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Abstract. We construct a 3rd order multidimensional upwind residual distribution

scheme for the system of Navier-Stokes equations. We divide P 2 finite elements into sub-

elements, where we compute the quadratic residual in each sub-element and distribute it in

a multi-dimensional upwind way to the downstream nodes. To discretise the viscous term,

we look for a weight function that ensures equivalence between to a Petrov-Galerkin method

for a scalar linear advection problem. The advective part of the conservation equation is

discretised with a residual distribution scheme. The behavior of this high-order method is

analysed on flows with high and low Reynolds number.

1 Introduction

The goal of this work is to construct very high order (3rd order) Residual Distributive
(RD) schemes for systems of conservation laws (CL) that include viscous terms. We
focus on multidimensional upwind RD schemes for the solution of hyperbolic systems of
equations. Their main advantages are:

• That RD schemes are designed for unstructured grids therefore handle well complex
geometries.

• That these schemes are multidimensional upwinding (MU), rendering the solution
less dependent on the regularity and direction of the mesh. This marks a difference
from many other methods like Finite Volume (FV) or Discontinuous Galerkin (DG)
method, which are split by dimensions and are based on the solution of quasi 1D
Riemann problems across element interfaces. MU reduces streamline cross diffusion
yielding a higher resolution for similar number of degrees of freedom (DOFs).

• The schemes’ multidimensional dissipation avoids any tuning of the artificial dissi-
pation as in stabilised Finite Element method (FE).
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• The schemes’ residual property provides a framework for high order schemes con-
structed on arbitrary unstructured meshes. It also features a compact stencil that
makes code parallelization simpler.

Since viscosity is an isotropic phenomenon, upwinding is not the optimal way to dis-
cretise it and central schemes are usually used to discretize viscous terms. Traditionally
in RDS, the strategy is not much different. The common approach is to discretise the
viscous part by a Galerkin method.

Unfortunately, when using quadratic elements, this discretization is not consistent and
leads to a scheme that does not converge. For this reason, it is necessary to find a scheme
that is consistent with the discretisation of the convective part and that is in agreement
with the physical property of viscosity. A natural way to descretize the viscous term
would be to include it in the residual and distribute together with the converctive part.
Unfortunately this is not possible to compute because the residual involves second order
derivatives of the unknowns, which for some shape functions are null.

One possible solution to this problem is described in [1] for the solution of the scalar
advection-diffusion. There, the author uses the gradient of the solution as an unknown
resulting in a first order system of equations which is solved by a residual distribution
schemes. This methodology is also used by other methods such as DG [2] or spectral
finite-volume method [3].

We present a different approach. We build a continuous weight function such that
RDS and PG are equivalent on a linear advection problem. Then, the convective part
is discretised by RD and the viscous part by PG. In the first section, we describe the
framework of residual distribution schemes for hyperbolic equations. Then, in the second
section we link RD and PG methodologies by designing a weight function such that
both formulations are equivalent. This weight function is used in the third section to
extend RD to the discretisation of viscous terms. The last section is dedicated to the
performance of these schemes. In particular, we show the improvements brought by the
quadratic discretisation of the solution (compared to a linear discretisation).

2 High order RD schemes for hyperbolic conservation laws

We first present the design of high order upwind schemes for systems of hyperbolic
conservation laws given by the form

~∇ · F(U) = 0 ∀(x, y) ∈ Ω (1)

where U is the m-vector of the conserved quantities, and F is a m × 2-tensor: F =
(fx, fy)(fx and fy being m-vectors).

2.1 Generalities and notations

For a given domain Ω we denote by τh a generic triangulation of Ω composed of a
set of non-overlapping triangles T ∈ τh. The elements of this triangulation are P k finite
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elements. Each element is equipped with

M =
(k + 1)(k + 2)

2

degrees of freedom as plotted on figure 1. These elements T ∈ τh form a continuous
polynomial basis over the domain Ω. Moreover, we sub-triangulate each triangle with a
P 1 conformal triangulation. This means that ∀ k ≥ 1 on a given T ∈ τh we introduce
N = k2 sub-elements that we denote by {Ts}s=1,N sub-triangles in T .

Figure 1: Sub-triangulations of Lagrangian elements

The solution is approximated by:

Uh =
∑

i∈τh

ψP k

i Ui , (2)

where ψP k

i , the basis function of node i, is a continuous piecewise polynomial of order k
and Ui is defined by Ui = Uh(xi, yi).

On each T ∈ τh we also consider the set of vectors {~nj}j∈T , defined by the inward
normals to the edges of T facing each node j ∈ T . In the general P k case, with k > 1,
we will assume that the ~nj ’s are defined on a local sub-element Ts ∈ T , as shown on
figure 2 for the case k = 2. Finally, on each sub-element we define the following upwind
parameters:

Kj =
1

2

∂F(U∗)

∂U
· ~ni (3)

where U∗ is a suitable arbitrary average of U.
The residual distribution scheme consists of three steps:

1. Computation of the residual on each sub-element:

ΦTs =

∫

Ts

∇ · F dΩ =

∮

∂Ts

F d~l (4)

3



T. Quintino, N. Villedieu, H. Deconinck

Figure 2: Definition on the inward normals ~ni

2. Distribution of the residual to each node of the sub-element:

ΦTs

i = BTs

i ΦTs (5)

3. Resolution of a system of nodal equations:

∑

i,∈Ts

ΦTs

i = 0 (6)

This system can be solved by pseudo-time (τ) iterations:

∂U

∂τ
−
∑

i∈Ts

ΦTs

i = 0 (7)

For example, we can solve (7) by an explicit forward-Euler method:

Uκ+1
i = Uκ

i +
∆τ

Ci

(
∑

i∈Ts

ΦTs

i

)κ

(8)

where Ci represents a scaling of the pseudo-time, such that a CFL-type condition is
verified. It is also possible to solve (7) using an implicit solver:

Uκ+1
i − Uκ

i

∆τ
=

(
∑

i∈Ts

ΦTs

i

)κ+1

(9)

In the hyperbolic case, the schemes we consider are a particular case of the RD schemes
introduced by Abgrall [4].
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2.2 Properties of the schemes

We are interested in schemes with the following properties.

2.2.1 Multidimensional Upwind (MU)

We can use the sign of the eigenvalues of Ki to send a smaller or bigger part of the
residual to each nodes of the sub-element to build a multidimensional upwind scheme. A
matrix scheme is MU if

K+
i = 0 ⇒ ΦTs

i = 0 with K+
i = RiΛ

+
i R

−1
i (10)

where Ri and Λi are respectively the matrices of the right eigenvectors and eigenvalues of
Ki. This property is very usefull for problems involving advective phenomenona because
the distribution of the residual follows the physical flow which reduces cross-diffusion and
improves global accuracy.

But, when an isotropic phenomenon such as viscosity is involved the construction of
such scheme becomes more difficult. The goal of this work is to present the way to handle
this within the RD framework.

2.2.2 Linearity Preservation (LP) and accuracy

The non-linearity of F may introduce some solution discontinuities and some physical
instabilities that make the problem harder to solve. It is also necessary to have a stable
scheme that is also accurate enough. A scheme is of r-th order accurate if

ΦTs

i = O(hr+1)

in particular, if the solution is discretised by a k-th order approximation (P k elements),
since

ΦTs = O(hk+2)

and ΦTs

i = BiΦ
Ts , it is necessary that Bi is uniformly bounded to get a scheme of order

k + 1. In this article, we will use the upwinding scheme called LDA.

2.3 LDA scheme

LDA is a low diffusion scheme that has the property that on a scalar advection flow
aligned with the mesh the inlet state is exactly perserved. The distribution matrix of
LDA is defined by:

BLDA
i = K+

i

(
∑

j∈Ts

K+
j

)−1

(11)

This scheme is upwind with (k + 1) − th order accuracy.
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2.4 Equivalence with Petrov-Galerkin method (PG)

Having described the design of high order RD schemes, we will link the RD formulation
with the PG schemes. In both methods the solution is discretised by combination of the
continuous Lagrangian basis functions. However, upwind RD schemes such as LDA were
developed for hyperbolic conservation laws whereas PG can be used for more general
conservation laws. Therefore, one idea to extend upwind RD to viscous terms is to use a
Petrov-Galerkin approach. To do so, we need to find a weight function such that RD and
PG schemes are equivalent for hyperbolic conservation laws. Without loss of generality
we consider the linear scalar advection equation:

~a · ∇u = 0 (12)

Lets look for the weight function ωP k

i such that if u is linear on each sub-element PG and
RD method would be equivalent. Then, we have:







BTs

i

∫

Ts

~a · ∇u dΩ =

∫

Ts

ωPk

i ~a · ∇u dΩ if i ∈ Ts

0 =

∫

Ts

ωPk

i ~a · ∇u dΩ if i /∈ Ts

(13)

This yields the following conditions:







∫

Ts

ωPk

i dΩ = BTs

i |Ts| if i ∈ Ts

∫

Ts

ωPk

i dΩ = 0 if i /∈ Ts

(14)

A weight function that verifies these conditions is:

ωPk

i |Ts
= ψPk

i + αTs

i S
Ts (15)

where STs is the bubble function (figure 3) of the sub-element Ts:

STs(x, y) =

{
0 if (x, y) ∈ ∂(Ts)
1 if (x, y) = (xg, yg)

(16)

(xg, yg) being the gravity centre of the sub-element Ts.
Finally, αTs

i is defined by:
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Figure 3: Bubble function

αTs

i =







BTs

i |Ts| −

∫

Ts

ψPk

i dΩ

∫

Ts

STs dΩ
if i ∈ Ts

−

∫

Ts

ψPk

i dΩ

∫

Ts

STs dΩ

if i /∈ Ts

(17)

Compared to the shape functions ψPk

i , the local regularity (within T ) of the bubble func-
tion STs is quite low. However, ultimately both shape and bubble functions are in the
same functional space H1

0 (Ω) and share simple C0 continuity. In the next section, we
use this weight function to construct a consistent scheme to solve systems of conservation
laws with viscous terms.

3 Extension to viscous terms

We consider the solution of a system of conservation laws with viscous terms:

~∇ · F(U) = ∇ · (∇G(U)) ∀(x,y) ∈ Ω (18)

To construct a consistent RD scheme to solve equation (18), we use the PG formulation
of the last section:

ΦPG,T
i =

∑

Ts∈T

∫

Ts

ωPG
i
~∇ · F(U)dΩ

︸ ︷︷ ︸

I

+

∫

Ts

∇ωPG
i ∇G(U)dΩ

︸ ︷︷ ︸

II

(19)

We previously saw that integral I is equivalent to RD so we will replace it by the nodal
residual of RD method. Finally, the nodal residual of the RD is:
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ΦTs

i = Bi

∮

∂Ts

F(U)dΩ +

∫

Ts

∇ωPG
i ∇G(U)dΩ i ∈ Ts

ΦTs

i = 0 +

∫

Ts

∇ωPG
i ∇G(U)dΩ i /∈ Ts

(20)

After assembling all the contributions, we get the following system to solve:

∑

T,i∈T

∑

Ts,Ts∈T

ΦTs

i = 0 (21)

With this method we achieve (k + 1) order scheme on P k elements. We denote by
LDA(P k), the schemes when using a such P k discretisation.

Remark: In [6], the authors explained that in the case of scalar advection-diffusion,
to keep an uniform order of accuracy, it is necessary to add a finite element stabilisation.
However, in this work we do not use it because in [7] it is shown that in the case of Navier-
Stokes equations, for Reynolds number above 100, the stabilisation is not necessary.

4 Results

4.1 Navier-Stokes system of equations

We will test the performance of our method by discretising the Navier-Stokes equations
and analysing the its solution of a series of testcases:

∂U

∂t
+ ~∇ · F(U) = ~∇ · G on Ω (22)

where U is the vector of conservative variables and F = (fx, fy) the convective flux. Their
definitions are:

U =







ρ
ρu
ρv
ρE






, fx(U) =







ρu
ρu2 + p
ρuv
ρHu






, fy(U) =







ρv
ρuv
ρv2 + p
ρHv






,

where ρ is the density, (u, v) the velocity and p the pressure. E and H are the total energy
per unit of mass and the enthalpy. They are related to the other variables by equation
(23):

H = E +
p

ρ
, E =

p

(γ − 1)ρ
+

1

2
(u2 + v2) (23)

where γ is the adiabatic exponent, equal to 7
5

for air. With τ being a linear function of the
velocity gradient and µ is the molecular viscosity coefficient, the definition of the viscous
flux is given by equations (24) and (25):
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Gx =







0
τxx

τxy

uτxx + vτxy −
∂q

∂x






,Gy =







0
τxy

τyy

uτxy + vτyy −
∂q

∂y







(24)

τxx = µ

(
4

3

∂u

∂x
−

2

3

∂v

∂y

)

, τyy = µ

(
4

3

∂v

∂y
−

2

3

∂u

∂x

)

, τxy = µ

(
∂u

∂y
+
∂v

∂x

)

(25)

The heat flux is modeled according to Fourier’s law, equation (26), where κ is the thermal
conductivity coefficient.

qxj
= −κ

∂T

∂xj

(26)

4.2 Flow over a cylinder: Re = 40,M = 0.2, α = 0

We consider a test case with a low Reynolds number flow. This test case was per-
formed on two meshes, the finest one composed of 44312 degrees of freedom and the
coarsest composed of 4080. The solution on the finest mesh with LDA(P 1) will be used
as a reference solution. On figures 4 and 5 we plot the Mach number iso-lines and the
streamlines. These plots show little difference between LDA(P 1) and LDA(P 2).

The advantage of the LDA(P 2) quadratic discretisation is more obvious on the plot of
the skin friction on figure 6. There, we plot the skin friction on the cylinder in function
of the angle measuring the position of a point on the cylinder: 0◦ represents the leading
edge and 180◦ the trailing edge. The maximum of Cf is closer to the reference one, when
using quadratic discretisation. Finally, we can see on figure 7 that both schemes converge
well to machine accuracy.

4.3 Flow over a NACA-0012: Re = 5000,M = 0.5, α = 0

We consider the flow over a NACA-0012 at Mach 0.5 and Reynolds 5000 without angle
of incidence. For this test case the Reynolds number is close to the limit of steady laminar
flow. The solution has a characteristic separation of the flow near the trailing edge. This
forms two symmetrical recirculation bubbles in the near-wake region of the airfoil. The
Mach number iso-lines computed using the quadratic discretisation are plotted in figure
9. This solution was obtained on a non-symetrical mesh plotted (see figure 8) which has
8564 DOFs (nodes on the mesh), from which 200 are on the airfoil. We also plot the
distribution of pressure coefficient Cp (figure 11) and of the friction coefficient Cf (figure
10) around the arifoil. These plots show that we obtain a symetrical result.

On figure 12, we compare the results obtained by LDA(P 1) and LDA(P2) on meshes
having the same number of degrees of freedom. The recirculation bubbles are resolved by
the two schemes. We can see that the recirculation is not symmetrical when using a linear
LDA(P 1) discretisation of the solution, because the scheme is sensitive to the asymmetry
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Figure 4: Viscous cylinder: Mach number iso-lines (∆M = 0.02) on the coarse mesh using LDA(P 1)
(left) and LDA(P 2) (right)

of the mesh. In the case of a quadratic LDA(P2) discretisation the recirculations are
perfectly symmetrical. On figure 13, we see that both schemes converge well to machine
accuracy and with almost the same number of iterations.

On table 1, we compare the drag coefficient and the separation points of literature to the
ones obtained with LDA. It is difficult to drive any conclusion from the pressure drag Cd,p

because the values obtained with LDA(P 1) and LDA(P 2) are very similar. Concerning
the viscous component, already with the second mesh we obtain with LDA(P 2) a value
very close to the literature, whereas with LDA(P 1) even for the finest mesh the values are
far from the references. Similarly, on the coarsest meshes, we obtain a good computation
of the separation point when using LDA(P 2), whereas with the LDA(P 1) even for the
finest mesh the result is far from the expected result.

Finally, some comments on efficiency: to run the LDA(P 2) 3rd order scheme on a coarse
mesh, 682s time were necessary. To obtain a similar result with the LDA(P 1) 2nd order
scheme it is necessary to use a finer mesh which it takes 2272s. Although this is not a
rigorous comparison, it appears to support the assumption that it is faster, for the same
accuracy threshold, to obtain a result with the high order P 2 scheme than with the P 1

low order scheme.

5 Conclusion

We have presented the extension of high order upwind Residual Distribution schemes
to the Navier-Stokes system of equations. We have shown the capability of LDA(P 2) for
these flows, and in particular, we have shown the advantage of the LDA(P 2) discretization
over the LDA(P 1), both in terms of accuracy and performance.
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Figure 5: Viscous cylinder: Streamlines on the coarse mesh using LDA(P 1) (left) and LDA(P 2) (right)
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Figure 6: Viscous cylinder: Skin friction of LDA(P 1) and LDA(P 2) for the fine mesh (left) and the
coarse one (right)
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Figure 7: Viscous cylinder: Convergence his-
tory of implicit newton iterator for LDA(P 1)
and LDA(P 2)
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Figure 8: Viscous flow over a NACA-0012:
Type of mesh used

Figure 9: Viscous flow over a NACA-0012:
Mach number iso-lines (∆M = 0.02)
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Figure 10: Skin friction coefficient
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Figure 11: Pressure coefficient
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