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Abstract. In the present work we approach the free surface formulation in three different
ways and consider the unsteady laminar Newtonian isothermal flow of viscous incompressible
liquid described by the Navier-Stokes equations. The governing equations are spatially
discretised by the finite element method. The velocity correction method is used in the
velocity-pressure segregation of the equations. The main advantages of this approach are the
appearance of symmetric matrices of finite element coefficients and the equal order
interpolation of velocity and pressure. In the Lagrangian approach a prediction-correction
method updates the location of the free surface. The surface height method describes the
independent mesh movement in the Arbitrary Lagrange-Eulerian formulation while the level
set method traces the moving interface in the purely Eulerian description. The numerical
experiments include the simulation of free oscillations in a tank filled by one or two liquids.
The influence of initial wave amplitude and kinematic viscosity on the wave pattern is
investigated as well as the influence of discretisation parameters on the accuracy of a
numerical solution. A detailed guantitative comparison of the numerical results obtained by
the different methods is presented. The efficiency, numerical accuracy and range of
applicability of the investigated methods are also evaluated.
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1 INTRODUCTION

Many important industrial applications involve propagation of fluid-gas or fluid-fluid
interfaces. Examples include diverse problems such as ship in wave analysis and sloshing in
internal tank arrangements. The numerical simulation of free surfaces and moving interfaces
presents great challenges to computational scientists since the underlying physical problem is
singular and sensitive to small numerical perturbations. Numerical methods advocated for
solving free boundary problems may be classified into three categories, depending on their
description of motion: Lagrangian, Arbitrary Lagrange-Eulerian and Eulerian methods.

The Lagrangian approach renders the treatment of the free surface and interface conditions
trivial. The free surface geometry at a given time step is advanced in terms of the
instantaneous interface velocity field. The earliest fully Lagrangian treatments of viscous flow
were advanced by Hirt et al.". The Navier-Stokes equations are expressed in material co-
ordinates. The material time derivative can be approximated by function values known at
successive time instances. Ramasswamy et al.? subsequently updated mesh co-ordinates by
iterative procedure. The main drawback of the Lagrangian approach is that the mesh deforms
severely as the free surface moves, making remeshing and rezoning necessary. The last
applications of the approach includes continues and adaptive remeshing at every time step®.

The Arbitrary Lagrangian-Eulerian approach is a mixed variant of the Lagrangian and
Eulerian approaches. The earliest applications of this approach are those of Hirt et al.?,
Hughes et al.°. The mesh deforms in accordance with an arbitrary velocity field that is
independent of the flow velocities, except at the moving interface. The speed of the moving
mesh is incorporated into the convective term reducing the mesh distortion. The latest
works®’ show that the selection of the mesh velocity is not a trivial matter and requires
complicated implementation. The position of the free surface could be obtained using the
surface height method®® and the free surface kinematic equation. However, the surface height
method does not work for multi-valued surfaces and the steepness of the surface waves is
limited.

The Eulerian approach is based on a so-called front capturing technique. A stationary mesh
is generated to cover the spatial domain at all time instances. The flow velocities obtained
from the Navier-Stokes equations propagate the location of the interface. The marker-and-cell
(MAC) method™ and the volume-of-fluid (VOF) method™ lie in this category. In this paper
we present an initial attempt in modelling moving interfaces by the level set method'%6 and
finite elements. The fluid interface is modelled as the zero set of a smooth function defined on
the entire physical domain. The nodal values of a level set function are obtained by solving a
convection dominated transport equation. This formulation has potential abilities to simulate
moving interfaces, that develop corners, cusps and undergoes large topological changes. Most
of the applications on level set methods are based on finite difference schemes. The spatial
discretisation by the finite element method is believed to be more flexible and accurate.
Therefore, problems with complicated geometry can be solved more efficiently. The first
publications presenting attempts to combine the level set method and finite elements appeared
recently’-20,
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2 EQUATIONS GOVERNING THE FLOW

Newtonian isothermal and laminar flow of viscous incompressible liquid is considered.
The flow is described by the Navier-Stokes equations formulated in the Lagrangian, Eulerian
and Arbitrary Lagrange-Eulerian reference frames respectively:
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where u; are components of the velocity, p is the pressure, w; are components of the mesh
velocity, p is the density, u is the dynamic viscosity coefficient and F; are components of the
gravity force. The equations (1-3) represent conservation of momentum in different reference
frames while the continuity equation (4) refers to conservation of mass.

In the present work we apply the velocity correction method?!-24, where velocity pressure
segregation is performed at the differential equation stage. The resulting equation systems
have diagonally dominant, positive defined and symmetric coefficient matrices. Conjugate
gradient or conjugate residual iterative linear equation solvers are extremely efficient on this
type of equation systems. Very important advantage of this method is equal order interpolation

of the velocity and pressure. In the Eulerian formulation the solution u"** at a given time step
t+dt is obtained in four steps:
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Essential boundary conditions for the velocity components are applied in the last step.
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3 THREE APPROACHES FOR FREE SURFACE OR MOVING INTERFACE
MODELLING

In this work free surface and moving interfaces are simulated by three highly different
numerical methods based on three approaches. The prediction-correction method based on the
Lagrangian approach, the surface height method based on the Arbitrary Lagrange-Eulerian
approach and the level set method based on the Eulerian approach are investigated.

3.1 Description of the prediction-correction method

The prediction-correction method is proposed by Ramaswamy et al.? and belongs to the
category of the Lagrangian methods. In the Navier-Stokes equations the material time
derivative is approximately defined by the functions at deformed and undeformed positions.
The values of unknown functions at the deformed position are subsequently updated through
iterative procedure in every time step. At the initial step of iterations and at the m-th step of

iterations the location of a nodal point xi””(m) at the time t+dt is computed as

9
xO = x4 dtul, )™ = X+ (dt/ 2)u] +ul ) ®)

where dt is a time increment, x is the location of a nodal point at the time t, u" is the velocity
of a nodal point at the time t. The superscripts in brackets mean the number of iteration. The
three steps of the velocity correction method are performed at each iteration and velocity
ui””(m‘l) is updated in (9) formula. As usually convergence of unknowns is achieved after 3-4
iterations. The prediction-correction method is implemented on a mesh with fixed topology

and is limited to cases of small geometrical distortion. Remeshing procedures are not applied
in order to clarify the basic characteristics of the method.

3.2 Description of the surface height method

In finite element areas the surface height method was successively developed by several
groups of researches®°. A position of a free surface is defined by the surface height variables
h, that are computed from the free surface kinematic equation:
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When surface height values are computed and free surface position is predicted, the solution
domain could be updated. The surface height method combined with structured meshes allows
a very simple algorithm for the mesh movement. A mesh does not move in x; direction. The
locations of nodal points that are equally distributed in x, direction could be computed as

n+1

X0t = XD+ (A —h") 22 (11)

The unstructured finite element meshes require more sophisticated strategy for mesh
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movement®’. The surface height method does not work for multi-valued surfaces and the
steepness of surface waves is limited.

3.3 Description of the level set method

The level set method for modelling two-phase flow is introduced by Osher and Sethian®?.
The basic idea of the method is to embed the moving interface as the zero level set of a
function w defined on the whole solution domain. w is initialized to be the signed normal
distance from the interface. An convective transport equation

09, 9 _ (12)
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moves the zero level set of w exactly as the actual interface moves. Since w is a smooth
function, unlike p or y, the equation (12) is more easily solved numerically than the continuity
equations for p or L.

The level set function wis initially a distance function, but this property does not hold after
several time steps. While equation (12) moves the zero level set at the correct velocity, the
gradient of the function wis not equal unity and w may become irregular after some period of
time. Conventional routines for re-initializing a distance function are based on explicitly
finding the contour w =0 and resetting the function c near the moving front. This geometrical
procedure can distort the front and might cause the developing of corners and loss of mass. A
numerical re-initialization procedure!# is implemented in the present work. The non-linear

initial value problem
2~ sign@)- i, 9 )
WX, X2,0) =@ (%, X,) (14)

is solved until steady state. The zero level set of the function  is the same as w. The function
 remains unchanged at the interface and away from the interface it converges to |DL//| -1,

(13)
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The solution of the Navier-Stokes equations yields unwanted instabilities at the w =0,
especially for large density ratios. This is due to the discontinuous density at the interface. A
simple procedure for smoothing p is implemented:

O
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The above formula gives the interface of finite thickness 2a for all times. This procedure can
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only be applied if wis a distance function.

4 FINITE ELEMENT FORMULATION

The solution domain S is discretised by quadrilateral finite elements. Equal order bilinear
shape functions N are used for both the pressure and velocity components as well as for the
level set function
(16)

where a, is any variable in the finite element e. The weak formulation of segregated Navier-
Stokes equations (5-8) is derived by the standard Galiorkin finite element method and could
be found in the references!’- 24, The Green-Gauss theorem is applied to both sides of equation
(7) of pressure calculation step?3. In this particular case the pressure satisfies the consistent
boundary conditions and solution should be more exact near the boundaries of a solution
domain??. The weak point of the applied segregated approach is strict limitations to the time
step. This is due to explicit formulation of the velocity prediction step in time.

4.1 Formulation of the prediction-correction method

The formulation of the prediction-correction method does not involve any additional
equation for surface shape computations. Three equations of the velocity correction method
are enclosed in iterative loop. The velocity prediction stage does not include convective terms
and could be performed by a single step. The mesh co-ordinates are updated by the simple
explicit procedure (9). This iterative method smoothes fields of unknowns and reduces
deformations of a mesh.

4.2 Discretisation of the equation of the surface height method

The 1D linear shape functions are used for surface height approximation. The free surface
kinematic equation (10) is discretised in time using the implicit Cranc-Nicolson scheme
(6=0.5):

~ ~ ~ ~ ~ 17
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where

aNT (18)
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Here M and C" are non-symmetric mass and convection matrices, respectively. W are
weighting functions of the standard streamline upwind Petrov-Galiorkin method?>.
Sophisticated stabilization schemes proposed by Dawson?® or O[ate?’?8 are not applied in
order to check how accurate could be standard simply implementable schemes.
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4.3 Discretisation of equations of the level set method

In this paper modelling of moving interfaces by the level set method is combined with
finite elements. Equation (12) governing the evolution of the front is stabilized using a one
step Taylor-Galerkin procedure®
(19)

2
M@"! = M@" — dtC """ +%T«p”

which is second order accurate in time. M is the mass matrix, C" is the matrix of convective
terms and T is the stabilization matrix.

The equation of re-initialization procedure (13) is stabilized using the SUPG methods*°.
Experiments performed in this work showed that various Taylor-Galiorkin procedures did not
give good results for the investigated problem. The discretisation in time is performed using
the Crank-Nicolson scheme (8 =0.5). The system of unsteady, non-linear equations may be
written as

. - - A ~ 20
(M +6dtC" " = (M - dt(1-6)C")¥" + dtMS(¢) (20)
here M an C" are mass and convection matrices:
N N " " aNT (21)
M :JNNTdS , C" =J’N(NTW,.”) 5 dS
X.
J

S is a smoothed sign function; W is a unit normal pointing outward from the zero level set.

The formulation of the level set method is capable of simulating moving interfaces, that
develop corners, cusps and undergoes large topological changes. The level set function
automatically takes care of merging and breaking of interfaces. The level set formulation
joined with the finite element method could be very universal and promising. However, some
procedures of the method are not sufficiently developed in the finite element areas. Actually
the re-initialisation procedure is the bottleneck of the investigated method. Therefore, the best
performance of the level set method is not achieved in this work.

5 THE RESULTS AND DISCUSSIONS

Free oscillations of the liquid surface in a tank are modelled in this work. All investigated
methods are implemented and all numerical tests are performed using C++ library
DIFFPACK?®!. The prediction-correction and surface height methods are applied for one phase
flow in a rectangular tank (fig. 1). The density of a liquid p=1000 kg/m®. The initial free
surface is described by the sinusoidal curve h(x;,t =0) =0.5+ A[Sin(1tx;). The influence of
the different initial amplitudes (A=0.01, 0.05, 0.1 m) to the flow pattern is investigated as well
as the influence of different dynamic viscosity (u=100, 10, 1, 0.1 kg/(m3)). Fig. 2 shows
vertical displacements of three nodal points allocated on the free surface. The wave pattern
(fig. 2a, 2b) is regular for small initial amplitudes. In this case the prediction-correction and
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the surface height methods produce results that are in good qualitative agreement with the
results obtained by Ramaswamy et al.. The solution becomes highly non-linear and non-
regular for waves with large amplitudes (fig. 2c-2f, 3). The mass loss is observed in these
problems simulated by the surface height method.
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Figure 1. Free oscillations in a tank. Geometry and boundary conditions

The quantitative comparison of the results obtained by the investigated methods is
performed for small and medium initial amplitudes. Fig. 4 shows the maximal vertical
displacements of the free surface nodes. The results obtained by the prediction-correction
method are more accurate. This method needs 2-2.5 times more computations in one time
step, but it allows using coarser finite element meshes and larger time steps. Denser finite
element meshes reduce the numerical error of the free surface kinematic equation and results
of the surface height method become more accurate. In case of initial amplitude A=0.01 m the
mass loss is decreased from 0.24 to 0.06% of the total liquid mass in a tank. In case of A=0.05
m the mass loss is reduced from 1.3 to 0.42% of the total mass. The prediction-correction
method based on the Lagrangian approach is not applicable to flows with large displacements.
Therefore, free oscillations with A=0.1 m are simulated using only the surface height method
based on the Arbitrary Lagrange-Eulerian approach. The influence of the numerical
parameters to the accuracy of the numerical solution and the mass loss is investigated.
Decreasing the size of time step the numerical error of the amplitude is reduced by 10% of the
initial amplitude height for =1 kg/(mrs). Reducing the mesh size the mass loss is decreased
from 1.2 to 0.5% of the total mass for u=10 kg/( m(s).

The level set method based on the Eulerian approach is used for modelling two-phase flow
in a square tank filled by two liquids. Both liquids occupy 50% of the tank. In presented
examples p, =1000kg/m®, p, =100kg/m?®, dynamic viscosity coefficient p=100, 10, 1
kg/(ms) and initial amplitude A=0.05, 0.1 m. The numerical results of free oscillations in the
tank are presented in fig. 5, 6. The accuracy of the interface capturing procedures is limited by
the mesh size. After the long time interval the front deviates from the middle of the tank and
is inside the smallest finite element (fig. 5d). It means that our numerical results are in
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(@) (b)
(c) (d)
|
(e) )
T - = - = |

Figure 2. The time histories of the amplitude of free oscillations in the tank T=[0, 30] s.
The Lagrangian approach: (a) A=0.01 m, [7=10 kg/( m [3), finite element mesh 20x10, time step dt=0.005 s,
(b) A=0.01 m, L=1 kg/( m3), finite element mesh 60x30, time step dt=0.0025 s,
(c) A=0.05 m, =1 kg/(m[3), finite element mesh 60x30, time step dt=0.001 s.
The ALE approach:(d) A=0.05 m, pi=1 kg/(m [3), finite element mesh 64x32, time step dt=0.0005 s,
(e) A=0.1 m, u=10 kg/(m[8), finite element mesh 40x20, time step dt=0.0025 s,
(f) A=0.1 m, pi=1 kg/(m [3), finite element mesh 60x30, time step dt=0.001 s
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agreement with the accuracy prescribed by Eulerian methods. Fig. 7 illustrates the evolution
of the moving interface in time. It shows the values of the level set function at the points
allocated on the centre line of the tank. It is not the exact position of the interface, but its
numerical approximation, which is less accurate for large values and more accurate for values
approaching the zero level set. Rising curves plotted in fig. 7 show that the total mass is not
conserved in time. The most of numerical discretisations of the level set formulations do not
preserve this property in general. It was observed that numerical diffusion introduces a normal
motion proportional to the local curvature of the interface. In publications'®® new re-
initialisation procedures are introduced in order to remedy this effect, but they are very
complicated and hardly implementable in the first order finite element routines.

(@) (b)
—»— ALE, m= 10, 20xit®. 005 —m— ALE, m= 10, 40x@08.0025
—a— ALE, m= 10, 40x20, 0025 o LA, m= 10, 60x8860.001
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0. 002}, 0,01 RN .
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Figure 4. The quantitative comparison of the results. The curves of maximal amplitude for different methods,
viscosity coefficients, finite element meshes and time steps (LA — Lagrangian approach, ALE — Arbitrary
Lagrange-Eulerian approach): (a) A=0.01 m, (b) A=0.05 m

The material properties are discontinuous at the zero level set. Unwanted instabilities can
be caused by large density ratios. The smoothing procedure described by formula (15) helps
only for small density ratios of order 10. Instabilities occur after several thousands of time
steps for p,/ p, =100 or 1000. We have tried to overcome this difficulty by introducing

higher order interpolation functions or treating finite elements as occupied by only one liquid,
but these attempts have been unsuccessful. It may be related with the particular
implementation of the velocity correction method. The source term of the Poisson's equation
in the pressure calculation step includes the discontinuous density. This discontinuity might
cause oscillations in the solution of Poisson's equation.

The bottleneck of the level set method is a numerical implementation of re-initialisation
procedure. Solution of non-steady and non-linear problem in every time step takes a lot of
computational resources. In this work it was observed that convergence of re- initialisation

11
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(a) (b)
(c) (d)
(e) (f)

|
Figure 5. Free oscillations in the tank simulated by the level set method (A=0.05 m, Re=100):
(@) the level set function at t=0.1, (b) the level set function at t=0.7,

(c) the level set function at t=4.2, (d) the level set function at t=8.3,
(e) pressure at t=0.1, (f) pressure at t=0.7

12
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Figure 6. Velocity vectors of the two-phase flow: (a) t=0.4 s
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(a) (b)

(©)

Figure 7. The computed time histories of the level set function at the middle of the tank:
(@ A=0.05m, u=10 kg/(m[3), T=[0, 8.4]s, (b) A=0.05 m, =1 kg/(m[3), T=[0, 9.6]s,
(c) A=0.1 m, u=100 kg/(m 3), T=[0, 4.5]s

procedure implemented using standard finite element schemes is worse than convergence of
procedures proposed in finite difference areas®™. It might be related with non-monotonic or
monotonic behaviour of various schemes. Therefore, implicit scheme is applied and its
convergence is only checked in a band including the interface. It is quite difficult to find
suitable values for such a numerical parameters as artificial time step, a bandwidth and a
tolerance of the convergence criterion. The implementation of an efficient re-initialisation
procedure presents a great challenge.

The Lagrangian approach to free surface modelling is the most natural and simplest. The
results obtained by the prediction-correction method are very accurate. This method allows
using coarser finite element meshes and larger time steps. The main drawback of the
Lagrangian approach is that the mesh deforms severely as the free surface moves, making
remeshing and rezoning necessary. The prediction-correction method was not able to simulate
free oscillations with the initial amplitude equals 20% of the liquid depth in the tank. The
Arbitrary Lagrange-Eulerian approach includes some advantages of both approaches and
avoids some their disadvantages. The arbitrary velocity of the mesh is incorporated into the

14
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convective term, making it more stable and reducing mesh distortion. The numerical results
obtained by the surface height method are less accurate, but this method does not need a lot of
computational resources in case of free oscillations with small amplitudes. The main problem
of the method is to solve free surface kinematics equation accurately and to avoid numerical
oscillations. The standard stabilization methods give large numerical error in case of large
initial amplitudes. This error could be reduced using denser finite element meshes and smaller
time steps. The formulation of the level set method is very flexible and universal, but its
numerical implementation in finite element codes is not trivial. It seems that re-initialisation
procedure needs advanced discretisation and stabilization methods in case of sophisticated
flows. The numerical experiments show that this particular implementation is capable of
simulating free oscillations with large amplitudes. The accuracy of the interface capturing
method is still dependent on the mesh size at the moving interface.

6 CONCLUSIONS

Three highly different numerical methods for modelling free surface and moving interface
flows were investigated and compared in this work. Free oscillations in a tank were simulated
by the prediction-correction method based on the Lagrangian approach, the surface height
method based on the Arbitrary Lagrange-Eulerian approach and the level set method based on
the Eulerian approach. The quantitative comparison of the numerical results obtained by the
prediction-correction and surface height methods was performed. In case of small initial
amplitudes of oscillations the results obtained by the prediction-correction method were more
accurate. Denser finite element meshes allowed reducing the numerical error of the surface
height method. In case of large initial amplitudes the prediction-correction method was not
able to solve problems that were solved by the surface height method based on the Arbitrary
Lagrange-Eulerian approach. In this paper one of the first implementation of the level set
method by finite element procedures was investigated. The mathematical model of the level
set method is very universal and has potential abilities for describing wide range of moving
interface problems. Computational resources and several procedures that are not sufficiently
developed limit the actual performance of the method.
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