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Abstract. In this paper a coupled multiphase finite volume collocated variable arrangements 
pressure based solver developed within a Eulerian-Eulerian framework is presented. The 
coupled solver differs from pressure based segregated solvers in that it accounts implicitly for 
the Pressure-Velocity and the inter-phase drag couplings that are present in disperse multiphase 
flows, thus yielding a system of coupled equations with velocity fields and pressure. Four test 
problems for dense and dilute disperse flows are shown to yield substantial decrease in the 
number of iterations to convergence as compared to a pressure based segregated multiphase 
solver.



1 INTRODUCTION

       Solution of fluid flow problems by pressure-based algorithms has been at the heart of 
interest of CFD research since Semi-Implicit Method for Pressure Linked Equations (SIMPLE) 
was developed by the CFD group at the Imperial college [1]. SIMPLE has been preferred by 
CFD researchers due to its simplicity of implementation and low memory requirements, a fact 
that encouraged the development of a group of SIMPLE-like algorithms which were proven to 
share similar behaviors by the authors [2]. Being segregated in nature, these algorithms are very 
dependent on the grid density and the under-relaxation value used. In general, the denser the 
mesh, the more iterations are needed to reach convergence. Besides, a high under-relaxation 
value is usually needed to promote convergence.
       With the huge advancement in computer power in the last two decades, there has been a 
renewed interest in the pressure-velocity coupled solver. Though the early attempts to develop a 
coupled solver were unsuccessful due to the huge memory requirements at that time, such 
algorithms proved to be competitive to the segregated formulation [3,4,5,6,7]. Recently, the 
authors reported in two separate papers [8,9] a coupled solver that was capable of accelerating 
the solution of single-phase flow problems by rates reaching about an order of magnitude as 
opposed to the segregated solver. Their method was nearly grid and under-relaxation 
independent. 
 On the other hand, the complexity of the problem is compounded when dealing with 
multiphase flow problems. The new complexities arise from coupling of the pressure field to 
several velocity fields and from the inter-fluid drag terms. Also, the increased number of coupled 
equations adds to the complexity of the problem. 
 In this paper, the coupled solver, previously developed by the authors, is extended to 
multiphase flows. The phasic momentum equations and the global pressure equation are grouped 
in a single matrix that is solved implicitly for all the dependent variables at a time. The pressure 
velocity coupling is formulated within a collocated, structured grid and using the Mass 
Conservation Based Algorithm (MCBA) developed by [10].
 In the next section, the set of conservation laws governing multiphase flows is introduced, 
and subsequently discretized. Then the coupled algorithm is briefly explained. Four disperse 
flow test cases are solved. The performance of the coupled algorithm is compared to SIMPLE in 
terms of number of iterations and computational time required for convergence.

2 GOVERNING EQUATIONS

The equations governing incompressible, steady state, multi-phase flows are the phasic mass 
conservation equation, the phasic momentum equation, the global continuity equation, and the 
geometric conservation equation numbered 1 to 4 respectively.
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 In the above equations, k represents a phase whose density, velocity, and dynamic viscosity 
are denoted by  ρk ,   vk


denotes the velocity  µkrespectively.  α k represents the volume fraction of 

the fluid k in a certain control volume.   Bk

 
denotes any body force available while p is the 

common pressure field.  g
km is the interfluid drag coefficient and   Mk

.

is the mass source rate.
 Generally, the dependent variables in any multi-phase flow problem are the velocity, volume 
fraction, and pressure fields. The above equations have to be arranged in a way to solve for these 
variables. In this work, the mass conservation based algorithm (MCBA) is used to solve the 
resulting system of equations. This algorithm is based upon deriving a pressure correction 
equation from the global mass conservation equation using the Rhie-Chow approximation 
technique [11]. Therefore, if the number of available phases is N, (N-1) volume fraction fields 
are found using (N-1) phasic mass conservation equations, and the last volume fraction field is 
found by applying the geometric conservation law. The N velocity field vectors are found by 
solving the N available momentum equations. Table 1 summarizes MCBA for a 2D case.

Equation Number	  of	  
Equations

Principal	  
variable

Number	  of	  
variables

Phasic	  mass	  
conservation N-‐1 N-‐1

Momentum	  
conservation 2N 2N

Global	  
Continuity 1 p 1

Geometric	  
conservation 1 * 1

Total 3N+1 3N+1

Table 1. MCBA

3 FINITE VOLUME METHOD

Each equation in the above set of conservation equations can be cast into a general generic 
form as 

                                                    (5)

The meanings of and differ depending on the equation represented. 
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 In the finite volume method, the domain is discretized by dividing it into a number of control 
volumes each associated with a main grid point placed at its geometric center. The discretization 
of the governing conservation equations is accomplished by integrating the general transport 
equation over the control volume to yield

  
∇ ⋅ ρvφ( )

Ω
∫∫ dΩ = ∇ ⋅ Γ∇φ( )dΩ

Ω
∫∫ + Q dΩ

Ω
∫∫                                   (6)

Then, using the divergence theorem, the first two volume integrals in equation (6) are 
transformed into surface integrals that are approximated by the trapezoidal rule over the faces 
contouring the control volume to yield 

    
ρvφ − Γ∇φ( ) f

⋅S
f =nb( P)
∑ = QPΩP                                         (7)

Using appropriate interpolation schemes, the above semi-discretized equation is transformed to a 
fully discrete algebraic equation of the form

  
aP
φφP + aF

φφF
F =NB( P)
∑ = bP

φ                                                (8)

In this paper, the convection terms are approximated using the first order Upwind scheme, while 
the diffusion term is interpolated by the second order central difference scheme.

4 COUPLED

Regardless of the solution procedure followed, segregated or coupled, the solution method 
used in this paper roughly proceeds in two steps:

1. Update the velocity and pressure fields using volume fraction fields from the previous 
iteration.

2. Use the updated mass flow rate field to find the new volume fraction fields.

 In a segregated solver like SIMPLE (which is the algorithm used in this work for 
comparison), the continuity and momentum equations are decoupled. The momentum equations 
are used to find the velocity fields assuming known pressure field, and then the continuity 
equation is solved for the pressure field using the last updated values of velocity. Note that the 
momentum equations are themselves decoupled from each other in SIMPLE by solving each 
phasic momentum equation solely for the corresponding phase.
 However, in the coupled algorithm, both the velocity and pressure fields are the main 
variables in the whole set of equations. The momentum equations are solved alongside with the 
pressure equation simultaneously and for all the available phases.
 The solution procedure of a multiphase problem using a coupled algorithm can thus be 
summarized by the following steps:

1. Start with the most updated values of velocity, pressure and volume fraction field for 
each phases.
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2. Simultaneously solve the system of momentum and pressure equations to update the 
velocity and pressure fields for all the phases.

3. Update the mass flow rate of each phases at the faces using the Rhie-Chow 
approximation.

4. Solve the phasic mass conservation equations and update the volume fraction fields.
5. Repeat until convergence.

 
 The detailed discretization for solving single phase flow problems using the coupled 
algorithm was given in two papers [8, 9]. In this paper, the difference between the single and 
multiphase problems is pointed out. 
 Starting with the momentum equation (2), there are two main differences between the 
multiphase and single phase cases. First, all the terms in the momentum equation are now 
multiplied by the phasic volume fraction. Second, an interphase drag term appears in the 
equation. Integrating this term over a control volume such that the velocity of the fluid is 
considered to prevail inside the control volume
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 This term is added to the coefficients on the left hand side as all the fields are treated 
implicitly in the coupled formulation.
 Since it is derived from the global mass conservation equation, which is the sum of all phasic 
mass conservation equations, each of the coefficients of the pressure equation represents the sum, 
over all the available phases, of the coefficient that would show up if each phase was alone. 
When the discretization is done, at each control volume, a 2-D momentum equation (10) is 
found. A common pressure equation (11) is also present. Thus if a two-phase flow problem is to 
be solved, a system of five equations has to be solved for each control volume.
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When	  equations	  (10)	  and	  (11)	  are	  gathered,	  for	  all	  the	  control	  volumes,	  the	  solving	  matrix	  
found	  is	  of	  the	  form
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The	  CoefIicients	  appearing	  in	  equations	  (10),	  (11),	  and	  (12)	  are	  summarized	  in	  equations	  
(13.1)	  and	  (13.2)	  below
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5 RESULTS

The	  aim	  of	  this	  paper	  is	  to	  assess	  the	  capability	  of	  the	  coupled	  algorithm	  to	  solve	  
multiphase	  Ilow	  problems.	  The	  obtained	  results	  are	  compared	  to	  those	  generated	  using	  
SIMPLE.	  The	  two	  methods	  are	  evaluated	  based	  on	  the	  solving	  time	  and	  the	  number	  of	  
iterations	  needed	  to	  reach	  convergence.
The	  test	  cases	  solved	  are	  all	  of	  the	  same	  geometry	  shown	  in	  Iigure	  1.	  The	  physical	  domain	  is	  
20m	  long.	  In	  all	  the	  cases,	  the	  inlet	  conditions	  of	  phasic	  velocities	  and	  volume	  fractions	  are	  
known.	  The	  gauge	  pressure	  at	  the	  outlet	  is	  always	  set	  to	  0.	  
	   The	  test	  cases	  are	  solved	  over	  quadrilateral	  meshes	  of	  densities	  10000,	  30000,	  and	  
50000	  elements	  respectively.

Figure	  1.	  The	  physical	  domain

	   The	  different	  test	  cases	  are	  broadly	  grouped	  into	  two	  main	  categories:	  horizontal	  and	  
vertical	  bubbly	  Ilows.	  The	  vertical	  cases	  are	  solved	  in	  the	  same	  physical	  domain	  (Iigure	  1)	  
by	  setting	  the	  gravity	  Iield	  to	  

   
g


−10;0( ) .	  
In	  all	  the	  cases,	  the	  steady	  Ilow	  of	  air	  bubbles	  in	  a	  stream	  of	  water	  is	  studied.	  The	  drag	  

force	  between	  the	  two	  phases	  now	  appears	  in	  the	  equations,	  and	  the	  interIluid	  drag	  
coefIicient	  is	  given	  by:
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g km = 3

4
CD
dp

α dρcVslip

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  (14)

	   In	  equation	  13,	  The	  subscripts	  c	  and	  d	  in	  the	  above	  relation	  denote	  the	  continuous	  (i.e.	  
water)	  and	  disperse	  (i.e.	  air)	  phases	  respectively.	  The	  parameter	  dp	  is	  the	  particle	  diameter.	  
Vslip	  is	  the	  slip	  velocity,	  which	  results	  from	  the	  difference	  in	  velocities	  between	  the	  two	  
phases,	  and	  is	  given	  by:

  
Vslip = ud − uc( )2

+ vd − vc( )2
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (15)

CD	  is	  deIined	  as	  
  
CD = 24

R ep

+ 0.44 	  	  	  where	  	  	  
  
R ep =

dpVslip

νc

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (16)

At	  the	  state	  of	  convergence	  and	  for	  the	  horizontal	  test	  cases,	  the	  two	  phases	  are	  expected	  to	  
reach	  an	  equilibrium	  velocity

  
Vequilibrium = α d ,inVd ,in +αc,inVc,in 	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (17)

	   The	  variables	  in	  the	  above	  relation	  denote	  the	  volume	  fraction	  and	  the	  velocity	  of	  each	  
phase	  at	  inlet	  and	  are	  speciIied	  for	  each	  case.
	   A	  test	  case	  is	  considered	  converged	  when	  the	  maximum	  residual	  reached	  is	   for	  both	  
the	  coupled	  and	  segregated	  approaches.	  The	  maximum	  residual	  for	  each	  equation	  is	  
computed	  as

  
RES = max

i=1

NE
aPφP + aNBφNB − bP

NB
∑
aPφP

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (18)

It	  is	  worth	  noting	  that	  in	  each	  of	  the	  cases,	  a	  false	  transient	  term	  is	  used	  to	  promote	  the	  
convergence	  of	  the	  coupled	  algorithm.	  A	  similar	  term,	  as	  well	  as	  an	  under-‐relaxation	  term,	  
are	  used	  together	  in	  the	  case	  of	  SIMPLE.

5.1Horizontal	  Bubbly	  2low:

5.1.1 Dilute	  Bubbly	  Flow:

In	  this	  case	  
  
Vc,in = 5m / s ,	  

  
Vd ,in = 1m / s ,	  

  
α d ,in = 0.1and	  

  
αc,in = 0.9 .	  The	  other	  properties	  are	  

  
dp = 2mm ,	    ρc = 1000kg.m−3 	  and	    ρd = 1 kg.m−3 	  .	  The	  viscosity	  of	  water	  is	    µc = 10−3 Pa.s .	  

The	  equilibrium	  velocity	  as	  depicted	  by	  equation	  (17)	  is	  4.6	  m/s.	  Due	  to	  the	  large	  
difference	  in	  densities,	  both	  phases	  reach	  the	  equilibrium	  velocity	  over	  a	  very	  short	  
distance	  from	  the	  inlet.
Figure	  2	  shows	  the	  two	  phases	  velocities	  as	  function	  of	  x	  for	  the	  coupled	  and	  segregated	  
algorithms.
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	   As	  for	  the	  comparison	  of	  the	  number	  of	  iterations	  required	  by	  each	  algorithm	  to	  reach	  
convergence,	  the	  coupled	  algorithm	  requires	  much	  less	  iterations	  over	  each	  grid	  density	  
than	  the	  segregated.	  A	  more	  detailed	  comparison	  of	  the	  performance	  of	  the	  two	  algorithms	  
is	  shown	  in	  table	  2.

Fig	  2.	  Dilute	  horizontal	  bubbly	  Ilow	  –	  Velocity	  ProIiles

Mesh
(x	  103)

Coupled	  SolverCoupled	  Solver Segregated	  SolverSegregated	  Solver Reduction	  (%)Reduction	  (%)Mesh
(x	  103) Number	  of	  

iterations
Solving	  time	  

(s)
Number	  of	  
iterations

Solving	  time	  
(s)

Number	  of	  
Iterations Solving	  Time

10 35 262.22 450 592.95 -‐92.2 -‐55.78
30 34 843.27 637 2580.7 -‐94.7 -‐67.3
50 39 1360.6 640 4593.3 -‐93.9 -‐70.4

Table	  2	  Dilute	  horizontal	  bubbly	  Ilow	  –	  convergence	  comparison

	   As	  shown	  in	  the	  above	  table,	  the	  coupled	  algorithm	  saves	  up	  to	  70%	  of	  the	  solution	  time	  
in	  the	  case	  of	  50000	  elements	  grid.	  The	  coupled	  solver	  is	  much	  less	  dependent	  on	  the	  grid	  
density	  than	  SIMPLE.	  

5.1.2 Dense	  Bubbly	  2low:

	   The	  parameters	  in	  this	  case	  are	  just	  as	  those	  in	  the	  previous	  one	  except	  that	  
  
α d ,in = 0.4 .	  

At	  such	  a	  high	  void	  volume	  fraction,	  bubble	  coalescence	  may	  occur,	  but	  this	  is	  not	  accounted	  
for	  in	  this	  paper.	  The	  equilibrium	  velocity	  as	  determined	  by	  equation	  (16)	  is	  3.4	  m/s.	  As	  
seen	  in	  Iigure	  (3)	  both	  algorithms	  give	  an	  exact	  estimate	  of	  this	  velocity.

Table	  3	  shows	  a	  comparison	  between	  the	  performances	  of	  coupled	  and	  SIMPLE	  algorithms.	  
For	  the	  50000	  elements	  grid,	  the	  coupled	  solver	  faces	  relative	  difIiculty	  in	  the	  convergence.	  
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This	  case	  is	  to	  be	  examined	  in	  further	  work.	  Note	  that,	  however,	  for	  the	  30000	  elements	  
case,	  the	  coupled	  saves	  about	  77%	  of	  the	  solving	  time	  as	  compared	  to	  SIMPLE.

Mesh
(x	  103)

Coupled	  SolverCoupled	  Solver Segregated	  SolverSegregated	  Solver Reduction	  (%)Reduction	  (%)Mesh
(x	  103) Number	  of	  

iterations
Solving	  time	  

(s)
Number	  of	  
iterations

Solving	  time	  
(s)

Number	  of	  
Iterations Solving	  Time

10 49 282.4 510 670.81 -‐90.4 -‐57.9
30 51 899.23 959 3891.47 -‐94.7 -‐76.9
50 93 3410.9 1445 9798.83 -‐93.6 -‐65.2

Table	  3.	  Dense	  horizontal	  bubbly	  Ilow	  –	  convergence	  comparison

Fig.	  3	  Dense	  horizontal	  bubbly	  Ilow	  –	  velocity	  proIiles

5.2Vertical	  Bubbly	  Flows

In	  this	  case,	  the	  direction	  of	  Ilow	  is	  vertical.	  The	  same	  physical	  Iield	  shown	  in	  Iigure	  1	  is	  
used	  with	  the	  gravitational	  force	  equal	  to	  -‐10	  m/s2	  in	  the	  x-‐direction.	  The	  equilibrium	  
velocity	  cannot	  be	  accurately	  estimated	  by	  equation	  (17)	  due	  to	  the	  presence	  of	  the	  
gravitational	  Iield.	  	  However,	  these	  cases	  are	  in	  great	  accordance	  with	  the	  results	  published	  
in	  [12].
5.2.1 Dilute	  Bubbly	  Flow:

The	  Ilow	  parameters	  for	  this	  problem	  are	  set	  as	  follows
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Vc,in = 100m / s ,	  

  
Vd ,in = 10m / s ,	  

  
α d ,in = 0.1	  and	  

  
αc,in = 0.9

  
dp = 2mm ,	    ρc = 1000 kg.m−3 	  and	    ρd = 1 kg.m−3 	  

Figure	  4	  shows	  the	  proIiles	  of	  velocity	  for	  both	  phases.	  The	  curves	  of	  both	  the	  coupled	  
and	  segregated	  formulations	  lie	  on	  top	  of	  each	  other.	  Table	  4	  compares	  the	  performances	  of	  
both	  algorithms.	  In	  this	  case,	  the	  coupled	  solver,	  once	  more,	  proves	  to	  be	  less	  grid	  
dependent	  than	  the	  segregated	  solver.	  The	  solution	  of	  the	  problem	  is	  achieved	  by	  the	  
coupled	  solver	  in	  Iifth	  of	  the	  time	  required	  by	  SIMPLE	  for	  the	  50000	  case.

Mesh
(x	  103)

Coupled	  SolverCoupled	  Solver Segregated	  SolverSegregated	  Solver Reduction	  (%)Reduction	  (%)Mesh
(x	  103) Number	  of	  

iterations
Solving	  time	  

(s)
Number	  of	  
iterations

Solving	  time	  
(s)

Number	  of	  
Iterations Solving	  Time

10 33 196.21 476 603.8 -‐93.1 -‐67.5
30 53 1086.7 914 3757.65 -‐94.2 -‐71.1
50 59 2069.5 1400 9454.2 -‐95.8 -‐78.1

Table	  4	  Dilute	  vertical	  bubbly	  Ilow	  –	  convergence	  comparison

Figure	  4	  Dense	  vertical	  bubbly	  Ilow	  –	  velocity	  proIiles

5.2.2 Dense	  Bubbly	  Flow:

The	  conditions	  are	  kept	  similar	  to	  those	  in	  the	  previous	  test	  case,	  but	  the	  inlet	  volume	  

fraction	  of	  the	  disperse	  phase	  is	  set	  to	   .	  Most	  of	  the	  inertia	  is	  carried	  by	  the	  solid	  
phase.	  Figure5	  shows	  the	  axial	  velocity	  as	  a	  function	  of	  x.	  Both	  algorithms	  give	  the	  same	  
numerical	  solution.	  Table	  5	  shows	  a	  comparison	  between	  the	  two	  algorithms.	  Note	  that	  for	  
this	  particular	  case,	  the	  coupled	  algorithm	  is	  not	  at	  all	  grid	  independent.	  Investigation	  of	  
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this	  behavior	  in	  this	  case	  is	  to	  be	  conducted.	  Nevertheless,	  the	  coupled	  solver	  still	  saves	  
tremendous	  time	  as	  compared	  to	  SIMPLE	  in	  all	  the	  cases.

Mesh
(x	  103)

Coupled	  SolverCoupled	  Solver Segregated	  SolverSegregated	  Solver Reduction	  (%)Reduction	  (%)Mesh
(x	  103) Number	  of	  

iterations
Solving	  time	  

(s)
Number	  of	  
iterations

Solving	  time	  
(s)

Number	  of	  
Iterations Solving	  Time

10 35 265.9 477 626.75 -‐92.7 -‐57.6
30 128 2149.9 904 3838.1 -‐85.8 -‐44
50 175 6418.4 1389 9277.1 -‐87.4 -‐30.8

Table	  5	  Dense	  vertical	  bubbly	  Ilow	  –	  convergence	  comparison

Figure	  5	  Dense	  vertical	  bubbly	  Ilow	  –	  velocity	  proIiles

6 CONCLUSIONS

 This paper shows the efficiency of the coupled solver in solving multiphase disperse flow 
problems as compared to the segregated SIMPLE algorithm. However, the test cases used in this 
paper are all 1-dimensional. The following points are left for future work:
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• The strange behavior of the coupled algorithm in the case of dense cases is to be 
investigated thoroughly.

• 2-dimensional problems are to be tested in order to assess the ability of the coupled 
solver to solve such problems.

• The phases in the presented problems are all incompressible. In future, a coupled solver 
capable to simulate compressible multiphase flows is to be developed.

• In our work, the volume fraction field is not coupled with the pressure and velocity. A 
fully coupled multiphase flow solver is to be developed.

• In some cases, we faced problems with the multigrid solver used. This is an issue that 
warrants further investigation.
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