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Karlovo náměstí 13, 121 35 - Praha 2

jiri.furst@fs.cvut.cz, karel.kozel@fs.cvut.cz

Key words: ALE, FVM, Unsteady Flow, Turbulence Modelling, TVD, WLSQR, SST

Abstract. The aim of this work is to summarize results of numerical simulations of steady and
unsteady transonic flow obtained by two different modern finite volume schemes in combination
with Arbitrary Lagrangian-Eulerian method (computation on moving meshes). The simulations
were carried out both in 2D and 3D and the unsteady effects were presented by forced oscilla-
tions of the profile/wing around given reference point/axis. Implemented schemes were the so
called Modified Causon’s scheme (based on TVD form of classical MacCormack scheme) and
implicit WLSQR scheme (based on the WENO approach) combined with AUSMPW+ numerical
flux in 2D and HLLC flux in 3D. As a 2D test case both inviscid and turbulent flow around the
NACA 0012 profile wing have been simulated and the numerical results have been compared
with experimental data. Both schemes were extended also for the 3D steady computations and
tested on the transonic flow around the ONERA M6 wing. The computational area was dis-
cretized with two different types of finite volume meshes (H and C type). Comparison of the
numerical results (both in-between and with experimental data) is satisfactory. The Modified
Causon’s scheme in 3D form was also adapted for unsteady computation with the use of ALE
method and was tested on inviscid transonic flow around the ONERA M6 wing (forced oscil-
lation around a given axis). Experimental data for this case are unfortunately not available.
However, the numerical results show all the characteristics as expected.
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1 INTRODUCTION

The unsteady effects play very important role in the aircraft industry (as well as in many
other technical disciplines) and have a huge impact on the flow-field (sometimes even with
fatal consequences, e.g. flutter). Investigation of unsteady flows may be done generally in
two ways. Either by experimental measurements or by numerical simulations. One of possible
approaches is the Arbitrary Lagrangian-Eulerian method 3, which combines the Lagrangian and
Eulerian way of moving fluid investigation, i.e. both the fluid and its reference frame move. The
motion is in our case presented by prescribed oscillations of profile/wing around the reference
point/axis. The chosen schemes were tested with a very good results for a number of steady test
cases before used for numerical solution of unsteady flow.

2 NUMERICAL METHODS

Turbulent flow of the compressible fluid is described by the set of Reynolds-averaged Navier-
Stokes equations1. In the case of its inviscid simplification, the set of Euler equations is used.
Numerical solution of the chosen problems was realized with use of the finite volume method.
Both 2D and 3D problems were simulated using inviscid and turbulent computation in order to
obtain better understanding of the effectivity of the chosen turbulence models. In the case of
2D unsteady flow the Kok’s TNT turbulent model, which usually serves well for steady flow
simulations, was chosen. For 3D steady flow, two different turbulent models were employed
and compared as in-between as with inviscid results and experimental data. These were namely
the Spalart-Allmaras12 and SST models13. The numerical methods developed by the authors
were following:

1. Modified Causon’s Scheme. This scheme is derived from the classical explicit Mac-
Cormack predictor-corrector scheme in TVD form, which is able to achieve very good
results. However, it also entails disadvantageous demands for both computational mem-
ory and power. Therefore a simplification saving approximately 30% of computational
time was proposed by Causon11 by introducing a special type of pressure-gradient de-
pendent self-controling artificial dissipation. This new scheme was still TVD, but the
influence of artificial dissipation turned out to be too strong. The authors on the other
hand proposed another modification based on Causon’s scheme (refered to as the Modi-
fied Causon’s scheme), which is no more TVD, but keeps the advantages of the Causon’s
scheme while clearing out its drawbacks in the same time.

2. WLSQR scheme4 (Weighted Least-Square Reconstruction scheme), which is based on
the WENO approach14. The interpolating polynomial is hereby obtained by the least
square method. Convective fluxes through the cell interface are approximated by either
the AUSMPW+ numerical flux5 (2D flow) and by the HLLC6 flux (3D flow). The high
order accuracy in time is obtained in a standard way by using the interpolated values at
the cell faces. The interpolation is obtained by using the weighted least-square approach,
which usually gives better convergence to steady state than the methods with Barth’s
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limiter. Advancing in time is realized by the non-linear implicit dual-time backward
Euler method. Resulting sparse system of linear equations is solved by GMRES with
ILU(0) preconditioning. Dimension of the Krylov subspace is chosen between 10–40
and maximum number of iteration is set to 10–50. If the steady solution is not found in
prescribed number of iterations the computation proceeds in the next time step.

The unsteady effects were simulated by the Arbitrary Lagrangian-Eulerian3 method using mov-
ing meshes.

3 2D UNSTEADY FLOW AROUND THE NACA 0012 PROFILE

A standard test case described in AGARD Advisory Report No. 7022 was chosen for the
unsteady flow simulation. It is transonic unsteady flow over the NACA 0012 characterized by
the inlet Mach number M∞ = 0.755. The oscillatory motion of the profile around the reference
point xre f = [0.25,0.00] is given by the pitching angle α1(t) = 0.016◦ + 2.51◦ sin(ωt). The
angular velocity is defined as ω = 2kU∞

c , where U∞ is the free-stream velocity (since the non-
dimensional form of Navier-Stokes equations is considered and angle of attack α = 0◦ then
U∞ = M∞), c = 1 is the chord length and the reduced frequency k = 0.0814. The unsteady state
development was observed on the behaviour of the lift coefficient (cl) given as

cl =

∮
Γpro f

pdx
1
2U2

∞ρ∞

,

where ρ∞ = 1 and Γpro f is the curve defining the profile. The used computational schemes and
meshes were

• Modified Causon’s scheme - structured C-mesh with 15096 elements (124 cells around
profile),

• WLSQR scheme with AUSMPW+ flux - unstructured mesh with 6720 quadrilateral cells
(120 cells around profile). For the turbulent flow simulation the Kok’s TNT turbulence
model was used.

As can be seen from figures 1 and 2 the numerical results obtained by both schemes in the
case of inviscid flow are very good. For the cl comparison the results correspond qualitatively,
but experimental data show a bit higher cl values (Fig. 1). Considering symmetry of the prob-
lem, also the behaviour of the cl should be symmetric with the center of symmetry in the point
[0,0]. The experimental data however do not have this characteristic and therefore the suspi-
cion of their systematical error comes in mind. Important characteristics, e.g. the position and
intensity of the shock wave (minimal and maximal reached value of cp), are however in a very
good correspondence, which is unfortunately not the case of the turbulent computation, where
both the cp and cl coefficient differ significantly (Fig 3). It is therefore necessary to use another
turbulence model (EARSM) or large eddy simulation (LES).

3
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(a) Modified Causon’s scheme, inviscid com-
putation.

(b) WLSQR scheme, AUSMPW+, inviscid
computation.

(c) WLSQR scheme, AUSMPW+, compar-
ison of inviscid (line) and turbulent(dashed)
computation.

Figure 1: NACA 0012, lift coefficient behaviour, comparison of numerical (black line) and
experimental (colored lines) results.

α = 1.09◦ α =−1.25◦ α = 2.34◦

Figure 2: cp coefficient during the 5th period of forced oscillatory motion, inviscid flow,
comparison of experimental (dots) and numerical (lines) results (Modified Causon’s scheme,

WLSQR scheme with AUSMPW+ flux).

4 3D FLOW OVER THE ONERA M6 WING

4.1 Steady Flow

Another standard test case (mentioned in AGARD AR 1387) was chosen for 3D computa-
tion. The transonic flow over the ONERA M6 wing is in this case characterizes byt the inlet
Mach number M∞ = 0.8395, angle of attack α0 = 3.06◦ and Reynolds number Re = 11.72×106.
Both inviscid and turbulent flow were simulated in this case, using the above mentioned schemes
(Modified Causon’s and WLSQR). The inviscid computation was carried out using the follow-
ing computational meshes

• structured C-mesh with 467313 hexahedral elements (Modified Causon’s scheme),

• unstructured mesh with 306843 pyramidal elements (WLSQR scheme with HLLC flux).
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Figure 3: cp coefficient behaviour during the 5th period of forced oscillatory motion, WLSQR
scheme, comparison of inviscid (dashed) and turbulent (line) model (Kok’s TNT).

Considering the turbulent simulation needs, the unstructured mesh was condensed by layers of
prismatic elements in the close proximity of the wing in order to capture flow behaviour in the
boundary layer. The turbulent effects were modelled by

• the Spalart-Allmaras one-equation model12,

• the SST k−ω model13.

As can be seen in figures 4 and 5, considering both inviscid and turbulent computations, all
the schemes give very good results. Differences between experimental and numerical data are
naturally greater in the case of inviscid computation, but even so the correspondence is more
than satisfactory. The turbulent results are closer to the real flow, especially in the regions with
strong shock-waves, but the difference between SST and Spalart-Allmaras models are nearly
negligible (the SST model seams to be slightly better). The greatest difference can be odserved
in the 80% cut, region, where two shock-waves interact. This interaction is a very complex
phenomena and difficult to capture.

4.2 Unsteady Flow

The initial conditions for 3D unsteady inviscid transonic flow were taken from the standard
test case mentioned in 7 (same as steady case in previous section). The forced oscillatory mo-
tion of the wing around the elastic axis parallel with the axis z and going through the reference
point xre f = [1

3 ;0.00;0.00] was given by the same relation for pitching angle as in 2D. The inlet
Mach number was considered M∞ = 0.8395, initial deviation α0 = 3.06◦, amplitude α1 = 1.5◦

5
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a) Modified Causon’s scheme, inviscid b) WLSQR, HLLC flux, inviscid

c) WLSQR, HLLC flux, Spalart-Allmaras d) WLSQR, HLLC flux, SST

Figure 4: cp coefficient isolines, ONERA M6, comparison of the numerical results.

and frequency f = 10Hz. The structured computational mesh had 467313 elements. Compu-
tation was carried out using the the Modified Causon’s scheme, which has proved well - the
results (Fig. 6 ) show that fully periodic state has been achieved at least during the 5th period
of oscillatory motion. Pressure coefficient decreases with increasing angle of attack (and vice
versa) and the scheme does not produce spurious oscillations. Comparison with experimental
data is unfortunately not yet available, but work is in progress at the present time on implemen-
tation of wing geometry used in experiments with oscillating wing at the Aeronautical Research
and Test Institute in Prague (VZLÚ a. s.).
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a) 20% b) 44%

c) 65% d) 80%

e) 90% f) 95%

Figure 5: cp coefficient in cuts alongside the wing, ONERA M6, comparison of experimental
and numerical results.
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a) ωt = 0π +10π, α = 3.06◦ b) ωt = 1
2π +10π, α = 4.56◦

c) ωt = 3
2π +10π, α = 1.56◦ d) ωt = 2π +10π, α = 3.06◦

Figure 6: ONERA M6, cp coefficient behaviour during the 5th period of forced oscillatory
motion.

5 CONCLUSIONS

- Proposed FVM schemes for numerical solution of both unsteady 2D and 3D
and steady 3D transonic inviscid flow show very good accuracy and efficiency.

- The schemes were able to capture important flow characteristics as the position
and intensity of the schockwaves even in the case of inviscid flow.

- The future steps intended are implementation of implicit version of Modified
Causon’s scheme and extension of mentioned schemes for aeroelastic problems.
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