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Abstract. We propose a stabilized finite element method to address complex high Reynolds
flows with free surface. An implicit stabilized finite element method (SFEM) is used for
solving the incompressible two-phase Navier-Stokes equations in three-dimensions. A novel
approach to deal with turbulent two-phase flows is highlighted by coupling a local convected
levelset method to a Large Eddy simulation turbulent modeling. A comparison between the
static and dynamic eddy-viscosity models is analyzed. We assess the behaviour and ac-
curacy of the proposed stabilized finite element method coupled to the two-phase turbulent
approximation in the simulation of complex 3D flows, such as the flow in a partially filled
two communicating tanks. Results are compared with the experimental data and show that
the present implementation is able to exhibit good stability and accuracy properties for
high Reynolds number flows using unstructured meshes.

1 INTRODUCTION

The analysis of high-Reynolds number turbulent multiphase flows has attracted considerable
attention during the past few decades particularly in view of industrial and environmental ap-
plications such as sea waves, mold filling, casting and many others.

Various numerical techniques have been proposed, with and without turbulence modeling to
overcome the challenges related to updating the interface intrinsically coupled with turbulent
fluid dynamics equations. The great majority of these methods have adopted the Reynolds
Averged Navier-Stokes (RANS) modeling in which only averaged quantities are computed [15]
while others have used the Large Eddy Simulation (LES) [7], known to be more accurate for
simulating two-phase character of the flow.

The main objective of this paper is then to present the numerical simulation of free surface
turbulent flow using the finite element method with unstructered meshes. The interface between
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the liquid and air is captured by solving a convected LevelSet method [4, 22]. The proposed
approach enables first to restrict convection resolution to the neighborhood of the interface and
second to replace the reinitialisation steps by an advective reinitialisation. Such modifications
provides an efficient method with a restraint calculation cost.

The turbulent eddy viscosity modelled via the LES turbulence model is computed directly
from velocity field calculated at latest time step. Two approaches are used; the Smagorinsky
approximation [20] which can be seen as a convenient and simple way to model subgrid scale
behavior. A dynamic procedure [7] was used next to avoid the use of arbitrary and highly dis-
sipative term yielding more accurate results.

Several applications can be found in the literature; the most common is the dam breaking
experiment [1, 6, 13], for which experimental data are available [19]. Other authors were in-
terested in wave behavior in 2D [10, 13, 16] and in 3D [1, 18]. 3D mold-filling simulations can
also be found [12]. However, simple three dimensional turbulent filling cases are rarely treated.
In this paper, we present and report new experimental results of a simple water filling process
and compare them with three dimensional simulations. Finally, conclusions and perspective are
outlined.

2 Governing equations

2.1 Flow equations

Navier-Stokes equations of unsteady incompressible flow are written as follows:

ρ
∂u

∂t
+ ρu∇ · u−∇ · (2ηε) +∇p = f (1)

∇ · u = 0 (2)

Where ρ, u, p, η, ε and f are the density, velocity, pressure, dynamic viscosity, strain rate
tensor, and specific body force. In the present monolithic approach, physical data as density
and viscosity are taken non constant and depend on a phase function α. For a two-phase flow,
we have:

ρ = H(α)ρ1 + (1−H(α))ρ2

ηa = H(α)η1 + (1−H(α))η2
; H(α) =

{
1 in fluid 1
0 in fluid 2

(3)

2.2 Interface tracking

A recently developed Level-Set method presented in [4, 22] is used to track the interface based
on localized convected level-set function. This function enables to reduce computational cost and
eases the use of boundary conditions. The convection equation is combined with reinitialisation
by the so called “convective reinitialisation” method.
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The modified level-set function is represented as follows:

α =





2E

π
sin

( π

2E
φ
)

for |φ| < E

2E/π for φ > E
−2E/π for φ < −E

(4)

where φ stands for the standard distance function, and E the truncation thickness.

The basic idea of the method is to use the physical time and convective time derivative in the
classical Hamilton-Jacobi reinitialisation equation. Once combined to the convection equation,
it can be solved using:





∂α

∂t
+ u.∇α + λs

(
|∇α| −

√
1− (

π
2E α

)2
)

= 0

α(t = 0, x) = α0(x)
(5)

where λ = h/∆t.

3 Computational methodology

3.1 Stable multiscale variational approach for Navier-Stokes equations

In this section the general equations of time-dependent Navier-Stokes equation are solved.
The stabilizing schemes from a variational multiscale point of view are described and presented.
The velocity and the pressure spaces are enriched by a space of bubbles that cures the spurious
oscillations in the convection-dominated regime as well as the pressure instability.

Following the lines in [11, 9, 8], we consider an overlapping sum decomposition of the velocity
and the pressure fields into resolvable coarse-scale and unresolved fine-scale ~u = ~uh +~u′ and p =
ph+p′. Likewise, we regard the same decomposition for the weighting functions ~w = ~wh+ ~w′ and
q = qh + q′. The unresolved fine-scales are usually modelled using residual based terms that are
derived consistently. The static condensation consists in substituting the fine-scale solution into
the large-scale problem providing additional terms, tuned by a local time-dependent stabilizing
parameter, that enhance the stability and accuracy of the standard Galerkin formulation for the
transient non-linear Navier-Stokes equations. Thus, the mixed-finite element approximation of
problem (1-2) can read:

Find a pair (~u, p) ∈ V ×Q, such that: ∀ (~w, q) ∈ V0 ×Q0



ρ
(
∂t(~uh + ~u′), (~wh + ~w ′)

)
Ω

+ρ
(
(~uh + ~u′) ·∇(~uh + ~u′), (~wh + ~w ′)

)
Ω

+
(
2η ε̇(~uh + ~u ′) : ε̇(~wh + ~w ′)

)
Ω

− (
(ph + p′), ∇ · (~wh + ~w ′)

)
Ω

=
(

~f, (~wh + ~w ′)
)

Ω(∇ · (~uh + ~u ′), (qh + q′)
)
Ω

= 0

(6)
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To derive the stabilized formulation, we first solve the fine scale problem, defined on the sum
of element interiors and written in terms of the time-dependant large-scale variables. Then we
substitute the fine-scale solution back into the coarse problem, thereby eliminating the explicit
appearance of the fine-scale while still modelling their effects. At this stage, three important
remarks have to be made:

i) when using linear interpolation functions, the second derivatives vanish as well as all terms
involving integrals over the element interior boundaries;

ii) the subscales will not be tracked in time, therefore, quasi-static subscales are considered
here;

iii) the convective velocity of the nonlinear term may be approximated using only the large-
scale part;

Consequently, applying integration by parts and then substituting the expressions of both
the fine-scale pressure and the fine-scale velocity into the large-scale equations, we get





ρ (∂t~uh, ~wh)Ω + (ρ~uh ·∇~uh, ~wh)Ω

−
∑

K∈Ωh

(τKRM, ρ~uh∇~wh)K +
(
2η ε̇(~uh) : ε̇(~wh)

)
Ω

− (ph, ∇ · ~wh)Ω +
∑

K∈Ωh

(τCRC,∇ · ~wh)K

=
(

~f, ~wh

)
Ω
∀~wh ∈ Vh,0

(∇ · ~uh, qh)Ω −
∑

K∈Ωh

(τKRM, ∇qh)K = 0 ∀qh ∈ Qh,0

(7)

When compared with the Galerkin method (6), the proposed stable formulation involves addi-
tional integrals that are evaluated element wise. These additional terms, obtained by replacing
the approximated ~u ′ and p′ into the large-scale equation, represent the effects of the sub-grid
scales and they are introduced in a consistent way to the Galerkin formulation. All of these terms
enable to overcome the instability of the classical formulation arising in convection dominated
flows and to satisfy the inf-sup condition for the velocity and pressure interpolations.

For sake of simplicity in the notation and for a better representation of all the additional terms
in equation (7), it is worth to mention that the condensation procedure of the small-scale into
the large scale is masked under some stabilizing parameters. However, from the implementation
point of view, the structure of the stabilizing parameters can be computed naturally via the
element-level matrices [8].

In the bibliography a lot of estimations of stabilizing parameters can be found. For illus-
tration, the most common used definition for the transient Navier-Stokes problems and linear
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elements comes from reference [21, 3, 2, 9]

τK =
1√(

2
∆t

)2

+
(

4η

h2

)2

+
(

4|uk|
h

)2
(8)

τC =

((
µ

ρ

)2

+
(

c2

c1

‖~u‖K

h

)2
)1/2

(9)

3.2 Coupled LES-LevelSet method

3.2.1 Filtered Equations

The LES method is applied to compute the eddy viscosity. The basic idea is to decompose
a variable Φ into two scales: the resolved scale term Φ̄ that is obtained by spatial averaging on
the domain, and the subgrid scale term Φ′ that has to be modelled to approach the problem and

obtain Φ̄. For an heterogeneous flow, a new filtering operator Φ̃ =
ρΦ
ρ̄

can also be introduced.

As shown in [14], the following formulation is obtained by filtering the Navier Stokes equations:

{ ∇ · ũ = σ0

ρ̄
∂ũ

∂t
+∇ · (ρ̄ũ⊗ ũ) +∇ · (−2µ̄ε̄ + p̄1l)− ρ̄g − σ̄κ̄n̄Γδ =

∑3
i=0 τi

(10)

New subgrid terms τi appear in the equation and are defined as follows:

τ0 = −ρ
∂u

∂t
+ ρ̄

∂ũ

∂t
; τ1 = −∇ · (ρu⊗ u− ρ̄ũ⊗ ũ)

τ2 = −∇ · (µε(u)− µ̄ε(ū)) ; τ3 = σκnΓδ − σκ̄n̄Γδ
(11)

These latter represent the coupling between multi-fluid flow and turbulence. τ0, τ1, τ2 and
τ3 are respectively linked to subgrid acceleration, inertia, viscosity and interfacial term. These
terms cannot be resolved by the system, they have to be modelled.
As shown in [14, 23], τ1 is the main eddy term that has to be modelled to introduce an eddy
viscosity [20].

3.2.2 Smagorinsky model

The Smagorinsky model [20] consists in modelling τ1 by the contribution of a viscosity stress
tensor, such as τ1 = 2∇ · (ρ̄νtε̄). For a monofluid computation, eddy viscosity νt can be written
as follows:

νt = (CS∆)2 |ε̄| (12)

where |ε| = √
2εijεij , ∆ is the space filter length, CS is the Smagorinsky constant.

It is usually assumed that the spatial filter application domain is the element volume, therefore
the filter length can be set as ∆ = V

1/d
element. This assumption can then be made as well for an
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isotropic as for an anisotropic mesh. The value of CS is not fully determined by physics and
may vary from one case to another, its value is generally set between 0.1 and 0.2.

3.2.3 Germano dynamic procedure

This procedure is based on the use of a second filter, whose length is larger than the previous
filter. The correlation between computed data and their filtered value enables to determine CS

for each element. Consequently, the eddy viscosity computation can be more accurate and less
dissipative.
Let .̄ and .̂ be the first and second filter operators (∆̂ > ∆). Application of the second order
filter applied to first order filtered Navier Stokes equations (10) yields:

L = C2
SM ; L = ¯̂ρũ⊗ ũ−

̂̄ρũ⊗ ̂̄ρũ

̂̄ρ
ξ =

∆2(ε̄ : ε̄)3/2

∆̂2(̂̄ε : ̂̄ε)3/2
; M = ∆2 ̂(ρ̄ |ε̄| ε̄)− ξ̂̄ρ∆̂2

∣∣̂̄ε∣∣ ̂̄ε
(13)

A simple way to compute CS from L and M is to use a least squares method [17]:

C2
S =

L :M
2M :M

(14)

4 3D filling

As a validation of a turbulent sharp interface method in three-dimensions, we consider a
simple water filling between two communicated tanks as shown in figure 1. The first tank (A),
full of water is elevated from tank (B) which is initially filled by air. The experiment starts when
the flood gate between the tanks is opened. The stabilized finite element method is applied to
solve both the incompressible Navier-Stokes and the transport equations.

Figure 1: Experimental setup and illustrative picture

To simulate the flow in both tanks A and B, we use a 1 000 000 tetrahedrical elements in a
three dimensional unstructured mesh. The time step is set to half CFL condition [5] in order to
improve computational cost and limit instabilities.
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Both static and dynamic Smagorinsky models have been used to simulate the flow for actual
air/water densities and viscosities. The slippery conditions appeared to be most realistic condi-
tions, but a wall friction model should be used to better represent boundary layer behavior.

The comparison between experimental and numerical results are presented in figure 2. Com-
putational results are presented for static and dynamic cases. As expected, the Smagorinsky
static method is not adapted to give a realistic flow description, because subgrid dissipation
is overestimated while the dynamic model provides an appropriate descrition during the whole
simulation.

(a) t = 0.5s (b) t = 1s (c) t = 1.5s

(d) t = 0.5s (e) t = 1s (f) t = 1.5s

(g) t = 0.5s (h) t = 1s (i) t = 1.5s

Figure 2: Time evolution of water-air interface: experimental (top), and numerical results computed with
static model (middle) and with dynamic model (bottom)

One important characteristic of the experimental flow is the apparition of several bubbles
at the base of the jet and in the water filling the tank. The Level-Set method is not able to
describe such small geometries as it can be seen in figure 2. Nonetheless, this does not seem to
affect the general flow behavior.
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