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Abstract

The homogenization method for elasticity problems was proposed theoretically by Lions, Babuska
and other authors. The main idea is to obtain an average field equation by constructing properly
local smoothing operator. As a result, one can solve numerically the homogenized equation in
a coarse mesh. The multi-scale method, which can capture the local micro-characteristics, was
developed for the structures of composite materials with periodicity later. Furthermore, it only
needs to compute on one periodic cell, and then save a great computation amount.

In some cases, coefficients reflecting the character of composite materials have not whole-
periodicity, but quasi-periodicity. In this situation, the homogenization theory for the quasi-
periodic structures of composite materials has been discussed by Lions, and it can not obtain
high-order and multi-scale approximation on the solution to use the multi-scale method here
before. Cao et gave the first-order approximation and several basic estimations for the problem
on quasi-periodic structures. They suggested that the solution of original problem and the
numerical solution were equivalent only in integral sense. For the systems of linear elasticity
of the structure of composite materials with quasi-periodic micro-structures the two-order and
two-scale approximation to the true solution will be presented by introducing a correct term in
this paper. The two-order and two-scale approximate solution is equivalent to the true solution
of original problem, not only in the homogenization sense, but also in the nearly pointwise
sense with ε

1
2 order. We will demonstrate the validity of the newly approximate solution by

mathematical convergence proof and numerical computation.
We consider the mixed boundary value problems for the systems of linear elasticity of the

structure of composite materials with quasi-periodic micro-structures as follows:
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where Ω is a bounded domain with Lipschitz continuous boundary; ω(x) is a function only
related to macro-variable x; aε

ijhk(x)(i,j,h,k=1,2,3) are ε periodicity, Let ξ = x/ε, then aε
ijhk(x) =



aijhk(x
ε ) = aijhk(ξ); uε(x)is the displacement solution. The two-order and two-scale approximate

solution for uε(x) is expressed as follows:
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In full paper each term has been determined. An example is demonstrated here to show the
validity of the approximate solution.
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Fig.a shows the homogenization solution, Fig.b the one-order approximation solution, Fig.c
the two-order correction, Fig.d the finite element solution in very refined meshes. From Fig.a-
d, one can see that the newly two-order and two-scale approximation has good consistency
with the FE solution in very refined meshes. But the homogenization solution and first-order
approximation solution have less approximation.

The damage and fatigue analysis on the structure of composite materials with quasi-periodic
micro-structures can lead to above systems of linear elasticity. The damage effect analysis in
heterogeneous media has been studied by homogenization method or one-order two-scale ap-
proximation, but the works are few. It is well known that the homogenization stress field lose
local effects, particularly, local stress concentrations. The two-order and two-scale approxima-
tion can capture the local stress concentration, and is better to reflect the true situation for
local revolutionary behaviors.
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