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ABSTRACT 

This paper presents a general variational formulation of the Meshless Element Free 
Galerkin Method for solids with embedded discontinuities based on the originally 
proposed by Fraeijs De Veubeke [1] for a continuum solid, i.e., 
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and enhanced by Juarez and Ayala [2] for a solid with embedded discontinuities, i.e., 
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These formulations have as independent fields: displacements, u , strains, ε , stresses, σ  
and tractions, t . W(ε) is the strain energy density, b is the body force vector and u* and 
t* are, respectively, the prescribed displacements and tractions on boundary Γ. The 
formulation given in eq. (2) has also as independent variable the displacement jump, |u| , 
on the localization zone S, where the traction, T, keeps continuity. 

In the meshless approximation of the formulation of eq. (2), the actual behaviour of a 
solid with localised failure zones will not depend on a mesh, as it would be the case of a 
finite element approximation. This characteristic makes it particularly convenient when 
applied to problems involving large deformations such as those encountered in damage 
mechanics where excessive mesh distortions may originate numerical instabilities and a 
reduction in the accuracy of the approximation in conventional finite element 
approximations. In this work the meshless displacement and mixed formulations and 
approximations for a solid with embedded discontinuities are investigated. In the first, 
where the displacement field is considered as unknown and, in the second, where the 
displacement and strain fields are considered independent and unknown of the problem. 
For both, the approximations used for the unknown fields are constructed using a 
moving least square approach consistent with that used in the Element Free Galerkin 



 

Method for solids without discontinuities [3, 4]. The variational formulations 
corresponding to the displacement and the mixed displacement-strain approaches are: 
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and 
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The independent fields for the above formulations are approximated as 
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where ,   and U Ε Τ  are the nodal displacements, strains and tractions; and , ,τΦ Ψ  the 
corresponding shape functions defined as in the conventional Meshless Method [3, 4]. 
M are shape functions for the displacement jump. 
To simulate the evolution of damage that a solid with embedded discontinuities 
undergoes through its evolution to collapse, a continuum discrete damage model is used 
[5], i.e., traction-displacement jump relation (T ⎡ ⎤⎣ ⎦u− ). 

It may be observed that the displacement formulation given in eq. (3) leads to a 
conventional meshless approach where the Lagrange multipliers used to enforce the 
essential boundary conditions are equivalent to the tractions of this formulation. The 
advantage of using the displacement approach is its simplicity, even though it has as a 
disadvantage the fact that when a discontinuity appears an additional tracking 
formulation is required, somehow overshadowing this simplicity. This disadvantage, 
however, does not exist in the mixed formulation where an additional formulation for 
the tracking of the discontinuity is not required even though the number of unknowns is 
sensibly increased. Regarding the numerical implementation of the investigated 
meshless element free Galerkin formulations, it has been found shown that this does not 
present any difficulty as it closely follows what it has already been done by other 
authors [3,4]. 
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