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ABSTRACT

Composite materials have become one of the most important classes of engineering materials. Then,
the macroscopic mechanical behavior of this materials has a paramount importance in the design of
mechanical components for a vast number of applications in civil, aerospace, biomedical and nuclear
industries. In a broad sense, one can argue that much of material science is about topological and shape
modifications on materials’ microstructures. For example, changing the shape of the graphite inclu-
sions in a cast iron matrix dramatically changes all the macroscopic properties of the material. In this
context, the ability to accurately predict the macroscopic mechanical behavior from the corresponding
microstructural properties becomes essential in the analysis and potential purpose-design and optimi-
sation of the underlying heterogeneous medium. The goal of this design and optimization is to control
the macroscopic material properties, either to improve them, or to build materials with prescribed prop-
erties. Of crucial importance to the potential optimisation of the medium in this case, is the sensitivity
of the effective macroscopic parameters to changes in the microstructure. In this sense, we can cite
many authors that have been building new microscopic topologies based on heuristics arguments, for
example, microstructures with macroscopic negative Poisson’s ratio (see, for instance, Almgreen, 1985
and Lakes, 1987). This paper proposes a general analytical expression for the sensitivity of the two-
dimensional macroscopic elasticity tensor to topological changes of the microstructure of the under-
lying material. The macroscopic elasticity response is estimated by means of a homogenisation-based
multi-scale constitutive theory for elasticity problems where, following closely the ideas of Germain et
al. , 1983, the macroscopic strain and stress tensors at each point of the macroscopic continuum are de-
fined as the volume averages of their microscopic counterparts over a Representative Volume Element
(RVE) of material associated with that point. It is analogous to the multi-scale strategy presented, among
others, by Miehe et al. , 1999 and Michel et al. , 1999 – and whose variational structure is described
in detail in de Souza Neto & Feijóo, 2006. In this context and based on the axiomatic construction of
multi-scale constitutive models, the proposed sensitivity leads to a symmetric fourth order tensor field
over the RVE that measures how the macroscopic elasticity parameters estimated within the multi-scale
framework changes when a small circular hole is introduced at the micro-scale. Its analytical formula



is derived by making use of the concepts of topological asymptotic expansion and topological deriva-
tive (Sokolowski and Zochowski, 1999; Céa et al. , 2000) within the adopted multi-scale theory. These
relatively new mathematical concepts allow the closed form calculation of the sensitivity, whose value
depends on the solution of a set of equations over the original domain, of a given shape functional with
respect to an infinitesimal domain perturbation, like the insertion of holes, inclusions or source term.
Among the methods for calculation of the topological derivative currenlty available in the literature,
here we shall adopt the topological shape-sensitivity method proposed by Novotny et al. 2003. In the
present context, the variational setting in which the underlying multi-scale theory is cast, is found to
be particularly well-suited for the application of the topological derivative formalism. The final format
of the proposed analytical formula is strikingly simple and can be potentially used in applications such
as the synthesis and optimal design of microstructures to meet a specified macroscopic behavior. In
this work, initially we describes the multi-scale constitutive framework adopted in the estimation of the
macroscopic elasticity tensor. A clear variational foundation of the theory is established which is essen-
tial for the main developments to be presented later. Next, we presents the main result of the paper –
the closed formula for the sensitivity of the macroscopic elasticity tensor to topological microstructural
perturbations. Here, a brief description of the topological derivative concept is initially given. This is
followed by its application to the problem in question which leads to the identification of the required
sensitivity tensor. A simple finite element-based numerical example is also provided for the numeri-
cal verification of the analytically derived topological derivative formula. The paper ends with some
concluding remarks.
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