DOF), it can be shown that the relaxation
value for the acceleration is equal to 1/(1 + m̃a

m
), where m̃a is an approximation of the

added mass. In case of a six DOF rigid body, the interface displacement can be replaced
by the generalized position (position and orientation) of the body denoted as δ and the
added mass effect can be represented by a symmetric matrix of rank six denoted as
Ma. The corresponding approximated added mass matrix is denoted as M̃A. Thus, the

acceleration relaxation step is defined by equation (12). ˜̈δ is the direct result coming from
the unmodified structure solver and Ra is the acceleration relaxation operator.

δ̈
∣∣∣
i+1

n+1
= δ̈

∣∣∣
i

n+1
+Ra

(
˜̈δ
∣∣∣
i+1

n+1
− δ̈

∣∣∣
i

n+1

)
, with Ra =

(
Id +M−1M̃A

)−1

(12)
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After the acceleration relaxation step, velocities and generalized positions are recon-
structed according to the time integration scheme used. When using the implicit al-
gorithm described in figure 1, the operator M̃A does not need to accurately represent
the physical added-mass operator MA to reach the converged solution. It is also worth
noting that this converged solution does not depend on M̃A. However, it was shown in
[15] that the number of iterations to reach a given gain is noticeably smaller when this
operator is close to the physical added-mass operator. In this case, it was found that the
number of iteration is even similar to an unsteady configuration without coupled FSI (for
example, a simulation with an imposed body motion), which can be seen as an optimal
efficiency. Tests have been carried out not only with classical hydrodynamics cases but
also with configurations with extreme added mass effects. Even if the relaxation operator
can lead to very small value, it does not compromise the efficiency of the coupling since
this low relaxation has a physical origin. Let’s now describe how the operator M̃A is
computed for a rigid body and how it is generalized for elongated beam bodies.

3.3 Computation and approximation of the added-mass operator

This physical added-mass operator, which is based on the instantaneous response to
acceleration, generalizes the infinite-frequency added-mass operator deduced from classical
linear potential flow approaches. But to avoid any recourse to such an external tool, we
developed inside the CFD solver an integrated computation of the added-mass operator,
which contributes to the originality of the present work. It is based on the resolution of
the pressure field due to a brutal variation of the rigid body velocity (i.e. an acceleration
step). Due to the different time scales of the Navier-Stokes equation, this perturbation
denoted ũ is guided by the following equation, where p̃ refers to the additional pressure
field due to this perturbation [11, 15].

∂ũ

∂t
== −1

ρ
∇p̃ (13)

By taking the divergence of equation (13) and using the Green-Ostrogradski theorem, it
comes the following finite-volume form since ũ is divergence free:"

S
−1

ρ
∇p̃ ·n dS = 0 (14)

This equation has to be solved with the Neumann boundary conditions for p̃ with a
unit acceleration γb imposed at the surface of the considered body by a given DOF (one
equation to solve for each one) and with zero for the possible other bodies or walls.

−1

ρ
∇p̃ ·n =

∂ũb

∂t
·n = γb ·n at the wall of the considered body (15)

Equation (14) is finally similar to the pressure equation used to solve the real flow. The
free surface shape is naturally taken into account by the spatial variation of the density ρ
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when a multi- phase flow is considered. No additional equation has to be solved to take into
account the free-surface position. This is not the case when a classical potential flow solver
is used because the kinematic and the dynamic boundary conditions at the free surface
have also to be respected. In addition to the easy-to-use feature due to its integration
within the CFD solver (no need to generate another mesh, possible update during the
computation), this method does not suffer from any limitations of linear potential solvers.
For example, contrary to the latter, fine meshes can be used so all the details of the
geometry can be entirely respected, and a larger amount of space configurations, like
complex free surface position (wave breaking) or important confinement (shallow water,
interactions with close bodies) is naturally taken into account and can be easily updated
during the computation, if the conditions are strongly modified.

3.3.1 Case of rigid body

The added-mass operator is here restricted to a 6× 6 matrix, which can be computed
as follows: after resolution of p̃ for a given DOF index i, the integration of p̃ on the body
surface provides the six coefficients of the column i of the added-mass matrix from the
three forces and three moments. Some validations and comparisons with results coming
from potential solver are available in [15].

3.3.2 Case of flexible elongated body

Assuming the structure of such a body is described with a beam structure, the number
of DOF may be quite large compared to a rigid body, since each node of a classical
Euler-Bernoulli beam gets at least three DOF of interest for the added-mass effects (the
two transversal translation and the rotation of the section along the neutral line). As
a consequence, the computation of each pressure field for each DOF becomes too CPU
time consuming. Taking advantage of the elongated property of the body, the different
added-mass coefficients associated to a given section (and then a given node) can be
deduced considering the 2D potential flow in a plane normal to the neutral line as soon
as the curvature effects are small ([16]). This reasonable approximation, resulting of
the so-called elongated body theory is well suited for a body described with analytical
definitions. However, for the sake of simplicity, this approach, which requires to extract
2D sections and to build a 2D mesh around them from a possible complex 3D body shape
was not retained in this way in the context of a 3D CFD solver. Alternatively, a slightly
similar approximation was done to avoid computing this series of 2D computations section
by section : it consists here in the application of a unit acceleration corresponding to the
same DOF with respect to the neutral line on all nodes of the beam simultaneously. The
pressure field obtained within a single 3D computation is then concatenated towards the
different nodes of the beam with the same loads transfer used during the FSI computation.
The resulting nodal forces and moments which corresponds to the loads on the section
surrounding the beam node, give access to the added-mass coefficients for each node. This

7

1095



A. Leroyer, C. Yvin, E. Guilmineau, M. Visonneau and P. Queutey

procedure can be applied for the three main DOF of interest and for the longitudinal
translation along the neutral line too if it is needed. As a result, only a maximum of
four resolution of Poisson operator is required to deduce a sufficient approximation of the
added-mass operator for the entire DOF of each flexible beam. It can be noticed that
this approach removes the possible coupling between the different nodes, by assuming
the acceleration between the nearest neighbours is similar. This greatly simplifies the
computation of the relaxation operator (12), since Id +M−1M̃A remains block diagonal.
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Figure 1: coupling algorithm
Figure 2: computation of the added-mass op-
erator for an elongated body

4 APPLICATIONS

4.1 Roll damping with active control of appendages

This application is dedicated to the study of the roll decay of a frigate with active
control of fins (see figure 3). Passive fins are also studied as a reference point. The
numerical results are compared to experimental tests. The roll motion of the ship and
the relative rotations of the fins are taken into account through a sliding grid technique.
A combination of rigid motion and deformation algorithms are also used to take over
the other degrees of freedom. The mesh is made up of 31 millions cells. The scenario is
divided into three parts. First, the ship velocity is imposed (others degrees of freedom
are released) until a steady state is obtained. Then, the roll angle is imposed to perturb
the ship in a close way compared with the experimental procedure. In figures 4 and 5,
this ramp is applied between t2 and t3. Finally, the roll motion is released and its decay is
analysed. Comparisons between experimental tests and simulations are shown in figures
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4, 5 and 6. One can see that both global quantities (roll angle) and local effects (drag
and lift forces on fins) are well captured in spite of the difficulty to simulate this kind of
complex experiments. It also can be seen in figure 4 that the roll damping is much more
important when the fins are active than when they are passive.

fins

bilge keels

Figure 3: DTMB with active fins – Geometry
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Figure 5: Starboard fin angle – Active fins :
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Figure 6: Hydrodynamic forces on fins – Active fins :
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4.2 2D flexible membrane

This application is a typical validation case for fluid structure interaction problems
dealing with flexible beams. A flexible beam is attached to the upstream face of a fixed
rigid square. Due to the vortex shedding created by the square, the flexible beam is
exited and presents strong oscillations which are taken into account with a deformable
mesh technique. The settings of this numerical two-dimensional case and others references
can be found in [17]. The results obtained are shown in figure 7. They are between the
classical values which can be found in literature. Visualisations of the velocity fields are
also proposed in figure 8.

0.0 2.0 4.0 6.0 8.0 10.0 12.0

−1.0

0.0

1.0

t [s]

y
[m

]

0.0 5.0 10.0 15.0 20.0
0.00

0.50

1.00

f [s−1]

y
[m

]

y = 1.05 m
f = 2.90 s−1

Figure 7: 2D flexible membrane – Vertical displacement of the beam end (left) and FFT (right)

(a) t = 3.95 s (b) t = 4.10 s

Figure 8: 2D flexible membrane – Dimensionless velocity field and iso-lines of vorticity

4.3 3D flexible barge

The current work is dedicated to the study of a very flexible barge in waves. The results
could be compared to experimental tests [18] and numerical simulations using a simplified
model [19]. The deformations of the barge for the first simulation with ISIS-CFD and
MBDyn can be seen at two different instants in figure 9.

Figure 9: 3D flexible barge – Barge at two different times
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5 CONCLUSIONS

This paper describes an efficient and robust algorithm, able to handle configuration
with severe added mass effects, while remaining efficient. The coupling iteration occurs
during the non-linear iterations of the fluid solver because it is the most costly part in our
applications. To tackle the destabilising added-mass effects, a relaxation technique of the
structural kinematics is used. The latter can be viewed as a modification of the artificial
added mass method and does not need any intrusive modification of the structure solver.
The relaxation operator is naturally related to the artificial added mass operator. Effi-
ciency of the coupling is optimal when the artificial added mass is close to the physical
one. The computation of the approximated or exact added mass operator for rigid and
beam-like bodies is carried out through an on-line resolution of an original pressure-like
equation integrated in the fluid solver ([11, 15]). Compared to a non-FSI simulation (un-
steady simulation with imposed motion), the number of non-linear iterations to converge
the fluid part is similar, even when large added mass effects occur. The additional cost
of the FSI cases is then reduced to the resolution of the structural part and to the mesh
deformation technique. This computation chain consisting here of ISIS-CFD and MBDyn
has been validated numerically for 6 DOF rigid bodies with strong added mass effects [15]
as well as for flexible bodies. Among these studies, some of them are briefly described
here and comparisons with experimental data or other numerical results are shown.
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[10] Küttler, U. and Wall, W. Fixed-point fluid–structure interaction solvers with dynamic
relaxation. Computational Mechanics 43(1), 61–72 (2008).
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Summary: Passive flow control by vortex generators (VGs) is the simplest solution to delay 
or eliminate the separation of the fluid from the wall. The present work concerns the 
effectiveness of a new geometry of VGs shaped delta wings implanted on the upper surface of 
two airfoils NACA (4412 and 0015). The experimental measurements in a wind tunnel at two 
Reynolds numbers show a significant aerodynamic performances improvement leading to an 
increase in the lift of 27% and a decrease in the drag of about 30% after stall. The results are 
in a good agreement with those given by a three dimensional simulation undertaken with a 
CFD commercial code (Fluent).

1 INTRODUCTION 

 The flow on the upper surface airfoil is subject to an adverse pressure gradient when the 
incidence increases. This leads to the boundary layer separation which causes looses in the 
aerodynamic performances (lift decrease and drag increase). It is well known that the lift 
around an airfoil is rather created by the suction on the upper surface than the overpressure on 
the lower one. The flow control aims to delay or eliminate the fluid separation and its 
undesirable effects like vibrations and aerodynamic noise. 
 In the aircraft industries the flow control takes on capital importance for the reduction of 
the energy overconsumption and the aerodynamic noise. Moreover, during take-off or 
landing, the speed is low and the attack angle needs to be high for the lift enhancement. 
 Different techniques of the control exist. Methods such as suction, blowing, moving 
surface, vortex generators [1-5] have been rigorously investigated and also used in practice 
with a miscellaneous degree of success. Active methods are however difficult to implement 
and they cause problems of congestion. 
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 Passive vortex generators (VGs) are simple use and known to bring momentum in the 
boundary layer which leads to the delay or suppression of the flow separation. Their interest is 
all the greater as they also have the advantage to be retractable when not in use. 
 Vortex generators enhance the aerodynamic performances and the most efficiency are the 
Lin’s ones V-shaped when their height is less than the boundary layer thickness [2]. The 
boundary layer control by vortex generators can also be associated with another passive form 
such as riblets or roughness [6] to influence the transition from laminar to turbulent flow. 
 The present work focuses on the control of incipient separation on the upper NACA 
airfoils (4412 and 0015) by means of VGs with delta shape to improve the aerodynamic 
performances. The choice of the delta wing configuration type to control the separated flow is 
linked to the formation of two strong vortices at its leading edges. These vortices are contra 
rotating ones which are the most efficiency for the flow control. Furthermore, they break 
down only at high incidences. 
 The experimental results show the control influence on the lift and the drag of the airfoils 
as well as the importance of the apex angle of the VGs. These results are compared to those 
given by a three dimensional numerical simulation with a CFD code (Fluent). 

2 GLOBAL CHARACTERISTICS OF THE FLOW AND PRELIMINARY TWO-
DIMENSIONAL SIMULATION 
 The interaction between the fluid and an airfoil results in two forces, lift and drag, which 
are commonly given by the two respective aerodynamic coefficients: 

21
2
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U Sρ ∞

=       (1) 

And 
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x
d

F
C

U Sρ ∞

=       (2) 

Fy and Fx are respectively the lift and the drag, ρ is the volumic weight, S the surface airfoil 
and U∞ the upstream velocity. 

 The pressure coefficient is defined by the following expression: 

0
21

2

P P
Cp

Uρ ∞

−=       (3) 

P is the local pressure and P0 the upstream reference pressure. 

 The boundary layer which develops around the profile is such that its thickness is equal to 
the distance from the wall to which the speed reaches 99% of the external velocity. Two-
dimensional simulations of the flow around the airfoils were undertaken using a CFD code 
(Fluent) in order to evaluate the boundary layer thickness from the velocity distribution. The 
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VGs height is generally expressed as a function of this parameter and directly affects the 
aerodynamic forces. 
 To ensure that the use of finer or coarser mesh does not affect the quality of the simulation 
results, it is necessary to properly positioning the wall parameter y+. This parameter is defined 
only at the first adjacent cell to the wall; it depends on the grid resolution and the flow 
velocity. The value of y+ dictates how the shear wall is calculated. 
The size of the first cell is approached by using expression (4) below: 

2fyU C
y

ν
+ ∞=      (4) 

y is the normal distance to the profile, 
fC  the skin friction coefficient, ν  the kinematic 

viscosity. 
 By assimilating the airfoil to a flat plate, the skin friction coefficient can be estimated from 
the following empiric relation [7]: 

0.22 0.037Ref LC −≈      (5) 

where ReL is the Reynolds number related to the chord length. 

 Fig. 1 represents the dimensionless velocity obtained at 16% of the airfoil chord versus the 
distance from the wall, for an incidence of 12 degrees and a Reynolds number with equals 2.5 
105. This velocity evolution allows an estimation of the boundary layer to 3 mm in these 
conditions. The numerical simulation validation was made by superposition of the wall 
pressure results with experimental data. The comparison in Fig. 2 between our computational 
results and those given by Pinkerton [8] experiment on the NACA 4412 airfoil shows a good 
agreement. A similar comparison was carried out in a previous work on the symmetrical 
profile NACA 0015 [9] and the boundary layer thickness calculated. Its value was found to be 
equal to 10 mm at 18% of the airfoil chord for the same Reynolds number and an incidence of 
13 degrees. 

Fig. 1: Velocity profile at X/L=0.16, NACA 
4412 airfoil, Ue is the external velocity. 

Fig. 2: Distribution of the pressure coefficient 
around the NACA 4412 profile, α=12°. 
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3 EXPERIMENTAL CONDITIONS 

3.1 Wind tunnel and acquisition chain 
 The studied models are the NACA 4412 and the NACA 0015 profiles; the chord length is 
150 mm and the depth is equal to 200 mm. Both airfoils are equipped with pressure taps laid 
out with the suction face for the measurement of the pressure field. Lift and drag forces were 
measured by way of an aerodynamic balance connected to an acquisition chain. Each test 
realized was repeated three times and averaged. The time of acquisition was 60 s with 500 Hz
frequency. 
 All the experiments were performed in a Deltalab type open circuit. Maximum speed is 
higher than 45 m/s. The turbulence rate is fixed by a grid at the entry of 5×5 mm2. The length 
and the wind tunnel section are respectively 100 cm and 30×30cm2. 

3.2 Passive Vortex Generators 
 The studied vortex generators are small delta wings placed on line on the suction face of 
the airfoils, at different locations from the leading edge. The choice of the delta wing 
configuration type resides in the fact that the delta wing generates two strong vortices at the 
leading edges which bring momentum in the flow. These delta wings are set at weak relative 
incidences in order to avoid their unhooking and the vortices bursting. Fig. 3 shows these 
VGs on the airfoil. 
 The geometrical parameters of the VGs such as the height H, the spacing λ, the apex angle 
β, the relative incidence angle of the VGs γ as well as their position according to the chord 
length affect the flow control efficiency. The optimal values of H, λ, γ and the position were 
estimated in a previous work [10] as H/δ = 1.8, λ/H = 3.8 and γ = 10° when they are placed at 
10% of the chord on the upper surface of a NACA 4412 airfoil, for β = 45°. The apex angle of 
the VGs is examined in the present study and varied in the interval from 30° to 74.6° while 
the other parameters are kept equal to their optimal values. 

Fig. 3: Shape and disposition of the Delta VGs 
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4 EXPERIMENTAL RESULTS AND DISCUSSION 

4.1 Effect of the flow control on the lift and drag coefficients 
 The objective of the control is focused on the aerodynamic lift increase and the drag 
reduction which are widely affected by the flow separation. The vortices generated by the 
small delta wing are expected to bring momentum in the boundary layer in order to eliminate 
or delay its separation. Several VGs with different angles of aperture where considered. The 
experiments were conducted in a range of angles from β = 30° until β = 74.6° for the study of 
the apex angles effects. All used angles are privileged ones that are known to create high 
intensity vortices compared with non-privileged ones [11]. Fig. 4 shows the maximum lift 
profit for the controlled flow on the NACA 4412 versus the apex angles. A peak value is 
distinguished for β = 45° which produce a maximum with a lift profit that can reach 
approximately 16.5%. 

Fig. 4. Apex angle β effect of the ∆-VGs on the maximum lift (8 
VGs, Re = 2.5 105)

 Fig. 5 and Fig. 6 represent respectively the lift and the drag for the most efficiency VGs 
configuration (β = 45°) versus the attack angle. Fig. 5 shows a lift gain from 10° increasing to 
a peak of about 16% in the stall, which is also slightly delayed by one degree in the case of 
controlled flow. 
In terms of drag, we see in Fig. 6 that the flow control introduces an increase from the 
incidence of 10° to 18° when the tendency reverses. When the incidence is greater than 20°, 
the drag decreases significantly from 30% in the controlled case. This means that the pressure 
drag drops drastically following a partial reattachment of the boundary layer on the upper 
surface of the profile. 
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Fig. 5 : Lift coefficient, NACA 4412, Re=2.5 105 Fig. 6 : Drag coefficient, NACA 4412, Re=2.5 105

 Fig. 7a and Fig. 7b represent the lift coefficient when we have added two supplemantary 
VGs, respectively for Re = 2.5 105 and Re = 3 105. One can see on this figures better 
performances for the VG as the maximum lift enhancement reaches 20%. On the other hand, 
the stall occurring at α = 18° is delayed to α = 20° for Re = 3 105. 

Fig. 7a : Lift coefficient, NACA 4412, Re=2.5 105 Fig. 7b : Lift coefficient, NACA 4412, Re=3 105

 The Delta-VGs has also been tested and confirmed expectations for their effectiveness in 
improving the lift in the case of the NACA 0015 airfoil. Fig. 8 and Fig. 9 show the lift versus 
the incidence angle obtained with 10 optimized VGs placed at 10% of the chord for two 
Reynolds numbers. 
 For both speeds studied, lift increase is noticed. At Reynolds number equal to 2.5 105, 
control has achieved 16% increase in lift (Fig. 8). For the Reynolds number of 3 105, the stall 
occurring at α=14° is postponed until α=16° with a considerable profit in the lift which 
reaches approximately 27% (Fig. 9). 
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Fig. 8: Lift coefficient, NACA 0015, Re=2.5 105 Fig. 9: Drag coefficient, NACA 0015, Re=2.5 105

4.2 Pressure field 
 Experimental pressure fields data related to the controlled case represented on maps of Iso-
values (Fig. 10a and Fig. 10b) are given for two velocities and attack angles for the NACA 
4412 airfoil. The figures show the formation of two symmetrical low pressure pockets which 
are spread through 30% of the chord. We notice in Fig. 10c and Fig. 10d a negative pressure 
peak at the location of the generators between x/L = 0.1 and x/L = 0.25, which reaches a 
minimum value of about -4. 

Fig. 10a: Iso-values of the pressure coefficient 
Re=2.5 105, α=19° 

Fig. 10b: Iso-values of the pressure coefficient 
Re=3 105, α=20°

Fig. 10c: 3D pressure coefficient, Re=2.5 105, α=19°. Fig. 10d : 3D pressure coefficient, Re=3 105, α=20°.
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5 THREE DIMENSIONAL SIMULATION 

5.1 Methodology 
 The turbulent flow around the profiles is calculated in the case of a three-dimensional 
incompressible steady averaged Navier-Stokes (RANS) using the Fluent commercial 
calculation code. The turbulence model used is the kω-SST, the size of the first mesh is 
maintained at y+ ≈ 2.5 at Re = 2.5 105. In order to reduce the computation time and faster 
convergence to the desired solution, we chose to simulate only one vortex generator in the 
middle of the spanwise airfoil by adopting the geometrical parameters of the ∆-VGs defined 
in the section 3.2 and corresponding to the experimental conditions. 
 The calculation box is modeled by a volume of 100 cm length and a vortex generator wide 
(18.9 mm). The generation of the 3D meshing is a very important step in a CFD analysis as 
this parameter influences the computed solution. The generated meshing is hybrid; its interest 
is in the fact that it combines the privileges of structured meshes and those of unstructured 
grid by reducing errors. Close to the profile's walls, the generated meshes are hexahedral 
followed by relaxed prismatic meshes. As for the vortex generators, due to the complexity of 
the showed geometry, the VG is delimited by a sub-domain and meshed by cells of kinds, 
hexahedral tetrahedral and pyramidal (Fig. 11).

Fig. 11: Meshing of the NACA 4412 profile with a Delta-VG

5.2 Aerodynamic loads 
 Fig. 12 shows the experimental and the numerical data obtained for the lift and the drag 
coefficients versus the attack angle for the NACA 4412 airfoil while Fig. 13 is relative to the 
NACA 0015. One can see on these figures a very good agreement for the lift coefficient. 
However, the numerical values are lower than the experimental ones for the drag coefficient. 

Fig. 12: Lift and drag curves, experimental and 
numerical results, Re=2.5 105. 

Fig. 13: Lift and drag curves, experimental and 
numerical results, Re=2.5 105.
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6 CONCLUSION 
 Delta wings shaped vortex generators have been proposed for passive flow control on the 
upper surface of the NACA 4412 and the NACA 0015 profiles. 
The experimental study in a wind tunnel highlighted appreciable improvement in their 
aerodynamic performances. Thereby, the flow control showed a lift increase in order of 27% 
for the symmetrical airfoil, 20% for the cambered one accompanied by a drag decrease after 
stall. The effect of the VGs apex angle value has also been highlighted and the most 
effectiveness of the control was obtained with the apex of 45°. 
 Furthermore, the wall pressure field measurement shows a peak of depression at the 
location of the vortex generators. 
 The numerical values obtained with the three dimensional simulation for the lift coefficient 
are in good agreement with the experimental data. However, the numerical values are lower 
for the drag coefficient. 
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Abstract. The hydroelastic response of a thin, nonlinear, elastic strip floating in shalow-water 
environment is studied by means of a special higher order finite element scheme. Considering 
non-negligible stress variation in lateral direction, the nonlinear beam model, developed by 
Gao, is used for the simulation of large flexural displacement. Full hydroelastic coupling 
between the floating strip and incident waves is assumed. The derived set of equations is 
intended to serve as a simplified model for tsunami impact on Very Large Floating Structures 
(VLFS) or ice floes. The proposed finite element method incorporates Hermite polynomials of 
fifth degree for the approximation of the beam deflection/upper surface elevation in the 
hydroelastic coupling region and 5-node Lagrange finite elements for the simulation of the 
velocity potential in the water region. The resulting second order ordinary differential 
equation system is converted into a first order one and integrated with respect to time with the 
Crank-Nicolson method. Two distinct cases of long wave forcing, namely an elevation pulse 
and an N-wave pulse, are considered. Comparisons against the respective results of the 
standard, linear Euler-Bernoulli floating beam model are performed and the effect of large 
displacement in the beam response is studied.   

1 INTRODUCTION 
The hydroelastic interaction problem of free surface gravity waves with large, floating 
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bodies is found in numerous applications, ranging from the design and construction of marine 
structures to the response analysis of ice formations. Advances is marine technology, along 
with the growing need for commercial space in the condensed coastal areas has led to the rise 
of Very Large Floating Structures (or VLFS). Nowadays, VLFS are used, both near shore and 
in the open ocean, as energy plants, docking stations, storage facilities and even as floating 
airports and recreational amenities [1]. The analysis of such marine structures, is an important 
stepping stone towards robust design and construction [1-3]. 

Hydroelastic analysis is also relevant in the case of large ice floes under ocean wave 
excitation [4]. The continuous oscillatory, flexural motion undergone by large ice formations 
lead to their eventual splitting and disintegration. The demise of the Marginal Ice Zone (MIZ), 
the boundary between ice shelves and the open ocean occupied predominantly by ice floes, is 
linked with wave forcing [5]. In absence of a dense MIZ sums of wave energy reach the ice 
shelves leading to collapse events with profound environmental impact. 

As already mentioned, both of the above problems have their foundations set in 
hydroelasticity [1-4]. Their large horizontal dimensions compared to thickness, make 
hydroelastic effects dominant. Large floating structures are most commonly modelled in the 
literature as plates with zero or non-zero draft. The Kirchhoff thin plate theory is employed in 
the majority of works [6-8], while some consider the Reissner-Mindlin and Von Karman plate 
models accounting for shear deformation and large deflection effects [9-114].  

For the hydrodynamic modelling, typically the linearised wave theory is utilised. When 
dealing with harmonic excitation eigenfunction expansion methods [12], Galerkin schemes 
[13] and Green functions have been employed for the solution of the hydroelastic problem in 
the frequency domain. However, the consideration of irregular loading dictates time domain 
analysis tools, such as direct integration schemes [14] and Fourier transforms [15]. 
Considering long wave excitation, Sturova [16], developed an eigenfunction expansion 
technique for the calculation of the dynamic response of a floating, thin, elastic plate of 
variable thickness over shallow bathymetry regions. Following the same line work, 
Papathanasiou et al. [17] consider a higher order finite element scheme for the solution of the 
transient hydroelastic problem posed by a thin, elastic, heterogeneous beam floating over 
shallow waters.  

Since large floating bodies are expected to span over great distance, the effects of variable 
bathymetry must also be taken into account. Belibassakis and Athanassoulis [18] derived a 
consistent coupled mode method for the hystroelastic analysis of a thin floating body over 
general bathymetry, exhibiting continuous variation. In [19] and [20] the authors extended 
previous work in order to account for weakly non-linear wave excitation and shear 
deformable bodies over general bathymetries.  

In the present work, the finite element method is employed for the solution of the 1D 
hydroelastic problem of a uniform, elastic strip floating over an uneven bottom, under shallow 
water conditions. The employed shallow water assumption allows for the study of tsunami 
impact on large floating bodies, like VLFS. The Gao beam theory [21], accounting for large 
defections but infinitesimal strains, is used for the approximation of the elastic strip response 
while the non-linear shallow water theory is chosen for the hydrodynamic model. In Section 2 
of the paper the governing equations of the model in question are presented. Subsequently, in 
Section 3, the equivalent variational problem is derived and the proposed finite element 
scheme implementation is presented. In Section 4, a series of numerical results are presented 
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for a given configuration and variable steepness for the long wave excitation, in the form of 
an elevation pulse.  Finally, results of the hydroelastic code are provided for the case of an N-
wave excitation.  

2 GOVERNING EQUATIONS 
In this section, the hydroelastic problem of a thin, elastic strip floating over shallow 

waters is presented. At the area where hydroelastic coupling is present the following 
equations hold, 

 22 2 2 4 2 2( ) ( , )
2

w
t r t x x x x w w t xm I D s g q x t                          (1) 

 [ ( ) ] 0t x xb x       , (2) 

 where a superimposed dot denotes differentiation with respect to time. In the above equations
w , g  are the water density and gravity acceleration respectively, ( , )q x t  denotes an external 

load applied to the beam and ( )b x   is the, possibly varying, bathymetry. Assuming that the 
density of the beam is e ,  its Elastic Modulus E   and Poisson’s coefficient  ,  while its 
thickness is  ,  the constants appearing in Eq. (1) are em     the mass per width, 

3 /12r eI    the rotary inertia per width and 3 1 1(1 )(1 ) (1 2 ) /12D E v v v        is the 
flexural rigidity per width. Finally, 2 13 (1 ) / 2s E v    is the coefficient of the nonlinear term 
in the Gao beam model per width [21]. Compared to the classical Euler – Bernoulli beam, the 
above model incorporates the effects of rotary inertia, introduced by Lord Rayleigh and the 
nonlinear term 2 2( )x xS       derived by Gao for the large deflection of a thin beam, when 
non-negligible stress variation in the lateral direction is considered. In addition, the pressure 
forcing terms  2 / 2w w w xg          appearing in Eq. (1), include the nonlinear term 

 2 / 2w x   which is significant when the velocity xu    becomes large. 
In the regions where no floating structure is present, the Shallow Water Equations (SWE) are 
considered for the long wave propagation simulation. The equations read 

0,t x xu u u g             (3) 

 [ ( ) ] 0t x xb x       , (4) 

In the following, assuming sufficient regularity and introducing the velocity potential  
such that xu   ,  we will express equations (3) and (4) as a single evolution equation for  . 
For that, let us differentiate Eq. (3) with respect to t   and equation (4) with respect to x  , to 
get 

 2 2 2 21 0
2t xt xtu u g       ,      (5) 

 2 2 [ ( ) ] 0xt x b x u     , (6) 
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 Substituting the term 2
xt   of equation (5) using (6) and setting xu   , 

   23 2 21 [ ( ) ] 0
2xtt xt x x xg b x                 (7) 

Integrating (7) with respect to x  leads to, 

   23 2 21 [ ( ) ] 0
2xtt xt x x xg b x                 (8) 

Select the constant ( ) 0C t  . Setting xu     directly in equation (3) and integrating with 
respect to x , we get 

 21 ( )
2t x xg c t             (9) 

Setting ( ) 0c t    equation (9) becomes, 

 21 1
2 x tg g

            (10) 

Finally, eliminating   from Eq. (8) using Eq. (10) 

          2 32 1 1( ) 0
2 2t t x x x x x x t xg b x                      (11) 

Introducing the nondimensional quantities 1x L x , 1/2 1/2t g L t , 1L  , 
1/2 3/2g L   , where L  denotes the Length of the beam, equations (1), (2) and (11) become, 

after dropping tildes 

 22 3 2 2 3 4 2 2 1( ) 2 ( , )t R t x x x x t xM I K S Q x t                          ,      (12) 

 [ ( ) ] 0t x xB x       , (13) 

       2 32 1 12 ( ) 2 0t t x x x x x x t xB x                    , (14) 

where /e wM    , 
12

e
R

w

I 


 , 
(1 )

12(1 )(1 2 ) w

E vK
v v gL




 
 , 2

3
2(1 ) w

ES
v gL




 ,
( )( ) b xB x
L



( , )( , )
w

q x tQ x t
gL


 ,   and / 1L  . 

The bending moment and shear force inside the beam are 
3 2

b xM K    and    (15) 
3 3 3 2 1 33 ( )x R t x xV K I S            , (16) 
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In equation (12), there appear four constants, namely M , 3
RI  , 3K  and S . Observe that 

two of them scale as ( )O  , while the other two are 3( )O  . In addition, constants K  and S  
are inversely proportional to L , the length of the beam. 

2.1 Initial-Boundary Value Problem formulation 
In order to formulate the initial-boundary value problem of a freely-floating strip 

interacting with a surface wave over shallow water conditions, let us define the three non-
overlapping sets 1 ( ,0)   , 0 (0, )L   and 2 ( , )L   (see Fig. 1). 

 
  
 

 
 

Figure 1: The initial boundary value problem configuration 

Considering the non-dimensional Eqs, (12)-(14), derived in the previous section, the IBV 
problem is, 

Find 0 0:   , :i i   , 0,1,2i  , such that    

       2 32 1 1
1 1 1 1 1 12 ( ) 2 0t t x x x x x x t xg b x                     , in 1 (0, ]T                 (17) 

 

2 3 2 2 3 4 2 2
0 0 0 0 0

21
0 0 0

( )

                                                 2 ( , )
t R t x x x x

t x

M I K S

Q x t

        

  

        

     
 (18) 

and  [ ( ) ] 0t x xB x        , in 0 (0, ]T  , (19) 

       2 32 1 1
2 2 2 2 2 22 ( ) 2 0t t x x x x x x t xg b x                     , in 2 (0, ]T  .       (20) 

with  212i t i x i       , 1, 2i  .  

The equations above are supplemented with the following boundary conditions, 

  

1 2(| | , ) (| | , ) 0x xx t x t         (0, ]t T   and               (21) 
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(0, ) (0, ) (1, ) (1, ) 0b bM t V t M t V t    , (0, ]t T .  

Appropriate interface conditions expressing mass and momentum conservation at the 
interfaces are 

   1 1 0 00 0
(0 ) (0 , ) (0 ) (0 , )x xx x

B t B t    
   

 
     , 1 00 0t tx x

   
   , (0, ]t T      (22) 

   0 0 2 21 1
(1 ) (1 , ) (1 ) (1 , )x xx x

B t B t    
   

 
     , 0 21 1t tx x

   
   , (0, ]t T  (23) 

The initial state for 0t   describing still water conditions and zero upper surface elevation 
for regions 1  and 0  , while imposing an initial upper surface elevation located at a 
subdomain of 2  are 

0 0( ,0) ( ,0) 0x x   ,  in 0 , (24) 

1 1( ,0) ( ,0) 0tx x    , in 1 ,                                               (25) 

2 2( ,0) 0, ( ,0) ( )tx x G x     , in 2 ,                                       (26) 

3 VARIATIONAL FORMULATION 
In the present section the variational formulation of the hydroelastic problem defined in 

Section 2.1 will be derived. Multiply Eqs. (17), (20) with 1
1 1( )w H   and 1

2 2( )w H   
respectively. Multiply Eq. (18) with 2

0( )v H   (function v  is not to be confused with 
Poisson’s ratio, a constant) and Eq. (19) with 1

0 0( )w H   . Performing integration by parts 
it is, 

 

 

0 0 02 2
1 1 1 1 1 1 1 1

0 0 031
1 1 1 1 1 1 1

( )

( ) 2 0

t x tx x

x x x x x t x

w dx w dx w B x

w B x dx w dx w dx

    

   

 



  

        

          

 
  

 , for every 1w , 

 
 

2 3 2 3 2 2
0 0 00 0 0

1 3 3 3 3 2 1 3
0 0 0 00 0

23 2 1
0 0 0 00 0 0 0 0

3 ( ) 3 ( )

2 ( , )

L L L

t R x t x x x

LL

x x x R t x x

L L L LL

x x t x

M v dx I v dx K v dx

S v dx v K I S

K v v dx v dx v dx vQ x t dx

     

       

    

 



       

           

          

  


   

 , for every v , 

 0 0 0 0 0 0 0 0 00 0
[ ( ) ] ( ) 0

L L L
t x x xw dx w B x dx w B x                 , for every 0w , 

 

 

2 2
2 2 2 2 2 2 2 2

31
2 2 2 2 2 2 2

( )

( ) 2 0

t x tx x LL L

x x x x x t xL L L

w dx w dx w B x

w B x dx w dx w dx

    

   

  

  

        

          

 
  

 , for every 2w . 
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Using the boundary and interface conditions, described by Eqs. (21), (22), (23) the 
variational problem becomes, 

Find 0  and i , 0,1,2i  , such that for every 1( )i iw H  , 0,1,2i   and 2
0( )v H   it is 

 

 

0 0 02 2
1 1 1 1 1 1 1

0 031
1 1 1 1 1

2 3 2 3 2 2 1 3
0 0 0 00 0 0 0

21
0 0 0 00 0 0

( )

2

3 ( )

2

t x tx x x

x x x t x

L L L L

t R x t x x x x x

L L L

t x

w dx w dx w B x dx

w dx w dx

M v dx I v dx K v dx S v dx

v dx v dx v dx w

   

  

       

  

  



 





      

      

           

     

  
 
   

  

 

0 0 0 00 0

2 2
2 2 2 2 2 2 2

31
2 2 2 2 2 0

[ ( ) ]

( )

2 ( , )

L L

t x x

t x tx x xL L L
L

x x x t xL L

dx w B x dx

w dx w dx w B x dx

w dx w dx vQ x t dx

  

   

  

  

 

    

      

       

 
  

  

     (27) 

and 1 1 1 0 0 0 2 2 2( ( ,0), ) ( ( ,0), ) ( ( ,0), ) 0x w x w x w     , 0 0 0 1 1 1( ( ,0), ) ( ( ,0), ) 0tx w x w    , 

   2 2 22 2
( ,0), ( ),t x w G x w   , ( , )i , 0,1,2i   being the 2L -inner product in region i .      

3.1 Finite Element Implementation 
The numerical solution of the variational problem described in Eq. (27) is derived by 

means of the finite element method. The free water surface regions are approximated by 
quadratic Lagrange elements while a special element is introduced for the hydroelasticity 
dominated region. The reader is directed to the work of Papathanasiou et al. [17] for a more in 
depth analysis. The hydroelastic element incorporates fifth order Hermite polynomials for the 
interpolation of the beam deflection/upper surface elevation in the domain of the hydroelastic 
coupling and fourth order Lagrange polynomials for the interpolation of the velocity potential 
(see Fig. 2). The straightforward discretization of Eq. (27), and the substitution of the 
approximate solutions results in the following system of nonlinear ordinary differential 
equations, 

   ( ) ( ) 0u u u u u  M C K  . (28) 

After setting u y  and taking T[ ]u yz  , Eq. (28) is reduced to the first order system of 
nonlinear equations , ( ) 0z z z A B . This last equation is integrated with respect to time 
using the Crank-Nicolson method. 

 

 
 

Figure 2: Schematic of the special hydroelastic finite element [17].  
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4 NUMERICAL RESULTS 

Numerical results for the proposed, higher-order finite element methodology will be presented 
in this section. The cases of an elevated and an N-wave pulse, typical in long wave modelling, 
are considered. The elevated pulse is given by 

2
0 0 0( ) ( )(( ) exp( )x w x x w x x wG x A x x          ,     (29) 

where A  is the amplitude, 0x  is the point of origin, w  is the wavelength and   is a positive 
parameter controlling the smoothness of the initial pulse. For the isosceles N-wave profile, 
following Tadepalli and Synolakis [22], initial excitation is given by, 

2
0 03

3( ) ( )sech ( ( ))
4

AG x Ad x x x x
d

   ,     (30) 

where d  is the local depth at the origin. Figure 3, shows the corresponding initial upper 
surface disturbance, for each of the considered cases, that is allowed to propagate in the free 
surface region 2 . 

  
(a) (b) 

Figure 3: (a)  Initial excitation in the form of an elevated pulse with 0.4A m and wavelength 265w m  (b) 
Initial excitation in the form of an N-wave with 0.4A m and 265L m  

The bathymetric profile considered in the following examples is kept flat underneath the 
strip, at a depth of 5 m  . At a distance, equal to strip length, from the right edge of the floating 
body the depth is allowed to increase linearly until it is kept constant at 15 m   for the rest of 
the 2 subdomain. Furthermore, the strip thickness is assumed uniform at 2 m , while its 
length is taken as 500 m . Finally, the material constants selected are material density

3922.5 /e kg m  , water density 31025 /w kg m  , Young’s modulus 95 10E Pa   and 
Poisson’s ratio 0.3v  . The acceleration of gravity is 210 / secg m . 

4.1 Elevation pulse 

For the following analysis 100 special hydroelastic elements ( 0 ) and 10000 time steps 
were used for the calculation of the transient strip response. The elevation pulse parameters 
are 50   and 0.4A . In Figure 3, a visual representation of the upper surface elevation 
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solution is shown against time. At the beginning of time, the free surface disturbance set to 
originate in 2 , splits into two propagating waves, travelling in opposite directions. The 
excitation is partially reflected when it reaches the inclined seabed, and later when it impacts 
the strip edge (at the interface between 2 and 0 ). As the pulse reaches the strip, the 
hydroelastic wave begins to propagate, showing clear signs of dispersion. The waves 
propagating over shallower bathymetry travel at lower speeds, as expected. 

 
Figure 4: Space-time plot of the elevation pulse propagation. Mild reflection due to variable bathymetry and 

reflected pulses from the interaction with the floating strip are evident.  
 

 
Figure 5: Deflection comparison between the linear and the non-linear models, 0.2A  and 265L m . 
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In Figures 5 and 6, solutions for the strip deflection using the previously described non-
linear model (continuous line) and the linear Euler Bernoulli beam coupled with the linearised 
shallow water equations [17] (dashed line) are compared, for different values of initial 
disturbance amplitude, namely 0.2 and 0.4A  , at various moments in time. The same spatial 
and temporal discretizations were used for the derivation of the upper surface/deflection 
solutions.   Notably, the wavelength was kept constant at 265w m  , hence the steepness of 
the initial pulse increases with increasing amplitude. The deviation between the calculated 
solutions is also presented. In Figure 3, the deviation between the two models, reaches 40 %, 
marking the importance of non-linear effects when studying the response of thin, elastic 
strips. As expected, when the elevation pulse steepness increases, in Figure 6, ( 0.4A  ) the 
deviation between the two models becomes clearer, reaching 65%. The above fact renders 
non-linear effects critical for the study of the transient hydroelastic response of large floating 
bodies.  

 

Figure 6: Deflection comparison between the linear and the non-linear models, 0.4A  and 265L m . 

4.2 N-wave 

Finally, the case of an incoming N-wave excitation was considered. The amplitude was 
kept at 0.4A .  Figure 7, in a similar manner, shows a comparison between the strip 
deflections calculated with the linear and the non-linear models. The deviations in the 
calculated deflection solutions, between the two models exceed 100% in some instances. This 
is attributed to the complex form of the excitation. As it can be seen in Fig. 3, the steepness of 
the N-wave form is greater than that of the elevated pulse (regardless of the value for the 
smoothness parameter  ) for the same amplitude and wavelength values. This is 
straightforward, since the same amplitude is reached within the halfwavelength by the N-
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wave. Hence, once again the observed deviations are linked with increasing pulse steepness. 
Non-linear effects are bound to become dominant for N-wave excitations, making the large 
deflection assumption made in the present analysis a valid first approximation of such 
phenomena. 

 
Figure 7: Deflection comparison between the linear and the non-linear models, N-wave case 0.4A  and

265L m .  

5 CONCLUSIONS 
A higher order finite element method is presented for the solution of the non-linear, 

hydroelastic problem of a floating strip over shallow water bathymetry. In the present work, 
the shallow water equations coupled with the Gao [21] non-linear thin beam model, are 
considered. The proposed higher-order, finite element method incorporates Hermite 
polynomials of fifth degree for the approximation of the beam deflection/upper surface 
elevation in the hydroelastic coupling region and 5-node Lagrange finite elements for the 
simulation of the velocity potential in the water region. The resulting second order ordinary 
differential equation system is converted into a first order one and integrated with respect to 
time with the Crank-Nicolson method. This finite element scheme has already been applied to 
the hydroelastic analysis of linear Euler-Bernoulli beams [17] and is now extended to a 
nonlinear strip simulation.   

Subsequently, the effect of non-linearity, imposed by the large deflections assumption of 
the beam model is explored. Numerical results, using an elevation pulse and an N-wave as 
initial excitations, are presented. When compared with the linear Euler-Bernoulli model 
coupled with the linearised shallow water equations, it becomes evident that non-linear effects 
increase with increasing excitation steepness.  The deviation between the two models peaks at 
65% for the case of a ‘steep’ elevation pulse, while for the case of an N-wave, exhibiting the 
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same amplitude and wavelength characteristics, deviation exceeds 100%. The present work is 
a stepping stone towards the implementation of higher-order finite element schemes in the 
solution of the hydroelastic problem of floating bodies, including non-linear effects. Possible 
extensions include the incorporation of shear deformable floating bodies and inhomogeneous 
environments of general bathymetry. 
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Abstract. Analytical approach to modeling the interaction between submerged elastic 
structures and non-stationary loads has long been recognized as an attractive tool of 
engineering analysis, especially at the pre-design stage where it has been particularly valued 
for its high computational efficiency. At the same time, the approach has a number of 
limitations, the most regrettable one being its inability to handle geometries that are more 
complex than the basic ones such as a spherical or cylindrical geometry. We present an 
attempt to overcome this limitation while still preserving the much favored computational 
efficiency by introducing a hybrid methodology that combines the analytical and finite-
element approaches. We then validate the methodology using available experimental data and 
show that a good agreement with the experiments is observed.  

 
 
1 INTRODUCTION 

In recent years, an efficient semi-analytical methodology has been developed for modelling 
the interaction between shell structures and non-stationary loads, e.g. [1-4]. The methodology 
was based on the use of the so-called “response functions”, the functions that only depend on 
the geometry of the system and not on the properties of the fluid(s) and structure(s). The 
methodology was extensively validated and has proven to be an attractive choice for the use 
by the practitioner due to its high computational efficiency; it is particularly attractive when 
an extensive parametric analysis of the system is intended, as often is the case at the pre-
design stage. 

Along with its significant advantages, the methodology also has some rather serious 
limitations. In particular, in its present form it is only applicable to very specific geometries of 
the structure such as cylindrical and spherical. This feature significantly limits the 
applicability of the methodology due to the fact that most industrial systems possess higher 
geometrical and/or material complexity. In an attempt to overcome this limitation, we propose 
a hybrid model where the structural part is handled using FEM, while the fluid domain is 
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modelled using the response-functions-based methodology.   
We show that such an approach results in a model that is capable of accurately simulating 

the shock response of many commonly encountered in engineering practice structures that 
have a degree of geometrical and/or material complexity, while being more computationally 
efficient than “pure-FEM” approaches. Thus, the proposed methodology is demonstrated to 
combine the versatility of FEM with the computational efficiency of the response-functions-
based methodology. 

 

2 MATHEMATICAL MODEL 
We consider a structure of the cylindrical outer shape, of radius r0, and of arbitrary inner 

structural complexity submerged into inviscid, irrotational, and lineraly compressible fluid 
with density ρf and sound speed cf. The transverse and normal displacements of the outer 
surface of the structure are v* and w*, respectively. The geometry of the problem is shown in 
Figure 1. 

 
Figure 1: Geometry of the problem 

We assume that the structure is subjected to a high-frequency, non-stationary external 
loading.  

The fluid domain is modeled using the wave equation, an assumption which, combined 
with the simplicity of the geometry of the interface, enables the use of the classical apparatus 
of the mathematical physics. For the structural domain, however, we do not make any 
simplifying assumptions regarding its inner geometry, and model it assuming that the 
structure’s material is linearly elastic and isotropic.  

For the fluid domain, therefore, we obtain solution using the approach that we have 
developed in our earlier work [1-4], that is, the Laplace transform with respect to time is first 
applied to the wave equation, and then the separation of the spatial variables is used to yield 
the general solution in the form of a linear combination of two modified Bessel functions. 
Upon applying the boundary conditions and inverting the resulting expressions, the pressure 
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components are obtained in the form of Fourier series with time-dependent coefficients. For 
the radiated pressure (the component that plays the key role in the proposed methodology), 
these coefficients are (the dimensionless form of the normal displacement is used, thus the 
asterisk is not present): 

 

(1) 

where !!!(!, !) are the response functions of the problem with the Laplace transforms given 
by 

 

 

(2) 

where Kn is the modified Bessel function of the second kind of order n, and wn is the time-
dependent component of the n-th harmonic of w. All the details of the methodology can be 
found in our earlier work [1-4].  

For the structural part, the standard finite-element approach has been adopted, and we do 
not include any of the details here. The fluid and the structural parts are coupled at each time 
step, with the latter receiving the hydrodynamic loading from the former and passing back the 
normal displacements of the structural surface; the process is accompanied by the constant 
switching between the functional and modal forms of the quantities concerned.  

3 RESULTS AND DISCUSSION 
The ultimate objective of this study is to be able to simulate the interaction with structures 

that have a certain degree of geometrical complexity. But prior to attempting such 
simulations, we needed to validate the developed methodology. To that end, we considered a 
typical steel shell with the thickness-to-radius ratio of 0.03 submerged in water and subjected 
to a point-source acoustic pulse, and carried out two comparisons - one with the results of an 
experimental study [5], Figure 2, and the other with the results produced by the simulations 
based on a semi-analytical model [4], Figure 3, the former aimed at establishing that the 
methodology adequately reproduces the structure of the hydrodynamic field induced during 
the interaction, and the latter ensuing that the structural dynamics is also accurately 
represented. In both cases, a very good agreement has been observed, thus providing a rather 
solid evidence in favor of the developed approach. We note that the fact that the good match 
was seen for the two rather different aspects of the interaction is quite comforting as far as the 
use of the approach for modeling more complex systems is concerned.  

We then considered a more structurally complex system, namely, a steel shell of radius 1 
m and thickness 0.03 m, with two attached masses positioned at ±45o, of the radial extension 
of 0.03 m and angular one of 1.8o, also made of steel; the aim of choosing such relatively 
“light” masses was to demonstrate that even a minor structural modification produces rather 
significant differences as far as the radiated hydrodynamic pattern is concerned. Figure 5 
shows the snapshots of the radiated hydrodynamic field during the early interaction for the 
shell with and without the attached masses. The effect of the attached masses is apparent. 
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Figure 2: Numerically simulated hydrodynamic field around a steel shell with h0/r0=0.03, right, compared 

with an experimental image, left [reprinted with permission from Derbesse, L., Pernod, P., Latard, V., Merlen, 
A., Decultot, D., Touraine, N., and Maze, G. 2000 Acoutsic scattering from complex elastic shells: visualization 

of S0, A0 and A waves. Ultrasonics 38, 860-863, Figure 1 (b), © 2000 Elsevier]. 
 

 
Figure 3: Normal displacements of a steel shell with h0/r0=0.03 computed using a semi-analytical approach 

based on the Reissner-Mindlin model (dashed lines) and using the present approach (solid lines) evaluated at the 
head point (black lines) and the tail point (grey lines).  
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Figure 4: Shell with attached masses. 

 

  
 

Figure 5: Numerically simulated hydrodynamic field around a steel shell with h0/r0=0.03 and two small 
attached masses during the early interaction (left), and around the same shell at the same instant but without 

attached masses (right). 
 
We point out that although the hydrodynamic patterns are noticeably different, the 

structural dynamics is hardly affected at all, as is evident from the time-histories of the normal 
displacements, Figure 6. This observation highlights the importance of the focused analysis of 
the hydrodynamic fields carried out along with the structural analysis when a complete 
understanding of all aspects of the interaction is necessary.  
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Figure 6: Normal displacements of a steel shell with h0/r0=0.03 and no structural enhancements (dashed 

lines) compared to the normal displacements of the same shell with attached masses (solid lines) evaluated at the 
head point (black lines) and the tail point (grey lines). 

4 CONCLUSIONS 
We have proposed a hybrid analytical-numerical methodology for simulating the 

interaction between a structure which has a cylindrical outer shape but arbitrary inner 
complexity. The methodology combines the analytical approach based on the classical 
apparatus of mathematical physics for the fluid domain with the finite-element approach for 
the structural domain, with coupling occurring on the interface at each time step.  

The methodology has been validated using both available semi-analytical solution and 
experimental data, and a good agreement was observed in both cases.  

We then considered a more complex system, namely, a cylindrical shell with two 
attached masses, and demonstrated the capabilities of the model by simulating both the fluid 
and structural dynamics of such a system. In particular, we showed that although the 
structural effect of the attached masses, as manifested in the time-histories of the normal 
displacements, is very insignificant, their effect on the overall hydrodynamic pattern is quite 
pronounced, thus highlighting the necessity of a careful consideration of all aspects of the 
interaction.  
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UMR 7337, Centre de Recherches de Royallieu, CS 60319, 60203 Compiègne Cedex, France
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Abstract. We present the numerical simulation of lid-driven cavity flow with an em-
bedded cylinder by using a modified implicit immersed boundary method. The immersed
boundary method features the non body-conforming mesh merit, which facilitates the
simulation with complex geometry in a flow. The paper compares the numerical solutions
between the modified implicit immersed boundary method with the traditional body-
conforming mesh method as well as the results in the literature, which shows an excellent
agreement.

1 INTRODUCTION

Immersed boundary (IB) method has emerged in recent years as an alternative to
the conventional body-conforming mesh technique [1, 2], demonstrating its advantage to
handle complex rigid or flexible boundaries embedded in a flow [3]. Although meshless
methods have a successful applications [4], they have difficulties of their own. The estab-
lishment of a well body fitted Cartesian mesh generally possess most of the CFD work.
IB method significantly simplifies this procedure and speedup the solution by eliminating
the re-meshing or mesh deforming process. Through adopting an appropriate boundary
force for the presence of immersed structure or solid, the simulation is simply performed
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on a regular Cartesian mesh which can be accomplished by highly efficient solvers. A
recent review of the immersed boundary method can be found in [5, 6].

Ever since introduced by Peskin [7] for the simulation of blood flow in a heart with
flexible valves, IB method has been extended to a great variety of applications, including
civil engineering, aeronautics, hydrodynamics, etc. The original IB method is categorized
as “continuous forcing”in [5] as it is implemented into the Navier-Stokes equations be-
fore discretizated. However, when applied to rigid boundary problems, the original IB
method appeals to a spring with an extremely large stiffness to pull the boundary back
to its equilibrium position [8], which in general gives arise to numerical difficulties. To
overcome this shortness, Mohd-Yusof [9] proposed the direct forcing IB method using a
discrete-time derivation of the forcing value to eliminate the spring, which falls in the
“discrete forcing”group. Later Uhlamnn [10] suggested evaluating the force on the La-
grangian coordinates instead of the Eulerian location, which is much simpler to perform.
Nonetheless, those IB methods are all based on an explicit scheme, the no-slip boundary
condition on the interface is never exactly satisfied even for the steady flow [11]. However
full implicit scheme is too cumbersome to perform, we need to iterate the whole system to
ensure the incompressibility and no-slip boundary condition on the interface in the same
time. In the present study we adopt the modified implicit IB method in [12] for accuracy
and efficiency.

Almost all IB methods are able to deal with elastic and rigid boundaries. However, in
the present work we only focus on the direct forcing IB method with rigid boundaries.
Actually the simulation of lid-driven cavity flow with an embedded rigid cylinder is not a
difficult task for the traditional body-conforming mesh method. One can mesh the domain
with one O-type structured mesh near the cylinder. However the purpose of this paper
is mainly to compare the numerical accuracy between the IB method and the traditional
one.

In the next section, we discuss the governing equations and its numerical solution
by the rotational incremental pressure correction projection method. In the following
the implementation of the modified implicit IB method into the projection method is
recalled. Then numerical results of lid-driven cavity flow with an embedded cylinder
are compared between IB method and traditional method as well as the result in the
literature. Conclusions are drawn in the final section.

2 METHODOLOGY

2.1 Governing equations and projection method

The unsteady viscous incompressible Navier-Stokes equations read

∂ui

∂xi

= 0 (1)

∂ui

∂t
+

∂(uiuj)

∂xj

= −1

ρ

∂p

∂xi

+ ν
∂

∂xj

(
∂ui

∂xj

) (2)
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where ui are the velocity components, p is the pressure, ρ is the fluid density and ν is
the fluid kinematic viscosity. The equations are integrated in time using the rotational
incremental pressure correction projection method of Guermond et al. [13] which is proved
to be second order in time for the velocity fields and has a consistent boundary condition
for the pressure. The projection method consists of three sub-steps: prediction, projection
and correction.

1. Predict an intermediate velocity u∗
i with the pressure value at past time level.

u∗
i − un

i

∆t
+

1

2
[3Cn

i − Cn−1
i ] = −1

ρ

δpn

δxi

+
ν

2
(D∗

i +Dn
i ) (3)

where Ci =
δ(uiuj)

δxj
and Di = ν δ

δxj
( δui

δxj
) represent the convective and diffusive terms,

respectively. The convective term is treated explicitly in time for simplicity by using
a second order Adams-Bashforth scheme, and the diffusive term is discretized with an
implicit Crank-Nicolson scheme to eliminate the viscous stability constraint. Therefore,
the total scheme is only subjected to the standard CFL condition. The diffusion term
is spatially discretized by a second-order central difference operator while the convective
term is treated with the TVD scheme described in [14].

2. Project the tentative velocity u∗
i to its divergence-free part un+1

i , by solving the
pressure Poisson equation in conjunction with the incompressibility constraint.

un+1
i − u∗

i

∆t
= −1

ρ

δφn+1

δxi

(4)

Taking divergence of Eq. (4) and applying Eq. (1), we obtain

1

ρ

δ

δxi

(
δφn+1

δxi

) =
1

∆t

δu∗
i

δxi

(5)

3. Correct or update the velocity and pressure field. Once the pressure correction φn+1

is known, the final pressure and velocity can be updated as

un+1
i = u∗

i −∆t
1

ρ

δφn+1

δxi

(6)

pn+1 = pn + φn+1 − µ

2

δu∗
i

δxi

(7)

where µ is the fluid dynamic viscosity. In Eq. (7) the last term is actually the missing
term due to time splitting when implicit scheme is applied to the viscous term in Eq. (3),
which is now absorbed into the pressure.
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Γb

Ωb

Ωf

Fy

Fx

Γf

fx
fy

Figure 1: Immersed boundary configuration.

2.2 Immersed boundary method implementation

The principal idea of immersed boundary method is to represent the structure or solid
boundary immersed in a fluid by an artificial force. The force is then added to the
momentum equation as a source term to take effect. In fact, how the force is formulated
determines each kind of IB method. In the present work, we choose the modified implicit
IB method in [12], which can be briefed as

1. After the prediction step Eq. (3), interpolate the tentative velocity from the relying
Cartesian mesh (see Fig. 1) to the structure or solid boundary Γb: U∗

i = T (u∗
i ) , where

upper case letter represents the quantities on the Lagrangian locations and T is the field
transfer operator.

2. Evaluate the force on the immersed boundary: Fi = (Ud
i − U∗

i )/∆t , where Ud
i is

the desired velocity boundary condition we want to impose on Γb. Here i is the vector
component index ( i = 1, 2 in 2D, i = 1, 2, 3 in 3D) and not a specific Lagrangian point.

3. Spread the force to the relying mesh: f∗
i = S(F ∗

i ), where S is the spreading operator.
In Fig. 1 the “•”donates the neighbouring points associated with the Lagrangian variable.
The number of points depend on the support width of discrete delta function. In the
present work, Peskin’s 4-point version is employed [8].

δh(r) =




1

8
(3− 2|r|+

√
1 + 4|r| − 4r2), |r| � 1,

1

8
(5− 2|r| −

√
−7 + 12|r| − 4r2), 1 � |r| � 2,

0, otherwise.

(8)

4. Add the force to Eq. (4) to mimic the presence of structure or solid.
5. Solve the pressure correction Eq. (5) with the artificial force and update the velocity

Eq. (6).
Repeat 1-5 until the desired velocity boundary condition is satisfied on these Lagrangian
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points. Noting that the pressure correction equation is solved only once at each iteration
for efficiency, we propose to perform Eq. (5) after the forcing loop to obtain better conver-
gence and then update the velocity and pressure with Eq. (6), (7). In the present paper,
the Krylov iterate solver of conjugate gradient along with the multigrid preconditioner is
applied to solving the pressure Poisson equation.

3 NUMERICAL RESULTS

The flow of lid-driven cavity with an embedded cylinder is investigated in the present
work to assess the accuracy of the improved implicit immersed boundary method. The
length and height of cavity are unity (L = 1). The top wall is moving with a constant
velocity u∞ = 1 while the other three are stationary no slip walls. The cylinder is fixed at
the center of the cavity with a diameter D = 0.4L, as shown in Fig. 2a for the IB method
with uniform mesh arrangement. For comparison, a body-conforming mesh is applied in
Fig. 2b. A fine mesh is used here, where the ratio of cylinder diameter to the mesh size
is D/h = 200 in both cases. The flow pattern is characterized by the Reynolds number
Re = u∞L/ν, which is set to 1000 in the this study.

(a) (b)

Figure 2: (a) Uniform mesh arrangement for the IB method (the embedded cylinder is
represented by the thick dashed line), (b) body-conforming mesh arrangement.

The convergence criteria is set to ||un+1
i − un

i ||2/||un+1
i ||2 < 1.0E − 8 so that the flow

reaches the steady state. Fig. 3 shows the vorticity contour and streamline of the flow
at Re = 1000 for both IB method and traditional body-conforming mesh method, where
the vorticity contour value is varied from -3 to 3 with an increment of 0.4. Fig. 3a, 3c
correspond to the IB method for the vorticity contour and streamline, while Fig. 3b, 3d
are the results from the traditional method for vorticity and streamline respectively. The
numerical simulation presented in this study is very similar to the results of Vanella and
Balaras [15]. Apparently, three vortices emerge: one at the upper right near the cylinder
and two lower at the left and right corners. It is noteworthy that the upper vortex is

5
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(a) (b)

(c) (d)

Figure 3: Vorticity contour and streamline of lid-driven cavity flow with an embedded
cylinder.

generated by the presence of the fixed cylinder. The locations of three vortices center of
both methods are listed in Table 1. The two methods yield nearly the same results.

Table 1: Comparison of vortices center positions

upper right vortex lower left vortex lower right vortex
IB method (0.6946, 0.6872) (0.0790, 0.0721) (0.8856, 0.1061)

Traditional method (0.6906, 0.6872) (0.0791, 0.0721) (0.8849, 0.1063)

The velocity component u at the vertical midline and the velocity component v at the
horizontal midline are plotted in Fig. 4. Since the modified implicit IB method imposes the
no-slip boundary condition on the interface exactly, the velocity profiles of both methods
match very well.
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Figure 4: Comparison of velocity profiles (a) distribution of velocity component u along
vertical midline, (b) distribution of velocity component v along horizontal midline.

4 SUMMARY

We have presented the numerical simulation of the lid-driven cavity flow with an em-
bedded cylinder by the improved implicit immersed boundary method. Comparison has
been made between the IB method, traditional body-conforming mesh method and the
results in the literature. This validation case has demonstrated good agreements for both
methods. Even though the fixed cylinder in the present work is not complex, the IB
method can be easily extended to the flows with more complicated rigid or deforming,
and/or moving geometries. In particular for the fluid-structure interaction problems with
multi-structure in artificial shapes, the traditional body-conforming mesh method be-
comes extremely difficult and time-consuming to ensure the mesh quality especially after
re-meshing. This task with IB method will be included in the future work.
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Abstract. Fluid-structure interaction (FSI) problems occur when a potentially de-
formable solid interact with a surrounding fluid. The flow of the fluid deforms the solid
and/or changes its position thus modifying the geometry of the fluid domain. In this
paper, we present an Arbitrary Lagrangian Eulerian (ALE) formulation of FSI problems
and we present a few numerical examples.

1 INTRODUCTION

Fluid-structure interaction problems occur in various engineering applications and their
numerical simulations is still challenging nowadays. Many difficulties arise and we will
briefly present some of them in this paper. We consider the general case where the flow
of the fluid deforms the solid and changes its position thus modifying the geometry of
the fluid domain. Arbitrary Lagrangian Eulerian (ALE) formulations (see [1]) are fre-
quently used to solve such problems where the solid and the fluid are respectively in
Lagrangian and Eulerian coordinates. One of the major difficulties in ALE description
of fluid-structure interactions is, knowing the displacement of the solid domain, to de-
termine how to update the fluid mesh. If care is not taken, elements adjacent to the
solid boundary can degenerate leading to computational problems and eventually to the
divergence of the solution process. In this paper, we compare moving mesh methods such
as kriging, Laplacian smoothing and displacement methods based on the solution of an
elasticity problem. We consider a number of test problems and comment their respective
performances.
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2 THE COUPLED FSI PROBLEM

2.1 Governing equations

In order to introduce the general non-linear fluid-structure problem, let us consider
a time-dependent domain Ω(t) ⊂ Rd, d = 2 or 3. We assume, for all time t, that
Ω(t) = Ωf (t)∪Ωs(t) and Ωf (t)∩Ωs(t) = ∅, where Ωf (t) is occupied by an incompressible
viscous fluid and Ωf (t) by an elastic solid. The reference (initial) configuration of the
system is defined Ω0 = Ωf0 ∪ Ωs0. The fluid-structure interface at time t is denoted by
Σ(t) = Ωf (t) ∩ Ωs(t) and Σ0 = Ωf0 ∩ Ωs0 on the initial configuration.

For the fluid, since we are dealing with a moving interface, we consider the incompress-
ible Navier-Stokes equations in ALE formulation (see [2]) :




ρf

(
∂vf

∂t
+ (vf − vs�→f ) · ∇vf

)
+∇p−∇ ·

(
2ηγ̇(vf )

)
= rf in Ωf (t)

∇ · vf = 0 in Ωf (t)

vf (x, t) = vs(x, t) on Σ(t),

(1)

where vf (x, t) is the Eulerian velocity field of the fluid. The vector vs�→f (x, t) is the
Eulerian domain (mesh) velocity that will be described later on. As we will see, the
domain velocity is naturally defined in the solid domain and must somehow be extended
to the fluid domain thus the subscript s → f . Note that in general vs�→f (x, t) �= vf (x, t).
The continuity of the fluid and solid velocities is imposed on the interface Σ(t). The system
is completed by initial and boundary conditions on the other parts of the boundary ΓD

f (t)
(Dirichlet) and ΓN

f (t) (Neumann). The complete problem is thus defined (and solved) on
the current geometry Ωf (t).

The motion of the structure is described by the following equations:



ρs0V̇ s −∇ ·
(
Πs(U s)

)
= ρs0rs in Ωs0

U̇ s = V s in Ωs0

(2)

where U s(X, t) and V s(X, t) are respectively the Lagrangian displacement and velocity
fields of the solid, ρs0 its density in the undeformed geometry and rs a given body force
(usually vanishing). The problem is thus written in a total Lagrangian formulation on
Ωs0.

The tensor Πs = Πs(U s) is the first Piola-Kirchhoff tensor (see Bonet [3]) and is
related to the Cauchy stress tensor σs by the relation:

Πs = Jsσs · F−T
s (3)

where F s is the gradient of deformation tensor and Js is the Jacobian of the transformation
from the initial geometry Ωs0 to the current configuration Ωs(t). These quantities come
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out naturally from the solution of problem (2). This problem is also completed with a
proper set of initial and boundary conditions (Dirichlet on ΓD

s and Neumann on ΓN
s ).

From a mechanical point of view, the coupling between the systems (1) and (2) is
realized by imposing the equilibrium of the stresses at the interface:

σs · ns = −σf · nf on Σ(t),

The Cauchy tensor σf comes out of the solution of system (1) and is defined on the
current configuration. System (2) is however solved on the reference configuration. σf

must therefore be transferred on the reference geometry. It is easily seen from (3) and
from the transformation of the normal vectors that the above equilibrium condition on
the deformes geometry becomes:

Πs ·N s = −Js�→fσf · F−T
s�→f ·N f on Σ0. (4)

on the reference geometry. In the above equation, N and n stand for the normal vectors
to the initial and deformed geometries respectively. The equilibrium condition (4) is
added to system (2) as a Neumann boundary condition. Note that Js�→f and F s�→f are
extensions to Ωf0 of similar quantities already defined in Ωs0. Their computation will
require the definition of a Lagrangian displacement in Ωf0. In practice, any reasonable
extension (denoted U s�→f ) of U s|Σ0 over Ωf0 can be used and we will see in Section 3 a
number of ways to achieve that goal. It is however quite natural to impose the continuity
of the displacements at the interface:

U s�→f = U s on Σ0 (5)

The Lagrangian mesh velocity V s�→f in the fluid domain can then be easily obtained from
a finite difference in time. For instance, if an Euler scheme is used, then:

V s�→f (X, t) =
U s�→f (X, t+∆t)−U s�→f (X, t)

∆t
(6)

which, together with (5), imposes the continuity of the velocities on the interface.
We therefore suppose that we have defined an extension U s�→f of the mesh displacement

in Ωf0 from which we can evaluate Js�→f and F s�→f . As a consequence, the current
configuration of the fluid domain, Ωf (t), is parametrized by:

Ωf (t) = Ωf0 +U s�→f (Ωf0) (7)

In other terms, each node X of the initial fluid domain has a corresponding node x in
the deformed configuration satisfying:

x = X +U s�→f (X, t)

In this way, we can follow each node of the fluid mesh. Consequently, the Eulerian
domain velocity vs�→f at node x satisfies:

vs�→f (x, t) = V s�→f (X, t) (8)

and will be used in System (1).
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3 MESH-UPDATE PROCEDURES

We propose in this section different constructions of the extension U s�→f . The main
difficulty is to avoid the occurrence of overly distorted elements. Once U s�→f has been
constructed, quantities such as Js�→f and F s�→f are easily computed. The mesh velocity
is then obtained from (6) and (8). The update of the mesh is thus a crucial step.

3.1 Laplacian smoothing

Laplacian smoothing is a classical method for updating meshes (see [4]). The following
problem is solved separately for each component of the displacement.





−∆U s�→f = 0 in Ωf0,

U s�→f = U s on Σ0,

U s�→f = 0 on ∂Ωf0\Σ0,

(9)

3.2 Elasticity model

Another possibility (see [5]) is to solve the small deformation elasticity system:



−∇ ·
[
2µγ(U s�→f )−

2µ

3
(∇ ·U s�→f )I

]
+∇p = 0

−1

k
p−∇ ·U s�→f = 0

U s�→f = U s on Σ0,

U s�→f · n = 0 on ∂Ωf0\Σ0,

(10)

where λ and k (bulk modulus) are obtained from the Poisson coefficient ν and Young’s
modulus E as

k =
E

3(1− 2ν)
and µ =

E

2(1 + ν)

This problem cannot be solved component per component. It is thus more expensive that
the Laplacian smoothing. The value of the Poisson coefficient ν can be chosen close to
0.5 in order to preserve the area (volume) of the elements.

Note also that the last boundary condition allows slip on the boundary nodes which,
in some instances, prevents the distortion of elements close to the boundary. It can also
be imposed for the Laplacian smoothing if one is ready to solve all the components at the
same time.
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3.3 Kriging method

Kriging is an interpolation method first introduced by Krige [6] in geostatistics. The
displacement is defined as

U s�→f (X, t) =
n∑

j=1

αjg(|X −Xj|) + a0 + a1X1 + a2X2 + a3X3

where the coefficients αj and aj have to be determined so that

U s�→f (Xj, t) = U s(Xj, t) j = 1, 2, · · · , n

and to satisfy non-bias conditions (see also Matheron [7]). The function g must be carefully
chosen and in this work,

g(h) =

{
h2 lnh for 2D problems
h for 3D problems

corresponding to a thin shell approximation. It is easily seen that kriging requires the
solution of a dense matrix which is still reasonable for two-dimensional applications but
quickly becomes prohibitive for three-dimensional ones. More details can be found in
Olivier [8]. This approach is also known as the radial basis function interpolation method
(see [9]).

3.4 Parabolic smoothing

We propose a slightly modified version of the Laplacian smoothing.


k0U s�→f −∆U s�→f = 0 in Ωf0,

U s�→f = U s on Σ0,

U s�→f = 0 on ∂Ωf0\Σ0,

(11)

where k0 is a constant coefficient chosen large (k0 � 500). In the various two and three-
dimensional applications we have considered so far, this is the most robust and the most
effective method. Here again, it can be computed for each component separately and
very efficient iterative methods exist for this kind of problems so that its solution is not
a major issue in terms of computational cost.

4 SOLUTION STRATEGY

The following algorithm is used to solve the global FSI problem. For each time step:

1. Solve the Navier-Stokes equations (1) to obtain the velocity vf , the pressure and
the Cauchy stress tensor σf . A mixed formulation (velocity-pressure) is used with
a quadratic (O(h2)) Taylor-Hood P2 − P1 element [10]. The system is solved using
a very efficient projection method described in [11].

5
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2. Computation of the right-hand side of (4) and its reinterpolation on the solid side
of the interface Σ0. Note that the meshes in the fluid and solid domains may be
non conforming on Σ0.

3. Solve system (2) to get the solid displacement U s and velocity V s. A quadratic
P2 element is used for that purpose. Note that a mixed formulation (displacement-
pressure) can also be used for incompressible material.

4. Computation of the mesh displacement U s�→f of the fluid domain from the solid
displacement field U s using one of the methods described in Section 3;

5. Update the fluid domain using (7).

6. Compute the mesh velocity V s�→f from equation (6) from which we deduce vs�→f .

7. Go back to step 1. if the solution is not converged. Convergence is explicitly verified
on each variable of the problem. The norm of the corrections must be smaller than
10−8 for all variables before we go to the next time step.

5 NUMERICAL EXAMPLES

We present a numerical example proposed by Turek et Hron [12]. An elastic bar
is attached behind a circular cylinder. The vortex shedding behind the cylinder will
provoque oscillations of the flexible structure. The geometry is described in the following
figure.

H

L

�

h

The same dimensions as in [12] were used: H = 0.41m, L = 2.5m, h = 0.02m, and
l = 0.35m. The cylinder (with radius 0.05m) is centered at (0.2, 0.2). A parabolic velocity
profile is imposed at the inlet of the fluid domain as in [12]. The fluid is Newtonian and
the solid is modelled using a Saint-Venant-Kirchhoff hyperelastic model

Πs = F s (λs(tr E)I + 2µsE)

where E = F tF−I
2

is the Green-Lagrange tensor. The parameters for the problem are:

6
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Parameters for the solid Values
Density ρs [kg · m−3] 104

Lamé coefficient λs [Pa] 2.0× 106

Shear modulus µs [Pa] 0.5× 106

Parameters for the fluid Valeurs
Density ρf [kg · m−3] 103

Kinematic viscosity νf [m2 · s−1] 10−3

Reynold’s number Re 100

As an illustration of the displacement methods described in section 3, we present the
fluid meshes obtained after a rigid rotation of π/8 of the structure. Fig. 1 presents the
different meshes near the tip of the structure where the displacement is the largest. As
can be easily observed, all meshes contain reversed and unusable elements except for the
parabolic smoothing method.

Harmonic smoothing Elasticity equations

Kriging method Parabolic smoothing

Figure 1: Mesh displacement

Using thus the parabolic smoothing method, we have successfully solved Turek’s bench-
mark problem. We have been able to reproduce accurately the amplitude end frequency
of the displacement of the tip of the structure. Figure 2 shows the velocity field and the
position of the structure at three time steps. Note that the kriging method can also be
used for the update od the fluid domain. The Laplacian smoothing and the elasticity
equations led to reversed elements. Other examples will be presented at the conference
including 3D problems.

6 CONCLUSIONS

We have presented in this paper an ALE formulation for fluid-structure interaction
problems. In the long term, we are interested in the numerical modeling on aquaplaning
which is a major issue in the tyre industry.
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Figure 2: Velocity field and position of the structure
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Abstract. Accurate prediction of hydrodynamic forces opposing a ship displacement in
restricted waterways is necessary in order to improve energy efficiency of inland transport.
When a ship moves in restricted waterways, a significant increase in ship squat (combina-
tion of sinkage and trim) and resistance occurs compared to a movement in open waters.
In this paper, a 3D numerical model based on fluid-structure coupling is presented and
used to investigate the effect of limited water depth and channel width on ship resistance
and squat.

1 INTRODUCTION

When a ship moves in restricted waterways the water in front of its bow is pushed away
creating an increase in pressure and a void appears behind the stern creating a decrease
in pressure. Due to the reduction of the section where the water can flow, the flow around
the ship is also accelerated. The increase in the water speed under the ship causes a
decrease in pressure and as a result, a vertical force is applied on the ship making it drop
vertically down in the water. The uneven pressure distribution along the ship hull creates
a moment along the transverse axis which leads the ship to trim by the bow or the stern.
These phenomena have a direct impact on ship resistance: the acceleration of the flow
around the hull of the ship causes an increase of friction and ship sinkage increases the
quantity of water that the ship needs to push in order to move forward.

In the past, ship resistance in open waters has been studied in towing tank with ship
models. The results of those studies have been used to develop empirical models for open
waters [1]. However, over the past few years, with the increase in computing power and
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development of new numerical methods, there has been a growing interest in Computa-
tional Fluid Dynamics (CFD) techniques and its application to ship hydrodynamic and
open water ship resistance. Stern et al. [2] reviewed the progress made over the last
ten year in CFD applied to ship hydrodynamics and The Gothenburg 2010 Workshop on
Numerical Hydrodynamics [3] gathered the results of 33 groups on 18 cases and concluded
that the mean error for all computed resistance cases was practically zero.

In shallow and restricted water, near Schijf-limiting speed [4], squat effects become
significant and ship resistance increases dramatically [5]. Briggs et al. [6] reviewed PIANC
empirical formulas for predicting squat in canals and in restricted and open channels. Ship
squat has also been studied with numerical methods often based on Boundary Elemement
Method [7], Tucks theory [8], CFD [9] and mathematical models [10]. However, most of
these methods do not model ship sinkage and as result the flow modification induced by
the squat phenomenon is not accounted for. Some empirical model have been developed
in order to predict ship resistance in shallow water [11] and restricted waterways [12].
These methods use the open water formulas with a correcting factor for ship’s speed. Few
numerical studies of ship resistance in shallow water and even less in restricted waters have
been done. Most of them are based on the resolution of the Reynolds Averaged Navier-
Stokes (RANS) equations associated with a phase transport model (Volume Of Fluid
method, Level-Set) [13]. To the knowledge of the author, none of those studies include
ship squat effect on the resistance. In general, ship resistance and ship squat are studied
separately. On one hand, numerical models predicting ship squat solve non-viscous fluid
equations (Euler) and thus cannot evaluate ship resistance; on the other hand, numerical
ship resistance models do not take ship squat into account in their calculations. Therefore,
this study aims to develop a ship resistance prediction model allowing to take ship squat
and viscous effects into account.

2 THEORETICAL APPROACH

2.1 Fluid equations

The fluid is considered incompressible. The governing equations for the viscous free
surface flow problem are the RANS equations:

∂ui

∂xi

= 0 (1)

∂ρui

∂t
+

∂

∂xj

(ρuiuj) =
∂p

∂xi

+
∂

∂xj

(µ
∂ui

∂xj

− ρu′

iu
′

j) (2)

where xi is the ith (i=1,2,3) component of the fixed coordinate system, ρ is the fluid
density, ui and p are the mean velocity and pressure, µ is the fluid dynamic viscosity and
−ρu′

iu
′

j is the Reynolds stress. To solve the closure problem, the SST κ − ω turbulence
model has been used.
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2.2 Solid equations

The ship’s hull is modelled as a rigid body. The movement of the ship is governed by
the rigid body equations of motion written at the body’s centre of mass:

m−→aG =
∑−→

F (3)

d

dt
(IG · −→ωG) =

∑−→
MG (4)

where m is the mass of the body, −→aG is the body acceleration,
∑−→

F is the sum of the

external forces, IG is the moment of inertia tensor, −→ωG is the angular velocity and
∑−→

MG

is the sum of the applied torques.

3 NUMERICAL SOLUTION

3.1 Fluid equations

(a)

(b)

(c)

Figure 1: Geometric domain and associated mesh: (a) computational domain with boundaries, (b)
meshed domain with higher density on free surface and around ship hull, (c) box with unstructured and
boundary layer mesh

Fluid equations (eqs. (1) and (2)) are solved by using Ansys Fluent CFD code. This
solver uses finite volume method to discretise the domain into a finite set of control
volumes on which the general conservation (transport) equations are solved. The pressure-
velocity coupling is solved by using the SIMPLE algorithm. The VOF method is used

3

1149



F. LINDE, A. OUAHSINE, N. HUYBRECHTS and P. SERGENT

in order to simulate the free surface and ship waves [14, 15]. The 2nd order Upwind
scheme is used for the dicretization of the convective terms. Pressure conditions were
specified at the open boundaries (inlet and outlet); wall conditions with no slip were used
for the bottom, the side and the ship hull; and symmetry conditions were set for the
symmetry plane and the top. A structured-unstructured hybrid mesh consisting of about
1.3 millions cell was generated for the whole domain. Structured elements are used on
the whole domain except around the hull where an unstructured mesh was generated in
order to remesh the domain during the actualisation of the ship position. A prismatic
boundary layer mesh has also been used around the ship hull. Figure 1 below shows the
geometric domain and associated mesh.

3.2 Solid equations

In order to find the ship equilibrium position, the rigid body motion equations (eqs. (3)
and (4)) are usually solved in time until the body reach equilibrium. As a result, this
method requires to model the transient state and ship oscillations around the hull. How-
ever, this study only takes interest in the equilibrium position and steady state. Moreover,
here, only ship sinkage is modelled. Therefore, the equilibrium position is defined as fol-
lows:

Fz = (
−→
P +

−→
Ff ) ·

−→ez = (

∫∫

S

σ · −→n dS −m−→g ) · −→ez = 0 (5)

where Fz is the projection of forces on −→ez axis, m is the mass of the ship, −→g is the

gravitational acceleration,
−→
Ff is the force from the fluid acting on the hull of the shp

which can be decomposed as viscous and pressure forces, σ = τ − pI is the stress tensor,
τ is the shear stress, p is the pressure, I is the identity matrix, −→n is the normal vector to
the ship’s hull and S is the wetted surface of the ship’s hull. Newton’s method was used in
order to solve this nonlinear equation. Let zN be the vertical position of the gravity center
and Fz(z

N) the sum of the vertical forces at the N th iteration of the Newton algorithm.
The iteration of the algorithm is given by:

zN+1 = zN −
Fz(z

N)

F ′

z(z
N)

(6)

As there is no analytical expression for Fz, its derivative is calculated using finite differ-
ence.

3.3 Fluid-structure interaction (FSI)

The coupling between fluid and solid models is as follows: solving the fluid equations
allows to evaluate the forces acting on the hull, which are then used as an input in order
to iterate Newton’s method and calculate the displacement of the ship; and finally the
fluid equations are solved again. This iterative process is presented in fig. 2.
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Fluid model
(RANS)

Solid model
(Rigid body)

Fluid forcesPosition

Figure 2: Fluid-structure interac-
tion

Initial position

Derivative calculation

Position actualisation

Forces equilibrium?

Equilibrium position

yes

no

Figure 3: Numerical resolution process

As the derivative of Fz is calculated by finite difference, it is necessary to evaluate
the forces at two positions: zN and zN + dz0, where dz0 is a small increment of the
vertical position. Moreover, after each actualisation of the position, the solution of the
fluid problem is disturbed and n iterative resolutions of the fluid equations are required to
reach a new stable solution and change the ship’s position again. As a result, calculating
the derivative of the forces can be time consuming and in order to make the calculations
faster, a quasi-Newton method has been used, where the derivative is calculated only
once and kept constant during all the iterative process. A study comparing the speed
convergence of the two methods has been carried out and it has been shown that the
quasi-Newton method converges faster but it needs more iterations N compared to the
Newton algorithm. Figure 3 describes the numerical resolution process.

4 EXPERIMENTAL DATA

In 2013, in collaboration with the University of Liege (Belgium), an experimental work
was carried out at the ANAST towing tank in order to validate the numerical model. In
these experiments a 135 m (full size) inland vessel was used at 1/25 scale. A wide range
of parameters were tested such as channel width (W), channel depth (H) and ship draft
(T). The boat was free to sink and trim and forces and moments acting on the ship as
well as sinkage and trim were recorded.

In this paper, the effect of limited water depth and channel width on ship resistance
and squat is investigated. According to ITTC87 [16], some of the parameters to consider
in order to estimate the nature and level of restriction for waterways are:
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• water depth to draught ratio H
T
, if H

T
<

4, there is an influence of the bottom
on the flow around the hull;

• water width to ship breadth (B) ratio
W
B
, if W

B
< 4, the flow around the hull

changes;

• canal section (AC) to midship section
(AB)

AC

AB
ratio, a general restriction of

the waterway starts when AC

AB
< 15.

TH

W

B

Ship

Figure 4: Schematic representation of the
model and waterway geometric parameters

Table 1 sums up the different configurations for which the experimental data were
compared to the numerical results as well as the values for the restriction parameters
described above.

Table 1: Modelled configurations and corresponding parameters

Conf. H [m] T [m] W [m] H

T
[-] W

B
[-] A

C

A
B

[-] V [m/s] VL [m/s]

C1 0.18 0.10 0.72 1.80 1.58 4.26 0.11-0.51 0.58
C2 0.18 0.10 1.44 1.80 3.16 7.11 0.22-0.56 0.74
C3 0.18 0.10 2.88 1.80 6.32 12.79 0.33-0.67 0.88
C4 0.24 0.10 2.88 2.40 6.32 17.68 0.44-0.89 1.10
C5 0.18 0.04 2.88 4.50 6.32 31.97 0.44-0.89 1.04

VL=Schijf limiting speed [4]

5 RESULTS AND DISCUSSION

5.1 Mesh convergence study

A grid convergence study was carried out for the configuration 3 using a fine grid and
coarsening it two times by a factor

√
2 in all directions. Table 2 shows the number of

elements as well as the change in drag (CD) and lift (CL) coefficients.

Table 2: Dependence of drag (CD) and lift (CL) coefficients on grid density (configuration 3, V=0.67
m/s)

Grid No. Elements CD [-] CL [-] C
D

C
Dfine

[%] C
L

C
Lfine

[%]

Coarse 0.34 M 0.310 2.847 106.07 99.53
Medium 0.85 M 0.296 2.856 101.31 99.85
Fine 2.23 M 0.293 2.860 100 100
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Table 2 shows that the grid sensitivity between the medium and fine grid is very
limited : the change for the lift coefficient is less than 1% and around 1.3% for the drag
coefficient. As a result, an intermediate grid between the medium and fine grid was chosen
to maintain an affordable computational cost. This grid was generated by keeping similar
mesh parameters outside the ship box and increasing mesh density inside ship box which
resulted in 1.3 M elements.

5.2 Quasi-Newton algorithm convergence

Figure 5 below illustrates the convergence of the quasi-Newton algorithm for configu-
ration 3 at speed V = 0.57 m/s.

0 1 2 3 4 5 6

Quasi-Newton algorithm number of iterations N

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

∆
Z
(m

m
)

(a)

0 1 2 3 4 5 6

Quasi-Newton algorithm number of iterations N

−30

−25

−20

−15

−10

−5

0
F
Z

(N
)

(b)

Figure 5: Quasi-Newton algorithm convergence for configuration 1 at speed V = 0.57 m/s : change in
(a) ship sinkage ∆Z and (b) vertical forces FZ

In this case, the equilibrium position is reached after 5 iterations of the algorithm.
The stopping criteria is set for FZ < 0.5 N and in order to prevent any remeshing error
(negative volume) the maximum displacement is set to 1mm. It is worth noticing that
this algorithm can easily be extended to two degrees of freedom (in order to take trim
into account for instance) by introducing the Jacobian matrix. Linde et al. (2014) [17]
studied the influence of taking sinkage into account on the numerical results but in the
experiments carried out at the University of Liege, the trim angle was so low that it had
no impact on ship resistance and ship sinkage was the predominant factor. As a result,
only ship sinkage is modelled in this study.

5.3 Restricted-water effect and comparison with experimental data

Figure 6 compares numerical results with experimental data for the 5 configurations
listed in table 2.
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Figure 6: Restricted-water effect: comparison between numerical (full line with filled markers) and
experimental (dashed line with empty markers) results for conf. 1-5. Change in (a) ship resistance RT

and (b) ship sinkage ∆Z against ship speed V .

From fig. 6, it can be seen that as restriction increases (i.e AC

AB
ratio decreases - C5 to

C1) ship resistance and sinkage increase. For instance, for V = 0.44 m/s, ship resistance
and sinkage in configuration 1 are respectively 1.9 and 4.7 times higher than in config-
uration 4. The comparison between numerical and experimental results shows that for
ship speed up to 0.7 m/s the predicted resistance is in a very good agreement with the
experimental data. For ship sinkage, the numerical results show the same trend as the
experiment however, there seems to be an offset. This could be explained by the potential
error made when measuring the initial draft during the experiment as the uncertainty on
the measure is ± 1 mm. For the ship speed of 0.9 m/s the numerical model overesti-
mates the sinkage and underestimate the resistance. It is possible that for this speed the
model is not able to reproduce correctly the pressure field around the ship hull therefore
underestimating vertical and horizontal pressure forces. This prediction error is currently
under investigation. So far, the influence of parameters such as mesh density, boundary
conditions or turbulence model have been tested, but none of them had an impact on the
error.
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5.4 Influence of ship sinkage on the resistance prediction error

Figure 7 shows the predicted resistance with sinkage without sinkage as well as the
experimental data for configuration 1,2 and 3.

0.1 0.2 0.3 0.4 0.5 0.6 0.7

Ship speed V [m/s]
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T
[N

]

C1 C2 C3

Figure 7: Comparison between the predicted resistance with sinkage (dashed line, empty markers)
and without sinkage (dotted line, empty markers) as well as the experimental data (full line with filled
markers) for configuration 1,2 and 3.

Figure 7 shows that up to a speed of 0.33 m/s, the predicted resistance with or without
sinkage does not differ much. However, above that speed, there is a gap between the mea-
sured data and predicted resistance without sinkage; meanwhile the plot of the resistance
with sinkage remains very close to the experimental data. This observation is sustained
by the calculated prediction error: the error with sinkage is almost always smaller than
that without sinkage. Moreover, for those three configurations, the maximum error is 6.3
% with sinkage whereas it reaches 18.4 % without sinkage. Moreover, the calculated in-
crease in ship resistance due to ship sinkage can be very significant: it reaches a maximum
value of 18% for configuration 1 at 0.51 m/s. It can also be seen that the prediction error
without sinkage significantly increases with the speed and the restriction of the water,
which is not the case for the predicted resistance with sinkage. Those facts highlight
the significance of taking ship sinkage into account in order to accurately predict ship
resistance in restricted waterways.

5.5 Influence of restriction parameters on ship resistance increase

In order to study if the depth restriction (H
T
) or the width restriction (W

B
) has more

effect on resistance, two sets of simulations were carried out. Starting from a reference
configuration with a rectangular channel, in one case the water depth was decreased while
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the channel width remained constant, and the opposite was done in the other case. The
increase in ship resistance is then compared with the reference resistance RTref calculated
for the initial configuration. The use of a rectangular channel ensures the similarity of
the definition of the two ratio and the reference configuration was chosen so that both
have the same value (H

T
= W

B
= 5, equal restriction). For this study, the ship described in

section 4 was used, the draught remained constant and two speeds were tested (0.4 m/s
and 0.6 m/s). The two set-ups are described in table 3 and illustrated in fig. 8.

Table 3: Modelled set-ups used to study the in-
fluence of restriction parameters

Setup H [m] W [m] H

T
[-] W

B
[-]

Ref 0.5 2.28 5 5
S1 0.15-0.4 2.28 1.5-4 5
S2 0.5 0.68-1.82 5 1.5-4

T0

H

W
B0

Ship

T0H

W
B0

Ship

Decrease of water depth

T0

H

W
B0

Ship

Ref - H/T=W/B=5

Setup 1 -  Water depth restriction

Decrease of 
channel width

Setup 2 -  Channel width restriction

Figure 8: Illustration of the two tested set-ups
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Figure 9: Evolution of (a) ship resistance, (b) ship sinkage and (c) increase of ship resistance against
restriction parameter X (X = H

T
for set-up 1 (full line with filled markers) and X = W

B
for set-up 2

(dashed line with empty markers)
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Figure 9 shows the evolution of ship resistance (fig. 9 (a)) and ship sinkage (fig. 9 (b))

as well as the increase in ship resistance
RT (X)−RTref

RTref
(fig. 9 (c)) due to depth restriction

in set-up 1 and channel width restriction in set-up 2. Figure 9 (a) and fig. 9 (b) show
that significant differences in ship resistance and sinkage between the water depth and
channel width restriction begin to appear when the restriction parameter is inferior to 3.
This difference also increases with the increase in ship velocity. It can also be seen that
for a given speed, the resistance and sinkage start to rise for a value of the restriction
parameter below 4, which is in agreement with the findings of the ITTC87 mentioned in
section 4. It is clear from fig. 9 (c) that water depth restriction has more influence on ship
resistance increase than channel width restriction: for the 0.6 m/s velocity, the increase
amounts to 84 % for H

T
= 1.5 against 39 % for W

B
= 1.5. This can be explained by the

fact that ship sinkage is less sensitive to vertical restriction than horizontal restriction.
Indeed, under the hull, the increase of flow velocity and the pressure drop will be less
impacted by a decrease of channel width than a decrease of water depth.

6 CONCLUSIONS

The numerical model presented in this article allows to calculate ship resistance in
restricted waterways by taking ship sinkage into account. The use of a Newtonian method
in order to find the equilibrium position allows to skip the transient state. Moreover, this
method can easily be extended to two degrees of freedom by using a Jacobian matrix. The
comparison with experimental data has shown that predicted resistance and sinkage were
in good agreement for velocities below 0.7 m/s but discrepancies appeared for the highest
tested velocity (0.9 m/s). Taking ship sinkage into account allowed to significantly reduce
the prediction error. Finally, the model was used to study the influence of channel width
and water depth restriction. The results showed that in the case of water depth restriction,
ship sinkage was more significant which resulted in higher ship resistance increase.
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Abstract. The vortex-induced vibration phenomenon can occur as a result of the action of 

wind on bridges, slender buildings, chimneys and energy transmission cables besides the 

action of water flow on pipelines and risers, among others. Despite the simplicity of the 

geometry of the circular cylinders, the uniform flow around them is very complex and 

important, since it may induce unsteady forces on structures associated with vortex shedding. 

This paper describes the study of two circular cylinders in tandem arrangement subject to bi-

dimensional uniform laminar flows at low Reynolds numbers. The numerical model Ifeinco, 

which is based on the finite element method and uses a partitioned scheme that considers two-

way interaction of fluid flow and structure, has been employed in the analysis. The fluid flow 

model uses a semi-implicit two-step Taylor-Galerkin method to discretize the Navier-Stokes 

equations whereas the arbitrary Lagrangean-Eulerian formulation to follow the cylinder 

motion. This movement has been described by the one DOF dynamic equation for the 

transverse direction discretized in time by the implicit Newmark method. Both cylinders are 

immersed in water and the downstream one is elastically mounted in transversal direction. 

Firstly, stationary cylinders in tandem arrangement for Re = 100 are analysed for L/D from 

1.5 to 6.0. Results of lift and drag coefficients and Strouhal number are compared with other 

numerical results and good agreement is found. These analyses show that the vortex shedding 

occurs for both cylinders for gaps L/D > 4.0 and the wake behind the downstream cylinder is 

formed by the combination of vortex shed of both cylinders. Secondly, numerical simulations 

considering downstream elastically mounted cylinder for L/D = 5.25 are analysed for 

Reynolds numbers ranging from 100 to 140. It shows that the resonance occurred for 

Reynolds numbers between 115 and 120, unlike the range obtained for a single cylinder, from 

102 to 113, submitted to the same conditions. Furthermore, the maximum dimensionless 

amplitude of oscillation is 0.721 for Re = 118, which is much higher than the one of the single 

cylinder (0.422 for Re = 103). The interaction between cylinders changes the Strouhal number 

in relation to the one of the single cylinder; because of this, there are differences between the 

lock-in regions. 
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1 INTRODUCTION 

The vortex-induced vibration phenomenon can occur as a result of the action of wind on 

bridges, slender buildings, chimneys and energy transmission cables besides the action of 

water flow on pipelines and risers. The wake around circular cylinders due to a uniform flow 

leads to several complex phenomena. Despite the simplicity of geometry, the flow around 

cylinders requires deep studies, since it may induce unsteady forces on structures associated 

with vortex shedding. 

This phenomenon, which appears in many practical situations of different bluff body 

arrangements, has its complexity increased due to the wake interference among circular 

cylinders. Several interference regimes have been classified, according to the Reynolds 

number and distance between cylinders, based on experimental studies, such as Igarashi’s [1], 

Zdravkovich’s [2,3] and Sumner et al.’s [4]. Considering tandem arrangement of circular 

cylinders [1,5], a critical distance, Lc, between both cylinders is identified (L/D  4, where L 

is the center to center distance between cylinders and D is the diameter) in which 

discontinuity of the flow behavior and vortex shedding occur. For shorter distances (L < Lc), 

the mean drag of the downstream cylinder is small and negative. For longer distances (L > 

Lc), fluctuating lift and drag forces of the downstream cylinder become higher than the 

upstream ones. 

Researchers, such as Zdravkovich [6], Brika and Laneville [7], investigated experimentally 

the flow induced oscillations of two interfering circular cylinders considering different 

arrangements and distances between them. The authors observed that the vortex induced 

oscillations are strongly dependent on the arrangement of cylinders and the gap between 

cylinders. Assi et al. [8], Okajima et al. [9] and Huera-Huarte and Gharib [10] analyzed 

experimentally the flow induced oscillations specifically for tandem arrangements. 

Other researchers, such as Li et al. [11], Slaouti and Stanby [12], Mittal et al. [13], 

Meneghini et al. [14], Sharman et al. [15], Carmo [16], Carmo and Meneghini [17], studied 

several parameters of the flow for different arrangements between cylinders based on 

numerical simulations. Some numerical analyses (Carmo et al. [18], Mittal and Kumar [19], 

Papaioannou et al. [20]) have been developed for the study of fluid-structure interaction in 

tandem arrangements of circular cylinders considering two-dimensional cases at different 

Reynolds numbers, by using vortex discrete method, finite volume method and spectral 

element method. 

This paper describes the study of two circular cylinders in tandem arrangement subject to 

bi-dimensional uniform laminar flows at low Reynolds numbers (from 90 to 140). Firstly, 

stationary cylinders in tandem arrangement for Re = 100 are analysed for L/D from 1.5 to 6.0. 

Afterwards, cases with center to center distance between cylinders equal to 5.25D for both 

fixed cylinders and for fixed upstream cylinder and a downstream one elastically mounted in 

transversal direction are analysed. The numerical model Ifeinco [21] which is based on the 

finite element method and uses a partitioned scheme that considers two-way interaction of 

fluid flow and structure is employed for the analysis. 

2 IFEINCO MODEL 

The numerical model Ifeinco is based on a partitioned scheme, in which the fluid flow and 

1160



Paulo R.F. Teixeira and Eric Didier. 

 3

the structure are solved in two-way interaction. Basically, updating the variables of the flow 

consists of following steps [22]: 

a) Calculate non-corrected momentum per volume Ui

~
at t+t/2, where the pressure term is 

at t instant, according to Eq. (1). 
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where p is the pressure, wi are the velocity components of the reference system, ij is the 

viscous stress tensor, v iiU ρ= , ( ) Uf ijijij vvv == ρ  (i, j = 1, 2),  is the specific mass and vi 

are the velocity components. 

b) Update the pressure p at t+t, given by the Poisson equation: 
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c) Correct the velocity at t+t/2, adding the pressure variation term from t to t+t/2, 

according to the equation: 
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d) Calculate the velocity at t+t using variables updated in the previous steps as follows: 
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The classical Galerkin weighted residual method is applied to the space discretization of 

Eq. (1), (2), (3) and (4), and a triangular element is employed. In the variables at t+t/2 

instant, a constant shape function is used, and in the variables at t and t+t, a linear shape 

function is employed [21].  

The Poisson equation, which is a result of spatial discretization of Eq. (2), is solved by 

employing the conjugate gradient method with a diagonal preconditioning [23]. Spatially 

discretized Equation (4) is explicitly solved by the iterative process using the lumped 

matrix [24]. 

 The mesh velocity transversal component w2 is computed to diminish element distortions, 

keeping prescribed velocities on moving and stationary boundary surfaces. The mesh 

movement algorithm adopted in this paper uses a smoothing procedure for the velocities 

based on these boundary lines [21]. 

 In order to update the rigid body motion of the structure, it is necessary to calculate 

displacements and rotations of a hypothetical concentrated mass at its gravity center. In this 

case study, there is only movement in transverse direction (one degree of freedom – DOF) 

and, consequently, displacement, velocity and acceleration in this direction are the variables 

to be determined at each time step. To update the variables of the structure, the rigid motion 
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of the cylinder is calculated at each instant, after the variables of the flow (pressure and 

viscous stress) are known. For this case study, one DOF dynamic equation is considered for 

the transverse direction, as follows: 

                                                              Fkyycym =++       (8) 

where y , y  and y are the transverse acceleration, velocity and displacement, respectively; m is 

the mass; c is the damping coefficient; k is the stiffness; and F is the dynamic force. In Ifeinco 

code, Eq. (8) is discretized in time by using the implicit Newmark method [25]. 

3 NUMERICAL SIMULATION 

Both cylinders, which are immersed in water, have diameters D = 0.0016 m and their 

center to center distance between cylinder is equal to L (Fig. 1). In cases when the 

downstream cylinder (mass m = 0.2979 kg) is considered elastically mounted in transversal 

direction, the spring stiffness, k, is equal to 579 N/m, resulting in a natural frequency of fn = 

7.016 Hz while the damping coefficient, c, is equal to 0.0325 kg/s, its correspondent damper 

ratio is ζ = c / 2mωn = 0.0012, where ωn is the angular frequency, and the mass ratio (M = 

m/ρD
2
, where ρ is the specific mass of fluid) is equal to 166 [26]. Constant velocity (U) is 

imposed on the inlet boundary whereas, on the lateral boundaries (far from cylinders), a slide 

condition is imposed; the outlet boundary is free exit, but null pressure is imposed on its 

center.  

The computational domain consists of a rectangle whose sides have the minimum distance 

from the cylinders of 100D. The cylinder boundary is discretized in 200 segments and the size 

of the first element around the cylinders is 0.016D, totalizing from 228000 to 252000 nodes 

and from 455000 to 505000 triangular elements, depending on the distance between both 

cylinders. The time step is between 6x10
-5

 s and 8.5x10
-5

 s, according to the Reynolds number 

[27]. 

 

Figure 1: Sketch of the case study 

3.1 Stationary upstream and downstream cylinders 

In this section, stationary cylinders in tandem arrangement for Reynolds number, Re, equal 

to 100 (Re = ρ U D/µ, where µ is the viscosity) are analysed for L/D from 1.5 to 6.0. Results 

are compared with other numerical ones presented by Didier [5] and Sharman et al. [15]. 

Figure 2 shows Strouhal numbers (St = f D/U, where f is the vortex shedding frequency) 

for L/D from 1.5 to 6.0. Ifeinco results had good agreement with those obtained by other 

authors. Figure 2 indicates the strong influence of the cylinder distances on the Strouhal 
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number, which experiments an abrupt variation at L/D around 4.0 and increases almost 30% 

from L/D = 3.5 to 4.0. The Strouhal numbers are lower than 0.1641, which is the value 

obtained by Ifeinco for a single cylinder, but the more the distance between both cylinders 

increases (diminishing the interference between them), the closer the Strouhal number gets to 

that value.   

The distance between cylinders of 4.0 D, in which an abrupt variation in the Strouhal 

number occurs, is named the critical spacing (Lc). Different flow behaviors are observed 

when cases with distances shorter and longer than Lc are compared. The analysis of the 

streamlines for L/D = 2.0 (L < Lc) and 4.0 (L > Lc), shown in Fig. 5, explains these 

differences. For L/D = 2.0, the wake off the upstream cylinder reattaches to the downstream 

one and a symmetrical flow pattern occurs between both cylinders. Moreover, long vortices 

are shed off the downstream cylinder, a fact that results in the lower Strouhal number. For 

L/D = 4.0, vortices are also shed off the upstream cylinder; it moves the reattachment point 

and energizes the fluid that flows completely around the downstream cylinder.  

Figures 3 and 4 show the root mean square lift (CLrms) and the mean drag (CDmean) 

coefficients for different cylinder distances, respectively. The critical spacing (Lc) is clear in 

both figures and the lower values of CLrms and CDmean before Lc have been explained by the 

flow behavior shown in Fig. 5. Cases in which L > Lc, the interference between cylinders 

provides values of CLrms higher than those obtained by Ifeinco for the single cylinder (0.2268), 

considering the same Reynolds number. It occurs with more intensity for the downstream 

cylinder that is subject to the shed of the upstream one. Figure 4 shows that the mean drag of 

downstream cylinder is negative for smaller spacing, i.e., this cylinder is pushed forwards by 

the fluids. From that moment on, the more the distance between both cylinders increases, the 

more the mean drag slowly increases to small positive values and then varies abruptly at 

critical spacing. The upstream cylinder presents higher values of CDmean by comparison with 

downstream cylinder one, but lower than that obtained by Ifeinco for single cylinder (1.3208). 

 

Figure 2: Strouhal number versus L/D for stationary cylinder cases. 
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Figure 3: Root mean square of lift coefficient versus L/D for upstream cylinder (a) and downstream one (b) in 

stationary cylinder cases. 

 

 
Figure 4: Mean drag coefficient versus L/D for upstream cylinder (a) and downstream one (b) in stationary 

cylinder cases. 

(a) 

(b) 

(a) 

(b) 
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Figure 5: Streamlines around the stationary cylinders for L/D = 2.0 (a) and 4.0 (b). 

3.2 Stationary upstream and oscillating downstream cylinders 

In this section, the center to center distance between cylinders is 5.25D, the downstream 

cylinder is elastically mounted and the analysis is performed for Reynolds numbers ranging 

between 90 and 140, thus, characterizing a regime in which the vortex street is fully laminar 

and bi-dimensional. Therefore, vortices are expected to shed off the upstream cylinder and 

roll up before striking the downstream cylinder, thus, strongly interacting with it. For 

L/D.=.5.25, an interesting maximum occurs in CLrms due to the synchronization of vortex 

shedding: vortices shed from the upstream cylinder add to the vortices shed from the 

downstream one, in a way that the fluctuating lift force reaches its maximum. The main 

dimensionless parameter that influences the VIV behavior is the reduced velocity 

(VR.=.U/D.fn), ranging from 5 to 7.8 in this case.  

In this case, a significant increase in CLrms from 1.001 to 1.701 at Reynolds number from 

110 (VR = 6.12) to 119 (VR = 6.63) and an abrupt decrease in 0.687 at Re = 120 (VR = 6.68) 

are observed. This phenomenon is characteristic of the resonance (lock-in) and also occurs in 

the single cylinder, but with some differences in coefficient magnitude and Reynolds number 

range, as shown in Fig. 6. The Reynolds number range in which this phenomenon occurs for 

single cylinder is wider than the range in the tandem arrangement case. Besides, in these 

regions, the mean drag coefficient for oscillating cylinder gets higher values abruptly, 

reaching 0.85 for Reynolds number of 117 (VR = 6.51), as shown in Fig. 7. Similar behavior 

occurs in the single cylinder case, but with a wider Reynolds number range. 

 
Figure 6: Root mean square of the lift coefficient versus Reynolds number for stationary and oscillating 

downstream cylinders in tandem arrangement and for fixed and oscillating single cylinders 

 
Vorticity (s

-1
) 
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Figure 7: Mean drag coefficient versus Reynolds number for stationary and oscillating downstream cylinders in 

tandem arrangement and for fixed and oscillating single cylinders 

Figure 8 shows the root mean square of lift coefficient and the mean drag coefficient 

versus Reynolds number for stationary upstream and oscillating downstream cylinders. It may 

be noticed that while the downstream cylinder experiments high variations of coefficients in 

the lock-in region, these coefficients decrease smoothly for the upstream cylinder. In this 

case, flow interference between both cylinders is different from the stationary downstream 

cylinder due to the motion of the downstream cylinder and changes in wake pattern and 

pressure field. 

                         

Figure 8: Root mean square of lift and mean drag coefficients versus Reynolds number for stationary upstream 

and oscillating downstream cylinders in tandem arrangement 

Figure 9 shows the dimensionless amplitude (Y/D) and the vortex induced vibration 

frequency (f/fn) for downstream cylinder and a comparison with the single one. It can be 

noticed that the resonance, for the single cylinder, occurred for Reynolds numbers between 

102 (VR = 5.68) and 113 (VR = 6.29) case in which the vibration amplitude is higher and the 

vortex frequency is approximately equal to the natural frequency (fn) of the dynamic system. 

In tandem arrangement with L/D = 5.25, the downstream cylinder experiments the resonance 
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in a shorter Reynolds number range, between 115 (VR = 6.40) and 120 (VR = 6.68).  

Furthermore, the maximum dimensionless amplitude is 0.721 for Re = 118 and this is much 

higher (more than 70%) than the one for the single cylinder (0.422 for Re = 103). The 

interference effects on tandem arrangement change the Strouhal number in relation to the 

single cylinder one and to the mode of interference between both cylinders, since the 

downstream cylinder is immersed in the periodic wake of the upstream one. This is why there 

are differences between both lock-in regions. 

Figure 10 shows the temporal series of lift coefficient (CL) and dimensionless vibration 

amplitude (Y/D) for Re = 118. Vorticity distributions and streamlines are shown in Fig. 11 

where time positions of each picture are indicated in Fig. 10. It may be noticed that the lift 

coefficient presents higher non linearity by comparison with vibration amplitude which shows 

harmonic behavior. The phase angle between them is around 42
o
 in this case. Figure 10 shows 

that the vortex shedding occurs for both cylinders, as expected for L/D > 4, and the wake 

behind the downstream cylinder is formed by the combination of vortex shed from both 

cylinders. The maximum vibration amplitude (Y/D = 0.721) occurs at instants shown in Fig. 

11a and 11b. 

 (a)  

 (b)  

Figure 9: Dimensionless vibration amplitude (Y/D) (a) and vortex shedding frequency (f./fn) (b) versus Reynolds 

numbers for single cylinder and cylinders in tandem arrangement 
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Figure 10: Temporal series of lift coefficient (CL) and dimensionless vibration amplitude (Y/D) for Re = 118 

(letters represent time positions of the vorticity distributions, shown in Fig. 10) 

    

   

  

 

Figure 11: Vorticity and streamlines around cylinders for Re = 118 at nine instants (shown in the graph in Fig. 

9) during one cycle  

4 CONCLUSION 

This paper presented a numerical analysis of a uniform flow over circular cylinders in 

tandem arrangement at low Reynolds numbers. Simulations were carried out by using Ifeinco 

 
Vorticity (s

-1
) 

 

(a) (c) (b) 

(d) (e) (f) 

(h) (g) (i) 
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model which is based on the finite element method and employs the semi-implicit two-step 

Taylor-Galerkin method to discretize the Navier-Stokes equations and the Newmark method 

for the dynamic equation of the structure. 

Ifeinco results (Strouhal number, root mean square lift and mean drag coefficients) had 

good agreement with those obtained by other authors for stationary cylinders, L/D from 1.5 to 

6.0 and Re = 100. The critical spacing (Lc) equal to 4.0 D was obtained and abrupt variations 

in the flow parameters were observed in this case. Different flow behaviors were noticed 

when distances were shorter and longer than Lc. For L < Lc, vortices wake off the upstream 

cylinder and reattach to the downstream one while a symmetrical flow pattern occurs between 

both cylinders. For L > Lc, vortices shed off both cylinders. 

Considering the center to center distance equal to 5.25D and the downstream cylinder 

elastically mounted in transversal direction, the lock-in region was captured by Reynolds 

number from 115 to 120; this range was different from and shorter than the one for the single 

cylinder (102 to 113). The maximum vibration amplitude, which was 0.721D, was higher than 

the one for the single cylinder (0.422D). At Re = 120 (in the lock-in region), the drag 

coefficient and the lift coefficient showed abrupt variations; the latter was much more intense. 

Complex interference occurs between both cylinders since the downstream cylinder is 

immersed in the periodic wake of the upstream one. 
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Abstract. After the Tohoku earthquake tsunami in Japan, many evacuating options from  
huge tsunami, e.g. tsunami tower, large building, moving onto hill, super-sized breakwater, 
underground shelter and small lifeboat, have been proposed in recent years. This disaster is 
one of the strongly nonlinear coupled interactions problem between wave and structures. We 
have proposed and developed one kind of a large-sized tsunami shelter with mooring that is 
capable of accommodating at least one hundred people or more to evacuate from run-up 
tsunami. Using the particle method, SPH, to evaluate the optimized configuration for reducing 
tsunami force and its motions due to tsunami attacking with breaking, the present work has 
proposed and developed one of tsunami shelter, “Ellipsoid type” including electric device and 
storage system. The size of “Ellipsoid type” is 75m length, 20m width, 9m height in practical 
use. The wall at the front and back face can be constructed by pre-stressed concrete to protect 
from several kinds of debris such as floating car, wood and ship. The “Ellipsoid type” of 
tsunami shelter can vary smoothly tsunami flow going through downstream and then it could 
be one of useful options evacuating from tsunami disaster. The result was validated with 
experimental results in tsunami attacking on the shelter near coastal region.   
 
1 INTRODUCTION 

In March 2011, the huge tsunami hitting on the Tohoku region, northern part of Japan, 
caused the great damage in not only many infrastructures but also many people, about 16,000 
for died, 2,500 for missing and 6,000 for injured. Another huge earthquake and tsunami 
categorized in mega class will take place in NANKAI trough of the Pacific Ocean near Japan 
coast. Therefore many evacuating options for tsunami disaster have been proposed and 
developed in practical use since 2011. There are so many tsunami options such as tsunami 
tower, super-sized breakwater, moving to hill, underground shelter and coastal tsunami shelter 
on the ground, see in [1-3]. We have to consider some needs in hazard region and autonomous 
characteristics. It is important to select options based on them as rationalized measures against 
huge tsunami. For instance, it is necessary to protect a public safety with understanding 
information such as composition of population, locations of the main hospital and their 
capacity, support service especially for the aged and small children and industrial structure 
including fishery.  
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Many types of tsunami shelter have been proposed for few people and hundreds people in 
order to be available to evacuate them from tsunami in recent year. Some of them are floating 
or drifting type storing oxygen cylinder and some foods for surviving. However we should 
not ignore not only safety driving of those kinds of shelters but also influence on 
floating/drifting motions to other infrastructures because the shelters can be pushed away and 
freely drifting with no-control.  Therefore the shelter with mooring have been also proposed 
to keep the position itself. It is difficult for the mooring system to design its length and 
strength which is dependent of tsunami water level and velocity on the ground. 

Based on these background as the mentioned above, in the previous research [4,5], a new 
type of tsunami shelter whose capacity is hundreds people, has been proposed and developed 
to be able to evacuate from huge tsunami with easy access and safety. The proposed shelter 
can keep its position with mooring and it can also control floating/submerging to avoid more 
than 10m higher tsunami water level and strongly velocity due to run-up tsunami. Based on 
numerical simulation using SPH [6] and experiment, the purpose of this study is to compute 
fluid structure interaction between run-up tsunami and tsunami shelter and to optimize design 
of the shelter in order to reduce its motions and tsunami force.  

2 FLOATING/SUBMERGED TSUNAMI SHELTER 
A new type of tsunami shelter, floating/submerged type, has been proposed in our previous 

works [4, 5] as shown in Fig.1. The floating/submerged tsunami shelter has an important 
concept that is not only to protect tsunami attacking with highly water level and strongly 
velocity but also to avoid from them.  This study focuses on a large sized shelter on the land 
near coastal area because the capacity is enough for large population and many equipment for 
surviving. Using mooring and ballast water, the shelter can be floated on tsunami water 
surface when tsunami water level is low less than 3-5m and it can be submerged under 
tsunami wave when the water level is more than 5 to 10m in huge tsunami condition. After 
tsunami hitting, the floating/submerged tsunami shelter can be used as temporary 
accommodation and emergency medical center. Under normal condition, this shelter can be 
usually utilized as communication space for living people and storage space for fish and 
marine products.  

Figure 2 shows one example of some arrangements of equipment and seats in the shelter. 
The front and back face are protected by double hull structure which is normally applied for 
ship building. There are many prepared facilities consists of emergency medical system, 
oxygen cylinder, life support system, food storage area, power generation and its battery, 
communication network system and so on for surviving during a few weeks or more. The 
windows and doors are stronger for high pressure and watertight. The evacuated people 
should be supported by seatbelt during tsunami forcing. In normal condition, the seats are put 
back under the floor and wider open-space can be kept to be community zone. 
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3 PARTICLE BASED METHOD 

3.1 Governing Equations and computational method 

 To compute tsunami force and impact pressure, numerical work was conducted using 
particle based method, Smoothed Particle Hydrodunamics, SPH [6] which can track breaking 
wave and splashing after colliding on tsunami shelter. The gaverning equations for all phases 
can be discretized based on SPH method. 
 In this study, the governing equations for fluid phase consist of the mass conservation 
equation, the incompressible Navier-Stokes equation and the equation of continuity. The 
equations are expressed as follow: 
 
 
 
 

Figure 1: Concept of the floating/submerged tsunami shelter 

(a) Side View

Figure 2: Arrangement of equipment and seats in tsunami shelter 

(b) Top View 
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where ρ is the density, 
iu is the velocity, P is the pressure, gi  is the gravity acceleration, Ffsi 

is the fluid structure interaction term.  
 The governing equations are solved using the splitting method as well-known 
conventional multiphase technique. The pressure including jump conditions caused by density 
between different phases can be solved by the Poisson equation given by 
 
 
 
 
 
where * denotes the physical value after the advection step. The pressure of solid-phase can 
be obtained by this equation and it can be also applied for solving solid deformation if 
necesarry. 
 The governing equations for solid phase are the continuity equation and momentum 
equation as follows: 
 
 
 
 
 
 
where ρ is the density, iu is the velocity, ijσ is the stress tensor for solid phase, and Ffsi is the 
fluid structure interaction term as the same in eq.(2) for fluid phase. The stress tensor in eq.(5) 
is given by 
 
 
 
where ijS  is the deviatoric stress tensor and P is the pressure solved by eq.(3). 
 The model can consider large deformation of elastoplastic body if necessary. The solid 
body changes at every calculation step by using the following equation: 
 
 
 
where epD is the elastoplastic matrix, ijdε  is the strain increment for a time, and ijdS is the 
deviatoric stress increment for the time. 
 To compute rotations of solid phase during motions, the Jaumann derivative is 
employed to ensure material frame indifference with respect to rotation as follow: 
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 The fluid structure interaction Ffsi is computed by acceleration obtained from pressure 
on  particles. In the model, the fluid structure interaction Ffsi in Eqs.(2) and (5) can be given 
by the following equation:  
 
 
 
 
where W is the kernel function, m is the mass, P is the pressure, ρ  is the density and h is the 
referenced area where interaction between particles can be considered.  
 In the model, the shelter model consists of SPH particles to compute motions in 3D. 
Therefore, the 3D motions of the shelter is represented by describing translation and rotation 
of the center of gravity of the shelter using the following equations: 
 
 
 
 
 
 
 
 
  
where iθ   is the rotational angle, ω  is the angular velocity, Ti is the torque, I is the inertia 
moment, and F is the fluid structure interaction. In addition, the center of gravity of the shelter 
can be obtained by solving the inertia moment of particles, and this is calculated by using 
Baraff theory[7]. Based on this theory in the model, equations for 3D motion are given by 
 
 
 
 
 
 
where N is the number of particles for shelter, gr is the position of the gravity center, I  is the 
inertia moment, ir  is the position of the i th particle and m is the mass of the particle. The 
inertia moment can be set at initial condition. Therefore, the coordinates of velocity of each 
particle in every time step can be tracked by using rotation matrix and the amount of angle 
rotation of the center of gravity to avoid the Gimbal lock phenomenon, and the quaternion is 
used instead of the rotation matrix. The numerical model can be enhanced for applying to 
shelter motions, overturning and sinking caused by nonlinear wave with breaking.  
 To keep computational efficiency and stability, the time increment for solid phase is 
approximately 1/10 to 1/50 of that for fluid phase. In this research, tsunami shelter can be 
supported by pole to simulate the experimental work. The tsunami shelter can be assumed as 
solid model in this work. In future work, motions of the tusnami shelter and its elastic 
deformation would be considered for practical design. Other details can be referred in 
Mutsuda et al. [8].  
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3.3 Shelter model 
Tsunami force would be increasing with attacking angle to tsunami shelter when separation 

flow with vortex around tsunami shelter could occur in larger deadrise angle. To reduce 
tsunami force on tsunami shelter, based on the previous work [4, 5], the ellipsoidal tsunami 
shelter is focused in this study. Iida et al. [9] has verified that super-express in Japan, it called 
SHINKANSEN, has been optimized to investigate aerodynamics. Based on the results, 
especially the aspect ratio was set to be from 3 to 5, in front face and back one to reduce 
pressure resistance caused by tsunami attacking. Moreover the side face of the tsunami shelter 
is formed by the curved surface with streamline to control separation flow behind the tsunami 
shelter. Figure 3 shows tsunami shelters with different aspect ratio to compare tsunami force 
acting on them. The Ellipsoid3 (E3) and Ellipsoid3s (E3s) have aspect ratio 1/3 at the front 
face and back one. In Ellipsoid35 (E35) and Ellipsoild35s (E35s), the aspect ratios 1/3 and 1/5 
are combined. The side face in E3s and E35s is also formed by streamline. The Box type, 
which is a typical building, is employed to compare pressure resistance with them. 

3.4 Computational conditions 
The computational domain is shown in Figure 4. To reduce computational time and cost, 

the tsunami conditions before breaking and run-up, such as surface profile, internal velocity 
and pressure, can be computed by Boundary Element Method [10] using exact solitary wave 
condition. These numerical results are set as the initial conditions in SPH.  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

(b)

(c) (d)

(e)

(a) 

Figure 3: Configuration of tsunami shelter with different aspect ratio (unit:mm) 
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The tsunami shelters can be assumed as solid phase without deformation in this study. The 
time increment is 0.001s and the particle diameter is set to be 1cm. The attack angles are set 
to be 0, 15, 30, 45, 90 deg. to tsunami wave direction. The tsunami height condition 
corresponds to a fully developed bore propagating on the ground.  
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4 NUMERICAL RESULTS 

4.1 Tsunami wave motion and validation 
Figure 5 shows one example of snapshots tsunami phenomena acting on the box shelter 

with experimental result. It can be found that the strongly splashing occurs on the front face of 
the box shelter and it causes highly tsunami force and impact pressure.  

Figure 6 and 7 show tsunami wave propagation with the attack angles 0 and 45 deg. in Box 
and E35s. Figure 8 shows comparison of time history of tsunami force acting on Box type for 
the attack angle 0 deg. with experimental result. The numerical result is in good agreement 
with the experimental one and it is reasonable for evaluating fluid force on tsunami shelter.  

4.2 Reduction of tsunami force and influence on tsunami attacking angle  

Maximum pressure and averaged tsunami force are examined and their characteristics are 
clarified in this section. The force can be calculated by summation of tsunami pressure acting 
on shelter in wave direction. 

Figure 9 shows time histories of tsunami force in the attack angle 0, 45 and 90 deg. to 
compare with the normal type, Box. Figure 10 and 11 shows relationships between maximum 
tsunami force, averaged tsunami force and attack angle, H is the tsunami water level on the 

Figure 4: Computational domain 

Figure 5: Numerical result (left) of tsunami attacking on 
box shelter with experimental result (right)  
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ground, ρ  is the water density and g is the gravity acceleration. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In the Box shelter, the tsunami force is largest in the attack angle 0 deg. and then it is 

decreasing until the attack angle is close to 30 deg. The tendency is also increasing over the 
angle 45 deg. This is because the incoming tsunami flow into the corner of the shelter can be 
separated along the side face of the shelter when the angle is larger. Then the resultant 
tsunami force is decreasing. In over the attack angle 45 deg. the tsunami force is stronger at 
the side face as the projected area increasing. On the other hand the averaged tsunami force is 
decreasing in E3s and E35s having the curved surface on the side face. The curved surface 
can avoid from strongly tsunami force because the separated flow on the front face can be 
controlled.  

Figure 6: Box type (Left: 0 deg. Right: 45deg.) Figure 7: Ellipsoid35s type (Left: 0 deg. Right: 45deg.) 

Figure 8: Comparison of time history of pressure between computational result and experimental one in 
Box type 
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 To evaluate and examine effect on reduction of tsunami force, comparison of 
maximum tsunami force and averaged tsunami force are compared as shown in Fig.12 and 13. 
These data are obtained by averaging tsunami force at each attack angle. The most useful for 
reducing tsunami force in the maximum and averaged tsunami forces, is E35s with the largest 
aspect ratio on the front face and streamline on the side face among the shelters 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

Figure 12:  Comparison of maximum tsunami force  Figure 13: Comparison of averaged tsunami force  

(c) 90 deg. 

(b) 45 deg. 

(a) 0 deg. 

Figure 9: Time histories of tsunami force acting on tsunami shelter 

Figire 10:  Relationship between maximum tsunami 
force and attack angle of incident tsunami wave 

Figure 11:  Relationship between averaged 
tsunami force and attack angle of incident tsunami 
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5 EXPERIMENTS 
In the previous chapter, the shelter, E35s, with large aspect ratio on the front face and 

streamline on the side wall, is available for reducing tsunami force. The motions of the shelter, 
E35s with mooring are examined in experiment.  

5.1 Experimental setup and conditions 
Figure 14 shows overview of experimental tank (40m length ×  1.2m width ×  2.5m 

depth) and some equipments to measure tsunami force. The valiable angle 1/3 to 1/100 of the 
sea bottom can be set up to generate several kinds of tsunami conditions. The flat bottom as 
the ground was located to be available for propagating run-up tsunami. The shelter supported 
by four wires and pulley was located on the turn table at the bottom. The turn table can be 
rotated to exchange the attack angle from 0 to 45 deg. as shown in Fig.15. The tsunami force 
can be measured by dynamometer and tension meter connected with the wires. To reduce 
snap-force due to impulsive pressure, spring with constant coefficient 210N/m was employed 
in this mooring system. The wireless motion sensor inside the shelter can obtain accelerations 
of the shelter in 6 degree of freedom. The incident tsunami wave height can be measured at 
WG1 and the run-up wave height is also captured at WG2 located on the strandline. The 
incident wave period in regular wave is 2s to avoid from water distarbance caused by previous 
tsunami wave.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

5.2 Shelter motions 
Figure 16 and 17 show comparison of surge motion Ax/g (positive: downstream side) 

and pitch motion (positive: uplift of the front face) in the case of the attack angle 0 deg. The 

Figure 15: Mooring setup of tsunami shelter (Top view) 

Figure 14:  Experimental setup 
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wave height H is normalized by the shelter width d. The surge motion in E3s and E35s is 
lower than that in Box type. All of the values are less than 0.5g in the wave condtions, which 
means safety level for evacuating people. On the other hand the pitch motion is the same 
tendency in all wave conditions. The averaged pitch angle is approximatly 3 to 4 deg. The 
ellipsoid type has no advantage in pitch motion comparing with Box type. Therefore it should 
be necessary in practicale use to reduce the pitch motion after modifying the shleter. Figure 
18 shows comparison of yaw motion in the case of the attack angle 45 deg. The yaw motion 
in the ellipsoid type, E3s and E35s, is lower than that in Box type. This tendency is 
remarkable as the wave height is larger. It can be seen that the ellipsoid type can reduce not 
only tsunami force but also shelter motions caused by tsunami attacking.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6 FURTHER RESEARCHES 
One of further researches is to develop a tsunami tower building to avoid from tsunami 

attacking. The concept can be applied with only minor change for the existing building to 
reduce construction cost comparing with that for tsunami shleter. This could be a practical 

Figure 16: Comparison of surge motion (Ax/g)  
versus tsunami wave height (H2/d) 

Figure 17: Comparison of pitch motion (deg.)  
versus tsunami wave height (H2/d) 

Figure 18: Comparison of yaw motion (deg.)  versus tsunami wave height (H2/d) 
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measure as one tsunami option near coastal area where there are many existing building and 
the people living there.  
 This study have proposed two modified buildings with opening parts optimized in 
arrangement and their ratio to the projected area and no-wall at the first floor like a piloti as 
shown in Fig.19 and their numerical results are shown in Fig.20. Figure 21 shows comparison 
of averaged tsunami force acting on the tsunami tower building. It can be seen that the 
opening parts and piloti are one useful minior change for the exsisting building. Their 
reduction rates are around 30% or more.  
 Figure 22 shows one more application for arrangement of building including tsunami 
tower or shelter to reduce tsunami force. Unpredictable tsunami force caused by the 
surrounding buildings and accommodations can be occured in populated zone.The snapshots 
are one example arrangement in coastal area. Some of the small buildings behind the larger 
building can escape from directly tsunami attacking. This result means that it should be 
considered to make appropriate arrangement of building and accomotation in populated zone 
near coastal line in order to reduce tsunami forcing and impulsive pressure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(c) Piloti (Type G) 

(a) Normal (Type A) 

(a) Normal (Type A) (b) Opening parts (Type B) 

Figure 19: Tsunami tower building  
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Figure 21: Comparison of averaged tsunami force acting on tsunami tower building 
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(b) Opening parts (Type B) 

Figure 20: Tsunami tower building  

(c) Piloti (Type G) 
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6 CONCLUSIONS 
This study has proposed and developed the floating/submerged tsunami shelter to evacuate 

huge tsunami attacking and then has also investigated tsunami force acting on the shelter and 
its motions caused by tsunami impact force in particle based method and experimental work.  
The main results can be summarized as follows. 

The ellipsoidal tsunami shelter (E35s type) can drastically reduce tsunami force and impact 
pressure. Moreover the surge and yaw motions in E35s with mooring system type can be also 
reduced comparing with Box type. In further research, the tsunami tower building with 
opening parts and piloti is also useful as one of tsunami evacuating options. The tsunami 
shelter and tower building should be arranged to reduce unpredictable tsunami force caused 
by a surrounding building and accommodation. 

In future effort, mooring system including elastic wire will be optimized and effects on 
drift of floater such as wood, broken house ship and car, will be also investigated. 
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B. Schrefler, E. Oñate and M. Papadrakakis(Eds)

THREE-NODE ZERO-THICKNESS HYDRO-MECHANICAL
INTERFACE FINITE ELEMENT FOR GEOTECHNICAL

APPLICATIONS

B. CERFONTAINE∗, A.C. DIEUDONNE∗,†, J.P. RADU∗, F. COLLIN∗

AND R. CHARLIER∗

∗Department ArGEnCo
University of Liege

B52, ULg, Liege, Belgium
e-mail: f.collin@ulg.ac.be

† FRIA - F.R.S. F.N.R.S
Brussels, Belgium

Key words: Interface, Numerical modelling, Finite elements, Offshore Engineering

Abstract. The paper presents the main features of a hydro-mechanical coupled finite
element of interface. The mechanical problem accounts for the detection of contact,
the development of contact pressure, shearing and relative sliding between two solids.
A three-node discretisation of hydraulic problem allows the representation of fluid flow
across and in the plane of the interface. The method involves a drop of pressure between
each side of the interface and the inner medium. Hydro-mechanical couplings result from
1) the definition of the total pressure acting on each side of the interface according to
the Terzaghi’s principle; 2) the dependence of permeability on the gap opening; 3) the
variation of the fluid mass stored within the gap.

1 INTRODUCTION

Interfaces play a crucial role in many fields of geotechnical engineering and engineer-
ing geology. Understanding their mechanism is necessary to deal with pile driving and
design [1], the behaviour of faults in the vicinity of hydrocarbon production wells [2]
and carbon dioxide geological sequestration [3], among others. In all these applications,
hydro-mechanical couplings should be taken into account.
Suction caissons or bucket foundations are more and more installed as permanent founda-
tions for offshore structures [4]. They consist of steel cylinders open towards the bottom
and installed into the soil by suction. The role of interfaces is particularly crucial for their
modelling, especially under pull loading [5, 6, 7].
Finite elements of interface were early developed [8] especially for the purpose of metal
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forming [9]. However recent advances develop coupled finite elements taking into account
fluid or gas phases [2, 10]. The main purpose of this work is to develop a finite element of
interface able to reproduce the coupled hydro-mechanical behaviour in three dimensions
and to apply it to the uplift modelling of a suction caisson. The element is implemented
in the finite element code LAGAMINE, able to carry out fully coupled simulations [11].

2 INTERFACE ELEMENT

The finite element of interface involves two distinct but related issues: the mechanical
and the flow problems. The mechanical problem tackles the detection of contact between
two solids, the evolution of shearing and/or sliding. The flow problem describes fluid
flows taking place inside and through the interface. These two problems are inherently
interrelated. Fluid flow influences the pressure acting on each side of the interface. The
mechanical opening/closing of the interface modifies its permeability and the mass of
water stored inside. The extended definition of the interface element can be found in [12].

2.1 Mechanical problem

Let us consider two deformable porous media Ω1 and Ω2 in their current configuration
in the global system of coordinates (E1,E2,E3), as shown in Figure 1. In each point x1
of the boundary Γ1

c where the contact between them is likely to happen, a local system
of coordinate (e11, e

1
2, e

1
3) can be defined such that e11 is normal to the boundary. The gap

function gN measures the distance between both solids. It is computed according to

gN =
(
x2 − x1

)
· e11, (1)

which is the closest-point projection of x2 onto x1. The gap function is generalised to
each local tangential direction. However this definition has no meaning in the field of
large displacements and the gap variation is defined instead [9] such that

ġ = ġN e11 + ġT1 e
1
2 + ġT2 e

1
3. (2)

When solids come into ideal contact, gN = 0, they deform and develop a contact
pressure pN since they cannot overlap each other. This condition is mathematically
termed contact constraint or Hertz-Signorini-Moreau condition [13], it mathematically
reads

gN ≥ 0, pN ≥ 0 and pN gN = 0. (3)

If there is no contact, gN > 0 and contact pressure pN is null. If contact takes place,
gN = 0 and a contact pressure develops pN ≥ 0. Shearing of the solids in contact gives
birth to shear stresses (τ1, τ2) within the interface. They are defined in each local direction
such that

t = −pN e11 + τ1 e
1
2 + τ2 e

1
3. (4)

2
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Figure 1: Statement of the mechanical problem, cross-section of the 3D problem in the
(E1,E2) plane: γū, imposed displacements; γt̄, imposed tractions.

The contact constraint defined by equation (3) is regularised by the penalty method.
Therefore the contact is not ideal any more and interpenetration of both solids in contact
is allowed, i.e. gN < 0. The evolution of normal pressure in case of contact reads

ṗN = −KN ġN , (5)

where KN is a penalty coefficient and the minus sign ensures the contact pressure to be
positive when interpenetration increases, i.e. ġN < 0.

In case of contact, both solids are either in ideal stick or slip state [13]. In the former,
the relative displacement is equal to zero upon shearing. In the latter, the solids are
allowed to move tangentially and the shear stress is limited to a maximum value. The
transition between these states is ruled by the Mohr Criterion, such that

f(t, µ) =

√
(τ1)

2 + (τ2)
2

︸ ︷︷ ︸
‖τ‖

−µ pN , (6)

where µ is the friction coefficient. The stick state is also regularised by the penalty
method. A small relative tangential displacement is allowed even in this case and the
evolution of the shear stress is computed according to

τ̇i = KT ġT i, (7)

where KT is a tangential penalty coefficient. Therefore the evolution of the stress state
within the interface is similar to the framework of elastoplasticity. The Coulomb criterion
is the yield surface described in Figure 2, the elastic state is equivalent to the stick state
and plasticity to slip state. Penalty coefficients (KN ,KT ) are similar to elastic parameters
even if they are introduced as purely numerical tools.

The finites elements developed belong to the family of zero-thickness elements. These
elements lie on the boundary of the solids and have no thickness. They discretise the
normal constraint and the shear stress along the boundary [8, 13]. The contact pressure
and the gap function are computed at each integration point of one of the two solids,
according to the mortar method [9, 14, 15]. The normal contact constraint is verified in
a weak sense over the element.

3
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pN

‖τ‖

No contact Stick Slip
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= 0 ≥ 0 = µ · pN
(a) Stress state in the interface in each case.

|| ||

p
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f<0f=0

Stick state

Slip state

No contact

µ
N

(b) Mohr-Coulomb criterion.

Figure 2: Analogy with elastoplasticity

2.2 Flow problem

Let us consider two solids that are porous media saturated with water. Therefore,
depending on boundary conditions, fluid flow may take place within them as shown in
Figure 3a. Solids Ω1 and Ω2 delineate a new volume Ω3, which represents a discontinuity.
Fluid flow may also exist along and through Ω3.

Porous medium 2

Porous medium 1

qq

pw
pw

Discontinuity 3

Fluid flow
Fluid flow

Fluid flow

Fluid flow

2
q

1

1
q

2
q

E1

E2

(a) Definition of the flow problem (cross section
of the 3D case in the (E1,E2) plane), porous
medium, discontinuity and boundaries: Γq̄, im-
posed fluw; Γp̄w

, imposed pressure.

pw2

gN

fwl1

fwl2

fwt2

fwt1
in 3

on 1
q

on 2
q

E1

E2
E3

pw1

pw3

(b) Three-node discretisation: definition of lon-
gitudinal and transversal flows.

Figure 3

The interface is discretised according to a three-node scheme as shown in Figure 3b.
The fields of water pressure are considered on each side of the interface (Γ1

q̃,Γ
2
q̃) and inside

it (Ω3). Therefore two longitudinal and two transversal fluxes must be respectively defined
in the normal and tangential local directions.
Darcy’s law is assumed to represent fluid flow in the local tangential directions such that

fwl(i−1) = − kl
µw

(
∇e1i

pw3 + ρw g∇e1i
z
)
ρw for i = 2, 3 (8)

where ∇e1i
is the gradient in the direction e1i , z is the vertical global direction, µw is the

dynamic viscosity of the fluid, g the acceleration of gravity, ρw is the density of the fluid

4
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and kl is the longitudinal permeability.
The transversal fluid fluxes (fwt1, fwt2) between each side of the interface and the inner
medium are defined according to

fwt1 = ρw Tw1 (pw1 − pw3) on Γ1
q̃, (9)

fwt2 = ρw Tw2 (pw3 − pw2) on Γ2
q̃, (10)

where Tw1 and Tw2 are two transversal conductivities.

2.3 Couplings

The mechanical and flow problems are intrinsically coupled. The total normal pressure
acting on each side of the interface is decomposed according to Terzaghi’s principle

pN = p′
N + pw3. (11)

where p′
N is the effective pressure and pw3 is the water pressure inside the interface. The

Coulomb criterion becomes a function of the effective pressure only.
The opening/closing of the gap gN has two effects. Firstly it influences the permeability

of the discontinuity according to the cubic law [16, 2]

kl =




(D0)
2

12
if gN ≤ 0

(D0 + gN)
2

12
otherwise,

(12)

where D0 is the residual hydraulic aperture. If contact holds, i.e. gN ≤ 0 , it ensures
that the permeability is not null. Indeed, if the surfaces of the bodies in contact are not
perfectly smooth, there is still a residual opening. Finally the total mass of fluid Mf

enclosed within the interface is modified according to

Ṁf =

(
ρ̇w gN + ρw ġN + ρw gn

Γ̇q̃

Γq̃

)
Γq̃, (13)

where Γq̃ is the total surface along which the water flow takes place. It is assumed that the
tangential displacement remains limited Γ̇q̃ → 0 and the fluid is incompressible ρ̇w = 0.

2.4 Finite element discretisation

The final discretisation of a 3D interface is represented in Figure 4. Both sides of
the interface are described by classical quadrangular isoparametric finite elements. Their
nodes have four degrees of freedom, three mechanical and one fluid. Inner nodes have a
single fluid degree of freedom since they only describe fluid flow.

5
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Figure 4: Discretisation of the interface into isoparametric elements. Transformation to
the parent element.

3 APPLICATION

3.1 Statement of the problem

The application consists of the pull loading of a suction caisson embedded in an elastic
layer of soil. This simulation is inherently 2D but a 3D simulation is carried out in order
to check the formulation of the finite element. The caisson has an outer radius of 3.9m,
an inner radius of 3.8m and a skirt length of 4m as shown in Figure 5a. The thickness
of its lid and skirt are respectively 0.4m and 0.1m. Interface elements are set up between
the soil and the caisson as described in Figure 5b.

Hsoil

Rsoil

Undrained
Boundary Undrained

Boundary

Drained Boundary

Caisson

(a) Global sketch of the geometry of the
problem.

Lid
Inner
   interface (top)

Outer
     interface 
          (skirt)

Inner 
   interface 
        (skirt)

Skirt 

Le
ng

ht
 (L

)

Radius (Rext)

Radius (Rint)

(b) Description of the caisson.

Figure 5

The caisson is made of steel and its behaviour is elastic. The elastic soil is represented
by a quarter of cylinder. Its radius is equal to 24m and its depth to 12m. The soil is
assumed elastic. All material parameters are provided in Table 1. Interface elements are
characterised by a friction coefficient of 0.57. The transversal conductivity is equal to
zero between the inner interface and the caisson since it is impervious. This conductivity

6
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is equal to 1.E-8 m/Pa.s between the inner interface and the soil.
Two types of uplift simulations are carried out in order to validate the formulation

of the three dimensional finite element. The first simulation is drained, i.e. there is no
variation of pore pressures within the soil. It occurs if the loading rate is sufficiently
low and pore pressures have time to dissipate. This simulation highlights the mechanical
behaviour of the interface, i.e. the progressive mobilisation of friction along the skirt and
the soil-caisson sliding. The second simulation is partially drained, pore pressures are
able to partially dissipate. It illustrates the coupled behaviour of the interface element.

Soil
E [MPa] ν [-] n [-] k [m2] γs [kg/m

3] K0 [-]

2E2 0.3 0.36 1.E-11 2650 1

Caisson
E [MPa] ν [-] n [-] k [m2] γs [kg/m

3] K0 [-]

2E5 0.3 0.36 0 2650 1

Interface
KN [N/m3] KT [N/m3] µ [-] D0 [m] Tw [m/(Pa.s)]

1E10 1E10 0.57 1.E-5 1.E-8

Table 1: Material parameters: E Young modulus, ν Poisson’s ratio, n porosity, k perme-
ability, γs density of solid grains, K0 coefficient of earth pressure at rest, KN ,KT penalty
coefficients, µ friction coefficient, Tw transversal conductivity, D0 residual hydraulic aper-
ture.

3.2 Drained simulation

During the displacement controlled simulation, the total uplifting load ∆Ftot is bal-
anced by the dead weight and the shearing along the skirt (inside ∆Fint and outside
∆Fext). Their evolution with respect to the vertical displacement is represented in Figure
6a. At the early beginning of the simulation, the evolution of ∆Fint and ∆Fext is almost
linear. Indeed, the Mohr criterion is not reached yet and the variation of the shear stress
is a function of the variation of tangential displacement

τ̇ = KT ġT . (14)

The slopes of ∆Fext and ∆Fint are different. Indeed, the soil plug inside the caisson moves
upward with it, i.e. the caisson acts as a punch. Therefore the relative displacement is
lower inside than outside.

Friction is progressively mobilised outside the caisson up to point A in Figure 6a. From
this point the soil and the caisson start sliding at constant shear stress, leading to a plateau
in the evolution of ∆Fext. The mobilised friction outside the skirt, ηext = (τ/p′

N)ext, is
depicted in Figure 7a. The friction coefficient is reached along the whole outer skirt after
an uplift displacement of 0.63mm.
It is worth noting the opening of a gap, denoted by ηext = 0, at the top of the skirt.

7
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Figure 6: Drained pull simulation of the suction caisson: ∆Ftot variation of total ver-
tical load, ∆Fext integral of shear mobilised outside the caisson, ∆Fint integral of shear
mobilised inside the caisson.

Indeed, diffusion of shear stresses within the soil creates this loss of contact. This is
mainly due to the elastic behaviour of the soil. Such a gap is strongly reduced if the soil
has a non-linear elastoplastic behaviour [6, 17].
Similarly the outer friction is fully mobilised for a greater uplift displacement as shown in
Figure 7b. The plateau is reached at point B in Figure 6a. The shear is more uniformly
distributed and denotes the uplifting of the soil plug. The total applied load ∆Ftot reaches
also a plateau since no additional friction can be mobilised. This plateau would not last
for very large displacement. Indeed, the contact area decreases with increasing uplift.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0

0.5

1

1.5

2

2.5

3

3.5

4

η
ext

=||τ||/p’
N

 [−]

D
ep

th
 [m

]

0.02
0.43
0.63
1.17

Displ [mm]

Gap opening

(a) Outside the caisson (ηext).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0

0.5

1

1.5

2

2.5

3

3.5

4

η
int

=||τ||/p’
N

 [−]

D
ep

th
 [m

]

0.02
0.43
0.63
1.17

Displ [mm]

(b) Inside the caisson (ηint).

Figure 7: Drained pull simulation of the suction caisson, mobilised shear along the skirt.
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3.3 Partially drained simulation

The partially drained uplifting of the caisson is illustrated in Figure 8a. In this case,
the total load reached at the beginning of the plateau is greater than in the drained
simulation. The suction effect involved in the installation of suction caissons is also
mobilised during the uplift. The pull load creates an inverse consolidation process, where
negative variations of pore pressures are generated inside the caisson. The differential of
pressure between inside and outside holds the caisson. A new component of resistance
is termed ∆Fuw. The distribution of variation of pore pressures, ∆pW , is described in
Figure 9a.
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Figure 8: Undrained pull simulation of the suction caisson: ∆Ftot variation of total ver-
tical force, ∆Fext integral of shear mobilised outside the caisson, ∆Fint integral of shear
mobilised inside the caisson, ∆Fpw integral of the variation of water pressure at the top
inside the caisson.

The frictional behaviour is identical to the drained simulation. Friction is fully mo-
bilised inside and outside the caisson at points A and B in Figure 8a. The last component
of resistance ∆Fpw starts increasing strongly after that point and finally reaches a plateau.
The lid of the caisson and the soil plug keep in contact up to point A, as shown in Figure
8a. After sliding takes place on the outer skirt, a gap is opened between the lid and the
soil. This gap is filled by water. Therefore, a transversal flux of water holds inside the
caisson. The integral of the water flux over the top surface is provided in Figure 9b. The
displacement of the top soil increases upward but reaches a plateau. After a displacement
of 2mm, a stationary phase takes place. The upward displacement, the transversal flux
and the variation of pressure are constant. If the caisson is assumed rigid, the rate of
water stored within the gap is computed according to

Ṡ = ρw vup πR2
int/4 = 1.89 10−1 kg/s, (15)
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where vup = 1mm/min is the uplifting rate. The mass variation is equal to the one
numerically computed as observed in Figure 9b.
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(a) Variations of pore water pressure ∆pw within
the soil around the caisson, at the end of the
simulation.
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Figure 9

The gap opening between the skirt and the soil, observed during the drained simulation,
also occurs during the partially drained one. A longitudinal flow of water takes place
within this gap. This is illustrated in Figure 10 at the end of the simulation. The flow is
dependent on the gap opening since the permeability depends on the cubic law. This flow
reduces the efficiency of the suction caisson since it decreases the length of the drainage
path. However if an elastoplastic constitutive model was used, this pipe would be strongly
reduced due to plasticity effects.

4 CONCLUSIONS

The main features of a finite element of interface are presented in this work. The
element is zero-thickness. The normal contact constraint is regularised by the penalty
method and discretised by the mortar approach. The discretisation of the hydraulic
problem is three-node, namely the fluid flow inside the interface is discretised by additional
nodes. Two longitudinal and two transversal fluxes are defined in the plane and across
the interface.

The crucial role of interfaces is demonstrated for the simulation of the uplifting of a
suction caisson. A first drained simulation is carried out. The maximum load sustainable
by the suction caisson is bounded by the maximum friction available along the skirt. The
caisson starts sliding afterwards.
The partially drained behaviour illustrates the coupled role of the interface element. The
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B. Cerfontaine, A.C Dieudonné, J.P. Radu, F. Collin and R. Charlier

−8 −6 −4 −2 0

0

0.5

1

1.5

2

2.5

3

3.5

4

D
ep

th
 [m

]

f
l
 [kg.s−1.m−2]

−0.05 0 0.05 0.1

0

0.5

1

1.5

2

2.5

3

3.5

4

g
N

 [mm]

Figure 10: Relation between the longitudinal flux and the opening of a gap along the
skirt, outside the caisson, end of the simulation.

inverse consolidation process taking place during the uplift generates negative variations
of water pressures inside the caisson. This suction effect holds the caisson and transiently
increases the total pulling load sustainable. The gap creating between the soil and the lid
of the caisson is filled with water, illustrating the storage of of fluid within the interface.
Longitudinal water flows also occur along the skirt due to the opening of a vertical gap.
This reduces the effect of the suction caisson by reducing the length of the drainage path.
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Abstract. In order to address fluid-structure interaction, we present an a priori analysis
for an ALE compressible flow model. This analysis is the key for an anisotropic metric-
based mesh adaptation.

1 INTRODUCTION

This work takes place into a serie of works for metric-based goal-oriented mesh adap-
tation. Metrics are matrix fields representing a mesh thanks to the description of three
(3D case) or two (2D) orthogonal vectors giving the directions of stretching of the mesh
associated with the definition of the mesh size in each directions. In anisotropic mesh
adaptation, the optimal metric has to be derived from the minimization of a model of
the approximation error. Historically, the first model was a linear interpolation error
model, leading to the so-called Hessian-based anisotropic adaptation. The optimal metric
field, i.e. the optimal sizes and orientations distribution that will be used to govern the
generation of the new mesh, is obtained as the solution of the problem of minimization
of the global interpolation error. It thus depends on a computed solution, but the link
with the original PDE is sometimes too weak. In contrast, goal-oriented mesh adaptation
takes into account the PDE, via the introduction of an adjoint state. Extension of goal-
oriented analysis to anisotropic mesh adaptation has been proposed in [15] and [11] for
the steady Euler equations. An extension to transient Euler with the design of a global
transient global fixed point (TFP) mesh adaptation algorithm was proposed in [7]. The
TFP computes the n meshes to be used in the Ni time sub-intervals of the global time
interval ]0, T [ of the simulation. To generate the Ni sub-interval meshes, the complete
state solution from time 0 to time T must first be computed as long as the complete
adjoint solution from T to 0.

1
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In order to be able, in the long term, to address fluid-structure interaction, the metric-
based adaptation needs to be extended to Arbitrary-Lagrangian-Eulerian (ALE) formu-
lations. In ALE, the mesh is moving (in fact deforming) during any time interval. An
important and difficult issue is to force the mesh to stay optimally adapted while mov-
ing. In the case of a Hessian-based adaptation, the mesh needs to be adapted at any
time to a time-dependent criterion, the Hessian of the unsteady sensor. But the mesh
is also uniquely defined by the initial mesh and the prescribed ALE mapping. In [5, 4],
the two constraints are simultaneously respected by (1) for any time mapping adapta-
tion constraints on the initial mesh, and then (2) taking the metric-intersection of these
constraints on the initial mesh. The resulting ALE-TFP adaptation has been success-
fully applied to several fluid-structure interaction computations. Although very efficient,
this method is a Hessian-based one and inherits the Hessian-based deficiencies, which
involves, as already pointed out, an insufficient accounting of the PDE itself. The pur-
pose of the work reported here is to extend the goal-oriented formulation of [11][7] to
ALE calculations. In other words, we try to build a metric-based, goal-oriented unsteady
anisotropic mesh adaptation method for an ALE Euler model. In the present short paper,
we concentrate on the ALE error analysis for a given time-step.

2 CONTINUOUS MESH MODEL

We propose to work in the continuous mesh framework, introduced in [9, 10]. The
main idea of this framework is to model continuously discrete meshes by Riemannian
metric spaces. This enables to define proper differentiable optimization [2, 6], i.e., to use
calculus of variations on continuous meshes. Indeed, trying to solve optimality problems
manipulating discrete meshes generally leads to intractable problems in practice. This
framework lies in the class of metric-based methods. A continuous mesh M of compu-
tational domain Ω is identified to a Riemannian metric field [8] M = (M(x))x∈Ω. For
all x of Ω, M(x) is a symmetric 3 × 3 matrix having (λi(x))i=1,3 as positive eigenvalues
along the principal directions R(x) = (vi(x))i=1,3. Sizes along these directions are de-
noted (hi(x))i=1,3 = (1/

√
λi(x))i=1,3 and the three anisotropy quotients ri are defined as:

ri = h3
i (h1h2h3)

−1. The diagonalization of M(x) writes:

M(x) = 3
√

det(M)(x)R(x)Diag(r
− 2

3
1 (x), r

− 2
3

2 (x), r
− 2

3
3 (x))tR(x), (1)

The complexity C of a continuous mesh is the continuous counterpart of the total number
of vertices:

C(M) =

∫

Ω

√
det(M(x)) dx.

Given a continuous mesh M, we shall say, following [9, 10], that a discrete mesh H of
the same domain Ω is a unit mesh with respect to M, if each tetrahedron K ∈ H, defined
by its list of edges (ei)i=1...6, verifies:

∀i ∈ [1, 6], �M(ei) ∈
[

1√
2
,
√
2

]
, in which �M(ab) =

∫ 1

0

√
tab M(a+ t ab) ab dt.

2
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Given a smooth function u, each unit mesh H with respect to M is associated with a
local interpolation error |u − ΠHu|. In [9, 10], it is shown that all these interpolation
errors are well represented by the so-called continuous interpolation error related to M,
which is expressed locally in terms of the Hessian Hu of u as follows:

(u− πMu)(x, t) =
1

10
trace(M− 1

2 (x) |Hu(x, t)|M− 1
2 (x))

where |Hu| is deduced from the Hessian Hu of u by taking the absolute values of its
eigenvalues and where time-dependency notations have been added for use in the next
sections.

3 ALE EULER MODEL

ALE domain and functions. Let Ω0 be a smooth domain of Rd. For any t in ]0, T [ we
have a mapping: φ : Ω0 ×]0, T [→ Rd satisfying: φ(x, 0) = x and for which we assume
that there exists a smooth deformation velocity φ̇ = ∂φ/∂t. Let Ωt = φ(Ω0, t).

We call QT the non-cylindrical union of all Ωt for t in ]0, T [:

QT =
t=T⋃
t=0

φ(Ω0, t).

Figure 1: ALE domain.

We define the following ALE Sobolev space (different from (H1(QT ))
5):

ϕ(x, t) ∈ H1(QT ) ⇔ ∃ ϕ̃ ∈ (H1(Ω0×]0, T [))5 such that ∀ ξ ∈ Ω0, ϕ̃(ξ, t) = ϕ(φ(ξ, t), t)

and its restriction to time-constant functions:

ϕ(x, t) ∈ H1
cst(QT ) if ∂ϕ̃/∂t = 0.

Our CFD variables are W = t(ρ, ρu, ρv, ρw, ρE) where ρ = ρ(x, t), x = φ(ξ, t), ξ ∈ Ω0

represents the ALE field of fluid density, and same for p = p(x, t), the ALE thermodynamic

3
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pressure, and E = E(x, t) the ALE energy per unit mass. u, v, and w are the ALE
Cartesian components of the ALE velocity vector u.

The ALE-Euler fluxes write :

F(W ) = t(ρ, ρ(u− φ̇)u+ pex, ρ(u− φ̇)v + pey, ρ(u− φ̇)w + pez, ρ(u− φ̇)E + up).

Let us define the variational formulation of the ALE-Euler system:

Find W ∈ H1(QT ) such that ∀ϕ ∈ H1
cst(QT ), (Ψ(W ) , ϕ) = 0

with (Ψ(W ) , ϕ) =

∫

Ω0

ϕ(0)(W0 −W (0)) dΩ +

∫ T

0

∂

∂t

∫

Ωt

ϕW dΩdt

+

∫ T

0

∫

Ωt

ϕ∇ · F(W ) dΩdt −
∫ T

0

∫

∂Ωt

ϕ F̂(W ).n dΓdt , (2)

where F̂ takes into account the boundary conditions. Note that the ∇ is a differentiation
for constant time, identifying x-derivative and ξ-derivatives.

Time-discretized formulation. The ALE-Euler model will be advanced in time by an
explicit scheme. For simplicity, we write it as a Forward-Euler time advancing:

Find W ∈ H1(QT ) such that ∀ϕ ∈ H1
cst(QT ), (Ψ(W ) , ϕ) = 0 with

(Ψ(W ) , ϕ) =

∫

Ω0

ϕ(0)(W0 −W 1) dΩ

+
nmax∑
n=1

1

tn+1 − tn

[∫

Ωtn+1

ϕ(., tn+1)W (., tn+1) dΩ−
∫

Ωtn

ϕ(., tn)W (., tn) dΩ

]

+
nmax∑
n=1

∫

Ωtn

ϕ(., tn)∇ · F(W (., tn)) dΩ−
nmax∑
n=1

∫

∂Ωtn

ϕ(., tn) F̂(W (., tn)).n dΓ. (3)

For the sake of simplicity again, we shall not address the time discretization error in this
paper. Some justification of this option for explicit time advancing can be found in [3].

Fully discrete formulation. Let us consider τh a finite-element triangulation (2D) or tetra-
hedrization (3D) of Ω. We assume that Ωn

h = Ωn. We consider a dual finite-volume
tessellation made of median-limited cells:

Ωn
h =

⋃
elements

Th =
⋃

ic,cells

cellh(ic)

We define the following approximation space derived from the standard P1 FEM approx-
imation space :

Vh = {ϕ ∈ H1(QT ), ϕ ∈ C0(Q̄t),

∀ t ∈]0, T [, ∀ element T ∈ τh, ϕ(., t)|T is affine

∀ n, 1 ≤ nmax, ∀ i vertex ∈ τh, ϕ(x(i), .) is affine in time}.

4
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We define Vh,cst = H1
cst(QT ) ∩ Vh and the interpolation operator:

Πh : H1(QT ) → Vh ; Πhϕ(x(i), t
n) = ϕ(x(i), tn) ∀ i vertex, ∀ n, 1 ≤ nmax.

The fully discrete state system which we consider (similarly to [11]) writes:

Find Wh ∈ Vh such that ∀ϕh ∈ Vh,cst, (Ψh(Wh) , ϕh) = 0 (4)

with ∀W ∈ H1(QT ), ∀ϕ ∈ H1(QT ) ,

(Ψh(W ) , ϕ) =

∫

Ω0

ϕ(., t1)(ΠhW0 − ΠhW (., t1)) dΩ

+
nmax∑
n=1

1

tn+1 − tn

[∫

Ωtn+1

Πhϕ(., t
n+1)ΠhW (., tn+1) dΩ −

∫

Ωtn

Πhϕ(., t
n)ΠhW (., tn)) dΩ

]

+
nmax∑
n=1

∫

Ωtn

Πhϕ(., t
n))∇ · ΠhF(W (., tn))) dΩ−

nmax∑
n=1

∫

∂Ωtn

Πhϕ(., t
n)) ΠhF̂(W (., tn)).n dΓ .

The Πh in the initial condition and time derivative are useless for the discrete equation
statement, but essential for the extension of the discrete residual to continuous functions
of H1(QT ). Note that if in these initial and time terms the interpolation operator is
replaced by a projection P0 onto functions which are constant by cells, we get:

∫

Ωtn+1

P0ϕP0W
n+1 dΩdt−

∫

Ωtn

P0ϕP0W
n dΩdt =

∑
cells,ic

ϕ(ic)
(
|meas(ic)n+1|W n+1(ic)− |meas(ic)n|W n(ic)

)

in which we recognize the usual ALE finite-volume time-derivative.

4 MESH ADAPTATION HESSIAN-BASED CRITERION

4.1 Instantaneous mesh adaptation criterion

Let s(W ) a sensor function computed from the CFD field W at time t. It can be for
example the corresponding Mach number. Starting from:

‖s(W )− πMs(W )‖Lp(Ωh) =

(∫

Ω

(
trace

(
M− 1

2 (x)|Hs(W )(x)|M− 1
2 (x)

))p

dx

) 1
p

(5)

we define as optimal metric the one which minimizes the right hand side under the con-
straint of a total number of vertices equal to a parameter N . After solving analytically
this optimization problem, we get the unique optimal (MLp(x))x∈Ω as:

MLp = DLp (det
∣∣Hs(W )

∣∣) −1
2p+2 |Hs(W )u| and DLp = N

(∫

Ω

(det
∣∣Hs(W )

∣∣) p
2p+2

)−1

, (6)

5
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where DLp is a global normalization term set to obtain a continuous mesh with complexity

N and (det |Hu|)
−1

2p+2 is a local normalization term accounting for the sensitivity of the
Lp norm. In the case of an adaptation loop for solving a Partial Differential Equation,
a continuous sensor function s(W ) is not available, but an approximate solution s(WM).
In that case, the continuous interpolation error (2) is replaced by:

|s(WM)− πMs(WM)|(x) =
1

10
trace(M− 1

2 (x) |Hs(WM)(x)|M− 1
2 (x)) (7)

where Hs(WM) is an approximate Hessian of the discrete sensor, which is evaluated by the
patch-recovery approximation defined in [14]. According to the continuous mesh frame-
work, statement (6) defines directly a continuous optimal metric. In practice, solving
(6) is done by approximation, i.e. in a discrete context with a couple (mesh, solution)
denoted (HM,WM) and iteratively through the following fixed point:

Step 1: compute the discrete state WM on mesh HM,
Step 2: compute sensor sM = s(uM) and optimal metric Mopt

inter = Kp(HM(sM))
Step 3: M = Mopt

inter, HM = HMopt
inter

and go to step 1, until convergence.

4.2 A numerical example

The above method gives an optimal metric for each time of [0, T ]. In practice, the global
interval [0, T ] is divided into sub-intervals, [0, T ] = ∪[tp, tp+1] on which meshes will keep
a constant topology. At each time level tn inside [tp, tp+1], we have (6) an optimal metric
which is also a specification of the maximal mesh size in each direction for controlling
the error to a prescribed level. This specification for tn is therefore a constraint which we
map onto the first mesh at time tp of the subinterval. To take into account the different
constraints for the different tn of [tp, tp+1], an intersection of these metrics is performed,
defining the metric and the mesh at tp, insuring that deformed mesh in [tp, tp+1] satisfies
the adaptation constraint. An example of computation deals with the 2D fluid-structure
interaction due to the impact of a blast wave on a mobile rigid rectangular mass, cf.
Figure 2.

Figure 2: Application of the Fixed-Point algorithm to a blast wave inpinging an obstacle.

6
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5 MESH ADAPTATION GOAL-ORIENTED CRITERION

According to the goal-oriented paradigm, we introduce two scalar outputs depending
of the state variables (W and Wh are respectively the solutions of (3) and (5)):

j(W ) = (g,W )L2(QT ) ; δj = j(W )− j(Wh)

and we are interested by minimizing the approximation error committed on the evaluation
δj of j. Following [11], [7], we formally develop δj with the help of the continuous and
discrete adjoint states:

W ∗ ∈ V , ∀ψ ∈ V ,
(
∂Ψ

∂W
(W )ψ,W ∗

)
= (g, ψ), (8)

W ∗
h ∈ Vh, ∀ψh ∈ Vh,

(
∂Ψh

∂W
(Wh)ψh,W

∗
h

)
= (g, ψh). (9)

The idea is now to compute the difference of variational residual for a discrete test function:

(Ψh(W ), ϕh)− (Ψh(Wh), ϕh) = (Ψh(W )−Ψ(W ), ϕh)

Then assuming that W ∗, ΠhW
∗ and W ∗

h and their gradients are close to each other:

δj ≈ (Ψh(W )−Ψ(W ),W ∗) ≈ (Ψh(W )−Ψ(W ),ΠhW
∗) . (10)

The term Ψh(W )−Ψ(W ) is an a posteriori local error which we now evaluate.

5.1 Local error analysis

We replace in Estimation (10) operators Ψ and Ψh by their expressions given by Rela-
tions (3) and (5). We follow again this option. We also discard the error committed when
imposing the initial condition. We finally get the following simplified error model:

δj ≈
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn+1

ΠhW
∗,n+1(ΠhW

n+1 −W n+1) dΩ

−
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn

ΠhW
∗,n(ΠhW

n)−W n) dΩ

+
n=nmax∑

n=1

∫

Ωtn

ΠhW
∗,n ∇ · (ΠhF(W n)−F(W n)) dΩ

−
n=nmax∑

n=1

∫

∂Ωtn

ΠhW
∗,n (ΠhF̂(W n)− F̂(W n)).n dΓ. (11)

7
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Integrating by parts leads to:

δj ≈
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn+1

ΠhW
∗,n+1(ΠhW

n+1 −W n+1) dΩ

−
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn

ΠhW
∗,n(ΠhW

n)−W n) dΩ

−
n=nmax∑

n=1

∫

Ωtn

∇ΠhW
∗,n · (ΠhF(W n)−F(W n)) dΩ

−
n=nmax∑

n=1

∫

∂Ωtn

ΠhW
∗,n (ΠhF̄(W n)− F̄(W n)).n dΓ. (12)

with F̄ = F̂−F . We observe that this estimate of δj is expressed in terms of interpolation
errors of the Euler fluxes and of the time derivative weighted by continuous functions
ΠhW

∗ ≈ W ∗ and ∇ΠhW
∗ ≈ ∇W ∗. The integrands in Error Estimation (12) contain

positive and negative parts which can compensate for some particular meshes. In our
strategy, we prefer not to rely on these parasitic effects and to slightly over-estimate the
error. To this end, all integrands are bounded by their absolute values:

δj ≤
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn+1

|ΠhW
∗,n+1||ΠhW

n+1 −W n+1| dΩ

+
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn

|ΠhW
∗,n||ΠhW

n)−W n| dΩ

+
n=nmax∑

n=1

∫

Ωtn

|∇ΠhW
∗,n| |ΠhF(W n)−F(W n)| dΩ

+
n=nmax∑

n=1

∫

∂Ωtn

|ΠhW
∗,n| |(ΠhF̄(W n)− F̄(W n)).n| dΓ. (13)

5.2 Continuous error model

Working in this framework enables to write Estimate (13) in a spatially-continuous
form, in which the Πh are discarded, and in which the interpolation error Id − Πh is
replaced by its continuous Id− πM. Then, we are interested in minimizing the following

8
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error functional:

E(M) =
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn+1

|W ∗,n+1||πMW n+1 −W n+1| dΩ

+
n=nmax∑

n=1

1

tn+1 − tn

∫

Ωtn

|W ∗,n||πMW n −W n| dΩ

+
n=nmax∑

n=1

∫

Ωtn

|∇W ∗,n| |πMF(W n)−F(W n)| dΩ

+
n=nmax∑

n=1

∫

∂Ωtn

|W ∗,n| |(πMF̄(W n)− F̄(W n)).n| dΓ. (14)

We observe that the fourth term introduces a dependency of the error with respect to
the boundary surface mesh. In the present paper, we discard this term and refer to [12]
for a discussion of its influence. The first term can be transformed as follows without
introducing a large error:

∫

Ωtn+1

|W ∗,n+1||πMW n+1 −W n+1| dΩ =

∫

Ωtn

|Jn+1
n |−1|W̃ ∗,n+1||πMW̃ n+1 − W̃ n+1| dΩ

where |Jn+1
n | is the determinant of the transformation from Ωn to Ωn+1, and W̃ ∗,n+1

resp. W̃ n+1 the functions of Ωn obtained by reverse transportation from Ωn+1. Then,
introducing the continuous interpolation error, we can write the simplified error model as
follows:

E(M) =
n=nmax∑

n=1

∫

Ω

trace
(
M− 1

2 (x, tn)H(x, tn)M− 1
2 (x, tn)

)
dΩdt

with H(x, tn) =
∑5

j=1 Hj(x, t
n), in which

Hj(x, t
n) =

1

tn+1 − tn

∣∣∣|Jn+1
n |−1W̃ ∗,n+1

j (x, t)
∣∣∣ · ∣∣H(W̃ n+1

j )(x)
∣∣

+
1

tn+1 − tn
∣∣W ∗,n

j (x)
∣∣ · ∣∣H(W n

j )(x, t)
∣∣

+

∣∣∣∣
∂W ∗,n

j

∂x
(x)

∣∣∣∣ ·
∣∣H(F1(W

n
j ))(x)

∣∣ +

∣∣∣∣
∂W ∗,n

j

∂y
(x)

∣∣∣∣ ·
∣∣H(F2(W

n
j ))(x)

∣∣

+

∣∣∣∣
∂W ∗,n

j

∂z
(x)

∣∣∣∣ ·
∣∣H(F3(W

n
j ))(x)

∣∣

(15)

is defined on Ωn. Here,W
∗
j denotes the jth component of the adjoint vectorW ∗,H(Fi(Wj))

the Hessian of the jth component of the vector Fi(W ), and H(Wj,t) the Hessian of the jth

9
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component of the time derivative of W . It should be noted that the time derivative can
be estimated with more accuracy in order to avoid a large weight (tn+1 − tn)−1 which is
not compensated due to the rough triangular inequality applied in the above majorations.

5.3 Spatial minimization for a fixed t

Let us assume that at time t = tn, we seek for the optimal continuous mesh Mgo(t)
which minimizes the instantaneous error, i.e., the spatial error for a fixed time t:

Ẽ(M(t)) =

∫

Ω

trace
(
M− 1

2 (x, t)H(x, t)M− 1
2 (x, t)

)
dx

under the constraint that the number of vertices is prescribed to C(M(t)) = N(t). Sim-
ilarly to [12], solving the optimality conditions provides the optimal goal-oriented (“go”)
instantaneous continuous mesh Mgo(t) = (Mgo(x, t))x∈Ω at time t defined by:

Mgo(x, t) = N(t)
2
3 Mgo,1(x, t) , (16)

where Mgo,1 is the optimum for C(M(t)) = 1:

Mgo,1(x, t) =

(∫

Ω

(detH(x̄, t))
1
5dx̄

)− 2
3

(detH(x, t))−
1
5 H(x, t). (17)

6 CONCLUDING REMARKS

The more complex a model is, the more necessary is the use of a mathematical method
in order to control the approximation error. In fluid-structure interaction, a central chal-
lenge is the control of the error due to ALE. Several difficulties are combined: (a) the
unsteadiness which implies to use several mesh topologies: we have chosen to build the
method inside the Transient Fixed point algorithm which freezes the topology during
time sub-intervals, (b) mesh motion, for which we use an existing elasticity model, (c)
ALE error analysis. This paper concentrates on the (c) issue and proposes a formulation
transforming the mesh adaptation problem into a metric-optimization problem. A proper
formulation of the state equation is proposed. Several formulations of error paradigms are
addressed and transformed into an algorithm involving a well-posed metric-optimization
sub-problem. The preliminary results depicted here will be completed for the conference
by works in progress dealing with these new formulations.
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Abstract. In this paper high-order triangular elements are implemented in the framework of 
the Arbitrary Lagrangian-Eulerian method for the analysis of large strain consolidation 
problems in geomechanics. The theory of consolidation, as well as details of the high-order 
elements, including cubic (10-noded), quartic (15-noded), quantic (21-noded) and sextic (28-
noded) elements are discussed. The accuracy and the efficiency of high-order elements in the
analysis of consolidation problems are demonstrated conducting a small deformation analysis of 
the soil under a strip footing as well as a large deformation analysis of a vertical cut subjected to a 
surcharge loading. Based on the numerical results, it is shown that high-order elements not only 
improve the accuracy of solution but can also significantly decrease the required 
computational time. It is also demonstrated that assuming identical order for displacement 
shape functions and the pore water pressure shape functions does not affect the stability of the 
time-marching analysis of consolidation nor the accuracy of the numerical predictions.

1 INTRODUCTION
The theory of linear consolidation was first proposed by Biot in 1941. However, it took 

several years before researchers applied the finite element method to solve Biot’s 
consolidation equations, e.g., Sandu and Wilson (1969). The works of Christian and 
Boehemer (1970) and Kraus (1978) are the good examples of employing the finite element 
technique to solve elastic consolidation problems. Later, Small et al. (1976) proposed the first 
extension to Biot’s theory to accommodate elastoplastic behaviour of the soil. Works of 
Carter et al. (1977) and Carter et al. (1979) are further extension of the theory of consolidation 
for elastic and elastoplastic soil subjected to large strains.

The finite element method has proven to be very effective for dealing with consolidation 
problems in geomechanics. However, simultaneously minimising the computational time 
while maximising the accuracy of numerical solution, is still a research subject of some 
interest. One of the ways to achieve this goal is to apply high-order elements in which 
increasing the order of the nodal polynomial functions may result in more accurate results in 
less computational time. The 15-noded triangular elements have already been applied by a 
few researchers to improve the solution of some well-known geotechnical problems. 
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Examples include study of the collapse load of an incompressible soil under strip and circular 
footings by Sloan and Randolph (1982), investigation of the collapse load of soil with a non-
associated flow rule with small strains by De Borst and Vermeer (1984), and the 
consolidation problem of composite soft clay by Horpibulsuk et al. (2012). Recently, Kardani 
et al. (2013) compared the efficiency of high-order triangular elements such as quartic and 
quadratic elements by investigating the large deformation of an undrained soil under a 
footing. Later Kardani et al. (2014) compared the performance of the same set of high-order 
elements in analysing large strain coupled problems. When dealing with large deformation 
problem, the Arbitrary-Lagrangian-Eulerian (ALE) formulation presented by Nazem et al.
(2008) has been applied to refine the mesh in order to prevent the occurrence of mesh 
distortion during the analysis.

In this work, the performance of 28-noded triangular elements in analysing the coupled 
problems of geomechanics is compared with the outcomes of 10-, 15- and 21-noded elements. 
The comparison will be shown by investigating the bearing capacity of the soil under a strip 
footing assuming small deformations as well as the stability of a vertical cutting in an 
undrained soil subjected to large deformations.

2 GOVERNING EQUATIONS

In geotechnical problems the deformations of the solid phase are usually coupled with the 
pore fluid pressures. In order to analyse these consolidation problems, the governing 
equations are obtained by coupling the conservation of mass and the equilibrium resulting the 
governing finite element equations (see Nazem et al. 2008):

(1)

where K is the stiffness matrix, L represents the coupling matrix, H denotes the flow matrix, 
u and p are respectively the vectors of nodal displacements and pore water pressures, and Fext
and Qext represent the external force vector and the fluid supply vector, respectively. A
superimposed dot in Equation (1) represents the time derivative of a variable. It is noted that 
the Arbitrary Lagrangian-Eulerian method proposed by Nazem et al. (2006) is employed for 
solving the large deformation problems in this study. The implicit backward Euler method is 
used to numerically integrate the coupled differential equation in (1). For further details, see 
Nazem et al. (2008).

3 HIGH-ORDER ELEMENTS

In this paper, high-order triangular elements including the 10-, 15, 21- and 28-noded elements 
are applied to discretise the problem domain. In triangular elements, the order of the 
polynomial shape function, p, is directly related to the number of nodes, m, according to 
(Dunavant, 1985)

1 ( 1)( 2)
2

m p p= + + (1)

In dealing with the coupled problem, it is generally accepted that the order of the pore 
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water pressure shape functions should be one degree lower than the order of the displacement 
shape functions. For the 6-noded elements this can easily be achieved by only considering 
pore pressure degrees of freedom at the corner nodes. However, with higher order elements 
such consideration is not feasible. To overcome the problem in this study, the same order of 
shape function is assumed for both displacement and pore water pressure. Later, through some 
numerical examples, it is demonstrated that this assumption is satisfactory. Table 1 contains 
the characteristic information for each type of high-order element considered, including 
number of nodes on each side of the element, the number of internal nodes, the polynomial 
order and the minimum number of quadrature points.

Table 1: Characteristic information for high-order triangular elements

Element 
type

No. of 
nodes

per side

No. of 
internal 
nodes

Order of 
shape 

function

Plane strain Axi-symmetric
Order of 
Integrand

Gauss 
points

Order of 
Integrand

Gauss 
points

10-noded 4 1 3 6 6 7 12
15-noded 5 3 4 8 12 9 16
21-noded 6 6 5 10 16 11 25
28-noded 7 10 6 12 25 13 37

4 NUMERICAL EXAMPLES
In this study, the accuracy and efficiency of high-order elements in tackling coupled 

problems is investigated by analysing two geotechnical problems. In the first example, a soil 
layer under a strip footing is analysed to find its undrained bearing response while assuming 
small deformations. In the second example, the loading of a vertical cutting is studied 
assuming large deformations. In both examples, the study is focused on the possibility of 
achieving a prescribed accuracy with fewer degrees of freedom while increasing the order of 
the elements.

It is noted that the high-order elements have been implemented in SNAC, a finite element 
program developed for analysing geotechnical problems at the University of Newcastle.

4.1 Elastoplastic analysis of a soil layer under a strip footing
In this example, the efficiency of high-order element in dealing with geotechnical coupled 

problems is shown by small deformation analysis of the undrained bearing response of a soil 
layer under a rigid strip footing. Small (1977) showed that for a weightless soil the drained 
and undrained strength parameter must satisfy

2 1 sin
1 1 sin

u Nc where N
c N

φ
φ

φ

φ
φ
′+

= =
′ ′+ −

(1)

in which φ′ and c′ are respectively the drained friction angle and cohesion, and cu denotes 
the undrained shear strength of the soil. In a coupled analysis, the excess pore water pressure 
will not have sufficient time to dissipate provided that the loading rate is relatively fast rate
(see Small 1977). Based on Prandtl’s plasticity solution, the undrained bearing capacity of 
soil under a strip footing is obtained by
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u c uq N c= (1)

where Nc=2+π represents the bearing capacity factor.  The Mohr-Coulomb material model is 
used to predict the soil behaviour in this example. To avoid an artificial increase in shear 
strength of soil due to the suppression of any dilation under undrained (constant volume) 
conditions, it is important to assume that dilation angle is zero. The problem domain, 
boundary conditions and material properties are illustrated in Figure 1. Note that only the 
right half of the problem domain is considered in the analysis due to symmetry. Also, plane 
strain conditions are assumed.

Figure 1: An undrained layer of soil under a strip footing

To provide a comparison of the efficiency of the high-order elements, two fixed grids were 
used to discretise the problem domain. For a meaningful comparison it is important to use
more or less an identical number of degrees-of-freedom regardless of the element type. First,
the problem domain is discretised by an uniform 60x60 grid which provides a relatively 
coarse mesh with 3721 nodal points, noting that 60 is the least common multiple of 3, 4, 5 and 
6 (number of segments on one side of 10-, 15-, 21-, and 28-node elements, respectively). The 
second grid is relatively fine, including 120x120 uniform divisions and 14641 nodal points.
Both uniform grids are used to form triangular meshes by applying 10-, 15-, 21- and 28-node 
elements.

Table 2 presents the number of elements and integration points in each mesh as well as the 
numerical results including the error in predicted Nc and the CPU time normalised by the CPU
time of the fastest analysis. The plots of error versus the order of the shape functions, as well 
as the plots of error versus the normalised CPU time, are presented in Figures 2a and 2b,
respectively. According to Table 2, the coarse mesh of 28-noded elements provides the most
accurate estimation of the undrained bearing capacity of the soil and hence there is no need to
repeat the analysis using the fine mesh of 28-noded elements.
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Table 2: Finite element meshes and numerical result

Element Type Mesh Number of 
elements

Number of 
Gauss points Nc

Error in Nc

(%)

Normalised 
CPU time

10-noded Coarse 800 4800 5.80 12.84 1
Fine 3200 19200 5.279 2.7 10.85

15-noded Coarse 450 5400 5.50 7.0 1.4
Fine 1800 21600 5.186 0.77 19.43

21-noded Coarse 288 4608 5.301 3.13 1.84
Fine 1152 18432 5.141 0.18 24.8

28-noded Coarse 200 5000 5.140001 1.9E-7 1.6
Fine 800 20000 - - -

 
a.  Error versus order of shape functions

 

b.  Normalised CPU time versus order of shape functions

Figure 2: Numerical results
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Based on the result presented in Table 2 and Figure 2, the coarse mesh with cubic elements
represents the fastest analysis, but the bearing capacity of the soil is considerably 
overestimated. On the other hand, the analysis with 28-noded elements with a CPU time just 
1.66 times the fastest analysis, achieves the most accurate result. Also in this example, by 
comparing the analysis results of 21-noded and 28-noded elements, it is concluded that the 
28-noded elements are more efficient than 21-noded elements as they not only improve the 
final solution but decrease the computational time.

4.2 Vertical cut
In this example, the efficiency of high-order element in dealing with coupled geotechnical 

problem is studied by large deformation analysing of a weightless soil under a uniform 
vertical load applied adjacent to a vertical cutting.

To model the undrained soil behaviour, the drained material properties are considered and
a coupled pore water pressure-displacement analysis is carried out with a rather fast loading 
rate. The problem domain, material properties and boundary condition are shown in Figure 3. 
Based on the theoretical solution, the maximum vertical pressure which can be applied on an 
undrained soil is equal 2cu. The analyses were conducted using a trial and error strategy. For 
each type of high-order elements, the first analysis employed a very coarse mesh and the error 
was calculated. The analysis was then repeated by gradually increasing the density of the 
mesh, specifically in the area under the load, with the aim of approaching the exact solution. 
The characteristics of the discretisation as well as the error and CPU time of each analysis are 
summarised in Table 3. For each analysis, the errors versus number of elements as well as the 
error versus normalised CPU time are plotted in Figure 4. According to Figure 4a, by
increasing the number of elements the error decreases, whereas the computational time 
increases. According to the Figure 4b, the performance of the high-order element improves as
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the order of element is increased. The 28-noded element achieved the same accuracy of the 
other type of elements with the lowest computational time. This given accuracy can be 
achieved in the fastest time using the 28-noded element.
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a. Error versus number of elements in the vertical cut. 
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b. Error versus normalised computational time 

Figure 4: Analysis results of vertical cut 
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5 CONCLUSION
In this study, high-order finite elements are applied for coupled problems in a finite 

element framework, using the Arbitrary Lagrangian-Eulerian method. The accuracy and 
efficiency of these elements were examined by analysing two typical geotechnical 
problems including the undrained bearing capacity of soil under a rigid footing and the 
behaviour of undrained soil under a vertical pressure applied adjacent to a cutting.

For the coupled problems investigated in this study, applying high-order elements was
proven to be very effective in improving the computational time. This means that 
increasing the order of elements leads to a decrease in the number of degrees of freedom 
required to achieve a given accuracy and therefore a significant drop in the computational 
time. Also, it was demonstrated that considering the same order of shape functions for 
both displacement and pore water pressure does not affect the accuracy of the numerical 
results. In dealing with the coupled problems studied in this paper, the 28-noded triangular 
elements prominently outperformed the other high-order elements.

Table 3: Descritisations in vertical cut problem

Element type Number of 
Elements

Degrees of 
freedom

Gauss 
points Error (%) Normalised CPU 

time

10-node

416 5790 2496 17 9.8
792 10938 4752 7 29.97
1289 17697 7734 2.0 222.58
1894 25878 11364 0 471.8

15-node

59 1533 708 12.35 3.2
231 5733 2772 7 26.98
416 10215 4992 2 164.78
792 19335 9504 0 485.59

21-node

59 2367 944 6.5 4.58
164 6333 2624 4 46.98
305 11733 4880 1 159.79
416 15888 6656 0 430.396

28-node

22 1317 550 12.8 1.0
42 2415 1050 8.5 4.2
59 3360 1457 2.1 7.0

108 6051 2700 0 19.6
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Abstract. Although it is accepted that the coefficient of consolidation for soil is not a true 
material property, but reflects the net effect of permeability and compressibility, it is a very 
useful parameter in day to day design. Design calculations make extensive use of elastic 
solutions for consolidation, such as beneath a shallow foundation or around a driven pile, but 
an important consideration is how to measure or estimate an appropriate coefficient of 
consolidation to use in those solutions. Typically the quantity is determined either from 
laboratory oedometer tests (generally then referred to as cv) or from field dissipation tests using 
a piezocone or piezoball penetrometer (generally then referred to as ch). Since the latter form 
of test includes a mix of stress paths, for some of which the soil has a stiffness associated with 
unloading and others of which involve plastic compression, the magnitude of ch for a given soil 
is typically 3 to 10 times the value of cv from virgin compression in laboratory oedometer tests. 
The paper explores the relationship between cv and ch for different boundary value problems, 
within the confines of soil modelled as Modified Cam Clay, for both isotropic and anisotropic 
permeability. Problems range among: simulated oedometer testing, field dissipation testing and 
pore pressure response beneath a shallow foundation. Results of finite element analysis of this 
range of problems are used to develop guidelines for different classes of problem, comparing 
the relevant coefficient of consolidation against a benchmark cv value associated with virgin 
compression in an oedometer. The normalised values of consolidation coefficient are expressed 
as functions of fundamental soil parameters used within Modified Cam Clay.  
 
1 INTRODUCTION 

The coefficient of consolidation, cv, was originally presented in Terzaghi’s classical one-
dimensional consolidation theory to estimate foundation settlement under vertical loading. The 
coefficient is usually determined through laboratory oedometer or Rowe cell tests, or from in 
situ pore pressure dissipation tests with piezocone or piezoball. In each type of test, the value 
of consolidation coefficient is deduced by comparison of measured data with a theoretical 
response curve, generally derived from simple elastic response of the soil. In an oedometer or 
Rowe cell test, the one-dimensional compression of the soil sample for a given stress increment 
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is plotted against either the square root of time or the logarithm of time in order to deduce cv 
[1]; in a field dissipation test, the excess pore pressure decay is plotted against the logarithm of 
time and matched to a theoretical response [2] in order to deduce an ‘operative’ coefficient of 
consolidation, usually expressed as ch. No formal relationship between ch and cv has been 
established, although in practice the former is generally found to be significantly greater, by a 
factor of 3 to 10, than the latter. In both laboratory and field tests, uncertainties arise because 
of the need to normalise the measured responses, identifying appropriate initial and final values 
of the measured parameters. 

In this paper, the coefficient of consolidation is interpreted from either finite strain or large 
deformation finite element (FE) analyses that incorporate an elastoplastic critical state soil 
model, Modified Cam Clay (MCC). The objective is to identify relevant ‘operative’ values of 
consolidation coefficient for different boundary value problems, devising relationships between 
the different values in terms of true soil parameters. Comparisons are made with experimental 
data obtained from laboratory and centrifuge model tests at the University of Western Australia, 
using normally consolidated kaolin clay, for which MCC parameters are well established. All 
FE simulations have been conducted in the framework of finite strain rather than small strain, 
using the commercial package Abaqus/Standard [3]. The soil is discretised with 8-node 
axisymmetric elements with reduced integration and pore pressures at 4 corner nodes (termed 
CAX8RP in Abaqus). 

2 SOIL PROPERTIES 
The properties of the kaolin clay considered in this study are listed in Table 1. The soil 

sample is assumed to have isotropic permeability (kh/kv = 1, where subscripts h and v indicate 
horizontal and vertical directions), as has been demonstrated in various centrifuge tests [4,5]. 
The effect of anisotropic permeability on dissipation of excess pore pressure will also be 
explored numerically.  

According to results from Rowe cell tests [6], the coefficient of consolidation for normally 
consolidated conditions may be fitted as: 

/smm   /014.0001.0 2
avv pc   (1)

where 'v is the vertical effective stress and pa is atmospheric pressure (100 kPa). The 
coefficient of consolidation was determined through the square root method (Taylor’s method). 
For normally consolidated soil under a K0 state, the relationship between void ratio and vertical 
effective stress within the MCC model is 
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where C is the distance between the virgin consolidation line (VCL) and one-dimensional 
normal consolidation line, and K0 is the coefficient of earth pressure at rest. Equations 1 and 2 
allow the permeability of the kaolin to be determined as a function of the void ratio e: 
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where γw is the unit weight of water and mv is the coefficient of volume compressibility. The 
relationship for permeability given by Eq. 3 has been used successfully in recent numerical 
studies [5,7]. However, the accuracy of this equation is limited for two reasons: (i) the void 
ratio in a one-dimensional test varies with stress level and time during a consolidation stress 
increment; (ii) the coefficient of consolidation is determined from an empirical method (in this 
case Taylor’s root time method rather than the log time method of Casagrande). 

Table 1: MCC parameters for kaolin clay 

Properties (after [8]) Values 

Angle of internal friction, ϕ' 23˚ 
Void ratio at p' = 1 kPa on virgin consolidation line, eN 2.252 
Slope of normal consolidation line, λ 0.205 
Slope of swelling line, κ 0.044 
Plastic compression ratio,  = 1 – / 0.79 
Poisson’s ratio, ν 0.3 
Submerged unit weight, ' 6.18 kN/m3 

 

3 OEDOMETER TEST 
To verify the effectiveness of Eq. 3, a conventional oedometer test was simulated using finite 

strain FE analysis. The soil sample was 75 mm in diameter and 20 mm high, with permeable 
top and bottom faces. The container was assumed fully smooth. Prior to one-dimensional 
consolidation, a small pressure of 5 kPa was applied on the soil surface to generate initial 
effective stresses within soil sample, with K0 selected as 0.75 rather than the more usual 
estimate of 1 - sinϕ' (= 0.61). The reason is that the shape of the MCC yield envelope, assuming 
associated flow, automatically leads to a ratio between radial and vertical effective stress during 
one-dimensional compression between 0.7 ~ 0.8. The initial void ratio was thus calculated as 
e0 = 1.942 and C in Eq. 2 was 0.017. The vertical stress was increased from 5 kPa to 55, 105, 
205, 405 and 505 kPa. Each stage lasted 8 h, which was sufficiently long for full dissipation of 
excess pore pressures. The elastic part of the MCC model was described with constant Poisson’s 
ratio of 0.3. Once the simulation was completed, the value of cv corresponding to each loading 
stage was derived through the square root time method. 

Figure 1 shows the variations of cv from Eq. 1 and from the FE simulation. Agreement is 
reasonable, suggesting that the permeability can be quantified through Eq. 3 with satisfactory 
accuracy. Terzaghi’s 1-D consolidation theory is based on the simplifications that the soil is 
homogeneous and the permeability is constant during each loading stage. Additionally, there is 
always some divergence of cv obtained through different empirical methods. The good 
agreement highlighted in Figure 1 is probably due to the reason that both the coefficient of 
compressibility 
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and permeability depend on the current void ratio, but the void ratio is varied in a relatively 
small range for each loading stage. 

 

  
Figure 1: Coefficient of consolidation estimated by FE 

The unloading phase was also simulated, reducing the vertical stress applied to the soil 
surface in stages to 405, 205, 105 and 55 kPa. The resulting cv,unloading values are shown in Figure 
2, where they are compared with Eq. 1, factored by /. (Note the equation was recast to be 
based on p', taking account of the changing K0 during 1-D unloading.) As may be seen, the FE 
data are broadly similar to the factored equation, but with a greater variation with respect to 
effective stress level. In fact it is difficult to ‘predict’ the operative consolidation coefficient for 
each stage of unloading, due to complex changes in the effective stress level, K0 and void ratio 
that take place (non-uniformly with time through the sample), as illustrated below. 

The compression and swelling curves from the loading and unloading stage are shown in 
e - 'v space in Figure 2. While the loading response matches exactly the input value of , the 
unloading response shows a gradient that gives equivalent ‘’ values (but with respect to 'v 
rather than p') that decrease from 0.032 to 0.014, compared with the input value of  = 0.044. 
The discrepancy is due to the gradually increasing K0 value during 1-D unloading, as shown in 
Figure 3, and indeed the e – p' response matches exactly  = 0.044. The difference in deduced 
values of  obtained in either e - 'v or e – p' space is an aspect that is generally over-looked in 
deriving input parameters for soil models.

Although the above discussion is somewhat pedestrian in that it covers well-known aspects 
of soil response, it is included in order to provide background data that illustrate the rather 
complex nature of the consolidation coefficient, as applied to even very simple problems. The 
following sections extend the study to explore ‘operative’ values of consolidation coefficient 
obtained from two different applications, consolidation around a penetrometer, and 
consolidation beneath a shallow foundation. 
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Figure 2: Compression and swelling curves from FE simulation of oedometer test 

 

Figure 3: Effective stress ratio during numerical reproduction of compression and swelling 

4 PIEZOBALL DISSIPATION TESTS IN NORMALLY CONSOLIDATED CLAY 

Full-flow penetrometers such as the T-bar [9] and ball [10] have been used increasingly 
during the last decade, in particular in soft seabed sediments due to their advantages of larger 
projected area and minimal correction for overburden pressure. A ball penetrometer fitted with 
pore pressure transducer, a so-called piezoball [10], is of special interest as it can provide 
information on the soil consolidation properties by means of dissipation tests. Compared with 
one-dimensional consolidation laboratory test, the piezoball dissipation test is carried out in 
natural soil, without the need to obtain (nominally) undisturbed soil samples for later testing in 
the laboratory. This is especially important for offshore practice, since the cost of obtaining 
high-quality samples for laboratory testing are very high, and the low shear strengths in the 
upper few metres of the seabed pose particular practical difficulties. 

In this section, the dissipation of excess pore pressure adjacent to the piezoball, following 
penetration, is studied using a large deformation finite element (LDFE) approach. The aim is to 
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establish a procedure for estimating ch from the dissipation response for general anisotropic soil 
permeability. The LDFE approach is based on frequent mesh regeneration, in order to overcome 
soil element distortion induced by penetration of the ball. The details of the LDFE approach 
can be found in [11,12]. 

A centrifuge test [13] was reproduced to verify the reliability of the LDFE approach, 
assuming isotropic permeability, followed by investigation of the effect of anisotropic 
permeability. The model piezoball had a diameter of Db = 15 mm and shaft diameter of d = 5 
mm; the polypropylene filter element was fitted at either the mid-face (half the radius vertically 
from the tip of the ball probe) or the equator position; and the tests were conducted in normally 
consolidated kaolin at an acceleration level of 110g. The piezoball was penetrated to depth of 
160 mm (estimated 'v ~ 109 kPa) at a rate of 1 mm/s, and then the dissipation test was 
conducted maintaining position of the piezoball. To simplify the analyses, avoiding major 
distortion of the soil surface, the piezoball in the LDFE analyses was pre-embedded at a depth 
of 130 mm before penetrating by 2 diameters, rather than simulating penetration from the soil 
surface. The shafted-piezoball was simplified as fully smooth. The coefficient of earth pressure 
was taken as K0 = 1 - sinϕ' = 0.61, and C in Eq. 2 was calculated as 0.048.  

To explore the effect of anisotropic permeability, the ratio between horizontal and vertical 
permeability, n = kh/kv, was changed from 1 to 2, 5 and 10. Note that in the LDFE simulations, 
kh and kv were in terms of global Cartesian coordinates. The penetration rate used in the test, 
1 mm/s, was sufficient to ensure essentially undrained conditions for n = 1. However, our trial 
calculations showed that the penetration phase may allow some partial consolidation for n > 1. 
The penetration rate was thus increased to 10 mm/s in the LDFE simulations. The pore pressures 
induced in soil with n = 1 are not affected significantly by the increase of penetrate rate, since 
the responses under undrained conditions are similar. Only the dissipations at mid-face of the 
ball are discussed here, as this position was deemed superior to the equator position for 
estimating ch [7]. 

All the numerical dissipation responses are shown with the experimental data in Figure 4a. 
The numerical excess pore pressure at the end of penetration reduces from 147 to 135 kPa as n 
is increased from 1 to 10. This slight divergence suggests that nearly undrained conditions are 
achieved for permeability ratios no larger than 10. For soil with isotropic permeability, the 
measured excess pore pressure at the start of dissipation is slightly higher than the FE result. 
[7] suggested that the excess pore pressure is best normalised with an idealised initial excess 
pore pressure uext which is estimated using a back-extrapolation technique based on the square 
root of time [14]. An extensive parametric study, assuming isotropic permeability led to the 
suggestion that the consolidation time is best normalised as 
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where ch is the operative coefficient of consolidation, Ir the rigidity index (equal to 73 here), p' 
the initial mean effective stress at the dissipation depth and α is a fitting parameter selected as 
0.75. Note that this value of , closer to unity than zero, reflects the stress paths followed during 
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the dissipation process, which tend to include a high component of (elastic) ‘reloading’, even 
for the initially normally consolidated soil conditions [7]. 


 
(a) Dimensional (time is for centrifuge model) 

 
(b) Normalised 

Figure 4: Dimensional and normalised dissipation responses at mid-face of piezoball 

The normalised time from Eq. 5 is only for isotropic permeability. For permeability ratio 
n > 1, Eq. 5 may be modified as 
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with the factor β fitted as 

2
1

2


n  
(8)

The resulting normalised dissipation graphs are shown in Figure 4b. By introducing the 
factor β, the normalised numerical graphs with n ranging through 1 ~ 10 become nearly unique, 
establishing the effectiveness of the normalisation. Equation 7 indicates that the rate of 
dissipation at the mid-face of the piezoball depends on the average permeability in the vertical 
and horizontal directions. In contrast, the dissipation at the shoulder (u2 position) of the 
piezocone is generally assumed to be governed by the horizontal permeability.  

The unique normalised dissipation graph provided in Figure 4b can be used to estimate cv 
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once the permeability ratio in a particular field is known. In situ test data for the dissipation of 
excess pore pressure as a function of time are interpreted through the following procedure:  

(1) A nominal initial excess pore pressure, uext, at the start of dissipation is evaluated using 
the root time back-extrapolation technique [14].  

(2) The dissipation time is then normalised using Eq. 7 (assisted by Eq. 8) with an assumed 
operative coefficient of consolidation ch. The value of ch is adjusted until the experimental 
normalised dissipation graph matches the numerical curves, such as those in Figure 4b.  Note 
that it is necessary to assume a permeability ratio n a priori, or to undertake appropriate 
laboratory tests to evaluate the degree of permeability anisotropy. 

(3) The coefficient of consolidation cv at the dissipation depth of piezoball is estimated as 
(see Eq. 6): 

hv cc






















)1(3
)1(  

(9)

A final comment relates to the application of the coefficient of consolidation to assess the 
degree of drainage during moving boundary problems, such as a penetration test [13,15]. The 
normalised velocity 

vc
vDV   

(10)

where v is the actual velocity and D is the relevant dimensions (e.g. diameter of penetrometer) 
may be used to quantify the degree of consolidation occurring during the motion. Generally, 
limits of V < 0.3 for fully drained conditions and V > 30 for undrained conditions are applied. 
However, it seems logical that these limits should really be expressed in terms of the same 
coefficient of consolidation as determined in a pore pressure dissipation test. In the case of a 
piezoball, that would change the limits for partial consolidation to (about) 0.1 < V' < 10, where 
V' = vD/ch. These limits match the experimental data of [13]. 

5 CHOICE OF CONSOLIDATION COEFFICIENT IN FOUNDATION DESIGN 
Just as the operative coefficient of consolidation ch for a piezocone or piezoball dissipation 

test is greater than the corresponding cv value from a laboratory consolidation test, so the 
relevant coefficient for excess pore pressure dissipation or consolidation settlement beneath a 
shallow foundation may differ from cv because of the range of stress paths followed in the 
underlying soil.  

The operative coefficient of consolidation governing dissipation beneath a rigid, circular 
foundation resting on the surface of normally consolidated kaolin clay was investigated through 
centrifuge model tests [16]. The so-called ‘piezofoundation’ comprised a rough, rigid circular 
plate equipped with a pore pressure sensor at the centre of the baseplate. Two dissipation tests 
were carried out at constant (average) vertical stress levels of 10.5 kPa (PF1) and 20.5 kPa 
(PF2). The dissipation time histories from each test are shown in Figure 5a.  

The piezofoundation tests exhibit the characteristic Mandel-Cryer effect with excess pore 
pressure increasing above the initial value of stress change during the early stage of 
consolidation. The Mandel-Cryer effect is a stress transfer effect significant in three-
dimensional consolidation, resulting from the more rapid dissipation of excess pore pressure in 
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the soil near the edges of the foundation than near the centre. The resulting (greater) 
compression of the soil at the edges leads to a temporary (initial) transfer of total stress and 
hence increase in excess pore pressure in the central part of the foundation.  

 

   
(a) Measured excess pore pressure dissipation 

 

 

(b) Measured and numerical prediction of normalised excess pore pressure dissipation 
Figure 5: Dissipation time histories for piezofoundation tests 

Values of the operative coefficient of consolidation were determined by fitting the 
normalised measured dissipation curves to solutions based on elastic and elasto-plastic 
(Modified Cam Clay soil with isotropic permeability) finite element analyses of a rough, rigid, 
surface plate [17,18], as illustrated in Figure 5b. The excess pore pressure was normalised by 
the initial value and the consolidation time by a dimensionless time factor  
T = cref/tD2, where D is the diameter of the foundation (= 40 mm). Operative values of the 
coefficient of consolidation, cref, of 0.12 mm2/s and 0.16 mm2/s for tests PF1 and PF2, with 
foundation loads of 10.5 kPa and 20.5 kPa respectively, were deduced in order to fit the 
numerically derived solutions.  

Complementary piezocone tests were carried out in the centrifuge sample in order to relate 
the operative coefficient of consolidation for the foundation response, cref, to that measured by 
the piezocone, ch. The piezocone data was normalised with the idealised initial excess pore 
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pressure value, uext, estimated using back-extrapolation based on the square root of time 
method [14], as applied to the piezoball results presented in Section 4. The consolidation time 
was normalised as a time factor, denoted T* [2], similar to that applied to the piezoball 
interpretation presented in Section 4.   

502 .
r

h

IR
tc*T   

(11)

where R is the piezocone radius and Ir is a rigidity index, taken as 88, following [19]. The 
normalised time histories are shown in Figure 6. Values of the coefficient of horizontal 
coefficient of consolidation, ch, were extrapolated from these dissipation curves using a 
correlation with an established theoretical solution based on T*50, the time for 50% excess pore 
pressure dissipation [2]. Values range from 0.24 < ch (mm2/s) < 0.41 and are plotted as a 
function of vertical effective stress corresponding to the depth of each piezocone test in 
Figure 7, along with the operative values of the coefficient of consolidation, cref, from the 
foundation tests.  

Additional piezcone results from other testing programmes in normally consolidated kaolin 
at UWA but carried out at higher stress levels [4, 20] are also shown on Figure 7, along with 
the prediction of cv from ch using Eq. 1. The ratio ch/cv is about 4.5, in good agreement with 
observations [4, 13]. The stress dependent relationships of cref and ch can be approximated by 
power laws of the form given for cv in Eq. 1. The relationships shown in Figure 7 indicate the 
operative coefficient of consolidation, cref, governing the response of a surface circular 
foundation under vertical loading, can be taken as 0.6ch, as measured from in situ piezocone (or 
piezoball) tests or 2.6cv, as measured through laboratory oedometer tests.  

There is a curious feature of this comparison between the two numerical solutions and the 
experimental data. On the one hand the two numerical solutions coincide if the consolidation 
coefficient, cv, from the MCC analysis is based on the virgin (plastic) 1-D compression 
modulus, M, so 





0)1( v

ww
v

ekkMc


  
(12)

On the other hand, the deduced cref from the experimental data lies closer to the dissipation 
consolidation coefficient, ch, than the value, cv, associated with plastic 1-D compression. This 
apparent inconsistency needs further investigation, but again emphasises the complexity of 
assessing suitable value of consolidation coefficient for different boundary value problems. 
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Figure 6: Normalised dissipation time histories from piezocone tests 

  
Figure 7: Coefficient of consolidation as a function of vertical effective stress. 

 
The preceding discussion assumed isotropic permeability. Many natural soils exhibit 

anisotropic permeability, typically with kh > kv. The effect of anisotropic permeability has been 
considered previously in solutions of elastic finite element analysis [17]. Figure 8 shows 
selected results from the study for ratios of horizontal to vertical permeability, i.e. n = kh/kv as 
defined in Section 4, of 1 (isotropic), 3 and 10. It can be seen that the Mandel-Cryer effect 
becomes less significant with increasing permeability anisotropy and as a result the gradient of 
the dissipation response becomes less steep over the central part.  
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(a) Time factor based on kv 

 
(b) Time factor based on kh/kv 

 
Figure 8: Effect of permeability anisotropy on consolidation beneath a surface foundation 

In the results shown in Figure 8, the permeability anisotropy ratio, n, was varied by 
increasing the magnitude of horizontal permeability while keeping the value of vertical 
permeability constant. The time for consolidation therefore reduces with increasing n due to the 
overall increase in the ‘resultant’ coefficient of (vertical and horizontal) consolidation. An 
adjustment can be applied to the time factor, or more strictly to the assumed coefficient of 
consolidation for isotropic conditions, to account for the relative increase in the resultant 
operative value of the coefficient of consolidation. An adjustment of the form suggested for the 
piezoball interpretation described in Section 4 is applied 
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where  is as given in Eq. 8 and cref is the operative coefficient of consolidation calculated as a 
function of the coefficient of vertical permeability. In the case of the shallow foundation 
consolidation response, an adjustment of 0.5 was found to provide the best fit with the 
numerically derived data. Use of Eq. 13 unifies the normalised time histories for the shallow 
foundation consolidation response, notwithstanding the initial variations in dissipation due to 
the Mandel-Cryer effect (Figure 8b).  
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6 DISCUSSION 
The time-scale of consolidation processes within soil is determined from the (potentially 

anisotropic) permeability and the stiffness of the soil skeleton. The two facets result in a 
coefficient of consolidation, which will vary from one boundary value problem to another and 
the extent to which the stress-strain response of the soil during consolidation comprises plastic 
compression or quasi-elastic ‘reloading’ or swelling. In clays and other fine-grained soils, the 
permeability of the soil is a relatively strong function of the void ratio, but may be determined 
through conventional laboratory testing. However, estimation of an appropriate stiffness in 
order to derive a coefficient of consolidation is more challenging. 

Three different boundary value problems have been considered here, all analysed using 
Modified Cam Clay to represent normally consolidated clay, with parameters suitable for the 
kaolin clay used to obtain corresponding experimental data. The three problems concern: 
(1) 1-D consolidation and swelling; (2) pore pressure dissipation around a piezoball 
penetrometer; and (3) pore pressure dissipation at the centre of a circular surface foundation. 
For the latter two problems, the effects of anisotropic permeability have also been considered. 

Comparing Figures 1 and 6, deduced values of the coefficient of consolidation are bounded 
by the oedometric values for plastic compression and swelling, which differ by a factor of 6 or 
7 for kaolin clay, compared with the / ratio of 4.7. One of the reasons for the greater factor 
obtained from numerical analysis is the effect of varying K0 (and hence ratio of p' to 'v) during 
swelling as the soil becomes increasingly more over consolidated.  

The consolidation coefficient relevant for pore pressure dissipation around a penetrometer 
was found to be a factor of about 5 greater than the oedometric compression value (for a given 
vertical effective stress). Although superficially comparable with the / ratio, parametric 
studies varying  and  separately suggest a more complex relationship (Eq. 6).

Data from model tests suggest an operative coefficient of consolidation for pore pressure 
dissipation from beneath a shallow foundation that lies approximately mid-way between values 
from laboratory oedometer tests or in situ piezocone (or piezoball) dissipation tests. This 
appears inconsistent with finite element solutions for soil modelled either as purely elastic or 
as normally consolidated Modified Cam Clay, where the operative consolidation coefficient 
from the latter approach appeared to coincide with the oedometric compression value. 

 Approaches to adjust the derived operational coefficient of consolidation to account for 
permeability anisotropy have also been suggested. For the piezoball dissipation, the coefficient 
of consolidation may be adjusted by simple averaging of the permeabilities in the vertical and 
horizontal directions. By contrast, for dissipation beneath a shallow foundation, the operative 
permeability appears to vary according to the square root of the average permeability. This 
seems logical, given that the latter problem is more dominated by vertical flow of pore water, 
hence the operative coefficient of consolidation is a weaker function of the ratio kh/kv.    
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Abstract. Stress transport in an unsaturated granular material is analytically derived.
As such, an effective stress tensor related to the mechanical state governed by the inter-
ganular forces within the skeleton is identified together with a capillary stress tensor that
accounts for the interactions due to the liquid and gaseous phases. Using a Discrete Ele-
ment Method for modelling an unsaturated granular material, this capillary stress tensor
is computed along different loading paths. Knowing the applied total stress, the effective
stress tensor is then readily deduced and it is shown that it describes adequately the
strength of the unsaturated granular material along various loading paths for any degree
of saturation.

1 INTRODUCTION

Geomaterials encountered in Civil Engineering are multiphasic systems which typically
encompass solid, liquid (wetting) and gas (non-wetting) phases. Considering granular
geomaterials, the solid phase is discontinuous, consisting of a collection of distinct soil
particles. Voids exist between the particles, and we denote the union of the solid phase
and these voids as the skeleton. Most of the classical analyses of geomaterials pertain to
limiting conditions represented by the void space containing only gas (dry case) or only
liquid (saturated case). However, conditions encountered in geotechnical practice involve
unsaturated soils, for which these voids include both liquid and gas phases. The pres-
ence of the three phases and their mutual interactions enrich their mechanical behaviour,
leading for example, to higher strengths depending on the water content. As such, we
tackle here this unsaturated case. Various filling configurations of the liquid phase within
the void space exist depending on the degree of saturation Sr, i.e. the ratio between the
water volume, and the volume of the voids. Here, a pendular regime is invoked where the

1
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liquid phase consists of distinct menisci between soil particles (Figure 1), corresponding
to low values of degree of saturation (Sr < 20%).

Figure 1: Unsaturated granular material in the pendular regime: water phase forms distinct menisci
between contacting and some distant soil particles (idealized as spheres)

We aim here to analyze the mechanical state of unsaturated granular materials, and
to investigate how it relates to skeleton behaviour. To this end, analytical derivations of
stress transport in the unsaturated material are introduced in Section 2, identifying an
effective stress related to the skeleton. Then, these newly derived analytical expressions
are used in a DEM simulation of an unsaturated granular soil [1] to verify the role of
effective stress in governing material strength.

2 FORCE TRANSPORT IN UNSATURATED MEDIA

2.1 Analytical derivations

In [2], the total, or macroscopic, stress for the volume V of unsaturated material
depicted in Figure 1 has been computed as an average of the stresses existing in the
different phases. The stresses inside the liquid or gaseous phases are readily computed as
σ = uα δ ∀ �x ∈ Vα, with Vα, α = l, g, the volume of the phase α, uα its uniform pressure,
and δ the identity tensor. Note that geomechanics sign convention is used troughout this
paper, with compressive stresses and strains being positive.

The stress within the solid phase is computed from local stresses inside each particle,
assuming they are in static equilibrium without body forces: div(σ) = �0 ∀ �x ∈ V k

s , with
V k
s the volume of the solid particle k. Under this assumption, the volume integrals of σ

are classically computed from the external tractions existing on the boundaries on each
particle. Taking into account the solid contact forces, as well as the loadings of the water
pressure along all wetted surfaces Sk

l , of the air pressure along all dry surfaces Sk
g , and

of the surface tension along all menisci contours Γk
m (i.e. the intersection of solid, liquid,

and gaseous phases along the particle k), the total stress is finally obtained as:

2
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σ =
1

V

∑

cont. s−s

�f ⊗�l + ug δ − (ug − ul)χ−B (1)

χ =
Vl

V
δ +

1

V

∑

k

∫

Sk
l

Rk�n⊗ �n dS

B =
1

V

∑

k

∫

Γk
m
�γ ⊗Rk�n dl

In equation (1), the vectors �f and �l are defined for each contact between two solid

grains “1” and “2”: �f is the contact force, as acting on the grain 2, and �l is the branch
vector joining the two particles centers, from 1 to 2. The Rk are the radii of the solid
particles considered as spherical whereas �γ dl is the incremental surface tension acting on
one particle k, at one point of a meniscus contour along this particle.

This analytical model is currently being extended to take into account the interfaces
between the different phases, these interfaces having their own energies and stresses [3, 4].

2.2 Discussion

In equation (1), the first term in the expression of σ corresponds to the Love-Weber
formula [5, 6]. It is related to the skeleton behaviour, as it will be shown in Section 3.
Thus, it is denoted as effective stress.

In addition to this effective stress, two other stress-like tensors arise from the deriva-
tions, neglecting the air pressure ug δ. They correspond to the mechanical interactions
due to the presence of both liquid and gaseous phases. For this reason, their sum is
denoted as capillary stress.

One term of the capillary stress is proportionnal to the matric suction ug − ul, with
a symmetric tensor χ depending on the distribution of the water phase around the solid
particles. This tensor is isotropic, i.e. spherical, if and only the above-mentioned distri-
bution is isotropic. The water phase distribution being to a certain extent controlled by
the distribution of grain contacts, a deviatoric nature for χ may arise during a deviatoric
loading, due to induced anisotropy [7].

A second term, denoted B, describes the mechanical action on the solid grains of
the surface tension existing at the liquid-gas interface. In case of a monosized granular
material, with an isotropic distribution of liquid phase, this tensor vanishes [2]. In other
cases, this tensor is a non-null deviatoric one since, assuming a null contact angle:

tr(B) =
1

V

∑

k

∫

Γk
m
Rk�n. �γlg dΓ = 0 (2)

According to equation (1), the sum of these two terms, (ug − ul)χ + B, is equal to

the difference between the effective stress 1/V
∑ �f ⊗�l and the total one σ. Conversely,

3
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Jérôme Duriez, Richard Wan

for a known distribution of the water phase in an unsaturated granular material under a
total stress σ, equation (1) can be applied to determine the effective stress related to the
granular skeleton: σ + (ug − ul)χ + B. Note that for the saturated case, equation (1)
reduces to Terzaghi’s equation.

3 COMPARISON WITH DISCRETE SIMULATIONS

3.1 The DEM model

Simulations of an unsaturated granular material are performed using the code Yade
[8], that is based on the Discrete Element Method [9]: the model describes the mechanical
state of a collection of discrete elements that correspond to the soil particles. In addition
to the contact forces between touching elements, the model includes capillary forces acting
on elements. Introducing these capillary forces allows us to simulate the liquid bridges
(menisci) of the pendular regime [1].

The contact between particles is governed by frictional elastic-plastic contact laws. Re-
pulsive normal forces act when spheres get closer and they are linearly computed from the
relative normal displacement. Contact forces include tangential forces too, computed lin-
early from the relative tangential displacement up to a plastic threshold obeying Coulomb
friction law. This part of the model depends on three micro-parameters: two local stiff-
nesses, and one microscopic (inter-particle) friction angle. Values used in [1] are retained.

Suction controlled simulations are performed based on an algorithm solving the Laplace
equation that describes pendular menisci [1]. From the surface tension, the suction ug−ul,
and features of the numerical packing (radii and distance between elements), a distribu-
tion of menisci results directly from the algorithm. Menisci characteristic features are then
derived, such as filling angles, volumes, and associated forces acting on grains. Assuming
a wetting loading path (increasing Sr), menisci are created between touching particles,
and exist between these particles as long as a solution is found for Laplace equation. In
particular, menisci still exist when the particles do not touch anymore, leading to distant
attractive forces.

Different loading paths may be simulated, using periodic and non-periodic boundary
conditions. Periodic and non-periodic triaxial paths (σI = σyy > σII = σxx = σIII =
σzz = cst) are considered, as well as periodic simple shear tests (∂vx/∂y = cst, σyy =
σzz = cst), see Figure 2. Periodic simulations rely on the homogeneous strain of an unit
cell including the sample (see [10] for details). Non-periodic simulations involve rigid
frictionless boundaries whose movements impose strain onto the numerical sample.

Periodic and non-periodic simulations were performed on two similar numerical sam-
ples. The two samples, one periodic and another non-periodic, include 20,000 spher-
ical particles obeying an uniform size distribution with Dmax/Dmin = 3 and D50 =
45.3±0.5µm. The porosity of the two samples under 1 kPa isotropic pressure is 0.36±0.01,
leading to a dilatant behaviour for confining pressures in the range [1; 20 kPa].

4
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x

y

z

Figure 2: Triaxial (axisymmetric) compression: left, and simple shear: right

3.2 Discrete results for the dry case

The failure of the granular material is first investigated in the dry case, without intro-
ducing any capillary forces in the model. Limit stress states for the two samples along
various loading paths are depicted in Figure 3 according to the first and second invariants
of σ: the mean stress p = (σI+σII+σIII)/3 and the deviatoric stress q =

√
3/2∗||σ−p 1||

(q = σI − σIII for the triaxial paths). Since the plastic limit criterion of granular ma-
terials also depends on the third invariant, deviatoric stresses for simple shear paths are
corrected according to the current Lode angle, θ, values, assuming a Lade criterion [11].
As such, direct comparison is possible between the various loading paths, despite differ-
ent θ values (θ = 0◦ for triaxial compression, while, here, θ ∈ [22◦; 30◦] for simple shear).
As is evidenced in Figure 3, all stress limit states obey a common Mohr-Coulomb (MC)
criterion, with a macroscopic friction angle φ = 29◦.
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Figure 3: Stress limit states according to the mean and deviatoric stresses, p and q. Deviatoric stresses
for simple shear tests are corrected to be directly compared to values of triaxial tests, despite the difference
in Lode angle θ

3.3 Discrete results for the unsaturated case

The model is then applied to the unsaturated conditions. Six non-periodic triaxial
loadings are simulated for different confining pressures, in {5;10} kPa, and suction values,
in {10;50;100;300} kPa, see Table 1. Associated degrees of saturation values are low
(below 10%) ensuring a pendular regime.
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Table 1: Initial degrees of saturation (%) for the simulated unsaturated triaxial loadings

ug − ul (kPa)
10 50 100 300

σxx (kPa)
5 - - 0.32 0.045
10 8.7 1.0 0.32 0.046

Classically, limit stress states in unsaturated conditions correspond to higher deviatoric
stresses, not obeying anymore to the Mohr-Coulomb determined from the dry case (Figure
4).
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5 kPa lat.
10 kPa lat.
MC (29 deg)

Figure 4: Stress paths for two unsaturated triaxial loadings with 100 kPa suction, and different lateral
pressures

Indeed, due to the presence of liquid and gaseous phases, the effective stresses related
to the solid phase are now different from the total stresses (Figure 5). All stress tensors
being axisymmetric around �y axis (see Figure 2) during triaxial loadings, it is sufficient
to consider the mean (one third of the trace) and deviatoric (yy − xx) components of
each tensor. Both water and gaseous phases induce mainly a change in mean stresses.
The deviatoric component of the capillary stress tensor is here small, so that there is not
much of a difference between deviatoric effective and total stresses. This is related to the
initial isotropy of the DEM packing (see [2] for a study of inherent anisotropic packings),
which is consistent with initial null values of the deviatoric stress. However, because of
the induced anisotropy at the solid contact scale, a deviatoric feature for the capillary
stress tensor is induced by the loading (see also the Figures 7 and 8) and this deviatoric
feature increases with suction (Figure 6).

Among the two terms forming the capillary stress tensor, (ug − ul)χ is rather predom-
inant with respect to B (compare Figures 7 and 8). However, the relative magnitudes of
these two terms depend on the suction. Indeed, the deviatoric component of (ug − ul)χ

6
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Figure 5: Mean (left) and deviatoric (right) components of the different stress tensors during two
unsaturated triaxial loadings, under 10 kPa lateral pressure, and two different suctions. Capillary stress
tensor is (ug − ul)χ +B, and effective stress tensor is σ − (ug − ul)χ −B
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Figure 6: Deviatoric feature of the capillary stress tensor (ug − ul)χ+B for triaxial loadings under 10
kPa lateral pressure and different suctions

increases considerably from initial small values with suction (Figure 7) whereas on the
other hand the deviatoric component of B (i.e. its norm) decreases significantly from
large values with suction (Figure 8). This is because, for increasing suction, both degree
of saturation and filling angles decrease in the granular material, leading to lower menisci
contour, and lower values for the components of B. In the end, for high suction values,
(ug−ul)χ is the main contributor to the capillary deviatoric stresses. On the other hand,
for low suctions, deviatoric capillary stresses arise mainly thanks to B.

Periodic unsaturated simple shear simulations, with σxx = σyy = 10 kPa, are also
performed for different suction values. Corresponding degrees of saturation (for the initial
states) are detailed in Table 2. The same trends concerning the relative magnitudes of
these two terms are observed during simple shear than triaxial conditions (Figures 9 and
10).
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Figure 7: Mean (left) and deviatoric (right) components of (ug−ul)χ for triaxial loadings under 10 kPa
lateral pressure and different suctions
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Figure 8: Deviatoric component of B for triaxial loadings under 10 kPa lateral pressure and different
suctions (remind that tr(B) = 0)

Table 2: Initial saturation ratios (%) for the unsaturated simple shears

ug − ul (kPa)
10 50 100 300
10.1 1.2 0.37 0.054

3.4 A comprehensive plastic limit criterion for dry and unsaturated cases

For the various loading paths simulated in unsaturated conditions, effective stresses σ′

related to the skeleton are deduced from the total and capillary stresses. Note that the
DEM model offers a direct computation of effective stresses [1], which is not done here.
As in the previous Section 3.2, limit stress states are determined and plotted in the (p′, q′)
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Figure 9: Mean (left) and deviatoric (right) components of (ug − ul)χ for simple shear loadings with
different suctions
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Figure 10: Deviatoric component of B for simple shear loadings with different suctions

plane (Figure 11). The Mohr-Coulomb criterion determined from the dry case in Section
3.2 is obeyed with an acceptable dispersion. This validates the relevancy of the effective
stress derived in equation (1) to express the strength of a granular material, whatever its
saturation ratio.

4 Conclusion

Analytical derivations of stress transport in an unsaturated granular media identified
an effective stress related to the mechanical state governed by intergranular forces within
skeleton, and a capillary stress arising from the mechanical interactions due to the liquid
and gaseous phases. This capillary stress depends on the packing and on the liquid phase
distribution inside the material. This stress is non-spherical for anisotropic liquid distri-
bution, as it has been evidenced in case of loading-induced anisotropy. This deviatoric
feature of the capillary stress increases with matric suction.
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Figure 11: Limit stress states for unsaturated cases along different loading paths, compared with the
dry Mohr-Coulomb criterion deduced from the dry case

In fact, two tensorial terms accounting for the capillary actions can be distinguished,
with one deviatoric in case of a null contact angle. Relative magnitudes of these two terms
depend on the suction.

Determining such capillary stress allows us to identify the effective stress tensor. It is
shown that this effective stress tensor is an adequate variable to express the strength of
an unsaturated granular material, along various loading paths irrespective of the degree
of saturation.
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1 INTRODUCTION 
A lot of disaster by liquefaction have been reported in area along the shore of Japan. In 

particular, liquefaction has occurred in the wide area in the Great East Japan Earthquake of 
2011. Various approaches for the liquefaction analysis have been proposed up to present. 
Among these approaches, the subloading surface model is formulated in the framework of the 
plasticity model and thus it is expected to provide a highly pertinent simulation of cyclic loading 
behaviour of materials. Further, the explicit constitutive equation of soils has been formulated 
to describe the cyclic loading behaviour with the cyclic mobility [1]. In this study, the validity 
of the liquefaction analysis by the subloading surface model is examined by comparing the 
simulation by the subloading surface model with the actual record for the acceleration wave in 
the ground surface to the input of the actual data of the acceleration wave in the soil ground 
base. The actual data used in the simulation was recorded in the Kushiro earthquake in 1993. 
[2]

2 SUBLOADING SURFACE MODEL 
Subloading surface model is the elastoplasticity model that considering plastic strain rate 

induced by the rate of stress inside the yield surface. Its basic concept and equations for 
subloading surface model is indicated in the following. 

2.1 Normal-yield and subloading surfaces 
The subloading surface is introduced which always passes through current stress point and 

has similar shape to the yield surface in subloading surface model, which the yield surface is 
renamed the normal-yield surface. In subloading surface model, the plastic strain rate generates 
by a change of not only normal-yield surface but also R, which is the ratio of the size of the 
subloading surface to that of normal-yield surface. R is called as the normal-yield ratio. The 
state R=0 corresponds to the null stress state in which a purely elastic deformation behavior 
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2

occurs, the state 0<R<1 to the subyield state, and the state R=1 to the nomal-yield state in which 
the stress lies on the normal-yield surface for which the plastic strain rate has been formulated 
in conventional plasticity.The yield surface and the subloading surface are described as Eq.(1) 
and Eq.(2).

���� �� � ����                 (1) 
����� �� � �����      (2) 

where
�� � �� � ��       (3) 
�� � �� � ���      (4) 

� is the Cauchy stress, � is the roationl-hardening variable, H is the isotropic hardening 
variable. c is the elastic-core, i.e the center of similarity of subloading surface to the normal-
yield surface. �� is the similar point in the subloading surface to origin. They are illustrated on 
the (p,q) plane in Fig.1. where p is mean effective pressure, q is the stress difference between 
the vertical and horizontal directions. 

Figure 1: Rotated normal-yield, subloading and similarity-center surfaces in the(p,q)plane 

The evolution rule of R is given as Eq.(5), which is based on assumption that as the 
subloading surface approaches the normal-yield surface, R does not increase gradually , and 
when the subloading surface corresponds to normal-yield surface, the rate of normal-yield ratio 
is 1.0. 

�� � ����‖��‖ � �����     (5) 

Where U is monotonically deceasing function of R (See Eq.(6)), �� is plastic strain rate, �
is the magnitude of plastic strain rate. By this modeling, the subloading surface model can 
express the natural stress-strain curve that the plastic strain rate increase smoothly as stress 
approaches the normal-yield surface. 

��
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���� � � ������ ��� � ���������� � �     (6)
� � ��������� � � 

2.2 The strain rate by the subloading surfaces model 
The strain rate by the subloading surface is indicated in the following. The partial derivatives 

of the Eq.(2) is shown below. 

��������
��� � �� � ��������

��� � ��� ������������ � �� � ��� � ���   (7) 

Eq.(7) is rewritten as below 

�� � �� � �� � ���� � ��
� �� �

��
� �� �

�
�� �

��������
�� � ������ � �  (8) 

Where
�� ≡ ��������

�� ����������� ��      (9) 

Further, assume the associated flow rule 

�� � ���       (10) 

Let the translation rule of elastic-core and the evolution rule of rotational hardening be given 
as [1]

�� � �̅� ���� �
�
�� � ���� � �

��
�������
�� � ��� �     (11) 

�� ≡ ��      (12) 

Where χ ,��̅ are material parameter. Substituting Eq.(10),Eq.(11),Eq.(12) into Eq.(8) yields 

��� �� � ��� � �     (13) 

where
�� ≡ ��� �����

�
� �� �

����
� �� � �� � �̅�� � �� ���� �

�
��

� �
�� �

��������
�� � �� �� � ���

�� �
�������
�� � �� ��   (14) 

� ≡ ��
�       (15) 

Then the magnitude of plastic strain rate is given by 

� � �����
��       (16) 
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The strain rate is given by
� � ���� �� � ���      (17) 

Where � is the strain rate, E is young’s modulus. 

2.3  Description of Cyclic mobility by subloading surface model 
Cyclic mobility occurring in the liquefaction in sands is a peculiar phenomenon exhibiting a 

butterfly-shaped stress loops and a S-shaped stress-strain loops under undrained cyclic loading. 
In elastoplasticity, Considering the plastic potential different from yield surface, the method 
that the elastic shear modulus G is increased by recovery of the effective pressure is often used 
as the method of expressing cyclic mobility. However, the physical explanation of the dilatancy 
is indefinite, because this method considers the 2 kinds of the dilatancy. 

The subloading surface model expresses cyclic mobility by formulating the rate of isotropic 
hardening/softening variable H that influence of the deviatoric plastic strain rate is incorporated.  

� � ����� � ���������
� ��
��������

� ��
����������

    (18) 

�� ≡ ‖��‖
��

      (19) 

�� ≡ ���������
�������������������     (20) 

������ ≡ ������     (21) 
���� ≡ ��

‖��‖      (22) 

where ��,��,a,b and � are material constants. The hardening and the softening are induced 
outside and inside, respectively, conical surface ‖��‖ � ���� � ���. The deviatoric hardening 
rate depends nonlinearly on the modified stress ratio ����� � ���.

By this method, the subloading surface model is able to express cyclic mobility without 
considering 2 kinds of the dilatancy. The method of expressing cyclic mobility in detail is 
indicated in the following.A butterfly-shaped stress-strain loops in cyclic mobility is illustrated 
in Fig.2(b). This phenomenon can be simulated by subloading surface model as fellows: The 
deviatoric stress varies under a high effective pressure in the initial stage of cyclic loading so 
that the plastic volume contraction is induced leading to a denser arrangement of sand particles. 
To keep the volume constant, elastic volume expansion is induced by the decrease of effective 
confining pressure under undrained condition. After the effective pressure decreases as 
represented at the point �� in Fig.2(c), the deviatoric stress increases over the critical state line 
by the deviatoric hardening for ‖��‖ �⁄ � ����� and reaches the dense state(���� � �� causing 
the plastic volume expansion so that the effective pressure increases responding to the elastic 
volume contraction in order to keep the volume constant.As the dense state with the deviatoric 
hardening because of ‖��‖ �⁄ � �� � ��  proceeds, the effective stress rise up at almost 
constant effective stress ratio as represented at the point �̅  in Fig.2(c). Consequently, the 
effective stress path goes up straightly from the origin in the (p,q) plane. The nomal-yield 
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surface expands markedly so that the strain rate decreases gradually in this process. Then, the 
���� curve gets warped to the upper as shown in this Fig.2(b). where �� is the vertical strain. 

          (a)Stess path                       (b)Stress-strain relation      
 

Figure 2: Phenomenon in cyclic mobility 

3 THE SIMULATION OF THE KUSHIRO EARTHQUAKE IN 1993 

3.1 The acceleration histories of observation 
For the Kushiro earthquake, the observation acceleration histories are obtained at ground 

level GL±0.0 and underground GL -77m at the observation point KUSHIRO G near-shore. 
KUSHIRO G is a strong-motion observation point managed by a Japanese incorporate 
administrative agency called the Port and Airport Research Institute, which discloses the 
observation results on the WEB. Fig. 3 indicates the disclosed wave form observed at 
KUSHIRO G. The greater acceleration of GL±0.0 than of GL -77m indicates that the 
acceleration was amplified by the resonance with the ground. Also, the wider time interval 
between peaks of GL±0.0 than of GL -77m, and furthermore, the spike form acceleration wave 
form after 30 seconds are considered it is caused by the cyclic mobility. 

 
       (a)GL-77.0m                   (a)GL0.0m 

Figure 3: Observation acceleration histories 
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3.2 Ground condition and the material parameters 
The speed of s-wave propagation through medium by PS logging and unit weight volume of 

the ground at observation point KUSHIRO G are also disclosed. The following indicates these 
values and the material parameters set based on these values. 

Table 1: Ground condition and the material parameters 

Where F0 is the parameter of the size of normal-yield surface, Vs is s-wave propagation 
through medium. 

3.3 Simulations of a simple shear test 
Prior to run the seismic simulations, simulations of a simple shear test in horizontal direction 

considering layer2 and 3 shown in the Table 1 were practiced to confirm the reproducibility of 
the cyclic mobility by the subloading surface model. The stress-strain relationship and stress 
path obtained by the simulations are shown in Fig. 4. Where,  is an initial mean effective 
pressure,  is a shear stress in horizontal direction,  is a shear strain in horizontal direction. 
FLAC3D based on the explicit dynamic relaxation method is adopted in this simulation.  

Fig.4 indicates subloading surface model can well reproduce the cyclic mobility as the stress-
strain loops are butterfly-shaped. Also, the stress path well expresses the tracks of mean 
effective pressures that gradually decrease by the deviatoric stress and then increase linearly in 
consequence of dilatancy. 

 (a)layer2 

ρ
Vs

(t/m3) (m/s)

0 ～ -2 layer1 sand 1.8 146 1 28 3 20 10 20 353
-2 ～ -5 layer2 sand 1.8 146 1 28 3 20 10 20 933
-5 ～ -13 layer3 sand 1.95 355 1 28 3 20 10 20 1882
-13 ～ -24 layer4 sand 1.9 357 1 28 3 20 10 20 3542
-24 ～ -37 layer5 sand 2 324 1 28 3 20 10 20 5718
-37 ～ -52 layer6 sand 2 324 1 28 3 20 10 20 8383
-52 ～ -64 layer7 sand 2 337 1 28 3 20 10 20 10952
-64 ～ -77 layer8 sand 2 337 1 28 3 20 10 20 13331

ｃ F 0μ ｄ φ d a b ulevel layer
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 (b)layer3 
Figure 4: Simulation of a simple shear test in horizontal direction 

3.4 Simulation results 

A simulation model was set up considering the horizontal ground between GL±0.0 to GL-
77m and run giving the observed wave form at GL-77m.The acceleration history for surface of 
layer is shown in Fig 5(a). The fourier spectrum of the observed wave form and simulation 
result is shown in Fig 5(b). 

The maximum acceleration obtained by the simulation almost fits the observed data, and the 
trend that the frequency is prolonged after the occurence of the maximum acceleration is well 
reproduced. The simulated model shows larger fourier spectrum at higher frequencies 
compared to the observed wave data, which indicates the model evaluates the ground somewhat 
harder than the actual situation. 

The stress-strain relationship at Layer2 is shown in Fig 6. The cyclic mobility of layer2 is 
not as explicit as the simple sear test. The observed wave data shows elasticity before the 
occurence of maximum acceleration, and this study assumed large size of yeilding surface to 
reproduce the behaviour. It is considered, as the result, the plastic strain became smaller and it 
disturbed the non-occuremce of the cyclic mobility. 

(a)acceleration history for surface                           (b)fourier spectrum 
Figure 5:Results of Simulation 
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Figure 6:Stress-Strain relationship 

4 CONCLUSIONS 
- For the simulations of a simple shear test in horizontal direction, the subloading surface 

model was able to express the cyclic mobility. 
- Cyclic mobility of the simulated model was not explicit, but the maximum acceleration 

obtained by the simulation almost matched the observed data. Also, the trend that the 
frequency is prolonged after the occurrence of the maximum acceleration was well 
reproduced.
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Abstract. This paper investigates the thermo-hydro-mechanical behavior of Callovo-
Oxfordian claystone, a potential host formation for prospective nuclear waste disposal in 
France. Thermal pore pressure appears in low permeability soils and rocks due to the 
difference between the thermal expansion coefficients of water and the argillaceous skeleton, 
as well as the low permeability of the media  and the its relative rigidity, which prevent 
dissipation of the fluid pressure. Coupled thermo-hydro-mechanical numerical analyses have 
been carried out to enhance the understanding of the Callovo-Oxfordian claystone behavior 
subjected to heat emitted from radioactive waste that diffuses through the near-field rock to 
the far-field. In this view, the “thermal pressurization coefficient”, defined as the increase of 
pore pressure due to 1°C increase of temperature, was calculated. This coefficient depends on 
the nature of the rock, i.e the thermo-poro-mechanical parameters such permeability, Biot’s 
coefficient, rigidity, thermal conductivity as well as their anisotropies. Finally, the effect of 
parameters’ variability on the thermal pressurization coefficient is discussed through a 
sensibility analysis.            

 
 
1 INTRODUCTION 

Clays and claystones are studied as potential host formation for the disposal of exothermal 
high activity radioactive waste at great depth in various countries such as the Callovo-
Oxfordian claystone (COx) in France, Boom Clay in Belgium, and Opalinus Clay in 
Switzeland.  

During the exploitation stage of deep radioactive geological disposal, exothermic reactions 
of waste provoke thermal perturbation within the repository environment. Heat emitted from 
radioactive waste diffuses through the near-field rock to the far-field. Therefore, the host rock 
is subjected to an increase of temperature (up to about 80°C). The temperature rise in a low 
permeability porous medium such as COx claystone, generates pore pressure increase 
essentially due to the difference between the thermal expansion coefficients of water (~10-4K-
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1) and the one of the argillaceous rock skeleton (~1.28 10-5K-1) ([1],[2]). This phenomenon 
has clearly been observed in undrained laboratory tests conducted on COx ([3]), Boom clay 
([4]) and Opalinus clay ([5]). The physical phenomenon is more complicated in reality, where 
the pore pressure occurs due to following principle factors: difference of thermal dilatation 
coefficient between water and solid skeleton, fluid dissipation controlled by the permeability, 
the deformation affected by the rock rigidity and the geological structure, as well as the 
boundary conditions. Further understanding on the thermal effects in clays has been gained 
from various in situ heating tests performed in Underground Research Laboratory (URL): 
CACTUS, ATLAS and CERBERUS tests in the Hades URL (Belgium) ([7],[8]); HE-D test in 
Mont Terri URL (Switzeland) ([9],[10]) and TER, TED and ALC tests in Meuse/Haute Marne 
URL (France) ([11],[12],[13]). All these field tests showed that the sedimentary clays react to 
heat propagation with a raise of pore pressure and related mechanical effects. The measured 
results and numerical interpretations have led to better characterisation of THM properties of 
these clay formations ([14],[15],[16],[17]). 

 

 
Figure 1: HLW area within nuclear waste storage benchmark concept. 

This paper focuses on the analysis of coupled THM processes in COx claystone formation 
that would result from the development of a high level activity waste (HLW) repository. In 
the reference concept, the HLW area consists of parallel horizontal cells (i.e., micro-tunnels) 
excavated from the access gallery (Figure 1). Regarding the periodicity of the micro-tunnels 
and their lengths, a 2D plane strain model is used for study of the THM behaviour of this area 
that consists in a plan perpendicular to the cell axis at its middle length. A thermal calculation 
is performed beforehand in order to simulate the heat emitted from the radioactive waste 
container as an increase of temperature applied on the cell wall in the THM modeling using 
the Code_Aster ([6]). Numerical simulations allow also to estimate pore pressure increase and 
to calculate P/T, which can be defined as a thermal pressurization coefficient. In fact, this 
coefficient differs from the classical one determined in undrained conditions. The theoretical 
analysis shows the dependency of this calculated thermal pressurization on the rate of 
temperature increase, the stress state and the nature of the rock, i.e., the thermo-poro-
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mechanical parameters such permeability, Biot’s coefficent, rigidity, thermal conductivity, etc 
([2]). As for many sedimentary rocks, the THM parameters of the COx present a significant 
variability. Experiments show also the dependency of the thermal pressurization on the 
anisotropies of Young’s modulus, of permeability and thermal conductivity tensors. A 
sensibility analysis is carried out to enhance the understanding of the effect of this variability 
on the thermal pressurization coefficient.  

2 THEORETICAL FORMULATIONS 
The theoretical equations used in this work are those of fluid saturated porous media with 

THM coupling, as described in Coussy ([18]). The coupled THM problem requires a solution 
that verifies simultaneously the following balance equations: 

Momentum balance 
∇. 𝛔𝛔 + 𝑭𝑭𝑚𝑚 = 0 (1) 

Fluid mass balance 
𝜕𝜕𝑚𝑚𝑤𝑤
𝜕𝜕𝜕𝜕 + ∇.𝑴𝑴𝑤𝑤 = 0 

(2) 

Energy balance 

𝑴𝑴𝑤𝑤𝑭𝑭𝑚𝑚 +  = ℎ𝑤𝑤𝑚𝑚
𝜕𝜕𝑚𝑚𝑤𝑤
𝜕𝜕𝜕𝜕 + �̇�𝑄 + ∇. (ℎ𝑤𝑤𝑚𝑚𝑴𝑴𝑤𝑤) + ∇. 𝒒𝒒 

(3) 

where  (Pa) is the total stress tensor;  (kg.m-3) the total homogenized specific mass; Fm 
(N.kg-1) the mass force density; mw (kg.m-3) the mass content of water; Mw (kg.m-2.s-1) the 
water mass flow; ℎ𝑤𝑤𝑚𝑚 (J.kg-1) the specific enthalpy of water; Q (J.m-3) the non-convective heat; 
q (J.m-2.s-1) the heat flow and  (W.m-3) the heat source.  

In porous medium theory, the total stress tensor is decomposed into two contributions: 
effective stress  and Biot’stress p=-Bpw with B is the Biot’s tensor and pw the pore 
pressure:   

 = ′ + 𝑝𝑝 (4) 

This preliminary study is focused on the effect of temperature increase in the micro-tunnel 
on the far field behavior. Therefore, the linear thermo-elastic is assumed for rock skeleton 
everywhere during the considered time which is consistent far away from micro-tunnel with 
in situ observations around boreholes. The relation between effective stress  and total strain 
 is written in the following incremental form: 

𝑑𝑑 = 𝑪𝑪: (𝑑𝑑− 𝑇𝑇) (5) 

where C is the drained elasticity tensor that depends on Young modulus and Poisson ratios, T 
the temperature and  the tensor of thermal dilatation coefficient.  

Considering the Eurelian porosity , its variation is derived as follows: 

𝑑𝑑 = 𝑩𝑩:𝑑𝑑 − 𝑑𝑑𝑣𝑣 − 3𝑑𝑑𝑇𝑇 −
𝑑𝑑𝑑𝑑𝑤𝑤
𝑴𝑴

 
(6) 

where v=tr() is the volumetric strain,  the differential dilatation coefficient:  
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 =
1
3 (𝑩𝑩 − ) (7) 

and M the Biot’s modulus:     
𝑴𝑴 = (𝑩𝑩 − ): 𝑺𝑺𝑠𝑠:  (8) 

with  the identical tensor and Ss the compliance tensor of the solid skeleton.   
Fluid diffusion and heat conduction are governed by Darcy’s and Fourier’s laws 

respectively: 
𝒒𝒒 = −∇𝑇𝑇 (9) 

𝑴𝑴𝑤𝑤 = 𝜌𝜌𝑤𝑤𝒌𝒌𝑖𝑖𝑖𝑖𝑖𝑖
𝜇𝜇𝑤𝑤

(−∇𝑝𝑝𝑤𝑤 + 𝜌𝜌𝑤𝑤𝑭𝑭𝑚𝑚)
(10) 

where  the thermal conductivity tensor, w the fluid dynamic viscosity and kint (m2) the 
intrinsic permeability tensor.    

3 THERMO-HYDRO-MECHANICAL MODELING 
According to the reference concept of HLW nuclear waste area (Figure 1), THM plane 

strain model is considered. The geometry model consists in a vertical cut, perpendicular to the 
cell’s axis at its middle length, from the surface to 1000m of depth. The left side of the model 
passes a cell center, while the right side goes over the mean between two cells. The geological 
strata are presented in the Table 1. The HLW cells are located within the Callovo-Oxfordian 
UA layer. The temperature evolution due to heat generation from the waste canisters is 
considered as thermal load in the THM modeling. Thanks to the model symmetry, thermal 
flow, fluid flow and displacements are imposed to be nil on its left and right sides. These 
boundary conditions are also applied to the bottom of model. Concerning the initial 
conditions, the temperature and the pore pressure change linearly from the surface down to 
the lower side. The vertical stress is equal the ground weight. The horizontal stress in the plan 
is equal to the vertical stress while the horizontal stress, in the direction perpendicular to 
considered plan, is 1.3 times more than the vertical stress 

Table 1: Geological strata  

Layer Depth (m) 
Kimmerdgien 202 
Oxfordian Carbonate 485 
Callovo-Oxfordian USC 536 
Callovo-Oxfordian UA 635 
Dogger 1000 

 
In the following, the results of numerical simulations will be analyzed at a small zone 

located at the middle distance between two parallel cells at the level of the cell center.   

3.1 Thermal pressurization coefficient 
The THM simulations allow determining the temperature and interstitial pressure 
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evolutions at the considered point. Three different thermal loads applied on the cell wall are 
considered (Figure 2). The first one exhibits a fast increase of temperature during first five 
year and then a rapid decrease of temperature until 200 years followed finally by a gradual 
attenuation. The second and third ones present also a fast temperature increase for first twenty 
years but continued afterwards by a progressive decrease until 10000years. They have the 
same pattern but different in temperature magnitude. Figure 3 displays the evolution of the 
pore pressure as function of temperature at the considered zone.      

 
 

Figure 2: Thermal temperature imposed on the cell wall 

 
Figure 3: Evolution of pressure versus temperature at considered point. 

Two different behaviors can be distinguished during the heating period. Firstly, an almost 
linear relation between the pore pressure and the temperature is observed when the 
temperature reaches to about 32°C. Secondly, nonlinearity between these parameters is 
observed. This observation is translated by a little change of thermal pressurization coefficient 
before 32° of heating followed by a progressive decrease of this parameter (Figure 4). This 
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phenomenon is also remarked in undrained heating test on Rothbach rock ([2]). Over the 
cooling time, the decrease of pore pressure is linear regarding to the temperature, i.e., the 
thermal pressurization coefficient is constant. This coefficient is greater for heating phase than 
cooling one in the considered configuration. As a conclusion, thermal pressurization 
coefficient depends on the temperature, as well as the thermal load path. The variation of this 
coefficient calculated in this work is found in the range obtained by in situ heating test carried 
out on COx at Meuse/Haute Marne URL ([12],[17]).    

 

Figure 4: Evolution of thermal pressurization temperature versus temperature during the thermal loading period 
at considered point. 

3.2 Sensitivity analyses 
In this section the influence of different parameters on the pore pressure is investigated. A 

sensitivity analysis has been performed to examine the effect of THM parameters and, in this 
way, to improve the understanding of the system subject to THM perturbations. To do so, a 
potential range of variation of parameters is considered. The results of the sensitivity analysis 
presented here focus on the potentially most important parameters: Young’s modulus, Biot’s 
coefficient and intrinsic permeability for the case of thermal load 1 presented in Figure 2.  

As many bedded formation, Callovo-Oxfordian claystone exhibits transverse isotropic 
properties. The value of Young’s modulus controls the strain in an elastic solid, thus 
influences also the magnitude of pore pressure since the volumetric strain of the porous media 
accommodates partially the expansion of water due to the temperature increase. Sensitivity 
analyses have been performed on this parameter by varying the vertical component of the 
rigidity tensor, while keeping constant other parameters including the anisotropy ratio 
between Young’s modulus. As showed in Figure 5, the Young modulus has a significant 
effect on the pore pressure increase. The pore pressure variation pattern is unchanged but the 
increase of Young’s modulus leads to an increase of pore pressure magnitude.      

The thermally induced increase of pore pressure in porous media is coupled with a 
decrease in effective stress. Hence, the Biot’s coefficient plays its role. Homand et al [19] 
showed experimentally that this coefficient of COx material depends on the confining stress. 
The analyses have been realized for three values of Biot’s coefficient 0.4, 0.6, 1.0 and the 
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results of which are presented in Figure 6. A decrease of Biot’s coefficient results in an 
increase of pore pressure even if the form of the curve remains unchanged. This observation is 
quite consistent to undrained configuration.   

 

 
Figure 5: Effect of Young’s modulus variation on pore pressure evolution at the considered zone. 

 
Figure 6: Effect of Biot coefficient variation on pore pressure evolution at the considered zone. 

The mechanism underlying the thermo-hydraulic behavior in the clay is a competition 
between the generation of pore pressure due to the differential thermal dilatation of fluid and 
skeleton solid and the dissipation of pore pressure, whose rate is essentially controlled by 
fluid permeability. The effect of the intrinsic permeability on the pore pressure variation is 
shown in Figure 7. A lower value of permeability prevents the fluid dissipation and thus 
results in a higher pore pressure regardless a higher permeability. Moreover, a lower 
permeability delays the pressure peak comparing to a higher permeability. This phenomenon 
is hidden by logarithm scale.  

The sensitivity analyses have also carried out on other parameters namely thermal 
expansion of solid gains, thermal conductivity, anisotropy ratio of Young’s modulus and 

5

6

7

8

9

10

11

1 10 100 1000 10000

Pr
es

su
re

 (M
Pa

) 

Time (years) 

Ev = 3000MPa

Ev = 6000MPa

Ev = 9000MPa

5

6

7

8

9

10

11

1 10 100 1000 10000

Pr
es

su
re

 (M
Pa

) 

Time (years) 

b = 0.4

b = 0.6

b = 1.0

1257



M N. Vu, D. Seyedi and G. Armand. 

 8 

anisotropy ratio of permeability. The effect of these parameters on the pore pressure is much 
less significant that three parameters presented above. Moreover, the sensitivity analyses 
exposed in Figure 5-Figure 7show a rather equivalent effect of Young’s modulus, Biot’s 
coefficient and intrinsic permeability on the pore pressure variation. This is not the case of in 
situ heating test observation and interpretation ([14]) where the effect of permeability on 
generated pore pressure is much more considerable than two others parameters. This 
difference may be due to the boundary condition. The considered zone is located on the right 
side of model where the fluid flow and heat flow are nil, i.e. undrained in the horizontal 
direction. This partially undrained condition may make the effect of permeability less 
significant. Moreover, the effect of the most influent parameters on the pressure increase 
depends also to the considered range of the variability. Thus, the obtained results do not 
represent the intrinsic influence of each parameter, but its influence for the range of its 
variability. 

   

 
 

 Figure 7: Effect of intrinsic permeability variation on pore pressure evolution at the considered zone. 

4 CONCLUSIONS 
Thermo-hydro-mechanical coupled process has been investigated in the radioactive high 

level activity waste repository context. The heat emitted from the waste provokes the pore 
pressure increase due to the differential expansion of water and solid skeleton. The thermal 
pressurization coefficient at a particular point, defined as the pore pressure increase induced 
by 1°C of temperature increase at this point, is calculated for three different thermal load 
paths. The results show the dependency of this coefficient on the temperature, the thermal 
load paths, as well as heating-cooling state. A fast increase in temperature yields to an almost 
constant thermal pressurization coefficient in the low permeability porous medium. 

Sensitivity analyses have been also carried out to enhance the understanding of the effect 
of rock properties on the thermally induced pore pressure in the considered configuration. The 
significant influences are observed by the variation of Young’s modulus, Biot’s coefficient 
and intrinsic permeability. The considerable effect of intrinsic permeability, that controls the 
fluid dissipation, is not remarked in this study regarding to other works in the literature due to 
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different boundary conditions. This shows that the THM process depends strongly on the 
boundary conditions. This study emphasize that Young’s modulus, Biot’s coefficient and 
intrinsic permeability play a major role on the overpressure due to heating meaning that it is 
important to well characterize those parameters and to reduce their incertitude in order to 
perform reasonable THM calculations. Further calculations will be performed with more 
complex model of the COx behavior to also study the effect of temperature in the near field.                  
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Abstract. We present the linear analysis of recent time filters used in numerical weather
prediction. We focus on the accuracy and the stability of the leapfrog scheme combined
with the Robert–Asselin–Williams filter, the higher-order Robert–Asselin type time filter,
the composite-tendency Robert–Asselin–Williams filter and a more discriminating filter.

1 Introduction

The leapfrog (LF) time-stepping scheme emerged, from the early years of numerical
weather prediction, as the method of choice and is still popular for a number of reasons.
Perhaps the most important attribute of the leapfrog scheme is that it preserves exactly
the amplitude of a pure oscillation. The dissipative characteristics of other time integra-
tion schemes are generally too strong, while the absence of computational damping of
leapfrog scheme is especially desirable for long-time integrations. Another feature of the
leapfrog method is efficiency, namely, it evaluates the right-hand side of the meteorological
tendency equations only once per time step, in contrast with most other schemes. The
leapfrog scheme applied to a generic differential equation

du

dt
= F (u)

is given by

un+1 = un−1 + 2∆tF (un),

where ∆t is the time step and un is the approximated solution at time tn = n∆t.
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The leapfrog method is a three-time-level scheme, and when applied to a simple set of
linear differential equations, it generates two modes of motion. One is the physical mode,
which contributes to the true solution, while the other one is the computational mode,
which is merely artificial and has no relation to the differential equations that are being
integrated. The computational mode of the leapfrog scheme is undamped in linear prob-
lems, meaning that it preserves the amplitude in each time step. In nonlinear problems,
however, the nonlinear terms introduce couplings between the physical and computational
modes which may amplify the computational mode. In short-time simulations of weather
and climate, the growth of the computational mode is generally hard to detect, but when
long-time integrations are considered, the computational mode dominates the solution.

One possible approach to control the leapfrog scheme’s computational mode is to pe-
riodically use a two-time-level scheme, e.g., a Matsuno step after every 11 leapfrog steps
[21]. The idea is to reset the amplitude to zero periodically, so it never becomes large
enough/problematic. Another technique is to use different explicit time-stepping schemes,
e.g., the second-order Adams-Bashforth method [18], the third-order Adam-Bashforth [8],
the leapfrog-trapezoidal method [14, 33] or the Magazenkov method [19].

The ubiquitous strategy in atmospheric models, for controlling the leapfrog scheme’s
computational mode, is the non-intrusive implementation of a time filter after each
leapfrog time step. Robert [25] designed such a filter, which Asselin [3] analyzed and
proved to effectively damp the computational mode of the leapfrog scheme. This time
filter is referred to as the Robert–Asselin (RA) filter. The RA-filtered leapfrog scheme is
defined by

vn+1 = un−1 + 2∆tF (vn),

un = vn +
ν

2

(
vn+1 − 2vn + un−1

)
,

where v and u denote the unfiltered (provisional) and filtered (definitive) variables, re-
spectively. The dimensionless parameter ν ∈ [0, 1] determines the strength of the filter.

The accuracy and stability properties of the RA filter were investigated in [4, 12,
6, 10, 26, 7, 24, 5, 28, 13]. Currently, the RA filter is used in operational numerical
weather prediction models, atmospheric general circulation models for climate simulation,
ocean general circulation models, and models of fluids in rotating annulus laboratory
experiments, etc. A comprehensive list of atmospheric models with RA filter can be found
in [28]. Unfortunately, the RA filter also damps the physical mode. As a result, the formal
second-order accuracy of the leapfrog scheme is reduced to first order, and can degrade the
accuracy of model simulations. Therefore, physical quantities (e.g., energy) conserved by
the time-continuous equations are not necessarily conserved by time-discretized equations
when the filter is used.

Because the RA-filtered leapfrog scheme is widely used in legacy codes for atmospheric
models, non-intrusive and simple-to-implement improvements of RA appear attractive,
in order to avoid the significant programming undertaking. Williams [28] proposed a

2
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modification of the RA filter, which combined with the leapfrog scheme is

wn+1 =un−1 + 2∆tF (vn),

un = vn +
να

2
(wn+1 − 2vn + un−1),

vn+1 =wn+1 − ν(1− α)

2
(wn+1 − 2vn + un−1),

where w, v, and u denote the unfiltered, once filtered, and twice filtered variables, re-
spectively. The parameter ν is as in the RA filter, and the new dimensionless parameter
α ∈ [0.5, 1]. Linear analysis shows that ν plays a role in controlling the computational
mode of the leapfrog scheme, while α is the remedy in restoring accuracy. The filter is now
referred to as the Robert–Asselin–Williams (RAW) filter. It reduces the negative impact
of the RA filter on the physical mode and increases the numerical accuracy to second
order, at the price of a slight instability. The filter has been implemented and studied in
[27, 1, 23, 32, 20, 31, 13], and its behavior in implicit-explicit (IMEX) integrations was
analyzed in [29].

Later, Williams [30] proposed two methods for further improving the RAW-filtered
leapfrog scheme. The first algorithm is a combination of the RAW filter with a composite-
tendency leapfrog (CTLF) scheme:

wn+1 =un−1 + 2∆t[γF (vn) + (1− γ)F (wn)],

un = vn +
να

2
(wn+1 − 2vn + un−1),

vn+1 =wn+1 − ν(1− α)

2
(wn+1 − 2vn + un−1),

where γ is a real number. A more discriminating filter takes the form (1,−4, 6,−4, 1)
instead of (1,−2, 1), and the scheme is

wn+1 =un−1 + 2∆t[γF (vn) + (1− γ)F (wn)],

un = vn + να(wn+1 − 4vn + 6un−1 − 4un−2 + un−3),

vn+1 =wn+1 − ν(1− α)(wn+1 − 4vn + 6un−1 − 4un−2 + un−3).

Both methods are computationally more demanding since they require two tendency cal-
culations per time step, which is the most expensive component of contemporary atmo-
sphere and ocean models. Nevertheless, the improvements to the amplitude accuracy are
considerable, especially, the latter. The increased accuracy may allow a longer time step
for the same error tolerance, tending to offset the increased expense. The RAW-filtered
leapfrog scheme is analyzed in [17], and its behavior in IMEX integrations is studied in
[2].

3
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Recently, Li and Trenchea [15] proposed a higher-order Robert–Asselin (hoRA) type
time filter.

vn+1 = un−1 + 2∆tF (vn),

un = vn +
β

2

(
vn+1 − 2vn + un−1

)
− β

2

(
vn − 2un−1 + un−2

)
,

where the dimensionless parameter β ∈ [0, 0.4]. Under the same computational cost as
RAW, the hoRA-filtered leapfrog scheme exhibits third-order accuracy. Compared with
the third-order Adams-Bashforth method, the hoRA-filtered leapfrog scheme is almost as
accurate, stable and efficient, yet easily implementable in legacy codes. A study of the
filter in IMEX integrations was conducted in [16].

In the sequel we present the linear analysis for the leapfrog scheme combined with the
aforementioned time filters, focusing on the accuracy and stability.

2 Linear analysis of the leapfrog scheme combined with time filters

We now derive the stability condition, amplitude, phase-speed, and the consistency
errors. These properties are illustrated by analyzing solutions to the pure oscillation
equation (see e.g., [8, 9])

du

dt
= iω u, (1)

where i is the imaginary unit, and ω a real constant. Define the amplification factor A
as the ratio of the approximate solution at two adjacent time steps, A = un+1/un. The
amplification factor yields information on two quantities of interest: the amplitude and
the relative phase change per time step. Specifically, A can be expressed in modulus-
argument form A = |A|eiθ, where

|A| =
√
Re(A)2 + Im(A)2, θ = tan−1(Im(A)/Re(A)).

For the true solution to the oscillation equation (1), the exact amplification factor Ae =
eiω∆t has unity magnitude and phase change ω∆t over a time interval ∆t. The amplitude
errors are defined as the difference between the magnitude of the approximate amplifi-
cation factor |A| and the correct value of unity. When |A| = 1, the scheme is neutral,
if |A| < 1, the scheme is damping (indicating stability), and if |A| > 1, it is amplifying
(instability). The relative phase change or the phase speed, on the other hand, is mea-
sured by the ratio of the phase change of the numerical scheme per time step divided
by the phase change of the true solution over the same time interval, and is denoted by
R = θ/ω∆t. The phase-speed errors are defined as the difference between the phase speed
R and the unity over a time interval ∆t. When R > 1, the method is accelerating, and if
R < 1, it is decelerating. Unlike the amplitude, the phase change does not influence the
stability of the numerical solution. Instead, the phase errors accumulate and can become
large over a long time period of integration.

4
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2.1 The hoRA-filtered leapfrog scheme

The hoRA-filtered leapfrog (LF-hoRA) scheme [15] applied to (1) is

vn+1 = un−1 + 2iω∆tvn, (2)

un = vn +
β

2

(
vn+1 − 2vn + un−1

)
− β

2

(
vn − 2un−1 + un−2

)
. (3)

The system of equations (2)-(3) is equivalent to the following linear multistep method:

un+1 − 2βun − (1− 2β)un−1 = iω∆t(2un − 3βun−1 + βun−2). (4)

2.1.1 Consistency errors, amplitude errors and phase-speed errors

Using Taylor expansion, the local truncation error of (4) is shown to be

τn(∆t) =
2− 5β

6
(iω∆t)2u′(tn) +

11β

12
(iω∆t)3u′(tn) +O[(iω∆t)4].

Thus, the LF-hoRA scheme is second order in general, and third order when β = 0.4.
Formula (4) yields the following equation for the amplification factor:

A3 − 2(β + iω∆t)A2 + (3βiω∆t− 1 + 2β)A− βiω∆t = 0. (5)

Equation (5) has three roots, one is the physical mode denoted Ap, and the other two are
computational modes. Since computational modes are well-controlled by the filter, we
focus on the amplitude and phase-speed errors for the physical mode. A series expansion
for |Ap| in powers of ω∆t yields the amplitude error as follows:

|Ap| − |Ae| = |Ap| − 1 =
β(2β − 3)

8(1− β)2
(ω∆t)4 +O[(ω∆t)6].

The amplitude error after taking a single time step scales as (∆t)4, hence it is of order
(∆t)3 over T/∆t time steps. The phase-speed error is

Rp − 1 =
arg(Ap)

ω∆t
− 1 =

2− 5β

12(1− β)
(ω∆t)2 +O[(ω∆t)4].

The phase speed of the physical mode is fourth-order accurate when β = 0.4 and second
order otherwise.

2.1.2 Stability analysis

To determine the maximum ω∆t for which all numerical amplification factors of the
LF-hoRA scheme are non-amplified, we use the root locus curve method (see e.g., [11]).
The characteristic equation of (4) is

ζ3 − 2βζ2 − (1− 2β)ζ − z(2ζ2 − 3βζ + β) = 0,

5
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where ζ denotes the points on the unit circle, i.e., ζ = eiθ for θ ∈ [0, 2π], and z ∈ C. The
curve z is called the root locus curve. In our case z = iω∆t lies on the imaginary axis,
and consequently θ satisfies

cos θ = 1 or cos θ = β − 1

2
, and hence z = 0 or z = ±i

√
3
4
+ β − β2

1 + 3
2
β − β2

,

which indicates the intersections of the root locus curve with the imaginary axis in the
complex plane. Thus, the stability of the LF-hoRA scheme is provided by

ω∆t ≤

√
3
4
+ β − β2

1 + 3
2
β − β2

, 0 < β ≤ 0.4.

2.2 The RAW-filtered composite-tendency leapfrog scheme

Notice that the RA-filtered leapfrog (LF-RA) scheme is recovered when α = 1 in the
RAW-filtered composite-tendency leapfrog (CTLF-RAW) scheme, while LF-RAW scheme
is a special case of CTLF-RAW when γ = 1. For this reason, it suffices to analyze CTLF-
RAW (refer to [30] for more details). The scheme applied to (1) is

wn+1 =un−1 + 2iω∆t(γvn + (1− γ)wn), (6)

un = vn +
να

2
(wn+1 − 2vn + un−1), (7)

vn+1 =wn+1 − ν(1− α)

2
(wn+1 − 2vn + un−1). (8)

The three dimensionless parameters in the scheme are ν, α, and γ, where ν corresponds to
the classical Robert–Asselin filter parameter, α partitions the RAW filter displacements
between the n’th and (n+ 1)’th time levels, and γ specifies the weighting coefficients for
the composite tendency. Although previous work [30] assumed 0 ≤ γ ≤ 1, here we allow
γ to vary outside this range.

The system of equations (6)-(8) is equivalent to the following linear multistep method:

un+1 − νun − (1− ν)un−1

= iω∆t
(
(2− νγ(1− α))un + ν(2γ + α− 2− 2αγ)un−1 + ν(1− α)(1− γ)un−2

)
. (9)

2.2.1 Consistency errors, amplitude errors and phase-speed errors

The local truncation error of (9) is

τn(∆t) =

(
1

2
− α

)
ν(iω∆t)u′(tn) +

1

6
(2− ν(7− 9α) + 6νγ(1− α)) (iω∆t)2u′(tn)

+
ν

24
(25− 28α− 24γ + 24αγ)(iω∆t)3u′(tn) +O(∆t4).

6
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The scheme is generally first-order accurate1 if ν �= 0, and second order if α = 0.5,
as noted by Williams [30]. Further, the method becomes third order if α = 0.5 and
γ = (5ν − 4)/(6ν). This third-order scheme would require γ < 0 if ν < 4/5. Finally, the
scheme exhibits fourth-order accuracy if α = 0.5, ν = −8, and γ = 11/12. This case is of
no practical interest because the negative value of ν forces the computational mode to be
amplified.

Remark 2.1 The LF-RA scheme is first-order accurate. The LF-RAW is firsr order in
general, and second order when α = 0.5.

The amplitude error of CTLF-RAW is given by

|Ap| − 1 =
ν(1− 2α)

2(2− ν)
(ω∆t)2 +O

[
(ω∆t)4

]
,

yielding first-order amplitude accuracy, independent of γ. Since LF-RA recovers when
α = 1, its amplitude is therefore first order. When α = 1/2, the quadratic term vanishes
and the amplitude error becomes

|Ap| − 1 =
ν(4γ − 3 + ν − νγ)

4(2− ν)2
(ω∆t)4 +O

[
(ω∆t)6

]
,

which implies the third-order amplitude accuracy. The fourth-order term now depends
on γ. Specifically, CTLF-RAW is amplifying when γ > (3 − ν)/(4 − ν), and is damping
if γ < (3− ν)/(4− ν). Recall that LF-RAW is recovered when γ = 1, hence it is unstable
when α = 1/2. When γ = (3− ν)/(4− ν), the amplitude error is fifth-order accurate:

|Ap| − 1 =
ν

4(4− ν)(2− ν)2
(ω∆t)6 +O

[
(ω∆t)8

]
.

However, the coefficient of the sixth-order term is always positive, implying a slight in-
stability of the scheme. The phase-speed error, when α = 1/2, is

Rp − 1 =
6νγ + 4− 5ν

12(2− ν)
(ω∆t)2 +O[(ω∆t)4].

The phase speed is fourth-order accurate if further γ = (5ν − 4)/(6ν).

2.2.2 Stability analysis

Using the similar technique as in Section 2.1.2, we derive the stability condition for the
CTLF-RAW scheme. First, the time step condition for LF-RA is

ω∆t ≤
√

2− ν

2 + ν
.

1If ν = 0, the scheme is generally second order, but then the filter is inactive and the computational
mode is uncontrolled. For this reason, ν �= 0 is not considered throughout the article.
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The LF-RAW is stable under the following condition:

ω∆t ≤ 1

α

√
(2− ν)(2α− 1)

2− ν + 2αν
, α ∈ [1/2, 1].

For the CTLF-RAW method, it is of more interest when α = 1/2 since the scheme is at
least second-order accurate. The stability condition in this case is given by

ω∆t ≤ 2

(1− γ)(4− ν)

√
(3− ν)− (4− ν)γ

1 + ν(1− γ)
, γ ≤ (3− ν)/(4− ν).

2.3 The composite-tendency leapfrog scheme with more discriminating filter

Applied to equation (1), the scheme [30] is

wn+1 =un−1 + 2iω∆t(γvn + (1− γ)wn), (10)

un = vn + να(wn+1 − 4vn + 6un−1 − 4un−2 + un−3), (11)

vn+1 =wn+1 − ν(1− α)(wn+1 − 4vn + 6un−1 − 4un−2 + un−3), (12)

which is equivalent to the following linear multistep method:

un+1 − ν(4 + 3α)un − (1− 7ν − να)un−1 − ν(4− 3α)un−2 + ν(1− α)un−3 (13)

= 2 (1− ν(1− α)γ)un − ν (8(1− α)(1− γ) + 12α)un−1

+ ν (12(1− α)(1− γ) + 8α)un−2 − ν (8(1− α)(1− γ) + 2α)un−3 + 2ν(1− α)(1− γ)un−4.

2.3.1 Consistency errors, amplitude errors and phase-speed errors

The local truncation error of (13) is

τn(∆t) =
1− ν(1 + 2α)

3
(iω∆t)2u′(tn) +

ν(3− 5α)

3
(iω∆t)3u′(tn)

+
181ν − 308αν − 120νγ + 120ανγ − 1

60
(iω∆t)4u′(tn) +O[(iω∆t)5].

Theoretically, the scheme could be third-order accurate if α = (1 − ν)/(2ν), and even
higher-order accurate for appropriate values of the parameters which set zero the coeffi-
cients of the higher-order terms. However, the root condition is not satisfied in this case.
To see this, set ω = 0 and write (13) in terms of the amplification factor A:

A4 − ν(4 + 3α)A3 − (1− 7ν − να)A2 − ν(4− 3α)A+ ν(1− α) = 0. (14)

It turns out that when α = (1−ν)/(2ν), equation (14) has the root A = 1 with multiplicity
two, violating the root condition (see e.g., [22]). Indeed, the numerical solution grows

8
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linearly in time, while is supposed to be constant. Thus, the scheme is second-order
accurate.

The amplitude error is

|Ap| − 1 = − ν(1− 2α)

2(1− ν − 2αν)
(ω∆t)4 +O[(ω∆t)6],

which, by setting α = 1/2, becomes

|Ap| − 1 =
ν(5− 8γ − 9ν + 14νγ)

8(1− 2ν)2
(ω∆t)6 +O[(ω∆t)8].

Further, the sixth-order term vanishes when γ = (5 − 9ν)/(2(4 − 7ν)) and gives the
seventh-order amplitude error:

|Ap| − 1 = − 5ν(4− 13ν + 11ν2)

32(1− 2ν)2(4− 7ν)
(ω∆t)8 +O[(ω∆t)10].

The phase-speed error, in this case, is second order:

Rp − 1 =
1

6
(ω∆t)2 +O[(ω∆t)4].

2.3.2 Stability

As shown in the consistency error analysis, the composite-tendency leapfrog scheme
with the more discriminating filter is second-order accurate regardless of the parameters.
Nevertheless, the amplitude exhibits the highest-order of accuracy when α = 1/2 and
γ = (5 − 9ν)/(2(4 − 7ν)). For this reason, we only consider the stability for the chosen
values of the parameters. Applying the root locus curve technique, the time step condition
for this scheme is

ω∆t ≤

√
1−

(
8− 45ν + 55ν2

12− 20ν

)2
8(4− 7ν)(2− 5ν + 5ν2)

(4 + 25ν − 55ν2)(16− 68ν + 105ν2 − 55ν3)
. (15)

3 Conclusions

The development of accurate and efficient time-stepping schemes is an important key
in improving the fidelity of the numerical simulations for weather and climate, and is still
an active area of research.

We surveyed the recent progress on time filters, a post-processing non-intrusive tech-
nique which improves accuracy and stability, and uses legacy codes in a black-box manner.
We focus on time filters used in conjunction with the leapfrog scheme, the most commonly
employed time-stepping scheme in the weather and climate community. Specifically, we
present the accuracy and stability analysis of RA, RAW, hoRA, and the more discrim-
inating filtered leapfrog/composite-tendency leapfrog schemes. The properties of these
methods are summarized in Table 1, an addendum to the comparison Table 2.2 in [9].

9
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Method Order Amplitude Phase speed Maximum ω∆t

LF-RA 1 1− ν
2(2−ν)

p2 1 + 1+ν
3(2−ν)

p2
√

2−ν
2+ν

LF-RAW 1 or 2 1− ν(2α−1)
2(2−ν)

p2 +O(p4) 1 +
(

(1−ν(1−α))(2−αν)
(2−ν)2

− 1
3

)
p2 1

α

√
(2−ν)(2α−1)
2−ν+2αν

LF-hoRA 2 or 3 1− β(3−2β)
8(1−β)2

p4 1 + 2−5β
12(1−β)

p2 +O(p4)

√
3
4
+β−β2

1+ 3
2
β−β2

CTLF-RAW 2 or 3 1 + ν(4γ−3+ν−νγ)
4(2−ν)2

p4 +O(p6) 1 + 6νγ+4−5ν
12(2−ν)

p2 +O(p4)
√

4((3−ν)−(4−ν)γ)
(1+ν(1−γ))[(1−γ)(4−ν)]2

CTLF-D 2 1− 5ν(4−13ν+11ν2)
32(1−2ν)2(4−7ν)

p8 1 + 1
6
p2 Formula (15)

Table 1: Comparison between the leapfrog scheme combined with time filters. The amplitude, phase
speed, and time step limitations are those associated with the application of each scheme to the oscil-
lation equation (1). For brevity, the more discriminating filtered composite-tendency leapfrog scheme is
abbreviated by CTLF-D. We denote p = ω∆t, and amplitude or phase speed that is with O(pk) indicates
that it is able to be of order up to pk.
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Abstract. To simulate the different mechanisms we considered a reactor of constant 
temperature and volume, where the only reactions that are carried out are those with reported 
kinetic constants [1]. For example, to simulate the formaldehyde kinetic you make a serial of 
seven chemical reactions where intervene nine chemical species [2].The change in 
concentration with respect to the time of one specie is mathematically represented by means of 
an ordinary differential equation. In the studied cases, the mechanism of reaction can be 
represented as a system of nonlinear ordinary differential equations. In the simulation of the 
mechanism of reaction, the medullar part is the solution of all the ordinary differential equation 
that describe the temporary evolution of the concentration of each the species. The differential 
equation that comes from the kinetic present what it is called rigidity, principally due to the 
simultaneous presence of  radical with called rigidity, principally due to the simultaneous 
presence of radicals with a really short life time as the presence of hydroperoxide HO2• and 
species that remain almost constant as the oxygen. The main problem to carry out the precise 
integration of the differential equation system that represents the mechanism of reaction of the 
atmospheric chemistry, is the wide when variation of the kinetic constant as it appears in the 
reactions 2 and 7 which brings as a consequence the instability when applying an explicit 
numerical method because for any change in so different scales. When this happens, it is said 
that the differential equation system is rigid. In order to solve the problem that the rigidity of a 
differential equation system represented we should use special numerical method that ensures 
precision and stability in its integration. To achieve this whit a classical explicit method it is 
required a lot of computing time, besides the possible instability. When using the semi implicit 
method, we developed a computer package using language C++ to solve the system of nonlinear 
ordinary differential equation. Solving the matrix system with the method mentioned above, it 
is found the numerical value of the concentration of the five chemical species for every time 
step, given the initial concentration. The computer program used to solve the system of 
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differential equation was developed in UNAM. 
 
1 INTRODUCTION 

All The core part in mathematical simulation of reaction mechanism of volatile organic 
compounds contained in highly polluted atmospheres, it is the solution of the set of ordinary 
differential equations describing the time evolution of the concentration of the chemical species. 
[1] The differential equations that result from chemical kinetics feature called rigidity, mainly 
due to the simultaneous presence of radical free with life time very short and of species that 
remain nearly constant as it is the content of oxygen, carbon dioxide and nitrogen. 

Proposed mechanisms of photochemical smog formation reaction by different organic 
compounds, it was to make the computer simulation of the chemical kinetics from different 
initial conditions, in order to see the change of the concentrations of each species at the time. 

To perform the mathematical simulation [2] of the different mechanisms is considered a 
reactor volume and temperature constant, where only carry out reactions indicated for each 
mechanism. 

The change of concentration with focus in the time of a sort it is represented mathematically 
by means of an ordinary differential equation. In the cases studied, the reaction mechanism can 
be represented as a system of nonlinear ordinary differential equations, in the following steps:  

dC
dt

f C C

dC
dt

f C C

dCn
dt

f C C

n

n

n n

1
1 1

2
2 1

1













( ........ )

( ........ )

( ....... )

 

Where C1, C2…Cn represent the concentrations of each of the n chemical species. 
This type of system is known as autonomous, due to the independent variable time does not 

appear explicitly in the functions f1, f2,…, fn.. 
The main problem to realize the integration of systems of differential equations that represent 

of atmospheric chemistry reaction mechanisms, it is the wide variation of the kinetic constants, 
which brings as consequence the instability by applying an explicit numerical method as for a 
change in the independent variable, the dependent variables change at very different scales. 
When this happens, it is said that the system of differential equations is a rigid system. 

The matrix J, which contains the partial derivatives of functions fi, with respect to each of 
the chemical species, concentration plays an important role in the application of numerical 
methods to rigid systems. The determinant of the matrix J is known as Jacobean. The rigid 
system is characterized when the matrix J has widely disparate characteristic values. 

More stringent, a rigid system occurs when: 
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• The real parts of the eigenvalues of the matrix J is less than zero. 
• The quotient that results from dividing the real part of the maximum characteristic value, 

between the real parts of the smallest characteristic value is much greater than one. 
A special numerical method that ensures accuracy and stability in their integration should be 

used to solve the problem that represents the rigidity of a system of differential equations. Long 
time is required to achieve this with an explicit classical method, computer, apart from the 
possible instability. 

This work used the semi-implicit method, which allows to solve the above mentioned 
problem.  

If we consider as an example the following differential equations with their respective initial 
conditions: 

 
It is denoted as u the numerical value of y as the numerical value of z v, then using the semi- 

implicit method, differential equations are represented in the following way: 
u u

h
f x u v f x u vn n

n n n n n n


  


 1

1 1 1 1 1

1
2

[ ( , , ) ( , , )]  

v v
h

f x u v f x u vn n
n n n n n n


  


 1

2 1 1 1 2

1
2

[ ( , , ) ( , , )]
 

Where u0 and v0 is the initial condition y0 and z0. 
Applying the formula of Taylor to functions on the right side, are the following linear equations 
with respect to un+1 and vn+1: 

u u
h

f B u u
f B

y
v v

f B
z

f In n n n n n         1 1 1
1

1
1

12
[ ( ) ( )

( )
( )

( )
.... ( )]








 

v v
h

f B u u
f B

y
v v

f B
z

f In n n n n n         1 2 1
2

1
2

22
[ ( ) ( )

( )
( )

( )
. . . . ( )]








 

where B is ( , , )x u vn n n1  e I ( , , )x u vn n n .  
If defined: 

u u un n*  1  
Then: 

u
h

f B
h

u
f B

y
h

v
f B

z
h

f I* ( ) *
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Fixing these equations in matrix form, it is: 
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Then: 
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Solving this system of two simultaneous linear equations are the values of u * and v *, and 
therefore the values of vn+1.1 and vn+1. 

To use the semi-implicit method a computer package in c++ was developed to solve systems 
of nonlinear ordinary differential equations. 

 

2 REACTION MECHANISM 
To illustrate the method used semi-implicit and simulate the chemical kinetics of the reaction 

mechanism proposed mathematical modeling of formaldehyde (HCHO) considered is shown 
as you pollute the main secondary highly polluted atmospheres. 

In this case indicates the mechanism of reaction of formaldehyde [3,4] where it can react 
with in the presence of light or the hydroxyl radical release hydro peroxide, carbon monoxide 
and water respectively.  

 

 
Figure 1. Mechanism of reaction of formaldehyde. 

In the proposal chemical kinetics are considered chain reactions, as initial reactions of the 
cycle [5] basic photochemical smog, indicated in the following three first reactions and their 
respective kinetic constants. 

 
NO2  + h   NO + O   k1=0.533     
O + O2 + M    O3 + M    k2=2.183X10-5    
NO + O3   NO2  + O2   k3=26.59    
 

Propagation reactions correspond to reaction mechanism shown above in Figure 1. 
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HCHO + h 2HO2 + CO   k4=2.35x10-3  

HCHO + HO HO2 + CO + H2O  k5=1.6x104  

And the corresponding termination reactions of the hydroxyl and hydro peroxide to form 
nitrogen dioxide and nitric acid respectively. 

 
HO2

  + NO    OH + NO2  k6=1.214x104     
OH + NO2     HNO3    k7=I.613x104 

The different chemical species formed are the following nine: C1=NO, C2=NO2, C3=O3,  C4=O, 
C5=HCHO, C6=OH, C7=HO2, C8=HNO3 y C9=CO. 

 

3 MATHEMATICAL SIMULATION  
The change of concentration of chemical species focus in the time it is given by the following 

functions or differential equations: 
 

    f_r[1]:=k1*c[2]-k3*c[1]*c[3]-k6*c[1]*c[7]; 
    f_r[2]:=-k1*c[2]+k3*c[3]*c[1]+k6*c[1]*c[7]-k7*c[2]*c[6]; 
    f_r[3]:=k2*c[4]*C_O2*C_M-k3*c[3]*c[1]; 
    f_r[4]:=k1*c[2]-k2*c[4]*C_O2*C_M; 
    f_r[5]:=-k4*c[5]-k5*c[5]*c[6]; 
    f_r[6]:=-k5*c[5]*c[6]+k6*c[1]*c[7]-k7*c[2]*c[6]; 
    f_r[7]:=2*k4*c[5]+k5*c[5]*c[6]-k6*c[1]*c[7]; 
    f_r[8]:=k7*c[2]*c[6]; 
    f_r[9]:=k4*c[5]+k5*c[5]*c[6]; 

 
While the partial derivatives with the concentration of each of the nine species in each of the 

seven reactions and chemical, it is given by the set of the following equations 
    Df_Dy[1,1]:=-k3*c[3]-k6*c[7]; 
    Df_Dy[1,2]:=k1; 
    Df_Dy[1,3]:=-k3*c[1]; 
    Df_Dy[1,7]:=-k6*c[1]; 
 
    Df_Dy[2,1]:=k3*c[3]+k6*c[7]; 
    Df_Dy[2,2]:=-k1-k7*c[6]; 
    Df_Dy[2,3]:=k3*c[1]; 
    Df_Dy[2,6]:=-k7*c[2]; 
    Df_Dy[2,7]:=k6*c[1]; 
 
    Df_Dy[3,1]:=-k3*c[3]; 
    Df_Dy[3,3]:=-k3*c[1]; 
    Df_Dy[3,4]:=k2*C_O2*C_M; 
 

2O2

O2
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    Df_Dy[4,2]:=k1; 
    Df_Dy[4,4]:=-k2*C_O2*C_M; 
 
    Df_Dy[5,5]:=-k4-k5*c[6]; 
    Df_Dy[5,6]:=-k5*c[5]; 
 
    Df_Dy[6,1]:=k6*c[7]; 
    Df_Dy[6,2]:=-k7*c[6]; 
    Df_Dy[6,5]:=-k5*c[6]; 
    Df_Dy[6,6]:=-k5*c[5]-k7*c[2]; 
    Df_Dy[6,7]:=k6*c[1]; 
 
    Df_Dy[7,1]:=-k6*c[7]; 
    Df_Dy[7,5]:=2*k4+k5*c[6]; 
    Df_Dy[7,6]:=k5*c[5]; 
    Df_Dy[7,7]:=-k6*c[1]; 
 
    Df_Dy[8,2]:=k7*c[6]; 
    Df_Dy[8,6]:=k7*c[2]; 
 
    Df_Dy[9,5]:=k4+k5*c[6]; 

         Df_Dy[9,6]:=k5*c[5]; 
 
Where is the matrix resulting Jacobean J as follows: 
 

-K3C3-K6C7 K1 -K3C1 0 0 0 -K6C1 0 0 

K3C3+K6C7 -K1-K7C6 K3C1 0 0 -K7C2 K6C1 0 0 

-K3C3 0 -K3C1 K2CO2CM 0 0 0 0 0 

0 K1 0 -K2CO2CM 0 0 0 0 0 

0 0 0 0 -K4-K5C6 -K5C5 0 0 0 

K6C7 -K7C6 0 0 -K5C6 -K5C5-K7C2 K6C1 0 0 

-K6C7 0 0 0 2K4+K5C6 K5C5 -K6C1 0 0 

0 K7C6 0 0 0 K7C2 0 0 0 

0 0 0 0 K4+K5C6 K5C5 0 0 0 
 
Solving the matrix system by the above mentioned method, you will find the numerical value 

of the concentrations of nine chemical species for each step in time, given the initial 
concentrations, specifically set the more stable compounds. 

The computer program used to solve the system of differential equations, developed in the 
Center of research theory of the Faculty of studies Cuautitlán of UNAM, includes: 

• The routine implementation of the Semi-implicit method for rigid systems of coupled 
nonlinear ordinary differential equations. 

• The routine of Gauss elimination method for solving systems of linear algebraic equations 
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simultaneous. 
• Graphing of results written in c++. 
 
The first page must contain the Title, Author(s), Affiliation(s), Key words and the Summary. 

The Introduction must begin immediately below, following the format of this template. 
 

4. ANALYSIS OF RESULTS 
In the first run of the program (case 1), were assigned as initial conditions NOx 

concentrations closer to the atmosphere highly contaminated, i.e. 0.1 ppm NO2 which can be 
found in greater proportion due to the oxidizing conditions of the environment, and 0.01 ppm 
of NO. The concentration for each hydrocarbon depicted in graphs as RH, was 0.1ppm, taking 
into account that the emissions allowed by Mexican legislation in total hydrocarbons (NOM 
041 ECOL 93) emission standards [6] for the cars of prior to 1979 are 700 ppm, and from 1994 
to date, is 200 ppm, and that on average will emit 400 compounds in different proportions. 

The time selected for the majority of cases was 5000 seconds, since during this time are 
observed changes in concentration of ozone and the emergence of other secondary pollutants, 
except in some cases where it is carried out only in the opening 100 seconds so it is 400 seconds, 
or in older times chart, as it is the case of acetone, which doubled the time. 

Analyze the curves corresponding to the first run, you can see similar behavior in which the 
NO concentration increases, the NO2 decreases and starts the formation of ozone reaching a 
maximum concentration of 0.072 ppm, while nitric acid reaches a concentration 0.0325 ppm, 
consumption of formaldehyde, the increase of the concentration of NO maximum to 0.0419 
ppm and subsequent consumption, reduction of NO2 to 0.0674 average ppm and subsequent 
production, formaldehyde is consumed rapidly, reducing its concentration to 0.059 ppm. 
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Graphic 1. Mathematical simulation of formaldehyde to 5000 seconds 

The same initial conditions were considered in the second run (case 2) only change the 
response time with different times to observe the response of the program, managing to find 
that 30 000 seconds it is reached stability or equilibrium of reaction, reaching consume 
practically formaldehyde and not, to decrease to less than half the NO2, ozone reaching 
concentrations de0.12 ppm and nitric acid of 0.0725 ppm. 

 

 
Graphic 1. Mathematical simulation of formaldehyde to 30000 seconds 

5 CONCLUSIONS 
The proposed computational program responds to the solution of differential equations, 

derived partial and Jacobean of rigid systems, product of the mathematical simulation of 
chemical kinetics of volatile organic compounds in highly polluted atmospheres, this program 
can be applied to a myriad of possibilities [7] where you can change. The type of compound, 
the reaction mechanism, the concentration of the chemical species or reaction time. 

In the event proposed for this presentation that was formaldehyde, chemically explains the 
high reactivity and justifies the high concentration of pollutants side such as ozone which is 
measured in different cities to evaluate air pollution and nitric acid which can produce acid rain. 
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Abstract. An algorithm for the structural optimization of wing body structures is
presented in this paper. The structural analysis for the computation of displacements
and stresses within the wing body is based on a finite volume solver. The topology
optimization, based on the original methodology which includes the SIMP algorithm
and the smoothing of computed fields using the solution of the Helmholtz equation is
implemented. This is applied to solve the minimum compliance problem in a wing-like
structure in order to compute the optimal distribution of material within the body that
maximizes its stiffness constrained by a user defined volume. The study takes into account
the uncertainties in the loading of the wing model and the optimization is robust since
the minimization of the mean value and standard deviation of the compliance is sought
with respect to these uncertainties using a sparse grid-based technique.

1 INTRODUCTION

Topology optimization [1] has become a very common means of structural optimization,
based on the evolution of the optimal structure topology by adding or removing material
from an initial structure. Similar to any optimization problem, the consideration of the
uncertainties is very useful in topology optimization, as well. The uncertainties are usually
related to the loading forces and the parameters of the structure. The robust optimization
problem can be solved using several different algorithms such as stochastic or deterministic
ones concerning both the estimation of the statistics of the objective function and their
optimization. [2, 3, 4, 5, 3, 6, 7].

The robust topology optimization considering uncertainties in stiffness and loading
parameters has been presented in [8, 9], whereas a small number of attempts related to
reliability-based topology optimization can be found in the literature [10, 11].

1
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A robust topology optimization for wing-like body structures is presented in this pa-
per. The elasticity equations are solved using a finite-volume solver. The robust topology
optimization of the structure includes uncertainties in the loading parameters and sparse
grids [12, 13, 14] are used to evaluate the multi-dimensional integrals over the uncertain
parameter space. The minimization of the mean value and standard deviation is accom-
plished using sensitivity analysis on these sparse grid points. The presented algorithm
will be demonstrated to the robust topology optimization of a wing-like body structure.

2 TOPOLOGY OPTIMIZATION

2.1 Problem Definition

The topology optimization problem is defined by the minimization of the compliance
function constrained by the total volume of the structure. The constrained optimization
problem is defined as follows

min. F =

∫

Ω

b̄iuidΩ +

∫

S1

σ̄iuidS

s.t. C =

∫
ρV ≤ Vf

and
∂σij

∂xj

+ b̄i = 0 , x ∈ Ω

σijnj = σ̄i , x ∈ S1

ui = 0 , x ∈ S2 (1)

where ρ are the local densities, which are considered as the design variables and V the
corresponding volumes. Vf is a given fraction of the total volume, b̄i are the body forces, σij

are the stresses and εij are the strains, which are expressed in terms of the displacements
ui through the equations

σij = µ

(
∂ui

∂xj

+
∂uj

∂xi

)
+ λδij

∂uk

∂xk

(2)

and

εij =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

)
(3)

respectively. Also, λ and µ are the Lamé parameters.
The compliance function F given by eq. 1 is totally equivalent to the strain energy

function G = 1
2

∫
Ω

σijεijdΩ which can be proved by the Gauss divergence theorem.

2
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2.2 Self-Adjoint Topology Optimization

The discretized minimum compliance problem is formulated as, [1]

min. F = f(ρ)u(ρ)

s.t. C = ΣρiVi ≤ Vf

and K(ρ)u(ρ) = f (4)

where u and f are the displacement and force vectors and K is the stiffness matrix.
In order to find the derivatives of the objective function F with respect to the de-

sign variables ρi, the augmented objective function is formed by introducing the adjoint
variable vector Ψ, as follows

Faug = F + Ψ (f − Ku) (5)

The sensitivities F̃aug of Faug with respect to ρi yield

F̃aug = f ũ + Ψ
(
−K̃u − Kũ

)

= (f − KΨ) ũ − ΨK̃u (6)

Due also to symmetry, the adjoint equations, derived by eliminating the term depending
on ũ yield

KΨ = f (7)

proving the discrete minimum compliance problem is self-adjoint. The sensitivities F̃aug

are finally given by

F̃aug = −ΨK̃u = −uK̃u (8)

depending on the sensitivities of the stiffness matrix. The stiffness matrix is expressed in
terms of the ρ parameters through the SIMP algorithm [1] by the expression

Ki = ρp
i K̄ (9)

where K̄ are the stiffness matrices of the selected material and p is a user-defined param-
eter. The derivatives of Ki with respect to ρi are given by

K̃i = pρp−1
i K̄ (10)

The computation of the objective function sensitivities does not require, thus, the solution
of additional equations.

The optimization algorithm applied to minimize the compliance subject to the volu-
metric constraint is based on the bisection approach [15, 16]. Also, the smoothing of the
design parameter and sensitivity derivative fields is achieved through the solution of the
Helmholtz equations, as described in [17].

3
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2.3 Robust Continuous Topology Optimization

The robust topology optimization is based on the minimization of the mean value and
standard deviation of the compliance objective function with respect to uncertainties in
the loading and model parameters. Thus the objective function becomes Frob = wµF +
(1 − w)σF for user defined weight w.

The robust topology optimization is based on the computation of the mean value and
standard deviation of the objective function, using the Gauss-Hermite quadrature on
sparse grids, [13]. The PDF of the uncertain parameters is considered to be Gaussian
and thus the Gauss-Hermite quadrature is required. the mean value of F or else the first
statistical moment is computed by the expression

µF = wiFi (11)

where summation is implied for the index i, The expression for the second statistical
moment is as follows

µ2,F = wiF
2
i (12)

and the standard deviation is given by the expression

σF =
√

µ2,F − µ2
F (13)

The first order sensitivities of the mean value and standard deviation with respect to the
design parameters are given by

dµF

dbk

= wi
dFi

dbk

(14)

and
dσF

dbk

=

dµ2,F

dbk
− 2µF

dµF

dbk

σF

(15)

where
dµ2,F

dbk

= 2wiFi
dFi

dbk

(16)

3 APPLICATION

The robust topology optimization methodology is applied to the optimization of a 3D
wing-like body structure. The distribution of the magnitude of the displacement vector
is shown in Fig. 1.

Two distributed forces are acting on the body one at the top and one at the bottom
surface, both facing towards the body domain. The constraint volume was set equal to
half the volume of the structure. The two forces were modelled by independent Gaussian
distributions with mean equal to their nominal values and standard deviation equal to
20% of their mean values. The optimal distribution of the density design parameters on

4
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Figure 1: Wing-like body structure case. Distribution of the magnitude of the displacement vector.

the structure obtained by a single-point deterministic topology optimization is illustrated
in Fig. 2.

The robust topology optimization of the wing-like body structure results to a distribu-
tion of the density variables depicted in Fig. 3 where the mean value of the compliance
objective function was minimized with uncertainties regarded for the two values of the
distributed forces.

Figure 2: Wing-like body structure case. Plane cut view of the distribution of the optimal values of
the density design parameters obtained by single-point topology optimization. The red colors correspond
to the area which is solid, while the blue colors correspond to the area from which the solid has been
removed.

The comparison of the single-point and the robust topology optimization of the wing-
like structure can be seen in Figs. 4 and 5. In these figures, the convergence history of

5
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Figure 3: Wing-like body structure case. Plane cut view of the distribution of the optimal values of
the density design parameters obtained by robust topology optimization for minimum mean value of the
compliance function using a first-level sparse grid.
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Figure 4: Wing-like body structure case. Convergence history of µF obtained by robust topology
optimization (minimization of µF ) compared with µF obtained by single point optimization (minimization
of F (c̄)).

the mean value and standard deviation of the compliance function are shown. The two
moments obtained by robust optimization are lower than the values that correspond to the
single-point optimization derived design. This fact proves the importance and requirement
of paying the additional cost of minimizing statistical moments of the objective function
rather than the function for the nominal values of the uncertain parameters, in the case

6

1287



Dimitrios I. Papadimitriou and Costas Papadimitriou

 100
 120
 140
 160
 180
 200
 220
 240
 260
 280

 0  5  10  15  20  25  30  35  40  45  50

co
m

pl
ia

nc
e 

st
an

da
rd

 d
ev

ia
tio

n

optimization cycle

robust
single point

Figure 5: Wing-like body structure case. Convergence history of σF obtained by robust topology
optimization (minimization of σF ) compared with σF obtained by single point optimization (minimization
of F (c̄)).

that the uncertainties are due.

4 CONCLUSIONS

A robust topology optimization algorithm based on sparse grid quadrature was applied
to the structural optimization of a wing-like structure body with uncertainties concerning
its loading parameters. The topology obtained through robust optimization was quite
different than that obtained through single point deterministic topology optimization and
proved to be more insensitive to variations in the uncertain quantities resulting to lower
values of both the mean value and the standard deviation of the compliance objective
function.
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Abstract. To ensure the complete localization of dust emissions, arising from the formation 
the overpressure in shelters, when heated conveyor overload materials is usually performed 
through suction of air from two shelters - from the upper (the upper shelter of the drive drum 
conveyor) and the lower (the lower shelter is place of loading the conveyor.) The main 
problem when designing of aspiration systems such congestions is to determine the required 
flow of air, sucked out of the shelters. We have developed a scientifically based method [1,2] 
which allows us not only to determine the required flow of air, removed from the shelter, but 
also to choose the rational allocation schemes of aspirating pipes, which is especially 
important in the cascade arrangement of equipment (feeder -rumble - crusher - conveyor), 
which covers are linked. The solution of this problem have been achieved in the use of the 
correct model of dual-velocity continuum "particulate matter - the air", which allowed at a 
modern level to estimate the dynamic interaction of the flow of air particles under overload of 
bulk material, as a free running particle jets, and as it moves through a closed overload 
troughs. The existence of combinations of these regimes is characterized by almost all 
industrial overload nodes. Intercomponent heat transfer modifies the picture of air movement 
in these nodes, which we have been examined in the gravitational movement of the particle 
flux in an inclined chute. The developed procedures of calculation of performance aspiration 
systems have proliferated in Russia and abroad in the mining and metallurgical industries.  

 
 
1 INTRODUCTION 

The inter-component heat and mass exchange plays a double role. On the one hand, an 
additional force, thermal pressure caused by buoyant forces, occurs in the chute. On the other 
hand, the mass exchange results in an additional source or outlet of the gaseous component. 

 

2 INTER-COMPONENT HEAT EXCHANGE IN AN INCLINED CHUTE 
Heat exchange, as well as the force interaction between the components, is defined by the 

flow pattern of the particles and the nature of their movement in the chute. An experimental 
study of heat exchange was carried out by means of a unit used to examine the inducing 
properties of an unheated particle flow (Fig. 1).  
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The value of the heat flow from the particles to air was determined using the enthalpy 
method: 

2 2 к н( )Q c G t t  ,  W, (1) 

where с2 is the air heat capacity, J/kg·°; G2 is the air mass flow rate, kg/s, tн, tк are air inlet 
and outlet temperature, at the chute inlet and at its outlet, respectively, °C. The chute walls 
were heat sealed to prevent the heat exchange with surrounding air. 

Research was made on crushed granite (mono fraction of 1.25-2.5 mm) and iron ore (poly 
fraction with dav – 2.5 mm, the grain composition of which is shown in Table 3.2.) Being 
heated up to 200-300°C, the material was transferred through a heat-sealed chute with a 
section of 0.15 x 0.15 m at Θ = 45°, 60°, 75°. As shown by experimental studies, the rate of 
heat exchange varies with the relative velocity of the particles (Fig. 2a) and with their volume 
concentration (Fig. 2b), which is consistent with a generalization of heat exchange in 
dispersed through flows, as performed by Z.R. Gorbis [3]. The established behavior of the 
inter-component heat exchange for the case of an accelerated fall of particles under 
consideration was also confirmed by later experiments performed by A.S. Semenov [4] who 
studied the heat exchange between falling 10.5 mm steel balls and the air in a vertical chute 
with a section of 0.14 x 0.14 m.  

 
Figure 1: Diagram of the experimental arrangement for the study of injective 

properties of bulk materials: 1 – upper bin; 2 – chute; 3 – lower bin; 4 – thermometer; 5 – Venturi tube; 6 – damper;   
7 – fan; 8 – micropressure gauge; 9 – galvanometer; 10 – blending chamber; 11 – metal frame; 12 – diaphragm; 

13 – thermocouple; 14 – chute upper wall; 15 – heat insulation layer 
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Figure 2: Influence of the number Re and volume concentration on the inter-component heat exchange in the 

fall of crushed granite particles in an inclined chute (I, II, III) and steel balls in a vertical chute (IV – according 
to A.S. Semenov), in the flow of free (V, VI – according to Z.R. Gorbis) and stagnant gas suspension  

(VII, VIII – according to Z.R. Gorbis; IX – according to Yu.N. Morozov) 
 
However, quantitatively, the heat exchange in inclined chutes is significantly different 

from flows of free gas suspension and heat exchange in a vertical chute. Here, almost every 
particle participates in heat exchange, and its rate is much higher than in case of particles 
moving in an inclined chute, where most of them moves near the bottom in constraint 
conditions. Thus, in our case, we can speak of a conditional (apparent) heat exchange 
coefficient. 

Here, the heat exchange process is analogous to the heat exchange in a mechanically 
stagnated gas suspension, where there can be seen “dead” zones – areas of a weak interaction 
with the air – in the flow of particles on the braking elements of mines. This can explain the 
near values of the Nusselt number (curves I, IX [5, 3]), as well as the coincident behavior of 
the heat exchange with the increase of the volume concentration (slope angle of lines II and 
VIII). 

As a result of the statistical processing of the experimental data in the range 0.0002 < β 
<0.01; 400 <Re <700, the following correlation was obtained [6]: 

6 0,92,95 10 ReNu      , 
(2) 

which allows defining the inter-component heat exchange in an inclined chute. Here, the 
Nusselt and Reynolds numbers are expressed in terms of the average particle diameter and the 
average relative velocity along the chute length: 

α
λг

dNu  ;  1 2( )
Re avv v d




;  1н 1
1 2

k
av

v v
v


 , 

 

where  is the heat exchange coefficient, W/m2·°; λг is the air thermal conductivity, W/m·°. 

3 THERMAL HEAD 
As a result of the heat exchange, the air density in the chute is different from the density of 

the surrounding air, and its unit volume is influenced by Archimedes’ buoyant force. 
Dynamic equation (8) for a prismatic chute is as follows (we suppose 2 2, 1v const  ) 

Granite
: 

Iron ore: 
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2 2
0 2 2( )

2x Э

v vdxdp g dx dP
D

         . 
 

(3) 

Calculate the value 

0 2
0

( )
l

Т xР g dx    , (4) 

usually called the thermal head. Express this value in terms of the chute height and the 
averaged density of the air 

0 2( )TP gH   , (5) 

where 

2 2
0

1 l

dx
l

   . (6) 

Open the symbol of averaging. To this end, express the air density in terms of temperature. 
Use the thermal expansion coefficient βT defined by the equation 

2

2

1
Т

Р

д
дТ

   
 





, (7) 

to obtain 

 2 0 0 2exp ( )T T T    , (8) 

where T0, ρ0 are the temperature (°K) and the density of the surrounding air (kg/m3); T2, ρ2 are 
the temperature (°K) and density (kg/m3) of the air in the chute. 

To determine the temperature T2, use heat-transfer equation (92) and the expression for the 
inter-component heat exchange (95) of Appendix 1. Assuming that the process is stable and 
ignoring pulse moments, this equation for a one-dimensional problem is as follows 

1
2 2 2 2 1 2( ) ( )ж ч ж

ч

d c T v S S T T S dx
V

 


  . (9) 

In addition to the above assumptions, we assume that the temperature of the material is 
constant along the chute. This assumption is based on the fact that the material is not almost 
cooled in case of relatively low transfer heights due to a short stay in the chute (about 1 sec). 
Field measurements (Table 1) showed that the relative cooling does not exceed the accuracy 
of measurements and varies in the range of 1-3%. 

In addition, average the volume concentration of the material, assuming that 

1
1

1 1ж av

G
S v

  


. (10) 

Integrate equation (9) taking into account accepted simplifications under the condition that 
T2 = Тo at the beginning of the chute (at x = 0) to obtain 

2 1 1 0( )exp xT T T T W
l

     
 

 , (11) 
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where 

2 2 2( )ч
ж ж

ч

SW S l c v S
V

    . (12) 

Then, the expression for the air density in the chute is as follows 

2 0 1 2exp ( ) 1
xW
l

T T T e
  

     
   

   , (13) 

and the averaged density value is 

    2 0 1 0 1 0 1 0exp ( ) ( ) ( ) W
T T TT T Ei T T Ei T T e W       


     , (14) 

where Ei( f ) is an exponential integral function with the argument f. 
Insert this result for 2  into equation (5) to obtain 

0 2
0 2

k
TP П gH   

 

 
 , (15) 

where П is a correction coefficient equal to 

 2 02 ( ) ( ) (1 )WА
kП е Ei A Ei Ae W      


   , (16) 

2 0(ln ) (1 )W
kA e    . (17) 

 
Table 1:Change in the temperature of the material and the vapor-air mixture in the chute 

in case of transfers of heated wet materials 
 

Transfer group name  
Flow of 
material 
G1, kg/s 

Drop 
height 
H, m 

Chute 
cross-

sectional 
area 

Sж, m2 

Temperature 
of material, °C 

Temperature of 
vapor-air 

mixture, °C 

t1н t1k t2н t2k t0 

Transfer of burnt ore 
material from the drum 

cooler to the conveyor belt 
10 5.5 0.2 78 77 25 50 7 

Transfer of burnt ore 
material from a conveyor 

to a conveyor 
200 6.0 0.4 65 63 20 45 12 

Transfer of burnt ore 
material from a conveyor 
through an intermediate 
bin to another conveyor 

200 12.0 0.4 62 60 20 40 10 

Transfer of iron ore pellets 
from the drum cooler to a 

conveyor  
8 3.0 0.2 73 70 30 35 6 

Transfer of iron ore pellets 
from a conveyor to 
another conveyor 

30 3.5 0.8 70 68 30 50 10 
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In the area w < 1; 0.6 < ρ2k/ρ0 <1, the coefficient П is almost equal to 1, and the value of 
the averaged air density in the chute is equal to the arithmetic mean value [7]. In the general 
case, the thermal head equals 

2н 2
0 2

k
ТР gH   

 

 
 . (18) 

Here, ρ2k is the air density at the end of the chute at T2k calculated taking into account the 
correlation obtained for the inter-component heat exchange (2) according to 

2 1 1 2н( ) W
kT T T T e    . (19) 

4 AIR VELOCITY IN THE CHUTE 
Integrate dynamic equation (3) to obtain 

2 2
к н 2 э2T

v vlP P P P
D

       (20) 

or, expressing the pressure at the beginning and end of the chute in terms of the coefficients of 
local resistances 

2 2
к 0 22k

v v
Р Р   , 2 2

н 0 н 22
v v

P P   , (21) 

equation (20) is as follows 

2 2
22 Э Т

v v
Р Р   . (22) 

Which shows that the difference between the induction head and thermal one determines 
the air flow and the direction of air flow in the chute, when transferring heated material. Three 
cases are possible in this regard.  

Case 1: РЭ > РТ. The air moves downwards (forward flow). The value of the thermal head 
acts as an additional resistance. The volume of induced air is defined by an obvious equality: 

( ) /Э Э Т жQ Р Р R  . (23) 

Case 2: РЭ < РТ. Air moves toward the falling material (counter flow) under the prevailing 
thermal head. The induction head only slows the movement: 

( ) /ж Т Э жQ Р Р R  . (24) 

However, it should be borne in mind that the sum of the coefficients of local resistances 
will not generally be equal to the similar amount in case of the forward flow. 

Case 3: РЭ = РТ. There is no direction of air movement in the chute. Only local 
aerodynamically unstable air circulations can occur in this case. Consider in detail the 
condition of the aerodynamic instability. Designate the temperature in the chute as T2ср (note 
that in the limiting case T2ср → T1). The air density is according to (8) 

 2 0 0 2exp ( )T cpT T     (25) 
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or, considering that in most practical cases (T2 – T0) βT <<1, 

2 0 2 01 ( )cp TT T       . (26) 

The value of the thermal head in this case is 

0 2 0( )T av TP gH T T   . (27) 

The value of the induction head 

* 3 32
1 1 1

1

( ) (6 )Э т k H T жР к G v v a S 





. (28) 

Then, the condition of equality of these heads takes the form of the following criterial 
equation 

3 2 *
0(1 ) Re / (6 )kп Eu Gr   , (29) 

where Gr is Grashof number, which characterizes the ascensional forces and equals 
3

2 02 ( )T av
gHGr T T 


, 
(30) 

Rеk is Reynolds number, which characterizes the kinetic capacity of the particle flow at the 
end of the chute and equals 

1Rek kv H  , (31) 

*
0Eu   is the modified Euler criterion which characterizes the aerodynamic drag strength of 

the particles and equals 
2

*
0 0 1 1Eu ( )

2
y

ж k

С
S G v  . (32) 

The balance of the forces described by criterial equation (29) has been confirmed during an 
experiment involving the transfer of heated crushed granite (Fig.  3). 

Thus, the amount of air being moved along the chute (with the local suction units 
operating) is, in the general case, equal to  

2 1
ж

2 1 ж/
Э Т

Э Т

Р Р Р Р
Q

Р Р Р Р R
  


  

, 
(2) 

where P1, P2 are rarefactions kept up with the local suction units in the upper hood and the 
lower one (adjacent to the upper and lower ends of the chute, respectively), Pa. 

Or in a dimensionless form 
3 31 3k k k k TBu n Eu           , (34) 

where 
2
1

2 1 2( )
2

k
T T

vEu P P P
 

    
 
   . (35) 
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Figure: 3. The balance of the forces of induction and thermal pressures in the chute when transferring heated 

granite (dav= 1.88 mm, n ≈ 0) 
 

 
The minus symbol before the value φk (or Qж) denotes a case of a counter flow, the case of 

balance occurs with 
3(1 ) 3 Tn Bu Eu  . (36) 

4 INFLUENCE OF MASS EXCHANGE ON THE VOLUMES OF INDUCED AIR 
Consider the movement of the heated wet material accompanied with moisture evaporation 

from the surface of falling particles. Equations of mass exchange for a one-dimensional 
problem will be as follows 

1 1 1 ж ж
d v S J S
dx

    ; 2 2 2 ж ж
d v S J S
dx

   , (37) 

where J is the volumetric evaporation rate, kg/(s·m3). Respectively, for an impulse 

1 2 1 2*
1 1 1 1 1 1 1 2 1

( )
2ж ж T ж m ж

v v v vd v v S S a S к Jv S
dx

 
         , (38) 

2
1 2 1 2* 2 2

2 2 2 2 2 2 0 1 2 2 2 2 1

( )
( ) .

2 2
ж

ж ж x ж m ж ж

v v v v S vd dv v S S g S к P S Jv S
dx dx D

 
     


            (39) 

Assuming still that the volume concentration of the material is small (β1 << 1; β2 ≈ 1), the 
last correlation with (36) can be written as (Sж - const): 
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2
1 2 1 2* 2

2 0 1 2 2 1 2

( )
( ) ( )

2 2x т

v v v v vdp g к J v v
dx D

 
     

      . (40) 

Express the mass transport equation of the gaseous component in terms of the moisture 
content (m) and the flow rate of dry air (Gв) 

в

ж

G dmJ
S dx

 , (41) 

and write obvious equations of flow 

2 2 (1 )ж вv S G m   (42) 

and the averaged values of the velocities of the components  
3

1 1 1 2
0

1 2 1
3 1

l

k
nv v dx v

l n


   
 , (43) 

2 2 2
0

1 (1 ) / ( )
l

в cp жv v dx G m S
l

    . (44) 

Assuming that the densities and velocities of the components on the right side of equation 
(40) are averaged, after integration on the condition that 

2
2н

1 н 2н(0)
2

vP P    ; 
2
2

2 2( )
2

k
k k

v
P l P     (45) 

the following equation is obtained 
2

* 2
2 2 12 Т Э J

v Р Р Р Р Р       , 
(46) 

where РJ is the pressure force that occurs due to moisture evaporation from the falling 
particles (for brevity, we call this value the interphase pressure), which is equal to 

1 2 1 н 1 2 ж
0

( ) ( )( ) /
l

J kP J v v dx G m m v v S     , (47) 

Σζ* is the sum of the coefficients of local resistance which is equal to 
2 2

* н 2 к 2
н

cp 2н cp 2

1 1
1 1k

k

m m l
m m D

    
            

  
   

 
. (48) 

In the dimensionless form, the equation can be as: 
3

3 32
2

2 11 3
3 1T J

nBu n Eu Eu
n

            
    , (49) 

where 
*

1 1

1

т k

T ж

к G v
Bu

a S





 
, ЕиТ are numbers defined by correlation (35), and at Σζ→Σζ’ and  

2 2   
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2
* 1

н 1 ж 2( )
2

k
J в k k

vEu G m m v S
 

    
 
  . (50) 

From this, the mass flow rate of non-condensing (dry) part of the air can be obtained  

2
1 ж 1в k

av

G v S
m

 



 . (51) 

Then, the amount of vapor-air mixture transferring from the chute to the lower cavity 
(hood) can be obtained based on the obvious equality 

2 1 ж 2
1

(1 )
1

k
k в k k

av

m
G G m v S

m


  


  . (52) 

Thus, the amount of induced air during transfers of wet materials is increased not only due 
to the water vapors resulted from evaporation, but also due to additional forces of the 
interphase pressure. 

12 CONCLUSIONS 
It was established that due to non-uniformity of particles distribution the intensity of 

intercomponent heat exchange in a chute is by an order lower than the intensity of heat 
exchange in a vertical channel with a uniform distribution of particles. Counteracting forces 
resulting from the heat exchange of buoyancy forces contribute to a decrease in suction 
properties of a bulk material stream. The direction and value of the air velocity in a chute at 
transfer of a heated material is determined by the relation between heat and induction 
pressures. When transferring wet heated materials, the amount of air induced is increased due 
to water vapors resulting from condensation and auxiliary interphase pressure forces. 

 

The reported study was partly supported by RFBR, research projects No. 14-41-
08005r_ofi_m and 14-08-31069-mol_а 
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Legend 
 

аt  acceleration of a stream of particles in a chute, m/s; 
с  airborne speed of particles, m/s; 
су – conventional airborne speed, m/s; 
с1  heat capacity of material particles, J/(kgK); 
c2  air heat capacity (with ρ = const), J/(kgK); 
D  hydraulic diameter of a chute (channel), m;  
d, dэ  particle diameter (sphere diameter equivalent to a particle in terms of volume), 
m; 
Е  specific energy, J/kg; 
G  mass flow (G1  particles, G2   air, Gв  dry air), kg/s; 
g  gravity factor (gx  chute x-direction gravity factor), m/s2; 
Н  drop height of particles, m;  
h = х = x/l∞  dimensionless drop height of particles; 
I  intensity of interphase transformations, kg/(sm2); 
k  particle drag coefficient (kг, kf, ks  geometric, kд  dynamic); 
km  particle frontal area/volume ratio, 1/м; 
Lэ, Qэ,к  induced air flow in a chute, m3/s; 
l  chute length, m; 
M  mass force (М1  particles, М2  air), N/kg  
n  relation of the initial particle speed in a chute to the particle speed in the chute channel; 
Р  pressure (Рэ  chute injection pressure, Рт  chute thermal pressure, Ра, Р0  outside 
chute,  
Рj  chute interphase pressure), Pa; 
Pч  particle weight, N; 
Qж  chute air flow, m3/s; 
Q21  air-to-particles heat exchange rate, W/m3; 
q  heat flow, W/m2; 
R – aerodynamic drag of bombarding particles, N; 
Рп   aerodynamic force of stream particle, N;  
R, R0  aerodynamic force of single particle, N;  
Rж  chute hydraulic characteristic, kg/m3; 
S  area of particles flow section, m2; 
S, Sж  cross sectional area of a chute (channel), m2; 
s  surface (sм, s4  particles, sш   sphere), m2; 
Т  temperature, K; 
Т2av – mean air temperature in a chute, K; 
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Т0 – average air temperature outside a chute, K; 
t, τ  time (τ∞  relaxation time), s; 
V  volume (Vч  particle volume), m3; 
υ, v,     velocity (υ, υ1  particles; υ1к, υк  particles at the chute outlet; υ10, υ1н  
particles at the chute inlet; υ2, u   air), m/s; 
uвх – exhaust pipe entry section air velocity, m/s; 
w = υ – u    relative particle velocity, m/s;  
w – material humidity, %; 
x  path of particles over a chute, m;  
  interelement exchange ratio (m – mass, kg/( sm2K); Т,   heat, W/(m2K); 
β  volume concentration (β1  particles, β2  air), m3/m3; 
βт – air thermal expansion coefficient, 1/K; 
ζ  local drag factor (LDF); 
λ  hydraulic resistance coefficient; 
λг  air thermal conductivity, W/(mK); 
ν  air kinematic viscosity coefficient, m2/s; 
П

 surface force vector, N/m2; 

Пс  material particle constraint ratio, w/o unit of measurement;  
Пд  dynamical interference activity factor, w/o unit of measurement;  
ρ  density (ρ1,  ρm  particle material; ρ2, ρ  particle stream air; ρ0   air outside a chute; 
(ρ2н, ρ2к   air at the chute inlet and outlet), kg/m3; 
τ – time, s; 
ψ  particle resistance coefficient (ψ0   particles in the area of self-similarity, ψ0ш  sphere in 
the area of self-similarity,  ψс   airborne particles, ψ *   stream particles), w/o unit of 
measurement. 
 
Criteria: 
Re = wd/   Reynolds number; 

  111 /  жTkm SaGkBu   Butakov number; 

ж 0 1 1/( )
2
y

k

с
Eu S G v ,  * 2

1 2/ 0,5 kEu p       Euler number; 

3

т 2 02 ( )av
gHGr Т Т 


 Grashof number; 

г/dNu    Nusselt number. 
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Abstract. The paper presents results of calculation of thermodynamic interaction be-
tween the human body and the ambient air at very low temperatures. The numan body
is clothed in a warm coverall. Temperature transport is calculated numerically by the so-
lution of heat conduction equation. Simplified thermodynamic model of the human body
by the surface heat flux obtained from empirical data is applied. Results of investigations
are used for design of real protection cloth.

1 INTRODUCTION

Aerodynamic and thermodynamic interaction between body and environment under
low temperature and wind conditions is a typical problem with thermomechanical coupling
of fluids (air or water) and structures (human body and clothes). The body generates
the heat within certain organs which is then transferred by the thermal diffusion through
the body substance possessing very non uniform properties. A large fraction of the heat
generated by internal organs is transported to the body periphery by a complicated net
of blood vessels. The heat penetrates through the cloth and is transferred to surrounding
medium by natural and forced convections. Wind causes big areas of the overpressure on
the cloth surface which results in deformations and local change of the cloth thickness. In
its turn, change of the local thickness leads to an alteration of heat conduction properties
of the cloth. This means that the heat exchange between body and air is changed not only
by intensification of convective heat transfer but also due to change of thermodynamic
properties of cloth caused by wind induced deformations.

1
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Figure 1: Points on the skin where the temperature is measured and calculated

The second effect which has still not been discussed thoroughly in the literature has
been considered in our previous papers [1], [2] and [3]. Under strong wind conditions
the heat transfer from the human body can sufficiently be increased due to change of
the thermal conductivity caused by cloth deformation under wind induced pressures. For
instance, at 10 m/s the heat increase could be of ten percent [2].

In this paper we restricted ourselves to the problem of interaction of body with sur-
rounding medium through the heat diffusion and radiation. Since the wind influence has
already been considered in our paper [2] it is not discussed here. Results of the present
analysis are used for design of protection cloth with heating. To keep the human body
temperature on the acceptable level, the local heating elements are embedded into the
cloth textile. The power of this heating is calculated numerically. The results of the paper
are utilized for the design of real protection cloth for the work under low temperatures
and wind conditions in oil and gas industry.

2 MATHEMATICAL MODEL

2.1 Governing equation

The heat transport in the system ”human body-cloth-ambient air” is described by the
unsteady heat conduction equation

ρCp
∂T

∂t
= λ(

∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2
) + f (1)

where the specific heat capacity Cp, the heat conduction coefficient λ and the density ρ
are changed depending on the material where the heat is conducted. f is the heat release

2

1304



I.Cherunova, M. Dhone and N. Kornev

source. The steady state solution is obtained from time marching unsteady simulation.
The equation (1) is solved with the Neumann boundary condition

q̇ = q̇specified, on the human body (2)

enforced on the body surface and the Dirichlet boundary condition

T = Tair, away from the human body (3)

enforced at the outer boundary of the computational domain.

2.2 Numerical implementation

The equation (1) is solved numerically using the OpenFoam toolkit [4]. The finite
volume method is implemented on an unstructured grid with approximately 4.3 Mio of
cells in the computational domain 15m× 5.5m× 5.5m. Elongation of the computational
domain in the longitudinal direction is because the same grid is applied for thermo-
aerodynamic calculations which will be presented later. The grid has different resolutions
in different areas. The finest unstructured grid is located in the block of 3m×1.8m×1.8m
closest to the body. Away from the body the grid resolution is gradually reduced having
relatively high resolution in the block 7.5m×3.6m×3.6m. The real human body geometry
of height of 1.8m designed at the Hohenstein Institute [5] on the basis of the detailed
anthropological study of different categories of peoples is located in the symmetry plane at
5m from the inlet of the computational domain. For reliable resolution of the temperature
boundary layers six thin prism layers are added on the inner and the outer surfaces of the
cloth. A thin prism layer of the thickness of 1mm adjacent to the inner air layer between
the cloth and the body is served as the heating layer with heat release source f .

2.3 Cloth construction

A cloth of thickness 30 mm comprises a savior, a flamestat cotton (upper sheet), an
insulation thinsulate, and a taffeta as a lining. This cloth is used in oil industry for
work at very low temperatures under oil contamination conditions. The air layer of the
thickness of 10mm is located between the cloth and the body. The cloth textile has the
following properties: the heat capacity is Cp = 1800J/kgK, the density is 8.57kg/m3, the
thermal conductivity is λ = 0.04W/mK.

2.4 Simplified thermodynamic model of the human body by the surface heat
flux obtained from empirical data

The heat release from the human body can be calculated using relatively simple models
based on empirical information. The group of models proposed by Stolwijk and Fiala [6],
[7] are based on the partial differential equations describing the heat transport in cross
sections of body which are coupled through the blood transport along the body. Since

3

1305



I.Cherunova, M. Dhone and N. Kornev

such models are not quite reliable we use a simplified model specifying the heat flux on
the body surface q̇. The heat flux q̇ is calculated from the condition that the resulting
temperatures from simulations are equal to these measured on the real human body
clothed in the protection coverall. Temperature measurements were performed at −22
deg of the ambient air at 18 points shown in Fig. 1 directly on the skin of the human
body. Results of calculations performed without wind speed are presented in the table
1. The body surface is subdivided into 34 elements (see Fig. 2). The heat flux on
each element was varied as long as the temperature on the skin from simulations (second
column in table 1) is approximately equal to the measured ones (first column in table 1).
As follows from the fourth column in the table 1 the heat flux given in Fig. 2 provides
the temperature distribution close to the measured one with the discrepancy less than
five percent with the only exception at point 5. The total heat flux necessary to maintain
prescribed temperatures is around 31W . This flux doesn’t take the radiation and sweating
into account. Consideration of these additional effects results in the total heat flux about
70 Watt.

The data presented in Fig. 2 is some kind of thermodynamic model of the human
body. To prove it we used an additional test. At the temperature of +29◦ of Celsius of
ambient air the human body is in equilibrium with air and has the temperature of the
skin around +29 deg. To escape generation of new grids we use the copper cloth instead
of textile one. The copper possesses very high conductivity λ = 401W/mK and acts as
an ideal conductors of the heat from body as though there is no cloth. The temperature
distribution obtained for this case is presented in the fifth column of the table 1 which
is close to the equilibrium temperature 29◦. The discrepancy is around five percent.
Therefore the simplified model thermodynamic model of the human body by the surface
heat flux obtained from empirical data can be considered as the reliable one.

3 RESULTS

The aim of the calculation is the determination of the heat release f which allows one to
maintain the temperature on the body skin in the comfortable range at the temperature
of the ambient air of −40◦. The comfortable body skin temperatures are taken from the
measurements performed at −22◦ with the real human clothed in the protection coverall
(see column 2 in the table 1). In numerical simulations the area and the power were
varied as long as the simulated temperature at 18 points shown in Fig.1 is close to the
comfortable one. The heating elements were selected under the following conditions:
• Heating elements can not be located close to the sensible inner organs because it can
have negative impact on health,
• Heating elements can not be located in zones of high sweating,
• The necessary area of the heating elements and heating power should be minimal,
• Both overheating and under heating of the body should be avoided.

Distribution of heating elements with necessary area and heat flux is given in Fig.
3. The total heat flux necessary to maintain the comfortable temperatures is estimated

4
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Table 1: Temperature distribution at 18 points at −22 deg with cloth, without heating: measurement
(second column), simulation (third column) and difference between measurement and simulation (fourth
column) and at +29 deg without cloth: simulation (fifth column) and difference between measurement
and simulation (last column).

Point Experiment Simulation Error Simulation Error
deg deg % deg %

Air temperature −22 deg +29 deg
1 31.50 30.72 2.5 30.73 5.5
2 32.80 32.01 2.4 30.74 5.3
3 32.40 32.55 0.5 30.77 5.5
4 33.90 34.21 0 .9 30.82 5.4
5 32.20 34.41 6.9 30.88 5.8
6 31.40 32.05 2.1 30.71 5.4
7 32.80 33.06 0.8 30.73 5.3
8 32.40 32.38 0.1 30.72 5.3
9 33.80 32.32 4.4 30.72 5.1
10 32.10 32.71 1.9 30.72 5.4
11 32.90 32.70 0.6 30.71 5.2
12 32.60 33.43 2.5 30.71 5.2
13 34.00 32.90 3.2 30.71 5.0
14 29.67 29.37 1.0 29.28 0.9
15 31.20 31.23 0.1 29.75 2.4
16 34.82 34.85 0.1 30.20 3.4
17 23.49 23.52 0.1 29.73 3.1
18 26.75 26.63 0.4 29.65 2.4

as 12 Watt. Additionally about 30 Watt of the heat flux are necessary to cover the
heat loss due to radiation. The final temperature distribution presented in the table 2
gives the averaged discrepancy of 0.44◦ and the biggest local discrepancy of 1.06◦ at the
point 9. Figure 4 shows temperature distributions on the body skin at the ambient air
temperatures of −22◦ and −40◦. Obviously, the numerical simulations have a serious
disadvantage in areas of contacts of different body parts, i.e. legs and hands. These
artifacts of a pure numerical nature can be eliminated by increase of resolution in contact
areas. Within this paper these regions are simply excluded from analysis.

4 CONCLUSIONS

The paper presents an application of numerical simulations for design of a special cloth
for work under extremely low temperatures. The heating elements inside of the cloth are

5
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Table 2: Temperature distribution at 18 points at −40 deg with cloth and heating: comfort temper-
ature (second column), simulation (third column) and difference between the comfort temperature and
simulation (fourth column).

Point Comfortable T Simulation Error
1 31.5 30.72 0.78
2 32.8 33.70 0.90
3 32.4 33.01 0.61
4 33.9 33.27 0.63
5 32.2 31.65 0.55
6 31.4 31.34 0.06
7 32.8 32.67 0.13
8 32.4 32.25 0.15
9 33.8 32.74 1.06
10 32.1 31.98 0.12
11 32.9 33.11 0.21
12 32.6 32.54 0.06
13 34.0 34.46 0.46
15 31.20 30.54 0.66
16 34.82 34.55 0.27
17 23.49 23.27 0.22
18 26.75 26.20 0.55

applied to maintain the comfortable temperatures on the body skin. The distribution of
the temperature on the body, in the cloth, in the air layer between the body and the cloth
and in the ambient air is calculated from the temperature transport equation using the
OpenFoam toolkit. Sizes and the power of heating elements are selected from numerical
simulations. The results of numerical simulations seem to be reliable with exception in
areas of contacts of different body parts. Results with account of full thermo- aerody-
namic interaction will be presented in next works of the authors. At present the numerical
results are used to construct the protecting coverall of the new generation for employees
of the gas and oil industry.
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Figure 2: Distribution of the heat flux in W/m2 (third column) and the total heat flux in Watt on
different body parts which is necessary to get the temperature distribution obtained from measurement
(see 2nd column in the table 1).
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Figure 3: Distribution of heating elements and their power necessary to maintain the comfortable
temperature at the temperature of the ambient air of −40◦.

Figure 4: Temperature distribution on the body in cloth: left: −22◦ without heating, middle: −40◦

without heating, right: −40◦ with heating.

9

1311



Response of RC columns with transient creep in a natural fire environment

VI International Conference on Computational Methods for Coupled Problems in Science and Engineering 
COUPLED PROBLEMS 2015 

B. Schrefler, E. Oñate and M. Papadrakakis (Eds) 
 

 
 

RESPONSE  OF RC COLUMNS WITH TRANSIENT CREEP IN A 
NATURAL FIRE ENVIRONMENT 

A. SADAOUI*, K. LATTARI* AND A. KHENNANE† 

* Department of civil Engineering, Faculté de Génie de la Construction  
University of Mouloud Mammeri, Tizi-ouzou, Hanaoua II, Algeria 

e-mail: a_sadaoui@yahoo.com 
 

* Department of civil Engineering, Faculté de Génie de la Construction  
University of Mouloud Mammeri, Tizi-ouzou, Hanaoua II, Algeria 

e-mail: lattari_kamel@hotmail.fr  
 

† University of New South Wales (UNSW), Australian Defence Force Academy 
PQ Box 7916, Canberra, Australia 
email: a.khennane@adfa.edu.au 

 
Key words: RC columns, Transient creep, Fire scenarios, High temperatures, Finite element 
analysis, Geometrical nonlinearity. 
 

Abstract. The aim of this study is to investigate the effect of transient creep on the 
structural response of RC columns subjected to natural or parametric fires using a finite 
element model developed by the authors. The model, capable of analysing the response of RC 
columns from pre-fire stages to collapse in fire environment, is specially developed for the 
analysis of RC structures under severe thermo-mechanical loads, which accounts for transient 
creep explicitly as an additional component of the total strain of the concrete or implicitly 
through the use of the materials’ properties recommended by EC2. Through the obtained 
results, it is shown that the transient creep phenomenon significantly influences the fire 
response of RC columns. It was also found that the conventional method based on standard 
fire exposure may not be conservative if the resulting fire has a decay phase similar to the 
severe fire scenario used in this work.  

 
 
1 INTRODUCTION 

The performance of a reinforced concrete (RC) structure in a fire environment depends 
particularly on the behaviour of the columns subjected to fire.  These structural elements form 
the main mean of load transfer to the foundations because a failure of column is more 
detrimental to a building than that of a beam or a slab, and more likely to result in a 
progressive collapse [1,2,3].  Columns are subject to a combination of thermo-mechanical 
actions that arise from restrained thermal elongations, degradation of the mechanical 
properties of the constituents, and transient creep in the concrete. The transient creep, also 
usually referred to as transitional thermal creep or load induced creep, is unique to concrete 
and develops only during first time heating of the concrete under compressive stresses [4,5,6].  
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Temperature increase in fire conditions is well known to decrease the load bearing capacity 
of concrete and to increase its deformability. The structural and chemical changes taking 
place in the material, the internal stresses caused by the temperature gradients, as well as the 
high pore pressures caused by the evaporation of pore water, combine to develop internal 
microcracks or damage within the concrete [7]. For instance, as the temperature increases, the 
cement paste begins to decompose as a consequence of dehydration. Physical-chemical 
changes also take place in the aggregates. For this reason the decrease of compressive strength 
of concrete at elevated temperatures depends also on the type of aggregates used. Hence the 
mechanical properties, such as the elastic modulus and compressive strength, decrease with 
increasing temperatures. The concrete becomes more compliant. Its thermal dilatation 
coefficient  increases non-linearly with temperature [8]. Concrete spalling may also appear as 
a result of thermal gradients and increasing pore pressure [9].  

 
The majority of studies carried out on the behaviour of RC columns are based on the 

standard heating conditions, which do not take into account post-flashover fire temperature-
time curve. There is no reliable experimental data, mathematical models, or design 
specifications for predicting the behavior of these elements under realistic fire scenarios. 
Thus, the current approach of determining fire resistance of RC columns by testing under 
standard fire conditions may not be realistic, since a number of factors such as 
compartmentation characteristics (opening size, fire load density, thermal properties) are not 
accounted for. Furthermore, the mechanical response depends on both load and temperature 
histories. Such dependence manifests itself in the absence of transient creep if a concrete 
specimen has already been subject to a high temperature cycle prior to testing. It is believed 
that any structural analysis of heated concrete that ignores this phenomenon will yield 
erroneous results, particularly for columns exposed to fire. Consequently, the design of 
columns is of paramount importance to the structural integrity of the whole structure, and 
should be based on more direct analytical approach that determines the structural fire 
response, which takes into account the fire compartmentation characteristics, the ventilation 
conditions, and, among all, the thermo-mechanical properties of the structural materials as 
well as transient creep phenomenon effects.  

 
The aim of this study is to investigate the effect of transient creep on the structural 

response of RC columns subjected to natural or parametric fires using a finite element model 
developed by the authors [3,4]. The model, capable of analysing the response of RC columns 
from pre-fire stages to collapse in fire environment, is specially developed for the analysis of 
RC structures under severe thermo-mechanical loads, which accounts for transient creep 
explicitly as an additional component of the total strain of the concrete or implicitly through 
the use of the materials’ properties recommended by EC2 [10].  

2 BASIS OF THE NUMERICAL MODEL 
The thermo-mechanical response of RC columns is obtained in an uncoupled way with 

incrementing time in steps. Because of the dependence of the material properties on 
temperature, thermal and mechanical responses are obtained incrementally. But initially, the 
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element is analyzed at ambient temperature under service loads only, just prior to the 
beginning of a fire.  

2.1 Main steps of fire analysis 
Within a time step, the fire resistance analysis of a restrained RC column subject to natural 

fire scenarios is performed through four main steps as briefly illustrated on figure 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The first step consists in determining the temperature distribution due to fire exposure 

with help of the natural fire scenario defined in EC1 [11] as parametric temperature time 
curves. The second step is the thermal analysis to determine the temperature distribution 
along the cross-section of the column in order to evaluate the changes occurring in the 
material mechanical properties. This is followed by a static structural analysis to obtain the 
equilibrium configuration of the structural element at any time of the fire exposure.  The 
computer model generates various critical output parameters, such as temperatures, stresses, 
strains, displacements and fire induced  transient creep forces at various given fire exposure 
times. These parameters are then used to check against pre-determined failure criteria, in 
which the failure of a RC column is said to occur when the column element is unable to resist 
the specified applied service load (conventional material failure criterion).  The failure occurs 
either by loss of the stability of the column or by exceeding the load-bearing capacity of the 
cross-section, which may be expressed by the failure criterion material (crushing of concrete 
and/or yielding of the steel). 

Figure 1: Main steps of fire analysis of  RC columns 

Temperature due to fire exposure 
 Fire scenarios from EC1 
 parametric temperature-time curves 

 

Thermal analysis 
 Physical properties (density, specific heat, conductivity) 
 Solving heat differential of Fourier-Kirchhoff equation  
 Evaluating  cross sectional temperature distribution 

 

Structural analysis  
 Mechanical properties (thermal expansion coefficient, strength, 

modulus of elasticity, ultimate strains, transient creep strains) 
 Computing displacements, strains, stresses and internal forces 

 

Column failure testing (conventional material failure criteria) 
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2.2 Thermal analysis 
    The computed temperature-time curves describing the fire scenario are used to calculate the 
temperatures within the column cross-section using a finite element formulation. Cross 
sectional area of each column finite element is subdivided into a number of layers or sub-
layers forming a two dimensional mesh. The temperature rise is obtained by establishing a 
heat balance of the cross section and detailed equations for the calculations are derived [12]. 
The temperature is assumed to be uniform along the length of the column and thus the 
calculations are performed for a unit length of the cross section. Steel reinforcement is not 
specifically considered in the thermal analysis because it does not significantly influence the 
temperature distribution. The initial moisture content is taken equal to 6%, which, according 
to EC2, corresponds to a peak value of the specific heat equal to 3700 J / kg. ° K.  

2.3 Structural analysis  
The cross-sectional temperatures generated from thermal analysis are used as input to the 

structural analysis step.   A two-dimensional Euler-Bernoulli beam-column element based on 
the finite element displacement method approach and a Lagrangian co-rotational formulation  
are used in order to describe the deformation behavior of the column  at any time  of the fire 
exposure. Gaussian and Simpson rules are also employed to integrate stiffness matrices and 
internal forces along the longitudinal and transverse directions. Furthermore, the equilibrium 
equations which are derived from the incremental formulation of the principle of virtual 
displacements,  make use of a tangential operator derived by integrating the stress-strain rates 
of concrete and steel at elevated temperatures. The formulation includes geometrical 
nonlinear effects resulting from large displacements, and material nonlinearities due the 
degradation of the elastic and inelastic properties with temperature. Detailed equations for 
formulations have been already described to some extent in [13]. Also, the concrete model 
accounts for cracking and crushing, as well as transitional thermal creep, which is considered 
in the present work explicitly as an additional component of the total strain, or implicitly 
through the use of the materials’ properties of the concrete as recommended by the EC2.   

2.4  Displacement and strain decompositions  

   Given, the equilibrium configurations of the element at the instants t0 , t and t + t such as 
represented schematically on figure 2. Taking into account the geometrical configuration of a 
beam element for which the longitudinal dimension is very important compared to the two 
other dimensions, and the Navier Bernoulli hypothesis of straight sections, it follows that the 
axial strain of any point at time t is given by: 
 

                                    2'
0

''
0

t'
0

t

2
1  vy  - u  vtx

t                                                                        (1) 

The prime denotes derivative with respect to 0x. In an expression analogous to (1), the strain 
at t+t is obtained as : 

                                  2'
0

''
0

tt'
0

tt

2
1  vy  - u  vtt

x
tt                                                            (2) 
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The preceding expressions  give the strains at times t and t+t of any point of the section in 
the case of important displacements and small strains. In order to introduce the incremental 
formulation of the principle of virtual displacements, let’s write the following incremental 
decompositions in stress and displacements: 
 
                                x

t      
xx

tt                                                                                     (3) 

                                00
t

0     uuutt                                                                                        (4) 

                                00
t

0     vvvtt                                                                                         (5) 

 
Substituting (4) and (5) in (2) leads: 
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which in turn can be decomposed into a linear and non linear parts : 
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2.5  Materials thermo-mechanical law 

In a time increment, t, the total strain increment, ∆εx, of a generic material fibre of a 
beam-column finite element  is assumed to be the sum of increments of elastic, ∆εe, plastic, 
∆εp, thermal, ∆εth, transient creep, ∆εtr; the latter being non-zero in concrete and assumed that 
develops under first time of heating and under a state of compression only [6]. The sum 
elastic and plastic parts of strain increment is termed the mechanical strain increment ∆εσ = 
∆εe + ∆εp which can be written as: 

 
  th tr   -  - x                                                                                          (11) 
 
We assume that the relationship between the mechanical strain and the longitudinal normal 
stress, σ, is given by the constitutive law σ=f(εσ,Ɵ), where f is a functional pertinent to the 
chosen material. In the present work, we use the temperature dependant constitutive laws of 
concrete and reinforcing steel as suggested in EC2. An isotropic strain-hardening model is 
assumed in loading-unloading cycles. The adopted incremental thermo-mechanical law can be 
written in the form: 
 
    TH TR  E  -  - x T x                                                                    (12) 
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where ET  = 
t( )T xE   is  the tangent modulus corresponding to a strain t

x   of the material σ-ε 
curve at time fire exposure t.  ∆εth, and ∆εtr are respectively  the incremental strains of free 
thermal elongation and transient creep computed during  the time step t at any  given 
iteration Newton-Raphson process as described in the following section. 

2.6  Free thermal elongation and transient creep strains  

The free thermal elongation strain in concrete and steel, ∆εth,c and ∆εth,s , is assumed to be a 
function of the current temperature, Ɵ, and is given by the generic relation ∆εth=∆εth(Ɵ). The 
approximation of the function for concrete and steel as defined in EC2 is adopted here. The 
concrete transient creep strain, ∆εtr,c, is assumed to be a function of the current stress σc, time 
and temperature. We adopt the model proposed by Anderberg and Thelanderson [14], 
accounted for with a simple formula as: 

       , ,

20

  c
tr c th c

c

k
f
                                                                                                   (13) 

where  is the compressive strength at ambient temperature (=20°C), ∆εth,c  is the free 
thermal elongation strain increment of the concrete  and,  a coefficient varying between 1.8 
and 2.35.Noting that the transient creep strain is proportional to σc and thus a sign that is 
opposite to the sign of ∆εth,c where concrete is stressed in compression.  
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Figure 2: Equilibrium configurations of a structural finite element ij in 
a Lagrangian co-rotational formulation at any time fire exposure (t) 
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3 FIRE SCENARIOS  
    Three fire scenarios are investigated; namely ISO834 and two design fire scenarios: Fire I 
and Fire II. There is no decay phase in the time-temperature curves for the standard fire 
scenario. However, in realistic fires represented by the two design fires, there is always a 
decay phase, since the amount of fuel or ventilation runs out leading to the burn out phase of 
the fire. The parametric fire time-temperature curve proposed in EC1 are selected to represent 
the design fire scenarios used in the analysis, which are influenced by compartment properties 
such as the fuel load, ventilation opening and wall linings. To develop the two design fire 
scenarios, a fire is assumed to occur in a room with dimensions of 6mx4mx3m as illustrated 
in figure 3 [13]. Two values of the fuel load and the opening dimensions are also assumed. 
More details about the properties of the room for the two fires are represented in Table 1. The 
values were assumed in such a way that Fire I represents a severe design fire whose 
temperatures exceeds 1200°C,  such as in a library or storage room where large amount of 
combustible materials and sufficient ventilation are available. Fire II represents a moderate 
design fire whose temperatures reach 600°C. The obtained time-temperature curves are shown 
in Figure 4. The results from the analysis indicate that the fire scenario has a significant 
influence on the temperature distribution across the column section. As expected, the 
temperature at various depths of concrete increases with the fire exposure time for the 
standard fire scenario. The results also show that the increase in concrete is slightly larger for 
the ISO 834.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                              Table 1: Compartment characteristics 

 
 
 
 
 

 
Design 

Fire 

Lining 
material 

Ws0.5/m2°K 
(Thermal 
capacity  

lining 
material) 

Opening 
 (m) 

MJ/m2 floor area  
(Fire load) 

Fire I Gypsum 488 2.25x1.5 1200 
Fire II Concrete 1500 2.85x1 400 
 

4 m 

6 m 

3 m 

Figure  3:  Compartment in fire 
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4 RESULTS AND DISCUSSIONS 
Geometrical and loading details of the column are shown on figure 5 having an initial  

sinusoidal imperfection of ωo = ℓ/1000. It is sufficiently slender with an initial deflection as to 
induce second order effects. Additionally, a compressive load of P0=740 kN is applied with an 
eccentricity e0 of 15 mm. The column is pinned at both ends with the loaded end free to 
elongate axially. It is heated on all the four faces while keeping the applied load constant. The 
column is assumed to be made of normal concrete with a compressive strength f’

c = 30 MPa, 
tensile strength f t= 3.5 MPa, and reinforced with steel rebars having a yield strength fy =  400 
MPa. The concrete cover relative to the stirrups is taken as equal to c= 30 mm for all the 
columns. In the analysis, the column is also assumed to be exposed to fire from all sides, and 
the materials’ properties suggested by the EC2 are adopted. The fire resistance is evaluated 
based on the conventional material failure criterion previously defined particularly expressed 
by crushing of concrete and/or yielding of the steel. Fire induced spalling is supposed not 
occur since the column is made of normal concrete (NC), which exhibits a relatively high 
permeability. This provides an easy mechanism for the water vapor to escape from the 
concrete. Thus, with increasing temperatures the pore pressure continuously dissipates in the 
column, and there is no significant vapor pressure build-up. This is agreement with reported 
test results, which clearly show negligible spalling in NC members during fire exposure [15].  

  
To investigate the effect of transient creep on its behavior, the column is analysed under 

two different cases. In the first case, transient creep is considered implicitly through the use of 
the variations of the material properties with temperature as recommended by the Eurocode 
[10]. In the second case, transient creep is considered explicitly as an additional strain 
component. The obtained results are shown in the form of the progression with time fire 
exposure of the axial displacement, u, of the loaded end and the lateral deflection, v, of the 
middle of the column. 

 
 
 

Figure 4: Various fire scenarios  
 

1319



A. Sadaoui, K. Lattari and A. Khennane. 

 9 

 
 

 

 

  

 

 

 

 

 

 

4.1 Effect of fire scenario 
Figures 6 and 7 show the results with fire exposure for the three fire scenarios when 

transient creep is considered implicitly through the use of Eurocode’s properties. It can be 
seen that the lowest fire resistance is obtained for the column exposed to the severe fire design 
Fire I. It is about 38 min in Fire I, 62 min in ISO834 and 180 min in Fire II. This is due to the 
rapid increase in temperature for Fire I as can be seen from figure 4. A reduction (or recovery) 
in the displacements is also noticeable particularly for the moderate fire design FireII  as a 
result of the decay phase. Hence, the result reveals that in many applications, the fire 
resistance values computed based on standard fire exposure may not be conservative if the 
resulting fire has a decay phase similar to the one of design Fire I used in this study. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Figure 5: Geometrical details of the column 
scenarios  
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ωo 
ℓ=4.8m 

20 
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b
  

 

e0  

 b = 300 mm  
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Figure 6: Effect of fire scenario on the deflection  Figure 7: Effect of fire scenario on the axial  displacement  
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Figure 8: Effect of transient creep  
on the column response 

Figure 9: Model predictions using both the 
Eurocodes’s properties and transient creep 
 

 

4.2 Effect of transient creep 
Figure 8 shows the model’s predictions under the severe fire design (Fire I) when transient 

creep is considered explicitly with: k = 0, k = 1.8 and k = 2.35. Temperature dependent 
material properties used are those derived originally by Anderberg and Thelandersson which 
also reported in [5,4] since Eurocode’s material data with temperature presents some 
ambiguity on whether these properties include transient creep or not. This can be explained by 
the fact the transient creep strains counteracts the thermal expansion and thus creating 
additional compressive stresses. Noting that the column is under a state of bending due to the 
influence of the eccentric load applied initially prior to the beginning of the fire. The increase 
in compressive stresses results in more plasticization of the compressed zone and more 
cracking in the tensile zone, and hence in a reduction of the overall stiffness of the beam. The 
sudden increase in the lateral displacement  indicates the onset of buckling which 
precipitates the failure of the column.  

The results are also compared with the implicit model when the properties recommended 
by Eurocode are used. As shown in figure 9, it can be seen that the results agree better when 
transient creep is taken into account. The value of k = 1.8, which is the least recommended, 
was found to give the best agreement 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5 CONCLUSIONS 
- The transient creep on the fire response of RC columns is investigated using two 

different approaches. In the first approach transient creep is considered explicitly as 
an additional component of the total strain, while in the second approach, the 
phenomenon is taken into account implicitly through the use of concrete data 
properties with temperature as recommended by the Eurocode.  

- The transient creep modelled as an additional strain component is a more robust 
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approach since it provides an insight into the response of the column. The value of 
the transient creep strains coefficient k = 1.8 is found to give the best agreement 
comparatively to the implicit model. 

- The transient creep effects counteracts the thermal expansion and thus creating 
additional compressive stresses, which clearly explains the rapid failure of the 
column at elevated temperatures where transient creep strains are important. 

- The conventional methods of evaluating fire resistance, computed based on standard 
fire exposure, may not be conservative if the resulting fire has a decay phase similar 
to the severe fire scenarios as the one used in this study.  
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Abstract. The object of considerations is a laminate, made of two components non-
periodically distributed as microlaminas along one direction. In this note, two models 
describing the thermoelasticity problems are proposed: the tolerance model, taking into 
account the effect of the microstructure size on the overall behaviour of these laminates, and 
the asymptotic model, neglecting this effect. To obtain the governing equations of the 
tolerance and the asymptotic model, the tolerance averaging technique is applied. 

1 INTRODUCTION 
In this paper we deal with the problem of thermoelasticity in a two-phase laminate. The 

cells are composed of two sublayers of different material constituents. The thickness of the 
cells (cf. Fig. l) is denoted by l and is constant (so-called the uniform distribution of the cells). 
It is assumed that macroscopic properties of this laminate change continuously along one 
direction (perpendicular to the laminas). Hence, this object can be treated as made of a 
functional graded material (FGM), cf. Suresh and Mortensen [1]. Such laminates can be 
called transversally graded laminates (TG-type laminates), cf. Jędrysiak [2]. A fragment of 
the laminate of this kind is shown in Fig. 1. 

Although usually in such composites basic cell cannot be simply defined and 
thermomechanical phenomena can be considered only with reference to micromechanical 
models with idealised geometries. The functionally graded laminates are not homogeneous in 
a macroscale, nonetheless in the analysis of various issues concerning these laminates, 
assumptions of idealisation can be similar to those applied to analyse composites with a 
periodic structure and their overall behaviour can be described by adopted and modified 
methods, which are used for macroscopically homogeneous composites. Some of the 
averaged methods adapted to analyse and determine TG-type laminates are discussed in 
Suresh and Mortensen [9] and Reiter et al. [7]. Between these methods, there are techniques 
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based on the asymptotic homogenizations, cf. Jikov et al. [8] and methods using models with 
microlocal parameters, cf. Matysiak [10]. There are the alternative methods for functionally 
graded materials, such as a Green’s function approach, cf. Kim and Noda [11], the Laplace 
transformation, cf. Ootao and Tanigawa [12], higher-order plate theory is proposed by Aboudi 
et al. [13] and reformulated by Bansal and Pindera [14], stochastic thermal stresses in objects 
with functionally graded materials properties are analysed by Chiba [15], a numerical 
homogenization technique is used by Schmauder and Weber [16], the boundary element 
method by Goldberg and Hopkins [17], meshless computational method is proposed by 
Sladek J. et al. [18], the finite difference method by Sadowski et al. [19]. Unfortunately, the 
most of the know approaches, do not take into account the effect of microstructure size on the 
overall behaviour of these laminates. 

a.material No 1. 

material No 2. 

l

1x  
  

b.

1x  

2x  
3x  

material No 2. 

material No 1. 
2L  

1L

 
Figure 1: The cross-section of considered laminate: a. microstructure, b. macrostructure. 

In order to obtain the averaged equations, taking into account this effect, the tolerance 
averaging technique is applied, proposed by Woźniak and Wierzbicki [15] to describe various 
thermo-mechanical phenomena in periodic composites. This way of modelling and the results 
of applying this technique for functionally graded media can be found in Jędrysiak [16], 
Woźniak [17], Woźniak et al. [18], Ostrowski and Michalak [19], Ostrowski [20]. TG-type 
laminates was also investigated, e.g. a heat conduction by Jędrysiak and Radzikowska [21]. 
The tolerance averaging technique replace equations with functional, highly-oscillating, 
tolerance-periodic and non-continuous coefficients by a system of differential equations with 
slowly-varying coefficients.  

The main aim of this note is to obtain equations, describing thermoelasticity problems for 
TG-type laminates. The equations of two models are received. One of them is the tolerance 
model, which takes into account the effect of the microstructure size on the overall behaviour 
of the laminates with functionally graded material properties. And the second - the asymptotic 
model - which neglects this effect. Both of these models are based on concepts of the 
tolerance modelling. Applications of these models are shown in some examples. Applications 
of these models are shown in some examples. The problem of thermoelasticity in micro-
periodic structures was also considered by use of other mathematical models, approaches and 
shown in many papers. We shall mention here Refined Averaged Theory presented in paper 
of Baczyński [22] and Effective Modulus Theory in papers by Ignaczak [23]. 
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2 MODELLING FOUNDATIONS 
Let subscripts i,j,.., run over 1,2,3 (related to the coordinate system Ox1x2x3  and subscripts 

α,β,.., run over 2,3 (related to the coordinate system Ox2x3). Denote: x≡(x1,x2), x≡x1, the time 
coordinate by t, derivatives respected to xi, xα, x by respectively ∂i, ∂α, ∂ respectively, the 
laminate length along the x-axis by H, length dimensions along xα-axis by Lα. Using 
denotations Ω ≡ (0,H), Ξ≡(0,L2)×(0,L3), the laminate under consideration occupies in the 
physical space the region Ω×Ξ. This laminate is  made of two materials distributed in m 
laminas, the thickness of the lamina (l) is constant (H=ml) and can be called the 
microstructure parameter. It is assumed that condition l<<H is satisfied. Denote by 
Δ≡(-l/2, l/2) the basic cell in the interval Ω. Every lamina n is made of two homogeneous 
sublayers with thickness nl′ , nl ′′ , depended on the argument x. The properties of sublayers are 
described by specific heats c′ and c″, heat conduction tensors with components ijk′ , ijk ′′ , mass 
densities ρ′, ρ″, elasticity tensors with components ijklc′ , ijklc ′′ , thermoelasticity tensors ijb′ , ijb ′′ ; 
where i,j,k,l=1,2,3. Denote material volume fractions in the nth lamina by l/lnn ′≡′ν , l/lnn ′′≡′′ν . 
We assume that the following conditions are satisfied: 1νν 1 <<′′ + |-| nn  and 1νν =′′+′ nn . It can be 
shown that sequences { nν′ }, { nν ′′ }, n=1,…,m, can be approximated by continuous functions 

)(ν ⋅′ , )(ν ⋅′′ . These functions can be called the fraction ratios of materials and describe 
gradation of material properties along the x-axis. The non-homogeneity ratio is denoted and 
defined by )(ν)(ν≡)ν( ⋅′′⋅′⋅ . The unknown displacements along the xi-axis are denoted by ui 
(i=1,2,3) and the temperature field by Θ. 

The thermoelasticity problems for laminates with transversally graded material properties 
can be described by the know equations: 

 ,)(
),(ρ)(

0 ijijiijj

ijjiklijklj

ubTck
buuc
&&

&&

∂=Θ−Θ∂∂
Θ∂=−∂∂  (1) 

where T0 is a constant with a temperature dimension. 
Unfortunately, all coefficients of the above equations (1), kij, c, cijkl, bij, ρ, are highly-

oscillating, tolerance-periodic and non-continuous functions in x. By using the tolerance 
modelling we can replace these equations by differential equations with smooth, slowly-
varying functional coefficients, cf. Woźniak et al. [17]. 

3 INTRODUCTORY CONCEPTS 
For this purpose, some basic concepts of the tolerance modelling, e.g. an averaging 

operator, a tolerance-periodic function, a slowly-varying function, a highly-oscillating 
function, are introduced below. The averaging operator for an arbitrary integrable function f, 
is defined by: 

 /2]./2[   )()( 2
2

1 lH,lx,dyyfxf /lx
/lxl −∈∫=>< +

−  (2) 

Denote kth gradient of function f=f(x) by ∂kf, Ω∈x , k=0,1, ∂0f≡f and function defined in 
Ω×Rm by ).,( ⋅⋅)k(f~  Function )(Ω∈ αHf  is the tolerance-periodic function (with respect to cell 
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Δ and tolerance parameter δ), Δ),(Ω,TPf α
δ∈  if for k=0,1, the following conditions hold: 

a. ]≤||)·,(~)·(|)[||(∈)·,(~
∃)(∀( )(

)(0)(
0 δ−∂ΩΩ∈ ΩΩ xx H

kkk xffHxfx , 

b. )(),(~ 0
)(

)( Ω∈⋅∫ ⋅Δ
Cdyyf k , 

where function )(~ kf  is the periodic approximation of ∂kf in Δ(x)=x+Δ, Ω∈x , k=0,1. 
Function )(Ω∈ αHF  is the slowly-varying function (with respect to cell Δ and tolerance 

parameter δ), Δ),(Ωα
δ∈SVF  if: 

a. Δ),,(Ωα
δ∈TPF  

b. 0,1].,)(),·(~Ω)[∈∀(
)(

)( =∂=
Δ

kxFxFx k
x

k  

Thus, periodic approximation )(~ kF  of ∂kF in Δ(x) is a constant function for every Ω.∈x
 Function )(Hα Ω∈φ  is the highly oscillating function (with respect to cell Δ and tolerance 
parameter δ), Δ),(Ωα

δ∈φ HO  if: 
a. Δ),,(Ωα

δ∈φ TP  
b. ].1,0),(~)·,(~)[∀(

)(
)( =φ∂=φΩ∈

Δ
kxxx k

x
k  

Function Δ),(Ω,TPFf α
δ∈φ≡  for every Δ),(Ω,SVF α

δ∈  satisfies the condition: 
c. 

)(
1

)(
)1( )(~ )()·,(~

xx
xxFxf

ΔΔ
φ∂= , if α=0, we denote .~~ (0)ff ≡  

Let us denote by )(⋅h and )(⋅g highly oscillating, continuous functions, Δ),,(Ω, 1
δ∈HOgh  

defined on Ω , which have piecewise continuous and bounded gradients ∂1h, ∂1g. Functions 
)(⋅h , )(⋅g  are the fluctuation shape functions of the 1st kind, if they satisfy conditions: 
a.  ),( ),( αα kkkk lOglOh −− ∈∂∈∂  for k=0,1, α=1, , ,  ≡ 00 gghh ≡∂∂  
b.  ,0)(  ,0)( ≈><≈>< xgxh for every ,Ω∈x  

and depend on l as a parameter. Set of all fluctuation shape functions of the 1st kind is denoted 
by Δ).,(Ω1

δFS  

4 TOLERANCE MODELLING 

4.1 Fundamental assumptions 
The tolerance modelling is based on two basic assumptions, cf. [18, 17, 2]. The first is the 

decomposition of the micro-macro, where it is assumed that the fundamental unknowns (in 
the present issue – the displacement field and the temperature field) can be taken as a sum of 
averaged part (averaged field) and oscillating part. Furthermore it is assumed that the 
oscillating part can be expressed as a product of a known oscillating function, called the 
fluctuation shape function, and the new unknown, the fluctuation amplitude. It is assumed that 
the new basic unknowns, the averaged fields and the amplitudes of fluctuations, are slowly-
varying functions of that co-ordinate which parameterizes the perpendicular direction to the 
laminas. For the displacement and for the temperature, respectively: 

 )()()()( t ,,xvxh+t ,,xw=t ,,xu iii x x x  (3) 

 ),,( )ψ(),,θ(),,( txxgtxtx xxx +=Θ  (4) 
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and Δ),(Ω),,(ψ),,,(θ),,,(),,,( 1
δ∈⋅⋅⋅⋅ SVtttvtw ii xxxx  for every t; Δ).,(Ω)(),( 1

δ∈⋅⋅ FSgh Functions 
),,( twi x⋅ and ),,,(θ tx⋅  are the basic unknowns, called the macrodisplacements and the 

macrotemperature, respectively; ),,( tvi x⋅  and ),,(ψ tx⋅  are additional basic unknowns, called 
the fluctuation amplitudes of displacements and the fluctuation amplitudes of temperature, 
respectively; )(⋅h  and )(⋅g  are the known fluctuation shape functions. The fluctuation shape 
functions ,Ω ),(),( ∈xxgxh  can be given in the following form: 

 

⎪
⎪
⎩

⎪⎪
⎨

⎧

′−∈′′−
′′

′−−∈′′
′

−
==

],2/),(ν +2/[for    ))](ν/(2
)(ν
)ν(3[

)],(ν +2/,2/[ for   ))](ν+/(2
)(ν
)(ν3[

)()(
lxllxxlx

x
xl

xlllxxlx
x
xl

xgxh  (5) 

where x  is a centre of Δ=(−l/2,l/2). Because the non-homogeneity ratio )ν(⋅  is a slowly-
varying function the mean values of h and g in every lamina are equal to zero. The shape of 
this function, g(x) takes into account discontinuities of gradient of temperature field on 
intersections. For the displacement field it is the most common fluctuations shape function, 
h(x) considered in such problems. 

The second assumption is so-called the tolerance averaging approximation in which it is 
assumed that some components O(δ) are negligible small, e.g. in formulas: 

 
,) (δ)()( )()(

,) (δ)()( )(
,) (δ)( )(

OxFxhfxhFf
OxFxfxfF

Oxfxf

+>∂<=>∂<
+><=><

+><=><
 

where .Δ)Ω,(,Δ)Ω,(,Δ)Ω,( 1,<<δ<0  Ω, 111
δδδ ∈∈∈∈ FShSVFTPfx  

4.2 Modelling procedure 
The modelling procedure is outlined in Woźniak [17]. The starting point is the formulation 

of the extended action functional: 

 ,ξ),ξ,(,),ξ,(),,ξ,(),,ξ,(),,ξ,(),,ξ,(,Λ(
))(),(),(),(A(

1

0
∫ ∫ ∫Ω Ξ

ΘΘ∂∂=

=⋅⋅⋅Θ⋅
t

t iiiij

ii

dzdtdtzftzptztztzutzuz
fpu

 (6) 

where ).,HOt,,ft,,p,,HOf,p,,,u,u, iiiiij Δ(Ω)ξ(),ξ( Δ)(Ω)Λ( 00
δδ ∈⋅⋅∈ΘΘ∂∂⋅  

Lagrangian Λ is given by the formula: 

 .)∂δ(ρΛ 2
1 Θ++ΘΘ∂+∂∂−= fupkuucuu iijiijklijijklijji &&   (7) 

The constitutive equations determine pi and f: 

 
.),( 0 ijijijji ubTcfbp && ∂+Θ=Θ∂=  (8) 

For Lagrangian (7) we can write the Euler-Lagrange equations: 

 

.,
uuut j

j
iij

j
i

0Λ
 
Λ0Λ

 
ΛΛ =

Θ∂
∂−

Θ∂∂
∂∂=

∂
∂−

∂∂
∂∂+

∂
∂

∂
∂

&
 (9) 
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The fundamental equations of thermoelasticity problems (1) are obtained by using the 
extended principle of stationary action from equations (9) combined with equations (7) and 
(8). Then, we apply the tolerance modelling to action functional (6). Substituting micro-macro 
decompositions (3) and (4) to formula (6) and using averaging operator (2) to this action 
functional, we arrive at the tolerance averaged functional ))(),(),(),(A( ⋅⋅⋅Θ⋅ fpu ii :  

 

,ξ),,ψ,ψ,θ,θ,,,,,(),,ψ,θ,,(A 1

0
∫ ∫ ∫Ω Ξ αα ∂∂∂∂>Λ<=

t

t iiiiiijhgiiihg dxdtdfpvvwwxfpvw

 

(10) 

where the averaged form <Λhg> of lagrangian (7) can be written as:
 

 

 ,ψθ

  ρρψψ
ψψψ θψ θ θθ Λ

βαβα2
1

12
1

12
1

2
1

2
1

2
1

2
1

112
1

βααβ2
1

12
1

12
1

2
1

><+><+><+><+
+∂∂><−>∂∂<−∂>∂<−

−∂>∂<−∂∂><−δ><+δ><+>∂∂<+
+∂∂><+∂>∂<+∂>∂<+∂∂><=><

fgfvhpwp
vvhhcvvhhcwvhc

vwhcwwcvvhhwwggk
ggkgkgkk

iiii

kikikikliklikli

kijijklklijijklijjiijji

jjiijiijhg

&&&&

 

(11) 

and <pi>, <pih>, <f>, <fg> are defined by the constitutive equations:
 

 .ψθ 
,θθ 

,ψ
,θ  

β1

ββ0

100

β∂><+>∂<−=><
∂><+∂=><

ν∂><+>>=<<
>∂<+∂><+><=><

ghbgbhp
bbp

hgbTcggfg
vhbTwbTcf

iii

jijiji

ii

iiijij
&&

&&&

 

(12) 

Underlined terms in formulas (11) and (12) depend on the microstructure parameter l. Using 
the extended principle of stationary action to Λhg the following system of equations with 
slowly-varying coefficient is obtained:

 

 

,,

,
vvvt

,
wwwt

hghghg

j

hg
j

i

hg

i

hg

i

hg

i

hg

i

hg
j

i

hg

0
ψψ 

0
 θθ  

0
 

0
 

α
α =

∂
>Λ<∂

−
∂∂

>Λ<∂
∂=

∂
>Λ<∂

−
∂∂

>Λ<∂
∂

=
∂

>Λ<∂
−

∂∂
>Λ<∂

∂+
∂

>Λ<∂
∂
∂

=
∂

>Λ<∂
−

∂∂
>Λ<∂

∂+
∂

>Λ<∂
∂
∂

α
α

&

&

 (13) 

5 GOVERNING EQUATIONS 

5.1 The tolerance model equations 
The following form of averaged equations for thermoelasticity problems is obtained by 

combining equations (13) with formulas (11) and (12): 

 

,vhgbTcggggkgkggk
,vhbTwbTcgkk

,ghbhbvhhvhhcvhhcwhc
,bbwvhcwc

iiii

iiijijjiijj

iiikkikkiklkli

jijijikijkklijklj

&&
&&&

&&
&&

ββ0111βαβα

1001

ββ111ββαα1

1

ψψθψ)(
 θψ)θ(

ψθρ)(
θ  θρ)(

∂><+><=>∂∂<−∂>∂<−∂><∂
>∂<+∂><+>=<>∂<+∂><∂

∂><−>∂=<><+>∂∂<+∂><∂−∂>∂<
∂><+><∂=><−>∂<+∂><∂

 (14) 

where the underlined terms depend on the microstructure parameter l. 
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In the above equations (14) the coefficients are slowly-varying functions in x, in contrast to 
equations (1), where the coefficients are non-continuous, highly oscillating and tolerance-
periodic functions. Equations (14) together with micro-macro decompositions (3) and (4) 
constitute the tolerance model of thermoelasticity problems for transversally graded 
laminates. It is necessary to formulate boundary conditions for the macrodisplacements wi and 
the macrotemperature θ on the edges x=0, H and xα=0, Lα, but for the fluctuation amplitudes 
of displacements vi and the fluctuation amplitude of temperature ψ − only on the edges 
xα=0, Lα. 

5.2 The asymptotic model equations 
Equations of the asymptotic model can be obtained directly from equations of the tolerance 

model, neglecting underlined terms (involving the microstructure parameter l): 

 

,0ψθ
, θψ)θ(

,θ
,θ  θρ)(

111

1001

1111

1

=>∂∂<+∂>∂<
>∂<+∂><+>=<>∂<+∂><∂

>∂=<>∂∂<+∂>∂<
∂><+><∂=><−>∂<+∂><∂

ggkgk
vhbTwbTcgkk

hbvhhcwhc
bbwvhcwc

ii

iiijijjiijj

ikkiklkli

jijijikijkklijklj

&&&

&&

 (15) 

The above equations describe the thermoelastic effects in laminates on the macro-level.  

6 EXAMPLE 
The considered laminate with transversally graded material properties has a height equals 

H=0.5 m, thickness of the lamina l=0.01 m. It is assumed that the both materials are isotropic 
and homogeneous. Hence, let us denote by indexes 1, 2 properties of the first and the second 
material: Young’s moduli E1, E2, Poisson's ratios ν1, ν2, mass densities ρ1, ρ2, expansion 
coefficients α1, α2, specific heats c1, c2, heat conductions k1, k2, Lame’s constants λ1, λ2, μ1, 
μ2, thermoelasticity constants b1, b2. So for the first material (steel) there are: E1=210·109[Pa], 
ν1=0.3[-], ρ1=7800[ 3kg/m ], α1=10.8·10-6[1/K], c1=460[ J/(kgK) ], k1=58[ K)W/(m2 ], 
λ1=1.21·1011[Pa], μ1=8.08·1010[Pa], b1=5.67·106[ Pa/K] and for the second material 
(aluminum): E2=69·109[Pa], ν2=0.33[-], ρ2=2720[ 3kg/m ], α2=23.1·10·6[1/K], 
c2=920[ J/(kgK) ], k2=229[ K)W/(m2 ], λ2=5.0354·1010[Pa], μ2=2.5940·1010[Pa], 
b2=4.6879·106[ Pa/K]. The fluctuation shape functions h(x), g(x) are given by formulas (5). 

The six different distribution functions of material properties are considered: 

1]./1)( ln[=ν,))/(1(1=ν

,/)(=ν,/)(=ν,/=ν0.5,=

1
2

2
1

5
2

2

4

33
13

22
12110

1

+−′−−′

′′′ν′

Hxeee

HxHxHx

nH
x

n

nnnn  

The following assumptions are taken into account: stationary, one-dimensional issue, loads 
are a temperature:   ,C90 |θ 00 1

°==x C,10 |θ
10 °==Hx  and two types of boundary conditions:  

1°: ,0  σ  ,0  
11 10

1
1 == == Hxxw  2°: .0    ,0  

11
2
10

2
1 == == Hxx ww   

Using the tolerance model equations (14) we obtain the equations for considered issue: 
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(d)0.ψθ
(c)0,)ψ θ(
(b)θ, 
(a)θ, θ)c(

1111

1111

111111111111

11111111111111

=>∂∂<+∂>∂<
=>∂<+∂><∂

>∂<=∂>∂<+>∂∂<
∂><+><∂=>∂<+∂><∂

ggkgk
gkk

hbwhcvhhc
bbvhwc

 

(16) 

Using equations (16d) and (16b) we obtained the formulas for the fluctuation amplitudes of 
temperature and the fluctuation amplitudes of displacements, respectively: 

 
, θψ

11

111

>∂∂<
∂>∂<−=

ggk
gk  (17) 

 
.

hhc
whchbv

>∂∂<
∂>∂<−>∂<=

1111

11111111
1

 θ  (18) 

Then, solving (in analytical way) equations (16c) and (16a), we obtain the formulas for the 
macrotemperature (after substituting the load conditions) and the macrodisplacements for the 
1º and the 2º boundary conditions, respectively: 

 

( ) ,
)(ν)(+

)(ν)(+
θθ+θ=)θ(  

0121

01211
001

1

∫
∫

′−

′−
− H

x

H
dsskkHk

dsskkxk
x

 

 (19) 

 

,
)(

)(
  

)()θ(

)()θ(
 )()θ(
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)(
)()( 

0
1

0
1

0
1

0
1

0
1

0
1

0
1

001
1
1

11

1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

><

><
−

><

><
><+

+
><

><
−+=

∫
∫

∫
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∫
∫

−

−

−

−

−

−

−

H

x

H

x
H

H

x

H

dssc

dssc

dssbcs

dssbcs
dssbcs

dssc

dssc
wwwxw

 (20) 

 

.
)(><
)(><σ+ ]

)(><
)(>< 

)(><)θ(
)(><)θ([)(><θ+=)( 11

0 1

1

0 1

1

1

1
1

01
2
1 ∫∫ −

−

−

−

−

−
− −

x
H

x
H ds

Hc
scds

Hc
sc

HbcH
sbcsHbcwxw  (21) 

After taking into account the specific distribution functions of materials, we obtain the 
formulas and graphs for the displacement and the temperature. 
For the distribution function of material 50ν 0 .n =′ : 
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For the distribution function of material 1νn′ = H/x1 : 
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where: A, B are constants, which depend on the boundary conditions; 
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For the distribution function of material 22
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where: A, B are constants, which depend on the boundary conditions; 
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Figure 2: a. The temperature; b. The displacements - for the boundary conditions 1° and various distribution 

functions of material properties: ν'
n0, ν'

n1, ν'
n2, ν'

n3, ν'
n4, ν'

n5 

For the distribution function of material 33
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where: A, B are constants, which depend on the boundary conditions; 
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Figure 3: a. The temperature; b. The displacements - for the boundary conditions 2° and various distribution 

functions of material properties ν'
n0, ν'

n1, ν'
n2, ν'

n3, ν'
n4, ν'

n5 

 
Figure 4: The stresses for the boundary conditions 2° 

For the distribution function of material )e)/(1e(1ν 2/2
4

1 −−=′ Hx
n : 
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For the distribution function of material 1]+1)( ln[ν 1
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Then, the formula for the stresses has the form: 

 θ.><<+>< =σ 11111111111111 bv>hcwc −∂∂  (33) 

The stresses for the 1° boundary conditions are equal zero. 

7 REMARKS 
Under the above considerations some general remarks can be formulated: 
- using the tolerance modelling it is possible to replace the differential equations of 

thermo-elasticity for transversally graded laminates with highly-oscillating, non-
continuous coefficients by the differential equations with smooth, slowly-varying 
coefficients; 

- the tolerance model equations take into account the effect of the microstructure size; 
- this effect is omitted in the asymptotic model equations; 
- the equations for both the models, tolerance and asymptotic, can be applied in the 

analysis of specific cases, namely where distribution of the ingredients is functional but 
non-periodic; 

- distributions of the temperature and the displacements depend on the distribution 
functions of material properties. 
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