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Abstract. The unsteady effects in the interaction of a turbulent boundary layer with
a normal shock wave are investigated exploiting a direct numerical simulation (DNS)
database at free-stream Mach number M∞ = 1.3 and Reynolds number Reθ ≈ 1200 (based
on the momentum thickness of the upstream boundary layer), corresponding to conditions
of incipient mean flow separation. As found in experiments, the mean flow pattern consists
of an upstream fan of compression waves associated with the thickening of the boundary
layer, and the supersonic region is terminated by a nearly-normal shock, with substantial
bending of the interacting shock. At the selected conditions the flow does not exhibit
separation in the mean. However, the interaction region is characterized by (strongly
unsteady) instantaneous flow reversal in a zone extending for many (upstream) boundary
layer thicknesses past the nominal location of the interacting shock, and by the formation
of a turbulent mixing layer, with associated release of vortical structures. The flow in the
relaxation zone past the shock exhibits a self-similar structure, characterized by constancy
of a modified pressure gradient parameter.
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1 INTRODUCTION

The interactions of shock waves with turbulent boundary layers (SBLI) are frequently
encountered in transonic and supersonic flows, and they have been the subject of extensive
research over the last decades9,5,7,12. Although significant advances have been made,
some physical processes are not yet fully understood, mainly related to the mechanisms
responsible for the amplification of disturbances, and to the possible occurrence of low-
frequency motion, that is observed for strong interactions11,14.

Owing to difficulties encountered (both in experiments and in computations) in anchor-
ing the shock wave, and to the strong sensitivity to the downstream flow conditions, tran-
sonic interactions have received comparatively less attention in comparison with canonical
supersonic interactions, such as impinging shocks and compression ramps. A comprehen-
sive review of SBLI in the transonic regime was reported by5, who collected a large
amount of experimental information related to normal shock/boundary layer interactions
in several configurations (including transonic airfoils, nozzles, bumps in transonic wind
tunnels). Those authors found that the boundary between weak and strong interactions
is weakly dependent upon the Reynolds number of the flow (as long as the boundary layer
is fully developed), and incipient mean flow separation occurs at M∞ ≈ 1.3.

Transonic SBLI in a channel with wall-mounted bump were experimentally investi-
gated by6, who considered shock strengths in the range M∞ = 1.3 − 1.45, corresponding
to conditions from incipient separation to extensively separated flow. The experiments
showed the development of strong anisotropy in Reynolds stresses caused by a different
amplification of the tangential and normal components, whose maxima were found to oc-
cur well away from the wall. The experiments also revealed the occurrence of a relaxation
process, that drives back the flow towards a new equilibrium state on a slow time-scale
related to the lifetime of the large vortical structures that are formed through the inter-
action. Bruce 1 carried out an experimental study of forced and unforced transonic SBLI
in a rectangular channel, both with and without control. The steady data at M∞ = 1.3,
Reθ ≈ 104 show a pattern typical of a weak SBLI, with a weak compression fan ahead of
the main shock, and attached flow throughout the interaction region.

A limited number of large-eddy simulations (LES) has been performed for two-dimensional
bump configurations in transonic channels. Sandham et al. 20 performed LES of a tran-
sonic turbulent boundary layer over a circular-arc bump (corresponding to an upstream
Mach number M∞ ≈ 1.16) using the dynamic Smagorinsky model, and a synthetic turbu-
lence technique to enforce transition to a fully turbulent state. Those authors concluded
that the shock wave is very nearly steady, and the level of turbulence anisotropy in the
flow past the interaction is not very high. Such discrepancy was ascribed by those authors
to problems encountered by the Smagorinsky model to capture the rapid rise and fall of
turbulence levels in the separated shear layer developing under the interacting shock.

The first direct numerical simulation of transonic SBLI has recently been reported
by the present authors17, who considered the interaction of a normal shock wave with
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a supersonic turbulent boundary layer flow at M∞ = 1.3, Reθ ≈ 1200. The aim of the
present work is to exploit the DNS database to shed some light on the physical phenomena
involved in transonic interactions with emphasis on the unsteady features as well as on
the onset of large scale vortical structures.

NUMERICAL METHODOLOGY

The computational strategy to solve the governing equations relies on a modification of
a conservative finite-difference algorithm that has been extensively validated in previous
works both for isotropic decaying compressible turbulence and for wall bounded turbu-
lent supersonic flows18,19,16. In the smooth parts of the flow field the convective fluxes
are discretized by means of a linear seventh-order central upstream approximation with
local Lax-Friedrichs flux splitting, whereas near shock transitions a fifth-order WENO
reconstruction is activated to rule out the onset of spurious Gibbs oscillations. As pro-
posed in15, the switch between linear and WENO reconstruction is carried out at the
intermediate nodes of the computational mesh on the basis of the value of the density
difference across the neighboring nodes (∆ρj+1/2 = ρj+1−ρj). The WENO reconstruction
is activated whenever the absolute value of ∆ρ becomes larger than a threshold value ∆ρ∗,
defined as

∆ρ∗

ρ∞

= ε1 +
ε2 − ε1

1 + M20
, (1)

where M is the local Mach number, and the constants are set to ε1 = 0.01, ε2 = 0.5.
According to Eq. 1, a low threshold level (∆ρ∗ = ε1) is used in the supersonic part of
the flow field, whereas a larger threshold (∆ρ∗ = ε2) is used in the subsonic part of
the boundary layer, that does not support shock transitions. Such procedure effectively
guarantees that the high-order linear reconstruction is used throughout the subsonic layer,
while the more dissipative shock-capturing reconstruction is selectively applied to a very
limited number of grid points.

The computational domain employed for the simulation has an overall size (Lx ×Ly ×
Lz) = (106δin × 427δin × 12.8δin) in the x (streamwise), y (wall-normal) and z (spanwise)
directions, respectively, where δin is the boundary layer thickness at the inlet section
(defined in terms of 99% of the outer velocity), and it is discretized with a grid consisting of
2561 × 281 × 351 points. The grid points are uniformly spaced in the spanwise direction,
whereas they are slightly clustered in the streamwise direction around the nominal location
of the normal shock wave xs = 32δin. Grid points are clustered in the wall-normal direction
according to a hyperbolic sine mapping up to y/δin = 8, and according to a geometric
progression up to the upper boundary of the computational domain. In terms of wall
units the spanwise mesh spacing is ∆z+ = 5.53, whereas the streamwise and wall normal
spacings are in the range ∆x+ = 4.5 ÷ 7.75 and ∆y+ = 1.05 ÷ 42.5. Note that wall units
are defined in terms of the friction velocity and of the viscous length scale evaluated at

the wall (uτ =
√

τw/ρw, δv = νw/uτ ) at the reference station xref/δin = 17.25, chosen
immediately upstream of the interaction zone, where the incoming boundary layer is
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Figure 1: Three-dimensional view of transonic SBLI. Gray shades are used to indicate the shock system,
and coloured contours to extract vortical structures. Axes are scaled with respect to the incoming
boundary layer thickness (δ0).

unperturbed and fully turbulent.
For clarity in the illustration of results, the data will be reported by setting the origin

of the longitudinal coordinate at the location (x0) where the mean wall pressure starts
to rise, here conventionally determined as the point where pw = 1.005p∞. A relevant
interaction length scale (L) is then defined as the distance between the point where the
mean wall pressure equals its critical value (x1, where ‘sonic’ conditions are attained) and
x0, and a scaled longitudinal coordinate is introduced, x∗ = (x − x0)/L.

2 Instantaneous flow visualizations

In this section we provide instantaneous flow field visualizations to highlight the gen-
eral features of the interaction and its structure. In particular, to shed some light on the
physical phenomena associated with transonic SBLI we report 2D and 3D visualizations
obtained from instantaneous realizations of the flow. In figure 1 a rendered view of the
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Figure 2: Instantaneous visualization of vortex shedding in the mixing layer region. Solid lines depict
isocontour levels of density (0.75 ≤ ρ/ρ∞ ≤ 1.55); grey patches correspond to vortex structures identified
according to the swirling strength criterion.

shock system at a given time instant is depicted. For that purpose, the shock system (in
gray shades) is identified as an iso-surface of the Ducros sensor, and vortical structures
are educed as iso-surfaces of the swirling strength (λci = 1.6 u∞/δ0), and coloured with
the local Mach number (levels from 0 to 1.3, colour scale from blue to violet). The figure
well highlights the three-dimensional character of the lambda-like interaction pattern. The
shock wave is significantly distorted by the presence of the boundary layer and it is affected
by the incoming structures, that cause the spanwise wrinkling of the upstream compres-
sion fan in a way that resembles the visualizations of Wu and Martin 23 in compression
corner interactions. The figure also shows the presence of elongated vortices dominating
upstream of the interaction, and it reveals the onset of larger coherent structures in the
interaction region, associated with the formation of a mixing layer. This scenario is also
confirmed by figure 2, showing a zoom of vortex structures in the streamwise/wall-normal
plane. This representation allows to appreciate the release of vortices taking place mainly
in the supersonic region, upstream of the foot of the rear shock.

The computed instantaneous slices of the pressure, streamwise velocity and density
fields are shown in figure 3. The maps highlight the presence of ordered (coherent) struc-
tures evolving inside the boundary layer upstream of the interaction. In particular, sharp
density interfaces having a strong three-dimensional character are apparent in the density
field in the outermost part of the boundary layer, corresponding to outer layer bulges.
Additional large structures are also observed in the instantaneous pressure field, corre-
sponding to local pressure dips. These structures are associated with the inflection points
in the instantaneous velocity distribution via the Kelvin-Helmholtz instability mechanism,
lifting away from the wall in proximity of the foot of the incoming shock, and propagating
downstream to form a mixing layer embedded in the interaction zone. A similar shedding
of coherent structures was also observed by Souverein et al. 22 in the case of an oblique
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Figure 3: Instantaneous fields of (a) density, (b) streamwise velocity and (c) pressure in x − y plane.
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shock impinging on a solid wall and by Na and Moin 13 for a separated low-speed turbulent
boundary layer.

3 Mean flow properties

The computed average fields of pressure, density and Mach number, reported in figure 4,
show a pattern consistent with previous experimental observations8 at the same upstream
Mach number. The mean shock pattern consists of the interacting shock, which is observed
to bend significantly while approaching the wall, and a fan of compression waves originated
well upstream of the nominal impingement point, terminated by a nearly normal shock
foot. The sonic point lies very close to the foot of the rear shock and the triple point is in
the supersonic region at a distance of approximately one interaction length scale from the
wall. The flow downstream of the shock foot is subsonic, and the presence of a supersonic
tongue is not observed. The most evident effect of the interaction is the thickening of the
boundary layer, and the (obvious) increase of mean density and pressure. the formation
of a mixing layer is also visible from the mean pressure and density fields, that exhibit a
dip past the interaction region at a distance of 0.1 ÷ 0.2L from the wall.

The distribution of the average skin friction coefficient Cf = τw/q∞ is shown in fig-
ure 5, where we also report (for the ZPG region) the skin friction correlations of Kármán-
Schoenherr and Blasius10, upon the van Driest II transformation. The figure shows that
in the zero-pressure gradient region upstream of the interaction the skin friction slowly
decreases, in agreement with the semi-empirical friction formulas (especially with the Bla-
sius curve). Starting from x∗ = 0, Cf exhibits a sudden drop, and attains a minimum
(close to zero) at x∗ ≈ 1.8 L, that approximately corresponds to the location of maximum
Hi, where the boundary layer profile achieves the maximum distortion. The skin friction
then exhibits a slow recovery past the interaction zone. Consistent with the claims of
Delery and Marvin 5 , the present case is to be classified as an incipient separation one.

4 UNSTEADY PROPERTIES

The analysis of the averaged skin friction coefficient in the previous section has shown
that mean separation is absent in the present simulation. However, although no mean
flow reversal is found, the adverse pressure gradient is sufficiently strong to locally cause
scattered spots of reversed flow throughout the interaction. To get some insight into the
dynamics of the flow reversal region, in figure 6 we report contours of the instantaneous
skin friction coefficient Cf at a given time instant. The figure shows an overall view of
the computational domain, and a zoom in the shock region. The iso-line Cf = 0 is also
included as a solid line. The figure well highlights the strong intermittent character of
the interaction region. The streaky structures of the ZPG region disappear owing to the
adverse pressure gradient, and zones of negative instantaneous Cf are found starting from
x∗ = 0.4, all the way down to x∗ = 5.

To give a complete and more quantitative picture of the reversed flow in figure 7 we
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Figure 4: Average fields of (a) Mach number, (b) density ρ/ρ∞ and (c) pressure p/p∞.
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Figure 5: Distribution of mean skin friction coefficient. (——) DNS; (– – – –) Blasius; (- · - · -) Kármán-
Schoenherr.

report the statistical frequency (indicated as γ) of wall points with instantaneous back-
flow (i.e. where the ∂u/∂y < 0). Based on the fraction of time that the flow moves
upstream,21 provided a set of quantitative definitions of the detachment state near the
wall for steady-freestream separating turbulent boundary layers: incipient detachment
(ID) occurs with instantaneous back-flow 1% of the time (γ = 1%); intermittent transitory
detachment (ITD) occurs with instantaneous back-flow 20 % of the time (γ = 20%);
transitory detachment (TD) occurs with instantaneous back-flow 50 % of the time (γ =
50%). The same authors pointed out that, on the base of the available data, transitory
detachment (TD) takes place at the same location as the detachment (D), defined on
the basis of the zero shear stress criterion. Assuming such terminology, the distribution
of γ in figure 7 shows that intermittent transitory detachment occurs at x∗ ≈ 0.35 and,
consistently with the findings of the previous section, it confirms that detachment (or
mean separation) does not occur.

5 ANALYSIS OF THE RECOVERY PROCESS

The state of the boundary layer past the interaction zone is here analyzed, with
the objective to characterize the possible occurrence of ‘universal’ restoring mechanisms.
Clauser 4 introduced a pressure gradient parameter

β =
δ∗

τw

dp

dx
, (2)

and defined an equilibrium boundary layer as one where the parameter β is constant. In
that case he was able to show that the velocity deficit normalized by the friction velocity
is independent on the streamwise coordinate. The distribution of β obtained from the
present DNS is shown in figure 8. Clauser’s pressure gradient parameter is zero up to the
origin of the interaction, then it increases sharply, with a peak β = 8.7 at x∗ ≈ 0.5, and
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Figure 6: Contours of instantaneous skin friction (the solid line indicates the iso-line Cf = 0).

then it decreases monotonically up to the end of the computational domain. Therefore,
according to Clauser’s definition, the present APG flow is to be classified as strongly out
of equilibrium throughout the interaction zone. Consistently, deficit profiles scaled by the
friction velocity (shown in figure 10) do not collapse into a single curve.

Using a similarity analysis of the RANS equations, Castillo and George 3 have shown
that the proper velocity scale for the outer layer is the outer velocity ue, rather than the
friction velocity. Those authors introduced a modified pressure gradient parameter,

Λ =
δ

ρe u2
e dδ/dx

dp

dx
, (3)

whose constancy characterizes a different type of boundary layer equilibrium. They
showed that most flows are actually in equilibrium (with few exceptions), and surprisingly
found that only three values of Λ are possible, namely 0.22, 0 and −1.92, corresponding
to adverse-, zero- and favorable-pressure-gradient conditions, respectively. Furthermore,
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Figure 7: Distribution of the spanwise averaged fraction of time of wall points having ∂u/∂y < 0.

they showed that when the flow is in this equilibrium state, the mean velocity deficit pro-
files exhibit a collapse when scaled with respect to ue δ∗/δ, as proposed by Zagarola and
Smits 24 . As established by Castillo 2 this scaling effectively removes the effects of both
the upstream conditions and finite local Reynolds number on the outer velocity profiles.

If Λ = const, it is easy to show, upon integration of equation 3 that the boundary layer
thickness and the freestream velocity are related through a power-law, i.e.

δ ∼ u−1/Λ
e . (4)

In figure 9 we then report (in logarithmic scale) the freestream velocity ue normalized
by u∞ as a function of the boundary layer thickness δ normalized by δin. The figure
indeed shows the occurrence of two distinct power-law regions, corresponding, respectively,
to the zero-pressure-gradient region upstream of the shock, and the adverse pressure
gradient past x∗ ≈ 1, where Λ ≈ 0.22. As shown in figure 10, where the mean van Driest
velocity deficit profiles in Zagarola-Smits scaling are reported, the curves collapse quite
satisfactorily, except for some deviations observed at x∗ = 1, where the profile is probably
still affected by the flow rearrangement in the interaction zone.

6 CONCLUSIONS

The interaction of a normal shock wave with a turbulent boundary layer under condi-
tions of incipient separation has been analyzed by means of direct numerical simulation of
the compressible Navier-Stokes equations. Consistent with experimental observations, the
mean flow pattern shows bending of the interacting shock, the formation of an upstream
fan of compression waves associated with the thickening of the boundary layer, and the
occurrence of a terminating nearly-normal shock, that brings the flow to subsonic condi-
tions. Flow visualizations show that the outer part of the boundary layer is populated
by vortical structures, both in the incoming stream and past the interacting shock, where
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Figure 8: Distribution of Clauser’s pressure gradient parameter β as a function of the scaled coordinate
x∗.

the mean velocity profile exhibits inflection points, and the flow shows similarities with a
turbulent mixing layer. Although at the selected flow conditions no mean separation is
observed, the flow is in an ‘intermittent transitory detachment’ state, exhibiting scattered
spots of instantaneous flow reversal throughout the interaction zone. The analysis of the
flow recovery past the interacting shock shows that the boundary layer reacts to the ad-
verse pressure gradient by attaining a new equilibrium state over a scale of the order of
one interaction length. Such equilibrium state is conveniently described in the framework
of the theory of Castillo and George 3 . In particular, in the subsonic adverse-pressure-
gradient region, a nearly constant value of the pressure gradient parameter is attained,
and the mean velocity defect profiles are very nearly self-similar when reported in the
scaling of Zagarola and Smits 24 .
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