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ABSTRACT

In this talk, a shape optimization problem subject to an elliptic variational inequality is considered. A
typical model problem is

minimizeJ(Ω) =

∫

Ω
(u(Ω) − ud)

2dx overΩ ∈ Ok := {Ω ⊂ D : Ω of classCk}

subject to|Ω| ≥ ǫ > 0,

u(Ω) = argmin

{

1

2
‖∇u‖2

L2(Ω) − (f, u)L2(Ω) : u ∈ H1
0 (Ω) with u ≤ ψ a.e. inΩ

}

,

whereud is given data,D is the hold-all domain,f is a given volume force andψ denotes a given ob-
stacle withψ|∂Ω > 0. The first order optimality condition of the minimization problem in the constraint
set is given by the variational inequality (VI)

〈−∆u(Ω) − f, u− u(Ω)〉H−1(Ω),H1

0
(Ω) ≥ 0 ∀u ≤ ψ, u ∈ H1

0 (Ω). (1)

Due to VI constraint the dependence ofJ on Ω is nonsmooth such that aconical Eulerian
(semi)derivative has to be employed for studying shape sensitivity.

First we analyse the shape sensitivity ofJ . For this purpose we use a primal-dual version of (1), i.e.,

−∆u(Ω) + λ(Ω) = f, u(Ω) ≤ ψ, λ(Ω) ≥ 0, 〈λ(Ω), u(Ω) − ψ〉H−1(Ω),H1

0
(Ω) = 0. (2)

As a result we obtain a nonsmooth version of the usual shape gradient by considering special perturba-
tion direction within a particular cone. In a next step we study topological sensitivity ofJ with respect to
changing the topology ofΩ by ”drilling” a small ball-shaped hole inΩ. For this we rely on a smoothed
version of (2). In fact, under additional regularity assumptionsλ(Ω) ∈ L2(Ω). Then (2) is equivalent to

−∆u(Ω) + λ(Ω) = f, λ(Ω) = max(0, λ(Ω) + σ(u(Ω) − ψ))

for arbitrarily fixedσ > 0. The smoothed version is obtained by employing a localC1-smoothing of
max. Then we study the limit of the topological derivative as theregularization parameter tends to



zero. This step contains an asymptotic analysis of the solution of the VI with respect to the radius of
the hole. We point out that particular analytical difficulties in the above considerations (especially for
shape sensitivity) are connected to the so-called biactiveset, i.e.,

B = {u(Ω) = ψ ∧ λ(Ω) = 0}.

Finally, our analytical approach is turned into an algorithmic scheme for solving the model problem.
The talk ends by a report on numerical results illustrating the efficiency of the topological sensitivity
in this context. Further we highlight an application of our concepts to the electrochemical machining
problem.


