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Abstract. In partitioned simulations of fluid-structure interaction (FSI), the flow equations
and the structural equations are solved with separate solvers. If the interaction between the
flow and the flexible structure is strong, coupling iterations between both solvers have to be
performed in each time step. In previous work, a Fourier stability analysis of Gauss-Seidel cou-
pling iterations was presented for the unsteady, incompressible flow in a straight flexible tube.
The error on the displacement of the fluid-structure interface during the coupling iterations was
decomposed as a sum of Fourier modes. Subsequently, the amplification of each Fourier error
mode was determined analytically as a function of a dimensionless time step τ and a dimen-
sionless stiffness κ. However, the structural model in this analysis was an independent-rings
model without inertia.

Recently, this Fourier stability analysis has been extended with a more complex structural
model. The structural inertia and the interaction between the tube segments are now taken
into account. It has been observed that the interaction between the tube segments reduces
the amplification factor of the Fourier error modes compared to the independent-rings model.
Moreover, the number of unstable modes is only influenced by τ for a range of τ if the structural
inertia is substantial while it increases indefinitely as τ decreases if the structural inertia is
negligible. These tendencies are confirmed by numerical experiments with the quasi-Newton
IQN-ILS algorithm. As expected, numerical experiments with Gauss-Seidel iterations for the
entire range of τ are impossible due to the presence of unstable modes. In conclusion, the
stability analysis of coupling iterations in partitioned FSI simulations is strongly influenced by
the structural model.
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1 INTRODUCTION

The interaction of a fluid with a flexible structure can be simulated in either a monolithic
or a partitioned way. The monolithic approach is to solve the governing equations of the flow
and the structural displacement simultaneously whereas in a partitioned simulation the flow and
the structural deformation are calculated separately. Generally, a Dirichlet-Neumann decom-
position of the coupled problem is employed which means that a velocity (or displacement) is
imposed as boundary condition on the fluid-structure interface when solving the flow equations
and that a stress is imposed on the interface when solving the structural equations.

For a partitioned simulation of strong interaction between the fluid and the structure, e.g.
blood flow in a flexible artery, a coupling algorithm is required to find the displacement of the
interface for which the stresses on both sides of the interface are in equilibrium. The most rudi-
mentary coupling algorithm for a black-box flow solver and structural solver uses Gauss-Seidel
iterations, which means that the flow equations and the structural equations are solved succes-
sively until convergence is reached. However, Gauss-Seidel iterations often converge slowly, if
at all. The convergence of the Gauss-Seidel coupling iterations depends on several parameters,
such as the geometry, the time step, the structural stiffness and the ratio of the fluid density to the
structural density. For other partitioned techniques, the exact relation between these parameters
and the convergence of the coupling iterations will be different but the tendencies are expected
to be similar. Consequently, it is useful to analyze the convergence behaviour of coupling with
Gauss-Seidel iterations as a function of these parameters.

A stability analysis is the obvious means to gain a clear understanding of a partitioned tech-
nique’s behaviour. Previously, such a stability analysis has been performed by Förster et al. 5

who analyzed the effect of the aforementioned parameters on algorithms without coupling iter-
ations. Causin et al. 2 studied algorithms with and without coupling iterations using Dirichlet-
Neumann and Neumann-Dirichlet decomposition. They derived the maximal relaxation fac-
tor that leads to convergence of the coupling iterations as a function of these parameters for
a simplified model of blood flow in an artery and then validated the formulas with numeri-
cal experiments. Later, Badia et al. 1 derived the relaxation factor for the same case but with
Robin-Dirichlet and Robin-Neumann decomposition. Vierendeels et al. 11 analyzed the stabil-
ity of coupling iterations for the one-dimensional motion of a rigid object in a channel as a
function of the density ratio and the size of the gap between the object and the channel. In their
model, the structure only has inertia and no stiffness. Consequently, the inertia of the fluid and
of the structure are balancing each other out, which results in an error amplification factor of the
coupling iterations that is independent of the time step. The difference between compressible
and incompressible fluids is analyzed by van Brummelen 10 for the partitioned simulation of the
flow over a flexible panel.

In this article, a Fourier stability analysis is performed on Gauss-Seidel coupling iterations,
also for a simplified model of blood flow in an artery. This analysis results in a modal decom-
position of the error on the interface’s displacement during Gauss-Seidel coupling iterations
and the error amplification factor that corresponds with each Fourier mode. Such a modal de-
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composition provides more information than a single relaxation factor and explains the fast
convergence of the interface block quasi-Newton method with approximate Jacobians from
least-squares models (IBQN-LS12) and the interface quasi-Newton method with approximation
for the inverse of the Jacobian from a least-squares model (IQN-ILS3).

The blood flow in an artery is modelled as the unsteady, incompressible flow in a straight,
elastic tube. The structural model includes both the interaction between the segments of the
tube and the structural inertia as opposed to previous work4 in which this stability analysis
was performed with a simple structural model that consisted of independent segments without
structural inertia. The improved structural model leads to important new insights, among others
with regard to the effect of the time step.

The model is one-dimensional to enable both analytical and numerical analysis. A one-
dimensional model behaves similarly to two-dimensional (axisymmetric) and three-dimensional
models from a fluid-structure interaction point of view although it does by no means reflect all
complex phenomena in a real artery. Moreover, a one-dimensional model is perfectly suited
for analyzing the effect of the aforementioned parameters on the number of coupling iterations.
However, the Fourier stability analysis considers the linearized equations without boundary
conditions. Therefore, its conclusions need to be verified with simulations of the original non-
linear equations over a wide range of the parameters. Because Gauss-Seidel coupling iterations
are often unstable for the parameter values of interest, another coupling algorithm, in this case
IQN-ILS, is used for these verification simulations.

The remainder of this article is organized as follows. Section 2 describes the governing
equations for the fluid and the structure as well as their discretization. The Fourier stability
analysis follows in Section 3 and the results of the stability analysis are verified in Section 4 by
means of numerical experiments.

2 DESCRIPTION OF THE MODEL

2.1 Governing equations

The flow in an artery is simplified to the unsteady, incompressible flow in a straight, flex-
ible tube with a circular cross-section and length L, depicted in Figure 1. The model is one-
dimensional and gravity and viscosity are not taken into account. The flow is governed by the
continuity and momentum equation which can be written in conservative form as

∂a

∂t
+
∂av

∂z
= 0 (1a)

∂av

∂t
+
∂av2

∂z
+

1

ρf

(
∂ap′

∂z
− p′∂a

∂z

)
= 0 (1b)

with z the coordinate along the axis of the tube, a = πr2 the cross-sectional area of the tube
and r the inner radius. t is the time, v the velocity along the axis of the tube, p′ the pressure
and ρf the density of the fluid. The kinematic pressure p = p′/ρf is referred to as the pressure
in the remainder of this article. At the inlet of the tube, the velocity is imposed and a pressure
boundary is prescribed at the outlet.
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Figure 1: The model for blood flow in an artery with details of the cross-section and a control
volume used in the discretization of the governing equations.

The structural model in the previous work4 disregards the mass of the structure. Moreover,
it is a so-called independent-rings model9 because the interaction between the segments of
the tube is not taken into account. In this paper, the model of the tube’s wall is improved
by including the structural mass and the interaction between the segments. An axisymmetric
model is used in the coordinate system (r,ϕ,z), with ϕ the angle in the cross-sectional plane as
indicated in Figure 1. The structural deformation in the radial direction is determined by

ρsh
∂2r

∂t2
+ A

∂4r

∂z4
−B∂

2r

∂z2
+ C (r − ro) = ρf (p− po) (2)

with ρs the solid density and h the thickness of the tube’s wall9. Axial deformations of the
structure are not considered so the length of a tube segment remains constant. The parameters
A and B (A,B ≥ 0) account for the inner action of the bending and the tension in the tissue,
and they depend on the properties of the structure. The parameter C is equal to Eh

r2o(1−ν2)
with E

the Young’s modulus and ν the Poisson coefficient. This expression for C corresponds with a
tube that is clamped in the axial direction. The radius ro corresponds to a uniform pressure po
if the structure is at rest.

2.2 Discretization

The straight tube with circular cross-section and lengthL is discretized using a one-dimensional
grid with N cells of length ∆z, as indicated in Figure 1. The fluid velocity and pressure are
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stored in the cell centres. Central discretization is used for all terms in the continuity and
momentum equation, except for the convective term in the momentum equation which is dis-
cretized with a first-order upwind scheme. The time discretization scheme is backward Euler
and the time step is indicated with ∆t. The conservation of mass and momentum in a control
volume around cell centre i is expressed by the following system of equations

∆z

∆t
(ai − ani ) + vi+1/2ai+1/2 − vi−1/2ai−1/2 − α (pi+1 − 2pi + pi−1) = 0 (3a)

∆z

∆t
(viai − vni ani ) + vivi+1/2ai+1/2 − vi−1vi−1/2ai−1/2

+
1

2

[
ai+1/2 (pi+1 − pi) + ai−1/2 (pi − pi−1)

]
= 0 (3b)

for vi ≥ 0. The subscripts i, i + 1 and i − 1 indicate the cell centres (i = 1, . . . , N ) and the
subscript i ± 1/2 signifies the values calculated at the cell interfaces, vi−1/2 = (vi−1 + vi)/2
and vi+1/2 = (vi + vi+1)/2. The superscript n denotes the previous time level; the superscript
n + 1 for the new time level is omitted. A pressure stabilization term with coefficient α =
ao/ (vo + ∆z/∆t) has been added in the continuity equation to prohibit pressure wiggles due
to central discretization of the pressure in the momentum equation, with vo the reference flow
velocity. This stabilization term can be written as

ao
vo + ∆z/∆t

(
∆z2 ∂

2p

∂z2

∣∣∣∣
i

+O
(
∆z4

))
(4)

on Cartesian grids. In Eq. (3a), the first term and the combination of the second and the third
term are proportional to ∆z but they do not scale with ∆t. For large ∆t, the stabilization term
is proportional to ∆z2 so it scales with ∆z with respect to the other terms in Eq. (3a); for
small ∆t, the stabilization term is proportional to ∆t∆z so it scales with ∆t with respect to the
other terms. Thus, the stabilization term does not affect the accuracy of the scheme because the
other terms are also first-order accurate. This stabilization term can also be implementated with
higher-order accuracy on non-Cartesian grids using a finite volume discretization13.

As mentioned above, the velocity at the inlet and the pressure at the outlet are imposed as a
function of time. The pressure at the inlet and the velocity at the outlet are linearly extrapolated

pin = 2p1 − p2 (5a)
vout = 2vN − vN−1. (5b)

The geometrical discretization of the structural problem is identical to that of the flow prob-
lem to avoid interpolation errors. The structural equation (Eq. (2)) is discretized in space with
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the central difference method and in time with the Newmark method8, giving

ρsh

β∆t2
ri +

A

∆z4
(ri+2 − 4ri+1 + 6ri − 4ri−1 + ri−2)− B

∆z2
(ri+1 − 2ri + ri−1) +C (ri − ro)

= ρf (pi − po) + ρsh

[
1

β∆t2
rni +

1

β∆t
ṙni +

(
1

2β
− 1

)
r̈ni

]
(6a)

for cell i (i = 1, . . . , N ). An overdot signifies a time derivative and the superscript n refers to
values from the previous time step. Once the solution at time step n + 1 has been found, the
corresponding acceleration and velocity are calculated as

r̈n+1
i =

1

β∆t2
(
rn+1
i − rni

)
− 1

β∆t
ṙni −

(
1

2β
− 1

)
r̈ni (6b)

ṙn+1
i = ṙni + ∆t (1− γ) r̈ni + ∆tγr̈n+1

i . (6c)

The Newmark parameters β and γ are chosen so that γ ≥ 1
2

and β ≥ 1
4

(
1
2

+ γ
)2, which results

in an unconditionally stable integration scheme.

2.3 Gauss-Seidel coupling iterations

A scheme with Gauss-Seidel iterations to calculate the fully coupled solution for time step
n+ 1 is described below, with a superscript k or k + 1 to indicate the coupling iteration within
time step n+ 1.

1. Solve Eqs. (3) for the new velocity vk+1
i and pressure pk+1

i with a given geometry rki
(i = 1, . . . , N ).

2. Solve Eq. (6a) for the new geometry rk+1
i with the pressure pk+1

i from the preceding step
(i = 1, . . . , N ).

3. (a) If converged, go to the next time level.

(b) Otherwise, increase k and go to step 1.

This coupling scheme does not perform well in most cases with strong interaction between fluid
and structure. If this iteration scheme converges, often a large number of coupling iterations
is needed. In the numerical experiments, the position of the fluid-structure interface at the
beginning of the first coupling iteration is calculated with an extrapolation from the previous
time steps

rn+1,0
i =

5

2
rni − 2rn−1

i +
1

2
rn−2
i , (7)

which is third-order accurate if the time step ∆t is constant. However, this extrapolation does
not influence the stability analysis in the following section.
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3 FOURIER STABILITY ANALYSIS

3.1 Linearization

The stability of the Gauss-Seidel coupling algorithm is now determined with Fourier stability
analysis on the flow equations and the structural equations. The velocity, pressure and inner
radius of the tube in Eqs. (3) and Eqs. (6) are substituted by the sum of the coupled solution
and the remaining error in the coupling iteration (indicated with a tilde). The coupled solution
at both time level n and n + 1 is in turn linearized as the sum of the reference value (subscript
o) and a perturbation (indicated with a hat). For the velocity, this gives

vki = vo + v̂i + ṽki (8)

for i = 1, . . . , N and analogously for the pressure and the inner radius. Subsequently, a is
replaced by πr2 and all equations are linearized by neglecting the nonlinear combinations of
the error terms and the perturbations. Because the equations linearized around vo, po and ro
are satisfied by the coupled solution, all perturbations from the current and previous time step
cancel out, which results in the following equations for the error terms

∆z

∆t
2ror̃

k
i + 2voro

(
r̃ki+1/2 − r̃ki−1/2

)
+ r2

o

(
ṽk+1
i+1/2 − ṽ

k+1
i−1/2

)
− α′

(
p̃k+1
i+1 − 2p̃k+1

i + p̃k+1
i−1

)
= 0 (9a)

∆z

∆t

(
2voror̃

k
i + r2

o ṽ
k+1
i

)
+ 2v2

oro
(
r̃ki+1/2 − r̃ki−1/2

)
+ vor

2
o

(
ṽk+1
i+1/2 + ṽk+1

i − ṽk+1
i−1/2 − ṽ

k+1
i−1

)
+
r2
o

2

(
p̃k+1
i+1 − p̃k+1

i−1

)
= 0 (9b)

ρsh

β∆t2
r̃k+1
i +

A

∆z4

(
r̃k+1
i+2 − 4r̃k+1

i+1 + 6r̃k+1
i − 4r̃k+1

i−1 + r̃k+1
i−2

)
− B

∆z2

(
r̃k+1
i+1 − 2r̃k+1

i + r̃k+1
i−1

)
+ Cr̃k+1

i = ρf p̃
k+1
i (9c)

with α′ = α/π. Because Eq. (6b) and Eq. (6c) are only used at the end of the time step, they are
not important for the stability of the coupling iterations within the time step. This means that γ
is not a parameter in these iterations.

The error terms are expanded as the sum of N Fourier modes, giving

ṽki =
1

N

N−1∑
`=0

v̌k` exp (ω`i∆z) (10)
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for the error on the velocity (i = 1, . . . , N ) with  =
√
−1 and ω` = 2π`

L
the (angular) wave

number. As the error terms ṽki are real, half of the complex coefficients v̌k` are redundant as they
satisfy

v̌k` =
(
v̌kN−`

)∗
(11)

with a star to denote complex conjugation. Therefore, only half of the complex coefficients
v̌k` actually need to be calculated. If N is even, these coefficients are calculated for ` =
0, 1, . . . , N/2; if N is odd, they are calculated for ` = 0, 1, . . . , (N − 1) /2.

The amplification of each wave number can be studied separately as Eqs. (9) are linear in ṽ,
p̃ and r̃. Therefore, ṽki is substituted by v̌k` exp (ω`i∆z) and analogously for the error on the
pressure and the radius. The product ω`∆z is denoted as the dimensionless wave number ϑ`.
For clarity, the inverted hat and the subscript ` are omitted.

∆z

∆t
2ror

k + 2voro sin(ϑ)rk + r2
o sin(ϑ)vk+1 + 2α′ (1− cos(ϑ)) pk+1 = 0 (12a)

∆z

∆t

(
2voror

k + r2
ov

k+1
)

+ 2v2
oro sin(ϑ)rk

+ vor
2
o (1 +  sin(ϑ)− exp (−ϑ)) vk+1 + r2

o sin(ϑ)pk+1 = 0 (12b)[
ρsh

β∆t2
+

4A

∆z4
(1− cos(ϑ))2 +

2B

∆z2
(1− cos(ϑ)) + C

]
rk+1 = ρfp

k+1 (12c)

3.2 Amplification factor

By combining Eqs. (12), the amplification factor µ of each mode in the error on the radius
or on the pressure is calculated as

µ =

∣∣∣∣rk+1

rk

∣∣∣∣ =

∣∣∣∣pk+1

pk

∣∣∣∣ = |µ1µ2| (13a)

with

µ1 =

ρf

ρs

ρf r
2
o(1−ν2)
Eβ∆t2

+
4Ar2o(1−ν2)
Eh∆z4

ρf

ρs
(1− cos(ϑ))2

+
2Br2o(1−ν2)
Eh∆z2

ρf

ρs
(1− cos(ϑ)) +

ρf

ρs

(13b)

and

µ2 =
ρfro (1− ν2)

Eh
·

(
2∆z

∆t
vo sin(ϑ)− 2v2

o sin2(ϑ)
)

−
[

∆z
∆t

+ vo ( sin(ϑ) + 1− exp (−ϑ))
]

·
(
2∆z

∆t
+ 2vo sin(ϑ)

)[
∆z
∆t

+ vo ( sin(ϑ) + 1− exp (−ϑ))
]

·
[

2
vo+∆z/∆t

(1− cos(ϑ))
]

+ sin2(ϑ)

. (13c)
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The coefficient α′ of the pressure stabilization term in the continuity equation has been substi-
tuted by

α′ =
r2
o

vo + ∆z/∆t
(14)

in the previous equation because α′ cannot be altered independently.
The dimensionless stiffness κ and dimensionless time step τ have the same meaning as in

previous work3. An additional dimensionless parameter φ accounts for the structural inertia,
giving

κ =
co
vo

τ =
vo∆t

L
N =

L

∆z
φ =

rovo
∆zwo

(15a)

with

co =

√
Eh

2roρf (1− ν2)
wo =

√
Eβ

ρs (1− ν2)
. (15b)

The interaction between the segments is determined by the parameters

χ =
4Ar2

o (1− ν2)

Eh∆z4
ψ =

2Br2
o (1− ν2)

Eh∆z2
. (15c)

With these definitions, the error amplification factor is given by µ = |µ1µ2| with

µ1 =
1(

φ
τN

)2
+ χ (1− cos(ϑ))2 + ψ (1− cos(ϑ)) + 1

(16a)

and

µ2 =
1

κ2

(τN)3 (1− exp (−ϑ))  sin(ϑ)
+(τN)2 [ sin(ϑ) + (1− exp (−ϑ)) (1 +  sin(ϑ))]

+τN ( sin(ϑ) + 2− exp (−ϑ)) + 1

(τN)3
[
sin2(ϑ) + 2 ( sin(ϑ) + 1− exp (−ϑ)) (1− cos(ϑ))

]
+(τN)2

[
sin2(ϑ) + 2 (1− cos(ϑ))

] . (16b)

The expression for µ2 above is identical to the error amplification factor in previous work4

which was derived using a simple structural model with independent tube segments and no
structural inertia. The structural model that is presented in this article (Eq. (2)) with interaction
between the segments and with structural inertia results in additional contributions to the error
amplification which are all grouped in a new term µ1. Consequently, the complete error ampli-
fication factor is obtained as the product of µ1 and µ2. The results of the previous analysis are
thus confirmed and the conclusions remain valid.
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3.3 Discussion

Because (1− cos(ϑ)) is never negative and
(
φ
τN

)2
+ 1 is always positive, the second and

third term in the denominator of µ1 never increase the error amplification (χ, ψ ≥ 0). The error
amplification will thus always be mitigated by increasing the parameters χ and ψ which account
for the interaction between the tube segments. Taking into account the interaction between the
tube segments in the structural model should therefore facilitate the convergence of the coupling
iterations compared to a simulation with an independent-rings model. Because both χ and ψ
appear only once in the expression for µ, it is easy to understand their effect and consequently
they can be set to zero in the remainder of the analysis. With χ = ψ = 0, µ1 is independent of
the wave number.

The effect of the time step on the stability is important in many cases and it is more complex.
The factor µ1 is proportional to (τN)2 if τN � φ and if the relative contribution of the terms
due to the interaction between the tube segments is small. If τN � 1 then µ2 is proportional to
(τN)−2; otherwise τN only influences µ2 for the lowest and highest wave numbers (ϑ ≈ 0 or
π). Apart from τN ≈ 1 and τN ≈ φ which are difficult to analyze, there are three possibilities
for the effect of the time step on the stability of the coupling iterations in this particular case:

• µ ∼ (τN)2: if τN � φ and τN � 1;

• µ ≈ constant: if both τN � φ and τN � 1 or if both τN � φ and τN � 1;

• µ ∼ (τN)−2: if τN � φ and τN � 1.

If the time step is varied over a wide range, its effect on µmight change throughout that variation
as the time step determines which of the above situations is appropriate. The time step will have
no significant influence on the error amplification factor µ if τN is sufficiently far outside the
range

[min (1, φ) ,max (1, φ)] . (17)

If φ < 1 then µ is proportional to (τN)−2 when τN lies in the range given above. By contrast,
if φ > 1 then µ is proportional to (τN)2 for τN in that range.

If τN � 1, the inertia is dominant in the flow while if τN � 1, the flow almost reaches
steady state in each time step. For the structure, the inertia is dominant if τN � φ while
the stiffness is dominant if τN � φ. Hence, the inertia in the fluid and in the structure are
balancing each other out if τN � 1 and τN � φ. For τN � 1 and τN � φ, an equilibrium
between the inertia in the fluid and the structural stiffness has to be found. By contrast, τN � 1
and τN � φ results in an equilibrium between the structural inertia and the fluid which can be
considered to be at steady state. Finally, if τN � 1 and τN � φ, then inertia is insignificant
in both the fluid and the structure. So, if inertia is important in either the fluid or the structure,
then the error amplification factor µ is proportional to (τN)−2 or (τN)2, respectively.

Figure 2 depicts the evolution of µ as function of τN with parameters that approximate the
flow in a piece of a large artery (see Table 1) such that φ ≈ 0.1 and κ ≈ 60. It can be seen
that µ is proportional to (τN)−2 for τN ∈ [0.1, 1] and constant for τN outside that range.
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Figure 3 shows µ as a function of the wave number for four different values of τN . Once more,
an increase in µ can be noticed for decreasing τN as long as τN ∈ [0.1, 1] and much smaller
changes for τN outside that range. In all figures, the stability limit (µ = 1) is marked with a
horizontal dotted line and the range [0.1, 1] is bounded by vertical dotted lines when applicable.
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Figure 2: The error amplification factor as a function of τN for different values of the wave
number ϑ.

L = 0.050 m E = 300000 N/m2 β = 1/4
h = 0.001 m ν = 0.4 γ = 1/2
ro = 0.005 m ρf = 1000 kg/m3 δ = 1/2
vo = 0.1 m/s ρs = 1200 kg/m3 N = 100

Table 1: The parameter values that are used to model blood flow in a piece of a large artery.

The error amplification factor for the low wave numbers still depends somewhat on the time
step’s size when τN 6∈ [0.1, 1] in Figure 2, especially for τN > 1. For the highest wave number
(ϑ = π), the influence of the time step’s size remains present when τN goes to infinity. As
mentioned above, µ2 is still influenced by τN for the lowest and highest wave numbers (ϑ ≈ 0
or π) when τN � 1.

When τN � φ, µ1 is proportional to φ−2 and µ2 always holds a factor κ−2 such that µ is
proportional to (φκ)−2, which contains the ratio of the fluid density to the solid density ρf/ρs.
As expected, increasing this ratio increases the error amplification factor.

The number of unstable modes as a function of the dimensionless time step is depicted in
Figure 4 for N = 100. While the error amplification factor µ as a function of ϑ depends on
τN , the number of modes with µ > 1 is mainly a function of τ alone but the boundaries of the
region τN = [0.1, 1] in which the number of unstable modes increases for decreasing τ depend
on N .
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Figure 3: The error amplification factor as a function of the wave number ϑ for different values
of τN .

4 NUMERICAL EXPERIMENTS

Nonlinear simulations of the flow in a flexible tube are used to verify the conclusions of the
linear analysis, especially with regard to the effect of the time step as this effect is the most
important one. A velocity of

vin = vo +
vo

100
sin (2πnτ) (18)

has been applied at the inlet of the tube and zero pressure is imposed at the outlet of the tube
(pout = 0). The structure is initially at rest and both χ and ψ have been set to zero. The tube
is discretized in N = 100 segments with the same length. The values from Table 1 have been
used again for the geometry and for the properties of the materials. For these values, the stability
analysis predicts that the error amplification factor µ will increase for a decreasing τN in the
range [0.1, 1], that µ will be more or less constant outside this range (see Figure 2) and that the
number of unstable modes has a similar behaviour (see Figure 4).

Simulations with 100 time steps have been performed for different values of τ and with dif-
ferent coupling algorithms. The L2-norm of the residual is reduced by three orders of magnitude
with respect to its initial value in the time step. In Figure 5, the average number of coupling
iterations per time step is depicted for different sizes of the dimensionless time step τ and the
range [0.1/N, 1/N ] is indicated with vertical dotted lines.

Figure 3 shows that the error amplification is smaller than one for all wave numbers if the
time step is large (τ ≈ 1), except for ϑ = 0. As a result, Figure 4 indicates one unstable mode
for τ ≈ 1. Although Gauss-Seidel iterations are expected to diverge if µ > 1 for at least one
mode, they converge quickly for a large time step (τ ≈ 1). This discrepancy is caused by the
boundary conditions which are not taken into account in the stability analysis. By imposing the
pressure at the outlet and with a wall model a = a(p), the components of the error on p and a
with ϑ = 0 are also determined, so this unstable mode is stabilized by the boundary conditions.
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Figure 4: The number of unstable Fourier modes as a function of the dimensionless time step
τ with N = 100.

When the time step decreases, the convergence of the Gauss-Seidel iterations becomes slow;
for example, on average 28 Gauss-Seidel coupling iterations per time step were required for a
dimensionless time step of τ = 2× 10−2. The Gauss-Seidel iterations diverged in the first time
step when τ was less than or equal to 10−2.

It is thus impossible to verify the conclusions of the stability analysis over a wide range of
time steps by performing simulations with the Gauss-Seidel coupling algorithm because the er-
ror amplification factor for the low wave numbers would be larger than one in the simulations
with a small time step, which would cause divergence of the Gauss-Seidel coupling iterations.
Other coupling algorithms, such as IQN-ILS3 or Gauss-Seidel iterations with (dynamic) relax-
ation6,7, have to be used for the partitioned simulations with small time steps. The IQN-ILS
algorithm uses information from the previous coupling iterations in the current time step to ap-
proximate the inverse of the Jacobian of the coupled problem written as a root-finding equation.
The IQN-ILS algorithm behaves like a Newton algorithm for the part of the residual that can
be decomposed as a linear combination of differences between the values in previous coupling
iterations and like Gauss-Seidel iterations for the other part. The number of IQN-ILS coupling
iterations per time step (averaged over the 100 time steps in the simulation) is a measure for the
number of unstable modes3.

Figure 5 shows that the number of IQN-ILS coupling iterations per time step is almost con-
stant for τ = 6×10−1 to 6×10−2 and for τ = 2×10−4 to 2×10−5. Between τ = 6×10−2 and
2× 10−4, the number of IQN-ILS iterations increases steadily with decreasing time step. Con-
sequently, the number of IQN-ILS coupling iterations per time step (Figure 5) and the number
of unstable modes (Figure 4) display a similar behaviour.

The increase in the number of IQN-ILS coupling iterations with a decreasing time step can
be mitigated by using information from the coupling iterations in the previous time steps as
well, instead of only information from the current time step. Figure 5 illustrates that the number
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Figure 5: The number of coupling iterations per time step (averaged over 100 time steps)
for different values of τ with N = 100. As predicted by the stability analysis, the average
number of IQN-ILS coupling iterations per time step increases as τ decreases for τ in the range
[10−3, 10−2] while it is constant for τ sufficiently far outside that range. Reuse of information
from the 4 previous time steps (IQN-ILS(4)) mitigates the increase of the average number of
coupling iterations as τ decreases.

of coupling iterations per time step is reduced significantly if the information from the four
previous time steps, denoted as IQN-ILS(4), is also used.

5 CONCLUSIONS

Fourier stability analysis has been performed on Gauss-Seidel iterations between the flow
solver and the structural solver for the flow in a flexible tube with interacting segments and
structural inertia. The error amplification factor is reduced compared to the independent-rings
model by including the interaction between the segments of the tube in the structural model. For
parameter values that approximate the flow in a piece of a large artery, the error amplification
factor of Gauss-Seidel coupling iterations increases if the time step’s size decreases, but only
within a certain range of the time step’s size. Outside this range, the time step has little effect on
the error amplification factor. The stability analysis of the Gauss-Seidel iterations is confirmed
by the variation in the number of IQN-ILS coupling iterations as a function of the time step’s
size in nonlinear simulations.
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