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Abstract. In this paper, we present a hybrid method to solve the 2D Mazxwell-Viasov
system. The idea is to use a domain computational decomposition method with buffer
zone’s presence [1]-[2]. The solution of the Mazwell equations on the global domain is
obtained by the sum of the solutions on each subdomain. These equations are solved
on the global domain by introducing an artificial connecting function. Contrary to these
equations, the Vlasov equation is solved on the global domain to take into account the
solution of the Maxwell equations on each subdomain. Some numerical examples have
been added to validate the method.
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1 INTRODUCTION

For the modelling of high power microwave (HPM) sources, we are developping efficient
methods for the Vlasov-Maxwell equations. Concerning the Maxwell equations, to take
account as precisely as possible for curved geometrical structures, it is interesting to cou-
ple different numerical schemes (Finite-Difference Time-Domain (FDTD), Finite-Volume
Time-Domain (FVTD) and Discontinuous Galerkin Time-Domain (DGTD) methods). In
this context, several solutions have been proposed by using conforming or non-conforming
strategies. The conforming strategies correspond to hybrid methods where the meshes
used in the numerical schemes match perfectly at the nodes located at the boundaries
of the different subdomains. Unlike these methods, the non-conforming strategies do not
ensure this matching. In fact, the meshes of the different subdomains are totally indepen-
dent. Therefore, these non-conforming hybrid methods present some advantages like the
meshing. However, the implementation of the evolution scheme is more difficult. Never-
theless, it remains an interesting option to obtain stable processes.

Section 1 describes the Vlasov-Maxwell system with a Particle-In-Cell (PIC) method
[3]. This problem is solved in a 2D configuration. We also propose a hybridization
strategy based on the partition of unity method. In Section 2, we introduce this hybrid
method in the Maxwell equations and a numerical example is given to test the method’s
capacities. Then, in Section 3, we apply this same hybridization strategy in the Vlasov
equation. Section 4 presents a physical model (Larmor radius) about plasma simulation
by including this hybrid method of the Maxwell-Vlasov system. Finally, a conclusion is
given in Section 5.

2 DEFINITION OF 2D PROBLEM
2.1 Maxwell-Vlasov system

We consider a 2D domain 2. We split it into two subdomains €2; and €2, with an
overlapping zone, named buffer zone. We define meshes independent one of the other.
We define two cartesian gI‘idS (xl,iayl,i)i:1,~~~,N1+1 and (x2,i;y2,i>i:1,--~,Ng+1 such as X145 =
iAzy and yy; = 1Ay, i € [0, N1+ 1] on € and x9,; = 1Azy and yo,; = iAys,i € [0, Na+1]
on {25. N7 and N, represent respectively the number of interior points on €2; and on €2,.
We suppose that the spatial discretization steps Az; and Az, are constant on €2; and
on 25. We focus on a 2D particular case with the same discretization on the y-axis such
as (Y1, )izt N+1 = (Y2,7)j=1,.No+1, the discretization step Ay being constant on the two
subdomains.

On this global domain, we solve the Maxwell-Valsov system. The kinetic model of
collisionless and weak density plasma is described by the evolution of the distribution
function for each particles species s. In the no-relativistic case, this function satisfies the
Vlasov equation :
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where f; = £,(V,X,t) = f,(v,, vy, z,y,t) is the distribution function for each particles
species s with a charge ¢ and a mass m. It corresponds to the statistical average of the
particle distribution in phase-space. B and E represent the magnetic induction and the
electric field acting on particles. This function is coupled with the TE Maxwell equations
evaluating the electromagnetic fields (E, H) and given, on a computational domain 2,
by :

0 (1)

8H
oE
5OE—VXH+J—O
v E="

€0

with H= H, (= p1g'B ) and E = (E,, E,). 1o and &y are the magnetic permeability and
the electric permittivity of the medium. J = (J,, J,) and p are respectively current and
charge densities generated by the particles motion. On the boundary 02 of the domain,
we impose Silver-Muller boundary conditions which are absorbing boundary conditions.
Moreover, we put a metallic surface and we send an electromagnetic plane wave which
propagates in all the domain. Then, we evaluate the electromagnetic field diffracted by
the metallic surface.
These current and charge densities verify the following charge conservation law :

dp
EJFV J=0 (3)

and they are defined by :

=X S F-X V0V (@)
1.(X 1) =Yg, /]RQ VI(X,V,1)dV

2.2 Particle-In-Cell method

The distribution function f, is conserved along the particle trajectories which are de-
termined by their motion (positions and velocities). Positions (z,y) and velocities (v, vy)
of particles are solutions of the characteristic equations (motion equations) defined by :

dX
=V (5)
dV q

Y _ Y E+VxB

dt m( TV X )
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In the equations (5) , we observe the interaction between the electromagnetic fields and
the particles. The fields are solutions of the Maxwell equations (2) which are evaluated by
using a Finite-Difference Time-Domain (FDTD) numerical scheme. Then, the fields are
defined on the mesh of physical space while the particles have a position in this same mesh.
It is necessary to do interpolations between the positions of the particles and the fields
(mesh) in order to evaluate the coupling terms. This method is named Particle-In-Cell
method.

2.3 Principles of hybrid method

Let © be a computational domain where we evaluate U as solution of the problem

ou
B = AU. We split the domain 2 into two subdomains €2; and €2, with a buffer zone

Q13 = Q1 N Qs # () and we define meshes independent one of the other. We introduce on
) an artificial transition function y independent of time such that :
x =1on Qy — Q9
XZOOHQQ—ng (6)
X € [0,1] on Q5

We define (U;) = xU and Uy = (1 — x)U. We obtain U; + Uy = U and we observe that
U, and U, are solutions of the initial problem with second member. These solutions can
be restricted on the subdomains §2; and {2,. By introducing x in the initial problem, we
obtain the following coupling system :

oUu

aTl = YAU; + x AU, on (7)
oU,

W = (]_ _X)AU2+(1 _X)AUl on QQ

We have two equations on §2; and €2, coupled by ”source” terms which are solutions
of equations (7) which can be restricted respectively on 2, and €2;. Moreover, we denote
that the boundary condition of the solution on each subdomain at the buffer zone can be
nxE=0.

On these two hybrid zones, we apply a numerical scheme to solve the equations. The
main difficulty of this coupling system (7) is the interpolation of solutions from a mesh
to the other.

3 HYBRIDIZATION OF THE MAXWELL EQUATIONS

We apply this hybrid method on the studied 2D TE Maxwell problem (2) without
taking into account the current density J. We obtain on €; :
OFE,, 0H., 0H.,

0o T Xy, "Xy,
OE,  OH.  OH.,
co ot X 0r, X 0r, (8)

4



L. Pebernet, X. Ferrieres, F. Rogier and P. Degond

OH., <8Ex1 - 8Ey1> . (aExQ B 8Ey2>

Fo=ar =X\ 8y, ~ oy By, O
And on 25 :
gt = (1= x) 52 4+ (1= 5 2
et = (1= 52— (-0 5 )
gt == (G - G ) (O - On)

On each subdomain, we use a FDTD numerical method [4] to solve the modified 2D
TE Maxwell equations. To write the FDTD formalism, we use the well known Yee scheme
where the electric fields are evaluated at the time nAt and the magnetic fields at the time
(n+ %)At, with At the time step and n the current iteration. For the space discretization,
we evaluate the electric fields at the grid points of cells and the magnetic fields at the
center of cells.

In this 2D configuration, similar to a 1D configuration, we have studied different forms
of the function x in the overlapping zone [1]. Numerical results have shown that the
polynomial function of odd degree was the most interesting and that a high polynomial
degree improved solutions. So, here, we consider y as the polynomial function of odd
degree n :

x(x) =1 Yy, on Qy — QN (10)
(@) =apx" + a1 2" w4+ +a, Yy, on QN
x(x) =0 Yy, on Qy — QN

where n is a non-negative integer and ag, a1, ao, -- -, a, are constant coefficients.

This choice allows us to ensure the continuity of the function and its n/2-order deriva-
tives at the boundaries of the buffer zone.

To quantify the advantages of the hybrid method, we consider two subdomains 2; =
[0,1.08] x [0,1] and Q5 = [0.72,1.8] x [0,1]. In the case of an incidente plane wave,
we compute the electric and magnetic fields at two test-points, one of them located at
x = 0.5m, y = 0.5m in ; and the other at x = 1.5m, y = 0.5m in the subdomain €2,.

This incidente plane wave is given by a Gaussian pulse :

- (_ <t—x/?;68—t0>2) an

with g = 1.e — 08s and 0 = 1.e — 09s.

The figures represent the comparison between the analytic solution and the numerical
solutions with and without hybridization in Q; (figure 1) and €, (figure 2). We observe
a good behaviour of our results and an improvement of the solution with hybridization.
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Figure 1: Evaluated electromagnetic fields Hz (left) Ey (right) with and without hybridization at the test

point (0.5,0.5)
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Figure 2: Evaluated electromagnetic fields Hz (left) Ey (right) with and without hybridization at the test

point (1.5,0.5).

4 HYBRIDIZATION OF THE VLASOV EQUATION - BORIS CORREC-

TION

In this section, we consider the motion equations (5) describing the particles trajectory
in plasma. By using the hybrid method, this particles trajectory is given by positions and

velocities as follows :

dx
dt
o _,
e Y
du,,
dt
dvy
dt

:”U$

a4
m
a4
m

[(Ey1 + Ey2

(12)

(B, + Ea) + vy (B, + Bs)]

) = Ve (B2 + B,)]
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with E,,, E,, and B,, (respectively E,,, E,, and B,,) are the fields on Q; (respectively
). We use a Leap-Frog scheme to solve these motion equations (12). The positions of
particles are evaluated at the time nAt¢ and their velocities at the time (n + 3)At, with
At the time step and n the current iteration.

By considering charge density p generated by particles mouvement, we define two values
p1 = xp and py = (1 — x) p, not equal to zero on the subdomains €; and €2y, such as
p = p1 + p2. So, the modified Maxwell equations on €); are rewritten :

OE
eo—atl =V x H, + YV x Hy — \J (13)
H
uoaatl = YV xE; — \V x E,
X(V-El—i-v-]ib):ﬂ
€0
And on €, :
0E,
goﬁz(1—X)VXH2+(1—X>VXH1_(1_X)J (14)
oH
o atQI—(l—X)VXEQ—(l—X)VXEI
(1-X)(V B2+ V-Ey) =2
0

In the PIC method, there is a problem of charge conservation due to the interpolation
between fields and particles. The charge conservation equation (3) is not verified and the
constraint on the discrete divergence of the electric field is not satisfied.

To guarantee the continuity equation or V-E = ﬁ, we focus on one of the corrections
€

0
the most often used in PIC codes named Boris correction [5]-[6]. This method consists in
modifying the irrotational part of the electric field E by :

Ecorr = E — V¢ (15)
where Ecorr is the corrected electric field and the potential ¢ is given by :

V- Ecorr = 2 <= Ap=divE — 2 (16)
€0 0}

and
¢log =0, (17)

with 0f) is the boundary of computational domain 2. So, in the Boris correction, it is
necessary to solve a Laplacian at each iteration.
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To take into account this correction in the hybrid method, we also need to define
¢1 = x¢ and ¢o = (1 — x) ¢ on ©; and Q. We deduce on € :

A¢1:V'E1+V'E2—$—A¢2 (18)
and the following corrected electric field :
Eicorr = E1 — x (Vo1 + Vo) (19)
On €5, we have :
A¢2=V-E1+V~E2—1?X—A¢1 (20)
Escorr = B2 — (1 —x) (Vo1 + Vo) (21)

5 NUMERICAL EXPERIMENTS

To validate this hybrid method, we study the motion of one charged particle in an
uniform magnetic field equal to 1000A.m~!. First, we consider only one domain €; =
0, 1.8] x [0, 1] without hybridization in the simulation. Secondly, we take two subdomains
Q; =10,1.08] x [0,1] and Q5 = [0.72,1.8] x [0, 1] such as = 2, UQy and 3 NQs # 0. By
using the presented hybrid method, we evaluate also the particle trajectory. This charged
particle is an electron with an initial position (0.5,0.5) and an initial velocity (1.e7,O).

The figure 3 represents the particle trajectory obtained by using or not the hybrid
method. In the case of a hybridization, different degrees of polynomial function y are

given. We note that the highest degree gives the best solution.
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Figure 3: Particle trajectory

6 CONCLUSION

In this paper, we have proposed a hybrid approach for solving a 2D Maxwell-Vlasov
problem with a PIC model. Numerical examples show that the method seems also to
have a stable behaviour and to improve the solutions accuracy. These first results are
encouraging and future works will bring improvements to our model.

8



L. Pebernet, X. Ferrieres, F. Rogier and P. Degond

REFERENCES

1]

L. Pebernet, X. Ferrieres, F. Rogier and P. Degond, A hybrid Patch method to
solve a 1D Maxwell problem, In proceedings of the 9th International Conference on
Mathematical and Numerical Aspects of Waves Propagation, Waves 2009, 196-197
(2009).

P. Degond, S. Jin and L. Mieussens, A smooth transition model between kinetic and
hydrodynamic equations, Journal of Computational Physics, 209, 665-694 (2005).

C. K. Birdsall, A. B. Langdon, Plasma physics via computer simulation, Institute of
Physics, Bristol (1991).

S. M. Rao, Time domain electromagnetics, Academic Press Editor J.D Irwin, Auburn
University (1999).

R. Barthelmé, Le probleme de conservation de la charge dans le couplage des
équations de Vlasov et de Maxwell, PhD Thesis of Louis Pasteur University, France
(2005).

J. P. Boris, Relativistic plasma simulations - Optimization of a hybrid code, In pro-
ceedings of the 4th Conference Numerical Simulation of Plasmas, ICNSP 1970, Naval
Research Laboratory, Washington, D.C., 3-67.



