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ABSTRACT

Flight simulation requires the creation of an aerodynamic model that relates the aircraft state with the
forces and moments. The model has historically been built onwind tunnel testing. An important part of
the aerodynamic database is for the damping derivatives, that is forces and moment contributions arising
from angular rates. These are derived from periodic forced motions. With advances in computational
fluid dynamics there is potential for developing flight dynamics aerodynamic models from simulation.
This is particularly attractive in the transonic regime where wind tunnel testing can be particularly
expensive.

For the calculation of dynamic derivatives the requirementof multiple unsteady calculations is poten-
tially costly in terms of CPU time. However, it is possible toexploit the periodicity of the problem to
reduce the cost to something approaching that of steady state calculations. This approach was adopted
in [1], using the Harmonic Balance method originally introduced for turbomachinery applications [2].
Previous work has used an explicit solution of the harmonic balance equations.

The current paper describes an implicit solution method forthe harmonic balance discretisation of the
Euler equations. Write the semi-discrete form as a system ofordinary differential equations

I(t) =
∂W (t)

∂t
+ R(t) = 0, (1)

Consider the solutionW and residualR to be periodic in time and a function ofω. Some manipulation
gives the following systems of equations for the Fourier series coefficients

R̂0 = 0 (2)

ωnŴbn
+ R̂an

= 0 (3)

−ωnŴan
+ R̂bn

= 0 (4)

This is a system ofNT = 2NH + 1 equations inNT unknown harmonic terms.

This can be expressed in matrix form as

ωAŴ + R̂ = 0 (5)



whereA is aNT × NT matrix containing the entriesA(n + 1,NH + n + 1) = n andA(NH + n +
1, n + 1) = −n.

The problem with solving Equation 7 is in finding a relationship betweenR̂ andŴ . Hence this problem
is converted back to the time domain. Split the solution intoNT discrete equally spaced sub intervals
over the periodT = 2π/ω and introduce a transformation matrixE such that

Ŵ = EW and R̂ = ER.

Then equation 7 becomes

ωAEW + ER = 0 = ωE−1AEW + E−1ER = ωDW + R

whereD = E−1AE and is of the form

Di,j =
2

NT

NH
∑

k=1

k sin(2πk(j − i)/NT )

Note that the diagonal ofDi,i is zero.

We can then apply pseudo time marching to the harmonic balance equation. Most of the implicit CFD
solver described in [3] can be reused to solve this equation.In this case the Jacobian matrix is

J =











RW |t0+∆t ωD1,2 . . . ωD1,NT

ωD2,1 RW |t0+2∆t
...

. . .
ωDNT ,1 ωDNT ,2 RW |t0+T











(6)

whereRW is the Jacobian matrix of the ordinary CFD residual. A preconditioned Krylov solver is used
to solve the sparse linear system.

Results will be shown for two test cases, namely the AGARD CT1[4] for a pitching NACA0012
aerofoil and a pitching F-5 fighter wing with a wing-tip launcher and missile [5]. These will show that
the solutions in these cases can be computed accurately using one mode, and at about a tenth of the cost
of using time domain simulation.
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