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ABSTRACT

During the last years, the constitutive modelling of soft biological tissues has constituted a very active
field of research. Usually, they are composed of an extra-cellular matrix formed by an isotropic high
water content ground substance in which a network of elastin and collagen fibres is embedded [1].
These fibres render the behaviour of the tissue to be highly non-linear under finite strains. Commonly,
these materials have been modelled as hyperelastic continua embedded into continuum mechanical
formulations, whereas inclusion of structural tensors into constitutive laws is the most widely used
technique to introduce anisotropy caused by fibres [3,6]. Nevertheless, the large variability concerning
the mechanical behaviour and the particular composition exhibited by soft biological tissues requires
the incorporation of representative structural information into associated constitutive models in order to
appropriately reproduce the response of these materials.

Microsphere-based models incorporate the individual response of the underlying material constituents
so that the macroscopic behaviour is obtained by means of a computational homogenisation technique
[5]. Incorporation of anisotropy present in blood vessels in microsphere-based models is achieved by
means of the inclusion of a orientation density function (ODF) that weights the contribution of the
micro-fibres in each direction of space respect to a preferred orientation direction a [4]. Then, the



macroscopic energy turns out

Ψ = 〈nρΨf 〉 :=
1

4π

∫
U2

nρΨf dA ≈
m∑
i=1

wi ρiΨi
f , (1)

where n is the micro-fibres density, ρ is the named ODF, and Ψf represents the mechanical response
of an individual micro-fibre. Normalization the integral over the surface of the unit sphere is done by
means of the factor AU2 = 4π. Discretisation of Eq. (1) is represented by its rightmost term, in which
wi represent weighting factors. To compute stress-free states, the conditions 〈r〉 ≈

∑m
i=1w

i ri = 0
as well as 〈ri ⊗ ri〉 ≈

∑m
i=1w

i ri ⊗ ri = 1
3 I constraint Eq. (1), being {ri}i=1,··· ,m discrete unit

orientation vectors.

Among the multiple ODFs used to model blood vessels behaviour, the π-periodic von Mises distribution
in Eq. (2) was used [2].
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where the positive concentration parameter b constitutes a measure of the degree of anisotropy, and

erfi(x) = − i
√

2
π

∫ x

0
exp(− ξ2) dξ denotes the imaginary error function. Note that the isotropic case

is represented by b = 0, whereas transversal isotropy is reached for b → ∞.

Within a computational framework, it has been demonstrated that a m = 42 directions integration
scheme produces accurate results for the isotropic case [5], whereas more integration directions are
needed in order to accurately integrate Eq. 1. To give an extreme example, the purely transversely
isotropic case would, from the computational perspective, render a non-existent contribution unless the
mean direction a coincides with one integration direction. Therefore, highly anisotropic materials will
require extremely fine discretizations of the microsphere, which results in a notable increase of the
computation time. A non-linear transformation of the microsphere discretisation is here proposed so
that it is possible to reduce the number of integration directions for highly anisotropic cases. Redistri-
bution of integration direction around the anisotropy preferred orientation turns out in faster and simpler
integration schemes for microsphere-based constitutive models.
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