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PREFACE
Twenty one years ago the first FraMCoS conference was organized, a year after the inauguration of 
the International Association for Fracture Mechanics of Concrete and Concrete Structures (IA-
FraMCoS) during the International RILEM/ESIS Conference on Fracture of Concrete in Noordwijk, 
The Netherlands on June 19, 1991. Given the interval of 3 years between conferences we have now 
arrived at FraMCoS-8, in the charming city of Toledo in Spain. Over the years delegates were 
circling the globe and met in a variety of locations like Breckenridge (Colorado, USA), Zurich 
(Switzerland), Gifu (Japan), Cachan (France), Vail (Colorado, USA), Catania (Italy) and Jeju 
(Korea). Places endowed with natural beauty, history and/or culture formed the backdrop for 
discussions on fracture mechanics of concrete and concrete structures. A single landmark paper from 
1976 set our field afloat. The Fictitious Crack Model developed by Arne Hillerborg, Per-Erik 
Petersson and Matz Modeér was the starting point for new hope to finally solve fracture problems of 
concrete and concrete structures. Dissemination was forged by RILEM through the international 
technical committee 50-FMC, trying to elaborate on the first steps made by the three renowned 
researchers from Sweden. The effort was highly successful, and almost immediately researchers 
embarked on studying fracture of concrete and concrete structures. The use of new digital computers 
was part of the renewed interest in the field. We have made good progress over the years and the 
original field of interest (fracture) is gradually expanding and includes now quite distinct topics like 
durability of concrete and concrete structures as well as the development of high performance 
cement-based materials, to name just two new directions for research. The focus seems to steer a bit 
away from ‘fracture mechanics’ when ‘new’ topics are discussed including transport mechanisms, 
corrosion and other physical or chemical deterioration mechanisms in (reinforced) concrete. Yet, 
fracture is never far away and remains the more prominent binding factor that brings our small 
community together every three years.  This is quite visible from the programme of the current 
conference: among several other (perhaps more classical) topics like de-bonding, dynamics, size 
effects and strengthening of (reinforced) concrete structures, two sets of organized sessions focus on 
the role of fracture mechanics in assessing the durability of concrete and concrete structures whereas 
three sets of organized sessions deal with fracture of fibre reinforced composites. 

A disadvantage of a highly regulated association like IA-FraMCoS is that spontaneous initiatives 
have become almost impossible. Politics play an important role in deciding where the next 
conference will take place. The enthusiasm and spontaneity of individuals can however be 
maintained by including as many as possible organized sessions in the main frame of the conference. 
This is what we have tried to do. You, the delegate, may judge if this attempt has been successful or 
not, and whether continuation of this format into future conferences is desirable. The spontaneity of 
the initi al period between the landmark paper of 1976 and the inauguration of IA-FraMCoS was 
giving the field wings; we should try to foster enthusiasm and spontaneity and let that prevail over 
politics. 

The Conference Proceedings comprise two parts. Volume 1 is printed and contains all plenary and 
invited lectures. Volume 2 is a CD-ROM, which contains all submitted papers. We are very grateful 
to all who contributed to the organization of the conference: the sponsors (financial or otherwise), the 
IA-FraMCoS Board of Directors and Advisory Board, the International Scientific Committee, the 
Organizers of the Special Sessions in the Programme, the Authors (of whom many also served as 
reviewer of submitted papers), the Conference Secretariat, and all those whom we might forget.

The Editors

J.G.M. van Mier G. Ruiz C. Andrade R.C. Yu X.X. Zhang
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Abstract: Reinforced concrete beams in flexure exhibit three different collapse mechanisms by 

varying the mechanical and geometrical parameters. The limit cases are: tensile failure for low steel 

percentages and/or small and slender beams, and crushing failure for high steel percentages and/or 

large and stocky beams. The intermediate collapse mechanism, and, therefore, the most frequent, is 

represented by diagonal tension failure, in which the collapse is dominated by unstable propagation 

of one or more shear cracks. In this paper, a study of the transitions between these mechanisms is 

proposed inside the theoretical framework of fracture mechanics. Relevant results concern the 

prediction of the predominant collapse mechanisms, the failure load as well as the analysis of the 

mutual transition between the different failure modes by varying the scale, the slenderness and the 

reinforcing steel amount. Then, other specific aspects are also investigated, such as the problem of 

minimum reinforcement necessary to prevent the phenomenon of hyper-strength at low steel 

percentages, and the rotational capacity of plastic hinges. Both these aspects, also affected by size-

scale effects, have practical implications in defining structural elements with ductile response, as 

required by current design codes. 

 

1 INTRODUCTION 

The problem of determining the carrying 

capacity and the transition between the 

different failure modes within a unique 

consistent theoretical framework is of 

fundamental importance for the design of 

reinforced concrete (RC) beams. In the 

absence of stirrups, the three typical failure 

mechanisms are: flexure, diagonal tension, and 

crushing. They are usually treated separately, 

and, especially for what concerns the shear 

capacity, the most common Standard 

provisions seem to be too much conservative 

with respect to the experimental results. Shear 

crack propagation and diagonal tension failure 

have been addressed in the literature by 

several authors with different approaches. For 

example, some analyses with cohesive crack 

modeling have been published by Gustafsson 

and Hillerborg [1], and Niwa [2]. In the 

framework of linear elastic fracture mechanics 

some contributions were given by Jenq and 

Shah [3], and by So and Karihaloo [4]. 

On the other hand, the ultimate strength is 

not the only requirement to be fulfilled in the 

structural design. Among others, the ductility 

at the ultimate conditions is a fundamental 

characteristic to be guaranteed. It is related to 

the formation and the development of plastic 

hinges typical of RC beams reinforced with 

stirrups in order to prevent the shear failure. In 

particular, the longitudinal reinforcement 
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amount has to be such as to prevent unstable 

crack propagation (lower bound) and to avoid 

brittle failure due to concrete crushing without 

steel yielding (upper bound). Significant 

contributions to the analysis of the minimum 

reinforcement and the rotational capacity can 

be found in ref. [5-11]. 

In the present paper, all the aforementioned 

aspects are analyzed within a fracture 

mechanics framework. First, a unified general 

model is proposed to study the transition 

between failure modes in RC beams without 

stirrups. It is an extension of the bridged crack 

model originally proposed by Carpinteri [12, 

13] for the flexural mechanism, to encompass 

also diagonal tension and crushing failure [14]. 

The model is analyzed by showing the 

influence of the nondimensional parameters 

variation on the mechanical response and a 

global failure mode transition scheme is 

introduced. Then, the upper and lower bounds 

for a ductile behavior are analyzed, by 

investigating the minimum reinforcement 

amount and the rotational capacity of RC 

hinges. In these cases, the material 

nonlinearities play an important role, and, 

therefore, a numerical model based on 

nonlinear fracture mechanics is proposed [15, 

16]. 

2 MODELLING FLEXURAL AND 

SHEAR CRACKS 

A linear elastic fracture mechanics based 

approach is proposed to study the transition 

between the different failure modes in RC 

beams [14]. A family of crack paths is 

considered and, for each one, the stability of 

the fracturing process and the load required to 

activate it is evaluated. Then, the minimum 

load giving unstable crack propagation is 

assumed as the failure load and the 

corresponding crack path as that determining 

the collapse mechanism. 

Consider a cracked beam, Fig. 1, and 

assume a crack propagation condition ruled by 

the comparison of the stress-intensity factor 

(SIF) KI to the concrete toughness KIC. While 

handbooks [17] report LEFM solutions for 

Mode I (bending) fracture, in the case of Fig. 1 

no SIFs data are available and approximate 

expressions have to be used. 

 

Figure 1: Cracked beam. 

In Fig. 1 all the used symbols are defined: 

the section width b and height h, the crack tip 

vertical and horizontal positions a and x, the 

crack mouth horizontal position x0, and the 

shear span l. The corresponding dimensionless 

quantities are introduced, after dividing by the 

beam height h the vertical distances and by the 

shear span l the horizontal distances, obtaining 

the parameters α=x/l, α0=x0/l, ξ=a/h, ζ=c/h, 

and λl=l/h. 

The crack trajectory Γ is split into two 

parts: a vertical segment Γ1 extending from the 

bottom to the reinforcement layer, and a 

power-law curve Γ2, going from the end of the 

first part (reinforcement layer) to the loading 

point. Its analytical definition is: 

0

0 0

0

( , ) =
(1 ) 1

1

µ

α ξ ζ

α ζ ξ ξ ζ
α α ζ ξ

ζ

≤ ≤≤ ≤≤ ≤≤ ≤

     −−−−

+ − ≤ ≤+ − ≤ ≤+ − ≤ ≤+ − ≤ ≤     −−−−    

 
 

(1) 

Note that the peculiarity of the present 

approach, compared to the literature, is that the 

crack initiation point will be determined by 

analyzing the crack propagation process 

stability, while the shape is modeled by the 

parameter µ based on experimental results, as 

discussed in Section 3.2. 

With reference to Fig. 1, let KI be the SIF at 

the crack tip, given by the sum of KIV due to 

the bending moment associated to the shear 

force V, and KIP, due to the closing force 

applied by the reinforcing bars. The crack 

propagation condition reads: 

ICIPIVI KKKK == − . (2) 

The expression for KIV is approximated by 
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assuming that it can be evaluated by the SIF of 

a beam with a straight vertical crack subjected 

to the bending moment at the section where 

the crack tip is located: 

3 2 1 2

( , )
= ( ) = ( , )

IV M V l

Vl V
K Y Y

h b h b

α ζ ξ
ξ ζ ξ λ , (3) 

function YM being given by handbook 

solution [17]. Analogously, an approximate 

expression for the SIF KIP at the crack tip due 

to the reinforcement reaction P is derived from 

the case of a vertical straight crack. Several 

numerical analyses by boundary elements [18] 

have been performed to evaluate the SIF for 

different positions of the crack tip. It is 

observed that the SIF is mainly a function of 

the angle γ defined in Fig. 1 and that KIP can 

be approximated as: 

1 2 1 2
= ( , ) ( ) = ( , )

IP P P

P P
K Y Y

h b h b γ
ζ ξ β γ ζ ξ , (4) 

where, given γ in degrees, by a nonlinear 

data fit it is: 

0.2

90
=)( 






 γ

γβ , 
(5) 

and )(),(= γβξζ
γ PP YY . Function YP(ζ,ξ) 

can be found in fracture mechanics handbooks 

[17]. Therefore, by accurate numerical 

analyses, the exact values for the SIFs were 

evaluated, validating Eq. (3) and allowing to 

define Eq. (4) by data fitting. Let ρ=As/bh be 

the reinforcement percentage referred to the 

entire cross section and 

1 2

=
y

P

IC

h
N

K

σ
ρ  

(6) 

 the brittleness number defined by 

Carpinteri [12]. Substituting Eqs. (3) and (4) 

into Eq. (2) provides: 

[ ]),(
~

1
)(

1
=

~
ξζ

ξλ γPP

Vl

F YPN
Y

V + , 
(7) 

 where 

1 2
= F

F

IC

V
V

K h b


, 
(8) 

PP

P
P =
~

 , 
(9) 

and PP is the reinforcement traction limit. A 

rigid-plastic constitutive equation is assumed 

for the reinforcement, ruled by the stress σy, 

defined as the minimum between the yielding 

and the sliding stress for the bars [13]. Then 

PP=Asσy, where As is the reinforcement area. 

Equation (7) gives the shear of crack 

propagation as a function of the bar traction 

stress, σs, depending on the crack opening w at 

the reinforcement, that, in its turn, is given by 

the two contributions of the shear V and the 

bar reaction P. According to the rigid-perfectly 

plastic assumption, it is w=0 up to the yielding 

or slippage of the reinforcement, so that a 

displacement compatibility condition allows to 

determine P as a function of V. It follows that, 

if P<PP it is: 

1
=

( , )
( )

( , )

F

P

l V

V
Y

Y
r

γ
ζ ξ

λ ξ
ζ ξ

    
    −−−−

′′′′′′′′        

 , 
(10) 

 whereas, if P=PP, it is: 

1
= 1 ( , )

( )
P P P

l V

V N Y
Y γ

ζ ξ
λ ξ

    ++++        
 . 

(11) 

The beam behavior up to failure is 

described in the present model assuming as 

control parameter the crack depth, that is the 

only monotonically increasing quantity in the 

process. 

In the proposed approach, the crushing 

collapse is determined by the achievement of 

the compressive strength, σc, at the beam 

extrados. According to the linear elastic 

fracture mechanics approach followed in the 

derivation of the present model, the stress at 

the uppermost edge of the cracked section is 

evaluated, by the superposition principle, as 

the sum of the two following contributions: 

2
= ( ) = ( )V M V

l

M V
Y Y

bhbh
σ σσ ξ λ ξ , 

(12) 

= ( , )P PP
Y

bh
σσ ζ ξ−−−− , 

(13) 
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where ( )V
Yσ ξ  and ( , )P

Yσ ζ ξ  are two 

functions numerically determined by means of 

adaptive finite element computations on 

cracked sections and nonlinear regressions 

[18]. The shear value for which σ=σc is, in 

nondimensional form: 

)],(
~

[
)(

1
=

~
ξζ

ξλ
σ

σ

P

PCV

l

C YPNN
Y

V + , 
(14) 

where NC is a brittleness number for the 

crushing failure, defined as: 

1 2
c=C

IC

h
N

K

σ
. 

(15) 

3 TRANSITION BETWEEN 

DIFFERENT FAILURE MODES 

3.1 Modeling predictions 

The proposed model covers the three 

fundamental failure mechanisms of RC beams: 

steel yielding (flexural), diagonal tension 

(shearing), and concrete crushing. The 

transitions between the aforementioned 

mechanisms are ruled by the nondimensional 

parameters NP, NC and λl. 

Fig. 2 shows four FV  vs. ξ diagrams 

obtained by increasing the brittleness number   

from 0.2 to 1.0 and letting λl=2.5, ζ=0.1, and 

µ=6. A sketch illustrating the crack trajectories 

at failure is reported for each beam model. 

In Fig. 2a, when the nondimensional 

shearing force reaches a value of 0.14, the 

flexural crack (α0=1.00) begins its stable 

growth. As the load is increased, some other 

stable neighboring cracks develop. The 

marked lines in the plot represent the growing 

cracks. When the nondimensional shearing 

force is equal to 0.18, the steel yields at the 

flexural crack: we assume that this value 

represents the flexural failure load. When the 

brittleness number is increased to 0.30 (Fig. 

2b), the beam collapses by flexural failure at 

the mid-span crack, although an increment in 

nondimensional shearing force from 0.18 to 

0.25 is observed and new neighboring cracks 

develop. If the brittleness number is increased 

to 0.40 (Fig. 2c), flexural and diagonal tension 

failure occurs at the same load level. In fact, 

the minimum of the maxima of the crack 

propagation curves coincides with the slope 

discontinuity (yielding) of the curve for 

α0=1.00 (central crack). For higher values of 

the brittleness number (Fig. 2d) flexural failure 

needs a higher shear (α0=1.00, 0.80FV ==== ) than 

diagonal tension failure (α0=0.60, 0.33FV ==== ). 

Therefore, as NP is increased, the failure mode 

shows a transition, from flexural to shearing. 

 

Figure 2: Transition from flexural to diagonal 
tension failure by varying NP. 

Figure 3 shows a sketch of all the failure 

mode transitions in RC elements. An increase 

in the number NP, can be interpreted as: (1) an 

increase in the reinforcement area, transition 

d-e; (2) a decrease in the scale with constant 

reinforcement area, transition a-e; (3) an 

increase in the scale with a constant 

reinforcement percentage, transition g-e. 

To discuss the right-hand side of the 

transition diagram in Fig. 3, crushing failure is 

to be considered and the behavior depends on 

the parameters NP, NC and λl. In Fig. 4a, the 

transition is shown by varying NP. The shear 

FV  at yielding increases with NP (points A, D). 

The transition from flexural to crushing failure 

34



A. Carpinteri, M. Corrado and G. Ventura 

 

 

is apparent in Fig. 4a: for NP=0.2 yielding 

precedes crushing, while for NP=0.6 crushing 

precedes yielding. In Fig. 4b the transition can 

be observed from the nondimensional failure 

shear, FV% , of the two mechanisms. For low 

values of NP, failure is by steel yielding. For 

NP≅0.3, the transition takes place and the load-

carrying capacity corresponding to crushing 

failure is lower. Physically, this transition 

appears when the reinforcement ratio ρ is 

increased and the remaining parameters are 

kept constant: we have the transition e-f in the 

scheme of Fig. 3. 

 

Figure 3: Global scheme illustrating failure mode 

transitions. 

 

Figure 4: Transition from flexural to crushing failure: 

(a) FV%  vs. ξ; and (b) FV%  vs. NP. 

 

Figure 5: Transition from flexural/shearing to 

crushing failure assuming ratio NP/NC=50: (a) FV%  vs. 

ξ (black dots representing collapse load); and (b) FV%  

vs. NP. 

Another transition can be shown as the 

beam is scaled keeping ρ constant (transition 

g-e-c in Fig. 3). By the definitions of NP and 

NC, this condition can be expressed by a 

constant ratio NC/NP. Curves for NC/NP=50 are 

reported in Fig. 5. For the ratio being constant, 

increasing NP implies increasing NC: therefore, 

both the loads for flexural/shearing collapse 

(controlled by NP) as well as the load for 

crushing collapse (controlled by NC) increase, 

although with different rates (Fig. 5b) and the 

failure mode transition occurs at NP≅0.4. 

Finally, the analysis of the size effect in the 

hypothesis that the reinforcement area As is 

constant, implying the ratio NC/NP being 

proportional to the cross section height h, 

permits the transition a-e-i in Fig. 3 to be 

represented. 

3.2 Experimental evidences 

An experimental program was carried out to 

study the influence of the reinforcement ratio 

on the crack pattern in RC beams [20] with 

height h=0.2 m and width b=0.1 m. The shear 

span slenderness ratio, λl, is equal to 3. Four 

different amounts of steel reinforcement have 

been considered: 1φ8 (ρ=0.25%), 2φ8 

(ρ=0.50%), 2φ12 (ρ=1.13%), and 2φ20 

(ρ=3.14%). They have been selected in order 

to examine all the most significant failure 

modes (yielding, shearing, crushing). Steel and 

concrete mechanical properties can be evinced 

from ref. [20]. 

The test setup for all beam specimens was 

three point bending. The mid-span deflection 

was chosen as control parameter in the tests. 

The load, F, and the deflection under the load 

point, δ, were continually monitored and 

recorded. Finally, the crack pattern on both 

sides of each specimen was acquired by high 

resolution digital photographs. For each 

reinforcement percentage, four specimens 

were tested. 

All the experimental load vs. deflection 

curves for the reinforced beams are plotted in 

Fig. 6. The behavior of the beams is almost 

linear up to the cracking load. For the beams 

with the lowest reinforcement ratio, the 

cracking load almost coincides with the 
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ultimate load. As the reinforcement ratio 

increases, a change in the initial slope appears. 

Depending on the reinforcement ratio, two 

different behaviors after the cracking load are 

observed. In the case of the reinforcement 

ratios 0.25% and 0.50%, the reinforcement 

yields and the load remains approximately 

constant with increasing deflection and ductile 

failure occurs. For beams with reinforcement 

ratios 1.13% and 3.14%, a sudden decrease in 

the loading capacity is measured with no steel 

yielding and a brittle crushing failure mode 

occurs. 

The crack pattern is highly influenced by 

the reinforcement percentage. More in details, 

for low reinforcement percentages (0.25% and 

0.50%), the steel yields very early in a crack 

and the overall cracking pattern is very 

limited. For the intermediate reinforcement 

percentage (1.13%), flexural and shear-

flexural cracks appear along the span. Failure 

is generated by an unstable crack growth 

process: the reinforcing steel bars do not 

exhibit yielding and a sudden, brittle collapse 

takes place. Finally, for the beams with the 

highest reinforcement ratio (3.14%), the most 

extended crack pattern is observed. Flexural 

and flexural-shear cracks appear along the 

span and the cracking process develops until a 

concrete crushing failure occurs, characterized 

by the typical wedge-shaped crack near the 

load application point. 

Although with increasing reinforcement 

ratios concrete cracking spreads all over the 

beam, attention is devoted to the determination 

of initial location and shape of the crack whose 

opening finally determines the beam failure 

(critical crack) in relation to the reinforcement 

percentage. The experimental critical cracks 

have been interpolated with the crack shape 

assumed in Eq. (1). Fig. 7 shows the critical 

crack trajectories observed on each tested 

beam and reported in a nondimensional 

diagram. Half of the beam is represented. The 

arrow in each plot indicates the load 

application point and the support is at the 

abscissa α0=0. From each test result, a 

nonlinear regression was performed to obtain 

the nondimensional parameters α0 and µ 

defining the crack trajectory. The influence of 

the reinforcement ratio ρ on the 

nondimensional critical crack mouth position 

α0 is described by the following empirical law: 

1.580
0.19

0.10
0.57=

ρ
α

+
+ . 

(16) 

 As the reinforcement ratio increases, the 

value of α0 decreases, i.e. the critical crack 

originates closer to the support. It can be 

observed that, when the reinforcement ratio 

increases, the initiation point of the critical 

crack approaches the value 0.50, i.e. the 

critical crack develops near the central part of 

the shear span. Equation (16) is useful to 

provide the critical crack initiation coordinate, 

α0, that can be compared to the one predicted 

by the model proposed in the previous section. 

 

Figure 6: Experimental load-displacement curves. 

 

 Figure 7: Critical crack paths. 

The crack path exponent µ is defined by 

nonlinear regression of the digitized crack 

trajectories for each reinforcement percentage, 

assuming a law that best-fits the experimental 
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results. The exponent tends to be smaller as 

the reinforcement ratio increases. This is a 

consequence of a smaller inclination of the 

critical crack with respect to the beam axis as 

the reinforcement percentage increases. The 

obtained nonlinear regression curve showing 

the data trend is: 

2.71

0.27
2.85=

ρ
µ + . 

(17) 

 The experimental nonlinear regression 

data, Eqs. (16) and (17), as well as the used 

geometrical and material data together with the 

collapse loads, are of primary importance in 

the validation of the bridged crack model 

proposed in the present paper. Of course, the 

validity of Eqs. (16) and (17) is limited to the 

extent considered in the experimental program 

and does not include important parameters like 

the slenderness ratio λl. 

4 NONLINEAR APPROACH TO 

FLEXURAL AND CRUSHING FAILURE 

With respect to the previous proposed 

approach, some specific problems can be 

better investigated by considering the material 

nonlinearities. This is the case, for instance, of 

the phenomenon of hyper-strength typical of 

lightly RC beams, and the plastic rotational 

capacity of RC beams in presence of stirrups. 

Both these phenomena are largely influenced 

by the material nonlinearity, in tension and 

compression. On the other hand, differently 

from the problem of diagonal tension failure, 

in these cases the analysis can be limited to the 

study of the mid-span portion of the beam. To 

this aim, Carpinteri et al. [13] have developed 

a numerical procedure, based on nonlinear 

fracture mechanics models, that is briefly 

outlined in the following. 

4.1 Numerical model 

Let us consider a portion of a RC beam 

subjected to a constant bending moment, M 

(Fig. 9). This element, having a span to height 

ratio equal to unity, is representative of the 

zone of a beam where a plastic hinge 

formation takes place. Then, it is assumed that 

fracturing and crushing processes are fully 

localized along the mid-span cross section of 

the element, whereas the part of the hinge 

outside of the localization zone is assumed to 

be elastic. The loading process is characterized 

by crack propagation in tension, steel yielding 

and/or slippage, as well as concrete crushing in 

compression. 

   

Figure 8: Central beam portion: (a) finite elements 
nodes; and (b) force distribution with cohesive crack 

in tension and crushing in compression. 

The behavior of concrete in tension is 

described by means of the well-established 

cohesive crack model [21, 22]. The softening 

function, σ=f(w), is considered as a material 

property, as well as the critical value of the 

crack opening, wc, the fracture energy, F, and 

the tensile strength, σu. A simple linear 

relationship has been adopted. 

As far as modeling of concrete crushing 

failure is concerned, the overlapping crack 

model proposed by Carpinteri et al. [14] is 

adopted. According to such an approach, the 

inelastic and localized deformation in the post-

peak regime is described by a fictitious 

interpenetration of the material, while the 

remaining part of the specimen undergoes an 

elastic unloading. In complete analogy with 

the cohesive crack model, the material 

properties are the compressive strength, σc, the 

crushing energy, C, which is a dissipated 

surface energy, and the critical value for the 

relative interpenetration. 

Finally, the steel reinforcement is modeled 

through concentrated forces applied at the 

crack faces, functions of the relative opening 

displacement. An elasto-perfectly plastic stress 

vs. crack opening relationship is used, derived 

from the bond-slip interaction between rebar 

and concrete. 

The RC member is considered as 

a) b) 
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constituted by two symmetrical elements 

characterized by an elastic behavior, and 

connected by means of (n) pairs of nodes (Fig. 

8a). In this approach, cohesive and 

overlapping stresses applied along the mid-

span cross-section are replaced by equivalent 

nodal forces, Fi, by integrating the 

corresponding stresses over the nodal spacing. 

Such nodal forces depend on the nodal 

opening or interpenetration displacements 

according to the cohesive or overlapping 

softening laws. 

With reference to Fig. 8a, the horizontal 

forces, Fi, acting at the i-th node along the 

mid-span cross section can be computed as 

follows: 

{{{{ }}}} [[[[ ]]]]{{{{ }}}} {{{{ }}}}MKwKF Mw ++++====  (18) 

where: {F} is the vector of nodal forces, 

[Kw] is the matrix of the coefficients of 

influence for the nodal displacements, {w} is 

the vector of nodal displacements, {KM} is the 

vector of the coefficients of influence for the 

applied moment M. 

Equation (18) constitutes a linear algebraic 

system of (n) equations and (2n+1) unknowns, 

{F}, {w} and M. With reference to the generic 

situation reported in Fig. 8b, (n) additional 

equations can be introduced by considering the 

constitutive laws for concrete in tension and 

compression and for the reinforcement (see 

[14] for more details). The last additional 

equation derives from the strength criterion 

adopted to govern the propagation processes. 

At each step of the loading process, in fact, we 

can set either the force at the fictitious crack 

tip, m, or the force in the fictitious crushing 

tip, p, equal to the material strength, in tension 

or compression, respectively. Hence, the 

driving parameters of the process are the crack 

length and the crushing advancement. At each 

step of the algorithm, the localized beam 

rotation, ϑ, is calculated as a function of the 

nodal relative displacements and the applied 

bending moment, by means of elastic 

coefficients of influence. 

4.2 Comparison between numerical 

predictions and experimental results 

In this section, a comparison between the 

numerical predictions using the 

cohesive/overlapping crack model and the 

results of two experimental campaigns is 

presented. First, the three-point-bending tests 

carried out by Bosco et al. [23] on reinforced 

high-strength concrete beams to investigate the 

size effects on the minimum reinforcement 

percentage are considered. Three different 

size-scales were analyzed characterized by 

h=0.10, 0.20 and 0.40 m, and a constant width, 

b, equal to 0.15 m. The span to depth ratio was 

equal to 6. Five different steel percentages, ρ, 

were considered for each beam size. The 

material properties can be deduced from ref. 

[23]. In the numerical simulations, the RC 

element of Fig. 8 is assumed to be 

representative of the mid-span portion of the 

beam. 

The numerical simulations compared to the 

corresponding experimental results, in terms of 

applied load vs. mid-span deflection curves, 

are shown in Fig. 9 for the beams with h=0.10 

m. Such curves evidence a transition from an 

overall softening response to a hardening 

response by increasing the steel percentage, 

with the appearance of local snap-through 

instabilities. A comprehensive comparison 

between numerical and experimental results is 

reported in [15]. 

 
(a) ρ=0.00%                     (b) ρ=0.08% 

  
(c) ρ=0.26%                   (d) ρ=0.65% 

Figure 9: Comparison between numerical and 
experimental load vs. mid-span deflection curves for 
h=0.1 m and different amounts of reinforcement. 
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The second considered experimental 

campaign is that carried out by Bosco and 

Debernardi [24] to investigate the size effect 

on the rotational capacity of RC beams. In 

order to obtain a consistent comparison, the 

numerical simulations have been carried out 

by modeling the beam portion positioned at 

the mid-span of the beam. This element is 

characterized by a span to height ratio equal to 

one. The rotations of such a portion, where the 

largest amount of ductility is developed, were 

experimentally determined as functions of the 

applied bending moment. Numerical and 

experimental moment-rotation curves are 

compared in Fig. 10 for different beam heights 

and different steel percentages. Such diagrams 

put into evidence that the maximum rotation is 

a decreasing function of the tensile 

reinforcement ratio and of the beam height. 

  

 

Figure 10: Comparison between numerical and 
experimental results for different beam heights. 

In the case of low steel percentages, the 

mechanical behavior is characterized by the 

reinforcement yielding and the mechanical 

response is almost plastic. By increasing the 

reinforcement amount, the contribution of 

concrete crushing becomes more and more 

evident with the appearance of a softening 

branch at the end of the plastic plateau. This is 

an important feature of the proposed model, 

which also permits to follow snap-back 

branches by controlling the loading process 

through the length of the tensile crack or the 

extension of the crushing zone. 

5 UPPER AND LOWER BOUNDS FOR 

DUCTILE RESPONSE 

5.1 Minimum reinforcement percentage 

In this section, a new expression for the 

minimum reinforcement amount is proposed 

on the basis of a wide parametric analysis [15]. 

To this aim, different values of the beam 

height, h, ranging from 0.10 and 3.20 m, and 

different values of the concrete compressive 

strength, σc, ranging from 16 to 76 MPa, have 

been considered. The yield strength and the 

elastic modulus of the steel reinforcement are 

σy=600 MPa and Es=200 GPa, respectively. 

The ratio between effective and overall depth, 

d/h, is equal to 0.9. For each of the considered 

beams, several simulations have been carried 

out by varying the steel percentage, in order to 

find the minimum reinforcement amount. In 

particular, such a value is determined when the 

peak cracking load, Pcr, equals the ultimate 

load, Pu, as shown in Fig. 11. 

When the flexural behavior of lightly RC 

beams is studied, according to the numerical 

model proposed in Section 4, the functional 

relationship among the quantities that 

characterize the phenomenon is: 

M = Φ (σu, F, Ec, σy, ρ, h; ϑ), (19) 

where the parameters describing the 

behavior of concrete in compression, σc and 

C, are not explicitly considered, since the 

crushing failure is not involved in the failure 

mechanism. On the other hand, only the beam 

height, h, is considered if the geometrical 

a) h=0.2 m 

b) h=0.4 m 

c) h=0.6 m 
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ratios of the samples, b/h and L/h, are assumed 

to be constant. The application of 

Buckingham’s Π-Theorem for physical 

similarity and scale modeling permits to 

further minimize the dimension space of the 

primary variables by combining them into 

dimensionless groups. In case h and F cE , 

which corresponds to the material toughness 

KIC, are assumed as the dimensionally 

independent variables, the functional 

relationship becomes: 

1 21 2 1 2
yu c

15 2
F c F c F c F c

, ,
hh E hM

h E E E E

σσ
Φ ρ ϑ

    
    ====     
       

, (20) 

that, in dimensionless form, is: 

(((( ))))1 n, ,
P

M s NΦ ϑ==== , (21) 

where: 

1 2

u

IC
K

s
hσ

====  
(22) 

and NP (Eq. (6)) are the governing 

nondimensional numbers, M  is the 

nondimensional bending moment, and ϑn is 

the normalized local rotation. As a result, each 

numerical simulation is completely described 

by a different couple of values s and NP. In 

particular, the value of NP relative to the 

condition of minimum reinforcement is 

referred to as NP,L, where subscript L stands 

for “lower”, since it will define the lower limit 

to the range of ductile response. The values of 

s and NP,L for the numerical simulations 

carried out in this study, are shown in Fig. 11. 

The obtained trend is described by the 

following hyperbolic curve: 

0.70

, 0.267 P LN s
−−−−==== . (23) 

By substituting Eqs. (6) and (22) into (23), 

the following expression for the minimum 

reinforcement amount is obtained: 

0.70 0.30

0.85u IC

s,min

y

0.267
K

A bh====
σ

σ
 

(24) 

The same calculations have been performed 

also for a T-beam with the flange in 

compression having the width equal to 8b and 

the height equal to 0.20h. Such geometrical 

ratios determine a section modulus 1.5 times 

larger than that of a rectangular section having 

the same height and the width equal to b. The 

expression obtained for the minimum 

reinforcement area is: 

0.84 0.16

0.92u IC
s,min

y

0.339
K

A bh====
σ

σ
 

(25) 

The minimum reinforcement percentages, 

As,min/bd, obtained from Eqs. (24) and (25) are 

compared to the prescriptions of the design 

codes in Fig. 12. 

 

Figure 11: Best-fit relationship of numerical results 
(not filled-in symbols) between NP,L and s. Filled-in 

symbols refer to experimental results. 

 

Figure 12: Comparison of minimum reinforcement 

ratios given by different codes for σc=35 MPa and 
σy=450 MPa. 

5.2 Plastic rotation capacity 

A second detailed numerical study is 

proposed to analyze the effect of each 

NP,L 

NP,L=0.267s
–0.70 
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parameter to the plastic rotation capacity. With 

reference to the moment vs. rotation curves 

obtained by applying the proposed algorithm 

(Fig. 10), the plastic component of the total 

rotation is obtained as the difference between 

the rotation beyond which the moment starts 

descending rapidly and the rotation 

corresponding to the reinforcement yielding. 

The results of several numerical 

simulations, carried out by considering 

different beam heights and reinforcement 

percentages, are summarized in the plastic 

rotation, ϑPL, vs. relative neutral axis position, 

x/d, diagram shown in Fig. 13. Such a diagram 

is consistent with the practical prescriptions of 

the Eurocode 2 [25] (dashed curve in Fig. 13). 

Beams with a height equal to 0.2 m have a 

rotational capacity greater than that suggested 

by the code. On the other hand, by increasing 

the beam height up to 0.8 m, the rotations 

provided by the code appear to be not 

conservative. It is worth noting that the 

numerical results for h=0.4 m are in good 

agreement with the curve provided by the 

code, which represents the 5%-fractile of the 

plastic rotations of beams or slabs with height 

of about 0.3 m (see [11] for more details). 

 

Figure 13: Predicted plastic rotation for different 
beam heights (solid lines) compared with the 

Eurocode 2 prescription (dashed line). 

It is evident from the diagrams in Fig. 13 

that the plastic rotation capacity tends to zero 

as the neutral axis relative position coordinate 

increases, i.e. the tensile reinforcement 

percentage increases. In particular, it is 

possible to define an upper limit to the 

reinforcement amount beyond which the steel 

does not yield, and the beam collapses in 

compression, without the development of a 

significant ductility. Such a limit, function of 

all the variables involved in the phenomenon, 

can be obtained by means of dimensional 

analysis, as previously done for the minimum 

reinforcement. In this case, since we are 

interested in over-reinforced concrete beams, h 

and C cE  are assumed as the dimensionally 

independent variables, whereas the parameters 

describing the behavior of concrete in tension, 

σu and F, are omitted. The beams considered 

in the previous section for the evaluation of the 

minimum reinforcement are now analyzed in 

case of large reinforcement amount. In 

particular, for each of the beams, several 

numerical simulations have been carried out in 

order to find the limit value of the 

reinforcement percentage beyond which the 

steel does not yield. The best fitting relation 

relating the upper bound for the reinforcement 

amount to the mechanical and geometrical 

parameters of the beam is: 

( )
0.51

0.49

c C c 0.75

s,max

y

0.25
E

A bh
σ

=
σ


 

(26) 

6 CONCLUSIONS 

The two approaches proposed to analyze 

the behavior of RC beams with and without 

stirrups share most of the governing 

parameters, included in the different 

nondimensional numbers adopted (NP, NC, s, 

λl). Therefore, the obtained results can be 

combined, and the conditions for the structural 

design of RC elements exhibiting ductile 

response can be derived. From a qualitative 

point of view, the decrease in one parameter 

among h, ρ, and σy, or the increase in σu or F, 

all the other parameters being kept constant, 

determines a transition from ductile response 

to unstable tensile crack propagation, as 

represented in Fig. 14. On the other hand, the 

increase in h, or ρ, or σy, or the decrease in σc 

or C, all the other parameters being kept 

constant, produces a transition towards 

      EC2: σc≤50 MPa 

               steel class C 
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crushing failure without steel yielding (Fig. 

14). The intermediate range is characterized by 

a ductile behavior with the development of 

significant plastic rotations for RC beams with 

stirrups, or a brittle shearing failure in the case 

of beams without stirrups. 

 

Figure 14: Conditions for structural design of RC 
members with ductile response. 
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Abstract: Chloride threshold for reinforcement corrosion has been found to be very variable in 
function of several material and environmental characteristics. Regarding carbonation, the corrosion 
onset is associated to the arrival to the rebar of the carbonation front. In both cases it is usually 
neglected in the calculations the geometrical fact of considering the whole perimeter of the rebar. 
Regarding the corrosion propagation, the evolution can be modelled in function of the concrete 
resistivity which based in concrete water saturation gives the corrosion rate.  Variation of the 
nominal values of the diffusion coefficient of chlorides and carbon dioxide, of the chloride 
threshold and of the corrosion rate make very uncertain the predictions. In present paper is 
presented an attempt to reduce the uncertainties but a more thorough analysis of the physical 
processes happening during chloride depassivation by integrating the initiation to the propagation 
period and calculating the probability of failure due to the arrival of a certain chloride threshold or 
the carbonation front. Then the progress of the corrosion is taken as the parameter to define the 
most technically suitable probability of depassivation. The corrosion rate developed is made a 
function of the diffusion coefficient and of the saturation degree through their relation to the 
concrete resistivity. An example is commented to illustrate the approach. 

1 INTRODUCTION

Concrete structures may suffer 
deterioration by reinforcement corrosion, due 
to the contamination by chlorides or the 
ingress of carbon dioxide. This attack shortens 
the service life of the structures whose repair 
supposes high economical investments. On the 
other hand the advance on new concrete mixes 
types are promoting the design requirement of 
100 years of service life for important 
structures. This specification is usually made 
by assuming that corrosion is not produced 
during this timeframe considering that the 
process is diffusion controlled and second 
Fick’s law is going to be applied in the 

calculations and by defining only a diffusion 
coefficient threshold. Although to specify a 
target service life and a mechanism of attack 
seems and advance there are problems in 
fulfilling the requirement because in both 
cases, chlorides and carbonation, the solution 
of the diffusion law is not exact because the 
initial and boundary conditions are not 
fulfilled due to either the surface 
concentration, the diffusion coefficient or the 
concrete moisture are not constant along the 
structure’s life [1, 2].  

Another key aspect of the calculation of 
service life in chloride bearing environments is 
the selection of a chloride threshold; Clth 
which is not a fixed value. These variable 
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conditions make the calculations very 
uncertain, preventing to advance in the 
durability design, in particular in finding a 
quantitative definition for a “corrosion limit 
state”. In present paper are analyzed the key 
aspects to be specified in service life models, 
in particular the corrosion onset and how to 
link this “limit state of corrosion” to the 
classical verification of the serviceability and 
ultimate limit states (SLS &ULS). 

2 INITIATION PERIOD 

In the case of carbonation, in general 
“moving boundary” conditions are considered 
for the calculation of the time to corrosion 
initiation, while in the case of chlorides the 
ingress is visualized by showing a decreasing 
chloride concentration profile. The typical 
solutions of the differential diffusion equation 
aim into the “square root law” for carbonation 
(expression 1) and of the “error function” 
(expression 2) for chloride attack, assuming in 
both cases that the external concentration is 
constant.  
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However, in real atmospheres this 

constancy may not be operating in the case of 
chloride attack (the different concretes show 
different surface concentration which evolve 
with time), while in the case of carbonation 
what usually is variable is the external 
humidity. Then, the conditions assumed to 
solve the differential diffusion equation, may 
not be fulfilled. To solve this difficulty of 
variable external conditions numerical analysis 
can be used. Another possibility that gives 
only approximate solutions consists in 
introducing mathematical modifications in 
equations 1 and 2 which on the other hand, 
depart from the rigorous solution. 

In any case, it is completely insufficient to 
specify only the Dap because a variation of the 
rest of parameters may give results of service 
life with decades of difference. Taken the 
chloride penetration as example, the 
parameters to be defined with that of the 
diffusion coefficient, Dap, are: a) the surface 
chloride concentration, Cs, if expressed as total 
chloride concentration and its increasing with 
time b) the aging factor, n of the diffusion 
coefficient and how long it is produced and c) 
the chloride threshold, Cth.   

Regarding the Cs, when expressed in 
terms of total chloride concentration, it 
increases with time until a certain maximum 
due to the chloride binding. Figure 1 shows 
and example of concretes blocks placed in a 
beach in the tidal zone  

 

 
Fig. 1: Increase of Cs with age in real sea water 

exposure. 
 
This evolution of Cs with time has the 

consequence to influence the value of the 
calculated Dap for the fixed cover depth where 
the bar is located 

 

 
Fig. 2: Variation of Dap with age and Cs. 
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Thus, as indicated in figure 2 the diffusion 
coefficient increases when the surface 
concentration decreases. This aims in which is 
shown in figure 3 that for the same Dap at a 
fixed time, the chloride concentration at the 
bar surface is higher as the Surface 
concentration is.  

 
Fig. 3: For the same diffusion coefficient, a higher 

surface concentration  means a higher chloride 
concentration at the rebar level. 

 
There are two ways to solve this difficulty 

of the dependence of the calculated Dap value 
with the Cs one: 1) by introducing in the 
calculation the law of Cs increase with time 
and its statistical variation and 2) by 
considering in the calculation only the water 
soluble chlorides. Several laws of evolution of 
the surface concentration have been proposed, 
but it seems a more accurate manner, the use 
of water soluble chloride concentrations in the 
pore solution in the chloride profile, as the Cs 
in the first concrete superficial mm can be 
calculated from the external chloride 
concentration multiplied by the concrete 
porosity. 

 
With respect to the aging factor it appears 

from the evolution of the microstructure which 
makes to decrease the Dap with time. This 
evolution is the result of the hydration 
progression and of the chloride binding with 
time itself, which aims into a decrease of the 
porosity and a slower chloride penetration. 
Two are the questions to be solved for the 
prediction of the service life: which is the 
slope of attenuation of the Dap and when the 
process stops.  

 
 
 
 
 
 
 
 
 
 

Fig. 4: a) effect of exponent n on the decrease of Dap 
with time assuming t0= 1 year: evolution of the log of 
the inverse of resistivity with time. A final remark that 

has to be taken into account is that the time at which the 
t0 is considered influences the extrapolation.

 
The impact of the value of the aging factor 

or slope of decrease of Dap is shown in figure 4 
which indicates that the drop can be very 
significant aiming into one or more orders of 
magnitude in the predicted life time. One 
possibility would be the measurement of the 
Dap at two or more ages, which on the other 
hand results more expensive. The other 
possibility is to monitor the electrical 
resistivity, ρ, [3] based in its inverse relation to 
the diffusivity. Being the ρ a NDT method, it 
enables consecutive measurements in the same 
specimen. The relation between the aging 
factor n of the Dap and that of the resistivity q 
is: q = 0.8 n. Figure 5 shows the representation 
of the inverse of the ρ with time in a particular 
case where only three measurements with time 
were made.  

 
 
 
 
 
 
 
 
 
 
 

Fig. 5: Evolution of the inverse of the resistivity similar 
to that of the Dap. 
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The other important aspect that may 
influence the prediction is the test type and the
time at which to perform the experiments. The 
tests can be based in natural diffusion or 
performed by accelerating the process by 
migration. The comparison of natural and 
accelerated tests may not agree and therefore 
the use of a value or another may mean a 
different prediction.  

In order to take into account these 
variations one possibility is to consider a 
statistical distribution in the Cs and in the Dap. 
An example of the calculation of the 
probability of a certain chloride concentration 
to reach a certain cover depth at a certain time 
is given in figure 6. It illustrates the feasibility 
to use probabilistic treatments to study the 
impact of different parameters in the predicted 
service life. 

 

  
Fig. 6: For 50 years of service life the graph shows the 
probability that the chloride concentration in the “x” 

axis reaches 5 cm of cover depth. 

3 CHLORIDE THERSHOLD 

In the case of chlorides, the general 
consideration is that the corrosion develops 
when the threshold value, Clth, reaches this 
position. However, analyzing the physical 
sequences of the event, the process is not just 
instantaneous due to the bar has a relatively 
big size with respect to the concrete cover. 
That is, the threshold reaches first the more 
external surface of the bar and in evolves 
reaching the rest of the perimeter as  the time 
passes. Then the depassivation front 
progresses around the perimeter, as figure 7 

shows, the developing of the corrosion onset is 
not an instantaneous event.  

 
Fig. 7: Steps in the process of depassivation by a front 

reaching first the external bar surface. 
 

Then, the definition of the corrosion onset 
from an engineering point of view cannot be 
linked to the first corrosion event.  For the 
corrosion initiation definition, it is necessary 
also to think in statistical terms as the 
corrosion process is of stochastic nature in its 
probability of occurrence and in its 
geometrical distribution.  

At this respect, in figure 8 are reproduced 
two statistical distributions [4, 5] of the 
probability of corrosion in function of the 
chloride concentration. That from Markeset [4] 

is a lognormal distribution and was collected 
in real structures in Norway with a mean value 
of 0,77 ± 0,24% by cement weight while that 
of Izquierdo [5] is a normal distribution with a 
mean of 0,70 ± 0,20 and was built from 
laboratory results made on mortar specimens 
fabricated with different cement types and 
submitted to potentiostatic tests.  

 

 

Fig. 8: Statistical distributions of the chloride threshold 
by Markeset [4] (in blue color) collected in real structures 

and by Izquierdo et al [5] (in red color) made in 
laboratory conditions. 
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In spite of that both studies come from 
very different sources of data, they seem 
coherent from the point of view that in real 
conditions and real concrete, the amount of 
chloride needed for producing corrosion is a 
bit higher than in the laboratory conditions. 
The so close values of the mean and standard 
deviation values indicate the existence of a 
unique chloride threshold statistical 
distribution. 

This statistical distribution of the chloride 
threshold can be combined with a full 
statistical treatment of the parameters of the 
equation 2 by assuming that not only the Cs 
and the Dap are statistically distributed but also 
the Cth is.  In figure 9 is shown an example 
made with a program using log-normal 
distribution for all parameters made by means 
of Montercarlo method. Assuming the values 
in the example of: Cs= 20.1%, Dap= 1E-
81E-9cm2/s, Clth=0.700.2% and x=50,7 
cm. The graph shows the probability of 
corrosion for the particular example indicating 
that it will be of 10% at 24 years and of 50% at 
43 years. The failure probability at 50 years 
will be of 0.60%. 
 
 
 
 
 
 
 
 
 
 

Fig. 9: Example of full statistical calculations of the 
corrosion probability in function of a particular concrete 

and chloride threshold distributions. 
 

This statistical treatment facilitates to 
define an engineering Clth or corrosion onset in 
terms of the probability of corrosion, but 
which is the most appropriate probabiltity?  It 
has been recommended [6] a probability of 
10% although Markeset [4] and Gulikers [7] 

discuss this assumption, whose justification 

has not been found beyond the general concept 
that a probability of 10% of occurrence is the 
usual range for serviceability limit states with 
 values around 1.3.  How conservative or 
appropriate is this probability of the 10%? The 
only manner to respond is by analyzing the 
consequences of the corrosion produced by 
accounting for the accumulated corrosion at 
different steps. 

4 LIMIT STATE OF CORROSION 

For analyzing the consequences of the 
corrosion in the structural load-bearing 
capacity, the total bar section loss or 
accumulated corrosion Pcorr has to be 
accounted as shown in figure 11. It shows that 
the loss in cross section will be progressing 
from the more external surface of the bar as 
the chloride threshold is advancing in depth. 

 
 
 
 
 
 
 
 
 

Fig.10: Evolution of the loss in cross section with the 
advance of the aggressive front 

 
The different corrosion penetrations 

achieved will enable to calculate when cover 
cracks may appear, because a first crack can 
be produced with only 10 µm of Pcorr 

[9] and 
how these cracks will evolve. Then the SLS 
may be exceeded before the front reaches the 
back part of the bar. Then the limit state will 
not be linked to a fixed probability of 
corrosion but it would depend on how critical 
from a structural point of view are the 
particular structural section in the sense that a 
SLS or ULS is exceeded.   

The analysis of the accumulated corrosion 
produced helps to propose that it has to be the 
verification of the SLS and of the ULS which 
should be made for the sake of establishing the 
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maximum probability of corrosion allowed 
after depassivation for each particular 
structure. That is, it is through the calculation 
of the accumulated corrosion from the exterior 
part of the reinforcement and the 
corresponding general or localized loss of 
section that the acceptable probability of 
corrosion should be established, by verifying 
the several SLS and the ULS 

5 CONCLUSIONS 

In present paper the main achievements 
were:  

1. It is given a unique statistical 
distribution of the chloride threshold,  

2. From it, it has been calculated the 
probability of corrosion at the most external 
surface of the bar, and 

3. From the calculation of Pcorr it is 
possible to verify the impact of such corrosion 
penetration into the SLS (crack appearance 
and deflections for instance) or of the ULS. 
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Abstract: Service life of reinforced concrete structures is limited in most cases by migration 
processes of CO2 and of dissolved aggressive compounds such as chlorides and sulfates in the pore 
space of concrete. The rate of these transport processes depends on the total porosity and the pore 
size distribution. Both values change with progressive hydration of cement. But the pore space and 
the pore size distribution can also be modified by an applied tensile of compressive load. In this 
contribution the influence of an external load on the pore space shall be investigated. Penetration of 
an aqueous solution into a crack and into the fictitious crack ahead of a real crack shall be described 
in detail. In addition mechanics of micro-crack formation in a porous material shall be studied. 
Finally the influence of an applied tensile and compressive load on the rate of chloride penetration 
and the rate of carbonation shall be considered. Results will help to form a basis for better 
understanding the reduced service life of reinforced concrete structures under combined mechanical 
load and environmental actions. 

1 INTRODUCTION
Carbonation and chloride penetration are 

among the most frequent processes to limit 
service life of reinforced concrete structures. 
There exist a number of standardized test 
methods to determine the rate of carbonation 
or the diffusion coefficient of chloride ions
experimentally in appropriately equipped
laboratories. Values obtained in this way are 
often used to predict service life of reinforced 
concrete structures. By now, however, it has 
been documented and it is generally accepted 
that the rate of deterioration may be 
significantly accelerated under the influence of 
an applied mechanical load [1-3]. Similar 

aggravation of deteriorating processes can be 
observed when concrete exposed to aggressive 
environment may be damaged by frost action 
before or at the same time. In fact it can be 
shown that there exists a huge number of 
possible load combinations [3]. 

All migration processes in the composite 
structure of concrete depend on the total 
porosity and the pore size distribution. The 
pore size changes as soon as a tensile or a 
compressive stress is applied. If a critical 
stress is overcome micro-cracks are formed in 
the porous cement-based matrix of the 
composite material. Ahead of a real crack 
there is a so-called fictitious crack. In this zone 
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the cement based material is damaged by 
micro-crack formation. It will be shown that 
water and aqueous solutions can preferentially 
penetrate this damages zone. 

Because of the mechanical incompatibility 
of the natural aggregates and the hardened 
cement paste, cracks are also formed along the 
weak interface between the two components. 
Micro-cracks generated by an applied load 
serve as additional pathways for the transport 
of aggressive agents and dissolved ions.

In this contribution the influence of damage 
induced by mechanical load on the rate of 
carbonation and on the diffusion coefficient of 
chloride ions shall be investigated. It will be 
shown that migration processes are 
significantly modified if a concrete specimen 
is under load. This means that service life of 
reinforced concrete structures as predicted on 
the basis of simple laboratory test results, run 
without applying a load, overestimate service 
life of real structures considerably. The 
approach described in the following is meant 
to provide a basis for more realistic service life 
prediction.

2 CAPILLARY ABSORPTION OF 
CRACKS IN CONCRETE

Crack formation can be simulated in a 
realistic way by means of the fictitious crack 
model [4]. According to this model ahead of a 
real crack a fracture process zone is built up. 
Along the fictitious crack the tensile load 
bearing capacity is gradually reduced until it 
becomes zero at the crack tip. This gradual 
deterioration of the tensile strength of the 
material is due to progressive formation of 
micro-cracks. 

In Fig. 1 capillary absorption of concrete 
with a crack, as observed by means of neutron 
radiography, is shown [5]. In order to stabilize 
crack formation two steel bars have been 
placed in the concrete samples. Their position 
can be seen by the two horizontal lighter 
bands. The left photo has been taken about one 
minute after the bottom has been put in contact 
with water. Even a crack with a width of 0.1 
mm is immediately filled with water. The 
damaged interface between steel bars and 

concrete is quickly water filled too. Then the 
water penetrates from the water filled crack 
into the material by capillary absorption. The 
right photo in Fig. 1 has been taken 1.5 hours 
after contact with water. There it can be seen 
that the fictitious crack ahead of the real crack 
absorbs comparatively more water. This is 
clear evidence that damage induced into the 
material by mechanical stress reduces 
durability. Uptake of water and of aqueous salt 
solutions is significantly accelerated.

Figure 1: Visualization of water penetration into a crack 
and from the crack into undamaged and damaged 

concrete after 1 minute (left) and after 1.5 hours (right).

3 NUMERICAL SIMULATION OF 
MICRO-CRACK FORMATION IN THE 
COMPOSITE STRUCTURE

3.1 Micro-crack formation in hardened 
cement paste

Hardened cement paste is a porous material 
with a very wide pore size distribution. In fact 
the range covers the nano-pores in the CSH gel 
and compaction pores. We consider a plate 
with thickness 1 and cylindrical pores, which 
are statistically distributed (see Fig. 2). The 
pores are assumed to have all the same radius 
r. If a compressive load q is applied cracks will 
start to grow in a stable way parallel to the 
direction of the applied load when the tensile 
strength of the material is reached at the poles.
In this case nano-pores are considered to be 
distributed homogeneously in the material 
between the cylindrical pores. 

Figure 2: Plate with statistically distributed cylindrical 
pores [6].
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Before a load is applied, the crack length is 
assumed to be zero. We consider here the
related crack length λ:

λ = l/r                                (1)

with l being the crack length and r the radius 
of the pore. If the load increases the related 
crack length increases in a stable way as given 
by equation (1) [6]:

(2)

As soon as two cracks growing in opposite 
directions approach one another the 
overlapping stress fields lead to an “attraction” 
of the two cracks and finally they coalesce. 
This is schematically shown in Fig. 1. The two 
nearest cracks are already combined. The total 
crack length increases by a sudden jump. The 
total crack length S can then be calculated as

(3)

In Fig. 3 the total crack length S is plotted as 
function of the related load q’ for two 
statistically distributed representations of the 
porous plate with solid lines. The dashed lines 
in Fig. 3 are the result of the crack length as 
obtained in a plate with one single cylindrical 
pore by stable crack growth.

Figure 3: Total crack length as function of the applied 
related load.

The micro-cracks formed in the porous 
structure are additional pathways for the 
transport of aggressive agents such as CO2 and
aqueous salt solutions. We will see later that 
this deteriorating mechanism in the porous 
structure of hardened cement paste contributes 
to accelerating carbonation and chloride 
penetration.

3.2 Damage at the interface
The interface between hardened cement 

paste and aggregates is particular weak. Due to 
settlement of the fresh concrete initial cracks 
are often formed in the interface at an early 
stage (bleeding cavities for instance). If the 
composite material is loaded cracks will be 
generated or they will grow along the 
interface. As the load increases further the 
cracks will grow into the neighboring cement-
based matrix. These different stages are shown 
in Fig. 4. The exact analytical solution of this 
problem is described in detail in the literature 
[6, 8]. The initial crack in the interface 
becomes unstable and spreads all along the 
plane A-B. The critical compressive load qc
depends on the fracture toughness of the 
interface, the length of the initial crack 2l1 and 
the inclination of the plane α. At even higher 
applied load q the crack growth in a steady 
way in parallel to the direction of the load into 
the cement-based matrix.

Figure 4: Development of a crack from the interface 
into the matrix.

In the composite material a crack cannot grow
indefinitely as it will soon encounter another 
aggregate. At this point there are two 
alternatives, either the crack runs through the 
aggregate or it will be deviated. In a high 

52



Application of Fracture Mechanics to Investigate Durability of Concrete under Load 

4

strength concrete most cracks will run through 
the aggregates but in normal strength concrete 
the crack will run around the aggregate. The 
situation typically found in normal strength 
concrete is illustrated in Fig. 5.

Figure 5: Crack branching out of the interface into the 
cement-based matrix of normal strength concrete.

3.3 Simulation of crack formation in 
hardened cement paste and concrete

Based on crack mechanics outlined in the 
previous sections we can simulate crack 
formation in hardened cement paste and in a 
composite material such as concrete. In Fig. 6 
two numerical models are shown. On the left 
side the porous structure of hardened cement 
paste is shown. In this case cylindrical pores 
are randomly distributed in the plate with 
thickness 1. It is further assumed that each 
cylindrical pore has a pair of randomly 
distributed weakest poles; as a consequence 
the weakest planes along the crack can grow 
are randomly inclined with respect to the 
direction of load. Only cracks, which are 
oriented nearly parallel to the applied 
compressive load, however, will be activated.

In Fig. 6 the simulated crack formation at 
two different applied loads are shown for the 
porous structure of hardened cement paste 
(left) and for composite structure of concrete 
(right). The crack pattern at two different load 
levels are shown. At about half of the ultimate 
load some cracks are generated. These cracks 
tend to gro and new cracks are formed with 
increasing applied stress. The crack length and 
the crack density increase with. These cracks 
will contribute to accelerated ingress of 
aggressive agents under load. It can also be 
seen that the material becomes anisotropic.

Figure 6: Crack growth in a random porous structure of 
hardened cement paste (left) and in a random composite 

structure of concrete (right) as determined for two 
different load.

4 COMBINED MECHANICAL STRESS 
AND ENVIRONEMENTAL ACTIONS

4.1 Mechanical stress and capillary 
absorption

Capillary absorption is a very powerful 
mechanism for absorption of water and 
aqueous solutions into the pore space of 
concrete, whenever he surface of concrete is in 
direct contact with the liquid. High water 
content may be at the origin of serious frost 
damage. In addition dissolved ions such as 
chlorides or sulfates may be transported deep 
into the porous material. For a single capillary
or a bundle of capillaries, the amount of 
capillary absorbed water can be described as 
function of time the following way:

(4)

For a pore space with randomly distributed 
pores equation (4) is still valid for a limited 
period. The coefficient of capillary absorption 
A in equation (4) depends on the total 
porosity, the pore size distribution and the 
viscosity of the penetrating liquid. Under an 
applied tensile stress the pore space will 
increase. Therefore we may expect that the 
amount of capillary absorbed water for a given 
period will also increase. In Fig. 7 capillary 
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absorption of concrete before loading and after 
having applied a tensile load corresponding to 
65, 75 and 85 % of the ultimate load is plotted.
It can be seen that the higher the applied 
tensile stress, the more and the quicker water 
is absorbed. The coefficient of capillary 
absorption A according to equation (4) can be 
determined from the inclination of the 
absorption curve below half an hour. Later 
gravity and other influences lead to deviation 
from the theoretical function. 

Figure 7: Capillary absorption of concrete before 
loading and after application of 65, 75 and 85 % of the 

tensile strength.

4.2 Mechanical stress and chloride 
penetration

If capillary absorption is accelerated by an 
applied tensile stress, it may be anticipated that 
chloride penetration is also accelerated as 
immediately after contact of the surface of 
concrete with salt solutions or seawater most 
chloride is transported into the pore space by 
convection with the capillary absorbed liquid.
In Fig. 8 chloride profiles as determined after 
3 months of contact of the concrete surface 
with a 3 % NaCl solution are shown. These 
profiles have been determined by grinding thin 
layers starting from the surface, which was in 
contact with the salt solution. The chloride 
content of the fine powder obtained in this way 
can then be determined analytically.
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Figure 8: Chloride profiles as determined after three 
months of contact of the surface with a salt solution of 

specimens before loading (H-0) and of specimens 
loaded with 65 % (H-65), 75 % (H-75) and 85 % (H-85) 

of the tensile strength.

From Fig. 8 we learn that the higher the 
applied tensile stress is, the more and the 
deeper penetrates chloride into the pore space 
of concrete. During the first month of contact 
capillary absorption is the dominant transport 
mechanism as mentioned already. Therefore 
we have determined the diffusion coefficient 
of chloride for the period between one month 
and three months and six months respectively.
Results are compiled in Table 1. The observed 
increase is partly due to widening of the 
existing pores and partly due to the formation 
of new pathways in form of micro-cracks as 
described above. 

Table 1: Diffusion coefficient of concrete before 
applying tensile stress and after having applied 65, 75 

and 85 % of the tensile strength

Diffusion period,
months

Related tensile 
stress, %

App. Diff, 
Coeff.

10-12 mm2/s

One to three 
months

0 1.28
65 1.33
75 3.26
85 2.83

One to six months
0 0.97

65 1.04
75 1.27
85 1.36
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4.3 Carbonation under compressive and 
tensile stress

The rate of carbonation depends on a 
number of parameters such as humidity 
content, CO2 concentration and temperature. If 
all of these parameters may be considered to 
be constant the rate of carbonation will depend 
essentially on the pore space and the pore size 
distribution. Gas permeability depends on the 
geometry of the porous system.

Carbonation has been measured in the 
compression and tension zone of concrete 
prisms under four point bending. The prisms 
had the following dimensions: 100 x 100 x 400 
mm and they were exposed to an atmosphere 
with 70 % RH and a concentration of CO2 of
10 % at 20 °C. Typical results are shown in 
Fig. 9. 

Figure 9: Carbonate profiles as observed in the
compression zone (A-30-Y) and in the tension zone (A-
30-L); for comparison the chloride profile has also been 

determined on concrete without load (A-0).

From Fig. 9 we learn that the penetration depth 
of carbonation increases under the influence of 
an applied tensile stress while it decreases 
under the influence of an applied compressive 
stress as compared to the carbonation depth 
reached under the same conditions but without 
applied stress. Obviously the pore space is 
modified under the influence of an applied 
stress. The total pore space and the effective 
pore radius both will be reduced under 

compression. These modifications are partly 
reversible and partly irreversible. 

As an approximation the time dependent 
carbonation depth x(t) of a concrete specimen 
without load can be described as function of 
time with the following equation:

(5)

In this equation the quality of concrete and the 
type of cement can be taken into consideration 
by the constant C. To take the influence of an 
applied stress σ into consideration a correction 
factor kσ is introduced. Then equation (5) 
reads as follows:

(6)

The correction factor kσ has been determined 
on the basis of experimental results obtained 
by numerous test series. The functions 
obtained for kσ for tensile and compressive 
stress are shown in Fig. 10. As can be seen, the 
rate of carbonation increases steadily with 
increasing applied tensile stress. Under 
moderate compressive stress the pore space is 
first slightly reduced and the rate of 
carbonation decreases until a minimum is 
reached at about 30 % of the maximum stress. 

Figure 10: Correction factor kσ as introduced with 
equation (6) as function of the related tensile (upper 

curve) and compressive stress (lower curve).
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At higher compressive stress new micro-
cracks are being formed and as a consequence 
the rate of carbonation increases at higher 
applied compressive stress. This observation is 
in good agreement with the results obtained by 
simulation of micro-cracks under load as 
described above.

5 CONCLUSIONS
Based on the results described in this 

contribution we can draw the following 
conclusions:

(1) The porous micro-structure of concrete 
is gradually damaged under the influence of a 
tensile and a compressive stress. The growth 
of micro-cracks can be simulated numerically.

(2) Cracks in the composite structure of 
concrete can be initiated in the interface 
between hardened cement paste and the 
aggregates under load. Numerical simulation 
shows that these cracks grow into the cement-
based matrix if the applied stress is high 
enough.

(3) The length and the density of micro-
cracks in concrete both grow with increasing 
applied load. The damage induced by micro-
cracks is at the origin of accelerated 
penetration of chloride into concrete and of 
accelerated rate of carbonation. 
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Abstract. A three dimensional analysis of a drying test on a concrete-like material is presented. The
analysis combines different tools, namely, X-ray microtomography of an ex situ experiment, image
acquisition and processing, volume correlation to measure three dimensional displacement fields. It
allows in particular mesoscopic strain analyses to be performed. By studying the correlation residuals,
it is also possible to study the damage mechanisms.

1 INTRODUCTION

The invaluable information provided by to-
mography in the field of material science has
been essentially focused on 3D imaging, and
hence, with the help of 3D image analysis tech-
niques, access to the constitutive phases of a
material, their morphology, the statistical char-
acterization of inclusion number, size, shape
has received a lot of attention, and indeed, this
effort has revealed very rewarding [1,2]. A sec-
ond very appealing virtue of tomography in the
industrial context is shape metrology [3]. This
pushed tomography to become even more quan-
titative than what was called for in simple imag-
ing. It is now very tempting to follow the evolu-
tion of a specimen during its mechanical load-
ing, and hence in situ mechanical testing is an
expanding field of investigation [4]. To get ad-

ditional information from these tests, one tech-
nique of predilection to measure 3D displace-
ment fields is Digital Volume Correlation.

To study cement ant concrete at the mi-
croscale, microtomography has been used over
the last two decades. 3D imaging has been
applied to study microstructural features (e.g.,
porosity [5] or aggregate [6, 7] distributions,
aggregate shapes [8], connectivity and tortu-
osity [9, 10]). Various phenomena such as
the alkali-silica reaction [11, 12], microstruc-
tural changes and damage during cement hydra-
tion [13], damage induced by leaching in mor-
tar [14, 15] or sulfate attack [16, 17] have also
been studied. By resorting to in situ [5] or ex
situ [18] mechanical tests it was also possible
to analyze the development of damage in these
materials. However, there are very few studies,
if any, dealing with kinematic measurements

1
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François Hild, Stéphane Roux, Dominique Bernard, Grégory Hauss and Mehdi Rebai

applied to cement and concrete microstructures.
One of the challenges is related to the very
small levels of strain. The aim of the follow-
ing analyses is to show that displacement fields
can be measured even under these very difficult
circumstances.

Digital Volume Correlation (DVC) allows
3D displacement fields to be measured from
3D images acquired, for instance, with X-ray
Computed Tomography (X-CT) systems. DVC
is a straightforward extension of Digital Image
Correlation (DIC [19]) in three dimensions and
thus the different strategies developed in 2D are
transposed in 3D with comparable weaknesses
or merits [19, 20]. In the same way as DIC is
progressively being used routinely in solid me-
chanics, it is a safe bet to predict a similar de-
velopment in the forthcoming decade as (lab)
tomographs will become more common instru-
ments. Furthermore, it is possible to couple ex-
periments with numerical simulations for, say,
identification and validation purposes thanks to
measured displacement fields in the bulk [21].

In the following, a Galerkin approach to
DVC [22] is used to measure displacement and
evaluate strain fields during a drying test on a
concrete-like cylinder. In Section 2, the studied
material, the experimental configuration and the
imaging system are presented. The correlation
algorithm used herein is briefly recalled in Sec-
tion 3 and its a priori performance is evaluated
by artificially adding noise to a reference vol-
ume. This type of analysis enables for the eval-
uation of measurement uncertainties in terms
of strains. The experimental results are finally
analyzed in Section 4 where displacement and
strain fields, and correlation residuals are con-
sidered. The latter ones are used to assess the
damage mechanism and state of the studied ma-
terial.

2 EXPERIMENT
The cementitious composite considered in

this study is made of 35 vol.% of glass beads
(diameter equal to 2 mm) included in a cement
paste (cement CEM II/B 32,5R; water/cement
ratio equal to 0.5). The scanned sample is

a cylinder (8-mm in diameter, and 20-mm
in height) cored from a larger sample (paral-
lelepiped 40×40×160 mm3 in volume cured in
water at 20 ◦C for 6 months). After coring and
before the initial scan, the sample was preserved
from desiccation. Then the sample was dried
during 23 hours at 60 ◦C and scanned again.
The last step consists of 4 hours at 60 ◦C fol-
lowed by 20 hours at 105 ◦C, and a last scan.

Microtomographic acquisitions were per-
formed on the beam line BM05 of the European
Synchrotron Radiation Facility (ESRF, Greno-
ble, France) using a monochromatic beam with
energy of 30 keV. 900 radiographs were ac-
quired at equally spaced angles between 0 ◦ and
180 ◦ using the FRELON CCD camera. The
resulting 2048 × 2048-pixel radiographs were
used to reconstruct, via the conventional filtered
back-projection algorithm, 3D images having
cubic voxels of volume 5.1× 5.1× 5.1 µm3.

Figure 1: 400 × 400 × 400-voxel volume of interest (8-
bit digitization) of the analyzed sample in its reference
configuration

The analyzed volume of interest (VOI) is
shown in Figure 1 where the 2-mm inclusions
can be observed. The corresponding gray level
histogram is given in Figure 2. The texture is
rather poor as only a small part of the 256 gray
levels is used and one of the challenges will
be to correlate this information to measure dis-
placement fields. This choice was dictated by
the fact that in other parts of the reconstructed

2
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volume porosities (with very small gray levels)
are more numerous.

(a)

Figure 2: Gray level histogram of the volume shown in
Figure 1

3 DIGITAL VOLUME CORRELATION
In this section, the correlation algorithm is

first presented. Its performance is evaluated by
using an a priori resolution analysis whereby a
reference volume is considered, noise is added
to it to form a new volume, and the strain reso-
lution is evaluated by correlating these two vol-
umes.

3.1 Galerkin approach to DVC
DVC consists in registering the texture of

two volumes, namely a first one f in the refer-
ence configuration, and another one g in the de-
formed configuration. To estimate the unknown
displacement field u(x), the squared difference
ϕ2(x) = [f(x) − g(x + u(x))]2 is integrated
over the volume of interest Ω

Φ2 =

∫

Ω

ϕ2(x) dx (1)

and minimized with respect to the degrees of
freedom ai of the measured displacement field

u(x) =
∑
i

aiNi(x) (2)

where Ni(x) are the components of the chosen
kinematic basis. In the present case, a 3D fi-
nite element kinematics is chosen for the sought

fields, so that Ni correspond to the shape func-
tions, here trilinear polynomials associated with
8-node cube elements (or C8-DVC [22]). This
approach is referred to as global since the dis-
placement field is evaluated over the whole VOI
by globally minimizing Φ2. Other approaches
can be found, namely, as in 2D applications [19,
20], the most commonly used correlation al-
gorithms consist in independent registration of
small zones of interest to determine mean dis-
placement components [19]. The same type of
hypotheses are made in three-dimensional algo-
rithms [23–26]. The latter ones are referred to
as local.

To assess the quality of a correlation result,
the correlation residuals are the only data avail-
able when the measured displacements are un-
known. In the following, the normalized corre-
lation residual is considered

η(x) =
|ϕ(x)|

maxΩ(f)−minΩ(f)
(3)

and its mean value 〈η〉 is computed over the
whole VOI Ω.

One key aspect of correlation analyses is the
choice of the element size. In the present case,
uniform meshes made of C8 elements are con-
sidered. The element size � refers to the length
of any edge of C8 cubes. The fact that the min-
imization of the correlation residuals is an ill-
posed problem will lead to a compromise be-
tween measurement uncertainties and element
size, as will be exemplified in the following res-
olution analysis.

3.2 Resolution analysis
Before studying the displacement field be-

tween two actual (i.e., reconstructed) volumes,
it is important to evaluate the level of uncer-
tainty attached to both the natural texture of the
image and the algorithm used. To assess the res-
olution, a white Gaussian noise is added to the
reference volume (Figure 1) to form the volume
in the deformed configuration. Standard devia-
tions of 2

√
2 and 6

√
2 gray levels are consid-

ered for the simulated noise. The
√
2 factor

is related to the fact that the noise is only as-
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signed to g, and is therefore representative of
the level associated with the volume difference
f − g, namely, twice the variance of noise asso-
ciated with f or g [20]. The correlation proce-
dure is then run blindly on this pair of volumes.
The mean initial correlation residual (i.e., the
raw picture difference) is equal to 0.88 % of the
dynamic range in the first case, and 2.64 % in
the second case (i.e., three times higher). It is
as expected proportional to the noise level. At
convergence, the level of 〈η〉 is very close for
large element sizes. For 12-voxel elements, and
the first noise level, the mean normalized resid-
ual is equal to 0.86 %, i.e., virtually identical to
the initial value. However, for the second noise
level, the mean normalized residual is equal to
2.15 %, i.e., lower than the initial value. This
reduction is not necessarily a good result be-
cause it indicates that with the present texture,
the correlation algorithm becomes sensitive to
noise for small element sizes.

The mean strains per element are computed
from the mean displacement gradient. It was
checked that the mean values were less than
the corresponding standard deviations. Only
the latter ones are reported hereafter. Figure 3
shows the change of the standard strain resolu-
tion σε as a function of the element size �. It can
be shown [20, 27] that σε varies with � as

σε ≈ B5/2�−5/2 (4)

where B is a constant of the order of 1 voxel
(in the present case B = 0.9 voxel for a stan-
dard deviation of 2

√
2 gray levels, and B =

1.4 voxel for a standard deviation of 6
√
2 gray

levels), which depends upon the analyzed tex-
ture and the interpolation functions used in the
DVC analysis [28]. The power −5/2 describes
accurately the variation of the strain resolu-
tion with the element size for small element
sizes. For large element sizes, it departs from
the previous interpolation because the resolu-
tion associated with nodes belonging to the ex-
ternal boundary of the VOI have higher resolu-
tions [20].

Figure 3 also shows the strain resolution is
on average 2.9 times higher for the second noise

level as compared to the first one (i.e., with a
standard deviation three times lower than the
former).
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Figure 3: Standard strain resolution σε as a function of
the element size � when only inner nodes are considered.
The circles correspond to a white noise with a standard
deviation of 2

√
2 gray levels, and the squares to a stan-

dard deviation of 6
√
2 gray levels. The dashed lines cor-

respond to the power law described by Equation (4)

4 ANALYSIS OF THE RESULTS
4.1 Correlation residuals

The correlation residuals are used to make
sure that the registration was successful [22,30,
31]. Figure 4 shows three 3D renderings of
correlation residuals when the first step is ana-
lyzed. The first residual corresponds to the ini-
tial volume difference when no corrections are
made (Figure 4(a)). An element size of 50 vox-
els has been used. There is a clear mismatch
between the two analyzed states, and the mi-
crostructure is clearly visible. The correspond-
ing value of 〈η〉 is equal to 6.0 %. When an ini-
tial correction estimated as a rigid body transla-
tion is performed, it leads to the second resid-
ual that shows the effect of this first correction
(Figure 4(b)). However, there are still zones in
which the residuals are high and microstructural
features are still observable. The value of 〈η〉
decreases to 4.3 %.

Last, the third map shows the residuals at
convergence (Figure 4(c)). Except for cracked
areas, the residuals are low everywhere else.
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(a)

(b)

(c)

Figure 4: Initial (a), with rigid body translation correc-
tion (b), and at convergence (c) gray level residuals |f−g|
when the volume g of the first load level is registered with
the reference volume f (� = 50 voxels)

This result is due to the fact that the chosen
kinematics does not allow for displacement dis-
continuities. Therefore, the correlation residu-
als enable the discontinuity zones to be located.
For these last residuals, it is impossible to locate
inclusions and matrix. This is a final evidence
that the registration is trustworthy.

This result is confirmed when the shape and
range of the histogram of correlation residuals
|ϕ| at convergence (Figure 5) are compared with
those of the initial texture (Figure 2). The latter
is monomodal and is essentially concentrated
around small gray levels as opposed to the for-
mer that essentially ranges from 150 to 255 gray
levels. A first part of the residual distribution is
due to noise associated with the acquisition and
reconstruction steps of computed tomography,
and the second part to the presence of cracks.

Figure 5: Gray level histogram of the residuals |f − g|
at convergence (Figure 4(c)) to be compared with that
shown in Figure 2 when 50-voxel elements are consid-
ered

When the element size changes, so does the
kinematic basis and the mean correlation resid-
ual at convergence. The latter is equal to 3.2 %
for 12-voxel elements, 3.3 % for 25-voxel ele-
ments, 3.4 % for 50-voxel elements, and 3.5 %
for 100-voxel elements. As the number of kine-
matic degrees of freedom decreases (i.e., the el-
ement size increases), the correlation residuals
are expected to degrade. The fact that the degra-
dation remains small is an indication that the
correlation was globally successful, irrespective

5
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of the discretization. These results were ob-
tained for the first step. The same trends are
observed for the second step, but with slightly
higher levels, thereby indicating that the crack-
ing activity has increased. The mean correla-
tion residuals at convergence is equal to 3.3 %
for 12-voxel elements, 3.5 % for 25-voxel ele-
ments, 3.6 % for 50-voxel elements, and 3.8 %
for 100-voxel elements.

The standard deviation of the volume differ-
ence f − g̃, where g̃ denotes the volume in the
deformed configuration corrected by the mea-
sured displacement for the first step, is equal
to 10.5 gray levels for 12-voxel elements, 11.0
gray levels for 25-voxel elements, 11.5 gray lev-
els for 50-voxel elements, and 12.1 gray levels
for 100-voxel elements. The same trend as be-
fore is observed. Had cracks not appeared, it
would correspond to a noise level on the order
of 7.4-8.6 gray levels (i.e., not that far from the
second noise level considered in the resolution
analysis (i.e., 6 gray levels, see Section 3.2). For
the second step, the same trends are observed
with standard deviations ranging from 10.7 to
13.5 gray level when the element size varies
from 12 voxels to 100 voxels.

4.2 Damage mechanisms
The analysis of the correlation residuals en-

abled us to deem the correlation results glob-
ally trustworthy. Various causes can lead to
higher correlation residuals, which call for at-
tention. First, the whole registration may not
be satisfactory. This is not the case as proven
by Figures 4(c) and 5. Second, the gray level
conservation may not be satisfied, possibly due
to the reconstruction stage. However, Fig-
ures 4(c) and 5 do not indicate significant bi-
ases. Third, the kinematic hypotheses during
correlation may no longer be fulfilled. For in-
stance, when analyzing cracks, a C8 kinematic
basis does not allow for displacement disconti-
nuities. One solution is then to enrich the kine-
matic basis [32] as in the extended finite ele-
ment method [33,34]. The correlation residuals
are then used to determine the 0-contour level
set associated with crack surface [21]. This

procedure will not be used herein. The analy-
sis will be restricted to the correlation residu-
als and their change with time when C8-DVC is
utilized.

To proceed, the first issue to solve is the el-
ement size to choose for the analysis of crack-
ing. Figure 6 shows transverse cuts of the vol-
ume in the deformed configuration corrected by
the measured displacement, g̃, for different dis-
cretizations. The underlying discretization is
distinguishable in the maps in the vicinity of
cracks. For 12-voxel elements, the kinematics
and therefore the microstructural description is
the finest so that the cracks are likely to be bet-
ter captured (and closed since the displacement
is better described). As the element size in-
creases, the cracks become easier to pinpoint,
however the spatial resolution of the kinematic
description becomes poorer. In the sequel four
different discretizations will be studied.

Figure 7 shows transverse cuts of the corre-
lation residual at the same height (i.e., 3/4 of
the total height) for the two steps. The corre-
sponding gray level map is also shown. When
compared to the latter, the former proves once
again that the registration was generally suc-
cessful except at locations where cracks appear.
Most of the cracks are present at the first step.
Since the residual levels increase from the first
step to the second, it can be assumed that the
crack openings follow the same trend (i.e., the
residual level increases in some areas between
step one and two), that new cracks have initi-
ated and others have propagated.

Apart from the cracked zones, the underly-
ing microstructure is no longer visible in the
correlation residual maps corresponding to the
two steps. This is another confirmation that the
correlation was successful. It is also true for ar-
eas close to the cracks for which the kinemat-
ics is satisfactory. This result shows that the
crack openings remain small and that the proce-
dure proposed to analyze cracked samples with
a continuous kinematics is feasible. The same
type of procedure was applied to a propellant
and led to the same conclusion [35].
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(a) � = 100 voxels (b) � = 50 voxels

(c) � = 25 voxels (d) � = 12 voxels

Figure 6: Cuts of the volume in the deformed configuration corrected by the measured displacement g̃ for different
element sizes for correlation analyses of the first step

(a) reference (b) step no. 1 (c) step no. 2

Figure 7: Correlation residuals for the two steps (b-c) and corresponding cut of the reference volume (a) when z =
300 voxels. A C8-DVC analysis was run (� = 50 voxels)

When analyzing Figures 6 and 7, it is
concluded that two different mechanisms are
active, namely, matrix cracking and inclu-

sion/matrix interfacial debonding. The former
mechanism is less important in terms of surface
fraction than the latter. When observing the 3D

7

63
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rendering of the reference configuration (Fig-
ure 1), no cracks are visible. It can therefore be
assumed that they were created during the two
analyzed steps. Furthermore, most of the cracks
were generated during the first step. Last, the
cracking pattern can become very complex, and
only the analysis of Figure 6 allows the two
mechanisms to be clearly distinguished since
the microstructure is also visible.

In DVC analyses, the first output is generally
thought to be the measured displacement fields.
They will be analyzed in the sequel. However,
the correlation residuals were analyzed first.
The reason for that is on the one hand to check

whether the registration was successful for both
steps. A positive answer could be given. On
the other hand, the small areas where the resid-
uals are high allowed us to study the damage
mechanisms and their development during the
two steps. This was made possible thanks to
voxel-based residuals, which are allowing for a
voxel-scale description of the cracks.

4.3 Kinematic data
4.3.1 Displacement field

The displacement field is shown for the first
step.

(a) � = 100 voxels (b) � = 50 voxels

(c) � = 25 voxels (d) � = 12 voxels (e) Reference

Figure 8: Displacement (expressed in voxels, 1 voxel ↔ 5.1 µm) maps in the x-direction for different element sizes of
correlation analyses of the first step. Corresponding cut of the reference volume (e) when z = 300 voxels

Figure 8 shows displacement maps along the
x-direction for different element sizes. When
the discretization is coarse, the displacements
are not well-described, as expected from higher

correlation residuals. This is true for the two
drying steps. When compared to the underly-
ing microstructure (Figure 8(e)), only the two
finer discretizations are able to capture the com-
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plex kinematics associated with the material mi-
crostructure and damage mechanisms.

In the following, strain data will be com-
mented. It is worth remembering that different
gauge lengths can be used to determine strains.
Only one scale is considered, namely, for each
C8 element (i.e., mesoscopic scale), average
values are computed.

4.3.2 Mesoscopic strains

The mesoscopic strains are computed from
the mean displacement gradient per element.
To analyze cracking, the mesoscopic maximum
eigen strains are chosen. They are considered
in the sequel when their value is positive (i.e.,
indicating that cracking occurred) and greater
than a threshold strain εth, which is chosen to be
three times the standard strain resolution (with
a white Gaussian noise of standard deviation
equal to 6

√
2 gray levels) so that most measure-

ment uncertainties are avoided. Figure 9 shows
the change of the mean value and its fluctua-
tions (i.e., error bars corresponding to the stan-
dard deviation). As the element size decreases,
there is significant increase of both values. This
result is again a proof that a fine discretization
is needed in the present case, even though the

Figure 9: Average maximum principal strain for the two
analyzed steps. The error bars indicate the standard devi-
ation. Different discretizations are considered. The strain
threshold εth is defined as three times the standard strain
resolution given by the resolution analysis (with a white
noise of standard deviation equal to 6

√
2 gray levels)

strain resolution is higher. Since the level of
εth is significantly smaller than the fluctuations
of the considered strains, for any chosen dis-
cretization. Most of the fluctuations are not
due to measurement uncertainties but to crack-
ing openings.

5 CONCLUSIONS
The development of relevant damage models

is essential to understand and predict the me-
chanical behavior of concrete under drying and
leaching [36]. To achieve this goal, microme-
chanical models can enlighten the complex in-
teraction between cement paste and aggregates
that produce microcracking [37], but the vali-
dation requires accurate measurements of the
local (i.e., micrometer scale) behavior. X-ray
micro-tomography combined with Digital Vol-
ume Correlation (DVC) is a promising method
that has been applied here on a sub sample of
a simplified cementitious material in which the
volume fraction of inclusions is high (i.e., of the
order of 35 %).

DVC is a powerful tool to analyze ex situ
and in situ experiments in a tomograph (here
the beamline was that of a third generation syn-
chrotron). It yields 3D displacement fields in
the bulk of the studied material. The strain res-
olution is sufficiently low to perform analyses
of the studied material. Furthermore, the cor-
relation residuals, which are usually utilized to
assess the quality of the registration, were also
used to analyze the damage mechanism seen as
the main cause for non conservation of the gray
levels since the kinematic basis was not consis-
tent with the true one.

It was shown that debonding of the ma-
trix/inclusion interfaces and matrix cracking are
the two main damage mechanisms. These re-
sults correspond to a first step that showed the
feasibility of DVC to analyze damage in cemen-
titious composites. Next steps will be to analyze
the full samples [36] and consider more realis-
tic mortar compositions [38]. In terms of mea-
surement procedures, two different paths may
be followed to enrich the measured quantities.
First, unstructured meshes may be used as was
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François Hild, Stéphane Roux, Dominique Bernard, Grégory Hauss and Mehdi Rebai

proposed in 3D analyses of a propellant [39]. In
the present case, the mesh topology should then
be chosen in such a way that the interfaces be-
tween elements coincide with those between the
inclusions and the matrix. One should remain
cautious since small elements would then lead
to higher measurement uncertainties as shown
herein (Figure 3). A mechanical regulariza-
tion may then allow to lower the displacement
uncertainty [27]. Second, a voxel-scale dis-
cretization may also be considered. This ap-
proach always requires a mechanical regulariza-
tion [27]. The main advantage though is that
the discretization becomes the simplest to con-
sider and the gray level may then be used, as
shown herein, to regularize the volume registra-
tion. Both approaches will be assessed in the
future.
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Abstract: This paper reports on the results of X-ray imaging of steel fibre reinforced concrete in 
tension. The observations on fundamental behaviour and influences in the development of models 
for structural design are discussed. It is observed that crack paths find ways of least resistance 
through a section and divert around fibre ends, where possible. In large scale structural members 
where crack locations are not fixed by either geometry or load state, variability in fibre dispersion 
should be considered at the model level, rather than incorporated in materials or member safety 
factors. Based on image analysis, the fibre dispersion influence factor is quantified for the case 
where multiple cracking paths may occur. 

 

1 INTRODUCTION 
By 3000 BC the Egyptians had used a 

combination of lime and gypsum mortar as 
binding agents in their construction of the 
Pyramids. In latter period of the Roman 
Republic, the Romans of southern Italy mixed 
a volcanic sand, pozzuolana, found near 
Pozzuoli on the Bay of Naples to form a 
hydraulic-setting cement paste. This mixed 
with aggregate gave rise to Roman concrete 
with good compressive strength properties, 
which was used together with complex 
structural shapes such as domes and arches. 
One of the first uses of hydraulic-setting 
cement was in 27 BC for the dome of the 
Pantheon. At around the 2nd century BC, the 
Chinese used cementitious materials in the 
Great Wall of China. Thus, while early 
concrete technologies were available, this type 
of concrete was not used elsewhere and stone 
and brick masonry remained the dominant 

construction materials for many centuries. 
The modern use of concrete can be traced to 

John Smeaton who, born in 1724, is famous 
for his work on the Eddystone Lighthouse in 
Cornwall, England, which he had been 
commissioned to rebuild in 1756. Smeaton 
used interlocking courses of masonry bound 
with a pozzolanic mortar. In his later work, he 
added aggregate to the mix and built Ramsgate 
Harbour, Perth, and Coldstream Bridges and 
the Forth and Clyde Ship Canals. In the early 
1850’s, the use of reinforcing steel was 
introduced by Jean-Louis Lambot in his boats. 
In 1889, the first concrete reinforced bridge 
was built, the Alvord Lake Bridge, USA.  

Basic cement tests were standardised in the 
early 1900’s and in 1904, with the construction 
of the Ingalls building USA, the first concrete 
skyscraper was built. In 1916, the Portland 
Cement Association was founded and, a year 
later, the US Bureau of Standards and the 
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American Society for Testing Materials 
(ASTM) established a standard formula for 
Portland cement. Concrete construction was 
set to revolutionise the building and 
infrastructure construction industries. 

Interest in advanced cement-based materials 
sawed, not only because of their increased 
strength but also due to their generally high-
performance characteristics. The earliest use of 
high performance concrete (HPC) can be 
traced to the 1950’s and in the time since there 
has been numerous projects that have used 
HPC in their construction. In 1973, Water 
Tower Place reached 260 metres with concrete 
strengths as high as 60 MPa and in the 
following two to three decades, high 
performance concrete became widely used in 
bridge and high rise building construction. 

In the early 1960's, pioneering research into 
fibre reinforced concrete was undertaken by 
Romualdi and Batson [1] where it was 
demonstrated that the tensile strength and 
crack resistance of concrete can be improved 
by providing suitably arranged, closely spaced, 
wire reinforcement. After 50 years of research 
in the development and placement of fibres in 
reinforced concrete, the concept has matured 
to the stage where it is finding increasing use 
in practice. The materials used for fibres have 
also seen significant advancements including 
stainless steels and complex polymers. As 
early as 1994, Banthia and Trottier [2] 
recorded that fibres are used as a form of shear 
reinforcement in reinforced concrete (RC) 
structural elements, for blast resistance in 
structures, as shotcrete in tunnel linings, for 
use in slope stabilisation works and to limit 
early age shrinkage cracking in large concrete 
pavements.  

By adding fibres to a concrete mix the 
objective is to bridge discrete cracks providing 
for some control to the fracture process and 
increase the fracture energy. Since the early 
work, the pullout mechanism of discontinuous 
fibres embedded in a variety of cementitious 
materials has been studied by a number of 
researchers [3-13].  

The current understanding of the behaviour 
of fibre-matrix interfacial mechanics is based 
on a number of pullout studies using single or 

multiple fibres where steel fibres are 
embedded within a cementitious matrix. The 
experimental parameters investigated include 
the rate of loading [14-16], curing and 
environmental temperatures [2, 17, 18], the 
quantity and quality of the matrix [19-21], 
addition of adhesive agents [22] and fibre type 
and fibre orientation [2, 23, 24]. In spite of a 
belief sometimes expressed [2] that no 
correlation exists between the behaviour of a 
single fibre pullout test and the behaviour of 
bulk fibres in a real composite matrix, the 
effectiveness of a fibres as a medium of stress 
transfer is often assessed using fibre pullout 
tests where slip between the fibres and the 
matrix is monitored as a function of the 
applied load. 

 
2 OBSERVATIONS FROM X-RAY 

IMAGING 
Htut [25] conducted X-ray imaging on 

seven dog-bone shaped specimens subjected to 
uniaxial tension. It was observed that the crack 
initiation is likely to commence at the point of 
minimum resistance and, consequently, cracks 
initiate from the location at which least 
number of fibres are located; that is, cracks 
initiate from areas with poor fibre dispersion 
rather than at the narrowest part of the dog-
bone specimen. Thus, fibre dispersion plays a 
significant role in crack initiation and, 
consequently, on the tensile strength. 

As was observed by Markovic et al. [26], 
the crack path follows the easiest propagation 
route and is often near the end of fibres or 
around them (Figures 1 and 2). Consequently, 
many of the end-hooked fibres fail to engage 
and do not deform during the fracture process. 

 
3. FIBRE DISPERSION 

The dispersion of fibres in the matrix and 
deformation of the end-hooks significantly 
influences the tensile behaviour of a SFRC 
composite. In the development of material 
models for design, this observation needs 
consideration. By digitalising X-ray images of 
specimens we may learn more on fibre 
dispersion and distribution. Eleven 30 mm 
thick dog-bone shaped specimens with 
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randomly distributed 25 mm long by 0.3 mm 
diameter end hooked fibres and volume 
percentages of between 0.5% and 2% were 
cast and X-ray imaged prior to tensile testing. 
The images were then analysed for fibre 
concentration over various regions (Figure 3); 
to avoid the wall effect in the analyses, the 
region near the side walls was excluded. 

 

 
(a) 

 
(b) 

Figure 1: X-ray images showing crack formation during 
a uniaxial tension test: (a) 0.5% fibres; (b) 1.5% fibres. 
 

 
Figure 2: Crack propagation during a uniaxial 
tension test: (a) 0.5% fibres. 
 

The digital image analysis was undertaken 
using IMAQTM Vision Builder software. Each 
sample image was filtered to distinguish the 
fibres from the background image (Figure 4). 
A particle analysis was then undertaken to 
determine the area of fibres in the image 
(white area in Figure 4b) with the fibre 
dispersion/distribution factor (Ffd) defined as 

the ratio of white area to the total sample area. 
Only a limited improvement in result of the 
analysis (approximately 2%) was observed 
when the sampling size was reduced much 
below the length of the fibres and a sampling 
size of 25 mm  25 mm was adopted for 
further investigation. The dispersion results are 
presented in Figure 5. 

 

 
(a) 

 
(b) 

Figure 3: Sampling locations for fibre dispersion 
analysis: (a) 12.5 mm  12.5 mm; (b) 25 mm  25 mm.  
 

 
(a) 

 
(b) 

Figure 4: Example of 50 mm square sample; (a) 
original image before filtering and colour inversion, and 
(b) digital image after filtering. 
 

For a sample of statistical significance, the 
median value of Ffd for samples taken within 
one dog-bone specimen represents the average 
fibre volume fraction, f. This data is plotted 
in Figure 6 for the dog-bone shaped specimens 
for the different, known, fibre volumetric 
ratios (f from 0.5% to 2.0%). With the 
relationship Ffd and f established, for the 
given fibre type and specimen thickness, 
(Figure 6), the volume fraction as a function of 
Ffd is determined as: 
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  Figure 5: Distribution of fibres for fibre volume 
fractions (f) of 0.005, 0.010, 0.015 and 0.020. 
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Figure 6: Median fibre dispersion factor versus fibre 
volume concentration for the 30 mm thick specimens. 
 

  126 136f fd fdF F    (1) 

With the fitting Eq. 1 established, variations 
in the fibre volume fraction within one 
specimen can then be determined. Note that 
the best predictions from Eq. 1 are when the 
results are interpolated, that is between fibre 
volume fractions of between 0.005 and 0.02 
(fibre dispersion factors of approximately 
0.375 to 0.677). Beyond the limits of the data, 
extrapolation is needed and the results are less 
certain. 

From the fibre dispersion data, the standard 
deviation for the test series was  = 0.27f 
and, considering the fibres to be normally 
distributed, the 75th and 90th percentiles are 

75 0.82 f    and 90 0.65 f   , respectively. 
It is important to note that, in this study, the 

specimen thickness was 30 mm or 100 times 
the diameter of a single fibre. Fibres are more 
likely to overlap one another in the digital 
image analysis as the specimen thickness 
increases. Consequently, in the digital image 
analysis, specimen thickness is a significant 
component in determining of the fibre 
dispersion factor. For the hypothetical case of 
a fibre diameter thick specimen, there is no 
possibility of fibre being overlapped and the 
fibre dispersion factor is linearly proportional 
to the fibre volume concentration. Probability 
of fibre overlapping is a function of the 
specimen thickness, and, consequently, a non-
linear relationship is observed. 
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(a) 

    
(b) 

Figure 7: Digital X-ray image along the crack path: (a) before the image analysis and (b) after the image analysis. 

4. INFLUENCE OF FIBRE DISPERSION 
ON FRACTURE PROCESS 
The digitised X-ray images taken during the 

tension test of the dog-bone specimens show 
the importance of fibre dispersion on the crack 
formation/initiation and propagation processes. 
To validate the findings presented in Section 3, 
further digital image analysis was undertaken 
to determine the fibre dispersion along the 
crack path of the specimens containing fibre 
volume concentrations of 0.5%, 1.0% and 
1.5%. A typical X-ray image around the crack 
path is shown in Figure 7a. Digital image 
analysis was undertaken on a sample size of 
12.5 mm square (Figure 7b) and the fibre 
volume ratio versus fibre dispersion ratio is 
plotted in Figure 8.  

The results show that the cracks are likely 
to form or propagate along the path of least 
resistance. The fibre volume concentration 
along the crack path was found to average 
through the 75th percentile characteristic value. 
This confirms the conclusion that fibre 
dispersion contributes significantly to the 
fracture process in uniaxial tension and this 
observation needs to be taken into 
consideration during the development of 
behavioural models. 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Fibre Dispersion Factor (Ffd)

0.000

0.005

0.010

0.015

0.020

0.025

Fi
br

e 
V

ol
um

et
ri

c 
R

at
io

 (
f ) Eq. 1

75th percentile
90th percentile

 
Figure 8: Fibre volume concentration ratio versus 
average fibre dispersion along the crack path. 

5. INFLUENCE OF FIBRE DISPERSION 
ON MODELLING 
Despite numerous publications on fibre 

reinforced concrete behaviour, limited 
research has been undertaken on developing 
general design models for fibre reinforced 
composites in tension. Visalvanich and 
Naaman [27] derived a semi-empirical model 
for the tension-softening curve in 
discontinuous randomly distributed steel fibre-
reinforced mortar by assuming a purely 
frictional fibre-matrix interface and complete 
fibre pullout. With the same assumptions and 
taking into account an additional frictional 
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effect called the snubbing effect, Li [13] 
derived an analytical model named the fibre 
pullout model (FPM) that predicts the bridging 
stress-COD relationship for fibre reinforced 
brittle-matrix composite.  

A micro-mechanical model known as the 
fibre pullout and rupture model (FPRM) was 
developed by Maalej et al. [28]. In their 
model, the FPM model of Li [13] was 
extended to account for the possibility of fibre 
rupture in the composite. The model is able to 
predict the composite bridging stress-COD 
relationship, account for fibre pullout, fibre 
rupture and the local frictional effect or 
snubbing.  

Using the "fibre-matrix misfit" theory of 
Timoshenko [29], Naaman et al. [30] proposed 
an analytical model for straight, undeformed, 
circular steel fibres aligned perpendicularly to 
the cracking plane. The model was shown to 
capture the pullout-slip relationship between 
steel fibres and concrete when compared to the 
experimental data as published by the authors. 
However, this model is limited for use in 
directionally orientated plain fibre composites. 

Gilles [31] developed a micro-mechanical 
model taking into account the different 
phenomena observed during pullout of a 
deformed fibre, including the interfacial 
adhesion between the fibre and the matrix, 
friction and fibre deformation. The model can 
be used for predicting pullout behaviour of 
fibres having various geometries but is limited 
to the case where the fibres are aligned 
perpendicular to the cracking plane.  

Marti et al. [32] developed a simple 
parabolic model to describe the stress-COD 
relationship of randomly orientated fibre 
reinforced composites where it was assumed 
that, after cracking of the matrix, there is zero 
contribution to tensile strength from the 
matrix, the fibre pulls out from the shorter 
embedded length and that the bond-shear 
stress is constant along this length. 

Many other models have been proposed [1, 
33-39] but these models are generally limited 
in their use as tools for structural designers due 
to limitations of the models or due to the 
complexity of the models.  

In 2003/2004, the first form of the Variable 
Engagement Model (VEM) was published by 
Voo and Foster [40-41]. The model has since 
been used as the basis for the design of RPC 
and SFRC members for shear [42-45], for 
punching shear in SFRC slab-column 
connections [46] and as a constitutive model 
for FEM [47]. 

Since 2003, considerable progress has been 
made in development of generic models for 
SFRC, including that of Lee et al [48] and the 
Unified Variable Engagement Model (UVEM) 
of Ng et al [49]. 

Model development can be placed in one of 
three categories: (i) those based on 
observations from direct tensile tests; (ii) those 
based on observations from indirect tests, such 
as that of di Prisco et al. [50]; (iii) physical-
mechanical models built from lower order 
observations such as discrete fibre pull-out 
testing. In each case these models require 
validation against a wide range of direct 
tensile test data for different fibre types and 
volumes and varying matrix compositions. 
This is problematic as there is yet to be an 
agreed direct tensile test of standard 
configuration and boundary conditions. 

For models based on direct tensile testing of 
unnotched specimens of reasonable size, the 
influence of fibre dispersion is directly 
considered. That is the dominant crack forms 
where the local fibre concentration is at its 
lowest across a section and where near the end 
of a fibre, deflects around it. This was clearly 
evident in the X-ray images of Htut [25]. 
When specimens have a dominant notch, 
however, the crack path forms at the notch and 
the impact of fibre dispersion is negated [26]. 
Consequently, fibres have a higher possibility 
of being fully deformed in the notched section 
tests and, thus, higher tensile strengths and 
ductility are observed. On the other hand, if 
the notch is not dominant, failure may occur 
away from the notch at a section where low 
fibre numbers, through dispersion variations, 
occur. As a part of his testing programme, Htut 
[25] undertook tension tests on three 120 mm 
wide by 30 mm thick dog-bone shaped 
specimen that had a pair of 5 mm notches at 
the critical section, reducing the cross-
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sectional area by 9%. In each case, the 
dominant crack formed well away from the 
notched section. The X-ray images of two of 
these tests are shown in Figure 9. Specimen 
NUT-Hyb1-0.5% (3) contained 0.25% by 
volume of 25 mm long by 0.3 mm diameter 
end-hooked 2300 MPa fibres and 0.25% by 
volume of 13 mm long by 0.2 mm diameter 
straight 1800 MPa fibres; Specimen NUT-
Hom-1.5% (2) contained 1.5% by volume of 
25 mm long fibres. From the observations with 
regards to the influence of fibre dispersion of 
the previous section, it may be postulated that 
a cross-sectional area reduction of the order of 
20% would be needed for a reasonable 
probability that cracking would occur through 
the notched section. 

 

 
(a) 

 
(b) 

Figure 9: X-Ray image of dog-bone shaped specimens 
with notches: Specimen (a) NUT-Hyb1-0.5% (3) and 
NUT-Hom-1.5% (2). 

For the case of models based on indirect 
tests (i.e. prism bending tests), less favoured 
by those working in the field of fracture but 
more favoured by industry, the influence of 
fibre dispersion is unclear. In this case crack 
initiation is dominated by the tensile stresses 
at, or near, the extreme tensile fibre in the high 
moment region. The results will be influenced 
by the type of test, 3- or 4-point bending and 
by whether the specimen is unnotched or 
notched. For models based on this approach 
and applied to structural design, it is suggested 

that the influences of fibre dispersion be 
treated as for direct tension tests with a 
dominant notch. 

In the final case of physical-mechanical 
models built from single fibre pull-out 
observations, case (iii), fibre dispersion needs 
some consideration when applied to design. In 
the case of punching shear, for example, where 
the crack location is defined largely by loading 
constraints and where the slabs are relatively 
thin, the fibre dispersion factor may play only 
a minor role. On the other hand, for the case of 
one-way shear in beams, where sections are 
larger and many failure paths are possible, the 
influence of variations of fibre dispersion 
cannot be ignored in the development of 
reliable design models, such as those of [43] 
and [46]. 

6 CONCLUSIONS 
While the tensile and fracture behaviour of 

steel fibre reinforced concrete have been 
researched for nearly five decades, their use in 
structures has been limited by a lack of design 
models and standardisation. With design rules 
for SFRC introduced in some national concrete 
structures standards, and also in the fib Model 
Code 2010 [51], it could be expected that more 
use will be made of this higher performance 
material in building and bridge structures for 
the carrying of tensile stresses. Ideally, design 
models should be based on a physical 
understanding of fracture processes and 
physical-mechanical models adopted as the 
model basis, rather than empirically based 
modelling approaches. Through X-ray imaging 
of tensile tests, pre-loading and under load, the 
effect of fibre distribution and dispersion on 
the fracture processes is quantified. Crack 
diversion around fibre ends is also observed 
and needs consideration in the development of 
rationally based, physical, design models. 
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Abstract. It has been well over thirty years since Hillerborg and Bažant presented their land-
mark papers (cohesive crack and size effect models respectively), and since the author submitted his
Ph.D. dissertation on the application of fracture mechanics to concrete. Yet, the practical applica-
tions of fracture mechanics have been few and far in between. In this paper, the author will share
his experience in trying to apply fracture mechanics not only to concrete structures, but also to other
“neighboring” materials such as polymers and ceramics.

1 INTRODUCTION
It has been over thirty years since Hillerborg

et al. (1976) and Bažant, Z.P. (1976) (simulta-
neously) published their landmark papers on the
cohesive crack model and the size effect respec-
tively, and also since the author submitted his
Ph.D. dissertation on the application of fracture
mechanics to concrete, (Saouma, 1980). Since
then, there has been countless publications, as
well as seven FraMCoS conferences focusing
on the fracture of concrete.

Discarding case studies where one performs
a numerical simulation of a laboratory test, it
is blatantly clear that there has been, few, very
few, discouragingly few reported cases of prac-
tical applications of fracture mechanics1.

This is indeed a matter of concern, as our in-
frastructure is aging, and most failure result in
micro, or macro cracks. Whether cracks are the
primary cause of failure or are the consequence
of (another) failure (mechanism), is another
fundamental issues often neglected. Hence, one
has to remain hopeful that ultimately fracture
mechanics will play a more prominent role in

the safety assessment of existing structures, or
in forensic studies (which often require a non-
linear analysis) than for the design of new ones.

Usually papers tend to emphasize theoret-
ical/experimental aspects and terminate with
“some sort” of an application, this one will fo-
cus exclusively on applications and conclude
with personal remarks.

2 APPLICATIONS
Trying to put things into perspective, the au-

thor’s PhD thesis (Saouma, 1980) was proba-
bly one of the first doctoral dissertations focus-
ing on the fracture mechanics of concrete struc-
tures. Largely inspired by the earlier work of his
mentor, (Ingraffea, 1977), it developed a com-
puter program (Finite Element Fracture Analy-
sis Program) with adaptive remeshing for dis-
crete crack propagation. Fig. 1 is an illus-
trative example of the analysis of the “mythi-
cal” reinforced concrete beam OA-1 tested by
Bresler and Scordelis (1961) who were investi-
gating the shear strength of reinforced concrete
beams (and we still do).

1From a computational side, this issue was addressed by Emery et al. (2007).
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Fig. 1(a) is a snap-shot of the mesh after 13
crack propagation increments. The (crude) au-
tomatic remeshing is evident, yet such an early
analysis yielded a reasonable nonlinear load-
displacement curve, Fig. 1(b). Finally, a real-
istic crack profile, consistent with ACI-318 pre-
diction was obtained, Fig. 1(b).

Though this program was used for a cou-
ple of subsequent years, when the opportunity
came, an entirely new program (Merlin) was de-
veloped, (Saouma et al., 2010), and all results
presented in this paper are based on it.

10/12/2010

(a) R/C beam OA-1



(b) Non-Linear load displacement curve



(c) Crack profile

Figure 1: Origial figures from the author’s PhD thesis in
1982

In the following pages, practical examples of
fracture mechanics applications will be shown.
The author has been involved in all those anal-
ysis, and for obvious reasons structure names,
locations, and specific details will be omitted.

2.1 Civil Engineering
Fracture mechanics may be implicitly or ex-

plicitly used in concrete structures. Implicitly
through code equations which account for the
size effect law (such as in the shear strength
equation). Unfortunately the most widely ref-
erenced design code (ACI-318) has not yet rec-
ognized the need for such a consideration. This
abberation can only be attributed to the inability
of the research community and the practicing
world in this country to properly communicate
and understand each other.

What is more pertinent to the topic of this
paper are the explicit applications of fracture
mechanics in real structures. Such applications
have recently been made possible through the
consideration of the cohesive crack model in
commercial codes such as Atena, or Diana with
various degrees of sophistication. Description
of these applications is better left to others.

A daunting question (which we may have
tried to avoid) is how relevant is fracture me-
chanics (i.e. to which extent a 10% change in
the fracture energy GF would alter final results)
to reinforced concrete structures when cracks
are by definition anticipated to occur (in order
to mobilize the load carrying capacity of the re-
inforcement) and cohesive stresses are negligi-
bly small compared to those in the reinforce-
ment. On the other hand, fracture mechanics
could address some of the finer points (such as
crack width, critical in nuclear) or massive un-
reinforced concrete structures (dams) or zones
of limited shear reinforcement.

2.1.1 Dams

Dams have historically been catalysts for
structural analysis innovations. If many of us
are aware that the first reported application of
the finite element in civil engineering was pre-

2
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cisely the fracture analysis of a concrete dam by
Sims et al. (1964), few know that one of the first
applications of the finite differences was also
masonry dams (Richardson, 1911) not to men-
tion the numerous examples of dams in the first
edition of Zienkiewicz (1967).

In the US, the identification of so-called
“Potential Failure Modes” (which often means
some form of cacking/sliding) is engrained in
recent regulations (Federal Energy Regulatory
Commission, 2006). Conceptually, this is anal-
ogous to the well accepted “Performance Based
Design” (FEMA-349, 2000). Both paradigms
would allow engineers to consider spending
more resources to achieve quantifiable higher
performance thereby reducing risk. Hence,
the structural performance of critical structures
such as dams, nuclear containment vessels, and
offshore structures, could be improved through
appropriate non-linear analysis provided that an
appropriate model can be used. Indeed the au-
thor has recently examined a merger of those
two approaches, Saouma et al. (2012).

The analysis of a massive lock and dam
(Reich et al., 1994) did lead to a US Army
Corps of Engineers Technical Letter (Army
Corps of Engineers, 1993), which stipulated
that [one]need(s) to perform a fracture mechan-
ics based investigation prior to major rehabili-
tation. Regretfully, it appears that this directive
has been escinded (lack of sufficient “expert”?).

Finally, putting things in perspective, it is
important to realize that with dams one is deal-
ing with very large concrete structures, that no
major distinction is made between cracks and
joints (horizontal or vertical), and that “Achile’s
heel” is the joint between rock and concrete.
Hence, whereas we assume (in design) that
those joints are perfectly closed, they constitute
potential cracks once they open.

Seismic Safety Assessment of a Buttress Dam
This first example, is an old buttress dam in
Japan, Fig. 2(a). Though a relatively small one,
there was some concern about its vulnerability
to lateral seismic excitation, Fig. 2(b), specially
that cracks where already present, Fig. 2(c).

To mitigate possible damage, a strengthening
plan was put together, Fig. 2(d). However, the
safety assessment of the dam did not account
for the presence of mild steel reinforcement in
the buttresses which could have provided shear
strength through dowel effect. At this point, the
author got involved in this project.

10/8/2010

(a) Buttress dam

10/11/2010

(b) Possible failure mode

Slab

Diagonal Cracks

Horizontal Cracks

10/11/2010

(c) Mapped
cracks

φ 19mm

300mm

200mm
280mm

125mm

40
0m

m125mm

87.5mm

40mm

87.5mm

40mm

H- 125X125X6.5X9

10/8/2010

(d) Planned re-
habilitation

10/8/2010

(e) 3D FE mesh;
Joints highlighted in
yellow

Figure 2: Buttress Dam

Modeling reinforcement across the multiple
joints was problematic, however joint model-
ing through interface elements was simple. As
such, an experimental program, Fig. 13,was
put together to determine a set of (fracture
mechanics based) interface element properties
equivalent to the one of a joint with reinforce-
ment. Once determined, those properties were
assigned to all the joints and thus circumvented
the need to model dowel effects.

Finally, a 3D transient nonlinear fracture me-
chanics based analysis was undertaken, Fig.
2(e) and the dam was found to be sufficiently
strong to withheld the earthquake, and rehabili-
tation plans shelved. This was one of the best
example in which a reasonable investment in
laboratory tests and advanced analysis, yielded
substantially larger savings in unnecessary re-
habilitation costs.

Safety Assessment of a Complex Gravity
Dam This old gravity dam, Fig. 3(a), raised

3
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much concern to the surrounding population
in light of its apparent deterioration. Much
silt had accumulated, it was overtopped numer-
ous times, and simple 2D rigid body analysis

failed to yield a sufficiently high factor of safety
against sliding. At that point, the author was ap-
proached by a consulting firm to perform a 3D
fracture mechanics based analysis.

10/9/2010

(a) Old gravity dam
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(f) Uplift pressures

Figure 3: Old gravity dam

A particularly challenging aspect was the
complex geometry: the dam had a shear key, is
partially built under existing rock, and has com-
plex geometry which includes a stiff wall at one
end.

Hence, the first task was to identify potential
failure modes. Fig. 3(b) is an idealization of the
two most likely ones. The first cuts across the
shear key, goes along the rock/concrete inter-

face and then daylights at approximately 45 de-
grees. The second assumes a strong shear key,
and failure initiates below it, propagates hori-
zontally, and then again daylights at about 45
degrees. To further complicate matters, this was
a 3D analysis with not only varying longitudinal
geometry , but also spatially varying rock prop-
erties (cohesion, angle of friction). Idealization
is shown in Fig. 3(c), while the actual mesh is
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shown in Fig. 3(d), and the joints (deformed
shapes) are in Fig. 3(e).

Given the complex geometry, it was critical
to ensure that the mesh was indeed well put to-
gether. This was critical as if two nodes across
a potential failure modes are not connected by
an interface element (i.e. tightly coupled), then
no failure would occur (albeit close examina-
tion of the deformed shape and stress contour
would reveal an irregularity).

Another complexity is the ability to adjust
uplift pressures automatically as the crack de-
velop, and most importantly translate the results
of a finite element analysis into a safety factor
against sliding. The first was addressed by the
computer program, and Fig. 3(f) is a graphi-
cal representation of the 3D uplift distribution
between two parallel vertical joints in terms of
the hydrostatic pressure. The second is to com-
pute the safety factor. In 2D hand calculations,
the safety factor can be easily determined from
SF=cLuncr + ΣFv tanφ/ΣFh. In the 3D analy-
sis, this requires special attention.

Seismic Safety of an Arch Dam Dams are
interesting structures. In the simplest cases,
hand calculations are often enough to assess the
safety of a gravity dam. At the other end of the
spectrum the seismic analysis of an arch dam
may very well be amongst the most complex
structural analysis one can undertaken.

10/8/2010

(a) Dam

10/8/2010

(b) Interface Elements

Figure 4: Ach Dam

What is most striking in the following analy-
sis, Fig. 4(a) is the extensive use of fracture me-
chanics based interface elements to model ver-
tical joints, and the rock-concrete interface, Fig.
4(b). At first those joints are “zipped” together,
and they open or slide when certain failure cri-
teria are met. It should be noted that there is no

need for adaptive remeshing in these analysis
as (most often) it is unlikely that new crack will
develop in the concrete, since the joints consti-
tute “fuses” which would open first and redis-
tribute the stresses.

Dam with AAR Many old concrete structures
suffer from alkali aggregate reactions (AAR)
which result in volumetric expansion. Whereas
this may be merely a nuisance for small struc-
tures, it is of major concern in massive concrete
ones as the constrained expansion is likely to
result in structural cracking, inability to operate
spillway gates, or worst yet misalignment of the
turbines.

10/11/2010
10/11/2010

(a) Arch dam suffering from AAR

10/11/2010

(b) Finite element mesh

10/11/2010

(c) Internal
Stress con-
tour plots

10/11/2010 10/11/2010

(d) Observed cracks along inter-
nal the gallery and inside a bore-
hole
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Figure 5: Arch gravity dam suffering from AAR

AAR is a very slow thermodynamically
driven reaction, and many years (over 20) may
pass before the dam instrumentation can with
certainty indicate that we are in presence of
an irreversible deformation (typically upstream,
and a crest elevation).Though nothing can stop
this reaction, it is of paramount importance for
dam owner to assess the evolution (kinetics) of
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the swelling with appropriate models, (Saouma
and Perotti, 2006).

Fig. 5(a) is an arch dam suspected of suffer-
ing from AAR (it turned out not to be AAR but
another chemically induced reaction in the con-
crete which results in a volumetric expansion
too). Fig. 5(b) is the finite element mesh used.
It should be noted that vertical joints were not
modeled, however it was deemed indispensable
to model the rock concrete interfaces with frac-
ture mechanics based interface elements. Fig.
5(c) shows the internal stresses, and we note
the zone of high tensile stresses in the center
which may result in some hidden cracks. Indeed
a crack was observed along the gallery, and a
borehole drilled to determine its extent, Fig.
5(d), as it had not “daylighted” on the down-
stream face (yet). More details can be found in
(Saouma et al., 2007).

2.1.2 Nuclear Reactor Containment Vessels

Another major civil infrastructure of which
cracking we should be concerned for obvious
reasons are nuclear reactor containers. Indeed,
the major design constraint is not strength but
serviceability, i.e. no leakage should occur,
and thus “no cracks allowed” This is ensured
through occasional Internal Pressurization Tests
where the inside of the container is pressurized
up to around 60 psi, and possible leaks identi-
fied.

Another major concern with nuclear reactor
is the (often unanticipated) cost of decommis-
sioning. As such, many utility companies find
it more cost effective to seek NRC’s approval
for life extension from the usual 25-30 years life
span to well over 50 years, (Graves et al., 2011).
A major cost associated with this life extension
is the replacement of massive steam generator
(SGR) as those become so embrittled through
radiation exposure, that repair is no longer an
option, and full replacement is a must.

Crack in a ring There is a class of French
reactors without inner liners. The analysis of
the pressurization of these containers has never

accounted for the crack pressurization, and the
question which begs for an answer is “how bad
is it if we neglect this effect”. Such an analysis,
was facilitated by the fact that Merlin supports
various uplift models for dams, uplift which
can be defined as a function of crack opening.
Henceforth, the following analysis addresses
precisely this problem, (Hansen and Saouma,
2003).

The deformed shape of the ring cross section
is shown in Fig. 6(a).

(a) Deformed
Shape of the Ring

(b) Close-Up on the De-
formed Shape of the Ring
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Figure 6: Analysis of a nuclear reactor container ring

A closer look at Fig. 6(b) highlights the kine-
matics of the ring under internal pressurization,
crack opening from the inside, and closed crack
on the outside.

Crack opening versus internal pressure is
plotted in Fig. 6(c)for both analysis cases,
whereas the crack profile is shown in Fig. 6(d).
Finally Fig. 6(d) illustrates the deformed shape
of the interface element by itself. The small
overlap on the exterior of the ring is caused by
the finite (yet large) stiffness given to the inter-
face element.

From this analysis, it was determined that ac-
counting for crack pressurization did not sub-
stantially increase the crack openings. On the
other hand, the discrete nature of the crack
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model, did provide with a more realistic esti-
mate for the crack opening displacement than
a smeared crack model. As mentioned earlier,
this estimate of the COD is critical as it provide
required information to assess the container per-
meability to gas leak.

Delamination of a Container Wall As men-
tioned earlier, the life extension of nuclear re-
actor may require the replacement of the steam
generator. When this is needed, and the circular
hatch opening (present in most container) can
not be used, then the only alternative is to cut
the container wall. Such an operation entails
multiple steps which must be carefully planned
for:1) Detensioning of the horizontal and verti-
cal prestressing tendons (which are usually not
bonded); 2) Removal of the outer layer of steel
reinforcement; 3) Mechanical cut of the con-
crete walls through the entire wall thickness
and liner; 4) Plugging the concrete hole; and
5) Retensioning of the cables. A critical is-
sue is the order in which tendons are deten-
sioned/retensioned, whether tendons in the im-
mediate vicinity of the cut are also to be re-
leased, and commensurate nonlinear finite el-
ement analysis to assess the safety of such an
operation. Analysis which should account for
creep, aging, and potential cracking of the wall.

Whereas many such operations were safely
performed, it is a matter of public record that in
one particular case a major delamination crack
was observed on the plane defined by the hori-
zontal postentioning sleeves, Fig. ??. This inci-
dent has resulted in multi-million dollars costs,
(Danielson, 2010).

If such an analysis was to be undertaken us-
ing a nonlinear fracture mechanics approach,
the key question is how to model the con-
tainer. Since in this particular case the
crack/delamination plane is known, a discrete
crack is the most natural candidate. Hence,
one would model the concrete as a linear
(visco)elastic continuum, however interface el-
ements would be placed along the plane of the
delamination crack, Fig. 7(a). To account for
the presence of the tendons, discontinuities will

be introduced, and those in turn will be sub-
jected to the tendon hoop stresses. Hence, in-
terface elements will interlace discontinuities
along which postentsioning force could be ap-
plied.
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Figure 7: Analysis of a cracked nuclear reactor wall con-
tainer

One would have to model the all too im-
portant creep occurring in the concrete, the
proper sequence of cable detensioning, and the
removal of the concrete. All of this while
accounting for the complex geometry which
would require different set of material proper-
ties in accordance with the internal reinforce-
ment (not explicitly modeled but resulting in
modified effective Young modulus).

Indeed, such an analysis did capture what
may be the failure mode, Fig. 7(c) where at
some stage delamination initiates in the up-
per/lower part of the cut as shear cracks “co-
erced” to realign themselves vertically by the
closely spaced discontinuities due to the post-
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tensioning sleeves.

2.1.3 Massive R/C Support

Another example of a critical structure sub-
jected to AAR is a massive reinforced con-
crete support of an electric transmission tower,
(Saouma et al., 2007). It was discovered that
a segment (painted in white in Fig. 8(a)) was
undergoing such a reaction as evidenced by ex-
tensive cracking. Since AAR results also in
a degradation of the elastic modulus and the
tensile strength, the main concern was whether
such a structure could resist a strong earthquake
following years of deterioration.
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Facing West

Facing East
C-column

B-column

Lower side

Upper side

D-column

10/8/2010

(a) Transmission Tower

10/8/2010

(b) Steel Reinforce-
ment

10/8/2010

(c) Finite Element Mesh
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Figure 8: Transmission Tower

This was addressed by first putting together
a finite element mesh which accounted for the
heavy reinforcement shown in Fig. 8(b) and
winkler springs to account for the soil struc-
ture interaction. Various models were consid-
ered, and it was determined that modeling the
full structure with localized AAR, Fig. 8(d)
yielded the best (and excellent) strain correla-
tion with those measured in-situ. In this anal-
ysis, the smeared crack model of Merlin was
used, it is based on the fracture plastic model
developed by Červenka and Červenka (1999).
in-situ cracks have been monitored for many

years and thoroughly mapped. Average strain
was determined by averaging the ratio of crack
width over multiple length scale.

Finally, the code was modified to allow a dy-
namic restart following the 20 years AAR sim-
ulation to perform a seismic evaluation. The
restart was essential, as it was critical for the
dynamic simulation to begin with the existing
static stress field, and corresponding damaged
elastic modulus and tensile strength.

2.2 Others
In this section, completed or initiated appli-

cations outside concrete will be presented.

2.2.1 Ceramic-Composites

Ceramics are being increasingly used in a
number of industrial components. Yet they suf-
fer from a major drawback: they are inher-
ently brittle, or quasi-brittle. An important sim-
ilarity with concrete is the presence of grains
which will confer the ability to transfer cohe-
sive stresses, and potentially exhibit a size ef-
fect, Fig. 9. Yet, most research in ceramics has
limited itself to LEFM, and occasionally at sim-
ple plasticity based models around Dugdale’s
postulate.

(a) Stretched Mo lig-
aments bridging crack
faces, (Sbaizero et al.,
1998)

ο

Crack

Φ

σ

σ

Tip of the pop in

Fracture Process Zone"True Crack"

Concrete: Aggregate
Ceramic: Grain, Platelet, ...

(b) Analogy with concrete

Figure 9: Ceramics FPZ

As such, the “concrete community” had
much opportunity to develop ever increasingly
complex models as there appeared to be few
applications. On the other hand, the “ceramic
community” is confronted with both manufac-
turing challenges and multiple applications, and
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as such may not have developed models of the
same sophistication as the one developed for the
more mundane concrete material.

Though not specifically addressing a prac-
tical application, this section was inserted to
highlight the potential cross-fertilization poten-
tial between those two “communities”.

Hence, the objective was to explore the
possibility of applying concrete models to ce-
ramics, (Saouma et al., 2002). This was ac-
complished in performing a nonlinear frac-
ture mechanics analysis (based on Hillerborg’s
model) of the experimental tests of Sbaizero
et al. (1998) who tested Rectangular bars 3mm
x4mm x20mm (B x W x L)with an a/W of
0.5. Cohesive crack parameters were first ad-
justed to yield comparable load deformation
curves, and then those were frozen ana analy-
sis of different specimen sizes performed. This
resulted in a crisply defined size effect, Fig.
10(a). This is important as ceramics are used
in many different applications of varying sizes,
Fig. 10(b) and as such size effect adjusted prop-
erties should be used.
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(b) Size effect of ceram-
ics

Figure 10: Nonlinear fracture mechanics simulation of
ceramics

More recent studies, (Saouma et al., 2006)
looked at the presence of residual stresses in ce-
ramics, and the effect of physical transforma-
tion on increased fracture toughness, (Saouma
et al., 2005).

2.2.2 Polymers

The last application focuses on polymers
used for solid rocket propellants. A compos-
ite solid rocket propellant is generally made of

a saline oxidizer, such as ammonium perchlo-
rate, and a rubbery binder, such as Polybuta-
diene, which acts as a fuel. Most rockets to-
day use AP and Hydroxyl-Terminated PolyBu-
tadiene, mixed with other minor but fundamen-
tal constituents. The salt is milled in one, two
or three different grain sizes, and mixed with
the liquid HTPB. Hardener, Bonding Agent and
Catalyser are then added, and the propellant is
cast in the rocket case, generally made of some
high-performance steel alloy or of composite
material. A mandrel shapes the propellant sur-
face. The motor is cured at high temperature in
an oven, and the propellant solidifies, becoming
a rubber-like, filled elastomer. However, a criti-
cal step is the extraction of the mandrel, Fig. ??
as it may results in microcracks at the bore, Fig.
11(a).

10/10/2010

(a) Internal crack

10/10/2010

(b) Uneven combus-
tion

10/10/2010

(c) Crack bridging

10/10/2010

(d) Fracture process zone

a FP
Z

Llig

p

p

10/10/2010

(e) Simplified 2D
model

10/13/2010

(f) Finite element
mesh; Deformed
shape

Figure 11: Fracture of polymers

In the presence of a crack, binder filaments
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bridge the crack partially connecting the two
sides, the bonding agent anchors the oxidizer
particles to the binder with strong bonds, Fig.
?? and confers higher toughness to the mate-
rial, generating crack bridging through binder
anchoring at two opposite oxidizer grains, Fig.
11(c). Hence, along a portion of the crack,
there is a transfer of stress through the stretched
binder, giving rise to a fracture process zone,
Fig. 11(d). Another great analogy with con-
crete, and a prime candidate for nonlinear frac-
ture mechanics.

Should there be a crack, the mechani-
cal/thermal stress may cause crack growth re-
sulting in additional surface area. The risk is
that there would be combustion inside the crack,
Fig. 11(b) producing pressures much higher
than the designed maximum pressure resulting
in the rocket explosion.

This is not an academic exercise, as indeed
there has been a motor explosion of a Titan IV
PQM, (Chang et al., 1995). Since then, fracture
mechanics to predict the service life of a motor
and the determination of the critical crack size
as an acceptance criterion for high-valued SRM
(such as the Titan IV boosters), has been par-
tially published, (Liu, 2003).

Whereas most of the early fracture mechan-
ics applications were driven by LEFM, there
were only timid attempts to use the more ap-
propriate cohesive crack model. In light of the
above, an experimental program was first set up
to determine the fracture energy of solid pro-
pellants, Sect. 3.3, (Tussiwand et al., 2006),
and then numerical simulation using the ficti-
tious crack model were undertaken, Fig. 11(f).

This work is currently being extended to
couple the nonlinear fracture mechanics code
with the one which simulates the combustion.
Hence at each time step, the updated pressure
and crack profile are passed to the stress analy-
sis code from the combustion one.

3 UNDEPINNINGS; EXPERIMENTAL
WORK

The previously presented applications could
not have been achieved by merely using a com-

puter program as a “black box”, and without
a good grasp of both the physics of the prob-
lem and first principles. Furthermore, in many
cases, models had to be based on proper testing,
and finally computer models must be validated.

Henceforth, this last section will briefly
present the underpinnings of the applications
presented. Any complex nonlinear, fracture
mechanics based, analysis must rely on proper
models (as described above), and those in turn
must rely on proper experimental tests. This
section will detail two such set of experiments.

3.1 Concrete
First, large scale tests with specimens as

large as 5’ and 3” maximum size aggregates
were tested, Fig. 12(a),

10/10/2010 10/10/2010

(a) Large Scale testing

10/10/2010

(b) Fluid
fracture
interaction

10/9/2010

(c) Accelerated
core fracture
test

10/10/2010 10/10/2010

(d) Shear crack under confine-
ment

10/10/2010 10/10/2010

(e) Reverse cycle loading

Figure 12: Laboratory testing for concrete

to determine the fracture energy of “dam
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concrete”, (Saouma et al., 1991). Direct tension
tests on 36x6 inch cross section specimens were
also conducted, (Slowik et al., 1996).

Since we have at the base of a dam a large
shear stress, the potential shear crack prop-
agation was also investigated, Fig. 12(d),
(Slowik and V.E., 1996). Then the interac-
tion of fluid and fracture was investigated, Fig.
12(b), to determine the variation of uplift pres-
sures in terms of crack opening, (Brühwiler and
Saouma, 1995a) and (Brühwiler and Saouma,
1995b). Much later, the effect of reverse cyclic
loading on the degradation of concrete rough-
ness, Fig. 12(e), was experimentally derived,
(Puntel and Saouma, 2008). Finally, as fracture
mechanics is likely to be more widely used in
the context of structural assessment, one must
test concrete cores recovered from site. Fig.
12(c) is such a test on an 8” core inside an envi-
ronmental chamber at 80oC to accelerate creep
fracture.

3.2 Project Specific Testing

Whereas laboratory tests are most often per-
formed to determine generic models, at times,
they can be project specific. In support of
the analysis reported in Sect. 2.1.1, labora-
tory tests were performed on large jointed con-
crete blocks crossed by 19 mm smooth rebars.
The objective being to determine the global re-
sponse (which would account for the dowel ef-
fect), and then determine a set of interface joint
properties which could provide a similar re-
sponse prior to a full dam analysis. Fig. 13(a)
describes the test, the actual specimen is shown
in Fig. 13(b).

Imposed variable shear
displacement along X axis
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10/8/2010

(a) Test scehmatic

10/8/2010

(b) Test Specimen

Figure 13: Project specific testing

3.3 Polymers
This last test is an illustration of the cross-

fertilization between concrete and other mate-
rial. Fig. 14(a) is a (enclosed) wedge splitting
test of a polymer used as a rocket propellant,
and the fracture process zone is shown in Fig.
14(a) where image analysis is used to determine
(and control) crack openings. Finally Fig. 14(c)
is the resulting master curve for the fracture en-
ergy (which accounts for rate and temperature
of this visco-elastic material).
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Figure 14: Fracture of polymers

3.4 Centrifuge Based Validations
Finally, any finite element program must be

validated. Though it is customary to validate
a program by reanalyzing the very same tests
from which the constitutive model was (implic-
itly or explicitly)derived, this is barely accept-
able. In our case, some aspects of Merlin ca-
pabilities were assessed through centrifuge tests
of a dam model subjected to varying hydrostatic
load, (Gillan et al., 2004). Then a more am-
bitious test was performed by dynamically ex-
citing a dam model inside a centrifuge, (Uchita
et al., 2005).

Fig. 15(a) is the large centrifuge of Obayashi
Corporation in Tokyo where the test was per-
formed. Fig. 15(b), shows the dam model
(1/30th scale). Pre-test calculations were made
by Merlin, and Fig. 15(c) is an illustration of
the crack and location of some of the instru-
ments. Accelerometers were mounted at the
base and the crest. The dam was subjected to
a series of 6 increasing harmonics. Measured
and predicted crest accelerations are shown in
Fig. 15(d), and the transfer functions in Fig.
15(e). From the last two figures, it was evident
that merlin captured well the nonlinear dynamic
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response of the dam, and thus provided addi-
tional confidence in its use for nonlinear tran-
sient fracture mechanics analysis.
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Figure 15: Centrifuge/shake table tests for Merlin valida-
tion

4 Final Remarks
Based on the experience gained through this

reported work, the following needs are identi-
fied:
1. The engineering professions must trust the
academic world in helping them address com-
plex problems as is often the case in Europe and
Japan.
2. ACI-318 should seriously consider impact of
size effect laws on some of its provisions (shear
equation in particular).
3. University professors should broaden their
research goals to address complex interdisci-
plinary, multi-scale practical problems. Fun-
damental research will always be essential, and
should be recognized as such. It is presumptu-
ous to think that one single narrow engineering
discipline (such as fracture mechanics) by itself
can help us solve societal problems.
4. Fracture mechanics is much more relevant
to assess the integrity of existing structures than
the design of new ones. Henceforth, core based
laboratory specimens should be favored over
prismatic ones for Gf testing.
5. One critical research need is creep fracture.
The only major such tests was performed about
20 years ago by Zhou (1992).

6. A certification program to “validate” com-
puter codes with nonlinear fracture mechanics
capabilities should be put in place. Such an ef-
fort could be spearheaded by NRC, FEMA or
EPRI.
7. Reliable (fracture mechanics based or not)
non-linear analysis of reinforced concrete re-
mains a challenge. As evidenced by numerous
benchmarks, even the simple analysis of a R/C
beam can yields widely different results.
8. Though numerical modeling was not ad-
dressed in this paper, the author feels “vindi-
cated” that the discrete crack model pioneered
by Ingraffea and Saouma over thirty years ago,
is back in favor, albeit under different form.

5 CONCLUSIONS
Thirty years after his dissertation on the ap-

plication of fracture mechanics to concrete, this
paper was an attempt to summarize some of
the practical applications undertaken by the au-
thor. Within “traditional” civil engineering,
they covered concrete dams, nuclear reactor
containment vessels, massively reinforced con-
crete structures. Other application to ceramics
and polymers were also presented. Also pre-
sented are some of the innovative testings which
made those analysis possible.
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Abstract: The framework for a model based on multi-scale interaction potentials is described. The 
model is a lattice where the structural properties of an element are condensed in an F(r) potential. 
This potential includes all effects like element size/shape, rotational stiffness at the nodes, and the 
specific location in the specimen’s material structure. Here the new model is roughly outlined; full 
details can be found in [1]. 

 

1 INTRODUCTION 
Research on the fracture of concrete and 

concrete structures has taken a long flight. 
Since the early work of Glucklich, Kaplan and 
several others, the topic really set of when 
Hillerborg, Modéer and Peterson published the 
Fictitious Crack Model in 1976. Concrete 
fracture is mostly tensile fracture since the 
tensile strength of the material is by far it’s 
weakest property. Compressive fracture can 
also be explained from tensile (micro-) 
cracking. Likewise ‘shear fracture’ can be 
explained from the low tensile strength of the 
material as well. 

The Fictitious Crack Model (FCM) 
provided a break with ‘strain’ as state variable: 
the stress-strain curve for concrete must be cut 
into two parts, in the pre-peak regime stress 
and strain are used as state variables, but 
beyond peak, in the softening part of the curve 
stress and crack-opening, or rather displace-
ment are the governing state variables. In the 
Fictitious Crack Model continuum ideas are 
still used, even though there is mind-boggling 
amount of evidence that concrete fracture is a 
truly discrete phenomenon. The breaking of a 

sample of concrete material in one or more 
parts involves cracks, or rather ‘displacement-
jumps’ that grow gradually through the 
specimen. The geometry (shape and size) of 
the sample has a significant influence on the 
fracture strength as well as the deformation 
distribution in the specimen. Likewise, 
boundary conditions (bc), for instance restrain-
ed end-rotations in tension or frictional platen 
restraint in compression, may have a signi-
ficant influence on the fracture behaviour. The 
effects from specimen/structure size (geome-
try) and bc may be quite substantial, in fact so 
large that one can doubt the validity of all 
models based on continuum mechanics prin-
ciples. Since the development of FCM many 
efforts have been undertaken to develop a 
standardized test method for determining the 
softening behaviour of concrete and the related 
fracture energy. Up till now these attempts 
have been fruitless: where one group of 
researchers sticks to the original assumptions 
made by Hillerborg and co-workers some 40 
years ago, others see the different outcome 
from tensile tests under different bc but 
maintain that one type of bc is best, e.g. testing 
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a specimen between freely rotating loading 
platens. It is easily shown that tensile frac-
turing of a specimen, as well as the related 
crack growth, depend on bc (and on specimen 
size and geometry for that matter). Therefore, 
it is impossible to point out the ‘best’ or ‘true’ 
bc. This simple result, which dates back to 
1986 when I for the first time debated the 
effect of rotating or fixed bc on the outcome of 
a tensile test [2], seems to be largely ignored. 
Yet, it goes to the heart of a true understanding 
of concrete fracture. A complete theory 
follows the physics of crack growth in con-
crete and does not rely on ad-hoc and non-
proven assumptions like in FCM and related 
theories. Of course one can decide to use a 
model just for convenience. In that case, 
however, one should be careful not to attach 
too much value to the outcome and be ready 
for disappointments. Exclamations made that 
the development of FCM and implementation 
in FE-codes would replace experimentation 
completely are dangerous and simply not true. 
There is a need for experimentation, at various 
size/scales. As a matter of fact, size/scale 
effects may be a useful guide in developing a 
better understanding of concrete fracture and 
lead the way to a much improved theory. 

In this paper we will first briefly review the 
effect of bc and specimen size of the fracture 
of concrete in tension. We limit ourselves to 
tension; the same effects are recognised in 
(confined) compressive fracture, see [1]. Part 
of the discussion in Section 2 is fracture of 
concrete at very small scales, where basically 
we start testing a different material, viz. 
hardened cement paste (or, if the small 
specimen fits into a larger aggregate particle 
completely, the specific mineral composition 
of which that aggregate is made). In Section 3 
we then turn our attention to atomic potentials: 
the attractive and repulsive forces between two 
neighbouring atoms as function of their mutual 
distance. It will be argued that similar relations 
can be used at various size/scales, where the 
tensile specimen is simply considered as a 
conglomerate of two particles of the same size 
at the considered size/scale. A simple rela-
tionship between force and separation distance 
is developed; a variation of the exponent 

yields the behaviour at various size/scales, 
where it is important to understand that the 
size/scale cannot be smaller than the repre-
sentative volume element for concrete. This 
eliminates debates about the shape of ‘pre-
sumed’ lower asymptotic behaviour of con-
crete. It simply does not make sense. Next, in 
Section 4 we develop a framework for a 
“structural lattice model”. Size effects were al-
ready included; a simple but straightforward 
procedure allows incorporating bc-effects as 
well. Because the interaction potentials are 
described at different size/scales, we refer to 
them as multi-scale interaction potentials F(r). 
Parts of this new model approach have been 
published in [3]; the full model is explained in 
[1]. 

2 BOUNDARY AND SIZE EFFECTS IN 
CONCRETE FRACTURE 

Two properties of concrete are of extreme 
importance when studying fracture. First of all, 
the tensile strength of the material is con-
siderably lower than the compressive strength. 
Secondly, concrete has a rather coarse hetero-
geneity. In continuum theories the properties 
of concrete should be measured on specimens 
larger that the Representative Volume Element 
(RVE), which for a concrete with 16-32-mm 
aggregates may easily lead to specimens of 
150-mm or larger. Both properties, i.e. hetero-
geneity and low tensile strength, have a signi-
ficant effect on the outcomes of experiments 
and can provide an easy and straightforward 
explanation for many, if not all phenomena 
observed in a “simple” experiment like the 
uniaxial tension test. 

Because specimen size, geometry and 
boundary conditions have a significant effect 
on the outcome of a uniaxial tensile test it is 
fair to say that structural properties are 
measured rather than material properties. 
Evans & Marathe [4] and Hughes & Chapman 
[5] were among the first to measure the 
complete stress-strain diagram of concrete, 
including the softening branch after maximum 
stress is exceeded.  In [4] the curvilinear 
behaviour up till peak is clearly documented, 
and the onset of microcracking is labeled 
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along the (pre-peak) curve. Depending on the 
concrete composition a steeper or shallower 
softening curve is measured. In those years, 
late 1960s, it was a challenge to measure 
stable softening behaviour. Nowadays this is 
not really a large problem any longer; using a 
fast servo-hydraulic testing machine will lead 
to the desired result almost immediately. Yet, 
a uniaxial tensile test remains somewhat com-
plicated: gluing a specimen between the loa-
ding platens, alignment of the specimen in the 
test-rig, the choice of specimen geometry and 
size, and the possible use of notches, all have a 
larger or lesser effect on the outcome of a test. 
Extensive testing over the years has shown 
that: 

 
 The specimen geometry has a significant 

effect on the tensile strength and fracture 
energy of concrete. Using stubby prisms 
leads to a higher tensile strength [6], 
whereas more slender specimens, cylin-
ders, dog-bone-shaped specimens or squa-
re panels may lead to significantly devia-
ting results, e.g. [7]. 

 When specimens are tested between fixed 
(non-rotating) loading platens higher ten-
sile strength is measured in comparison to 
tests between freely rotating platens. This 
difference is quite pronounced when cylin-
drical specimens with a circumferential 
notch are tested. Such specimen geometry 
will allow crack nucleation from the 
weakest location along the specimens’ 
circumference. Secondary flexure, as it is 
called, leads to a pronounced bump in the 
softening curve and in most cases two or 
more cracks develop, which explains the 
increase in fracture energy observed in 
tests between fixed platens; see [8]. Se-
condary flexure is a direct consequence of 
the chosen boundary conditions and the 
heterogeneity of the concrete; test methods 
have been developed that try to avoid 
secondary flexure, e.g. [9], [10]. In general 
such tests lead to higher crack densities 
and an increase of the fracture energy. 

 Concrete is heterogeneous and anisotro-
pic. Heterogeneity leads to undesired 

effects like secondary flexure in tensile 
tests. Anisotropy is caused by bleeding and 
differential drying and in the direction of 
casting a lower tensile strength is mea-
sured, [7]. In uniaxial compression initial 
anisotropy has been observed too: the 
strength is affected, [11], [12], but also the 
softening curve, [12].  

 With increasing specimen size the tensile 
strength decreases whereas the fracture 
energy increases, e.g. [13]. Several size 
effect “laws”/models/theories have been 
proposed in the past, see [14]-[16], which 
all describe the observed strength loss with 
increasing size. Only the Weibull theory 
[14] has a sound physical basis; the other 
two models rely on ad-hoc assumptions 
and on curve-fitting. Noteworthy is that the 
more recent and widely discussed size-
effect “laws”/ models are in general useful 
only for modeling the size effect on 
structural strength, with the exception of 
[16], which is capable of modeling the 
complete stress-deformation response, 
albeit at the cost of rather controversial 
‘fractal’ mechanics. 

 The weakest link theory developed by 
Weibull is a straight line with negative slo-
pe in a log  versus log D diagram. Ex-
trapolation is trivial, and it is all based on 
the assumption that larger structures have a 
larger probability of containing defects. 
The two, more recently developed models 
take the asymptotic behaviour at small and 
large structural size as a starting point. The 
asymptotes are considered to define the 
structural strength for small and large 
structures, respectively. These are just 
assumptions: in both asymptotic regimes 
no test-data are available. Sometimes ob-
taining data is simply impossible as a 
consequence of physical constraints. For 
instance, the lower-size asymptote can 
never be tested because the heterogeneity 
of the concrete will interfere with the result 
below the RVE-size. Noteworthy is that 
environmental conditions have a signi-
ficant effect on the size effect, for instance 
the effect of drying shrinkage reported in 

 3

95



Jan G.M. van Mier 

[13]. 
 Fracture energy increases with specimen 

size and seems to approach an asymptotic 
value at sufficiently large structural size, 
which indicates that fracture energy is 
possibly a property of the material.  

 
In summary: the stress-crack opening 

diagram of concrete is not a material property, 
not in tension, nor in (confined) compression 
(not debated here, but extensively treated in 
[1]); rather it illustrates the behaviour of a 
certain specimen/machine system. In the sof-
tening regime separating the fracture proper-
ties from the system response presents an 
insurmountable problem. Therefore it seems 
best to abandon the idea of “softening as a 
material property” altogether and focus on the 
idea “softening is a structural property”. Actu-
ally starting from the idea of atomic potentials 
a simple FEM-based model can be constructed 
as we will argue in this paper. 

3 ATOMIC POTENTIALS AND UP-
SCALING TO THE MACRO-LEVEL 

The interaction between two neighbouring 
atoms is described by means of a force-
separation potential. The attractive or repulsive 
force between the two atoms depends on their 
separation distance. At a distance r0, the 
system is in equilibrium, i.e. F = 0. When the 
separation distance increases, r > r0, an attract-
tion force develops, which grows towards a 
peak and thereafter decreases again, displaying 
softening, quite similar to what is observed at 
macroscopic scales when testing small sam-
ples of concrete. When r decreases below r0 
increasingly larger force is required to keep 
the atoms at the required distance. The beha-
viour of the pair of atoms subjected to external 
tension is related to the attractive part of the 
potential; external compression to the repul-
sive part. The force separation curve can be 
described with simple approximations like a 
sine-function, see for instance in [18], but 
more ‘exact’ formulation exists for the 
interaction between atoms in the noble gases 
(Argon, Krypton, Xenon, etc) or between 
Silicon atoms. Here we will focus on the form 

of the well-known Lennard-Jones (LJ-) poten-
tial which is a good example to show the de-
velopment of the structural lattice in the 
remainder of this paper. Before doing so a 
small detour on the theoretical strength of 
crystalline solids is made. Using the sine-
approximation for the attraction part of the 
atomic potential, Kelly & MacMillan [18] 
derived the following relation between the 
maximum tensile strength max of a crystalline 
solid and its Young’s modulus E: 

 


 E

max      (1) 

 
Diamond and glass would have tremendous 

strength according to this relation; for instance 
alkali-resistant glass would have a theoretical 
strength of about 23 GPa, whereas in reality no 
more than 70 MPa will be achieved, where 
size of the test specimen has a tremendous 
effect on it’s strength as well. Needless to say 
that impurity is the reason for the large 
discrepancy between theoretical and actual 
strength, quite similar to what we know about 
concrete. Thus, an additional argument for not 
using continuum-based fracture theories for 
concrete fracture comes from the impurity 
(heterogeneity) of the material. After we 
discuss potentials here for ideal materials it 
will be quite essential to bring in the 
heterogeneity of cement and concrete (depen-
ding on the size/scale at which the model is 
applied). 

Anyway, let us return to the potentials. The 
LJ-potential is a rather simple power law: 
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where  and  are units of lengths and energy 
respectively. We can modify this equation to a 
relation between the interaction force F and 
the separation distance 1/r, which leads to: 
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Through a variation of the exponents n and m 
a family of curves can be obtained, for 
instance as shown in Figure 1 for  = -4, n = 6 
and  = 1. The exponent m varies between 2 
and 20. Choosing m < 6 lets the curves flip-
over,  but all other curves with m > 6 show the 
familiar softening relationship which is so 
characteristic for concrete fracture. Fu is the 
ultimate force that a specimen with reference 
length L0 can carry. The potential may thus 
serve as a simple fracture law between 
neighbouring particles (atoms). The physics 
behind the fracture process can be unraveled in 
experiments. At the atomic level this would 
require sub-atomic experiments, which are 
hard to conduct. However, in view of the 
similarity to softening, a simple step is to 
assume that the form of these potentials may 
be applied at larger size-scales as well.  
 

 
Figure 1: Family of potentials from eq. (3) with m = 2, 

4, 6, ….20. From [3]. 
 
At larger size/scales the atoms transform in 
particles with size L. For simplicity spherical 
particles are assumed. The potential, eq. (3) 
then simply becomes the constitutive law 
describing the force-separation relationship 
between the two particles. The mechanisms 
underlying stress-transfer between two larger-
than-atomic particles may be manifold, depen-
ding on the actual size/scale and include 
physical attraction by means of Van der Waals 
forces, capillary water bridges (in many 
materials, for instance, cement, clay, etc, water 
is an integral part of the material structures, 
and depending on the degree of saturation 
particles may be bound together by means of 
‘water bridges’), or perhaps even chemical in-
teraction between the considered particles, like 

for instance in the case of cement, the hy-
dration process. 

The interaction potentials for pairs of 
particles vary depending on the size of the two 
interacting particles. For instance, at nano-, 
micro, meso- and macro-scale the potentials as 
shown in Figure 2 can be used. The maximum 
force has been normalized to the strength of a 
reference size specimen of size L0. This could 
be any size within the given size-range, but 
preferably a specimen of a size that can be 
conveniently handled in the laboratory. 

Figure 2: Simple particle model based on pair-
potentials at different size/scale levels L. After [1]. 

 
Drawing a parallel to the results from size-

effect experiments, for instance those carried 
out by Van Vliet [17] illustrates the idea. At 
the smallest size/scale tested by Van Vliet, the 
pair potential is identical to the measured 
force-displacement diagram. The entire beha-
viour of the (dog-bone shaped) specimen is 
included in the pair potential; the size of the 
‘particles’ can be interpreted as half the 
specimen height. At higher size/scale levels, 
the size of the ‘particles’ increases and the 
interaction potential is the actually measured 
force-displacement diagram at the considered 
size/scale level L. In experiments by Van Vliet 
dog-bone shaped specimens were loaded in 
uniaxial tension between freely rotating 
loading platens. The measured force-displa-
cement curves, and thus the related interaction 
potentials as well, apply to this specific bc 
only. Figure 3a shows the pair-potential for 
specimens of given size loaded in uniaxial 
tension between freely rotating loading platens 
(rotational support stiffness kr = 0). Figures 3b 
and 3c show the pair potential when the 
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boundaries change to fixed (kr = ∞), and the 
specimen is slender (h/d > 2; Figure 3b) or the 
specimen is stubby (h/d < 1; Figure 3c). 
Typical responses as found under these 
variations of boundary rotations are shown: a 
smooth, gently descending branch when freely 
rotating boundaries are used (Figure 3a), the 
typical bump when fixed platens are used and 
the specimen is slender (Figure 3b). The typi-
cal bump disappears when stubby specimens 
are used (see for instance in [6]); typical in this 
last case is the significant increase of pre-peak 
non-linearity and the higher peak deformation. 
 

 
Figure 3: Shape of the pair potentials for specimens 
loaded between specific boundary conditions (i.e. 

rotational support stiffness kr), and of varying size: (a) 
freely rotating platens; (b)-(c) fixed platens. The 
difference between cases (b) and (c) lies in the 

slenderness of the used specimens. 
 
Thus, the price to pay is that for each given 

size, and for each type of bc (i.e. rotational 
support stiffness kr) the pair-potential must be 

determined in the laboratory. Most likely, 
however, it may suffice to include just a few 
basic cases, depending on further details of the 
applied numerical model.  

 

4 STRUCTURAL LATTICE MODEL 
How should these pair-potentials be 

applied? The best way seems to include them 
in a lattice model. However, because the pair-
potentials represent the relation between force 
and displacement at the level of a structural 
element (size and bc (kr) are integral parts of 
the formulation) the constitutive equations are 
eliminated. Is this a problem? It means a 
deviation from the classical way matters are 
solved in structural mechanics: the kinematic 
and equilibrium equations remain. It is inte-
resting to note that a correspondence exists 
between particle models and (beam-) lattice 
models; see for instance the work by Beranek 
& Hobbelman, [19], [20]. With a simple 
example it is therefore possible to clarify what 
is meant here. In Figure 4 two different 
representations are given of concrete at the 
meso-level. In Figure 4a we depict concrete as 
a stack of particles of varying size. Small 
particles fill the voids between larger particles. 
The model corresponds to a model for sand-
stone, be it that in the latter case the particles 
have more-or-less the same size. Forces are 
trans-mitted at the contacts. The centre-to-
centre connection between two particles can be 
seen as a beam element in a lattice. The tran-
sition to a lattice simplifies matters: the shape 
of the particles is not important and possible 
effects emanating from the specific particle 
shapes is included in the potential. It could be 
argued that (rolling and sliding) friction be-
tween particles would have a significant effect 
as well, in particular when compression is 
considered. Indeed, a double potential, inclu-
ding both normal and shear would be preferred 
if the particle similarity is maintained. Yet, in 
a beam lattice all is included.  

A second representation of concrete at the 
meso-level should be mentioned here as well. 
In Figure 4b a ‘continuum representation’ of 
concrete as a 3-phase composite is shown. The 
three phases are aggregates, matrix and the 
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interfacial transition zone (abbreviated as 
ITZ). The view of Figure 4b has been used 
frequently in the past two decades in meso-
mechanical models for concrete. Properties of 
the three phases differ markedly, for instance 
the porosity of the ITZ may be as high as 40%, 
whereas the bulk matrix will have a porosity of 
no more than 7-9%. The increase of porosity 
of the ITZ has been well documented, see [21]. 
More difficult is determining the effective 
properties of the ITZ because of its rather 
small thickness.  

 

 
Figure 4: (a) Concrete as a particle composite at the 
meso-level, and (b) concrete as a 3-phase composite 
consisting of aggregate, matrix and ITZ. After [3]. 
 
Now let us return to the ‘particle 

representation’ of Figure 4a. This seems closer 
to reality than the assumed ‘continuity’ in the 
matrix and ITZ phases of model Figure 4b. We 
can connect the centers of neighbouring 
particles, which we then may assume to be a 
beam-element or a truss-element. In general 
these linear elements have certain rotational 
restraint at the nodes depending on the 
flexibility of the connection to other parts of 
the network and the flexural strength of the 
element itself. The ensuing network- or lattice 
model is shown in Figure 5a-b.  

The length of the ‘lattice elements’ varies 
widely depending on the radii of the connected 
‘spherical’ aggregate particles. As a matter of 

fact it is at this stage no longer important 
whether the particles are ideal spheres or have 
a more ‘potato-like’ geometry: all these 
matters are just included in the behavioral law, 
the interaction potential F(r). 

 
Figure 5: (a) Connectivity between adjoining particles 
in the particle stack shown in Figure 4a, and (b) lattice 
mesh. The properties of each lattice element depend on 

its size, the rotational freedom imposed by neighbouring 
elements and the specific material the element should 

represent. 
 
The nest step is to specify for each lattice 

element the F(r) potential: these may vary 
depending on the location of the element in the 
particle structure (the interaction between two 
cement particles may differ from the 
interaction between sand and cement particles, 
or between sand and condensed silica 
particles, etc.). Moisture may have an effect as 
well, as debated in detail in [1]. The effect of 
element size is included in the potential, as is 
the effect of bc. With regard to the latter point, 
because element connectivity may change in a 
lattice model during fracture, and the flexural 
stiffness of the considered element may vary 
throughout the loading process, at each step 
the rotational stiffness at the nodes should be 
checked and, when necessary, be adjusted. 
Therefore it is essential to model fracture on a 
step-by-step basis as has been the rule in the 
Delft lattice model, which Schlangen and I 
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developed in the beginning of the 1990’s [22]. 
For further information regarding the model 
based on multi-scale interaction potentials the 
interested reader is referred to my new book, 
[1]. 

5 CONCLUSION 
The framework for a new model-approach 

for concrete fracture based on ‘multi-scale’ 
interaction potentials has been outlined. The 
following conclusions are drawn: 

 
(1)  Softening is a “structural property”. This 

means that the softening curve of a 
structural element will depend on its size, 
the governing boundary conditions and 
the specific material of which it is made. 
The various influences are very difficult, 
if not impossible, to separate. Therefore it 
seems more convenient to operate at the 
structural level and including all effects in 
an interaction potential F(r). 

(2)   In a lattice model softening can be 
introduced as “structural property”. The 
property of a lattice element will simply 
depend on its size, the nodal rotations and 
the specific material that is represented. 
The nodal rotations of the lattice element 
depend on the connectivity to other 
elements and the boundaries in the global 
lattice, as well as on the flexural stiffness 
of the element itself. 

(3)  Constitutive equations as part of classical 
mechanics theory can be circumvented by 
directly considering the F-r potentials as a 
structural property of each lattice element. 

 
It is obvious that quite some work is needed 

to develop the model described in this paper. 
In addition, determining the local properties of 
lattice elements as function of their location 
and connectivity to the global lattice is a 
challenge, but is not unsolvable. What can 
come to a halt are the fruitless endeavors to 
measure the “true softening property” of 
concrete because all is incorporated in the 
structural F(r) relationship for each element. 
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1 INTRODUCTION 
Sustainable development, economic 

considerations and technologic reasons lead to 
adopt more and more often blended cement for 
massive concrete structures. Most of the time 
slags are used combined or not with silica 
fume or fly ash. Hydration processes of these 
mixes are more complex than for single 
clinker cement. In fact activation energy is 
different for additions and clinker, so, the 
hydration kinetic of each component depends 
on the temperature during hydration. So, in 
large structures, hydration products, and 
consequently mechanical behavior, may be 
different in the core (which is subjected to 
higher temperature) than near the edge due to 
the difference of temperature of this zone 
during hydration.  

This paper focus on particularity of models 
developed in LMDC Toulouse to take into 
account this aspect in order to predict early age 
poro-mechanics behavior of concrete. The 
dependence of hydrates nature on the 
temperature needs to consider the 
consequences in terms of mechanical 
properties and shrinkage. On purpose, a 
homogenization model coupled with the 
percolation theory is clarified. Once the poro-
mechanics characteristics are supplied by the 
homogenization model, a water retention curve 

model allows computing capillary pressure 
from early age until long term. These results 
are applied to a mechanical model adapted to 
the prediction of chemically evolving concrete 
behavior (including effect of creep) in order to 
assess the risk of cracking at early age under 
restraining effects. 

2 PREDICTION OF HYDRATED 
PHASES IN COMPOSED BINDERS 

The prediction of the different hydrated 
phases of paste is performed using a 
multiphasic model of composed binder 
hydration [1] recently adapted for slag blended 
binders [2]. It is based on the coupled 
resolution of hydration kinetic, water mass 
balance and heat balance equations. This 
coupled solving allows taking into account the 
respective effects of temperature and watering 
content on reaction kinetic of each phase of the 
binder (additions and clinker) (see [1] for more 
details) This method, unlike the Avrami model 
[3], enables chemical interaction between 
hydrates to be considered. 

In the system of constitutive equations, the 
variables managed at each time step and each 
point of the 3D finite element mesh are: 

 - The degree of hydration of each 
anhydrous phase (clinker and additions) 

 - The temperature 
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 - The water content 
 - The porosity 
 - The volume of the different hydrated 

phases produced by each anhydrous 
 - The volume of portlandite (produced 

by clinker and consumed by additions). 
The four last variables are the ones used in 

the homogenization model presented in this 
paper to assess the variation of paste 
mechanical properties through binder 
hydration. The model is applied here to CEM I 
based pastes but can easily be extended to 
composed binder as the hydrated phases of this 
kind of binder are predicted by the multiphasic 
model [1,3]. 

The fractions taken into account at this 
stage are the ones that compose the paste: 
anhydrous cement, water, void, portlandite, 
aluminates (grouping together AFm, ettringite 
and hexahydrate), and C-S-H gel. The 
calculation of the volume fractions of the 
different phases at each date requires the molar 
volumes (Table 1) of hydrates and the 
chemical equations.  

Adding the Adenot stoichiometric 
hypothesis (ettringite formation only if there is 
enough S  ), and the conservation of chemical 
species we can obtain the volume fraction of 
each compound for a degree of hydration of 1. 
These quantities are expressed according to 
oxide quantities in the system of equation (1). 
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The C-S-H gel is sub-divided in two kinds 
of hydrates: high density areas (HD) and low 
density areas (LD). The amount of LD C-S-H 

is calculated using the ratio rLD of the mass of 
LD C-S-H to the total mass of C-S-H predicted 
by the hydration model. As précised in the 
equation (2), this ratio is expressed according 
to the water to cement ratio and to hydration 
degree α . 

538.0)347.1()017.3(
C
WrLD

 

(2) 

Finally, 7 fractions are used in the 
homogenization procedure to predict paste 
elastic properties (anhydrous cement, water, 
voids, portlandite, aluminates, LD C-S-H and 
HD C-S-H).  

3 PERCOLATION FUNCTION FOR 
THE PREDICTION OF CONCRETE 
HYDROMECHANICAL PROPERTIES 

Predicting the elastic properties of concrete 
requires three different levels of 
homogenization: 

 - Paste: The first stage is the prediction 
of the paste elastic modulus. Using the 
chemical composition of cement, the 
proportion of each type of hydrate (aluminates, 
C-S-H, portlandite) is evaluated. The principal 
originality of the proposed approach is the use 
of a percolation function applied to all solid 
phases (as detailed in §2.2). 

 - Mortar: Knowing the elastic 
properties of the paste, the Mori-Tanaka 
scheme is applied with the paste as matrix and 
the sand as elastic inclusions. 

 - Concrete: Finally the Mori-Tanaka 
scheme is applied using the mortar as matrix 
and the aggregates as elastic inclusions 

3.1 An original percolation function for the 
homogenization at paste level 

The homogenization at the paste level is 
performed using the self-consistent scheme, 
which proves to be the most suitable for this 
stage [4]. This scheme requires two implicit 
equations (3) and (4) to be solved using a 
numerical Newton-Raphson method. 
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The mechanical properties of each phase 

that compose a CEM I based paste are 
summarized in [4] or [5] and recalled in Table 
2. 

Table 1: Mechanical properties of constituents 

 K (GPa) µ (GPa) 

Water 2.2 (undrained 
conditions) 0 

Void 0 0 
Portlandite 34.2 15.32 
Aluminates 33.33 15.38 
C-S-H LD 12.82 8.06 
C-S-H HD 19.23 12.1 
Anhydrous 

cement 112.5 51.92 

 
Dynamic ([6] and [7]) and static ([8]) 

measurements give a modulus equal to zero 
before setting. The overvaluation of the 
modulus is a consequence of the hypothesis 
that all the solid phases are cohesive. The solid 
percolation thus leads to increased mechanical 
performance. To reproduce the behavior of the 
material at early age, it is necessary to 
consider a gradual change of the cohesion and 
to use the notion of “mechanical percolation”. 
Here, we propose to define a percolating 
function which takes a percolated fraction into 
consideration among the total fraction of 

hydrates. The entire solid fraction could 
transmit compressive forces but unpercolated 
hydrates cannot transmit shear stress. For this 
reason, we suggest setting the shear modulus 
of the unpercolated phase of hydrate to zero 
and maintaining the bulk modulus at its 
normal value (the same value for the 
percolated and unpercolated phases). 

As the proposed approach is based on 
probabilistic considerations (percolation if a 
cohesive solid phase is in contact with a solid 
phase), a Weibull-type law is used: 

1
1

1
/1 m

gcr
PP  

(5) 

Where: αcr is a parameter named the 
critical degree of hydration  

 m is a fitting parameter  
 g  is the volume fraction of 

aggregate in the material (paste, mortar or 
concrete) 

When the degree of hydration (α) reaches 
the critical value (αcr), the function is equal to 
1 regardless of the aggregate fraction ( g ) and 
all the solid phases can transmit shear stress 
(they are all on the percolation path). m is the 
parameter that influences the slope of the 
percolation function curve between 0 and αcr. 

If α is smaller than αcr, the percolation 
probability depends on the aggregate fraction 

g  because of “percolation bridges” generated 
by aggregates. These values enable us to fit all 
the values of elastic modulus measured at the 
early age and for cement pastes of various 
W/C ratios, mortar and concrete.  

The percolation probability tends towards 1 
faster for concrete than for cement paste and 
mortar even if the W/C ratio is the same. 

Because of this method, the solid phases are 
split into two parts (percolated and non-
percolated) and five more phases are defined 
with the same bulk modulus but a zero shear 
modulus (non-percolated phases). Figure 1 
presents the results of the homogenization 
method including the percolation function 
concerning the evolution of modulus on 
cement pastes cast with different W/C ratios 
(experimental results of dynamic modulus 
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from Boumiz [6]). This figure shows that, 
through the use of the percolation function, the 
model is able to reproduce the evolution of the 
elastic modulus even at early age and for W/C 
ratios different from 0.5. 
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Figure 1: Evolution of undrained Young’s modulus 
(αcr =0.4 m=5) compared with experimental values 
from [6] (dotted line is the self-consistent scheme 

without Percolation function). 

3.2 Mortar and concrete homogenization 
levels 

The Mori-Tanaka scheme requires the 
fractions and mechanical properties of 
inclusions, and the mechanical properties of 
the matrix. The matrix properties are provided 
by the previous homogenization level. First for 
the mortar, the matrix is the cement paste with 
the properties previously calculated by the 
self-consistent scheme and the function of 
percolation.  

For concrete, the matrix to consider is the 
mortar and the inclusions are the aggregates 
for which the properties are evaluated 
according to their mineral nature [4]. 

Figure 2 illustrated the results obtained on 
paste, mortar and concrete with the same W/C 
ratio in order to test the capability of the model 
to reproduce the evolution of mechanical 
properties at each homogenization level. 
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Figure 2: Young modulus evolution for paste, mortar 

and concrete. 

3.3 Prediction of hydro mechanical 
properties 

The realism of the bulk modulus 
assessment obtained by the previous 
homogenization stages is of first importance to 
assess realistically a Biot coefficient. To 
obtain the Biot coefficient (defined by eq 6), 
homogenization is first done once with the real 
fraction of solid and the void but without the 
free water, in order to obtain the drained bulk 
modulus Kd; and secondly without the void to 
assess the skeleton bulk modulus Ks. The Biot 
coefficient b is deduced classically from these 
two homogenization calculi. 

sd kkb 1  (6) 

Where kd and ks are the drained bulk 
modulus and the bulk modulus of the solid 
phase. 

 

5 INDUCED EVOLUTION LAWS OF 
MECHANICAL PROPERTIES AT 
EARLY AGE 

In the case of a 3D finite element modeling 
of massive structures, the variation of the 
elastic characteristics according to hydration 
development is usually modeled by equation 
(7). These laws were inspired by the Young's 
modulus variation law proposed by De 
Schutter [9]. 
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Where: - E  is the theoretical elastic 
modulus of the completely hydrated concrete. 

 - s  is the hydration degree that 
characterizes the percolation threshold 

 - X  is the positive part of X (X 
if X>0, 0 elsewhere). 

The variation of the creep parameters is 
similar to that of the instantaneous elastic 
parameter. The parameters related to the creep 
model are thus proportional to the 
instantaneous elastic modulus. This 
assumption has been previously proposed in 
De Shutter's works [9], and implies that the 
characteristic time of creep is independent of 
the hydration degree. 

But the fitting of these evolution laws 
requires numerous mechanical (and hydro 
mechanical) tests especially at very early age 
which are not so easy to do. We propose thus, 
to use the model of prediction of mechanical 
properties presented here to replace 
experimental measurements in the fitting. 
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Figure 3: Fitting of Young’s modulus law on 

homogenization results 

The results of the percolation based 
homogenization model shows that, under 
drained conditions (which is the case in static 
mechanical tests), the Poisson’s ratio does not 
significantly evaluate (see illustration in next 
figure). So the evolution of this characteristic 
is neglected. 
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Figure 4: Homogenization results of Poisson’s ratio 

according to hydration degree 

The Biot coefficient used to predict the 
autogenous shrinkage of concrete is also 
modeled using a law as De Schutter’s laws and 
the parameter are fitted on homogenization 
results as presented below. 
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Figure 5: Fitting of Biot coefficient law on 

homogenization results 

6 APPLICATION TO A MASSIVE 
REINFORCED STRUCTURE 

The proposed test is named RG8 and is part 
of the French national project CEOS.fr. This 
project deals with the study of the cracking in 
special reinforced concrete structures under 
various conditions. 

This test more particularly deals with the 
cracking occurring at early age under THM 
loading and its influence on the mechanical 
behavior of the structure. 

It is a massive structure with a special form 
chosen to use two metallic struts in order to 
restrain the contraction of the central part of 
the structure and consequently provoke 
cracking at early age. 

B
io

t c
oe

ff
ic

ie
nt

 

106

Buffo-Lacarrière L., Sellier A., Souyris P. and Kolani B. 



Buffo-Lacarrière L., Sellier A., Souyris P. and Kolani B. 

 6 

 
Figure 6: Restrained shrinkage specimen 

The concrete used in the RG structure is a 
C50/60 concrete casted with a CEM I 52.5N 
cement. The formulation is given in the 
following table. 

Table 2: Formulation of CEOS concrete 

 Quantities 
(kg/m3) 

CEM I 52,5N CE CP2 NF 400 
Sand 0/4 GSM LGP 785 
Gravel 4/20 GSM LGP 980 
Superplastifiant Axim 4019 5,4 
Total water 185 
 
The structure is subjected to a THM loading 

(temperature elevation in the isolated 
structure). It is placed in its environment and 
the strains of the structure are globally 
restrained by two struts. 

During the first 2 days after casting, the 
structure is isolated. Then the isolation and the 
formwork are removed and the structure is 
conserved during 2 months in the 
environment. 

The test process was the following: 
- 07 April 2010, 10:30: beginning of the 

casting (Tini concrete = 17°C) 
- 07 April 2010, 12:00: end of the casting 
- 09 April 2010, 9:00: prestressing of the 

“heads” of the structure 
- 09 April 2010, 10:00: removing of the 

isolation and the formwork on all the faces 
All specimens were fully instrumented, 

externally and internally (9 points for internal 
temperature measurement, 24 vibrating cord 
sensors for local internal or external 
deformation measurement, 3 internal optical 

fiber sensors and 12 electrical strain gauges 
placed on reinforcement bars). 

The external temperature, the solar 
radiation and the exposition of the specimen 
were also measured during the test. 

The structure has been modeled using a 
non-linear mechanical model coupling creep 
and damage [10]. This model is adapted to the 
prediction of early age behavior using an 
adapted numerical formulation [11] and the 
evolution laws fitted on homogenization 
results. All the reinforcement was modeled as 
illustrated in Figure 7 and the steel-concrete 
bond was modeled and is expressed according 
to hydration development. 

 
Figure 7: Mesh of the reinforcement 

The results obtained with the numerical 
modeling of this THM test is successfully 
compared with experimental results in terms of 
concrete and steel strains (Figure 8 and Figure 9) 
and in terms of forces induced in the struts 
(Figure 10). 

 

 
Figure 8: Comparison of concrete strain measurements 

with numerical results (at core) 
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Figure 9: Comparison of steel strain measurements 

with numerical results (central section) 

 

Figure 10: Comparison of strut force measurements 
with numerical results 

The crack pattern at the end of the THM 
test is also globally well reproduced (Figure 11) 
and the first cracking is numerically obtained 
70 hours after casting which correspond to the 
in situ observations. 

 

 
Figure 11: Comparison of crack pattern with numerical 

results 

Concerning the crack width, the order of 
magnitude is respected but it is underestimated 
(about 50 microns for numerical results and 
about 100 observed in situ for the central 
crack). 

12 CONCLUSIONS 
This paper presents an original approach to 

predicting the evolution of elastic properties of 
paste, mortar and/or concrete during hydration. 
The proposed approach is based on three 
homogenization levels, as is usually done for 
cementitious materials, but with the use of a 
new percolation function for the paste. 

At the first stage of homogenization, the 
elastic properties of the paste are determined 
using a self-consistent scheme. This 
homogenization method is completed with the 
use of a mechanical percolation law based on 
probabilistic considerations. The solid phases 
of the paste (anhydrous and all hydrates) are 
thus subdivided into percolated and 
unpercolated phases. Another originality of the 
proposed model is that the unpercolated phases 
are not ignored, as is usually the case, but only 
the shear modulus is reduced to zero (bulk 
modulus unchanged). It can be seen in this 
paper that this approach allows us to reproduce 
the evolution of the Young’s modulus at early 
age for pastes with different W/C ratios. 

At the second stage of homogenization, the 
Mori-Tanaka scheme is used with the paste as 
the matrix and the sand as elastic inclusions. 
For the last level, the same is done with mortar 
as the matrix and aggregates as inclusions. The 
results of elastic properties prediction obtained 
at these two stages are validated on the three 
levels (paste, mortar, concrete). 

The micromechanical model is applied to fit 
evolution laws relating mechanical properties 
to hydration degree in order to a numerical 
implementation. This allows successfully 
modeling the early age behavior of massive 
reinforced concrete structures. Indeed, strains, 
forces and crack pattern are globally well 
reproduced. 
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Abstract. In engineering practice, the durability of concrete structures is usually, as in European
standard (EC2) dealt with crack opening and spacing in order to limit the corrosion risk for rebars due
to the penetration of chemical agents coming from the environment of the structure.
The advanced numerical modelling of cracking in reinforced concrete structures may be dealt with
either by means of discontinuous models (fracture mechanics, X-FEM, G-FEM, etc.) or using con-
tinuous constitutive models such as damage mechanics. The issue of this contribution is to propose a
procedure to get crack path and its opening along the path.
The method is based on a topological search of the crack path following the ridge formed by the
equivalent strain field in a 2D plane. 3D crack surfaces can be assessed by slicing the computational
domain in 2D planes. Along this surface, at discrete points the crack opening equivalent to the strong
discontinuity approach can be computed. This procedure has already been applied in a 2D context
and validated against experimental results obtained by digital image correlation for a 3 point bending
beam.
More recently, the representation of the strain field has been largely improved by introducing the
effect of the stress field into the space averaging procedure of the nonlocal integral approach. The
consequence is a more accurate estimation of the crack opening since the strain field is closer to the
one obtained by discrete approach, in contrary to the original version of the nonlocal approach.
The complete procedure is applied to a full size reinforced concrete beam submitted to a four point
bending test. The influence of the rebar diameter and the concrete cover are analysed on the crack
pattern and the crack opening.

1 INTRODUCTION

In engineering practice, the durability of
concrete structures is usually, as in European
standard (EC2) dealt with crack opening and
spacing in order to limit the corrosion risk for
rebars due to the penetration of chemical agents
coming from the environment of the structure.

The bottleneck is to estimate as accurately as
possible crack path (from which crack spacing
is deduced) and crack opening for any material
properties and structural geometries.
This goal can be partially assessed by means of
discontinuous models (fracture mechanics, X-
FEM, G-FEM, etc.) for which the crack open-
ing is part of the constitutive law. However,
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since those models deal with crack propagation
criteria, crack initiation is not properly deter-
mined and a lot of effort (mesh size) must be
put in the computational scheme to get objec-
tive paths.
Since regularized damage mechanics have been
successfully used to model concrete structure
behaviour from initiation to complete failure,
the authors have developped a strategy to com-
pute in post-treatment procedures the main
crack properties (path and opening) for engin-
nering applications.
In the first part, a recent improvment of the non-
local regularization technique is recalled, then
the two consecutive procedures to compute the
crack path and opening. In the last part of this
contribution, the complete method is applied to
a concrete structures in 3D.

2 CHARACTERIZATION OF STRAIN
LOCALIZATION AND DAMAGE IN
QUASI-BRITTLE MATERIAL

2.1 Continuous damage model
The degradation of concrete is described, in

this contribution, by means of an isotropic dam-
age model to represent the progressive loss of
stiffness at the scale of the fracture process
zone.
The model introduces a scalar damage variable
D that links the Cauchy stress tensor σ and the
strain tensor ε (eq. 1) :

σ = (1−D)C : ε (1)

with C, the fourth order elastic tensor.
This damage variable D is driven by a state
variable Y expressed as the largest value ever
reached of εeq defined by Mazars [1] (eq.2):

εeq =

√√√√ 3∑
i=1

< εi >
2
+ (2)

with εi the principal strains. < . >+ defines
the Mac Cauley brackets. The time evolution
over the loading history of Y respects the Kuhn-
Tucker conditions (eq. 3) and is equal to the
strain damage threshold εD0

initially.

εeq − Y ≤ 0, Ẏ ≤ 0, Ẏ .(εeq − Y ) = 0 (3)

Several damage evolution laws do exist, in this
contribution the following one has been used:

Dt,c = 1−
εD0 (1− At,c)

Ȳ
−

At,c

e[Bt,c(Ȳ−εD0)]
(4)

where At, Ac, Bt and Bc are four parameters
of the model. Dt and Dc are damage in trac-
tion and compression respectively. The damage
variable D is a linear combination of these two
variables such as:

D = αtDt + αcDc (5)

where αt and αc characterize the traction and
the compression part of the loading respec-
tively.

2.2 Stress-based nonlocal damage model
It is now well known that models used to de-

scribe the failure of quasibrittle materials, by in-
troducing a softening behavior, necessitate the
addition of a regularization method in order to
maintain the objectivity of the results with re-
spect to the space discretisation.
Numerous regularization models have been pro-
posed in the past; among them, the strain gradi-
ent enhanced media [2] or the nonlocal model
[3] are widely used for concrete structure anal-
ysis. The reader can find a large review of these
models in [4]. The nonlocal model proposed by
Pijaudier-Cabot and Bažant in [3] replaces the
local equivalent strain εeq by its nonlocal coun-
terpart εeq (eq. 6).

εeq(x) =

∫
Ω
φ(x− s)εeq(s)ds∫
Ω
φ(x− s)ds

(6)

with φ(x− s) a weighting function. The Gaus-
sian function has been chosen in the present
study (eq.7).

φ(x− s) = exp

(
−

(
2 �x− s�

lc

)2
)

(7)

with lc the internal length of the model and
�x− s� the distance between points at x and
s locations.
This model has shown its efficiency as a reg-
ularization method by keeping unchanged the

2

111



F. Dufour, C. Giry, J. Mazars and M. Soufflet

mechanical response upon finite mesh refine-
ment. It is also capable to reproduce accurately
the material size effect. Nevertheless, it fails
to describe both the strain localization close to
failure leading to an unwilling diffusion of dam-
age at the location of the fracture process zone
and damage initiation close to boundaries.
In the framework of nonlocal integral models,
several propositions have been made in the last
decade to address those problems. For instance,
one can quote the works of Pijaudier-Cabot and
coworkers in [5] to deal with boundary effects
and of Pijaudier-Cabot and Dufour in [6] and of
Desmorat and Gatuingt in ( [7]) that manage to
improve the strain localization description but
at an expensive computational time cost. How-
ever, since an open crack can be regarded as
a newly formed boundary, a unified approach
should be capable to account for both bound-
aries and strain localization at a crack location.
More recently, the authors have proposed in
[8] a modification of the original nonlocal in-
tegral model by introducing the influence of the
stress state on the nonlocal interactions between
neighboring points (Eq.8) by means of a scalar
coefficient 0 ≤ ρ ≤ 1 that multiplies the inter-
nal length.

φ(x− s) = exp

(
−

(
2 �x− s�

lc ρ(x,σprin(s))

)2
)

(8)

with ρ depending on the principal stress tensor
σprin(s) at s (10).

ρ(x,σprin(s))
2 = (9)

1

f 2
t

(
sin2 ϕ cos2 θ

σ2

1
(s)

+ sin2 ϕ sin2 θ
σ2

2
(s)

+ cos2 ϕ
σ2

3
(s)

)

with ft the tensile strength of the material,
σ1(s), σ2(s) and σ3(s) the principal stresses
and u1(s), u2(s), and u3(s) the vectors asso-
ciated to the principal directions. θ is the angle
between u1 and the projection of (x − s) onto
the plane defined by u1 and u2, and ϕ is the an-
gle between u3 and (x−s). Giry and coworkers
have shown that this model improves the des-
crition of both the nonlocal quantities close to
boundaries and the strain localization at com-
plete failure compared to the original model.

Moreover it has the advantage to avoid addi-
tional computational time and does not intro-
duce new parameter always difficult to calibrate
from experiments.

3 FROM CONTINUOUS MODELLING
TO DISCRETE INFORMATION

The continuous approach presented previ-
ously allows to describe the degradation of a
structure under severe loadings up to failure.
The cracking observed in the structure is quan-
tified cinematically in terms of a continuous
strain field. In order to obtain engineering dam-
age indicators as crack opening or spacing, an
additional step is needed to convert continuous
results into discrete information.

3.1 Quantification of crack opening

The method considers in this study to quan-
tify the crack opening is the one developed by
Dufour and coworkers in [9]. The main idea
is the comparison of the continuous strain field
obtained by the calculation and an analytical
strain field corresponding to a strong disconti-
nuity displacement field (Fig.1). The main steps
of the method are recall here.
To estimate crack opening at a point of the
crack, the strain field obtained from the calcu-
lation is projected along a line perpendicular to
the crack (see 3.2 for crack path). As a com-
parison versus a Dirac like function (strain pro-
file of the strong discontinuity, Fig.2) cannot be
performed mathematically, a convolution prod-
uct with a Gaussian function is applied to both
profiles (Fig.3).

0

1,2

0 100

0

1,2

0 100
xx

Figure 1: Displacement profile of a strong discontinuity.
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0

1,2

0 100

0

1,2

xx

Figure 2: Strain profile of a strong discontinuity.

0

1,2

0 100 xx

Figure 3: Convolution product of a profile of a strong
discontinuity with a Gaussian function.

Under the hypothesis of an equal intensity
of both convoluted products at the crack loca-
tion, an estimation of crack opening is obtained
(Eq.10).

[U ] =
(εFE ∗ φ)(x0)

∫
ℓ
φ(x0 − x)dx

φ(0)
(10)

with εFE the finite element strain field along the
1D profile ℓ. .∗ . corresponds to the convolution
product and φ has been chosen as the Gaussian
function for the analysis. x0 is the coordinate
along the 1D profile of the crack location.
On top of the crack opening this method also
provides an estimator of the error made by com-
paring the finite element strain profile with a
strong discontinuity one. This procedure has
already been applied in a 2D context and val-
idated against experimental results obtained by
digital image correlation for a 3 point bending
beam.

3.2 Location of the crack path
A preliminary step for the quantification of

crack opening is the determination of the crack
location from a continuous field. Different
methods have been developed to deal with this
problem. One can quote the method proposed
by Dufour and coworkers in [10] who consider
an equivalent thermal analysis with the direc-
tion associated to the maximum principal strain
identified as the direction of the heat flow. The

compatible crack paths correspond to isother-
mals perpendicular to the direction of the heat
flow, i.e. maximum principal strain. At the
end, the isothermal corresponding to the crack
path is the one passing through the Gaussian
point with the highest nonlocal equivalent strain
(Eq.6).
Other techniques have been developed by con-
sidering a geometrical approach of the problem.
Tamayo and Rodriguez-Ferran in [11] identify
the crack path as the line formed by circle cen-
ters included in the damaged band representing
the fracture process zone. The method consid-
ered in this study is the one proposed by Bot-
toni and Dufour in [12] to identify the crack
path from a 2D continuous analysis for which
a step-by-step procedure is proposed to follow
the ridge of a field characterizing the degrada-
tion of the structure. The internal variable field
has been found to be the most robust since its
value is not limited to 1 as compared to the dam-
age field. Thus, the ridge is steeper.

Figure 4: Illustration of the process considered to identify
a point of the crack.

The current step needs the definition of a
starting point and of a search direction, which
are respectively the point Pi found in the previ-
ous step and the direction

−−−−→
Pi−1Pi determined by

the last two points found. Following operations
are performed, see the scheme in Fig. (4):

1. a prediction point s0 is defined by moving
from the previously found point Pi−1 in
the search direction, at a distance a called
“search length”;

4
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2. the field Y (x, y) is projected onto a line
of length lorth, perpendicular to the search
direction, obtaining the function Y (s); s
being the abscissa on this line with origin
s0

3. the function Y (s) is smoothed out to ob-
tain the new function Y (s) by means of
a convolution product, given by equation
(6) with lsmooth as the internal length. The
new ridge point Pi+1 is the point where
Y (s) is maximum.

Figure 5: Initialisation of the topological search.

Since no search direction is provided ini-
tially, a specific procedure must be used. An
approximation of the first point position (called
P0) is where the field Y has its absolute max-
imum on the considered damaged zone; more-
over, the orthogonal line of the current step can
be replaced by a circle. More into details, fol-
lowing operations are executed (see also the
scheme in Fig. 5):

1. the field Y (x, y) is projected onto a circle,
having center in P0 and radius equal to
the search length a, so to obtain the field
Y (s) (Fig. 5a);

2. the projected field Y (s) is smoothed by
applying equation (6) on the circle with
lsmooth as the internal length, the sec-
ond ridge point P2 is the point where the
smoothed field Y (s) is maximum (Fig.
5a); unlike P0, P2 is obtained from the
smoothed field, so it belongs to the crack
path;

3. a back-correction is made to find the real
position for the first point P1, by project-
ing and smoothing the field on the line
through P0 and orthogonal to

−−→
P2P0 (Fig.

5b); this correction is necessary because
without the smoothing, the first point po-
sition would be too sensitive to the mesh;

4. two possible search directions are deter-
mined by the points P1 and P2, i.e.

−−→
P1P2

and
−−→
P2P1; the search continues in one of

the identified directions as previously de-
tailed until stop requirements are fulfilled
(i.e. the maximum value of Ȳ is below
a predefined value corresponding to the
damage threshold for instance) then it is
pursued in the second direction. Doing
so, the procedure is applicable for both
cases when the initial point is an end point
of the crack (crack mouth) or a middle
point.

Fig. 6 illustrates the application of this pro-
cedure to a traction test with an inclusion. The
crack path perfectly follows the ridge of the
damage field, i.e. the crack follows the central
part of the fracture process zone.

Figure 6: Traction test with an inclusion. Damage field
and crack path (black squares).

3.3 From 2D to 3D analysis
The method introduced previously to deter-

mine the crack path has been developed for 2D
analysis since there is no ridge definition for a
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3D field. As a consequence, an additional ef-
fort has to be made for the post-treatment of a
3D field. In order to keep the 2D post-treatment
method, a simple slicing procedure is consid-
ered with a projection of the fields used for the
post-treatment (internal variable and equivalent
strain) onto the slicing plans.

Figure 7: Example of definition of slicing plans.

A peculiar attention should be paid to the ori-
entation of the slicing plans in order to get an
estimation as accurate as possible for the crack
opening. More particularly, this plan should in-
clude the direction of the maximum principal
strain as it corresponds to the direction of crack
opening for mode I failure. An average direc-
tion is computed from the maximum principal
strain directions extracted among the elements
that observe a damage initiation (Fig. 7).

4 ANALYSIS OF A REINFORCED CON-
CRETE BEAM UNDER 4 POINTS
BENDING

The study presented here is a part of a French
national project (CEOS.fr) whose scope is the
analysis and the identification of the material
and geometrical parameters influence on crack-
ing in reinforced concrete structural elements.
The results shown hereafter are an extract of
the whole numerical campaign performed. The
main objective here is to analyse the capabil-
ity of the constitutive nonlocal model and the
different approaches presented in the previous
parts to characterize the behavior of a rein-

forced concrete structure at a global scale and
to extract local quantities.

4.1 Presentation of the study
The analysis is performed on a reinforced

concrete beam under 4 point bending loading.
The specimen dimensions are 5.1 m of span,
0.8 m of height and 0.47 m of depth. Fig.8
gives the reinforced concrete cross section of
the beam. Three longitudinal rebars are placed
in the lower part and in the upper part with a di-
ameter φ1 and φ2 respectively. A concrete cover
of c2 is introduced at the top and the bottom of
the beam.

Figure 8: Representation of the 4 point bending test and
the reinforced concrete section associated.

Tab.1 summarizes the geometrical character-
istics for the three different tests considered.

Table 1: Geometrical parameters for the test

TEST A TEST B TEST C
c2 (mm) 51 66 86
φ1 (mm) 32 32 32
φ2 (mm) 25 25 25

The same concrete is casted in this study cor-
responding to a ”C56” concrete with the fol-
lowing characteristics using EC2 notations: fcm
= 64 MPa, fck = 56 MPa, ftm = 4.4 MPa and
Ecm = 40.8 GPa. The characteristics of the steel
rebars are the following ones: fyk = 500 MPa
and Eyk = 210 GPa. In order to reproduce the
nonlinear behavior of the concrete, the follow-
ing model parameter are identified: Ec = 40.8
GPa, ν = 0.18, εD0

= 10−4, At = 0.9, Bt =
6000, Ac = 1.8, Bc = 1400 and lc = 45 mm.
As the objective of the study is to analyse mode
I cracking, this nonlinear model is used only in
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the central part of the beam (area of constant
bending moment) and outside, a linear elastic
behavior is considered. Furthermore, it allows
to avoid damage initiation in the neighboorhood
of loading area. An area of transition is intro-
duced between the linear and the nonlinear parts
with a threshold for damage initiation taken suf-
ficiently high. It allows to give a complete do-
main of integration for the regularization pro-
cedure. Indeed, Pijaudier-Cabot and coworkers
have shown in [5] that a truncated domain of in-
tegration domain for nonlocal integral method
leads to an attraction of damage close to bound-
ary. For the symmetry planes, classical condi-
tions are considered regarding nonlocal integral
regularization method with the introduction of a
complementary domain to compute the nonlo-
cal integral values. As serviceable loadings are
considered in this study, a linear elastic model
is used for steel reinforcement: Es = 210 GPa
and ν = 0.2.

Due to symmetry, only a quarter of the beam
is considered for the study. Although it imposes
a symmetry for the cracking mode, the reduc-
tion of computational time obtained is put for-
ward. Fig.8 gives a representation of the me-
chanical problem analysed with the vertical im-
posed displacement δ up to 0.01 m.

A volumetric mesh is used to describe the
geometry of the specimen. The lower rein-
forcements are explicitly defined through cubic
and prismatic elements with linear interpolation
functions. This level of precision is necessary
has the influence of the concrete cover and the
diameter of the rebars is observed. In contrary,
for the upper reinforcements, a lower precision
is required and bar elements with linear interpo-
lation functions are considered. Two different
mean mesh sizes are used to describe the whole
beam, a fine mesh for the central part (dfine =
0.015 m) and a coarse mesh for the other parts
(dcoarse = 0.06 m).

Figure 9: Example of a mesh used for the study (TEST
A).

4.2 Analysis of the results
Fig.10 shows the global behavior observed

for the different beams.
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Figure 10: Bending moment in the central part versus de-
flection.

One can observe a similar global behavior
between the different tests. Only small discrep-
ancies appear for the load levels at cracks initi-
ations. Asymptotically, as we could expect, the
small variation of the concrete cover between
beams does not affect significantly the behavior
with the highest rigidity for the smallest con-
crete cover.

Fig.11 shows the cracking observed in the
beam at two different loading levels. The lo-
cation of the cracks is identified with the latest
step considered for the post-treatment. The two
cracks observed on Fig.11 are described thanks
to three profiles corresponding to the three slic-
ing planes used for the projection of the post-
treated fields. The parameters of the topological
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search method are: lorth = 0.15 m, a = 0.015 m,
lsmooth = 0.05 m.

Figure 11: Examples of 3D damage field and the cor-
responding 3D cracks identified on three slicing plans
(TEST B) for two applied deflections: δ = 1.4 mm and
2.2 mm.

The first crack initiates under the loading
area due to the perturbation of the stress field
with an higher value compared to the ones in the
constant bending moment area. After a phase of
crack propagation, a progressive degradation of
the steel concrete bond is observed, character-
ized by a cylindrical damaged area around the
lower reinforcements. At some distance, a sec-
ond crack initiates as the stress redistributed by
the reinforcement reaches the damage thresh-

old.
The development of the main cracks can also

be followed thanks to information one can get
from the stress state along the reinforcements.
Fig.12 shows the evolution of σxx profile along
a rebar during the loading.
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Figure 12: Evolution of the axial stress profile along a
lower reinforcement during the loading (TEST A).

One can observe that the appearance of a
new crack leads to a stress jump in the rein-
forcement at the location of the crack. As a new
crack forms, a phenomenon of local unloading
is observed for the steel close to previous cracks
corresponding to the decrease of the global car-
ried load.

Tab.2 summarizes the spacing between the
two first main cracks for the different tests for
an applied deflection of 3 mm.

Table 2: Spacing between the main cracks

TEST A TEST B TEST C
crack

spacing 0.503 0.424 0.504
(m)

From these results, no real correlation can be
identified between the concrete cover and the
crack spacing. It should be quoted that in a sec-
ond step during the loading, small cracks ap-
pear in the bottom of the structure before join-
ing existing main cracks (Fig.13). These sec-
ondary cracks seem to appear preferentially for
small concrete cover as one can see for Test A.
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The distance between main cracks and this sec-
ondary cracks may evolve with the distance that
can change with the concrete cover. Moreover,
the crack spacing is perturbated in a real struc-
ture by the presence of stirrups playing the role
of inclusions.

TEST A TEST B TEST C

Figure 13: Illustration of the development of secondary
cracks with the damage fields for the three test.

Regarding crack opening, Fig.14 gives the
evolution of crack opening along the height of
the beam. This evolution is considered for a
profile crossing the cover and a profile between
two rebars.
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Figure 14: Evolution of the crack opening along the
height of the beam for an imposed displacement δ = 3
mm (TEST A).

One can observe that the rebars act as crack
opening limiters. Indeed, above a certain
height, the evolution of the crack opening is
linear whereas close to the location of the re-
inforcements, the crack opening tends to de-
crease. Fig.15 shows the influence of the con-
crete cover on the crack opening profile.
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Figure 15: Crack opening along the height of the beam
for an imposed displacement δ = 3 mm (TEST A, B and
C).

The crack opening profile above the rebars
are similar. In contrary, one can observe that
under the rebars it tends to increase with the in-
crease of the concrete cover. This is due to the
fact that a high value for the concrete cover al-
lows the development of the crack between the
rebar and the outside surface of the beam.

FIg.16 gives the evolution during the loading
of the crack opening profile for the first crack
(test B).
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Figure 16: Evolution of the crack opening profile during
the loading (TEST B).

One can observe that the degradation of the
structure is relatively brittle with a fast devel-
opment of the crack as soon as it has passed
the reinforcements. After this first step, a reg-
ular evolution of the crack opening is observed
along the crack profile. Then, as it has already
been observed in Fig.12 a small unloading of
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the crack is observed upon the propagation of a
new crack.

5 CONCLUSIONS
This contribution shows that crack proper-

ties (spacing and opening) can be assessed by
means of a continuous damage model. A dam-
age model regularized by an innovative nonlo-
cal approach taking advantage of the stress field
is used to reproduce the progressive cracking
process from inititation up to complete failure.
In a post-treatment step, crack path and open-
ing can be estimated at a reasonnable computa-
tional cost. A step-by-step procedure has been
developped to follow the ridge of the damaged
zone and along this line a displacement jump
(i.e., the crack opening) is computed by com-
parison with the strong discontinuity approach.
The performance of these procedures are high-
lighted on four point bending tests with differ-
ent covers to analyse its effect on crack opening
values. This contribution demonstrates that en-
gineering damage indicators can be estimated
by advanced modelling. This is a step forward
for predictive methods of concrete structure be-
haviour. The next perspective of this work is to
add a third step that is the mass transfer proper-
ties in order to accurately assess structural tight-
ness and/or durability.
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Abstract: The bond between prestressing steel and concrete plays an important role in transferring 
prestress force to concrete in pretensioned prestressed concrete members. The purpose of the 
present paper is first to identify the bond behavior between prestressing steel and concrete and then 
employ this bond crack model in the numerical analysis to obtain the transfer length realistically in 
pretensioned prestressed concrete members. For this purpose, several series of tests have been 
conducted in the present study. From the present tests, the bond-slip relations for pretensioned 
members were first obtained by measuring the strains in prestressing steel and concrete at various 
locations. A realistic bond-slip relation was derived from the present tests. The bond-slip model 
derived in the present study was then used to formulate the properties of interface element between 
prestressing steel and concrete. A numerical analysis incorporating smeared crack model was 
conducted in the present study to obtain the transfer length theoretically.The present study indicates 
that not only the diameter of prestressing steels and prestress intensity, but also the compressive 
strength and concrete cover affect greatly the transfer length in pretensioned members. The present 
test results indicate that the transfer length decreases with an increase of concrete cover and also 
decreases with an increase of concrete compressive strength. Therefore, these effects must be 
considered in the design code to accurately design the pretensioned concrete structures. It was 
shown in this study that the results of numerical analyses agree well with the test data.

1 INTRODUCTION 
The pretensioning force in pretensioned 

concrete members is directly transferred from 
prestressing steel to concrete by cutting the 
prestressed prestressing steels at the end of the 
members [1-3]. Therefore, the bond between 
prestressing steel and concrete plays an 
important role in transferring prestress force to 
concrete in pretensioned prestressed concrete 

members [4-6]. On the other hand, the transfer 
of prestress force and the transfer length in 
pretensioned prestressed concrete members are 
of great concern because it directly affects the 
distribution of prestress in the pretensioned 
members [7, 8]. 

The purpose of the present paper is first to 
identify the bond behavior between 
prestressing steel and concrete and then 
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employ this bond model in the finite element 
analysis to obtain the transfer length 
realistically in pretensioned prestressed 
concrete members.  

For this purpose, several series of tests have 
been conducted in the present study. From the 
present tests, the bond stress-slip relations for 
pretensioned members were first obtained by 
measuring the strains in prestressing steel and 
concrete at various locations. A realistic bond 
stress-slip relation was derived from the 
present tests. The bond stress-slip model 
derived in the present study was then used to 
formulate the properties of interface element 
between PS steel and concrete. 

The design provision of some design codes 
considers only the prestress magnitude and the 
diameter of prestressing steels to estimate the 
transfer length of prestress force in 
pretensioned members [1, 9]. The present 
study however indicates that the compressive 
strength and concrete cover may also affect 
greatly the transfer length in pretensioned 
members. Therefore, in addition to the 
diameter of prestressing steels and prestress 
magnitude, the concrete compressive strength 
and concrete cover have been also taken into 
account in the present tests and analyses. In 
this regard, the effects of these parameters on 
transfer length have been investigated 
thoroughly by analyses and tests.

Three-dimensional finite element analyses 
have been conducted first to obtain transfer 
lengths for various cases and the results of 
analyses have been compared with test data. 

2 BOND CHARACTERISTICS OF 
PRESTRESSING STRANDS 

2.1 Bond tests 
The bond stress-slip relations have been 

obtained from the measurement of stresses and 
strains in pretensioned members. The bond 
stress may be obtained from the force 
difference of a strand between two adjacent 
points as shown in Figure 1. The strain gages 
can measure the strains at two adjacent points 
on a strand as shown in Figure 1 and these 
strains may easily be converted to forces. The 

steel strain gages with the length of 5mm were 
attached on the strand to measure the strand 
strains. The bond stress is then expressed as 
follows.  

l
P

l
PP

f jj
b 







 

00

1                      (1) 

Where bf =bond stress, P =force difference 
between two adjacent points, 0 =perimeter of 
a strand, and l =distance between two 
adjacent points, respectively. 

The slip may also be obtained from the 
measurement of concrete strains at the same 
two adjacent points as shown in Figure 1. The 
slip may be written as follows. 

ls jj   )( 1                          (2) 
Where s =slip and j =strain at the point j, 
respectively. 

P = ofbl
s = (i+1i )l

Pi

Pi+1(Pi+P)

Tendon

Concrete

Steel gage

Concrete gage

i

i+1

Figure 1: Measurement of bond stress and slip 

2.2 Bond stress-slip relation  
   The bond stress and slip relations for 

strands have been obtained by using the above 
procedure and are shown in Figure 2. Figure 2 
shows the bond stress and slip relations for the 
strand of diameter 15.2mm. This figure
indicates that the bond stress increases rapidly 
with an increase of slip at lower slip values 
and then the increase of bond stress becomes 
lower as the slip increases. This behavior of 
bond stress-slip relation can be modeled by the 
following equation considering that the bond 
stress is related to concrete strength and slip 
values.

 ))(()( '

b
cib d

xsfxf                   (3) 

Where )(xfb =bond stress, '
cif =compressive 

strength of concrete, )(xs =slip, bd =diameter 
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of strand, and  and  = constants to be 
determined from experiments, respectively. A 
regression analysis has been done for the 
present data and the result is also shown in 
Figure 2. The appropriate values for the 
constants have been obtained from the data.  

Figure 2: Bond stress and slip relation for strand 
 

The appropriate values obtained from the 
total data of both strands are  =10.7 and 
 =0.27, respectively and thus the appropriate 
equation for bond stress-slip relation may be 
written as follows. 

27.0' ))((7.10)(
b

cib d
xsfxf                (4) 

The bond stress-slip relation between strand 
and concrete is a required property in the finite 
element analysis of pretensioned concrete 
members because it directly relates the 
behavior of prestressing strand with the 
surrounding concrete. The above relation [Eq. 
(4)] has been used to characterize the property 
of interface element between strand and 
concrete.

3 TRANSFER LENGTH TESTS FOR 
PRETENSIOND CONCRETE MEMBERS  

3.1 Test method  
The transfer length can be determined by 

the profile of the strain distribution in 
pretensioned members after prestress transfer. 
The strains may be measured on the 
prestressing strand or on the concrete surface 

along the line of prestressing strand. However, 
the strain gages on the prestressing strand may 
be damaged during the placement of concrete 
in a test member and also at the time of 
prestress transfer. The attachment of strain 
gages on the strand may also hurt the adequate 
bonding between concrete and strand. 
Therefore, it was preferred in this study to 
measure the strains on the surface of concrete 
at the level of strand by mechanical strain 
gages. The determination of transfer length 
was based on the concept of average 
maximum strain method proposed by authors 
in Reference 1. The detailed procedures for 
measurement of strains and for determining 
transfer length have been summarized in 
Reference 1 and thus are not repeated here. 

3.2 Measured transfer lengths 
Figure 3 shows the measured transfer 

lengths obtained from the present test series. 
Figure 3 indicates that the transfer length 
decreases with an increase of concrete strength 
and also decreases with an increase of concrete 
cover. These effects of concrete strength and 
concrete cover on transfer length have not 
been considered in the design code [9]. On the 
other hand, the transfer length increases with 
an increase of strand diameter as shown in 
Figure 3. The detailed comparisons of transfer 
length with theoretical analysis will be 
discussed in the section 4 and section 5. 
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Figure 3: Measured transfer lengths for strands 
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4 THEORETICAL TRANSFER 
LENGTH

4.1 Analysis procedure and modeling  
The area of a strand in pretensioned 

members decreases initially by prestressing 
due to Poisson effect and then tends to restore 
when prestress is transferred. This restoration 
effect naturally leads to lateral expansion of 
strand and the lateral expansion induces 
circumferential tensile stresses in adjacent 
concrete. These circumferential tensile stresses 
may cause cracking in concrete around the 
strand. This phenomenon may not be well 
described by two-dimensional analysis and 
therefore three-dimensional modeling has been 
implemented in this study. Figure 4 shows a 
detailed portion of three-dimensional modeling 
for strand and concrete. The solid finite 
elements have been used for modeling both 
concrete and strand.

The interface elements have been used in 
between strand and concrete. Only one quarter 
of the member may be modeled due to 
symmetric condition. For modeling both 
concrete and strand, twenty-node three 
dimensional solid finite elements have been 
used.

Steel

Bond Interface
Concrete

Steel

Bond Interface
Concrete

Figure 4: Three-dimensional modeling for strand and 
concrete in pretensioned concrete members 

The smeared crack approach with a linear 
tension softening has been employed for 
modeling tensile cracking of concrete [10]. 
The Drucker-Prager failure model was used 
for compression failure of concrete. The well-
known nonlinear program (DIANA) for 
concrete structures was used for the present 

finite element analysis and the Newton-
Rapson method was employed for nonlinear 
analysis.  

4.2 Interface element between strand and 
concrete

The interface elements have been used in 
this study to model the interface bond behavior 
between strand and concrete. The interface 
elements describe the interface bond behavior 
by modeling the relations of normal traction 
and displacement and also shear force and 
displacement at the interface. There are several 
types of interface elements including nodal 
interface element, line interface element, and 
plane interface element. The plane interface 
element has been used in this study because it 
is more appropriate to the real situation. Figure 
5 shows the plane interface element which has 
eight nodes on one plane and another eight 
nodes on the opposite plane. The pair nodes in 
the interface element (i.e., node 1 and node 9, 
node 2 and node 10, node 3 and node 11, node 
4 and node 12, node 5 and node 13, node 6 and 
node 14, node 7 and node 15, node 8 and node 
16) share the same coordinates, respectively, 
although node numbers are different. The 
relative displacements u  between these pair 
nodes may determine the tractions nt and tt  at 
the interface as follows.  






























t

n

t

n

u
u

D
D

t
t

22

11

0
0

                      (5) 

Where D22=D11/[2(1+  )] and  =Poisson’s
ratio, respectively.  Figure 5 shows the 
schematic diagram and tractions for 16-node 
interface element.  
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Figure 5: Schematics for 16 node interface element 
.
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5 COMPARISON OF MEASURED AND 
THEORETICAL TRANSFER LENGTHS 

The finite element analyses have been 
executed for pretensioned concrete test 
members and the results have been compared 
with test data. Table 1 shows the comparison 
of theoretical transfer lengths with the present 
test data. It can be seen from Table 1 that the 
analysis results agree well with test data for 
transfer length and the average relative ratio of 
analysis results to test data is about 1.025. In 
Table 1, the test series N-3 represents the test 
member with normal strength concrete 
(fci=35Mpa) with the cover thickness of 3cm. 
H-5 represents the test member with high 
strength concrete (fci=50Mpa) with the cover 
thickness of 5cm.  

The design equation for transfer length in 
pretensioned members by ACI Code[9] may 
be written as bpet dfl 048.0 where pef is
effective prestress in MPa and bd  is the 
diameter of prestressing strand in mm. In the 
present case, the transfer lengths based on ACI 
code for strand diameters of 12.7mm and 
15.2mm are 724mm and 866mm, respectively.   

It can be seen from Table 1 that the results 
of finite element analysis generally agree well 
with test data for all cases. However, the 
design code[9] underestimates the transfer 
length for the case of small concrete cover and 
overestimates the transfer length for the case 
of large concrete cover. This is because the 
ACI design code[9] does not consider the 
concrete cover in calculating the transfer 
length and thus gives the same transfer lengths 
for different concrete covers. 

The test results in Table 1also indicate that 
high strength concrete shows smaller transfer 
length at the same concrete cover, but the 
design code shows no difference for different 
strengths because the code does not consider 
the effect of concrete strength. 

Therefore, it is necessary to include the 
effects concrete strength and concrete cover in 
calculating the transfer length correctly. Table 
1 also depicts that the increase of strand 
diameter increases the transfer length and the 
increase of concrete strength decreases the 
transfer length.  

Table 1: Comparison of measured and theoretical 
transfer lengths 
Strand

Diameter  
db  (mm)

Test
Series

Transfer Length(mm) 
Analysis 

(mm) 
Test 
(mm) 

Analysis/ 
Test

12.7 

N-3 747 781 0.96 
N-4 661 669 0.99 
N-5 627 617 1.01 
H-3 669 658 1.01 
H-4 596 587 1.01 
H-5 562 533 1.05 

15.2 

N-3 975 971 1.00 
N-4 823 809 1.02 
N-5 779 727 1.07 
H-3 873 872 1.00 
H-4 735 722 1.02 
H-5 697 591 1.17 

6 EFFECTS OF VARIOUS DESIGN 
FACTORS ON TRANSFER LENGTH

6.1 Design variables for finite element 
analysis

It has been shown in the previous section 
that the transfer lengths obtained from the 
above nonlinear finite element analysis agree 
well with test data. Therefore, comprehensive 
finite element analyses have been done for 
pretensioned concrete members in order to 
explore the effects of various design variables 
on transfer length. 

Major design variables include strand 
diameter, magnitude of prestress, depth of 
concrete cover, and compressive strength of 
concrete, respectively. The diameters of strand 
are 12.7mm and 15.2mm which are most-
commonly-used strands in actual construction. 
The magnitudes of prestress include 0.40 puf ,
0.45 puf , 0.50 puf , 0.55 puf , 0.60 puf , 0.65 puf ,
0.70 puf , and 0.75 puf , respectively, where 

puf  is the ultimate tensile strength. The depths 
of concrete cover are 30mm, 40mm, 50mm, 
and 60mm, respectively. The compressive 
strengths of concrete are 35MPa, 40MPa, 
50MPa, and 60MPa, respectively. The finite 
element analyses have been implemented for 
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all those variables and the results are discussed 
in the following sections. 

6.2 Effect of prestress intensity 

Figure 6 shows the variation of transfer 
lengths according to the intensity of prestress. 
It can be seen that the transfer length increases 
with an increase of prestress intensity pef  and 
that the rate of increase of transfer length is 
roughly proportional to the square root of 
prestress intensity pef .
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Figure 6: Comparison of transfer length according to 
the intensity of prestress for various concrete cover

6.3 Effect of the diameter of strand 
Figure 7 shows the comparison of analyzed 

transfer lengths between the strand diameters 
of 12.7mm and 15.2mm, rspectively. It can be 
seen from this figure that the transfer length 
increases with an increase of strand diameter 
and the average rate of increase is about 30 
percent between the strand diameter 12.7mm 
and 15.2mm.

Figure 7 also shows the regression line for 
transfer length according to the strand 
diameter. It is seen from Figure 7 that very 
good correlation has been obtained between 
transfer length and strand diameter.  

Figure 7 indicates that the transfer length is 
approximately proportional to 3.1

bd in which  

bd is  strand diameter.  
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Figure 7: Variation of transfer length with strand 
diameter 

6.4 Effect of concrete strength 
Figure 8 shows the variation of transfer 

length according to the compressive strength 
of concrete. Figure 8 indicates that the transfer 
length decreases with an increase of concrete 
strength for all prestress intensities and strand 
diameters. This means that high strength 
concrete is much more effective to transfer 
prestress than normal strength concrete in 
pretensioned concrete members. Nevertheless, 
some design codes[1, 9] do not consider the 
effect of concrete strength on transfer length. 
Therefore, it is necessary to modify the code 
equation on transfer length to design 
pretensioned concrete members more 
rationally.

Figure 8 indicates that the transfer length is 
inversely proportional to 3/1

cif in which  cif  is
compressive strength of concrete.  
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Figure 8: Comparison of transfer length according to 
compressive strength of concrete
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6.5 Effect of concrete cover 
Figure 9 shows the variation of transfer 

length according to the concrete cover for 
various prestress magnitudes. 

It can be seen from Figure 9 that the 
transfer length decreases with an increase of 
cover depth for all prestress intensities. 

 However, some design codes do not 
consider the effect of concrete cover thickness 
on transfer length and thus provides only one 
constant value for all cover depths.

It can be seen from Figure 9 that the 
transfer length is inversely proportional to the 
concrete cover depth. 
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Figure 9: Comparison of transfer length according to 
concrete cover

7 CONCLUSIONS 
In this study, the bond behavior of 

prestressing strands and the transfer length in 
pretensioned concrete members have been 
investigated both experimentally and 
theoretically. Several series of tests have been 
conducted to measure the transfer lengths in 
pretensioned concrete members. The finite 
element analyses have been also conducted to 
obtain the transfer length theoretically. The 
major conclusions derived from this study can 
be summarized as follows.  

(a) A realistic bond stress-slip relation for 
pretensioned concrete members has been 
derived in this study and employed in 
modeling interface element for finite element 
analysis. The present study indicates that the 

analysis results agree well with the test data on 
transfer length.  

(b) It was found from this study that the 
transfer length increases with an increase of 
prestress magnitude and that the rate of 
increase of transfer length is roughly 
proportional to the square root of prestress 
magnitude.  

(c) The present study indicates that the 
transfer length increases with an increase of 
strand diameter and the average rate of 
increase is about 30 percent when the strand 
diameter increases from 12.7mm to 15.2mm. 

(d) It is shown that the transfer length 
decreases with an increase of concrete strength 
for all prestress magnitudes and strand 
diameters. This means that high strength 
concrete is much more effective to transfer 
prestress than normal strength concrete in 
pretensioned concrete members.  

(e) The present study indicates that the 
transfer length decreases with an increase of 
cover depth for all prestress magnitudes. This 
effect must be considered realistically in the 
design code for more rational design of 
pretensioned concrete structures. 

(f) The present nonlinear analysis for 
pretensioned concrete members incorporating 
realistic bond model and smeared crack 
approach provides good results in determining 
transfer length as well as stress and strain 
behavior.
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Abstract: This paper presents the results of an experimental study and discusses the applicability of 

a fracture mechanics based approach to understand the stress transfer mechanism of fiber reinforced 

cementitious matrix (FRCM) composites externally bonded to a concrete substrate. The FRCM 

composite was comprised of polyparaphenylene benzobisoxazole (PBO) fibers and polymer-

modified cement-based mortar. This research aims to gain insight into the fundamental behavior of 

the bond between concrete and FRCM composites, which is critical in structural strengthening 

applications because complete loss of bond (debonding) generally initiates structural member 

failure. Single lap shear tests were conducted on specimens with composite strips bonded to 

concrete blocks. Parameters varied were composite bonded length and bonded width. Results were 

analyzed to understand the effective bond length, which can be used to establish the load-carrying 

capacity of the interface to design the strengthening system. Results also shed light on the 

interfacial behavior between fibers and matrix and highlight the role of the matrix in the stress 

transfer. 
 

 

1 INTRODUCTION 

Fiber-reinforced composite strengthening of 

RC members is the result of load sharing 

between the RC member and composite. Load 

sharing is achieved through load (stress) 

transfer between the concrete substrate and 

composite. The performance of composites is 

usually limited by the matrix-fiber or matrix-

substrate interface bond quality, since 

premature interfacial debonding limits the 

level of load sharing between composite and 

concrete substrate.  

A critical role in the composite 

strengthening technique is played by the type 

of adhesive (or matrix) used in the composite. 

The matrix serves as the binder for the fibers 

and transmits and distributes shear forces 

between and along the fibers. The matrix also 

bonds the composite to the concrete substrate, 

which is necessary for load sharing.  

Studies in the literature on the behavior of 

composites with cement-based matrices show 

that while this system can be used successfully 

in structural strengthening applications (shear 

[1,2], flexure [1,3-9], confinement [10-13]), 

the performance is different than traditional 
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FRP composites due to differences in failure 

mechanisms resulting from complex matrix-

fiber bonding characteristics. In FRP 

composites, debonding typically occurs within 

the concrete substrate controlled by the low 

tensile strength of concrete, whereas in 

cement-based composites, debonding has been 

observed to occur at the matrix-fiber interface 

[1,5,6, 14-16]. Debonding has been reported as 

a progressive process in cement-based 

composites resulting in larger deformations 

within the composite material and increased 

ductility as compared to FRP composites [14]. 

This aspect can be beneficial in certain 

structural strengthening or hardening 

applications that require ductility or energy 

dissipation. To realize the full benefits of 

cement-based composites, however, a 

complete understanding of the mechanism of 

load transfer and bond behavior is critical to 

design. 

This paper presents the results of an 

experimental study conducted to understand 

the stress transfer mechanism of fiber 

reinforced cementitious matrix (FRCM) 

composites externally bonded to a concrete 

substrate. The FRCM composite was 

comprised of polyparaphenylene 

benzobisoxazole (PBO) fiber net and polymer-

modified cement-based mortar. Results from 

single lap shear tests with different bonded 

lengths, bonded widths, and layers of matrix 

are presented and discussed.  

2 EXPERIMENTAL PROGRAM 

2.1 Test setup 

Single lap shear tests were conducted on 

concrete block (prism) specimens with an 

externally-bonded FRCM composite strip of 

varying bonded length, bonded width, and 

matrix thickness. The classical push-pull 

configuration was adopted where the fibers are 

pulled while the concrete prism is restrained. 

The dimensions of all concrete prisms were 

125 mm width x 125 depth x 375 mm length. 

The composite material was comprised of 

bidirectional PBO fiber net and polymer-

modified cement-based mortar. The width b* 

and the thickness t* of one longitudinal fiber 

bundle were 5mm and 0.046 mm, respectively. 

The matrix was used only in the bonded region 

to embed the fibers and bond the composite to 

the concrete substrate. Fibers were left bare 

outside the bonded area. Two aluminum plates 

were attached at the end of the fiber strip to 

improve gripping during testing (Figure 1). 

A steel frame bolted to the testing machine 

platten was used to restrain the concrete prism. 

A steel plate was inserted between the steel 

frame and the top of the prism to distribute the 

pressure provided by the frame restraint. The 

distance between two points on each vertical 

leg of the steel frame was measured before and 

after tightening the bolts connecting the frame 

to the platten to evaluate the precompression 

induced in the concrete prism. 

 

Figure 1: Test setup (dimensions in mm) 

Tests were conducted under displacement 

control using a close-loop servo-hydraulic 

universal testing machine with a 556 kN force 

and +/- 150 mm stroke capacity. During 

testing the global slip, which is defined as the 

relative displacement between points on the 

composite strip at the beginning of the bonded 

area and the concrete prism, was increased at a 

constant rate of 0.00084 mm/s up to failure. 

Global slip was measured using two LVDTs 
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that were attached on the concrete surface 

close to the edge of the bonded region. The 

LVDTs reacted off of a thin aluminum Ω-

shape plate, which was attached to the PBO 

transversal fiber bundle surface adjacent to the 

beginning of the bonded region as shown in 

Figures 1 and 2.  

 

Figure 2: Photo of specimen DS_150_34_1 

2.2 Material properties and specimen 

preparation 

The concrete prisms were constructed with 

normal weight concrete with Portland cement 

(Type 1) without admixtures. The maximum 

size of the aggregate was 9.5 mm. Six 100 mm 

× 200 mm concrete cylinders were cast from 

the same batch to determine the concrete 

compressive strength and splitting tensile 

strength in accordance with ASTM C39 [17] 

and ASTM C496 [18]. Results are provided in 

Table 1.  

Table 1: Average mechanical materials properties 

(CoV) 

 Compressive 

strength [MPa]  

Tensile strength 

[MPa]  

Concrete 

prisms 
42.5 (0.013) 3.4 (0.113) 

Concrete 

mortar 
27.9 (0.009) 3.6 (0.072) 

 

From the same batch of matrix used to cast 

the FRCM composite, ten 50 mm × 100 mm 

cylinders were cast to determine the 

compressive and tensile strengths of the matrix 

in accordance with ASTM C39 [17] and 

ASTM C496 [18]. Results are provided in 

Table 1. As reported by the manufacturer, the 

PBO fiber has a tensile strength, ultimate 

strain and elastic modulus of 5.8 GPa, 0.019 

and 270 GPa, respectively.  

Twenty one direct shear tests were 

performed to study the bond characteristics 

and stress-transfer mechanism of the FRCM 

composite. The parameters considered in this 

study were the bonded length and width, and 

the thickness of the top layer of the composite.  

Specimens were named following the 

notation DS_X_Y_(S or L)_Z, where 

X=bonded length () in mm, Y=bonded width 

(b1) in mm, S=strain gages were mounted on 

the specimen, L=absence of the top layer of 

matrix, and Z=specimen number (Table 2). 

The number of longitudinal bundles B and the 

presence of one (1 La) or two layers (2 La) of 

matrix are indicated in Table 2. 

Table 2: Test specimen characteristics 

Name b1 (B) 

 

[mm] 


 

[mm] 

t (La) 

 

[mm] 

P* 

[kN] 

DS_100_34_1 34 (4) 100 8 (2) 1.92 

DS_100_34_2 34 (4) 100 8 (2) 0.97 

DS_100_34_3 34 (4) 100 8 (2) 1.62 

DS_150_34_1 34 (4) 150 8 (2) 2.22 

DS_150_34_2 34 (4) 150 8 (2) 1.55 

DS_150_34_3 34 (4) 150 8 (2) 2.87 

DS_150_34_4 34 (4) 150 8 (2) 2.34 

DS_250_34_1 34 (4) 250 8 (2) 2.61 

DS_250_34_2 34 (4) 250 8 (2) 2.11 

DS_250_34_3 34 (4) 250 8 (2) 2.82 

DS_330_34_1 34 (4) 330 8 (2) 2.84 

DS_330_34_2 34 (4) 330 8 (2) 3.34 

DS_330_34_3 34 (4) 330 8 (2) - 

DS_330_43_1 43 (5) 330 8 (2) 4.23 

DS_330_43_2 43 (5) 330 8 (2) 4.17 

DS_330_43_S_1 43 (5) 330 8 (2) 4.98 

DS_330_43_S_2 43 (5) 330 8 (2) 5.11 

DS_330_43_L_1 43 (5) 330 4 (1) 4.59 

DS_330_43_L_2 43 (5) 330 4 (1) 4.18 

DS_330_43_L_3 43 (5) 330 4 (1) 4.43 

DS_330_43_L_S_1 43 (5) 330 4 (1) 3.17 

 

The surface of the concrete prisms was 

sandblasted before applying the composite. A 

layer of cementitious matrix was then applied 

FRCM  

composite 

bonded to 

concrete  

Concrete  

prism  
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using molds to control width and thickness. A 

single layer of PBO fiber net was then applied 

onto the matrix layer pushing the fibers 

delicately to assure proper impregnation. A 

second layer of matrix was then applied over 

the PBO fibers for 17 of the 21 specimens. 

Each specimen was allowed to cure for at least 

one week before testing. 

3 TEST RESULTS AND DISCUSSION 

3.1 Applied load-global slip response 

The typical load responses for different 

bonded lengths and two bonded widths are 

depicted in Figure 3. The linear response is 

followed by a non-linear response up to the 

peak load. The descending post-peak response 

is characterized by the slippage of the fibers 

with respect to the matrix. Tests were 

terminated when a considerable slippage 

between fibers and matrix was recorded.  
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Figure 3: Typical load responses  

No damage at the matrix/concrete interface 

was observed except for specimens 

DS_100_34_1 and DS_100_34_2. It is 

possible that a Mode-I condition was 

prevailing in these two tests due to the short 

bonded length adopted [19]. Specimens 

DS_100_34_3, DS_150_34_1, and 

DS_250_34_3 do not show a constant-load 

region after the peak load. In the case of FRP-

concrete interfaces (joints), a constant-load 

region entails for self-similar propagation of 

the interfacial crack that occurs when a bonded 

length longer than the effective length (LSTZ) 

of the stress transfer zone (STZ) is adopted 

[20,21]. Specimen DS_330_34_1 shows a 

constant-load region after the peak load, which 

can be associated with a bonded length longer 

than LSTZ. Specimen DS_330_34_2 shows a 

similar response, however the constant-load 

region corresponds to a smaller range of the 

global slip. Specimen DS_330_34_3 failed by 

rupture of the fibers, hence the peak load was 

not included in Table 2.  Specimen 

DS_330_43_2 shows a constant-load region 

although corresponding to a limited range of 

the global slip. A similar trend was observed 

for specimen DS_330_43_1, although the 

constant-load region was even smaller than 

that of specimen DS_330_43_2 in terms of 

global slip range. It is also possible that 

specimen DS_330_34_1 had a lower LSTZ 

compared to the other specimens. 

Table 2 reports the maximum load P*, 

which was calculated as the peak load for 

those specimens that did not show a constant-

load region and as the average of the load in 

the constant-load region for the others. Figure 

4 shows the load P* normalized with respect 

of the total width of the fiber bundles Bb*. If a 

stress-transfer mechanism similar to the FRP-

concrete interface is assumed for FRCM-

concrete joints, then from Figures 3 and 4 it is 

possible to affirm that the effective bonded 

length LSTZ is longer than 250 mm, which 

confirms the results presented by D’Ambrisi et 

al [16].   

Further data will be available in the near 

future as this work presents the first sets of 

data available of a long term experimental 

study. It will be interesting to study if the 

effective length is related to the width of the 

composite, since the fibers are not 

continuously distributed over the width but 

instead are concentrated in discreet bundles. 

Subramaniam et al. [20,21] showed that a 

central region exists in the case of FRP-

concrete joints where the strain, constant 

across the composite width, should be used to 

determine fracture parameters included the 

effective length. The width effect is 

complicated for FRCM composites by the 

discreet pattern of the bundles, which could be 

responsible for a different range of the global 
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slip where the load is constant. The normalized 

load P*/Bb* for two different widths 

(corresponding to 4 or 5 bundles) plotted in 

Figure 4 suggests that a width effect exists, 

since the load per unit width is higher for 

specimens with 5 bundles. 
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Figure 4: Normalized load P*/Bb* versus bonded 

length 

Three specimens (DS_330_43_L_1, 

DS_330_43_L_2, and DS_330_43_L_3) were 

cast without the top layer of matrix and tested 

under the same conditions. A photo of 

specimen DS_330_43_L_1 is shown in Figure 

5. The load responses of those specimens are 

plotted in Figure 6 in addition to specimens 

DS_330_34_1, DS_330_43_1, and 

DS_330_43_2, which included the top layer of 

matrix, for comparison.  

 

Figure 5: Photo of specimen DS_330_43_L_1 

Interestingly the maximum load appears to 

be independent of presence of the top matrix 

layer especially if the average load of 

specimens DS_330_43_1 and DS_330_43_2 is 

considered. The presence of a constant-load 

region is not affected by the absence of the top 

matrix layer, which could entail that the stress-

transfer mechanism is preserved. However, the 

non-linear pre-peak load is reduced, and a 

marked drop in the load at the onset of the 

crack propagation can be observed.  

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

0 1 2 3 4 5 6

A
p
p
li

ed
 L

o
ad

 P
 (

k
N

)

Global Slip (mm)

DS_330_34_1

DS_330_43_1
DS_330_43_2

DS_330_43_L_1

DS_330_43_L_2
DS_330_43_L_3

 

Figure 6: Load responses of specimens without top 

layer of matrix 

The role of the top layer requires further 

investigation. The debonding mechanism of 

the composite herein tested appears to occur at 

the fiber-matrix interface. The top layer of 

matrix contributes to the constraining action of 

the fibers, and therefore it is reasonable to 

assume that the stress-transfer mechanism and 

the fracture parameters are to some extent 

affected by the presence of the top layer of 

matrix. A first attempt to describe the stress-

transfer mechanism can be sought in the 

macro-scale fracture mechanics approach used 

for FRP-concrete interfaces. D’Ambrisi et al. 

[15,16] used this approach to analyze their 

experimental results and determined the 

associated fracture energy. Additional data are 

necessary to support the appropriateness of 

this approach. If a cohesive-material law can 

be utilized, it will be important to investigate 

the role of a discreet pattern of bundles and the 

different thickness of the matrix between FRP 

and FRCM. In that context, for example, it is 

possible that the softening portion of the 

interfacial cohesive law is affected by the 

133



Christian Carloni, Lesley H. Sneed, and Tommaso D’Antino 

 

 6

matrix top layer, which in turn would be 

responsible for the pre-peak load response.  

3.2 Strain measurements along the bonded 

length.  

Three specimens (DS_330_43_S_1, 

DS_330_43_S_2, and DS_330_43_L_S_1) 

were instrumented with strain gages (gages 4-

9) along the bonded length. The strain gages 

were mounted on the fiber bundles. Slots were 

created during the application of the top layer 

of matrix in order to apply the strain gages on 

the fibers. Three additional strain gages (gages 

1-3) were mounted on the central and edge 

fiber bundles outside the bonded length. A 

sketch with the names and positions of the 

strain gages and a photo of specimen 

DS_330_43_S_2 is shown in Figure 7.  

 

Figure 7: a) Photo of specimen DS_330_43_S_2; b) 

sketch of the position of the strain gages 

The load responses of the specimens with 

strain gages is reported in Figure 8. The load 

responses of specimens DS_330_34_1, 

DS_330_43_1,  and DS_330_43_L_3 are also 

plotted in Figure 8 for comparison. The 

maximum applied load for specimens 

DS_330_43_S_1 and DS_330_43_S_2 is 

consistent with the results previously 

discussed. However, neither test shows a 

constant-load region, and the non-linear pre-

peak response appears to be more emphasized. 

It is possible that the slots used to mount the 

strain gages induced a stress concentration at 

the gage locations or modified the restraining 

action of the matrix, which highlights the need 

for better understanding of the role of the top 

layer of matrix as mentioned previously. In 

future tests, the authors have decided to embed 

the strain gages in the matrix while still 

applying them on the fibers. It is worth 

noticing that specimen DS_330_43_L_S_1 

reached a maximum load considerably lower 

than DS_330_43_L_3 even though the load 

response presents the same characteristic of 

the other similar tests. From closer inspection 

of specimen DS_330_43_L_S_1 after testing, 

it was observed that the fibers were not well 

impregnated when compared to the other 

specimens without the top layer of matrix. 

This fact could be potentially the reason for a 

lower maximum load. 

 

Figure 8: Load responses of specimens with strain 

gages 

The variation of the strain in specimen 

DS_330_43_S_1 at different locations along 

the fibers for different values of the load is 

depicted in Figure 9. Note that location along 

bonded length y is defined in Figures 1 and 7. 

Five values of the load, corresponding to five 

points (A1, B1, C1, D1, and E1) of the load 

response in Figure 8, were considered. The 

average of the strain values of gages 1, 2 and 3 

outside the bonded area is provided in Figure 

9. Strain gage 9 was damaged prior to testing, 

so it is not shown in the figure. 

The strain profiles of Figure 9 resemble the 

profiles obtained from similar tests for FRP-

concrete joints [20,21]. Therefore it seems 

appropriate, as discussed in the previous 

section, to study the bond characteristics and 

stress-transfer mechanism at the fiber-matrix 
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interface, within the framework of fracture 

mechanics assuming that a cohesive material 

law is able to describe the load transfer 

between fiber and matrix.   
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Figure 9: Strain profile along bonded length of 

specimen DS_330_43_S_1 

The strain curve at point E1 indicates that 

the effective length is longer than the bonded 

length, which is consistent with the 

observation that the load response in Figure 8 

does not have a constant-load region. 
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Figure 10: Strain in central and edge bundles of 

specimen DS_330_43_S_1 outside the bonded region 

The strain in the central and edge bundles 

of specimen DS_330_43_S_1 recorded by 

gages 1, 2, and 3, outside the bonded region, 

are reported in Figure 10. The average values 

used in Figure 9 and the related coefficient of 

variation are shown in Figure 10. A non-

uniform strain distribution is observed among 

the three bundles. A similar phenomenon is 

observed in FRP strips attached to concrete, 

and it is partially due to the local variation of 

the interfacial properties. In the case of 

discrete bundles this phenomenon appears to 

be more pronounced. 

Similarly to Figure 9, the variation of the 

strain in specimen DS_330_43_S_2 at 

different locations along the fibers for different 

values of load is depicted in Figure 10. A 

strain concentration was recorded by strain 

gages 4 and 5. Strain fluctuations along the 

bonded length are to be considered 

symptomatic of the local variation of the 

interface properties. The overall trend, 

however, confirms the discussion of Figure 9. 
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Figure 11: Strain profiles along bonded length of 

specimen DS_330_43_S_2 
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Figure 12: Strain in central and edge bundles of 

specimen DS_330_43_S_2 outside the bonded region  

The strains in the central and edge bundles of 

specimen DS_330_43_S_2 recorded by gages 

1, 2, and 3, outside the bonded region, are 

reported in Figure 12. The average values used 

in Figure 11 and the related coefficient of 
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variation are shown in Figure 12. A non-

uniform strain distribution is observed among 

the three bundles, although the scatter is 

smaller than that observed in Figure 10 for 

DS_330_43_S_1. Figures 10 and 12 show a 

linear relationship between the applied load 

and the strain in the bundles outside the 

bonded region. If the average stress of the 

bundles is computed, the results of Figures 10 

and 12 can be used to calculate the elastic 

modulus of the fibers. Values computed 

confirm the value provided by the 

manufacturer. 

4 CONCLUSIONS 

In this paper the first results of an 

experimental study are presented to discuss the 

applicability of a fracture mechanics based 

model developed to understand the stress 

transfer mechanism of fiber reinforced 

cementitious matrix (FRCM) composites 

externally bonded to a concrete substrate. The 

FRCM composite was comprised of 

polyparaphenylene benzobisoxazole (PBO) 

fibers and polymer-modified cement-based 

mortar. Direct shear tests using a modified set-

up of the classical push-pull configuration 

were conducted on specimens with composite 

strips bonded to concrete blocks. Parameters 

varied were composite bonded length and 

bonded width, and thickness of the top layer of 

matrix. The following conclusions can be 

drawn: 

1) Debonding occurs at the fiber-matrix 

interface rather than the matrix-concrete 

interface, 

2) The maximum load exhibits a width 

effect that requires further investigation 

to understand the role of the discreet 

fiber bundles embedded in the matrix. 

3) The strain distribution along the bonded 

length resembles the strain distribution 

typical of FRP strips bonded to a 

concrete substrate. This fact encourages 

the authors to explore the development 

of a fracture mechanics model to 

describe the stress-transfer at the 

matrix-fiber interface. 
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Abstract: Failure due to delamination of fibre reinforced polymer (FRP) composites has been 
studied in a number of experimental investigations (see for e.g. [1]), with the aim of understanding 
its influence on structural behaviour at the ultimate limit state when applied as strengthening of 
reinforced concrete elements. Some studies have resulted in the first design guidelines for 
reinforced concrete structures strengthened with externally bonded FRP. American ACI 440-08 [2], 
European fib-T.G. 9.3 [3] and Italian Recommendations CNR DT-200/04 [4] are examples of such 
guidelines. 
On the other hand very few information is available on bond behaviour between concrete and 
cementitious composite reinforcement particularly in relation to specific design code formulations. 
In this work an experimental study aimed at giving some insights on failure modes due to 
delamination in concrete elements strengthened with cementitious composites is presented. 
According to the results of this study, some elements about the estimation of the maximum bearing 
capacity of structural elements strengthened by means of composites with cementitious matrix can 
be obtained. 
 
 

1 INTRODUCTION 
In the last few decades the growing need of 

strengthening of existing reinforced concrete 
(RC) structures due to improper design or 
construction, change of the design loads, 
damage caused by environmental factors or 
seismic events, has resulted in the extensive 
research of new materials and techniques. The 
use of fibre reinforced polymers (FRP) 
externally bonded to the existing concrete 
structure by means of epoxy resin has gained 
an increasing diffusion due to its good 
behaviour against corrosion, flexibility and 
rapidity of application.  

Strengthening of RC structures by means of 
high performance fibres bonded in a 
cementitious matrix (FRCM) is a recent and 
promising technique in the field of fibre 
composites [5-8]. High performance fibres are 
meant to transfer tensile forces whereas the 
cementitious matrix transfers compressive 
forces and realize the bond between the 
strengthening and the support. Compared with 
the FRP, FRCM (sometimes called TRC – 
Textile Reinforced Concrete – or TRM – 
Textile Reinforced Mortar) is a cost-effective 
technique since it is very easy to perform and 
do not demand skilled labour, has a good 
strength to fire and high temperature and it is 
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not suitable to UV degradation. 
A great number of experimental 

investigations on FRP strengthening 
applications are available in literature and 
some of them have resulted in the first design 
guidelines for concrete structures strengthened 
with externally applied FRP. American ACI 
440-08 [2], European fib-T.G. 9.3 [3] and 
Italian Recommendations CNR DT-200/04 [4] 
are examples of such guidelines. 

On the other hand, very few information are 
available about cementitious composite 
reinforcement and there are not guidelines or 
recommendations concerning its design and 
application. 

This study aims to a better understanding of 
the behaviour of FRCM strengthened RC 
elements providing some experimental results 
on real scale beams and small specimens. 
Starting from the tests on four precast 
prestressed TT beam [9], some uniaxial tensile 
tests on FRCM specimens were performed to 
study the mechanical properties of such 
strengthening material. The indications of 
Jesse et al. 2009 [10] and Hartig et al. 2011 
[11], were taken as basis for the setup adopted 
to carry out the tests. 

According to the results of this study, some 
elements about the estimation of the maximum 
tensile strength of FRCM specimens and the 
bearing capacity of real scale structural 
elements strengthened by means of composites 
with cementitious matrix can be obtained. 

 

2 EXPERIMENTAL RESULTS 

2.1 Real scale precast prestressed TT beams 
The experimental tests on real scale beams 

strengthened with FRCM composites have 
been partially described in [5] and they are 
here briefly recalled for the sake of clarity. 
Four precast prestressed TT beams belonging 
to an existing industrial building were 
reinforced with FRP and FRCM. One of them 
was taken as control unstrengthened beam 
(TT00) while the others were strengthened by 
means of various techniques, namely with a 
ply of carbon laminate bonded with epoxy 

resin (TTcl), a ply of steel fibres in a 
cementitious matrix (TTsf), and two layers of 
carbon fibres in a cementitious matrix (TTcf). 
The beams have a length of 1167cm and are 
128.5cm wide. After a proper characterization 
of the basic materials, concrete was found to 
have a compressive average stress of 59.9 MPa 
and an elastic modulus of 41809 MPa. The 
reinforcing steel rebars have a value of the 
yield stress of 612 MPa and ultimate tensile 
stress of 647 MPa. The carbon laminate was 
found to have an elastic modulus, ultimate 
strength and ultimate strain of 168 GPa, 2539 
MPa and 1.65%, respectively. The values 
provided by the manufacturer were used to 
characterize the carbon fibres for FRCM 
application which has a value of the elastic 
modulus, ultimate strength and ultimate strain 
of 240 GPa, 4300 MPa and 1.75%, 
respectively. The cementitious matrix was 
characterized by means of specimens with a 
cross section of 40x40mm and 160mm long. 
The average compressive strength was found 
to be 39.3 MPa. The steel fibres have an 
average ultimate strength value of 3322 MPa 
and an average ultimate strain of 2.25%. 

Each beam was tested with a four point 
bending configuration. The ultimate load 
values reached by the FRCM strengthened 
beams were very closed to that obtained by the 
FRP strengthened beam (Figure 1). 

 

Figure 1: Load vs. deflection curve.  

 The observed failure modes were 
completely different (Figure 2): the FRP 
strengthened beam (TTcl) failed due to the 
delamination of the composite within the  
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Figure 2: Failure of the beam TT00 (a), TTcl (b), TTsf 

(c), and TTcf (d).  

concrete substrate. 
The beam strengthened with the steel fibre 

in the cementitious matrix (TTsf) failed due to 
delamination as well but in this case the 
delamination occurred between the fibre and 
the concrete matrix. In the case of carbon fibre 
in the cementitious matrix (TTcf) the failure 
occurred due to the rupture of the fibre at the 
midspan of the beam. 

2.2 FRCM specimens 
Once observed the behaviour of the real-

scale beams a reliable procedure for 
characterizing FRCM composites was 
investigated. The FRCM composites, both 
with carbon and steel fibres, were tested by 
means of 20 uniaxial tensile tests, 10 made by 
concrete with carbon fibres and 10 made by 
concrete with steel fibres. The specimens were 
500mm long, 60mm wide and 10mm thick 
(Figure 3).  

 
Figure 3: Geometry of the FRCM specimens 

(dimension in mm). 

Based on the work of Jesse et al. 2009 [10] 
and Hartig et al. 2011 [11], the end of each 
specimens were smoothed by means of a thin 
layer of gypsum to avoid stress concentration 
due to the roughness of the concrete. Two steel 
plates were then applied to both ends and 
bolted with 6 bolts per end. A rubber layer was 
applied between the concrete and the steel 
plates with the aim of avoiding local failures 
(Figure 4). A strain transducer was applied at 
the middle of the specimen and a load cell 
registered the load evolution. 
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Figure 4: Setup of an FRCM carbon fibre specimen. 

Some difficulties in obtaining significant 
results were found for the tests performed with 
FRCM carbon fibres because, once the cracks 
began to occur, the fibre began to slip inside 
the concrete matrix without any increase of the 
tensile force (Figure 5). On the contrary, the 
steel fibres have shown a better adhesion with 
the concrete matrix allowing more significant 
results (Figure 6). 

 
Figure 5: Extraction of the carbon fibre from the 

cementitious matrix. 

 
Figure 6: Cracking of the FRCM specimen with steel 

fibres. 

In order to perform a better clamping of the 
specimens without inducing premature 
cracking, the concrete at both ends of the 
specimens was removed for about 40mm and 
the external fibres were bonded to two 

aluminium plates using epoxy resin. The final 
bonded length was of 80mm meanwhile the 
FRCM portion became 420mm long.  

The tests on the FRCM composite with 
carbon fibres did not give reliable results also 
with this setup probably due to the effect of 
the external coating of the fibres that allowed 
fibre’s sliding into the concrete. 

Instead the test of the FRCM composite 
with steel fibres provided good results. It has 
been observed the opening of several 
transversal cracks in the cementitious matrix 
(Figure 6), followed by the sudden failure of 
the steel strands (Figure 7). Although the 
cementitious matrix has been properly 
designed for FRCM applications, steel strands 
were very close one to each other and probably 
the penetration of the matrix into the fibres 
was poor. As a matter of fact some 
longitudinal splitting phenomena have been 
observed (Figure 7). The average ultimate load 
value was of 45945 N, whereas the maximum 
stress was of 3293 MPa. 

 
Figure 7: Splitting of the FRCM steel fibre net 

specimen 

Furthermore, the steel fibres have been 
tested in tension to compare their ultimate 
stress with that obtained from FRCM 
specimens. The average ultimate tensile stress 
value was of 3346 MPa with a corresponding 
ultimate strain of 2.25%.  
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3 DISCUSSION 
The experimental tests of the precast 

prestressed TT beam strengthened with both 
FRCM and FRP composites can be coupled 
with the experimental tests on FRCM 
specimens and those deriving from tensile tests 
on the fibres alone to draw some preliminary 
observations.  
The ultimate tensile strain for the steel fibres 
was 2.25% whereas for the carbon fibres the 
value provided by the manufacturer was 
1.75%. Using simple equilibrium equations 
and assuming perfect bonding between the 
fibres and the cementitious matrix, the 
ultimate load for the PRC TT beams has been 
obtained and listed in Table 1 (the theoretical 
value of the beam TTcl, strengthened with 
FRP, was obtained following the indications of 
CNR DT-200/04 [4]). 

Table 1: Experimental and theoretical values of the 
ultimate load for the PRC TT beams. 

 TT00 TTcl TTcf TTsf 
Pmax,exp [kN] 140.0 189.1 169.2 173.6 
Pmax,theor [kN] 137.2 155.9 159.6 175.9 
 
Theoretical predictions obtained using 

equilibrium equation for beams strengthened 
with FRCM composites and assuming the 
failure of the beams due to the rupture of the 
fibres, are rather good. The difference between 
the experimental and theoretical value for the 
case with FRCM and carbon fibres (TTcf) and 
steel fibres (TTsf) are 5.6% and 1.3%, 
respectively. Despite the experimental test on 
the beam TTsf showed a failure mode with 
delamination, it has been chosen to 
preliminarily assume the perfect bond between 
the fibre and the cementitious matrix due to 
the complete absence of analytical indications 
on how to take into account the possibility of a 
delamination failure. Nevertheless the 
theoretical value is close to the experimental 
one. 

Instead, the predictions of the CNR DT-
200/04 [4] seems to be too conservative [12] 
leading to a difference between experimental 
and analytical ultimate load of 17.5%. 

4 CONCLUSIONS 
The use of composites for strengthening of 

existing RC structure has gained a growing 
importance in the last few decades but, despite 
a large number of experimental and analytical 
studies on FRP strengthening are available in 
literature, very few works have been carried 
out on the use of FRCM composites. This 
paper aims at increasing knowledge about that 
technique through the experimental 
investigations on 4 precast prestressed TT 
beams coupled with 20 FRCM small 
specimens.  

The results showed that the use of FRCM 
composite as strengthening of RC structures is 
able to significantly increase the ultimate load 
capacity (Figure 1). 

The FRCM specimens used for the 
characterization of the composite were made 
following the indication of Jesse et al. 2009 
[10] and Hartig et al 2011 [11] obtaining quite 
good results only for steel fibres whereas the 
specimens with carbon fibres showed the 
sliding of the fibres into the cementicious 
matrix. 

Theoretical predictions, obtained using 
equilibrium equation for beams strengthened 
with FRCM composites and assuming the 
failure of the beams due to the rupture of the 
fibres, are fit experimental results quite well 
despite the observed failure of the beam 
strengthened with FRCM composites with 
steel fibres was due to delamination of the 
composite. Instead, the predictions of the CNR 
DT-200/04 [4] for FRP strengthening seem to 
be too conservative. 

These conclusions are valid only for this 
experimental campaign, since the works 
available in literature are too few to allow a 
generalization of the results. Furthermore, 
being these PRC TT beams quite long, the 
hypothesis of reaching the ultimate tensile 
strength of the fibres seems to be reasonable 
since there is a long bonding surface. The 
same hypothesis could be not valid for shorter 
beams, suggesting further studies on the 
effective bond length for structural elements 
strengthened with FRCM composites. 

FRCM composites seem to be a promising 
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technique for strengthening of existing RC 
structures but further studies are needed to 
reach a deep knowledge of the behaviour of 
this kind of composites, particularly aimed to a 
better understanding of the delamination 
process and to define a shared test setup for 
their characterization which allows a reliable 
repeatability (a shared test setup is also needed 
for bond behaviour of FRP composites).  
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Abstract: Concrete screws are one of the post-installed anchors and relatively new as a fastening 
product for concrete. For better understanding the working principle and for efficiently developing 
innovative screw anchors, numerical simulation is applied to study the failure mechanism and load 
carrying capacity of concrete screws. The loading process during pullout tests and the pressure 
distribution along the screw at different load steps are investigated. The relation between damage in 
concrete and pressure distribution is revealed. 

1 INTRODUCTION 
In order to develop innovative fastening 

products for concrete, a deep knowledge on 
the failure mechanism of concrete during 
setting and loading processes is very 
important. As is well known, numerical 
simulation is a powerful tool for the purpose, 
even though, due to the complexity of 
concrete, the simulation of concrete under 
complex loading condition is still a 
challenging research field. During the last two 
decades the Corporate Research & Technology 
of Hilti Corporation has been focused on the 
research in this field to continuously improve 
the simulation capability for supporting the 
development of Hilti fastening products. With 
the aid of simulation, the understanding of 
fastening systems and the knowledge on the 
failure mechanism of screws during setting 
and loading processes are impressively 
improved. This establishes the basis for 
developing high quality products and reducing 
the development time. In this study, a special 
type of anchor, namely concrete screws, is 
investigated. The tensile loading process is 
simulated with the aim of revealing the failure 

mechanism of the concrete screw. Moreover, 
the pressure distribution on the thread along 
the screw is analyzed. From the pressure 
analysis at different load steps, the pressure 
distribution and its influence on the damage of 
concrete during pullout loading is explored. 
The relation between concrete damage and 
pressure distribution is presented. The analysis 
results are valuable to better understand the 
working principle and the failure mechanism 
of concrete screws and offer more information 
for design engineers to innovatively improve 
the design of screw anchors.   

2 SCREW ANCHOR FOR CONCRETE 
The screw is a traditional fastening 

technique for construction materials like metal 
and wood. During the 1990s this technique 
was introduced to concrete as a post-installed 
anchor. In the last decade, the demand in the 
construction market for concrete screws has 
grown significantly, which greatly promotes 
the innovative development of screw anchors 
for concrete [1-3]. Figure 1 shows some 
typical concrete screws developed by Hilti 
Corporation during last few years.  
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Figure 1: Typical concrete screws developed by Hilti 
Corporation. 

Concrete screws are one of the post-
installed anchors. Compared to other 
traditional post-installed anchors for concrete, 
such as the undercut anchor, the expansion 
anchor and the bonded anchor, the screw 
anchors have some evident advantages. Apart 
from others, the main advantages of the 
concrete screws are the single component, fast 
installation, removability, and cost 
effectiveness. For the installation of concrete 
screws, a cylindrical hole has to be drilled in 
concrete. A power device or a screw-wrench is 
applied to drive the screw into the borehole. 
During the setting process the thread of the 
screw cut into the wall of the predrilled hole to 
create the mechanical interlock. This interlock 
ensures that the applied loads are transferred 
from anchor to concrete. Since concrete is a 
brittle material, the dust due to drilling could 
remain in the borehole. Before installation of 
the screw, the borehole has to be cleaned. A 
schematic instruction on correctly setting a 
screw anchor in concrete is shown in Figure 2.  

The main function of screw anchor is to 
transfer the applied loads from the fixed 
element to the concrete through the 
mechanical interaction between concrete and 
the thread of the screw [3]. The load transfer 
mechanism is similar to that of reinforced bars 
cast into concrete, whereby the flanks of the 
screw thread act in a similar manner as the ribs 
of the reinforcing bars. However, a big 
difference compared to reinforced bars is that 
the screw anchors are post-installed into 
concrete. Therefore the damage to concrete 
during setting process may reduce the area of 
the mechanical interlock.  

Figure 2: Setting instruction of a concrete screw [4]. 

The failure mode of a concrete screw under 
tensile loading can occur as a concrete cone 
failure, a concrete shear failure or a combined 
concrete cone and shear failure. The failure 
mode depends on the anchor geometry, 
boundary conditions, and concrete properties. 
Normally the concrete cone failure occurs for 
the undercut anchors, in which the failure is 
dominated by the tensile strength and fracture 
energy of concrete [5], while shear failure 
occurs for the bonded anchors, in which the 
shear resistance of bonded material dominates 
[6]. For concrete screws the typical failure 
mode is the combined failure as shown in 
Figure 3. The working principle of this kind of 
anchor is a combination of the functions of 
both undercut anchors and bond anchors. 

Figure 3: Typical failure mode of a concrete screw. 

145



Yijun Li, Sandeep Patil, Bernhard Winkle and Tobias Neumaier 

3

3 SIMULATION SET-UP 
The simulation set-up for a pullout test of a 

screw anchor in concrete is shown in Figure 4.  

Figure 4: Simulation set-up of a concrete screw. 

The tensile load is applied at the head of 
screw. The resistance boundary conditions are 
applied on the top surface of the concrete 
block. The distance between the applied 
boundary and the anchor center is larger than 
1.5 times anchor length. Three components are 
presented in the simulation model: concrete 
block, screw anchor and fastened steel plate. 
To save computational cost, only half of the 
system is simulated and the symmetry 
boundary condition is introduced. The 
symmetry boundary condition is, theoretically, 
not applicable due to the shape of helix. 
Taking into account some preliminary 
simulations and the fact that the helix 
influence is very local, after comparison of the 
simulated failure processes to experimental 
data, the symmetry condition for screw is 
accepted.  

In order to simulate the interaction between 
concrete and screw, the penalty contact model 
is used, as shown in Figure 4. The friction 
coefficients are defined based on experimental 
data. The applied tensile load is transferred 
from anchor to concrete through the contact on 
the surfaces of the thread. 

The numerical investigation is conducted 
using a nonlinear finite element program 

developed by Hilti Corporation. A typical 
finite element mode for the simulation is 
shown in Figure 5.  

Figure 5: FE mode of concrete screw. 

The pre-stress is applied in the upper part of 
the screw to simulate the stress situation due to 
the anchor`s installation. The value of the pre-
stress is defined on the applied torque moment 
in experiment. Pullout load is controlled by the 
displacement at the top surface of the screw to 
capture the softening behavior of the structure. 
The concrete material is modeled with a 
damage plasticity model. The most important 
features of concrete under uniaxial tension, 
uniaxial compression and confined 
compression are included in the model. The 
crack band method is used for the objectivity 
with respect to different finite element meshes 
[7]. A typical benchmark to validate the 
simulation system has been published in 
previous work [8]. For all simulations in this 
study, the material properties for concrete are 
as listed in Table 1. The screw anchor and 
steel plate are modeled as an elasto-plastic 
material and the material parameters are 
shown in the same table. 

Table 1: Material properties  

Material Concrete Steel

Young’s modulus [MPa] 30303 210000

Poisson’s ratio 0.2 0.3
Tensile strength [MPa] 2.22
Compressive strength [MPa] 26.9
Yield strength [MPa] 750
Fracture energy [N/mm] 0.06

146



Yijun Li, Sandeep Patil, Bernhard Winkler and Tobias Neumaier 

4

4 NUMERICAL ANALYSIS  

4.1 Pullout loading process 
A typical screw anchor for concrete under 

pull-out loading is numerically investigated. 
The objective is to reveal the relation between 
concrete damage or failure modes and the 
load-displacement curve. The material 
properties, loading, and boundary conditions 
stay the same as described in the previous 
section. The simulated load-displacement 
curve with damage patterns in several typical 
loading steps is presented in Figure 6.  

Figure 6: Concrete screw under tensile loading. 

From the performance of the load-
displacement curve in the figure, it is clear that 
the stiffness of the structure varies from strong 
to weak. Based on the variation of the 
structure stiffness, the curve can be divided 
into four phases as indicated by red lines in 
Figure 6. In order to check the damage 
situation in concrete, the damage patterns in 
four different phases are plotted out and 
presented in the figure. In the following, some 
comments on four phases are made. 

Phase I: The load-displacement curve is 
almost linear with a strong stiffness. Only 
some micro-damage near thread is observed in 
the concrete. No crack is formed. 

Phase II: The load-displacement curve is 
evidently bent and the structure stiffness 
becomes weaker. More damage appears and a 
localized crack is observed at the top portion 
of the concrete.  

Phase III: The load-displacement curve is 

flattened and the structure stiffness becomes 
very weak. Strong damage appears in the 
concrete near the thread. The crack in the top 
portion of the concrete has been propagated, 
meanwhile another crack in the concrete near 
the bottom of screw is observed.  

Phase IV: The load-displacement curve 
shows softening and the structure stiffness 
becomes negative. The damage near thread in 
the lower part of the screw connects together 
and forms a shear band. The crack in the top 
portion of concrete is strongly localized and a 
clear combined failure mode is formed. The 
crack at the bottom of the screw is slightly 
propagated, but finally it would be stopped 
with the localized combined failure mode.  

Figure 7: Concrete screw under tensile loading. 

In order to understand why the stiffness 
varies in different phases, two small areas near 
the switch point of two phases are selected for 
detailed investigation. The selected areas are 
shown in Figure 7. The damage patterns 
before, at, and after the switch points are 
plotted on the same figure. From the damage 
patterns in Figure 7, it is clear that the reason 
of varied stiffness in different phases is due to 
the formation of new cracks. Between the first 
phase and the second phase, one crack in the 
upper part of the screw was created, and then 
another one was initiated at the bottom of the 
screw between the second phase and the third 
phase. Due to the formation of new cracks in 
the concrete, the structure becomes weaker 
and the stiffness of the system is reduced. 
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first crack is created. The third one (step C) 
and the fourth one (step D) belong to the 
second and third phases in the load-
displacement curve. The fifth (step E) is 
located at the maximum load point and the last 
one (step F) is in the area of the softening 
phase. 

Figure 10: Selected load steps. 

The calculated pressure distributions on the 
thread along the length of the screw are given 
in Figure 11. The horizontal coordinate in the 
figure represents the length of the screw.   

Figure 11: Pressures on thread along screw. 

From Figure 11, some comments on the 
pressure distribution can be made as follows. 

Load step A: This load step belongs to the 
first phase in the load-displacement curve as 
shown in Figure 6. In this load step, no visible 
crack was observed. The maximum pressure 
appears at the first thread from the top surface 
of the concrete. Towards the bottom of the 
screw, the pressure decreases gradually. This 
means that, in this load step, the thread in the 
upper part of the screw play a greater role than 

those in the lower part.  
Load step B: This load step is located at the 

end of the first phase, just before the first crack 
appears. The interesting observation is that the 
pressure in this load step shows uniform 
distribution along the screw. This means that 
this load step is a critical level. As soon as the 
applied load passes this level, a visible crack is 
created, as observed in Figure 7.  

Load step C: This load step belongs to the 
second phase in Figure 6. At this load step, the 
first crack has been formed and propagated. 
The pressure distribution at this load step 
appears uniform except at the first thread, 
where the pressure is evidently lower than 
those on other threads. The lower pressure at 
the first thread is caused by the propagation of 
formed crack.  

Load step D: This load step belongs to the 
third phase. At this load step, two cracks have 
been formed and propagated. The pressure 
distribution at this load step appears very 
different. For the thread in the upper part of 
the screw, the pressure increases towards the 
bottom of the screw. For the other threads, the 
pressure distribution looks uniform. From the 
pattern of concrete damage, it can be seen that 
the first crack started from the area between 
third and fourth threads. A concrete cone was 
gradually formed as the crack propagated to 
the surface of concrete. Some threads at the 
upper part of screw are included inside of the 
concrete cone, which results in the reduction 
of the pressures on these threads. For the other 
threads, the pressures are almost uniform with 
a relatively high value.  

Load step E: This load step is at the 
maximum point of the load-displacement 
curve. At this load step, the concrete cone has 
been completed and the shear resistance in the 
lower part of screw has reached to the limit of 
concrete shear strength. The concrete failure 
mode presents a combined failure. The 
pressure distribution clearly shows that the 
main applied load is resisted by the shear 
failure part of the screw, and the shear strength 
of concrete dominates the loading capacity. 

Load step F: This load step belongs to the 
fourth phase. At this load step, the combined 
failure mode has been formed and the crack at 
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the bottom of the screw is about to be closed. 
The pressure distribution in the shear-
dominant part is reduced due to the shear 
failure occurring in the concrete. The pressure 
in the concrete cone area stays almost the same 
as in load step E.  

5 CONCLUSIONS 
In this study, the screw anchor for concrete 

is numerically investigated. Based on the 
simulated load-displacement curve, the 
loading process is divided into four phases. 
The damage and crack patterns in different 
phases are inspected. More detailed study 
shows that the reason for the phase’s variation 
is the formation of new cracks in the concrete. 
From the pressure analysis at different load 
steps, the variation of pressure distribution 
during pullout loading is analyzed. The 
relation between damage patterns in the 
concrete and the pressure distribution is 
revealed. The analysis results are valuable for 
a better understanding of the working principle 
and failure mechanism of concrete screws.  
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Abstract: Reinforced concrete (RC) moment resisting structures built during the early 1950’s 
through 1970’s are vulnerable for earthquake loads due to lack of adequate strength and ductility. 
Beam-column joint, the common region between the framing beams and columns, is a crucial zone 
to ensure global response of such moment resisting structures. Many of such structures all over the 
world need immediate measures for upgrading their performance level to withstand the seismic 
loading effects. Several methods have been attempted over the years by many civil engineers and 
practitioners for strengthening of deficiently detailed RC beam-column joints. In this paper, an 
emphasis has been made to understand the joint vulnerability against lateral loads and review of 
various retrofitting methods and their efficiency for RC beam-column joints. Further, some 
experimental investigations on the performance of joints strengthened with haunch elements have 
been reported. The numerical studies show that at the location of 0.2 times the span of the beam 
from the center of the column at a orientation angle of 450 produced the highest reduction of shear 
stress in the joint region. The experimental investigations show that the RC beam-column joints 
designed with haunch elements exhibited better performance in terms of significant shear strength, 
ductility, less stiffness degradation and energy absorption under cyclic loading.   

1. INTRODUCTION 
Many reinforced concrete (RC) buildings, 

such as non-ductile RC frames, designed 
during the 1950s through 1970s existing 
today in many parts of the world do not 
satisfy the current seismic design 
requirements. These buildings generally do 
not possess adequate ductility due to poor 
detailing of reinforcement. Observations 
made on the failures of the existing structures 
due to earthquakes reveal that strengthening 
or retrofitting is necessary due to (i). poor 
detailing of joint reinforcement, (ii). deficient 
materials and inadequate anchorage length of 
beam reinforcement, (iii). improper 
confinement of joint region by transverse 
reinforcements, (iv). changes in the current 

design detailing requirement and (v). changes 
of loads due to frequency of earthquakes and 
alterations of earthquake zones. 

   
Figure 1: Beam-column joint shear failure in RC 

buildings [1]. 
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     Typical damaged structure, Figure 1, after 
an earthquake demonstrates that the failure of 
beam-column joints is the major contributor 
for the collapse of buildings due to earthquake 
excitation. It needs for engineering approach 
to adopt efficient and economical methods to 
improve the joint performance. 

The need for study of earthquake effects 
on structures was realized when earthquakes 
occurred through the 1960s and 1970s 
causing irreparable damage and human loss. 
The design of joints was not given importance 
in the framed structures designed for gravity 
loads or gravity and routine live loads only. 
This causes severe problem in the event of an 
earthquake. Several studies led to the 
development of ASCE-ACI 352 Committee 
[2].recommendations for the design of 
reinforced concrete beam-column joints 
(connections) in the year 1976. But there is a 
lot that has still not been understood about 
beam-column joint and research needs to 
highlight these issues. 

2. SHEAR TRANSFER MECHANISM 
For the design purposes, the horizontal 
component of the joint shear stress can be 
calculated from the combined effect of: (i). 
diagonal strut mechanism, to consider the 
contribution of concrete in the joint; and (ii). 
truss mechanism, to consider the contribution 
of the joint shear reinforcement. Figure 2 
shows the forces in the beam bars, the joint 
mechanism and the force components in the 
joint for calculating the joint shear strength. 

 
 
 
 
 
 
 
 

 
 

 
Figure 2: Shear mechanism in exterior joint. 

As shown in Figure 2, the equilibrium of 
forces acting above the horizontal plane 
passing through the centroidal axis of the 
exterior beam-column joint is as follows 

a) In terms of external forces: jh b cV T V     
b) In terms of internal force: jh ch shV V V      

Horizontal component of joint shear force,  

jh ch shV V V     (1) 

Where, Vch is the horizontal component of 
diagonal compression strut 

       (2) 

Vsh=Horizontal joint shear force resisted by 
horizontal reinforcement by truss mechanism 

            (3) 

Horizontal component of the joint shear stress 
can be calculated by;  

                    (4) 
Where, 
Dc = diagonal compression strut at angle “α”      

to horizontal axis of joint  
Cc = concrete compression force 
ΔTc = force in steel transmitted through bond 

to strut, over depth “c” of the flexural 
compression zone in the column 

Vcol = shear force in column 
Ajh = horizontal joint reinforcement 
fyt = yield strength of joint reinforcement 
Ah

jcore= horizontal c/s area of the joint 

3. STRENGTHENING METHODS 

      Several techniques were adopted to 
strengthen beam-column joints such as use of 
concrete jackets, bolted steel plates and 
jacketing using corrugated steel sheets [3,4]. 
The joints strengthened using various steel-
plate and angle rehabilitation systems were 
varied from simple to complex and were 
shown to be satisfactory in improving the 
joint shear strength and ductility. Ghobarah et 
al. [5] proposed use of mechanical anchors to 
prevent the bulging problems associated with 
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flat steel jackets. Ghobarah et al. [4]. 
Investigated a retrofitting using corrugated 
steel jackets to encase the joint for prevention 
of bulging of the jacket and upgrading the 
shear strength of joint.  

      

    
Figure 3: Joint failure of GRP rehabilitation    

(Gobarah and Said, 2002) 

Ghobarah and Said (2002) used GFRP 
composites, as shown in Figure 3 to develop 
effective rehabilitation schemes for reinforced 
concrete beam-column joints. GFRP jacket 
increased the shear resistance of the joint and 
enhanced the performance of the connection 
from ductility point of view. Anchoring of 
FRP is important to provide confinement to 
the joint because the joint area is limited, and 
there is a need to develop the full strength of 
FRP with adequate anchorage.  
     Diagonally applied carbon fibre 
unidirectional strips outperformed the vertical 
ones. In a similar study (Spadea et al. 1998), 
an emphasis was made on the importance of 
FRP anchorage in order to develop its full 
strength. One-third scale exterior beam-
column joints with different wrapping 
configurations using FRP showed limited 
improvements in the overall performance 

such as peak load, ductility and energy-
dissipation capacity. Only limited success has 
been achieved using FRP, due to problem 
associated with confinement of beam-column 
joints. 
     The conventional retrofitting schemes such 
as addition of RC and/or steel jackets were 
used for strengthening of joints and joint 
assemblies [3,7]. Joints enhanced strength 
regardless of reinforcement detailing and 
damage state. The joints with adequate 
anchorage length exhibited ductile behaviour 
with long plastic zones and the joints without 
proper anchorage resulted in pullout of bars 
from the joint. 
     Hakuto et al. [8] tested interior and 
exterior beam-column joints without 
transverse reinforcement and inadequate 
anchorage of longitudinal bars. By adopting 
concrete jacketing and using current detailing 
of reinforcement, the performance of beam-
column joints was improved. The exterior 
beam-column joints similar to pre-seismic 
code or gravity load only design were tested 
for effectiveness of reinforcement detailing in 
the joints [9]. As it was expected, the joint 
suffered shear failures and poor energy 
dissipation capacity. The reinforcement 
detailing adopted as per ACI 318 provisions 
resulted in improved performance of the joint. 
By providing longitudinal beam bar 
anchorages and lateral reinforcement details, 
the seismic performance of the joint can be 
improved. The detailing of reinforcement may 
be adopted to shift the predetermined location 
of the plastic hinge by bending longitudinal 
bars away from the column face. 

The effect of amount of reinforcement 
bars, the ratio of column–to-beam flexural 
capacity and the joint shear stress are studied 
[10]. A significant improvement of the joints 
reinforced with inclined bars is observed. The 
influence of size of beam-column joints on 
the general behaviour has been verified [11]. 
A higher rate of stiffness deterioration was 
occurred in small size joints due to weak bond 
between model reinforcement and mortar. 
Under large shear stress reversals, the beam-
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column joints constructed with 1.5% 
polyethylene fibers improved the joint 
strength without any lateral joint 
reinforcement [12]. The joint shear strength is 
comparable with the ACI Committee 352 
shear stress limits. Excellent bond between 
longitudinal bars and surrounding HPFRCC 
has been observed though the joint was not 
provided with adequate development length 
as per ACI 318 provisions. Geng et al. [13] 
adopted CFRP jacketing for retrofitting of 
weak beam-column joint models without 
sufficient development length and ductility by 
wraping the CFRP sheets on the beam-
column joints. The deficient detailed joints 
showed slipping and pulling out of tensile 
reinforcement in the joint, while ductility and 
capacity of CFRP retrofit joints were 
improved. The techniques prevented the 
crushing of concrete and shear cracking in the 
joint with significant ductility.  

The retrofit schemes enumerated above 
have issues like effectiveness, resources, 
invasiveness, cost and practical 
implementation to overcome. All these 
strengthening methods aim at improving the 
strength of member which may be degraded 
after some cycles of loading.  

A new and non-evasive retrofit strategy 
introducing haunch elements close to the 
beam-to-column joints as a means of 
enhancing the seismic response of joint sub-
assemblages was suggested by Pampanin and 
Christopoulos [14]. 
 
 

 
 
 
 
 

 
Figure 4a: Haunch retrofit for exterior Joint. 

The basic idea of proposing haunch 
retrofit is to transfer critical joint shear 
damage while enhancing the global response 

of non-seismically detailed joints. Figure 4 
shows a typical haunch element scheme. 

 
 

 
 
 
 
 
 
Figure 4b: Haunch retrofit scheme for interior joints. 

     Assuming inflexion points at the mid 
points of the span in columns and beams 
under applied lateral load, the bending 
moment diagram in members of an exterior 
joint is shown in Figures 5 and 6. The 
maximum moment in the beam Mbc occurs at 
the face of the column, while moments Mc 
represent moments along the centerline of the 
columns located at a distance dc/2 from the 
face of the column, “dc” is depth of the 
column. When the moment in the beam at the 
face of the column, Mbc reaches a critical 
value Mj, cracking and failure under cyclic 
loading occur if no other mechanisms such as 
plastic hinging of the beam occurs first. The 
value of Mj depends on the principal stresses 
in the joint, which are dependent on the axial 
force and shear in the column.  

     The interstorey shear in the joint is:
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Figure 5a.BMD without haunch elements. 
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Figure 5b.BMD with haunch elements. 

 
 

 
 

 

 

Figure 6a:BMD in beams with haunch elements. 

 

 
 

 

Figure 6b: Shear force diagram in beam. 

4. NUMERICAL STUDIES  
The numerical model is a 2D frame with 4 

bays and 6 storeys including ground floor. 
The ground floor height is 4.0m and other 
floors are each 3.0m height. The length of the 
beams is 4.0mm. The plan dimensions of the 
floor of the building are 16m x 16m. The 
materials and sectional dimensions adopted 
for the structural members in the frame are 
shown in Table 1. Gravity loads include 
self weight of members, wall loads and floor 
finishes and live load is 4.0 kN/m2. Seismic 
loading is as per Indian code of practice 
corresponding to Zone-V. The design 
parameters adopted for the seismic analysis 
are as follows: Zone Factor, (Seismic Zone-
V), Z = 0.36, Importance Factor, I = 1.00, 
Response Reduction Factor, R= 5.0 

In order to obtain the necessary data, 
various combinations of location and 

orientations of haunch are used. Location of 
the haunch, designated as L' from the centre 
of the column was (10, 12.5, 15, 20, 25, 40, 
50) % L (L = effective length of beam), and 
orientation, α, of haunch with the axis of the 
column was 300, 450, and 600.  

5. JOINT SHEAR FORCE 
The joint shear force at the centre of the 

joint on the horizontal plane is the algebraic 
sum of the forces acting above or below the 
horizontal plane..  

Table 1. Materials and Dimensions of members. 

Figure 7 shows the percentage reduction 
of joint shear force. The joint shear force 
decreases as the distance of the location of the 
haunch along the beam increases. Similar 
trend has been observed with different 
orientation angles of the haunch. The highest 
reduction of joint shear force has been 
observed when the distance of the location of 
haunch is about 0.2L. Beyond this location, 
there has not been much reduction in the joint 
shear force.  

 
Figure 7: % Reduction of Joint Shear Force vs. 

Location of haunch, L'. 

Compressive strength of concrete fck 30 MPa 
Yield strength of steel fy 415 MPa 
Width of beam b 300 mm 
Depth of beam D 400 mm 
Width of column b 500 mm 
Depth of column D 500 mm 
Effective depth d 360 mm 
Cover to reinforcement d' 40 mm 
Area of tension reinforcement Ast 600 mm2 
Area of compression 
reinforcement Asc 600 mm2 
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6. EXPERIMENTAL PROGRAMME 
      A T-shaped beam and column assembly 
has been identified to represent the essential 
components of a beam-column sub-
assemblage in a 2D RC building frame 
subjected to lateral cyclic loading. The 
inflection points in a moment resisting frame 
are assumed at the mid-heights of columns 
and the mid spans of the beams. The 
assemblages were designed for gravity 
loading and the detailing was typical of pre-
seismic design code. The beam-column joints 
tested are designated to study (i). the effect of 
transverse beam stub (BCJ-BE-RE and BCJ-
BE-HE), (ii). the effect of joint reinforcement; 
(BCJ-JR-MN and BCJ-JR-CY), and (iii). the 
effect of eccentricity (BCJ-00-RE, BCJ-00-EN, 
and BCJ-00-HE). 
     The joints BCJ-BE-HE and BCJ-00-HE 
are provided with haunch elements and the 
joint BCJ-00-EN has eccentricity. The details 
of the joints are as given in Table 2. The 
column is 1800 mm long and beam span is 
1500 mm for all sub-assemblages. The beams 
have same amount of top and bottom 
reinforcement. 

6.1.Experimental Set-up 
For loading the joint, system was designed 

for simulating quasi-static push-pull 
experiment. A reaction frame of 200 tonnes 
capacity was used to support the test set-up. 
The column in the beam-column assemblage 
was hinged at the top and bottom and was 
supported by the reaction frame from top. At 
the bottom, additional support was given to 
restrict the translation of the column. The 
assembly at bottom was connected to the 
strong testing floor via high strength bolts. 
One dimensional rollers were seated beside 
the column to allow in-plane rotation at both 
ends of the column. The column was 
subjected to constant axial load along its 
longitudinal axis using two hydraulic jacks 
placed below the column. To uniformly apply 
the axial load across the column, a capping 
box made of 25 mm thick steel plate of 
internal dimensions 400mm × 250 mm × 150 

mm was used at both top and bottom ends. A 
hydraulic actuator supported vertically from 
the reaction frame was arranged at the beam 
end to apply cyclic loading at the beam-tip. A 
hinge swivel was attached with the actuator so 
that the load on the beam always remained 
vertical. The set-up is as shown in Figure 8. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: Diagram of the Experimental Set-up.  

6.2. Loading and Measurement 
Displacement control system was adopted 

for testing of all the beam-column joints. All 
the beam-column sub-assemblages except 
joint BCJ-JR-MN were tested under cyclic 
loading. The joint BCJ-JR-MN was loaded 
monotonically at the beam end. The axial load 
on the columns (Pcol) was applied by load 
controlled hydraulic jack of capacity 750 kN. 
The axial load, Pcol applied on the column 
was 10% of the capacity of the column. The 
column axial load was applied first and then 
the same was maintained constant throughout 
the testing. A hydraulic actuator of 1000kN 
capacity was adopted with displacement 
control to apply varying displacement cycles 
over the joint at the beam end. The loading 
was applied at increasing amplitudes of 

Loading 
Frame 

Sub-assemblage 

Hydraulic 
Actuator 

Hinge 

Hinge 

Column 
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Hydraulic 
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displacements, varying from 1.0mm to 60 
mm. Each displacement was applied over two 
cycles of loading and unloading. 

6.3.Design of Haunch Element 
     The haunch element was designed 
according to the capacity design concept 
intended to develop a proper strength 
hierarchy. This is so that the system is 
effective in preventing hinge formation in the 
joint region and also to allow plastic hinging 
in the beam.  

Double-angle steel sections placed back-
to-back were used as the haunch element. 
These were connected to a gusset plate which 
in turn was connected to an anchor plate. The 
plates were held in position with the help of 
high strength bolts. The haunch element was 
designed for both compression and tension. 
The assembly is made such that no slip 
should occur. To avoid slip of anchor plate, 
extra bolts have been drilled through the 
plates to the concrete (in BCJ-00-HE). The 
haunch element assembly is as detailed in 
Figure 9.  

7. RESULTS AND DISCUSSION 
7.1. Failure Pattern 

In most of the joints, initial cracks 
appeared on the beams at around 30kN beam 
tip loading. The cracks in the beam-column 
interface and diagonal cracks in the joints 
started forming at higher displacement cycles. 
The interface crack was the main crack 
observed in joints BCJ-BE-RE, BCJ-JR-MN 
and BCJ-JR-CY. The joints BCJ-00-RE and 
BCJ-00-EN underwent significant shear 
cracking in the joint region. The haunch fitted 
joints BCJ-BE-HE and BCJ-00-HE showed 
an altered crack pattern due to the effect of 
the haunch. The beam underwent shear 
cracking at higher displacement cycles and 
there was local crushing and spalling of 
concrete observed near the beam where 
haunch was connected. A comparison of 
crack patterns of joints BCJ-BE-RE and BCJ-
BE-HE is shown in Figure 10. 

 

Figure 9: Experimental assembly for haunch element. 

 

      (a). BCJ-BE-RE 

 

(b). BCJ-BE-HE 

Figure 10: Crack Pattern in Joints. 
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Table 2: Joint Dimensions and Reinforcement Details 
S.
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BCJ-BE-RE 250 400 5-20 mm φ 250 400 10-20 
mm φ 

8mm @ 
150 mm 

c/c 
400 400 

6- 20 
mm 
φ 

 

BCJ-BE-HE 250 400 5-20 mm φ 250 400 10-20 
mm φ 

8mm @ 
150 mm 

c/c 
400 400 

5-20 
mm 
φ 

 

BCJ-JR-MN 200 300 3-20 mm  φ 
+ 2-16mm φ 200 300 8-20 

mm φ 
8mm @ 
150 mm 

c/c 
 

8mm @ 
80 mm 

c/c 

BCJ-JR-CY 200 300 3-20 mm φ 
+ 2-16mm φ 200 300 8-20 

mm φ 
8mm @ 
150 mm 

c/c 
 

8mm @ 
80 mm 

c/c 

BCJ-00-RE 200 400 4-20 mm φ 
+ 2-16mm φ 250 400 12-20 

mm φ 
8mm @ 
150 mm 

c/c 
  

BCJ-00-EN 200 400 4-20 mm φ 
+ 2-16mm φ 250 400 12-20 

mm φ 
8mm @ 
150 mm 

c/c 
  

BCJ-00-HE 200 400 4- 20 mm φ 
+ 2-16mm φ 250 400 12-20 

mm φ 
8mm @ 
150 mm 

c/c 
  

 
Table 3: Details of the Load and Displacement Response 

Table 4: Estimation of Joint Shear Strength 

Joint Design shear strength 
0.85        

Maximum shear force in 
joints,         

         
             

      
   

 

BCJ-BE-RE 579.627 524.33 1.105 
BCJ-BE-HE 579.627 739.05 0.703 
BCJ-JR-MN 347.776 448.12 0.776 
BCJ-JR-CY 347.776 474.29 0.733 
BCJ-00-RE 380.380 355.48 1.070 
BCJ-00-EN 344.153 303.19 1.135 
BCJ-00-HE 380.380 427.83 0.889 

Joint Loading Haunch Transverse 
Beam 

Joint 
stirrups Eccentricity Ultimate Load (kN) Displacement at 

ultimate load (mm) 
+ve -ve +ve -ve 

BCJ-BE-RE Cyclic - YES - - 123 -157.3 30 -30 
BCJ-BE-HE Cyclic YES YES - - 177.01 -226.73 55 -55 
BCJ-JR-MN Mono - - YES - - -96.6 - -60 
BCJ-JR-CY Cyclic - - YES - 100.45 -84.23 50 -45 
BCJ-00-RE Cyclic - - - - 117.25 -123.05 35 -30 
BCJ-00-EN Cyclic - - - YES 89.12 -104.95 35 -30 
BCJ-00-HE Cyclic YES - - - 140.35 -148.10 40 -45 
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7.2. Load vs. Displacement 
     The measured load at beam end (Pb) 
versus the corresponding applied 
displacement (Δb) was used to develop the 
Load vs. Displacement response of sub-
assemblage. The observed maximum loads 
and the corresponding beam end 
displacements are shown in Table 3. 
     The load versus displacement response 
showed typical hysteresis properties and a 
comparison of responses of joints BCJ-BE-
RE (control) and BCJ-BE-HE (haunch fitted) 
are shown in Figures 11. 
 

   

 
 

Figure 11: Load vs. Displacement for Joints.  

     The performance of BCJ-BE-HE is 
superior to BCJ-BE-RE in terms of ultimate 
load carrying capacity. The addition of 
haunch element is responsible for an increase 
of 44% in the maximum load carrying 
capacity of the joint BCJ-BE-HE as compared 
to the joint BCJ-BE-RE. Similar observations 
have been made in the joints BCJ-00-RE and 
BCJ-00-HE. Due to premature failure of joint 

BCJ-00-HE, full capacity of the joint could 
not be achieved. Nevertheless, an increase of 
20% in the maximum load carrying capacity 
has been attained. The effect of eccentricity in 
the joint region has shown pronounced 
influence in the joint BCJ-00-EN. The load 
carrying capacity of the eccentric joint is low 
(15% decrease) as compared to the concentric 
joint BCJ-00-RE. Also, the failure has 
occurred at a much lower value of 
displacement. Joint stirrups were responsible 
for increased shear capacity of joints and 
better energy dissipation 

7.3. Shear Strength of Joints 
     The shear stress in joints is calculated as 
per ASCE-ACI 352 report. The horizontal 
component of joint shear force     is given as 

                                     (6)    

Where     is the tension in beam (kN) and 
     is the shear force in column (kN). 

The nominal shear strength of the joint 
   according to ACI 352 [15].depends up on 
the strength of concrete, joint dimensions, 
confinement from various framing members 
can also be calculated as: 

                                     (7)    

Where,     is compressive strength of 
concrete (N/mm2),    is effective joint width 
(mm) and    is depth of the column (mm).   
is a constant taken according to ACI 352 as 
15 for all the joints. A constant 0.85 is the 
shear reduction factor on    taken for design. 
A summary of the predicted    and 
experimental     for all the joints is shown in 
Table 4. 

From Table 4, it can be observed that 
joints BCJ–BE-HE, BCJ-JR-MN, BCJ-JR-CY 
and BCJ-00-HE exhibited higher shear 
capacity than the predicted. This is due to the 
addition of haunch in joint BCJ-BE-HE and 
BCJ-00-HE and presence of joint lateral 
reinforcement in joints BCJ-JR-MN and BCJ-
JR-CY. The joint BCJ-BE-HE experienced 
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maximum shear stress and also underwent 
significant amount of shear deformation. But 
the failure pattern did not suggest excessive 
damage in the joints, indicating increased 
shear capacity. 

7.4. Energy Dissipation 
     Energy dissipation in the structure is a 
measure of its seismic performance. The more 
is the energy dissipation, the better the 
seismic resistance of a structure. The energy 
dissipated by a structure is calculated from the 
area under the load-displacement curve. For 
comparison purposes, the cumulative energy 
dissipation is normalized by dividing it by the 
volume of the joint and grade of concrete. 
Typical energy dissipation for joint BCJ–BE-
RE over subsequent cycles is shown in Figure 
12 and the comparison of energy dissipated 
across the joints is shown, Figure 13. 

 
Figure 12: Energy Dissipation in Joint BCJ-BE-RE. 

 
Figure 13: Cumulative Energy Dissipation. 

     Larger hysteresis loops give way to greater 
energy dissipation and this is evident in the 
case of joints BCJ-BE-HE and BCJ-00-HE. 

The presence of joint stirrups has contributed 
to an improvement in the energy dissipation 
capacity as indicated by joint BCJ-JR-CY. 
The eccentricity has affected the energy 
dissipation capacity of joint BCJ-00-EN, 
which reports low energy dissipation. The 
joint BCJ-BE-RE exhibited low energy 
dissipation, owing to the presence of a 
transverse beam. A 180% increase in overall 
energy dissipation in joint BCJ-BE-HE as 
compared to control joint BCJ-BE-RE. Joint 
BCJ-00-HE showed 51% increase in overall 
energy dissipation over joint BCJ-00-RE. 

7.5. Stiffness Degradation 
     The stiffness of a sub-assemblage is 
calculated from the load-displacement 
response. The peak-to-peak stiffness is 
deduced and the degradation is shown over 
subsequent cycles. The slope from the 
positive peak to negative peak in the load-
displacement response gives stiffness for a 
cycle. For comparison, the stiffness is 
normalised by dividing with the initial 
stiffness. The stiffness degradation in the 
beam-column joint sub-assemblage is shown 
in Figure 14.  

  
Figure 14: Stiffness Degradation in Sub-assemblages.    

The stiffness degradation responses from 
various sub-assemblages show similar trend. 
The deterioration is more at increased 
displacements and this has resulted in 
pinching of hysteresis loops. The comparison 
of normalized stiffness indicates that the 
degradation is high in the case of joint BCJ-
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00-EN. This can be attributed to the effect of 
eccentricity causing additional torsional 
moments in the joint. Both joints BCJ-BE-HE 
and BCJ-00-HE show comparatively lesser 
degradation, which is due to the effect of the 
haunch element. The joints BCJ-BE-RE and 
BCJ-BE-HE show high initial stiffness. This 
may be due to better confinement of the joint 
from the transverse beam framing in to the 
joint. The trend line for joint BCJ-JR-CY 
shows marginal improvement over the joints 
without joint reinforcement.  

7.6. Ductility Ratio 
Ductility ratio (cyclic) (D): The ratio of the 
ultimate displacement (Δult) and the yield 
displacement (Δyield) of the joint observed in 
cyclic test. 
Envelope curve: The locus of extremities of 
the load-displacement hysteresis loops, which 
contains the peak loads from the first cycle of 
each phase of the cyclic loading and neglects 
points on the hysteresis loops where the 
absolute value of the displacement at the peak 
load is less than that in the previous phase. 

The ductility is calculated from the 
envelope curve by developing an equivalent 
energy elastic-plastic (EEEP) curve. EEEP 
curve is an ideal elastic-plastic curve 
circumscribing an area equal to the area 
enclosed by the envelope curve between the 
origin, ultimate displacement and the 
displacement axis as shown in Figure 15. 

Ductility Ratio, ult

yield

D 



                        (4) 

 
 
 
 
 
 
 
 
 
 

Figure 15: Development of EEEP curve. 

Ductility ratios of various joints are given in 
Table 5. It can be inferred that the 
confinement in the joint improves the 
ductility as the joints BCJ-BE-RE and BCJ-
BE-HE reported higher ductility ratios. Both 
the joints BCJ-BE-HE and BCJ-00-HE with 
haunch elements exhibited improvement in 
the ductility compared with the control joints 
BCJ-BE-RE and BCJ-00-RE respectively. 
The eccentric joint BCJ-00-EN showed lower 
ductility due to influence of additional shear 
stresses developed due to torsion in the joint 
due to eccentricity. Joint BCJ-BE-HE 
reported a higher ductility ratio of 10.21 over 
a ductility ratio of 7.42 for joint BCJ-BE-RE, 
whereas joint BCJ-00-HE exhibited 6.32 over 
a ductility of 5.8 of joint BCJ-00-RE. 
 

Table 5: Ductility values of the sub-assemblages 

Joint 
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) Ductility 
Ratio 

ult

yield

D 



 

BCJ-BE-RE 55 7.41 7.42 
BCJ-BE-HE 85 8.32 10.21 
BCJ-JR-MN 70 13.3 5.26 
BCJ-JR-CY 55 7.76 5.80 
BCJ-00-RE 40 9.56 4.18 
BCJ-00-EN 55 8.70 6.32 

 

8. CONCLUSIONS 
The following conclusions have been drawn 
from the study: 
1) The haunch-fitted joints showed the 

maximum load carrying capacity over 
control joint. 

2) The addition of haunch elements resulted 
in higher energy dissipation, less stiffness 
degradation and large ductility ratio.  

3) The eccentricity induced additional 
torsion in joints, which caused pre-mature 
failure in the joints. 

4) Confinement of joints was found to 
marginally improve the joint performance.   

5) The transverse beam enabled higher 
ductility and high initial stiffness to joints. 
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Abstract: Size effect on quasi-brittle fracture of concrete-like materials is commonly investigated 

by testing geometrically-similar specimens with artificial notches. It can also be studied by testing 

plain specimens without any artificial notches to show the statistical influence of pre-existing 

defects/cracks using Weibull strength distribution. Those un-notched specimens can be further 

studied non-statistically, using the Fictitious Crack Model (FCM), which emphasizes the influence 

of crack-bridging within the fracture process zone (FPZ) on quasi-brittle fracture of concrete by 

adopting a single bridging-stress and crack-opening relation. This study discusses the merits and 

limitations of common size effect models, including Weibull strength and FCM, in dealing with 

quasi-brittle fracture of concrete specimens with and without notches, and shows it is necessary to 

adopt a tri-linear local fracture energy distribution, which considers the boundary influence from 

both the front and back specimen boundaries. The front boundary influence is particularly important 

to quasi-brittle fracture of un-notched specimens, as the limited stable crack growth before unstable 

fracture is well within the front boundary zone. Therefore, size effect models, based on constant 

fracture energy or constant local fracture energy distribution (suitable only to a long crack away 

from boundaries), cannot be used to reliably predict quasi-brittle fracture of un-notched concrete 

specimens.  
 

1 INTRODUCTION 

Study of size effect (SE) on quasi-brittle 

fracture of concrete is simply driven by the 

need of finding a suitable failure criterion, as a 

constant fracture toughness KIC does not exist 

or cannot be used to characterize cracking-

induced unstable fracture of concrete 

specimens commonly tested in laboratories. 

The problem is due largely to the coarse 

heterogeneous structures of concrete, and the 

sizable fracture process zone (FPZ) formed 

behind a crack tip during crack growth, where 

crack-bridging due to aggregate interlocking 

and frictional pullout, crack-branching and 

multiple-cracking generate extra resistance 

against crack growth, leading to the so-called 

quasi-brittle fracture behaviour.  

A concise review of SE models on quasi-

brittle fracture of notched concrete beams was 
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provided by Karihaloo in 2003 [1], which is 

clear and to the point. Four different SE 

models were reviewed and compared, 

including Bazant’s early SE model in 1984 [2], 

and Carpinteri’s fractal-based SE model in 

1994 [3,4]. The review pointed out there were 

still unresolved issues, despite of the fact that 

SE had been studied for nearly 20 years. For 

instance, although those SE models are 

different, they can all be used to fit the 

available experimental data within the limited 

specimen size range, typically from around 50 

mm to 1,000 mm. 

Since a fully-developed FPZ in a concrete 

specimen is not small in comparison with the 

specimen size, the formation and evolution of 

FPZ during stable crack growth, initiated from 

either an initial artificial notch or pre-existing 

surface defects/cracks, is inevitably influenced 

by the specimen size and specimen boundary 

conditions. Generally speaking, an initial 

notch including its length and width can be 

taken as part of the front boundary condition 

of a concrete specimen, which is particularly 

appropriate for shallow notches.  

The evolution of FPZ during stable crack 

growth and its relative size in comparison to 

the crack and specimen size determine the 

quasi-brittle fracture behaviour. Therefore, 

fracture mechanics models emphasizing the 

role of FPZ on quasi-brittle fracture of 

concrete and its inevitable interaction with 

specimen boundaries were proposed by the 

Fracture Mechanics Group at the University of 

Western Australia from around 2000 [5-11], to 

consider various physical parameters such as 

FPZ length and width, fracture energy 

distribution, specimen thickness and size, and 

its front and back boundaries, and their 

subsequent influence on quasi-brittle fracture 

of concrete. 

Concrete specimens used for SE study are 

typically measured from 50 mm to 1,000 mm, 

and they commonly contain aggregates from 5 

to 30 mm. A typical fully-developed FPZ in 

concrete specimens is at least around 50 mm in 

length, or larger depending on both aggregate 

size and specimen size. Therefore, the physical 

size of a small concrete specimen around 50 

mm is not big enough to accommodate a fully-

developed FPZ. That is the reason why the 

boundary effect (BE) models [5-11] were 

proposed to study the interactions between 

FPZ and specimen boundaries, such as 

specimen thickness, front and back 

boundaries, and then the subsequent influence 

on quasi-brittle fracture of concrete. 

A comparison between SE and BE models 

was reported by Bazant and his colleagues in 

2010 [12]. Their first main conclusion was that 

the basic hypothesis of “Hu-Duan” BE model 

that the size effect is caused by interaction of 

the FPZ with the boundary is unjustified. 

Another major conclusion among others was 

that BE does not converge to the Weibull 

statistical theory for large un-notch specimens. 

This study is to response the questions 

raised by Bazant and his colleagues [12]. 

Weibull strength distribution [13,14] and 

Fictitious Crack Model (FCM) [15,16] are 

included in the discussion as they are often 

taken as yardsticks of SE models when 

fracture statistics and stable crack growth due 

to frictional crack bridging within FPZ are 

considered. Pro and cons of both BE and SE 

models will be discussed together with recent 

development in SE study, so that readers 

interested in the field of size effect on quasi-

brittle fracture of concrete-like materials can 

benefit from the discussions. 

2 WEIBULL STRENGTH & FCM 

Caution is still required in applications of 

Weibull strength distribution and FCM, 

although they have been widely accepted for 

size effect study on quasi-brittle fracture of 

concrete specimens without sharp notches.  

2.1 Weibull strength distribution 

Unfortunately, an essential feature of 

Weibull strength distribution of a brittle 

material is often overlooked. In principle, 

Weibull strength distribution of an idea brittle 

homogenous material, such as glass, can be 

traced precisely back to the pre-existing 

defect/crack distribution contained in the 

material, described by Pareto distribution 

[17,18]. Without this crucial link to the pre-

existing crack distribution, measurement of 
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Weibull strength distribution is unfortunately 

degraded down to a mere empirical curve-

fitting exercise. 

Fracture of an ideal brittle material with 

distributed micro-cracks follows the weakest-

link theory, i.e. crack growth from any pre-

existing cracks leads to unstable fracture. The 

failure probability (or percentage failure) F 

can be defined by both the failure stress, σ, 

and pre-existing flaw/crack, a, distributions, 

i.e. 
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As far as fracture is concerned, there is no 

need to consider all pre-existing cracks, as 

only those pre-existing cracks that contributed 

to fracture need to be considered. Here, a0 is 

the smallest flaw/crack size, which is 

responsible for the strength measurements. 

After a0 is defined, the flaw density, ρf, for all 

pre-existing flaws/cracks ≥ a0 is thus well 

defined for a given material. In fact, there is no 

need to determine a0 and ρf separately, as a 

combined parameter σV is determined 

experimentally. a(σ) is linked to the fracture 

toughness KIC of an ideal brittle homogeneous 

material. The familiar Weibull strength 

distribution shown in Eq. (1) for pure tension, 

can also be derived for bending cases. 

Concrete with coarse aggregates, various 

defects/cracks and different phases is highly 

heterogeneous, so microscopic stable crack 

growth is expected. As a result, Weibull 

strength distribution from concrete fracture 

cannot be traced back to the pre-existing 

defect/crack distribution. However, such a 

strength distribution can still be linked 

statistically to the “critical” crack distribution 

when unstable concrete fracture occurred. 

Here, we define a “critical” crack, aC, as the 

initial crack plus the stable crack growth 

increment, i.e. aC = ai + Δa. In other words, 

crack growth from any critical cracks is 

unstable, and thus the weakest link theory still 

applies [17]. In principle, the critical crack 

distribution is determined by the pre-existing 

defect/crack distribution and relevant material 

structure characteristics, such as the aggregate 

size of concrete. 

 It is anticipated that small concrete 

specimens and large concrete structures 

significantly different in size have to be 

prepared in different ways. As a result, they 

will experience different curing conditions 

during concrete preparation, influenced by 

casting method, temperature, humidity and 

shrinkage etc. Those different conditions will 

lead to different pre-existing defects/cracks 

and thus different critical crack distributions 

when fracture occurs. As far as Weibull 

strength distribution is concerned, small 

concrete samples and large concrete structures 

are “different” materials, although they have 

identical material compositions, aggregates, 

and the same water/cement ratio. Different 

defect/crack distributions, either in terms of 

the pre-existing defect or critical crack 

distributions, will lead to different quasi-brittle 

fracture behaviors. Therefore, Weibull strength 

of a large concrete structure cannot be reliably 

linked to that of small concrete specimens 

tested in laboratories by a single SE relation. 

Any Weibull strength SE prediction for quasi-

brittle fracture of concrete specimens and 

structures vastly different in size, such as those 

of Bazant’s SE models [12,19,20], is merely 

academic, as they are not supported by 

experimental evidence.  

It has been shown experimentally that 

Weibull strengths of micro- and nano- silicon 

samples with size measurement varying by up 

to 5,000 times (thus different methods were 

required to prepare those silicon samples) 

cannot be linked by a single Weibull strength 

distribution due to different surface 

defect/crack distributions [21,22]. In summary, 

as pointed out by the flaw statistics in Eq. (1), 

a single Weibull strength distribution cannot 

be used to link SE of concrete specimens and 

large concrete structures as they do have 

different defect/crack populations. Therefore, 
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criticism that BE does not converge to the 

Weibull statistical theory for large un-notch 

specimens [12] is unfounded.  

2.2 FCM & tri-linear local fracture energy 

Like J-integral [23], FCM [15,16] relies on 

a well-defined cohesive-stress and crack-

opening relation, or unique tensile-softening 

curve, to describe crack bridging within the 

FPZ behind a fictitious crack in concrete. The 

area under the softening curve, or the specific 

fracture energy GF, is thus a material constant.  

The irony is that although the 

experimentally-measured GF is size dependent, 

a constant intrinsic GF is always assumed 

when FCM is used to simulate the stable crack 

growth in concrete, either initiated from a 

smooth specimen surface or a sharp notch. A 

well-defined tensile-softening curve used in 

FCM is inseparable from a constant intrinsic 

GF. If the experimentally-measured GF is 

specimen-size dependent, FCM based on a 

single tensile-softening relation has to be 

modified.  

 

 
 

Figure 1: The local fracture energy gf is constant 

if away from both front and back boundaries. 

The averaged Gf is specimen‐size dependent. 

 

A constant intrinsic GF implies the fracture 

energy consumption is constant along the 

crack path, which is equivalent to a constant 

fracture energy distribution over the entire 

crack area.  Bearing this in mind, the local 

specific fracture energy gf distribution, as 

shown in Fig. 1, was first proposed by Hu and 

Wittmann in 1992 [24].  

The key assumption is that the local 

specific fracture energy gf is constant away 

from the specimen back boundary and the 

initial notch, which can also be taken as part of 

the specimen front boundary. Taking an 

artificial notch as an integrated part of the 

specimen front boundary becomes even more 

logical for concrete specimens with very 

shallow notches. Since gf is constant within the 

inner region, the classic FCM and J-integral 

apply and a well-defined tensile softening 

relation can be established with a constant 

specific fracture energy GF (= gf = constant). 

The local specific fracture energy gf 

distribution, shown in Fig. 1, resolves the 

dilemma that FCM requires a constant intrinsic 

GF to simulate concrete fracture while the 

experimental Gf averaged over the entire 

fracture area is specimen-size dependent. The 

RILEM recommended Gf [25], averaged over 

the entire crack area, contains the constant 

intrinsic GF in the inner zone, and the reduced 

local specific fracture energy gf in the 

boundary regions.  If the inner zone with 

constant instrisic GF and boundary regions 

with reduced gf are comparable, SE on Gf is 

inevitable.  

It has been shown recently from 2010 by 

four independent research groups [26-30] that 

the local specific fracture energy gf 

distribution postulated in Fig. 1 can be 

adequately described by a simplified tri-linear 

gf distribution. One acoustic emission (AE) 

confirmation of the tri-linear relation gf is 

shown in Fig. 2 [30]. The added linear relation 

close to the initial notch defines the front 

boundary region of around 20 mm for this 

concrete specimen with aggregate size of 5 

mm, which is much shorter than the back 

boundary region of around 60 mm.  

While consideration of the back boundary 

influence is more important to SE on RILEM 

Gf, the front boundary influence is more 

critical to the SE on quasi-brittle fracture of 

plain concrete specimens without artificial 

notches as the stable crack growth is limited 

well within the front boundary region.  
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Figure 2: A tri‐linear local fracture energy gf can  

be  assumed,  as  suggested  by  the  AE 

measurements [30]. 

 

Our recent analysis [28] of experimental 

results [31] shows that the influence of the 

front boundary region is more profound for 

specimens with shallow notches, indicating the 

tri-linear gf distribution shown in Figs. 1 and 2 

is notch-length dependent. This observation is 

expected if the initial notch is considered as 

part of the specimen front boundary. In reality, 

complete separation of a notch from the front 

boundary is impossible, particularly if a very 

shallow notch is considered. 

3 SE & BE MODELS 

3.1 Bazant’s SE models 

The early work in 1984 [2] is by far the 

most widely-used SE model, in comparison to 

Bazant’s more elaborate variants proposed in 

later years. The relation between a specimen 

representative size, D (e.g. width or height), 

and the nominal strength, σN (e.g. tensile or 

bending strength determined by the critical 

load Pcri, ignoring the presence of a 

crack/notch) is given as follows: 

 

€ 

σ N =
B ⋅ f t

1+
D

D
0

=
Bt

1+
D

D
0

   (2) 

 

The tensile strength ft and experimental 

constant B can be combined into one constant 

Bt as shown in the review of SE models given 

by Karihaloo [1]. The most common 

application of Eq. (2) is for empirical curve-

fitting, i.e. the relation between σN and D is 

measured experimentally by testing a set of 

notched “geometrically-similar” specimens 

with different size D, but constant notch/size 

a0/D ratio. The scaling parameters Bt and D0 

are then determined through curve-fitting of 

experimental results. It is convenient to use 

Eq. (2) to show the influence of size D on the 

nominal strength σN, or SE on quasi-brittle 

fracture, as long as both the scaling parameters 

Bt and D0 are treated as empirical experimental 

constants. Therefore, empirical curve-fitting to 

experimental results thus becomes the most  

common usage of Eq. (2). 

To explain the physical meanings of the 

two scaling parameters, detailed expressions of 

Bt and D0 in Eq. (2) have been provided by 

Bazant [e.g. 12], i.e. 

 

€ 

D
0

= c f ⋅g' α
0( ) /g α

0( )

  

Bt = EGF− ini /g' α
0( )c f

   (3) 

 

D0 is the transitional size, and the material 

constant cf ∝ FPZ ∝ EGF/ft is introduce to 

show FPZ plays a part in D0. The initial 

notch/size ratio a0/D = α0. At the point of 

fracture, a = a0 + cf, and α = a/D. g(α) is the 

dimensionless energy release function of linear 

elastic fracture mechanics (LEFM) at the point 

of fracture, i.e. g(α) = KIC
2
D(b/Pcri)

2
. The 

derivative of g(α0), g’(α0), is also included in 

Eq. (3). GF-ini is the initial fracture energy, or 

the initial part of one single softening curve 

with constant GF, assumed to be applicable to 

the entire fracture area. 

It is not practical to use Eq. (3) for curve-

fitting in conjunction with Eq. (2) in order to 

find out the details of those physical 

parameters. The modification in Eq. (3) is 

merely to show the two scaling parameters Bt 

and D0 in Eq. (2) are not empirical, and 

different predictions can be made by varying 

those physical parameters. 

However, the explanations provided in Eq. 

(3) are still confusing and contradict to the 
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common experimental observations. It is well 

known that at the point of unstable fracture, 

the stable crack growth, Δa, varies with the 

initial notch/crack a0 even for a fixed crack-

bridging or tensile softening relation in FPZ. 

The assumption that a = a0 + Δa = a0 + cf = 

constant is clearly incorrect. g(α) contains the 

common geometry factor Y = Y(α) as K = 

YσN√(πa). It is not feasible to do the derivation 

of Y(α) even for simple three-point-bending 

specimens as required by g’(α0). Furthermore, 

if the so-called transitional size D0 is a scaling 

parameter for size, it should only be influenced 

by aggregate size, not by the initial notch/size 

ratio α0, as indicated in Eq. (3). The fact that 

GF-ini, only part of GF, is used in Eq. (3) 

implies, in some way, a smaller local fracture 

energy is required, which is what has been 

suggested in Figs. 1 and 2.   

Due to those confusing and inconsistent 

modifications in Eq. (3), few attempt the 

combination of Eqs. (2) and (3), and most still 

use Eq. (2) simply treating Bt and D0 as two 

empirical curve-fitting parameters. 

 

 
 
Figure 3: Simulated FPZ in different concrete 

   specimens, using single tensile softening 

relation [12], while AE measurements 

suggest otherwise [26,27,30]. 

 

A single tensile softening relation has been 

adopted by Bazant’s group [12] to simulate 

FPZs in different concrete specimens at the 

critical loads, as shown in Fig. 3. The 

aggregate size is 9.5 mm, and the initial 

notch/size ratio α0 = a0/D = 0.15.  

We have measured FPZ up to 40 mm in 

length in mortar specimens with 2 mm sand 

[32]. If size D is sufficiently large, the fully-

developed FPZ for the concrete with 9.5 mm 

aggregate should be at least around 80 mm, 

larger than the specimen size, D = 10 and 40 

mm. The RILEM fracture energy Gf for 

specimens with D = 10, 40 and 215 mm shown 

in Fig. 3 is definitely size-dependent, as 

suggested by numerous reports in literature 

[e.g. 1]. When a single tensile softening 

relation and thus a constant GF has been 

assumed for those concrete specimens in Fig. 

3, Bazant [12] already overlooked SE on the 

RILEM fracture energy Gf. Therefore, the 

simulations in Fig. 3 [12] do not represent the 

true SE on quasi-brittle fracture of those 

concrete specimens. Yet, the simulated results 

in Fig. 3 were used to conclude – This further 

invalidates the BE hypothesis about FPZ-

boundary interaction [12].  

Specimens with D = 10 and 40 mm are 

clearly not big enough to accommodate the 

fully-developed FPZ in the concrete with 

aggregate of 9.5 mm, which itself suggests 

FPZ-boundary interaction is inevitable and 

must be considered. The influence of the front 

boundary may still exist for specimens with D 

= 215 mm, as a0 = 0.15D = 32 mm, still 

shorter than the fully-developed FPZ. If FPZ 

cannot be fully developed in both length and 

width, its softening relation will be influenced 

by the front boundary as shown in Figs. 1 and 

2. The FPZ width/height controls the local 

fracture energy gf [10], which is illustrated by 

the wide and narrow FPZ boundaries and the 

two corresponding local fracture energy 

distributions in Fig. 1, which then leads to two 

different RILEM fracture energy Gf values. 

On the other hand, there should be no SE 

and LEFM should apply, if D = 5 m or 50 m as 

a0 = 0.15D = 750 mm or 7.5 m so FPZ is 

sufficiently away from all boundaries. 

SE on tensile softening relation exists even 

in direct tensile tests [33-35]. Again, it can be 

explained by the influence of free specimen 

boundaries. Within the inner zone away from 
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the specimen boundaries, a single tensile 

softening relation exists as frictional crack-

bridging can be fully established. A less-

developed tensile softening exists around or 

close to the free specimen boundaries as 

frictional crack-bridging cannot be fully and 

effectively built up close to the free surface 

[35]. Therefore, the SE simulations in Fig. 3 

are questionable for small specimens and for 

shallow notches because the fictitious crack tip 

is too close to the boundary to have a single 

tensile softening relation. 

3.2 BE models 

Following the notations in our recent work 

on BE [36,37], SE on quasi-brittle fracture of 

concrete can be expressed as follows: 

 

€ 

σ n Pcri( ) =
f t

1+
ae

aFPZ

where

aFPZ = 0.25
KIC

ft

 

 
 

 

 
 

2

=  constant ∝ FPZ

  (4) 

 

 

 
 

Figure 4: Interactions between FPZ and specimen 

boundaries for different crack/size ratios, α0 = a0/D 

 0 is the same as α0  1. 

 

Eq. (4) has two material constants, ft and 

aFPZ (proportional to the fully-developed FPZ 

for a given concrete). The nominal strength σn 

can be easily linked to the nominal strength σN 

in Eq. (2) once the loading condition is 

specified [e.g. 36,37]. The equivalent crack ae 

contains the normal geometry factor Y = Y(α) 

used in the stress intensity factor formula, K = 

YσN√(πa) [36,37]. This is because the real 

stress concentration is determined not only by 

the crack size, but also by the distance of the 

crack-tip and FPZ to boundaries, measured by 

a0 and (D – a0).  

The equivalent crack ae measures the 

distance of FPZ to either the front or back 

boundary by mathematically combining the 

two measurements a0 and (D – a0) together. 

Therefore, the conditions that α0 = a0/D  0 

and α0 = a0/D  1 yield the same boundary 

influence, as shown in Fig. 4. The “turn-back” 

point is determined by size D. KIC and then 

LEFM applies only if size D is big enough and 

both a0 and (D – a0) are sufficiently large in 

comparison with aFPZ. This conclusion based 

on what is shown in Fig. 4 is the exactly the 

same as the requirements of the ASTM 

standard for KIC measurements [6,38].  

Bazant’s SE model, Eq. (2), also indicates 

LEFM or KIC applies if D/D0 >> 1. However, 

the transitional size D0 cannot be linked to the 

ASTM standard [38], purely due to its 

ambiguous physical definition. Furthermore, 

the transitional size D0 is not even a constant, 

but varies with α0 = a0/D as shown in Eq. (3). 

To use Eq. (1) with any certainty, one has to 

make the transitional size D0 a constant scaling 

parameter. That is the reason why the 

condition, that α0 = a0/D = constant, or 

“geometry similarity” is commonly imposed 

for applications of Bazant’s SE models. 

Different to D0, the scaling parameter aFPZ 

used in the BE model, Eq. (4) is a well-defined 

material constant. The condition, α0 = a0/D = 

constant, is not required. In fact, α0 (= a0/D) 

can take any value between 0 and 1, as shown 

in Fig. 4. As a special case, the condition α0 = 

a0/D = constant, can also be assumed for Eq. 

(4). Interestingly, under such a special 

condition, Bazant’s SE model, Eq. (2), is 

obtained, which proves Bazant’s SE model is 

just a special case of the BE model. 

Nevertheless, obvious difference between 

Bazant’s SE model and “Hu-Duan” BE model 

was shown in Bazant’s recent work [12] for 

un-notched concrete specimens with aggregate 
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of 9.5 mm, here shown again in Fig. 5. As 

discussed in this study, FCM or the cohesive 

crack model with due consideration of the 

front boundary influence, as shown in Figs. 1 

and 2, will not give the same prediction as that 

of SE shown in Fig. 5, where FCM has been 

incorrectly applied. 

  

 
 

Figure 5: Predictions of Bazant’s SE model and 

FCM based on constant Gf for un-notched 

specimens, and α0  = 0.15 was selected for BE 

model [12].  

 

It is incorrect to ignore SE on Gf as 

suggested in Figs. 3 and 5. For instance, SE on 

Gf definitely exists for D less than 500 mm, as 

widely reported in the available literature on 

concrete fracture [e.g. 1]. It is incorrect to 

assign α0  = 0.15 for BE to model un-notched 

specimens for such a large size range from 10 

mm to 1,000 mm. This inadequate assumption 

would yield the a0 range from 1.5 mm to 150 

mm for those un-notched concrete specimens 

with 9.5 mm aggregate. In general, it is correct 

to assume statistically that a larger concrete 

specimen contains larger micro- pre-existing 

defects or cracks, but it is incorrect to assume 

a linear function or constant α0 –ratio for such 

a large size range. Therefore, the predictions 

of FCM and BE model have been incorrectly 

presented in Fig. 5 [12]. As a result, the 

comparisons between SE and BE models are 

invalid.  

4 CONCLUSIONS 

This study shows that all SE models, 

including the well-accepted Weibull strength 

distribution and FCM, have their limitations. 

Although Bazant’s early SE in 1984 [2] can be 

used empirically to fit experimental results of 

geometrically-similar specimens, it fails to 

reveal the true mechanism behind the apparent 

SE, i.e. the interaction between FPZ and 

specimen boundaries as pointed out by the 

ASTM standard requirements for KIC 

measurement [38]. In other words, both a0 and 

(D – a0) have to be sufficiently large in 

comparison with aFPZ to have the KIC 

controlled brittle fracture, or to avoid quasi-

brittle fracture of concrete. 

As pointed out at the beginning of this 

paper, study of SE on quasi-brittle fracture of 

concrete is simply driven by the need of 

finding a suitable failure criterion, as a 

constant fracture toughness KIC does not exist 

or cannot be used to characterize cracking-

induced unstable fracture of concrete 

specimens commonly tested in laboratories.  

Therefore, study of quasi-brittle fracture of 

concrete and the associated SE cannot be 

complete without due consideration of a0 and 

(D – a0) in comparison to aFPZ. The BE models 

are proposed to consider the influence of a0 

and (D – a0), or specimen boundaries, which is 

clearly in line with the statement of the ASTM 

standard on non-LEFM fracture, or quasi-

brittle fracture in the case of concrete. 

For geometrically-similar specimens with a 

constant ratio α0 = a0/D = constant, the initial 

crack length a0 and then the a0/aFPZ ratio is 

changed when size D is changed. Due to this 

reason, quasi-brittle fracture behavior of 

concrete has been wrongly attributed to the 

size variation, although in reality the 

interaction between FPZ and specimen 

boundary controls the quasi-brittle fracture 

behavior. Eq. (4) measures the influence of 

a0/aFPZ and (D – a0)/aFPZ ratios using the 

ae/aFPZ ratio (to decide whether a crack is too 

close to either the front or back boundaries, as 

shown in Fig. 4) is thus more adequate than 

Bazant’s SE models. Furthermore, Eq. (4) is 

not limited only to the geometrically-similar 
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specimens, the condition always required by 

Bazant’s SE model, Eq. (2).  

However, for convenience and practical 

applications, it is acceptable that quasi-brittle 

fracture of concrete is due to the “size 

variation”, if only geometrically-similar 

concrete specimens are considered. 

It should also be addressed the more 

elaborate SE models proposed by Bazant after 

1984, e.g. Eq. (3), are not user friendly as too 

many adjustable parameters, such as cf and GF-

ini, have been introduced, and unnecessarily 

complex mathematics such as the derivative of 

g(α0), or  g’(α0), is introduced. However, the 

conceptual mistakes of Bazant’s SE models, 

such as ignoring SE on RILEM Gf as shown in 

Fig. 3 [12], are simply too obvious to ignore. 

Finally, the research on FPZ detection by 

Mindess [39] shows that the extent of FPZ 

depends on specimen geometry, size and 

boundary conditions. Although the fracture 

energy GF appears to be a material constant for 

very large specimens (e.g. > 1 m), SE on the 

nominal strength is still determined by the 

early stage of FPZ evolution and thus will be 

influenced by the boundary conditions, or the 

early stage of the assumed tri-linear gf-

distribution. To have a better understanding of 

SE and to avoid empirical curve-fitting 

models, further research on the evolution of 

FPZ for various specimen and boundary 

conditions are clearly warranted.  

 

ACKNOWLEDGEMENT 

X. Hu thanks the Australian Research Council 

for the financial support of the research. Li 

Liang and X. Hu thank Northeastern 

University, China, for a collaborative research 

grant. S. Yang thanks the University of 

Western Australia for a visiting Professorship.  

 

REFERENCES 

 

[1] Karihaloo, B.L., Abdalla, H.M. and Xiao, 

Q.Z., 2003. Size effect in concrete beams. 

Eng. Frac. Mech. 70:979-93. 

 

[2] Bazant, Z.P., 1984. Size effect in blunt 

fracture: concrete, rock, metal. ASCE. J 

Eng. Mech. 100:518-35. 

 

[3] Carppinteri, A., 1994. Scaling laws and 

renormalization groups for strength and 

toughness of disordered materials. Int. J. 

Solids Struct., 31:291-302. 

 

[4] Carppinteri, A., 1994. Fractal nature of 

material microstrucdture and size effects 

on apparent mechanical properties. Mech. 

Mater. 18:89-101. 

 

[5] Hu, X., 1998. Size effects in toughness 

induced by crack close to free edge. In 

Mihashi and Rokugo (eds), Fracture 

Mechanics of Concrete Structures; Proc. 

of the 3
rd

 Inter. Conf. on Fract. Mech. Of 

Conc. and Conc. Struct. (FraMCos-3), 

October 12-16, 1998, Gifu, Japan; pp. 

2011-20. 

 

[6] Hu, X. and Wittmann, F., 2000. Size 

effect on toughness induced by crack 

close to free surface. Eng. Frac. Mech. 

73:209-21. 

 

[7] Hu, X., 2002. An asymptotic approach to 

size effect on fracture toughness and 

fracture energy of composites. Eng. Frac. 

Mech. 69:555-564. 

 

[8] Duan, K., Hu, X. and Wittmann, F., 2003. 

Boundary effect on concrete fracture and 

non-constant fracture energy distribution. 

Eng. Frac. Mech. 70:2257-68. 

 

[9] Duan, K., Hu, X. and Wittmann, F., 2003. 

Thickness effect on fracture energy of 

cementitious materials. Cement & Conc. 

Res. 33:499-507. 

 

[10] Hu, X. and Duan, K., 2004. Influence of 

fracture process zone height on fracture 

energy of concrete. Cement & Conc. Res. 

34:1321-30. 

 

[11] Duan, K. and Hu, X., 2004. Specimen 

boundary induced size effect on quasi-

171



X. Hu, L. Liang and S. Yang 

 10 

brittle fracture. Strength, Frac. & 

Complexity. 2:47-68. 

 

[12] Yu, Q., Le, J.L., Hoover, C.G. and Bazant, 

Z.P., 2010. Problems with Hu-Duan 

boundary effect model and its comparison 

to size-shape effect law for quasi-brittle 

fracture. ASCE. J. Eng. Mech. 136: 40-50. 

 

[13] Weibull, W., 1939. The phenomenon of 

rupture in solids. Proc. Royal Swedish 

Inst. of Eng. Res., 153:1-55. 

 

[14] Weibull, W., 1951. A statistical 

distribution function of wide applicability. 

ASME. J. Appl. Mech., 18:293-7. 

 

[15] Hillerborg, A., Modeer, M. and Petersson, 

P.E., 1976. Analysis of crack formation 

and crack growth in concrete by means of 

fracture mechanics and finite elements. 

Cement & Conc. Res. 6:773-82. 

 

[16] Hillerborg, A., 1985. The theoretical basis 

of a method to determine the fracture 

energy GF of concrete. Mater. & Struct. 

18:291-6. 

 

[17] Hu, X., Cotterell, B. and Mai, Y.W., 1985. 

Statistical theory of fracture in a two-

phase brittle material. Proc. of the Royal 

Soc. of London, Series A: Mathematical 

and Phys. Sci. 401:251-65. 

 

[18] Hu, X., Mai, Y.W. and Cotterell, B., 1988. 

Statistical theory of time dependent 

fracture for brittle materials. Philo. Mag. 

A: Phy. of Condensed Matter, Struc., 

Defects & Mech. Prop. 58:299-324. 

 

[19] Bazant, Z.P. and Pang, S.D., 2007. 

Activation energy based extreme value 

statistics and size effect in brittle and 

quasi-brittle fracture. J. Mech. Phys. 

Solids. 55:91-134. 

 

[20] Bazant, Z.P. and Yu, Q., 2009. Universal 

size effect law and effect of crack depth 

on quasi-brittle structure strength. ASCE. 

J. Eng. Mech. 135:78-84. 

 

[21] Hu, X. and Duan, K., 2005. Size effect on 

fracture of MEMS materials. J. of Mater. 

Sci. & Tech. 21:47-50. 

 

[22] Namazu, T., Isono, Y. and Tanaka, T., 

2000. Evaluation of size effect on 

mechanical properties of single crystal 

silicon by nanoscale bending test using 

AFM. J. Microelectromech. Syst., 9:450-

9. 

[23] Rice, J.R., 1968. A path independent 

integral and the approximate analysis of 

strain concentration by notches and 

cracks. J. of Applied Mech. 35:379-86. 

 

[24] Hu, X. and Wittmann, F., 1992. Fracture 

energy and fracture process zone. Mater. 

& Struct. 25:319-26. 

 

[25] RILEM Draft Recommendation, 1985. 

Determination of the fracture energy of 

mortar and concrete by means of three-

point bend tests on notched beams. Mater. 

& Struct. 106:286-90. 

 

[26] Muralidhara, S., Raghu Prasad, Eskandari, 

H. and B.K., Karihaloo, B.L., 2010. 

Fracture process zone size and true 

fracture energy of concrete using acoustic 

emission. Construt. & Building Mater. 

24:479-486. 

 

[27] Muralidhara, S., Raghu Prasad, B.K., 

Karihaloo, B.L. and Singh, R.K., 2011. 

Size-independent fracture energy in plain 

concrete beams using tri-linear model. 

Construt. & Building Mater. 25:3051-58. 

 

[28] Yang, S.T., Hu, X. and Wu, Z.M., 2011. 

Influence of local fracture energy 

distribution on maximum fracture load of 

three-point-bending notched concrete 

beams. Eng. Fract. Mech. 78:3289-99. 

 

[29] Vydra, V. Trtik, K. and Vodak, F., 2012. 

Size independent fracture energy of 

concrete. Construt. & Building Mater. 

26:357-61. 

 

172



X. Hu, L. Liang and S. Yang 

 

 11 

[30] Saliba, J., Loukili, A., Grondin, F. and 

Regoin, J.P., 2012. Experimental study of 

creep-damage coupling in concrete by 

acoustic emission technique. Mater. & 

Struct. 45:1389-1401. 

 

[31] Refai, T. and Swartz, S.E., 1987. Fracture 

behavior of concrete beams in three-point 

bending considering the influence of size 

effects. Report No, 190, Engineering 

Experiment Station, Kansas State 

University.  

 

[32] Hu, X. and Wittmann, F., 1990. 

Experimental method to determine 

extension of fracture process zone. J. 

Mater. in Civil Eng. 2:15-23. 

 

[33] van Vliet, MRA. and van Mier, JGM., 

1998. Experimental investigation of size 

effect in concrete under uniaxial tension. 

In Mihashi and Rokugo (eds), Fracture 

Mechanics of Concrete Structures; Proc. 

of the 3
rd

 Inter. Conf. on Fract. Mech. Of 

Conc. and Conc. Struct. (FraMCos-3), 

October 12-16, 1998, Gifu, Japan; pp. 

1923-36. 

 

[34] van Vliet, MRA. and van Mier, JGM., 

1999. Effect of strain gradients on the size 

effect of concrete in uniaxial tension. Int. 

J. Fract. 95:195-219. 

 

[35] Hu, X., 2010. Size effect on tensile 

softening relation. Mater. & Struct. 

44:129-38. 

 

[36] Hu, X. and Duan. K., 2008. Size effect 

and quasi-brittle fracture: the role of FPZ. 

Int. J. Fract. 154:3-14. 

 

[37] Hu, X. and Duan. K., 2010. Mechanism 

behind the size effect phenomenon. ASCE. 

J. Eng. Mech. 154:3-14. 

 

[38] ASTM E339-90. 1990. Standard test 

method for plane-strain fracture 

toughness testing of high strength metallic 

materials. Amer. Soc. for Testing & 

Mater., Philadelphia. 

 

[39] Mindess, S. Fracture process zone 

detection. Fracture Mechanics Test 

Methods for Concrete (1990): 231. 

173



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 
FraMCoS-8 

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 

1 

A NEW MODEL TO FORECAST THE RESPONSE OF CONCRETE 
STRUCTURES UNDER SEVERE LOADINGS: THE µµµµ DAMAGE MODEL

J. MAZARS
 *

, F. HAMON
†
  

* Grenoble Institute of Technology (lab. 3SR),  BP 53, 38041 Grenoble (France)
e-mail: jacky.mazars@grenoble-inp.fr 

† EDF – DER 
e-mail: francois.hamon@edf.fr

Key words: Damage models, Unilateral behavior, Cyclic loading, Concrete, Severe loading, Finite 
element calculations. 

Abstract: The estimate of the ultimate capacity of a concrete structure is essential to determine the 
safety margins. The evolutions of regulations and the desire to build sustainable structures lead 
engineering to dispose modelling tools simple and efficient. In this spirit we present here a 3D 
unilateral model (µ model) based on the coupling of elasticity and damage in an isotropic 
formulation. Based on the damage model from Mazars, the introduction of unilateral behaviour 
comes from the use of two internal variables. A threshold surface is associated to each of these 
variables. Their shape was chosen to model the best behaviour of concrete under various loading: 
tension, compression, shear, biaxial and triaxial loadings. Applications are presented at the material 
level (Gauss point) and on a reinforced concrete structure. Comparison with experimental results 
shows the effectiveness of selected options.

1 INTRODUCTION 
Concrete, like the majority of geomaterials 

and ceramics, is perceived as brittle in tension 
and more ductile under a compressive loading. 
During loading, a network of microscopic 
cracks nucleates perpendicularly to the 
direction of extension, with these cracks 
coalescing until the point of complete rupture. 
Whereas under uniaxial tension just a single 
crack propagates, under compression and in 
the presence of heterogeneities (aggregate 
surrounded by a cement matrix), transverse 
tensile strains generate a self-equilibrated 
stress field orthogonal to the loading direction. 
A pure mode I (extension) is thus considered 
for the purpose of describing the behaviour in 
both tension and compression. When the 
material is confined, mode II is favoured and, 
afterwards, a threshold hydrostatic pressure 
serves to compact the porous cement matrix. 

Within this framework, it has been shown 
(Mazars [1]) that essentially three distinct 
damage modes need to be considered: 

A) a situation dominated by mode I 
relative to local extension (εi > 0); 

B) a situation dominated by mode II 
without any local extension; 

C) a situation relative to the application of 
strong hydrostatic pressure, leading to 
compaction (pore collapse in the cement 
matrix). 

To simulate the behaviour of concrete, 
either plasticity (Ottosen [2]), damage models 
(Mazars [1], Mazars et al. [3], Jirasek [4], 
Desmorat et al. [5]) or fracture-based 
approaches (Bazant [6]) are used. These 
approaches are adapted so as to simulate 
situation "A" above, which is the one most 
often found in conventional reinforced 
concrete structures. 
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Number of models allow for describing the 
cyclic behaviour [7, 8], including that 
generated by earthquakes, and some are 
capable of simulating severe loadings such as 
those caused by blast or impacts (situations B 
and C seen above - [9, 10]).  

An early model set up for concrete in such 
a context, but limited to monotonous loadings, 
is the damage Mazars model [1]. On this basis, 
we propose a new model (the µ model) with 
emphasis on simplicity and the ability to 
describe the main aspects of the conduct 
described above, including unilaterality 
(opening and closing of cracks). A series of 
numerical applications are presented including 
a comparison with experimental results 
demonstrates the effectiveness of modelling. 

2 MODELLING CONCEPTS: µ µ µ µ MODEL
Developed in the framework of 

thermodynamics of irreversible processes, the 
µ model, the principles of which are presented 
below, is based on the Mazars model [1]. In 
the framework of an elasticity-damage 
coupling, the behaviour is given by: 

( ) εσ µ :1 ED−= (1)

E  is the stiffness matrix of undamaged 
material, σ and ε are the stress and strain 
tensors respectively. Dµ is the damage variable, 
a scalar (damage is assumed isotropic) which 
evolves from 0 (undamaged material) to 1 
(failure). 

2.1 Unilateral description 
To describe the unilateral nature of 

concrete, we opted for the use of two internal 
variables. However, unlike the classical 
models [7], [9]), they are not the damage 
variables. In the µ model the internal variables 
are defined from two equivalent deformations 

tµε  and cµε  (scalar indicators of the state of 
local strain). tµε favours tensile strain and cµε
favours compression strains. Their expressions 
were chosen to improve the modelling of 
concrete behaviour in shear and bi-

compression over the original model which 
underestimates these properties. 

( ) ( )υυ
ε εε

µ +
+

−
=

12212
JI

t (2)

( ) ( )υυ
ε εε

µ +
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−
=

15
6
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JI

c    (3)

ν is the Poisson’s ratio, Iε  is the first invariant 
of the strain tensor and Jε , the second 
invariant of the deviatoric of the strain tensor: 

                321 εεεε ++=I (4)

     
( ) ( ) ( )[ ]²²²

2
1

133221 εεεεεεε −+−+−=J (5)

iε are the principal strains.  

From this, the expressions for the two 
internal variables, Yµt and Yµc are: 

              ( )( )tttY µµµ εε max,max 0= (6)

      ( )( )cccY µµµ εε max,max 0=  (7)

They are the maximum equivalent strain 
reached, beyond a threshold (εµt0 and εµc0), 
during the loading history. They are each 
associated with a loading surface. As Drucker 
Prager model [11], the two loading surfaces 
are cones centered on the trisectrice of the 
strain space. They operate independently of 
each other. 
                0=−= ttt Yf µµµ ε (8)

                0=−= ccc Yf µµµ ε (9)

The second new feature, compared to the 
original model, is managing the damage 
variable, denoted Dµ,. This variable is 
controlled by the variable Yµ,, a combination of 
both internal variables Yµt and Yµc: 

( ) ct YrrYY µµµ −+= 1 (10)

r is the triaxiality factor, which provides 
information on the actual loading state [12]. It 
is equal to 1 in the traction area and to 0 in the 
compression area. It takes intermediate values 
for tension-compression situations. Its 
expression is: 
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|x| and <x>+ are the absolute and the positive 
values of x respectively. iσ~  is the effective 
stress [13] which is easy to calculate : 

( )µ

σσ
D
i

i −
=

1
~ (12)

The damage evolution law is the same type as 
the original model. Its expression is: 

( ) ( )( )0
0 exp

1
1 µµ

µ

µ
µ YYBA

Y

YA
D −−−

−
−= (13)

Yµ0 is the initial threshold of the pilot variable 
Yµ,, function of the equivalent strain thresholds 
defined equations (2) and (3): 

(((( )))) 000 1 ct rrY µµµ εε −−−−++++====  (14)

A and B are two variables which depends on 
the actual loading state through the r value. 
They allow to reproduce the different 
behaviours from quasi brittle to hardening 
including mixed situation due to shear effects.  
The following evolution for A and B has been 
chosen: 

( ) ( )( ) ( )1324121²2 2 +−+−−−= rrAkrkrAA ct  (15)

( ) ct BrBrB ²1² −+=  (16)

At, Bt, Ac and Bc are all material parameters, 
just like in the original model and k the ratio 
A/At used to calibrate pure shear behaviour. 

Figure 1 : Evolution of internal variables Yµt and 
Yµc, their combination Yµ. And damage Dµ, during a 
tension – compression loading. 

(13) induces, and this is the new compared 
to other unilateral models, an irregular 
evolution of the damage variable since it 
depends on r. However the variables Yµt and 
Yµc are continuously increasing, it is the 
reason why they are chosen as internal 
variables (see Figure 1 the various evolutions 
during a tension-compression loading). 

Figure 2: In the plane σ3=0, surface of failure and 
damage initiation surface (for µ  and Mazars models). 
Numerical values are for an ordinary concrete 
(fc=30MPa) 

Figure 3: Tension-compression loading path exhibiting 
unilateral effect. 

Figure 2 shows, in the plane σ3 = 0, the 
trace of the surface initiation of damage (Dµ = 
0) and this of failure (maximum stress 
envelop). The surface initiation of the original 
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model is also presented, for comparison. Fig. 3 
shows the unilateral response of the µ model 
for a tension-compression loading path. 

2.2 Severe loadings 
This section presents the procedure for 

simulating the effects of confinement using the 
same model. Confinement corresponds to 
loadings in the tri-compression domain. The 
triaxiality factor r introduced equation (11) is, 
within the confinement domain, equal to 0. As 
presented section 1, various damage modes 
exists depending on the presence or not of 
extensions. At this point, two separate domains 
can be considered: 

- Extension Allowed zone ("EA" zone), 
when during loading a positive strain 
on at least one direction exists; 

- No Extension Allowed zone ("NEA" 
zone), when loading forbids any kind 
of extension. 

The following subsection will be divided into 
two parts: the "EA" zone and "NEA" zone. 

1) Extension Allowed Zone ("EA" zone) 

The loading state in this zone is: ∑<εi>+ ≠ 0, 
which can be written as Iε+ ≠ 0. This zone is 
the domain of "low confinement". A 
confinement coefficient C is introduced in 
order to model confinement effects within the 
EA zone. This coefficient affects the internal 
variable Yµc. When r = 0, the variable Yµ (41) 
that controls damage then becomes: 

Yµ= C Yµc (17)

C is an indicator of the existence of local 
extension and has been defined as follows: 
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Ιε0+   is the projection of Iε +  on the nearest 
plane σi=0.  Ιε0+  is thus calculated by setting at 
0 the "strongest" stress (i.e. the lowest in 
absolute value terms) of the three principal 
stresses. From these equations, Dµ can be 

calculated according to a classical approach 
using (13). 

Figure 4: Sample and loading path 

Figure 5: Triaxial test, after a radial path σ2 = σ3  = s and 
with σ1 increasing until failure - Top: experimental results 
(Ramtani [14], Gabet [15]) - Down: µ model simulations. 
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To analyze the model response within the EA 
zone, a cylindrical sample subjected to a 
vertical compression σ1 and a confinement 
σ2=σ3 is considered (see Figure 4). This test 
can be conducted in a cell adapted for concrete 
specimens. 

The loading path comprises 2 steps: 

a/ radial path: σ2 = σ3  = βσ1  (where β is a 
constant) 

b/ triaxial path: σ2 = σ3  = s (s is fixed) and 
σ1 increases until failure. 

When ν equals 0.2, it is straightforward to 
show that C = 0 for β greater than or equal to 
0.25. To avoid any damage during the first 
step, β = 0.25 has been chosen. Afterwards, 
during the second step, β (= s/σ1) decreases, so 
that Dµ can evolve until failure. 

The down side of Figure 5 displays the results 
given for the same concrete used earlier, for s
values of 0, 20, 35, 50 and 100 MPa. The top 
side of Figure 5 presents the experimental 
results obtained by two researchers on a 
similar concrete (Ramtani [14], Gabet [15]). It 
can be observed that the trends and values at 
failure have been correctly simulated (except 
for s = 100 MPa, the relevant explanation will 
be provided below). 

2) No Extension Allowed Zone ("NEA" zone) 

The loading state in this zone is Iε+ = 0; it 
corresponds to the "high confinement" 
domain. As revealed in Table 1, two distinct 
damage modes can be activated: 

 - Due to high hydrostatic pressure, after 
a threshold (Iσ - Iσ0 = 0), the microporous 
matrix gradually compacts, which in turn 
induces damage Dµhc in addition to Dµc that 
evolves until the compaction process is 
complete and then acts upon the bulk modulus. 

 - Due to the application of a deviator, a 
material "flow" leads to failure after a strong 
distortion ( 2

1212 102 −>= εγ ). This type of 
behaviour has been observed following a 
threshold in the (√Jσ,, Iσ) plane during specific 
experiments performed on the GIGA machine 

at the 3S-R Laboratory in Grenoble (Gabet 
[15]). This phenomenon may be described by 
introducing a new damage variable Dsh

coupled with Dµ.   
 At a high s value (i.e. 100 MPa in figure 5), it 
would appear that both phenomena described 
for the NEA zone have been activated. In this 
case, Dµhc and Dsh will increase, meaning that 
the failure simulated Figure 5 (σ1max # 
420MPa), by only taking into account low 
confinement effects (i.e. the EA zone), cannot 
be correct. Real failure would be lower, as 
indicated on the experimental results (top side 
of figure 5, σ1max # 370MPa). 

This part of the model is still being developed 
as are other options such as hysteretic effects 
and strain rate effects, which are easy to 
introduce through an evolution of the initial 
thresholds (Yµt0, Yµc0) with respect to the local 
strain velocity, as introduced in the PRM 
model (Pontiroli et al. [9]). Severe loadings 
will thus not be considered in the next section. 

3 NUMERICAL SIMULATIONS 

3.1 Implementations 
Even though the µ model can be applied to 
simulate complex cases, its equations and 
implementation remain quite simple. As with 
the original model, its formulation is explicit, 
meaning that all variables can be evaluated 
directly from the strain increment. With the 
strain increment, ε∆ , provided by the finite 
element code, the principal strains, iε , and 
principal effective stresses, iσ~  (12), are 
calculated. r can thus be obtained using (11). 
With this variable and material parameters At, 
Ac, Bt, Bc and k it is possible to evaluate 
variables A, (15), and B, (16). Next, the 
equivalent strains, tµε  and cµε , are calculated 
from the principal strains. The internal 
variables Yµt and Yµc are given in (6) and (7), 
respectively. If tµε  (or cµε ) is greater than the 
previous values of Yµt (or Yµc, respectively) 
from the n-1 increment, then the 
corresponding internal variable is equal to the 
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highest value of tµε  (or cµε ) at increment n. Yµt

is calculated independently of Yµc. 
Consequently, (8) and (9) are verified at each 
increment. The next step consists of 
combining Yµt, Yµc and r in order to obtain Yµ

and Dµ, (10) and (13), respectively. And lastly, 
the stresses are given by (1). 

It can be observed that the entire model is 
described using 8 parameters, including 
Young's modulus and Poisson's ratio, all, 
identified from just two series of tests 
(uniaxial tension and uniaxial compression), 
which makes this model relevant for 
engineering applications. 

3.2 Validation Tests  
Kupfer et al. [16] completed a series of tests to 
investigate the response of plain concrete 
subjected to two-dimensional loading. During 
these investigations, concrete plates (200 mm 
by 200 mm by 50 mm) were loaded until 
failure at prescribed ratios of σ1/σ2, with σ3
equal to zero. σi denotes the principal stresses.  

The concrete characteristics are listed table 1. 
Model parameters have been fitted to obtain 
the same strengths (ft, fc) under uniaxial tensile 
and uniaxial compressive loadings. 

Table 1: Experimental data

E0 (MPa) 34000 

ν 0.19 
ft (MPa) 3.27 
fc (MPa) -32.7 

The results from running the µ models and the 
original Mazars model have been compared 
for a bi-compression with the ratio ω=σ1/σ2 = 
0.52. In is important to note that for both 
model only the characteristics in Table 1 have 
been fixed, it is then a real prediction. At the 
top of the curve, due to loading controls, the 
final experimental point corresponds to the 
collapse of the specimen.  
The original model underestimates the 
strength, and the structure collapses too 
quickly for this loading case, while the µ
model give a very good prediction of the 

maximum strength and quite good results for 
the strain evolutions on both direction.  

Figure 6: Comparison between numerical curves 
and experimental points from Kupfer et al. [16] for a 
biaxial compression loading ω = 0.52 

3.3 Cyclic bending test on a reinforced 
concrete beam 

Another major difference between the 
original and the µ model is highlighted by 
cyclic loadings, since it takes into account the 
stiffness recovery due to crack closure. The 
three-point bending test performed by La 
Borderie [17] has thus been simulated in order 
to compare model responses. The specimen is 
a concrete beam reinforced by four 12mm 
diameter rebar elements. The geometry and all 
dimensions of the structure are illustrated in 
Figure 7. The test specimen has been modelled 
using Code_Aster® QU4 (four-node) elements 
under a plane strain assumption. Boundary 
conditions are defined to correctly represent 
the experimental test (Figure 7); these 
conditions change with the sign of the 

σ1

σ2 =  ω σ1

ε1 : test 

ε1, ε2 : Mazars model 

ε1, ε2 : µ model 

ε2 : test 

ε1, ε2

179



J. Mazars, F. Hamon 

7

displacement. Uy, applied at the middle of the 
beam, follows a cyclic evolution.

Figure 7: Bending test, size, boundary conditions and 
loading path [17] 

Table 2: Displacement values during the test [17] 

Increment 
Displacement Uy 

(m) 
0 0 
1 -0.001 
2 0 
3 0.001 
4 0 
5 -0.0015 

Depending on the supports used during the 
experiments, these supports can be modelled 
by an elastic part (same stiffness as the 
concrete), while displacements are applied on 
the rigid supports (Fig. 8a). In order to avoid 
mesh sensitivity, crack band approach utilizing 
fracture energy has been used in this 
application (Bazant et al. [18]). 
The selected model parameter values have 
been adopted in accordance with the data 
provided by La Borderie [17]. 
In Figure 8b,c, the load-displacement curves 
resulting from the simulations are compared to 
the experimental points. Over the first part of 
the loading (increment 1 table 2, negative 
displacements), the two model responses are 
all similar. 
When the displacement is positive (increment 
3 table 2), the numerical curves differ 
considerably. With the µ model, stiffness is 
recovered while such is not the case with the 
original model. As opposed to the µ model, the 
damage variable D of the original model is the 
same as for increment 1, then, when the 
displacement sign changes, the concrete 
remains "damaged". 

For the third part of the loading (Fig. 8c), the µ
model curve follows the sequence of 
experimental points; it reaches the same load 
value by the end of the test. 

Figure 8: Bending test- a) Finite element mesh – b)  
Comparison experiment – calculation with the Mazars 
model – c) Comparison experiment-calculation for the µ
model showing the unilateral response. 

Figure 9 shows that during a cyclic loading, 
damage evolves until reaching a maximum 
value in one direction; due to changes in the 
triaxial factor r from 1 to 0, this maximum 
value vanishes when the local stress is 
reversed. This property can be used as a crack 
opening indicator. Figure 9 also provides the 
situation with Dµ (the red marks indicate 
where 0.95 < Dµ < 1, which corresponds to a 

U (m)

F (kN)
a) 

b) 

c) 

Mazars model 
Experiment 
µ model 
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crack opening stage) for three different steps: 
increments 1, 2 and 3, respectively (see table 
2). From top to bottom, the following can be 
observed: 1) Fig. 9a, the cracks open during 
the initial loading on the lower part of the 
beam; 2) Fig. 9b, at zero loading, the main 
previous cracks are closed; and 3) Fig. 9c, 
cracks open during the second loading, on the 
upper part of the beam, with some of these 
joining cracks already open during the first 
stage of loading that subsequently reopen.  

Figure 9: Visualization of the damage variable Dµ

during the 3-point bending test (red corresponds to 
0.975 < Dµ < 1) - a) First part of the loading  Uy = -
0.001 m - b) The displacement has increased to 0 m     
c) Second part of the loading  Uy = 0.001 m 

These results reveal the efficiency of the µ 
model, which has proven to be robust and 
efficient in describing both cyclic behaviour 
and crack opening behaviour. 

4 CONCLUSIONS 
Built on similar principles as the original 
Mazars model, and by including two internal 
variables, the “µ model” takes into account, 
within a 3D formulation, the unilateral 
behaviour of concrete (crack opening and 

closure), which is essential for cyclic loadings, 
particularly for the seismic behaviour of 
concrete structures. In the tri-compression 
domains, two cases have been considered. The 
first is the "low confinement" domain, i.e. 
when the load allows for extensions (∑<εi>+ ≠
0), whose behaviour has also been discussed. 
The second case is the "high confinement" 
domain, which is still under development. 
Other advances are also underway, including, 
as for the original model, a non local 
description [19, 20], the introduction of rate 
effects and hysteretic behaviour to 
accommodate dynamic loadings at low or high 
speeds, such as impacts capable of inducing 
penetration and perforation [9]. 
Built around a simple formulation that 
combines elasticity and damage and by 
respecting the thermodynamic principles of 
irreversible processes, this model is easy to 
implement in a finite element code. 
Furthermore, the material parameters (total 8, 
including elastic parameters) are easily 
identified from tensile and compression tests. 
A series of applications provides both at the 
material level and on reinforced concrete 
structures, for which experimental results 
attest to the model effectiveness. 

In conclusion, this model can provide a useful 
tool for engineering applications, as was 
initially expected. 
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Abstract: The contribution presents novel observations on unreinforced masonry made of solid 
clay brick units and surrounding mortar joints. Focus is the brittle-ductile interaction of the two 
constituents in form of the so-called masonry prism test under axial compression. The experimental 
observations include Digital Image Correlation (DIC) data from a newly acquired 3-D DIC system 
to ascertain the effect of bond on the overall behaviour of the masonry composite. Special attention 
is directed towards the use of the DIC system to observe mismatch among the two constituents 
leading to  tensile splitting under axial compression. Preliminary tests were performed on the brick 
units and mortar cubes aside from the masonry prisms using the 3-D DIC system for imaging which 
did display interesting results which would have been missed by traditional deformation 
measurements. The presentation concludes with remark on the resolution and limitations of the DIC 
system. 

 

1 INTRODUCTION 
Masonry walls are widely used in building 

constructions around the world for its low cost 
material and broad availability, and its sound  
insulation properties and energy efficiency. 
Unreinforced masonry is a heterogeneous, 
inelastic, and anisotropic material made of two 
components, brick units and mortar joints 
exhibiting very different stiffness, strength and 
ductility properties. When these two 
constituents are assembled in form of a 

masonry prism,  a stack of bricks bonded by 
mortar bed joints, axial  splitting of the prism 
is observed under compressive loading due to 
the mismatch conditions of the masonry 
composite. This mismatch results from the 
different response behaviour of the stiff brick 
units and the soft mortar layers generating 
triaxial stress and deformation conditions   in 
the brick unit and the mortar joint. This means 
that during axial compression of the masonry 
prism the softer mortar joints are restrained by 
the brick units from lateral expansion and 
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hence experience triaxial confinement,  while 
the stiffer brick units are subjected to lateral 
tension besides far-field axial compression.     

A number of investigations have been 
conducted on different aspects of masonry and 
the interface behavior between brick and 
mortar joints [ (1), (2), (3), (4), (5), (6), (7)]. 
Goodman et al. (1) were one of the first 
researchers who introduced the interface 
concept for joints in rock mechanics. Their 
joint element was designed to feature failure in 
tension and/or shear, rotation of blocks, 
development of arches. Page (2) of their 
seminal paper analyzed the behavior of clay 
masonry walls subjected to in-plane loading 
using an early version of degenerate finite 
elements. The model considered masonry as a 
continuum of isotropic elastic bricks acting in 
concert with mortar layers as joint linkage 
elements. However, the ultimate load capacity 
of the masonry could not be predicted at that 
early stage. McNary and Abrams (3) studied 
biaxial tension-compression of bricks and 
triaxial compression of mortar to establish 
constitutive relations for each material. They 
simulated the force-deformation relationship 
for a stack-bond prism using a numerical 
model and a proposed strength theory. They 
concluded that mechanics of clay-unit 
masonry in compression could be represented 
by a single failure model and the most 
significant parameter to consider was the 
dilatant behaviour of the mortar. Blackard et 
al. (5) investigated the fundamental meso-
mechanical failure processes in masonry 
prisms under axial compression. They 
emphasized that 3-D analysis is more realistic 
than a 2-D plane stress analysis which 
significantly underestimates the compression 
capacity of the masonry prism. They 
concluded that the out-of-plane confinement 
plays a critical role in the assessment of the 
overall compression capacity of masonry 
walls, where 2-D generalized plane strain 
analysis is more realistic than plane strain and 
plane stress. Citto et al. (7) employed an 
innovative approach using digital image 
correlation (DIC) techniques to evaluate in-
situ properties of the shear strength of mortar 
joints in existing masonry. They determined in 

the properties of cohesion and friction angles 
in an existing masonry wall, and they used 
finite elements and the DIC system to 
investigate the significant lack of uniformity 
along the bed joints failing in shear.  

This paper focuses on recent experimental 
observations of fired clay bricks and mortar 
specimens at the constituent levels, in addition 
to their composite behaviour when brick and 
mortar are assembled and tested in 
compression. The experimental observations 
include digital image correlation (DIC-GOM) 
data from a newly acquired 3-D system to 
ascertain the effect of bond on the overall 
behaviour of the masonry composite.   

2 DIGITAL IMAGE CORRELATION 
SYSTEM  

For image analysis, the Digital Image 
Correlation system ARAMIS from GOM (2) 
was used in all experiments. In the DIC 
technique, the software processes the images 
taken during the test to determine the full-field 
motion of the speckle geometry and 
determines surface deformations in terms of 
strain measurements. The DIC setup used for 
this study, is a non-contact optical 3D 
metrology system in which the ARAMIS 
software analyzes, calculates and documents 
deformations at prescribed load steps (2). The 
setup consists of four pairs of 12 megapixel 
Gigabit Ethernet cameras connected to a 
sensor controller for power supply of the 
cameras and to record speckle images in pixel 
format. The PC-based ARAMIS software 
assigns square or rectangular image details in 
form of so-called facets, e.g. 15 x 15 pixels, 
for tracking their motion over the deformation 
history of the test article. a 

There are steps to accomplish in a typical 
measuring procedure (2), some of which are 
related to  specimen preparation, calibration of 
the measuring volume, creating a new project 
and defining its parameters like facet size, 
facet steps, computation size (gauge length) 
and so forth. In order to measure a specimen’s 
deformation using ARAMIS system, its 
surface facing towards the cameras must meet 
some requirements like being smooth, having 
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Figure 1: Stochastic patterns sprayed on a masonry 
prism surface. 

a stochastic pattern with good contrast to 
clearly allocate the pixels in the camera 
images (facets), being non-glossy and dull, 
being free of grease and oil, etc. In this 
experimental investigation, a plain spray paint 
from Wal-Mart was used to create stochastic 
patterns on the specimen surface. Satin or 
gloss paints were avoided because of their 
reflections under lighting. First, a white and 
dull base coat was applied on the specimen’s 
surface followed by spraying black random 
dots to generate a speckle pattern. Smaller 
measuring volumes require a finer pattern than 
large measuring ones. Figure 1 shows a 
standard masonry prism prepared with a 
random dot  pattern in this study.  

3 LABORATORY TESTS 
In the present study, three types of 

specimens were considered, sintered clay brick 
units without holes, mortar cubes, and five-
brick standard masonry prisms. As explained 
earlier, when the masonry prism is under axial 
compression, the mortar joints experience 
triaxial compression while the brick units are 
subjected to axial compression and lateral 
biaxial tension due to the mismatch properties 
of mortar and brick units. Softer mortar joints 
generate lateral tension in the bricks through 
their interface bond leading to tensile cracking 
in form of axial splitting of the brick units. 
This mode-I failure initiates in the brick units 
and propagates through mortar joints. Since 
the brick is in both tension and compression, 
its tensile and compressive strengths and its 
failure mode are of particular interest. The 

compressive strength of the mortar cube was 
investigated under axial compression. A 
Tinius-Olsen axial tension-compression 
material testing machine was used with 
maximum capacity of 400 kips for all tests in 
this experimental investigation. Also, the DIC 
system was used for all tests to capture the 
full-field deformation of test specimens at 
different load stages of axial displacement 
control . 

3.1 Fired clay brick units 
The solid brick units of nominal size 2x4x8 

in were acquired from a well-known local 
company in Houston, Texas. Three randomly 
selected bricks were used for compression and 

(a) 

(b) 

(c) 

Figure 2: Brick specimen under uniaxial compression at 
the load level of 180 kips ( .  (a) The brick with 
speckles, (b) The snapshot taken by the DIC software, (c) 

 contours on the surface of the brick. 

185



 4

three for splitting tension (Brazilian) tests. The 
splitting tension test complies with the 
specifications of ASTM C 1006-84 (3). Figure 
2 shows the typical brick specimens painted 
and prepared for the compression test. 

Figure 2(a) and Figure 2(b) illustrate the 
speckles on the surface of a tested brick taken 
by a regular camera and DIC software, 
respectively. Figure 2(c) shows the distribution 
of  contours on the brick’s surface shown in 
Figure 2(a). The dark green contours 
correspond to lateral contraction, i.e. negative 

 strain values contradicting the Poisson 
effect. However, this may be explained  by the 
boundary effects at  the two brick surfaces.  
Other colors are related to different levels of 
lateral  tensile strain. 

Moreover, splitting tension tests were 
conducted on three brick units, since the brick 
commonly fails in tensile mode in a masonry 
assemblage. In the test, two line loads along 
the bed surfaces of the brick were applied. The 
compressive load was imposed by 0.25” in 
diameter bearing rods, results in a tensile stress 
distributed over the height of the brick over the 
split length of the unit. The splitting tensile 
strength of the bricks is calculated according 
to the traditional expression for split tensile  
testing as: 

 
               (1) 

 
where: 
T = splitting tensile strength, psi (kPa), 
P = maximum applied load indicated by the 
testing machine, lb (kN), 
L = split length (width) of the brick, in. (m), 
H = height of the brick, in. (m). 

 
The average splitting tensile strength for the 

three bricks was 0.407 ksi, which is close to a 
typical value of concrete.  

Figure 3 illustrates the splitting tension test 
performed on one brick. Figure 3(a) shows the 
painted brick after the test with a vertical mode 
I crack through its height. Figure 3(b) shows 
the photo taken by the DIC system right after 
the failure, while Figure 3(c) shows the 
distribution of  and major principal strains’ 

directions on the surface of the brick right 
before the failure. As it can be seen, there are 
strain concentrations (red colors) right below 
and above the bearing rods on the middle top 
and bottom of the brick. This coincides with 
what is expected in the Brazilian test setup. 
Other parts of the brick surface are almost free 
of deformations showing green color. 

3.2 Mortar cubes 
Mortar mixture was prepared with a 4:1 

sand to cement ratio and a W/C ratio of 0.56 

(a) 

(b) 

(c) 

Figure 3: Brick specimen in splitting tension test failed at 
the load level of 6.1 kips. (a) The brick with speckles after 
the test, (b) The snapshot taken by the DIC software right 
after the failure, (c)  contours on the surface of the brick 

right before the tensile splitting. 
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for the entire experimental test program. The 
mixture was formed as a cube surrounded by 
brick surfaces the dimension of which was 4” 
x 4” x 2”. The mortar cubes were cured for 14 
and 28 days inside a moisture-tight bag. The 

cubes were tested  in axial compression under 
displacement control test at the same 
displacement rate as the brick units.   

Figure 4 illustrates a mortar cube tested in 
this study under axial compression. Figure 
4(b) and (c) show the mortar very close to its 
failure. As can be seen, the DIC software can 
capture the strain concentrations on the surface 
of the specimen. If Figure 4(a) is compared 
with Figure 4(c), it is evident that the fracture 
trajectory closely matches with the one for  
concentration.   
 Figure 5 shows the distribution of the major 
strain distribution and its directions along the 
surface of the same mortar shown in Figure 4. 
Viewing Figure 4(a) and Figure 5,  we may 
conclude that the ARAMIS system can locate 
the crack path ‘before failure’ by measuring 
the increasing rate of  localized deformations. 

Attention should also be paid to the 
principal strains. Figure 5 depicts the direction 
of the major principal strains which are 
oriented perpendicularly to the trajectory of 
the strain concentrations. To explore also 
whether the failure mode is I or II type, one 
might look at the von Mises strain contours as 
depicted in Figure 6. It is observed that there 
are also high von Mises strains at the location 
of cracks. This means that the axial fracture 
mechanisms are  a combination of Mode I and 
Mode II, or a mixed mode failure condition.  

3.3 Masonry prisms 
The masonry prisms were made of five 

brick units from the same source as used in 
section 4.1 and four mortar layers from the 
same cement and aggregates and mix 
proportions. They were constructed according 

(a) 

(b) 

(c) 

Figure 4: Mortar cube specimen cured for 28 days under 
uniaxial compression at the load level of 40.9 kips 
( .   (a) The mortar after failure, (b) The 

snapshot taken by the DIC software at , (c)  
contours on the surface of the mortar  . 

Figure 5: Major strain distribution and its direction on the surface of the mortar cube at  captured by the DIC 
system. 
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to the specifications of ASTM C 1314 – 03b 
(4). Figure 1 shows a typical masonry prism 
prepared for this study the height of which is 
12 in. The prisms were tested under a uniaxial 
compression in displacement control with the 
same displacement rate as the brick units’ and 
mortar cubes’.  

 
Figure 7(a) and (b) illustrate the distribution 

of  contours at the load level of 88 and 171 
kips, respectively. In Figure 7(a), most of the 
lateral strain field (see the strain bar) exhibits  
positive -values with some vertical strain 
concentrations having been developed (yellow 
color). 

Figure 7(b) shows the development of a 
vertical crack at failure. The DIC system 
captures the concentrations of lateral  strain  
depicting  the axial  crack location and 
orientation. If the propagation history of the 
crack evolution is considered, we may observe 
that the vertical crack propagates from the 
bottom to the top of the masonry prism in this 
case. The crack initiates at a load level of 35 
kips at the lowest mortar layer somewhere at 
the brick-mortar interface (about 2.4 in. from 
the bottom of the prism), and then propagates 
upward under increasing load until the prism 
splits into two parts. 

Moreover, to observe the effect of interface 
shear of the brick-mortar contact zone which is 
caused by the mismatch effects explained in 
section 2, the von Mises strain criterion was 
considered: 

  (2) 

 
Where , , and  are major principal 
strains and  is the von Mises strain. Figure 8 
illustrates the distribution of  on the surface 

of the masonry prism during the uniaxial 
compression test as captured by the DIC 
system. Figure 8(a) shows the prism after 
failure. A comparison can be made between 
Figure 8(a) and Figure 8(c) or Figure 7(b). It is 
seen that the DIC system measures the 
deformations in real-time during the test and at 
the end it captures the real crack pattern of 
axial splitting. This provides the DIC system a 
servo-controlled capability to give feedback to 
the testing machine by a real time 
measurement of the deformations. 
Unfortunately, the testing machine used in this 
study, i.e. The Tinius Olsen, does not have the 
capability of a real-time testing, however, a 
newly purchased test frame  has modern feed-
back control  which will be delivered to the 
University of Houston in the near future, by 
which crack-opening displacement control  
testing might be conducted by incorporating  
virtual clip gauges in the DIC software  
IVIEW. 

Figure 6: Mises strain distribution on the surface of the 
mortar cube at  captured by the DIC system. 

(a) 

(b) 

Figure 7: Distribution of  on the surface of the masonry 
prism during the uniaxial compression test. (a)  contours 

at 0.5  , (b)  contours at . 
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As expected, the softer mortar layers 
experience higher shear strains than the stiffer 
bricks. This is evident in Figure 8(b) and (c) 
where a lighter blue color is seen at the top 
mortar layer at 0.5 .  

The fact that these Mises strain 
concentrations are not observed at the two 
bottom layers is probably because of the 
bottom to top order of construction of the 
prism where bottom ones experience higher 
weight imposed by the upper bricks and 
mortar joints than the top layers. This induces 
more pressure and compaction for the bottom 
mortar layers mitigating the shear 
deformations caused by the mismatch effects.  
 

4 SOME REMARKS ON THE 
EXPERIMENTS AND THE DIC SYSTEM 

The DIC system was employed throughout 
this study to observe and measure the full-field 
deformations of the specimens. Compared to 
the traditional way of using strain gauges 
which only measure extensional deformations 
at a limited number of discrete locations, the 
photogrammetry method used by the DIC 
system provides field information by 
measuring a very large number of data points 
dependent on the computation size, facet size 
and facet steps. It also captures in-plane and 
out-of-plane deformations simultaneously. 
Moreover, one of the main advantages of using 
the DIC system is measuring large 
deformations and strain concentrations on the 
surface of a specimen, while strain gauges 
often debond under large deformations. 
Therefore, in some studies which deal with 
large deformations like in damage or fracture 
mechanics, the DIC system is very useful to 
track deformations up to failure  

   On the other hand, the DIC system shows 
some inconsistencies in measuring small 
deformations in brittle materials like brick and 
mortars. For instance, for the three 14-day 
mortar cubes tested, the average chord young’s 
moduli, , were 4518, 1857, and 7267 ksi 
showing no consistencies. The issue is much 
worse for the Poisson’s ratio where the lateral 
horizontal strain, , is much smaller than the 
vertical strain, , causing erratic results in the 
linear stage which is determined based on the 
load-deformation curve of each specimen.  

Figure 9 shows the distribution of lateral  
strain  contours on the surface of a brick 

(a) 

(b) 

(c) 

Figure 8: Distribution of , Mises strain, on the surface 
of the masonry prism during the uniaxial compression test. 

(a) The failed masonry prism after the uniaxial 
compression test. (b)  contours at 0.5  , (c)  

contours at . 
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tested in the linear range (73 kips or 
). As it is seen, there are very 

different colors on the surface indicating large 
variations of the lateral strain values. Most of 
the points inside the darkest blue zone 
experience horizontal contraction or negative 
(compressive)  in the brick in the linear 
elastic range which contradicts the Poisson’s 
effect. The most probable reason for this 
phenomenon are the boundary conditions and 
the edge effects on the 2-inch high brick 
imposed by the testing machine platens on the 
top and bottom of the brick. It should be 
emphasized that these compressive zones 
would be ignored if no DIC system would be 
available. In the lighter blue zone, most points 
exhibit positive extensional values for the 
lateral  strain. 

Resolution issues of crack detection are one 
of the central issues for crack detection. A 
concise sensitivity analysis was conducted to 
evaluate the value of  at failure at the 
location of the crack. Figure 10 depicts the 
distribution of  along a section crossing the 
crack at failure in the masonry prism of Figure 
7. It is seen that by changing the parameters of 
facet step or facet size the value of  changes 
considerably.   This means that the measured 
deformation around the crack by the DIC 
system is  very sensitive with the post-
processing parameters  which must be 
considered when analyzing cracking data. In 
fact, the deformation measurement accuracy 
goes up as the facet size or facet steps 
increase. In Figure 10, the red solid line has 
the highest accuracy among other the curves 
having facet size and step of 35 and 32 pixels, 
respectively. The green solid line with small 
triangles has the lowest accuracy with the facet 
size and step of 20 and 18 pixels, respectively. 
It is observed that the sensitivity of  to the 
facet step is larger than facet size as there is 

more reduction in  from facet step of 18 to 
32 pixels (dashed blue line to solid red line).   

Furthermore, as mentioned earlier, there are 
problems in measuring very small 
deformations and strains (usually less than 100 
micro-strains) by the DIC system. This is more 
problematic for measuring lateral strains in 
axial testing, which is needed to calculate 
Poisson’s ratio of interest. However, there is a 
built-in capability in ARAMIS to measure 
Poisson’s ratio which is calculated as the ratio 
of the minor strain to the major principal 
strain. Figure 11 shows the distribution of 
Poisson’s ratio values on the surface of the 
brick tested. In this case, the DIC furnished  
values  which ranged from -10 to 10 as shown 
in the figure. However, it is better to use a 
filtration procedure to measure Poisson’s ratio, 
if possible. Filtration techniques, removing 
edge effects, increasing the computation size, 
and selecting zones of data points on the 
surface of the specimen with uniform 
distribution of deformations and then 
averaging over zones without defects  help to 
reach a realistic value. In fact, rational 
filtration of the raw data let to a Poisson 
estimate of 0.21 Nonetheless, great care must 
be taken in determining Poisson’s ratio of 
brittle material like brick and mortar since the 
DIC system has to measure lateral strains 

Figure 9: The distribution of  contours on the surface of 
a brick at the linear behavior stage (73 kips or ).

Figure 10: Distribution of  along a section crossing the 
crack at failure ( ) in the masonry prism of Figure 7 

Figure 11: Poisson’s ratio contours on the surface of the 
brick in Figure 9 measured by the DIC system. 

190



 

 9

which are smaller than the noise floor of the 
system. In other words, the resolution requires 
DIC measurements within the noise level.  

5 CONCLUSION 
The present study investigates the behavior 

of brick units, mortar cubes, and their 
assemblage as a five brick masonry prism 
under axial compression using the newly 
acquired digital image correlation system. 
Because of the deformation mismatch between 
stiffer brick and the softer mortar joints, the 
lateral tension in the brick units results in axial 
tensile splitting in the brick units when the 
masonry prism is under far-field axial 
compression. This tensile failure was observed 
in one of the experiments (Figure 7). Some 
other tests were performed on the constituents 
of a masonry prism. For both bricks and 
mortars some local response features like 
negative contractive lateral strain  was 
captured by the DIC system on the surface of 
the specimen. It was postulated that these are 
mostly because of the boundary effects and 
imperfections especially in brick units as a 
sintered clay material. Moreover, it was 
mentioned that the DIC system measures real-
time deformations during the test and provides 
at the end a crack pattern that closely matches 
that of the real specimen. This gives the DIC 
system an opportunity to provide feedback to 
the testing machine through measurement of 
the deformations in real-time.  Final remarks 
on the experiments and the DIC system 
referred to the spatial resolution of small 
deformation measurement at the noise floor of 
the system through the effect of facet size and 
facet steps, and the time resolution through the 
computation step size.  
Employing the DIC capability of real-time 
measurement could be a robust tool to study the 
behavior of a crack and its propagation in a 
masonry prism or its constituents or generally the 
post-peak behavior of the composite material. A 
numerical nonlinear finite element analysis can be 
bundled with the experimental results obtained by 
DIC in order to penetrate the subtle interaction 
effects of brittle-ductile transition in dependence of 
interface bond. In this sense, the capability of 
comparing predictions of Finite Element Analysis 

(FEA) with DIC data may be utilized for 
quantitative verification and validation studies. 
Future research, could address the numerical issue 
of snap-back instabilities in the case of softening of 
thin mortar layers between elastic brick units. 
There the question is still wide open whether 
tensile cracking of the masonry prism  under axial 
compression precedes emerging snap-back 
instabilities in the composite, or whether tensile 
cracking  of the brick units is the result of the 
energy release during snap-back. 
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Abstract. The objective of this work is twofold. First, we aim to develop a new fatigue model valid
for quasi-brittle materials like concrete, which properties have considerably larger standard deviation
than metals. Having this in mind, we fit the measured strength data with a three-parameter Weibull
cumulative distribution function and in turn take it as the initial distribution for an asymptotic fatigue
model in concrete. Second, we endeavor to take into account the observed influence of frequency and
stress ratio on the fatigue life in concrete, both plain and reinforced with fibers. The developed model
is validated against fatigue tests in compression on cubic specimens for different stress ratios and
loading frequencies. All the parameters have found physical meaning in the extensive experimental
tests performed for two plain high strength concretes and two concretes reinforced with fibers. The
secondary strain rate is found to be correlational with the number of cycles to failure. Finally, a
reduced test procedure is proposed for fatigue strength characterization.

1 INTRODUCTION

Interest in the fatigue of concrete began more
than a hundred years ago with the development
of reinforced concrete bridges. Since then, nu-
merous experiments have been conducted to
study the influence of different fatigue param-
eters, for instance, see [3,4,5,6,7,10,13,15,16,
17,19] and the references within. These param-
eters are either set by the fatigue test conditions,
such as the minimum stress σmin, the maxi-
mum stress σmax and the loading frequency f ,
or determined by the material properties, for
example the static material strength σc, which
can be the compressive strength fc or the ten-
sile strength ft, or any other critical stress de-
fined accordingly. Other parameters include

the stress ratio R, defined as σmin/σmax, the
stress amplitude or stress range �σ, calculated
as σmax − σmin, or the stress level S, defined as
σmax/σc.

For metals, the stress amplitude �σ/2 plays
an important role, and the fatigue life (the num-
ber of cycles N resisted before failure) is of-
ten described by the Wöhler curve. For con-
crete, however, the influence of the stress ratio,
loading frequency and stress level has been ob-
served to be important [2, 9, 13, 19]. The fa-
tigue equation has evolved accordingly to illus-
trate the role of those parameters. For instance,
Aas-Jakobsen [2] proposed to include the effect
of the stress ratio R as follows

σmax

σc

= 1 − (1 − R)β ln N (1)
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where β is a material parameter. The same re-
lation was confirmed by Tepfers and Kutti [6]
and Tepfers [7] for fatigue strength of concrete
in compression and in tension for splitting tests
of cubes. Even though the influence of loading
frequency (or time) has been observed as early
as 1960s by Rusch [1] and confirmed by Awad
and Hilsdorf [3], Sparks and Menzies [4] and
Holmen [8] in 1970s, it was not included in the
fatigue equation until Hsu [9], Furtak [10] im-
proved Eq. 1 by including the loading time and
frequency respectively. Zhang et al [15] further
improved the equation of Furtak by redefining
the stress ratio R when there is stress reversal.

However, none of them considered the
marked dispersion of the fatigue strength σc in
concrete. The first consideration of the statis-
tical distribution of concrete strength proper-
ties for fatigue tests was by Zhao et al. [17],
who considered a normal distribution as sug-
gested in the design codes. Recently, Przy-
billa, Fernández-Canteli and Castillo [18] con-
sidered the statistical feature of the charac-
terized strength for brittle materials and de-
rived the primary three-parameter Weibull cu-
mulative distribution function (CDF) of fracture
stress from three- and four-point bending tests.
Weibull distribution was also used to fit the fa-
tigue life of concrete at various stress levels by
Oh [13] and to fit the flexural fatigue life of con-
crete containing nano-particles by Li et al. [16].

Castillo and his coworkers [20, 21] also pos-
tulated a general probabilistic model to pre-
dict the fatigue behavior for any stress level
and range based on laboratory tests for duc-
tile materials like steel. The nine parame-
ters involved are defined through the physical
and compatibility considerations of the Weibull
model. However, their model does not consider
the observed influence of loading frequency in
concrete.

In the current work, we first consider the
entire statistical distribution given by the char-
acterization tests and build our fatigue model
from this initial distribution. Second we take
into account the loading frequency based on
the dynamic-response description given by the

Model Code [22]. The range of application of
the proposed model is below 10 Hz according
to the experimental tests realized between 1/16
and 4 Hz [19]. Even though the model itself
does not limit to a given range of frequency, its
application beyond 10 Hz needs further experi-
mental collaboration.

The rest of the paper is organized as follows.
A fatigue model based on an initial distribution
is postulated in Section 2. The experimental
program and validation of the model are given
in Section 3. A reduced test procedure is pro-
posed based on the developed model in Section
4. Finally we summarize the current work in
Section 5.

2 THE FATIGUE MODEL WITH INI-
TIAL DISTRIBUTION

As mentioned above, we aim to develop a
fatigue model for concrete, taking into account
the statistical distribution of the characterized
strength data and the influence of loading fre-
quency and stress ratio, the following hypothe-
ses are assumed.

• The characterized (or experimentally
measured) material property of con-
crete, such as the compressive or ten-
sile strength, follows a Weibull distribu-
tion. In the current work, we focus on the
compressive strength measured from cu-
bic specimens.

• This distribution is influenced by the dy-
namic condition through the loading fre-
quency. In addition, the relation given
by the Model Code [22] to describe the
dynamic properties of concrete is extend-
able to consider the influence of loading
frequency according to the experimental
data of Ruiz et al. [19].

• There exists a minimum stress which is
the asymptote given by the zero probabil-
ity of failure.

Given sufficient number of characterization
tests carried out at a certain reference loading

2
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rate σ̇0, which is considered static, where the
dot ˙ represents derivation with respect to time,
denominating the measured strength data or the
failure stress at one cycle as σf0 (f for failure,
0 for static loading), the probability of failure
(PF) corresponding to each stress level can be
fitted by a three-parameter Weibull CDF as fol-
lows

PF (σf0) = 1−exp

[
−
(

σf0 − σmin0

λ

)k]
(2)

where λ and k are the scale and shape param-
eter respectively, whereas σmin0 is the location
parameter or the threshold stress below which
no failure will occur, it plays the role of en-
durance limit. Note that, through Eq. 2, the con-
cept of absolute failure or damage is replaced by
the the probability of failure, which ranges from
0 to 1. We define the distribution in Eq. 2 as the
initial distribution Di, which is a property of the
material, and is determined necessarily through
experimental characterization.

2.1 The influence of loading frequency
In order to relate the dynamic failure strength

under compression fcd with its static counter-
part fc0 , we start with the empirical expres-
sion provided by the Model Code [22], which
is written as follows

fcd

fc0

=

(
σ̇d

σ̇0

)α

(3)

where σ̇d and σ̇0 are the loading rate of the com-
pressive fatigue test and that of the compressive
characterization test respectively. The exponent
α is fitted as 0.014 in the Model Code [22],
where the effect of loading frequency is not
taken into account.

The loading rate σ̇d in Eq. 3 in each cycle
can be roughly related to the loading frequency
f and the stress range ∆σ through

σ̇d = 2f∆σ (4)

Meanwhile an expression for the exponent α
that takes into consideration the influence of

loading frequency is obtained by fitting exper-
imental data of Ruiz et al. [19] for frequencies
below 10 Hz, the function is

α = 0.014 exp[γf ] (5)

where the parameter γ needs to be determined
by fitting experimental data for different load-
ing frequencies. The coefficient 0.014 for static
loading conditions is recovered for a zero fre-
quency. As a result, the influence of frequency
in a fatigue test is manifest on both the loading
rate through Eq. 4 and the exponent α through
Eq. 5. In addition, Eq. 3 allows us to shift the
initial distribution Di for fc0 to the distribution
of fcd in dynamic conditions.

3 FAILURE CURVES OF ISO-
PROBABILITY

In this Section, we explore all the conditions
of the failure curves in order to obtain the spe-
cific expression σf (f, σmax, σmin0 , σf0 , R, N).
On the one hand, each curve represents one
probability of failure and intercepts the σf axis
at σf0 , the PF (probability of failure) of which
is determined by the distribution Di defined by
Eqn. 2, see Fig. 1. On the other hand, there are
three limit conditions that all the failure curves
of iso-probability should comply with.

lim
N→∞

σf = σmin0 (6)

lim
R→1

σf = σf0 (7)

lim
N→1

σf = σf0 (8)

It needs to be emphasized again that σmin0 is the
threshold stress below which no fatigue failure
will occur, whereas the σf0 is the static strength
(when stress ratio equals one or when the failure
occurs after one cycle).
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bilidad muy pequeña de que la tensión mı́nima que
forma la ası́ntota inferior sea igual a 0. en este caso,
esta sı́ será una ası́ntota completamente horizon-
tal, ya que no existe ninguna posibilidad de obtener
una tensión máxima de compresión menor que 0.

La segunda hipótesis se centra en el comportamien-
to dinámico del hormigón. Consideremos que el
comportamiento del hormigón no varı́a entre el en-
sayo de pico de carga y el ensayo de fatiga. Esta
variación podrı́a darse por una gran diferencia en-
tre la freuencia del ensayo de fatiga y la velocidad
de carga del ensayo de pico de carga. Este aspec-
to se tratará en futuras aplicaciones de este trabajo.
Aquı́ consideramos que la influencia de la veloci-
dad de carga es la misma para ambos ensayos.

La tercera hipótesis es el comportamiento lineal del
parámetro a perteneciente a la ecuación 5. Este es
el único parámetro de ajuste del modelo propuesto.
este parámetro calibra el modelo con respecto a δσ
(rango de tensiones del ensayo) y ln[N ] (número
de ciclos). considerando la variación del parámetro
a lineal se simplifican enormemente los cálculos.
si le otorgamos a este parámetro a un comporta-
miento no lineal serı́a necesario introducir nuevos
parámetros de ajuste en el modelo.

Antes de presentar el modelo propuesto, vamos a exponer
sus parámetros:

PARAMETROS

2.1. La distribución inicial y su papel en el modelo

El modelo presentado se basa en los resultados estadı́sti-
cos de los ensayos para determinar el pico de carga. A
partir de estos determinamos la distribución de la ten-
sión máxima de rotura para 1 ciclo. Llamaremos a esta
distribución N1. Todas las curvas de fatiga que definen
una misma probabilidad tienen un punto en la distribu-
ción N1. este punto lo denotamos por σN1

max y determina
la probabilidad de la curva de fatiga a partir de la distri-
bución inicial N1 ((ref figura)). Con todo esto, la distri-
bución N1 es la distribución de Weibull de los ensayos de
pico de carga. La denotamos como probabilidad de fallo
(PF) y es de la forma:

PF (σN1
max) = 1 − exp

��
σN1

max − σmin0

λ

�k�
(1)

Donde los parámetros σmin0 , λ y k los determinamos me-
diante el ajuste de la distribución de Weibull a los datos.
σN1

max es la tensión máxima obtenida en el ensayo de pico
de carga. Usaremos este valor de σmin0 como una apro-
ximación de la ası́ntota inferior anteriormente explicada.
Posteriormente volveremos a la ecuación 1 para desarro-
llar el modelo completo.

De la distribución inicial N1 se desprende otro aspecto

importante. Para un ensayo a fatiga con una tensión máxi-
ma σmax, la probabilidad inicial de fallo (en el ciclo 1)
será igual a la probabilidad obtenida de evaluar σmax en
la ecuación 1.

En cualquier punto del dominio σmax − ln[N ] la distri-
bución de probabilidad vertical debe ser igual a la distri-
bución de probabilidad horizontal. esto también sucede
en el ciclo 1, obteniendose la distribución N1. Esto indi-
ca que la probabilidad en cualquier punto de un ensayo
de fatiga con una tensión máxima σmax siempre va a ser
mayor que la probabilidad inicial obtenida de evaluar la
tensión σmax en la distribución N1.

2.2. Iso Probability of Failure Curve (IPFC)

Estas son curvas en el espacio σmax − ln[N ] que defi-
nen una misma probabilidad de fallo. estas curvas cor-
tan el eje del ciclo 1 en el punto σN1

max. Este valor σN1
max

evaluado en la distribución N1 determina la probabilidad
que define esta curva. conforme aumenta el número de
ciclos, esta curva tiende a la ası́ntota definida por el valor
de σmin0 .

Esta curva de iso probabilidad de fallo está influenciada
por el ratio tensional del ensayo a fatiga (Rσ) y la ten-
sión máxima del mismo (σmax). de este modo, si corta-
mos horizontalmente por σmax cruzaremos una serie de
curvas de iso probabilidad de fallo. Estos cortes definirán
la distribución de probabilidad propia del ensayo a fatiga
caracterizado por Rσ y σmax. Este aspecto y la influencia
de Rσ se puede ver en las figuras ((REF)) y ((REF)).
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Figura 1: Four stages of the Mode-I crack propagation in
a three-point-bend beam.

Cada curva de iso probabilidad de fallo debe de cum-
plir las condiciones de contorno del problema. la función
de la curva de iso probabilidad de fallo se puede definir
como IPFC(σmax, σmin0 , σ

N1
max, Rσ, ln[N ]). Esta fun-

ción debe de tener una serie de comportamientos asintóti-
cos definidos por las condiciones de contorno del proble-
ma. estas son 3:
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Figura 1: Four stages of the Mode-I crack propagation in
a three-point-bend beam.

Cada curva de iso probabilidad de fallo debe de cum-
plir las condiciones de contorno del problema. la función
de la curva de iso probabilidad de fallo se puede definir
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ción debe de tener una serie de comportamientos asintóti-
cos definidos por las condiciones de contorno del proble-
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ln[N]

ln[N]

Di

Do

test with the number of cycles through the relation exis-
ting between ln �̇ and lnN . The behavior of ln �̇ with the
limit conditions of the IPFC are:

ĺım
N→∞

ln �̇ = 0 (8)

ĺım
Rσ→1

ln �̇ = ln �̇0 (9)

ĺım
N→1

ln �̇ = ln �̇0 (10)

Where ln �̇0 is the cut of the curve shown in figure 2 with
the vertical axis. ln �̇ also depends on the stress ratio Rσ

and the frequency f . This behavior is exposed in figure 2.

Relationship between the f ,

f , Rσon inicial y su papel en el modeloa igual a la probabilidad obtenida de evaluar

→∞

1
ln �̇

= ln �̇0

lnN =

Figura 2: Relationship between ln �̇, Rσ , f and lnN

According with the limit conditions of the IPFC, and
the relationship between ln �̇ and lnN , we can model the
IPFC with the equation 11.

σmax0 = σmin0 + (σN1
max − σmin0)

ln �̇0
ln �̇

(11)

Also, fitting the experimental results of Ruiz et al [8] we
can relate ln �̇ with Rσ , f and lnN by the equation 12
(see figure 12).

ln �̇ =
ln �̇0

exp[−(b + c ln[1 + f ])(1 − Rσ) lnN ]
(12)

Where b and c are the only parameters which need to be
fitted with the experimental data of the fatigue test. In
Fig. 1, we represent the IPFC in the stress-cycle (σf -
lnN ) domain, taking σmax0 as a value of the axis σf , fit-
ting the limiting conditions Eqn. (5-7) and with the equa-
tions 11 and 12 the following expression can be assumed.

σmax0 = σmin0 +(σN1
max−σmin0) exp[−a(1−Rσ) lnN ]

(13)
With a = b + c ln[1 + f ]. For a given fatigue test, σmax,
Rσ and lnN are known parameters, from Eqn.13, we ea-
sily obtain σN1

max as follows

σN1
max = σmin0 +

σmax0 − σmin0

exp[−a(1 − Rσ) lnN ]
(14)

Introducing the value of σN1
max into Eqn. 1, we arrive the

general expression for the probability of failure for any

point of the fatigue test:

PF = 1 − exp

�
−

�
σmax0 − σmin0

λ exp[−a(1 − Rσ) lnN ]

�k�

(15)
This is the output distribution Db in Fig. 1. The number
of cycles lnN and the maximum stress σmax can also be
obtained.

lnN = − ln

�
σmax0 − σmin0

λ k
�

− ln[1 − PF ]

�
1

a(1 − Rσ)
(16)

σmax0 = σmin0+λ exp[−a(1−Rσ) lnN ] k
�

− ln[1 − PF ]
(17)

At the same time, σmax0 is related with the σmax of
the characterization test through the following dynamic
equation.

σmax0 = σmax

�
σ̇0

2f∆σ

�0.014 exp[0.239f ]

(18)

The value of σmax0 is evaluated in the distribution N1 to
get the probability of this IPFC. The value of σmax is
the one given by the test conditions.

Model sensibility with respect to frequency and stress
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Figura 3: The variation of the probability distribution
with respect to the loading frequency.

The variation of the probability distribution given by
Eqn. (15) is demonstrated in Fig. 3 for six different fre-
quencies. It can be observed that for the same failure pro-
bability, the specimen resists more cycles in the fatigue
test at a higher frequency. This is attributed to the dyna-
mic behavior of concrete, see Zhang et al [10]. It should
be noted that this influence is not linear, for example, the
distance between 1 Hz and 4 Hz is smaller than that bet-
ween 6 Hz and 8 Hz.

Figure 1: Failure curves of iso-probability, where Di is
the initial CDF, determined from characterization tests
and fitted according to Eq. 2, whereas Do is the output
CDF fitted by the fatigues tests.

In Fig. 1, we give a schematic plot for the
failure curves of three iso-probabilities, 0.05,
0.5 and 1.0. On the left of the σf -axis is the
initial distribution Di determined from experi-
mental characterization, on the right is the out-
put distribution Do, which represents the fatigue
equation we are looking for and is going to be
defined later on. Having in mind the limiting
conditions given in Eqs. 6-8, the following ex-
pression for each failure curve is proposed

σf = σmin0 + (σf0 − σmin0)N
−a(1−R) (9)

where the parameter a is related to the loading

frequency as follows

a = b + c ln(1 + f) (10)

where b and c are the only parameters which
need to be fitted with the experimental data of
fatigue tests. The logarithmic function in Eq. 10
has been inspired by earlier work of Furtak [10]
and it is the function that best fits the experi-
mental results, which we will see in the follow-
ing Section.

For a fatigue test, σmax, R and ln N are
known parameters, meanwhile, the static coun-
terpart of σmax, denominated as σmax0 , corre-
sponds to the value given in the characteriza-
tion tests. According to Eq. 3, they are related
through the following dynamic equation

σmax0 = σmax

(
σ̇0

σ̇d

)α

= σmax

(
σ̇0

2f∆σ

)α

(11)
By plugging in the value of σmax0 for σf to
Eq. 9, we easily obtain σf0 as follows

σf0 = σmin0 + (σmax0 − σmin0)N
a(1−R) (12)

Introducing the value of σf0 into Eq. 2, we ar-
rive at the general expression for the cumulative
probability of failure for any point of the fatigue
test

PF (N ; σmax, f, R) = 1 − exp

{
−
[
σmax0 − σmin0

λN−a(1−R)

]k
}

(13)

where N is considered as the main variable,
whereas the rest are secondary ones, which are
parameters set by a given fatigue test. Notice
that, due to the shifting of the CDF from Eq. 2
to Eq. 13, the shape parameter k is preserved,

but the scale parameter is now related to loading
frequency, stress ratio and the number of cycles
suffered. Insert Eq. 11 and Eq. 10 to Eq. 13, the
following explicit CDF is obtained

PF (N ; σmax, f, R) = 1 − exp



−


σmax

(
σ̇0

2f∆σ

)α

− σmin0

λN−[b+c ln (1+f)](1−R)




k



(14)
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This is the output distribution Do shown in
Fig. 1. It can be observed that, in Fig. 1,
for a fatigue test performed at a given level of
σmax0 , the probability of failure increases with
the number of cycles endured. The number of
cycles N resisted for a given PF under given
loading conditions is also easily derived, see

Eq. 15. In addition, by writing the stress range
in terms of the stress ratio and the maximum
stress as ∆σ = (1 − R)σmax in Eq. 11, we can
also predict the maximum stress for a given PF
and a designed fatigue life at a given stress ratio
and loading frequency, see Eq. 16.

N(PF ; σmax, R, f) =

[
λ k
√

− ln(1 − PF )

σmax0 − σmin0

] 1
a(1−R)

(15)

σmax(PF, N ; R, f) =

[
σmin0 +

λ k
√
− ln(1 − PF )

Na(1−R)

] 1
1−α

[
2f(1 − R)

σ̇0

] α
1−α

(16)

where α is given by Eq. 5.

4 Validation against experimental data
The experimental program was designed to

look into the influence of the stress ratio and
loading frequency on the fatigue strength of
concrete. Two groups of tests on two differ-
ent types of concrete C1 and C2 were carried
out for cubic specimens. Twenty compressive
tests on cubes (80 mm in edge length) for C1,
loaded at a rate σ̇0 of 0.25 MPa/s, and six com-
pressive tests for cubes (100 mm in edge length)
for C2, loaded at 0.2 MPa/s, were carried out
for characterization purpose. The fitted Weibull
distribution Di for both materials are plotted in
Fig. 2, the corresponding parameters are listed
in Tab. 1. Note that for both type of concretes
C1 and C2, even though the scale and shape pa-
rameters λ and k are quite different, the mini-
mum stress σmin0 is 3.1 MPa, which plays the
role of the endurance limit. Next, the model is
validated against concrete reinforced with steel
fibers CF1 and polypropylene fibers CF2. Fi-
nally, after establishing the one-to-one relation
between the secondary strain rate and the fa-
tigue life from observed experimental trend, the
fatigue Eq. 14 is also expressed in terms of the
secondary strain rate.

Table 1: Fitting parameters for the initial distribution Di

given in Fig. 2 for concrete C1 and C2.

Material λ [MPa] k σmin0 [MPa]
C1 94.7 12.4 3.1
C2 76.1 19.8 3.1

4.1 Tests on Concrete C1 for two different
stress ratios

For the purpose of studying the influence of
stress ratio, two series of compressive fatigue
tests on cubic specimens with an edge length
of 80 mm, fifteen each, were carried out at a
loading frequency of 4 Hz, a maximum stress
σmax of 90 MPa. Fitting the experimental data
with Eq. 13, the values for a and γ shown in
Tab. 2, give an error of 2.36% and 4.56% re-
spectively. The agreement, as can be seen from
Fig. 3, is remarkable. After inserting the ob-
tained parameters a and γ to Eq. 2, we arrive
at the fatigue equation shown in Eq. 17, which
predicts the probability of failure for any com-
pressive fatigue test carried out at 4 Hz, with a
stress ratio R and maximum stress σmax after N
cycles.

PF (N ; σmax, R) = 1 − exp

{
−
[

σ0.9634
max

107.4(1 − R)0.0366
− 1

30.5

]12.40

N0.75(1−R)

}
(17)

5

197



Luis Saucedo et al.

0

0.25

0.5

0.75

1

60 75 90 105 120

Fitted model
Experimental data

P
ro

ba
bi

lit
y 

of
 F

ai
lu

re

f
c
(MPa)

0

0.25

0.5

0.75

1

60 75 90 105 120

Fitted model
Experimental data

P
ro

ba
bi

lit
y 

of
 F

ai
lu

re

f
c
(MPa)

Figure 2: Initial distribution of the compressive strength
fitted with the experimental measurements on cubes for
concrete C1 and C2.
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Figure 3: Distribution Do given by Eqn. (13), fitted
through the fatigue tests with R = 0.1 and R = 0.3 for
concrete C1.

4.2 Tests on concrete C2 under four differ-
ent loading frequencies

In order to pinpoint the influence of loading
frequency, four series of compressive fatigue
tests, on cubic specimens with an edge length
of 100 mm, were carried out at four different
frequencies for concrete C2. Fitting the data
curves with Eq. 2, the adjusting parameters b, c
and γ listed in Tab. 2, give an error of 3.52%,
3.10%, 1.76% and 3.19% for the frequency of
0.0625, 0.25, 1 and 4 Hz respectively, see Fig. 4.
Again the agreement is noteworthy. As a result,
all the parameters in Eqs. 14-16 are determined,
in turn, the fatigue life or probability of failure
for concrete C2 is characterized for any given
maximum stress, stress ratio or any loading fre-
quency (below 10 Hz). Notice that the parame-
ter γ for the two concretes studied remains the
same.
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Figure 4: Model and experimental data for concrete C2
for fatigue loading at four different frequencies.

4.3 Validation against concrete reinforced
with fibers

In order to further validate the fatigue equa-
tion presented in Eq. 14, we also recur to the ex-
perimental results presented by Ruiz et al. [19]
for concrete reinforced with steel fibers, de-
noted as CF1, and for concrete reinforced with
polypropylene fibers, denominated as CF2. The
parameters for the initial distribution Di and the
fatigue equation Eq. 14 are given in Tabs. 2
and 3. We also demonstrate separately the out-
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put distributions for concrete reinforced with
polypropylene fibers CF2 at four loading fre-
quencies together with the experimental data in
Fig. 5, the fitting error is below 5% for all the
cases considered. The distribution curves, or
the curves of failure probability, at four load-
ing frequencies are plotted together in Fig. 6 for
C2 and CF1. Notice that, one the one hand, for
the same failure probability, the specimen re-
sists more cycles at a higher frequency. This is
attributed to the dynamic behavior of concrete,
which results an increase of the dynamic ex-
ponent α, see Zhang et al. [23]. On the other
hand, due to the effect of added steel fibers,
the influence of the loading frequency on con-
crete CF1 is less pronounced as the frequency
increases. This is consistent with the known
fact that the fatigue behavior of steel is not influ-
enced by loading frequency. In contrast, adding
polypropylene fibers also alters the influence of
loading frequency on curves of failure probabil-
ity, such a tendency is not observed in Fig. 5.
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Figure 5: Model and experimental data for concrete rein-
forced with polypropylene fibers CF2 for fatigue loading
at four different frequencies.
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Figure 6: Influence of the frequency on concrete rein-
forced with steel fibers CF1 compared to that on plain
concrete C2.

4.4 Secondary strain rate versus fatigue life
In a fatigue test for concrete, when the de-

formation at the upper stress level σmax is plot-
ted as the function of the number of cycles un-
der testing, the resulted curve is known as the
cyclic creep curve. This curve has a middle part,
denominated as the secondary branch, as illus-
trated in Fig. 7, in which the increase of defor-
mation per load cycle is constant. The slope of
this secondary branch is called the secondary
strain rate or the secondary creep rate, denom-
inated as ε̇sec, of a specific fatigue test [11, 12].
In the current work, without causing confusion,
we simply denote it as ε̇. According to the
work of Hordijk et al. [14] and of Cornelis-
sen [11], there appears to be a strong relation
between the secondary strain rate and the num-
ber of cycles to failure, with diminishing sec-
ondary strain rate, the fatigue life increases. In
general, a prediction of the number of cycles
to failure based on this secondary strain rate is
more accurate than that based on stresses in an
S-N diagram. In this Section, we attempt to
find the relation between the secondary strain
rate with the parameters in the fatigue equation
Eq. 14.

The experimental results for the materials
plain concrete C2 and concrete reinforced with
fibers CF1, are plotted in the space of secondary
strain rate and fatigue life (ln ε̇ and ln N ) in
Fig. 8. Note that, there are 43 tests for C2 and
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40 for CF1, performed for one stress ratio and
four different loading frequencies. It can be ob-
served that, there is a strong correlation between
the secondary strain rate and the number of cy-
cles resisted in the log-log scale. Denominating
the intercept of a straight line in Fig. 8 for load-
ing frequency f as ln ε̇i, the equation for this
straight line is written as

ln ε̇ = ln ε̇i + d ln N (18)

where d is the slope.
Meanwhile, the relation between ln ε̇i and

the loading frequency can also be fitted as fol-
lows

ln ε̇i

ln ε̇0

= 1 − η ln

(
f

f0

)
(19)

where η is the slope, whereas ε̇0 is the refer-
ence secondary strain rate, corresponding to a
fatigue test carried out at the reference load-
ing frequency f0. The frequency f0 is an upper

limit, below which, the test is considered static.
This means that the following limit conditions
should be satisfied for the secondary strain rate
of a fatigue test.

lim
R→1

ln ε̇ = ln ε̇0 (20)

lim
N→1

ln ε̇ = ln ε̇0 (21)

In analog to the limiting conditions of the fail-
ure stress in Eqs. 6-8, taking into account the
fact that ln ε̇ also depends on the stress ratio R
and the frequency f through Eqs. 9-10, we ap-
proximate the slope d as follows

d = d1 + [b + c ln(1 + f)](1 − R) (22)

Fitting Eq. 18 with the experimental results
shown in Fig. 8, d1 is obtained as 1. Inserting
Eq. 19 and Eq. 22 to Eq. 18, calculating the ref-
erence secondary strain rate according to linear
elasticity, we have the equation below,

ln ε̇ = ln
σ̇0

E

[
1 − η ln

(
f

f0

)]
− {1 + [b + c ln(1 + f)](1 − R)} ln N (23)

The solid lines in Fig. 8 are predictions ac-
cording to Eq. 23. The agreement with the ex-
perimental data is extraordinary. The signifi-
cance of Eq. 23 lies in the fact that, for a specific
fatigue test, once the secondary strain rate is
known, the number of cycles to failure ceases to
be probabilistic, since there is a one-to-one cor-

respondence between ε̇ and the fatigue lifeN .
Moreover, we slightly modify Eq. 23 to ob-

tain the number of cycles to failure in terms of
the secondary strain rate as a function N(ε̇), and
insert it to Eq. 14. The probability of failure re-
lated to the secondary strain rate is given by the
equation 24.

PF (ε̇; σmax, f, R) = 1 − exp

{[
σmax

(
σ̇0

2f∆σ

)α

− σmin0

λN(ε̇)

]k}
(24)

Comparing Eq. 14 and Eq. 24, we can con-
clude that for a fatigue test carried out at a giv-
ing load condition -maximum stress level, stress
ratio and loading frequency-, both the number
of the cycles to failure and the secondary strain
rate are probabilistic. It cannot be overempha-
sized that, Eq. 23 provides the possibility to de-
termine the fatigue life N without the need of

actually exhausting all the cycles.

Finally, we summarize all the parameters and
the elastic modulus for the four materials in
Tab. 3. It needs to be mentioned that, since fa-
tigue tests for C1 were performed at one loading
frequency of 4 Hz, it is not possible to obtain the
reference loading frequency f0, neither is it fea-
sible for a separate fitting of parameters b and
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c. Instead, a unique value for the parameter a
of 0.06 is obtained. In addition, the constant γ
in the expression for the dynamic exponent α,
which is extended to include the influence of
loading frequency, is fitted as 0.24 for the two
plain concretes, zero for the concrete reinforced
with steel fibers and a value in between for the
concrete reinforced with polypropylene fibers.

Number of cycles 

S
tra

in
 ε Secondary branch

Figure 7: The concept of secondary strain rate or sec-
ondary creep rate in a cyclic creep curve for a fatigue
test.

Table 2: Summary of the model parameters for the four
materials considered.

b c η f0[Hz] γ

C1 - - - - 0.240
C2 0.061 0.0105 0.081 0.0016 0.240

CF1 0.052 0.0035 0.086 0.0019 0.086
CF2 0.049 0.0066 0.089 0.0015 0

Table 3: Summary of the model parameters for the four
materials considered.

λ [MPa] k σmin0 [MPa] E [GPa]
C1 94.7 12.4 3.1 35
C2 76.1 19.8 3.1 34

CF1 68.0 14.0 4.8 41
CF2 76.1 31.0 12.0 38
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Figure 8: Secondary strain rate plotted against the num-
ber of cycles resisted for materials C2 and CF1 at four
loading frequencies.

5 Applications to design of reduced fatigue
tests

Since there is a direct correlation between
the probability of failure (or the number of cy-
cles resisted) and the conditions of loading in a
fatigue test, such as stress ratio R, loading fre-
quency f , and the fitting parameters of the cor-
responding characterization test, λ, k and σmin0

through Eqs. 11-15, the probability of failure
can be calculated for several stages of loading
with different loading frequencies and stress ra-
tios.

An example of seven stages of loading is
given in Tab. 4 and Fig. 9. The test is designed
to start with a null probability of failure (step 1),
the probability of failure at the end of the step1
is calculated according to Eqn. 13. Next the
loading condition is changed to step 2. Evaluat-
ing Eq. 15 (considering the final value of PF
in the step 1), we get the equivalent number
of cycles for the beginning of the step 2, de-
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nominated as N1. Considering the loading cy-
cles ∆N2 at step 2, we evaluate the Eq. 13 with
N2 = N1 +∆N2 to get the final value of PF on
this step. Repeating this procedure for all the
steps of fatigue loading in Tab. 4, fatigue fail-
ure is achieved with a reduced number of cycles
(less than 20000 cycles), see Fig. 9.
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Figure 9: Damage accumulation for the different steps of
loading: a reduced procedure.

Table 4: An example of a reduced procedure for fatigue characterization with seven stages of loading.

Step σmax σmin f σ̇d ∆N PFi PFf

[MPa] [MPa] [Hz] [MPa/s]
1 65 10 1 110 2000 0 0.2137
2 70 10 0.001 0.12 350 0.2137 0.4988
3 110 5 9 1890 3000 0.4988 0.5008
4 80 15 2 260 500 0.5008 0.6886
5 100 25 7 1050 4500 0.6886 0.7086
6 85 20 0.6 78 250 0.7086 0.8499
7 90 5 5 850 9000 0.8499 1

6 Conclusions
By taking into consideration the dynamic

properties of concrete, fitting the results of ma-
terial characterization tests with a Weibull dis-
tribution and assuming it as the initial distri-
bution, which can be shifted along the failure
axis, we have developed a fatigue model which
is capable of dealing with different frequencies
and stress ratios for two plain concretes and two
concretes reinforced with fibers. Since only two
adjusting parameters are needed, the rest are re-
lated with material properties and test condi-
tions, reduced fatigue test procedure can be de-
signed for fatigue life prediction.

The model is validated against a total of 153
fatigue tests for two plain high strength con-
crete and two concretes reinforced with steel or

polypropylene fibers, performed at two differ-
ent stress ratios and four different loading fre-
quencies. In addition, we have shown the fail-
ure is probabilistic in terms of the number of cy-
cles N or the secondary strain rate ε̇, but there
is a one-to-one relation between N and ε̇. In
practical terms, this provides the possibility of
determining the fatigue life N without actually
exhausting all the cycles.
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Nomenclature
• σmax: Maximum stress.

• σmin: Minimum stress.

• �σ: Stress range σmax-σmin.

• R: Stress ratio defined as σmin/σmax.

• σmax0: Static equivalence of σmax.

• σf : Failure stress.

• σf0: Intercept of the IPFC with the σf -
axis.

• fcd
: Dynamic compressive failure stress

or the dynamic strength under compres-
sion.

• fc0 : Static failure stress or static strength
under compression .

• σmin0: Horizontal asymptote which deter-
mines the lower stress value.

• σ̇0: Loading rate of the compressive test.

• σ̇d: Loading rate of the fatigue test.

• σc: Critical stress, can be the compressive
strength fc or the tensile strength ft.

• N : Number of cycles to failure.

• λ, k: : Scale and shape parameter of the
Weibull distribution.

• PF : Probability of failure in any point of
the domain σf − ln N .

• f : Loading frequency of a fatigue test.

• f0: Reference loading frequency.

• a, b and c: Parameter that adjusts the rela-
tion between ln N and f , R.

• ε̇: Secondary strain rate in a fatigue test.

• ε̇0: Reference secondary strain rate calcu-
lated as σ̇0/E.

• ε̇i: Intercept of the ln[ε̇]−ln[f ] curve with
the ε̇-axis.

• α: Exponent that measures the amplifica-
tion of dynamic strength.

• γ: Coefficient that takes into considera-
tion of loading frequency for α.

• η: Slope of the ln ε̇i-ln f curve.

• β: Material parameter for the fatigue
equation proposed in [2].
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Abstract: The behavior of concrete structures is strongly influenced by the loading rate. Compared 
to quasi-static loading, on meso and macro-scale concrete loaded by impact loading acts in a 
different way. First, there is a strain-rate influence on strength, stiffness, ductility, and, second, 
there are inertia forces activated which influence the resistance and failure mode of concrete 
structure. The experimental and theoretical studies show that the influence of loading rate on tensile 
behavior of concrete is relatively strong. In dynamic testing the split Hopkinson bar (SHB) is used 
to measure concrete tensile resistance. The results of the experimental measurements show that after 
reaching some critical strain rate tensile resistance progressively increases with increase of strain 
rate. The questions discussed in the paper are: (i) what is the reason for progressive increase of 
tensile resistance ? and (ii) can the resistance be attributed only to material strength or are there 
some other effects ? To answer these questions the numerical analysis on a simple elastic-cohesive 
FE model is carried out. Moreover, simulation of the compressive pulse in a concrete bar, which is 
reflected from the free end-surface of the bar and causes tensile fracture, is carried out for different 
loading rates. The evaluation of the results clearly shows that the progressive increase of tensile 
resistance (apparent strength) can be attributed to structural inertia of the fracture zone, which is 
invoked by cracking of concrete and is not to the true material strength. It is shown that the size of 
the fracture process zone significantly influence apparent strength. Similar as the true strength it is 
also discussed that with the increase of strain rate concrete fracture energy does not increase 
progressively. 
 
 

1 INTRODUCTION 

The experimental and theoretical evidence 
show that loading rate significantly influences 
the resistance and failure mode of concrete 
structures [1-5]. In case of linear elastic 

material there is no rate sensitivity. However, 
in materials that exhibit damage and fracture 
phenomena, such as concrete, there is 
significant influence of loading rate on 
material and structural response. This implies 
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that rate sensitivity is closely related to 
damage (softening) of the material, i.e. more 
damage and higher level of heterogeneity 
(larger softening zone) will enhance the 
influence of loading rate on the structural 
response. Support for this statement can be 
found in the fact that concrete like materials 
exhibit the highest rate sensitivity.  

Assuming that concrete is considered in the 
framework of meso or macro-continuum, the 
response of concrete structures depends on 
time dependent loading through three different 
effects [3,4]: (1) through the rate dependency 
of the growing micro-cracks (influence of 
inertia at the micro-crack level), (2) through 
the viscous behavior of the bulk material 
between the cracks (viscosity due to the water 
content) and (3) through the influence of 
structural inertia forces, which can 
significantly change the state of stresses and 
strains of the material. The first two effects 
can be accounted for by the constitutive law 
and the third effect should be automatically 
accounted for with dynamic analysis where the 
rate dependent constitutive law interacts with 
structural inertia at the material level [4]. 
Depending on the material type and the 
loading rate, the quasi-brittle materials, such as 
concrete, the first two effects are important for 
relatively low and medium strain rates. 
However, for higher strain rates (impact) the 
last effect dominates. Moreover, structural 
inertia cause the change of the failure mode, 
e.g. from mode one type of failure at low 
loading rates to mixed or punching type of 
failure at very high loading rates. Finally, 
inertia at the crack tip (fracture process zone) 
of a single propagating crack is also 
responsible for crack branching phenomena. 
As discussed by Ožbolt et al. [4], inertia 
changes the stress distribution around the 
crack tip, which force single crack to split into 
two cracks. 

The experimental evidence shows that 
concrete under tensile load exhibits the 
strongest rate dependency. Sound experiments 
to study uni-axial tensile behavior of concrete 
is difficult even under static load. For dynamic 
testing split Hopkinson bar tests and spalling 
tests are used [6-11]. The results of 

experiments show that for strain rates larger 
than approximately 1 s-1 the resistance 
increases progressively with the increase of 
strain rate. The question that arises and that is 
still under discussion is, what is the reason for 
such an increase and whether the 
experimentally measured resistance be 
attributed only to the material strength or also 
to other effects. This is discussed in the 
present contribution on hand of evaluation of 
theoretical and experimental results obtained 
from the split Hopkinson bar test. 

2 RATE DEPENDENT STRENGTH – 
SPLIT HOPKINSON BAR 

Hopkinson [12] experimentally tested 
behavior of various materials at high strain 
rates. On a long bar he generated compressive 
pulse by explosive charge or impacting bullet. 
On the end of the bar the compressive loading 
wave reflected as a tensile loading wave and 
cause fracture of brittle materials such as 
concrete, rock etc. Later, Kolsky [13] made the 
method operable for the practical 
measurements. The method, known as split 
Hopkinson (pressure) bar, is schematically 
shown in Fig. 1 for compressive testing.  
 

Figure 1: Schematic of split Hopkinson bar 

The theory of uni-axial wave propagation 
through elastic media [13] leads to the 
following relations: 

0 0
0

2 2
= − = −∫

t r
s r s

c cdt
l l

εε ε ε  (1)

where c0 is the wave propagation velocity, εr 
the reflected pulse in the incident bar and l the 
specimen length. The stress in the specimen 
can be calculated as: 
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=s t
s

AE
A

σ ε  (2)

where E, A and εt are Young’s modulus, cross-
sectional area and transmitted pulse in the 
transmitter bar and As is the cross-sectional 
area of the specimen. High strain rates are 
reached if εr is large, which can be achieved 
by using a specimen diameter that is small 
compared to incident bar or in case when the 
bar material is much stiffer than the specimen. 
The incident, reflected and transmitted strain 
can be measured and then using Eq. (2) the 
stress in the specimen can be calculated as a 
function of strain rate from Eq. (1). By 
recording stresses σs at different strains εs it is 
also possible to calculate the fracture energy of 
concrete. In the analysis, no wave propagation 
within the specimen is taken into account and 
“static” equilibrium is considered. To neglect 
wave propagation, about three to five 
reverberations are needed to get equilibrium 
and uniform strain distribution. So the 
maximum strain rate in the SHB set-up also 
depends on the specimen length. A limitation 
that is not always taken into account in SHB 
tests. 

 

Figure 2: State of equilibrium of forces when concrete 
softens 

For the interpretation of the experimentally 
observed rate effects in concrete, the question 
is whether the stress σs can be attributed only 
to the resistance of the material or there are 
some other effects that contribute to the stress 
σs. Fig. 2 shows the specimen between 
incidental and transmitted bar and the state of 
equilibrium of forces when concrete starts to 
get soften (softening continuum). From the 
equilibrium condition follows: 

; +
+ = = s s c

s s c c t t
t

A M uA M u A
A

σσ σ σ  

, ,;= =s s c c
t s t I

t t

A M u
A A

σσ σ
 (3)

where Mc and üc are equivalent mass and 
acceleration of the concrete softening 
(cohesive) zone, respectively. Note that üc is 
the acceleration that is activated in the as a 
consequence of material softening. Obviously, 
under the condition that the material exhibit 
softening in non negligible part of the material 
volume (coarse quasi-brittle materials) the 
measured stress σt in the split Hopkinson bar 
test cannot be attributed only to material 
strength. It consists of the material resistance 
σt,s and the contribution of inertia forces σt,I.  

As mentioned before, in the framework of 
meso or macro-continuum the rate sensitive 
material resistance comes from the pre-peak 
rate dependent response (viscosity and rate 
dependent growth of micro-cracks) whereas 
the contribution of structural inertia comes 
from inertia forces that are activated as a 
consequence of softening that takes place in 
the fracture process zone. The larger the 
fracture process zone of the material is, the 
larger will be the contribution of inertia. 
Moreover, it can be expected that for the same 
width of the fracture process zone the 
influence of inertia will be stronger in case of 
larger specimen since then for the same crack 
extension the energy released from the 
structure is also larger. This will invoke higher 
accelerations in the process zone and 
consequently higher inertia forces will be 
activated. The above effects also confirm 
experimental observations, e.g. extremely 
brittle materials, such as glass, exhibit almost 
no rate sensitivity due to the fact that the size 
of the fracture process zone is very small [14].  

From these considerations it is obvious that 
inertia effects in the material have to be 
incorporated in the analysis because they 
contribute to the apparent strength (see section 
3) and do not present per definition the true 
material strength. For concrete the true 
strength is approximately a linear function of 
strain rate (log-log scale) and it is due to the 
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rate dependent microcrack growth and viscous 
behavior of cement paste of concrete [3,4,15]. 
This contribution can be accounted for by the 
constitutive law, which can be calibrated based 
on the experimental results for relatively low 
or medium strain rates, where inertia due to 
the softening is negligible. Although there are 
constitutive laws that explicitly account for the 
influence of structural inertia forces, the 
contribution of structural inertia forces (σt,I.) 
should come automatically from dynamic 
analysis, however, the constitutive law must be 
realistic in order to correctly account for the 
interaction with inertia [4]. It is important to 
note that as long as the modeling scale allows 
representing cracks individually no additional 
inertia term coupled to the softening volume 
need to be added to the constitutive law.  

3 TRUE AND APPARENT DYNAMIC 
TENSILE RESISTANCE OF CONCRETE 

To confirm theoretical considerations 
discussed in the previous section, finite 
element analyses for two geometries are 
carried out. In the first study a relatively 
simple cohesive-elastic FE model is 
investigated. The model principally 
corresponds to the measurement set-up of the 
split Hopkinson bar. Subsequently, the 
simulation of the compressive pulse in a 
concrete bar, which is reflected from the free 
end-surface of the bar and causes tensile 
fracture, is carried out. In numerical analyses 
as a constitutive law the rate dependent 
microplane model is used [4]. As 
regularization method a simple energy 
criterion (crack band method) is employed 
[16]. The numerical results are compared with 
experimental observations. 

4 SIMPLE COHESIVE-ELASTIC FE 
MODEL 

The geometry of the numerical specimen 
consists of two 3D eight-node solid finite 
elements. It is principally similar to the 
experimental set-up from Fig. 1. The first 
element is cohesive and represents a concrete 
specimen which after reaching tensile strength 
undergoes softening (micro-cracked 

continuum). The second element is linear 
elastic and corresponds to the part of the 
experimental set-up from Fig. 1. The 
properties of cohesive element (concrete) are 
taken as: Young’s modulus Ec = 30000 MPa, 
Poisson’s ratio ν = 0.18, tensile strength 
ft = 3.5 MPa, uniaxial compressive strength 
fc = 40 MPa, concrete fracture energy 
Gf = 0.09 N/mm and mass density ρc = 2400 
kg/m3. It is assumed that the elastic element 
has the same elastic properties and density as 
the cohesive element. The model is loaded by 
controlling displacement rate of the nodes at 
the free surface of the elastic element in axial 
direction (see Fig. 3). Monitored are loading 
force and reaction. Compared to the 
experimental set-up from Fig. 1, the reaction 
represents true material resistance and the load 
is the resistance measured in the split 
Hopkinson bar test set-up. The analysis is 
performed for three different specimen sizes, 
a = 25, 50 and 100 mm, where a is element 
size. Note that in this simple model the size 
(volume) of the cohesive zone is equal to the 
element size. 

 
Figure 3: Simple cohesive-elastic FE model 

For constant strain rate in static analysis the 
load and reaction must be the same. This is 
also the case in dynamic analysis but only if 
both elements are linear elastic. However, the 
question is whether they are the same in case 
of dynamic analysis, where the concrete 
element after reaching tensile strength 
undergoes softening. If they are not equal, the 
material resistance measured in the split 
Hopkinson bar test is not true material 
strength, i.e. it is the apparent strength. 
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In Fig. 4 are plotted typical reaction forces - 
and load-time response (a = 50 mm) for two 
different loading rates, 0.2 s-1 and 200 s-1. The 
strain rates are calculated as prescribed 
displacement rate over the length of the 
cohesive element. For relatively low strain rate 
the load and reaction are almost the same, 
however, for very high strain rate the reaction 
is much smaller than the load. This implies 
that because of softening of the cohesive 
material the inertia forces are activated. They 
generate stresses in the elastic element that are 
much higher than the stresses in the cohesive 
element. Therefore, numerical results show 
that in general case the strength measured in 
the elastic element cannot be true material 
strength at high loading rates. This is apparent 
strength, which consists of the true material 
strength and the contribution of inertia forces, 
as discussed in previous section. 

(a) 

(b) 

Figure 4: Typical reaction- and load-time response 
(a = 50 mm): (a) Strain rate = 0.2s-1 and (b) Strain rate = 

200s-1 

Due to the fact that inertia forces are related 

to the size of the softening zone (FPZ), it can 
be expected that for brittle materials (e.g. 
glass) the influence of inertia on the apparent 
strength is negligible. To prove this the above 
analysis is repeated but assuming brittle 
behavior of cohesive element. The fracture 
energy of cohesive material is strongly 
reduced and taken as Gf = 0.0009 N/mm. All 
other properties are taken the same as before. 
In Fig. 5 are plotted reaction- and load-time 
response (a = 50 mm) for loading rate of 
200 s -1 for brittle element. It can be seen that, 
in contrary to the cohesive element, for brittle 
element even at very high strain rates the 
reaction and load is nearly the same. This 
proves that for brittle material the strength 
measured in the elastic element is the same as 
true material strength, i.e. the apparent 
strength is nearly the same as true strength.  
 

Figure 5: Typical reaction- and load-time response 
(a = 50 mm) of brittle material for strain rate of 200s-1 

Similar to the brittleness of the material, the 
size of the fracture process zone should have 
influence on inertia forces. Larger fracture 
zone should cause stronger influence of inertia 
on apparent strength. This also emerges from 
experiments, e.g. the Dynamic Increase Factor 
(DIF) of low quality concrete is larger than 
that of high quality concrete [17]. In Fig. 6a 
are plotted calculated DIF for true (reaction) 
and apparent (load) strength for three different 
specimen sizes (a = 25, 50, 100 mm) and for 
different strain rates. It can be seen that for the 
strain rates up to approximately 2 s-1 the true 
and apparent strengths are almost the same. 
However, for higher strain rates the true 
strength increases approximately linear in 
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semi-log scale whereas the apparent strength 
exhibits a progressive increase. As expected, 
the increase is stronger if the element size (size 
of the FPZ) is larger. In the contrary to this the 
true strength shows almost no sensitivity on 
the size of the element. Note that the increase 
of the true strength with increase of the strain 
rate is controlled by the energy activation 
theory which is the part employed microplane 
constitutive law.  

 
(a) 

(b) 

Figure 6: (a) Numerical results - apparent and true 
strength and (b) Comparison of numerically and 

experimentally observed apparent strength 

In Fig. 6b are numerical results for apparent 
strength compared with the apparent strength 
measured in the experiments. The 
experimental data represents measurements on 
specimens of different sizes and shapes, 
different test methods, different concrete 
qualities and different content of water. 
Therefore, it is not surprising that there is 
relatively large scatter of test data with respect 
to the measured strain rate. It is surprising that 

in spite of very simple numerical model, the 
numerical results nicely fit a band of 
experimental results.  

5 COMPRESSIVE PULSE IN A 
CONCRETE BAR 

5.1 Numerical study 

In the previous simple numerical example it 
is discussed that in the split Hopkinson bar test 
the experimentally measured rate dependent 
strength is not true strength but apparent 
strength, which is for very high strain rates 
much larger than the true material strength. In 
the second example the compressive pulse in a 
concrete bar (original Hopkinson bar), which 
is reflected from the free end-surface of the bar 
and causes tensile fracture, is carried out for 
different loading rates. The aim is to 
demonstrate the effect of high strain rates on 
material strength and concrete fracture energy 
by evaluating the results of the numerical 
analysis. Moreover, it will be demonstrated 
that because of inertia more than only one 
mode-I cracks in concrete specimen are 
generated. 
(a) 

 
 

(b) 

 

Figure 7: Typical failure modes for the bar at different 
lading rates: (a) 10 m/sec and (b) 40 m/sec.  
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The geometry, finite element discretization 
and loading of the concrete (1000x100x100 
mm) can be seen on Fig. 7. To prevent local 
crushing of the concrete at the application of 
loading impulse, the bar is assumed to be 
confined in lateral direction (plane strain 
loading). The properties of concrete are taken 
as: Young’s modulus Ec = 30000 MPa, 
Poisson’s ratio ν = 0.18, tensile strength 
ft = 2.75 MPa, uniaxial compressive strength 
fc = 40 MPa, concrete fracture energy 
Gf = 0.06 N/mm and weight density ρc = 2400 
kg/m3. Dynamic analysis is performed for 
different displacement rates that are applied at 
one end of the concrete bar. The applied 
displacements are: 0.5 mm/10-4sec (loading 
rate 5 m/s), 1 mm/10-4sec (loading rate 
10 m/s), 2 mm/10-4sec (loading rate 20 m/s) 
and 4 mm/10-4sec (loading rate 40 m/s).  

Figure 8a shows the DIF for true concrete 
strength as a function of strain rate. The 
strength is evaluated as an average strength 
over the single crack that is the closest to the 
free end of the bar. It can be seen that there is 
approximately a linear increase of strength 
with increase of strain rates in semi-log scale 
and that the fit of calculated data coincide with 
the data coming out of the constitutive law. 
For strain rates of 10, 65, 90 and 200 s-1, DIF 
are 1.52, 1.51, 1.54 and 1.54, respectively. 
This was expected since the true material 
strength depends only on the constitutive law, 
i.e. on the outcome of the rate sensitive 
microplane model. 

Fig. 8b plots the DIF for concrete specific 
and total fracture energy. The specific fracture 
energy is evaluated as the average fracture 
energy over the single crack that is the closest 
to the free end of the bar. Similar to the results 
obtained for dynamic strength, it can be seen 
that specific dynamic fracture energy of 
concrete exhibit approximately linear increase 
in semi-log scale. For the evaluated strain rates 
the corresponding values for DIF are 1.49, 
1.56, 1.60 and 1.60, respectively. The increase 
of fracture energy is almost the same as the 
increase of strength. Since brittleness of the 
material is inverse proportional to fracture 
energy and proportional to the square of 
strength, as far as only one crack is considered 

it is obvious that with increase of strain rate 
brittleness increases. However, the increase of 
brittleness at high strain rate can be 
compensated by the fact that for high strain 
rates more than only one crack is generated. 
For strain rates of 65 and 200 s-1 the brittleness 
is almost the same. However, comparing 
Fig. 7a and 7b, it can be seen that in case of 
higher strain rate (Fig. 7b) the total energy 
consumed by fracture is much higher due to 
the multiple cracking and crack branching 
phenomena. 

(a) 

(b) 

Figure 8: DIF for tensile strength (a) and for fracture 
energy as a function of strain rate (b) 

If one accounts for the total fracture energy 
consumed by concrete specimen, instead only 
for the specific fracture energy (full line 
shown in Fig. 8b), then an increase of strain 
rate from 65 s-1 (single crack, see Fig. 7a) to 
200 s-1 (approximately five cracks, see Fig. 7b) 
indicates progressive increase of the total 
fracture energy as a function of strain rate, as 
indicated by dotted line in Fig. 8b. Note that 
total fracture energy is simply estimated as the 
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specific fracture energy multiplied by the 
number of cracks, which increase with the 
increase of loading rate. From Fig. 8b can be 
seen that total fracture energy for higher strain 
rates agree well with measured data. But this 
data is for a single fracture zone. So either not 
all aspects are covered yet in the numerical 
simulations or, most probably, the data 
overestimate the fracture energy dramatically 
for a single fracture zone due to the 
contribution of inertia.  

The evaluation of the numerical results 
shows that the true material strength is 
controlled by the rate dependent constitutive 
law, i.e. by the micro-cracking phenomena 
(inertia at the micro-cracking level) and 
viscosity at the pre-peak regime. The same is 
the case for fracture energy. The phenomena 
that control rate dependent strength and 
fracture energy are taking place at micro level. 
They should be distinguish from the effects of 
inertia forces at macro scale which are, among 
for some other effects, responsible for the 
apparent strength. In the here used rate 
sensitive microplane model the pre- and post-
peak regime at the micro scale is modeled 
based on the energy activation theory. Due to 
the fact that the microplane model, similar to 
the discrete models, accounts for the 
interaction between different directions in the 
material the influence of structural inertia 
comes automatically from dynamic analysis. 

 
6. EXPERIMENTAL EVIDENCE 

From the previous sections it emerges that 
designing, performing and analysing dynamic 
(tensile) tests has to be done with great care. 
Combined experimental and numerical 
research is definitely preferred. The analyses 
showed that for the effect of inertia of the 
fracture zone on the apparent strength, the size 
of the fracture zone is important as well as the 
shape of the softening curve. Furthermore, it is 
shown that multiple fracture zones occur at 
high loading rates. In this section results of 
SHB and spalling tests will be presented 
focussing on these aspects.  

 
 

Figure 9: SHB test set-up and instrumented specimen 

At Delft a gravity driven SHB (see Fig. 9) 
for the modereate loading rate regime and a 
spalling  set-up for the high loading rates are 
available. [7,9]. Notched specimen are used to 
exclude multiple fracture zones and the 
diagnostics are tailored to study the fracture 
energy. For the latter the fracture patterns are 
analysed and quantified by means of 
microscopy. Information on the test methods 
and diagnostics are given in e.g. [18,19]. In 
this paper the focus is on the results, but first 
some comments on the SHB and diagnostics. 

In the gravity driven SHB a loading pulse 
with a long, linear ascending branch is 
generated and the specimen is loaded up to 
complete failure before the pulse maximum is 
reached. The SHB conditions mentioned in 
section 2 still count, therefore the strain rates 
for this set-up are limited to about 1/s. 

In order to get information on the fracture 
energy notched specimen are used and the 
deformation of this zone is recorded as a 
function of time. Synchronizing these 
recordings with the transmitted stress pulse in 
the upper bar enables the construction of the 
stress- deformation, the softening curve.  

To study the concrete response at the higher 
rates the spalling set-up with notched 
specimen was designed. The incident pressure 
pulse is generated with small explosive 
charges. Amplitude and duration are tuned to 
prevent damage in the compression phase and 
the occurrence of multiple fracture zones 
outside the notched area. In this set-up the 
stress conditions in the (notched) failure zone 
is determined using linear elastic wave 
propagation theory, assuming that the concrete 
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outside the single fracture zone is undamaged. 
Loading and assumption are determined and 
checked by means of multiple strain gauges 
(see Fig.10). The deformation of the fracture 
zone is recorded directly using a “massless” 
gauge. The stress-deformation curve emerges 
from the combined recordings. 

 

Figure 10: MSHB (modified SHB) set-up and 
instrumented specimen 

In this set-up strain rates in the order of 200 
1/s are reached. Note that the stresses 
transmitted through the fracture zone, the 
apparent strength, is recorded (gauge RG9-17, 
see Fig.11) which are affected by the inertia 
contribution of the fracture zone as discussed 
in the previous sections.  

Static, SHB and spalling tests were 
performed for dry, normal and wet conditions. 
Details about composition, curing and test 
conditions are given in [18,19]. The 
characteristics for normal, lab curing 
conditions are: (i) cube compression strength 
48 MPa, (ii) splitting tensile strength 3.4 MPa, 
(iii) Young’s modulus 35 GPa and (iv) the 
max aggregate size 8 mm.  In this paper only 
the data for the normal curing conditions are 
presented. 

The experimental results on strength and 
fracture energy are summarized in Table 1. In 
the post-test microscopic analysis on “thin 
sections” the crack patterns were analyzed and 

quantified. Fig.  11 illustrates the kind of data 
that is obtained from the post test analysis. 
Some micro cracks are directly connected to 
the macro crack but most micro cracks are 
isolated in the fracture zone. The length of the 
macro cracks (lmac), the length of connected 
micro cracks (lmic,c) and isolated micro cracks 
(lmic,i) were measured as well as the physical 
width (lFZ) of the fracture zone. Especially the 
effect of the loading rate on the width of the 
softening zone is of interest for the discussion 
on the contribution of structural inertia to the 
apparent strength and fracture energy. The 
data is given in Table 2 for three loading rates. 
The diagnostics of the experiments enables to 
derive the load-deformation curve and to 
reconstruct the failure process in time. 
Figure 12 gives the curves for three loading 
rates.  

 

Figure 11: Post mortem crack pattern analysis 

 
Table 1: Strength and fracture energy data 

σ  
[GPa/s]

ft 
[MPa] 

Gf 
[N/m] 

σ  
[GPa/s] 

DIFGf 

10-4 3.30 120.2 1.0 1.0 
40 5.58 120.4 1.7 1.0 

1700 10.33 728.4 3.1 6.1 

Table 2: Data on fracture patterns  

σ  
[GPa/s]

lFZ 
[mm] 

lmac 
[mm] 

lmic,tot  
[mm] 

DIF 
lmicro 

10-4 6.1 85 135 1.0 
40 8.1 85 95 0.7 

1700 19.1 85 162 1.2 
 

Main observations for static and moderate 
load regime are (SHB): (i) The softening 
curves have two branches; (ii)  The loading 
rate has no effect on: 2nd branch (macro crack), 
the length of the final macro crack, opening 
width of macro crack (i.e. δfrac≈150 -200 μm) 
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and the width of the fracture zone; (iii) Up to 
dσ/dt= 40 GPa/s, no additional micro cracking 
occurs, it is even slightly reduced. 
 

Figure 12: Stress-displacement curves for static, SHB 
and MSHB (modified SHB) tests 

Referring to numerical modelling and the 
discussion on the contribution of inertia to the 
apparent material response at the higher 
loading rates, the observations on the load-
deformation curves and the fracture energy 
need additional analysis.  

 

Figure 13: Stress σ(t) - red curve, deformation δ(t)- 
black curve and velocity δ(t)/dt - blue curve, recordings 

of the failure zone for spalling test 

In the spalling tests on notched specimen 
the deformation of the single fracture zone was 
measured. From these recordings the velocity 
and also the acceleration of the material in the 
softening zone can be estimated. An example 
is given in Fig. 13 and will be used for a 1st 
order analysis. The recorded stress 
overestimates the true materials stress after 
non-linearity starts (at t = 472μs). Inertia 
affects the apparent strength until the 
maximum is recorded (at t = 478μs). In the 

elapsed time (Δt = 6 μs) the maximum mass 
that can be involved in micro cracking is 
within a distance to the “crack” of Δt.cp (≈ 
20mm). The acceleration in Δt is about 2.105 
m/s2. Because the recorded acceleration is 
concentrated around the crack the inertia 
contribution to the apparent strength is in the 
order of 5 MPa which is in the same order as 
the enhanced strength increase related to the 
SHB tests. So the recorded strength is 
definitely affected by the structural inertia of 
the softening zone and so the measured 
fracture energy is. 

Next step is the analysis of the whole 
softening process and so the fracture energy 
Gf. The post peak softening process can be 
schematized into two branches. The data of the 
moderate loading rate regime shows that the 
2nd branch, the macro cracking, is not affected 
by the loading rate, neither by material or 
structural response. For the high loading 
regime the observations are quite different: (i) 
The two branches are still present, but much 
less obvious; (ii) The macro crack is fully 
opened at larger deformation (δfrac ≈230 μm). 
The first part is affected by the inertia of the 
fracture zone as was shown for the pre-peak 
non-linearity phase. Because the total length of 
macro cracking is similar to the values for the 
other loading rates, it seems that the 2nd branch 
is also affected by structural inertia effects. 
The inertia might delay the opening of the 
macro crack and will be recorded as additional 
resistance. The recordings in Fig.13 show that 
during the 2nd branch the velocity, δfrac,(t)/dt is 
about constant. Which means that the 
additional resistance observed during the 
formation of the final macro-crack is not 
caused by structural inertia effects. However, 
there is another structural effect on the 
reconstructed stress-deformation curve in the 
spalling test. In the set-up, the reflected tensile 
wave interferes with the failure zone during 
the fracture process which results in additional 
stress pulse that propagates from the failure 
zone to the free end. This pulse travels forward 
and backward between the failure zone and the 
free end causing the “bumps” in the stress-
deformation curves. Because of this 
phenomena and the recording of the apparent 
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strength the Gf values overestimate the true 
dynamic fracture energy. 

Comparing above discussed numerical 
results with the results obtained by the test set-
ups used in Delft it seems that for the low and 
moderate strain rates the measured and 
computed DIF for tensile strength and fracture 
energy agree well. However, for higher strain 
rates experimentally measured DIF for 
strength agrees well with apparent strength 
from the computations. The results for the 
fracture energy at high strain rates indicate that 
the structural inertia of the softening zone as 
well as the additional micro cracking and 
widening of the fracture zone cause the 
observed rate effects. Various phenomena 
occur and interfere during the dynamic 
softening process. Obviously, coordinated 
numerical and experimental work is needed for 
further clarifications and quantifying the true 
material response.  

7 CONCLUSIONS 

Based on the numerical results obtained in 
the study of rate dependent failure of concrete 
under tensile loading, the following can be 
concluded. (1) Loading rate has significant 
influence on the resistance and failure mode of 
concrete loaded in tension; (2) It is shown that 
for quasi brittle materials, such as concrete, 
material strength measured in indirect tensile 
test (split Hopkinson bar) is not the true 
material strength. It is the apparent strength, 
which consists of: (i) true material strength 
and (ii) the contribution of structural inertia 
forces generated as a consequence of material 
softening; (3) Numerical results suggest that 
the results of the tensile split Hopkinson bar 
and spalling tests need better interpretation, 
i.e. due to the fact that in the concrete 
specimen there is softening, the results of 
measurement should be corrected for the 
influence of inertia invoked by the softening; 
(4) The true strength is approximately a linear 
function of strain rate in log scale. It is 
controlled by the rate dependent crack growth 
at the micro scale (micro cracking) and by the 
viscosity due to the pore water content. In the 
numerical analysis comes out from the 

constitutive law; (5) Up to the strain rate of 
approximately 10 s-1 the true strength is nearly 
the same as apparent strengths. However, for 
higher strain rates there is a progressive 
increase of apparent strength, which is mainly 
attributed to structural inertia of the softening 
zone; (6) Quasi-brittle materials, which have 
relative large FPZ (e.g. low quality concrete) 
exhibit higher apparent strength than materials 
with smaller FPZ (high strength concrete); (7) 
It is shown that for brittle material, with small 
size of the FPZ (e.g. glass), the apparent and 
true strength are nearly the same; (8) Whether, 
similar to tensile strength, the true concrete 
fracture energy increases also linearly in log 
scale with increase of strain rate is not certain 
yet. Besides the strength increase also the 
amount of micro cracking and width of a 
single fracture zone increase. These aspects 
are not covered in the linear log scale relation; 
(9) It is demonstrated that in case of indirect 
tensile load (compressive bar) the number of 
tensile cracks depend on the loading rate. For 
relatively low loading rate only one tensile 
crack is generated, however, with increase of 
loading rate number of tensile cracks increases 
and damage is distributed over the large 
volume of the material; (10) True material 
strength should be accounted by the rate 
dependent constitutive law and the influence 
of structural inertia should automatically come 
from dynamic structural analysis. It is 
important to note that as long as the modeling 
scale allows representing cracks individually 
no additional inertia term coupled to the 
softening volume need to be added to the 
constitutive law. Therefore, the apparent 
strength should not be a part of the constitutive 
law; (11) For medium and low strain rates 
experimental results agree with numerical 
prediction, however, for higher loading rates 
from measured strength and fracture energy 
data the influence of the inertia forces must be 
correctly filter out in order to correctly predict 
true rate dependent material properties. With 
this respect further numerical and 
experimental work is needed. 
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Abstract: The design of concrete structures subjected to impact loads needs a significant level of 
knowledge of the constituent materials behaviour at higher strain-rates. In this paper are analysed 
the influence of the strain rate on the fracture behaviour considering the tensile strength and fracture 
energy. A large number of direct tensile tests on plain concrete specimens performed at high strain-
rates by means of a modified Hopkinson bar are reviewed. These results at high-strain-rate tests 
represent different concretes, with different maximum aggregate size, size and curing histories. The 
experiments had shown a significant increases of the tensile strength, failure strain and fracture 
energy as the strain-rates increase. Finally, results obtained using a special set-up of modified 
Hopkinson bar able to follow the crack propagation at high strain rate are presented. 
 
 

1 INTRODUCTION 
The impulsive loads are rare events that 

may occur in the lifetime of the concrete 
structures, such as impacts and blasts, which 
induce different high strain-rates in the 
materials. Typical such impulsive examples 
are: collision of vehicles or vessels with bridge 
piers or superstructures, explosions near or 
inside structures, impact of projectiles, blast 
caused by near or far explosions, etc. During 
such severe applied loads, high strain-rates are 
imposed on the structures. The range of strain 
rates for concrete, caused by such accidents, 
may be very large; typically from ~10-1 s-1 for 
severe earthquakes to ~ 102 s-1 for very strong 
explosions. As results, it is necessary that the 
rate effects in the materials on structural 
responses should be considered in order to 
predict structural response realistically. 

When a structure is stressed by an 
impulsive load, the energy does not act 
immediately on all parts of the structure. In 

fact, the deformation and stresses caused by 
the impulsive load propagate through the 
structure in the form of disturbances like stress 
and strain waves. This is the most evident 
difference between the so called quasi-static 
and the impact load. As a results, the 
behaviour of the structure differs a lot when it 
is loaded dynamically instead of statically. In 
fact, for example in the case of concrete, under 
low strain rate loading the fracture process 
starts from existing micro-cracks and macro-
cracks and has the time to choose and develop 
along the path of least energy requirements, 
i.e., around aggregate particles and through the 
weakest zones of the matrix. Due to low 
overall stress level and relaxation of material, 
the extension of micro-cracks in other areas of 
higher strength is rather limited. Under impact 
tensile loading conditions much energy is 
introduced into the structure in a short time, 
and cracks as concentration points are forced 
to develop also along a shorter path of higher 
resistance - through stronger matrix zones and 
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some aggregate particles. The very rapidly 
increasing overall tensile stress causes 
extensive micro-cracking in other areas, since 
relaxation cannot occur in the extremely short 
time of fracture. 

In the design process the material 
characteristics and the consequent structural 
behaviour should be known in a large range of 
strain rates, in particular the assessment tools 
used (computer code for example ) should be 
validated for the same strain rate range. 

Among the mechanical parameters that are 
essential to know are: the tensile strength, the 
ultimate strain, the stress-strain diagram, the 
fracture characteristics of the material, etc. 

Up to now in structural analysis the tensile 
strength has been neglected, but, indirectly the 
structural response relies on it because tensile 
strength greatly influences the cracking 
behaviour, the bond properties of reinforcing 
steel and the behaviour under shear force. In 
particular, when the structures are impacted, 
they are first subjected to a compressive stress 
wave which can be very often reflected in the 
structural elements as a tensile stress wave 
which is then the main cause of failure of 
concrete. 

In general, the stress waves propagating 
through the structures deform the structural 
materials at high strain rate giving rise to 
cracking process changes different from those 
taking place at quasi-static strain-rate; such 
changes might cause a change of the stress-
strain curves of the material at high strain-rate 
with respect to that at quasi-static strain rate. 

Therefore dynamic material testing method 
assuring results of high precision must be 
designed in such a way that the well proofed 
elastic stress wave propagation theory can be 
applied to the analysis of the experimental 
measurements. 

The most satisfactory testing method 
implementing the elastic stress wave 
propagation theory so far developed for 
accurate measurements of the dynamic 
mechanical properties of materials is the 
Hopkinson bar technique. It allows the 
generation of a loading pulse well controlled 
in rise time, amplitude and duration, giving 
rise to the propagation of an uniaxial elastic 

plane stress wave. 
In the next paragraphs are described the 

dynamic direct tension test results and the 
experimental results adopted. 

2 EXPERIMENTAL TECHNIQUES 
It is well known that tension test is 

probably one of the most difficult test on 
materials in statics and in dynamics. In the 
case of concrete the measurement of the 
tensile strength can be done using three 
methods as direct tension test, bending test and 
splitting tensile test. 

From the theoretical point of view the true 
tensile test have to be obtained through the 
direct tension and the material model must be 
able to describe the real behaviour of the 
material in the structures. Only after these 
steps is possible to compare the results 
obtained by means of other techniques. In fact 
bending and splitting test results are different 
from direct tension one. In literature is 
possible to find many results that are not 
comparable and often they are contradictory 
because of the high sensitivity to the shape and 
size of the specimens used as well as to the 
testing techniques adopted. 

In dynamics the tensile strength has been 
measured using basically the Hopkinson-
Kolsky bar and its modification. The 
traditional Split Hopkinson Pressure  Bar 
(SHPB) were used to study the indirect tensile 
strength by splitting test (Figure 1a).  

 

 
 
Figure 1: Experimental set-ups for tension test 
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Other authors used part of SHPB (removing 
the output bar and using a longer specimen) to 
investigate the tensile behavior of concrete 
under high loading rates by spalling test 
(Figure 1b).  

The direct tensile strength was measured by 
the Hopkinson-Kolsky bar essentially in two 
configurations: i) using a setup in which the 
projectile hit the flange of the one bar (Figure 
1c); ii) using a pretension bar connected to the 
input bar to produce the loading pulse (Figure 
1d).  

Hereafter are described some experimental 
techniques used to measure the tensile strength 
of concrete. 

2.1 The JRC-Modified Hopkinson Bar 
The JRC-Modified Hopkinson Bar (JRC-
MHB) shown in Figure 2, is presently placed 
in the laboratory of the Joint Research Centre 
of the European Commission at Ispra (Italy).  
 

 
 
Figure 2: The JRC-Modified Hopkinson Bar. 

It consists of two half-bars (Figure 1d), the 
input and output bar respectively, with the 
specimen introduced in between. The input 
and output bars are aluminum prismatic 
elements having a length of 2 m and a square 
section of 60 mm side. The interior extremes 
of these bars, over a length of 500 mm, are 
subdivided by wire electro discharge 
machining into 25 symmetrical pairs of 
parallel, smaller bars. Aluminum has been 
chosen as the bar material because of its 
transverse modulus, which is not far from that 
of plain concrete. This fact, together with the 
fine longitudinal cuts on the ends of the 

aluminum bars glued to the specimen, 
minimizes the constraint to transverse 
deformation of the concrete specimen. In this 
way, specimens with square cross section of 
6060 mm² have been tested. Connected to the 
input aluminum bar is a high strength steel 
pretension bar. The pretension bar substitutes 
the striker bar of the traditional SHPB and is 
used to store elastic energy. 

The principle of operation of the JRC-MHB 
can be summarized as follows. The pre-
tensioned bar is statically pulled by a hydraulic 
actuator in one end, while the other is fixed by 
the blocking device. A predetermined amount 
of elastic energy is thus stored in the system. 
By releasing this energy (rupturing the brittle 
piece in the blocking device), a rectangular 
tensile wave with small rise-time (30s) is 
generated and transmitted along the input bar 
loading the specimen to failure. This tensile 
wave fulfils the requirements for being a one-
dimensional elastic plane stress wave: (i) the 
wave-length of this pulse is long compared to 
the bar transverse dimensions, and (ii) the 
pulse amplitude does not exceed the yield 
strength of the input and output bars.  

The pulse propagates along the input bar 
with the velocity C0 of the elastic wave. When 
the incident pulse (I) reaches the specimen, 
part of it (R) is reflected by the specimen, 
whereas another part (T) passes through the 
specimen propagating into the output bar. The 
relative amplitudes of the incident, reflected 
and transmitted pulses, depend on the 
mechanical properties of the specimen. 

Strain gauges mounted on the input and 
output bars of the device, at equal distances 
from the specimen, are used for the 
measurement of the elastic deformation (as a 
function of time) created on both bars by the 
incident/reflected and transmitted pulses, 
respectively. The signals are captured by a 
transient recorder designed to provide high 
precision waveform acquisition and analysis 
capabilities, generally with a maximum 
sampling frequency of 1 MHz.  

The displacements of the two interfaces 
between concrete specimen and bars are also 
measured by means of an optoelectronic 
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device Zimmer (of resolution up to 10m) that 
measures the movements of a black and white 
target. 

Using the theory of one-dimensional elastic 
wave propagation in bars stress, strain rate, 
and strain of the specimen can be calculated: 
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where: E0 is the elastic modulus of the bars; A0 
is their cross-sectional area; A is the specimen 
cross section area; L is the specimen length; C0 
is the sound velocity of the bar material. 

2.2 The DynaMat-MHB 
Since 2006 the JRC-MHB has been 
extensively used in the DynaMat laboratory in 
Lugano (Switzerland) [1-5]. Here are present 
two types of MHB with cylindrical bars.  

The larger one is shown in Figure 3.  
 

 
 

Figure 3: The DynaMat-Modified Hopkinson Bar. 

The dimensions of the input and output bars 
are 60mm in diameter and 3m in length. The 
pretension bar is a Maraging steel bar of 3m in 
length and 38mm in diameter in order to have 
the same acoustical impedance. 

The second set-up is composed of two 
aluminum bars, having 20mm of diameter, 3m 
and 6m length (input and output bar). The 
specimen having the same diameter as the 

input and output bar, is located between them, 
glued using an high strength epoxy resin. A 
high strength steel pretension bar, having a 
length of 6m and a diameter of 12 mm, is 
directly connected to the input bar and is 
employed to store elastic energy, which is 
provided by an hydraulic actuator at one end 
of the bar and is resisted by a blocking device 
on the other end. Also in this case the diameter 
of the pretension bar was chosen in order to 
have the same acoustical impedance of the 
aluminum input bar so that undesired wave 
reflections are avoided.  

2.3 The Hopkinson Bar Bundle (HBB) 
In 1994 an innovative set-up was developed in 
order to study the behaviour of standard 
concrete with real maximum aggregate size 
[6]. In fact the information on high strain rates 
tensile concrete behaviour must be gained 
from experiments performed on specimens of 
sufficient size to include aggregates of large 
size (25÷32 mm) in the concrete practically 
used in the concrete structures. The results 
obtained on micro-concrete (aggregate size 
5÷10 mm) cannot be safely extrapolated to the 
concrete of real civil engineering structures in 
which large size aggregates are present. As 
well known, the Hopkinson bar technique is 
widely used to determine the mechanical 
properties of structural materials under high 
loading rates. Nevertheless the standard 
Hopkinson bars are sufficient only for 
dynamic testing of fine-grained materials. 
Therefore, to load representative concrete 
specimen with real-size aggregates, a larger 
Hopkinson bar is needed. For this purpose a 
special large Hopkinson bar system 
(Hopkinson Bundle Bar) were developed and 
installed in the Joint Research Centre at Ispra 
(Figure 4).  The HBB is a special equipment 
enabling a precise measurement of the stress-
strain diagram, including the softening branch, 
which is important for the correct evaluation 
of the energy absorption capability of the real 
concrete used in civil engineering structures. 
The HBB system consists of two bundles of 25 
aluminium bars to which the concrete test 
specimen is glued using an epoxy resin as 
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shown in Figure 5. The bar bundles were 
constructed from two aluminium prismatic 
bars having a length of 2m and a square cross 
section 200 mm side. The two bars were 
subdivided by wire-electro-discharging-
machine into 25 symmetrical pairs of parallel 
bars for a length of 1m; the other 1m length 
remains as a whole. In this way, concrete 
specimens with square cross section of 
200x200 mm² were tested. The strain gauges 
were glued on 25 bar bundles by means of a 
micro-blade system. By the strain gauges 
mounted on each individual bar in the bundles, 
local measurements of the incident, reflected 
and transmitted pulses were obtained. These 
pulses act on each portion of the concrete 
specimen cross-section facing each 
symmetrical pair of bars in the bundle. Also 
the whole portions of the bars were 
instrumented with strain gauges in order to 
measure the entire incident, reflected and 
transmitted pulses acting on the whole cross 
section of the specimen.  
 

 
1. hydraulic actuator; 2. high strength steel cables for energy storage 

(100m); 3. explosive bolt; 4. loading bar; 5. hydraulic dampers; 6. strain 

gauges to measure incident and reflected pulses; 7. strain gauges to 

measure transmitted pulses; 8. load direction; 9. instrumented input whole 

aluminum bar; 10. instrumented output whole aluminum bar; 11. specimen; 

12 elementary input bar bundle; 13. elementary output bar bundle. 
 
Figure 4: Hopkinson Bar Bundle experimental set-up 

A test with the HBB is performed as 
follows: 

• a hydraulic actuator, of maximum 
loading capacity of 5 MN, is used to pull 32 
cables of high strength steel having a length of 
100 m; the pretension stored in these cables is 
resisted by one grounded explosive bolt in the 
blocking device (see Figure 4);  

• the second operation is the rupture of 
the explosive bolt which gives rise to a tensile 

mechanical pulse of 40 ms duration with linear 
loading rate during the rise time, propagating 
along the Hopkinson bar bundle and bringing 
to fracture the plain concrete specimen. 
Different strain-rates are obtained varying the 
load on pretension system. 

Thanks to the local measurements the 
history of the single portion of the concrete 
specimen were studied. From these 
information is possible to follow how the 
specimen locally behaves and the crack 
propagation at high strain rate.  

 

 

Figure 5: Hopkinson Bar Bundle experimental set-up 

3 FRACTURE PROCESS AT HIGH 
STRAIN RATE 

The cracking process of concrete subjected 
to tensile loading is normally described using a 
fracture mechanics approach. The behaviour in 
tension can be represented by different phases. 
First of all it must be recalled that due to 
shrinkage of the matrix restrained by the 
aggregate in the material, micro-damage is 
present. It is possible to find micro-cracks with 
the same probability in all volume elements 
because they are randomly distributed. Whilst 
the stress increases, these micro-cracks grow 
and crack localisations take place, forming 
some macro-cracks. Finally, the macro-cracks 
propagate leading to failure the specimen. 

When the strain-rate is increased from 1s-1 
to 10s-1 the stress wave propagation effects on 
the cracking process changes have to be taken 
into account. 

In fact, while in the static case the crack 
chooses the way with the minimum energy 
requirement (i.e. matrix-aggregate interfaces), 
in the dynamic one the wave propagation also 
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induces cracking in the tougher aggregate. 
Using the information obtained from the 
bundle bar it is possible to describe the mode 
and the growth of the fracture through the 
cross-section of the specimen.  

The fracture propagation has been 
represented by means of diagrams in which the 
positions of cracks at successive times on the 
specimen cross-section have been indicated by 
isochronous curves. In Figures 6-13 the 
strength distribution (a) and the crack 
propagation (b) are shown for concrete with 
25mm maximum aggregate size, at different 
curing conditions, at 1 and 10 s-1 respectively. 
The numbers shown in the grid represent the 
local strength measured by the elementary 
bars. It can be observed as the average value of 
the local strength av are the same measured in 
the whole bar 0. In figures (b) are indicated 
the isochronous curves of the positions of the 
cracks during the fracture process. It can be 
noted that in the case of impact load there is 
not an unique crack starting and growing from 
a single point but there are many macro-cracks 
starting simultaneously and propagating from 
many points; in other words the multi-
activation of cracks is present. 

The multi-activation of cracks leading to 
fracture is also confirmed by the observation 
that in the very short time of about 20s the 
crack initiation is spread all over the specimen 
cross-section. The multi-activation of fracture 
is an effect of the impact loading. Cracks are 
growing so rapidly and are so well distributed 
over the specimen cross-section that the pulse 
accelerates all material particles and there is 
no time to concentrate the load only on the 
weakest place; many weak points are 
simultaneously brought to fracture by the load 
wave. In the tests carried out at strain-rate of 
1s-1 is evident that a single crack propagates 
through the cross section, and the cracking 
process takes more than 50s to cover the 
entire cross section [7-8]. 
The effect of the relative humidity is also 
highlighted in the duration of the cracking 
process. In the dried specimen the duration is 
about 15s while in the wet specimen the 
duration is about 60s [9]. 

a)   
     av= 4.76 MPa; 0= 4.78 MPa 

b)  
 TEST 2173#3       (isochronous in s) 

 
Figure 6: Specimen dried tested at 10 s-1:  

a) Strength distribution; b) crack propagation. 

a)  
     av= 4.75 MPa; 0= 4.54 MPa 

b)  
TEST 2173#6            (isochronous in s) 

 
Figure 7: Specimen dried tested at 1 s-1:  

a) Strength distribution; b) crack propagation. 
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a)  
     av= 6.98 MPa; 0=  6.57 MPa 

b)   
TEST 2170#1            (isochronous in s) 

 
Figure 8: Specimen at 50% R.H. tested at 10 s-1:  

a) Strength distribution; b) crack propagation. 

a)   
     av= 5.76 MPa; 0=  4.99 MPa 

b)  
TEST 2170#4     (isochronous in s) 

 
Figure 9: Specimen at 50% R.H. tested at 1 s-1:  
a) Strength distribution; b) crack propagation. 

a)  
     av=9.09 MPa; 0= 9.06 MPa 

b)  
TEST 2174#1            (isochronous in s) 

 
Figure 10: Specimen wet tested at 10 s-1:  

a) Strength distribution; b) crack propagation. 

a)  
     av= 5.47 MPa; 0= 5.48 MPa 

b)  
TEST 2174#6      (isochronous in s) 

 
Figure 11: Specimen wet tested at 1 s-1:  

a) Strength distribution; b) crack propagation. 
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a)   
      av= 9.79 MPa; 0=  8.42 MPa  

b)  
TEST 2194#3            (isochronous in s) 

 
Figure 12: Specimen tested at 10 s-1:  

a) Strength distribution; b) crack propagation. 

a)  
     av= 6.96 MPa; 0=  6.57 MPa 

b)  
TEST 2194#4      (isochronous in s) 
 

Figure 13: Specimen tested at 1 s-1:  
a) Strength distribution; b) crack propagation. 

4 REVIEW OF THE RESULTS 
Hereafter the review of the results obtained 

with the facilities above described useful to the 
discussion. As known an increase of the 
concrete mechanical characteristics, such as 
strength, ultimate strain, elastic modulus and 
fracture energy, is observed as the strain-rate 
increases [10]. In Figure 14 the stress versus 
strain curves in direct tension at different 
strain rates are depicted. 

 
Figure 14: Comparison of the stress vs. strain curves at 

different strain rates in tension. 

 
Figure 15: DIF vs. strain-rate in tension. 

The description of the rate sensitivity in 
concrete is normally expressed by the ratio of 
the dynamic to the static value of a particular 
mechanical property. Special attention has 
been addressed to the concrete strength, where 
this ratio is called the Dynamic Increase Factor 
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(DIF), and can be useful in numerical code 
formulations. Such descriptions of the concrete 
behaviour under impact can be found in [10], 
while updated models for the increase of 
strength with strain-rate are presented in [11].  

In Figure 15 are shown the DIF versus 
strain rate of the tension strength and the 
proposed formulation. 

The current constitutive laws for concrete 
tend to include more information about the 
material characteristics, for example, the 
ultimate strain or fracture energy, and this 
imposes further demands on testing. 

4.1 Influence of free water content 
The free water in the concrete modifies its 

behaviour at high strain rate. Normally the 
problem is studied on micro-concrete in two 
conditions of relative humidity (wet and dry). 
It has been found that tensile strength increase 
with increasing relative humidity. This 
increment has been explained with the Stefan 
effect [12] or with the wave propagation 
consideration [9]. 

The test results obtained with HBB on 
concrete with large aggregates size, showed 
how the loading rate effect is governed by the 
wave propagation in the material in dynamic 
case (high strain-rate) while in the quasi-static 
case the cracking process is governed by the 
micro-cracking of the material. 
The difference in term of strength between 
dried and wet concrete were explained 
considering the wave propagation on the pore 
filled with water or void. In the last case the 
pore reflects locally the incoming stress wave 
increasing the stress by multiple reflections 
obtaining material damage. At the contrary 
when a stress wave meets a saturated pore 
greater part of it is transmitted and the residual 
part is reflected and is not sufficient to cause 
the stress increase and damage (the crack starts 
later as shown in Figures 6-7 and 10-11). For 
that reason wet concrete exhibits less damage 
and more pronounced rate-dependent effects 
than dry concrete when subjected to stress 
waves. In Figure 16 are shown the stress 
versus time of the three specimens wet, dried 
and with 50% of relative humidity. 

 
Figure 16: Stress vs. time of three conditions. 

The same behaviour was not observed in 
the case of quasi-static regime, the free water 
influence does not exist at all. In fact a small 
decrease in tensile strength was observed for 
wet concrete specimens due to the action of 
water pressure occurring in the water filled 
voids that produce a "wedge effect" decreasing 
the quasi-static bearing capacity of the 
material. 

 4.2 Influence of the aggregate size 
Observing the results of previous 

experimental campaigns [10-11] it can be 
stated that at high strain rates, the uniaxial 
tensile strength of concrete decreases with 
increasing maximum size of aggregate 
particles. Decreasing the maximum aggregate 
size the surface area of the aggregate is 
increased [13]. As results the percentage of 
voids decreases, positively influencing the 
bond strength between cement paste and 
aggregate particles. 

Table 1: Results of two types of concrete [14] 

Max. 
aggr. 
size 

Strain-
rate 
[s-1] 

Loading  
rate 

[GPa/s] 

Tensile 
strength 
[MPa] 

Failure  
strain 
[] 

Fracture 
energy 
[J/m²] 

5mm 9.4 240 11.8 207 377 
1.6 169 9.2 128 222 

10 mm 14.6 228 10.5 236 448 
2.6 95 7.4 167 183 
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4.3 Influence of the specimen size 
Experiments were performed on small 
(60x60mm) and large (200x200mm) 
specimens on two similar Hopkinson bar set-
ups described in previous paragraphs. The 
mean tensile strength for the two sizes are 
reported in Table 2. 

Table 2: Results of two specimen sizes [13] 

Strain rate  
 

[s-1]  

Tensile Strength  
(60 mm side)  

[MPa]  

Tensile Strength  
(200 mm side)  

[MPa]  
10  10.52  8.63  
1  7.37  6.68  

10-6 3.61  3.57  
 

 These results are influenced by strain rate 
and inertial effects. These two phenomena 
should be uncoupled by means of numerical 
simulations. The specimen size influences the 
mechanical characteristics at high strain rate 
and these phenomena should be studied more 
in detail. 

5 DISCUSSION 
The tensile strength as well as the fracture 

energy are strain rate sensitive. As shown in 
Figure 14 the fracture energy increase with 
increasing strain rate. In Figure 17 the fracture 
energy in function of the strain rate that 
several authors have found [14-17]. 

 

 
Figure 17: Fracture energy vs. strain rate [14]. 

These values were obtained using both 
spalling and direct tension tests. In the case of 
fracture energy in dynamics many factors have 
to be controlled and not all experimental 
techniques permit to follow the cracking 
process. It has been demonstrated as HBB can 
be one of the solution to fit these needs. 

Regarding the DIF formulation  proposed in 
literature some remarks are necessary. These 
formulation were obtained by the fitting of a 
large number of results obtained by many 
authors with several experimental techniques. 
They take into account only the compressive 
strength of the concrete and do not consider 
other important variables as maximum 
aggregate size, free water content, specimen 
size, experimental set-up, etc. The fracture 
behaviour of concrete has still many aspects 
open and requires more experimental and 
numerical studies addressed to the description 
of the influence of the significant parameters 
as the cement content, cement type, aggregate 
type, water/cement ratio, etc. 

Finally more efforts should be concentrated 
on the development of recommendations on 
the experimental measurement of the dynamic 
tensile strength. These can be obtained only 
after a round robin between the worldwide 
laboratories and supported by the efficient 
action of numerical simulation, obtaining the 
comprehension of the relationships between 
different testing systems and corresponding 
conversion factors. From this point it will be 
possible to eliminate the gap between 
materials and structural tests through the 
validation of the numerical codes. 
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CONCRETE AND ITS VISUALIZATION 

BO ZHOU* AND YUICHI UCHIDA†

*† Gifu University 
Department of Civil Engineering, Gifu, Japan 

† e-mail: uchida@gifu-u.ac.jp 
 

Key words: Ultra high performance fiber reinforced concrete, Fiber orientation, Visualization of 
fibers 

Abstract: With the aim of investigating fiber orientation in ultra high performance fiber reinforced 
concrete (UHPFRC), a transparent model concrete containing fibers was placed in beam molds to 
visualize fiber orientation during placing. As a result, fibers were found to be obliquely oriented 
upward when the pouring position of concrete was fixed near one end of beam mold. Observation 
of cut planes of UHPFRC beam specimens also revealed that fibers were oriented similarly to those 
in visualization model concrete. 

 

1 INTRODUCTION 
Research into short fiber reinforced 

concrete (FRC) has a long history, including 
the recent development and practical use of 
strain hardening cement composites (SHCC) 
and ultra high performance fiber reinforced 
concrete (UHPFRC), which have been actively 
studied domestically and internationally. 
However, estimation of the dispersion and 
orientation of fibers in the matrix and their 
effect on the mechanical behavior of concrete 
have been recognized as key problems that 
have yet to be solved since the development of 
FRC. Major reasons for this are the difficulty 
of observing the dispersion and orientation of 
fibers within a concrete or mortar matrix and 
the current absence of technology to control 
their dispersion and orientation during placing.  

With this as a background, this study 
attempted to visualize fibers in concrete 
specimens by modeling concrete using a 
transparent and viscous fluid. Also, hardened 
beam specimens made of UHPFRC were cut 
to observe fiber orientation for comparison 
with visualization test results. Flexural tests 

were conducted as well on specimens made of 
UHPFRC using synthetic fibers with different 
fiber orientations due to different filling 
methods, to investigate the effect of fiber 
orientation on the flexural behavior of 
specimens. 

2 PRIOR STUDIES 
In order to observe fiber orientation in 

concrete, it is simple and common practice to 
examine cut planes of specimens. 
Quantification of the state of fiber orientation 
has been under consideration recently by 
combination with image analysis techniques. 
Yokoo et al. [1] investigated the effect of 
specimen depth and placing direction on fiber 
orientation by image analysis of the cut planes 
of steel fiber UHPFRC specimens, as well as 
the relationship between fiber orientation and 
the mechanical properties by loading tests. 
Baba et al. [2] proposed a method of detecting 
synthetic fiber sections from the matrix by 
irradiating the cut plane with black light, as it 
is difficult to do so under visible light, and 
evaluated fiber orientation by image analysis 
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based on this method. 
Meanwhile, X-ray radiography, which 

allows direct observation of the inside without 
cutting specimens, has been used for steel 
fibers for a long time. Baba et al. [3] 
investigated methods of evaluating the state of 
steel fiber orientation in concrete through X-
ray radiography. Schnell et al.[4] demonstrated 
3D computer tomography method using X-ray 
was applicable for estimating fiber orientation 
in UHPFRC. However, X-ray radiography 
requires special equipment and qualified 
personnel, making the method not necessarily 
simple. Another problem is that it is 
inapplicable to synthetic fibers, which are 
radiolucent 

Stahli et al., S.W.Kim et al, W. Pansuk et al. 
and M. Mohammed et al. [5-8] reported that 
the mechanical properties of UHPFRC vary 
depending on the fiber orientation based on 
loading tests on specimens fabricated by 
different filling methods or cut in different 
directions. 

3 EXPERIMENTAL PROGRAM 

3.1 Observation of fiber orientation in 
visualization model concrete 

A colorless, transparent and viscous fluid 
obtained by adding water to high-absorbent 
polymer which was proposed by Hashimoto et 
al. [9], was used for the visualization models 
of fresh concrete. The fluid was prepared with 
an adjusted water to polymer ratio to attain a 
flow of around 200 mm without jigging. Even 
with the same flow value, this visualization 
model concrete may not precisely reproduce 
the behavior of actual UHPFRC, due to 
different densities and rheological properties. 
However, the authors considered that the 
model can reproduce the qualitative behavior 
of fiber orientation. 

Two types of fibers were used for the tests: 
PVA fibers 0.66 mm in diameter and 15 mm in 
length and steel fibers 0.2 mm in diameter and 
15 mm in length. To examine the effect of 
fiber content on the fiber orientation of the 
visualization model concrete, four levels of 
fiber content were adopted for PVA fibers: 

0.5%, 1.0%, 2.0%, and 3.0%. In regard to steel 
fibers, a fiber content of 0.5% was adopted to 
facilitate the observation of fiber orientation, 
referring to the test results with PVA fibers to 
be described later in this paper.  

 A transparent acrylic container measuring 
100×120×400 mm was used to assume mold 
for beam specimen. As to filling, two methods 
were applied as shown in Fig. 1: One is to fix 
the pouring position of concrete at one end of 
each mold to allow the concrete to flow along 
to the opposite end (hereafter referred to as 
“flow-filling”) and the other is to move the 
pouring position continuously in the 
longitudinal direction to level the concrete 
depth along the axis of the mold (hereafter 
referred to as “move-filling”).  

The state of filling was recorded with a 
video camera for observation. 

3.2 Observation of cut planes of steel fiber 
UHPFRC specimens 

UHPFRC beam specimens containing steel 
fibers were cut to examine the sections, in 
order to confirm the fiber orientation behavior 
observed in visualization model concrete as 
stated above. Note that steel fibers were 
adopted because synthetic fibers are difficult 
to detect on the cut plane by the naked eye [2]. 
The UHPFRC used for these tests was a 
commercially available premixed type 
concrete. The materials and mix proportions 
were as specified by the manufacturer, 
containing 2 vol% steel fibers 0.2 mm in 
diameter and 15 mm in length. The flow 
without jigging was 275 mm at the time of 
filling. This mixture was placed by “flow-
filling” in molds for beam specimens 
measuring 100×100×400 mm. After standard 
heat curing, a notch was cut in each specimen 
for three-point loading test. Broken pieces 
after loading test were cut with a concrete 
cutter to observe the state of fibers on the cut 
planes. 

3.3 Flexural behavior of UHPFRC specimens 
made by different filling methods 

As a result of visualization tests to be 
described in subsequent sections, fiber 
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orientation in beam specimens was found to 
vary depending on the filling method. It was 
therefore decided to investigate how the 
flexural behavior of UHPFRC changes with 
the filling method. The UHPFRC used for 
these tests, for which the authors developed 
the proportioning to be suitable for synthetic 
fiber UHPFRC, contained a combination of 
two types of PVA fibers. Note that a synthetic 
fiber UHPFRC was adopted for this 
experiment, as visualization tests showed that 
the qualitative behavior of fiber orientation is 
independent of the type and content of fibers. 
It was therefore considered that synthetic fiber 
UHPFRC would demonstrate a qualitative 
relationship between fiber orientation and 
flexural behavior of UHPFRC in general. 
Table 1 gives the materials and mix 
proportions of UHPFRC. Its flow with no 
jigging at the time of placement was 204 mm. 
The beams measuring 100×100×400 mm were 
filled by either flow- or move-filling method 
with UHPFRC of the same batch. The 
specimens were then air-cured at 20°C for 24 
hours after placement, with the top surface 
being covered with plastic wrap. This was 
followed by steam curing at 90°C for 48 hours. 
After curing, a notch was cut in each specimen 
to be subjected to three-point bending test as 
shown in Fig. 2 to measure the load-crack 
mouth opening displacement (CMOD) curves. 

Loading tests were conducted in accordance 
with JCI standard, “Test method for the load-
displacement curve of fiber reinforced 
concrete using notched beams” [10], except 
that six specimens were used for each set of 
conditions.  

A manual mechanical jack was used for 
loading. Load cells with a capacity of 100 kN 
and clip gauges with a sensitivity of 1/2000 
mm were used for measuring the load and 

CMOD, respectively.  

4 TEST RESULTS 

4.1 Observation of fiber orientation in 
visualization model concrete 

Figure 3 shows the state of the flow of 
visualization model concrete containing 3% 
PVA fibers 0.66 mm in diameter and 15 mm in 
length. The flow with no jigging was 210 mm, 
with the fiber dispersion being quite 
satisfactory.  

Figure 4 shows the state of flow-filling of 
visualization model concrete containing 0.5% 
PVA fibers 0.66 mm in diameter and 15 mm in 
length from the beginning to the end. As seen 
from Fig. 4 (a), fibers are horizontal at the tip 
of the flowing concrete and near the bottom of 
the mold but are inclined at the top surface 
near the pouring position. When the concrete 
stops moving forward as it reaches the other 
end of the mold (Fig. 4(b)), it begins to flow 
upward on the whole, orienting the fibers 
parabolically from the bottom forward and 
convex downward as shown in Fig. 4(d). 
Similar orientation behavior was observed 
with steel fibers as shown in Fig. 5. 

Figures 6, 7, and 8 show the state of 
visualization model concretes respectively 

Table 1: Mix proportion of synthetic fiber UHPFRC 

W/C 
(%) 

Air 
(%) 

Unit weight (kg/m3) 
W C S P Ad F1 F2 

18.0 5.0 175 1166 632 229 35 13 26 
C:Silicafume cement, S: Silica sand, P: Silica powder, Ad：Superplasticizer, 
F1:PVAfiber (φ0.66×30mm), F2: PVAfiber (φ0.1×12mm) 

Load-cell

Clip gage

Specimen

30

300

10
0

Figure 2 : Three point bending test 
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Figure 3: Flow of visualization model concrete 

(a)  Reached at end of mold 
 

(b) 50% of filling 
 

(c) 80% of filling 
 

(d) Completion of filling 
 

Figure 4: Fiber orientation of PVA fiber (0.5%) by 
flow-filling 

containing 1%, 2%, and 3% PVA fibers 0.66 
mm in diameter and 15 mm in length at the 
end of flow-filling. The fiber orientation 
becomes more difficult to recognize as the 

fiber content increases, but the parabolic 
orientation of fibers is similar to the case of 
0.5%. 

It has conventionally been considered that, 
when a mold for a beam specimen is flow-
filled, concrete flows in the longitudinal 
direction and fibers are horizontally oriented. 
However, observation of visualization model 
concrete revealed that concrete flows upward 
from the bottom instead of in the longitudinal 
direction, orienting fibers nearly vertically 
instead of horizontally.  

Accordingly, fibers in self-compacting-type 
UHPFRC are prone to be oriented in the 

Figure 5: Fiber orientation of steel fiber (0.5%) by 
flow-filling 
 

Figure 6: Fiber orientation of PVA fiber (1.0%) 
 

Figure 7: Fiber orientation of PVA fiber (2.0%) 
 

Figure 8: Fiber orientation of PVA fiber (3.0%) 

fiber orientation
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direction of concrete flow. It is therefore 
inferred that fiber orientation in specimens 
directly depends on the concrete flow within 
the molds rather than such parameters as the 
type and content of fibers. 

On the other hand, fibers in move-filled 
concrete were randomly oriented as shown in 
Fig. 9. 

4.2 Observation of cut planes of steel fiber 
UHPFRC specimens 

Figure 10 shows the appearance of a 
ruptured surface of a specimen after three-
point loading test. Whereas fibers near the 
bottom of the mold are perpendicular to the 
ruptured surface (in the longitudinal direction 
of the mold), those near the mid-depth of the 
mold are at an oblique angle to the ruptured 
surface. Furthermore, fewer fibers are present 
in the area near the top surface. 

 

Figure 9: Fiber orientation of PVA fiber (0.5%) by 
move-filling 

Surface of placing

Pouring

Bottom face 

Large cut plane of fiber 

Small cut plane of fiber 

Figure 11: Vertical cut plane of steel fiber UHPFRC beam specimen 

Surface of placingBottom face 

Notch 

Parallel to bottom face Oblique orientation Poor fibers

Figure 10: Ruptured surface of  steel fiber UHPFRC 
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Also, Fig. 11 shows a cross-sectional 
surface of a specimen. The white spots on the 
surface represent the cut planes of steel fibers. 
The areas of those near the bottom are small, 
demonstrating that the fibers are cut 
perpendicularly to their axes, whereas the 
areas of those in the upper part of the surface 
are large, suggesting that the fibers are 
obliquely oriented to the cut surface.  

Figure 12 shows horizontally cut surfaces 
of a specimen. Figure 12(b) shows the level of 
15 mm from the bottom with fewer fibers and 
longer sections, suggesting that fibers are 
oriented parallel to the bottom at this level. 
Figure 12(a) shows a horizontally cut surface 
at mid-depth, demonstrating the presence of 
fibers with a denseness similar to or greater 
than that of fibers on the vertical surface 

shown in Fig. 11. Moreover, many fibers are 
found with a small cross-section area. It is 
therefore inferred that fibers are obliquely 
standing as observed in visualization model 
concrete. Accordingly, the fiber orientation in 
actual steel fiber UHPFRC qualitatively agrees 
with that in visualization model concrete. 

4.3 Flexural behavior of UHPFRC specimens 
made by different filling methods 

As stated above, fibers tend to be oriented 
obliquely upward by flow-filling and 
randomly distributed by move-filling. In this 
light, three-point loading tests were conducted 
on notched beams of UHPFRC containing 
PVA fibers using beam specimens made by 
flow- and move-filling methods to examine the 
effect of fiber orientation on its flexural 

 
(a) Fiber orientaion in  horizontal plane at middle 
 height of specimen 
 

 
(b) Fiber orientaion in horizontal plane near  bottom 
 surface 

Figure 12: Horizontal cut planes of steel fiber UHPFRC beam specimen 

Large number of fibers and small size of cut plane 
→  Oriented in vertical direction 

Small number of fibers and large size of cut plane 
→  Oriented in horizontal direction 
 

130 
50 

50

15 

Pouring
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behavior. 
Figure 13 shows the measured load-CMOD 

curves. Thick and thin lines represent the 
average curves and measurement data, 
respectively, of individual specimens. Though 
the cracking loads were similar regardless of 
the filling method, move-filling led to greater 
subsequent load gains, with the maximum load 
being 20% higher than that by flow-filling. 
This difference can be attributed to fiber 
orientation. When flow-filled, most fibers are 
oriented in a direction oblique or parallel to the 
rupture plane as shown in Fig. 10. This 
prevents full development of the bridging 
capability of fibers when compared with the 
random distribution of fibers resulting from 
move-filling. Note that the compressive 
strength of this UFC was 150 N/mm2. 

5 CONCLUSIONS 
The results obtained from this study include 

the following: 
(1) Fiber orientation in beam specimens 

was observed using visualization model 
concrete made of high absorption polymer. 
When the concrete was poured from one end 
of a beam mold, fibers were found to be 
oriented obliquely upward instead of 
horizontal in the longitudinal direction. 

(2) Fiber orientation was observed by 
cutting UHPFRC beam specimens containing 
steel fibers. As a result, the tendencies of fiber 
orientation were found to qualitatively agree 
with those of visualization model concrete.   

(3) Notched beams having different fiber 
orientations due to different filling methods 
were subjected to bending tests. The different 
filling methods that caused different fiber 
orientations led to a difference in the 
maximum load of approximately 20%. 
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Abstract: X-ray Computed Tomography (XCT) is a powerful technology that can accurately image 
the internal structures of composite and heterogeneous materials in three-dimensions (3D). In this 
study, in-situ micro XCT tests of concrete specimens under progressive compressive loading are 
carried out.  The aim of the observations is to gain a better understanding of 3D fracture and failure 
mechanisms at the meso-scale. To characterise the fracture evolution as the deformation increases, 
two methods are used. The first segments the reconstructed absorption contrast XCT images using 
AVIZO software into different phases, namely, aggregates, mortar, cracks and voids.  The second 
uses the digital volume correlation (DVC) technique to map the relative deformations between 
consecutive XCT images with high precision; bulk mechanical properties can be measured and 
cracks visualised via their opening displacement. The 3D crack profiles obtained by these two 
methods are compared, and the contributions that they can make to image-based modelling and its 
validation are noted. 
 

1 INTRODUCTION 
Quasi-brittle multiphase composite 

materials, such as concrete, bones, fibre-
reinforced plastics (FRP) and ceramic/metal 
matrix composites are widely used in 
engineering structures of many industries. A 
better understanding of their mechanical 
behaviour can lead to development of 
materials with higher load resistance, cost-
effective manufacturing processes and optimal 
structural designs. Due to random distribution 
of multiple phases from nano-, micro-, meso- 

to macro-scales, multiphase composite 
materials have intrinsically heterogeneous 
nonlinear mechanical properties, which in turn 
directly determine the performance and 
reliability of structures and systems. 
Therefore, understanding their mechanical 
properties including damage and fracture at 
different scales, through both experimental 
studies and computational modelling, becomes 
one of the most critical and challenging 
engineering and scientific problems [1-2]. 

The X-ray computed tomography (XCT) 
technique, a 3D imaging technique routinely 

236



Zhenjun Yang, Wenyuan Ren, Mahmoud Mostafavi, James Marrow. 

 2 

used in hospitals, is now becoming more and 
more popular in characterising internal 
nano/micro/meso-scale structures of many 
materials, because of its high resolution, non-
destructive nature, and clear visualisation of 
details including different phases, interfaces, 
pores and cracks. However, most of the 
existing XCT studies aim to acquire the 
internal structures of intact materials without 
external loading, or damaged materials after 
loading, namely post-mortem. In-situ XCT 
studies, which scan the internal structures of 
materials under progressive loadings so that 
the structural damage and fracture evolution 
can be examined and related to the loading 
process [3], are still rare, mainly due to the 
lack of in-situ XCT facilities. 

In this study, in-situ micro XCT tests of 
concrete specimens under progressive 
compressive loading are carried out. The study 
has two purposes: to get better understanding 
of the 3D fracture mechanisms of concrete as 
the load progresses, and to serve as a 
benchmark for directly validating image-based 
3D cohesive crack models. The following 
sections present the details of in-situ XCT 
tests, visualisation, characterisation and 
segmentation of aggregates, cement, voids and 
cracks using AVIZO. The cracks are also 
characterised and visualised by the digital 
volume correlation (DVC) technique applied 
to the XCT images [4-6]. The 3D crack 
profiles obtained by these two methods are 
compared, with their respective merits and 
demerits discussed. 

2 IN-SITU XCT TESTS 
Concrete cube specimens of size 40 mm 

and target cylinder compressive strength 
15 MPa were cast in the lab. The strength and 
the size of specimens were chosen so that the 
specimens could be loaded to failure by the 
XCT loading rig, which has a loading capacity 
of 25 kN. The cement is ordinary Portland 
cement. The aggregates are gravels with an 
average size 5 mm. No fine aggregates (i.e. 
sand) are used, so as to ensure a simple 
structure.  

The in-situ experiment was carried out at 

the Manchester X-ray Imaging Facility 
(MXIF), the University of Manchester, using 
the 320 kV Nikon Metris custom bay, as 
shown in Fig. 1. The loading rig, consisting of 
a Deben micro-test stage supporting a 
transparent cylinder, was mounted on the 
circular stage of the XCT machine. Two steel 
pads, glued by double-side adhesive tapes to 
the centre of the top and bottom surfaces of the 
specimen, provide a loading area of 
17.5 mm×17.5 mm (i.e. 19% of sample cross-
section area). They were centred inside the 
enclosed cylinder for tests, as in Fig. 2, where 
a failed concrete specimen is also shown. 

 
Figure 1: The in-situ XCT facility in MXIF 

  
Figure 2: A specimen under loading and after the test 

Fig. 3 illustrates the in-situ XCT test 
procedure. The first scan was conducted 
without loading. The load was then applied via 
compression at a displacement rate of 0.5 
mm/min to 2.5 kN, at which point the second 
scan was carried out. The load was then 
released. The specimen was then reloaded to 6 
kN at the same rate and the third scan was 
done. The fourth scan was conducted similarly 
at 10 kN and the fifth at 16.5 kN, after which 
the crack widened quickly. The loading and 
scanning scheme is shown in Fig. 3 (unloading 
data were not recordable).  

Following some optimisation, each X-ray 
scan was conducted with 160 kV and 60 μA 
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intensity. For each scan, the stage was rotated 
by 360°, resulting in 2000 2D radiographs in 
TIFF format with pixel resolution 37.2 μm. It 
took about 2 hours for each scan to complete. 
The 2D radiographs were reconstructed as 
absorption contrast images using the CT Pro 
and VG Studio software. Artificial defects 
such as beam hardening and ring effects were 
removed by post-processing. Each 3D data set 
was initially about 15 Gb in size. To reduce 
the data processing time, the 3D data volumes 
were cropped to cubes of side 37.2 mm (i.e. 
1000 pixels in each dimension). This reduced 
the data size to 2 Gb for each scan, with the bit 
depth also reduceded from 32 bit float to 16. 
Fig. 4 shows the workflow of reconstruction 
process. 

 

 
Figure 3: In-situ XCT test procedure 

 
Figure 4: Workflow of reconstruction 

3 VISUALISATION AND 
SEGMENTATION 

The software AVIZO® was used to 
visualise the 3D crack evolution during 
loading, and segment the XCT images into 
different phases for qualitative and 

quantitative analyses, and future image-based 
numerical modelling. A segmentation 
procedure was developed and outlined below 
using the images at 16.5kN as an example. 

3.1 Determination of thresholds for phases 
The Line-Probe command was used to 

determine a proper threshold of grey value to 
segment each phase. Straight lines were drawn 
on 2D images of the sample cross-sections, 
and the variations of the grey values (i.e. 
absorption contrast) along the lines were 
obtained. These variations were then carefully 
compared with the 2D images to determine the 
appropriate threshold for each phase. Figure 5 
shows an example. The sensitivity to location 
was examined to verify that the threshold 
values reliably segmented each phase. The 
chosen threshold was >33000 for aggregates, 
<19000 for voids and cracks; values between 
them were identified as cement. The full grey 
scale is 0~65535. 

         
a) Line-probe path AB 

 
b) Variation of grey values along AB 

Figure 5: Determination of thresholds for phases 

3.2 Segmentation 
The thresholds are then used in AVIZO to 

segment the XCT images into three phases 
(cement, aggregate, voids and cracks) under 
different loadings. However, using thresholds 
alone to segment microstructure is unreliable, 
due to issues from connected aggregates and 
missed areas (“islands”). As the objective was 
to extract an image-based 3D model of the 
microstructure, a series of manual operations 
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on the 2D slices are carried out to supplement 
the initial assignment of microstructure by 
thresholding; this included separation of 
connected aggregates and addition of missed 
areas. Fig. 6 and Fig. 7 show the segmented 
aggregates, voids and cracks on a typical slice, 
respectively. The segmented cement is shown 
in Fig. 8, obtained by an image operation that 
subtracts aggregates, cracks and voids from 
the original image. The detailed segmentation 
procedure can be found in [7]. 

 
Figure 6: Segmented aggregates 

 
Figure 7: Segmented voids and cracks 

 
Figure 8: Segmented cement 

3.3 Visualization of three phases in 3D 
From the segmented 2D image slices in 

three directions, the 3D aggregates, cement, 
voids and cracks can be visualized. Figs 9(a-d) 
show the segmented aggregates, cement, 
cracks and voids, and the combined concrete 
of the specimen without load. The segmented 
cracks and voids, and the combined concrete at 
the peak load 16.5kN are shown in Fig. 10a 
and 10b, respectively. The definition of cracks 
is based on the threshold of grey values (19000 
in Fig. 5) and is thus not entirely objective, 
there may also exist initial cracks in the 
unloaded specimen as shown in Fig. 9c. The 
major cracks on the specimen surface in Fig. 
10b are roughly vertical, which is a feature of 
concrete specimens fractured under uniaxial 
compression. Comparison of Fig. 9c and Fig. 
10a clearly demonstrates the effects of loading 
on the crack propagation. The complex multi-
crack pattern is essentially 3D. Although both 
the specimen geometry and the loading and 
boundary conditions are almost symmetric, the 
crack pattern is not symmetric. This reflects 
the effects of the random distribution of 
aggregates and thus the heterogeneous nature 
of mechanical properties of concrete.  
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a) Aggregates 

 
b) Cement 

 
c) Voids and cracks 

 
d) Concrete 

Figure 9: 3D Segmented phases without load 

 
a) Voids and cracks 

 
b) Concrete 

Figure 10: 3D segmented phases at peak load 

3.4 Evolution of voids and cracks 
The volumes of the voids and cracks (with 

grey values lower than 19000) in the specimen 
under different loads are calculated in AVIZO 
and Figure 11 shows the void fraction under 
continuous loading steps. The observed 
volume of voids and cracks first decreases as 
the load increases. This is attributed to 
compaction of the concrete under 
compression; this causes part of the observed 
void population to fall below the detection 
threshold of XCT at this resolution. As the 
load increases further, cracks gradually occur, 
leading to higher volume of cracks and voids. 
Near and after the peak load, major vertical 
cracks propagate fast, leading to dilation in the 
specimen.  
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Figure 11: Evolution of cracks and voids 

4 DIGITAL VOLUME CORRELATION 
Measurements of the full 3D displacement 

field within the material by the 3D digital 
volume correlation (DVC) technique [4-6] can 
provide useful insights and quantitative 
measurements of the processes of damage 
development.  In particular, DVC can measure 
crack opening displacements that are smaller 
than the voxel size, and so identify cracks that 
are too narrow to be detected by threshold-
based segmentation [5].   

 
Figure 12: Measurement of elastic strains and damage 

development by CT and DVC. 

In the first analysis, a large interrogation 
window size (128x128x128 voxels with 2 
passes and 50% overlap) was used to calculate 
the overall distribution of strain.  This 
provided data to measure the bulk strains in 
the sample.  In the second analysis a smaller 
integration window was selected 
(128x128x128 voxels, 50% overlap and 2 
passes followed by a 64x64x64 voxels, 50% 
overlap and 2 passes).  Decreasing the window 
size decreases the precision of DVC 
measurement, but is useful to visualisation of 
cracks. 

Figure 12 shows the bulk compressive strain 
calculated by DVC (large window size).  To 
measure the strain, the vertical displacements 
of top and bottom slices were extracted from 
DVC analysis. The compressive strain was 
then obtained as the ratio of the relative 
vertical displacement between opposing points 
on the top and bottom slices to their vertical 
separation. The figure shows the mean and 
standard deviation of these measurements.  A 
linear fit to the data up to 10.5 kN gives a 
modulus of 51 GPa; beyond this the damage to 
the specimen from cracking causes the strain 
to increase significantly as the specimen 
softens. The expected modulus of concrete is 
of the order of 30 GPa; the smaller area of load 
relative to the sample cross-section is the 
likely cause of the apparently higher modulus. 

Figure 13 shows a comparison between the 
same vertical slice near the specimen centre in 
the XCT and DVC data as the load is 
increased from 2.5 kN (left) to 16.5 kN (right).  
The DVC analysis shows the nominal 
maximum principle strain, which reveals the 
complex pattern of cracking in a more 
sensitive manner than segmentation of the 
XCT data.  However, artefacts, due to errors 
from large pores, can also be seen in the DVC 
data; these might be removed by post-
processing guided by the XCT absorption data. 

An example of a 3D visualisation of the crack 
using the DVC nominal strain data at 16.5 kN 
is shown in Figure 14.  The surface is not well 
defined, due to the window size that is used in 
the analysis, but the crack profile is more 
completely defined than that in Figure 10. 

 

Figure 13: Comparison of damage development in a 
vertical slice of the data; by XCT (top) and DVC 

(bottom), as the applied load increases from left to right. 
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Figure 14: A three-dimensional representation of the 

macromechanical crack, using the DVC measured 
nominal maximum principle strains.  Hotter colours 

(red) are higher crack opening displacements. 

5 CONCLUSIONS 
In this study, in-situ micro XCT tests of 

concrete specimens under progressive 
compressive loading have been carried out to 
help obtain a better understanding of 3D 
fracture and failure mechanisms at the meso-
scale. Two methods have been used to 
quantify and visualise the fracture evolution as 
the deformation increases. The segmentation 
procedure is able to separate the concrete into 
three distinguished phases and the cracks are 
visualised directly by specifying a threshold. 
Damage may be quantified by the variation of 
volume fraction of cracks and voids. Features 
below the segmentation threshold, such as 
narrow cracks and small voids, are not 
resolved, but the segmented microstructures 
may be used as inputs for image-based finite 
element models.  The DVC technique maps 
the relative deformations between consecutive 
XCT images with high precision; bulk 
deformation can be measured and cracks 
visualised indirectly via their opening 
displacement or strain, which may be 
quantified. The 3D crack profiles obtained by 
the two methods are comparable. In principle, 
the DVC measured displacements may be used 
to validate the predictions of image-based 
finite element models, which are derived from 
segmented XCT data. The combined use of 

these techniques is therefore a valuable tool 
for the study and modelling of damage 
mechanisms in materials such as concrete. 
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Abstract: In order to represent the ductile tensile behaviour of steel fibre reinforced concrete 
(SFRC), the Diverse Embedment Model (DEM) was recently developed, accounting for both the 
random distribution of fibres and the pull-out behaviour of fibres. Although the DEM shows good 
agreement with test results measured from uniaxial tension tests, it entails a double numerical 
integration which complicates its implementation into computational models and software 
developed for the analysis of the structural behaviour of SFRC members. 
In this paper, the DEM is simplified by eliminating the double numerical integration; thus, the 
Simplified DEM (SDEM) is derived. In order to simplify the DEM, only fibre slip on the shorter 
embedded side is taken into the account of the fibre tensile stress at a crack, while coefficients for 
frictional bond behaviour and mechanical anchorage effect are incorporated to prevent 
overestimation of the tensile stress attained by fibres due to the neglect of fibre slip on the longer 
embedded side. The tensile stress-crack width response of SFRC predicted by the SDEM shows 
good agreement with that obtained from the DEM; hence, the model’s accuracy has largely been 
retained despite the simplification. In comparisons with test results reported in the previous 
literature, the SDEM is shown to simulate well not only the direct tensile behaviour but also the 
flexural behaviour of SFRC members. The SDEM can easily be implemented in currently available 
analysis models and programs so that it can be useful in the modelling of structural behaviour of 
SFRC members or structures. 

1 INTRODUCTION 
It is well known that steel fibre reinforced 

concrete (SFRC) exhibits a ductile post-
cracking behaviour due to steel fibres bridging 
cracks. Many researchers [1-4] investigated 
the beneficial aspect of SFRC in structural 
members. However, SFRC is yet to be widely 
applied as a structural member in actual 

construction. One of the main reasons for this 
is that most researches focused on qualitative 
evaluations for the tensile behaviour of SFRC 
[5-9], rather than on the development of a 
rational model which can be easily employed 
to predict the structural behaviour of SFRC 
members. 

Recently, several research groups 
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developed constitutive models for the tensile 
behaviour of SFRC members. Marti et al. [10] 
developed a simple formula to predict the 
tensile stress-crack width relationship of SFRC, 
by assuming that the number of fibres bridging 
a crack decreases linearly with increasing 
crack width. Later, an engagement factor to 
consider the effect of fibre inclination angle on 
fibre pullout behaviour was introduced by Voo 
and Foster [11] who developed the Variable 
Engagement Model (VEM). Leutbecher and 
Fehling [12] also presented a model that 
considers the effect of fibres on crack widths 
in SFRC members with conventional 
reinforcing bars. Stroeven [13] developed a 
formulation that considered varying uniform 
bond stress along a fibre according to the fibre 
type. However, the appropriateness of these 
models for SFRC members with end-hooked 
fibres is questionable because a uniform bond 
stress along a fibre is assumed. 

Recently, Lee et al. [14-15] proposed the 
Diverse Embedment Model (DEM) evaluating 
the tensile stresses due to the frictional bond 
behaviour and the mechanical anchorage effect 
separately so that the tensile behaviour of 
SFRC with straight fibres or end-hooked fibres 
could be accurately predicted. In the DEM, 
however, a double numerical integration 
should be undertaken in order to calculate the 
average tensile stress of steel fibres at a crack. 
This complicates the implementation of the 
DEM into various analysis models [16-19] and 
programs [20-21] useful for the calculation of 
the structural behaviour of SFRC members 
with or without conventional reinforcing bars. 

In this paper, therefore, a simplified version 
of the DEM (SDEM) will be derived by 
eliminating the double numerical integration in 
the DEM by introducing some coefficients 
without significant loss of accuracy. 

2 DERIVATION OF THE SIMPLIFIED 
DEM (SDEM) 

2.1 Fundamental assumption 
In the DEM formulation, with the 

assumption of a rigid body translation, the 
pullout behaviour of a single fibre embedded 

on both sides can be analyzed, then the 
average tensile stress of fibres at a crack as the 
following equation. 

, ,

2 2

,0 0

2     sinf

f cr avg

l

f cr a
f

d dl
l





  



 
(1)

where ,f cr  is a fibre tensile stress at a 
crack,  which is a function of the fibre 
orientation angle (  ) and fibre embedment 
length ( al ). Although the DEM well predicts 
the tensile behaviour of SFRC, the calculation 
of the average fibre tensile stress at a crack is 
complicating because of a double numerical 
integration due to the compatibility condition 
that the crack width be equal to the sum of the 
slips on both sides of a fibre. 

In order to simplify the DEM, one more 
assumption can be made with respect to 
compatibility; the crack width can be assumed 
to be the same as the slip on the shorter 
embedded side while the slip on the longer 
embedded side is neglected. With this 
assumption, the iteration procedure required to 
analyze the pullout behaviour of a single fibre 
embedded on both sides can be omitted so that 
the double numerical integration in the DEM 
can be averted. However, the effect of fibre 
slip of the longer embedded side on the fibre 
tensile stress at a crack can be significant in 
some cases. Hence, in this paper, two 
coefficients will be introduced within the 
formulation to compensate for the relaxed 
compatibility condition. The details follow. 

2.2 Frictional bond behaviour 
In the case of straight fibres, since it is

assumed that the slip of a fibre occurs only on 
the shorter embedded side, a fibre tensile stress 
at a crack can be calculated by integrating the 
frictional bond stress along the shorter 
embedment part of the fibre. In this paper, a 
bilinear relationship between the bond stress 
and slip is employed for the frictional bond 
behaviour of a fibre, as illustrated in Fig. 1, 
which considers the effect of fibre inclination 
angle on the frictional bond behaviour. The 
frictional bond strength is constant while the 

244



Seong‐Cheol	Lee,	Jae‐Yeol	Cho	and	Frank	J.	Vecchio

3

slip at the peak increases with an increase of 
the fibre inclination angle, as assumed in the 
DEM based on test results reported by Banthia 
and Trottier [23]. Note that the slip reported in 
the figure is the same as the crack width 
because the slip of a fibre on the longer 
embedded side is neglected. 

Figure 1: Frictional	bond	behaviour	of	a	single	fibre	
[22].

Since a bilinear relationship is employed 
for the frictional bond behaviour, two phases 
should be considered in the calculation of the 
fibre tensile stress at a crack. The first occurs 
when the crack width is so small that all fibres 
are still on the linearly ascending part of the 
constitutive law for the frictional bond 
behaviour; the second prevails when the crack 
width is large such that some fibres exhibit 
plastic frictional bond behaviour while other 
fibres remain in the pre-peak regime. 

Without suitable compensation made, the 
fibre tensile stress can be significantly 
overestimated when the fibre slip on the longer 
embedded side is neglected, particularly for a 
fibre which does not reach the frictional bond 
strength. This effect of a fibre slip on the 
longer embedded side quickly diminishes after 
a fibre reaches the frictional bond strength, 
because the slip on the longer embedded side 
decreases as the fibre tensile stress decreases 
with an increase in the crack width. Therefore, 
in order to consider the effect of slip of the 
fibre on the longer embedded side on the 
frictional bond stress of a fibre, a factor, f ,
will be applied to fibres not having reached the 
frictional bond strength when the average 
frictional bond stress or the average fibre 
tensile stress is calculated.

For the first phase of response in which the 
crack width is smaller than the slip 

fs corresponding to the initiation of plastic 
frictional bond behaviour of a fibre 
perpendicular to the crack surface, the average 
frictional bond stress considering the random 
distribution of the fibre inclination angle can 
be calculated as follows: 

, ,max3
f cr

f avg f
f

w
s


   for cr fw s (2)

where f  is a coefficient reflecting the 
effect of fibre slip on the longer embedded 
side. From comparisons between the average 
fibre tensile stresses calculated by the DEM 
and the simplified procedure, it has been 
analytically determined that f  is 0.67. 

For the second phase of response, in the 
same manner as for the first phase, the average 
frictional bond stress considering the random 
distribution of fibre inclination angle can be 
derived for the second phase as follows: 

, ,max1
3

f f f
f avg f

cr cr

s s
w w


 

 
    
 

for cr fw s                                 (3)

Assuming that the probability density for 
the shorter embedment length of a fibre is 
uniform at initial cracking, the average fibre 
tensile stress at a crack due to the frictional 
bond behaviour can be calculated as follows: 

2

, , ,
21f cr

f cr st f avg
f f

l w
d l

 
 

   
 

(4)

Since the number of fibres bridging a crack 
surface per unit area is f f fV A [24], the 
tensile stress of SFRC due to the frictional 
bond behaviour can be calculated as: 

2

,max
21f cr

st f f st f
f f

l wf V K
d l

 
 

   
 

(5)
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In Eq. (5), f  can be assumed to be 0.5 for 
a three-dimensional infinite element. 

In Fig. 2, the tensile stresses attained by 
straight fibers as calculated by the SDEM 
according to Eq. (5), are compared with those 
predicted by the DEM. It can be seen that 
tensile stresses calculated by the simplified 
model show good agreement with those 
determined with from the more rigorous DEM 
regardless of the variation of fs .
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Figure 2: Comparison	of	SDEM	with	DEM	for	straight	
fibres.

2.3 Mechanical anchorage effect 
In the case of end-hooked fibres, the effect 

of mechanical anchorage on the pullout 
behaviour should be considered in addition to 
the frictional bond behaviour. From the test 
results presented by Banthia and Trottier [23], 
the effect of fibre inclination angle on the 
mechanical anchorage effect can be assumed 
to be the same as for straight fibres; the 
maximum force due to the mechanical 
anchorage is constant while the slip at the peak 
increases with an increase in the fibre 
inclination angle. Based on the work of 
Sujivorakul et al. [25], the relationship 
between fibre slip and tensile force due to the 

mechanical anchorage is idealized with 
parabolic and linear relationships for the pre- 
and post- peak behaviours, respectively, with 
consideration of the fibre inclination angle 
effect as illustrated in Fig. 3 [14]. 

Figure 3: Mechanical	anchorage	behaviour	in	an	end‐
hooked	fibre	[14].

Similar to the frictional bond behaviour, 
three phases can be considered in the 
calculation of the fibre tensile stress due to 
mechanical anchorage; pre-peak, post-peak, 
and full deterioration of an end-hook. Before 
the beginning of the full deterioration of an 
end-hook, through the same procedure 
presented for the frictional bond behaviour, the 
average tensile force due to mechanical 
anchorage can be calculated with 
consideration given to the random distribution 
of the fibre inclination angle as follows: 

2

, ,max
2 1
3 5

cr cr
eh avg eh eh

eh eh

w wP P
s s


  
    
   

for cr ehw s (7)
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When the crack width is sufficiently large 
to cause some of end-hooks to fully deteriorate, 
the equation to evaluate the average tensile 
force due to mechanical anchorage becomes 
too difficult to derive exactly through 
integration. Therefore, a simple parabolic 
relationship between the crack width and the 
average tensile force caused by mechanical 
anchorage can be employed as follows: 

2

, , ,
2

2
i cr

eh avg eh avg i
i f

l wP P
l l

 
    

                for 
2 2

f i i
cr

l l lw


                     (9)

where , ,eh avg iP  is the average tensile force 
due to the mechanical anchorage at 

  2cr f iw l l   calculated from Eq. (8). 

When the crack width is larger than 2il , it 
can be assumed that all mechanical anchorages 
have fully pulled out. 

In the calculation of the average fibre 
tensile stress at a crack due to the mechanical 
anchorage effect, the fibres in which the 
mechanical anchorage has pulled out should 
not be considered. Therefore, assuming a 
uniform distribution over the shorter 
embedment length of fibres at initial cracking, 
the fibre tensile stress at a crack due to the 
mechanical anchorage effect can be calculated 
as follows: 

,
, , 2

4 2eh avg i cr
f cr eh

f f

P l w
d l





 (10)

By introducing the maximum bond strength 
due to the mechanical anchorage of an end 
hooked fibre ,max ,max2eh eh f fP d l  , the 
tensile stress of an SFRC element due to the 
mechanical anchorage effect can be calculated 
as follows: 

 
,max

2 2i cr
eh f f eh eh

f

l w
f V K

d
 


 (11)

where ehK  is referred to Eqs. (7)~(9).  
Finally, the tensile stress attained in SFRC 

elements with end-hooked fibres can be 

calculated from the superposition of the tensile 
stresses due to the frictional bond behaviour 
and the mechanical anchorage effect. Fig. 4 
compares the tensile stress attained by end-
hooked fibres as calculated by DEM and 
SDEM. It can be seen that the results of the 
simplified model show good correspondence 
with the DEM. 

0.0 

1.0 

2.0 

3.0 

4.0 

0.0 1.0 2.0 3.0 4.0 

S
tre

ss
 d

ue
 to

 fi
br

es
 (M

P
a)

Crack width (mm)

DEM

SDEM

Vf=1.5%
lf=30mm; df=0.5mm
eh,max=3.69 MPa
f,max=3.46 MPa

seh=0.01 mm

0.05 mm

0.10 mm

0.50 mm

Figure 4: Comparison	of	SDEM	with	DEM	for	end‐
hooked	fibres.

2.4 Tensile stress of SFRC 
The formulations above have dealt with the 

tensile stress attained by steel fibres. To 
evaluate realistically the tensile stress response 
of SFRC members, the tensile stress due to the 
tension softening effect of concrete matrix 
should be added to that attained by steel fibres. 
This study adopted the following exponential 
form [11] for the tension softening effect. 

crcw
ct crf f e (12)

where the coefficient c  is 15 and 30 for 
concrete and mortar, respectively. 

Therefore, the tensile stress of a SFRC 
member can be calculated as follows: 

SFRC f ctf f f  (13)

where ff  is the tensile stress attained by 
fibres, equal to stf  for straight fibres and 

st ehf f  for end-hooked fibres. 
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3 VERIFICATION OF SDEM 

3.1 Uniaxial tensile behaviour of SFRC 
For the verification of the proposed model, 

the predictions of SDEM were compared with 
experimental data obtained from other 
researchers’ investigations [5,26]. The test 
results were also compared with the 
predictions of other researchers’ proposed 
models [10-13]. When the SDEM was 
employed to evaluate the tensile stress attained 
by steel fibres, the slips corresponding to the 
bond strength due to the frictional bond 
behaviour, fs , and the maximum force due to 
the mechanical anchorage, ehs , were assumed 
to 0.01 and 0.1 mm, respectively, as suggested 
by Naaman and Najm [27]. The frictional bond 
strength, ,maxf , and the mechanical anchorage 

strength, ,maxeh , were assumed to be 
'0.396 cf  and '0.429 cf , respectively, based 

on the previous studies [11,15].
As compared in Fig. 5~6, the SDEM shows 

the best agreement with the test results not 
only for the specimens with straight fibres but 
also for the specimens with end-hooked fibres. 
This is primarily due to differences in the 
fundamental assumptions; the SDEM 
considers both the frictional bond behaviour 
and the mechanical anchorage effect 
separately, whereas the other models assumes 
constant bond stress along fibres even for end-
hooked fibres. Therefore, it can be concluded 
that the structural behaviour of SFRC 
members subjected to direct tension can be 
accurately represented by the SDEM. 
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Figure 5: Comparison	for	the	members	with	straight	fibres	tested	by	Petersson	[5].	
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Figure 6: Comparison	for	the	members	with	end‐hooked	fibres	tested	by	Susetyo	[26].	
	

3.2 Flexural behaviour of SFRC 
To investigate the modelling capabilities of 

the SDEM for flexural members, the four-
point bending tests were considered. In the 

analysis of the flexural behaviour of SFRC 
specimens, the sectional analysis procedure 
presented by Oh et al. [28] was employed. 

In the flexural analysis, it was assumed 
that a SFRC beam specimen subjected to the 
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four-point loading reaches failure through the 
formation of a single dominant flexural crack, 
as presented in Fig. 7. From the geometric 
condition illustrated in this figure, the 
relationship between the compressive strain of 
the top fibre in the pure bending region and 
the centre deflection can be derived. Then, as 
illustrated in Fig. 8, the stress distribution 
along the section with a flexural crack can be 
separately evaluated for the un-cracked depth 
with the strain distribution and the cracked 
depth with the crack width distribution. 
Consequently, the sectional analysis for a 
section with a flexural crack can be conducted. 

Figure 7: Failure	model	of	a	SFRC	beam	with	a	
single	dominant	crack	[28].	

As a verification of the SDEM, the flexural 
specimens tested by Susetyo [26] were 
analyzed. As shown in Fig. 9, the analysis 
results obtained from the SDEM show good 
agreement with the test results for the flexural 
behaviour of the SFRC members.

Figure 8: Strain	and	stress	distribution	through	the	
section	with	a	crack.	
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Figure 9: Prediction of the SDEM for the	flexural	
behaviour	of	SFRC	beams	tested	by	Susetyo	[26].

4 CONCLUSIONS 
In this paper, a simplified version of the 

Diverse Embedment Model (DEM) was 
developed by eliminating the double 
numerical integration procedure. To enable 
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the simplification, it was assumed that the 
fibre slip on the shorter embedded side is the 
same as the crack width. As a result, the fibre 
tensile stress at a crack can be calculated 
directly for a given crack width by 
considering the same constitutive models for 
frictional bond behaviour and the mechanical 
anchorage effect as employed in the DEM. To 
prevent an overestimation of the fibre tensile 
stress caused by neglecting the effect of a 
fibre slip on the longer embedded side, the 
coefficients, f  and eh  were introduced for 
the frictional bond behaviour and the 
mechanical anchorage effect, respectively. 
Consequently, the tensile stress attained by 
fibres in SFRC members can be more simply 
evaluated. 

The accuracy of the SDEM was verified 
through the analysis of various test specimens. 
The tensile stress-crack width responses of 
SFRC calculated by the SDEM showed good 
agreement with those obtained from the DEM. 
In comparisons with test results, the SDEM 
predicted well the direct tensile behaviour of 
SFRC members with straight fibres or end-
hooked fibres. From sectional analyses with 
the failure mode exhibiting a single dominant 
flexural crack, the SDEM showed also good 
agreement with the test results for the flexural 
behaviour of SFRC beams. Consequently, it 
can be concluded that the tensile or flexural 
behaviour of SFRC members can be modelled 
simply and accurately with the SDEM. 

The proposed SDEM can be easily 
implemented into currently available analysis 
models [19-22] or programs [23-24] so that it 
can be useful in the assessment of the 
structural behaviour of SFRC members or 
structures with or without conventional 
reinforcing bars. 
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Abstract: This paper reports the experimental findings on the tensile behaviour of strain-hardening 
cement-based composites (SHCC) subjected to elevated temperatures and different strain rates and 
to combinations of these parameters. Uniaxial tension tests with in-situ temperature control were 
performed at 22 °C, 60 °C, 100 °C and 150 °C. In addition, the effect of loading rate was 
investigated using the strain rates of 10-5 s-1, 3·10-4 s-1 and 10-2 s-1 at all four temperatures 
considered. It was shown that tensile strength decreases both with an increase in temperature and 
with a decrease in the strain rate. The strain capacity increases with decreasing strain rate at 
temperatures of 22°C and 60°C, but for the temperature of 100°C this material property increases 
when the strain rate increases. At 150°C the investigated SHCC loses its ductility and no noticeable 
strain rate effect can be observed. These results and possible mechanisms leading to changes in 
mechanical performance are discussed on the basis of the observed crack patterns on the specimens’ 
surfaces as well as the microscopic investigations of the condition of fibres on fracture surfaces.
 

1 INTRODUCTION 
Strain-hardening cement-based composites 

(SHCC) constitute a group of fibre-reinforced, 
fine-grained concretes which display high 
strain capacity when subjected to tensile 
loading. This quasi-ductile behaviour results 
from progressive multiple cracking achieved 
by the optimized crack-bridging action of 
short, thin, well distributed, polymeric fibres. 
The SHCC family of materials can be used in 
specific engineering applications as shown in 
[1-3]. 

The characteristic behaviour of SHCC 

subjected to tension under monotonic, quasi-
static loading has been intensively studied 
during the last years by several authors and is 
relatively well known. In addition to these 
investigations, the behaviour of SHCC under 
cyclic tensile loading [4], alternating tension-
compression, and tensile creep has also been 
investigated.  

Several authors [6, 7] found strain rate 
dependents of materials behavior. Tension 
tests performed up to 10-2 s-1 exhibited, with 
increasing strain rate, an increase in tensile 
strength and a decrease in strain capacity. 
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Single fibre pullout test results have been used 
to explain the respective findings, with rate-
dependent chemical bond reported to dominate 
in [7] and slip-hardening in [5]. In both cases 
PVA fibres were used.  

With a further increase in strain rate up to 
10 to 50 s-1, SHCC showed an increase in both 
tensile strength and strain capacity, but, other 
than when tested under quasi-static loading, 
with no distinctive multiple cracking [6]. This 
specific behaviour was related to a more 
pronounced fibre pullout from the matrix and 
to marked plastic deformation of the fibres [6] 
as well as to internal damage of specimens. 

The knowledge and understanding of the 
material behaviour and damage mechanisms at 
additional exposures, like higher temperature, 
is of great importance for the correct design of 
structures. Low-melting-point fibres such as 
polypropylene are mostly used to mitigate 
concrete spalling in case of fire. Nevertheless, 
the effect of such fibres on the bending post-
cracking strength after exposure to 
temperatures up to 800 °C was investigated [8] 
and up to 400 °C a decrease in the stiffness 
and an improvement in the post-peak response 
were observed. Magalhães et al. [9] performed 
residual tensile tests on SHCC containing 2% 
of PVA fibres pre-treated at temperatures 
ranging from 90 °C to 250 °C. For the case of 
250 °C, it was shown that strain capacity 
decreased around 92% while the tensile 
strength decreased around 68%. 

This work deals with the combined effect of 
temperature and strain rate on the mechanical 
behaviour of SHCC subjected to tensile 
loading. The in-situ uniaxial tension tests were 
performed at temperatures of 22, 60, 100 and 
150 °C at strain rates of 10-5, 3·10-4 and 10-2 s-1.

Additionally, crack patterns on the 
specimens’ surfaces as well as the fracture 
surfaces were investigated by using 

Enviromental Scanning Electron Microscope 
(ESEM) to identify specific failure 
mechanisms of SHCC under various loading 
rates and temperature regimes. The chosen 
temperatures cover a range from hot weather 
(60 °C) up to specific operation regimes as, 
e.g., in power plants (100-150 °C). 

2 MATERIALS AND PROCESSING 
The material composition used in this 

investigation (Table 1) was first developed by 
Brüdern and Mechtcherine [10]. Binder was a 
combination of Portland cement type 42.5R-
HS and fly ash. The mixture contained only 
very fine aggregates – equally graded quartz 
sand with particle sizes ranging from 0.06mm 
to 0.20 mm, important for the uniform 
distribution of fibres. A superplasticizer and a 
viscosity agent were added to the mixture in 
order to attain the desired workability. 
Furthermore, superabsorbent polymers were 
added to the mixture in order to improve the 
frost resistance, to mitigate shrinkage, and to 
induce micro-defects favourable to the 
formation of multiple cracks, cf. [10]. The 
SHCC used in the present work had a PVA 
fibre volume content of 2.2% (d = 40 µm, l = 
12 mm). Detailed information on mix design 
may be found in [4, 10]. 

In producing the SHCC, all dry components 
were homogenized in a mixer. The water and 
superplasticizer were added and mixed until a 
fluid consistency was achieved. Subsequently, 
the fibres were added during continuous 
mixing. Afterwards, the SHCC was mixed 
intensively until a good fibre distribution was 
achieved.

All specimens were cast horizontally in 
dumbbell shaped metal forms and vibrated. 
After casting the moulds were covered with 
plastic foil and stored for one day in a room 
under controlled temperature (T = 22 °C).

After de-moulding, the specimens were 
wrapped in plastic foil and stored at room 
temperature until testing. In order to produce 
flat surfaces, the superfluous material on the 
mould-filling side, was cut off with a saw after 
SHCC hardened. All specimens were tested at 
an age of 28 days. 

Table 1: Mix proportions of SHCC 

Component [kg/m³] 
Cement 505.0 
Fly ash 613.5 
Water 359.3 

Quartz sand 534.2 
Superplasticizer 19.3 
Viscosity agent 3.2 

Superabsorbent polymers (SAP) 2.0 
PVA fibres 29.0 
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3 EXPERIMENTAL TESTING 
PROCEDURE

For each combination of parameters four 
tests were performed on dumbbell-shaped 
specimens with dimensions of 330 mm x 30 
mm x 30 mm (length x width x thickness). 
Figure 1 shows the test setup and specimen 
geometry used for the uniaxial tension tests.  

Specimens are mounted in steel plates 
which were then fixed on the testing machine 
under rotatable boundaries. The position of the 
fixing plates was chosen approx. 10 mm to the 
narrow part of the specimen to minimize 
deformations and the effect of multi-axial 
stress distribution on the gauge length of the 
specimen.  

All experiments were performed using a 
monotonic, displacement-controlled loading 
regime. Displacement was measured by two 
high temperature LVDT’s at a gauge length of 
80 mm.  

Three different displacement rates were 
used: 0.0008 mm/s, 0.024 mm/s, and 0.8 
mm/s, which corresponded to strain rates of 
10-5, 3·10-4, and 10-2 s-1, respectively. The 
tensile load and corresponding displacements 
were recorded continuously during the tests.

The uniaxial tension tests were performed 
at the reference room temperature of 22 °C as 
well at three different elevated temperatures of 
60 °C, 100 °C, and 150 °C using an electric 
furnace operated simultaneously with the 
testing machine.  

The heating rate was of 1 °C/minute. When 
the specific target peak temperatures were 
reached, the furnace temperature was 
maintained constant for one hour previous to 
the test and for the duration of the test as well. 
Table 2 gives an overview of the experimental 
program. 

The Environmental Scanning Electron 
Microscope (ESEM) was used to investigate

Figure 1: Uniaxial tension test setup: (a) specimen 
geometry (in mm) and (b) test setup showing the 

specimen attached to the testing machine by means of 
the metal plates, half of the electrical furnace, and 

instrumentation

the condition of SHCC fracture surfaces for 
various testing conditions. The ESEM was 
operated under low vacuum of 0.6-0.7 mBar.  

Additionally, high resolution photographs 
were made of the crack patterns on the 
specimens’ surfaces following testing. 

4 RESULTS OF THE UNIAXIAL 
TENSION TESTS 

Figure 2 shows one representative stress-
strain curve obtained for each investigated 
strain rate at the temperatures of 22, 60, 100, 
and 150 °C. The results of the evaluation of all 
curves are given in Table 3. From these data it 
can be seen that the SHCC behaviour is 
sensitive to the applied strain rate at the 
temperatures of 22 °C, 60 °C and 100 °C. At 
room temperature, i.e. at 22 °C, the tensile 
strength increased from 4.48 MPa to 5.53 MPa 

Table 2: Parameter variations in the in-situ uniaxial tension tests 

Displacement rate 
[mm/s] 

Strain rate 
[s-1]

Temperature during the test 
[°C] 

0.0008 10-5 22 60 100 150 
0.024 3·10-4 22 60 100 150 

0.8 10-2 22 60 100 150 

60

30

80
 

45
 

80
 

45
 

80
 

33
0 

LVDT’s

Furnace

(a)                      (b) 
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when the strain rate was raised from 10-5 s-1 to 
10-2 s-1, cf. Figure 2a. Also the first-crack 
strength σ1 increased in a similar proportion, 
cf. Table 3. The first-crack strength was read 
as the maximum stress before the first drop in 
the stress-strain curve indicating the formation 
of the first fine crack crossing the entire 
specimen’s cross-section or at least a large part 
of it. For the same testing conditions the strain 
capacity and the work-to-fracture decreased 
from 5.33% to 3.94% and from 17.76 J to 
14.12 J, respectively. The strain capacity was 
defined as the strain at which the localization 
of failure occurred while the work-to-fracture 
was computed as the total area under the load-
displacement curve. While the behaviour of 
SHCC tested at the rate of 10-5 s-1 was 
characterised by a pronounced strain-
hardening response accompanied by the 
formation of many fine cracks, the SHCC 
response at 10-2 s-1, revealed lower number of 

cracks when tested at 22 °C, cf. Figure 3. 
These results are in agreement with [6]. 

For the in-situ test temperature of 60 °C 
generally the same tendencies were observed 
as at room temperature: a clear increase in the 
first-crack strength and tensile strength as well 
as a decrease in strain capacity and work-to-
fracture with increasing strain rate, cf. Figure 
2b and Table 3.

For example, the strength increased from 
3.55 MPa to 4.61 MPa and the strain capacity 
decreased around 42%, when comparing the 
results for the lowest and the highest applied 
strain rates. The specimens showed similar 
numbers of cracks in both cases; however, the 
cracks on the specimens subjected to the 
slower loading were wider, cf. Figure 3. It 
must be noted that the deformed specimens 
shown in Figure 3 are at different permanent 
(inelastic) deformation states. 

For specimens tested at 100 °C the strength 

Figure 2: Effect of strain rate on the stress-strain response of SHCC tested at the in-situ temperatures 
of (a) 22 °C, (b) 60 °C, (c) 100 °C and (d) 150 °C, graphs show representative curves 

(a) (b)

(c) (d)

(a) (b)
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also increased with increasing strain rate, this 
time at a considerably lower level, from 2.26 
MPa to 2.82 MPa, cf. Figure 2c. In contrast to 
results of the test at lower temperatures, the 
strain capacity increased from 0.53% to 9.30% 
as the strain rate was increased from the 
minimum to the maximum. Figure 3 shows 
that at the temperature of 100 °C and at the 
highest strain rate the specimens yield 
pronounced multiple cracking. The opening of 
these many cracks results in the higher strain 
capacity obtained at this rate. 

In the test performed at the temperature of 
150 °C, SHCC revealed no quasi-ductile 
behaviour anymore, but rather a softening 
behaviour for all strain rates under focus. No 
clear rate effect was observed on any of the 
material parameters (cf. Figure 2d and Table 
3) and a single crack in the material was 
detected.

It can be seen that first-crack strength and 
tensile strength gradually decrease with 
increasing temperature, while the strain 

capacity reaches its maximum level at a 
temperature of 60 °C or 100 °C, dependent on 
the stain rate, and then decreases. The 
interpretation of this behaviour is given in the 
following section. 

5 MICROSCOPIC INVESTIGATION 
AND DISCUSSION 

The tensile strength decreases both with an 
increase in temperature and a decrease in 
strain rate. The exception lies in the results for 
the temperature of 150 °C: here no strain rate 
effect could be observed. When tested at the 
temperatures of 22 °C and 60 °C the strain 
capacity increased for all tested strain rates. At 
100 °C the strain capacity only increased for 
the strain rates of 10-2 s-1 and 3·10-4 s-1 and,
finally, at 150 °C there is no noticeable strain 
rate effect on the strain capacity. The results 
for the strain capacity correlate well with the 
observed crack pattern. Regarding the first-
crack strength SHCC acts very similar to well 

Table 3: Summary of the in-situ tension test results; average values (standard deviations are given in parentheses) 
Temperature 

[°C] 
Strain rate

[s-1]
First-crack

strength [MPa] 
Tensile strength 

[MPa] 
Strain capacity 

[%]
Work-to-

fracture [J] 
22 10-5 2.62 (0.61) 4.48 (0.39) 5.33 (0.82) 17.76 (3.45) 

3·10-4 3.84 (0.39) 5.33 (0.45) 4.92 (0.14) 16.07 (1.92) 
10-2 4.04 (0.26) 5.53 (0.58) 3.94 (0.74) 14.12 (3.06) 

60 10-5 2.62 (0.11) 3.55 (0.19) 10.33 (1.57) 28.28 (1.87) 
3·10-4 2.52 (0.20) 3.66 (0.13) 6.25 (2.69) 18.14 (7.59) 
10-2 3.43 (0.35) 4.61 (0.61) 5.98 (2.47) 22.78 (6.27) 

100 10-5 2.02 (0.28) 2.26 (0.02) 0.53 (0.47) 3.06 (0.24) 
3·10-4 1.60 (0.07) 2.71 (0.18) 6.76 (1.45) 13.10 (2.37) 
10-2 1.67 (0.27) 2.82 (0.50) 9.30 (0.47) 18.83 (4.63) 

150 10-5 1.65 (0.11) 1.65 (0.11) 0.06 (0.028) 0.84 (0.03) 
3·10-4 1.84 (0.15) 1.84 (0.15) 0.19 (0.026) 3.45 (1.04) 
10-2 1.70 (0.21) 1.70 (0.21) 0.15 (0.099) 2.19 (1.65) 

(a) 10-5s-1 (b) 10-2s-1

Figure 3: Crack patterns of representative specimens tested in-situ at different temperatures: (a) strain rate of 10-5s-1

and (b) strain rate of 10-2s-1

T = 22oC

T = 60°C 

T = 100°C 

T = 22oC

T = 60°C 

T = 100°C 
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discussed ordinary concrete. 
To gain additional information to help 

explain the observed effects fracture surfaces 
of tested specimens were investigated by using 
the environmental electron microscope. The 
representative ESEM micrographs depicted in 
Figure 4 give a clear indication of the failure 
mechanisms of SHCC tested under the lowest 
and highest rate at room temperature. While 
fibre fracture is predominant in the tests with 
the strain rate of 10-2 s-1 (short fibre length in 
Figure 4a), fibre pullout is typical for the 
specimens tested with the strain rate of 10-5 s-1

(Figure 4b).

Figure 4: Fracture surfaces of representative 
specimens tested at a temperature of 22 °C at strain 

rates of (a) 10-2 s-1 and (b) 10-5 s-1

Regarding the appearance of the individual 
fibres tested with the lowest strain rate, fibres 
show some hydration products on their 
surfaces and no signs of fracture, thus 
demonstrating that they were pulled out of the 
matrix. In contrast, the fibres from specimens 
tested with a rate of 10-2 s-1 are ruptured. These 
phenomena can be traced back to the increase 
in the bond strength between fibre and matrix 
with higher strain rates, cf. [5, 6].

It can be assumed that the gradual 
detachment of the fibre from the matrix is less 
pronounced when SHCC is loaded with a 
higher strain rate. This means that only small 
free lengths of fibres can develop and 
therefore only small crack openings can be 
attained prior to the failure localisation. 

The phenomena and tendencies described 
above hold true also for the tests performed at 
the temperature of 60 °C. Additionally, it 
should be noticed that SHCC specimens tested 
at this temperature with the strain rate of 10-5 

s-1 exhibited much wider openings of multiple 
cracks in comparison with those tested with 
the strain rate of 10-2 s-1. One of the reasons is 
the smaller free lengths of the fibres crossing 
the crack in the case of the higher strain rate. 
The detachment of the fibre from the matrix is 
a time-dependent process which leads both to 
an increase in the bond strength and to a 
decrease in the fibre free length when faster 
loading is applied. Elevated temperatures 
intensify this effect. Relative changes in the 
tensile strength and strain capacity measured at 
60 °C were much higher than those observed 
at room temperature.  

Additionally to the given reasons the 
following mechanism seems to be important. 
Since the PVA fibres used in this study are 
coated with an oiling agent, it is likely that this 
agent is sensitive to temperature increases 
already at moderate temperatures. The 
physical and, possibly as well, the chemical 
properties of the agent may have changed 
when exposed to 60 °C or higher temperatures. 
Thus, the fibre bond strength, both frictional 
and chemical, was likely reduced, contributing 
to a lower strength, wider cracks (cf. Figure 3), 
and higher strain capacity of the composite 
system. 

In the tension tests performed at the 
temperature of 100 °C, the specimens tested 
with the strain rate of 10-5 s-1 exhibited a lower 
strain capacity than those tested with the strain 
rate of 10-2 s-1; thus, an opposite tendency in 
comparison to the results obtained from the 
tests at 22 °C and 60 °C. The specimens tested 
at low strain rates showed few cracks, while 
SHCC tested with high strain rate had 
pronounced multiple cracking. The 

(a)

(b)
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microscopic investigations of fracture surfaces 
revealed a pronounced fibre pullout for both 
loading rates. However, an obvious difference 
in the appearance on the fibre surface could be 
noticed. Fibres pulled out at the high loading 
rate had longitudinal groves (cf. Figure 5a,b), 
while fibres from the tests with the low strain 
rate exhibited much smoother surfaces (cf. 
Figure 5c). The longitudinal groves indicate 
that severe plastic deformations occurred 
during the pullout process, so contributing to 
the energy absorption capacity of the 
composite.  

Obviously, the properties of the bond are 
also beneficial for this combination of strain 
rate and temperature; see multiple cracking in 
Figure 3b. A strong bond is demonstrated by 
the fact that some (but only few!) broken 
fibres were observed. They showed marked 
narrowing, indicating distinct plastic 
deformations; cf. Figure 5b. It is very likely 
that the weakening of the bond strength with 
increasing temperature and an increase in bond 
strength with increasing strain rate produced a 
favourable combination with respect to the 
mechanical performance of the SHCC. It is 
also probable that in the case of slow loading 
the bond strength is not strong enough to 
transfer high stresses across first cracks; 
therefore, fibres are prematurely detached 
from and pulled out of the matrix, so that no 
marked strain-hardening occurs.    

Figure 6 shows a representative micrograph 
of fracture surfaces of SHCC tested at a 
temperature of 150 °C. Fibres are strongly 
plastically deformed, which can be traced back 
to very high deformability and low strength of 
PVA fibres at this relatively high temperature, 
although the thermal degradation process of 
PVA fibres only starts at 256 °C, as shown by 
[9]. Thus, fibre cannot take over the tensile 
load when the matrix fails, which explains 
why only one crack could be observed in the 
experiments at 150 °C.  

Figure 5: Appearance of PVA fibres on the fracture 
surface of specimens tested at a temperature of 100 °C 

and strain rates of (a, b) 10-2 s-1 and (c)10-5 s-1

Figure 6: Fracture surface at a temperature of 150 °C 

(c)

(b)

(a)
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To prove some of the assumptions, made 
above, the authors plan for their further 
research to perform residual and in-situ fibre 
pullout tests at the same temperature used in 
this study. Additionally, the mechanical 
behaviour of fibre and matrix will be 
investigated in separate tests. 

6 CONCLUSION 
The following conclusions can be drawn 

from the present work on the tensile behaviour 
of SHCC at various combinations of 
temperature and strain rate: 
- At room temperature (22 °C) and 60 °C 

SHCC shows an increase in tensile 
strength and reduction in strain capacity 
when increasing strain rate. Values of 
strain capacity were much higher than at 
the room temperature.

- At 100 °C the strain capacity increased and 
the strength decreased when increasing the 
strain rate. 

- Finally, at 150 °C SHCC lost its ductility. 

Additional tests on this topic were 
performed with residual heated specimens. 
The findings of these experiments and a 
comparison to the in-situ tested specimens can 
be found in [11]. More research is needed to 
quantify these changes and to be able to use 
this knowledge for the material and structural 
design purposes. 
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Abstract. Concrete, ceramics, fiber and particle reinforced composites, as well as porous media, are
materials widely used in industry and engineering. All these materials are heterogeneous at a certain
scale and some of their specific macroscopic behaviors during damage can be traced back to their
micro structural behavior. In order to obtain realistic results in the numerical simulations of hetero-
geneous materials, one needs either to perform computationally intensive fine scale simulations or to
adopt a multi-scale technique that is able to reduce the computational cost of the analysis while it
retains enough accuracy on the quantities of interest. In this paper the mathematical homogenization
approach is used to upscale the Lattice Discrete Particle Model (LDPM), that have been success-
fully formulated to simulate concrete at the scale of the major heterogeneities. The Lattice Discrete
Particle Model (LDPM) simulates concrete at the meso-scale considered to be the length scale of
coarse particle pieces. Contrarily to continuum-based approaches, in discrete models like LDPM,
the displacement and rotation fields are only defined in a finite number of points representing the
center of coarse aggregate particles. The mechanical interaction between adjacent particles is gov-
erned by meso-scale constitutive equations. In this work LDPM is homogenized through the classical
mathematical homogenization by employing first order asymptotic expansions for displacements and
rotations. Numerical simulations are carried out to analyze the behavior of the resulting homogenized
macroscopic constitutive equation.

1 INTRODUCTION

Most of natural and engineering materials,
such as ceramics, concrete, composites and
rock are heterogeneous at some scale. This het-
erogeneity at lower scales is the root of a va-
riety of macroscopic behaviors, especially dur-
ing failure. Experiments show that governing
behavior of heterogeneous materials strongly
rely upon the characteristics of heterogene-

ity, such as, but not limited to, size, spatial
distribution, and shape. Therefore, to cap-
ture the realistic global behavior of heteroge-
neous materials, a multi scale analysis of mate-
rial is inevitable. Among different multi scale
techniques, homogenization is a well known
method widely used over the past decades. Es-
helby [1] and Hashin and Strikman [2] were
among the first to develop analytical homoge-
nization techniques for the analysis of compos-
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ite materials. Analytical homogenization tech-
niques provide reasonably approximate mate-
rial properties in the elastic regime but they be-
come prohibitive to apply when nonlinear ef-
fects need to be accounted for. by mathemati-
cally solving a boundary value problem. Non-
linear problems characterize by plasticity and
strain hardening have been solved in the past
decade through the so called computational ho-
mogenization (see Refs. [4] to [7]), in which
the gauss point response of a given material
is obtained by applying appropriate boundary
conditions to a representative volume element
(RVE). The RVE, firstly introduced by Hill [3],
is defined as a the smallest volume of material
in which heterogeneous structure is explicitly
modeled and whose homogenized response is
statistically insensitive to the fine features of the
material internal structure. Since no assumption
is made for the macroscopic constitutive law,
this method can be used for extremely nonlin-
ear material behaviors.

Another type of homogenization technique,
called Asymptotic Expansion Homogenization
(AEH), uses asymptotic expansion of displace-
ment field to build the homogenization frame-
work. The asymptotic expansion is based on
a length parameter which is the ratio between
an intrinsic size of heterogeneity to a macro-
scopic typical length. Starting from equilib-
rium equation and using a variational approach,
one can obtain separate governing equations
for different scales. By using this approach,
one can gain macroscopic average constitu-
tive behavior as well as local distribution of
stress and strain fields in the fine scale domain.
Chung [8] presented detailed derivation of mul-
tiple scale formulation for elastic solids. Fish
[9, 10] employed this approach to study lin-
ear and nonlinear behavior of composites in a
FEM analysis. Ghosh [11] used this approach
along with Voronoi Cell Finite Element Method
(VCFEM) to study the elastic behavior of com-
posites with random meso-structure as well as
elastic-plastic behavior of heterogeneous ma-
terials [12]. Fish [13] also used asymptotic
homogenization to derive continuum equations

starting from Molecular Dynamic (MD) equa-
tions.

Absolute size of the heterogeneity influences
the homogenized behavior of a multi phase ma-
terials and composites. Classical homogeniza-
tion techniques described above can take into
account the effect of shape and volume fraction
of heterogeneity, but cannot capture the effect
of absolute size of heterogeneity. In addition,
for materials which shows softening behavior,
mesh dependency has been a well known prob-
lem. To overcome this difficulties, different
non-local techniques has been proposed. Mod-
elling materials as Cosserat continua is one
of those approaches. Feyel [14] built a ho-
mogenization scheme in a FE2 framework to
derive Cosserat continua at macro scale from
Cauchy heterogeneous continua at the micro-
scale. Asymptotic homogenization technique
was also employed by Forest [15] for elastic
Cosserat solids. He studied different type of
expansion series for displacement and rotation
fields and investigated their effect. He showed
that the nature of homogenized continua de-
pends on the ratio of the Cosserat characteristic
length of constituents, size of heterogeneity and
typical size of the structure. Sluis [16] homoge-
nized a RVE of polymer to a Cosserat continua
to solve mesh dependency problem of softening
materials. In most of the research in homog-
enization of Cosserat media, fine and coarse
scale problems are both considered to be gov-
erned by continuum mechanics. The literature
is scarce as far as multiple scale homogeniza-
tion in which fine scale problems are governed
by discrete mechanics. Among very few others,
recently, Li [17] developed a micro-macro ho-
mogenization framework for particulate media.

In this paper, we develop a mathematical
scheme to homogenize the Lattice Discrete Par-
ticle Model (LDPM), a discrete model for con-
crete, to a continuum one. LDPM developed by
Cusatis et al. [18, 19] is a discrete model that
showed an outstanding ability to simulate con-
crete behavior under a wide variety of loading
conditions.

2
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2 The Discrete Fine-Scale Problem

Discrete fine-scale modelling of heteroge-
neous quasi-brittle materials, including, but not
limited to, concrete, rock, sea-ice, toughened
ceramics, and composites, has become widely
popular during the past few decades due to its
intrinsic ability to simulate material heterogene-
ity and fracture induced displacement disconti-
nuity. Discrete fine-scale models are character-
ized by the following features: (1) The geome-
try of the computational model is built with ref-
erence to the actual internal structure the mate-
rial of interest and it consist of “particles” con-
nected through either “contact points” or “con-
necting struts”; (2) The kinematic description
(displacement and rotation fields) are defined
only at a finite number of points coinciding with
the particle centers; (3) Strain and stress mea-
sures are defined only at the contact points or
at the centroid of the connecting strut cross sec-
tions; (4) Discrete models employ vectorial, as
opposed to tensorial, stress versus strain rela-
tionships to describe the constitutive behavior;
and (5) The classical concepts of equilibrium
and compatibility are formulated through alge-
braic equations, as opposed to partial differen-
tial equations typical of continuum mechanics.
These characteristics has been proven to be very
effective for the realistic simulation of strain lo-
calization, fracture, and fragmentation of sev-
eral different materials.

Classical discrete models are the Discrete El-

ement Method (DEM) and frame/truss models.
DEM was first proposed by Cundall [20] to sim-
ulate particulate geomaterials, and it has been
extensively and successfully used by many au-
thors to model sand, cohesive and cohesive-less
soils, and rocks [21, 22]. Lattice models, orig-
inally developed by Hrennikoff [23] to solve
elasticity problems, were later used by Burt and
Dougill [24] to simulate progressive failure in
heterogeneous materials. In these models, a
network of lattices are used to simulate the dis-
creteness of the meso-structure. Lattice models
have been also used to model failure in concrete
and composites (see Refs. from [25] to [29]).

If one limits the analysis to the case of small
strains and displacements – which is a reason-
able assumption in absence of large plastic de-
formation prior to fracture as observed in brittle
and quasi-brittle materials – the fine-scale prob-
lem can be formulated with reference to the ini-
tial configuration of each single particle (or lat-
tice node) surrounded by a number of neighbor-
ing particles (or lattice nodes) as shown in Fig.
1. The basic geometrical entities used to for-
mulate the fine-scale framework are (1) parti-
cle centers or lattice nodes – referred as simply
“node” thereinafter – where displacements and
rotations are defined; and (2) the “facets” which
represents weak locations in the material inter-
nal structures where damage is likely to local-
ize and fracture to occur and where measures
of deformation are introduced and constitutive
equations enforced.

Figure 1: Geometrical vectors in two dimension
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Displacement jump on a generic facet f be-
tween node I and node J can be written as

�uC� = UJ +ΘJ × cJf −UI −ΘI × cIf (1)

Next, measures of deformation can be de-
fined as

εfα = r−1�uC� · eIJfα (2)

where εfα = strains; r = |rIJ |; rIJ = xJ − xI ;
eIJfα (α = N,M,L) are unit vectors defining
a facet Cartesian system of reference such that
eIJfN = is orthogonal to the facet and eIJfN ·rIJ >
0; UI , UJ = displacement vectors of node I
and J ; ΘI , ΘJ = rotation vectors of node I
and J ; and cIf , cJf = vectors connecting nodes
I and J to the facet centroid. It must be ob-
served here that, in general, displacements and
rotations are assumed to be independent vari-
ables. Also, curvature type measures of defor-
mation could be included as well but they are
not considered here because they are not used
in the LDPM formulation.

For a given strain vector, a vectorial con-
stitutive equation provide the stress stress, tIJf ,
on the facet. Formally one can write tIJf =
tfα(εfN , εfM , εfL)e

IJ
fα where summation rule

applies. As an example, elastic behavior can be
formulated through the following equations

tfα = Eαεfα (3)

In the previous equations each traction com-
ponent is proportional to the associated strain
(summation rule does not apply); and Eα are
fine-scale elastic constants.

Finally, the computational discrete fine-scale
framework is completed by imposing the equi-
librium of each single particle subject to the ef-
fect of all surrounding particles. Translational
and rotational equilibrium equations for quasi-
static loading conditions read

NI
f∑

f=1

Aft
IJ
f (εfα) = 0 (4)

and
NI

f∑
f=1

Afc
I
f × tIJf (εfα) = 0 (5)

where N I
f = number of facets surrounding node

I; AI
f = facet area. In all above equations, vari-

ables with subscript f are variables related to a
specific facet, f , common between the two par-
ticles I and J . Hereafter, subscript f is dropped
from the equations for simplicity.

3 Mathematical Homogenization Based on
Asymptotic Expansion Series

In this section, two-scale homogenization of
the general fine-scale problem introduced in
the previous section is pursued by means of
the generalized mathematical homogenization
(GMH), first introduced in Ref. [13] for the
multiscale analysis of atomistic periodic sys-
tems. In the original formulation only central
forces were assumed to act on the particles and,
consequently, the rotational equilibrium equa-
tion was not considered. This limitation is re-
moved in the current study.

3.1 Two Scale Approximation and Asymp-
totic Expansions

In order to perform a two-scale asymptotic
homogenization, one needs to define two sep-
arate scales and the corresponding coordinate
systems x and y: x represents the macro-
scopic coordinate system in which the prob-
lem is defined as continuous and it does not see
any material heterogeneity; y is the meso-scale
(stretched) coordinate system, in which hetero-
geneity is modeled by the discrete meso-scale
model. If the separation of scales exists, one can
write the following relationship linking macro
and meso coordinate systems

x = ηy 0 < η << 1 (6)

where η is a very small positive scalar. In
addition, the displacement of a generic node
I , UI = u(xI ,yI), can be approximated by
means of the following asymptotic expansion

u(x,y) ≈ u0(x,y) + ηu1(x,y) (7)

where u0 is the macroscopic displacement
field. Whereas u1 is the meso-scale correc-
tion which depends on both coordinate systems.

4
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Similarly, the asymptotic expansion of the rota-
tion of a generic node I , ΘI = θ(xI ,yI), can
be approximated by the following expansion

θ(x,y) ≈ η−1θ−1(x,y)+θ0(x,y)+ηθ1(x,y)
(8)

where θ−1 is the macroscopic rotation field, θ0

is a combination of macro scale and fine scale
rotations, and θ1 is the fine scale rotation field
dependent on both coordinate systems. Note
that in all previous equations and in the rest of
this paper, the time dependence of the variable
is dropped in the notation for a better readability
of the equations. In the macroscopic coordinate
x, the difference in position between node I and
J can be considered as infinitesimal. Hence,
in order to obtain the asymptotic expansion of
strain, it is convenient first to obtain the Taylor
series expansion of displacement and rotation at
node J around the point I . By assuming that the
displacement and rotation fields in Eqs. 7 and 8,
are continuous and differentiable with respect to
x, one can write the displacement and rotation
of node J as

UJ
i = Ui(x

J
i , y

J
i , t) =

= uJ
i +

∂uJ
i

∂xm

xIJ
m +

1

2

∂2uJ
i

∂xm∂xn

xIJ
m xIJ

n + · · ·
(9)

ΘJ
i = Θi(x

J
i , y

J
i , t) =

= θJi +
∂θJi
∂xm

xIJ
m +

1

2

∂2θJi
∂xm∂xn

xIJ
m xIJ

n + · · ·
(10)

where uJ
i = ui(x

I ,yJ); θJi = θi(x
I ,yJ); xJ

j

is a vector connecting node I to node J in x
space. One should replace Eqs. 9 and 10 along
with asymptotic expansions of rotation and dis-
placement, Eqs. 7 and 8 into the definition of
strain, Eq. 2, to have multiple scale expression
facet strain. By doing so and some mathemat-
ical manipulations, one gets following form of
equations for facet strain

εα = ε0α + ηε1α (11)

where

ε0α = r̄−1

[
u1J
i − u1I

i + εijkω
0J
j c̄Jk − εijkω

0I
j c̄Ik

+ v0i,jy
IJ
j − εijkφ

0
jy

IJ
k

]
eIJαi

(12)

where θ0 is the sum of ω0 and φ0. ε1α is a
function of asymptotic displacement and rota-
tion terms.

In the above equations variables with a bar
sign are length variables in y coordinate system
which are related to the same variables in the x
coordinate system through Eq. 6.

Before proceeding with the derivation,
rescaling of the discrete equilibrium equations
needs to be performed, in order to obtain the
correct scale separation of the governing equa-
tions. By dividing Eq. 4 by η2, and consider-
ing that all length variables should be consid-
ered ∼ O(η1), one obtains

NI
J∑

J=1

ĀIJ t̄IJ(εα) = 0 (13)

ĀIJ = AIJ/η2 and t̄IJ = tIJ are all quantities
∼ O(η0).

Similarly, one can also rescale the rotational
equation of motion in Eq. 5

NI
J∑

J=1

ĀIJ(c̄I × t̄IJ(εα)) = 0 (14)

where c̄I = cI/η. Also, if one should uses the
Taylor expansion for facet traction vector, one
can write.

t̄IJi (εα) � t̄IJi (ε0α) +
∂t̄IJi
∂ε0α

ηε1α (15)

Finally, by replacing the above equations in
Eqs. 13 and 14, and collecting the terms of
O(η0) and O(η1), the multiple-scale equilib-
rium equations can be obtained as discussed in
the next section.

5

265



R.REZAKHANI, G.CUSATIS

3.2 Fine Scale Governing Equations
One can first consider the terms of O(η0) and

scale all terms back
NI

J∑
J=1

AIJtIJi (ε0α) = 0 (16)

NI
J∑

J=1

AIJ(εijkc
I
j t

IJ
k (ε0α)) = 0 (17)

These equations are the fine scale equilib-
rium equations for a single particle placed in-
side the RVE. Eq. 16 is the force and Eq. 17
is the moment equilibrium equations for parti-
cle I . If one consider the definition of ε0α, Eq.
12, it can be noticed that there are macroscopic
terms which are projected on each facet. The
term v0i,j − εijkφ

0
j corresponds to macroscopic

definition of Cosserat strain tensor. This macro-
scopic quantity is transferred from macro scale
problem to the fine scale problem and are used
as the applied load in the RVE problem to ob-
tain fine scale solution.

3.3 Macro Scale Governing Equations
Now, let’s consider consider the O(η1) equa-

tions
NI

J∑
J=1

AIJ ∂t
IJ
i

∂ε0α
ε1α = 0 (18)

NI
J∑

J=1

AIJεijkc
I
j

∂tIJi
∂ε0α

ε1α = 0 (19)

It can be demonstrated that after some math-
ematical manipulations, the above macroscopic
equations can be expressed as

∇x · σ = 0

σ =
1

2V0

∑
I

NI
J∑

J=1

AIJ(xIJ ⊗ tIJ)
(20)

and

ε : σ +∇x · µ = 0

µ =
1

2V0

∑
I

nI
J∑

J=1

AIJ(xIJ ⊗ (cI × tIJ))
(21)

where σ is the macroscopic stress tensor and µ
is the macroscopic moment stress tensor. These
tensors are calculated based on the fine scale so-
lution quantities, tIJ obtained from solution of
fine scale problem, and fine scale geometrical
vectors cI and xIJ .

4 Numerical Results

In this section some numerical examples are
presented to check the validity of the derived
formulation. As mentioned in the previous
sections, the Lattice Discrete Particle Model
(LDPM) is used in the numerical examples.

4.1 Elastic RVE Analysis

In this section, effective elastic material
properties of a representative volume of con-
crete modeled by LDPM is studied. To carry out
the elastic analysis, RVEs of six different sizes
are considered: 10, 15, 20, 25, 35, 50 and 100
mm. maximum particle size is chosen as 8 mm.
For discrete model parameters, EN = 60273
MPa and EM = EL = 0.25EN are used. Five
different particle configurations are considered
for each RVE size, and elastic material proper-
ties are calculated for all of them.

4.1.1 Pure tension test

To evaluate the Young modulus, a uni-axial
macroscopic strain tensor is applied the RVE.
All components of the macroscopic strain ten-
sor are zero except for the normal strain in one
direction. The RVE problem subjected to this
strain tensor is solved, and stress and moment
stress tensors are calculated based on the Eqs.
20 and 21. By interpreting the results through
classical elasticity, one can calculate Young
modulus and Poisson’s ratio of the RVE. Figure
2 shows the change in averaged Young modu-
lus and Poisson’s ratio with respect to RVE size.
Length of the error bars at each size is twice the
standard deviation calculated over the five dif-
ferent realization for each RVE size.

6
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Figure 2: (left) Young modulus and (right) Poisson’s ratio evaluated through homogenization and comparison with theo-
retical formulation
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Figure 3: (left) Variation of anti-symmetric part of stress tensor (right) moment stress tensor magnitude normalized with
respect 10 mm RVE

One can see that both Young modulus and
Poisson’s ratio are converging to a constant
value by increasing the size of the RVE. Stan-
dard deviation of those quantities also tends to
zero as size of the RVE is increased. This means
that the bigger the size chosen for RVE, the less
the particle distribution inside the RVE affects
the results.

4.1.2 Simple shear test

The Cosserat character of LDPM is analyzed
in this section where a pure shear strain state is
applied to the RVE. Moment stress tensor and
anti-symmetric part of the stress tensor are the
quantities considered here. To investigate the
effect of the size of the RVE on these quanti-

ties, the following variables are defined

µ∗ =

√
[
∑

i

∑
j µ

2
ij]D√

[
∑

i

∑
j µ

2
ij]10

(22)

σ∗ =
[σ21 − σ12]D
[σ21 − σ12]10

(23)

with reference to the 10 mm size RVE. Varia-
tion of 22 and 23 with respect to RVE size is
plotted in figure 3.

The plot shows that increasing the size of
the RVE, while the maximum particle size is
kept constant, the behavior of the homoge-
nized continuum transition from Cosserat-type
to Cauchy-type as demonstrated by the decrease
of the magnitude of moment stress tensor and

7
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anti-symmetric part of stress tensor. It means as
one increases size of the RVE, medium of inter-
est goes from Cosserat continuum to Cauchy.
One can also notice that standard deviation of
these quantities also tends to zero by increas-
ing the size of the RVE, which means that mesh
configuration is less influential.

4.2 Nonlinear RVE Analysis
In this section, the nonlinear response of

RVEs of different size is investigated. RVE
sizes of 25, 50, and 100 mm are considered in

this section. Seven different type of mesh con-
figuration (particle distribution inside RVE) is
considered for each case. Particle distribution
and geometry of one sample of each RVE size is
shown in figure 4. Boundary particles are elim-
inated to be able to show the particles of differ-
ent sizes inside RVE. Uniaxial strain tensor is
imposed on the RVEs, while periodic boundary
conditions are applied. Stress-Strain curve are
obtained for each RVE and for each mesh con-
figuration.

Figure 4: RVE geometry and particle distribution. (left) 25 mm - (middle) 50 mm - (right) 100 mm

0 0.5 1

x 10
−3

0

1

2

3

4

σ̄
[M

P
a
]

ε [ - ]

 

 
25 mm

50 mm

100 mm

Figure 5: Average tensile stress-strain curve for three dif-
ferent RVE size

The average stress-strain curves are calcu-
lated for each RVE size and presented in Fig.
5. It is shown that increasing size of the RVE,
forces the post peak curve becomes steeper.
This is consistent with the fact that the homog-
enization procedure can capture strain localiza-
tion as shown in Figure 6, where one can see
the damaged RVEs at the end of tensile loading
process. Contours in Figure 6 represent crack
opening distributions for an imposed macro-
scopic strain equal to 0.001. While the ability
of the homogenized procedure to handle dam-
age localization is certainly a sign that the pro-
cedure captures well the overall behavior of the
fine-scale model, it leaves open the question on
how to select the size of the RVE. Similar to
the work of Gitman and coworkes [30] in the

8
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contest of computational homogenization, the
current results suggest that objectivity of the
macroscopic response under softening regime

is preserved only if the volume of the RVE
is equal to the macroscopic volume associated
with the gauss point where the RVE is solved.

Figure 6: Crack opening contour of damaged RVEs at tensile strain equal to 0.001 (left) 25 mm (middle) 50 mm (right)
100 mm

5 CONCLUSIONS
IN this paper, a mathematical homogeniza-

tion framework based on the asymptotic expan-
sion of displacement and rotation fields are built
starting from the equilibrium equations of mo-
tion. Multiple scale formulation for fine scale
and macro scale problem are derived. Some
linear and nonlinear numerical tests have been
carried out on the unit cell and following con-
clusions are drawn

1. Macroscopic Cosserat strain tensor is ob-
tained as the quantity which should be
transferred from macro scale problem to
lower scale one as the applied strain.

2. Increasing the size of the RVE, mesh con-
figuration effect on elastic material prop-
erties decreases.

3. Increasing the size of the RVE and keep-
ing the maximum particle size constant,
Young modulus and Poisson’s ratio con-
verges to a constant value.

4. In elastic regime, changing the size of the
RVE does not affect the result, while in

the softening regime it influences the re-
sults significantly due to damage localiza-
tion.

5. Due to strain localization happening in
the post peak regime, RVE behavior is
size dependent, which shows the main
problem in homogenization of quasi-
brittle materials.
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Abstract: The micropolar peridynamic lattice model for the simulation of plain and reinforced 
concrete structures is described and then demonstrated. It is found that the computational model is 
simpler than previous computational models for reinforced concrete, and more efficacious than 
existing computational methods for predicting the strength of reinforced concrete structures. 

1 INTRODUCTION
The purpose of this paper is to demonstrate 

how the micropolar peridynamic lattice model 
(MPLM) can be used to predict the strength of 
reinforced concrete structures under quasistatic
loading conditions. The MPLM has been 
introduced in [1].

In common behavioral regimes, continuum 
mechanics is an unsatisfactory model for 
reinforced concrete structures, because the
concrete deformation, even prior to failure, is 
discontinuous. Silling’s peridynamic model [2]
has not entirely discarded the continuum 
paradigm, because the material space 
continues to be idealized as continuous, and 
thus the original peridynamic model requires 
that further discretization decisions be made 
for the model to be computationally evaluated.

We discard the continuum material concept 
completely, and regard the concrete as a 
discrete lattice of particles. By using close-
packed particle lattices in 1D, 2D and 3D, the 
MPLM has the potential to simulate the major 
features of quasibrittle materials, including 
elasticity, anisotropic damage, fracture, and 
even plasticity. Typically, lattice models have 
viewed the structure as a collection of beam or 
truss elements connected together at nodes (as 

with traditional truss- and beam-analogy 
lattice models). On the other hand, the MPLM 
views the structure as a collection of 
interacting point masses (as with the 
peridynamic and discrete element models). 
The material constitutive behavior is captured 
via inter-particle forces and moments that are 
functions of particle positions and velocities 
and their histories [3]. In the reference 
configuration, the MPLM uses a finite number 
of regularly-spaced interacting particles of 
finite mass, rather than an infinite number of 
infinitesimal particles as with peridynamics.
Additionally, the MPLM is conceptually 
simpler than the original peridynamic model, 
and more general than the traditional beam-
lattice models, not to mention classical finite 
element methods.

After defining the MPLM, a constitutive 
model for concrete is developed and 
calibrated, and its use is demonstrated using 
several two-dimensional example problems. 
Then, a model for reinforcing steel and a 
model for bond between the steel and the 
concrete is introduced. Finally, reinforced 
concrete beams are simulated and conclusions 
are drawn.
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2

2 MICROPOLAR PERIDYNAMIC 
LATTICE MODEL (MPLM)

Fig. 1 shows a 2D close-packed particle 
lattice. Each particle is spaced a distance, s,
from its six nearest neighbors.

Figure 1: Two-dimensional hexagonal lattice.

The volume per particle is ∆𝑉𝑉 =  √3
2

 𝑠𝑠2𝑡𝑡 for a 
2D hexagonal lattice representing a flat plate 
of thickness, t. To represent a material with a 
mass density of ρ, each particle is endowed 
with a mass of ∆𝑚𝑚 =  𝜌𝜌∆𝑉𝑉. Assuming that each 
particle is a uniform solid sphere with radius, 
𝑟𝑟 ≈ 𝑠𝑠

2
, its mass moment of inertia, ∆𝐼𝐼, identical 

about all axes through the particle, is ∆𝐼𝐼 =
2
5
𝑚𝑚𝑟𝑟2.

The particle lattice spacing, s, can 
reasonably be chosen as the material grain 
characteristic size (such as the maximum 
aggregate size for concrete). Alternately 
particle spacing, s, may be chosen based upon 
the requirement that the number of particles 
used for a particular problem not exceed the 
capacity of the computational resource. For a 
material like concrete, it makes no sense to 
allow the particle lattice spacing to be less than 
the aggregate size; the mesoscale of the 
material sets a lower bound on appropriate 
lattice particle spacing, s. Indeed, it makes no 
sense to define geometric features that are 
smaller than the aggregate size, as even if a 
structure with such small features could be 
constructed, these tiny features could hardly be 
considered as consisting of a spatially 
homogenous material. Thus, in contrast with 

traditional continuous R3 geometry, within the 
MPLM, a “perfectly sharp crack” and a 
“perfectly sharp corner” are meaningless 
features, impossible to express. Thus the 
MPLM is a suitable geometric model for 
materials with a grain size that is not too much 
smaller than the characteristic dimensions of 
the structure – and where powerful computers 
are available.

With the material mass represented by 
particles in a lattice, Newton’s second law of 
motion is applied to each particle, i:

∑ 𝑭𝑭𝒊𝒊𝒊𝒊
𝑁𝑁𝑖𝑖
𝑗𝑗=1 + 𝑭𝑭𝒆𝒆𝒆𝒆𝒆𝒆𝒊𝒊 = ∆𝑚𝑚�̈�𝒖𝒊𝒊, and (1)

∑ 𝑴𝑴𝒊𝒊𝒊𝒊
𝑁𝑁𝑖𝑖
𝑗𝑗=1 + 𝑴𝑴𝒆𝒆𝒆𝒆𝒆𝒆𝒊𝒊 =  ∆𝐼𝐼�̈�𝜽𝒊𝒊, (2)

where 𝑭𝑭𝒊𝒊𝒊𝒊 and 𝑴𝑴𝒊𝒊𝒊𝒊 are the force and moment 
vectors, respectively, exerted by particle j on 
particle i, 𝑭𝑭𝒆𝒆𝒆𝒆𝒆𝒆𝒊𝒊 and 𝑴𝑴𝒆𝒆𝒆𝒆𝒆𝒆𝒊𝒊 are the externally 
applied force and moment vectors, 
respectively, applied to the centroid of particle 
i, and  �̈�𝒖𝒊𝒊 and �̈�𝜽𝒊𝒊 are the linear and angular 
acceleration vectors, respectively, of the 
centroid of particle i. 𝑁𝑁𝑖𝑖 is the number of 
particles, j, that are within the spherical 
neighborhood, whose radius is the “material 
horizon”, 𝛿𝛿, of particle i. With a close-packed 
lattice, and 𝛿𝛿 = 1.5𝑠𝑠, 𝑁𝑁𝑖𝑖 is six (or less) for a 
2D problem. Of course, one could contemplate 
MPLM models with larger material horizons, 
which might be preferable from the point of 
view of producing isotropic damage behavior 
with respect to lattice orientation, but the 
number of neighboring particles, 𝑁𝑁𝑖𝑖, and thus 
the number of force computations would be 
larger, per particle.

Equations 1 and 2 are integrated explicitly 
in time using the velocity Verlet integration 
method, with time step, Δ𝑡𝑡 = 𝑠𝑠/(𝑛𝑛 × 𝑐𝑐0), with s
being the particle spacing, 𝑐𝑐0 being the speed 
of sound in the material, and n being π or 
greater for stability. Because we are interested 
in modeling cementitious materials, with 
highly nonlinear material behavior, explicit 
time integration is the method of choice.

The vector functions 𝑭𝑭𝒊𝒊𝒊𝒊 and 𝑴𝑴𝒊𝒊𝒊𝒊 describe 
the internal forces and moments between 
neighboring lattice particles, and from these 

x s

√3
2

s  

y
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functions, the material behavior emerges. For a 
bond-based micropolar peridynamic model, 𝑭𝑭𝒊𝒊𝒊𝒊
and 𝑴𝑴𝒊𝒊𝒊𝒊 are chosen to be functions of the 
reference position vectors, 𝒙𝒙𝟎𝟎𝒊𝒊 and 𝒙𝒙𝟎𝟎𝒊𝒊, and 
current position vectors, 𝒙𝒙𝒕𝒕𝒊𝒊 and 𝒙𝒙𝒕𝒕𝒊𝒊, and also 
as functions of the velocities 𝒗𝒗𝒕𝒕𝒊𝒊 and  𝒗𝒗𝒕𝒕𝒊𝒊 of 
particles i and j. Note that all of these 
kinematic vectors include particle positions 
(and velocities) as well as particle rotations 
(and angular velocities). The functions 𝑭𝑭𝒊𝒊𝒊𝒊 and 
𝑴𝑴𝒊𝒊𝒊𝒊 also depend upon evolving damage 
parameters, 𝜔𝜔𝑖𝑖𝑖𝑖, associated with the interaction
between particle i and particle j.

For a state-based peridynamic model [4], 
vectors 𝑭𝑭𝒊𝒊𝒊𝒊 and 𝑴𝑴𝒊𝒊𝒊𝒊 may be functions not only 
of the states of particles i and j, but also of all 
other particle, k, states and interaction damage 
states, 𝜔𝜔𝑖𝑖𝑖𝑖, within the peridynamic horizon of 
particle i.

With today’s high performance parallel 
computers, a million particles can reasonably 
be modeled, and for concrete with aggregate 
size of 2 cm, a volume of (0.02𝑚𝑚)3

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝� ×

1,000,000 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 8𝑚𝑚3 of concrete for at 
least several fundamental vibration periods can 
be simulated. Thus, on a parallel computer, it 
is feasible to simulate large 3D concrete 
structures using the MPLM – not just small 
laboratory specimens.

In solid models, the forces between 
particles are assumed to arise due to deviations 
from a reference state. As long as the deviation 
of particle positions from their reference 
locations is not too extreme, the MPLM is 
suitable. Taking the terminology “cohesive 
crack model” to its logical conclusion, the 
MPLM could perhaps be termed a “cohesive 
particle” model.

3 MPLM MODEL FOR CONCRETE
A MPLM constitutive model for concrete is 

proposed in this section. Others are certainly 
possible. We start with the linear elastic 
regime.

3.1 MPLM linear elasticity
If the interaction between two particles 

spaced at distance s is thought of as a linear 
elastic Euler-Bernoulli frame element with 
axial stiffness a=E’A and bending stiffness 
b=E’I, then to simulate a plane-stress elastic 
continuum of thickness t and with Young’s 
modulus E and Poisson’s ratio, ν, the formulas 
for a and b are given by 

𝑝𝑝 = 𝐸𝐸𝐸𝐸𝐸𝐸
√3(1−𝜈𝜈)

and 𝑏𝑏 = 𝐸𝐸𝐸𝐸3(1−3𝜈𝜈)𝐸𝐸
12√3(1−𝜈𝜈2)

. (3)

Similar expressions for 1D, 2D plane strain, 
and 3D continua are found in [5]. In our 
computational formulation, elastic interaction 
deformations (interaction stretches and 
curvatures) are assumed to be reasonably 
small, but large translations and rotations are 
accounted for using a co-rotational stiffness 
formulation [6; 7]. Thus, patches of particles
can detach as rigid bodies and move correctly 
with large translations and rotations. However, 
particle collision behavior is not currently 
incorporated into the model, except between 
particles that are adjacent in the reference 
lattice.

While the presented linear elasticity model 
gives the same results as the classical Navier-
Cauchy elasticity model for states of uniform 
strain far from boundaries, it yields slightly 
different results than the classical elasticity 
model in the presence of nonuniform strain 
fields and near boundaries. This does not make 
the MPLM model wrong; just slightly different 
than the Navier-Cauchy continuum model. 
One could argue that the MPLM elasticity 
model is more realistic than the classical 
Navier-Cauchy model for materials like 
concrete.

3.2 MPLM damage model
With reference to Fig. 2, the micropolar 

axial stretch of interaction ij,

𝜖𝜖𝑎𝑎 ≡
𝑑𝑑𝑡𝑡−𝑑𝑑
𝑑𝑑

, (4)

where 𝑑𝑑𝐸𝐸 is the current length and d is the 
reference length, is defined in a manner similar 
to axial strain. 

Similarly, the maximum micropolar 
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curvatures about the local z-, y- and x-axes, 
respectively, of interaction i j are:

𝜓𝜓𝑧𝑧 ≡  𝑚𝑚𝑚𝑚𝑚𝑚 �
�2
𝑑𝑑
�2𝜃𝜃𝑧𝑧𝑖𝑖 + 𝜃𝜃𝑧𝑧

𝑗𝑗 −  3
𝑑𝑑
�𝑑𝑑𝑦𝑦

𝑗𝑗 − 𝑑𝑑𝑦𝑦𝑖𝑖 ��� ,

�2
𝑑𝑑
�2𝜃𝜃𝑧𝑧

𝑗𝑗 + 𝜃𝜃𝑧𝑧𝑖𝑖 −  3
𝑑𝑑
�𝑑𝑑𝑦𝑦𝑖𝑖 − 𝑑𝑑𝑦𝑦

𝑗𝑗��� 
�,          (5)

𝜓𝜓𝑦𝑦 ≡  𝑚𝑚𝑚𝑚𝑚𝑚 �
�2
𝑑𝑑
�2𝜃𝜃𝑦𝑦𝑖𝑖 + 𝜃𝜃𝑦𝑦

𝑗𝑗 −  3
𝑑𝑑
�𝑑𝑑𝑧𝑧

𝑗𝑗 − 𝑑𝑑𝑧𝑧𝑖𝑖 ��� ,

�2
𝑑𝑑
�2𝜃𝜃𝑦𝑦

𝑗𝑗 + 𝜃𝜃𝑦𝑦𝑖𝑖 −  3
𝑑𝑑
�𝑑𝑑𝑧𝑧𝑖𝑖 − 𝑑𝑑𝑧𝑧

𝑗𝑗��� 
�, and (6)

𝜓𝜓𝑥𝑥 ≡  �𝜃𝜃𝑥𝑥
𝑗𝑗−𝜃𝜃𝑥𝑥𝑖𝑖

𝑑𝑑
� . (7)

We propose measures of micropolar tensile 
and compressive interaction deformation as

𝜖𝜖𝑚𝑚𝑚𝑚+ ≡ 𝜖𝜖𝑎𝑎 + 𝛽𝛽𝑑𝑑�𝜓𝜓𝑥𝑥2 + 𝜓𝜓𝑦𝑦2 + 𝜓𝜓𝑧𝑧2 and (8)

𝜖𝜖𝑚𝑚𝑚𝑚− ≡ 𝜖𝜖𝑎𝑎 − 𝛽𝛽𝑑𝑑�𝜓𝜓𝑥𝑥2 + 𝜓𝜓𝑦𝑦2 + 𝜓𝜓𝑧𝑧2 , (9)

where β is a dimensionless parameter.

Figure 2: Displacement and force components, in local 
coordinates, acting between particles i and j, separated 

by reference distance, d.

The tensile damage parameter, 𝜔𝜔𝑡𝑡, is
defined in terms of these deformation 
measures, with reference to Fig. 3, as:

for tension damage:

for 0 ≤ 𝜖𝜖𝑚𝑚𝑚𝑚+  ≤ 𝜖𝜖𝑡𝑡, 𝜔𝜔𝑡𝑡 = 𝑚𝑚𝑚𝑚𝑚𝑚�0,𝜔𝜔𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 � (10)

for 𝜖𝜖𝑡𝑡 ≤ 𝜖𝜖𝑚𝑚𝑚𝑚+  ≤ 𝛼𝛼𝑡𝑡𝜖𝜖𝑡𝑡,
𝜔𝜔𝑡𝑡 = 𝑚𝑚𝑚𝑚𝑚𝑚�Ω𝑡𝑡�𝜖𝜖𝑚𝑚𝑚𝑚+�,𝜔𝜔𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 � and (11)

for 𝛼𝛼𝑡𝑡𝜖𝜖𝑡𝑡  ≤ 𝜖𝜖𝑚𝑚𝑚𝑚+, 𝜔𝜔𝑡𝑡 = 1 , (12)

where 𝜔𝜔𝑡𝑡𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 is the value of the tensile damage 

parameter for interaction ij in the immediately 
preceding time step. The damage function
Ω𝑡𝑡�𝜖𝜖𝑚𝑚𝑚𝑚+� is defined in Fig. 3(a), and it has been 
chosen in such a way that the cohesive tensile 
softening behavior is modeled approximately 
correctly.

Figure 3: (a) Damage, 𝜔𝜔𝑡𝑡, versus the micropolar strain
measure, 𝜖𝜖𝑚𝑚𝑚𝑚+. (b) Damage, 𝜔𝜔𝑐𝑐, versus the micropolar 

strain measure, 𝜖𝜖𝑚𝑚𝑚𝑚−. (𝜔𝜔𝑡𝑡 and 𝜔𝜔𝑐𝑐 never decrease 
with time.)

For the evolution of compression damage,
𝜔𝜔𝑐𝑐:

for 𝜖𝜖𝑚𝑚𝑚𝑚−  ≤ 𝛼𝛼𝑐𝑐𝜖𝜖𝑐𝑐 , 𝜔𝜔𝑐𝑐 = 1                           (13)

for 𝛼𝛼𝑐𝑐𝜖𝜖𝑐𝑐 ≤ 𝜖𝜖𝑚𝑚𝑚𝑚−  ≤ 𝜖𝜖𝑐𝑐 ,
𝜔𝜔𝑐𝑐 = max �Ω𝑐𝑐�𝜖𝜖𝑚𝑚𝑚𝑚−�,𝜔𝜔𝑐𝑐𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡� and        (14)

for 𝜖𝜖𝑐𝑐 ≤ 𝜖𝜖𝑚𝑚𝑚𝑚−, 𝜔𝜔𝑐𝑐 = max �0,𝜔𝜔𝑐𝑐𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡�, (15)

where 𝜔𝜔𝑐𝑐𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 is the value of the compressive 
damage parameter for interaction ij in the 
immediately preceding time step. Function
Ω𝑐𝑐�𝜖𝜖𝑚𝑚𝑚𝑚−� is defined in Fig. 3(b).

The damage parameter, ω, is computed as 
the maximum of 𝜔𝜔𝑡𝑡 and 𝜔𝜔𝑐𝑐.

If 𝜖𝜖𝑎𝑎 ≥ 0, then

{f}=(1- ω)[K]{d} ,                        (16)

and if 𝜖𝜖𝑎𝑎 ≤ 0, then

{f}=(1- ω )[K*]{d} ,                         (17)

where {f} is the force vector acting between 
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particles i and j, [K] is the elastic stiffness 
matrix defined using Eq. 3, and {d} is the 
vector of particle deformations, associated 
with interaction ij. Because there are many 
interactions per particle, this form allows 
damage to be anisotropic.

With the stiffness matrix, [K*], the axial 
components of force are the same as that 
computed by [K], but the shears and moments 
are reduced by the damage parameter (1-ω).
Thus, compression failure is indirectly 
precipitated by loss of moment and shear 
capacity (and subsequent instability due to 
nonlinear geometric effects), but not by loss of 
axial stiffness.

In this implementation, damage can be 
either tensile or compressive, but not both.

The constitutive model presented has eight 
parameters: peridynamic lattice spacing 
parameter s, micro-elastic stiffness parameters 
a and b, and the parameters governing tensile 
and compressive damage evolution: 𝜖𝜖𝑡𝑡, 𝛼𝛼𝑡𝑡, 𝜖𝜖𝑐𝑐,
𝛼𝛼𝑐𝑐, and 𝛽𝛽.

The lattice spacing parameter, s, is chosen 
to be as small as the available computational 
capacity allows, but no less than the largest 
material grain size. 

The parameter 𝜖𝜖𝑡𝑡 is calibrated to reproduce 
the tensile strength, 𝑓𝑓𝑡𝑡, of the concrete: 𝜖𝜖𝑡𝑡 ≈

𝑓𝑓𝑡𝑡
𝐸𝐸

.
The parameter, 𝛽𝛽 ≈ 0.1, is chosen to 

replicate the ratio of uniaxial compressive load 
to uniaxial tensile load, usually around ten, as 
is observed empirically for normal-strength 
concrete.

The parameter 𝑠𝑠𝑐𝑐 ≈ 0.001 is chosen to 
replicate the strain at which uniaxial 
compressive failure commences, and 𝛼𝛼𝑐𝑐𝑠𝑠𝑐𝑐 ≈
0.003 is chosen to represent the ultimate
compressive strain. 

The parameter 𝛼𝛼𝑡𝑡 is chosen to replicate the 
tensile fracture energy, 𝐺𝐺𝐹𝐹, of the material, as 
described in [1].

3.3 MPLM frictional model
The frictional model requires that when the 

link is in axial compression (𝜖𝜖𝑎𝑎  ≤ 0), and when
𝜔𝜔 = 1 the magnitude of the shear force 
(𝑓𝑓𝑦𝑦𝑖𝑖 = −𝑓𝑓𝑦𝑦

𝑗𝑗) must never exceed the internal 
coefficient of friction, µ, times the 

compressive axial force (𝑓𝑓𝑥𝑥𝑖𝑖 = −𝑓𝑓𝑥𝑥
𝑗𝑗). For 

equilibrium with the shear force, the moments 

are computed as 𝑚𝑚𝑧𝑧
𝑖𝑖 = 𝑚𝑚𝑧𝑧

𝑗𝑗 =
𝑑𝑑𝑓𝑓𝑦𝑦

𝑖𝑖

2
.

3.4 MPLM damping model
Damage events can release sudden bursts 

of acoustic energy. If no material damping is 
included in the model, this acoustic energy can 
cause spurious vibration and consequent 
damage. Thus we incorporate an axial 
peridynamic damping model. When
computing the force in interaction ij, the
relative axial velocity, 𝑣𝑣𝑖𝑖𝑗𝑗, between particles i
and j is computed. Then the axial damping 
force, 𝑓𝑓𝑑𝑑𝑎𝑎𝑑𝑑𝑑𝑑𝑖𝑖𝑗𝑗, between the two particles is 
given by 

𝑓𝑓𝑑𝑑𝑎𝑎𝑑𝑑𝑑𝑑𝑖𝑖𝑗𝑗 = 2𝜁𝜁𝑚𝑚𝜔𝜔𝑛𝑛𝑣𝑣𝑖𝑖𝑗𝑗, and (18)
𝐹𝐹𝑖𝑖𝑗𝑗 = 𝑓𝑓𝑒𝑒𝑒𝑒𝑎𝑎𝑒𝑒𝑡𝑡𝑖𝑖𝑗𝑗 + 𝑓𝑓𝑑𝑑𝑎𝑎𝑑𝑑𝑑𝑑𝑖𝑖𝑗𝑗 , (19)

where 𝜁𝜁 is the ratio of critical damping, with 
value set between 0 and 1, 𝑚𝑚 is the particle 
mass,  𝜔𝜔𝑛𝑛 is the highest natural frequency of 
vibration, 𝑣𝑣𝑖𝑖𝑗𝑗 is the relative axial velocity 
between particles i and j, 𝑓𝑓𝑒𝑒𝑒𝑒𝑎𝑎𝑒𝑒𝑡𝑡𝑖𝑖𝑗𝑗 is the elastic 
inter-particle axial force calculated in the 
previous section, including the effect of 
damage, and 𝐹𝐹𝑖𝑖𝑗𝑗 is the internal axial force used 
in Eq. 1. The damping force, always opposing 
the direction of motion, removes energy from 
the system. We find that choosing 𝜁𝜁 ≈ 0.05
produces reasonable damping behavior.

A similar strategy, not yet implemented 
and apparently not necessary, may be used to 
damp shear and rotational degrees of freedom.

4 MODELING OF REINFORCING 
BARS AND BOND

A reinforcing bar is represented as a 1D 
lattice of MPLM particles representing a bar 
with cross-sectional area As and cross-
sectional moment of inertia Is. The material 
parameters are Young’s modulus Es and yield 
stress Fy. Steel particles interact if they spaced 
less than s from each other. Steel particles 
from separate reinforcing bars do not interact.

As shown in Fig. 4, only every other steel 
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particle of a given rebar is connected to 
concrete particles within a horizon s using the 
same elastic interaction model as for concrete-
concrete particles (such interactions assume no 
damage). The reason that only every other 
steel particle is connected to concrete is to 
allow cracks in concrete to develop unhindered 
by the non-damaged steel-concrete 
interactions. If the distance between a steel 
particle and a concrete particle is zero, the 
interaction between these two particles is 
ignored.

Figure 4: Bond of reinforcement (red) to concrete
(black) using peridynamic interactions (tan).

Bond-slip is indirectly modeled and 
emerges from the elasticity and damage of the 
interactions between surrounding the concrete
particles.

5 EXAMPLES
In all of the following examples, the target 

classical materials parameters are shown in 
Table 1, and the corresponding selected 
MPLM parameters for concrete and steel are 
shown in Tables 2 and 3. The time step is
chosen as ∆𝑡𝑡 = 𝑠𝑠

24𝑐𝑐0(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)
= 1.808 × 10−7 𝑠𝑠.

In each example, the load is linearly ramped 
from zero to the peak load for duration of at 
least four fundamental periods of the structure, 
and is thus essentially quasistatic. The load is 
ramped from time zero up to 75% of the total 
simulation time and then held constant. 

“Strength” is defined as the peak load at 
which static equilibrium can still be achieved.

In all of the following examples, the 
particles in the deformed configuration are 
shown and the damaged interactions are color-
coded as shown in Fig. 5. Undamaged 
interactions are not shown in the figures.

The steel-concrete MPLM interactions are
identical to concrete-concrete interactions, 
except that they are assumed to be linear 
elastic, with no damage. The steel is modeled 
as elastic-perfectly plastic.

Table 1: Classical material parameters

Parameter Value Units
Conc. Young’s modulus, Ec 24.86 GPa

Conc. Poisson’s ratio, µc 0.20 -
Conc. comp. strength, f’c 27.58 MPa

Conc. tens. strength, ft 2.758 MPa
Conc. Density, ρc 2323.0 kg/m3

Conc. fracture toughness, GF 175.0 N/m
Steel Young’s modulus, Es 200.0 GPa

Steel yield strength, Fy 414.0 MPa
Steel Poisson’s ratio, µs 0.3 MPa

Steel Density, ρs 7850.0 kg/m3

Table 2: MPLM parameters for concrete

Parameter Value Units
Lattice Spacing, s 0.020 m

Microelastic parameter, a 4.557x107 N
Microelastic parameter, b 506.3 N-m2

Tensile stretch limit St 0.000126 -
Tensile stretch ratio αt 10 -

Sc -0.001 -
αc 5.728 -
β 0.10 -

Damping ratio, c 0.05 -

Table 3: MPLM parameters for steel

Parameter Value Units
Lattice Spacing, s 0.020 m

Microelastic parameter, a EsAs N
Microelastic parameter, b EsIs N-m2

Yield limit, St 0.00207 -
Damping ratio, c 0.05 -

Figure 5: Color-coding for example problems.

Concrete particles
Steel particles
Tensile damage (0<wt<1)
Tensile damage (wt=1)

Compressive damage (wc=1)
Compressive damage (0<wc<1)
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5.1 Uniaxial tension
Fig. 6 shows the deformed particles for two 

uniaxial tension examples, with the load 
direction in Fig. 6(b) rotated by 90o with 
respect to the lattice in Fig. 6(a). Equal tensile 
loads are applied to each of the particles in the 
end two layers of particles; similarly, opposite 
forces are applied to the two layers of particles
on the opposite end of the specimen. The total 
number of simulation time steps is 10000. The 
damage patterns in each specimen at the end of 
the simulation are shown in Fig. 6. For the 
lattice orientation in Fig. 6(a), the failure load 
is at a stress level of 2.784 MPa (within 1% of 
the target ft). However, for the lattice 
orientation in Fig. 6(b), the failure load is at a 
stress level of 3.226 MPa (17% higher than the 
target ft). Thus, although the character of the 
damage patterns is reasonable in both cases, 
we conclude that the tensile strength is 
somewhat sensitive to lattice orientation.
Significant tensile damage (yellow) is evident 
prior to crack formation (black).

Figure 6: Damage patterns for uniaxial tension.
Deformations magnified by factor of 100, at time step 
10000. (a) Load applied in vertical direction; (b) Load 

applied in horizontal direction.

5.2 Uniaxial compression
To investigate uniaxial compressive 

behavior, the problem described in Section 5.1 
is repeated, but now the loading directions are 
reversed. The resulting deformed 
configurations and damage patterns are shown 
in Figs. 7(a) and (b) for two loading directions 
with respect to the lattice orientation.

For the lattice orientation in Fig. 7(a), the 
failure load is at a stress level of 28.48 MPa 
(3.3% higher than the target f’c). However, for 
the lattice orientation in Fig. 7(b), the failure 
load is at a stress level of 61.06 MPa (121%
higher than the target f’c). As shown in Figs. 
7(a) and 7(b), the tensile damage patterns 
between the two loading orientations are 
similar, but the compressive damage patterns 
are different. We conclude that both the 
compressive strength and failure mode are
sensitive to lattice orientation. Further study
and innovation are indicated.

Figure 7: Damage patterns for uniaxial compression. 
Deformations magnified by factor of 10, at time step 

10000. (a) Load applied in vertical direction; (b) Load 
applied in horizontal direction.

(a)

(b)

(a)

(b)
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5.3 Plain beam
We assume a plane-stress uniformly-loaded 

beam, with span of 1.16 m, depth of 0.26 m, 
and thickness of 0.12 m. With reference to Fig.
8, each particle in the top layer of particles is 
loaded downward to simulate uniform loading.
To apply the load approximately statically, the 
load is ramped linearly from time zero up to
75% of total simulation time and then the load 
is held steady. The simulation is run for 80000 
time steps. Assuming, classically, that the 
beam’s strength is achieved when the bending 
stress reaches tensile strength, ft, the failure 
load is predicted as 22.14 kN/m. The MPLM 
simulation predicts a failure load 2.1 times 
higher than the classical failure load: 46.4
kN/m. This result is not unexpected: the 
modulus of rupture is typically around twice
the tensile strength, especially for small 
beams. The deformed shape and the damage in
the beam at failure are shown in Fig. 8. Note 
that the crack branches: perhaps a consequence 
of dynamic fracture.

Figure 8: Deformed shape and damage in plain 
concrete beam subject to uniform loading at time 

step 80000. Deformation is magnified by factor of 10.

5.4 Reinforced beam with no stirrups
The plain beam in the previous section is 

now reinforced with a single horizontal steel 
reinforcing bar, of diameter 1.27 cm, whose 
centroid is located 2 cm above the bottom of 
the beam, as shown in Fig. 9. The beam is 
loaded as in the previous section. The 
simulation is run for 80000 time steps. 
According to the ACI code [8], the nominal 
bending strength of the singly-reinforced beam 
is 72.24 kN/m. The MPLM simulation predicts 
a slightly higher strength of 78.74 N/m. The 
deformed shape and associated damage are 
shown in Fig. 9.

The damage patterns look reasonably 
realistic, including secondary cracking at the 
bottom of the beam and some compression 

damage at the top of the beam. At time step 
65000, the distributed damage above the 
reinforcing bar extending to the ends of the 
beam and the compression damage above the 
supports is somewhat unexpected and is 
perhaps an indication of bond failure.

Figure 9: Deformed shape and damage in reinforced 
concrete beam subject to uniform loading. 
Deformation is magnified by factor of 10.

5.5 Reinforced beam with stirrups –
bending failure
The plain beam in Section 5.3 is now 
reinforced with both flexural and the shear 
steel bars having diameters of 1.27 cm and 1.0
cm, respectively. The centroid of flexural steel
is located 2.0 cm above the bottom of the 
beam. The centroid of left-most stirrup is 
positioned at 4 cm from the left end of the 
beam and the stirrup spacing is 8 cm. The ACI
code [8] predicts a bending-type failure of
72.24 kN/m. The MPLM simulation is run for 
80000 time steps. The MPLM simulation
predicts strength of 68.63 kN/m. The deformed 
shape and damage in the beam are shown in 
Fig. 10 at three different stages of loading.

Surprisingly, by adding stirrups, the 
cracking behavior was altered significantly 
from the unreinforced beam, and the failure 

Time step 45000

Time step 50000

Time step 65000
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load was slightly reduced. Perhaps the stirrups 
increased the bond strength, thus preventing 
bond failure in the beam without stirrups. 
More study is indicated.

Figure 10: Deformed shape and damage in 
reinforced beam with stirrups. Deformations are 

magnified by factor of 10. Bending failure is 
indicated. 

5.6 Reinforced beam with stirrups – shear 
failure

To increase the bending strength and thus 
induce a shear failure, the diameter of 
horizontal rebar in the previous section is now 
increased to 3.175 cm while keeping the 
stirrups unchanged. According to the ACI 
code [8], the failure is now of shear type, with 
a shear strength of 210 kN/m. The deformed 
shape and damage in the beam are shown in 
Fig. 11. The MPLM predicts a failure load of 
252 kN/m, as expected, somewhat higher than 
the ACI prediction.

6 CONCLUSIONS
We have presented the micropolar 

peridynamic lattice model (MPLM) and have 
demonstrated its use in simulating several 
plain and reinforced concrete structures. While 
the MPLM, as here implemented, has been 
shown to be somewhat non-objective with 

respect to lattice rotation, it nonetheless 
predicts damage, fracture, and strength more 
directly and realistically than many existing
computational methods. Additionally, the 
MPLM makes strength predictions that are 
similar to those of the ACI code [8].

Figure 11: Deformed shape and damage in 
reinforced beam with stirrups. Deformations are 

magnified by factor of 10. Shear failure is indicated. 

Non-objectivity with respect to lattice 
rotation could be reduced by increasing the 
peridynamic horizon to include more 
neighboring particles – but at increased 
computational cost.

All of the examples shown in this paper ran 
in under ten minutes on a single-processor 
computer. The model can be extended to 3D,
but high-performance computers will be
necessary to solve realistic 3D problems [9; 
10].

Future improvements to the MPLM 
peridynamic constitutive model may improve 
its accuracy, efficiency, and usefulness.

One great advantage of the method is that it 
is conceptually simple, and therefore has the 
potential to allow practicing engineers to have 
sufficient confidence in the model to use it and 
thus to produce more rational designs.

Time step 60000

Time step 80000

Time step 50000

Time step 80000

Time step 45000

Time step 30000
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Abstract: Being a quasi-brittle material, concrete exhibits a strain softening behavior that cannot be 
reproduced with classical continuum mechanics models. To regularize the problem, an internal 
length should be introduced. Several ways to do so have been proposed in the literature. One way is 
the so called local second gradient model. It is a local theory as it introduces the internal length by 
enriching the kinematical description of the continuum, adding higher order gradients of the 
displacement according to the work of Cosserat [1], Toupin [2], Mindlin [3] and Germain [4,5]. The 
model has been developed by Chambon et al. [6,7] and has this far been used mainly to reproduce 
the behavior of soils. It is here applied to two bending tests of reinforced concrete beams. 

1 INTRODUCTION 
Strain localization in quasi-brittle materials, 

or more generally in materials exhibiting strain 
softening is a well-known problem [8] [9] 
[10]. It is a phenomenon that can be clearly 
observed in experimental tests, and yet cannot 
be modeled with classical continuum 
mechanics models. Analytically, the solution 
is a crack with zero energy dissipation [11]; 
numerically, it leads to a pathological mesh 
dependency. These shortcomings are due to 
the lack of an internal length in the continuum 
model. 

Several ways of introducing an internal 
length have since been proposed. Non local 
integral models were first formulated by 
Pijaudier-Cabot et al. [11] and then extended 
to damage theory. The gradient models of 
Aifantis [12] enrich the conventional plasticity 

and damage theories with gradient of the 
internal variables. This type of model can be 
shown to be equivalent to the integral type 
models. More recently, strain localization due 
to damage has been treated using the thick 
level set approach [13]. 

A rather natural way of introducing 
(indirectly) a length parameter in a continuum 
model is to somehow account for the 
microstructure of the material. The general 
class of so called microstructured models or 
higher order continuum models allows for the 
description of the kinematics of the 
microstructure by using an additional tensor in 
the displacement field. Higher order 
continuum theories can be traced back to the 
works of the Cosserat brothers [1] and have 
been generalized and properly formulated by 
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Germain [4,5] using the method of virtual 
power. 

The local second gradient model developed 
by Chambon et al. can be seen as a particular 
case of a higher order continuum and has been 
used to regularize problems involving 
localization in geomaterials [6,7]. It is used 
here to model two different bending tests on 
reinforced concrete beams. The first one is a 3 
point bending test with a beam of 5m span, the 
second one is a 4 point bending test with a 
beam of 6.1m span. 

2 THE SECOND GRADIENT MODEL 
AND CONSTITUTIVE LAWS 

2.1 Theoretical framework 
As detailed in the seminal work of 

Germain, using the virtual power method one 
can chose a field of virtual displacement to 
describe the proper kinematics of the 
continuum (including its microstructure). The 
internal stresses, limit conditions and 
equilibrium equations then appear naturally as 
long as the linear form representing the virtual 
power is correctly defined and that it respects 
the principle of material independence. 

Following this, if one chooses the virtual 
displacement field as the “field of continuous 
and continuously differentiable velocities”, the 
principle of virtual work yields: 

     ∗ + Σ,∗ Ω −  ∗Ω −   ∗ + ∗ = 0 (1)

Where ui is the virtual displacement field, 
Dij is the symmetric part of its gradient, σij is 
the macro stress (conjugate of first gradient) 
and Σijk is a double stress (conjugate of the 
second gradient of the velocity field). Gi is the 
classical body force, pi is a contact force and 
Pi a double contact force. Dui refers to the 
normal derivative: Dui = nkui/xk. Here and 
henceforth * denotes a virtual quantity. 

The equilibrium equations and boundary 
conditions are given by: 

 − Σ +  = 0 (2)

 − Σ − Σ  − Σ  +  Σ − 
 Σ =  (3)

Σ =  (4)
Where Dq/Dxj is the tangential derivative. 

2.2 Numerical implementation 
The second gradient of the displacement in 

the weak formulation of the problem 
necessitates the use of C1 elements in a finite 
element code. This can be avoided by 
introducing a new field vij imposed to be equal 
to the gradient of ui by lagrange multipliers 
[16]. The new weak formulation of the 
problem then becomes: 

 ∗ + Σ,∗ Ω −   ∗ − ∗  Ω −  = 0 (5) 

 ∗  −  Ω = 0 (6) 

The problem is then discretized using 9 
nodes finite elements, where 8 of the nodes are 
used for ui, 4 for vij and the center node for λij. 

Figure 1: 2nd gradient finite element [7]

This element has been implemented in the 
finite element code Lagamine and the problem 
is solved using the classical Newton-Raphson 
method. 

2.3 Constitutive laws 
Here we suppose that the model uses two 

constitutive equations, one linking the macro 
stress to the first gradient of the displacement 
and the other linking the double stress to the 
second gradient of the displacement. The two 
equations are also supposed to be decoupled. 
The first gradient law can be any classical 
constitutive law (involving or not damage, 
plasticity etc…). The constitutive laws can be 
written in rate form as: 

 =   (7)
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 =  ,
If the second gradient law is an isotropic 

elastic one, the general form of the constitute 
law involves five material parameters.
particular form of this latter constitutive 
equation has been proposed by Chambon et al. 
[7] with a single modulus B.
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The internal length does not appear clearly 

from these equations. However, analytical 
solution of localization in a one
problem with a bilinear first gradient law of 
moduli A1 and A2, exhibits a localized strain 
band, whose length ls is given by [14]:

        
It is shown that the internal length 

mainly a function of the ratio of B
The use of the second gradient model 

allows for the proper representation of strain 
localization. It does not however imply 
uniqueness of the solution. For a one
dimensional tension test or a biaxial 
compression test, the number of bands and 
their positions can vary [15]. This is in 
accordance with experimental results which 
tend to be poorly reproducible when 
strain localization. 

The first gradient law used here for t
concrete behavior is the classical
damage law [17]. The equivalent strain is 
defined as:   〈〉: 〈〉 

Where 〈 〉 denote the positive part and
is the double dot product. The damage is 
separated in two part Dt and Dc, one due to the 
tension, and the other due to compression.

  1  1    
  1  1    
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If the second gradient law is an isotropic 
elastic one, the general form of the constitute 

five material parameters. A 
particular form of this latter constitutive 
equation has been proposed by Chambon et al. 
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The internal length does not appear clearly 
from these equations. However, analytical 
solution of localization in a one-dimensional 
problem with a bilinear first gradient law of 

, exhibits a localized strain 
y [14]:

 (10)

It is shown that the internal length ls is 
B over A2. 

The use of the second gradient model 
allows for the proper representation of strain 

however imply 
uniqueness of the solution. For a one-
dimensional tension test or a biaxial 
compression test, the number of bands and 

]. This is in 
accordance with experimental results which 
tend to be poorly reproducible when involving 

The first gradient law used here for the 
behavior is the classical Mazars 

The equivalent strain is 

(11)

denote the positive part and : 
he damage is 

, one due to the 
tension, and the other due to compression.

 (12)

 (13)

     Where εd0, Ac, At, B
parameters. The total damage is given     1  
      is equal to 0 when there is no traction 
and to 1 when there is no compression. Its 
value is given by: 

  ∑〈〉
      are the principal strains caused by the 
positive part of the principal stresses
     In the tests modeled here, using Mazars 
damage law in a two dimensional setting, 
equation (10) is not valid, but gives 
nevertheless an indication of the width of the 
localization zones at their inception

3 THREE POINT BENDING 

3.1 Experimental test
This experimental test was conducted on a 

reinforced concrete beam according to the 
specifications of the CEOS.FR benchmark
[18]. The beam is of thickness b=200mm, 
height h=500mm and 5000mm span (see: 
figure 2). It was subjected to cyclic controlled 
load. 

Figure 2: 3 point bending test:

3.2 Numerical model 
The bending test is modeled as a two 

dimensional problem using the 9 node finite 
element described above. Two meshes have 

, Bc and At are material 
The total damage is given by:  (14)

when there is no traction 
when there is no compression. Its 

〉  (15)

the principal strains caused by the 
of the principal stresses. 

In the tests modeled here, using Mazars 
damage law in a two dimensional setting, 

) is not valid, but gives 
nevertheless an indication of the width of the 

ation zones at their inception. 

THREE POINT BENDING TEST 

experimental test was conducted on a 
reinforced concrete beam according to the 

CEOS.FR benchmark
The beam is of thickness b=200mm, 

h=500mm and 5000mm span (see: 
figure 2). It was subjected to cyclic controlled 

3 point bending test: beam dimensions [18]

The bending test is modeled as a two 
dimensional problem using the 9 node finite 
element described above. Two meshes have 
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been used for the simulations. The first mesh 
consists of 5180 elements, 4148 of which are 
second gradient elements and 1032 truss 
elements representing the horizontal 
reinforcement. The average size of the 
concrete elements for this mesh is of 
0.02mx0.035m. The second mesh consists of 
13494 elements with an average size of 
0.01mx0.017m for the concrete elements. 
Concrete and steel elements are supposed to be 
perfectly bonded. The end nodes at each lower 
extremities of the beam are blocked vertically; 
the right node is also blocked horizontally. 

Figure 3: 3 point bending test: finite element meshes

Concrete material parameters for the 
Mazars damage law are given in table 1: 

Table 1: 3 point bending test: concrete material 
parameters 

E (GPa) εd0 At Bt Ac Bc β
37.2 9.10-5 0.7 6800 0.42 780 1.1 

On the upper part where the loading is 
applied, and near the supports at both ends of 
the beam, an elastic linear law is introduced to 
prevent from unwanted damage.  An elasto-
plastic law with isotropic hardening is used for 
the reinforcement. 

Table 2: 3 point bending test: reinforcement 
material parameters 

Upper trusses 
E (GPa) σ (MPa) Area (cm²) 

195 466 16.085 (2HA32) 
Lower trusses 

E (GPa) σ (MPa) Area (cm²) 
195 466 1.0053(2HA8)

     The elastic modulus B for the second 
gradient constitutive law is equal to 1.5.MN. 

3.3 Results 
Overall, the numerical results are in good 

accordance with the experimental data. Figure 
5 shows the numerical global force versus 
displacement at the center of the beam 
compared to the experimental results (note: for 
the experimental test the beam was loaded and 
unloaded cyclically whereas in the simulation 
the beam was loaded with a monotonic 
increasing displacement). 

Figure 4: 3 point bending test: force-displacement

The force displacement graph exhibits the 
classical reinforced concrete behavior in three 
stages: In the first stage, concrete and steel 
stay both in the elastic regime; then concrete 
starts to damage and the slope on the force 
displacement curve changes. Finally, steel 
enters in its plastic phase and the second 
change in the slope appears. The final slope of 
the numerical simulation doesn’t match 
completely the experimental one. This is due 
to the second gradient constitutive law which 
considers no damage (elastic). 

Figure 5 shows the pattern of the damage 
variable in concrete at different stages of 
loading and for the two mesh sizes. 

Figure 5.1. 2mm displacement
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Figure 5.2. 4mm displacement

Figure 5.3. 6mm displacement

Figure 5.4. 8mm displacement

Figure 5.5. 10mm displacement

Figure 6.6. Damage scale

Figure 5: 3 point bending test: damage distribution

The damage pattern develops with sudden 
“peaks” which experimentally correspond to 
developing cracks. The crack opening is not 
modeled directly in this simulation as the 
displacement field remains continuous, but it 
can be calculated from the damage model 
either through energetic equivalence or by 
simply measuring the jump in displacement 
between two points located on the opposite 
sides of a damaged zone. This obviously 
works only when the damaged bands are 
clearly separated. The width and separation of 
the damage bands can be controlled by 
changing the internal length, which in our case 
would mean changing the slope of either or 
both the first gradient and second gradient 
constitutive laws.  

The damage distributions for the two 
different meshes do not match exactly 
although the global force displacement curve
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The damage pattern develops with sudden 
“peaks” which experimentally correspond to 
developing cracks. The crack opening is not 
modeled directly in this simulation as the 
displacement field remains continuous, but it 
can be calculated from the damage model 
either through energetic equivalence or by 
simply measuring the jump in displacement 
between two points located on the opposite 
sides of a damaged zone. This obviously 

rks only when the damaged bands are 
clearly separated. The width and separation of 
the damage bands can be controlled by 
changing the internal length, which in our case 
would mean changing the slope of either or 
both the first gradient and second gradient 

The damage distributions for the two 
different meshes do not match exactly 
although the global force displacement curves 

are almost identical. This is due to the fact 
that, as stated above, the second gradient 
method doesn’t restore 
solution and small differences
different solutions. All the solutions are still 
physically acceptable. 

For similar bending tests, non
damage models which define an equivalent 
strain by averaging over a certain distance 
have a tendency to develop damage on the 
upper compressed part of the beam
the local strain is not high enough to caus
compressive damage. This is due to the 
averaging over an area. There is no such 
problem with this model as all the variables 
are local. 

4 FOUR POINT BENDING T

4.1 Experimental test
In this case, the experimental 

point bending test on a large reinforced 
concrete beam. (6.10m x 0.8m x 1.6m) (
figure 7, « Mock up
During the experimental test, the beam was 
cast and then let to shrink freely. 
was then fixed to a testing bench wit
of pre-stressed steel bars
with two rows of pistons
force of 2250kN and then unloaded 
completely. 

Figure 6: 4 point bending test:

   The reinforcements are
figure below: 

. This is due to the fact 
as stated above, the second gradient 

tore the unicity of the 
differences can trigger 

different solutions. All the solutions are still 

For similar bending tests, non-local 
damage models which define an equivalent 
strain by averaging over a certain distance lc,
have a tendency to develop damage on the 

compressed part of the beam, even when 
the local strain is not high enough to cause 
compressive damage. This is due to the 
averaging over an area. There is no such 
problem with this model as all the variables 

FOUR POINT BENDING TEST 

In this case, the experimental test is a 4 
point bending test on a large reinforced 

10m x 0.8m x 1.6m) (see 
Mock up », www.ceosfr.org). 

During the experimental test, the beam was 
cast and then let to shrink freely. The beam 
was then fixed to a testing bench with the help 

stressed steel bars. The beam is loaded 
with two rows of pistons up to an imposed 
force of 2250kN and then unloaded 

4 point bending test: experimental test [19]

are indicated in the 
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Figure 7: 4 point bending test: reinforcement [19]

     The concrete and steel characteristics are 
given in the following tables: 

Table 3: 4 point bending test:  concrete 
characteristics 

Category E (GPa) ν fc (MPa) ft (MPa) 
C50/60 40.2 0.19 63.7 4.65 

Table 4: 4 point bending test: reinforcement 
characteristics 

Catégorie E (GPa) fe (MPa) ν
Fe500 200 500 0.3 

4.2 Numerical model 
     For this test, it was chosen to model only 
one half of the beam and to consider a 
symmetry condition to reduce the 
computational cost. We used once again the 
two dimensional 9 nodes second gradient 
elements to model concrete and one 
dimensional truss elements for the 
reinforcement. Two different meshes are used: 
a coarser one with 5200 elements (4640 
second gradient elements and 560 truss 
elements) and another one with 10000 
elements (9209 second gradient elements). 

Figure 8: 4 point bending test: numerical model

    Material parameters for Mazars damage law 
are given in table 1. A perfectly elasto-plastic 
law is considered for the reinforcement.  

Table 5: 4 point bending test: concrete material 
parameters 

E (GPa) εd0 At Bt Ac Bc β
25.2 1.1.10-4 0.7 6800 0.42 780 1.1 

    The material parameters adopted here don’t 
match exactly the experimental ones. This is 
because in our calculations only the 
mechanical loading phase is modeled (the free 
shrinkage phase that damaged concrete is not 
simulated). The elastic modulus for the second 
gradient law B is equal to 1.5.MN. 

4.3 Results 
The force-vertical displacement curve for 

the numerical model and the experimental data 
is given in figure 9. The results for the two 
different meshes are the same and are in good 
accordance with the experimental ones (note: 
only the loading phase is reproduced). During 
the experiment the beam was unloaded; this is 
the reason why the global force displacement 
curve shows only two phases compared to the 
three phases of the previous test. 

Figure 9: 4 point bending test: force-displacement

Figure 6 presents the pattern of the damage 
variable in concrete at different stages of 
loading and for the two mesh sizes. 
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Figure 10.1. F = 940kN 

 

Figure 10.2. F = 1185kN 

Figure 10.3. F = 1400kN 

 

Figure 10.4. F = 1837kN 

 

Figure 10.5. F = 2250kN 

Figure 10.6. Damage scale

Figure 10: 4 point bending test: damage distribution

As was the case with the three point 
bending test, the damage distributions for the 
two different meshes do not match exactly, 
although the global force displacement curves 
are almost identical. 

5 CONCLUSIONS 
A second gradient model has been used to 

model two bending tests of reinforced concrete 
beams. The results show that the model is able 
to reproduce the force-displacement curves 
obtained experimentally. Damage localizes 
into bands whose width is controlled by the 
model parameters. The uniqueness of the 
solution is however not restored. For the two 
experiments modeled here, the bands are of the 
same size but their numbers vary (figure 5 and 
10). Being a local theory, the second gradient 
method avoids the limitations caused by the 
use of a non-local definition of the equivalent 
strain. 

These results are encouraging and 
represent the first steps toward a wider use of 
the local second gradient method for concrete 
structures. 
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Abstract: In contrast to tensile fracture, shear compression fracture of concrete has not been treated 
in depth in the literature, in spite of its practical significance in many situations such as confined 
pull-out, impact, etc. In this paper, we describe the experimental work carried out at ETSECCPB-
UPC in order to elucidate the existence of such second mode of fracture and evaluate the associated 
fracture energy in combination with advanced numerical modeling. A short cylindrical specimens 
with coaxial cylindrical notches similar to those proposed by Luong (1990) is introduced in a large-
capacity triaxial cell, protected with membranes and subject to different levels of confining pressure 
prior to vertical loading. The specimens tested show a clear shear-compression crack that follows 
the pre-established crack path, which is in itself a significant achievement. Also, the load-
displacement curves for various confining pressures seem to follow the expected trend according to 
the underlying conceptual model. Finally, a numerical model based on the FEM with zero-thickness 
interface elements is employed to simulate the fracture initiation and development process, and to 
identify the fracture parameters including the fracture energies in modes I and IIa out of the 
experimental curves. 

1 INTRODUCTION 
Numerous papers in the literature of 

concrete deal with formulations for the 
analysis of concrete specimens or structures 
subjected to mode I fracture processes 
including the corresponding energy parameter 
Gf

I. In contrast, mixed mode fracture involving 
shear and, especially, confined mixed mode 
fracture under shear-compression, has received 
much more limited attention. 

In 1990 Carol and Prat [1] introduced and 
later developed [2,3] the concept of asymptotic 
shear–compression mixed mode or mode IIa, 
in which very high compression across the 

fracture plane prevents any dilatancy and 
forces the crack to propagate sensibly straight, 
cutting through aggregates and matrix (figure 
1b). In later conference papers, including a 
previous FRAMCOS conference [4,5] some 
initial phases of a new experimental program 
to elucidate the existence of such mode IIa and 
calibrate the corresponding fracture energy, 
Gf

IIa, were described. 
In the current paper, the new results 

obtained in recent years along this line are 
presented. The experimental work has been 
completed, and still on-going numerical 
studies aim at the full interpretation of those 
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experimental results. 

2 EXPERIMENTAL SETUP 
To generate experimentally a shear–

compression crack that takes place along a 
pre-determined plane or surface is not a trivial 
task. Attempts to modify typical beam-based 
tensile cracking specimens by applying shear 
and imposing compression across the fracture 
plane often lead to deviation of the crack 
trajectory to a different orientation with lower 
level of transversal compression. For this 
purpose, the test setup was been developed on 
the basis of the original specimen proposed by 
Luong [6,7]. 

2.1 Specimen geometry 
The specimen is a cylinders of 100 mm 

diameter and 40 mm height, with coaxial 10 
mm deep cylindrical notches on both top and 
bottom faces, which leave between them an 
also cylindrical notch of height 20mm.  

In order to obtain a fracture surface as 
vertical as possible (given the finite thickness 
of the notches), upper and lower notches have 
slightly different diameters, in such way that 
the outer diameter of the upper notch is as 
close as possible to the inner diameter of the 
lower notch. A diagram of the specimens and a 
transversal cross-section are shown in figure 1. 

23,5 47 23,5

21 2152

40

Figure 1: Specimen geometry.

Specimens were cast in cylindrical moulds 
of 100 mm diameter a 200 mm height. They 
were then cut in slices and surface ground to 
40 mm high, and notches were finally drilled 
using a special core extraction drill with 
center-guiding system. 

2.2 Loading system 
The loading scheme on the specimen is 

shown in figure 2, including the lateral 
pressure on the outer surface of the cylinder 
providing confinement on the fracture plane, 
and the special platens top and bottom leading 
to shearing of the ligament surface. 

Figure 2: Loading state on specimen (cross-section 
view).

Except for some basic reference tests 
performed without lateral pressure, lateral 
confinement is obtained by introducing the 
specimen in a large capacity WIKEHAM 
FARRANCE triaxial cell (up to 15x30cm 
specimens and 140Mpa pressure), as shown in 
figure 3. 

Figure 3: General diagram of confined shear tests.
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In pressurized tests, specimens are 
protected with membranes to isolate them 
from the confining fluid (oil). Specially 
designed load platens and other elements 
shown in figure 3 guarantee post-peak stability 
of the test and prevent oil penetration along the 
specimen-platens contact surfaces, among 
other requirements. More details of the 
experimental setup can be found in 
Montenegro et al (2007b). 

2.3 Materials 
The test series reported corresponds to 

conventional concrete with uniaxial strength 
and elastic modulus given in Table 1. 

Table 1: Material tested 

Material 
Max. 

aggregate
size [mm] 

'
cf [MPa] E [MPa]

Conventional 
Concrete 6 49 25000 

At the time of tests, all specimens were 
older than 28 days. 

2.4 Measurement devices 
LVDTs are used to measure the relative 

vertical displacements between load platens, 
which directly lead to the shear relative 
displacement along the fracture surface. 
Because of the confined tests, the le LVDTs 
used were submersible, able to operate under 
up to 21 MPa of oil pressure inside the triaxial 
cell. The chamber pressure itself was 
measured using a pressure transducer. 

A specially designed circumferential chain 
of invariable length with an extensometer 
transducer between its ends, which can equally 
operate under oil pressure was used to measure 
the specimen circumferential deformations. 

2.5 Pressure accumulator 
The lateral pressure was applied with a 

manual pump, and was maintained constant 
during the test by using a pressure 
accumulator. This consists of a sealed hollow 
steel cylinder of sufficient volume (figure 4), 
containing mainly air at the desired pressure 

and only a small oil layer at the bottom. The 
accumulator was connected to the traixial cell 
oil circuit though its bottom hose after the 
circuit had also reached the desired pressure 
level.

Figure 4: Pressure accumulator device for constant 
pressure.

2.6 Test sequence 
In confined tests, the specimens were 

subjected first to a lateral confinement 
pressure which then remained constant during 
the entire duration of the vertical loading. 

Tests were repeated for various levels of 
lateral confinement pressure, in order to verify 
the asymptotic character of the shear 
compression mode of fracture under study. 

3 TEST RESULTS 
Some preliminary tests with limited or null 

data acquisition were initially run in order to 
check the overall performance of the test 
setup, oil tightness, etc.

Then, various test series were been carried 
out, some of which are reported here, 
including one unconfined test and three 
confined tests at 2, 4 and 8MPa lateral 
pressure. During those tests, the applied 
vertical load, and the vertical and 
circumferential displacements of the specimen 
were measured. 

3.1 Experimental curves 
The experimental results are represented in 

figure5 (rugged curves), together with some 
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computational simulations explained in Sect. 4 
(smooth curves). In the top diagram the curves 
depict the evolution of the average shear stress 
transmitted along the ligament (force divided 
by ligament area, represented on the vertical 
axis), against the vertical displacement of the 
top platen which is assumed approximately 
equal to the average shear relative 
displacement experienced at the same ligament 
(horizontal axis). The bottom diagram of the 
same figure, represents the specimen dilatancy 
(radial deformation derived from the 
circumferential deformation, vertical axis) 
against the same shear displacement as the top 
diagram. 
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Figure 5: Experimental curves for 2, 4 and 8 MPa 
confining pressure.

In the curves of figure 5 (top), it can be 
observed that the unconfined test shows a 
sharp peak and descending branch, and the test 
ends at about 1mm shear displacement, while 
the confined tests have a more round shaped 
peak and descending branch followed by a 
clear plateau that is maintained until 4-5 mm. 
Bottom diagram shows a dilatancy that is very 
pronounced and actually cannot be measured 
reliably after the peak for the unconfined peak, 
while for the confined tests it reaches a clear 
plateau after about 1mm shear displacement, 
and its magnitude is drastically decreased to 
practically zero values for the 8MPa 
confinement test. 

3.2 Cracking observed in specimens 
Some images showing the state of the 

specimens after the test can be observed in 
figures 6, 7 and 8. Figure 6, shows the tensile 
radial cracks produced in the unconfined 
specimen, which are totally developed and in 
fact the specimen can be physically separated 
into pieces. The interpretation leads to two 
phases in the deformation process. First, 
cracking develops along the cylindrical 
ligament between the notches, which 
corresponds to the initial steep part of the post-
peak curve in the top diagram of Figure 5. A 
second mechanism starts operating when this 
crack is completely developed, and the sliding 
between the two resulting parts of the 
specimen begins, because the sliding generates 
increasing dilatancy which in turn causes the 
full development of the radial cracks in the 
outer concrete cylinder. This also helps 
understanding the difficulties in measuring 
dilatancy in the test (Figure 5, bottom 
diagram), since once radial cracks totally 
formed, the various pieces of the outer ring 
start moving freely and tend to fall off, only 
held by the measuring chain device. 

In the confined tests, the number and 
(especially) the opening of tensile radial cracks 
were significantly reduced with the level of 
confinement. This is illustrated in Figure 7 
showing no visible radial cracks in the 8MPa 
specimen, in which the outer specimen ring 
still preserves practically its integrity after the 
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test.

3.3 Existence of mode IIa (asymptotic 
mode)

The results obtained clearly seem to 
indicate the expected trend towards the 
asymptotic mode IIa previously proposed in a 
theoretical context (Carol and Prat, 1990, 
Carol et al. 1997).

Figure 6: State of specimen after the unconfined test, 
with large fully developed radial cracks.

Figure 7: Radial cracks in a specimen tested under 
confining pressure of 8 MPa.

Figure 8 depicts the image of a specimen 
after one of the preliminary tests with a 
confining pressure of about 4 MPa, which was 
then cut with a saw in two halves. In the 
exposed cross-section it can be clearly seen 
that the fracture plane is produced along an 
approximately a straight line, cutting through 

the aggregates and matrix as expected. In this 
specimen tensile radial cracks were not 
appreciated. These observations strongly 
suggest that in this case the mode IIa was 
either practically reached or nearly 
approached. This interpretation is also 
supported by dilatancy being drastically 
reduced for tests with confinement of 4MPa, 
and  practically disappearing for 8MPa. 

Figure 8: Fracture plane observed in tested specimen, at 
bottom end observe the displaced aggregate which has 
been cut through in two pieces by a sensibly straight 

crack.

4 NUMERICAL MODELING 
In parallel to the experimental program 

described in previous section, a paralel effort 
has been carried out to simulate numerically 
the test arrangement and reproduce the results 
via the FEM with fracture-based zero-
thickness interface elements. Taking 
advantage of symmetry, one fourth of the 
concrete specimen has been discretized using 
3D elements, as shown in Figure 10 (top). The 
bottom diagram of the same figure, depicts the 
interface elements that have been introduced 
along the two major potential fracture 
surfaces: the cylindrical ligament (in red) and 
a vertical plane cutting the outer cylinder 
along a 45 degree line (not colored). 

The continuum elements are assumed linear 
elastic, while the interface elements are 
equipped with an elasto-plastic fracture-based 
constitutive law that incorporates Gf

I and Gf
IIa

as described elsewhere (Carol et al, 1997). The 
preliminary curves obtained after some 

295



O.	Montenegro,	C.M.	López,	I.	Carol	and	D.	Sfer	

6

adjustment, for values of the fracture energies 
of 0.15 and 12 N/mm, are represented in the 
same diagram as the previous experimental 
curves (Figure 5). The calculations exhibit 
general good agreement with the experimental 
curves, capturing the essential features (peak 
values, general shape of curves, dilatancy 
reduction trends, etc.), although some aspects, 
such as post-peak of the unconfined tests, or 
dilatancy for high higher confinement still 
show differences. Ongoing work is aimed at 
final adjustment process, which depends in 
part on a new definition of the decay law for 
dilatancy for the interface constitutive model. 

Figure 9: FE mesh (top), and potential fracture planes 
along which zero-thickness interface elements have 

been inserted (bottom): along the cylindrical ligament 
(in red), and also along the exposed vertical face at 45 

degree of the top view.

5 CONCLUDING REMARKS 
An experimental study has been developed 

to elucidate the existence of mode IIa in the 
fracture of concrete specimens. The study was 
motivated by the previous theoretical 
developments in the context of a fracture-
based constitutive model for the zero-thickness 
interface element, and has been run in parallel 
to numerical calculations via FE with zero-
thickness interface elements. The calculations 
have been very useful to understand the stress 
state occurring in the specimen, and to 
calibrate the corresponding fracture energy 
parameter. As the first important achievement, 
the experiments confirm that a shear-
compression crack can be obtained along the 
pre-determined fracture surface. This is 
something totally non-trivial and a great 
success in itself. Additionally, the application 
of increasing confining pressure seems to lead 
to the right trend in producing the desired 
mode IIa crack with no dilatancy. The 
calculations have led to the right trend for the 
main variables of the problem, and to 
relatively good overall adjustment of the 
curves, for values of Gf

IIa about 80 times the 
classical fracture energy in mode I. This value 
may seem a little high although it should be 
taken with care since numerical studies are 
still on-going and subject to final adjustment 
of some fine details of the interface 
constitutive model. In sum, based on the 
results presented, the experimental/numerical 
study undertaken seem to confirm the validity 
of the main concept of the cracking model 
previously proposed by the authors solely on a 
theoretical/numerical basis (Carol et al, 1997), 
and lead to specific values of Gf

IIa.
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Abstract: Fracture properties of cement treated demolition waste were investigated using a lattice 
model. In practice the investigated material is applied as a cement treated road base/subbase course. 
The granular aggregates used in this material were crushed recycled concrete and masonry. This 
results in six different types of phases in the mixture: recycled concrete, recycled masonry, mortar, 
interface between recycled concrete and mortar, interface between recycled masonry and mortar 
and interface between recycled concrete and masonry. 

In order to numerically analyze the fracture behavior of cement treated demolition waste, a cross 
section image of a cylindrical specimen (Φ150mm) for monotonic indirect tensile test (ITT) was 
digitized and processed to obtain a multiphase lattice image showing every individual phase. The 
mesh area used for the lattice model was 1 mm2. Simulation results show that when the simulated 
ITT loading direction varies on the image, the simulated indirect tensile strengths (ITS) have a 
larger scatter compared to the variation of experimental results of ITS in the laboratory. This 
indicates that the numerical simulation of cemented granular demolition waste using a 2D lattice 
model is strongly influenced by the loading direction on the simulated image. This should be 
because of high heterogeneity of the mixture, especially the arrangement of aggregates along the 
loading direction. With a model correlation factor 2, the average simulated ITS that is obtained 
under different loading directions on one image is comparable to the experimental ITS. 
 
1 INTRODUCTION 

Cement treated granular materials (CTGrMs) 
consist of a densely packed particle skeleton 
and cement mortar filling in the pore and 
bonding to the coarse particles. In the field of 
road pavement, CTGrMs are particularly used 
to enhance the bearing capacity of the 
pavement structure. Therefore, they have been 
widely applied as road base and/or sub-base in 
many countries [1]. 

In general CTGrMs as road base materials 
are produced by using high quality coarse 
natural or crushed aggregates. Because of 
shortage of natural aggregates and 
environmental impact of construction and 
demolition waste (CDW), CDW is recycled in 
a number of countries and now promoted as a 

sustainable road base/sub-base material. The 
authors have done a series of researches into 
the material properties of cement treated 
recycled demolition waste with crushed 
recycled concrete and masonry (CTMiGr). The 
investigated mechanical properties include 
strength (f), elastic modulus (E) and drying 
shrinkage behaviour [2-5]. Estimation models 
for the mechanical properties and shrinkage 
behaviour have been developed in relation to 
mixture variables like cement content (C), 
water content (W), dry density (D), masonry 
content (M) and curing time (t).  

Traditionally, the failure of CTGrMs 
originates either in a discontinuity in the 
internal structure (the matrix) or in the 
bonding layer between aggregates and matrix 
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[6]. When recycled CDW aggregates are used, 
the failure of CTMiGr becomes complicated 
due to the existence of more components, 
especially the lower strength of the recycled 
masonry aggregates (RMA) and their 
interfaces. Therefore, failure can also occur 
within the RMA.  

In fact the quality of the masonry rubble 
collected for producing the RMA can vary 
considerably[7]. The variation of the 
mechanical properties of RMA produced by 
using recycled masonry rubble can influence 
the failure behaviour of CTMiGr. In practice 
that would mean that extensive testing is 
needed in order to explore the influence of the 
RMA variation and its mechanical properties 
on the failure of CTMiGr. There is however 
also another way to explore this by means of 
numerical simulation.  

So far three main approaches exist for 
modelling fracture and cracking in engineering 
materials (concrete, rock, masonry, et al.), 
namely discrete crack modelling, smeared 
crack modelling and lattice modelling [8, 9]. 
In the 1970s the smeared crack modelling 
gained much popularity because of the 
preservation of the original finite element 
mesh. Recently, lattice models have become 
popular for explaining fracture processes at a 
detailed level. In the sequel of this paper the 
lattice model is chosen to analyze the fracture 
process of CTMiGr. 

2 INVESTIGATED MATERIAL 
Two types of main recycled materials in 

CDW, recycled crushed concrete (RCA) and 
recycled crushed masonry (RMA), were used 
to prepare the cement treated demolition waste 
as shown in Figure 1. The mixture was 
composed of 65% RMA by mass, 35% RCA 
by mass, 4% cement (Portland cement CEM I 
42.5) by mass of the total aggregates and 
10.94% water by mass of the total aggregates. 

  
(a)  RMA    

 
 (b) RCA 

Figure 1: Crushed masonry (a) and concrete (b) 
aggregates (with a size of 22.4-31.5 mm). 

The monotonic indirect tensile test (ITT) of 
CTMiGr with a size of Ф150×150 mm was 
performed by using the set-up in Figure 2. It 
was done by using a  150 kN MTS actuator in 
the displacement controlled mode. The 
displacement rate chosen for the ITS was 0.2 
mm/second and was controlled by two 
LVDTs. The data of the force and the vertical 
deformation were automatically recorded. 
Note that the weak masonry particles can be 
broken and cracks go through them as shown 
in Figure 2. 

     

 

LVDT 

 
               (a) Set-up for indirect tensile test 
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           (b) Split specimen after testing 

Figure 2: Set-up for indirect tensile test (a) and split 
specimen after testing (b). 

3 CONSTRUCTION OF LATTICE 
MODEL 

3.1 Implementation of heterogeneity 
Before constructing the lattice image for a 

real mixture, several steps were performed. 
Firstly, a diametrical cross section of a 
cylindrical specimen with a diameter of 150 
was impregnated with a resin and a slice was 
cut from the sample and photographed by 
means of a digital camera with a high 
resolution (see Figure 3(a)). On basis of the 
color or gray differences, this image was 
manipulated by Adobe Photoshop CS4 to 
distinguish different aggregates (RCA and 
RMA), mortar and voids as shown in Figure 
3(b).  

  
    (a) Photographed       (b) Manipulated 

Figure 3: Image of a diametrical cross section of 
CTMiGr used in the monotonic ITT (red: RMA; gray: 
RCA; white: matrix or mortar; green: void filled by 
resin). 

In this research the lattice analysis was 
conducted on this image with a diameter of 
150 mm and with a thickness of 1 mm. The 
shape of the lattice beam was cylindrical. The 
mean length of the beam was equal to 1 mm. 
The radius of the beam was then calculated by: 

areameshr 112                   (1) 

 By using the GLAK software developed at 
TU Delft [10], the random quadrangular mesh 
lattices were tagged on the specimen as shown 
in Figure 4. Note that depending on the 
position of the phases in the mixture, each type 
of beam element is colorized. In fact there are 
six types of beam elements: the RMA, the 
RCA, the mortar with voids, the interface 
between RMA and mortar, the interface 
between RCA and mortar and the interface 
between RMA and RCA. The last one is 
bound by a thin layer of cement paste with fine 
aggregates, which is assumed to have similar 
properties as the mortar. Therefore, only five 
phases were evaluated. 

       
Figure 4: Random quadrangular mesh lattices for a real 
mixture (red: RMA; gray: RCA; dark blue: mortar; light 
blue: interface between RMA and mortar; green: 
interface between RCA and mortar) 

3.2 Fracture criterion 
In the lattice model all the beam elements 

have fixed connections in the nodes. 
Therefore, every beam can transfer a normal 
force, a shear force and a bending moment. 
Each beam is herein supposed to behave linear 
elastic and brittle under tensile stress. Fracture 
is mimicked by sequential removal of beam 
elements where the stress exceeds the tensile 
strength. The tensile stress of the beam 
elements can be derived from the Formula:  

W
MM

A
N ji

t
max),(

           (2) 

Where, N stands for the normal force; A 
represents the area of the cross section;  is a 
bending factor; ji MM , refer to the bending 
moments at both ends of a beam; W is a 

Cracked 
masonry 
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geometric parameter. 

4 FAILURE CHARACTERISTICS 

4.1 Mechanical properties of each phase 
In order to be able to establish the 

relationship between composition and property 
of CTMiGr in a numerical way, it is first of all 
necessary to characterize the mechanical 
properties of every phase in CTMiGr and use 
these as input values for the numerical 
analysis. As shown in Figure 4, there are six 
phases in the mixture of CTMiGr: the RMA, 
the RCA, the mortar composed of fine 
aggregates (less than 2 mm) and cement paste, 
the interface between RMA and mortar, the 
interface between RCA and mortar and the 
interface between RMA and RCA. The 
properties of these five phases were 
determined for a mixture with 65% RMA by 
mass, 4% cement by mass and 101% degree of 
compaction, which was cured for 28 days.  

Figure 5 shows the meso-scale 
compression-tension test setup. The tested 
sample shown was the recycled masonry with 
a size of Ф 9×18 mm. By using this setup, the 
direct tensile strength of the five phases from 
the mixture was measured. 

 
Figure 5: Meso-scale compression-tension test setup. 

Table 1 lists the measured direct tensile 
strength (ft) of the above five phases and the 
estimated mechanical properties. Some 
empirical models used to estimate other 
mechanical properties, such as compressive 
strength (fc), elastic modulus (E) and shear 
modulus (G), are obtained from previous 
references [11-13]. 

 

Table 1: Mechanical properties of six phases in CTMiGr 
at 28 days (with 65% RMA by mass, 4 % cement by 
mass, 101% degree of compaction and 10.94% water).  

Phases ft 
(MPa) 

fc 
(MPa) 

E 
(MPa) 

G 
(MPa) 

Mortar 0.79 -7.9 1780 770 
Interface between 
mortar and RMA  0.23 -2.3 520 210 

Interface between 
Mortar and RCA 0.61 -6.1 1380 570 

RMA 1.81 -17.1 6820 2840 

RCA 2.72 -27.2 29130 12140 
Interface between 
RMA and RCA 0.79 -7.9 1780 770 

4.2 Fracture simulation of the mixture 
In this research the loading locations on the 

image were modelled on four nodes connected 
with beam elements on the top and bottom as 
shown in Figure 6. Meanwhile, these 
connected elements are set as unbroken 
elements. Note that the modelling was such 
that there was no relative displacement 
between the specimen and the simulated 
loading nodes. With increasing the vertical 
deformation, some lattice elements will fail at 
different levels of loading force. The change of 
the loading force was then used to describe the 
crack opening related to the fracture process. 

 
Loading nodes 

 
Figure 6 Illustration of simulation loading on the 

specimen. 

The results of the numerical analysis of the 
fracture process are illustrated in Figure 7. The 
simulated load-vertical displacement curve is 
plotted in Figure 8. During the fracture 
process, a vertical or splitting macro-crack 
develops between 900 and 1200 simulation 
steps. This crack causes the first load peak in 
Figure 8. 

 Moreover, this crack does cross the 
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specimen along its complete height, but stops 
next to the loading elements. This is because 
of the high compressive vertical and horizontal 
stresses in that area. When continuing the 
simulation, the second load peak in Figure 8 
occurs. This peak is related to the initiation 
and propagation of radial cracks from the 
adjacent loading elements and the edge of the 
specimen inwards. 

      
(a) at step 600        (b) at step 900 

    
    (c) at step 1200   (d) at step 1500 

Figure 7: Lattice analysis of a monotonic ITS testing 
(The displacements are scaled by factor 20). 

 

Figure 8: Simulated load-vertical displacement 
diagram. 

In the real ITT, the loading platens were not 
fixed or glued onto the specimen. This is 
different from the simulation in which it was 
assumed that there was no relative 
displacement between the specimen and the 

simulated loading platens. When the main 
splitting crack propagates through the 
specimen, the specimen will split in two halves 
and the loading platens get disconnected with 
the specimen. This means that the first load 
peak shows the strength of the specimen. 
According to the experimental results, no 
radial cracks were observed in the specimen 
and only the primary crack goes through the 
specimen as shown in Figure 2. This further 
supports the conclusion that the first simulated 
load peak is related to the strength of the 
specimen. 

As the aim of this numerical work was 
mainly to evaluate the influence of RMA and 
its ITS on the fracture behaviour, no special 
effort was put into perfectly to reproduce the 
experimentally observed stress-strain 
characteristics in the simulation. The simulated 
load-displacement diagram used for analysis in 
this study is the segment until the main vertical 
splitting crack has completely developed. 

4.3 Simulated ITS of the mixture 
Note that the implementation of the lattice 

simulation is on a cross-section image of one 
specimen along one direction. In fact, the 
loading direction on this image can also be 
random. In order to explore the influence of 
the loading orientation on the simulation 
result, several simulations were carried out 
considering different loading orientations on 
the prepared image (negative means anti-
clockwise), as shown in Figure 9. 

 

0° 45° 67.5° 

-90° -22.5° -45° -67.5° 

22.5° 

 
Figure 9: Different loading orientations on the image. 
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Table 2 shows the influence of the loading 
orientation on the simulated ITS and vertical 
deformation. It can be seen that the loading 
direction on the simulated image determines 
the variation of the simulated ITS. The 
simulated ITS can range from 0.26 MPa to 
0.44 MPa. The coefficient of variation of the 
vertical deformation at failure and the 
simulated ITS is high, 27% and 16%, 
respectively. 

Table 2: Variation of simulated results. 

Loading 
orientation 

Simulated 
deformation 
at peak (mm) 

Simulated 
force at 

peak (kN) 

Simulated 
ITS 

(MPa) 
0° 0.46 0.085 0.36 

22.5° 0.35 0.071 0.30 
45.0° 0.52 0.083 0.35 
67.5 0.19 0.097 0.41 

-22.5° 0.36 0.061 0.26 
-45.0° 0.25 0.104 0.44 
-67.5° 0.39 0.102 0.43 
-90.0° 0.40 0.094 0.40 
Mean 0.37 0.087 0.37 

Standard 
deviation 0.10 0.014 0.06 

Coefficient 
of variation 27% 16% 16% 

4.4 Comparison with measured ITS of the 
mixture 

In order to be able to compare the 
simulation results to the experiment results, 
five CTMiGr specimens were tested and their 
results are shown in Table 3.  

Table 3: Variation of experimental results. 

Items 

Vertical 
deformation 

at peak 
(mm) 

Failure 
force at 

peak (kN) 

Experimental  
ITS (MPa) 

1 0.44 0.176 0.75 
2 0.54 0.174 0.74 
3 0.43 0.168 0.67 
4 0.39 0.172 0.73 
5 0.55 0.188 0.80 

Mean 0.47 0.174 0.74 
Standard 
deviation 0.07 0.009 0.04 

Coefficient 
of variation 15% 5% 5% 

 Note that the experimental ITS can range 
from 0.67 MPa to 0.80 MPa. Its coefficient of 
variation is much lower than that of the 
simulated results. This could be because the 
experimental test is performed on a 150 mm- 
thickness specimen, while the simulation is 
only done on a 2D level. And so the influence 
of specimen heterogeneity along the loading 
direction on a 150 mm thick specimen is 
limited and its variation becomes lower. 

Meantime, it is noticed that the simulated 
force in Table 2 should be multiplied with a 
factor of 2.0 in order to obtain an ITS value 
which is comparable to the experimental one. 
This parameter should be a constant lattice 
model parameter for this simulated monotonic 
ITT. It could be sourced from the geometry 
definition and configuration of the lattice 
model. 

0.2
37.0
74.0


ITSSimulated

ITSalExperiment
Factor     (3) 

Figure 10 further shows all simulated load-
vertical displacement diagrams compared to 
the measured ones. Figure 10(a) includes the 
above-mentioned factor 2.0. Although the 
simulated curves show rather brittle behavior 
compared to the experimental curves, they are 
comparable to the experimental ITS results. 
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Figure 10: Simulated and experimental load-
displacement curves. 

5 CONCLUSIONS AND 
RECOMMENDATIONS 

In this paper the lattice model was used to 
simulate the monotonic ITS of cement treated 
demolition waste. Some main findings of the 
numerical analyses are given below.  

1) The loading direction on the 2D mixture 
image influences the simulated ITS. Moreover, 
this can result in a bigger variation of the 
simulated ITS compared to the experimental 
results. This should be because of the 
influence of high heterogeneity of the 
specimen along the loading direction. 

2) The simulated force of the monotonic 
ITT lattice model at failure needs to be 
corrected with a factor of 2 in order to get 
comparable results obtained experimentally. 
This factor is a lattice model parameter for the 
monotonic ITT. 

3) The average result of the corrected 
simulated ITS from several lattice simulations 
with different loading orientations can 
represent the average experimental ITS of the 
CTMiGr mixture.  

4) The ITT lattice model is capable to 
simulate the fracture process of CTMiGr. It can 
describe the load-displacement curve until 
failure occurs across the specimen diameter. 

It is recommended that more effort should 
be made to improve the construction of the 
lattice model, such as the change of the 
geometrical definition of the beam lattice, the 
connection between the loading plates and the 

specimen and a combined failure criterion of 
compression and tension. The purpose is to 
reproduce the experimentally observed stress-
strain characteristics of CTMiGr more 
precisely. 
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Abstract: Following the recent developments in civil engineering there is a clear trend to involve 
more and more innovative materials like high performance concrete (HPC). HPC is often used for 
tunnel lining, for columns of high raise buildings and similar structures, which require high 
compressive strength. However, when exposed to high temperature (fire) there is a strong 
degradation of mechanical properties of HPC and it shows unfavorable behavior, i.e. explosive 
spalling of concrete cover.
In the here discussed experiments the behavior of concrete specimen that were exposed to fire is 
monitored by acoustic emission (AE) technique. Using this technique it is possible to observe 
damage processes in concrete during the entire fire history. It is in particular possible to detect the 
initialization of explosive spalling. The article describes the proposed concept and preliminary 
results of fire experiments on concrete specimens made of HPC with and without addition of 
polypropylene fibers. To better understand the experimental results it is also important to employ a 
numerical model, which is able to realistically predict the behavior of concrete at high temperature 
including transport of moisture and the role of pore pressure in concrete exposed to elevated 
temperature. Therefore, a fully coupled thermo-hygro-mechanical model for concrete was 
implemented into a 3D finite element code [1, 6, 7]. The application of the model demonstrates that 
the pore pressure in combination with thermally induced stresses is the main reason for explosive 
spalling of concrete cover. The addition of polypropylene fibers is resulting in a drastic decrease of 
the risk for explosive spalling. This is proved by the simulation as well as by the experimental 
results including acoustic emission analysis and ultrasound [2]. It is shown that the addition of 
polypropylene fibers caused increase of permeability of concrete for more than two orders of 
magnitude, which significantly reduces risk against explosive spalling.

1 INTRODUCTION
Experimental fire investigations are 

difficult and expensive. So there are often
limitations to carry out full-scale tests. But 
they are very important to understand the 
process of high performance concrete spalling 
under fire exposure. So it is useful to get as 
most information out of an experiment as 

possible. So a possibility for measurement and 
documentation of the time cause of the 
damages is needed. This can be done by using 
acoustic emission (AE) and other non-
destructive testing techniques [5]. An 
experimental setup was developed being able 
to observe the initial micro-cracking process 
and the time development of spalling. AE 
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techniques can deliver data directly related to 
deteriorations and are an appropriate 
validation tool [3, 4].

The data will be compared with numerical 
simulations because it is another way to
investigate the concrete behaviour and the time 
development. To achieve realistic results 
enabling for valid material prognoses a 
calibration of the used models and model 
parameters is required.

The experimental setup setup and some 
preliminary results of two experiments with 
HPC are shown in the following chapters
additional to some results of the numerical 
simulation.

2 SETUP AND EQUIPMENT

Experiments with two different temperature 
curves were tested, one time with the ETK and 
a second time with the modified ZTV-Ing 
curve (Figure 1).
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Figure 1: Temperature evolution inside the furnace 
chamber.

On every temperature curve two different HPC 
mixtures were tested, one with and one 
without polypropylene (PP) fibers. The setup 
and measurement equipment for both 
experiments were the same. In the following 
only the experiments with the higher ZTV-Ing 
curve are described. The results of the ETK 
experiments are presented in another paper [2].

Figure 2: HPC specimens with AE-sensors on top of 
the furnace and the position of Ultrasonic Senor.

Figure 3: Furnace with four burners on both sides.

For the fire experiments an oil-burner-furnace 
at the MFPA Leipzig was used (Figure 3). To 
introduce the fire condition in the furnace 
there were eight oil-burners through openings 
on two sides of the furnace. The furnace was 
equipped on the top with three HPC test
specimens with a size of 70x70x30 cm3.
Figure 2 and Figure 3 show the experimental 
setup.

Two of the three specimens were monitored 
with acoustic emission sensors (Figure 4). A 
temperature monitoring device inside the 
specimens and the furnace chamber was
important to control the furnace and to get 
information about the temperature 
development during the experiments.
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Figure 4: Acoustic emission sensors used on two 
specimen on top of the furnace.

3 RESULTS

In the experiments with specimen without PP-
fibres it was possible to see the spalling of the 
HPC after a few minutes (Figure 5).

Figure 5: Inside the furnace, view to the bottom side of 
the specimen at the beginning (top) and during (bottom) 

the experiment without PP-fibres.

Figure 6 gives an impression on the outside 
damage of specimens after the experiments. 
As expected, the surface of the HPC specimen 
without PP fibers (Figure 6, bottom) is much 
higher degraded than the one including PP 
fibers (Figure 6, top).

Figure 6: Specimen with 1 kg PP fibers per m3 concrete 
after the experiment (top), specimen without PP fibers

showing damage due to spalling (bottom).

Acoustic emission measurements proved these 
observations. A comparison of the acoustic 
emission activity of the specimen with and the 
one without PP fibers is given in Figure 7.

The AE activity is an equivalent for the 
number of recorded AE signals. During the 
experiments without PP fibers, the system 
recorded ten times more events in the same 
time as in experiments with PP fibers. The AE 
events recorded during the experiments with 
PP fibers are mainly due to internal cracking 
and not spalling. A first comparison between 
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AE signals due to spalling and signals due to 
cracking was successful, but needs more 
investigations.
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Figure 7: AE activity of experiments for concrete 
specimens with (top) and without (bottom) PP fibers.

Additional to the acoustic emission 
measurement a system for continuous 
ultrasonic velocity measurement was installed 
(Figure 2 on the middle specimen and Figure 
8). It was used to investigate the changing of 
the ultrasonic p-wave velocity because of 
temperature exposure.

Figure 8: Coupling of Ultrasonic emitter and receiver.

The results of the ultrasonic measurements are 
shown in Figure 9 and Figure 10. The graph 
shows that the velocity is going down by half
in the first five minutes of the experiment.
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Figure 9: Changing of the HPC P-wave velocity over 
the time. Specimens without PP-fibres.
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Figure 10: Averaged p-wave velocity of experiments 
with and without PP-fibres.
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A comparison between the ultrasonic 
measurement results and the acoustic emission 
activity, which are both an indication of 
damage of the concrete structure, shows a 
good agreement (Figure 11).
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Figure 11: Comparison between the ultrasonic 
measurement results and the acoustic emission activity.

An example for typical AE signals showing an 
AE event recorded with eight channels is 
presented in Figure 12. The vertical lines 
assign the signal's onset at each channel. With 
the information of these arrival times it is 
possible to calculate the source of the signal or 
the position of spalling processes, respectively.

Figure 12: Acoustic emission event recorded by an 
eight-channel transient recorder.

An example for the localized events of one of 
the specimens without PP fibres is given in 
Figure 13 showing a time slot between minute 
5 and 10 after the burner was started. The 
recorded AE signals were classified in a way 
that only events recorded by six or more 
sensors are considered and the localization 
accuracy was better than 15 cm. Most source 
locations are determined in the centre of the 
specimen perpendicular to the y-axis. The 
accuracy of the AE locations given by the 
deviations in x and z direction is shown in 
Figure 14. The deviations are smaller in the 
middle of the specimen compared to the edges 
which can be explained by the distribution of 
the sensors [3] (less number of sensors at the 
edges) and by the temperature gradient inside 
the specimen that leads to uncertainties of 
wave velocities. Wave velocities (particularly 
of compressional waves) have to be known 
prior to localisation analysis using the current 
algorithms.

Figure 13: Acoustic emission event recorded by an 
eight-channel transient recorder.
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Figure 14: Projection to the x/z plane and error bars of 
localisation.

4 NUMERICAL ANALYSIS
Thermo-hygro-mechanical model for 

concrete [6, 8] was recently employed in 
several studies of explosive spalling of 
concrete. It was concluded that the main 
reason for explosive spalling is high pore 
pressure in combination with thermally 
induced stresses and thermal degradation of 
mechanical properties of concrete.

In the framework of the present 
experimental studies the model was used to 
reproduce experimental investigations of 
spalling of HPC. As discussed, in the 
experiments the explosive spalling is obtained 
only for concrete without addition of 
polypropylene.

In the framework of the numerical 
investigations [1] a number of parametric 
numerical studies related to explosive spalling 
were carried out. Numerical results confirm 
that HPC without polypropylene exhibits 
explosive spalling. Here are discussed only 
results related to the influence of different kind 
of inhomogenities on explosive spalling. It is 
important to note that explosive spalling of 
concrete is a local phenomena and therefore 
local material, geometrical and loading 
(heating) properties, i.e. their variation in 
space, must be relevant. For instance, due to 
the high inhomogeneity of concrete, its 
porosity can locally be quite different than its 

average value. Consequently, saturation, 
permeability and pore pressure at high 
temperature can locally vary for an order of 
magnitude, or even more. The large scatter of 
measured experimental results related to the 
explosive spalling is most probably due to the 
fact that the local properties control the 
problem. Because of these arguments it is 
important to investigate the influence of local 
variation of relevant parameters (material 
properties, loading and geometry) on the 
explosive spalling of concrete. 

(i)

(ii)

(iii)

(iv)

Figure 15: Spalling failure modes in terms of maximal 
principal strain
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Here are elaborated results of the following 
cases: (i) homogeneity of the material and 
heating field; (ii) homogeneity of the material 
and inhomogeneity of heating field; (iii) 
inhomogeneity of the material which is 
modeled in discrete sense, i.e. discretized are 
cement paste (mortar), aggregate peaces and 
interface. Heating field at the surface of the 
specimen is assumed to be uniform; (iv) The 
same as (iii) accept with different distribution 
of aggregate pieces. In cases (i),(iii) and (iv) 
only one row 3D solid finite elements are used 
assuming plane strain condition. In case (ii) 
four rows of 3D solid finite elements are used 
assuming plain strain condition, however, the 
surface of the specimen is not uniformly 
heated. In cases (iii) and (iv) mechanical 
properties of mortar and interface are the same 
as given for macroscopic concrete properties 
except that the tensile strength of interface is 
reduced to 0.5 MPa. The aggregate is assumed 
to be linear elastic. Thermal properties of all 
components are similar to macroscopic 
concrete properties except permeability of 
aggregate pieces which is assumed 100 times 
smaller than that of mortar. In the contrary to 
(i) and (ii) in cases (iii) and (iv) stress induced 
thermal strains are not considered.

Figure 15 shows spalling failure modes in 
terms of maximal principal strains. In case (i) 
splitting crack localizes over the entire heated 
surface of the specimen, what is not realistic. 
In case (ii) the explosive spalling localizes 
only on the domain of the surface with slightly 
higher surface heating. In cases (iii) and (iv) 
spalling initiates on the aggregate-mortar 
interface. Obviously, the results indicate
strong influence of local conditions on 
explosive spalling.

5 CONCLUSIONS AND OUTLOOK
The presented results show that AE 

methods can successfully be used to 
investigate the phenomena of concrete spalling
under fire exposure. It is important to use 
signal-based acoustic emission techniques to 
get detailed information. A three dimensional 
localisation is in the first minutes possible but 

very difficult because of the changing p-wave 
velocity related to the large temperature 
gradient and the micro-cracking phenomena.

In the research project these problems will 
further be handled. The intention is to include 
the temporal difference of the acoustic velocity 
in the calculation of the localisation. The next 
experiments will also include different 
parameters like concrete mixtures and 
observations of other influences like humidity 
or compressive stress.

By the use of comparison between the 
acoustic emission measurement and the 
numerical simulation it is possible to calibrate 
the model and to get more information about 
the material behaviour without the requirement 
of expensive experiments.

Based on the results of numerical 
investigations the following can be concluded:
Explosive spalling of concrete is a local 
phenomena and therefore the variation of local 
material, geometrical and loading (heating) 
properties must have significant effect on the 
explosive spalling. In reality it is possible that 
pore the permeability of concrete locally varies 
by one or even two order of magnitudes. 
Consequently, the average properties cannot 
govern explosive spalling. The effects of 
inhomogeneity should be in future investigated 
in more detail.
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Abstract. The key to successful nondestructive evaluation (NDE) of complex heterogeneous mate-
rials is to focus not only on the interrogation technique, but how the measurement is related to the
desired performance property. In this work, the focus is on key microstructural features that can
be directly measured, and how we can use those measurements to predict performance of hetero-
geneous civil engineering materials. Not surprisingly, the key is to focus on microstructure, and to
appropriately match the interrogation techniques with the models that can predict strength, toughness,
durability, and other properties of interest. We find that numerical models developed to directly mimic
micro-mechanical phenomena offer great promise for making a robust nondestructive measurement-
performance link. As examples, particle-based and lattice-based models allow incorporation of mea-
surable microstructural features such as porosity and pore size distribution, phase distribution, as well
as other spatially varying properties such as moisture. Examples are presented where x-ray tomog-
raphy is used to produce 3D images of concrete microstructure, and how that information is can be
incorporated into spatially matched numerical models to predict performance. The argument is made
that physically based models for micromechanical phenomena represent the next step towards a viable
NDE system for complex civil engineering materials.

1 INTRODUCTION

Nondestructive evaluation (NDE) has long
played an important role in the life cycle of dif-
ferent materials and structures. When properly
applied, NDE can lead to an objective way to
optimize service life and to allocate finite re-
sources for restoration and repair. A model use
of NDE can be seen in the aerospace industry,
where NDE is integrated into the structural life
cycle through “damage tolerant design.” In this

approach, regular inspection intervals are cou-
pled with quantitative criteria for continued use,
repair and retrofit, and ultimately, retirement.

The reason this approach is so successful in
that industry is that for the primary materials
being used (most notably aluminium alloys and
other metals), a robust fundamental framework
exists for relating relevant microstructural fea-
tures to overall material performance. Linear
elastic fracture mechanics, along with associ-
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ated nonlinear fracture models, can be used to
evaluate both ultimate structural capacity and
fatigue life. As a result, appropriate nondestruc-
tive testing techniques, such as ultrasound, elec-
tromagnetics, and simple visual inspection, can
be optimized for measuring crack sizes. Once
an accurate crack size is measured, the appro-
priate fracture theory may be used to predict
performance.

Unfortunately, concrete and concrete struc-
tures do not lend themselves to such a nicely
defined inspection and evaluation protocol.
Firstly, the heterogeneous structure of the ma-
terial is by nature difficult to quantify. Porosity
and pore size distribution, cracks, defects, ag-
gregates, and interfaces all defy a simple char-
acterization. Secondly, even if one could com-
pletely characterize the material structure, we
do not have a robust framework from which we
can make quantitative performance predictions.

The purpose of the work described in this
paper is to consider both the interrogation and
evaluation sides of the NDE problem as they
apply to concrete structures. However, the fo-
cus is on ways we might be able to predict
performance given a reasonable representation
of microstructure. The thesis presented (which
will be neither accepted nor rejected) is that
quantitative nondestructive evaluation of con-
crete structures must be based on microstruc-
tural features that are directly measurable. In
this paper we present a potential path for NDE-
microstructure-property link.

2 Nondestructive evaluation of concrete
Historically, the most common NDE tech-

niques for concrete relied on purely empirical
techniques that related the interrogation method
with the property of interest, as best exemplified
by the rebound hammer. The fundamental basis
for the relationship between hammer response
and compressive strength is, however, tenuous
at best. The weak fundamental basis leads to
narrow applicability as well as significant scat-
ter in the predictions.

The last 25 years has seen an increase in
quantitative NDE techniques for concrete, as

perhaps best exemplified by the impact-echo
technique for locating cracks, voids, or delami-
nations. While the technique is fairly well es-
tablished, and is effective at locating defects,
our ability to turn that measurement into a ro-
bust performance prediction is limited.

There is not an easy solution to the NDE
problem for concrete. Material complexity,
moisture effects, and age effects all influence
the microstructure-property relationships that
would allow us to predict performance. In
this work, we use information obtained from
a high resolution imaging technique to quanti-
tatively examine some microstructure-property
relationships and examine how we might be
able to exploit them for performance prediction.

3 Experimental measurements

3.1 X-ray microtomography

The microstructural imaging technique used
in this work is referred to as X-ray Microtomog-
raphy (XMT). XMT produces a 3-dimensional
map of an object’s x-ray absorption through
the mathematical reconstruction of a series of
2-dimensional radiographic images taken over
many different rotation angles. The technique
is perhaps best known for its use in medical
imaging, where it is referred to as a CAT-scan.
Different material phases typically exhibit char-
acteristic x-ray absorption, and, as such, the 3-
dimensional map may be interpreted as a ma-
terial phase map. XMT has gained relatively
wide usage for a wide range of materials ap-
plications [1] and its use is growing thanks to
the increasing availability of both laboratory-
scale instruments and synchrotron-based facili-
ties. In the work described here, we used a syn-
chrotron x-ray source that allowed us to make
very high contrast images. The geometry of
the synchrotron source limited our specimens to
very small (nominally 5 mm diameter by 4 mm
high) cylinders of portland cement mortar. The
small specimens allowed us to have a relatively
high spatial resolution of 6 micrometer pixels.
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3.2 Specimens
The specimens used here were prepared us-

ing a high early strength (ASTM Type III) port-
land cement, very fine silica sand (pass #80
sieve), small glass bead aggregates, and water.
The glass beads were used for their well-defined
geometry and because the bead surfaces can be
easily modified to change interface properties.
In this work, two different surfaces were con-
sidered: smooth (untreated) and etched using an
ammonium bifluoride solution. The mix pro-
portion was 1 : 0.64 : 0.23 : 0.45, by weight
cement : fine sand : glass beads : water. Addi-
tionally, a set of specimens without glass beads
was prepared to investigate properties of the ce-
ment matrix. The material was mixed with a
bench top rotary mixer and cured in wet condi-
tions for seven days. The small cylindrical test
specimens were extracted from the bulk mate-
rial using a 5.5 mm inside diameter diamond
coring bit. Resulting cores were then cut to a
nominal 4 mm length.

3.3 Experiments
An experimental protocol was established

such that changes in internal structure could be
tracked from undamaged to damaged states. A
custom load frame was constructed that allowed
us to make 3D tomographic images of spec-
imens under load while simultaneously moni-
toring load and deformation information. The
first tomographic scan is made of the specimen
mounted in the load frame prior to any load be-
ing applied. Once the first scan is complete, a
load is applied and the second scan is made with
the specimen under load. The nominal plan for
each specimen was to make a scan at: 0% and
90% of peak load, as well as a post-fracture
scan. Since the exact strength of each individual
specimen was not know a priori, these percent-
ages were approximate.

Fig. 1 illustrates the results of a tomographic
scan, where the data can be displayed either as
a 2D slice or a 3D rendering (Fig. 1(b)). A
typical scan sequence is illustrated in Fig. 2,
where a series of slice images oriented parallel
to the axis of load are shown, highlighting the

splitting nature of failure. Fig. 2(a) shows an
undamaged specimen. The flat regions above
and below the specimen are the steel loading
platens. In the image of Fig. 2(b), which was
taken at roughly 97% of peak load, a fine crack
has formed through the center of the specimen.
It should be noted that this crack does not ex-
tend through the entire length of the specimen.
In the image of Fig. 2(c), taken post peak load,
the crack has opened, and has branched near the
top an bottom platens. It can be seen in Fig. 2(b)
and 2(c) how the aggregate particles can deflect
and redirect the cracks.

1 mm

Figure 1: Illustration of microtomographic slice image
(above) and 3D rendering (below). Variations in x-ray
absorption within the material allows one to observe dif-
ferent microstructural phases.
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fracture properties of the lattice elements (Berton and Bolander 2006). This discretization 
involves a three-phase representation of the material meso-structure as follows: hardened 
cement paste, aggregates, and cement- aggregate interface.

Figure 5 shows the simulated fracture pattern for a split-cylinder without  aggregate inclusions. 
Fracture initiates in the central region of the specimen, where the tensile stress is quasi-uniform, 
and propagates toward the loading platens. Qualitatively, the general pattern of fracture is 
consistent with that  observed in tomographic scans. Specifically, while the mesh was relatively 
coarse, we obtained qualitative agreement in the physical features such as crack branching and 
crack distribution.

4     Short title of the book 

3. Lattice Formulation & Simulation 

Lattice representations of heterogeneous materials have been used for a number 
of years, emerging from work in statistical physics (Herrmann and Roux 1990). The 
philosophy of the approach used here is that statistical variations and disorder can be 
explicitly represented in a way that resembles the actual material. 

In the approach applied here, lattice topology is based on the Delaunay 
tessellation of nodal points within the specimen domain. The dual Voronoi 
tessellation defines the elastic and fracture properties of the lattice elements (Berton 
and Bolander 2006). This discretization involves a three-phase representation of the 
material meso-structure as follows: hardened cement paste, aggregates, and cement-
aggregate interface. 

Figure 3 shows the simulated fracture pattern for a split-cylinder without 
aggregate inclusions.  Fracture initiates in the central region of the specimen, where 
the tensile stress is quasi-uniform, and propagates toward the load platens. 
Qualitatively, the general pattern of fracture is consistent with that observed in the in 
situ tomographic scans (Figure 4.) Specifically, while the mesh was relatively 
coarse, we obtained qualitative agreement in both the physical features of the 
fractured specimen (appropriate crack branching and crack spatial distribution) and 
the shape of the load deformation curve. 

4. Examination of Specimens with Spherical Inclusions 

Of particular interest in random heterogeneous materials such as concrete is the 
properties of the cement-aggregate interface. Presented here are the first steps of a 
process that will enable us to characterize interfaces in situ. A model specimen was 

a) b)  

Figure 3.  Simulation of split cylinder test: a) fracture development from central region 
of model toward the load platens; and b) frontal view of fracture surface. 

 

Short title of article     5 

developed in which the aggregate particles were spherical beads. This simplification 
was done to facilitate meshing of the lattice model, and it allows us to remove 
geometric variations in aggregates from the list of experimental variables. The 
selected aggregates were nominal 0.5 mm spheres made of soda lime glass. In order 
to vary the cement-aggregate interface bond strength, both smooth (as purchased) 
and etched beads were used. The specimens were etched using a very dilute HF acid. 
An example of a tomographic scan of such a specimen is shown in Figure 5, where 
the spherical aggregates appear as a relatively uniform gray level in the image. 

As the primary objective of this work was to match numerical to real specimens, 
we developed an image processing routine that allowed us to isolate the individual 

 

Figure 4.  Vertical tomographic section of fractured cement paste specimen. Image 
highlights multiple cracks that appear at the load points after the main vertical tensile 
crack forms. 

 
Figure 5.  Vertical tomographic section of fractured specimen with glass bead aggregates. 

Figure 5. Example simulation of damage progression in cement paste specimen (a) - (c) along with final 
crack pattern in actual paste specimen (d).

- 5 -

 

   

load axis

specimen

2D sections
shown

Figure 4. Sequence of split cylinder fracture.  (a) undamaged specimen, (b) initiation of splitting fracture 
at close to peak load, (c) post-peak fracture showing multiple crack branches, and (d) schematic 
illustration of viewing planes relative to specimen.

1 mm

(d)(c)

(a) (b)

(a) (b) (c) (d)

(a)

(b)

(c)

1 mm

Figure 2: Image sequence illustrating progression of split
cylinder fracture.

Microstructure-Property 
Relationships

Porosity and pore-size distribution

Microstructure-Property 
Relationships

Porosity and pore-size distribution

Microstructure-Property 
Relationships

Largest void object...

(a)

(b)

(c)

Figure 3: Illustration of grayscale slice (a), correspond-
ing pore system (b), and 3D rendering of specimen with
largest pore object highlighted (c).

3.4 3D Image Processing
The digital nature of the 3D images created

by XMT allow us to make numerous quanti-
tative microstructural measurements. In this
work, we are focused on two things: porosity
and pore size distribution, with particular inter-
est in the largest flaw size. These measurements
are made as follows. First, a threshold is applied
to the grayscale images to produce a binary im-
age. The threshold value is chosen as the voxel
intensity that best represents the cutoff between
solid and void. The process is illustrated in
Fig. 3, where a grayscale slice (Fig. 3(a)) is seg-
mented into a binary image (Fig. 3(b)), where
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void space is shown as black, and solid material
is shown as white.

Once an image is segmented, we can per-
form an analysis of the resulting void objects
using a fast 3D connected components algo-
rithm [2], that leads to the identification and
measurement of each black (void) object in the
image. From this analysis, porosity is simply
the fraction of void objects in the specimen, and
pore size distribution is determined by sorting
the measured void object volumes. The largest
void object, which is frequently of interest in
failure analysis, can easily be identified from
the connected components analysis. An exam-
ple 3D rendering of a specimen with its largest
void object highlighted is shown in Fig. 3(c).

Microstructure-Property 
Relationships

Microstructure-Property 
Relationships

(a)

(b)

Figure 4: Plots of split cylinder strength versus porosity
(a) and maximum void size (b).

3.5 Porosity and Pore Size - Strength Rela-
tionships

The pore structure measurements described
in the previous section can then be used to ex-
amine how they relate to bulk material proper-
ties, such as split cylinder strength. Fig. 4(a).
shows a plot of split cylinder strength as a func-
tion of overall specimen porosity. The data
plotted includes five specimen types: E and
U, for etched and unetched aggregates respec-
tively. For the etched and unetched aggregates,
weight fractions of 10% and 50% were consid-
ered separately. Thus “E10” refers to a speci-
men with 10% etched aggregates. Plain cement
paste specimens are denoted by P.

As one might expec, there is a clear down-
ward trend shown. Specimens with higher over-
all porosity tended to be weaker than specimens
with lower porosity. There is sufficient scatter
in the relationship to render any predictive rela-
tionship somewhat tenuous. Fig. 4(b) shows a
similar relationship; however, in this figure the
independent variable is the largest void object.
Basic fracture theory dictates that the largest
flaw should dictate the rupture strength, but
this work shows that there is even more scatter
than was found when we related split cylinder
strength to bulk porosity. Fracture theory sug-
gests, of course, that it is not flaw size alone that
dictates fracture strength, but rather what flaw
causes the greatest stress intensity or the great-
est strain energy release. Thus, it is not simply
an issue of flaw size, but flaw shape and flaw
location.

We focused here on porosity and pore sizes
partly because of their relevance in fracture
strength, but also because they represent physi-
cal properties that can potentially be measured
in the field. The level of scatter shown in
Fig. 4 indicates that perhaps a direct measure-
ment of porosity and/or pore size distribution
may not be enough for a robust performance
prediction. Before giving up completely on the
matter, we explore more complete representa-
tions of the material. Specifically, as detailed
below, we employed computational models that
have a direct correspondence with the physical
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microstructure of the specimen.

4 Modeling
4.1 Lattice Formulation

Lattice representations of heterogeneous ma-
terials have been used for a number of years,
emerging from work in statistical physics [3].
The philosophy of the approach used here is that
statistical variations and disorder can be explic-
itly represented in a way that resembles the ac-
tual material.

In the approach applied here, lattice topol-
ogy is based on the Delaunay tessellation of
nodal points within the specimen domain. The
dual Voronoi tessellation defines the elastic and
fracture properties of the lattice elements [4].
This discretization involves a three-phase repre-
sentation of the material meso-structure as fol-
lows: hardened cement paste, aggregates, and
cement- aggregate interface.

4.2 Matched Real and Virtual Specimens
In addition to the qualitative assessments that

can be made from the images, we can also em-
ploy 3D digital image analysis methods to ex-
tract quantitative measurements. Relevant to
the work reported here are efforts to create a
matched set of real and virtual specimens for
subsequent study. To do this, the spherical ag-
gregates in the tomographic scans were isolated
and their coordinates determined using a vari-
ance filter. Traditional intensity-based segmen-
tation does not work because the voxel intensi-
ties of the glass aggregates are in the same range
as the cement hydrates. However, because of
the relative homogeneity of the glass beads, one
can simply determine the variance of all voxels
in a region. In regions where the variance is
high we can assume the region is made up of
cement hydrates and fines. Where the variance
is low, we can assume the region is aggregates
or voids. To distinguish bead aggregates from
voids, we simply return to the original grayscale
image, where voids were already identified by
their low intensity.

Once the aggregates are located in the real
specimen, the coordinates of the centroids rela-

tive to an overall specimen reference frame can
be calculated and used to create a companion
virtual specimen, as shown in Fig. 5. Here a
virtual mesh is generated based on the measured
aggregate centroids and diameters. Mesh prop-
erties can then include separate aggregate and
paste phases, as well as an interface phase.

Matching the real and virtual specimens al-
lows us to examine things that are otherwise
difficult to measure. For example, the nature of
the tomographic scans only allows us to exam-
ine the specimen at discrete points in time while
the load is held static. In the virtual specimens
we can also examine dynamic phenomenon and
subtle increments in crack growth.

4 MATCHED REAL AND “VIRTUAL” SPECIMENS
In addition to the qualitative assessments that can be made from the images, we can also employ 
3D digital image analysis methods to extract  quantitative measurements. Relevant to the work 
reported here are efforts to create a matched set  of real and “virtual” specimens for subsequent 
study. To do this, the spherical aggregates in the tomographic scans were isolated and their 
coordinates using a variance filter as illustrated in Fig. 6. Traditional intensity-based 
segmentation does not work because the voxel intensities of the glass aggregates are in the same 
range as the cement hydrates. However, because of the relative homogeneity of the glass beads, 
one can simply determine the variance of all voxels in a region. In regions where the variance is 
high we can assume we are in among cement hydrates and fines. Where the variance is low, we 
can assume are in either aggregates or voids. To distinguish bead aggregates from voids, we 
simply return to the original grayscale image. The process is illustrated in Fig. 6 for a single 
slice, although in practice the process is run for the entire volume.
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Threshold Slice > 400

Morphologically Closed Image          
(Disk Structure Element with Radius 5) Small Objects removed
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Figure 6. Process used to isolate glass bead aggregates. Original slice image (a), variance of voxels (b), 
regions identified as aggregates (c).

Once the aggregates are located in the real specimen, the coordinates of the centroids relative to 
an overall specimen reference frame can be calculated and used to create a companion virtual 
specimen as shown in Fig. 7. Here a virtual mesh is generated based on the measured aggregate 
centroids and diameters. Mesh properties can then include separate aggregate and paste phases, 
as well as an interface phase.

499 A numerical model was constructed for each of the specimens
500 containing aggregates, except for one of the E-series specimens
501 that exhibited abnormal behavior during physical testing. Apart
502 from the classification of matrix–aggregate interface properties,
503 these models differed only in the positioning of aggregate inclu-
504 sions within specimens. Modulus of elasticity and tensile strength
505 of the matrix were determined to be 8 GPa and 12 MPa, respec-
506 tively, by calibrating the lattice model results (without inclusions)
507 to the average response of the fine-grained mortar specimens. A re-
508 duced modulus of elasticity was used for the elements meeting the
509 contact points to account for local effects. As a check, comparison
510 was made with the well-known relation for estimating tensile
511 stress from split-cylinder test results, i.e.
512

f ¼ 2P
pbd

ð7Þ514514

515 where b and d are the width and diameter of the split-cylinder
516 specimen, respectively, and P is the applied load. For the average

517peak load of the fine-grained mortar specimens, Eq. (7) gives
518fm = 11.8 MPa, which is close to the calibrated value.
519As noted in Section 3, each Voronoi polygon tiling a spherical
520inclusion corresponds to an interface element (Fig. 10b). Interface
521thickness was set to ti = 10 lm, which is approximately da/50.
522Observations of the tomographic images did not justify larger val-
523ues of interface thickness. Post-test study of the fracture surfaces
524indicated better bonding of the etched-glass surfaces compared
525to that of the untreated glass. Small portions of the matrix were at-
526tached to the etched-glass surface, whereas interface fracture
527alongside the untreated glass produced smooth surfaces. Tensile
528strength of the interface was assumed to be half that of the matrix
529for the case of etched-glass (i.e. fi/fm = 0.5) and yet half of that for
530case of untreated glass (i.e. fi/fm = 0.25). As explained later, the pre-
531cise setting of these values did not appreciably affect the specimen
532strengths. Elastic modulus of the interface was set equal to that of
533the matrix. Elastic modulus and strength of the glass aggregates
534were set to 70 GPa and 33 MPa, respectively, as reported in the
535literature.

5364.3. Simulation results and discussions

5374.3.1. Cracking patterns
538Several stages of pre-critical crack development appear within
539the split-cylinder test models (Fig. 11). Fracture initiates along re-
540gions of the matrix–aggregate interface that are more centrally lo-
541cated within the specimen. The load at which this occurs depends
542on the strength of the interface. Increasing interface strength, as in-
543tended by acid-etching of the glass aggregate surfaces, increases
544the loads over which interface cracking occurs. With increasing
545load, debonding along the interface continues, but fracture does
546not extend far into the matrix material until reaching peak load.
547These tendencies are studied in more detail in Section 4.3.4. Tra-
548versing peak load, matrix cracks join and ultimately extend across
549the height of the specimen. There is no evidence of cracking within
550the glass aggregates.
551Cross-sections of the fractured specimens are compared in
552Fig. 12. Here, too, it is seen that cracks tend to go around the aggre-
553gates. Agreement between the cracking patterns is quite good,
554although this high degree of correspondence is not seen for many
555of the cross-sections. In the physical tests, fairly straight vertical
556cracks propagate through the matrix phase, whereas the crack pat-
557terns of the numerical model appear to be more tortuous. This dif-
558ference is due, in part, to the graphical portrayal of the fracture
559surface, which depicts cracking along Voronoi cell boundaries. It
560appears that cracking direction is aligned with the element local
561coordinate system, but this is generally not the case, as described
562in Section 2.4.2. The secondary cracking near the supports is
563roughly captured in some of the models. It is anticipated that finer
564discretization and more realistic representation of the boundary
565conditions at the load platens will improve the model in that

(a)

(b)

Fig. 10. (a) Tomographic image and (b) Voronoi discretization of split-cylinder
specimen.

Fig. 11. Frontal view of 3-D fracture sequence.

D. Asahina et al. / Cement & Concrete Composites xxx (2011) xxx–xxx 7

CECO 1868 No. of Pages 13, Model 5G

5 February 2011

Please cite this article in press as: Asahina D et al. Modeling of phase interfaces during pre-critical crack growth in concrete. Cement Concrete Comp (2011),
doi:10.1016/j.cemconcomp.2011.01.007

  

499 A numerical model was constructed for each of the specimens
500 containing aggregates, except for one of the E-series specimens
501 that exhibited abnormal behavior during physical testing. Apart
502 from the classification of matrix–aggregate interface properties,
503 these models differed only in the positioning of aggregate inclu-
504 sions within specimens. Modulus of elasticity and tensile strength
505 of the matrix were determined to be 8 GPa and 12 MPa, respec-
506 tively, by calibrating the lattice model results (without inclusions)
507 to the average response of the fine-grained mortar specimens. A re-
508 duced modulus of elasticity was used for the elements meeting the
509 contact points to account for local effects. As a check, comparison
510 was made with the well-known relation for estimating tensile
511 stress from split-cylinder test results, i.e.
512

f ¼ 2P
pbd

ð7Þ514514

515 where b and d are the width and diameter of the split-cylinder
516 specimen, respectively, and P is the applied load. For the average

517peak load of the fine-grained mortar specimens, Eq. (7) gives
518fm = 11.8 MPa, which is close to the calibrated value.
519As noted in Section 3, each Voronoi polygon tiling a spherical
520inclusion corresponds to an interface element (Fig. 10b). Interface
521thickness was set to ti = 10 lm, which is approximately da/50.
522Observations of the tomographic images did not justify larger val-
523ues of interface thickness. Post-test study of the fracture surfaces
524indicated better bonding of the etched-glass surfaces compared
525to that of the untreated glass. Small portions of the matrix were at-
526tached to the etched-glass surface, whereas interface fracture
527alongside the untreated glass produced smooth surfaces. Tensile
528strength of the interface was assumed to be half that of the matrix
529for the case of etched-glass (i.e. fi/fm = 0.5) and yet half of that for
530case of untreated glass (i.e. fi/fm = 0.25). As explained later, the pre-
531cise setting of these values did not appreciably affect the specimen
532strengths. Elastic modulus of the interface was set equal to that of
533the matrix. Elastic modulus and strength of the glass aggregates
534were set to 70 GPa and 33 MPa, respectively, as reported in the
535literature.

5364.3. Simulation results and discussions

5374.3.1. Cracking patterns
538Several stages of pre-critical crack development appear within
539the split-cylinder test models (Fig. 11). Fracture initiates along re-
540gions of the matrix–aggregate interface that are more centrally lo-
541cated within the specimen. The load at which this occurs depends
542on the strength of the interface. Increasing interface strength, as in-
543tended by acid-etching of the glass aggregate surfaces, increases
544the loads over which interface cracking occurs. With increasing
545load, debonding along the interface continues, but fracture does
546not extend far into the matrix material until reaching peak load.
547These tendencies are studied in more detail in Section 4.3.4. Tra-
548versing peak load, matrix cracks join and ultimately extend across
549the height of the specimen. There is no evidence of cracking within
550the glass aggregates.
551Cross-sections of the fractured specimens are compared in
552Fig. 12. Here, too, it is seen that cracks tend to go around the aggre-
553gates. Agreement between the cracking patterns is quite good,
554although this high degree of correspondence is not seen for many
555of the cross-sections. In the physical tests, fairly straight vertical
556cracks propagate through the matrix phase, whereas the crack pat-
557terns of the numerical model appear to be more tortuous. This dif-
558ference is due, in part, to the graphical portrayal of the fracture
559surface, which depicts cracking along Voronoi cell boundaries. It
560appears that cracking direction is aligned with the element local
561coordinate system, but this is generally not the case, as described
562in Section 2.4.2. The secondary cracking near the supports is
563roughly captured in some of the models. It is anticipated that finer
564discretization and more realistic representation of the boundary
565conditions at the load platens will improve the model in that

(a)

(b)

Fig. 10. (a) Tomographic image and (b) Voronoi discretization of split-cylinder
specimen.

Fig. 11. Frontal view of 3-D fracture sequence.

D. Asahina et al. / Cement & Concrete Composites xxx (2011) xxx–xxx 7

CECO 1868 No. of Pages 13, Model 5G

5 February 2011

Please cite this article in press as: Asahina D et al. Modeling of phase interfaces during pre-critical crack growth in concrete. Cement Concrete Comp (2011),
doi:10.1016/j.cemconcomp.2011.01.007

Figure 7. 3D rendering of aggregate locations in real specimen (a), and a cutaway mesh of the 
corresponding virtual specimen.
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4 MATCHED REAL AND “VIRTUAL” SPECIMENS
In addition to the qualitative assessments that can be made from the images, we can also employ 
3D digital image analysis methods to extract  quantitative measurements. Relevant to the work 
reported here are efforts to create a matched set  of real and “virtual” specimens for subsequent 
study. To do this, the spherical aggregates in the tomographic scans were isolated and their 
coordinates using a variance filter as illustrated in Fig. 6. Traditional intensity-based 
segmentation does not work because the voxel intensities of the glass aggregates are in the same 
range as the cement hydrates. However, because of the relative homogeneity of the glass beads, 
one can simply determine the variance of all voxels in a region. In regions where the variance is 
high we can assume we are in among cement hydrates and fines. Where the variance is low, we 
can assume are in either aggregates or voids. To distinguish bead aggregates from voids, we 
simply return to the original grayscale image. The process is illustrated in Fig. 6 for a single 
slice, although in practice the process is run for the entire volume.
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Figure 6. Process used to isolate glass bead aggregates. Original slice image (a), variance of voxels (b), 
regions identified as aggregates (c).

Once the aggregates are located in the real specimen, the coordinates of the centroids relative to 
an overall specimen reference frame can be calculated and used to create a companion virtual 
specimen as shown in Fig. 7. Here a virtual mesh is generated based on the measured aggregate 
centroids and diameters. Mesh properties can then include separate aggregate and paste phases, 
as well as an interface phase.
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508 duced modulus of elasticity was used for the elements meeting the
509 contact points to account for local effects. As a check, comparison
510 was made with the well-known relation for estimating tensile
511 stress from split-cylinder test results, i.e.
512

f ¼ 2P
pbd

ð7Þ514514

515 where b and d are the width and diameter of the split-cylinder
516 specimen, respectively, and P is the applied load. For the average

517peak load of the fine-grained mortar specimens, Eq. (7) gives
518fm = 11.8 MPa, which is close to the calibrated value.
519As noted in Section 3, each Voronoi polygon tiling a spherical
520inclusion corresponds to an interface element (Fig. 10b). Interface
521thickness was set to ti = 10 lm, which is approximately da/50.
522Observations of the tomographic images did not justify larger val-
523ues of interface thickness. Post-test study of the fracture surfaces
524indicated better bonding of the etched-glass surfaces compared
525to that of the untreated glass. Small portions of the matrix were at-
526tached to the etched-glass surface, whereas interface fracture
527alongside the untreated glass produced smooth surfaces. Tensile
528strength of the interface was assumed to be half that of the matrix
529for the case of etched-glass (i.e. fi/fm = 0.5) and yet half of that for
530case of untreated glass (i.e. fi/fm = 0.25). As explained later, the pre-
531cise setting of these values did not appreciably affect the specimen
532strengths. Elastic modulus of the interface was set equal to that of
533the matrix. Elastic modulus and strength of the glass aggregates
534were set to 70 GPa and 33 MPa, respectively, as reported in the
535literature.

5364.3. Simulation results and discussions

5374.3.1. Cracking patterns
538Several stages of pre-critical crack development appear within
539the split-cylinder test models (Fig. 11). Fracture initiates along re-
540gions of the matrix–aggregate interface that are more centrally lo-
541cated within the specimen. The load at which this occurs depends
542on the strength of the interface. Increasing interface strength, as in-
543tended by acid-etching of the glass aggregate surfaces, increases
544the loads over which interface cracking occurs. With increasing
545load, debonding along the interface continues, but fracture does
546not extend far into the matrix material until reaching peak load.
547These tendencies are studied in more detail in Section 4.3.4. Tra-
548versing peak load, matrix cracks join and ultimately extend across
549the height of the specimen. There is no evidence of cracking within
550the glass aggregates.
551Cross-sections of the fractured specimens are compared in
552Fig. 12. Here, too, it is seen that cracks tend to go around the aggre-
553gates. Agreement between the cracking patterns is quite good,
554although this high degree of correspondence is not seen for many
555of the cross-sections. In the physical tests, fairly straight vertical
556cracks propagate through the matrix phase, whereas the crack pat-
557terns of the numerical model appear to be more tortuous. This dif-
558ference is due, in part, to the graphical portrayal of the fracture
559surface, which depicts cracking along Voronoi cell boundaries. It
560appears that cracking direction is aligned with the element local
561coordinate system, but this is generally not the case, as described
562in Section 2.4.2. The secondary cracking near the supports is
563roughly captured in some of the models. It is anticipated that finer
564discretization and more realistic representation of the boundary
565conditions at the load platens will improve the model in that

(a)

(b)

Fig. 10. (a) Tomographic image and (b) Voronoi discretization of split-cylinder
specimen.

Fig. 11. Frontal view of 3-D fracture sequence.
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Figure 7. 3D rendering of aggregate locations in real specimen (a), and a cutaway mesh of the 
corresponding virtual specimen.

- 6 -

(c)(a) (b)

(a) (b)

Figure 5: 3D renderings of bead aggregates in both real
(a) and virtual (b) specimens.
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Matching the real and “virtual” specimens allows us to examine things that are otherwise 
difficult to measure. For example, the nature of the tomographic scans only allows us to 
examine the specimen at discrete points in time while the load is held static. In the virtual 
specimens we can also examine dynamic phenomenon and subtle increments in crack growth 
(Asahina et al 2011).

4.1 Virtual Experiments

Using volumes generated from matched real specimens, simulations on virtual split cylinder 
specimens were run. Details of the mesh properties are presented in Asahina et  al (2011). 
Images illustrating the simulations are shown in Fig. 8, where virtual specimens are compared 
qualitatively with real specimens. The real specimens shown had unetched aggregates, and a 
volume fraction of about  10%. The images highlight the ability of the discrete element model to 
capture physical fracture phenomena. Specifically, the role of the aggregates in redirecting 
cracks and branching cracks can be clearly observed. It  should be noted that  to save meshing 
time, aggregates on the extreme outer edges are not meshed. Clearly the fineness of the mesh in 
the paste phase affects the tortuosity of the cracking, but  with continued improvements in 
computational efficiencies, we likely see numerical solutions that converge on the patterns of 
the real specimen.

a) b)

c) d)

a) b)

c) d)Figure 8. Qualitative comparison of post peak damage patterns in real and virtual specimens.

- 7 -

Figure 6: Comparison of damage in real and virtual specimens.

4.3 Virtual Experiments

Using volumes generated from matched real
specimens, simulations on virtual split cylinder
specimens were run. Details of the mesh prop-
erties are presented in [5]. Images illustrating
the simulations are shown in Fig. 6, where vir-
tual specimens are compared qualitatively with
real specimens. The real specimens shown had
unetched aggregates and a volume fraction of
about 10%. The images highlight the ability
of the discrete element model to capture physi-
cal fracture phenomena. Specifically, the role of
the aggregates in redirecting cracks and branch-
ing cracks can be clearly observed. It should be

noted that to save meshing time, aggregates on
the extreme outer edges are not meshed. Clearly
the fineness of the mesh in the paste phase af-
fects the tortuosity of the cracking, but with
continued improvements in computational effi-
ciencies, we will likely see numerical solutions
that converge on the patterns of the real speci-
men.

5 DISCUSSION AND CONCLUSIONS
The results of the matched model simula-

tions are encouraging and discouraging at the
same time. They are encouraging because we
are able to capture actual damage patterns and
the corresponding load-deformation response
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of the real specimens. The implication is
that given sufficient computational power and
microstructural information, we should be in
an excellent position to make robust predic-
tions. The discouraging aspect is that the results
highlight the difficulty withNDE of concrete.
Specifically, it was found that there is signifi-
cant scatter in simulated strength even when the
only varying parameter is the location of the ag-
gregates [5]. Since no practical field measure-
ment technique can give us this degree of res-
olution, accurate prediction remains an elusive
goal.

Despite the discouraging aspects for field
application, we stand by the notion that we
must continue to develop technologies and tech-
niques for relating field-measurable properties
to bulk material performance parameters. Such
technologies will be critical in overall condition
assessment as well as rational decisions in allo-
cation of resources.
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Abstract: Alkali-silica reaction (ASR) is one of the most severe attacks on concrete. There are 
several causes, one of which is the cracking of grains of slow/late aggregates in alkaline 
environment. Cracking can start in the interior of grains when there are defects or when there are 
minerals inside which dissolve due to the action of pore solution in the concrete. A silica gel can 
develop and swell which causes interior pressure in the grain. Researchers have postulated that the 
stresses lead to failure of the grain as soon as the tensile strength of the aggregate is reached. The 
new approach states, owing to the brittle nature of the mineral aggregates, that the critical stress 
intensity is the limiting factor for failure and not the tensile strength [1]. So, fracture mechanics 
principles will be employed in order to illustrate cracking of grains as a reason for ASR. 

A test series has been carried out in order to prove the statement. Mechanical properties of various 
slow/late aggregates have been determined after exposure to alkaline environment for more than 
one year. It appears that the critical stress intensity factor decays such that cracking is feasible due 
to ASR.

1 INTRODUCTION 
There are numerous publications on alkali-

silica reaction (ASR) of concrete, see for 
instance the volumes of ICAAR [2]. The focus 
of this contribution to FraMCoS-8 lies on the 
initiation of cracking of slow/late aggregates. 
Slow/late aggregates react only after several 
years of exposure. While fast reacting 
aggregates have been investigated extensively 
and while the degradation mechanisms seem to 
be well understood the knowledge on slow/late 
aggregates is emerging recently after several 
failure cases have been discovered [3]. One 
theory that explains ASR states that the 
interior gel pressure in the aggregate grain 

causes rupture as soon as the tensile strength 
has been reached [4, 5, 6]. However, here it is 
argued that cracks develop due to a dissolution 
process and that a critical crack length must 
exist before the grain can be split. The second 
argument is that the fracture toughness is the 
limiting criterion since mineral aggregates are 
rather brittle. This leads to the application of 
fracture mechanics principles to ASR. It 
should be noted that fracture mechanics has 
also been tried on ASR [7], however, there it 
was applied to concrete while this contribution 
uses fracture mechanics on the meso-level of 
the grain. 
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2 FRACTURE MECHANICS 
APPROACH

An aggregate grain is modeled as a sphere. 
In the center of the sphere, there is a penny-
shaped crack with radius a. For a finite radius 
R of the sphere the stress intensity factor on 
the crack tip reads according to linear elastic 

fracture mechanics [8]. Eq. (2) is valid for a/R
 0.60. For greater values of a/R, numerical 
methods have to be applied. Table 1 gives 
some numbers [8]. Crack extension starts 
when the critical stress intensity factor KIc of
the aggregate is reached. To determine KIc
tests have been carried out. 
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Table 1: Numerical values of Y (a/R) [8] 

a/R 0 0.2 0.4 0.5 0.6 0.7 0.8 0.9 
Y (a/R) 1 1.01176 1.08516 1.15549 1.27016 1.32240 1.47210 1.81071 

3 INVESTIGATED AGGREGATES 
The aggregates were greywacke (GW) and 

quartz-porphyrite (QP) from a quarry in the 
middle of Germany, quartz-porphyrite (QP1-
OR), quartzite (QZ-OR), and another quartz-
porphyrite (QP2-OR) from sand pits of the 
upper Rhine valley as well as Diabase (DB) 
from North Bavaria. The alkali sensitivity of 
the rocks was assessed with the accelerated 
mortar test according to [9]. Additionally the 
alkali sensitivity of the rocks was assessed 

within a period of 560 days with the fog 
chamber test at 40°C used in Germany, similar 
to the internationally usual concrete prism tests 
(RILEM AAR-3). With the mentioned tests, 
greywacke (GW), quartz-porphyrite (QP), 
quartzite (QZ-OR), and the quartz-porphyrite 
(QP2-OR) were found to be ASR sensitive 
while quartz-porphyrite (QP1-OR) and diabase 
(DB) turned out to be insensitive. 

Table 2: Major mineral components of the rocks used 

Rock type Mineral composition [%] 
 quartz feldspar plagioclase chlorite carbonate mica kaolinite
Greywacke (GW) 29.0 6.8 32.9 14.1 3.2 10.8 3.2 
 quartz feldspar plagioclase chlorite carbonate mica hematite
Quartz-porphyrite 
(QP) 22.0 33.7 34.5 2.6 1.8 4.6 0.6 

 quartz feldspar plagioclase chlorite carbonate mica hematite
Quartz-porphyrite 
(QP1-OR) 17.4 22.7 41.9 9.8 1.1 6.7 0.3 

 quartz mica      
Quartzite (QZ-OR) 96.4 3.6      
 quartz feldspar plagioclase carbonate hematite   
Quartz porphyrite 
(QP2-OR) 37.9 0.9 58.2 1.9 1.1   

 quartz plagioclase carbonate chlorite mica hematite  
Diabase (DB) 3.0 40.3 19.9 28.2 8.0 0.5  
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The mineral composition has been 
determined by X-ray diffraction. The results 
are given in Table 2. The structure of 
greywacke is very dense. However, there are 
veins of pyrite and calcite visible in the 
interior. The accessible pore volume amounted 
to 0.41 %. Quartz-porphyrite belongs to the 
group of rhyolites. They show relatively large 
feldspar crystals and veins of hematite and 
chlorite. The accessible pore volume amounted 
to 0.57 %. The quartzite consists mainly of 
quartz and contains some percent of mica. It 
shows rather large crystals. The accessible 
pore volume was 1.43 %. Diabase is a volcanic 
rock which consists for a great part of 
plagioclase with clefts healed with carbonate. 
The accessible pore volume amounted to 0.82 
%. All rocks are very dense with low 
accessible porosity. However, there are 
inclusions which may be prone to 
deterioration. 

4 TESTING METHODS 

4.1 Determination of fracture toughness 
Fracture toughness has been measured as 

critical stress intensity factor on circular rods 
with a chevron notch. The method follows the 
proposal of the International Society for Rock 
Mechanics (ISRM) [10] applying the so-called 
CENRBB specimens (Chevron Edge Notch 
Round Bar Bending). 

A central force F is applied while the crack 
mouth opening displacement (CMOD) is used 
as the control quantity. The constant crack 
mouth opening displacement rate was 0.13 
m/s. The length of the specimen is denoted L,
the diameter D, the chevron angle , the depth 
of the notch tip is at a0, and the width of the 
notch is denoted t.

The specimens were drilled from large size 
blocks taken from the quarry or from large 
rounded rocks from sand pits. The critical 
stress intensity factor can be calculated with 
Eq. (3) 

5.1
maxmin

D
FAK Ic


 (3)

with Fmax the maximum force, D the 

diameter of the specimen, and Amin a 
geometrical factor which follows from Eq. (4) 
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with a0 the notch-tip depth and S the span 
of the specimen. This calculation is valid for 
linear-elastic material. Since rock is not ideally 
elastic one has to consider a correction factor 
which can be calculated in a rather elaborate 
procedure.

The reader is referred to reference [10] for 
the detailed use of the method. It should be 
noted that the corrected critical stress intensity 
factor Kc

Ic is always larger by 5 to 40 % than 
the critical stress intensity factor of linear-
elastic material KIc. The increase depends on 
the type of rock which will be shown later. 

The CENRBB test allows also to calculate 
the elastic modulus by using Eq. (5) which 
reads 

DCMODd
dFgE 1

)(0  (5)

with g0 a geometrical factor and dF/d
(CMOD) the slope of the force-crack mouth 
opening curve. g0 follows from 
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The parameters E and Kc
Ic will be used for 

further calculations. 

5 DEGRADATION OF ROCKS DURING 
EXPOSURE

To simulate the condition of a grain in 
concrete in respect of the concentration of OH-

rock bars were stored in synthetic potassium 
hydroxide solution at the maximum 
concentration of OH- (1000 mmol/l). The pH 
value of the synthetic hydroxide solution was 
14.0. The temperature of the solution was kept 
at 40°C. This is the temperature level of the 
fog chamber test used in Germany for testing 
alkali-sensitive aggregates in concrete which 
follows the RILEM test AAR-3 [11]. The 
bending tests with CENBRR samples were 
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carried out after 0 (virgin state), 35, 70, 140, 
280, and 560 days of storage in the potassium 
hydroxide solution. 

The degradation of slow/late aggregates is 
regarded as a two-step-process. The first step 
concerns the dissolution of the pyrite and 
calcite veins in the grain for which a high 
alkalinity in form of high pH value is 
necessary. The dissolution creates open cracks 
in the aggregates. The second step concerns 
the formation of a alkali-silica gel which 
precipitates in the cracks. The gel swells and 
forces the crack to open as soon as the 
pressure is high enough and the critical stress 
intensity factor is reached. Both processes 
occur simultaneously and cannot be separated 
at the time being [12]. 

6 EFFECT OF EXPOSURE ON 
FRACTURE TOUGHNESS AND 
MODULUS OF ELASTICITY 

When the sensitive rock is exposed to an 
alkaline solution the mechanical performance 
declines. As an example, this can be observed 
from Fig. 1 where the force vs. crack mouth 
opening displacement curves for quartz-
porphyrite at the beginning and after 35, 70, 
140, 280, and 560 days of exposure to alkaline 
solution are plotted. 

Figure 1: Force vs. crack mouth opening displacement 
curves for quartz-porphyrite at the beginning and after 
35, 70, 140, 280, and 560 days of exposure to alkaline 

solution 

The plot shows that the maximum force 
decreases and that the softening branch gets 
flatter with increasing exposure time. Since the 
maximum force determines the critical stress 

intensity factor proportionally it will decline 
accordingly (see Eq. 3). The inclination of the 
linear part of the initial loading branch 
decreases as well with increasing exposure 
time. Since this determines the elastic modulus 
(see Eq. 5) it will decrease as well. The 
softening branch is responsible for the 
difference between KIc and Kc

Ic.
Similar curves as Fig. 1 have been 

evaluated with Eq. (3) for the determination of 
the critical stress intensity factor KIc after the 
intervals of exposure as stated above. The 
loading cycles have been also evaluated acc. to 
[10] which resulted in the adjusted critical 
stress intensity factor Kc

Ic which is always 
greater than KIc. Young’s modulus has been 
calculated using Eq. (5). 

As an example, quartz-porphyrite (QP) 
shows the development in Fig. 2. The values 
of all three quantities are almost constant 
during the first 70 days. After that time, a drop 
occurs. The elastic modulus drops from 75 to 
25 GPa whereas the critical stress intensity 
factor KIc falls from 2.3 to 1.1 MN/m1.5 and
Kc

Ic goes down from 2.9 to 1.5 MN/m1.5.

Figure 2: Critical stress intensity factors and Young’s 
modulus of quartz-porphyrite (QP) as function of 

exposure time 

The values of the other rocks are given in 
Table 3. The three quantities of quartz-
porphyrite (QP1-OR) show a small increase 
after 280 days. Another sample of quartz-
porphyrite (QP2-OR) show a different 
behavior. The elastic modulus and KIc of 
greywacke are almost constant during the first 
140 days of exposure. After that period of 
time, the values decrease. The elastic modulus 
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decreases from about 75 GPa to 40 GPa while 
the KIc value decreases from 2.5 to 1.7 
MN/m1.5. The adjusted Kc

Ic follows an almost 

linear decrease from 3.3 to 2.1 MN/m1.5 during
the 560 days exposure time. 

Table 3: Critical stress intensity factors KIc and Kc
Ic and modulus of elasticity as influenced by exposure time 

 days GW QP QP1-OR QZ-OR QPZ-OR DB 
KIc , [MN m-1.5] 0 

140 
280 
560 

2.42 
2.76 
2.24 
1.81 

2.23 
1.47 
1.25 
1.07 

1.96 
2.46 
2.62 

-

1.19 
0.77 
0.60 

-

1.74 
0.58 
0.21 

-

2.17 
2.70 
2.04 
1.54 

Kc
Ic , [MN m-1.5] 0 

140 
280 
560 

3.25 
2.80 
2.60 
2.07 

2.90 
1.87 
1.62 
1.51 

2.37 
3.02 
2.55 

-

1.51 
1.09 
0.88 

-

2.23 
0.81 
0.50 

-

2.44 
3.15 
2.35 
2.03 

E , [GPa] 0 
140 
280 
560 

76.0 
79.1 
69.8 
38.1 

76.3 
45.4 
39.5 
27.2 

59.5 
71.5 
65.5 

-

26.4 
5.9 
4.2 
-

49.1 
8.9 
3.3 
-

75.8 
99.2 
84.9 
79.2 

A decay of the elastic modulus and the 
critical stress intensity factors KIc and Kc

Ic can 
be observed in contrast to the results of QP1-
OR. The results document that the variability 
of properties of the rocks of the upper Rhine 
valley is very large. 

The elastic modulus of quartzite (QZ-OR) 
starts at 26 GPa and drops to 5 GPa while the 
KIc values decease from 1.2 to 0.6 MN/m1.5 

and the Kc
Ic values drop from 1.5 to 0.9 

MN/m1.5. Although the diabase (DB) is known 
to be not sensitive to alkali-silica reaction it 
shows some slight influence of the exposure 
on the critical stress intensity factors. 
Summarizing the experimental results of the 
exposure experiments it can be noted that most 
of the tested rocks deteriorate as function of 
time. 

7 CRACKING DUE TO INTERNAL 
GEL PRESSURE 

The mechanism of aggregate grain splitting 
is assumed to be the following. Alkali ions 
from the concrete pore solution diffuse into the 
grain. They react in the interior of the grain 
with silicon, calcium, and aluminum ions and 
form an alkali-silica gel. This can happen in 
existing cracks or flaws or in veins which 
dissolve due to the pore solution. The gel 
expands due to the absorption of water and 
exerts a pressure on the flaw boundaries inside 

the grain. Whether this situation will lead to a 
splitting failure of the grain depends on the gel 
pressure on the one hand and on the crack 
length and the critical stress intensity factor of 
the rock on the other hand. As soon as the 
critical stress intensity factor is reached the 
grain will split. 

In order to describe the interdependence of 
crack length, Eq. (1) together with Table 1 has 
been numerically evaluated for several grain 
sizes. The relation reads 

  







R
aYappRaK ccI 


2;; (7)

with a = crack length, R = radius of the 
grain which is idealized as sphere, pc = 
maximum gel pressure. The gel pressure has 
not been investigated in this study but is taken 
from the literature. The literature distinguishes 
between those investigations of gel pressures 
due to ASR which were gained on mortar 
specimens [13-15] and those which were 
received from synthetic alkali gels and alkali-
silica solutions [16, 17]. For our 
investigations, only those results are relevant 
which were obtained from alkali gels and 
alkali-silica solutions. The synthetic gels of 
[17] reached pressures of 11 MPa. Mansfeld 
[16] has measured gel pressures in 
synthetically produced alkali gels and found 
values between 7.5 and 16 MPa. A maximum 
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pressure of 20 MPa is reported in [18, 19]. 
Additionally, a pressure of 30 MPa has been 
taken as upper limit. The deliberations in [15] 
which are based on a two-phase model with 
complete restraint of the expanding gel lead to 
pressures of 361 MPa which seems unrealistic 
in a real concrete. So, this pressure value is not 
considered further. 

The results of the evaluation of Eq. (7) is 
plotted as function of a/R in Fig. 3 for a grain 
size of 16 mm. 

Figure 3: Stress intensity factor as function of a/R for 
16 mm grain size and gel pressures of 7.5, 16, 20, and 

30 MPa 

In order to know whether splitting occurs 
one has to determine the intersect of a 
horizontal line at the relevant position of KI = 
Kc

Ic. For instance, greywacke shows a Kc
Ic of 

2.07 MN/m1.5 at 560 days. This means that 
splitting of a 16 mm grain would occur at a gel 
pressure of 16 MPa and a crack length of 0.75 
x 16 = 12 mm. The theoretical prediction of 
crack length vs. gel pressure shall be discussed 
in the following, especially the question seems 
to be relevant whether the crack lengths which 
are necessary for crack propagation have been 
observed. Greywacke and quartz-porphyrite 
will be considered beacause these two rocks 
show large cracks and they are most suited for 
the application of fracture mechanics 
principles.

If one assumes for greywacke a gel pressure 
of 16 to 30 MPa and a grain of 16 mm 
diameter and considers the appropriate critical 
stress intensity factor of 2.60 MN/m1.5 the 

penny-shaped crack should have a diameter of 
14.0 to 8.4 mm. Such large defects have been 
observed due to the dissolution of pyrite veins. 
Also calcite veins and earlier cracks which are 
healed by calcite are such defects. Also the 
texture of layers in a grain represents a large 
defect. This would mean that not only crushed 
greywacke may be prone to ASR but also 
rounded greywacke grains as has been 
reported by Stark et al. [20]. 

The critical stress intensity factor for 
quartz-porphyrite was assumed to 1.72 
MN/m1.5. This would mean that a grain of 16 
mm diameter would need crack length of 10.7 
and 4.8 mm depending on the gel pressure of 
16 and 30 MPa. The defects of this size are 
veins which were originally healed by chlorite 
and hematite. These veins are dissolved in 
alkaline environment and form the necessary 
starter cracks. Besides these defects there are 
micro clefts which originated from the cooling 
process of the molten rock. 

Whether cracking will occur depends on the 
alkali hydroxides in the pore solution, which 
react with the reactive SiO2 and the 
availability of calcium because these 
components are necessary for the formation of 
alkali-silica gel. When the gel forms and 
precipitates in the cracks the gel expands due 
to absorption of water. The dissolution of 
minerals and the formation of a gel depend on 
a high pH. When all prerequisites are met 
cracking of the grain will occur. 

It can be concluded that the fracture 
mechanics approach is very valuable to 
explain the cracking of slow/late aggregates in 
alkaline environment. Further research will 
address the correlation between aggregate 
cracking and ASR of concrete. 

8 CONCLUSIONS 
Theoretical and experimental investigations 

have brought up the following results: 
a) Linear elastic fracture mechanics principles 

have been applied to aggregate grains, i.e. 
the critical stress intensity factor is regarded 
as decisive parameter which governs 
cracking of slow/late aggregates. 
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b) The critical stress intensity factor of rocks 
decreases with the time of exposure in 
alkaline environment. 

c) Greywacke and quartz-porphyrite which 
were taken from a quarry showed strong 
degradation in alkaline solution. 

d) Quartz-porphyrite from sand pits of the 
upper Rhine valley behaved very 
differently. One rock degraded considerably 
while another did not. The differences of 
deposited rocks can be very large. 

e) A quartzite rock from the upper Rhine 
valley degraded also. 

f) The degradation is due to the dissolution of 
chlorite, hematite, pyrite, and calcite filled 
veins.

g) The emptied veins form starter cracks. 
h) With sufficient supply of soluble silica and 

calcium a alkali-silica gel forms and 
precipitates in the cracks. The gel expands 
due to absorption of water and generates a 
splitting pressure. 

i) A correlation between the cracking of 
rocks, the size of the aggregate grains, and 
the gel pressure was established. 

j) Further research is necessary to establish a 
correlation between the fracture of 
aggregate grains and ASR of concrete. 
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Abstract: The stress corrosion cracking (SCC) process is at present a not fully elucidated 
mechanism of deterioration. It is a surface process that implies a corrosion and stress synergy, but 
the most practical consequence is that stress corrosion cracking can modify the mechanical 
characteristics of the metal causing brittle failure. Previously, we present some results about stress 
corrosion cracking, crack propagation rate or, even, crack arrest conditions in High Strength Steels. 
This kind of steels is usually used in prestressed and postensioned structures. These wires are of 
eutectoid composition and cold drawn. It is well established that failures occur when the wires are 
in contact with electrolytes of specific compositions while under stress. In the case of concrete, the 
electrolyte is its pore solution and the stress levels result from the different loads applied due to 
structural requirements.  

In this work we suggest some improvements of the Mechanism of SCC based in the Surface 
Mobility of vacancies on the crack surface proposed by Galvele. Improvements consist in 
incorporating the electrochemical corrosion as one of the sources for the creation of vacancies and 
some mechanical effects, both produce synergic effect in the crack propagation rate and they are 
important for a more comprehensive explanation of the process.   

On the other hand, the Fracture Toughness change when the steel corrodes, questioning the idea that 
is an intrinsic characteristic of the material. The reduction in the fracture toughness of steel wires 
when they are in contact to aggressive media involve that the material becomes less damage 
tolerant, which implies that it is necessary to detect defects of smaller size, as for example, small 
notch, pits or superficial cracks. 
 
 

1 INTRODUCTION 
Up to present the mechanism of SCC has 

not been explained satisfactorily. Numerous 
mechanisms have been proposed to explain the 
brittle failure of metals under stress, but only 
some of them, five specially, are considered to 
be relevant: i) Mechanism of Anodic 

Dissolution; developed by Parkins [1], ii) 
Film-induced Cleavage Model; whose 
theoretical aspects have been developed by 
Newman [2], iii) Surface Mobility SCC 
Mechanism; developed by Galvele [3], iv) 
Environmentally Enhanced Plasticity; 
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developed by Magnin et al. [4], and v) 
Hydrogen Embrittlement [5].  

The Surface Mobility Mechanism (SMM) 
proposes a new perspective in which the crack 
advances, not due to anodic dissolution but to 
diffusion of atomic vacancies created in the 
lips of the crack towards its tip. SMM is the 
only mechanism that proposes equations 
enabling the prediction of crack propagation 
rate and that incorporates the effect of the 
hydrogen produced during the process, 
achieving to formulate an extension of the 
theory on SCC to hydrogen embrittlement.  
Coherent with the lack of agreement in the 
type of mechanism that operates, an agreed 
testing method does not exist for the study of 
the susceptibility to SCC or to hydrogen 
embrittlement [6]. In the case of high strength 
steel wires for prestressed concrete, there are a 
standard tests where the aggressiveness is 
enhanced to accelerate the process. These tests 
enables to detect the susceptibility to hydrogen 
embrittlement of steel and serves as quality 
control test to detect faults [7]. Other authors 
suggest a test closer to concrete performance, 
which is based on the application of the theory 
of anodic dissolution [7-11] to specimens in 
alkaline solutions containing chlorides or of 
sodium bicarbonate [12] or in the use of pre-
cracked specimens induced by fatigue [9, 13, 
14] in whose studies the fracture toughness is 
calculated by fracture mechanics. None of 
these tests for prestressing wires can be 
generalized and give conclusive results. For 
the case of high strength wires, the existing 
test [7] has seemed not appropriate for other 
electrolytes and far from the chemical 
composition of the concrete pore solution. It 
has been then, necessary to try to develop a 
more suitable testing method for prestressing 
wires. The main conditions are: the test should 
be simple, able to be used for control of 
production and for making predictions of long 
term performance which should allow 
verifying the mechanism of progression of the 
SCC cracks. 

In present work, profit is made on a more 
realistic testing methodology to propose the 
integration of the SMM to the fracture 
mechanics principles and to incorporate in 

them the Anodic Dissolution as part of the 
general process. The result is called the Fracto 
Surface-Mobility Mechanism, FSMM. 
Regarding the testing methodology (still 
needing optimization of the test conditions) it 
is used for the study of the mechanisms of 
SCC in prestressing wires and has been crucial 
to develop the proposed model. It consists in, 
having the wire under tension, to replace the 
generation of a fatigue’s crack by the creation 
of a more natural crack made to growth it 
electrochemically from a notch and using a 
solution of sodium bicarbonate as electrolyte. 
When the crack reaches a certain depth, the 
wire is removed from the solution and it is 
tested in air. This methodology enabled to 
calculate the fracture toughness of the wire 
and to predict the crack propagation rate [6]. 
The fracture toughness is calculated by 
Fracture Mechanics (FM). Due the 
observations made in the tests, the theory of 
the SMM was modified to fit into the results 
obtained. 

2 EXPERIMENTAL METHODOLOGY 
The materials and equipments used were 

described in previous papers [6, 15, 16]. A 
steel of eutectic composition have been tested 
in two conditions: cold drawn steel (1510 MPa 
yield strength) and the modified parent 
pearlitic steel (1300 MPa yield strength).  

The methodology was described by 
Sanchez et al [17, 18]. The aim of the 
methodology is to achieve a more realistic and 
controlled test conditions than those that 
generate the surface defect by a fatigue 
because in present case fatigue is not operating 
in the process. In the proposed test the crack is 
generated by electrochemical dissolution by 
nucleating a pit in a hole made in an epoxy 
applied to cover the surface. Then the wire is 
stressed and tested to induce the crack that 
nucleates in the bottom of the notch. The 
testing method consists then of several stages. 
Two types of steel were used. The 
methodology is based in the control of the 
following electrochemical and mechanical 
parameters: 
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1) Mechano-electrochemical generation of a 
crack in the wire: 

 The zone of the steel exposed to the 
electrolyte is first covered by epoxy 
resin. 

 In order to localize the attack, a notch 
is then produced in the middle of the 
epoxy covered zone. 

 The specimen is thus strained to 80% 
of its yield strength. 

 It is next immersed in a solution of 
sodium bicarbonate at constant 
temperature. 

 A fixed potential is applied, during 
around 100 h, and the current is 
registered by a data logger 
simultaneously. 

The specimens are then removed from the 
solution and dried. 
2) Slow Strain Rate Test (SSRT): SSRT is 
performed in air at a rate of 3*10-7s-1 in order 
to determine the fracture toughness. 
3) Scanning Electron Microscopy (SEM) 
analysis: SEM is used to identify brittle zones, 
cleavage and the different zones of the 
fractured surface. The crack dimensions are 
measured and the reduction of area is 
accounted. 

3 RESULTS 
Several tests were carried out on modified 

parent pearlitic and cold drawn steels 
according the methodology previously 
described. Figure 1 shows the electrochemical 
parameters measured during the mechano-
electrochemical crack generation test. The 
potential was fixed at -275mVAg/AgCl. The cell 
intensity remains anodic in all cases that the 
crack grows during the test. Figure 2 shows 
the mechanical behaviour after the crack 
generation test. The results indicate that the 
ultimate elongation and the ultimate load are 
reduced. The mechanical behaviour depends of 
crack shape and size, and on the initial fracture 
toughness of the steel in the aggressive media 
[16].  
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Figure 1: Evolution of electrochemical parameters 

during A06 SCC test. 
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Figure 2: Mechanical behavior of steel after crack 

generation test. 

Regarding the aspect of the fracture surface 
Figure 3 shows that of the modified parent 
pearlitic steel and cold drawn steels tested 
according to previous methodology. It is 
possible to distinguish the notch, stress 
corrosion crack and the brittle fracture surface 
in both steels. Oxides are observed at the notch 
in its external part while the lateral surfaces of 
the crack and its bottom are free of oxides. 
Another important observation is that the crack 
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tip border is defined by a cleavage area at 
mechanical fracture section. Brittle zones 
appear in the whole interior of the surface of 
fracture. Table 1 summarizes the experimental 
results according to the testing methodology. It 
is shown there the geometrical, mechanical 
and electrochemical parameters obtained from 
the SCC test. 

a  

b  

c5  

Figure 3: Surface of fracture: a) modified parent 
pearlitic steel, b) cold drawn steel and c) Crack tip. 

 
 
 
 
 
 
 
 
 

Table 1: Experimental SCC results: af is the crack 
length, P is the mechanical load, t is the experiment 

time, I is the Faraday current and am is the notch length 

Test af 
( m) 

P 
(kN) t (h) I (A) am 

( m) 

Pa
re

nt
 p

ea
rl

iti
c 

st
ee

l 

A01 840 5.1 188.5 5.63E-7 160 
A02 1000 5.1 96 5.70E-07 160 
A03 600 5.1 96 1.20E-06 160 
A04 810 5.1 98.05 3.28E-07 170 
A05 260 5.1 22.75 5.50E-07 215 
A06 720 5.1 95.5 3.34E-06 80 
A07 760 7 49.5 3.22E-07 120 
A08 760 7 16 2.00E-05 160 

C
ol

d 
dr

aw
n 

st
ee

l 

T01 800 5.93 96 1.03E-05 60 
T02 720 5.93 98 8.14E-07 200 
T03 680 5.93 170 5.57E-07 120 
T04 640 5.9 96 1.50E-07 160 
T05 800 5.9 96 1.37E-06 120 
T06 500 5.9 134.2 2.29E-5 230 
T07 730 5.9 97 5.47E-08 120 
T08 720 7.5 222.5 1.80E-6 120 

 

4 DISCUSSION 
It is important to start by mentioning that 

the SMM [3] is based in a set of assumptions 
which could not be verified in the observation 
of the fractures obtained and shown in 
previous figures. The aspects departing from 
the SMM are: i) the crack surface is free of 
oxides while the SMM is based in that there 
are the oxides in the walls of the crack which 
are the source of production of vacancies, ii) 
an anodic current is necessary to be registered 
in order the crack to grow while the SMM 
considers the growing only dependent on the 
vacancies movement towards the crack tip, 
and iii) the crack arrests when the current 
registered is cathodic, behaviour not 
considered by the SCC which assumes that the 
crack cannot arrest, but always progress. 

Therefore, either the mechanism is not valid 
or operating in present types of steels or the 
theory should be modified to fit into the 
observations. This is what is tried in present 
discussion: the proposal of modification of the 
SMM mechanism and its coupling to the 
principles of fracture mechanics in order to 

CRACK 
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complete the mechanical aspects of the model. 
We propose to change some hypothesis of 

the SMM to be coherent with the experimental 
observations: i) the source of vacancies are not 
lying on the crack surfaces but in the notch at 
the metal surface where the oxides are 
observed, ii) consequently, the path length of 
the vacancies is the crack depth and not the 
atomic distance, iii) the diffusion cannot be in 
steady state conditions but the process is 
clearly non stationary, and iv) the stress 
influences the vacancy rate towards the crack 
tip and a new formulation of the influence of 
the mechanical conditions in the crack 
progression is necessary. We proposed that the 
vacancy generation is due to the anodic 
dissolution in the surface defect. Then, 
according to Faraday’s Law it is possible to 
estimate the vacancy flux (Jv) from the cell 
current intensity: 

Jv = C*I (1) 

where, C is a constant which depends on 
geometry conditions and I is the anodic 
intensity. 

In order to apply a non-steady state 
diffusion coefficient it is necessary first to 
analyse the literature on the subject that is not 
very numerous. The aspects that influence the 
surface diffusion coefficient, Ds: the self-
diffusion, the type of electrolyte which induce 
a precise electrochemical potential and the 
stress level. We propose the hypothesis that 
the diffusion barrier depends on the strain, 
thus, it is explained that the activation energy 
decreases for tensile stress and vice-versa. The 
atoms diffuse to lower energy states (less 
strained areas) while the vacancies diffuse to 
high energy areas and relax the material. 
According to this hypothesis, the stress 
gradient change the surface diffusion 
coefficient and it is possible to apply the Stress 
Intensity Factor (K) to define this stress 
gradient.  Following Irwin theory [19] it is 
possible to estimate the mechanical energy 
created by a stress concentration. We propose 
to change the diffusion coefficient expression 
of Galvele by adding the square of the Stress 
Intensity Factor to the activation energy 
parameter, as is shown in the following 

equation:  

 
(2) 

where: DS, =0 is the surface diffusion 
coefficient without stress,  is a constant, KI is 
the mode-I stress intensity factor 

Equation 2 includes the three main factors 
of SCC process: the material, the environment 
and the stress conditions. This way it is 
possible to merge the Fracture Mechanics and 
the Surface Mobility Mechanism to aim into a 
Fracto-Surface Mobility Mechanism. 

Until now we have not taking into account 
the role of the hydrogen evolution, According 
to present theoretical frame, the corrosion 
anodic current generates the vacancies at the 
notch and they diffuse to the crack tip by the 
stress gradient. Our proposal is that it is 
necessary to change the activation energy 
reducing it according to the hydrogen 
interaction-vacancy (QH):  

 
(3) 

Where Tm is the melting point. 
This means that the hydrogen role is also to 

drive the vacancies to the crack tip and it also 
can penetrate the metal at the crack tip. 
Therefore, hydrogen seems to have a double 
effect: i) it enhances the surface diffusion, and 
ii) it penetrates in the metal at the crack tip 
leading into the noticed hydrogen 
embrittlement which reduces the mechanical 
properties [16, 20-24]. 

Table 2 summarizes the main aspects of the 
SMM mechanism that we propose to modify 
from present observations and after the 
application of FSMM with the corresponding 
equations. 
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Table 2: Integration the Fracto-Surface Mobility 
Mechanism: FSMM 

Surface M
obility M

echanism
 

Fracto-Surface M
obility M

echanism
 

A
spect to be 

m
odified 

E
quation 

M
odification 
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E

quation 

The source of 
vacancies 

 

Exchange C
urrent D

ensity, i0  

C
orrosion as source 
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D
iffusion 

C
oefficient 
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ical 

integration 

 
 

  
 

The path length of 
the vacancies 

 
C

rack length 
 

C
rack propagation 

rate by steady state 
diffusion 

 
 

N
on stationary 

diffusion 
 

 

 
 

We have estimated the  parameter of 
equation 3 by iteration method considering the 
experimental results. The values of  
parameter get the same for both materials. 
These results are coherent with the theoretical 
model because the  parameter depends only 
from the elastic properties and both materials 
have the same elastic behaviour and the same 
chemical composition. For enabling 
predictions it is necessary to also consider the 
crack propagation rate. From the theoretical 
model proposed it is also possible to estimate 
several parameters from the experimental 
conditions: crack tip position, crack 
propagation rate and stress intensity factor. 
However, three main aspects have been varied 
for a correct estimation of the crack velocity: i) 
a crack growth rate is not constant (Figure 4a), 
ii) the possibility that the crack arrests (Figure 
4b), and iii) the occurrence of a failure of 
material during the test (Figure 4c). For SCC 
growth to be sustained, it is a necessary, but 
not sufficient, condition that the current in the 
potentiostatic test remains anodic. Notable 
results are the crack stops. The crack 
propagation rate also increases with the remote 
load, but the crack arrests when the yielding is 
reached at the crack tip. Finally, the growing 
of the crack is affected by the crack geometry. 
This has been analyzed using FEM 
calculations and verified with the compliance 
method [15, 17]. Both conditions are related 
with the stress gradient on the crack walls.  

In other cases the steel reaches the failure 
during a SCC test and then it enabled to 
analyze the fracture toughness in the particular 
environment-electrochemical conditions. This 
is an important material characteristic that also 
influences the crack rate and it has to be 
emphasized the interesting observation that the 
toughness did not remained constant as was 
previously stated [6, 16, 17]. This result calls 
for the need to review the damage tolerance of 
prestressed structures in contaminated 
atmospheres and under hydrogen evolution.  

Present paper shows previous calculations 
about stress intensity factor for a bar with 
crack geometry similar to that generated by 
stress corrosion, from solving the Integral J by 
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finite element calculations [6, 16].  
 

a  

b  

c  

Figure 4: Crack Propagation Rate calculated from the 
model and test reference in table 2: a) crack growth rate 
of T04 test, b) crack arrest of test A05, and c) fracture of 

A07 specimen during the test. 

Figure 5 show the values of the fracture 
toughness for cold drawn and parent steel. The 
fracture toughness of the cold drawn steel is 
higher than parent steel one, although it can be 
distinguished a large variation of the fracture 
toughness in both materials. In all cases it is 
achieved very smaller values, around 50 
MPam0.5 or less than the nominal ones. This 
means that the damage tolerance is reduced 
dramatically by the media, because when the 
crack grows up by stress corrosion cracking, 
the fracture toughness can be reduced around 

40%. This reduction indicates the need to 
reconsider the crack depth needed to develop a 
brittle failure in the case of corroding high 
strength steels and therefore, to reduce the 
expected dam-age tolerance of these steels 
when they develop cracks by stress corrosion. 
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Figure 5: Fracture toughness of cold drawn steel (top) 
and parent steel (down) after stress corrosion cracking 

test. 

 

5 CONCLUSION 
In present paper, we try to contribute to 

surface mobility theory by presenting several 
modifications which complement it and serve 
to justify several experimental observations in 
high strength steel wires used for prestressing 
concrete. According to the extended SMM, 
that we call “fracto-SMM”, FSMM, in order to 
visualize the integration with fracture 
mechanics, it is possible to estimate the crack 
propagation rate or mechanical behaviour from 
the electrochemical, geometrical and material 
conditions according table 2. The main 
contribution consists in the integration of 
fracture mechanics into the Surface Mobility 
theory. Other integrating concepts to Surface 
Mobility Mechanism are the vacancies are 
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generated by anodic dissolution and they are 
driven by a stress gradient to the crack tip in 
non-stationary conditions. By these 
integrations, the Stress Corrosion Cracking 
phenomenon is explained from the material, 
environment and mechanical point of view. 

The hydrogen changes the activation energy 
of vacancies diffusion which means that the 
hydrogen role is to enhance the surface 
diffusion, and to penetrate in the metal at the 
crack tip leading into the hydrogen 
embrittlement which reduces the mechanical 
properties. We point that this methodology 
should be applied to safety and durability 
studies of prestressed structures in 
contaminated atmospheres. 
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Abstract: Reinforced concrete structures exposed to aggressive environmental conditions, such as 
structures close to the sea or highway bridges and garages exposed to de-icing salts, often exhibit 
damage due to corrosion. Damage is usually manifested in the form of cracking and spalling of 
concrete cover caused by expansion of corrosion products around reinforcement. The reparation of 
corroded structure is related with relatively high direct and indirect costs. Therefore, it is important 
to have a realible model, which is able to realistically predict influence of corrosion on the safety 
and durability of RC structures. In the present contribution a 3D chemo-hygro-thermo-mechanical 
model for concrete is presented. In the model the interaction between non-mechanical influences 
(distribution of temperature, humidity, oxygen, chloride and rust) and mechanical properties of 
concrete (damage), is accounted for. The mechanical part of the model is based on the microplane 
model. The application of the model is illustrated on two numerical examples in which transient 3D 
finite element analysis of RC specimens exposed to corrosion of steel reinforcement is carried out. 
In the first example the model is employed to investigate the pull-out capacity of corroded steel 
reinforcement from a concrete beam-end specimen, which was exposed to aggressive environmental 
conditions. Once the reinforcement is depassivated (begin of corrosion), corrosion rate is calculated 
and 1D corrosion contact elements are automatically activated generating radial compressive forces, 
which damage concrete cover. Finally, to predict the effect of corrosion on the pull-out capacity of 
reinforcement, the reinforcement bar is pulled out from the concrete specimen. The contact between 
reinforcement surface and concrete is simulated by the 1D discrete bond elements. The results of 
the computation are compared wit experimental data. In the second example the numerically 
predicted crack patterns due to corrosion of reinforcement in a beam are compared with 
experimental results. The influence of the anode-cathode position on the corrosion induced damage 
is investigated. The comparison between numerical results and experimental evidence shows that 
the model is able to realistically predict experimentally observed crack pattern and that the position 
of anode and cathode strongly influences the crack pattern and corrosion rate. 
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1 INTRODUCTION 
Chloride-induced corrosion of steel bars in 

reinforced concrete has the main influence on 
the durabiliti of reinforced concrete (RC) 
structures [1]. It is well known that RC 
structures, which are exposed to aggressive 
environmental conditions, such as structures 
close to the sea or highway bridges and 
garages exposed to de-icing salts, very often 
exhibit damage due to corrosion [1,2]. This 
damage is usually manifested in the form of 
cracking and spalling of concrete cover, which 
is caused by the expansion of the corrosion 
products around the reinforcement bar. Repair 
of corroded concrete structures results in 
relatively high direct and indirect costs. 
Therefore, to predict durability of RC 
structures it is important to have a numerical 
tool, which is able to realistically simulate 
corrosion processes and the consequences for 
the structural safety. 

The corrosion of reinforcement steel in 
aggressive environmental conditions is caused 
by a not sufficiently thick concrete cover or by 
its damage. Damage of the concrete cover can 
be caused by mechanical action (too high 
tensile stresses), or be a consequence of non-
mechanical effects (temperature, shrinkage, 
etc.) or be induced by corrosion of 
reinforcement. The corroded cross-section of 
reinforcement bars has a smaller cross-section 
area and their bearing capacity is reduced. 
Moreover, with advanced corrosion, ductility 
of reinforcement, due to the pitting effect [3,4] 
and bond properties can be significantly 
reduced [2]. 

To estimate reduction of the cross-section 
area of reinforcement and to predict the 
increase of the volume of the corrosion 
product it is necessary to know the corrosion 
rate, i.e. corrosion current density in the 
corrosion unit. Furthermore, it is important to 
know how much of the corrosion product is 
transported into the concrete pores around the 
reinforcement bar and into the cracks that are 
distributed around the reinforcement bar. If 
more corrosion products are transported into 
the concrete pores and cracks, lower will be 

the pressure due to the expansion of the 
corrosion products.  

Principally, the calculation of corrosion 
current density requires modeling of the 
following physical, electrochemical and 
mechanical processes: (1) transport of 
capillary water, oxygen and chloride through 
the concrete cover; (2) immobilization of 
chloride in the concrete; (3) transport of OH- 
ions through electrolyte in concrete pores (4) 
cathodic and anodic polarization, (5) transport 
of corrosion products in concrete and cracks 
and (6) damage of concrete due to mechanical 
and non-mechanical actions (Bažant 1979). 
The importance of a three-dimensional (3D) 
numerical model, which can realistically 
simulate corrosion and its interaction with 
mechanical properties of concrete, is obvious. 
In the model the results of corrosion, such as 
the expansion of the corrosion products or the 
reduction of the cross-section of 
reinforcement, have an effect on the 
mechanical response of concrete structures. On 
the other hand, the mechanical properties, such 
as strength or fracture energy, also influence 
the corrosion process [1]. 

In a realistic computational model chemo-
hygro-thermo processes must be coupled with 
mechanical processes, and the other way 
around. The theory for modelling of processes 
before and after depassivation of 
reinforcement in un-cracked concrete is well 
established, and presently there are a number 
of models available for simulation of these 
processes. This is well documented in the 
literature [1,5-10]. However, the response of 
structures made of quasi-brittle materials, such 
as concrete, subjected to mechanical or non-
mechanical loading is characterized by 
cracking. In the last two decades significant 
progress in the modelling of such materials has 
been reached. Due to the complexity of 
concrete, computational modelling of damage 
processes is still a challenging task. This is 
especially true for the modelling of the 
influence of damage on transport processes in 
concrete. In the literature there are a very 
limited number of coupled 3D chemo-hygro-
thermo mechanical models capable of realistic 
simulation of processes relevant for corrosion 
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reinforcement in cracked concrete [11,12]. 
Furthermore, there is no model that is able to 
simulate the transport of corrosion products 
through cracked concrete and its consequences 
for corrosion induced damage. The main 
difficulty in the formulation of such models is 
to quantify relevant parameters, which control 
processes before and after depassivation of 
reinforcement. 

The present work gives an overview of the 
recently developed 3D chemo-hygro-thermo-
mechanical model for concrete that is able to 
simulate complex non-mechanical and 
mechanical processes before and after 
depassivation of steel reinforcement [11,12]. 
The model was implemented into a 3D FE 
code and it was shown that it is able to 
realistically predict depassivation time of 
reinforcement as well as corrosion rate after 
depassivation of reinforcement. Furthermore, 
modelling of corrosion induced damage and 
transport of corrosion products through 
concrete pores and cracks is also discussed. 
The first part of the article gives a brief review 
over the theoretical background and 
implementation into the 3D FE code. In the 
second part the application of the model is 
illustrated on numerical examples in which 
transient 3D finite element analysis of RC 
specimens is carried out. The examples 
demonstrate the influence of the corrosion of 
reinforcement on damage of concrete. The 
results are compared with the available 
experimental results from the literature. 

2 CHEMO-HYGRO-THERMO-
MECHANICAL MODEL FOR 
CONCRETE 

Steel in concrete is protected from 
corrosion by surface film of ferric oxide. The 
corrosion will start when the film is broken or 
depassivated. Depassivation can be caused by 
reaching a threshold concentration of chloride 
ions in concrete near steel surface [1]. 
According to current knowledge [5,13] 
corrosion of steel in concrete is an 
electrochemical process, which is controlled 
by electrical conductivity of concrete and steel 
surfaces, presence of electrolyte in the 

concrete and the concentration of dissolved 
oxygen in the pore water near the 
reinforcement. 

The calculation of corrosion current density 
and its consequence for concrete structures 
requires modelling of the above mentioned 
physical and electrochemical processes. In 
here presented 3D chemo-hygro-thermo-
mechanical model these processes are coupled 
with the mechanical properties of concrete 
(damage). 

2.1 Non-mechanical processes before 
depassivation of reinforcement 

Transport of capillary water is described in 
terms of volume fraction of pore water in 
concrete by Richard’s equation [14], based on 
the assumption that transport processes take 
place in aged concrete: 

[ ]www
w D
t

θθ
θ

∇⋅∇=
∂
∂

)(               (1) 

where wθ  is volume fraction of pore water (m3 
of water / m3 of concrete) and )( wwD θ  is 
capillary water diffusion coefficient (m2/s) 
described as a strongly non-linear function of 
moisture content [15]. Transport of chloride 
ions through a non-saturated concrete occurs 
as a result of convection, diffusion and 
physically and chemically binding by cement 
hydration product [14]: 
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            (2b) 

where Cc is concentration of free chloride 
dissolved in pore water (kgCl

-/m3 pore 
solution), ),( TD wc θ  is the effective chloride 
diffusion coefficient (m2/s) expressed as a 
function of water content wθ  and concrete 
temperature T, Ccb is content of bound chloride 
per mass of cement gel (gCl

-/kggel), kr is 
binding rate coefficient, α = 0.70 is constant 
[16]. 
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Assuming that oxygen does not participate 
in any chemical reaction before depassivation 
of steel, transport of oxygen through concrete 
is considered as a convective diffusion 
problem [14]: 

[ ]( )

( )

o
w w o w o

w w w o

Cθ θ D θ C
t

D θ θ C

∂
= ∇ ⋅ ∇ +

∂
+ ∇ ∇       (3)

 

where Co is oxygen concentration in pore 
solution (kg of oxygen / m3 of pore solution) 
and )( woD θ  is the effective oxygen diffusion 
coefficient, dependent on concrete porosity 
pcon and water saturation of concrete Sw. 

Based on the constitutive law for heat flow 
and conservation of energy, the equation 
which describes distribution of temperature (T) 
in continuum reads: 

( ) 0TT W T c
t

λΔ ρ ∂
+ − =

∂
              (4) 

where λ  is thermal conductivity (W/(m K)), c 
is heat capacity per unit mass of concrete (J/(K 
kg)), ρ  is mass density of concrete (kg/m3) 
and W is internal source of heating (W/m3). 
More detail related to the strong and weak 
formulations of the processes up to the 
depassivation of reinforcement can be found in 
Ožbolt et al. [11]. 

2.2 Non-mechanical processes after 
depassivation of reinforcement 

The active corrosion of steel will start when 
steel reinforcement is depassivated. The non-
mechanical processes relevant for the 
propagation stage of steel corrosion in 
concrete are: (1) Mass sinks of oxygen at steel 
surface due to cathodic and anodic reaction, 
(2) The flow of electric current through pore 
solution and (3) The cathodic and anodic 
potential. 

The oxygen consumption at the cathodic 
and anodic surfaces can be calculated as: 

8
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where n is outward normal to the steel bar 
surface and ic and ia  are cathodic and anodic 
current density (A/m2), respectively. 

According to Butler–Volmer kinetics, in the 
present model kinetics of reaction at the 
cathodic and anodic surface can be estimated 
from : 

0 02.3( )/ 2.3( )/
0 0   c c a aΦ Φ Φ Φo

c c a a
ob

Ci i e i i e
C

β β− −= =
   

(6) 

where Cob is oxygen concentration at surface 
of concrete element exposed to seawater 
(kg/m3), Φ is electric potential in pore solution 
near reinforcement surface (V), i0c and i0a  are 
the exchange current density of the cathodic 
and anodic reaction (A/m2), 0cΦ  and 0aΦ are 
the cathodic and anodic equilibrium potential 
(V), cβ  and aβ  are the Tafel slope for cathodic 
and anodic reaction (V/dec), respectively. 

The electric current through the electrolyte 
is a result of motion of charged particles and if 
the electrical neutrality of the system and the 
uniform ions concentration are assumed, can 
be written as: 

( , )w conS p Φσ= − ∇i                 (7) 

where σ is electrical conductivity of concrete. 
The equation of electrical charge conservation, 
if the electrical neutrality is accounted for and 
the electrical conductivity of concrete is 
assumed as uniformly distributed, reads: 

2 0Φ∇ =                            (8) 

Rate of rust production Jr (kg/m2s) and 
mass of hydrated red rust per unit length of 
rebar mr (kg/m), respectively, are calculated 
as:  

75.536 10r a

r r r

J i
m J ΔtA

−= ×

=                 (9) 

where Δt is time interval in which the 
corrosion is taking place and Ar is the 
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corresponding surface of the steel 
reinforcement. In general, corrosion products 
have 2 to 7 times larger specific volume than 
corroded steel. Consequently, radial expansion 
forces around the reinforcement bar surface 
are generated, which can cause cracking of 
concrete. 

From experiments [17] it is known that in 
the case of chloride type of corrosion the part 
of corrosion products penetrate into the pore of 
concrete around the reinforcement bar and 
relatively large amount of rust can be 
transported through radial cracks that are 
generated because of expansion of corrosion 
products. This transport is very much 
dependent on water saturation. As a 
consequence of the transport of rust there are 
two effects: (1) Rust and radial pressure over 
the anodic reinforcement surface are not 
uniformly distributed and (2) The mechanical 
effect of the corrosion products (damage of 
concrete) becomes less pronounced.  

Mathematically speaking distribution of 
corrosion product (red rust) R (kg/m3 of pore 
solution) into the pores of concrete and in the 
cracks is modelled as convective diffusion 
problem: 

[ ] ( )w w r w w w
Rθ θ D R D θ θ R
t

∂
= ∇ ⋅ ∇ + ∇ ∇

∂   
(10) 

in which Dr is diffusion coefficient (m2/s) of 
corrosion product. Note that Eq. (10) does not 
describe transport of red rust, however, it 
describes distribution of red rust which is 
produced in concrete (pores and cracks) as a 
consequence of the reaction of soluble species 
(that can dissolve in the concrete pore solution 
and subsequently migrate or diffuse through 
pores and cracks of concrete) with oxygen in 
pore water [17]. The penetration of soluble 
species into the pore close to reinforcement is 
modelled as a diffusion problem only. This is 
controlled by the first part of the right hand 
side of Eq. (10) assuming that diffusion 
coefficient Dr is independent of the water 
content. Furthermore, it is assumed that the 
penetration stops when a layer of concrete 
pores filled by rust reaches the thickness of 
0.01 mm. Subsequent transport of soluble 

species is possible only through the cracks that 
can be generated after the pores of concrete 
close to reinforcement are filled with corrosion 
products. Transport through cracks is modelled 
as convective diffusion problem.  

It is important to note that at this stage of 
the model development the transport of rust is 
modelled only in a qualitative sense. The 
reason is the fact that there are no 
experimental results which can support the 
proposed model from the quantitative side. 
Therefore, in future the model prediction 
related to the transport of rust should be 
calibrated based on the systematic 
experimental investigations under realistic 
corrosion conditions. The problem is that such 
experiments are time consuming. 
Alternatively, evaluation of corresponding 
data from the literature needs to be carried out. 

2.3 Chemo-hygro-thermo-mechanical 
coupling 

The mechanical part of the model is based 
on the microplane model for concrete with 
relaxed kinematic constraint [18]. In the finite 
element analysis cracks are treated in a 
smeared way, i.e. smeared crack approach is 
employed. To assure the objectivity of the 
results with respect to the size of the finite 
elements, the crack band method is used [19]. 

The governing equation for the mechanical 
behaviour of a continuous body in the case of 
static loading condition reads: 

( ), , 0m wD u θ T u bρ∇ ∇ + =⎡ ⎤⎣ ⎦         
(11) 

where Dm is material stiffness tensor, ρb is 
specific volume load and u is displacement 
field. In the mechanical part of the model the 
total strain tensor is decomposed into 
mechanical strain, thermal strain, hygro strain 
(swelling–shrinking) and strain due to 
expansion of corrosion product.  

The inelastic strains due to the expansion of 
corrosion products are in the present 
formulation modelled by 1D corrosion contact 
finite elements. They are oriented in the radial 
direction and simulate the contact between 
reinforcement surface and surrounding 
concrete. The elements can take up only shear 
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forces in direction of reinforcement axes and 
compressive forces perpendicular to the 
surface of reinforcement. The inelastic radial 
expansion due to corrosion Δlr is calculated as: 

1 0.523r
r

r r s

ml
A

Δ
ρ ρ

⎛ ⎞
= −⎜ ⎟

⎝ ⎠               
(12) 

where ρr = 1.96×103 (kg/m3) and 
ρs = 7.89×103 (kg/m3) are densities of rust and 
steel, respectively, 0.523 is the ratio between 
the mass of steel (ms) and the corresponding 
mass of rust (mr) over the unit length of 
reinforcement and Ar is the surface of corroded 
steel reinforcement bar that is represented with 
the corrosion contact element.  

The stiffness of rust layer is assumed to be 
Er = 100 MPa. In the model it is represented 
by the axial stiffness of the corrosion contact 
elements. To model bond between deformed 
steel reinforcement and concrete the shear 
resistance of the 1D contact element is defined 
by the discrete bond-slip relationship.  

3 NUMERICAL IMPLEMENTATION 

To solve the above discussed system of 
partial differential equations using finite 
elements, the strong form have to be rewritten 
into a weak form. The weak form of the 
system of the partial differential equations, 
which govern transport of capillary water and 
oxygen through concrete, chloride ingress into 
the concrete, binding of chloride by hardened 
cement paste, heat transport in concrete, 
distribution of electric potential, transport of 
corrosion products and equilibrium is carried 
out by employing the Galerkin weighted 
residual method [20]. The model is 
implemented into a 3D finite element code. 
The non-mechanical part of the problem is 
solved by using direct integration method of 
implicit type [20]. To solve the mechanical 
part, Newton-Rapshon iterative scheme is 
used. To avoid mesh size dependency as a 
regularization method simple crack band 
approach is employed [19]. Coupling between 
mechanical and non-mechanical part of the 
model is performed by continuous update of 
governing model parameters during the 

incremental transient finite element analysis. 
For more detail see Ožbolt et al. [11,12]. 

4 NUMERICAL EXAMPLES 

4.1 Bond resistance of corroded 
reinforcement - Beam-End specimen 

In the first example the model is employed 
in the analysis of the beam-end specimen, 
which is often used to study bond resistance of 
reinforcement. Discussed are only results 
related to the processes after depassivation of 
reinforcement. Attention is devoted to damage 
of concrete caused by corrosion of 
reinforcement and its consequences on the 
pull-out capacity of deformed steel bar. 

The investigated beam-end specimen with 
four bars placed in the corners is chosen 
according to the test method proposed by 
Chana [21] (Fig. 1). The specimen of the 
cross-section 200 x 200 mm2 is used, which 
has shown to be the optimal choice. Namely, 
the optimization of the specimen geometry 
was focused on not to reach the yield strength 
of steel and to get such crack development for 
which all four bars of one specimen can be 
pulled out without disturbing each other. The 
horizontal support at the pull-out face of the 
specimen has a height of 100 mm whereas the 
vertical support is 90 mm wide and is placed at 
the rear top. The total embedment length of the 
reinforcement is 180 mm, diameter of the 
reinforcement is 12 mm and concrete cover is 
20 mm. In the present numerical study only 
specimen without stirrups are investigated.  

 
Figure 1: Cross sections of the specimen 

Mechanical properties of concrete are taken 
as: Young’s modulus Ec = 29000 MPa, 
Poisson’s ratio νc = 0.18, Tensile strength 
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ft = 3.0 MPa, Uniaxial compressive strength 
fc = 39 MPa and fracture energy GF = 90 J/m2. 
As mentioned before, mechanical model for 
concrete is based on the microplane model 
[18]. Reinforcement steel is assumed to be 
linear elastic with Young’s modulus 
Es = 200000 MPa and Poisson’s ratio 
νs = 0.33.  

 
Figure 2: Model geometry (all in mm). 

To study the influence of expansion of the 
corrosion products on damage of concrete 
cover and bond resistance, it is assumed that 
the anode along the reinforcement length is 
active (depassivated) at the start of the 
analysis. Therefore, only electric potential, 
current density and distribution of oxygen are 
calculated. To reduce computational time only 
1/2 of the beam cross section is discretized by 
eight-node solid 3D finite elements (Fig. 2). It 
is assumed that along the reinforcement length 
embedded into concrete there are several 
anodic and cathodic regions (macro cells) with 
length and spacing of 24 mm. In each analyzed 
case the degree of water saturation is assumed 
to be constant over the entire volume of the 
specimen (S = 50%). Furthermore, it is 
assumed that the initial concentration of 
oxygen in the beam is 0.0085 kg of dissolved 
oxygen/m3 of pore solution, which is also 
boundary condition at free surfaces of the 
beam. The dependence of the oxygen 
diffusivity and electrical conductivity on water 
saturation for good quality concrete (water-
cement ratio w/c = 0.4) as well as other 
relevant parameters employed in the 

computations of corrosion current density can 
be found in Ožbolt et al. [12]. For the transport 
of corrosion products through cracks, 
diffusivity coefficient is set to Dr = 2.2×10-16 
m2/s and the volume expansion factor of rust is 
assumed to be αr = ρs/ρr = 4.0. 

For the bond-slip constitutive law of 
contact corrosion elements the following 
parameters are used: total bond strength 
τb = 14.96 MPa, frictional strength τf = 5.90 
MPa, and trashold slip values of: s1 =0.85 mm, 
s2 =1.65 mm and s3 = 8.50 mm. The bond-slip 
relation is assumed to be independent of the 
corrosion rate. The length of discrete corrosion 
elements is set to l = 0.10 mm. 

 

 
a 

 
b 

Figure 3: Crack patterns without (a) and with rust 
transport (b) 7 years after depassivation 

The predicted damage (cracks) caused by 
corrosion of reinforcement after seven years, 
starting from the beginning of depassivation of 
steel, is shown in Figure 3. The crack patterns 
for the case without accounting for transport of 
rust through cracks are shown in Figure 3a and 
with the transport of rust in Figure 3b. As 
expected, with accounting for the transport of 
rust there is less damage. The first visible 
crack at the surface of the specimen (w = 0.05 
mm) is observed after 200 and 350 days, 
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respectively. The maximal crack widths as a 
consequenece of corrosion are summarized in 
Table 1. 

Similar crack patterns were observed in the 
experimental tests of Fischer [22], however, in 
the tests the corrosion was accelerated with the 
rate that is approximately 20 times higher than 
natural corrosion rate. Therefore development 
of corrosion induced damage in time cannot be 
directly compared with numerical prediction in 
which the natural corrosion conditions are 
assumed (aggressive, splash zone). Table 1 
shows summary of predicted average and 
maximal thicknesses of the rust layer for the 
first specimen.  

Tabel 1: Thickness of the rust and the maximum crack 
width (WOT - without and WT - with transport of rust) 

t 
Rust thickness a [mm] Max. crack 

width [mm] 
WOT WT WOT WT 

Aver. Max. Aver. Max. 

1y 0.09 0.14 0.05 0.07 0.34 0.15 

2y 0.20 0.33 0.10 0.17 0.76 0.39 

3y 0.31 0.49 0.16 0.25 1.18 0.63 

4y 0.41 0.66 0.21 0.33 1.55 0.89 

5y 0.51 0.83 0.26 0.42  1.80  1.17 

7y 0.72 1.16 0.37 0.59 2.30 1.49 

 

f b,
co

rr
/f b

,re
f

Figure 4: Relation between loss of steel reinforcement 
due to corrosion in mm and pull-out capacity. 

To study the influence of corrosion induced 
damage on the bond resistance, steel 
reinforcement bar is pulled out from the 
concrete specimen at t =0 (reference), 1, 2, 3, 

4, 5 and 7 years, respectively. With the 
increase of corrosion rate the pull-out capacity 
decreases. The decrease is higher if no 
transport of corrosion products is assumed. 
The relative decrease of pull-out capacity is as 
a function of corrosion rate plotted in Figure 4. 
There is a nice agreement between 
experiments and calculations. It should be 
noted that numerical results with transport of 
rust should be actually compared with test 
data. Namely, in experiments [22] the 
significant transport of rust through cracks was 
observed, i.e. approximately 50% of generated 
rust was transported through cracks.  

4.2 Influence of the anode-cathode 
positions on the corrosion induced damage 

In the second example corrosion induced 
damage of reinforced concrete beam is 
computed assuming three different anodic-
cathodic positions. The beam with three 
reinforcement bars is exposed to corrosion of 
reinforcement (see Fig. 5). In the analysis the 
segment of 130 mm is modeled. The 
mechanical properties of concrete are: 
modulus of elasticity of concrete Ec = 26200 
MPa, modulus of elasticity of steel Es = 
200000 MPa, Poisson’s ratio ν = 0.18, tensile 
strength ft = 1.92 MPa, uniaxial compressive 
strength fc = 31.0 MPa and fracture energy GF 
= 40 J/m2. The same as in the previous 
example, only processes after depassivation of 
reinforcement are simulated. The analysis is 
performed for un-cracked good quality 
concrete (w/c = 0.4) assuming constant water 
saturations of 50%. In the analysis the same 
model parameters are used as in the previous 
example and they corresponds to severe splash 
conditions. Transport of rust through cracks is 
accounted for in the analysis, same as in the 
experiment [23]. However, it should be noted 
that in the experiment the beam was exposed 
to accelerated corrosion so that it is not 
possible to compare the corrosion related 
phenomena (corrosion rate, cracking, transport 
of rust, etc.) with respect to time. 

One of still not solved problems when 
modeling corrosion of reinforcement is the fact 
that currently there is no algorithm, which can 
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predict the most critical combination between 
anodic and cathodic surfaces of reinforcement, 
i.e. that one which results to the highest 
corrosion. Therefore, to calculate corrosion 
rate it is in general case necessary to assume 
position of anode and cathode on the 
reinforcement surface. In order to investigate 
the influence of such assumption on the 
corrosion rate and corrosion induced damage, 
three different anode-cathode positions are 
considered: A, B and C (see Fig. 6). Case A 
represents the smallest and case C the largest 
portion of the reinforcement surface assumed 
to be anode. In the longitudinal direction 
distribution of anodic surfaces is taken the 
same for all three cases (see Fig. 5c).  

 
a 

 
b 

 
c 

Figure 5: (a) Beam cross section with 3 steel 
reinforcement bars, diameter φ = 16 mm; (b) Finite 

element discretization; (c) Assumed distribution of the 
anodic and cathodic part over the surface of 

reinforcement 

A B 

C 

 
Figure 6: Anodic and cathodic part of the cross-section 

of the reinforcement 

Figure 7 shows predicted crack patterns for 
the case B after 1.5, 3 and 6 years. The crack is 
plotted in terms of maximal principal strains. 
The red (dark) zone corresponds to the crack 
width of 0.10 mm. The first visible crack at the 
bottom beam surface (crack width cw = 0.05 
mm) is observed after 1.18 years for the case 
C. As expected, after 6 years of corrosion 
maximum crack width (cw = 0.58 mm) is 
observed for the case C. Predicted crack 
patterns show that with increase of anodic 
surface the cracks which are close to the 
vertical beam surface tend to be more inclined. 
Furthermore, comparison of predicted crack 
patterns with the crack pattern observed in the 
experiment (see Fig. 8) shows that case B fits 
the best experimental crack pattern. This leads 
to the conclusion that in the experiment the 
anode-cathode position approximately 
corresponds to case B. From the evaluation of 
experimental results can also be seen that the 
most corroded part of the cross-section of the 
reinforcement bar was close to the bottom 
concrete surface of the beam. 
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1.5y 

3y 

6y 

Figure 7: Predicted corrosion induced crack patterns of 
the cross-section after 1.5, 3 and 6 years after 

depassivation for the case B 

The numerical results (case B) show that 
the critical crack opening of 0.15 mm 
corresponds to the total rust production of 
0.0091 kg/m of reinforcement bars. The 
critical crack forms 2.69 years after start of the 
corrosion process. This prediction is in good 
agreement with the statistical evaluation of 
measurements on structural elements under 
natural severe conditions [24]. 

 
a 

 

 
b 

Figure 8: (a) Experimentaly observed [23] and (b) 
numerically predicted crack patterns of the cross-

section, case B (t = 6 years) 

5 SUMMARY AND CONCLUSIONS 

The coupled 3D chemo-hygro-thermo-
mechanical model for analysis of non-
mechanical and mechanical processes related 
to the corrosion of steel reinforcement is 
presented. The application of the model is 
demonstrated on two examples. In the first 
case the study is performed on the beam-end 
specimen assuming aggressive environmental 
conditions (splash zone). The corrosion 
induced damage is predicted for different 
levels of corrosion. It is shown that already 1 
year after depassivation of reinforcement there 
is cracking of concrete cover. Damage of 
concrete cover is less pronounced if the 
transport of rust through cracks is accounted 
for. Subsequently, to study the influence of the 
corrosion on the pull-out capacity of 
reinforcement, reinforcement bar is pulled out 
from the specimen for different corrosion 
levels. It is shown that the pull-out capacity 
after 7 years of corrosion is decreased by 37% 
and 43% for the case with and without 
transport of rust, respectively. The failure is 
due to the failure of concrete cover (splitting) 
and not to the pull-out of the bar from the 
concrete. Numerical results show very good 
agreement with experimental tests in which, 
for assumed environmental conditions, 
approximately 50 % of corrosion products 
were transported into cracks. As numerical 
analysis shows, this significantly reduces 
corrosion induced damage of concrete cover 
and contributes to higher pull-out capacity of 
corroded steel reinforcement. 
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The second example shows that the model 
is able to correctly predict crack pattern in the 
reinforced concrete beam exposed to severe 
conditions. Furthermore, it is shown how the 
choice of the anode-cathode position, which 
has to be assumed, influences the prediction of 
the crack pattern and corrosion of 
reinforcement. This important and complex 
aspect of the modeling of the corrosion of 
reinforcement is still not solved. Therefore, 
further development and calibration of the 
model is in progress. 
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Abstract: The self healing capacity of cementitious composites employed for either building 
new or repairing existing structures opens challenging perspectives for the use of a material 
intrinsically able to recover its pristine durability levels, thus guaranteeing a longer service life of 
the designed applications and a performance less sensitive to environmental induced degradation. 
One possibility of achieving the aforementioned self-healing capacity stands in the use of additives 
featuring a “delayed crystalline” activity, which, when in contact with water or atmosphere 
humidity, form chemical compounds which are able to reseal the cracks thus guaranteeing the 
recovery of a pristine level of mechanical performance. In order to quantify this self healing ability, 
either in presence of not of the aforementioned additives, and its effects on the recovery of 
mechanical properties of concrete a methodology has been developed and will be presented in this 
paper: it allows the recovery of material properties to be evaluated in terms of stiffness, maximum 
load and effective crack opening and “self healing” indices to be defined and quantified in a 
“durability based” design framework. 

1 INTRODUCTION 
Civil and structural engineers have to face 

with continuously increasing urgency 
multifaceted problems dictated by the 
increasing demand of structures and 
infrastructures in developing countries and by 
the aging of existing ones in the “developed” 
world. The rapidly changing society needs 
may not seldom require the aforementioned 
facilities to be built and used in extreme 
climate and/or service conditions, which poses 
a high demand to the structural performance. 
Because of concrete cracking and deterioration 
over time, in order to satisfy the afore-
mentioned requirements all along the structure 
service life, the initial performance of concrete 
has to be set at a quite high level, which results 
in increased construction costs. Furthermore, 
the need to apply comprehensive maintenance 

systems has to be likewise foreseen, which, 
though able to extend the service life of the 
structure and retrieving, partially or complete-
ly, the pristine levels of performance, will also 
present the drawbacks of additional costs.

Worldwide increasing consciousness for 
sustainable use of natural resources has made 
“overcoming the apparent contradictory 
requirements of low cost and high 
performance a challenging task” [1] as well as 
a major concern. The availability of self-
healing technologies, by controlling and 
repairing “early-stage cracks in concrete 
structures were possible” [1], could on one 
hand prevent “permeation of driving factors 
for deterioration” [1], thus extending the 
structure service life, and, on the other, even 
provide, in case, partial recovery of engi-
neering properties relevant to the application. 
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As pointed out by Lauer and Slate [2], as 
early as in 1956, in their milestone study on 
autogenous healing of cement paste, “if the 
mechanism of the [self healing] action is 
understood, and means can be found for 
accelerating it, a great stride will have been 
made in effectively retarding the rate of the 
disintegration of concrete, which […] is one of 
the major problems of the concrete field […]”. 

Path has been travelled since then and 
consensus among the international community 
has been achieved about the engineering 
significance of the problem, which has 
resulted in state-of-the-art reports to be 
compiled as well as into a clear terminology 
definition.

The RILEM TC-221-SHC “Self healing 
phenomena in cement based materials”, 
reported by [1], distinguishes: 
- based on the result of the action, between 

self-closing and self-healing, whether only 
closure of the cracks or also restoring of the 
properties is observed;

- based on the process of the action, between 
“autogenic” (or natural) and “autonomic” 
(or engineered), whether the crack closure 
or restoration of material properties is due 
to either own concrete material or some 
engineered addition. 
In this paper, a new approach based on 

fracture testing to quantify the effects of 
natural or engineered self healing will be 
presented and discussed, also focusing the 
attention on the use of crystalline admixtures 
as catalysts of the self healing phenomena.   

2 “A CONCRETE MIRACLE?” 
Autogenous healing of cement based 

materials was reportedly discovered as early as 
in 1836 by the French Academy of Sciences, 
and attributed to the convection of calcium 
hydroxide exuded from the hydrated cement 
and converted into calcium carbonate on 
exposure to the atmosphere. Such a discovery 
was reported by Loving [3] who, on inspection  
of concrete pipe culverts in 1936, found many 
healed cracks filled with calcium carbonate. 

Already in 1913, Abrams [4] observed the 
phenomenon and attributed it to the retarded or 

interrupted hydraulicity of the cement. Further 
investigations followed [1], through which it 
was recognized the nature of the phenomenon 
to be that of continued hydration. As a matter 
of fact, Turner [5] pointed out that the action 
of autogeneous healing has “practical value in 
several applications […] namely , the increase 
in strength of partially set concrete remixed 
with water, repair of precast units cracked 
during early handling; sealing against 
corrosion and re-knitting of cracks developed 
in concrete piles during their handling and 
driving; sealing of cracks in concrete water 
tanks; and the regain, after loss, of strength of 
“green” concrete disturbed by vibrations”. 

Further evidence of the phenomenon was 
reported by Whitehurst [6], who observed an 
increase in the dynamic modulus of field 
structures during a wet spring, following a 
winter of freezing and thawing, correlating it 
to at least some improvement in the strength 
properties of the concrete. 

Lauer and Slate [2] finally provided the first 
comprehensive investigation and explanation 
of the self healing mechanisms. As a matter of 
fact that the materials produced by the self-
healing reactions consist of calcium hydroxide 
and calcium carbonate crystals. The latter are 
due to the reaction between calcium 
hydroxide, which is a product of cement 
hydration, and carbon dioxide present either in 
water or air. The consumption of calcium 
hydroxide on the crack surfaces generates its 
outward migration from inner concrete. At the 
same time, as long as the production of 
calcium carbonate continues, its crystals 
precipitate along the free surfaces of the crack. 
They found direct correlation between the size 
of the crystals, the percentage of surface crack 
area covered by crystals and the healing 
strength. Furthermore they found healing in an 
atmosphere at 95% relative humidity could 
give up healing strengths as much as 85% 
lower than those obtained by healing under 
water, for which up to 25% of the normal 90 
days strength could be recovered upon 
cracking at 1 day. Obviously, the later the 
cracking occurred, the lower the percentage of 
healed to normal strength. 

The importance of continuing hydration as 
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a driver for the self-healing capacity of 
cementitious composites was further 
highlighted by Hearn and Morley [7]. 
Continuing or delayed hydration, as explained 
by Neville [8], most likely occurs in early age 
concretes, where cracks are more tortuous, 
because of the lower strength and toughness of 
paste, and may thus expose to outdoor 
environment larger clusters of anhydrous 
cement particles. On the other hand, in old 
concretes the material filling the cracks mainly 
consists of calcium carbonate, according to the 
aforementioned reaction mechanisms. 

Summarizing previous studies possible 
mechanisms of self-healing can be categorized 
as follows [9]: 
(1)   further reaction of unhydrated cement; 
(2) expansion of the concrete in the crack 

flanks;
(3)  crystallization of calcium carbonate; 
(4) closing of the cracks by solid matters in 

the water; 
(5) closing of the cracks by spalling-off of 

loose concrete particles resulting from 
the cracking. 

Several variables, besides the presence of 
water and, in case, of carbon dioxide dissolved 
in it, may affect the phenomenon of self-
healing, such as: 
- the mix constituents: Dhir et al. [10] found 

that self-healing is higher in mortars with a 
higher con-tent of cement;  

- the stress state along the cracks and the 
steadiness of the cracked state [11];  

- the temperature of the water: Reinhardt and 
Joos [12] found that a higher temperature of 
water favors self-healing;  

- or the alternation between water saturated 
conditions and exposure to air with 
different relative humidity, which reduced 
“the strength developed by a marked 
degree” [2]. 
If the mechanisms of self-healing have been 

quite well understood and reaction products 
thoroughly characterized from a chemical 
point of view, the quantitative assessment of 
its effects on the engineering properties of 
concrete and cement based materials still 
needs and deserves a much deeper and more 
comprehensive dedicated investigation. Most 

of the surveyed studies [7,13-15] focused on 
the variation of water permeability and only 
very few among them [2,10] analyzed the 
effects on recovery of mechanical properties. 
Furthermore, most studies only investigated 
recovery in signal transmission, which, as 
reported by Aldea et al. [15], was not as 
spectacular as that in permeability. 

In the very last decade lot of attention and a 
huge amount of research work have been 
dedicated to “engineered” self healing, also in 
the framework of the sustainability framework 
addressed in the introduction, along three main 
fields of research: self healing engineered with 
fiber reinforcement, mineral-producing 
bacteria and proprietary chemical admixtures. 

As for the first topic, the first studies on the 
capacity of fiber reinforced cementitious 
composites to undergo recovery of their 
mechanical properties, upon cracking and 
exposure to suitable environmental conditions, 
date back to the early eighties [16,17]. In very 
recent years, the advent of High Performance 
Fiber Reinforced Cementitious Composites 
(HPFRCCs) has given renovated impulse to 
the research in this field. As a matter of fact 
HPFRCCs are highly conducive to exhibit 
self-healing capacity. This is concurrent 
outcome of the mix composition, characterized 
by high dosages of cement and cement 
substitutes and low water/binder ratios, and by 
the formation of stable multiple tiny cracks be-
fore the onset of unstable crack localization. 
Because of the former, large amounts of 
anhydrous particles, which feature either 
cementitious or pozzolanic activity, can be 
exposed to atmosphere humidity and activate 
self-healing reactions upon cracking. 
Furthermore, because of the smaller width of 
each single crack, even complete resealing 
may be possible, which is also likely to result 
into a significant or even complete recovery of 
strength and strain capacity of the material, as 
a function of the exposure conditions and 
preexisting damage/cracking conditions [18]. 
This opens, e.g., interesting perspectives to the 
use of HPFRCCs in repairing old or damaged 
structures. First of all, the repairing material is 
in fact intrinsically more durable, because of 
its high compactness and of the crack bridging 
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effects exerted by fibers, which help in 
controlling crack opening and hence prevent or 
reduce exposure to environment born 
aggressive agents. Furthermore, because of the 
self-healing, the material is able to recover its 
pristine level of durability and strength, with 
relevant outcomes, e.g., on the life cycle of the 
structure, as, e.g., shown by Mihashi et al. [19] 
with reference to improvement in corrosion 
resistance due the self healing of the cracks. 

The precipitation of calcium carbonate due 
to the biochemical action of suitable bacteria, 
such as ureolytic ones which convert urea into 
ammonium and carbonate [20], has been 
recently noticed as a possible self healing 
mechanism and promising results of laboratory 
studies have been published. As pointed out by 
Jonkers [20], the following two requirements 
hold in order to apply this technique to a self-
healing concrete: 
- the lifetime of the bacteria needs to be long 

enough, comparable to the service life of 
the structure; 

- the addition of bacteria and/or of the 
necessary bio-cement precursor compounds 
must not cause the loss of other properties 
of the concrete itself. 
A further technology to engineer the self 

healing of cracks in cementitious composites 
consists in the use of different kinds of, in case 
proprietary, mineral admixtures, such as 
aluminosilicate materials and various modified 
calcium composite materials [21]. The self 
healing action is in this case mainly due to the 
swelling and expansion effects and to 
recrystallization. The supply of water or at 
least moisture is essential, but “since most 
infrastructures are exposed to rain or 
underground water, usually this is an easily 
satisfiable requirement”. The use of the so-
called “crystalline additives” is well known 
with reference to the reduction of concrete 
porosity and of water permeability of concrete, 
and hence to the improvement of the tightness 
and waterproof properties of structural 
elements, when required. These additives 
contain substances which react with cement 
constituents and form calcium silicate 
hydrates. The reaction propagates through the 
concrete mass because of osmosis, Brownian 

motion and progressive involvement of 
anhydrous cement particles. The reaction 
products tend to fill the capillary voids, thus 
resulting in a system impervious to water and 
other environment born aggressive substances. 
The reaction consumes the moisture inside the 
concrete but can also undergo a delayed 
activation, whenever the material comes back 
into contact with water and/or environment 
moisture: this, as a matter of fact, can happen 
upon crack formation even at later ages. The 
effects of this kind of additives on enhancing 
the self-healing capacity of cracked concrete 
have not been so far investigated and hence 
deserve being assessed, in the sight of the 
aforementioned potential applications. 

3 EXPERIMENTAL PROGRAMME 
In order to quantify the self-healing 

capacity of concrete containing crystalline 
additives and its effects on the recovery of 
mechanical properties, a methodology has 
been developed and will be presented in this 
paper. As a first step, prismatic beam 
specimens, made with both concrete added or 
not with the aforementioned additive (the mix-
design of both concretes is listed in Table 1), 
are pre-cracked, up to different crack opening 
levels, by means of a COD-controlled three 
point bending set-up. Specimens were then 
submitted to accelerated temperature and 
humidity cycles representative of winter 
exposure conditions for different duration. 
Finally, three point bending tests were 
performed on either uncracked or pre-cracked 
specimens and results, in terms of load-crack 
opening curves, were compared with those 
obtained from virgin specimens before any 
“conditioning”. This allowed recovery to be 
evaluated in terms of actual crack opening, 
load and stiffness recovery capacity, and 
related “self-healing” indices to be defined. 

31 beam specimens, 50 mm thick, 500 mm 
long and 100 wide, were cast with each of the 
mixed concretes; the specimens, after 72h 
curing in lab conditions under quilts kept 
continuously wet, were stored in a moist room 
at  20°C and 95%RH for 35 days. 
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Table 1.  Mix design of investigated concretes. __________________________________________________________________________________________ 
Constituent   w/out additive with additive  
       (kg/m3)       (kg/m3)___ 
Cement type II 42.5   300   300 
Fine aggregate 0-8 mm  975   975  
Coarse aggregate 8-16 mm 975   975 
Water       165   165 
 (w/c)      0.55   0.55 
Superplasticizer        3       3 
Aero-Crystallizing Additive     =       3 _____________________________________________ 

Strength development was continuously 
monitored during this period, through 
compressive strength tests on companion cube 
specimens, with the side equal to 100 mm, 
showing no significant difference between 
concrete containing or not the crystalline 
additive (Figure 1). 

At the end of the curing period, specimens 
made with each type of concrete were divided 
into three groups; specimens of two groups, 
for each concrete, were pre-cracked, according 
to the 3-point bending test set-up shown in 
Figure 2, up to (residual) crack openings equal 
to about 130 and 270 µm respectively, 
whereas specimens belonging to the third 
group were left uncracked. It is worth 
remarking that the bending tests were per-
formed by controlling the Crack Opening 
Displacement (COD), measured at the mid-
span section by means of a clip-gauge. 

Specimens were then put into a climate 
chamber and subjected to the temperature and 
humidity cycle sketched in Figure 3. Each six-
hour cycle was meant to simulate, in an 
accelerated way, an average autumn day in 
northern Italy (in Figure 4 the records of 
temperature and humidity in November in 
Milan are shown). Specimens were kept into 
the climate chamber for four weeks. At the end 
of the first and second week, one third of each 
group of specimens (uncracked, pre-cracked at 
both 130 and 270 µm, and both containing or 
not the additive) was taken out of the chamber: 
the specimens were finally subjected to three 
point bending tests, up to failure, still 
employing the same set-up shown in Figure 2. 
Figure 5 shows a synopsis of the complete 
experimental programme, including air 
exposure and water immersion conditions, 
which will be not dealt with in this paper. 
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f c
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c2
8

without additive
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EC2 strength development law

Figure 1: strength development of concrete with and 
without crystalline additives vs. EC2 provisions.

Figure 2: 3-point bending test set-up 

Figure 3: hygrothermal cycles 
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Figure 4: temperature (T) and relative humidity (RH) 
recorded during November 2011 in Milan 
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Figure 5:synopsis of experimental program 

4 EXPERIMENTAL RESULTS 

4.1 Evaluation of crack healing 
Figure 6a shows an example of Load vs. 

CMOD curve, as recorded from the same 
specimen tested in 3-point bending before and 
after the exposure to hygrothermal cycles in 
the climate chamber. Consistently with the 
rationale of the testing program, the curve 
obtained after the climate chamber exposure 
has to be interpreted as a reloading of the 
specimen, following a previous unloading at a 
prescribed crack opening and the subsequent 
hygrothermal conditioning. An evident 
strength recovery capacity has been exhibited 
by the specimen, which, upon reloading, 
would have otherwise attained a strength level 
equal to the one at which is was previously 
unloaded. It is worth here remarking that all 
tested specimens featured the aforementioned 
strength recovery, obviously as a function of 
presence of the additive, duration of exposure 
to hygrothermal conditioning and width of the 
pre-induced crack. 

(a)

(b) 

Figure 6: example of load-COD curve obtained from 
3pb tests on the same specimen before and after T-RH 

conditioning (strength recovery is evident - a); proposal 
of a procedure to evaluate crack closure (b) 
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Figure 7: influence of climate chamber exposure on 
bending strength of unckracked beam specimens 

It can be reliably assumed that the strength 
recovery occurred right because of the self-
healing, which led to a partial closure of the 
previously created crack. The comparison 
(Figure 7), in terms of flexural strength, 
between specimens tested  at the end of the 
curing period, i.e. before any kind of exposure 
or conditioning, and uncracked specimens 
tested after it, supports this assumption, 
showing no significant occurrence of 
continuing hydration for uncracked specimens. 
On the contrary it can be reliably hypothesized 
that because of cracking, some un-hydrated 
material inside the specimens was exposed to 
environment moisture, which activated, in case 
also through the aid of the additive, the 
chemical reactions featuring self-healing. 

In order to quantify the crack-strength 
recovery and the effects on it of the variables 
recalled above, the following procedure has 
been adopted. The post-conditioning load-
COD curve has been rigidly shifted backward 
along the horizontal axis (Figure 6b), until its 
peak load point intersected the softening 
branch of the virgin load-COD curve. The rea-
sonable matching of softening branches after 
this shifting may be called to confirm the 
reliability of the proposed procedure. It is 
furthermore worth remarking that what has 
been shown in Figure 6b with reference to one 
experimental case has been systematically 
obtained for all the tested specimens. The 
aforementioned shifting led to a new position 
the origin of the post-conditioning curve, 

originally assumed equal to the residual crack-
opening upon unloading the virgin specimen 
after pre-cracking tests. The amount of this 
shifting can be assumed to quantify the crack 
closure, and its ratio to the previous crack 
opening is defined as Index of Crack Self-
Healing (ICSH). This index has been plotted, 
in Figure 8a-b, for concretes both containing 
or not the additive, as a function of the crack 
width attained during the pre-cracking bending 
tests, and of the duration of exposure. 

The following statements hold: 
- even normal strength concrete, mixed with 
medium to high water/cement ratios, is likely 
to exhibit, after conventional aging time (> 28 
days), a not negligible crack self-healing; this 
is most likely due to continuing hydration of 
anhydrous cement particles present on cracked 
interfaces and exposed to environment 
moisture upon cracking. This capacity anyway 
appears to be randomly scattered and not 
affected by the duration of the exposure to 
high relative humidity; 
- the addition of crystalline additives 
enhances the self-healing capacity, which 
appears to increase with the time of exposure 
to high moisture and, most of all, is significant 
even for higher crack openings. 

(a)

(b) 

Figure 8: Index of Crack Self-Healing (ICSH), for 
concretes without (a) or with (b) crystalline admixture, 
as a function of crack opening and exposure duration.
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4.2 Recovery of load bearing capacity 
The effects of the crack self healing on the 

recovery of load bearing capacity have been 
further investigated. The following two indices 
of load recovery have been defined,  referred 
to either the material virgin or post-cracking 
residual strength, (notation in Figure 6a): 

ILR1 = 
unloading

unloadingreloadingmax,

P

PP −
         (1a) 

ILR2 = 
uncrackedmax,

unloadingreloadingmax,

P

PP −
        (1b) 

In Figure 9 the indices have been plotted vs. 
the duration of exposure to hygro-thermal 
conditioning and also as a function of the pre-
induced crack width. It can be interestingly 
observed that the presence of the crystalline 
additive, acting as a catalyst of the self healing 
reactions, improves the load recovery capacity 
as a function of the exposure duration. 
Furthermore, the larger the crack width, the 
higher the effects of the self-healing on the 
load recovery. This can be most likely 
attributed to the creation of a larger free crack 
surface and hence to the exposure to 
environment moisture of larger clusters of un-
reacted catalyst and un-hydrated cement 
particles. On the contrary this tendency has not 
been measured for specimens made with 
concrete which does not contain the catalyst 
additive. As a matter of fact they feature an 
always lower load recovery capacity, and 
furthermore scantly sensitive to the exposure 
duration and negatively affected by the crack 
width (in this case the larger the crack width 
the lower the load recovery capacity). 

Results appear furthermore to be consistent 
with the previously estimated Index of Crack 
Self Healing (ICSH): in Figure 10 the latter  
has been assumed as the variable governing 
the load recovery capacity and the consistency 
and significance of its definition clearly 
appears, right when referred to the recovery of 
stress bearing capacity, triggered by the self 
healing reactions. The improvements, even 
remarkable, which can be achieved due to the 
addition of  the crystalline additive are evident. 
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Figure 9: Indices of Load Recovery  as a function of 
exposure duration and crack opening. 
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Figure 11: Index of Damage Recovery  as a function of 
exposure duration and crack opening. 

4.3 Recovery of stiffness 
Evaluation of the effects of the self healing 

capacity on the recovery of mechanical 
properties of the material has further gone 
forward by considering the structural stiffness 
of the specimens, as estimated from the load-
crack opening curves. Because the variation of 
stiffness can be directly correlated to a damage 
index, the following Index of Damage 
Recovery (IDR) has been defined: 

IDR = 
initial

unloadingreloading

K
KK −

         (2) 

where K denotes the specimen crack-opening 
stiffness. In Figure 11 the Index of Damage 
Recovery has been plotted as a function of the 
duration of exposure to hygro-thermal 
conditioning cycles and of the pre-induced 
opening of the crack. 

The trend of this index is less immediate 
than the one detected for the load recovery 
indices. It can be observed that while for the 
first two weeks of exposure the concrete 
without additive performs better than the other 
one, for longer exposure the performance of 
the concrete containing the crystalline additive 
becomes significantly better, whereas the 
former ones tend to stabilize. It furthermore  
appears that the recovery of stiffness, and 
hence of damage, is more significant for 
smaller crack openings, most likely because of 
the softer nature of the self healing reaction 
products.

5 CONCLUSIONS 
In this study a methodology has been 

proposed to measure and quantify the effects 
of self-healing on the mechanical properties of 
cement based materials. The methodology is 
based on pre-cracking beam specimens to 
prescribed crack-widths, exposing them to 
suitable real or artificial environment condi-
tions, and, after that, testing them again until 
failure according to the same set-up employed 
for pre-cracking. Self-healing capacity has 
been evaluated by seeking suitable matching 
between the load-crack opening curves 
obtained for the virgin specimen and for the 
conditioned one. 

In this paper only artificial exposure 
conditions, corresponding to autumn Northern 
Italy climate, have been considered, as a start-
up of a more comprehensive research program. 

It has  been shown that cementitious 
materials inherently possess, within an 
acceptable range, some self-healing capacity, 
most likely due to continuing hydration 
favored by suitable environment conditions, 
which is anyway randomly scattered. 

The inclusion in the concrete mix of aero-
crystallizing admixtures not only enhances the 
aforementioned self-healing capacity, even up 
to more than 80% recovery of the crack 
opening, but also makes it more reliable and 
consistent.

The proposed methodology, as well as the 
previous statements referring to the effects of 
self-healing, needs to be assessed and 
confirmed with reference to a much wider 
variability of natural and artificial exposure 
conditions (different hygrothermal cycles, 
natural exposure, water immersion, wet-and-
dry cycles even in marine-like environment 
etc.). Characterization of self-healed cracked 
interfaces through microscopy observation is 
also needed and currently ongoing. This will 
be surely instrumental to gain a stronger 
confidence in the self-healing phenomenon 
and its effects on mechanical properties of 
cementitious composites, which is of the 
utmost importance in order to consistently take 
them into account in the framework of 
durability-based design approaches. 
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e-mail: derluyn@arch.ethz.ch, moonen@arch.ethz.ch, carmeliet@arch.ethz.ch

†EMPA, Swiss Federal Laboratories for Materials Science and Technology,
Laboratory for Building Science and Technology
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Abstract. This paper presents a finite element model coupling heat, water and salt transport, salt
crystallization, deformation and damage in porous materials. The model allows to predict mechan-
ical, hygro-thermal and crystallization induced damage. The model performance is illustrated by
simulating the damage caused by sodium chloride crystallization in Savonnières limestone, a qausi-
brittle porous material. The simulation results suggest that we need to control the nucleation and
growth kinetics in porous materials to be able to control salt damage.

1 INTRODUCTION
Water and dissolved salt ions penetrate into

building materials due to diffusive and advec-
tive transport. Upon changes in the environ-
mental conditions, salt can crystallize at the sur-
face (efflorescence) or inside the material (sub-
florescence). Subflorescence is accompanied
with the development of crystallization pres-
sures, which may lead to spalling and cracking
of the solid material matrix, and thus to a reduc-
tion of the lifetime of a construction or mon-
ument. Until now, the mechanism of crystal-
lization in confined conditions and the related
damage processes, as well as the computational
modeling, are still subject of scientific debate.

Moonen et al. [1–4] developed a FEM model
that predicts hygrothermal damage processes in
porous media using a continuous-discontinuous
approach. This model has been extended by
Derluyn [5] to incorporate salt transport, salt
crystallization and crystallization damage. The
model includes all salt properties of sodium

chloride and sodium sulfate, two of the most
damaging salts for porous materials. In the first
part of this paper, we present the fully cou-
pled model. We briefly recall the modeling of
heat and moisture transport [6]. The descrip-
tion of the salt crystallization, the coupling with
the mechanical behavior and the crystallization
damage are discussed. In the second part of this
paper, a simulation study is presented, predict-
ing the damage caused by sodium chloride crys-
tallization induced by drying of an initially wet
limestone. The simulation results are compared
with experimental data acquired by neutron ra-
diography and X-ray tomography [5].

2 A COUPLED MODEL FOR TRANS-
PORT, CRYSTALLIZATION, DEFOR-
MATION AND DAMAGE

2.1 Moisture and heat transport
The moisture transport comprises the trans-

port of liquid and water vapor in the pore space,
with the liquid phase consisting of water and

1
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salt ions. Exchange of water molecules oc-
curs between the liquid and the gas phase and
the liquid and the crystal phase. Salt ions are
exchanged between the liquid and the crystal
phase. The moisture mass balance is given by:

Φ
∂ (Slρl + Scrρcr)

∂t
= ∇ · (Kl∇pc + δv∇pv)

(1)
with Φ the total accessible porosity, Sl and Scr

the liquid and the crystal saturation degree, and
ρl and ρcr the density of the liquid phase and
of the salt crystal. Kl is the liquid permeabil-
ity as function of capillary pressure. The capil-
lary pressure expresses the pressure difference
across the liquid-gas interface and is defined as:

pc = pl − pg (2)

δv is the vapor permeability in function of va-
por pressure pv. The vapor pressure is function
of the capillary pressure pc, temperature T and
the water activity aw as given by the modified
Kelvin relation:

pv = awpv,sat exp

(
pc

ρwRvT

)
(3)

with pv,sat the saturated vapor pressure, which
is function of the temperature, and ρw the wa-
ter density. The water activity is dependent on
the temperature and the salt concentration and
accounts for the change of the vapor pressure
in equilibrium with a salt solution, compared to
the vapor pressure in equilibrium with pure wa-
ter. For pure water, the water activity equals 1.
The higher the salt concentration gets, the lower
the water activity will be, leading to lower vapor
pressures.

Under the assumption that the dissolved salt
ions are transported together, the mass balance
for the salt ions reads:

Φ
∂ (SlρlCi)

∂t
+ Φ

∂Scr

/
V̄cr

∂t
=

∇ ·
(
ρlD

l
i∇Ci

)
+∇ · (CiKl∇pc) (4)

with Ci the salt concentration in mole/kg liquid
solution and V̄cr the molar volume of the salt

crystal. Dl
i is the salt diffusion coefficient in the

liquid phase.
Heat transport is described by the energy bal-

ance:

∂

((
cp,sρs + Φcp,lSlρl+

Φcp,crScrρcr

)
(T − T0)

)

∂t

+
∂ΦLcrScrρcr

∂t
+∇ ·qe = 0

(5)

with cp,j the specific heat capacity at atmo-
spheric pressure of the considered phase (s,
solid phase; l, liquid phase; cr, crystal phase).
Lcr is the heat of crystallization and T0 is the
reference temperature for the enthalpy, being
0°C (273.15K).

The heat flux qe is a combination of a con-
ductive part and an advective part. The conduc-
tive part is given by Fourier’s law:

qe,c = −λ∇T (6)

with λ the apparent thermal conductivity of
the porous structure. The advective part is de-
scribed as:

qe,a =− (cp,v (T − T0) + Lv) δv∇pv

− cp,l (T − T0)Kl∇pc (7)

with cp,v the specific heat capacity of water va-
por and Lv the latent heat of evaporation of wa-
ter.

2.2 Salt crystallization
The salt crystal mass balance reads:

Φ
∂ (Scrρcr)

∂t
= ecrl (8)

where we have to define the mass exchange
ecrl between the liquid and the crystal phase.
This mass exchange is described by the kinet-
ics of salt crystallization/dissolution. In brief,
the model considers that the supersaturation U
is the driving force for crystallization, and con-
sequently the mass exchange during crystalliza-
tion from a solution is given by [7, 8]:

ecrl = ζKm,cr(U − 1)gcr for U > Uthr (9)

where Km,cr and gcr are kinetic parameters and ζ
is the fraction of the capillary active pore space
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filled with salt solution. In order for new crys-
tals to nucleate and grow, the supersaturation
has to exceed a threshold value Uthr.

Dissolution is described by a similar type of
equation, only the kinetic parameters and the
threshold value differ:

ecrl = −ζKm,diss(1− U)gdiss for U < 1 (10)

For the modeling of the crystallization, be-
sides the kinetics, also the confined pore vol-
ume space needs to be considered. If no space
is available for crystals to grow, crystallization
will stop and consequently the concentration
will remain higher than when the crystals could
grow freely. Moreover, dissolution can only oc-
cur as long as there are still crystals present. Fi-
nally, we also have to consider that the presence
of crystals at a certain location influences nu-
cleation and growth of crystals at neighboring
locations. In order to get a stable numerical sys-
tem incorporating all these conditions, the crys-
tallization term ecrl is implemented as:

ecrl =

f (Scr, 1) · ζKm,cr(max (U,Uthr)− Uthr)
gcr+

f (Scr, 0) · ζKm,diss(1−min (U, 1))gdiss (11)

where the first term represents crystal growth
and the second term represents crystal dissolu-
tion.

The function f is introduced to perform two
checks:

1. Crystallization stops when the available
pore volume is occupied by salt crystals:
as long as Scr < 1, f equals 1 and the
crystallization kinetics are active. When
the pore volume is filled with crystals,
Scr = 1, no crystallization occurs any-
more and consequently f equals 0.

2. Dissolution can occur as long as there are
still crystals present: as long as Scr > 0, f
equals 1. When all crystals are dissolved
and Scr = 0, the dissolution kinetics stop
and f equals 0.

Physically, we would only need a step function
to define f , where f equals 1 when 0 < Scr < 1

and f equals 0 when Scr = 0 or Scr = 1. How-
ever, as step functions typically introduce nu-
merical problems due to their steep change, we
smooth the function f by use of an exponential
function. The function f is defined as:

f (x, r) =
r − x

|r − x|
·
(
1− exp

(
−
∣∣∣∣
x− r

HBW

∣∣∣∣
))

(12)
The half-band-with HBW of this function is
taken low (HBW=0.01) in order to assure that
the exponential function reduces fast to 0 and
that the function f approximates as close as
possible a step function.

The function Uthr is defined as:

Uthr = 1 + (Ustart − 1) · exp
(
−υS̄cr

)
(13)

and represents the drop of the crystallization
threshold from Ustart to 1. This drop is re-
lated to the nucleation and growth kinetics. The
nucleation and growth kinetics determine how
long a certain supersaturation U is maintained
until a sufficient amount of crystals have nucle-
ated and sufficiently large crystals have grown
so that new crystals start to grow at lower super-
saturation levels. This is incorporated in the pa-
rameter υ and the function S̄cr. The function S̄cr

also incorporates how the crystal growth propa-
gates through the studied domain when a crystal
starts to grow locally. A non-local formulation
is developed for this function in order to be able
to include this propagation. S̄cr is defined as:

S̄cr =

∫
Ω
wfScrdΩ∫
Ω
wfdΩ

(14)

with wf the weighting function, defined as a
multivariate normal distribution:

wf =
1

(2π)
k
2 lk

exp

(
− r2

2l2

)
(15)

with r the distance away from the evaluated
point and l the influence length. k represents
the number of dimensions. The influence length
depends on the nucleation kinetics. If a lot of
crystals nucleate, the influence length will be
large, if the number of nucleating crystals is
limited, the influence length will be reduced.
When no crystals are present in the neighbor-
hood of the evaluated point, S̄cr equals zero
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and the Uthr-condition remains Ustart. When
many crystals nucleate and grow in the neigh-
borhood, the Uthr-condition reduces to one, en-
suring that crystals also start to grow in the po-
sitions around a position where crystals are al-
ready precipitating.

2.3 Conservation of momentum
The solid momentum balance reads:

∇ ·σs + Φsρsbs = 0 (16)

with σs the partial stress tensor of the solid
phase and bs the body forces working on the
solid (for example the gravitational force). For
the application of our model, body forces are
negligible.

The partial stress tensor of the solid phase is
expressed as:

σs = σ − bpsI (17)

with b the Biot coefficient, ps the solid pres-
sure, I the second order unit tensor and σ the
effective stress tensor. ps accounts for the ef-
fects of the constituents in the pore space on
the macroscopic behavior of the porous mate-
rial. The Biot coefficient is defined as:

b = 1− K̃

K̃s

≤ 1 (18)

with K̃ the bulk modulus of the porous material
(solid matrix and pore space) and K̃s the bulk
modulus of the solid matrix.



 





Figure 1: Schematic illustration of a crystal in a pore. A
liquid film is maintained between the crystal surface and
the pore wall.

The solid pressure is defined using the theory
of poromechanics [9, 10]:

ps =
∑
j

[Sj (pj − p0,j)] (19)

where j represents the different phases present
in the pore space, being gas, liquid and crys-
tal. pj is the pressure exerted by phase j and
p0,j is the pressure which accounts for the av-
eraged pressure shift induced by the interface
stress, 2σs,j/r, between the phase and the solid
matrix, with respect to the possible values of the
pore radius r. The pressure p0,j is expressed
as [10]:

p0,j =
1

Sj

∫ ∞

0

2σs,j

r

dSj

dr
dr (20)

As there is a thin liquid film between the salt
crystal and the solid matrix (see Figure 1), there
is no direct interface between the salt crystal
and the solid matrix. Therefore it is reasonable
to omit the interfacial stress between the crys-
tal phase and the solid phase (p0,cr) and to con-
sider only the interfacial stress between solid
and gas phase and solid and liquid phase, p0,g
and p0,l, respectively. The solid pressure is then
expressed as:

ps = Sgpg + Slpl + Scrpcr − Sgp0,g−
(Sl + Scr) p0,l (21)

Using the relationship Sg + Sl + Scr = 1 and
the definition of capillary pressure, equation 2,
and defining the crystallization pressure px as
the difference between the pressure of the crys-
tal phase and the pressure of the liquid phase
px = pcr − pl, equation 21 becomes:

ps = pg + (Sl + Scr) pc + Scrpx − Sgp0,g−
(Sl + Scr) p0,l (22)

p0,l is defined as:

p0,l =
1

Sl + Scr

∫ ∞

0

2σs,l

r

d (Sl + Scr)

dr
dr

(23)
and p0,g as:

p0,g =
1

Sg

∫ ∞

0

2σs,g

r

d (Sg)

dr
dr

= − 1

Sg

∫ ∞

0

2σs,g

r

d (Sl + Scr)

dr
dr (24)
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Knowing that 2σs,l

r
− 2σs,g

r
equals the capillary

pressure pc, we can write:

ps = pg + (Sl + Scr) pc + Scrpx+∫ ∞

0

pc
d (Sl + Scr)

dr
dr (25)

Starting from a reference state ps = 0 defined
by pg = patm, pc = pc,ref and px = px,ref, and
assuming that the gas pressure is constant and
equal to the atmospheric pressure, equation 25
becomes (similar to [11]):

ps =

∫ pc

pc,ref

(Sl + Scr) dpc + Scr (px − px,ref)

(26)

The crystallization pressure px can be seen as a
disjoining pressure, representing the interaction
forces between the crystal and the solid surface
via the thin film.

The effective stress tensor σ is given by:

σ = D (ε− εT ) (27)

where D is the elasticity tensor. ε is the sec-
ond order strain tensor equal to the symmetric
gradient of the displacement field u under the
assumption of small deformations:

ε = ∇symu (28)

εT is the thermal strain tensor, accounting for
the thermal expansion or contraction of the
porous material:

εT = αsI (T − Tref) (29)

with αs the thermal expansion coefficient of the
solid material and Tref the reference tempera-
ture.

2.4 Salt damage
We consider that the porous material exhibits

linear elastic mechanical behavior and that the
fracture mode is of the mode I type. This means
that the tensile stresses act normal to the plane
of the crack. We assume that damage occurs,
i.e. that a crack develops, when the j th principal

component σj of the effective stress tensor, de-
termined from equation 16 using definitions 17
and 27, exceeds the material strength f 0

t . This
is expressed by the following criterion:

f = σj − f 0
t � 0 (30)

If equation 30 is violated at a material point, a
crack develops.

3 SIMULATION STUDY: DRYING OF
A SAMPLE SATURATED WITH
SODIUM CHLORIDE SOLUTION

Drying of a Savonnières limestone sample
(10x10x8.5 mm3) at 45°C, initially saturated
with a 5.8 molal sodium chloride solution, has
been visualized and quantified using quantita-
tive neutron imaging analysis [5]. The sam-
ple was prepared by applying a water and vapor
tight membrane on the lateral sides (aluminum
tape) in order to create a one-dimensional dry-
ing process. Drying occurred in the direction
perpendicular to the bedding of Savonnières
limestone. A hydrophobic treatment (SILRES
BS 280, Wacker) was applied on the upper 3
mm of the sample. Drying could only occur
through the hydrophobically treated upper part
as the bottom surface was sealed. The hy-
drophobic treatment was intended to prevent
salt efflorescence and induce in-pore crystal-
lization. During the drying, the high spatial
resolution neutron radiographs (nominal pixel
size of 13.5 µm) indicated considerable defor-
mations after about 100 minutes. These de-
formations represent the displacements induced
by crack formation due to the crystallization of
sodium chloride. The cracks resulting from the
salt crystallization were characterized using X-
ray micro-computed tomography. The experi-
ment revealed that the salt crystals precipitate
in the upper region of the sample, mainly in the
hydrophobic zone, but below the top surface of
the sample. Consequently, cracks form in this
zone.

In this section, we simulate the coupled heat-
moisture-salt transport and salt crystallization
in the studied sample and predict the risk for
salt damage. Thus we solve equations 1, 4, 5, 8
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and 16 and look when the condition 30 is vio-
lated. The correct prediction of the salt damage
is found to depend strongly on the crystalliza-
tion kinetics.

3.1 Material and salt properties
3.1.1 Material properties

The total open porosity Φ of the Savonnières
limestone used for the experimental study was
determined by vacuum saturation and amounts
26.9%. The density of the limestone equals
1975 kg/m3. During capillary saturation, only
56% of the pore space gets filled. The capillary
active porosity of untreated Savonnières lime-
stone amounts Φunt = 14.9%. The other pores
are only active in the over-capillary regime.
When a hydrophobic treatment is applied, the
treatment occupies a fraction of the pore space,
defined by the porosity Φh. The capillary active
pore space reduces to Φunt − Φh. The poros-
ity of the hydrophobic treatment Φh at a certain
position x is found by:

Φh(x) = Φunt −
wl,cap(x)

ρl
(31)

with wl,cap(x) the capillary moisture content at
the position x, determined from the moisture
profile in the capillary saturated sample. When
salt crystals are precipitating, they as well re-
duce the capillary active pore space. The crys-
tals occupy a fraction of the pore space Φcr =
ΦScr and the capillary active pore space reduces
to Φunt − Φh − Φcr.

The moisture retention curve of Savonnières
limestone, describing the liquid saturation de-
gree Sl in function of capillary pressure, is ap-
proximated by a sum of power functions [12,
13]:

Sl(pc) =
s∑

j=1

lj(1 + (cjpc)
nj)mj (32)

with s the number of pore systems, lj weight
factors, and cj, nj and mj model parameters. Pa-
rameter mj can be estimated as [12]:

mj =
1− nj

nj
(33)

For the wetting moisture retention curve in the
capillary regime, the parameters are given in Ta-
ble 1. When the capillary active porosity is re-
duced by a hydrophobic treatment and/or the
presence of salt crystals, the liquid saturation
degree is reduced in a simplified way by mul-
tiplying with the factor 1− Φh

Φunt
− Φcr

Φunt
.

Table 1: Parameters for the analytical fit of the capillary
water retention curve.

1 2 3

c 8.0×10−7 7.0×10−6 1.3×10−4

n 4.27 1.98 1.85
l 0.135 0.256 0.165

The liquid permeability for pure water Kw

of Savonnières limestone in function of capil-
lary pressure was determined from the moisture
profiles obtained by neutron imaging during a
capillary uptake test, as explained in [14]. The
liquid permeability for a salt solution Kl can be
calculated from the liquid permeability of pure
water Kw as:

Kl = Kw
ηw
ρw

ρl

ηl
(34)

where η is the viscosity. The viscosity of
sodium chloride solutions with a concentration
between 0 to 6 molal in a temperature range of
20 to 150°C is given in [15]. The density, as
function of temperature and concentration, can
be calculated following Steiger et al. [16, 17].
The relation expressed by equation 34 was con-
firmed experimentally in [14]. When the capil-
lary active pore space is reduced by a hydropho-
bic treatment and/or the presence of salt crys-
tals, the liquid permeability is reduced, similar
to the liquid saturation degree, by multiplying
with the factor 1− Φh

Φunt
− Φcr

Φunt
.

The vapor permeability δv was measured
with the ‘cup method’ following EN ISO
12572:2001 [18]. The nonlinear vapor perme-
ability can be described in function of the vapor
pressure pv as:

δv = δv,air ·
(
a+ b exp

(
c ·

pv
pv,sat

))
(35)
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with a, b and c parameters. The vapor perme-
ability in air δv,air is given by Schirmer’s equa-
tion [19,20]. For flow perpendicular to the bed-
ding direction of the limestone, the parameters
a, b and c amount 0.0109, 8.86×10−6 and 8.55,
respectively. The tortuosity τ of the stone in the
perpendicular direction is 24.4.

The thermal conductivity λ was measured
using the heat flow meter method (EN 1946-
3:1999, [21]). An average thermal conductivity
of 0.99 W/mK was found for dry Savonnières
limestone. To incorporate the influence of mois-
ture, the thermal conductivity of water λw, mul-
tiplied with the volume fraction of water, is
added to the dry thermal conductivity:

λ (Sl) = λdry + λwΦSl (36)

Values for λw are given by [22], e.g. at 20°C
λw equals 0.6 W/mK . The thermal capacity
cp,s of Savonnières limestone is estimated to
be 900 J/kgK (www.engineeringtoolbox.com).
The thermal expansion coefficient αs was de-
termined by measuring the thermal dilation in a
dynamic mechanical analyser (DMA 7e, Perkin
Elmer) during a heating-cooling cycle (125°C -
25°C), an average value of 5.5 µm/mK was ob-
tained.

The E-modulus was measured on samples
of 16 cm height and 4 x 4 cm2 cross section.
The samples were subjected to a compression
load up to 1/3rd of their compressive strength.
During this compression the deformation was
measured using a strain gauge device over a
length of 10 cm, and the E-modulus was de-
termined from the load-deformation curve. In
the dry state, an average E-modulus of 13.9 GPa
is found perpendicular to the bedding direction.
When the stone is capillary saturated, the E-
modulus perpendicular to the bedding direction
reduces to 11.2 GPa. The change of E-modulus
with saturation degree can be approximated by:

E (Sl) = Ewet+(Edry − Ewet) exp

(
−p

Φ

Φunt
Sl

)

(37)
with p a parameter. We adopt a value of 36 [23],
but remark that this value was determined on

calcium silicate board. The function 37 ex-
presses that the E-modulus decreases fast to the
E-modulus of the wet state when the stone be-
comes wet (Sl > 0). The same behavior was,
for example, observed in [24] on Meule sand-
stone.

The tensile strength of dry Savonnières lime-
stone was determined from a tensile test on
samples of 10 cm height and 3.5 x 3.5 cm2

cross section. In the direction perpendicular to
the bedding, the tensile strength f 0

tdry
equals 1.8

MPa. The tensile strength of the bulk material
in function of liquid saturation degree can be
written as:

f 0
t (Sl) =

f 0
tdry

Edry
E (Sl) (38)

assuming the same tensile strain in dry and wet
conditions.

The Biot coefficient of Savonnières lime-
stone was not measured experimentally, but es-
timated from literature data of a similar lime-
stone [25]. The Biot coefficient is 0.77.

3.1.2 Salt properties

The salt diffusion coefficient in the porous
material, Dl

i, is given by [26]:

Dl
i = τ−1D (Ci, T ) ΦSl

ps (39)

where D (Ci, T ) is the diffusion coefficient in
function of concentration and temperature in a
non-dilute solution, taken from [27], τ is the
tortuosity and ps the saturation exponent, taken
equal to 1.6 [26].

To estimate the heat of crystallization Lcr,
the method described by [28] is adopted. The
heat capacity cp,cr of sodium chloride crystals
is obtained from [22].

The supersaturation U and the water activ-
ity aw are calculated using the Pitzer ion inter-
action approach as described by [29], thus ac-
counting for the non-ideal behavior of pore so-
lutions. The crystallization pressure px is then
given by [30]:

px =
RT

V̄cr
lnU (40)
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with R the universal gas constant, T the temper-
ature and V̄cr the molar volume of the crystal,
being 27 cm3/mole for sodium chloride.

The kinetic growth parameters Km,cr and gcr

equal 0.41 kg/m3s [31] and 1 for sodium chlo-
ride.

The only parameters that are not determined
from literature or experiments are the parame-
ters related to the nucleation kinetics. These are
the parameters υ, l and Ustart in the Uthr-function
(equation 13). The nucleation kinetics deter-
mine, together with the growth kinetics, how
fast a certain supersaturation gets consumed and
thus how long a certain crystallization pressure
is acting on the porous material. Therefore a
parameter study is done by performing the sim-
ulation using an Ustart value of 1.5 or 2, a l-
value of 1×10−4 or 1×10−3 m and a υ-value of
10 Φ

Φunt
, 100 Φ

Φunt
or 1000 Φ

Φunt
, resulting in 12 dif-

ferent cases.

3.2 Initial and boundary conditions
The simulation is performed on a 1-

dimensional mesh of length L, where L equals
the height of the sample used in the drying ex-
periment, being 8.19 mm. The mesh consists of
100 equidistant elements. The time steps are in
the order of 1 to 5 ms in order to assure conver-
gence of the coupled system of equations.

The initial capillary pressure at time t = 0
equals -100 Pa for every position in the sample,
corresponding to the capillary saturated state.
The initial temperature of the sample is equal
to 45°C. The initial concentration at every posi-
tion in the sample equals 5.8 molal. In the initial
state, no crystals are present in the sample.

The environment surrounding the sample is
described by its relative humidity and tempera-
ture measured in the experimental drying setup.
The relative humidity RHenv is 5% and the tem-
perature Tenv 45°C. Boundary conditions of the
Neumann type are imposed on the top surface
of the sample, being:

q̄m =CMTC(pv,env − pv,surf ) (41)
with pv,env = pv,sat (Tenv) ·RHenv

q̄e =HTC (Tenv − Tsurf ) (42)
+ (cp,v (Tsurf − T0) + Lv) · q̄m

with q̄m the moisture flow and q̄e the heat flow
at the boundary. pv,surf and Tsurf are the vapor
pressure and the temperature at the boundary
surface. The convective moisture transfer co-
efficient CMTC is determined based on a best
fitting procedure [5] and amounts 3.95×10−9

s/m. The convective heat transfer coefficient
CHTC is then given by the Chilton-Colburn
analogy [32] and amounts 0.57 W/m2K. The ra-
diative heat transfer coefficient RHTC is 5.1
W/m2K [33] and the total heat transfer coeffi-
cient HTC is 5.67 W/m2K. Zero flow boundary
conditions are applied on the bottom side of the
sample.

3.3 Simulation results
From the experimental results, we know that

the sample starts to deform considerably after
100 minutes, representing the displacement in-
duced by crack formation. Thus we expect
that the effective stress at a certain position in
the sample exceeds the tensile strength around
this time. An overview of the effective stress
reached after 2.5 hours of drying is given in Ta-
ble 2 using different values for the nucleation
parameters Ustart, l and υ. Only four of the
twelve sets of parameters predict damage within
the simulated time frame. The table indicates
that the more crystals can spread within the
sample (larger l value) and the faster the Uthr-
function reduces to 1 (larger υ value), the longer
it takes before the effective stress exceeds the
tensile strength.

We will further discuss one simulation result
more in detail. We select the Ustart-value of 1.5,
which corresponds to a concentration increase
of 9% by mass with respect to the saturated con-
centration, close to the maximal value of 10%
mentioned by [34]. We look at the simulation
result using l = 1× 10−4 and υ = 100, that re-
sults in damage after 114 minutes, similar to the
experimental result. The effective stress and the
strain evolution with time is given by the pro-
files in Figure 2 and 3b.
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Table 2: Maximal effective stress σI,max after 2.5 hours
using different nucleation parameters, the height at which
this effective stress is reached in the sample, and the time
at which cracking occurs if the effective stress exceeds
the tensile strength. The ‘-’ symbol indicates that no
cracks formed during the first 2.5 hours. The simulation
indicated in bold is discussed in detail.

Ustart l υ σI,max height time to
crack

m Mpa mm min.

1.5 1×10−3 10 1.03 7.78 -
1.5 1×10−3 100 0.42 7.86 -
1.5 1×10−3 1000 0.41 7.86 -
1.5 1×10−4 10 > f0

t 7.86 89
1.5 1×10−4 100 > f0

t 7.78 114
1.5 1×10−4 1000 1.06 7.62 -

2.0 1×10−3 10 1.48 7.86 -
2.0 1×10−3 100 0.31 7.86 -
2.0 1×10−3 1000 0.28 7.86 -
2.0 1×10−4 10 > f0

t 7.86 113
2.0 1×10−4 100 > f0

t 7.86 115
2.0 1×10−4 1000 0.95 7.62 -

    

Figure 2: Comparison between the effective stress evo-
lution and the experimentally observed crack pattern.
Cracks are observed at the position where the maximal
effective stress develops in the simulation.

We observe that the highest effective stresses
and strains develop at about 0.4 mm from the
top surface of the sample. This is in agreement
with the observed crack pattern. A vertical slice
obtained from the X-ray tomographic dataset of
the sample is shown in Figure 2. A crack devel-
oped at the same height as where the effective
stress reaches the tensile strenght of 1.58 MPa.









  
 

   
 

 

Figure 3: (a) Supersaturation degree and (b) strain evo-
lution.

    

   
 

 

Figure 4: Evolution of (a) the crystal saturation degree
and (b) the crystallization pressure.

The effective stress is directly related to the
crystal saturation degree Scr and the crystalliza-
tion pressure px. The profiles of these two quan-
tities are given in Figure 4. The product of these
two quantities determines the effective stress, as
expressed by equation 17. As our sample can
deform freely, the solid stress σs approximates
zero. This means that the effective stress σ is
only determined by the solid pressure ps. Us-
ing equation 26 and considering that our simu-
lation is 1D, so that we can denote the stresses
by a scalar (i.e. we describe the stress in the
x-direction only), results in:

σ = b

(∫ pc

−100

(Sl + Scr) dpc + Scrpx

)
(43)

The effect of the hygric stresses, expressed by
the first term in equation 43 is found to be neg-
ligible in this simulation, as they only range in
the order of magnitude of 1000 Pa. Thus the
effective stress is approximately given by:

σ ≈ bScrpx (44)
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The developed crystallization pressures are di-
rectly related to the supersaturation evolution,
given in Figure 3a. The Ustart-value of 1.5 is
reached after 23 minutes, from then on, crystals
start to form.







 

Figure 5: Evolution of (a) the moisture content and (b)
the temperature.

The strains in Figures 3b are related to the
temperature change in the sample and to the
crystal formation. The sample cools down due
to evaporative cooling as represented in the pro-
files of Figure 5b. The cooling causes shrink-
age of the sample. As the sample can deform
freely and the cooling is uniform over the sam-
ple, the strains due to the cooling are uniform
and no internal stresses develop due to the ther-
mal shrinkage. When crystals start to form,
they cause expansion of the sample in the zone
where the crystals precipitate. The moisture
content profiles, representing the mass of liquid
present in the sample, are given in Figure 5a.
The liquid weight decrease is given in Figure 6.
The simulation approaches the experimentally
obtained data.

The obtained simulation results indicate that
we need to consider both the crystallization
pressure and the salt crystal distribution to as-
sess damage caused by salt crystallization cor-
rectly. The product of these two quantities de-
termines the effective stresses in the porous ma-
terial. The nucleation and growth kinetics of
the salt crystals influence the developed effec-
tive stress significantly (see Table 2). This in-
dicates that if you can control the kinetics of
crystallization, you can control salt damage.

Figure 6: Cumulative liquid weight decrease.

4 CONCLUSIONS
We have developed a fully coupled numer-

ical model that describes heat, water and salt
transport, salt crystallization and deformations
and damage induced by hygro-thermal and
crystallization stresses. The model predicts the
macroscopic behavior and physical degradation
of porous materials. The model performance
is illustrated by the prediction of salt damage
caused by the formation of sodium chloride
crystals in a porous limestone during drying.
The simulation results show a good agreement
with the experimental data obtained with neu-
tron and X-ray imaging techniques. The re-
sults suggest that controlling the nucleation and
growth kinetics is the key factor to control crys-
tallization damage.
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Abstract: Combining the use of finite element analysis and a discrete element approach, this 
contribution aims at proposing a new post-treatment technique to help one in computing the 
cracking openings in complex reinforced concrete structures subject to mechanical loadings. 

1 INTRODUCTION 
Concerning civil engineering structures 

issue, the prediction of cracking remains a 
main concern regarding the behaviour of 
concrete elements, or reinforced concrete 
elements. The effects of a crack on the 
durability of a structure are a major concern as 
long as the predictivity improvement for the 
numerical analysis is required. Not only the 
crack pattern but also the crack features such 
as spacing, openings, rugosity and tortuosity 
have to be addressed at a structural scale. 

The purpose of the present study is 
therefore to propose an original technique [1] 
allowing the use of finite element models [3] 
at a structural scale and a decoupled local 
analysis of some interesting zones for which a 

discrete element model is relevant [2]. Two 
distinct numerical analyses are performed 
emphasising their respective efficiency. First, 
a three dimensional non linear finite element 
analysis using damage mechanics based 
constitutive equations is introduced. From the 
damage pattern and the nodal displacement 
field, a second analysis is performed in order 
to evaluate discrete crack opening values, 
considering some critical zones. The discrete 
element method is here employed as a post-
processing operator allowing focusing the 
analysis on some critical parts of the whole 
structure which has been entirely evaluated at 
a coarse and large scale. Each family of 
models is employed in its better application 
field: macroscopic nonlinear description of the 
structure concerning the continuous method 
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and mesoscopic analysis of a crack for the 
discrete model. Any characteristic length is no 
longer introduced in the region of interest for 
cracking analysis. 

In a first part of the contribution, the 
theoretical and numerical frameworks of the 
developments are presented. The second part 
of the paper is devoted to a numerical case-
study. The relevancy of the use of such a non-
intrusive and decoupled method for a two 
scale analysis is appreciated within a non 
linear analysis of a reinforced concrete beam 
subject to bending moments (CEOS.fr 
project). The relevancy of this approach for 
combining finite element and discrete 
modelling is emphasised through comparisons 
with experimental results. 

2 NUMERICAL TOOLS 
The method developed here is inspired by 

the sub-modeling techniques often used for 
industrial problems because of their simplicity. 
Those methods consist in a global analysis of 
the structure and a local analysis of the Region 
Of Interest (ROI). The boundary conditions 
applied on the local model are displacements 
which are interpolated from the global 
solution. The method is non-intrusive because 
it only uses available input and output (nodal 
displacements). 

2.1 General method 
The sub-modeling technique is composed 

of the following steps: 

• Global analysis of the whole structure 
with a non-linear finite element model 
including damage; 

• Identification and cutting of the ROI, 
which is the region of damage 
concentration; 

• Extraction and interpolation of the 
displacements from the global mesh to 
the local mesh; 

• Local analysis of the ROI with a 
discrete element model. 

No global correction from the local model 
to the global one, through forces for example, 

is performed. Indeed, the local analysis is 
considered as a post-processing tool which 
only gives valuable data on the kinematic and 
features of the crack. That local description 
does not give any more information on the 
global mechanical behavior than what the 
global model has already given. Indeed, the 
two models complete each other by describing 
in their own different way the same 
phenomenon, namely the crack. The global 
behavior of the crack, its effect on the stress 
field, is taken into account through the damage 
variable of the non-linear finite element 
model. The reanalysis with the discrete 
element model generates not only a refinement 
around the crack but also a fine representation 
of the local behavior of the crack. 

The boundary conditions of the local 
computation are obtained from the global 
computation all along the non-free surfaces 

uR∂  of the ROI. Those boundary conditions 
are Dirichlet boundary conditions, which is 
common for sub-modeling techniques. The 
natural way to transfer the displacement field 
from the global to the local mesh is to use the 
shape functions ( jN ) of the finite elements 
used at the global scale. Then, the 
displacement )( D

k
D xU  at each nuclei D

kx  of 
the cells related to the discrete element model 
along the ROI boundary are directly obtained 
by: 

    h
j

D
k

j
j

D
k

D UxNxU )()( ∑= (1)

The advantage of this strategy, where the 
computation is performed twice on the region 
of interest (first with the global model and then 
with the local model), is that an estimator of 
the gap between both models is not limited to 
the ROI boundaries but can be extended over 
the whole region. Then, one can distinguish 
the different areas where the models are more 
or less in agreement with each other. It must 
be noted that by imposing the global 
displacements on the local boundaries, the two 
models are always in agreement on those 
regions and the comparison is in fact only 
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relevant on the rest of the region. We propose 
a gap estimator based on the displacement 
fields obtained with the two models. As the 
displacement field at the local scale is only 
computed at the cells’ nuclei, we compute the 
gap estimator field at the cells’ nuclei, using 
the shape functions of the finite elements in 
order to compute the global scale 
displacement. The gap at the point D

kx  is: 

2

2

)(

)()(

)(
D
k

D
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j

D
k

j
j
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k

D

D
k

xU

UxNxU
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2.3 Finite element constitutive equations 
Concerning the model at the macroscopic 

and continuous finite element scale, a three 
dimensional set of constitutive equations for 
modelling quasi-brittle materials such as 
concrete is presented. It is formulated within 
the framework of irreversible processes 
thermodynamics in order to fulfil physical 
consistency [4]. A single scalar damage 
variable has been introduced in order to take 
into account nonlinearities due to micro-
cracking. The sliding influence and the partial 
stiffness recovery have been considered for 
cyclic loadings. 

To separate the difficulties, the cracked 
behaviour will be assumed to be separable into 
two independent behaviours [3]. For the 
hydrostatic strain mechanisms, only cracks 
opening and closing are considered. The 
frictional sliding is only treated on the 
deviatoric part of the strain and stress tensors. 
Figure 1 gives a schematic representation of 
such a hypothesis. These considerations lead 
to a decomposition of the strain energy into 
two different parts respectively due to the 
spherical and the deviatoric components. This 
feature is one of the key points for taking into 
account damage and sliding properly as 
discussed below. 

( )
( )( ) }

2 21 (1 ) 2(1 )
2 3

2 ( )

D D
kk kk ij ij

D D
ij ij ij ij ij ij

d d

d H z

+ +

π π

κρΨ = − < ε > − < −ε > + − µε ε


+ µ ε − ε ε − ε + γα α + (3)

where ρ  is the material density, κ  and µ
are the bulk and shear coefficients 
respectively. ijε  is the second order total strain 
tensor, ijδ  is the second order Kronecker’s 

tensor, 1
3

D
ij ij kk ijε = ε − ε δ is the second order 

deviatoric total strain tensor and d  is the 
scalar damage variable (0 for virgin material 
and 1 for failed material). ij

πε  is the second 
order sliding tensor. It can be noted that the 
sliding tensor needs to be purely deviatoric in 
order to preserve the consistency of the 
formulation. γ  is a material parameter, ijα  is 
the second order tensor associated to the 
kinematics hardening, z  is the internal 
variable corresponding to the isotropic 
hardening and H  its consolidation function. 

The state laws are obtained by simple 
derivation of the thermodynamic potential 
regarding the state variables (strain, sliding 
strains and damage). For example concerning 
the Cauchy stress tensor: 

ij
ij ε

ρσ
∂

Ψ∂=
(4)

The evolution of the internal variables are 
subject to complementary equations based on 
the respect of threshold functions. For damage, 
based on an energy type criterion, one can 
define the following criterion: 

0( )df Y Y Z= − + (5)

where Y  denotes energy-type variable 
driving damage and 0Y , an initial threshold. 

In order to manage sliding and kinematic 
hardening, a surface without any threshold is 
introduced in order to manage sliding 
mechanism associated to kinematics 
hardening. It takes the form of a Von Mises 
criterion (without hydrostatic effects) 

375



376



Cécile Oliver-Leblond, Benjamin Richard, Arnaud Delaplace and Frédéric Ragueneau 

5

parameters, they are all identified with respect 
to the available experimental information from 
tensile tests, compressive tests and three- point 
bending tests. Structural tests are used to allow 
for the calibration of the internal length (due to 
the nonlocal damage theory used). 

The local model has two parameters related 
to elasticity and four parameters related to 
fracture. A tensile test on a dog-bone shaped 
specimen is performed first with the global 
model and then with the local model. Hence, 
the parameters of the local model are 
calibrated by fitting the local response—
namely the complete load-displacement curve 
and the dissipated energy-displacement 
curve—and the global response. The complete 
load-displacement curves and dissipated 
energy-displacement curves obtained with the 
global and the local models on the dog-bone 
shaped specimen are reported in figure 2 and 
3. A good agreement between the two models 
is obtained with the local modelling.  

Figure 2: Comparison between Finite Element and 
Discrete Element model for a dog-bone specimen 

(load-displacement comparisons) 

This calibration corresponds to a classical 
concrete material showing a Young’s modulus 
E = 34 GPa, a Poisson’s ratio of 0.2, a tensile 
strength of 3.5 MPa and a compressive peak 
load of 53 MPa. 

Figure 3: Comparison between Finite Element and 
Discrete Element model for a dog-bone specimen 

(dissipated energy comparisons). 

3 REINFORCED CONCRETE CASE-
STUDY 

3.1 Experimental set-up description 
To illustrate the possibilities offered by the 

approach to handle 3D problems, a reinforced 
concrete beam has been considered. The beam 
has been experimentally investigated within 
the framework of the project CEOS.fr 
supported by the French national agency for 
research. The specimen is 1600 mm large, 800 
high and 6100 long. It has been reinforced by 
8 steel bars (8HA16) in the top part 
(compression part) and by 16 steel bars 
(16HA32) in the bottom part (tension part). 19 
stirrups (HA16) have also been considered 
with spacing equal to 350 mm far from the 
supports and equal to 200 close to them. 
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Figure 4: General experimental set-up 

The reinforced concrete specimen has been 
clamped to a reaction reinforced concrete 
block through rigid bars. Two lines of jacks 
have been put between the specimen and the 
support in order to create a four point bending 
loading. A sketch of the loading conditions can 
be observed in figure 4. The loading is 
controlled by prescribing the loads through the 
jacks.  

3.2 Finite element analysis 
As the geometric dimensions of the 

specimens are rather high, 3D effects may play 
a preponderant role regarding the mechanical 
behavior. The choice to consider a 3D finite 
element model has therefore been made. For 
symmetry reasons, only a quarter of the beam 
has been modeled. The longitudinal 
reinforcing steel bars have been modeled by 8-
node finite elements although the stirrups have 
been considered as bar elements. The concrete 
is meshed by 8-node finite elements. Some 
pictures of the finite element mesh can be 
observed in figure 5. The reinforced concrete 
beam has been assumed as being simply 
supported (figure 6). Additional boundary 
conditions related to the symmetry have also 
been taken into account. The concrete is 
modeled by the constitutive law that has been 
exposed in section 2 and the steel reinforcing 
bars are assumed to follow an elastic-plastic 
constitutive law. 

Figure 5: ¼ of the beam using 8 node meshing 

Figure 6: 3D meshing of the steel rebar 

The global response is compared to the 
experimental results in the following figure. 
Three levels of loading have been analysed in 
terms of damage field and cracking (figures 8, 
9 and 10). 

Figure 7: Load-displacements comparisons 

1

2

3
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Figure 8: Damage map for the level 1 

Figure 9: Damage map for the level 2 

Figure 10: Damage map for the level 3 

3.2 Discrete element local re-analysis 
A first attempt has been maid to evaluate 

the possibility of using such an approach to 
observe the discrete cracking in such 
structures. The three main cracks have been re-
analysed using the previous methodology as 
shown in figure 11. 

In figure 12, the cracks are superimposed 
with the damage map emphasizing the good 
agreement between a discrete quantity and the 
continuous one obtained using standard 
numerical tools dedicated to nonlinear 
structural analysis. In the same way, the 
relevancy of the approach is shown by plotting 

the cracks on the longitudinal displacement 
field obtained thanks to the global and 
continuous finite element analysis. 

   

Figure 11: ROI definition regarding the 3 main 
damage areas 

        

Figure 12: Cracks regarding continuous 
displacement field and damage pattern. 

4 CONCLUSIONS 
A general procedure aiming at analyzing 

finite element results in terms of discrete 
quantities such as cracks has been presented. 
The continuous and macroscopic nonlinear set 
of constitutive equations based on damage 
mechanics as well as the discrete element 
approach used at the local level have been also 
addressed. The link between the two levels of 
modeling is ensured thanks to kinematic 
constraints. A parameters identification 
procedure based on the level of dissipated 
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energy between the two approaches has been 
established. First results obtained on concrete 
structures and reinforced concrete structures 
confirm the capability of such a framework to 
handle discontinuous cracks within continuous 
media. 

In the near future, more efforts should be 
paid in quantitative comparisons with 
experimental data regarding crack openings 
for the discrete model and strains for the 
continuous one. For cracking in reinforced 
concrete structure, the 3D behaviour of the 
concrete near the reinforcement bars is of 
major importance. We expect that such a 3D 
local reanalysis will help one to better 
understand the crack propagation kinematic 
under monotonic loading but also when 
sustaining cyclic loading. 
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Abstract: The use of a discrete-type numerical approach based on the three-dimensional Rigid-
Body-Spring Model (RBSM) is proposed to simulate the crack propagation behavior of reinforced 
concrete (RC) shear walls subjected to monotonic and cyclic loadings, which are tested in the 
context of the international benchmark ConCrack (http://www.concrack.org/). In the RBSM, 
concrete is modeled as an assemblage of rigid particles interconnected by springs along their 
boundaries. The proposed model in this study utilizes the random particle configuration obtained 
from Voronoi tessellation, which reduces mesh bias on potential cracking directions. Reinforcing 
bar is modeled by a series of beam elements and load transfer between the beam nodes and the 
concrete particles is provided by linkage elements. The bond-slip characteristic of the reinforcing 
bar is introduced to the linkage spring. This model can realistically simulate localized and oriented 
phenomena, such as cracking, its propagation, frictional slip and so on, in concrete structures. The 
authors have already developed the constitutive models for the above mentioned model and the 
model has been validated through the simulations of the responses of concrete specimen subjected 
to uniaxial tension, uniaxial and triaxial compression. It can simulate not only tensile cracking but 
also fracture localization in compression. In this study, the constitutive models were extended to 
include cyclic effects and the model was validated through the simulations of the RC panel tests 
under cyclic loadings, which were reported in the literatures. Furthermore, the simulations of the 
RC shear wall tests were carried out, and the capability of the model to predict the detailed cracking 
information, such as crack width, spacing and direction of propagation is discussed. 
 
 

1 INTRODUCTION 
Recent years, the development of accurate 

and reliable estimation method of the detailed 
cracking information in reinforced concrete 
(RC) structures, such as the crack width and 
crack spacing, is desired in the view point of 
maintenance and long-life of buildings. 

Cracks originate and propagate by various 

actions, e.g. applied load, shrinkage, thermal 
expansion, corrosion of steel reinforcement. 
Moreover, the crack propagation behaviors are 
strongly affected by the dimension and shape 
of member, boundary condition, arrangement 
of reinforcement. Numerical methods such as 
nonlinear finite element method are the 
effective tools for the predictions of the 
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cracking behavior, which simultaneously take 
into account the various actions and conditions 
as described above. However, the study 
focused on the applicability of numerical 
methods for the crack propagation behaviors in 
RC member is limited and the validation of 
applicability is not sufficient.  

There are two prominent types of numerical 
methods for concrete structures, which are 
continuum methods and discrete-type 
numerical methods. Discrete-type numerical 
methods have advantages in modeling 
localized and oriented phenomena, such as 
cracking, its propagation, frictional slip and so 
on, in RC structures, relative to smeared-crack 
continuum models.  

The Rigid-Body-Spring Model (RBSM) 
developed by Kawai [1] is one of the discrete-
type methods. Bolander and Saito [2] 
introduced a random geometry to the RBSM 
mesh using Voronoi tessellation and have 
shown that the model can simulate the crack 
patterns, the deformation and the load capacity 
of concrete materials and RC structures 
successfully. Suzuki et al. [3] and Nagai et al. 
[4] have carried out simulations of concrete 
material by the three-dimensional (3D) RBSM, 
and have shown that the model can represent 
the multi-axial compression and localization 
behaviors with the simple constitutive models. 
These previous studies indicate that the RBSM 
is the promising numerical method for the 
concrete structures.  

In this study, the use of the 3D RBSM is 
proposed to simulate the crack propagation 
behavior of RC shear walls subjected to 
monotonic and cyclic loadings, which were 
tested in the context of the national French 

project “CEOS.fr” (http://www.concrack.org/). 
The tests aim to create the benchmark for the 
current cracking assessment method.  

The authors have already developed 
constitutive models for the 3D RBSM [5] in 
order to quantitatively evaluate the mechanical 
responses including softening and localization 
fractures, and have shown that the model can 
well simulate the cracking and failure 
behaviors of  RC beams [6,7]. In this study, 
the constitutive models are extended to include 
cyclic effects and the model was validated 
through the simulations of the RC panel tests 
under cyclic loadings, which were reported in 
the literatures. Next, the simulations of the RC 
shear wall tests mentioned above were carried 
out, and the capability of the model to predict 
the detailed cracking information, such as 
crack width, spacing and direction of 
propagation is discussed. 

2 NUMERICAL MODELS 

2.1 RBSM 
In RBSM, concrete is modeled as an 

assemblage of rigid particles interconnected by 
springs along their boundary surfaces (Figure 
1a). The crack pattern is strongly affected by 
the mesh design as the cracks initiate and 
propagate through the interface boundaries of 
particles. Therefore, a random geometry of 
rigid particles is generated by a Voronoi 
diagram (Figure 1b), which reduces mesh bias 
on the initiation and propagation of potential 
cracks.  

The response of the spring model provides 
an insight into the interaction among the 
particles, which is different from models based 

Figure 1: (a) Rigid-body-spring model and (b) Voronoi diagram 

Centroid of boundary face 

Vertex of boundary face 
Evaluation point 
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on continuum mechanics. In this model, each 
rigid particle has three translational and three 
rotational degrees of freedom defined at the 
nuclei (or nodal points) that define the 
particles according to the Voronoi diagram 
(Figure 1a). The boundary surface of two 
particles is divided into several triangles with a 
center of gravity and vertices of the surface as 
seen in the figure. One normal and two shear 
springs are set at the center of each triangle. 
By distributing the springs in this way, over 
the Voronoi facet common to two neighboring 
nodal points, this model accounts for the 
effects of bending and torsional moment 
without the need to set any rotational springs 
[5]. 

2.2 Modeling of concrete material 
The constitutive models for tension, 

compression and shear that are used in 3D 
RBSM are shown in Figure 2 [5]. The tensile 
model for normal springs is shown in Figure 
2a. Up to tensile strength, the tensile behavior 
of concrete is modeled as linear elastic and, 
after cracking, a bilinear softening branch 
according to a 1/4 model is assumed. In the 
model, t, gf and h represent tensile strength, 
tensile fracture energy, and distance between 

nuclei, respectively. The model takes into 
consideration tensile fracture energy.  

Figure 2b shows the stress–strain relation 
for compression of normal springs that was 
modeled as an S-shape curve combining two 
quadratic functions [5]. The parameters of c, 
c2,c1andc2shownin Figure 2bare 
material parameters which controlled the 
nonlinearlity of the compression behavior of 
the normal spring. 

The shear stress–strain relation represents 
the combination of two shear springs. The 
combined shear strain is defined by Eq. (1), in 
which l and m represent the strains of the 
springs in each direction shear to the fracture 
surface. Then, combined shear stress  is 
calculated from the shear stress–strain relation, 
and the shear stresses for each direction (l 
and m ) are distributed by Eq. (2). 

22
ml     (1) 








 m
m

l
l  ,   (2) 

The envelope of the stress–strain 
relationship for shear is given in Figure 2c, Eq. 
(3) and Eq. (4). In the model, f, f and max 
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Figure 2: Constitutive model for concrete [5] 
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represent shear strength, strain corresponding 
to strength and the maximum value of  in 
loading history, respectively. The stress 
elastically increases up to the shear strength 
with the slope of shear modulus G and 
softening behavior is also assumed. K is the 
shear-softening coefficient that is defined by 
Eq. (4). It is assumed that the shear softening 
coefficient K depends upon the stress of the 
normal spring as represented in Eq. (4) and 
Figure 2d, where, 0, max and  are the 
parameters of dependency on the normal 
spring for the shear-softening coefficient.  
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 fffsoftf K  1.0,-max max,   (4a) 
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where the brackets  in Eq.(4a) is defined as 
)0,max(xx  . The Mohr–Coulomb criterion is 

assumed as the failure criteria for the shear 
spring (Figure 2e and Eq.(5)), where c and  
are cohesion and the angle of internal friction, 
respectively. The shear strength is assumed to 

be constant when the normal stress is greater 
than b, which is termed the compression 
limit value. 
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Moreover, it is assumed that the shear stress 
decreases with an increase in crack width at 
the cracked surface, in which tensile softening 
occurs in a normal spring by taken into 
consideration the shear deterioration 
coefficient cr as represented in Eq. (6), which 
is similar to Saito’s model [8]. Here, t and tu 
are cracking strain and ultimate strain in a 
normal spring, respectively. 

 








 t
tu

t
cr 







 -exp
 

(6) 

The material parameters of the constitutive 
models as described above has been calibrated 
by conducting parametric analyses comparing 
with the test results of uniaxial tension, 
uniaxial compression, hydrostatic compression 
and triaxial compression. The parametric 
analyses include a variety of specimen size, 
shape, mesh size and concrete strengths. The 
calibrated parameters are shown in Table 1. 

Figure 3:  Hysteresis of stress – strain relation 

(b) Shear spring (= constant) 
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Table 1. Model parameters [5] 

Elastic modulus Elastic modulus
E  t g f  c c   b

N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 degree N/mm2

1.4E* 0.8f t * 0.5G f * 1.5f c '* -0.015 0.15 0.25 0.35 0.14f c '* 37 f c '* -0.05 -0.02 -0.01 -0.3

Shear spring

 c2  c1  c2

Normal spring



Tensile response Compressive response Fracture criterion Softening behavior

* The macroscopic material parameters obtained from the concrete specimens tests
   E* : Young's modulus,  f t * : Tensile strength, G f * : Fracture energy,  f c '* : Compressive strength

 0  max h =G /E
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These parameters are recommended for 
normal strength concrete. Moreover, the 
average size of the Voronoi particles (mesh 
size) to use the parameters was recommended 
from 10 mm to 30 mm [5].  

The compression model considers neither 
softening behavior nor failure of the normal 
springs. However, compressive failure 
behavior can be simulated with a confinement 
effect by means of  a combination of a 
normal spring and a shear spring. 

Figure 3a shows the typical hysteresis loop 
of the normal spring under reversed cyclic 
loading, which is newly introduced to the 
previously proposed model described above. 
The unloading paths in the tension zone pass 
toward the point of stress  = -0.02fc

’ on the 
compression loading path. The reloading paths 
in the tension zone pass toward the start point 
of the unloading. The stiffness of the 
unloading in the compression zone is initial 
elastic modulus E. 

Figure 3b shows the typical hysteresis loop 
of the shear spring. The stiffness of the 
unloading and reloading is initial elastic 
modulus G. In addition, after the stress reaches 
zero on the unloading path, the stress keeps 
zero until the strain reaches the residual strain 
of the opposite sign.  

2.3 Modeling of reinforcing bar and bond 
interface  

Reinforcement is modeled as a series of 
regular beam elements (Figure 4) that can be 
freely located within the structure, regardless 
of the concrete mesh design [2]. Three 
translational and three rotational degrees of 
freedom are defined at each beam node. The 
reinforcement is attached to the concrete 
particles by means of zero-size link elements 
that provide a load-transfer mechanism 
between the beam node and the concrete 
particles. For the reinforcing bar, the bilinear 
kinematic hardening model is applied. The 
hardening coefficient is 1/100. Crack 
development is strongly affected by the bond 
interaction between concrete and 
reinforcement. The bond stress–slip relation is 
provided in the spring parallel to the 

reinforcement of linked element. Figure 5 
shows the relation that is defined by Eq. (7) up 
to peak strength [9], and the curve proposed by 
CEB-FIB is assumed after peak strength [10]. 

     2132 40exp1'36.0 Dsfc   (7) 

where D is the diameter of the reinforcement 
and s represents slippage. 

3 SIMULSTION OF RC PANEL UNDER 
CYCLIC LOAD 

3.1 Test overview and numerical model 
In order to validate the applicability of the 

proposed model for cyclic shear responses, the 
tests of RC panels under reversed cyclic in-
plane shear stress, which were conducted by 
Omori et al. [11], are simulated. Figure 6 
shows the geometry of a typical specimen. The 
panels were loaded in pure shear, with shear 
force applied via shear keys around the 
perimeter of the specimen. The principal test 
parameter is reinforcement ratio, as shown in 
Table 2. The reinforcement ratios in both 
directions are the same. Figure 7 shows the 
numerical model of RC panel. Considering the 
computational costs of simulations of the 
cyclic loadings, the average size of the  

Beam element 

Link element 

Figure 4: Reinforcement models 

Figure 5: Bond - slip relation 
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particles in the model is approximately 50mm, 
which is a larger than that used in the 
calibration analysis [5] as mentioned above. In 
general for the discrete type modeling, particle 
size influences the numerical results. However, 
we confirmed that the average shear stress-
strain curves of the RC panels, obtained from 
the numerical simulations, are not influenced 
by such difference of the particle size only in 
the pre-peak regions, while it may be 
influenced in the post-peak region. Therefore, 
in this section, the research focuses on the 
responses in the pre-peak region. 

3.2 Comparison of numerical and 
experimental results 

The average shear stress-strain responses 
obtained from the numerical results are 
compared with the experimental ones as 
shown in Figure 8. The numerical predictions 
agree reasonably with the experimental results. 

Figure 9 shows the simulated crack pattern 
at the point A and B in Figure 8. Figure 10 
shows the experimental observation. The crack 
width shown in Figure 9 means the normal 
component of the relative displacement 
between two adjacent particles. It is found that 
the cracks of numerical predictions propagate 
through the intersection points of the 
reinforcing bars as shown in Figure 9(a) and 
Figure 9(b). It was reported in the literature 
[11] that the crack spacing decreased as the 
spacing of the reinforcing bar decreased. The 
numerical predictions agree with the 
experimental observation. However, in the 
case of SR20 whose reinforcing bars spacing 
close to the particle size, the numerical cracks 
are not clearly localized. This means that the 
particle size must be sufficiently smaller than 
the spacing of the reinforcing bars in order to 
adequately estimate the crack spacing for these 
problems. 

4 SIMULATION OF RC SHEAR WALL 
UNDER MONOTONIC AND CYCLIC 
LOAD 

4.1 Test overview and numerical model 
The proposed model is applied to simulate  

Table.2 Test Parameter and material properties 

Specimen SR05 SR10 SR14 SR17 SR20

Compression strength, MPa 30.4 36.6 29.3 28.7 31.2

Bar type

Bar area, mm2

Yield strength, MPa
Reinforcing ratio (r x =r y ), % 0.51 1.02 1.36 1.70 2.04
Spacing, mm 200 100 75 60 50

Concrete

Reinforcement
D10
71.3
398

Figure 7: Numericlca model (SR10) 
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Figure 6: Typical test specimen (SR05) 
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Figure 10: Final crack patterns observed in the experiment [11] 
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Figure 9: Crack patterns obtained from numerical simulations 
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the crack propagation behavior of RC shear 
walls subjected to monotonic and cyclic 
loadings, which were tested in the context of 
the national French project “CEOS.fr” 
(http://www.concrack.org/).  

Figure 11 shows the numerical model of the 
RC shear wall. The color solid lines represent 
the reinforcing bar. In the testing wall section, 
the dimensions are 4.20m in length, 1.07m in 
height and 0.150m in thickness, and the 
reinforcement ratio is 1% in two layers. 
Concrete strength used of the test specimens is 
42.5MPa. The high strength steel bar of 
500MPa grade is used for the reinforcement, 
and its elastic strain limit is 555MPa. In order 
to reduce the computational cost, the particle 
sizes are increased gradually with coming 
closer to the top and bottom sides of the test 
specimen. For the testing wall section, the 

average particle size set to approximately 
40mm. 

4.2 Comparison of numerical and 
experimental results 

The load–displacement curves of the 
experimental and numerical results are 
compared in Figure 12. For the monotonic 
loading case, the numerical predictions of the 
stiffness and the peak load agree well with the 
experimental results. For the cyclic loading 
case, the numerical predictions overestimate 
the displacement at the peak load. However, 
the shape of the hysteresis loops, the peak load 
and cyclic degradation of load capacity are 
well reproduced. 

The comparisons of crack patterns in the 
monotonic loading case at each load step are 
shown in Figure 13. The white dotted line in 

Figure 12: Load and Displacement relation 
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Figure 13 show the crack patterns obtained 
from the experimental observation. The 
numerical predictions of the crack spacing and 
the crack angle reasonably agree with the 
experimental observations. The maximum 
crack width obtained from the experiment at 
each step is approximately 0.04mm at the load 
P = 1500 kN, approximately 0.06mm at the 
load P = 2700 kN and approximately 0.34mm 
at the load P = 4200 kN. The numerical 
predictions tend to overestimate the crack 
width on the load-increasing process. The 
reason is that, since the numerical simulations 
do not reproduce all of the cracking, for 
instance, at the load P = 2700kN, the 
numerical prediction do not reproduce the 
cracking in the center of the test specimen, the 

extension of the crack width concentrate to the 
previously occurred cracks. On the other hand, 
at the load P = 4200kN where the numerical 
simulations reproduced the majority of all 
cracks observed in the experiment, the 
numerical predictions roughly agree with the 
maximum crack width of experimental results. 

The comparisons of crack patterns in the 
cyclic loading case at each step are shown in 
Figure 14. The numerical predictions of the 
crack spacing and angle reasonably agree with 
the experimental observation. In addition, the 
proposed model can simulate the non-
orthogonal two-directional cracks as observed 
in the experiment. The maximum crack widths 
measured in the experiment is approximately 
0.30mm at the load P = 4200 kN. The 
numerical predictions roughly agree with the 
experimental results. 

4.3 Influence of particle size  
In order to estimate a dependence of the 

particle size of the proposed model, an 
additional numerical simulation under 
monotonic load, which used the average 
particle size of approximately 50mm, is 
conducted. The load–displacement curves of 

(a) 4200kN 

(b) -4200kN 

    
 

     
 

 
 

        
   

Figure 14: Crack patterns under the cyclic load 
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the original case shown above and the 
additional case are compared in Figure 15a. 
Nearly the same load-displacement response is 
obtained with the exception of the post-peak 
region. The comparisons of crack patterns at 
the peak-load are shown in Figure 15b. In the 
case of the larger particle size, definition of the 
cracks decrease, especially it is observed near 
the loading point where the crack spacing 
becomes smaller. 

4.4 Influence of bond-slip condition 
In order to investigate the influence of 

bond-slip condition between concrete and 
reinforcing bars, simulations that changed the 

bond strength are conducted.  
The load–displacement curves of the 

original case shown above and the additional 
cases are compared in Figure 16a. Case A 
shown in Figure 16 is that the bond strength 
are changed to twice the value of the original 
case, and case B is that the bond strength is 1/5 
of the original case. The load displacement 
curves obtained from the original case and 
case A are nearly same, however, in the case B, 
the load capacity remarkable decrease. 

The comparisons of crack patterns at the 
peak-load are shown in Figure 16b. In the case 
A, the crack spacing and the crack width 
becomes smaller than that of the original case. 
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On the contrary, in the case B, the crack 
spacing and the crack width becomes larger 
than that of the original case. In order to 
accurately predict the detailed crack 
information, the model of the bond-slip 
characteristics is of exceedingly importance. 

5 CONCLUSIONS 
In this study, the numerical simulations of 

the RC panels and the RC shear walls under 
monotonic and cyclic loading were conducted 
in order to validate the ability of the proposed 
model which is based on the RBSM to predict 
the crack propagation behavior, especially 
paying attention the prediction accuracy of the 
crack spacing, the crack angle and the crack 
width.  

For the RC panels under cyclic load, the 
numerical predictions of the average shear 
stress-strain response and crack patterns 
reasonably agree well with the experimental 
observation. However, it is found that the 
particle size must be sufficiently smaller than 
the spacing of the reinforcing bars in order to 
adequately estimate the crack spacing for this 
problem. 

For the RC shear wall under monotonic and 
cyclic load, the proposed model reasonably 
predicts not only the load-displacement 
response but also the crack spacing and the 
crack angle. Furthermore, the numerical 
predictions of the crack width at the 
neighboring point of the peak-load roughly 
agree with the experimental results. However, 
on the load-increasing process, the numerical 
predictions of crack width tend to overestimate 
the experimental results. The reason is that, 
since the numerical simulations do not 
reproduce all of the cracking, the extension of 
the crack width concentrate to the previously 
occurred cracks. This discrepancy between 
numerical and experimental results may be 
influenced by the initial damage which is 
caused by shrinkage, thermal deformation and 
so on. 

In addition, the influences of the particle 
size and the bond-slip condition are estimated. 
The particle size does not influence the load-
displacement response in the pre-peak region. 

The post-peak behavior and the damage 
localization behavior are influenced by the 
particle size in the range of this study.  

The bond strength between concrete and 
reinforcing bars strongly influence the crack 
propagation behavior. In order to accurately 
predict the detailed crack information, the 
model of the bond-slip characteristics is of 
exceedingly importance. 
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Abstract: The paper presents results of numerical simulation of shear wall test made within the 
CONCRACK bench mark project organized by French 
Monotonic load test is simulated by computer cod
tests as well as follow-up analysis 

1 INTRODUCTION 
The CONCRACK bench mark 

by French research project CEOS was devoted 
to cracking phenomenon in reinforced 
concrete structures. Several real scale 
specimens were produced and tested to failure, 
whereas a detail measurements of load, 
deformations and cracking were recorded
Authors participated in a prediction
mark study of experimental behavior of shear 
wall under monotonic loading
models used by authors for simulation
shear wall behavior were based on 
representations. The paper describes the 
models and results of analysis and aspects of 
model uncertainties involved in prediction and 
follow-up phases of resistance verification.

2 NUMERICAL MODELS 
Numerical simulation was made by 

software ATENA developed by authors [1]. In 
following the material model as well as the 
finite element representation used in analysis 
are briefly described. 

2.1 Material models 
Concrete is simulated by ATENA’s 

fracture-plastic material model, which 
the cracking and compressive behavior in 
interaction. Here we mention 
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test is simulated by computer code ATENA. Results of predictions performed prior 
s are shown. 

The CONCRACK bench mark organized 
CEOS was devoted 

to cracking phenomenon in reinforced 
Several real scale 

specimens were produced and tested to failure, 
whereas a detail measurements of load, 
deformations and cracking were recorded.  

prediction bench 
of experimental behavior of shear 

wall under monotonic loading. Numerical 
simulation of the 

based on  2D and 3D 
representations. The paper describes the 

and aspects of 
in prediction and 

of resistance verification.

Numerical simulation was made by 
software ATENA developed by authors [1]. In 

wing the material model as well as the 
used in analysis 

is simulated by ATENA’s 
plastic material model, which treats 

the cracking and compressive behavior in 
mention briefly some 

features of the constituti
to presented analysis. More d
found in  [2]. 

For crack propagation a crack band model 
based on fracture mechanics is used as 
illustrated in Figure 1, where 
band size. Crack band is further 
effect of crack orientation with respect to 
element [2].  

Figure 1: Tensile softening

The compressive behavior is modeled by 
plasticity with yield function due to Menetre
Willam shown in Figure 

Figure 2: Yield function due to Menetre
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national research program CEOS. 

e ATENA. Results of predictions performed prior 

tive modeling relevant 
to presented analysis. More details can be 

For crack propagation a crack band model 
based on fracture mechanics is used as 

, where Lt is the crack 
Crack band is further modified for 

effect of crack orientation with respect to finite 

Tensile softening.

The compressive behavior is modeled by 
plasticity with yield function due to Menetre-

Figure 2. 

: Yield function due to Menetre-Willam.. 
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Figure 3: Return direction β in predictor-corrector 
plastic algorithm. 

Non-associated flow rule of incremental 
plasticity is used in the predictor-corrector 
algorithm as illustrated in Figure 4. Direction 
of return vector in the High-Westergard space 
(where ξ represents the volumetric axis, and ρ
deviatoric axis) is controlled by parameter β. 
In case of positive β>0, volume of material 
increased during plastic distortion, which can 
generate a confinement. 

Both, compression and tension, exhibit 
softening after reaching strength. This leads to 
a strain localization into cracks and crushing 
zones, which is controlled by localization 
limiters according to the crack band theory.  

Concrete in compression exhibits hardening 
prior peak stress and softening in the post-peak 
as illustrated in Figure 4.

(a) Concrete hardening. 

(b) Concrete softening. 

Figure 4: Hardening and softening in compression. 

The ductility of compressive failure can be 
controlled by parameter wd, which can be 
regarded as a final plastic deformation of  the 
crush zone. In analogy with fracture energy the 
model describes the energy dissipated in the 
process of compressive failure. It was found 
that the ultimate load of the shear wall was 
sensitive to this parameter as will be discussed 
later. 

Furthermore, the model has a provision for 
effect of cracks on reduction of compressive 
strength and shear resistance (aggregate 
interlock). 

For reinforcement a bi-linear stress-strain 
law is used. For bond behavior of 
reinforcement the CEB model for bond slip is 
considered.   

2.2 Numerical model 
Two models were considered, one in full 

3D representation and other in 2D plane stress 
simplification. The geometry of the model is 
shown in Figure 5. The model includes the 
shear wall (1x4m, subject of investigation), 
edge beams for load introduction and external 
steel rods simulating vertical confinement. The 
load was applied as a shear force P to the top 
loading beam and the displacement d was 
recorded as a difference between horizontal 
displacements of points on top and bottom 
shear wall edges, T Bd u u= − , as shown in  
Figure 5.  
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Figure 5  Geometry of test specimen, side view.

Figure 6 Reinforcement layout in side view..

Figure 7 Reinforcement layout in side view.

Figure 8 FE mesh of 3D model.
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Geometry of test specimen, side view.

layout in side view..

layout in side view.

Figure 9 Detail view of loading plate.

Figure 10 Detail view of wall support

Figure 11 FE mesh of 2D model

2.3 Material parameters
Material parameters of concrete in shear 

wall and support beams are listed in Table 1.

Table 1: Material parameters of concrete.

Compressive strength fc [MPa]
Tensile strength ft [MPa] 
Specific fracture energy Gf
Critical compressive displacement 
Dilation β
Fixed cracks 

The above parameters were assumed for 
prediction phase of the 
publishing of experimental data, 

Detail view of loading plate.

Detail view of wall support

D model. 

2.3 Material parameters
Material parameters of concrete in shear 

are listed in Table 1.

Material parameters of concrete.

[MPa] 42.5 
3.3 

f [N/m] 100 
Critical compressive displacement wd [m] 0.5 

0 
- 

parameters were assumed for 
the bench mark. After 
ental data, in a follow-up 
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analysis, different parameters for 
wd and β were used in order to better capture 
the ultimate load.  

Reinforcement yield strength was 
fy=554 MPa. In the bond stress
according to CEB formula the peak point 
(bond strength) was considered as 8.9 MPa.

2.4 Loading and solution 
Loading was applied by prescribed 

displacement and the loading force was found 
as a reaction at the loading point. 
solution was done by Newton
method with tangent predictor and with 
line search. Equation solver was iterative. 
Residual error tolerance was 0.001 and 
maximum number of iterations 80. 

     

3 RESULTS 
Load-displacement diagrams are shown in 

Figure 12. 

Figure 12 Summary of load-displacement diagrams.

A second version of experimental data
corrected deformations is used for this 
evaluation. Parameters used for
case of 2D model: compression paramet
wd=0.5mm; in case of 3D model
parameter β=0 (no dilation).  

These simulations show more brittle failure 
than experiment. Experimentally obtained 
maximum load was 4710 kN, wh
prediction analysis based on 
Pmax=3246 kN and the one based on 

0
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N
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Experiment

2D wd=6mm
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for parameters 
were used in order to better capture 

Reinforcement yield strength was set as 
fy=554 MPa. In the bond stress-slip relation 
according to CEB formula the peak point 
(bond strength) was considered as 8.9 MPa.

Loading was applied by prescribed 
loading force was found 

the loading point. Numerical 
solution was done by Newton-Raphson 
method with tangent predictor and with the 
line search. Equation solver was iterative. 
Residual error tolerance was 0.001 and 
maximum number of iterations 80. 

displacement diagrams are shown in 

displacement diagrams.

xperimental data with 
used for this 

prediction in 
compression parameter 

3D model dilation 

show more brittle failure 
Experimentally obtained 

N, while  in 
based on 3D model 

the one based on 2D model 

Pmax =3153 kN.  
After comparison with experimental data it 

was believed that the 
compression was underestimated and a second 
set of analyses was performed 
for 2D model wd=6mm and 3D model 
(dilation). These data provided a good 
agreement with experiment (3D 
and 2D model Pmax =4785 kN. 

Analysis of 3D model offered a good 
insight in failure mode of the shear wall.  
Crack pattern and crack widths 
shown in Figure 13-15. 

Figure 13 Crack pattern at Mximum load.

Figure 14  Crack widths at Mximum load.

Figure 15  Crack pattern inside of wall

Crack location and direction
agreement with experiments
Failure mode was due to concrete in 
compression at the wall corner near 
loading point.  

Figure 16  Stress distribution at failure regi

4 5
Displacement  [mm]

Experiment

2D wd=6mm

2D wd=0.5mm

3D Beta=0

3D Beta=0.7

After comparison with experimental data it 
the concrete ductility in 

compression was underestimated and a second 
set of analyses was performed with parameters 

=6mm and 3D model β=0.5 
These data provided a good 

agreement with experiment (3D Pmax=4730 kN 
=4785 kN. 

Analysis of 3D model offered a good 
insight in failure mode of the shear wall.  

and crack widths at failure are 

Crack pattern at Mximum load.

at Mximum load.

Crack pattern inside of wall at Mximum load.

location and direction was in good 
agreement with experiments (not shown here). 
Failure mode was due to concrete in 
compression at the wall corner near the 

Stress distribution at failure region, β=0.
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Figure 17  Stress distribution at failure regio

The stress state in concrete at
is shown in Figure 16 and Figure 
severe damage due to cracks at this 
shown in Figure 13. 

Reinforcement stress is increased in cracks 
but it is not reaching the yield level

Figure 18  Stress in reinforcement.

Both 3D and 2D models provided similar 
results. Crack patterns in 2D and 3D were 
almost identical. The differences were at 
concrete stress state at failure
confinement could be increased by setting the 
dilation parameter b=0.7. This caused 
increase due to confinement from
MPa.   However, the concrete resistance 
could be increased only increasing soft
parameter form wd=0.5 to 6mm.
in 2D analysis the resistance 
confinement effect in 3D stress state
2D artificially generated by means of 
increased ductility softening parameter 

4  MODEL UNCERTAINTY 
The present study illustrates 

model uncertainty in application of numerical
simulation for verification of resi

 In prediction stage a brittle material model 
was chosen leading to underestima

Vladimir Cervenka, Jan Cervenka 
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on, β=0.7. 

at this location 
Figure 17. Note the 

at this location 

increased in cracks 
reaching the yield level. 

Both 3D and 2D models provided similar 
Crack patterns in 2D and 3D were 

The differences were at 
failure. In 3D the 

confinement could be increased by setting the 
parameter b=0.7. This caused a stress 

from -30 to -50 
resistance in 2D 

increased only increasing softening 
It shows, that 

stance furnished by 
in 3D stress state can be in 

by means of 
softening parameter wd. 

present study illustrates the issue of 
model uncertainty in application of numerical

istance safety. 
material model 

leading to underestimation of 

resistance to 0.71 of reality. Such 
is on safe side and can be considered 
rational and conservative
not experimentally validated model
validation the model can fit the reality
uncertainty can be signif
resistance reserves can be utilized.

12 CONCLUSIONS 
Simulation of shear wall resistance was 

performed by a non-linear finite element 
analysis based on fractu
model of concrete. In a 
ultimate load was underestimated by 31% due 
to low of confinement effect.

In the  follow-up phase 
validation by experimental results the ultimate 
load and failure mode 
reproduced. Importance of dilation effect in 
plastic deformation of co

Both 3D and 2D 
performed in good agreement
study illustrated differences of
confined regions. In case of 3D resistance is 
facilitated by confinement 
general strength criteria
state. This is of course not 
plane stress model. How
can be fulfilled by increasing concret
by modifying the softening of concrete in 
compression. 
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Abstract: The paper adopts the FEM to describe the behaviour of a squat shear wall subjected to 
monotonic loading conditions. Nonlinear finite element analyses (NLFEA) have been performed 
with the model, denoted as PARC_CL, implemented at the University of Parma in the user’s 
subroutine UMAT.for for the ABAQUS Code. The PARC_CL model, suitable for loading-
unloading-reloading conditions, is an evolution of the PARC model. The new model provides a 
more accurate response prediction for reinforced concrete structures subjected to monotonic 
loading, but characterized by internal stress redistribution and/or cracks opening and closing 
phenomena. 
The PARC_CL model has been adopted to simulate the response of a squat shear wall whose 
experimental results have been presented at the last Concrack2 Benchmark Workshop. The obtained 
results have been compared with the results of NLFEA carried out with DIANA code in order to 
focus on the main differences detected in the structural response of a shear-critical structure 
analyzed with a standard code or with a crack model tailored on shear critical structure analyses. 
Finally the design shear capacity of the wall has been determined analytically and with PARC_CL 
and DIANA models applying the safety format methods for NLFEA. 
 

1. INTRODUCTION
In the current paper the behavior of a squat 

shear wall subjected to monotonic loading is 
investigated by means of NLFEA. The results 
obtained are compared to the experimental 
results provided by CEOS.fr [1] and presented 
during the last Concrack2 Benchmark 
Workshop [2]. The squat shear wall has been 

analyzed with the PARC_CL model [3], [4], 
implemented at the University of Parma in the 
user’s subroutine UMAT.for for ABAQUS 
code [5]. PARC_CL model is an evolution of 
the PARC model [6]. PARC_CL model is a 
total strain fixed crack model that describes 
the behavior up to failure of reinforced 
concrete structures subjected to loading-
unloading-reloading conditions. The model is 
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tailored to analyze structures failing in shear. 
The concrete and steel behavior as well as 
their interaction phenomena are therefore 
modeled with appropriate constitutive laws. In 
particular the aggregate interlock effect, the 
tension stiffening effect and the dowel action 
effect are implemented in the stiffness matrix 
of the model on the basis of proven relations 
available in literature. The new version of 
PARC model (PARC_CL model) provides a 
more accurate prediction of reinforced 
concrete structures subjected to monotonic 
loading, but characterized by internal stress 
redistribution and/or cracks opening and 
closing phenomena [6], [7]. The PARC_CL 
model can also be useful for cyclic loading, 
even though hysteretic loops and plastic strains 
cannot be properly considered in the current 
version of the model due to secant unloading 
implementation. Future researches will deepen 
the modeling under loading-unloading-
reloading conditions. 

The results obtained with PARC_CL model 
have been compared with those one obtained 
with the standard code DIANA [8], [9]. The 
aim of the comparison is to focus on the main 
differences detected in the structural prediction 
obtained with a commercial software 
(DIANA), used in the civil engineering 
practice, and with a specific crack model 
(PARC_CL), mostly used in the research field, 
focused on the investigation of the concrete-to-
concrete and concrete-to-reinforcement 
interface behavior. As a matter of fact some 
relations used in the crack model implemented 
in DIANA are more simple and for wider use 
than the relations used in PARC_CL model; 
the aspects strictly related to shear-failure are 
in fact treated in the two software with 
different levels of refinement. 

Furthermore the design shear capacity of the 
squat shear wall has been evaluated following 
the prescriptions of the new Model Code 2010 
(MC2010) [10] that proposes different 
analytical and numerical calculation methods 
for the evaluation of the design shear capacity 
of slender and squat elements. 

For slender elements the MC2010 proposes 
to evaluate the design shear capacity according 
to four levels of approximation: Level I, II and 

III refer to analytical calculation methods 
while Level IV refers to numerical methods, 
performed with NLFEA. Within Level IV the 
results obtained from NLFEA are properly 
reduced, in order to obtain the same safety 
level of analytical calculations, according to 
three different safety format methods denoted 
as Partial Factor method (PF), Global 
Resistance Factor method (GRF) and 
Estimation of Coefficient of Variation of 
resistance method (ECOV). Further details of 
the safety format methods are given in [9], 
[10].  

For squat elements the design shear capacity 
can be evaluated analytically with a strut and 
tie model. 

In this paper the design shear capacity of the 
squat wall has been evaluated analytically, 
with a strut and tie model, and numerically, 
applying the prescriptions of Level IV 
approximation, comparing the design shear 
capacity obtained with PARC_CL and DIANA 
models. 

The application of the MC2010 prescriptions 
for the evaluation of the design shear capacity 
is to underline the power of NLFEA in the 
structural assessment, useful for both designer 
and researchers in civil engineering. 

2. CASE STUDY 
The squat shear wall analyzed in this paper 

was tested by CEOS.fr [1] and the 
experimental results presented in [2]. The 
experimental program aimed to investigate 
some aspects related to the control of cracking 
in reinforced concrete structures through the 
modeling of the behavior of tested monotonic 
and cycling loading. 

 
Figure 1: Experimental set-up. 
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Figure 2: Reinforcement layout and boundary conditions (dimension in m). 

In this section the main indications of the 
experimental set-up of the wall are given. The 
squat shear wall was clamped at the top and at 
the bottom in two highly reinforced beams and 
the left and right extremities were seamed with 
rebars. The wall was placed in a rigid metallic 
frame and subjected to monotonic loading-
unloading through two jacks placed at the top 
of the wall, Figure 1. Several sensors were 
placed on the two faces of the wall in order to 
measure the crack width and the strain in 
rebars. In Table 1 the mean mechanical 
properties of concrete and steel, measured 
during the experimental test, are reported.  

Table 1: Mean mechanical properties of concrete and 
steel measured during the test. 

Concrete Steel 
fc[N/mm2] -42.5 fy[N/mm2] 554 
ft[N/mm2] 3.3 Es[N/mm2] 189274 
Ec[N/mm2] 22060 fu[N/mm2] 634 
ν 0.19   

Figure 2 shows the reinforcement layout and 
the boundary conditions of the wall. The wall 
is 4.7m long and 2.47m high. The web panel is 
4.2m x 1.15m. The main reinforcement grid is 
made of φ10/100 mm and it is placed in the 
web panel. Further reinforcing bars were 
placed in the wall flanges and at the wall 
extremities, in order to prevent premature local 

failure of the wall during the test. During the 
experimental test the wall failed under the 
loading plate for crushing of concrete. The 
reinforcement didn’t yield up to failure. The 
maximum load value measured during the test 
was Pu,exp=4710 KN. 

3 PARC_CL MODEL 
The PARC_CL model [3], [4] which is the 

evolution of PARC model [6], describes the 
behavior up to failure of reinforced concrete 
structures subjected to loading-unloading-
reloading conditions. The concrete and steel 
behavior as well as their interaction 
phenomena are taken into account. 

PARC_CL model is a total strain fixed crack 
model. When the maximum tensile principal 
stress reaches the concrete tensile strength, 
cracking starts to develop and the 1,2 
coordinate system is fixed. The smeared 
reinforcement approach is adopted, so the 
angle between the direction of the i-th order of 
bar and the 1-direction is equal to αi=θi-ψ, 
being ψ the angle between the 1-direction and 
local element x-direction, and θi is the angle 
between the direction of the i-th order of bar 
and the x-direction. The concrete behavior is 
modeled taking into account the effect of 
multi-axial state of stress on concrete strength, 
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residual tensile stresses and aggregate 
interlock phenomena. 

The reinforcement behavior is modeled with 
an elasto-plastic with hardening law by 
considering also dowel action and tension 
stiffening phenomena. 

The total strains at each integration point are 
calculated, in the 1,2 coordinate system, as the 
sum of the elastic (superscript el) and the 
inelastic (superscript cr) strains (Figure 3(b)): 

1 1 1 1ε ε ε ε= + = +el cr el
mw a  (1)

2 2
crε ε= (2)

12 12 12 12γ γ γ γ= + = +el cr el
mv a (3)

where w is the crack width, v is the crack 
sliding and am is the crack spacing, depending 
on the transmission length of bond between 
concrete and steel [7]. The strains in the x,y 
coordinate system, {ε(x,y)}, are obtained 
through the transformation matrix [Tε], which 
is a function of the fixed angle ψ. 

(a) (b)

t

Figure 3: (a) Reinforced concrete membrane element 
subjected to plane stress state; (b) kinematic quantities. 

The stiffness matrix in the x,y coordinate 
system, [D(x,y)], is given in Eq. (4):  
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(4) 

The concrete stiffness matrix [Dc
(1,2)] is 

defined as a function of concrete constitutive 
model in tension and in compression (Ēc1 and 
Ēc2) and of the aggregate interlock effect (βG).  

The steel stiffness matrix [ ])iy,ix(
sD  is defined, 

in the xi,yi coordinate system, as a function of a 
reinforcement constitutive model (Ēsi), tension 
stiffening (gi) and dowel action (di). The 
transformation matrixes [Tε] and [Tθi] are used 
to rotate the concrete matrix from the 1,2 to 
the x,y coordinate system and the steel matrix 
from the xi,yi to the x,y coordinate system, 
respectively.  

Secondary cracking, perpendicular to 
primary cracking, is considered by imposing 
Ēc2 equal to zero. 

3.1 Constitutive model for concrete and 
steel

The stress-strain relationship for concrete is 
described with Eq. (5) and Eq. (6) for concrete 
in tension and compression, respectively, 
Figure 4. 

Figure 4: Constitutive model for concrete. 
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(6)

where Ec and Ecs are the initial modulus of 
elasticity and the secant stiffness 
corresponding to the peak strain εc0, 
respectively. 

The stress-strain relationship for concrete in 
tension is defined as a function of its tensile 
strength fct, the concrete strain at cracking εf, 
the strain εt1 and εtu (corresponding to residual 
stress equal to 0.15fct and zero, respectively): 
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( )1 0.15 2 0.15ε ε α= + −t f f f m ctG a f  (7)

ε α=tu f f m ctG a f  (8)
where Gf is the fracture energy in tension. 
The compressive branch before reaching the 
peak is defined in agreement with Sargin’s 
relation and after the peak with Feenstra’s 
relation [11] as a function of the concrete 
compressive strength fc and concrete fracture 
energy in compression Gfc assumed equal to 
250 Gf [12]. Therefore the ultimate concrete 
strain in compression is given by Eq. (9): 

0 3 2ε ε= +cu c fc m cG a f  (9)
Multi-axial stress state is considered by 

reducing the compressive strength and the 
corresponding peak strain due to lateral 
cracking [13], as given in Eq. (10): 

( )01 0.85 0.27ζ ε ε= − t c  (10)

being εt the tensile strain. 
An elastic-plastic with hardening relation has 
been used for steel, Eq. (11). 

( ) 1

1

si si syi

si syi si syi spi si syi si s i

sui si s i si ui

E

E f E

f

ε ε

ε ε ε ε ε ε

ε ε ε ε

≤⎧
⎪
⎡ ⎤= + − ≤ <⎨⎣ ⎦
⎪

≤ <⎩

 (11)

Being, for each i-th rebar, Esi the elastic Young 
modulus; Espi hardening modulus; εsyi and fsyi 
the yielding strain and stress, εs1i the strain 
corresponding to the beginning of hardening 
and εui the ultimate strain corresponding to the 
ultimate strength fsui.  

3.2 Aggregate interlock 
The aggregate interlock effect is evaluated on 

the basis of the crack width, w, and the crack 
sliding, v [14]: 

( )

3
3 4

12 4
max 4

2 11
1

τ τ
⎛ ⎞ +

= −⎜ ⎟⎜ ⎟ +⎝ ⎠

a a v ww v
D wa v w

 (12)

where 0.27τ = cf ; 3 2.45 τ=a ; ( )4 2.44 1 4 τ= −a , 
Dmax is the maximum aggregate diameter. 
Aggregate interlock relation can be 
schematized with a bilinear curve (Figure 5) in 
which the endpoint of the elastic part A( *v , 

*τ ) has coordinates given by Eq. (13)-(14): 

*
5 6= +cv f w a a  (13) 

( )

3*
3 4* * * *

4*
max 4

2 11
1

τ τ
+⎛ ⎞

= − =⎜ ⎟⎜ ⎟ +⎝ ⎠

a a v ww v c v
D wa v w (14) 

where 333.3366.05 += cfa  and 1106 cfa = . 
The proposed bilinear curve is used to define 
the stress-strain relationship between the shear 
stress τ12 and the shear strain γcr

12 in the 
cracked phase of the concrete. In this phase the 
tangential elastic modulus, Gcr, is equal to: 

* * *
12

* *
12 12

cr
cr m cr

cr cr cr
cr

G c a
G

γ γ
τ γ γ γ

⎧ = <⎪= ⎨
≥⎪⎩

 (15)

where c* is defined with Eq. (14) and 
* *
cr mv aγ = . 
The shear modulus is defined by multiplying 

its initial values for the shear retention factor β 
(Figure 5), given in Eq. (16): 

( )

( )

12

12

12

* *
12

*
12 12

1

1

f

cr cr f

f

cr cr f p

p

uncracked phase
G G G cracked phase

G G G

G

γ γ
β

γ γ

γ γ

γ γ γ

τ γ γ γ

≤⎧⎪= ⎨ + >⎪⎩
⎧ ≤
⎪⎪= + < <⎨
⎪ ≥⎪⎩

 (16) 

 
Figure 5: Aggregate interlock model: (a) shear stress-
slip relationship, (b) shear retention factor for different 
crack width values. 
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being G and Gcr the initial and degraded values 
of the shear modulus, respectively. The strain 
γf corresponds to the shear strain at the onset of 
concrete cracking. The strain γp defines the 
point after which the shear stress remains 
constant for a given crack width w, Eq. (17): 

* *γ γ τ= +p cr G  (17)

The coefficient β is assumed to be constant 
when unloading occurs.  
The aggregate interlock phenomenon is 
neglected for crack width values higher than 
half of the maximum aggregate diameter.  

3.3 Tension stiffening 

In the PARC_CL model both the stress σsi
* 

in the i-th steel bar near the cracks and the 
stress σsi far from the cracks are taken into 
account. It is well known that the relationship 
between the two steel stresses defined above is 
governed by the tension stiffening effect. In 
the proposed model, the stress σsi

* is evaluated 
by means of an appropriate increment of the 
steel bar average strain, as suggest by Giuriani 
[15], and it is evaluated with the following 
equations (Figure 6): 

( )*

1

sisi si si

si
si sisi i si

si

E

E E g

σ ε ε

ε
ε ε

ε

= + Δ =

⎛ ⎞Δ
= + =⎜ ⎟

⎝ ⎠

 (18)

where: 
*

si si igε εΔ =  (19)

( )* 2cos sin cossi i i i mw v aε α α α= +  (20)

( ) 2 1*
1 1 2

k

i i i sig g k g ε
−

= +  (21)
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1
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m i
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−
=  

2
1

0.5
m

i
si i

a
E

τ
λ

ϕ
=  

0 13 ; 75 ;iMPa MPaτ τ ϕ= =  
1 24.0; 0.2k k= =  

The gi coefficient could theoretically reach 
infinite values for steel strain values that 

vanish but, in order to respect the physical 
reality, the maximum value of gi coefficient is 
limited to gi,lim, defined by Eq. (22): 

( ) 12k
cri21i1lim,i gkgg −ε+=  (22)

where εcr is the concrete strain at the first 
appearance of cracks. 
In unloading condition the coefficient gi is 
assumed constant (Figure 6). 

Figure 6: Variation of coefficient gi as a function of the 
strain in the εsi steel bar . 

3.4 Dowel action 
In the smeared crack approach perspective, 

the dowel action effect is considered trough 
the evaluation of a shear stress perpendicular 
to i-th bar direction τSdi, by adopting the 
formulation proposed by Walraven and 
Reinhardt [16], Eq. (23):  

( )
0.38

0.25 0.64

13.66
0.2

i

c
Sdi i si i si

f
s d

α

ρ
τ γ γ

ϕ η δ
= =

+
 (23)

where γsi is the transversal strain of the steel 
bar evaluated in xi,yi coordinate system, given 
by Eq. (24): 

( )2 2
1 122cos sin cos sinsi i i i iγ α α ε α α γ= − + −  (24)

being δ and η the bar deformations parallel 
and perpendicular respectively to the i-th 
directions of reinforcing bar, Eq. (25)-(26): 

cossi m iaδ ε α=  (25)

cossi m iaη γ α=  (26)

In Figure 7 the stress τSdi versus the strains γsi 
curves are shown for different values of 
longitudinal strain εsi of steel bar in the i-th 
direction. A secant unloading conditions is 
considered (Figure 7). 
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Figure 7: Dowel action model. 

4 EVALUATION OF THE DESIGN 
SHEAR CAPACITY WITH NLFEA  

In this sections the FEM used to carry out the 
analyses with PARC_CL model is described. 
The main results obtained with PARC_CL 
model are shown and compared to the results 
obtained with the standard code DIANA and 
with the experimental results. In particular the 
load-deflection curves, the load-crack width 
curve and the crack pattern evolution are 
reported. Furthermore the safety format 
methods proposed by the MC 2010 [10] have 
been applied to the results obtained by NLFEA 
in order to obtain the design shear capacity of 
the structure. 

4.1 FE model 
Figure 8 reports the mesh adopted with the 

PARC_CL model. Eight- node quadrilateral 
isoparametric plane stress elements based on 
quadratic interpolation and (3x3) Gauss 
integration have been adopted to describe the 
squat shear wall.  

X

Y

u
Bars φ32

Figure 8: Adopted mesh for analyses with PARC_CL 
constitutive model. 

Average concrete element dimensions of 
100mm x 100mm have been adopted in the 
mesh. The lateral φ32 bars are embedded in 
the flanges and they are free in the web. The 

analyses have been carried out in displacement 
control using a regular Newton-Raphson 
convergence criterion based on force control 
with a tolerance of 5·10-3 and 10-2 respectively 
in ABAQUS and DIANA. 

4.2 Influence of the constitutive relations 
and interface mechanisms characterizing 
the transmission of shear forces 

As well know, when a reinforced concrete 
structure is subjected to shear, different 
phenomena are involved in the transmission of 
the shear forces. These phenomena should be 
clearly taken into account in FE models. In 
order to underline this aspect, a preliminary set 
of analyses have been carried out with the 
PARC_CL model. First, only the mechanical 
contributions given by concrete and steel is 
taken into account (Analysis A). Afterwards 
the contribution of aggregate interlock 
(Analysis B) and tension stiffening (Analysis 
C) have been considered. The three analyses 
are compared in terms of load versus 
displacement curve in Figure 9. 

0

1000

2000

3000

4000

5000

0.0 1.0 2.0 3.0 4.0 5.0

L
oa

d 
 [K

N
]

Relative Horizontal Displacement [mm]

Experimental results

A: Concrete+Steel

B: A+Aggregate Interlock

C: B+Tesion Stiffening

Figure 9: Comparison of the preliminary set of analyses 
carried out with PARC_CL model. 

By considering only the mechanical 
contribution of concrete and steel (Analysis 
A), the shear capacity of the structure is 
underestimated, therefore the contributions 
given by the concrete-steel interaction 
phenomena play an important role. 

By comparing analyses A and B, it is 
possible to note the large influence of the 
aggregate interlock. By comparing analysis B 
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to analysis C, it can be noted that the 
contribution due to the tension stiffening 
results not relevant in this case.  

Analysis C gives the best prediction of the 
load versus displacement curve. 

If the dowel action effect is taken into 
account in the model both the maximum load 
and the stiffness in the cracked phase are 
overestimated; for this reason the dowel action 
effect has been neglected in the study, in order, 
moreover, to be in the same conditions as 
DIANA model, in which the dowel action 
effect is not taken into account. However in 
future researches the authors will focus on the 
refinement of the dowel action modeling under 
loading-unloading-reloading conditions. 

This preliminary study highlights the 
importance of a critic and adequate modeling 
of all the aspects involved in shear critical 
concrete structures [3][4]. 

Moreover, in the section 4.3 the results of 
Analysis C will be compared with the results 
obtained by the standard finite element code 
DIANA. 

4.3 Comparison between NLFEA results 
The same mesh, boundary conditions and 

convergence criterion have been adopted in 
PARC_CL and DIANA models. 

In Figure 10 the comparison of the load- 
displacement curves is reported. The load-
displacements curves of Figure 10 have been 
obtained using mean mechanical properties of 
materials. 

For the analyses performed with DIANA 
both a total strain fixed and rotating crack 
models have been adopted. The analyses 
carried out with DIANA model, further 
explained in [9], have been carried out using 
the hypotheses listed below: 
- total strain rotating and fixed crack model; 
- variable Poisson’s coefficient that linearly 

decreases from 0.19, in the elastic phase, up 
to 0.0 as the residual tensile stress is 0.0; 

- maximum reduction of the compressive 
strength due to lateral cracking of 40% 
(fc,red/fc=0.6); 

- tensile fracture energy Gf according to MC 
2010 [10] (Gf,MC2010 =73fc

0.18); 

- within the fixed crack model, variable shear 
retention factor that decreases from 1, in the 
elastic phase, up to 0.0 as Young’s modulus 
and Poisson’s coefficient reduce. 
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Figure 10: Load-displacement curves: comparison 
between PARC_CL and DIANA models. 

From Figure 10 it can be noted that, within the 
standard code DIANA, there is a little 
difference between the fixed crack model and 
the rotating crack model both in the peak load 
and in the stiffness of the structure in the 
cracked phase. 

The peak load is well predicted both with 
PARC_CL model and with the rotating crack 
model of DIANA. The greatest difference 
between the two models is again in the 
stiffness of the structure in the cracked phase 
and in the peak deformation. 

As a matter of fact the stiffness of shear 
critical structures in the cracked phase is 
sensitively influenced by the concrete-to-
concrete and concrete-to-reinforcement 
interface behavior, especially by the aggregate 
interlock effect (see Figure 9). Indeed the 
different modeling of the aggregate interlock 
effect in PARC_CL model (see section 3.2) 
and in DIANA model (where the shear 
retention factor decreases from 1, in the elastic 
phase, up to 0.0 as Young’s modulus and 
Poisson’s coefficient in the principal stress 
direction reduce) leads to some differences in 
the structural prediction. 

Furthermore the difference detected between 
the two models is mostly in the stiffness of the 
structure and not in the shear capacity value 
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due to the high amount of steel reinforcement 
(ρx=ρy=0.1%) of the structure. If structures 
without shear reinforcement would be 
analyzed with different crack models, the 
different refinement level of the aggregate 
interlock modeling would lead to a difference 
even in the shear capacity. 

In Figure 11 the load-crack width curve of 
crack number 9, shown in Figure 11, is 
plotted.  

In Figure 12 the crack pattern obtained for 
some significant load steps is plotted in terms 
of tensile cracking strain. The crack pattern 
obtained from NLFEA is compared to the 
experimental crack pattern, shown in Figure 
12.  

In Figure 13 the concrete compressive strain 
is plotted for some significant load steps. 
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Figure 11: Load versus crack width curve. 
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Figure 12: Comparison among the experimental and numerical results (PARC_CL and DIANA) in terms of crack pattern. 
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Figure 13: Comparison between numerical results (PARC_CL and DIANA) in terms of concrete compressive strain. 
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Table 2: Safety format methods. 

 Input mechanical properties Design shear capacity 

GRF mean  
27.1

P
P m,u

d =  

PF design  d,ud PP =  

ECOV -characteristic 
-mean 

R

m,u
d 06.1

P
P

γ⋅
=  

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡⋅⋅=γ c,um,uR PPln

65.1
18.38.0exp  

 
From Figure 12 and Figure 13 a good 

agreement among the results obtained with the 
two models in terms of crack pattern and 
failure mode is detected. 

The same modeling used for the prediction of 
the structural behavior inputting mean 
mechanical properties of materials (Figure 10) 
has been adopted for the application of the 
safety format methods (Level IV) for the 
evaluation of the design shear carrying 
capacity. 

According to the three safety format methods 
(GRF, PF, ECOV) different material 
properties are required in NLFEA as input data 
and the peak loads obtained from the analyses 
are reduced in order to obtain the same safety 
level as analytical procedures.  

Table 2 summarizes the input mechanical 
properties required in the analyses and the 
calculation methods for the design shear 
capacity (Pd) evaluation, starting from the peak 
load obtained in the analyses (Pu). 

5 EVALUATION OF THE DESIGN 
SHEAR CAPACITY WITH 
ANALYTICAL CALCULATION 

In order to compare the design shear capacity 
obtained from NLFEA and the design shear 
capacity calculated analytically, the wall has 
also been analyzed with a strut and tie model, 
according to the prescriptions of MC2010 [10] 
and of [17]. 

For the squat shear wall analyzed in this 
paper the concrete strut runs from the loading 
plate to the bottom right corner of the web 
panel. 

The design shear capacity Pd of a squat 
element can be in general determined as: 

θ⋅⋅σ= cosAP strmax,Rdd  (27)

where θ is the strut inclination angle equal to 
12°, σRd,max is the maximum compressive stress 
at the edge of the node (in the bottom right 
corner), evaluated, according to MC2010, as: 

MPa.fk

c

ckc
max,Rd 4616=

⋅
=

γ
σ  (28)

For compression-tension nodes with 
anchored ties provided in one or two directions 
kc is determined as: 

716.075.0k fcc =η⋅=

1954.0
5.34

30
f
30 3/13/1

ck
fc ≤=⎟

⎠
⎞

⎜
⎝
⎛=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=η  

(29)

Astr is the area of the concrete strut, Eq. (30): 
21570051150 m...atA swstr =⋅=⋅=  (30)

tw is the web thickness and as is the width of 
the concrete strut. According to [17] the width 
of the concrete strut can be in a simplified way 
determined as: 

m05.12.425.0

l
fA

N85.025.0a w
cc

s

=⋅=

⋅⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=

 (31)

where lw is the wall length. 
The design shear capacity of the wall obtained 
with the strut and tie model is therefore equal 
to Pd=2536 KN. 

6 CONCLUSIONS AND FINAL 
DISCUSSION 

In this paper the behavior of a squat shear 
wall subjected to monotonic loading is 
investigated. The wall has been analyzed with 
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NLFEA applying the constituitve model 
PARC_CL and the software DIANA. The 
results obtained with the two codes have been 
compared to the experimental results available 
from the experimental programme CEOS.fr. 
Furthermore the design shear capacity has 
been evaluated, with the two models, 
according to the calculation methods proposed 
by the MC 2010 (see section 4.3). 

In Figure 14 the design shear capacity, Pd, 
obtained with analytical and numerical 
procedures proposed by the MC 2010 is 
expressed as a percentage of the experimental 
shear capacity, Pu, exp. The results obtained 
with DIANA plotted in Figure 14 refer to the 
fixed crack model, in order to be consistent 
with the results of PARC_CL model. 

In Figure 15 the load-displacement curves 
obtained inputting characteristic and design 
mechanical properties of materials in 
PARC_CL and DIANA models are plotted. 
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Figure 14: Design shear capacity Pd obtained 
analytically (strut and tie) and numerically (GRF, PF, 
ECOV [10]) with PARC_CL model and DIANA model, 
expressed as a percentage of the experimental shear 
capacity Pu,exp. 

Figure 14 shows that in general the results 
obtained well match with the philosophy of the 
MC 2010 [10]: the design shear capacity 
obtained from NLFEA is higher than the 
design shear capacity obtained with simple 
analytical calculations (increase of 43%) for 
both PARC_CL and DIANA models. NLFEA 
represent in fact powerful instruments able to 
take into account for real material properties 

and “hidden” capacities of the structure. This 
aspect can of course be of big help for both 
designers and researches in civil engineering, 
especially within intervention plans on 
existing structures. 
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Figure 15: Load-displacement curves obtained with 

characteristic and design mechanical properties of 
materials with PARC_CL and DIANA models. 

The design shear capacity obtained with 
PARC_CL model is higher than that one 
obtained with DIANA model with a scatter 
ranging from 2% to 9% . (ECOV method 
provided a higher shear capacity with DIANA 
model because of the ratio between the mean 
and characteristic peak loads (see Table 2)).  

The same trend obtained and discussed in 
section 4.3 when mean mechanical properties 
of materials are inputted in NLFEA (see 
Figure 10) has also been obtained with 
characteristic and design mechanical 
properties, Figure 15: PARC_CL model 
provided greater stiffness in the cracked phase 
and slightly greater peak load values than 
DIANA model. 

The difference in the results obtained could 
be due therefore, as anticipated, to some 
influencing aspects of the crack model 
implemented, like the aggregate interlock 
effect and the multi-axial stress state effect. 

As a matter of fact in PARC_CL model the 
aggregate interlock directly depends on the 
compressive strength value (see eq.(12)-(17)), 
while in DIANA model the aggregate interlock 
effect is modeled in a rather simplified way: 
the shear retention factor in fact only decreases 
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with decreasing of the Young’s modulus and 
the Poisson’s coefficient in the principal stress 
directions. 

Furthermore the reduction of the compressive 
strength due to lateral cracking is taken into 
account in DIANA model only by reducing the 
peak strength and not the peak strain, leading 
to a higher reduction of the structural stiffness, 
already in the elastic phase. 

The aforementioned parameters of the crack 
model can in general affect the structural 
prediction, especially for shear critical 
structures, leading also to misinterpretation of 
the design shear carrying capacity. It is 
therefore important that designers well know 
the basis hypotheses of the crack models used 
or provide implementation of adequate laws of 
the nonlinear behavior of RC structures. 
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Abstract: In this paper the behavior of a squat shear wall subjected to monotonic shear loading is 
investigated. The study fits into the experimental program driven by CEOS.fr on modeling of the 
behavior of the tested mocks-ups (monotonic and cycling loading-under prevented or free 
shrinkage). The shear wall has been analyzed with nonlinear finite element analyses carried out 
with the finite element code DIANA and numerical results have been compared with the 
experimental results presented during the Concrack2 Benchmark Workshop that has been held in 
Paris in 2011. The design shear resistance of the shear wall has been also evaluated with analytical 
and numerical procedures according to the new Model Code 2010 prescriptions. The analytical 
calculations, which have been carried out with a strut and tie model, have been compared with 
numerical results from nonlinear finite element analyses.

1 INTRODUCTION 
In this paper the behavior of a squat shear 

wall subjected to monotonic shear loading is 
investigated. The study fits into the 
experimental program driven by [1] on 
modeling the behavior of the tested mocks-ups 
(monotonic and cycling loading-under 
prevented or free shrinkage). The shear wall 
analyzed was tested in laboratory by [1] and 
the experimental results have been presented 
during the last Concrack2 Benchmark 
Workshop [2].

The shear wall has been analyzed by means 
of nonlinear finite element (NLFE) analyses 
that have been carried out with the finite 

element code DIANA [3] and the obtained 
numerical results have been compared with the 
available experimental results. 

It is well known that NLFE analyses allow 
for more realist modelling of material and 
structural behaviour and, in this manner, can 
account for additional bearing capacity of the 
structure. Nevertheless, the results obtained 
from NLFE analyses strongly depend on the 
assumptions made in the model, especially 
when crack models are used. It is known that, 
especially for shear-critical specimens, 
aggregate interlock, tension stiffening, multi-
axial stress states and Poisson’s effects play all 
an important role in the structural response. 
For this reason, if the sensitive parameters are 
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not well calibrated during the modelling phase, 
a large scatter can be expected in the results. 
For this reason, and in order to properly 
calibrate parameters of the adopted crack 
model, a parametric study has been carried out 
on the wall. The numerical model of the squat 
wall has been developed following some 
guidance for nonlinear finite element analyses 
proposed and further investigated in [4] and 
[5].  

After calibration of the model, the numerical 
analyses have been able to predict well the 
general behavior of the squat wall both in 
terms of shear resistance-maximum 
displacement trend and in terms of failure 
mode.

Furthermore the design shear resistance of 
the squat wall has been evaluated following 
the prescriptions of the new Model Code 2010 
[6]. The Model Code 2010 [6] proposes 
different calculation methods for the 
evaluation of the design shear resistance of 
slender and squat elements.  

For slender elements (e.g. reinforced and 
prestressed concrete beams and slabs) the 
design shear resistance can be evaluated 
through analytical and numerical calculation 
methods that belong to different Levels of 
approximation: by increasing the level of 
approximation the complexity and the 
accuracy of the results obtained increases. 
Level of approximation I, II and III refer to 
analytical calculation methods (hand 
calculations) while the highest level of 
approximation, Level of approximation IV, 
refers to numerical methods, performed with 
NLFE analyses. Within Level IV the results 
obtained from NLFE analyses are properly 
reduced in order to obtain the same safety 
level of analytical calculations. To this aim the 
new Model Code 2010 [6] proposes three 
alternative methods, denoted as “safety format 
methods” that properly reduce the shear 
resistance obtained from nonlinear finite 
element analyses, in order to obtain the same 
safety level obtained from analytical 
calculations.  

The safety format methods are so denoted: 
Partial Factor method (PF), Global Resistance 

Factor method (GRF) and Estimation of 
Coefficient of Variation of resistance method 
(ECOV). 

For squat elements the Model Code 2010 [6] 
recommends that the design shear resistance is 
evaluated with a strut and tie model. 

In this paper the design shear resistance of 
the squat wall has been evaluated analytically 
with a strut and tie model. Furthermore the 
prescriptions of Level IV have been also 
applied to the wall. The results obtained from 
NLFE analyses have therefore been reduced 
according to the safety format methods 
prescriptions and compared to the analytical 
results. 

2 EXPERIMENTAL SET-UP 
The squat shear wall was clamped at the top 
and at the bottom in two highly reinforced 
beams and the left and right extremities were 
seamed with rebars. The wall was placed in a 
rigid metallic frame and subjected to 
monotonic loading-unloading through two 
jacks placed at the top of the wall, Figure 1.  

(a) 

(b) 

Figure 1: (a) Experimental set-up, (b) Reinforcement 
layout and boundary conditions. 
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Figure 2: Reinforcement layout (dimension in m). 

Experimental sensors were placed on the two 
faces of the wall in order to measure the crack 
width and the strain in the rebars. In Table 1 
the mean mechanical properties of concrete 
and steel, measured during the experimental 
test, are reported.

Table 1: Mean mechanical properties of materials. 

Concrete Steel 
fc [N/mm2] -42.5 fy [N/mm2] 554 
ft [N/mm2] 3.3 Es [N/mm2] 189274 
Ec [N/mm2] 22060 fu [N/mm2] 634 
ν 0.19   

In Figure 2 the reinforcement layout of the 
wall is plotted. The total length of the wall is 
4.7 m, the total height is 2.47m and the main 
reinforcement grid, placed in the web panel, is 
made of φ10/100 mm. The web panel is 4.2m 
x 1.15m. Further geometrical details are 
available in [2].  

According to the experimental test the wall 
failed in shear due to crushing of concrete 
under the loading plate and the reinforcement 
remained elastic up to failure. The maximum 
load measured in the test was Pu,exp=4710 KN. 

The experimental crack pattern is shown in 
Figure 3 for some load levels. 

Figure 3: Experimental crack pattern. 

3 FINITE ELEMENT MODEL 
Nonlinear finite element analyses have been 

carried out on the wall with the code DIANA 
[3] using a 2D model. 

F=1200 KN 

F=2100 KN 

F=4200 KN 
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Eight- nodes quadrilateral isoparametric plane 
stress elements based on quadratic 
interpolation and (3x3) Gauss integration 
scheme have been adopted for modeling the 
wall and the loading plate. Embedded 
reinforcement elements, with the hypothesis of 
perfect bond, have been used to model 
reinforcement. The two lateral φ32 bars, 
located at the extremities of the wall, outside 
the wall web, have been modeled with truss 
elements. Six-nodes interface elements have 
been inserted between the loading plate and 
the concrete wall. Average element 
dimensions in the mesh of the wall are 100mm 
x 100 mm. Displacements in x direction have 
been set all equal for the nodes along the line 
of loading. 

The analyses have been carried out in load 
control using a regular Newton-Raphson 
convergence criterion based on energy and 
force control. The mesh adopted and the 
boundary conditions used in the analyses are 
shown in Figure 4.

F 

Roller 
support 

Web panel  

Tyings

 

Figure 4: Mesh and boundary conditions adopted in the 
finite element model. 

3.1 Constitutive model and crack model 
Only the web panel (grayed in Figure 4) has 

been modeled with a nonlinear behavior, while 
the flanges of the wall have been modeled as 
elastic. 

For the web panel a parabolic law in 
compression and an exponential law in tension 
have been adopted. The compressive fracture 
energy and the tensile fracture energy values 
have been determined respectively according 
to [7] and [6], Figure 5(a). For the 
reinforcement an elastic-plastic behaviour with 
hardening has been used, Figure 5(b).
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Figure 5: Constitutive model of (a) concrete and (b) 
steel.

A total strain rotating crack model has been 
adopted in the analyses [8]. In the parametric 
study, the results obtained with the rotating 
crack model have been compared with those 
one obtained with a total strain fixed crack 
model.
The rotating crack model used [8] is based on 
the concept of co-axiality between stress and 
strain. The strain referred to ns coordinate 
system ns

tt
1i εΔ+
+  is substituted by the equivalent 

uni-axial strain ns
tt
1i
~εΔ+

+  to take into account the 
lateral expansion due to the Poisson’s effect, 
eq.(1):
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According to the model implemented in 
DIANA [3] the Poisson’s coefficient linearly 
decreases from its initial value up to zero as 
the residual tensile stress becomes zero. 

Contrary to the rotating crack model, the 
fixed crack model provides that the orthotropic 
material coordinate system ns remains fixed 
after the appearance of the primary cracking so 
that shear stresses develop along the crack 
face. The shear stresses depend on the shear 
stiffness reduced by a coefficient called “shear 
retention factor β”. Eq.(2) gives the stiffness 
matrix D that is used in the fixed crack model: 
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sn E,E represent the elastic moduli in the 
cracked phase, nsν e snν are the Poisson’s 
coefficients, nsG is the reduced shear stiffness, 

GG ns β=  where β is the shear retention factor. 
In the model that is used for these analyses, β

decreases linearly from 1 (in the elastic phase) 
up to zero as the crack width is nearly equal to 
half of the aggregate size. 
Besides the Poisson’s effect, also effects of 
biaxial stress states on the compressive 
strength of concrete are taken into account in 
the model. Reduction of the compressive 
strength due to lateral cracking follows the 
Model B of Vecchio et. al. [9], Figure 6. 
According to this model only the compressive 
strength and not the peak strain is reduced, 
leading to a reduction of the Young’s modulus 
already in the elastic phase. 

          
Figure 6: Multi-axial stress state: reduction of the 
compressive strenght due to lateral cracking [9]. 

A more refined structural assessment can in 
general be obtained if some important 
parameters of the crack model like aggregate 
interlock effect, tension stiffening, multi-axial 
stress-state etc. are taken into account in the 
material model [10], [11], [12], [13], [14]. 

4 EVALUATION OF THE DESIGN 
SHEAR RESISTANCE ACCORDING TO 
MC2010

As mentioned in section 1 the design shear 
resistance of the wall has been evaluated 
analytically according to a strut and tie model 
and numerically applying the prescriptions of 
Level IV approximation.  

Within Level IV the same safety level 
obtained with analytical procedures can be 
obtained with three safety format methods: the 
Global Resistance Factor method (GRF), the 
Partial Factor method (PF) and the Estimation 
of Coefficient of Variation of resistance 

method (ECOV). 

4.1 Analytical procedure: strut and tie 
model

Structures can be subdivided into B-regions,
where the assumption of a plane section may 
be used and D-regions, typically located at 
supports or at places of concentrated loads, 
where a non-linear strain distribution exists. 
For the analyses the design shear resistance Rd
has been evaluated according to the strut and 
tie model proposed in the Model Code 2010 
[6] and according to prescriptions available in 
literature. A schematization of the adopted 
strut and tie model is reported in Figure 7. 

θ⋅⋅σ= cosAR strmax,Rdd (3)

where θ is the strut inclination angle, max,Rdσ is
the maximum stress at the edge of the node, 
(4):

c

ckc
max,Rd

fk
γ
⋅

=σ (4)

For compression-tension nodes with anchored 
ties provided in one or two directions ck  is 
determined as: 

1
f
30;75.0k

3/1

ck
fcfcc ≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=ηη⋅= (5)

strA is the area of the concrete strut, eq. (6): 

swstr atA ⋅= (6)

where tw is the web thichness and as is the 
width of the concrete strut. According to [15] 
and adopted in [16] the width of the concrete 
strut can be determined as: 

w'
cw

s l
fA

N85.025.0a ⋅⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= (7)

where lw is the wall lenght. 
The corresponding values of all parameters in 
play are in Table 2. 

Table 2: Mechanical parameters used in the strut and tie 
calculation.

θ [°] kc γc lw [m] N [KN] 
12 0.716 1.5 4.2 0 
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θ

F

σRd,max

as
Figure 7: (a) Schematizaton of the squat wall according 
to the strut and tie model used. 

4.2 Numerical procedures: Level of 
Approximation IV 

According to the GRF method, the input 
values of the mechanical material properties 
are the mean values. The global resistance of 
the structure Rd, obtained from NLFE 
analyses, is considered as a random variable so 
that the effects of various uncertainties are 
integrated in a global design resistance 
expressed by a global safety coefficient (equal 
to 1.27), eq. (8). 

( ) ( ) ( )
27.1

,...fR
06.12.1

,...fR,...fR
R mm

RdR

m
d =

⋅
=

γγ
= (8)

According to the PF method, the design 
mechanical material properties are according 
to the fib Model Code prescriptions. Therefore 
the shear resistance of the structure Rd, from 
NLFE analysis is already the design shear 
resistance (eq. (9)). 

( ),...fRR dd = (9)

According to the ECOV method, two 
analyses must be carried out with mean and 
characteristic values of mechanical material 
properties, respectively. This method is based 
on the assumption of a lognormal distribution 
of the resistance, thus the coefficient of 
variation of resistance follows from the two 
calculated resistances (eq. (10), (11)).
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.

..exp
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651
18380 (11)

Starting from the mean values of the 
mechanical material properties,obtained from 
experimental measurments, characteristic and 
design mechanical properties have been 
derived as reported in Table 3 (“m” refers to 
mean mechanical properties). 

Table 3: Characteristic and design mechanical material 
properties according to Model Code 2010. 

Characteristic Design 
8ff cmck −= 5.1/ff ckcd =

tmtk f7.0f = 5.1/ff tktd =
3/1

ck
ck 10

f
21500E ⎟

⎠

⎞
⎜
⎝

⎛
=

3/1
cd

cd 10
f

21500E ⎟
⎠

⎞
⎜
⎝

⎛
=

18.0
ckfk f73G = 18.0

cdfd f73G =
1.1/ff ymyk = 15.1/ff ykyd =

1.1/ff umuk = 15.1/ff ukud =

5 RESULTS 
As mentioned in the previous sections a 

parametric study has been carried out on the 
shear wall in order to properly calibrate some 
important parameters of the crack model. In 
Figure 8 the load-deflection curves obtained 
from the parametric study is reported. All the 
analyses within the parametric study have been 
carried out using mean values of the 
mechanical materials properties. For sake of 
simplicity a monotonic loading has been 
applied to the wall. In the adopted crack model 
the unloading is modeled as secant unloading 
with zero residual strain. The displacement 
reported in Figure 8 is the relative horizontal 
displacement measured between the top of the 
lower beam and the bottom of the upper beam. 
The legend reported in Figure 8 has the 
following meaning: 

Analysis A:
-fixed crack model; 
-variable Poisson’s coefficient. The 
Poisson’s coefficient linearly decreases 
from 0.19 in the elastic phase up to 0.0 as 
the residual tensile stress becomes zero; 
-variable shear retention factor; 
-maximum reduction of the compressive 
strength due to lateral cracking is 40% 
(fc,red/fc=0.6); 
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-tensile fracture energy Gf according to 
Model Code 2010 (Gf,MC2010 =73fc

0.18).
Analysis B:

-rotating crack model; 
-variable Poisson’s coefficient The 
Poisson’s coefficient linearly decreases 
from 0.19 in the elastic phase up to 0.0 as 
the residual tensile stress becomes zero; 
-maximum reduction of the compressive 
strength due to lateral cracking is 40% 
(fc,red/fc=0.6); 
-tensile fracture energy Gf according to 
Model Code 2010 (Gf,MC2010 =73fc

0.18).
Analysis C:

-rotating crack model; 
-variable Poisson’s coefficient The 
Poisson’s coefficient linearly decreases 
from 0.19 in the elastic phase up to 0.0 as 
the residual tensile stress becomes zero; 
-maximum reduction of the compressive 
strength due to lateral cracking is 40% 
(fc,red/fc=0.6); 
-tensile fracture energy is modified to take 
into account the tension stiffening effect. 

Since the assumption of perfect bond is 
made, tension stiffening is taken into account 
by increasing the value of the tensile fracture 
energy Gf ,in order to obtain for concrete the 
same ultimate strain as the yield strain of the 
reinforcement bars. This has been achieved in 
Analysis C considering Gf = 1.75Gf,MC2010.
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Figure 8: Parametric study: load-displacement curves. 

From Figure 8 it can be noted that the load-
deflection curve that better fits the 

experimental curve both in terms of maximum 
load reached and in terms of maximum 
displacement. is obtained with Analysis B For 
this reason Analysis B has been chosen as 
reference analysis for the application of the 
safety format methods.  

In Figure 9 crack pattern obtained from 
Analysis B at different levels of load is plotted 
in terms of tensile cracking strain. Figure 10 
shows the compressive strains.  

In Figure 11 the load-crack width diagram of 
crack number 9 predicted in Analysis B is 
compared to the experimental diagram.  

The crack width has been obtained 
multiplying the tensile strain obtained from the 
numerical analysis by the crackbandwidth 

elemAh = .

Figure 9: Tensile cracking strain of concrete for some 
significant load steps of Analysis B. 

F=1200 KN 

F=2100 KN 

F=3100 KN 

F=4560 KN 
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Figure 10: Compressive strain of concrete for some 
significant load steps of Analysis B. 

Comparing Figure 9, Figure 10 and Figure 11 
with Figure 3 it can be noted that the general 
behavior of the wall has been well predicted 
by numerical simulations also in terms of 
failure mode. The wall in fact failed in shear 
due to crushing of concrete under the loading 
plate and at the bottom right corner while the 
reinforcement remained elastic untill failure. 

The finite element model used in Analysis B 
has been chosen as reference to carry out the 
analyses applying the safety format methods 
[6]. In Table 4 the design shear resistance 
values obtained analytically, with the strut and 
tie model and numerically, with the safety 
format methods, are compared to the 
experimental shear resistance. The shear 
resistance obtained from Analysis B, which 
has been carried out using mean values of the 
mechanical material properties without 
applying any safety coefficients, is also 
reported in Table 4. 

Table 4: Design shear resistance values. 

  Pu [KN]
 Experimental 4710 

Mean values Analysis B (no safety 
format) 

4560 

Design shear 
resistance  

Analytical (strut and tie) 2536 
Level IV- GRF 3585 
Level IV- PF 2994 

Level IV- ECOV 3364 

In Figure 12 the design shear resistance 
values Pu obtained with analytical and 
numerical procedures by applying the safety 

format methods are reported in histograms as a 
percentage of the experimental shear 
resistance Pu,exp. Furthermore the ratio Pu/Pu,exp
is also reported for Analysis B. Grey 
histograms refer to the design shear resistance 
values obtained analytically and numerically 
while the white histogram refers to the shear 
resistance obtained from Analysis B. It can be 
noted that NLFE analysis carried out with 
mean values (Analysis B) provides a good 
prediction of the wall shear capacity. 
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Figure 11: Load-crack width curve.
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Figure 12 shows that the results obtained 
applying the safety format methods well match 
with the philosophy of the Levels of 

F=4100 KN 

F=4560 KN 
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approximation: by increasing the Level of 
approximation the accuracy of the results 
increases and the maximum resistance of the 
structure increases. The design shear resistance 
values obtained from NLFE analyses (Level 
IV) are indeed higher than the design shear 
resistance value obtained with analytical 
calculation (strut and tie model). 

6 CONCLUSIONS 
In this paper the behavior of a squat shear 

wall subjected to monotonic loading has been 
investigated by means of analytical procedures 
and nonlinear finite element analyses. The 
results obtained have been compared with the 
experimental results available. The study fits 
into the experimental program driven by 
CEOS.fr on modeling the behavior of the 
tested mocks-ups. The main results of the 
research are listed below. 
- The shear wall has been analyzed with a 2D 

finite element model, using the commercial 
finite element program DIANA  

- A parametric study has been carried out on 
the shear wall in order to focus on the main 
sensitive parameters that influence the 
results of nonlinear finite element analyses 
Special attention has been given to the 
effects on the results of the material 
properties adopted in the crack model 
(tensile strength and fracture energy). The 
numerical model has been calibrated 
referring to the available experimental 
results. 

- After having calibrated the numerical 
model, the general behavior of the shear 
wall has been well predicted by NLFE 
analyses both in terms of load-displacement 
diagram and in terms of failure mode.. The 
scatter in the shear resistance value is about 
3%. The numerical simulation has also 
predicted failure of the wall in shear due to 
crushing of concrete under the loading plate 
and in the bottom right corner without 
yielding of reinforcement. 

- The design shear resistance of the wall has 
been also determined following the Model 
Code 2010 prescriptions. The Model Code 
2010 proposes different calculation 

methods for the evaluation of the design 
shear resistance of slender and squat 
elements. For squat elements the design 
shear resistance can be determined 
analytically with a strut and tie model. 
On the contrary the design shear resistance 
for slender elements can be determined 
according to four Levels of approximations. 
Level of approximation I, II and III refer to 
analytical procedures while Level IV refers 
to the results obtained from NLFE analyses, 
properly reduced in order to obtain the 
same safety level of analytical procedures. 
To this aim the Model Code 2010 proposes 
three different safety format methods (GRF, 
PF, ECOV). 

- In this paper the design shear resistance of 
the wall has been evaluated analytically 
with a strut and tie model, since the wall is 
a squat shear wall. Furthermore the 
prescriptions of Level IV have been also 
applied to the wall. The results obtained 
from NLFE analyses have therefore been 
reduced according to the safety format 
methods prescriptions and compared to the 
analytical results. 

- The results obtained well match with the 
philosophy of the Model Code 2010: by 
increasing the Level of approximation the 
design shear resistance value increases. 
The design shear resistance values obtained 
applying the safety format methods (Level 
IV) are in fact as higher as 40% than the 
design shear resistance obtained with 
analytical calculations (strut and tie model).

- The structural assessment carried out with 
the Levels of approximation can be of big 
utility for intervention plans on existing 
structures (e.g. maintenance, repair, 
demolition etc.) with regard to 
sustainability criteria. 
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Abstract. Shear design for reinforced concrete beams is of significant technological interest. Nu-
merous experimental and numerical work have been developed to predict the shear resistance of
reinforced beams. In this work, we consider the fracture path as the equilibrium trajectory resulted
from external loads and internal forces; assuming a linear-decreasing cohesive law for concrete bulk,
fully-developed fracture process zone size as a material parameter, a perfect plastic bond-slip rela-
tion for the interface between steel rebar and concrete, analytical predictions for the crack path and
shear resistance for beams with arbitrary geometry, longitudinal and/or shear reinforcement ratio, are
derived and validated against available experimental data, the agreement is remarkable.

1 INTRODUCTION

Shear design in reinforced concrete struc-
tures is of significant technological interest, as
a result, numerous models have been devel-
oped to estimate the shear resistance of rein-
forced beams, for an incomplete list, see [1,
2, 3, 4, 5, 6, 7, 8, 12, 9, 22] and the references
within. Among these models, the first widely-
applied is the Modified Compression Field The-
ory (MCFT) developed by Vecchio and cowork-
ers [2, 4, 8, 12, 22], which is actually a smeared
rotating crack model with compression soften-
ing and tension stiffening. The size effect model
by Bazant and Kim [1], starting from a prede-
termined fracture path, neglecting multiple ten-
sile cracks and the dowel action of reinforce-
ments, was applied to diagonal tension failure
of longitudinally reinforced concrete beams;
some years later Karihaloo [7] extended it to
beams with stirrups. Along this line, the two-
parameter fracture model by Jenq and Shah [6]

assumes a diagonal-tension failure and takes
Mode-I fracture toughness as the crack growth
criterion. The third group is based on the ficti-
tious crack approach by Gustasson and Hiller-
borg [5].

In this work, we assume the concrete bulk
as an elastic material until cracking, the tensile
strength as the crack initiation and propagation
criterion, the concrete fracture is governed by
a linear-decreasing cohesive law. In this way,
multiple potential cracks are considered natu-
rally, the propagation or arrest of each individ-
ual crack as external load increases can also be
predicted.

The rest of this paper is structured as follows.
The layout of the physical problem is explained
in Section 2. The fracture path and shear resis-
tance are calculated analytically and validated
in Section 3. Finally, relevant conclusions are
drawn in Section 4.
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2 ANALYTICAL FORMULATION OF A
COHESIVE CRACK PROPAGATION
IN A BEAM WITH REINFORCE-
MENTS

y

x

(x)

Tension

Compression

Reinforcement

Figure 1: Possible stress distribution along distinct frac-
ture path and the function that defines each potential
crack x = ϕ(y).

Consider a beam of rectangular section with
longitudinal and inclined reinforcements, all
possible crack trajectories described by a series
of functionals x = φ(y) can be determined from
the equilibrium states, see Fig. 1. Thus the in-
clination angle α of the crack path defined by

the non-dimensional function x∗ = ϕ(y∗) with
respect to the x-axis can be calculated accord-
ingly

sin α =
1√

ϕ′(y∗)2 + 1
(1)

cos α =
ϕ′(y∗)√

ϕ′(y∗)2 + 1
(2)

where we have normalized all length variables
by the beam depth H , i.e. x∗ ∈ [0, η], y∗ ∈
[0, 1]. Through equilibrium conditions, the flex-
ural moments with respect to the neutral axis,
the shear forces in the vertical direction and
self-balance between compressive and tensile
forces in the horizontal direction can be written
as follows

Mi = Mc + Mt (3)
Qy = Fcy + Fty (4)
Fcx = Ftx (5)

The compressive and tensile forces and their
non-dimensional counterparts are calculated as
follows

Fc = σc
y − yn

H − yn

1

sin α
(6)

Ft =

(
yn − y

yn − yud

+
y − ytip

yud − ytip

)
1

sin α
(7)

F ∗
c =

Fc

ftBH
= σ∗

c

y∗ − y∗
n

1 − y∗
n

√
ϕ′(y∗)2 + 1 (8)

F ∗
t =

Ft

ftBH
=

√
ϕ′(y∗)2 + 1

(
y∗

n − y∗

y∗
n − y∗

ud

+
y∗ − y∗

tip

y∗
ud − y∗

tip

)
(9)

Where yn, yud and ytip are the vertical coor-
dinates of the neutral axis, the undamaged ma-
terial (end of the FPZ, or the cohesive crack tip)
and the tip of the stress-free crack respectively.

Replacing in Eqn. 4, we get the equilibrium
equation:

2
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2

Q∗(x0) =
Q(x0)

ftBH
=

∫ 1

y∗
n

y∗ − y∗
n

1 − y∗
n

σ∗
cϕ

′(y∗)dy∗ +

∫ y∗
n

y∗
ud

y∗
n − y∗

d

y∗
n − y∗ϕ

′(y∗)dy∗

+

∫ y∗
ud

y∗
tip

y∗ − y∗
tip

y∗
ud − y∗

tip

ϕ′(y∗)dy∗ + f ∗
y ρi sin θ (10)

From the compatibility of stresses we get

σ∗
c =

σc

ft

=
1 − y∗

n

y∗
n − y∗

tip − 1/β
(11)

2.1 Fracture trajectory

Consider ϕ as a known function, plug y∗
n and σ∗

c

into Eqn. 10, we can solve to get the function ϕ
as follows

ϕ(y∗) = a1

(
a2y

∗3 + a3y
∗2 + a4y

∗) + a5 (12)

We impose two limit conditions to determine
the five coefficients a1 to a5, one is when the
longitudinal reinforcement ratio tends to infin-
ity, the fracture tends to the minimum shear
point, the other is when the longitudinal and in-
clined ratios tends to zero, the fracture tends to

the plain concrete fracture previously known.

a5 =
x∗

0

η
=

x0

ηH
(13)

a4 = 2ββ1f
∗
c

Q∗(x0) − σ∗
ir

1 + 2σ∗
lr + σ∗

ir

(14)

a3 =
1 + 2σ∗

lr
3 + σ∗3

ir

24
a4 (15)

a2 =
2

3
(
1 + σ∗

ir
2
)a3 (16)

a1 =
x∗

null − x∗
0

a2γ3 + a3γ2 + a4γ
(17)

γ = 1 +
ftB(1 + σ∗

ir)

f ∗
c q

e−σ∗
lr (18)

σ∗
lr = ρlf

∗
y (19)

σ∗
ir = 0.75ρif

∗
y sin θ (20)

where q is the distributed load per unit of length,
x∗

null in a three point bending test is 0.5, σ∗
lr and

σ∗
ir are the normalized average stress of the lon-

gitudinal and inclined reinforcements Eqn. 19,
and σ∗

ir respectively. The angle θ is that of the
inclined reinforcement, defined as 45o.















Figure 2: Sensitivity of the reinforcement ratio on the crack path initiated at a quarter span from the support.
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Figure 3: Limit curves of the fracture path initiated from several locations when there is zero or infinite reinforcments.

It needs to be pointed out that, in the limit
case of heavy longitudinal or inclined reinforce-
ment, the function ϕ can be significantly sim-
plified. For example, the limit curve for longi-
tudinal reinforcement could be described by the
Eqn. 12 with the coefficients a1l to a5l. Those
limit curves are plotted in Fig. 3.

a5l =
x∗

0

η
=

x0

ηH
(21)

a4l = 2ββ1
f ∗

c Q∗(x0)

1 + 2T ∗
0

(22)

a3l = a4l

(
1

24
+

1

12
T ∗

0
3

)
(23)

a2l =
2

3
a3l (24)

a1l =
x∗

null − x∗
0

a2l + a3l + a4l

(25)

where T0, which is the reinforcement strength
ρlfy, fitted as 10 MPa, sets the limit curve

for strongly reinforced beams, beyond which,
the crack trajectory will coincide with the limit
curve as shown in Fig. 3.



β = 1 β = 5 β = 10 β = 100

Figure 4: Sensitivity of the parameter β for reinforced
(left) and plain (right) concrete beams.

The sensitivity of the parameter β on the tra-
jectory of a crack initiated from a quarter span
to either of the support for a reinforced or plain
concrete beam is shown in Fig. 4. Note that
when β increases, the crack tends to move away
from the loading point.

2.2 The external load that corresponds to
each possible crack trajectory

Once the trajectory of crack initiated from a
position x0 is define by Eqn. 12, we can ana-

lytically obtain the corresponding external load
through equilibrium considerations. The flex-
ural moment generated by compressive or ten-
sile forces and the longitudinally rebars are il-
lustrated in the following equations.

• Moment generated by the compressive tractions

M∗
c =

Mc

BH2ft

=
1

2
σ∗

c

√
(y∗

n − y∗
cgc)

2 + (x∗
n − x∗

cgc)
2

√
(1 − y∗

n)2 + (x∗
h − x∗

n)2 (26)

where y∗
cgc = y∗

n + 2
3
(1 − y∗

n), x∗
cgc = ϕ(y∗

cgc), x∗
h = ϕ(1) and x∗

n = ϕ(y∗
n)

• Moment generated by the tensile tractions

M∗
t =

Mt

BH2ft

=
1

2

√
(y∗

n − y∗
cgt)

2 + (x∗
n − x∗

cgt)
2

√
(y∗

n − y∗
tip)

2 + (x∗
n − x∗

tip)
2 (27)
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where y∗
cgt = 1

2
(y∗

n − y∗
tip), x∗

cgt = ϕ(y∗
cgt), x∗

tip = ϕ(y∗
tip) and x∗

n = ϕ(y∗
n)

• Moment generated by the longitudinal rebars

M∗
lr =

Mlr

ftBH2
= ρlf

∗
y (y∗

n − c∗) exp[−ϕ′(y∗
tip)] (28)

where c∗ is the normalized cover length. The moment given by the inclined reinforcement can
also be easily calculated the same way.

• Internal moment
M∗

i = M∗
lr + M∗

t + M∗
c (29)

For the case of a three point bending config-
uration, the external load P is related with the
internal moment as follows:

P ∗ =
P

ftBH
=

2M∗
i

x∗
0

(30)

The above expression, Eqn. 30, slightly
modified, can be extended to any load distri-
bution on the top surface. Therefore, we have
analytically determined the load capacity for a
beam with arbitrary load, reinforcement ratio or
span-depth ratio. For the purpose of clarifica-
tion, we classify the concrete beams into three
categories, those slightly reinforced with lon-
gitudinal rebars, those heavily reinforced with
longitudinal rebars and those have both longitu-
dinal and inclined rebars.

Beams lightly reinforced with longitudinal
bars

We consider a beam is lightly reinforced
when the reinforcement rate is lower than T0.
The technological application of this kind of
beams is the prevention of brittle failure. In
this case, the compressive stress at the top of the
beam has not reached the compressive strength,
and its value is determined through equilibrium
equations. By comparing the failure load for
various trajectories initiated from different lo-
cations of the beam, the minimum failure load
is given by the trajectory started at the position
S/4, the ultimate shear force is given by Eq. 31.

V ∗
u =

Vu

BHft

=
dcy

∗

3η

σ∗2
c

σ∗
c + 1

+ σ∗
yρl

1 − c∗

η
(31)

d∗
cy =

(
1 − 1

2β

)

σ∗
c = f ∗

y ρl +

√
1 +

4d∗
cy

f ∗
y ρl

(32)

where c∗ is the normalized covering length
c/H . Note that the parameters such as η, β y
lfpz all play a role in the failure load.

Beams strongly reinforced with longitudinal
bars

In contrast, a beam is considered as strongly
reinforced when the reinforcement rate is higher
than T0. In this case, the compressive stress at
the top of the beam attains the strength fc. The
shear force for failure is obtained as follows

V ∗
u =

Vu

ftBH
=

1

2

PI

ftBH
+ (1 + f∗

c )d∗2
cy

tan2 α

2η
(33)

where

d∗
cy =

(
1 − 1

2β

)
(34)

α = α0 ln η (35)

where α0 = 25.35, and PI is the peak load
for a Mode-I failure of the same beam under
three-point-bend load configuration. Note that

5
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the first term in Eq. 33 is influenced by mate-
rial properties, geometry and reinforcement ra-
tio, whereas the second term is only influenced
by the material properties and the geometry, not
the reinforcement ratio.

Beams reinforced with longitudinal and in-
clined bars.

In this case, the beams are reinforced with
both kind of reinforcements, the corresponding
shear force of failure is written as follows:

V ∗
u =

Vu

ftBH
=

f∗
c d∗2

cy tan2 α

3η − 6d∗
cy tan α

(36)

d∗
cy =

(
1 − 1

2β

)

α =

[
α0 +

(
c∗0f

∗
y ρlρi

η
− 1

)]
ln η(37)

where c∗0 =
0.0003f2

t

0.08f0.5
c

and α0 = 25.35o. Part of
the term c0 is minimum shear reinforcement for
a beam according with the Euro Code 2.

3 VALIDATION AND TECHNOLOGI-
CAL APPLICATION

In this Section, we first validate the predicted
crack path against the experimental ones given
by Carpinteri et al. [17]. Then we compare the
failure load obtained from Eqns. 33, 31 and 36
to that given by the Euro Code 2 [20] and the
Model Code.

3.1 Validation of the crack path
In order to verify the ability of Eq. 12, we

compare various crack trajectories initiated at
different locations of the beam with the experi-
mentally observed ones by Carpinteri et al. [17].
The material properties and beams dimensions
are given in Tab. 1. The beams were reinforced
with rebars of diameter of 8, 12 and 20 mm re-
spectively, the resulted reinforcement ratios are
of 0.25% (1φ8), 0.50%(2φ8), 1.12%(2φ12) or
3.14%(2φ20).

Table 1: Material properties and beam geometry for the
concrete tested by Carpinteri et al. [17].

E [GPa] fc [MPa] ft [MPa] GF [N/m]
33.1 49.4 4.2 111.5

lfpz [mm] B [mm] H [mm] S[mm]
18 200 100 1200

Saucedo et al Shear

Figure 6: Beams with the same geometry and different longitudinal reinforcement ratio tested by
Carpinteri et al [?, ?]

Figure 7: Beams with different inclined and longitudinal reinforcement ratios tested by Ikegawa
et al. [?]
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Figure 6: Beams with the same geometry and different longitudinal reinforcement ratio tested by
Carpinteri et al [?, ?]

Figure 7: Beams with different inclined and longitudinal reinforcement ratios tested by Ikegawa
et al. [?]

11

Figure 5: Predicted and observed crack trajectories by
Carpinteri et al. [17] for beams with the same geometry
and different longitudinal reinforcement ratios.

3.2 Validation of the load capacity

In this section, we validate our analytical
model against experimental results for the load
capacity of beams lightly or strongly reinforced
with longitudinal rebars, or beams with both
longitudinal and inclined rebars. The material
properties and beam dimensions as well as rein-
forcement ratios for different beams are shown
in Tabs. 2-4 respectively.

6

425



Saucedo, Yu and Ruiz

Table 2: Experimental results of Mathey et al. [29] for lightly longitudinal reinforced concrete beams.

Test No. η H [mm] B [mm] fc [MPa] fy [MPa] ρl [%]
1 1.29 403 203 24 500 0.75
2 1.29 403 203 26 500 0.75
3 1.29 403 203 27 500 0.75
4 1.29 403 203 26 500 0.75
5 1.29 403 203 27 500 1.16
6 1.29 403 203 26 500 1.16
7 1.29 403 203 23 500 1.17
8 1.29 403 203 23 500 1.17

Table 3: Experimental results of Moody et al [30] for strongly longitudinal reinforced concrete beams.

Test No. η H [mm] B [mm] fc [MPa] fy [MPa] ρl

1 1.14 553 178 18 500 2.72
2 1.14 553 178 21 500 2.72
3 1.14 553 178 22 500 2.72
4 1.14 553 178 23 500 2.72
5 1.14 553 178 18 500 3.46
6 1.14 553 178 23 500 3.46
7 1.14 553 178 24 500 3.46
8 1.14 553 178 25 500 3.46
9 1.14 553 178 21 500 4.25
10 1.14 553 178 22 500 4.25
11 1.14 553 178 22 500 4.25
12 1.14 553 178 25 500 4.25

Table 4: Experimental results of Kazemi et al [21] for longitudinal and inclined reinforced concrete beams

Test No. η H [mm] B [mm] fc[MPa] fy [MPa] ρl [%] ρi/ρmin

1 4.85 330 200 38.3 225 1.68 2.0
2 4.64 345 200 38.3 225 1.07 2.0
3 4.44 360 200 38.3 922 0.18 8.1
4 4.64 345 200 38.3 922 0.26 8.1
5 4.80 333 200 38.3 922 0.34 8.1
6 4.76 336 200 38.3 922 0.35 8.1
7 4.85 330 200 38.3 922 0.41 8.1

7
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The comparison are illustrated in Figs. 6-8
for those beams tested by Mathey et al. [29],
Moody et al [30] and Kazemi et al. [21] re-
spectively. It is noteworthy that, our analytical
model gives a better prediction than the Euro
Code 2 and Model Code for all the examples
demonstrated.
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Figure 6: Prediction for lightly reinforced beams with
longitudinal rebars tested by Mathey et al. [29].

0

250

500

750

1000

1 2 3 4 5 6 7 8 9 10 11 12

Moodey et al
Anal. Saucedo et al.
Euro Code 2
CEB-FIP

V
u 

[k
N

]

Test

Figure 7: Prediction for strongly reinforced beams with
longitudinal rebars tested by Moody et al. [30].
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Figure 8: Prediction for beams with both longitudinal and
inclined rebars, tested by Kazemi et al. [21].

4 CONCLUSIONS
Assuming a linear-decreasing cohesive law

for concrete fracture, a perfect bond-slip rela-
tion for the steel-concrete interface, we have
developed an analytical method to predict the
shear resistance for a beam reinforced with any
ratio of longitudinal and transversal rebars. The
formulation has been validated against numer-
ous experimental results for fracture path and
ultimate loads. The agreement is remarkable.

NOMENCLATURE
• ft, fc and GF : Concrete tensile, compres-

sive strength and specific fracture energy.

• wc: Critical opening displacement in a lo-
cally mode-I cohesive crack.

• lfpz: Fully-developed fracture process
zone length defined as EGF

ftfc
.

• H , S and B: Beam height, span and
width.

• η: Ratio between beam span and beam
height S

H
.

• c and c∗: Reinforcement cover length and
the normalized one c/H .

• β: Brittleness number defined as H
lfpz

.

8
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• β1: Brittleness number in the width direc-
tion defined as B

lfpz
.

• y∗: Non-dimensional coordinate in the
vertical direction y

H
∈ [0, 1].

• yn: Location of the neutral fiber.

• ycgc: Distance between the resulted com-
pressive force and the neutral axis.

• yud: Location of the cohesive crack tip.

• ytip: Location of the stress-free crack tip.

• x∗: Non-dimensional coordinate in the
horizontal direction x

H
∈ [0, η].

• ϕ(y∗): The function that describes the
crack trajectory.

• θ: The inclination angle of the shear rein-
forcement with respect to the x-direction.

• α: Local inclination angle (w.r.t. the x-
axis) of the crack trajectory.

• Al and Ai: Area sum of the cross-section
of the longitudinal and inclined rebars.

• ρl: Longitudinal reinforcement ratio Al

BH
.

• ρi: Incline/shear reinforcement ratio Ai

BH
.

• f ∗
y : Steel yield strength normalized by

concrete tensile strength fy

ft
.

• σ∗
c : Compressive stress normalized by

concrete tensile strength σc

ft
.

• σ∗
lr: f ∗

y ρl.

• σ∗
ir: 0.75f∗

y ρi sin θ.

• M and M∗: Moment with respect to the
fiber neutral, M∗ = M

ftBH2 .

• Mi: Internal moment (calculated at a sec-
tion).

• Mc and Mt: Flexural moment generated
by the compressive and the tensile trac-
tions.

• P and P ∗: External load under a three-
point-bend configuration, P ∗ = P

ftBH
.

• Q(x) and Q∗(x∗): Shear force at location
x, Q∗(x∗) = Q(x/H)

ftBH
.
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Abstract: The positive effect of fibers on the bond of reinforcing bars in concrete is widely 
recognized and supported in literature; on the contrary information are not available on recycled 
steel fiber reinforced concrete. The experimental work discussed in this paper represents a part of a 
wider analysis, performed by the authors, on the mechanical performance of RSFRC. In particular 
the main objective is to investigate the bond behavior between steel bar and recycled steel fiber 
(from waste tires) reinforced concrete. To this aim eccentric pull-out test on prismatic samples were 
designed varying the type of fiber (recycled and industrial steel fibers) and the concrete cover-bar 
diameter ratio; in addition similar tests were carried out on plain concrete for comparison purpose. 
The experimental data in terms of peak bond stress, mode of failure and bond stress-slip curves are 
analyzed and discussed evidencing the good bond performance of specimens realized with recycled 
steel fiber reinforced concrete compared with both those realized with plain and industrial fiber 
reinforced concrete. 
 
 

1 INTRODUCTION 
As well know, the 2008/98/Ce European 

Directive [1] expands in Europe the “end of 
waste” concept, previously introduced by the 
Italian legislature [2]. The concrete obtained 
by adding recycled steel fibers from scrap tires 
showed a good improvement of the 
mechanical properties of the material such as 
tensile strength, energy absorption and 
toughness as well as fatigue strength [3], [4]; 
as a consequence this material appears to be a 
promising candidate for both structural and no-
structural applications.  

The presence of fibers in concrete has also a 
positive effect on the bond between 
reinforcing steel bars and concrete. In fact, 
even if the bond behavior of steel bars in 
concrete is controlled by several phenomena 
(such as chemical adhesion, frictional 

resistance, mechanical interlock), the presence 
of fibers improves the bond properties thanks 
to the their bridging action at cracks arising at 
the bar ribs. Thus, at the onset of cracking the 
presence of fibers prevents further cracks 
opening and resists additional tensile forces 
which the concrete itself cannot sustain [5]. 

In [6[7] it is shown that the addition of 
fibers to concrete improves the bond-slip 
behavior of the reinforcing steel bars after the 
development of splitting cracks leading to 
more ductile failures. In these works the 
authors observed two main types of failure: 
pull-out and splitting. The first failure mode 
(pull-out) was characterized by the presence of 
cracks on the bottom loaded face only; while 
the splitting mode was characterized by the 
development of bottom and side longitudinal 
cracks.  
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Many authors concluded that fibers 
improve bond capacity in terms of ductility 
[8[11] while their effect on the bond strength 
could be appreciated when the loss of bond is 
due to splitting [12[13]. The present  work is 
focused on evaluating the influence of 
recycled steel fibers (RSF) on the bond-slip 
behavior of steel bars into concrete. Splitting 
bond failures were investigated: the bridging 
effect of steel fibers generally improves the 
bond behavior enhancing the evolution of the 
cracking phenomenon; a similar benefit is 
expected when recycled steel fibers are used.  

Pull-out tests have been performed varying 
two parameters: the concrete cover thickness 
and the type of fiber. In particular, the bond 
behavior of steel bars in concrete reinforced 
with RSF was compared with that of the same 
bars embedded into concrete reinforced with 
industrial steel fibers (ISF).  

The work is a part of a wider research 
aimed to evaluate the effectiveness of RSF 
when used in concrete structural applications. 

2 EXPERIMENTAL PROGRAM 
The experimental program comprises a 

series of eccentric pull-out tests on prismatic 
samples for evaluating the influence of the 
fiber type and concrete cover-bar diameter 
ratio (c/d). The experimental tests were carried 
out on cubes made of plain concrete (PC), 
reinforced concrete with both 0.3% by volume 
of industrial steel fibers (ISFRC) and 0.3% by 
volume of recycled steel fibers (RSFRC). 

2.1 Materials 
Portland cement, water, limestone 

aggregates and locally available sand were 
used for the experimental program. All the 
mixtures were realized using a planetary 
vertical concrete mixer. Three different mixes 
were cast with a strength target of 30 MPa: a 
control mix without fibers (PC), a mix 
reinforced with recycled fibers (RSF) and a 
mix reinforced with industrial steel fibers 
(ISF), with an aspect ratio l/d=50. The utilized 
mix design is listed in the Table 1. 

 
 

Table 1: Mix design 

 Material PC RSF ISF 
Portland 
CEM 32.5R 
II-A/LL 

[kg/m3] 350 350 350 

Water [l/m3] 188 188 188 
Aggregate I 
(8-20 mm) [kg/m3] 513.00 510.70 510.70 

Aggregate 
II (4-10 
mm) 

[kg/m3] 227.60 226.60 226.60 

Sand 
(0-4 mm) [kg/m3] 1025.20 1020.70 1020.70 

Fibres [%v] 0 0.30 0.30 
[kg/m3] --- 16 23.45 

Super 
Plasticizer 

[%v] 0.70 0.80 0.53 
[kg/m3] 2.45 2.80 1.86 

 
The basic properties of both fresh and 

hardened concrete were determined according 
to the related standards [14[16].  

According to the requirement of the 
standards [15], cubic specimens with a 150 
mm side and cylindrical specimens with 150 
mm diameter and 300 mm height were used 
for concrete characterization. Both cubic and 
cylindrical specimens were cast using iron 
moulds, were left to cure under a polyethylene 
covering at room temperature for 24 hours and 
then demoulded and placed under water until 
testing, thus reproducing the environmental 
condition corresponding to RH 95% and 20°C. 

The steel bars used for pull-out test were 
supplied by “Acciaierie di Sicilia S.p.A”. 
Their mechanical properties were determined 
on the basis of tensile and rebend test [17] on 
at least three specimens. 

2.1 Bond test: specimens and experimental 
set-up 

Taking into account the lack of standards 
for this kind of test, the realized set-up was 
specifically designed for the proposed 
experimental work, (Figure 1).  
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Figure 1: Bond test set-up. 

The test set up was designed to avoid 
compression on concrete and to have the 
possibility of varying the cover thickness using 
the same test apparatus: to this scope the bar 
position was designed to be eccentric with 
respect to the concrete block.  

This aspect (the eccentric position) has been 
the main critical issue to be solved in order to 
have a perfectly working set-up and, 
consequently, reliable experimental data. For 
this reason, an appropriate steel frame as well 
as wooden moulds has been designed. 

The dimensions of the specimens and the 
embedded length of the steel bar were defined 
according to [18[19] for the pull-out test: 
 the total length of the specimen should be 

ten times the nominal diameter of the 
reinforcing bar but not less than 200 mm. In 
the present research the nominal diameter 
of the bar is 16 mm and the side of the 
cubic specimen is 250 mm; 

 the total embedded length should be five 
times the nominal diameter of the 
reinforcing bar. In the present research the 
nominal diameter is 16 mm, thus the 
embedded length is 80 mm (Figure 2), 
while the total length of the bar inside the 
wooden mould is 250 mm. The position of 
the bonded length was chosen at the bottom 
of the specimens according to experimental 
works available in the literature [20]. 

 

 
Figure 2: Bonded length 

 
A view of the specimens before the test is 

reported in the Figure 3. 

 
Figure 3: Specimen before the test 

Three different configurations with the 
same nominal diameter of the steel bar and 
three different concrete cover were realized. 
The main parameters considered in this 
experimental study are reported in Table 2. 

 
Table 2: Variable parameters 

Fibers type Industrial fibres 
Recycled fibres 

Nominal 
diameter of the 

bars 
16 mm 

Concrete cover 
A) 15 mm c/d = 0.94 
B) 25 mm c/d = 1.56 
C) 35 mm c/d = 2.19 

 

P

P

Threaded
rod ( 12)

Steel bar ( 16)

Steel bar
free-end

Loading axis
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The experimental program consists of 30 
pull-out tests with three different 
configurations, obtained varying the concrete 
cover - bar diameter ratio (c/d). In Table 3 the 
total number of the tested specimens for each 
configuration is summarized.  

Three displacement transducers were used 
during the test (Figure 4): one transducer was 
applied at the free end of the steel bar, at the 
bottom of the cubic sample (Figure 4b), while 
the other two transducers were applied at the 
loaded end (Figure 4a).  

 
Figure 4: Positions of the displacement transducers: a) 

loaded end, b) free end 

Table 3: Experimental program 

 Bond Specimens 
 Conf. A 

c/d=0.94 
Conf. B 
c/d=1.56 

Conf. C 
c/d=2.19 

PC 3 3 3 
RSF 4 4 4 
ISF 3 3 3 

 
The tests were carried out after 28 days of 

curing under displacement control (constant 
displacement rate of 0.2 mm/min) by means of 
an electro-mechanic machine with a load cell 
of 200 kN. During the test, the applied load, 
the corresponding displacement as well as the 

slips at the free and loaded ends of the 
specimens were recorded by the data 
acquisition system. 

3 EXPERIMENTAL RESULTS 

3.1 Materials characterization 
All the tests results of fresh and hardened 

concrete are summarized in Table 4. The 
presence of both industrial and recycled fibers 
did not affect the workability of the concrete 
as well as adding fibers to the concrete matrix 
did not significantly improve its compressive 
strength. 

As regards steel bars, it was found that the 
average experimental values of the ultimate 
and yielding strength, together with the 
coefficient f variation (C.O.V.) were ft=669.7 
MPa (C.O.V.=0.34%) and fy=567.3 MPa 
(C.O.V.=0.79%) respectively, while the 
ultimate elongation was A=14.3% 
(C.O.V.=10.67%). Finally, the rebend test was 
successful as the specimens after the test were 
characterized by the absence of visible cracks. 

3.2 Bond test results and discussion 
The results of pull-out test are reported in 

Table 5 in terms of ultimate load (FU), 
maximum bond strength (max) and 
corresponding slip at both loaded (sL) and free 
(sF) end. The letter “P” refers to specimens 
without fibers, “R” refers to specimens 
reinforced with recycled fibers and the “I“ 
refers to specimens reinforced with industrial 
fibers. Furthermore A, B and C indicates the 
type of configuration used (Table 2).  

As a short bond length was utilized, a 
uniform bond stress distribution along the 
embedded length of the bar was assumed.  

 

Table 4: Fresh and hardened properties 

  
Slump Class of 

consistency 
Air Density Compressive strength Tensile splitting 

strength [mm] [%] [kg/m3] Rc [MPa] C.O.V. [%] fct [MPa] C.O.V. [%] 
PC 225 S5 2.8 2252 34.03 2.64 4.55 5.80 
RSF 205 S4 2.7 2279 35.71 3.08 4.73 10.60 
ISF 200 S4 3.0 2219 34.32 0.97 4.56 8.61 

S4: measured slump in the range 160 mm – 210 mm [16] 
S5: measured slump ≥ 220 mm [16] 

a)   b) 
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In this hypothesis the bond stress values () 
was calculated on the basis of the measured 
applied load, with the following equation : 

τ= P/(πDL) (1) 

where: P is the applied load, D is the 
nominal diameter of the embedded bar and L 
is the embedded length of the steel bar.  

 
Table 5 Bond tests experimental results  

  FU max sF sL 
  (kN) (Mpa) (mm) (mm) 
PA_1 37.20 9.25 0.45 1.84 
PA_2 35.37 8.79 1.28 1.06 
PA_3 35.24 8.76 0.55 1.04 
PB_1 47.70 11.87 0.43 0.79 
PB_2 51.75 12.87 0.18 0.79 
PB_3 54.20 13.48 0.25 0.92 
PC_1 76.70 19.07 0.31 1.05 
PC_2 68.51 17.04 0.21 1.04 
PC_3 68.63 17.07 0.20 0.96 
RA_1 34.39 8.55 0.44 0.76 
RA_2 36.10 8.98 0.57 0.72 
RA_3 46.13 11.47 0.54 1.10 
RA_4 44.54 11.07 0.25 0.58 
RB_1 54.81 13.63 0.35 -- 
RB_2 52.61 13.08 0.20 1.18 
RB_3 40.26 10.01 0.65 1.57 
RB_4 45.88 11.41 0.70 1.15 
RC_1 55.54 13.81 0.43 1.13 
RC_2 57.49 14.42 0.34 0.90 
RC_3 52.98 13.17 1.11 1.71 
RC_4 48.09 11.96 1.30 1.34 
IA_1 30.35 7.55 0.49 1.00 
IA_2 30.47 7.58 0.29 0.40 
IA_3 35.86 8.92 0.33 0.57 
IB_1 31.94 7.94 1.69 2.41 
IB_2 36.22 9.01 1.40 1.62 
IB_3 35.86 8.92 1.10 1.49 
IC_1 34.88 8.67 1.22 1.89 
IC_2 44.05 10.95 1.01 1.29 
IC_3 43.93 10.92 0.87 0.88 

 
Analyzing the maximum bond strength 

values, it is possible to note that, in the case of 
plain concrete specimens the max increases 
with increasing c/d ratios. In fact, the average 
value of max is 8.93 MPa (C.O.V. 3.07%) in 
the case of configuration A, 12.74 MPa 

(C.O.V. 6.38%) for configuration B and 17.73 
MPa (C.O.V. 6.56%) for configuration C. A 
different behavior is observed in the case of 
FRC specimens. For the specimens with 
recycled steel fibers similar max values were 
obtained for the configurations B and C 
(average value equal to 12.03 MPa and 13.34 
MPa, respectively) while a lower value was 
recorded in the case of specimens with 
geometric configuration A (average value of 
10.02 MPa). In the case of specimens 
reinforced with industrial steel fibers similar 
max values were obtained for the 
configurations A and B (average value equal 
to 8.02 MPa and 8.62 MPa, respectively) while 
an higher value was recorded in the case of 
specimens with geometric configuration C. 
(average value of 10.18 MPa). In Figure 5 the 
max values for each type of concrete are 
summarized. 

 
Figure 5: Bond stress values comparison 

Comparing the bond strength values for the 
same configuration while varying the type of 
concrete it can be noted that for the 
configuration A, the values of max are 
comparable. However, a different behaviour 
can be observed referring to the other 
configurations: for the configuration B the 
bond strength for plain and recycled steel 
fibers reinforced concrete is quite similar, 
while is lower for industrial steel fibers 
reinforced concrete; for the configuration C, a 

8,93
10,02

8,02

12,74
12,03

8,62

17,73

13,34

10,18

0

2

4

6

8

10

12

14

16

18

20

PC RSF ISF

B
on

d 
st

re
ss

 (M
Pa

)

Configuration A
Configuration B
Configuration C

435



Centonze G. , Leone M., Vasanelli E., Aiello M.A. 

 6 

high value of the bond strength is obtained for 
plain concrete with respect to those registered 
for fibers reinforced concrete. In general the 
scatters don’t appear relevant varying the type 
of concrete even if the worst behavior in terms 
of max was that of concrete reinforced with 
industrial steel fibers. It is in the opinion of the 
authors that this aspect could be related to a 
poor dispersion of industrial fibers near the 
steel bars (Figure 6e and Figure 6f).  

In Figure 6 the bonding surface between 
steel rebar and concrete matrix at the end of 
test is shown for some specimens. Figure 6a-d 
are related to unreinforced specimens: in 
particular in Figure 6b it can be noted a 
longitudinal crack generated, as expected, at 
the interface bar/concrete, while in the Figure 
6d it is shown the specimen PC1. broken 
exactly at the half.  

 

a) b) 

c) d) 

e) f) 
Figure 6: Bonding interface between steel rebar and 

concrete matrix for the specimens: a)PA1; b)PA2; c) 
PB2; d)PC1; e)RA3; f)IB3 

Analysing the fibres reinforced specimens it 
can be observed a consistent presence of 
recycled fibers (Figure 6e), bundled around the 
bar, while in the case of industrial steel fibres 
(Figure 6f) there were few fibres distributed at 
the interface. This would justify, as already 
mentioned, results reported in Table 6, where 
the RSFRC samples (RA, RB and RC series) 
show maximum bond strength values always 
higher than those registered when using 

industrial fibres (IA, IB and IC series). In the 
Figure 7-Figure 8 bond stress versus slip 
curves are reported, referring to both slip at the 
loaded and free ends, for specimens realized 
with plain concrete (Figure 7) and recycled 
steel fibre reinforced concrete (Figure 8). 

 

 
Figure 7: Bond stress versus slip behaviour: plain 

concrete (PA_1) 

 
Figure 8: Bond stress versus slip behaviour: RSF 

concrete (RB_2) 

The plotted loaded end slip is the average 
value of the two measurements. As expected 
the slip recorded at the loaded end is higher 
than that recorded at the free end as 
consequence of the component of the slip due 
to the deformation of the un-bonded bar read 
by the displacement transducers at the loaded 
end. Analyzing the curves, three stages can be 
clearly identified for both plain and fiber 
reinforced concrete. At the first stage of the 
ascending branch of the curve (almost linear at 
the loaded end) the bond is guaranteed only by 
chemical adhesion, the slip is negligible and 
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the localized stress arises very fast. In the 
second stage the curves lose the linearity as the 
chemical adhesion breaks down for higher 
bond stress values and transverse micro-cracks 
originate at the tip of the lugs. Increasing the 
applied load, longitudinal cracks spread 
radially from the bar, a loss of bond occurs 
evidenced by the sharp drop of the curve. In 
the last stage it can be noted a further decrease 
of the bond stress with a final descending 
branch of the curve due to the friction between 
bar and concrete. 

In Figure 9÷Figure 11 the bond stress-slip 
curves are reported for specimens reinforced 
with recycled steel fibers in configuration A, 
B, and C.  

As shown in Table 6, even if an increase in 
bond strength with the increase of the concrete 
cover was recorded, this was lower than that 
recorded for the plain concrete, being 
approximately 20% for the configuration B 
and 33% for the configuration C. 

Table 6: Average bond results for recycled steel 
fibres specimens 

  max  
[MPa] 

C.O.V. 
[%] 

Δ  
[%] 

RA 10.02 14.63%  --- 
RB 12.03 13.68% 20.11% 
RC 13.34 7.89% 33.17% 

 

 
Figure 9: Bond stress versus free end slip for RSFRC - 

configuration “A” 

 
Figure 10: Bond stress versus free end slip for 

RSFRC - configuration “B” 

 
Figure 11: Bond stress versus free end slip for 

RSFRC - configuration “C” 

3.2.1 Failure mode 
All the tested specimens showed splitting 

failure. In fact, the specimens after the tests 
clearly evidence the presence of splitting 
cracks, generally expected when the radial 
component of the bond force causes a 
circumferential stress exceeding the tensile 
strength of the concrete [12[21].  

In the Figure 12 plain concrete specimens 
after the test are shown. Analysing the figure it 
is possible to observe the typical splitting 
longitudinal crack from the loaded to the free 
end. In the case of PC_1 and PC_2 specimens 
the formation of a unique crack (Figure 12a) 
induced a more brittle failure of the specimens 
with their final separation into two blocks. 
Otherwise in the other reference tested 
specimens more longitudinal cracks formed 
(Figure 12b) avoiding the sudden crash of the 
specimens. 
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Similar kinds of failure were observed for 
the specimens realized with recycled steel 
fibres concrete mix even if in this case all 
tested specimens showed always more than 
one splitting cracks around the steel bar 
(Figure 13). Probably in this case the presence 
of the fibres in the concrete mix promotes the 
formation of the new cracks while the further 
widening of the existing ones is inhibited by 
the bridge effect of fibres. 

Even if the specimens realized with 
industrial steel fibres failed in splitting mode, 
the presence of the longitudinal cracks 
corresponding to the position of the steel 
reinforcing bar was clear visible only for the 
configuration C (Figure 14c), while for the 
other two configurations (i.e. A and B) the 
splitting cracks were better identified by using 
a digital microscope. Similar to the other 
specimens there were inclined cracks starting 
from the steel reinforcing bar (Figure 14b). 

From the Table 7 it is possible to observe 
that, as expected, for the entire tested 
configurations (i.e. A, B and C) the average 
values of the crack width in the case of the 
reinforced samples decreases if compared to 
the values of the plain concrete specimens 
belonging to the same configuration. 

Table 7: Average value of the crack width 

  

Width (mm) 
A B C 

PLAIN 0.556 0.739 0.821 
RECYCLED 0.393 0.316 0.362 
INDUSTRIAL 0.165 0.052 0.200 

 

 
Figure 12: Failure of specimens realized with 

plain concrete: a) loaded end of PC_1; b) free end of 
PA_1; c) overall view of PB_1; d) overall view of PB_2 

 
Figure 13: Failure of specimens realized with 

RSF: a) loaded end of RA_1; b) free end of RB_2; c) 
overall view of RC_1; d) overall view of RB_1. 

 a)  b) 
 

 c)  d) 

 a)  b) 

 c)  d) 
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Figure 14: Failure of specimens realized with ISF: 

a) loaded end of IB_3; b) free end of IA_1; c) overall 
view of IC_1; d) overall view of IB_1. 

3.1.3 Experimental comparison 
Furthermore, a comparison in terms of bond 

stress-slip curve for the three different 
configurations was performed and illustrated 
in Figure 15÷Figure 17. Because of the 
different maximum slips recorded during the 
tests, in this analysis it was established to plot 
all the experimental curves up to a maximum 
slip set equal to 8 mm, in order to have a 
conventional limit for the calculation of the 
ultimate residual strength. 

Analysing the comparison shown in Figure 
15 between the specimens realized with the 
three different mixtures in configuration A, it 
is possible to note as the maximum bond 
strength is almost similar, except for two 
recycled steel fibres specimens which exhibits 
a slightly higher bond stress.  

 
Figure 15: Experimental comparison – configuration A 

Then the descending branch is almost 
similar for all the curves with a low value (1-4 
MPa) of residual bond strength. 

Analyzing the comparison between 
specimens in configuration B (Figure 16), it is 
possible to note as the maximum bond strength 
is almost similar for plain and recycled steel 
fibers concrete (between 10-14 MPa) while it 
is lower for industrial steel fibers concrete (<9 
MPa). A different behavior was recorded in 
the descending branch. In fact, the specimens 
realized with plain concrete showed a more 
brittle behavior with a steeper descending 
branch respect to the FRC specimens; in the 
last case the loss of bond takes place more 
gradually. In addition, the friction contribution 
of the specimens with both type of reinforced 
concrete is higher than that of plain concrete 
ones. 

 
Figure 16: Experimental comparison – configuration B 

The presence of fibers seems to improve the 
bond in the post peak phase due to their 
bridging effect at cracks. This effect is more 
evident comparing the specimens with 
geometric configuration C (Figure 17). In fact 
the brittle behavior of the plain concrete 
specimens is compared with the softening 
behaviour of the reinforced concrete samples 
which is characterized by a high friction 
component in the last stage. In this last case 
the maximum bond strength of plain 
specimens is higher than that realized with 
FRC concrete mix. 

 a)  b) 

 c)  d) 
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Figure 17: Experimental comparison – configuration C 

 

4 CONCLUSIONS 
The experimental tests reported in this 

section are part of a wider research aimed at 
analyzing the effectiveness of recycled steel 
fibers from waste tires as reinforcement in 
concrete for structural e no-structural 
applications. In this section the analysis of the 
bond mechanisms between steel bars and FRC 
concrete was analyzed. In particular, eccentric 
pullout tests were performed varying the ratio 
between the concrete cover and the bar 
diameter (c/d) and the types of reinforcement 
(recycled and industrial steel fibers). Similar 
tests were executed on plain concrete for 
comparison in order to better understand how 
the presence of fibers influences the bond 
performance.  

On the basis of these first results the 
following considerations can be drawn: 
 By the bond tests carried out in this 

experimental work it was found that the 
bond failure for all tested specimens (plain 
and reinforced concrete) occurred by 
splitting; it was also found that the crack 
width of the reinforced samples decreases 
if compared to the values referred to the 
plain concrete; 

 The bond mechanisms do not change 
when recycled steel fibres are added to the 
concrete mix. In fact, for all tested 
specimens three different stage can be 
distinguished, related to chemical 
adhesion, mechanical interlocking and 
friction between bar and concrete. 

 The presence of fibre in the concrete mix 
does not affect the maximum bond 
strength but it seems to be able to improve 
the bond performance after the peak bond 
stress is attained, mostly when thicker 
concrete cover are utilized. 
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Abstract: A suitable control of cracking of young concrete often determines the durability and the 
reliability of concrete structures. A hydro-thermo-mechanical approach is presented for analysis of 
reinforced concrete structures applicable in engineering practice. The multi-physics problem is 
solved by a staggered analysis that consists of two steps. The moisture and heat transport analysis is 
performed and the results are time dependent moisture and temperature fields in all material points. 
These resulting fields are then used in a stress analysis to calculate stresses, crack patterns and crack 
width. The whole model is implemented in a finite element software [1], which is used in the 
validation as well as in a practical application example.

1 INTRODUCTION 
The cracking of concrete in early-age due to 

hydration heat or concrete shrinkage can 
significantly reduce the durability [2]. In order 
to prevent early-age cracking, various 
precautions have been already proposed and 
implemented into guidelines and codes [3]. 
The situation complicates in the cases of 
modern unique structures with insufficient 
previous experience. In such cases, computer 
simulation and modelling can help engineers 
to develop an suitable material design in terms 
of concrete composition, curing, insulation, 
cooling etc. In this paper coupled approach is 
described for hydro-thermo-mechanical 
analysis of hydrating concrete structures. The 
model takes into account hydration heat, 
concrete composition, reinforcement, 
shrinkage and creep. 

A large number of models have been  
published to account for hydration heat with a 
transition to creep and shrinkage of reinforced 

concrete structures [4], [5], [6], [7] . As creep 
and shrinkage depends strongly on moisture 
and temperature, heat and moisture transport 
analyses are essential parts of the mechanical 
creep analyses. Heat/moisture transport 
analysis was presented and validated in a 
previous paper [8]. Here, the extension to 
mechanical part is proposed and validated.  

The hydro-thermo-mechanical model 
implemented in ATENA software [1] is now 
suited for material and structural engineers. A 
sensitive concrete composition with its 
individual constituents is treated in detail. The 
reason lies in a variety of concrete 
composition concerning cement content, 
aggregate type, fillers, all of them having 
effects on released heat during hydration, 
thermal conductivity and capacity. 
The developed model is validated using the 
results of the international benchmark for 
control of cracking in R/C structures taking 
place in the year 2010 and known as the 
ConCrack. The presented model was also 
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applied to practical engineering problem that 
appeared during the construction of massive 
columns (5x5x4.57m) in a new power plant. 

2 HEAT AND MOISTURE TRANSPORT 
ANALYSIS 

In young concrete, heat and moisture 
transport analysis plays an essential 
influencing the cracking and shrinkage. 
Fourier law is used to calculate heat transport 
in the structure. The corresponding governing 
equation reads 

( ) ( )TQ div q
t

∂ = −
∂

 (1) 

where Q  is the total amount of heat 
accumulated in a unit volume, [J/m3]. Q  can 
be decomposed to 

0 h

h h
T

Q
Q Q dT Q

T
Q QQ Q T T

C
t T t t t t

∂= + +
∂

∂∂ ∂ ∂ ∂= + = +
∂ ∂ ∂ ∂ ∂ ∂

∫
 (2) 

where TC  is heat capacity [J/(K.m3)], hQ  is 
total hydration heat at time t, [J/m3] and Tq is 
heat flux [J/(s.m2)]. Heat flux Tq  is calculated 
using  

( )Tq T= − ∇Λ  (3) 

Λ stands for tensor of heat conductivities, 
e.g. [J/(s.m.K)] and T is temperature, [0C]. 

The analysis is based on the calibrated 
affinity hydration model [8]. It accounts for all 
stages of cement hydration and calculates the 
rate of degree of hydration , 0...1α α ∈  The 

model utilizes chemical affinity ( )A A α=% % , 
[ 1s− ],  which is determined for an isothermal 
temperature 25oC 

25
25

1 1exp aE
A

t R T T

α   ∂ = −  ∂   
%  (4) 

where R is gas constant J8314.41
kmolK

, T is 

current temperature [K], T25 is a reference 
temperature [K], and the activation energy aE

is approximately 40 kJ/mol. Having history of 
α , the hydration heat released from a unit 
cement is calculated as: 

,

h

h pot

Q

Q
α≈  (5) 

25
, 25

1 1 1exph a

h pot

Q E
A

Q t t R T T

α   ∂ ∂= = −  ∂ ∂   
% (6) 

where ,h potQ  is potential hydration heat, 
[J/kg]. Concrete is treated as a five-component 
medium, composed from cement, water, 
aggregates, filler and air. Scaling of hydration 
heat to the concrete occurs from a known 
composition. Each component carries 
information about its capacity and 
conductivity. 

Heat capacity of concrete is computed by 
proportional summation of the present 
constituents in the concrete mixture. The 
components' contribution coefficients are their 
volumetric fractions, i.e. aggregatef , fillerf  and

paste water cementf f f= + . 

ˆ
concrete aggregate aggregate filler filler pasteC f C f C C= + +

 (7) 
where concreteC , aggregateC , fillerC and ˆ

pasteC stand 
for concrete, aggregate, filler and paste 
capacity (per unit volume). The last term,  

pasteC , depends also on the degree of hydration 
α  and is calculated by 

( )
( )( )2.9

ˆ

1 0.26 1

paste cement cement water waterC f C f C

e α−

= +

× − −
 (8) 

where cementC  is cement capacity at time 
zero [9]. 

The thermal conductivity of concrete is 
calculated via homogenization principles. 
Consider conductivity of cement paste pasteλ
and aggregates aggregateλ such that 

paste aggregateλ λ≤ . The corresponding volume 
fractions are ,paste aggregatef f . The Hashin-
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Shtrikman lower ,concrete lowλ and upper bounds 

,concrete upperλ  [9] reads 

( )
( )

( )
( )

, ,

, ,

3

3

3

3

aggregate paste aggregate paste

concrete low paste

paste paste aggregate paste

paste aggregate paste aggregate

concrete upper aggregate

aggregate aggregate paste aggregate

f

f

f

f

λ λ λ
λ λ

λ λ λ

λ λ λ
λ λ

λ λ λ

∞

∞

−
= +

+ −

−
= +

+ −

 (9) 

The chain approach delivers conductivities 
at four scales in the following order: 

1. Homogenize phases cement and water  
to obtain cement paste. Use average of 

, ,,low upperλ λ∞ ∞  [9]. 

2. Homogenize  cement paste and filler. 
Use average of , ,,low upperλ λ∞ ∞ . 

3. Homogenize the latter with air. Use 
maximum of , ,,low upperλ λ∞ ∞ , which 
corresponds to Mori-Tanaka scheme 
with air as an inclusion. 

4. Homogenize the latter  with  aggregates 
to arrive on concrete scale. Use 
average of , ,,low upperλ λ∞ ∞ . 

The concrete conductivity at time t is 
calculated as: 

( ),0 1.0 0.248concrete concreteλ λ α= −  (10) 
where ,0concreteλ  is the conductivity of fresh 

concrete obtained from the four-step 
homogenization. 
The presented model makes no difference  
between water and water vapour in terms of 
mass. The governing equations for  transport 
per unit volume reads 

( )

( )

h
h

h
h h

ww
div q

t t
wh

C div q
t t

∂∂ + = −
∂ ∂

∂∂ + = −
∂ ∂

 (11) 

where w  is moisture content at current time t, 
[kg/m3], hw  stands for the amounts of 
moisture consumed by hydration, [kg/m3], 

hq is moisture flux, [kg / (m2 s)]. t  represents 
time, [s] and h relative humidity. The moisture 
flux is computed by 

h hq h= − ∇D  (12) 
where h∇  is a gradient of relative 

humidity. 
Experiments show that 1 kg of cement  

consumes approximately about 0.23 kg of 
water when hydrating completely, i.e. typically 

,w potQ =0.23 kg/kg Assuming a linear 
dependence between  water  consumption hw
and degree of cement hydration, the water sink 
term yields: 

,
h h

h t

w w
C

t t

α
α

∂ ∂ ∂= =
∂ ∂ ∂

 (13) 

,h w potw Q cα=  (14) 

where c stands for the mass of cement in 
1m3 of concrete 

A simple constitutive law based on Kuenzel 
[10] is used to calculate moisture capacity of 
concrete, see Equation (15). It has two 
material constants, namely the free water 
saturation -3,[kgm ]fw , and a dimensionless 
approximation factor b. The Moisture content 
in a unit volume -3,[kgm ]w , is:  

( )1
f

b h
w w

b h

−
=

−
 (15) 

The parameter b can be determined from the 
water content 80w  at relative humidity 0.8h =

80

80

( )f

f

h w w
b

w h w

−
=

−
 (16) 

The moisture capacity -3, kgmC     is 
calculated as a derivative of moisture content 
with respect to h

( )
( )2

1f
h

w b bw
C

h b h

−∂= =
∂ −

 (17) 

Although the model is fairly simple, it 
provides reasonable accuracy. 

3 MECHANICAL ANALYSIS 
The mechanical analysis represent the next 

step in the staggered hydro-thermal solution. 
The quasi-static formulation accounts for time 
related phenomena such as creep and 
shrinkage in hardening concrete. The 
presented model is suitable for solution of 
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reinforced concrete structures with large 
displacements and large rotations. 

The crucial feature of the developed model 
is to separate short-term and long-term 
material behaviour. The short-term model 
captures material response, such as concrete 
fracture, while the long-term model delivers 
concrete creep. The parameters for the short-
time model are changing in time, which is 
controlled by the long-term material model.  

The results from the heat/moisture analysis 
and mechanical analysis are interpolated to the 
integration points of the stress analysis by 
isoparametric interpolation in order to enable 
the usage of different meshes in both 
problems. 

3.1 Long-term material model 
Time effects on concrete behaviour in the 

long-term material model are incorporated via 
Stieltjes integral [11],  

0

'
( ) ( , ') ( )

t

t
t t t d tε σ ε= Φ +∫ , (18) 

where ( )tσ = stress in time t, dσ = stress 
increment, 0 ( )tε =  material swelling/shrinkage 
at time t, (it accounts for shrinkage/expansion 
due to temperature change and autogenous 
shrinkage), ( , ')t tΦ = compliance function of 
concrete creep, t = time at observation and 't = 
time at loading.  

The assumption of linear creep limits the 
use  to cases, where (in long-term time span) 
structural compression stresses do not exceed 
about 60% of the concrete strength in 
compression. However, as creep analysis is 
typically carried out for structural 
serviceability conditions, this limitation 
typically does not pose a problem. Equation 
(18) is integrated (in time) by Step-by-step 
method (SBS), in which original material 
compliance function is replaced by Dirichlet 
series [12, 13].  Having known stress and 
strain at the beginning of the time step t∆ , i.e.  
at time t, the values at the end the step. i.e. at 
time t t+ ∆ are calculated as follows, see [13],   

( )ˆ ˆ
t t t tσ ε ε∆ = ∆ − ∆E                       (19) 

t t t tε ε ε+∆ = + ∆  (20) 

t t t tσ σ σ+∆ = + ∆  (21) 
where t tσ +∆∆  and t tε +∆ are the total stress and 

the total strain at the time  t t+ ∆ .  ˆ
tE  is time 

adjusted material rigidity matrix and t̂ε∆ is 
vector of artificial strains to simulate the effect 
of creep in the material. In this work the B3 
creep model was used [14].  

Creep and shrinkage behaviour of concrete 
depends on current humidity and temperature 
conditions. Therefore the results of moisture 
and humidity analysis can be used to calculate 
temperature and humidity histories (at each 
material point of the structure). The effect of 
the  variable temperature T(t) is projected to 
the creep prediction model by using so-called 
equivalent time values ( , )et T t . If the creep 
prediction material law is calibrated for 
constant reference temperature refT , then for 
the varying temperature conditions T(t),  the 
accurate results are obtained by replacement of 
all real times t by the equivalent times et [14]. 

Each structural material point has its 
distinct temperature history and hence distinct 
creep prediction material parameters. 
However, as the differences between 
temperature histories (and thus in calculation 

et )  of neighbouring material points are often 
small, it suffices to use only a couple of 
"master" or "average" temperature histories. 
The original material point history is then 
replaced by the closest master history. This 
approach significantly reduces number of 
required material parameters sets. 

3.1 Short-term material model 
The short-term material model accounts for 

all nonlinear behaviour due to crack 
developments, material hardening and 
softening etc. Its prediction heavily depends 
on current stress-strain conditions in each 
material point and possibly also on its history. 
The variable parameters, mainly Young’s 
modulus, initial strains, compressive and 
tensile strengths etc. are at a particular time 
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5

computed by the linear creep model described 
above. 

The short-term concrete mechanical model 
follows the original theory in [15]. The 
material model formulation is based on the 
strain decomposition into elastic e

ijε , plastic 
p

ijε  and fracturing f
ijε components [16]. 

e p f
ij ij ij ijε ε ε ε= + +  (22) 

The new stress state is then computed by 
the formula: 

1 ( )n n p f
ij ij ijkl kl kl klEσ σ ε ε ε−= + ∆ − ∆ − ∆  (23) 

Tensile behaviour of concrete is modelled 
by non-linear fracture mechanics with a simple 
Rankine-based criterion.  

( ) 0f t
i i t i iF f wσ ′ ′ ′= − ≤  (24) 

A smeared crack concept is adopted with 
the following parameters: tensile strength tf , 
shape of the stress-crack opening curve ( )tf w

and fracture energy FG . It is assumed that 
strains and stresses are converted into the 
material directions, which in a case of rotated 
crack model correspond to the principal stress 
directions, and in a case of a fixed crack model 
to the principal directions at the onset of 
cracking. Therefore, t

iσ ′  identifies the trial 
stress and itf ′ tensile strength in the material 
direction i . The prime symbol denotes 
quantities in the material directions. This 
approach is combined with the crack band 
method of Bažant and Oh [17]. In this 
formulation, the cracking strain is related to 
the element size. Consequently, the softening 
law in terms of strains for the smeared model 
is calculated for each element individually, 
while the crack-opening law is preserved. The 
model uses an exponential softening law of 
Hordijk [18]. 

The compressive behaviour is modelled 
using a plasticity-based model with failure 
surface defined by the three-parameter 
criterion form [19]  

2

3 1.5 ( , ) 0
6 3

p
P

c c c

F m r e c
f f f

ρ ρ ξθ
  

= + + − =  
   

 (25) 

 where    

2 2

2 2 2

1
2 2 2 2 2

3
1

4(1 ) cos (2 1)( , )
2(1 ) cos (2 1) 4(1 ) cos 5 4

c t

c t

f f e
m

f f e

e e
r e

e e e e e

θθ
θ θ

−=
+

− + −=
 − + − − + − 

 (26) 
In the above equations, ( , , )ξ ρ θ  are Heigh-

Vestergaard coordinates, and cf  and tf  are 
compressive strength and tensile strength 
respectively. Parameter e ∈ 05 10. , . defines the 
roundness of the failure surface. 

The surface evolves during the 
yielding/crushing process by the 
hardening/softening laws based on equivalent 
plastic strain defined as 

min( )p p
eq iε ε∆ = ∆  (27) 

 Hardening ;0p p
eq cε ε∈ − : 

( )
2

( ) 1
p p

c eqp
c eq co c co p

c

f f f f
ε ε

ε
ε

 −
= + − −   

 
 (28) 

Softening ;p p
eq cε ε∈ −∞ − : 

2

1 , ;0

0, ( ; )

( )

c
c d

d

c d

p p
c eq c c

w
c w w

w

c w w

w Lε ε

 
= − ∈ − 
 

= ∈ −∞

= −

 (29) 

When concrete crushing enters into the 
softening regime, an analogous approach to 
the crack band model is used also for the 
localization in compression within the 
crushing band cL . A direct return-mapping 
algorithm is used to solve the predictor-
corrector equation of the plasticity model. 

( ) ( ) 0p t p p t
ij ij ij ijF F lσ σ σ λ− = − ∆ =  (30) 
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The plastic stress p
ijσ is a product of plastic 

multiplier λ∆ and the return direction ijl , 
which is defined as follows  

( )p t
kl

ij ijkl
kl

G
l E

σ
σ

∂
=

∂
 (31)  

( )p t
ijp

ij
ij

G σ
ε λ

σ
∂

∆ = ∆
∂

 (32) 

The plastic potential pG is given by 

1 2
1( ) 2
3

p
ijG I Jσ β= +  (33)  

where β  determines the return direction. If 
β < 0 , material is being compacted during 
crushing, if β = 0 , the material volume is 
preserved, and if β > 0 , the material is 
dilating.  
A special iterative algorithm [15] analogous to 
multi-surface plasticity is used to solve the 
plastic and fracture models such that the final 
stress tensors in both models are identical. 

The presented model is aimed to calculate 
primarily reinforced concrete structures. In 
such particular case, two material laws are 
used; the above described model for adjacent 
concrete and a 1D model for reinforcement. 
The latter model can be any time-independent 
model, such a multi-linear 1D model, or 
elasto-plastic model with hardening etc.

4 VALIDATION 
A validation of the presented model shown 

using the example from ConCrack benchmark 
experiment RG8. For further information see 
http://www.concrack.org/. Figure 1 shows the 
overall geometry of the beam RG8 with two 
massive heads on both sides and two 
restraining steel struts. The central beam part 
has dimensions 0.5x0.8x5.1 m and is  
reinforced. The benchmark experiment 
provides data on cement mineral composition, 
cement fineness, concrete composition, 
reinforcement, geometry, external temperature, 
internal temperature in three points, adiabatic 
concrete temperature and displacements of two 

points C,D located on the beam axis 2.5 m 
apart. 

In the first step, the adiabatic experiment 
was used to validate the hydration model. The 
model predicts correctly the temperature rise 
by calibrating only the length of the dormant 
period. Based on these results the four-
parametric affinity model was calibrated [8]. 
Parameters of the affinity model are B1=1.8 h-

1, B2=1.0e-5, η=7.0, DoH∞ = 0.90. Figure 4 
demonstrates that both models approximated 
reasonably well experimental data, especially 
at younger ages. It reveals clear negative slope 
documenting the energy loss in the adiabatic 
experiment.  

Figure 1: A validated massive beam RG8 with 
restrained shrinkage (image and data from the database 

Cheops). 

The same numerical model was used for the 
heat/moisture transport and mechanical 
analysis (see Figure 3). Note that the head 
sizes were reduced and the struts are directly 
next to the central beam surfaces. 

Figure 2: Our model showing the reinforcement and 
material assignment.  
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Figure 3: Validation of CEMHYD3D model and the 
affinity model in concrete adiabatic test. 

The pilot calculation revealed that clinker 
content in the cement CEM I had to be lower 
than declared. The middle beam was thermally 
insulated by a layer of 200 mm of expanded 
polystyrene since the casting. From the 
chemical composition, the potential energy of 
the clinker is 498 J/g of cement. The original 
concrete composition stated 400 kg/m3 of 
cement, which would lead to temperatures 
exceeding 70oC as in the adiabatic experiment. 
In reality, maximum measured temperature 
was only 53.7oC at 30 hours of hydration. For 
this reason, it was decided to reduce the 
cement content to 320 kg/m3. Figure 5 shows 
the temperatures in the bottom sensor located 
50 mm above the surface and in the core of the 
beam. After two days of hydration the 
expanded polystyrene was stripped off and the 
beam surface was exposed to ambient air 
temperature. The experimental temperatures 
are a bit higher, probably due to additional 
supply of solar energy, which was not 
considered  in the model. After approximately 
4 days, the beam temperatures follow the 
ambient air fluctuations. The relative humidity 
drops to 0.88 uniformly in the cross section. 

The mechanical analysis assumes standard 
parameters of ATENA concrete C50/60. Five 
concrete parameters evolve with time. They 
are listed in the following table including their 
values at 28 days. 

Figure 4: Validation of core and bottom temperature.  

Table 1: Mechanical time adjusted parameters for 
concrete C50/60, w/c=0.475. 

Mechanical parameter at 28 
days 

Value 

Cylindrical compressive strength 50 MPa 
Young’s modulus 37 GPa 
Compressive stress at the onset 
of cracking 

4.1 MPa 

Tensile strength 1.93 MPa 
Fracture energy 48.3 J/m2

The autogeneous shrinkage was calibrated 
from the measured data and does not play a 
significant role in this concrete with 
w/c=0.475. The actual humidity is passed to 
drying shrinkage function which follows the 
evolution given by B3 model [14]. 

For the sake of simplicity our model did not 
consider wings to which the struts are 
attached, see Figure 3. This was done in order 
to avoid complexity with additional 
reinforcement and transverse pre-stressed 
tendons in the heads. Therefore, the bracing 
effect of the struts and wings is maintained by 
reducing the cross-section area of the struts to 
25%. Figure 6 demonstrates the effect of strut 
bracing. The measure points C,D are 2.5 m 
apart  located on the beam axis. The stiffness 
reduction has effect up to 3 days of hydration. 
Afterwards, the displacement of points C,D is 
controlled by fluctuating temperature of 
ambient air, straining the struts. 

448

Jan Cervenka, Libor Jendele and Vit Smilauer



8

Figure 5: Validation of relative displacements of points 
C-D with mutual distance 2.5 m on the beam axis. The 

coefficient ks shows stiffness reduction of the 
struts.

Figure 6: Strain components in the core and surface 
point of the beam during hardening. 

Figure 7 compares strains during concrete 
hardening. When the sum of strains is positive, 
the concrete is under tension and fracturing 
strain is introduced. No plastic strain was 
found in the calculation, which means no 
concrete irreversible damage under 

compression took place. Note that temperature 
strain has the largest effect at early ages. 

12 APPLICATION EXAMPLE 
The presented model was applied in a 

practical engineering problem of cracking in  
newly built massive concrete columns. The 
analyzed columns support the boiler-room of a 
newly built 660MW coal power plant (see 
Figure 8). Altogether 4 columns with 
dimensions 5x5x4.57 m support the boiler 
chamber with total weight of about 672 MN. 
Approximately 1 year after the construction of 
the massive columns, vertical cracks up to 
0.5 mm were detected in the middle of the 
columns (see Figure 9) . It was assumed that 
the hydration heat, shrinkage and insufficient 
reinforcement (Figure 10) might have been the 
main reason for this cracking. The presented 
model was used to confirm this assumption 
and to evaluate the effect of this initial damage 
on the strength and reliability of these critical 
load bearing elements. 

Figure 8: Boiler-room building, the analyzed 
columns are located in the basement. 
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Figure 9: Location of the vertical crack 

Figure 10: Column reinforcement 

The analysis was divided into three phases: 
the period 3-180 days, i.e. from the column 
casting up to the gradual introduction of the 

loads. The second period from 180-720 days, 
which represents the time of the building 
construction when the cracks were detected. 
The crack pattern and crack width at this time 
is shown in Figure 11. In the third phase, the 
columns are loaded up to 100% of the design 
load and overloaded up to failure to evaluate 
their ultimate strength (Figure 13).  

The analysis showed that the cracking was 
mainly caused by the hydration heat, which 
reached about 61°C in 8 days after casting 
(Figure 12). The reinforcement was arranged 
only near to the column surfaces, and there 
was no reinforcement spanning from one side 
to the other, thus there was nothing to resist 
the temperature strains due to hydration. The 
predicted crack with is about 0.23 mm, which 
compares well with the measured crack widths 
in the range of 0.1-0.5 mm. 

Figure 11: Calculated cracking pattern and crack width 
of 0.23 mm after 720 days. 

Figure 12: Calculated temperature fields after 8 (left) 
and 40 (right) days. 
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Figure 13: Comparison of load-displacement response 
for the analysis without (i.e. static) and with temperature 

and shrinkage effects.

The load carrying capacity of the columns is 
shown in Figure 13. It compares the load-
displacement response of a pure static analysis 
with the analysis based on the presented 
hydro-thermo-mechanical model. The result of 
the new model is depicted by a solid line. 
Initially, there is no load, but the vertical 
deformation increases due to the thermal 
effects, which is followed by a decrease due to 
shrinkage. After that the load is increased up 
to 40% of the design load to simulate the 
situation after 720 days. This load level is kept 
constant for 540 days while the creep and 
shrinkage further decreases the deformation. 
This is represented by the short horizontal line. 
After that the column is loaded up to failure. 
This response can be contrasted by the pure 
static analysis depicted by the dashed line, 
which shows a smooth response up to failure. 
The analysis confirmed that the columns have 
a sufficient load carrying capacity, i.e. about 
200% of the design load, but their strength was 
significantly reduced by almost 30%. 

12 CONCLUSIONS 
The combined thermo-hydro-mechanical 

model was presented suitable for modelling 
the behaviour of young concrete structures. 
The behaviour of the model was demonstrated 
on a hydrating concrete beam with 
experimental results. The developed model 
was successfully applied to a practical 

engineering problem. It was possible to 
quantitatively evaluate the effect of early age 
cracking on the structural strength and 
reliability. 

The presented model was developed within 
the project FR-TI1/ 612 from the Ministry of 
Industry and Trade of the Czech Republic. The 
presented results were created using software 
tools developed during the project 
TA01011019 from Czech Technological 
Agency. 
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Abstract: This work uses a test rigs enabling the monitoring of the stiffness, the creep and the 
relaxation of a concrete sample at early age. An experimental methodology using a test rig 
(Temperature Stress Testing Machine TSTM) specifically designed to measure the evolution of 
several parameters, such as the elastic deformation, the creep and the relaxation of concrete is 
presented [1]. In the framework of this study, the TSTM equipment was associated with a dummy 
specimen in free conditions, a thermal control allowing isothermal conditions and a direct 
measurement of the concrete displacement without any contact systems. The TSTM consists of an 
electromechanical testing setup, where one end of the specimen is restrained by a steel anchorage 
and the displacement of the other end is controlled by a motor moving the other steel anchorage. 

In the framework of the French national project CEOS.fr, special works have been done on the 
‘CEOS’ concrete: tension and compression tests since two days after casting up to one week are 
compared. This work presents a methodology which can be used for modeling basic creep and 
relaxation coefficient of concrete at very early age (since setting time) in tension and compression. 
All results can be expressed, as proposed by De Schutter [2], in function of the degree of hydration 
or as proposed by Gutsch [3], in function of the equivalent time, what was chosen in this research 
for the ‘CEOS’ concrete. 

1 INTRODUCTION 
Massive concrete structures or concrete 

structures built in several phases can be 
submitted to high cracking risks at early age. 
Restraint deformations in the structure are 
generally the cause of cracking at early age. 
The durability and the functionality of the 
structure can then be affected. Due to the 
increase of the tensile stresses in case of 
restrained shrinkage, cracking can occur by an 
exceeding of the tensile strain capacity or the 
tensile strength. When displacement is blocked 
in the structure, tensile stresses are induced in 
the hardening concrete material. In restraint 
condition, another phenomenon has to be 
considered in concrete structures: the 
relaxation of stresses. This decrease of the 

tensile stresses can delay or even avoid 
cracking. 

Nowadays, the construction phases of 
modern concrete structures become more and 
more complex. Consequently, for the design of 
concrete structures it is important to have 
knowledge in depth of the early age behavior 
of concrete, what will influence all the service 
life of the concrete structures. Even though the 
mechanical behavior of hardened concrete can 
usually be correctly predicted; it is not always 
the case for the early age behavior of concrete, 
when the mechanical properties change rapidly 
in function of the advancement of the 
hydration reaction. Among all the usual 
parameters (strengths, E-modulus…) needed 
for the design of the concrete structures, creep 
and relaxation in tension and in compression 
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must also be taken into account. For example, 
in the design of a concrete dam, it is shown in 
[4] that at early age, the relaxation 
phenomenon is responsible for a decrease of 
70% of the thermally induced stresses in the 
structure. 

In this paper, a new methodology for the 
study of the creep and relaxation behavior at 
very early age is presented. The tests are 
performed on two different concrete mixtures. 

2 TESTS SETUP 

2.1 Material properties 
Table 1 : Mixture proportions of the ordinary concrete  

(water to cement ratio is equal to 0.54)

Components Mass (kg /m3)
CEM I 52.5 N PMES CP2 340 
Sand (Bernières 0/4) 739 
Gravel (Bernières 8/22) 1072 
Total water 184 

The tests presented here were performed on 
an ordinary concrete and the ‘CEOS’ concrete 
for which mix proportions are given in Table 1 
and Table 2. 

Table 2 : Mixture proportions of the CEOS concrete 
(water to cement ratio is equal to 0.46)

Components Mass (kg /m3)
CEM I 52,5N CE CP2 NF 400 
Sand 0/4 GSM LGP 785 
Gravel 4/20 GSM LGP 980 
Superplasticizer  5.4 
Total water 185 

Basic mechanical properties of both 
concrete are indicated in [5] for the ordinary 
concrete and in the website www.ceosfr.org 
for the ‘CEOS’ concrete. Different tests have 
been carried out before the study of the creep 
and the relaxation in order to validate the 
mixing procedure of the ‘CEOS’ concrete. 
Figure 1 shows a good agreement between the 
results coming from the Benchmark and those 
from our laboratory. 

Figure 1: Comparative results for the compressive 
strength. 

2.2 Experimental tools 
A revisited TSTM has been developed 

(since 2006) in the laboratory of civil 
engineering at the ULB for testing concrete 
since setting under free and restraint 
conditions [1][6]. For this purpose, a testing 
machine, a W+B 400 kN electromechanical 
testing setup, has been revisited. The machine 
is totally programmable and controlled (force 
and displacement) by computer. The machine 
is composed by a fixed end, a central one-
dimensional part and a moving end (Figure 2). 
The moving end is controlled by a motor 
moving the steel head. The transition area 
between the ends and the central part is 
characterized by a rounded shape to minimize 
a possible stress concentration and the risk of 
premature cracking in this zone. In the central 
part where the measurements of the 
displacements are taken, the stress field is 
assumed to be homogenous. 

In addition to the creep and elastic 
deformations, thermal and shrinkage 
deformation must also be known. For this 
purpose, a dummy mould was realized for the 
measurement of the thermal and free shrinkage 
deformations. This mould has exactly the same 
geometry as the first one. The only difference 
is the total free movement of one of the ends. 
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Moving end Free moving end 

  
Fixed end Fixed end 

Figure 2: twin moulds with different boundary 
conditions

One T type thermocouple is placed in the 
middle of the sample during the casting, at 
each end and at mi-length of the central part of 
the mould. The temperature of the sample is 
controlled by a flow of a specific liquid for 
thermal regulation circulating on all the sides 
of the specimen. The equipment is located in an 
air conditioned room with a control system of the 
temperature and the humidity.

Figure 3: Thermal insulation

Displacements in the central part are 
recorded by Foucault current’s sensors 
(contact free sensors). Sensors have an 
accuracy of 0.014 µm. The displacement 

sensors are placed on invar supports which are 
fixed on a rigid frame made of steel bars 
externally supported by the TSTM (Figure 4). 
The distance between both sensors is 750 mm 
(where the stress field is homogeneous in the 
sample). Invar rods are anchored in the 
concrete at a depth of 50 mm. The link 
between the concrete displacement and the 
sensor is then assured. These invar rods are 
characterized by a low dilatation coefficient 
limiting the effect of ambient temperature on 
the deformations measurement. These sensors 
have two advantages. Firstly, the absence of 
contact between the sensors and the mould 
avoids measurement artifacts. Secondly, an 
instantaneous volt conversion in micrometer of 
the sensors allows piloting the TSTM system 
with the displacement directly measured in 
concrete. 

Figure 4: Displacement sensor without contact

2.3 Protocol of loading 
A new methodology has been developed for 

the monitoring of the Young’s modulus. The 
start of the test has been fixed to the end of the 
setting [7][8]. The duration of each cycle was 
approximately 30 mn. The maximal value of 
loading was limited to 20 % of the tensile and 
compressive strength. Data recorded during 
each loading cycle (force and displacement in 
concrete) are isolated in order to build 
stresses/strains curves.  

Between the loading and the unloading, a 
constant strain (relaxation) or a constant stress 
(creep) is imposed to the sample during 5 mn. 
The stresses relaxation and the creep strain are 
computed during this period. The plateau of 
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strain is imposed thanks to a real time 
subtraction between the strain of the specimen 
in the TSTM and the dummy specimen in the 
companion (passive) mould. 

3 RESULTS 
For the ordinary concrete, measurements on 

the sample started soon after the setting 
(8H00). The whole test duration was 100 
hours. For the CEOS concrete, measurements 
on the sample started at 72h00. The whole test 
duration was 100 hours. 

During each plateau of loading, the stress 
evolution is measured continuously. At any 
cycle, named i, the relaxation is counted as 
soon as the plateau is reached; this moment is 
called t0i. The stress σ(t, t0i) is then recorded 
whereas a constant strain ε0i is applied. The 
stress relaxation is then the difference between 
σ(t0i) and σ(t). The ratio in Equation 1 is 
defined as the stiffness. The specific relaxation 
R* is defined as this stiffness minus of the 
initial stiffness at t0i (Equation 2). 

R(t, t0i) = σ(t, t0i) / ε0 (1) 

R*(t,t0i) = R(t,t0i) - R (t0i,t0i) 

              = R(t,t0i) - Ε0i                    (2) 

Figure 5: Normalized specific creep in compression 
(ordinary concrete in blue and ‘CEOS’ concrete in red).

It is complicated to study directly the 
evolution of each specific relaxation curves. 
That is why the specific relaxation of each 
cycle is normalized by the value reached at the 
end of the plateau (5 mn) [6][9]. Figure 5 
shows the evolution of all normalized specific 
relaxation curves in compression during the 
plateau of deformation for both concrete. In 
that case, it is observed that all the cycle are 
quasi superimposed. 

The same work has been carried out for the 
relaxation in tension and the creep in tension 
and in compression. Figure 6 shows the mean 
value of each curve for the creep and the 
relaxation in tension and in compression. All 
curves are very close. Then it can be 
concluded that for short duration of loading (5 
mn) the kinetics of the creep and the relaxation 
in tension and in compression at early age are 
similar and are independent of the age of 
loading. Additional results of the CEOS 
concrete for the creep in compression are also 
given in Figure 6. 

Figure 6: Mean value of the normalized specific creep 
and relaxation in tension and in compression (ordinary 

concrete + ‘CEOS’ concrete). 

The mean value and the standard deviation of 
the relaxation in tension and compression are 
shown in Figure 7. The standard deviation is 
very low, the maximal value of the standard 
deviation is equal to 0.026 at 142.5 sec (+) and 
0.032 at 94 sec (-) in compression and 0.109 at 
83 sec (+) and 0.095 at 138.5 sec (-) in tension. 
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The standard deviation in tension is higher 
than the one in compression because of the 
lack of accuracy of the measurements related 
to very small values of loadings applied in 
tension (ratio of 10 between compressive and 
tensile loadings) due to the presence of a noise 
on the measurements of very low amplitude. 

Figure 7: Mean values of the normalized relaxation in 
tension and compression + positive and negative 

standard deviation (ordinary concrete)

4 MODELLING 
During this last decade, different creep 

models have been developed on basis of the 
physical mechanisms of the creep. Guénot-
Delahaie [10], De Schutter [2] and Gutch [3] 
have studied the modeling of the creep for 
concrete loaded at early age. 

An adapted model as the one of De Schutter 
[2] and Gutsch [3] has been developed for very 
short duration of loading (5 mn) since very 
early age. This model does not include cases 
of unloading. Results have been obtained with 
cyclic loadings with duration of 5 mn. The 
duration of loading has to be considered in the 
model. This parameter is considered with the 
parameter  which represents the equivalent 
time at the end of loading. The model is also 
composed by two parameters which are 
relative to the amplitude c1 and the kinetic c2
of the creep or the relaxation. The computation 
of c1 is defined as the delayed strain divided 
by the instantaneous elastic strain for the creep 

and as the variation of stress divided by the 
elastic stress for the relaxation. c2 is then 
defined with the least square method for each 
cycle. The creep and the relaxation 
coefficients are defined by the same equation 
(Equation 3). 

φ = c1(t’). ((t-t’)/(tf-t’)) c2(t’) (3) 

Results of the both parameter are shown in 
Figure 8 and Figure 9. 

Figure 8: Development of the amplitude parameter c1

Figure 9: Development of the kinetic parameter c2
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The parameter relative to the amplitude c1
decreases with the time (Figure 8) as expected 
according to results found in the literature 
[11]. The parameter relative to the kinetics c2
is relatively constant (Figure 9) as expected 
with results obtained. A constant value for c2
could be considered. This value is equal to 
0.28 for the ordinary concrete and 0.36 for the 
‘CEOS’ concrete. 

5 CONCLUSIONS 

A revisited TSTM developed for the initial 
study of the restrained shrinkage of a concrete 
at early age is used for the monitoring of creep 
and relaxation in tension and in compression 
for cyclic loadings of short duration since 
setting time. The whole cycle duration is 30 
mn and the plateau is 5 mn. 

The creep and the relaxation can be divided 
in two terms: a dimensionless kinetic term that 
is constant and similar in tension and in 
compression and an amplitude term. 

A new model for the creep and the 
relaxation since setting time is presented for 
early age concrete and for short durations and 
limited levels of loadings (20%). More 
sophisticated tests with complex histories of 
loadings are still needed for computational 
purposes. 
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Abstract: The paper presents an overview of a finite element approach for the analysis of the 

Concrack benchmark RL1. The approach adopted includes a thermo-hygro component which is 

coupled to a mechanical model which includes non-linear mechanical, aging, shrinkage and long 

term creep behaviour. The thermo-hygro model solves the mass balance equations for water vapour 

and liquid water as well as the enthalpy balance equation. A particular focus of the paper is on the 

model used to describe the development porosity with hydration. It is concluded that a correct 

treatment of porosity development over time is essential for the proper simulation of the Concrack 

material data and benchmarks. 
 

 

1 INTRODUCTION 

The paper considers the analysis of one of 

the benchmark problems from the CEOS.fr 

project [1] using a hygro-thermo-mechanical 

model implemented in the finite element 

program LUSAS.   

An overview of the modelling approach is 

provided but particular attention is paid to the 

simulation of early age porosity and its 

importance in the analysis. The reason for 

concentrating on this aspect is that in an earlier 

presentation by the authors at a benchmarking 

workshop, entitled Concrack2 [1], the authors’ 

results for early age shrinkage were inaccurate 

and one of the reasons identified for this was 

an inconsistency between the liquid mass-

balance and the porosity development model 

being used.  

The evolution of shrinkage and porosity are 

closely linked phenomena. The hydration of 

cement and external drying remove water from 

the cement matrix and this gradually empties 

the space or pores of liquid and results in 

menisci at liquid-gas interface where capillary 

pressures manifest [2]. The capillary tensions 

cause stresses in the skeleton and lead to 

macroscopic shrinkage. Thus, porosity 

development has a significant influence on the 

estimation of shrinkage. 

The overall approach to simulating hygro-

thermal behaviour is similar to that of Gawin 

et al [3] with the exception that only one fluid 

phase is considered rather than two. This is 

possible due to the assumption that the gas 

pressure is maintained at atmospheric.    

A staggered approach is taken to simulating 

the hygro-thermal (H-T) and mechanical 

components of the analysis in which a hygro 

thermal step is followed by a mechanical step.   

2 GOVERNING H-T EQUATIONS 

The averaged macroscopic mass balance 

equations for liquid (capillary and absorbed 

water) and vapour phases are as follows; 

                                 (1)  
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  (1)                                            (2) 

where   is the rate of mass transfer during 

evaporation of liquid water,   is the rate of 

liquid water mass used in hydration which 

represents the sink/source term,    is 

the averaged density of phase ( = w or v),  

is the porosity of the medium,  is the degree 

of saturation of phase π,  is the bulk density 

of phase, the superior dot denotes the time 

derivative with respect to solid skeleton and Jπ 

denotes the mass flux of phase π. 

   The macroscopic enthalpy balance equation 

for the multi-phase medium, assuming that all 

the phases are in thermal equilibrium, is as 

follows: 

               

                                                                      (3) 

  Where, T is the temperature of the medium,      is the thermal capacity, kT is 

the effective thermal conductivity of cement 

paste, Hv is the specific enthalpy of 

evaporation and   is the rate of heat 

generation of hydration. In the current model 

there is no constitutive law for , but this 

problem is solved by combining equations (1) 

and (2) into a single expression. 

3 CONSTITUTIVE LAWS AND 

HYDRATION MODEL 

  Liquid phase advection/permeation is 

assumed to obey Darcy’s law and diffusion of 

the vapour phase to follow Fick’s law: 

  

   
                      (5) 

     
                                 (6) 

 

where k
i
 is the intrinsic permeability 

coefficient dependent on the degree of 

hydration, k
rw

, , pw
 and M

w
 are the relative 

permeability coefficient, the dynamic 

viscosity, pressure and molar mass of phase w, 

g is the gravity vector, R is the ideal gas 

constant, D
v
 represents the effective diffusivity 

of vapour in the air while p
v
 is the water 

vapour pressure. The capillary curve defined 

in eq. (7) provides the relationship between 

capillary pressure p
c
 and Sw. The expression 

adopted is a version of van Genuchten’s 

equation [4] used by Baroghel-Bouny et al. 

[5].  

      


                           (7) 

 

where ac and b are material parameters, patm is 

the atmospheric pressure and  is the surface 

energy at reference temperature. Clapeyron’s 

state equation correlates pressure to mass 

concentration, Kelvin’s equation delineates 

internal relative humidity, hr, whilst Laplace 

equation defines p
c
 as a function of surface 

tension,  and pore radius, r: 

    
                                                     (8) 

     
                                       (9) 

                                                           (10) 

 

The curing of the cementitious material is 

described by Schindler and Folliard’s 

hydration model [6]: 

 

                             (12) 

 

where  is the degree of hydration at 

equivalent time te,  is the ultimate degree of 

hydration at complete theoretical hydration 

whereas  and  are the hydration time and 

shape parameters. te takes into account the 

coupled effect of time and temperature on 

different thermal curing methods on the basis 

of Arrhenius rate theory for chemical 

reactions.  

  

4 AGING PROPERTIES, CREEP & 

SHRINKAGE 

Elastic properties and strengths are assumed 

to depend directly upon the degree of 

hydration. For example, the elastic modulus is 
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given by 

( )Γ = Γ Ec

f rE E                  (13) 

where cE  is a constant, and Γr= Γ/ Γ∞

 

 

Creep is simulated with a modified form of 

Bazant’s solidification theory [7], in which -at 

each time interval during curing- there is an 

addition of a stress free rheological unit which 

comprises different proportions of a long-term 

and a short-term Maxwell unit. The idea is 

illustrated below: 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1: Solidification creep model. 

Autogenous and drying shrinkage are 

computed from changes in the degree of 

saturation and degree of hydration. Here we 

have not used p
c
 to compute shrinkage but 

rather chosen nonlinear functions of Sw and Γ. 

It is noted that once hydration is complete, 

experimental data shows that there is a 

remarkably linear relationship between weight 

loss and drying shrinkage for a normal 

environmental range of humidity [8], i.e. 

ds ds wSε β=                                            

5 MECHANICAL MODEL 

The constitutive model for concrete is based 

on a modified version of the model described 

in [9]. Two major modifications have been 

made for the work on simulating early age 

behaviour. The first involve a modification of 

the plastic and damage evolution functions 

such that they depend upon the degree of 

hydration. Results from an example analysis 

using the data from Yi et al [10] is shown in 

Figure 2. 

 
Figure 2: Compressive response for different times. 

The second major change involves using an 

entirely smooth relationship for rough crack 

contact as well as an approach to the solution 

of the nonlinear equations which does not 

involve using a negative tangent modulus. 

These changes have greatly improved the 

stability of the solution process. Details are to 

be given in a forthcoming publication. 

 

6 DEVELOPMENT OF POROSITY 

WITH HYDRATION 

As mentioned in the Introduction, the 

primary focus of the paper is on the 

development of porosity over time and the 

need for an approach which is consistent with 

the moisture mass balance equation. 

A few hours after mixing, the cement paste 

is plastic and all the pores are filled with pore 

solution. During this period all the chemical 

shrinkage manifest itself into an external 

volume change and the water degree of 

saturation remains constant and close to 1. 

Later, when a percolation threshold hydration 

degree is exceeded, the paste starts to gain 

stiffness and, due to shrinkage, voids are 

formed within the mix. In the second stage of 

hydration the small voids nucleate into larger 

pores leading to a stabilised capillary network. 

Two types of pores can be identified inside the 

hydrated paste according to their size: 

capillary pores 12nm and gel pores  12nm 

[11]. In the early stages, capillary pores are 

predominant, but, as the hydration process 

proceeds, the proportion of gel pores gradually 

increases with respect to the capillary ones. A 
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shift of the pore size distribution to smaller 

pores with time is measured. Experimental 

evidence suggests an essentially linear 

relationship between porosity and degree of 

hydration [12]. In this paper, porosity is 

estimated from the quantity of cement paste 

constituents at the end of the chemical 

reactions and by assuming that the reaction 

products advance proportionally with the 

overall hydration degree of the paste. Powers’ 

model [13] for cement hydration provides a 

general expression of porosity which for 

concrete has the form: 

  

 
           

        
 

             (13) 

 

where  is porosity, 
  is the water cement 

ratio,  material coefficient, Vea is the volume 

of entrapped air,  is the density of cement,  is the volumetric strain do to autogenous 

shrinkage, and   is the volume of 

aggregates.  differentiates capillary from 

total porosity and is obtained by evaluating the 

quantities of water forms using stoichiometry 

of the four main clinker minerals. The 

chemical reactions considered for these 

components essentially follow those given in 

references [11] and [14]. 

An example simulation is presented using 

an experiment undertaken by Baroghel-Bouny 

[5], in which autogenous drying takes place. 

The relative humidity referred to on the graph 

is internal relative humidity calculated from 

equation 9. 

7 CONCRACK BENCHMARK 

Full details of the Concrack benchmark 

(RL1) and associated material data are given 

on the project web site [1]. 

As mentioned earlier, one of the concerns 

regarding the authors’ earlier simulations was 

an inability to correctly predict the material 

test data for autogenous drying. 

 

 
Figure 3:Autogenous drying of concrete. 

Using the refined porosity and shrinkage 

models, this situation has improved and an 

illustrative graph showing the prediction of the 

autogenous response from the Concrack 

material data is given in Figure 4. 

  

 
Figure 4: Autogenous drying for Concrack material. 

Direct moisture content values were not 

available for the RL1 benchmark but 

temperatures, strains and displacements were 

available. The predictions regarding 

temperature and overall deformation are given 

in Figures 5 & 6. 

 

 
Figure 5:Temperature variation for Concrack test 
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Figure 6: Overall response for Concrack test RL1

8 CONCLUDING REMARKS

The paper has presented an overview of an 

approach to the analysis of the time dependent 

behaviour of concrete along with some 

illustrative results for the Concrack benchmark 

RL1. 

In addition, more detailed information is 

provided on one aspect of the approach, 

namely the porosity development model. A 

correct treatment of porosity development over 

time was found to be an essential for the 

proper simulation of the Concrack material 

data and as well as for the full scale tests 

themselves.  
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Abstract: Most infrastructures are reinforced concrete (RC) structures. In order to deal with the 
security and durability of RC structures, the stackholders have to survey the noticeable signs of 
degradation resulting from interactions between the environment and the constitutive materials. As 
the matter of fact, these interactions can reveal cracks, which are major with respect to durability 
and sustainability. 
In this framework, the French national research programme CEOS.fr (Behaviour and assessment of 
special construction works concerning cracking and shrinkage) has been launched [1]. It aims to 
improve knowledge on the behaviour evolution of special concrete structures (large structures) 
particularly their cracking states (crack openings and spacings) and to develop new tools allowing a
structural behaviour prediction. Associated with the project CEOS.fr, an international benchmark 
named ConCrack (Control of cracking in RC structures) dealt with the modelling of the 
experimental behaviour of large specimens (www.concrack.org)[2].

In that context, the authors focused on the modelling of one tested mock-up. It is a large RC beam 
named RL1 subjected to a free shrinkage test followed to a bending test. 
The authors focused on the mechanical part. In order to model the experimental test, a 2D plane 
stress modelling is performed. Two continuum damage concrete models are used, classical Mazars 
model [3] and Ricrag one [4]. The steel behaviour law is a classical hardening elastoplastic law. 
These models are supposed to be robust enough to allow complex structural modelling of an entire 
structure. Analysis of local results, obtained by post-treatment of continuum numerical results, is 
performed. 

In this study, the authors show the effect of the modelling hypothesis and the considered boundary 
conditions on the numerical results and its importance to get a good accordance with experimental 
data. The numerical crack openings and spacings obtained are compared with experimental data. At 
last, the set of numerical results is encouraging,

1 INTRODUCTION
An important aspect of reinforced concrete 

structure analysis for design purposes is the 
evaluation of crack spacings and openings 

(widths). The cracking pattern of concrete
structures has to be analysed and controlled, 
and numerical tools are necessary to give 
accurate prognosis. It is of primary importance 
to control the cracking in order to condition 
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the correct functioning of the structures
(durability, deformability, safety, 
waterproofness or airtightness, etc.). The 
structural design is based on a performance 
approach given in Eurocode 2 [7]. The 
estimation of the opening and spacing of 
cracks is provided by empirical formulas,
design from simplified experimental tests. But 
all these formulations have a limited range of 
validity, and do not cover special RC 
structures, such like power plant vessel or 
dam.

Besides, computational tools used by 
engineers are not sufficiently powerful to 
determine a representative state of the cracking 
of reinforced and/or prestressed concrete 
structures especially if they are subjected to 
severe loads. Indeed, for several decades, 
many studies have been carried out in 
experimental and numerical way at different 
scales, in order to develop modelling able to 
describe and predict suitably and relevantly,
according to the observation scale, the 
concrete behaviour. In this framework, the 
French National Project CEOS.fr has been 
initiated and is also associated with the ANR 
(National research agency) project Mefisto 
(Sustainable prediction of concrete 
infrastructures cracking) [1].

Based on the experiments driven by 
CEOS.fr project, an international benchmark 
named ConCrack (Control of Cracking in RC 
Structures) has been launched, dealing with 
the modelling of the behaviour of the special 
RC structural elements under monotonic and 
cyclic loading after free or prevented 
shrinkage [2].

This paper presents results based on the 
international benchmark ConCrack in order to 
predict qualitatively and quantitatively the 
cracking distribution of RC tested mock-ups,
the beam RL1. Numerical analyses are carried 
out and based on the behaviour of a large RC 
beam under monotonic loading.

Numerical results were studied in terms of 
structural global behaviour (Load as a function 
of displacement, for instance) but also in terms 
of local behaviour (cracking distribution). In 
the first part of the paper, the presentation of 
the experimental test is realised. The second 

one is devoted to the brief exhibition of the 
used constitutive material models. The third
part shows the kind of considered modelling 
and the selected boundary conditions. Some 
comments have been done in the fourth part 
about the numerical and experimental results. 
And, to finish a conclusion and some outlooks 
are presented.

2 EXPERIMENTAL PROGRAM
The experimental results presented here 

come from the experimental campaign carried 
out in the framework of the CEOS.fr project 
on large beams subjected to bending test. This 
experimental work gave data on the cracking 
process in RC specimens, with local measure 
of the cracks propagation [2]. A 
complementary studied on the cracks pattern 
have been performed by Digital Image 
Correlation. The first results obtained with this 
study are provided in order to compare 
numerical local results and experimental 
results. The selected specimen is a large beam 
called RL1 subjected to a free shrinkage 
followed to a bending test. Main data for this 
specimen such as geometry, boundary 
conditions, loading conditions, reinforced 
distributions and also the material properties 
are provided by the benchmark ConCrack.
The length of the beam is equal to 6100 mm,
its width and its thickness are equal to 1600
mm and 800 mm respectively (Figure 1). After 
casting, the beam has been let for 4 weeks to 
shrink freely.  

The longitudinal beam reinforcement is 
consisted of two layers of 8 32 mm diameter 
steel rebars disposed horizontally on the top 
part of the beam, one layer of 8 25 mm 
diameter steel rebars disposed horizontally on 
the bottom part, two layers of 3 16 mm 
diameter steel rebars disposed vertically, one 
on the front part of the beam and the other on 
the behind one. RL1 reinforcement is also 
composed of 19 16 mm diameter stirrups 
associated with 16 mm diameter U 
surrounding the longitudinal steels rebars 
described previously (Figure 2). Steel and 
concrete mechanical properties of the RL1 
beam are gathered in Table 1. The concrete 
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cover is equal to 30 mm.

Figure 1: Geometry of the beam. 

Figure 2: Layout of reinforced of the beam.

The loading system has been consisted in 
placing the beam on a bending bench. The 
beam is fixed onto the testing bench thanks to 
4 macalloy steel bars crossing the testing 
bench and also the RL1 beam at each ends
(Figure 3). The beam is submitted to a 
monotonic loading by two rows of 4 100 t 
jacks spaced of 1600 mm into the central part 
of the beam (Figures 3 and 4), and then 
adjusted to lay on the bench, using the 
macalloy steel bars. This first step implies that 
the boundary conditions are complex to 
reproduce exactly in numerical simulation.

Various sensors were placed in the beam 
and on its facings in order to obtain 
sufficiently data (displacement field as well as 
a cracking distribution).

Table 1: Constitutive material properties

Concrete
Eb νb        Fcb     Ftb

40.20
GPa 0.19 63.7 MPa 4.65

MPa

Steel Ea νa      El

200 GPa 0.3 500 MPa      

Where Eb is the concrete Young modulus, 
νb, the concrete Poisson coefficient, Fcb, the 
concrete compressive strength, Ftb, the 
concrete tensile strength, Ea, the steel Young 
modulus, νa, the steel Poisson coefficient 
and El the steel elastic stress limit.

3 PRESENTATION OF THE USED 
MODELS

Since the study took place in the framework 
of a benchmark, the purpose is to perform a 
numerical modelling of the RC specimen test 
with available numerical tools. Several 
constitutive laws are used. For the sake of 
simplicity, the used models will not be 
described in details. The finite element 
software used is Cast3M which is the software
developed by the CEA (Atomic energy and 
alternative energies commission).

Figure 3: Loading setup of the beam.

466



L. ADELAIDE and C. ROSPARS 

4

Figure 4: Monotonic loading applied on the beam.

3.1 Concrete behavior
Two concrete models have been used. These 
models are based on the damage continuum 
mechanics. The first adopted model is the 
classical Mazars model [3]. It is an isotropic 
damage model, which considers the 
dissymmetry between tension and compression 
responses. It is considered as a reference 
model in the concrete modelling by reason of 
its simplicity and robustness, and it allows 
simulation of complete large structures without 
convergence problems.
The second used concrete model is the Ricrag 
model developed at the French institute, 
Ifsttar. The latter considers elasticity, isotropic 
damage, internal sliding [4]. It allows taking 
into account some main well-known
phenomena: dissymmetry between tension and 
compression responses, permanent strains, 
partial unilateral effect and also, hysteretic 
effects in cyclic loadings due to the occurring 
of friction between the crack lips. This model 
proved its efficiency to predict damage zone 
and the associated crack propagation [10].
Besides, in order to get a mesh independency, 
regularization technique has been adopted in 
both cases [6].

3.2 Steel behaviour
The steel rebars are modelled thanks to a 

classical elasto-plastic law with hardening 
proposed in the finite element software, 
Cast3M.

4 MODELLING OF THE BEAM
In the field of numerical modelling of 

cracking of concrete structures, almost all the 
approaches fall into main families of models: 
models addressing explicitly the propagation 
of one or several cracks within the structure 
(discrete approaches), models that consider 
cracks through a distributed damage and do 
not take into account cracks explicitly. The 
numerical modelling developed here tries to 
find simple post-treatment of damage 
modelling to obtained discrete information 
from damage field. The accuracy of the 
numerical simulation depends on the used 
constitutive material models, but also the 
boundary conditions too.

Because of the specificity of the beam, 
previous rough calculation showed that no slip 
between rebars and concrete occurred. Then a 
perfect steel/concrete bonding can be used. 
Moreover, a 2D model aims at predicting
correctly the behaviour. This experimental test 
could be considered as a 4 point bending test 
but because of a flexure limitation (due to the 
macalloy bars which bring prestressing and the 
contribution of the testing bench), several 
boundary conditions are performed. The 
objective of this study is to find the most 
representative boundary conditions to 
reproduce the real bending test (Figures 3, 4).
In this case, two models and four boundary 
conditions have been tested BC11, BC12, 
BC13 and BC14 (Figure 5). The second 
modelling is more complex and tried to be as 
close as possible to the experimental setup,
with including the external bench (Figure 6).
And for this modelling, two boundary 
conditions are tested, BC21 and BC22. 

For both modelling, a two-dimensional 
finite element modelling in plane stress has 
been realized for the whole beam. The main 
steel rebars which are HA32 and HA25 rebars
are considered as well as some steel rebars
(located at the beam’s ends and in front of and 
behind the beam), the U and stirrups and the 
macalloy steel rebars. Both platens located 
below the central part of the beam are loading 
platens. 

A schematic representation of the first
modelling of the RC beam RL1 is given in 
Figure 5. And the one of the second modelling 
is given in Figure 6.
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Figure 5: Finite element mesh used in the first 
modelling. Concrete is represented in black, steel 

reinforcement bars in red and green, U and stirrups in 
blue, macalloy steel rebars in violet and the loading and 

support platens in light yellow.

Figure 6: Finite element mesh used in the second 
modelling. Concrete is represented in black, steel 

reinforcement bars in red and green, U and stirrups in 
blue, macalloy steel rebars in violet and the loading and 

support platens in yellow.

The load is displacement controlled in order 
to provide a numerical robustness.

The four boundary conditions from the first 
modelling are gathered in Figure 7. And both
of the second modelling are shown in Figure 8.
Regarding the second modelling, the vertical 
and horizontal displacements of the base of the
testing bench are not allowed to move. 

The identification of material parameters 
associated to the concrete and steel 
constitutive laws are not detailed in this paper.
For the steel, it is a classic elastoplastic model 
including hardening. And for concrete, two 
models are used Mazars and Ricrag models. 
To identify the material parameters of both 
concrete laws, the recommendations of the 
latter have been used in the present work [3, 
4]. And the material parameters for the steel 
are chosen according to the steel experimental 
characteristics.

Figure 7: Boundary conditions for the first modelling.

Figure 8: Boundary conditions for the second 
modelling.

5 RESULTS ANS COMMENTS
As seen previously, two modelling have 

been realized. In accordance with the 
modelling, several calculations were 
performed in order to evaluate the boundary 
condition effects on the mechanical behaviour
of the beam. The numerical results of the 
tested RC beam are obtained and compared to 
the experimental one.

5.1 Displacement response
To compare numerical results to 

experimental data, a number of displacement 
sensors are used (Figure 9 and Table 2). 

Having a 2D modelling, the x direction 
cannot be taken into account. Consequently, 
the analysis did not perform on the point P12.
For symmetrical reason and our interest for the 
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central part of the beam, the analysis has been 
performed only on the points P7 and P9 [7].
The CEOS.fr team is performing a complete 
treatment and analysis of the experimental 
data. Validated data will be published in 
January 2013.

Figure 9: Position of the displacement sensors.

Table 2: Coordonates of displacement sensors

Number Position (mm) Direction
x      y z

P7 800 4035 82 z
P8 800 5430 82 z
P9 800 2880 82 z

P10 800 1745 82 z
P11 800 400 82 z
P12 0 3050 400 x
P13 760 6100 485 y

Figures 10 and 11 represent the obtained 
numerical load/displacement curves and the 
experimental ones.
From Figures 10 and 11, the first remark is 
that all the boundary conditions whatever the 
modelling except BC22 boundary conditions 
shows nearly the same trend. Second, by 
focusing on the initial stiffness, the 
experimental one is higher than the obtained 
numerical initial stiffness. Nevertheless, with 
the boundary conditions BC22, the initial 
stiffness is still the closest to the experimental 
one. Third, during the cracking stage,

numerical and experimental curves are not so
close, while with the boundary conditions
BC22, the numerical results are satisfactory. 
Four, by comparing Mazars and Ricrag
models, a sudden decrease of the carrying 
capacity appears for Ricrag model which is not 
the case with Mazars model. Obviously,
Ricrag law due to its complexity can model 
sudden crack propagation. At last, the 
simulation performed with the boundary 
conditions BC22 is the closest to the 
experiment. We can conclude that if 2D model 
is sufficient to reproduce the global behaviour, 
it is important to take into account 
representative boundary conditions, including 
the bench in this particular case, to predict a 
realistic global behaviour.
Moreover, the boundary condition choice is 
not sufficient to ensure a correct simulation. 
And, it is obvious that the structural response 
is influenced by the kind of selected modelling 
as well as how boundary conditions are taken 
into account.

Figure 10: Load /displacement curves obtained at P7.

Figure 11: Load/displacement curves obtained at P9
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5.3 Damage patterns and crack profiles
Damage patterns obtained for mid span 

displacement equal to 14 mm (central part of 
the beam) are shown in Figures 12 and 13. A
representation of the degradation kinematics is 
given for Mazars and Ricrag models. Although 
this representation is related to a continuum 

damage model, cracks localization can be 
roughly observed. We can note that these 
boundary conditions are not perfect and/or 
damage models not so representative, as the 
damage profile show a higher influence on 
shear stresses than in the experiment.

Figure 12: Damage pattern with Mazars and Ricrag models obtained for 14 mm mid span displacements with BC22, 
BC21, BC11, BC12, BC13 and BC14 boundary conditions.

Figure 13: Damage patterns in the central part of the beam (1600 mm) obtained with Mazars (left) and Ricrag (right)
models obtained for 14 mm mid span displacements with BC22 boundary conditions.

The damage pattern is different according 
to the concrete model used. As far as Mazars 
model is concerned it is not easy to distinguish 

clearly cracks in the central part of the beam, 
which is not the case with Ricrag model, 
whatever the boundary condition used. This is
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due to crack openings that are more important
in Mazars case than in Ricrag one, which 
spread the damage along the central part of the 
beam. Using Ricrag model, in the central part 
of the beam, the number of main cracks seems 
to be the same for the first modelling with the 
boundary conditions BC11, BC12 and BC13 
and for the second modelling with the 
boundary condition BC22. That implies that it 
is possible to get a damage patterns almost 
similar while the quantitative results are 
different with this concrete model (Figures 10 
and 11). We can conclude that regarding the 
global force – displacement curves and 
damage patterns, BC22 are the best boundary 
conditions to take into account the effect of the 
macalloy bars which bring prestressing at the 
bottom of the experimental bench. For the 
further analysis, only this boundary condition 
(BC22) is considered.

For these load case that leads a multiple 
crack pattern, an estimation of the crack 
opening and spacing can be performed. The 
pattern obtained by both concrete models is 
analysing in the central upper part in tension of 
the beam for BC22 conditions (Figure 13). 
Two approaches are performed, one using 
local post-treatment and one using the global 
cumulative displacement of the central part of 
the beam.

An estimation of crack opening and spacing 
can be performed considering the Cast3M 
procedure developed by C. LaBorderie and M. 
Matallah. Detailed explanation can be found in 
[5]. Due to the continuous nature of the 
constitutive laws used, taking into account a 
kinematic discontinuity seems difficult. The 
multiple cracks observed are numerically 
represented by a continuum damage that is not 
entirely concentrated at the crack location. 
Because of the multiple cracks, a direct post-
treatment is not accurate enough to represent 
quantitatively the crack opening in this 
particular case (Figures 14 and 15). New 
advanced model, using accurate regularization 
procedure [6] has been studied in the frame of 
the Mefisto project but they are still in 
development to deal with multiple cracks 
problems [9].

Figure 14: Cracks opening according to Mazars model 
along the horizontal top line (at y = 800 mm).

Figure 15: Cracks opening according to Ricrag model 
along the horizontal top line (at y = 800 mm).

Moreover, an estimation of the crack 
spacing and the crack opening can be done, 
using the crack pattern obtained numerically in 
the central part of the beam. At the maximum 
load (Figure 13) the cumulative displacement 
of the upper part of the beam (tensile zone, y  
= 800 mm) in the central zone can be simply 
estimated. For the Mazars model, the 
corresponding cumulative displacement is 
measured at 9.52 mm, so for the 9 main cracks 
obtained in the simulation (Figure 13), the 
mean opening is 1.057 mm and the mean 
spacing is 1800 mm. For the Ricrag model 
(Figure 13), the corresponding cumulative 
displacement is 5.59 mm, so for 5 main cracks 
obtained in the simulation the mean opening is 
1.12 mm and the mean spacing is 320 mm.

From experimental data (Figures 16, 17),
10 cracks are obtained in the central part (1600
mm).
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Figure 16: Experimental crack distribution (crack 
openings) for a 2500 kN loading along 1800 mm in the 

central part of the beam, digital image correlation 
(DIC).

At the maximum load, the measured crack 
opening is 0.45 mm for the mean value with a
crack (situated in the middle of the beam) that 
reaches a width of 0.85 mm. The measured 
crack spacing is 200 mm (mean value) with a 
maximum of 450 mm.

One should noticed that the number of
cracks obtained with Mazars model varies 
between 10 and 13 cracks approximately 
according to the way to count them, and to 
include or not shear cracks and with Ricrag 
model between 5 and 9 approximately. These 
results could be strongly improved using a 
better regularization technique. That implies 
that with Mazars model the average crack 
spacing is about 180 mm while with Ricrag 
model the average crack spacing is about 200
mm (result with 8 cracks). These results have 
to be compared with the experimental data of 
0.20 m. As far as crack spacing is concerned, 
both concrete models are able to predict with a 
good accordance cracks spacing observed on 
this RL1 beam.

Figure 17: Cracks spacing estimated by experimental 
data from digital image correlation, for a 2500 kN 
loading along 1800 mm in the central part of the beam.

While experimentally, an average crack 
opening of 0.45 mm is obtained with a 
maximum of 0.85 mm, the simulations reach 
more than 1 mm for both models: 1.057 mm 
for Mazars and 1.12 mm for Ricrag model.  
Whatever the concrete model used, the 
numerical crack opening is well predicted, 
with a good accordance and reasonable safety 
coefficient if we consider that it is the 
maximum crack opening that govern the 
durability of the structure.  But, on the other 
hand, if we are interested by the mean value 
for both models, the result is twice more that 
the experimental measure.

Given the Figures 10-13, it may be seen 
that the numerical crack opening and spacing 
depend on the modelling, the boundary 
conditions and also the kind of concrete model 
used to represent the concrete behaviour. But, 
using these robust concrete models, with a 
simple post-treatment analysis, using the 
cumulative displacement, it is possible to 
predict with good accordance the local data, 
like crack spacing and maximum crack 
opening.

6 CONCLUSIONS
In this paper, a finite element analysis has 

been performed on a large beam that was 
loaded thanks to a bending test. The 
experimental testing aimed at quantifying the 
durability and serviceability of large beam 

4 4bis 5   5bis 6      7   7bis 8         9   10 
bis      
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when subjected to a mechanical load. In this 
study, one focused on the improvement of the 
modelling of the bending test, especially the 
effects of the boundary conditions and the 
ability of two concrete models to simulate the 
structural behaviour correctly. Two 2D
modelling were performed. The first one is 
simple and affected by 4 boundary conditions. 
The second one is more complex and 2
boundary conditions are considered. 

This analysis aimed at describing the 
influence of the modelling on the quantitative 
and qualitative response of the beam: global 
behaviour and local behaviour (crack pattern).

The damage pattern (cracks opening and 
spacing) evolution pointed out the differences
between the concrete models used for the same 
modelling and boundary conditions. This 
difference is not so considerable in terms of 
load/displacement curve. Although, the 
number of crack is different for each concrete 
model, the spacing between the central cracks 
is correctly simulated and the cumulative 
displacement along the beam insures a correct 
force – displacement curve. Widths of the 
cracks are different for each concrete model 
but the predicted values are over the 
experimental measures. For engineering 
purpose, the simulation gives interesting 
values, considering the durability as the major 
phenomenon, with a good prevision of the 
largest crack.

This present paper highlights the need to 
use a concrete model able to consider non-
linearity of concrete behaviour, an appropriate 
modelling and suitable boundary conditions in 
order to simulate the behaviour of a structure 
and depict its damage pattern and crack pattern 
correctly. But as continuum damage models 
spread the damage along the beam, only good 
range of order of local crack width can be 
obtained with this modelling. For accurate 
data, discrete models should be used in 
addition to the continuum approach, or 
accurate regularization technique must be 
developing in order to concentrate damage 
along the cracks.
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Avda. Camilo José Cela s/n, 13071 Ciudad Real, Spain

e-mail: gonzalo.ruiz@uclm.es, www.uclm.es

Key words: diagonal tension failure, shear failure, reinforced concrete, size effect

Abstract. The present work describes a simple model, based on concepts of Fracture Mechanics,
to evaluate the diagonal tension failure load in reinforced concrete beams without stirrups. It is
developed by an analytical method that identifies the variables on which the diagonal traction failure
depends, with special attention to bond between concrete and steel bars. The beam collapse is caused
when a crack, which is developing through the beam cross section, reaches a certain depth which we
will refer to as the critical depth. This depth depends on the position of the section being studied, the
external load, the beam boundary conditions and the beam geometry. The presented model can help
to better understand the nature of the diagonal tension failure in reinforced concrete elements without
stirrups.

1 INTRODUCTION

The evaluation of diagonal tension failure
load (shear strength) in RC elements is a prob-
lem not satisfactorily solved within the scien-
tific and technological fields. A consensus over
a mechanical model which explains simply and
reasonably the behavior of the RC elements fac-
ing this type of failure and the influence of the
bond between concrete and steel has not been
reached so far. Nevertheless, the interest in this
subject is apparent in the hundreds of publica-
tions written on it in the last fifty years and the
proposed models have gradually increased their
performance when compared to the experimen-
tal results. The models to determine failure load
due to diagonal tension in elements without stir-
rups have evolved from hypotheses based on

empirical statistics [1] to truss models based on
plasticity [2–6].

A new perspective to analyze the problem
was introduced by Reinhardt in the eighties [7],
who stated that the models and formulas to de-
termine diagonal traction failure load should be
based on Fracture Mechanics. Indeed, the brit-
tle nature of diagonal tension failure, together
with the size effect observed in tests [8, 9] and
with the fact that failure is associated with crack
propagation through the concrete element [10],
suggest that the failure can be studied through
the theories generated within the framework of
fracture mechanics.

The proposed formulation assumes that di-
agonal tension failure is caused by the propa-
gation of flexural cracks. Beam failure occurs

1
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when a flexural crack reaches a certain depth,
which we call critical depth, that depends on the
crack position and on the boundary and loading
conditions. This failure criterion is based on ex-
perimental observations [10], and in the results
obtained with analytical models [11]. In these
investigations, it has been observed that cracks
initially progress in a stable manner. When one
of them reaches its critical depth, it becomes
to unstable, which means that the crack length
increases consuming only energy stored in the
spacimen, with no need of additional external
energy. As the model is based on Fracture Me-
chanics concepts, it reproduces the size-effect
observed in the experiments and the influence of
the variables that govern the failure, especially
the bond between the reinforcing bars and the
concrete matrix, the reinforcement ratio and the
mechanical properties of steel and concrete.
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Figure 1: Bending analysis: a) plain concrete section; b)
reinforced concrete section

2 MODELING SHEAR CRACK PROPA-
GATION

A three point bending beam (TPB) is con-
sidered where a vertical crack grows at a point
in the shear span. The different geometric vari-
ables relevant to the problem are displayed in
Figures 1 and 2. The beam has a depth h, a
width b and a shear span equal to l, (which is
the horizontal distance between the load point
and the closest support). The depth of the crack
is represented as z and the reinforcement cover
as c. All these dimensions can be expressed in a

nondimensional way dividing by the depth h. In
this manner we define ξ = z

h
as the nondimen-

sional depth and ζ = c
h

as the steel concrete
cover expressed in nondimensional form; these
parameters have a value between 0 and 1. We
will also consider two additional parameters,
which are the slenderness of the shear span, that
is defined as λ = l

h
, and another one that indi-

cates the distance of the crack to the beam sup-
port, α = x

l
, where x is the horizontal distance

from the crack to the support.

l

h

h

P

P

a)

b)
R=V

x (α=    )
x
l

Figure 2: Beam geometry: a) plain concrete; b) rein-
forced concrete.

During the crack growth a damage zone is
generated at the crack front. This zone is called
Fracture Process Zone (FPZ ), shown in Fig. 1.
As a simplification, in our model it is consid-
ered that tension is constant along the FPZ .
The value of the total traction force, Tc, that
is generated in the cohesive zone is equal to
the area of the FPZ by the concrete tensile
strength. The size of this zone can be expressed
relative to the depth of the element through
Bažant’s law [12]. The traction load can be
nondimensionally expressed as shown in Eq.
(1). The traction force is considered to be situ-
ated at the centroid of the FPZ, z, see Fig. 1a.
So, Eq. (1) reads as:

T ∗
c =

Tc

bhfct
=

FPZ

h
=

(1− ξ)√
1 + βH

β0

, (1)

2
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where βH is the named Hillerborg’s brittle-
ness number [13], which is defined as the ratio
between the depth of the beam, h, and the ma-
terial characteristic length, ℓch, which is defined
as ℓch = Ec GF

f2
ct

, where Ec is the elasticity mod-
ulus of concrete, GF is the fracture energy and
fct is the tensile strength. β0 is a constant re-
lated to the aggregate size. In our case, the study
was carried out taking twice the maximum ag-
gregate size divided by ℓch [14]. In order to
apply Bažant’s law, we consider that the value
of the tensile strength is approximately equal to
the value of tensile strength for a 0-size speci-
men. βH is used as a comparison parameter for
size effect.

Equation (1) indicates that for small values
of βH , FPZ occupies all the uncracked liga-
ment and for high values of βH the FPZ must
be very short in relation to the beam’s depth.
With the aim of simplifying the model, it is con-
sidered that the the compression force is located
at the top of the beam. As will be explained
later, this simplifying assumption does not in-
troduce a significant error at failure.

Bending moment for a certain crack depth
can be evaluated by multiplying the compres-
sion force, Tc, by the distance between the mid-
point of the FPZ and the upper part of the sec-
tion (h− z) as shown in Fig. 1a.

M∗
c =

Mc

bh2fct
= T ∗

c (1− ξ) =
(1− ξ)2√
1 + βH

β0

. (2)

The bending moment is also equal to the re-
action at the support multiplied by the distance
to the crack, see Fig. 2a. As the reaction in the
support is equal to the shear in a TPB beam, we
can state:

Mc = V x = V αλh =⇒ M∗
c = V ∗

c αλ. (3)

Substituting Eq.(3) in (2) we obtain the
shear, which is expressed as:

V ∗
c =

Vc

bhfct
=

1

αλ

(1− ξ)2√
1 + βH

β0

. (4)

Concrete elements are usually reinforced by
steel bars located to resist tension. The rein-
forcement introduces a new force, Ts, in our
section, as shown in Fig. 1b. The value of this
force, Ts, is equal to the steel area, As, multi-
plied by the tension in the bars, σs (Eq. (5)). The
force in the reinforcement can be expressed in
dimensionless form by dividing it by the section
area and the concrete tensile strength:

Ts = Asσs =⇒ T ∗
s =

Ts

bhfct
=

Asσs

bhfct
= ρσ∗

s ,

(5)
where ρ is the reinforcement ratio and σ∗

s is
the tension in the reinforcement expressed in
non-dimensional form. As mentioned before,
to simplify the model we opt for maintaining
the compression force located on the top of the
cross section. In the range of steel-ratios for
which the shear failure occurs, the resultant of
the compression forces is close to the top and,
thus, our assumption is reasonable since the er-
ror in the calculated failure load is small. Con-
sidering the above discussion, the value of the
bending moment for a defined crack depth z can
be written as:

Mt = Mc +Ms = Tc(h− z) + Ts(h− c). (6)

Re-writing Eq. (6) in non-dimensional form:

M∗
t = M∗

c +M∗
s =

(1− ξ)2√
1 + βH

β0

+ ρσ∗
s(1− ζ).

(7)
Finally, using Eq. (3), the shear can be ex-

pressed as:

V ∗
t =

Vt

bhfct
=

1

αλ


 (1− ξ)2√

1 + βH

β0

+ ρσ∗
s(1− ζ)


 .

(8)
It should be noted that Eq. (8) indicates that

the shear is the sum of two terms. The first
one depends on the concrete material proper-
ties, whereas the other one depends on the rein-
forcement ratio, on the tension in the steel bars
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and on the concrete cover. The sum of these
terms is multiplied by another term which takes
into account the slenderness and the crack front
position in the beam. All of the values in (8),
are known but the steel tension.

To evaluate the steel tension during crack
growth we need to pose an additional equation
by enforcing the compatibility of displacements
between concrete and steel, which implies that
the crack opening is equal to the stretching of
the reinforcement bars. It is assumed that the
traction force of the reinforcement is equal at
both faces of the crack, as shown in Fig. 3 and
Eq. (9). Other compatibility equations could be
considered, for example, based on the Navier
hypothesis or depending on the crack opening,
as done in [15]. Nevertheless, in this work we
have selected Eq. (9) because it allows to in-
clude bond between concrete and steel as a vari-
able in the problem. It is written as:

∆lωc

lb=
σsAs

peτc

c

τc

∆l=
σs

2Es
lb

Figure 3: Compatibility of displacements

ωc

2
= ∆l, (9)

where ωc is the crack opening and ∆l is the
stretching of the steel bar. We consider that steel
is elastic-plastic and, so, once the tension in
the reinforcement reaches the tensile strength,
fy, it remains constant during crack propaga-
tion. Equation (9) can be expressed in a non-
dimensional way by dividing both terms by the
depth of the beam:

ωc

2h
=

∆l

h
=⇒ ω∗

c

2
= ∆l∗. (10)

The non-dimensional crack opening, ω∗
c , can

be evaluated by the expression given by Tada,
Paris and Irwing [16]. An additional term, 1− ζ

ξ
,

to take into account the concrete cover has been
introduced:

ω∗
c

2
=

ωc

2h
= 12αλV ∗

t

fct
Ec

ξ f(ξ)

(
1− ζ

ξ

)
,

(11)
where f(ξ) is equal to:

f(ξ) = 0.76−2.28 ξ+3.87 ξ2−2.04 ξ3+
0.66

(1− ξ)2
.

(12)
The stretching of the bar (Fig. 3) can be ex-

pressed by:

∆l∗s =
∆ls
h

=
σ2
sAs

2τcEspeh
= (σ∗

s)
2 f 2

ct

2τcEs

As

peh
,

(13)
where τc is the bond strength between steel

and concrete, which is considered constant
along the adherence length, and pe is the bar
perimeter. Substituting Eqs. (11) and (13) in
Eq. (10) we obtain that the non-dimensional
tension on the reinforcement can be expressed
as:

(σ∗
s)

2 = 24V ∗
t αλ η2 βH ξf(ξ)

(
1− ζ

ξ

)
,

(14)
where η is the non-dimensional bond defined

by Ruiz [15], which can be written as:

η =

√
n
τc
fct

peℓch
As

. (15)

Where n is the ratio between the elastic
modulus of steel and that of concrete. Non-
dimensional bond strength has a value that
varies between 15 for smooth bars to 50 for
ribbed (adherent) bars.

To evaluate the shear force and the tension
in the steel bars we finally have a system of
two equations, Eq. (8) and Eq.(14), which can
be solved analytically. When the reinforcement
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traction reaches the yield strength, the shear
strength is obtained just from Eq. (8).

It should be noted that the proposed model
is valid for low and medium reinforcement ra-
tios. For high ratios the failure is caused by
excessive compressions below the load bearing
point, and studying this type of failure is out-
side of the scope of the paper. Finally, we as-
sume that a crack may form at any point along
the shear span, which is specially true for ribbed
reinforcement.
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Figure 4: Failure criterion, experimental results: a) crack
patterns; b) P − δ curves

3 FAILURE CRITERION
Equation (8) indicated the shear force for

crack propagation, Vt, but shear failure, VF , will
occur only for a definite crack depth. This depth
will be referred from here as critical depth,
ξcrit. A criterion to determine ξcrit can be de-
rived from experimental observations. We base
it on the experimental results carried out by Car-
mona, Ruiz and del Viso [10]. This experi-
mental program was designed so that only one
single mixed-mode crack generated and propa-
gated through the specimen, as opposed to the
usual dense crack pattern found in most of the
tests reported in the scientific literature. In Fig.
4 we show two of the results that will help to
explain the failure criterion.

Figure 4a shows the crack patterns in two
of the tests. The marks and figures on the
sketch refer to the corresponding points in the
P − δ curves, as shown in Figure 4b, and to
the load in kN that the beam was standing when
the crack tip reached that position. During the
crack progress, a change in the nature of the
crack propagation was observed and a subse-
quent unstable crack branch began leading to
the beam failure. This phenomenon was associ-
ated with the so-called diagonal tension failure.
This change in the nature of crack propagation
can be observed in point C of beam L40 and
point D of beam L80. These points shown in
Figure 4a, are approximately located on the line
that joins the loading point with the point where
the reinforcement reaches the support. This line
coincides with an ideal strut that connects the
loading point to the support. These experimen-
tal observations were also assumed in an analyt-
ical model proposed by Carpinteri Ventura and
Carmona [11]. Therefore, for three point bend-
ing flexure, the critical depth is defined by the
line connecting the loading bearing point to the
point where the reinforcement reaches the sup-
port. Mathematically it can be expressed as fol-
lows:

ξcrit = ζ + α(1− ζ). (16)

This failure criterion is associated with three
point bending flexure, but can be easily general-
ized for any boundary and load conditions. For
example for a simply supported beam subjected
to a uniformly distributed load, the bending mo-
ment diagram variation is parabolic with a max-
imum at midspan. The critical crack variation
will be also parabolic. At the maximum bend-
ing moment point the critical crack is equal to
the beam depth, and in the support is equal to
the cover, please see Fig. 5b.
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α

α

ξ
crit

ξ
crit

a)

b)

P

q

Figure 5: Failure criterion: a) three point bending; b) uni-
formly distributed load

Therefore, we propose that the critical depth
be related to the bending moment diagram:
For the maximum bending moment position the
critical depth is equal to the beam depth (ξcrit =
1), and when the bending moment is equal to
zero the critical depth is equal to the reinforce-
ment concrete cover. In between, the critical
depth is proportional to the value of the bend-
ing moment at that position.

ξ

α

α

crit

0

 

Figure 6: Crack shape

4 CRACK SHAPE
So far we have considered that cracks grow

in a vertical manner from the initiation point. In
reality, cracks have curved trajectories approxi-
mately following the lines indicating the direc-
tion of the maximum compression. This effect

means that the initial abscissa of the crack, α0,
is not the same that the abscissa of the crack
tip when it reaches the critical depth, α. In or-
der to consider this mismatch, equations defin-
ing trajectory patterns can be used, as shown on
Eq.(17). These equations were proposed in ref-
erence [11].

α(ζ, ξ) =





α0 (∗)

α0 +

(
ξ − ζ

1− ζ

)µ

(1− α0) (∗∗)

(∗) 0 ≤ ξ ≤ ζ
(∗∗) ζ ≤ ξ ≤ 1

(17)
The above formula assumes a straight trajec-

tory from the initiation point to the reinforce-
ment; and a parabolic trajectory which reaches
the load bearing point. Through Eq. (17), a rela-
tion between the crack depth ξ and the initiation
point, α0, is determined. For tree point bending,
exponent µ is equal to:

µ =
1

1− α0

. (18)

This equation was obtained from the experi-
mental tests performed by Carpinteri, Carmona
and Ventura [17]. The failure criteria for curved
cracks remain the same as for straight cracks:
Once the critical depth is reached the element
fails (Fig. 6).

5 RESULTS AND DISCUSSION
5.1 Model response and experimental vali-

dation
In this section it will be shown how the value

of the initial crack position, α0, affects the shear
strength. A beam under three point bending is
modelled. Figure 7 shows the geometry and
material properties. It is supposed that cracks
grow in a vertical manner. The x-axis rep-
resents the non-dimensional depth, ξ, and the
y-axis the non-dimensional shear strength dur-
ing crack growth, V ∗

t . A curve is determined
for each crack initiation position. It is well
known that the crack growth may present stable
or unstable behavior. When the crack growth
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is stable, an increase in the crack depth re-
quires a load increase to fulfil the model equa-
tions. Conversely, unstable crack growth leads
to load decrease. If we observe the curve for
α0 = 0.2, after crack initiation, an unstable
branch is observed. When the crack reaches
the reinforcement a jump in the load is detected
and, afterwards, another unstable branch takes
place. There exists a minimum beyond which
growth becomes stable. From this point on,
shear increases until the reinforcement yields
and the flexural capacity of this beam section
is reached.
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Figure 7: Model response: a) Geometry and materials
properties; b) Vt–ξ curves

The behavior obtained with the model is
analogous to the one described by Carpinteri
as a shear version of his Bridged Crack Model
[18]. The black part of the curve describes the
shear resistance variation during the crack pro-
cess until critical depth is reached, as shown in
Fig. 7b. The point where the crack front reaches
the critical depth indicates the shear failure or
shear strength.

For cracks which form closer to the support,
we observe that the failure occurs prior to rein-
forcement yielding (brittle failure, diagonal ten-
sion), whilst for the ones away from the support,
the failure occurs after reinforcement yielding
(flexural failure). It was observed that once the
reinforcement has yielded, there can also be a
brittle failure, just as shown by Muttoni, Ro-
drigues and Ruiz. [19]. In case the crack is
located under the loading point, as the criti-
cal depth is equal to the depth, a brittle failure
caused by diagonal tension cannot occur.

To validate the model’s response, we have
compared the results obtained with those of
a recent experimental program performed by
Carpinteri, Carmona and Ventura [17]. Sixteen
geometrically similar beams, reinforced with 4
different reinforcement ratios where tested, see
Fig. 8a. In this experimental program the initial
position and the shape of critical cracks were
studied for different reinforcement ratios. The
bond strength between concrete and steel was
not measured in the experimental program and,
so, it has been estimated using the formulation
established in the Model Code (CEB-FIB). The
resulting value is 3.4 MPa. The continuous lines
represent the model’s response while the sym-
bols represent the experimental results.

Figure 8b shows the comparison between
theoretical and experimental results. X-axis
corresponds to the initial position of the cracks,
whereas y-axis represents the shear when the
crack reaches the critical depth (shear strength),
V ∗
F . To facilitate the comparison some crack

patterns of the tests are drawn at the bottom of
the figure. These crack patterns are scaled 50%
in the vertical axis.
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To describe the model’s response we are go-
ing to focus on the curve corresponding to a
beam reinforced with 2ϕ12, starting from the
section corresponding to the load application
point (α0 = 1). For the crack under the loading
point, the rebar yields before the crack reaches
the critical depth and the failure is by flex-
ure. Distancing the initiation of the crack from
the bearing point, we observe that the shear
strength increases, since the reinforcement gets
more load and may even yield before the criti-
cal depth is attained. For a certain point, αY , a
maximum value on the curve is detected. This
maximum indicates the point at which the re-
bar reaches its yield strength exactly at the same
time that the crack reaches the critical depth.
For values of α0 lower than αY the rebar has
not yielded when the crack tip reaches the crit-
ical depth and the beam failure occurs by diag-
onal tension. The shear strength decreases un-
til reaching a minimum for a certain initiation
point, situated in our case for α0 = 0.4. This
minimum has also been found in experimen-
tal results, as Kim and White reported in ref-
erences [20, 21]. For cracks with an initiation
point closer to the support, the shear strength
starts to increase although the the critical depth
is low. It should be noted that the actual shear
strength of the beam has to be the smallest shear
found varying α0.

The shape of the curve obtained with the
model, showing a minimum in the central part
of the shear span, fits the description proposed
by Kani and Wittkopp [22]. In the zone near
to the support we find an area where the failure
is produced by yielding of the rebars (flexure);
but if we move away from the support along the
shear span the failure occurs during the devel-
opment of a crack (diagonal tension). In some
conditions there also can be a failure due to di-
agonal compression close to the support, this
type of failure is not considered in the model
though.

Figure 8 shows that for low reinforcement ra-
tios (e.g. 1ϕ8) the failure take place in sections
near the loading point, where the steel reaches
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the elastic limit before the crack grows to the
critical depth. Upon increasing the reinforce-
ment ratio, the critical section moves away from
the load application point to positions where
the steel does not yield. The experimental ten-
dency is captured by the model and even the
shear loads obtained match quite reasonably the
experimental ones. More over, the model ex-
plains the “valley” in the shear resistance along
the beam longitudinal axis. In the results ob-
tained for the largest reinforcement ratio (2ϕ20)
the differences between the model and the ex-
periments are conditioned by the type of fail-
ure, since in highly reinforced beams the failure
is produced by excessive compression and not
by diagonal tension.

5.2 Size effect
Figure 9 shows the model’s response when

varying the element size. We compare the re-
sponse for two different values for the crack ini-
tiation: One which starts at the middle of the
shear span, α0 = 0.5 (diagonal tension fail-
ure), and the other for the crack produced un-
der the load point, α0 = 1.0 (flexural failure).
The mechanical properties for this example are
the same as those used in beam with 2ϕ12 re-
inforcement from the previous section. The
x-axis represents the element size in terms of
the Hillerborg’s brittleness number. The usual
range of this parameter in structures is indicated
with two vertical lines. The y-axis represents
the shear strength.

For the crack located at α0 = 0.5 there exists
a strong size effect, i. e. the shear strength de-
pends on the element size, which is caused by
the existence of a fracture process zone in the
crack front. For the asymptotic behavior, the
curve presents a 0-slope curve, that is size effect
disappears as much with smaller sizes than with
bigger ones. For the crack located at α0 = 1.0,
shear strength does not present any size effect,
since the reinforcement yields before the crack
reaches the critical depth and the tractions in
the FPZ do not contribute much to the ultimate
load. The results obtained with the model coin-
cide with the experimental observations in those

cases where the flexural failure involving rein-
forcement yielding does show an effect of scale,
whereas in the diagonal tension failure this size
effect is indeed noticeable.
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Figure 9: Size effect

5.3 Bond effect

Figure 10 shows the model response for vari-
ations in the bond between concrete and steel.
It represents the crack depth versus the shear
that produces crack propagation. We modeled
the beam reinforced with 2ϕ12 shown in section
5.1. When bond is increased, the crack depth
for which the steel yields decreases. For low
bond strength conditions (smooth bars) cracks
have to develop fully before the steel yields. In
the case of high adherence (ribbed bars), steel
yielding occurs shortly after the crack crosses
the rebar.
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curves

In Fig. 10b, x-axis displays the initial crack
position and y-axis the shear shear strength.
When the bond strength increases, the value of
αY decreases and the shear strength increases.
In the extreme case of the bond strength hav-
ing an infinite value, the element fails by flex-
ure because, for all possible cracks, the steel
yields just after crossing the rebar position and,
therefore, before reaching the critical depth.
Fig. 10b also shows that the minimum of the
curve moves towards the support as the bond
strength increases. Low values for the bond
strength lead to low values for the failure loads,
even lower than the load that is required for
fracture initiation in that particular point, Vfis.
This means that the diagonal tension failure
would be very unlikely for beams in which the
steel to concrete interface is weak. Indeed,

in this case there would be cracks only un-
der the load bearing point and there would not
be crack generation nor propagation along the
shear span. So, in such conditions the shear fail-
ure would not occur.

6 CONCLUSIONS

In this work we presented a model based on
fracture mechanics concepts for studying shear
strength in reinforced concrete beams without
stirrups. The model shows the relation which
exists between crack propagation and failure.
For the model, we proposed a failure criterion
based on the crack growth. When the crack
reaches a definite depth, which we refer to as
critical depth, the beam failure takes place. This
critical depth depends on the type of loading,
the boundary conditions and the beam geome-
try.

The proposed model identifies the variables
that govern the failure, including the bond be-
tween concrete and steel. We also showed that
the load for which the crack reaches the criti-
cal depth depends on the point where it initi-
ates, besides the concrete and steel mechanical
properties and the geometry of the beam sec-
tion. The model explains the shear resistance
variation in the cross section along the shear
span, showing a minimum around the mid shear
span. This fact connects with experimental ob-
servations made, among others, by Kani and
Wittkopp [22].

The model reproduces the size effect that has
been experimentally observed. It also explains
the differences between the size effect in flexu-
ral and shear failures and describes their respec-
tive asymptotic behavior.

The theoretical development presented here
can be used to study concrete elements for other
load and boundary conditions. It can help to
a better understanding of the nature of shear
strength in reinforced concrete elements with-
out stirrups. Finally expressions derived from
this study could be used to improve shear anal-
ysis of RC beams in design Codes.
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Abstract: The shear strength of multiple-keyed joints is a very important part of the design of 
prestressed segmental concrete structures. This type of structures is widely used but the 
formulations of different design codes deal to different values of the shear strength of joints. In this 
paper, it has been developed a finite element model of four different types of joints, with a number 
of keys varying between one and seven. The brittle cracking model was used for the material. The 
material model has been calibrated and validated using the P-δ curve from single edge notched 
beams subjected to three-point-bending test. The model has been tested comparing the predicted 
response with the experimental results for one and three keys. Then, it has been analysed the 
behaviour of joints and their dependence on the number of keys. The results have been compared 
with the formulation of different codes and authors. The results show that the average shear stress 
transferred across the dry keyed joints decreases with the number of keys but this effect is less 
appreciated as the compression stress acting on the joint increases. Comparing with the formulas of 
design codes, the ATEP formula underestimates the shear capacity of the joints, and AASHTO 
formula overestimates it in the case of multiple keys and low prestressing force. 

 

1 INTRODUCTION 
One of the most extended techniques in 

segmental bridge is the construction by using 
dry keyed joints. The speed of erection and the 
lack of dependency on weather conditions 
make this technique more suitable than the 
epoxied joints [1, 2]. 

However, the existing formulas to estimate 
the shear capacity of keyed dry joints from 
different design codes and authors lead to 
different values. In the literature, several 
experimental studies about the behaviour of 
keyed joints [2-5] as well as various numerical 
models are available [5-9]. Because the 
configurations of both experimental studies 
and numerical models are very different, a 
realistic comparative analysis is difficult to be 

done. 
Regarding the Spanish design code, there is 

a formula recommended by ATEP [10]. This 
formula depends on the total area of the joint 
surface, without distinguishing the strength 
contribution of the keys: 

( )cdnju fAV 0564.0 1.14 += σ   (1) 

Where:  
Vu = Ultimate shear capacity of keyed dry 

joint (N) 
Aj = Total area of the joint surface (mm2) 
fcd = Design value of concrete compressive 

strength (MPa) 
σn = Compressive stress in the joint (MPa) 

In the American design codes, the formula 
proposed by AASHTO [11] separates the shear 
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strength that is transmitted by the keys from 
the strength provided by the smooth surfaces 
in contact: 

( )
nsm

nckkn

A
fAV

σ
σ

 0.6
9961.0 0.2048

+
++=

 (2) 

Where: 
Vn = Nominal shear capacity of keyed dry 

joint (N) 
Ak = Area of the base of all keys in the joint 

plane (mm2) 
Asm = Area of contact between smooth 

surfaces in the joint plane (mm2) 
fck = Characteristic concrete compressive 

strength (MPa) (fc’ in [11]) 

Turmo 2006 [1] reviewed the different 
formulations available to evaluate the joint 
shear capacity and the experimental data 
published in the literature. Comparing this data 
with the estimated shear capacity by the ATEP 
[10] and the AASHTO formulas [11], Turmo 
proposed a new formula to be included in the 
Eurocode. This formula was based on the 
AASHTO formula, which showed the best 
agreement with the experimental results [1] 
and is given by: 

( )
MPaf

A
f

AV

ck

nsmn
ck

kn

50    if

 0.633 7
100

3 2

≤

++= σσ
 (3)

 

Rombach [12] analysed the behaviour of 
multiple-keyed joints by a finite element 
model and proposed the following formula: 

njckkn AfAV σ 0.65 .140 +=   (4) 

Zhou [4] performed a series of experimental 
tests and analysed the behaviour of dry single-
keyed joints and three-keyed joints. 
Comparing the results with the AASHTO 
formula, it can be seen that the shear capacity 
of the multiple-keyed dry joints is 
overestimated, especially at low confinement 
conditions. This is due to the fact that the 
formula proposed by AASHTO was derived 
from experimental results of single-keyed 
joints. This formula does not take into account 
the reduced capacity in multiple-keyed joints 

due to sequential failure. Zhou proposed to 
introduce a reduction factor in the AASHTO 
formula when the number of keys was greater 
than one [4]. 

This work deals with a new finite element 
model developed to estimate the shear capacity 
of the joints. The joint was modelled with a 
number of keys variation between one and 
seven and different prestressing stresses. The 
cohesive model used for concrete allowed to 
visualize the crack formation and propagation 
until the complete loss of strength of the joint. 
A regression equation of the results including 
a factor depending on the number of keys is 
proposed. 

2 NUMERICAL MODEL 
The material model used for concrete was a 

smeared crack model [13], with a tension 
softening behaviour in normal direction to the 
crack surface. The tangential behaviour model 
was based on the shear retention factor where 
the post-cracked shear stiffness decreases as 
the crack opening increases. The mathematical 
formula used for this model is the power law 
proposed by Rots and Blaauwerdraad [14]. 

In this model, when the local displacement 
reaches an established limit value, the element 
fails and it is removed from the mesh. This 
failure value was set to the crack opening at 
which the stresses in the element have already 
reached a zero value. This brittle failure 
criterion allowed to visualize the crack paths 
in the models. 

To validate the used material model, a 
numerical model of a notched beam subjected 
to three-point bending test (Figure 1) was 
developed, and the results have been compared 
with experimental data [15]. 
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Figure 1: Three-point-bending test on single edge 

notched beams. 

The numerical results are in close 
agreement with the experimental data (Figure 
2). 

 
Figure 2: Comparison of experimental P-δ curve and 
numerical results of the three-point-bending test on 

single edge notched beams. 

It has been developed a model of a joint 
with one and three keys to reproduce the shear 
joint test carried out by Zhou [4]. The model 
consists of two independent parts in contact as 
shown in Figure 3. The prestressing force is 
modelled as two external loads that compress 
the joint. The applied boundary conditions do 
not allow the vertical displacement of the 
bottom surface or the horizontal displacement 
of its central point. 

 
Figure 3: Finite element model of shear test on three-

keyed joint. 

The vertical load has been applied in the 
central point of the top surface, modelled as an 
imposed displacement rising from zero to the 
displacement that causes the failure of the 
joint. 

To model the contact in the surface normal 
direction, the Hard contact model has been 
used. In this model, the surfaces were able to 
separate and to come in contact again. The 
model does not allow the penetration of one 
surface into the other one and there is no 
transfer of tensile stress across the interface. 
The tangential behaviour is based on the 
Coulomb friction model with a friction coefficient 
between concrete surfaces of μ = 0.72. This 
value was obtained experimentally by Zhou 
[4]. 

The material properties considered in the 
model are: compressive strength 50 MPa, 
direct tensile strength 4.5 MPa, modulus of 
elasticity 34.4 GPa and fracture energy 56 N/m. 
The stress-strain relationship for concrete in 
compression is based on the Sargin’s curve, 
which has been used in Eurocode 2. To define 
the tensile behaviour, a linear softening branch 
has been used. 

Tables 1, 2 and 3 show the comparison of 
the joint capacity numerically and 
experimentally obtained. 
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Table 1: Comparison of numerical and experimental 
results of shear capacity of single-keyed joint. 

 Numerical model Experimental test
nσ  (MPa) 1 2 3 1 2 3 
nV  (kN) 221 333 373 211 335 360 

Table 2: Comparison of numerical and experimental 
results of shear capacity of three-keyed joint. 

 Numerical model 
nσ  (MPa) 0.5 1 1.5 2 
nV  (kN) 425 573 691 793 

 Experimental test 
nσ  (MPa) 0.5 1 1.5 2 
nV  (kN) 392 471 661 740 

Table 3: Error of the numerical results of shear 
capacity with regard to experimental results. 

 Single-keyed joint
nσ  (MPa) 1 2 3 

Error 4.7 0.6 3.6 
 Three-keyed joint

nσ  (MPa) 0.5 1 1.5 2 
Error 8.4 21.7 4.5 7.2 

In most cases, the error obtained was less 
than 9 %. Only in the case of three-keyed joint 
and a prestressing stress of 1 MPa, the error is 
21.7 %. It should be noted that the 
characteristic concrete compressive strength 
experimentally obtained for the cases shown in 
Tables 1 and 2 was 53.4 MPa with a variation 
coefficient of 21 %. This significantly affects 
to the shear capacity. 

After the model validation, a new 
configuration corresponding to the joint with 
five and seven keys (Figure 4) and with a 
prestressing stress of 1, 2 and 3 MPa was 
analysed. The model of the joint with five and 
seven keys needs experimental verification 
that the authors are planning to make in further 
investigation. 

 
Figure 4: Finite element model of shear test on seven-

keyed joint. 

3 RESULTS 
From the numerical results of the shear 

capacity for different values of the prestressing 
stress and the number of keys, a regression 
adjustment was proposed, which drive to an 
estimation of the shear capacity of dry keyed 
joints (5). This formula is only valid for 
concrete compressive strength of 50 MPa and a 
prestressing stress up to 3 MPa: 

( )
( )knsm

kkn

NA
NAV
 0.1271 2.436

 0.0641 7.118
++

+−=
σ

  (5) 

Where: 
Nk = Number of keys in the joint. 

Comparing the numerical values with those 
obtained from the formula (5) it can be seen 
that the formula reproduces the numerical 
results with a maximum error of 8.7 %. This 
formula describes the joint behaviour 
depending on the number of keys and the 
prestressing stress. 

To compare the estimations given by the 
ATEP formula (1), which are ultimate values, 
with the nominal values from the AASHTO 
formula (2), the ATEP estimations must be 
reduced by using the strength reduction factor 
from the AASHTO (0.75). Figures 5, 6, 7 and 
8 show the comparison of the shear capacity 
obtained from the estimation formula (5) with 
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the formulas proposed by ATEP (1), 
AASHTO (2), Turmo (3) and Rombach (4), 
for 1, 3, 5 and 7 keys and depending on the 
prestressing stress. 
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Figure 5: Nominal shear capacity versus prestressing 

stress for single-keyed joint. 
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Figure 6: Nominal shear capacity versus prestressing 

stress for three-keyed joint. 
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Figure 7: Nominal shear capacity versus prestressing 

stress for five-keyed joint. 
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Figure 8: Nominal shear capacity versus prestressing 

stress for seven-keyed joint. 

The results from the AASHTO formula (2) 
overestimate the shear capacity of multiple-
keyed dry joints, such as Zhou demonstrated 
experimentally [4]. On the other hand, the 
estimations from the ATEP formula (1) remain 
far on the conservative side [1]. The values 
from the formula proposed by Rombach (4) 
are closer to the numerical results, but for 5 
and 7 keys there are some values bigger than 
the numerical ones. The formula proposed by 
Turmo (3) gives values that are more 
conservative for a small number of keys. 

The results showed a dependency on the 
number of keys. For prestressing stress lower 
than 3 MPa, it should be necessary to 
introduce a coefficient to consider this 
dependency [4], as it occur in the regression 
equation proposed in this paper (5). 

The average shear stress transferred across 
the joint obtained from the estimation formula 
(5) decreases as the number of keys increases 
(Figure 9). However, this effect declines 
gradually as the compressive stress in the joint 
increases. In the case of 3 MPa, the average 
shear stress becomes independent of the 
number of keys. This is due to the fact that a 
high compressive stress introduces a more 
plastic behaviour in the joint [16] and 
therefore all the keys are able to develop their 
full capacity. This can also be seen in the 
numerical model where the keys fail almost at 
the same time and not sequentially. 
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Figure 9: Average shear stress transferred across the 

joint versus number of keys for 1, 2 and 3 MPa of 
prestressing stress. 

4 CONCLUSIONS 
The average shear stress transferred across 

the dry keyed joints decreases as the number 
of keys increases, due to the sequentially 
failure of the keys. However, the current 
available formulas do not include any factor 
that takes into account this dependency. 

A numerical model of a joint with 1, 3, 5 
and 7 keys was developed, and a regression 
equation of the obtained results was proposed. 
This equation estimates the shear capacity 
depending on the number of keys and the 
prestressing stress (until 3 MPa) for a 
characteristic concrete compressive strength of 
50 MPa. 

The average shear stress transferred across 
the joint decreases as the number of keys 
increases, but this effect declines with higher 
prestressing stress in the joint, becoming 
negligible for 3 MPa. Because of this, if the 
prestressing stress is higher than 3 MPa, it is 
not necessary to include any correction 
considering the dependency of the shear 
strength on the number of keys. 
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Abstract: Bonded anchors are used in several civil engineering applications, whose performance 
needs to be investigated. This paper discusses some experimental investigations on the strength 
and failure modes of bonded anchors in concrete, without and with confinement reinforcement. 
The effect of strength of concrete, embedment length and diameter of anchors has been studied. 
The important parameters influencing the strength of anchorage system are compressive strength 
of concrete and the embedment depth of anchors. Three different concrete strengths of 25, 40 and 
60MPa were adopted along with three embedment lengths of 150mm, 200mm and 250mm. The 
anchorage strength increases as the compressive strength of concrete increases. As the 
embedment length of anchor increases, the anchorage strength also increases.  The diameter of 
the anchor does not show much influence on the strength of anchorage. The strength of bonded 
anchors was observed to coincide with the strength estimated as per both CCD design method 
and ACI 349 method. Bonded anchor load carrying capacity has been observed to closely match 
with that of the post-installed anchors. It has been observed that concrete cone failure was 
predominant in all the specimens without confinement reinforcement. The confinement 
reinforcement alters the mode of failure from concrete cone failure to ductile failure of concrete 
with distributed cracking. 

1. INTRODUCTION 
     Anchorage in concrete can be adopted 
in one of the following two ways i.e. (i). 
cast-in-place and (ii). post-installed. In the 
post-installed method, anchors may be 
classified as mechanical or bonded 
anchors. Use of these anchors in 
connection of structural system is of recent 
origin. Use of mechanical anchors in 
concrete construction is well established. 
Though, bonded anchors are used 
extensively in practice but the design 
guidelines for the use f bonded anchors are 
not yet standardized.  The anchors transfer 
the loads to concrete through mechanical 
interlock, friction, chemical bond or 
combination thereof.     
     The anchorages may be adopted for 

attachment of piping systems, lightweight 
suspended ceilings, etc., and are also 
widely employed for the attachment of 
metal deck to steel framing. Anchorage 
system needs to be designed to ensure 
durability and robustness, and with 
sufficient load carrying capacity and 
deformability. Consequently, these 
systems require studies to understand for 
standard specifications. Fastenings may be 
used for less critical applications such as 
securing lightweight duct, lighting, and 
wiring, can be selected based on the 
function without serious analysis or 
structural review. 

2. REVIEW OF LITERATURE    
     Eligehausen and Clausnitzer [1] 
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investigated the tensile behavior of 
expansion anchors. The nonlinear behavior 
for smeared cracks in concrete over the 
width of the element was assumed. The 
behavior of concrete in tension, size of the 
element and number of load increments to 
ultimate load has been studied. The 
ultimate load increased as the element size 
increases with decrease in number of load 
increments. 
     Fuchs et al. [2] reported the concrete 
capacity design (CCD) approach for the 
design of post-installed mechanical 
anchors and cast-in-place headed studs or 
bolts. A data bank containing about 1200 
European and American tests was 
evaluated. Cook, Kunz and Fuchs [3] 
reported that a constant bond stress 
develops over the embedment depth and 
the bond strength is independent on the 
embedment depth. Procedure for 
evaluation of the ultimate bond failure in 
adhesive anchor was set. 
     Cook [4] investigated the effect of 
factors influencing the bond strength of 
adhesive anchors; installation conditions 
of hole (wet, damp, cleaned, uncleaned), 
difference of concrete strength, difference 
in aggregate, and in post-installation 
process include curing and loading at 
elevated temperature. Eligehausen [5] 
compared the model proposed for the 
concrete cone breakout failure by Fuchs 
[2] for single cast-in-anchors and post-
installed mechanical anchors with that of 
Cook et al. [3] for the uniform bond stress 
model. It has been reported that the failure 
of adhesive anchors can be compared to 
the concrete cone break out failure of the 
post-installed mechanical anchors. The 
actual bond stress distribution along the 
embedment length at the peak load is 
nonlinear with low bond stress at the 
concrete surface and high bond stress at 
the embedded end of the anchor. However, 
comparison of the proposed models with 

the database for single adhesive anchor 
indicates that the failure load is best 
described by uniform bond stress model 
incorporating the nominal anchor 
diameter, d with mean bond stress, τ 
associated with the adhesive [3]. 
Eligehausen et al. [5] reported that the 
failure load of a single bonded anchor is 
limited by the load corresponding to the 
concrete cone break out failure. The 
uniform bond stress model for adhesive 
anchors is given by, 

efu hdN                                (1) 

Where d = diameter of anchor rod in mm, 
τ = average bond stress, and hef = 
embedment depth in mm, 
     According to ACI 349, a 45° failure 
cone and a constant tensile stress over the 
projected failure surface are selected. The 
calculated failure loads correlate with the 
results of tests with a limited range of 
embedment depths. In CCD Method [2], 
the capacity of a single anchor in tension is 
calculated based on 450 inclination of the 
failure surface of concrete. This 
corresponds to the assumption that the 
failure surface is about twice the effective 
embedment depth of the anchor. The 
failure load, N (kN), corresponding to the 
concrete cone breakout, of a single anchor 
is given by 

5.15.0'
efccu hfkN                      (2) 

Where k = 13.5, for post-installed anchors, 
k = 15.5, for cast-in situ headed anchors 
bolts, fcc’ = concrete compressive strength 
measured on cubes and hef  = effective 
embedment depth, mm.  
     The strength of a single anchor in 
tension as per ACI 318 [6] is as follows 

Ncu AfN )4( 5.0'                (3) 

Where AN = Projected area of a single 
anchor = 













ef
efN h

dhA 12  
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In SI units, the capacity of the anchor is 
given by 

N
h
dhfN

ef

u
efcu ,)1(96.0 25.0'         (4)           

The splitting of concrete occurs when the 
size of concrete is small, the anchor is 
installed close to an edge or a line of 
anchors are installed in close proximity to 
each other. The failure load associated 
with the splitting of concrete is reduced 
relative to that corresponding to concrete 
cone break out failure. Failure of steel bolt 
or stud represents an upper value of the 
highest load carried by an anchor. Fracture 
of steel rarely happens except in high-
strength concrete. Splitting of concrete 
during anchor installation can be avoided 
by providing minimum spacing between 
anchors and minimum edge distance 

 yu fdN
4

2
    (5) 

Where d = diameter of the anchor, and fy = 
yield strength of steel 

Table 1: Strength of Post installed anchors, in tons, 
based on CCD /ACI 349. 

3. STRENGTH ESTIMATE  
     According to the previously mentioned 
methods of calculating the capacity of 
anchors based on the capacity of concrete, 
the capacity of steel and the capacity of the 
bond is as tabulated below. The relation 
between the load capacity of the anchor 
with the embedment depth according to 

the concrete cone design (CCD) method 
and the ACI-318 is shown in the Figures 1 
to 3 for various grades of concrete. 

Table 2: Bond strength of Anchors 

 

            
Figure 1: Load vs. Embedment Depth in 25 MPa 

Concrete. 

 
Figure 2: Load vs. Embedment Depth in 40 MPa 

Concrete. 

 
Figure 3: Load vs. Embedment Depth in 60 MPa 

Concrete. 
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Grade of concrete (MPa) 

25 40 60 
1 150 12.4/13.0 16.0/16.7 19.2/20.1 
2 200 19.1/22.0 24.7/28.6 29.6/34.2 

3 250 26.7/33.6 34.5/43.6 41.3/52.0 

S.No Hef (mm) Bond capacity ( tons ) 
1 150 21.20 
2 200 28.27 
3 250 35.34 
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     The steel failure is well documented. 
Therefore attempt was made for the failure 
to be that of concrete cone, therefore 
30mm diameter steel anchors were used so 
as to rule out the steel failure mode. The 
capacity of steel = fy . Ast = 640 * 706.85 = 
451940 N = 45 Tons.  

     The capacity of bond Nu = τ  л d hef 

The design strength of anchors is to be 
determined experimentally and relation 
between the load and displacement to be 
obtained and analyzed. Also the effect of 
varying embedment depth, diameter of 
reinforcement and grade of concrete on the 
capacity of anchors is to be studied. 

4. EXPERIMENTAL PROGRAM 
4.1. Concrete Mixes 
     In this experimental study, concretes of 
three different strengths were designed and 
produced to understand the effect of 
strength of concrete on strength and 
behaviour of adhesive/bonded anchors. 43 
grade ordinary Portland cement was used 
throughout the programme. 20mm 
nominal maximum size aggregate was 
used. The three different strengths of 
concrete achieved in this study were 25, 40 
and 60 MPa. The details of the design 
concrete mix proportions are as follows. 

a. Mix Proportion 25MPa Strength 

Cement Content = 360 kg 
Mix Proportion    = 1: 1.70: 3.15: 0.48 

b. Mix Proportion for 40MPa Strength 
Cement Content = 420 kg 
Mix Proportion   = 1: 1.45: 2.65: 0.42 
c. Mix Proportion for 60MPa Strength  

Cement Content = 450 kg 
Mix Proportion   = 1: 1.33: 2.44: 0.36 

4.2. Steel: The steel anchor rods were 
supplied by Hilti. Two different diameters 

of anchors namely 30mm and 20mm were 
used in this study. The anchors had 
nominal yield strength of 640 N/mm2. 

4.3. Adhesive 
     Adhesive was used to grip the anchors 
with the surrounding concrete. The 
adhesive used was the injection type which 
used RE500 adhesive and has mean bond 
strength of 15.0 N/mm2. In these plastic 
cartridges containing pre-measured 
amounts of resin and hardener allow 
controlled mixing of polymer components. 
The components are typically mixed 
through a special mixing nozzle, as they 
are dispensed, or are completely mixed 
within the cartridge immediately before 
injection. 

4.4. Casting of RC Anchors Specimens 
     To study the influence of various 
factors on the strength and behaviour of 
bonded anchors, a total of thirty RC 
specimens embedded with anchors were 
cast. The actual strengths of concrete 
achieved in the laboratory were 25 MPa, 
42 MPa, 60 MPa. Three specimens were 
cast and the average of three is reported. 
Typical RC embedded with anchor is 
shown in Figure 4. Since the failure of 
anchor (steel failure) is well documented, 
such failure was avoided by selecting the 
diameter of anchors in all the specimens as 
30 mm.  Parameters varied in this study 
are: 

 Concrete Grades = M25, M40 and M60 

 Embedment depth = 150mm, 200mm 
and 250mm 

 Lateral reinforcement = 8mm diameter 
bar spaced at 60mm, 90mm & 120mm 
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Figure 4: Reinforced Concrete Specimen with 

Anchor Rod 

4.5. Test Programme 
    The load was applied to the anchors by 
the actuator through a pulling bracket 
which was fitted in front of the actuator.  
Displacement was increased incrementally 
to the anchors to prevent any dynamic 
effect. Three concrete cubes were tested to 
determine the concrete compressive 
strength.The actuator was supported by the 
testing frame. The concrete block was 
fixed by a reaction frame anchored to the 
strong floor thus preventing the pulling of 
the concrete block. The anchor specimens 
were made in three embedment depths of 
150mm, 200mm and 250mm.  

4.6. Preparation of Test Specimen  
     The moulds were prepared using steel 
channel placed back-to-back with required 
specimen dimensions. Three different 
sizes of specimens with three different 
embedment depths were prepared. The 
reinforcement as per calculations was 
provided by carrying out bar-bending as 
designed, as shown in Figure 5. The mould 
was lubricated with oil on the inner faces 
for easy demolding of concrete specimens. 
Fresh concrete was poured carefully from 
the top without any segregation. Needle 
vibrator was used to compact the concrete. 
After 24 hours the concrete specimens 

were demolded from the formwork, duly 
designated and cured for 28 days.  
 

 
Figure 5: Anchor Specimens with 

reinforcement detail. 

After achieving sufficient strength of 
concrete, the specimens were drilled with 
required hole depth and diameter. Three 
embedment depths of 100mm, 150mm, 
250mm were made using 35mm drill bit to 
embed 30mm diameter anchor rods. The 
holes were cleaned with hand pumps to 
blow the concrete dust in the hole and wire 
brushes were also used. Subsequently, the 
hole was washed with water and allowed 
the cleaned specimens for dry under shade 
for about two days. The anchor rods were 
mounted with electrical resistance strain 
gauges at about half the embedment depth. 
The hole was filled about 2/3rd depth with 
RE-500 adhesive using the injection type 
installation. Subsequently, the test 
specimens were cured properly. The 
specimens were allowed for curing for 
forty eight hours for the adhesive to set. 

4.7. Experimental Set-up and Testing 
     The experimental set-up was prepared 
for testing the anchored specimens under 
displacement control as shown in Figure 6. 
A 100 kN capacity actuator was fixed 
laterally with an existing A-frame which 
can withstand 2000 kN loading. Another 
frame was fabricated and anchored to the 
floor slab to hold the specimen and 
provide adequate reaction against the pull 
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of the actuator. Two LVDTs were fixed at 
the base of the steel bolt embedded in the 
concrete block to monitor the slip of the 
anchor, which was connected with the data 
logger which continuously records the 
reading at a frequency of 0.5Hz. Under 
monotonic loading effect, the rate of 
displacement control was 1.0mm/min.  
 

 
 
 
 
 

 

 

 
 

Figure 6: Experimental set-up. 

5. RESULTS AND DISCUSSIONS 
     The strength of concrete adopted in this 
study was 25 MPa, 40 MPa and 60 MPa. 
The three embedment depths were 
150mm, 200mm and 250mm maintaining 
the diameter of the anchor bars as 30mm. 
Three specimens without reinforcement 
anchored with 250mm embedment depths 
were also tested in order to compare the 
load carrying capacity and also to 
understand the failure modes. The 
specimens were tested for the ultimate 
load carrying capacity under monotonic 
load in tension. The variation of the load 
carrying capacity with compressive 
strength and embedment depth is studied. 
The load versus displacement responses 
are drawn considering the load as well as 
the displacement recorded.  

5.1. FAILURE MODES  
Under the action of monotonic tension on 
the anchored reinforced concrete, concrete 
splitting failure, as shown in Figure 7, in 

most of the specimens was observed. The 
tensile load was gradually applied under 
displacement control. As the load was 
applied, the initial load versus 
displacement response was appeared to be 
approximately linear. As the load 
increased further, a reduction in stiffness 
was observed. In plain concrete anchor 
specimens, there has been a sudden drop in 
the load carrying capacity due to sudden 
failure of concrete along the plane of cone 
cracking, while in RC anchor specimen, 
the load capacity was increased with the 
increase in the slip. As soon as the load the 
ultimate load, there has been a marginal 
drop in the load up to the ultimate 
deformation followed by a sudden drop in 
the load in all the cases due to concrete 
splitting failure. The behavior is virtually 
linear elastic up to ultimate load.  
However, in the post-peak region ductile 
behaviour was observed up to the ultimate 
deformation. The ultimate load carrying 
capacity has been found to increase and 
also matched well with that of the post 
installed mechanical anchors in almost all 
the cases.  

 

 
Figure 7: Typical concrete splitting failure. 

 

Actuator 
Coupler 

A-Frame 

Anchor 

Concrete 
Block 
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5.2. TEST RESULTS 
Table 3 shows the ultimate load carrying 
capacity of anchors obtained in the 
experiments when loaded in tension. 
Figures 8 to 10 show the ultimate load 
carrying capacity of the anchors with 30 
mm diameter with various strengths of 
concrete i.e. 25, 40, and 60 MPa. Figures 
11 to 13 show the ultimate load carrying 
capacity of the adhesive/bonded anchors 
with 30 mm diameter bars with the 
variation of embedment depth i.e. 150, 
200and 300 mm.  

5.2.1. Influence of Strength of Concrete  
Three different concrete strengths of 
25MPa, 40 MPa and 60 MPa were adopted 
in this study. Figures 8 to 10 and Table 3 
show the comparison of load carrying 

capacity with concrete strength at different 
embedment depths. As the strength of 
concrete increases, the load carrying 
capacity of the anchor increases. It is also 
known that the compressive strength of 
concrete is directly proportional to the 
tensile strength of concrete. 
 

 
Figure 8: Load carrying capacity v/s strength of 

concrete at embedment depth 150mm.

 

 
Figure 9: Load carrying capacity v/s strength of 

concrete at embedment depth 200mm. 

 

Figure 10: Load carrying capacity v/s strength of 
concrete at embedment depth 250mm. 

5.2.2. Influence of Embedment depth 
     The embedment depths considered in 
this study were 150mm, 200mm and 
250mm. As the embedment depth 
increases so does the magnitude of tensile 
load that can be resisted increases and 
therefore the load carrying capacity of the 
anchor increases. According to the CCD 
method, the load carrying capacity of 
anchors increases as a function of hef

1.5. As 
per the ACI 349, the load carrying 
capacity increases as a function of hef

2.The 
comparison of the experimental results 
with the CCD method as compared with 
the ACI code has been very similar. There 
is no significant difference in the stiffness 
with regards to the embedment depth.  
     Figures 11 to 13 show the effect of 
embedment depth on the load carrying 
capacity of adhesive anchors for a given 
concrete. In order to generalize the trend, 
the stress versus relative embedment depth 
was plotted as shown in Figures 14 to 16. 
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Figure 11: Effect of embedment with concrete 

strength 25 MPa. 

 
Figure 12: Effect of embedment depth with 

concrete strength 40 MPa. 

 
Figure 13: Effect of embedment depth with 

concrete strength 60 MPa. 

 
Figure 14: Stress v/s. Relative embedment depth 

with concrete strength 20 MPa 

 
Figure 15: Stress v/s Relative embedment depth 

with concrete strength 40 MPa 

 
Figure 16: Stress v/s Relative embedment depth 

with concrete strength 60 MPa 

5.2.3. Effect of Lateral Reinforcement 
     The quantity of lateral reinforcement 
was varied by varying the spacing of 8mm 
diameter bar. The three different values 
spacing of 8mm bars were 60mm, 90mm 
and 120mm. In plain concrete specimens, 
there has been a sudden drop in the load 
carrying capacity due to sudden failure of 
concrete along the plane of cone cracking. 
Figure 17 shows the load versus 
displacement response of the anchor 
specimen without reinforcement with 
embedment depth of 250mm loaded 
monotonically in tension. The lateral 
reinforcement enhances the confinement 
of the anchor block thereby preventing the 
cracking of concrete leading to cone 
failure. As the quantity of lateral 
reinforcement increased, the load carrying 
capacity of the anchor has also increased.  

In reinforced concrete, the load 
increases proportionately with the increase 
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in the slip. As soon as the load was 
reached its ultimate value, there has been a 
marginal drop in the load up to the 
ultimate deformation followed by a sudden 
drop in the load in all the cases due to 
concrete splitting. The behavior is virtually 
linear elastic up to ultimate load however 
following the peak load a ductile behavior 
is observed up to the ultimate deformation. 
The slip-stick region in graphs depicts the 
ductile behavior of anchor specimens.  

 
Figure 17: Load versus displacement for plain 

concrete anchor 

Figures 18 to 20 show the load versus 
displacement response of the anchor 
loaded monotonically in tension with 
variation in the quantity of lateral 
reinforcement in 25 MPa concrete.  

 
Figure 18: Load versus displacement for 25Mpa at 

150mm embedment. 

 
Figure 19: Load versus displacement for 25Mpa at 

200mm embedment 

 
Figure 20: Load versus displacement for 25Mpa at 

250mm embedment. 

Figures 22 to 24 show the load versus 
displacement response of the anchor 
loaded monotonically in tension with 
variation in the quantity of lateral 
reinforcement in 60 MPa concrete.  

 
Figure 21: Load versus displacement for 60Mpa at 

150mm embedment 
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Figure 22: Load versus displacement for 60Mpa at 

200mm embedment 

 
Figure 23: Load versus displacement for 60Mpa at 

250mm embedment. 

6. CONCLUSION 
     Following conclusions can be drawn 
from the experimental studies. 
1. In plain concrete anchor specimens, 

there has been a sudden drop in the 
load carrying capacity due to sudden 
failure of concrete along the plane of 
cone cracking.  

2. The lateral reinforcement provided has 
improved the confinement thereby 
increased the load carrying capacity of 
reinforced adhesive anchors to about 
250% as compared to plain adhesive 
anchors.  

3. Under the action of monotonic tension 
on the anchored reinforced concrete, 
concrete splitting failure in most of the 
specimens was observed.  

4. The load carrying capacity increased 
proportionately with the increase in the 
slip. As soon as the load reached its 
ultimate stage, there has been a 
marginal drop in the load up to the 
ultimate deformation followed by a 
sudden drop in the load in all the cases 
due to concrete splitting. 

5. The reinforced anchor specimen 
showed increase in the load carrying 
capacity with the increase in the 
strength of concrete and embedment 
depth. 

6. The experimental observations were 
very close with the CCD design 
method as compared to the ACI-349 
Code method with regards to the 
tensile load carrying capacity.  
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Table 3: Experimental observations (Capacity of anchors in tons). 

 

 
 
 
 
 

 
 

 
S. No 

 
Embedment 
depth (mm) 

Strength of concrete (MPa) 

25 40 60 

8-60 8-90 8-120 8-60 8-90 8-120 8-60 8-90 8-120 

1 150 25.24 25.37 18.7 32.58 29.71 28.63 37.23 37.27 33.48 

2 200 28.60 26.56 25.70 33.61 31.70 29.72 407.2 37.68 34.82 

3 250 29.32 29.11 28.52 36.38 32.16 300.2 489.4 38.32 35.18 
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Abstract: To predict correctly the deformational and the cracking behavior of reinforced concrete 
elements failing in shear using a smeared crack approach, the strategy adopted to simulate the crack 
shear stress transfer is crucial. For this purpose, several strategies for modeling the fracture mode II 
were implemented in a smeared crack model already existing in the FEM-based computer program, 
FEMIX. Special development was given to a softening shear stress-shear strain diagram adopted for 
modeling the crack shear stress transfer.
The predictive performance of the implemented constitutive model was assessed by simulating up 
to failure a series of eight beams tested to appraise the effectiveness of a new strengthening 
technique to increase the shear resistance of reinforced concrete beams. According to this 
strengthening technique, designated as Embedded Through-Section (ETS), holes are opened 
through the beam’s section, with the desired inclinations, and bars are introduced into these holes 
and bonded to the concrete substrate with adhesive materials. The strengthening elements are 
composed of steel bars bonded to the surrounding concrete with an epoxy adhesive.
By using the properties obtained from the experimental programs for the characterization of the 
relevant properties of the intervening materials, and deriving from inverse analysis the data for the 
crack shear softening diagram, the simulations carried out have fitted with high accuracy the 
deformational and cracking behavior of the tested beams, as well as the strain fields in the 
reinforcements. The constitutive model is briefly described, and the simulations are presented and 
analyzed.

1 INTRODUCTION
Available research shows that the predictive 

performance of computer programs based on 
the finite element method (FEM) and 
incorporating constitutive models for the 

material nonlinear analysis of reinforced 
concrete (RC) structures failing in shear is 
quite dependent on the constitutive model 
adopted to simulate the shear stress transfer in 
the cracked concrete [1]. Recently a total crack 
shear stress-shear strain approach was 
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implemented in a multi-directional fixed 
smeared crack model for a better simulation of 
the strengthened beams failing in shear and in 
flexural/shear [2]. This approach was able of 
simulating the decrease of the total crack shear 
stress with the crack opening, but the stiffness 
predicted by the model for the behaviour of 
some beams was higher than the one registered 
experimentally. Furthermore, due to numerical 
instabilities some simulations were not capable 
of attaining the deflection corresponding to the 
peak load. In this paper a softening diagram is 
proposed for modelling the sliding component 
of the crack constitutive law, and it was 
implemented into a multi-directional fixed 
smeared crack model for capturing with high 
accuracy, not only the deformational and load 
carrying capacity of reinforced concrete beams 
failing in shear, but also the crack patterns 
formed during the loading process of this type 
of structural elements. To appraise the 
predictive performance of this model, it was 
applied on the simulation of the experimental 
tests carried out with a series of RC beams 
shear strengthened according to the embedded 
through-section (ETS) technique. This technique 
consists on opening holes across the depth of the 
beams cross section, with the desired inclinations,
where bars are introduced and are bonded to the 
concrete substrate with adhesive materials [3]. 
The constitutive model is briefly described in this 
paper, the shear strengthening effectiveness of the 
ETS technique is demonstrated based on the 
obtained results, and the predictive performance 
of the proposed model is assessed by simulating 
the experimental tests.

2 NUMERICAL MODEL
Under the framework of the finite element 

analysis, the tested beams are considered as a 
plane stress problem. The description of the 
formulation of the multi-directional fixed 
smeared crack model is restricted to the case 
of cracked concrete, at the domain of an 
integration point (IP) of a plane stress finite 
element. According to the adopted constitutive 
law, stress and strain are related by the 
following equation.

crcoDσ ε∆ = ∆ (1)

being { }1 2 12, , Tσ σ σ τ∆ = ∆ ∆ ∆ and

{ }1 2 12, , Tε ε ε γ∆ = ∆ ∆ ∆ the vectors of the 
incremental stress and incremental strain 
components. Due to the decomposition of the 
total strain into an elastic concrete part and a 
crack part, co crε ε ε∆ = ∆ + ∆ , in equation (1) the 
cracked concrete constitutive matrix, crcoD , is 
obtained with the following equation [4]

( ) 1

crco

T Tco co cr cr cr co cr cr co

D

D D T D T D T T D
−

=

   − +    (2)

where coD is the constitutive matrix of 
concrete, assuming a linear behaviour

2

1 0
1 0

1
1

0 0
2

c
co c

c
c

c

E
D

ν
ν

ν
ν

 
 
 

=  −  −
 
 

(3)

being Ec and cν the Young’s modulus and the 
Poisson’s coefficient of concrete, respectively. 
In equation (2) crT is the matrix that 
transforms the stress components from the 
coordinate system of the finite element to the 
local crack coordinate system (a subscript ℓ is 
used to identify entities in the local crack 
coordinate system). If m cracks occurs at an IP

1 ... ...
Tcr cr cr cr

i mT T T T =   (4)

being the matrix crack orientation of a generic 
ith crack defined by

2 2

2 2

cos sin 2sin cos
sin cos sin cos cos sin

cr i i i i
i

i i i i i i

T
θ θ θ θ

θ θ θ θ θ θ
 

=  
− − 

(5)

with iθ being the angle between the x1 axis and 
the vector orthogonal to the plane of the ith

crack. In equation (2) crD is a matrix that 
includes the constitutive law of the m cracks

1 ... 0 ... 0
... ... ... ... ...

0 ... ... 0
... ... ... ... ...

0 ... 0 ...

cr

cr cr
i

cr
m

D

D D

D

 
 
 
 =
 
 
 
  

(6)
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with cr
iD being the crack constitutive matrix of 

the ith crack

,

,

0
0

cr
cr I i
i cr

II i

D
D

D
 

=  
 

(7)

where ,
cr
I iD and ,

cr
II iD represent, respectively, the 

modulus correspondent to the fracture mode I
(normal) and fracture mode II (shear) of the ith

crack. The behaviour of non-completely closed 
cracks formed in an IP is governed by the 
following relationship

cr cr crDσ ε∆ = ∆  (8)

where crσ∆ 
is the vector of the incremental 

crack stress components in the coordinate 
system of each of the m cracks

,1 ,1 , , , ,... ...

cr

Tcr cr cr cr cr cr
n nt n i nt i n m nt m

σ

σ τ σ τ σ τ

∆ =

 ∆ ∆ ∆ ∆ ∆ ∆ 



(9) (9)

and crε∆ 
is the vector of the correspondent 

incremental crack strain components

,1 ,1 , , , ,... ...

cr

Tcr cr cr cr cr cr
n nt n i nt i n m nt m

ε

ε γ ε γ ε γ

∆ =

 ∆ ∆ ∆ ∆ ∆ ∆ 



(10) (9)

Using the crT matrix, the vector of the 
incremental crack strain components in the 
finite element coordinate system, crε∆ , can be 
obtained from crε∆ 

Tcr cr crTε ε ∆ = ∆   (11)

and the equilibrium condition
cr crTσ σ∆ = ∆ (12)

must be assured. In the present approach, a 
new crack is arisen in an IP when the angle 
formed between the new crack and the already 
existing cracks, cr

newθ , exceeds a certain 
threshold angle, thθ (a parameter of the 
constitutive model that in general ranges 
between 30 and 60 degrees [4]).
The crack opening propagation is simulated 
with the trilinear diagram represented in 
Figure 1, which is defined by the normalized 
stress, iα , and strain, iξ , parameters that define 
the transitions points between the linear 

segments of this diagram. The ultimate crack 
strain, ,

cr
n uε , is defined as a function of the 

parameters iα and iξ , fracture energy, I
fG ,

tensile strength, ,1
cr

ct nf σ= , and crack band 
width, bl , as follows [4],

I
fcr

n,u
1 1 2 2 1 2 ct b

G2
f l

ε
ξ α ξ α ξ α

=
+ − +

(13)

being cr cr
1 n,2 n,1/α σ σ= , 2 ,3 ,1/cr cr

n nα σ σ= , 1 ,2 ,/cr cr
n n uξ ε ε=

and 2 ,3 ,/cr cr
n n uξ ε ε= . To simulate the fracture mode 

II modulus, cr
IID , a shear retention factor is 

currently used [4, 5]:

1
cr
II cD Gβ

β
=

−
(14)

where cG is the concrete elastic shear modulus 
and β is the shear retention factor. The 
parameter β is defined as a constant value or 
as a function of the current crack normal 
strain, cr

nε , and of the ultimate crack normal 
strain, ,

cr
n uε , as follows,

1

,

1
p

cr
n
cr
n u

ε
β

ε

 
= −  
 

(15)

when 1 1p = , a linear decrease of β with the 
increase of cr

nε is assumed. Larger values of 
the exponent 1p correspond to a more 
pronounced decrease of the β parameter [4].
In structures governed by flexural failure 
modes, this strategy leads to simulations with 
reasonable accuracy. Exceptions occur in 
structures that fail by the formation of a 
critical shear crack. To simulate accurately the 
deformational response and the crack pattern 
up to the failure of this type of structures, the 
adoption of a softening crack shear stress vs.
crack shear strain relationship ( −cr cr

t tτ γ ) is the 
strategy explored in the present work.
The crack shear stress vs. shear strain diagram 
represented in Figure 2 was adopted in the 
simulations performed in the present work, but 
other more sophisticated diagrams were also 
implemented in FEMIX computer program, 
and their corresponding formulations are 
described in detailed elsewhere [6].
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Figure 1: Trilinear stress-strain diagram to simulate the 
fracture mode I crack propagation ( cr cr

n,2 1 n,1σ α σ= ,
cr cr
n,3 2 n,1σ α σ= , ,2 1 ,

cr cr
n n uε ξ ε= , ,3 2 ,

cr cr
n n uε ξ ε= ).

1 - Stiffening
2 - Softening
3 - Unloading
4 - Reloading
5 - Free-sliding

Shear Crack Statuses
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Figure 2: Diagram to simulate the relationship between 
the crack shear stress and crack shear strain component,
and possible shear crack statuses.

According to the adopted approach for 
modelling the crack shear deformation, 

−cr cr
t tτ γ , the crack shear stress increases 

linearly until the crack shear strength is 
reached, ,

cr
t pτ , (first branch of the shear crack 

diagram), followed by a decrease of the cr
tτ

with the increase of cr
tγ (softening branch). 

The diagram represented in Figure 2 is defined 
by the following equations:

( )

( ) ( )
,1 ,

,
, , , ,

, ,

,

0

0

cr cr
t t

cr cr cr
t t t t p

cr
t pcr cr cr cr cr cr

t p t t p t p t t ucr cr
t u t p

cr cr
t t u

D

τ γ

γ γ γ

τ
τ γ γ γ γ γ

γ γ

γ γ

=

 < ≤



= − − < ≤
−

 >

(16)

The initial shear fracture modulus, ,1
cr
tD , is 

defined by equation (14) ( cr
IID is replaced by 

,1
cr
tD ) by assuming for β a constant value in the 

range ]0,1[. The peak crack shear strain, ,
cr
t pγ ,

is obtained using the crack shear strength 
(from the input data), ,

cr
t pτ , and the crack shear 

modulus:
,

,
,1

cr
t pcr

t p cr
tD

τ
γ = (17)

The ultimate crack shear strain, ,
cr
t uγ , depends 

on the crack shear strength, ,
cr
t pτ , on the shear 

fracture energy (mode II fracture energy), 
,f sG , and on the crack bandwidth, bl :

,
,

,

2 f scr
t u cr

t p b

G
l

γ
τ

= (18)

In the present approach it is assumed that the 
crack bandwidth, used to assure that the results 
are independent of the mesh refinement [5], is 
the same for both fracture mode I and mode II 
processes, but specific research should be done 
in this respect in order to assess the influence 
of these model parameters on the predictive 
performance of the behaviour of elements 
failing in shear.
When the softening constitutive law 
represented in Figure 2 is used to evaluate the 
fracture mode II softening modulus cr

IID of 
equation (7), its value depends on the branches 
defining the diagram. For this reason five 
shear crack statuses are proposed and their 
meaning is schematically represented in 
Figure 2. The crack mode II modulus of the 
first linear branch of the diagram is defined by 
equation (14), the second linear softening 
branch is defined by

,
,2

, ,

cr
t pcr cr

II t cr cr
t u t p

D D
τ

γ γ
= = −

−
(19)

and the crack shear modulus of the unloading 
and reloading branches is obtained from

,max
,3 4

,max

cr
tcr cr

II t cr
t

D D
τ
γ−= = (20)

being ,max
cr
tγ and ,max

cr
tτ the maximum crack 

shear strain already attained and the 
corresponding crack shear stress determined 
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from the softening linear branch. Both 
components are stored to define the 
unloading/reloading branch (see Figure 2).
In free-sliding status, ,>cr cr

t t uγ γ , the crack 

mode II stiffness modulus, ,5
cr cr
II tD D= , is null. 

To avoid numerical instabilities in the 
calculation of the stiffness matrix, when the 
crack shear status is free-sliding a residual 
crack shear stress value is assumed for this 
phase of sliding.
A free-sliding status is also assigned to the 
shear crack status when ,>cr cr

n n uε ε . The details 
about how the shear crack statuses are treated 
can be consulted elsewhere [6].

3 PREDICTIVE PERFORMANCE OF 
THE NUMERICAL MODEL 
3.1 Introduction

To assess the predictive performance of the 
model described in previous section, the 
experimental tests carried out with a series of 
rectangular cross section reinforced concrete 
(RC) beams shear strengthened according to
the Embedded Through-Section (ETS) 
technique were simulated. According to this 
strengthening technique, holes are opened 
through the beam’s section, with the desired 
inclinations, and bars are introduced into these 
holes and bonded to the concrete substrate 
with adhesive materials. The strengthening 
elements are composed of steel bars bonded to 
the surrounding concrete with an epoxy 
adhesive.

3.2 Series of beams
The experimental program is formed by a 

series of beams with a cross section of 
150x300 mm2, with a total length of 2450 mm 
and a shear span length of 900 mm (Figures 3 
and 4). The longitudinal tensile and 
compressive steel reinforcement consist of two 
steel bars of 25 mm diameter and two steel 
bars of 12 mm diameter, respectively. Steel 
stirrups of two vertical arms and 6 mm 
diameter were used. The concrete clear cover 
for the top, bottom and lateral faces of the 
beams was 20 mm. The experimental program 
is made up of a beam without any shear 
reinforcement (reference beam), and a beam 
for each of the following shear reinforcing 
systems: (i) steel stirrups of ∅6 mm at a 
spacing of 300 mm (S300.90), (ii) ETS 
strengthening bars at 90º (E300.90) or at 45º 
(E300.45) in relation to the beam axis, with a 
spacing of 300 mm, (iii) steel stirrups of ∅6
mm at a spacing of 300 mm and ETS 
strengthening bars at 90º (S300.90/E300.90) or 
at 45º (S300.90/E300.45), with a spacing of 
300 mm, (iv) steel stirrups of ∅6 mm at a 
spacing of 225 mm (S225.90), and (v) steel 
stirrups of ∅6 mm at a spacing of 225 mm and 
ETS strengthening bars at 90º, with a spacing 
of 225 mm (S225.90/E225.90). ETS bars of 
∅10 mm were used. 
It should be noted that an ETS bar was 
designed as a stirrup of one arm, following the 
design recommendations of ACI 318 Code [7]
for the steel stirrups in the context of shear 
reinforcement or RC beams.

F

100 900 1350 100

30
0

150

 2Ø12mm 

2450

3226
1,530
0

 2Ø25mm   
 

Figure 3: Test configuration. All dimensions are in mm
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Figure 4: General information about the beams of the experimental program
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3.3 Test setup and monitoring system
Figure 5 depicts the positioning of the 

sensors for data acquisition. To measure the 
deflection of a beam, four linear voltage 
differential transducers (LVDTs) were 
supported in a suspension yoke. The LVDT 
3558 was also used to control the tests at a 
displacement rate of 20 µm/s up to the failure 
of the beams. The beams were loaded under 
three-point bending with a shear span of 900 
mm. This corresponded to an a d ratio equal 
to 3.44, where a is the shear span and d the 
depth of the longitudinal reinforcement 
(Figure 3). The applied load (F) was measured 
using a load cell of ±500 kN and accuracy of 
±0.05%. Two or three electrical resistance 
strain gauges, depending on the shear 
reinforcing arrangement, were installed in the 
steel stirrups to measure the strains. 
Additionally, six or eight strain gauges, SGs,
were bonded on the ETS strengthening bars 
according to the strengthening arrangement 
represented in Figure 4.

30
0

2450

LVDT
3558

LVDT
82803

LVDT
83140

LVDT
19906

300 300 300 675 675

c

F (Control)

100 100

L/3

L/3

L/3

L/3

L/3

L/3

Figure 5: Monitoring system.

3.4 Material properties
The values for the characterization of the 

main properties of the materials used in the 
present work were obtained from experimental 
tests and can be found elsewere [3].

3.5 Main results
    Figure 6 shows the relationship between the 
total applied load and the deflection of the loaded 
section, F-u, of the beams. For similar shear 
reinforcement ratio and ETS strengthening ratio
the RC beams reinforced with steel stirrups or 
strengthened with ETS bars have identical 
behavior (S300.90 and E300.90 beams). For the 
beams with ETS bars of equal spacing but 
different inclination (which means different 
shear strengthening ratio), ETS bars applied at 

45-degrees have provided a higher increase in 
terms of load carrying capacity and deflection at 
peak load (E300.90 versus E300.45 beams). Due 
to the significant increase provided by the ETS 
bars for the shear resistance, the beams 
reinforced with steel stirrups and strengthened 
with ETS bars collapsed by the yielding of the 
longitudinal steel bars, followed by concrete 
crushing. 

0 5 10 15 20 25 30 35 40
0

30
60
90

120
150
180
210
240
270

A.6
A.8

A.4A.5
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A.3

A.2
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 S300.90 (A.2)
 E300.90؛ (A.3)
 E300.45 (A.4)

                         
 S300.90/E300.45 (A.6)
 S225.90 (A.7)
 S225.90/E225.90 (A.8)

Lo
ad

, F
 (k

N)

Deflection (mm)

A.1

 S300.90/E300.90 (A.5)

Figure 6: Relationship between the load and the 
deflection at the loaded section.

3.6 Finite element mesh, integration 
schemes and constitutive laws for the 
materials

To simulate the crack initiation and the 
fracture mode I propagation of reinforced 
concrete, the trilinear tension-softening 
diagram represented in Figure 1 was adopted. 
To distinguish concrete elements in tension 
softening and in tension stiffening, distinct 
values were considered for the concrete of the 
elements in the first two rows of finite element 
mesh (elements considered in tension 
stiffening). The values that define these 
diagrams are indicated in Table 1. In this table 
is also included the data necessary to define 
the shear-softening diagram represented in 
Figure 2, adopted to simulate the degradation 
of crack shear stress transfer after crack 
initiation. Since no available experimental 
results exist to characterize the crack shear 
softening diagram, the adopted values were 
obtained by inverse analysis by fitting the 
experimental results as best as possible.
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An example of a finite element mesh used for 
the simulation of the S225.90/E225.90 beam is 
represented in Figure 7. The beams are 
modelled with a mesh of 8-noded serendipity 
plane stress finite elements. A Gauss-Legendre 
integration scheme with 3×3 IP is used in all 

concrete elements. The longitudinal steel bars, 
stirrups and the ETS strengthening bars are 
modelled with 3-noded perfect bonded 
embedded cables (one degree-of-freedom per 
each node) and a Gauss-Legendre integration 
scheme with 3 IP (integration point) is used.

Table 1: Values of the parameters of the concrete constitutive model

Poisson’s ratio ( cν ) 0.15

Initial Young’s modulus ( cE ) 31100 N/mm2 (Batch 1)
30590 N/mm2 (Batch 2)

Compressive strength ( cf ) 30.78 N/mm2 (Batch 1)
28.81 N/mm2 (Batch 2)

Trilinear tension-stiffening diagram (1) fct = 2.0 N/mm2 ; Gf = 0.06 N/mm
ξ1 = 0.01; α1 = 0.5; ξ2 = 0.5; α2 = 0.2

Trilinear tension-softening diagram (1) fct = 1.8 N/mm2 ; Gf = 0.05 N/mm
ξ1 = 0.01; α1 = 0.4; ξ2 = 0.5; α2 = 0.2

Parameter defining the mode I fracture energy 
available to the new crack [4] n = 2

Parameters for defining the softening crack shear 
stress-shear strain diagram of concrete in the tension-stiffening ,τ cr

t p = 1.38 N/mm2; ,f sG =0.5 N/mm; β =0.2

Parameters for defining the softening crack shear 
stress-shear strain diagram of concrete in the tension-softening ,τ cr

t p = 1.38 N/mm2; ,f sG =0.7 N/mm; β =0.2

Crack bandwidth, lb
Square root of the area of Gauss integration 
point

Threshold angle [4] αth = 30º
Maximum number of cracks per integration point 2

(1)
,1

cr
ct nf σ= ; 1 ,2 ,/cr cr

n n uξ ε ε= ; cr cr
1 n,2 n,1/α σ σ= ; 2 ,3 ,/cr cr

n n uξ ε ε= ; 2 ,3 ,1/cr cr
n nα σ σ= (see Figure 1)

Figure 7: Finite element mesh (dimensions are in mm)

For modeling the behavior of the longitudinal 
steel bars, stirrups and ETS bars, the stress-
strain relationship represented in Figure 8 was
adopted. The curve (under compressive or 
tensile loading) is defined by the points 
PT1=( ,ε σsy sy ), PT2=( ,ε σsh sh ) and 
PT3=( ,ε σsu su ), and a parameter p that defines 
the shape of the last branch of the curve. 
Unloading and reloading linear branches with 

slope ( )σ ε=s sy syE are assumed in the 
present approach. The values of the parameters 
of the constitutive model for the steel are 
indicated in Table 2.
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σs

εs

Es

PT1
(ε   ,σ  )sy sy

PT2
(ε   ,σ   )sh sh

PT3

(ε   ,σ   )su su

Es

Figure 8: Uniaxial constitutive model for the steel bars [4].

Table 2: Values of the parameters of the steel 
constitutive model.

Steel bar 
diameter

(mm)

PT1
[ ]

( )

ε

σ

−sy

sy MPa

PT2
[ ]

( )
ε

σ
−sh

sh MPa

PT3
[ ]

( )
su

su MPa
ε

σ
−

p

6 2.750×10-3

559.14
2.000×10-2

708.14 
5.000×10-2

708.93 1

10 2.660×10-3

541.60
2.405×10-2

643.23 
5.000×10-2

643.23 1

12 2.350×10-3

484.68
2.302×10-2

655.00 
5.000×10-2

655.53 1

25 2.270×10-3

507.68
3.450×10-3

608.75 
2.052×10-2

743.41 1

3.7 Simulations and discussion
    The experimental and the numerical 
relationships between the applied load and the 
deflection at the loaded section for the tested 
beams are compared in Figure 9. In these 
figures a horizontal line corresponding to the 
maximum experimental load (in dash) is also 
included. The crack patterns of these beams at 
the end of the analysis (at the end of the last 
converged load increment) are represented in 
Figure 10.
    These figures show that the numerical model 
is able to capture with good accuracy the 
deformational response of the beams and 
captured with good precision the localization 
and profile of the shear failure crack. Figure 11
also shows that the numerical simulations fit 
with good accuracy the strains measured in the 
steel stirrups and ETS strengthening bars, 
which means that the assumption of perfect 
bond between composite materials and 

surrounding concrete is acceptable, at least in 
the design point of view for the serviceability 
and ultimate limit states. Similar level of 
accuracy was obtained in the simulations of 
the other beams. At the moment of the shear 
failure, the longitudinal steel bars have already 
yielded in some of the beams, which is quite 
well predicted by the numerical models, since 
vertical completely open cracks were formed 
(flexural cracks).

4 CONCLUSION
    This study presents the relevant results of an 
experimental program for the assessment of 
the effectiveness of the Embedded Through-
Section (ETS) technique for the shear 
strengthening of reinforced concrete beams. 
From the obtained results, it can be concluded 
that:
1) the use of steel ETS bars for the shear 
strengthening provided significant increase of 
the load carrying capacity of RC beams for the 
both bar orientations considered. The 
effectiveness is also significant in terms of the 
deflection performance. The shear 
reinforcement system composed by inclined ETS 
strengthening bars was more effective than 
vertical ETS bars, assuring a better performance 
in terms of load and deflection capacities. 
2) the capability of a FEM-based computer 
program to predict with high accuracy the 
behavior of this type of structures up to its 
collapse was highlighted. The introduction of 
the shear crack softening diagram into the 
multi-directional fixed smeared crack model 
has improved significantly the deformational 
behavior and the load carrying capacity. The 
crack pattern of the tested beams and the strain 
fields in the reinforcements were also captured
with high accuracy. Due to the lack of specific 
experimental tests, the data to define the shear 
crack softening diagram was obtained by 
inverse analysis. It can be concluded that the
implementation of the shear softening diagram 
in the multi-directional fixed smeared crack 
model available in the FEMIX computer 
program has improved its capabilities to 
predict with higher accuracy the behavior of 
structures failing in shear or in flexural/shear.
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Figure 10: Crack patterns of the beams (in pink colour: crack completely open; in red colour: crack in the opening 
process; in cyan colour: crack in the reopening process).
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EFFECT OF RIB GEOMETRY ON BOND BEHAVIOR AND FAILURE MODES 
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Abstract: The ribs of deformed bars can cause a bond failure by splitting the concrete cover, by 
wedging action, or shearing the concrete in front of the ribs. As deformed bars are pulled out, the 
rib face angle is flattened by shearing of the concrete key, which decreases the rib face angle to a 
smaller bearing angle. Analytical expressions to predict bond resistances for splitting and shearing 
are derived, in which the bearing angle is found to be a key variable. The bearing angle produced 
between rigid steel ribs and quasi-brittle concrete tends to decrease, in nature, by the wedging 
action. As the bearing angle decreases, the splitting bond resistance decreases while the shearing 
bond resistance increases. The bearing angle is decreased to decrease the splitting bond resistance 
and to increase the shearing bond resistance. The decreasing bearing angle theory is proposed to 
better understand bond mechanisms between ribbed reinforcing bars and concrete. Experimental 
works with beam splice test specimens are also reported. The bond behaviors and failure mode 
discussed from the proposed theory agree well with this experimental observation. 
 
 

1 INTRODUCTION 
To be effective, a reinforced concrete 

member must have a positive interaction 
between the bars and the surrounding concrete. 
The bond between reinforcing steel and 
concrete, fundamental to the mechanics of 
reinforced concrete, is a many-faceted 
phenomenon, but follows a natural rule of the 
wedging action provided by the rib geometry. 

There have been some conflicts on the 
effect of rib geometry on bond strength 
between reinforcing bars and concrete. Some 
researchers show that deformation has strong 
influence on bond strength. Other studies 
indicate that deformation pattern has little 
influence and it is common for bars with 
different patterns to produce nearly identical 
development and splice lengths (Darwin and 
Graham 1993). 

Modern deformed bar rib geometries date 
from the work of Clark in 1949. Since then, 

knowledge concerning the bond between 
concrete and ribbed deformed steel has 
considerably increased based on both 
experimental work and analytical studies. At 
the time Clark recommended that the ratio of 
the shearing area (bar perimeter times distance 
between ribs) to the rib bearing angle 
(projected rib area normal to bar axis) be 
limited to a maximum of 10, and if possible 5 
or 6. Today this criterion is usually expressed 
the ratio of the bearing area to the shearing 
area, which is known as the ‘rib area,’ ‘relative 
rib area’. Relative rib area, Rr, will be used as 
the descriptive term in this paper. 

During the late 1950s and the 1960s, 
researchers observed two phenomena 
accompanied by the slip of ribbed bars: (1) 
concrete is split by the wedging action of the 
ribs and (2) concrete between the ribs is 
crushed (Rehm 1957, Lutz and Gergely 1967). 
Rehm (1957, 1961) found that if the ratio of 
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rib spacing to rib height is less than 7 and if 
the rib face angle is greater than 40 deg, the 
concrete in front of the ribs undergoes gradual 
crushing, followed by a pull-out failure (Fig. 
1). If the ribs have a spacing to height ratio 
greater than 10, for a rib face angle greater 
than 40 deg, the concrete in front of the ribs 
first crushes and then forms wedges that 
induce tensile stresses that cause longitudinal 
splitting of the concrete.  

 

 
Figure 1: Failure mode depending on the ratio of rib 

spacing to rib height 

Researchers observed that the ribs act as 
wedges and the concrete in front of the ribs 
undergoes gradual crushing, followed by a 
pull-out failure. When bars are moderately 
confined by concrete cover or transverse 
reinforcement, a high rib face angle on the ribs 
is flattened by shearing of the concrete key, 
which decreases the effective rib face angle to 
a smaller value. In experimental work, 
concrete powder was found against the loaded 
face of some of the ribs (Darwin and Graham 
1993). The angle between the surface of the 
concrete powder and the bar shaft ranged 17 
and 40 deg (Fig.2). In general, the higher the 
confinement, the more likely a pull-out failure. 
However, in most structural application with 
reinforcing bars used today, a splitting failure 
is more common.  

 

 
Figure 2: Schematic of rib and crushed concrete 

after failure (Darwin and Graham 1993) 
 
 

A number of researchers have derived 
analytical expressions for bond mechanisms in 
splitting failures (Tepfers 1979, Cairns 1979). 
Analytical studies have found that bond 
generates a radial bursting pressure equal in 
magnitude to the bond stress, the so-called 
hydraulic pressure analogy. A number of 
experimental and analytical studies have been 
presented, examining a more fundamental 
definition of the local bond-slip law (Giuriani 
et al. 1991, Gambaroba and Rosati 1997, 
Plizzari et al. 1998). For the case of splitting 
failure, analytical studies of interfacial bond 
have been performed to predict the bond 
strength of ribbed reinforcing bars (Choi and 
Lee 2002), and in this paper, the role of the 
bearing angle on bond behavior is addressed. 
Bearing angle model for bond analysis of 
reinforcing bars to concrete was proposed 
where the bearing angle is defined as a 
wedging angle of the failure interface (Choi et 
al. 2010, Choi and Lee 2012). Analytical 
expressions to predict bond resistances for 
splitting and shearing failures were derived, in 
which the bearing angle is a key variable. 

The rib geometry of deformed bars (ASTM 
A944-95 1997) governs bond behavior and is 
instrumental in guaranteeing adequate bond 
resistance. The influence of deformation 
pattern on bond performance has been studied 
and bond resistances have been observed to 
vary with the rib characteristics (Tefers 1979, 
Skorobogatov and Edwards 1979, Choi et al. 
1991, Hamad 1995). Studies by Darwin et al 
(1996a, 1996b) have demonstrated that bond 
strength increases with an increase in the 
relative rib area, Rr, of bars under high 
confinement, but under low confinement, bond 
strength is independent of deformation pattern. 
Still the effect of rib geometry on bond is, 
however, poorly understood and studies to 
simulate experimental observation that the rib 
face angle is flattened have not been attempted. 
Failure mechanisms of bond, such as, splitting, 
shearing off, and pull-out failure are not clear 
yet. Bond strength is regarded as the sum of 
splitting and non-splitting components (Cairns 
and Jones 1996), but knowledge on the 
interaction between two components is very 
limited.   
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This study is intended to explain the nature 
of the wedging action of ribbed bars as they 
interact with concrete as a general aspect of 
bond. Further studies to examine the analytical 
expressions to predict bond resistances for 
splitting and shearing failures are reported in 
this paper. As the bearing angle is decreased, 
the splitting bond resistance decreases while 
the shearing resistance increases. In the cases 
of bars at a moderate level of confinement, the 
bearing angle is decreased to decrease the 
splitting resistance. The interaction between 
bond resistances from splitting concrete cover 
and shearing the concrete key is studied. The 
decreasing bearing angle theory is applied for 
analyzing the effects of rib geometry on bond 
behaviors of ribbed reinforcing bars to 
concrete and improving the understanding of 
bond failures of ribbed reinforcing steel in 
concrete structures. 

2 ANALYTICAL EXPRESSIONS TO 
DETERMINE BOND RESISTANCES IN 
SPLITTING AND SHEARING FAILURE 

2.1 Expression to predict bond resistance in 
splitting 

Modeling of bond action of reinforcing bars 
to concrete can be simply extended using the 
hydraulic pressure analogy introduced by 
Tepfers. The capacity of a short anchorage was 
predicted by modeling the splitting cracks and 
hoop tension in the concrete. Wedging action 
by the rigid steel rib of deformed bars makes it 
possible to resolve bond forces into normal 
stress σ n and tangential shear stress τ, as 
shown in Fig. 3. The resultant of normal 
components along the bar is what places the 
surrounding concrete in tension. When a 
reinforcing bar in tension P, concrete under the 
bearing side of a rib is placed in a state of tri-
axial compression, with the major principal 
stress, the bearing stress, σq, on the rib acting 
parallel to the bar axis. Normal to the bearing 
stress, the minor principal stress σ r acts 
radially around the bar. The extended method 
of analysis has been used previously by Choi 
and Lee (2002) to evaluate the bond strength 

in splitting failure (Choi and Lee 2012). The 
final equation to predict the splitting bond 
resistance is expressed as follows. 

)sin(cossin)tan1(
)cot1(tan











cAFT rxsplit

 

 (1) 

where Fx is confining force by the fracture 
of concrete cover or yielding of transverse 
reinforcement. α is the bearing angle defined 
as wedging angle of failure interface to bar 
axis, μ is the friction coefficient, c is cohesion 
and Ar is projected area of rib parallel to bar 
axis. The friction coefficient μ is one of the 
variables to determine the bond resistance. 
Bond resistance increases as the friction 
coefficient increases. The contribution from 
cohesion to bond resistance is small and 
diminishes as bars slip. When the interfacial 
material and confinement are determined by 
the structure itself, the bearing angle is the 
only variable in the first term of the left side in 
Eq. (1). 

 

q

r

n



hr



P





db

h r

db/2

dθ

dθ

 
Figure 3: Stresses acting on rib of bar  

(Cairns 1979) 

2.2 Expression to predict bond resistance in 
splitting 

When loading an anchored bar, relative 
movement, slip, between steel and concrete 
will occur. The slip is caused mainly by 
crushing of the concrete in front of the ribs. 
The high pressure on the concrete in front of 
the ribs causes tensile stresses in the concrete 
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around bar, which, in turn, create internal 
inclined cracks. Inclined cracks initiate at 
relatively low bond stresses at the point of 
contact between steel and concrete. With 
increasing induced slip, the concrete in front of 
the ribs will be crushed. Increasing the stress 
in the bar further more slip occurs because 
more local crushing takes place and later shear 
cracks in the concrete keys between ribs are 
initiated. At maximum bond resistance a part 
of, or the total, concrete key between the ribs 
has been sheared off, depending on the ratio of 
clear rib distance to average rib height.  

As shown in Fig. 4, from the force 
boundary conditions, an angle α is made along 
the shear failure surface, where the tangential 
stresses and the radial stresses are in 
equilibrium. Based on a study by Birkeland 
and Birkeland (1966), for cracks in monolithic 
concrete, shear strength should not be assumed 
greater than 0.2f'c Ac shown in Eq. (2). 

Vn=0.2 f’c Ac (2) 

where Ac is the area of cracked surface. The 
area of cracked surface Ac defined by the area 
of a cone with the angle of, α 





sin
rhbd

cA   (3) 

 

Possible shear crack

Fx

Fy

α1 α2

 
Figure 4: Shear cracks by the concrete key 

between bar ribs 
 

Further, the concrete in contact with the 
bearing side of a rib is in a state of tri-axial 
stress which increases the shear strength of the 
concrete. The concrete is subjected to very 
high compression from the confining force Fx 
and the high compressive stress modifies the 
magnitude and direction of principal stress and 
increases the cracking load. Two parameters 

accounting for the beneficial effects on the 
shear strength owing to the tri-axial state and 
the high compression, 1 and 2 are proposed. 
Using Eqs. (2), (3) and the two parameters, the 
bond force resisting from shearing of the 
concrete key, the shearing bond resistance, is 
proposed by 






tan

'2.0
21

rhbdcf
shearT   (4) 

where 1 = tri-axial state parameter and 2 = 
high compression parameter. The value of 2.0 
is proposed for 1 as the constant for two way 
shear action and the parameter 2 is proposed 
to range between 1.5 to 2.5 depending on the 
level of confinement provided by cover or 
transverse steel. Information on these two 
quantities shall be obtained from the results of 
future analytical or experimental studies. 

 

3 DECREASING BEARING ANGLE 
THEORY 

Let us examine again Eq. (1) and the key 
variables for the splitting bond resistance. The 
friction coefficient μ is one of the key variables 
to determine the bond resistance. Splitting 
bond resistance increases as the friction 
coefficient increases. The crack surface is 
naturally rough and irregular, but the 
coefficients of friction along the interface at 
the crack should be constant in nature. The 
contribution from cohesion to bond resistance 
is small and diminishes as bars slip. The 
confinement force Fx, provided by concrete 
cover or transverse reinforcement, is 
proportional to the bond force. The capacity of 
the confinement force is made up of the 
splitting resistance by concrete cover or by 
transverse reinforcement, thus the confinement 
force has a limitation. When the confinement 
is determined by the structure itself, the 
bearing angle is the only variable in Eq. (1) 
corresponding to the change of splitting bond 
resistance.  

As discussed before, the bearing angle 
tends to decrease, which is the nature of the 
wedging action. The bearing angle of the 
failure surface of the concrete in front of the 
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ribs also tends to decrease. While the concrete 
between the ribs sheared, the high rib face 
angle is flattened, which decreases the 
effective rib face angle. The predicted splitting 
bond resistances can be plotted versus bearing 
angle of α, as shown in Fig. 5. The bearing 
angle definitely changes the bond resistance in 
splitting. As the bearing angle is decreased, the 
splitting bond resistance decreases. Bond 
strength may not be linear to the confinement 
force as in Eq. (2). A hypothesis is stipulated 
that the bearing angle may vary depending on 
the degree of confinement and bond strength 
may not increase as much as the increase of 
confinement. The rate of increase in bond 
strength with the increase of confinement force 
may be reduced by the decreasing bearing 
angle, as illustrated in Fig. 5.  

 As in Fig. 6, the shearing resistance Tshear 
increases as hr increases. There might be a 
lower limit on the bearing angle and the 
minimum value of the bearing angle can be 
obtained by the ratio of the rib spacing to the 
rib height.  

Bond strength, the capacity of an anchorage, 
is defined as the maximum bond force at any 
state of failure. Normally, the weaker mode of 
the two failures considered to govern the 
strength. The two bond forces, the splitting 
resistance and the shearing resistance interact 
by a single variable, the bearing angle. The 
bearing angle is decreased to decrease in the 
splitting resistance and increase in the shearing 
resistance, until reaching the same resistance. 
Therefore, both bond resistances appear to 
control the bond strength. At reaching the 
bond resistance, the maximum bond capacity, 
the concrete key can be sheared and the 
concrete cover may be split depending on the 
degree of confinement. The bearing angle is 
determined so that the splitting resistance can 
be equal to the shearing resistance, and finally 
the resistance itself becomes bond strength 
Tbond. Thus,  

Tsplit =Tshear = Tbond (5) 

Equation (5) can be solved for the bearing 
angle α. The solution for the bearing angle to 
determine bond strength by the decreasing 

bearing angle theory is schematically 
illustrated in Figs. 5 and 6. Bond strength is 
determined by the bearing angle, so that the 
resistances of splitting and shearing failures 
should coincide at the same angle. 
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 Figure 5: Schematic analysis of bond strength by 
bearing angle theory (different confinement) 

 

Bearing Angle( α )

5 3010 15 20 25αmi

S
h
e
a
ri
n
g
 R

e
si

st
a
n
c
e

Tl

Tm

Th High rib heightMedium rib heightLow rib height

 
 Figure 6: Schematic analysis of bond strength by 

bearing angle theory (different rib height) 

4 PARAMETRIC STUDY AND 
DISCUSSION 

4.1 Experimental program  
The experimental program described in 

paper consisted of beam–splice specimens 
with test bar size of 25mm (No. 8). The 
principal parameters are the rib geometries, 
such as, the rib height, rib spacing, the relative 
rib area. To compare the theoretical work, test 
results of 4 specimens are reported in this 
paper. Three different deformation patterns 
were machined and tested in addition to the 
commercial pattern. As illustrated in Table 1, 
three rib heights, 1.6 mm, 2.4 mm and 3.2 mm 
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were used with spacing ranged 18 mm and 36 
mm to produce relative rib areas Rr, of 0.075 
to 0.133. Specially designed bars with 
alternating high and low rib height were tested 
to explore the additional bond strength 
increase in this study.    

 

 
 Figure 7: Beam splice test specimen 

The splice specimens, 4.5m long, were 
tested as inverted simply supported beams to 
produce a 1.2 constant moment region, as 
shown in Fig. 7. The specimens contained two 
adjacent bottom-cast splices. 13 mm bars 
stirrups were spaced equally within splice 
region and outside the constant moment region 
to provide shear strength. The beam had 
nominal width of 300 mm and nominal depth 
of 395 mm. Total depth was constant 450 mm, 
thus bottom cover and side cover were 25mm. 
Splice specimens were inverted and tested, and 
loads were applied at end of cantilever 
reactions. Beams were loaded continuously to 
failure at the rate of about 10 kN per min at 
each end. Specimen properties and test results 
are listed in Table 1. 

4.2 Analytical study and comparison  
The bearing angle model is applied for the 

four specimens to understand the bond 
behaviors from the test results. It is generally 
agreed that as the combination of rib height 
and rib spacing affect bond strength. As the 
relative rib area, the rib height divided rib 
spacing, increases, bond strength increases, but 
not proportional. Further, there might be a 
limitation of the maximum relative rib area, 
such as the value should be less than 0.14 in 
ACI 408 report for the high relative rib area 
bars. 

Fig. 8 shows the schematic determination of 
bond strength by the bearing angle model to 
understand the effects of rib height and rib 
spacing. For bars with conventional 
deformation with low rib height [Fig 8 (a)], the 
bearing angle, α 1, is low, thus the bond 
strength, Tl, is low. For bars with high rib 
height [Fig 8 (b)], the bearing angle, α2, is 
high, thus the bond strength, T2, is high. 
However, since the rib spacing is small, the rib 
height may not be fully effective and some 
part of rib does not contribute for the wedging 
action. The bond strength may not increase 
much due to this phenomenon. In addition, this 
explains that there might be limitation of the 
increase for bond strength for the high relative 
rib area bars.  

Table 1: Specimen properties and test results 

----------------------------------------------------------------------------------------------------------------------------------- -------------  
 Bar                                 Rib               Rib                      Rr                      Modified bond strength              Average 
Designations*               height         spacing                                                          (kN)                                 (kN)  
------------------------------------------------------------------------------------------------------------------------------------------------ 

Bars with 50 mm concrete cover, with transverse stirrups D10@100 mm 
SP25CV                           1.6              18                     0.075                          219   234  222                          225  

SP25HR                           2.4              18                     0.133                              261   237                              249  

SP25HRWS                     3.2              36                     0.088                                  262                                   262  

SP25AHLR               3.2 and 1.6        36                     0.133                          282   261  289                          277  

------------------------------------------------------------------------------------------------------------------------------------------------
*Bar designation: CV = conventional bars, HR = high rib height bars, HRWS = high rib height and wide spacing bars, AHLR = alternating high and 

low rib height bars  

- Rr of CV bars is reduced by 85 percent because of the longitudinal rib.  

- Modified bond strength (27/fc’)1/2  
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Figure 8: Schematic analysis of bond strength by 
bearing angle theory (different rib height and spacing) 

 

For bars with high rib height and large rib 
spacing [Fig. 8 (c)], the bearing angle, α3, is 
high, thus the bond strength, T3, becomes very 
high. Furthermore bond strength for 
alternating high and low rib height bars are 
much higher than those of conventional bars 
and bars with high relative area because the 
shear failure surface from the high rib surpass 
the low rib and the rib height is fully effective, 
resulting in the very high bond strength 

From comparison of the analytical work to 
test results, there are several indications that 
rib geometry affects the bond performance 
similarly. In the Table 1, bond strength 
increases as Rr increases. However, bars with 
high rib height and wide spacing (HRWS) 
show much higher bond strength than that of 
bars with high relative area (HR). Furthermore 
bond strength for alternating high and low rib 
height bars (AHLR) are much higher than 
those of conventional bars (CV) and bars with 
high relative area (HR). 

Fig. 8 shows the lowest value of bond 
strength, T1, with conventional bars (CV). 
Bond strength of bars with high relative area 
(HR), T2, is high but not significant, since the 
rib spacing is small and the rib height may not 
be fully effective Some part of rib does not 
contribute for the wedging action. For bars 
with high rib height and wide rib spacing 
(HRWS), the bearing angle, α3, is high, thus 
the bond strength, T3, becomes very high. 
Furthermore bond strength for alternating high 
and low rib height bars (AHLR), T4, are much 
higher than those of conventional bars (CV) 
and bars with high relative area (HR). 

The behaviors discussed from the proposed 
theory of decreasing bearing angle agree well 
with this experimental observation. In this 
study, the bearing angle becomes more flatten, 
decreasing the splitting resistance as the level 
of confinement increases. However, in turn, 
the shearing resistance increases decreasing 
the bearing angle. This observation can be 
explained by the indication that two failures to 
keep a balance maximizing the bond resistance 
by decreasing the bearing angle even all the 
cases of rib height and spacing.  

 The proposed theory helps to understand 
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the nature of the wedging action by the ribs of 
deformed bars to concrete. The failure modes 
of ribbed bar-concrete bond interaction and the 
mechanism of the flattened rib face angle 
become clear in this study. Bond strength is 
attained by the close interaction between the 
splitting resistance or failure and shearing 
resistance or failure. The theory will help to 
show the beneficial effects of high rib area 
bars on bond performance. The understanding 
for bond force considering the splitting, 
shearing and pullout-type failure is critical for 
design of the anchorage capacity. Further 
research related to the proposed theory will 
help to understand several behaviors of bar-
concrete interaction and enhance the bond 
performance of deformed reinforcing steel for 
the safety of reinforced concrete structures. 

5 CONCLUSIONS 
From the analytical and experimental 

studies in this paper the following can be 
concluded: 

1. Analytical expressions to determine the 
bond resistances for splitting and shearing 
failures are derived. The major variable is the 
bearing angle which plays the key role of bond 
behavior by rib geometry; 

2. The bearing angle tends to be decreased, 
which is the nature of wedging action. Bearing 
angle decreases as rib face angle flattened 
observed in tests.  

3. In the case of bars with different 
combination of rib height and spacing, the test 
results match well with the theoretical 
observations; 

4. Bond strength for alternating high and 
low rib height bars is much higher than that of 
conventional bars and bars with high relative 
area;  

5. Decreasing bearing angle theory is 
effective to predict bond strength and to 
simulate bond mechanisms between ribbed 
reinforcing bars and the surrounding concrete. 
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Abstract: Design specifications for headed bars were recently amended in ACI 318 and KCI 2012. 
These specifications have limitations on bar strength, bar diameters, concrete strength, and so on, 
due to lack of test data. Experiments of lap splices with high-strength headed bars were conducted 
to investigate the anchorage behavior of high-strength headed reinforcement. Headed bars of Grade 
600 MPa were used and main variables include splice length, spacing between bars, bar diameter, 
concrete strength, and confinement. Observations of cracking behavior, strain measurements of 
reinforcement, and strength are reported. The strengths of lap splices with Grade 600 MPa are 
compared with design codes and previous models. The behavior of unconfined laps is compared to 
the behavior of confined laps. Test results show that the current codes do not provide a conservative 
design for high-strength headed bars and transverse reinforcement is more important than cover 
thickness to confine splice laps. 
 
 

1 INTRODUCTION 
Headed bars as shown in Figure 1 provide 

an alternative to hooked bars and assist in 
alleviating steel congestion, especially in 
exterior beam-column joints where multiple 
structural members join. In ACI 318-08 [1], 
the development of headed bars was first 
introduced. However, because the design 
equations of ACI 318 were based on limited 
test data [2-4], the restrictions on strengths and 
bar details were strict. Specified design yield 
strength of headed bars shall not exceed 420 
MPa for headed bars but reinforcing bars with 
yield strength of higher than 420 MPa are 
allowed as longitudinal reinforcement in many 
design codes including Eurocode [5], ACI [6] 
and KCI [7]. Therefore, new provisions for 
high-strength headed bars are required. In this 

study, lap splice specimens with high-strength 
headed bars were tested to investigate the 
anchorage behavior of high-strength headed 
reinforcement. 

 

 

Figure 1: Headed bars. 
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2 EXPERIMENTAL PROGRAM 

2.1 Specimen variables 
A typical lap splice specimen is shown in 

Figure 2. Two reinforcing bars were lapped at 
the midpoint of the specimen. Nine specimens 
were unconfined within the lap zone, without 
stirrups or other supplementary reinforcement 
used to enhance the performance of the splice 
as shown in Figure 2(b). Three confined 
specimens with transverse reinforcement were 
also tests. The configuration used in these test 
specimens was chosen since it may give a 
conservative, i.e. low, strength. 

Specimen variables include splice length Ls, 
bar spacing/cover c, transverse reinforcement 
contents Ktr, bar diameter db, and concrete 
compressive strength cf  . Details of all 
specimens are listed in Table 1.  

The lap splice length varied from 15db to 
25db. This range of splice lengths were chosen 
to ensure that the lap splices would fail before 
the longitudinal tension steel could yield.    

Two kinds of c values were tested: one is 
2db which is in accordance with clause 12.6 of 
the ACI 318-11 [6] and the other is 1db to 
accommodate the smaller spacing or cover 
which simulate a more practical and actual 
spacing. Splitting cracks were anticipated to 

form through the side cover and between the 
bars and the bottom covers were designed to 
be larger than the side cover or half of the 
clear spacing between bars.  

Two confinement details were tested: one 
using stirrups placed along entire splice length 
(a fully confined splice) and the other with 
stirrups placed at the ends of the lap zone (a 
locally confined splice) as shown in Figure 
2(c).  
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(a) Details of specimen 

    
(b) Unconfined specimen (c) Locally confined specimen 

Figure 2: Lap splices by headed bars. 

Table 1: Test matrix 

Specimens BHL 
[mm] 

db 

[mm] 
cf   

[MPa] 
Ls/db c/db Ktr/db 

D29-S2-F42-L15 
2613503700 

29 
42 

15 1 - 
D29-S2-F42-L20 20 1 - 
D29-S2-F42-L25 25 1 - 
D29-S4-F42-L15 4083503700 15 2 - 
D29-S4-F42-L20 20 2 - 
D25-S2-F42-L20 2253503700 25 20 1 - 
D25-S2-F42-L25 25 1 - 
D29-S2-F21-L20 2614504500 

29 

21 20 1 - 
D29-S2-F21-L25 25 1 - 

D29-S2-F42-L15-Con. 
2613503700 42 

15 1 0.76 
D29-S2-F42-L20-Con. 20 1 0.76 

D29-S2-F42-L20-LCon. 20 1 0.34 
* Notations: B, H, and L are width, height, and length of specimen, respectively; c is the 
smaller of the minimum concrete cover or 1/2 of the clear spacing between bars; Ktr is 
transverse reinforcement index (= (40Atr)/(strn), refer to clause 12.2 of ACI 318-11).  

 

526



Sung Chul Chun and Jin Gon Lee 

 3 

In addition, two bar diameters, 25 mm and 
29 mm were chosen to examine the effect of 
bar size. Two kinds of concrete compressive 
strength, 21 MPa and 42 MPa were used. 

2.2 Specimen design 
All spliced bars were cast as bottom bars. 

Dimensions of the specimens were selected to 
ensure a flexural behavior until splitting failure. 
The beam cross section and length were 
summarized in Table 1. 

2.3 Test setup and Instrumentation 
The specimens were tested utilizing four-

point loading test schematics as shown in 
Figure 3. Universal Test Machine (UTM) with 
a capacity of 3000 kN was used to apply a 
monotonic load.  

Instrumentation of the specimens consisted 
of load-beam deflection measurements and 
strain measurements along the bars. To 
determine the head bearing and bond 
contributions, electrical resistance strain gages 
were attached to two points on two bars. The 
gages were mounted at a distance of 1db from 
a head face and out of the splice length but 
within the constant moment region.  

 

 
Figure 3: Test setup. 

 

3 TEST RESULTS 

3.1 Overall behavior and failure modes 
First cracking in the specimens usually 

consisted of transverse flexural cracks within 
the constant moment zone. Especially, cracks 
at the ends of the splice length were dominant. 

Near failure, one or more longitudinal cracks 
would form over the splice lengths. All of the 
specimens failed in a brittle and sudden 
manner. Failure occurred with a rapid loss of 
capacity. 

In unconfined specimens, longitudinal 
cracks were obviously observed and bottom 
cover concrete spalled in many unconfined 
specimens as shown in Figure 4(a). In 
confined specimens, the longitudinal cracks 
were not apparent compared with transverse 
flexural cracks as shown in Figure 4(c). In 
locally confined specimen, the longitudinal 
cracks were clear but not as much as 
unconfined specimens as shown in Figure 4(b). 

 

 

(a) Unconfined specimen 

 

(b) Locally confined specimen 

 

(c) Confined specimen 
Figure 4: Typical specimen failures of S2F42L20-series. 

 

3.2 Bar stresses 
Failure loads Pe of the specimens and 

concrete compressive strengths at test date 
were summarized in Table 2. The anchorage 
strengths fs,e, i.e. developed stresses at the time 
of failure, were obtained based on moment-
curvature calculations with Collins and 
Mitchell model [8] of concrete stress-strain 
relationship and were shown in Table 2. As 
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splice length, transverse reinforcement index, 
and concrete compressive strength increase, 
the bar stresses increase. However, the c value 
did not much affect the bar stresses; the bar 
stresses of the specimens with c = 2db were 
enhanced by only 5% compared with the 
specimens with c = 1db. There is no significant 
difference between specimens with bar 
diameters of 25 mm and 29 mm. 

The developed bar stresses were compared 
with predictions by ACI 318-11 [6] and 
Thompson et al. [9], in Figure 5 and Table 2. 
The average ratios of developed to calculated 
values for unconfined specimens are only 0.54 
and 0.42 by ACI 318 and Thompson et al, 
respectively. For confined specimens, the 
average ratios increase somewhat, 0.85 and 
0.66 by ACI 318 and Thompson et al, 
respectively. It means that the current design 
provisions cannot give a conservative result 
for high-strength reinforcing bars and, 
especially, the headed bars without transverse 
reinforcement cannot be effectively developed. 

The bar stress consists of bond and head 
bearing contributions. To investigate the 
development of bar stresses, the contributions 
of bond and bearing on the bar stress were 
examined in following sections. 

0
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Figure 5: Comparisons of bar stresses with predicted 

stresses 

3.3 Stresses developed by head bearing 
The bar stresses developed by head bearing 

fbrg,e were determined from the measured 
strains at a distance of 1db from a head face 
and summarized in Table 2. Figure 6 shows 
the stresses developed by head bearing with 
varying splice lengths for unconfined 
specimens where the stresses were normalized 
with cf   to eliminate the difference of 
concrete compressive strengths. It shows that 
the stresses developed by head bearing are not 
related to splice length. In addition, there is no 

Table 2: Test results 

Specimens cf   
[MPa] 

Pe 

[kN] 
fs,e 

[MPa] 
fs,ACI 

[MPa] 
fs,T 

[MPa] 
fbrg,e 

[MPa] 
fb,e 

[MPa] 
fb,O 

[MPa] 
fb,408 

[MPa] 
D29-S2-F42-L15 

41.4 

88 312 508 675 48 264 242 274 
D29-S2-F42-L20 104 367 677 845 52 314 287 313 
D29-S2-F42-L25 122 434 847 1014 58 376 332 351 
D29-S4-F42-L15 97 335 508 787 58 277 339 319 
D29-S4-F42-L20 110 379 677 956 57 322 416 376 
D25-S2-F42-L20 76 326 677 799 47 280 287 313 
D25-S2-F42-L25 95 408 847 968 49 359 332 351 
D29-S2-F21-L20 20.3 76 235 475 557 37 198 201 262 
D29-S2-F21-L25 91 282 593 676 38 244 233 294 

D29-S2-F42-L15-Con. 
41.4 

136 484 508 675 133 352 315 338 
D29-S2-F42-L20-Con. 163 585 677 845 140 445 384 395 

D29-S2-F42-L20-LCon. 138 489 677 845 86 403 331 353 
* Notations: Pe is a measured peak load; fs,e is a measured anchorage strength at Pe; fs,ACI is a 
predicted anchorage strength by clause 12.6 of ACI 318-11; fs,T is a predicted anchorage strength by 
Thompson et al. [9]; fbrg,e is a measured stress developed by end bearing; fb,e is a measured stress 
developed by bond. 
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significant difference with different bar 
diameter and c value.  

 

0

20

40

60

80

100

10 15 20 25 30

Stresses 
by bearing

Splice Length ls /db

f br
g,

e/√
f c'

f b,
e/√

f c'

Stresses 
by bond

 
Figure 6: Stresses developd by bond and bearing for 

unconfined specimens. 

 
Figure 7: Cover spalling in lap zone due to prying 

action caused by beam curvature [10]. 
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Figure 8: Stresses developd by bond and bearing for 

confined specimens. 

The mean value is only 8.2 cf MPa and it 
is significantly low compared with test results 
of Thompson et al. [4] and end bearing 

contributions in compression lap splices [11]. 
These low bearing contributions represents 
that the unconfined splices failed before the 
end bearing were activated. Because of the 
absence of transverse reinforcement, prying 
action as shown in Figure 7 could not be 
prevented and the unconfined splices failed 
prematurely. 

For the confined specimens, the end bearing 
contributions increased dramatically as shown 
in Figure 8. Providing two stirrups at each end, 
the bearing contributions increased by 65%, i.e. 
from 52 MPa to 86 MPa. For the fully 
confined splices where transverse 
reinforcement was placed along splice length, 
the end bearing contributions increased by 
73% on average. 

3.4 Stresses developed by bond 
The bar stresses developed by bond fb,e 

were obtained by deducting the stresses 
developed by the end bearing from the bar 
stresses and summarized in Table 2. Figure 6 
shows the stresses developed by bond with 
varying splice lengths for unconfined 
specimens where the stresses were normalized 
with cf  . It shows that the stresses developed 
by bond are almost linearly proportional to the 
splice lengths.  

The stresses developed by the bond for 
unconfined splices are compared with the 
values fb,calc predicted using well-known 
expressions for the bond strengths of tension 
splices (Eq. (1) [12] and (2) [13]) in Figure 9. 
The stresses developed by the bond are almost 
same to the predicted values by Eq. (1) but are 
less than the predicted values by Eq. (2). Since 
the expression of ACI Committee 408 is an 
advanced one based on a large database, it is 
found that the bond strengths of the headed 
bars are not fully developed in unconfined 
splices. Similarly to the stresses developed by 
end bearing, the bond strengths in unconfined 
splices could not be developed completely due 
to prying action.  

, 0.4 16.6s
b O c

b b

lcf f
d d

  
    

  
      (1) 
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min
,408

1 4max

min

1.82 0.5 57.4

0.1 0.9

s
b

b b

c

l cf
d d

c f
c

  
    

  
 

  
 

         (2) 

where cmin = min (cc, cs), cmax = max (cc, cs), cc 
is the minimum concrete cover, cs = min (cso, 
csi + 6.35 mm (0.25 in.)), cso is the side cover 
for a reinforcing bar, csi is 1/2 of the bar clear 
spacing, and (0.1cmax/cmin+0.9) ≤ 1.25. 
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Figure 9: Comparisons of stresses developed by bond 

with predicted stresses for unconfined splices 

For the confined specimens, the stresses 
developed by bond increased significantly as 
shown in Figure 8 and Table 2. The locally 
confined splice also had a lot higher bond 
strength than the unconfined splice even 
though only two stirrups were placed at ends 
of the splice length. The bond strength of the 
locally confined splice is higher over 10% than 
the predicted values by Eq. (1) and (2). This 
means that if prying action is prevented, the 
bond strengths can be fully developed. By 
placing stirrups along the splice length, the 
stresses developed by bond were enhanced by 
37% as shown in Figure 8. 

4 CONCLUSIONS 
Splice tests were carried out to assess the 

anchorage strength of high-strength headed 
bars. Twelve beams reinforced with lap-
spliced headed bars were tested. The following 
conclusions can be drawn based on the results 

of the tests. 
 
1. The current design provisions do not give 

a conservative result for high-strength 
reinforcing bars, especially, without transverse 
reinforcement. 

2. Without transverse reinforcement, the 
head bearing cannot be activated due to prying 
action. By placing transverse reinforcement at 
ends of splice length, the end bearing 
contributions increased dramatically. For the 
fully confined splices where transverse 
reinforcement was placed along splice length, 
the end bearing contributions increased by 
73% on average. 

3. The bond strengths in unconfined splices 
were not developed completely due to prying 
action. However, if transverse reinforcement is 
provided, the bond strengths can be developed 
more than the bond strength of a straight bar. 
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Abstract: This paper reports on the results of basic tests intended for the development of a method 
of shear reinforcement of reinforced concrete structures from one side using post-reinforcing bars, 
while preventing shear sliding failure along joints between new and old concretes. Loading tests 
were conducted by using three types of beam specimens. The following were the main findings 
about shear reinforcement effects: 
(1) Post-reinforcement using straight bars with no hook or bars having hooks at one side is an 
effective method of shear reinforcement.  It is necessary to allow for loss of their load-bearing 
capacity when compared with standard stirrups because of insufficient anchorage at the ends of the 
bars.
(2) The load-bearing capacity of post-shear-reinforcement tends to be affected by the bending stress 
state at construction joints. The shear strength of post-reinforcement was stronger when the stress 
state at construction joints was tensile than when it was compressive. 
(3) The use of a SHCC (strain-hardening cement composites) for an added layer with post-
reinforcing bars is an effective method for strengthening when compared with the use of normal 
concrete, as SHCCs not only increase the durability of members but also increase their toughness by 
2 to 3 times. 
 

1 INTRODUCTION 
Many of reinforced concrete structures built 

before 1980 suffer insufficient shear capacity 
due to the low shear reinforcement ratio in 
Japan. Various methods have been adopted for 
shear strengthening of reinforced concrete 
members since 1996 in line with the revised 
seismic design code. Steel panel lining, 
reinforced concrete lining, continuous fiber 
sheet lining, and other methods are available 
for reinforced concrete columns, which can be 
strengthened from all directions. Shear 

strengthening using reinforcing bars having an 
enlarged end (‘post-head-bars’) or bars with no 
end enlargement has been adopted for 
reinforced concrete structures that can be 
reinforced from only one direction, such as 
box culverts having wall elements. For 
reinforced concrete slabs of highway bridges, 
the overlay method using steel fiber-reinforced 
concrete has been employed instead of shear 
reinforcement to improve the punching shear 
capacity.

However, research has been insufficient 
regarding post-reinforcing techniques whereby 
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concrete members are shear-strengthened 
while surface concrete damaged by frost attack, 
etc., is simultaneously replaced with new 
concrete.

This paper reports on the results of basic 
tests intended for the development of a method 
of shear-strengthening of slab-shaped 
reinforced concrete structures from one side 
using post-reinforcing bars, while preventing 
shear sliding failure along joints between new 
and old concretes. [1-2] 

2 EXPERIMENTAL PROGRAM 
Three types of beam specimens were 

fabricated for loading tests. Series A 
specimens are used to examine the shear-
strengthening effect of post-reinforcing bars. 
Series B specimens are used for examining 
their effect in members having construction 
joints. Series C specimens are used for 
examining the difference in their effect 
depending on the stress condition of 
construction joints. 

2.1 Specimens 

(1) Series A regarding shear-strengthening 
by post-reinforcing bar 

Series A specimens are used to investigate 
the difference between the shear-strengthening 
effects of standard shear reinforcement and 
post-shear-reinforcement. These are fabricated 
in six types as shown in Fig. 1 and Table 1 
with a size that leads to shear failure (shear 
span-depth ratio: 2.35). 

Specimens A1 and A2 are reference 
specimens for comparing the shear-
strengthening effects with specimens 
strengthened by post-reinforcing bars 
(Specimens A3 to A6). Whereas Specimens 
A3 and A4 had post-reinforcing bars to the full 
depth, the bars were inserted to the depth of 
the upper level of the longitudinal bars at the 
bottom (80% of the beam depth) of Specimens 
A5 and A6 with the holes drilled for insertion. 

To investigate the effect of grout for 
anchoring post-reinforcing bars, general non-
shrinkage mortar was used for A3 and A5, 
whereas the slightly expansive fiber reinforced 
mortar was used for A4 and A6. Note that the 
diameter of holes for inserting post-reinforcing 
bar was 20 mm and that two straight D6 bars 

Table 1:  Series A specimens 

Figure 1:  Dimension and configuration of Series A specimens 

(a)  Side view (b)  Cross section 

Specimen Shear strengthening Grout for anchoring Depth of anchoring

A1

A2

A3 Non-shrinkage mortar

A4 Fiber reinforced mortar

A5 Non-shrinkage mortar

A6 Fiber reinforced mortar

No shear reinforcement

Shear strengthening with standard stirrups

Post-reinforcement

200mm(Full of beam depth)

160mm(80% of beam depth)
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were inserted side by side in each hole so that 
the cross-sectional area of the bars would be 
the same as the stirrups used for A2. 

(2) Series B regarding the effect in 
specimens having construction joints 

Series B specimens are intended to 
investigate the effect of post-reinforcing bars 
in members having construction joints. Four 
kinds of specimens were fabricated as shown 
in Fig. 2 and Table 2, with the size being 
determined so that flexural failure would 
predominate (shear span-depth ratio: 3.17). 

Specimen B1 was a reference specimen 
with no construction joint or shear 
reinforcement. Specimen B2 was used for 
investigating the effect of a construction joint 
on the load-bearing capacity of the member in 
comparison with B1. Specimens B4 and B6 
were shear-strengthened using post-reinforcing 
bars. In these specimens, each pair of post-
reinforcing bars having hooks at the upper 
ends were allowed to hang down from the 

upper longitudinal bars and grouted with fiber 
reinforced mortar. The subsequent layer was 
then placed after removing laitance on the 
joint surface with high-pressure water. 

The concrete for the upper layers of B2 and 
B4 specimens was proportioned equally to the 
previously placed concrete. On the other hand, 
a SHCC (strain-hardening cement composites) 
with high durability was used for the upper 
layer of B6 from the standpoint of replacing 
concrete surfaces deteriorated by chloride 
attack or frost damage. 

(3) Series C regarding stress condition at 
construction joints 

Series C specimens are intended to 
investigate the effect of shear strengthening in 
members having construction joints with 
different stress conditions. Eight kinds of 
specimens were fabricated as shown in Fig. 3 
and Table 3 so that shear failure would 
predominate (shear span-depth ratio: 2.64). 

Specimen C1 had no construction joint or 

Table 2: Series B specimens

Figure 2:  Dimension and configuration of Series B specimens  

(a)  Side view

(b)  Cross section

Specimen Shear strengthening Material of subsequent layer

B1 － －

B2 －

B4

B6 SHCC
Post-reinforcement

Normal concrete
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shear reinforcement. Specimens C2, C3, and 
C4, which were not shear-strengthened, were 
placed with a construction joint on the 
compression side, on the tension side, and at 
mid-depth, respectively. Specimen C5 with no 
construction joint was shear-strengthened. 
Specimens C6, C7, and C8, which were shear-
strengthened, were placed with a construction 
joint on the compression side, on the tension 
side, and at mid-depth, respectively. 

In these specimens, each pair of D6 post-

reinforcing bars having a hook at one end were 
hung down from the longitudinal bars to be 
embedded in the subsequent layer and grouted 
with fiber reinforced mortar. The subsequent 
layer was then placed after removing laitance 
on the joint surface with high-pressure water. 

2.2 Properties of materials 
Table 4 gives the mix proportions of 

concrete used for specimens, grouts (non-
shrinkage mortar and slightly expansive fiber 

Figure 3:  Dimension and configuration of Series C specimens 
(b)  Cross section

Table3:  Series C specimens

(a)  Side view
Unit [mm] 

Specimen Shear strengthening Construction joint

C1 －

C2 Compression side

C3 Tension side

C4 mid-depth

C5 With stirrups －

C6 Compression side

C7 Tension side

C8 mid-depth

Post-reinforcement

－
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reinforced mortar), and a SHCC used for the 
subsequent layer of B6. The slightly expansive 
fiber reinforced mortar was developed with 
increased viscosity in view of upward grouting 
for repair using post-reinforcing bar. Table 5 
gives the strength properties of materials for 
specimens used in the tests. 

2.3 Loading test procedure 
As shown in Figs. 1 (a) to 3 (a), loading 

tests were conducted by four point loading 
while measuring the load and the displacement.  
The displacement was measured at the two 
loading points. 

3 EXPERIMENTAL RESULTS 

3.1 Shear-strengthening effect  
Figure 4 and Table 6 show the results of 

tests on Series A specimens for the shear-
strengthening effect. Figure 4 (a) shows the 
load-displacement relationships of Specimens 
A3 and A4 having post-reinforcing bars to the 
full depth in comparison with those of A1 with 
no shear reinforcement and A2 shear-
strengthened with standard stirrups. Similarly, 
Fig. 4 (b) shows the load-displacement 
relationships of Specimens A5 and A6 having 
post-reinforcing bars to a level of 80% of the 

Water Cement Fine
aggregate

Coarse
aggregate

Lime
stone

 powder

Expansive
agent Fiber

Water-
reducing

agent

Viscosity
enhancer

Normal concrete 55 180 327 810 920 － － － 1.02※2 －

Non-shrinkage mortar 44 380 858 345※1 － 379 27 － 1.896※3 1.074

Fiber reinforced mortar 46 380 832 345※1 － 379 53 9.7 3.79※3 1.074

SHCC 30 380 1264 395※1 － － － 14.7 37.9※4 0.900

Fine aggregate : ※1  Quartz sand
Water reducing agent : ※2 Air-entraining and water-reducing agent
　　　              　　　 ※3 Air-entraining and high-range water-reducing agent（powder）
　　　              　　   ※4 Air-entraining and high-range water-reducing agent（liquid）
Cement : Early-strength type　　　　Expansive agent : Mixed type with ettringite and lime
Fiber：High-strength Polyethylene Fiber (Diameter:12μm, Length:12mm, Tensile strength:2.6GPa, Young's modulus: 88GPa),

Materials W／C
(%)

Unit weight  [kg/m3]
Table 4:  Mix proportions of concrete and SHCC

(b) Reinforcing bars

Table 5:  Mechanical properties of materials 
(a)  Concrete, mortar and SHCC 

Material
Compressive

strength
(MPa)

Flexual
 strength

(MPa)

Tensile
strength
(MPa)

Young's
modulus

(GPa)

Test age
(days) Application site

40 4.1 － 21 Series A and B

49 － － 21 Series C（Base material）
44 － － 20 Series C (Subsequent layer)

Non-shrinkage mortar 72 － － － 11 Series A (Grout)

Fiber reinforced mortar 61 － 6.4 － 11 Series A, B, C (Grout)

SHCC 83 － 6.2 20.0 21 Series B (Subsequent layer)

Normal concrete 31.0

 Applicationsite Diameter
Yield

strength
(MPa)

Tensile
strength
(MPa)

Young's
modulus

(GPa)

D19 396 601

D13 390 582

Compression bar D10 356 521

Compression bar
Retro-reinforcing bar

D6 502 614

Stirrups D6 481 600

200

Tension bar
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full beam depth in comparison with those of 
A1 and A2. 

Table 6 compares the calculatted values and 
test results of the shear capacity of members 
and its components, that is, the load-bearing 
capacities of concrete and shear-reinforcement. 

The calculated load-bearing capacity of 
concrete, Vcd, was calculated using an equation 
for diagonal-cracking load[1] in consideration 
of the effect of shear span-depth ratio. 

  db
a

d
d

pfV wwccd 





 










4.175.0101002.0
413

3131

 (1) 
Vcd：shear capacity of diagonal -cracking (N) 
fc：compressive strength of concrete (MPa) 

dbAp wsw 
d：effective depth (mm) 
a：shear span (mm) 
bw：width of member (mm) 
As：cross-sectional area of tension 
reinforcement (mm2)

Also, the calculated capacity of shear 

reinforcement, Vsd, was calculated based on 
truss model [3-4]. 

z
s
fA

V
s

wydw
sd                              (2) 

Vsd:  capacity of shear reinforcement (N) 
Aw: total cross-sectional area of the shear 
reinforcing bars at spacing ss(mm2)
fwyd: yield strength if the shear reinforcing bar 
(MPa)
ss:spacing of shear reinforcing bars (mm) 
z: internal lever arm (mm) 

The shear capacity of member, Vyd, was 
calculated by Equation (3). 

sdcdyd VVV                           (3) 
All of Specimens A1 to A6 failed in shear. 

Within the range of this study, the load-
bearing capacity of post-reinforcing bars with 
no hooks was around 70% of standard stirrups 
and the shear capacity of a member as a whole 
was around 80% of a reference specimen with 
stirrups, suggesting a slight adverse effect of 
insufficient anchoring at the ends of 
reinforcement. Comparison between A3 and 
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Table 6:  Test results of Series A specimens

Figure 4:  Relationship between shearing force and displacement of Series A specimens
(a)  Depth of anchoring 100% (b)  Depth of anchoring 80% 

Vcd=37kN(A1) 

Vyd=77kN(A2) Vyd=77kN(A2)

Vcd=37kN(A1) 

Vye Vse Vye/Vyd Vse/Vsd

A1 36.6 36.6 － 32.1 32.1 － － － 0.88 －

A2 77.0 36.6 40.4 78.9 32.1 46.8 1.00 1.00 1.03 1.16

A3 66.6 32.1 34.5 0.84 0.74 0.85 0.82
A4 74.0 32.1 41.9 0.94 0.90 0.94 1.00

A5 65.0 32.1 32.8 0.82 0.70 0.83 0.78
A6 65.3 32.1 33.1 0.83 0.71 0.83 0.79

Vyd, Vye  ： Calculated and test values of maximum shear capacity
Vcd, Vce  ： Calculated and test values of shear capacity of concrete
Vsd, Vse  ： Calculated and test values of shear capacity of shear reinforcement

Specimen

Calculated values Test  results

78.7 36.6 42.1

Vyd
(kN)

Vcd
(kN)

Vsd
(kN)

Vye
(kN)

Vce
(kN)

Vse
(kN)

Comparison with
specimen A2

Comparison with
calculated value
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A5 revealed that the 80% depth of post-
reinforcing bar led to a shear capacity 
approximately 3% lower than full depth post-
reinforcing bar. 

Note that slightly expancive fiber 
reinforced mortar (A4, A6) demonstrated a 
reinforcement-anchoring performance equal to 
or higher than non-shrinkage mortar as a grout 
for shear-strengthening using post-reinforcing 
bars.

3.2 Strengthening effect on a construction 
joint

Tables 7, 8 and Fig. 5 show the results of 
tests for strengthening effects on construction 
joints using Series B specimens. Table 7 also 
includes the calculated values and test results 
of the yield capacity, flexural failure capacity, 
shear failure capacity, and shear sliding stress 
at the construction joint. The yield capacity 
and flexural failure capacity were calculated 
based on the Standard Specifications for Road 
Bridges in Japan [5]. Also, the shear capacity 
was calculated by the same way that of Series 
A specimens.  

Table 8 shows the failure modes of 
specimens after the yielding of tension bars. In 
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Table 7:  Test results for Series B specimens

Figure 5:  Relationship between shearing force and 
displacement of Series B specimens 

Specimen Failure mode

B1 Upper edge crashed
B2 Shear failure
B4 Subsequent layer crashed
B6 Previous layer crashed

Table 8:  Failure modes of Series B specimens
after yielding of tension bars 

Vmyd=28kN 

Vmye(kN) Vmye/Vmyd Vmue(kN) Vmue/Vmud

B1 － 30.8 1.11 32.0 1.08 11.7 －

B2 1.14 30.9 1.11 32.4 1.10 8.1 1.22
B4 75.4 30.6 1.10 33.6 1.14 19.6 1.26
B6 28.8 31.5 75.4 31.2 1.09 37.8 1.20 48.9 1.42

τcsu：Ultimate sliding shear stress at the construction joint
τcs ：Slinding stress at the construction joint for failure load

2.00

27.9 29.5
32.6

Specimen

Calculated values Test results

Flexual yield
capacity

Vmyd(kN)

Flexual
failure

 capacity

Vmud(kN)

Shear
failure

capacity

Vyd(kN)

τcsu

(MPa)

Flexual yield
 capacity

Flexual failure
 capacity Maximum

displacement
(mm)

τcs

(MPa)

Photo 1:  Shear failure of Specimen B2 Photo 2:  Ultimate state of Specimen B6 

Horizontal 
cracking SHCC

Previous layer 
crashed. 
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regard to Specimen B1 with no construction 
joint or shear reinforcement, concrete of the 
upper edge crushed to the ultimate state. The 
failure mode of Specimen B2 with a 
construction joint without shear reinforcement 
shifted to shear failure after the yielding of 
tension bars, reaching the ultimate state. Photo 
1 shows the shear failure mode of Specimen 
B2. Diagonal shear cracking that occurred in 
the middle of section height gradually 
propagated upward, with horizontal cracking 
due to shear sliding rapidly progressing along 
the construction joint as shown in the Photo 1. 
The shear sliding stress at the construction 
joint, τcs, of specimen B2 that failed in shear 
sliding exceeded the ultimate shear sliding 
stress at the construction joint, τcsu, as given in 
Table 7. 

No shear sliding failure occurred either in 
Specimen B4 or B6 having post-reinforcing 
bars. In Specimen B4 in which normal 
concrete is used as the subsequent layer 
reached the ultimate state when the upper edge 
of the subsequent layer crushed. In contrast, in 

Specimen B6 with the subsequent layer made 
of a SHCC, the high-strength SHCC did not 
crush. Instead, it reached the ultimate state 
when the previous layer below the 
construction joint was fractured. Photo 2 
shows the failure state of Specimen B6. As 
shown in Fig. 5, the displacement at the 
ultimate state of B6 (displacement to the 
maximum load after rebar yielding) is 2 to 3 
times greater than that of B4 using normal 
concrete.

3.3 Effect of stress state at joint surface  
Figure 6, Tables 9 and 10, and Photo 3 

show the results of tests on Series C specimens 
for shear-strengthening effects with different 
flexural stress conditions at construction joints. 

Figure 6 shows the load-displacement 
relationships of Specimens C1 to C4 with no 
shear reinforcement and Specimens C5 to C8 
with shear reinforcement. Note that the load-
bearing capacity of Specimen C3 increased 
after shear cracking. This is explained as 
follows: Shear sliding along the construction 
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Figure 6:  Relationship between shearing force and displacement of Series C specimens 
(a) Without shear reinforcement (b) With shear reinforcement 

V
cd

=57kN(C1) 

V
yd

=99kN(C5)

Photo 3:  Ultimate state of Series C specimens 
(a)  C3 (Tension side, without shear reinforcement) (b)  C7 (Compression side, with shear reinforcement) 

Shear sliding

Subsequent 
layer 

Subsequent
layer 
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joint on the tension side caused delamination 
of the subsequent layer, including longitudinal 
bars on the tension side, from the previously 
placed concrete as shown in Photo 3. The 
added layer therefore acted like a tie element 
to bear the load. 

Table 9 compares the calculated values and 
test results of maximum shear capacity, as a 
member, of each Series C specimen, as well as 
its components, the capacities of concrete and 
shear reinforcement. The shear capacity of 
concrete was calculated by the same way that 
of Series A specimens. 

Figure 6 and Table 9 reveal that different 
flexural stress state at construction joints lead 
to different shear capacities. Within the range 
of these tests, the shear-strengthening effect is 
stronger when the stress state is tensile at the 
construction joint (C7) than when it is 
compressive (C6). The shear-strengthening 
effect of post-reinforcement as a member is 
found to be around 90% and 70% of that of C5 
reinforced with standard stirrups when the 
construction joint is on the tension side (C7) 

and compression side (C6), respectively. As to 
the capacity of shear reinforcement, those of 
Specimen C7 with a construction joint on the 
tension side and C6 on the compression side 
are around 80% and 60%, respectively, of that 
of C5 with standard stirrup reinforcement, 
suggesting the adverse effect of insufficient 
anchorage at the ends of post-reinforcing bars. 

Table 10 shows the shear sliding stress at 
construction joints calculated by the same way 
that of Series B specimens and whether or not 
shear sliding occurred along the construction 
joints. No distinct relationship was recognized 
between the occurrence of shear sliding and 
shear sliding stress as found in Series B 
specimens. This is presumably explained as 
follows: The shear-span-depth ratio of Series 
C specimens is as small as 2.64 when 
compared with 3.17 of Series B specimens. 
The load therefore affects the normal stress, 
which is perpendicular to the shear sliding 
plane, increasing the capacity against shear 
sliding. 

Table 9:  Test results of Series C specimens

Table 10:  Shear sliding stress at construction joints
Caluculated values

C1 - - - -
C2 1.99 1.75 No
C3 2.05 1.80 Occurred
C4 2.51 2.20 No
C5 - - - -
C6 2.95 1.45
C7 3.85 1.89
C8 4.90 2.40

τcsu：Ultimate shear sliding stress at the construction joint
τcs ：Shear slinding stress at the construction joint for failure load

Specimen τcsu

(MPa)
τcs

(MPa)
τcs／τcsu Shear sliding

Test results

No

1.14

2.04

Bending
crack
(kN)

Shear
crack
(kN)

Total
capacity
Vye(kN)

Concrete
capacity
Vce(kN)

Shear
reinforcement

Vse(kN)
Vye/Vyd Vse/Vsd

Vye/Vye(1)
&

Vye/Vye(5)
Vse/Vse(5)

C1 57 57 － 40 45 53 53 - 0.93 - 1.00 -

C2 40 45 53 53 - 0.93 - 1.00 -

C3 40 50 55 55 - 0.96 - 1.03 -

C4 56 56 － 45 50 50 50 - 0.89 - 0.94 -

C5 99 57 42 40 45 111 53 58 1.12 1.39 1.00 1.00

C6 40 35 79 41 37 0.79 0.86 0.71 0.65

C7 40 50 103 55 48 1.02 1.11 0.93 0.83

C8 100 56 43 40 50 98 50 48 0.98 1.10 0.88 0.83

57 57 －

100 57 43

Specimen

Calculated values Test results

Maximum
shear

capacity

Vyd(kN)

Shear
capacity of
concrete

Vcd(kN)

Shear
capacity of

shear
reinforcement

Vsd(kN)

Cracking Shear capacity
Comparison with
calculated value

Comparison with
Non-construction joint
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4 CONCLUSIONS  

4.1 Shear-strengthening effect of post-
reinforcement

Post-reinforcement was found to have the 
following shear-strengthening effects: 
- Post-reinforcement using straight bars with 
no hook is an effective method of shear-
strengthening.
- When designing post-reinforcement using 
straight bars, it is necessary to allow for a 20% 
to 30% loss of their load-bearing capacity 
when compared with standard stirrups because 
of insufficient anchorage at the ends of the 
bars.
- The load-bearing capacity of post-shear-
reinforcement tends to be affected by the 
flexural stress state at construction joints. 
Within the range of the present tests, the shear-
strengthening effect of post-reinforcement was 
stronger when the stress at construction joints 
was tensile than when it was compressive. 

4.2 Effect of post-reinforcement at 
construction joints 

The following effects of post-reinforcement 
across the joint between old and new concretes 
were found: 
- When a flexural member without shear 
reinforcement is partially replaced with new 
concrete, its failure mode can shift to shear 
failure after the yielding of tensile 
reinforcement, resulting in low toughness. It is 
therefore necessary, when repairing members 
where toughness is required, to add shear 
reinforcement to retain the toughness.  
- When a reinforced concrete member that has 
a construction joint but has no shear 
reinforcement undergoes shear failure, such 
failure can abruptly progress involving shear 
sliding along the construction joint. The 
occurrence of shear sliding failure can be 
predicted by assessing the shear sliding stress 
at the construction joint. Note that shear 
sliding failure tends to occur in the ultimate 
state of flexural failure of a member with a 
shear-span-depth ratio exceeding 3. 
- Arrangement of anti-sliding reinforcement is 
necessary for preventing shear failure 

involving abrupt shear sliding. Shear 
strengthening using post-reinforcing bars is 
also found effective in strengthening against 
shear sliding.  
- The use of a SHCC for an added layer is an 
effective method of post-reinforcing when 
compared with the use of normal concrete, as 
SHCC not only increase the durability of 
members but also increase their toughness by 
2 to 3 times. 
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Abstract: In this study, continuous fiber ropes were applied for shear reinforcement of RC 
members.  The effect of adhering and covering materials for the rope on concrete surface and the 
spacing of winding rope on the shear behavior of RC beams was examined.  Shear loading tests 
were conducted on RC beams reinforced with a continuous fiber rope.  The continuous fiber ropes 
were efficient for shear reinforcement of RC beams.  In order to utilize continuous fiber ropes for 
shear reinforcement of RC beams, we proposed a method to adhere ropes with acrylic resin and 
then to cover them with SHCC (Strain-Hardening Cement Composites) on concrete surface. 
 
 

1 INTRODUCTION 
In Japan, many reinforced concrete 

structures built before 1980 are deficient in 
shear capacity due to insufficient shear 
reinforcement. To cope with this problem, a 
variety of retrofitting methods have been 
adopted for shear strengthening of reinforced 
concrete members since the 1995 Hyogoken-
Nanbu Earthquake. For reinforced concrete 
beams and columns, these methods include 
jaketing with steel plates, reinforced concrete, 
and continuous fiber sheets [1]. 

In addition, a research is underway on a 
method involving continuous fiber ropes 
winding [2]. This is a method in which 
continuous fiber rope braided to 4 mm 

diameter are wound around structures for 
strengthening. It is expected to be effective 
with the following features: 
・ Additional burdens on existing structures 

are marginal because of the light weight of 
the material. 

・ The ropes can be manually wound without 
heavy machinery, requiring only a small 
working space. 

・ The light weight allows easy hauling and 
handling. 

・ Work can be completed in a short period. 
・ The ropes facilitate length adjustment at the 

jobsite. 
・ Adaptable to complicated shapes and 
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irregular surfaces of the structure. 
A design standard is currently available 

only for the aramid fiber ropes [3]. This 
standard covers only fiber ropes that are 
applied to bridge piers for seismic retrofitting 
to prevent spalling of cover concrete and 
enhance ductility, while no shear strengthening 
is expected. Also, this standard requires 
surface covering of ropes with polymer cement 
mortar, etc., from the aspect of facilitating 
maintenance but does not require resin 
impregnation or adhesion to concrete surface. 

This study [4] is intended to apply 
continuous fiber ropes for shear strengthening 
of concrete members to widen the application 
of such ropes for strengthening and effectively 
utilize surface covering, which is necessary for 

maintenance including rope protection. 

2 EXPERIMENTAL PROGRAM 

2.1 Experiment overview 
Loading tests were conducted on beam 

specimens shown in Fig. 1 and Table 1. 
As shown in Fig. 1, the left span of each 

specimen was shear-reinforced using stirrups, 
while the right span was strengthened under 
different conditions. Eleven specimens were 
prepared with different sets of conditions as 
given in Table 1. Three winding spacing of 
continuous ropes were selected: 20 and 40 mm 
to intend flexural failure and 100 mm to intend 
shear failure.  

Specimen N00 is a reference specimen with 

Figure 1:  Dimension and configuration of specimens 

(a) Side elevation 

(b) Cross sections 

Table 1:  Summaries of RC beam specimens 

Material
Winding
spacing
(mm)

Fixing
materials

Amount
(g/m2)

Material Thickness
(mm)

N00 －

S10 －

R02 － － － － Effect of rope winding
R02A Resin A 460 － －

R02B Resin B 130 － －

R02H － － SHCC 5
R02AH Resin A 460 SHCC 5 Effect of covering material
R04A － －

R04AH SHCC 5
R10A － －

R10AH SHCC 5
360

40

－
Reference beam without shear reinforcement

Reference beam with stirrups over the whole length

Effect of adhering material

PE

Resin A

Resin A100

20

Effect of winding spacing
420

Specimen

Surface coveringResin

Remarks

Rope
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no shear reinforcement. Specimen S10 is 
another reference specimen having standard 
stirrups over the whole length at 100 mm 
spacing. Note that a fiber rope was manually 
wound around each specimen without using 
any special equipment, while applying tension 
to avoid slacking. 

Two resins were compared as materials for 
adhering continuous fiber ropes to concrete 
surfaces. Resin A is an acrylic impregnating 
resin normally used for strengthening concrete 

using continuous fiber sheets. Resin B is an 
acrylic primer normally used for improving the 
bond at concrete construction joints. Though 
its tensile strength is as low as 1 MPa when 
compared with Resin A with a tensile strength 
of 15 MPa, Resin B is easy to apply and 
economical due to being a one-component 
resin. 

A strain-hardening cement composite 
(SHCC) [5] was used as the surface covering 
material for continuous fiber ropes to ensure 

Table 2:  Mix proportions of concrete and SHCC 

Table 3:  Mechanical properties of cement composites 

Materials
Compressive

strength
(MPa)

Flexural
strength
(MPa)

Tensile
strength
(MPa)

Young's
modulus

(GPa)

Materials
Age
(day)

Tensile
testing
method

Normal Concrete 41 4.3 3.1 31.0 27 Splitting

SHCC 75 － 7.4 22.0 8 Uniaxial

Table 4:  Mechanical properties of reinforcing bars 
Quality

of
materials

Diameter
Yield

strength
(MPa)

Tensile
strength
(MPa)

Young's
modulus

(GPa)

Tension bar SD345 D19 396 574 200

Compressive  bar SD345 D13 380 539 200

Stirrup SWM-R D6 481 600 200

Table-5:  Mechanical properties of reinforcing ropes 
Material form Item Properties

Tensile strength 2600 MPa

Young's modulus 79 GPa

Fracture elongation 3～5%

Fracture load 6.44kN
Fracture elongation 15.5%

Sectional area 4.37mm2

Tensile strength 1473 MPa
Young's modulus 8.89 GPa

PE fiber
Basic properties

 PE fiber rope Φ3mm
Plaited cord

Testing method：JIS L 1013
Tensile speed 20cm/min
Mesurement length 20cm

Water Cement
Expansive
agent

Fine
aggregate

Coarse
aggregate Fiber

Water-
reducing

agent

Viscosity
enhancer

Normal concrete 45 166 368 － 731 1034 － Ad 1.027 －

SHCC 30(W/B） 380 1188 76 392*1 － 14.6 Sp 37.9 0.900

        W/B: Water–binder ratio
       *1 : Quartz sand

W／C
(%)

Unit weight  [kg/m3]

Note: Ad: Air-entraining and water-reducing agent     Sp: Air-entraining and high-range water-reducing agent
         Fiber: High-strength Polyethylene Fiber (Diameter: 12μm, Length: 12mm, Tensile strength: 2.6GPa,
                   Young's modulus: 88GPa)
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long-term durability. 

2.2 Material properties 
Table 2 gives the mix proportions of 

concrete and SHCC for specimens. Tables 3 to 
6 give the strength properties of materials. 

2.3 Loading test procedure 
Loading tests were conducted by four-point 

loading as shown in Fig. 1. The load and 
specimen displacement were measured. The 
deflection at the two loading points and two 
support points were measured to determine the 
average deflection at the loading points by 
excluding the effect of the displacement at 
support points. The loading rate of the tests 
was approximately 0.75kN/sec. 

3 RESULTS AND DISCUSSION 
Table 7 summarizes the test results 

including the shear force and average 
deflection at the maximum load and the failure 
mode in the ultimate state of each specimen.  

3.1 Effect of rope winding  
Figure 2 compares the loading test results 

of N00 having no shear reinforcement, S10 
having standard stirrups at 100 mm spacing, 
and R02 having a rope wound at a 20 mm 
spacing, to examine the shear strengthening 
with a rope winding in the RC beam. The 
vertical and horizontal axes represent the shear 
force (1/2 of the load) and the average 
deflection at the loading points, respectively. 

Table-6  Mechanical properties of adhering materials

Fixing
materials Strength

Mesured
value
(MPa)

Testing
methods Remarks

Bond Strength on concrete 2.5 JIS A 6909
Compressive strength 70 JIS K 7208
Compressive young's modulus 940 JIS K 7208
Flexural strength 30 JIS K 7203
Tensile strength 20 JIS K 7113
Tensile shear strength 19 JIS K 6850
Tensile strength 15

Resin B Tensile strength 0.8

Resin A
Manufacturer's
catalog values

Measured in this study

Table 7:  Summaries of test results 

Specimen
Maximum

shear force
(kN)

Average
deflection

(mm)
Failure mode

N00 34.4   2.1    Shear failure (diagonal tension failure )
S10 67.3   8.2    Flexural failure(concrete compression failure)
R02 59.7   13.9    Shear failure (diagonal tension failure )
R02A 67.2   9.7    Flexural failure(concrete compression failure)
R02B 60.8   13.9    Shear failure (diagonal tension failure )
R02H 69.7   12.9    
R02AH 68.0   5.6    
R04A 57.1   9.6    Shear failure (Rupture of rope)

R04AH 68.6   8.6    Flexural failure(concrete compression failure)
R10A 40.4   12.2    

R10AH 54.3   4.9    
Shear failure (Rupture of rope)

Flexural failure(concrete compression failure)

0

10

20

30

40

50

60

70

80

0 5 10 15 20 25 30

S
he

ar
 fo

rc
e 

(k
N

)

Average deflection (mm)

S10

R02

N00

Figure2:  Effect of rope winding 
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This figure also includes the diagonal cracking 
capacity Vsc, flexural yielding capacity, Vmy, 
and shear capacity incorporating stirrups, Vss. 

Shear cracking occurred in Specimen N00 
leading to shear failure (diagonal tension 
failure). Specimen S10 underwent concrete 
crushing at the upper edge after yielding of 
tensile reinforcement, reaching the ultimate 
state.  

In Specimen R02 having rope strengthening 
alone, the first shear crack occurred as shown 
in Fig. 3(a) with a temporary reduction in the 
load as shown in Fig. 2. Rope-strengthening 
then took effect as the crack widened with 
increase of the load. The maximum capacity 
was attained when the second shear crack 
occurred. Deformation of this specimen 
rapidly increased as the rope bit into cracking 
at the corner of the upper edge as shown in Fig. 
3(b). 

These results revealed the continuous rope 
could be used for shear strengthening of 
reinforced concrete beams, wheareas it was 
necessary to prevent the temporary decrease of 
load until the rope begins to function after the 
occurrence of shear cracks.  

3.2 Effect of adhering material 
As to the effect of adhering the rope to the 

concrete surfaces, Fig. 4 shows the results of 
loading tests on R02A and R02B, to which the 
ropes were adhered using Resins A and B, 
respectively, and R02H, which was covered 
with the SHCC without resin adhering, in 
comparison with the results of R02 without 
adhering material.   

Regarding R02A, shear cracks with a 
maximum crack width of 0.3 mm occurred as 
deformation increased after the yielding of 
tensile reinforcement, but concrete of the 
upper edge was ultimately crushed to reach the 
ultimate state.   

 Shear cracks occurred in R02H (maximum 
crack width: 4 mm) before flexural yielding 
but did not lead to shear failure due to the 
rope-strengthening. The specimen reached the 
ultimate state when concrete on the upper edge 
crushed after tensile reinforcement yielded.  

In regard to R02B, a shear crack appeared 
similarly to R02, but the strengthening rope 
took effect as the crack propagated as shown 
in Fig. 4. The second shear crack then 
occurred, leading to shear failure. 

These results revealed that the shear 
strengthening effect of rope winding is 
enhanced by adhesion the rope to the concrete 
surfaces and that Resin A is effective as a 
adhering material. The adhering effect of the 

0

10

20

30

40

50

60

70

80

0 5 10 15 20 25 30

S
he

ar
 fo

rc
e 

(k
N

)

Average deflection (mm)

R02A
R02H
R02B
R02

Figure 4: Effect of adhering material 

Vmy=65kN

Vsc=34kN

Shear crack 

Figure 3:  Failure mode of R02 beam 

2-nd shear crack

(b) Corner of the upper edge 

  

Rope bit into 
cracking 

(a) Shear crack at fracture mode 

1-st shear crack

546



Hideaki Hatano, Hyun-do Yun, Takuya Ohata, Takashi Nakashima, Yuichi Uchida and Keitetsu Rokugo 

 6

0

10

20

30

40

50

60

70

80

0 5 10 15 20 25 30

S
he

ar
 fo

rc
e 

(k
N

)

Average deflection (mm)

R02AH

R04AH
R10AH

S10
0

10

20

30

40

50

60

70

80

0 5 10 15 20 25 30

S
he

ar
 fo

rc
e 

(k
N

)

Average deflection (mm)

R02A
R04A
R10A
S10

Figure 5: Effect of covering material 

Vsc=34kN

Vmy=65kN

(a)  Without covering (b)  SHCC covering 

Vsc=34kN

Vmy=65kN

Rupture of rope 

Shear failure 

(a) R04A (Rope + Resin A) 
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Figure 6: Failure mode of RC beams with different covering materials 
 (R04A and R04AH beams) 

SHCC was found evident, though not 
comparable to the effect of Resin A. 

3.3 Effect of covering material 
Protective measures including covering are 

necessary for rope-strengthening from the 
aspect of ensuring the long-term durability of 
ropes. Figure 5 shows the results of tests to 
investigate the influence of covering materials 
on structural properties. 

Figure 5(a) shows the results of three 
specimens having ropes (winding spacing: 20, 
40, and 100 mm) adhered using Resin A but 
not SHCC-cover. Figure 5(b) shows the results 
of three specimens having both Resin A 
adhering and SHCC covering.  

Among the three specimens with different 
winding spacing, only R02A demonstrated the 
effect of shear strengthening, with the upper 
edge concrete crushing after the yielding of 
tensile reinforcement to undergo flexural 

failure. For R04A and R10A, the ropes 
ruptured as shown in Fig. 6(a) to lead to shear 
failure, due to insufficient shear strengthening. 

In regard to the latter three with both Resin 
A and the SHCC, R02AH and R04AH 
demonstrated the effect of shear strengthening, 
with the upper edge concrete crushing after the 
yielding of tensile reinforcement to undergo 
flexural failure as shown in Fig. 6(b). In 
R10AH, however, shear cracking expanded to 
the maximum capacity, leading to shear failure, 
though the ultimate load increased, due to 
shear strengthening, when compared with 
specimens not covered with the SHCC. 

Figure 5 also reveals that the rigidity losses 
after shear cracking of the three SHCC-
covered specimens are smaller than those of 
uncovered specimens. 

Figure 5(b) shows that a shear-
strengthening effect comparable to stirrups can 
be achieved by winding a rope around 
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concrete, adhering the rope with such a 
material as Resin A, and covering the wound 
concrete with a covering material, such as a 
SHCC. 

4 CONCLUSIONS  
The mechanical properties of reinforced 

concrete members that are shear-strengthened 
by winding a continuous fiber rope were 
investigated. The following properties were 
found: 

(1)  When using a continuous fiber rope, its 
load-bearing capacity can be fully utilized for 
shear strengthening by adhering the rope with 
such a material as resin and covering the 
member with such a material as SHCC. 

(2)  The acrylic resins used for 
strengthening using continuous fiber sheets are 
suitable as a material for adhering a rope to 
concrete surfaces. A SHCC is also effective as 
a adhering material. 

(3)  Winding a rope around a concrete 
member without adhering it to the concrete 
surfaces does not provide an adequate shear 
strengthening effect, as the strengthening 
effect of the rope is brought about after shear 
cracking has substantially developed. 

(4)  When the rope is adhered to the 
concrete surfaces with an acrylic resin, etc., 
but the member is not covered with a SHCC, 
etc., a certain shear strengthening effect can be 
obtained. However, the rigidity of the member 
decreases when the rope bears the shearing 
force under a load exceeding the diagonal 
cracking capacity. A covering material such as 
SHCC contributes to preventing such 
reductions in rigidity.  
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Abstract: An analytical model is presented for the pull-out behavior of an anchor-infill assembly 
structure which consists of multi-layer infill materials separated by steel layers. The use of an 
anchor-infill assembly structure of multi-layer internal structure is for the retrofit of a concrete 
bridge pier by the concrete jacketing method for example. The present analytical model is a 
combination of shear-lag models with an end spring at the end of each steel layer. The advantage of 
the present model for an anchor-infill assembly structure is discussed and the influence of the 
material parameters on the behavior of the anchor-infill assembly is shown. 

1 INTRODUCTION 
In the retrofitting of concrete bridge piers it 

is desirable to minimize the residual deflection 
and the damage in the structure in particular 
the foundation structure[1-5]. In this study it 
will be investigated analytically to obtain such 
a condition by adjusting the mechanical 
properties of anchor-infill assembly structure 
used in the concrete jacketing method. 

In this study a multi-layer anchor-infill 
assembly structure for the post-installed 
anchor is presented with the analytical model 
to simulate its pull-out deformational response. 
The advantage of the present analytical model 
to the previous ones[1-3] is that it can have a 
desired number of infill layers. Then, it 
becomes possible to have longer de-bonded 
length at the interface between the steel layer 
and the infill material layer. Thus the energy 
absorbing capacity increases. The de-bonding 

at the interface between the steel layer and the 
infill material layer is represented by the 
interface failure criterion for each infill 
material. 

The anchor-infill assembly structure for a 
post-installed anchor is such that consists of an 
anchor bar and surrounding infill materials 
having a multi-layer structure. The mechanical 
properties of the infill material used for the 
present anchor-infill assembly structure are 
characterized by nonlinear interfaces. Because 
of the mechanical properties of the infill layer 
the existing pull-out model of deformed bars is 
not applicable in this case. 

Interface de-bonding is examined using the 
stress criterion. The influence of the 
mechanical properties such as stiffness and 
strength of the infill material on the pull-out 
behavior of an anchor-infill assembly structure 
is examined numerically. 
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2 MODELING OF ANCHOR-INFILL 
ASSEMBLY

In the present model, the shear-lag model 
with an end spring to express the end 
constraining effect[6] is used. The end 
constraining effect means the resistance to the 
pull-out of an anchor or a steel layer provided 
by the various types of end shape. 

2.1 Pull-out model 
The pull-out model of an anchor-infill 

assembly is shown in Fig.1. The anchor-infill 
assembly is assumed symmetric and the right 
half is shown in Fig.1. The assembly structure 
consists of a number of steel layers and infill 
layers between the steel layers. The pull-out 
load is assumed to be given vertically. 

Figure 1: Multi-layer anchor-infill assembly.	

The shear traction qi acting on the interface 
between a steel layer and an infill layer is 
characterized by the following equations for 
the i-th layer. 

;0,)( iiii aLxxUkq 

LxaLqq iii  ,0
(1)

where ki is the stiffness of the infill layer, Ui is 
the relative pull-out displacement in the i-th 
infill layer, x is the coordinate measured from 
the bottom of the assembly structure, L is the 
length of the assembly structure, and ai is the 
length of de-bonded interface between the 
steel layer and the infill layer. 

The relationship between the pull-out force 

Pi and the shear traction qi is given by the 
following equation where ( ),i represents the 
differentiation with respect to x.

0,  ixi qP (2)

The pull-out force Pi is expressed in terms 
of the relative pull-out displacement Ui as 
follows.

xiiii UAEP , (3)

where Ei is the elastic modulus and Ai is the 
cross-sectional area of steel of i-th layer. Then, 
the following differential equations are 
obtained.

;0,02
, iiixxi aLxUU 

LxaL
AE

qU i
ii

i
xxi  ,00

,

(4)
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k
 (5)

The boundary conditions are given by the 
following equations where kend i is the spring 
constant to express the end constraint at the 
bottom of a steel layer and Pi

* is the pull-out 
force acting at the top of a steel layer. 

;0,  xPUk iiiend

LxPUAE ixiii  ,*
, (6)

The continuity conditions at the boundary 
between the de-bonded interface and the unde-
bonded interface for the displacement and the 
displacement gradient are given as follows. 

;, iii aLxUU  

ixixi aLxUU   ,,, (7)

The solution for the relative pull-out 
displacement is obtained by solving Eq.(4) 
with the boundary and continuity conditions, 
Eqs.(6) and (7), as follows. 
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The pull-out displacement at the top of the 
steel layer Ui

* is given by the following 
equation.
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2.2 Infill material model 
The mechanical behavior of an infill 

material is shown in Fig.2. The vertical axis 
shows the shear traction which is a force 
acting on the interface between a steel layer 
and an infill layer per unit length. The 
horizontal axis shows the shear slip 
displacement along the interface. Before 
yielding of the infill material, the relationship 
is assumed to be linear. After yielding a 
certain amount of decrease occurs. Then, the 
shear traction is assumed to be constant, 

although as the shear slip displacement 
increases, the shear traction tends to decrease 
in general because of the decrease of shear 
resistance of the interface[6]. 

Figure 2: Mechanical behavior of infill material.	

The shear traction after reaching the yield 
point q1i is given as follows. 

;10 iii qDq 

10, 00  iii DDD (11)

The shear traction along the interface 
between a steel layer and an infill layer is 
given as follows. 
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3 CRITERION OF DE-BONDING 
As the shear traction acting on the interface 

between a steel layer and an infill layer 
increases, de-bonding of the interface occurs. 
The criterion of de-bonding is based on the 
stress criterion in this study. 

3.1 Stress criterion 
The stress criterion for de-bonding is based 

on the assumption that the de-bonding occurs 
when the maximum shear traction acting on 
the interface between a steel layer and an infill 
layer reaches the critical value. Thus, the de-

Shear slip displacement Ui

q1i

q0i

q0i = Di q1i
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bonding of infill material starts when the shear 
traction of the infill material becomes equal to 
the strength of the infill material. 

iii qaLq 1)(  (13)

In this study it is assumed that the critical 
value q1i is constant. 

3.2 Load at de-bonding 
Using the condition of the shear traction for 

de-bonding, the load at de-bonding is given as 
follows from the solution of the shear traction, 
Eq.(12).
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Eq.(14) is substituted into Eq.(10) when the 
pull-out displacement Ui

* is to be calculated. 
The pull-out load Pi

* and the relative pull-out 
displacement Ui

* at the top of i-th steel layer 
are summed to get the total pull-out load and 
the total pull-out displacement. 

4 LOAD-DISPLACEMENT RELATION-
SHIP

The pull-out load-displacement relationship 
for i-th steel layer is obtained by Eqs.(10) and 
(14) by solving these equations for either 
given pull-out load or pull-out displacement 
for the de-bonded length ai. When the anchor-
infill assembly structure consists of n sets of 
steel-infill layers, the total pull-out force P*

and the total pull-out displacement U* are 
expressed as follows. 

;
1
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The solution for the whole anchor-infill 
assembly structure is obtained by solving the 
above nonlinear simultaneous equations for 
given boundary conditions. The boundary 
conditions may be given by the pull-out force 
distribution or by the pull-out displacement 
distribution.

5 INFLUENCE OF PARAMETERS 
The influence of the material properties on 

the pull-out behavior of the anchor-infill 
assembly is studied numerically. 

The constants used for the anchor-infill 
assembly are shown in Table 1. The ratio 
between the modulus of elasticity of steel Esi
and that of infill EIi is set Esi / EIi =10. The 
Poisson’s ratio of infill is Ii  = 0.3. The yield 
point of infill q1i , defined as the force acting 
on the steel-infill interface per unit length, is 
determined by the balance with the yield point 
of steel, 300 N/mm2. The reduction coefficient 
Di to be multiplied to the yield point of infill 
q1i to get the shear traction after de-bonding q0i
is 0.5. The reduction coefficient Di represents 
the shear traction transfer capability of the de-
bonded steel-infill interface.

The ratio between the length of steel layer L
and the half thickness of the center steel layer, 
and the thickness of other steel layer tsi is set L 
/ tsi = 40. This value of the L / tsi ratio is chosen 
by considering the value of the embedment 
length and the diameter of a post-installed 
anchor used in actual retrofit work. The ratio 
between the thickness of steel layer tsi and the 
thickness of infill layer tIi is set tsi / tIi = 2. 

Table 1: Constants of anchor-infill assembly 

Elastic modulus of steel 
(Esi = Ei)

2.0 x 104 N/mm2

Elastic modulus of infill 
(EIi)

2.0 x 103 N/mm2

Yield point of infill (q1i) 7.5 N/mm 
Reduction coefficient 

(Di)
0.5

Length of anchor-infill 
assembly (L) 200 mm 

The parameters to be examined in this study 
are the shear strength or the yield point of an 
infill material, the shear stiffness of an infill 
material, and the steel layer thickness. 

The anchor-infill assembly structure to be 
examined in this study consists of 8 infill 
layers separated by steel layers. The relative 
pull-out displacement at each steel layer Ui

* is 
given as an imposed displacement as a 
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displacement boundary condition. The 
distribution of the relative pull-out 
displacement at each steel layer Ui

* is 
expressed by a quadratic polynomial function 
so that the total pull-out displacement 
distribution would be a cubic polynomial 
function. The total pull-out force P* is applied 
as a concentrated force at the top of the center 
steel layer and it is assumed to be distributed 
to the other steel layers by a sufficiently stiff 
cantilever-like structure connected to the top 
of each steel layer and fixed at the most 
external steel layers to be contact with 
surrounding concrete matrix. The relative pull-
out displacement given at the top of the first 
steel layer U1

* = 0.08mm. The influence of 
each parameter on the total de-bonded length 
for all interfaces between steel layers obtained 
by summing up all the de-bonded length at 
each interface ai and infill layers and the total 
pull-out force obtained by summing up all the 
pull-out force Pi

* at each steel layer will be 
discussed in the following. 

For all the parameters to be examined, the 
distribution of the parameter is assumed to be 
linear, that is, the present anchor-infill 
assembly structure has a property of a 
functional gradient material. 

5.1 Influence of shear strength 
The shear strength of an infill layer q1i is 

assumed to distribute linearly from the center 
layer to the outer layer. The influence of shear 
strength of infill material on the de-bonded 
length is shown in Fig.3. The horizontal axis 
shows the shear strength ratio q1n / q11 and the 
vertical axis shows the change of de-bonded 
length compared to the base value obtained 
from the values shown in Table 1. 
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Figure 3: Influence of shear strength of infill 
material on de-bonded length.	

It is shown that the de-bonded length 
decreases as the shear strength ratio increases, 
that is, when the shear strength of the outer 
layer becomes larger than that of the center 
layer.

The influence of the shear strength of infill 
material on the pull-out force is shown in Fig.4. 
It is shown that the pull-out force increases as 
the shear strength of the outer layer becomes 
larger than that of the center layer. 

-10.0

-5.0

0.0

5.0

10.0

0.7 0.8 0.9 1 1.1 1.2 1.3

Shear strength ratio q1n / q11

C
h
an

ge
 in

 p
u
ll-

o
u
t

fo
rc

e
 (
%
)

Figure 4: Influence of shear strength of infill 
material on pull-out force.	

5.2 Influence of shear stiffness 
The shear stiffness of an infill layer ki is 

assumed to distribute linearly from the center 
layer to the outer layer. The influence of shear 
stiffness of infill material on the de-bonded 
length is shown in Fig.5. It is shown that the 
de-bonded length becomes larger as the shear 
stiffness of the outer layer increases. 
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Figure 5: Influence of shear stiffness of infill 
material on de-bonded length.	
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Figure 6: Influence of shear stiffness of infill 
material on pull-out force	
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Fig.6 shows the influence of the shear 
stiffness of an infill material on the pull-out 
force. Although there is a tendency that the 
pull-out force increases as the shear stiffness 
of the outer layer increases, the influence is 
small. 

5.3 Influence of steel layer thickness 
The influence of the steel layer thickness on 

the de-bonded length and the pull-out force is 
shown in Fig.7 and Fig.8. The steel layer 
thickness changes linearly from the center to 
the outer layers. It is shown that the de-bonded 
length and the pull-out force increase as the 
steel layer thickness increases. 
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Figure 7: Influence of steel layer thickness on de-
bonded length.	
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Figure 8: Influence of steel layer thickness on pull-
out force.	

6 CONCLUSIONS 
A pull-out model for the anchor-infill 

assembly with the multi-layer infill structure 
and the end constraint of an anchor and steel 
layers is presented in this study. 

(1) The present multi-layer shear-lag model 
can be used to express the pull-out behavior of 
an anchor-infill assembly with a number of 
sets of steel-infill layers. 

(2) The multi-layer structure of steel-infill 
layers is effective to increase the energy 

absorbing capacity because of larger de-
bonded length for selected material constants. 

(3) With the present model it is possible to 
estimate the influence of parameters included 
in the model on the pull-out behavior of an 
anchor-infill assembly structure. 
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Key words: Glass, GFRP pultruded laminates, Bond behavior, Non-iterative numerical analysis, 

strong embedded discontinuities 

Abstract: In this study the bond behavior between glass fiber reinforced polymers (GFRP) and 

glass is studied. The GFRP is used to compensate for the brittle behavior of glass and the 

corresponding reduced strength under tensile stresses. In this paper, a numerical study is presented 

based on data collected from experimental tests conducted by the authors. The finite element 

method is used to model the bond between glass and GFRP pultruded laminates by means of an 

epoxy resin. For this purpose, a discrete crack approach based on non-linear fracture mechanics is 

adopted. The bond between glass and GFRP is modeled by means of zero thickness interface 

elements. The material properties that characterize the interface, namely the shear stiffness, the 

cohesion and the mode-II fracture energy, are evaluated from a parametric study performed with the 

objective of approximating the experimental results obtained from testing double lap joints in 

tension. The obtained parameters, describing the bond-slip law between glass and GFRP, are used 

to model a glass beam strengthened with GFRP. The obtained results are compared with 

experimental data. This work is expected to contribute to a better understanding of the stress 

transfer mechanisms between the glass and GFRP, particularly with respect to the qualitative and 

quantitative definition of mode-II fracture. 
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1 INTRODUCTION 

In recent years, composite materials have 

increasingly been applied to the external 

reinforcement of structural elements. In  

particular, carbon fibre reinforced polymers 

(CFRP) bonded to a concrete substrate are 

frequently adopted. This study is focused on 

the bond behaviour between glass fibre 

reinforced polymers (GFRP) and a less 

common material used for structural purpose: 

glass. In this case, the GFRP is not used for 

strengthening, rehabilitation or retrofitting; 

instead, the GFRP is introduced to overcome 

the brittle behaviour of glass and the 

corresponding reduced strength under tensile 

stresses [1]. 

In this paper, a numerical study is presented 

based on data collected from experimental 

tests conducted by the authors. The model was 

originally applied to describe the behaviour of 

externally reinforced concrete specimens. The 

finite element method is used to model the 

bond between glass and GFRP pultruded 

laminates by means of an epoxy resin. For this 

purpose, a discrete crack approach based on 

Non-linear Fracture Mechanics is adopted. The 

bond between glass and CFRP is modelled by 

means of zero thickness interface elements. 

The material properties that characterize the 

interface, namely the shear stiffness, the 

cohesion and mode-II fracture energy, are 

obtained from a parametric study performed 

with the objective of approximating the 

experimental results obtained from testing 

double lap joints in tension. The obtained 

parameters, describing the bond-slip law 

between glass and GFRP, are used to model a 

glass beam strengthened with GFRP. The 

numerical beam response is compared to 

experimental data collected from four-point 

bending tests [2]. This work is expected to 

contribute for a better understanding of the 

stress transfer mechanisms between the glass 

and GFRP, particularly with respect to the 

qualitative and quantitative definition of 

mode-II fracture. 

2 EXPERIMENTAL TESTS 

Double lap joints in tension are tested to 

support the quantification of the bond behavior 

between glass and GFRP pultruded laminates 

by means of numerical analysis. 

In addition, the data collected from a four-

point bending test on a glass beam strengthe-

ned with GFRP [3] is used to validate the 

numerical model presented in this work. 

2.1 Experimental Setup 

The double lap joints considered in this 

work consist of specimens composed by two 

external layers of glass bonded to an inner 

layer of GFRP pultruded laminate, by means 

of epoxy resin. The specimens are subjected to 

a tensile load as shown in Figure 1. 

 

Figure 1: Double lap joint specimen during tensile 

test. 

The specimens tested have a rectangular 

cross-section of 12mm by 50mm and 10mm 

by 50mm, for glass and GFRP, respectively. 

Both materials, glass and GFRP laminates, are 
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350mm long. The bond length and thickness 

are 100mm and 2mm, respectively. The 

geometric properties of the double lap joint 

specimens are shown in Figure 2. 

 

Figure 2: Double lap joint geometry [3]. 

To measure the axial strain distribution 

along the bonded splices, ten strain gauges are 

bonded on one side of the composite adherend 

as shown in Figure 3. These gauges have 

dimensions of 6×11mm
2

. An additional control 

gauge is used outside the overlap region. 

 

Figure 3: Strain gauge arrangement on 100mm 

overlap (dimensions in mm). 

The bending test conducted is briefly 

presented in this paragraph. Further 

information related with the four-point 

bending tests on a glass beam strengthened 

with GFRP can be found in [3]. Figure 4 

illustrates the geometry, reinforcing scheme 

and the boundary conditions, considering 

GFRP laminate. 

The four point bending beams had a 

12×100mm
2

 glass cross section with a 1.50m 

span. The laminate was bonded, by means of 

epoxy resin, at the bottom of the beam along 

its length. One GFRP layer of tf=10mm 

thickness and bf=12mm width was adopted. 

 

Figure 4: Configuration scheme of the bending tests 

on a glass beam strengthened with GFRP [3]. 

2.2 Material properties 

According to [4], the glass can present a 

Young’s modulus, a tensile strength and a 

Poisson’s ratio of 70GPa, 45-50MPa and 0.25, 

respectively. The tensile strength value 

adopted is 45MPa. 

Table 1 summarizes the main mechanical 

properties of the GFRP laminate, determined 

from tests [5]. 

 

Table 1: GFRP Mechanical Properties [5] 

Mechanical 

Properties 

Bending Tension 

Longitudinal 

Compression 

σ
fu

 [MPa] 624.6±26.9 475±25.5 375.8±67.9 

E
f
 [GPa] 26.9±1.3 32.8±0.9 26.4±1.9 

ε
fu

 [10
-3

] 24.9±1.3 15.4±1.5 17.0±2.5 

υ
f
 [-] - 0.28 - 

 

In Table 1 σfu is the tensile strength, Efu is 

the Young’s modulus, εfu is the ultimate tensile 

strain and υfu is the Poisson ratio of the GFRP 

laminate. 

In this work, the following values are 

adopted: σfu = 457MPa (in tension), σfu = 

375.8MPa (in compression), Efu = 29.7GPa 

and υfu = 0.28. The Young’s modulus adopted, 
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although above the values presented in Table 

1, is defined according to the experimental 

data obtained, in particular from the strain 

value in the GFRP outside the overlap zone in 

the double lap joint tests. 

The commercial epoxy resin Sikadur-330 

was used in all experimental tests. 

3 NUMERICAL MODELING 

3.1 Material Model 

The glass-epoxy-GFRP assemblage is 

modelled using interface elements with null 

initial thickness. In these interfaces, mode-II 

fracture is assumed, characterized by the 

cohesion, c, the shear stiffness, ks, and the 

mode-II fracture energy, GF

II

. The adopted 

bond law presents an ascending linear branch 

and bilinear softening branch. 

Cracks in the beam model are modeled by 

discontinuities embedded inside the finite 

elements. The displacement jumps are 

obtained at additional degrees of freedom, 

located at the embedded crack. In the model 

adopted, which is designated as discrete strong 

discontinuity approach (DSDA) [6], these 

degrees of freedom are global, giving rise to 

continuous displacement jumps across element 

boundaries. Cracking in the bulk is modelled 

according to mode-I fracture, in which a linear 

softening law is adopted. 

3.2 Numerical Implementation 

The numerical analysis is performed using 

the finite element method. Two node truss 

elements are used in the double lap model for 

both glass and GFRP. The bond behavior is 

modeled by four node linear interface ele-

ments. 

The specimen response is determined using 

an incremental, iterative procedure. 

To model the glass beam strengthened with 

GFRP laminates, bilinear four node 

isoparametric elements are used for both glass 

and GFRP. The bond behavior is again 

modeled by four node linear interface 

elements. The finite element mesh adopted is 

presented in Figure 5. 

 

Figure 5: Finite element mesh adopted in the beam 

model (dimensions in mm). 

Since the central zone of the beam is 

subjected to a constant bending moment, the 

glass tensile strength is numerically attained 

simultaneously in all elements located at the 

bottom of this zone. As a consequence, a large 

number of micro-cracks will initially form, 

although only some will localize and continue 

to evolve, whereas the others will close. This 

localization phenomenon is very difficult to 

capture numerically, being the main reason 

why the use of iterative schemes, like the 

Newton-Raphson method, usually fail to 

converge. Here, a non-iterative energy based 

method is used [7-8]. The following nonlinear 

phenomena are taken into account: (i) mode-I 

fracture of glass; (ii) mode-II fracture behavior 

of the assemblage formed by glass-epoxy-

GFRP. 

4 RESULTS 

As aforementioned, the constitutive 

relationship of the interface glass-GFRP is 

defined by three parameters: the elastic shear 

stiffness, ks, the cohesion, c, and the fracture 

energy in mode II, GF

II

. The influence of each 

one of these parameters on the specimen 

response is studied. 

The data collected from the double lap joint 

tests is used to quantify the bond behavior 

between glass and GFRP. In addition, based 

on a sensitivity study carried out in [9], in 

which each parameter was varied 

independently with respect to a reference 

solution, it is possible to bring some 

enlightenment concerning those parameters. 

Thus it is possible to observe, predominantly, 

an elastic behavior. In this situation, the elastic 

shear stiffness and the cohesion have an 

important role in the structural response, as 

opposed to GF

II

. A value of 500MPa/mm is 
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adopted for the shear stiffness. Regarding the 

cohesion it is not possible to come to a final 

conclusion yet, although it was observed that a 

value higher than 19MPa should be used to 

guarantee the elastic response of the specimen. 

However, from the bending tests a cohesion 

value of 23MPa gives rise to a good agreement 

between experimental and numerical results. 

Thus the proposed value for the cohesion in 

the interface glass-epoxy-GFRP is 23MPa. 

Assuming a predominantly elastic behavior, 

fracture energy in mode-II is considered small 

when comparing to the concrete-CFRP case. 

The adopted value is 0.01N/mm. 

The double lap specimen response is shown 

in Figure 6, in terms of load-elongation, and in 

Figures 7 and 8, concerning the axial strains 

distribution along the overlap. The maximum 

load obtained is 36.8kN. It is possible to 

observe a very good agreement between 

experimental and numerical curves. 
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Figure 6: Load-elongation curves of double lap joint 

specimens. 
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Figure 7: Axial strains at 28kN along bonded splice. 
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Figure 8: Axial strains at 36kN along bonded splice. 

The numerical response of the glass beam 

strengthened with GFRP, by adopting the 

aforementioned values for the materials used, 

is shown in Figure 9. Considering the extreme 

brittle behavior which characterizes glass 

elements, it is possible to notice once more a 

very good agreement between numerical and 

experimental results. 
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Figure 9: Load displacement curve of the glass beam 

strengthened with GFRP. 

The crack pattern obtained from both 

solutions, experimental and numerical, is also 

compared. First, all numerical micro-cracks 

are shown in Figure 10(a), whereas in Figure 

10(b) only the active cracks are depicted. From 

Figures 10 and 11, it is shown that a good 

agreement is found between numerical and 

experimental crack patterns. 

 

 

(a) 

 

(b) 

Figure 10: Crack pattern of the glass beam 

strengthened with GFRP: (a) all micro-cracks are 

shown; (b) only the active cracks are depicted. 

 

Figure 11: Beam crack pattern [3]. 

6 CONCLUSIONS 

The characterization of the bond behavior 

between glass and GFRP is achieved by the 

quantification of the relevant material proper-

ties under mode-II fracture, namely the shear 

stiffness, the cohesion and the mode-II fracture 

energy. 

A parametric study is performed to approxi-

mate the experimental results obtained from 

testing double lap joints in tension. 

The elastic behavior of the bond law is 

found to be determinant in accordance to the 

extreme brittle behavior exhibited by 

structures involving these materials. A value 

of 500MPa is proposed for the elastic shear 

stiffness. The cohesion presents high values 

when compared to the usual values adopted for 

CFRP-epoxy-concrete interfaces. From the 

first shear test, it is clear that the cohesion 

should be higher than 19MPa. In fact, from the 

results obtained with the bending model, a 

cohesion value of 23MPa is found appropriate. 

The fracture energy in mode-II plays a less 

important role when compared to the bond 

between concrete and CFRP. The adopted 

value for GF

II

 in this study is 0.01N/mm. 

Using the parameters mentioned above to 

model the glass beam strengthened with 

GFRP, it is possible to observe a very good 

agreement between the numerical and 

experimental results, both in the load-

displacement curves and in the crack patterns. 

As a consequence, it seems that a good 

approximation for the referred parameters has 

been achieved. However, more experimental 

and numerical tests are needed to support these 

conclusions. 

Considering the high non-linearity and 

brittleness of the studied behavior, it is 
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possible to conclude that the use of a non-

iterative energy based method has proved 

extremely efficient and valuable, without 

which it would have been impossible to obtain 

these results. 
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Abstract. The paper presents a preliminary local investigation related to sliding on a mortar joint due
to excessive shear force, mechanism observed during testing of masonry arches and barrel vaults re-
inforced with Externally Bonded Fibre Reinforced Polymers (EB FRP) at their extrados. This activity
was aimed at evaluating a possible contribution of the FRP reinforcement to joint resistance. Four-
teen V-shape Peel Tests (VPT) have been performed, which consist in peeling off a central FRP strip
from two clay solid bricks aligned along their longitudinal axis, so that the reinforcement assumes
a typical “V” shape during detachment. Tests were designed to reproduce and isolate the reinforce-
ment mixed-mode debonding behaviour related to the above mentioned failure mechanism, and their
execution allowed assessing experimental setup and procedures.

1 INTRODUCTION
Activities herein presented moved from

the experimental observation of failure modes
of thin masonry barrel vaults and arches
strengthened at their extrados by means of
Externally Bonded Fibre Reinforced Polymers
(EB FRP); in particular, sliding on a mortar
joint due to excessive shear force turned out to
be a mechanism introduced by the presence of
extrados reinforcements [1–4].

The experimentation is based on the idea that
FRP strips might offer an additional contribu-
tion to joint’s shear resistance of plain masonry,
as proposed in [1] and then reported also in [4].
To the purpose of investigating at a local level
the behaviour of FRP reinforcements applied to
clay substrates and subjected to similar stress
conditions, V-shape Peel Tests (VPT) were de-
signed and performed.

Peeling usually indicates the progressive de-

tachment, under external forces, of materials
connected by an adhesive layer. In some cases it
is supposed that stiffness of one material is suf-
ficiently higher than the other to be considered
a rigid material: this is particularly appropriate
when dealing with EB FRP applied to concrete
or masonry substrates.

Several works refer to the analysis of peeling
phenomenon, starting from Bikerman [5], who
adopted a peel angle of 90 degrees and iden-
tified the failure criterion as maximum elong-
ation of adhesive, evaluated using the theory
of beams on elastic soil; its work was reported
in [4] as a possible estimation of the FRP contri-
bution to the shear strength of masonry arches
with extrados reinforcement.

Gent and Hamed [6] studied the theoretical
relation between peel force and peel angle, and
compared results of energy-based approach and
adhesive stress analysis, imputing differences to

1

562



M. Panizza, E. Garbin and M.R. Valluzzi

the energy released by local plastic deforma-
tions. Nicholson [7] extended results to large
deformations and demonstrated the coincidence
of the two approaches, in terms of peel force
and peel angle relation.

Thouless and Jensen [8] performed an ana-
lysis based on linear elastic fracture mechanics
of peel test, reported by De Lorenzis and Zava-
rise [9] who compared analytical formulations
to numerical results based on the adoption of
uncoupled cohesive interface laws for normal
and tangential directions.

Yuan et al. [10, 11] proposed an analytical
solution for interfacial stresses that affect the
interface between FRP laminates and concrete.
Sun et al. [12] treated analytically and numeric-
ally the peel test.

From an experimental point of view,
Karbhari et al. [13, 14] performed various peel
tests on concrete substrates, changing the im-
posed peel angle. Kimpara et al. [15] and Gi-
urgiutiu et al. [16, 17] carried out peel tests
on the FRP-concrete interface, the first adopt-
ing a symmetric set-up while the latter using an
asymmetric one. Wan et al. [18, 19] adopted a
similar asymmetric set-up.

Dai et al. [20, 21] carried out experiments
to measure mode I, mode II and mixed-mode
fracture energies of FRP bonded to concrete,
pointing out that fracture energy mode II is not
considerably influenced by fibres stiffness, de-
pending firstly on adhesive properties and then
on concrete strength, whereas fracture energy
mode I depends mainly on substrate properties;
concerning mixed-mode fracture energy, the ef-
fective length was reported to be rather short
and the strength against peel load, whose com-
ponent orthogonal to the FRP strip was labelled
as dowel force, rather low [21].

Other studies by Wu et al. [22,23] on mixed-
mode load conditions were performed in Japan,
related to application of FRP to intrados of tun-
nels and bridges as a repair technique aimed
at preventing the spalling of deteriorated con-
crete [24].

Concerning experiments on concrete sub-
strate, it was pointed out [23,24] that peel force

per unit width and peel angle, during detach-
ment, remain almost constant; it was also ob-
served that peel strength is quite low, and that
the presence of a peel force (e.g. at an inclined
crack of beams subject to shear and flexure)
may affect the global resistance causing a pre-
mature detachment of the FRP laminate [24].

2 TESTS DESCRIPTION
Aimed at reproducing on the FRP reinforce-

ment a state of stress similar to that related to
shear sliding on a mortar joint, a test set-up de-
rived and adapted from those proposed by Wu et
al. [23] and Dai et al. [21] was adopted. In fact,
it was estimated more feasible and less prob-
lematic, compared to the test method used in
a previous activity [25], which revealed some
troubles during its execution.

2.1 Basic materials
Four sets of solid clay bricks, two ex-

truded (EB1 and EB2) and two facing (FB1
and FB2) brick types, were used as substrate.
EB1 and EB2 sets were part of two different
batches of extruded bricks type 11010R (pro-
duced by Atesina Furnace); FB1 were facing
bricks A001GL (Sant’Anselmo Furnace) and
FB2 were facing bricks type “Rosa Vivo” (San
Marco – Terreal Italia). Their measured mech-
anical properties are listed in Table 1 (fc, ff, fsp

and fp-o stand for compressive, flexural, split-
ting and pull-off strength, respectively).

One type of reinforcement system was used,
namely high-strength carbon MBrace R© C1-30;
main properties of saturant and fibres are re-
ported in Table 2, as given by producer’s data-
sheets.

Table 1: Mechanical properties of bricks

Series fc ff fsp fp-o
N/mm2 N/mm2 N/mm2 N/mm2

EB1 33.3 2.97 1.34 2.75
EB2 38.4 3.89 3.51 3.02
FB1 21.1 5.29 n.a. 1.80
FB2 22.1 5.42 4.02 1.61

2

563



M. Panizza, E. Garbin and M.R. Valluzzi

Table 2: Properties of reinforcement compon-
ents

Adhesive MBrace R©Saturant

Charact. compr. strength >80 N/mm2

Charact. direct tens. strength >50 N/mm2

Maximum tensile strain 2.5 %
Tensile elastic modulus >3000 N/mm2

High-strength Carbon MBrace R©C1-30

Equivalent thickness 0.165 mm
Charact. direct tens. strength 3430 N/mm2

Maximum tensile strain 1.5 %
Tensile elastic modulus 230000 N/mm2

2.2 Test setup an procedure
Two solid clay bricks were disposed along

their longitudinal axis and bonded to a top
steel beam; the beam, sufficiently longer, was
provided with two perpendicular steel supports
fastened at its ends. They were supported by the
rollers of a device used to perform flexural tests.

Bricks were fixed only to the top beam,
spaced 30 mm apart in order to accommodate
the steel pin used to apply the peel force to the
reinforcement, and sufficiently spaced from lat-
eral supports to avoid unwanted contacts during
test. A reinforcement strip 50 mm wide was ap-
plied to the bottom surface of bricks, along their
axis; an unbonded area of 30 mm from each
brick’s central edge was imposed. A detailed
scheme is reported in Figure 1, while Figure 2
shows a sample during testing.

Tests were performed on the universal test
machine Galdabini SUN2500 (maximum load
25 kN), equipped with an additional load cell
connected to the external data acquisition sys-
tem. The vertical load was transmitted by a
solid steel ring surrounding the top beam and
connected to a pin acting directly on the FRP
strip. Each specimen was monitored by six
coupled displacement devices (potentiometers)
measuring the lowering in three positions: at the
central point, corresponding to the pin, and at
the beginning of the bonded areas. Three strain-
gauges were applied to the FRP bottom surface
of part of the samples.

Loading path, controlled by displacement

rate, was monotonic for five specimens and cyc-
lic for other nine; a pre-loading force of 10 N
was applied in order to accommodate part of the
deformations related to test system.

The matrix of tests is given in Table 3. Being
exploratory tests, some parameters were adjus-
ted during the campaign, as reported in detail in
Table 4.

Figure 1: Design scheme of a specimen

Figure 2: Sample ready for test

3
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Table 3: Experimental matrix of V-shape Peel
Tests

Sample brick type loading path

VPT01 (pilot test) FB2 - facing monotonic (A)
VPT02 (pilot test) EB1 - extruded cyclic (A)
VPT03 EB1 - extruded cyclic (A)
VPT04 FB2 - facing cyclic (A)
VPT05 FB2 - facing monotonic (A)
VPT06 FB2 - facing cyclic (A)
VPT07 EB1 - extruded cyclic (B)
VPT08 EB1 - extruded cyclic (B)
VPT09 EB1 - extruded monotonic (B)
VPT10 EB1 - extruded cyclic (B)
VPT11 FB2 - facing cyclic (B)
VPT12 EB2 - extruded monotonic (B)
VPT13 FB1 - facing monotonic (C)
VPT14 FB1 - facing cyclic (C)

Table 4: Adopted test procedures

Procedure Step Rate Pin Duration
mm/min direct. s

Monotonic A 1 2.0 down up to fail.

Cyclic A

1 2.0 down 180 s
2 2.0 up 150 s
3 2.0 down 600 s
4 back to step 2

Monotonic B 1 1.0 down up to fail.

Cyclic B

1 1.0 down 360 s
2 2.0 up 150 s
3 2.0 down 600 s
4 back to step 2

Monotonic C 1 0.6 down up to fail.

Cyclic C

1 0.6 down 600 s
2 1.2 up 250 s
3 1.2 down 500 s
4 back to step 2

2.3 Results
An example of typical load – vertical dis-

placement curves for monotonic and cyclic tests
are shown in Figure 3. Failure generally in-
volved the detachment of a thin layer of brick,
in the case of facing elements (Fig. 5), whereas
it was localized at the FRP–substrate interface
of extruded bricks, without ripping any clay
portion (Fig. 6).

Results, in terms of maximum vertical load
Pmax (or dowel load as in [21]), were rather
variable, particularly for extruded bricks that
showed higher dispersion. Facing bricks gener-
ally offered larger values of strength, compared
to extruded bricks. This fact could be correlated
to the different failure mode observed: facing
elements, whose surface is more scabrous and
irregular, could had involved a stronger adhe-
sion of the reinforcement, differently from the
smoother and more compact extruded bricks.

Table 5 lists maximum loads, together with
their corresponding cycle; bf is twice the FRP
width, while "I" and "S" identify failure local-
ization at the interface or within the substrate,
respectively.

Maximum load values were recorded, for all
monotonic tests, when reinforcement started to
detach from the support; after that peak, vertical
loads oscillated within inferior values, however
showing a certain scattered trend around a con-
stant or slightly variable value. This trend was
slightly different to those observed during cyc-
lic tests, where trends among various peak loads
were less recurrent. Concerning cyclic tests, as
expected each cycle showed a lower stiffness of
the loading/unloading phases, due to the pro-
gressive detachment of reinforcement that im-
plied an increasing unbonded length.

However, since load values do not manifest
any evident decrease related to the progress-
ive shortening of the bonded area, it could be
inferred that effective lengths involved by this
mechanism are quite small, possibly about 20-
30%, if compared to the effective length related
to pure shear debonding. This was previously
observed in [21,23] for concrete specimens and
also in [25] for clay bricks.

Monitored displacements allowed to analyt-
ically evaluating the slope of reinforcement dur-
ing detachment, thus the related peel angle θ.
Figure 4 shows an example of peel angle pro-
gression during detachment for both sides of
the FRP, and their average measure. Although
this estimation was slightly rough, it permitted
pointing out some characteristics of the phe-
nomenon.

4
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Facing bricks showed a more scattering evol-
ution of peel angle during the progressive de-
tachment, if compared to extruded bricks; this
fact could be justified by the different observed
failure mode: detachment involved a thin layer
of brittle clay substrate of facing elements,
whereas it evolved within the interface or the
adhesive in the case of extruded ones.

Measured peel angles for each cycle (or for
the whole test in the case of monotonic loading)
are reported in Table 6. They mostly ranged
from 2 to 6 degrees, values lower than those,
about 10 degrees, observed by Wu et al. [23] in
the case of concrete substrates. θPmax correspond
to the peak load values, while θavg are average
measures during the cycle.

Figure 3: Examples of recorded load-
displacement functions

Figure 4: Example of peel angle progression

Figure 5: Typical failure observed for facing
bricks

Figure 6: Typical failure observed for extruded
bricks

Table 5: Experimental results of V-Shape Peel
Tests (samples sorted by brick type)

Brick Sample Pmax Pmax/bf Corresp. Fail.
type N N/mm cycle loc.

EB1 VPT02 1308 13.1 third I
EB1 VPT03 898 9.0 third I+S
EB1 VPT07 765 7.7 first I
EB1 VPT08 850 8.5 second I
EB1 VPT09 628 6.3 - I
EB1 VPT10 810 8.1 first I
EB2 VPT12 940 9.4 - I
FB1 VPT13 909 9.1 - S
FB1 VPT14 911 9.1 first S
FB2 VPT01 1563 15.6 - S
FB2 VPT04 1283 12.8 second S
FB2 VPT05 1317 13.2 - S
FB2 VPT06 1795 18.0 first I+S
FB2 VPT11 1241 12.4 first I+S

5
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Table 6: Measured peel angles (samples sorted
by brick type)

Sample
1st cycle 2nd cycle 3rd cycle

θPmax θavg θPmax θavg θPmax θavg
deg deg deg deg deg deg

VPT02 5.04 5.04 4.20 3.74 4.11 0.75
VPT03 2.87 2.87 n.a. n.a. n.a. n.a.
VPT07 4.31 4.31 3.28 3.02 4.18 3.63
VPT08 5.52 5.52 5.79 4.29 5.04 4.61
VPT09 3.62 3.62
VPT10 3.08 3.08 2.00 1.97 2.85 2.58
VPT12 5.49 5.49
VPT13 3.80 3.80
VPT14 4.58 4.58 3.91 3.68 3.64 3.41
VPT01 4.40 4.38
VPT04 5.09 5.09 5.10 4.02 n.a. n.a.
VPT05 3.24 2.92
VPT06 4.98 4.98 4.13 2.81 2.72 2.44
VPT11 3.77 3.77 3.06 2.41 2.29 1.98

3 ANALYSIS OF RESULTS
Based on the evaluated peel angles, and

being known the corresponding vertical load,
mixed-mode fracture energy components
mode I, GI, and mode II, GII, were evaluated
following the analysis reported in [9]; total
mixed-mode fracture energy G was assumed
to be the sum of its components (see also [13]).
Corresponding formulas are reported in Eq. 1–
3, where Ef and tf stand for reinforcement
elastic modulus and thickness, θ is the peel
angle and F the tensile force acting parallel to
the FRP. Definition of phase angle ψ is reported
in Eq. 4, together with its practical calculation.

Moreover, the simplified analysis proposed
by [23], similarly reported also in [21], was
adopted for comparison. Based on simple en-
ergy balance considerations, it allows estimat-
ing total mixed-mode fracture energy, in this
case labelled as GW, as a function of vertical
dowel load P and reinforcement axial stiffness
per unit width, Eftf (Eq. 5). By re-casting
Eq. 5–6, it is possible to estimate the maximum
expected dowel load, given a certain fracture
energy value (Eq. 7).

Results are listed in Table 7, which com-
pares mixed-mode fracture energies calculated

according to both the cited approaches. It can
be noted as they leaded to very different values,
sensibly lower (about 60%) in the second case
(GW). Only values related to the maximum re-
corded load have been reported for each sample.

Phase angles, calculated adopting peak load
values, and their corresponding measured peel
angles, recorded during each of the first three
cycles, or during the whole test in the case of
monotonic loading, have been plotted in Fig-
ure 7. The chart reports also their analogue
average quantities, together with the analytical
trend of phase angles evaluated on the basis of
the mean dowel load measured for extruded and
facing bricks. Related energy components are
plotted in Figure 8.

F0 = F cos θ (1)

M0 =

√
Eft

3
f

6

[
F 2 sin2 θ
2Eftf

+ F (1− cos θ)
]

(2)

GI =
6M2

0

Eft3f
; GII =

F 2
0

2Eftf
; G = GI +GII (3)

ψ = arctan

√
GII

GI
= arctan

tfF0√
12Ef

(4)

GW = Eftf

(
1
2
tan2 θ + 1√

1+tan2 θ
− 1

)

≈ 3
8
Eftf tan

4 θ
(5)

Pmax = Eftfbf tan
3 θ (6)

Pmax = 2.087bfG
0.75
W (Eftf)

0.25 (7)
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Figure 7: Phase versus peel angles

Figure 8: Evaluated mode I and II components
of mixed-mode fracture energy

Table 7: Evaluated fracture energies (samples
sorted by brick type)

Sample GI GII ψ G GW ∆G
N/mm N/mm deg N/mm N/mm %

VPT02 0.472 0.436 43.9 0.908 0.344 -62%
VPT03 0.151 0.190 48.3 0.341 0.122 -64%
VPT07 0.289 0.136 34.4 0.425 0.168 -60%
VPT08 0.431 0.093 24.9 0.524 0.194 -63%
VPT09 0.199 0.129 38.9 0.329 0.129 -61%
VPT10 0.219 0.298 49.4 0.517 0.182 -65%
VPT12 0.452 0.126 27.8 0.578 0.221 -62%
VPT13 0.302 0.247 42.1 0.549 0.212 -61%
VPT14 0.365 0.171 34.4 0.536 0.212 -60%
VPT01 0.603 0.544 43.5 1.147 0.436 -62%
VPT04 0.573 0.273 34.6 0.846 0.335 -60%
VPT05 0.374 0.714 54.1 1.089 0.347 -68%
VPT06 0.784 0.560 40.2 1.344 0.524 -61%
VPT11 0.411 0.467 46.9 0.878 0.321 -63%

4 CONCLUSIONS

Fourteen V-shape Peel Tests, which test set-
up was based on similar tests carried out on
concrete substrates [21, 23], were performed
using CFRP reinforcement applied to solid
clay bricks. Test were aimed at investigating
the possible FRP reinforcement contribution to
the shear strength of thin masonry arches and
vaults. Although preliminary tests, they al-
lowed identifying the main characteristics of the
investigated phenomenon.

The experimental set-up proved to by rather
feasible and adaptable to most universal test
machines. Observations do not differ much
from what Wu et al. [23] and Dai et al. [21]
reported in the case of concrete substrates.

Peel load, during the detachment, oscillated
within a limited range, although scattering was
in some cases very large; maximum loads of
about 8–13 N/mm were observed, except for the
FB2 series that resisted up to 18.8 N/mm. First
peak load was generally higher than the others,
for monotonic tests.

Peel angles, similarly to peel loads, oscil-
lated within a rather moderate range. Meas-
ured values varied in most cases between 2 and
6 degrees, however their measurement should
be considered qualitative since affected by a
certain imprecision and simplifying approxim-
ations.

Calculated mixed-mode fracture energies
ranged in most cases from 0.3 to 1 N/mm,
hence their order of magnitude is rather consist-
ent with values reported in literature for quasi-
brittle substrates [9, 21, 23], albeit markedly af-
fected by peel angle measurement.

5 ACKNOWLEDGEMENTS

The Authors would like to thank BASF
Italy, for having provided the FRP system,
and Filippo Giomo, Francesco Balduzzo and
Silvia Bordignon for their work. Italian Project
ReLUIS-DPC 2010-2013 and European Project
NIKER partially supported the activities.

7

568



M. Panizza, E. Garbin and M.R. Valluzzi

REFERENCES
[1] Valluzzi, M. R., Valdemarca, M. and Mo-

dena, C., 2001. Behaviour of brick ma-
sonry vaults strengthened by FRP lamin-
ates. ASCE Int. J. of Composites for Con-
struction. 5(3):163–169.

[2] Foraboschi, P., 2004. Strengthening of
masonry Arches with Fiber-Reinforced
Polymer Strips. ASCE Int. J. of Compos-
ites for Construction. 8(3):191–202.

[3] Basilio, I., 2007. Strengthening of arched
masonry structures with composite mater-
ials. Ph.D. Thesis. University of Minho
(Portugal).

[4] Briccoli Bati, S. and Rovero, L., 2008.
Towards a methodology for estimating
strength and collapse mechanism in ma-
sonry arches strengthened with fibre re-
inforced polymer applied on external sur-
faces. RILEM Materials and Structures.
41(7):1291–1306.

[5] Bikerman, J. J., 1957. Theory of Peeling
through a Hookean Solid. J. of Applied
Physics. 28(12):1484–1485.

[6] Gent, A. N. and Hamed, G. R., 1975. Peel
Mechanics. J. of Adhesion. 7:91–95.

[7] Nicholson, D. W., 1977. Peel mechanics
with large bending. Int. J. of Fracture.
13(3):279–287.

[8] Thouless, M. D. and Jensen, H. M., 1992.
Elastic Fracture Mechanics of the Peel-
Test Geometry. J. of Adhesion. 38:185–
197.

[9] De Lorenzis, L. and Zavarise, G., 2008.
Modeling of mixed-mode debonding in
the peel test applied to superficial rein-
forcements. Int. J. of Solids and Struc-
tures. 45:5419–5436.

[10] Yuan, H., Chen, J. F. and Teng, J. G.,
2003. Interfacial stresses between FRP
plate and concrete in a peel test: an analyt-
ical solution. In Proc. of 10th Int. Conf. on
Structural Faults + Repair – SF&R2003.
July 1-3, London (UK).

[11] Yuan, H., Chen, J. F., Teng, J. G.and Lu,
X.Z., 2007. Interfacial stress analysis of
a thin plate bonded to a rigid substrate
and subjected to inclined loading. Int. J.
of Solids and Structures. 44:5247–5271.

[12] Sun, Z., Wan, K. T. and Dillard, D. A.,
2004. A theoretical and numerical study
of thin film delamination using the pull-
off test. Int. J. of Solids and Structures.
41:717–730.

[13] Karbhari, V. M. and Engineer, M., 1996.
Investigation of Bond between Concrete
and Composites: Use of a Peel Test. J.
of Reinforced Plastics and Composites.
15:208–227.

[14] Karbhari, V. M., Engineer, M. and Eckel
II, D. A., 1997. On the durability of com-
posite rehabilitation schemes for concrete:
use of a peel test. J. of Materials Science.
32:147–156.

[15] Kimpara, I., Kageyama, K., Suzuki, T.,
Ohsawa, I. and Yamaguchi, K., 1998.
Characterization on Peeling Strength of
FRP Sheets Bonded on Mortar and Con-
crete. In Proc. of 8th Japan-U.S. Conf. on
Composite Materials. September 24-25,
Baltimore (USA); pp. 1010–1019.

[16] Giurgiutiu, V., Lyons, J., Petrou, M.,
Laub, D. and Whitley, S., 1999. Exper-
imental fracture mechanics for the bond
between composite overlays and concrete
substrate. In Proc. of Int. Composites Expo
– ICE’99. May 10-13, Cincinnati (USA).

[17] Giurgiutiu, V., Lyons, J., Petrou, M.,
Laub, D. and Whitley, S., 2001. Fracture
mechanics testing of the bond between
composite overlays and a concrete sub-
strate. J. of Adhesion Science Technology.
15(11): 1351–1371.

[18] Wan, B., Petrou, M. F., Harries, K. A.,
Sutton, M. A. and Yang, B., 2002. Experi-
mental investigation of bond between FRP
and concrete. In Proc. of 3th Int. Conf. on
Composites in Infrastructure – ICCI-02.
June 10-13, San Francisco (USA).

8

569



M. Panizza, E. Garbin and M.R. Valluzzi

[19] Wan, B., Sutton, M. A., Petrou, M. F.,
Harries, K. A. and Li, N., 2004. Invest-
igation of Bond between Fiber Reinforced
Polymer and Concrete Undergoing Global
Mixed Mode I/II Loading. ASCE Int. J.
of Engineering Mechanics 130(12):1467–
1475.

[20] Dai, J. and Ueda, T., 2003. Local Bond
stress Slip relations for FRP Sheets-
Concrete Interfaces. In Proc. of the 6th
Int. Symp. on Fibre-Reinforced Polymer
Reinforcement for Concrete Structures –
FRPRCS-6. July 8-10, Singapore (SGP);
pp. 143–152.

[21] Dai, J., Ueda, T. and Sato, Y., 2007. Bond-
ing Characteristics of Fiber-Reinforced
Polymer Sheet-Concrete Interfaces under
Dowel Load. ASCE J. of Composites for
Construction. 11(2):138–148.

[22] Wu, Z., Yuan, H., Asakura, T., Yoshiz-
awa, H., Kobayashi, A., Kojima, Y. and
Ahmed, E., 2005. Peeling Behavior and

Spalling Resistance of Bonded Bidirec-
tional Fiber Reinforced Polymer Sheets.
ASCE Int. J.of Composites for Construc-
tion. 9(3):214–226.

[23] Wu, Z., Yuan, H., Kojima, Y. and Ahmed,
E., 2005. Experimental and analytical
studies on peeling and spalling resistance
of unidirectional FRP sheets bonded to
concrete. Composites Science and Techno-
logy. 65:1088–1097.

[24] Ueda, T. and Dai, J., 2005. Interface
bond between FRP sheets and concrete
substrates: properties, numerical model-
ling and roles in member behaviour. Pro-
gress in Structural Engineering Materials.
7:27–43.

[25] Panizza, M., Garbin, E., Valluzzi, M. R.
and Modena, C., 2008. Shear Mechanism
of Brick Masonry Vaults. In Proc. of 12th

Int. Conf. on Structural Faults + Repair –
SF&R2008. June 10-12, Edinburgh (UK).

9

570



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 
FraMCoS-8 

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 

1

 
A COUPLED INTERFACE-BODY NONLOCAL DAMAGE MODEL FOR THE 

ANALYSIS OF FRP STRENGTHENING DETACHMENT 

S. MARFIA
*
, E. SACCO

*
 AND J. TOTI

*
 

* Università di Cassino e del Lazio Meridionale, Department of Civil and Mechanical Engineering 
Università di Cassino e del Lazio Meridionale (DiCeM)

Via Marconi, 03043 Cassino, Italy 
e-mail: marfia@unicas.it, www.unicas.it
e-mail: sacco@unicas.it, www.unicas.it

e-mail: jessica.toti@unicas.it, www.unicas.it

Key words: Interface-body damage, Detachment phenomenon, Nonlocal model 

Abstract: In the present work, a new model of the FRP-concrete or masonry interface, which 
accounts for the coupling occurring between the degradation of the cohesive material and the FRP-
body interface, is presented. A nonlocal damage and plasticity model is developed for the quasi-
brittle material; a model which accounts for damage, unilateral contact and friction effects is 
developed for the interface. Two different ways of performing the coupling between the body 
damage and the interface damage are proposed and compared. Some numerical applications are 
carried out in order to assess the performances of the proposed model in reproducing the 
mechanical behavior of the masonry material strengthened with external FRP reinforcements.

1 INTRODUCTION 
The use of Fiber Reinforced Plastic (FRP) 

materials for the strengthening of existing 
concrete and masonry elements is growing; 
recently, many structures have been reinforced 
adopting FRP and several experimental and 
modeling scientific works have been 
developed [1]-[5]. The use of FRP materials 
applied on the external surface of concrete or 
masonry structures created new modeling 
problems. One of the main problems in the use 
of FRP is the so-called detachment 
phenomenon, which consists in the sudden 
detachment of the FRP reinforcement from the 
concrete or masonry surface.  

In particular, the collapse for loss of 
cohesion in the composite structures is 
generally caused by the evolution of different 
phenomena of damage in a narrow region near 
the interface.  

The concrete as well as the masonry are 
quasi-brittle materials, which exhibit a 
mechanical response characterized by damage 

with softening due to the development of 
microcracks. Thus, two damage effects could 
be presented in the quasi-brittle reinforced 
structural elements: the body damage, which 
develops inside the domain of the strengthened 
element, and the interface damage, which 
occurs at the FRP-concrete or masonry 
interface. Experimental evidences demonstrate 
that the detachment of the FRP from the 
support material occurs often with peeling of a 
thin layer from the external surface of the 
quasi-brittle material; this collapse behavior is 
due to the fact that the strength of the glue 
used to apply the FRP to the support is 
generally greater than the strength of the 
concrete or masonry support. Thus, the 
damage of the support material influences the 
detachment of the FRP. From this observation, 
it can be deduced that the body damage and 
the interface damage cannot evolve 
independently one from the other; in other 
words, they are coupled [6]. 

In the present work, a new model of the 
FRP-concrete or masonry interface, that takes 
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into account the coupling occurring between 
the degradation of the cohesive material and 
the FRP detachment, is presented. A new 
nonlocal damage and plasticity model is 
developed for the quasi-brittle material. An 
interface model which accounts for damage, 
unilateral contact and friction effects is 
developed. Two different ways of performing 
the coupling between the body and the 
interface damage are proposed. Both the 
approaches assume that the interface damage 
is influenced not only by the detachment 
stresses but also by the body damage 
computed on the bond surface. The first 
approach ensures that the interface damage is 
not lower than the body damage evaluated at 
the bond surface [7]. The second approach is 
based on micromechanical considerations. 
Some numerical applications are performed in 
order to assess the performances of the 
proposed coupled interface models in 
reproducing the mechanical behavior of the 
masonry material strengthened with external 
FRP reinforcements. 

2 A COUPLED BODY-INTERFACE 
DAMAGE MODEL 

The structural system, schematizing the 
FRP reinforced concrete or masonry element, 
is studied in the framework of small strain and 
displacement regime. The system, consists in 
three subsystems: the body 1 , modeling the 
concrete or masonry element, characterized by 
a cohesive constitutive law; the body 2 ,
modeling the FRP strengthening, characterized 
by a linear elastic behavior; the interface  ,
modeling the bond between the reinforcement 
and the quasi-brittle material, characterized by 
a damaging behavior with friction and 
unilateral contact effects. 

It can be remarked that the interface   is 
assumed to be constituted by three layers: the 
glue, whose mechanical properties are 
generally much better than those of the support 
cohesive material; a thin layer of the support 
cohesive material in which, during the 
application of the reinforcement, the glue 
penetrates, improving its mechanical 
properties and a further thin layer of the 

support cohesive material in which the 
detachment process occurs. 

Indeed, the first two layers remain joined to 
the FRP strengthening after the complete 
detachment. The interface damaging process, 
occurring in the third layer, can be due to the 
stresses induced by the detachment action and 
also by the degradation of the support material 
. As a consequence, the damage occurring in 
the body 1  influences the behavior and the 
detachment process of the interface; on the 
contrary, it can be assumed that the damage of 
the third layer, generated by the detachment 
stresses, remains localized in the interface, i.e. 
it does not influences the body damage.  

In order to take into account these two 
possible damaging effects, an interface 
coupled damage model should be adopted. In 
fact, the coupling ensures that the damage 
evolution at the interface depends on the body 
damage and not vice-versa.  

The constitutive laws of the body 1 , of the 
interface  , neglecting the coupling between 
the body and the interface damage, and of 
interface  , considering two different ways of 
coupling the body and interface degradation, 
are presented in the following. 

2.1 Body nonlocal damage model for the 
cohesive material 

A plastic nonlocal damage model, 
characterized by the following constitutive 
law, is considered for the body 1 :

[(1 ) (sgn( ( ))

(1 )(1 (sgn( ( )))]
t

c

D H tr
D H tr

   

 

  

  

σ σ e
e

(1)

with σ  the stress tensor, tD  and cD  the 
damage variables in tension and in 
compression, respectively, the symbol sgn( )
indicating the sign of the variable  ,  H   the 

Heaviside function (i.e.   1H    if 0  ,

otherwise   0H   ) and σ  the effective 
stress tensor defined as: 

 p
       σ C ε ε C e  (2) 
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where C  is the elastic tensor, ε , p
ε  and e

are the total strain, the plastic strain and the 
elastic strain tensors, respectively. The 
following plastic yield function is introduced: 
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with 1  and 2  the principal stresses of the 
effective stress tensor, y  the yield stress and 
A  and B  two parameters governing the 

shape of the yield function, which represents a 
brunch of a modified hyperbola. The evolution 
law for the plastic strain is set as: 

0

t

p p
f dt    



 

 ε
σ

    (4) 

with    the accumulated plastic strain. The 
model is completed with the classical loading-
unloading Khun-Tucker conditions, 

0, 0, 0f f     .
As the softening constitutive law is 

introduced, localization of the strain and 
damage could occur. In order to overcome this 
pathological problem, to account for the 
correct size of the localization zone and, also, 
to avoid strong mesh sensitivity in finite 
element analyses, a nonlocal constitutive law 
is considered. In particular, an integral 
nonlocal model is adopted for the damage in 
compression and in tension.  
The evolution of the compressive damage 
variable is governed by the following law: 

  max min 1,c chistory
D D    (5) 

with

   3 2

3 2

2 3
c

u u

D  
 

      (6) 

with u  is the final accumulated plastic strain 
associated with the compressive damage 

1cD   and    the nonlocal accumulated 
plastic strain, evaluated at the point x , as: 

     1 ,
r

d   


 
 x x y y  (7) 

where y  is a typical point of the body 1 ,

 ,r d


   x y  is the normalized volume, 

  2 21 / R


  x x y  is the weight 

function with R  the radius of the nonlocal 
integration domain and the symbol 




denoting the positive part of the number  .
The evolution of the tensile damage 

parameter is governed by an exponential law, 
set as: 

  max min 1,t thistory
D D    (8) 

with

  0 0expeq eq
t

eq

k
D

   



 




  
  (9) 

 eq  x  is the equivalent nonlocal strain, 
evaluated at the point x  as: 

     
1

1 ,eq eq
r

d   


 
 x x y y  (10) 

2 2
1 2eq  

 
   is the equivalent strain, 

where 1  and 2  are the local principal strains 
[8]. 

Moreover the condition t cD D   is 
introduced, in order to prescribe that the 
damage in tension is not lower than the 
damage in compression. 

2.2 Interface damage model without 
coupling 

A phenomenological interface model based 
on the micromechanical idea, developed in [9] 
and [10], is proposed. The displacement fields 
of the two joined bodies are denoted as 1u  and 

2u , while the relative displacement at the 
typical point x  of the interface   is defined 
as      1 2    s x u x u x .
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At the point x  a reference area is 
considered; at the micromechanical level, the 
reference area is split in the undamaged and 
damaged part. 

The damage parameter D  is introduced as 
the ratio between the damaged area with 
respect to the reference area; it can vary from 
zero to one: 0D   corresponds to the 
undamaged state, while 1D   corresponds to 
the completely damaged state. The interface 
constitutive relationship is formulated:  

( )D         σ K s c p  (11) 

where K  is the stiffness matrix, c  is the 
unilateral contact vector and p  is the sliding 
friction vector. 

A local coordinate system on the interface 
 1 2, ,N T Tx x x  is introduced; the subscripts N ,

1T  and 2T  indicate the normal and the two 
tangential directions to the interface, 
respectively. In this coordinate system, the 
stiffness matrix, the unilateral contact vector 
and the sliding friction vector are represented 
as:

11

2 2

0
0

0
( )

0
0

N

T

N
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T

TT
T T

T T

K

s
H s

pK
K p



 

 
  
 

  
    

   
  

    
   

K
K

c p
p0

K p

 (12) 

In order to define the evolution of the 
inelastic slip p , the stress, given by equation 
(11), is rewritten in the following form: 

 (1 )d D        σ σ K c p  (13) 

defining the contact-frictional stress d
σ  as: 

   d N
d

d T
D


       
     

 
σ K s c p

σ
 (14) 

with  1 2

T

dT d T d T σ .

It is assumed that the contact-frictional 
stress d

σ  governs the evolution of the inelastic 

slip p . In particular, the classical Coulomb 
yield function is introduced: 

 d d N d T

d N d T

  






  

 

σ σ

σ
 (15) 

where   is the friction coefficient, the symbol 


  denotes the negative part of number 

and the symbol   indicates the norm of  .
For the evolution of the components of the 

vector p , the following non-associated flow 
rule is considered: 

00
dT

dT dT

d
d
 

  
      

   
   

σp
σ σ

   (16) 

The model is completed with the classical 
loading-unloading Khun-Tucker conditions, 

0, 0, 0      .
It can be remarked that the contact-frictional 
problem can be activated only when the 
interface damage is greater than zero. 
About the evolution of the interface damage 
parameter D , a model which accounts for the 
coupling of normal and tangential modes of 
fracture, is considered. In fact, the three 
quantities N , 1T  and 2T , defined as the 
ratios between the first cracking relative 
displacement 0

Ns , 0
1Ts  and 0

2Ts  and the full 
damage relative displacement f

Ns , 1
f

Ts  and 2
f

Ts ,
are introduced: 

0 0 0
1 1 1

1
1 1

0 0 0
2 2 2

2
2 2

0 0 0

2

2

2

T T T
T f

T cT

T T T
T f

T cT

N N N
N f

N cN

s s
s G
s s
s G
s s
s G







 

 

 

 (17) 

where 0
N , 0

1T  and 0
2T  are the peak stresses 

corresponding to the first cracking relative 
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displacement and cNG , 1cTG  and 2cTG  are the 
specific fracture energies in normal and 
tangential modes, respectively. Then, the 
parameter  , which relates the modes of 
fracture, is defined as follows: 

22 2
1 2

1 22 2 2
NT T

T T N

ss s     
s s s  

 (18) 

where  1 2

T

T T Ns s s


s . The relative 
displacement ratios are introduced as: 

2 2 2
1 2N T TY Y Y Y    (19) 

with

1 2
1 20 0 0

1 2

N T T
N T T

N T T

s s sY Y Y
s s s

    (20) 

Finally, the damage parameter is assumed 
to be a function of the history of the relative 
displacement as follows: 

  max 0,min 1,
history

D D    (21) 

with

 
1

1
YD

Y 
 



  (22) 

2.3 Interface damage model with coupling 
A coupled interface model, obtained 

considering different ways of coupling the 
body and the interface damage, is proposed. In 
the first case the coupling approach assumes 
that the interface damage is the highest value 
between the interface damage and the body 
damage evaluated on the adhesion surface [7]: 

      max ,I
tD D D x x x  (23) 

with  ID x  the coupled interface damage 
evaluated at a point x  of the interface. 
In the second case, when the body damage 
occurs, a representative area A  of the 
interface is assumed to be decomposed in two 
parts WA  and A . In fact, the damaging of the 
support induces the presence of a 
microfracture in the third layer of the interface 

made of cohesive support material, 
characterized by a corresponding area 

W
tA D A . Because of the presence of the 

microcrack, the stress Wσ  in WA is equal to 
zero if the microcrack is open and it is 
different from zero when it is closed. In the 
remaining part of the representative area 

 1 tA D A   , it is assumed that the 
mechanical response is governed by the 
constitutive model described by equation (11). 
Thus, the overall constitutive response of the 
coupled interface is obtained as: 

 1I W
t tD D    σ σ σ  (24) 

with σ  given by equation (11) and 

  0 0
TW

N N NK s c σ , where Nc  is the 

normal component of c .

3 NUMERICAL APPLICATIONS 
Numerical procedures for solving the 

equations governing the nonlinear response of 
the composite structural system, are 
developed.

A step by step time integration algorithm is 
adopted in order to solve the evolutive 
equations of the proposed body-interface 
detachment model. In particular, the time 
integration is performed adopting a backward-
Euler implicit procedure. The proposed 
numerical procedure is implemented in the 
finite element code FEAP [11].  

Some numerical applications are carried out 
in order to assess the ability of the proposed 
model in describing the detachment 
phenomenon of the FRP strengthening from 
the cohesive material. 

In particular, in the following applications 
Model 1 indicates the interface model, in 
which the coupling is taken into account 
assuring that the interface damage is the 
highest value between the interface damage 
and the body damage evaluated on the bond 
surface, while Model 2 indicates the 
formulation developed on the basis of the 
discussed simplified micromechanical 
analysis. 
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3.1 Tensile test 
The geometry and loading conditions of the 

scheme considered to perform the tensile test 
are shown in Figure 1. The geometrical 
parameters are 500 mmb  , 49 mmh 
and an unit thickness is considered. The 
material properties adopted are: 

1 15300 MPaE  , 1 0.2  , 2 160000 MPaE  ,

2 0.3  , 3600 N/mmN TK K  , 0.5  ,
0 0 4.7 MPaN T   , 0.34 N/mmcN cTG G  ,

Figure 1: Scheme of the uniaxial test. 

where 1E , 1 , 2E  and 2  are the Young 
modulus and the Poisson coefficient of the 
body 1  and 2 , respectively.  

Two dimensional plane strain four node 
quadrilateral elements are adopted to model 
the bodies 1  and 2  and four node interface 
elements are used to model the interface  .
In order to investigate the influence of the 
damaging behavior of the body 1  on the 
tensile response of the interface and, as a 
consequence, of the whole structure, three 
analyses are developed considering different 
values of the damage strain threshold 0  and 
keeping constant the fracture energy cG  for 
the body 1 ; in particular it is set: 

0 0.00016   for the Case 1; 0 0.00026   for 
the Case 2; 0 0.00036   for the Case 3. In 
each case the nonlocal radius is set 15 mmR 
. The three analyses are performed considering 
as interface model the two coupled damage 
approaches previously presented (Model 1 and 
Model 2).

In Figure 2 and Figure 3, the numerical 
response obtained adopting the Model 1 and 
the Model 2 are shown, respectively. In these 
figures, the results are plotted with a dotted 
line for Case 1, with a dashed line for the Case 
2 and with a solid line for the Case 3. 
Computations are performed adopting an arc-
length technique and considering the relative 
normal displacement Ns  at the interface as 
control parameter. 

Figure 2: Numerical results of the uniaxial test adopting 
the Model 1: overall response and interface behavior . 

With reference to Figure 2, it can be noted 
that in the Case 3 the mechanical response of 
the structure is strongly influenced by the 
softening behavior of the interface as in this 
analysis the damage does not occur in the body 
and the tensile interface response is equal to 
the interface constitutive law. In the other two 
cases, the tensile mechanical response of the 
structure depends on the coupling of the body 
and interface damage. In fact, after the 
achievement of the peak stress, which 
coincides with the tensile strength of the body, 
the softening branch depends on the evolution 
of the damage in the body until the interface 
damage, governed by the relative 
displacement, becomes higher than the body 
one at the interface. At this point of the 
analysis the softening tensile response is due 
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to the development of the interface damage 
governed by the relative displacement. 

Figure 3: Numerical results of the uniaxial test adopting 
the Model 2: overall response and interface behavior. 

From Figure 2 and Figure 3, it appears 
evident that in the Case 3 the analyses, 
performed adopting the two proposed coupled 
interface formulations lead to the same 
numerical results. On the contrary, in the Case 
1 and 2 the softening response, obtained 
adopting the Model 1 and 2, presents some 
significant differences. In fact, the results 
carried out adopting the Model 1 show that the 
softening behavior is strongly influenced by 
the evolution of the body damage until the 
interface damage becomes higher than the 
body one. From this point of the analysis, the 
body damage does not increase anymore and 
the softening behavior is only governed by the 
evolution of the interface damage. On the 
other hand, in the results obtained considering 
the Model 2, the softening behavior is strongly 
influenced by the body damage during the 
whole detachment process, also when the 
interface damage becomes to develop and the 
body damage does not evolve anymore. Thus, 
the degradation process results faster for the 
Model 2 than for the Model 1. 

3.2 Comparison with experimental data 
The two coupling approaches, Model 1 and 

Model 2, are tested througth a comparison 
with experimental data regarding detachment 
tests of CFRP (Carbon Fiber Reinforced 
Polymer) laminates externally applied on 
ancient clay bricks [12]. 

The geometry and the boundary conditions 
adopted in the detachment tests is illustrated in 
Figure 4. The CFRP laminate, with a nominal 
width 36mmfb   and thickness of 0.22 mm, 
is glued on a clay brick of size 245x143x61 
mm3.

Figure 4: Detachment test: boundary conditions and 
geometry, (units in mm). 

The mechanical properties of the materials, 
set on the basis of tests performed during the 
experimental campaign [12] and assumed in 
the numerical analyses are the following: 
-Clay-brick:
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Four different numerical analyses are 
developed. In particular, it is considered: a 
linear elastic support; a support characterized 
by damaging behavior and the uncoupled 
model for the interface; a support 
characterized by damaging behavior and 
Model 1 as coupling approach; a support 
characterized by damaging behavior and 
Model 2 as coupling approach. 

The numerical computations are performed 
with the arc-length technique assuming as 
control parameter the horizontal displacement 

Bu  at the unloaded end. 
The numerical and experimental results are 

reported in Figure 5. They are plotted in term 
of the ratio of adhesion force to nominal width 
of CFRP, fF b , versus the horizontal 

displacement, Au , of CFRP strips. From the 
comparison of Figure 5, it can be emphasized 
that Model 2, compared to the other models, 
better captures the maximum decohesion force 
and sightly tends to understimate the ductility 
of the mechanical system.  

The numerical results obtained with the 
coupled theory are more stable and lead to a 
faster convergence with respect to one 
provided by the uncoupled model. 

Futhermore, an experimental and numerical 
comparison of the CFRP laminate strains 
along the bounded zone in correspondece of 
five equilibrium states is performed and 
illustrated in Figure 6. By observing the figure 
it is evident that Model 2 is able to catch the 
CFRP strengthing strains more accurately than 
the ones obtained with the Model 1. 

Figure 6: CFRP laminate strains: a) experimental and 
numerical comparison adopting Model 1; b) 

experimental and numerical comparison adopting 
Model 2. 
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3.3 Analysis of a FRP strengthened panel 
The influence of the FRP strengthening on 

the global behavior of a masonry panel, 
adopting the proposed FRP-masonry interface 
model, is studied. The wall, as schematically 
represented in Figure 7, is characterized by 
dimensions 1200x2400 mm2 and thickness 500 
mm. A constant uniformly distributed vertical 
load 30 kN mq   and a monotonically 
increasing distributed horizontal load, whose 
resultant is denoted with F , are applied on the 
top of the panel. 

Figure 7: Geometry of the FRP-strengthened panel 
(units in mm). 

Initially, the mechanical response of the un-
strengthened panel is analyzed; then, the wall 
is reinforced applying two FRP strips of 
thickness 0.17 mm and a width 100 mm on 
both the two panel surfaces according to the 
arrangement shown in Figure 7. The 
mechanical properties adopted in the analyses 
are the following: 
-masonry: 
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In particular, two dimensional plane strain 
four node quadrilateral elements are adopted to 
model the masonry panel and two node truss 
elements are used to model the FRP-
strengthening and four node interface elements 
to model the masonry-FRP interface. 

In the case of the reinforced wall four 
analyses are performed assuming the 
following FRP-masonry interface models: the 
Model 1, the Model 2, the uncoupled model 
and a perfect adhesion model.  

Figure 8: Base shear vs. top displacement curves. 

The results of the computations are reported 
in Figure 8 in term of base shear versus top 
displacement curves. From the figure is 
possible to observe that: the reinforced panel 
models are able to simulate the increase of 
shear strength and initial stiffness due to 
presence of FRP-strengthening; the Model 1 
and the Model 2 lead to the same numerical 
response as the interface damage governed by 
relative displacement does not occur; 
assuming the two coupled interface damage 
approaches, the value of the peak load results 
lower than the one obtained considering the 
uncoupled model as the damage developed in 
the masonry influences also the degradation 
state of the FRP-masonry interface; the 
coupled damage formulations accelerate the 
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softening behavior of the wall compared to 
one obtained assuming the uncoupled model; 
adopting the uncoupled damage theory for the 
FRP-masonry interface, the nonlinear behavior 
of the wall results equal to the one in which 
the perfect adhesion is ensured. 

4 CONCLUSIONS 
Two different ways of coupling the body 

and the interface damage are presented. A 
tensile test is performed in order to emphasize 
some significant differences of the two 
proposed coupled formulations. Numerical 
simulations concerning detachemnt tests show
the capacity of the coupling approach, based 
on micromechanical assumptions, in
reproducing more accurately the experimental 
behavior, specially in terms of peak load and 
CFRP laminate strains. Finally, numerical 
analyses of the FRP-strengthened wall 
demonstrates that the coupled damage theory, 
taking into account that the masonry damage 
influences the degradation process of the FRP-
masonry interface, leads, compared to the 
uncoupled theory, to a decrease of the bearing 
capacity and an acceleration of the overall 
softening behavior. 
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Abstract: This paper presents the results of research on mixed mode fracture of sandwich panels of 
plasterboard and rock wool. The experimental data of the performed tests are supplied. The 
specimens were made from commercial panels. Asymmetrical three-point bending tests were 
performed on notched specimens. Three sizes of geometrically similar specimens were tested for 
studying the size effect. The paper also includes the numerical simulation of the experimental 
results by using an embedded cohesive crack model. The involved parameters for modelling are 
previously measured by standardised tests. 

1 INTRODUCTION 
The fracture research of sandwich panels of 

plasterboard and rock wool has been focused 
on the out-of-plane bending failure. 
Nevertheless, the use of such as material for 
internal vertical divisions in building has 
substantially grown due to the velocity and 
ease of mounting. In some cases this 
composite material performs a good solution 
for noise insulation requirements in building, 
as it is contemplated by the Spanish Technical 
Code for Building [1-3]. 

Figures 1 and 2 show a sketch of the typical 
failure mechanisms of the vertical partitions in 
a building due to excessive deflections and 
differential settlements. Both are mixed mode 
fracture problems of in-plane bending with a 
composite cohesive material. There is not 

enough experimental data to perform a fracture 
analysis of the problems with such material. 

This paper supplies experimental data of 
mixed mode fracture, with in-plane bending 
failure, of sandwich panels of plasterboard and 
rock wool with the specimens being performed 
with commercial the corresponding sandwich 
panels. Three similar specimen sizes were also 
tested for studying the size effect. The load-
displacement and load- crack mouth opening 
displacement (CMOD) curves are presented.  

The paper also includes numerical 
simulation of the experimental data by using 
an embedded cohesive crack model. The 
parameters involved for modelling are 
previously measured by standardised tests.  
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Figure 1: Cracking induced by excessive slabs 
flexibility. 

Figure 2: Cracking induced by differential settling. 

2 EXPERIMENTAL PROGRAMME 
The aim of the experimental programme 

was to study the mixed mode fracture of the 
sandwich panels of plasterboard and rock wool 
and the size effect. The tests were performed 
with notched specimens under a non-
symmetric three-point bending loading 
procedure. 

2.1 Specimens 
Table 1 shows the dimensions and 

nomenclature of the specimens. All the 
specimens were cut from commercial panels 
coming from the same batch.  

Table 1: Types and dimensions of the plasterboard 
sandwich panels. 

Thickness in mm.
Type
e-E-e

Faces: plasterboard Core: mineral 
wool

10-50-10 10 50
10-60-10 10 60
12-50-12 12 50
12-60-12 12 60
e= thickness of plasterboard (mm) 
E= thickness of rock wool (mm) 

The size effect study was performed with 
the 50-12-50 specimens. Table 2 shows the 
dimensions of the specimens for the size effect 
study. 

Table 2: Size effect (Specimen dimensions) 
Panel Height (mm.) Length (mm.)

12-50-12
74 314.5

150 637.5
290 1232.5

2.2 Experimental Procedure 
The mixed fracture under a three-point 

bending test was performed according to the 
procedure proposed by the authors [4]. To 
guarantee mixed mode loading conditions, the 
load P was applied to the specimens under 
non-symmetric boundary, as shown in Figure 
3. Figure 3 also shows the dimensionless 
geometry of the specimens. To avoid the local 
crushing of the specimens on the support 
areas, ground plates of aluminium were 
inserted between the roller and the specimen. 
The support device allowed free rotation out of 
the plane of the beam and guarantee negligible 
friction rolling in the longitudinal direction of 
the beam. 

The tests were performed with a servo-
controlled testing machine of 1000kN at 
maximum load. An extensometer, with 2.5mm 
travel and 0.1 percent error at full-scale 
displacement, was used to measure the 
CMOD. The tests were performed in CMOD 
control, at a rate of 0.04 mm/min. 

The recorded parameters were load P, 
vertical displacement of the actuator and 
CMOD. Figure 4 shows a specimen under 
mixed mode fracture testing. Twelve 
specimens were tested, three for each type of 
specimen. 

For the size effect study, the testing 
arrangement was lightly modified due to the 
large dimensions of the largest specimens 
(maximum load exceeded the capacity of the 
testing machine). Table 2 shows the 
dimensions of the specimens used in the size 
effect study. Figure 5 shows the dimensionless 
geometry of these specimens. Six specimens 
were tested, two for each size. 
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Figure 3: Testing arrangement, geometry and 
dimensions of the fracture specimens under mixed 

mode loading conditions. 
 

 
Figure 4: Sandwich panel specimen, under mixed 

mode fracture testing. 

Figure 5: Size effect. Testing arrangement, 
geometry and dimensions of the fracture specimens 

under mixed mode loading conditions. 

Figure 6 shows one of the largest specimens 
under testing. 

3 EXPERIMENTAL RESULTS 
The obtained experimental results are quite 

stable and repetitive for both testing 
geometries, as may be seen, for example, in 

the load versus displacement curves shown in 
Figures 7 and 8.

Figure 6: Sandwich panel specimen, under mixed mode 
fracture testing. Specimen of 150 mm height. 

Figure 7: Fracture experimental results of the 
mixed mode fracture. 
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4 NUMERICAL MODEL 
The numerical procedure adopted is based 

on the finite element method. This reproduces 
the fracture process of sandwich panels of 
plasterboard and rock wool under mixed 
loading, by using an embedded cohesive crack 
based on the strong discontinuity approach [5]. 
The model has previously been successfully 
used for the simulation of mixed mode fracture 
of brickwork masonry by Reyes et al. [6], 
where a detailed description of the model is 
collected. 

The numerical approach is incorporated in 
the commercial finite element code 
ABAQUS©, by means of a user subroutine for 
the material (UMAT). In summary it can be 
said that the model uses constant strain 
triangles which are capable of cracking when a 
failure criterion is reached by introducing a 
jump displacement inside, as Figure 9 
schematically shows. In this work a Rankine 
criterion is used. 

These finite elements with embedded 
cracking are used to simulate the mixed mode 
bending tests, by introducing the mechanical 
properties of the panels obtained in previous 
works [7], as summarised in Table 3. For 
modeling an exponential type of softening 
curve has been used. 

The geometry of the models are adapted to 
the outline of the Figures 3 and 5, and their 
dimensions are as shown in Table 2 and Table 
4. 

Table 3: Mechanical properties of sandwich panels. 

Panel GF (N/m) ft (MPa) E (MPa)
Aver. (σ) Aver. (σ) Aver. (σ)

10-50-10 437 (80.01) 1.08 (0.19) 140 (9.20)
10-60-10 919 (142.5) 1.17 (0.14) 113 (13.6)
12-50-12 463 (128.5) 1.13 (0.24) 126 (11.4)
12-60-12 548 (118.3) 1.01 (0.09) 107 (20.1)

Table 4: Mixed Mode Panels (Specimen dimensions) 
Panel Height (mm.) Length (mm.)

10-50-10 70 297.5
10-60-10 80 340.0
12-50-12 74 314.5
12-60-12 84 357.0

Firstly the numerical model is used to 
simulate the mixed mode bending tests of the 
panels described in Table 1. The numerical 
load versus displacement curves are compared 
with those obtained in the experimental tests, 
with a good fit being obtained as that shown in 
Figure 10.  

Figure 8: Size effect. Fracture experimental results 
of the mixed mode fracture. 
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(c)Figure 9: Constant strain triangles: a) global 
coordinate system x-y and locals coordinate n-t; b) 

normal and tangential components of the 
displacement jump. 

Subsequently, the 12-50-12 panels with two 
different sizes, 150 and 290 mm of height, 
were simulated with the aim of studying the 
size effect. In addition, in this case the 
numerical curve predicts the experimental 
records, as Figure 11 shows, with accuracy. 
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Figure10: Experimental records and numerical 
prediction of mixed mode fracture test. 

Figure 10 (cont.): Experimental records and 
numerical prediction of mixed mode fracture test. 

Figure 11: Size effect. Experimental records and 
numerical prediction of mixed mode fracture test. 

Figure 12 compares the crack trajectories 
obtained by means of the numerical model and 
in the mixed mode fracture experimental tests. 
It may be noted that the numerical model 
properly predicts the experimental crack path. 
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Figure 12: Experimental records and numerical 
prediction of mixed mode crack paths. 

Finally, Figure 13 shows the deformation of 
the mesh used in the simulation of a panel 
sandwich specimen of 12-50-10 and 150 mm 
height under mixed mode loading.  
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Figure 13: Finite elements deformed mesh of a 
panel sandwich specimen under mixed mode 

loading conditions. 

5 SIZE EFFECT 
Figure 14 shows the graph of the size 

effect, with error bars, corresponding to the 
values obtained for the different samples with 
74, 150 and 290 mm of height. 

In the graph the values of the height are 
parameterised with the characteristic length of 
the material, Bazant and Planas [8], and the 
nominal stress with the ultimate stress. The 
required values were obtained from previous 
works [7]. 

Figure 14: Size effect. Specimen of 70 – 150 y 
290 mm of height. 

6 CONCLUSIONS 
The cohesive crack model, implemented in 

finite elements with an embedded crack, 
provides a good approximation of the mixed 
mode fracture behaviour of sandwich panels of 

plasterboard and rock wool. The prediction 
provided by the proposed numerical model 
adequately reproduces the experimental 
results, as Figures 7, 10 and 12 show. This 
procedure could be used to study the limitation 
of the deflection of slabs to prevent cracking 
of sandwich panel partitions. 

The size effect of this material is 
appreciable, given the different mechanical 
properties of the two components of the panel. 
It is possible to appreciate a change in the 
mechanical behaviour from which it may be 
deduced that for small specimens the dominant 
material is plaster, whereas in the case of the 
large it is the rock wool. 

Given that it uses as input variables the 
mechanical and resistant properties of the 
sandwich panel obtained from experimental 
tests, which are different and separated from 
the simulated mixed mode fracture tests, the 
proposed numerical model is predictive. In this 
work the authors have used as input variables 
the properties measured for the material in 
previous studies. 
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Abstract: This paper focuses on the prediction of edge debonding for a concrete beam retrofitted 

with a fiber-reinforced polymer plate. This failure mechanism, also known in the literature as plate-

end debonding, stems from the concentration of interfacial stresses arising at the termination of the 
strengthening plate. Early models of edge debonding adopted failure criteria based on interfacial 

stresses. However, due to the typically catastrophic nature of this failure mechanism, approaches 
based on linear elastic fracture mechanics (LEFM) are becoming increasingly established. In this 

paper, the problem is addressed by means of the cohesive crack model. This model is able to bridge 
the gap between the stress- and the energy-based approaches and nevertheless has been used in a 

very limited number of analytical studies to date. Based on a cohesive interface law with linear 
softening, closed-form solutions for the interfacial stresses and the load-displacement curves, as 

well as for the ultimate load, are derived. A parametric analysis shows that for sufficiently brittle 

interfaces both snap-back and snap-through instabilities may arise. As the interface ductility 

increases, the snap-back disappears and finally a monotonic load-displacement curve is obtained. 

LEFM is shown to provide unconservative estimates, which justifies the need for the proposed 

approach. 
 

1 INTRODUCTION 

Among the strengthening techniques for 

civil engineering structures and in particular 
for concrete structures, bonding of fiber-

reinforced polymer (FRP) sheets is nowadays 

widely employed. The advantages of this 

technique are several. FRP laminates are easy 

to install and cause a minimal increase in size 

of the structure; furthermore, they possess high 

strength, light weight and excellent durability. 

The structural behaviour of FRP-

strengthened members is substantially 

different from that of the original 

unstrengthened members and, even more 
importantly, new failure modes may occur [1-

2]. Among the observed failure modes, the so-

called edge debonding of the FRP plate (also 

known as plate-end debonding) deserves a 

special attention because of its catastrophic 

nature. The present paper focuses on the 

analytical prediction of this failure mechanism. 

Early predictive models of edge debonding 

failure were based on setting limits for the 

stresses at the FRP-concrete interface [3-4]. 

However, because of the brittleness of the 

debonding process, an energy approach seems 
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to be more effective, since stress-based failure 

criteria are more suitable for gradual and 

ductile failures. Energy-based fracture criteria 

have been recently proposed by Rabinovitch 

[5], Colombi [6] and Carpinteri et al. [7] by 

applying the Linear Elastic Fracture 

Mechanics (LEFM) concept of strain energy 

release rate. 

With the objective to bridge the gap 

between the stress- and energy-based 

approaches, in the present paper the problem is 

addressed by means of the cohesive crack 

model. While several investigations on the 
debonding process in FRP-concrete joints 

subjected to pure shear have adopted the 
cohesive crack model either in analytical [8-

12] or in numerical form [13-14], limited 
studies have been conducted on cohesive crack 

modeling of interfacial stresses in plated 
beams [15-18]. While Refs. [15] and [18] 

focus on numerical methods, Refs. [16] and 

[17] present the first cohesive crack analytical 

solutions for edge debonding of a beam under 

three-point bending (TPB) and constant 

bending moment, respectively. 

The present work focuses on edge 

debonding of an FRP strengthened beam under 

a TPB loading condition, extending previous 

results given in Carpinteri et al. [7] and De 

Lorenzis & Zavarise [16]. After derivation of 

the interfacial stresses during the various 

stages of the interfacial behavior, the attention 

is focused on the load vs. mid-span deflection 
curves, thereby highlighting the possible 

occurrence of snap-back and snap-through 
instabilities. A closed-form implicit formula 

for the value of the load causing unstable 

propagation of the debonding crack according 

to the cohesive model is derived and 

discussed.  

Throughout this paper, linear-elastic 

behavior for all materials is assumed and all 
non-linearities are concentrated at the 

interface. While being an oversimplification of 
the actual behavior, this assumption is suitable 

to highlight the essential features of the 
debonding process and the role played by the 

most significant variables.  
 

 

G hb 

hr x 

xG 

y 

tb 

Reinforcement (r) 

Beam (b) 

tr 

yG 

 

Figure 1: Geometry of the strengthened cross 
section. 

2 EQUIVALENT BEAM MODEL AND 

LINEAR ELASTIC FRACTURE 

MECHANICS 

The easiest model for plated beams is the 

so-called equivalent beam (EB) model, based 

on the assumption of a planar cross section for 

the whole structure. Let us refer to a beam 

with a rectangular cross section (Fig. 1) 

strengthened by an FRP strip at its bottom. In 

the following, the quantities with subscript “b” 

refer to the beam to be strengthened and the 

ones with subscript “r” to the reinforcement. 

Thus Eb, Er are the Young moduli of the beam 

and of the reinforcement; hb, hr are their 
respective thicknesses; tb and tr their widths. 

The mechanical percentage of reinforcement is 
therefore: 

bbb

rrr

thE

thE
=ρ  (1) 

Usually, the thickness of the FRP strip is at 
least two orders of magnitude smaller than the 

beam height. Hence, when computing the 
centre of gravity and the moment of inertia of 

the reinforced section, the powers of the hb/hr 

ratio with exponent greater than or equal to 

two can be neglected if compared to unity. 

Thus the position yG of the centre of gravity of 

the reinforced section (with respect to the 

bottom of the beam) and its moment of inertia 

(with respect to the xG axis) read (Fig. 1): 

590



P. Cornetti, M. Corrado, A. Carpinteri and L. De Lorenzis 

 3

)1(2

b
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where Ib = tb hb
3
 / 12 is the moment of inertia 

of the plain beam section. 

 

z 

y 

G 

 P/2 

zr 

l 

a 

 

Figure 2: An FRP-strengthened beam in a three point 
bending configuration. Symmetry is exploited to 

study only half of the structure. 

Let us consider a TPB geometry (Fig. 2). 

The beam span is 2l and P is the concentrated 

load. The length of the FRP strip (i.e. the 

initial bond length) is 2zr. If z is the axial 

coordinate with origin at the beam mid-span, 

on the left side of the beam the shear force is T 

= P/2 and the bending moment is M = −P(l–
z)/2.  

For fixed load conditions, the strain energy 
release rate is given by the derivative of the 

strain energy with respect to the crack area A, 

which is equal to the product of the crack 

length a times its width tr. Hence, the 
equivalent beam model yields: 
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Hence, by eqn (2): 

b
3
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2
r

2
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)41(2
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zlP −
ρ+

ρ
=  (4) 

According to LEFM, debonding occurs 
whenever   reaches its critical value c, i.e. 

the fracture energy. The failure load PLEFM is 

therefore: 

rrc
r

br
LEFM 2

3

41
hE

zl

ht
P 

−ρ

ρ+
=  (5) 

Eqn (5) shows that the debonding process is 
unstable, since the load causing the FRP 

debonding decreases as the bond length zr 
decreases. This catastrophic behavior, typical 

of plated beams failing by edge debonding, 

explains the considerable attention of 

researchers on this failure mechanism. In the 

following sections, a new estimate for the edge 

debonding load will be given on the basis of a 

more refined, although still analytical, model. 

It will also be shown that the LEFM estimate 

(5) is an upper bound. Thus, although LEFM is 

able to provide by a simple formula a rough 

estimate of the debonding load, it must be 

emphasized that this value does not represent a 

conservative prediction. 

According to the EB model, the elementary 
beam theory provides the following value for 

the mid-span deflection vEB: 


















 −

ρ+
ρ

+=
3

r

b
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48

)2(

l

z

IE

lP
v  (6) 

where the term outside the square bracket 

represents the mid-span deflection if the beam 
were reinforced over the whole span; or, 

equivalently, the second term inside the square 
bracket represents the relative increment of 

deformability due to a bond length zr shorter 

than the beam length l. 

For an ideal test where it is possible to 

control the advancement of the debonding 

crack (i.e. zr), the load-displacement curve is 

simply given by eqns (5) and (6) (provided 

that eqn (5) is substituted into eqn (6)) while 

the bond length decreases from its initial value 

to zero. A typical plot is drawn in fig. 3, where 

the load and the displacement have been 

normalized by their respective values at the 

onset of debonding. After a linear elastic 

loading phase, debonding starts and it ends 

when the FRP plate is completely detached. 

Then the load can increase again, the loading 

curve being now represented by the straight 

line characterizing the linear elastic behavior 
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of the unstrengthened beam. Up to a 

multiplicative factor, the area between the 

thick curve and the dashed line represents the 

energy spent to separate the reinforcement 

from the beam. It is evident that a snap-

through instability occurs if the test is load-

controlled and that a snap-back instability 

takes place if the test is mid-span 

displacement-controlled. 
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Figure 3: Dimensionless load vs. displacement curve 
according to LEFM (ρ = 0.4, zr/l = 0.7). 

3 GOVERNING EQUATIONS 

The EB model presented in the previous 
section does not take into account the interface 

compliance nor its softening behavior. It is 
easily argued that, wishing to tackle the 

debonding process, a more realistic description 
of the FRP-concrete interface is needed. Since 

our goal is the development of an analytical 
model, we introduce the simplifying 

assumption that the interface works as a shear 

lag, i.e. it transfers stresses from the beam to 

the FRP reinforcement by means of tangential 

stresses only. In other words we are neglecting 

the peeling stresses, an assumption that in the 

present geometry appears reasonable due to 

the small bending stiffness of the FRP 

reinforcement. 

While in the EB model the section of the 

composite beam is assumed to be planar, in the 

present model cross sections remain planar 

after deformation only inside the beam: 

( ) ( ) ( ) yzzwz,yw bb0b ϕ+=  (7) 

where wb is the axial displacement field of the 

beam, ϕb is the rotation of the cross section at 
the distance z from the mid-span and wb0 is the 

axial displacement of the points at the bottom 

of the beam. Denoting by εb and εr the strains 

of the beam and the reinforcement, 

respectively, and by wr the axial displacement 

of the reinforcement, the assumption of a 

linear elastic behaviour for concrete and the 

reinforcement yields: 
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where χb is the beam curvature and εb0 is the 

strain at the beam intrados. On the other hand, 

the shear stress τ(s) at the interface is assumed 

to be a function (which will be specified in the 
next section) of the relative displacement s 

between the FRP and the beam intradox: 

r0b wws −=  (10) 

The normal stress distribution along each 

cross section has to be equivalent to the axial 
force (which is equal to zero) and to the 

bending moment M. In formulae: 

0d rr

0

b

b

=σ+σ∫ htyt r
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where the contribution of the reinforcement to 

the bending moment has been neglected due to 

its small thickness. Substituting eqns (8-9) into 
eqns (11-12), two algebraic equations are 

obtained from which it is possible to express 
the strain at the bottom of the beam and the 

beam curvature as a function of the strain in 
the FRP: 
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It is now convenient to express all the 

unknown variables as functions of the relative 

displacement s. Deriving eqn (10) and using 
eqn (13) yields: 
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The longitudinal equilibrium equation of 

the FRP strip is: 

0)(
d

d r
r =τ+

σ
s

z
h  (16) 

Deriving eqn (15) and substituting the result 

into eqn (16) together with eqn (9), the final 

governing second order differential equation in 

the unique unknown variable s is obtained: 
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4 COHESIVE LAW OF THE 

INTERFACE 

The interface is assumed to be 

macroscopically described by the τ vs. s 

function. Such a relation takes into account the 
shear deformability and the progressive 

damage mechanisms taking place both in the 

adhesive layer used to bond the FRP sheet to 

the concrete, and in the superficial layer of the 

beam involved by the interfacial stress transfer 

[13]. 

Here we assume that the mechanical 

behavior of the interface can be satisfactorily 

described by a bi-linear law as represented in 

Fig.4: τp is the peak stress, sp the 

corresponding relative displacement and sf the 
final relative displacement, i.e. the value after 

which the reinforcement is considered 
completely detached from the concrete beam. 

The initial (elastic) stiffness of the interface is 

denoted by k = τp/sp and the interfacial fracture 

energy is equal to c = τpsf / 2. Introducing the 

ratio µ = sf /sp and the dimensionless relative 

displacement δ = s/sp, the cohesive law can be 

given analytically as: 











µ>δ

µ≤δ<
−µ

δ−µ

≤δ≤δ

=δ=
τ

τ

 if           ,0

1 if   ,
1

10 if          ,

)(
p

f  (18) 

By normalizing the axial coordinate and the 

length of the FRP with respect to the beam 

length, i.e. ζ = z / l and ζr = zr / l, and the load 

with respect to the LEFM estimate (5), i.e. Π = 
P / PLEFM, the governing equation can be set in 

dimensionless form as: 

Π
ζ−

µα
−=δα−

ζ

δ

r

2

2

2

1
)(

d

d
f  (19) 

where the dimensionless parameter α depends 

on the geometric and elastic properties of the 

materials. It is worth observing that, up to the 

factor (1+4ρ), α2
 can be seen as the ratio 

between the tangential stiffness of the interface 

and the axial stiffness of the reinforcement: 

rr

2
2 )41(

hE

lk
ρ+=α  (20) 

1

1

 

Figure 4: Interfacial cohesive law with linear 
softening. 

5 ANALYSIS OF THE INTERFACE 

BEHAVIOR 

In this section we analyze the evolution of 

the stress and displacement fields along the 

interface during loading. This process consists 

in three stages: the elastic stage, the elastic-

softening stage and the elastic-softening-
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debonding stage. 

5.1 Elastic stage 

During the first stage the whole length of 

the interface is in the elastic regime (δ < 1). 
The boundary conditions prescribe a null 

relative displacement at the mid-span (because 

of symmetry) as well as a vanishing axial 

stress in the reinforcement at its edge, i.e. εr = 
0 at z = zr. By means of eqn (15), the 

differential problem (19) becomes:  









µαΠ=ζδ′=δ

ζ≤ζ≤Π
ζ−

µα
−=δα−

ζ

δ

)(  0,(0)

0, 
1d

d

r

r
r

2

2

2

 (21) 

yielding: 

[ ]








αζ
ζ−ζα−αζζ−α

+⋅

⋅
ζ−α

µΠ
=ζδ

)cosh(

)(cosh))sinh(1(
1

)1(
)(

r

rr

r
 (22) 

It is evident that the interfacial relative 

displacement, as well as the shear stress, 

increase monotonically along the axial 

coordinate, reaching the maximum value at the 

FRP edge. Since the interface is still 
completely elastic, the stress and displacement 

fields are both proportional to the applied load. 
The elastic stage ends when the shear stress 

reaches the peak value of the cohesive law, i.e. 

when δ(ζr) = 1. We denote by Πel the 

corresponding limit elastic load, which, 
according to eqn (22), is equal to: 

[ ]1))sinh(1()cosh(

)cosh()1(

rrr

rr
el

−αζζ−α+αζµ

αζζ−α
=Π (23) 

5.2 Elastic-softening stage 

Once the interfacial shear stress reaches the 

peak value at the termination of the plate,  the 

interface enters the elastic-softening stage and 

the shear stress peak starts moving from the 

edge towards the mid-span. We denote the 

(dimensionless) position of the peak by ζ . 

This parameter controls the debonding 

process. During the elastic-softening stage,  ζ  

decreases from ζr to ζ23, the latter being the 
value (computed later) at which the second 

stage ends and the third one begins. 

During this second stage, the central portion 

of the reinforcement is still in elastic 

conditions, whereas the regions close to the 

edges have entered the softening regime but 

are not yet debonded from the substrate. It is 
therefore necessary to solve two differential 

problems. The first one refers to the elastic 
zone: 









=ζδ=δ

ζ<ζ≤Π
ζ−

µα
−=δα−

ζ

δ

1)(  0,(0)

0, 
1d

d

r

2
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with solution: 
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=ζδ

)sinh(

)](sinh[)sinh(
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 (25) 

The second problem holds for the softening 

zone. Hence the second branch of the 
interfacial cohesive law (18) must be inserted 

into the governing eqn (19), while the second 

boundary condition coincides with the one 

holding for the elastic stage: 
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ζ−
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with solution: 

{

[

] })(cos)(cos

)(sin)1(
)1(

)(cos
)(cos

1
)(

r2r2

2r2

r2
r2

ζ−ζα−ζ−ζα+
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ζ−α
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+ζ−ζα
ζ−ζα

−µ
−µ=ζδ

r

 
(27) 

where, for the sake of simplicity, we 

introduced the quantity α2 = α / √(µ−1). 

At the elastic-softening stage the load 

corresponding to each value of ζ  is 

determined by the condition of stress 

continuity in the FRP at the boundary between 

the elastic and softening regions. According to 

eqn (15), this condition corresponds to 
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enforcing the continuity of the first derivative 

of the displacement field at ζ=ζ , i.e.: 

)()( rr
−+ ζσ=ζσ    ⇒   )()(

−+ ζδ′=ζδ′  (28) 

which yields: 

1

r2

r2r

r

)]ctanh()](tan[1

)csech()]()sec[1(
1

)1(

−













ζα+ζ−ζα−µ

ζα−ζ−ζαζ−α
+⋅

⋅
µ

ζ−α
=Π

(29) 

The maximum load Πmax is attained during 

the elastic-softening stage. In order to compute 

the position ζmax of the peak stress at which the 

load reaches its maximum value, it is sufficient 
to compute the first derivative of eqn (29) and 

set it to zero. Analytical manipulations lead to 

the following simple implicit equation in ζmax: 

1)](tan[)tanh( maxr2max −µ=ζ−ζαζα  (30) 

which has to be solved numerically for roots in 

the range ζ23<ζmax<ζr. The maximum load is 

finally computed by setting maxζ=ζ  in eqn 

(29). Note that, in case of multiple solutions, 

the largest root (i.e. the closest to ζr) has to be 

considered when solving eqn (30). On the 

other hand, the possible absence of a solution 

means that the load increases monotonically 

during the debonding process and no snap-

through instability arises (see Section 6). 

In many practical cases, the quantity (α × 

ζmax) is much larger than unity, so that the 

hyperbolic tangent in eqn (30) can be set equal 

to 1 in engineering calculations. Hence, from 

eqn (30) the value of ζmax can be achieved 
explicitly. Its substitution in eqn (29) provides 

the following approximate expression of the 
debonding load:  

1

rLEFM

max
max

)1(
1

−













ζ−α

µ
+≅=Π

P

P
 (31) 

Since the right hand side is always smaller 
than unity, we conclude that the critical load 

estimate provided by LEFM is always larger 
than the one given by the cohesive crack 

model. The unconditional application of 
LEFM is therefore potentially dangerous. Note 

that the difference between the two predictions 

vanishes for an infinitely stiff interface 

(α→∞), while it is more pronounced for 

relatively ductile interfacial behavior (high µ 

value). 

Eqn (31) was already derived in [16]. With 

respect to the exact value given by eqns (29-

30), eqn (31) yields very accurate results 

provided that the softening branch after the 

peak is relatively sharp. For a mild softening 

branch, peak load predictions by eqn (31) are 

less accurate, finally becoming physically 
meaningless in case of a monotonically 

increasing load, i.e. when the peak disappears. 
However, this condition is met only for rather 

ductile interfaces, as will be shown in Section 
6. 

 5.3 Elastic-softening-debonding stage 

The third and last stage begins when the 

relative displacement at the FRP edge reaches 

the maximum value sf, after which the 

reinforcement is completely detached from the 
concrete support. In dimensionless form, the 

debonding starts when δ(ζr) = µ. According to 

eqns (27) and (29), this condition is met when 

the position ζ  of the peak load is the root of 

the following equation: 

)]ctanh()](tan[1

)csech()]()sec[1(

)](cos[)]()sin[1(

r2

r2r

r2r2r

ζα+ζ−ζα−µ

ζα−ζ−ζαζ−α
=

=ζ−ζα−ζ−ζαζ−α

 (32) 

where, in case of multiple roots, the largest 

value (denoted as ζ23) has to be taken. 

During the third and last stage, the initial 

coordinate of the detached portion of the plate 

moves gradually from the FRP edge towards 

the mid-span. Correspondingly, the position 

ζ of the stress peak travels from ζ23 to 0. 

However it is not necessary to solve any 

additional differential problem, since the 

solution is the same as in a strengthened beam 

of reduced reinforced length at the end of the 

second stage. 

From a computational point of view, this 

stage can be followed by letting ζr (which is 
now the controlling parameter) vary from the 

initial value to 0. The corresponding position 
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ζ  of the peak stress is hence obtained by 

solving eqn (32) for any ζr value and the 

related load is given once more by eqn (29). 

Care needs to be taken in normalization: since 

the dimensionless load provided by eqn (29) 

refers to the actual reinforcement length zr,act, 

the load normalized with respect to eqn (5) 

(related to the initial reinforcement length zr) is 

achieved multiplying the result by the ratio 

(l−zr,act)/(l−zr). 

6 LOAD VS. DISPLACEMENT CURVE 

AND POST-PEAK INSTABILITIES 

Aim of the present section is to obtain the 

load vs. mid-span displacement curve for a 

strengthened beam under TPB during the 

different stages of the interfacial behavior. In 

order to evaluate the mid-span deflection we 

start from the beam curvature χb, which, 

according to eqns (14) and (15) is given by: 
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s
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d
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By integration we obtain the rotation ϕb of the 

generic cross section as: 









+

ρ+−
ρ+
ρ−

=ϕ )(
)1)(2/(

)41(
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Neglecting shear deformability in the 

concrete beam, ϕb = −v′. The transverse 

displacement is thus given by: 

∫ϕ−=
l

z

zzzv )d()(  (35) 

The desired value of the mid-span 

deflection is obtained for z = 0. For the sake of 

simplicity we denote simply with v this value, 
equal to: 

ζζδ
ρ+

ρ
+=== ∫ d)(

41
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48
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bb

3

s
h

l

IE

lP
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where the first term on the right-hand side 

represents the mid-span deflection that would 
be obtained from the EB model if the beam 

were strengthened over its entire length. Some 
analytical manipulations allow us to rewrite 

eqn (36) as: 














ζδζ−+ζζδ

ρ+
ρ

+= ∫
ζ

)()1(d)(
41

6
rr

0b

p
EB

r

h
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where now the first term is exactly the mid-
span displacement given by the EB model (see 

eqn (6)). The second term is the increment in 
deformability due to the compliance of the 

interface. Obviously, for an infinitely stiff 

interface, the relative displacement vanishes (δ 

≡ 0) and the mid-span deflection coincides 

with the one predicted by the EB model. 
The mid-span displacement is finally 

computed, for the various behavioral stages of 

the interface, upon substitution of the relative 

displacement field δ(ζ) (eqns (22), (25) and 
(27)) into eqn (37). It is worth noting that, 

during the second and third stages, the integral 

has to be split into two parts, one for the 

elastic and one for the softening regions: 

ζζδ+ζζδ=ζζδ ∫∫∫
ζ

ζ

ζζ

d)(d)(d)(

rr

00

 (38) 

The integrals in eqn (38) can be easily 

computed analytically. Since their explicit 
expressions are rather long, they are omitted 

herein but will be provided integrally in a 
forthcoming paper. 

As done in Section 2, the load and the mid-

span deflection can be normalized with respect 

to their values at the onset of debonding 

evaluated according to LEFM. While the 

LEFM curve depends only on the relative 

bond length ζr and the mechanical 

reinforcement fraction ρ (which govern the 
difference in slope between the initial 

strengthened configuration and the final 

unstrengthened geometry), the load vs. 

displacements curves obtained by the cohesive 

crack modeling depend also on the 

dimensionless parameters α (eqn (20)) and µ 

(eqn (18)). While the former one is a function 

of the geometric and elastic properties of the 

materials, the latter one (µ ≥ 1) describes the 

structural behavior of the interface (µ = 1 
describing an elastic-perfectly brittle interface 

and µ → ∞ an elastic-perfectly plastic 

interface). In this preliminary parametric 
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analysis, we investigate the effect of this 

second parameter, fixing the other ones to the 

following values: ρ = 0.4; ζr = 0.7; α = 10. 

The relatively high and somehow unrealistic ρ 

value has been chosen to emphasize the 

difference between the initial and final elastic 

stiffness, so that the plots are easier to 

understand. 

For the parameter µ we chose the following 
values: 6, 12, 24. The corresponding 

interfacial cohesive laws are plotted in Fig. 5, 

denoting a more ductile behavior as µ 

increases. 
 

1 2 3 4 5 6 7

0.2

0.4

0.6

0.8

 

Figure 5: Interfacial cohesive law with fixed elastic 
stiffness and fracture energy: µ = 6 (thin line), µ = 12 

(dashed line), µ = 24 (thick line). 

The three load vs. mid-span deflection 

curves corresponding to the three µ values are 

plotted in Fig. 6. In each figure, the LEFM 

prediction has also been plotted for the sake of 

comparison. It is evident that the cohesive 

crack model predicts a less brittle response 

with respect to LEFM, thus evidencing a less 

catastrophic structural behavior. However it is 

worth noting that the peak load (a local 

maximum in this case, the beam material being 
considered infinitely strong) is always lower 

than the one predicted by LEFM, whose 
application must hence be considered as 

unconservative. Note also that the present 
cohesive model collapses onto the LEFM 

model for µ→1 (elastic-perfectly brittle 

interface) and α→∞ (infinite stiffness 

interface). 
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Figure 6: Load vs. displacement curves for µ = 6 (a), µ 
= 12 (b) and µ = 24 (c). The arrows denote possible 

instabilities according to the test control. 
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Figure 7: Dimensionless load vs. displacement curves 

for µ = 6, 12, 24. 

In Fig. 6 the lines referring to the elastic 

stage are marked in green; the blue portions of 

the curves correspond to the elastic-softening 

stage (where the peak is achieved); the red 

branches are related to the elastic-softening-

debonding stage. Since the fracture energy is 

fixed (see Fig. 5), the area between the load-

displacement curves and the straight line 

corresponding to the unreinforced structure is 

the same for all curves, being proportional to 
the energy spent to obtain the complete 

detachment of the FRP plate from the concrete 

substrate. 

As far as the post-peak instabilities are 

concerned, we note that for sufficiently brittle 

interface (e.g. for µ = 6, see Fig. 6a), both the 

snap-back and the snap-through instabilities 

may occur, since the softening branch contains 

a region with positive slope. The slope of the 

softening branch becomes entirely negative for 

µ11, therefore only the snap-through 

instability appears if the test is load-controlled 

(see Fig. 6b, where µ = 12). For higher µ 

values (µ21), the load-displacement curve is 

monotonically increasing and no instabilities 

are to be expected (as in Fig. 6c, where µ = 

24). For the sake of comparison, in Fig. 7 the 
three load-displacement curves have been 

plotted on the same graph. 

7 CONCLUSIONS 

In this paper we presented an analytical 

approach for prediction of the edge debonding 
of a thin FRP plate from the soffit of a 

concrete beam. The approach is based on 
cohesive crack modeling of the interface 

between FRP and concrete. The analysis is an 
extension of previous results of the same 

authors [7, 16], but it can also be seen as an 
extension of previous studies dealing with the 

(simpler) pull-push geometry (e.g. [8]) to 

debonding failure under TPB loading. 

After deriving the analytical expressions of 

the relative displacement between the 

reinforcement and the beam intrados, the 

attention was focused on the global structural 

behavior of a strengthened beam under TPB, 

as well as on the instability mechanisms that 

may occur. We further showed that simple 

LEFM predictions of the failure load are 

unconservative, thus justifying the need for the 

proposed more refined approach. 
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Abstract: In the present paper we analyze the competition between different failure mechanisms 
in fiber reinforced polymer (FRP) strengthened beams. Attention is focused on a three-point 
bending test of a concrete specimen reinforced by a FRP strip at the bottom. We analyze the 
competition between the growth of a flexural crack in the concrete beam along its mid-span cross 
section and the growth of a debonding crack along the concrete-FRP interface starting from the 
mid-span. This latter phenomenon is usually referred to in the literature as intermediate crack-
induced debonding (IC-debonding). For what concerns the IC-debonding, the crack growth is 
described by an analytical approach based on Linear Elastic Fracture Mechanics (LEFM). This 
choice corresponds to assume an interface between FRP and concrete with an elastic-perfectly 
brittle behavior and is justified by the brittleness of the debonding phenomenon. On the other hand, 
the flexural crack is modeled numerically by means of a cohesive crack, since the cohesive zone 
model is believed to be more effective to describe crack propagation in the cementitious matrix. The 
two failure mechanisms are connected since the force in the FRP reinforcement tends to avoid the 
opening of the flexural crack and, vice-versa, the presence of the flexural crack induces a force 
increment in the FRP strip that can cause the delamination. Furthermore, the model is also extended 
to take the concrete crushing failure into account by means of the overlapping crack model, recently 
developed to describe this failure mode in reinforced concrete beams. The competition and interplay 
between the different failure modes, as well as the effect of the relevant parameters on the structural 
behavior, are analyzed in terms of load-displacement curve. 

 

1 INTRODUCTION 
Structural rehabilitation is required 

whenever design mistakes, executive defects 
or unexpected loading conditions are assessed. 
Retrofitting techniques may be required in 
order either to increase the load carrying 
capacity of the structure, or to reduce its 
deformations. Among the different 
rehabilitation strategies, bonding of FRP strips 
is becoming more and more popular, 
especially for what concerns concrete 
structures [1]. The advantages of this 

technique are several. FRP strips are versatile, 
easy to install and cause a minimum increase 
in dimension; furthermore, they have a high 
strength, a light weight and a long durability. 

The structural behavior of FRP-
strengthened members is substantially 
different from that of the original 
unstrengthened structures and, even more 
important, new failure modes may occur. 
Generally speaking, we can list six different 
failure mechanisms: concrete cover separation, 
Plate End (PE) debonding, Intermediate Crack 
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(IC) induced debonding, beam failure due to a 
critical diagonal (shear) crack (CDC), concrete 
crushing at the extrados, FRP rupture. 

Among the various failure modes observed, 
a special interest has been recently devoted to 
the PE debonding of the FRP because of its 
brittle and catastrophic features, the 
propagation of the interfacial crack being 
highly unstable. It is worth noting that PE-
debonding of the reinforcement strip is a 
failure mechanism that may occur both in 
concrete as well as in metallic FRP-
strengthened beams. On the other hand, 
concrete beams may fail because of an 
interfacial crack in its turn induced by a 
flexural crack inside the concrete member. 
This failure mechanism is named IC-
debonding and is characterized by an 
interfacial crack running toward the edge, i.e. 
in the opposite direction with respect to what 
happens in the PE-debonding failure 
mechanism. 

For what concerns the PE-debonding, 
several models have been proposed to evaluate 
the interfacial stresses at the edge of the FRP 
plate. An accurate review of these models can 
be found in [2]. However, because of the 
brittleness of the debonding process, an energy 
approach seems to be more effective. In this 
respect, Linear Elastic Fracture Mechanics 
(LEFM) has been applied to analyze PE-
debonding by Rabinovitch [3] and, more 
recently, by Carpinteri et al. [4,5], where the 
rising of snap-back and snap-through 
instabilities according to test control have been 
highlighted. 

In order to take into account also the IC-
debonding, the model was later extended [6] 
by applying LEFM to a retrofitted beam 
where, for the sake of simplicity, the concrete 
cross section is completely cracked. Although 
in practical cases this situation is never met, at 
least before loading, it is worth observing that 
in laboratory tests sometimes a fully cracked 
three-point bending (TPB) beam is used [7]. 

The aim of the present paper is twofold. 
Firstly, to extend the result presented in 
Carpinteri et al. [4-6] for an arbitrary value of 
the relative flexural crack depth, whose value 
strongly affects the IC-debonding load. Then 

to couple this model with a detailed analysis of 
the central beam segment based on the 
cohesive [8] and overlapping [9] crack models. 
This analysis allows detecting the growth of 
the flexural crack and its interplay with the 
propagation of the IC-debonding crack. 
Furthermore, the overlapping crack model 
provides also the conditions for describing the 
occurrence of concrete crushing at the beam 
extrados. The competition and interplay 
between the different failure modes, as well as 
the effect of the relevant parameters on the 
structural behavior, are finally analyzed in 
terms of load-displacement curve. 

2 ANALYTICAL MODEL FOR IC- AND 
PE-DEBONDING 

Let us refer to a beam with a rectangular 
cross section (Fig. 1), in a TPB configuration. 
The beam span is 2l and P is the concentrated 
load. If z is the axial coordinate with origin at 
the beam mid-span, in the left side of the beam 
the bending moment is M = –P(l–z)/2. 

In the following, the quantities with 
subscript b refer to the beam to be 
strengthened and the quantities with subscript 
r to the reinforcement. Thus Eb, hb, tb and Er, 
hr, tr are the Young modulus, height (or 
thickness) and width of the beam and of the 
reinforcement, respectively. As outlined in the 
introduction, we want to develop a model able 
to analyze the competition between the 
flexural crack in the concrete beam and the 
interfacial cracks between FRP and concrete, 
either from the mid-span or from the supports. 
To this aim we firstly consider a given 
geometry, i.e. we fix all the crack depths: a is 
the flexural crack length while zi and zr are the 
interfacial crack tips positions (Fig. 1). 

 
Figure 1: FRP reinforced beam with a rectangular 
cross section under TPB load. The grey arrows 

indicate the crack growth directions. 
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We introduce the following dimensionless 
parameters: the relative crack depth α, the 
shear slenderness λ, the mechanical percentage 
of the reinforcement ρ, the dimensionless 
longitudinal coordinate ζi<ζ<ζr. In formulae: 
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Two are the basic assumptions of the 
subsequent structural analysis. The first is that 
we assume planar cross sections inside the 
beam to be strengthened. The second is that 
the interface between the beam and the 
reinforcement is modeled as a weak interface, 
i.e. a bed of linear elastic springs. This is a 
common assumption in composite material 
modeling in general and in structural 
retrofitting in particular. More in details, for 
the geometry under consideration, peeling 
stresses are usually negligible. Hence the 
interface is modeled as a bed of horizontal 
springs of stiffness k, i.e. τ = k δ, where τ and 
δ are the shear stress and the relative 
longitudinal displacement across the interface. 

The stress-strain field in the unreinforced 
cross section (zr<z<l) and in the debonded 
region (0<z<zi) can be obtained by the simple 
beam theory. On the other hand, a more 
accurate analysis is needed in the reinforced 
portion (zi<z<zr), where the following three 
equilibrium equations hold: 
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where σb and σr are the normal stresses in 
the beam and the reinforcement, respectively. 
The first two equations state the equivalence 
of the stress distribution with the axial force 
(which is equal to zero) and with the bending 
moment M, whereas the third one represents 
the differential equilibrium of the 
reinforcement along z. Note that, because of 
thinness of the FRP plate, we considered the 
reinforcement as concentrated on the x-axis. 

Coupling the equilibrium equations (2) with 
the assumption of planar cross sections, it is 
possible to obtain a unique differential 
equation in the relative longitudinal 
displacement across the interface, δ [5]: 
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the relative displacement being related to 
the strain εr in the FRP by the following 
relationship: 
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In order to find the solution to the 
differential equation (3), we have to impose 
the proper boundary conditions. At the FRP e-
dge, the stress must vanish and, consequently, 
εr  = 0. From Eq. (4), it follows: 
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The stress at the other edge (z = zi) of the 
bonded region can be evaluated approximately 
by assuming planar cross section in the 
cracked region at the beam mid-span. Classical 
beam theory and some analytical 
manipulations allow to compute the force 
FFRP in the FRP in the 0<z<zi interval as: 
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By means of Eqs. (4) and (6), the second 
boundary condition reads: 
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Equation (3) can now be solved, providing 
the relative displacement field δ and the 
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related shear stress field τ=kδ along the 
interface. The solution is plotted in Fig. 2. It is 
evident that at both the edges of the bonded 
zone a stress concentration, responsible of the 
delamination, appears. Since delamination is a 
remarkably brittle phenomenon, a failure 
criterion based on LEFM can be exploited to 
address the problem. To this aim, we need to 
evaluate the strain energy release rate, which, 
in the case of a weak interface, is directly 
related to the shear stress τmax at the crack tip 
by the relationship [5]: 

2
max

2k
=
τ

G
(10)

 
Figure 2: Shear stress concentrations at the edges of 

the bonded region. 

According to LEFM, edge debonding will 
occur when the strain energy release rate 
reaches the interfacial fracture energy GiF. In 
the case of IC-debonding, τmax is given by τ(ζi) 
and, correspondingly, the force in the FRP is 
equal to: 
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and β is a dimensionless parameter: 
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In a similar way, it is possible to derive the 
load causing PE debonding, which will occur 
when τmax is given by τ (ζr).  

Eq. (11) represents the critical condition for 
the growing of the delamination crack. We 
need now to determine the load causing the 
growth of the flexural crack. To accomplish 
this task, in the next section we will couple the 
present analytical model with a cohesive crack 
model (CCM) [8] description of the flexural 
crack occurring at the mid-span. The choice of 
using, for the flexural crack, the CCM instead 
of a LEFM framework is due to the following 
observations: fracture inside the concrete is 
typically quasi-brittle and CCM is able to 
detect crack initiation. Furthermore, the CCM 
has been recently extended to describe also 
concrete crushing failures [10], so that a 
further failure mode can be caught by the 
present analysis. 

In order to decide which crack will 
propagate at a given step of the loading 
process, the CCM needs not only the critical 
load (11) but also the relationship between the 
crack mouth opening and the force in the 
reinforcement, which will enter the algorithm 
as a constitutive law. The crack mouth opening 
is equal to twice the relative displacement δ(0) 
evaluated at the mid-span. Within the 
assumption previously provided, the desired 
relation is given by: 
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where for the sake of simplicity we neglect 
the interface compliance, since its contribution 
is negligible with respect to the other terms. 
The relative displacement δ(0) is thus given by 
the different elongation of the reinforcement 
with respect to the beam intrados. 

Similarly, the mid-span deflection v(0) can 
be evaluated as: 

P

τ 

stress concentration 
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where the three terms in curly brackets 
represent the contributions of the unreinforced 
portion, of the reinforced-bonded region and 
of the reinforced-debonded part of the beam, 
respectively. The term ϕ(0)xl represents the 
contribution of the localized rotation at the 
beam mid-span due to the presence of the 
flexural crack. Within the present analysis, it is 
equal to δ(0)xλ. However, it is easily argued 
that its actual value is largely underestimated 
by the present analysis, since it completely 
disregards the process zone occurring at the tip 
of the flexural crack. Therefore, we will 
evaluate such a contribution by means of a 
cohesive crack model description of the central 
portion of the beam, as explained in the next 
section. 

3 NUMERICAL FORMULATION FOR 
THE INTERACTION BETWEEN 
DEBONDING AND FLEXURAL CRACK 

The numerical algorithm proposed by 
Carpinteri et al. [10] for the analysis of 
reinforced concrete beams in bending is herein 
extended to concrete beams strengthened by 
means of FRP strips. In particular, the 
evaluation of the load carrying capacity is 
performed by analyzing only the central 
portion of the beam, having a span to depth 
ratio equal to unity. Such an element, shown in 
Fig. 3a, is subjected to a constant bending 
moment, M, function of the applied force on 
the basis of the structural and the loading 
systems. The main mechanical nonlinearities 
are taken into account, namely, the tensile 
crack propagation, the concrete crushing in 
compression, and the FRP debonding, on the 
basis of the analysis presented in the previous 
section. 

The flexural crack propagation is modeled 
by means of the well established CCM [8]. A 

simple linear softening function is herein 
considered, although bi-linear or even more 
complicated relationships may be assumed 
depending on the characteristics of the 
considered material and the analyzed problem. 
The critical value of the crack opening 
displacement, beyond which the cohesive 
stresses vanish, and the fracture energy, GF, 
are assumed as material properties. 

As far as modeling of concrete crushing 
failure is concerned, the overlapping crack 
model (OCM) [9] is adopted. According to 
such an approach, that is the analogous of the 
CCM for compression, the inelastic and 
localized deformation in the post-peak regime 
is described by a fictitious interpenetration of 
the material, while the remaining part of the 
specimen undergoes an elastic unloading. As a 
result, a stress-displacement (overlapping) 
relationship describes how the stress in the 
damaged material decreases from its 
maximum value as the fictitious 
interpenetration increases. The crushing 
energy, GC, which is a dissipated surface 
energy, is defined as the area below the 
softening curve. It is assumed as a material 
property, since it is only slightly affected by 
the structural size, as shown in [9], where an 
extended validation of the OCM for concrete-
like materials has been proposed in the case of 
specimens with different slendernesses and/or 
sizes. 

The numerical algorithm is based on a 
discrete form of the elastic equations 
governing the mechanical response of the 
system. The concrete member is considered as 
constituted by two symmetrical sub-elements 
characterized by an elastic behavior, connected 
by means of (n) pairs of nodes (Fig. 3a). In this 
approach, all the mechanical nonlinearities are 
localized in the mid-span cross section, where 
cohesive and overlapping stresses are replaced 
by equivalent nodal forces, Fi, by integrating 
the corresponding stresses over the nodal 
spacing. The FRP bridging contribution is 
modeled by means of an external force, FFRP, 
applied on the crack mouth (at the level of the 
first node). The depths of the adhesive layer 
and of the FRP strip are assumed as negligible, 
compared to the beam height, hb. With 
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reference to Fig. 3a, the horizontal forces, Fi, 
acting at the i-th node along the mid-span 
cross-section can be computed as follows: 

{ } { } { }w MF K w K M= +⎡ ⎤⎣ ⎦ (16)

where: {F} is the vector of nodal forces, 
[Kw] is the matrix of the coefficients of 
influence for the nodal displacements, {w} is 
the vector of nodal displacements, {KM} is the 
vector of the coefficients of influence for the 
applied moment M. 

 
(a) 

 
(b) 

Figure 3: Finite element nodes (a) and force 
distribution (b) along the symmetry cross‐section. 

Equation (16) constitutes a linear algebraic 
system of (n) equations and (2n+1) unknowns,  
{F}, {w} and M. With reference to the generic 
situation reported in Fig. 3b, (n) additional 
equations can be introduced by considering the 
constitutive laws for concrete in tension and 
compression and for the FRP strip (Eq. (14)). 
It is worth noting that the reaction in the FRP 
strip is a function of the bond length and the 
flexural crack depth in addition to the crack 
opening, making possible to accurately 
evaluate the competition between the different 
failure modes. At each step, in fact, the load 
carrying capacity is determined by one of the 

four possible critical conditions: flexural crack 
propagation, crushing zone advancement, IC 
debonding, and PE debonding. The condition 
to which corresponds the minimum value for 
the applied load is that assumed as the critical 
one for the considered step of calculation. 
Therefore, the driving parameters are the 
cracking and crushing extensions as well as 
the debonding lengths, that are updated step-
by-step. In particular, the cohesive and 
crushing crack tips are moved to the next 
node, whereas the debonding lengths are 
increased by a prefixed quantity. Finally, at 
each step of calculation the localized rotation 
due to the presence of flexural cracking and 
crushing, ϕ(0) in Eq. (15), is obtained by 
subtracting the elastic contribution from the 
rotation of the beam portion. The latter one is 
computed by means of elastic coefficients of 
influence, that, along with those in Eq. (16), 
have to be computed a priori using a finite 
element analysis: 

( ) { } { }T
w MD w D Mϕ 0 = + (17)

4 NUMERICAL RESULTS 

4.1 Competition between IC-debonding 
and flexural crack propagation 

The behavior of FRP-strengthened beams 
subjected to TPB test is herein analyzed by 
means of the new proposed algorithm. In the 
following, the relative crack depth, α, entering 
Eqs. (6)-(15) is given by the position of the 
fictitious crack tip, and therefore, it is 
equivalent to the sum of the real and the 
fictitious crack lengths. The width and the 
height of the beam are assumed equal to 100 
and 200 mm, respectively, for all the 
numerical simulations, as well as the FRP strip 
width is fixed to 100 mm. The FRP and 
concrete Young moduli are equal to 210,000 
MPa and 30,000 MPa, respectively. 

A comparison with the results of the former 
analytical model presented in [6], which 
assumes α=1 since the beginning of the 
loading process, is shown in Fig. 4 in terms of 
load vs. mid-span deflection, for ρ=0.070, 
GiF=0.065 N/mm, and σc=25 MPa. The new 
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proposed model (thick curve) permits to 
capture the decrease in the stiffness of the 
ascending branch due to the cohesive crack 
propagation. On the contrary, the analytical 
model (thin curve) neglects such a 
contribution. Both the models predict a load 
increase up to the onset of the IC-debonding, 
although the interaction between flexural crack 
and FRP debonding leads to a slight reduction 
in the maximum bearing load, Pmax. This 
interaction is also evident in the post-peak 
branch, where several local instabilities are 
obtained due to flexural crack propagations. In 
this case, the extension of the crushing zone is 
limited and it does not influence the overall 
response. Therefore, the area enclosed by the 
thick curve is equal to that of the thin curve 
(energy dissipated by the FRP debonding) plus 
that of the dashed curve (energy dissipated by 
the flexural crack), which refers to the 
unreinforced beam. 

 
Figure 4: Comparison between the former model 
(thin line) and the present model (thick line). The 
dashed curve refers to the unstrengthened beam. 

The effects of the reinforcement amount are 
analyzed in Fig. 5, where different mechanical 
percentages, ρ, are considered varying from 
zero up to 0.140. The increase in the FRP 
amount determines an increase in the stiffness 
of the ascending branch. Such a stiffening is 
more evident after the cracking load, i.e., when 
the real crack propagation occurs. The 
maximum load is an increasing function of the 
FRP amount, whereas the cracking load is 
almost constant. In particular, for ρ≤0.018 the 
phenomenon of hyper-strength is obtained. 
The post-peak behavior becomes more and 

more brittle by increasing the reinforcement 
percentage, with a considerable decrease in the 
anelastic displacement. All the cases shown in 
Fig. 5 are characterized by IC-debonding 
failure mechanism, with limited concrete 
crushing effect. 

 
Figure 5: Load vs. mid‐span deflection curves for 
different mechanical percentages of reinforcement. 

All the curves refer to IC‐debonding failure 
mechanism. 

 
According to the present model, the 

maximum load carrying capacity, Pmax, is 
function of the relative flexural crack length, 
α, that, in turn, depends on the FRP amount 
and the concrete compressive strength. The 
ratio between the maximum load predicted by 
the proposed model and that given by the 
previous analytical model, which assumes 
α=1, is shown in Fig. 6 as a function of the 
mechanical percentage of reinforcement. It 
results to be a decreasing function of the FRP 
amount, and, in particular, it is greater than 
unity for ρ<0.04. Such a trend can be 
explained by analyzing the variation of the 
FRP debonding strength as a function of the 
flexural crack length, α, shown in Fig. 7. The 
peak load of the curves in Fig. 5 corresponds 
to the onset of the FRP delamination, that, 
typically, takes place for α equal to 0.7 about. 
In the case of small amount of reinforcement, 
such as ρ=0.018, the delamination force is a 
monotonic decreasing function of the relative 
crack depth, and, therefore, the force referred 
to α=1.0 is lower than that referred to α=0.7. 
Furthermore, the cohesive stress distribution 
along the process zone has a significant 
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contribution on the load carrying capacity with 
respect to the case of completely cracked cross 
section. By increasing the reinforcement 
amount, the diagrams of the delamination 
force vs. relative crack depth presents a 
minimum for α around 0.7 (see the curve 
referred to ρ=0.140 in Fig. 7). In this case, the 
peak load given by the proposed model is 
lower than that relative to α=1.0. 

 
Figure 6: Effect of the flexural crack length, α, on the 

load carrying capacity. 

 
Figure 7: Effect of the flexural crack length, α, on the 

FRP strip reaction. 

4.2 Transition between different failure 
mechanisms

The transition between the three different 
failure mechanisms analyzed by the proposed 
approach, namely PE-debonding, IC-
debonding and crushing, is governed by the 

mechanical and geometrical parameters of the 
beams. With reference to the beam considered 
in the previous section, a transition from IC-
debonding to crushing failure is obtained when 
the mechanical reinforcement percentage 
reaches the value 0.350, as shown in Fig. 8a. 
In this case, the crushing zone becomes wider 
and wider by approaching the maximum load, 
that, in any case, is determined by the onset of 
the IC-debonding. Moreover, at a certain point 
of the FRP delamination and the concrete 
crushing processes characterizing the post-
peak regime, the equilibrium along the mid-
span cross section is no longer verified. This 
phenomenon may be associate to a global 
collapse due to concrete crushing. 

 

 
Figure 8: Load vs. mid‐span deflection curves: 

transition from IC‐debonding to crushing failure by 
increasing the mechanical percentage of 

reinforcement (a); transition from crushing to PE‐
debonding failure by increasing the concrete 

compressive strength (b). 

(b) 

(a) 
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On the other hand, a transition from 
crushing to PE-debonding failure is obtained 
by increasing the concrete compressive 
strength from 25 MPa to 40 MPa, for a 
constant value of the reinforcement amount, 
ρ=0.350 (Fig. 8b). In this case, the peak load is 
determined by the onset of the PE-debonding. 
Compared to the case of crushing failure, the 
overall stiffness is constant up to the peak load 
(expect for the initial tension-stiffening effect), 
due to a limited damage of the concrete in 
compression. Finally, it is worth noting that, 
even if the curves shown in Fig. 8 have been 
obtained by assuming very high reinforcement 
amounts, maybe far from reality, similar 
behaviors can be obtained, in a realistic way, 
by increasing the fracture energy of the 
interface. 

The complex competition between the three 
different failure mechanisms has been studied 
by means of a parametric analysis, and 
summarized in the interaction diagrams shown 
in Figs. 9-12. The investigated parameters are: 
mechanical percentage of reinforcement ρ, 
relative reinforcement length ζr, beam 
slenderness λ, concrete compressive strength 
σc, and fracture energy of the interface GiF. All 
the other parameters –beam width and height, 
elastic moduli of concrete and FRP– are kept 
constant, equal to those assumed in the 
previous section. The diagram in Fig. 9 refers 
to λ=6, σc=30 MPa, and GiF=0.08 N/mm. It is 
clear that IC-debonding failure is the most 
frequent for real cases, characterized by small 
reinforcement amounts and relative bonding 
lengths around 0.8. PE-debonding failure takes 
place in the case of small reinforcement 
lengths and/or high reinforcement percentages, 
whereas crushing failure occurs for high 
reinforcement lengths (ζr>0.65) and 
percentages (ρ>0.30). In the case of small 
reinforcement amount, there is a region where 
the failure mechanism is due to both IC and 
PE delaminations. In such cases, the maximum 
load is determined by the onset of IC-
debonding, whereas PE-debonding prevails 
when the residual bond length decreases below 
a certain value. The effect of the beam 
slenderness on the transition between the 

failure mechanisms can be evidenced by 
comparing the diagram in Fig. 9 with those in 
Fig. 10. In particular, a decrease in the 
slenderness from 6 to 3 (Fig. 10a) leads to an 
enlargement of the region characterized by a 
strong competition between IC- and PE-
debonding and a shrinkage of the region of 
crushing failure. An opposite behavior is 
obtained by increasing the slenderness from 6 
to 12 (Fig. 10b). 

 
Figure 9: Failure mechanism as a function of 

geometrical and mechanical parameters for λ=6. 
σc=30 MPa, and GiF=0.08 N/mm.  

 

 
Figure 10: Failure mechanism as a function of 

geometrical and mechanical parameters for σc=30 
MPa, GiF=0.08 N/mm and λ=3 (a); and λ=12 (b). 

(b) 

(a) 

608



M. Corrado, P. Cornetti and A. Carpinteri 

 10

As regards the crushing failure, it mainly 
depends on the considered concrete grade, as 
shown in Fig. 11. A decrease in the concrete 
compressive strength from 30 to 20 MPa 
determines an enlargement of crushing failure, 
with the appearance of an interplay between 
IC-debonding and concrete crushing for an 
intermediate range of reinforcement amounts. 
Analogously, the crushing failure is also 
favoured by the increase in the interface 
fracture energy, as shown in Fig.12. 

 
Figure 11: Failure mechanism as a function of 
geometrical and mechanical parameters for λ=6, 

σc=20 MPa, and GiF=0.08 N/mm. 

Figure 12: Failure mechanism as a function of 
geometrical and mechanical parameters for λ=6, σc=30 

MPa, and GiF=0.12 N/mm.

5 CONCLUSIONS 
A coupled analytical/numerical model has 

been proposed to analyze the interaction 
between different failure mechanisms 
characterizing the behavior of FRP-
strengthened concrete beams. The main 

novelty is due to the fact that the actual 
flexural crack propagation and the damage of 
concrete in compression occurring along the 
mid-span cross section during the loading 
process, as well as their interaction with the 
FRP delamination modes are taken into 
account. In particular, both the nonlinear 
processes characterizing the behavior of 
concrete in tension and compression are 
modeled by means of a cohesive zone model. 
A step-by-step solution updating the cracking 
and crushing extensions and the debonding 
lengths, permits all the local instabilities, such 
as snap-back branches, to be captured without 
any loss of the loading control. 

The tension-stiffening characterizing the 
increasing branch of the load vs. displacement 
curves is correctly described by means of the 
cohesive crack model. As regards the 
interaction between different failure 
mechanisms, the flexural collapse has a 
significant effect on the peak load 
corresponding to IC-delamination failure, 
whereas has a limited effect on the PE-
debonding failure mode. 

The proposed parametric analysis has 
evidenced that IC-debonding failure 
mechanism is the most frequent for real cases, 
usually characterized by high relative 
reinforcement lengths and low reinforcement 
amount, whereas crushing failure prevails in 
the case of low concrete compressive strength, 
high interface fracture energy, high 
reinforcement amount and high relative 
reinforcement length. PE-debonding failure 
mechanism occurs for low relative 
reinforcement length and low beam 
slenderness. 

Future developments will regard the 
extension of the model to concrete beams 
reinforced by steel bars and strengthened by 
FRP strips. Such cases, in fact, are the most 
interesting for practical applications, as well as 
the most studied from an experimental point of 
view. 
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Abstract: Surface roughness of the existing concrete substrate was considered to have the greatest 
impact on the bond strength in repair systems. However, the influence of this parameter has been 
subject for debates in recent years. The effect of concrete surface roughness is not quite clear, nor 
there exist a clear relation between the surface roughness and the adhesion in multilayer systems. In 
order to understand and explain this relation, simple numerical experimentation is used. Repair 
systems with different roughness parameters are simulated in order to get load displacement 
diagrams and crack debonding propagation. The influence of roughness on the composite response 
in simulated direct tension, shear and three point bending test using a lattice model, is studied.
Results indicate that roughness has different influence on tensile and shear bond strength. In 
addition, although it seems to have negligible influence on load bearing capacity of the composite 
system in bending, it enables more monolithic response and slower debonding propagation.

1 INTRODUCTION

Very important step in achieving reliable 
and durable repair of concrete structures is 
appropriate surface preparation of the old 
concrete. Removing impurities from the 
surface, adequate roughening and moisture 
preconditioning are inevitable steps in 
substrate preparation before casting repair 
material. 

Surface roughness used to be viewed as the 
governing parameter affecting the bond 
strength in multilayer systems. This was 
mainly attributed to the increase of the contact 
area and mechanical interlocking between the 
two materials. However, bond tests [1] suggest 
that roughness has no relevant effect on the 
bond strength. Bond strength in rough and 
smooth surfaces, prepared by water jetting and 
sandblasting, respectively, was approximately 

equal. Yet, the interface failures were more 
frequent on sandblasted surfaces. Similar 
observation was made in [2], where optical 
profilometry measurements were performed on
the substrate section before and after the direct 
tension test to quantify the surface roughness.
It was shown that for rougher surface, failure 
zone does not follow the physical interface 
between the two materials. Higher roughness
led to less repair mortar and more aggregates 
from concrete substrate at the fracture surface.
Cores for this tension testing were taken from 
the edge of the composite beams. The beams 
were exposed to static and cyclic loading when 
deflection and crack propagation were 
measured to evaluate structural behaviour of 
the composite system. Debonding length in 
each specimen after failure in three point 
bending test was measured. This way results 
obtained from bond strength testing of cores 
were compared to structural behaviour of each 
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bond. Specimens with smooth surface had
much higher length of debonding compared to 
those with rougher surface, even though the
bond strength of the specimens with smooth 
surface was substantially higher. It was 
concluded that roughness does not enhance 
bond strength directly but that it enables 
monolithic behaviour of the multilayer system
and lowers the probability of debonding. Also, 
in inadequately roughened concrete substrates,
with low level of restrain, shrinkage of the 
repair material may cause significant reduction 
of the bond strength and result in total 
debonding [3].

However, it is possible that surface 
preparation can have some negative effects as 
well. In [4], it was noted that some of the 
impacting methods for surface preparation, 
such as jack hammering, can induce 
microcracking and surface damage which 
“easily outweighs the benefits of an increased 
roughness”. Other research [5] indicated that 
influence of roughness cannot be explained 
just on the basis of mechanical interlocking.
They stated that increased roughness may
influence the ability of the repair material to 
penetrate into cavities of the old concrete.
Further on, smoother surface (obtained by 
polishing) appeared to have higher capillary 
absorption close to interface and therefore 
enabled better development of mechanical and 
chemical anchorage between the two 
materials, which resulted in stronger bonding.

These differing opinions regarding the 
influence of the substrate roughness can be 
attributed to the complexity of the problem. 
Debonding mechanism and bond strength in 
concrete repairs depend on a variety of 
material parameters and environmental 
conditions [6]. These factors are 
interdependent, and it appears very difficult to
experimentally separate one and independently 
observe its influence.

That is why the use of a numerical 
simulation is valuable and beneficial, enabling 
the insight on the influence of just one 
parameter while keeping the others constant. 
Therefore, this paper tends to explain the 
influence of the surface roughness of the 
concrete substrate on the mechanical bond

properties in the repair system through 
numerical experimentation. Repair systems 
with different roughness parameters are 
simulated in order to get load-displacement 
diagram and debonding propagation. For the 
simulation, the lattice model  is used.

2 BOND STRENGTH TEST METHODS
According to the European Standard [7],

bond is defined as the adhesion of the applied 
product or system to the concrete substrate. A
wide range of possible test set-ups have been 
developed and used for laboratory testing of 
the bond strength. These tests should be 
selected such that they represent the state of 
the predominant stresses that the structure is 
exposed to in the field [3, 8]. Common bond 
test methods include interface shear, torsion 
and tensile test. Interface strength values 
obtained in these tests vary substantially as the 
measured properties are greatly dependent on 
used test method, test set-up, specimens size, 
loading rate, etc.

Although numerous different testing 
procedures are used, little information is 
available on comparison of these test methods 
and the resulting bond strength values [8].
Since shear and tensile bonding mechanisms 
have substantially different characteristics, 
relating them is quite difficult. Nevertheless, 
some researches [9-11] indicated a correlation 
between the two test methods. Tensile strength 
of an interface between cement-based 
materials is at the most 50% of its shear 
strength [1, 11].

Understanding of bond mechanism must 
include information of the weakest link in 
composite member. While determining bond 
strength, location of failure is usually defined 
as “substrate”, “interface” or “overlay”. But,
exact location of fracture, especially for 
“interface” type failure, is not examined. In 
addition, interface failure per se, (i.e. without 
partial fracture in substrate or overlay) is 
unlikely to occur [3]. Therefore, analysis of 
fracture pattern and fracture behaviour, both 
before and after crack localization, is essential 
for understanding the bonding mechanism. 
This is particularly important for estimating 
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the influence of surface roughness as it may 
have the crucial influence between debonded 
area after reaching peak strength when 
remaining stress-transfer occurs through crack-
face bridging and friction between the cracked 
faces.

In order to understand and explain the 
influence of surface roughness on the bond 
strength values obtained in different test 
methods, numerical experimentation is used. 
Repair systems with different roughness 
parameters  are simulated in order to get load 
displacement diagram and crack pattern. The 
influence of the roughness on the composite 
response in simulated direct tension, shear and 
three point bending test is done using a 3D 
lattice model. In the following, the background 
of the model is briefly presented.

3 LATTICE MODEL
Fracture processes of cement-based 

materials can be simulated very successfully
with lattice models [12-14]. In these model 
material is schematized as a network of truss 
or beam elements connected at the ends. All 
the single elements have linear elastic 
behaviour. In each loading step, an element 
that exceeds limit stress or strain capacity is 
removed from the mesh. The analysis 
procedure is then repeated until a pre-
determined failure criterion is achieved. In this 
way realistic crack patterns can be obtained. 
Further on, although each element has brittle 
behaviour, structural softening and ductile 
global behaviour can be simulated.

In the model presented here, all the beams 
have the same cross section. Diameter of the 
beam is chosen to be 0.5 of cell size (voxel 
size in 3D) [14]. Disorder in the material is 
implemented by using random orientation of 
the elements. Further work will consider also 
the material heterogeneity of concrete, by 
taking different material properties of 
aggregate, interface, and cement matrix into 
account.

The procedure to generate the network is as 
follows:
• A cubical grid is chosen.
• In each cell of the square (cubical for 3D 

lattice), a random location for a lattice 
node is generated. This means that some 
disorder is built into the lattice.

• Always the three nodes (four nodes for 
3D) which are closest to each other are 
connected by beam elements.

• The beams which belong to each phase are 
easily identified by overlapping material 
distribution on top of the lattice. Interface 
elements are generated between concrete 
substrate nodes and repair material nodes.
In figure 1, generation of interface 
elements for the smooth and rough surface 
is presented.

• The elements in the repair material, 
concrete substrate and interface are 
ascribed different mechanical properties,
as indicated in Table 1.

• Elements can fail either in tension or in 
compression,  when the stress exceeds its 
strength. For the fracture criterion, only 
normal forces are taken into account to 
determine the stress in the beams.

Figure 1: Two-dimensional overlay procedure for 
smooth and rough surface (gray – concrete 
substrate, white – repair material)

Values of mechanical properties in Table 1
are just assumed values and should be 
calibrated with experimental results. As 
interface is the weakest zone in the system,
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lower properties are ascribed to elements 
which characterize this zone. For simplicity, it 
was also assumed that the repair material has 
the same mechanical properties as the concrete 
substrate. In real repaired systems, this is not 
the case. This was done in order to avoid 
additional influence of this parameter on the 
response of the system. 

Each of the nodes in 3D system has 12 
degrees of freedom. The 3D composite system 
is modelled with 10800 nodes and 77216 
elements for tensile and shear test, and with 
8640 nodes and 60705 elements for three point 
bending test. Linear dimension of a voxel is 1
mm. Influence of the mesh size on the 
obtained results will be studied in later stage.

Table 1: Input values for the beam elements in the 
simulation

E 
(GPa)

ft 
(MPa)

fc 
(MPa)

Repair 
material 30 3.25 -32.5

Interface 25 1 -10
Concrete 
substrate 30 3.25 -32.5

4.1 Generating surface roughness
Three different types of surface roughness 

profiles are imitated in order to simulate the 
roughness that is usually prepared in 
experiments (Figure 2).

Figure 2: Simulated surface profiles compared with 
experimental preparation (1-smooth surface, 2-chip 

and 3-groove roughened) 

Further on, height (hg) and length (lg) of the 
grooves for the type 3 profile in Figure 2 are 
varied. This was done in order to see how the 
roughness parameters in simulated concrete 
substrate affect bond strength values and 
debonding propagation in simulated tests.

Based on experimental results for 
measuring surface profile of the concrete 
substrate, several parameters can be defined to 
quantify the surface roughness [15-17]. Since 
very simplified surface profile is simulated, 
only the average profile Ra [mm] is relevant 
here and is used for amplitude parameter. It is 
defined as the mean value of the local profile 
zi [mm]:

1

1 n

a iR z
n

= ∑
(1)

where n is the number of local profiles.
Slope parameter is also introduced in order 

to quantify the slope of the profile and 
repetitiveness within sampling length. The root 
mean square of the profile within the sampling 
length, Rs [mm] is defined as:

21 ( )s
N

zR
N x

∆
=

∆∑
(2)

where N indicate the number how often profile 
crosses certain threshold in specified length
(for the threshold here, Ra value is chosen).

Varied parameters and average roughness 
profile for each simulated surface roughness 
are presented in Table 2 and Figure 3. If 
compared, GR3 and GR4 represent lower 
frequencies roughness with the same 
amplitude parameter of GR1 and GR2 
respectively.

Table 2: Roughness parameters for the simulation

Surface 
profile

Ra
[mm]

Rs
[mm]

GR1 0.5 0.186
GR2 1 0.371
GR3 0.5 0.111
GR4 1 0.222
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Figure 3: Varied surface profiles for groove 
roughened surfaces [mm] 

4 SIMULATIONS AND DISCUSSION
Direct tension test and shear test are 

commonly used to determine bond strength 
and properties at the interface of two materials. 
Three point bending test is used to examine 
structural behaviour and deboning tendency of 
the composite system. That is why these three 
tests (Figure 4) were simulated by the lattice 
model presented earlier. The aim was to 
determine and explain the influence of the 
roughness parameter on the bond strength 
values obtained in each simulated test. The 
input parameters for all three simulations were 
the same (Table 1), except for the dimensions
of the specimen for three point bending test.

Figure 4: Set-up for the tests (direct tensile test, 
shear test and three point bending test) 

Cross section of the specimens for direct 
tension and shear test are 30×30mm with the 
height of 12mm. The dimension of the beam 
specimen for bending test is 12×12×60mm.

4.1 Direct tension test
The specimen in direct tension test was 

loaded by prescribing the vertical 
displacements at the upper and lower edge
(Figure 4). Rotations and in-plane translations
at the specimen edges are restrained. The
stress displacement curves for rough and 
smooth type of surface preparation (Type 1 
and 2 from figure 2) are plotted in Figure 5.

Figure 5: Tensile stress vs. vertical (opening) 
displacement for rough and smooth surface 

Figure 6: Experimental results for direct tension test 
[18] 

Results obtained in simulation show a 
tendency similar to experimental results 
obtained in [18] (Figure 6). There, a direct 
tension test was chosen for measuring the 
adhesive strength and fracture energy of the 
interface in a composite system prepared with 
concrete and Engineered Cementitious 
Composite (ECC). The cross section of the 
system was 130×100 mm with the height of 
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200mm. Figure 5 shows results for scraped 
and sandblasted specimens. Scraped surface 
has a relatively smooth profile differing from 
sandblasted specimens with relatively rougher 
surface profile. 

Although absolute values from the 
experiment and simulation cannot be directly 
compared because of the different specimen 
dimensions and testing set-up, the shape of the 
diagram shows the same trend. Specimens 
prepared by sand blasting need greater tensile 
fracture energy to break. From a purely 
mechanical point of view, this can be 
explained by presented simulations.

In Figure 5, the points are chosen for which
the snapshots of the crack history are made. 
These are given in Figure 7. 

Figure 7: Debonding history of simulation of uniaxial 
tensile test for smooth and rough surface (blue 

elements represent the crack) 

As the interface elements have the lowest 
properties (tensile strength and E modulus), a 
crack starts initiating at the interface. 
Debonding starts to develop uniformly through 
the whole interface area and localizes after 
peak loading. Crack initiation does not start 
from the edges. This can be due to small 

height of the specimen, and fact that no initial 
notch nor heterogeneities (except for 
geometrical) are ascribed in the model. As a 
consequence, there is no bending developing 
in the specimen.

Considering tensile strength of the system, 
it seems that the rougher surface has a 
negligible effect. Rough surface shows to have 
6% higher tensile strength than smooth 
surface. Similar tendency was indicated in [8]
In Figure 8, results of the maximum force for 
the each simulated specimen are shown. 

Figure 8: Calculated tensile bond strength of the 
different substrate roughness 

While higher roughness does not seem to 
effect substantially the bond strength itself (i.e 
the peak load achieved is roughly the same), it 
certainly does affect fracture propagation and 
post-peak behaviour. Smooth surface shows 
more brittle post-peak behaviour and needs 
less fracture energy to break. Nearly all the 
interface elements break at the same time and 
debonding occurs very fast. On the other hand, 
rough surface seems to enable higher ductility 
and more stable fracture of composite system 
loaded in direct tension. Therefore, differences 
in surface roughness seems to considerably 
affect stress-strain diagrams and fracture 
behaviour of the system. These diagrams, for 
specimens with varied roughness parameters,
are shown on the Figure 9.
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Figure 9: Stress-displacement curve for varied 
roughness parameters

It can be noted that surface GR3, with 
lower slope parameter and shallower groove 
behaves similar to smooth surface, and that by 
increasing depth of the groove, ductility in the 
direct tension increases and more energy is 
needed for breaking all the interfacial 
elements. Situation of simulated roughness 
GR2 is nearly impossible to obtain in practice.
To achieve this geometry is very difficult. It 
would also demand substantial workability of 
the repair material to penetrate into these 
cavities. Furthermore, a lot more friction 
between two inclined surfaces would occur, 
and, theoretically it would present more 
shearing type of action in between fringes,
than direct tension. As a result of this high
shearing friction in between fringes, bond 
strength for GR2 is substantially increased
(Figure 7).

Results obtained from the model can be 
explained by higher probability of beam 
elements on the interface to be aligned more 
horizontally (i.e. perpendicular to the direction
of the applied force) in case of rough surface 
configurations (Figure 10).

Figure 10: Alignment of lattice elements between 
differently simulated voxels of repair material and 

concrete substrate, loaded in direct tension 

As a consequence of being aligned more 
horizontally, these elements need more tensile 
force for fracture and they start breaking after
failure of more vertically aligned ones.
Therefore, they reach maximum stress level 
after peak load in load-strain diagram. That is 
why in fracture propagation, for the same 
deformation level, in specimens with 
simulated rough surface, there is still some 
force which can be transferred between 
debonded surfaces. It is transferred through 
these elements and it is them that make stress-
deformation curve more ductile. In practical 
conditions, in rough interfaces, as a 
consequence of presence of stiff aggregates at 
the contact zone and higher interlocking, crack 
face bridges will be formed.  Remaining stress 
will be transferred through them and it will 
result in more uniform distribution of repair 
material and concrete substrate at failure plain. 
This was observed by [2, 19] after 
profilometry measurements. Part of the energy 
that is needed to break the bond, is partly used 
to break mechanical interlocking and shear 
friction force between particles. 

Contrary, in the smooth surface, there is no 
mechanical interlocking, no friction between 
debonded area. The interface elements have 
higher probability of being aligned more 
vertically (Figure 10), so less force is needed 
for breaking them. In addition, all of them 
break almost immediately which results in fast 
and brittle failure of the composite system.

4.2 Shear bond test
Specimens in the shear test were loaded by 

prescribing the horizontal displacement to the 
left and right edge (Figure 4). In-plane 
deformations in these nodes were restrained 
while the rotations were allowed. Crack 
initiation started from the sides. The stress 
displacement curves for rough and smooth 
type of surface preparation versus crack mouth 
sliding displacement (CMSD) are plotted in 
Figure 11.
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Figure 11: Shear stresses plotted against horizontal 
(sliding) displacement.

Figure 12: Experimental results for shear bond test 
[18] 

If compared to experimental results (Figure
12) [18], simulated curves are too brittle. This 
is because, in the shear test, compressive force 
starts to become dominant, and compressive 
failure is more difficult to simulate in the 
lattice model.

Failure mode and crack propagation in the 
two specimens is presented in Figure 13 with 
corresponding points where the snapshots
were made (from Figure 11). s1, s2, r1, r2 
present smooth and rough specimens,
respectively, with the same number of broken 
elements, before reaching the peak load. As 
can be seen, although localization of 
debonding both for the rough and smooth 
surface starts at the ends, it seems that in the 
rough surface there is more distributed 
microcracking ahead of the localized crack. 
The failure is more stable and the energy to 
break the sample is much higher than in case 
of smooth surface. In the smooth surface 
specimen, there is larger localization of 
debonded area and faster crack propagation.

Figure 13: Debonding history of simulated shear test 
for smooth and rough surface

Considering shear bond strength, it seems 
that the increased roughness has more
influence on the obtained values. Higher 
roughness provides around 25% higher values 
for shear bond strength than in case of smooth 
surface. This correlates well with some 
experimental results [8, 20]. Shear strength 
values obtained for each type of simulated 
surface are shown in Figure 14.

Figure 14: Shear strength for different surface 
preparation

Interesting to notice here is that shear force 
increases substantially for the profile GR4. It 
seems, therefore that bigger grooves with 
larger spacing and depth (lower frequency than 
in GR2) are more beneficial for the shear bond 
strength. They probably enables better 
mechanical interlocking of two systems and 
more uniform distribution of shear stresses at 
the interface. In order to understand this better,
stress-strain diagrams for different types of 
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simulated surface roughness are presented in 
Figure 15.

Figure 15: Stress-displacement curve for varied 
roughness parameters

From the graph it seems that the same 
amount of energy is needed to break GR2 and 
GR4, but system with lower frequency of 
roughness seems to withstand higher peak 
load. 

From the bond strength values obtained by 
simulated direct tensile and shear test, relation 
between shear and tensile bond strength is
calculated (Figure 16). Obtained shear strength 
is about twice as big as tensile bond strength. 
These results match well with data found in 
literature [3, 11]. Delatte [9] indicated mean 
ratio of 2 for shear bond vs. tension bond, 
while Silwerbrand [10] found a ratio between 
torsional shear bond strength and tensile pull-
off strength in range 2 to 3.

Figure 16: Ratio of shear bond to tensile bond for 
different simulated surfaces 

4.3 Three point bending test
The specimen in three point bending test 

was loaded by prescribing the vertical 
displacements in the middle. Displacement of 
the left and right edge elements in the beam is 
restrained. Repair material is loaded in tension,
with the thickness of 4 mm (Figure 4). 

The load-displacement curves for all types 
of surfaces are plotted in Figure 17. As can be 
noted, there is almost no difference in response 
of the system with different simulated 
roughness. Maximum force for all six 
specimens was virtually the same (maximum 
difference 1.4%). That surface roughness of 
concrete substrate prior to application of repair 
material has no effect on load-strain curve 
obtained in bending test, was also observed by
[19, 20]. In order to see if there exists a 
difference in fracture propagation in the 
systems with various roughness parameters,
the steps with same number of broken 
elements are compared (Figure 18).

Figure 17: Force-deflection diagram in three point 
bending for all types of surfaces

Figure 18: Debonding propagation in specimens with 
smooth and rough surface
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Cracking starts to develop from the zone 
with highest tensile stresses, at the middle 
bottom part. Very fast, fracture zone reaches 
interface zone and debonding starts 
propagating. At a certain moment, compressed 
top zone, where the load is applied, starts 
cracking as well. The difference between 
smooth and rough surface is, again, in 
localization of the debonded area. Smooth 
surface seems to have larger debonding length 
although both specimens can withstand the 
same load. This was also observed in [19]
where under static loading, measured relation 
between deflection and load for each type of 
surface preparation was the same. The crack 
pattern was similar as one obtained by 
simulation. But debonding length for surfaces 
prepared by scarification (relatively smooth) 
was substantially higher than for surfaces 
prepared by sandblasting and hydrojetting
(rough surface). Therefore, it  is observed that 
roughness does not increase bearing capacity 
of composite elements, but it enables more 
monolithic response and reduces probability of 
debonding.

4.4 Future tests and simulations
In further research, influence of the mesh 

size dependence on simulated results will be 
investigated. Also, different properties will be 
assigned to aggregates, matrix and interface 
elements in composite system in order to 
present materials more realistically. 

Experiments will be done to investigate 
influence of surface roughness on the tensile 
and shear bond strength as well as composite
behaviour of the system in bending. 

Drying shrinkage is considered to be main 
reason for premature failure of repairs. The 
influence of roughness on this phenomena as 
well, will be investigated. It is expected that 
rough surface will give more restrain to
shrinkage. Therefore, bond between repair 
material and concrete substrate in rough 
surfaces may be less damaged than in smooth 
surfaces. On the other hand, higher stresses 
will develop in repair material, which may
lead to cracking.

5 CONCLUSIONS
Based on above results and discussion,

following conclusions can be drawn:
• Roughness has different influence on 

results obtained in different bond 
strength tests

• It seems that increased roughness does 
not affect substantially the bond 
strength itself (around 6%), but it 
enables more stable fracture and more 
ductile performance under uniaxial 
tension test. Larger fracture energy is 
needed for failure and failure itself is 
not so brittle as in case of smooth 
surface. 

• Higher roughness leads to increase in
shear bond strength (by 25% compared 
to the smooth surfaces bond). 

• Ratio of 2 between shear bond strength 
and tensile strength is obtained from 
simulated tests

• Roughness does not have influence on 
stress-strain diagram in bending but has 
influence on debonding length and 
enhances monolithic behaviour of the 
system
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Abstract: Recently, it has become increasingly important to instigate more widespread seismic 
retrofitting for seismically weak structures in Japan, which is frequently subject to massive earth-
quakes. Generally, post-installed anchors are used to connect the seismic retrofitting members to 
existing members. However, no computational models of post-installed anchors have yet been pro-
posed in previous studies to evaluate stress-displacement relationships. Accordingly, we developed 
a new mechanical model for post-installed anchors. In this model, the kinking behavior of anchor 
bolts, bearing behavior of concrete, and tensile behavior of anchor bolts are considered. The pro-
posed model can reasonably simulate the mechanical behaviors of the previous test results.

1   INTRODUCTION

Recently, it has become increasingly impor-
tant to instigate more widespread seismic retro-
fitting systems for seismically weak structures 
in Japan, since not only is it one of the most 
seismically active countries in the world, but 
many of these earthquakes are very severe. 

Generally, post-installed anchors are used to 
connect the seismic retrofitting members to ex-
isting members. Post-installed anchors are used 
for significant elements in reinforced concrete 
structures, because shear stress is transferred 
through post-installed anchors during earth-

quakes. Accordingly, it is necessary to evaluate 
this shear stress transfer mechanism from a the-
oretical perspective for safe structural designs 
when undertaking seismic retrofitting.

The dowel action of reinforcement bars has 
been previously investigated by many research-
ers[1]-[3], but no computational model of post-
installed anchors has ever been proposed to 
estimate the stress-displacement relationship. 

Therefore, we developed a new mechanical 
model for post-installed anchors. In this model, 
the kinking force of anchor bolts, bearing stress 
of concrete, and tensile stress of anchor bolts 
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are considered. The mechanical behaviors of 
these components are formulated respectively. 

In this paper, details of the proposed model 
and their adequacy in terms of test results are 
described.

2   PROPOSED MODEL

  We constructed a dowel model of a adhesive 
post-installed anchor subjected to shear loading 
using the piles theory based on the elastic beam 
theory. The failure modes of the post-installed 
anchors in this paper are: i) yield of anchor bolt, 
and ii) bearing failure of concrete.

2.1  Equilibrium of Shear Force 

Figure 1 shows an example of the joint for  
seismic retrofitting. Figure 2 presents an image 
of dowel action modeling for a post-installed an-
chor. When the displacement is small, it is pos-
sible to apply the elastic beam theory to a post-
installed anchor.

0),(4

4
 a

a
ZS x

dx
dIE   (1) 

Here, Es is the Young’s modulus of an anchor 
bolt, Iz is the second moment of area, da is the 
displacement of an anchor bolt, and f is the di-
ameter of an anchor bolt.

However, when an anchor bolt or concrete 
are within their plastic range, the elastic beam 
theory should not be applied. Therefore, we pro-
posed the model as shown in Figure 2 to better 
describe the behavior in a nonlinear zone. In the 
proposed model, initially the plastic hinge is cal-
culated.

Assuming the anchor bolt deforms in a linear 
manner around the plastic hinge, the bearing 
stress acts on the concrete. Furthermore, the an-
chor bolt elongates between the concrete surface 
and the plastic hinge. Thus, the anchor bolt is 
subject to tensile stress, which is the shear com-

ponent of this stress. As above, the shear force 
equates to: i) the bending moment of the plastic 
hinge, ii) the bearing stress of the concrete, and 
iii) a shear component of the tensile stress of the 
anchor bolt as shown in Figure 3.

S
TBS qqqq    (2) 

2.1  Depth of Plastic Hinge

The depth of the plastic hinge influences the 
three components of the shear force. According 
to the elastic beam theory, the largest moment 
depth LM is derived from the following equation.

4
4

4 
 Zs

M
IEL   (3) 

Here, k is the reaction modulus of the con-
crete.

But, when concrete is in its plastic range, k 
becomes smaller. Conversely, LM gets larger. 
Figure 2 shows the relationship between increas-
ing the ratio of depth and reducing the ratio of 
the reaction modulus of concrete.  The increase 
ratio will be 2 if the reduction ratio of the reac-
tion modulus is reduced to 1/20. As a result, the 
depth of the plastic hinge point Lh is obtained in 
this paper.

4
4

8
3


 Zs

h
IEL 

 
 (4) 

Maekawa’s model[4] is used in this model for 
the reaction modulus of concrete.

 B150  (5) 

Here, sB is the concrete compressive stress 
(N/mm2). From Eqs. (4) and (5), a shear force 
yielding anchor bolt is obtained as follows.

hPP LMq   (6) 

δ

δ
δ

σ

Figure 1: An example of a join for seismic retrofitting

Figure 2: Modeling of dowel action for
a post-installed anchor
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The plastic moment is as follows.
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Here, sy is the yield stress of the anchor bolt 
(N/mm2). The bending resistance force is influ-
enced by qp. The bending resistance behavior is 
mentioned in Section 2.5.

2.3  Bearing Stress of Concrete

The concrete strain is influenced by the de-
formation of an anchor bolt. Assuming that the 
anchor bolt deforms linearly around the plastic 
hinge, the slip of anchor bolt da  is described as 
follows.
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It is thought that concrete strain is greater 
near the anchor bolt, and less further away. 
However, it is difficult to review this phenom-
enon. Therefore, the concrete strain is described 
as the average strain.

 
 

bab Lxx  )()(    (9) 

Here, Leb is the effective length leading to 
concrete strain.

The bearing force of the concrete is calcu-
lated by multiplying the circumference of the 
semicircle of the anchor bolt and integration 

from x = 0 to x = Lh.

 hL
bB dxxq

0
)(

2
   (10) 

2.4  Tensile Stress of Anchor Bolt

When the anchor bolt deforms around the 
plastic hinge, the anchor bolt is stretched be-
tween the plastic hinge and the concrete surface. 
The increase in length DLbr is as follows. 

hhabr LLL  22   (11) 

The strain ebr is obtained from DLbr. Moreo-
ver, its shear component force qT

S is expressed 
as follows.

hbrbr LL  (12) 

 sin
4

sin
2

brT
S
T qq   (13) 

In addition, because the adhesion bond is 
hardly damaged between the plastic hinge and 
the concrete surface, it is thought that the bond 
between these is not affected .

2.5  Mechanical Behavior of Three
       Components

Figure 5 shows the mechanical behaviors. In 
this section, the mechanical behaviors are ex-
plained.

(1) Bending Resistance of Plastic Hinge 

In this model, the behavior of the bending 
resistance of the plastic hinge is considered to 
be the same as the behavior of the reinforcement 
bar subjected to tensile stress. As a constitutive 
equation, the Menegotto-Pinto model[5] is used 
here. Fine tuning this model, the behavior of 
the bending resistance of the plastic hinge is ex-
pressed as follows.
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Figure 3: Tensile Stress of Anchor Bolt
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Rb is the parameter expressing the Bausch-
inger effect as follows.
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In these equations, Rb0, a1 and a2 are material 
coefficients. Here, Rb0 is 20, a1 is 18.5 and a2 is 
0.15 based on a general coefficient for reinforce-
ment bars.

(2) Bearing Stress of Concrete 

The bearing stress is regarded as the local 
compressive stress. Therefore, the constitutive 
equation of the compressive stress[6] are applied 
to the bearing stress of concrete up to the maxi-
mum stress.
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After the maximum stress, the stress remains 
elevated because the anchor bolt is restrained. 
Moreover, the maximum bearing stress exceeds 
the maximum compressive stress. In this model, 
the following equation is proposed for the maxi-
mum bearing stress.

8.05.2 Bbc    

  

  (17)

The behavior of the bearing stress under cy-
clic loading is expressed as follows.
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These equations are based on the previous 
studies[8],[9].

(3) Tensile Stress of Anchor Bolt

The behavior of the tensile stress is applied 
to a bilinear model as in Figure 5 (d). Moreover, 
the behavior of Lbr subjected to cyclic loading is 
presented in Figure 6.

3   ADAPTABILITY OF PROPOSED
    MODEL TO TEST RESULTS

3.1  Test Parameters

Table 1 shows the test parameters for using 
this verification. Figure 7 shows the image of 
the loading of these test[10]~[13].
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Figure 6: Behavior of anchor bolt
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Table 1: Summary of the specimens parameters
No. Loading

History
f

（mm）

sB

（N/mm2
）

sG

（N/mm2
）

Type

M-1[10] Mono. 19 24.7 - Capsule
M-2[10] Mono. 19 14.7 - Capsule
M-3[10] Mono. 16 14.7 - Capsule
M-4[11] Mono. 19 30.4 - Injection
C-1[12] Cyc. 13 31.3 55.4 Injection
C-2[13] Cyc. 16 14.7 28.7 Injection

Y. Takase, T. Wada, T. Ikeda and Y. Shinohara

In this paper, only test specimens used in 
organic adhesives are considered. Two loading 
histories are applied, i.e. monotonic loading and 
cyclic loading. 

The test parameters for comparison are the 
concrete compressive strength sB and the diam-
eter of the anchor bolt f. The values of sB are 
in the range 14.7 to 31.3  N/mm2, whereas f is 
either 16 mm or 19 mm.

The specimen name is derived from the code 
indicated by the loading history (M or C) and a 
serial number. 

The anchor bolts are made from normal 
strength fy = 295 N/mm2 or fy = 345 N/mm2, ex-
cept for specimen C-2, which alone was made of 
high-strength SNB-7(sy = 821 N/mm2) material.

Adhesive anchors are classified as capsule 
type or injection type. Specimens M-1, M-2, 
M-3 are capsule types, and specimens M-4, C-1, 
C-2 are injection types.

3.2  Monotonic Loading

Figure 8 shows a comparison of the test and 
analysis results from the M-1 to M-4 specimens.

Figure 8: Specimens M-1 ~ M-4

Figure 7: Image of the loading

Initially, the M-1 and M-2 specimens were 
compared. These specimens are made of the 
same material, fy = 345 N/mm2, and have the 
same diameter, f = 19 mm, but are used in con-
cretes with different compressive strengths: sB 
= 24.7 and sB = 14.7 N/mm2. These test curves 
demonstrate the same behavior almost until da 
= 2 mm. But the reduced stiffness of the M-2 
specimen is gradually more noteable after da = 2 
mm. Overall, the analysis curves are well evalu-
ated, although a bit large until da = 2 mm. 

Secondly, the M-2 and M-3 specimens were 
compared. These specimens differ only in the 
diameter of the anchor bolt. Overall, the analysis 
results are well evaluated against the test results, 
although the initial stiffness of the analysis was 
a bit high.

Injection-type adhesive anchors are only used 
in the M-4 specimen. The test behavior was 
evaluated by analysis. As a result, it seems that 
the difference in adhesive type has less effect.
　

3.2  Cyclic Loading

Figures 9 and 10 show a comparison of the 
test results and analysis results for specimens 
C-1 and C-2 respectively.

Actually, it is necessary to consider deforma-
tion of the joint side. In this paper, it is presup-
posed that the joint side deforms as a rigid body.

The initial stiffness of the analysis exceeds 
the test results until da is about 2 mm in Figure 
9.  But the analysis and test results demonstrate 
correspondence above  da = 2 mm. Based on 
these tendencies, it appears that the adherence 

(a) Specimens M-1 ~ M-4

(a) Specimens C-1 and C-2
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strength of the concrete surface may be affected. 
In this model, the adherence strength of the 
concrete surface is not considered. Therefore, 
the initial stiffness of the analysis is less until 
the adherence effect is overcome. However, the 
behavior after the adherence no longer has an 
effect, in unloading and in reloading, are accu-
rately evaluated overall in this analysis.

Next, Figure 10 is observed. On the positive 
loading, the initial stiffness of the analysis is ex-
cessive in the same manner as the C-1 specimen. 
But on the negative loading, the initial stiffness 
of the analysis replicates the test. It is thought 
that the adherence effect is less because of the 
low compressive strength of grouting mortar. 
However, the overall behavior of the test result 
is estimated by the proposed model.

Based on the observations in this section, the 
proposed model is able to evaluate test results 
reasonably for engineering purposes.

4   CONCLUSIONS

We proposed a dowel model of a post-
installed anchor subjected to shear force. In this 
model, the shear force equates to the sum of 

the bending resistant force qs, the bearing stress 
of concrete qB, and the shear component of the 
tensile stress qT

S. Findings obtained in this paper 
are as follows:
1) The proposed model could estimate the q-d 

curves of post-install anchors subjected to 
monotonic shear force.

2) The experimental results were estimated by 
analysis ignoring deformation of the joint 
side.

3) Unloading and reloading behaviors can be es-
timated using the proposed model.
We will strive for a modification to simulate 

the behavior when subjected to both shear and 
tensile forces with due consideration for the 
bonded stress – slip behavior of the adhesive an-
chor bolts.
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Abstract: Engineered cementitious composites (ECC) are a class of high-performance fiber 
reinforced cement composite with strain hardening and multiple cracking properties. In this paper, a 
number of RC/ECC composite beam-column joints have been tested under reversed cyclic loading 
to study the effect of substitution of concrete with ECC in the joint zone on the seismic behaviors of 
composite members. The experimental parameters include shear reinforcement ratio in the joint 
zone, axial load level on the column and substitution of concrete with ECC or not. According to the 
test results, for the specimens without shear reinforcement ratio in the joint zone, substitution of 
concrete with ECC in the joint zone cannot change the brittle shear failure in the joint zone, but can 
significantly increase the load capacity and ductility of the beam-column joint specimens, as well as 
the energy dissipation ability. For the specimens with insufficient or proper shear reinforcement 
ratio, application of ECC in the joint zone can lead to failure mode change from brittle shear failure 
in the joint zone to a more ductile failure mode, i.e. flexural failure at the base of the beam, with 
increased load capacity, ductility and energy dissipation ability. Increase of axial load on column 
and shear reinforcement in the joint zone have little effect on seismic behaviors of the members 
since they all failed by flexural failure at the base of beam. In a word, the substitution of concrete 
with ECC in the joint zone was experimentally proved to be an effect method to increase the 
seismic resistance of beam-column joint specimens. 
 
 

1 INTRODUCTION 
For conventional reinforced concrete frame 

structures, the seismic performance mostly 
depends on the deformation ability of key 
components such as beams, columns and their 
joint zones. Under earthquake actions, these 
members are expected to maintain substantial 
inelastic deformations without a significant 
loss of load carrying capacity. Among these 
structural components, beam-column joints are 
designed to sustain vertical live or dead loads 
transferred from beams and slabs, horizontal 

loads from earthquake actions and wind, 
leading to complicated stresses in the joint 
zone, as shown in Fig. 1. Evidence from recent 
earthquakes showed beam-column joints with 
insufficient transverse steel reinforcement 
often failed by brittle shear failure with ‘x’ 
shape cracks under reversed cyclic loading 
during the earthquake. Once brittle shear 
failure in the joint zones occurs, the joint 
cannot sustain any external and internal 
loading and maintain integrity of the frame 
structure, indicating that final failure of the 
frame structure is reached [1]. To increase 
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seismic performance of frame structures, the 
joint zones are reinforced with additional 
transverse steel reinforcement, which serve as 
confinement of the concrete core and lead to 
enhancement of shear capacity in the joint 
zone. Meanwhile, premature buckling of 
longitudinal steel reinforcement can be 
avoided by the confining effect of the 
transverse steel reinforcement [2]. With 
additional transverse steel reinforcement, 
brittle shear failure can be avoided in the joint 
zone with a significant increase of structural 
ductility and seismic resistance. However, on 
the other hand, an increased amount of 
transverse steel reinforcement in the joint zone 
will also bring forth two aspects of problems. 
Dense shear reinforcement ratio may lead to 
difficulties in placing steel bars because of 
space limitation, and the compactness of 
concrete cannot be guaranteed, leading to 
more defects in the joint zone. For reinforced 
concrete structures, another intrinsic 
deficiency is the brittleness of concrete 
especially in tension or shear. For concrete 
frame structures, seismic cyclic loading always 
leads to concrete spalling, bond splitting, 
brittle shear failure in the joint zone. Though 
transverse steel reinforcement can provide 
composite action with concrete and achieve a 
virtually ductile deformation behavior, the 
inherent brittleness of concrete cannot be 
modified and the deficiency with respect to 
steel/concrete interaction, interfacial bond 
deterioration, and composite integrity are still 
challenges for conventional reinforced 
concrete. Incompatible deformation between 
concrete and steel reinforcement can decrease 
interfacial slip, bond deterioration, resulting in 
decreased deformation ability and load 
capacity of concrete members. 

In recent years, a class of high performance 
fiber reinforced cementitious composites 
(called engineered cementitious composites 
(ECC) with ultra ductility, has been developed 
for applications in construction industry [3-5]. 
Substitution of conventional concrete with 
ECC strategically in concrete frame structures 
may provide a method to solve the deficiencies 
resulting from brittleness of concrete. ECC 
and concrete have similar range of tensile (4-6 

MPa) and compressive strengths (30-80 MPa), 
while they have distinctly difference in tensile 
deformation behaviour. For conventional 
concrete, it fails in a brittle manner once its 
tensile strength is reached. However, for an 
ECC plate under uniaxial tension, after first 
cracking, tensile load capacity continues to 
increase with strain hardening behavior 
accompanied by multiple cracks along the 
plate. Typically, mechanical softening of ECC 
starts at a tensile strain of 3-5%, with a crack 
spacing of 3-6 mm and crack width of about 
60 μm [6]. In compression, ECC has the 
similar strength as concrete with increased 
strain at the ultimate strength, resulting in a 
lower elastic stiffness compared with concrete 
due to lack of coarse aggregate. After the peak 
stress, the compressive stress drops to 0.5fc 
and followed by descending stress with further 
increasing compression deformation [7]. 
Existing research indicated that the mechanical 
properties of ECC material in shear are similar 
to those in tension [8]. The enhanced shear 
capacity and ductility provide an alternative 
way to increase the shear resistance and 
ductility of reinforced concrete members.  

Previous study indicated that the 
combination of ECC and steel reinforcement 
can lead to compatible deformation in uniaxial 
tension, resulting in decreased interfacial bond 
stresses and elimination of bond splitting 
cracks and cover splitting [9]. ECC beams 
without transverse steel reinforcement 
demonstrated superior mechanical 
performance to concrete beams with closely 
spaced stirrups, indicating that elimination of 
shear reinforcement is feasible when concrete 
was replaced by ECC [10]. Experiments on the 
cyclic response of steel reinforced ECC 
columns [11] and frames [12] also confirmed 
that the structure integrity could be maintained 
better when concrete was replaced by ECC. 
For reinforced concrete frame structures, it is 
vital to avoid brittle shear failure in critical 
components such as columns and 
beam-column joints. Substitution of concrete 
with ductile ECC in the joint zone and the end 
zones of beams and columns are also expected 
to obtain compatible deformation between 
ECC and longitudinal steel reinforcement  
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Fig 1 : External forces applied on a beam-column joint 

especially in inelastic deformation regime, 
resulting in increased load capacity, ductility 
and energy dissipation. With higher shear 
strength, ECC materials in the joint zones or 
outside can decrease the amount of transverse 
steel reinforcement in these regimes. Moreover, 
the confinement effect of ECC together with 
that from transverse shear reinforcement can 
avoid buckling of longitudinal steel 
reinforcement and maintain composite 
integrity, and a ductile failure can be 
guaranteed. Though ECC itself is unable to 
recover the energy dissipation capacity under 
reversed cyclic loading, the stabilizing effect 
from strategically application of ECC on the 
longitudinal reinforcement and damage 
tolerance at large deformation can 
considerably increase the seismic performance 
of reinforcement concrete structures. 

In this paper, structural behaviours of 
beam-column joints with application of ECC 
in the joint zone were investigated and 
compared with conventional reinforced 
concrete beam-column joint specimens. The 
influence of different parameters, including 
transverse steel reinforcement ratio in the joint 
zone, axial load level on the column, usage of 
ECC in the joint zone or not, on the ultimate 
strength, rigidity, and energy dissipation 
ability, etc., are evaluated. 

2 EXPERIMENTAL PROGRAM 

2.1 Preparation of specimens 
Due to higher cost of PVA-ECC compared 

with normal commercial concrete [13], 
application of ECC for a whole structure is  

 
Fig 2: Part made with ECC for RC/ECC joint specimens 

essentially uneconomic. For a concrete frame 
structure, ECC can be utilized in some key 
positions for improving the seismic resistance 
of the structure. In this experimental study, 
ECC is only involved in the connection zone 
of the beam and column, as shown in Fig. 2. 

In this experimental study, four RC/ECC 
composite beam-column joints and two 
reinforced concrete beam-column joints were 
tested. These joint specimens are all ‘T’ type 
joints for simulating the edge beam-column 
joints in the frame structures. For the joint 
specimens, the experimental parameters 
include application of ECC in the joint zone or 
not, transverse steel reinforcement ratio (0, 
0.69% and 1.04%) in the joint zone, axial load 
level on the column, etc. Totally, four different 
specimen configurations are designed in this 
experimental study. Specimen S1 and S2 are 
normal reinforced concrete beam-column joint 
without stirrup and with two stirrups in the 
joint zone, and specimen S3 and S4 are 
ECC/RC composite beam-column joints 
without stirrup and with two stirrups in the 
joint zone, respectively. The transverse steel 
reinforcement in specimen S5 is the same as 
specimen S4 but with higher axial load on the 
column, while the specimen S6 is an ECC/RC 
composite joint with increased transverse steel 
reinforcement (three stirrups) in the joint zone. 
Table 1 gives the details of each specimen. 
Two levels of axial loads (350 kN and 525 kN, 
corresponding to 20% and 30% of the load 
carrying capacity of the column) were applied 
on the top of columns when the joint 
specimens were cyclically loaded in horizontal 
direction. The longitudinal reinforcement ratio 
of column and beam is 1.44% and 1.88%,  
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Table 1: Summary of specimen information

 
 

Table 2: Material properties of steel reinforcement 

Steel type Diameter 
(mm) 

Yield 
strength 
fy (MPa) 

Ultimate 
strength 
fu (MPa) 

Modulus of 
elasticity 
Es(GPa) 

mild stirrup 6 407.5 454.8 181 
deformed longitudinal bar 20 359.4 541.6 187 

 

     
  (a) for Specimens S-1, S-3                     (b) for Specimens S-2, S-4, S-5, S-6 

Fig 3: Details of the test joints (unit: mm) 

respectively. The steel bars with the diameter 
of 8 mm at every 100 mm were used as shear 
reinforcement. The details of steel 
reinforcement configuration were shown in 
Fig. 3. 

2.2 Material properties 

In order to evaluate the ductility behavior of 
ECC used for the beam-column joints, direct 
tensile tests were conducted. Fig. 4 shows the  

 
Fig 4: Tensile stress-strain relationship of ECC 
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tensile stress-strain curves of ECC material 
used for casting the beam-column joints. The 
test results indicated that the tensile strength 
exceeded 5 MPa and the ultimate tensile strain 
approached 4%. For the compressive strength 
(fcu) of ECC and concrete used outside the  
joint zone, a number of cubic specimens with 
dimension of 150 mm×150 mm×150 mm 
were tested in compression. The compressive 
strength of ECC and concrete are 49.6 MPa 
and 52.4 MPa respectively, and the modulus of 
elasticity (Ec) of ECC and concrete are 34.49 
GPa and 18.50 GPa respectively. Table 2 
shows the measured average yield strength (fy), 
tensile strength (fu) and modulus of elasticity 
(Es) for the steel reinforcement. 

2.3 Loading configuration 

To investigate the seismic behaviors of 
beam-column joints with different 
configurations, the tests were designed as 
shown in Fig. 5. The column was horizontally 
and simply supported on the ground with the 
left end leaned against the rigid reaction wall. 
A hydraulic jack was installed between the 
other end of the column and a steel frame 
anchored on the ground. To avoid significant 
displacement of the steel frame, two steel 
strands with high strength were tensioned and 
fixed on the reaction wall and the steel frame. 
For each specimen, the axial load was applied 
on the column with the hydraulic jack, and the 
horizontal load on the end of the beam was 
applied with a hydraulic actuator. The whole 
loading system is shown in Fig.5.   

 
Fig 5: Test setup for all specimens      

For each specimen, the loading history 
included elastic and inelastic cycles. The 
elastic cycles were conducted under load 
control at load levels of 0.25 Py, 0.5 Py and 
0.75 Py, where Py is the estimated lateral 
yielding load corresponding to the lateral 
yielding displacement y.  The load was 
increased at intervals of 0.05 Py when the 
specimen is approaching yield strength. After 
yielding of the specimen occurred, inelastic 
cycles were conducted under displacement 
control at displacement levels of y, 2 y, 3 y, 
4 y, 5 y and so on. Three cycles were 
imposed at each inelastic displacement level 
described above. The loading history is shown 
in Fig. 6. For each specimen, the test was 
terminated when the residual load capacity of 
the specimen decreased to 85% of the peak 
load capacity. 

During the loading process, a displacement 
transducer was installed to obtain the 
displacement at the top of beam. The other two 
displacement transducers (LVDT) were 
installed to measure the shear deformation of 
the joint zone, as shown in Fig. 3. To measure 
the strain variation of the steel reinforcement, 
a number of strain gauges were attached on the 
longitudinal steel bars of the beam at a space 
of 80 mm within the joint zone and near the 
beam end, and two strain gauges were used at 
each side of the stirrup in the joint zone for the 
specimens with stirrups in the joint zone. The 
displacement from the LVDTs and strains 
from the strain gauges were automatically 
collected by a data logger. 

 

 
Fig 6: Cyclic loading history for each specimen 
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3 EXPERIMENTAL RESULTS AND 
DISCUSSIONS 

3.1 Failure characteristics and crack 
patterns 

For specimen S1, which is a reinforced 
concrete beam-column joint specimen without 
stirrups in the joint zone, a number of flexural 
cracks appeared in the height of 800 mm from 
the base of the beam before yielding of 
longitudinal steel reinforcement was reached. 
The cracks spacing was approximated to be 
100 mm, and the cracks extended to near the 
center line of the beam. Diagonal cracks were 
observed in the joint zone. For specimen S1, 
steel yielding occurred at the displacement of 
16.2 mm corresponding to a yield load of 75.3 
kN. Beyond yielding, the cracks in the beam 
region kept constant while the diagonal cracks 
in joint zone became wider and wider. The 
maximum crack width observed in joint zone 
increased to 5 mm at the displacement of 2 y. 
Ultimate load capacity (102.4 kN) was 
obtained at the displacement of 37.8 mm. 
Longitudinal splitting cracks and concrete 
spalling were observed at the displacement of 
3 y and the residual strength declined to 85% 
of the ultimate strength, indicating final failure 
was reached. S1 finally failed by brittle shear 
failure of concrete in joint zone, final crack 
pattern of specimen S1 is shown in Fig. 7. 

For specimen S2, which is a normal RC 
beam-column joint with two stirrups in the 
joint zone, the failure process is most similar 
to the specimen S1. Before yielding occurred, 
a number of flexural cracks occurred in the 
height of 850 mm from the base of the beam. 
The opening and spacing of the cracks in the 
beam were similar to S1 while the crack width 
within the joint zone was much smaller than 
S1 due to application of stirrups. With 
increasing external loading, yielding occurred 
at the displacement of 15.3 mm with 
corresponding load of 80.2 kN. With further 
increase of the external load, the crack arising 
from the base of the beam increased to 7 mm 
at the displacement of 2 y, and more 
intersectional shear cracks occurred in the joint 
zone. When the displacement reached 3 y, 

localization of cracks at the height of 100 mm 
and 150 mm from the base of the beam 
occurred and connected with the cracks at the 
height of 300 mm and 450 mm from the other 
side. For these localized cracks, the crack 
width approached about 5 mm. With 
increasing displacement, more shear cracks 
occurred in the joint zone and localized cracks 
tended to open significantly to 9 mm. 
Meanwhile, splitting of concrete occurred at 
the base of the beam and within the joint zone. 
Finally, specimen S2 failed at a displacement 
of 64.8 mm (5 y) due to shear crushing of 
concrete in the joint zone, and final crack 
pattern of S2 was shown in Fig. 7.  

For specimen S3, which is a RC/ECC 
composite beam-column joint without stirrups 
in the joint zone, the initial tiny crack occurred 
at a load of 40 kN at the interface between 
concrete and ECC. Prior to yielding, some tiny 
cracks occurred in the ECC zone of the beam, 
and extended to approximately 40 mm from 
the tension side, while larger flexural cracks 
formed in the beam of concrete part (400 mm 
to1000 mm from the base of the beam). In this 
stage, no cracks appeared in the joint zone. 
With increasing external loading, steel 
yielding occurred at the displacement of 13.5 
mm with corresponding load of 83.1 kN. 
When the displacement reached 2 y, a major 
flexural crack appeared at the base of the beam, 
and some secondary cracks occurred in the 
joint zone. When the displacement reached 4 
y, the crack at the base of the beam increased 
to 10 mm, and more tiny cracks occurred and 
formed a few intersectional shear cracks in the 
ECC joint zone. When the displacement 
reached 5 y, a major shear crack in the ECC 
joint zone suddenly increased to 15 mm, 
indicating ultimate stage of the beam-column 
joint specimen was reached. The 
corresponding ultimate load capacity was 
119.2 kN. With increasing displacement, the 
external load decreased with the displacement, 
and final failure occurred at the displacement 
of 6 y with corresponding load of 101.9 kN. 
The crack patter after failure is shown in Fig. 7. 
Compared with specimen S1 and S2, specimen 
S3 showed much better ductility and higher  
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Fig 7: Crack patterns of specimens after failure

ultimate load capacity.  
S4 is a RC/ECC composite beam-column 

joint specimen with two stirrups in the joint 
zone. Prior to yielding of steel reinforcement, 
a number of tiny flexural cracks occurred 
within the height of 850 mm from the base of 
the beam. The extension of the cracks was 
around 50 mm.  In this stage, no cracks 
occurred in the joint zone. With increasing 
external loading, S4 reached yielding of steel 
reinforcement at the load value of 99.7 kN 
with corresponding displacement of 12.7 mm. 
After yielding, the joint specimen is loaded by 
displacement control. When the displacement 
reached 2 y, a major flexural crack formed at 
the base of the beam, and three groups of 
connected shear cracks formed along the beam. 
When the displacement reached 3 y, the crack 
at the base of the beam continued to open and 
reached about 8 mm, but the crack could not 
extend further along the depth of the beam and 
multiple tiny cracks formed near the crack tip. 
During increase of displacement from 4 y to 6 
y, the beam tended to slide along the cracked 
section at the base of the beam, and further 
displacement increase had no effect on the 
cracks along the beam and within the joint 
zone. Final failure of S4 was caused by the 
tensile rupture of reinforcement at the 
displacement of 7 y (Fig.7) with 
corresponding load of 109.2 kN. Compared 
with S2, S4 failed by full development of 
plastic hinge at the base of the beam. 

Specimen S5 is a RC/ECC composite 

beam-column joint with two stirrups in the 
joint zone and constant axial load of 525 kN 
on the column during the loading process. For 
specimen S5, the deformation and cracking 
behaviors were very similar to that of 
specimen S4, while yielding of the specimen 
occurred at the load of 97.6 kN with 
corresponding displacement of 11.9 mm, 
which was smaller than that of S4. After 
yielding, the flexural cracks concentrated near 
the base of the beam where yielding of steel 
reinforcement occurred. Shear sliding occurred 
along the section of the beam base at the 
displacement of 7 y, and steel rupture 
occurred at the same section at the 
displacement of 7 y due to reversed 
horizontal loading. The failure load of 
specimen S5 was 106.7 kN with corresponding 
displacement of 84.5 mm. The failure mode of 
specimen S5 was the same as that of specimen 
S4, i.e. fully development of plastic hinge at 
the base of the beam for joint specimen. The 
crack pattern of specimen S5 is shown in Fig. 
7.  

Specimen S6 is a RC/ECC composite 
beam-column joint with three stirrups in the 
joint zone and a constant axial load of 350 kN 
on the column. The deformation and cracking 
behaviors of S6 were definitely similar to S4 
and S5, while yielding of S6 occurred at the 
load of 96.5 kN with corresponding 
displacement of 13.3 mm. With increasing 
displacement loading, specimen S6 finally 
failed by rupture of reinforcement due to fully 
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(a)  for S1                                    (b) for S2 

 
(c) for S3                                    (d) for S4 

 
(e) for S5                                    (f) for S6 

Fig 8: Cyclic load (P) versus lateral displacement () curves

development of the plastic hinge at the base of 
the beam (Fig. 7). The failure load and 
displacement were 101.7 kN and 74.6 mm 
respectively. The detailed test results for each 
specimen can be obtained in Table 1. 

3.2 Load-displacement responses 
Fig. 8 shows the curves of lateral load (P) 

versus lateral displacement () for each 
specimen. For specimen S1, the shear force in 
the joint zone was only undertaken by concrete 
and longitudinal steel reinforcement, leading 
to premature cracking of concrete under shear 

and compression stresses. When the lateral 
displacement reached 2 y, shear cracks 
opened significantly and spalling of concrete 
occurred, indicating final failure was reached. 
For specimen S1, pinching effect of hysteresis 
loops was apparent as shown in Fig. 8(a), 
indicating a brittle failure characteristic of 
specimen S1. Compared with S1, the 
hysteresis loops of S2 were relatively full and 
stable, and no apparent pinch effect was 
observed. This is due to the fact that 
application of steel stirrups in the connection 
zone enhanced the resistance to shear force  
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(a) at the yielding load                  (b) at the peak load 

Fig 9: Strain values for each specimen 

 
    (a) for specimen S2                 (b) for specimen S4 

Fig 10: The strain distributions along the longitudinal steel reinforcement

and provided confinement of concrete core, 
resulting in higher compressive strength of 
concrete. 

ECC is a kind of composite material with 
superior high ductility and damage tolerance, 
and deforms compatibly with steel 
reinforcement due to the same tensile 
properties. For steel reinforced ECC member, 
bond splitting or ECC spalling can be avoided 
under external loading, which can also be 
observed from the test results of specimen S3. 
Meanwhile, ECC had much better shear 
strength than normal concrete with the same 
compressive strength [8]. For the specimens 
without stirrups in the joint zone, specimen S3 
showed much higher load capacity and 
ductility than specimen S1, although they 
failed in the same failure mode, i.e. brittle 
shear failure in the joint zone. According to 
Fig. 8, the area within the hysteresis loops of 
S3 was much higher than that of S1 and S2, 
indicating that substitution of ECC in the joint 
zone can significantly increase the energy 

dissipation ability under reversed cyclic 
loading. Even compared with specimen S2 
which had two stirrups in the joint zone, the 
ultimate load capacity of specimen S3 is 11.4% 
higher than that of S2, which means that 
application of ECC in the joint zone can 
improve the shear strength significantly and 
even can substitute the steel stirrups with the 
same structural performance. 

Compared with specimen S2, the ultimate 
load capacity of specimen S4 is 16.7% higher 
than that of S2 due to the dual enhancement 
from ECC and stirrups in the joint zone. For 
specimen S2 and S4, the failure mode also 
transferred from the shear failure in the joint 
zone to flexural failure at the base of the beam 
with full development of plastic hinge. For 
specimen S5 and S6, increase of the axial load 
in the column and addition of three stirrups 
within the joint zone seemed to have little 
effect on the seismic behavior of specimens, 
which may be due to that they both failed by 
flexural failure at the base of the beam. The 
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hysteresis loops of specimens S-5 and S-6 
were generally similar to those of specimen S3 
and S4. 

3.3 Strain analysis 
For each specimen, the strain variations in 

the stirrups have been collected during the 
loading process. Fig. 9 shows the maximum 
strains of the stirrups in the joint zone at the 
yield load and peak load. When the specimens 
reached yielding load, the maximum strain in 
the stirrups of specimen S2 is 1243 , which 
is much larger than that of the other three 
RC/ECC composite joint specimens due to 
wide opening of shear cracks in RC joint.In 
the ultimate stage, the strain in the stirrups of 
specimen S2 is 2037 , which is beyond the 
yielding strain (1800 ) and is more than two 
times of the other three specimens. It is 
attributed to the fact that the crack width in 
joint of RC specimen (S2) is much larger than 
that of specimens S4, S5 and S6, in which the 
fibers have bridged and restrained the cracks. 

To analyze the strains distributions along 
the longitudinal reinforcement, the results of 
specimen S2 and S4 are used for examples. 
Fig. 10 shows the strain distributions along the 
longitudinal reinforcement of specimen S2 and 
S4 at different load levels. For specimen S2, 
the premature flexural cracks occurred along 
the RC beam, which led to the fluctuated 
distribution of strains along the longitudinal 
reinforcement in the beam. In contrast, for 
specimen S4, the strains along the longitudinal 
reinforcement in the beam distribute uniformly 
until the load increased to 100 kN due to 
opening of multiple and tiny cracks along the 
beam. In this stage, the longitudinal steel 
reinforcement had compatible deformation 
with ECC material and showed good bond 
with ECC. For each load value, the strains 
along the longitudinal reinforcement in 
specimen S4 are much smaller than those in 
specimen S2 due to strain hardening of ECC 
and compatible deformation between ECC and 
longitudinal steel reinforcement. 

3.4 Ductility and energy dissipation 

The ductility coefficient () is an important 

parameter for evaluating the ductility 
performance of beam-column joints. The 
ductility coefficient () is defined as u/y, 
where y is the lateral displacement at yield 
load and u is the displacement when the 
applied load declines to 85% of the maximum 
load. The value of  for each specimen is 
listed in Table 1. For specimens without 
stirrups in the joint zone, the ductility 
coefficient of S3 is 1.61 times of that of S1, 
which is due to substitution of concrete with 
ECC in the joint zone. For the specimens with 
stirrups in the joint zone, the ductility 
coefficients of S4, S5 and S6 are 1.47, 1.67 
and 1.32 times of that of S2. The enhanced 
shear strength and confinement effect of ECC 
are responsible for the improvement of 
ductility coefficient of RC/ECC composite 
joint specimens. The ductility coefficient of 
specimen S5 is larger than S4, which is due to 
the fact that improvement of axial load on the 
column contributed to restrain propagation of 
cracks in the joint zone and near the base of 
the beam. Redundant amount of stirrup may 
lead to difficulties in arranging transversal 
reinforcement and proper placement of 
concrete in the joint zone. That is why the 
ductility coefficient of specimen S6 is smaller 
than that of specimen S4. 

 

 
Fig 11: Hysteresis loop and energy dissipation 

Equivalent damping coefficient (eq) is 
another important parameter for evaluating the 
energy dissipation capacity of beam-column 
joint specimens. Equivalent damping 
coefficient (eq) can be calculated according to 
the hysteresis loops in Fig. 11, and can be 
expressed as: 
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where SABC and SCDA are the areas enclosed by 
the curves ABC and CDA respectively, which 
denote the inelastic dissipating energy in one 
complete hysteresis loop. Similar definitions 
were used for SOBE and SODF which denote the 
inelastic strain energy at a given displacement 
amplitude. 

For each specimen, the cumulative energy 
dissipation is defined as the sum of the areas 
of each hysteresis loop before the considered 
load level or displacement step. Fig. 12 and 
Fig.13 show the equivalent damping 
coefficient eq-/y curves and cumulative 
energy dissipation-/y curves for each 
specimen. Specimen S1 and S3 are the 
beam-column joint specimens without stirrups 
in the joint zone. Specimen S1 reached the 
ultimate load at displacement of 3 y, and 
showed little energy dissipation capacity 
beyond ultimate load due to brittle shear 
failure in the joint zone, while S3 showed 
steadily energy dissipation capacity after 
ultimate load and failed at the displacement of 
64.2 mm, resulting from strain hardening 
property of ECC in the joint zone. The 
cumulative energy dissipation of S3 is 3.7 
times of that of S1.  

For specimens with stirrups in the joint 
zone, specimen S2 showed the same the 
equivalent damping and cumulative dissipated 
energy with S4 when the displacement was 
smaller than 4 y. After that, spalling of 
concrete occurred in the joint zone and the 
energy dissipation ability of S2 decreased 
sharply with further loading. While, specimen 
S4 showed steadily energy dissipation capacity 
until lateral displacement reached 7 y (83.8 
mm), which is attributed to superior ductile 
behavior of ECC and the abundant inelastic 
deformation of steel reinforcement along with 
ECC. During the loading process, no spalling 
of ECC and no buckling of longitudinal steel 
reinforcement occurred in the joint zone. It is 
found that the cumulative dissipated energy of 
specimen S5 is larger than specimen S4, 
indicating that higher axial load on the column 

 
Fig 12: Equivalent damping coefficient eq-/y curves 

of each specimen 

 
Fig 13: Cumulative energy dissipation-/y curves of 

each specimen 

is beneficial to prevent propagation of cracks 
in the joint zone and can lead to higher energy 
dissipation ability. For specimen S6, which 
had three stirrups in the joint zone, the energy 
dissipation capacity is little smaller than that 
of S4, which may be caused by the defects in 
the joint zone when concrete casting was 
conducted. 

4 CONCLUSION 
In the present paper, a number of 

beam-column joint specimens with different 
configurations have been tested to investigate 
the effect of ECC in the joint zone on the 
seismic behavior of the beam-column joint 
specimens. For the specimens without stirrups 
in the joint zone, addition of ECC in the joint 
zone can significantly increase the load 
capacity and ductility of the beam-column 
joint specimens, as well as the energy 
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dissipation due to high ductility and shear 
strength of ECC material. For the specimens 
with reduced or proper shear reinforcement in 
the joint zone, replacement of concrete with 
ECC in the joint zone can lead to failure mode 
change from brittle shear failure in the joint 
zone to flexural failure due to yielding of 
longitudinal steel reinforcement at the base of 
the beam. The RC/ECC composite 
beam-column joint showed higher load 
capacity, ductility and energy dissipation when 
compared with normal RC beam-column joint 
specimen. Increase of the axial load on the 
column cannot increase the ultimate load 
capacity and ductility since they all failed by 
flexural failure at the base of the beam, but can 
result in increased ductility coefficient because 
the additional axial load can restrain 
propagation of cracks in the joint specimen. 
Experimental results showed that increase of 
shear reinforcement in the joint zone may lead 
to difficulty in concrete casting, and the 
ultimate load capacity and ductility showed a 
small decrease with increasing the shear 
reinforcement ratio. In a word, substitution of 
concrete with ECC in the joint zone can 
significantly increase the seismic performance 
of beam-column joints even with decreased 
shear reinforcement in the joint zone compared 
with proper designed RC members. 
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Abstract: Experimental and numerical investigations on size effects in reinforced concrete beams 
of a similar geometry were performed. Laboratory tests were carried out on over-reinforced 
concrete beams with steel or basalt bars and without shear reinforcement. The beams were 
geometrically similar. In laboratory tests, load-deflection curves and cracks were registered. In 
addition, a Digital Image Correlation technique was used to measure displacements on the outer 
concrete surface. FE numerical analyses of a size effect on the shear strength were carried out with 
an isotropic elasto-plastic model with non-local softening. The bond-slip behaviour between bars 
and concrete was simulated. Deterministic and statistical FE simulations taking into account a 
spatial variability of the local tensile strength were performed in order to determine in numbers the 
deterministic and statistical size effect.

1 INTRODUCTION
A size effect in concrete causes that both 

the nominal structural strength σN and material 
brittleness (ratio between the energy consumed 
during the loading process after and before the 
stress-strain peak) decrease with increasing 
characteristic specimen dimension D ([1], [2], 
[3]). Thus, concrete becomes ductile on a 
small scale and perfectly brittle on a 
sufficiently large scale. According to Bazant 
([1], [3]) the reasons of this behaviour are: a) 
the presence of intense strain localization 
regions with a certain volume (i.e. micro-crack 
regions), called also the fracture process zone 
FPZ), which precede macro-cracks and 
contribute to a deterministic size effect and b) 
a random distribution of material properties 
contributing to a statistical size effect. In turn,
Carpinteri [2] postulated that the reason of a 
size effect in concrete structures was the multi-
fractality of a fracture surface which increased 
with a spreading material disorder in large 
structures.  

A strong size effect occurs among others in 
reinforced concrete beams without shear 
reinforcement wherein a diagonal shear-tensile 
fracture mechanism occurs. Such behaviour 
was experimentally observed among others by 
Leonhardt and Walther [4], Kani ([5], [6]), 
Bhal [7], Taylor [8], Walraven [9], Chana 
[10], Iguro et al. [11], Bazant and Kazemi, 
[12], Shioya et.al. [13], Kim and Park [14], 
Grimm [15], Ghannoum [16], Kawano and 
Watanabe [17], Podgorniak-Stanik [18], 
Yoshida [19], Lubell et al. [20] and Korol 
[21]. The diagonal cracks at failure have in 
experimental tests essentially similar paths and 
relative lengths at the maximum load 
independently of the beam size. Therefore, the 
size effect in these beams can be described by 
the deterministic (energetic) size effect law 
(SEL) of Type II following Bazant [1], being 
valid for structures of a positive similar 
geometry possessing large stress-free cracks 
that grow in a stable manner up to the 
maximum load 
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where isυc the shear strength (υc=V/tD , V - the 
ultimate shear force, t – the specimen 
thickness) and υ0 and D0 are the empirical 
parameters to be determined by fitting Eq.1 to 
experimental results.  

2 EXPERIMENTAL TESTS 
The laboratory experiments were conducted 

on geometrically similar over-reinforced 
rectangular concrete free-supported beams 
with three different sizes. The slender 
specimens (SL) with longitudinal steel 
reinforcement were subjected to four-point 
bending with the shear span to the effective 
depth ratio a/D=3 (Fig.1). In turn, the short 
beams (SH) were reinforced with composite 
basalt bars (BFRP) and tested under three-
point bending at a/D=1 (Fig.2). The beams 
were scaled in two dimensions: length and 
height, while the thickness was kept always 
constant t=200 mm. 

Figure 1: Geometry and loading of slender concrete 
beams with steel bars 

Figure 2: Geometry and loading of short concrete 
beams with BFRP bars 

2.1 Experimental set up 
The slender beams were made from the 

concrete C35/45 with the maximum aggregate 
size dmax=16 mm. The reinforcement ratio was 
ρ=1% and the steel yielding strength fyd=500 
MPa. The specimens were classified according 
to their height and were denoted as SL20, 
SL40 and SL80 (Fig.3). The small beams 
SL20 had the height H=200 m and length 
L=1500 mm, the medium beams SL40: H=400 
mm and L=3000 mm and the large beams 
SL80: H=800 mm and L=6000 mm. For each 
beam size 3 specimens were tested. 

The short BFRP beams were casted from 
the concrete C16/20 with the maximum 
aggregate size dmax=16 mm (Fig.4). The 
reinforcement ratio was ρ=0.63% with the 
tensile strength of 1100 MPa and the elastic 
modulus of 70 GPa. The beams were divided 
into three groups: SH22 with H=22 mm and 
L=640 mm, SH40 with H=400 mm and 
L=1000 mm and SH78 with H=780 mm and 
L=1800 mm.  

a)                     b)                        c)
Figure 3: Cross-section of slender RC beams: a) SL20, 

b) SL40 and c) SL80 

During tests several LVDT gauges were 
used to measure the true deflection at the mid-
span, strain in the compression zone and crack 
extension. Simultaneously, the non-invasive 
Digital Image Correlation (DIC) technique 
[21] was applied to register a propagation of 
localized zones on the concrete surface (e.g. 7 
digital cameras were used to capture strain 
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localization in the largest RC beams SL80). 
The images had the resolution 3888 pixels ×
2592 pixels. The area of 1×1 mm2 on a 
concrete surface was represented in the image 
by 15 pixels × 15 pixels. 

Figure 4: Cross-section of short concrete beams with 
BFRP bars: a) SH22, b) SH40 and c) SL78 

2.2 Test results 
The slender RC beams failed due to the 

diagonal-tension failure preceded first by a 
propagation of an inclined crack at the mid-
shear span and next by a development of a 
horizontal splitting crack along the horizontal 
reinforcement. A strong size effect on the 
nominal shear strength of RC beams was 
obtained. The mean nominal shear strength 
decreased from υc=1.44 MPa in SL20 
(D= 160 mm) and υc=1.19 MP in SL40 
(D= 360 mm) down to υc=0.88 MPa in the 
SL80 (D=750 mm). Thus, the strength 
reduction was 40%. The results were 
compared to the analytical formula of size 
effect SEL Type II by Bazant (Fig.5) (with 
υ0=1.91 and D0=212.76 in Eq.1). The mean 
square error was solely 6.27e-3. 
In all slender RC beams, a similar crack 
pattern was observed (Fig.6). The critical 
inclined crack always occurred at the mid-
shear span a. The distance between the critical 
inclined crack and support c (measured at the 
beam mid-height) related to the shear span a
(c/a) was: 0.54-0.61 (SL20), 0.54-0.61 (SL40) 
and 0.52-0.58 (SL80), respectively. The height 
of the cracks was 0.864×H, 0.816×H and 
0.836×H for SL20, SL40 and SL80, 

respectively. A similar crack distribution 
occurred on both concrete beam sides (Fig.7). 

Figure 5: Nominal shear strength of slender RC beams 
from experiments compared to SEL by Bazant 

a) 

b) 

c) 

Figure 6: Experimental crack pattern in slender RC 
beams:  SL20 (a), SL40 (b) and SL80 (c) (note that 

beams are not properly scaled) 

Figure 7: Crack pattern on front side (black and red 
colour) and back side (blue colour) in RC beam SL40

The localized zone pattern registered with the 
DIC technique on the concrete surface of a 
slender RC beam SL20 during failure is shown 
in Fig.8. The width of localized zones varied 
between (1-1.5)×dmax and was independent of 
the beam size.  
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a) 

b)

Figure 8: Localized zones measured with DIC on the 
concrete surface of slender RC beam SL20: distribution 

of normal strain εxx(a) and shear strain εxy (b)

The short BFRP beams failed in shear in a 
sudden and abrupt manner. The effect of the 
beam size on the nominal shear strength was 
greater than in slender RC beams (Fig.9). The 
shear strength decreased from υc=4.73 MPa 
(SH22, D=180 mm) and 2.99 MPa (SH40, 
D=360 mm) down to 1.78 MPa (SH78, 
D=780 mm). Hence, the reduction exceeded 
60%, whereas the beam effective depth D
increased 4 times.  

Figure 9: Nominal shear strength of short BFRP beams 
from experiment compared to SEL by Bazant 

The short BFRP beams had significantly 
higher crack widths (reaching 4 mm before 
failure in SH22, Fig.10) than slender RC 
beams (about 0.2 mm before failure). Besides, 
the mid-span deflection in short beams (6.5-
7.5 mm) was also larger than in slender beams 
in spite of the higher ratio H/Leff in short 
beams. By comparing experimental results 
with SEL Type II by Bazant (Eq.1 with 

υ0=76.26 and D0=0.607), it can be observed 
that the predicted size effect relationship in a 
double logarithmic scale is represented by a 
straight line. Hence, the size effect in short 
BFRP beams indicating very high material 
brittleness beams can captured by the Linear 
Elastic Fracture Mechanics LEFM,  

Figure 10: Short BFRP beam SH22 after failure 

3 NUMERICAL INVESTIGATIONS 
The numerical FE analyses were performed 

with slender concrete beams longitudinally 
reinforced with steel bars (Section 2) under 
plain stress conditions. Both deterministic and 
statistical (stochastic) simulations were carried 
out. In deterministic studies, the local material 
tensile strength ft was assumed to be constant 
and uniformly distributed in the entire 
specimen. In statistical simulations, a spatial 
fluctuation of the local material tensile 
strength was taken into account [22]). The 
spatially correlated random fields described by 
a Gauss distribution function and squared 
exponential correlation function were used. 

3.1 Constitutive model 
Concrete was described with an isotropic 

elasto-plastic constitutive model with non-
local softening ([23], [24]). To describe its 
behaviour under tension, the Rankine yield 
function f with isotropic softening was 
assumed:  

{ } ( )1 2 3 1max , , tf σ σ σ σ κ= − ,
(2)

where: σi are the principal stresses (i=1-3), σt 

is the tensile yield stress and κ1 denotes the 
softening parameter equal to the maximum 
principal plastic strain. The associated flow 
rule was assumed. To model the concrete 
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softening under tension, the exponential curve 
by Hordijk [25] was chosen. In a compression 
regime, the shear yield surface based on the 
linear Drucker-Prager criterion with isotropic 
hardening/softening was assumed 

( )21
1tan 1 tan
3 cf q p ϕ ϕ σ κ = + − − 

 
         (3) 

3
2 ij ijq s s= and 1

3 kkp σ= ,                         (4) 

where: q – the Mises equivalent deviatoric 
stress, p – the mean stress and ϕ - the internal 
friction angle and sij - the deviator of the stress 
tensor σij. The material hardening/softening 
was defined by the evolution of the uniaxial 
compression stress σc (κ2). The internal 
friction angle ϕ was assumed as 

( )3 1
tan

1 2
bc

bc

r

r

σ

σϕ
−

=
−

,                                    (5) 

with rbc
σ as the ratio between the uniaxial 

compressive strength and biaxial compressive 
strength (rbc

σ=1.2). The flow potential was 
defined as 

1 tang q p ψ= + ,                                           (6) 

wherein ψ is the dilatancy angle (ψ≠ϕ). 

A non-local theory was used as a 
regularization technique with the non-local 
softening parameters iκ (x) (i=1, 2) defined 
after Brinkgreve [26] 
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with           i=1, 2,                                          (7)

where V denotes the body volume, x are the 
coordinates of the considered point, ξξξξ are the 
coordinates of the surrounding points, ω
denotes the weighting function taken as Gauss 
distribution function (Eq.8) 
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r e
l

ω
π

 
− 
 = ,                                      (8) 

where lc is the characteristic length of micro-
structure and r is the distance between material 
points.  

The behaviour of steel bars was elasto-
perfect plastic described with the von Misses 
criterion 

( ) ( )ssss qf κσκ −=,σ ,                                 (9) 

where σs is the yield stress for steel and κs is 
the hardening parameter.  

To simulate an interaction between concrete 
and reinforcement, a bond-slip relationship 
was defined. An interface with a zero 
thickness was assumed along a contact 
surface. In order to describe the splitting bond 
failure along reinforcement, the model by 
Akkerman [27] was used being a modification 
of the original model proposed by den Ujil and 
Bigaj [28]. The model takes into account the 
evolution of the radial stress σr,rs versus the 
radial strain εr,rs and is divided into 3 phases 
(Eq.10). The first phase (I) (0≤εr,rs≤εr,rs,max) 
characterizes a non-linear material behaviour 
caused by cracks, the second one (II) 
(εr,rs,max<εr,rs≤εr,rs,res) includes linear softening 
and the third one (III) (εr,rs,res<εr,rs) considers 
the residual strength 
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The phase limits were defined by radial strain 
and stress values  
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where ceff is the effective concrete cover, φb is 
the bar diameter and c0 is the empirical 
parameter affecting softening in the second 
phase (Eq.10). The radial strain εr,rs was the 
function of the slip displacement δ  

( ) b
b

rsr ϑ
φ
δδε tan2

. =      with     υb= 0.1fc.     (14) 

3.2 FE input data 
The FE mesh included plane stress 

quadrilateral elements composed of four 
diagonally crossed triangles. The FE elements 
had the area 1.5×2.0 mm (width×height) along 
the beam span Leff for SL20 and SL40. In the 
case of the beams SL80 the mesh was finer at 
the mid-span covering 0.8×Leff. In total, 
13’600-169’344 finite elements were used 
depending upon the beam size. The steel bars 
were modelled with 2D elements of the width 
1.5 mm and height 2-2.5 mm depending on the 
bar diameter φb. The following constants were 
adopted for the isotropic elasto-plastic model 
for concrete (Eqs.2-6): uniaxial tensile strength 
ft=2.2 MPa, uniaxial compression strength 
fc=35 MPa, Young modulus E=34 GPa and 
Poisson’s ratio υ=0.2. The internal friction 
angle was ϕ=14° and the dilatancy angle 
ψ=8°. The tensile fracture energy was 
Gf= 130 N/m and the compressive fracture 
energy Gc=1300 N/m. The calculations were 
carried out with the characteristic length of 
lc=5 mm based on the experimentally 
measured mean width of localized zones by 

means of the DIC technique equal to 20 mm. 
The non-locality parameter was m=2 [29]. In 
the bond-slip relationship by Akkermann [27], 
the parameters were ceff=22 mm and c0=0.18 
(Eqs.10-13).  

In statistical simulations, random fields 
were used to model a local fluctuation of the 
uniaxial tensile strength. A truncated Gauss 
probability distribution function was assumed. 
The mean tensile strength was the same as in 
deterministic simulation ft=2.2MPa, while the 
standard deviation was σft=0.264 MPa giving 
the coefficient of variation covft=0.12 
calculated as σft /ft. The spatial correlation 
describing a dependence of any two points at 
the distance |x1-x2| was defined by the 
homogenous square exponential 
autocorrelation function 

( ) ( )









 −
−= 2

2
21

21 exp,
l

xx
xxC                  (15) 

with the length of correlation l=100 mm 
corresponding to 5 times the mean width of 
localized zones obtained from DIC 
measurements. 

The random fields were generated using the 
Karhunen-Loëve expansion ([30], [31]) and 
the wavelet-Galerkin approach proposed by 
Phoon et al. ([32], [33]). The wavelets were 
used to construct the orthogonal basis for 
eigenfunctions. Initially 2000 random fields 
were generated to reproduce the desired 
autocorrelation function. Next, using the 
stratified sampling (SS) technique 12 samples 
were chosen for further FE analyses. The SS 
method was based on a sampling parameter 
defined as the mean value of a random field in 
the shear span area. The random field 
discretization was the same as the FE mesh.  

3.3 Numerical results 
Deterministic simulations 

The deterministic results showed a significant 
effect of the beam effective depth on the 
nominal shear strength (Fig.11). The 
calculated nominal shear strengths of all beam 
sizes were consistent with the mean 
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experimental values and were: υc=1.43 MPa, 
υc=1.170 MPa and υc=0.88 MPa in the beam 
SL20, SL40 and SL80, respectively. The 
deterministic results fitted well the 
experimentally calibrated SEL by Bazant. 

Figure 11: Nominal shear strengths of slender RC 
beams from experimental and FE deterministic 

investigations compared to SEL of Type II by Bazant

a) 

b) 

c) 

Figure 12: Localized zones in beam SL20 from 
deterministic FE simulation at: 30% (a), 55% (b), 90% 

(c) and 100% (d) of peak load 

The strain localization process in all beams 
took place in a similar way (Fig.12). First, 
straight localized zones appeared in the region 
of a constant bending moment. Next, some 
inclined zones developed in the shear area. 
Finally, starting together with a diagonal 
localized zone, the bond failure of a splitting 
type took place and developed along a contact 
surface towards the support. The failure 
mechanism was similar as the experimental 
one. 

a) 

b) 

c) 

Figure 13: Calculated localized zones in deterministic 
simulations compared to experimental crack pattern in 

beams: SL20 (a), SL40 (b) and SL80 (c) (note that 
beams are not properly scaled) 

The localized zones obtained in deterministic 
simulations and experimental cracks paths in 
the beams: SL20, SL40 and SL80 were 
compared together in Figure 13. The height, 
spacing and inclination angles of cracks were 
successfully reproduced in FE calculations. 
The position of a critical inclined localized 
zone where the bond failure began (close to 
the mid-shear span) was in agreement with the 
experimental observations in the beams SL20 
and SL80. However, in the beams SL40, a 
small discrepancy was observed - the bond 
failure was closer to the support in FE 
simulations than in laboratory tests (Fig.13b). 

Statistical simulations 

For each beam size 12 statistical FE 
simulations with a random spatially correlated 
distribution of the local tensile strength ft were 
performed. The assumed mean tensile strength 
and the standard deviation were kept constant 
independently of the beam size. The obtained 
mean nominal shear strengths υc were as 
follows: 1.30 MPa, 1.01 MPa and 0.78 MPa in 
the beams SL20, SL40, and SL80. The 
statistical mean strengths were always lower 
than the corresponding deterministic values by 
approximately 10% regardless of the beam 
size (Fig.14). The reduction of the mean 
statistical shear strength (due to the material 
randomness) was independent of the beam size 
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and indicated that the statistical size effect did 
not take place. 

  

Figure 14: Nominal shear strengths of slender RC 
beams from FE deterministic and statistical simulations 

compared to SEL by Bazant 

The calculated strain localization process 
followed in a similar way as in deterministic 
simulations. The fluctuation of a local tensile 
strength caused a non-symmetric distribution 
of localized zones and different paths of the 
bond failure (Fig.15). 

a) 

b) 

c) 

Figure 15: Calculated localized zones in statistical 
simulations: simulations in beam: SL20 (a), SL40 (b) 
and SL80 (c) (note that beams are not properly scaled) 

4 CONCLUSIONS  
The following conclusions can be drawn 

from our experimental and numerical 
investigations on the size effect of the shear 
strength in longitudinally reinforced slender 
and short concrete beams without shear 
reinforcement: 

A pronounced size effect occurred in both 
slender and short reinforced concrete beams.  
The reduction of the nominal shear strength 
with increasing specimen height was stronger 
in short beams with basalt BFRP bars than in 
slender beams with steel reinforcement. The 
short beams with basalt bars were very brittle 
and the influence of the size on the strength 
was close to the solution given by LEFM. The 
crack width and beam deflection were higher 
in beams with BFRP than in beams with steel 
bars due to a lower modulus of elasticity. The 
experimental results agreed with the analytical 
size effect formula by Bazant. The width of 
localized zones on the concrete surface of 
slender RC beams measured with the DIC 
technique varied between (1-1.5)×dmax and was 
independent of the beam size. 

An isotropic elasto-plastic constitutive 
model of concrete with non-local softening 
and characteristic length of microstructure 
could realistically reproduce the nominal shear 
strength reduction of RC beams with 
increasing beam height. The diagonal tensile 
failure mechanism of RC beams including the 
bond failure of a splitting type was captured 
with the bond-slip model by Akermann [26].  

The mean shear strengths in statistical 
simulations were always lower than 
deterministic values by approximately 10% 
independently of the beam size. The size effect 
on the nominal shear strength was thus of a 
deterministic-energetic type only. 
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Abstract. The behavior of lightly reinforced concrete elements under eccentric compression is a
complex phenomenon due to material and geometric nonlinearities. This is a field where complete
experimental results are lacking. Thus a need was felt to carry out an experimental campaign to
investigate the sensitivity of the related parameters on the failure of these type of elements. In
this current work, 54 micro-concrete specimens were tested to study the influence of reinforcement
amount, slenderness ratio and load eccentricity. The applied load and the displacement at mid-
span of the specimen (additional eccentricity) were measured during the entire loading process,
including the post-peak stage. At the same time, independent tests were carried out for material
characterization. Based on this study, a brittle-ductile classification according to the slenderness ratio
and the eccentricity is performed. Such a classification is particularly useful for the element design to
avoid brittle failure.

1 Introduction

The buckling failure produced in a
reinforced concrete (RC) slender elements,
such as columns or panels, is a complex
phenomenon. This is due to material and
geometrical nonlinearities [1], the bond
deterioration between the concrete bulk and the
steel rebar [2], the effect of creep [3, 4, 5] as
well as the cracking and compressive damage
in concrete [6]. All of them lead to stiffness
reduction of the column, which in turn exerts
a great influence on its buckling failure due to
second-order effects [1, 7, 8]. In 1994, Bažant
and Kwon studied the size effect in columns
[9]. Shortly after that, in 1997, Kim and
Yang [10] tested 30 columns made of reinforced
high strength concrete (HSC). By changing
the slenderness ratio, the concrete strength
and the reinforcement ratio, they got the main

conclusion that the use of HSC improves the
peak load for more stocky columns but has
almost no influence on that of the slender
ones. In the same year, Foster and Attard [11]
observed that the ductility of the column is
related to the transverse reinforcement, and
that the effectiveness of this reinforcement is
heavily influenced by the concrete strength.

All these studies have helped us to
understand the phenomenon of buckling in
slender RC elements and some variables
involved in it. However, given the difficulty
of testing elements with a large slenderness
ratio, these studies did not take into account all
the parameters involved in the fracture process
and relevant to the analysis. Thus a need was
felt for a complete experimental program in
which all material characteristics, including
those related to the steel-concrete interaction,

1
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should be measured by direct testing.
In this work, we present the results on

the tests carried out on panels of reduced
size to facilitate material control and specimen
handling, as well as to minimize the data
dispersion [12]. All the specimens are weakly
reinforced, this entitles us to employ the
framework based on fracture mechanics of
concrete [13, 14] for result interpretation.

The rest of the paper is structured as follows:
a brief overview of the experimental program
is given in Section 2. The materials and
specimens are described in Section 3. Section
4 summarizes the experimental procedures.
The experimental results are presented and
discussed in Section 5. Finally, in Section 6
some conclusions are extracted.

2 Overview of the experimental program
The experimental program was designed

to study the fracture behavior of lightly RC
slender elements. In particular, we want to
determine whether this behavior is dependent
on the specimen slenderness ratio, the initial
load eccentricity and/or the reinforcement
amount. In addition, the program had to provide
an exhaustive material characterization to allow
a complete interpretation of the test results.

As mentioned before, we designed tests on
panels of reduced size. This is based on the size
effect law described through the Hillerborg’s
brittleness number

βH =
H

�ch

; �ch =
EGF

f 2
t

(1)

where H is the specimen height, �ch is
the characteristic length; E, GF and ft

are respectively the elastic modulus, the
fracture energy and the tensile strength of the
concrete. According to the size effect law, two
geometrically similar structures will display
a similar fracture behavior if their brittleness
numbers are comparable [15, 16]. For instance,
the behavior of specimens of 30, 60 and 120
mm in height, made from a micro-concrete with
a �ch of 90 mm will represent that of specimens
of 1, 2 and 4 m made from an ordinary concrete

with a �ch of 300 mm.
Therefore tests on fifty-four micro-concrete

specimens were carried out. All the specimens
were geometrically similar with the same
rectangular cross-section of 50×70 mm (B×D),
see Fig. 1. Three different heights of 30, 60
and 120 cm were chosen to give slendernesses
ratio λ of 21, 42 and 83 respectively, and λ is
calculated as follows

λ =
Lp√
Iy/A

; Iy =
1

12
DB3 , A = BD (2)

where Lp is the effective length, which is
dependent on boundary conditions, in this case,
it is equal to the height H .

a=1m b=25m c=50m
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Figure 1: Geometry of the specimens.

The specimens were longitudinally
reinforced with one, two or three ribbed steel
bars of 2.5 mm in diameter (which resulted

2
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a reinforcement ratio of 0.14%, 0.28% and
0.42% respectively), three settings of the initial
load eccentricity, 1, 25 and 50 mm (which we
denominated as setting type a, b and c), were
applied, see Fig. 1.

Standard characterization and control tests
were performed to determine the compressive
strength, elastic modulus, tensile strength and
fracture energy of the concrete. Steel properties
such as the yield strength and the modulus of
the steel were obtained from tensile tests. And
the steel-to-concrete bond characteristics were
determined from pull-out tests in which both the
pulling force and the steel slip were measured.
The results of all these tests are shown in the
next section.

3 Material characterization
3.1 Micro-concrete

A single micro-concrete mix was employed
throughout the experiments. The maximum
grain size of the siliceous sand was 4 mm and
the portland cement was of ASTM type II. All
of the cement used was taken from the same
cement container and dry stored until use. The
mixing proportion by weight were 0.47:3.2:1
(wather:aggregate:cement). The granulometric
curve of the aggregate follows UNE 9139.

Nine batches were necessary to cast all
the panel specimens plus the necessary
characterization specimens. The Abrams cone
slump, measured immediately before casting,
was of 1.8 cm in average. All the specimens
were cast in steel molds, vibrated during 10
seconds while fastened to a vibrating table,
wrap-cured for 24 hours, demolded, and right
after removal from the moist room, were stored
in a moist chamber at 20±2◦C until the test
(about 1 month).

Material characterization was carried out
on specimens of the same age as the panel
specimens. For each batch, four compressive
tests were conducted according to ASTM C39
on cylinders of 75 mm in diameter and 150 mm
in height. Four Brazilian tests were performed
on cylinders of the same dimension, following
the procedures recommended by ASTM C496.

The specific fracture energy GF was
measured through three-point bending beams
of 75 mm in depth, 50 mm in width and
300 mm in span. The testing procedures
followed were according to RILEM TC-50 [17]
and with the improvements on the tail part
proposed by Elices, Guinea and Planas [18, 19,
20]. Such tests were performed in position
control on beam rested on anti-torsion supports.
Three linear ramps at different displacements
rates were devised: 10 µm/min for the first
25 minutes, 50 µm/min for the following 15
minutes and 250 µm/min until the end of the
test.

Table 1: Micro-concrete properties

fc Ec ft GF

[MPa] [GPa] [MPa] [N/m]

Mean 36.5 26.0 3.90 50.7
SD 6.0 4.8 0.53 5.1

The mechanical and fracture properties of
the micro-concrete measured are given in
Tab. 1. The characteristic length according to
Eq. 1 is 93 mm. It needs to be remarked
that, the mean values in Tab. 1 are the test
results of 36 measurements (four in each batch).
The relatively low level of standard deviations
among specimens from nine different batches
is the outcome of the strict control during the
specimen making process.

3.2 Steel

Since the tests were carried out in a
reduced scale, in order to achieve the desired
reinforcement ratios, the diameter of the steel
bars had to be smaller than that of standard
rebars. In this case, commercial ribbed wires
with a nominal diameter of 2.5 mm were used.
The measured characteristics of such wires,
such as the nominal elastic modulus Es, the
0.2% offset yield strength σ0.2, the ultimate
strength σu, and the ultimate strain εu are given
in Tab. 2.

3
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Table 2: Reinforcement steel properties

Es σ0.2 σu εu

[GPa] [MPa] [MPa] %
Mean 188.0 458.0 603.2 4.3
SD 4.8 24.6 12.4 0.8

3.3 Steel-concrete interface

The stress transfer between steel and
concrete was measured through pull-out tests.
Thirty-six pull-out tests were performed, four
for each batch. Pull-out specimens consist of
prisms 75×75×150 mm with a wire embedded
along their longitudinal axis. The bonded
length was 25 mm to allow a constant shear
stress at the interface [21, 22], see Fig. 2 for the
experimental setup. The concrete specimen was
held by the stiff frame fastened to the machine
actuator while the wire was pulled out through
a hole in the upper steel plate. The relative
slip between the wire and the concrete surface
was measured at the bottom end to eliminate the
effect of the elastic deformation in the wire. The
tests were carried out at a constant displacement
of 2 µm/s. The bond strength τc, 3.8 MPa
in average, is calculated as the measured peak
force divided by the contact area.

Figure 2: Experimental setup for pull-
out tests.

4 Experimental procedure for eccentric
compression tests

As mentioned before, fifty-four micro
concrete specimens of three sizes (small,
medium and large), three reinforcement ratios
(one, two and three rebars) and three setting of
initial eccentricities (a, b and c for 1, 25 and
50 mm respectively), two for each type, were
tested. We name each specimen according to
this order, for example, L2b-1 represents a large
size specimen with two rebars, loaded with type
b setting for the initial eccentricity, and it is the
first of the two columns tested.

Figure 3: a) Specimen during the test.
b-c) Top loading device. d-e) Anti-
torsion support. f) Steel block bolted
to the specimen for eccentric loading.

4
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All specimens were tested with position
control in a vertical position, see the
experimental setup in Fig. 3, where the details
of the anti-torsion support and the steel block
bolted to the specimen for eccentric loading
are also depicted. The measure parameters
include the applied load P, the loading point
displacement d and the additional eccentricity
at the midspan of the specimen ea, see Fig. 4.
A servo-controlled testing machine, with a
load capacity of 25 kN, was employed for the
load application. An inductive transducer, with
20 mm of stroke and 0±2 percent error of its
maximum capacity, was used to measure the
additional eccentricity.

Figure 4: Schematic diagram of
the specimens and the measured
parameters (applied load P, loading-
point displacement d and the
additional eccentricity ea).

5 Experimental results and discussion
The experimental load versus additional

eccentricity curves for the RC slender elements
are shown in Fig. 5, where the curves
are gathered so that the load eccentricity is
kept constant for vertical columns and the
slenderness ratio for horizontal rows. Each
subfigure depicts the curves for 6 specimens

of the same size, same type of setting for the
load eccentricity and for all three reinforcement
ratios, except two results for the smaller
specimens were not recorded due to the bolt
failure of the loading plate. In addition, the
exact values of the initial load eccentricity
measured before each test, are also shown
below each subfigure.

5.1 Brittle-ductile classification
A typical load-versus-additional-eccentricity

curve in Fig. 5 starts with a linear ramp-up.
Then a loss of linearity is observed before
reaching the peak load, which indicates the
initiation of the fracture process. In addition,
the peak load decreases with the increase of
either the slenderness ratio or the initial load
eccentricity. The effect of the two parameters
is clarified in Fig. 6, where we put together
the curves for small and large specimens, with
different settings of initial eccentricity, but all
reinforced with one rebar. It can be observed
that, for the same size (or slenderness ratio),
the increase of initial eccentricity improves the
ductility; for the same initial eccentricity, the
increase of size also enhances the ductility.

Therefore we have identified two types of
behavior in the specimens tested: ductile and
brittle. For this purpose, we employ two values
of the additional eccentricity, eal and ea, which
correspond to the linearity limit and the peak
load respectively, see Fig. 7. The structural
behavior is considered as brittle if ea is less than
five times eal, ductile if ea is more than ten times
eal, ductile-brittle if otherwise. The load peak is
more pronounced for a brittle type of behavior,
whereas the area below the load-eccentricity
curve is more extensive for a ductile type of
behavior.

It needs to be pointed out that, the
reinforcement ratio plays an important role in
the above ductile-brittle classification, this is
due to the fact that the rebars have yielded at
post peak stage. Depending the ultimate load
for rebar yielding is larger or not than the peak
load, the behavior can stay ductile or change to
brittle, see the second row of Fig. 7.
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We summarize the previous ductile-brittle
classification in Fig. 8, where the initial
load eccentricity has been normalized by the
specimen thickness, each point represents one
specimen tested in the lab. The significance
of Fig. 8 lies in the fact that, a given slender
reinforced element can be classified as a brittle
or ductile structure according to its slenderness
ratio and initial load eccentricity.
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20 30 40 50 60 70 80 90 100

e 
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λ
Figure 8: Brittle-ductile transition
with respect to the slenderness ratio
and the initial load eccentricity
normalized by the thickness of the
element, note that the ductile region is
dependent on the reinforcement ratio.

5.2 Crack patterns

In Fig. 9 we show the typical crack
patterns obtained for all the load eccentricity-
slenderness ratio combinations in spited of
the number of rebars. For the specimens,
which structural behaviors have been classified
as brittle, cracks parallel or inclined to the
loading direction are observed; whereas for
those specimens, which structural behaviors
have been classified as ductile, cracks are
perpendicular to the longitudinal axis and
concentrated around the mid span. In either
case, the reinforcement ratio does not play a
significant role on the observed crack patterns.

a b c

L

a b c
M

a b c

S

Figure 9: Typical cracking maps for
small, medium and large size (S, M
and L), and for each three setting of
initial load eccentricities (a, b and c.)

6 Summary and conclusions
We have presented experimental results

on lightly reinforced concrete slender
elements under eccentric compressive
load. Geometrically similar specimens and
characterizing coupons were cast from a
single micro-concrete. Tests were carried
out for 54 specimens of three sizes, with
three reinforcement ratios and three initial
load eccentricity. Material (concrete and steel
rebars) and interface properties were measured
through independent tests. Concrete-making
and testing procedures were strictly controlled
to ensure to reduce experimental scatter.

Through analyzing the load-versus-
additional-eccentricity curves, we have
classified the structural behavior of the tested
elements according to their slenderness ratio
and initial load eccentricity. It has been
observed that the reinforcement ratio plays on
an important role on the ductility or brittleness
of the structure, but it barely influences the
observed crack patterns.

The classification chart obtained provides a
guideline to predict the structural behavior for
lightly reinforced slender elements.
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Abstract: Drying of cement-based materials induces drying shrinkage, which may cause prestress 
loss or/and cracking if strains are (self or externally) restrained. Drying shrinkage is difficult to 
predict, since it depends on the material mix, mechanical and hygral boundary conditions, geometry 
... This paper focuses on the study of size effect on final drying shrinkage, which is not well 
documented in the literature. In the Eurocode 2 (European code model), a reduction factor is 
applied for large structure, which is in agreement with experimental data of one campaign (found in 
the literature). Using numerical simulations, it is shown that a large panel of models, including 
phenomenological models as physical ones (which takes into account of (aging) creep under 
capillary pressure (assumed to be the physical mechanism for drying shrinkage)), do not predict size 
effect on final value of drying shrinkage. 
 
 

1 INTRODUCTION 
Drying of cement-based materials induces 

drying shrinkage, which may cause prestress 
loss or/and cracking if strains are (self or 
externally) restrained. Drying shrinkage is 
difficult to predict, since it depends on the 
material mix, mechanical and hygral boundary 
conditions, geometry ... Another difficulty is to 
take into account size effect on final drying 
shrinkage. A lot of experimental data and 
models are available concerning drying and 
induced drying shrinkage and cracking. 
However, some phenomena have still not been 
deeply investigated as the effect of size effect 
on final value of drying shrinkage. Indeed, it is 
obvious that the increase of the structure size 
slows the drying shrinkage kinetic (since 
drying is a diffusive process). On the contrary, 
it is not straightforward that the structure size 
may influence the final value of drying 
shrinkage. Besides, for large structure, drying 

may last more than one century! In the 
literature, only 2 papers have been found [1,2], 
showing that there is a significant effect of 
structure size on final drying shrinkage (but 
with a significant difference between these 2 
contributions, see Figure 1). In the European 
Code model (Eurocode 2, [3]), a reduction 
factor is applied to minor final drying 
shrinkage, which ranges from 1 to 0.7, 
depending on the notional size of the structural 
member. It should be pointed out, that the ACI 
209 Code model [4] or the new fib 2010 model 
do not introduce such a reduction factor. In 
order to predict drying shrinkage, it is thus 
important to dispose of a relevant predictive 
model (based on chemo-physical 
mechanisms). 

The objective of this paper is to perform a 
thorough investigation on this subject. Since 
drying is not uniform in the specimens, finite 
elements calculations are needed to investigate 
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deeply drying shrinkage. Using experimental 
results of a concrete representative of a French 
nuclear containment [5], numerical 
simulations are performed with a model 
developed by the authors, taking into account 
the main phenomena that occur in concrete 
during drying (water loss, shrinkage, creep, 
cracking) and the size effect on mechanical 
properties (tensile strength at this time). The 
comparison with others approaches as well as 
2 classical drying shrinkage models are 
performed. 
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Figure 1: Evolution of drying shrinkage (for different 

volume to surface ratio: h0/2) with respect to the 
square root of time to h0 ratio [1,2]. Only partial data 

are displayed for sake of clarity. 

2 MODELING 

2.1 Drying 
The drying of cement-based materials is a 

complex phenomenon. Several, more-or-less 
coupled, mechanisms are involved: 
permeation, diffusion, adsorption-desorption 
and condensation-evaporation. Drying can be 
analyzed through the resolution of liquid 
water, vapor and dry air mass balance 
equations. The use of several hypotheses [6,7] 
allows for considering only the mass balance 
equation of liquid water: 

   







 c

l
lrl

c

c

l pgradKSkdiv
dt

dp
dp
dS


 (1) 

where Sl, pc, , K, krl and µl are, 
respectively, the saturation degree, the 
capillary pressure, the porosity, the intrinsic 
permeability, the relative permeability and the 
viscosity of the liquid water. Mainguy et al. 

[6] and Thiery et al. [7] showed that this 
equation is sufficient for an accurate prediction 
of the drying of ordinary and high-
performance concretes at 20°C with a relative 
humidity greater than 50%. The capillary 
pressure and the relative permeability are 
related to the degree of saturation through van 
Genuchten’s relation [8]: 

    bb
llc SaSp

11
1

   (2a) 

     21
 11

bb
lllrl SSSk 

 

(2b) 

where a and b are parameters of the 
material. 

2.2 Cracking 
The damage model proposed by Mazars [9] 

has been slightly modified [10]. In this model, 
a scalar mechanical damage variable is 
associated to the mechanical degradation 
process of concrete induced by the 
development of microcracks. The relationship, 
between apparent stressσ , effective stress σ~ , 
damage D (depending also on tensile strength 
ft), elastic stiffness tensor E, elastic strain eε , 
creep strain cε  (sum of basic and drying 
creep), drying shrinkage ds, and total strain ε , 
reads: 

  ~1 D  (3a) 

 dsce EE   ~

 

(3b) 

2.3 Basic creep 
The model used for creep strain evolution is 

based on the microprestress theory proposed 
by Bazant et al. [11] which has been enhanced 
in order to predict that basic creep depends on 
the internal relative humidity [12] (and that a 
completely dried concrete specimen does not 
creep at all [13]). This model turns out to be 
particularly accurate when considering a very 
long time creep (which is the case here), and is 
in good accordance with experimental results 
(cf. the experimental campaign by Brooks [14] 
for 30 years creep). The evolution of 
irreversible creep reads: 
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n
l

ibc S
tdt

d 
 ~_ 

 

(4) 

where  is a material parameter. The last 
right term, depending upon saturation degree, 
takes into account that the viscosity increases 
rapidly as drying occurs, leading to a decrease 
of basic creep strains as previously 
aforementioned. 

In order to reproduce the (partial) reversible 
part of basic creep, a Kelvin-Voigt chain is 
used: 

dt
d

k
rbc

KVrbc
_

_

~ 




 

(5) 

Where k is the stiffness of the spring, KV is 
the characteristic time of the Kelvin-Voigt 
chain. 

2.4 Drying creep 
The most used model is probably the stress-

induced shrinkage one, proposed by Bažant 
and Chern [15], which is based on 
experimental observations. It has been used in 
this study: 

σε hµdc
 

 

(6) 

where µ is a material parameter. Creep is 
extended to multiaxial state of stress by the use 
of a creep Poisson ratio, which has been taken 
equal to the elastic one. 

2.5 Drying shrinkage – models based on 
capillary pressure 

The capillary pore pressure pc is derived 
from the Kelvin law, which states that the 
gaseous phase (air and water vapor) are in 
equilibrium (Fig. 2). It should be noted that the 
disjoining pressure and surface tension (which 
are also possible mechanisms for drying 
shrinkage) have similar mathematical 
expression than the capillary pressure one and 
the use of these mechanisms will not change 
drastically the following results. 
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Figure 2: The different pressures applied to the solid 

in the capillary pores. 

Therefore, the pressure applied to the solid 
skeleton ps at the macroscopic scale is 
considered to result from a volume average of 
the capillary pressure: 

cls pbSp 

 

(7) 

where b is the Biot coefficient which can be 
identified from a drying shrinkage test. The 
degree of saturation Sl can be related to the 
relative humidity by means of the isotherm 
desorption curve (Eq. 2a). 

Using the definition of effective stresses by 
Gawin et al. [16] the drying shrinkage results 
from the elastic and the creep response of the 
solid skeleton under the pore pressure (Eq. 7): 
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(8) 

where  is the Poisson ratio and J is the 
creep compliance. Using this formulation, it is 
possible to reproduce irreversible drying 
shrinkage (after rewetting) and effect of drying 
rate [17]. 

An alternative approach using the definition 
of stresses by Baroghel-Bouny et al. [18], the 
drying shrinkage reads: 
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(9) 

2.6 Drying shrinkage – models based on 
capillary pressure 

Following experimental results, the (free) 
drying shrinkage rate dsε may be taken as 
proportional to the water content variation 
[5,19]: 
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1ε Ckdsds
 

 

(10) 

where kds is a hydrous compressibility 
factor and 1 is the unit vector. 

An alternative approach is to take the 
drying shrinkage proportional to relative 
humidity [15]: 

1ε hKdsds
 

 

(11) 

where Kds is a hydrous compressibility 
factor. 

3 FINITE ELEMENT SIMULATIONS 
As seen in the introduction, very few 

experimental results are available in the 
literature on the effect of size on drying 
shrinkage. Besides, in these two studies, 
evolution of drying has not been unfortunately 
studied (through weight loss measurements, 
for instance), which limits the efficiency of 
numerical simulations. Therefore, 
experimental results of Granger [5] are used. 
Indeed, most of material parameters, needed to 
predict drying shrinkage, have been measured, 
on cylindrical specimens: diameter of 16 cm 
and height of 1 m, during almost 3 years. Only 
desorption isotherm characterization is 
lacking. Several concrete mixes have been 
studied. This study focus on an ordinary 
concrete with a w/c = 0.57). 

All the mechanical, drying, creep and 
drying shrinkage parameters are identified 
form experimental data of Granger [5], expect 
for the desorption isotherm (experimental 
results obtained by Philajavaara [20] on a 
similar concrete mix have been used). 

Numerical simulations are performed on 
two cylindrical specimens: the first one has a 
diameter of 16 cm as the second one’s 
diameter is 64 cm (both specimens have a 
height of 1 m, and dry only by the lateral 
surface). Numerical simulations are performed 
during 100 years. At this time, only the 
predictive capacities of different drying 
shrinkage models have been tested. 

Evolution of mass loss is plotted on Figure 
3. It can be seen that experimental data are 
retrieved, and that it is corresponds to a 
diffusion type problem (i.e. controlled by the 

ratio between the square root of time and the 
radius). 
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Figure 3: Evolution of weight loss (for two different 

volume to surface ratio: h0/2) with respect to the 
square root of time to h0 ratio. 

3.2 Phenomenological models 
The results are summarized in Figure 4, 

where drying shrinkage strains versus the 
square root of time to h0 ratio are displayed. It 
shows that both models give very close results 
(if the material parameters are correctly 
identified) for the experience duration and 
diverge after about 75 years. Besides, a major 
part of the experimental curve is retrieved. 
However, the long term drying shrinkage 
(which was the topic of this paper) seem to be 
largely overestimated. 
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Figure 4: Evolution of drying shrinkage, predicted by 
the two phenomenological models (for two volume 

to surface ratios: h0/2) with respect to the ratio 
between the square root of time and h0. Models A 

and B corresponds to Equation 10 and 11, 
respectively. 
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The comparison between the numerical 
results obtained for the two simulated sizes 
shows no significant size effect (on the 
amplitude of drying shrinkage). In contrary, 
results obtained with the model B (Equation 
11) seems to show a very slight increase for 
drying shrinkage as the size increases. 

3.2 Models based on capillary pressure 
The results are summarized in Figure 5, 

where drying shrinkage strains versus the 
square root of time to h0 ratio are displayed. It 
shows that both models give again very close 
results (if the material parameters are correctly 
identified) for the experience duration, and 
diverges after 1.5 years (early than what has 
been observed for the phenomenological 
models). Besides, a major part of the 
experimental curve is retrieved. However, 
again the long term drying shrinkage (which is 
the topic of this paper) seems to be largely 
overestimated for the model D, and slightly for 
the model C. Compared to experimental 
results of Granger [5] for a 8cm radius 
specimen, Figure 4 and Figure 5 highlight that 
the model C seems to be the more appropriate 
model to retrieve experimental data. 
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Figure 4: Evolution of drying shrinkage, predicted by 
the two phenomenological models (for two volume 

to surface ratios: h0/2) with respect to the ratio 
between the square root of time and h0. Models C 

and D corresponds to Equation 7 and 8, respectively. 

Besides, no significant size effect (on the 
amplitude of drying shrinkage) can be 
observed for the model D, where a very slight 
increase of drying shrinkage strains is 
observed. For the model C, a much more 

significant increase of drying shrinkage is even 
predicted which is in contradiction with the 
European code model [3] and experimental 
results of Hansen and Mattock [1]. However, it 
seems to be quite in agreement with l’Hermitte 
et al. [2]. 

This obtained size effect may come from 
the effect of creep aging. Indeed, for a larger 
structure, drying reaches the inner parts later, 
and thus involves creep at later ages leading to 
lower drying shrinkage values (components 
due to basic creep only). 

It should be noted that the decrease of the 
tensile strength of 30 % (in order to take into 
account the size effect on the tensile strength 
[21]) does not modify significantly the results. 

5 CONCLUSION 
The European code model [3] integrates a 

reduction factor for the final amplitude of 
drying shrinkage in large concrete structures. 
Such factor does not exist in ACI 209 code 
model [2]. Only two experimental results have 
been found by the authors in the available 
literature, they indicate such an effect but with 
different intensity. Four numerical (finite 
element) models (two phenomenological and 
two based on the capillary pressure) were 
used. They give very close results for the 
prediction of drying shrinkage during about 2 
years: they allow for retrieving with a good 
agreement a major part of experimental drying 
shrinkage strains [5], but not the final behavior 
(which was the scope of this communication) 
for 3 of them. The model based on the 
definition of the effective stresses by Gawin et 
al. [16] gives the best results. However, no 
significant size effects are reproduced, which 
is quite in agreement with l’Hermitte et al. [2], 
and in contradiction with Hansen and Mattock 
[1]. A slight increase of drying shrinkage 
strains is even predicted for some of the 
models. Therefore, the problem of size effect 
on final drying shrinkage is still an open issue! 
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Abstract: Masonry structures such as bridges, civil and worship buildings or monuments represent 
the largest part of the construction heritage in the world. They are indeed remarkably durable and 
earthquake resistant if they were correctly designed. Beside they also have very interesting 
environmental properties, notably in terms of life cycle analysis, so that stone and masonry have a 
good potential as building materials for modern architecture. The understanding of their mechanical 
behaviour is hence necessary to develop proper design methods for the prediction of displacements, 
crack opening or plastic failure in the sense of Eurocode or other modern design recommendations. 
The proposed article is dedicated to the study of an innovative system of reinforced stone beam. It 
consisted in performing experimental tests on three specimens tested in the laboratory where two 
measurement methods have been applied (extensometers and image correlation). Moreover, 
numerical calculations have been conducted with three dimensional nonlinear finite elements 
program to predict displacement discontinuities in the studied structures. 
 
 

1 INTRODUCTION 
Symbolic pieces of art such as bridges, civil 

and worship buildings or monuments have 
been made of stone throughout human history 
[1]. These structures represent the largest part 
of the construction heritage in the world. They 
are remarkably durable with the ability to 
endure and maintain their characteristics of 
strength, widespread and earthquake resistant 
and they resist fire, water, and insect damage 
and have very interesting environmental 
properties, especially in terms of life cycle 
analysis notably if the stone is produced 
locally [2-5]. There seems hence to be no 
reason why stone doesn’t have a good 
potential as building materials for modern 

architecture [6]. 
From a mechanical point of view, the main 

characteristics of stones are a high 
compressive strength and an almost null 
tensile strength. Therefore, in historical 
structures, the use of stone is mostly restricted 
to compression members (piers, arches, walls 
and vaults). Many masonry structures are 
however hyperstatic, so that, if some bending 
is induced, it can be resisted by a loss of 
hyperstaticity through a change of geometry 
and the opening of joints in a similar way to 
plastic hinges in metal structures [7]. In the 
best cases, this way of resisting bending 
moments leads to anaesthetic consequences 
and cracking but sometimes also leads to 
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collapse. To introduce more ductility, recent 
researches investigated innovative systems by 
playing with the geometry of joints [8-9] or the 
arrangement of stones [10], but the most 
current solution which is often used in 
restoration of historical buildings is the 
reinforcement of the stones by composite 
materials and/or steel bars [11-13] especially 
in seismic area [14-15].  

Such solutions of reinforcement have also 
been developed for newly built structures for a 
century or more: for example a system of arch 
for coupling the properties of steel and stone 
[9]. However, it is necessary to have a good 
understanding of their mechanical behaviour 
to develop proper design methods for the 
prediction of displacements, crack openings or 
plastic failure in the sense of Eurocode or 
other modern design standards. 

The aim of this work is the study of an 
innovative system of reinforced stone beam 
which will be further used for the calibration 
of numerical models and the development of 
design recommendations. Indeed, tests on 
three beams under four points bending have 
been performed in the laboratory. Typical 
load-displacement curves have been produced 
from data recorded by three load cells and a 
dozen of extensometers or strain gages 
measuring characteristic displacements, end-
rotations and crack opening. These measures 
have been completed with “Digital Image 
Correlation-DIC” which allows for the 
quantification of relative displacements of the 
blocks when loaded. The beams have been 
subjected to oligo-cyclic loading to evidence 
hysteresis effects. 

Numerical calculations have been 
conducted with the three dimensional 
nonlinear finite elements program called 
CESAR-LCPC. Spatial representation of the 
beam has been investigated and modeled. The 
objective of the modeling is to predict 
displacement discontinuities in the structures 
taking into account the friction and shear 
between the stones and also the cracks opening 
that result from the applied loading. 

2 EXPERIMENTAL STUDY 

2.1 Description of the beams 
Three reinforced dimension stone beams 

with the dimensions of 20.0 cm width, 25.0 cm 
height, 18.75 cm length and an inclination of 
the contact surfaces of 10° are manufactured 
according to the sketch of Figure 1. These 
beams are made of 15 stone blocks which 
physical properties are given in Table 1. They 
have been assembled using hydraulic lime 
mortar joints and reinforced with a steel bar 
(HA12) glued with epoxy to the underside of 
each beam in a deep groove of a half diameter 
(Figure 2). The average length of the beams is 
289.2 cm with joints approximately 5 mm 
thick. 

 

Figure 1. Scheme of the reinforced freestone beams 

 

Figure 2: Assembling of the beam and reinforcement 

Table1: Physical properties of the stone 

Apparent 
density 
(kg/m3) 

Porosity 
(%) 

Sound 
velocity 

(m/s) 

Tensile 
Strength 
(MPa) 

1660 38.8 ± 1.1 2560 ± 80 1.6  ±  0.1 

Compressive strength 
(MPa) 

Young 
modulus 

(GPa) 
Poisson ratio 

10.2 ± 1.5 7.3 0.23 
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2.2 Testing procedure 

A four-points bending test is performed on 
each beam until rupture by using the 
experimental setup shown in Figure 3. The 
beams are placed on rollers located in the 
middle of each end-block where the translation 
of one of them is fixed so that the beam is 
isostatic. 

 

Figure 3: Test setup 
The load is applied with a hydraulic jack 

with a capacity of 1000 kN and distributed 
with a stiff metallic box girder (weighting 
approximately 360 kg). The distance between 
two loading cylinders is about 750 mm (see 
Figure 4). Recording of data is started before 
the girder is set, so that the load induced by the 
girder is taken into account. Then an oligo-
cyclic loading program is applied. It consists 
on three sets of three cycles with amplitude of 
3 kN each (from 1 to 4 kN, 4 to 7 kN and 
7 to 10 kN). The tests are ended with a 
progressive increase of the load until failure 
with a speed of 1 mm in 2 minutes. 

 
Figure 4: Details of measuring devices 

The deflections of the specimens at mid-
spans and at the level of the applied loads are 
measured using linear variable differential 
transducers (LVDTs). Four other LVDTs are 
also set to measure the displacement of the 
support horizontally and vertically. 
Furthermore five strain gauges are mounted 
symmetrically on the reinforcing bars to 
measure their deformations. At the level of 
four joints between blocks (D-E, E-F, F-G, G-
H), extensometers are also installed 
horizontally on the side of the beam (30 mm 
above the edge) to measure the joint opening 
evolution. Two others extensometers are 
installed vertically to measure the slip between 
the blocks at the supports. Three load cells 
complete the measuring devices (see Figure 4). 
Computer aided data acquisition systems are 
used to record continuously, load, deflection, 
slip and strain at a frequency of 2 Hz. 

Moreover, “Digital Image Correlation-DIC” 
technique [16-17] is applied to measure two 
dimensional deformations in the central part of 
the beams, covering from block E to block E’ 
(see Figure 4). Taking every 0.5 kN images 
(similar to that of Figure 5), a monitoring of 
the deformations can be obtained from a 
standard digital camera (Nikon DS 300). The 
specimen are cleaned to achieve a smooth 
surface and then covered with black and white 
random colour pattern (Figure 5). 

 

Figure 5: Image analysis disposal with feedback of 
the load in the foreground 

2.3 Experimental results 

2.3.1 Global behavior 

To illustrate the global behaviour of the 
beams, three load–deflection curves are plot. 
The first one, that of Figure 6, shows the total 
load (the sum of the North and South reaction) 
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in function of the deflection at the mid-span 
for the three beams (given by the vH LVDT in 
Figure 4). 

 

Figure 6: Global behavior of the three specimens 

Globally the beams behave in a very similar 
way and two different linear behaviours are 
clearly visible within each load-deflection 
curve: one when the beam reaches for the first 
time a given level of load, the other (the 
highest) when the beam is submitted to a 
cyclic load. The average value for the three 
beams are 2.1 ± 0.2 kN/mm for the initial 
stiffness and 3.1 ± 0.3 kN/mm for the cyclic 
stiffness. The difference between both stiffness 
is significant (about 30 % less for the first 
loading) and can be due to the irreversible 
crushing of the joints which causes 
displacements that are never recovered. 

Despite a good reproducibility, a small 
decrease of the two stiffness is observed when 
the load increases; this is probably due to the 
beginning of the beam damaging at joints. For 
the three beams collapse starts with a cracking 
of one or more blocks in the lateral part of the 
beam where shear forces are constant (between 
blocks C and F). The crack appears in the 
upper part of the block and goes parallel to the 
direction of the principal compression which 
means here approximately perpendicular to the 
joints (see Figure 7). 

The maximum load reached by the beam 
depends directly on the quality of the mortar of 
the joints which have been made here by non 
expert workers (see Figure 8). The three beams 
hence reached 17.1 kN, 19.7 kN and 15.1 kN 
respectively. 

 

Figure 7: Through-crack from block D to F in beam 2 

 

Figure 8: Irregularity of the mortar for the stone 
assemblage 

Moreover the behaviour of the beam 
remains symmetrical during the whole test as 
it can be seen in Figure 9 which represents the 
vertical deflection of three blocks located in 
the central part of beam 1 (block F and F’ at 
the level of the applied loads and block H at 
the mid-span). As expected from standard 
beam theory, the displacements of block F and 
F’ are almost equal and slightly lower than that 
of block H (here about 7%). 

 

Figure 9: Deflections of blocks F, H and F’ in beam 2 

 4

671



O. OMIKRINE-METALSSI, C. DOUTHE, M. PRESEPI and M. BROCATO
 

Finally, all these results are confirmed by 
digital image correlation (DIC). Indeed, when 
comparing two measures of the deflections, 
one by LVDT and the other by DIC, a very 
good correlation is observed with differences 
lower than 5 %. Figure 10 which shows for 
example the comparison of the deflection at 
mid-span illustrates this fact very well. These 
results prove the accuracy of quantitative 
analyses based on the DIC technique so that it 
will be used in the following for the study of 
the joints opening. 

 

Figure 10: Comparison of deflections at mid-span 
obtained by LVDT and DIC 

2.3.2 Joints opening measurements 

Figure 11 shows the results of the joints 
opening measurements which concern the 
three beams at the level of two joints (D-E and 
G-H). The joints opening at mid-span (G-H) is 
the most important as expected from the 
bending moment diagram in the beam. 
Moreover, one notes that the three beams do 
not behave in the same manner and that the 
gap between the opening of joints D-E and G-
H is much higher in beam 2 than in beam 1. 
The scattering of results between specimens is 
thus more important for joints opening than for 
the deflections (see Figure 6). Obviously this 
is to be related to the fact that joints’ opening 
is a local information which is much more 
influenced by local default (mainly the 
heterogeneity of the hydraulic lime mortar) 
than the deflection which is a global 
information that aggregates and averages these 
defaults. 

 

Figure 11: Joints opening in joints D-E and G-H for the 
three beams 

To confirm these results, a comparison 
between the joints opening measurements 
using extensometers and images analysis is 
carried out. Figure 12 shows a comparison of 
both techniques for two joints (F-G and G-H) 
of beam 2. Although the values by the DIC 
technique are quite dispersed, they are in good 
correlation with the extensometers 
measurements. This dispersion can be 
explained by the fact that the order of 
magnitude of the displacements measured here 
is too close to that of the precision of the 
method (which is linked with the characteristic 
size of the color pattern on the beam ≈ 1 mm 
and that of a pixel ≈ 200 µm). Hence, on a 
single measurement, DIC allows merely 
having qualitative results concerning joints 
opening and it must be coupled to an other 
experimental technique as in this study. 

 

Figure 12: Comparison of joints opening obtained by 
extensometer and DIC 
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2.3.3 Sliding between blocks at supports 

The phenomenon investigated here is the 
transmission of shear forces to the support. In 
the proximity of the end blocks (A and A’), the 
direction of the principal compression is 
inclined respectively to the normal of the joint, 
so that there is a chance that sliding is 
activated when the load increases. To monitor 
this sliding, two extensometers have been set 
vertically between the blocks A-B and A’-B’. 
The registered data for the three beams is 
reported in Figure 13. Up to 6 kN, all the 
curves are very similar. For higher load, the 
beams who have the lower quality of end 
joints (beam 1 in A’-B’ and beam 2 in A-B) 
start sliding significantly on one side, on the 
contrary to beam 3 where the two curves (A-B 
and A’-B’) remain superimposed until break. 
It is however remarked that once it starts 
sliding, the behaviour is very similar to what 
had been observed for the deflection or the 
joint opening: there is one stiffness of the joint 
for the first loading and one stiffness for 
repeated loading. And in the case of sliding, 
the difference between the two stiffness is 
considerable (about 50 times lower when 
sliding is activated). This shows once again 
that special attention should be paid to the 
realization of the lime mortar. 

 

Figure 13: Sliding of joints between end-blocks 

3 MODELLING 

3.1 Finite Element model 
The Finite Element software chosen to 

simulate the four-point bending tests on beam 
is CESAR-LCPC developed by the French 
Institute of Science and Technology for 
Transport and Civil Engineering (IFSTTAR, 
formerly LCPC) [18]. In this modeling, the 
module MCNL (Calculation of non-linear 
structures) is associated with the Mohr-
Coulomb criterion that involves both the 
maximum shear and average stress. This 
criterion is underpinned by the concept of 
friction, and assumes that the maximum shear 
that can undergo the material is much larger 
when the normal stress of compression is high 
(see Eq. 1). 

 
|τ| ≤ C + σ.tan(φ)    (Eq. 1) 

 
where σ is the normal stress,  τ is the shear 
stress, ϕ is the friction angle and C is the 
cohesion. 

3.2 Materials, mesh characteristics and 
parameters 

The stone behaviour is supposed to be 
linear elastic, while the joint mortar behaviour 
is assumed to be elaso-plastic. Due to the 
symmetry of the problem, only a quarter of the 
beam is modelled and discretized with 
quadratic solid elements (20 nodes per 
element). A total of 1920 three dimensional 
elements and 11136 nodes in the entire model 
has been used for the finite element 
calculations. The numerical simulations have 
been carried out assuming Young’s modulus 
and Poisson’s ratio equal to Es = 8.4 GPa and 
υs = 0.25 for stone blocks and Em = 60 MPa 
and υm = 0.30 for mortar, respectively. For the 
steel bar, the section is equal to S = 0.565 cm2 
(1/2 HA12) and the Young modulus equal to 
Est = 210 GPa. For the Mohr-Coulomb 
criterion parameters, the cohesion and the 
friction angle have been taken as C = 0.1 MPa 
and ϕ = 25°, respectively. 
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Concerning the boundary conditions, the 
perpendicular displacements are restrained 
perpendicularly to the plane of symmetry (pink 
coloured element on Figure 14). At supports, 
vertical displacements are equal to zero. 
Finally, the beam is subjected to its own 
weight and to oligocyclic loading as it is 
presented in the experimental part of this 
study. 

During testing, the load is applied by the 
hydraulic jack on the blocks F and F' of the 
beam with a surface of 8 x 20 cm. To model 
this load, the maximum stress (σmax = 0.615 
MPa) is calculated by taking into account the 
maximum load reached before failure (Fmax = 
19.7 kN). Thus, this stress value has been 
applied in 74 increments which describe the 
experimental oligocyclic loading. 
 

 

Figure 14: Geometrical characteristics and finite 
element mesh for the studied beam 

3.3 Results 

Figure 15 presents the iso-values of vertical 
displacements in the studied beam. It shows an 
important sliding between blocks A and B 
with a vertical displacement of the beam end. 
In addition, there is a crush in the upper part of 
the beam (compressed part) and a stretching of 
these joints in the lower part (tension part). 
Finally, one notes also a rotation of the beam 
around the support that is presented by the 
displacement vectors in Figure 15. This 
rotation increases when one approaches the 
support. 

 

Figure 15: Iso-values of vertical displacements in the 
studied beam just before failure 

On the other hand, Figure 16 shows the iso-
values of tensile stress in the studied beam. As 
is clearly shown, these tensile stresses are 
concentrated at the level of the steel bar, 
especially near the joints. They become higher 
when one approaches the center of the beam 
with a maximum value of 34.5 MPa in the 
stone. Of course this value is not realistic 
because the tension in the stone cannot exceed 
1.5 Mpa. A more realistic model would take 
into account the fact that the steel bar is not a 
line but a cylinder and the resin is elastic and 
distribute the stress concentration. Due to the 
perfect connection between the volume 
elements representing the stone and linear 
elements representing the steel bar, the stress 
in the steel is equal to 865 MPa. Again this is a 
numerical artifact which could be avoided with 
a finer model locally. 

 

Figure 16: Iso-values of tensile stress in the studied 
beam just before failure 

Besides, Figure 17 shows the evolution of 
the deflection vs. the applied load at the level 
of blocks H (mid-span) and F (zone of applied 
load). Despite a slight curvature, the 
deflections DH and DF have almost a linear 
behavior with DH > DF for the same load value 
as one would expect from the bending moment 
diagram. Moreover, the slopes of DH and DF 
are higher in cycles than in the rest of the 
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curves. These modeling curves have quite the 
same evolution and values as the experimental 
ones given in Figure 9. 

 

Figure 17: Evolution of deflections at blocks H and F 
vs. applied loads 

Concerning the joints opening, Figure 18 
presents their evolution for different loads. As 
is clearly shown, the non-linearity of the 
curves is especially highlighted in the early 
loading (between 0 and 5 kN). After this load, 
the behavior of the joints seems to be perfectly 
bi-linear with an increase of the slopes in 
cycles. One notes also a strong similarity 
between the evolution of the joints H-G and F-
E whose curves are almost confounded. Here 
also, these curves have quite the same 
evolution and values as the experimental ones 
given in Figure 11. 

 

Figure 18: Evolution of joints opening vs. applied loads 

Finally, Figure 19 presents the evolution of 
the sliding between blocks A and B vs. the 
applied load. This sliding progresses weakly 
and almost linearly with a strong slope up to 9 
kN. Once this load is reached, the sliding 
becomes much more important with a week 
slope. A load close to 9 kN appears to be a 

threshold for activation of sliding at the joint 
A-B. As for the case of deflection and joints 
opening results, the experimental and 
numerical sliding between blocks A and B 
have quite the same evolution (see Figure 13). 

 

Figure 19: Evolution of vertical sliding between blocks 
A and B vs. applied loads 

4 CONCLUSION 
Three prototypes of reinforced dimension 

stone beams have been tested. Their global and 
local mechanical behaviours have been 
investigated and the results of these 
investigations have shown that the idea of 
developing reinforced stone beams in a similar 
way to reinforced concrete beam had a good 
potential. Indeed the prototypes showed a clear 
beam behaviour where external forces are 
resisted by bending and not solely by 
compression like in usual masonry structures. 
Bending moments are transmitted in 
compression by the stone and in tension by the 
reinforcement; shear forces in compression 
trough the joints and in tension by the stone. A 
strut-and-tie model should thus be 
transposable to this kind of structure. 

For the three prototypes, the bonding 
between the stone and the steel bar was not 
damage and failure occurred in the stone due 
to tension forces in the shear area. The limiting 
issue here is the tensile strength of the stone 
and not its shear strength. One should thus 
think of an adequate way of reinforcing the 
beam to resist shear. Apart from that, the 
general behaviour of the beam could benefit 
from an improvement of the manufacturing 
process and from an “industrialisation” of the 
joints technique which would increase the 

 8
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uniformity of their characteristics. 
Development should also be made to protect 
the reinforcement for external aggression. 

Furthermore, various measuring techniques 
(LVDT, gages, DIC) have been used in this 
work and they have shown good correlation. 
However, local results given by DIC have 
shown some discrepancy, so that in the future 
more attention should be paid to the definition 
of the investigated area and to the size of 
uncertainties that goes with it. 

Finally, numerical results are quite 
satisfactory in terms of quality, although 
quantitatively there remains a significant gap 
between numerical and experimental results 
for some variables (eg openings joints). It 
seems however that this numerical model 
allows reproducing the physical behavior of 
the stone beam. 
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[6] Benavente D., Garća del Cura M.A., Fort 
R. and Ordóñez S., Durability estimation 
of porous building stones from pore 
structure and strength, Engineering 
Geology 74 (2004) 113– 127. 

[7] Heyman J. The Stone Skeleton: Structural 
Engineering of Masonry Architecture, 
Cambridge University Press, (1997), pp. 
172.  

[8] Bagnéris M., Dubois F., Martin A., Mozul 
R., Taforel P., De l’intérêt de la courbure 
dans les interfaces : application aux 
structures en pierre, CSMA 2011 10e 
Colloque National en Calcul des 
Structures,Mai 2011, Giens (in French) 

[9] Fallacara G, Brocato M, Tamborero L, E. 
E. Viollet-le-Duc et les ossatures 
constructives mixtes: spéculations 
morphologiques et constructives sur le 
thème de l’arc armé, IIe colloque 
international de Pierrefonds, septembre 
2010 (in French). 

[10] Brocato M., Mondardini L., A new 
type of stone dome based on Abeille’s 
bond, International Journal of Solids and 
Structures 49 (2012) 1786–1801 

[11] Venkatarama Reddy, B. and Gupta, A. 
(2006). ”Tensile Bond Strength of Soil-
Cement Block Masonry Couplets Using 
Cement-Soil Mortars.” J. Mater. Civ. 
Eng., 18(1), 36–45. 

 9

676



O. OMIKRINE-METALSSI, C. DOUTHE, M. PRESEPI and M. BROCATO

 10

[12] Elmalich D. and Rabinovitch O., 
Masonry and monolithic circular arches 
strengthened with composite materials – A 
finite element model, Computers and 
Structures 87 (2009) 521–533. 

[13] De Felice G, Assessment of the load-
carrying capacity of multi-span masonry 
arch bridges using fibre beam elements, 
Engineering Structures 31 (2009) 1634-
1647. 

[14] Tao Y., Stratford T.J. and Chen J.F., 
Behaviour of a masonry arch bridge 
repaired using fibre-reinforced polymer 
composites, Engineering Structures 33 
(2011) 1594–1606. 

[15] Feilden B, Between Two Earthquakes: 
Cultural Property in Seismic Zones, Getty 
Conservation Institute; 1 edition (October 
1, 1987). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[16] Kozicki J and Tejchman J, 
Experimental Investigations of Strain 
Localization in Concrete using Digital 
Image Correlation (DIC) Technique, 
Archives of Hydro-Engineering and 
Environmental Mechanics, Vol. 54 (2007), 
No. 1, pp. 3–24. 

[17] Chu T C, Ranson W F, Sutton M A and 
Peters W H, Application of digital-image-
correlation techniques to experimental 
mechanics. Experimental Mech. 25 
(1985): 232–244. 

[18] Humbert, P., Dubouchet, A., Fezans, 
G. & Remaud, D., 2005. CESAR-LCPC, 
un progiciel de calcul dédié au génie civil, 
Bull. des laboratoires des ponts et 
chaussées, 256-257, 7-37, LCPC, Paris. 

 
 
 
 
 
 
 
 
 
 

677



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures
FraMCoS-8

H.Hyodo, R. Sato, K. Kawai and H. Nakayama

1

EFFECTS OF DRYING SHRINKAGE ON SHEAR TENSION STRENGTH OF
REINFORCED CONCRETE BEAMS

HIKOTSUGU HYODO1, RYOICHI SATO2, KENJI KAWAI2

AND HIROKI NAKAYAMA2

1Taiheiyo Cement Corporation, Research & Development Center,
2-4-2, Osaku, Sakura City, Chiba Prefecture, Japan

e-mail: hikotsugu_hyoudou@taiheiyo-cement.co.jp, www.taiheiyo-cement.co.jp

2Hiroshima University, Department of Civil and Environmental Engineering,
1-4-1, Kagamiyama, Higashi-Hiroshima City, Hiroshima Prefecture, Japan

e-mail: sator@hiroshima-u.ac.jp, www.hiroshima-u.ac.jp

Key words: Shear tension strength, Diagonal tension failure, Reinforced concrete beam, Size effect,
Drying shrinkage, Equivalent tension reinforcement ratio

Abstract: The effects of drying shrinkage on shear tension strength as well as size effect of
reinforced normal strength-high shrinkage concrete (RC) beams were investigated. Twenty four RC
beams with effective depths of 250, 500 and 1000 mm and without web reinforcement were
prepared, where half of the beams were sealed and the others were exposed to drying. The loading
test results showed that the shear tension strength of drying beams was lower by up to 17%
compared with that of sealed beams and the size effect of shear tension strength became more
sensitive due to drying shrinkage of concrete. In addition, a new concept based on equivalent
tension reinforcement ratio incorporating the effect of compression strain in reinforcement before
loading due to drying shrinkage in concrete was effective in evaluating not only the shear tension
strength but also size effect independent of shrinkage effect.

1 INTRODUCTION
Drying shrinkage of concrete often induces

cracking in reinforced concrete (RC) members.
which may result in deterioration of durability
in concrete structures. Therefore, the
mechanisms of drying shrinkage, risk of
cracking, control method of shrinkage, and so
on have been studied by many researchers.
Moreover, drying shrinkage is one of major
factors affecting crack width, deflections,
losses in prestress, as well as bending moment
and forces in statically-indeterminate
structures.

On the other hand, in the case of shrinkage
effect on ultimate strength, it was reported that
restrained stress and cracks due to drying
shrinkage hardly affected the flexural capacity,

because flexural failure occurs after yielding
of reinforcement, and the strain of steel bars at
failure is much larger than shrinkage strain in
concrete[1]. On the contrary, shear failure
often occurs when the strain of reinforcing
steel bars is at an elastic stage. In this respect,
it is thought that shear strength could be
affected by shrinkage strain in concrete.

Recently, the second author reported that
diagonal cracking strength of reinforced high
strength concrete beams decreased due to the
effect of autogenous shrinkage and proposed a
new design equation for estimating shear
strength, which was formulated based on a
concept of “equivalent tension reinforcement
ratio” considering the strain change of tension
reinforcing bars before and after loading[2].
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This study aims at investigating whether
drying shrinkage also affects shear tension
strength as well as size effect of reinforced
normal strength-high shrinkage concrete
beams without web reinforcement.

2 EXPERIMENTAL PROGRAM

2.1 Materials and Mixture proportions
Table 1 lists the types of materials used in

this study. Table 2 tabulates the mixture
proportions of the concretes prepared in this
study. Ordinary Portland cement (N) was used
as the cement. Crushed sand and stone were
used as fine (S) and coarse aggregates (G)
respectively. The maximum particle size of the
coarse aggregate was 20mm. The water-to-
binder ratio (W/B) was set at 50% and 35%.
An expansive additive (EX) of 20kg/m3 was
used in the concrete with W/B of 35% to
reduce autogenous shrinkage.

High strength deformed steel bar
(fy  1080N/mm2) was used to induce shear
failure in reinforced concrete before yielding
of tension reinforcing bars.

2.2 Specimens
Table 3 outlines dimensions of the RC

beams. The size and dimension of RC beams
as well as main reinforcing bars used in the
present study are shown in Figure 1. Three
different sizes of RC beams without web
reinforcement were prepared in order to

investigate the size effect on shear tension
strength. The effective depths of RC beams
were 250mm, 500mm and 1000mm. The
nominal tension reinforcement ratio (As/bd)
was 1.03%-1.06%. All the specimens were
designed to fail in shear.

In order to evaluate the effect of drying
shrinkage on shear tension strength, the
specimens were cured in sealed and drying
conditions. After demolding at the age of 7
days, half of the beams were immediately
sealed with aluminum adhesive tape to prevent
drying through evaporation, while the others
was exposed to drying in the laboratory, until
the loading test age. The relative humidity on
average during the curing period was between
64.4% and 66.3%. The names of specimens
consists of the curing condition (S: seal, D:
dry), W/B (50%, 35%), the effective depth
(250mm, 500mm, 1000mm), and the use of
expansive additive (EX), in that order. Two
RC beams of the same size and the same
curing condition were prepared for each
concrete type.

Cylindrical specimens of dimensions φ100
x 200mm for compressive strength and
Young’s modulus, as well as those of
dimensions φ150 x 200mm for splitting tensile
strength were prepared. In addition, prismatic
specimens of dimensions 100 x 100 x 400mm
for fracture energy test of concrete were also
prepared. All the specimens were cured in the
same conditions as the RC beams.

Table 1: Materials.

Materials Symbol Type / Characteristics
Water W Industrial water

Cement C Ordinary Portland cement / Density: 3.16g/cm3

Expansive admixture EX Lime based / Density: 3.16g/cm3

Fine aggregate S Crushed sand / Density: 2.65g/cm3, Absorption: 1.86%
Coarse aggregate G Crushed stone / Density: 2.69g/cm3, Water Absorption:

0.89%, Maximum size: 20mm
Chemical admixture － Polycarboxylic AE high-range water reducing agent

Table 2: Mixture proportions.

Unit content (kg/m3)Curing
condition

W/B
(%) W C EX S G

Seal / Dry 50 170 340 - 832 977
Dry 35 170 486 - 686 1001
Seal 35 170 466 20 686 1001
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2.3 Loading and measurement
Loading tests were conducted when

reinforcement strain of dried beams reached
about 250 x 10-6 in compression. All the RC
beams were loaded monotonically with two
incremental concentrated loads, as shown in
Figure 1. The shear span length to effective
depth ratio was fixed at 3. Deflection at the
center section of the RC beam was measured
using displacement transducers. Strain in
tension reinforcing bar at the center section of

span was measured by wire strain gauges just
after concrete placement until completion of
the loading tests.

The compressive strength, splitting tensile
strength, Young’s modulus, and fracture
energy of concrete were measured at the age of
loading test for RC beams. The fracture energy
of concrete was determined from the load-
crack mouth opening displacement curves of
notched beam under three point loading in
accordance with JCI standard (JCI-S-001-
2003) [3].

Table 3: Outline of RC beams.

W/B
(%)

Curing
condition

Name of
specimens

b
(mm)

h
(mm)

L
(mm)

c
(mm)

a
(mm)

d
(mm) a/d ps

(%)
S50-250-A,B 305 2300 200 750 250 1.03 (2D22)
S50-500-A,B 580 4500 500 1500 500 1.06 (2D32)Seal
S50-1000-A,B 1130 7500 500 3000 1000 1.06 (4D32)
D50-250-A,B 305 2300 200 750 250 1.03 (2D22)
D50-500-A,B 580 4500 500 1500 500 1.06 (2D32)

50
Dry

D50-1000-A,B 1130 7500 500 3000 1000 1.06 (4D32)
S35-250EX-A,B 305 2300 200 750 250 1.03 (2D22)
S35-500EX-A,B 580 4500 500 1500 500 1.06 (2D32)Seal
S35-1000EX-A,B 1130 7500 500 3000 1000 1.06 (4D32)
D35-250-A,B 305 2300 200 750 250 1.03 (2D22)
D35-500-A,B 580 4500 500 1500 500 1.06 (2D32)

35
Dry

D35-1000-A,B

300

1130 7500 500 3000 1000

3.0

1.06 (4D32)
b: Width of beam, h: Height of beam, L: Length of beam, c: Distance between two loading point, a: Shear
span, d: Effective depth (distance from the compression fiber to the centroid of the tension reinforcing
bars), ps: Tension reinforcement ratio(=As/bd), As: Nominal cross-section area of tension reinforcement
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Figure 1: Dimensions and configuration of reinforced concrete beam (Unit: mm).

(a) d=250mm (b) d=500mm

(c) d=1000mm
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3 RESULTS AND DISCUSSION

3.1 Mechanical properties of concrete
Table 4 tabulates mechanical properties of

concrete at the age of loading test. The
compressive strength, splitting tensile strength
and fracture energy of concrete were not
significantly different, regardless of the curing
condition. On the other hand, it was observed
that the Young’s modulus of the concretes
under drying conditions decreased by more
than 15% compared with that of the sealed
concretes.

3.2 Deformation behavior of concrete and
RC beams

Table 5 lists the strain in reinforcing bar
and stress in concrete at the bottom of RC
beams before loading induced by shrinkage.
The stress in concrete at the bottom due to
restraint of reinforcing bars was determined
using Eq. (1).

ssss

c

ggc

c

s
c

EAP
I

ChCdA
A
P














 


))((
1

(1)

Where:
Ps: Force in the tensile reinforcing bars,

Ac, Ic: Cross-section area and moment of
inertia of concrete in section of beam,

As: Cross-section area of tension reinforcing
bars,

Es: Young’s modulus of tension reinforcing
bars,

s: Shrinkage induced strain in tension
reinforcing bars,

c: Stress of concrete at bottom,
Cg: Distance from compressive fiber to

centroid of concrete section.
The difference of the compression strain in

reinforcing bars at the loading test between the
drying and sealed beams ranged from
approximately 200 x 10-6 to 300 x 10-6.
Moreover, the tensile stress in the concrete of
the drying beams was 1.3N/mm2 on average,
while that of the sealed beams was almost zero.

3.3 Effect of drying shrinkage on shear
tension strength

As a typical example, the relationship
between load and deflection of RC beams with
the effective depth 1000mm are shown in
Figure 2. The flexural cracking load of the
drying beams was clearly lower than that of
the sealed beams, because of the tensile stress
introduced by drying shrinkage of concrete. It
was also observed that induced stresses
resulting from drying shrinkage reduced not
only the stiffness but also the diagonal

Table 4: Mechanical properties of concrete at the age of loading test.

Name of
specimens

Loading age
(Days)

fc
’

(N/mm2)
ft

(N/mm2)
Ec

(kN/mm2)
Gf

(N/mm)
lch

(mm)
S50-250 92 38.9 3.2 25.0 0.15 367 
S50-500 112 39.3 3.2 25.0 0.16 374 
S50-1000 112 39.2 3.2 25.0 0.16 380 
D50-250 125 40.1 3.2 21.5 0.20 421 
D50-500 288 40.8 3.3 21.5 0.20 397 
D50-1000 288 40.8 3.3 21.5 0.20 397 
S35-250EX 141 53.5 4.0 29.4 0.18 325 
S35-500EX 198 53.5 4.0 29.4 0.17 310 
S35-1000EX 198 53.5 4.0 29.4 0.17 310 
D35-250 210 47.1 3.2 23.3 0.22 493 
D35-500 283 47.1 3.2 23.3 0.16 353 
D35-1000 283 47.1 3.2 23.3 0.16 353 

fc
’: Compressive strength, ft: Splitting tensile strength, Ec: Young’s modulus, Gf: Fracture

energy, lch: Characteristic length (=EcGf/ft
2)
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cracking load of RC beams.
A summary of loading test results for each

beam is given in Table 5, which shows the
shear tension strength and the failure mode of
all the RC beams. The shear tension strength
was determined from the load-deflection

relationship. All beams failed in diagonal
tension before yielding of tension reinforcing
bars. Almost all the drying beams showed a
decrease in shear tension strength by up to
17% compared with the sealed beams. This is
similar to what was observed in the case of

Table 5: Outline of loading test results.

At the age of loading Shear tension strengthW/B
(%)

Name of
specimen s,def

(×10-6)
c,def

(N/mm2)
Vc

(kN)
c

(N/mm2)

Failure
mode

S50-250-A -24 0.1 80 1.07 DT
S50-250-B -26 0.1 88 1.17 DT
S50-500-A -39 0.2 130 0.87 DT
S50-500-B -47 0.2 149 0.99 DT
S50-1000-A -73 0.4 238 0.79 DT
S50-1000-B -57 0.3 232 0.77 DT
D50-250-A -291 1.0 79 1.05 DT
D50-250-B -288 1.0 78 1.04 DT
D50-500-A -302 1.3 140 0.94 DT
D50-500-B -307 1.3 131 0.87 DT
D50-1000-A -234 1.1 208 0.69 DT

50

D50-1000-B -246 1.2 208 0.69 DT
S35-250EX-A -56 0.2 112 1.49 DT
S35-250EX-B -71 0.3 109 1.45 DT
S35-500EX-A -4 0.0 152 1.01 DT
S35-500EX-B -30 0.1 155 1.05 DT
S35-1000EX-A 2 0.0 242 0.81 DT
S35-1000EX-B -23 0.1 250 0.83 DT
D35-250-A -405 1.4 96 1.28 DT
D35-250-B -409 1.4 90 1.20 DT
D35-500-A -376 1.6 150 1.00 DT
D35-500-B -321 1.4 161 1.07 DT
D35-1000-A -329 1.6 224 0.75 DT

35

D35-1000-B -318 1.5 182 0.61 DT
s,def: Tension reinforcement strain induced by shrinkage of concrete(+: tension, -: compression),
c,def: Stress in concrete at the bottom of RC beams induce by shrinkage, Vc: Shear force at diagonal
cracking, c: Shear strength at diagonal cracking (Vc/bd), DT: Diagonal tension
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Figure 2: Load and deflection relation (d=1000mm).
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high strength concrete beams in the previous
study[2]. The decrease was explained by
increase of reinforcement strain change before
and after loading, because the reinforcement
was compressed by autogenous shrinkage of
concrete, which resulted in the increase of
flexural and shear crack widths.

Figure 3 shows typical examples of crack
patterns in sealed and drying beams at the
same nominal shear stress, in which the beams
are represented as equally large, in spite of
their different dimension. As is shown in this
figure, cracks of the drying beam propagates
deeper toward compression fiber probably
resulting in the reduction of thickness of
compression concrete which is one of major
shear resisting components.

3.4 Size effect on shear tension strength
Figure 4 shows that the relationship

between the shear tension strength and the
effective depth of the sealed and drying beams,
in which the regression curves for both beams
obtained by the method of least squares are
also shown. According to this figure (see
Figure 4(a)), the size dependency of the shear
tension strength became more sensitive due to
the drying shrinkage of concrete, and the
power of the effective depth(d) for the sealed
and the drying beams were -1/4 and -1/3,
respectively. The same tendency was also
observed in RC beams of W/B of 35% (see
Figure 4(b)), in which the shear strength
depends on d-2/5 for sealed beams and d-1/2 for
drying beams.

Figure 3: Crack patterns (W/B=50%).
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Figure 4: Relationship between effective depth and shear tension strength.
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3.5 A new concept for evaluating shear
tension strength

The compression strain in tension
reinforcing bars is produced by drying
shrinkage before loading, for this reason the
magnitude of strain change in drying beam is
larger than that of sealed beam, as shown in
Figure 5, which is a conceptual diagram of
strain change of reinforcement before and after
loading for both beams. The increase of strain
change should be functionally equivalent to
the decrease of reinforcement ratio. Based on
this hypothesis, a new concept of the
equivalent tension reinforcement ratio given
by the following Eq.(2) was proposed for

estimating the effect of autogenous shrinkage
on the shear strength in high-strength concrete
beams[2]. This concept is applicable to
evaluate shear tension strength of RC beams
before yielding of reinforcement. Additionally,
a similar concept for predicting flexural crack
width and curvature of RC beams considering
the concrete shrinkage before loading was
already proposed. It was verified that the
proposed concept improved the prediction
accuracy compared with the conventional
equation [4].

s
defss

s
es pp

,0
, 




      (2)

Cracked section
Full section

0

s (Shrinkage beam)
s (Non-shrink. beam)

cr,sh

cr,non

cs,non

cs,sh

Diagonal cracking

Flexural cracking

M

s

s 0,def

cr,non,cs,non : Flexural/ diagonal cracking moment of non-shrinkage beam
cr,sh , cs ,sh : Flexural/ diagonal cracking moment of shrinkage beam
s 0,def: Tension reinforcement strain when concrete stress at the depth of
reinforcement is zero

s - s 0,def((Shrinkage+load)induced)

Figure 5: Concept of strain change in tension reinforcement due to drying shrinkage.
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Figure 6: Shear tension strength based on equivalent tension reinforcement ratio.
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Where:
ps,e : Equivalent tension reinforcement ratio
ps : Nominal tension reinforcement ratio,
s : Tension reinforcement strain at the

section 1.5d (d: effective depth)
distant from loading section in shear
span at the diagonal cracking,

s0,def: Tension reinforcement strain when
concrete stress at the depth of
reinforcement is zero, which is
positive in tension and negative in
compression.

Figure 6 shows the relationship between
the effective depth and the shear tension
strength obtained by Eq.(3) based on the
equivalent tension reinforcement, in which the
shear strength is assumed to be proportional to
1/3 power of reinforcement ratio in accordance
with JSCE design code[5].

3/1

, 









se

s
cec p

p
      (3)

According to this figure, it is found that the
concept of the equivalent tension
reinforcement ratio is effective in evaluating
not only the shear tension strength but also the
size dependence independent of the shrinkage
effect. The shear strength of RC beams of
W/B50% and W/B35% followed to
approximately -1/4 and -2/5 power of the
effective depth, respectively.

4 CONCLUSIONS
The effects of drying shrinkage on shear

tension strength as well as its size effect of
reinforced normal strength-high shrinkage
concrete beams without web reinforcement
were experimentally investigated. The
following conclusion can be drawn within the
limit of the present study.

(1) The shear tension strength of reinforced
concrete beams exposed to drying
condition decreased by 17% in case of
effective depth(d) of 1000mm
compared with that of companion
sealed beams.

(2) The size effect of shear tension strength
of drying beams became more sensitive
than that of sealed beams due to the
shrinkage effect, which depended on d-

1/4 and d-1/3 for sealed and drying beams
with W/B50%, and d-2/5 and d-1/2 for
those with W/B35%, respectively.

(3) A concept based on equivalent tension
reinforcement ratio incorporating the
effect of strain change in reinforcement
before loading due to shrinkage in
concrete was effective in evaluating not
only the shear tension strength but also
the size dependence independent of the
shrinkage effect.
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Abstract: Flexural behavior of concrete on different stress states is studied.  The flexural tensile 
strengths are compared with three different test methods: four-point bending test for the uniaxial 
stress state, ASTM C 1550 and biaxial flexure test for the biaxial stress state.  Thirteen concrete 
beams and twenty six concrete panel specimens were tested and the heights of three kind test 
specimens were equal to each other.  Test results show the uniaxial tensile strength of concrete 
obtained from four-point bending test was lower than the biaxial tensile strength estimated from 
ASTM C 1550 and biaxial flexure test.  The biaxial flexural strength measured by the ASTM C 
1550 is greater than that of the biaxial flexure test. 

1 INTRODUCTION 
An increasing number of new type concrete 

structures, such as thin plate and shell 
structures are exposed to biaxial stress state.  
For the design of these structures, it is 
necessary to study the flexural behaviour of 
concrete in biaxial stress state.  Until now, 
however, the biaxial behaviour of concrete has 
been investigated in only a few laboratories in 
the world due to complex test setups including 
multi-actuator control system [1].  

The biaxial flexure test (BFT) method has 
been recently developed to investigate the 
biaxial strength properties of concrete [2-5].  
The the test procedure of the biaxial flexure 
test method over other biaxial strength test 
methods is as simple as the popular four-point 
bending test for the uniaxial flexure strength. 

In addition, the flexural loading condition of 
the test system is much more realistic than that 
the direct biaxial tensile test.  

In this paper, the flexural behavior of 
concrete on different stress state is 
experimentally studied by four-point bending 
test for uniaxial stress state, ASTM C 1550 [6] 
and biaxial flexure test for biaxial stress state. 

2 TEST METHODS FOR BIAXIAL 
FLEXURAL TENSILE STRENGTH OF 
CONCRETE 

There are two test methods using a circular 
plate and only one actuator to measure the 
biaxial tensile strengths of concretes: ASTM 
Standard C 1550 and the biaxial flexural test 
method. 
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(a) 

(b) 

Figure 1: Schematic of the set-up for (a) ASTM C 
1550, and (b) biaxial flexure test methods.

A schematic of the test arrangement for the 
ASTM C 1550 method, which was developed 
to determine the flexural toughness of fiber-
reinforced shotcrete and concrete, is shown in 
Figure 1a.  A round specimen is supported by 
three-fold symmetric pivots and subjected to a 
point load at the center.  The contour plot of 
the maximum principal stress distribution on 
the bottom surface of the ASTM C 1550 panel 
reveals maximum biaxial stress occurred in the 
centre of the surface of the panels. The biaxial 
strength of ASTM C 1550 can be estimated 
from the following equation for the ball-on 
three-balls test used for ceramics [7-9]: 

2 2

2 2

23 (1 ) (1 ) 1 2 ln
4 (1 ) 2

e
f

e

a bP a
h R b
 

 
    

          
(1)

2 2
01.6 0.675eb b h h       (2) 

where R is the radius of the specimen, a is the 
distance from the center of the specimen to the 
support.  be and bo are the equivalent radius 
and the radius of the loaded area, respectively.  
h is the thickness of the circular plate and   is 
the Poisson’s ratio.  Eq. (2) is valid in the 
range of b0<0.5h.

The biaxial flexure test method was 
proposed to measure the biaxial flexural 
strength of plain concrete.  The basic test setup 
consists of a loading ring and support ring, and 
a round specimen, as shown in Figure 1b.  The 
stress state on the tensile surface of concrete is 
biaxial and axisymmetry owing to the 
axisymmetric loading and support conditions.  
The biaxial flexural strength can be 
determined equation [10,11]: 

 
2 2

2 2

3 ( )(1 ) 1 ln
2 2f

P a b a
h R b

  


 
    

 
 (3) 

where R is the radius of the specimen, a is the 
radius of the support ring and b is the radius of 
the loading ring. 

3 EXPERIMENT 

3.1 MATERIALS AND SPECIMENS 
A mix proportion of concrete was designed 

for a 30 MPa compressive strength at 28 days 
using type I portland cement, natural fine 
aggregate, and crushed coarse aggregates.  The 
maximum aggregate size in the matrix 
composition was 6.5 mm.  All beam and panel 
specimens were cast from the same batch of 
concrete. The average compressive strength at 
28 days was obtained as 33 MPa.  The mix 
proportion is provided in Table 1.

Table 1: Mix proportion of concrete. 

W/C
(%) 

S/a
(%) 

unit weight(kg/m3)
W C S G 

42 49 170 405 866 934 
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Thirteen concrete beams and twenty six 
concrete panel specimens were prepared to 
consider the stochastic nature of concrete 
strength according to the different test methods.  
The dimensions of the beams were 75×75×325 
mm, and the dimensions of the panels were 
75×657 mm.  The heights of three kind test 
specimens were equal to each other.  The 
detailed dimensions of the round specimens 
are given in Table 2.

Table 2: Dimensions of the biaxial test specimens. 

ASTM C 1550 [mm] 

thickness of 
specimen, h

diameter 
of specimen, 

2R

radius
of support 
circle, a

radius
of loaded 
area, bo

75 657 312.5 14 
biaxial flexure test [mm] 

thickness of 
specimen, h

diameter 
of specimen, 

2R

radius
of support 

ring, a

radius
of loading 

ring, b
75 657 312.5 78 

3.2 TEST METHODS 
In order to investigate the flexural behavior 

of concrete on different stress states, the 
flexural tests were conducted by using three 
different methods: four-point bending test, 
ASTM C 1550 and biaxial flexure test.  The 
four-point bending test and biaxial flexure test 
were performed according to ASTM C 78 [12] 
and Kim et al. [3].  

For the three test methods, a concentric load 
was applied at the rate of 1 mm/min by using a 
servo-hydraulic actuator, until the specimen 
fractured.  In addition, to estimate whether the 
stress state of  specimens for ASTM C 1550 
and biaxial flexure test was biaxial, the strain 
was measured in the central region of bottom 
surface of specimens using two strain gages 
attached to specimens in perpendicular 
directions to each other. 

4 RESULTS AND DISCUSSIONS 
Figure 2 shows the fracture patterns of 

ASTM C 1550 and biaxial flexure test 
specimens.  Most of the specimens for two test 
methods are broken into two or three pieces 

and fracture initiated from the maximum 
tensile surface of the specimens.  

 
(a)                                    (b) 

Figure 2: Typical fracture patterns of the test 
specimens for (a) ASTM C 1550 and (b) biaxial 

flexure test methods. 

Figure 3 shows the stress-strain curves 
measured from the tensile surface of the 
specimens for ASTM C 1550 and biaxial 
flexure test.  The strains in the two directions 
were almost the identical before the failure.  
These results indicate the stress state of ASTM 
C 1550 and biaxial flexure test specimens are 
biaxial.  

Figure 3: Typical stress-strain curves in (a) ASTM C 
1550 and (b) biaxial flexure test.

The uniaxial and biaxial fracture strengths 
are given in Table 3.  The test results show 
that biaxial flexural strengths of concrete 
obtained from ASTM C 1550 and biaxial 
flexure test are higher than that for the four-
point bending test. The biaxial flexural 
strength measured by the ASTM C 1550 is 
greater than that of the biaxial flexure test.  
The coefficients of variation (c.o.v) of the 
results for all of the tests were less than 8 %.  
The difference between uniaxial and biaxial 
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strength under flexural loading is thought to be 
originated from the different structure 
geometry and structure size, because quasi-
brittle materials such as concrete, rock, 
ceramics, and composite materials fail from 
flaws (microcracks).  Therefore, the size effect 
of concrete in biaxial stress states has been 
reported in another paper [5]. 

Table 3: Flexural strengths of concrete. 

flexural strength [MPa] 
four-point 
bending 

ASTM C 
1550

biaxial
flexure test

average 
strength 4.24 8.71 5.59 

standard 
deviation 0.20 0.72 0.31 

c.o.v 0.05 0.08 0.06 

5 CONCLUSIONS 
Flexural behavior of concrete under  

different stress states has been studied 
experimentally, by using three different test 
methods.  The uniaxial flexural strength of 
concrete obtained from four-point bending test 
was lower than the biaxial flexural strengths 
estimated from ASTM C 1550 and biaxial 
flexure test methods.  In biaxial stress state, 
the biaxial flexural strength measured by the 
ASTM C 1550 is greater than that of the 
biaxial flexure test.   

These results indicate that the flexural 
behavior of concrete is dependent on the stress 
state. Hence, more additional studies are 
needed for the design of concrete components 
subjected to biaxial flexural loading.
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Abstract: The main theme of this paper is to focus on the mechanisms for achieving high ductility 
of the interface between substrate concrete and patched repair materials. For that purpose, this paper 
elaborates the relationship between the mechanical performance of the concrete beam with an 
interface layer of patched repair and the fractographic characteristics of the fractured surface. The 
authors conducted four cases of FEM analysis under bending load employing “KAT model”, which 
the authors newly established. Also experimental investigation was conducted with using the same 
types of specimens as the FEM analysis. The results from FEM analysis are consistent to the 
experimental ones in terms of the behavior, mechanical properties and crack paths. The authors 
conducted the fractographic analysis and found an index which is consistently proportional to the 
mechanical performance. The simulations by KAT model revealed the mechanisms which lead to 
high ductility, and it also revealed the mechanisms why the index based on fractographic 
characteristics has a strong relationship with the mechanical performance. 
 
 

1 INTRODUCTION 
Adhesive performance of repaired materials 

to the substrate concrete is the most important 
issue for repairing and strengthening of the 
existing structures.  The authors have been 
studying the issue and one of the fractography-
based studies [1] revealed that the crack path 
near the interface between such materials and 
substrate concrete would be the meandering 
one into substrate concrete for achieving high 
mechanical performance.  There should be an 
analytical study which can reveal the process 
of the formation of the crack path and discuss 
the relationship between the mechanical 
performance and the crack path to offer the 
clues for the in-depth discussion. For that 

purpose, FEM (finite element method) analysis 
is the best resort. 

There are many literatures that studied the 
modeling and the analytical procedure for 
FEM.  Sadouki [2] presented a new concept 
called “numerical concrete” with using 2D 
FEM model which can predict structural 
performance as well as size effect and crack 
paths.  Tajima [3] analyzed fracture process of 
plain concrete with using 2D or 3D lattice 
model.  Asai [4] analyzed some RC members 
also using 2D or 3D lattice model.  Nagai [5] 
analyzed the fracture process of compression 
member based on 3D particle model where the 
location and the size of coarse aggregates are 
copied from the real concrete specimen.  These 
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studies based on the meso-scale model in 
which coarse aggregates and ITZ (interfacial 
transition zone) around them are modeled. 

In comparison to such large numbers of 
studies which discuss the monolithic concrete, 
there are limited numbers of studies [6, 7] 
which discuss the performance of interface 
using analytical methods. This paper focuses 
on discussing the mechanisms for enhancing 
the performance of the interface with 
employing FEM analysis, which will have a 
possibility of contributing to find a new 
method of enhancing the performance for 
repairing. 

 
2  EXPERIMENT 

Mix proportion of concrete for specimens, 
which is seen in Table 1, is an ordinary 
mixture of which the water-to-cement ratio is 
50%, and compressive strength is 46.3 MPa. 
The fineness modulus of the aggregate used 
for the mixture is 4.94.  

The authors prepared three types of 
specimens with varied types of placing joint 
made from different roughening. Also one 
type of monolithic specimen was made. Table 
2 shows the attributes of specimens. The 
number of specimens was three for each type, 
which have a section of 100 mm by 100 mm, 
and a length of 400mm.  

Figure 1 shows the procedure of producing 
the specimen. After 24 hours from the 1st cast 
of concrete in the half part of mold, the joint 
surface was roughened for H494R and H494E. 
Each of them was roughened with different 
tool and roughening time, so that they have the 
different roughness. The specimen H494Rc 
was roughened at the age of 28 days after the 
first casting. After the roughening, the 
concrete was cast in the remained half of mold 
as depicted in Figure 1. Figure 2 shows the 
roughened surface of H494E (left) and H494R 
(right). In the case of H494E, gravels appear 
on the surface. On the other hand, sand grains 
appear on the surface of H494R. H494Rc has 
the same appearance as H494R. 

The specimens were cured in water at 20ºC 
for 28 days after the final cast of concrete. A 
50mm depth notch was incised at the center of  

 
Table 1: Mixproportion of specimens. 

W C S G Ad*
50.0 43.0 225 178 356 803 1083 1.78

Mass per unit volume (kg/m3)s/a
(%)

W/C
(%)

S/C
(%)

 
 

Table 2: Attributes of specimens. 
Specimen Remarks and Surface condition
H494N Reference with no Joint; Monolithic
H494E 2nd casting after 24hrs from 1st casting

Gravels appear on the treated surface
H494R 2nd casting after 24hrs from 1st casting

Sand grains appear on the treated surface
H494Rc 2nd casting after 28days from 1st casting

Sand grains appear on the treated surface  
 

 

 

Notch 

L=400mm 
h=100mm 

Treatment 
surface 

Ligament 
=50mm 

Cast previously Cast afterward 

 
Figure 1: Typical detail of specimen (top) and method 

for producing specimen (bottom). 
 

   
(a) Surface of H494E           (b) Surface of H494R 
Figure 2:  Appearance of the surface to be jointed. 

 
the specimen before the fracture toughness test. 
From the test results, mechanical properties 
and fracture-mechanics-related properties were 
derived. 
 
3 FRACTOGRAPHIC ANALYSIS 

After fracture toughness test, fractured 
surface in the ligament was measured with 
laser 3-D measuring machine at an interval of 
50μm in both x and y directions. Figure 3 
depicts the relationship between RL and 
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mechanical performance. The index RL is a 
representative index which typifies the crack 
path. It is a multiplication factor for gaining 
the real fractured outline length from the 
projected one.  

Figure 4 represents the relationship between 
RL and mechanical properties. The roughness 
of H494Rc was slightly smaller than that of 
H494R, which caused the smaller RL for 
H494Rc. It is natural that the monolithic 
specimen has the largest RL and mechanical 
properties. The important point is that RL and 
mechanical properties are linearly proportional 
to the mechanical properties; Fb and GF.  

It means that the complexity of the 
fractured surface appears in RL, and RL is 
deeply related to the adhesion of interface 
which eventually has the effects on mechanical 
properties. Mihashi [8] investigated the fractal 
dimension of the fractured surface of 
monolithic concrete, and reported that RL is 
related to the fractal dimension and also 
mechanical properties. Then it has become 
clear that RL is also the key index for the 
mechanical properties of the interface. 
 
4 FEM ANALYSIS  
4.1   KAT Model 

The authors developed KAT Model [6] for 
the FEM simulation and obtained the resulted 
mechanical properties and crack paths.  Figure 
5(a) represents the FEM model of a whole 
bending specimen and Figure 5(b) the part of it 
with illustrating a detailed composition of 
KAT model where 6 components (mortar, 
coarse aggregate, interface, ITZ (interfacial 
transition zone around aggregate) and 
mortar*( mortar near interface)) are depicted. 

 
 

 
Figure 3: Surface roughness and index RL. 
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(a) Flexural strength (Fb) vs RL 
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(a) Fracture energy (GF) vs RL 

Figure 4: Mechanical properties as a function of RL. 
 
 

 
 
 
 
 
 
 

(a) KAT Model for bending 
member for FEM analysis. 

 

     
(b) Examples of detailed description of KAT Model 
depicted in the region enclosed with dotted line in 
the above : H494N (left) and H494R (right) . 

Figure 5: KAT Models. 
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The main feature of the model is that coarse 
aggregates are represented by hexagons with 
only one size which represents the 
representative size calculated with fineness 
modulus of the aggregate. The number of them 
is determined by the unit volume of aggregate 
in the mixture.  

The material properties for FEM were 
determined by the results from fracture 
toughness test and from fractured area analysis 
[7].  Table 3 shows the applied ones.  

 
4.2   Mechanical properties from FEM 

Table 4 shows the analyzed and 
experimental results of mechanical properties. 
Figure 6(a) and (b) represent the analyzed 
load-CMOD curves of H494E and H494R 
respectively, where CMOD is crack mouth 
opening displacement. Figure 6(c) and (d) 
represent the crack strain of the elements at the 
final stage of H494E and H494R respectively, 
where one can know the final crack path. The 
final crack path is assumed to be the connected 
one from the bottom to the top. 

Figure 6(a), (b) tells that the predicted 
responses are consistent to the experimental 
ones in terms of maximum load and overall 
behavior including softening behavior which 
has the ruling effect on ductility.  

 
Table 3: Material properties for FEM simulation. 

Ft GF(WOF) Fc E ν
(MPa) (N/mm) (MPa) (MPa) (MPa)

Mortar 7.21 0.060 48 18700 0.2
Aggregate 15.00 0.110 80 39000 0.2
ITZ 3.90 0.125 30 18700 0.2
Interface(R, E) 3.15 0.011 30 18700 0.2
Interface(Rc) 2.04 0.005 30 18700 0.2
Mortar* 4.00 0.033 30 18700 0.2
Concrete 7.50 0.126 48 24000 0.2

Element

 
Note: Ft (Tensile strength), GF (Fracture energy), Fc 
(Compressive strength) and E (Elastic modulus). 
Poisson’s ratio is 0.2 for all. 

 
Table 4: Analyzed and experimental results. 

 
Specimen     Fb (MPa) 

Experiment  FEM       
   GF (N/mm) 
Experiment    FEM 

H494N 6.75              7.03 0.1336         0.1035 
H494E 5.52              5.59 0.1336         0.1355 
H494R 3.53              4.31 0.0259         0.0549 
H494Rc 1.83              1.86 0.0072         0.0252 

The analyzed curve in Figure 6(a) has some 
dents derived from the easy progress of the 
crack around ITZ and tough progress of it in 
mortar. The experimental result does not show 
such behavior because of the existence of 
many aggregates at any location of the crack. 
Figure 6(b) shows the brittle behavior because 
the crack path is simple progressing along the 
straight line of the interface and no dents seen 
in the load-CMOD curve because no aggregate 
is involved in the crack path.  

GF in Table 4 shows the inconsistency of 
the analyzed one, but it derived from the 
tendency of holding the load for FEM analysis, 
which is seen in Figure 6(b). 
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(a) Load-CMOD  curves for H494E. 
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(b) Load-CMOD  curves for H494R. 

 

  
(c) Crack strain (H494E). (d) Crack strain (H494R). 

Figure 6: Results from FEM analysis. 
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4.3   RL from FEM analysis 
Figure 7 shows the final crack path of 

H494N achieved from the crack strain. As was 
described earlier, the final path is the 
connected one from the bottom to the top. RL 
is calculated dividing the whole length of the 
crack path by the projected length. 

Figure 8(a) shows the analyzed RL as a 
function of experimental RL. There is a good 
agreement between experimental RL and 
predicted ones, though the analyzed ones are 
slightly smaller than the experimental ones.  

 

  
Figure 7: Crack strain (left) and final crack path (right) 

for H494N. 
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(b) Analyzed Fb as a function of analyzed RL. 

Figure 8: Analyzed RL. 

Figure 8(b) represents the relationship 
between the analyzed RL and the mechanical 
properties. One can see that RL has a strong 
relation to the mechanical properties. As is 
seen in Figure 4, this tendency is identical to 
the experimental results. 
 
5 ENHANCEMENT OF MECHANICAL 
PERFORMANCE 
5.1  A simulation for improvement of Fb 

Table 5 shows the two cases of KAT Model 
for H494N and the analyzed results. The 
material properties and the location of 
aggregates are the same except for the strength 
of ITZ: Case A has the weak ITZ whereas case 
B has a strong one.  

Different crack paths were produced by the 
different strengths of ITZ in Table 5. An 
interesting result is the analyzed Fb: Weak ITZ 
produced strong Fb whereas the strong ITZ 
produced weak Fb. This derives from the 
difference of RL. It means that weak ITZ 
causes the larger RL than the strong ITZ does, 
because the crack path tends to proceed in the 
weakest path along ITZ. But strong ITZ 
produced the simple straight path, because 
strength of ITZ is almost the same as the one 
of mortar where the simple path is the weakest.  

Even though the material strength of the 
element is weak, large RL can produce large 
Fb, because Fb is determined by the summed 
values of multiplied ones by the number of 
element and the mechanical property of it [6].   

 
Table 5: Two cases of simulation for H494N. 

 
Case A: Weak ITZ 
     Inputted Ft = 3.90 MPa 

Case B: Strong ITZ 
  Inputted Ft = 5.66 MPa 

Analyzed crack path 
 
 
 
 
 
 
 
 
 
 
 

Analyzed crack path 
 
 
 
 
 
 
 
 
 
 
 

Analyzed RL = 1.17 
Analyzed Fb = 6.75 MPa 

Analyzed RL = 1.12 
Analyzed Fb = 5.95 MPa 
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From this result, one new concept for 
enhancing the mechanical performance can be 
proposed. It means that the scattering of weak 
elements moderately in the material would 
produce the large RL which makes eventually 
large response. The weak elements to be 
scattered are ITZ around aggregates, pore and 
some inclusions. But ordinarily aggregates 
cannot be scattered deliberately, because they 
are packed with no room for any other 
materials in ordinary concrete. So the mortar 
or repair material can have the possibility of 
applying for the concept. 

  
 

Table 6: Two cases of simulation for patch repair. 
 
Case CR:  
  No void in PCM 

Case CR2:  
   3% of voids in PCM 

Analyzed crack path 
 
 
 
 
 
 
 
 
 
 
 

Analyzed crack path 
 
 
 
 
 
 
 
 
 
 
 

Analyzed GF 
            = 0.0403 N/mm 
Analyzed Fb =  3.86 MPa 

Analyzed GF 
             = 0.192 N/mm 
Analyzed Fb = 3.58 MPa 

Note: PCM is polymer cement mortar for repair. 
 
 

 
Figure 9: Experimental and simulated behaviors. 

 

5.2  Effects of diversification of crack path 
The authors made another simulation for 

patch repair. Table 6 represent two cases of 
simulation for patch repair (right half of the 
KAT Model) attached to substrate concrete 
(left half). The detailed material properties and 
the modeling is described in the reference [7]. 
The difference between two is only the 
existence of 3% of voids in the Case CR2, and 
other material properties and the location of 
coarse aggregates in substrate concrete is all 
the same. 
Table 6 shows the voids are effective for the 
diversification of crack path near interface 
causing a slightly weaker strength but greatly 
tougher GF.  About four times of GF is 
achieved from the diversification of crack path 
in the case of CR2. 
  Figure 9 represents the load–deflection 
response of the experimental and two cases of 
the simulation. The behavior of the simulated 
CR can be said to be consistent to the one of 
the experimental results. 

 
6 CONCLUSIONS 

The experimental investigations and FEM 
simulations by KAT model revealed the 
important aspects of enhancing the mechanical 
properties of the concrete member in bending 
with an interface layer in it.  

One ruling mechanism for leading to the 
high mechanical performance is expressed in 
RL which describes the complexity of the 
crack path being the multiplication factor for 
gaining the real fractured outline length from 
the projected one.  

The weak interfacial transition zone around 
the coarse aggregate can make the crack path 
detour around it eventually producing high 
strength.  

The scattered voids in polymer cement 
mortar can make the crack path into the repair 
material generating the diversified crack path 
in it eventually producing high ductility. 
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ABSTRACT 
The Iglesia Catedral Basílica Metropolitana de Santa María (Saint Mary Holy Metropolitan 
Cathedral Basilica) is one of the most representative buildings among the architectural heritage of 
Valencia. The museum houses an octagonal dome, called The Cimborio, is considered to be one of 
the most interesting works on the cathedral complex, which is even more valuable considering the 
few examples of such a dome built throughout history.  
The dome was built by the masters Nicolás de Autún and Martí LLobet and was completed around 
1430, it has suffered many repairs and restorations of the problems caused by its risky slenderness, 
which have led the dome into a new equilibrium states that appear to have controlled the constant 
damage suffered by this skylight tower, but this cannot justify its current safety level.  
This study focuses on the use of new technical tools that have not been employed until now, to 
allow the performance of a strict scientific research in order to provide conclusions that clarify the 
doubts regarding to the structural behaviour of the dome. The graphic surveying is performed using 
the latest tools such as 3D Laser Scanner. This is a non-destructive technique that enables to exact 
plans to obtain reflecting the current deformation of the dome. These plans are then compared with 
plans made using traditional data collection techniques (plumb-lines, measuring tape, etc.). Based 
on this data, a structural study is performed enabling the general state of equilibrium to be assessed 
by means of limit analysis. Numerical methods have been used for nonlinear damage models and 
for mechanical fracture. 
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INTRODUCTION 
The Cimborio, is impressive both for its 

beauty and the absence of supports, it rises 
over the transept of the Cathedral of Valencia, 
with a floor plan in Latin cross (figure 1), the 
nave is divided into three perfect squares, with 
a series of rectangular side-chapels on both 
sides. The ceiling consists of simple cross 
vaults with four stone ribs and several solid 
brick lay endwise. The polygonal apse is 
surrounded by the ambulatory that leads off to 
the chapels [1].   

The almost identical nave and transepts 
height do not wholly conform to the French 
Gothic proportion tenets, but it is an evidence 
of the difficulty on load transfer from the nave 
to the transepts (figure 2). 

Figure 1: Plan of the Metropolitan Cathedral Basilica of 
Valencia 

 

 

Figure 2:Longitudinal Section of the Metropolitan 
Cathedral Basilica of Valencia 

The octagonal dome rising over the centre 
is supported by four pillars, (figure 3) 19.20m 
high and 6.18m wide, the dome is composed 
of two very similar tiers, the upper ones are 
taller than the ones below. This ties difference 

of size suggests that they were built in two 
different stages. There are large windows in 
the walls with elaborate tracery work in 
between, which gives the Cimborio its light 
and delicate appearance. 

The Cimborio roof is a vault supported on 
ogival arch segments that spring from the first 
tier at the cornice level with the shape as 
defined by the octagon that converges on the 
central keystone. The bricks in the vaults are 
laid endwise in ascending horizontal courses. 
These severies are similarly arranged as those 
in the other vaults of the cathedral, in which 
concrete is used as filling up to the point 
where the roof starts to slope. The accessible 
part of the roof is divided into eight sections 
that starts from the centre of each side of the 
octagon and join up with another eight that 
start at the apexes. There are two gargoyles at 
each side of the apexes to carry rainwater 
away.  

 

 
Figure 3: Section of the Cimborio 

If these characteristics of beauty and 
lightness, together with the absence of 
supports have made the Cimborio a work of 
“great mastery”, they have also made it 
necessary to carry out frequent repairs. The 
oldest repair on record was carried out after 
the earthquake in 1396 and was mostly done 
on the arches and the glass windows. Further 
work was carried out on the panes of the 
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second tier in 1432 due to wind damage, and 
again in 1698, when they were replaced by 
alabaster panels. In 1731 general repairs were 
done to the arches and vaults, as a result of 
that new tracery and mullions were given. In 
1863, under the direction of Joaquín Mª Calvo, 
new alabaster panels were put in place with 
iron frames. In 1919 Francisco Mora installed 
a reinforcing iron band over the windows in 
the upper tier. In 1978 Ramiro Moya replaced 
the iron frames of the alabaster panels with 
new ones made from stainless steel, the roof 
was strengthened with a reinforced concrete 
slab, a metal band was placed around the 
oculus and a stainless steel brace was added to 
the arches outside of the second tier (figure 4). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4:Image inside of the Cimborio 

A second intervention took place in 1777 
under the architect Antonio Gilabert. In this 
case the work was focused on the pillar 
between the Chapel of the Epistle and the 
nave, in which cracks had appeared. Although 
initially only the damaged section was going 
to be repaired, in the end it was decided to 
renovate it from top to bottom. The third most 
important operation took place in 1978 and 
was focused on various aspects again related 
to the tracery, mullions, the alabaster panels 
(figure 5), and the pillars foundations of the 
central nave, which had been observed to have 
sunk slightly. These were underpinned and 
braced with reinforced concrete beams. The 
work on the dome consisted of fitting three 
strengthening elements at three different 

levels: the first one on the first balcony at the 
squinches height, by means of an iron beam 
fixed to the wall with bolts, which involved 
cutting off the access to the balcony. The 
second one consisted of fitting girders to the 
second-tier balcony and the third was a 
strengthening of reinforced concrete added to 
the crown of the dome. 

 

 
Figure 5:Image outside of the Cimborio 

NUMERICAL ANALYSIS 

Linear analysis 
In order to make the best possible survey of 

the present state of the dome, a study was 
carried out by non-invasive laser scanner. The 
method involved in this technique is based on 
a capture of the points, their referencing, 
extraction and analysis, besides obtaining 2 
and 3D drawings, which provide us precise 
information about the real situation of the 
structure. A high-density points cloud is 
generated that enables us to identify the 
current settling and deformations present in the 
dome (Figure 5). 
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Based on the graphic geometric survey 
obtained from the laser scanner, a 3D model 
was generated by CAD applications that 
allowed us to create a calculation model based 
on a solid finite elements mesh to reproduce 
the 3D geometry of the Cimborio, with a total 
of 249252 d.o.f, 47615 solids, distinguishing 
between 2191 tetrahedral and 45424 
hexahedral elements (figure 6, 7 & 8). 

 

Figure 6:Image obtained with Laser scanner technique 

 

 

Figure 7:3D Cathedral and the solid finite elements 
mesh models. 

 
Figure 8:3D model of the Cimborio and the solid finite 

elements mesh model 

A linear static analysis was first carried out 
to evaluate the masonry stresses, leaving the 
existing cracks out of consideration, and 
concentrating only on the self-weight 
hypothesis. We assumed the material, which 
was mostly masonry, to be homogeneous. As 
it was not possible to carry out tests on the 
dome itself, we had to resort to the data 
obtained from previous tests carried out on 
masonry from the Trinity Bridge in Valencia, 
which had similar characteristics and had been 
obtained from the same quarry. The test results 
are given in Table 1.  

Table 1: Tests Results  

 

Test 
cylinder

s 

Densi
ty 

T/m3 

C. 
Breaka

ge 
N/mm2 

 
N/mm

2 
 

Module 
E 

N/mm2 

1 1.949 7.05 2.673 0.0017 1527.88 

2 1.914 7.13 3.068 0.0020 1534.00 

3 1.891 9.57 5.485 0.0042 1213.67 

Average 1.918 7.916   1425.18 
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Table 2 gives the most important 
mechanical properties used in the numerical 
model:  

Table 2:Mechanical properties 

Non-linear analysis, damage model 
In order to get the non-linear response of 

these structures, the fissures appearance and 
their development have to be calculated as 
well as the maximum structural load [2] [3]. 
The so-called isotropic damage model was 
used in this study [4] within the ANGLE finite 
elements software [5]. 

Damage mechanics is a branch of 
Continuum Mechanics, which, by means of 
internal variables introduces micro-structural 
changes into material behaviour. 

The fissures emergence and their evolution 
over time in materials such as concrete and 
masonry can be described as the course 
followed by several points of damage.  

If a damage function is defined representing 
correctly the response of the material, both in 
compression and traction, then the non-linear 
masonry behaviour can be represented in a 
model.  

Cracking is represented in this case as an 
effect of local damage that can be defined 
according to the material known parameters 
and to functions that control the damage 
evolution with the successive tension loads at 
each point.  

 
The model used takes into account the three 

assumptions necessary to correctly model the 
non-linear behaviour of masonry; the different 
behaviour in compression and traction; the 
rigidity deterioration through mechanical 
causes (tension loads) and the effect on the 
response of the finite elements mesh size. 

Concept of isotropic damage 
A point in the material with a certain degree 

of damage is considered, deterioration is 
represented as hollows in the fabric. The 
damage variable “d” is defined thus: 

     
 

  (1) 

Where: S= is the total surface under 
consideration; S = the effective resistant area; 
and S-S = the hollowed surface. This index 
expresses the material deterioration degree. 
The zero value represents the undamaged 
state, while 1 is the total damage of the 
resistant area.  

The relationship between Cauchy’s 
standard tension and the actual tension acting 
on the part of the effective resistant section is 
derived from the condition of equilibrium: 

                 (2) 
This scalar index is sufficient to adequately 

represent the materials behaviour such as 
concrete, brick and stone. The effect on the 
mechanical behaviour of the material is a 
reduction of rigidity proportional to (1-d) 
(figure 9). 

 

Figure 9: The effect on the mechanical behaviour of the 
material is a reduction of rigidity proportional to (1-d) 

In the repeated FEM process the 
constitutive matrix    is calculated as: 

          (3) 

Where: D is the elastic constitutive matrix.  

The scalar variable of damage is: 

      
         

 
    (4) 

Eo

oE(1-d)

d=0
0<d<1

Ashlar masonry  

Density 1,918 T/m3 

Module of deformation 1,425 N/mm2 

Poisson's ratio 0.2 

Compressive force 7.90 N/mm2 

Tensile strength 0.15 N/mm2 
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Where: The r, ro, and A, values are obtained as 
in reference [3]. 

An important advantage of the damage 
formulation is its simplicity of calculation 
compared to other cracking models, since a 
special algorithm is not required to integrate 
the constitutive equations of the elasto-plastic 
models. 

Model calibration 
Described model has been implemented in 

ANGLE software by the authors. Attempting 
to calibrate this model with ashlar tests it 
results extremely difficult due to calibration is 
made with experimental concrete models, 
those are concrete elements with a similar 
behaviour to masonry, particularly Walraven 
[6] tests on a reinforced concrete beam have 
been employed, and the tests made at 
University Polytechnic of Valencia by 
Valcuende and other authors [7] about 
concrete non-reinforced beams. (Figure 
10&11) 

The results of the developed numerical 
model have a precise adjustment to the 
experimental results: 

 
 

 

Figure 10: Load-Deflection, comparative between the 
experimental and numerical model 

 

Figure 11: Strength distribution and cracking map 

ANALYSIS OF THE RESULTS 

It has been developed a non-linear static 
analysis of the Cimborio model. The most 
important parameter of the stability of the 
structure is the masonry tensile strength. As 
we do not have very reliable tests, it is 
considered the average strength values, which 
have been obtained from different authors. The 
model has been processed under two 
conditions. Firstly, we have used a 0,05 
N/mm2 tensile strength, which is a much 
lower value compared to the reference one. 
This is a hardly null value compared to 
0,1N/mm2 used in a second analysis (figure 
12). 

In order to study the results, the damage 
formulation is considered as the most 
important parameter in the structural 
behaviour. The damaged parts of the structure 
are compared under the two hypothesis 
described and it is found out that the safety 
margin of the structure is very low in the 
hypothesis with 0,05N/mm2 tensile strength. 
For this reason the structure degrades and 
starts to break down at a load of 1,05 its own 
weight. Whereas in the hypothesis with 0,1 
Mpa, the safety margin of the structure is 
bigger, getting a safety coefficient of 1,60 its 
own weight (figure 13). 
 
 

 

 

 

 

 

 

 

 

 
 

 
 

 
 

Figure 12: Model of damage dead load 
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Figure 13:Two hypothesis of analysis with 0,05N/mm2 
and 0,1N/mm2 tensile strength respectively 

CONCLUSIONS 
In this article, it has been described the 

process of data collection using the Scanner 
Laser 3D that allows us to draw the 
architectural and structural model with a very 
high precision. The Scanner Laser gives us 
three dimensional information using millions 
of points in the space that require a much 
elaborated work to develop the models. It is in 
a research phase the development of new 
methods to automate the transfer process from 
the points given by the scanner laser to solid 
models.  

The structural analysis of the dome aims to 
determine the safety state of its stability. This 
historical aspect has been discussed a lot 
among society in Valencia. 

The analysis shows that the safety state that 
we get under very restrictive hypothesis based 
on very low tensile strength of its masonry has 
a coefficient of 1,5G. G is its own weight. This 

result may seem lower than the one found in 
other historical buildings but high enough to 
explain its permanency for nearly 600 years. 
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Abstract: Fracture energy tests were carried out on Portland blast furnace cement-type B (BB) 

concrete where as an internal curing material, partial replacement of 20% of the total course 

aggregate volume was carried out with porous ceramic-roof material waste aggregate (PCA). In 

addition, the effects of PCA on the shear strength of reinforced concrete (RC) beams of effective 

depth 210mm and 250 mm were also investigated. The results showed that PCA contributed to 

improved compressive, splitting tensile strengths as well as fracture energies. However, the effect of 

internal curing with PCA on shear strength of RC beams was not observed. 
 

1 INTRODUCTION 

The blast furnace slag cement (BB) concrete 

usually needs a longer wet curing treatment at 

the early ages to develop the required 

performances [1]. If sufficient wet curing is 

carried out on BB concrete at early age, the 

strength and durability properties of concrete 

are improved in the long term.  

On the other hand, reduced construction 

periods and costs may lead to inadequate wet 

curing of concrete. For this reason, the 

development of a new and effective curing 

method is necessary. 

In the past, studies on application of 

artificial light-weight aggregate or super 

absorbent polymer particle as an internal curing 

material have been actively carried out for the 

purpose of reducing early age shrinkage of low 

water to cement (W/C) ratio concrete [2]. This 

internal curing technique may be effective in 

improving the qualities of BB concrete which 

requires adequate wet curing at early ages. 
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In Chugoku district of Western Japan 

“Sekishu Kawara”, which is a roof material 

made of clay, about 200,000 tons per year of 

this material are produced, 10% of which is 

demolished due to thermal cracking induced 

damage, and expected to be recycled. This 

waste aggregate designated as porous ceramic  

course aggregate (PCA) hereafter, has a 

crushing value of 20% which is an intermediate 

value [3] between artificial light weight 

aggregate at 40% and natural aggregate at 10%. 

This PCA has been reported to be effective in 

improving the performances of BB concrete in 

drying condition in terms of strength, porosity 

as well as mitigating chloride penetration [4]. 

However, in order to utilize PCA as a 

structural concrete material, there is need to 

understand its effects on shear properties of 

Table 1 Material properties 

 
 

Table 2 Mixture proportions 

 
 

 

 
Fig 1 Outline of fracture energy test specimen Fig 2 Dimensions and configurations of Series I RC 

beam 

  

 
Fig 3 Dimensions and configurations of Series II RC beam 

 

Materials Notation
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3

Water absorption: 9%
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2
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3
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reinforced concrete (RC), especially the shear 

properties of RC beams, due to the disastrous 

and unpredictable nature of shear failure in 

concrete. 

Based on the above discussions, the present 

study aims to investigate the effects of 20% 

volume replacement of natural aggregate with 

PCA on the fracture energy as well as the shear 

properties of BB concrete. 

2 TEST PROGRAM 

2.1 Materials and mixture proportions 

Table 1 lists the material properties of the 

materials used in the present study. Portland 

blast furnace cement-type B (BB) was used as 

reference concrete for comparison with BBC 

where part of the course aggregate (NCA) was 

replaced with PCA. The PCA was 8-9% in 

water absorption rate after being immersed for 

7 days. Crushed sand (quartz) was used as fine 

aggregate and crushed gravel (NCA) was used 

as coarse aggregate. 

Table 2 tabulates the mixture proportions of 

the two types of concrete prepared in this study. 

The water to cement ratio was fixed at 0.5. 

BBC-G20 denotes BB concrete whose 

replacement ratios of PCA is 20% of the total 

volume of course aggregate. The total amounts 

of water absorbed in PCA was 15.3kg/m
3
 for 

the above mixture proportions. In the case of 

RC beams, BB concrete beams are denoted as 

RBBC, while BB concrete beams with PCA are 

denoted as RBBC-G20. 

High strength deformed steel bars (fy ≥

1080N/mm
2
) were used to induce shear failure 

in Series I RC beams while Series II RC beams 

were designed such that the flexural capacity 

was almost equal to the shear capacity. 

 2.2 Specimens 

The size and dimensions of the fracture 

energy test specimens are shown in Fig. 1. For 

each mixture proportion, 8 specimens were 

prepared.  

In order to investigate the effect of PCA and 

fracture energy on shear strength of RC beams, 

2 types of RC specimens of effective depths 

250 mm (Series I) and 210mm (Series II) for 

each mixture proportion were prepared. For 

each effective depth, 2 RC beams were 

prepared. The size and dimensions for these 

specimens of effective depth 250mm (Series I) 

are shown in Fig 2, while those of 210mm 

(Series II) are shown in Fig. 3. 

Cylindrical specimens of 100×200mm for 

compressive strength and Young’s Modulus, 

150×200mm for splitting tensile stength tests 

were also prepared. 

2.2 Exposure Condition 

The specimens were covered with aluminum 

adhesive tape and wet fabric immediately after 

casting to avoid early water loss through 

evaporation. All the specimens were demolded 

at age 7 days and exposed to air of 7.9℃ and 

humidity 52.5% on average.  

2.2 Loading and measurements 

The fracture energy tests were carried out in 

accordance to Japan Concrete Institute 

Standard (JCI-S-002-2003) [5]. The tests were 

carried out at almost the same age as the 

loading age of the RC beams in both Series. 

In each specimen, a notch at the mid-length 

to a depth of 50mm, as shown in Fig. 1 was 

made. Loading was carried out using capacity 

100kN displacement controlled loading 

apparatus. 

In order to eliminate torsional action on the 

specimen, the loading block and one of the 

supports were rotatable around their axes in the 

direction coincidental with the specimen axis. 

Both supports were hinged with rollers. The 

crack opening displacement (COD) was 

measured using a clip gauge of accuracy 

1/1000mm. The fracture energies of the 

specimens were obtained using Eq. (1), while 

the characteristic lengths were also obtained 

using the Eq. (2) below.  

lig

f
A

WW
G 1075.0 +

=  (1)

 

Where, 
 Gf: Fracture energy (N/mm

2
) 

 W0: Area below COD curve up to 

rupture of specimen (Nmm) 
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W1: Work done by deadweight of specimen 

and loading jig (Nmm) 

 Alig: Area of broken ligament (mm
2
) 

 
(2) 

Where,   

 Gf = Fracture energy (N/mm
2
) 

 Ec = Young’s modulus (N/mm
2
) 

 ft = Tensile strength (N/mm
2
) 

  

All the RC beams were loaded 

symmetrically with two concentrated loads, as 

shown in Fig. 2 and Fig. 3. The shear span 

length to effective depth ratio (a/d) was fixed to 

3.0 for Series I RC beams and 3.1 for Series II 

beams. 

Deflection at the center section of the RC 

beams was measured using displacement 

transducers with minimum graduations ranging 

from 0.001 mm to 0.005 mm. 

3. RESULTS AND DISCUSSIONS 

3.1 Strengths and Young’s Modulus 

The effects of internal curing on the 

compressive strengths are shown in Fig. 4(a). 

From this figure, the strengths of the internally 

cured BBC-G20 were observed to be slightly 

lower at early ages, but after the age of 7 days, 

the strengths increased significantly compared 

to those of reference mixture BB. This increase 

in strengths can be attributed to the internal 

curing effect of PCA. 

The relationship between splitting tensile 

strengths and compressive strengths for both 

the internally cured BBC-G20 and reference 

mixture BBC are shown in Fig. 4(b). The 

regression curves of both mixtures obtained 

2

t

fc

ch
f

GE
l =

  
 

(a) Relationship between 

compressive strengths and age 

(b) Relationship between splitting 

tensile strength 

and compressive strength 

(c) Relationship between Young’s 

modulus and age 

Fig. 4 Effects of internal  curing of PCA on the strengths and Young’s modulus of concretes 

 

  
(a) Relationship between load and crack opening 

diplacement (Series I) 

(b) Relationship between load and crack opening 

diplacement (Series II) 

Fig 5 Effects of internal curing on fracture energies of concretes 
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using the method of least squares are also 

shown. Due to variation of the experimental 

values of both mixtures, the splitting tensile 

strengths were obtained from the regression 

curves. 

The effect of internal curing on the Young’s 

modulus of concrete is shown in Fig. 4 (c). 

From this figure, there was no observable effect 

of PCA on the Young’s moduli of the internally 

cured concretes compared to those of BBC. 

3.2 Fracture energy 

 The effects of internal curing on the fracture 

energies of concretes in series I and II are 

shown in Fig 5 (a) and (b). The average 

fracture energies and characteristic lengths of 

the internally cured BBC-G20 as well as those 

of BBC are shown in the legend. The values of 

fracture energies and characteristic lengths that 

varied widely were considered as experimental 

errors and were not included in the average 

values. The fracture energies of the BBC-G20 

increased by approximately 20% compared to 

those of BBC. From the figures, it can be 

observed that the fracture energies of BBC-G20 

increase in the micro cracking zone and reduce 

slightly in the bridging zone compared to those 

of BBC, in the case of Series I while in Series 

II, there is only a slight increase in the micro 

cracking zone and no significant change in the 

bridging zone. This shows the possibility of 

 

Table 3 Mechanical properties and strain and stress before loading 

 
  

  
(a) Relationship between load and deflection of RC beams in 

Series I 

(b) Relationship between load and deflection of RC 

beams in Series II 

Fig 6  Effects of internal curing on deflection of RC beams 

f
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improvement of fracture energies due to 

internal curing with PCA. In the case of the 

characteristic length, contrary to what was 

observed in the case of fracture energies, the 

characteristic lengths of BBC-G20 in both 

series decreased by approximately 10% 

compared to those of BBC. This decrease is 

due to the increased splitting tensile strengths, 

which as shown in Eq. (2), the characteristic 

lengths are inversely proportional to the square 

of their values.  

3.3 Shear properties of RC beam 

Table 3 shows the mechanical properties of 

concrete as well as the strain in the reinforcing 

bars and stress in concrete before loading of the 

RC beams in both series.  

 The effects of PCA on the deflection of all 

the RC beams are shown in Fig. 6 (a) and (b). 

The deflections of RC beams in the case of full 

and cracked sections calculated in accordance 

with conventional RC theory are also illustrated 

in the figure. From the two figures, in both 

series, there was no observable effect of PCA 

on the deflection of RC beams. 

An example of the effects of PCA on the 

crack patterns of RC beams in both series are 

shown in Fig 7. From this figure, it was 

observed that the cracks on the internally cured 

RBBC-G20 slightly increased in number 

compared to those of RBBC.  

Table 4 shows the measured and calculated 

values of shear strength as well as the failure 

modes of the RC beams. The calculated values 

of shear tension force were obtained using Eq. 

(3) below proposed by Niwa et al [6] for 

normal strength concrete. 

V = 0.2
   1000   100    

0.75 + 1.4      (3) 

 

 

 

 
(a) RBBC-A 

 
(b) RBBC-G20-A 

Crack patterns of RC beams in Series I 

 

 
(a) RBBC-A 

 
(b) RBBC-G20-A 

Crack patterns of RC beams in Series II 

Fig 7 Crack patterns 
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Where, 

V : Shear force at shear tension failure of 

RC beams without shear reinforcement  

: Concrete compressive strength 

: Effective depth 

: Tension reinforcement ratio 

: Shear span length 

: Width of beam 

 

The ultimate shear strength of the RC beams 

that failed in shear tension was assumed to be 

equal to the shear tension force, while in the 

case where the beams failed in shear 

compression, the ultimate shear strength was 

obtained using the following Eq. (4) also 

proposed by Niwa et al. [6] 

 

 = .    .


   (4) 

 

Where, 

 r: Width of steel plate in contact with 

concrete during loading. 

Fig. 8 (a) and (b) shows the values of c,exp 

and c,calc for RBBC-G20 normalized by those 

of RBBC for series I and II respectively. From 

this figure, a comparison of c,exp between both 

beams shows that in the case of series I, there 

was a slight decrease in the measured values of 

RBBC-G20 compared to those of RBBC, while 

 

Table 4 Shear strength  

 
 

  
(a) Series I (b) Series II 

Fig.8 Effect of f
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in the case of series II, a slight increase was 

observed. This shows that there was no 

considerable effect of internal curing with PCA 

on the shear strength of RC beams. 

From Table 4, In the case of Series I, it was 

observed that the c,calc values of RBBC and 

RBBC-G20 were lower than c,exp by 

approximately 10% and 5% respectively on 

average, while in series II, the difference was 

approximately 13% for both mixtures. In 

addition the values c,calc were larger in the case 

of RBBC-G20 compared to RBBC in both 

series.  

Eq. (3), which was used to obtain the values 

of c,calc, expresses the shear resistance of 

concrete as f
’
c
1/3

, which includes the 

contribution of compression concrete, the shear 

transfer along cracks as well as dowel action. In 

this study the internal curing effect of PCA 

contributed to increasing f
’
c, which resulted in 

the increase in c,calc  of RBBC-G20 in both 

series.  

From Fig.8, although the difference is not 

significantly large, it is observed that in the 

case of series I, the values of c,exp decrease 

slightly in the case of RBBC-G20, which is a 

trend different from that observed in the case of 

c,calc, which directly depends on f
’
c
1/3

. However, 

in the case of series II, it is observed that the 

shear strength can be effectively evaluated 

using c,calc. Although the trends are different in 

both series, the differences are relatively small, 

therefore showing the possibility of estimation 

of shear tension strength of RC beams with 

PCA using Eq. (3). 

On the other hand, Gustafson and Hillerborg 

proposed Eq. (5) below, based on FEM analysis, 

where the increase in ft and lch results in 

increased shear strength. Based on this equation, 

the effects of ft and lch were investigated and 

are also shown in Fig 8.  

  ∝    
 (5) 

Where, 

 c: Shear strength of concrete 

 ft: Tensile strength of concrete. 

Based on Eq. 5, it was found that the effect 

of improved ft and decreased lch results in 

overestimation of the shear strength, as shown 

in Fig. 8. This shows that the increased ft had a 

larger effect than the decreased lch. 

The characteristic of lch of BBC-G20 is 

similar to what was observed in high strength 

concrete (HSC). When Sato and Kawakane [8] 

applied the Gustafson and Hillerborg proposal 

in evaluating the shear strength of HSC while 

considering the effect of early age deformation, 

they were successfully able to apply Eq. 5 in 

the case of high shrinkage and low shrinkage as 

c/ft(d/lch)
-1/2

, and c/ft(d/lch)
-2/5

 respectively. 

In this study, although it would be hard to 

make an evaluation due to the small number of 

RC beams tested, it was found that when 

evaluating the shear strength of RC members 

with PCA whose crushing value is twice that of 

natural aggregate, based on the fracture 

mechanics approach, there is need for an 

evaluation method that incorporates the effects 

of increased ft as well as those of decreased lch. 

4 CONCLUSIONS AND 

RECOMENDATIONS 

The following conclusions can be drawn 

within the limits of the present study: 

(1) The internal curing effect of 20% 

replacement of course aggregate with 

PCA resulted in increased compressive 

and splitting tensile strengths. However, 

there was no observable effect of PCA 

on Young’s modulus of concrete. 

(2) The internal curing effect of PCA 

resulted in increased fracture energies 

by about 24%. However, the effect was 

no observed in the case of characteristic 

length. 

(3) There was no observable change in the 

deflection of RC beams internally cured 

with PCA, compared to those made 

using the reference concrete. 

(4) There was no significant effect of 

internal curing with PCA on the shear 

tension strength of concrete. However, 

it was possible to estimate the shear 

strength of RC beams with PCA. 

(5) The internal curing effect of PCA was 

observed to improve the mechanical 

properties of BB, while the effect was 

no observed in improving the properties 
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of RC beams.  

(6) Although it is important to carry out 

more research in order to fully 

understand the internal curing effect of 

PCA on RC members, when evaluating 

the shear strength of RC beams with 

PCA based on the fracture mechanics 

approach, there is need for investigation 

on an evaluation method that 

incorporates the effects of increased 

splitting tensile strength as well as those 

of decreased characteristic lengths. 
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Abstract: Effects of aggregate type on the mechanical behavior of both normal- and high-strength 
concretes were investigated under bending and mechanical properties under compression. Basalt, 
sandstone, Eocene and Devonian crushed limestone coarse aggregates were used in the concrete 
mixtures. For each coarse aggregate type, normal and high strength concretes were made with the 
same Portland cement and natural sand. In each concrete class, effective water/cement ratio, grading 
of aggregate, maximum particle size, and cement content were kept constant. For better 
understanding of the crack initiation and propagation in concretes with different coarse aggregates, 
a microstructural examination using optical fluorescence and SEM studies are also presented. The 
results obtained help to explain how the coarse aggregate type and strength of concrete affect the 
fracture energy in bending. Good agreement was found between experiments and a three phase 
composite material model previously proposed.   

1 INTRODUCTION 
Since approximately 75 percent of the 

concrete volume is occupied by aggregate, the 
properties of aggregate greatly affect the 
structural performance of concrete. Several 
properties of aggregate such as chemical and 
mineral composition, structure, fabric, shape, 
roughness, degree of weathering, specific 
gravity, hardness, strength, physical and 
chemical stability and pore structure depend 
on the properties of parent rock [1-3]. All 
these properties may have a significant effect 
on the quality of concrete. 

In recent years, several researchers 
investigated the effects of aggregate type on 
the mechanical properties of concrete [4-6] 
especially for high strength concrete, but there 
is little information about both microstructural 
and fracture properties of these concretes. 

The main objective of the study presented 

herein is to investigate the effects of aggregate 
type on the mechanical behaviour and 
microstructural properties of both normal- and 
high-strength concretes. Four crushed stone 
aggregates having different mineralogical 
compositions; basalt, sandstone, Eocene and 
Devonian limestone aggregates were used in 
the concrete mixtures. For each aggregate 
type, normal strength and high strength 
concretes were made with the same cement 
and natural sand. In each concrete class; 
effective water/cement ratio, maximum 
particle size, grading of aggregates and cement 
content were kept constant. Compressive 
strength, elastic modulus, splitting strength 
and fracture energy under bending were 
obtained. Microstructural investigations were 
also performed for better understanding the 
crack propagation under these two loading 
conditions.
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2 EXPERIMENTAL DETAILS  

2.1 Materials  
A local natural sand of 0-2 mm and CEM I 

42.5/R type cement were used in all mixtures. 
The silica fume (96 percent SiO2 content) used 
in HSCs, was 10 percent by weight of cement. 
A polycarboxylic-ether based superplasticizer 
was used in low water/cement concretes to 
maintain equivalent slumps.  

2.1.1 Characteristics of coarse aggregates 
Eocene and Devonian limestones, 

sandstone, and basalt coarse aggregates were 
used in the concretes. Each type of crushed 
aggregate was in three different sizes; crushed 
stone sand (0-4 mm), and coarse aggregates 
No.I (4-16 mm) and No.II (8-32 mm). Some 
physical properties of the coarse aggregates 
are shown in Table 1. The natural sand (0-4 
mm) used has a density of 2.61 g/cm3 and 
water absorption of 1.1%. 

Table 1. Some physical properties of the coarse 
aggregates 

Aggregate
type

Coarse
aggregate
fraction,

mm

Particle
density
(gr/cm3)

Water
absorption

(%)

0-4 2.61 1.9 
4-16 2.59 1.8 Eocene

limestone
8-32 2.61 1.6 
0-4 2.70 1.2 

4-16 2.70 0.7 Devonian
limestone 8-32 2.71 0.4 

0-4 2.71 0.8 
4-16 2.71 0.5 Sandstone
8-32 2.72 0.5 
0-4 2.90 1.0 

4-16 2.91 0.6 Basalt
8-32 2.92 0.5 

The mineralogical examinations of 
aggregates used can be summarized as 
follows: 

Basalt: Phenocrysts in the rock consists of 
plagioclase, pyroxene, olivine and opaque 
minerals. Some of the particles contains higher 
amount of iron oxides.  

Eocene Limestone: This is a porous, white 
colored bio-micritic rock consisting fossil 
particles, secondary quartz and pyrite. 
Secondary calcite and dolomite were observed 
on some particles.  

Devonian Limestone: The rock consists of 
fossil particles, secondary quartz and pyrite. 
Some particles are porous and colored with 
organic materials. Secondary calcite and 
dolomite were observed on some particles.  

Sandstone: The rock is consisting of quartz, 
feldspar, muscovite. It has generally medium 
sized grains but small and large size grains 
also exist. 

Table 2 shows the chemical compositions 
of the aggregates used in the study.

Table 2. Chemical composition of aggregates, by 
weight 

Eocene
Limestone

Devonian
Limestone Sandstone Basalt Sand

CaO 47.56 55.12 4.14 12.51 4.88

SiO2 4.66 0.78 56.77 44.47 87.60

Al2O3 1.12 0.25 11.61 8.47 3.21

Fe2O3 0.64 0.22 7.35 7.91 0.69

MgO 3.03 0.36 4.00 9.98 0.19

K2O 0.38 0.00 0.38 0.17 1.76

Na2O 0.15 0.00 1.89 2.08 0.93

TiO2 0.11 0.07 1.08 1.93 0.12

SO3 0.04 0.04 0.16 0.06 0.29

Loss on 
ignition

42.02 41.96 5.11 3.31 - 

In order to determine the compressive 
strength and modulus of elasticity of each 
aggregate type, 30x60 mm drilled cores taken 
from rock parent were tested. Los Angeles 
Abrasion tests according to ASTM C131-89 
were also performed on all four coarse 
aggregates at 500 revolutions. The results 
obtained are presented in Table 3.
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Table 3. Some mechanical properties of the coarse 
aggregates and rocks 

Aggregate
type

Compressive 
strength
(MPa)

Modulus of 
elasticity 

(GPa)

Abrasion
values (%)

Eocene
limestone 78 21.5 28.9 

Devonian
limestone 121 74.3 25.0 

Sandstone 156 58.0 17.8 

Basalt 238 92.1 15.1 

2.2 Mixture Design 
For each aggregate type, the grading of 

concrete aggregate was chosen between DIN 
1045 A32-B32, closer to B32 and kept 
constant. Effective water-to-cement ratio, 
cement content, maximum particle size and 
aggregate volumes for each concrete class 
were also kept constant. Since water 
absorptions of coarse aggregates used were 
different, in this work, it is considered that the 
effective water occupies space outside the 
aggregate particles in the mixture. Each 
aggregate was in a saturated and surface–dry 
condition.

Mix proportions of aggregates were kept 
constant; for normal strength concretes; 
natural sand: 0.21, crushed sand: 0.19, coarse 
aggregate No. I: 0.25, coarse aggregate No. II: 
0.35. A superplasticizer was used in the high 
strength concrete class and in order to obtain 
enough cohesion and workability, the 
aggregate mix proportions were changed 
slightly and as a result the proportions for this 
concrete class were; natural sand: 0.20, 
crushed sand: 0.16, coarse aggregate No. I: 
0.32, coarse aggregate No. II: 0.32. Aggregate 
gradings were by weight, thus, they varied due 
to small differences in the specific gravities of 
the aggregates used. Based on these ratios, 
calculated aggregate gradings used in the 
normal strength concretes (NSC) and high 
strength concretes (HSC) for each aggregate 
type are given in Tables 4 and 5, respectively.

All mixtures were prepared in a small 
laboratory mixer with vertical rotation axis by 
forced mixing. 

Table 4. Combined aggregate gradings for NSC 

Sieve size 
(mm) 31.5 16.0 8.0 4.0 2.0 1.0 0.5 0.25

Eocene 
limestone 100 86 57 39 33 29 26 5 

Devonian 
limestone 100 92 55 38 31 28 26 5 

Sandstone 100 77 46 39 32 28 24 3 
Basalt 100 85 56 39 32 29 25 4 

Table 5. Combined aggregate gradings for HSC

Sieve size 
(mm) 31.5 16.0 8.0 4.0 2.0 1.0 0.5 0.25

Eocene 
limestone 100 87 58 36 31 27 24 4 

Devonian 
limestone 100 93 55 35 29 26 24 4 

Sandstone 100 79 43 35 30 26 23 3 
Basalt 100 87 57 36 30 27 24 4 

The concretes were designated with the 
following codes: X – EL, X – DL, X – S and X 
– B. The letter X shows concrete strength (i.e. 
N for normal strength and H for high strength), 
and the letters EL, DL, S and B show Eocene 
limestone, Devonian limestone, sandstone and 
basalt coarse aggregates, respectively. Details 
of the mixtures are given in Table 6. For 
normal strength concretes, air content was 
varied between 1.0 and 1.3, however, for high 
strength concretes; this was in the range of 1.8 
and 2.3 due to superplasticizer used.

Table 6. Mixture proportions (kg/m3).

N-EL N-DLN-S N-B H-EL H-DL H-S H-B
Cement 279 281 283 281 470 471 477 471
Silica fume 0 0 0 0 47 48 48 47 
Water 195 197 198 196 145 145 147 145
Admixture 0 0 0 0 6.3 5.0 6.6 5.9
Natural
sand 379 382 385 382 339 341 344 340

Crushed 
sand 343 358 362 384 271 282 285 302

C.A. (4-16
mm) 448 471 476 507 538 564 571 607

C.A.  (8 -
31.5 mm) 631 662 669 712 542 566 573 609

Density 2275 2351 2374 2462 2358 2421 24512527
Air (%) 1.3 1.1 1.1 1.0 1.8 2.3 1.8 1.5
Slump(mm) 14 14 14 15 15 14 15 15 

C.A.: coarse aggregate  
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All specimens were kept in their molds for 
24 hours. After demolding they were stored in 
a water tank, saturated with lime at 20oC until 
28 days old, followed by laboratory air-curing, 
until testing at 42 days. 

2.3 Testing 
Compressive strength and modulus of 

elasticity are measured on five cylindrical 
specimens of 150 mm in diameter and 300 mm 
in height. The static moduli of elasticity were 
calculated from the ascending part of the 
stress-strain curves in compression for stresses 
below approximately 30 percent of the 
ultimate strength using least squares method. 

Six cylinders of 150 mm diameter and 60 
mm height were used for each concrete mix 
for the splitting tests. 

Three-point bending tests were performed 
on the beams of 100x100x500 mm size, the 
support span being 400 mm. The beam 
specimens contained notches at the mid span 
which were obtained by cutting with a 
diamond saw. A notch depth of 17 mm was 
used in this study. The deflection rate at the 
middle of the beams was kept constant at 0.02 
mm/min. The load was applied by a closed-
loop testing machine of 100 kN capacity, and 
the deflections were measured simultaneously 
by using LVDTs. Thus, the load versus 
deflection curve for each beam was obtained 
by recording measurements taken at the mid 
point. Crack mouth opening displacements 
were also recorded. Five beams were tested for 
each mixture. 

To investigate the microstructure of the 
concretes, plane and thin sections were also 
prepared. For this purpose; samples of 10 x 20 
cm were cut out from the unloaded beam 
specimens and then impregnated under 
vacuum with a yellow fluorescent epoxy. 
Thus, the capillary pores, cracks, voids, and 
defects in the concrete are filled with epoxy. 
After impregnation, the plane and thin sections 
were polished and inspected under UV light 
using an optical microscope. Microstructural 
characteristics of the concretes were examined 
by using an environmental scanning electron 
microscope (ESEM). 

3 RESULTS AND DISCUSSION 

3.1 Strength Properties  
3.1.1 Compressive strength 

Table 7 presents the strength properties of 
the concretes produced. As seen in Table 7 and 
Figure 1, at the normal strength class, the 
compressive strengths of the mixtures 
containing Devonian limestone and basalt 
aggregates are almost identical, which are 
slightly higher than those of the concretes with 
Eocene limestone and sandstone aggregates. 
Concretes containing Devonian limestone and 
basalt aggregates have higher strength also in 
high strength class. For this strength class, the 
strengths of Devonian limestone and basalt 
aggregate concretes are about 20% higher than 
Eocene limestone and sandstone aggregate 
ones. According to Sengul et al. [6], in low- or 
moderate-strength concretes, Eocene limestone 
containing concrete had the highest 
compressive strength. In high strength 
concretes, however, the compressive strength 
of basalt containing concrete had the highest 
value. In high strength concretes, the 
hysteresis loops of Eocene and Devonian 
limestone concretes are generally narrower 
than those of basalt and sandstone concretes. 
Based on their results, it can be concluded that 
the irreversible energy up to prepeak stress in 
compression decreases significantly and the 
loop becomes narrower with an increase in 
compressive strength. The brittleness index 
defined increases substantially with the 
compressive strength of concrete [6]. 

Table 7. Mechanical properties of concretes 

Mix 
Code 

Compressive 
strength
(MPa) 

Modulus of
elasticity 

(GPa) 

Splitting tensile 
strength (MPa)

N-EL 36.5 23.7 3.6 
N-DL 39.4 30.3 4.2 
N-S 36.1 22.9 3.8 
N-B 39.4 32.3 3.4 
H-EL 86.8 39.6 4.7 
H-DL 108.1 48.1 5.4 
H-S 88.2 40.3 6.6 
H-B 106.9 47.5 6.1 
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It was well established that the paste-
aggregate interface is the weakest link and 
therefore the mechanical properties of concrete 
are significantly affected by the properties of 
the interfacial zone. Surface properties of the 
Devonian limestone and possibly its 
mineralogy may play a positive role in both 
normal and high strength concretes. In HSCs, 
the compressive strength of concrete with 
Devonian limestone coarse aggregate is higher 
than those of the other concretes. Based on the 
test results, it may be concluded that the 
strength of the aggregate may be dominant in 
high strength concretes. In high strength 
concretes, the matrix stiffness is close to 
aggregate stiffness, as a result, the probability 
of crack development through aggregate 
increases and the properties of aggregate 
become even more important.   
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Figure 1. Compressive strength of concretes 

3.1.2 Modulus of elasticity 

Elastic moduli of the concretes investigates 
are given in Table 7. Similar to the 
compressive strength test results, concretes 
containing Devonian limestone and basalt 
aggregates have higher modulus of elasticity 
for both normal strength and high strength 
concrete classes.

For both of the concrete classes, the lower 
modulus of elasticity of the concretes 
containing Eocene limestone and sandstone 
aggregates may be due to the lower elastic 
modulus of these aggregates (Table 3).  

In NSCs, the modulus of elasticity of the 
concrete with basalt aggregate is 
approximately 41% higher than that of 
sandstone. In HSCs, this difference between 

the highest (Devonian limestone) and lowest 
(Eocene limestone) values is approximately 
20%. When the aggregate and the cement 
paste are individually subjected to uniaxial 
compression, they exhibit an almost linear 
stress-strain relation. Concrete, however, 
shows inelastic behavior due to the presence of 
interfaces between the cement paste and the 
aggregate. In HSCs, the reduction of the 
differences between the highest and lowest 
values of modulus of elasticity may be 
attributed to the better interfacial zone between 
cement paste and aggregates at low 
water/cement ratio. The silica fume used in 
these concretes may have also helps in 
strengthening of the interfacial zone.  

3.1.3 Splitting tensile strength 

Splitting tensile strengths of the concretes 
are also shown in Table 7. In NSCs, the 
concrete containing Devonian limestone have 
higher splitting strength. The results of the 
other mixtures are similar. In HSCs, however, 
the mixture with sandstone has higher splitting 
strength.

3.2 Fracture Energies  
Both ascending and descending branches of 

the beams were obtained under three point 
bending loading condition using a closed loop 
testing machine. Figures 2 and 3 show the 
typical load – displacement and load – crack 
mouth opening displacement curves of NSCs, 
respectively.
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Figure 2. Load – displacement curves for NSCs 

718



Ozkan Sengul, Cengiz Sengul, Gulden Keskin, Yılmaz Akkaya, Canan Tasdemir and Mehmet Ali Tasdemir  

6

0

1000

2000

3000

4000

5000

6000

7000

0 0,2 0,4 0,6 0,8 1 1,2 1,4 1,6

Crack mouth opening displacement (mm)

Lo
ad

 (N
)

S

B

EL
DL

EL: Eocene concrete
DL: Devonian concrete
S: Sansdtone concrete 
B: Basalt concrete
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curves for NSCs 

Typical load versus displacement and load 
versus crack mouth opening displacement 
curves obtained for HSCs are given in Figures 
4 and 5, respectively. 
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curves for HSCs 

The area under each load versus 
displacement curve is a measure of the fracture 
energy of the concrete (Figure 6). Based on the 
test results, fracture energies (GF) of the beams 
were obtained according to Equation 1: 

         
lig

oo
F A

mgWG δ+
=               (1) 

where Wo is the area under load versus 
deflection curve, m is the mass of the beam, g 
is the gravitational acceleration, δo is the final 
deflection of the beam and Alig is the effective 
cross section of the beam.

Figure 6.  Bending test set-up and a typical load versus 
deflection at mid span curve 

From the evaluation of fracture energy 
(GF), characteristic length (lch) can be 
calculated as;  

2
.

t

F
ch f

EGl =              (2)

where E is the modulus of elasticity and ft is 
the tensile strength of concrete. The results of 
the bending tests are given in Table 8.

Table 8. Fracture properties of concretes 

Mix 
Code 

Net flexural 
strength (MPa)

Fracture
energy (N/m) 

Characteristic
length (mm) 

25EL 3.9 97.1 178 
25DL 5.2 116.1 199 
25S 5.0 210.6 334 
25B 4.9 216.9 606 
75EL 5.8 80.0 143 
75DL 7.4 114.8 189 
75S 6.9 200.4 185 
75B 6.8 178.5 228 
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For both of the concrete classes, the flexural 
strength of the concretes containing Devonian 
limestone is the highest, and those of the 
Eocene limestone is the lowest. The surface 
characteristics may be the possible reason for 
the higher flexural strength of the concretes 
with Devonian limestone. Fracture energies of 
the concrete mixtures are presented in Table 8 
and Figure 7. In both concrete classes, 
concrete produced using basalt coarse 
aggregate have the highest fracture energy 
while the mixtures containing Eocene 
limestone have the lowest fracture energies.  
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Figure 7. Fracture energies of the concretes 

Characteristic lengths of the concretes 
calculated according to Equation 2, are shown 
in Table 8 and Figure 8. Characteristic length 
is a measure of ductility and increase of the 
characteristic length indicates higher ductility. 
As seen from the figure, the characteristic 
length of each concrete at high strength 
concrete class is lower compared to that of 
normal strength concrete class.   
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Figure 8. Characteristic lengths of the concretes 

3.3 Microstructural Investigations 
3.3.1 Plane and Thin Sections 

To investigate the microstructure of 
concretes made with different aggregates, 
plane and thin sections of the concretes were 
prepared. For this purpose, samples with cross-
sectional area of 10 x 20 cm were cut and 
impregnated with fluorescent epoxy under 
vacuum. The fluorescent in the epoxy enters 
the micro-cracks and macro-cracks, capillary, 
entrained and entrapped air voids, starting 
from the surface of the specimen. Since the 
sample is polished and inspected under UV 
light, it is possible to see the pore structures, 
and micro- and macro-cracks.  

The thin sections give an opportunity to 
identify the material constituents and estimate 
their proportions, air content, water-cement 
ratio, paste homogeneity, paste volume, 
aggregate volume, effectiveness of curing, and 
studying the relationships between the various 
constituents. Figures 9a and 9b show the plane 
sections of the normal and high strength 
concretes containing sandstone aggregate 
under normal light, respectively. Figures 9c 
and 9d show the same samples under UV light. 

     (a)                   (b) 

               (c)                   (d) 
Figure 9. (a) NSC containing sandstone under normal 
light (b) HSC containing sandstone under normal light 

(c) NSC containing sandstone under UV light                  
(d) HSC containing sandstone under UV light 
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As seen in Figure 9c, there are microcracks 
and pores around the aggregates in the NSCs. 
In HSCs (Figure 9d), however, only a few 
microcracks and pores are visible. The bond 
between paste and aggregates is much better in 
the latter. 

For the thin section analysis, the sample 
preparations are similar to the ones for the 
plane section. After impregnation of the 
specimen with fluorescent epoxy, thin sections 
are prepared from slices of concrete that are 
attached to a glass slide, and then ground to a 
thickness of about 30 µm. Thin section studies 
also confirmed the better interface 
characteristics in the HSCs (Figure 10). The 
aggregates appear as dark, as they do not allow 
UV-light to pass through. The paste, however 
appear lighter in color, depending on the 
capillary pore volume. Due to the low 
water/binder ratio and use of silica fume in 
these concretes, the interface between 
aggregate and hardened cement paste contains 
less porosity.  

Figure 10. Crossed polarized (Top) and UV-light 
(Bottom) thin section views of the HSC (Left) and NSC 

(Right) mixtures containing sandstone aggregates.  

3.3.2 Observations under environmental 
scanning electron microscope 

After completion of bending tests, the 
interfaces between the paste and the 
aggregates were examined by ESEM. In 
normal strength concretes, the cracks usually 

developed around the coarse aggregate, 
resulting in a more tortuous and longer 
fracture path as shown in the Figure 11. In 
high strength concretes, the cracks usually 
traversed through the aggregate; transgranular 
type of fracture was observed, and it was 
brittle in nature compared to NSCs.  

            (a)                                      (b) 
Figure 11. Schematic fracture paths (a) NSC (b) HSC

Figure 12 shows that calcium hydroxide 
(CH) crystals are formed at the paste-
aggregate interface of normal strength 
concretes, as confirmed by other research 
reports [7-10]. The distribution of CH crystals 
is mostly tabular, oriented, quite large, and 
space filling. The calcium silicate hydrate (C-
S-H) is also much less dense. The air voids are 
full with a profusion of CH crystals in the bulk 
paste. The paste consisted of C-S-H, and the 
CH is porous.

Figure 12. Typical SEM micrograph of the aggregate – 
cement paste interface of the NSC containing sandstone 

aggregate  

M M 

A A 
A: aggregate 
M: mortar 
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As seen in Figure 13, in HSCs, the 
interfacial zone is composed of dense C-S-H. 
The air voids and other vacant spaces in this 
region are empty. CH, monosulfate (AFm), 
and AFt are not identified in the bulk paste or 
at the paste-aggregate interface. The paste is 
dense in the matrix as well as in the interfaces.  

The interfacial zone in HSCs is 
characterized by a direct link between the 
aggregate and cement paste. As shown in 
Table 5, silica fume was used in the HSCs. 
The silica fume reacts with the CH near the 
aggregate, forming dense C-S-H which fills in 
the spaces at the interfacial zone, producing 
increased bond between the paste and 
aggregate. As a result of this strong bonding, 
the matrix composed of paste and aggregates 
act as a composite material and allows transfer 
of stress more efficiently between the paste 
and aggregate. Under loading, integral fracture 
of the entire composite occurs, rather than 
failure of individual weak components. Thus, 
concretes with silica fume become stronger, 
less heterogeneous, denser, with less stress-
induced microcracking under loads, and then 
the fracture occurs in a more brittle manner. 

Figure 13. Typical SEM micrograph of the aggregate – 
cement paste interface of the HSC containing sandstone 

aggregate

3.3.3 Comparisons with other micro-
structural investigations 

The results obtained were compared with 
other microstructural investigations. Figures 
14 and 15 show the SEM micrographs and 
EDX spectrums in the cement paste for NSC 
and at the aggregate – cement paste interface 
for HSC, respectively. 

The EDX spectrum at the paste shows a 
considerably higher Ca peak, which confirms 
abundant CH crystals in this region. There also 
some AFt crystals in the same region. This is a 
characteristic feature of normal concrete not 
containing any mineral admixture [8]. As seen 
in Figure 15, dense micro-structure is obtained 
for HSCs.. 

               (a)                                 (b) 

Figure 14. (a) SEM micrograph in the cement paste 
interface of NSC (b) the corresponding EDX spectrum

                   (a)                                 (b) 

Figure 15. (a) SEM micrograph at the aggregate – 
cement paste interface of HSC (b) the corresponding 

EDX spectrum

722



Ozkan Sengul, Cengiz Sengul, Gulden Keskin, Yılmaz Akkaya, Canan Tasdemir and Mehmet Ali Tasdemir  

10

4 MODELING OF THE EFFECT OF                         
AGGREGATE

4.1 Modeling of Concrete as a Three Phase     
Composite Material 

To determine the influences of the 
constituents on the stress distributions at the 
matrix-aggregate interface, around the 
aggregate and in the matrix close to the 
aggregate, as shown in Figure 16, a three 
phase composite material model which 
consists of a cylindrical model aggregate and a 
concentric cylindrical shell is proposed by 
Tasdemir [11].

Figure 16. Three phase composite model in a disc 
specimen (a), tangential stress distributions (s.ds.) at the 

interface in a hard matrix and around a soft inclusion, 
HSC (b) and, tangential s.ds. at the interface in a soft 
matrix and around a hard inclusion, NSC (c) [11,12] 

According to the details given in Ref. 7 and 
8, the model aggregate is located at the center 
of the disc with the surrounding thin wall 
matrix-aggregate interfacial zone, and the 
outer shell as the bulk matrix phase (Figure 
16a). Based on the three-phase composite 
model approach, the following conclusions can 
be drawn: in high strength concretes, due to 
the elastic modulus of aggregate being similar 

to that of the mortar matrix, the tangential 
stresses are tensile at the pole and compressive 
at the equator (Figure 16b), opposite to the 
results obtained in case of normal strength 
concrete (Figure 16c). For this reason, cracks 
are forced to pass through the aggregate which 
causes the concrete to become more brittle 
[12].

4.2 Model Experiments Previously
      Published

The three phase composite model was also 
studied experimentally in previous studies 
[12]. The objective of these experiments was 
to investigate the influence of the partial 
replacement of cement by silica fume on the 
interface. For this purpose; a model aggregate 
of diameter 30 mm was embedded in mortar 
matrix. The mortars were prepared with and 
without silica fume. The specimens of each 
mix were tested under diametral compression 
at 28 days (as in Figure 16a). During these 
diametral compression disc tests, the strains 
were measured using strain gauges at the 
critical points having high values of tangential 
and radial stresses. 

In the soft inclusion case, it is seen that 
tangential stresses in the matrix close to the 
interface or at the aggregate surface are higher 
than those of the hard inclusion cases. In 
specimens with a hard inclusion, it is observed 
that high values of tangential, radial and shear 
stress concentration are developed at the 
interface due to the large differences in the 
elastic moduli of the aggregate and mortar 
matrix. In specimens with a soft inclusion, 
however, since the elastic modulus of the 
aggregate is close to that of the mortar matrix, 
lower stress concentrations occur at the 
aggregate – matrix interface. The results 
obtained show that in NSCs (the hard 
inclusion case) the elastic mismatch of the 
aggregate and the matrix is significant and 
large tangential, radial and shear stresses occur 
at the interface. However, in HSCs, the elastic 
modulus of the aggregate is close to that of the 
matrix, hence lower tangential, radial and 
shear stress concentrations develop and low 
stress distributions occur at the interface. 

(a) 

(b) (c)
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These results in these concretes having a much 
more uniform stress distributions at the 
interfaces as compared to NSCs [13].  

Based on the strain-gauge measurements in 
the model disc specimens with silica fume, 
higher tensile strain capacity values were 
recorded with respect to discs without silica 
fume. There is also a significant effect of silica 
fume replacement on the splitting tensile 
strength [12]. 

4.3 Other Model Experiments for Interface 
Fracture

In previous studies [14, 15], crack initiation 
and propagation in rectangular blocks of 
mortar containing central cracks under 
compression were studied using the fracture 
mechanics approach, finite element modeling 
and quantitative holographic interferometry. In 
these studies, four different interfacial crack 
orientation angles were used. It is observed 
seen that debonding at the aggregate-matrix 
interface always precedes the initiation of 
matrix cracking. In another study [16], cracks 
were initiated at the model aggregate-matrix 
interfaces and after that were propagated 
parallel to the applied uniaxial compressive 
load. These types of experiments may be used 
for better understanding of NSCs without 
stronger interfaces. 

5 CONCLUSIONS  
Based on the mechanical properties of 

NSCs and HSCs, on fracture studies, on the 
three phase composite material model 
previously proposed, and on microstructural 
studies at the aggregate – matrix interfaces 
using ESEM, the following conclusions can be 
drawn:

1. Compressive strengths of normal 
strength concretes are almost identical. In high 
strength concretes, however, the compressive 
strengths of Devonian limestone and basalt 
concretes have the highest values and they are 
practically identical. Reason is that, in high 
strength concretes, interfaces between 
hardened cement paste and aggregate are 
stronger than those of normal strength 

concretes, the strength of aggregate becomes 
important. Results obtained in these concretes 
show that the higher compressive strength of 
the rock, the higher compressive strength of 
concrete. The slightly low compressive 
strength in sandstone concrete may be 
explained by the more irregular shape of 
sandstone aggregates compared with those of 
other aggregates. 

2. In NSCs, sandstone has the lowest elastic 
modulus (E). In HSCs, Devonian limestone 
and basalt give significantly higher E values 
than sandstone and Eocene limestone.  

 3. In NSCs, the elastic mismatch of the 
aggregates and the matrix at the interfaces is 
substantial. In HSCs, however, the elastic 
modulus of the aggregate is closer to that of 
the matrix and tangential stress distributions 
occur at the aggregate – matrix interface. As a 
result, in HSCs crack will be forced to pass 
through the aggregate due to tensile stresses 
occurring at the pole (at the tip of aggregate) 
and also high levels of tangential stresses 
occur in the matrix close to the interface or at 
the aggregate surface.

4. In concretes without silica fume, 
abundant calcium hydroxide crystals are 
observed at the paste-aggregate interface. The 
air voids are full of platy CH crystals. In 
HSCs, the interfacial zone is composed of 
dense C-S-H. The air voids in this region are 
empty and show no deposition of CH crystals. 
Dense paste identical to that of the interfacial 
zone is observed. 

5. In NSCs, the softening responses have 
longer tails those of HSCs. HSCs, have greater 
peak load and steeper gradients of the 
softening branch and shorter tails with 
corresponding lower final displacement 
values. Slight reduction in both fracture energy 
and characteristic length is also typical for 
these concretes. Thus, in HSCs, the 
characteristic length decreases, brittleness 
increases, and the material becomes more 
brittle.
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Abstract. Complexity is a concept widely applied in many fields of science and humanities. Although
the word is extensively used in construction engineering, no definition and measure has been already
given. As a practical rule, a structure subjected to loads is considered simple if load paths are easily
identifiable. On the contrary, complex schemes are those in which the structural behavior is difficult
to catch.

The previous generalized concepts are inserted in a more precise framework. Using information
theory, a definition of structural complexity is given. A simple example is made in order to describe
the new measure. Some issues of the approach are presented and discussed. The references to alge-
braic graph theory, required for reducing the computational effort, are briefly presented.

Then, the complexity measure is applied for evaluating the “damage tolerance” of a frame, i.e.
its robustness. This concept, as introduced by Lind, can be defined as the capacity of the system to
sustain local damage without failure. Robustness is a prerequisite in the design of a structure and
represents a modern research topic in the field of structural engineering.

1 INTRODUCTION
In structural engineering, the word “com-

plex” is often employed to define something
that is difficult to understand or to solve. There
are many ideas that surround the concept of
complexity: the size, the presence of elements
with different functions, or the difficulties in
modeling and calculus. In general, a complex
structure is the one that cannot be reduced to
a simple scheme without missing important as-
pects of its structural behavior.

The concepts linked to complexity are ex-
tensively used in many disciplines, e.g. bi-
ology, game theory, communication, computer
science, etc. Lloyd [1] found more than 30
different definitions, which can be substantially
grouped into two categories. On one side, there
are the measures that capture the randomness,

the information content or the description of a
process, e.g. periodical systems are less com-
plex than random ones. On the other side, com-
plexity depends upon the size of the process:
the larger the system the greater the complexity.
Both categories interfere in structural engineer-
ing.

2 STRUCTURAL COMPLEXITY

Although the concept of structural complex-
ity is extensively employed in civil engineering
practice, a proper definition has not been formu-
lated yet. Extending the general definition given
by Simon [2] a complex structure can be defined
as the one made up by a large number of parts
that interact in a non-simple way. The whole
system is not simply the mere sum of the single
resisting mechanisms, it takes into account the

1
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interaction that the different mechanisms have
with one another [3].

In another way, let us imagine to create a du-
plicate of the structure to define the complexity.
Rather than creating a perfect copy of the origi-
nal, we suppose to formulate a scheme which
(1) is able to behave similarly to the original
structure under the same set of external loads,
and (2) has the minimum possible number of el-
ements. The simpler the structure, the lower the
number of elements in the copy. As limit case,
the simplest structure is the one that can be con-
densed into a single element. On the contrary, if
the duplicate has the same number of elements
which absolve to the same functions, the struc-
ture is considered complex.

Therefore, for a given set of external forces
acting on a scheme, the complexity of a system
can be calculated by considering the amount
of information carried in it, i.e. the possibil-
ity of reducing the size of the scheme without
changing the overall behavior. The approach
is based on the concept of entropy introduced
by Shannon [4] that captures the amount of in-
formation within a sequence. It can also be
found in other approaches to complexity [5, 6].
In statistical mechanics, entropy is essentially
a measure of the number of ways in which a
system may be arranged, often taken to be a
measure of disorder: the higher the entropy,
the higher the disorder. The entropy is propor-
tional to the logarithm of the number of possi-
ble microscopic configurations of the individ-
ual atoms and molecules of the system (micro-
states), which could give rise to the observed
macroscopic state (macro-state) of the system,
e.g. through Boltzmann’s constant of propor-
tionality.

2.1 Information theory
In information theory, the entropy is the

amount of information required to describe the
state of the system. Shannon [4], in a general
theory of communication, introduced a metric
for measuring the entropy. Supposing to have
a set of possible n outcomes to which a set
of probabilities (p1, p2, ..., pn) is assigned, i.e.

∑n
i=1 pi = 1, a measure of how much uncertain

is the choice (or how much chance is involved
in the event) can be expressed as

H = −K
n∑

i=1

pi log pi, (1)

where K is a positive constant that depends
upon the unit of measure, as well as the base
of the logarithm. This quantity H is called
information-entropy and is the only function
that satisfies the following axioms:

1. H = 0 if and only if all the pi are zero, ex-
cept one having unit value. The entropy
is null if the outcome is certain.

2. If all pi are equal, i.e. pi = 1
n

, then H is
a monotonically increasing function of n.
This means that with equally likely events
there is more choice, or uncertainty, when
there are more possible events.

3. For a given number of outcomes n, H
achieves its maximum, log n (for K = 1),
when all the events have equal probability
to occur:

p1 = p2 = .... = pn =
1

n
.

This situation corresponds to the maxi-
mum uncertainty.

In graph theory, this concept has been ex-
tended by substituting the outcomes with the
decompositions that can be made on the graph,
and the probabilities with the ratios between a
functional assigned to each decomposition, fi,
and the sum of all the functionals extended to
all the possible decompositions, i.e.

Hf = −
∑
i

fi∑
j fj

log

(
fi∑
j fj

)
. (2)

As an example, consider the two schemes
of Figure 1. Both structures support horizontal
forces. The difference between the two is the
size of the central column and, therefore, the
relative stiffness between the elements. Easily,
one recognizes in structure (b) the path of loads
from the elevation to the foundation, i.e. struc-
ture (b) is simpler than structure (a).

2
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(a) (b)

Figure 1: Two similarly connected and loaded structures. The one on the left-hand side (a) is composed by elements that
have comparable stiffness, while the other (b) is composed by certain elements with higher stiffness [8].

2.2 Decomposition of the structure
In order to follow the same procedure

adopted in graph theory and previously il-
lustrated, the original statically indeterminate
structure is decomposed. To explain the idea at
the base of decomposition, consider the struc-
ture as set of edges, the beams, and vertices,
the nodes of the structure. To each edge, some
properties are assigned. In this manner, the
structure is turned into a graph; the nodes, or the
vertices, belong to one of the following classes:

• loaded nodes: the nodes of the structure,
on which an external set of forces acts;

• foundation nodes: the nodes which have
restrictions in displacement;

• connection nodes: the nodes which con-
nect the elements, with no loads directly
acting on them.

The foundation node has to be unique [7]: it
represents a unique point to which all the loads
are transferred.

The decomposition procedure consists in
identifying all the possible paths between the
loaded nodes and the unique foundation node.
The paths have not to create closed circuits. In
frames, the set of the decomposed structures,
called fundamental structures, is the set of the
rooted trees which contains all the loaded nodes
[8, 9]. This is possible if the loads act only on
nodes (not distributed on the elements), and if
no internal hinges are present.

2.3 Choice of the functional
Many authors dealt with the choice of a

proper descriptor of the structure. For exam-
ple, Biondini [10] used the properties of stiff-
ness matrix as an indicator of the performance
of the structure. Unfortunately, the stiffness ma-
trix contains quantities with different physical
meaning and different physical units. More-
over, the stiffness matrix contains information
on the connections between the elements, but
it does not take into account the direction and
the magnitude of loads on the structure. Kine-
matical quantities may synthesize both the stiff-
ness properties and the external action. Anyway
they suffer the same problem of the components
of stiffness matrix since the physical meaning is
different for displacements and rotations. At the
same time, it is necessary to identify a quantity
which summarizes the behavior of all nodes and
elements.

It has been found that the work of internal
deformation can represent an efficient param-
eter able to represent both the distribution of
stiffnesses across the structure and the inten-
sity and direction of the external loads. More-
over, internal deformation work can be com-
puted easily by means of Clapeyron’s Theorem,
if linear elasticity is supposed as material prop-
erty.

2.4 The Index of Structural Complexity
The Authors already demonstrated that the

internal deformation work in each fundamen-
tal structure is greater or equal to the deforma-

3
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tion work in the original statically indeterminate
structure [8]. In other words,

ψi =
Win

WS,i
≤ 1 (3)

where Win is the deformation work in the orig-
inal statically indeterminate structure and WS,i
is the deformation work in the i-th fundamental
structure. This ratio can be used to compute the
performance of each fundamental structure, or
possible load path. Depending on the value of
ψi, the performance of the fundamental struc-
ture is compared with the one of the original
structure. In other words it is possible to asses
if the removed internal restrains do not give a
significant contribution to the overall behavior.

The ratio has been called performance ratio,
to highlight its capacity to identify predominant
load paths. In summary:

• ψi ≈ 1 the fundamental and the orig-
inal structures have similar deformation
works, i.e. the load path is representative
of the behavior of the original structure;

• ψi ≈ 0 the deformation work in the fun-
damental structure is larger than the cor-
responding in the original structure. The
load path is not representative of the orig-
inal structure;

• intermediate values are possible.

Since the ψi-values give an information
about the way the loads are transferred from
the elevation to the foundation, it can be used
as the functional fi of eqn. (2). The study of
the entropy of the distribution of the values of
the ratio gives a measure of the complexity of
the structure. Applying eqn. (2), the Structural
Complexity Index is defined as

SCI = −
s∑

i=1

ψi∑s
j=1 ψj

log2

(
ψi∑s
j=1 ψj

)
,

(4)
where s is the number of fundamental struc-
tures, or load paths. In order to compare differ-
ent structures with different number of funda-
mental structures. This can be done by dividing

eqn. (4) by the maximum value of complexity
for a structure with s load paths, i.e. when all
the load paths have performance ratio equal to
1/s, as stated in the introduction. The Normal-
ized Structural Complexity Index is, thus,

NSCI =
SCI

− log (1/s)
=

SCI

log (s)
. (5)

Values of the NSCI close to one indicate that
the scheme is complex, on the contrary values
near to zero imply that the scheme is simple.

3 EXAMPLE
In this section, an example of the metric de-

scribed above is presented. Consider the frame
structure sketched in Figure 2. It is composed
of 10 nodes –9 nodes in elevation, one founda-
tion node– named with capital letters A,. . . , J,
and 15 beams. Beam dimensions are 30 × 60
cm, column dimensions are 40 × 40 cm. The
frame is made of concrete (with Young’s mod-
ulus equal to 25 GPa). Linear elasticity is sup-
posed for material behavior.

Figure 2: Sketch of the frame. The measures are in me-
ters. The foundation node is considered unique, as re-
ported in the text.

4
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As a first example, the following nodal
forces are applied on all elevation nodes (i.e.
A,. . . , I)

V = 100 kN
H = 100 kN. (6)

First, the frame is converted into a graph and, by
means of algebraic graph procedures, the funda-
mental structures are defined, see the Appendix
for details on the procedure. The number s of
fundamental structures is 1183 and the com-
plexity parameters are computed with eqns. (4)
and (5).

SCI = 9.5849

NSCI = 0.9389. (7)

The previous results illustrate that, in the do-
main of the information related to load paths,
the loaded structure is complex. The perfor-
mance ratios, computed with eqn. (3), indicate
the load paths in the structure and its efficiency.
The highest value of the performance ratio is
0.2064 and relates to the fundamental structure
depicted in left-hand side of Figure 3.

Figure 3: Fundamental structures for H/V = 1.00, on
left-hand side, and H/V = 0.50, on right hand side. The
fundamental structures are represented by thick lines.

We perform now a parametric analysis con-
trolling the ratio between the horizontal and the
vertical forces acting on the structure. In par-
ticular we fix the vertical force on each node
in 100 kN, and we reduce the magnitude of the
horizontal force from 100 kN to zero.

For example, we suppose a ratio H/V =
0.50, that means that H = 50 kN. In this case,
the values of the complexity parameters reduce,
showing that the structural behavior is turning
into a simpler one. In particular, we get

SCI = 9.3588

NSCI = 0.9168. (8)

As stated before, the analysis of the perfor-
mance ratios gives an idea on how the loads are
transmitted to the foundation. In this case, dif-
ferently from before, the fundamental structure
which exhibits the highest value of ψ (0.1716)
is illustrated in the right-hand side of Figure 3.
The main differences refer to the upper-left part
in which the contribution of the columns be-
comes more relevant as much as the horizon-
tal force reduces, i.e. the resultant nodal force
tends to be vertical. As a limit situation, the
case H = 0 kN is considered. In this sense, the
NSCI is equal to 0.4527 and the fundamental
structure with higher performance index is the
one constituted by the loaded columns alone.
The associated ψ-value is, as expected, 0.9999.

Table 1: Number of fundamental structures with perfor-
mance ratio greater than a given percentage of the maxi-
mum value, ψmax. Values are cumulative.

H/V
ψ∗/ψmax 1.00 0.50 0.10 0.00

≥ 0.90 6 5 1 1
≥ 0.80 9 9 1 1
≥ 0.50 69 27 1 1
≥ 0.20 262 82 2 1
≥ 0.10 581 256 4 1

In order to study the contribution of differ-
ent fundamental structures, we ordered the ψ-
values obtained from the analysis of the 1183
statically determinate structures in ascending
order. To control easily if there are more
than one mechanisms with relevant ψ, we nor-
malized each order position by dividing it by
the number of fundamental structures. Plot-
ting these data on a graph like the one of Fig-
ure 4(a), it is possible to asses the percentage
of mechanisms with performance ratio smaller

5
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than a given value ψ∗. The loading cases con-
sidered refer to H/V values equal to 1.00, 0.50,
0.10 and 0.00. Referring to cases 1.00 and
0.50, there are many mechanisms with rela-
tively high performance indexes. In Figure 4(b)
the values of ψ∗ are normalized to the maxi-
mum value. There are six fundamental struc-
tures in the range 0.90 − 1.00ψmax in the case
H/V = 1.00, which reduces to five in the case
H/V = 0.50. There is only one in the cases
H/V = 0.10 and 0.00. These data are reported
in Table 1. The representativeness of a partic-
ular load path in the case of H/V = 0.00 is
clearly visible. This aspect makes the corre-
sponding NSCI low.
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Figure 4: Cumulative probability plots. Probabilities
of occurrence of mechanisms with performance ratio
smaller than ψ∗, i.e. P (ψi ≤ ψ∗). On plot (a), the values
of ψ∗ are absolute, on plot (b) the values are normalized
to the maximum ψ-value of each load case. The consid-
ered load cases are H/V = 1.00, 0.50, 0.10 and 0.00.

4 ROBUSTNESS
4.1 Basic concepts

Structural robustness plays a fundamental
role in the design of structures [11]. This
fact is confirmed by the requirements that de-
sign codes have given after serious accidents
in the past (for example Ronan Point Apart-
ment Building in 1968). For the EuroCodes,
the structures should be robust in the sense that
the consequences of structural failure should
not be disproportional to the effect causing the
failure [12]. Lind [13] introduced the concept
of damage tolerance and Masoero and others
[14] recently proposed the analogy of structural
robustness with material’s toughness, a well-
known concept of material science and fracture
mechanics.

In practice, structural robustness can be
achieved in different ways, such as alternating
the load paths or compartmentalizing the struc-
ture. As reported in the previous sections, frame
behavior exhibits a sort of redundancy that can
be intended as the capacity to redistribute the
loads and to vary the load paths.

Moreover, recent research trends show that
the events with the smallest occurrence proba-
bilities are the ones that have the worst effects
on the structure [15]. This is the case of so-
called “black-swan” events, i.e. events whose
existence was not known (or easily predicable)
before the fist occurrence. In this sense, it is
more convenient to approach the problem of
structural safety with the so called consequence
based design, as already done in other design
fields such as natural hazards, aerospace and
material engineering.

4.2 Complexity and Robustness
In order to analyze the implications of the

proposed complexity metric on structural ro-
bustness, we propose to remove column JH
from the frame sketched in Figure 2. This event
can be caused e.g. by an explosion or by a lo-
cal failure, e.g. during and earthquake. We
take the increment of deformation work after
the removal as a parameter which gives an idea
about the effects of the removal. The greater

6
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the ratio of deformation work after/before the
removal, the largest the effects on the structure.
The deformation work is computed by means of
Clapeyron’s Theorem. The values of this ratio
are reported in the second line of Table 2. It is
possible to notice that, as much as the structure
is “simple” (following the definition previously
introduced), the ratio increases. The effects of
column removal in the case of purely vertically
loaded structure (H/V = 0.00), the deforma-
tion work is more than 17 times greater. Similar
results are given in case of removal of column
JG, see the first line of Table 2. In this case, the
increments of deformation work are greater for
the structures which are “simple” and snaller for
the complex ones.

Table 2: Ratio between the deformation work after and
before column removal

Removed H/V
element 1.00 0.50 0.10 0.00

JG 1.39 1.16 11.21 44.37
JH 1.63 2.10 8.44 17.27

mean 1.51 1.63 9.82 30.82

The average value of the ratio between the
deformation work after and before the removal
is then computed, see the bottom line of Table 2.
The trend of the mean values can be compared
with the value of the NSCI: as much as the
complexity index decreases, the ratio tends to
increase. This aspect has to be analyzed in rela-
tion to the importance the removed element has
in the original structure. Since in case of purely
vertically loaded structures, the columns play
the fundamental role in the transfer of loads
from the elevation to the foundation, any beam
removal would not cause substantial changes in
the behavior of the structure (in other words
the deformation work does not increase signifi-
cantly).

As a simple explanation of the results found
in the numerical simulations, consider the ef-
fects of the removal of element JG in the cases
H/V = 1.00 and 0.50. In the first situation, the
ratio between the deformation work after and

before the removal is 1.39, in the second case
it is 1.16. This result may be in contrast with
the fact that as much as the complexity reduces
the ratio increases. In order to explain the re-
sult, and to stress the efficacy of the approach,
consider that element JG is part of the funda-
mental structure which has highest performance
ratio, ψ, for the case H/V = 1.00. On the con-
trary, it is not an element of the fundamental
structures with the highest ψ-value in the case
H/V = 0.50. In our opinion, this aspect ex-
plains the fact that the removal of elements that
are not part of the dominant load path causes
limited effects on the structure.

A final and important consideration focuses
on the fact that a structure can be either complex
or simple depending upon the loading scheme
acting on it. In this sense, element removal can
have irrelevant or disproportional consequences
in different cases.

5 CONCLUSIONS
A definition of structural complexity based

on information theory has been given. In or-
der to estimate the amount of complexity, the
scheme is divided into a set of statically de-
terminate structures, called fundamental struc-
tures, to which a weighting parameter is given.
Differently from previous approaches, the de-
formation work has been herein considered as
the parameter giving the amount of importance
of a fundamental structure. The information
content of the structure, i.e. the capacity of the
scheme to be described with the lower amount
of fundamental structures, is used as a measure
of structural complexity.

An example on a 15-elements frame showed
how the loads can affect the complexity of
structural bahavior, and the fact that the two
entities (stiffnesses distribution and external ac-
tions) are intimately linked in the evaluation of
the overall structural behavior.

Moreover, the links between complexity and
robustness have been investigated. The numeri-
cal experiments conduced on the example frame
consisted in the removal of two columns and in
the analysis of the variation of the internal de-

7

732



Valerio De Biagi, Bernardino Chiaia

formation work. As a first result, the variation
from undamaged to damaged frame increases as
much as the Normalized Structural Complexity
Index reduces. In parallel, if the removed ele-
ment is part of the fundamental structure with
highest performance ratio, the effects are more
relevant. These preliminary aspects have to be
taken into account in the design of structures in
which damage tolerance is required.
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A COMPUTATIONAL ASPECTS FOR
THE DEFINITION OF THE FUNDA-
MENTAL STRUCTURES

In order to compute the number of funda-
mental structures which can be found in a frame
structure, graph theoretical aspects are taken
into account. First, the structure, originally seen
as an ensemble of elements, with geometrical
and mechanical properties, linked together in
joints, with defined coordinates, is turned into
a set of vertices and edges, i.e. the associated
graph G. From a topological point of view, any
fundamental structure can be considered as a
spanning subgraph of G, [9].

The static determinacy of the fundamental
structures implies that any spanning subgraph
will be a rooted tree of G, i.e. a spanning
tree [8, 9]. Mathematically, the search of the
set of rooted tree of a graph coincides with the
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extraction of the set of all possible fundamen-
tal structures of the scheme, since the elements
are jointed at the nodes. This search is made
by means of algebraic graph theory. The num-
ber of spanning trees in a graph G is determined
by its Laplacian, which is found from the inci-
dence matrix of the graph [16]. As a lemma
of Kirchhoff’s Theorem, let n be the number of
vertices of G and let λ1, ..., λn be the ordered
eigenvalues of the Laplacian of G. The number
of spanning trees, s, is defined as

s =
1

n

n∏
i=2

λi. (9)

The Cyclomatic Number by Henderson and
Bickley [7] associates the First Betti Number
of the frame associated graph to the indetermi-
nacy number. For a graph with n vertices and e
edges, the Cyclomatic Number C is equal to

C = e− n+ 1 (10)

The degree of static indeterminacy (Γ) of the
frame is given by

Γ = 3× C = 3 (e− n+ 1) .

A graph can be turned into a tree by remov-
ing C edges. All the possible combinations
of e elements taken as groups of C elements
indicate the elements of the structural scheme
which have to be temporarily ignored. Clearly,
the number of combinations

(
e

C

)
≥ s. (11)

This is due to the fact that the removals indi-
cated in the set include also the cases in which
parts of the scheme are totally separated. In this
sense, the Laplacian of the subgraph is written
and it is controlled if the the number of span-
ning trees of the graph associated to the funda-
mental structure is one, i.e.

1

n

n∏
j=2

λj = 1. (12)

If eqn. (12) is equal to 0, the subgraph is com-
posed by two or more components and cannot
be considered as a fundamental structure.
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Abstract: The effect of induced restraint on the fire response of reinforced concrete (RC) columns
is addressed in this work. A finite element model, capable of analysing the behaviour of restrained 
RC columns from pre-fire stages to collapse in fire is developed for the analysis of RC structure 
elements subjected to natural or parametric fire conditions. The advantage of the procedure is its 
ability to consider realistic constitutive relations for concrete and steel including wide range 
phenomena such as transient creep, plasticity, cracking, and degradation of material properties, all
within the framework of large displacements and small strains theory. The model is used to 
investigate the effect of the degree of axial restraint, fire scenario, failure criteria, compressive load 
level, slenderness and eccentricity on the fire response of restrained RC columns. Through the 
results of the parametric study, it is shown that the fire parameters significantly influence the fire 
resistance of RC columns. It’s also shown that the conventional method based on standard fire 
exposure may not be conservative if the resulting fire has a decay phase similar to the severe fire 
scenario used in this study. 

1 INTRODUCTION
The performance of reinforced concrete 

structures in a fire scenario depends 
particularly  on the behaviour of the columns 
subjected to fire.  These structural elements are 
of great importance to the structural integrity 
of the building because they contribute to its 
load-bearing capacity and global stability. The 
fire resistance of RC members is generally 
established using prescriptive approaches 
which are based on either standard fire 
resistance tests or empirical calculation 
methods [1]. 

In buildings which have been subject to fire, 
it is usual to find beams which show large 
permanent deflections in the horizontal plane 
as a consequence of axial restraint. The effect 
of these axial restraints on the fire resistance of 
beams depends on the vertical location of the 
restraint forces. Generally, the axial restraint 
force improves the fire resistance of RC beams 
through the arc action [2,3]. RC columns can 
also develop significant restraint forces during 
fire exposure. The degree of restraint is 
dependant on the support conditions and will 
determine the behaviour and fire resistance of
RC columns. 
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At present, there is limited information on 
the fire induced restraint effects in RC 
columns. The available studies in the literature 
[4,5,6,7] were mainly experimental, and do not 
fully take into account the combined and inter-
dependent effect of different parameters; such 
as axial restraint under various loading and 
fire scenarios. Thus, there have been only 
limited studies on evaluating the fire 
performance of RC columns (mostly 
unrestrained, fully restrained or weakly 
restrained) [7,8]. Furthermore, much of the 
current knowledge on the fire behaviour of RC 
columns is based on standard fire resistance 
tests under standard fire exposure. There have 
been limited research studies on evaluating the 
fire performance of RC columns under 
realistic (design) fire scenarios. Thus, there is 
no reliable experimental data, mathematical 
models, or design specifications for predicting 
the fire resistance of RC columns under design 
fire scenarios. Additionally, the current 
approach of determining fire resistance of RC 
columns by testing under standard fire 
conditions may not be realistic, since a number 
of factors such as realistic load levels, degree 
of restraint are not accounted for. Furthermore,
compartmentation characteristics such as 
opening size, behaviour and eventual failure of 
an RC column, are not taken into 
consideration.

This work presents the effect of various 
parameters such as fire scenario, load level, 
degree of restraint, slenderness and 
eccentricity on the behaviour of RC columns 
exposed to fire. The numerical studies are 
carried out using a macroscopic finite element 
model specially developed by the authors for 
the analysis of RC columns under fire 
conditions [9].  

2 NUMERICAL MODEL

A two-dimensional Euler-Bernoulli beam-
column element based on the finite element 
displacement method approach is used to 
describe the deformation behaviour of RC
columns under fire conditions. The element 
has two nodes: each with two displacements 

and one rotational degree of freedom. The 
axial displacement is interpolated using a 
quadratic Lagrange polynomial while the 
lateral displacement is interpolated using a 
cubic Hermite polynomial. For the quadratic 
interpolation function, an additional internal 
node has been added with a degree of freedom 
in the axial direction. For the determination of 
the internal force vector and the stiffness
matrix, the cross-section of each element is 
subdivided into layers or sub-layers forming a 
two dimensional mesh.

2.1 Main steps of fire resistance analysis

The fire resistance analysis is carried out by 
incrementing time in steps, but initially the 
structure is analysed at ambient temperature 
under services loads only just prior to the
beginning of a fire. At each time interval, the 
analysis is performed through three main 
steps:
 establishing the temperature due to fire 

exposure;
 carrying out the heat transfer analysis 

to predict cross sectional temperature
distribution;

 Performing strength and deflexion 
analysis, which is carried out, through 
two sub-steps:

- performing the structural 
analysis of the column to 
compute displacements, strains, 
stresses and thus internal 
forces,

- calculating the axial restraint 
force in the column.

The computer model generates various 
critical output parameters, such as 
temperatures, stresses, strains, displacements 
and fire induced  axial restraint forces at 
various given fire exposure times. These 
parameters are then used to check against pre-
determined two sets of failure criteria, in 
which the failure of an RC column is said to 
occur when:

1- The column is unable to resist the 
specified applied service load (material 
failure criterion).  The failure occurs 
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either by loss of the stability of the 
column or by exceeding the load-
bearing capacity of the cross-section, 
which may be expressed by the failure 
criterion material (crushing of concrete 
and/or yielding of the steel).

2- The restraining forces regain the value 
of the initial applied load (restraining 
forces failure criteria).

2.2 Thermal and structural analysis

The fire temperature in the compartment is 
established using specified standard or design 
fire scenarios. The fire temperature is then
used to carry out the hydrothermal analysis to 
evaluate cross sectional temperatures in each 
element of the column. The hydrothermal 
analysis is based on the work of Di Capua et 
al. [10] which assumes that under realistic 
conditions, and if only the temperature field is 
required, the heat transfer problem can be 
solved in an uncoupled way. The model 
requires the knowledge of the initial moisture 
content as it accounts for the latent heat due to 
the evaporation of water by introducing a 
water vapour fraction, which is a function of 
temperature. In practical situations, however, 
the water content is not only unknown but 
variable. The initial moisture content is taken 
equal to 6%, which, according to Eurocode 1
[11], corresponds to a peak value of the 
specific heat equal to 3700 J / kg. ° K. The 
generated temperatures in each element form 
the input to the structural analysis, which 
includes the computation of the axial restraint 
force in the column. Gaussian and Simpson 
rules are used respectively to integrate the 
stiffness matrices and internal forces along the 
longitudinal and transverse directions.
Furthermore, the formulation is based on a co-
rotational approach and it makes use of a 
tangential operator derived by integrating the 
stress-strain rates of concrete and steel at 
elevated temperatures [9,12]. It includes 
geometrical nonlinear effects resulting from 
large displacements, and material 
nonlinearities due the degradation of the 
elastic and inelastic properties with 
temperature. The concrete model also accounts 

for cracking and crushing, as well as 
transitional thermal creep, which is computed 
by using the approach proposed by Anderberg 
and Thelanderson [13]. The details of the 
material model and its numerical 
implementation can be found in reference [20].
The transitional creep is accounted explicitly 
as an additional component of the total strain, 
or implicitly through the use of the materials’ 
properties recommended by the Eurocodes 2.

2-3 Axial restraint forces

The reaction of a structure to the heating of a 
column can be compared to that of a spring,
whose stiffness depends upon the physical and 
geometric properties of the structure (fig. 1).

Figure 1:  Model of a restrained column

Based on this simple concept, a computer 
program initially developed to calculate the 
fire resistance of single columns [9], was 
adapted, so it can be used to reproduce the 
development of the induced restraining forces 
that arise when a column forming part of a 
structure is heated. Noting that the elastic 
restraint due to the rotation at the top and 
bottom of the column was not considered in 
order to isolate the effects of the axial 
restraint. The elastic matrix stiffness of the 
spring element can be simply written as:

uS
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where  Ks represents the axial stiffness of the 
surrounding structure. The non-dimensional 
axial restraint ratio k of the column is defined 
by a relation between Ks and the elastic axial 
stiffness of the column KC:

C

S

K
K

k = (2)

where

L
EAKC = (3)

The values of k can vary in such a way to  
represent the various types of boundary 
conditions commonly encountered in practice
(k = 0:  unrestrained column; k = 1:  fully 
restrained column and 0<k<1: real situations).
The axial restraint force is accounted for in the 
model in the phases of expansion, which 
develop compression forces, and contraction,
which generally develops tensile forces. The 
force, Pk developed in the spring is the axial 
restraint force resulting from the permanent 
compatibility between the axial displacements  
of the top of the heated column and the 
displacements of the spring representing the 
rest of the structure, together with the
condition of internal equilibrium between the 
axial forces acting on the column and on the 
spring. It can be expressed by the relation:

Ssk uKP = (4)

where Su is the corresponding axial 
displacement developed in the spring.

2.4 Restraining forces failure criteria

The fire behaviour of columns with thermal 
restraint is categorised by an initial increase in 

the restraining forces followed by a decreasing 
phase reaching values less than the initial
applied load P0, [4,14], as shown on figure 2.
The fire resistance of a structural member like 
a column represents the time during which that 
member can fulfil its load bearing functions;
that is: resistance the applied design load. 

When the restraining forces decrease to a level 
below the initial force P0, the load difference 
must be supported by the surrounding 
structure, because in the descending branch the 
restraining force always represents the 
maximum force that the column can. In this 
context, it seems reasonable to define the fire 
resistance (Rf) as the time it takes to reach the 
initial force. It was experimentally verified
that columns subject to thermal restraint have 
a reduced fire resistance compared to 
coulumns having free elongation [7].

3 PARAMETRIC STUDIES

To investigate the influence of various 
factors on fire induced restraints in a RC
columns exposed to fire, a set of RC columns 
were analysed. The studied parameters are: 
fire scenario, load level, degree of restraint, 
slenderness, and eccentricity. All the analysed 
columns have the same cross section 
dimensions as illustrated in figure 3, and a
sinusoidal imperfection along the column axis 
of ωo = L/1000. A length L = 4.8 m
corresponding to a slenderness ratio, λ = 
55.43, and an initial compressive load P0 = 740 

Figure 2: Typical development of the restraining forces

Rf

P0
time

Pk

Pmax
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kN with an eccentricity e0 = 15 mm are 
considered for all the columns studied except 
for those used to study the effect of 
slenderness and the eccentricity. The support 
conditions for all the columns are supposed to 
be similar to those in figure 3, but with 
different values of stiffness ratio k. The values 
of the  stiffness ratio are varied in such a way 
that they represent the types of boundary 
conditions commonly encountered in practice.  
Three values were considered, one low (5%), 
one intermediate (20%), and one high (50%) 
The  stiffness ratio of 5% represents a very 
soft boundary condition  while a value of 50% 
represents a very stiff boundary condition such 
as the one produced by a shear wall. Such 
values of stiffness ratio correspond to axial 
restraint stiffnesses in the range of 0 to 168.75
kN/mm. The effect of the axial restraint force 
is largely dependent on the location of the 
axial restraint force with respect to the column 
depth. However, in this work, the axial 
reaction is assumed to develop at the 
geometrical centroid of the concrete cross 
section. The location of the axial restraint 
force is assumed to be constant during fire
exposure. Four load levels namely; 30%, 52%,
65% and 85% are used in the analysis. Load 
level is defined as the ratio of the applied load 
during the fire to the capacity of the column at 
ambient conditions calculated according to 
Eurocode 2. The corresponding initial 
compressive loads are respectively equal to 
430, 740, 933 and 1200 kN. These load levels 
are selected to represent realistic load 
encountered in practical applications. The 
columns are assumed to be made of normal 
concrete with a compressive strength f’

c = 30
MPa, tensile strength f t= 3.5 MPa, and 
reinforced with steel rebars having a yield 
strength fy = 400 MPa. The concrete cover 
relative to the stirrups is taken as equal to 30 
mm for all the columns. In the analysis, the 
columns are also assumed to be exposed to fire 
from all sides, and the materials’ properties 
suggested by the Eurocodes 2 are adopted. The 
fire resistance is evaluated based on the failure 
criteria previously defined as when the 
restraining force regains the value of the initial 
applied load P0. Fire induced spalling is 

supposed not occur in any of the analysed 
columns since they are made of normal 
concrete (NC), which exhibits a relatively high 
permeability. This provides an easy 
mechanism for the water vapour to escape 
from the concrete. Thus, with increasing 
temperatures the pore pressure continuously 
dissipate in the column, and there is no 
significant vapour pressure build-up. This is 
agreement with reported test results, which 
clearly show negligible spalling in NC 
members during fire exposure [3,15].

3.1 Effect of fire scenario and failure 
criteria

The effect of fire scenario is investigated 
under the exposure of two standard fire; 
namely: ISO834 [16] and ASTM E119 
standard fires [17], and two design fire 
scenarios; namely Fire I and Fire II. There is 
no decay phase in the time-temperature curves 
for the standard fire scenarios. However, in 
realistic fires (represented by the two design 
fire), there is always a decay phase, since the 
amount of fuel or ventilation runs out leading 
to the burn out phase of the fire.

The parametric fire time-temperature curve 
proposed in Eurocode 1, and the modifications 
suggested by Franssen [18] and Feasey [19]
are selected to represent the design fire 

(k)
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b = 300 mm = h; a = 40 mm

L

Figure 3: Cross section and elevation of 
RC column used in parametric studies 

739



 A. Sadaoui S. Illouli and A. Khennane 

6

scenarios used in the analysis. According to 
Eurocode 1, the design fire consists of a 
growth phase and a decay phase. Feasey [19]
revealed that both the growth and decay 
phases of the fire are influenced by 
compartment properties such as the fuel load, 
ventilation opening and wall linings. To 
develop the two design fire scenarios, a fire is 
assumed to occur in a room with dimensions 
of 6mx4mx3m as illustrated in figure 4.

Two values of the fuel load and the opening 
dimensions are also assumed. More details 
about the properties of the room for the two 
fires are represented in Table 1. The values 
were assumed in such a way that Fire I 
represents a severe design fire whose 
temperatures exceeds 1200°C, such as in a 
library or storage room where large amount of 
combustible materials and sufficient 
ventilation are available. Fire II represents a
moderate design fire whose temperatures reach
600°C. The time-temperature curves for the 
two standard fire scenarios and the two design 
fire scenarios are shown in Figure 5. The 
results from the analysis indicate that the fire 
scenario has a significant influence on the 
temperature distribution across the column 
section. As expected, the temperature at 
various depths of concrete, as well as in the 
rebars, increases with the fire exposure time 
for the two standard fire scenarios. The results 
also show that the increase in concrete and 
rebar temperature is slightly larger for the ISO 
834 than that for the ASTM E119 standard 
fire.

Table 1: Compartment characteristics used to generate 
design fire scenarios

Design 
Fire 

Lining 
material

Ws0.5/m2°K
(Thermal 
capacity  
lining 
material)

Opening
dimensions 

(m)

MJ/m2

floor area 
(Fire load)

Fire I Gypsum 
board

488 2.25x1.5 1200

Fire II Concrete 1500 2.85x1 400

This is due to the progressive increase in 
temperature of the ISO 834 fire in the first 30
min of exposure as can be seen in Figure 5.
However, under the two design fire exposures, 
the predicted temperatures in the concrete and 
steel bars increase till they reach a maximum, 
and start to decrease. This can be attributed to 
the decay phase in the time-temperature curve 
of the design fires. Then the column cross 
section enters a cooling phase. 

Figures 6 and 7 present the variations of the 
deflection and axial force with fire exposure 
for the four fire scenarios at load level 52 %
(P0 = 740 kN), eccentricity e0 = 15 mm and 
axial restraint stiffness ratio k = 50%. The 
failure criterion adopted was the fire resistance 
time based on the material failure criteria. It 
can be seen that the deflection increase with 
time in the early stages of the fire. A reduction 
(or recovery) in the deflection is noticeable for 
the two design fires as a result the decay 
phases. The column also recovers part of its 
stiffness and strength. The recovery of 
deflection appears to be higher for the column 
exposed to the severe design Fire I than for the 
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Figure  4: Compartment in fire

Figure 5: Various fire scenarios used in the analysis
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column exposed to the moderate design Fire II.
On Figure 7, it can be seen that the axial 
restraint force increases with time in the early 
stages for the four cases as a result of the rapid 
increase in temperature. A slight reduction can 
also be noticed in the axial restraint force for 
the column exposed to the less severe Fire II at 
later stages of the fire exposure time. The 
results show that the fire severity has a
significant effect on the fire resistance of RC 
columns calculated using the restraining forces 
failure criteria.

It can be seen, from figure 7, that the lowest 
fire resistance is obtained for the column 
exposed to the severe fire design Fire I. It is 
about 23 minutes lower than that for the 
column under the ISO834 standard fire 
exposure. This is due to the rapid increase in 
temperature for Fire I as can be seen from 
figure 5. Hence, the result reveals that in many 
applications, the fire resistance values 

computed based on standard fire exposure, 
may not be conservative if the resulting fire 
has a decay phase similar to the one of design 
Fire I used in this study.

3.2 Effect of the degree of restraint
To investigate the effect of the degree of 

restraint on the fire response of RC columns, 
five values for the axial restraint stiffness
ratio; namely 0, 5, 20, 50 and 100%, were 
assumed for all the analysed columns. The 
obtained results under the severe fire scenario 
(Fire I) are summarized in figures 8 and 9 at a
load level of 52 % (P0 = 740 kN) and an 
eccentricity e0 = 15 mm. The restraining 
forces failure criterion is used. It can be seen 
that the axial restraint stiffness significantly 
influences the deflection, the restraining force 
and the fire resistance. For low values of k, the 
deflection of the column increases with the 
axial restraint stiffness ratio. This can be 
attributed to the P-Δ effect which creates 
additional moments that increase the effect of 
the applied loading and thus increase 
deflections which leads to a lower fire 
resistance. However, for high values of k, and 
at later stages of fire exposure (beyond nearly 
35 min.), the deflection of the column 
decreases with an increasing axial restraint 
stiffness ratio. It could be explained by the fact 
that the axial restraint force creates an arch 
action, which leads to the development of a 
counter moment that reduces the effect of the 
applied loading as noticed for RC beams [3].
This leads to a decrease in the deflections and 
thus higher fire resistance.

Figure 6: Effect of fire scenario on the 
deflection of RC columns exposed to fire (N0
= 740kN, e0 = 15 mm, k = 50%)

0

50

100

150

200

250

300

350

400

450

500

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180

Time (min)

D
ef

le
ct

io
n 

(m
m

)

Fire I
Fire II
ISO 834
ASTM E119

Figure 7: Effect of fire scenario on the axial 
force of RC columns exposed to fire (N0 =
740kN, e0 = 15 mm, k = 50%)
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3.3 Effect of load level  
To investigate the effect of load level on fire 

resistance, the column was analysed under 
four levels of loading 30, 52, 65 and 85%. In 
the study, the load level is calculated as the 
ratio of the applied initial compressive load 
under fire conditions to the capacity of the 
column at ambient temperature. 

The results are shown in Figures. 10 and 11 for 
a column under the exposure of Fire I, having 
a length L = 4.8 m, eccentricity e0 = 15 mm 
and axial restraint stiffness ratio k = 50%. As 
shown on Figure 10, the load level has a
significant influence on the deflection. An 
increase in the load level increases the 
deflection significantly at later stages of the 
fire exposure. An increased load level causes 
early yielding of the steel reinforcement, and 
thus increases the plastic and creep strains. 
This leads to a lower stiffness in the column,
and results in a significant increase in the 
deflection.  Figure 11 shows a large increase 
in the axial restraint force followed by a slight 
linear recovery. This could be attributed to the 
softening of the column material, which
increases with fire exposure time and then 
dominates the behaviour of the column at later 
stages of the fire exposure leading to a
reduction in the fire axial restraint force. 
Results from the analysis also reveal that load 
level has a significant influence on the fire 
resistance predicted with the restraining forces 

failure criteria. It can be seen that increasing 
the load level significantly reduces the fire 
resistance of RC columns. This can be 
attributed to the fact that high load level causes 
early softening and weakening of the 
constituent materials and thereby cause early 
strength and stiffness reductions of the 
column.

3.4 Effect of slenderness and eccentricity

The effects of the slenderness of the column 
and of the eccentricity of the applied loading 
are also investigated. Three values for 
slenderness (λ) are considered, one low 
(24.42), one high (83.14) and one intermediate 
(55.43). The corresponding column’s heights 
(L) are respectively: 2.4, 4.8 and 7.2 m. For 
the eccentricity (e0) of the initial compressive 
load P0, three values are also considered, e0 =
0 mm (centred column), e0 = 15 mm (reference 
eccentric loading), and e0 = 30 mm. The values 
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are chosen to represent the most frequently 
encountered in practical situations. The 
variation of deflection under fire exposure 
scenario Fire I is shown in figures 12 and 13 
for an axial restraint stiffness ratio of 50%. In 
every case, the initial compressive load P0 is 
taken constant and equal to 740 kN and the 
restraining forces failure criterion is adopted.

It can be seen that in general the deflection 
increases with fire exposure time. Figures 12 
and 13 respectively show that high rates of 
increase in deflection can be seen for high 
slenderness ratios, and for high eccentric 
loading. This is due to the reduced flexural 
stiffness of slender or eccentrically loaded 
columns, which make the column prone to 
buckling under the effect of the axial restraint 
force. Furthermore, the reduced flexural 
stiffness leads to a higher deflection of the
column at any fire exposure time. This will 
increase undoubtedly the secondary moments 
developed due to the P-Δ effect on the axial
restraint force, and in turn will cause larger 
deflections, which will ultimately lead to an 
early failure of the column. Figure 12 shows 
that the fire resistance decreases from more 
than 150 min to 25 min when the slenderness 
ratio increases from 27.42 to 83.14. 
Meanwhile, Figure 13 shows a reduction of 
nearly 30 % when the eccentricity increases 
from 0 to 30 mm.

4 CONCLUSIONS

Based on the results of this study, it was 
found that the effect of restraint on fire 
response of reinforced concrete column is 
significantly influenced by fire scenario, 
degree of restraint, failure criteria, load level, 
slenderness and eccentricity. In addition, the 
following conclusions can be drawn:
- the conventional methods of evaluating fire 
resistance, computed based on standard fire 
exposure, may not be conservative if the 
resulting fire has a decay phase similar to the 
severe fire scenarios used in this study;
- load level has a considerable influence on the 
performance of RC columns in real fire. An
increase in the load level results in a
significant reduction in the fire resistance;
- increased slenderness ratios and eccentricity 
of the applied load lead to a significant 
reduction in the fire resistance because of  the 
reduced flexural stiffness of slender columns, 
which makes them prone to buckling under 
axial restraint forces;
- failure criteria have a significant influence on 
the fire resistance of reinforced concrete 
columns since the conventional failure criteria 
based on crushing of the concrete and yielding 
of steel may not be conservative under some 
fire scenarios;
- based on restraining forces failure criterion,
the fire resistance of reinforced concrete 
columns increases by increasing the axial 
restraint stiffness of the columns.
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Abstract. This paper presents a simple model aiming at simulating the drying shrinkage vs. mass-loss
evolution of a concrete sample. It is based on a two-stage drying process. In a first stage, an external
layer dries, as the central part of the sample has a fixed moisture. In a second stage, the central part of
the sample dries. This simple model gives a reliable description of the drying process. The numerical
results are compared to experimental ones, and we show that the model is able to predict the size
effect of drying for standard concrete.

1 INTRODUCTION

Shrinkage of concrete results from different
phenomena such as the hydration of cement or
the self-dessication of the free water [1,2]. Con-
crete shrinkage has been widely studied as it
can lead to unwanted cracking. Different mod-
els have been proposed, with different levels of
complexity (see for example [3–6]). We pro-
pose in this paper a very simple model, based
on a two-stage process. During the first stage,
we assume that just a surrounding layer dries,
leading to a fast loss of moisture in a thin layer.
During the second stage, the center of the sam-
ple dries slowly to the equilibrium state that de-
pends on the external relative humidity. This
drying process is generally studied by record-
ing the mass loss and the shrinkage evolution
with respect to time. Modelling this evolution
requires the knowledge of the diffusion coeffi-
cient as well as the convection properties. We
limit our study to the evolution of the shrinkage
with respect to the mass loss. The problem is
considerably simplified as time is no more con-
sidered. Then, the proposed model just depends
on four parameters, (i) the total moisture loss,

(ii) the shrinkage coefficient, (iii) the thickness
of the drying layer and (iv) the associated re-
duction of stiffness. For this first version of the
model, we assume that the parameters are inde-
pendent of the hydration level. This is a strong
hypothesis but as we will see, it gives reliable
results on standard concrete. After a presen-
tation of the model and of the corresponding
equations, the model is evaluated on different
experimental results.

2 MODEL DESCRIPTION
The model is based on the observation that

a drying shrinkage vs. mass-loss evolution re-
veals two stages for a wide varieties of con-
cretes [7]:

• In a first part, a non linear evolution oc-
curs, with a small average slope (O-A in
figure 1);

• In a second part, a linear evolution with a
high slope occurs until the equilibrium of
the sample (A-B in figure 1).

Although different evolutions can be found for
non standard concretes, this evolution is ob-

1
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served for standard cement pastes, mortars or
concretes.

O

A

B

Mass loss

Shrinkage

Figure 1: Schematics of the mass-loss versus drying
shrinkage curve.

As this curve is not related to time, the ex-
plicit value of the diffusion coefficient and the
boundary conditions are not used in the anal-
ysis. The model has just to describe the loca-
tion of points O, A and B, and the evolution be-
tween these points. We propose next to explain
the model behaviour on a 2D single-face drying
sample.

2.1 First drying stage

In the initial state, the moisture of the sam-
ple is Cini (figure 2-a). Cend will be the final
one, and ∆C = Cini−Cend is the total variation
of moisture content during the drying process.

During the first stage, we assume that the
moisture of the external face drops to the final
value Cend. The thickness of the drying layer
evolves from 0 to δ1 (figure 2-b), and the mois-
ture content is linear inside this layer. The cen-
ter of the sample remains at the initial moisture
content Cini. During this evolution, the leading
variable is the thickness δ of the layer, varying
from 0 to δ1. The final state of this first stage
(figure 2-c) corresponds to point A in figure 1.

(a)

(b)

(c)

Cend Cini

δ1

Figure 2: First drying stage: initial (a), intermediate (b)
and final (c) states.

2.2 Second drying stage
During the second stage, the thickness of

the external layer remains constant. The cen-
tral part of the sample dries uniformly from Cini

to Cend moisture content (figure 3-d). The fi-
nal state (figure 3-e) is a uniform moisture con-
tent Cend. During this second stage, the leading
variable is the moisture content C of the central
part.

(c)

(d)

(e)

Cend Cini

Figure 3: Second drying stage: initial (c), intermediate
(d) and final (e) states.

2.3 Model parameters
The model depends on 4 parameters:

• ∆C, the variation of moisture,

• δ1, the final thickness of the drying layer,

• κ, the shrinkage coefficient linking the
variation of strain ∆εsh with the moisture
variation ∆εsh = κ∆C

2
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• D, the coefficient that affects the stiffness
in the drying layer. For our point of view,
the origin of this reduction can be a crack-
ing of the external surface [8, 9] or a skin
effect (less aggregate in the drying layer).

3 APPLICATION ON A 6-FACE DRYING
PRISMATIC SAMPLE

We propose in this section to establish the
equations linking the drying shrinkage to the
mass-loss. The following analysis can be ex-
tended to other geometries or other drying con-
ditions.

A 6-face drying of a prismatic sample is con-
sidered. The length of the sample is �, the cross
section is a p × w rectangle. The total vol-
ume of the sample is Vtot = � × p × w. The
volume of the central part is Vc(δ) = (� −
2δ)× (p− 2δ)× (w− 2δ) where δ is the thick-
ness of the drying layer. The volume of the
drying layer is Ve(δ) = Vtot − Vc(δ). In the
same manner, the total area of a middle cross
section is Stot = p × w, the central area is
Sc(δ) = (p − 2δ) × (w − 2δ) and the area of
the drying layer is Se(δ) = Stot − Sc(δ).

3.1 Mass-loss evolution
Stage 1

During this stage, the normalized mass-loss
is simply:

µ1(δ) =
Ve(δ)(Cini − Cend)/2

M0

(1)

for 0 ≤ δ ≤ δ1. M0 is the initial mass of the
sample.

Stage 2
During the second stage, the mass-loss

reads:

µ2(C) = [Ve(δ1)(Cini − (Cend + C)/2)

+Vc(δ1)(Cini − C)] /M0 (2)

for Cend ≤ C ≤ Cini. Note that for C = Cend,
we find the obvious relation for the total mass-
loss µend = Vtot(Cini − Cend)/M0.

3.2 Shrinkage evolution
The shrinkage is evaluated considering a uni-

form distribution of the strain ε in the cross sec-
tion, following the Euler-Bernoulli hypothesis
(figure 4).

�

h

εσ

δ

Figure 4: Stress and strain distribution in a central cross
section.

Stage 1
The stress-strain relation reads:

σ = E(1−D)εe (3)

where E is the Young modulus of the central
part, D is a variable that affects the Young mod-
ulus (typically due to cracking) and εe is the
elastic strain expressed as:

εe = ε− εsh (4)

where ∆εsh = κ∆C is the strain due to drying
shrinkage and κ the shrinkage coefficient. For
this study, the autogeneous, thermal and creep
strains are neglected.

The force equilibrium in a central cross sec-
tion is:

Sc(δ)σc + Se(δ)σe = 0

with:
σc = Eε

σe = E(1−D) (ε− κ∆C/2)

It leads to the following expression for the strain
in the central part:

εc1(δ) =
(1−D)Se(δ)κ∆C/2

(1−D)Se + Sc

Additionnaly, one has to consider the uniform
shrinkage of the left and right extremities:

εext1 = κ∆C/2

and the total strain is:

ε1(δ) =
(�− 2δ)εc1(δ) + 2δεext1

�
(5)

3
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Stage 2
The shrinkage of the extremities is:

εext2 = κ∆C/2

The shrinkage of the central part is:

εc2(C) = [(1−D)Seκ(Cini − (Cend + C)/2)

+Scκ(C − Cini)] /((1−D)Se + Sc)

and finally:

ε2(C) =
(�− 2δ1)εc2(C) + 2δ1εext2

�
(6)

3.3 Parameters effect
The maximum abscissa of the global model

response depends directly on the variation of
moisture ∆C, as the maximum ordinate de-
pends on the shrinkage coefficient κ. Figures 5
and 6 show the effects of δ1 and of D on the
global model response.

Figure 5: Effect of the surrounded drying layer thickness
δ1 (∆C = 80, κ = 8.× 10−6, D = 0.80).

Figure 6: Effect of the stiffness reduction D of the drying
layer (∆C = 80, κ = 8.× 10−6, δ1 = 6.× 10−3).

4 Experimental results
We propose in this part to apply this model

on real experimental results. First, we explain
the model parameters fitting for three different
materials. Then, we analyse the ability of the
model to predict the right behaviour with dif-
ferent boundary conditions.

4.1 Parameters fitting
The strategy to identify the parameters of the

model is split in four parts:

1. Knowing the initial mass M0 of the sam-
ple and the normalized final mass loss
µend, the variation of moisture is:

∆C =
M0µend

Vtot

(7)

where Vtot is the volume of the sample.

2. Knowing the final shrinkage ∆ε, the
shrinkage coefficient reads:

κ =
∆ε

∆C
(8)

3. The thickness δ1 of the external drying
layer is obtained by fitting the abscissa of
point A (figure 1).

4. Finally, the reduction of stiffness of the
cracking layer is obtained by fitting the
ordinate of point A.

4.1.1 Application to three concretes

This parameters identification has been ap-
plied on three different concretes with variable
behaviours:

• a C25 concrete (C1)

• a lightweight concrete (C2)

• a concrete with a high W/C ratio (C3)

4
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Figure 7 shows the experimental results and the
best fitted curve for each concrete. One can see
that a set of parameters can easily be identified
from experimental results.

Figure 7: Identification of the model for three different
concretes

Table 1 gives the corresponding values.

Table 1: Parameters values for the three concretes

∆C κ(×10−6) D δ1
[kg/m3] [m3/kg] [-] [mm]

C1 77. 6.9 0.95 8.0
C2 55. 15. 0.98 7.5
C3 212. 4.8 0.82 8.5

One can see that whatever the material, the
order of magnitude of δ1 is closed to 8 mm, and
D is closed to 1.

4.1.2 Size effect prediction

The model is pertinent if it has some pre-
diction capabilities. We propose to assess this
point on a set of prismatic samples. Different
studies have shown the size effect on drying re-
sults [10, 11].

In our study, three sizes are used: 4 × 4 ×
16 cm, 7×7×28 cm, 10×10×40 cm samples.
For all samples, a micro concrete is used. An
additional size has been tested, a 2× 2× 16 cm
sample, but with mortar instead of the micro
concrete. Although this is not the same mate-
rial, we have included this sample in our com-
parison as the model doesn’t take into account

the microstructure of the material. For each
size, two samples have been tested (filled and
unfilled markers on figure 8).

The model parameters are identified on the
4 × 4 × 16 cm sample. The values are: ∆C =
85 kg/m3, κ = 6.8×10−6 m3/kg, D = 0.88 and
δ1 = 5.3 mm. Figure 8 shows the experimental
curves and the model prediction behaviour.

Figure 8: Prediction of the scale effect. Parameters are
identified on the 4× 4× 16 cm sample.

One can see that the model is able to predict
in a reliable manner the evolution of shrinkage
vs. mass loss for different sample sizes. These
first results are encouraging and should be con-
firmed on different concrete formulations.

A second experimental campaign, with the
same sample size but with different drying
boundary conditions, is under progress and re-
sults will be presented during the conference.

5 CONCLUSIONS
A simple drying model is presented, aiming

at representing the evolution of the shrinkage
vs. mass loss evolution. As we want a simple
model, some hypothesis have been done for the
drying process:

• The drying process is assumed to be a
two-stage process. In the first one, just
a surrounding layer dries uniformly from
the initial to the final water content value.
In the second one, the center part of the
sample dries uniformly.

• Four parameters control the drying pro-
cess: the variation of water content, the

5
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thickness of the surrounding layer, the
shrinkage coefficient, the stiffness reduc-
tion in the surrounded layer.

We show that the model is able to reproduce the
evolution of the shrinkage with respect to the
mass loss for different types of concrete. More
interestingly, the model is able to predict the
size effect for a standard concrete. In this ver-
sion, the model is not able to reproduce the ef-
fect of different hydration degree. It is one of
the evolution we can consider for further devel-
opments.
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Abstract. In this paper, the fracture characteristics of concrete at very early ages are investigated. Ex-
perimentally, three point bending tests are performed on notched beams at very early-ages (before 24
h) and the Load-CMOD curves are obtained. In order to find the trend of the evolution of the fracture
energy, an inverse analysis procedure is developed. A damage model based on an energetic regular-
ization is combined with a non linear inverse analysis algorithm. As the stress-strain curve (and the
stress-crack opening one) given by the damage model is non linear, the Levenberg-Marquardt algo-
rithm is chosen. Results obtained from numerical simulations show that fracture energy of concrete
increases with age.

1 INTRODUCTION
The fracture energy is one of the most im-

portant fracture characteristics of concrete. The
determination of the evolution of the fracture
energy at early-ages has been already investi-
gated by some authors [1–4]. It was found that
the fracture energy increases with age. Based
on the three-point bending test or the wedge
splitting test, the fracture energy could be evalu-
ated directly from the load-displacement curves
[5–7] according to the RILEM recommenda-
tion, or indirectly, by numerical inverse analy-
sis.
When using inverse analysis, experimental re-
sults are approximated by repeated numerical
simulations of the tests. Thus, a function is
needed to describe concrete softening. Discrete
models (Fictitious crack models [8]) or smeared
crack models based on the crack band theory [9]

are often used for modelling crack initiation and
propagation in concrete. However these mod-
els require a stress-crack opening relationship.
The area under the tensile softening curve, de-
scribed by this relationship, determines the spe-
cific fracture energy Gf .

As defined by the RILEM technical commit-
tee, the specific fracture energy measurement is
based on the load-displacement (p − δ) curve
and expressed as :

Gf =
1

B(W − a)

∫
p∂δ (1)

Where B is the specimen thickness, W its
width in the crack direction and a the initial
notch or crack length. The RILEM energy def-
inition is based on Hillerborg’s fictitious crack
model. So, the motivation of the RILEM was
to provide (from load and load-displacements

1
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curves of concrete) a constant parameter Gf

representing the area under the tensile soften-
ing curve which is supposed unique. However,
as it is widely agreed, size effect on the RILEM
Gf exists [10–12]. Gf depends not only on the
specimen size W but also on the crack length a

even if W is constant. There is a size/ligament
effect on Gf [13, 14]. Eq 1 gives only an aver-
age value where the fracture energy is assumed
to be uniform over the crack length. Defini-
tion of Gf from a complete p − δ curve in-
cludes the boundary region which explains why
the RILEM Gf is ligament dependent.
Inverse analysis obtained without considering
boundary effect implies a constant σ − dw

(stress-crack opening) relation. If the inverse
analysis is performed with a model that does
not take into account boundaries effects, the so-
lution is to fit only a part of the P − δ (or
p − CMOD) curve where the distribution of
the local fracture energy is uniform. In this re-
gion (the inner zone), a good estimation of the
size independent fracture energy (GF ) could be
obtained.
The objective of the present study is to con-
tribute to the identification of the fracture en-
ergy at very early ages using numerical inverse
analysis. Experimentally, three point bend-
ing tests are performed on rectangular notched
specimens at ages between 12 hours and 24
hours [15]. The Load-CMOD curves are ob-
tained.
In order to estimate the fracture energy a dam-
age based model is used to represent the soft-
ening behaviour of concrete. A fracture en-
ergy regularization is applied to this model in
order to avoid spurious mesh sensitivity. There-
fore, the energy dissipation due to the fracture
per unit length (or unit width) described by the
stress-strain curves is constant. As the soft-
ening behaviour is non linear, the Levenberg-
Marquardt [17, 18] algorithm (LMA) is used to
perform inverse analysis. Only a part of the
P−CMOD curves is fitted in order to estimate
the size independent fracture energy.

2 Experimental program
2.1 Materials and Methods
2.1.1 Concrete formulation

The materials constituting the CEOS con-
crete [19] are: semi-crushed gravel of class 4/20
mm, alluvial sand of class 0/4 mm and Cement
CEMI 52.2 N (EN 197-1 and EN 197-2). A
small amount of super-plasticizer (Optima 206)
was adjusted manually for workability. The for-
mulation used is given in table 2 . The water
to cement ratio (W/C) is 0.42 and the gravel to
sand ration (G / S) is 1.25.

Table 1: Characteristics of used aggregates

Sand 0/4 Gravel 4/20
Water content % 3.5 2.1

Absorption % 0.7 1.39
Density (Kg/l) 2.6 2.57

Table 2: Concrete formulation

Dosage (Kg/m3)
Gravel 4/20 980

Sand 0/4 785
CEMI 52.2N 400

Super plasticizer 1.8
Added water 154.1

Effective Water 165.9

Figure 1: Schematic representation of the three-point
bending test setup

2
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Figure 2: Experimental device of the three-point bending
test

2.1.2 Experimental procedure

Concrete was poured into moulds of dimen-
sions 10 ∗ 15 ∗ 70cm3. A Teflon plate with a
thickness of 3mm was placed in the mould be-
fore casting for the notch position. It was re-
moved at the time of the test. To better inter-
pret the repeatability tests, the slump test of the
Abrams cone was carried out . Concrete was
poured into moulds in two layers and vibrated
with a plate vibrator. Specimens are then cov-
ered with an impermeable plastic sheet and kept
in an air conditioned room at a temperature of
20 C and a relative humidity of 50%. The form-
work was removed with care one hour before
the test to glue the plates (which were used to
hold the CMOD gauge) and the reflector for the
measurement of the deflection.
The loading frame consists of an Instron make
closed loop universal testing machine of 160 kN
capacity. The load was applied with a circu-
lar jack to ensure a point load. A rubber pad
was placed between the load jack and the beam
to take care of the surface unevenness and to
avoid damage under the load. The beam was
simply supported on two circular supports. The
notch mouth opening displacement was mea-
sured with a CMOD gauge. The two blades of
the CMOD gauge, each 10 mm in length, were
attached to two metallic plates 10 mm apart, one
on either side of the notch at the bottom face
of the beam. These metal plates were firmly
attached to other plates (which were inserted

into the mould before casting concrete) with
high strength glue that ensures perfect stability
of plates. All the tests were performed under
crack mouth opening displacement control with
a slow rate of 0.5 µm/sec. This allowed to reach
the peak load in about one minute. Through
these tests, the load was obtained as a func-
tion of time, CMOD and deflection. However,
the load-deflection curve is not always reliable
compared to the load-CMOD which is in most
case good. The data were recorded every one
second. The deflection was measured by a laser
sensor (Figure 2) which allows to calculate the
optic deflection of the reflector (corresponding
to that of the beam) placed in the middle part of
the beam on the neutral axis of the UN-cracked
part.

2.2 Experimental results
Figure 3 shows the development of the

Young’s modulus with age. The Young’s mod-
ulus increase is due to the formation of hydra-
tion products. The products actually continue
to form and the amount of water continues to
drop which makes the cohesion between the
aggregates and the cement paste stronger and
contributes to the increase of concrete strength.
Thus, the stiffness increases over time.
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Figure 3: Young’s Modulus evolution

Figure 4 shows the Load-CMOD curves at
the age of 12 h-14 h-18 h-24 h ages. The curves
show that the failure load and the slope of the
elastic part increases with age while the post-
peak part decreases rapidly. Increase in the elas-
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tic slope can be attributed to the evolution of
the Young’s modulus with time. The rapid fall
of the curve after the peak shows that at certain
ages concrete become more brittle.
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Figure 4: Load-CMOD curves for different ages

3 Modelling
3.1 Stress-strain softening curve

In order to perform inverse analysis, the
stress-crack opening curve (σ − dw) is needed.
A damage based model is chosen to represent
the softening behaviour of concrete. Therefore,
the σ − dw softening curve is implicitly intro-
duced. The stress-strain relationship is given
by [20]

σij = (1− d)C0

ijklεkl = (1− d)σ̃ij (2)

Where C0

ijkl is the initial stiffness tensor, d
the damage variable and σ̃ the effective stress.

The softening behaviour is represented by an
exponential damage evolution law

d = 1−
εd0

ε
exp(B(εd0 − ε)) (3)

B is a parameter which commands the slope
of the softening curve defined by the exponen-
tial expression and εd0 is the strain threshold.

According to the Crack Band Theory, instead
of treating cracks as lines as in the Fictitious
crack model [8], Bazant and Oh [9] consider
the fracture zone to have a certain width h over
which micro-cracks are uniformly distributed.
The energy dissipation due to fracture per unit

length (or unit width) is therefore a constant.
The fracture energy is given by :

Gf =

∫ ∞

0

σδw (4)

Where w is the crack opening displacement
δw = εfh (5)

with εf the fracture strain.
To apply this to the damage model, the soft-

ening behaviour must be changed such the same
energy dissipation is imposed whatever the ele-
ment size [22] :

Gf

h
=

∫ ∞

0

((1− d)Eε) dε (6)

Where h is the characteristic length related
to the element size. So, the local energy in
each element gfelem is assumed to be uniformly
smeared over an element Gfelem = h ∗ gfleme.
This implies that micro-cracks are assumed to
be uniformly distributed over a finite element as
prescribed by the crack band theory. Using the
stress-strain relationship, the fracture energy is
therefore given by :

Gf

h
=

ftεd0

2
+

ft

B
(7)

With ft the tensile strength and E the
Young’s modulus ft = E ∗ εd0. An exam-
ple of a stress-crack opening curve obtained by
this model is given in figure 5 (more details are
given in [21]. The crack opening displacement
is calculated using the procedure developed by
Matallah et al [21, 22]
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3.2 Inverse Analysis Algorithm

In order to find a trend of the evolution of
the fracture energy with age, inverse analysis is
carried out. As the stress-strain relationship de-
scribing the tensile softening curve is non linear,
the Levenberg-Marquardt Algorithm (LMA) is
used. Also known as the damped least-squares
(DLS), it is one of the most important algo-
rithms for solving systems of non linear equa-
tions. It is widely adopted for solving curve-
fitting problems in many research area. To ob-
tain the optimum solution of the experimen-
tal P − CMOD curves, we minimise the sum
of weighted squares of the errors between the
measured data F (ui) and the curve-fit function
F̂ (ui, p), where vector p is the vector of param-
eters. The inverse analysis procedure involves
two major steps :

• formulation of the mechanical model,

• estimation of the coefficient of this model
by inverse analysis.

Using the damage model exposed above, only
two fracture parameters are used as input pa-
rameters p=(ft,Gf ) (the tensile strength and the
fracture energy).

4 Results and Discussion

The damage model used above does not take
into account boundary effects. As it has been
outlined before, the solutions proposed was to
fit partially the Load-CMOD curves. Hence an
estimation of the size independent fracture en-
ergy is obtained. Figure 6 shows the develop-
ment of the size independent fracture energy
with age. Overall, The data indicate an ”up-
ward trend” (increasing of the fracture energy
with age) which is in agreement with the most
experimental results.
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Figure 6: Development of fracture energy with age

5 Conclusion
In this study, the fracture characteristics of

concrete at very early-ages were investigated.
An experimental procedure was carried out to
perform three point bending tests on notched
beams of concrete specimens at very-early ages
(before 24H). The Load-CMOD curves were
established in order to determine the fracture
characteristics. To this end, an inverse analy-
sis procedure was developed. The stress-crack
opening curve which is needed in such analy-
sis is implicitly taken into account by a dam-
age model through the stress-strain relationship.
Only two physical parameters (GF and ft) are
used as input parameters. At very-early ages, an
”upward trend” was found regarding the evolu-
tion of the fracture energy.
Summing up, the numerical inverse analysis de-
veloped in this study has shown its applicability
for the identification of the fracture characteris-
tics of concrete. The numerical results as the ex-
perimental ones confirm the basis trend already
stated in the literature.
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Abstract: The study of the effect of early shrinkage is important to prevent aesthetic defects and, 
especially, to avoid the reduction of durability of concrete elements due to surface cracking. This 
paper presents the application of a new digital imaging methodology to quantify the effects of 
polypropylene macrofibres, microfibres and glycolether shrinkage reducing admixture (SRA) on 
early shrinkage cracking. This way, the effectiveness of different admixtures incorporated into the 
common base mix design of concrete can be compared impartially through the total cracking area, 
maximum crack width, total crack length, among other parameters that this methodology provides. 
The results demonstrate the great capacity of the methodology to isolate and determine the 
characteristics of an entire cracking pattern, and the similarity of behaviour between admixtures. 
Nevertheless, the presence of 1 kg/m3 of microfibres leads to the delay and the decrease of early 
shrinkage cracking pattern. 

1 INTRODUCTION 
Early age deterioration of concrete is a 

persistent problem that arises from rapid 
complex volume changes when strength is 
relatively low. The induced stresses often 
promote cracking affecting durability, and 

long-term service life of concrete structures. 
Most of this type of failures is caused by 

concrete shrinkage, especially in restrained 
members with strict environmental conditions 
as the strain is usually limited and curing is not 
enough to prevent cracking. Therefore, other 
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solutions have been introduced in concrete to 
reduce and control the shrinkage effects. 
Among others, it can be mentioned the 
incorporation of fibres, and/or SRA. While 
fibres distribute uniformly the separate efforts 
stopping the growth and evolution of cracks, 
SRA modifies the properties of water in the 
paste, reducing the capillary tension developed 
inside the pores. 

Nowadays, the lack of a simple impartial 
standardized methodology complicates, on the 
one hand, the determination of the 
effectiveness of the different products added to 
concrete to decrease early shrinkage cracking 
and, on the other hand, the comparison 
between them. For this reason, a new 
comparative methodology [1] is used in this 
work for calculating the cracking parameters 
and comparing, with them and the visual 
results also provided, the different options 
proposed here to reduce as much as possible 
the effects caused by early shrinkage in any 
type of concrete subjected to any 
environmental conditions. 

2 EXPERIMENTAL PROGRAM 

2.1 Materials 
Seven types of concrete of 30 MPa, 

commonly used in pavement applications, 
were tested: one plain conventional concrete 
(CC), five with different types and contents of 
polymeric fibres (FRC1, FRC2, FRC3, FRC4 
and FRC5) and another with a glycolether 
SRA (SC). Such concrete were produced using 
CEM 32.5R II, crushed siliceous aggregates 
and superplasticizer based on second-
generation polycarboxylate ethers. Thus, the 
use of the same aggregate, admixture, water 
and cement types and contents (Table 1) 
allowed a more homogeneous comparison, 
reflecting the results only the influence of 
these admixtures in the behaviour of concrete. 

There are some recommendations for 
minimizing shrinkage effects, such as several 
curing methods, revibration and refinishing of 
fresh concrete, the use of expansive cements or 
admixtures or the addition of fibres or SRA [2-
8]. Some of the mentioned actions could not 

eliminate early age shrinkage due to the 
limitation of time of the test. For this reason, 
fibres, SRA and combinations between them 
were chosen as they were incorporated directly 
into the mixture and, therefore, permitting to 
act from the beginning of the test. 

Table 1: Mix design. 

[kg/m3]
CC FRC SC

1 2 3 4 5 
Cement 350 350 350 350 350 350 350
Sand 920 920 920 920 920 920 920
Grave 970 970 970 970 970 970 970
Water 200 200 200 200 200 200 200
Suplerplas-
ticizer 
[l/m3]

2.7 2.7 2.7 2.7 2.7 2.7 2.3

SRA [%] -- -- -- -- -- -- 1.0
Macrofibre -- 4.5 -- 2.0 -- -- -- 
Microfibre -- -- 2.0 1.0 1.0 0.5 -- 

2.2 Test method 
The test design was basically based on 

Yokoyama et al. [9] and Mora tests [10] and 
the standard test method described in ASTM 
C1579-06 [11]. It consisted of highly-
restrained square concrete slabs of 800 mm of 
side and 100 mm of thickness, whose four 
edges and bottom surface were restrained by 
means of bolts and a wooden panel, 
respectively. Thus, each slab only had one free 
surface, which was exposed to controlled 
environmental conditions: 75% of relative 
humidity, 2 m/s of wind velocity and over 
45ºC of temperature, provided with common 
tools during approximately 20 hours 
(Figure 1). Both restraints speeded up the 
dehydration process and, therefore, increased 
the cracking pattern. 

3 DIGITAL QUANTIFICATION 
In order to quantify early shrinkage 

cracking and serve as impartial analysis 
procedure to compare cracking patterns and 
their respective characteristic parameters, the 
digital imaging methodology developed by 
Ruiz-Ripoll et al. [1] was applied as it is a 
technique which minimizes the effort of 
estimation of shrinkage effects, providing 
accurate measurements in an easy and 

759



Lidia Ruiz‐Ripoll, Bryan E. Barragán, Sandro Moro, Jose A. Lozano‐Galant and Jose Turmo 

3

comfortable way. 

Figure 1: Environmental tunnel. 

Basically, the application of the 
methodology consisted of taking pictures of 
the entire cracking pattern. Afterwards, the 
pictures were unified and treated by common 
software applications. The image obtained in 
the previous step was filtered to correct the 
lens defects, arrange the contrast between 
lights and shadows, and finally cracks were 
individualized and highlighted (Figure 2). As a 
result, parameters such as total cracking area, 
maximum crack width, total crack length, 
average crack width and crack reduction ratio 
(CRR) were easily calculated. This last 
parameter was very useful to evaluate the 
effects of admixtures from the point of view of 
durability and sustainability of concrete as it 
represented the efficacy of the product added 
to the mixture for reducing the average crack 
width caused by shrinkage. 

3 ANALYSIS OF RESULTS 
As expected, from the point of view of 

early shrinkage cracking, the worst mixture is 
the plain conventional concrete. It undergoes 
the highest cracked area, which is distributed 
in many width cracks. Nevertheless, the crack 
length registered in the SC concrete, which 
contains SRA, is longer than the CC one. It is 
due to the fact that SC cracking pattern is 
composed by finer and longer cracks, as 
proved its average crack width in Table 2, 

being lower the concrete damage. 

Figure 2: Early shrinkage cracking pattern. 

Table 2: Cracking parameters. 

 CC FRC SC 
 1 2 3 4 5 
Area 
[cm2] 10 1 2 4 2 8 9 

Length
[cm] 208 43 55 101 71 202 248

Maxi-
mum 
width
[mm]

1.69 0.80 0.64 0.80 0.68 1.45 1.04

Avera-
ge
width
[mm]

0.65 0.48 0.40 0.44 0.30 0.51 0.47

CRR 
[%] -- 26.9 39.2 32.3 53.8 21.5 28.5

Focusing on the crack width, the parameter 
that affects the durability and structural 
integrity more adversely, it can be seen how 
all shrinkage reducing concrete have a similar 
average crack width around 0.40 mm (±0.10 
mm). However, they differ in their maximum 
crack widths, specially the FRC5 and SC 
mixtures. These unfavourable cases are caused 
by the insufficient fibres and excessive water 
content, respectively.  

As the CRR indicates, concrete with 
enough microfibres content, FRC2 and FRC4, 
are the ones that present the best performance 
in all this terms because they are dispersed 
easily within all the paste and do not form 
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balls, leading to a completely homogeneous 
three-dimensional network, which is reflected 
in their parameters. In spite of the fact that a 
high account induces a reduction of the 
maximum crack width, the values of the 
cracked area and crack length of FRC2 and 
FRC4 are approximately equal here. 
Nevertheless, the average crack width is much 
higher when 2 kg/m3 of microfibres (FRC2) 
are incorporated. Such fact indicates that 
FRC4 suffers a lower strain, caused by 
evaporation, than FRC2. Therefore, the highest 
cracking reduction is reached with the addition 
of 1 kg/m3 of microfibres. 

The results confirm that the utilization of a 
common base mix design permits to know 
directly the effectiveness of distinct 
admixtures to reduce shrinkage cracking and 
their implications in the workability of 
concrete. In fact, in the case of SC it is 
recommended that the base mix proportions in 
its design contain less water and 
superplasticizer, that is to say, less paste 
volume, because the SRA provides the 
necessary fluidity. This way, the performance 
of this admixture would be optimized as its 
average crack width indicates. 

4 CONCLUSIONS 
Early shrinkage cracking can be measured 

in an uncomplicated and fast way: a realistic 
cracking pattern can be obtained and 
quantified without the need of any special 
apparatus. This is absolutely essential because 
not only does this method provide an 
estimation of this phenomenon, but does it also 
expand the horizons of applicability due to its 
flexibility (common tools and environmental 
tunnel could be modified according to the 
needs). Furthermore, it can be easily adapted 
to tests on site. 

Furthermore, the digital imaging 
methodology applied is a very useful, 
impartial and comparable way to determine the 
cracking pattern of distinct concrete, through 
numerical and graphic results, which allows 
getting a global and precise vision of the 
geometry and distribution of early shrinkage 
cracking in slabs. In this paper, the effects of 

fibres and SRA have been analyzed. In 
general, the use of fibres can decrease early 
shrinkage cracking although their effectiveness 
depends on their dimensions and proportions 
basically. The effect of SRA is similar from 
the point of view of the CRR. The 
considerable differences found with regard to 
the cracked area, crack length and maximum 
crack width are due to the excessive water 
content which has the base mix design for this 
material. 

All this leads to conclude that the best 
option to reduce early shrinkage cracking in 
concrete of 30 MPa is the addition of 1 kg/m3

of microfibres. This fact proves that higher 
addition content does not always involve better 
results but it can be optimized to enhance the 
workability and, thus, decrease the costs. 

Finally, it must be taken into account that a 
lower value of shrinkage cracking does not 
guarantee that cracking in concrete is avoided 
because other several factors affect it. Only the 
size and propagation of cracks can be reduced 
but it is impossible to eliminate them. Besides 
the numerous aspects that influence shrinkage, 
some others like creep, modulus of elasticity, 
and tensile strength of concrete also have an 
effect on the potential risk of cracking. Despite 
of the difficulty to control all those factors, if 
these mixtures with additions get a crack width 
inferior to 0.40 mm, range in which the results 
presented are found, they may be clogged due 
to accumulation of dirt, calcium deposits, etc. 
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Abstract. The stress distribution in the vicinity of circular perforations has been studied by Kirsch
over a century ago [1]. Inglis extended the analysis of circular openings to elliptical holes [4] which
subsequently led to the development of linear elastic and nonlinear inelastic fracture mechanics.

This paper revisits the fundamentals of elastic stress concentrations in the proximity of circular
perforations of different diameters and presents results of an experimental series on ferrous flat bars
made of high strength steel, mild steel and cast iron. Focus is the issue whether strain hardening
and localized yielding emanating from the stress concentrations at the circular perforation explain
the puzzling effect described by Kirsch that the ultimate load capacity of the perforated bars increase
rather than decrease and definitely not by by a factor of three as expected for brittle materials when
compared to the non-perforated bars.

A newly acquired digital image correlation system sheds additional light on the development of
plastic zones and shear bands beyond the original area reduction measurements by Kirsch. Elasto-
plastic finite element simulations complement the digital image analysis with field data from com-
putational simulations of plasticity models for brittle an ductile fracture. The paper concludes with
remarks on the effect of ductility on the mode of failure, the reduction of strength due to the opening,
and the load ratio of perforated over non-perforated specimens.

1 INTRODUCTION

According to the St Venant principle the ax-
ial stress σaxial In a flat tension specimen is
uniformly distributed sufficiently far away from
the loading grips. Geometric changes in the
cross section cause loss of uniformity and re-
sult in stress concentrations which are consider-
ably larger than the nominal axial stress of the
un-notched section. In his seminal paper Kirsch
[1898] presented the linear elastic stress distri-
bution at a point P in the vicinity of a circu-
lar perforation in form of Equation 1 [5] using
polar coordinates (r, θ). In the case of a finite
flat bars the stress concentration factor diagrams

are widely reported in elementary mechanics of
materials text books. They all show that the
stress concentration factor tends to three as the
hole diameter decreases and that the factor sp-
proaches two as the hole diameter increases.

Figure 1: Schematic of a hole in an infinite plate

1
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Starting point of the Kirsch solution was the
linear elastic result of an infinite panel with a
circular hole under uniform tension in the far
field. It should be noted that the classical stress
concentration factor of three was re-evaluated
with higher order continuum theories and gra-
dient elasticity theories resulting in a significant
reduction of the classical stress concentration
factor three to values close to two.

σrr = σ

(
1 +

a2

r2

)

σθθ = σ

(
1− a2

r2

)
(2)

Aside from the analytical stress concentration
results of linear elasticity, Kirsch [1] presented
in his paper the results of a series of experi-
ments on cast iron and mild steel flat bars (‘Gus-
seisen und Flusseisen’) with circular perfora-
tions of different diameters in order to illustrate
the effect of the hole size on the ultimate load
bearing capacity and tensile strength of cast iron
and mild steel. His experimental results are
summarized in figure 2 which depicts the re-
duction of load capacity with hole diameter size
normalized by the load capacity of the unper-
forated bar and the nominal width of the bar
without perforation. Based on the linear elas-
tic solution of equation 1 he expected to see an
elastic stress concentration factor of three at the
edge of the circular hole for the cast iron flat
bar. However his experimental observations on
cast iron flat bars showed a reduction of the load
capacity of less the 0.9. In fact, figure 2 de-
picts the experimental observations of Kirsch in
form of the ultimate load capacity of the perfo-
rated over non-perforated specimen, indicating
less that fifteen percent reduction in contradic-
tion to the linear elasticity solution governing
brittle fracture.
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Figure 2: Load ratio with respect to nominal
hole diameter of Kirsch experiments

This raises the question whether strain hard-
ening, localized yielding and plastic deforma-
tions may explain this contradictory behavior.

In the case of mild steel, the experimental
results of Kirsch exhibit no notch sensitivity of
the load bearing capacity of the test specimen
which can be explained by the high ductility
and plastic redistribution capacity of the ma-
terial due to hardening in the region near the
stress concentrations at the lateral edges of the
circular perforation.

2 EXPERIMENTAL OBSERVATIONS
A set of experiments was performed on flat

bars with circular perforations In order to study
the effect of perforation and stress concentra-
tion on the mode of failure and elastoplastic lo-
calization.

Figure 3: Dimensions of the flat bars

2
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The specimens were made from cast iron,
mild steel and high strength steel while the di-
mensions of the specimens depicted in figure 3
had the same geometry as the test articles used
by Kirsch. There were ten coupons tested for
each material type and duplicate coupons for
each hole diameter, the hole diameters are 1/16,
1/8, 3/16 and 1/4 of an inch.

The flat bars were tested under uniaxial ten-
sion using displacement control and the rate of
the displacement controlled tests was kept the
same for all test samples in order to eliminate
possible strain rate effects. The tension test was
performed on a Tinius Olsen test frame of 340
kip axial capacity and the data was collected us-
ing data acquisition for axial LVDT measure-
ments and a newly acquired Digital Image Cor-
relation (DIC) system.

2.1 Experiment results
The corresponding load deformation curves

of the axial tension tests are depicted in figure
4.
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Figure 4: Load deformation curves of uniaxial
tension tests

The test data in figure 4 showed that the ulti-
mate load capacity of high strength steel speci-
mens decreased as the hole diameter increased.
while mild steel and cast iron specimens did
exhibit fluctuations in load capacity based on
the hole diameter. The summary results are de-
picted in figures 5 and 6 showing the ultimate
load capacity of notched over un-notched spec-
imen with regards to nominal hole diameter and

the ultimate nominal stress of notched specimen
at the perforated ligament over that of the un-
notched specimen.
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Figure 5: Ultimate load ratio
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Figure 6: Ultimate nominal stress ratio

2.2 Failure mechanisms
The failure and fracture mechanisms in met-

als is divided into three types, ductile fracture,
cleavage and inter-granular fracture from which
the first two are the most common types.

Ductile failure has three stages which are
formation of a free surface at an inclusion or
a second phase material, void growth because
of hydrostatic stress or plastic strain and void
coalescence with the neighborhood void. Void
nucleation and coalescence are the main failure
mechanisms at the center of the specimen be-
cause of the higher density of the voids and be-
cause of the triaxiality of the stress. However
close to the free edges, the density of the voids

3
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decreases and shear failure becomes the domi-
nant failure pattern. This describes the failure
mechanism of mild steel specimen without per-
foration, figure 7.

Figure 7: Failure mechanism of mild steel

It should be noted that if cylindrical tension
specimens were used, a cup-cone failure pat-
tern would have been observed, but since flat
bars were used of significant thickness (t =
0.25[in]), the failure pattern is a shear domi-
nant failure mechanism through the thickness
depicted in Figure 8.

Figure 8: In depth failure mechanism of mild
steel

In the case of ductile fracture of the perfo-
rated specimens the cracks tended to grow in the
direction of maximum plastic strain, while the
global geometry constraints required the crack
to remain in-plane. Consequently, in order to
satisfy both requirements the crack grew in a
zig-zag pattern [6] resulting a cleavage failure
mechanism of the core material.

Cleavage fracture results in rapid propaga-
tion of crack in a trans-granular pattern. This
is the most common fracture pattern for brittle
metals but it should be noted that it can be pre-
ceded by ductile crack growth and plastic be-
havior. This type of failure is oriented perpen-
dicular to the direction of maximum principal
stress. This mechanism is characteristic for the

failure behavior of cast iron as can be seen in
Figure 9.

Figure 9: Failure mechanism of cast iron

The failure patterns of perforated mild steel
bars made of cast iron and high strength steel
were tested at the University of Houston are
shown in Figure 10.

(a) Cast iron

(b) Mild steel

(c) High Strength Steel

Figure 10: Failure pattern of the tested speci-
mens

Note, all cast iron specimens failed in form
of a cleavage mechanism and unstable crack

4
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growth pattern, while the mild steel and high
strength steel specimens failed in a ductile man-
ner with necking in the center region, shear
lips close to the edges and through-depth shear
dominant failure. Some of the specimens
showed a zig-zag failure pattern.

2.3 DIC observations
The strain field and deformations of the flat

bars were captured and analyzed using the Dig-
ital Image Correlation system. This photogram-
metric non-contact device was mounted in front
of the painted sample for continuous record-
ing the relative movement of black dots on the
white specimen during deformation. ARAMIS
software of the GOM instrument displayed im-
ages of the displacement and strain fields. In or-
der to verify the displacement readings, the ax-
ial extensions of the cast iron experiments were
compared with LVDT results and the root mean
square deviation was calculated. The results of
this comparison is tabulated in Table 1 showing
less deviation than one hundredth of the spec-
imen elongation LVDT measurement which is
the precision of the DIC technology.

Table 1: Root mean square deviation

Φ[in] 0 1/16
1/8

3/16
1/4

RMSD [in] 5E-4 4.8E-4 5.7E-4 2.4E-4 4E-4

The Mises strain distribution of the mild
steel specimens close to the failure stage is
shown in Figure 11. The shear bands are clearly
visible in these images for specimens with holes
while significant necking was observed in the
non-perforated specimens. The magnitude of
the axial strain at the edges of the hole is in the
range of 35% and is large in comparison to the
far field strain. This explains the plastification
caused by the circumferential stress concentra-
tion. It is interesting to note that the the axial
plastic strains in the non-perforated specimens
did exhibit even larger values of up to 70% in
the localized shear zones, see Figure 12..

The DIC results for cast iron show a much
smaller increase of strain at the edge of the cir-
cular perforation with no shear bands which
confirms that cast iron exhibits brittle failure,
see Figure 13.

=0                    Ф=0.0625                Ф=0.125                Ф=0.1875                Ф=0.25            [in]

Figure 11: Mises strain distribution on mild
steel specimens

Figure 12: Principal strain direction in the
vicinity of the hole

Figure 13: Mises strain distribution on cast iron
specimens
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3 Finite Element Simulations
Finite element models were used to model

the behavior of mild steel and cast iron flat bars.
To this end, a linear elastic, isotropic hardening-
softening J2 plasticity model was used for mild
steel using best fit of the experimental load-
deformation of the unnotched specimens. A
maximum principal stress damage model was
used for cast iron with a very steep softening
slope for brittle failure.

3.1 J2 plasticity
Appropriate constitutive relations may be

cast in form of a local material format of en-
tropy inequality and elasticity. Omitting ther-
mal fields due to the slow nature of the tension
test, it suffices to consider only the mechanical
part of the total dissipation. Considering the
free energy density as Ψ = Ψ[ε, q] and using
the entropy inequality, the pertinent constitutive
relations for elastic and dissipative stresses are
established as follow.

(D0)mech = σ : εp +QT · q̇ ≥ 0 (3)

where q denotes the set of internal variables.
The free energy function for the linear elasticity
and isotropic hardening is described in Equa-
tion 4 where the elastic and plastic parts are de-
composed additively.

Ψ = Ψelastic[ε] + Ψplastic[κ]

=
1

2
ε : E : ε+

1

2
Hκ2 (4)

From the free energy function the stress and
hardening variable are as follow

σ =
∂Ψ

∂ε
= E : ε

K =
∂Ψ

∂κ
= Hκ (5)

The yield function of von Mises is used for the
case of mild steel and high strength steel in the
form,

F =
√

3J2 − (σy +K) (6)

The plastic multiplier is calculated based on
Prager’s consistency condition and is formu-
lated as

λ̇ =
n : E : ε̇

n : E : n+H
(7)

where n is the gradient of the yield function
with respect to stress tensor or in geometrical
terms the normal to the yield surface. Assum-
ing associated plastic flow, the plastic potential
function is the same as the yield function and
their gradients are the same.

The plastic flow rule and the internal variable
rate are for isotropic hardening,

ε̇P = λ̇n

κ̇ = λ̇ (8)

The elastoplastic tangent operator may be as-
sembled in the differential format as follows,

Eep = E − 1

h
E : n⊗ n : E

h = n : E : n+H (9)

In order to minimize the hardening/softening
error, the elastoplastic formulations are ex-
tended to a quadrilinear form with H1, H2

and H3 which denote the piecewise constant
hardening parameters. The constitutive model
was written in Fortran and was implemented
in Abaqus using the UMAT subroutine to inte-
grate material models. The quadrilinear hard-
ening/softening model was calibrated with the
load-deformation curve of non-perforated mild
steel specimen. The comparison of the Abaqus
model with the experimental data is depicted in
Figure 14 for verification.
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Figure 14: Calibrated model and parameters

3.2 Localization analysis
While diffuse failure refers to a material in-

stability and zero or negative values of the sec-
ond order work density, localized failure in
form of weak discontinuities reflect formation

6
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of jumps of the strain rates across emerging dis-
continuity surfaces. The localization is caused
by the jump of velocity gradients across the dis-
continuity surface in Equation 10. Thereby the
velocity field is assumed to remain C0 continu-
ous.

[[u̇]] = u̇+ − u̇− = 0

[[∇u̇]] = ∇u̇+ −∇u̇− �= 0 (10)

The ’+’ and ’−’ signs refer to the positive and
negative sides of the discontinuity surface. In
order to satisfy the Maxwell compatibility con-
dition, the jump in the velocity field should have
the form

[[∇u̇]] = γ̇M ⊗N (11)

where N is the normal to the localization sur-
face and M is the polarization vector. In the
case that N is equal to M the localized failure
is mode I or opening and when N is perpendic-
ular to M is mode II or shear. The discontinuity
in the strain rate field is defined as,

[[ε̇]] = [[∇u̇]] =
1

2
γ̇(M ⊗N +N ⊗M) (12)

According to Cauchy’s lemma the traction
rate remains continuous across the discontinu-
ity surface which leads to the localization con-
dition as follows,

M .Qep.M = 0 (13)

where Qep is the elastoplastic second order lo-
calization tensor as follows.

Qep = N .Eep.N

Q = N .E.N (14)

For in-plane 2D finite element analysis, the lo-
calization direction may be stipulated in plane
stress or plane strain. In the case of plane stress
and uniaxial tension, the critical localization an-
gle is θcrit = 35.26◦ and for plane strain it is
θcrit = 45◦. So it is expected to see a 35.26◦

localization direction in the case of mild steel
and high strength steel specimens. For the case
of plane stress and plane strain the directional
properties of the elastoplastic over elastic local-
ization tensors are plotted for in Figure 15.
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Figure 15: Elastoplastic localization study

3.3 Maximum principal stress damage
model

The material parameters of cast iron are
calibrated based on the non-perforate load-
deformation curve which is depicted in Figure
16.
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Figure 16: Cast iron calibration data

Based on the calibrated data, a linear elastic
with maximum principal stress damage model
was implemented in Abaqus in order to model
the behavior of the perforated flat bar in uniax-
ial tension. In order to adequately model the
behavior of cast iron and crack trajectory, the
XFEM capability of Abaqus was activated and
incorporated in the finite element model using
Rankine’s condition of maximum tensile stress
for crack initiation and crack extension.

In classical finite elements s crack are re-
quired to follow inter element boundaries when
remeshing is to be avoided. In contrast in
XFEM this is no longer required since the

7
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method adds additional degrees of freedom
to the nodes of the elements intersected by
the crack without changing the discretization.
Therefore a single mesh is adequate to capture
any crack path and length. The nodes of the el-
ements that contain the crack tips are enriched
by eight additional degrees of freedom, four de-
grees of freedom of the crack tip function for
each Cartesian direction, and the nodes of the
elements that contain the crack are enriched by
two additional Heaviside functions multiplied
by the element shape functions.
uxfem(x) =

∑
i

Ni(x)ui +
∑
i

Ni(x)H(x)ai +

∑
i

[
Ni(x)

4∑
α=1

Fα(x)biα

]
(15)

3.4 Results
The calibrated model for the non-perforated

tension test is compared with the test results of
the specimen with the hole diameter equal to a
quarter of an inch. The comparison of the load-
deformation data for mild steel and cast iron
specimens are depicted in Figures 17 and 18.

0

10

20

30

40

50

60

70

80

0 0.02 0.04 0.06 0.08

N
om

in
al

 st
re

ss
 a

t t
he

 li
ga

m
en

t [
ks

i]

Strain [in/in]

Abaqus Result
Experimental Data

Figure 17: Comparison of the calibrated model
with experimental data, mild steel

Using the calibration of the unnotched speci-
men, the finite element analysis of a quarter of a
mild steel specimen was performed for different
hole sizes. The axial plastic strain distribution
and axial stress distribution in the vicinity of the

perforation are plotted and compared in Figures
19 and 20 consequently.

From these figures, the plastic field for mild
steel exhibits an inclined failure mode direc-
tion that confirms the observations of DIC, in
close agreement with the localization direction
for plane stress due in spite of the finite thick-
ness of the flat bar.
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Figure 18: Comparison of the calibrated model
with experimental data, cast iron

Figure 19: Longitudinal plastic strain distribu-
tion in the vicinity of the hole for different hole
sizes, mild steel

8
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Figure 20: Longitudinal stress distribution in
the vicinity of the hole for different hole sizes,
mild steel

The stress distribution before cracking and
the crack extension path of the perforated cast
iron specimens are shown in figures 21 and 22
which illustrate the finite element results using
the damage model and XFEM in Abaqus.

Figure 21: Longitudinal stress distribution for
cast iron prior to crack

Figure 22: Crack propagation path for cast iron
specimen

The longitudinal stress redistribution during
the crack propagation for the cast iron specimen
in the failure ligament is depicted in figure 23.
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Figure 23: Stress redistribution during the crack
propagation, cast iron

Figure 23 shows that the stress concentration
zone is moving along the crack path behind the
crack tip. The non zero value of the stress in the
cracked region is due to the presence of the co-
hesive zone which infers that the two separated
parts are still connected until the crack reaches
the other edge of the specimen. Finally at the fi-
nal stage when the flat bar is separated into two
parts, the axial surface tractions become zero at
the crack surfaces.

9
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4 CONCLUDING REMARKS
The effect of stress concentrations in plates

with circular perforations is discussed. Kirsch’s
paper is reviewed and his experiments for mild
steel and cast iron are discussed and visualized.
Although a factor two to three reduction in load
capacity is expected, the reduction of perforated
specimens is considerably less than fifteen per-
cent and exceeds in some cases the capacity of
unperforated bars. To understand this puzzling
behavior a set of experiments for mild steel and
cast iron are presented and discussed. It was
confirmed that the reduction of the ultimate load
capacity of cast iron is far less than 1/3 in accor-
dance with the experimental results of Kirsch.

The DIC results showed that the localized
plastic zones were present at the edge of the cir-
cular perforations for cast iron, figure 24, which
reduced the stress concentration and increased
the ultimate load capacity of the cast iron spec-
imen to nearly 90% of the unperforated speci-
mens.

Figure 24: Localized plastic zones on cast iron
specimens

In the case of mild steel, the elastoplastic
FE model, localization analysis and DIC results
all confirmed the experimental observations and
the formation of shear bands and active plas-

tic deformations involved in reducing the stress
concentration effect and maintaining if not ex-
ceeding the ultimate load capacity of the unper-
forated bars.
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Abstract: Under sustained loading, the propagation of cracks in concrete is assumed to be 
related to the elastic deformation, material parameters and time. Based on the fictitious crack model 
(FCM), a finite element method is proposed to explain the behavior of cracks in time using current 
constitutive relations to approximate the time-dependent crack strain. Experiments have been 
performed on small concrete specimens to determine the cracking strain and to validate the finite 
element model. For flexural cracks, a creep coefficient model is adopted for bulk creep and a 
cracking strain rate based on test results is employed. For shear cracks fracture mode II is 
considered as well. The development of concrete strength in time is taken into account. The model 
is applied to predict the behavior of a cracked concrete beam subjected to sustained loading. Finally 
a comparison is made between the results of different approaches. 
 
 

1 INTRODUCTION 
Developing numerical models to simulate 

the time-dependent behavior of quasi-brittle 
materials such as concrete and masonry has 
always been a major issue in civil engineering 
[1-6]. Traditionally, numerical simulations are 
based on finite element methods based on 
discrete crack approach or the smeared crack 
model. This paper aims at modelling the time-
dependent behavior of concrete by means of 
the discrete crack approach. 

 
Figure 1: Sustained	loading	tests	on	concrete	beams	

[7]. 

Long-term tests on large-scale concrete 
beams [7] without shear reinforcement  
(Figure 1), which had been tested for more 
than two years under sustained loading close 
to the ultimate shear capacity (load ratio 
ranging from 87% to 95%) under climate 
controlled condition, showed that sustained 
loading has no significant effect on the shear 
capacity. Although many flexural and shear 
cracks occurred, the beams carried the load for 
a long time. The tests showed that crack 
formation took place only some days after 
loading, but after a week the cracks stabilized 
and became dormant. After these tests, it was 
decided to evaluate the behavior of single-
cracked concrete beams under sustained 
loading by means of experiments and 
numerical modeling. This part of the research 
is presented in this paper.  
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2 FICTITIOUS CRACK MODEL 
Fracture in quasi-brittle materials such as 

concrete and masonry is different from that of 
real brittle materials. Tension cracking at a 
notch or a pre-existing crack is associated with 
a localized narrow band of damaged material 
ahead of the crack tip referred to as the 
fracture process zone (FPZ) and the stresses 
within this zone exhibit significant softening 
[8]. 

The FPZ in front of a notch or a crack 
normally develops in a tensile stress field and 
consequently the properties of this zone are 
similar to those of the fracture zone in a direct 
tensile test. The stress transferring capability 
of FPZ depends on the width of the slit in the 
stressed direction. 

The stress transferring crack is not a real 
crack but can be considered as a fictitious 
crack and therefore the model described above 
is called the Fictitious Crack Model. When 
using the Fictitious Crack Model the following 
assumptions are made: 
 In the traditional fictitious crack model, the 

static tensile strength serves as a criterion 
for initiation of the crack. 

 The fracture zone develops in the direction 
perpendicular to the first principal stress. 

 The material in the fracture zone is partly 
damaged but it is still able to transfer 
stress. The stress transferring capability 
depends on the local deformation of the 
fracture zone in the direction of the first 
principal stress. In the calculations the 
fracture zone is normally replaced by a 
stress transferring crack and the stress 
transferring capability depends on the 
width of the crack in the stressed direction 
according to the softening curve. 

 The width of the fracture zone is obtained 
according to the strain in the direction of 
first principal stress.  

 Outside the fracture zone the material 
behavior is assumed to be elastic.  

By using the Fictitious Crack Model, it is 
possible to study the development of the 
fracture zone, the initiation of crack growth 
and the propagation of the crack through the 
material [9]. 

3 CREEP 
Time dependent behavior of quasi-brittle 

materials is usually described by means of 
creep or relaxation. In a uniaxial creep test, the 
stress history σ(t) is prescribed by:  

 
(1) 

where σ0 is a constant stress applied at time 
t=0.  

The creep strain ε(t) is expressed as:  

ε(t)=J(t) σ0 (2) 

where J(t) is the creep compliance.  
For creep simulation, creep may be divided 

into two main processes regarding the period 
of consideration; short-term bulk creep and 
long-term bulk creep. For a duration of less 
than several months, short-term bulk creep can 
be calculated from Bažant’s Model B3 [10]:   

ϕ(t,t′) = E(t′) J(t,t′) – 1  

J(t,t′)= q1 + C0(t,t′)+Cd(t,t′,t0) (3) 

Where E(t′) is the modulus of elasticity at 
loading age t′, q1 is the instantaneous strain 
due to unit stress, C0(t,t′) is a compliance 
function for basic creep and Cd(t,t′,t0) is an 
additional compliance function due to 
simultaneous drying. A simplified compliance 
function based on a double power law was 
proposed earlier by Bažant and Chern [11]: 

J(t,t′)= 1/E0 [1+ ϕ(t′-1/3+0.05)(t – t′)1/8] (4) 

where E0 is 1.5~2.0E. In this study model 
B3 has been used for modeling together with 
the EC2 recommendation for creep [12]. 

For long-term periods exceeding several 
months, the creep coefficient ϕ(t) which is the 
ratio of the creep displacement to the elastic 
displacement at time t is expressed by an 
exponential growth function: 

ϕ(t)= ϕ∞ (1 – e -t /T ) (5) 

where ϕ∞ is the creep coefficient at time 
infinity and T is the retardation time at which 
63% of the maximum value of ϕ is obtained. 

4 CRACK RATE DEPENDENCY 
The process of the breakage of bond in the 
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FPZ, which causes the softening law for the 
crack opening to be rate-dependent, can be 
modeled by a cohesive crack growth model in 
a viscoelastic material [13]. However, based 
on the experimental results, the opening of the 
crack in time shows rather viscoplastc 
behaviour, see section 5, therefore in this 
paper it is tried to develop an elastic-visco-
plastic model with damage for the rate 
dependency of the crack strain. Typically the 
viscoplastic constitutive equations are 
developed from a number of spring and 
dashpot elements arranged in series and 
parallel.  

Two commonly used models are the 
generalized Maxwell chain and the generalized 
Burger’s model where in the former the same 
strain is shared across all the elements and the 
stress is additive, and in the generalized 
Burger’s model the strains are additive and the 
stress is the same for each element. The 
generalized Burger’s model will be adopted 
here because it shares the same framework as 
classical visco-plasticity models and allows for 
non-linearity based on stress to be 
accommodated more easily [14]. It can be seen 
from Figure 2 that the generalized Burger’s 
model comprises an elastic element in series 
with a number of viscoelastic (Kelvin-Voigt) 
elements and a viscoplastic element. The 
stresses transmitted through each element and 
the strains are additive such that: 

ε(t) = εel(t)+ εve(t) + εvp(t) (6) 

where ε, εel, εve, εvp are the total elastic, 
viscoelastic and viscoplastic strain components 
at time t. The elastic component can be drawn 
as: 

εel(t) = σ(t) / E0 (7) 

where σ is stress and E0 is modulus of 
elasticity of the elastic element. The 
viscoelastic and viscoplastic components can 
be calculated using the Hereditary Integral 
formulation [15]: 

 

 

 

 

 

(8) 

 

 

(9) 

Where Jve and Jvp are the viscoelastic and 
viscoplastic creep compliances and t′ is a 
dummy integration variable, which is in our 
case the age of the specimen when the first 
load is applied. It can be shown that the first 
derivatives of the viscoelastic and viscoplastic 
creep compliances and the initial creep 
compliances for the generalized Burger’s 
model shown in Figure 2 are given by: 

 

 

(10) 

τi = ηi / Ei (11) 

 
(12) 

Where ηi and Ei are viscosity and modulus 
of elasticity of the ith Voigt viscoelastic 
element, η0 is the viscosity of the viscoplastic 
element with the boundary condition of  
Jve(0) = Jvp(0) = 0. This constitutive model 
needs to be expressed in incremental forms of 
elastic strain ∆εel, viscoelastic strain ∆εve and 
viscoplastic strain ∆εvp, which can be written 
after simplification as: 

∆εel = t+∆tεel – tεel = ∆σ / E0 (13) 

 

 

 

(14) 

 
(15) 

where, t+∆tεel and tεel are the elastic strains at 
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time t and t+∆t respectively, tσ is the stress at 
time t, ∆σ is the stress increment, N is the 
number of Voigt elements, tεve

i is the 
viscoelastic strain for the ith Voigt element at 
time t. 

The above mentioned rheological model 
with three Voigt elements is used to evaluate 
the cracking strain rate according to the test 
results and is employed in the following 
model. 

 
Figure 2: Generalized	Burger's	model. 

5 EXPERIMENTAL PROGRAM 
The experimental investigation relates to 

the behavior of plain concrete beams with a 
single notch under sustained loading, see 
Figure 3. The notch is located in the bottom 
side of the beam at midspan. The experimental 
program comprised a total number of 15 
specimens with the same concrete mix design, 
eight of which were subjected to short-term 
loading. 

On one hand, the test results refer to 
measured material characteristics such as 
development of concrete compressive strength 
and on the other hand, the measured crack 
width and length are given for each specimen. 
The crack mouth opening (with a measuring 
length of 40 mm) and midspan deflection were 
measured at both front and rear of the beam by 
means of LVDT’s connected to the computer. 

5.1 Short-term results 
The results of the eight short-term tests are 

given in Figure 4. The average ultimate 
capacity of specimens that failed in short-term 
loading (including two beams that were 
supposed to be loaded in long-term but failed 
before the desired load was applied), was 2.74 
kN with a coefficient of variation of 12.9%. 

The end of elastic zone in P-CMOD curves 

is observed at a concrete strain ranging from 
0.000112 to 0.000180 with an average value of 
0.000146. 

 
Figure 3: Geometry	of	the	specimens. 

 
Figure 4: Short-term loading, P-CMOD curves. 

 
Figure 5: Long-term loading, P-CMOD curves. 

5.2 Long-term results 
In order to get insight into the effect of load 

under sustained loading, the applied load is 
given as a ratio to the ultimate short-term 
capacity. The load ratios in the following 
graphs are based on the average value of all 
short-term tests.  

In Figure 5, the load ratio is represented 
along the vertical axis, whereas along the 
horizontal axis the displacements are shown. 
Together with the long-term tests, one of the 
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short-term tests is presented for a better 
comparison. As shown in this figure the lower 
is the load ratio, the larger is the CMOD at 
failure. E.g. specimens C3B3, C2B5 and 
C3B4, which were loaded at 83%, 75% and 
71% of ultimate capacity, had a maximum 
CMOD of 0.024, 0.035 and 0.071 mm, 
respectively, at the time of failure. 

 
Figure 6: Maximum displacement versus time to failure 

 
Figure 7: Time to failure versus load ratio. 

In Figure 6, the magnitudes of CMOD and 
δ for different load ratios are presented in a 
graph versus time. These curves confirm that 
the longer the time to failure, the larger the 
displacement at failure. In the other words 
under sustained loading, the concrete fails due 
to larger strains depending on the load 
ratio/time of loading. 

Moreover, the load ratio versus the 
corresponding time to the failure of the beam 
under sustained loading is shown in Figure 7. 
These graphs show a logarithmic relationship 
between the sustained-loading time and the 
load ratio. 

5.3 Cracking strain rate 
The cracking strain rate is found from the 

relation between the crack opening strain 
measured from the moment that the sustained 
loading is fully applied and the time. As 
shown in Figure 8, three different stages can 
be distinguished in this graph; the Primary 
Stage, which can be fitted with an elastic and a 
viscoelastic model, according to section 4, the 
Secondary Stage, which can be fitted with a 
viscoplastic model and the Tertiary Stage that 
is the fracture stage. The latter is not fitted 
with any model since that is the irreversible 
stage where fracturing already occurred. As 
mentioned before, this Burger’s model with 
three Voigt elements will be used in the 
following FE modeling. 
In Figure 9, the relative crack opening 
displacements of three tests loaded at 71%, 
75% and 83% of the ultimate capacity are 
shown in a semi-logarithmic graph as a 
function of time. CMODu is the crack mouth 
opening displacement of short-term tests when 
the load is at peak. 

 
Figure 8: Three stages of cracking strain development 

under sustained loading 

 
Figure 9: CMOD and time to failure for different load 

ratios. 
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6 LINEAR ELASTIC FRACTURE 
MODEL (LEFM) 

Linear elastic fracture models have been 
widely used to predict the crack path 
development for quasi-brittle materials such as 
concrete, even for complex trajectories [16]. 
With step-wise linear increment, the initiation 
and the propagation of the crack can be 
simulated to a global response [5], which can 
be reproduced by changing the material 
properties in every step. 

Based on the fictitious crack model [17, 18] 
and using the finite element method, a LEFM 
is employed to predict the time dependent 
behavior of a flexural crack. 

Under long-term loading, the strain due to 
the creep effect in the high stress zone around 
the fictitious crack tip may reach the critical 
strain, so that crack formation can occur below 
the static tensile strength. Therefore the 
criterion should be adjusted to account for the 
time effect. 

Time dependent problems are often solved 
by dividing time into small increments. Under 
sustained loading, it is usual to evaluate 
incremental creep strains from stresses at the 
beginning of the time step. In order to obtain 
the strain as a function of time, a bulk creep 
function should be used; either an existing 
recommended function for creep (e.g. the 
Eurocode 2 recommendation for creep  [12] or 
Model B3   [10]) or an experiment-based 
function by means of a rheological model can 
be used. The Poisson ratio can be assumed to 
be time independent (being equal to 0.2) [19]. 
The structure is considered to be 
macroscopically homogeneous in the sense 
that the same J(t,t′) applies to every point of 
the homogenizing continuum throughout the 
bulk of the structure. 

The finite element method with discrete 
approach has been chosen in modeling of FPZ. 
A special program was developed in 
MATLAB and used in all calculations. For the 
simplification in modeling of a flexural crack, 
the crack propagation path is assumed to be 
known in advance and is chosen to coincide 
with the boundary conditions while in the 
shear crack, the unknown crack path 

propagates between the elements with 
corresponding regeneration of finite element 
mesh. 

 

 
Figure 10: Top: FE model of the specimen in Figure 3.	
Only	half	of	the	beam	is	modeled	due	to	symmetry.	
Bottom:	FE	model	of	the	beam	with	notch	in	shear. 

Material is modeled as linear elastic by 
using 4-node plane stress elements. Every 
single element has four individual nodes which 
are connected to the nodes of the next element 
through a connection matrix. The connection 
of two/three/four neighbor nodes is lost when 
the crack passes through the elements. To 
solve the problem, an iterative method is 
required to update the stiffness matrix and find 
the nodal forces in the fictitious crack. 
Moreover, the stress redistribution due to 
crack opening in time is considered. The 
nonlinear behavior is modeled by an 
interactive linear model that approximates the 
crack propagation into step-wise linear 
increments and regenerates the meshes in each 
segment. 

The step by step linear elastic model was 
derived on basis of the following 
considerations: 
A. By assembling of stiffness matrix, the 

nodal stress vector can be found as: {σ} = 
[D] {ε} where [D] is the constitutive 
matrix and {ε} = [B] {ue}, [B] is the strain 
displacement matrix and {ue} is element 
displacement vector. 

B. The crack propagation is assumed to occur 
in the interface between the elements in 
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linear increments. Under sustained loading, 
the incremental creep strains from the 
principal stresses at the beginning of the 
time segment can be evaluated. The crack 
path follows the maximum principal stress 
in the adjacent nodes. The criterion for 
which the crack will begin to propagate is 
the total strain (including the elastic and 
creep strains) at the crack tip exceeding the 
critical strain εcr. At this point, the 
corresponding node pair opens (2nd 
segment) and the mesh regenerates. Yet 
the crack width in fracture zone is small 
enough to carry the tensile forces, the 
fracture zone is modeled by ‘nodal forces’ 
which act as resisting stress along the 
crack face. The resisting stresses acting 
across the fracture zone are replaced by 
nodal forces in the finite element model. 

C. For each increment, an iterative method is 
used to evaluate the nodal forces in the 
FPZ, according to the following method; 
With the new stiffness matrix based on 
new mesh generation, the nodal 
displacements and thus the crack width in 
the first iteration wi,iter=1, is found. The 
intensity of these forces at each step 
depends on the width of the fictitious crack 
according to the σ-w curve of the material. 
In the linear elastic model, the width of the 
fictitious crack depends on the size of the 
applied load P, and when the nodal forces 
(corresponding to the width of crack) apply 
to the nodes, the crack width reduces. With 
the obtained nodal force at the end of 
iteration, vector {F}nodes is assembled with 
the nodal forces. The total applied force on 
the model is: {F}iter=2={F}P + {F}nodes. 
With the new force vector {F}iter=2, in the 
second iteration, the nodal displacements 
and the crack width are evaluated. 
Subsequently, a new vector of the nodal 
forces should be adjusted to the new crack 
width. It is obvious that  
wi,iter=2 < wi,iter=1 due to the resistant forces 
applied on the node. The iteration 
continues until the difference of crack 
widths in two following iterations 
converges to zero. This would be the end 
of segment 2. 

D. At the end of each increment the criterion 
for the propagation of the crack should be 
considered. The crack in static modeling 
propagates until the criterion ε ≥ εcr is met.  

E. After the static modeling and evaluating 
the stresses in front of the notch tip, the 
creep strain can be assessed in different 
time intervals, by means of compliance 
functions, see Figure 11. Meeting the 
criterion ε ≥ εcr , the corresponding node 
pairs are opened and step C should be 
followed. 

 
Figure 11: Strain development of strain at nodes in 

front of crack tip in time. 

 
Figure 12: Modulus of elasticity used at each load step. 
t1, t2 represent the time at the beginning of segments 1, 2 

F. In this way, the crack propagation in the 
given time interval can be evaluated. 
Under high load ratios, the creep develops 
faster and the failure (opening of all node 
pairs in front of crack tip) occurs at early 
age, while for low loading ratios, failure 
may never occur. 

7 TIME DEPENDENT PARAMETERS 
The following time-dependent parameters 

are taken into consideration into this model: 
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7.1 Bulk creep 
Short-term bulk creep for loading times up 

to 4 months and long-term bulk creep for 
longer times are considered in this model. The 
results of Model B3 [10] are compared to the 
Eurocode2 creep recommendations [12].. 

7.2 Crack rate dependency 
As mentioned in section 6, the creep strain 

can be evaluated in a stabilized stress 
distribution at each time interval. However, 
this assumption needs modification when the 
rate dependency of the fracture process is 
considered. This means that due to the time 
dependent crack width, the stress intensity and 
the nodal force vector {F}nodes in FPZ changes. 
Accordingly, the stress should be redistributed 
in the model in each time interval. Based on 
the cracking strain rate which is evaluated 
from the test results, sections 4 and 5, the 
model is modified. 

7.3 Concrete strength 
The compressive strength of concrete at an 

age t depends on the type of cement, 
temperature and curing conditions. For a mean 
temperature of 20ºC and curing in accordance 
with EN 12390 the compressive strength of 
concrete at various ages fcm(t) may be 
estimated from the following expressions [20]: 

fcm(t) = βcc(t) fcm  (16) 

βcc(t) = exp{s [ 1 – (28 / t)0.5]} (17) 

where fcm is the mean compressive strength 
at 28 days, t is the age of concrete in days and 
s is a coefficient which depends on the 
strength class of cement. 

The development of tensile strength with 
time also is strongly influenced by curing and 
drying conditions as well as by the dimensions 
of the structural members. As a first 
approximation it may be assumed that the 
tensile strength fcm(t) is equal to: 

fctm(t) = [βcc(t)] α  fctm  [20] (18) 

where, α = 1 for t < 28 days and α = 2/3 for 
t ≥ 28 days 

7.4 Modulus of elasticity 
The variation of E modulus with time can 

be estimated by the following expressions: 

Ecm(t) = (βcc)0.3 Ecm  [12] (19) 

Ecm(t) = [βcc(t)]0.5 Ecm  [20] (20) 

The modulus of elasticity, as it is 
developing in time, should be recalculated 
when the crack develops in time but remains 
constant until the next node pair opens. The 
new modulus (E1, E2,…) in each time interval 
(t2-t1, t3-t2,…) should be taken into account 
according to Figure 12. It is not allowed to 
consider the developing modulus of elasticity 
within the time interval, as it is impossible to 
have a negative strain in linear tension. 

7.5 Fracture energy mode I, IGF 
The fracture energy of concrete, defined as 

the energy required for propagating a tensile 
crack of unit area, should be determined by 
related tests. In absence of experimental data, 
IGF [N/m] for ordinary normal weight concrete 
may be estimated from one of the following 
expressions. 

IGF = 73 · fcm
0.18  [12] (21) 

IGF = ad · fcm
0.7  [21] (22) 

where, ad is a coefficient that depends on 
the maximum aggregate size and is equal to 4, 
6 or 10 for maximum aggregate size of 8, 16 
and 32 mm, respectively.  

As the concrete strength develops in time, 
the fracture energy requires to be modified in 
each time interval, according to the method 
used to evaluate the modulus of elasticity in 
time. 

As mentioned before, the fracture zone, in 
front of the notch-tip is modeled by ‘nodal 
forces’ and the intensity of these forces of 
course depends on the width of the fictitious 
crack according to the σ-w curve of the 
material. Following [17, 22] a bilinear 
softening traction-separation curve is used in 
this paper as shown in Figure 13, with the 
following values: 

ftm = fctmo  ln(1 + fcm / fcmo) (23) 
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w' = 2IGF / ft – 0.15 wc (24) 

wc = αF IGF / ftm (25) 

where, fctmo = 2.12 MPa and fcmo = 10 MPa 
 [20]. ftm is mean tensile strength. w' is the 
crack opening at the neck [mm], wc is the 
crack opening [mm] for σct = 0 and αF depends 
on the maximum size of aggregates dmax that is 
equal to 8, 7, and 5 corresponding to dmax = 8, 
16, 32 mm, respectively. 

 
Figure 13: Bilinear σ-ε and bilinear softening traction-

separation curve (σ-w curve). 

7.6 Fracture energy mode II, IIGF 
It was shown by Gálvez et al [16] that for 

quasi-brittle materials under global mixed 
mode loading the crack grows with a 
predominantly local mode I fracture. It has 
also been stated that Mode II fracture energy 
may only have a slight effect on the growth of 
the shear crack. However, for different 
geometries of the mixed mode fracture, the 
results may be different. 

For mixed mode fracture, the interaction 
between normal stress, σ, and tangential stress, 
τ, should be taken into account. Since the 
creep strains are evaluated based on the 
principal stress, it is not required to check the 
strain in different directions. The tension-
resistant forces (tensile strength) perpendicular 
to the crack face are taken into account based 
on the tension softening curve (fracture energy 
mode I). Potentially, the slip-resistant forces in 
FPZ parallel to the crack can be evaluated 
according to the cohesion strength (fracture 
energy mode II). 

To get insight into the influence of the 
cohesion c, to the results of shear capacity of 
the concrete, two models are proposed. In the 

first model the initiation and growth of the 
shear crack is reported by pure Mode I while 
in the second model, the mixed mode (I and II) 
is considered which means that the slip-
resistant forces due to cohesion softening 
curve are taken into account, see Figure 14. 

 
Figure 14: Path	of	shear	crack.	The	red	vectors	
represent	the	cohesion	in	the	middle	part. 

Using a quadrilateral mesh and allowing the 
shear crack path to find its way between the 
elements, the aggregate interlock can be 
simulated when the fracture mode II is 
considered. It seems more realistic than using 
triangular meshes with a smooth shear crack as 
the shear crack faces are naturally rough. With 
a very fine mesh, the possible inconsistencies 
due to the mesh type will be avoided. 

8 RESULTS OF MODELLING 
The results of FE modeling are presented in 

the following divisions: 

8.1 Time-dependent behavior and total 
fracture 

With the proposed FE method, the 
propagation of the critical crack can be 
estimated in time until fracture of the beam. In 
Figure 15, the propagation of the crack is 
shown by means of the total creep in the nodes 
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in front of the notch tip. As soon as the total 
creep exceeds the critical creep, which is here 
0.00015, the corresponding node opens and the 
model is regenerated. It is shown that under 
60% of the ultimate capacity, the failure 
occurs at 72 days after opening of the 5th node 
(crack length = 28 mm). 

 In Figure 16, the estimated time for the 
fracture of concrete beam is presented in 
different load ratios together with the 
experimental results. The material properties 
given as input to the program are based on the 
tests performed on the concrete specimens. 

 
Figure 15: Opening	of	the	nodes	in	front	of	notch	tip	

in	time	(Load	ratio	=	60%). 

 
Figure 16: Estimated	time	for	fracture	of	beam	
according	to	B3	model	&	EC2	creep	coefficient. 

8.2 Effect of compliance function 
The estimated fracture time in this model 

depends on the compliance function that is 
used. Considering that the tensile strength in 
American codes (e.g. ACI) is higher than in 
the European code (EC2), the compliance 
function of Model B3 [10] gives a slower rate 
of crack propagation in comparison with the 
EC2 creep coefficient, see Figure 16. 

8.3 Effect of cracking strain rate 
As shown in section 5.3, the cracking strain 

rate with an elastic-visco-plastic model is 
considered in this model. Figure 17 presents a 
comparison of two models with and without 
cracking rate dependency, confirming that if 
the cracking rate dependency is not considered 
in the model, the fracture process would be 
longer than expected, especially in case of 
high load ratio where the crack is already 
formed. The effect of cracking strain rate is 
well presented in [6]. 

 
Figure 17: Effect	of	cracking	strain	rate. 

8.4 Effect critical strain on time of failure 
If the magnitude of the critical strain is 

changed to a lower value, e.g. 0.00014, the 
graph in Figure 18 may shift to the left as 
faster fracture is expected, but it would be also 
shifted up, as the ultimate capacity is 
decreased. Hence, the effect of critical strain 
on time of failure is insignificant. 

 
Figure 18: Effect	of	critical	strain. 

8.5 Effect of fracture energy mode I 
The magnitude of the fracture energy in 

mode I cracking has an important influence on 
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the resistant stress in FPZ, accordingly the 
stress in front of the crack depends on IGF ; a 
lower fracture energy leads to a higher stress at 
the crack tip and faster development of the 
crack. 

8.6 Effect of fracture energy mode II on 
shear capacity 

The effect of fracture energy in mode II 
cracking on short-term shear failure is 
presented in Figure 19. This result is obtained 
based on IGF = IIGF. Obviously, when 
considering only fracture energy mode I, the 
fracture mode is not shear failure and the beam 
fails in flexural mode, while considering the 
mixed mode, the crack propagation is more 
likely to be the shear crack. 

 
Figure 19: Crack propagation under deformed shape. 

Top:	Fracture	considering	IGF	and	IIGF.		
Bottom:	Fracture	considering	IGF. 

9 CONCLUSION 
To evaluate the shear capacity of concrete 

under sustained loading a finite element model 
is developed that takes into account the strain 
rate. This model has been validated against 
experimental results. For the crack 
development that may result in failure four 
different situations are distinguished as a 
function of the load ratio; see Figure 20. 
- Load ratio higher than 75 to 80%: where the 
crack is initiated at time t0=0 and the cracking 
strain rate is taken into account, generating a 
fast propagation of the crack. As can be seen 

in this figure, the total fracture occurs within 
1000 seconds. 
- Load ratio between 60 and 75%: where the 
crack does not occur at time t0=0, but the 
potential cracks, denoted as micro-cracks, will 
in the long run be developed to a crack which 
becomes critical in a later stage and fracture 
occurs. 
- Load ratio between 50 and 60%: where just a 
few micro cracks in the FPZ will develop in 
the long run, to finally make the strain 
exceeding its critical value  
- Load ratio below 50%: where no crack is 
formed, and the stresses and strains are far 
from critical. 

This paper presented the results of FE 
modeling together with a few experimental 
tests, which are in agreement with each other. 
However, for a better conclusion, further tests 
are required those are already undertaken. 
With the presented model, it is also possible to 
predict the shear crack process but in the 
absence of experimental data, the FE results 
are not given, although the results are similar 
to the flexural crack. 

  
Figure 20: Estimated	time	for	the	fracture	of	the	

beam. 
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Abstract: The upcoming need of concrete structures designed against impulsive and extreme load 
due to natural hazards, industrial accidents or terrorists attack requires analytical modeling capable 
of reproducing material behavior in this range of loading. When a concrete structure is submitted to 
an impact or an explosion loading, material may be submitted to high triaxial compression stresses 
as well as tensile stresses due to reflection of compressive waves on free surfaces. Furthermore, the 
water saturation degree in massive concrete structures may be nearly 100% at core whereas the 
material is dry on the skin. Thus, the impact response of a massive concrete wall may depend on the 
water saturation state in the material. This paper first presents some triaxial tests performed at a 
maximum confining pressure of 100 MPa on a concrete representative of a containment building of 
a nuclear power plant. Experimental results show the constitutive behavior and its dependence to 
the water saturation ratio of concrete specimens. The second part of this study aims at modeling 
these tests by means of the coupled PRM constitutive model. Although its robustness and 
effectiveness, this constitutive model did not allow to accurately reproduce the response of concrete 
specimens observed during the tests. The differences between experimental and numerical results 
can be explained by both the influence of the saturation state of concrete and the effect of deviatoric 
stresses which are not well taken into account into the PRM model. Some modifications of the PRM 
model were carried out; they allow improving the numerical prediction of concrete behavior under 
high triaxial stresses and various saturation states. 

1 INTRODUCTION 
Concrete is the most used material for the 

construction of civil engineering structures and 
buildings, including sensitive infrastructures. 
The concrete protection structures, such as the 
containment walls of nuclear reactors, are 
generally massive and remain saturated at core 
several years after the casting, while their skin 
surfaces in contact with air dry quickly. When 
these concrete structures are submitted to a 

missile impact, for instance due to the fall of 
an aircraft turbine, triaxial stresses 
characterized by a high mean stress are 
generated in the impact zone. The high loading 
capacity triaxial press GIGA allows testing 
concrete samples under various loading paths 
and various concrete compositions [1-6]. The 
behavior of wet concrete under this kind of 
loading may be very different from dry one 
[4]. Quantifying the influence of water content 
on the behavior of concrete is therefore 
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essential to analyze the vulnerability of the 
massive concrete structures. 

In this paper, triaxial tests up to 100 MPa of 
confinement will be presented and analyzed. 
Some results of test carried out at very high 
confinement (600 MPa) will also be presented 
for clarifying the effect of saturation ratio. 
These tests were simulated with the coupled 
damage plasticity model PRM [7]. Necessary 
changes of this model to obtain a better 
prediction will be presented and the influence 
of these changes will be highlighted by 
comparing the two versions of the model and 
experimental results. 

2 TRIAXIAL TESTS  

2.1 Experimental device 
The GIGA press (figure 1) was designed to 

study the behavior of concrete under high 
confinement in a partnership between the 3SR 
laboratory and the CEA Gramat. It allows 
testing cylindrical concrete specimens under 
triaxial compression at a maximum confining 
pressure of 0.85 GPa and a maximum axial 
stress of 2.3 GPa [1-6].  

Figure 1: GIGA device and specimen 
dimensions

2.2 Composition of concrete 
The studied high performance concrete was 

used in the benchmark project “Improving the 
Robustness of Assessment Methodologies for 
Structures Impacted by Missiles (IRIS)” of the 
Nuclear Energy Agency (NEA) of OECD [8]. 
Concrete samples were manufactured by VTT 
Finnish laboratory for the IRIS project. The 
composition and properties of VTT concrete 
are given in Table 1. 

Table 1: Composition and properties of VTT 
concrete 

Gravel (0.5/8) (kg/m3) 925.9
Sand (kg/m3) 646.1
Water (kg/m3) 215
Cement (CEM II B 42.5) (kg/m3) 489
Fly ash (kg/m3) 88
Water-reducing agent (kg/m3) 6.33
Cement paste volume (m3) 0.375
Density (kg/m3) 2370
Compressive strength (MPa) 67
Porosity accessible to water (%) 12%
Cement paste volume (m3) 0.375
E/C ratio 0.44

2.3 Experimental results 
The concrete used in this study is 

representative of the containment of a nuclear 
power plant. Its strengths under unconfined 
compression and tension are about 67 MPa 
and 4.5 MPa respectively. The samples were 
tested under triaxial confining pressure 
varying from 15 MPa to 100 MPa. The 
porosity and the degree of saturation were 
measured prior to testing. The degree of 
saturation of concrete in the first series of tests 
is about 60%. 

The performed triaxial tests consist in 
applying a hydrostatic pressure all around the 
specimen at 0.5 MPa/s up to pressure value 
pconf. A constant displacement rate of 14 µm/s 
of the axial jack and a constant confining 
pressure pconf on the lateral face are then 
imposed. 

Figure 2 shows the evolutions of the axial 
stress in function of the axial and 
circumferential strains for different confining 
pressures pconf, the circumferential strain is the 
average measure of two gauges. The axial 
strain is obtained by means of an axial gauge 
and compared to the strain given by a LVDT 
sensor. These two measurements of the axial 
strain gave similar results indicating that the 
samples deform homogeneously. Figure 3 
shows the volumetric behavior of concrete 
during the triaxial tests.  

The analysis of tests highlights that 
stiffness and strength increase with 
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confinement. This phenomenon is explained 
by the irreversible closure of porosity 
(compaction) with the mean stress increase. It 
is worth noting that with a confinement 
pressure less than 50 MPa, there is a stress 
peak in the axial behavior, while this 
phenomenon is not observed for the test at 
100 MPa of confinement. At this confinement 
level, the reached limit state corresponds to a 
transition from contraction to dilatancy with 
no softening (figure 3). 
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Figure 2: Axial stress vs. axial and circumferential 
strains for various confining pressures 

0 1 2 3 4 50

50

100

150

200

εεεεv(%)

σσ σσ
m

(M
Pa

)

Figure 3. Mean stress vs. volumetric strain for 
various confining pressures 

2.4 Influence of saturation ratio on concrete 
behavior at moderate and high confining 
pressures 

A second triaxial test at 50 MPa of 
confinement has been performed on a 
saturated concrete specimen to study the 
influence of the saturation ratio (Sr). The 
procedure for testing saturated samples is 
described in [4]. The axial strain is measured 

by the LVDT sensor only. Figure 4 shows a 
comparison between the evolution of the axial 
stress as a function of axial strain obtained in 
this second test (Sr = 100%) and the one 
obtained on a wet concrete (Sr = 60%) at 
50 MPa of confinement. The maximum axial 
stress is about 240 MPa in the two tests. This 
result is in agreement with the one obtained on 
a standard concrete [4]. Thus, the saturation 
ratio seems to have a low influence on the 
triaxial behavior of the tested high 
performance concrete at moderate confining 
pressures. 
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Figure 4: Comparison of axial behavior at 50 MPa 
of confining pressure for two different saturation 

ratios of concrete specimens 

Because concrete may be submitted to very 
high triaxial stresses in case of impact, some 
additional triaxial tests were performed at high 
confining pressure. 

Figure 5 shows the comparison between two 
hydrostatic tests at high confinement with 
different saturation ratios.  
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Figure 5. Hydrostatic behavior of concrete for 
two different degrees of saturation
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The two curves on figure 5 are confounded 
at a mean stress lower than 100 MPa, this zone 
corresponds to the elastic behavior of VTT 
concrete. Beyond this zone, the closure of 
porosity of concrete begins. Due to the 
important volume of paste cement (Table 1), 
the influence of creep may be important and 
strongly dependent on the saturation ratio [9]. 
That explains why the volumetric deformation 
of saturated concrete is higher than one of 
dried concrete when the porosity of concrete 
begins to be enclosed. But at high mean stress, 
water is compressed and because the 
compressibility of water is higher than the one 
of air, the volumetric deformation of saturated 
concrete is lower than the one of dried 
concrete (figure 5) at high mean stress. 

2.5 Limit state of VTT concrete under 
triaxial compression 

The material limit state is defined as the 
maximum volumetric strain reached during a 
test; it corresponds to a transition from a 
contraction behavior to a dilatancy one. At 
moderate confinement, this transition also 
corresponds to the peak stress. Figure 6 shows 
the limit states in the deviatoric stress / mean 
stress plane for the various tests described 
earlier.  
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Figure 6. Limit states of concrete for the 
different tests: maximal deviatoric stress vs. mean 

stress. 

On figure 6, it can be noted that, for a given 
mean stress, the maximum deviatoric stress 
reached during the test strongly depends on the 
saturation ratio of the concrete specimen. The 
presence of free water limits the admissible 

shear stress of concrete under confinement. 
Figure 7 shows a zoom of the limit state 

curve of wet concrete at moderate 
confinement.  
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Figure 7. Zoom of figure 6 at low mean stress  

For a moderate confining pressure (lower 
than 50MPa), the influence of free water on 
concrete behavior seems to be low, whereas 
the influence of the saturation degree is 
significant for a confinement pressure of the 
order of 500MPa. This difference may have an 
important effect on the response of a concrete 
structure submitted to an impact and should be 
taken into account in simulations. 

3 MODELING TRIAXIAL BEHAVIOR 
OF CONCRETE 

3.1 General description of PRM coupled 
model 

PRM coupled model was developed by 
Pontiroli, Rouquand and Mazars [7], in order 
to simulate computational problems of 
structures subjected to impact or blast effects. 
This model is the result of a coupling between 
an elastic-damageable model [10] and a model 
of plasticity initially developed for soils [11]. 
It includes the calculation of the effective 
stress defined in [12] for a wet concrete to take 
into account the influence of water saturation 
on the response of concrete. The damage 
model is based on two damage variables, 
respectively in compression and tension, in 
order to simulate the unilateral feature of 
concrete behavior at low confinement. The 
plasticity model can correctly reproduce the 

TXT100-Sr60

TXT600 dry

TXT500-Sr60 

TXT500-Sr100 

TXT50-Sr100

TXT26-Sr60

UC (TXT0-Sr60) 

TXT50-Sr60

TXT100-Sr60

TXT15-Sr60

788



Xuan Dung VU, Yann MALECOT, Laurent DAUDEVILLE, Matthieu BRIFFAUT, Bertrand CIREE  

5

mechanism of irreversible closure of pores 
during the compaction. The yield limit is 
defined in deviatoric stress (q) / mean stress 
(σm), it is supposed to correspond to the limit 
state of the material discussed in the previous 
section. 

3.2 Improvement of the model 
Although the model coupled PRM allows 

obtaining a good prediction of concrete 
behavior under various load paths, some 
shortcomings exist and this study aims at 
fixing them. 

Influence of the deviatoric stress into the 
volumetric behavior 

The plasticity model assumes that inelastic 
volumetric and shear strains are obtained 
independently. The volumetric strain (εv) is 
assumed to depend on the mean stress (σm) 
only and the strain deviator tensor is obtained 
by means of a perfectly plastic model. 

One of the shortcomings of the present 
PRM coupled model is that it does not take 
into account the effect of the deviatoric stress 
q on the volumetric behavior of the concrete. 
The present model assumes that the 
compaction curve, i.e. the volumetric strain 
(εv) vs. the mean stress (σm), as material data 
independent on the load path. Figure 3 shows 
that the inelastic volumetric strain depends on 
both q and σm. It is then necessary to include 
the influence of q into the compaction curve of 
the material (εv = function (σm, q)). 

To improve the PRM model, the original 
idea of two models of plasticity to calculate 
the inelastic strains is conserved. According to 
the test results [1-6], it is assumed that the 
maximum compaction is obtained under 
oedometric loading path, i.e. in uniaxial strain 
condition. The compaction curve of an 
oedometric test is then added as a second input 
data. The interest is on the one hand, this data 
is easily accessible to measurement and, on the 
other hand, that the oedometric test is the one 
which maximizes the compaction of concrete 
because the dilatancy is prevented. 

The construction of the modified model is 
based on the following assumptions: 

The curve of volumetric behavior of 
concrete is not supposed to be bijective. It is 
instead assumed bounded by the hydrostatic 
curve (figure 8 - opaque upper curve) and the 
oedometric curve (figure 8 - dotted lower 
curve). 

The variation of the mean stress σm, 
between the bounded curves is given by: 

dσm = α dεv (1) 
With: 

α = αΗ +  (αο  − αΗ) Min
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Where (figure 8): 

αH = dσm/dεV for a hydrostatic path ; 
αO = (dσm/dεV)O for un oedometric path ; 
dq / dσm = load path direction ; 

(dq/dσm)O = oedometric load path direction. 
With formulae (1) and (2), the volumetric 

strain εv depends on both the mean stress σm

and the deviatoric shear stress q, the 
compaction is then increased in presence of 
shear compared with volumetric strain 
obtained with the initial model. 

Figure 8. Hydrostatic behavior, oedometric 
behavior and consolidated behavior of concrete: 

mean stress in function of volumetric strain.

Influence of the water saturation ratio into the 
volumetric behavior 

Two kind of approaches exist to 
characterize the behavior of a porous medium 
scale homogenized according to its properties 
at the microscopic level. The “mixing law” 
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approaches take into account, at the 
microscopic level, the interaction between the 
two phases (liquid + solid) by means of simple 
rheological models for each phase associated 
in series or in parallel. Poromechanical 
approaches [13] assume that the concepts of 
mechanics in continuous media are valid at the 
macroscopic scale when the two phases (liquid 
+ solid) overlap. 

In the present PRM coupled model, the 
concept of effective stress is used to take into 
account the presence of water in confined 
concrete using the first approach. The 
drawback of this approach is that the behavior 
of the material becomes elastic after reaching 
the consolidation point (closure of all open 
pores), which is not observed experimentally. 
In the improved model, the second poro-
mechanical approach is used to take into 
account the effect of free water. 

The studied porous medium is assumed to 
be composed of a solid phase (skeleton) and a 
fluid phase occupying the voids [13]. The 
concept of the effective stress is introduced to 
separate the fluid pressure in the calculation of 
the total pressure 

σtot = σM + bp (3) 

With σtot the total stress, σM transmitted by 
the matrix at a macroscopic scale, p the pore 
pressure, and b the Biot coefficient which 
depends on the nature of the porosity. 

The calculation of pore pressure p is based 
on the Mie Gruneisen equation of state: 
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Where C0 is the sound celerity (C0 = 1500m/s), 
 ϕ0 is the density ( ϕ0 = 1000 kg/m3 for water), 
s and Γ0 are two Mie Gruneisen coefficients 
(s = 1.75 and Γ0 = 0.28 for water). EM is the 
internal energy per unit mass. This energy is 
considered negligible for water temperature 
and ambient pressure. 
σM and b can be obtained by the following 
formulae [13]: 

σM = K0 εv (5) 

SK

K
b 01−=  (6) 

K0 is the modulus of the material drained εV is 
the volumetric strain at homogenized scale, KS
the compressibility modulus of the skeleton. 
From equation (6), in the particular case where 
K0 << Ks, b is close to 1, which simplifies the 
equation (3) and becomes σtot = σM + p 
(Terzaghi formula). In contrast, when K0 ≈ KS

(dry concrete case), b tends to 0. In the end, 
thanks to the technical of homogenization of 
the drained porous medium [13] the ratio 
K0/KS can be estimated as follows: 

30 1 )(
K

K

S

φ−=  (7) 

Where φ is the porosity of the porous medium 
at the current state. 

Figure 9. Diagram of stress calculation according to 
the poromechanical approach as concrete gets 

consolidated 

With this new hypothesis, as the material 
reaches the point of consolidation (void pores 
are closed), the volumetric behavior remains 
nonlinear due to the fact that the voids filled 
with water continue to be compressed under 
compaction. Another advantage of this 
improvement is the unique point of 
consolidation instead of two points in the 
original model (figure 9). 

3.3 Comparison between experimental 
results and simulations of tests. 

The simulation results obtained with the 
original PRM coupled model and the modified 
model are compared to experimental results on 
figures 10 to 13. 
Wet concrete 

Figures 10 and 11 show results for a 

Parallel model 
Series model 

consolidation point
stress carried par skeleton

new approche: Pmix = σM + bp 
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concrete specimen with a saturation degree of 
60% and submitted to triaxial compression 
with confining pressures varying from 15 to 
100 MPa. At this saturation ratio and because 
of a moderate confining pressure, there is not 
the effect of free water on concrete behavior. 
The initial PRM coupled model allows a good 
prediction of the maximum stress but strains 
are significantly underestimated. Taking into 
account the influence of the deviatoric stress 
on the volumetric behavior of concrete 
significantly improves the prediction of the 
volumetric strain.  
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Figure 10. Axial stress vs. axial and 
circumferential strains: Comparisons of 

experimental results with simulation results 
obtained with the initial (PRM-i) and new model 

(PRM-n) for a wet concrete specimen under 
moderate confinement. 
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Figure 11. Mean stress vs. volumetric strain: 
Comparisons of experimental results with 

simulation results obtained with the initial (PRM-i) 
and new model (PRM-n) for a wet concrete 

specimen under moderate confinement. 

Saturated concrete 

Figure 12 shows experimental volumetric 
behavior of saturated and dry concrete and 
their comparison with simulation results 
obtained by both the initial and modified PRM 
coupled model. The initial model considers an 
elastic behavior after consolidation (closure of 
voids); while the modified model gives a 
simulation result closer to the experimental 
one. 
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Figure 12. Mean stress vs. volumetric strain: 
Comparisons of experimental results with 

simulation results obtained with the initial (PRM-i) 
and new model (PRM-n) for saturated and dry 

concrete under high confinement. 

4 CONCLUSION 
This paper has presented new experimental 

results performed on a high performance 
concrete tested in the IRIS tests performed by 
VTT and the simulation of these tests with the 
PRM coupled model that was improved to 
better fit with experimental results. 

Triaxial compression tests were performed 
at moderate and high confinement on concrete 
specimens with different saturation ratios. 
Significant differences in the maximum 
reached stresses can be highlighted. They can 
be attributed to the influence of the confining 
pressure but also to the saturation ratio at high 
confinement. 

This paper has also presented the main 
features of the PRM model and its proposed 
improvement. The modified PRM model takes 
into account the influence of deviatoric stress 
on the volumetric behavior. The influence of 
the saturation ratio on the behavior of concrete 
under triaxial compression is also modified 
thanks to new approach. Therefore, the 
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consolidation point is updated. These changes 
improve significantly the prediction of 
concrete behavior under triaxial compression 
with the PRM coupled model. The modified 
PRM model was then used to simulate the tests 
of the IRIS benchmark of the Nuclear Energy 
Agency (NEA) of OECD. 
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Abstract: To adequately simulate the behavior of concrete exposed at high temperature, a new 
constitutive model was proposed. The particularity of our model is the fact that dehydration is 
considered as chemoplastic softening. Whereas traditional methods adopt conventional models of 
elastoplasticity and try to vary certain parameters dependent on local temperature. Under 
chemoplastic framework, we also proposed a new yield criterion which was experimentally fitted. 
To realistically reproduce the impact of high temperature on concrete durability under different 
loading modes, new ductility function was proposed and fitted to a wide range of dehydration 
processes. The hardening and softening functions are defined in terms of the acting confining 
pressure. The inelastic dilatancy of concrete is expressed through the non associate flow rule. In this 
fact, new chemoplastic potential was proposed and fitted to ensure better estimate of the load 
directions. The prediction capabilities of the model are demonstrated and numerical predictions are 
compared with experimental results. The comparison reveals that the model accurately predicts 
different stress states of concrete under different temperature treatments. 
 

1 INTRODUCTION 
In the last two decades, serious fires in 

high-rising building and tunnels have been 
leading to increased research interest in 
material behaviour under extremely high 
temperatures. Fire may affect the strength and 
reduces drastically the load-carrying capacity 
and, under certain circumstances, the concrete 
surface could spall due to thermal expansions 
and the development of high gas pressures in 
the pores [1]. 

Under elevated temperature exposure, 
cement matrix experiences physical and 
chemical changes that contribute to 
development of shrinkage, transient creep, and 
changes in mechanical properties and 
durability. Key factor affecting the properties 
of concrete at high temperature are its 
moisture state (i.e. sealed or unsealed), 

chemical structures (i.e. loss of chemically 
bound water from the CSH in the unsealed 
condition, CaO/SiO2 ratio of the hydrate in 
sealed conditions, and amount of Portlandite, 
[Ca(OH)2]), and physical structure, i.e. total 
pore volume including cracks and average 
pore size [2,3]. 

To develop a reliable formulation of 
concrete, it is essential to understand behavior 
of concrete both during and after exposure to 
elevated temperature. It is also necessary to 
assess effects of thermal degradation in order 
to develop predictive tools and validate design 
codes. Degradation of concrete can be 
evaluated by numerical models. Many 
structural problems can be adequately 
simulated by an elastoplastic model. That 
elastoplastic framework modeling is indeed 
well adapted to many structural problems, and 
is mostly used to simulate behavior of concrete 
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under various load types. 
Classical way of taking into account 

dependence of mechanical behaviour of 
concrete on temperature is to use conventional 
models of elastoplasticity and to vary certain 
parameters [5-7]. The temperature dependence 
in the existing models has the main effect of 
changing the strength of materials. Several 
models are proposed to study the material 
under fire. Ahmad and Hamoush [4] suggested 
a nonlinear elastic model for modelling the 
compression behaviour of concrete at 
isothermal conditions at high temperatures. 
This model does not reproduce the increased 
sensitivity to the confinement of multiaxial 
compressive strength of concrete. 

Nechnech et al. [6] and Luccioni et al. [7] 
have developed a coupled elastoplastic-
damage model for structures subject to thermal 
stress. They hypothesized that plasticity effects 
are decoupled from other phenomena. 
Modelling of material was performed under 
assumptions of the thermodynamics of 
irreversible processes. Nechnech et al adopted 
multi-surface criterion to represent more 
adequately material response under different 
triaxial loadings. Multi-surface criterion is 
seen as a superposition of mechanisms where 
each mechanism is managed by its own 
loading surface [8]. The brittle behaviour can 
be managed by Rankine criterion and the 
ductile phase (compression) by Drucker-
Prager criterion, taking into account the 
hydrostatic pressure [6]. 

As part of the analysis of the fire in the 
Chunnel tunnel, Ulm et al. present a radically 
different formulation [9]. Indeed, they 
consider the behaviour of plain concrete 
subjected to high temperatures as the reverse 
of the hydration of young concrete. This was 
treated as a coupled thermo-chemo-mechanical 
problem [10,11]. During hydration, 
development of the resistance and stiffness 
with the degree of hydration is treated as 
chemo-plastic hardening. Thus, dehydration 
becomes a chemo-plastic softening.  Their 
model was developed respecting 
thermodynamics of closed reactive porous 
media as posed by Coussy [12]. 

Based on the theory of porous media 

developed by Ulm and Coussy [10], Cervera et 
al [13] present a coupled thermo-chemo-
mechanical model considering the effect of 
aging on the evolution of various mechanical 
properties of concrete. Hellmich et al [14] 
have treated the coupling thermo-chemo-
mechanical shotcrete. Their model is extended 
to a chemo-plastic model and uses two failure 
surfaces: a cut in traction and the surface of 
Drucker-Prager in compression. The plastic 
volumetric expansion serves as hardening 
variable. 

We propose a new approach based of 
chemo-plasticity considering dehydration as 
chemo-plastic softening of concrete while 
exposed to high temperature. There is 
difference between our model and standard 
models of thermo-plasticity of concrete at high 
temperatures using criteria that depend on 
temperature [5-7]. Indeed, using hardening 
force as a parameter implies that dehydration 
(not temperature) is partly behind the decrease 
in strength that is observed macroscopically. 
Origin of decohesion is considered chemical 
(not thermal), and can be explained as follows: 
at microscopic level, dehydration process can 
be attributed to micro-diffusion of chemically 
bonded water molecules from the micropores 
to capillary pores. Loss of bound water, 
chemical decomposition, and dissociation of 
hydrated products weaken the chemical 
structure of cement gel by destroying the 
cohesive forces in the micro-pores. At 
macroscopic scale, these phenomena lead to a 
chemical decohesion affecting the resistance 
domain and its evolution. It was found that the 
compressive strength decreases linearly with 
the degree of dehydration. It follows that the 
dependence �� � ����� is intrinsic material 
function and has a mechanical sense unlike the 
phenomenological relation�� � �����.   

2 DEGREE OF DEHYDRATION AS 
CHEMOELASTIC INDEX 

Using the linear chemo-mechanical 
coupling theory [9,11], the degree of 
dehydration is defined as follow: 
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� � �����
��  

         
(1) 

 
where ����� is the uniaxial compressive 

strength at temperature T, �� is the uniaxial 
compressive strength at ambient temperature. 
As depicted in Figure 1, the variation is 
proportional clearly linear. Figure 2 shows the 
evolution of the degree of dehydration as a 
function of temperature. The degree of 
dehydration is given calculated by 
thermoactivated kinetics, which is typically a 
time-dependent non linear ordinary differential 
equation (ODE). Degree of dehydration 
significantly decreases after exposure to high 
temperatures. For example, the degree of 
dehydration were 100% and 64% when the 
concrete was at virgin state and heated at 
300°C, respectively. It seems that the 
dehydration process spends on a two stages: 
before and after 300°C. 

On the material level, high temperatures 
lead to an irreversible loss of elastic stiffness 
(thermal damage) and of material strength 
(thermal decohesion) of concrete. Both are 
generally described by an apparent 
temperature dependence of the material 
properties of concrete. Thermal damage is 
hence expressed as variation of elastic 
modulus � � ���� as a function of 
temperature, while thermal decohesion is 
expressed as variation of compressive 
strength�� � �����. However, thermal damage 
cannot be explained, at the microscopic level, 
as a dependency of mechanical properties of 
concrete on temperature. Indeed, the 
mechanical properties are related to the 
concentration and structure of the constituents 
of the cement paste that change significantly 
with the dehydration process. On a 
macroscopic level, this can be translated as a 
dependency relationship between the elastic 
properties of the material and the mass of 
hydrates. Using thermal decohesion as 
chemoplastic softening means that dehydration 
(not temperature) has, in part, caused the 
decrease in strength observed macroscopically. 

 
 

 
Figure 1: Degree of dehydration of the concrete 

after exposure to elevated temperature 
 

 
Figure 2: Evolution of the degree of dehydration 

versus temperature exposure 
 

3 FORMULATION OF THE 
CONSTITUTIVE MODEL 

3.1 Loading surface 
In this study, the triaxial constitutive 

formulation of concrete at high temperature is 
based on the extended Leon model (ELM). 
This model features a non-associated flow 
theory of plasticity with isotropic hardening 
and isotropic softening in the pre- and post-
peak regime, respectively. The encompassing 
loading surface proposed by Etse and Willam 
[15] can be used to describe the triaxial 
behavior of the material in a wide range of 
loading histories as follow: 
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where ��, � and � denote the coordinates 
of the Haigh-Westergaard stress space, �� the 
uniaxial compressive strength and the function 
���� describes the variation of the deviatoric 
strength ���� as a function of the Lode angle 
in analogy to the elliptic approximation of the 
five parameter model of Willam and Warnke 
[16]. While the parameter �� is defined as 
follow: �� � ������, ��� is assumed equal to 
the uniaxial tensile test as supposed by 
Rankine criterion. The failure surface showing 
the meridional sections, � � � for tensile and 
� � ��� for compressive meridian, are plotted 
in Fig. 3 at � � ���� (500°C). As can be 
observed, the depicted surfaces are smooth and 
a C1-continuous curvilinear trace. Figure 4 
shows evolution of the shear strength of the 
meridian of compression of the envelope as a 
function of hydrostatic pressure and the degree 
of dehydration. The surface is smooth and 
continuous.   

 

 
Figure 3: Meridional sections of triaxial failure at 

� � ����(500°C) 
 

 
Figure 4: Compressive meridian according to the 

hydrostatic pressure and the degree of dehydration 
 

As the concrete strength varies with 
temperature and chemical degradation occurs, 
appropriate failure envelope can reproduce 
these changes by expressing the parameters of 
the model as a function of degree of 
dehydration ξ. The failure criterion then 
becomes: 
����� �� ����� ��

� ����� ������
����� �

�����

� �����
����� ��� � �����

������ � � � � 

 

 
 
 
   
        (3) 

 

3.2 Isotropic hardening and softening 
loading surfaces 

During the hardening stage, the failure 
surfaces are generated individually by specific 
values of normalized strength parameter � 
where� � � � �. At the same time, the 
cohesion parameter � related to the softening 
regime remains constant. At the beginning of 
loading, the elastic regime is limited by a 
surface loading with initial� � ��. The 
function of the failure envelope as defined in 
Eq.3 is then modified as follow: 

 
����� �� �� �� �� ��
� ��� � �� � ��

����� � �����
�����������
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�
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�����

� �����������
����� ��� � �����

������ � �������
� � 

 
 
 
 
 
 
 
  (4) 

 
The equation 4 serves to define the surface 

loading and is highly important component of 
the chemoplastic model. The originality of the 
proposed triaxial failure function consists in 
reproducing the hardening of the material both 
in tension and compression on a wide range of 
dehydration process. Regardless of the 
temperature level, this equation was applied at 
ambient temperature by Hammoud et al [17], 
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and gave excellent results. 
In order to obtain a continuous model 

taking into account the degradation of strength 
in a rational manner, the chemoplastic 
softening model is based on the concept of 
fracture energy to assess the strength 
degradation in both tension and compression. 
For decreasing values of the cohesion 
parameter  to zero, the values of tensile 
strength also tend to zero. At this stage, the 
remaining resistance may be due to friction 
between aggregates and binder. The surface 
failure at the softening varies depending on the 
setting of decohesion and is expressed by: 

 

 

 

            
 
 
 
      (5) 

 

4 CHEMOPLASTIC POTENTIAL 
FUNCTION 

The elastic response of the material is 
defined by the generalized Hooke's law by 
means of the elasticity tensor H and the plastic 
response is governed by the flow rule: 

 

 
  
     (6) 

 
where  denotes the chemoplastic potential, 

and  is the plastic multiplier. To reduce 
excessive dilatation in the low confinement 
region, a non-associated flow rule is 
introduced. A new chemoplastic potential is 
defined by re-using the loading function and 
replacing the adequate set parameters. The 
chemoplastic potential function is given by the 
following formula: 

 

 

 

 
 
 
 
      (7) 

To identify the parameters of the 
chemoplastic potential, it is necessary to know 
the normal to the potential at rupture for some 
cases of loading. The relationship between 
volumetric and deviatoric component of the 
normal potential must be the same as that 
obtained in compression tests regardless of the 
degree of dehydration. 

For the chemoplastic potential, it is possible 
to use circular deviatoric sections (with , 
and ) instead of the elliptical sections 
of the failure envelope. The computing time 
needed to integrate the constitutive law is 
shorter, and the observed difference, in terms 
of stress and strain, is negligible. The equation 
of the chemoplastic potential in the 
hardening/softening regimes takes the same 
form as that of the failure surface: 

 

 
 

 
 
 
 
 
 
 
 
        
(8) 

 

5 HARDENING AND SOFTENING 
PARAMETERS FUNCTIONS 

Hardening and softening of concrete can be 
simulated by varying the shape and location of 
the loading surface during plastic flow. The 
strength parameter  determines the size of the 
yield or loading surfaces in the hardening 
regime before the rupture, and is expressed by 
quadratic function of the accumulated plastic 
strain  and a measure of ductility . The 
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ductility is also function of degree of 
dehydration. The function used for � is: 

 
 

����� ��� ��

� �� � �� � ���� ��
����� �� � ��

������ 

       
 
    (9)

 
This function is formulated to reach � � � 

when ��
  ��

�  �. The rate of equivalent plastic 
strain �� is determined by the norm of the 
plastic strain tensor as herein: 

 
 

��� � �����   (10)
 
The measurement of ductility �� is used to 

consider the influence of confinement on the 
ability of the material to deform permanently. 
It defined the maximum equivalent plastic 
strain when the failure envelope is reached. 
The failure is obtained when the condition 
��
��

� � is satisfied. Ductility curve is 
constructed from the equivalent plastic strain 
at failure obtained during tensile tests, uniaxial 
compression, and compression with 
confinement. Since only the equivalent plastic 
strain of the uniaxial compression and 
compression with confinement tests are 
knows, other values must be obtained by 
calculus. The relationship between the 
ductility and the pressure is shown in Figure 5. 
The material deforms very little in traction 
hence its brittle behavior. Two analytic 
functions are necessary to reproduce the curve 
of ductility in order to separate the tensile 
strains from compression. 

 

 
Figure 5: 3D ductility curve versus mean pressure 

 
 

6 STRESS RETURN ALGORITHM 

6.1 Evaluation of convenient stress for 
plastic potential 

By overlaying the plastic potential on the 
Etse and Willam yield surface, both defined on 
the Haigh-Westergaard coordinates, it is 
possible to observe that, for a given strength 
parameter �, the two curves do not undergo 
through the same stress states. In order to 
ensure adequate evaluation of normal vectors, 
it is necessary that each surface goes through 
the current stress state. Keeping the loading 
surface unchanged, the calculation related to 
the plastic potential need to be modified.  The 
solution consisted in identify a new value of 
deviatoric component � prior to the evaluation 
of the gradient of plastic potential to move 
vertically the stress state to the plastic 
potential for � � �. This method is valid for 
both hardening and softening. However, it is 
essential to use circular deviatoric sections and 
analytical derivatives, to isolate�, then modify 
the calculation of numerical derivatives. To 
minimize the potential, the new value of � is 
obtained using the following iterative 
relationship: 

 

���� � �� � ����� ��� �� ��
������ ��� �� ��

��
 

 
(11)
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6.2  Resolution scheme 
 

A backward-Euler (Euler implicit) 
algorithm as defined by Crisdield [18] is 
applied for constitutive integration. In 
summary, to calculate the incremental stress 
�� from point B to point C in Fig. 6, it is 
necessary to apply the following procedure: 

 
 Calculating the first elastic prediction. 

 
1. From the stress at point B (Fig.6), 
calculate the value of F and the 
gradient � � ������������

�� . 
2. In the presence of non-associated 
flow, identify a particular value of � 
for � � � and calculated the 
gradient � � ������������

�� . 

3. Compute �� � ��
����������

 and the 

stress at point C: �� � �� � �����, 
where ��is the elastic test point, H is 
elasticity tensor, and �� is effective 
plastic modulus (� is generic variable, 
� � � for hardening and � � � for 
softening). 
4. Update the equivalent plastic strain 
������ in hardening (softening) and 
the strength parameter ���� during the 
hardening (softening). 
 

 Beginning the implicit backward-Euler 
method. 
 
5. Calculate F and � at the current 
point�. 
 

       6. Minimize the potential for � � �  
and calculate the gradient �. 

       7. Calculate the residual �� � �� �
��� � ������. 

        8.  Compute the change of the plastic 
multiplier:  

�� � ���������������
�� ���

��
��

�����������
�� ���

��
�������

 and then 

change the stresses:  

�� � � �� � ��� ��
�� �

�
�

��
��� � ������ 

9. Update the stress at point C: ��� � ��� �
�� then calculate the changes in plastic 
multiplier at point B (Fig.6):��� � ��� � ��. 

10. Update the equivalent plastic strain 
������ and the strength parameter ���� during 
the hardening (softening). 

11. Repeat the procedure from step 5 until � 
and � are below a certain tolerance.  

 

 
Figure 6: Predictor elastic test point 

7 MODEL CALIBRATION 
Regardless of the temperature levels, 

calibration procedures were developed in 
reference [17] and here we summarize some 
important aspects. The first parameter to 
identify the failure envelope F is ��. It is used 
to express the function ����� and its value is 
set to 2.5. The second parameter is ��that 
appears in the hardening term. It is used to 
define the dependence of the resistance as a 
function of power of �. This setting offers the 
possibility to concrete for hardening in 
tension, and this loading path is near the 
triaxial tensile failure. As a first 
approximation, the parameter �� is constant 
and can be similar to the parameter ��. These 
parameters (�� and ��) are identified manually 
by trial and error until the criterion provides an 
accurate fitting of the experimental points. The 
selected combination is one that offers the 
lowest error (Root Mean Square) between the 
measured shear stresses and those defined by 
the criterion at the same pressures. The same 
analysis for parameters identification is 
repeated for the plastic potential. Due to non-
associatedness law, the potential has a slightly 
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different form of the failure envelope. Three 
parameters (��,��, and ��) are need to be 
identified. 

8 EVOLUTION OF FAILURE 
CRITERION AND CHEMOPLASTIC 
PARAMETERS 

8.1 Fitting parameters of the failure 
criterion 

Referring to Eq.3 for the failure envelope, 
the five parameters are expressed as function 
of the degree of dehydration in order to allow 
the model to include the strength degradation 
depending on the degree of dehydration. The 
first parameter is the absolute value of the 
uniaxial compressive strength �� according to 
the degree of dehydration � (Fig.1). As the 
degree of dehydration is directly obtained from 
the mechanical strength, a linear relationship is 
obtained between the two variables. The 
second parameter to fitting is the relationship 
between the absolute value of the uniaxial 
compressive strength and the uniaxial tensile 
strength depending on the degree of 
dehydration �. As depicted in Fig.7, the 
relationship is not linear. The last parameters 
�� and �� of the loading surface according to 
the degree of dehydration � are shown in 
Fig.8. The correlation between the proposed 
parameters and degree of dehydration offers 
nonlinear equations. Obviously, a regression 
using the second order polynomial 
interpolation is a better representation for these 
parameters. It was found that the introduction 
of these new parameters resulted in higher R2 
values. The proposed models can be used to 
estimate the parameters for intermediate 
temperature levels and, consequently, 
determine the failure criteria. Hence, the 
degree of dehydration helps determine the 
parameters of the failure envelope. It is 
therefore possible to plot the shear strength of 
the compressive meridian of the failure 
criterion as a function of hydrostatic pressure 
and the degree of dehydration as shown in Fig 
4. The resulting smoothing operation offers 
convex surface for any stress state. Since this 
condition is met, this surface makes it possible 
to determine any stress leading to the rupture 

of concrete according to the degree of 
dehydration.  

 

 
Figure 7: Evolution of �� versus degree of 

dehydration 
 
 

 
(a)  Parameter �� 

 

 
(b)  Parameter �� 

 
Figure 8: Evolution of failure envelope parameters 
�� and �� according the degree of dehydration 
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8.2 Fitting parameters of chemoplastic 
potential 

 
The first parameters of the chemoplastic 

potential  are  and  different from of 
those of the loading surface. Fig. 9 illustrates 
the relationship defined as function of the 
degree of dehydration. Referring to Eq.8, the 
parameter  appears in hardening. It is also 
different for the failure envelope F and plastic 
potential  is used to define the dependence of 
the resistance as a power function. Once all the 
parameters of potential chemoplastic have 
been determined, it is now possible to trace 
this potential across the range of degree of 
dehydration. As depicted in Fig. 10, the 
potential obtained is smooth and convex and 
should not cause numerical problems. 

 
 

 
(a)  Parameter  

 
 

 
(b)   Parameter  

 
Figure 9: Evolution of failure envelope parameters 

 and  according the degree of dehydration 
 
 
 

 
Figure 10: Evolution of chemoplastic potential 

versus degree of dehydration 

9 NUMERICAL EXPERIMENTS FOR 
VARIOUS LOADING SCENARIOS 

The present constitutive model was 
implemented in Matlab. It has to be noted that 
all model parameters were calibrated on the 
basis of the experimental studies from 
Hammoud et al [19]. The capability and 
performance of the model is evaluated by 
comparisons with experimental results. As 
depicted in Figures 11 and 12, results of 
simulation of a direct tension at 500°C, the 
failure criterion is similar to that of Rankine 
criterion. The model slightly overestimates the 
resistance calculated analytically for this 
loading case. Figure 13 shows the stress-strain 
simulation for the triaxial tension. The failure 
criterion is also close to that of Rankine. Based 
on that criterion, the model correctly estimates 
the strength of the material. Regardless the 
temperature treatment, the model assumes that 
the material does not present hardening stage. 
The main crack propagation is failing its 
residual strength as if the material behaved 
fragile. 

Figures 14 and 15 show comparison 
between numerical and experimental results 
for concrete under uniaxial compression at 
300°C, in both axial and radial directions. The 
correlation is reasonable. The hardening 
regime is similar to that measured 
experimentally. At this temperature level, the 
model slightly overestimates the axial stress. 
As can be observed in Figures 15(a) and 15(b), 
the failure criterion and the plastic potential go 
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through the same strength parameter  �(or 
cohesion�) as explained in section 6.1. 

Figure 16 shows comparison between 
numerical and experimental results for 
concrete under triaxial compression and 
various confinement levels at 300°C. The 
correlation is acceptable for both axial and 
radial directions. The respective experimental 
data are relatively close to the numerical 
result. 

 

 
(a)  Hardening 

 
(b)  Softening 

Figure 11: Numerical uniaxial tension test in 
hardening and softening stages at � � ����(500°C) 

 

 
Figure 12: Stress-strains (axial and radial) curves 

from numerical uniaxial tension test at � � ����(500°C) 

 

Figure 13: Stress-strain curve from numerical 
triaxial tension test at � � ����(300°C) 

   
Figure 14: Stress-strain curves in axial compression at 

� � ����(300°C) 

    

(a)  Hardening 

 

(b)  Softening 

Figure 15: Hardening and softening stages in axial 
compression test at ξ=0.64(300°C) 
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Figure 16: Comparison between numerical and 
experimental results for concrete under triaxial 

compression at different confinement pressures at 
ξ=0.64(300°C) 

10 CONCLUSIONS 
Novel tri-dimensional constitutive model 

was proposed and investigated. Simulations 
were performed to assist in the development of 
the modeling requirements for simulating high 
temperature impact on concrete material. A 
three dimensional constitutive law, based on 
the ELM model, under chemoplastic 
framework has been formulated. The core of 
proposed model was composed of: (1) an 
expanded a five parameter loading surface 
under chemoplastic framework to consider 
chemoplastic softening and, consequently, the 
decrease of the strength domain of concrete at 
high temperature. The loading surface was 
calibrated against database of test results. (2) 
A new ductility function was proposed and 
calibrated through the experimental results. 
This operation was performed to better capture 
the evolution of the plastic deformation under 
elevations of both temperature and 
confinement pressure. (3) New chemoplastic 
potential was also proposed and calibrated via 
experimental results. 

Simulation results have been compared to 
experimental data in terms of stress-strains 
relationships. Analyses have shown that 
simulation results using this new formulation 
were close to experimental data and in good 
agreement compared with available numerical 
experimental results on the wide range of 
temperature levels. 
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Abstract. During the last five decades, several experimental models and numerical models have been
developed to predict the time-dependent deformation of concrete under cyclic loading. It is well
known to engineers that creep accounts for a majority of structural deformation and failures. In plain
and reinforced concrete structures, cyclic creep may lead to excessive deformation, excessive crack
widths or structural collapse. The deformation in concrete under cyclic loading depends on a number
of parameters, such as, the concrete composition, environmental condition, strength of concrete, mod-
ulus of elasticity, the stress amplitude, the mean stress, number of cycle, wave forms and time under
load. In this work, the quantification of uncertainty of creep models under cyclic loading is computed
using four different creep models, (BP model, Neville und Whaley model, modified MC90 model and
modified Hyperbolic model) by considering different uncorrelated and correlated parameters respon-
sible for cyclic creep. Four sources of uncertainty parameters uncertainty, model uncertainty, data
uncertainty, and uncertainty of the creep phenomenon are considered for all of the models and com-
pared showing significant differences. A general probabilistic method is developed for the prediction
quality of creep models under cyclic loading. The Latin Hypercube Sampling (LHS) numerical sim-
ulation method (Monte Carlo type method) was used. Further, global sensitivity analysis considering
the uncorrelated and correlated parameters are used to quantify the contribution of each source of
uncertainty to the overall prediction uncertainty and to identify the important parameters. The error
in determining the input quantities and model itself can produce significant changes in creep predic-
tion values. The variability influence of input random quantities on the cyclic creep was studied by
means of the stochastic uncertainty and sensitivity analysis. All input imperfections were consid-
ered to be random quantities. The Latin Hypercube Sampling (LHS) numerical simulation method
(Monte Carlo type method) was used. It has been found by the stochastic sensitivity analysis that the
cyclic creep deformation variability is most sensitive to the Elastic modulus of concrete, compressive
strength, mean stress, cyclic stress amplitude, number of cycle, in that order.
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1 INTRODUCTION
Because of the uncertainty associated with

concrete and creep modeling under cyclic load-
ing, uncertainty should be accounted for in
model application and evaluation [1, 2]. The
analyis and consideration of uncertainty is par-
ticularly important because decisions regarding
design of concrete structures,and the repair and
deflection of concrete structures are increas-
ingly based on creep modeling. A recent change
is the application of monitoring and experiman-
tal data for a safety analysis in various fields
of engineering. The most relevant question of
the application of experimental and monitoring
data is: Which uncertainties should be applied
to the experimental and monitoring data when
utilised in a safety and serviceability analysis?
This question is answered with this paper using
the existing framework for the determination of
measurement uncertainties based on ISO/IEC
Guide 98-3 (2008a) [3].

Uncertainty in creep and shrinkage mod-
eling has been classified by [1, 4] into four
categories: model uncertainty, parameter un-
certainty, measurement uncertainty and phe-
nomenon uncertainty. The uncertainty intro-
duced by model structure and parameterisation
has received much attention in recent years
[1, 4, 5]. Simply speaking, model uncertainty
arises from incomplete understanding of the
system being modeled and/or the inability to ac-
curately reproduce creep processes with math-
ematical and statistical techniques. This in
contrast, to parameter values, ranges, physical
meaning, and temporal and spatial variability.
But parameter uncertainty also reflects the in-
complete model representation of cyclic creep
phenomenon and inadequacies of parameter es-
timation techniques, and often limited, mea-
sured data.

Although the uncertainty inherent in mea-
sured data used to calibrate and validate model
predictions is commonly acknowledged, mea-
surement uncertainty is rarely included in the
evaluation of model performance. One reason
for this omission is the lack of data on the uncer-
tainty inherent in measured cyclic creep data.

For additional information on models and
parameter uncertainty, which is carried out, one
method of importance measurement of models
by considering the uncorrelated and correlated
parameters is proposed by [6]. The distinction
between uncorrelated and correlated contribu-
tion of uncertainty for an individual variable is
very important and output response and input
variables is approximately linear in this method.

In this work, is a description of method for
the determination of the measurement uncer-
tainty for creep strain measurements follow-
ing ISO/IEC Guide 98-3 (2008a) [3]. Sub-
sequently these methods are extended to ac-
count for model uncertainties and a probabilis-
tic model assignment uncertainty. Furthermore,
the measurement uncertainties based on a pro-
cess equation and based observation are de-
rived. In the third section the core of the in-
troduction concept is derived and discussed,
namely the posterior measurement uncertainty
and sensitivity analysis.

For the detailed description of four cyclic
creep models refer to [7–13].

2 SOURCES OF UNCERTAINTY

This section describes the different sources
of uncertainty in the cyclic creep prediction.
These sources of uncertainty can be classified
into three different types-physical or natural un-
certainty, data uncertainty and model uncer-
tainty - as shown in Fig.1. Fig.1 shows the dif-
ferent sources of error and uncertainty consid-
ered in this paper for the sake of illustration of
the proposed methodology. There are several
other sources of uncertainty that are not consid-
ered here. Each of these different sources of
uncertainty is briefly discussed below.

2
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Sources of Uncertainty  

Natural/Physical 
Uncertainty  

Data 
Uncertainty  

Model 
Uncertainty  

Materials & 
Environmental 

Properties  

Loading 
Uncertainty  

Output 
Measurement 

Error  

 
Uncertain 

Distribution 
Parameters 

for Materials 
Properties  

 

Uncertainty in 
Coefficients  

Creep Law 
Uncertainty  

Creep 
Model 

Uncertainty  

Figure 1: Sources of uncertainty in cylci creep prediction.

2.1 Physical or natural uncertainty
Physical or natural uncertainty refers to

the uncertainty or fluctuations in the environ-
ment, test procedures, instruments, observer,
etc. Hence, repeated observations of the same
physical quantity do not yield identical results.
This paper considers the physical uncertainty in
loading and materials properties. The uncer-
tainty in the systematic errors to the measure-
ment, human error, the variability in other ma-
terials properties such as Poisson ratio, supple-
mentary cementing materials, the curing time
period, temperatures, etc.is not considered. The
probabilistic analysis considered the relation-
ship of concrete compliance function J(t − t0)
defined using Eq.(1) with the input variables
that cover both intrinsic and extrinsic factors
[14].

J(t− t0) =
1

σ(t0)
[εel(t0) + εcr(t, t0)] (1)

where σ(t0) is the creep stress, εel(t0) is the in-
stantaneous elastic strain, and εcr(t, t0) is the
creep strain between time of load application t0
and time of evaluating creep t. The selected
model can be described by Eq(2) where the
strain can be defined using by Eq(4).

J(t− t0) =
∑

k=1...m

xkεk = xT ε (2)

ε = (XTX)−1XTJ (3)

J is the vector of Nconcrete compliance ob-
servations and the matrix X consists of the m
effects corresponding to the N observation as:

J=





J1
J2
...
JN





; X =




x1,1 x1,2 · · · x1,m

x2,1 x2,2 · · · x2,m
...

xN,1 xN,2 · · · xN,m




2.2 Measurement uncertainties

The measurement uncertainty following
ISO/IEC Guide 98-3, 2008a [3] is determined
with a measurement equation which yields the
measurand. The uncertainties of the input quan-
tities, i.e. the (random) variables, determine
the uncertainty of the measurand. One type
of measurement uncertainties is derived by as-
signing a statistical model to observations us-
ing the definition of probability. Other types of
measurement uncertainties are derived with the
help of a process equation modeling the mea-
surement process physically. The probabilistic
models of the associated random variables are
evaluated by scientific judgment based on all of
the available information (ISO/IEC Guide 98-
3 [3] implying a Bayesian definition of proba-
bility. It is possible to characterise three type
of uncertainty during the measurement of the
cyclic creep strain: uncertainty related to mea-
surement, uncertainty due to the positioning of
the gauges and uncertainty due to the installa-
tion.

Based upon the physical properties of the
measurement process, the process equation
is derived and uncertainty models are intro-
duced for the associated random variables.
This derivation takes basis in the concept for
the determination of uncertainties according to
ISO/IEC Guide 98-3 [3]. In addition to this
concept, a model uncertainty and an assignment
uncertainty are introduced. The starting point
for the derivation of the process equation is the
measurement equation Eq (1). The introduc-
tion of the model uncertainty in strain measure-
ment, which describes the uncertainty associ-
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ated with the physical formulation of the prob-
lem, leads to Eq (1). With an associated un-
certainty model, the measurement uncertainty
can be derived e.g. with a Monte Carlo simu-
lation. The uncertainty model can be derived
by considering the product information of the
measurement system. The product information
is usually valid for all strain gauges of the same
type, all amplifiers of the same type and for all
surrounding and application conditions as doc-
umented in the manufacturer specifications ac-
cording to standardised rules [16]. The mea-
surement uncertainty based on observations of
the cyclic creep strain follow a normal distribu-
tion with the parameters µ and σ Eq 4.

εtotal ∼ N(µ, σ) (4)

The parameters of the distribution are esti-
mated with the method of Maximum Likeli-
hood. For the calcultion of the marginal dis-
tribution, the statistical uncertainties of the pa-
rameters are integrated Eq 5.
fεcr,cyc(εcr,cyc) =∫ ∞

−∞
f(εcr,cyc |(µ, σ).f(µ).f(σ)dµdσ) (5)

With Bayesian updating the posterior mea-
surement uncertainty, i.e. the distribution of the
measurement uncertainty accounting for prior

knowledge and observations, is derived Eq 6.

f ′′(εcr,cyc) = f ′(εcr,cyc).L(εcr,cyc) (6)

The uncertainty model for the variation of
the cyclic creep strain calculation based on the
measurement is summarised in Table 1. A nec-
essary condition for Bayes’ theorem is that the
probability of observing any particular data out-
come for a given state must be known. This
information is often available from laboratory
testing, product literatures, or past experiences.
Information about an input quantity X con-
sists of a series of indications regarded as real-
isations of independent, identically distributed
random variables characterised by a PDF, but
with unknown mean and variances. Calcula-
tion therefor proceeds in two steps:- first, a
non-informative joint prior- (pre-data) PDF is
assigned to the unknown mean and variances.
This joint prior PDF is then updated, based on
the information supplied by the series of indica-
tions, to yield a joint posterior (post-data) PDF
for the unknown parameters, which is shown
in Figure 2.The desired posterior PDF for the
unknown mean is then calculated as a marginal
PDF by integrating over the possible values of
unknown variances. The updating is carried out
by forming the product of a likelihood function
and the prior PDF.

Table 1: Uncertainty model for the cyclic creep measurement and prediction

Random Variable Mean Std. CoV Distribution Models Sources
fc,28 52.00 MPa 3.12 0.06 Log-normal 1,2,3,4 [17]
fd 50.70 MPa 3.00 0.06 Log-normal 1,2,3,4 Assumed

Eci,28 34144 MPa 3414.4 0.10 Log-normal 1,2,3,4 [17]
Ed 33290 MPa 3329.0 0.10 Log-normal 1,2,3,4 Assumed

Humidity 0.65 0.026 0.04 Normal 1,2,3,4 [15]
Cement content 362 kg/m3 36.20 0.10 Normal 1,3 [1]

Water.cement ratio 0.50 0.05 0.10 Normal 1 [1]
Sand-cement ratio 5.16 0.156 0.10 Normal 1 [1]

Frequency 9 Hz 0.72 0.08 Normal 1,3 Assumed
Mean stress 0.35fc 0.035 0.10 Normal 1,2,3,4 Assumed

Stress amplitude 0.3fc 0.03 0.10 Normal 1,2,3,4 Assumed
Number of cycles 106 80000 0.08 Normal 1,2 Assumed

1 = BP, 2 = modified MC90/CE 2 , 3 = modified Hyperbolic , 4 = Neville
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The likelihood function is the product of
functions, one function for each indication,and
is identical in form, e.g., to a Gaussian PDF
with expectation equal to the indication and
variance formally equal to the unknown vari-
ance.

In Figure 2, plots are shown for the prior and
the posterior probability density for mean ob-
served cyclic creep function.
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Figure 2: Illustration of prior and posterior probability
density for the observed mean of cyclic creep. Also the
likelihood for the test results is shown.

All three (prior, likelihood and posterior un-
certainty) are applied to determine the mea-
surement uncertainty. For the process equation
based measurement uncertainty, the uncertainty
associated with the assignment of a probabilis-
tic to a measured cyclic creep strain is mod-
eled. In Figure 2 the probability densities for
the mean of the statistical model are depicted.
The posterior density, calculated with Bayesian
updating, is then orientated closer to the likeli-
hood with a slightly higher density.

The measurement uncertainty obtained by
observation has different boundary conditions
associated with the probability models calcu-
lated separately. The process equation based
measurement uncertainty is seen as the accumu-
lation of prior knowledge of the measurement
process. It becomes clear that the measurement
uncertainty for a specific application is not ex-
actly determinable and that furthermore, both
concepts for the determination of the measure-

ment uncertainty have their different boundary
conditions and their limitation [16].

In order to carry out MCM of the Bayesian
updating by running the program in MATLAB,
for ndigit = 1 it performed 106 evaluations of
the different models until the stabilisation of the
results. It gives the estimate cyclic creep with
associated standard uncertainty, and measure-
ment uncertainty, (CVϕ,β) or u(Ex))); For sim-
plification in this work, (standard uncertainty
u(Ex))), is written as measurement uncertainty
(CVϕ,β), which is shown in the last row Table
2, with a shortest 95 percentage coverage inter-
val. Noted in this work, is the method of calcu-
lating the measurement error and predicted val-
ues to consider measurement uncertainty with
the goal of facilitating enhanced evaluation of
cyclic creep models. The basis of this method
was the theory that cyclic creep models should
not be evaluated against the values of measured
data, which are uncertain, but against the in-
herent measurement uncertainty. Especially for,
the deviation calculation of the probability dis-
tribution of measured data, the value of inter-
nal uncertainty is assumed. Apparently, the out-
put has a Gaussian shape, see Figure 4, which
is usually predicted. However, in detail the
statistical study, results show a deviation from
normally, due to the excess kurtosis coefficient
value of 0.5. In order to study the behaviour of
the output PDF and the relations with the sev-
eral model parameters, a sensitivity analysis fo-
cusing on the measuring uncertainties was
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Figure 3: Output PDF of cyclic creep obtained for MCM
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also carried out, allowing the identification
of critical parameters for the measurement un-
certainty magnitude and the output PDF shape.

Table 2: Uncertainties in cyclic creep models

Model 1 2 3 4
U(E(total)) 0.283 0.306 0.300 0.380

U(E(internal.)) 0.080 0.080 0.080 0.080
U(E(posterior)) .062 0.086 0.093 0.121

1 = BP, 2 = modified MC90/CE 2 , 3 = mod-
ified Hyperbolic , 4 = Neville

2.3 Model uncertainty
Model uncertainty is the uncertainty related

to imperfect knowledge or idealisations of the
mathematical models used or uncertainty re-
lated to the choice of probability distribution
types for the stochastic variables. Even when
there occur no measurement uncertainty (or
when it is negligible), there may be some dis-
crepancies between the predicted and observed
values in most situations. This is called model
error or uncertainty.

3 EVALUATION OF MODELS QUALITY
CONSIDERING MEASUREMENT UN-
CERTAINTY

The mean value of the predicted cyclic func-
tion of the four models for a short time is pre-
sented in Fig 4. Because the initial elastic
strains were not reported, due to pronounced
short-time creep duration, they had to be as-
sumed, and thus the compressions are relevant
only to the part of strain representing the creep
increase due to the part of strain cycling. Signif-
icant errors have often been caused by combin-
ing the creep coefficient with an incompatible
value of the conventional elastic modulus. Thus
analysis must be properly based on the cyclic
creep function. In Fig. 4 the data of all four
models show quite different values in the first
hour of testing and at 100 hours the difference
shown is minimal despite the use of a similar
concrete and testing condition. This may be due
to fluctuation in time to the physical mechanism
of creep. The modified MC90/EC2, Neville and
modified hyperbolic models are based only on

the set of data and may not be applicable to con-
ditions substantially different than these during
the experiments.
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Figure 4: Mean value of creep function.

Fig. 5 and 6 shows that the results of the un-
certainty analysis of four different models. Both
Figs. showed that the correlated and uncorre-
lated contribution of input variables have made
important contributions to the uncertainty in
model output. The uncorrelated input variables
uncertainty of model Neville is very small, only
the contribution of four variables. On the other
hand, the input variables are notable effects on
the output, because there are more variables
and the complex model and model uncertainty
is small. The correlated and uncorrelated in-
put variables for the model Neville shows the
largest uncertainty CVpar,crcyc(t − t0) = 0.08
at t = 1 h and uncertainty CVpar,crcyc(t − t0) =
0.06 at t = 100 h, the uncertainty goes to de-
creasing with the increasing time under load.
The uncorrelated input quantities uncertainty
of model mod. MC90 and mod. Hyperbolic
CV par, crcyc(t − t0) = 0.10 and are almost
independent with time. Model BP has strongly
time-dependent uncertainty varying in the range
of CVpar,crcyc(t − t0) = 0.11 · · · 0.08. Taking
into account the input variables real correla-
tion of the Neville model the input variables in-
crease significantly CVpar,crcyc(t − t0) = 0.08
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and may cause the effect of strong correlation of
strength and young modulus of elasticity. Com-
paring the total uncertainty of the models from
Fig. 6, we conclude that the model and mea-
surement paly the important role on the uncer-
tainty behaviour of models. In comparison of
all models, BP has the lowest total uncertainty
CVpar,crcyc(t− t0) = 0.30 and Neville model
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Figure 5: Input variables uncertainty of cyclic creep pre-
diction

has highest total uncertainty CVtot,crcyc(t −
t0) = 0.40.. The models mod. MC90, mod.
Hyperbolic and Neville are based on the experi-
mental data and also, assumed time strain equa-
tion always satisfactorily fit the experimental

data, such that long-term values cannot be es-
timated with confidence. Generally, the longer
the time over which creep has actually been
measured, the better the prediction. The CV in
the initial time of loading shows a higher fig-
ure and with increasing time, because the initial
time shows more uncertainty in measurement.
The most important variable at short-time creep
is model uncertainty factor for all models.
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Figure 6: Total uncertainty of cyclic creep prediction

Total model quality (MQ) can be used to bal-
ance the better response of the model to its un-
certainty in order to select the model that is
most suitable for a certain response. Fig. 7
show the time-dependent model quality. MQ
which is dependent upon total uncertainty con-
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sidering the correlated input quantities. The
MQ is slight time dependent. For this reason,
the time interrogation is according to [4] and
results are given in Fig 5. In all these compar-
isons, model BP is found to be the best. CEB-
MC90/EC2 model, which modifies its original
model MC90/EC2 by co-opting key aspects of
cyclic loading (the mean stress and stress am-
plitude function and dependence on the num-
ber of cycles would simply mean a loading fre-
quency), comes out as the second best. Consid-
erably worse but the third best overall is seen
to be the modified Hyperbolic model. Since the
current the Neville model, labelled Neville, is
the simplest, introduced in 1973 on the basis
of Neville’s research, it is not surprising that it
comes out as the worst, because it is based on
only four variables and there is no considera-
tion of concrete composition and environmental
variables.
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Figure 7: Total uncertainty of cyclic creep prediction

3.1 Sensitivity analysis (SA)
For the quantification of the influences of

the individual parameters on the cyclic creep
strain, a sensitivity analysis is performed. SA
is required to find out the dominant effect of
the variability of input random variables on the
cyclic creep strain. Fig. 8 shows the results
of the sensitivity analysis of uncorrelated and
correlated variables. For the calculation of the

sensitivity, the model uncertainty is not consid-
ered. It is assumed that the sensitivity indices
are up to

∑pK
p′=1 Sp = 1. The normalisation

is necessary due to consideration of correlation,
which may be the results of sensitivity indices
Sp ≥ 1. From this arises the difficulties in the
comparison between the uncorrelated and cor-
related indices. High value of sensitivity Sp

indices means highly influential on the uncer-
tainty. For example Sp = 1 means only this
quantities affect the output. [6] method is used
in this paper for the global sensitivity analysis.
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Figure 8: Uncorrelated and correlated sensitivity indices
of model BP

In the model BP sees a more time dependent
sensitivity indices over time. The main reason
behind this is the increased combination of time
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function with the input quantities. It is seen
that the most sensitive quantities turn out to be
concrete strength. In second place is the con-
tent of the cement when quantities are assuming
the uncorrelated. Further, the stress amplitude
and frequency is the third and fourth influence
quantities. The influence of water-cement ratio,
aggregate-sand ratio and humidity are also con-
siderable. The concrete strength is most domi-
nating in quantities when considering the quan-
tities correlation. The second dominant quantity
is the cement content and stress amplitude. The
sensitivity indices of cement content and stress
amplitude show a small decrease with increas-
ing time. In cyclic parameter it is observed that
there are considerable influences.

4 CONCLUSION
This paper investigated the various sources

of uncertainty in a cyclic creep prediction and
illustrated the proposed methods to the quality
of the overall uncertainty in cyclic creep predic-
tion for structures with complicated geometry
and cyclic loading. Several sources of uncer-
tainty measurement uncertainty, physical vari-
ability, data uncertainty and modeling errors -
were included in the prediction. A framework
for the determination of uncertainties is intro-
duced. This framework, which is elaborated on
the example of cyclic creep strain measurement,
accounts explicitly for the assignment of the un-
certainty of a probabilistic model to a measure-
ment value and for model uncertainties.

The new concept of measurement uncer-
tainty, the posterior measurement uncertainty
and cyclic creep strain measurement uncer-
tainty are derived by Bayesian updating. The
prior and the likelihood are informative dis-
tribution as the prior measurement uncertainty
and the likehood is associated with probabilis-
tic models of observations. Physical variabil-
ity included loading conditions and materials
properties such as stress intensity. The suc-
cess of the evaluation of measurement uncer-
tainties depends on the nature of the metrogoli-
cal problems considered, being particularly rel-
evant to the nature of the mathematical models

used. The uncertainty in data used to charac-
terise these parameters was taken ino account.
The variability influence of input random quan-
tities on the cyclic creep was studied by means
of the stochastic uncertainty. The Latin Hyper-
cube Sampling (LHS) was used.

The uncertainty and sensitivity analysis is
computed using the LHS sampling technique.
It is seen from the uncertainty analysis that the
complex cyclic creep model BP has the good
MQ and less uncertainty but the simple Neville
model has higher uncertainty and lower model
quality. In contrast, the complex model needs
computational effort and more input variables.
Accounting for measurement uncertainty and
model uncertainty with this methodology can
improve model calibration by reducing the like-
lihood.

Also, the proposed approach for uncertainty
quantification is applicable to several engi-
neering disciplines and the domain of cyclic
creep analysis was used only as an illustration
to develop the methodology. In general, the
proposed methodology provides a fundamen-
tal framework in which multiple models can
be connected through a Bayes network and the
confidence in the overall model prediction as-
sessed quantitatively.

Acknowledgment
This research is supported by the German Re-
search Institute (DFG) via Research Training
Group Evaluation of Coupled Numerical Partial
Models in Structural Engineering (GRK 1462),
which is gratefully acknowledged by the author.

REFERENCES
[1] MadsenO. H. and Bažant, Z. P., 1983. Un-
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ABSTRACT 

This paper presents very recent experimental results aimed at disclosing the loading frequency 
effect on the fatigue behaviour of a plain concrete and two types of fiber-reinforced concretes, using 
polypropylene and steel fibers. Compressive fatigue tests were conducted on 123 cubic specimens 
(100 mm in edge length). Four different loading frequencies were set as 4 Hz, 1 Hz, 0.25 Hz and 
0.0625 Hz, respectively. The maximum stress applied on the specimen was 85% of the compressive 
strength and the stress ratio was set constant as 0.3. The results show that the loading frequency 
effect on the fatigue behaviour of the plain concrete is pronounced. The fatigue life (the number of 
cycles to failure) at the lower frequencies is less than that at higher frequencies. However, the fibers 
can improve the fatigue behaviour significantly under low loading frequencies. Such trend can be 
attributed to the effectiveness of the fibers in bridging the cracks, and thus inhibiting crack 
extension during the load cycles. The influence of the frequency and the improvement of the fibers 
can be explained comparing the strain history during the tests. 

Key words: Fatigue, Fiber Reinforced Concrete, Loading Frequency, Compression 
 

1 INTRODUCTION 
Interests in the fatigue of concrete began 

more than a hundred years ago with the 
development of reinforced concrete beams. 
With the technological development in high-
strength concrete (HSC), HSC is very often 
used in modern complicated structures of 
considerable height and span. However, HSC 
is more brittle than conventional concrete, so, 
an alternative method is performed to 
introduce more ductility by adding fibers into 
the concrete matrix, thus, a type of fiber-
reinforced concrete (FRC) is made. Nowadays, 
the fatigue behaviour of FRC is also getting 
more and more attention. 

Since the beginning of fatigue studies on 
concrete, numerous experiments have been 
conducted to study the influence of different 
fatigue parameters [1-19]. These parameters 

were either set by the fatigue test conditions, 
such as the minimum stress min, the maximum 
stress max and the loading frequency f, or 
determined by material properties, for example 
the static material strength c, which can be 
the compressive strength fc or the tensile 
strength ft, or any other critical stress defined 
accordingly. Other parameters included the 
stress ratio R, defined as min/max, or the stress 
level S, defined as max/c. 

Regarding the effect of loading frequency f 
on the fatigue life (the number of cycles to 
failure, N) of plain concrete, the first studies [1, 
2] show that when f was between 4.5 Hz and 
7.5 Hz, the loading frequency had slight effect 
on the fatigue life N, however, when f was 
lower than 0.16 Hz, the fatigue life decreased. 
Some other researches [6, 20] suggested that 
the loading frequency had minor influence on 
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the fatigue life when the loading frequency 
was between 1 Hz and 15 Hz, and the 
maximum stress Smax was less than 75% of the 
compressive strength fc. After that, it was 
shown that when Smax was greater 75% fc, the 
loading frequency influenced N strongly [21]. 

The classical fatigue equation as shown in 
equation 1 has been proposed to describe the 
relation among the maximum stress, 
compressive strength c, stress ratio R, number 
of cycles to failure and a material parameter 
 

𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥
𝜎𝜎𝑐𝑐

−  − 𝑅𝑅 𝛽𝛽 𝑁𝑁 (1) 

The same relation was confirmed for fatigue 
strength of concrete in compression and in 
tension for splitting tests of cubes [11, 12]. 
Though the influence of loading frequency (or 
time) has been observed as early as 1960s [5] 
and confirmed in 1970s [8, 9, 22], it was not 
included until Hsu [13] and Furtak [14] 
updated the equation by considering the 
loading time and frequency. Zhang et al. [16] 
further improved the equation of Furtak by 
redefining the stress ratio R when there is 
stress reversal. 

Hsu [13] proposed two models according to 
the fatigue life, i.e., low-cycle fatigue (N<103) 
for structures subjected to earthquake is 
expressed as equation 2; high-cycle fatigue 
(103<N<107) for airport pavements, bridges 
and highways is shown as equation 3, where T 
is the period of the repeated loads (T=1/f): 

𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥
𝜎𝜎𝑐𝑐

−  − 𝑅𝑅 𝑁𝑁 

− 𝑇𝑇 

 

(2) 

𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥
𝜎𝜎𝑐𝑐

− 𝑅𝑅 −  − 𝑅𝑅 𝑁𝑁 

−  − 𝑅𝑅 𝑇𝑇 

 

(3) 

Another model was developed [14] 
containing a frequency influence coefficient Cf 
to consider the effect of the loading frequency 
as described in equation 4: 

𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥
𝜎𝜎𝑐𝑐

𝐶𝐶𝑁𝑁−𝐴𝐴 𝐵𝐵𝑅𝑅 𝑁𝑁 𝐶𝐶𝑓𝑓  (4) 

where A, B, C, a and b are adjusting 

parameters and Cf is determined by equation 5: 

𝐶𝐶𝑓𝑓 𝑎𝑎 − 𝑏𝑏𝑅𝑅 𝑓𝑓 (5) 

An improvement on the previous equation 
was made [16], including reversal stress 
besides the loading frequency as expressed in 
the equation 6: 

𝑆𝑆𝑚𝑚𝑎𝑎𝑥𝑥
𝜎𝜎𝑐𝑐

 𝑎𝑎𝑏𝑏− 𝑓𝑓 𝑐𝑐  −  − 𝑅𝑅  𝛽𝛽 𝑁𝑁  (6) 

Drawing the loading frequency with respect 
to the number of cycles to failure adopting 
equations 2 to 6, figure 1 was obtained, setting 
max/c=0.75 and R=0.1. 

 
Figure 1: Fatigue life  Frequency  

by adopting different models. 

From figure 1, it is clear that the fatigue life 
decreases with a decrease in loading frequency. 
It is worth noting, those equations were 
obtained based on the plain concrete fatigue 
tests. With respect to the fatigue behaviour of 
FRC in compression, the researches are scarce 
[23-26] and the parameter of loading 
frequency has not been taken into account. 

Thus, in order to evaluate the effect of the 
loading frequency on the compressive fatigue 
behaviour of plain concrete and fiber- 
reinforced concretes, a series of compressive 
fatigue tests were performed. The results show 
that the loading frequency effect on the fatigue 
behaviour of the plain concrete is pronounced. 
However, for the fiber-reinforced concretes the 
fatigue life under low loading frequencies gets 
closer to that under high loading frequencies. 
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2 MATERIAL CHARACTERIZATION 
Three types of concretes were made of the 

same concrete matrix, using ASTM type I 
cement 52.5R, sand size no greater than 4 mm, 
siliceous gravel aggregate of 12 mm maximum 
size and superplasticizer (Glenium   C-355). 
The mixing proportion by weight were 
1 : 0.35 : 1.89 : 2.17 : 0.014 (cement : water : 
sand : siliceous  gravel : plasticizer). 

Different type of fiber and the fiber content 
are as follows: 

Concrete 1 (C1): plain concrete without 
fibers; 

Concrete 2 (C2): polypropylene fiber 
reinforced concrete; corrugated polypropylene 
fibers, with 40 mm length, rectangular cross 
section (0.50  1.30 mm), aspect ratio 62, fiber 
volume ratio 0.56%;  

Concrete 3 (C3): steel fiber reinforced 
concrete; hooked end steel fibers with 35 mm 
in length, diameter 0.55 mm, aspect ratio 64, 
fiber volume ratio 0.64%.  

The tests were divided in twelve series: 
three types of concrete and four loading 
frequencies. 

For each type of concrete 40 cubic 
specimens (100 mm in edge length) were 
made for the fatigue tests and 6 cubes were 
concreted to measure the quasi-static 
compressive strength at the stress rate 
0.2 MPa/s.  

To obtain the standard mechanical 
properties four cylinders were cast, for each 
type of concrete. Table 1 presents the quasi-
static compressive strength  fc; elastic modulus 
E; Poisson´s ratio v. 

 
Table 1: Mechanical properties 

Concrete fc (MPa) E (GPa) v 
C1 75 34 0.20 
C2 86 42 0.22 
C3 86 38 0.21 

3 FATIGUE TESTS 
The fatigue tests were performed by a 

servo-hydraulic machine. The load control was 
applied with a sine signal as shown in figure 2. 

The maximum stress Smax applied on the 

cubic specimen was 85% of the cubic fc, the 
stress ratio R (Smin/Smax) was 0.3, where Smin is 
the minimum stress, Sm is the mean stress and 
Sa is the stress amplitude. Four different 
loading frequencies were adopted, 4 Hz, 1 Hz, 
0.25 Hz and 0.0625 Hz, respectively. 

 

 
Figure 2: Sine signal used on fatigue tests. 

 
The fatigue tests were realized in two stages. 

First, steps of 100 kN/min were made until the 
load reaches the equivalent mean stress Sm. 
Then the fatigue test starts following the sine 
signal (figure 2), where the load and 
displacement where stored for each maximum 
and minimum every cycle. 

The fatigue tests were initiated on plain 
concrete at 4 Hz, where the concrete were six 
months old. The cubic static compressive 
strength was 74 MPa. The remains fatigue 
tests were performed when the concrete has 
one year old where the cubic fc was 79 MPa 
for the plain concrete (C1) used for the fatigue 
test at 1 Hz, 0.25 Hz and 0.0625 Hz. For the 
fiber reinforced concretes the cubic fc was 74 
MPa and 89 MPa for (C2) and (C3), 
respectively.  

3.1 Results and discussion 
Thirteen tests were conducted on plain 

concrete at loading frequency 4 Hz, the rest 
loading frequencies, 10 tests were performed. 
The number of cycles to failure N for each 
tested specimen is presented in table 2. 

Figure 3 shows the number of cycles to 
failure versus the frequency in log scale for the 
plain concrete (a), the polypropylene fiber-
reinforced concrete (b) and the steel fiber-
reinforced concrete (c), respectively. 
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Table 2: Experimental results on fatigue tests 

  4 Hz 1 Hz 0.25 Hz 0.0625 Hz 

C1 

821 23 18 11 
1222 85 30 38 
1578 157 98 76 
1660 282 122 102 
2485 368 157 142 
4192 479 219 234 
7038 759 400 275 
8411 833 535 329 
9521 1351 650 339 

13020* 1571 1242 473 

C2 

371 124 12 16 
376 237 14 40 
668 710 107 42 
900 1294 176 74 

1685 1457 451 93 
2962 2629 632 119 
3656 10480 1559 331 
6446 11383 1905 617 
6792 11589 3500 949 
6799 31020 5113 1264 

C3 

849 154 237 221 
1176 412 314 256 
1347 746 716 741 
1398 1344 751 1121 
1673 2077 986 1144 
1751 2365 1014 1246 
2042 3120 1291 1273 
2635 3945 2432 1304 
4070 4082 3659 1875 
5952 7438 5541 2409 

*Three results more at 4 Hz for C1: 133, 22570 
and 170256 cycles. 

 
 Comparing the results of the plain concrete 

and that of the fiber-reinforced concretes, it 
can be seen that the numbers of cycles to 
failure decreases as the loading frequency 
decreasing. Furthermore, this decrease is more 
pronounced for plain concrete. 

 

 
(a) Plain Concrete 

 

 
(b) Polypropylene fiber reinforced concrete 

 

 
(c) Steel fiber reinforced concrete 

Figure 3: Number of cycles versus frequency. 

 
The number of cycles to failure on fatigue 

tests follows Weibull distribution. So, in 
figure 4 we present the mean value (solid 
symbols) and standard deviation (hollow 
symbols) of the number of cycles for each 
loading frequency for plain concrete (a), 
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polypropylene FRC (b) and steel FRC. The 
models proposed by others authors [13, 14, 16], 
plotted using the same parameters applied on 
the experimental fatigue tests, are also 
presented by the dashed lines crossing the 
graphics. 

 

 
(a) Plain Concrete 

 
(b) Polypropylene fiber reinforced concrete 

 
(c) Steel fiber reinforced concrete 

Figure 4: Number of cycles versus frequency  
(Mean ± Standard deviation). 

The addition of fiber improves the fatigue 

life for the lower frequencies (0.25 Hz and 
0.0625 Hz); nevertheless no significant gain 
was observed at the higher frequency (4 Hz). 

3.2 Strain history 
From the maximum displacement in each 

cycle the secondary strain rate [27] was 
obtained during the tests. As the tests were 
conducted in load control, the strain rate is a 
response from the specimen during the test.  

From each fatigue test the cyclic creep 
curve (time versus maximum strain) was 
obtained as shown in figure 5. In this type of 
curve three different stages are usually 
observed: in the first 10 to 15% of the total 
number of cycles to failure there is a quick 
increase of deformation; then a linear branch, 
that represent the major part of the test time, 
extends until around 85% of the number of 
cycles, where the slope of this linear branch is 
the secondary strain rate 𝜀𝜀 ; final stage was 
characterized by a sudden increase in the 
deformation shortly preceding the complete 
failure of the specimen. 

 

 
Figure 5: Typical evolution of strain versus time 

 
Figure 6 presents the envelopes of the 

cyclic creep curves for each series of fatigue 
tests, i.e., three concrete types divided in four 
graphics for each loading frequency.  
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Figure 6: Evolution of strain versus time curves. 

 

For a better comparison the graphics were 
limited to strain 1%, even that in some cases 
the final strain top was 1%, and the time was 
normalized. 

Comparing the curves on figure 6 we can 
observe the differences on the final strain 
(strain at the rupture, or when the normalized 
time is equal to unit) and the shape of the 
curves among the plain concrete C1 and the 
fiber reinforced concretes C2 and C3. 

The evolution of the strain and the final 
strain were usually smaller for plain concrete, 
higher for steel FRC and polypropylene FRC. 
This shows that the addition of the fibers 
allowed the specimens support higher 
deformations, and the effectiveness of the steel 
fibers was better than the polypropylene fibers. 

Besides, it can be seen a jump (or a break of 
tendency) in the central branch of the FRCs. 
This jump could be understood as the work of 
the fibers bridging the crack evolution. This 
break of tendency is more pronounced for the 
polypropylene FRC. 

In these experimental tests, the stress rate 
was controlled and the strain rate was obtained 
from the evolution of the deformations.  

The stress rate can be calculated according 
to equation 7 where  is the stress variation 
from minimum to maximum: 

𝜎𝜎 𝜎𝜎𝑓𝑓 (7) 

The explanation of the bigger fatigue life 
for the higher frequencies can comes from the 
stress rate. The tests were set to Smax = 85% of 
the quasi-static compressive strength fc on 
cubes. This quasi-static fc was measured at a 
stress rate 0.2 MPa/s. For the fatigue test, the 
imposed stress rate was around 6 MPa/s for 
0.0625 Hz; 25 MPa/s for 0.25 Hz; 100 MPa/s 
for 1 Hz; and 400 MPa/s for 4 Hz. When the 
concrete is submitted to dynamic conditions, 
the compressive strength at highest stress rate 
can reach 15% greater than quasi-static fc [28, 
29]. 

Assuming that at the higher frequency 4 Hz 
the tests were performed in a dynamic 
condition and at the lower frequency 
0.0625 Hz the tests could be considered quasi-
static, and imagining that the development of 
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crack propagation is different for quasi-static 
and dynamic conditions, we can understand 
why the fatigue life N is smaller for the lower 
frequencies.  

Figure 7 shows the relation among the 
fatigue life, the secondary strain rate and 
loading frequency for the twelve series of tests: 
three types of concrete and four loading 
frequencies. 

 

 
Figure 7: Strain rate  number of cycles. 

 
From figure 7 it is observed that the fatigue 

life is lower as higher as the strain rate is, no 
matter which type of concrete or frequency. In 
the figure, the results are grouped by different 
loading frequency. Furthermore, the strain rate 
is greater for the higher frequencies. 

 

4 CONCLUSIONS 
In this paper, the loading frequency effect 

on the fatigue compressive behaviour of a 
plain concrete and two types of FRCs were 
investigated.  

The results show that the loading frequency 
effect on the fatigue behaviour of the plain 
concrete is pronounced. The number of cycles 
to failure at lowest loading frequency 
(0.0625 Hz) is at least one order of magnitude 
lower that at highest loading frequency (4 Hz). 
However, for polypropylene and steel-fiber 
reinforced concretes, the numbers of cycles to 
failure under low loading frequencies get 
closer to that under high loading frequencies, 
namely, the same order of magnitude for steel 
FRC. Such trend can be attributed to the 

effectiveness of fibers in bridging the cracks, 
and thus inhibiting crack extension during the 
load cycles. 

Furthermore, the strain history was studied, 
and it is confirmed that there is a strong 
relationship between the fatigue life and the 
secondary strain rate. 
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Abstract. Majority of concrete structures are subjected to fatigue loading. It is important to math-
ematically model fatigue in order to predict the remaining life of these structures. Fatigue crack
propagation is a complex and irreversible process, hence an energy approach is adopted in this work
by using thermodynamics as the framework. In thermodynamics, a dissipation potential is used to
describe the evolution of internal variables of a dissipative phenomenon. An analytical expression for
dissipation potential defined for fatigue crack propagation in concrete is derived using the concepts
of dimensional analysis and self-similarity. A fatigue crack propagation model is obtained using this
potential as a guideline and is validated using available experimental results. An attempt is made to
impart physical meaning to this potential and also to the various dimensionless products involved. It
is shown that the proposed expression for dissipation potential captures size effect in concrete and
therefore resulting in more objective results.

1 INTRODUCTION

Fatigue is a progressive, localized, perma-
nent damage that occurs in a structure, when
subjected to cyclic loading. It is important to
understand and mathematically model the rate
of fatigue crack propagation in a structure in or-
der to predict its residual life. Fatigue crack
propagation in concrete structures is a very
complex process, involving irreversible changes
at micro, meso and macro levels. Initially, irre-
versible changes occur at micro level; and with
increasing number of cycles, the damage accu-
mulates and takes the form of a macrocrack.
This crack propagates further leading to the ul-
timate failure of the structure. The presence
of a fracture process zone ahead of crack tip
in quasi-brittle materials like concrete further

complicates the process. The theory of frac-
ture mechanics is one of the several approaches
through which the fatigue phenomenon in con-
crete is studied. This involves the determina-
tion of a fatigue crack propagation law, from
which the number of cycles to failure can be
predicted. It could be stress based approach,
revolving around stress intensity factors, more
appropriate in linear elastic fracture mechanics.
Alternatively, it could be energy based, dealing
with the energy release rate and is suitable for
both linear as well as non-linear fracture me-
chanics. The energy based approach is a more
viable one as it gives a global response of the
structure and, since we assert to understand and
model a complex process through an energy ap-
proach, it seems reasonable to use the concepts

1
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of thermodynamics. A model based on fun-
damental physical principles such as those of
thermodynamics is more desirable than a model
based on analogy. Fatigue is an irreversible pro-
cess and hence the theory of irreversible (non-
equilibrium) thermodynamics is suitable to de-
scribe it.

The thermodynamic formalism is based on
the assumption of existence of two kinds of po-
tentials, thermodynamic potential and a dissipa-
tion potential. Any material behavior can be ex-
pressed as a mathematical model, if the second
law of thermodynamics is satisfied and a proper
choice of state variables, analytical expressions
of the state potential and dissipative potential
are made. The choice of variables depends upon
the purpose of modeling, the phenomena to be
modeled, the conditions under which it occurs,
and the predictions that are to be made from the
model. Generally, the free energy is chosen as
the thermodynamic potential and the state laws
are derived from it. To describe a dissipative
process, a dissipation potential is required [1].
The choice of dissipation potential is essentially
an assumption of the constitutive model and is
usually not derived from thermodynamic foun-
dations. Such a potential has no apriori physical
meaning [2]. The available expressions for dis-
sipation potential are mostly applicable to met-
als and are derived empirically by fitting exper-
imental data. They are mostly developed using
the framework of continuum damage mechanics
[1,3,4]. The existing expressions for dissipation
potential contain parameters with no physical
meaning. In this work, an analytical expression
for dissipation potential is developed in fracture
mechanics framework to model fatigue crack
propagation in concrete. This is done using the
concepts of dimensional analysis and interme-
diate asymptotics. The crack length is chosen
as the internal variable and hence its evolution is
obtained from this expression. In other words,
the fatigue crack propagation model is just an
outcome of this exercise, but the dissipation po-
tential is used as a guideline. Also, an attempt
is made to impart physical meaning to this po-
tential.

2 THERMODYNAMIC POTENTIALS
Thermodynamic potentials are scalar func-

tions of a set of independent state variables used
to represent the thermodynamic state of a sys-
tem from which all the characteristics of the
system can be deduced. Associated with this set
of independent state variables is a set of depen-
dent state variables called the thermodynamic
properties or associated variables or dual vari-
ables. These play a duality type role in that
each state variable has a thermodynamic prop-
erty and it is occasionally desirable to reverse
these roles. For example, if Π is the thermo-
dynamic potential which is a function of a set
of state variables say, Π = Π̂(χ0, χ1, ...), then
from chain rule

dΠ =
∂Π

∂χ0

+
∂Π

∂χ1

+ ... (1)

The derivatives ∂Π
∂χj

are the thermodynamic
properties, also called thermodynamic forces
associated with each independent variable χj

[5].
The state variables include the observable

variables and the internal variables. The ob-
servable variables are the usual field quanti-
ties like the total strain (ε) and temperature
(T ). For a reversible (elastic) phenomenon, the
state depends uniquely on the observable vari-
ables. But, for dissipative phenomena, the cur-
rent state also depends on the internal variables
which describe the internal structure of the ma-
terial and also are able to capture the past his-
tory effect. The choice of the internal variables
is dictated by the phenomenon under study and
its application. The plastic strain εp, the dam-
age variable D or the crack length a are few in-
ternal variables depending on whether the phe-
nomenon under study is plasticity, damage or
fracture. The thermodynamic potential allows
one to write relations between observable vari-
ables and its associated variables. However, for
internal variables it allows only the definition
of their associated variables. Whereas, a dissi-
pation potential allows one to get the relation-
ship between the internal variables and its as-
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sociated variables. In order to describe the dis-
sipation process or the evolution of the internal
variables, a dissipation potential is needed [1].

2.1 Dissipation potential φ

The laws of elasticity are derived from the
thermodynamic potential, whereas the consti-
tutive equations for dissipative phenomena like
plasticity or damage are derived from dissi-
pation potential. Let Vk be the internal vari-
ables and Ak, their corresponding associated
variables. Dissipation is defined as the sum
of product of the thermodynamic force (asso-
ciated variable) Ak and the respective flux vari-
able (V̇k).

D = ΣAkV̇k (2)

Dissipation potential φ is a function of the flux
variables, the gradient of which will give the
thermodynamic force causing it.

Ak =
∂φ

∂V̇k

(3)

According to the second law of thermody-
namics, dissipation must be positive. The dis-
sipation potential must essentially be a posi-
tive, convex scalar valued function possessing
a value zero when Vk = 0 to ensure auto-
matic satisfaction of second law of thermody-
namics [1]. It is more easy to express the com-
plementary laws in the form of evolution laws
of flux variables as functions of dual variables.
The Legendre-Fenchel transform enables us to
define the corresponding potential φ∗(Ak), the
dual of φ with respect to the variables V̇k.

2.2 Dual of Dissipation Potential φ∗

Legendre transformation is an operation that
transforms one real-valued function of a real
variable into another. The Legendre transform
of a convex function f is the function f ∗ defined
by

f ∗(f ′(x)) = sup
x

(x f ′(x) − f(x)) (4)

Generally, a function expresses a relation be-
tween two parameters; an independent variable

or control parameter (x) and a dependent value
or function (f ). This information is encoded in
the functional form of f(x). In some circum-
stances, it is useful to encode the information
contained in f(x) in a different way. Given
a function f(x), the Legendre Transform pro-
vides a more convenient way of encoding the
information in the function when it is strictly
convex and is smooth, and it is easier to mea-
sure, control, or think about the derivative of f
with respect to x than it is to measure or think
about x itself [6]. The Legendre-Fenchel trans-
form enables us to define the corresponding po-
tential φ∗(Ak), the dual of φ with respect to the
variables V̇k. If the function φ∗ is differentiable,
the normality property is preserved for the vari-
ables V̇k. The complementary laws of evolution
can be written as [1]

V̇k =
∂φ∗

∂Ak

(5)

The whole problem of modeling a phenomenon
lies in the determination of the analytical ex-
pressions for the thermodynamic potential and
for the dissipation potential φ or its dual φ∗

and their identification in characteristic exper-
iments. Analytical expression can be derived
using dimensional analysis.

3 DIMENSIONAL ANALYSIS
Dimensional analysis is a tool to find rela-

tionship between quantities occurring in a phe-
nomenon by comparing the dimensions of the
quantities involved. This is done by obtaining
dimensionless products which helps us to re-
duce the number of variables involved in the
problem. When properly formed, these dimen-
sionless products have clear physical interpre-
tation and thus offer physical understanding of
the phenomenon under study. Let there exist
a relationship between a quantity a, the depen-
dent variable (governed parameter), and a set of
quantities that are independent (governing pa-
rameters), which can be written as

a = f(a1, ..., ak, b1, ...bm) (6)

where, the parameters a1, ..., ak are those with
independent dimensions and are chosen to be

3
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those governing parameters which are definitely
significant for the phenomenon. Having in-
dependent physical dimensions means none of
these quantities have a dimension that can be
represented in terms of a product of powers of
dimensions of the remaining quantities. The pa-
rameters (b1, ..., bm) can be expressed as the
product of powers of the dimensions of the pa-
rameters (a1, ..., ak). Applying Buckingham’s
Π theorem to Equation 6, we get

Π = Φ(Π1, .., Πi, ...., Πm) (7)

where, Π terms are the dimensionless param-
eters defined using the expressions for dimen-
sions of a, b1, ..., bm through the powers of the
dimensions of a1, ..., ak and are given by

Π =
a

ap
1...a

r
k

, Πi =
bi

api
1 ...ari

k

, ... i = 1, ...m (8)

Φ is a function of dimensionless parameters
Πi. Dimensional analysis thus transforms f , a
function of k + m variables to Φ, a function of
m variables only.

f(a1, ..., ak, b1, ...bm) =

ap
1...a

r
kΦ

(
b1

ap1

1 ...ar1
k

, ..
bm

apm

1 ...arm
k

)
(9)

Although dimensional analysis is considered
as a universal tool, however, there are physi-
cal problems that cannot be solved by dimen-
sional analysis in principle. For example, the
problem that involves information about the ini-
tial and boundary conditions, the system behav-
ior in the initial times, the details of process
generation, its behavior near the system bound-
aries, decay via equilibration, energy dispersion
or dissipation during the process evolution. The
present problem come under this category as
it deals with energy dissipated during fatigue
crack propagation. Consequently, more sophis-
ticated tools must be employed to cope success-
fully with these problems. The theory of inter-
mediate asymptotics, which can be considered
as a generic extension of dimensional analysis
can be adopted [7].

3.1 Intermediate Asymptotics
The intermediate asymptotic is a timespace

dependent solution of an evolution equation that
has already forgotten its initial conditions, but
still does not feel the limitations imposed by
the system boundary. It is an approximate so-
lution to a complex problem, valid in a certain
range. It can be represented by the self-similar
solution, which is the exact solution to a sim-
plified problem, valid in the whole range. The
consideration of self-similar solutions as inter-
mediate asymptotics allows us to understand
the role of dimensional analysis in establish-
ing self-similarity and determining self-similar
variables [8]. Two kinds of self-similar solu-
tions exist which are discussed below.

3.2 Self-similar solutions of first and sec-
ond kind

Considering Equation 7, bi is said to be es-
sential if the corresponding dimensionless pa-
rameter Πi is not too large and not too small.
On the other hand, if the dimensionless param-
eter Πi corresponding to dimensional parameter
bi is either very small or very large compared to
unity and the function Φ has a finite limit then
the parameter may be considered to be non es-
sential.

If there exists a finite limit of the function
Φ when the parameters Πl+1, ..., Πm all go to
zero or infinity, while other similarity parame-
ters Π1, ...Πl remain constant, then the function
Φ can be replaced by smaller number of argu-
ments as

Π = Φ1(Π1, ...Πl) (10)

This is the case of the phenomenon to be self
similar of the first kind or complete similarity
in parameters Πl+1, ..., Πm. On the other hand
when the parameters Πl+1, ..., Πm tends to zero
or infinity, if Φ also tends to zero or infinity,
then the quantities Πl+1, ..., Πm become essen-
tial, no matter how large or small it becomes.
However, in some cases, the limit of the func-
tion Φ tends to zero or infinity, but the func-
tion Φ has power type asymptotic representa-
tion which can be written as,

4
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Φ = Π
αl+1

l+1 ...Παm
m Φ1 (Π1, ..., Πl) (11)

This is the case of incomplete self similarity
or self similarity of second kind [8]. Here,
αl+1, ..., αm are constants and cannot be ob-
tained from dimensional analysis. These con-
stants can be obtained either from a best fitting
procedure on experimental results or through
numerical simulations.

4 EXPRESSION FOR DUAL OF DISSI-
PATION POTENTIAL

In this section, an expression for dissipation
potential is derived using the theory of inter-
mediate asymptotics, dimensional analysis and
self similarity. The system is a cracked concrete
beam under three-point bending; the thermody-
namic process is the propagation of crack with
increasing number of load cycles. This process
being irreversible, energy is dissipated. To de-
scribe a dissipative process a dissipation poten-
tial is needed. Crack length is the internal vari-
able, the evolution of the flux of this variable,
i.e. the rate of crack propagation is the quan-
tity of interest. The conjugate of this variable,
that is the thermodynamic force causing it is the
strain energy release rate G. The dissipation po-
tential is in terms of the rate of crack propaga-
tion ȧ; when differentiated with respect crack
rate, it gives the energy release rate G. But it
is easier to calculate G rather than rate of crack
propagation ȧ. The Legendre-Fenchel transfor-
mation as elucidated in the previous section, en-
ables us to use the dual of dissipation potential,
the differentiation of which with respect to G
will give the rate of crack propagation ȧ. Firstly,
the relevant variables on which the dual of the
dissipation potential is likely to depend on is
listed. Then dimensional analysis is used to
obtain dimensionless products. Proceeding fur-
ther, the existence of self similarity is explored
and the model is worked out. The model con-
tains unknown constants, which are obtained
from experimental results.

4.1 Dimensional analysis - Parameters and
dimensionless products

Dissipation potential in the present context
is defined as the energy dissipated per unit vol-
ume, hence the dimensions are FL−2. The
list of variables on which the dissipation poten-
tial depends on must include a loading parame-
ter, displacement parameter,geometric parame-
ter and material parameters. It may also include
the state variables itself. Each of these influenc-
ing parameters are discussed below.

1. The loading parameter considered here is
the strain energy release rate which is the
energy required for unit crack propaga-
tion. It depends on the loading, crack
length and specimen geometry and the
material. During fatigue loading, for each
cycle, part of the strain energy is used for
crack propagation and the remaining is
dissipated. Hence, this is one of the most
important parameters that will affect dis-
sipation potential. Since load is applied
in cycles, varying between a minimum
and maximum amplitude, the load range
is considered in terms of the increment in
the energy release rate range ∆GI . The
subscript I represents crack propagation
in mode I.

2. In cracked specimens, generally, the
crack mouth opening displacement
(CMOD) is more widely used as the
displacement parameter. Under fatigue
loading, the area in between the unload-
ing curve and the reloading curve of a
typical load displacement plot gives the
energy dissipated. In practical situations,
CMOD may be considered as the crack
width and is assumed to have some effect
on the dissipation potential. The notation
used for CMOD is w.

3. It is well known that a quasi-brittle mate-
rial such as concrete exhibits strong size
effect. Hence the size parameter in terms
of the depth of the beam specimen, D is

5
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also included in order to obtain a size in-
dependent expression for dissipation po-
tential.

4. The material parameters included are
the fracture energy Gf , and the tensile
strength of the material ft.

5. Sometimes the variable, in the evolution
of which we are interested can itself be-
come a parameter [1]. In this problem,
the crack length, a is also considered as
a parameter on which the dissipation po-
tential depends.

Considering all the above parameters, the
dual of the dissipation potential Φ∗ can be writ-
ten as

Φ∗ = f(∆GI , w, a, Gf , ft, D) (12)

Table 1: Variables on which the dual of dissipation po-
tential depends and their dimensions

Variable Defi nition Dimension
Φ∗ Dual of dissipation potential FL−2

∆GI Energy release rate range FL−1

w CMOD L
a Crack length L

Gf Fracture energy FL−1

ft Tensile strength FL−2

D Structural size L

Table 1 gives the dimensions of each of these
quantities. Choosing Gf and ft as having in-
dependent dimensions and using them to non-
dimensionalize the remaining quantities, we ob-
tain,

Φ∗

ft

= f

(
∆GI

Gf

,
ft

Gf

w,
ft

Gf

a,
ft

Gf

D

)
(13)

We obtain Φ∗ as a function of dimensionless
products

Φ∗ = ft f(Π1, Π2, Π3, Π4) (14)

where, Π1 = ∆GI

Gf
, Π2 = ft

Gf
w, Π3 = ft

Gf
a,

Π4 = ft

Gf
D.

Now, we explore the possible existence of
any self similar behavior in these four dimen-
sionless products.

1. First consider, Π1, it is a function of the
strain energy release rate range. If we as-
sume complete self similarity, it means
that Φ∗ must be independent of ∆GI ,
since complete similarity will render the
quantity non essential. But ∆GI is the
most important parameter as it is the load-
ing parameter and Φ∗ will invariably de-
pend on load. Hence we assume that
incomplete self similarity exists with re-
spect to Π1.

2. Π2: The softening portion of the stress
(σ)-CMOD(w) curve is typically used for
concrete. If we non-dimensionalize these
parameters, we get σ

ft
vs ftw

Gf
. The prob-

lem of obtaining an analytical expression
for the softening curve lies in assuming
reasonably a linear, bilinear or exponen-
tial relationship between these two di-
mensionless quantities. Thus Π2 is an im-
portant quantity responsible for determin-
ing the shape of the softening curve. The
value of Π2 typically varies between 0.1
to 12. Thus we see that if Π2 tends to 0,
the energy dissipated is less since there is
no softening tail. If on the other hand, Π2

value is very high, it indicates a longer
softening tail, indicating more energy is
dissipated.

3. Π3: It is the non dimensional crack
length. Its value typically ranges from
100 to 106 or higher depending on speci-
men size. At failure, a lower value indi-
cates a ductile specimen and higher value
indicates brittle. Generally, the parameter
Π3 shows dependence of fatigue behav-
ior on initial notch length and on a char-
acteristic length scale that describes the
ductility of the material. By introducing
a characteristic length parameter which is
defined as
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lch =
EGf

f 2
t

(15)

the dimensionless parameter Π3 is depen-
dent on a

lch
, where lch characterizes the

length of the fracture process zone. The
smaller the value of lch, the more brittle
is the material. Hence, this dimension-
less parameter governs the transition be-
tween ductile and brittle behavior when
Π3 → 0 and Π3 → ∞ , respectively [9].
Experimental results have shown the de-
pendence of crack growth rate on crack
length (a). Therefore, we can assume the
existence of incomplete self similarity in
this quantity.

4. Π4: Its value typically ranges from 103

to 106 and more as size of structure in-
creases. This parameter captures the size
effect, since it is based on the size of the
specimen. Large sized specimens dissi-
pate less energy than small sized speci-
mens in a normalized sense.

Thus for Π2, Π3 and Π4 also we assume
the existence of incomplete self similarity. The
substantiation of this assumption is done and it
is indeed found that this assumption is valid.
Thus, the dual of the dissipation potential can
be written as

Φ∗ = ft Πγ1

1 Πγ2

2 Πγ3

3 Πγ4

4 (16)

or Φ∗ = ft

(
∆GI

Gf

)γ1
(

ft

Gf
w

)γ2

(
ft

Gf

a

)γ3
(

ft

Gf

D

)γ4

(17)

or Φ∗ = ∆Gγ1

I G
(−γ1−γ2−γ3−γ4)
f

f
(1+γ2+γ3+γ4)
t wγ2aγ3Dγ4 (18)

The constants γ1, γ2, γ3 and γ4 cannot be ob-
tained from dimensional analysis. These con-
stants can be obtained from either numerical
computations or experiments. Here, we obtain

the values of these constants from experimental
results. Φ∗ is the area between the unloading
and reloading curve as it represents the energy
dissipated. If we can compute this energy dissi-
pated in each cycle and sum it up and then use
it to calibrate through a regression analysis, we
can get the unknown constants. But the value of
Φ∗ is almost impossible to measure from exper-
iments. However, the flux variables and the dual
variables are quite easy to measure and it is on
their values that modeling and identification are
based. The complementary laws of evolution
are therefore directly identified but the dissipa-
tion potential is used as guideline for writing
their analytical expression. It is clear that al-
though Φ∗ is difficult to measure, the flux vari-
able, i.e., the rate of crack propagation ȧ and
the dual variable, i.e., the energy release rate
range ∆GI are easy to measure from experi-
ments. Hence on the basis of these values the
unknown constants are obtained. If the function
Φ∗ is differentiable, the normality property is
preserved and the complementary laws of evo-
lution can be written as [1]

ȧ =
da

dN
=

∂Φ∗

∂∆GI
(19)

where, a is the crack length and N is the
number of cycles.

4.2 Fatigue crack propagation model
The fatigue crack propagation model can be

obtained from Equations 18 and 19 as

da

dN
= γ1 ∆Gγ1−1

I G
(−γ1−γ2−γ3−γ4)
f

f
(1+γ2+γ3+γ4)
t wγ2 aγ3 Dγ4 (20)

The unknown constants are determined
through a calibration process using experimen-
tal results. In this study, the experimental
results of Shah [10] are taken. It involves
testing concrete beams of three different sizes
(namely small, medium and large) with an ini-
tial notch subjected to cyclic loads under three
point bending. The geometry details and mate-
rial properties are given in Table 2 and the load-
ing pattern is given in Figure 1.
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Table 2: Geometry and material properties of beam specimens [10]

Specimen Depth Span Thickness Notch Size Gf E ft

D (mm) S (mm) B (mm) a0 (mm) (N/mm) (N/mm2) (N/mm2)
Small 76 190 50 15.2 0.07 30000 3.8

Medium 152 380 50 30.4 0.07 30000 3.8
Large 304 760 50 60.8 0.07 30000 3.8

Figure 1: Loading pattern used in the experiment [10]

The load and CMOD for every load cycle
is recorded during the experiment until fail-
ure. Through a finite element analysis, the
CMOD compliance and crack length relation is
obtained. Thus we now have the information
on load, CMOD, crack length, number cycles
and the geometry details. Using these one can
compute ∆GI and da

dN
. All the values on the

right hand side of the Equation 20 are known
except for the constants and also experimental
value of da

dN
is known. Through an optimiza-

tion process, the constants are computed such
that the error, i.e. difference between the value
of da

dN
as predicted by the model and the exper-

imental value is minimized. The data for the
medium specimen is used for calibration. The
value of the constants γ1, γ2, γ3 and γ4, for the
best fit are 3.9544,−0.4842,−0.1685,−0.4689
respectively. Figure 2 shows the variation of
log

(
da
dN

)
with log (∆KI) for the medium spec-

imen that was used for calibration purpose. The
model is used to predict da

dN
for other specimens.

Figure 3 shows the variation of log
(

da
dN

)
with

log (∆KI) for small and large specimens. A
good match between the predicted and experi-
mental result is observed, thereby validating the
model.
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Figure 2: Calibration of the model using data of medium
specimen [10]
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Figure 3: Comparison of the fatigue crack propagation
rate using the proposed model with experimental results
[10]
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5 RESULTS AND DISCUSSION

Experimental data of [10] for all the three
specimens; small, medium and large, is taken
to present Φ∗ as a function of the number of cy-
cles, N . Figure 4 shows the variation of Φ∗ with
respect to number of cycles N using the pro-
posed expression. It is observed that initially
the Φ∗ value is small, with increasing number of
load cycles, its value increases. The same trend
is observed in all the three specimens. Figure 5
shows the variation of Φ∗ normalized with the
initial value that is the energy dissipated after
one cycle (Φ∗

1) versus the number of cycles, N
for all the three specimens. It is seen that the
value Φ∗

Φ∗
1

is constant for all the specimens as
the number of cycles increases. For clarity pur-
pose the same plot is repeated on a logarithmic
scale as shown in Figure 6. The smallest spec-
imen fails at 3256 cycles, the medium at 5537
cycles and the large one at 8027 cycles. Just be-
fore failure the energy dissipated becomes un-
bounded for all the three specimens as noted by
the sudden rise in the graph at the time of fail-
ure. The expression for Φ∗ proposed is thus able
to capture the size effect in concrete leading to
objective results.
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Figure 4: Variation of dissipation potential with number
of cycles for different specimens [10]
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Figure 5: Dissipation potential normalized with respect
to its initial value as a function of number of cycles for
different specimens [10]
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Figure 6: Dissipation potential normalized with respect
to its initial value as a function of number of cycles for
different specimens on a log-log plot [10]

The fatigue crack propagation model is used
to predict the rate of crack propagation for spec-
imens from other experimental sources [11].
The results are shown in Figure 7 for two differ-
ent stress ratios. A good agreement in the model
and experimental values is observed in Figure 7
and also shown previously in Figure 3. Thus the
fatigue crack propagation model obtained from
dissipation potential can be considered as robust
enough and also most importantly it is derived
from first principles.
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Figure 7: Comparison of the fatigue crack propagation
rate using the proposed model with experimental results
for different stress ratios [11]

6 CONCLUSIONS
An analytical expression for the dual of

dissipation potential in the context of fatigue,
as applicable to concrete structures in a frac-
ture mechanics framework is derived using the
concepts of dimensional analysis, intermediate
asymptotics and self-similarity. A fatigue crack
propagation model is proposed as an outcome
of this exercise. The model is found to predict
well the fatigue crack propagation rate in dif-
ferent specimens as is shown in the validation
study. A physical meaning is imparted to the
potential as being the energy dissipated per unit
volume. The expression for the dual of the dis-
sipation potential is found to capture size effect
in concrete leading to objective results.
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Abstract. The present work addresses the behavior of propagation of short cracks in concrete. In
particular, we focus on understanding the short crack growth phenomenon when the crack emanates
from a notch. An analytical model has been developed to estimate the rate of crack extension in
the short crack regime using the principles of dimensional analysis. Important short crack growth
characterizing parameters such as threshold energy release rate, fracture energy, stress ratio, tensile
strength, characteristic length, modulus of elasticity, crack length and ratio of maximum aggregate
size to structural size have been taken into account for the model formulation. The model has been
calibrated, validated and a sensitivity analysis has been performed. Out of the parameters considered,
crack propagation rate in short crack region is found to be more sensitive to threshold stress intensity
factor range and less sensitive to stress ratio.

1 INTRODUCTION

Fatigue is a common phenomenon that arises
due to oscillatory loading. As a result, fatigue
crack grows starting from a flaw or a point of
high stress until it becomes unstable. The rate
of crack growth is not uniform but depends on
crack size, loading, material and geometric pa-
rameters. A crack can be considered as short
or long based on various factors such as size of
crack or rate of crack propagation.

The predictions based on short crack growth
has poor agreement with the experimental re-
sults [1]. This can be attributed to short crack
anomaly [2]. In the early stage of propagation
of a short fatigue crack, there may be a com-
petition of multiple micro-cracks. One of the
micro-cracks become critical while the others
cease to propagate [3]. The traditional methods

which were used in the past for studying the be-
havior of long cracks, especially the linear elas-
tic fracture mechanics (LEFM) approach will
not yield proper results since crack growth is
elasto-plastic in nature rather than linear-elastic.
Very little literature is available which pertains
to the quantification of the growth rate of short
cracks in quasi-brittle materials like concrete.

Experimental results on concrete fracture
due to application of cyclic loading [1] show
a higher growth rate for small cracks in com-
parison to the propagation rate computed using
the existing fatigue crack propagation models
that are applicable in the Paris (linear) region
of the crack growth curve. This implies that
the crack growth models developed for concrete
over-predicts the fatigue life keeping the struc-
ture in potentially dangerous state and should
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not be applied for the initial portion of the crack
propagation curve.

An analytical model has been developed in
this work to estimate the rate of crack extension
in the short crack regime when the crack em-
anates from a notch. The model has been val-
idated with available experimental data [1]. A
sensitivity analysis has been performed to de-
termine the role of each parameter in the rate of
crack propagation in the pre-Paris regime.

2 ZONES IN CRACK PROPAGATION
The behavior of crack propagation can be vi-

sualized in three known zones:

• Zone 1 (Short crack regime): Short crack
anomaly is observed in this zone.

• Zone 2 (Paris regime): Stable crack prop-
agation is observed in this zone.

• Zone 3 (Failure region): Unstable crack
propagation is observed in this zone.

Figure 1: Zones in crack propagation [4].

Figure 1 shows the different zones in crack
propagation. The short crack anomaly can be
observed in Zone 1 of the figure.

3 DEFINITION OF SHORT CRACKS
The short cracks are defined based on several

parameters such as size, rate of crack propaga-
tion and the driving force.

3.1 Based on size
Fatigue cracks can be defined as short cracks

when the length of the crack is [5]:

• mechanically small (comparable with the
extent of local plasticity in case of metals)

• micro-structurally small (comparable
with the scale of micro-structure)

• physically small (typically less than 1 mm
in size)

• chemically small (small with respect to
the environmental conditions)

3.2 Based on rate of propagation
Short cracks usually propagate at higher

rates than long cracks at the same nominal
Stress Intensity Factor (SIF) [5]. This is known
as short crack anomaly. The main reason
for this behavior is attributed to breakdown in
similitude. Linear Elastic Fracture Mechanics
(LEFM) cannot be applied for short cracks for
the aforementioned reasons.

3.3 Based on crack driving force
Let ath be the crack length at ∆K = ∆Kth,

where ∆K is the SIF range and ∆Kth is its
threshold value. SIF should be high enough
for the crack to propagate. For a given ma-
terial & geometry, above ∆Kth, crack propa-
gates by the virtue of crack length (a). Short
cracks can be defined as cracks with a < ath.
Short cracks cannot propagate without an ex-
ternal force which is high enough to drive the
crack.

4 PROPAGATION OF SHORT CRACKS
IN CONCRETE

Flaws are present in any structural compo-
nent. These flaws start to propagate initially as
short cracks when subjected to fatigue type of
loading. Cracks propagate through the weak-
est paths in the structural component. In met-
als, when the stress reaches the yield stress, a
plastic zone will be formed ahead of the crack
tip, whereas in concrete, a zone of reduced stiff-
ness known as process zone will be formed in
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front of the crack tip. This zone can be char-
acterized by the toughening mechanisms like
micro-cracking and aggregate bridging. When
the stress reaches tensile strength of the mate-
rial, the micro-cracks in the process zone coa-
lesce and a higher rate of crack growth can be
observed.

The characteristic length (lch) of the material
or Irwin’s estimate for the length of the nonlin-
ear zone [6] can be estimated using the equa-
tion:

lch =
EGf

σ2
t

(1)

where E is the modulus of elasticity, Gf is the
fracture energy and σt is the tensile strength.

5 ANALYTICAL MODEL USING DI-
MENSIONAL ANALYSIS

In this work, an analytical model has been
developed for predicting short crack growth in
concrete by performing dimensional analysis
using the Buckingham Π method. The impor-
tant physical parameters chosen for determin-
ing short crack growth in concrete are thresh-
old energy release rate (∆Gth), fracture energy
(Gf ), loading parameter (∆GI), stress ratio (R),
tensile strength (σt), characteristic length of
fracture process zone (lch), modulus of elas-
ticity (E), crack length (a) and ratio of max-
imum aggregate size to structural size (d/D).
We assume that the rate of crack propagation
(da/dN ) is a function of all these parameters
and write,

da

dN
= f(∆Gth, Gf ,∆GI , σt, lch, E, a,

1−R,
d

D
) (2)

In the above equation, there are ten vari-
ables one dependent (da/dN ) while the others
independent. According to Force-Time-Length
(FLT) system, there are two fundamental di-
mensions (Force and Length). Therefore the
number of dimensionless groups is equal to
eight. Table 1 gives the dimensions of param-
eters considered.

Table 1: Parameters characterizing short crack growth.

Parameter Dimensions
da/dN F 0L1

∆Gth F 1L−1

Gf F 1L−1

∆GI F 1L−1

E F 1L−2

σt F 1L−2

lch F 0L1

a F 0L1

d/D F 0L0

R F 0L0

Choosing ∆Gth and σt as repeating vari-
ables, we obtain,

Π1 =
σt

Gf

da

dN

Π2 =
∆GI

Gf

Π3 =
∆Gth

Gf

Π4 =
σt

Gf

lch

Π5 =
E

σt

Π6 =
σt

Gf

a

Π7 = 1−R

Π8 =
d

D
(3)

From dimensional analysis using Bucking-
ham Π theorem,
Φ(Π1,Π2,Π3,Π4,Π5,Π6,Π7,Π8) = 0 (4)

The rate of crack propagation can be written
as:
da

dN
=

Gf

σt

Φ1(Π2,Π3,Π4,Π5,Π6,Π7,Π8) (5)

According to complete Self-similarity or
Self-similarity of the first kind, a parameter
can be considered as non-essential when, for
very large or very small values of correspond-
ing dimensionless parameter Πa, a finite non-
zero limit of the function Φ exists [7, 8].

If the limit of the function Φ tends to zero
or infinity, the quantity Πa remains essential no
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matter how small or large it becomes. How-
ever, in some cases, the limit of the function Φ
tends to zero or infinity, but the function Φ has
a power-type asymptotic representation. This is
classified as Incomplete Self-similarity or Self-
similarity of the second kind [7, 8].

We consider incomplete self-similarity in
Π2,Π3,Π4,Π5,Π6 and Π7. Thus the expression
for da/dN takes the form:

da

dN
=

Gf

σt

(
∆GI

Gf

)β1
(
∆Gth

Gf

)β2

(
σt

Gf

lch

)β3
(
E

σt

)β4
(

σt

Gf

a

)β5

(1−R)β6 Φ2

(
d

D

)
(6)

The exponents βi in Equation 6 cannot be ob-
tained from the principles of dimensional anal-
ysis alone. We use experimental data to deter-
mine these βi values through a calibration pro-
cess.

6 CALIBRATION OF THE PROPOSED
MODEL

The model proposed is calibrated using
available experimental data [1], by minimizing
the error and making use of the principle of least
squares [9].

Shah [1] had conducted experiments with
geometrically similar three-point-bend beams
made of plain concrete. Fatigue loading was
applied with a minimum load (Pmin) of 0.2 kN.
The maximum load (Pmax) was incremented by
0.5 kN after every 500 cycles, starting with an
initial Pmax of 0.5 kN. The specifications of the
specimens used are given in Table 2.

Table 2: Specifications of the specimens.

Size Depth Notch Size σt E
(mm) (mm) (MPa) (MPa)

Small 76 15.2 4.32 30,000
Medium 152 30.4 3.62 30,000

Large 304 60.8 3.98 30,000

The calibration of the model is carried out
using small sized specimen. Figure 2 shows the
calibration graph.
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Figure 2: Calibration using small sized specimen.

The values of exponents (βi) obtained are
given in Table 3.

Table 3: Exponent values obtained.

βi Value
β1 -3.9927
β2 7.7962
β3 -1.5434
β4 -1.3593
β5 5.9693
β6 0.0894

The function Φ2 is assumed to be quadratic
in d/D and takes the form:

Φ2 = γ1 + γ2

(
d

D

)
+ γ3

(
d

D

)2

(7)

The values of coefficients (γi) obtained are
given in Table 4.

Table 4: Coefficient values obtained.

γi Value
γ1 11.46034101
γ2 -421.2418745
γ3 3466.315744

7 VALIDATION OF THE PROPOSED
MODEL

The proposed model is validated using
medium sized and large sized specimens. The
graphs comparing the experimentally obtained

4
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and predicted trend of short crack propagation
are given in Figures 3 & 4.
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Figure 3: Validation using medium sized specimen.
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Figure 4: Validation using large sized specimen.

The plots obtained using the proposed model
agrees fairly well with the experimental data
plots.

8 SENSITIVITY ANALYSIS
A sensitivity analysis has been done to de-

termine the sensitivity of crack propagation rate
towards various parameters considered. The re-
sults of the sensitivity analysis is graphically
represented through a Tornado diagram.

In the sensitivity analysis, the dependent
variable da/dN is assumed to be a known de-
terministic function of a set of input random
variables whose probability distributions are as-
sumed. For each input variable (RV), two ex-
treme values (mean and mean + 2 × standard
deviation) are computed and using these two ex-
treme values the deterministic function is evalu-
ated twice, keeping the other input RVs at their
means. The statistical parameters used in the
study are listed in Table 5.

Table 5: Statistical parameters used for sensitivity analy-
sis.

Parameters Units Mean Coefficient
of variation

Gf N/mm 0.07 0.30
∆Kth Nmm−3/2 14.88 0.12
σt MPa 4.32 0.15
E MPa 30,000 0.15
D mm 76 0.05
d mm 12.5 0.15
a mm 1.27 0.30
R - 0.1 0.10

The absolute difference of the two values of
da/dN normalized with respect to the mean
value of da/dN is the swing of the output cor-
responding to the selected input RV. This pro-
cess is repeated for all other input RVs to com-
pute the swings of the output. Finally, tornado
diagram is obtained by arranging the obtained
swings in a descending order [10]. The gener-
ated Tornado diagram is given in Figure 5.
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Figure 5: Tornado Diagram for Sensitivity Analysis.

It is observed that crack propagation rate in
short crack region is more sensitive to threshold
stress intensity factor range and less sensitive to
stress ratio.

9 CONCLUSIONS
A model has been proposed to understand

the behavior of short crack propagation in con-
crete. The proposed law has been calibrated and
validated with available experimental data. The
plots obtained using the proposed model agrees
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fairly well with the experimental data plots. A
sensitivity analysis has been performed. Out
of the parameters considered, crack propaga-
tion rate in short crack region is found to be
more sensitive to threshold stress intensity fac-
tor range and less sensitive to stress ratio.
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Abstract. The mineral admixtures added to concrete are beneficial because of its microfilling effect,
workability enhancement, strength improvement etc. Fly ash and silica fume have high fineness,
which decreases the porosity and pore size and increases the compressive strength. In this study, self
compacting concrete (SCC) beams made with and without mineral admixtures have been subjected to
variable amplitude fatigue loading and the response of the specimen is recorded by data acquisition
system. The fatigue loading is applied in 0.5 kN increments after every 500 cycles. It is found that
the addition of fly ash and silica fume slightly increase the fatigue life of SCC. The validity of Paris
law for SCC is verified and Paris law coefficients m and C are determined for all the three SCC.
Scanning electron microscopy (SEM) and microindentation techniques are also used to study the
fracture processes in self compacting concrete. The SEM micrographs reveal that the damage has
been taken place mainly through aggregates.

1 INTRODUCTION

In plain concrete, the material phases can
broadly be classified as cement paste, aggre-
gates and interfaces between aggregate and hy-
drated cement paste. Matrix of concrete made
of mineral admixtures such as fly ash and sil-
ica fume improves the compressive strength
of concrete. As the compressive strength in-
creases, it is widely reported [4, 5] that the fa-
tigue life of concrete decreases. Also, it is
reported in literature [2] there is no relation-
ship between compressive strength and fatigue
life and the addition of silica fume increases
the fatigue life. Guo et al. [1] studied the ef-
fect of fly ash and ground granulated blast fur-

nace slag (GGBS) on fatigue life of concrete
and concluded this admixtures improves the fa-
tigue life of concrete. Hence, it is uncertain
that the addition of fly ash and silica fume in-
crease or decrease the fatigue life. The fa-
tigue loading causes the physical phases to un-
dergo microscopic changes such as opening and
growth of bond cracks that exist at the inter-
faces between coarse aggregate and hydrated
cement paste even prior to the application of
load. It also causes reversed movement of ag-
gregates along the interface, aggregate surface
abrasion and damage of the interface under re-
peated load [9]. These microscopic changes in
turn cause detrimental changes in macroscopic
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material properties. Typically, the aggregate
bridging force decreases with number of cycles
because of the interfacial damage or aggregate
breakage [10]. Hence, it can be said that fa-
tigue damage caused to soft aggregates as well
as to aggregate/matrix interfaces which is the
weakest phase in concrete results in the fatigue
crack growth in concrete. It is widely accepted
that the mechanical properties (strength, ductil-
ity, fracture behavior etc.) at macro level are
affected by the properties at the nano level [3].
In this work, the behavior of normal, medium
and high strength SCC made with and without
fly ash and silica fume under fatigue loading is
studied. Also, the fracture processes in three
SCCs have been studied using SEM and mi-
croindentation.

2 Experimental Details
2.1 Materials

Ordinary Portland Cement (OPC) conform-
ing to Indian Standards [6] is used for this work.
Natural sand (0-3mm) and gravel (3-12.5mm)
are used for SCC mixtures. A ”class F” fly ash
that complies with the requirements of ASTM C
618 [8] and micro silica 920-D grade (ELKEM)
that conforms to ASTM C 1240 [7] are used for
this study. A polycarboxylate based super plas-
ticizer incorporating viscosity modifying agent
is used for enhancing the workability.

2.2 Specimen preparation and curing
The dimensions of 50 mm thick geometri-

cally similar three point bend beams, used for
fatigue testing are shown in Table 1.

Table 1: Details of geometrically similar beam dimen-
sions for fatigue loading

Beam Depth Length Notch Size
Designation d (mm) L (mm) a0 (mm)

Small 76 241 15.2
Medium 152 431 30.4

Large 304 810 60.8

The three SCC mixes are poured into their
respective moulds after testing for fresh proper-

ties. The SCC prisms are demoulded after 24
hours and are cured under water for 28 days.

2.3 Testing of specimens
All the beams are simply supported and

tested under three point bending configuration.
A variable amplitude fatigue loading of 1 Hz
frequency is applied in increments of 0.5 kN af-
ter every 500 cycles as shown in Figure 1 with
the minimum load maintained at 0.2 kN.

Figure 1: The typical pattern of variable amplitude load-
ing applied in this study

The test set up includes a closed loop servo
hydraulic machine of 500 kN capacity having
a specially calibrated 50 kN load cell, linear
variable displacement transformer (LVDT) and
a clip gauge. A computer aided data acquisition
system is used to monitor load and displace-
ment throughout the testing period.

2.4 Stiffness degradation of SCC
Fracture in SCC is caused by mechanical in-

teraction between the coarse aggregates and the
cement-based matrix. The beams made of three
SCC mixes are subjected to variable amplitude
fatigue loading, to understand the influence of
fly ash and silica fume on the fatigue behavior.
The load and its resultant crack mouth opening
displacement (CMOD) during the fatigue tests
are continuously recorded by the data acquisi-
tion system.
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Figure 2: Typical load Vs CMOD pattern for small size
specimen, under varying amplitude loading
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Figure 3: Load versus CMOD plot (selected cycles) of
small specimens of a) SCC1 b) SCC2 and c) SCC3

A typical plot of CMOD versus number of
cycles for the small sized specimen is shown in
Figure 2. In this plot it is seen that the slope of
the load-CMOD curve is continuously decreas-
ing indicating the degradation in stiffness due
to damage accumulation. In order to compute
the decrease in stiffness, the load versus CMOD
plot at every five hundredth cycle (when the
amplitude changes) is plotted for small speci-
men as shown in Figure 3 for all the three SCC
mixes. The change in flexural stiffness (secant
stiffness computed between minimum and max-
imum load levels) during variable amplitude fa-
tigue loading of all the three sizes of SCC1,
SCC2 and SCC3 are measured. Figure 4 shows
the variation of stiffness with increasing num-
ber of cycles for small sized beam and for all
the three SCC mixes.
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Figure 4: Stiffness of the small size beam versus number
of cycles

From this plot it is seen that there is no sig-
nificant change in the stiffness during initial pe-
riod indicating that the rate of damage in the
concrete is slow. But with increasing number
of cycles, the stiffness drops considerably due
to accumulation of damage that has occurred in
the form of microcracks. These microcracks co-
alesce and forms a major crack leading to fail-
ure. Though the stiffness degradation trend is
similar for all the three mixes, the initial stiff-
ness of the three mixes are different. The initial
stiffness is larger for SCC3 followed by SCC2
and SCC1. This is due to the more homoge-
nized microstructure of SCC3 when compared
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with SCC1, due to the presence of higher pow-
der content. Further, the presence of unhydrated
cement in SCC2 and SCC3 caused by the addi-
tion of class F fly ash is also responsible for the
high initial stiffness of SCC2 and SCC3. Figure
5 shows the decrease in stiffness with increas-
ing number of fatigue loading cycles for SCC3
for all the three sizes. It is seen that the behavior
in terms of stiffness degradation is very similar
for all the three sizes.
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Figure 5: Stiffness of large, medium and small size spec-
imens of SCC3

For each mix test has been conducted on
three specimens each for three sizes. Hence a
total of 27 specimens have been tested for fa-
tigue. The average number of failure cycles of
the three specimens for all the three mixes is
presented in Table 2.

Table 2: Average number of cycles at failure of three
specimens at each size for three SCC mixes (standard de-
viation shown within paranthesis)

Beam size SCC1 SCC2 SCC3
No. of cycles to failure

Small 1509(21.6) 2085(23.3) 2535(30.8)
Medium 3085(16.3) 3290(31.1) 3505(1.50)
Large 6003(6.50) 6538 (45.6) 7072(32.9)

For a particular concrete, the failure number
of cycles increases with increase in size. This
is on similar lines as observed in the average
peak loads under monotonic loading for differ-
ent sizes as listed in Table 3.

Table 3: Average peak loads of beams from monotonic
test

Beam size SCC1 SCC2 SCC3
Average peak load (kN)

Small 2.035 2.924 4.204
Medium 3.960 5.020 6.550

Large 6.402 8.570 11.54

For a given size of beam, the failure number
of cycles increases for SCC1, SCC2 and SCC3
in that order. Once again this is expected since
the corresponding average peak loads increase
in the static tests in the order of SCC1, SCC2
and SCC3. The reasons for increase in fail-
ure number of load cycles for SCC3 and SCC2
when compared to SCC1 is due to improved mi-
crostructure of the concrete due to higher pow-
der content. With higher powder content and
presence of silica fume in SCC3, the porosity in
the microstructure of SCC3 decreases thereby
increasing its stiffness and its load carrying ca-
pacity. According to the literature [5, 11], the
number of cycles to failure in high strength con-
crete is less when compared to normal strength
concrete. Contrarily, in this study, it is found
that the higher strength SCC fails at more num-
ber of cycles. This indicates that failure under
fatigue loading does not depend absolutely on
the compressive strength alone. Higher com-
pressive strength could be achieved in a number
of ways. It is the microstructure which actually
governs the fatigue behavior of the concrete as
seen in the present test results. Although the
brittleness of SCC3 is the highest, due to its im-
proved microstructure, the number of cycles to
failure under fatigue is higher when compared
to SCC1.

2.5 Fatigue crack growth rate
According to the fatigue theory of fracture

mechanics [12], the crack growth depends on
the amplitude of the stress intensity factor range
(∆KI), for the current effective elastic crack
length (a). The earliest law for describing the
rate of crack growth was proposed by Paris and
Erdogan [13] and is given by

4

843



T. Hemalatha, J.M. Chandra Kishen and Ananth Ramaswamy

da

dN
= C (∆K)m (1)

where da/dN is the crack growth per cycle,
∆K is the stress intensity range, C and m are
material constants. In log-log grid, da/dN and
∆K is expressed as a straight line with an inter-
cept of logC and slope m. The line segment is
used for fitting the data point during stable crack
propagation. According to Bazant and Xu [14],
the Paris law is not applicable for concrete due
to strong strength dependency on size and there-
fore they proposed a size adjusted Paris law [14]
given by

da

dN
= C

(
∆K

KIC

)m

(2)

where KIC is the mode I fracture toughness of
the material. Equation (2) can be reduced to
a linear regression plot by plotting log(da/dN)
versus log(∆K/KIC).

In this work, the size adjusted Paris law
given by Equation 2 is used to study the rate
of crack growth and to obtain the Paris law co-
efficients C and m. The stress intensity factor
range for a three point bend beam is computed
using [11]

∆K =
∆Pf(a/D)

b
√

D
(3)

where ∆P =Pmax −Pmin is the load range, b
is the beam thickness, D is the beam depth and
f(a/D) is a function depending on the speci-
men geometry. Making use of the normalized
crack length curves of Figure 6 and computing
∆K using Equation 3 for a given crack size (a),
a plot of log(da/dN) versus log(∆K/KIC) is
plotted for all the three SCC mixes as shown in
Figure 7.

Figure 6: Relative crack length versus number of cycles
for the small sized specimens
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Figure 7: Fatigue crack growth rate of large specimen for
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From this plot the Paris law constants m and
C are computed and the results are tabulated in
Table 4 for all specimen sizes.

Table 4: Paris law constants for large, medium and small
size specimens of the three SCC mixes

Mix m C

Large SCC1 2.035 0.0142
SCC2 2.660 0.0031
SCC3 3.539 0.0093

Medium SCC1 1.419 0.0095
SCC2 1.516 0.0123
SCC3 3.051 0.0015

Small SCC1 0.600 0.0617
SCC2 1.229 0.0332
SCC3 1.260 0.0201

From the available literature, the constant m
for ductile materials [15] falls in the range of
2.4 to 3.7 while for brittle ceramics [15] it is in
the range of 24 to 131. Although, metals and
ceramics have a homogeneous microstructure,
their m values are significantly different. Brit-
tle materials have a higher m value compared
to the ductile materials. In this study, the Paris
exponent (m) is higher for SCC3 followed by
SCC2 and SCC1 as seen from Table 4. This im-
plies that SCC3 is more brittle than SCC1 and
the rate of crack growth is higher in SCC3.

2.6 Analysis of fractured surface using
scanning electron microscopy

Small flaws or discontinuities are present in-
ternally or on the body surface of heteroge-
neous material like concrete. At these flaws, the
stresses are very high due to stress concentra-
tions effects. As a result, under cyclic loading,
cracks can grow at these flaws even if the ap-
plied normal stresses are lower than the elastic
limit. The SEM images taken along the frac-
tured surface of failed specimen show various
failure patterns. The pores present in the mi-
crostructures act like crack arrestor as well as
crack initiator. The SCC1 which is made us-
ing less powder content has more pores. But at
complete hydration, these pores are filled with

hydration products. Hence, a propagating crack
is arrested by these pores, preventing it from
further progression as shown in Figure 8.

Figure 8: Crack arrest by pores in SCC1

The pores are less in number in SCC2 as well
as in SCC3 due to more powder content and less
water to powder ratio. The mechanism of fail-
ure observed in monotonic loading is different
from that under fatigue loading. Under fatigue
loading the crack is found to pass through the
aggregates. Though the cracks in SCC are pass-
ing through the aggregates, the crack growth
rate is slow compared to NVC. This may be due
to the strong coarse aggregate used in this study.

In order to investigate the microstructural
manifestation of damaging effects, images of
the cross section of fractured surface are cap-
tured. Interfacial microcracks (at aggregate-
paste interfaces) as well as aggregate microc-
racks are present in concrete. In all the three
SCC mixes, it is found that the cracks pass
through the aggregates causing different types
of damages on and through the aggregate as
shown in Figure 9.
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Figure 9: Damage caused on aggregates due to fatigue
loading, at different magnifi cations

The typical image of crack in SCC2 and its
enlarged view are shown in Figure 10. As seen
in the figure, the crack passes through the ag-
gregate. An enlarged view of the damage in
SCC3 is shown in Figure 11. It is seen that there

is considerable abrasion between the coarse ag-
gregates.

Figure 10: Crack passing through the aggregates in SCC2

Figure 11: Abrasion on aggregate due to repeated loading
on SCC3

The propagation and networking of microc-
racks along interfaces and into the paste is ob-
served rarely in SCC1. Arresting and shifting of
microcracks by voids and aggregates are occa-
sionally observed in both normal-strength and
high-strength SCC. Aggregate surface abrasion
is noticed in all the three SCC mixes, irrespec-
tive of their strength.

2.7 Micromechanical properties of SCC
under fatigue loading through microin-
dentation

The elastic properties obtained at microlevel
helps in identifying the macrolevel properties.
To determine the micromechanical properties
under fatigue loading, several indentation tests
are performed at different points of the concrete
samples of all the three SCC mixes. Samples of
the three mixes are subjected to a constant mul-
ticycle load with a minimum load amplitude of
0.2 N and a maximum load of 5.0 N. Each in-
dented point has a different depth of penetration
which provides an idea about the properties of
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that material. The softer the material, higher is
the depth of penetration.
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Figure 12: Typical load-displacement curves for the three
mixes a) SCC1 b) SCC2 c) SCC3

The typical load displacement plot recorded
from microindentation test conducted on the
hardened matrix parts of SCC1, SCC2 and
SCC3 are shown in Figure 12. Figure 12(b)
shows a discontinuity in the load displacement
curve of SCC2 which is the phenomenon of mi-
crocrack formation generated by the indenter
during the first cycle of loading [16]. Using
the data of Figure 12 obtained during the in-

dentation tests, the elastic properties are evalu-
ated from the final unloading region of the load
versus penetration curve using Oliver and Pharr
method [17]. Table 5 shows the elastic modu-
lus (E), the maximum depth of penetration of
the indenter (hmax) and the hardness (H) of the
material computed at the end of each of the five
cycles of loading.

Table 5: Typical microindentation results of small speci-
men of three SCC mixes

Mix Cycle E hmax Hardness
No. GPa nm GPa

SCC1 1 81 6218 11.90
SCC2 87 8448 3.700
SCC3 81 6108 13.30
SCC1 2 80 6270 11.30
SCC2 85 9026 3.160
SCC3 72 6691 9.210
SCC1 3 79 6313 11.20
SCC2 84 9303 2.930
SCC3 66 7228 7.260
SCC1 4 78 6332 11.10
SCC2 84 9554 2.700
SCC3 63 7721 6.110
SCC1 5 77 6359 10.80
SCC2 82 9736 2.600
SCC3 61 8139 5.000

It is seen that the elastic modulus and hard-
ness decrease gradually with the number of cy-
cles of loading from first to fifth cycle. This
indicates that a gradual degradation of the ma-
terial is taking place with cyclic indentation.
The maximum depth of penetration increases
at every cycle of indentation indicating an in-
crease in the plasticity at the tip of the indenter
at every cycle. The average response to fatigue
loading applied at microlevel indicates that the
elastic modulus is almost equal for all the SCC
mixes, at initial stage. This implies that the
hydration is complete in all the three mixes at
90 days. However, the elastic modulus of the
mixes vary during the subsequent cycles. This
may be due to the reason that the hardness of the
phase which is underlying the indented phase is
different from that of the indented phase. In
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Abstract. With the growing use of high speed trains, non-ballasted track has become more popular,
in spite of its higher construction cost compared to ballasted track. This work studies the fatigue
behavior of a slab track using the finite element method. According to Tayabji and Bilow, our slab
track system can be classified as a two-slab layer system: a precast reinforced concrete plate and a
concrete base, separated by a cement-asphalt-mortar sandwich layer. The entire slab track structure
and the soil sub-base are modeled as 3D solid elements, the UIC60 rail represented as truss elements
is attached to the surface slab through the fastening devices. A three-slab track system is modeled to
reduce the boundary effects, though we only focus on the response of the central slab. Modal analysis
is performed to determine the natural frequencies and mode shapes of the system. Real high-speed
train pulses are applied to the rail to carry out the transient analysis. Most unfavorable nodes or
regions are identified for cycle counting, meanwhile the number of cycles causing fatigue failure at
each stress level is estimated according to the new FIB Model Code. Parametric analyses are carried
out to evaluate the influence of different geometrical and mechanical factors on accumulated damage.
Minimum requirement for material strength and slab thickness is proposed according to the current
study.

1 INTRODUCTION

Slab track, also called ballastless track, is a
modern form of track construction which has
been used successfully throughout the world for
high speed lines, heavy rail, light rail and tram
systems, for an incomplete list see [1–12] and
the references within. Compared to ballasted
track, concrete slab track offers a greater degree
of trackbed stability, therefore higher running
speeds are achievable. Depending on the spec-
trum of the train loading, the dynamic response
of a railway slab track can be significantly
larger than its static counterpart. Under such
circumstances, a complete dynamic analysis of
the slab structure is necessary in order to predict
the service life of the constructed track. Pre-

vious dynamic studies have been concentrated
on the vehicle-track coupled system [7, 13]. In
this current work, we model a three-slab track
system, together with its cement-asphalt mortar
base, the concrete roadbed and supporting soil.
Then we proceed to extract its modal response
and carry out the transient analysis applying a
real time train load. Fatigue analysis is per-
formed as the post-processing of the transient
response. Since the concrete slab is heavily re-
inforced, we consider fatigue damage at com-
pressive range is more relevant. Cycle counting
is based on the rainflow algorithm [14]. Dam-
age map is drawn for one passage of the train,
slab life is calculated according to the most un-
favorable region.
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The rest of the paper is structured as follows:
the finite element method is described in Sec-
tion 2, dynamic analysis including modal anal-
ysis, transient calculations and fatigue analysis
are all carried out in Section 3, results for real
high-speed trains in Section 4 and parametric
analysis in Section 5. Finally, relevant conclu-
sions are drawn in Section 6.

2 FINITE ELEMENT METHOD
In this section, we set out to model the slab

track superstructure using the ANSYS Paramet-
ric Design Language (APDL), a script language
to automate common tasks and build compli-
cated finite element models in terms of vari-
ables [15].

2.1 Geometry and boundary conditions
Taking advantage of the track line symme-

try (x-axis), half of the track geometry is rep-
resented. In order to reduce the boundary ef-
fects, three slabs were modeled, but only data
from the central slab were extracted for the fa-
tigue analysis in Section 3. The slab in-plane
dimension is shown in Fig.1(down). Neighbor-
ing slabs are separated by a cylindrical bollard
to prevent lateral and longitudinal movements.
The slab, the cement asphalt mortar (CAM)
layer, the concrete roadbed and the soil sub-
base are all discretized as 8-node volumetric el-
ements (SOLID45), see Fig. 1(up). The vertical
and transversal dimensions for each constituent
layer are given in Tab. 1.

It needs to be pointed out that the Voss-
loh rail-fastening device [16] has been simpli-
fied in the following way. The fastening cush-
ion, which is a rubber square pad with an edge
length of 0.35 m, is represented as deformable
solids, while the fastening mechanism is mod-
eled through connecting the rail inferior nodes
to the slab surface below the rubber pad. Mean-
while, no-sliding constraint is imposed between
the rubber pad and the slab surface.

The UIC 60 rail cross-section profile,
see Fig. 2, is modeled as beam elements
(BEAM188) with its proper section. Its di-
mension and section properties are the known

properties for this kind of profile [2]. The
cited beam element in ANSYS is well-suited
for linear, large rotation, it includes shear-
deformation effects and provides options for
unrestrained warping and restrained warping of
cross-sections. Above all, it allows us to input
the exact cross-section profile for UIC 60. A rail
length of 15.53 m which covers the three-slab
track system is modeled and symmetry bound-
ary conditions are imposed on both ends.

60 Rail

Fastener

Concrete roadbed

Cement asphalt mortar

Slab track

Figure 1: Components of the slab track struc-
ture (up) and in-plane dimension in meters of
an individual slab (down).

Table 1: Vertical and transversal dimension of
the FEM model for each component layer

Layer Vertical dim. Transversal dim.
(z-axis) (m) (y-axis) (m)

Slab track 0.22 1.25
CA mortar 0.10 0.85
Concrete roadbed 0.30 1.25
Soil subgrade 6.30 7.55
Fastening Cushion 0.02 0.45

2

851



Elisa Poveda, Rena C. Yu, Juan C. Lancha and Gonzalo Ruiz

Figure 2: The cross-section profile of the
UIC60 rail-fastening device seen within the ex-
perimental setup to measure its stiffness.

An example of the complete finite element
model is given in Fig. 3. Note that the mesh
size has been carefully designed to reduce the
computational cost.

Figure 3: The three-dimensional finite element
model for the 3-slab track structure.

2.2 Material characterization
All the solid elements are modeled as lin-

ear elastic material with a stiffness-proportional
Rayleigh damping coefficient β. The damping
factor ζ is fed as the percentage of the mate-
rial’s critical damping ζc. For instance, con-
sider an ideal mass-spring-damper system with
mass m, spring constant k and viscous damper
of damping coefficient c subjected to an oscilla-
tory force, the differential equation for the cor-
responding homogeneous system is

ẍ + 2ζω0ẋ + ω2
0 x = 0 (1)

where

ω0 =

√
k

m
and ζ =

c

2
√

km
(2)

are the undamped natural angular frequency and
the damping coefficient respectively. In the case
of stiffness-proportional damping ζ can be writ-
ten as

ζ =
c

2
√

km
=

βk

2
√

km
=

1

2
βω0 (3)

The input parameter β is inputed as 2ζ/ω0.
When ζ = 1, the system is critically damped.
However for a complex system which has many
degrees of freedom thus many modes of vibra-
tion, we can only select certain vibration modes
to be more damped than others. Therefore,
knowing ζ is a percentage to the material’s crit-
ical damping coefficient, whose estimated value
is listed in Tab. 2 for each component material,
ω0 is set to be the frequency that has the maxi-
mum amplitude in the train load. For the pulse
shown in Fig. 5, the corresponding frequency is
of 3.3 Hz.

When the concrete slab was casted, cylinder
specimens were also made for standard char-
acterization tests to measure the elastic modu-
lus, tensile strength and compressive strength,
all are listed in Tab. 2.

Table 2: Material properties for each con-
stituent element

fc ft E ν ρ ζ
(MPa) (MPa) (GPa) (kg/m3) (%)

Concrete slab 35 4 35 0.2 2500 1
CA mortar - - 0.1 0.3 1700 10
Concrete roadbed - - 35 0.2 2500 1
Soil subgrade - - 10-57 0.3 1800 5
UIC 60 Rail - - 200 0.3 7850 0.1
Fastening cushion - - 0.006 0.3 800 10

The soil sub-grade is also modeled as a linear
elastic material but with its stiffness increases
with the depth as follows

E = E0 + Eh × z (4)
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where z is the average layer depth in meters, E0

and Eh are of 10 MPa and 10 MPa/m respec-
tively. Fixed boundary conditions are set for
both transversal and longitudinal directions. A
parametric study was carried out to determine a
reasonable soil depth of 6.3 m to be included in
the slab track structure. As we have mentioned
before, the rail-fastening device has been sim-
plified, only the fastening cushion is modeled as
solid elements. Since the stiffness of the fasten-
ing device, measured through the experimental
setup as shown in Fig. 2, is around 70 kN/mm,
an equivalent elastic modulus of 6 MPa (listed
in Tab. 2) is assigned to the fastening cushion to
achieve a comparable stiffness.

The rest of the material properties in Tab. 2,
are all estimated values.

3 DYNAMIC ANALYSIS
In this section, we carry out the dynamic

analysis in three steps. First the modal analysis
is performed to get the important natural modes
and corresponding shapes, above all those with
a lower frequency. Second, a real high-speed
train load history is applied to the rail to obtain
the transient response. Third, fatigue damage is
evaluated as the accumulative value according
to Miner’s summation rule.

3.1 Modal Analysis
Modal analysis is the study of the dynamic

properties of structures under vibrational exci-
tation, it uses a structure’s overall mass and
stiffness to find the various periods that it will
naturally resonate at. Detailed modal analy-
sis determines the fundamental vibration mode
shapes and corresponding frequencies. For res-

onance to occur, both the mode shape and fre-
quency of the external excitation have to coin-
cide with that of the structure. In Fig. 4, we give
the first four modes of vibration of the slab track
superstructure and the soil sub-grade. Except
the third mode, which represents the settlement
of the track structure, the other three modes de-
scribe the bending load at different wave length.
Special care has to be taken if the external train
load has similar shape and spectrum.

3.2 Transient Analysis

Transient dynamic analysis is a technique
used to determine the dynamic response of a
structure under a time-varying load. In this
type of analysis the inertia or damping effects
of the structure are considered to be important.
In this section, we apply a real high-speed train
pulse to the rail to carry out the transient analy-
sis. Figure 5(a) shows the load pulse of a high-
speed train (type ETR-Y, see [17]), which is
composed of two locomotives and ten coaches
and has a total length of 295.4 m. The train
runs with a speed of 300 km/h. By means
of a Fourier transform, this load pulse is de-
composed into its constituent frequencies, see
Fig. 5(b). Figure 6 shows the evolution of maxi-
mum equivalent stress and deflection in the cen-
tral slab, note that these maximum values may
correspond to different nodes in the slab. The
global maximum of the stress and the deflec-
tion occurs at 0.224 s and 3.732 s respectively.
The maximum equivalent stress of 0.64 MPa is
achieved at 0.224 s around the interior corner.
The stress and deflection distribution of the cen-
tral slab at this instant is shown in Fig. 7.
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Figure 4: The first four modes of free vibration.
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Figure 5: (a) A high-speed train (ETR-Y) load pulse measured at a rail fastening device and (b) its
frequency spectrum.
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Figure 6: Evolution of the maximum equivalent stress and deflection versus time in the central slab
(loaded with the train pulse ETR-Y).
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Figure 7: Distribution of the equivalent stress and deflection at loading time 0.224 s (loaded with the
train pulse ETR-Y).

3.3 Fatigue damage evaluation

We concentrate on evaluating the damage
in the central slab due to compressive stresses.
First we extract the third principal stress (and its
principal direction) to determine the most un-
favorable node or region, the one that suffers
the maximum compressive stress during the en-
tire loading duration. Next, taking this princi-
pal direction as a reference, the corresponding
stress at this direction σc and its time history
is obtained and plotted in Fig. 8(a). Addition-
ally shown in Fig. 8(a) are the three principal
stresses, the equivalent stress and the three nor-
mal stresses. It needs to be pointed out that,
in order to achieve certain level of damage, the
load-pulse in Fig. 5 has been amplified by a fac-

tor 5 to get the results in Fig. 8.
Cycle counting is carried out for the com-

pressive stress σc by means of the rain-flow al-
gorithm developed by Downing and Socie [14].
A subroutine is developed to perform this task
and to represent the counted cycles as the ma-
trix shown in Fig. 8(b) for each stress range and
mean. Taking the characteristic compressive
strength fck as a reference, the design fatigue
strength fcd,fat for compression is estimated ac-
cording to the new Model Code [18] as follows,

fcd,fat = 0.85βcc(t)

[
fck

(
1 − fck

25fck0

)]
/γc

(5)
where fck0 is the reference characteristic
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strength of 10 MPa, γc is a partial security coef-
ficient equals to 1.5, βcc(t) is a factor depending
on the age of concrete at the beginning of fa-
tigue loading and can be calculated as

βcc(t) = exp

[
s fck

(
1 − 28

t

)1/2
]

(6)

where t is the concrete age in days and s is the
coefficient which depends on the strength class
of cement concrete [18].

The damage caused by those cycles counted
in Fig. 8(b) at each stress mean and range is cal-
culated following the Model Code and listed in
the matrix shown in Fig. 8(c), the total damage
is the sum of those values shown in the damage
matrix according to the Miner’s rule [19].
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Figure 8: (a) Stress history; (b) counted cycles
for σc and (c) the corresponding damage caused
(loaded with the train pulse ETR-Y, multiplied
by 5).

Repeating this procedure for all the nodes in
the central slab, a map for the fatigue damage is
obtained and given in Fig. 9. We observe that
the most unfavorable nodes are located around
the middle of the slab track, under the central
fastening cushions (below the third, fourth and
fifth rail fastening devices).
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Figure 9: Fatigue damage map at the central
slab (loaded with the train pulse ETR-Y, ampli-
fied by a factor of 5).

4 RESULTS FOR REAL HIGH-SPEED
TRAIN PULSES

In this section, we show the results obtained
for each kind of train that we have analyzed:
AVE Class 103 and RENFE Class 120 -Alvia-.
First the high-speed train load pulse is applied
to the model in the transient analysis. Second,
the corresponding stress and its time history are
obtained for a node at the central slab and fi-
nally the fatigue damage map due to compres-
sion is plotted.

4.1 AVE Class 103 Train
The AVE Class 103 is a spanish high-speed

train (trajectory Madrid-Barcelona), made and
named as Velaro E by Siemens. It is of
200.84 m in total length and is composed of
eight cars. Although the train could run with
a speed of 350 km/h, the track is limited to
300 km/h. Figure 10 shows a typical load pulse
of this high-speed train. Amplifying this pulse
with a factor of 4, we obtain the results shown
in Fig. 11. The most damaged region is located
under the fourth fastening device. The stress
history for this damaged node is represented in

7
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Fig. 11(a). The damage map due to fatigue is
shown in Fig. 11(b). A similar damage distribu-
tion to that of ETR-Y, see Fig. 9, is observed,
though the maximum damage amounts to ten
times more than that of ETR-Y.
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Figure 10: A typical load pulse for the train
AVE S103.
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Figure 11: Results for AVE S103, load pulse
amplified by a factor 4: (a) stress history for the
most unfavorable node and (b) damage map.

4.2 Alvia Class 120 Train
The Alvia Class 120 is another type of train

used for long distance service in Spain. It is
composed of four coaches and has a total length
of 106.23 m. It can run up to 250 km/h. A typ-
ical load pulse for this type of train is shown in
Fig. 12.
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Figure 12: Alvia’s train load pulse.
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Figure 13: Results for Alvia, load pulse ampli-
fied by a factor 4: (a) stress history for the most
unfavorable node and (b) damage map.
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After amplifying with a factor 4, the resulted
stress history for the most unfavorable node and
the fatigue map are respectively represented in
Fig. 13(a) and Fig. 13(b). A similar damage dis-
tribution to that of ETR-Y and AVE S103, see
Fig. 9 and Fig. 11(b), is observed, though the
maximum damage is the smallest of the three.

5 PARAMETRIC ANALYSIS
In this section we analyze the influence of

the concrete compressive strength, the fasten-
ing stiffness, the length of the fastening device,
the elastic modulus of the cement-asphalt mor-
tar and the slab thickness on the damage of the
most unfavorable node.

First we look into the influence of the com-
pressive strength of concrete by keeping con-
stant the rest of the material parameters in
Tab. 2. The load pulse is a more critical vari-
ant of the pulse shown in Fig. 10 multiplied by
a factor 4 or 5. In Fig. 14 we show the result of
this study by plotting the damage (solid lines)
and fatigue life (dashed lines) of the most un-
favorable node with respect to the compressive
strength fck. The average traffic is assumed to
be 60 trains per day. Notice that the damage de-
creases rapidly with the increase of fck. If a se-
curity coefficient of 4 is employed, fck should
be no less than 50 MPa to guarantee a fatigue
life of 100 years.

Next we study the sensitivity of the rest of
the parameters on the damage of the most un-
favorable node. In particular, the variation of
the fastening stiffness is carried out by vary-
ing the elastic modulus of the fastening cushion

while keeping the rest unchanged. The influ-
ences of the fastening stiffness, the length of the
fastening device, the modulus of the CA mor-
tar and the slab thickness are respectively illus-
trated in the subfigures a, b, c and d of Fig. 15.
It can be observed that, the damage value in-
creases with the increase of the fastening stiff-
ness, while decreases with the length of the fas-
tening device. It needs to be remarked that, the
damage value decreases to an asymptotic value
with the increase of the modulus of the CA mor-
tar layer; meanwhile, the damage does not vary
much when the slab thickness increased from
0.17 m to 0.36 m. This implies that, if the
rest were kept the same, the CA mortar layer
can have a designed modulus as low as 60 to
80 MPa whereas the the slab track can be as
thin as 0.17m.
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Figure 14: Damage and fatigue life of the most
unfavorable node versus concrete compressive
strength.
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Figure 15: Damage of the most unfavorable node versus the fastening stiffness and the length of the
fastening device, the elastic modulus of the cement asphalt mortar and the thickness of the slab.

6 CONCLUSION

We have modeled a three-slab track super-
structure and the soil sub-grade in ANSYS to
evaluate the fatigue behavior in the central slab.
Numerical procedures are automated using the
APDL script language. Modal analysis is per-
formed to determine the fundamental modes
and shapes. Transient analysis is carried out for
a high-speed train load applied to the rail. Fa-
tigue damage due to compression is evaluated
following the Model Code. Since one train pas-
sage causes no damage, real train pulses from
ETR-Y, AVE Class 103 and Alvia Class 120
multiplied by a factor 4 or 5 are applied to the
rail for parametric studies. The damage map
obtained shows that the unfavorable regions are
located under the third to fifth fastening device.

The developed methodology is promising in

predicting the slab fatigue life and is partic-
ularly useful in optimizing the slab geometry
and the superstructure. The current parametric
study has suggested that

• for a security coefficient of four, the im-
plied concrete should have a compressive
strength no less than 50 MPa to give a
100-year fatigue life guarantee;

• the slab track thickness can be as thin as
0.17 m for a low level of fatigue damage;

• fatigue damage increases with the in-
crease of the stiffness of the fastening de-
vice;

• for a low level of fatigue damage, the
elastic modulus of the cement-asphalt-
mortar layer can be as low as 60-80 MPa.
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y a las señales digitales en ferrocar-
riles. Universidad Politécnica de Madrid,
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Abstract: The aim of this paper is to present and compare basic fatigue parameter values obtained 
for plain C30/37 and C45/55 class concrete specimens during dynamic tests. Selected 
approximation curves of mechanical-fracture parameter values over time – compressive cube 
strength, modulus of elasticity, effective fracture toughness and specific fracture energy – are used 
to determine the most accurate fatigue parameter values corresponding to the age of specimens 
when dynamic tests were performed. The power law and Weibull model developed by Castillo et al. 
are used for standard description of the S−N curve. Both of the methods of fatigue test evaluation 
will be compared and the suitability of their application within numerical models will be discussed. 

1 INTRODUCTION 
Many structures are often subjected to 

repetitive cyclic loads of high stress amplitude. 
Examples of such cyclic loads include 
automobile and train traffic, machine vibration 
and wind action. The phenomenon known as 
material fatigue, a process in which 
progressive and permanent internal damage 
occurs in materials subjected to repeated 
loading, is a serious problem for concrete 
structures such as bridges, tunnels, 
airport/highway pavements, railway sleepers, 
etc. Concrete is a highly heterogeneous 
material and the processes occurring within its 
structure and leading to its degradation under 
cyclic loading are more complicated in 
comparison to those affecting metals (see [1]). 
This is one reason why the understanding of 
fatigue failure in cementitious composites is 

still lacking in comparison to that of ferrous 
materials, even though concrete is a widely 
used construction material. 

Fatigue tests of concrete materials and 
structures are expensive, and for this reason 
numerical modelling [2] can represent 
a powerful approach for the prediction of the 
damage process and fatigue life of such 
materials under different service conditions. 
For the effective and correct use of a 
numerical (material) model it is often 
necessary to tune its parameters using data 
obtained during experiments. The correct 
evaluation of such data is becoming a 
prerequisite for the correct use of numerical 
models in practice. 

Various approaches have been used to 
assess the fatigue life of structural members in 
recent years. The generally accepted approach 
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in engineering practice is based on empirically 
derived S–N diagrams known as Wöhler 
curves (stress S vs. the number of cycles to 
failure N). Another possibility is to use the 
statistical evaluation of dynamic tests, e. g. the 
Weibull non-linear regression model 
developed by Castillo et al. [3, 4]. 

Both of the above-mentioned methods of 
fatigue test evaluation will be compared in this 
paper and the suitability of their application 
within numerical models will be discussed. 

2 EXPERIMENT DETAILS 
An extensive laboratory experiment was 

conducted on a set of specimens of plain 
C30/37 and C45/55 class concrete. The 
specimens were used to determine the values 
of fundamental fracture characteristics and 
related fatigue parameters using static fracture 
and dynamic experiments.  

2.1 Static experiments 
The experimental data (values for the 

modulus of elasticity, effective fracture 
toughness and specific fracture energy) was 
obtained from three point bending fracture 
tests of beam specimens with a central edge 
notch. The nominal dimensions of the beams 
were 100×100×400 mm; span length 300 mm. 
Cubes with edge lengths of 150 mm were used 
for determination of the compressive strength 
values. Because of the gradually increasing 
age of the concrete samples during the 
dynamic tests, the above-mentioned specimens 
were tested at the age of 28, 98 (91 for C45/55 
class concrete) and 159 days.  

Analytical expressions were determined for 
regression curves as approximations of the 
above-mentioned fracture mechanics 
parameter values over time. Power, 
logarithmic and polynomial functions were 
used (EXCEL software). The coefficient of 
determination R2 was obtained for each type of 
regression curve.  

Coefficients of analytical expressions for 
approximation curves for C30/37 and C45/55 
class concrete are collected in Tab. 1 and 
Tab. 2., respectively. 

In the equations, x indicates time in days 

and y indicates the dimensionless relative 
values of the appropriate parameter. 

Table 1: Coefficients of analytical expressions for 
simple approximation curves for C30/37 class concrete 

Power regression curve 
bxay ⋅=

Relative parameter a b R2

Compressive strength 0.6367 0.1377 0.9396 
Modulus of elasticity 0.6673 0.1113 0.2676 
Fracture toughness 0.4909 0.2007 0.5347 
Fracture energy 0.2877 0.3639 0.7960 

Logarithmic regression curve 
( ) bxay +⋅= ln

Relative parameter a b R2

Compressive strength 0.1542 0.4939 0.9404 
Modulus of elasticity 0.1185 0.5786 0.2906 
Fracture toughness 0.2380 0.1664 0.5255 
Fracture energy 0.4882 -0.6575 0.7889 

Polynomial regression curve 

cbxaxy ++= 2

Relative parameter a b c R2

Compressive strength -2.15E-05 0.0060 0.8494 0.9706
Modulus of elasticity 1.44E-05 -0.0010 1.0160 0.4004
Fracture toughness 5.04E-05 -0.0058 1.1224 0.7849
Fracture energy 1.52E-05 0.0040 0.8758 0.8428

Table 2: Coefficients of analytical expressions for 
simple approximation curves for C45/55 class concrete 

Power regression curve 
bxay ⋅=

Relative parameter a b R2

Compressive strength 0.7173 0.0983 0.8548 
Modulus of elasticity 0.8573 0.0409 0.2384 
Fracture toughness 0.7554 0.0834 0.5026 
Fracture energy 0.5892 0.1532 0.7944 

Logarithmic regression curve 
( ) bxay +⋅= ln

Relative parameter a b R2

Compressive strength 0.1073 0.6313 0.8412 
Modulus of elasticity 0.0429 0.8395 0.2495 
Fracture toughness 0.0903 0.6969 0.4834 
Fracture energy 0.1748 0.3956 0.7857 

Polynomial regression curve 

cbxaxy ++= 2

Relative parameter a b c R2

Compressive strength 3.59E-06 0.0008 0.9735 0.9300
Modulus of elasticity 1.57E-05 -0.0022 1.0496 0.6550
Fracture toughness -4.84E-06 0.0021 0.9444 0.4862
Fracture energy 9.61E-06 0.0007 0.9727 0.9032

In addition, an advanced approximation 
curve was used for compressive cube strength 
values: 

( )( )cxbeay −−= 1 (1)

Coefficients of analytical expressions for 
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advanced approximation curves for both 
classes of concrete are collected in Tab. 3. 

In the equations, x indicates time in days 
and y indicates the dimensionless relative 
value of the compressive cube strength. 

Table 3: Coefficients of analytical expressions 
for approximation curves for compressive cube strength 

Advanced regression curve 
( )( )cxbeay −−= 1

Compressive strength a b c R2

C30/37 class concrete 1.2694 -0.1920 0.6269 0.9705
C45/55 class concrete 1.2769 -0.4360 0.3470 0.8026

2.2 Dynamic experiments 
Fatigue properties were obtained from three 

point bending tests of beam specimens with 
a central edge notch. The nominal dimensions 
of the beams were 100×100×400 mm; span 
length 300 mm. The initial notches were made 
by a diamond bladed saw. Note that the depth 
of the notches was 10 mm.  

The fatigue experiments were carried out in 
a computer-controlled servo hydraulic testing 
machine (INOVA–U2). The controlled values 
for temperature and relative humidity were 
22±2 °C and 50%.  

Fatigue testing was conducted under load 
control. The stress ratio R=Pmin/Pmax=0.1, 
where Pmin and Pmax refer to the minimum and 
maximum load of a sinusoidal wave in each 
cycle. The load frequency used for all 
repeated-load tests was 10 Hz. The number of 
cycles before failure was recorded for each 
specimen. 

Concrete specimens were loaded in the 
range of high-cycle fatigue; therefore, the 
upper limit to the number of cycles to be 
applied was selected as 2 million cycles. 
The test finished when the failure of the 
specimen occurred or the upper limit of 
loading cycles was reached, whichever 
occurred first. 

3 RESULTS OF THE FATIGUE TESTS 
The results of the fatigue tests under 

a varying maximum bending stress level are 
summarized in Fig. 1 and Fig. 2 for C30/37 
and C45/55 class concrete, respectively, where 

the logarithm of the maximum bending stress 
(S) used in the fatigue experiments is plotted 
against the logarithm of the number of cycles 
to failure (N).  

The fatigue experiments lasted for a long 
time, which is problematic from the point of 
view of the ageing of the specimen material. 
Because of this, the data obtained from the 
fatigue tests were standardized to a specimen 
age of 28 days. Selected approximation curves 
(Tabs. 1−3) obtained from fracture mechanics 
parameter values over time were used for this 
purpose. 

The measured data and examples of the 
corrected fatigue data (using the power 
regression curve of fracture toughness for 
C30/37 class concrete and the polynomial 
regression curve of fracture energy for C45/55 
class concrete) are shown in Figs. 1 and 2.  

3.1 S−N curves 
The first formula for fitting the 

experimentally obtained data used in this paper 
is based on empirically derived S–N diagrams 
known as Wöhler curves: 

bNaS ×= (2)

where a, b are the material parameters. 
In an ideal, theoretical case, all specimens 

at a certain stress level would fail after the 
same number of cycles. However, the fatigue 
behaviour of a heterogeneous material like 
concrete is far from being ideal, so the results 
are usually highly scattered. Accordingly, it is 
necessary to determine not only the analytical 
expression of the relevant S–N curve but also a 
measure of the scatter, such as the coefficient 
of determination R2. 

According to (2), the power function and 
the coefficient of determination for C30/37 
class concrete are as follows: 

   0230.07256.3 −×= NS  and R2= 0.3806  (3)

and for C45/55 class concrete: 

   0345,09227.5 −×= NS  and R2= 0.8248  (4)

The coefficients of analytical expressions 
(2) for S–N curves corrected by approximation 
curves and coefficients of determination are 
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summarized in Tab. 4 and Tab. 5 for C30/37 
and C45/55 class concrete, respectively.  

Table 4: Coefficients of S–N curves for C30/37 class 
concrete, and coefficients of determination 

bNaS ×= using power 
 regression curve 

Relative parameter a b R2

Compressive strength 3.2782 -0.0261 0.7400 
Modulus of elasticity 3.4954 -0.0255 0.6769 
Fracture toughness 3.2618 -0.0276 0.8248 
Fracture energy 2.8009 -0.0313 0.6379 

bNaS ×= using logarithmic 
regression curve 

Relative parameter a b R2

Compressive strength 3.2734 -0.0261 0.7334 
Modulus of elasticity 3.4684 -0.0255 0.6734 
Fracture toughness 3.2221 -0.0278 0.8212 
Fracture energy 2.7500 -0.0315 0.6415 

bNaS ×= using polynomial 
regression curve 

Relative parameter a b R2

Compressive strength 3.2617 -0.0263 0.7661 
Modulus of elasticity 3.5079 -0.0252 0.6307 
Fracture toughness 3.4140 -0.0273 0.6754 
Fracture energy 2.8468 -0.0310 0.6320 

bNaS ×= using advanced  
regression curve 

Relative parameter a b R2

Compressive strength 3.2561 -0.0262 0.7028 

Table 5: Coefficients of S–N curves for C45/55 class 
concrete, and coefficients of determination 

bNaS ×= using power 
 regression curve 

Relative parameter a b R2

Compressive strength 5.3889 -0.0335 0.8698 
Modulus of elasticity 5.7726 -0.0341 0.7916 
Fracture toughness 5.4358 -0.0336 0.8514 
Fracture energy 5.1290 -0.0329 0.9194 

bNaS ×= using logarithmic 
regression curve 

Relative parameter a b R2

Compressive strength 5.3778 -0.0335 0.8691 
Modulus of elasticity 5.7630 -0.0341 0.7929 
Fracture toughness 5.4207 -0.0336 0.8507 
Fracture energy 5.1051 -0.0329 0.9181 

bNaS ×= using polynomial 
regression curve 

Relative parameter a b R2

Compressive strength 5.4907 -0.0335 0.8810 
Modulus of elasticity 5.9137 -0.0342 0.7965 
Fracture toughness 5.4524 -0.0335 0.8643 
Fracture energy 5.2676 -0.0329 0.9315 

bNaS ×= using advanced  
regression curve 

Relative parameter a b R2

Compressive strength 5.3947 -0.0334 0.8833 

3.2 Castillo et al.’s model

The second formula for fitting 

experimentally obtained data uses the non-
linear Weibull regression model proposed by 
Castillo et al. [3, 4] in the following form: 

( )( ) ( )
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where N is the fatigue life measured in cycles, 
S is the stress, P is the probability of failure, L0
is the reference length, Li is the specimen 
length (in the case of this study L0/Li = 1) and 
β, B, C, δ and λ are the model parameters to be 
estimated, with the following meaning: B is 
the threshold value for N or the limit number 
of cycles, C is the threshold value for S or the 
endurance limit, β and δ are the shape and 
scale parameters of the Weibull distribution, 
and λ is the parameter fixing the position of 
the zero probability curve. 

Figure 1: The power function and Castillo et al.'s 

model for C30/37 class concrete: measured and 

corrected data. 

The analytical expression of the S–N field 
given by: 
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allows probabilistic prediction of the max 
constant amplitude loading for the required 
quantity of cycles. 
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Figure 2: The power function and Castillo et al.'s 

model for C45/55 class concrete: measured and 

corrected data.

The following analytical expression for 
C30/37 class concrete was obtained according 
to (6) using Castillo et al.’s model: 
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and for C45/55 class concrete as follows: 
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Eqs. 7, 8 and Tabs. 6, 7 are referred to as the 
quantile curve P = 0.5. 

Tabs. 6 and 7 show the parameters 
estimated using Castillo et al.’s model for 
corrected data by approximation curves of 
relative values of mechanical-fracture 
parameters over time for C30/37 and C45/55 
class concrete. 

In Fig. 3 corrected data are introduced using 
advanced approximation curves of relative 
compressive strength. S–N curves and curves 
obtained by Castillo et al.’s model are plotted 
corresponding to the quantile curve P = 0.5 
and the 0.90 broad confidence interval range. 

Table 6: Parameters of Castillo et al.’s model  
for C30/37 class concrete  

Castillo et al.’s model using power 
 regression curve 

Relative parameter β B C δ λ

Compressive strength 1.40 0.00 0.20 2.64 5.36 
Modulus of elasticity 1.24 0.00 0.19 2.98 5.94 
Fracture toughness 1.32 0.00 0.31 1.77 4.52 
Fracture energy 2.74 2.42 0.18 3.08 1.57 
Castillo et al.’s model using logarithmic 

 regression curve 
Relative parameter β B C δ λ

Compressive strength 1.41 0.00 0.18 2.72 5.44 
Modulus of elasticity 1.25 0.00 0.18 3.02 5.99 
Fracture toughness 1.53 0.00 0.30 1.86 4.41 
Fracture energy 2.50 4.18 0.29 2.01 0.67 
Castillo et al.’s model using polynomial 

 regression curve 
Relative parameter β B C δ λ

Compressive strength 1.65 0.00 0.23 2.54 4.96 
Modulus of elasticity 1.02 0.00 0.19 2.99 6.10 
Fracture toughness 1.26 6.75 0.55 1.86 0.00 
Fracture energy 2.01 0.00 -0.09 4.66 4.89 
Castillo et al.’s model using advanced 

 regression curve 
Relative parameter β B C δ λ

Compressive strength 1.52 0.00 0.11 3.12 5.80 

Table 7: Parameters of Castillo et al.’s model  
for 45/55 class concrete  

Castillo et al.’s model using power 
 regression curve 

Relative parameter β B C δ λ

Compressive strength 1.02 0.00 0.64 2.82 5.15 
Modulus of elasticity 1.01 0.00 0.56 3.72 6.14 
Fracture toughness 1.01 0.00 0.61 3.04 5.40 
Fracture energy 1.06 0.00 0.71 2.22 4.33 
Castillo et al.’s model using logarithmic 

 regression curve 
Relative parameter β B C δ λ

Compressive strength 1.02 0.00 0.64 2.84 5.16 
Modulus of elasticity 1.01 0.00 0.56 3.71 6.12 
Fracture toughness 1.03 0.00 0.61 3.03 5.42 
Fracture energy 1.05 0.00 0.70 2.23 4.36 
Castillo et al.’s model using polynomial 

 regression curve 
Relative parameter β B C δ λ

Compressive strength 1.02 0.00 0.68 2.74 4.98 
Modulus of elasticity 1.01 0.00 0.58 3.76 6.12 
Fracture toughness 1.02 0.00 0.64 2.88 5.22 
Fracture energy 1.42 0.00 0.76 2.21 3.96 
Castillo et al.’s model using advanced 

 regression curve 
Relative parameter β B C δ λ

Compressive strength 1.02 0.00 0.67 2.66 4.97 

4  CONCLUSIONS 
Since the asymptotic behaviour of Castillo 

et al.’s model in the low cycle fatigue region is 
not realistic, it can be concluded that Castillo 
et al.’s model is especially applicable for 
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description on the middle- and high-cycle 
region of the Wöhler curve. 

In this study, a numerical model to simulate 
the damage affecting concrete under tensile 
load has been proposed and verified. The 
experimental results can also be used as a 
valuable input to estimate the model’s 
parameters and enhance its further 
development. 

Figure 3: The power function and Castillo et al.'s 

model for C30/37 and C45/55 class concrete: 

corrected data.
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Abstract: The concept of smeared cracking has been adopted for the safety evaluation of 
masonry arch bridges. In order to realistically simulate the specific load-carrying behavior of such 
structures nonlinear analyses are required. The formulation of appropriate failure criteria and the 
safety concept are discussed. Parametric studies show the influence of the assumed material 
parameters on the calculated safety level. Based on the numerical results and on the experience with 
the analysis of real masonry arch bridges, recommendations for sufficiently accurate and 
computationally efficient nonlinear finite element analyses of these structures are formulated. 

1 INTRODUCTION 
The preservation of historic masonry arch 

bridges under the conditions of increasing 
traffic loads may require the re-analysis of 
such structures. Other possible reasons for a 
renewed safety evaluation are observed 
damage patterns or retrofitting measures.  

The mechanical behavior of masonry arch 
bridges is characterized by structural changes 
due to inelastic strain, softening and cracking. 
These effects result under loading in 
significant stress redistributions which may 
not be captured by linear-elastic analyses. 
Only by considering the physical nonlin-
earities the load-carrying behavior of these 
structures may be realistically reproduced by 
the adopted mechanical model. It has also to 
be considered that not only the masonry arch 
itself but to a large extent supporting structural 
members like the spandrel walls and the 
backfill are contributing to the resistance 
against external loads. In order to take this into 

account at least 2D models, preferably 3D 
models of the structure are required. By using 
simplified structural models, for instance 
framework models, or simplifying assump-
tions concerning the material behavior, the 
ultimate load level of masonry arch bridges is 
usually underestimated. This explains why for 
this particular type of structure a compara-
tively large discrepancy between the predicted 
load-carrying capacity and the real one may be 
observed. The objective of the presented work 
is to use a nonlinear analysis method for 
evaluating the safety of historic masonry arch 
bridges in order to preserve them.  

Except for framework-type analysis models 
which are no longer recommendable, there are 
basically two numerical methods for 
simulating the mechanical behavior of 
masonry arch bridges. One of them is the 
Discrete Element Method (DEM) which has 
been successfully used for simulating the 
failure of such structures [1, 2]. With this 
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method, the opening of the “weak” masonry 
joints is appropriately reproduced resulting in 
realistic damage patterns. The authors 
preferred, however, the Finite Element Method 
(FEM), mainly because of the shorter 
computing times and the better availability of 
software tools. The physical nonlinearities 
have to be considered by assigning appropriate 
material laws to the elements. It is possible to 
apply a plasticity model in order to limit the 
stresses in the masonry and to account for 
inelastic strains. Schlegel [1] used an 
orthotropic material law with a failure surface 
for masonry which was originally proposed by 
Ganz [3]. In this way, the characteristic stress 
redistributions could be reproduced in the 
numerical model and regions of nonlinear 
material behavior were identified. As far as the 
behavior under tension is concerned, damage 
occurs as yielding in a plastic zone which is 
not exactly reproducing the real damage 
process characterized by individual cracks 
formed in masonry under tension. For this 
reason, in the present investigation the 
smeared crack approach, which is widely used 
for describing the behavior of concrete, has 
been adopted. It allows to reproduce crack 
patterns in the numerical simulations which 
may directly be compared to those observed at 
the real structures. Simplifying assumptions 

are the homogeneity of the material and the 
isotropy of the material properties. The last 
mentioned simplification will be discussed in 
Section 3. Analyses of masonry arch bridges 
by using concepts of nonlinear fracture 
mechanics were successfully conducted 
before. Chandra Kishen et al. [4] and 
Audenaert et al. [5] simulated the crack 
propagation in such structures on the basis of 
the smeared crack approach. 

2 ANALYSIS CONCEPT 
The main characteristics of the proposed 

analysis procedure are: 
• Exact geometrical modeling of the ma-

sonry arch bridge with all structural 
members including columns, spandrel 
walls and backfill, preferably in 3D. 

• Incorporation of the adjacent soil into 
the geometrical and finite element 
model. 

• Consideration of the nonlinear material 
behavior of both masonry and soil. 

Except for the material behavior of the 
masonry, which is subject of the next section, 
the aforementioned characteristics will be 
discussed in the following.  

The spandrel walls considerably contribute 
into the load-carrying capacity of a masonry 
arch bridge. According to results by Weber [6] 

Figure 1: Finite element model of a masonry arch bridge (complete model of the surrounding soil is not shown).
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this contribution amounts to 24 %, the one of 
the backfill to 17 %. Whereas historic analysis 
procedures oftentimes discarded this con-
tribution, the spandrel walls may easily be 
included in finite element models. In 2D 
models, to the parts of the structure which 
correspond to the spandrel walls with the 
backfill between them effective material 
parameters should be assigned which depend 
on the properties of both components.  

The stiffness of the spandrel walls 
influences the crack patterns formed under 
external loads. If these sidewalls are weak, i.e., 
if their thickness is small, tangential cracks 
separating them from the arch, see Figure 2 
(top), may be formed. In the case of thicker 
spandrel walls, these cracks are less likely to 
occur and, instead, localized fracture at 
midspan may be observed, see Figure 2 (bot-
tom). By the non-uniform stiffening effect of 
the spandrel walls, a “weak spot” of the arch is 
formed at its crown. 

Figure 2: Crack patterns formed in a masonry arch 
bridge with different thickness of the spandrel walls 
(top: 25 % of the arch width, bottom: 50 %; 2D model; 
unsymmetric loading on the left side; soil model is 
significantly larger than the shown detail). 

The modeling in 3D allows to directly 
reproduce the geometry of the spandrel walls. 
Other advantages of 3D models are the 
consideration of failure modes involving 
longitudinal cracks, the possibility of modeling 
curved bridges, and the consideration of load 

eccentricities as well as lateral loads, for 
instance wind or centrifugal forces. 
Furthermore, the soil-structure interaction may 
be reproduced more realistically in 3D. In 
certain cases, it appears to be inevitable to use 
a 3D model [7]. If the nonlinear material 
behavior is considered in the analysis and if, 
for the sake of a comparison, out-of-plane 
loading is excluded, a 3D model is likely to 
reveal an additional load-carrying capacity 
with respect to a corresponding 2D model [7]. 
This may mainly be attributed to out-of-plane 
stress redistributions.  

It is recommended to incorporate the soil in 
the finite element models of masonry arch 
bridges, see Figure 1. Rigid supports at the 
abutments may lead to a significant over-
estimation of the load-carrying capacity. An 
alternative to the finite element model of the 
soil is the definition of longitudinal and 
rotational spring supports. The specification of 
the respective spring stiffness, however, would 
require simplifications or additional numerical 
analyses. The major advantages of a direct 
modeling of the soil are the geometrically 
correct representation of the foundation and 
the possibility to directly assign material 
properties to the soil, including those 
describing nonlinear deformations. Further-
more, the material properties may spatially 
vary within the model.  

If linear-elastic soil behavior is assumed, 
unrealistic tensile stresses may be built up in 
the model and, as a result, the load-carrying 
capacity of the bridge would be overestimated. 
In certain cases, the material between the 
bridge supports may act like an internal tie 
constraining the arch. Hence, it is necessary to 
limit the tensile stresses being built up in the 
soil surrounding masonry arch bridges. For 
this purpose, the Drucker-Prager plasticity 
model has proved to be suitable. The influence 
of the material parameters required for this 
material law is comparatively small if 
technically feasible values are chosen. The 
main purpose of applying this model is to limit 
the tensile stresses in the soil. 

Masonry arch bridges are characterized by a 
high self-weight. Hence, the portion of the 
internal forces resulting from the self-weight is 
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comparatively large. For this reason, the 
sequence of the load application during the 
construction process should be considered in 
numerical simulations of the load carrying 
behavior. Some structural members, for 
instance the arches, are added to the structure 
after other structural members, for instance the 
piers, have already undergone deformations. 
These deformations will then not affect the 
subsequently added structural members, in this 
case the arches. If the construction sequence is 
neglected in the simulations, the load-carrying 
capacity of the masonry arch bridge might be 
underestimated. A simple way of considering 
the construction sequence is to start the 
simulation with a negligible stiffness of the 
members to be added later, for instance the 
arches. In a subsequent load step, the real 
stiffness of these members is activated and 
their self-weight is imposed on the structure.  

3 MATERIAL BEHAVIOR OF THE 
MASONRY  

As already stated in the Introduction, the 
intention of the authors is to reproduce the 
cracking of masonry arch bridges in 
appropriate numerical models. Since such 
models account for the characteristic stress 
redistributions taking place in the structures, 
the analysis results are expected to allow for a 
realistic safety evaluation. Furthermore, the 
direct modeling of the crack propagation 
allows to formulate criteria for the limit state 
of strength on the basis of the crack pattern, 
see Section 4.  

For all analyses presented in this paper, the 
program ATENA by Cervenka Consulting 
(Prague, Czech Republic) has been used as a 
numerical tool. Cracking is simulated by using 
a smeared crack model whereby a homoge-
neous material is assumed. The latter behaves 
linear-elastic until the maximum principal 
stress reaches the tensile strength. Then, a 
crack is formed and with increasing local 
crack opening the stress will decrease 
according to an exponential softening curve. 
The applied crack model is a rotating one. This 
assumption is justified since the direction of 
the principal strains is normally not subject to 

significant changes during the loading of 
masonry arch bridges. Figure 3 shows a crack 
pattern obtained in a fracture simulation. 

The fracture properties are considered to be 
independent on the orientation. Although the 
orientation of the masonry joints causes 
orthotropic material properties [1, 3], the 
simplifying assumption of isotropy is justified 
here by the fact that the maximum principal 
normal strains as well as the crack opening 
displacements will normally occur 
perpendicular to the radial joints in the 
masonry of the arch. The assumed isotropic 
properties are considered to describe the 
material resistance in this direction, i.e., in the 
direction of the tangent to the arch. These 
properties are controlling the fracture process 
in the respective masonry arch.  

Figure 3: Cracks at the bottom side of a masonry arch 
bridge. 

Under compression, a nonlinear stress-
strain curve is assumed for the pre-peak range. 
For the corresponding post-peak range, a 
linear softening curve is used.  

4 INVESTIGATION INTO CRITERIA 
FOR THE LIMIT STATE OF STRENGTH 

The safety evaluation of masonry arch 
bridges by nonlinear analyses is not yet 
regulated by technical codes. The present 
paper is intended to contribute into the 
ongoing discussion of this subject.  

Since the work of the authors was focused 
on railway bridges, the criteria for the limit 
state of strength proposed in the following 
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were derived from a code issued by the 
International Union of Railways (UIC). It has 
to be pointed out, however, that the criteria 
specified in this code were originally not 
formulated for the usage in nonlinear analyses.  

The authors propose the following four 
failure criteria for nonlinear finite element 
analyses of masonry arch bridges. The first 
one, referred to as criterion 1 in the following, 
is based on the UIC Code 778-3 [8] and met 
when the maximum tensile stress reaches a 
certain value. Although in [8] a fixed value of 
0.5 N/mm² is specified, in the following 
parametric study this value will be varied. 
Criterion 1 corresponds to the event of crack 
initiation in the arch. Cracks in other parts of 
the bridge, for example in the spandrel walls, 
are not of relevance for criterion 1 since these 
cracks do not significantly affect the structural 
safety. The value of 0.5 N/mm² specified in 
the UIC Code 778-3 [8] is not meant to be a 
masonry tensile strength. The intention is to 
allow for a small tensile zone in linear-elastic 
analyses and, thereby, to consider indirectly 
the partial cracking of the masonry arch.  

The second criterion for the limit state of 
strength adopted here for nonlinear analyses is 
based on the allowable crack length in the 
masonry arch. According to UIC Code 778-3 
[8], in linear-elastic analyses a criterion is met 
when the distance of the resultant compressive 
force to the compressed face is equal to or less 
than 1/12 of the arch thickness. In case of a 
failing tensile zone and a linear stress 
distribution in the compressive zone, this 
means that the minimum length of the 
compressive zone is equal to 1/4 of the arch 
thickness. From this consideration, criterion 2 
for nonlinear analyses has been derived. It is 
met when the crack length in the arch reaches 
3/4 of the arch thickness.  

The two criteria described above were not 
derived from the physical behavior of the 
material. They may be considered to be 
empirical rules. When these criteria are 
applied, it is not advisable to consider partial 
safety factors on the resistance side which 
would reduce the individual material 
properties used in the nonlinear analysis. 
Because of the complexity of the material 

models, changes to individual model parame-
ters might lead to a different material behavior, 
for instance to an unrealistic material brittle-
ness. It is necessary, however, to check the 
maximum compressive stresses occurring in 
the structure when the aforementioned criteria 
are met. These compressive stresses should not 
exceed the compressive strength reduced by a 
material factor. In this way, an adequate safety 
margin with respect to the ultimate load level 
is assured. After criteria 1 and 2 have been 
met, it is normally possible to significantly 
increase the live loads in the nonlinear finite 
element simulation. States of equilibrium are 
still being found until finally compressive 
failure occurs or the system becomes unstable. 
The ultimate load level may be considerably 
higher than the one reached when criterion 2 is 
met. However, the concept of limiting crack 
lengths in masonry members has been part of 
technical regulations for a long time. It limits 
the influence of the material inhomogeneity on 
the global structural behavior. Durability 
considerations also lead to a limitation of 
crack lengths in masonry arches. 

When the compressive strength is reached 
in the masonry of a structural member, 
criterion 3 is met. According to this criterion, 
softening under compression is not allowed. It 
is recommended to consider not only the 
compressive stresses being built up in the arch 
and in the abutments, but also those in the 
spandrel walls. As stated before, it is not 
advisable to assign safety factors to the 
individual material properties used in the 
nonlinear analysis. Instead, a global safety 
factor should be used on the resistance side in 
case criterion 3 is the critical one.  

Finally, an arch may fail when it becomes 
globally unstable due to the formation of 
multiple hinges. This is referred to as 
criterion 4 in the present investigation. 
Figure 4 shows an example of an arch under 
symmetric loading with three marked zones 
(shaded areas) of high compressive principal 
strain. The bridge model is supported by a 
finite element soil model larger than the 
cut-out shown in Figure 4. A state of 
equilibrium could no longer be found when 
this load level was reached. The nonlinear 
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finite element solution did not converge. It 
should be pointed out, however, that a not 
converging solution does not necessarily mean 
that there is no possible state of equilibrium. 
Convergence problems may also have 
numerical reasons. Therefore, the application 
of criterion 4 for the analysis of real structures 
appears to be problematic. On the other hand, 
before criterion 4 is met, normally the 
compressive strength (criterion 3) has already 
been reached. As for criterion 3, a global 
safety factor should be applied on the 
resistance side when criterion 4 is used. 

Figure 4: Zones of high compressive strain in a ma-
sonry arch bridge (dark areas). 

It is recommended to express the level of 
structural safety by a single numerical value η. 
It represents the factor the live loads specified 
in the technical regulations may be multiplied 
with such that the level of structural safety is 
exactly matching the required one. Thereby, 
all load factors, i.e., the partial safety factors 
on the side of the actions, as well as the 
dynamic factors are considered. In case of 
criteria 3 and 4, these η-values should be 
divided by a global material factor as ex-
plained before. Hence, structural safety is 
proved under consideration of all safety and 
dynamic factors if η is equal to or larger than 
one. If η<1, the safety level does not meet the 
requirements of the technical regulations. For 
the four failure criteria described above, 
normally different η-values are obtained. If the 
same tensile strength is applied, the η-value 
for criterion 2 (based on crack length) is 
generally larger than the one for criterion 1 
(based on tensile stress). The smaller the 
difference, the more brittle is the fracture 
behavior of the arch. 

In a parametric study on the basis of 2D 
bridge models, the sensitivity of the different 
failure criteria to the type of loading and to the 
masonry tensile strength as an important 
fracture parameter was investigated. Unfor-
tunately, it is technically difficult to experi-
mentally determine material properties for a 
particular masonry arch bridge. Nonlinear 
analyses are therefore often based on 
assumptions made on the basis of material 
properties given in technical recommendation 
or of those published in the literature. 

A first example of a 2D bridge model used 
for the parametric study is shown in Figure 5. 
The superstructure of this masonry bridge 
consists of the arch and of the spandrel walls. 
The latter have a total thickness of 1.6 m while 
the bridge has a width of 5 m. Between the 
spandrel walls, a filling is assumed which has 
a realistic density but a negligible stiffness. 
The foundation rests on a soil model the edges 
of which are supported in the normal direction. 
The Drucker-Prager plasticity model was used 
for modeling the soil. In addition to the self-
weight of the superstructure, a constant line 
load of 156 kN/m was applied according to the 
UIC load model 71. For the calculation of the 
η-values, this external load was multiplied by 
a load factor of 1.45 and a dynamic factor of 
1.2. In the case of symmetric loading, the line 
load was acting on the top edge of the model 
between the inner faces of the abutments and 
in the case of unsymmetric loading only on the 
left hand side of the bridge span.  

Figure 5: 2D finite element model used for a parametric 
study regarding the influence of the type of loading and 
of the masonry fracture properties. 

In Figure 6, the influence of the masonry 
tensile strength on the η-values for the 
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different criteria is presented for the case of 
unsymmetric loading which is the critical load 
case. Simultaneously to the tensile strength, 
the fracture energy has been varied such that 
the critical crack opening, i.e., the crack 
opening at zero stress, was constant. In this 
way, an unrealistic increase of the brittleness 
with increasing tensile strength was to be 
avoided. A previous investigation has shown, 
however, that the influence of the fracture 
energy on the analysis results is comparatively 
small for masonry arch bridges when 
technically sound values are assigned [7]. The 
assumed compressive strength amounted to 
12 N/mm².  

0
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0 0.1 0.2 0.3 0.4 0.5 0.6
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ηη ηη 
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Figure 6: η-values for the structure shown in Figure 5 
under unsymmetric loading as dependent on the tensile 
strength of the masonry. 

Figure 7: Crack pattern in a masonry arch under un-
symmetric loading on the left side (figure contains detail 
of the finite element model shown in Figure 5). 

As expected, the tensile strength has a 
significant influence on η1, i.e., the η-value for 
criterion 1 which is based on the maximum 
tensile stress in the arch. The influence of the 
tensile strength on criterion 2 is considerably 
smaller. This means, the correct assumption of 

the masonry tensile strength is more important 
for criterion 1 than for criterion 2. Still, this 
material property has a noticeable influence on 
the analysis results. When criterion 2 is met, 
the compressive stresses in the arch and in the 
spandrel walls do not reach the compressive 
strength here. In the arch, they amount to 
-0.641, -0.644, and -0.482 MPa for the tensile 
strength values of 0.1, 0.25, and 0.5 MPa, 
respectively, and in the spandrel walls to 
-3.991, -4.015, and -4.328 MPa. Figure 7 
shows a characteristic crack pattern observed 
when criterion 2 was met under unsymmetric 
loading. In contrast to the η-values for the 
other criteria, the η2–value exhibits a mesh 
dependency which is not negligible. This may 
be attributed to the limited number of elements 
along the uncracked portion of the arch 
thickness and also to slight changes of the 
crack patterns in the spandrel walls observed 
when the present model was refined. 
Systematic convergence studies are under way. 

In Figure 6, the difference between η2 and 
η3 is comparatively large. It has to be 
considered, however, that for criteria 3 and 4 a 
global safety factor should be applied on the 
resistance side. This was not done in the 
present parametric study. Assuming a factor of 
2, the reduced η3–values would still be higher 
than the corresponding η2–values. Hence, 
criterion 2 seems to be critical for this 
particular bridge and the applied load model. It 
has to be pointed out that the maximum 
compressive stress occurred in the spandrel 
walls. In the arch, the compressive strength 
was never reached for the given configuration. 
When the solution did no longer converge, 
criterion 4 was considered to be met. The 
difference between η3 and η4 is rather small.  

The results for the case of symmetric 
loading are shown in Figure 8. Here, the η–
values are higher since this load case is not the 
critical one. The difference between η2 and η3
is smaller than in the case of unsymmetric 
loading. This may be attributed to the fact that 
criterion 3 which is based on the compressive 
strength tends to become critical when the 
thrust line for the given loading approximates 
the shape of the arch.  
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Figure 8: η-values for the structure shown in Figure 5 
under symmetric loading as dependent on the tensile 
strength of the masonry. 

At the example of the bridge model shown 
in Figure 4, it may be seen that under certain 
conditions the failure of the bridge will occur 
due to compressive failure. Criterion 2 which 
is based on the crack length will not be met 
before the compressive strength is reached 
(criterion 3). In the case of the bridge shown in 
Figure 4 this is the case for symmetric loading 
as well as for unsymmetric loading. The arch 
has a comparatively large thickness. Conse-
quently, the thrust line tends to have a large 
distance from the edges of the arch and the 
bending stresses in the arch will be small when 
compared to those resulting from the com-
pressive force.
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unsymmetric loading, tensile strength of the spandrel walls 0.7 N/mm²
unsymmetric loading, spandrel walls and arch have the same tensile strength
symmetric loading, tensile strength of the spandrel walls 0.7 N/mm²
symmetric loading, spandrel walls and arch have the same tensile strength

Figure 9: η2-values for the structure shown in Figure 5 
for different tensile strengths of the arch and of the 
spandrel walls. 

In another study based on the bridge model 
shown in Figure 5, different tensile strengths 
were assigned to the arch and to the spandrel 
walls. It can be argued that these strength 

values should be different because of the crack 
orientation with respect to the masonry joints 
in these members. If the tensile strength of the 
spandrel walls is set to 0.7 N/mm² which is 
higher than the value for the arch, the 
η2-values will decrease, see Figure 9, whereas 
the other η-values are almost unaffected. The 
reason for this phenomenon is the stiffening 
effect of the uncracked spandrel walls. This 
leads to a localization of the cracking at the 
arch crown, see Figure 10. Consequently, the 
crack length associated with criterion 2 is 
reached at a lower load level. 

Figure 10: Stiffening effect of the uncracked spandrel 
walls (figure contains detail of the finite element model 
shown in Figure 5; top: spandrel walls and arch have the 
same tensile strength, bottom: spandrel walls have a 
higher tensile strength; unsymmetric loading on the left 
side). 

5 CONCLUDING REMARKS 
The load-carrying behavior of a masonry 

arch bridge depends on a variety of 
geometrical and material parameters. Some 
influences have been discussed in the present 
paper. Each individual structure requires a 
separate consideration of possible failure 
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modes and adequate criteria for the limit state 
of strength. Nonlinear finite element 
simulations allow to reproduce the complex 
mechanical behavior of these structures. In 
future nonlinear analyses, pre-existing damage 
patterns should be taken into account.  

It has to be considered that nonlinear 
analyses usually need to be based on 
assumptions concerning the material behavior. 
The validity of the analysis results may be 
enhanced, however, if the simulation is 
supported by in situ measurements at the 
respective structure. A method to prove the 
robustness of the analysis model for a 
particular bridge and to identify the most 
influential material parameters are multi-
parameter sensitivity analyses [9].  
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Abstract: This paper discusses aging pipes renovated by the SPR (Sewage Pipe Renewal) method, 
a typical composite pipe renovation method. The structural model for this type of composite pipes 
as a semi-composite structure is explained, and the features of design procedures based on the limit 
state theories are introduced. 

1 INTRODUCTION 
More than 100 years have passed since the 

construction of the Kanda sewer system in 
1884. Numerous sewer pipes, in service for 
more than 50 years of the legal design service 
life, have been aging in urban areas. Though 
most of the pipes are still serving their 
functions, many have sustained various 
degrees of damage due to long-term loading, 
material deterioration, and chemical corrosion 
with hydrogen sulfide. Needs have increased 
greatly for renovation of aging sewers by 
methods other than cut-and-cover because of 
the influence to road traffic, to the many 
buried utility structures in the pipe’s vicinity, 
and cost performance. The Tokyo metropolitan 
government has been systematically 
renovating sewer pipes for the past 15 years 
among its huge sewerage system that extends 
to approximately 16000 km in total length. For 

aging pipes of medium to large diameter in 
particular, renovation methods based on a 
concept of composite pipe were developed in 
which renovation materials were attached to 
the inner surface of existing pipes for retrofit 
counting on the remaining strength of the 
existing pipes. This paper discusses the pipes 
renovated by the SPR (Sewage Pipe Renewal) 
method, a typical composite pipe renovation 
method. The structural model for this type of 
composite pipes as a semi-composite structure 
is explained, and the features of design support 
software developed based on the limit state 
design theories are introduced. 

2 COMPOSITE PIPES IN SEWER PIPE 
RENOVATION 

2.1 Characteristics of composite pipes  
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The composite pipe renovation method 
involves no cut-and-cover. Aging existing 
pipes are retrofitted counting on their 
remaining strength by attaching renovation 
materials to the inner surface of existing pipes 
to form so-called composite pipes. This type of 
retrofit method is expected to secure discharge 
capacity and prolong the service lives of 
existing structures. The bond between 
renovation materials and existing pipes are 
increased by using polymer cement, and the 
load carrying capacity can be enhanced further 
by inserting steel reinforcement in the 
renovation layers. In general, due to the 
refinement of the small, enclosed working 
space inside the sewer and the great extension 
of the pipe to be renovated, mechanical shear 
connectors are not used to rigidly connect the 
renovation layer with the existing pipe. Hence, 
bond splitting may occur at the interface 
during deformation of the composite pipe 
under the external loading. To reflect the 
reality of bond strength in a composite pipe, 
structural analysis of the pipe is based on a no-
tension interface model to prevent the transfer 
of tensile stress at the interface. At present, 
five renovation methods that employ the 
composite pipe concept have been put into 

practical use in Japan. As renovation materials, 
spirally formed inner linings by polyvinyl 
chloride profile, combinations of steel ring and 
high-density polyethylene member, and 
polyvinyl chloride segments are among those 
that are frequently used. 

2.2 Outline of SPR method 
One of the typical composite pipe 

renovation methods put into practical use in 
Japan is the SPR method (Fig.1). This method 
involves spiral formations of the inner lining 
by polyvinyl chloride profiles with steel 
reinforcement in existing pipes and the filling 
of the annular gap between the lining and the 
pipe with resin-type mortar. The method can 
be implemented while water is running 
through the sewer. A pipe manufacturing 
machine is developed so as to fit the shape of 
the pipe, and the method is basically 
applicable to all types of cross sections. The 
mortar is mixed with emulsion to increase 
bond strength, and different specifications are 
available to produce different levels of 
strength. Steel reinforcement of special shape 
can be installed in the profile (Fig. 2).

 Aging sewer during renovation Aging sewer after renovation 

Figure 1: Sewer renovation by the SPR renovation method 
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3 STRUCTURAL ANALYSIS OF 
COMPOSITE PIPE 

3.1 Fracture tests on composite pipe 
specimens 

In carrying out sewer renovation, it is 
required that the load-carrying capacity of the 
renovated pipe must be equal to or higher than 
that of the existing pipe at the time of its 
construction [1]. In developing the SPR 
renovation method a large number of fracture 
tests on renovated pipe specimens have been 
carried out to verify the effectiveness of the 
method in restoring the structural integrity of 
the aging pipe. These specimens included both 
circular pipes and rectangular pipes of 
different sizes and aspect ratios. To simulate 
aging pipes loading tests were carried out on 
newly-manufactured pipes with various 
artificial damages made to them, such as the 
missing of concrete cover, loss of rebar and 
cracking of concrete [2]. For comparison 
purposes, double-layered pipe specimens were 
also produced by attaching thin films to the 
original pipes before renovation. Besides the 
specimens with a uniform thickness of the 
renovation layer, specimens with a different 
thickness of the renovation layer at the top and 
bottom were also prepared to reflect the reality 
of in situ construction. The major test cases 
and results are listed in Table 1. The maximum 
loads in the table represent the means of 
results for three specimens in each case.  

Though concrete structures are frequently 
studied using frame models, this simple 
method may not yet be applicable to 
composite pipes mainly because of the 
difficulty in modeling interface behavior. 
Finite element modeling provides an easier 
approach. In structural analysis of composite 
pipes, the state of deterioration such as the loss 
of concrete cover due to cracking and the 
corrosion of reinforcing bars was reflected in 
the member thickness and the cross sectional 
area of reinforcement in an FE model. 
Materials in a composite pipe are composed of 
concrete, rebar, mortar and the steel 
reinforcement inside the plastic profile. 
Cracking of concrete and mortar is analyzed 
using the smeared crack model, and the plastic 
behavior in compression areas is studied based 
on the Drucker-Prager yield criterion [3-4]. 
Reinforcing bars in concrete and steel 
reinforcement in the profile are incorporated 
into two-dimensional elements as one-
dimensional rods of elastic-plastic materials. 
Numerical analyses of aforementioned fracture 
tests reproduced maximum loads that 
compared well with the test results with a 
precision of plus or minus 15% (Fig. 3).  

3.2 No-tension interface model for 
composite pipes 

Figure 4 shows load-displacement 

Figure 2: An example of the PVC rib profiles used in the 
SPR renovation method 

0 

100 

200 

300 

400 

500 

600 

700 

0 100 200 300 400 500 600 700 

N
um

er
ia

l r
es

ul
ts

 (k
N

/m
)

Experimental results (kN/m)

Discrepancy line of ｘｘ%

＋15％ 0％

-15％

Figure 3: Discrepancy diagram between the results of 
numerical analysis and experiments 

879



M.Nakano, Z.Shi, Y.Nakamura, Y.Takahashi, and T.Haibara 

4

relationships obtained in fracture tests using a 
box culvert of rectangular 1500-mm cross 
section and a circular pipe of 1000-mm-
diameter of composite and double-layered 

types. As seen from these results, the initial 
rigidity is much lower in the double-layered 
type than in the composite type. The maximum 
load of the former is approximately 74% of 

Table 1: Cases and results of fracture tests on original and renovated pipe specimens 

Maximum load （kN/m)

Average of three tests

1 Original pipe
363.43

2 Composite pipe
643.40

3
Non-composite pipe

(Double-layered structure) 478.40

4 Original pipe
251.13

5 Composite pipe
592.10

6 Original pipe
104.50

7 Composite pipe
360.20

8 Original pipe
390.00

9
Composite pipe

(Thin-layer renovation) 425.93

10
Failed pipe (Fractured
ceiling and hunches）

Composite pipte
(Thin-layer renovation) 448.10

11
None (Standard RC

cross section)
Original pipe

429.00

12 Original pipe
185.00

13
Non-composite pipe

(Double-layered structure) 443.50

14
None （Standard RC

cross section）
Original pipe

529.00

15 Original pipe
251.00

16
Non composite pipe

(Double-layered structure) 347.00

17 Original pipe
92.57

18 Composite pipe
146.00

19
Composite pipe

(Non-reinforced profile） 99.47

20
Composite pipe (Bottom-

minimum renovation） 118.90

21
Non-composite pipe

(Double-layered structure) 118.07

22
None （Standard RC

cross section）
Original pipe

101.90

23
Failed pipe

（Quadri-fracture）
Composite pipe

(Thin-layer renovation) 135.97

Test case Type of pipe
State of damage
in original pipe

Type of specimen

Rectangular cross
section

(1500mm×1500mm)

None （Standard RC
cross section）

Loss of
cover concrete

Loss of inner rebar
and cover concrete

None (Standard RC
cross section)

Circular cross
section

(φ1100mm)

Rectangular cross
section

(2500mm×2500mm) Loss of inner rebar
and cover concrete

Rectangular cross
section

(3500mm×2500mm) Loss of inner rebar
and cover concrete

Circular cross
section

(φ1000mm)

None （Standard RC
cross section）
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that in the composite pipe for the box culvert, 
and 68% for the circular pipe. This shows 
clearly that the bond behavior at the interface 
greatly affected the deformation and load 
carrying capacity of the renovated pipe. 
Though composite pipes should not be 
modeled in actual design on the assumption of 
perfect connection to the end of structural 
failure, the double-layered, no-bond interface 
model clearly underestimates the load carrying 
capacity of the renovated pipe. The authors, 
based on the above analysis and reasoning, 
employed a no-tension model at the interface 
for the bond behavior of composite pipes. In 

the no-tension model, both normal stress and 
shear stress are transmitted when compression 
acts at the interface, but the transmission of 
normal stress and shear stress is terminated 
when tension occurs. The limit of shear stress 
in compression at the interface is set to the 
value obtained by multiplying the compression 
by the coefficient of friction of concrete. In the 
FE model, an interface model of zero thickness 
can be easily incorporated into the interface 
between the existing concrete member and 
renovation member by employing dual nodes 
and spring connections, as indicated in Fig. 5. 

Figure 5: Interface element and modeling concept 
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Figure 4: Load-displacement relations of capacity tests on composite and double-layered test specimens 
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 4 DESIGN OF COMPOSITE PIPES 
BASED ON LIMIT STATE THEORIES 

4.1 Basic requirements  
Figure 6 shows the flow chart for the 

response analysis and safety verification for 
the two limits: the limit state of serviceability 
and the limit state of structural failure. In 
analyzing structural behavior of a composite 
pipe at these limit states, a load increment 
coefficient for the design traffic loads is 
employed to calculate the loads needed for 
crack initiation and for structural failure when 
other design loads are present. 

Under the allowable serviceability limit 
crack must not occur under the design load 
conditions. Specifically, the coefficient of 

incremental load at the occurrence of cracking 
must exceed 1.0. For the allowable limit state 
of failure, the design sectional force multiplied 
by the structure factor must not exceed the 
design limit value. Details of the 
computational procedures for limit state 
verification based on the response analysis are 
illustrated in Fig. 6. 

4.2 Sample case for safety verifications  
Figure 7 presents a typical case of a box-

type aging sewer renovated by the SPR 
method as a composite pipe. The renovated 
cross section satisfies the design discharge 
capacity. Load conditions are shown in Fig. 8, 
where the design live load is based on the T-25 
traffic load. The sewer channel was laid 
parallel to the road alignment. The material 

Figure 6: Design flow chart based on the response analysis 

RESULTS OF ANALYSIS

Loading stage 1: Dead load + Soil pressure None

Design load:
Pd = λPld

Pld: Live load
λ: 1.0

To calculate the cross sectional forces from the stress states:
⇒　Design response value: Sd (= γaγfV; = γaγfM)
V, M：Shear and moment forces obtained from the response
analysis under the design loads
γa, γf: Structural analysis factor and load factor

Crack initiation load:
Plc = λcPld

λc: Load increment coefficient
at crack initiation

To obtain
the load factor for crack initiation λc

Failure load
Pu = λuPld

λu: Load increment coefficient
at failure

To calculate the cross sectional forces:
⇒　Design limit value: Rd (= γmγbVu; = γmγbMu)
Vu, Mu: Shear and moment capacities obtained from the response
analysis at structural failure
γm, γb： Material factor and member factor

Limit state of
serviceability λc：Load factor for crack initiation

γi：Structural factor

Sd ：Design response value

Rd ：Design limit value

Limit state of failure

Loading stage 2: Failure
analysis by incremental
live loads

Note: λ = Load
increment coefficient of
live load
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properties of the pipe are shown in Table 2, 
which were obtained from field investigations 
of the existing pipe.

Table 3 shows the results of safety 
verifications for this composite pipe, including 
all the safety factors considered for the 
computations. As seen from the table, the 
proposed renovation design of this aging sewer 
will ensure the renovated pipe to satisfy both 

requirements for the serviceability limit and 
the failure limit.  

To facilitate the structural computation and 
renovation design by the SPR renovation 
method, specific design-aided software has 
been developed and the outline of the 
computer programs is shown in Fig. 9 [5]. The 
composite renovation methods have found 
wide applications in Japan, and in the Tokyo 

Steel reinforcement of profile
(Equivalent to 11.7 mm @79)2

Unit: mm
Figure 7: Dimensions of an aging sewer after renovation 

Figure 8: Load conditions 

Earth cover
1.29 m

Pvl = 33.33 (kN/m )2
Pvd = 22.76 (kN/m )2

Phd1= 11.38 (kN/m )2

Phd2= 29.11 (kN/m )2

Traffic load
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metropolitan areas alone the total length of the 
renovated man-entry aging sewers by the SPR 

method has reached approximately 40 km and 
is still extending. 

Table 2: Material properties 

Material Item Material Item

Compressive strength 24.6 N/mm2 Compressive strength 12.0 N/mm2

Tensile strength 1.9 N/mm2 Tensile strength 1.8 N/mm2

Elastic coefficient 25.3 kN/mm2 Elastic coefficient 7.5 kN/mm2

Poisson's ratio 0.2 - Poisson's ratio 0.2 -

Unit weight 23.0 kN/m3 Unit weight 12.0 kN/m3

Fracture energy 85.0 N/m Fracture energy 18.3 N/m

Yield stress 235 N/mm2 Yield stress 210 N/mm2

Elastic coefficient 200 kN/mm2 Elastic coefficient 170 kN/mm2

Value Value

Existing
concrete

Steel

Mortar cement
(Backfill material)

Steel reinforce-
ment in profile

Table 3: Results of safety verifications on two limit states 

Ceiling Wall
Member force at （γf×design load） M 19.4 17.9

Structural analysis factor γa 1.1 1.1
Design member force Md 21.3 19.69

Member force capacity at failure Mu 97.4 90.3
Material factor γm 1.3 1.3
Member factor γb 1.3 1.3

Design member force capacity Mrｄ 57.6 53.4
Structural factor γi 1.1 1.1

0.41 0.41

＜ 1.0　（OK） ＜ 1.0　（OK）

Member force at （γf×design load） V 47.9 25.4
Structural analysis factor γa 1.1 1.1
Design member force Vd 52.7 27.9

Member force capacity at failure Vu 192.3 72.5
Material factor γm 1.3 1.3
Member factor γb 1.3 1.3

Design member force capacity Vrd 113.8 42.9
Structural factor γi 1.1 1.1

0.51 0.72

＜ 1.0　（OK） ＜ 1.0　（OK）

γiMd/Mrd

γiVd/Vrd

Moment

Shear

Verification

Verification

Limit state at failure 

Limit state of performance
Load increment coefficient at crack initiation（λｃ） 2.9

Verification λｃ＞ 1.0　(OK)
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Abstract: The design and building construction industry is in need of a paradigm shift. One way of 

dealing with this need is by exploring the use of alternative building materials, such as Textile 

Reinforced Concrete (TRC). TRC encompasses a fine-grained concrete matrix reinforced by multi-

axial textile fabrics, which replaces the traditionally used reinforcement methods. Investigations of 

new materials are necessary in order to quantify its expected structural performance and integrity. 

The purpose of this study is to investigate the structural behaviour of a thin TRC slab under bending 

stress. Four-point bending tests were conducted on thin TRC specimens strengthened by carbon 

fibre textiles. One of the test configurations was modelled using non-linear finite element methods. 

The influence of varying the contact perimeter between the textile reinforcement mesh and the 

concrete matrix was also studied. The finite element software DIANA with the pre- and post-

processor FX+ was used. 

The numerical analysis primarily consisted of 2-D non-linear FE modelling of a thin TRC slab 

specimen. Cracking of the cement matrix was modelled with a smeared rotating crack model. The 

bond between the textile and the cement matrix was modelled using bond-slip, with input based on 

pull-out tests from literature. Simplified bi-linear stress-strain laws were assigned to the textile 

reinforcement. The main failure mode observed was in bending with the delamination of the textiles 

from the mortar or by the tensile failure of the textile. 

 

1 INTRODUCTION 

Sustainable development has become 

increasingly in demand within the building 

construction industry. New technological 

advances making use of non-traditional types 

or amounts of material and energy could be 

used to meet the demand for a sustainable 

industry [1]. An innovative material which is 

thought to have emerged from this idea is 

Textile Reinforced Concrete (TRC). TRC is a 

combination of fine-grained concrete and 

multi-axial textile fabrics, which has been 

fundamentally researched over the past decade 

[2]. This composite material has been shown 

to have the potential to be used to design 

slender, lightweight, modular and freeform 
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structures, while eliminating the risk of 

corrosion and providing high strength in 

compression and also in tension [2, 3]. It has 

also been proven to be a suitable solution for 

the strengthening of existing structures [4-7].  

TRC is differentiated from ordinary steel 

reinforced concrete mainly by its complex 

heterogeneous structure. A textile 

reinforcement yarn consists of numerous 

filaments which inhibit the even penetration of 

the fine-grained concrete matrix between the 

filaments. The inner filaments, as a result, 

have less contact with the fine-grained 

concrete matrix depending on the size of the 

fill-in zone [8]. This phenomenon causes the 

damage localization process to be governed by 

the bond between the textile mesh and the 

fine-grained concrete matrix. Accordingly, the 

complex bond behaviour has  become the 

driving force for developing numerical models 

in various scales: macro [9], meso [8-11], 

micro [12, 13] and multi [14-17]. However, 

there are difficulties to quantify the bond-slip 

relationship at different scales; and when 

incorporated, can become computationally 

demanding [9]. In this particular case, macro-

scale modeling was chosen, to investigate 

whether that is a suitable level to model crack 

pattern and failure mode of a tested TRC 

specimen.  

This paper presents the investigation of the 

structural behaviour of a thin TRC slab 

composed of a cement matrix and reinforced 

by a carbon fibre mesh under bending stress. 

This investigation is conducted by means of 

experimental testing and FE modelling. The 

experimental study reveals the influence of 

varying the mesh configuration and fibre 

density of the textiles within the structure. The 

development of a 2-D non-linear macro-scale 

model of this tested slab specimen is presented 

along with its verification. Furthermore, the 

influence of varying the contact perimeter 

existing between the textile reinforcement 

mesh and the concrete matrix is analysed and 

recommendations about further model 

development are presented. 

2 EXPERIMENTAL TESTING 

In this study, four-point bending tests of 

thin TRC slabs reinforced by carbon fibre 

textiles were carried out. The testing 

comprised of loading until complete failure 

which was defined by either delamination or 

failure of the textile itself. The measurements 

that were recorded during the testing included 

crack pattern, applied load and deformation.  

2.1 Test details 

The test specimens consisted of thin TRC 

slabs with dimensions of 800 mm in length, 

200 mm in width, and 80 mm in height. The 

carbon textile mesh was placed at 7.5 mm 

from the bottom edge of the slab and casting 

was executed as per Figure 1. 

 
Figure 1: Casting of specimens 

The specimens were stored in a sealed and 

dry environment of 30°C until reaching 

28 days of maturity prior to undergoing four-

point bending testing. Figure 2 and Figure 3 

depict the described specimen geometry and 

the test setup. 

 
Figure 2: Specimen geometry four-point bending test 

setup. 
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Figure 3: Setup of the four-point bending test. 

In the test setup, the load was applied from 

beneath as shown in Figure 3. The test 

specimen was placed upside down compared 

to when it was casted. It was placed on a 

loading beam with two steel rods in between to 

apply two line loads. The support of the test 

specimen consisted of two alu-profiles. One of 

the steel rods and one of the alu-profiles could 

rotate in order to make sure that both line 

loads and line supports were uniformly 

distributed across the test specimen. The load 

was applied by a hydraulic jack placed on a 

load cell. A deformation transducer was 

mounted on an alu-profile on top of the test 

specimen in order to measure mid-span 

deflection relative to the supports. During 

testing, the deformation and load were 

measured and stored every second using a data 

logger. 

2.2 Materials 

The textile reinforcement selected for this 

experimental study was composed of weaved 

carbon fibres. Carbon fibres are defined as 

heavy-tow-yarns, which signifies that they 

have a higher yarn cross-section; as such, a 

higher load-bearing capacity of the structure is 

expected [18]. These textile meshes were 

purchased from the European Institute for 

Advanced Textile Technology and Textile 

Machinery (TUDATEX) which is part of the 

Dresden University of Technology AG 

Company (TUDAG). As illustrated in Figure 

4, three different carbon textile meshes 

categorized as, Fine, Medium and Coarse, 

were included in the experimental study.  

 
Figure 4: Carbon fibre textile meshes included in the 

experimental study. 

The carbon fibre properties vary according 

to that provided in Table 1. It should be noted 

that the linear density is measured in tex, 

which is equivalent to 1 g of fibre per 1000 m. 

Table 1: Carbon fibre properties 

Textile 

Mesh 

No. 

filaments 

[k= x·10
3
] 

Linear 

density 

[tex] 

Weft 

(90°) 

[mm] 

Warp 

(0°) 

[mm] 

Fine 12k 800 11 7 

Medium 50k 3500 18 11 

Coarse 50k 3500 30 30 

Furthermore, small cross-sections of each 

textile mesh were impregnated with 

fluorescent epoxy in order to enable 

microscopy-images of the yarn structure. The 

magnified cross-section of the Medium textile 

mesh, for example, is depicted below in Figure 

5. 

 
Figure 5: Magnification of one thin section of the 

epoxy impregnated carbon fibre yarn (Scale: 50.0 μm). 
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In Figure 5, the following observations can 

be drawn: filaments are easily detected in 

black; fluorescent yellow indicates epoxy 

penetrated between the filaments; and lastly, 

white shows zones which are not in contact 

with epoxy. 

It was necessary to obtain data such as 

mechanical properties from literature 

corresponding to a similar carbon textile to 

develop the FE model. Mechanical properties 

corresponding to a carbon textile having the 

same weft and warp dimensions as specified 

for the Medium alternative are provided in 

Table 2. 

Table 2: Mechanical properties for carbon textile 

[18]  

Textile 

Material 

Linear 

density 

[tex] 

Tensile 

Strength

[N/mm
2
] 

Failure 

strain 

[‰] 

Young’s 

Modulus 

[N/mm
2
] 

Carbon 3300 1200 12 100 000 

Due to a lack of available material data 

corresponding to the tested textile mesh 

alternatives, the developed model was limited 

to the simulation of the Medium alternative. 

The thin TRC slabs also consisted of a fine-

grained concrete matrix. The mix composition 

of the selected matrix amounts to a water-

cement ratio of 0.42 (w/ceq=0.33) and is 

summarized in Table 3. 

Table 3: Mix composition of the fine-grained 

concrete matrix 

Material Weight 

[kg] 

Density 

[kg/m
3
] 

Abs/

moist 

m
3
/m

3
 

Low-alkali 

cement 

406 3200  0.127 

Fly ash 121 2300  0.053 

Mircrosilica 22 2200 0 0.010 

0/4 sand 1400 2640 0.2 0.530 

Glenium 

SKY 532-SU 

7.6 1100 68 0.007 

Amex SB 22  3 1010 98.2 0.003 

Water 170.56 1000  0.171 

Air    0.100 

Total 2130.16   1.000 

Other properties related to the fine-grained 

concrete were not measured in this study. The 

mechanical properties of a similar fine-grained 

concrete mixture were therefore used as input 

in the FE model. The mechanical properties 

for the concrete were taken from [18] such that 

the average compressive strength of a cube 

specimen was taken as 45.5 N/mm
2
 and the 

average bending strength as 5.7 N/mm
2
. It 

should be noted that the compressive strength 

was corrected as per EC2 for a cylindrical 

sample which gives 38 N/mm
2
 and the tensile 

strength was assumed to be equivalent to the 

bending strength.  

The E-modulus included in the model was 

taken as 26 150 N/mm
2
 [18], which 

corresponds to a similar concrete mixture used 

in the experimental study. It is important to 

highlight that the E-modulus of the concrete is 

in fact the governing stiffness at the beginning 

of the loading of an un-cracked TRC specimen 

(State I) [3]. As such, it is considerably 

important to define this property appropriately 

in order to yield representative simulation 

results.  

2.3 Test results 

The results from the four-point bending test 

for all three carbon textile mesh alternatives 

are presented below in Figure 6 and 

summarized in Table 4. 

 

 

 

 

 

 

 

889



N. Williams Portal, K. Lundgren, A.M. Walter, J.O. Frederiksen, L.N. Thrane  

 5 

 

Figure 6: Experimental results for all specimens – Load [kN] versus mid-span deflection [mm]. 

Table 4: Summary of experimental results 

Textile Initial 

Cracking 

Load  

[kN] 

Max 

Load 

[kN] 

Total 

deflection 

[mm] 

Total 

number 

cracks 

Medium 

(A) 

11 18 8 11 

Fine  

(B) 

10 13 14 6 

Coarse 

(C) 

10 12 2 2 

It is observed from Table 4 that all three 

alternatives began cracking at approximately 

10 kN. Thereafter, multiple through-going 

cracks appeared in all three specimens until 

failure was reached. Delamination of the 

textile caused the failure of Medium and Fine 

specimens, while textile failure occurred in the 

Coarse specimen. The Medium mesh withheld 

the highest load of 18 kN and the Fine mesh 

had the highest ductility of 14 mm. The higher 

load bearing capacity of the Medium mesh was 

expected due to the fact that it has the largest 

cross-sectional area. Furthermore, it should be 

noted that with a longer anchorage length, the 

bond between the textile mesh and the fine-

grained concrete matrix could potentially be 

improved for all textile types. 

3 FE MODEL DEVELOPMENT 

A 2-D non-linear macro-scale FE model of 

a thin TRC slab was developed to further 

investigate its structural behaviour under 

bending stress. The model was developed 

using the finite element analysis software 

DIANA with pre- and post-processor FX+ 

[19]. The verification of the FE model was 

accomplished by means of the experimental 

results obtained from the four-point bending 

testing. 

3.1 Loading and boundary conditions 

The symmetry of the mounting and loading 

of the tested TRC specimens allows for half of 

the span and loading to be considered in the 

model as depicted in Figure 7. The thin slabs 

were loaded until failure by half of the applied 

load, denoted as P/2. The self-weight of the 

slabs were not included in the analyses; since 

its contribution to the bending moment at mid-

span is less than 2e-4%, its effect on the results 

is negligible. 
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Figure 7: Half of the thin slab with defined loading and 

constraints. 

The loading until failure was applied to the 

slab by means of displacement control, such 

that an imposed displacement was applied at 

the location of loading. 

3.2 Element types 

The model developed in DIANA included 

2-D plane stress elements for concrete 

(Q8MEM), 1-D truss-bar elements for textile 

reinforcement (L2TRU), along with 2-D line-

interface elements with bond-slip (L8IF). The 

2-D line-interface elements created an 

interface between two lines in a two-

dimensional configuration. In this case, the 

interface elements were aligned with the truss-

bar elements and accordingly they shared the 

same nodes. The interface elements were also 

connected to the 2-D plane stress elements by 

linking their closest adjacent nodes. This 

connectivity is depicted in Figure 8. 

 
Figure 8: Connectivity of 2-D plane stress elements 

(Q8MEM) and 1-D truss-bar elements (L2TRU) with 2-

D line-interface elements (L8IF). 

A stiff plate at the prescribed support 

locations was modelled by including a stiff 

2-D class I-beam element located at the middle 

node of the support along with eccentric tying 

of the surrounding nodes. Essentially, the 

nodes found within the actual support 

geometry are slaved to the eccentric tying 

node (middle node). The purpose of including 

these elements is to prevent localized failure. 

An overview of the model developed in FX+ is 

shown in Figure 9 and the corresponding 

element and model definitions are described in 

Table 5. 

Table 5: Precribed elements in the model 

Affected 

area 

Element type No. 

nodes 

No. 

elements 

Concrete 2D quadrilateral 

plane stress 

(Q8MEM) 

4 1806 

Textile  1D truss bar 

(L2TRU) 

2 86 

Interface 2D line-interface 

(L8IF) 

4 86 

Supports 

(Stiff 

beams) 

2D class I-beam 

(L6BEN) 

2 2 
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Figure 9: Overview of the developed model.  

3.3 Material characterization 

A non-linear macro-scale model is used to 

idealize smeared and homogenized material 

components and properties for the thin TRC 

slab. The simplification of the developed 

model is formulated based on the Aveston-

Cooper-Kelly (ACK) analytical model. This 

analytical approach, idealized in Figure 10, 

describes the behaviour of multi-cracked 

composites under tensile loading while 

treating the textile reinforcement as a 

monolithic bar [20]. Accordingly, the model 

incorporates one rigid bond at the interface 

between the cement matrix and the monolithic 

textile reinforcement (or grouping of yarns). 

This simplification neglects the potential 

relative displacement between the internal and 

external filaments of a yarn, but is still found 

to be adequately accurate according to [9]. 

 
Figure 10: Idealization of the textile reinforced concrete 

model (based on [9, 14]). 

The bond-slip relationship between the 

textile and the fine-grained concrete matrix 

was incorporated in the model to simulate the 

bond. This data is typically obtained by means 

of pull-out tests, which were not included in 

the scope of the experimental study. A bond-

slip relationship for a similar combination of 
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TRC obtained from [18] was thus included in 

the model. The bond-slip relationship is 

defined according to a multi-linear model in 

DIANA and is depicted below in Figure 11. 

 
Figure 11: Bond-slip relationship for carbon textile 

reinforcement [18]. 

In the developed model, the textile 

reinforcement mesh was simplified by 

grouping each yarn into a monolithic textile 

reinforcement. Accordingly, the cross-section 

of one fibre yarn was considered and 

multiplied according to a given number of 

fibre rovings satisfying a given unidirectional 

mesh spacing along the total width of the 

specimen, as shown in Figure 12. 

 
Figure 12: Grouping of textile reinforcement 

geometry. 

It should be noted that since the thin-slab is 

loaded in bending, the mesh could be 

simplified assuming unidirectional fibres. The 

orientation in which the Medium textile mesh 

was placed is presumed to have a yarn spacing 

distance of 11 mm along the width of the slab. 

In order to obtain monolithic textile 

reinforcement, the cross-section of a fibre yarn 

was calculated according to Equation 1 [4]:  

 

 

(1) 

 

Moreover, a total strain based crack model 

with rotating crack was defined for the fine-

grained concrete. In DIANA, this type of 

model requires the specification of tension 

softening and compressive behaviours. 

Accordingly, a non-linear Hordijk tension 

softening model and Thorenfeldt compression 

curve were included. The Thorenfeldt curve 

was included in order to yield more realistic 

concrete compression failure by incorporating 

a softening behaviour of concrete in 

compression. This model, however, is based 

on 300 mm long cylinder specimens, and as 

such, should be corrected after the peak when 

applied to smaller element sizes according to 

[21]. Concerning the developed FE model, an 

adjustment of the Thorenfeldt curve was found 

to be necessary to compensate for the small 

element size (4.625 mm). In tension, a crack 

band width equal to the element size was 

chosen, thus assuming that the cracks would 

localize in single element rows. This will be 

further discussed in Section 4.2. 

The stress-strain law assigned to the textile 

reinforcement is shown in Figure 13. 

 
Figure 13: Simplified bi-linear stress-strain 

relationship for carbon-textile reinforcement [18]. 
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An ideally-plastic simplification of a bi-

linear relationship, shown by the solid line in 

Figure 13, was assumed in the model. 

4 NUMERICAL SIMULATIONS 

The numerical simulations results obtained 

from the developed 2-D non-linear macro-

scale model are presented and compared with 

the experimental results. The contact perimeter 

was a parameter which was primarily varied in 

the simulations, as it was found to have a 

significant impact on the overall load-bearing 

behaviour of the thin TRC specimen. In the 

analysis, this parameter corresponds to the 

thickness of the bond interface. Moreover, the 

load versus mid-span displacement curves are 

compared, along with the observed crack 

patterns.  

4.1 Bond interface  

In the developed macroscopic model, the 

contact perimeter of the bond interface was 

found to be an important parameter. In order to 

be able to extract a bond-slip relationship from 

pull-out tests, the total contact perimeter 

between the yarns and the concrete matrix 

should be estimated or measured. However, 

this input data was not available, and, as such, 

its sensitivity was evaluated in this study.  

As illustrated below in Figure 14, the actual 

contact between the yarns, as well as the 

penetration of the concrete matrix between the 

yarns could influence the bond-slip 

relationship. It is rather difficult to quantify 

these phenomena, particularly in macroscopic 

scale; therefore, the yarns were assumed to 

have a rectangular contact perimeter.  

 
Figure 14:  Idealization of contact perimeter 

between yarns and concrete matrix. 

The ratio between the width and thickness 

of the rectangular perimeter was varied in 

order to observe the sensitivity of the contact 

perimeter in the modeling. The outcome of 

perimeter variation is presented and further 

discussed in Section 4.2.  

4.2 Result Comparison 

A comparison between the simulation 

results and the experimental results 

corresponding to the Medium textile mesh is 

illustrated in Figure 15 and summarized in 

Table 6. 

Table 6: Summary of simulation results 

Perimeter 

ratio 

(width:thick) 

Contact 

perimeter 

[m] 

Max 

Load 

[kN] 

Total 

deflection 

[mm] 

   Medium 18 8 

1:2 0.10 17.56 7.61 

1:5  0.13 17.58 7.46 

1:25 0.25 17.76 6.76 

1:100 0.49 17.33 10.37 

1:5000 3.5 17.50 16.16 

1:20000 6.9 17.50 12.73 
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Figure 15: Load versus mid-span deflection: Comparison between simulation and experimental results.

As mentioned before, delamination of the 

textile caused the failure in the test. However, 

in all analyses, failure was primarily caused by 

fracture of the textile. In Figure 15, this occurs 

when the load-deflection curve reaches a 

constant slope; this behaviour is also 

consistent with the chosen ideally-plastic 

behavior of the textile reinforcement. It should 

be noted, that since the textile in reality shows 

a brittle fracture, the results should be 

interpreted so that total failure would occur in 

the analyses when the plateau is reached. 

Along with this failure mode, concrete 

crushing occurred at the lowest extremities of 

the cracks in the analyses. Thus, the 2D 

analyses could not correctly describe the 

delamination failure occurring in the test.  

The initial stiffness described by each 

analysis correlated relatively well with that of 

the test, as shown in Figure 15. All analyses 

reached approximately the same maximum 

load of 18 kN as in the test, but revealed 

differences in ductility. The mid-span 

deflection at failure, evaluated as when the 

plateau was reached, was either slightly less or 

significantly greater than that of the test, as 

summarized in Table 6.  

The solution corresponding to a ratio of 

1:25 is observed to best correlate with the 

experimental load deflection in Figure 15, and 

crack pattern results in Figure 16. In this 

analysis, and also in the analyses with smaller 

contact perimeter, the assumption about cracks 

localizing in single element rows was correct. 

As can be expected, the contact perimeter 

affected both the crack pattern and the 

stiffness in the cracked region in this study. 

The smaller the contact perimeter, the larger 

crack distance and thus fewer cracks were 

observed. For large contact perimeters, the 

bond behaviour was observed to approach full 

interaction. The failure in these analyses took 

place in a crack that localized in a single 

element row, however in the rest of the tensile 

region, a diffuse crack pattern with almost all 

elements cracked were noticed, as per Figure 

16. Thus, the assumption that cracks will 

localize in single element rows can then be 

questioned; in parts of the model it would be 

more proper to use a crack band width 

approximately equal to the crack spacing in 

reality. 

The ratio between the width and thickness 

of the rectangular perimeter of 1:25 which 

agreed best with the experimental results 

corresponds to a width of 6.8 mm of each 

yarn. This width is approximately 62 % of the 

center distance between the yarns (11 mm). 
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Figure 16: Crack pattern results compared to simulation results corresponding to 1:5, 1:25 and 1:100. 

5 CONCLUSIONS AND OUTLOOK 

The investigation of the thin TRC slab 

under bending stress revealed that the Medium 

specimen had the highest load bearing capacity 

(18 kN), while the Fine specimen had the 

highest ductility (14 mm). Delamination of the 

textile caused the failure of Medium and Fine 

specimens, while textile failure occurred in the 

Coarse specimen. With an increase in the 

anchorage length, the textile bond is expected 

to be improved. The development of a 2-D 

non-linear macro-scale model of the Medium 

specimen in DIANA FX+ was presented. The 

influence of varying the contact perimeter of 

the bond interface was analysed and the results 

were compared to the experimental results. In 

all analyses, fracture of the textile caused the 

failure, while as mentioned the failure mode in 

the test was delamination. The analysis 

assuming a ratio of 1:25 between the width 

and thickness of the rectangular perimeter, 

corresponding to a contact perimeter of 

0.25 m, was found to best correlate with the 

load-deflection curve and the crack pattern in 

the test. The analyses also showed that as the 

contact perimeter increased, full interaction 

between the textile mesh and the concrete 

matrix was approached.  

The FE model could be further improved by 

including the bi-linear stress-strain relationship 

for the textile reinforcement. Furthermore, 

possible ways to model the delamination could 

be examined. One way to include this in a 2D 

model could be to weaken the concrete 

elements surrounding the textile. As such, this 

simulates that the concrete below and above 

the textile is only in contact in between the 

textile yarns, and that it might not completely 

penetrate the mesh either. Another possibility 

is to turn to 3D modelling. Finally, it would 

have been beneficial to test the mechanical 

properties, such as the strength of the textile 

and the concrete and the bond between them, 
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instead of using data from literature as 

implemented here. Future experimental tests 

are planned to include these details. 
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Abstract: This paper presents the recent results of experimental investigations under dynamic
loading aimed at disclosing the loading rate effect (mainly related to seismic loading range) on
crack propagation in quasi-brittle fracture. Twenty four wedge-splitting tests were conducted using
a servo-hydraulic machine under loading rates ranged from 10-3 mm/s to 101 mm/s. Strain gauges
were mounted along the ligament of the specimen to measure the crack velocity and the crack
propagation. Extensometers were arranged to obtain the P-CMOD curves and P-CTOD curves.
Though transient, the stage of stable process of crack propagation observed in the experiments
could not be ignored compared to the entire loading procedure. And the crack tended to propagate
along one dominant line at the mentioned loading rates. In order to predict the crack propagation for
cracked quasi-brittle materials under dynamic loading, a new double-K criterion in which the
concepts of dynamic fracture mechanics were taken into account was proposed based on
experimental investigations.

1 INTRODUCTION
Dynamic loading on concrete structures

arising from earthquakes is a topic of great
practical concern. Researches during the last
three decades have shown that the rate
dependency of the concrete strength tends
from a moderate rate dependency to excessive
rate effects at high loading rates [1–6]. In
comparison to other rate dependent materials,
concrete exhibits its rate dependency at
relatively low loading rates because of a 10-3

m length scale of the heterogeneity [7, 8]. It
has been confirmed by studies [9-23] that the
time-dependence is caused by three different

effects [1, 25~31, 7] (1) the rate dependent
bond-breakage process which produces the
fracture surfaces, (2) the viscous behaviour of
the bulk material between the cracks and (3)
the inertia effect in the neighbourhood of the
crack tip, which can significantly change the
state of stresses and strains of the material. As
far as the seismic loading rate (ranged from 10-

4s-1 to 10-1s-1) is concerned, the total resistance
is controlled by the first two effects [25, 31-
33]. During past decades, several fracture
models for concrete were proposed to predict
the crack propagation and to reflect the
influence of the fracture process zone(FPZ) on
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fracture characteristics of concrete materials,
like the fictitious crack model (FCM) by
Hillerborg et al. (1976)[34], the crack band
model (CBM) by Ba ant and Oh (1983)[35],
the two parameter fracture model (TPFM) by
Jenq and Shah (1985)[36], the effective crack
model (ECM) by Karihaloo and Nallathambi
(1990)[37] and Swartz and Refai (1987)[38],
the size effect model (SEM) by Ba ant, Kim
and Pfeiffer (1986)[39], and the double-K
model by XU and Reinhardt[40-41]. However,
relative little experimental data with the
fracture criterion is available for concrete
under seismic loading.

In order to understand characterization of
the fracture behaviour of concrete under this
particular condition which is important for the
design and analysis of a variety structures of
civilian and military especially the large scale
hydraulic structures, experiments covering the
desired loading rates of five orders of
magnitude (from 10-3 mm/s to 101 mm/s) were
carried out on a servo hydraulic machine.
There are four commonly used methods for
fracture test:(1) direct tension test, (2) three-
point bend test on notched beams(TPB), (3)
compact tension test(CT), and(4) wedge-
splitting test(WS). In this paper, wedge-
splitting test was selected as the examining
method due to its distinct advantages such as
no self-weight involved (counterbalanced by
the supports), and enhancing the stiffness of
the testing machine (by properly selecting the
wedge angle)[42]. Strain-gauge technology
was adopted to measure the crack-propagation
velocity since it appears to be relatively stable
for variety of loading rates [16, 17, 41, 42, 43]
compared to high-speed photography [45-47]
and acoustic emission [44]. The methodology
of double-K criterion [40-42] which had been
confirmed in static loading range was
employed, whilst concepts of dynamic fracture
mechanics were included into the former for
the first time to describe the rate dependent
fracture behaviour in the experiment.
Emphasis was laid on the fact whether the
toughening phenomenon in the post-crack
stage that had been confirmed in the static
condition was still nonnegligible in the seismic

loading range in the present paper. In the rest
part of this paper the experimental procedure
is described first. Subsequently, observations
on crack velocities and P-CMOD curves are
presented and discussed. Finally, summary and
conclusions are drawn out.

2 EXPERIMENTAL PROCEDURE

2.1 Scope of test
24 wedge-splitting tests were performed

under five loading rates ranged from quasi-
static level to stain rate dependent level in
Research and Teaching Laboratory for Civil
and Hydraulic Engineering of Zhejiang
University. The aim of these tests is to study
the loading-rate effect on the characteristics of
crack propagation in quasi-brittle fracture
under loading rate related to seismic range,
and then attempts were made to provide an
accurate and simple enough description of
crack propagation in quasi-brittle fracture
based on the experimental results.

2.2 Geometry and fabrication of specimens
The wedge-splitting specimens were

denoted in Figure 1 and the dimensions are
shown in Table 1. The pre-cast notch in a
specimen was made by inserting in the mold a
greased 3mm-thick steel blade with a wedge-
shaped angle of 15° at its tip. One day after
casting the specimen, the steel blade was
carefully loosed from the mold without
damaging initial crack tip of the specimen.

All of the specimens were cast in steel
molds, vibrated by a vibrating table, wrap
cured for 24 hours. The cubes
( 150150150 ×× mm3) for the standard
compressive and splitting tests were stored in
water until testing at an age of 28 days. The
wedge-splitting test specimens and the
prisms( 5060250 ×× mm3) for direct tensile
tests however, were first cured in water for 90
days and subsequently in the laboratory (20°C,
60% RH) until testing at 400 ± 20 days after
casting.
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Figure 1: Geometry of a wedge splitting test specimen.

2.3 Material characterization
The compositions of the adopted concrete

together with the results of standard 28-day
quasi-static tests are listed in Table 2. The
quasi-static properties were determined by
tests performed with a universal testing
machine at a strain rate of 10-5/s. The
material’s characteristics of dynamic fracture
mechanics are also listed in Table 2. 

Table 2: Quasi-static properties of concrete tested

Mix proportions (kg/m3)
Portland cement 207.08
Sand 0-2mm 722.10
Gravel 8-10mm 298.25
Water 81.42
Static properties Coefficient of variation
Density, ρ 2370 kg/m3   1%
Young’s modulus, E (tension 400± 20 days) 3.062 e4 6.9%
Compressive strength, fc (28days) 34.98 MPa 6.3%
Direct tensile strength, ft (400± 20 days) 3.61 MPa 7.7%
Splitting strength, fpt (28days) 2.32 MPa 7.1%
Poisson’s ratio, υ（assumed value） 0.2 -
Specific fracture energy GF 59.629 N/m 8%

Longitudinal wave speed
)21)(1(

)1(
ννρ

ν
−+

−
=

EvL 3788.85 m/s -

Shear wave speed
)1(2 νρ +

=
Evs 2320.19 m/s -

Rayleigh wave speed
)1(

)14.1862.0(
ν

ν
+
+

= s
R

vv 2107.50 m/s -

characteristic length lch 141.1 mm -
characteristic time tch 37.2 s -

2.4 Testing equipment
The wedge-splitting tests under position

control were performed on a closed-loop
electro-hydraulic loading machine of 1000 KN

capacity in tension and compression with
precision of 0.1 %( see Figure 2). For the sake
of comparison, four specimens were tested at
the quasi-static level (1.2 × 10-3 mm/s). Four
rate dependent loading rates（1.2×10-2mm/s,
0.12mm/s, 1.2mm/s and 12mm/s) were applied.

Table 1. Dimensions of a wedge splitting test specimen
h

(mm)
b

(mm)
B

(mm)
f

(mm)
c

(mm)
e

(mm)
a0

(mm)
200 200 200 30 75 50 80
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Five specimens were tested at each of these
four loading rates. Two extensometers with an
accuracy of 0.1% were used. One was
amounted to measure the crack mouth opening
displacement （ CMOD） . The other was
arranged for the opening displacement at the
crack tip（CTOD）. In order to observe the
time at which the crack tip of the FPZ transited,
12 strain gauges (M1-M6 and B1-B6, 20mm in
length and 5 mm in width) were bonded to the
polished specimen surface. Since a running
crack in concrete is often deflected by
aggregates along its path, 6 gauges were
bonded in the middle column along the axis of
the initial crack line with a distance of 20 mm
between each neighboring gauge, and the other
6 gauges were bonded along the axis 20 mm
away from the initial crack line in the same
way. All test data were collected through auto
data acquisition system synchronously with
the sample rate set at 10 kHz.

Figure 2： Wedge splitting test setup: (a) View of the
testing equipment, (b) transmission device and supports
for the wedge splitting test, (c) an arranged specimen
with gauges.

3 THE EXPERIMENTS AND RESULTS

3.1 Fracture configuration
According to theoretical and experimental

investigations available, as well as numerical
studies, failure mode, crack pattern and
velocity of the crack propagation are
influenced by the loading rate [25,32-
34,50,51]. Principally, with increase of loading
rate failure mode tends to change from mode-I
to mixed mode [52]. It's the inertia force that
plays the most significant role in these changes,
since it homogenizes material in the fracture
process zone and reduces crack to move away
from the zone of high inertia forces. In the
case of the loading rates that the present paper
refers to (within low and moderate loading
range), mode-I failure could be reasonable.
And the fracture configuration observed in the
experiment confirmed the above point of view.
And in every wedge splitting test carried out at
each of the five loading rates, the crack tended
to propagate along one dominant line, see
Figure 3 for the typical trace of the crack
propagation.

(a) the front. (b) the rear.
Figure 3： Typical crack trace of the specimens

(a)   (b)
Figure 4: Typical fracture sections:

(a) rate dependent level: 0.012 mm/s ~ 12mm/s
(b) quasi-static level: 0.0012 mm/s

By contrast the fracture sections obtained at
the rate dependent levels with the ones
obtained at quasi-static level shown in Figure

a.

load cell

linear supports

wedging device

steel platen

roller bearings

F

specimen

clip for openning
displacement

b.

c.

910



Shilang Xu,  Lixin Dong and Yao Wu

5

4, it is obvious that when the loading rate
ranged from 0.012 mm/s to 12mm/s (ranged
from the magnitude of 10-4 /s to 10-1/s ) almost
all of the large aggregates in the fracture
section were split, while for the loading rate of
0.0012 mm/s ( at the magnitude of 10-5/s), a
portion of the large aggregates were split and
most aggregates were bypassed, namely, the
failure tended to take place at the interface.
Such difference would lead to higher energy
consumption for the rate dependent ones than
the quasi-static ones, what is later confirmed
by the P-CMOD curves.

3.2 Crack velocity and crack initiation
The crack velocity refers to the speed in

which the initiated cohesive crack tip will
propagate. When the crack initiates, an
unloading stress wave is generated. So the
strain-gauge technology which is relatively
straight forward was employed to capture the
sudden decrease of stress. The stain gauges
arranged along the initial crack line were
named as M1 to M6 respectively, and the ones
along the axis 20mm from the initial crack line
were named as B1 to B6 respectively. When
the crack propagates along or bypasses a
certain gauge the strain tends to changed
abruptly. The transformation of the stress with
time could be reflected clearly by the strain
history of M1 to M6. The time interval that the
stress wave transferred from the crack line to
gauge B1 to B6 could be ignored in that the
stress wave speed is much greater than the
velocity of crack propagation[48]. Thus the
time of peak strain of each gauge from B1 to
B6 could well reflect the time when the crack
propagated at each loading rate. The average
crack-velocity was obtained through dividing
the distance between two neighboring strain
gauges (20mm) by the time interval across the
two corresponding peak signals. The time
when the crack initiated was determined by the
point B1 reached its peak value; meanwhile
the P- ε curves of M1 began to show its

remarkable nonlinearity which was later given
in Figure 5.

Combining the strain histories of the
different six strain gauges in one row, the
average strain rates and crack velocities were
obtained in Table 3. When calculating the
average pre-peak strain rates(

•

ε ) of B2 to B6
at each loading rate, the amount of time of one
strain gauge was added up by the summation
of all the time intervals above it.

It is shown in Table 3 that for the strain
gauges of the same position the crack
velocities tend to have an obvious increase
along with the loading rate, even five orders of
magnitude when the loading rate (

•

ε ) varies
from 10-5s-1 to 10-1s-1. This remarkable
variation indicates that for the low or moderate
dynamic loading range, especially for the
seismic loading rates, the rate dependence is
significant and the crack velocity should be
involved in the description of fracture process.

For the static or quasi-static loading rate,
excessive experimental investigations have
shown that the fracture process in concrete
structures includes three different stages: crack
initiation, stable crack propagation and
unstable fracture (or failure). This is also
observed in the experiment of rate-dependent
loading in this paper. In Table 3, it is obvious
that the ratio of post-crack time to total loading
time are very close for all the loading rate
mentioned, which indicates that from the sense
of time, similar to the quasi-static condition,
the post-crack stage should not be ignored
compared to the entire loading procedure for
the rate dependent loading rates. Also, the
crack velocities in Table 3 provide more visual
support of the two stages after crack initiation:
for the same loading rate, the crack velocities
from B1 to B4 keep relatively stable, whereas
the crack velocities of B5 and B6 show abrupt
increase. That is to say after crack initiation
which takes place when B1 reaches its peak
stain, there is a stage of stable crack
propagation from B1 to B4. And then from B5
to B6, the unstable propagation of the crack
begins which indicates the failure.
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Table 3： Crack velocity and strain rate in the experiment.

Loading
rate

•

d
(mm/s)

Total
loading
time(s)

Ratio of
post-
crack

time to
total time

Gauge
number

Time of
 peak strain

(s)

Time
interval

(s)

crack
velocity

(m/s)
Pre-peak

•

ε

(s-1)

12 0.624 0.119 B1 28.84800 0.5496 - 0.128146
B2 28.86509 0.01709 1.170275 0.366103
B3 28.90095 0.03586 0.557724 -0.17311
B4 28.91011 0.00916 2.183406 0.170952
B5 28.91502 0.00491 4.07332 0.162119
B6 28.91699 0.001965 10.17812 0.087443

1.2 4.5977 0.086 B1 5.645460 4.20236 - 12.29E-3
B2 5.73200 0.08654 0.231107 35.06 E-3
B3 5.82750 0.0955 0.209424 -17.67 E-3
B4 6.02150 0.194 0.103093 19.49 E-3
B5 6.04029 0.01879 1.064396 21.45 E-3
B6 6.04271 0.00242 8.264463 10.84 E-3

0.12 62.034 0.059 B1 145.75996 58.37696 - 0.001026
B2 148.41460 0.17766 0.112575 0.002955
B3 149.28400 0.8694 0.023004 -0.00146
B4 149.46166 0.17766 0.112575 0.001595
B5 149.46395 0.00229 8.733624 0.000677
B6 149.46604 0.00209 9.569378 0.000347

0.012 455.82
6

0.098 B1 552.1390 410.762 - 0.000126
B2 577.68441 25.5454 0.000783 0.000276
B3 596.84343 19.159 0.001044 -0.00032
B4 597.36226 0.51886 0.038546 0.000226
B5 597.67063 0.30837 0.064857 0.000288
B6 597.67401 0.003381 5.91541 0.000133

0.0012
(quasi-
static)

12527 0.067 B1 26.47831 12500 - 6.75E-06
B2 26.95172 0.4734 4.23E-05 2.59E-05
B3 27.17816 0.22646 8.83E-05 -8.56E-06
B4 27.25212 0.07394 0.000270 5.62E-06
B5 27.27195 0.01985 0.001008 1.16E-05
B6 27.27402 0.002071 0.009657 1.88E-06

3.3 P-ε curves and P-CMOD curves
P-ε curve is commonly utilized in research

of concrete since it well represents the variation

of strain field along with the load. In the
investigation by John and Shah it was found
that the starting point of the nonlinear segment
of the load-time curve corresponded to such a
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point of strain-time curve at which the strain
began to rise rapidly [53]. Similar feature is
detected in the rate-dependent experiment
mentioned in this paper without exception. The
typical curves of the loads versus the strains of
M1 at each rate-dependent loading rate are
given in Figure 5. The Pini defined as the load
at which the crack initiated is determined by
the points when the strain-time curves of M1
and B1 started to vary abruptly. It is obvious in
the P-ε curves for the strain rates of 10-4s-1 to
10-1s-1 that before the point of Pini the curves
behave linear basically, whereas after this key
point remarkable nonlinearity is present. It is

also shown in the P-ε curves that when the Pini
is exceeded the bearing capacity of the
specimen has a relatively large increase which
is mostly caused by the viscous behavior of the
bulk material between the cracks.

Typical P-CMOD curves at each loading
rate are presented in Figure 6 with experimental
results of Pini and Pmax followed in Table 4,
where the key point defined as Pini occurs at the
starting point of the nonlinear segment of P-
CMOD curve, and the largest peak value
defined as Pmax occurs corresponding to the
maximum loading point at P-CMOD curve.

(a) •

d =12 mm/s (b) •

d =1.2 mm/s          (c) •

d =0.12 mm/s         (d) •

d = 0.012 mm/s      (e) •

d = 0.0012mm/s
Figure 5: Typical P-ε curves at each loading rate ( •

d )

 (a) •

d =12 mm/s         (b) •

d =1.2 mm/s        (c) •

d =0.12 mm/s    (d) •

d = 0.012 mm/s      (e) •

d = 0.0012mm/s
Figure 6: Typical P-CMOD curves at each loading rate ( •

d )

The complete curves indicate that the area
under the P-CMOD curves which represent
the energy consumed by the fracture process
tended to increase with the loading rate. This
coincides with the phenomenon disclosed in
the fracture configuration shown in Figure 4.
Partial enlarged details of P-CMOD curves
show significant difference between linear
segment and nonlinear segment which are
distinguished by Pini. The collected results of
Pini and Pmax are given in Table 4. It is
noteworthy that, at each rate-dependent
loading rate mentioned in the experiment, the
nonlinear segment after Pini cannot be
omitted since it is almost larger than 25% of
the Pmax in magnitude. It means that for
moderate dynamic loading range, there is

Table 4.  Experimental results of Pini and Pmax

Loading

rate
•

d
(mm/s)

Pini detected
by

P-ε curve
(KN)

Pini detected
by

P-CMOD
curve
(KN)

Pmax (KN)

12 3.639(7%*) 3.485(6%*) 4.967(8%*)
1.2 3.446(8%*) 3.182(5%*) 4.498(3%*)
0.12 3.183(5%*) 2.957(3%*) 4.359(6%*)
0.012 2.985(8%*) 2.728(7%*) 3.942(8%*)
0.0012
(quasi-
static)

2.235(6%*) 2.056(5%*) 3.013(5%*)

*denotes the coefficient of variation
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also a segment of stable crack propagation after
the crack initiation in which the bearing
capacity keeps on growing considerably. In
other words, the material tends to toughened
after Pini. It demonstrates again the argument
proposed by van Mier [54] that Crack bridges
are formed at the final failure stage which has
also been confirmed by in J. Weerheijm’s the
dynamic research [55].

The curves also show that both Pini and Pmax
presented ascending tendency along with the
loading rate. Moreover, the contribution of the
nonlinear segment is somehow larger in the
rate-dependent loading range than in the quasi-
static condition. The reason is the increase
tendency of the tensile strength with the
loading rate [56] which usually acts as the
decisive factor in the fracture process for quasi-
brittle materials. This consequent increase of
Pini and Pmax indicates that rate-dependency
should be taken into account when describing

the fracture behavior under low or moderate
dynamic loading, especially the seismic loading.

By contrast the P-CMOD curve with the P-
ε curve at each loading rate respectively, it can
be seen that the Pini detected were very close,
however the Pini in the former ones are
somehow a bit smaller than the later, shown in
Table 4. That is, the P-CMOD curve is a little
more sensitive to the stable crack propagation
than P- ε curve. This is because that both the
stable crack propagation and the unstable
fracture belong to a localized behavior of strain
concentration in a structure and the crack
mouth opening displacement is a local variable
which is mainly affected by the crack opening.
Thus the P-CMOD curve maybe a better choice
when the crack initiation load Pini is to
determined, while the P-ε curve maybe utilized
as a relatively broad check.

4 NEW DOUBLE-K CRITERION
UNDER MODERATE DYNAMIC
LOADING

Incorporation with the aforementioned
experimental results, it is evident that for strain
rate ranged from 10-4s-1 to 10-1s-1, the fracture
of concrete behaves the quasi-brittle
characteristic. That is, for this strain rate range
the fracture process of concrete covers three
distinct stages: (1) the stage of primary elastic
when the crack remains the original notch, (2)
the stage of stable crack propagation beginning
with the crack initiation, in which the bearing
capacity keeps on growing considerably, (3)
the stage of unstable crack propagation after
the maximum load is reached in which the
crack propagates at a velocity extremely larger
than in the second stage, namely, the so called
failure stage. This experimentally observed
quasi-brittle fracture behavior is similar to the
static or quasi-static condition. Thus, the
methodology of double-K criterion [40-42]
which has already been verified to well
represent the fracture response of quasi-brittle
materials like concrete for the static or quasi-
static condition is adopted. Likewise, the
fracture process is described with the stress

intensity factors, whereas concepts of dynamic
fracture mechanics are employed and rate-
dependency is taken into account according to
the experiment results. The stress intensity
factors are denoted as and with the sub “d”
to differentiate from the static condition for
later discussion.

In the first stage, both the material
characteristic and the geometry configuration
act as the original condition. Linear-elastic
dynamic fracture mechanics principles are
available. Thus the stress intensity factor
history should take the form as follows:

),,),(()( 0 hBatPKtK = (1)

Where,

)(tP  denotes the applied load at an
arbitrary time before crack initiation;

 denotes the initial depth of the notch;

B denotes the thickness of the specimen;

h denotes the depth of the specimen.

In the second stage, the length of the crack
keeps on growing because of the crack
propagation. And the nonlinear toughing
phenomenon of the material in the field near
the crack tip is onset along with the rate-
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dependent characteristic. The toughing stress
intensity factor caused by the so called
cohesive stress history between the crack
surfaces could be expressed as such:

)),(()()(
•

= εtaKvktK eId
coh
Id

(2)

Where )),((
•

εtaK eId is the time related
cohesive stress intensity factor in which )(tae

denotes the effective crack length [41, 57, and
58]. The factor )(vk is a dimensional function
of the material crack velocity v, and it is also
related to the Rayleigh wave speed vR and the
longitudinal wave speed vL of the material.

Thus the stress intensity factor history in
this stage should take the form as follows:

ini
Id

coh
Id KtKtK += )()( (3)

Finally, the unstable stress intensity factor
according to the dynamic fracture mechanics
for a moving crack, takes the form as follows:

dt
dt

tdpttvtakK unt

unLun
un
Id

)()(
)1(
)21(

))((2
0∫ −

−
−

=
•

υ
πυ

(4)

Where υ  denotes the Poisson’s ratio;

))(( tak
•

is the universal function of crack tip

speed as in equation (2), with )(ta
•

 denoting
the derivative of the effective crack length
ae(t); t0, tun denotes the original loading time
and the unstable time respectively; )(tdp
represents the infinitesimal magnitude of the
applied load.

The new double-K criterion for the
moderate dynamic loading could be described
briefly as follows:

When
ini
IdKtK <)( , the crack remains as original;
ini
IdKtK =)( , the crack growth begins;

un
Id

ini
Id KtKK << )( , the propagating crack

develops steadily;
un
IdKtK =)( , the unstable crack propagation

is onset;

un
IdKtK >)( , the crack propagates

unsteadily.
For a notched structure with an arbitrary

geometrical configuration in practice, the
stress intensity factor K (t) at the crack tip can
be evaluated by an analytical solution, or a
numerical approach using a finite element
code. Thus for the structure of a given material,
this new double-K fracture criterion for rate-
dependent loading （strain rate ranged from
10-4s-1 to 10-1s-1) is available to determine the
important issues like: whether the crack will
grow or whether it will propagate steadily,
which are of great significant for the safety
judgment of special structures like dams and
vessels of a nuclear reactor, especially under
seismic loading.

5 SUMMARY AND CONCLUSIONS
In the present paper the rate-dependent

fracture behavior of concrete concerning the
seismic loading is studied through wedge-
splitting tests. The tests were performed on a
closed-loop electro-hydraulic loading machine
covering a wide range of loading rates, from
10-3 mm/s to 101 mm/s. And strain-gauges and
extensometers were employed to measure the
strain and displacement of the crack opening.
The methodology of double-K criterion is
adopted incorporation with the concepts of
dynamic fracture mechanics according to the
experimental results. The following
conclusions can be drawn.

(1) For the strain rate ranged from 10-4s-1 to
10-1s-1 the crack propagates along one
dominant line. And higher energy
consumption is needed for the higher loading
rate; (2) the crack velocities have an obvious
rate effect along with the loading rate and
should be involved in the description of
fracture process; (3) the fracture process for
this loading range includes three different
stages: elastic stage before the crack initiation,
stable crack propagation and unstable fracture;
(4) the material toughening phenomenon due
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to the dynamic cohesive forces is remarkable;
(5) the increase tendency of the tensile
strength with the loading rate has a significant
influence in the rate-dependent fracture; (6)
the P-CMOD curve is a little more sensitive to
the crack initiation load Pini than the P-ε curve,
while the strain gauge technology is a good
method of gaining the crack velocity. Finally,
the new double-K criterion under the
mentioned loading rate is proposed which is
promising in the safety judgment of structures
like dams and vessels of a nuclear reactor.
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Abstract. A multi-scale numerical approach for modeling cracking in heterogeneous quasi-brittle
materials under dynamic loading is presented. In the model, a discontinuous crack model is used at
macro-scale to simulate fracture and a gradient-enhanced damage model has been used at meso-scale
to simulate diffuse damage. The traction-separation law for the cohesive zone model at macro-scale is
obtained from the meso-scale information through the discontinuous computational homogenization
method. The method is based on the so-called failure zone averaging scheme in which the averaging
theorem is used over the active damaged zone of the meso-scale. Objectivity with respect to the
local-scale sample size in the softening regime is obtained in this fashion. In order to evaluate the
macroscopic traction at each integration point on the crack, at each time step of the macro model
solution, a static boundary value problem is solved for the representative volume element (RVE)
whose size is much smaller than the macro length-scale and the macroscopic wave-length. The effect
of the crack opening rate on the macro cohesive law is taken into account by relating the material
properties of the meso-scale model to the macro crack opening rate. The objectivity of the model
response with respect to the representative volume element (RVE) size is demonstrated for wave
propagation problems. The rate-dependent multi-scale model is then verified by comparison with a
direct numerical simulation (DNS).

1 INTRODUCTION
Macroscopic behavior of concrete is deter-

mined by its heterogeneous microstructure. Ini-
tiation and propagation of the crack in con-
crete is controlled by its randomness and oc-
curs at different length scales. Multi-scale ap-
proaches provide methodologies to obtain over-
all behavior of a heterogeneous material from
its local scales. Computational homogenization
is a multi-scale method in which the heteroge-
neous material is replaced by a homogeneous
substitute with unknown macroscopic constitu-

tive behavior. Then, a representative volume
element (RVE) is associated to each material
point and the constitutive law is obtained by
solving a boundary value problem for the RVE.
A sample volume can be defined as RVE when
homogenized properties do not change signifi-
cantly with varying RVE size. An RVE can be
defined in linear and hardening regimes but in
the softening regime an RVE cannot be defined
using standard computational homogenization
scheme [1]. A discontinuous computational ho-
mogenization scheme is developed in [2] which

1
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is objective with respect to the RVE size and
is formulated based on a failure zone averag-
ing method [3]. A continuous-discontinuous
scheme which is a combination of standard
homogenization scheme and discontinuous ho-
mogenization scheme is also given in [4]. In
this scheme, the crack initiation is detected by
localization analysis of local-scale model using
limit point criterion while the crack direction
is taken perpendicular to the direction of maxi-
mum principle macroscopic stress.

Multi-scale modeling of heterogeneous ma-
terial under dynamic loading is studied by a
number of researchers. For instance, wave
dispersion effects are modeled in [5, 6] using
a two-scale asymptotic expansion method. A
multi-scale model for heterogeneous viscoelas-
tic solids under dynamic loading is presented by
Souza et. al. [7,8]. In their model, the homoge-
nized tangent and stress tensor depend on dam-
age accumulated in the local-scale model.

In the present work, the discontinuous
and continuous-discontinuous computational
homogenization schemes given in [2, 4] are ex-
tended to model cracking in concrete under dy-
namic loading. In the modified continuous-
discontinuous scheme, in addition to crack ini-
tiation, the direction of the macroscopic crack is
also determined from a local-scale model. Rate
effects are also added to the model by relating
the material properties of the RVE to the rate of
the macroscopic crack opening.

2 MULTI-SCALE MODEL
A standard computational homogenization

scheme is valid until strain localization occurs
in the material. After damage, the solution de-
pends on the size of the local-scale and an RVE
does not exist. In order to overcome this prob-
lem, a discontinuous homogenization scheme
is developed which uses stress/strain averaging
over the localization band (failure zone averag-
ing method) instead of the whole domain. Al-
ternatively, a continuous-discontinuous scheme
combines standard and discontinuous homoge-
nization schemes. In this method, the constitu-
tive law of the macro-scale model is obtained

using the standard homogenization scheme in
hardening regime. When a localization occurs
in the RVE associated to a certain macro mate-
rial point, a crack initiates at that point and the
cohesive law for the crack is determined using
the discontinuous homogenization scheme. In
the present multi-scale model, dynamic prob-
lems in which the macro-scale wave length is
significantly larger than the local-scale charac-
teristic length, are considered. In such condi-
tions, it is possible to neglect dynamics at the
local-scale model. So, in the following multi-
scale model, at macro-scale a dynamic problem
is solved and at each time step, in order to calcu-
late the homogenized properties, a quasi-static
problem is solved for the local-scale model.
The macrocrack is modeled as a strong disconti-
nuity using XFEM [9] and a gradient-enhanced
damage model [10] is used to model diffuse
damage at the meso-scale.

2.1 Macro-scale model
Macro cracking is modeled using the XFEM.

In the finite element model, the momentum
equation can be written as:

MüM = fext
M − (f bulk

M + f coh
M ) (1)

where üM represents the macroscopic acceler-
ation vector, M is the mass matrix. fext

M is the
external force vector, f bulk

M and f coh
M represent

the bulk force vector and the cohesive force vec-
tor, respectively and are given as:

fbulk
M =

∫

ΩM

BTσMdΩ,

f coh
M =

∫

Γd
M

NT tMdΓ (2)

in which tM is the macro-scale traction and N
and B are the matrix of nodal shape functions
and the matrix of derivatives of the shape func-
tions, respectively. The bulk macro-stress can
be computed as:

σM = DM : εM (3)

The fourth-order tensor DM is the bulk homog-
enized tensor which can be computed using a
standard homogenization technique. The macro
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traction, tM , is obtained from the cohesive law
via:

ṫM = TM · ˙[[u]]M (4)

where [[u]]M is the displacement jump for the
macro crack and TM is the macro cohesive
tangent. At each time step, the displacement
jump is obtained for each integration point on
the crack and the corresponding macro traction,
tM , and macro cohesive tangent, TM , are com-
puted using the discontinuous homogenization
scheme from the meso-scale model.

2.2 Meso-scale model
At meso-scale, failure is modeled using the

implicit gradient-enhanced damage model [10].
The stress-strain relation is given as [11]:

σm = (1− ω)Dm : εm (5)

where ω is the scalar damage variable (0 ≤
ω ≤ 1) and Dm is a fourth-order tensor which
contains the elastic moduli of meso-scale con-
stituents. The damage evolution law is written
as:

ω =

{
0 if κ ≤ κI

1− κ
κI
[1− γ + γe−β(κ−κI)] if κ > κI

(6)
where γ, β and κI denote residual stress, soft-
ening slope and damage threshold, respectively.
κ is a scalar measure of the largest strain ever
reached and is defined by loading function f as:

f = ε̄eq − κ (7)

f and κ satisfy the Kuhn-Tucker conditions:

f ≤ 0, κ̇ ≥ 0, f κ̇ = 0 (8)

ε̄eq is the nonlocal equivalent strain which is im-
plicitly related to the local equivalent strain ac-
cording to [10]:

ε̄eq − c∇2ε̄eq = εeq (9)

In this equation, c is defined as c = 1
2
l2c and lc

represents the length scale at meso-scale. The
local equivalent strain [12] is defined as:

εeq =

√
〈ε1〉2 + 〈ε2〉2 (10)

where εi are the principle strains and 〈x〉 refers
to the positive part of x.

The discrete system of equations for meso-
scale model (RVE) at time step t and iteration i
in the macro-scale problem solution procedure
can be written as:

(t,i)fext
m = (t,i)f int

m (11)

where (t,i)f int
m and (t,i)fext

m are the internal
force vector and the external force vector for
the meso-scale problem (at time step t and it-
eration i of the macro-scale problem solution),
respectively. The external force vector for the
meso-scale model is a function of the macro-
scopic displacement jump, (i,t)[[u]]M . By solv-
ing equation (11) one can find the macro trac-
tion, tM , and macro cohesive tangent, TM , at
time step t and iteration i for each integration
point on the crack.

2.3 Homogenization schemes

Figure 1 shows the homogenization schemes
that are used in the model in hardening and soft-
ening regimes. Before damage occurs in the
material point, using standard computational
homogenization scheme, the macro strain εM
can be transformed on the RVE boundary as (for
periodic boundary condition) [13]:

ui = Hi
TεM i = 1, 2, 4 (12)

in which ui is the displacement of the RVE’s
three controlling nodes (figure 2) and Hi is:

Hi =



xi 0

0 yi
yi
2

xi

2


 (13)
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Figure 1: Computational homogenization scheme.

Figure 2: Periodic representative volume element.

From the definition of macroscopic stress as
being the volume average of meso-scale stress,
one can obtain:

σM =
1

|Ωm|
[
H1 H2 H4

]


f1

f2

f4


 (14)

where fi is the force vector at controlling
nodes. Furthermore, having the linear system
of equations at the converged state for an RVE
as Kiiδuii = δfii, the tangent moduli, CM ,
can be derived as:

CM =
[
H1 H2 H4

]

(Kbb − KbaK
−1
aa Kab)



H1

H2

H4


(15)

in which subscript b denotes controlling nodes
(three corner nodes) degrees of freedom and
subscript a represents the other nodes’ DOFs.

The macro-scale mass density can be related
to the meso-scale mass density as [7]:

ρM =
1

|Ωm|

∫

Ωm

ρmdΩ (16)

When localization is detected in the RVE
associated to a certain integration point (at
macro-scale model), a macrocrack is inserted
in that point. In the cracked element (figure
1), the bulk integration points are disconnected
from the meso-scale model. In the discon-
tinuous homogenization scheme the bulk ma-
terial properties are already known from pre-
calculation using standard homogenization and
in the continuous-discontinuous scheme, the
macro stress can be obtained as:

σM = DunεM (17)

where Dun is a secant unloading matrix which
can be computed by unloading the localized
RVE and computing the homogenized tangent
from equation 15. To each integration point on
the crack surface, an RVE with boundary condi-
tions shown in figure 1 is allocated. The macro-
meso transition equation is given as:

uR(um) = (w − l(um))CtM +

[[u]]M + u0
dam (18)

where uR is the total displacement at the right
edge of the RVE. The first term in the RHS rep-
resents the linear displacement and u0

dam is the
compatibility displacement. w and l denote the
width of the RVE and the averaged width of the
localization band, respectively (figure 1). Ma-
trix C is obtained as:

C = ∆TD−1∆, ∆ =



1 0

0 0

0 1


 (19)

In a discontinuous homogenization scheme, D
is equal to the homogenized tensor DM while
in a continuous-discontinuous scheme D can
be computed using the cloning operation as fol-
lows: when localization is detected in the RVE
associated to the bulk integration point, the av-
erage stress , σloc

M , is calculated from equa-
tion 14. The traction can be obtained using

4
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tlocM = σloc
M · n, where n is the normal vec-

tor of the macro-crack. The initial state of the
RVE used for the integration points on the crack
surface is obtained by loading the RVE (with
boundary conditions shown in figure 1) from
the undeformed state to αtlocM . The secant ma-
trix D can be calculated by unloading the de-
formed RVE at the converged state of the un-
loading step using using equation (15). Taking
α=1.0 shows divergence of the solution. Here
α = 0.99 is used. More discussions on parame-
ter α and its effects on the results can be found
in [4].

The failure zone averaging scheme is used to
compute averaged quantities for the meso-scale
model. It should be noted that in this scheme,
the averaged quantities are calculated over the
active damaged zone which contains integra-
tion points which are damaged and are loading.
The active damage zone, Ωd, can be expressed
mathematically as Ωd = {x ∈ Ωm | ω(x) >
0, f(x) = 0}. The meso-scale quantities can be
defined through:

l =
| Ωm |

h
, 〈εm〉dam =

1

| Ωd |

∫

Ωd

εmdΩ,

udam = 〈εm〉dam · (ln) (20)

where |·| represents the area of the domain. h
and n are the height of the RVE and normal to
the crack band, respectively. l is the width of
the localization band. u0

dam is calculated at the
moment of crack initiation using above equa-
tions. By solving the system of equations (11)
and (18), one can find the macroscopic traction,
tM , and cohesive tangent, TM . More details
on theoretical and computational aspects can be
found in [3, 4].

3 CRACKING CRITERIA
In the discontinuous computational homog-

enization scheme, the maximum principle
macroscopic stress is used to determine the ini-
tiation and the direction of the crack. How-
ever, in the continuous-discontinuous scheme,
loss of hyperbolicity criterion is employed for
crack initiation and propagation. The hyperbol-

icity indicator is defined as [14]:

e = min
n,h

(nihjAijklnkhl) (21)

where n = (cos θ, sin θ) shows the normal vec-
tor to the crack surface and h is assumed to be
parallel to n. Tensor A is defined as:

Aijkl = Dijkl + σijδkl (22)

in which D is the tangent modulus. Based on
this criterion the momentum equation loses hy-
perbolicity when e < 0 and vector n that min-
imizes e is normal to the direction of the crack
(localization). In the multi-scale analysis, this
criterion can be used to detect localization in
the RVE. At each time step, from the homog-
enized tangent modulus, DM , tensor A can be
calculated using equation (22). Initiation and
direction of the localization can then be deter-
mined using equation (21). The advantage of
this criterion is that both initiation and direction
of the crack can be obtained from the local-scale
model.

4 RATE-DEPENDENT COHESIVE LAW
Two sources of rate dependency in concrete

materials [15] are (1) viscoelasticity in the bulk
material, and (2) the rate process of the bonds
breakage in the fracture process zone. At high
strain rate dynamic loading, the latter is the
dominant mechanism which causes the cohe-
sive law to be rate dependent. Bažant [15, 16],
by considering fracture as a thermally activated
phenomenon, derived a rate-dependent soften-
ing law. Here, we consider mode I fracture and
for the traction in normal direction to the crack
surface, the rate dependent softening law can be
written as:

txM

(
[[u]]xM , ˙[[u]]

x

M

)
=

[
1 + c1asinh

(
˙[[u]]

x

M

c0

)]
t0xM

(23)
where ˙[[u]]

x

M denotes the macro crack opening
rate and t0xM is the traction under static loading
condition. c0 and c1 are material parameters.

Here, we assume that, when a crack initiates,
the damage threshold, κI , in the gradient dam-
age model which is used for meso-scale model,

5
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is dependent on the crack opening rate through:

κI

(
˙[[u]]

x

M

)
=

[
1 + c1asinh

(
˙[[u]]

x

M

c0

)]
κ0
I

(24)
in which κ0

I is the static damage threshold.
In order to investigate this assumption, cohe-
sive laws are computed for various values of
κI which are obtained from equation (24) for
˙[[u]]

x

M= 0.0, 0.25, 0.5, 1.0 (m/s). Here, c0 and c1
are taken equal to 0.8 and 0.5, respectively. In
figure 3, these results are shown with solid lines.
The dashed lines depict the static cohesive law,

t0xM , multiplied by
κI( ˙[[u]]

x

M)
κ0
I

. From figure 3, it
can be concluded that:

txM

(
[[u]]xM , ˙[[u]]

x

M

)
�

κI

(
˙[[u]]

x

M

)

κ0
I

t0xM (25)

The above relation shows that equations (23)
and (24) are almost equivalent. So, in order to
capture rate dependency effects in the macro-
scale cohesive law, one can insert rate effects in
the meso-scale model using equation (24).
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Figure 3: Traction-macro crack opening for various κI .

5 RESULTS AND DISCUSSION
In this section two examples will be dis-

cussed. First, a problem with a simple voided
structure presented with which the multi-scale
model is verified by comparison with a DNS
model. In the voided structure case, the discon-
tinuous homogenization scheme is used. In the
second example, a complex random meso struc-
ture is used for the heterogeneous structure of

concrete. In the second case, both discontinu-
ous and continuous-discontinuous schemes are
used and the results are compared.

5.1 Multi-scale wave propagation problem
in a beam with voided structure

Figure 4 shows a heterogeneous beam which
is subjected to a constant velocity at both ends.
Tensile waves propagate through the beam and
after superposition of the waves at the center of
the beam, the stress at this point exceeds the
tensile strength and a crack initiates. Figure
5 shows the multi-scale model of the problem.
Voided structures with different sizes are cho-
sen as RVE for this problem. It should be men-
tioned that the multi-scale scheme is applied
only on the crack and the bulk part is solved us-
ing the standard finite element method. The ma-
terial properties for the RVE and the bulk mate-
rial are given in table 1. A constant velocity
equal to 0.3 (m/s) is applied at both ends of the
beam. Cohesive laws computed from different
RVE sizes, according to the failure zone averag-
ing scheme, are illustrated in figure 6. It can be
observed that the results are objective with re-
spect to RVE size. In order to verify the multi-
scale model, the results are compared with a
DNS model. Figure 7 depicts the DNS model
in which the material properties of the voided
part and bulk part are similar to those of the
RVE and the bulk part of the multi-scale model.
Averaged stress over active damage zone ver-
sus damage opening, udam, for the DNS model
and the multi-scale model are shown in figure 8,
which shows good agreement. The difference
between the results in the elastic branch is due
to the fact that the mesostructure is not present
in the multi-scale model before crack initiation
and we do not use averaged properties for the
bulk part before crack presence.

Rate effects can be included in the model us-
ing equation (24). In the solution procedure, at
time step ti, for a certain crack in the macro-
scale model, the crack opening rate is calculated
and then the strain threshold for the RVE corre-
sponding to the integration points on this crack
is updated.

6
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The problem described in figure 4 is now
considered for a crack with a rate-dependent co-
hesive law. The multi-scale problem is solved
for different loading rates. Figure 9 illustrates
the computed cohesive laws for various RVE
sizes at different loading rates. As it can be
observed in this figure, for a given crack open-
ing, the maximum traction increases with load-
ing rate. It is also obvious that the obtained soft-
ening laws are objective with respect to the RVE
size. Figure 10 depicts averaged stress over the
active damage zone versus damage opening for
DNS model and multi-scale model at various
loading rates. As can be observed in this fig-
ure, the curves are on top of each other for static
loading and loading rates 0.3 (m/s) and 0.45
(m/s). This certifies the assumption of neglect-
ing inertia effects at the local-scale model. For
loading rate 1.0 (m/s), however, the result ob-
tained from the multi-scale model differs from
that of the DNS model. This difference is due
to the fact that in higher loading rates the in-
ertia forces around voided parts in DNS model
increase but in the multi-scale model, inertia
forces are neglected for the RVE. However, at
this loading rate, the multi-scale model is ca-
pable of properly calculating the material re-
sponse. In order to show this fact, the den-
sity of the voided part in the DNS model is as-
sumed to be artificially small so that the iner-
tia forces around the damaged zone are negli-
gible. Averaged stress-damage opening curves
are shown for V0=1.0 (m/s) in figure 11. It can
be observed that the curves for the DNS model
and the multi-scale model lie on top of each
other when the inertia forces are neglected in
the voided part.

Figure 4: Beam under dynamic loading.

Figure 5: Multi-scale model and different RVE sizes.

Table 1: Material properties for bulk material and RVE.

Bulk RVE
E [N/m2] 50e9 50e9
ν [−] 0.2 0.2
κI [−] 0.3 8e-5
α [−] 0.99 0.99
β [−] 1500 1500
ρ [kg/m3] 1200 1200
c [m2] 4e-8 4e-8
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Figure 11: Inertia force effect on averaged stress-damage
opening curve.

5.2 Multi-scale wave propagation problem
in a beam with random structure

In this section, a beam made of a het-
erogeneous three-phase material is consid-
ered. Both discontinuous and continuous-
discontinuous schemes are used to compute rate
dependent cohesive laws for cracking in this
structure. The three phases include circular
aggregates, an interfacial transition zone (ITZ)
and matrix. The size of aggregates is in the
range of 1.25 mm to 2.5 mm and they are ran-
domly distributed in the matrix. The width of
the ITZ is 0.25 mm and the aggregate density is
45%.

The multi-scale model is shown in figure 12.
Loading and boundary conditions are the same
as in the problem described in figure 4. The
length and width of the beam are 800 mm and
125 mm, respectively. Material properties for
the RVE are given in table 2. In order to re-
duce the computational time for this problem,
multi-scale analysis is only applied to the mid-
dle element and all other elements are assumed
to be elastic material with Young’s modulus of
30e9 Pa and Poisson ratio of 0.2. The material
constants c0 and c1 from equation (24) are 0.2
and 1.0, respectively. Three different sizes for
the RVE with random structure are used.

Traction-separation curves for the different
RVE sizes at various loading rates using the dis-
continuous homogenization scheme are shown
in figure 13. It can be observed from figure
13 that the traction-separation curves are inde-
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pendent of RVE size. Figure 14 demonstrates
traction-separation curves using the continuous-
discontinuous scheme. Objectivity of the re-
sults with respect to the RVE size can also be
observed in this figure. To compare discontinu-
ous and continuous-discontinuous schemes, the
rate dependent cohesive laws for the case of
RVE size 20 mm × 20 mm are shown in fig-
ure 15. For static loading, traction-separation
curves obtained from the two schemes are on
top of each other. However, for dynamic
loading, the traction-separation curves obtained
from the continuous-discontinuous scheme are
smoother at smaller macro crack opening val-
ues and seem to be more precise. This can be
explained from the fact that in the discontinu-
ous computational homogenization scheme, the
crack initiates in the model as soon as the maxi-
mum principle stress criterion is satisfied and it
is not able to model damage prior to crack ini-
tiation (softening regime). As a result, there is
no smooth transition between the linear regime
and the softening regime solution. Figure 16 de-
picts the hyperbolicity indicator values for dif-
ferent RVE sizes using strain-rate independent
and strain-rate dependent models at loading rate
0.05 (m/s) at crack initiation time. It can be
observed that the rate dependency delays crack
initiation. The angle associated to the minimum
value of the hyperbolicity indicator shows the
angle of normal vector to the macro crack sur-
face. This angle for 10 mm × 10 mm RVE is
-1.8◦ and zero for 15 mm × 15 mm and 20 mm
× 20 mm RVEs.

Table 2: Material properties for RVE.

Matrix Aggregate ITZ
E [N/m2] 25e9 30e9 20e9
ν [−] 0.2 0.2 0.2
κI [−] 7e-6 0.3 3e-6
α [−] 0.99 0.99 0.99
β [−] 1500 1500 1500
ρ [kg/m3] 1200 1200 1200
c [m2] 2e-7 2e-7 2e-7

Figure 12: Multi-scale model.
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6 CONCLUSIONS
A rate-dependent multi-scale crack model

for heterogeneous materials under dynamic
loading is presented. Both discontinuous and
continuous-discontinuous computational ho-
mogenization schemes are used to obtain rate-
dependent cohesive laws for the crack. Verifi-
cation studies are performed by comparing the
results from the multi-scale model and the DNS
model which show a good agreement. It can
also be concluded that in case of a large macro-
scopic wave length compared to RVE size, one
can neglect the inertia effects at the local-scale
model. Objectivity of the results with respect to
RVE size are shown for both discontinuous and
continuous-discontinuous schemes. The com-
parison between the traction-separation curves
obtained from continuous-discontinuous and

continuous schemes shows that the continuous-
discontinuous scheme gives better results. The
hyperbolicity indicator which is calculated us-
ing the homogenized tangent modulus is used
to detect initiation and direction of the crack in
the continuous-discontinuous scheme. The re-
sults show that a correct direction can be cal-
culated with this criterion. This study can be
extended to more complicated dynamic crack
propagation problems.
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Abstract: If reinforced concrete structures are to be safe under extreme impulsive loadings such as 
explosions, a broad understanding of the fracture mechanics of concrete under such events is 
needed. Most buildings and infrastructures which are likely to be subjected to terrorist attacks are 
borne by a reinforced concrete (RC) structure. Up to some years ago, the traditional method used to 
study the ability of RC structures to withstand explosions consisted on a choice between handmade 
calculations, affordable but inaccurate and unreliable, and full scale experimental tests involving 
explosions, expensive and not available for many civil institutions. In this context, during the last 
years numerical simulations have arisen as the most effective method to analyze structures under 
such events. However, for accurate numerical simulations, reliable constitutive models are needed. 
Assuming that failure of concrete elements subjected to blast is primarily governed by the tensile 
behavior, a constitutive model has been built that accounts only for failure under tension while it 
behaves as elastic without failure under compression. Failure under tension is based on the 
Cohesive Crack Model. Moreover, the constitutive model has been used to simulate the 
experimental structural response of reinforced concrete slabs subjected to blast. The results of the 
numerical simulations with the aforementioned constitutive model show its ability of representing 
accurately the structural response of the RC elements under study. The simplicity of the model, 
which does not account for failure under compression, as already mentioned, confirms that the 
ability of reinforced concrete structures to withstand blast loads is primarily governed by tensile 
strength. 

1 INTRODUCTION 
Blast and other impulsive or highly 

dynamic loading of reinforced concrete 
structures, although being infrequent, have 
proven to be possible due to different 
accidental or intentional events. For this 
reason, the design of buildings and other 
structures under blast loading has received 
considerable attention from the community of 
technicians within the last years. 

However, engineers facing the design of 
reinforced concrete structures able to 

withstand explosions have to rely on 
documents and manuals [1-4] that only 
provide recommendations and general 
indications, or rather on their experience and 
know-how.

From the calculation point of view, the 
simplest approach is the equivalent static load 
method [5], in which a static load equivalent to 
the explosive event is calculated and then 
applied on the structure as any other loading 
case. 

The advantage of this method is that it is 

930



G. Morales‐Alonso, D.A. Cendón, F. Gálvez and V. Sánchez‐Gálvez 

2

based on static calculation, which is the most 
common methodology used by structural 
engineers. Its main drawback is that it is an 
excessively simplified approach in which 
some major factors such as the inertia or the 
time of response of the structure are not taken 
into account. 

One step forward is the development of 
single degree-of-freedom systems, as 
recommended in the TM5-1300 manual from 
the US Army [3]. The structure is to be 
modeled as a single dof system of equivalents 
mass and stiffness. The maximum response of 
the system can be estimated using elastic-
plastic response spectra, see [6-8]. With this 
approach inertial and strain rate effects can be 
taken into account. However, the structure is 
considered to respond global and 
simultaneously to the blast action and for this 
reason local failures of structural elements are 
not accounted for. This is also a major issue, 
since experience shows that local failure in 
some structural elements can lead to 
progressive collapse of the structure, with 
catastrophic consequences for its occupants 
[9]. 

A more realistic and detailed approach to 
the structural response can be obtained (i) by 
full scale testing of structures subjected to 
blast or (ii) through numerical simulation of 
structures loaded under blast events. 

Full scale testing of reinforced concrete 
structures is expensive and often not available 
due to lack of permission for explosive 
handling and for accessing to proper tests 
fields. Furthermore, the design of structures 
under blast via trial and error through full scale 
detonations would require building and 
detonating as many structures as load cases 
were considered in the design. Anyway some 
full scale detonation tests can be found in the 
scientific literature [10-17]. 

The numerical simulation approach has 
been historically limited by the computing 
power available. However, during the last 
years this lack of computer power is being 
overcome and finite element analyses arise as 
the most suitable and promising method for 
the design of reinforced concrete structures 
under impulsive events. However, in order to 

get representative numerical results, reliable 
constitutive models for the materials involved 
are necessary. There is a broad variety of 
constitutive models for concrete under high 
strain rates [18-22] but most of them have 
never been properly validated through 
comparison with experimental explosive tests. 
Moreover, many of them have been developed 
and validated for their use in the simulation of 
ballistic penetration events in which the 
compressive behavior of concrete is of the 
greater importance. In these models the tensile 
failure criterion and crack development 
formulation are often modeled in a rather 
simple manner, since they play a minor role in 
penetration events, which seems not to be the 
case of blast loading [14-17, 23].

In this research a novel constitutive model 
for concrete subjected to high strain rates is 
developed. The model has been programmed 
as a material user subroutine for the LS-
DYNA numerical code, and has been validated 
through comparison with an experimental 
program previously developed by the authors 
[23].

The constitutive model is an adaptation of 
the Strong Discontinuity Approach based 
model presented in [24, 25] to explicit 
calculations. It is strain rate sensitive and has 
been applied to hexaedric single integration 
point finite elements. These characteristics 
make it especially suitable for structural 
concrete elements where dynamic failure is 
governed by a complex tensile cracking 
pattern. 

2 NUMERICAL MODEL 
The constitutive model can be briefly 

described as a model with no failure under 
compression (behavior linear-elastic in the 
compressive domain), while failure in tension 
is modeled trough the Cohesive Crack Model 
once a threshold value for the maximum 
principal stress is exceeded. The cohesive 
crack is inserted in the finite elements through 
the Embedded Crack Approach (or Strong 
Discontinuity Approach).
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2.1 The Cohesive Crack Model 
Concrete is a quasi-brittle material that can 

be roughly considered as linear elastic under 
mode I (pure tension) loading until it reaches 
its tensile strength. When the tensile strength is 
exceeded, damage appears in the material and 
the stresses that it can withstand are 
progressively reduced. According to the 
Cohesive Crack Model, or Fictitious Crack 
Model [26] damage is assumed to concentrate 
in a discontinuity line, and it is governed by a 
relationship between the crack opening, w, and 
the mode I stress transmitted across the crack 
sides through a certain mathematical function 
( )wf , called softening curve (figure 1). An 

extensive review of this model can be found in 
[27].

Figure 1: Softening curve.

To generalize to 3D mixed mode crack 
opening the abovementioned mode I behavior, 
a central force model has been used as in [24]. 
According to this central forces model, it is 
assumed that the traction vector t between 
crack borders is parallel to the crack 
displacement vector w, see figure 2. Therefore, 
the expression of the traction vector reads: 

( ) wt ⋅=
w
wf

~
~

(1)

Being ( )wmax~ =w  an equivalent crack 
opening value defined as the maximum 
registered opening in the crack and ( )wf ~  the 
softening function that relates the stress across 
the crack with crack opening. 

In the absence of specific tests to determine 
the precise shape of the softening curve, the 
exponential one [27] has been chosen for the 
simulations presented here, although linear and 
bilinear approximations have been also 
implemented in the model. The exponential 
approach is thought to be a good option for 
both its simplicity and the continuity of its 
derivatives. According to expression (1), 
unloading-reloading is assumed to follow a 
linear path, as shown in figure 1. 

Figure 2: Central forces model.

2.2 The embedded crack approach 
Equation (1) provides the traction vector t

acting between both sides of the crack. 
However, in order to apply such traction, a 
crack must be first inserted somehow in the 
mesh. Such issue has been addressed by means 
of the embedded crack approach [24, 25, 28-
30].

The kinematics describing a strong 
discontinuity, such as a crack, embedded on 
finite elements can be obtained by decoupling 
the displacement field into a continuous and a 
discontinuous part. In this decoupling the 
discontinuous part lumps the additional 
degrees of freedom related with the 
discontinuity, namely opening and sliding, 
which are incorporated through the 
displacement jump vector, w.

Let us consider a quite general finite 
element like the one depicted in figure 3. The 
element is crossed by a crack which divides it 
into the A- and A+ regions, as shown in the 

w

t

t

w

σ

f(w)
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figure. The crack orientation is defined by the 
n vector, which is the unitary vector normal to 
the crack line. The jump in displacements is 
given by the w vector, which will be enforced 
to have a constant value along the crack 
embedded in the element. According to [31] 
the equation that describes the displacement 
field in the element under these conditions is 
given by: 

( ) ( ) ( ) ( ) wxxuxxu α ⋅⎥
⎦

⎤
⎢
⎣

⎡
−+⋅= ∑∑

+∈∈ AA

NHN
α

α
α

α  (3) 

Where α is the node index, Nα(x) is the 
shape function associated to node α, uα is the 
corresponding nodal displacement vector, w is 
the displacement jump vector and H(x) is the 
Heaviside function (H(x) = 0 if x� A- ; H(x) = 
1 if x� A+).

(a)

(b)
Figure 3: Arbitrary finite element with (a) 
discontinuity line and (b) displacement 
jump through the discontinuity line.

The strain tensor can be obtained from the 
displacement field by taking the symmetric 
gradient to eqn. (3), leading to: 

( ) ( )[ ] ( )
S

AA

S

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⊗

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−⊗= ∑∑

+∈∈

wxbuxbxε α
c

α
α

α
α  (4) 

, where ( ) ( )xgradxb αα N= . In eqn. (4) the 
first term represents the strain field that would 

have the element if no displacement 
discontinuity were present on it, given that for 
this term the strain field is obtained from 
taking the derivative to the shape functions 
directly applied to the nodal displacements. 
For that reason, from now on we will name: 

( ) ( )[ ]∑
∈

⊗=
A

S

α
α α

a uxbxε   (5) 

, in which the superscript a stands for 
apparent. The second term in eqn. (4) 
represents the amount that must be subtracted 
to the apparent strains in order to take into 
account for the presence of the crack. For the 
sake of simplicity, we will adopt the following 
notation:

( ) ( )∑
+∈

+ =
Aα

α xbxb   (6) 

Therefore, the b+ vector is obtained as the 
sum of the gradients of the shape functions 
corresponding to the nodes belonging to the 
A+ region. From now on, these nodes will be 
referred to as solitary nodes. Consequently, the 
choice of the solitary nodes becomes a key 
issue in the formulation of the embedded crack 
model, since they determine the kinematics of 
the model. By substituting eqns. (5) and (6) in 
(4), we obtain: 

( ) ( ) [ ]Sw(x)bxεxε ac ⊗−= +   (7) 

2.3 Initiation and orientation of the crack 
Maximum principal stress is used to obtain 

both the crack initiation and the crack 
orientation. Once the maximum principal 
stress overcomes the tensile strength, a crack is 
introduced perpendicular to the direction of the 
former. Therefore the crack orientation n is 
computed as the unit eigenvector associated to 
such maximum principal stress. In principle, 
for a given element, there should be as many 
principal stress directions as integration points 
were present in the element. This issue is 
circumvented by applying this methodology 
only to constant stress elements, as made 
earlier by [24, 25, 28-30]. For the model 

n

w

w

n
A-

A+
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developed here, 3D hexahedral single 
integration point elements have been used. 

However, by setting the crack direction the 
problem of deciding which are the solitary 
nodes is not solved. Figure 4 shows some of 
the possible solitary nodes combinations for a 
given crack direction associated to a certain n 
vector. 

Among all the possible combinations of 
solitary nodes and, subsequently of possible b+

vectors, in this work similarly to [24, 32] the 
solitary nodes are determined by requiring that 
the angle between vectors n and b+ is the 
smallest possible: 

max=
⋅
+

+

b
bn  (8) 

All this procedure of calculating n and b+

takes place locally every time a finite element 
exceeds the maximum principal stress criterion 
and no crack continuity is enforced between 
adjacent elements. At first stages of the crack 
development, stress waves in the material may 
cause an element to crack on a different 
direction of the adjacent element pre-existing 
crack, thus producing an undesirable crack 
locking effect. To avoid this problem without 
introducing crack continuity algorithms, the 
concept of crack adaptation, firstly introduced 
by [24], is adopted here. 

This approach allows the crack to adapt 
itself to later variations of its principal stress 
direction while its opening does not overcome 
a certain threshold value. Once such value is 
exceeded, the crack direction is frozen. For the 
simulations presented here, the value of 
wadapt=0.1GF/ft has been chosen, being wadapt
the threshold crack opening value, GF the 
specific fracture energy, and ft the tensile 
strength. 

Figure 4: Examples of some of the different 
solitary  nodes  combinations  for  a  unique 
crack orientation when varying its position, 
where the solitary nodes are printed in bold 
letters.
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The use of hexahedral elements instead of 
tetrahedrons offers two major advantages. First 
of all, the whole element presents more 
possible combinations of solitary nodes and, 
subsequently, more possible b+ vectors to find 
the more parallel one to the n direction, 
following eqn. (8). This fact provides an 
element kinematics more compliant with the 
crack orientation, according to the maximum 
principal stress criterion.

The second advantage appears when a 
structured mesh is used. Since the b+ vector is 
obtained as the gradient of the shape functions 
corresponding to the solitary nodes, global 
coordinates of these nodes would be required 
to obtain such vector. Many commercial 
explicit codes, such as LS-DYNA or 
AUTODYN, do not allow user programmed 
elements and only material user subroutines 
are available. Unfortunately, nodal coordinates 
are not usually accessible at the material level 
(integration point level). However in case of 
using a structured mesh of hexahedral 
elements, for all the elements present in the 
mesh the eight shape functions of all elements 
are equal eight to eight with the only 
difference of being translated in the XYZ 
space. Since the b+ vector comes from the 
gradient of the shape functions and the spatial 
translation does not affect the result of the 
gradient, all the possible b+ vectors for all 
elements are exactly the same. Then, the only 
required parameters are the lengths of the 
hexahedra sides, which can be input to the 
subroutine as any other material property. This 
strategy makes possible the use of this material 
model in a wide variety of commercial and 
non commercial numerical codes. The only 
price to pay is that nodal positions cannot be 
obviously updated and therefore it is only 
suitable for small displacement analyses. 

2.4 Local equilibrium 
As it has been aforementioned, the material 

behaves as linear elastic until the maximum 
principal stress exceeds the threshold value of 
the tensile strength. At this moment the 
cohesive crack is embedded in the element. 
Since outside the crack the material continues 

behaving linear elastic, we can obtain the 
stress tensor by applying: 

cεDσ ⋅=  (9) 

, being D the elastic moduli fourth order 
tensor. By substituting cε by its value 
according to eqn. (7), now it reads: 

[ ]SwbεDσ a ⊗−⋅= + (10)

The previous expression provides Cauchy's 
stress tensor in the continuum part of the 
element. However the traction vector acting 
along the crack sides must satisfy local 
equilibrium with the abovementioned stress 
tensor. In other words, the traction vector 
corresponding to the n direction applied to 
Cauchy's tensor of the continuum must be 
equal to the crack's traction vector: 

( ) wtcrack ⋅=
w
wf

~
~

  (11) 

( ) [ ] nwbDεDnεDt ac
continuum ⋅⎥⎦

⎤
⎢⎣
⎡ ⊗⋅−⋅=⋅⋅= + S (12)

→= continuumcrack tt
( ) [ ][ ] nwbεDw a ⋅⊗−⋅=⋅→ + S

w
wf

~
~

(13)

Equation (13) is the basic equation 
governing the cohesive embedded crack 
formulation. In the equation, the only 
unknown is the crack displacements vector, w,
and must be solved by numerical methods. 

2.5 Rate effects 
In a reinforced concrete element subjected 

to a blast event, the load is applied at a very 
high strain rate, within the order of 10 s-1 to 
1000 s-1 [33, 34]. While the mechanical 
properties of almost all materials are strain rate 
sensitive, the effect of high strain rates is 
particularly remarkable in the case of concrete. 

The most usual way of taking into account 
the effect of strain rates is through the 
Dynamic Increase Factor (DIF), which is 
obtained as the ratio between the dynamic and 
the static strength. The DIF is normally 
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defined for the compressive strength and the 
tensile strength [34-36]. 

Some attempts have been also made to 
obtain the DIF for the fracture energy of 
concrete [37-39]. Although the experimental 
data are scarce, it seems that the DIF for 
fracture energy is very similar to the DIF for 
the tensile strength. Therefore, in this research 
a multiplicative formulation has been used to 
take into account for rate effects. It consists on 
multiplying the whole softening curve by the 
DIF, as shown in figure 5. As a result, both the 
tensile strength and the fracture energy are 
simultaneously increased by the same factor, 
in line with the experimental results obtained 
by [38]. The expression of the DIF applied in 
this research is the one provided for the tensile 
strength by the CEB Bulletin 187 [35]: 

α

ε
ε

016.1

0
⎥
⎦

⎤
⎢
⎣

⎡
==

&

&

ts

td

f
fDIF for

130 −≤ sε& (16)
3
1

εη &⋅==
ts

td

f
fDIF     for 

130 −> sε&

Where
tsf⋅+

=

2
110

1δ  and 492.0933.610 −⋅= δη ,

ftd and fts are the dynamic and static tensile 
strengths of concrete, respectively, fcs is the 
static compressive strength of concrete, fc0 is a 
reference value equal to 10 MPa, ε& is the 
actual strain rate and Sε&  is the static strain 
rate, which is taken as 10-6 s-1.

3 EXPERIMENTAL RESULTS 
The experimental program developed by 

the authors used to validate the model 
consisted of open air detonations over 
reinforced concrete square slabs simply 
supported on their four corners. Two different 
grades of concrete were tested: normal 
strength concrete (NSC) and high strength 
concrete (HSC). With each detonation, the test 
setup allowed to test three slabs 

simultaneously, placed at 1.50 m from the 
explosive charge. Two detonations of 5 kg 
TNT equivalent were performed for each 
concrete grade, which represents a total of 6 
plates of each kind concrete, all them 
subjected to the same explosive load. The 
geometry of the plates is provided in figure 6. 
Compressive strength of both concretes, 
measured according to the EHE 08 Spanish 
concrete structural code [40] at the age of the 
tests is given in table 1. 

 

Figure  5: Exponential softening function 
original and enhanced due to strain rate.

Table 1: Evolution of concrete strength 

Age 
[days] 

NSC 
fck

[MPa] 

NSC 
fck

[MPa] 
28 49.81 91.07 

As shown in figure 6, slabs were reinforced 
on their back side with a steel mesh of bars of 
6 mm diameter of steel grade B 500 S, spaced 
150 mm in both directions. For further details 
about the experimental campaign, the reader is 
addressed to [23]. 

The test setup did not allow measuring 
neither loads nor displacements, and its main 
purpose was to study the differences on failure 
and crack patterns between both kinds of 
concretes given that they were subjected to the 
same explosive charge.  

Although the slabs showed experimental 
scattering on their cracking pattern and 
damage level, two different modes of cracks 
were clearly observed after the tests: a shear 
failure mode, depicted by the circular-like 

Static
Dynamic

St
re

ss

Crack width opening

f(w)· DIF

f(w)
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cracks surrounding the supports, and a bending 
failure mode represented by cracks parallel to 
the sides of the slabs. These crack modes are 
shown in figure 7. 

Figure  6: Test specimen geometry and 
reinforcement details (dimensions in mm).

When comparing the behavior of the two 
different grades of concrete, it was noted that 
although in principle all slabs failed with 
multiple cracks going through their thickness, 
the dominant cracking mode in the case of 
normal strength concrete was the shear one, 
while in the case of the high strength concrete 
bending mode cracks were more remarkable. 

From a simple theoretical analysis based on 
the yield line method, a slab supported on its 
four corners and subjected to a uniformly 
distributed static load should fail under pure-
bending mode. However, the experimental 
results obtained in the abovementioned 
campaign demonstrate that the loading rate can 
change the failure mode of a structural 
concrete element. Moreover, the change in the 
failure mode is not only dependent on the 
loading rate, but also on the concrete quality. 
Similar results were obtained on an 
experimental campaign performed on 
reinforced concrete beams by [14-15]. 

4 NUMERICAL SIMULATION 

4.1 Model setup 
The experimental campaign summarized in 

the previous section was simulated by using 

the model presented in this paper. LS-DYNA 
v.761 explicit finite element code was used for 
such task. Since constant stress hexahedral 
elements were used, it was possible to 
implement the constitutive model at a material 
level, therefore a user subroutine was enough 
to implement it. 

Concrete plates were meshed with 
4x4x4mm one point integration solid (brick) 
elements, resulting in a total of 546000 
elements.  

Steel rebar was modeled through 1500 truss 
elements of 4mm length. Bond between 
concrete and rebar was set through using 
common nodes on steel and concrete meshes, 
which is equivalent to assume perfect bonding 
between concrete and rebar. 

The material parameters input for the 
concrete model are given in table 2.  

Steel rebar was modeled using a elastic-
plastic material model, with the parameters 
given in table 3. 

Table 2: Mechanical properties for concrete 

 NSC HSC 
Density [kg/m3] 2400 2400 

Elasticity modulus [MPa] 38600 46200
Poisson’s ratio [-] 0.2 0.2 

Static tensile strength*

[MPa] 
4.1 6.1 

Static fracture energy*

[N/m] 
123.4 187.7 

Static compressive 
strength** [MPa] 

49.8 91.0 

* Values estimated according to the CEB-FIP Model Code 
[4]

**Compressive strength is only necessary to take into 
account rate effects, according to eqn. (16). 

Table 3: Mechanical properties for steel 

Density [kg/m3] 7850 
Elasticity modulus [MPa] 205000 

Yield stress [MPa] 500.0 
Poisson’s ratio [-] 0.30 

150 150 150 

500

20 

80

150

150

150

500
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Figure 7: Slabs after detonation tests with highlighted cracks (bending cracks in purple, shear cracks on red). 

Loading of slabs was imposed by applying 
directly the reflected pressure–time history 
that was measured by piezoelectric pressure 
gauges during the tests [23]. 

In order to get a better representation of the 
crack patterns in the simulations, the crack
visibility parameter has been defined. The 
minimum visible crack is around 0.1 and 0.2 
mm, therefore crack openings below this 
threshold would not be visible by naked eye. 
Then, we have defined crack visibility as the 
integer part of the division of the norm of the 
crack opening vector, |w|, over the minimum 
visible crack width (0.15 mm has been used in 
these simulations). Therefore, a crack opening 
below the minimum visible crack threshold 
would result in a crack visibility value of 0, 
while for example a crack opening of 0.48 
would result in a value of 3 in this case. 

Figure 9 shows the crack visibility patterns 
obtained after 5ms of simulation, when the 
loading process has been finished and the 
plates have been fully unloaded. It can be 
observed how the model succeeds in catching 
the different failure patterns between both 
concretes.

The reason for such different cracking 
patterns between both concrete grades appears 

to be that crack initiation takes place at the 
first moments of stress wave propagation 
within the concrete. The shock wave impact on 
the slab generates tensile stress waves in the 
material that travel from the supports to the 
center of the slab.  These tensile stress waves 
are of the same magnitude in both concrete 
types, but the ability to withstand them is 
greater in HSC, due to its greater tensile 
strength. For this reason, as tensile strength of 
NSC does not suffice to withstand the tensile 
stress waves, the material fails near the 
supports. Nevertheless, on HSC these waves 
also cause failure of the concrete near the 
supports, but on a much smaller extent. 
Therefore, the stress waves can propagate 
further on the HSC slabs, reaching the center 
span of the slab, where they cause a greater 
damage. 

Later on the inertial effects on both NSC 
and HSC slabs make the cracks develop, being 
the increase of width opening greater on the 
cracks where the original damage was 
originally bigger, that is, near the supports on 
NSC slabs and on center span on HSC slabs. 

As in the experimental campaign, numerical 
simulations also show how in the two kinds of 
concrete grades both shear and bending cracks 
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are however present but always one type of 
crack is dominant, making the other one 
difficult to be seen by naked eye. 

The numerical simulations have also been 
able to represent the fact that after the tests the 
shear cracks on NSC slabs showed a greater 
width than the ones in HSC, see figure 8. 

5 CONCLUSIONS 
A new material model for concrete 

subjected to blast and explosions has been 
developed. The model is based on the 
embedded crack approach in conjunction with 
the cohesive crack concept. Strain rate effects 
are taken into account following a 
multiplicative approach by using the Dynamic 
Increase Factor (DIF) applied to the tensile 
strength and subsequently to fracture energy. 

The model has been developed for constant 
stress hexahedral elements. This has made 
possible to program it at a material level, 
avoiding the need of enquiring the nodal 
coordinates for the b+ vector calculation, 
making easier to implement it in a commercial 
finite element explicit code, such as LS-
DYNA. 

An experimental campaign previously 
developed by the authors on reinforced 
concrete slabs of two different concrete grades 
has been used to validate the model. The 
numerical simulations have shown its 
capability on reproducing the predominant 
crack paths and failure patterns with good 
accuracy level. 

Numerical simulations, besides 
experimental results, show how both, the high 
strain rates and the concrete tensile strength, 
influence the crack patterns and the failure 
modes of concrete structural elements. This 
issue is remarkably important, since shear 
failure usually lead to less ductile behavior and 
must be avoided as much as possible by 
structural engineers. 

                NSC (t=5 ms) 

                HSC (t=5 ms) 
Figure 8: Crack visibility contours.
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Abstract: This paper presents a numerical modelling study on the simulation of the cracking 
process and fracture energy in concrete under high strain rate. To capture the stress wave effect and 
the damage evolution at the meso-length scale, both a homogeneous model with a millimetre-
resolution mesh and an explicit heterogeneous mesoscale model with random polygon aggregates 
are employed. The tendency of development of a) discrete multiple cracks, and b) spread tensile 
damage across adjacent element layers, in the high strain rate tension regime is scrutinised. This 
phenomenon generally gives rise to an increase in the dynamic fracture energy, which is consistent 
with experimental observations. Relative comparison between the homogeneous and heterogeneous 
mesoscale simulations suggests a sensible effect of the mesoscopic heterogeneity in the dynamic 
fracture process. 

1 INTRODUCTION 
The dynamic behaviour of concrete has 

been a subject of continuous research interest 
over the last few decades. A major focus has 
been identification of the mechanisms 
underlying the apparent increase of the 
dynamic strength or the so-called DIF, both in 
compression and tension, under high strain 
rate loading. It has been generally recognised 
that, while the DIF in compression has much 
to do with the macroscopic dynamic structural 
effect (in particular the inertia confinement) 
(e.g. [1-4]), the increase in the dynamic tensile 
strength is not significantly affected by such a 
macroscopic dynamic mechanism, and may 
therefore only be attributed to local effects at 
the micro-meso scale levels ([5-7]), along with 

a varying degree of influence by the free water 
content. Therefore, unless an appropriate 
representation of the above mentioned micro-
physical mechanisms is incorporated in the 
computational model, the increase in the 
dynamic tensile strength would have to be 
treated as a property in the material model. 

This paper is concerned about another 
important aspect of the dynamic material 
characterisation, namely the dynamic fracture 
process and the absorbed energy represented 
by the parameter Gf, the fracture energy. In the 
computational model the Gf value affects the 
distribution of cracks and the overall softening 
behaviour. Fracture energy under quasi-static 
tension loading is generally well understood 
and empirical formulas exist for the 
calculation of fracture energy for a given grade 
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and composition of concrete (e.g. [8]). 
Experimental evidences suggest that fracture 
energy tends to increase with the tensile strain 
rate. However, only a limited amount of 
experimental data on dynamic fracture energy 
is available. Weerheijm [9] measured the 
fracture energy by SHB direct tension test at 
rates between 10-1 and 100 s-1 and observed no 
sensible increase of fracture energy in this rate 
range. Schuler et. al. [10], Weerheijm and 
Doormaal [11] and Vegt and Weerheijm [16] 
conducted dynamic spalling tests for plain 
concrete in the strain rates between 20 and 100 
s-1, and a steep increase in the fracture energy 
at these strain rates was measured in these 
experiments. Experiment carried out by Brara 
and Klepaczko [12] also suggested a drastic 
increase of fracture energy in the loading rate 
around 1000 GPa/s. 

In the present study, we undertake to 
simulate the dynamic fracture process and 
fracture energy in concrete under high strain 
rate tension using a damage-based continuum 
model and the dynamic analysis code LS-
DYNA. To capture the stress wave effect and 
the damage evolution at the meso-length scale, 
both a homogeneous model with however a 
millimetre-resolution mesh and a 
heterogeneous mesoscale model are employed. 
Fracture is modelled in a smeared manner as is 
typically exercised in FE modelling of 
concrete, along with a mesh-objective 
constitutive material model which is aimed to 
enable a mesh-independent (global) softening 
behaviour and preservation of specific fracture 
energy. Such a scheme is proven to work out 
satisfactorily under quasi-static and relatively 
low strain rate tension. One of the objectives 
of this study is to test the performance of such 
a modelling approach when it is applied for 
high strain rate tension simulations. The 
tendency of development of a) discrete 
multiple cracks, and b) spread fracture across 
adjacent element layers, in the high strain rate 
tension regime will be examined. Such a 
phenomenon generally gives rise to an 
increase in the dynamic fracture energy, which 
is consistent with experimental observations. 
Relative comparison between the 
homogeneous and heterogeneous mesoscale 

simulations suggests a sensible contribution of 
the mesoscopic heterogeneity in distributing 
the tensile damage and affecting the fracture 
energy. It should be noted that as the stress, 
strain and in particular strain rate field 
becomes more complicated, numerical 
treatments such as the mesh-objective 
softening regularisation in a smeared crack 
context will need to be examined thoroughly 
in terms of their representativeness of the local 
processes in light of the highly transient stress 
wave effect. This will be discussed in a 
subsequent study. 

2 EXPERIMENTAL BACKGROUND 
Many experiments have been performed to 

determine the tensile strength at varied strain 
rates (loading rates), whereas only a few of 
them involve measurement of fracture energy. 
Three types of Hopkinson Bar based dynamic 
tensile tests are suitable for this study, namely 
direct tension test, dynamic splitting test and 
spalling test, depending upon the strain rate 
ranges of interest. Among these methods, 
spalling test can achieve strain rate higher than 
10 s-1 and up to 100 s-1. Details about a 
spalling test setup can be found in [11, 16]. 
Table 1 gives a list of a few spalling tests 
conducted in recent years. 

Table 1: Summary of selected spalling tests (length 
unit: mm) 

Ref. Strain rate
DIF of 
tensile 

strength
Loading Specimen 

length Dia.

[11] 20.0~25.5 4.83~8.5 detonator 240 74 
[10] 23.5~93.6 4.1~6.8 projectile 250 74.2
[13] 20~120 3~12 projectile 120 40 
[16] ~40 ~3# detonator 300 74 

# notched specimen 
  

In determining the dynamic Young’s 
modulus, the first step is to re-construct (by 
shifting) the compressive wave acting on the 
specimen through the incident bar-specimen 
interface. The following governing equations 
may be used to deduce the dynamic modulus. 
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0
L

C
t

=
∆

(1)

2
0dyE Cρ= (2)

where C0  is the wave speed, ∆t is the time 
interval  that the wave needs to propagate from 
the beginning to the end of the specimen. 

The tests in [11] gave a dynamic modulus 
increase factor of 1.25, whereas no significant 
increase in the dynamic modulus was reported 
in [10]. On the other hand, CEB [8] provides a 
formula for the calculation of the dynamic 
Young’s Modulus of concrete under 
compression. For strain rates ranging between 
20 and 100 s-1, this formula yields an increase 
factor of 1.42~1.48. Comparing to the 
experimental data considered herein, the CEB 
formula appears to over-predict the dynamic 
Young’s modulus. It should be noted that 
because of adoption of a linear elastic 
assumption, the Young’s modulus value will 
have a significant influence on the calculated 
strain rate as well as the spall strength if strain 
gauges are to be used to deduce the dynamic 
strength. 

Several techniques have been proposed to 
evaluate the dynamic tensile strength of 
concrete in a spalling test, using respectively a 
strain-based and a velocity-based measurement 
setup. The method introduced by Weerheijm 
and Van Doormaal [11] is based on strain 
measurements in the concrete specimen, as 
shown in Fig. 1. According to elastic wave 
analysis the first fracture plane in this 
particular specimen lies at about 70mm from 
the free end, which is between strain gauge S6 
and S7. The transmitted compressive pulse 
from incident bar is given by the mean value 
of S1~S4. A basic assumption is that the 
concrete remains linear-elastic and experience 
no ductility. Thus location S5, which is 
deemed to be beyond the tensile fracture zone 
and not to fail, is taken as a reference to 
deduce the stress that passes through the 
fracture line, by multiplying the recorded 
strain by the dynamic Young’s modulus. Note 
that this technique was improved by Vegt et al. 
[16] and combined with direct deformation 

measurements for the fracture zone on notched 
specimen. In the current paper we shall 
confine ourselves on specimens without a 
notch, which are more commonly reported in 
literature. Thus only the results of the un-
notched specimen in [11] are used as a 
reference in the current paper. 

Figure 1: Instrumentation of concrete specimen [11].

Another way to deduce the dynamic tensile 
strength was initially derived from spalling 
tests performed on metals by the plate-impact 
technique. This approach adopts a linear 
acoustic approximation to obtain the spall 
strength from the pull-back velocity recorded 
at the rear face of the specimen: 

0
1
2dyt pull backC Vσ ρ −= ∆ (3)

The pull-back velocity is defined as the 
difference in the free end velocity between the 
maximum and the velocity at rebound. The 
underlying assumption is that the material 
behaves linear elastically in-between the 
cracking plane, which initiates the rebound, 
and the rear face. The same method has been 
used in the study by Schuler et al. [10]. 

As for the measurement of the dynamic 
fracture energy, unlike quasi-static test, there 
is no direct way to measure the development 
of crack opening and unloading of the 
specimen under high loading rate, except for a 
notched specimen [16, 17]. For an un-notched 
specimen, mainly two techniques have been 
proposed to evaluate the fracture energy of 
concrete. The first method, as presented by 
Weerheijm and Van Doormaal [11], is based 
on the energy balance among the compression 
pulse, the energy trapped in the spall debris, 
and the tensile pulse beyond the failure zone 
and the fracture energy. Assuming only one 
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fracture zone occurs and the concrete 
specimen is linear-elastic except in the fracture 
zone, all energy dissipated in the fracture zone 
is due to the fracture energy, thus: 

      ,compr debr trans tens fracE E E E= + + (4)

The energy of the compressive and the 
transmitted tensile pulse, comprE  and ,trans tensE , 
can be determined by the strain recordings 
along the specimen length. The kinetic energy 
term debrE can be obtained from the measured 
velocity history of the spalling debris. The 
fracture energy fG is then determined by 

fracE divided by the cross-sectional area. 
The second method was reported in Schuler 

et al. [10]. The fracture energy is regarded as 
the integral of the force over the crack opening 
and can be written as a function of the impulse 
change and the crack opening velocity. Over 
the whole fracture process the impulse 
transferred from one fragment to the next can 
be determined, and this is then used in the 
calculation of the fracture energy. 

3 NUMERICAL MODEL AND BASIC 
ASSUMPTIONS 

3.1 General model set-up 
Herein we consider the specimens tested by 

Weerheijm and Van Doormaal [11] for the 
numerical investigation. The experimental data 
suggests a dynamic fracture energy increase 
factor of around 2~3 for a strain rate in the 
range of 20~100 s-1. This numerical simulation 
study is aimed to explore the possible 
mechanisms, particularly in terms of the 
dynamic fracture development from a 
mesoscopic point of view. We first simulate 
the experiment using a homogeneous finite 
element model with however a mesh 
resolution sufficiently fine to expose the 
dynamic process at a meso-length scale. This 
will be complemented by an examination of 
the possible contribution of the mesoscopic 
heterogeneity, which will come later in 
Section 5. 

The cylindrical specimens have an overall 

dimension of 240mm in length and 74mm in 
diameter. The concrete material tested has a 
density 2350 kg/m3, and static properties of 
Young’s modulus 37 GPa, compressive 
strength 40 MPa, tensile strength 3 MPa, 
Poisson’s ratio 0.2. The (static) fracture energy 
(Gf) is assumed to be 65 N/m in the simulation 
considering a nominal aggregate size of 8 mm. 

Interface of concrete specimen and incident bar 

Axis of symmetry Free end 

d/2

Compressive  
wave

Figure 2: Axisymmetric FE model for spalling test. 

In the finite element analysis, the specimen 
is modelled using a 2D axis-symmetrical 
model. Fig. 2 shows the overall model 
configuration and a typical mesh. The mesh 
resolution is around 1 mm. 

3.2 Loading and boundary conditions 
It is possible to include the entire SHB test 

set-up in the numerical simulation, but for the 
purpose of controlling the computational cost, 
herein we only model the test specimen with 
the loading being simulated by an appropriate 
compressive pressure history. Such a 
simplification is commonly adopted in the 
numerical simulation of this class of problems. 
For confirmation purpose a comparative 
simulation exercise was conducted, in which a 
test was simulated both by a model including 
the SHB bars and a simplified model with 
directly imposed load pulse. The results 
showed that the response of the concrete 
specimen as represented by the free end 
velocity were more or less identical for both 
models, given that the pressure pulse applied 
in the simplified model matches that at the 
actual specimen-incident bar interface. Fig. 3 
shows a typical comparison of the specimen 
free end velocity histories using the two 
modelling schemes. For the simplified model 
the loading is applied via a pressure pulse or a 
velocity boundary at the loading face, and 
these turn out to produce effectively the same 
results. 
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Figure 3: Free end velocity comparison.  

The imposed compressive pressure history 
in the present numerical simulation is 
generated in accordance with the experimental 
data measured during the tests [11]. The 
duration of the loading pulse is in the order of 
70 µs with a 50 µs rising and 20 µs descending 
branches. Fig. 4 gives a typical curve of a 
loading pulse of 25MPa. Different strain rates 
are achieved by scaling up or down the peak 
amplitude while keeping the duration. 
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Figure 4: Typical pressure input as stress boundary. 

3.3 Concrete material model and mesh-
objective preservation of fracture energy 
(Gf) 

The material model employed in this study 
is the CSCM (Continuous Surface Cap Model) 
(or Concrete Model 159 in LS-DYNA). In this 
model, the failure surfaces are defined by three 
invariants together with the cap hardening 
parameter. Parameters defining the failure 

surfaces are determined by fitting triaxial 
tensile and compressive test data. Damage is 
applied by directly multiplying a scalar 
damage index to the stress tensor, after 
updated by the visco-plasticity algorithm, 
where rate effect is incorporated. Both strain 
softening and modulus degradation are 
considered. Details about the model 
formulation can be found in [14]. In what 
follows, two important aspects of the material 
model which require special attention in the 
present simulation are highlighted. 

The first is about the consideration of 
damage evolution. In CSCM, brittle (tension) 
and ductile (compression) damage are 
separately recorded, such that brittle damage 
accumulation depends on the maximum 
principal strain whereas ductile damage 
accumulation depends on the total strain 
components. The damage index applied to the 
stress tensor is equal to the current maximum 
of the brittle or ductile damage index. In order 
to simulate the crack recovery, an externally 
input parameter is employed to control the 
recovery of compressive stiffness. With its 
default value, ductile damage never decreases, 
but brittle damage drops to zero, which means 
stiffness is fully recovered, whenever the 
pressure switches from tensile to compressive. 
Once the pressure enters tensile again, 
previous brittle damage value will be 
reactivated. This scheme allows for a rational 
realisation of the crack opening and closure 
cycles. 

Another aspect is on the handling of strain 
softening. Like many other similar material 
models, the stress and strain relation in the 
tension softening branch is made dependent 
upon the mesh size, through a characteristic 
element length Lc, such that the total softening 
energy (per unit cross section) over Lc would 
remain constant and equal to the fracture 
energy: 

c

f

L

G
d

m

=∫
∞+

ε
εσ (5)

In this way, when damage localisation into 
a single element width (Lc) occurs, which 
would be inevitable in a tension-dominated 
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response in a local FE model, the target 
fracture energy is conserved regardless the 
mesh size, thus facilitating a relatively mesh 
independent (global) softening behaviour. 

It should be noted that when the CSCM 
model is applied in a 2D axisymmetric model, 
the current algorithm as implemented in LS-
DYNA treats the “thickness” of each element 
as the arc length over a unit radiant in the 
implied circumferential direction. It follows 
that elements of the same size on the 2D plane 
but at different distances from the axis of 
symmetry are evaluated to be of different 
volume and hence of different characteristic 
length, and consequently will have different 
softening branch in the stress-strain curve. 
This is not the expected outcome of the mesh-
objective treatment of the stress-strain 
relationship for a 2D axisymmetric problem, in 
that the softening behaviour should only be 
dependent upon the element size on the 2D 
plane but not on the locations with respect to 
the axis of symmetry. In the present simulation 
this problem is addressed indirectly by 
modifying artificially the fracture energy input 
for different layers of elements with respect to 
the distance to the axis of symmetry such that 
the eventually achieved fracture energy will be 
equal to the targeted amount of fracture energy 
for the 2D characteristic length. 

3.4 Tensile DIF and rate-independent 
“baseline” fracture energy 

The dynamic increase of the tensile strength 
is primarily attributable to time-dependent 
micro-mechanical processes (see [17]) which 
are not represented in the current finite 
element model. Consequently it is only logical 
to incorporate an adequate tensile DIF at the 
material model level, i.e., as a material 
property, in the present simulation study. In 
this way the model is capable of realising a 
real time strain-rate dependent dynamic tensile 
strength during the course of the tension 
loading, allowing for an investigation of the 
effects of the dynamic processes at the meso- 
and global scales on the dynamic tension 
behaviour and the dynamic energy dissipation. 

In CSCM the strain rate enhancement is 

incorporated through a two-parameter 
formulation, so that separate compressive and 
tensile rate effects can be considered. The 
default tensile DIF curve is adopted here, 
which is similar to the modified CEB formula 
with a much increased DIF magnitude as 
compared to the standard CEB curve. Further 
investigation into the adequacy of a particular 
DIF formula in a meso-level modelling study 
and the implications on the interpretation of 
experimental tensile DIF data will be carried 
out in a subsequent study.   

On the other hand, to avoid complications 
arising from arbitrary rate dependency of the 
fracture energy, herein we adopt the 
hypothesis that the fracture energy on a per-
element basis (which is essentially per macro-
crack in the context of the crack-band theory) 
is not dependent on the strain rate. As a result 
any increase in the achieved fracture energy in 
the dynamic simulation will be attributable to 
the meso- (local) and global scale dynamic 
effects, as will be elaborated later. Fig. 5 
illustrates the tensile stress-strain curves as 
obtained from single element trials, from 
which the achieved effects of implementing 
DIF and rate-independent fracture energy on 
the tensile strength and the softening branch as 
the strain rate varies are clearly observable. 
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Figure 5: Tensile stress-strain curves generated by 
the material model 

4 PRELIMINARY NUMERICAL SIMU-
LATION STUDIES AND DISCUSSION 

In what follows we shall present some 
preliminary numerical simulations of the 
spalling tests conducted by Weerheijm and 
Van Doormaal [11]. The loading rate in the 
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experiment was 920 GPa/s, with a target strain 
rate on an order of 20 s-1. 

As the material model does not consider 
strain rate effect on the Young’s modulus, the 
Young’s modulus in the simulation is 
purposely assigned to match the dynamic 
modulus obtained from the experiment, i.e., 
about 46 GPa, so as to ensure a wave 
propagation velocity during the dynamic 
loading to be consistent with the experiment. 
All other material parameters tally with the 
experimental data, except that the static 
fracture energy value, which was not specified 
in the original paper, is assigned 69.4 N/m 
according to CEB Model Code [8].  

Fig. 6 illustrates the plastic strain and 
tensile damage contours for a pulse load 
similar to that achieved in the experiment. The 
macro crack plane occurs at about 68mm from 
the free end, which agrees well with the 
experimental result as well as the theoretical 
prediction. Despite a distinctive single macro 
crack from the plastic strain contour, the 
damage contour demonstrates an apparent 
tensile damage zone over a band width of 
about 30mm. This is in contrast to the scenario 
under a lower rate tension, where both the 
plastic strain and the damage are more or less 
concentrated in a single element layer. As a 
result of the spread of the tensile damage, the 
overall amount of energy dissipated within the 
fracture band increases, which transpires to an 
increased fracture energy on a per crack-band 
basis. 

Crack pattern 

Tensile damage 

Figure 6: Simulated results of macro crack pattern 
(upper, represented by final plastic strain) and tensile 

damage (lower)  

0.0 0.1 0.2 0.3 0.4

-40

-30

-20

-10

0

10

20

st
re

ss
 (

M
P

a)

time (ms)

strain gauges:
 S1   S6
 S3   S7
 S5   S8

Figure 7: Simulated stress histories at different 
locations of specimen 

Fig. 7 plots the stress histories at locations 
where the strains were measured during the 
experiment. Considering a certain strain gauge 
length, the stress values from the simulation 
results are obtained by averaging the stresses 
in elements within a 6-mm length centred at a 
particular position on the specimen surface. 
The location of the strain gauge plan has been 
given in Fig. 1. The peak tensile stress reaches 
about 20 MPa, which indicates the magnitude 
of the dynamic tensile strength achieved in the 
specimen. 

Besides the above direct reading of the 
dynamic stress from the simulation, it is also 
instructive to examine the outcome of applying 
the alternative approach, i.e. using the 
pullback velocity at the free end to deduce the 
dynamic tensile strength, as given in Eq. 3. 
Fig. 8 shows the free end velocity history from 
the simulation. The dynamic tensile strength 
so obtained is about 27MPa, which is higher 
than the result directly obtained from the local 
elements (refer to Table 2). This discrepancy 
suggests that the approach based on the pull-
back velocity at the free end could become 
unreliable for the present situation. Indeed this 
theory is based on the assumption that the 
rapture of specimen is instant and is associated 
with a sudden disruption to the wave 
propagation, whereas as observed clearly from 
the simulation a realistic spalling event would 
involve more or less a nonlinear softening 
process. 
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Figure 8: Free end velocity from the simulation 

Table 2: Summary of experimental and numerical 
dynamic tensile strengths 

Strain-stress 
reading 
(MPa) 

Spall 
strength
(MPa) 

Impact 
pulse 
(MPa) 

Strain 
rate 
(1/s) 

Load 
rate 

(GPa/s)
Exp. 18.4 / / 20 920 
FE 21.4 27.2 40 35 1620 

Meso. 18.0 18.0 30 24 1114 

To further examine the trend of the fracture 
damage spread under high strain rate tension, 
several additional tests are carried out with 
increased pulse pressure and therefore 
increased strain rate. Fig. 9 shows two 
examples of the tensile damage contours for 
peak loading of 60 MPa and 80 MPa, 
respectively.  

Peak loading pressure = 60 MPa 

Peak loading pressure = 80 MPa 

Figure 9: Damage values representing the fracture 
patterns under increased peak imposed pressure 

(and loading rate).  

Table 3: Estimated fracture energy 

Pulse 
amplitude 

(MPa) 

Strain 
rate 
(1/s) 

Loading 
rate 

(GPa/s) 

Total 
Gf

(N/m) 

Exp.[11] 27-30 20 920 310-
340 

40 35 1620 442 
60 59 2733 836 FE 

model 
80 76 3510 638 
30 24 1114 193 
40 36 1666 337 
60 55 2532 573 

Meso 

80 73 3395 1346 

Comparing to the damage under peak 
loading of 40 MPa shown in Fig. 6, it can be 
seen that with the further increase of the 
loading magnitude and rate, discrete macro 
cracks start to appear within the extended 
tensile damage band, giving rise to a cluster of 
closely-spaced multiple cracks. This further 
increases the energy dissipated within the 
extended fracture zone, leading to a further 
increase in the overall dynamic fracture energy 
absorbed in the whole specimen. The general 
phenomenon is actually in a broad agreement 
with observations made in [10], where 
multiple macro cracks and ultimately 
fragmentation develops in the high rate 
spalling tests. A comparison of the dynamic 
fracture energy from the experiment and the 
numerical simulation is given in Table 3. 

5 EXPLICIT MESOSCALE MODEL 
AND SIMULATION 

A mesoscale model including explicit 
aggregates (random polygons) and the mortar 
matrix is generated to simulate the spall 
experiment. The mesoscale model is generated 
following the procedure described in [15], and 
the overall volume fraction of aggregates is set 
to be about 40%. The mesh resolution is 
similar to that used in the homogeneous FE 
model, with a nominal gird size of 1mm. ITZ 
is approximately represented by a layer of 
solid element surrounding each aggregate. 
Considering the weakening effect of the real 
ITZ, the equivalent ITZ layer is given a 
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reduced strength from the mortar matrix. In the 
present simulation for a standard concrete 
tensile strength of 3 MPa, the mortar elements 
are assigned a tensile strength of 3.5 MPa, 
whilst those of the equivalent ITZ are 2.8 
MPa. Aggregates are modelled with a static 
compressive strength of 150 MPa. Boundary 
and loading conditions are kept the same as the 
FE model described in the previous section. 
Fig. 10 shows the general mesoscale model 
setup. 

Interface of concrete specimen and incident bar             

Axis of symmetry Free end 

Compressive  
wave

Figure 10: Mesoscale model configuration 

Examination of the simulated stress and 
strain time histories (not shown) indicates a 
favourable comparison with the measured 
strain data during the experiment. 

Fig. 11 presents the fracture patterns of the 
mesoscale model under the simulated 
experimental loading (30 MPa herein), along 
with those with increased load magnitudes of 
40, 60 and 80 MPa, respectively. Note that 
these fracture patterns are shown in terms of 
the plastic strain, and it is capped (red colour) 
at 0.1 which roughly corresponds to about a 
0.1mm crack width. 

Under the experimental loading, fracture is 
dominated by a single macro crack, and this is 
consistent with the FE results shown in Fig. 6 
and the experimental observation. Similar to 
the results from using the homogeneous 
model, more macro cracks tend to develop as 
the loading rate further increases. Moreover, 
the tensile damage tends to spread over an 
increasingly wider area as the loading rate 
increases, and this is demonstrated in the 
damage contours as shown in Fig. 12. As a 
result, the total energy dissipated over the 
entire damage region increases with the 
loading rate. The calculated amounts of 
fracture energy over the entire tensile damage 
region are listed in Table 3 in comparison with 
the results from the homogeneous model. 

Pulse load = 30 MPa 

Pulse load = 40 MPa 

Pulse load = 60 MPa 

Pulse load = 80 MPa 

Figure 11: Macro crack patterns (represented by 
final plastic strain) of the mesoscale model under 

different loading & rates 

Pulse load = 30 MPa 

Pulse load = 40 MPa 

Pulse load = 60 MPa 

Pulse load = 80 MPa 

Figure 12: Distribution of tensile damage in the 
mesoscale model under different loading & rates 

Comparing the damage contours shown in 
Fig. 12 with the homogeneous model in Fig. 6 
& 9, it can be observed that with the presence 
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of the heterogeneity, the tensile damage 
exhibits a more distributed manner over a 
wider region. This is particularly true for the 
60 MPa and 80 MPa loading scenarios. In fact 
the widths of the damage regions in these 
cases are much larger than a typical crack 
processing band of around 25 mm for the 
concrete under consideration. In such a 
situation, the fracture energy that is normally 
understood to associate with a distinctive crack 
“band” becomes less clearly defined and a 
unified approach taking into consideration of 
the nature of fracture spread under high strain 
rate tension would be required. 

6 CONCLUDING REMARKS 
A numerical model in the framework of 

continuum finite element method with a 
damage-plasticity material model 
incorporating mesh-objective softening is used 
for the simulation of fracture under high strain 
rate tension. A particular focus has been to 
explore the dynamic process of cracking and 
the development of the fracture zones. 

Results from the preliminary simulations 
demonstrate that, for a tensile strain rate of 
order of 20 s-1, the tension failure is still 
dominated by a single macro crack, which is in 
agreement with the respective spalling 
experiment. However, a significant tensile 
damage zone with a band width of around 30 
mm has developed within the vicinity of the 
macro crack, both in the homogenous and the 
mesoscale models. As a result, the energy 
dissipation associated with such a fracture 
zone increases as compared to a lower loading 
rate condition, which transpires to an increase 
in the fracture energy. As the loading/strain 
rate further increases, a cluster of macro cracks 
can develop within an extended fracture zone, 
thus further increase the dynamic energy 
dissipation capacity. Comparison between the 
FE homogeneous model and the explicit 
mesoscale model indicates that with the 
inclusion of the aggregates the tensile damage 
tends to extend over an even wider range as 
the loading rate increases. This may be 
attributable to the regularisation effect of the 
stronger aggregates, and this phenomenon 

warrants further investigation. 
It should be noted that, with the 

propagating stress wave effect, the classical 
mesh-objective treatment of the softening 
behaviour in such an FE modelling framework 
could involve complications and this would 
affect quantitative interpretation of the 
dynamic fracture energy from the simulation 
results. Further work will look into better ways 
to handle the softening localisation in the wake 
of tensile damage spread due to the stress 
wave effect, with possible implementation of 
explicit crack-induced discontinuation. The 
more recent experiments [16] on notched 
specimen with direct recordings of the 
deformations of a single fracture zone will be 
used to evaluate the dynamic response and the 
features of the CSCM model.  
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Abstract. This paper is concerned with the numerical studies on the loading rate effect on the fracture
behaviour of high-strength concrete. Numerical analysis has been carried out through employing
ANSYS Parametric Design Language (APDL). Three-point-bend tests are simulated for six different
loading rates, spanning seven orders of magnitude, from 10−4 to 103 mm/s. In order to correctly
capture the experimental results, two types of cohesive law, one for low loading rates and the other
for high loading rates, both are dependent on the crack opening velocity, are implemented. The fitting
parameters for both laws are given and the application range specified. In addition, by calculating
the energy evolution, we are able to validate the hypothesis of Bathia et al. for measuring dynamic
fracture energy. Finally, relevant information on crack advancing speed and opening velocity is also
extracted and compared to available experimental data.

1 INTRODUCTION
Time-dependent fracture in normal-strength

concrete (NSC) has been the focus of many re-
searchers for several decades. It is commonly
accepted that, according to Wu and Bazǎnt [1],
time-dependence of fracture is caused by three
phenomena: (a) the inertia effect in the neigh-
borhood of the crack-tip, (b) the rate depen-
dence bond-breakage process which produces
the fracture surfaces, and (c) viscoelastic be-
havior or creep in the bulk material. The third
phenomenon is negligible for very fast dynamic
fracture, whilst the first one is negligible for
very slow and static fracture.

In respond to the little experimental data
available [2–6] for rate-dependent fracture in
high-strength concrete (HSC), Zhang et al. [7,
8] conducted an experimental campaign to ex-
amine the fracture behavior [7] and the crack
advancing velocities from the bonded strain

gauges [8] on HSC from quasi-static to impact
loading conditions. In this paper, we aim to re-
produce these tests by employing ANSYS Para-
metric Design Language (APDL) and to numer-
ically verify the hypothesis of Banthia et al. [9]
for measuring dynamic fracture-energy.

The rest of the paper is structured as fol-
lows: the material characterization is presented
in Section 2, the finite element method and the
numerical analysis are described in Section 3,
the results for these analysis are shown in Sec-
tion 4 and finally the conclusions, obtained by
this research, are depicted in Section 5.

2 MATERIAL CHARACTERIZATION
A high-strength concrete was used through-

out the experiments of Zhang et al. [7,
8]. It was made with a Porphyry aggre-
gate of 12 mm maximum size and ASTM
type I cement, I 52.5R. Microsilica fume

1
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slurry and super plasticizer (Glenium ACE
325, B225) were used in the concrete
composition. The mixing proportions by
weight were 1:0.187:2.12:0.445:0.30:0.065 (ce-
ment:water:coarse aggregate:sand:microsilica
fume slurry:super plasticier). The mechanical
properties, characterized through independent
tests, are given in Table 1 and fed into the nu-
merical model.

Table 1: Mechanical properties of the high-
strength concrete, tested by Zhang et al. [7, 8].

fc ft GF E ρ
MPa MPa N/m GPa kg/m3

Mean 132 6.9 148 43 2700
St.D. 3 0.6 9 1 –

3 FINITE ELEMENT METHODOLOGY
In this section, we set out to model three-

point-bend tests, using ANSYS APDL, a script
language to automate common tasks and build
complicated finite element models in terms of
variables.

3.1 Geometry and boundary conditions
Three-point-bend specimens tested are of

100×100 mm in cross section and 400 mm in
total length, 300 mm in span, with a notch-
depth ratio of 0.5. These specimen are dis-
cretized into two 8-node-volumetric-element
groups (SOLID45), joined by pairs of contact
elements (CONTA173 and TARGE170) in the
crack propagation zone. The anti-torsion sup-
ports in the laboratory are modeled as uni-
lateral boundary conditions represented by two
contact elements (CONTA178) below the dis-
cretized specimen. Impact loads are applied to
loading-line located at the center of the top sur-
face, see Fig. 1.

The computational mesh comprises 10213
nodes and 3224 elements. It is designed to re-
duce the computational cost, so as to be fine in
the vicinity of the crack propagation zone, with
a size commensurate with the maximum aggre-
gate size and to coarsen away from the crack
propagation zone, see Fig. 1.

X

Y

Z

Figure 1: A typical FEM discretization and
boundary conditions for a three-point-bend
beam.

3.2 Static analysis
Time-independent analysis is performed to

determine loading-line displacement and stress
distribution under static loading conditions.
The analysis is employed to simulate the load-
ing rate 5.50×10−4 mm/s, which is normally
considered quasi-static.

The implemented static cohesive law, which
relates the traction with the crack opening dis-
placement w, according to the classical Hiller-
borg’s Fictitious Crack Model [10], is formu-
lated as follows

σ = f(w) (1)

where f(w) is a general function of the opening
displacement w, see Fig. 2c, where the shaded
area quantifies the static fracture-energy GF . A
cohesive crack initiates when the stress at the
crack-tip reaches the material tensile strength
ft and, its behavior is governed by Eq. 1 un-
til a critical crack opening displacement wc is
reached.
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σ=f(w)

σ=0

Figure 2: Static cohesive law representation.
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3.3 Low loading rate analysis
Transient dynamic analysis is performed to

simulate tests within the low loading rate range,
5.50×10−1 and 1.74×101 mm/s. In order to
correctly capture the strength increase of con-
crete with the variation in loading rate, a co-
hesive law with a viscous term, developed by
Rosa et al. [11] and used by del Viso [12], is
employed. This law is represented as follows:

σ(w, ẇ) = f(w) g(ẇ) (2)

where g(ẇ) is a stress intensification factor
which depends on the crack opening velocity ẇ:

g(ẇ) = 1 +

(
ẇ

ẇ0

)n

(3)

In the above equation ẇ0 is a normalization pa-
rameter with velocity dimensions, and n, the in-
dex of rate dependence, is a non-dimensional
constant that describes the material viscosity
degree. Both parameters are fitted to capture
well the peak load for the two loading rates.

Figure 3 shows a viscous cohesive law, with
a linear-decreasing shape for its static counter-
part.
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Figure 3: Viscous cohesive law representation.

3.4 High loading rate analysis
Three-point-bend tests under high load-

ing rates (8.81×102, 1.75×103 and
2.65×103 mm/s) are simulated through a tran-
sient dynamic analysis.

Under low loading rates, the micro-cracking
deformation is not significant and the main

crack propagates straight forward while, un-
der high loading rates, many micro-cracks are
developed within the crack tip zone because
they lack time to unload each other. As a re-
sult, the dynamic fracture process happens in
an enlarged damage zone that dissipates more
energy. Zhou et al. [13] developed a cohe-
sive law for high loading rates based on these
micro-cracking process. In this law the increase
of micro-cracking as a function of the loading
rate [14, 15], produces a larger crack opening.
The law is formulated as follows:

σ(w, ẇ) = ft

[
1 − w

h(ẇ)wc

]
(4)

where h is a crack opening intensification fac-
tor, represented as

h(ẇ) = 1 +

(
ẇ

ẇo

)m

(5)

where m describes the degree of micro-
cracking. In Fig. 4, a simple cohesive law for
high loading rate tests is depicted for different
values of crack opening velocity.	  
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Figure 4: Cohesive law for high loading rate
tests representation.

4 RESULTS AND DISCUSSION
In this section, we adopt the methodology

described in Section 3 to simulate the three-
point-bend tests carried out by Zhang et al. [7,
8]. These tests cover loading rates of seven
orders of magnitude, they can be divided into
two groups, the ones performed through the IN-
STRON machine (low loading rates) and the
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ones through the Drop-weight impact machine
(high loading rates) [16]. The lowest loading
rate 5.50×10−4 mm/s, is considered as quasi-
static, which is employed for material charac-
terization of static properties in the laboratory.

First we show that the static cohesive law
is able to correctly reproduce the entire load-
displacement curve. Then we employ the vis-
cous cohesive law to model the experimental re-
sults for low loading rates. For both cases, the
peak loads are also contrasted with the analyti-
cal ones according to del Viso in [12].

Finally, the cohesive law shown in Eq. 4 is
adopted for the tests at high loading rates, the
evolution of energy is given to confirm the hy-
pothesis of Banthia et al. [9] which is the basis
for measuring dynamic fracture energy [7]. Ac-
cording to Banthia et al., the reaction forces at
the supports are the ones that break the spec-
imen, consequently the energy below the reac-
tion versus loading-line-displacement curve EB,
see Fig. 5, is the true fracture energy.

0
0

R
 

 

P

δ

 Impact curve
 Reaction curve

P

R/2 R/2

EB

We

Figure 5: External work (or input energy) and
the dynamic fracture energy in a dynamic three-
point-bend test according to Banthia et al. [9].

4.1 Static analysis
As mentioned before, tests performed at

5.50×10−4 mm/s are considered as quasi-static,
therefore the static cohesive law is employed
for their simulation. The numerical and exper-
imental load versus loading-line-displacement
curves are compared in Fig. 6. A good agree-
ment is observed.

In addition, we plot the evolution for the
strain energy Ee, the fracture energy EF and the
kinetic energy Ek (remains zero throughout the
loading process) in Fig. 7. The total energy Et,
which is the sum of the three, is also contrasted
with the external work We.

In Table 2, we compare the peak load ob-
tained from experimental measures, numerical
and analytical calculations. The experimental
and numerical results for fracture energy are
also given.

Table 2: Experimental–numerical-analytical
peak load and fracture energy comparison for
the quasi-static case.

Loading Pmax (kN) EF (J)
rate (mm/s) Exp. Num. An. Exp. Num.
5.50×10−4 5.0 4.8 5.0 0.7 0.6

0.0 0.2 0.4 0.6 0.8 1.0
0

2

4

6
 Experimental result
 Numerical result
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.

Figure 6: Comparison for the numerical and
experimental quasi-static load-displacement
curves.
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Figure 7: Modelled energy evolution contrasted
with the load history for the quasi-static case.

4.2 Low loading rate analysis
The viscous cohesive described in Eq. 2 is

employed to model the tests at two low loading
rates. The parameters that give the best fit are
as follows

n = 0.16, w0 = 30 mm/s (6)

For demonstration purpose, we show the nu-
merical and experimental load-displacement
curves for the loading rate 5.50×10−1 mm/s in
Fig. 8, the corresponding energy evolution in
Fig. 9. Note that, the accumulated strain energy
reaches its maximum at peak load; after that the
external work is mainly spent on crack propa-
gation.

Table 3: Experimental–numerical–analytical
Pmax and EF comparison for tests at low load-
ing rates.

Loading Pmax (kN) EF (J)
rate (mm/s) Exp. Num. An. Exp. Num.
5.50×10−1 7.3 7.9 6.4 1.1 0.8
1.74×101 8.0 8.4 7.7 1.1 1.0

The exact cohesive law followed is de-
picted in Fig. 10 for the loading rate of

1.74×101 mm/s. Notice that, the viscous ef-
fect leads to hardening of the material at the be-
ginning of the crack opening, and gradual soft-
ening as the crack opens up. When the exter-
nal load is plotted against the crack opening at
the crack tip, see Fig. 10(bottom), we observe
that a stress free crack has formed at the notch
tip, since the critical opening displacement wc

is reached when the load drops to 6.5 kN.
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Figure 8: Numerical and experimental load-
displacement curves for the loading rate
5.50×10−1 mm/s.
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Figure 9: Modelled energy evolution contrasted
with the load history for the loading rate of
5.50×10−1 mm/s.
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4.3 High loading rate analysis
The cohesive of Zhou et al. [13] described

in Eq. 4 is implemented to simulate the tests at
high loading rates. The two parameters that give
best fit are as follows

m = 0.24, w0 = 9 × 10−6 mm/s (7)
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Figure 10: Viscous cohesive law evolution (top)
and the external load (bottom) plotted against
the crack opening at the notch tip for a loading
rate of 1.74×101 mm/s.

The experimental and numerical compari-
son for peak load Pmax and fracture energy EF

is shown in Table 4. Meanwhile, the load-
displacement curves and modelled energy evo-
lution are illustrated in Fig. 11 and Fig. 12 for
the loading rate 2.65×103 mm/s. Additionally
plotted in Fig. 12 are the evolutions of load
and reaction forces with respect to time. It

is noteworthy that the accumulated kinetic en-
ergy reaches maximum when the sum of reac-
tion force at the two supports reaches its peak.
At the end of the calculation, even though there
are still considerable amount of kinetic energy
left, the consumed fracture energy approaches
the energy of Banthia, which is the shaded area
shown in Fig. 5. In other words, with the ap-
plied numerical model, we have confirmed that,
the area shown in Fig. 5 can indeed represent
the expenditure of the dynamic fracture energy
at high loading rates.

Table 4: Experimental–numerical Pmax and EF

comparison for the high loading rate range.

Loading Pmax (kN) EF (J)
rate (mm/s) Exp. Num. Exp. Num.
8.81×102 21.7 23.2 6 4
1.75×103 34.8 39.9 17 16
2.65×103 45.7 53.7 29 28
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Figure 11: Numerical and experimental load-
displacement curves for the loading rate
2.65×103 mm/s.

We represent the actual cohesive law for the
loading rate of 2.65×103 mm/s in Fig. 13. It
needs to be pointed out that, the larger crack
opening (in comparison with its static counter-
part) simulated in Fig. 13 is an equivalent rep-
resentation for the increase of micro-cracking,
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since only a single crack is allowed to propa-
gate. When contrasted with the reaction force
versus crack opening at the notch tip, we ob-
serve that, the cohesive crack continues to grow
after the reaction force has reached zero.
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Figure 12: Modeled energy evolution con-
trasted with the load and reaction force histories
for the loading rate 2.65×103 mm/s.

4.4 Application range of the cohesive laws
In this section, we study the application

range for the two cohesive laws mentioned
above. For this purpose, we apply the
two cohesive laws in Eq. 2 and Eq. 4 with
their corresponding parameters in Eq. 6 and
Eq. 7 for the transitional loading rates between
1.74 ×101 mm/s and 8.81×102 mm/s. For an
error below 5%, the common range for both
laws to apply is between 4.40×102 mm/s and
5.20×102 mm/s, see Fig. 14.

4.5 Loading rate effect on crack advancing
and opening velocities

From the established numerical model, we
calculate both the crack advancing speed and
the crack opening velocity. The crack ad-
vancing speed compared to experimental mea-
surements for the loading rate 1.74×101 mm/s
and 1.75×103 mm/s are given in Fig. 15
and Fig. 16 respectively; whereas the numer-
ical crack opening velocities are presented in
Fig. 17.
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Figure 13: Cohesive law evolution (top) and
the reaction force plotted against the crack
opening at the notch tip for the loading rate
2.65×103 mm/s.
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Figure 14: Load versus displacement curves
simulated by the cohesive laws in Eq. 2 and
Eq. 4.
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From Fig. 15 and Fig. 16, it can be ob-
served that, even though the numerical results
predict lower maximum crack advancing speed,
i.e. 8 m/s instead of 16 m/s for the loading rate
1.74×101 mm/s, 300 m/s instead of 400 m/s for
the loading rate 1.75×103 mm/s, the order of
magnitude is correctly captured.

From Fig. 17b and Fig. 17c, the crack open-
ing velocity evolution with respect to time
at each node starts with a linear branch and
reaches a constant stage after peak load. This is
attributed to the weigh compensation technique
employed to attain a stable crack propagation
for the low loading rate tests. Note that, the
crack opening velocity at the notch tip, node 3,
reaches 20 mm/s, which is the same order of the
applied loading rate.
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Figure 15: Crack advancing velocities for the
loading rate 1.74×101 mm/s.

For the case of high loading rate
1.75×103 mm/s, see Fig. 17d and Fig. 17e, the
crack opening velocity evolution has a smoother
profile, a clear peak velocity is also observed.
In particular, at the notch tip, node 3, opening
velocity reaches 2 m/s, which is also the same
order of the applied loading rate.
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Figure 16: Crack advancing velocities for the
loading rate 1.75×103 mm/s.

5 CONCLUSIONS
We have implemented two cohesive laws to

model three-point-bend tests carried out at load-
ing rates which cover seven orders of magni-
tude. In particular, the viscous cohesive law
proposed by Rosa et al. [11] captures well
the experimental tests carried out at low load-
ing rates; whereas the one developed by Zhou
et al. [13], reproduces well those tests per-
formed at high loading rates. Fitting param-
eters for both laws are given and the applica-
tion range specified. From the energy evolu-
tion simulated for the tests at high loading rates,
we have confirmed that the hypothesis of Ban-
thia et al. [9] for measuring dynamic fracture
energy is valid, at least for the beam geometry
studied in this current work.

Finally, we have extracted both the crack
advancing and crack opening velocities for
all loading rates. The former ones com-
pare well with available experimental measure-
ments, whereas the latter ones show the same
order of magnitude as the corresponding load-
ing rates.
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ẇ

0.000 0.005 0.010 0.015 0.020 0.025

0.00

0.02

0.04

0.06

0

2

4

6

8

10

Lo
ad

 (k
N

)

 0
 1
 3
 5

 

 

  (
m

/s
)

Time (s)

 P

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010

0

2

4

6

0

10

20

30

40

50

  L
oa

d 
(k

N
)

 0
 1
 2
 3
 4
 5
 6

 

 

  (
m

/s
)

Time (s)

 R

(d)

0.000 0.005 0.010 0.015 0.020 0.025

0.00

0.02

0.04

0.06
 0
 1
 2
 3
 4
 5
 6

 

 

  (
m

/s
)

Time (s)
0.000 0.005 0.010 0.015 0.020 0.025

0.00

0.02

0.04

0.06
 7
 8
 9
 10
 11
 12

 

 

  (
m

/s
)

Time (s)

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010

0

2

4

6
 0
 1
 2
 3
 4
 5
 6

 

 

  (
m

/s
)

Time (s)
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010

0

2

4

6
 7
 8
 9
 10
 11
 12

 

 

  (
m

/s
)

Time (s)

ẇ
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Figure 17: a) Position of the 13 nodes where the crack opening velocities are calculated; and crack
opening velocities contrasted with load or reaction history for loading rates 1.74×101 mm/s (b-c) and
1.75×103 mm/s (d-e).
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Nomenclature
• We: External work (or input energy).

• Ek: Kinetic energy.

• Ee: Elastic strain energy.

• EF : Fracture energy.

• Et: Total energy (Ek+Ee+EF ).

• EB: Energy calculated according to the
hypothesis of Banthia (dynamic fracture
energy).

• P : Applied external load.

• R: Reaction force.

• Pmax: Peak load.

• δ: Loading-line displacement.

• δ̇: Loading-line displacement rate.

• v: Crack advancing speed.

• w: Crack opening.

• ẇ: Crack opening velocity.
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Abstract. The paper introduces a novel material model which includes the effects of dynamic
strength increase of concrete. The model is based on the physical assumption of combined vis-
cous effects and a retarded damage approach. Furthermore, this model is implemented in a Finite-
Element-Method with implicit time integration and applied to numerical investigations of concrete
bars exposed to impulse loading and wave propagation, respectively. Particular cases of direct tensile
wave propagation and furthermore spallation of bars due to tensile failure are investigated with special
respect to the dynamic tensile strength increase, dynamic failure mechanisms and crack energy.

1 INTRODUCTION

Strength of concrete may exceed quasistatic
values in case of high strain-rates caused by
high velocity loading such as impacts or ex-
plosions. This effect was experimentally val-
idated in a number of experimental investiga-
tions [2], [9]. It may have a considerable influ-
ence on the behavior of concrete structures and
lead to an increased dynamic load bearing ca-
pacity compared to the quasistatic case. While
the so called lateral confinement may contribute
to an increased compressive strength, the in-
crease of tensile strength must be caused by
physical mechanisms regarding the concrete’s
material structure. Two different physical phe-
nomena are involved according to the current
state of knowledge. While low strain rate ef-
fects are dominated by moisture and the move-
ment of water in the different capillary sys-
tems of concrete [12], the damage at high strain
rates appears to be dominated by inertia effects
of micro-cracking [11], [4]. The micro-cracks
cannot propagate arbitrarily fast as a displace-
ment of internal crack faces relative to their im-

mediate surrounding is involved. This leads to
a retardation of crack propagation or retarded
damage, respectively. A suitable framework is
given with continuum mechanics and concepts
of elasticity, viscosity, damage and plasticity. In
order to compute the behavior of structures a
macroscopic approach is appropriate.

A number of proposals have been published
for stress-strain relations to incorporate the
strain-rate effect. A majority modifies strength
parameters as have been determined under qua-
sistatic conditions by dynamic strength increase
factors according to experimental results, see,
e.g., [8]. These are phenomenological ap-
proaches and do not consider physical mech-
anisms. Approaches based on viscoelasticity
or viscoplasticity have been proposed by, e.g.
[1]. Direct modifications of damage parameters
ruled by the strain-rate were proposed by, e.g.,
[14]. First concepts of retarded damage used in
stress-strain relation were given by [4], [6].

The following paper bases upon the latter
works and combines damaged viscoelasticity
with a retardation of damage to develop a gen-
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eral triaxial material law including the strain-
rate effect. A key point is given with the reg-
ularization of the softening material behavior
with the gradient damage approach and its ex-
tension with respect to retarded damage.

The paper is organized as follows: Section 2
develops the material law as a an ordinary dif-
ferential equation combining stress and strain
and their rates. This is incorporated in a Finite-
Element-Method combined with a Newmark-
Method for temporal discretization as described
in Section 3. It is applied to two particular
cases of wave propagation: tensile wave prop-
agation with continuously increasing loading in
Section 4 and spallation with a moderate com-
pressive amplitude reflecting as tensile wave in
Section 5. Finally, some conclusions are given
in Section 6

2 THE CONSTITUTIVE LAW
2.1 Quasistatic part

The constitutive law bases upon isotropic
damaged elasticity

σ = (1−D)E · ε (1)

with the stress tensor σ, the strain tensor ε, the
linear isotropic elasticity tensor E with an ini-
tial Young’s modulus E0 and Poisson’s ratio ν0
as parameters. Scalar damage is measured by
D with a condition 0 ≤ D ≤ 1. Damage
depends on a loading history. A strain based
approach is chosen relating the strain state ε
with an equivalent damage strain κ by a re-
lation F (ε, κ) = 0. Furthermore, a relation
D = D(κ) connects damage D and the equiv-
alent damage strain κ. Finally, Kuhn-Tucker
conditions F ≤ 0, Ḋ ≥ 0, Ḋ F = 0 with
the time derivative Ḋ of D distinguish load-
ing from unloading states. The exact forms of
F (ε, κ), D(κ) are given in [5]. The approach
introduces several material parameters beneath
E0, ν0. These parameters rule nonlinear uniax-
ial stress-strain behavior and multiaxial strength
properties.

The incremental form of Eq. (1) is given by

σ̇ = (1−D)E · ε̇− Ḋσ0, σ0 = E · ε (2)

with the time derivatives σ̇, ε̇, Ḋ of σ, ε, D.
This is splitted into volumetric and deviatoric
parts

σ̇ = σ̇vol + σ̇dev (3)

whereby

σ̇vol = K0

[
(1−D)ε̇vol − Ḋ εvol

]

σ̇dev = 2G0

[
(1−D)ε̇dev − Ḋ εdev

] (4)

with the initial bulk modulus and shear modulus

K0 =
E0

3(1− 2ν0)
, G0 =

E0

2(1 + ν0)
(5)

Due to D = D(κ) the time derivative Ḋ is con-
nected to the time derivative κ̇ of the equivalent
damage strain, which in turn is connected to ε̇
by Ḟ = 0 in case of loading [5].

2.2 Viscosity
The strain rate effect in the lower strain rate

range is covered by a viscous approach. It is
applied to the deviatoric part of Eq. (4). The
general form for three parameter viscoelasticity
is given by [10]

σ̇dev = q1 ε̇
dev + q0 ε

dev − p0 σ
dev (6)

The Maxwell model will be used in the follow-
ing leading to coefficients

q1 = 2(G0 +G1), q0 =
2G0G1

η1
, p0 =

G1

η1
(7)

The shear modulus G0 corresponds to Eq. (5).
The shear modulus G1 and the viscosity η1
come into effect with larger strain rates. A high
strain rate or high viscosity leads to a higher re-
sulting shear stiffness temporarily approaching
G0 + G1. The viscoelastic approach Eq. (6) is
extended with

σ̇dev = (1−D) q1ε̇
dev − Ḋ q1ε

dev

+(1−D)2q0ε
dev − (1−D)p0σ

dev (8)

to describe damage. This particular form is cho-
sen to include the quasistatic form Eq. (3) as a
special case. The superposition with σ̇vol ac-
cording to Eq. (4) is straightforward and leads
to a relation for σ̇ depending on ε, ε̇, D, Ḋ and
furthermore on εdev,σdev.

2
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Figure 1: Three parameter models for viscoelasticity.

2.3 Gradient damage
A damage material law given by Eq. (1) is

characterized by a maximum stress or strength,
respetively, followed by a softening, i.e. de-
creasing stresses with increasing strains. This
leads to localization phenomena within struc-
tures. Usage of such a law within numeri-
cal methods requires a regularization to avoid
a fundamental mesh sensivity. The gradient
damage approach will be used in the following.
Thus, a nonlocal equivalent damage strain κ̄ is
employed within this setting which is related
to the local equivalent strain κ by a differential
equation

κ̄(x)− cκ ∆κ̄(x) = κ(x), cκ =
R2

2
(9)

with the Laplace differential operator ∆ and a
characteristic length R. A given field κ(x) with
highly localized values in a narrow band will
lead to a field κ̄(x) localized in another band
whose width is controlled by the value of R.
Regarding the stress-strain law Eq. (1) of a ma-
terial point in a position x the value κ̄ replaces
κ upon deriving damage D.

The parameter R is a measure of the ma-
terial’s heterogeneity and assumed as a mate-
rial constant. An approximately linear relation
can be derived between R and the crack energy
Gf [6]. This is used to choose appropriate val-
ues for R.

Retardation of damage is assumed as another
contribution to the strain rate effect beneath vis-
cosity. This is modeled by an extension of
Eq. (9) with an inertial like part with the second
time dervative of the nonlocal equivalent strain
¨̄κ and an mass-like parameter mκ [6]

mκ ¨̄κ(x) + κ̄(x)− cκ ∆κ̄(x) = κ(x) (10)

A model is given with Fig. 2 with a row of
springs in parallel each with stochastically vary-
ing strength. This yields the uniaxial stress
strain behavior with limited strength and sub-
sequent softening. It is extended with inertial
masses which sustain forces in a short time pe-
riod in case of spring failure. This effect is ruled
by the value of mκ which is assumed as another
material parameter for the strain rate effect be-
neath G2, η2.

 

Figure 2: Models for damage and retarded damage.

3 THE NUMERICAL METHOD
Dynamic equilibrium of a structure is de-

scribed by the virtual work principle∫
V
δuT · ü ρdV +

∫
V
δεT · σ dV

=
∫
V
δuT · b dV +

∫
At

δuT · t dA (11)

with the Cauchy stress σ, body forces b, spe-
cific mass ρ, acceleration ü, virtual displace-
ments δu, corresponding virtual strains δε, sur-
face tractions t, the body’s volume V and that
part of surface At with prescribed tractions.
Boundary conditions are defined as prescribed
displacements u on surface part Au and as sur-
face tractions t on a surface part At.

This has to be complemented with a weak
form for the differential equation (10) relating
κ̄ to κ. It is given by [6]∫

V
δκ̄ ¨̄κ mκdV +

∫
V
δκ̄ κ̄ dV

+
∫
V
∇δκ̄ · ∇κ̄ cκdV =

∫
V
δκ̄ κ dV (12)

with the nabla operator ∇ and a virtual variation
δκ̄. Boundary conditions for nonlocal fields are
still on open research issue. According to a
widely accepted approach a zero normal deriva-
tive n · ∇κ̄ = 0 of the nonlocal equivalent dam-
age strain is assumed.

Eqns (11,12) form a base to apply the Finite-
Element-Method. The fields of displacements

3
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u(x) and nonlocal equivalent damage strains
κ̄(x) are used as independent variables. They
are spatially discretized with(

u(x)
κ̄(x)

)
= N (x) ·U (13)

with a matrix N (x) of shape functions and a
vector UI collecting nodal values of displace-
ments and nonlocal equivalent strains. The spa-
tial derivatives are given by(

ε(x)
∇κ̄(x)

)
= B(x) ·U (14)

with a matrix B(x) of nodal derivatives of
shape functions. Applying standard meth-
ods of discretization on Eqns. (11,12) using
Eqns. (13,14) leads to system of nonlinear ordi-
nary differential equations of 2nd order depend-
ing on time t

M · Ü + f(U) = p(t) (15)

with the generalized mass matrix M , the ac-
celeration Ü of nodal variables, the generalized
internal nodal forces f nonlinearily depending
on the nodal variables U and the nodal loads p
depending on time t.

Temporal discretization of this system is
performed with the implicit Newmark-Method.
This requires the evaluation of the tangential
stiffness [6]

K =
∂f

∂U
(16)

and leads to scheme
1

β∆t2
M ·

[
U i − Û i

]
+Ki · [U i −U i−1]

= pi − f i−1
(17)

with a time step ∆t, a time ti = i∆t, further-
more U i = U(ti), Ki = K(U i), pi = p(ti),
f i−1 = f(ti−1) and

Û i = U i−1 +∆t U̇ i−1 (18)

+
∆t2

2
(1− 2β) Ü i−1 (19)

Ü i =
1

β∆t2

[
U i − Û i

]
(20)

U̇ i = U̇ i−1 +∆t
[
γÜ i (21)

+(1− γ)Ü i−1
]

(22)

and integration parameters chosen with β =
1/4, γ = 1/2 as a necessary requirement for nu-
merical stability. The system of algebraic equa-
tions (17) nonlinearly depending on U i may be
solved with a Newton-Raphson method while
proceeding time step by time step.

This completes the discretization. Applica-
tion examples for wave propagation problems
and plane strain beams under impact actions are
described in [7]. Two special cases will be con-
sidered in the following: propagation of a uni-
axial tensile wave along a bar to discuss dy-
namic strength increase factors and reflection
of a uniaxial compressive wave at a bar’s end
as tensile wave leading to spallation to discuss
aspects of dynamic crack energy.

4 UNIAXIAL TENSILE WAVE PROPA-
GATION

We consider a linear elastic bar with Young’s
modulus E and a specific mass � exposed to
uniaxial wave propagation. Its left end is given
with a coordinate x = 0 and a right end with
x = L and L = 1m. A discretization with for
node axis symmetric plane elements with an el-
ement length of Le = 3mm and a time step ac-
cording to the wave speed within the element
∆t = 0.7 · 10−3ms is chosen for the for the
numerical computations. Aspects of an appro-
priate selection are discussed in [7].

A tensile stress wave with a constant strain
rate ε̇0 is induced on the left end with prescrib-
ing the left end displacement u0 depending on
time t

u0(t) = −1

2
ε̇0 c · t2, t ≥ 0 (23)

with a uniaxial wave speed c =
√
E/� leading

to a left end stress

σ = E ε̇0 · t (24)

A sequence of stress waves along the bar for
several times is shown in Fig. 3 for E =
36000MN/m2, � = 24 kN/m3 for a concrete
grade C40 according to [3] and ε̇0 = 1 s−1. The
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Ulrich Häussler-Combe and Tino Kühn

linear elastic stress waves are characterized by a
constant slope according to the prescribed strain
rate ε̇0. The tensile strength of concrete will
obiviously be reached after a short period.
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Figure 3: Linear elastic tensile wave propagation with
constant strain rate ε̇ = 1 s−1.

The course of stress waves changes if a non-
linear material behavior with limited strength is
assumed according to Section 2. An example is
given with Fig. 4 where the Visco-Elastic Re-
tarded Damage approach (VERD) was used for
the same concrete grade as before with material
strain rate parameters mκ = 1 · 10−12s2, E2 =
E, η2 = 2.8 · 10−8.
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Figure 4: Nonlinear tensile wave propagation (VERD)
with constant strain rate ε̇ = 1 s−1.

This starts with the same behavior as in
the linear elastic case. The initial linear elas-
tic state is followed by a nonlinear harden-
ing state whereby tensile stresses considerably

exceed the quasi static tensile strength fct =
5.5MN/m2 due to viscosity and gradient re-
tarded damage. The material achieves a max-
imum dynamic tension and switches into the
softening branch.

These basically applies to all material points
along the bar but at different times and with a
different extent due to nonlinear wave propaga-
tion. Furthermore, the actually achieved strain
rates apart from the left bar end differ from the
prescribed nominal value ε̇0 because of the non-
linear material behavior. Finally, a strain local-
ization occurs in the left end bar region with
maximum values at x = 0. This is mesh inde-
pendent due to the regularization approach. Us-
ing this setup a variety of associated values of
stress, strain and strain rate can be determined.
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viscoelastic increase 
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stopped due to calculation time 

Figure 5: Uniaxial stress-strain relations (VERD) at dif-
ferent strain rates.

This leads to uniaxial stress-strain curves
which are parametrized by the strain rate. Ex-
amples are shown in Fig. 5 for the viscoelas-
tic retarded damage approach (VERD). First of
all, a higher stress i.e. a higher strength exceed-
ing the quasi static tensile strength is reached
for higher strain rates. Furthermore, the initial
Young’s modulus also increases due to the ac-
tivation of the additional stiffness E2 in case of
higher strain rates, see Fig. 1 ‘Maxwell’.

For a comparison the computed uniaxial
stress-strain curves for retarded damage with-
out viscosity (ERD) are shown in Fig. 6. The
achieved stresses are lower for the same strain
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rate compared to VERD but still considerably
exceed the quasi static tensile strength. On the
other hand, the initial Young’s modulus remains
unchanged as no additional stiffness is activated
with the material model according to Fig. 2
alone. Experimental data which might validate
this particular effect are rare and show a large
scatter.

��� ������ ������ ������ ������ ����
�

�

�

�

�

�

�

�

�
ERD 

 rate 1e-5
 rate 0.01
 rate 0.1
 rate 1
 rate 10

static strength

 

st
re

ss
 (M

P
a)

strain (-)

quasistatic 
strain rate=1x10-6

strain rate = 10

strain rate = 1 

strain rate = 0.1 

strain rate = 0.01 

constant elastic modulus

Figure 6: Uniaxial stress-strain relations (ERD) at differ-
ent strain rates.

More credible experimental data are avail-
able for the maximum achieved tensile stress or
dynamic tensile strength, respectively, varying
with the strain rate. This leads to the dynamic
strength increase factor (DIF) as the relation be-
tween dynamic strength and quasistatic strength
depending on the strain rate.
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Figure 7: Experimental and computed dynamic tensile
strength increase factors.

A comparison of experimental and computed
DIF-data is shown in Fig. 7 in a double loga-
rithmic scale. Approximately a bilinear course
is given. The dynamic material parameters
were chosen with the same values as before.
This choice approximately reproduces the DIF-
recommendations of the CEB-Modelcode [3]
with the computed values. Other choices might
lead to a better approximation of experimental
values.

5 SPALLATION

5.1 Basic relations

Up to now the variations of strength and
Young’s modulus were discussed under high
strain rate conditions. Another issue concerns
the crack energy. Crack energy may be defined
as energy dissipated in the process of macro
crack creation. This energy is widely accepted
as material constant under quasi static condi-
tions.

An appropriate setup to determine the crack
energy under high strain rate condition is given
by the spallation experiment. A uniaxial com-
pressive stress wave is induced on the left end
of a bar of length L. It is assumed as half sine
shaped and its maximum stress value is far be-
low the compressive strength but considerably
above the tensile strength. On the right end it
is reflected as tensile wave. In case of linear
elastic wave propagation the reflection process
is characterized by stress shapes as shown in
Fig. 8, i.e. upon reaching the right end the stress
amplitude reduces, goes through zero and in-
creases to its original value with reversed sign.

During the reflection process the right end of
the bar, which initially has a zero displacement,
is moved to the right. The associated velocity
is shown in Fig. 9 varying with the same time
t. The time of the maximum velocity corre-
sponds to the time when the stress wave passes
through zero, see Fig. 8. Upon velocity reduc-
tion the amplitude of the stress wave increases
as has been described before. Thus, a relation
can be derived between velocity reduction and
stress amplitude.
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-0.10 -0.05 0.00 0.05 0.10
-20

-15

-10

-5

0

5

10

15

20
 

st
re

ss
 (M

P
a)

position (m)

reflected wave at 2x
wave transition time

wave at wave 
transition time

Figure 8: Reflection of compressive stress wave as tensile
wave on free end.

Such a relation basically also holds in case of
a material with limited tensile strength. In case
when the tensile stress wave amplitude reaches
the uniaxial tensile strength a fragment of the
bar will break apart on the right end and will
start to fly away in the right direction. This oc-
curs at a time t1 whose value is needed for later
calculations. The velocity of the right end of
the fragment will than stop its decelaration and
holds some remaining value, see Fig. 9.
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Figure 9: Reflection of velocity wave on free end.

The absolute difference between this value
and the maximum velocity is called pull-back-
velocity ∆vvp. A relation between the pull-
back-velocity and the corresponding stress am-
plitude or dynamic uniaxial tensile strength ft,d
is given by

ft,d =
1

2
� c∆vvp (25)

with the specific mass � and the wave speed c.
This relation serves to determine values of the
dynamic tensile strength ft,d in spallation exper-
iments.

Assuming a linear elastic tensile behavior up
to the moment t1 of tensile failure for a given
stress wave and given value ∆vvp also allows to
calculate the spatial point x1 where the failure
occurs, i.e. the fragment length. Furthermore,
the velocity v(x, t) along the fragment may be
computed for the time t1 leading to an impulse

I1 =

∫ L

x1

v(x, t1) �Adx

≈ 1

2
�A(L− x1) [v(x1, t1) + v(L, t1)]

(26)

A analogous relation holds for a later time t2
when a macro crack has fully developed in the
cross section x1 leading to an impulse I2.

During the spallation process a stress σ is
transmitted over the cracked cross section due
to the formation of a crack band and the soften-
ing stress-strain behavior of the material. This
is related to the difference of impuls by∫ t2

t1

σ Adt = I1 − I2 = ∆I (27)

The stress starts with the dynamic tensile
strength ft,d and ends up with zero after the for-
mation of a macro crack. On the other hand,
stress and crack energy are connected by

Gf,d =

∫ δ2

0

σ Adδ

=

∫ t2

0

σδ̇ Adt ≈ δ̇mean

∫ t2

0

σ Adt

(28)

with a variable crack width δ, a crack width δ2
at time t2 and the crack width velocity δ̇. This
leads to

Gd,f = δ̇mean ∆I (29)

Finally, the velocity of the crack width remains
to be determined. It is derived from the velocity
of the fragment’s left end

δ̇(t) = v(x1, t)− v(x1, t1) (30)

7
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The mean velocity may be approximated by

δ̇(t)mean ≈ 1

2

[
δ̇(t2) + δ̇(t1)

]
=

1

2
δ̇(t2) (31)

This completes a method which allows the ex-
perimental determination of the high strain rate
crack energy from measured values of veloci-
ties [13]. It bases on the knowledge of the stress
wave. This may be determined in a Hopkinson-
Bar setup with the specimen connected to an
incident bar only. Furthermore, a linear elas-
tic behavior up to the point of tensile failure is
assumed.

Whether this assumption is valid may to
some degree be controlled by comparing the
measured fragment length and the theoretical
length L − x1. Moreover, this method relies
on correctly measured velocities which may be
achieved with high speed cameras.

A somehow crucial point exists with the de-
termination of the time t2, i.e. the time when the
crack has fully developed to become a macro
crack and does not transmit stresses anymore.

5.2 Computational results
Computational methods provide, e.g.,

stresses which are not or not directly acces-
sible to experimental measurement. But such
methods at least require an assumption about
material models and the specification of their
parameters.

The method as it has been described in the
previous section may serve to link experimental
investigations and numerical simulations.

The proposed material formulation and the
numerical method are applied to a spallation
test simulation. An axisymmetric formulation
is used to describe a long cylindrical specimen
according to the experimental setup in [13].

The specimen of 0.250 m length and 0.075
m diameter was discretized with 1485 axisym-
metric four node square elements which leads
to approx. 2.5 mm mesh size.

The specimen was pressure loaded from the
left end with a half sine wave of amplitude 18
MPa and 0.1 ms duration. It is free in motion
and a wave reflection occurs at the right end.

The time step of the Newmark method was
chosen according to explicit solution methods
with 0.8 of the maximum wave transition time
within an element.

A C40 concrete parameter set was consid-
ered according to Section 4 which leads to a
wave transition time through the specimen of 65
µs and a time step size of 0.5 µs. The Poisson’s
ratio is assumed with 0 to avoid spurious sec-
ondary waves.

Fig. 10 illustrates the stress distribution
along the specimen at different time steps for
the VERD material formulation. The pressure
wave is travelling through the specimen and re-
flects at the free end into a tensile wave moving
back. (see section 5.1).
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Figure 10: Stress wave distribution along the specimens
center axis.

The tensile wave amplitude exceeds the
strength of the material and tensile damage oc-
curs nearly at the center of the specimen accord-
ing to the incoming impulse length.

The specimen than spalls at this position into
two separate pieces while the remaining internal
stress waves are still propagating and reflecting
in both parts.

Fig. 11 shows the corresponding displace-
ment distribution at different time steps. The
spallation time is reached at 110 µs with the ini-
tiation of the separation.

The mean speed of the left part with 1.38
m/sec is less than 1.89 m/sec for the right part at
this time and the secondary part will fly away.

8

971



Ulrich Häussler-Combe and Tino Kühn

The softening process takes approximately
30 µs, after this time the specimen is fully sep-
arated with the remaining mean part velocities
of 2.13 m/s and 1,96 m/s. This indicates a gap
between both.
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Figure 11: Corresponding displacement distribution.

The corresponding local strain distribution
is illustrated in Fig. 12 and shows a widely
spanned zone between both parts. At the posi-
tion -0.04 m a strain peaks can be recognized as
a strong starting localization in this area leading
to a ”separation” at the respective element. This
is a well known numerical effect due to missing
regularization and does not reflect some phys-
ical behavior. To avoid this effect the damage
formulation is coupled to a nonlocal strain vari-
able as introduced in Section 2.3.
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The corresponding nonlocal strain distribu-

tion is shown in Fig. 13 at the same time steps.
One can see that the regularization procedure
smoothes the maximum strain values. The max-
imum strain can now be recognized at approxi-
mately x=-0.03 m at the left side from the center
of Fig. 13.
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Figure 13: Nonlocal strain distribution.

The spallation plane is located at the posi-
tion of maximum strain and leads to two parts
of 84 mm and 166 mm length. Using Eq. (25)
the tensile strength is calculated with 4.3 MPa
with a pullback velocity ∆vvp = 0.78 m/sec.
Furthermore, the knowledge of the separation
plane and the masses of the remaining pieces al-
lows for calculating the dynamic crack energy
from the transferred impulse by Eq. (29). In
this particular case the dynamic crack energy 27
N/m is much less than the expected experimen-
tal value according to [13] of approximately 150
N/m. The difference is probably caused by the
assumed viscous damage evolution and regu-
larization parameters which are based on quasi
static experimental data. Especially this last is-
sue needs more investigations.

A computed stress-strain relation is shown in
Fig. 14 for the most damaged element. It has the
regimes of (1) the compressive load for the inci-
dent pressure wave, followed by (2) the unload-
ing branch due to the wave reflection with rever-
sal to tension. It reaches the tensile strength at
(3) followed by a softening part and is again (4)
unloading the not fully damaged material. It un-
dergoes further a secondary compressive load at

9
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(5) with reaching the maximum stress at (6) and
again softens at the compressive domain (7) to
full damage, which finally leads to (8) the large
straining part which indicates the gap.

������� ������� ������� ��� ������ ������ ������
���

��

�

�

compressive 
softening

tension

compression

dynamic strength

static strength

 

st
re

ss
 (M

P
a)

strain (-)

2

3

1

4

5

6

7
8

viscous oscillation
effects

tensile 
softening

Figure 14: Stress strain evolution of the most damaged
element of the VERD model.

The assumption of a constant homogeneous
wave traveling through the specimen introduc-
ing a ductile crack at a predefined position,
underlies all experimental investigations. This
might be insufficient as it is indicated by the
numerical simulations. Fig. 15 shows the evolu-
tion of the strain-rate with time at different posi-
tions. The strain-rate is not constant as assumed
in experimental observations and rather shows
varying values during the cracking process.
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Figure 15: Strain rates distribution at different positions.

If the strain-rate varies with time and posi-
tion the local strength will be different depend-

ing on both. The viscous and the retardation
part of the material model introduce this strain-
rate variation leading to the inhomogeneous
damage within the specimen. The strain-rate
for this particular simulation with the VERD
formulation spans from 18 1/s to 24 1/s during
the main cracking process instead of 30 1/s for
purely linear elastic considerations.

These prior observations were made with
the VERD material formulation leading to time
and space dependent damage behavior as de-
scribed before. Additionally, Fig. 16 compares
the stress evolution at some representative po-
sitions for the linear elastic (E) and the visco-
elastic (VE) material model without damage.
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Figure 16: Stress distribution at 4 different positions for
the E and VE formulation.

The viscous part increases the elastic stiff-
ness with increasing strain-rate. Thus, the wave
speed increases and the traveling time through
the specimen reduces. The dynamic elastic
modulus increases from 36 GPa for the linear
elastic case to 50 GPa for the visco-elastic case
and the wave speed increases to 4677 m/sec
as mean value of the specimen. Furthermore,
it can be seen that the viscous stress evolu-
tion varies with the position. The stress wave
changes in shape and speed. This probably
leads to some overlaid inhomogeneous bounc-
ing with time and the observed oscillation.

The same effect can be recognized by intro-
ducing the damage part according to the elastic
damage model (ED), the visco-elastic damage

10
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model (VED), the retarded damage model with-
out (ERD) and with viscous part (VERD), see
Fig. 17.

0 20 40 60 80 100 120 140 160 180 200
-20

-15

-10

-5

0

5

strength increase
due to retardation

 

st
re

ss
 (M

P
a)

time (us)

 pressure load
 ED
 VED
 ERD
 VERD

theoretical elastic 
wave transition time

visco-elastic sound-
speed increase

center 

visco-elastic 
strength increase

stress values for the ED and 
ERD formulation are overlaid

Figure 17: Stress distribution at the center of the speci-
men for the 4 damaged formulations.

The elastic (ED) formulation reacts with a
maximum tensile strength equal to the static as-
sumption of approx. 3.5 MPa while the viscous
(VED) one increase to 4.3 MPa. The corre-
sponding mean strain rate reduces in this case
from 30 1/s to 11 1/s. Introducing the damage
retardation part, the viscous influence remains
unchanged and the same kind of oscillation can
be found as has been described before.
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Figure 18: Overlaid stress strain relation for the 4 dam-
aged formulation.

The superimposed stress-strain relations in
Fig. 18 for the position with the largest stress
values may explain this effect more clearly. The

none-viscous formulations react with a full sep-
aration in the tensile domain which corresponds
to a brittle behavior.

The viscous contributions on the other hand
lead to a more bearable strength in tension and a
not fully damaged state during the first unload-
ing branch. Full damage is finally reached in the
next loading cycle in the compressive domain.
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This behavior can be summarized with intro-
ducing a global differential damage evolution
parameter stepwise holding the actual damage
increase. Fig. 19 compares this parameter for
the four damage formulations. It can be seen,
that the non-viscous formulations react with a
short high damage rate and the viscous formu-
lations with a lower, more ductile first part, fol-
lowed by the secondary damage increase.

6 CONCLUSIONS
A novel material model with viscoelastic re-

tarded damage is discussed in this paper. The
viscous part of the formulation leads to a mod-
erate strength increase with increasing strain
rate at lower values up to approx. 1 1/s. The re-
tardation part assumes crack opening inertia ef-
fects at higher rates and significantly increases
the virtual strength in this domain. While the
formulation of the stress-strain relations is fully
triaxial the model is applied to particular case
of uniaxial wave propagation. The three mate-
rial parameters may be calibrated such that the
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typical course of dynamic strength increase fac-
tors as given by recommendations and experi-
mental investigations may be approximated to a
desired degree. Numerical simulations of spal-
lation experiments exhibit some discrepancies
to experimental investigations. On one hand
these discrepancies have to be contributed to an
improvable parameter calibration of the mate-
rial model, on the other hand the simulations
reveal complex spallation mechanisms which
seem not to be adequately regarded in the setup
and processing of spallation experiments.
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Abstract: Porous concrete is used in many applications that require permeability, noise absorption 
or thermal insulation. However, its response under dynamic loading is generally not considered. 
Porous concrete has a characteristic of forming multiple cracks and subsequently fracturing into 
small fragments when exposed to impact loading. Therefore, with the aim of designing a special 
type of cementitious material for building protective structures, porous concrete was investigated. 
To be able to analyze the dynamic properties of the different types of porous concretes produced, an 
experimental configuration that reveals the dynamic response of porous concretes in a drop weight 
impact test was designed. Through the measurement of particle velocity at the interface between the 
impactor and the concrete target, the dynamic response was obtained. Laser Doppler velocimetry 
was used in monitoring the time history of the particle velocity at the interface which was 
subsequently analyzed using a special reverberation application of the impedance mismatch 
method. Measurements were conducted to demonstrate how the proposed experimental technique 
can be used on porous and normal concretes.  
The consistency of the results from the experiments that were performed while testing the same 
porous concrete materials with different impactors are presented for the verification of the 
experimental configuration and the analysis method. The analyses of the particle velocity time 
histories of different porous concretes and a normal concrete are also demonstrated which showed 
that the measurement technique was sufficient to determine the impact strengths of different types 
of porous concretes as well as a normal concrete with a moderate strength. As the results are 
compared, it was observed that the aggregate properties and compaction, coupled to porosity, are 
the main factors that affect the impact strength of porous concrete. 

1 

976



Ayda S. Agar Ozbek, Jaap Weerheijm, Erik Schlangen and Klaas van Breugel 

 2

 
 

1 INTRODUCTION 
Porous concrete is a type of concrete 
incorporating a high amount of meso-size air 
voids that makes its physical characteristics 
markedly differ from normal concrete. 
Therefore, it is currently being used in various 
applications due to its enhanced permeability, 
noise absorption or thermal insulation [1-4]. A 
research project was undertaken to design a 
special type of porous concrete, that fractures 
into small fragments when exposed to impact 
loading while having sufficient static strength, 
to be used in protective structures such as 
safety walls or storages for explosives.  
Although the key feature of the material that 
was aimed to be designed was its property of 
fracturing into small size fragments, 
quantifying the dynamic strengths of the 
different porous concrete mixtures was also 
essential to be able to better elaborate the 
dynamic properties of the material. This study 
presents the experimental configuration that 
has been developed in order to investigate the 
impact behaviour of porous concrete and the 
test results from various porous concretes that 
have been produced and investigated on the 
way to attaining the modified porous concrete 
that was aimed for.  
The experimental configuration presented in 
this study is an easily applicable measurement 
technique that was developed to determine the 
particle velocity at the interface between the 
impactor and the target in a drop weight 
impact test. Apart from being easily 
applicable, the experimental configuration and 
the subsequent analysis technique have the 
advantage of involving the known dynamic 
impedance properties and the velocity 
measurements of only the impactor. Therefore, 
the target specimen that is being tested is not 
directly involved in the measurements or the 
analysis.  
In planar impact experiments, there are various 
measurement techniques involved to quantify 
the velocity and pressure to be able to define 
the dynamic performance of a material [5]. 
Laser interferometry has become generally 
accepted as a competent tool for monitoring 

the motion of the surfaces of shocked 
specimens [6-8]. Electromagnetic velocity 
gauges, piezo-resistive manganin stress 
gauges, accelerometers, Doppler-radar are 
only some of the other measurement 
equipment used in planar impact experiments 
[9-12]. In this work, Laser Doppler 
Velocimetry (LDV) is used as the monitoring 
technique. Laser Doppler velocimetry, also 
known as laser Doppler anemometry (LDA), is 
a non-contact diagnostic method, based on the 
Doppler principle, introduced by Yeh and 
Cummins [13]. A Doppler velocimeter system 
is capable of measuring the motion of a 
particle or surface which has a rapidly 
changing velocity. This property can, 
therefore, be employed to measure the motion 
of a free-falling projectile throughout an 
impact test to obtain the full velocity-time 
history. In research studies where LDV is 
used, the velocity signals captured are usually 
either differentiated to obtain the acceleration 
and multiplied by the impactor mass to attain 
the load-time relationship or used in energy 
calculations based on the change in kinetic 
energy [14-16]. In this study, LDV has been 
selected as the monitoring technique to acquire 
the velocity history data of the impact surface. 
The velocity measurements were then 
processed using the reverberation application 
of the impedance mismatch method to quantify 
the dynamic strengths of the concretes tested 
which will be presented in more detail in the 
Measurement and Analysis Techniques 
section. 

2 EXPERIMENTAL INVESTIGATIONS 

2.1 Materials 
The summary of the compositional properties 
of the mixtures is given in Table 1. The 
cement used was CEM I 52.5 R. A set retarder 
that provides a workability time of up to 3 
hours was also used.  Crushed basalt and river 
gravel were sieved in size groups of 2-4 mm 
and 4-8 mm before use. Water to binder ratio 
was kept at 0.3 in all the mixtures. The 
preparation of the porous concretes was done 

977



Ayda S. Agar Ozbek, Jaap Weerheijm, Erik Schlangen and Klaas van Breugel  

following a standardized procedure. During 
casting, two compaction techniques have been 
applied which were machine compaction using 
an impact hammer while the hammer was also 
rotated and hand compaction using a steel 
cylinder. Casting was done in layers of 2.5 cm.  
A moderate strength normal concrete was also 
produced and tested in order to verify whether 

the experimental technique can be used for a 
moderate strength normal concrete or not.  
Core samples of 60 mm diameter were then 
drilled from the specimens and cut at the fixed 
height of 70 mm to be tested at the drop 
weight impact test.  
 

Table 1: Compositional properties of the porous concrete mixtures

Mixture code PRC1 PRC2 PRC3 PRC4 PRC5 PRC6 PRC7 PRC8 PRC9
Aggregate composition  
Crushed basalt (2-4 mm) (gr) - - - 2000 1000 - - 2000 1000 
Crushed basalt (4-8 mm) (gr) 2000 - 2000 - 1000 - 2000 - 1000 
River gravel (4-8 mm) (gr) - 2000 - - - 2000 - - - 
Cement paste composition  
Cement (gr) 351 351 351 351 351 351 298 298 298 
Silica fume (gr) - - ‐ - - - 53 53 53 
Water (gr) 105 105 105 105 105 105 105 105 105 
Superplasticizer (gr) 1.00 1.00 0.97 0.97 0.97 0.97 1.30 1.30 1.30 
Set retarder (gr) - - 1.20 1.20 1.20 1.20 1.20 1.20 1.20 
Compaction low low high high high high high high high 

 

2.2 Test Setup and Instrumentation 
The impact tests were carried out using an 
instrumented drop-weight impact test setup.  
In the experiment, the specimen was placed 
vertically on a steel base structure, which also 
serves as a steel buffer plate that functions as 
a wave sink at the impact experiments. The 
impactor was dropped from approximately 
1.2 m to provide striking velocities ranging 
between 4.0 - 4.7 m/sec. The selection of the 
impactor material and the magnitude of the 
impact velocity determine the pressure 
applied to the concrete sample. Therefore, by 
varying those properties, the input pressure 
could be controlled. The impactors that were 
made of either steel or aluminium were 110 
mm in diameter and 220 mm in height. 
A Doppler laser vibrometer was used to 
measure the velocity of the falling impactor. 
For the purpose of measuring the velocity of 
the interface between the impactor and the 
target, an easily applicable measurement 
method has been introduced and verified. The 
impactor diameter (110 mm) was selected to 
be larger than the diameter of the target (60 
mm) so that there was an outer rim of 25 mm 

present to take velocity measurements at the 
interface. The point where the laser beam hits 
the impactor was adjusted to be as close as 
possible to the specimen perimeter, in the 
inside locations of the rim. The laser beam 
coming from the laser head following a 
horizontal path was reflected by an angle of 
90º from a 45-degree mirror such that it was 
directed vertically upwards. The reflected 
vertical beam hitting the retro-reflective 
sticker attached to the bottom surface of the 
impactor rim was then reflecting and 
following the same path back to the laser 
head. The captured particle velocity time 
histories of the interface between the target 
and the impactor were subsequently processed 
to determine the impact stress applied on the 
target. The schematic figure showing the 
general view of the testing system and an 
enlarged view of the orientations of the retro-
reflective sticker and the 45-degree mirror are 
presented in Figure 1. 
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Figure 1: Schematic view of the measurement 
configuration 

During the test, after the free falling impactor 
hits the stationary target specimen with the 
impact velocity, it starts to decelerate as 
expected. After its velocity is decreased due 
to its contact with the target, the impactor is 
subsequently brought to rest by a protective 
chamber, which acts as a stopper (shown in 
Figure 1). The height of the protective 
chamber was approximately 2.5 cm shorter 
than the specimen height. After the collision 
with the target, the impactor was stopped by 
the protective chamber to protect the target, 
which had already failed due to the stress 
waves, from being fully crushed by self-
weight of the impactor. This was done also 
because the sizes of the broken fragments 
were critical in evaluating the feasibility of 
using porous concretes for safety applications. 
The two impactors used in the tests were 
made of steel and aluminium. The material 
properties of the impactors used are critical in 
the sense that they are directly involved in the 
impact stress calculations. Using the Young’s 
modulus of elasticity and the Poisson’s ratio 
values provided by the manufacturer, the 
shear and bulk moduli were calculated. The 
longitudinal wave velocities of the materials 
of the impactors were then calculated 
adopting Eq. 1. The material properties of the 
impactors are presented in  
Table 2.  

4
(1 )3

(1 )(1 2 )l

K G EC ν
ρ ρ ν ν

+ −
= =

+ −      (1)

 

Table 2: Properties of the materials used in the 
impactors 

Material properties Steel Aluminium
Young’s modulus  
of elasticity, E (GPa) 200 69 

Density, ρ (g/cm3) 7.9 2.7 
Poisson’s ratio, ν 0.28 0.33 
Shear modulus, G (GPa) 78.1 25.9 
Bulk modulus, K (GPa) 151.5 67.7 
Longitudinal wave 
 velocity, Cl (m/sec) 5690 6155 

3. MEASUREMENT AND ANALYSIS 
TECHNIQUES 
After the impactor strikes the target specimen, 
two compression waves propagate away from 
the interface between the impactor and the 
target specimen while the interface itself 
moves downwards with the particle velocity 
as a result of the shock wave passing over the 
particles.  

3.1. Impedance Mismatch Method 
When analyzing shock waves in solids, it is 
widely accepted to approximate compression 
paths with the Hugoniot curve. The pressure-
particle velocity Hugoniot is the locus of all 
the possible states that can be achieved when 
a single shock wave passes through a material 
at a given initial state [17,18]. In application, 
the weak shock assumption is usually made, 
which is valid until shock waves are 
encountered with very large jumps in stress. 
The weak shock assumption can be made 
until a jump in stress around 270 GPa for 
steel. When the material obeys the weak-
shock assumption, the response path of the 
compression wave is coincident with the 
Hugoniot [19]. The weak shock assumption 
is, therefore, valid for the current study where 
the metal impactors are exposed to much 
lower stresses. 
The shock causes the material to jump 
between two points on the Hugoniot curve. 
These points are located at the intersections of 
the Hugoniot curve and the chord named as 
the Rayleigh line, connecting the initial state 
and final shocked state. The slope of this line 
is equal to the dynamic impedance (Z) of the 
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material Z=±ρC, where ρ and C are the 
density and the related wave velocity of the 
material, respectively. Hugoniots with slope 
discontinuities due to transition from elastic 
to plastic behavior can thus have regions for 
which the initial state cannot be connected to 
the final state with a single Rayleigh line. In 
such cases the final state is reached by a series 
of two or more Rayleigh lines. At moderate 
pressures, Hugoniots of many materials are in 
their linear range [17-19]. 

When an impactor strikes a target with an 
impact velocity, the impact surface between 
the impactor and the target constitutes a 
discontinuity in particle velocity. The particle 
velocity (up) is zero inside the target and is 
equal to the impact velocity (ui) inside the 
flyer plate, while the pressure is the ambient 
atmospheric pressure (P0). Decomposition of 
the discontinuity causes the formation of two 
shock waves that propagate from the impact 
surface into the impactor and the concrete 
target, travelling in opposite directions [18]. 
In most planar impact studies, the pressure 
versus particle velocity relationship is 
analyzed using the main features of a method 
where the Hugoniot curves are intersected, 
which is called the impedance mismatch 
method. The graphical presentation of the 
impedance mismatch method is illustrated in 
Figure 2. The principle of equal pressures and 
particle velocities at the interface is satisfied 
at point P=P1, up=u1 which is also the 
intersection of the two Hugoniots [18]. 

 
Figure 2: Graphical presentation of the impedance 

mismatch method 

3.2. Reverberation technique 
The experimental configuration in the tests 
performed for this study was slightly different 

from the impact situation described above, 
where there is one interface present. In the 
tests conducted for this investigation, a low 
impedance target material, like a porous or 
normal concrete, is hit by a higher impedance 
impactor such as steel, while the steel base 
structure of the setup constitutes a second 
interface with the target material and causes 
the compression wave to reflect back into the 
specimen. Therefore, the situation in these 
tests can be considered to be a low impedance 
material that is impacted while being located 
between two high impedance media.    
A one-dimensional stress wave propagating in 
different media can be presented using a 
Lagrangian diagram where x is the spatial 
coordinate and t is time. Even though the 
interface between the impactor and the target 
moves downwards with the particle velocity 
(up), this should not be observable in the 
diagram when compared to the speed of the 
wave itself [20]. However, because the 
motion of the interface between the impactor 
and the target is measured during the 
experiments, the displacement of the interface 
is also shown in the diagram given in Figure 
3. In the diagram, time t=0 corresponds to the 
instant of collision.  

Figure 3: Lagrangian diagram for a low impedance 
material impacted between two high impedance media 

The configuration where the sample is 
impacted between two materials of higher 
dynamic impedances has been investigated by 
several researchers [17,29,22]. In those 
experiments, a projectile disc (or impactor) is 
impacted onto a stationary target, which is 
also called the reverberation disc, made of a 
linear elastic material having a lower dynamic 
impedance than the disc that strikes it. The 
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schematic presentation of the discs is also 
included in Figure 3. The target is backed by 
a buffer disc again with a higher dynamic 
impedance than itself. With the collision, two 
compression waves propagate away from the 
interface between the projectile disc and the 
target. The reflection and transmission of a 
wave at an interface between two materials 
depend upon the ratio of their dynamic 
impedances K=ZMATI/ZMAT II. The reflected 
wave keeps the sign of the incident wave 
when the dynamic impedances of the 
materials from which it reflects are higher 
than the dynamic impedance of the material it 
propagates in. Therefore, depending on the 
relative values of the impedances of the target 
and the two discs that are in contact with it, 
each reflection successively increases the 
amplitude of the compression wave 
propagating in the target.  
Because the target has a much shorter height 
compared to the thicknesses of the projectile 
and buffer discs, many wave reflections take 
place after the collision. In the corresponding 
reverberation studies presented in literature, 
the target is a linear elastic material with a 
dynamic strength that is sufficient to 
withstand the maximum stress that can be 
applied by that test configuration at that 
impact velocity. This maximum stress 
corresponds to the intersection of the 
Hugoniot curves of the projectile and buffer 
disc materials. Therefore, stress continues to 
increase until that final value is reached 
through multiple reverberations which is also 
considered to be a state of equilibrium in 
pressure [17,29,22]. This situation is 
illustrated in Figure 4, where the impedance 
mismatch technique is applied in a special 
manner because of the repetitive reflections 
and the presence of two interfaces. Different 
from the typical impedance mismatch 
representation illustrated in Figure 2, in 
Figure 4 the two main inclined lines are the 
Hugoniots of the impactor and the buffer disc 
materials, while the lines that travel between 
those two Hugoniots represent the behavior of 
the reverberation disc material that is 
compacted in between. The Hugoniot lines of 
the impactor and the buffer material intersect 

at stress (Pe) and particle velocity (ue) values 
that can be considered to be an equilibrium 
for pressure. The figure also illustrates how 
the amplitude of a compressive shock wave in 
the target specimen increases, where the 
compressive stress is taken positive.  

 
Figure 4: Impedance mismatch graph for a linear 

elastic reverberation disc 

This analysis can also be applied when testing 
nonlinear materials with dynamic strengths 
that are not sufficient to withstand the 
maximum stress that can be applied by the 
test configuration.  In the tests conducted in 
this research, the targets being either porous 
concrete or normal concrete, makes the 
reverberation process slightly different. 
Similar to the case described above, the target 
has a small height compared to the impactor 
and the steel base structure. Therefore, the 
shock wave that travels in the target again 
makes some reflections before waves that 
travel in the impactor and the setup reflect 
back as tension waves from the top surface of 
the impactor and the bottom surface of the 
test setup, respectively.  Because of its height, 
the steel base structure can even be 
considered as a wave sink. However, different 
from the reverberation process that occurs 
when a strong linear elastic material is tested, 
the reverberation situation in the tests 
performed for this study continues until the 
stress within the concrete specimen reaches a 
value that generates substantial inelastic 
strains in the material beyond which further 
wave propagation within the specimen can be 
neglected. The amplitude of the subsequent 
wave fronts will be very small [23]. This 
situation and the related wave reverberations 
can be seen in the impedance mismatch figure 
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illustrated in Figure 5. The spots indicated on 
the Hugoniot of the impactor represent the 
points where the Hugoniots of the impactor 
and the target material intersect i.e. the points 
where the stress and particle velocities of the 
target and the impactor are equal. In the 
figure, those points eventually come to an 
equilibrium level that corresponds to a 
constant value of stress (Pe).  

 
Figure 5: Impedance mismatch graph for a concrete 

target impacted between two metals 

The velocity values of those points are 
measured by the laser Doppler velocimeter 
during the test when the falling impactor and 
the target come into contact and with the 
subsequent reverberations, the pressure comes 
to equilibrium.  
Because the particle velocity is measured at 
the interface, on the impactor, it reaches an 
approximately constant value when the 
pressure reaches equilibrium, as seen in 
Figure 5.  This velocity value is named 
equilibrium velocity (ue). 

3.3. Analysis of particle velocity histories 
The particle velocity becoming nearly 
constant as the pressure reaches equilibrium 
can be seen in the velocity histories measured 
during the tests. In Figure 6, a typical Doppler 
laser velocimetry signal from a drop weight 
impact experiment of porous concrete 
impacted by a steel impactor is given. In the 
figure, the first part that seems horizontal 
corresponds to the free fall of the impactor 
and has a slope that is very slightly lower than 
gravitational acceleration, due to the friction 
between the impactor and the setup. After the 

free fall part, there is the collision followed by 
wave reverberations that end up at the 
equilibrium of the stress that also corresponds 
to a nearly constant particle velocity. The 
plateau corresponding to this equilibrium state 
is clearly observed in all the tests conducted 
on porous concretes and the normal concrete 
using a steel impactor. The last part of the 
plateau in the figure corresponds to the part, 
at which the impactor hits the protective 
chamber (shown in Figure 1) that has a 
shorter height than the specimen, where the 
particle velocity very rapidly becomes zero.  

Figure 6:. Doppler laser velocimetry signal from a 
drop weight impact test of porous concrete 

Since the particle velocity value that 
corresponds to equilibrium in pressure, i.e. the 
equilibrium velocity, is extracted from the 
very beginning of the plateau, this last portion 
of the data has no significance. Along with 
the raw data that is measured with the 
frequency of 400 kHz, the filtered data with a 
cutoff frequency of 20 kHz is presented in the 
figure. In Figure 6, if the time at which the 
equilibrium velocity is reached after the 
impact is observed, it can be seen that, this 
amount is higher than the amounts of time at 
which the peak forces are reached in the 
studies of very high speed impact testing in 
the literature. This is caused by the low 
impact velocity and therefore the low strain 
rate of the drop weight impact test performed.  
In low velocity impact studies, it was 
presented that the time after impact to reach 
the peak force decreased as the velocity of the 
projectile increased. For velocities varying 
between 26-93 m/sec, the peak force was 
reached at a time range of 0.05-0.60 msec, 
respectively [14,24]. Therefore, the time to 
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reach the equilibrium velocity in the current 
study is consistent with the results presented 
in the related studies. 
To be able to obtain the stress from the 
particle velocity measurements, conservation 
of linear momentum law is used. The 
conservation law is actually the principle 
behind the impedance mismatch calculations 
where the stress is calculated using the 
equilibrium velocity and the slope of the 
Hugoniot of the impactor which is the 
dynamic. According to the conservation 
equation, the pressure P applied to the target 
material is determined by the linear 
momentum transferred by the impactor to the 
target per unit time as shown in Eq. 2   

 8

)0 0 ( i eP P C u uρ− = −                                  (2) 

where, P, P0, ρ0, C, ui and ue are the shock 
pressure, initial pressure, initial density, wave 
velocity, impact velocity and the equilibrium 
velocity, respectively. For shock waves 
travelling in solids, the shock pressure P is 
much greater than the initial pressure P0, 
which is the ambient atmospheric pressure. 
As the equilibrium in pressure is reached, 
while the stationary target material with zero 
velocity reaches an approximately constant 
particle velocity corresponding to the 
equilibrium in pressure, the impactor with the 
impact velocity decelerates down to the same 
velocity [17]. Therefore, the analyses of the 
particle velocity histories were done by first 
extracting the impact and equilibrium 
velocities from the experimental graph as in 
Figure 6 and then by using those to determine 
the stress through impedance mismatch and 
therefore conservation of linear momentum 
calculations.  
Since the concretes that were tested in the 
experiments have failed, the stress that is 
calculated is the dynamic strength of the 
specimen tested.  The key feature of this 
technique is that the stress is calculated using 
the dynamic impedance properties of only the 
impactor and that the properties of the target 
are not involved in the calculations. 
Therefore, while all the information is 

obtained from the well-defined metal drop 
weight, the target can be an unknown 
material. 

4. RESULTS AND DISCUSSION 
In the tests, the particle velocity histories 
were measured for a total of nine different 
types of porous concretes and one mixture of 
normal concrete.  

4.1. Impact test results of porous concretes 
tested with different impactors 
In the first series of results presented, two 
different types of porous concretes were 
tested by impacting each type with two 
different types of impactors (steel and 
aluminium). The purpose of performing these 
tests was validating the consistency of the 
technique by testing the specimens from the 
same mixture with two different impactors 
having different dynamic impedances. In the 
tests, it was proved that the same dynamic 
strength values are obtained through using 
different impactors as seen in Table 3.  
The averages of the dynamic strength results 
were 26.26 (with a standard deviation (std) of 
2.61 MPa) and 25.48 MPa (std 1.71 MPa) for 
PRC1 tested with steel and aluminium 
impactors, respectively. The average results 
for PRC2 were 21.84 (std 2.22 MPa) and 
22.93 MPa (std 1.29 MPa) again for steel and 
aluminium impactor tests, respectively. The 
results obtained for the same mixture, when 
tested with two impactors having different 
dynamic impedances were consistent for both 
porous concrete mixtures. This validates that 
the measurement principle holds irrespective 
of the type of metal selected for the impactor. 
From the comparison of the test results 
obtained with different impactors, it can be 
said that as the dynamic impedance of the 
impactor increases, equilibrium velocity is 
also higher and the difference between impact 
velocity and the equilibrium velocity is lower.  
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Table 3: Results of impact tests on porous concretes tested with different impactors 

Mixture 
code Impactor Sample no 

Impact 
velocity 
(ui) 
(m/sec) 

Particle 
velocity at 
pressure 
equilibrium 
(ue) 
(m/sec) 

Δ Particle velocity (Δ u) 
(m/sec) 

Dynamic  
strength 
(from Eq. 
2) 
(MPa) 

PRC1 steel 1 4.46 3.90 0.56 25.17 
PRC1 steel 2 4.34 3.72 0.62 27.86 
PRC1 steel 3 4.30 3.67 0.63 28.31 
PRC1 steel 4 4.34 3.73 0.61 27.42 
PRC1 steel 5 4.33 3.84 0.49 22.02 
PRC1 aluminium 1 4.58 2.91 1.67 27.75 
PRC1 aluminium 2 4.59 3.08 1.51 25.09 
PRC1 aluminium 3 4.65 3.13 1.52 25.25 
PRC1 aluminium 4 4.52 2.94 1.58 26.24 
PRC1 aluminium 5 4.56 3.17 1.39 23.09 
PRC2 steel 1 4.43 3.95 0.48 21.57 
PRC2 steel 2 4.40 3.88 0.52 23.37 
PRC2 steel 3 4.47 4.02 0.45 20.22 
PRC2 steel 4 4.49 3.94 0.55 24.72 
PRC2 steel 5 4.55 4.12 0.43 19.33 
PRC2 aluminium 1 4.46 3.03 1.43 24.19 
PRC2 aluminium 2 4.49 3.07 1.42 23.56 
PRC2 aluminium 3 4.54 3.28 1.26 20.85 
PRC2 aluminium 4 4.34 2.93 1.41 23.43 
PRC2 aluminium 5 4.41 3.11 1.30 22.63 
  

Table 4: Results of the impact tests conducted on different types of porous concretes 

Mixture 
code Impactor 

Dynamic strength 
(calculated using Eq. 2)  

(MPa) 

 
Porosity 

(%) 
 

Average 
dynamic 
strength 
(MPa) 

Average 
static  

compressive 
 strength  
(MPa) 

DIF 

PRC1 steel 25.17 27.86 28.31 27.42 22.02 24.75 26.26 15.94 1.60
PRC2 steel 21.57 23.37 20.22 24.72 19.33 - 21.84 13.09 1.73
PRC3 steel 68.76 66.07 67.41 66.97 63.37 21.78 66.52 34.78 1.91
PRC4 steel 73.30 79.59 75.86 76.09 79.05 20.33 76.78 41.89 1.83
PRC5 steel 84.81 80.72 81.21 96.40 86.79 18.77 85.99 50.49 1.70
PRC6 steel 60.63 53.84 60.36 48.27 58.02 17.93 56.22 29.64 1.90
PRC7 steel 55.91 59.64 53.75 45.66 50.47 21.98 53.09 31.60 1.68
PRC8 steel 79.41 81.44 83.28 74.63 - 20.12 79.69 44.81 1.78
PRC9 steel 75.86 90.25 77.93 93.89 83.91 18.63 84.37 48.80 1.73

 

4.2. Impact test results of different types of 
porous concretes 
According to the results obtained, the 
aggregate properties and compactive effort are 

the main factors that affect the dynamic 
performance of porous concrete. The results of 
the porous concrete tests are presented in 
Table 4. When mixtures containing different 

1 
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shapes and types of aggregates are compared, 
it is seen that increased texture and angularity 
contribute to porous concrete. When two sizes 
of aggregates were used instead of using single 
sized aggregates, the dynamic strengths of 
porous concretes as well as their static 
strengths increased. This is due to the 
aggregates having different sizes showing a 
more efficient packing.  
Compaction is a factor that has a very 
important effect on the strength properties 
because it directly affects the porosity. As 
intensive compaction enhances the strength 
properties, insufficient compaction caused a 
drastic decrease in both the static and the 
dynamic strengths. While aggregate properties 
drastically affect the strength properties, 
changing the cement paste composition did not 
have a very significant effect on the dynamic 
strengths of the samples. 

4.3  Impact test results of a moderate 
strength normal concrete 
To be able to verify whether the experimental 
technique can be used for a moderate strength 
normal concrete or not, tests were also 
performed on a normal concrete. As in the 
impact tests of porous concrete samples, in 
normal concrete testing, the plateau was very 
clearly observed and the samples were 
completely fractured during the test. The 
results of the tests conducted on the normal 
concrete are presented in Table 5. 

Table 5: Results of the impact tests conducted on 
normal concrete

Test 
no 

Impact 
velocity 
(m/sec) 

Equilibrium 
velocity 
(m/sec) 

Dynamic Strength 
(from Eq. 2) 

(MPa) 
1 4.29 1.34 60.22 
2 4.36 1.29 57.98 
3 4.08 1.25 56.18 
4 4.38 1.39 62.47 
5 4.34 1.23 55.28 
6 4.29 1.27 57.08 
7 4.35 1.26 56.63 

The average of the drop weight impact 
strength results obtained from the testing of 
normal concrete was 57.97 MPa while the 

average static strength of the samples from the 
same concrete mixture was 26.44 MPa which 
corresponds to a dynamic increase factor (ratio 
of the dynamic material strength to static 
strength) of 2.19. Dynamic increase factor, 
DIF, has widely been used as an indication of 
the effect of strain rate, ��, on the strength of 
cementitious materials. The relation between 
DIF and the strain-rate in concrete was 
investigated by CEB where DIF formulas for 
concrete (Eq. 3) were recommended in which 
a bilinear relation between DIF and log � �with 
a breakpoint at the strain rate of 30 sec-1 was 
de d  25]fine  [ .  

��� � ���
���

� � ��
� ��
�
�.�����

  (for  ��  � 30 sec-1) 
and                                                                 (3) 

��� � �� �
��
���
�
���

  (for  � � � 30 sec-1) 

where fcd and fcs are the uniaxial dynamic and 
quasi-static compressive strengths, 
respectively. In the equations, ���  = 30 x 10-6s-1, 
��= 10(6.156αs-2.0), αs= 1/(5 + 9fcs/fco), 
fco=10MPa. At the strain rate of 68 sec-1, the 
DIF value is calculated to be 2.15 according to 
Eq. 3 which is very close to the value of 2.19 
that was obtained experimentally for normal 
concrete. The DIF value obtained for normal 
concrete is also consistent with the widely 
referenced review on the effect of strain rate 
conducted by Bischoff and Perry [26]. Recent 
research led to various models and updates for 
the CEB formula, while for the moderate 
strength increase regime, the overall order of 
magnitude is still valid [27]. 

4. CONCLUSIONS 
 In the research presented in this study, the 
experimental configuration that has been 
developed for the determination of the 
dynamic response of porous concretes in a 
drop weight impact test was described. The 
results of the drop weight impact tests 
conducted on different types of porous 
concretes and a moderate strength normal 
concrete were also presented. The main 
features of the work can be summarized as 
follows: 
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-The motion of the interface, i.e. the particle 
velocity at the interface between the impactor 
and the concrete specimen, could be monitored 
accurately by using the experimental 
configuration introduced. Laser Doppler 
Velocimetry technique was used for 
monitoring the particle velocity at the 
interface. 
- The velocity measurements were analyzed 
using a special reverberation application of the 
impedance mismatch method.  
- The measurement technique was proven to 
be consistent by testing the same type of 
porous concrete specimens using both steel 
and aluminium impactors. Although the 
dynamic impedance of the impactor was 
varied, the same stress results were obtained. 
- The testing technique was applied on porous 
concretes having different dynamic strengths 
and was proven to be sufficient in testing 
porous concrete. It was also validated that the 
measurement technique could be used on 
normal concrete as well, provided that a high 
dynamic impedance impactor such as steel is 
used in testing. 
- The testing configuration can be used to test 
a large number of samples in a short time and 
it is a non-contact monitoring method where 
no sensors are installed.  
- The experimental configuration and the 
subsequent analysis technique also has the 
advantage of involving only the well known 
dynamic impedance properties and the 
velocity measurements of the impactor, while 
the target specimen that is tested is not directly 
involved in the measurements or the analysis. 
- According to the porous concrete test results 
obtained, the aggregate properties, such as 
grading, size, shape, texture and strength, and 
compactive effort are the main factors that 
affect the dynamic performance of porous 
concrete while cement paste properties were 
not as effective. 
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Abstract: This paper is a contribution to the material description of Ultra High Performance Concrete 
(UHPC) at high-speed dynamic loading conditions. Based on a series of Hopkinson-Bar experiments, 
dynamical material parameters such as the Tensile Strength, Young’s Modulus and Fracture Energy are 
determined at high strain rates of 102 s–1. A comparison with the results of these parameters for normal and 
high strength concretes leads to a qualitative and quantitative description of UHPC at high strain rates. 
Differences in macroscopic strain-rate-effects occur due to a significantly reduced amount of the moisture 
effect (reduced capillary pores) on the one side and a different relation of aggregate to grout strength for 
UHPC on the other side (section 1). 

Based on the experimentally determined Fracture Energy and Stress-Crack-Opening-Relation a material 
model for UHPC at high strain-rates is postulated by extending the established RHT concrete damage model 
with a new fracture mechanical damage law (section 2). Numerical hydrocode simulations of the Hopkinson-
Bar Experiments are presented to proof the evidence of the concrete model for a one-dimensional wave 
propagation problem. Furthermore a series of impact experiments on rebar reinforced UHPC plates with 
more complex three-dimensional wave propagation show a satisfying accuracy of the new fracture mechanic 
concrete model even for more complex failure mechanisms from cracking of the concrete to perforation of 
aircraft engine missiles at high strain rates (section 3). 

1. EXPERIMENTS ON UHPC AT HIGH 
STRAIN RATES IN TENSION 

There is currently no experimentally 
substantiated basis available for the strength 
description of the material UHPC under high-
speed dynamic loading. For normal-strength 
concrete, in contrast, there are numerous 
experimental results and mechanical models 
[1-10]. Further authors [11-14] have 

investigated high-strength and normal-strength 
fiber reinforced concretes with varied fiber 
contents. The strain-rate-dependent strength 
increase is often applied as a ratio of the 
dynamic to static strength and described 
internationally as “dynamic increase factor, 
DIF”. Figure 1 shows experimentally 
determined values for the strain-rate-
dependent tension strength of normal-strength 
concrete. All the experiments carried out have 
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in common a significant and from 11 sε −≥

over-proportionally increasing effect of strain 
rate on the tension strength which is dedicated 
to a limited crack-opening velocity in the 
evoluation of cracks [1,15]. An analogous 
conclusion from normal concrete to UHPC is, 
however, not possible without further 
experimental data, because significant 
differences have already been determined for 
high-strength concretes [1,16-19].  

Figure 1: Dynamic increase factor (DIF ft) for the 
tension strength of various concretes [20] 

Lok [13] and Schuler [19] investigate the 
influence of increasing compression strength 
and the fibers [11,13,14] on the dynamic 
tension-bearing properties of high-strength 
concrete through the use of Hopkinson-bar 
spallation experiments under strain rates of 101

to 102 s-1. The results are shown in Figure 2. 

Figure 2: Dynamic Increase Factor (DIF ft) for the 
tension strength of various high-strength concretes [20] 

Possible causes for the observed strain-rate-
dependent strength behavior of high-strength 
and ultra-high-strength concretes can be 
described with the following hypotheses: 

• With the alterations to the material 
composition, the essential failure mechanism 
changes. Instead of the failure of the contact 
surface of matrix and aggregate, the aggregate 
grains themselves increasingly fail. This 
effect, which is given in [1] as one of the 
causes for the strength increase for normal 
concretes, already occurs in high-strength 
concretes under static conditions, and therefore 
does not lead to a further increase of strength 
under higher loading velocities. Proof of this is 
delivered by Ortlepp in [18]. His fractal 
analyses show the considerably altered failure 
surface in comparison to normal concrete and 
point to another, more finely distributed 
cracking behavior. 
• The tension strength-increasing effect 
of pore water described by Rossi et al. [22,23] 
and Ross et al. [6], called the Stefan effect, 
reduces with the reduced porosity in high-
strength concretes (see Figure 3). 

Figure 3: Porosity of C30/C60 and UHFB mixture 
[21] 

• Inertia effects in crack evolution which 
determine the second steep increase in the DIF 
are driven by tension failure mechanism in 
fibrous materials. The crack process is 
presumably determined by the fiber bond and 
fiber failure strength rather than aggregate 
interlock effects in plain concrete. 

Experimental program – Static Tests 
For a reference UHPC-mixture, static 

experiments are performed to determine the 
uniaxial compression strength, uniaxial tension 
strength, Young’s modulus and fracture 
energy. The mixture recipes used for UHPC 
are B4Q and B5Q [24]. The fiber content in 
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the UHPC-mixture varies between 1.0 % vol. 
and 2.5 % vol. The fibers used are micro-fibers 
with an l/d ratio of 9 mm/ 0.15 mm, for which 
extensive static investigations with UHPC are 
available for reference [24,25,26]. To 
determine the influence of the fibers, a 
reference mixture without fibers is also used. 

In order to make the results as comparable 
as possible, specimens are made from one mix 
with 0 % vol., 1.0 % vol. and 2.5 % vol. 
Cubes, cylinders and prisms are formed 
individually. The Hopkinson-bar cylinders are 
drilled out of a panel with dimensions of 
600/600/320 mm as drill cores. In order to 
reduce the influence of the aligned fiber 
orientation at the base of the formwork, the 
ends of the drill core are shortened by 35 mm 
at each end and ground parallel (Figure 4). 

Figure 4: Drill core removal for specimen for the 
Hopkinson-bar experiments taken from the central 

section of a conventionally cast UHPC panel to avoid 
edge influence [20]

The cube compression strength increases 
considerably with increasing fiber content. The 
increase of strength due to the fibers of 15 % 
at 2.5 % vol. fiber content, which was 
observed by Fehling [24], is exceeded. This 
effect can also be observed in the cylinder 
compression strength experiments, where the 
average compression strength of the reference 
mix without fibers is 152.9 N/mm², with 1 % 
vol. fibers 173.3 N/mm² and with 2.5 % vol. 
fibers 208.1 N/mm². 

The tension strength increases from 6.0 
N/mm² to 6.6 N/mm² with 1 % vol. fiber 
content and to 9.4 N/mm² with 2.5 % vol. fiber 
content. In this case, the matrix tension 
strength defines the fracture state at a fiber 
content of 0 % vol. or 1 % vol., respectively, 
while at a fiber content of 2.5 % vol., the fiber 
effectiveness leads to a further increase of load 

and thus to a higher fracture stress. The 
observation by Leutbecher [25], that 
strengthening behavior due to the fiber using 
short micro-fibers 9 mm/0.15 mm only occurs 
at fiber contents of more than 1 % vol., could 
be confirmed in the tension experiments.  

Figure 5 shows an example of an 
experimentally determined stress-crack 
opening relationship against the calculation 
law according to Leutbecher [25]. The 
experimental results can be repeated as a good 
approximation with the aid of Equations (1) 
and (2). 
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The initial parameters used in Equation 1 
are shown and explained in Table 1. The fiber 
pull-out from the UHPC is dependent on the 
fiber content ρf, on the bond between fiber and 
UHPC matrix expressed through the bonding 
stress τf and the surface of the fiber (lf and df) 
and the Young’s modulus of the fibers Ef. The 
achievable fiber effectiveness is dominated by 
the sample-specific fiber-orientation 
coefficient η and the fiber effectiveness 
coefficient g. 

The fracture energy corresponds to the area 
under the stress-crack opening curve in Figure 
5. It can be obtained directly by the summation 
of the stress increments from the direct tension 
tests. The values lie according to expectations 
about two orders of magnitude over the values 
for normal concrete (without fibers) and 
increase again considerably with increasing 
fiber content from 10,290 N/m to 13,935 N/m. 

6 drill cores

60

32 25 32

3.5

3.5

Shortened + ground parallel
Concreting direction

Shortened + ground parallel
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Table 1: Values for the calculated determination of the softening curve for UHPC [28] 
Value Unit 

Fiber content ρf 2.5 [% vol.] 

Young’s modulus of fibers Ef 200,000 [N/mm²] 

Bonding stress of fibers τf 11 [N/mm²] 

Diameter df 0.15 [mm] 

Length lf 9 [mm] 

Fiber orientation coefficient η 0.771 [-] 

Fiber effectiveness coefficient g 1 [-] 

Fracture surface ARiss 1028 [mm²] 

Figure 5: Example of a stress-crack opening relationship in the experiment with 2.5 % vol. fibers (black) in comparison 
with the calculated softening curve according to Equations (1), (2) (red). [28] 
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Figure 6: Sequence of pictures of a UHPC specimen for strength determination in the Hopkinson-bar spallation 
experiment. [28] 

Table 2: Results from the Split-Hopkinson-Bar Experiments for UHPC for tension strength [28] 

No. ρf fc,stat ft,stat ft,dyn Strainrate DIFft DIFft Deviation CEB/Exp.
[-] [Vol.-%] [MN/m²] [MN/m²] [MN/m²] [1/s] Experiment CEB-FIP 90 [%] 
1 0 152,9 8,6 41,1 103 4,8 5,2 9 
2 0 152,9 8,6 38,5 114 4,5 5,4 21 
3 0 152,9 8,6 46,2 122 5,4 5,6 3 
4 0 152,9 8,6 40,6 103 4,7 5,2 11 
5 0 152,9 8,6 39,1 114 4,6 5,4 19 
6 0 152,9 8,6 38,9 111 4,5 5,4 19 
7 1 173,3 9,3 41,8 111 4,5 5,3 18 
8 1 173,3 9,3 47,2 164 5,1 6,0 19 
9 1 173,3 9,3 39,1 115 4,2 5,4 28 

10 1 173,3 9,3 42,9 129 4,6 5,6 21 
11 2,5 208,1 10,5 51,2 132 4,9 5,5 14 
12 2,5 208,1 10,5 53,8 148 5,1 5,7 12 
13 2,5 208,1 10,5 60,9 156 5,8 5,9 2 

Table 3: Results from the Split-Hopkoinson-Bar Experiments for UHPC (Mean Values) [28] 

Dyn. Young´s 
Modulus 

Dyn. Tensile 
Strength 

Dyn. Fracture 
Energy (specific) 

Mixture,Fibres/Unit [N/mm²] [N/mm²] [N/m] 
B4Q 0,0 Vol.-% 50600 40,7 - 
B4Q 1,0 Vol.-% 53100 42,7 10070 
B5Q 2,5 Vol.-% 56600 55,3 11290 
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Hopkinson-Bar Spallation Experiments
The dynamic material experiments 

performed with UHPC samples are described 
as spallation experiments [3, 29, 7, 19]. This 
method can be used to determine the dynamic 
tension strength, the dynamic Young’s 
modulus and the dynamic fracture energy. The 
experimental configuration is according to 
Schuler and his work should be referred to for 
the detailed description of the method and the 
evaluation scheme (Example of an experiment 
see Figure 6).

The strength increase under dynamic 
loading is given by the dimensionless dynamic 
load increase factor DIF (dynamic increase 
factor) as a function of the strain rate.  

Figure 7: Dynamic Increase Factor (DIFft) for the 
tension strength of different concretes and UHPC in 

comparison [19,28] 

With the increase of strain rate, the strength 
under tension loading also increases 
significantly. The increase is less pronounced 
with increasing concrete strength. (Fig. 7,8) 

Figure 8: DIF ft for UHPC specimens compared to the 

experiments of other authors on high-strength concretes 
and regression according to modified CEB law [28,30] 

The calculation method according to 
Malvar et al. [31], which is used for example 
in [30], allows for the consideration of the 
concrete compression strength class, but shows 
an overestimation of the calculated value for 
experiments with UHPC in the strain rate zone 
of 1 1100 150 s sε − −≈ − . The increase of tension 
strength is overestimated by an average of 15 
% with values of 5.2 to 5.9 compared to the 
experimental values of 4.2 to 5.8. Table 2 
shows the strength overestimation for all the 
individual results of the performed 
experimental series, as absolute values and as 
percentages. The initially formulated 
hypotheses about the behavior of UHPC under 
high strain rates can be indirectly confirmed 
by the results and are now evaluated 
individually using experimental observations. 
In addition to these values, the fracture 
surfaces are analyzed with optical and light 
microscopic pictures in order to be able to 
draw more conclusions about the failure 
behavior. 

Figure 9: Fracture surface of UHPC after spallation 
[28]

• The fracture surface runs through the 
matrix and the aggregate grains in equal 
measure. Bypassing, i.e. failure in the contact 
zone between aggregate and matrix, as is 
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observed with normal concrete, does not 
occur. A strength increase under dynamic 
loading based on this effect cannot therefore 
be assumed mechanically. This observation 
agrees with the observations of [18] and [19] 
on high-strength concrete.
• The low porosity reduces the influence 
of the so-called Stefan effect on the dynamic 
strength increase (Figure 3). With the lower 
porosity, the influence of the cohesive effect of 
the free pore water reduces and thus reduces 
the strength increase under rapid loading.

Two essential hypotheses described in 
section 1 for a different strength and fracture 
behavior can be qualitatively confirmed 
through the experimental series. Based on the 
observations of other authors [6,10,18,22,23], 
it can be shown that the material properties of 
UHPC (reduced porosity, changed failure 
mechanism) tend to reduce the dynamic 
strength increase. The inertia effects in crack 
evolution however still dominate the DIF in 
the experimentally examined strain rate 
regime. The situation is illustrated in Figure 
10. It should be noted that this macroscopic 
observation should be handled carefully in 
material models to avoid doubling of 
considered inertia effects (e.g. in dynamic 
calculations).  

Figure 10: Causes of the strain rate effect DIF ft with 
increasing matrix strength and simultaneously 

reducing porosity (Stefan effect) [28]

To analyze the influence of the fibers on the 
tension-bearing behavior, the experimental 
results for UHPC are compared with other 
experimental results [11-14] on concretes with 
variable fiber content. An analysis of the 
fracture surface regarding the dominant fiber 
failure delivers further information about the 
contribution of the fibers to the load increase 
under strain rate influence. Using light 
microscope analyses, it was possible to 
demonstrate that the failure of the bond 
between fiber and matrix is decisive. Fiber 
cross-sections reduced through plastic 
deformation were not observed. 

Figure 11: DIF ft for UHPC specimen in comparison 
to experiments from other authors with fiber 

concretes [28]

If the results for UHPC are compared with 
the results from other authors for fiber 
concrete, then this also shows a significant 
DIF for all configurations (Figure 11). With 
increasing fiber content, the dynamic tension 
strength also increases considerably (41 
N/mm² to 53 N/mm²), so that the strain rate 
influence, as suspected, is present in the same 
way for the tension strength. At the same time, 
however, it is also noticeable that there is 
clearly no additional over-proportional 
increase of DIF between the UHPC specimen 
with and without fibers, as observed, for 
example, by Lok [12,13]. 

Dynamic fracture energy 
The static fracture energy increases 

considerably with increasing fiber content 
from 10,290 N/m to 13,935 N/m. The dynamic 
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fracture energy also reaches values of 10,070 
N/m and 11,290 N/m. Considering the 
relatively small number of samples, no 
tendency for the strain rate effect is clearly 
identifiable. Further experiments, which are 
being carried out in a parallel project at the 
Fraunhofer EMI, should deliver information 
about this tendency and its possible 
mechanical causes. 

Dynamic softening hypothesis 
The softening curve for fiber-reinforced 

UHPC cannot be directly measured from the 
spallation experiments. Nonetheless, a 
functional relationship can be proposed 
indirectly using the measured values and the 
known physical mechanisms, making use of 
the following constraints: 

i. Edyn ~ Estat (Table 3). → The increase 
of the stress-strain relationship in the 
elastic zone has the same gradient 
under dynamic loading as under static 
conditions. 

ii. At high strain rates, the dynamic 
tension strength of the material 
increases (Tables 2, 3). → The strain 
rate effect observed with normal- and 
high-strength concretes also occurs 
with UHPC. A distinction between 
matrix tension strength and fiber 
effectiveness is not undertaken for the 
proposed softening hypothesis. 

iii. The fibers are pulled out of the matrix, 
no fiber tearing is observed (Figure 9). 
→ The bonding stress determines the 
softening behavior as the governing 
parameter. This conclusion implies that 
the end point of the softening curve, as 
with static experiments at wmax = lf/2, 
must be reached on the abscissa. 

iv. The dynamic fracture energy 
corresponds approximately to the static 
fracture energy for fiber UHPC. →
Together with the already described 
observations, the dynamic softening 
curve lies only slightly below the static 

softening curve and thus approximately 
congruent. A further proof of this 
important final conclusion is the 
experimental results from Pedersen et 
al. [10,32], which demonstrate the 
congruence of the static and dynamic 
softening curves at comparable strain 
rates of approx. ε  102 for normal 
concrete in similar form. 

The resulting curve of the thus postulated 
softening curve is shown in Figure 12 as a 
synthesis of i. to iv. It is used in the material 
model for UHPC, described in Section 2. 

Figure 12: Illustration of the synthesis to the curve of 
the softening function for UHPC under dynamic 

loading (dashed curve) [28]

The link between the experimental stress-
crack opening relationship and the plastic 
cracking strain increments resulting from the 
finite element calculations is made through the 
coupling in the damage description via 
Equations (1) and (2). 

2. EXTENDED CONSTITUTIVE MODEL 
FOR UHPC 

When wave propagation specifica and large 
distortions are dominating the structural 
response at high-speed dynamic loading such 
phenomena are often modeled in explicite 
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Hydrocode simulations. In Hydrocode 
simulations the numerical solution is obtained 
by an explicite time step calculation where the 
equation of state is combined with the 
constitutive material law [33] as a supplement 
equation to the equilibrium of mass, 
momentum and energy. A benefit of this 
technique is the consideration of shock waves 
in high-speed dynamic processes. The one-
dimensional SHB experiments are simulated 
using the continous Finite-Element technique 
to compare the assumptions of a macro-
mechanical UHPC constitutive law. The model 
is subsequently used to develop and support a 
series of impact tests which were recently 
conducted and published in [34]. 

The parameters for the elasticity-, failure- 
and damage-surfaces (see Figure 13 and 
Equation (3)) in the stress-based material 
formulation for UHPC are taken from a 
literature review of recent quasi-static 
experiments [21, 25-28,29,35] calibrated for 
own quasi-static experiments which were 
conducted in parallel to the SHB tests using 
equivalent mixture and concreting. The UHPC 
model has a modular configuration based on 
the uniaxial stress strain relations under 
compression and tension. Based on this the 
commonly spread RHT concrete model for 
hydrocode simulations [36-41] is extended for 
fiber reinforced UHPC by the crack softening 
relation obtained in quasi-static tensile tests 
(fig. 5) using a simplified crack band width of 
2•lf. The importance of this extension is 
emphasized by Leppänen in [41].  

The strainrate effect observed in the SHB 
experiments is considered by using the 
modified CEB-formulation proposed by 
Malvar et al. [31] as the comparison with the 
experimental results show a satisfying 
accuracy for dynamic tensile strength. 
However only the first branch of the 
description is implemented in the 
constitutively law as physical effects of porous 
viscosity and mesomechanical failure could be 
confirmed indirectly by the UHPC SHB 
experiments as described in section 1 (Eq. (4)). 
For strainrates higher than dε/dt = 1s-1 the 
hydrocode simulation implicitly considers for 
local and nonlocal mass inertia effects 

resulting in a delayed crack evolution at higher 
strainrates so that the second branch of the 
CEB formulation is obsolete  as observed in 
[15].  
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In addition to the three failure surface 
model large hydrostatic pressures are 
considered by an equation of state for UHPC. 
Hydrostatic compaction of concrete based 
materials can be described by a p-α-EOS in the 
pressure-density-energy relation (Eq. (5), (6)). 
UHPC is decomposed into the basic material 
sources to derive the p-α-EOS with the help of 
the Hugoniot Mixture Rule [42]. 
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Figure 13: Three failure surfaces in the-RHT concrete 
model: Elasticity, Failure and Damage [34, 35] 
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4. NUMERICAL APPLICATION:           
FE-HYDROCODE SIMULATIONS 
Hopkinson-Bar experiments 

The calculation of the Split-Hopkinson-bar 
(SHB) experiments is performed with the 
measured speed constraints from the 
experiments, which can be determined from 
the strain measurement at the last 
measurement point on the input bar and the 
sound wave speed. The discretization is done 
with volume elements as 3-D cylinders with an 
element length of 5 mm.  

The following illustrations (Figure 14) 
show as examples an experiment for a very 
brittle UHPC without fibers (left) and an 
experiment on a fiber-reinforced UHPC 
(right). 

Figure 14: Numerical simulation results for Hopkinson-
bar spallation experiments with the extended RHT-

model for UHPC compared to the experimental results, 
loading direction from the left of the picture. [28]

Despite the relatively course and non-adaptive 
discretization – the element edge length of 5 
mm is many times the crack opening – the 
element, in which the fracture occurs, can be 
clearly localized in both cases. For the 
pronounced multiple cracking of the brittle 
material without fibers (left), a Fourier 
analysis delivers information about the 
location of the initial crack, which is at the 
same location as in the segmented illustration 
calculated in Figure 14 (bottom). 

Plate impact experiments 
The comparison of predictive numerical 

simulations and scaled experimental 
investigations of rebar reinforced UHPC plates 
subjected to mechanical impact of aircraft 
engines [34,43] show a satisfying correlation 
(Figure 15). At a relevant aircraft impact 
velocity of 200 – 260 m/s a representative 
UHPC core segment shows only minor front 
side damage and rear side hairline cracks. The 
experiments 1,2 and 5 (Figure 15) have been 
conducted in this velocity regime. The 
ultimate loading capacity (ballistic limit) of the 
wall is reached at 320 m/s far higher than the 
maximum impact velocity. Please note that the 
bearing mechanism changes from the 
material´s shear strength to the reinforcement 
membrane resistance as illustrated by the 
predictive numerical simulation and the 
experimental validation No. 3 respectively. 
Within this failure process large deformations 
occur before the material fails either in steel or 
concrete strain failure. A further increase of 
impact velocity finally leads to a perforation of 
the wall (Experiments No. 4, 6) with a residual 
velocity of the aircraft engine of 11 – 16m/s. 
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Figure 15: Numerical simulation results for UHPC plates subjected aircraft engine impact at different impact velocities 
[43] 

CONCLUSION 
The strainrate-effect observed for normal-

strength concretes can be confirmed for the 
fiber reinforced Ultra-High-Performance 
Concrete by a series of Hopkinson-Bar 
spallation experiments. The significantly 
reduced amount of free water due the low 
capilar porosity of the material leads to a 
reduced dynamic tension strength. 
Furthermore a comparison of fracture surfaces 
under statical and dynamical failure shows a 
clear difference in failure to normal concrete 
where aggregates tend to fail with increasing 
loading rate. Both effects lead to a reduced 
dynamic increase factor for tension strength 
with increasing strength. For high strain rates 
however experimentally observed inertia 
effects in crack evolution still have the largest 
contribution to the macroscopic dynamic 
tension strength. 

In a synthesis of the experimentally 
obtained static and dynamic tension strength, 
fracture energy, Young´s modulus and fracture 
surfaces a stress-crack-opening relation is 
postulated and implemented in the RHT 
concrete Model. With the extension of this 
established concrete model by the obtained 
stress-crack-opening-damage-law Hopkinson-
Βar experiments and more complex plate-
impact experiments are simulated using FE-
Hydrocode calculations. The good accuracy of 
the obtained results indicate that the dynamic 
tensile strength and the softening (damage) 
law are the most relevant fracture mechanical 
material properties for fiber reinforced UHPC 
at high strain rates. 
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Abstract: For  the  modeling  of  reinforced  concrete  structures  under  quasi-static,  dynamic  and  
impulsive loading different approaches are commonly used within the analysis, such as the Single 
Degree Of Freedom (SDOF) approach, finite element methods using implicit or explicit methods 
and hydrocode simulations. The proposed paper sates the possibility for the description of the 
structural dynamic behavior of reinforced concrete using two different SDOF Method based  on  
experimental  shock  tube  tests  on  single-span  reinforced  concrete-slabs  and analyses their 
applicability regarding plastic hinge formation.  Furthermore studies on the effects of preloading for 
a representative structural element will be carried out, which allow for an indication of the influence 
of preload on the dynamic resistance of structural elements.  This  will  help  to  analyse  reinforced  
concrete  from  the  quasi-static  to  the  dynamic  and impulsive domain of response at different 
loading rates under preloaded conditions. 

1 INTRODUCTION 
Modelling of reinforced concrete structures 

under accidental load cases, such as explosion, 
impact or fires, requires precise state of the art 
approaches to describe the structure under 
regular and accidental loading conditions.  

Different approaches are applicable for the 
description of reinforced concrete under static 
and dynamic loading such as single degree of 
freedom (SDOF) or finite element methods 
(FEM). 

These approaches may differ in their level 
of description and complexity but need to be 
able to describe the nonlinear behaviour of 
reinforced concrete structures accurately. 

For an accurate description of dynamic 
problems these methods should be capable of 
describing the structural behaviour within the 
dynamic but also in the static domain as 
preload may influence the results. An 
indication of the impact of preload has been 
given by Riedel [1] and Krauthammer [2].   

Figure 1: Approaches for the description non-linear 
description of reinforced concrete members. 

The represented paper will describe the 
commonly used SDOF approaches on the 
cross-sectional and structural element level 
according to the UFC–3-340 [3] for the 
description of dynamic loads (chapter 2) and 
show their applicability on shock tube 
experiments on reinforced concrete plates 
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(chapter 3). Further on effects of transverse 
preload will be discussed in (chapter 4) and 
magnitudes presented for the impact of preload 
on the dynamic resistance using PI-curves. In 
addition to the SDOF-Method the application 
of hydrocode simulations for the description of 
the dynamic behaviour of reincorced concrete 
and effects of preload are shown. As the 
hydrocode method will be used in the future 
for deriving aspects of preload on high-speed 
dynamic loads and may therefore be used as 
general methodology for the description of 
preloaded reinforced concrete members under 
dynamic as well as high-speed dynamic 
loadings. 

2 SDOF METHOD 
The SDOF-Method is a widely used 

method for the analysis and design of 
members subjected to dynamic loads. The 
method may be used for the evaluation of the 
response of structures or structural members 
subjected to earthquakes [4, 5], explosions [6, 
7] or impact [8].  

Like for most dynamic problems the 
concept of the SDOF arises from the necessity 
of solving the equation of motion. The SODF 
relates the answer of the structural member to 
one shape function ϕ(x), wherefore the 
displacement of the overall system w(x,t) is 
described by one degree of freedom (1). 

)()(),( tuxtxw ⋅= φ (1)

Therefore the equation of motion of the 
overall of the system can be described by one 
freedom u solely [3, 6, 7, 9]. 

)()( tFuRuMklm =+⋅⋅ &&

)()( tFuRuM E =+⋅ && (2)

The effective mass ME is calculated 
according to the variation principles [9, 10] to 
ensure equilibrium of internal, kinetic and 
potential energy of the system. The value of 
the load-mass factor klm depends on the 
assumed shape function. Values for different 

static systems are given in [3].  

With mass and load acting on the structure 
known the definition of the load deflection 
characteristic of the structural member is 
essential for the application of the SDOF 
method.  

Figure 2: Transformation of Structural System to a 
SDOF. 

For reinforced concrete section the load 
resistance curves needs to be calculated in a 
way, such that the non-linear structural 
behaviour of the reinforced concrete can be 
described accurately. This includes the elastic 
response (phase I), the development of cracks 
(phase II) and the development of plasticity 
due to the yielding of the reinforcement (phase 
III) up to failure due to rapture of the 
reinforcement or crushing of the concrete [11].  

Two approaches are hereby feasible: The 
description on the structural element level 
based on theory of plasticity or on the cross-
sectional level. Whereby the structural element 
approach is a simplification of the cross-
sectional approach as shown in the following.  
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CROSS-SECTIONAL APPROACH 

The cross-sectional approach is based on 
the moment-curvature-relationship using the 
thesis of Navier-Bernoulli, which states that 
for beams, thin plates and shells the strain 
distribution over the depth of beams remains 
linear and hence the curvature constant.  

The validity of this thesis for the elastic and 
plastic behaviour of RC-Beams has been 
shown in many experiments i.e. by Dilger and 
Leonhard [11, 12].  

 Therefore for given axial and bending 
loads the strain distribution of the crosssection 
can be found iteratively satisfying equilibrium 
between the forces (N and M) and the stresses 
using uniaxial stress-strain relationships, see 
Eq. 3 and Figure 3. 

Ndzbz
h

=⋅⋅∫
0

)(σ

Mdzbzz
h

=⋅⋅⋅∫
0

)(σ (3)

Figure 3: Stress-Strain Relationship for a 
Reinforced Concrete Section under bending.  

Hereby the bound of concrete and 
reinforcement between the cracks, known as 
tension stiffening, should be taken into 
account as otherwise the maximum 
displacement will be overestimated leading to 
an overestimation of the strain energy. 
Approaches for considering tension stiffening 
are given in [13].  
  

The average trilinear Moment-Curvatrue 
can be calculated according to the following 
steps: 

1. Evaluation of the maximum elastic 
Moment (Mcr) and curvature (κcr) until 
cracking of the concrete occurs and 

calculation of the average tension 
stiffening. 

2. Evaluation of yield Moment (My) and 
curvature (κy) for steel strain equal to εsy

and the related average yield curvature 
by iteration over the cross section 
satisfying Eq. 3.  

3. Ultimate Moment (Mu) and (κu) 
curvature defined by crushing of the 
concrete (εcu) or rupture of the 
reinforcement (εsu) and the related 
average ultimate curvature by iteration 
over the cross section satisfying Eq. 3.  

Figure 4: Schematic Moment-Curvature 
Relationship including tension stiffening. 

From the moment curvature relationship the 
displacement for a given loading can be 
derived under respect to the given boundaries 
by double integration. Hence the displacement 
at mid-span for a singled supported beam can 
be derived from the curvature of the given 
moment distribution. 

  

STURCTURAL ELEMENT APPROACH 

The structural element approach defines the 
resistance on the structural level and is based 
on plastic limit analysis. As the original plastic 
limit analysis assumes infinite rotation of the 
plastic hinges, no conclusions can be drawn 
for the displacement. For static problems the 
displacement is of minor interest as only the 
limit load needs to be known. However for 
dynamic problems the ultimate displacement is 
necessary as the maximum strain energy of the 
member needs to be derived exactly [1, 4, 9].  
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Figure 5: Hinge Definition according to [9]    

This issue has been solved by the definition 
of limits for the support rotation. The UFC 3-
340-02 [9] recommends a value of 2° for 
regular design purposes, where crushing of the 
concrete is unfeasible.  

The definition of a maximum rotation has a 
direct impact on the dynamic response results 
as the rotation defines the maximum 
displacement and hence also the strain energy 
S.E. of the system. 

∫= duurES )(.. (5)

As the strain energy defines the dynamic 
resistance in the impulsive and dynamic 
domain of response it is necessary to derive 
the maximum rotation accurately and therefore 
questionable if a general definition is 
appropriate.  

Figure 6: Schematic Load-Displacement function 
for structural element and crossectional approach. 

Therefore reinforced-concrete elements can 
be designed using elasto-plastic limit analysis. 
With the structural element approach being a 
simplification of the crossectional approach 
(see figure 7) as curvature and plastic hinge 
rotation are directly related. The general 
influences on the rotation capabilities are 
shown within the following. 

HINGE ROTATION 

The rotation is defined by the integration of 
the curvature along a given length of the 
member. For elastic θel and plastic rotation θpl

different definitions can be found i.e. by 
Dilger [11], Bachman [13],  and the CEB [15]. 
These definitions may vary in their description 
of the integration length of the plastic hinge 
and the definition of elastic and plastic 
curvature (figure 7).  

Figure 7: Schematic definition of the elastic rotation 
and plastic rotation from Langer [14]   

But independent from the definition, the 
maximum plastic rotation is defined by two 
main characteristics [15]: 

The Shear Slenderness defines the size of 
the plastic region. Given by the fraction of the 
distance between maximum and zero bending 
moment (≈ M/V), and the effective height of 
the reinforcement within the crosssection d. 
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dV
M ⋅=λ (5)

The Normed Height of Compression Zone 
(ξ) and the ductility of concrete and steel 
define the ductility on the cross sectional level. 
Either by crushing of the concrete (εcu) or 
rupture of the reinforcement (εsu) related to κu 

by equation 6.  

 d)(u ⋅= ξεκ cu concrete failure

d)1(u ⋅−= ξεκ su steel failure (6)

Therefore the maximum plastic rotation is 
limited to reinforcement or concrete failure as 
indicated by figure 9 according to the EC [15]. 

Figure 8: Plastic Rotation limits according to EC for 
λ = 1.0 and reinforcement of Class B (straight line) and 

Class C (dotted line) [15]. 

As stated by figure 9 a general definition of 
a maximum rotation is not possible, as the 
maximum value depends on the height of the 
compression zone which indicates the failure 
mechanism (concrete or steel), the ductility of 
the steel and the size of the plastic region. 
Therefore the total rotation is directly affected 
by the reinforcement ratio, axial loading, 
boundaries and the loading type. This is in 
contrast to the recommendation stated within 
the UFC [9], which defines one general 
rotation limit.  

3 COMPARISON OF SDOF-METHODS 
Based on four shocktube tests on reinforced 

concrete plates the applicability of the FEM 
and SDOF method for the description of 
dynamic loads has been examined. The shock 
tube test where carried out at the Fraunhofer 
EMI (figure 13 and table 1).   

The maximum strain rate observed using 
hydrocode simulations where in the range of 
10-3[1/s]. Therefore the maximum increase of 
the tension strength for the concrete is around 
10% according to [13], therefore the SDOF 
method can be used as the effect of strain rates 
are negligible.

Figure 9: Loading and Dimension of RC-Elements.  

Table 1: Material Properties for Concrete and 
Reinforcement and Loading for Tests G 957-959 

Material Properties 
Concrete – C 50 [23]

Ecm  youngs modulus 38500 [N/mm²] 
fcm   compression 

strength 
58 [N/mm²] 

fct  tension strength1 4,1 [N/mm²] 
Steel

Esm  youngs modulus 210000 [N/mm²] 
fy   yield stress 500 [N/mm²] 
fu  ultimate stress 550 [N/mm²] 

1 
calculated according to CEB[23]

Loading 
 Pr0 [kN/m²] b td [ms] 

G956 53 0.62 21 
G957 105 0.93 29 
G958 152 1.11 37 
G959 202 1.25 42 

dt

tb

d
r e

t

t
p

⋅
−

⋅







−⋅ 10
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  The SDOF analysis states crushing of 
concrete as a failure mechanism as indicated 
by the shape and relatively low ductility of the 
load displacement curve (figure 13).  Both 
displacement curves have been calculated 
using the cross-sectional approach and the 
structural element approach according to [9] 
with a maximum support rotation of 2°.  

Figure 10: Load displacement-curves for cross-
sectional approach with reduced and full reinforcement 

and for SDOF-2 according to [9].  

Hereby the following differences can be 
stated: 

The structural element approach of the 
UFC-3-340 overestimates the maximum 
moment resistances, as a rectangular stress 
block for the concrete is hereby chosen for the 
evaluation of the maximum resistance, which 
overestimates the internal cantilever and hence 
the maximum moment and resistance. Also the 
average stiffness is overestimated. The 
maximum displacement between of the 
element used in the experiment and the cross-
sectional approach is comparable. This is due 
to the “right” choice of the reinforcement ratio. 
As shown in figure 13 for a reduction of the 
reinforcement of 33% the displacement 
increases for the cross-sectional approach 
which is in contrast to the structural-element 
approach of the UFC-3-340. 

The dynamic analysis using the cross-
sectional approach (SDOF 1) showed a good 
agreement for G957 and G958 with the 

experimental data (figure 13) and was able to 
describe the progression of displacement until 
the first excitation after 15ms and 20ms nicely. 
Only for low dynamic loads (G956) the 
numerical and experimental results differ, 
which may be reasoned by a deviation of the 
tensile strength to the material properties 
stated in table 1 according to [23] or due to a 
small of the support boundary. 

Figure 11: Measured displacement at mid-spam and 
numerical results of SDOF 1 and SDOF 2 for 

experiment G956, G 957 and G958.  

The structural element (SDOF 2) approach 
showed a larger deviation from the 
experimental results compared to the cross-
sectional approach (table 2), even though both 
approaches need the same parameters as an 
input (concrete strength, reinforcement 
strength, dimensions).  

Table 2: Maximum displacements of test series and 
the deviation of the nummerical analysis. 

uExp deviation 
[mm] SDOF -1 SODF-2 

G956 4,0 -40 % -75 % 
G957 11,7 -13 % -55 % 
G958 27,0 ~0% -41 % 
G 959 failure 

The deviation can be related to the load-
displacement curve shown in figure 13. The 
structural-element approach overestimates the 
resistance and average stiffness until yielding 
of the steel occurs, which lead to lower 
displacements within the numerical 
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calculations for the same strain energy.  
For experiment G959 failure was given 

within the experiment and also predicted by 
both numerical methods. 

Compromising it may be stated, that the 
cross-sectional approach was able to describe 
the experimental results more accurate than the 
structural element approach, even though both 
approaches use the same input parameter. It 
may be possible to identify better bilinear 
approximation (structural-element-approach) 
for the load displacement curve. However 
hereto other techniques, such as the FEM or 
cross-sectional approach need to be used as a 
reference for the load displacement curve in 
advance, this would question the structural 
element approach as other more elaborate and 
accurate approaches need to be used anyway. 
Even so the structural-element approach can 
be used as an approximation of a load-
displacement curve to determine general 
effects of preload as will be shown in chapter 
4. 

4 EFFECTS OF PRELOAD 

Many experimental tests of members 
subjected to impact or blast loads have been 
carried out and the behaviour of reinforced 
concrete may be described from the dynamic 
to the impulsive domain. However aspects of 
preloading are generally neglected within the 
experimental setup due to the complexity of 
the experimental configuration or even within 
the design of members. Numerical analyses of 
Krauthammer [2], Stolz and Riedel [1] indicate 
the effects of axial preloads on the structural 
behaviour of reinforced concrete members. 
The influence of transverse preloads on 
structural members and their dynamic 
response can be described by their influence to 
the quasi-static pmin and impulsive limits imin of 
the dynamic response of members. These 
limits are defined by equilibrium of internal 
and external energy [7, 9] according to (6) and 
(7).  

22
)(

2
min

2

⋅
=≡∫ m

imV
duur (6)

∫ ⋅≡ upduur min)( (7)

The response of reinforced concrete 
members can be approximated with a elasto-
plastic load displacement function, bearing in 
mind the issues discussed in 2 and 3. This 
function can further be generalized to analyse 
the effects of preload for arbitrary members 
with different ductilities and degrees of 
preload. The general parameters thereto are the 
resistance r, the elastic displacement uel, 
maximum displacement uul, the ductility ß
defined as the ratio of elastic to plastic 
deformations, the preload q0, the displacement 
at preload u0 and the degree of preload α
(figure 12).  

Figure 12: General bilinear load displacement 
function.  

With the general load displacement curve 
boundaries for the impulsive and quasi static 
response can be derived for a given degree of 
preload. Hereby it is assumed that the preload 
is not participating as an additional mass to the 
excitation of the system, hence m and α are
independent. According to (6) and (7) it 
follows: 

( ) ( )







−⋅+−= αβα 1
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The values for linear systems are satisfied 
by (8) and (9) for ß=0 and α=0 the impulsive 
limit equals (m uel r)0,5 and the quasi-static 
limit equals r/2, which is in accordance with 
[7, 9]. From Equation (8) and (9) the error 
caused by neglecting pre load as given dead 
loads on the quasi-static and impulsive 
response of structures can be determined (10) 
and (11).  

β
α

β
α

β
α

α

+
−

+
−+
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−
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=
−=−
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+
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min i
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ierror

(11)

Figure 13 represents the error caused by 
neglecting preloads. The arising error is 
between 15 % and 55% for typical degrees of 
preload from 25 % to 60% of the maximum 
resistance in bending.  

Figure 13: Error by neglecting preload for pmin and 
imin and different ductilities β (shaded area represents 

typical degrees of preload due to dead loads). 

For the member analysed in 5 the minimum 
impulse and minimum quasi-static pressure 
can be determined according to equation (8), 
(9) and figure 13 (m=0,259 t/m²; ß=3,3; uel= 
7,5mm; r = 97,5 kN/m²) to imin = 1,2 kN/m²s 
and pmin=86 kN/m². Equations 10 and 11 can 
be used for the estimation of the reduction for 
the quasi-static and impulsive limits for a 
given pre load. Assuming reasonable degrees 
of preload of 20 and 40% the reduction in pmin

and in imin is equal to 18% and 37% and 12 % 
and 25% respectively.  

These values are verified by the pressure 
impulse diagrams of the reinforced concrete 
members analysed in 3 with the load 
displacement function according to figure 14 
(cross-sectional approach) and different 
degrees of preload. Hereby a triangular 
loading shape has been used and a search 
algorithm according to [27].  
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Figure 14: Pressure-Impulse-Diagrams for 
triangular loading including no and preload in degrees 

of 20% (green) and 40% (red). 

In contrast to the numerical and 
experimental results failure is indicated by the 
PI-Curves for experiment G957 which is 
reasoned by the shape of the load distribution. 
This shape is different for the PI-diagrams and 
the experimental configuration which affects 
the PI curves and therefore indicates damage 
for experiment G957, this aspect has already 
been represented by Krauthammer [17].

The PI-curves with different degrees of 
preload confirm the formulas for the reduction 
of the quasi-static and impulsive limits and 
show a significant reduction in the dynamic 
resistance.  This indicates the relevance for the 
consideration of preloads for the description of 
structural behaviour and dynamic resistance. 

5 HYDROCODE SIMMULATIONS 
As beforehand shown the SDOF-approach 

enables the description of reinforced concrete 
members resisting in a bending mode 
subjected to blast-load. However for arbitrary 
problems a general methodology for the 
description of reinforced concrete is necessary 
as the behaviour may not be dominated by 
bending effects or an equivalent SDOF may 

not be easily determined.  
A general methodology hereto is given by 

the Finite Element Method (FEM), whereas 
different approaches are feasible, i.e. classical 
implicit FEM, particle methods or hydrocode 
fromulation. As a result of its explicit 
formulation the hydrocode formulation 
includes the equation of state together with a 
constitutive law for the material description 
and the conservation laws of mass, momentum 
and energy [18]. Therefore wave and 
shockwave propagation problems can be 
described with reasonable computational 
effort.  This allows for the description of 
concrete and reinforced concrete for structural 
dynamic and high speed dynamic loads [1, 4,  
19, 20].  

Numerical analysis of the experiments 
stated in 3 using the hydrocode are in a good 
agreement with the experiments, see figure 14. 
Hereto the concrete has been modelled using 
the RHT Model [16] and Lagrange Elements 
and the reinforcement was modelled using 
discrete beam elements and the description 
according to Johnson-Cook [22].  

Figure 15: Measured displacement at mid-spam and 
numerical results of SDOF-1 and FE for 

experiment G956, G 957 and G958. 

For a first indication preload has been 
included in the hydrocode as well as the SDOF 
method using the dynamic load of G957 and a 
transverse preload (q0) of 15 kN/m². As 

~ 37% 

~ 25% 

G956 

G957 

G958 

G959 
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presented in figure 16 an increase of 
displacement is predicted by both methods, 
due to the presence of preload at the onset of 
dynamic loads.  

Figure 16: Effects of preload on numerical results using 
FEM and SDOF analysis and experimental results 

of G957 without preload. 

As both methods predict more 
deformations, the damage of the member also 
increases as shown in figure 17 for the 
backside of the member in the hydrocode 
simulation. 

  

Figure 17: Damage on the backside of the plate without 
preload (left) and with preload (right) 

As shown in figure 16 the hydrocode 
simulation predicts larger deformations in 
contrast to the SDOF method, hereto further 
investigations for the distinction of both 
methods under the aspect of preload are 
necessary and will be carried out in the future.  

7 CONCLUSIONS 
Different approaches for the analysis of 

reinforced concrete elements under different 
loading rates have been represented. The 
applicability of the cross-sectional SDOF for 
the description of the dynamic behaviour of 
reinforced concrete elements against blast 
loads has been shown on shock-tube test. For 
an indication of the effects of transverse 
preload formulas for the influence of preload 
on the boundaries of dynamic behaviour, the 
impulsive and quasi-static limits, for elasto-
plastic resistance functions have been derived. 
These formulas have been verified using 
generated PI-diagrams and indicate the 
necessity for the consideration of preloads. As 
a first test simulations using hydrocodes and 
SDOF analysis have been performed, which 
also show a large influence of preload on the 
structural behaviour.  

Future experiments on axial and transversal 
preloaded reinforced concrete elements under 
shock loads will be carried out at the 
Fraunhofer EMI, which will help to validate 
and extend the present methodologies for the 
description of reinforced concrete members 
under different loading rates and preloaded 
conditions.  
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Abstract: In this paper an upgrading of the push-off test in pre-cracked specimens is presented. The 
test is performed under conditions of crack control both in the pre-cracking and in the push-off 
stages. To this end, transversal forces to control the crack opening are introduced. Additionally, this 
confinement system avoids unnecessary movements that may introduce strains in the specimen. It is 
also included the methodology to perform the pre-cracking of the specimens prior to the push-off 
test. Specimens of 40 MPa of concrete compressive strength are used with two types of steel fibers 
type as well as with transverse reinforcement. It can be concluded that it is possible to perform the 
push-off test under crack control as it is shown with the results of crack width obtained with 
different measurement techniques. Different types of behavior after cracking can be detected such 
as hardening or the evolution of post-cracking residual stresses. 

 

1 INTRODUCTION 
It is well known that the shear failure of 

reinforcement concrete elements is brittle. The 
addition of steel fibers to the concrete mixture 
improves the tensile behavior and ductility, as 
well as it provides a good crack control [1]. 
Also, steel fibers improve the shear behavior 
of structural elements increasing their shear 
load capacity, and ductility [2]. 

The push-off test (Fig. 1a) has been used to 
study the mechanisms of shear transfer [3-10]. 
Some researchers pre-crack the specimen 
before performing the push-off test [5-10]. 
Pre-cracking can be achieved by first placing 
the specimen horizontally (Fig. 1b), and then a 
line load at the top and at the bottom face of 
the specimen is applied. Finally, the specimen 
is placed vertically, and the push-off test is 
then carried out. 

The shear strength of the specimen depends 
on the contribution of both the concrete and 
the shear reinforcement. Aggregate interlock, 
or crack shear friction, has a significant 
contribution to the concrete shear capacity [8].  

Walraven [7], analyzed the phenomenon of 
aggregate interlock by means of push-off tests, 
and proposed a model validated with his own 
experimental results. This model assumes that 
concrete consists of a rigid perfectly plastic 
paste and rigid spherical aggregates of various 
sizes intruded into this paste. After the 
formation of a crack plane, for normal 
concrete strength, the aggregates tend to be 
pulled out from the cement paste with the 
propagation of cracks. The crack grows 
through the paste an around the aggregate. 
These spherical aggregates effectively provide 
aggregate interlock between the paste and the 
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aggregate. Protruded aggregates sliding 
against the paste generate normal and shear 
stresses due to plastic deformation of the paste. 
The simplified version of Walraven’s model is 
based on expressions [1] and [2], which relate 
the shear (τ) and normal (σ) stresses with the 
slip (Δ) and the crack width (w): 

� � ����20 � ��,3���0,�3 � �0,�����0,��2

� 0,������ � Δ   
(1) 

� � ����30 � ��,�0��0,�0 � �0,23���0,�0�

� 0,20���� �Δ   
(2) 

where fcu is the concrete cube compressive 
strength.  

In the last decades new types of concrete 
have been used, like high strength concrete 
(HSC), self-compacting concrete (SCC), or 
fiber reinforced concrete (FRC) among others. 
In these concrete materials the aggregate 
interlock phenomenon may be different 
compared to conventional concrete. 

In the case of HSC, Walraven [9] 
introduced the C parameter (C < 1), which 
reduces the stresses due to the aggregate 
fracture. Indeed this parameter should be 
considered as a general roughness reduction 
factor. If all particles break there is always 
some shear capacity left thanks to the natural 
unevenness of the crack face. 

On the other hand, Kim [10], carried out 
experimental tests on push-off specimens 
made with SCC and high strength concrete (fc 
> 70MPa). His results confirmed that concrete 
shear strength is highly related to the amount 
of aggregate fracture at small crack widths 
when crack slip initiates. Moreover, concrete 
mixtures containing river gravel exhibited 
higher aggregate interlock compared to those 
containing crushed limestone aggregate. The 
fact that SCC has a lower volume of coarse 
aggregate than conventional concrete (CC) 
should imply lower shear strength. However, 
there are several authors [11, 12], who have 
shown that the shear strength is similar to CC, 
if both materials have similar granular 
skeleton. 

There is a lack of information in the 
literature about the real mechanisms of shear 

transfer in FRC elements. It remains unclear 
the role that steel fibers play right at the 
cracks. Cuenca et al. [13] studied the shear 
behavior of push-off specimens made with 
different amounts of fibers (0, 40 and 60 
kg/m3) and pre-cracked width, and compared 
the results with conventional concrete. They 
found out that the peak load increases with the 
amount of steel fibers and the reinforcement 
rebars presence, but is much reduced when 
specimens is pre-cracked.  

Boulekbach et al. [14] studied the behavior 
of prismatic specimens of 10x10x35cm of 
several concrete strengths (30, 60 and 80 
MPa), reinforced with hooked-end steel fibers 
with three volume contents of fibers (0%, 
0.5% and 1%) and two different aspects ratio 
(65 and 80). They found out that the first way 
to improve the shear strength consists of 
increasing the concrete compressive strength. 
The second way can be obtained with the 
addition of steel fibers; an increment of 44% is 
obtained for a fiber volume content of 0.5%, 
and 65% for a content of 1%. Finally, the use 
of an aspect ratio ranging from 65 to 80 has 
shown a slight influence on the shear strength 
(5%). 

2 RESEARCH SIFNIFICANCE 
In this study an improvement of the push-

off test in pre-cracked specimens is presented. 
With this method is possible to control the 
crack width in both, the pre-cracking and the 
push-off stages. 

This kind of test allows the study of 
specimens under direct shear controlling the 
maximum crack width. Thus, both shear and 
normal stresses mainly depend on the slip 
displacement (or shear displacement). 

3 METHODOLOGY 

3.1 The push-off test concept 
The push-off test is based on the idea of 

applying an axial force (P) to produce a pure 
shear on a plane of the specimen (shear plane). 
To make this possible, a special specimen is 
used. This is formed by two L blocks, and the 
shear plane is defined by the plane that 
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Figure 11: Example	curve	of	pre‐cracking	process	

without	springs. 

A better behavior was obtained by 
introducing the springs mentioned in section 
3.3. An example of this is shown in Fig 12. 
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Figure 12: Example	curve	with	springs	during	the	

pre‐cracking	process. 

In Fig. 12 it can be seen how the six 
LVDT’s go to negative values. This indicates, 
in one hand, that the specimen does not 
experiment any rotation around the knife. On 
the other hand, the stiffness of the springs is 
according to our necessities, because the 
differences between the six LVDT’s 
measurements show a low scatter of results. 

5.2 Push-off 
The shear behavior was analyzed by means 

of the crack width (crack opening) or the slip 
(shear displacement) versus the shear applied 
during the push-off tests. A general example of 
one of these is presented in Fig. 13. It can be 
seen a different shear behavior between the 
river sand (RS-50-BN), the crush sand (CS-30-

BN), the crush sand with BP fibers (CS-50-
BP) specimens, and the crush sand 
reinforcement (CS-F8). 
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Figure 13: Example	curve	of	the	first	pre‐cracking	

process. 

The curve RS-50-BN (black line) shows a 
residual stress, while CS-30-BN (red line) 
shows a hardening effect. The reason for the 
residual stress was that the distance between 
the two plates was too big (3.5 mm) so the 
specimen (RS-50-BN) was not confined by the 
plates. For this reason in the others specimens 
[(CS-30-BN) and (CS-50-BP)] the distance 
between the two plates was reduced to 1 mm 
and 0.5 mm respectively. 

In the case of the reinforcement specimen 
CS-F8 (green line), the best behavior of all 
specimens was obtained. This can be seen on 
the value of the shear stress, because in this 
specimen it was around 6 MPa. And it was 
kept constant until the end of the test. 

5.3 Micro-photographs 
The results showed here were obtained 

from the specimen CS-50-BP, by following 
the methodology described in section 3.5. The 
general procedure was shown in Fig. 14. Here 
it is shown point M4, before and after pre-
cracking and at failure. 

The different values of the whole process 
are summarized in Table 4. Here, the initial 
length is defined as the width of the notch. 
After pre-cracking, means the length of the 
notch when the pre-cracking process is 
finished. And the column name failure is 
referred to the length of the notch at the 
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Abstract: This paper reports on an experimental study of the uniaxial fracture energy of concrete 
reinforced with waste tyre rubber granulates of different size and with waste tyre chips containing 
steel belt wires. The concrete mixture has been prepared to provide a concrete class of C25/30 
according to Eurocode 2 normally used for typical slab-on-ground applications. Three different 
rubbers granulate: 0.4-0.7 mm, 2-3mm and 3-6mm and tyre chips of a size up to 20mm have been 
used. The dosage in the concrete matrix was kept 3.2% by volume. Cubic concrete specimens of 
dimensions 150×150×130 mm, with a 30 mm long and 3 mm wide starter notch cut at the top were 
uniaxially tested with the wedge splitting test method according to Tschegg. The addition of waste 
tyre particles was found to improve the post-crack ductility and fracture energy of plane concrete. 
The most distinctive increase was observed by concretes with waste tyre chips. 

1 INTRODUCTION 
Addition of steel fibre reinforcement to 

concrete very effectively enhances the 
deficiencies of low tensile strength, crack 
resistance and energy absorption capacity of 
plane concrete. However, the manufacturing 
process of steel fibre reinforcement requires an 
extremely high energy-consuming process. 
The motivation for this research was to find 
energy saving alternatives to steel fibres in 
concrete applications where high crack 
resistance and increased energy absorption 
capacity is needed, such as slabs-on-ground, 
industrial floors, pavements or overlay 
constructions. In recent years the addition of 
waste crumb rubber to concrete has been 
extensively studied. However, the literature 
generally focuses on using the particles as 
replacement for coarse or fine aggregate in 
concrete [1-5]. Research results indicate that 
with the introduction of rubber particles the 
toughness, ductility, plastic deformation, and 

impact resistance of concrete increased 
significantly.

In this research an experimental study of 
the uniaxial fracture energy of concrete 
reinforced with waste tyre rubber granulates of 
different size and with waste tyre chips 
containing steel belt wires has been carried out 
employing the wedge splitting test method 
according to Tschegg [6, 7]. 

2 EXPERIMENTAL PROGRAM 

2.1 Concrete Specimens 
For experimental work concrete specimens 

of dimensions 150×150×130 mm³ with a 30 
mm long and 3 mm wide starter notch cut at 
the top of the specimen have been employed. 
The rectangular groove on the upper side of 
the cube, needed for the load transmission 
pieces, is achieved by gluing two stone pieces 
thereon (Fig. 1).
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Figure 1: Concrete specimen for the wedge splitting 
test according to Tschegg [6, 7]. 

Concrete of a class of C25/30 according to 
Eurocode 2 standard has been used with a 
characteristic cylinder compressive strength of 
25 N/mm2. The coarse aggregate in the 
concrete matrix used was river gravel with 
maximum particle size of the fine aggregate 
8mm and of coarse aggregate 16mm. The 
water/cement ratio was 0.6. The mix design 
proportion of the concrete matrix was as 
follows: water 168 kg/m3, cement (type CEM 
II) 280 kg/m3, coarse aggregate 1026 kg/m3,
fine aggregate 944 kg/m3 and superplasticizer 
18.7 g/m3.

As fibre reinforcement, waste tyre chips 
and waste tyre rubber granulates of different 
size has been used (Fig. 2). These were 
supplied by one of the major tyre recycling 
company in Austria (Asamer) and originate 
from different types of cars and trucks. 

Tyre chips (Fig. 2d) are the result of the 
secondary shredding process and they contain 
a relatively small quantity of high tensile 
strength (1500-1900 N/mm2) steel belt wires 
and rubber particles of different size. The size 
of the tyre chips used for the specimens of the 
MV5 series was up to 20 mm (Table 1).  

Table 1: Concrete specimens 

Specimen Type of reinforc. Size range 
MV1 -- -- 

MV2 Rubber granulate 
(Fig. 2a) 0.4-0.7 mm 

MV3 Rubber granulate 
(Fig. 2b) 2-3 mm 

MV4 Rubber granulate 
(Fig. 2c) 3-6 mm 

MV5 Tyre chip 
(Fig. 2d) up to 20 mm

Figure 2: Waste tyre rubber granulates and chips 
added to the concrete matrix. 

The rubber granulates (Fig. 2a, b, and c) are 
the result of the separation process of rubber 
and steel wires after the secondary shredding 
process. Three different granulate size range 
have been used for the specimens MV2, MV3 
and MV4 (Table 1). 

The dosage of chips and rubber granulates 
in the concrete matrix was 3.2% by volume. 

2.2 The Wedge Splitting Test Method 
In the research the uniaxial fracture 

toughness of the concrete specimens have been 
determined with the widely adopted wedge 
splitting test method (WST), originally 
developed by Tschegg [6, 7]. It is a very stable 
fracture mechanics test capable to determine 
accurately the load displacement diagram of 
the test specimens beyond the maximum load. 
The major advantages of the WST are that the 
specimens are small and compact, the method 
does not require any sophisticated test 
equipment; it stores little elastic energy during 
testing and is well suited for inverse analysis. 
The WST method was comprehensively 
investigated by many scientists and it has been 
proved reliable for fracture testing of ordinary 
concrete at early age and later for lightweight 
concrete and for concrete reinforced with steel 
and synthetic fibres.
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Figure 3: Principle of the wedge splitting test 
according to Tschegg [6, 7]. 

Figure 3 shows the setup of the WST 
method for uniaxial loading of a cubic 
specimen. The specimen is provided with a 
rectangular groove and a starter notch at the 
top (Figure 3a). The specimen is than 
positioned on a narrow linear support and the 
two load transmission pieces and a slender 
wedge are inserted in the groove. (Figure 3b 
and c) The load FM produced by the testing 
machine is transferred by the load transmission 
pieces from the wedge into the specimen, 
which leads to the splitting of the specimen. 
The friction between the wedge and load 
transmission pieces (equipped with ball 
bearings) is negligibly small (<1%). The 
vertical force FM, of the testing machine is 
converted to a large horizontal force FH and 
into small vertical force FV that does not 
disturb the propagation of the crack. The 
splitting force FH breaks the specimen in mode 
I. The crack mouth opening displacement 
(CMOD) is determined at the height of the 
load application line on both sides by 
electronic displacement transducers. The two 
electronic displacement transducers are used  

Figure 4: Wedge splitting testing machine. 

on the one hand to obtain the average of the 
load displacement and on the other hand serve 
as crack behaviour detectors. If the crack runs 
obliquely to the notch, the specimen is 
eliminated. 

The tests were carried out with a 
mechanical testing machine from Schenck 
RSA with a load capacity of 100 kN and a 
rigidity of 8×10-3 mm/kN (Fig. 4). The cross-
head speed was kept constant with 0.5 
mm/min for all tests. This loading rate 
corresponds roughly to the RILEM 
recommendation (TC-50 FMC 1985) [8]. The 
tests were carried out at a temperature of 21°C 
and a relative humidity of around 50%. The 
measured data were recorded by means of a 
state-of-the-art data acquisition system. First 
the load-displacement curves were determined 
and then from these the notch tensile strength 
and the fracture energy (crack resistance) were 
obtained. The displacement in the load-
displacement curve represents the average 
value of the two displacement transducers. 

From the load-CMOD curves the fracture 
energy absorbed by the specimens during the 
crack propagation until the separation of the 
fracture surfaces has been calculated.  
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3 RESULTS 

3.1 Specimen's Notch Tensile Strength 
The peak value of the load-displacement 

curve is defined as the notch tensile strength. 
The mean value and the standard deviation of 
the notch tensile strength of the specimens are 
given in the Figure 5. With addition of rubber 
granulates to concrete the notch tensile 
strength of the concrete decreases. For the 
specimens with low size rubber granulate 
(specimens MV2 and MV3) the decrease is up 
to 15% whereas for the specimens with higher 
size rubber granulate and tyre chips 
(specimens MV4 and MV5) the decrease is 
about 10%
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Figure 5: Mean value of the notch tensile strength of 
the specimens. 

3.2 Specimen's Fracture Energy 
The fracture energy Gf [N/m] is defined as 

the post-crack energy absorption ability of the 
material and it represents the fracture energy 
that the structure will absorb during failure. It 
was calculated as the area under the splitting 
force-displacement curve until the complete 
separation of the fracture surfaces. The 
fracture energy for each series of the test 
specimens is given in Figure 6.  

The results shows that the presence of tyre 
chips (specimens MV5) and rubber granulates 
of larger size (specimens MV4) enhances the 
fracture energy of the plane concrete The most 
distinctive increase in fracture energy of 
specimens compared to unreinforced concrete 
specimens was observed by addition of tyre 
chips, i.e., up to 140% (specimens MV5).  
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Figure 6: Mean value of the fracture energy of the 
specimens.

By the MV4 series the addition of rubber 
granulate to concrete resulted in a 30% 
enhancement of the fracture energy of the 
plane concrete. By other two series MV2 and 
MV3 there was no enhancement observed.  

The significant enhancement of the fracture 
energy of tyre chip reinforced concrete 
specimens is believed to be the result of the 
presence of the steel wires with combination 
of the rubber particles of different size. 

In such a way the cracking process during 
different stages of loading could be affected. 
Rubber particles of smaller size can bridge the 
microcracks efficiently, which develop in the 
first phases of the tensile loading and the 
particles of larger size and steel wires can be 
activated as bridging mechanisms at larger 
cracks.

4 CONCLUSIONS 
In this research an experimental study of 

the uniaxial fracture energy of concrete 
reinforced with waste tyre rubber granulates of 
different size and with waste tyre chips 
containing steel belt wires has been carried 
out.

It was observed that with addition of rubber 
granulates and tyre chips to concrete the notch 
tensile strength of the concrete decreases about 
10-15%. With the addition of 3.2% tyre chips 
by volume to the concrete a 140% increase of 
the fracture energy compared to plane concrete 
has been achieved. However further research 
is needed with higher dosage of chips and 
rubber granulates in the concrete matrix. 
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Abstract: Experimental investigations were conducted to characterize the responses 
of Pseudo-Ductile Cementitious Composites (PDCC) and normal concrete when 
subjected to uniaxial and biaxial compression. Two different strength grades of 
PDCCs and one kind of concrete were examined. The specimens were loaded with a
servo-hydraulic jack at different stress ratios. The principle stresses and strains were 
recorded, and the failure modes with various stress states were examined. The test 
results indicated that the ultimate strength of PDCC increased because of the lateral 
confining stresses, and the maximum increase of ultimate strength occurred at the
stress ratio 0.25, which was very different with concrete. For PDCC specimens, the 
biaxial strength may be even lower than the uniaxial strength when subjected to equal 
biaxial compression, and the failure mode showed a shear-type failure because of 
bridging effect of fibers. The test results provide a valuable reference for obtaining 
multi-axial constitutive law of PDCC.
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1 INTRODUCTION
Pseudo-Ductile Cementitious 

Composites (PDCC) are a class of fiber 
reinforced cementitious composites that 
display post-cracking strain hardening 
behavior with multiple cracks when 
subjected to uniaxial tension. The 
ultimate tension strain of PDCC could 
reach to 2%-6%, which is approximately 
200-600 times above that of 
conventional concrete [1]. Up to now, a 
series of experimental and theoretical 

studies have been carried out on the 
performance of PDCC by the team of 
V.C. Li in the past twenty years. The 
studies covered the field of component 
design [2,3], mechanical properties [4-6],
the performance of structural member
[7,8], and so on. 

The high ductility and high energy 
absorption capacity have promoted more 
and more application of PDCC in civil
engineering, such as seismic structure, 
bridge structure, engineering repairing, 
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and so on. For many components of 
these structures, the materials are 
subjected to multi-axial stress. So the 
mechanical behavior of PDCC and
concrete under multi-axial stress state 
are necessary to be investigated. 

However, up to now, very limited
study on the behaviors of PDCC under 
multi-axial stress state could be found.
Kittinun S. [9] studied the behavior of 
six kinds of high performance fiber 
reinforced cementitious composites 
(HPFRCC) under biaxial compression 
with two stress ratios, i.e., 0 and 1, and 
triaxial compression with equivalent 
confining pressure. It was found that the 
compressive strength under biaxial 
compression was much higher than the 
compressive strength under uniaxial 
compression. Under the triaxial 
compression, the Young’s modulus was
not influenced significantly by the 
loading condition, but the strength and
ductility were improved as the level of 
external confining pressure increased. Li
[10] studied the behavior of PDCC 
under triaxial compression with the 
equivalent confining pressure and found 
that the ultimate strength and peak strain 
were significantly improved with 
increasing confining pressure. Willie 
Swanepoel [11] studied the behavior of 
one kind of the Strain Hardening 
Cementitious Composites (SHCCs) under 
the entire range of stress combinations 
from biaxial compression to biaxial 
tension. However, the tests only studied 
the behaviors of one kind of PDCC under 
biaxial loading. The experimental data 
were so limited that more experiments are 
needed to be carried out to understand the 
behavior for different types of PDCC 
under biaxial loading. 

In this paper, a series of specimens
were used to study the biaxial 
compressive behaviors of two kinds of 
PDCCs and one kind of concrete with 
the size of 100mm×100mm×100mm. 
The principle stresses and strains of the 
specimens were recorded, and the failure 

modes with various stress states were
examined. With the experimental data, a 
failure envelope of PDCC under biaxial 
stress state is proposed.

2 EXPERIMENTAL PROGRAM

2.1 Mix proportions
Two kinds of PDCCs and one kind of 

concrete were used in this test.
The basic materials used in the

experiment for PDCCs including Type I
Portland cement, fine silica sand,
mineral admixtures (Fly ash and silica 
fume), PVA fiber and superplasticizer.
The water/binder ratios were 0.28 and 
0.22. And the volume fraction of  PVA 
fiber was 2%. The dimensional 
information and mechanical properties 
of PVA fibers are listed in Table 3 [12].

The concrete test specimens were 
made of Type I Portland cement. The 
water/cement ratio was 0.53. The coarse 
aggregate consisted of crushed 
limestone with the maximum size 20
mm, the minimum size 5mm, and the 
fineness modulus of the sand was 2.6.

Table 3 Properties of PVA fiber

Fiber type PVA
Tensile strength/MPa 1620

Fiber diameter/µm 39
Fiber length/mm 12

Young’s modulus/GPa 42.8
Elongation/% 6.0

Density/(g/mm3 1.3)

The specimens used in biaxial tests 
were cubes with the dimensions of 
100mm×100mm×100mm. In addition, 
for each mix proportion, three cylinder 
specimens were cast with the size of 
100mm×200mm (D×H) in order to 
obtain the uniaxial compressive strength 
fc. All specimens were cast in steel 
moulds, and cured in a curing room with 
the humidity exceeded 95%, temperature
20±2°C for 28 days.
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2.2 Test setup
The tests were carried out in a triaxial 

apparatus, as shown in Figure1, with a
loading capacity of 1,800 kN in 
compressive in each direction.

The control schemes for the tests 
were composed of one closed control 
loop and one open control loop. The 
master-slave control mode was adopted. 
The vertical direction was master and 
the horizontal direction was slave. 
Loading system in the vertical direction 
was closed-loop and displacement 
controlled with the loading rate 
0.002mm/sec. However, the horizontal 
direction was force controlled by the 
pressurization valve manually. When the 
feedback signal of major direction was 
given to the servo system, the output 
from the load cell was used as a 
command signal for manually 
controlling the hydraulic jack in 
horizontal direction. Then the 
proportional loading was achieved.

In both the vertical and horizontal 
directions of the specimens, two LVDTs
were set up along the whole length of
the specimen to measure the 
deformations as well as global strains.
Besides, strain gauges were used to 
measure the local strains of the 
investigated specimens.

Figure 1: The triaxial apparatus

To minimize the friction effect 
between the specimen and the loading 
platens under compression, three slices 
of polyethylene pads were placed 
between the specimens and steel platens. 
The thickness of each polyethylene pad 
is 0.05 mm.

Six stress ratios were designed for 
PDCC specimens in the test (0, 0.1, 0.25, 
0.5, 0.75, 1.0) and five for concrete 
specimens (0, 0.1, 0.25, 0.5, 0.75). 
Because of the brittleness of concrete, it 
was very dangerous for the test when the 
stress ratio was 1.0, especially for the 
manual control system, so the test on 
this stress ratio was not conducted.

3 TEST RESULTS

3.1 Ultimate strength
All the test resuls are shown in Table

2. Based on the data results, the strength
envelope between the normalized
principal stresses, σ1/fc

' and σ2/ fc
'

Table 2: Summary of biaxial experimental
results

, are 
drawn in Figure 2.

PDCC_I PDCC_II Con.
fc

’ 39.41(Mpa) 48.87 47.76

0 σ1/ f 1c 1 1
σ2/ f 0c 0 0

0.1 σ1/ f 1.112c 1.096 1.269
σ2/ f 0.114c 0.110 0.127

0.25 σ1/ f 1.140c 1.14 1.322
σ2/ f 0.283c 0.287 0.334
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0.5 σ1/ f 1.132c 1.102 1.407
σ2/ f 0.567c 0.55 0.704

0.75 σ1/ f 1.112c 1.075 1.299
σ2/ f 0.834c 0.807 0.974

1.0 σ1/ f 0.938c 0.995 -
σ2/ f 0.934c 0.993 -

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.60.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6

σ 1
/f c

σ2/fc

α=0.1 α=0.25 α=0.5 α=0.75
α=1

PDCC_I
PDCC_II
Concrete I

Figure 2: The failure envelope obtained by the 
tests

From Table 2 and Figure 2, it is 
indicated that confinement stress in the 
minor axis (σ2

The maximum increases occurred at 
a biaxial stress ratio of 0.25 for the two 
kinds of PDCC. At this stress ratio, a 
strength increase of about 14% was 
observed. At the stress ratio 0.1, the 
strength increased most rapidly, 11% for 
PDCC_I specimens and 9.6% for 
PDCC_II mixtures. After it reached 
maximum strength, the relative strength 
increase became smaller as the stress 
ratio increasing. At the stress ratio of 1.0, 
the strength obtained was even smaller 
than the uniaxial strength. 

) has a pronounced effect 
on the strength of PDCC and concrete.

In general, the ultimate strength of 
concrete under biaxial compression is 
higher than that under uniaxial 
compression [13-15]. For the concrete 
specimens investigated, the maximum 
biaxial strength occurred at a biaxial 
stress ratio of 0.5 for the concrete 
specimens tested. At this stress ratio, a 
strength increase of about 44% for the 
specimens was observed. At the stress 
ratio of 0.75, the relative strength 

increase was smaller than that at the 
stress ratio of 0.5. The strength increase 
was 29.9% compared to the uniaxial 
compressive strength.

From the results, it could be found 
that when the uniaxial compression 
strength of PDCC is the same with that 
of concrete, the biaxial strength of 
PDCC shows a different trend from 
concrete under biaxial compression. The 
increase of the biaxial strength is not 
very pronounced as concrete. For PDCC 
specimens, the maximum biaxial 
strength occurred at the biaxial stress 
ratio of 0.25 for the two kinds of PDCC 
specimens. However, the concrete 
specimens obtained its maximum biaxial
strength at 0.5 for concrete. For PDCC 
specimens, the relative increase of 
biaxial strength was much smaller than 
concrete as the stress ratio increased. 
Especially at the stress ratio was 1.0, the 
biaxial compressive strength of PDCC 
was even smaller than the uniaxial 
compressive strength, which showed 
opposite trend with concrete obtained by 
other researchers [13-15].

3.2 Failure mode
The crack patterns and failure 

modes for all specimens were observed 
in this test. 

From Fig.3 (1), it could be seen that
under uniaxial compression, a series of 
column-type fragments occurred for 
concrete specimens because of the 
formation of the micro-cracks which 
were basically parallel to the applied 
load. The failure surface passed through 
parts of the aggregates and parts of 
mortar. PDCC specimens (Fig. 4(1)) 
showed different crack patterns with 
plain concrete specimens. Because of 
the confinement provided by PVA fibers, 
the cracks were unsystematic and 
discontinuous, although they were 
basically parallel to the applied load. 
And also, the bridge effect of fibers
made the specimens still an entirety 
during the tests. 
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Fig.3 (2-5) shows the crack patterns 
for concrete specimens under biaxial 
compression. As the introduction of the 
minor principal stress, a series of 
plate-type fragments occurred by the 
formation of the micro-cracks. When the 
stress ratio were smaller than 0.5, the 
major cracks were inclined at an angle 
of 10-25 degrees to the free surface of 
the specimens. The inclined angle of the 
major cracks decreased with the stress 
ratio increasing. When the stress ratio 
was 0.75, the major cracks were 
basically parallel to the free surface of 
the specimens and perpendicular to the 
loading surface. 

Fig. 4 (2-6) shows the crack patterns 
for PDCC specimens under biaxial
compression. When the stress ratio was 
0.1, the failure mode was similar with 
that under uniaxial compression, which 
indicated that the confinement provided 
by the lateral stress was not large 
enough to change the failure mode 
obviously. As the stress ratio increased, 
the failure mode changed into shear 
failure mode, which could be seen from 
Fig. 4 (3-6). In shear failure mode, a 
series of major cracks formed at an 
inclined shear plane which was inclined 
at the angle of 15-30 degrees to the free 
surface of the specimens. The inclined 
angle and the number of the major 
cracks were independent on the stress 
ratio.

1) α=0

2) α=0.1

3) α=0.25                                                  

4) α=0.5

5) α=0.75     

Figure 3: Failure mode of Concrete under 
biaxial compression tests
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1) α=0

2) α=0.1

     3) α=0.25      

4) α=0.5

5) α=0.75

                                                 
6) α=1.0      

Figure 4: Failure mode of PDCC under 
biaxial compression tests

3.3 Stress and strain relationship
The loads and deformations in two

principal directions were measured for 
all specimens using strain gages, and the 
LVDT for the free plane directions. In
stress-strain curve, the vertical axis 
represents the normalized stress, and the 
abscissa shows the actual strain.
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Figure 5: The stress-strain curve in uniaxial 
compression test for Concrete and PDCCs and 

concrete I

Fig. 5 shows the stress–strain 
relationship under uniaxial compression 
for the investigated PDCCs and 
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Concrete. In uniaxial compression, the 
stress-strain curve of PDCCs and 
Concrete showed the similar trends, 
linear in initial stage and nonlinear when 
the stress reached to a certain value for 
all specimens. The elastic modulus of 
the three cementitious composites were 
1.6×104Mpa, 1.85×104Mpa and 3.45
×104

Figure 7-9 shows the normalized 
stress and actual strain relationship 
under uniaxial and biaxial compression 
for the investigated Concrete and 
PDCCs. Under biaxial compression, the 
normalized stress-strain curves showed 
the same trends with the uniaxial 
compression. As the stress ratio 
increasing, the stiffness of σ

Mpa for PDCC_I, PDCC_II and 
the concrete investigated. The strains
corresponding to the ultimate strength 
were 3200με, 3000με and 1800με for 
PDCC_I, PDCC_II and the concrete 
investigated, respectively. It was 
indicated that the ductility of PDCC 
decreased with the uniaxial strength 
increasing by the value of elastic 
modulus and the strain corresponding to 
the ultimate strength. And also, when 
the uniaxial strength was same, concrete 
showed much stiffer than PDCCs.

1/fc-ε1
increased which could be explained by 
the increasing of elastic modulus. This is 
because the lateral stress σ2 prevented 
the development of the internal 
microcracks, which resulted in a more 
rigid characteristic in the major principal 
direction σ1. From the σ1/fc-ε2 curve of 
biaxial compression, it could be seen 
that when the stress ratio was less than 
0.5, tensile strain could be obtained. It 
was demonstrated that when lateral 
compressive stress was small, the lateral 
strain caused by Poisson effect of σ1 was 
the dominant. As the stress ratio 
increased, the Poisson effect of σ1 was 
gradually weakened and ε2 changed 
from tensile strain into compression 
strain. In the direction of free surface, ε3
were tensile strain because of Poisson 
effect. The strain corresponding to the 

peak stress ε3

-4000 -3000 -2000 -1000 00.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.0
0

0.75

0.5
0.25

0.1

ε1/10-6 (mm/mm)

σ 1
/f c

could reach to 3000-5000
με, which was much larger than that 
under uniaxial tension [16].
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3

4 CONCLUSIONS

In this paper, the biaxial mechanical 
characteristics of three kinds of 
cementitious composites were 
investigated. Based on the test resuts, 
the following conclusions can be drawn:

1) The biaxial compressive strength 
of the two kinds of PDCC investigated is
higher than the uniaxial compressive 
strength. The maximum biaxial strength 
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occurred at a biaxial stress ratio of 0.25
for all specimens tested with a strength 
increase of 14% for the specimens. And
the normalized strength increased most 
rapidly when the stress ratio was 0.1.
When the biaxial stress ratio reached to 
1.0, the strength obtained was even 
smaller than the uniaxial strength. As the 
increasing of the uniaxial strength, the 
relative increasing decreased compared 
with the uniaxial strength;

2) Compared to PDCC, the behavior 
of the investigated concrete showed a 
different trend under biaxial 
compression. The ultimate strength of 
the concrete under biaxial compression 
is higher than under uniaxial 
compression. The maximum biaxial 
strength occurred at a biaxial stress ratio 
of 0.5 for all specimens tested with a 
strength increase of 44% for the 
specimens. And also, the normalized 
strength of PDCC increased more slowly 
than that of concrete at the same stress 
ratio.

3) Splitting tensile failure mode could 
be obversed in uniaxial compression for 
the two kinds of PDCC. As the stress 
ratio increasing, the failure mode 
changed from Splitting tensile mode into 
shear failure mode. On the other hand,
concrete showed a different failure mode 
under biaxial compression compared to 
PDCC. Slitting tensile failure mode 
could be obversed in uniaxial and 
biaxial compression tests of concrete, 
and the lateral stress in minor direction
σ2

4) The stress-strain curves showed 
that under different stress ratio
introducing a lateral stress could 
significantly affect the elastic modulus 
of all specimens in the direction of the 
first principal stress σ

changed the inclined angle of the 
major cracks decreased with the stress 
ratio increasing.

1

ACKNOWLEDGEMENT 

. But it indicated 
that PDCC were more ductile than 
concrete from the value of elastic 
modulus and the strain corresponding to 
the ultimate stress.

Financial support of the work by 
National Natural Science Foundation of 
China under 51278118, by the National 
Basic Research Program of China (973 
Program) under 2009CB623200 and the 
Priority Academic Program 
Development of Jiangsu Higher 
Education Institutions, is gratefully 
acknowledged.

REFERENCES

[1] Li V C, Leung C.K.Y, 1992. Steady 
state and multiple cracking of short 
random fiber composites. ASCE, J.
of Engineering Mechanics, 188(11):
2246-2264.

[2] Li V C, Mishra D K, Wu H C, 1995.
Matrix Design for Pseudo 
Strain-Hradening Fiber Reinforced 
Cementitious Composites. J. 
Materials and Structures,
28(183):586-595.

[3] Chan Y W, Li V C, 1997. Age Effect 
on the Characteristics of Fiber /
Cement Interfacial Bond. J. 
Materials Science, 32 (19) :
5287-5292.

[4] Li V C, Wang S. and Wu C, 2001.
Tensile Strain-Hardening Behavior 
of  PVA-PDCC. ACI Mater. J.,
98(6):483-492.

[5] Maalej M and Li V C,
1994.Flexural/tensile Strength Ratio 
in Engineered Cementitious 
Composites, ASCE J. of Materials 
in Civil Engineering, 6(4):513-528.

[6] Maalej M, Hashida T and Li V C,
1995, Effect of Fiber Volum 
Fraction on the Off-Crack Plane
Energy in Strain-Hardening 
Engineered Cementitious 
Composites. J. American Ceramics

1035



J.J. Zhou, J.L. Pan, C.K.Y Leung and Z.J. Li

10

Society, 78(12):3369-3375.

[7] Fukuyama H, Matsuzaki Y, Nakano 
K and Sato Y, 1999. Structural 
Performance of Beam Elements
with PVA-PDCC. In: Proc. Of High 
Performance Fiber Reinforced 
Cement Composites 3 (HPFRCC 3),
Ed. Reinhardt and A. Naaman, 
Chapman & Hull, pp:531-542.

[8] Fischer G and Li V C, 2002.
Influence of Matrix Ductility on the 
Tension-Stiffening Behavior of
Steel Reinforced Engineered 
Cementitious Composites (PDCC).
ACI J. of Structures, 99(1): 104-111.

[9] Kittinun S, Sherif E T and Gustavo 
P M., 2010. Behavior of High 
Performance Fiber Reinforce 
Cement Composites under
Multi-axial Compressive Loading. 
Cem Concr Compos, 3232:62-72.

[10]Li Y, Liang X W, Liu Z J, 2010.
Behavior of High Performance PVA
Fiber Reinforced Cement 
Composites in Triaxial Compression.
J. of Wuhan University of 
Techbology, 32(17): 179-185.

[11]Willie Swanepoel. The Behaviour of 
Fibre Reinforced Concrete (SHCC) 
under Biaxial Compression and 
Tension. Ph.D. thesis, Univ. of 
Stellenbosch, South Africa.

[12]Kupfer H et al, 1969. Behavior of 
concrete under Biaxial Stresses. ACI 
J. Proceeding, 66(8):656–666.

[13]Hussein A., Marzouk H. , 2000.
Behavior of High Strength Concrete 
under Biaxial Stresses ACI Mater.
J.,97(1): 27-36.

[14]Hampel T., Speck K., Scheerer S., 
Ritter R., Curbach M., 2009.
High-Performance Concrete under

biaxial and Triaxial loads, ASCE J.
of Engineering Mechanics,135(11):
274-1280.

1036



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 
FraMCoS-8 

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 

1

DESCRIPTION OF NEAR-TIP FRACTURE PROCESSES IN STRAIN HARDENING 
CEMENTITIOUS COMPOSITES USING IMAGE-BASED ANALYSIS AND THE 

COMPACT TENSION TEST 

EDUARDO B. PEREIRA
1
, GREGOR FISCHER

2
 AND JOAQUIM A.O. BARROS

1

1 ISISE – University of Minho 
Department of Civil Engineering, School of Engineering 

Guimaraes, Portugal 
E-mail: eduardo.pereira@civil.uminho.pt, barros@civil.uminho.pt

web page: http://www.uminho.pt 

2 Technical University of Denmark 
Department of Civil Engineering 

Brovej, bygn. 118, Lyngby, Denmark 
Email: gf@byg.dtu.dk - Web page: http://www.dtu.dk

Key words: Fiber Reinforced Cementitious Composites, tension, crack initiation, crack 
propagation, fracture processes. 

Abstract: The cracking mechanisms assume a key role in the composite behavior of Strain 
Hardening Cementitious Composites (SHCCs). Due to their importance, in previous studies the 
mechanical behavior of SHCC materials, as well as of other strain softening fiber reinforced 
cementitious composites, was characterized under eccentric tensile loading using the Compact 
Tension Test (CTT). The present research further extends this investigation, with particular 
emphasis on cementitious composites reinforced with multiple types of fibers. The experimental 
tensile load-displacement results are discussed and compared to the numerically derived responses. 
Furthermore, the crack initiation and propagation at the early stages of the loading sequence are 
analyzed. The size of the specimens and the resolution of the digital images acquired allow the 
detection of relatively small displacements and crack openings. The results are discussed, with 
special emphasis on the topology of the cracks obtained near the crack tip and on the description of 
the fracture process zone.  

1 INTRODUCTION 
The recent use of discrete micro-fibers as 

reinforcement in cementitious composites led 
to the development of materials with 
substantial energy dissipation ability and 
considerable tensile ductility. These materials 
aim at mitigating the limitations of 
conventional concrete deriving from its quasi-

brittle nature, often revealed by the 
catastrophic collapse of structures during 
extreme loading events or the early loss of 
functional properties of structures due to 
insufficient durability. 

Distinct design approaches have been 
suggested to the development of different 
types of Strain Hardening Cementitious 
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Composites. Engineered Cementitious 
Composites (ECC) have assumed particular 
relevance as a representative class of cement 
based materials with enhanced tensile 
ductility. These materials show relatively high 
tensile strain hardening ability (between 3% 
and 7% of ultimate tensile strain) with average 
tensile strengths of 5 MPa [1]. 

The mechanical behavior of SHCC is the 
result of a delicate balance of multiple factors. 
The interfacial bonding and fiber pull-out 
properties, the material parameters of the 
fibers and of the matrix, the distribution of 
material flaw sizes in the matrix, the fiber 
orientation and their dispersion in the matrix 
play an important role in the resulting 
composite mechanical behavior. The study of 
the influence of all these parameters separately 
is difficult, since they perform in a highly 
coupled manner. At a smaller scale, the fiber 
pull-out tests are often carried out to study the 
interaction between the single fiber and the 
matrix. At a larger length scale, the direct 
tension test using dumbbell-shaped or coupon 
specimens is typically utilized to characterize 
the tensile behavior of SHCC [2,3]. The tensile 
stress-strain response is thereby assessed, as 
well as the potential of the material to develop 
multiple cracks for increasing elongation. 
Although with additional uncertainty, inverse 
analysis is often alternatively used to derive 
indirectly the tensile stress-separation law 
from bending or diametric compression tests, 
like the Compact Tension Test (CTT), the 
Wedge Splitting Test (WST), the Four Point 
Bending Test and the Brazilian Compression 
test among others (see for example [4]). 

The unique pseudo-strain hardening 
behavior observed in tensioned SHCC 
members is the outcome of a careful design of 
the composite, considering both the matrix 
fracture properties and the bridging effect 
provided by the fibers. The steady-state crack 
propagation mode, typically considered as an 
underlying concept of the multiple cracking 
ability of SHCC, requires the fulfillment of 
two design requirements, one mechanical and 
the other energetic. The mechanical requisite 
determines that the maximum bridging stress 
provided by the fiber reinforcement should 

exceed the matrix tensile strength. The 
energetic requirement determines that the 
critical complimentary energy observed in the 
fiber bridging stress-crack opening 
relationship should exceed the matrix 
toughness. These two design requirements 
emphasize the importance that the crack 
propagation mode and the fiber bridging 
stress-crack opening relationship have on the 
tensile behavior of SHCC [2].  The detailed 
characterization of the fracture process and 
crack propagation in these composites is, 
therefore, relevant to the further understanding 
of the composite behavior of SHCC in tension. 
In addition, the characterization of the 
bridging stress-crack opening relationship is 
essential to the optimal design of SHCC 
materials. 

The characterization of the tensile behavior 
of SHCC based on the assessment of the 
tensile stress-crack opening response has been 
explored in previous studies [5,6]. The most 
relevant mechanical parameters of the 
composite behavior in tension are revealed by 
the tensile stress-crack opening relationship in 
a clear and objective manner. In this research 
the single crack tension test (SCTT) setup is 
used to assess the tensile stress-crack opening 
response of the different composites 
considered. These responses are subsequently 
used to predict the load-deformation responses 
obtained with a different type of test, in this 
case the compact tension test (CTT). The 
results obtained with a numerical model 
constructed to simulate the CTT responses are 
compared with the experimental results.  

1.2 Digital image analysis of the cracking 
process 

The understanding of the micro-cracking 
mechanisms taking place near the tip of 
propagating cracks is important to the further 
understanding of the tensile behavior of 
SHCCs. The research described in the 
literature towards the better understanding of 
the fracture process zone in cement-based 
matrix composites involves the development 
of special techniques particularly dedicated to 
the analysis of cracking. Typically the very 
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fine cracks to be detected require high 
resolution equipments [7]. In addition, most of 
the intrusive characterization techniques used 
in other materials potentially induce 
preliminary cracking in concrete, either due to 
direct mechanical action, induced drying, or 
the alteration of other physical variables 
important for the delicate balance of the 
microstructure of concrete. Many different 
techniques have been especially developed to 
the analysis of the fracture process zone and 
cracking in concrete and other cement based 
materials. Radiography (x-rays, neutrons, or 
others), dye impregnation, acoustic emission, 
ultrasound, laser holography and 
interferometry are examples of techniques 
utilized in the past to obtain quantitative 
information about the fracture process zone 
[7]. Although most of the macroscopic 
features of cracking process in concrete are 
well understood, the micro-mechanisms of 
cracking and the essence of the fracture 
process zone are still uncertain. 

Recent developments in digital imaging 
technology have led to considerable 
improvements in the quality of the images 
digitally acquired, mostly considering their 
application to scientific research. Taking 
advantage of these developments, the digital 
image correlation technique has emerged as a 
valid procedure to the derivation of the full 
field surface displacements and strains of 
objects under load. This technique is based on 
the comparison of two digitized images of the 
surface of an object, before and after 
deformation [8]. In this study the cracking 
processes of the investigated cementitious 
composites was characterized using this 
image-based technique. The purpose was to 
identify important features of the cracking 
process at the surface of the specimen, and use 
this information to support the interpretation 
and discussion of the CTT mechanical results 
obtained. Furthermore, the characterization of 
the fracture processes and crack propagation in 
the composites near the tip of the propagating 
cracks, in particular at the fracture process 
zone (FPZ), is necessary to further describe the 
phase interaction during the fracture processes 
and crack propagation, as well as to further 

understand how these processes affect the 
tensile behavior of SHCC materials. 

2 MATERIALS 
The tensile behavior of four different fiber 

reinforced cementitious composites was 
investigated. Both single fiber type and hybrid 
fiber reinforcements were considered. Fibers 
of two different natures were used: PVA 
(polyvinyl alcohol) and PAN 
(polyacrylnitrile). The main properties of the 
fibers used are presented in Table 1. 

Table 1: Main properties of the fibers. 

Fiber Tensile
strength Length Diameter 

 MPa mm m
PVA 1600 8 40.0 
PAN 826 6 12.7 

Two different compositions of the 
cementitious matrix were adopted, A and B, as 
shown in Table 2. 

Table 2: Weight proportions of the materials used in 
each composite, per unit weight of cement.

Matrix Cement Fly
ash

Fine
sand

Quartz
powder Water

A 1.0 2.0 0.35 0.35 0.75 
B 1.0 6.0 0.0 0.0 1.40 

The cementitious matrix type and the 
volume fraction of each fiber adopted in the 
composites are presented in Table 3. Two 
single fiber type and two hybrid fiber 
reinforcement composites were investigated. 

Table 3: Matrix type and fiber volume fractions 
adopted in all composites. 

Composite Matrix
type

Volume fractions (%) 

PVA PAN 
PVA_A A 2.0 0.0 
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PAN_B B 0.0 2.0 
Hyb_A A 1.0 1.0 
Hyb_B B 1.0 1.0 

3 COMPACT TENSION TEST (CTT) 

3.1 Testing procedure
The Compact Tension specimen is typically 

used to characterize the propagation of cracks 
and other fracture properties in metals [9]. 
This specimen geometry was adapted to 
characterize the initiation and propagation of 
cracks in SHCC. The depth of the specimen 
was minimized to approximate the plain stress 
conditions. The testing procedure consisted on 
applying an eccentric tensile load to a single-
edge notched specimen, at a constant 
displacement rate of 5 m/s, to induce the 
initiation of a single crack and allow its 
propagation in a controlled manner. The 
dimensions and geometry of the specimen are 
presented in Figure 1. Further details about the 
testing procedure may be found in previous 
studies [10,11]. 

The formation and propagation of the 
tensile crack was traced at the surface of the 
specimens using a high resolution digital 
camera, positioned 90 mm away from the 
specimen. The 60 mm focal length lens 
allowed the observation of a 24 mm by 36 mm 
area at the surface of the specimen (see Figure 
2). Images with 24 megapixel of resolution 
were captured every second, during the entire 
loading sequence. These images were 
subsequently used to continuously interpolate 
the displacement fields at the inspected surface 
of the specimen. 

Figure 1: Geometry	of	the	CTT	specimen.

Figure 2: Image	of	the	test‐setup	and	identification	
of	the	observed	region	in	the	specimens.	

3.2 CTT load-displacement responses 
The experimental responses obtained for 

the composites PVA_A, PAN_B, Hyb_A and 
Hyb_B in terms of the tensile load versus the 
displacement are presented in Figure 3. For 
comparison, in Figure 4 the average responses 
of each composite are presented. These 
responses were obtained by averaging the 
tensile loads measured in the three specimens 
of each composite at every displacement level. 
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In general, the CTT tensile load-
displacement responses obtained show that the 
different fibers used resulted in substantially 
different load-displacement responses. 
Although the peak loads reached in the 
different composites were not very different 
(between 250 N and 350 N), the displacement 
at which the peak loads were reached were 
clearly distinct, of approximately 0.25 mm in 
the case of the hybrid composites, 0.5 mm in 
the case of the PAN_B and 2 mm in the case 
of the PVA_A.  

The detailed analysis of the results obtained 
with the image-based analysis showed that 
cracking starts early, at tensile loads not 
exceeding 150 N. Although this analysis will 
be further discussed in a subsequent section, 
for now, it is important to remark that the fiber 
contribution to restrain crack propagation is 
affecting the load-displacement responses 
since very small displacements. 

When observing the measured tensile load-
displacement responses of the four composites, 
differences can be identified between the 
overall behavior and shape of the curves 
obtained for the single fiber type and the 
hybrid fiber reinforced composites. In general, 
the hardening-softening sequences observed in 
the load-displacement responses reveal that 
there is a different range of displacements at 
which each fiber type is more effective. In the 
case of the hybrid fiber reinforced composites, 
the load-displacement responses reflect the 
different nature of the two types of fibers in 
the composite. This effect will be further 
explored in the subsequent section, where the 
influence of the fiber and matrix properties on 
the tensile responses is discussed. 

Figure 3: Load‐displacement	responses	of	the	four	
composites	tested.	
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Figure 4: Average	load‐displacement	responses	of	
the	four	composites	tested.

4 SINGLE CRACK TENSION TEST 
(SCTT) 

4.1 Testing procedure 
The experimental characterization of the 

fiber bridging effect during the crack initiation 
and propagation in strain hardening 
cementitious composites requires the 
formation of a single crack during the entire 
loading sequence. SHCC materials are 
designed to develop multiple cracks in tension, 
consequently the formation and propagation of 
a single crack is counteracted by the material 
mechanics. The requirements to guarantee the 
formation of a single crack in SHCC materials 
during tensile testing were investigated in 
previous studies [5]. The specimen geometry 
and dimensions used are presented in Figure 5. 

Figure 5: Specimen	geometry	used	in	the	SCTT.

The length of the specimen was 120 mm 
and the free distance between the fixed ends 
during testing was 70 mm. The specimen was 
subjected to a constant axial displacement rate 
of 5 m/s. This deformation rate was 
transmitted by the hydraulic actuator to the 
specimen by means of two hydraulic grips, 
providing fixed support conditions to both 
ends of the specimen (rotations and transverse 
displacements were restrained). 

4.2 SCTT results 
The results obtained from six specimens of 

each composite are presented in Figure 6. The 
values of the tensile stress (nominal tensile 
stress) were obtained by computing the ratio 
between the experimental tensile load and the 
net area of the notched cross-section (830
mm2). The CMODs were obtained by 
averaging the displacements measured in the 
two opposite clip gages placed at the notch. 
As shown in Figure 6, the dispersion of results 
obtained for all four composites was 
reasonably low. The robust tensile responses 
obtained clearly showed that the different fiber 
reinforcements and matrices used resulted in 
substantially different tensile responses. The 
first cracking stress, the peak bridging stress, 
the crack opening at peak bridging stress [5] 
and other important composite parameters 
were significantly influenced by the matrix 
properties and fiber types combined in each 
composite. The activation of the PVA and the 
PAN fibers occurred at different stages of the 
cracking process. The PAN fibers, with a 
smaller diameter, were activated even before 
the first cracking stress was reached, and have 
contributed effectively to increase the first 
cracking stress. Their early effective activation 
was likewise followed by the early exhaustion 
of their contribution to restrain cracking at the 
post-cracking stage. In contrast, the 
contribution of PVA fibers to the first cracking 
stress was less significant. However, their 
contribution to restrain crack propagation was 
revealed mostly at later stages, by a broad 
tensile hardening stage initiating after the load 
drop that follows the first cracking stress, for a 
tensile stress of approximately 3.5 MPa, and 
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Figure 6: Tensile stress-crack opening responses of the 
four composites tested.	

continues up to when the peak bridging stress 
is reached, at a tensile stress of approximately 
6.2 MPa. Further discussion regarding the 
significance of each stage of the tensile stress-
CMOD responses obtained with the SCTT 
may be found in previous work [5,6]. 

Comparing the SCTT responses obtained 
for the two hybrids with the ones of the two 
single fiber reinforced composites, a 
substantial difference in the shape of the 
tensile stress-crack opening responses was 
observed. In fact, the existence of two 
different types of fibers in the hybrid 
composites resulted in two distinct bridging 
stress peaks. The different CMOD ranges at 
which each fiber type was producing an 
optimal contribution to restrain crack 
propagation resulted in a multiple-peak type of 
tensile stress-crack opening response [6]. 

The effect of the matrix composition on the 
tensile stress-crack opening responses of the 
hybrid fiber reinforced composites is evaluated 
in Figure 7. The matrix type A led to the 
increase of the two peak bridging stresses. In 
addition, both bridging stress peaks were 
reached at lower CMODs. The general 
increase of the CMODs obtained at each load 
when the matrix type was altered to B were 
probably the consequence of a reduction of the 
number of rupturing fibers during matrix 
fracture, as a consequence of the lower matrix 
toughness. In addition, the greater amount of 
cement used in the case of matrix type A may 
explain both the higher peak bridging stresses 
and the earlier fiber rupture, due to the 
improvement of the fiber-matrix interface. 

Figure 7: Average responses of the two hybrids.
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5 NUMERICAL SIMULATION OF THE 
CTT RESPONSES 

The SCTT tensile responses provide 
information about the composite tensile 
behavior when a single crack is considered. 
The initiation of the crack is determined 
mostly by the geometry of the specimen and 
the shape of the notched section. The slender 
notches and the strong section reduction 
adopted contribute to alter locally the stress 
fields and increase substantially the stress 
intensity at the notch tip. Therefore, the SCTT 
tensile responses obtained are predominantly 
determined by the specimen geometry until the 
crack is fully formed. After the full formation 
of the crack the fibers remain as the single 
links between the opposite faces of the open 
crack. From this stage onwards it can be 
assumed that the measured tensile load is 
exclusively the result of the fiber bridging 
effect. The fiber bridging stress-CMOD 
relationship of a certain composite is therefore 
evaluated objectively after the crack is fully 
formed. This information can be used to 
describe the constitutive behavior of the 
material in tension in terms of the tensile 
stress,	σ�, as a function of the crack width, .
To verify this possibility, a finite element 
model of the CTT was constructed. 

As shown in Figure 8, the geometry of the 
specimen and testing boundary conditions 
were modeled assuming plane stress 
conditions. The load was transmitted to the 
specimen at the two circular openings shown 
in Figure 8. The model was constructed using 
elastic 3-node triangular elements. The high 
geometrical gradients close to the notch tip 
were overcome with the considerable increase 
of the number of elements in this region. The 
young modulus, E, assigned to the elements 
was 20 GPa and the Poisson coefficient, ,
was 0.2. One layer of interface elements was 
placed at the ligament region (x = 75 mm, 
Figure 8). The interface elements were 
assigned with a traction-separation law, 
σ� � ����, directly derived from the results 
obtained with the SCTT of each composite. 
These laws correspond to the responses shown 
in Figure 6, when the portion of the response 

prior to the attainment of the first cracking 
stress is removed. In this case the average 
tensile stress-crack opening responses obtained 
from the SCTT of each composite were 
utilized (Figure 6). 

Figure 8: FEM	mesh	and	material	properties	
assigned	to	the	bulk	material	and	ligament	region.	

The numerical tensile load-displacement 
responses obtained for each composite are 
compared with the experimental results in 
Figure 9. The general shapes of the simulated 
CTT responses are essentially identical to the 
experimental ones. The peak load is well 
estimated in the case of the Hyb_A and 
slightly overestimated in the case of the 
Hyb_B. The displacements are also well 
estimated in the initial stage of the loading 
sequence, and become underestimated once 
the displacements of 0.5 mm (Hyb_A) and 1.0 
mm (Hyb_B) are reached. The formation of 
multiple cracks at later stages of the loading 
sequence may justify this result. This 
possibility will be further explored in the 
subsequent section. 
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Figure 9: Experimental	results	and	numerical	
responses	obtained	for	Hyb_A	and	Hyb_B.	

The mechanical behavior reproduced by the 
finite element model assumes that a single 
crack is formed during the entire loading 
sequence, and the path of this crack is set by 
the interface elements. The formation of more 
than one crack results in the increase of the 
displacement at the same load. In addition, 
when more than one crack is formed, the 
rupture of the specimen will be eventually 
determined by the ‘weakest’ crack, or the 
crack showing the lowest peak bridging stress 
(the weakest link principle). The peak load 
overestimation may therefore be the result of 
both the assumption of a single crack forming 
in the numerical model and the adoption of the 
average tensile stress-CMOD behavior to 
derive the stress-separation law of the interface 
elements.  

5 IMAGE-BASED ANALYSIS OF THE 
CRACKING PROCESS 

The detailed analysis of the crack patterns 
generated at the surface of the specimens 
confirmed that more than one crack was 
formed (Table 4). The stage one was selected 
in all specimens to show the last stage at 
which no cracks were detected. All selected 
stages are identified in Figure 10.

Figure 10: Experimental load-displacement responses 
of the imaged specimens and identification	of	the	

selected	stages	shown	in	Table	4.

Considering the Hyb_A specimen, the 
second stage selected shows the crack pattern 
obtained when the peak load was reached. The 
third stage selected shows the crack pattern 
obtained when the load reaches the local 
minimum, before entering the second mild 
hardening sequence. The fourth stage selected 
refers to the instant at which the second peak 
load was reached. From this stage onwards 
new crack branches only form at the crack tips 
near the edge of the specimen on the right, 
with the further opening of the main cracks 
previously formed.  

Considering the Hyb_B specimen, the 
selected stage two shows the last stage up to 
which only one crack was visible. After this a 
second crack initiates at the tip of the notch 
and propagates at the center of the specimen, 
as shown in selected stage three. From stage 
three onwards more cracks form parallel to the 
existing ones, as well as additional crack 
branches. The fourth stage selected refers to
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St. HYB_A HYB_B 

1

2

3

4

Table 4: Selected	stages	of	the	image‐based	displacement	analysis	of	Hyb_A	and	Hyb_B.	
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the instant at which the second peak load was 
reached. As previously observed, from this 
stage onwards new crack branches only form 
at the crack tips near the edge of the specimen 
on the right, with the further opening of the 
main cracks previously formed. Stage four 
also marks the stage at which the experimental 
and the numerical responses start to mildly 
diverge.

As shown in Table 4, the cracks forming in 
the specimens suggest that the mechanical 
behavior reproduced by the numerical model 
differs from the one experimentally obtained. 
The main cracks divert from its horizontal path 
early, while multiple crack branches form. The 
substantial alteration of the structural behavior 
caused by this early crack diverting, in 
opposition to the assumed single horizontal 
crack in the numerical model, explains partly 
the differences observed between the 
numerical simulations and the experimental 
results.  

As discussed previously, the matrix 
composition used in Hyb_B leads to lower 
matrix toughness and lower matrix cracking 
strength. These two effects probably lead to a 
reduction of the number of fibers breaking, 
both at the onset of cracking and at later stages 
of the cracking process. In addition, the lower 
matrix cracking stress also increases the 
potential to the formation of multiple cracks. 
Considering that, after cracking, the fiber 
bridging stress build up leads to a similar 
increase in the ambient tensile stresses for both 
hybrids, the likelihood of multiple crack 
formation increases with the decrease of the 
matrix cracking stress. In fact, when observing 
the results obtained for Hyb_A on Table 4, the 
formation of crack branches that originate at 
the principal crack seems to prevail. In 
contrast, for Hyb_B multiple cracks originate 
at the tip of the notch. These cracks, while 
propagating in a predominantly horizontal 
direction, are in essence different from the 
typical crack branches propagating in a 
predominantly vertical direction observed in 
the Hyb_A composite. These essentially 
different cracking processes observed in both 
hybrids may be explained by the different 
significance that the two main 

micromechanical aspects of the composite 
tensile behavior are assuming in each 
composite. These are the fiber bridging 
capacity resulting of the fiber reinforcement, 
and the toughness of the matrix that conditions 
fracture mechanisms.  

6 CONCLUSIONS 
This investigation focused on the initiation 

and propagation of cracks in SHCC materials, 
considering the compact tension test (CTT) 
and cementitious composites reinforced with 
two different types of fibers. Different 
characteristic tensile load-displacement 
behaviors were obtained, as a result of the 
different geometry and properties of the fibers 
used. Although the geometry of the specimen 
and the test setup configuration were defined 
to create the necessary conditions to the 
initiation of a single crack, the results obtained 
with the image-based analysis have shown that 
multiple cracks were forming. The processed 
images of the surface of the specimens 
revealed disordered crack patterns that were 
significantly different from the ones that were 
suggested by the simple visual inspection. 
These results were critical to the understanding 
of the mechanical responses obtained, as well 
as to identify different micro-mechanical 
aspects of the cracking process that resulted 
from the different stiffness of the two types of 
cementitious matrix adopted. Essentially two 
distinct crack propagation mechanisms were 
identified. These types were shown to be 
directly related to the strain hardening 
potential of each cementitious composite and 
the related multiple crack formation ability. 
The same hybrid fiber reinforcement 
combined with the two different cementitious 
matrices has undergone the transition between 
a cracking process where the formation of 
essentially vertical crack branches was 
predominant, to a cracking process where 
multiple horizontal cracks were initiating at 
the tip of the notch and propagating 
throughout the specimen.  

The characterization of the tensile stress-
crack opening behavior of the four 
cementitious composites using the single crack 
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tension test (SCTT) has shown that the 
different fibers used are more effective at 
crack restraining for different crack openings. 
This difference results in a multiple-peak 
shape of the post-cracking responses observed 
in n the hybrid fiber reinforced composites.
The tensile stress-crack opening responses 
obtained with the SCTT were used to predict 
the tensile load-displacement behaviors 
obtained with the CTT. Although a good 
general agreement between the numerical and 
experimental results were obtained, the peak 
load was somewhat overestimated in some 
cases and the deformations slightly 
underestimated by the numerical model. The 
results obtained with the image-based analysis 
explain the deviation between the numerical 
and the experimental results. The identified 
cracking patterns indicate a mechanical 
response that different from the one assumed 
in the numerical model.  
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Abstract: For the design of SFRC members, the most fundamental material property is its post 
cracking residual tensile strength. When relying on physical models to describe structural behaviour 
under load, the material laws must first be accurately established. If the material laws either 
significantly over- or under-estimate the residual tensile capacity of the SFRC, an accurate physical 
model for the determination of its strength is not possible. However, in production control and 
materials specification, direct tensile testing is costly in time and difficult in that it requires 
specialised testing equipment. To this end, testing of prisms in bending is often substituted for 
uniaxial tension testing, and empirical design models are developed based on the results. Several 
attempts have been undertaken to provide an inverse analysis from prism data to establish the σ-w
relationship but no direct test verification of the approaches have, to date, been established. This 
paper compares the results for σ-w relationship obtained from a direct tension test with those 
obtained using prism tests combined with an inverse analysis. Finally, a model is proposed that can
be used for control testing with designs established using physically based models for strength limit 
states.

1 INTRODUCTION
Research into the use of steel fibres as 

reinforcement for shear and tensile actions in 
concrete members has been on-going for more 
than five decades [1-3] The tensile strength of 
plain concrete, being a quasi-brittle material, 
diminishes quickly to zero after cracking. For 
steel fibre reinforced concrete (SFRC), 
however, the fibres provide post-cracking 
tensile capacity due to the ability of the fibres 
to bridge and transmit tensile stresses across 
cracks. Depending on the mechanical and 
geometrical characteristics of the fibres, the 
presence of fibres can significantly improve 
the post-cracking tensile behaviour of the 

concrete.
One of the reasons for the limited utilisation 

of SFRC in structural applications has been the 
difficulty in establishing the characteristic 
tensile properties of the composite to a degree 
needed to be easily incorporated into existing 
or new design procedures. The most important 
property when considering the design of a 
structural member manufactured with SFRC is 
its post cracking, or residual, tensile strength. 

Before cracking, the characteristic 
behaviour is generally represented by the 
tensile stress-strain response; after cracking, 
the behaviour is expressed in terms of stress
versus crack opening displacement (σ-w)
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relationship (Figure 1). 
The σ-w relationship for SFRC can be 

directly obtained from a uniaxial tensile test, 
which is expensive in that it requires 
specialized equipment and is time consuming 
in its preparation, or indirectly after an inverse 
analysis from a three or four point bending 
test, as summarized in Figure 2.

Figure 1: Stress versus strain/w for SFRC.

Figure 2: Approaches to determine the tensile 
properties of SFRC.

The use of three- or four-point bending tests 
on concrete prisms, together with an inverse 
analysis, to determine the tensile properties of 
SFRC has been described in [4]. The prism 
specimens may be notched or un-notched on 
the side of the extreme tensile fibre.

While a methodology for the determination 
of the tensile strength using prism tests has 
been established [5] and appears in the fib
2010 Model Code [6] using notched prism 
specimens, there is no data validating the 
approach against tension test data, rather
validation has been sought from other means, 
such as FEM. While the fib prescribes a prism 

geometry, the methodology is independent of 
the specimen geometry or, indeed, on whether 
the prism is notched or un-notched or testing is 
by three- or four-point bending [5]. In this 
context, an experimental program is underway 
to investigate the tensile properties of several 
softening SFRC mixes. Some results of this 
project are reported in this paper.

2 EXPERIMENTAL INVESTIGATION
Four SFRC mixes (Table 1) were cast and 

tested. The SFRC mixes were fabricated using 
two types of commercially available steel 
fibres: end-hooked (EH) Dramix® RC-65/35-
BN cold drawn wire fibres and OL13/0.20 
straight (S) high carbon steel fibres; both 
manufactured by Bekaert. The EH fibres were 
0.55 mm in diameter, 35 mm long and had a 
tensile strength of 1340 MPa. The S fibres 
were 0.2 mm in diameter, 13 mm long and had 
a tensile strength of more than 1800 MPa. The 
fibre volumetric dosages adopted in this study 
were 0.5% and 1.0% for both fibre types. The 
aggregate used was basalt with a maximum 
particle size of 10 mm.

The compressive strength characteristics of 
the concrete used in the study were determined 
from 100 mm diameter cylinders tested after 
28 days of moist curing at 23oC; the results are 
summarized in Table 1. The mean 
compressive strength (fcm) was determined 
from three cylinders tested under load control 
at a rate of 20 MPa per minute, as per [7]. The 
modulus of elasticity (Ec) was obtained in 
accordance with [8]. The tensile strength of the 
matrix (fct) was obtained from the dog-bone 
tests (described below).

Table 1: Mechanical properties of SFRC mixes.

Mix Fibre 
Type

Vol.
(%)

fcm
(MPa)

Ec
(GPa)

fct
(MPa)

DA-0.5-EH EH 0.5 56.2 33.0 3.85

DA-1.0-EH EH 1.0 60.1 31.5 3.92

DA-0.5-S S 0.5 63.7 34.7 4.03

DA-1.0-S S 1.0 63.0 35.8 4.30

Note: EH = end-hooked; S = Straight.
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The uniaxial tensile test was conducted on 
an hour glass shaped specimen, commonly 
referred to a “dogbone” specimen. This shape 
was introduced in [9]. Figure 3 shows the 
specimen size and test setup details adopted in 
this study.

Figure 3: Details of uniaxial tension test specimens.

The dog-bone specimens were tested in an
Instron servo-hydraulic testing machine. The 
specimens were connected to the testing 
machine via a series of bolted connections to 
16 mm 8.8 grade threaded rods embedded 
100 mm within the sample. One end of the test 
arrangement was connected to the testing 
machine through a universal joint, the other 
through a fixed platen.

To measure the crack opening displacement 
(COD), two LVDTs were attached to the 
North and South faces, with two LSCTs on the 
East and West faces of the specimen. The 
gauge lengths were 230 mm. The testing 
configuration and transducer arrangement is 
seen in Figure 4.

The load was applied using displacement 
control, initially at rate of 0.12 mm/min until 
the formation of the dominate crack. After 
cracking, the rate was increased to 
0.2 mm/min with additional rate increases 
introduced as the test progressed.

Figure 4: Photograph of uniaxial test showing 
transducers.

To establish the relationship for various 
specimen dimensions, and configurations, 
notched three-point beam tests were performed 
on two different sized prisms; 150 mm square 
section by 500 mm long prisms and 100 mm
square section by 500 mm long prisms. The 
150 mm square prisms had a notch depth of 
45 mm; the 100 mm square prisms had a notch 
depth of 30 mm. The notches were cut with a 
diamond blade saw. The spans were 456 mm
and 400 mm for the 150 mm and 100 mm 
square beams, respectively.

The prismatic specimens were tested using 
a closed loop test system by applying a clip 
gauge to the underside of the beam, at the 
notch, to measure and control the crack mouth 
opening displacement (CMOD) at the extreme 
tensile fibre. The test was operated such that 
the CMOD increased at a constant rate of 
0.05 mm per minute, for the first two minutes, 
and then increased to 0.2 mm per minute until 
the CMOD reached 4 mm.

3 TEST RESULTS
The experimental results for the uniaxial 

tests are presented in Figures 5 to 8. Each 
curve represents the average of the four 
displacement transducers placed on the sides 
of the specimens. The points plotted on the 
axes of the figures are the tensile strengths of 
the matrix, with the averages for each series 
given in Table 1. In the figures plotting the 
uniaxial test results, no data is plotted between 
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the point of cracking and the stabilisation of 
the test immediately after cracking. This jump 
is due to the release of the elastic energy 
stored in the specimen, and is discussed below.

The load versus CMOD responses from the 
three-point notched bending tests are presented 
in Figures 9 to 12. Plotted within each of the 
figures are results from the two sized 
specimens (100 mm x 100 mm and 150 mm x 
150 mm). The larger, 150 mm x 150 mm, 
prisms carry the higher loads.

Figure 5: Uniaxial response of Mix DA-0.5-EH.

Figure 6: Uniaxial response of Mix DA-1.0-EH.

Figure 7: Uniaxial response of Mix DA-0.5-S.

Figure 8: Uniaxial response of Mix DA-1.0-S.

Figure 9: Flexural tensile strength for mix DA-0.5-EH.

Figure 10: Flexural tensile strength for mix DA-1.0-EH.

Figure 11: Flexural tensile strength for mix DA-0.5-S.
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Figure 12: Flexural tensile strength for mix DA-1.0-S.

The fracture processes of all the direct 
tension specimens consisted of three key 
stages. The first stage involved the formation 
of a hairline crack of less than 0.05 mm width; 
once initiated, the crack propagated along the 
weakest cross section along a surface. At this 
stage, the peak stress had been achieved. This 
was shortly followed by a sharp reduction in 
load, coinciding with a significant opening of 
the crack, as the elastic strain energy stored in 
the specimen and testing rig was recovered. 
The degree of this initial step depended on the 
fibre type and quantity; once the crack is 
stabilised, the post-cracking residual strength 
beyond this point readily obtained. However, 
no displacement data is available between the 
peak load and that corresponding to the 
stabilised crack. After the crack had stabilised, 
the load again increased as the fibres became 
engaged. The long tail of the curves reflects 
the progressively smooth residual capacity of 
the specimens. Shortly after cracking it was 
clear that the concrete provided no 
contribution to the tensile strength and that the 
strength was due to the fibres alone.

Three distinct phases describe the response 
of the three-point notched bending test: (i) an 
elastic phase up to cracking; (ii) a flexural 
hardening response up to the onset of crack 
localization; (iii) a reduction of load with 
increasing CMOD.

The presence of a boundary restricts a fibre 
from being freely orientated [3,10]. An 
orientation factor, kt, may be applied to the 
uniaxial test results to remove this influence, 
thus converting the results to that of an 

equivalent 3D fibre distribution free of 
boundary factors. For an element 
approximately square in section and tested in 
tension, as is the case in this study, the 
boundary influence found in [10] can be 
approximated as:

10.5 1
0.94 0.6t

f

k
l b

= ≤ ≤
+ (1)

4 INVERSE ANALYSIS PROCEDURE
In this section, the inverse analysis 

procedure of the fib 2010 Model Code [6] is 
examined and a modified procedure proposed. 
By adopting an inverse analysis it is the 
intention to reproduce the tensile σ-w
relationship from prism tests. Ideally, such a 
procedure should not depend on the test 
arrangement of the prism test, three- or four-
point bending, span, notched or unnotched. 
Indeed the model of [5, 6] is generic in its 
formulation for the case of notched prism tests. 

Figure 13(a) shows the cross-section for a 
SFRC prism cracked in bending where D is the 
total depth of the prism, hsp is the depth minus 
the notch depth, dn is the depth from the 
extreme compressive fibre to the neutral axis 
and b is the width of the prism. On the 
compressive side (Figure 13b), the strain at the 
extreme fibre is small relative to the strain to 
induce crushing of the concrete and the stress 
block may be considered as triangular. The 
stress at the extreme compressive fibre is σo.

Figure 13: Model for inverse analysis of σ-w curve 
from prism bending tests
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neutral axis (Figure 13b), the concrete is 
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distances from the neutral axis, the concrete is 
cracked and the steel fibres carry a tensile 
stress f(w) that correspond to a direct tensile 
stress for a crack opening w at the level in the 
section under consideration. 

Assuming that (i) at significant CMODs, 
the tensile component of the uncracked
concrete can be ignored and (ii) rigid body 
rotations (Figure 14), the stress on the σ-w
curve for the average COD between the root of 
the notch and the crack tip is denoted as fw,
and is calculated as:

2 2
2

2
w

sp sp

M Flf
h b h b

= = (2)

and is equivalent to that obtained by [5] using 
a rectangular stress block to describe internal 
tensile force provided by the fibres and with 
dn = 0, and adopted in [6].

Figure 14: Determination of stress for an average width 
of wu

Furthermore, assuming rigid body rotations 
of the two prism halves centred about the 
crack tip, the COD (w) for our σ-w curve is 
obtained from the measured CMOD as:

( )
2 ( )

sp n

n

h dCMODw
D d

−
= ⋅

−
(3)

In Figure 15, the ratio of w/CMOD from 
Eq. 3 is plotted against the ratio dn/hsp for a 
150 mm square prism with a 25 mm notch. 
The figure shows that at higher values of dn,
soon after cracking, w is about 0.38 times 
CMOD; at lower values of dn, when the neutral 
axis is high in the section, w is 0.42 times 
CMOD, for this example. Thus, the results are 
somewhat insensitive to the neutral axis depth. 

Figure 15: Ratio of w/CMOD versus dn/hsp for 150 mm
square prism with a notch depth of 25 mm.

For design, an appropriately conservative 
value is recommended; taking dn = 0.3hsp in 
Eq. 3 gives:

0.35
0.3

sp

sp

CMOD h
w

D h
×

=
−

(4)

In the establishment of Equations 2 to 4, it 
is assumed that sufficient cracking has 
occurred such that the neutral axis is 
sufficiently high in the section and, thus, the 
contribution of the uncracked concrete to the 
bending moment is small compared to that 
provided by the fibres. In determining a simple 
model, we adopt points corresponding to 
CMODs of 1.5 mm and 3.5 mm (which 
correspond to the points CMOD2 and CMOD4
according to [6]), which are sufficiently 
separated from each other to provide 
reasonable modelling over the most important 
region of the σ-w curve for both service and 
strength limit design and with the point 
CMOD2 being sufficiently distant from initial 
cracking that the contribution of the uncracked 
concrete to the section capacity is of the prism 
is small.

Considering Equations 2-4 with a linear 
constitutive law, interpolating between points 
CMOD2 and CMOD4, gives:

( ) ( )2
4 2 0

3
R

w R R
ff f f wξ= + − ≥ (5a)
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(5b)
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In Figures 16-19, the model of Equation 5
is compared to the direct tension test data
compensated for the boundary effect by 
Equation 1. Also plotted is the prediction 
according to the equation of the fib 2010 
Model Code [5, 6]. It is seen that the model 
given by Equation 5 developed in this paper
correlates reasonably with the data up to

1.5 mmw ≈ . Beyond w = 1.5 mm, the model 
becomes conservative. On the other hand, the
Model Code relationship consistently over 
predicts the tensile strength for any given 
COD (w).

Figure 16: Comparison of proposed model with 
experimental data; Mix DA-0.5-EH

Figure 17: Comparison of proposed model with 
experimental data; Mix DA-1.0-EH

Figure 18: Comparison of proposed model with 
experimental data; Mix DA-0.5-S

Figure 19: Comparison of proposed model with 
experimental data; Mix DA-1.0-S

The importance of the observation above 
should not be under stated. When relying on 
physical models to describe behaviour, such as 
for example shear, the material laws must first 
be accurately established. If the materials law 
either significantly over- or under-estimate the 
residual tensile capacity of the SFRC, an 
accurate physical model for the determination 
of strength is not possible and one is limited to 
empirical approaches to design.
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5 CONCLUSIONS
In order to increase the utilization of SFRC 

in structural applications, it is important to 
correctly establish the post cracking or residual 
tensile strength of SFRC. The post cracking 
behaviour of SFRC can be obtained directly 
from uniaxial tensile tests, or indirectly 
following an inverse analysis of notched 
beams in bending. Consequently, reliable 
methods to attain these results are required. 

Following an experimental investigation of 
four softening SFRC mixes and subsequent 
analysis that examined the applicability of 
developed inverse analysis techniques found in 
the literature, namely ones that led to the 
approach adopted in the fib 2010 Model Code 
[6], it was found that the Model Code results 
may significantly overestimate the residual 
tensile strength that form the basis of physical 
models for SFRC.

To address this, a simple, yet effective,
inverse analysis procedure was derived to find
the σ-w relationship for SFRC from prism 
bending tests. The model considers the 
influence of fibres on the moment carried by 
the specimen from the point in the test where 
the uncracked concrete has little influence of 
the capacity and considering rigid body 
rotations.

In the development of the model, it is 
important to note that the measurement point 
for the CMOD is not at the notch root (i.e. the 
location of the true crack mouth) but at a 
distance from it. With this observation a 
rational model is derived that is independent of 
specimen geometry, testing span and the 
method of testing, i.e. three- or four-point 
bending.

The model was validated against 
experimental data obtained from direct tension 
tests for four SFRC mixes. For all four mixes 
tested (two with end hooked fibres and two 
with straight fibres) and for two different 
prism sizes tested (100 mm square and 150 
mm square), the model predicted the results 
well within the scatter range of the collected 
data.
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Abstract: Three-point bend tests have been performed using two most popular methods 
available in the literature for determining the size-independent specific fracture energy of concrete.  
It is shown that despite the different physical interpretations underlying these two methods, they 
both give nearly the same value. 
 
 

1 INTRODUCTION 
The most commonly used method for 

measuring the fracture energy is the work-of-
fracture method recommended by RILEM [1]. 
However, the specific fracture energy so 
determined has been shown by several authors 
[2-5] to depend on the shape and size of the 
test specimen. The reasons for this variability 
the size of the specimen are a subject of 
ongoing investigations [6-9]. 

Several authors have proposed new 
methods or modifications of the RILEM 
method to obtain size-independent specific 
fracture energy of concrete. The two most 
popular methods for measuring the size-
independent fracture energy of concrete are 
based on the local fracture energy model of Hu 
et al. [4,10] and the proposal of Elices et al. 
[11-13] that provides experimental corrections 
to avoid energy dissipations. However, there is 
still no agreement as to which of these 
methods to use.  

The aim of this paper is to provide an 
evaluation of these two methods based on 
independent tests in order to see whether the 
values of the size-independent fracture energy 
determined by them are the same or not.   

2 THEORETICAL BACKGROUND 

2.1 Boundary effect method (BEM) 
Hu et al. [4] argued that the effect of the 

free boundary of the specimen is felt in the 
fracture process zone (FPZ) of concrete. The 
energy required to create a fresh crack 
decreases as the crack approaches the free 
boundary [14] of the specimen. This change in 
the local fracture energy (gf) is represented by 
a bi-linear approximation, as shown in Figure 
1. The transition from the size-independent 
specific fracture energy of concrete (GF) to the 
rapid decrease occurs at the transition ligament 
length (al), which depends on the both the 
material properties and specimen size and 
shape [10]. The measured RILEM fracture 
energy (Gf) represents the average of the local 
fracture energy function over the ligament area 
(dashed line in Figure 1). The relationship 
between all the involved variables is given by 
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Figure 1: Local	fracture	energy	model	of	Hu	and	
Wittmann. 

To obtain the values of GF and al for a  
concrete mix, the RILEM fracture energy of at 
least four specimens of the same size but 
different notch depths must be previously 
determined [10]. Application of equation (1) to 
each different notch depth specimen gives an 
over-determined system of linear equations in 
GF and al. This system must be solved by a 
least squares method for the best estimates of 
GF and al [14]. 

Abdalla and Karihaloo [15-16] showed that 
the same size-independent specific fracture 
energy can also be obtained by testing only 
two specimens of the same size but with 
notches which are well separated (e.g., a/D = 
0.05 and 0.50). This greatly simplifies the 
determination of GF, especially when large 
specimens are required for testing. This 
simplified method (SBEM) is one of the 
methods used in the present paper to achieve 
the first aim. 

2.2 Method proposed by Elices et al. (P-δ
tail)

Elices, Planas and Guinea [11-13] 
identified several sources of energy dissipation 
that may influence the measurement of GF 
using the RILEM method. The most important 
of these is the curtailment of the tail part of the 
load-displacement curve (P-δ) in a three-point 
bend test. They proposed some corrections in 
order to avoid several sources of energy 
dissipation, such as the adjustment of the 
initial stiffness of the P-δ curve, the adequate 
design of supports and the system load, and 
the estimation of the non-measured energy 

dissipation near the very end of the test. This 
last energy dissipation is akin to the 
curtailment of the tail of the P-δ curve.  

To estimate this non-measured work of 
fracture (Wnm1 + Wnm2) (Figure 3) when the 
test is terminated at very low loads, it is 
necessary to model the beam behavior when 
the cohesive crack closely approaches  the free 
surface [11]. For cohesive materials and 
specimens where the weight is compensated, 
the last phase of a stable three-point bend test 
can be modelled following the rigid-body 
kinematics (Figure 2) used by Petersson [17]. 

 
Figure 2: Rigid‐body	model	of	the	behavior	of	the	

specimen	at	the	end	of	the	test. 

Taking into account the geometrical 
relationships provided by the rigid-body 
model, the non-measured fracture energy of 
the three-point bend test (Figure 3) can be 
estimated as [11]: 

2
nm nm1 nm2

u

AW W W


   (2)

where A is an experimental coefficient of 
adjustment of the P-δ tail and δu is the last 
recorded mid-span deflection of the specimen 
at the termination of the test (Figure 3). 

 

 
Figure 3: P-δ curve in a three-point bend test and the 

measured (Wf) and non-measured (Wnm1+Wnm2) work of 
fracture. 
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Once the non-measured work of fracture 
has been estimated, the size-independent 
fracture energy of concrete can be calculated 
as [11]: 

0

2

( )

u

u
F

APd
G

b D a



 





 

(3)

3 COMPARISON OF THE TWO MAIN 
METHODS FOR MEASURING THE 
SIZE-INDEPENDENT FRACTURE 
ENERGY OF CONCRETE 

3.1 Experimental procedure 
To compare the values of the size-

independent fracture energy obtained using the 
two methods described above an experimental 
program was carried out. Prismatic notched 
specimens were subjected to three-point 
bending according to the experimental 
requirements of each method. Three types of 
notched beams were manufactured. The beams 
identified as TFE05 and TFE005 were used to 
obtain the true fracture energy of concrete by 
means of the simplified local fracture energy 
method of Karihaloo et al. [16]. In contrast, 
beams identifies as SWC05 specimens were 
used to determine the true fracture energy 
according to Elices et al. [11]. Table 1 shows 
the geometrical dimensions of all specimens 
according to Figure 4. 

 

 
Figure 4: Geometry of the notched specimens.	

Table 1: Geometrical properties of the notched 
specimens in mm 

Spec. D B S L a
TFE005 120 60 480 540 6 
TFE05 120 60 480 540 60 
SWC05 120 60 480 540 60 

 
Four samples were tested for each type of 

specimen. The initial correction for any 
crushing of the concrete at the supports was 
made for all specimens. The TFE05 and 
TFE005 specimens were tested according to 
the RILEM procedure and the self-weight was 
no compensated. Figure 5 shows a picture of a 
three-point bend test of these specimens 
(bottom) and its instrumentation (top). 

The SWC05 specimens were subjected to 
three-point bend tests with the indicated self-
weight compensation (Figure 6). In these 
specimens the displacement at which the test 
was stopped was 3.5 mm. 

All tests were performed in a closed-loop 
servo-hydraulic dynamic testing machine with 
the crack mouth opening displacement 
(CMOD) control. The CMOD displacement 
was measured with a clip gauge, and a linearly 
varying displacement transducer (LVDT) was 
used to measure the vertical displacement at 
mid-point (Figure 5). A reference frame was 
used to fix the LVDT to the top of the 
specimen so only the vertical displacement by 
deformations of the specimen was measured. 
The load-CMOD and load-displacement 
curves for all specimens were recorded. 
Loading was applied at a rate, so that the total 
time of the test was at least twenty minutes. 
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Figure 5: Three-point bend test of the TFE05 specimens 

(bottom) and its instrumentation (top).	

 
Figure 6: Three-point bend test of SWC05 specimens 

with weight compensation.	

3.2 Concrete 
All specimens were cast from a single 

concrete mix. The mix proportions by weight 
of sand/gravel/cement/water were 
1.4/3.5/1/0.4. The sand and gravel were 
siliceous aggregates with a maximum size of 8 
mm graded according to the Fuller method. 
Starter notches were made by a diamond saw 
(blade thickness 3 mm). The specimen 

preparation process was strictly controlled to 
minimize scatter in the test results. 

Compressive tests were carried out on 
cylindrical specimens of 150×300 mm 
(diameter×height). The Young modulus was 
estimated from the P−CMOD curve, according 
to the procedure indicated in [18]. Brazilian 
tests were also carried out on cylindrical 
specimens of the same size to obtain the split 
tensile strength of concrete mix. Table 2 shows 
the mechanical properties of concrete. 

Table 2: Mechanical properties of concrete 

Compressive strength, fc (MPa) 36.9 ±6% 
Splitting tensile strength, fti (MPa) 3.1 ±13% 

Modulus of rupture, ff (MPa) 4.6 ±1% 
Young’s modulus, Ec (GPa) 28.2 ±11% 

3.3 Results 
Table 3 shows the average values of the 

fracture energy obtained from the three-point 
bend tests of TFE005 and TFE05 specimens 
according to the RILEM procedure [1]. The 
notations used in the table are: the maximum 
load obtained from tests (Pmax), the self-weight 
of specimens (m), the vertical displacement at 
the end of the test (δu), the maximum load 
corrected according to the self-weight of the 
specimen (P’max), the work of fracture 
measured from the P-δ curve (Wf), the total 
work of fracture considering the self-weight 
correction (WfT), the ligament area (Alig) and 
the RILEM specific fracture energy (Gf). 

Table 4 shows the SWC05 specimen results 
for determining GF according to the 
adjustment for the tail curtailment, where: δ0 is 
the displacement considered as the initial point 
for adjusting the tail of the curve, A is the 
constant of adjustment, Wnm is the non-
measured work of fracture and GF is the size-
independent specific fracture energy (equation 
3). 

The comparison of Gf values obtained for 
TFE005 and TFE05 specimens clearly reveals 
the size dependency of the specific fracture 
energy according to RILEM procedure. 
Applying the simplified method of Karihaloo 
et al. [15] (equation (1)) to these results, the 
size-independent fracture energy of concrete 
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and the transition length were obtained (Table 
5). 

Table 3: RILEM fracture energy in TFE specimens 

Specimen TFE005 TFE05 
Pmax (N) 4733 ±4% 1332 ±4% 
m (kg) 9.6 ±2% 9.6 ±1% 
δu (mm) 1.41 ±4% 1.35 ±1% 
P’max (N) 4775 ±4% 1358 ±4% 

Wf (Nmm) 797.7 ±12% 333.5 ±5% 
WfT (Nmm) 915.4 ±11% 448.3 ±4% 
Alig (mm2) 6840 3600 
Gf (N/m) 133.8 ±11% 124.5 ±4% 

Table 4: Size-independent fracture energy from SWC 
specimens 

SWC05 1 2 3 4 
Pmax (N) 1444 1585 1410 1547 
m (kg) 9.4 9.8 9.7 9.7 
δ0 (mm) 2.1 2.1 2.1 2.1 
δu (mm) 3.5 3.4 3.6 3.5 

A (Nmm2) 84.4 172.3 98.1 113.8 
Wf (Nmm) 518.6 484.4 390.3 430.3 

Wnm (Nmm) 48.3 99.9 56.6 65.5 
Alig (mm2) 3600 3600 3600 3600 
GF (N/m) 157.5 162.3 123.9 137.7 

 
The specific fracture energy (GF) 

determined with this method is directly the 
size-independent fracture energy of concrete. 
So the value of the true fracture energy 
obtained with this method is the average value 
for all specimens SWC05 (Table 5). 
Table 5: Size-independent fracture energy of concrete 

obtained by each method 

Method GF (N/m) al (mm) 
SBEM 144.2 16.4 
P-δ tail 145.4 ±12% - 

 
Comparing the GF results given by the two 

competing methods, it is clear that they both 
give almost the same size-independent fracture 
energy. Although these two methods use 
different experimental procedures, it is not 
surprising that they lead to the same size-
independent fracture energy, as had been 
conjectured by Karihaloo et al. [15]. Both 
these methods essentially recognise that the 

local fracture energy is not constant over the 
FPZ. The local fracture energy model allows 
for this variation directly when the crack 
approaches the back free boundary surface of 
the specimen which occurs towards the end of 
the test [19]. On the other hand, the method of 
Elices et al. takes this into account indirectly 
by adjusting the work of fracture for the un-
measured tail of the P-δ curve that also 
corresponds to the final part of the test [11]. 

5 CONCLUSIONS 
A comparison of the two main methods 

used to measure the size-independent fracture 
energy of concrete has been carried out using 
independent experimental results. The value of 
the fracture energy obtained by both methods 
was practically identical. This is not 
surprising, as had been anticipated by Abdalla 
and Karihaloo [15]. Although these two use 
slightly different experimental techniques, 
they both essentially include the influence of 
the back free boundary of the specimen on the 
FPZ when the propagating crack approaches at 
the end of the test (also reflected in the tail of 
the P-δ diagram). It is therefore concluded that 
either method can be used to obtain a unique 
value of the size-independent fracture energy 
of concrete. 

During the presentation a new method will 
also be briefly described to estimate the size-
independent fracture energy from the 
measured fracture energy of three 
geometrically similar specimens and one extra 
specimen with a notch to depth ratio different 
from these three  

REFERENCES 
[1] RILEM TCM-85, Determination of the 

fracture energy of mortar and concrete by 
means of three-point bend tests on 
notched beams. Materials and Structures, 
1985. 18(106): p. 287-290. 

[2] Bazant, Z.P. and M.T. Kazemi, Size 
dependence of concrete fracture energy 
determined by RILEM work-of-fracture 
method. International Journal of Fracture, 
1991. 51: p. 121-138. 

[3] Nallathambi, P., B.L. Karihaloo, and B.S. 

1062



H.	Cifuentes,	M.	Alcalde	and	F.	Medina	

 6

Heaton, Various size effect in fracture of 
concrete. Cement and Concrete 
Composites, 1985. 15: p. 117-126. 

[4] Hu, X. and F. Wittmann, Fracture energy 
and fracture process zone. Materials and 
Structures, 1992. 25: p. 319-326. 

[5] Mindess, S., The effect of specimen size 
on the fracture energy of concrete. 
Cement and Concrete Research, 1984. 14: 
p. 431-436. 

[6] Vydra, V., K. Trtík, and F. Vodák, Size 
independent fracture energy of concrete. 
Construction and Building Materials, 
2012. 26(1): p. 357-361. 

[7] Zhao, Z., S. Kwon, and S. Shah, Effect of 
specimen size on fracture energy and 
softening curve of concrete: Part I. 
Experiments and fracture energy. Cement 
and Concrete Research, 2008. 38(8-9): p. 
1049-1060. 

[8] Kwon, S., Z. Zhao, and S. Shah, Effect of 
specimen size on fracture energy and 
softening curve of concrete: Part II. 
Inverse analysis and softening curve. 
Cement and Concrete Research, 2008. 
38(8-9): p. 1061-1069. 

[9] Hu, X., Size effect on tensile softening 
relation. Materials and Structures, 2010. 
44(1): p. 129-138. 

[10] Hu, X. and F. Wittmann, Size effect on 
toughness induced by crack close to free 
surface. Engineering Fracture Mechanics, 
2000. 65: p. 209-221. 

[11] Elices, M., G.V. Guinea, and J. Planas, 
Measurement of the fracture energy using 
three-point bend tests: Part 3—Influence 
of cutting the P -δ tail. Materials and 
Structures, 1992. 25(6): p. 137-163. 

[12] Guinea, G.V., J. Planas, and M. Elices, 
Measurement of the fracture energy using 
three-point bend tests: Part 1—Influence 
of experimental procedures. Materials and 
Structures, 1992. 25(4): p. 212-218. 

[13] Planas, J., M. Elices, and G.V. Guinea, 
Measurement of the fracture energy using 
three-point bend tests: Part 2—Influence 
of bulk energy dissipation. Materials and 
Structures, 1992. 25(5): p. 305-312. 

[14] Hu, X., Influence of fracture process zone 
height on fracture energy of concrete. 

Cement and Concrete Research, 2004. 
34(8): p. 1321-1330. 

[15] Karihaloo, B.L., H.M. Abdalla, and T. 
Imjai, A simple method for determining 
the true specific fracture energy of 
concrete. Magazine of Concrete Research, 
2003. 55(5): p. 471-481. 

[16] Abdalla, H.M. and B.L. Karihaloo, 
Determination of size-independent 
specific fracture energy of concrete from 
three-point bend and wedge splitting tests. 
Magazine of Concrete Research, 2003. 
55(2): p. 133-141. 

[17] Petersson, P.E., Fracture energy of 
concrete: Method of determination. 
Cement and Concrete Research, 1980. 10: 
p. 78-89. 

[18] TC 187-SOC, Final Report of RILEM 
Technical Committee TC 187-SOC: 
'Experimental determination of the stress-
crack opening curve for concrete in 
tension'. 2007. 

[19] Hu, X.Z. and K. Duan, Mechanism behind 
the size effect phenomenon. Journal of 
Engineering Mechanics (ASCE), 2010. 
136: p. 60-68. 

 
 

1063



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures
FraMCoS-8

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds)

1

DEVELOPMENT OF DUCTILE FIBRE REINFORCED GEOPOLYMER 
COMPOSITES 

Faiz U. A. Shaikh*, Yee Y. Lu& and Mohamed Maalej#

* Curtin University
Dept. of Civil Engineering, Australia

E-mail: s.ahmed@curtin.edu.au, web page: http://www.curtin.edu.au

& Curtin University
Dept. of Civil Engineering, Australia

# University of Sharjah
College of Engineering, UAE

Email: mmaalej@sharjah.ac.ae - Web page: http://www.sharjah.ac.ae

Key words: geopolymer, hybrid fibres, composites, deflection hardening, fly ash, multiple 
cracking.

Abstract: This paper reports the development of ductile fibre reinforced geopolymer composites
(DFRGC) where the cement binder is replaced by fly ash based geopolymer binder. In this study, 
three types of fibres are considered namely steel and two types of polyvinyl alcohol (PVA) fibres
having different diameters, lengths and elastic modulus. The fibres are used in mono as well as in 
hybrid forms in the development of DFRGC.  Comparison is also made with its cement based 
counterpart the ductile fibre reinforced cement composites (DFRCC). The effects of two different 
sand sizes (1.18mm, and 0.6mm) and sand/binder ratios (0.5 and 0.75) on the deflection hardening 
and multiple cracking behaviours of DFRGC containing hybrid fibres are also evaluated and
compared with DFRCC. Results reveal that the deflection hardening and multiple cracking 
behaviours can be achieved in DFRGC similar to that of cement based DFRCC. For a given sand 
size, fibre content and sand content, comparable ultimate flexural strength and deflection at peak 
load are observed in both DFRGC and DFRCC. The results also show that the hybrid steel-PVA
fibre reinforced DFRGC exhibited better deflection hardening behaviour compared to its cement 
based counterpart. The proposed development of DFRGC exhibits a significant benefit over cement 
based system (DFRCC) as the former one is green in terms of no cement use.

1 INTRODUCTION
The need for environmentally friendly 

construction materials for sustainable 
development is an important issue in the 
present time. The concrete industry is said to 
be one of the contributors of global warming. 
This fact is due to the use of Portland cement 
as the main component in making concrete
and cement based composites. The cement 
industry is responsible for about 6% of the 
CO2 emission. However, the use of concrete

and cement based composites, as the most 
widely used construction materials, are still 
unavoidable in the foreseeable future. In this 
respect, the efforts of using supplementary 
cementitious materials or finding alternatives
to Portland cement in cement based binders
are necessary. Recent years have seen a great 
development in new types of inorganic 
cementitious binders called “geopolymeric 
cement” around the world. This prompted its 
application in concrete, which improves the 
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greenness of normal concrete at the same time 
maintains comparable and even better 
properties [1].

High performance fibre reinforced 
cementitious composites (HPFRCC) have 
been steadily developed in the last two 
decades. One of the salient features of 
HPFRCC is its strain hardening and multiple 
cracking behaviours in both tension and 
bending [2]. It is a short fibre (metallic and/or 
non-metallic) reinforced cement based 
composites where fibre content between 2%  
and 3% by volume appears to be the most 
attractive due to ease of processing. Great 
interest in this area is observed through the 
development of engineered cementitious 
composites (ECC) [3] and ductile fibre 
reinforced cementitious composites (DFRCC)
[4]. The DFRCC is cement based composite 
reinforced with short random fibres which 
exhibits deflection-hardening and multiple-
cracking behaviours in bending. It is a special 
class of HPFRCC that has higher deflection
capacity than that of regular fibre reinforced 
concrete and exhibit deflection hardening and 
multiple cracking behaviours. However, 
current version of DFRCC is limited to 
cement rich matrix, although the replacement 
of cement with fly ash is reported in few 
studies (e.g. [5]).

Considerable research has been 
conducted on geopolymer concrete [6]. Very 
little research is reported on the fibre

reinforced geopolymeric composites [7-10].
However, none of the above studies reported
the deflection hardening or strain hardening 
behaviour in bending or tension, respectively
in the fibre reinforced geopolymeric 
composites.

This paper reports some preliminary 
results on the development of ductile fibre
reinforced geopolymer composite (DFRGC)
exhibiting deflection hardening in bending
where the cement binder is replaced by fly ash 
based geopolymer binder. The fly ash is 
activated by alkaline liquids (sodium 
hydroxide and sodium silicate). This newly 
developed DFRGC is the first of its kind in 
the field of HPFRCC where Portland cement 
is completely replaced by class F fly ash.

2 EXPERIMENTAL PROGRAM

The experimental program is divided 
into two parts. In the first part (Part A),
cement based DFRCC containing steel and 
PVA fibres in mono and hybrid forms are 
considered. The second part (Part B),  the 
geopolymer based DFRGC series, is similar 
to the first part in every aspect, except the 
matrix where the cement is replaced by the 
class F fly ash and is activated by the alkaline 
activators (Sodium hydroxide and sodium 
silicate). The total volume fraction of fibre is 
limited to 2% for all fibre types and hybrid 
combinations of steel-PVA fibres. The 
properties of fibres are given in Table 1.

Table 1. Properties of fibre

Types of 
Fibre

Length
(mm) 

Diameter 
(mm)

Modulus of 
elasticity (MPa)

Fibre Strength 
(MPa)

Density 
(gm/cm3)

Elongation (%)

PVA-1 8 0.04 40,000 1,600 1.3 6
PVA-2 12 0.10 25,000 1,100 1.3 10
Steel 10 0.12 200,000 2,500 7.8 -

In each part five series are considered.
The first series evaluated the deflection 
hardening behaviour of mono fibre reinforced 
composites, while the rest four series 

evaluated the same for hybrid combinations 
of steel-PVA fibres with two different sand 
sizes (maximum sand sizes of 0.6mm and 
1.18mm) and sand/binder ratios (0.5 and 
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0.75). Detail experimental program is shown 
in Table 2.  

For each fibre type and combination,
three prismatic specimens of 20X75X300 mm 
in dimension are cast. All specimens are
tested in four-point bending using an Instron 
testing machine under displacement control
with a loading rate of 0.5mm/min.  A 
schematic of the bending test setup is shown 
in Fig. 1.

Figure. 1.  Bending test setup

Table 2. Experimental program and mix proportions

Series 
no.

Fibre types (by volume) Mix proportions by wt. ratio
Cement Class F 

fly ash
Sand/Binder Water/

cement
Alkali activator/
fly ash

Steel PVA-1 PVA-2 dmax = 
1.18 mm

dmax = 
0.6mm

NaOH
(8M)

Na2SiO3

D
FR

C
C

 –
Pa

rt
 A

1 2% - -
1 - - 0.5 0.45 - -- 2% -

- - 2%
2

H
yb

rid
 c

om
bi

na
tio

n 1% 1% -
1 - 0.5 - 0.45 - -1% - 1%

3 1% 1% -
1 - 0.75

-
0.45 - -1% - 1%

4 1% 1% -
1 - - 0.5 0.45 - -1% - 1%

5 1% 1% - 1 - -
0.75

0.45 - -
1% - 1%

D
FR

G
C

 –
Pa

rt
  B

6 2% - -
- 1 - 0.5 - 0.13 0.32- 2% -

- - 2%
7

H
yb

rid
 c

om
bi

na
tio

n 1% 1% -
- 1 0.5 - - 0.13 0.321% - 1%

8 1% 1% -
- 1 0.75

-
- 0.13 0.321% - 1%

9 1% 1% -
- 1 - 0.5 - 0.13 0.321% - 1%

10 1% 1% - - 1 -
0.75 0.13 0.321% - 1%

Note: Binder = Cement or fly ash

3 MATERIALS, MIXING, CURING 
AND MIX PROPORTIONS

The cement used in the study is 
general purpose (GP) Portland cement which 
corresponds to ASTM type I. The fly ash used 
is originated from Collie power station in 
Western Australia and satisfies ASTM class F 
classification. The fly ash consists of an 
amorphous part about 60% by wt. and a 
crystalline part about 40% by wt. The 

chemical composition of fly ash is shown in 
Table 3.  The crystalline part of the fly ash 
has low reactivity and acts as fine aggregate 
in the binder system. The activating solutions 
used are sodium silicate (Na2SiO3) with a 
chemical composition of (wt.%): Na2O=14.7, 
SiO2=29.4 and water=55.9. The other 
characteristics of the sodium silicate solution 
are specific gravity=1.53 g/cc and viscosity at 
20OC=400 cp. The sodium hydroxide (NaOH)
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solution is prepared from analytical grade 
sodium hydroxide pellets. The mass of the 
NaOH solids in the solution varied depending 
on the concentration of the solution expressed 
in terms of molar, M. In this study, the NaOH 
solution with a concentration of 8M is 
considered and consisted of 8X40=320gms of 
NaOH solids per liter of the solution, where 
40 is the molecular weight of NaOH. The 
NaOH (Sodium Hydroxide) is first mixed 
with de-ionized water with the ratio of 0.32:1 
and produce sodium hydroxide solution. 
During the mixing of sodium hydroxide 
solution, the white sodium hydroxide pellets 
were slowly dissolved by the addition of de-
ionized water. A rise of temperature occurred 
as the sodium hydroxide pellet slowly 
dissolved in the solutions. The alkali activator 
is prepared by mixing NaOH solution with 
Na2SiO3 (Sodium Silicate) with the ratio of 
0.4:1. The alkali activator solution is then 
used in the mixing of geopolymer based 
cementitious composites. 

The mixing of DFRCC and DFRGC is 
carried out in a Hobart Mixer. First sand and 
cement or fly ash (in case of geopolymer 
matrix) are dry mixed for approximately 2
minutes and then water or alkaline activator 
solution (in case of geopolymer matrix) is 
slowly added into the mix and continues to 
mix for another 3 minutes. The fibres are then 
slowly added to the wet mix and continued
mixing until the fibres are well dispersed in 
the mix. 

The DFRGC specimens subjected to
stream curing for a day at 60°C immediately 
after casting. The stream curing is carried out 
in the stream curing room in the laboratory. 
The specimens are then demolded after 24 
hours and stored in the laboratory in open air
until the date of testing. The DFRCC 
specimens are demolded after 24 hours and 
stored in the curing tanks where they are 
subjected to standard wet curing conditions. 
All specimens are tested after 28 days of
casting. Table 2 shows the mix proportions of 
DFRCC and DFRGC.

Table 3. Chemical compositions of fly ash

SiO2 Al2O3 Fe2O3 CaO MgO SO3 Na2O K2O LOI
51.5% 23.63% 15.3% 1.74% 1.2% 0.28% 0.38% 0.84% 1.78%

4 RESULTS AND DISCUSSIONS:

4.1 Deflection hardening behaviour of 
mono DFRCC and DFRGC

Fig. 2 shows the deflection hardening 
behaviour of both cement based and 
geopolymer based mono fibre reinforced 
composites and comparison between the two 
can also be seen in the same figure. Generally, 
the composite containing 2% steel fibre 
exhibited much higher modulus of rupture 
(MOR) than Figure. 2. Deflection hardening behaviour of 

mono fibre reinforced DFRCC and DFRGC 
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those containing PVA-1 and PVA-2 fibres of 
same volume fraction. However, its deflection 
capacity (deflection at peak load) is much 
lower than those containing PVA fibres. The 
higher MOR and smaller deflection capacity 
of steel fibre reinforced DFRCC and DFRGC
compared to its counter parts PVA-1 and 
PVA-2 fibres systems is due to the high 
modulus of steel fibres. The lower MOR with 
considerable higher deflection capacity of 
PVA fibre reinforced composites is due to the 
low modulus of PVA fibres. Other researchers 
also observed similar behaviour in both steel 
and PVA fibre reinforced cement based 
composites (e.g. [5]). The geopolymer based 
DFRGC exhibits comparable deflection 
hardening behaviour to cement based system 
with only exception in the composite 
containing PVA-2 fibre, where no deflection 
hardening behaviour is noticed. It should be 
noted that PVA-2 fibre is about 33% longer 
and about 31% weaker than that of PVA-1
fibre. Research suggests that the fibre having 
length greater than the critical fibre length 
exhibits fibres rupture rather than pull out in 
cement based composites [11]. Research also 
suggests that, in addition to friction bond, 
chemical bond also develops between PVA 
fibre and cement matrix [12]. Therefore, the 
poor behaviour observed in PVA-2 fibre
reinforced DFRGC could be attributed to the 
longer length and lower strength of PVA-2
fibre than that of PVA-1 fibre. In the case of 
DFRGC, the chemical bond might be higher 
than that of cement based matrix and affected 
the deflection hardening behaviour of the 
composite containing PVA-2 fibre. However, 
it is not in the case of DFRGC containing 
PVA-1 fibre, whose deflection capacity is 
higher than that of cement based system, 
which is still not clear and need to be 
thoroughly investigated through measuring 
the frictional bond of PVA fibres in the 
geopolymeric matrix.

4.2 Deflection hardening behaviour of 
hybrid DFRCC and DFRGC

The effect of geopolymeric matrix on 
the deflection hardening behaviour of hybrid 

steel-PVA fibre reinforced DFRGC 
composites and its comparison with that of 
cement based DFRCC is shown in Figs. 3-6.
Generally, the hybrid fibre reinforced
DFRGC exhibited comparable deflection 
hardening behaviour in terms of MOR and 
deflection at peak load to that of DFRCC, 
even better in the case of DFRGC containing 
1% steel (ST) and 1% PVA-1 fibres. In this 
study, two hybrid combinations are 
considered, one contained 1% ST and 1% 
PVA-1 fibres and the other contained 1% ST 
and 1% PVA-2 fibres. The DFRGC 
containing the former hybrid combination 
exhibited better deflection hardening 
behaviour than that of DFRCC. In the case of 
second hybrid combination, the DFRGC 
exhibited similar deflection hardening 
behaviour to that of DFRCC. It is interesting 
to note that, by replacing 1% PVA-2 fibre
with ST fibre in 2% PVA-2 fibre reinforced 
DFRGC (series 6), the deflection hardening 
behaviour can be reinstated, which was not 
observed in mono fibre system. 

The effects of sand contents and its 
sizes on the deflection hardening behaviour of 
DFRCC and DFRGC can also be seen by 
comparing Figs. 3-6. It can be seen that, for a 
given sand/binder ratio (S/B), the increase in
sand size (from 0.6mm to 1.18mm in this 
study) adversely affected the deflection 

Figure. 3. Deflection hardening behaviour of 
hybrid fibre reinforced DFRCC and DFRGC 
containing S/B ratio of 0.5 and maximum 
sand size of 0.6mm
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Figure. 4. Deflection hardening behaviour of 
hybrid fibre reinforced DFRCC and DFRGC 
containing S/B ratio of 0.75 and maximum 
sand size of 0.6mm

Figure. 5. Deflection hardening behaviour of 
hybrid fibre reinforced DFRCC and DFRGC 
containing S/B ratio of 0.5 and maximum 
sand size of 1.18 mm

Figure. 6. Deflection hardening behaviour of 
hybrid fibre reinforced DFRCC and DFRGC 

containing S/B ratio of 0.75 and maximum 
sand size of 1.18mm

capacity at peak load and the deflection 
hardening behaviour, where the MOR 
increased and the deflection at peak load 
decreased with increasing sand size.  The 
geopolymer based DFRGC also exhibited 
similar trend to that of DFRCC in terms of 
deflection at peak load and deflection 
hardening behaviour. The effect of sand
contents on the deflection hardening 
behaviour of both DFRGC and DFRCC can 
also be seen in above figures. The adverse 
effect of increasing the amount of sand on the 
deflection at peak load can be seen in DFRCC 
and DFRGC composites, which is also 
reported in other studies [13-14]. The DFRGC 
also exhibited comparable multiple cracking 
to that of DFRCC (compare Fig. 7 with Fig. 
8).

Figure. 7: Multiple Cracking Patterns in 
DFRCC (Left, PVA-1; right, ST+PVA-1) 

Figure. 8: Multiple Cracking Patterns in DFRGC 
(Left, PVA-1; right, ST+PVA-1) 

4.3 Effect of geopolymer matrix on the 
hybrid mechanism of fibres

The hybrid mechanism of high and low 
modulus fibres in cement based fibre
composite is well established [5]. The fibre
reinforced cement composite containing high 
modulus fibres (such as steel fibre) exhibits 
high ultimate strength and low ductility, 
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whereas that containing low modulus fibres
(such as PVA or polyethylene) exhibits low 
ultimate strength and high ductility. The 
hybrid fibre composite containing proper 
volume ratio of high and low modulus fibres
exhibits simultaneous improvement in 
strength and ductility. In this study, the 
similar hybrid mechanism between steel and 
PVA fibres in geopolymer composite (i.e. in 
DFRGC) is also observed (see Fig. 9), which 
is comparable to that observed in cement 
based composite in this study (see Fig. 10) or 
elsewhere [5].

Figure 9. Influence of hybrid fibres on 
flexural behaviour of DFRGC

Figure 10. Influence of hybrid fibres on 
flexural behaviour of DFRCC

CONCLUSIONS:

Within limited variability in terms of fibre 
types, fibre combinations, sand sizes and sand 
contents the following conclusions can be 
made for the newly developed DFRGC 
composites:

• Deflection hardening behaviour is 
achieved in the DFRGC containing 2% 
steel fibre by volume. 

• Deflection hardening behaviour is also 
achieved in the DFRGC containing 2% 
PVA-1 fibre by volume. 

• No deflection hardening behaviour is 
noticed in the DFRGC containing PVA-2
fibre. This could be due to the long length 
and the low strength of PVA-2 fibre. The 
high bond of fibre/matrix interface could 
also influence in this case, but need to be 
confirmed with bond test.

• Deflection hardening behaviour is also 
achieved in the DFRGC containing hybrid 
combinations of 1% ST+1% PVA-1 and 
1% ST+1% PVA-2 fibres (by volume).

 
• The deflection hardening and multiple 

cracking behaviour of hybrid DFRGC is 
comparable to that of DFRCC. 

 
• The hybrid mechanism between high and 

low modulus fibres observed in DFRGC 
is very similar to that in conventional 
cement based DFRCC.

 
• The increase in sand content and sand size 

adversely affected the deflection 
hardening behaviour of DFRGC 
composites, similar to that of observed in 
cement based DFRCC system.
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Abstract: The tensile stress-strain response of Ultra-High Performance Fibre Reinforced 
Concrete (UHPFRC) is a basic constitutive property, and reliable knowledge of this response is 
necessary for appropriate application of the tensile-carrying capacity of such advanced cement 
materials. Reference tests methods like direct tensile tests which aim at assessing this property, have 
found limited application due to their complexity and their impracticality when considered in terms 
of a commercial testing environment. Thus, flexural tests, whose implementation is easier, represent 
an interesting alternative. Nevertheless these methods provide indirect information and need to be 
complemented by inverse analysis in order to obtain the tensile behaviour of tested materials. A 
joint research effort recently completed by the U.S. Federal Highway Administration and the 
French IFSTTAR (formerly LCPC) has succeeded in further investigating the field of flexure 
testing and subsequent analysis. Bending tests have been carried out on multiple UHPC-class 
materials with different instrumentations. New proposed analytical inverse analysis have been 
tested and discussed. This paper will detail these recent advances. 

1 INTRODUCTION 
Ultra-high-performance-fibre-reinforced 

concrete (UHPFRC) is a class of cementitious 
composite materials designed to exhibit 
outstanding mechanical properties including 
sustained postcracking tensile strength ([1-8]). 
Due to the multiple-fine-cracking capacity of 
UHPFRC elements, a stress-strain approach 
can be appropriate to grasp the UHPFRC 
behaviour under tension.

When using four-point flexural tests for 
identifying a stress-strain constitutive law, an 

inverse analysis is necessary to determine the 
uniaxial tensile behaviour. Analytical inverse 
analyses for four-point flexural tests on 
UHPFRC or high-performance fibre-
reinforced cementitious composites 
(HPFRCCs) have been developed by many 
researchers ([4], [9-12]) with some success. 
Nevertheless, these methods require some 
assumptions which induce eventual bias. Thus 
a joint research effort has recently been 
completed by the U.S. Federal Highway 
Administration and the French IFSTTAR 
(formerly LCPC) in order to optimize analysis 
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methods for deriving the tensile stress-strain 
response of UHPFRC from four-point flexural 
tests.

2 PROPOSED METHODS 
Two methods have been developed ([13]). 

The first one is based on midspan strain 
measurement on the specimen tensile face 
([14]). Conversely the second one requires 
only midspan deflection measurement ([13]).  

2.1 Method based on strain measurement  
Concerning the tensile stress-strain 

response of UHPFRC, the easiest way to 
determine the strain value without making any 
assumptions is to use a direct measurement. In 
this test program, two linear variable 
differential transducers (LVDTs) used as 
extensometers are applied to the tensile face of 
each specimen to measure the midspan strain 
on the tensile face (see Figure 1) and 
determine the crack localization. Then, the 
tensile stress-strain relationship of the tested 
material is derived from the experimental 
bending-moment versus midspan strain on the 
tensile face response without assuming the 
profile of the tensile stress-strain curve ([14]). 

Figure 1: Midspan strain measurement including 
staggered extensometers on the tensile face 

Determination of crack localization 

The use of a pair of staggered LVDTs allows 
for simplified identification of crack 
localization. It helps distinguish the onset of 
bifurcation of the cracking process, with crack 
localization over one of the gauge lengths 
while cracking remains diffuse over the other 
gauge length (Figure 2). In some cases, two 
localized cracks can occur before reaching the 
main failure crack, or the localized crack can 

be detected by both LVDTs (case (c) in 
Figure 2). For these latter cases, the crack 
localization is assumed to correspond to the 
maximum bending stress. In case (a) three 
steps can be observed: (1) elongations 
measured by both LVDTs increase, (2) one 
elongation stops increasing, and (3) an 
unloading branch occurs with a decreasing 
value for one elongation. In this case, the 
“Bending Moment – Midspan Strain on 
Tensile Face” curve can exhibit a long plateau 
with little increase of the load before reaching 
the maximum load. During this step, the 
elongation rate reported by one elongation 
stops increasing. This step could be explained 
by a very low stress decrease in the “localized 
crack” phase combined with the bending 
configuration which allows stabilization of or 
a small increase in the load. 

Figure 2: Proposed method to detect the crack 
localization with identification of the elastic unloading 

Point-by-point inverse analysis 

The experimentally captured bending-
moment versus midspan strain on the tensile 
face response is converted into a tensile stress-
strain curve through an inverse method 
applicable from elastic loading through crack 
localization. The stress-strain curve is based 
on the equilibrium of moments and forces in a 
sectional analysis for each value of midspan 
strain on the tension face and the 
corresponding bending moment. Assumption 
of the profile of the tensile stress-strain 
relationship is not required. The strain 
distribution is considered as linear (see 
Figure 3). This assumption is acceptable if the 
UHPFRC has a pseudo-strain-hardening 
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behaviour in tension. The compressive 
behaviour of UHPFRC is assumed to be linear 
elastic, which is realistic for this kind of 
material ([3]). More details on this point-by-
point inverse analysis are given in ([14]). 

Figure 3: Strain and stress distribution for the studied 
section  

2.2 Method based on deflection 
measurement 
     The curvature in the constant bending 
moment zone is derived thanks to a first 
inverse analysis from the “bending moment 
versus midspan deflection experimental 
response”. Then a second point-by-point 
inverse analysis is used to derive the tensile 
stress-strain relationships from the curve 
“Bending moment – Curvature” without 
assuming the profile of the tensile stress-strain 
curve. Thus, from the “bending moment versus 
midspan deflection experimental response”, 
the UHPFRC tensile stress-strain relationship 
is derived through a method which reduces the 
reliance on assumed behaviours. 

Preliminary inverse analysis: conversion of the 
curve “Bending Moment – Midspan Deflection” 
into a curve “Bending Moment –Curvature” 

The methods proposed by ([11], [12]) use a 
similar equation to relate the deflection of the 
prism to the curvature at the load points or at 
midspan. This equation is based on elastic 
structural mechanics and is considered 
reasonably valid for approximating nonlinear 
behaviour. Nevertheless the use of this 
relationship for non-linear behaviour induces 
an overestimation of the deflection for a given 
curvature along the middle third of the span, or 

an underestimation of the curvature for a given 
value of deflection (see Figure 4). As a 
consequence, the methods based on this 
mechanical assumption underestimate the real 
strain during the hardening phase and 
overestimate the post-cracking stress. In order 
to obtain more realistic results, it is necessary 
to take into account the real calculation of the 
deflection. Two integrations of the curvature 
over the length of the prism have to be 
performed. A numerical integration is used. 
More details are given in ([13]). 

Figure 4: Distribution of the curvature along the 
specimen tested in four point bending: real distribution 

and assumptions adopted by ([11-12]). 

Second inverse analysis: derivation of the tensile 
stress-strain relationship from the curve 
“Bending Moment – Curvature” 

The experimental curve “Bending Moment 
– Curvature” is converted into a tensile stress–
strain curve through an inverse analysis 
method applicable from elastic loading 
through crack localization considered 
concomitant with the maximum bending 
moment. The stress-strain curve is based on 
the equilibrium of moments and forces in a 
sectional analysis for each value of midspan 
strain on the tension face and the 
corresponding bending moment. It is not 
needed to assume the profile of the tensile 
stress-strain relationship. The process used in 
this study is similar to the point-by-point 
inverse analysis of ([12]). 
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Global Procedure 
The whole outline of the inverse analysis 
procedure is described in Figure 5. 

Figure 5: Global process used for the inverse analysis 
method based on deflection measurement 

3 EXPERIMENTAL PROGRAM 
The experimental program included the 

completion of four-point flexural tests on four 
sets of UHPFRC specimens and other 
associated tests, such as direct tension tests, as 
well as compressive tests aimed at determining 
the UHPFRC constitutive law in compression 
(see Table 1). In order to assess the 
applicability of the test methods, two different 
commercially available UHPFRCs were 
engaged along with two different steel fibre 
reinforcement contents.  The curing regime 
applied to the UHPFRC was also a variable, 
with one of the UHPFRCs being used to create 
both steam treated and ambient laboratory 
cured specimen sets.  The prism flexure 
specimens, direct tension test (DTT) 
specimens and associated compression test 
specimens in each set were all fabricated 
simultaneously from a single UHPFRC mix. 

The UHPFRCs considered in this test 
program all had compressive strengths ranging 
from 190 to 237 MPa, modulus of elasticity 
ranging from 59 to 65 GPa, and density 
ranging from 2560 to 2690 kg/m3 (see 
Table 2).   The fibre reinforcement for 
UHPFRC-F was 13 mm long, 0.2 mm 

diameter, straight steel fibres.  These fibres 
were included at either 2 percent or 2.5 percent 
by volume.  The other UHPFRC (UHPFRC-B) 
contained 20 mm long, 0.3 mm diameter, 
straight steel fibres included at 2.5 percent by 
volume. Sets of test specimens nominally 
included at least 10 identical prisms, with five 
allocated for the direct tension test and five for 
the prism flexure test.  All prisms had a 51 mm 
by 51 mm cross section. Two different 
specimen lengths with corresponding changes 
in four-point flexural test and DTT 
configuration were tested within the program. 
“Long” refers to a 432 mm long prism with a 
span of 355.6 mm and a distance between the 
upper rollers equal to 102 mm (see Figure 6). 
“Short” refers to a 304.8 mm long prism with a 
span of 228.6 mm, and a distance between the 
upper rollers equal to 76.2 mm. 

Prisms were cast in open-top steel forms by 
pouring the UHPFRC into the form at one end 
then allowing it to flow toward the other end.  
Tests were completed after the UHPFRC has 
been allowed to cure for at least 3 months. 

Figure 6 Prism flexural test setup
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Table 1: Sets of Test Specimens 

Specimen 
Set UHPFRC

Steel
Fibre
Vol.
(%)

Curing 
Regime 
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F1A F 2 Steam  X X X 
F2A F 2 Lab  X X X 
F1C F 2.5 Steam X X X X 
B2A B 2.5 Lab X  X  

Table 2: UHPFRC Material Properties 

Specimen 
Set UHPFRC Density, 

(kg/m3)

Compressive 
Strength,

(MPa)

Modulus
of

Elasticity, 
(GPa)

F1A F 2570 220 61.0 
F2A F 2545 192 62.8 
F1C F 2569 212 60.3 
B2A B 2690 213 63.9 

4 COMPARISON WITH 
EXPERIMENTAL RESULTS 

A joint research program was recently 
completed by the U.S. Federal Highway 
Administration and the French IFSTTAR 
(formerly LCPC) to develop a Direct Tension 
Test (DTT) applicable to UHPFRC that covers 
the full range of uniaxial tensile behaviour 
through strain localization and can be 
completed on cast or extracted specimens 
([15]): see Figure 7. In the context of this 
study, this DTT method was applied for all 
specimen groups. Thus the comparison is 
realized in reference to DTT results.  

From Figure 8 to Figure 12, the average 
tensile stress-strain relationships obtained from 
the proposed inverse methods, and the average 
experimental curves obtained from the DTT 
are presented for each specimen group. 

In terms of strength, the proposed inverse 
analysis methods slightly overestimate the 
strength when considering average curves. In 
considering the average stress of the post-
cracking part, the average deviation with the 
DTT results is equal to 3 % (with a maximum 

close to 8 %) for the method based on strain 
measurement ([14]) and 4 % (with a maximum 
close to 8 %) for the method based on 
deflection measurement ([13]).  

In terms of strains, the average 
overestimation of the strain at crack 
localization is equal to 30 % (with a maximum 
close to 50 %) for the method based on strain 
measurement ([14]) and 36 % (with a 
maximum close to 50 %) for the method based 
on deflection measurement ([13]). Indeed, the 
flexural tests involve an overestimation of the 
strain capacity due to the fact that the side 
under higher tension corresponds to the zone 
where the preferential orientation of fibres is 
optimal. This phenomenon has already been 
observed by ([16]) on a multi-scale cement-
based composite (MSCC). Completing the 
tests on larger prisms would minimize the 
strain gradient effect and thus would allow the 
results to be closer to the DTT results.  

Investigating this size effect was outside of 
the scope of this experimental program. 

Figure 7 Direct tension test: testing of a 432 mm 
long specimen 
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Figure 8 Average tensile stress-strain curves for F1A-L 
specimen group (51mm*51mm*432mm): Proposed 

inverse methods and DTT 

Figure 9 Average tensile stress-strain curves for F2A-L 
specimen group (51mm*51mm*432mm): Proposed 

inverse methods and DTT

Figure 10 Average tensile stress-strain curves for B2A-
S specimen group (51mm*51mm*305mm): Proposed 

inverse methods and DTT

Figure 11 Average tensile stress-strain curves for F1C-
S specimen group (51mm*51mm*305mm): Proposed 

inverse methods and DTT

Figure 12 Average tensile stress-strain curves for F1C-
L specimen group (51mm*51mm*432mm): Proposed 

inverse methods and DTT

5 CONCLUSIONS 
The research described herein has presented 

new methods based on flexural tests to 
determine the tensile stress-strain response of 
UHPFRC with pseudo-strain hardening 
behaviour in tension. These methods reduce 
the number of required assumptions to obtain 
the stress-strain relationship from the curves 
“Bending Moment – Midspan strain on the 
tensile face” or “Bending Moment – Midspan 
Deflection”. Thus, the UHPFRC tensile stress-
strain relationship is derived while minimizing 
the assumptions which can introduce 
deviations or artifacts on the results. 

A comparison of these methods was 
completed on diverse UHPFRC specimens 
with different steel-fibre ratios or different 
curing regimes. The results show that it seems 
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possible to evaluate the tensile stress-strain 
relationship of UHPFRC in a four point 
bending configuration in using an inverse 
analysis based on the direct calculation of 
deflection because it is equivalent to the curve 
obtained with direct strain measurement. 

From the comparison with the companion 
DTT results, it has been shown that the 
average tensile stress-strain response of 
UHPFRC derived from flexural tests is slightly 
higher in terms of strength and strain capacity 
when compared with curves obtained from 
DTTs. This response results from a smaller 
tested tensile zone for flexure tests.
Using larger cross-section prisms would 
minimize the strain gradient effect and thus 
would likely facilitate greater coincidence in 
the accuracy of the flexure test results as 
compared to the DTT results to provide 
reliable design figures. In the case of thin 
elements made of UHPFRC under 
predominant direct tension and whose 
characterization of tensile post-cracking 
behaviour is realized from four-point flexural 
tests, the strain capacity has to be reduced to 
take into account the strain overestimation 
(before reaching crack localization) due to the 
flexural test configuration. 
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Abstract: This research studied the flexural behavior of concrete elements reinforced with 3D 
fabrics. The influences of the yarns along the Z direction were studied, focusing on four parameters:
(i) Z yarns properties, high performance aramid vs. low performance polyester, (ii) content of 
aramid Z yarns, 50% and 100%, (iii) epoxy impregnated fabrics to increase stiffness and reinforcing 
efficiency and (iv) 2D fabric vs. 3D fabric composites. Improved performance was found for the 3D 
fabric as compared with 2D fabric composites. High properties yarns along the Z direction found to
highly improve the strength and toughness of the cement-based composite, with more significant 
improvement of epoxy impregnated fabrics. It can be concluded that 3D fabrics can be beneficial as 
reinforcements for cement-based composites although the Z yarns are not along the applied loads,
as they hold the whole fabric together providing stiff and tight single unit, leading to improved 
mechanical anchoring and properties, mainly when impregnated in epoxy.

1 INTRODUCTION
In recent years there has been considerable 

interest in FRC/TRC (fiber/fabric/textile 
reinforced cement/concrete) composites and 
ways to improve their mechanical performance 
[1-2]. Addition of fibers/fabrics as 
reinforcement for the brittle cement matrix can 
greatly improve its tensile strength, elongation 
to failure and energy consumption. Most high 
performance fibers are in the form of 
multifilament bundles (rovings) with a wide 
range of properties. These bundles can be 
assembled into technical fabrics, which can be 
tailored for high performance cementitious 
composites with controlled two- and three-
dimensional geometry. Superior tensile strength, 

toughness, ductility and energy absorption were 
reported with TRC [3-6]. Two dimensional (2D) 
fabrics reinforce the composite along the 
directions of the fabric plane, but not in the 
direction orthogonal to the fabric plane. To 
achieve reinforcement throughout the composite 
thickness, laminated fabrics are required, 
resulting in sensitivity to failure by 
delamination. Due to these characteristics, TRC 
elements reinforced with 2D fabrics is limited, 
resulting poor shear and split resilience 
properties under static, dynamic or impact 
loads.

Modern textile technology enables wide 
variety of fabric structures which allows great 
flexibility in fabric design. It is also possible to 
produce three-dimensional (3D) fabrics, 
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providing reinforcement in the plane normal to 
the panel. 3D fabrics having reinforcement in 
three orthogonal directions can limit failure by 
delamination and enhance shear strength of the 
composite and therefore expected to improve 
the mechanical properties of cement 
composites. 3D fabrics can be produced by 
several methods such as knitting, weaving, 
braiding, etc. Among the different 3D fabric 
production technologies, an attractive option for 
cement-based composites is double needle bar 
warp knitting, as it is allows open structure. 
Warp knitting can create 3D fabric structures by 
connecting two sets of independent 2D knitted 
fabrics together with a third set of yarns along 
the thickness of the fabric. The connecting yarns 
are referred to as spacer yarns. Spacer yarns 
serve two purposes, stabilization and 
reinforcement. Recently 3D spacer fabrics were 
developed for use in cement–based products [7]. 
Several studies dealt with the behavior of 
cement-based composites with 3D fabric as 
reinforcement demonstrating the potential of 
using these types of reinforcement in the cement 
field [8-10]. These studies mainly focused on 
3D fabrics where the yarns along the thickness 
(Z direction) of the fabric were used for 
stabilization purposes only, having low 
modulus.   

The objective of this research was to study 
the flexural behavior of concrete elements 
reinforced with 3D fabrics. The fabrics were all 
with AR (alkali resistance) glass yarns along the 
X (width) and Y (length) direction, only the 
influences of the yarns along the Z direction 
were studied. Four parameters were studied: (i) 
the properties of the yarns along the Z direction, 
high performance of aramid vs. low 
performance of polyester, refer here as reference 
(REF), (ii) the content of the high performance 
aramid yarns along the Z direction, 50% and 
100%, (iii) impregnation of the yarns made the 
fabric in epoxy to increase fabric stiffness and 
reinforcing efficiency, and (iv) 2D fabric were 
compared with the 3D fabric composite, made 
of the exact same AR glass X, Y yarns.

2 EPERIMENTAL PROGRAM

2.1 Preparation of specimens

2.1.1 Fabrics
3D warp knitted fabric structures were used 

for this work, in which two sets of independent 
2D knitted fabrics (Fig. 1a) were connected 
together with a third set of yarns along the 
thickness, the Z direction, of the fabric (Fig. 1b) 
to produce the 3D fabric (Fig. 1c). The warp and 
weft yarns (the yarns along the X and Y 
directions) were connected together by stitches 
(loops) to provide square opening of 0.8x0.8 cm 
(Fig. 1a). Fine multifilament polyester (PES) 
used to create the loops.

Figure 1: (a) 2D warp knitted fabric at both faces of 
the 3D fabric, (b) schematic description of the 3D fabric 

production, and (c) simulated 3D fabric.

The 3D fabrics used in this research were all 
made with multifilament alkali resistance (AR) 
glass yarns (Cem-FIL© grade) along the X 
(weft) and Y (warp) directions. The spacer 
yarns in Z direction were made from two 
different yarn types. The first was monofilament 
polyester (PES) used mainly for stabilization. 
The second spacer yarn type was for reinforcing 
purposes, using high performance yarn of 
aramid. The AR glass was with a modulus of 
elasticity of 72 GPa, tensile strength of 1700, 
and tex of 2400. The aramid was with modulus 
of elasticity of 55 GPa, tensile strength of 2367,
and tex of 1670. The PES was with tex of 66.4.
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The glass and aramid yarns were in a 
multifilament form and the PES yarn was with a 
monofilament form. 

Four different fabrics were prepared: i) 2D 
fabric – made with AR glass along the weft and 
warp directions exactly as the 3D but without 
the yarns along the Z direction, will refer here 
as 2D (Fig. 2a). (ii) 3D Reference - in which the 
spacer yarns were made of PES only, i.e., 
without high performance reinforcing spacer 
yarns. Will refer here as 3D REF (Fig. 2b). iii)
3D Aramid 100% - In which high performance 
reinforcing aramid yarns were located along the 
Z direction, in such a manner that all yarns were 
close together without any gap. In this fabric the 
content of the spacer aramid yarns was the 
maximum possible, providing 100% reinforcing 
aramid yarns along the Z direction. This fabric 
will refer here as 3D Ar100 (Fig. 2c). iv) 3D 
Aramid 50%- In which aramid yarns were 
located along the Z direction with a formation 
of arranged in "one in one out", i.e., here the 
spacer aramid yarns are in such a manner that 
there is one yarn and then a gap with the size of 
one yarn diameter, providing 50% reinforcing 
aramid yarns along the Z direction. Will refer 
here as 3D Ar50 (Fig 2d).

(a) (b)

(c) (d)
Figure 2: Different fabrics: (a) 2D, (b) 3D REF, (c) 

3D Ar100 top and side view, and (d) 3D Ar50 top and 
side view

All fabrics were produced by ITA, RWTH 
Aachen. One set of each fabric type was coated 

with epoxy. The epoxy was applied by coating
the yarns with a brush leaving the fabric 
openings free of epoxy to allow cement matrix 
penetrability. A low-viscosity high-strength 
Sikadur® 52 epoxy was used for this purpose.
In this set the yarns in all directions were coated 
with the epoxy, providing greater stiffness of 
the fabric and improved reinforcing efficiency, 
as the loads will be carried by one single bundle 
unit and not separately by the individual 
filaments of the bundle. 

2.1.2 Composites
Eight composite systems were prepared from 

the four different fabric types discussed above 
with and without epoxy. In all, the matrix was 
of cement paste (water and cement only) with 
0.4 water/cement ratio using CEM II 42.5 N/B-
V. The specimens were prepared by casting a 
thin layer of cement paste at the bottom of the 
mold then placing the 3D fabric in the mold on 
top of this layer, following by casting the matrix 
into the 3D fabric until complete filling and 
coverage of the fabric. In the case of the 2D 
fabric, first casting a thin layer of cement paste 
at the bottom of the mold and placing one layer 
of the 2D fabric on top of this thin layer, then 
casting a cement paste almost up to the top of
the mold, placing a second fabric layer in the 
mold and cover it with a cement paste up to the 
top of the mold. This provides a two fabric layer 
composite similar to the 3D fabric composite 
but without the connecting yarns along the 
thickness of the composite (Z direction). In all 
composites the warp yarns (see Fig. 1a) of the 
fabric were located along the reinforcing 
direction.

During the cement paste casting, a vibration 
procedure was applied using a strong vibration 
table, in order to allow good penetrability of the 
matrix in between the opening of the fabric. The 
composites were left to harden for 24 hours 
after casting, demolded, and then were cut to 
slices providing specimens with a 320x40x26 
mm of length, width and thickness, respectively. 
The specimens cured in 100% relative humidity 
for 12 days and then another 2 days at room 
environment until testing, at 15 days from 
casting.
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2.2 Test procedure - 4 point bending 
All the composite systems were tested by 4 

point bending having a support span of 300 mm 
and loading span of 100mm. The crosshead 
velocity was fixed to 0.5 mm/min. The test was 
executed with Instron tensile machine, having 
closed loop operation and load cell capacity of 
100 kN. A linear variable differential 
transformer (LVDT) with a range of ±15 mm 
was connected to the bottom surface of the 
specimen for measuring the deflection. A 
camera was placed in front of the specimen 
capturing its side view during the bending tests,
in order to record crack pattern and mode of 
failure. The test was stopped at 12 mm and 
those with epoxy of about 18 mm. 

In all composites, the AR glass yarns were 
located along the specimen length relative to the 
load direction of the crosshead, where the Z
yarns were located through the thickness of the 
composite from top to bottom.

For each system four specimens were tested 
and load vs. deflection curves were recorded. 
The stresses and toughness (as the area under 
stress – deflection curves) were calculated 
including their standard deviations. A typical 
curve was chosen for each system for 
comparison. 

3 RESULTS

3.1 Flexural behavior
The flexural stress vs. deflection curves of 

composites reinforced with 2D fabric, 3D 
fabrics with the aramid yarns along the Z 
direction and the reference without the aramid Z 
yarns are compared in Fig. 3, with and without 
epoxy impregnation. The benefit of the 3D 
fabric composites as compared to the 2D fabric 
composite is clear, exhibiting greater flexural 
responses than the composite reinforced with 
the 2D fabric. This is the case for both systems 
with and without the epoxy. 

For the system with the epoxy (Fig. 3a) the 
improvement in flexural performance is in 
flexural strength as well as deflection at peak 
and toughness of the 3D fabric composites as 
compared with the 2D fabric composite. Note 
that here the test was ended at 18 mm 

deflection. The improvement in flexural 
strength of the 3D vs. 2D fabric systems is twice 
as much for the 3D REF composite and three 
folds for the 3D Ar100 composites, with values 
of 9 MPa, ~18 MPa and ~27 MPa for the 2D, 
3D REF and 3D Ar100 composites respectively. 
When comparing the two 3D fabric composite 
systems, the one with the aramid yarns along the 
Z direction of the fabric exhibits the best 
performance. Note that the only difference 
between the two 3D fabric systems is the 
presence of the high modulus aramid yarns 
along the thickness of the composite. Therefor 
these results clearly show the advantage of 
using high performance yarns along the Z 
direction of the fabric to the overall flexural 
behavior of the composite; this is although these 
yarns are not in the direct direction of the 
applied loads. 
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Figure 3: Flexural behavior of the composites with the 
2D fabric, and 3D fabrics with and without (REF) aramid 

yarns: (a) with epoxy, (b) without epoxy.
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When comparing the three composite 
systems, 2D, 3D Ar100, and 3D REF without 
the epoxy impregnation (Fig. 3b), the 3D 
composite performs better than the 2D fabric 
composite, but the improvement of the 3D 
fabrics composites over the 2D fabric composite 
is much smaller than that with the epoxy in all 
terms, strength, deflection at peak and 
toughness. Moreover no significant difference is 
observed between the 3D fabric composites 
Ar100 and REF, both showing similar flexural 
behavior. This suggests that the 3D fabric are 
beneficial as reinforcements for cement-based 
elements however this is mainly when the 
fabrics are first impregnated in epoxy. 

In addition, the epoxy impregnation mainly 
influences the flexural behavior of the 3D fabric 
composites and much less the 2D fabric 
composite. When comparing the bending 
responses of the two 2D fabric composites with 
and without the epoxy (Figs. 3a with 3b) their 
behavior is quite similar with only small benefit 
for the epoxy impregnated system. A significant 
different in flexural behavior of the 3D fabric 
composites with and without the epoxy is   
observed, exhibiting much greater performance 
for the epoxy impregnated systems. For the 3D 
Ar100 composite, the impregnation in epoxy 
results in increase of strength in about 30%, 
from 12 MPa to ~16 MPa, but even more 
pronounce is the improvement in ductility. The 
deflection at peak is 6 mm for the non-epoxy 
composite and as high as 11 mm for the epoxy 
impregnated system composite. For the 3D REF 
(without aramid yarns), the difference due to 
epoxy impregnation is even greater, exhibiting 
increase in strength from 14 MPa up to 26 MPa,
which is almost twice as much. The 
improvement in ductility is also very large from 
6 mm to 12 mm deflection at peak. However for 
the 2D fabric composites the epoxy does not 
lead to a major difference in flexural 
performance, with flexural strength values of ~8 
MPa and ~9 MPa for the non-epoxy and epoxy 
impregnated system, respectively. This indicates 
the importance of using a 3D fabric unit as one 
unit reinforcement for cement-based elements. 

3.2 Influence of Z yarns content 
Two different yarn contents along the Z 

direction of the fabric were studied: Ar100 and 
Ar50 (Figs. 2c, 2d). Fig. 4 presents the 
composite flexural strengths and toughness 
values vs. aramid yarn content along the Z 
direction of the fabric. The values presented for 
the 0 content are of the 3D REF composite 
without aramid yarns. Four values of each tested 
specimen are given for each composite type. 
The flexural strengths are given per the 
reinforcing yarns, as the number of yarns along 
the applied load direction was not always the 
same for all specimens, due to the cutting 
process mentioned above. The results are 
presented for the epoxy and non-epoxy 
impregnated systems.

Increase of the high modulus aramid yarns 
content results in greater composite properties 
of both, flexural strength and toughness. This 
trend is observed for both systems with and 
without epoxy. A linear relation is observed 
between the composite properties and Z yarn 
content. The improvement by Z yarn content is 
more significant for the epoxy impregnated 
composites for both, flexural strength and 
toughness. Also here the advantage of 
impregnating the 3D fabric with epoxy is 
obvious, exhibiting much greater properties for 
the epoxy impregnated composite system. 
Indicating again the benefit of the 3D fabric 
mainly when apply as single whole unit.

It is also appears that the obtained values are 
relatively uniform showing fairly small 
deviation between the four tested specimens of 
the same composite set in all cases. This 
uniformity of the 3D fabric composite
properties indicates the ability of producing 3D 
fabric TRC systems with repeatable properties, 
which important for application purposes.

These trends clearly show the reinforcing 
benefit of the yarns located at the Z direction of 
the fabric, when these yarns are of high 
modulus. 
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Figure 4: Flexural proprties vs. aramid Z yarn conten (a) 
flexural strength, (b) toughness, with and without epoxy

3.3 Main mechanisms
The improved mechanical performance of 

the composites with the 3D fabrics can be 
explained based on mechanical anchoring of the 
fabric within the cement matrix. Such 
mechanical anchoring can be developed by the 
penetration of the cement matrix into the 
opening of the fabric as presented in Figs. 5a, 
5b. These images clearly show the penetrability 
of the cement matrix into the fabric opening and 
the strong embedment of the fabric in the 
matrix. Additionally the cement matrix can also 
penetrate in between the loops of the knitted 
fabric as observed in Fig. 5c, which provides
stronger anchoring of the fabric in the cement 
matrix. This is the case in all fabric structures 
reinforced cement-based elements including 2D 
fabrics [1,3,4], however the presence of yarns 
along the Z direction can provide three 
dimensional anchoring, developing much 

stronger mechanical anchoring as compared 
with 2D fabric composite. This leads to the 
improved mechanical performance of the 3D 
fabric composites obtained here (Fig. 3). 

(a)                      (b)

(c)  
Figure 5: (a, b) Anchoring of the fabric within the cement 
matrix, a. the fabric itself, b. print of the fabric structure 

within the matrix, (c) anchoring of the loops in the matrix.

In knitted fabrics including the one used for 
this work, the yarns are connected together to 
produce the fabric structure by loops which 
provides strong connecting points at the fabric 
junctions; however such connection cannot 
completely hold all yarns, and therefor they can
slide at list partly within the fabric structure. 
This is even more pronounce when the yarns are 
made of multifilament, as with such yarn form 
the filaments can freely slide against each other, 
especially those located at the core of the bundle 
far from the connecting loop. This situation of 
bundle and filament sliding, can also occur 
within the composite due to the difficulty of the 
cement particles to penetrate into the bundle 
filaments [1,4,5], this is more sever when the 
bundles are tightly hold by the loops of the 
knitted fabric [3]. However, if the yarns within 
the 3D fabric are impregnated with epoxy, such 
sliding of the individual filaments is impossible 
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and the 3D fabric becomes one single unit, 
acting together. This can lead to extremely 
strong anchoring mechanism and significantly 
improvement in composite mechanical behavior 
as obtained here (Figs. 3a. 4). 

3.4 Crack pattern and failure
The crack pattern of the 2D, 3D REF and 3D 

Ar100 composites with and without epoxy 
impregnation are presented in Figs 6-7.

(a)

(b)

(c)
Figure 6: (a) 2D, (b) 3D REF and (c) 3D Ar100 

composites without epoxy

(a)

(b)

(c)
Figure 7: (a) 2D, (b) 3D REF and (c) 3D Ar100

composites with epoxy

Multiple cracking is clearly observed for the 
3D fabric composites in both cases, with and
without epoxy. However for the 2D fabric 
composite not such clear multiple cracking is 
seen. This suggests much better bonding, i.e., 

stronger mechanical anchoring, for the 3D 
fabric systems compared with the 2D fabric 
composite, leading to their improved
mechanical properties. When comparing the 
systems with and without epoxy the crack 
development and pattern is somewhat different. 
For the composite without the epoxy (Fig. 6) in 
both 3D fabric cases with and without the 
aramid yarns, i.e., the 3D REF and 3D Ar100 
composites, the cracks are developed from 
bottom to top at relatively straight path. This 
may suggest more likely bending type of failure 
for the 3D fabric composites without the epoxy. 
However when looking at the epoxy 
impregnated composites (Fig. 7), cracks are
developed diagonally from bottom to the top 
surface up to the points of the applied loads, 
suggesting more likely shear failure mechanism.
These observations suggest that different 
mechanisms are taking place depending on the 
stiffness and reinforcing efficiency of the 3D 
fabric. When the fabric is pre-impregnated with 
epoxy it behaves as one whole single unit within 
the composite. However for the non-
impregnated epoxy 3D fabrics the bundles as 
well as filaments act, at least partly, separately,
leading to low reinforcing efficiency and low 
load bearing capacity.

Fig. 8 presents the cracked composites at the 
end of testing with the 2D fabric and 3D Ar100 
fabric impregnated with epoxy. The complete 
failure with a single wide crack is clearly 
observed for the 2D fabric composite. Also 
clear separation of the fabric from the matrix. 
i.e., delamination, is observed for this 2D fabric
composite. This indicates low reinforcing 
efficiency of this fabric, and poor bonding 
between fabric and matrix. Contrary, for the 3D 
Ar100 composite with the aramid yarns along 
the thickness of the composite, multiple 
cracking is observed with damage at the bottom 
(tensile) zone of the composite. Not as sever 
separation and delamination between the 3D 
fabric and matrix is occurred at this case, as 
compared with the behavior of the 2D fabric 
composite. Note that in the case of the 3D fabric 
a deflection of about 18 mm was reached at the 
end of testing. Such failure behaviors indicating 
better reinforcing unit of the 3D fabric, i.e., 
better bonding and mechanical anchoring of the
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3D fabric within the cement matrix. These 
failure mechanisms correlate well with the 
overall flexural behavior of the composites. 

(a)

(b) 
Figure 8: Failure mechanism of (a) 2D fabric 

composite and (b) 3D Ar100 composite at the end of 
testing.

4 CONCLUSIONS
This work studied cement-based composites 

reinforced with 3D fabric, mainly the influences 
involved with the yarns along the Z direction of 
the fabric, i.e., the thickness of the composite.

It was found that 3D fabrics are beneficial as 
reinforcement for cement-based composites 
compared with 2D fabrics. Low properties and 
delemination were obtained with the 2D fabric 
composites.

When the yarns along the Z direction are of 
high properties, such as aramid, they highly 
improve the strength and toughness of the 
cement-based composite. This improvement is 
more significant when the fabric was 
impregnated in epoxy, i.e., for stiff fabric.

The content of the high performance yarns 
along the Z direction was found to influence the 
properties of the composite, greater content 
leads to better performance. This influence was 
more pronounce when the fabric was first 
impregnated in epoxy. 

It can be concluded that 3D fabrics can be 
beneficial as reinforcements for cement-based 

composites although the Z yarns are not along 
the direction of the applied loads. The Z yarns 
hold the whole fabric together leading to good 
mechanical anchoring. The mechanical 
anchoring can be improved when the bundles 
within the fabric are filled and glued with epoxy 
leading a reinforcement component that act as a 
single unit and therefore improved mechanical 
performance of the composite.
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Abstract: A total number of 215 structural elements were used to prepare a complete database to 
analyze the shear behavior and the influence of each parameter on shear out of 363 elements of the 
experimental database. 148 elements were eliminated for various reasons. Thus, the following items 
were removed: those with different failure modes to shear, those beams which are not known in 
some detail, also the beams containing a mixture of more than one fiber type, those for which 
values of strength are not available and all those elements with ratios a/d smaller than 2.5, where 
the arching action is dominant [1]. 

The database is made up of elements from databases of the University of Brescia and of RILEM, 
in addition to all the shear tests carried out within the Brite/Euram project [2], beams tested by 
Dupont & Vandewalle [3], other beams [4] and the tests presented in the Ph.D. thesis of Cuenca [5]. 
The input parameters used were: the shear span-to-depth ratio (a/d); the effective depth (d); the 
concrete cylinder compressive stress (fc); the residual flexural tensile strength (fR3) corresponding to 
a crack mouth opening displacement CMOD=2.5 mm, according to EN 14651 [6]; the longitudinal 
reinforcement ratio (ρl); the average stress acting on the concrete cross-section for an axial force 
due to prestressing actions (σc); the amount of steel fibers (kg/m3) and transverse reinforcement area 
per unit length (Asα/s). The output value was the safety margin (SM) obtained as Vtest/Vtheo (the shear 
test value divided by the shear theoretical value). The theoretical shear (Vtheo) was calculated for 
each of the beams according to three calculation codes: the Spanish Standard EHE-08 [7], the 
RILEM approach [8] and the first complete draft of Model Code 2010 [9]. 
 

1 INTRODUCTION 
After thorough review of the literature on 
structural elements with shear failure, and after 
carrying out several experimental programs[5] 
whose values  were compared later with the 
theoretical values  obtained with the three 
selected Design Codes to calculate shear in 
elements reinforced with fibers, it was found 
that it would be useful and also necessary to 

build a large database of elements failing in 
shear in order to have a large number of cases 
to allow a better evaluation of the resisting 
phenomena and the validity of the building 
Codes. For this reason, the present paper 
shows the analysis of that database. 

The paper will explain how the data were 
selected and, also, how data were analyzed by 
separating it into four different clear cases: 
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Case 1 concrete beams without any shear 
reinforcement (neither fibers nor stirrups); 

Case 2 beams with only stirrups (no fibers); 
Case 3 beams with only fibers (no stirrups); 
Case 4 beams with fibers and stirrups.  
In each of these four cases the influence of 

the following parameters is analyzed: d, a/d, 
fcm, fR3, ρ, σc, and amount of fibers and stirrups. 

2 DATA SELECTION 
A total number of 215 structural elements 
were used to prepare a complete database to 
analyze the shear behavior and the influence of 
each parameter on shear, out of 363 elements 
of the experimental database. As it can be 
noticed, 148 elements were eliminated for 
various reasons. In particular, the following 
data were removed: 
1. beams with different failure modes in shear; 
2. beams which are not known in some detail; 
3. beams containing a mixture of more than 

one fiber type; 
4. beams where are not available any value of 

strength; 
5. beams with a/d ratios smaller than 2.5, in 

which arching action is dominant [10], [11], 
[12], [13]. 
The present database was made by using 

data databases of the University of Brescia 
(Italy) and of RILEM, in addition to all the 
elements tested in shear in the Brite/Euram 
project [2], to beams tested by Dupont & 
Vandewalle [3], to other beams [4] as well as 
beams tested within the PhD thesis of Cuenca 
and presented in other papers ([5], [14], [15], 
[16], [4], [17], [18], [19], [20]). 

The input parameters used were: the shear 
span-to-depth ratio (a/d); the effective depth 
(d); the concrete cylindrical compressive 
strength (fc); the residual flexural tensile 
strength (fR3) corresponding to a crack mouth 
opening displacement CMOD=2.5mm 
(according to the Standard EN 14651 [6]); the 
reinforcement ratio for longitudinal 
reinforcement (ρl); the average stress acting on 
the concrete cross-section for an axial force 
due to prestressing actions (σc); the amount of 

steel fibers (kg/m3) and transverse 
reinforcement area per unit length (Asα/s). 

The output value is the safety margin (SM) 
obtained as Vtest/Vtheo, ehere Vtheo represents the 
shear strength determined according to the 
considered structural code. 

A large shear database has been obtained, 
that covers a great interval of the main 
parameters influencing shear. Table 1 
summarizes the ranges of the different values 
used in this shear database. 

The theoretical shear (Vtheo) was calculated 
according to three structural Codes: the 
Spanish Standard EHE08 [7], the RILEM 
approach [8] and the first draft of Model Code 
2010 [9]. The shear formulations of these 
Codes are summarized in Table 2, on the other 
hand, limitations that Design Codes impose 
are in Table 3. 
Table 1: Range of parameters in the complete database 
(N=215 elements) 

Parameter Min. Max. 
d (mm) 102 1440 
a/d 2.50 4.69 
fcm (MPa) 17 96.34 
fR3 (MPa) 0 10.60 
Amount of fibers (kg/m3) 0 240 
ρ (%) 0.41 5.82 
σc (MPa) 0 12 
Asα/s (cm2/m) 0 4.90 

 
EHE-08 [7] formulation considers fibers 

contribution separately from concrete, which is 
based in EC2 [21] while the contribution of the 
fibers is based on RILEM [8]. The MC2010 
[9] considers Fiber Reinforced Concrete 
(FRC) as a composite material where fibers 
represent a distributed reinforcement; 
contribution that is modeled as a modifier of 
the longitudinal reinforcement ratio throughout 
a factor that includes the toughness properties 
of FRC [12].  
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Table 2: Current Codes shear formulas 

 
Table 3: Parameters for the determination of the shear 
strength and their limitations 

Common limitations for all Codes: 
ξ = 1+√(200/d)≤ 2.0 
ρl= (As+Ap)/(bo·d)≤ 0.02 
Particular limitations of each Code: 
σck=[(Nk+Pk)/(bo·d)]<0.30·fck ≤ 12Mpa (EHE-08) 
σck=[(Nk+Pk)/(bo·d)]<0.2·fck  (EC2 and MC2010 for FRC) 
kf= 1+n·(hf /bo)·(hf/d) ≤1.5 (EHE08 and RILEM) 
n=[(bf-bo)/hf]≤3 and n≤(3·bo/hf)  (EHE08 and RILEM) 
Vcu, min = [(0.075/γc)·ξ3/2·fcv1/2+ 0.15·σck]·bo·d  (EHE-08) 
Vcu,min=[0.035·ξ3/2·fcv1/2+ 0.15·σck]·bo·d  (EC2 & MC2010 
for FRC) 
0.5 ≤ cotg θ ≤ 2.0   26.57º ≤ θ ≤ 63.43º (EHE-08) 
1 ≤ cotg θ ≤ 2.5   22º ≤ θ ≤ 45º (EC2) 
β determination (EHE-08): 
β= (2·cotg θ -1) / ( 2·cotg θe -1); if   0.5 ≤ cotg θ < cotg θe 
β= (cotg θ - 2) / (cotg θe - 2); if   cotg θe ≤ cotg θ ≤  2.0 
Parameters influencing Vcu (MC2010): 
θ = 29º + 7000·εx                              
εx=[MEd/z + VEd + 0.5·NEd – Ap·fp0] / [2·(Es·As + Ep·Ap)] 
kv=0.4·1300 / [(1 +1500·εx)·(1000 + 0.7·kdg·z)]   if ρw=0 
kv=0.4 / (1 +1500·εx)   if ρw ≥ 0.08·√fck / fyk 

 

3 CASE 1: BEAMS WITHOUT SHEAR 
REINFORCEMENT 
Table 4 and Table 5 summarize the ranges of 
the different parameters used in this case, 
referring to reinforced and prestressed beams, 
respectively. 

Table 4: Range of parameters in the shear database of 
reinforced beams made without shear reinforcement 
(N=37 elements) 

Parameter Min. Max. Average CoV 
(%) 

d (mm) 197 1440 395.38 65.59 
a/d 2.50 4.69 3.19 21.61 
fcm (MPa) 20 85.57 36.90 34.50 
fR3 (MPa) -- -- -- -- 
Amount of fibers 
(kg/m3) 

-- -- -- -- 

ρ (%) 0.99 3.72 1.76 47.47 
σc (MPa) -- -- -- -- 
Asα/s (cm2/m) -- -- -- -- 

 
Table 5: Range of parameters in the shear database of 
prestressed beams made without shear reinforcement 
(N=6 elements) 
 
Parameter Min. Max. Average CoV 

(%) 
d (mm) 226.47 550 282.16 42.46 
a/d 3.27 4.30 380 11.72 
fcm (MPa) 43.80 54.20 50.25 9.30 
fR3 (MPa) -- -- -- -- 
Amount of 
fibers (kg/m3) 

-- -- -- -- 

ρ (%) 0.41 3.03 1.06 87.28 
σc (MPa) 2.87 10.18 4.77 54.24 
Asα/s (cm2/m) -- -- -- -- 

3.1 Influence of the a/d ratio 
In Figure 1, Safety Margins (SMs) are 
represented for each beam of Case 1. Each 
column represents one beam of this subset and 
on each column there are three points 
corresponding to its SM according to Codes 
EHE08, MC2010 and RILEM. Beams are 
sorted in ascending order according to their 
value of a/d (right vertical axis), so that the 
height of each column indicates the value of 
a/d of each beam (as can be read on the right 
vertical axis). On the other hand, SM values of 
each beam can be obtained through the left 
vertical axis. Also, reinforced beams are 
represented by light grey columns (left side of 
the graph), while dark grey columns are 
prestressed beams (right side of the graph). 
Moreover, the upper side of the graph (green 
shaded) represents the area in which Codes are 
conservative (SM> 1), whereas the lower side 
area (red shaded) refers to SM <1. For 

Code Theoretical Shear (V) Parameters  
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example, the first beam, starting from the left 
is a reinforced beam because the column is in 
light grey; the height of the column indicates 
that the beam has a/d ratio of 2.5. In turn, if 
one focus on the 3 points on the column, then 

SM values are obtained referring to the left 
vertical axis. 

With this graph it has been possible to 
observe that for a/d>3.5, the MC2010 was the 
most conservative (Figure 1).

 

 
Figure 1: SM represented versus a/d for beams without any reinforcement. 

 
Figure 2: Size effect in beams without shear reinforcement (neither fibers nor stirrups). 

 
Figure 3: Beams without shear reinforcement (neither fibers nor stirrups). SM versus d (mm) 
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3.2 Influence of effective depth d.Size effect 
If experimental shear stress (vu=Vtest/b·d) is 
represented versus effective depth (d), a clear 
tendency (size effect) is observed, as expected; 
in fact, shear stress decreased when effective 
depth increase (Figure 2). 

It can be also observed that, when 
d > 900mm (specifically d=1440mm in this 
case), all Codes are unsafe (Figure 3). On the 
other hand, for d < 900mm, all Codes give 
similar values. 

Figure 3 also shows that all Codes are 
conservative for d < 200mm, although 
MC2010 underestimates the effect of the 
effective depth (d) in this range (see square A, 
in Figure 3). Codes are unconservative for 
reinforced beams with d > 900mm (see square 
B, in Figure 3). Prestressed beams are always 
conservative for all Codes (see square C, in 
Figure 3). Finally it is noted that, for one of the 
prestressed beams, the MC2010 gives higher 
SM, it appears that the MC2010 
underestimates the effect of prestressing, as 
discussed below (see square D, in Figure 3). 

3.3 Influence of the amount of longitudinal 
reinforcement, ρl 
In prestressed beams without any shear 
reinforcement, SM increase when increase ρl 
for ρl ≤ 2 %. When ρl >>2 %, SM for MC2010 
beams increases quickly (Figure 4). 

3.4 Influence of the stress due to the 
prestressing actions, σc 
Prestressed beams are always safe according to 
all Codes considered herein (Figure 5). 

4 CASE 2: BEAMS WITH STIRRUPS 
With respect to the a/d ratio, safety margins 
(SM) do not show any trend within the range 
studied (2.5 ≤ a/d  ≤ 3.5). 

In the range (400 < d < 900mm) it is 
observed that SM increases with increasing 
values of the effective depth (d). 

For beams with fc>70MPa, SM are 
unconservative; however, since there are two 
reinforced beams with fc >70MPa, these values 
are not sufficient to ensure this tendency. 

Referring to the amount of longitudinal 
reinforcement (ρl) and its influence on SM, no 
trends are detected; it is only observed an 
increasing shear stress with the increase of ρl. 

No clear trends are obtained on the 
influence of the transverse reinforcement area 
(Asα/s) on the shear stress or SM. 

5 CASE 3: BEAMS WITH FIBERS 
Table 6 and Table 7 summarize the ranges of 
the different parameters used in beams only 
reinforced with fibers, referring to reinforced 
and prestressed beams, respectively. 

Table 6: Range of parameters in the shear database of 
beams reinforced only with fibers (N=102) 

Parameter Min. Max. Average CoV 
(%) 

d (mm) 102 1440 360.80 59.59 
a/d 2.50 4.69 3.24 18.60 

fcm (MPa) 17.00 96.34 38.86 41.32 
fR3 (MPa) 1.22 10.60 3.65 49.24 
Amount of 

fibers (kg/m3) 
15 240 63.31 66.33 

ρ (%) 0.99 3.72 2.23 39.80 
σc (MPa) -- -- -- -- 

Asα/s (cm2/m) -- -- -- -- 
 
Table 7: Range of parameters in shear database of 
prestressed beams with only fibers (N=26) 

Parameter Min. Max. Average CoV 
(%) 

d (mm) 226.47 738.89 440.93 48.79 
a/d 2.84 4.40 3.40 11.15 

fcm (MPa) 35.90 77.00 55.38 22.78 
fR3 (MPa) 2.83 8.61 4.95 39.19 
Amount of 

fibers (kg/m3) 
50 70 55 12.61 

ρ (%) 0.41 5.82 2.23 92.52 
σc (MPa) 2.87 12.00 7.16 50.05 

Asα/s (cm2/m) -- -- -- -- 
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Figure 4: Beams without shear reinforcement. SM represented versus ρ (%) 

 

 
Figure 5: SMs represented versus σc (MPa) for beams without shear reinforcement 

 
5.1. Influence of the residual tensile strength 
(CMOD=2.5mm), fR3 

Reinforced beams with fR3>5 MPa presented 
low SM. 

Shear stresses increases when fR3 also 
increases for both, reinforced and prestressed 
beams. It can be observed that the slopes are 
different between reinforced and prestressed 
beams, due to the effect of prestressing which 
also produce higher shear stresses (Figure 6). 

 
Figure 6: Experimental shear stress versus fR3 for 

beams reinforced only with fibers 
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5.2. Influence of longitudinal reinforcement 

In Figure 7, experimental shear stresses are 
plotted versus the longitudinal reinforcement 
percentage. As it can be observed, no trend is 
detected in reinforced beams while, in 
prestressed beams the shear stress increases 
with ρl. 
 

 
Figure 7: Experimental shear stress versus ρl (%) for 

beams reinforced only with fibers 

In Figure 8, SM of all studied Codes (EHE, 
MC2010 and RILEM) are plotted versus ρl for 
all beams. 

Some reinforced beams (see square A in 
Figure 8) show high SMs; the reason is that 
these beams have a real value of ρl greater than 
2% (the exact value is unknown), but the data 
come from elements of the database of other 
Authors. Therefore, the calculations are using 
a value lower than the actual ρl, resulting in a 
lower predicted value. 

In RC, when ρl ≥ 3%, SMs for all Codes 
reduce (square B in Figure 8), when ρl 
increases. In prestressed beams, when ρl 
increases, SM also increases; however, when 
ρl ≥5%, MC2010 underestimates the effect of 
prestressing (square C in Figure 8). 

5.3. Influence of prestressing 

In general, it is observed that RILEM & EHE 
are most balanced for all levels of fc and σc 
whereas MC2010 is more conservative for 
high levels of fc and σc. 

The first prestressed elements correspond to 
hollow core slabs (square A in Figure 9). One 
beam (dashed line square in Figure 9) has a 

clearly lower value of SM than its analogous 
beam (square B in Figure 9), this is because 
the beam has a flange width (bf =260mm) 
much lower than its analogous (bf =400-
600 mm). Therefore, RILEM & EHE codes, 
which take into account the contribution of the 
flange width in beams reinforced with fibers, 
are overestimating the contribution of a flange 
which is very small. In beams with flanges of 
considerable size (bf > 400mm), MC2010 
gives higher SM values than the other two 
codes, which means that determines a lower 
shear theoretical value since it neglects the 
contribution of flanges to shear (flanges factor, 
kf, was not applied, Table 2). 

5.4. Influence of the amount of fibers 

 
Reinforced and prestressed beams with fibers 
are always safe (SM>1) for all Codes, 
according to this database, when the amount of 
fibers is greater than 125 kg/m3 (Figure 10). 

5.5. Codes for beams with only fibers 

Table 8 and Table 9 show that, for the beams 
reinforced with fibers, MC2010 presents the 
greater CoV (%) but, it is the safest Code, with 
the highest value of 5th percentile. Codes are 
safer for prestressed beams. 

Table 8: Summary of statistics of RC beams with fibers 

 Reinforced beams  
(Beams with fibers) 

 EHE-08 MC2010 RILEM 
Minimum 0.62 0.73 0.59 
Maximum 1.87 2.36 1.79 
Average 1.17 1.25 1.13 

Standard deviation 0.26 0.32 0.26 
CoV (%) 22.32 25.81 23.07 

5th percentile (%) 0.80 0.84 0.77 
95th percentile (%) 1.69 1.87 1.63 

6 CASE 4: BEAMS WITH FIBERS AND 
STIRRUPS  
Table 10 summarizes the ranges of the 
different parameters used in beams 
transversally reinforced with stirrups and 
fibers. Influence on SM due to parameters: 
a/d, d, fcm and Asα/s were not detected in this 
analysis. 
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Table 9: Summary of statistics of prestressed beams 
only with fibers 

 Prestressed beams  
(Beams with fibers) 

 EHE-08 MC2010 RILEM 
Minimum 0.93 1.05 0.83 
Maximum 1.70 2.19 1.73 
Average 1.29 1.57 1.20 

Standard deviation 0.21 0.32 0.24 
CoV (%) 15.92 20.23 20.20 

5th percentile (%) 1.04 1.20 0.93 
95th percentile (%) 1.64 2.10 1.66 

 
Table 10: Range of parameters in the shear database of 
reinforced beams with only fibers (N=19 elements) 

Parameter Min. Max. Average CoV 
(%) 

d (mm) 210 650 293.68 34.65 
a/d 3.10 4.50 3.53 10.06 

fcm (MPa) 38.00 50.67 45.33 9.91 
fR3 (MPa) 1.22 8.54 3.19 56.33 

Fibre (kg/m3) 15 60 39.95 42.52 
ρ (%) 1.56 3.56 2.99 26.41 

σc (MPa) -- -- -- -- 
Asα/s (cm2/m) 1.40 3.53 2.18 34.50 

6.1. Influence of the residual tensile strength 

Figure 11 shows the SM of all Codes versus 
the residual flexure tensile strength (fR3); it can 
be observed that, for reinforced beams, the 
most conservative Code is EHE while, for 
prestressed beams, the RILEM was the safest; 
MC2010 maintained the same SM levels for 
reinforced and prestressed beams. 

6.2. Influence of the longitud. reinforcement 

In Figure 12 it can be observed that reinforced 
beams with ρl≤2% and fR3<1.5MPa were all in 
the side of unsafety (SM<1). Reinforced 
beams with ρl =3.5% had similar levels of SM 
for all Codes. The MC2010 was the most 
balanced in both: reinforced and prestressed. 

 

 
Figure 8: Beams transversally reinforced with fibers. SM represented versus ρl (%) 

 
Figure 9: Beams transversally reinforced with fibers. SM represented versus σc and fc (MPa) 
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Figure 10: Beams transversally reinforced with fibers. SM represented versus fibre content (kg/m3) 

 
Figure 11: Beams transversally reinforced with fibers + stirrups. SM represented versus fR3 (MPa) 

 
Figure 12: Beams transversally reinforced with fibers + stirrups. SM represented versus ρl (%)
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there were only two prestressed beams, so they 
were not enough to formulate strong 

conclusions, but it seemed that, when both 
reinforcements were present (fibers and 
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higher. 
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7 SUGGESTIONS FOR DESIGN CODES 
After analyzing a large database consisting of 
215 structural elements failing in shear, and 
determined the expected shear strength 
according to three different Design Codes, it 
was possible to evidence the role of the simple 
parameters and, among these, the ones that 
could be better evaluated. 

The analyses performed on the database 
allowed observing that existing building Codes 
can be significantly improved and that every 
time new concrete matrices with enhanced 
mechanical properties are developed, the 
existing Codes may be no longer suitable. 

In the present work, some suggestions for 
improving existing Codes are made. In 
particular: 

• codes are not reliable for calculating 
shear strength when a/d < 2.5, since the arch 
action is very pronounced and shear strength 
provided by Codes is markedly conservative. 
For proper calculation of these cases, other 
methods should be used as the method of struts 
and ties. 

• The larger the crack width at Ultimate 
Limit State (ULS) becomes, the stronger the 
size-effect will be. Furthermore, it should be 
considered that the size factor is influence by 
the FRC toughness [15]. The latter is a 
mechanical property that better characterize 
the material behavior. 

• After analyzing the database, it was 
found that, for small elements without stirrups 
(eg. d= 200mm), Codes provides conservatives 
SMs, and that, for larger elements without 
stirrups, Codes overestimates shear strength. 

• For small beam depths will interest to 
decrease the SM by increasing the theoretical 
shear; for that, size effect factor (ξ) must be 
increased. In contrast, for great depths, SM 
will be increased by reducing the theoretical 
shear by diminishing the size effect factor (ξ). 
Therefore, the size effect rules proposed by 
Codes should be connected accordingly. 

• It has been observed that Codes 
overestimate the shear strength of beams made 
of HSC (fc>70MPa). Therefore, structural 
codes should provide rules that better take into 
account the shear strength, when fc>70MPa, as 

does the EHE when limits the compressive 
strength (fc ≤ 60MPa) and the MC2010 for 
elements without fibers [(fck)1/2 ≤ 8MPa]. In 
fact, the Model Code [11] ensures that its 
limitation in fck is provided due to the larger 
observed variability in shear strength of higher 
strength concrete, particularly for members 
without stirrups. However, concrete 
compressive strength also influences the FRC 
toughness. 

• Beside fracture parameter fR3, 
parameter fR1 should be considered for shear 
strength, since it depends also on the smaller 
cracks. A parameter that better represents the 
shear strength in FRC could be represented by 
the average value fRm=(fR1+ fR3)/2 in some 
particular cases, as in small beams. 

• Codes are highly conservative for 
prestressed beams, better and more appropriate 
rules for considering the compressive stress in 
the beams should be proposed. 

8 CONCLUDING REMARKS  
After analyzing a shear database consisting of 
215 structural elements, it was detected the 
influence of each parameter influencing shear. 

In the following, Codes will be compared 
with the experimental results available in the 
considered database, under the assumption that 
the partial safety factors are equal to the unit; 
therefore, the comparisons will not refer to the 
safety because, in this case, this safety factor 
have to be considered. 

8.1 Influence of effective depth, d 
For small effective depths (d~200mm), the 
considered Codes were always conservative 
for all cases except for beams with only 
stirrups. 

For larger values of d (≥ 900mm), Codes 
overestimate the shear strength of beams 
without any shear reinforcement; however, in 
beams with stirrups, Codes are conservative. 
In beams with only fibers as shear 
reinforcement, Codes overestimate the shear 
strength experimentally determined in some 
experimental sets. 

It should be underlined that both stirrups 
and fibers mitigate the size effect in shear. 
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8.2 Influence of the a/d ratio 
For the range 2.5≤ a/d ≤3.5, particular trends 
are not observed, independently of the 
reinforcement type (fibers and/or stirrups). 

8.3 Influence of concrete compres. strength 
In all beams with higher concrete compressive 
strength (fc > 70 MPa), Codes generally 
overestimate the shear strength. However, it 
should be observed that in the database, HSC 
beams reinforced with both stirrups and fibers 
were not available. 

8.4 Influence of residual tensile strength 
For FRC beams without stirrups, the SMs are 
generally higher than the unit, with a high 
scatter. The scatter is smaller in beams with 
both fibers and stirrups, but a lower number of 
results are available in the database. 

However, it was evidenced that the shear 
should not rely solely on the value of fR3 for all 
types of FRC (with any type of fiber and any 
concrete compressive strength), since residual 
strength for smaller crack opening (fR1) also 
influences the shear strength. Hence 
parameters fR1 and fR3 should be linked to 
correctly estimate the theoretical shear value, 
as evidenced in [5] when an alternative 
parameter fRm =( fR1+ fR3) /2 was proposed. 

Furthermore, in large beams, a crack 
opening corresponding to fR3, is not reached 
and a residual strength value related to fR1 
should be considered. 

Reinforced beams with more than 
125 kg/m3 of fibers, evidenced SM>1. In 
beams with combined reinforcement, for 
amounts of fibers greater than 40kg/m3, SM 
was always higher than 1. 

8.5 Influence of the amount of longitudinal 
reinforcement, ρl 
The considered codes tends to overestimate 
shear strength for higher longitudinal 
reinforcement ratios (ρl > 3.5%). This trend 
was observed in all cases with the exception of 
beams with a combination of stirrups and 
fibers; however, in these beams, when ρl < 2% 
and fR3 < 1.5 MPa, Codes overestimate the 
experimental results. 

In all prestressed beams, for all Codes, the 
Safety Margin increases for increasing values 
of longitudinal reinforcement, ρl. 

8.6 Influence of prestressing 
Codes were always conservative for 
prestressed beams with high SM; only in 
beams with both fibers and stirrups, 
prestressed beams had SM levels of the same 
order of beams without prestressing. 

For beams without any shear reinforcement, 
SM of the prestressed beams had a clear 
dependence on the prestressing stress; in fact, 
the Safety Margin increases with σ. This trend 
was also present in beams with fibers but a 
higher scatter was observed; the latter cannot 
ensure that the safety margin increases with σ. 

In beams with fibers, MC2010 
underestimated the effect of prestressing, 
giving rise to higher SM. All Codes were 
conservative up to σ = 10MPa. 
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Abstract: Uniaxial tensile properties of a SHCC can be confirmed by simply fabricating prism 
specimens at the job site and molding those later into a dumbbell shape for uniaxial tension testing. 
Level of skill in fabricating dumbbell-shaped specimens and the use of vibratory consolidation led 
to no significant difference in the uniaxial tension test results. The variances and means of the 
uniaxial tension test results of specimens molded in this manner showed no significant difference 
from those of monolithically molded dumbbell-shaped specimens. Also, changes in the fiber 
content of the molding material from 1.25% to 0.5% in steps of 0.25 percentage points had no 
significant effect on the test results, leading to test results equivalent to those of monolithically 
molded dumbbell-shaped specimens. 
 
 

1 INTRODUCTION 
In addition to their use as precast members, 

strain-hardening cement composites (SHCC） 
are available as a premix material to be mixed 
at job sites for spraying or at ready-mixed 
concrete plants for cast-in-place concreting [1]. 

The mechanical properties of SHCCs are 
characterized by their pseudo strain-hardening 
behavior under uniaxial tensile stress. The 
Japan Society of Civil Engineers (JSCE) 
specifies a recommended uniaxial direct 
tension test method and a method of 
fabricating specimens for strength testing. 
These methods require that specimens for this 
test method be fabricated using dedicated 
molds having enlarged ends in the shape of a 
dumbbell to fit to the holding jigs of uniaxial 
tension testing machines. However, since these 
molds are made of metal precisely cut to shape, 
currently they are not readily available. 
Bending tests are often conducted instead of 
uniaxial tension tests to confirm cracking 
behavior, but there are limitations to such 

substitution, as certain materials that do not 
show multiple-cracking properties during 
uniaxial tension testing may show multiple 
cracks during bending testing [2]. Meanwhile, 
the authors have been conducting uniaxial 
tension tests using dumbbell-shaped specimens 
made by additionally molding enlarged ends 
for prisms sawed from SHCC block or plate 
[3].  

With this as a background, the authors 
focused on quality control methods for SHCCs, 
a promising repair and surface protection 
material for use on site, for which quality 
control methods have yet to be established [4]. 
To solve this problem, the authors [5] 
investigated a uniaxial tension test method 
using dumbbell-shaped specimens made of 
prisms to facilitate material property control 
by simple preparation of specimens on site, 
thereby contributing to the stabilization and 
enhancement of construction qualities. 
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2 EXPERIMENT OVERVIEW 

2.1 Types and mix proportions of SHCC 
The SHCC used for the present tests to 

confirm the uniaxial tensile properties was a 
type containing 1.25 vol % high-density 
polyethylene (PE) fibers. 

In order to form a dumbbell shape in a mold, 
so as to make the specimen fit into the holding 
jigs of a uniaxial tension testing machine, a 
material was used to enlarge both ends of each 
prism. This material (hereafter referred to as 
“molding material”) basically contained 1.25 
vol % fibers. Different ratios of 1.0, 0.75, and 
0.50% were also adopted to examine the effect 
of the fiber content of the molding material on 
the tensile properties of specimens. Note that 
the case of 0% fibers was excluded from the 
test program, as it led to localized failure in the 
enlarged ends during preliminary testing. Also, 
application of an expansive SHCC to the 

molding material was investigated to 
compensate for shrinkage based on the 
authors’ previous study [6]. 

Tables 1 and 2 give the component 
materials and mixture proportions, 
respectively. An omni mixer with a capacity of 
10 liters was used for mixing.  

2.2 Molding of specimens and uniaxial 
tension test procedure 

Figure 1 shows the geometry and fabrication 
steps of the specimen. At an age of 7 days, 
each  prism measuring 29.5 by 30 by 300 mm 
was set in a mold to form a dumbbell-shape by 
filling the molding material for enlarging both 
ends to fit to the holding jigs of a uniaxial 
tension testing machine shown in Photo 1. 
These specimens were then subjected to 
uniaxial tension testing at 14 days. 
Monolithically molded dumbbell-shaped 
specimens were also fabricated simultaneously 

Series 

Point 

W/P
（％） 

W/B
（％） 

Unit amount（kg/m3） 

Factors Exp. 
levels 

Monolithic 
dumbbell–

shaped 
specimen 

Prism Molding 
material W 

Powder 

S SP MC PE Binder LP 
C EX 

1 ○ ― ― 30.0  54.5 380 697 0 570 321 19.0  1.0  12.1 
skill 2 

fabrication 
method  2 

2 
○ ○ ○ 30.0  44.1 380 862 0 405 348 19.0  1.0  12.1 Addition of 

expansive 
additive 

2 
― ― Expansion 

type 30.0  44.1 380 810 52 405 346 19.0  1.0  12.1 

3 ○ ○ ○ 30.0  44.1 380 862 0 405 348 19.0  1.0  12.1 Fiber content 5 

Materials Properties 

High-strength polyethylene fiber        (PE) Diameter: 0.012mm, Length: 12mm, Density: 0.97g/cm3, 
Tensile strength: 2.6GPa, Young's modulus: 88GPa 

Cement                                                     (C) High-early-strength portland cement, Density: 3.13g/cm3 

Expansive additive                                (EX) Density: 3.05g/cm3 

Limestone powder                                 (LP) Density: 2.71g/cm3, Specific surface area: 3050cm2/g 

Fine aggregate                                          (S) Silica sand (size:0.08～0.3mm), Density: 2.63g/cm3 

Super plasticizer                                     (SP) Ether polycarboxylic acid  

Viscosity enhancer                             (MC) Water-soluble methylcellulose 

Table 2: Mix proportions, factor and experimental levels 

Table 1: Component materials 
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with pisms to serve as controls. Prior to 
placing the molding material, the surfaces to 
come into contact with the molding material 
were cleaned with a wire brush while rinsing 
with water. Moist air curing to control 
moisture evaporation was adopted for these 
specimens instead of water curing in 
consideration of the placement control of 
materials spray-applied at job sites and 
transportation of prisms to testing institutions. 

2.3 Test series and items 

(1) Series 1: Effect of skill and method of 
fabricating specimens on test results 

Prior to tests using prisms, uniaxial tension 
tests were conducted on monolithic dumbbell-
shaped specimens, with the factor being the 
skills in fabricating specimens, in 
consideration of the fact that various people 
may fabricate specimens at job sites. Two 
experienced persons prepared specimens: a 
researcher with experience of over 5 years and 
a student with less than 1 year experience. The 
means and variances of the test results were 
compared in accordance with JIS Z 9041-2 
(Statistical interpretation of data, Part 2: 
Techniques of estimation and test relating to 
means and variances). Tension tests were also 
conducted on monolithic dumbbell-shaped 
specimens made by two levels of consolidation 
process: with and without vibration using a 
table vibrator specified in JIS R 5201 
(Physical testing methods for cement). This 

was done in consideration of the fact that 
consolidation by tapping with a mallet is 
general procedure at job sites, while vibratory 
consolidation is available at laboratories. The 
means and variances of the test results were 
similarly compared.  

(2) Series 2: Effect of expansive additive 
added to molding material on test results 

According to the authors’ previous report 

[6], SHCCs show large autogenous shrinkage 
at an early stage of hydration. For this reason, 
the effect of the volume changes of the 
molding material on the tension test results of 
prisms was investigated using an SHCC with 
and without an expansive additive. 6% of 
cement mass was replaced by the additive. The 
variances and means of tension test results 
were examined in comparison with those of 
monolithic dumbbell-shaped control 
specimens.  

(3) Series 3: Effect of fiber content of 
molding material on test results 

Increased fluidity of the molding material 
due to a reduced fiber content can facilitate 
placing. The fiber content of the molding 
material was therefore taken as the factor in 
this tension test series, and four levels were 
selected: 1.25, 1.0, 0.75, and 0.5 vol %. Their 
effect on the characteristic values of tension 
testing was examined by variance analysis 
including comparison with the control. The 
confidence interval of the population mean 

 Photo 1: Uniaxial tension testing apparatus 

（ ： ）

Figure 1: Geometry and fabrication steps 
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was also estimated to examine the difference 
from that of the control. 

3 TEST RESULTS AND DISCUSSION 
By following the JSCE standard 

specifications [1], the cracking load, tensile 
strength, and ultimate tensile strain were 
determined from the mean of three specimens, 
excepting the two specimens with the largest 
and smallest ultimate tensile strains (shaded 
values in the table expressing the test results). 
In determining the variance of scatter, all test 
results were used for calculation.  

 3.1 Series 1: Effect of skill and method of 
fabricating specimens on test results 

Table 3 gives the results of uniaxial tension 
tests on monolithic dumbbell-shaped 
specimens prepared by two persons, A and B, 
with different levels of experience in 
fabricating specimens. Figure 2 shows the 
stress-strain relationship by uniaxial tension 
test.  

(1) Cracking strength 
Investigation of the test results began with 

their variance in regard to specimens prepared 
using a table vibrator by two persons, A and B, 
based on Format G of JIS Z 9041-2 
(Comparison of two variances or standard 
deviations). 

Null hypothesis and test type: Two-sided 
tests  
H0: A

2 = B
2 

Level of significance:   = 0.05,  
Degree of freedom: A = 5 - 1 = 4,  
B = 5 - 1 = 4 
Variance: VA ,VB  
From Table 3, VA = 0.0289 N2/mm4,  
VB = 0.0577 N2/mm4. 

F0 is determined by choosing VA or VB, 
whichever is greater, as the numerator. 

F0 = 0.0577 / 0.0289 = 1.997 
The upper probability of F-distribution  
F1-/2(1,2) = 9.60 

As F0 < 9.60, H0 is not rejected. As to the 

Properties Factors 1 2 3 4 5 Mean ( ix ) Variance (Vi) 

First crack 
strength  
（N/mm2） 

1 With 
vibration 

A 3.59  3.41  3.88  3.67  3.59  3.56  3.53  0.0289  0.0532  
B 3.52  3.52  3.56  2.98  3.41  3.50  0.0577  (N2/mm4) 

2 Without 
vibration 

A 4.03  3.70  3.74  3.88  3.77  3.85  3.68  0.0176  0.0515  
B 3.34  3.70  3.74  3.30  3.52  3.51  0.0400  (N2/mm4) 

Tensile 
strength 
（N/mm2） 

1 With 
vibration 

A 4.97  4.54  5.23  4.68  4.32  4.51  4.70  0.1282  0.1145  
B 4.32  4.54  5.26  4.61  4.86  4.89  0.1289  (N2/mm4) 

2 Without 
vibration 

A 4.83  4.07  4.36  4.94  4.75  4.65  4.74  0.1335  0.1469  
B 4.28  5.34  5.05  4.61  4.54  4.83  0.1781  (N2/mm4) 

Ultimate 
strain 
（％） 

1 With 
vibration 

A 0.74  1.81  2.40  1.32  1.50  1.54  
1.76  

0.3754  0.3436  
B 1.08  1.96  1.69  2.54  2.28  1.98  0.3184  （％2） 

2 Without 
vibration 

A 1.08  0.85  1.58  2.42  2.22  1.63  
1.68  

0.4683  0.3783  
B 1.58  1.68  2.53  2.41  1.13  1.74  0.3485  （％2） 

※Among the data of five test specimens, those having the maximum or minimum ultimate strain are shaded. 

Table 3: Uniaxial tension test results of Series 1 
 

Table 5: Uniaxial tension test results of Series 3 

 

（
）

（ ）

（
）

（ ）

（
）

（ ）

（
）

（ ）

Figure 2: Stress-strain relationship of Series 1 by uniaxial tension testing 
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variance of the cracking strength of dumbbell-
shaped specimens fabricated by A and B using 
a table vibrator, which was determined by 
uniaxial tension tests, no significant difference 
was therefore detected with a significance 
level of 5%.  

Since the variances of both, A
2 and B

2, are 
thus regarded as being equivalent, 
investigation was then conducted into means 
of the cracking strength determined by 
uniaxial tension tests on dumbbell-shaped 
specimens fabricated by A and B using a table 
vibrator. This was in accordance with Format 
C (Comparison between means of two groups 
of unpaired measurements with unknown but 
assumably equivalent variances) of JIS Z 
9041-2. 

Null hypothesis and test type: Two-sided 
tests  
H0: A = B 
Level of significance:   = 0.05,  
Number of measurements: nA = 3, nB = 3, 
Degree of freedom:   = 3 + 3 - 2 = 4 
Value of t-distribution table: t1-/2(4) = 2.78 
From Table 3,  BA xxD 3.56-3.50= 0.06 
Standard deviation: SA, SB 
Also from Table 3,  
Defined as the following equation: 
Q = ( nA - 1 ) SA

2 + ( nB - 1 ) SB
2  

= 2×0.0289 + 2×0.0577 = 0.1732      (1) 
 

170.0



Q

nn
nnS
BA

BA
D    (2) 

 

B = t1-α/2(ν) SD  = 2.78×0.170 = 0.473  (3) 
While null hypothesis H0 is abandoned when 
|D| > B, it is not abandoned in this case 
because 0.06 < 0.473. Accordingly, no 
significant difference was found, with a 
significance level of 5%, between the means of 
the cracking strength of specimens fabricated 
by A and B.  

Similarly, the variance of cracking strength 
was examined regarding specimens fabricated 
by A and B without using a table vibrator.  

From Table 3, F0 = 0.0400 / 0.0176 = 2.273. 
H0 is therefore not abandoned, since the upper 
probability of the F-distribution is F1-/2(1, 2) 
= 9.60. In regard to investigation into means, 

 BA xxD 3.85-3.51=0.34 from Table 3.  
Standard deviation: SA, SB 
Therefore,  
Q = ( nA - 1 ) SA

2 + ( nB - 1 ) SB
2  

= 2×0.0176 + 2×0.0400 = 0.1152      (4) 
 

139.0




Q

nn
nn

SD                            (5) 

 

B = t1-α/2(ν) SD = 2.78×0.139 = 0.386   (6) 
While null hypothesis H0 is abandoned when 
|D| > B, it is not abandoned in this case 
because 0.34 < 0.386. Accordingly, no 
significant difference was observed, with a 
significance level of 5%, between the means of 
the cracking strength of specimens fabricated 
by A and B. 

So, no significant difference was observed 
between specimen fabricators. Next the effect 
of vibration from a table vibrator on the test 
results was investigated by a similar procedure 
using the test data of both A and B.  

Null hypothesis and test type: Two-sided 
tests  
H0: 1

2 = 2
2 

Level of significance:   = 0.05,  
Degree of freedom: 1 = 10 - 1 = 9,  
2 = 10 - 1 = 9 
From Table 3, V1 = 0.0532 N2/mm4,  
V2 = 0.0515 N2/mm4. 

F0 is determined by putting V1 or V2, 
whichever is greater, as the numerator. 

F0 = 0.0532 / 0.0515 = 1.997 
The upper probability of the F-distribution:  
F1-/2(1, 2) = 4.02 

As F0 < 4.02, H0 is not rejected. In regard to 
the cracking strengths of specimens placed 
with or without a table vibrator, no significant 
difference was detected between their 
variances by uniaxial testing with a 
significance level of 5%. Their means also led 
to no significant difference due to the use of 
vibration. 

 (2) Maximum tensile strength and ultimate 
strain 

The effects of specimen fabricators A and B 
and the use of a table vibrator on the 
maximum tensile strength and ultimate strain 
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were examined by procedures similar to 
cracking strength testing. As a result, no 
significant differences were found. 

It can therefore be said that the material 
properties of a SHCC can be confirmed by 
uniaxial tension testing without being affected 
by the experience of specimen fabricators or 
the use of a table vibrator, provided the 
material is placed carefully without concreting 
layers or lifts and continuously in one 
direction to prevent inclusion of air bubbles.  

3.2 Series 2: Effect of expansive additive 
added to molding material on test results 

Table 4 gives the results of Series 2 tension 
tests. Figure 3 shows the stress-strain 
relationship during the tests. Significant 
differences in the variance and mean were 
examined by F- and t-tests similarly to Series 1, 
using monolithic dumbbell-shaped specimens 
as the control.  

In the F-testing of the cracking strength of 
specimens made with a molding material 
containing an expansive SHCC, no significant 
difference was found between its variance and 
that of the control. In regard to its mean value, 
however, Table 4 shows  

 xxD  4.78 - 4.14 = 0.64,  
and Q  = ( n0 - 1 ) S0

2+( n2 - 1 ) S2
2  

= 2×0.0332 + 2×0.0990 
= 0.2644.                                       (7) 

 

210.0




Q

nn
nnSD                       (8) 

 

Thus B  = t1-α/2(ν) SD  

= 2.78×0.210 = 0.583.               (9) 
Since null hypothesis H0 is abandoned when 
|D| > B, a significant efect of an expansive 
additive on the cracking strength was detected 
in this case. 

In the tests results of ultimate strain shown 

Properties Factors 1 2 3 4 5 Mean ( ix ) Variance ( 2
iS ) 

First crack 
strength  
（N/mm2） 

0 Control 4.68  4.90  4.72  4.60  5.05  4.78  0.0332  (N2/mm4) 

1 EX 0％ 4.43  4.64  4.61  4.32  4.36  4.54  0.0212  (N2/mm4) 

2 EX 6％ 4.03  4.10  4.36  4.28  4.83  4.14  0.0990  (N2/mm4) 

Tensile 
strength 
（N/mm2） 

0 Control 5.66  5.30  5.77  6.03  5.52  5.74  0.0745  (N2/mm4) 

1 EX 0％ 6.13  5.48  5.88  5.01  6.32  5.89  0.2764  (N2/mm4) 

2 EX 6％ 5.59  5.63  5.59  5.26  5.70  5.49  0.0290  (N2/mm4) 

Ultimate 
strain 
（％） 

0 Control 1.63 0.93 3.97  1.97  2.20  1.93  1.2764  （％2） 
1 EX 0％ 3.00  2.68  2.94  2.12  2.35  2.62  0.1433  （％2） 
2 EX 6％ 2.70  2.36  1.70  1.71 3.11  2.26  0.3816  （％2） 

※Among the data of five test specimens,  those having the maximum or minimum ultimate strain are shaded. 
The Underlines in the table indicate they are unreliable because the localized crack occurred at the end of the 
measuring area. 

Table 4: Uniaxial tension test results of Series 2 

 

（
）

（ ）

（
）

（ ）

（
）

（ ）
Figure 3: Stress-strain relationship of Series 2 by uniaxial tension testing 
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Table 5: Uniaxial tension test results of Series 3 
 

Properties Factors 1 2 3 4 5 Average Variance 

First crack strength  
（N/mm2） 

Control 4.36  4.28  4.50  4.50  4.21  4.40  0.0169  (N2/mm4) 
1.25％ 4.43  4.39  4.68  4.36  4.46  4.39  0.0160  (N2/mm4) 
1.0％ 4.25  4.21  4.36  4.07  4.32  4.30  0.0127  (N2/mm4) 
0.75％ 4.25  4.84  4.43  4.14  4.10  4.27  0.0908  (N2/mm4) 
0.5％ 4.54  4.28  4.32  4.57  4.61  4.48  0.0232  (N2/mm4) 

Tensile strength
（N/mm2） 

Control 5.59  5.99  6.61  6.21  6.35  6.39  0.1486  (N2/mm4) 
1.25％ 6.17  6.13  6.13  6.13  4.90  6.14  0.3078  (N2/mm4) 
1.0％ 5.63  6.28  5.81  4.46  5.84  5.98  0.4661  (N2/mm4) 
0.75％ 5.66  6.61  6.10  6.42  5.05  6.07  0.3929  (N2/mm4) 
0.5％ 6.17  5.26  5.26  6.39  5.99  5.81  0.2758  (N2/mm4) 

Ultimate strain 
（％） 

Control 1.84  3.57  3.39  3.11  2.66  3.05  0.4783  （％2） 
1.25％ 2.85  3.38  4.13  3.98  1.74  3.40  0.9396  （％2） 

1.0％ 3.30  3.27  2.93  0.73  2.77  2.99  1.1434  （％2） 
0.75％ 2.31  3.79  3.14  3.73  2.12  3.06  0.6064  （％2） 
0.5％ 2.78  2.79  2.65  3.45  2.66  2.74  0.1108  （％2） 

※Among the data of five test specimens, the maximum and the minimum are shaded. 
 Table 5: Uniaxial tension test results of Series 3 

in Table 4, the values of a specimen in which 
cracking was localized near the clamping jig at 
the end of the test zone are underlined and 
boldfaced. Localized cracks at the end of the 
test zone reduce the test values of ultimate 
strain. This is presumably the reason for the 
large variance and small mean of the ultimate 
strain of control specimens.  

In contrast, no significant difference was 
found between the test values of specimens 
made with a molding material containing no 
expansive additive and control specimens, 
demonstrating that the absence of shrinkage-
preventing measures does not affect the test 
results. It was therefore decided to use a 
molding material containing no expansive 
additive for subsequent tests.  

3.3 Series 3: Effect of fiber content of 
molding material on test results 

Table 5 gives the results of uniaxial tension 
tests to clarify the effect of fiber content in the 
molding material. Figure 4 shows the stress-
strain relationship during these tests including 
the results of control specimens. The fluidity 
of the molding material in terms of flow value 
with jigging (15 drops) ,which was determined 
by the base diameter of the mortar mass, 
increased from 155  to 167, 185 , and to 224 
mm as the fiber content decreased. 

The effect of the adopted factors on the 
characteristics determined by tension tests was 
examined by variance analysis including 
comparison with the control. Table 6 gives the 
variance analysis tables of cracking strength, 
tensile strength, and ultimate strain. The limit 
values represent the upper quantile of the F-
distribution with a risk factor of 5%. The 
variance ratio in each table is lower than the 
limit value. No significant difference is 

Properties Factors 1 2 3 4 5 Mean ( ix ) Variance ( 2
iS ) 

First crack strength  
（N/mm2） 

Control 4.36  4.28  4.50  4.50  4.21  4.40  0.0169  (N2/mm4) 
1.25％ 4.43  4.39  4.68  4.36  4.46  4.39  0.0160  (N2/mm4) 
1.0％ 4.25  4.21  4.36  4.07  4.32  4.30  0.0127  (N2/mm4) 

0.75％ 4.25  4.84  4.43  4.14  4.10  4.27  0.0908  (N2/mm4) 
0.5％ 4.54  4.28  4.32  4.57  4.61  4.48  0.0232  (N2/mm4) 

Tensile strength
（N/mm2） 

Control 5.59  5.99  6.61  6.21  6.35  6.39  0.1486  (N2/mm4) 
1.25％ 6.17  6.13  6.13  6.13  4.90  6.14  0.3078  (N2/mm4) 
1.0％ 5.63  6.28  5.81  4.46  5.84  5.98  0.4661  (N2/mm4) 

0.75％ 5.66  6.61  6.10  6.42  5.05  6.07  0.3929  (N2/mm4) 
0.5％ 6.17  5.26  5.26  6.39  5.99  5.81  0.2758  (N2/mm4) 

Ultimate strain 
（％） 

Control 1.84  3.57  3.39  3.11  2.66  3.05  0.4783  （％2） 
1.25％ 2.85  3.38  4.13  3.98  1.74  3.40  0.9396  （％2） 

1.0％ 3.30  3.27  2.93  0.73  2.77  2.99  1.1434  （％2） 
0.75％ 2.31  3.79  3.14  3.73  2.12  3.06  0.6064  （％2） 
0.5％ 2.78  2.79  2.65  3.45  2.66  2.74  0.1108  （％2） 

※Among the data of five test specimens, those having the maximum or minimum ultimate strain are shaded. 

 

（％）（％）（％）（％）

（
）

（％）

Figure 4: Stress-strain relationship of Series 3 by uniaxial tension testing 
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Table 6: Variance of experimental errors 

 

(a) First crack strength 

Source Sum of 
squares 

Degrees of 
freedom Variance Variance 

ratio Limit value 

Fiber content 
Error 

0.170 
0.638 

4 
20 

0.0425 
0.0319 

1.33 2.87 

Total 0.808 24    
 

(b) Tensile strength 

Source Sum of 
squares 

Degrees of 
freedom Variance Variance 

ratio Limit value 

Fiber content 
Error 

0.806 
6.365 

4 
20 

0.201 
0.318 

0.633 2.87 

Total 7.171 24    
 

(c) Ultimate strain 

Source Sum of 
squares 

Degrees of 
freedom Variance Variance 

ratio Limit value 

Fiber content 
Error 

1.012 
13.114 

4 
20 

0.253 
0.656 

0.386 2.87 

Total 14.126 24    
 

Figure 5: Comparison of interval estimation of population mean 

therefore found between the test levels of 
cracking strength, tensile strength, and 
ultimate strain, including control specimens, 
with a risk factor of 5%.  

The confidence interval of the population 
mean was then estimated using Eq. (10) 
regarding the characteristic values at each 
level with a confidence coefficient of 95%.  
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where ix  and Ve denote the mean at each level 

given in Table 5 and the variance of 
experimental error given in Table 6, 
respectively.  

Figure 5 shows the results of estimation. 
The horizontal bold lines in the figure 
represent the mean of control specimens. The 
value of control specimens is included in the 
estimation interval of each level of each 
characteristic value. No trend due to fiber said 
that, when fabricating dumbbell-shaped 
specimens from prisms with a fiber content of 
1.25 vol %, test results equivalent to those of 
monolithic dumbbell-shaped specimens can be 
obtained regardless of the fiber content in the 
molding material within the range of this study.  
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4 CONCLUSIONS 
A method of uniaxial tension testing was 

investigated using a SHCC, with which 
dumbbell-shaped specimens were fabricated 
from prisms by molding the enlarged ends. 
Findings from this study include the following: 
(1)  Experience in fabricating specimens or the 

use of a table vibrator for consolidation led 
to no significant difference in the uniaxial 
tension test results of dumbbell-shaped 
specimens.  

(2)  As to the uniaxial tension test results of 
dumbbell-shaped specimens fabricated in 
two steps using a SHCC containing no 
expansive additive as the molding material, 
their variance and mean showed no 
significant difference from those of 
monolithic dumbbell-shaped specimens. It 
was therefore confirmed that the absence of 
shrinkage-preventing measures has no effect 
on the test results. 

(3)  For  prisms with a fiber content of 1.25 
vol %, reductions in the fiber content of the 
molding material for enlarging the ends of  
prisms from 1.25 to 0.5 vol % had no effect 
related to the fiber content on the test results, 
leading to results equivalent to those of 
monolithic dumbbell-shaped specimens. 

 

Accordingly, it was confirmed that the 
uniaxial tensile properties of SHCCs can be 
examined by simply preparing prisms at the 
job site and subsequently enlarging their ends 
into dumbbell shapes for uniaxial tension 
testing. 

In this study, statistical investigation has 
been conducted based on a limited amount of 
data. The authors therefore intend to continue 
to accumulate test data to increase the 
reliability of test results, as well as to examine 
the allowable difference between the SHCC 
materials for core prisms and enlarged ends, 
including the search for molding materials that 
allow rapid testing. 
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Abstract: This paper presents the results of an experimental study investigating the effect of un-
coated polyvinyl alcohol (PVA) fibres on the properties of hardened concrete. PVA fibre of varying 
lengths, 6 and 12 mm and aspect ratio (l/d) of 430 and 860, respectively, was utilised in different 
volume fractions of 0.125%, 0.25%, and 0.5%. In addition, 30% fly ash was also used as partial 
replacement of Portland cement in all fibre reinforced concrete (FRC) mixes. Uniaxial compression, 
splitting tensile, modulus of rupture (MOR) and modulus of elasticity (MOE) tests were performed 
following the Australian Standards to evaluate the mechanical properties of PVA-FRCs. Fracture 
test is also conducted in accordance with European Standard in order to evaluate the residual 
flexural tensile strength and limit of proportionality of PVA-FRCs. Furthermore, the structural 
properties of reinforced concrete (RC) beams incorporating PVA fibres are investigated for their 
load-deflection behaviour using 4-point loading. Flexural toughness of the test specimens and peak 
load deflection were measured and discussed indicating to what extent the un-coated PVA fibre can 
enhance the brittle-like behaviour of concrete. Results show that adding PVA fibres to the mix 
generally improves the mechanical properties of concrete. Regarding the strength, the optimum 
fibre content goes to 0.25% for both fibre lengths and in the case of toughness and ultimate 
deflection 0.5% shows the highest values. An increase of 30% in ductility is noted for the RC beam 
incorporating 0.5% by volume fraction of 12 mm PVA fibre. 
 
 

1 INTRODUCTION 
Concrete is a brittle material that has low 

tensile strength and low strain capacity. In 
fact, many deteriorations and failures in the 
concrete structures are due to the brittle nature 
of this material [1]. These disadvantages may 
be avoided by adding short discontinuous 
fibres to plain concrete which has been a major 
motivation for many research works in recent 

years[2]. Advancement of fibre reinforced 
concretes (FRCs) started in the 1970s. By that 
time, only glass fibre and steel fibre had been 
investigated [3]. 

Fibres are added into a brittle-matrix 
composite to help improve three major 
aspects; toughness, ductility and strength 
(tensile) [4]. Fibres tend to increase toughness 
of the composite material by bridging the 
cracks and provide energy absorption 
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mechanism related to de-bonding and fibre 
pull-out. Furthermore, they can increase the 
ductility of the composite by allowing multiple 
cracking. They may also help increase the 
strength by transferring load and stresses 
across the cracks. 

It has been investigated [5] that in a brittle 
composite which is subjected to uniaxial 
tensile loading, the first macroscopic crack 
forms when applied load reaches the first 
cracking load capacity (cracking strength) of 
the material. Thereafter, the load across the 
crack will be shared by the bridging fibres and 
transferred back to the matrix via the fibres 
interface. If sufficient load is transferred, the 
next crack may form and the process repeats 
until the matrix is broken with a series of sub-
parallel cracks. This process results in a 
significant increase in tensile deformation 
(ductility) due to opening of each individual 
crack from the large numbers of such parallel 
cracks. During the multiple cracking process, 
the composite load may even increase and 
exceed the cracking strength of the composite 
[6]. When a macroscopic crack forms, fibres 
start to bridge the crack. While the crack is 
opening, the bridging stress increases and 
fibre/matrix interface de-bonds. Subsequently, 
the debonded part of the fibre stretches until it 
is ruptured or the fibre is pulled out. This is 
when the final failure happens. 

Material resistance to breaking apart 
represents the energy absorbed which is called 
the flexural toughness, being the area under 
load-deflection curve for concrete prism in a 
4-point bending test. This energy can show to 
what extent the fibre reinforced concrete can 
withstand loading conditions until broken. 
Accordingly, the additional energy which must 
be consumed to lead either fibre pull-out or 
fibre rupture enhances the toughness and post-
peak behaviour (strain softening) of the matrix 
[1]. 

The optimum performance of the composite 
highly depends on the compatibility of the 
fibre and matrix in terms of strength, elasticity 
and surface adhesion leading to an adequate 
load transfer mechanism [7].  

From among mentioned properties, elastic 
modulus of the fibre is investigated to be more 

important in the reinforcing effect of fibre in 
the matrix [8]. Fibres can only increase the 
strength of their composites when they have 
greater modulus of elasticity than that of the 
matrix [9]. Nevertheless, according to both 
theoretical and applied research, fibres with 
lower modulus can still improve concrete 
properties, in relation to strain capacity, 
toughness, impact resistance and crack control 
[9]. The improvement of the above mentioned 
properties is in many applications of much 
greater importance than a slight increase in 
strength.[9] 

 Synthetic fibres have become more 
attractive in recent years as reinforcements for 
cementitious materials. This is due to the fact 
that they can provide inexpensive 
reinforcement for concrete and if the fibres are 
further optimized, greater improvements can 
be gained without increasing the reinforcement 
costs [10, 11]. The properties of synthetic 
fibres vary widely, in particular with respect to 
the modulus of elasticity. However, most of 
the synthetic fibres have lower modulus of 
elasticity compared to the cementitious 
materials which ranges from about 15 to 30 
GPa [9]. Consequently, developing fibres with 
a very high modulus of elasticity for cement 
reinforcement have been studied. The surface 
structure of synthetic fibres is of great 
importance in addition to their mechanical and 
elastic properties as it affects the performance 
of the composite, i.e. their highly hydrophobic 
and smooth surfaces usually tend to reduce the 
composite performance [12].  

During the past 20 years, polyvinyl alcohol 
(PVA) fibre has been introduced in the 
production of FRCs [13-15]. PVA fibres act 
differently in a cement based matrix due to 
their surface formation and high strength [16]. 
The resulting composite, which exhibits a 
pseudo ductile behaviour, is called engineered 
cementitious composites (ECC). Li et al. [17] 
improved the performance of ECC by using 
PVA fibres with proper adjusted surface 
properties in a suitable matrix. This high 
performance ECC presented a multiple 
cracking and strain hardening behaviour. 
Hence, these composites are recognized as 
extraordinary high performance materials 
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against durability related problems because of 
their ability in crack resisting and crack width 
minimising performance [18, 19]. Advantages 
of PVA fibres are; high aspect ratio; high 
ultimate tensile strength; good chemical 
compatibility with Portland cement; good 
affinity with water; faster drainage rate; and no 
health risk if used.  PVA fibres have a good 
effect on the flexural strength of the matrix 
because of their adequate interfacial bond with 
the cement matrix. This good interfacial bond 
is accredited to the non-circular cross-section 
of the fibres, and hydrogen bonds between the 
fibres and the cement matrix. [9] 

Beaudoin [8] investigated the flexural 
strength, toughness and splitting tensile 
strength, versus fibre content for different type 
of FRCs with various percentages ranging 
from 0 to 1% by volume fraction. Concrete 
proportions were water : cement : sand : gravel 
= 0.53 : 1.00 : 1.84 : 1.91. It has been reported 
that splitting tensile strength of PVA-FRCs, 
including 25 mm length PVA fibres, increases 
with increase in fibre content. Flexural 
strength was also having an ascending trend 
with fibre additions although a drop in strength 
was observed from 0.25% to 0.5% and 
optimum fibre content was given as 0.25%. 

Furthermore, a dramatic slump loss with 

fibre additions was observed and a zero slump 
was recorded for 1% fibre content. It is also 
presented that slump loss was significantly 
higher in terms of PVA fibres compared to 
steel, carbon and glass fibres. 

In the present work, the performance of 
using uncoated PVA fibre of two geometric 
lengths (6 and 12 mm) in concrete has been 
assessed to investigate to what extent fibres 
can improve the mechanical properties and 
flexural capacity of plain concrete. 

2 EXPERIMENTAL PROGRAM 
2.1 Materials 

Shrinkage limited Portland cement (PC) 
and fly ash (FA) were used as the binder for all 
concrete mixes. Shrinkage limited Portland 
cement was used in this study to minimise 
concrete drying shrinkage. The fineness of FA 
by 45 μm sieve was determined to be 94% 
passing (tested in accordance with AS 3581. 1-
1998).  

A maximum nominal size of 20 mm 
aggregate was used in all mixes. All 
aggregates used in mix design were sourced 
from Dunmore, Australia, which includes 
50/50 blended fine/coarse manufactured sand 
and 10 mm and 20 mm crushed latite gravel.  

Table 1: Properties of PVA fibres 

Specific gravity Diameter Thickness Cut length Tensile strength Young’s modulus Elongation 
[g/cm3] [mm] [dtex] [mm] [MPa] [GPa] [%] 
1.29 0.014 1.8-2.3 6 and 12 1500 41.7 7 
 

Table 2: Properties of steel reinforcement 

Diameter  Type Designation  Uniform  Ductility  fsy fsu Function 
[mm]  grade* strain* Class* [MPa] [MPa]  
8 Plain R250N 0.05 N 250** - Stirrup 
10 Deformed D250N 0.05 N 370 465 Longitudinal-top 
12 Deformed D500N 0.05 N 590 670 Longitudinal-bottom 
* In accordance with AS 3600 (2009) - table 3.2.1 
** Characteristic yield strength 
 

Table 3: Mix proportions of reference concrete 

kg/m3      Lit/m3 Water/C* 
Cement Fly ash Sand 10 mm aggregate 20 mm aggregate Water HWR 
301 129 635 390 700 151 1.215  0.35 
* Cementitious materials 
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The grading of all aggregates complies with 
the Australian Standard; AS 2758.1 
specifications and limits. All aggregate was 
prepared to saturated surface dry condition 
prior to batching. Drinking grade tap water 
was used for all mixes after conditioning to 
room temperature (23 ± 2 °C). Furthermore, in 
order to improve the workability, a 
polycarboxylic-ether based high range water 
reducing admixture (HWR) was used. Non-
coated polyvinyl alcohol fibre of 2 different 
geometries, 6 and 12 mm, with specifications 
mentioned in Table 1, were used in all FRC 
mixes. In addition, steel reinforcements with 
properties shown in Table 2 were utilised in 
order to reinforce the concrete beam elements.  

2.2 Mixing and samples preparations 
Mixes were prepared to obtain 

characteristic compressive strength at 28 days 
(fʹc) of 60 MPa to conform to AS 3600 
requirements as structural concrete (ranging 
from 20 MPa to 100 MPa) even after adding 
fibres which may cause strength reduction, 
along with a slump of 80±20 mm. In order to 
obtain the desired slump, HWR dosage was 
varied. Details of the mix proportions for 
control concrete (non-fibre reinforced 
concrete, NFRC) are presented in Table 3.  

Mix ingredients were all measured and 
added to the mix by weight. All FRCs also 
followed the same proportioning and only 
fibres were added to the mixture by 0.125%, 
0.25% and 0.5% of volume fraction of the 
mix.  

For NFRC mix, mixing was performed in 
accordance with AS 1012.2. However, for 
FRC mixes, due to the presence of the fibres, 
the standard mixing regime suggested in 
Australian Standard for conventional concrete 
was modified. Accordingly, after a 
comprehensive pre-study, a mixing sequence 
was achieved based on Australian Standards 
with modifications as explained below. 

Fine aggregates were firstly dry mixed with 
PVA fibres in a vertical pan mixer. Coarse 
aggregates were then added and the mixture 
was further mixed for 3 minutes. Thereafter, 
cement, fly ash and water were introduced and 

mixed for a further 3 minutes. In order to 
adjust the slump, HWR was added within the 
first minute of adding cementitious materials. 
Following the 3 minute mixing, a rest period 
for 2 minutes was applied followed by an 
additional 3 minutes of mixing to achieve a 
completely homogeneous concrete. Slump was 
taken to check the workability and, thereafter, 
freshly mixed concrete was placed into moulds 
and compacted using an external vibrating 
table.  

Curing of test specimens was carried out in 
accordance with AS 1012.8. Specimens were 
placed in a water tank after demoulding to be 
cured in lime-saturated water at a temperature 
of 20±2 °C until the testing date. In case of 
reinforced concrete (RC) beams, 7 days of wet 
curing was applied and after that specimens 
were air cured for a minimum of 56 days. 

2.3 Testing methods 
Uniaxial compression tests and splitting 

tensile tests were performed on cylindrical 
specimens of 100 × 200 mm at the age of 28 
days in accordance with AS 1012.9 and AS 
1012.10 specifications and method, 
respectively. Cylindrical specimens were 
tested under load rate control condition in an 
1800 kN universal testing machine with a load 
rate equivalent to 20 ± 2 MPa per minute for 
compressive test and 1.5 ± 0.15 MPa per 
minute for indirect tensile test.  

Flexural tensile strength or modulus of 
rupture (MOR) is obtained from four-point 
bending tests on 100 × 100 × 400 mm prisms 
at a loading rate of 1 ± 0.1 MPa/min until 
fracture following AS 1012.11. Four-point 
loading was applied and mid-span deflection 
of the flexural specimens was measured by 
means of a linear variable differential 
transformer (LVDT) at the centre of each 
specimen. The flexural stress was calculated as 

      
        
    (1) 

where  fct.f  is the modulus of rupture or flexural 
stress (MPa), P is the maximum applied force 
(kN), L is the span length (mm), and B and D 
are the width and depth of the specimen (mm), 
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respectively.  
Static chord modulus of elasticity (MOE) 

test was also carried out on 150 × 300 mm 
cylinders following AS 1012.17. All 
mechanical properties tests were conducted at 
28 days of ageing and each of the following 
presented results is the average of 3 test 
specimens 

Flexural tensile strength test (fracture test) 
was conducted over notched prismatic 
specimens of 150 × 150 × 550 mm following 
the European Standard; BS EN 14651 
specifications. After 25 days of curing, a 
middle notch was sawn using a rotating 
diamond blade wet saw. This age has been 
selected for notching the samples due to the 
criteria mentioned by the standard to let the 
specimens be cured for a minimum of 3 days 
after sawing. The specimens were rotated 90° 
around their longitudinal axis and then sawn 
through the width at mid-span as shown in 
Figure 1. The width of the notch is less than 5 
mm and the depth is approximately 25 mm. 
The distance hsp, as shown graphically in 
Figure 1 , is 125 ± 1 mm. Test specimens were 
then returned to curing tanks for further curing 
until 28 days and removed from water 3 hours 
before testing. In order to carry out the test, a 
500 kN universal testing machine, capable of 
measuring loads to an accuracy of 0.1 kN, with 
a controlled load rate was utilised to produce a 
constant rate of crack mouth opening 
displacement (CMOD). A clip gauge 
(extensometer) with an accuracy of 0.01 mm 
was also used to measure CMOD. For CMOD 
values less than 0.1 mm, the load rate was 
adjusted so that CMOD could increase at a 
constant rate of 0.05 mm / min. When CMOD 
= 0.1 mm, the machine was adjusted to 
increase CMOD at a constant rate of 0.3 mm / 
min. The values of load and corresponding 
CMOD were recorded at a rate of 5 Hz during 
the test.   

4-point static flexural test was also 
conducted on RC beams with dimensions of 
150×200×1900 mm after a minimum of 56 
days of curing.  The RC beams used for this 
test were designed in accordance with AS 
3600 (2009) with specifications as mentioned 
in Figure 2. 

 
Figure 1: Typical arrangement of 3-point bending test 

on notched sample measuring CMOD (EN 14651) 

LVDTs were also mounted along the beam 
axis, to measure the deflection of the beam in 
middle section and one-third spans. Several 
strain gauges are mounted at various locations 
of the beam to monitor the behaviour of the 
test specimen during the test. Strain gauges 
attached to steel bars (imbedded in concrete) 
can capture the stress-strain behaviour of 
rebars during the test, where, concrete strain 
gauges mounted on the beam face, can 
measure the strain changes on top 
(compression zone), bottom (tension zone) and 
middle (neutral axis) of the mid span section. 
The steel strain gauges were attached on 
bottom reinforcements at the centre and one-
third span.  

The test set-up is arranged in a way to make 
sure that the simply supported beam condition 
is satisfied. Thus, supports are designed in a 
way to allow beam to rotate freely and 
minimise the friction which may impose 
bending moment at the end of the beam (in the 
supports location). The support is also 
designed in a way that the vertical 
displacement at both supports is removed but 
horizontal displacement at one end can take 
place. The specimens are loaded at one-third 
span by the means of two hydraulic jacks. 

3 RESULTS AND DISCUSSION 

3.1 Mechanical properties 
Table 4 presents the mechanical properties of 
FRCs and control concrete. Compressive 
strength, indirect tensile strength, MOR and 
MOE values were improved to different 
extents with the following mentioned details in 
response to the fibre volume fractions. 
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Figure 2: Schematic of RC beam 

Table 4: Mechanical properties of different mixes at 28 days of ageing 

Mix  
Reference 

Fibre 
length  
[mm] 

Vf  
 
[%] 

Compressive 
strength1- fc,28 
[MPa ± SD] 

Splitting tensile 
Strength2- fct.sp,28 
[MPa ± SD] 

Modulus of 
Rupture2- fct.f,28 
[MPa ± SD] 

Modulus of 
Elasticity3- Ec,28 
[GPa] 

NFRC  - - 60.0 ± 3.2 3.7 ± 0.5 5.6 ± 0.2 39 
FRC.1 6 0.125 65.0 ± 4.6 4.6 ± 0.2 6.8 ± 0.3 39 
FRC.2 6 0.250 67.0 ± 3.2 4.9 ± 0.2 6.8 ± 0.2 40 
FRC.3 6 0.500 61.5 ± 2.5 4.2 ± 0.3 6.3 ± 0.1 38 
FRC.4 12 0.125 63.0 ± 1.8 4.3 ± 0.1 6.6 ± 0.4 38 
FRC.5 12 0.250 64.5 ± 3.2 4.7 ± 0.2 6.7 ± 0.2 39 
FRC.6 12 0.500 58.5 ± 2.8 4.1 ± 0.4 6.2 ± 0.5 36 
1 Compressive strength calculated to the nearest 0.5 MPa in accordance with AS 1012.9. 
2 Splitting tensile strength and modulus of rupture calculated to the nearest 0.1 MPa in accordance with AS 
1012.10 and AS 1012.11, respectively. 
3Static chord modulus of elasticity determined to the nearest 1 GPa in accordance with AS 1012.17. 
 

By looking at the results, it can be noted 
that most of PVA-FRCs have higher 
compressive strength at 28 days (fc,28) 
compared to the control except for FRC.6 
which includes 0.5% volume fraction of 12 
mm fibres. It can also be observed from Figure 
3 that with a same fibre content shorter fibres 
act better than longer ones in terms of 
compressive strength and the optimum fibre 
volume fraction goes to 0.25% for both fibre 
lengths with approximately 11.5% 
improvement in compressive strength. 

As indicated in Table 4, splitting tensile 
strength at 28 days (fct.sp,28) of plain concrete is 
significantly enhanced by introducing PVA 
fibres to the mix. The fct.sp,28 values of all 
FRCs are higher than that of control concrete, 
ranging from 11% for FRC.6 to 32.5% for 
FRC.2 including 0.25% volume fraction of 6 
mm fibres. 

Similar to splitting tensile strength, results 
of flexural strength at 28 days (fct.f,28) of FRCs 
versus control show considerable improvement 
ranging from 11% up to 21.5%. 

 
Figure 3: 28 days compressive strength of FRCs 
 

Recurrently, in terms of flexural strength, 
optimum fibre content goes to 0.25% volume 
fraction. Up to this optimum value, more 
fibres provide more bridging effects and 
enhance the multiple cracking process which 
leads to strength improvement, however, 
higher fibre contents had reverse effects. This 
can be caused by the weak fibre distribution 
and improper orientation due to large number 
of fibres in the mix. Fibres which are not 
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parallel to the cracks, can contribute to the 
stress bridging process by preventing a proper 
fibre orientation. 

 Furthermore, as it is inferred from the 
results, shorter fibres had a better effect on 
improving the mechanical properties of the 
concrete, particularly the flexural strength. 
Higher aspect ratio of the fibres can be 
responsible for this effect. It is assumed that 
these fibres may bend and not stay straight in 
the matrix, therefore, their total length cannot 
contribute in load bearing process and stress 
control mechanism. 

As stated in the literature [20, 21] the 
flexural toughness and ductility can be 
determined from the flexural load-deflection 
curves. The flexural toughness is calculated as 
the area under the entire load-deflection curve 
and ductility is determined from deflection in 
post-peak region. 

As shown in Figure 4, the sum of all finite 
area increments over the entire region under 
ABC curve, known as the work done leading 
to fracture, represents total flexural toughness.  

The flexural toughness can be 
mathematically calculated from Equation 2. 

  ∑(
     
 )  (     ) (2) 

where Pi and Pj introduce two different applied 
loads for a finite increment and (Xj - Xi) is the 
change of deflection within the finite 
increment. 
 

 
Figure 4: Schematic of a typical load-deflection curve 

in flexure [20] 

As shown in Figure 4, the total ABC area 
can be divided into two regions. The deflection 

prior to the peak (AO) in ABO region is more 
related to rigidity, strength and micro-cracking 
process of the composite, where the post-peak 
deflection (OC) is a measure of ductility. 

The region ABO which is limited to initial 
point of the curve (A) and the peak load (B) is 
the area in which elastic and some inelastic 
deformations occur due to strain hardening. 

Figure 5 illustrates the Load-mid span 
deflection of test specimens in flexure. It can 
be observed that, the load-deflection curves for 
composites vary significantly depending on 
the fibre content. 

As shown in Figure 5, fracture and total 
failure in the plain concrete occur suddenly 
just after exceeding the maximum load with a 
straight drop in the load-deflection curve. The 
same behaviour in fracture is also observed for 
all FRCs although a very small improvement 
can be noticed in their post peak region.  

FRCs show significantly larger deflections 
at the ultimate state as well as higher loads 
compared to the control concrete.   This will 
result in a bigger area under the load-
deflection curves (ABC) which can be an 
indication of increasing toughness.  

Consequently, it can be stated that the 
flexural toughness of concrete enhances by 
introducing PVA fibres to the mix and it will 
be further increased if more fibres are added. 

Figure 6 shows normalized peak load 
deflection of FRCs. As illustrated, the peak-
load deflection is increasing systematically as 
the amount of fibre increases. At 0.125% 
volume fraction, the peak load deflection for 
both fibre lengths was twice as much as the 
control. This deflection was improved by 
300% and 340% where 6 mm and 12 mm 
fibres were added by 0.25% volume fraction, 
respectively. However, for fibre content more 
than 0.25% no significant improvement in 
peak load deflection were observed and FRCs 
normalized values are 3.3 and 3.5 for 6 and 12 
mm fibres, respectively.   

As a well-known fact, the slope of the load-
deflection curve in flexure represents the 
flexural stiffness. As can be observed from 
Figure 5, the FRCs flexural stiffness is lower 
than the control concrete although they have 
higher load bearing capacities. 
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(a) 

 
(b) 

Figure 5: Load-mid span deflection curves in 4-point bending test (a) FRCs with 6 mm fibres versus control (b) FRCs 
with 12 mm fibres versus control 

 
This behaviour which is a result of fibre 
bridging in concrete matrix although may 
bring up few concerns regarding the 
serviceability characteristics by imposing 
larger deflections within serviceability state, is 
a proper behaviour for concrete in seismic 
applications. This kind of behaviour provides 
large deflections before failure and dissipates 
more energy compared to the conventional 
concrete in critical situation such as 
earthquake.  

An ideal concrete can be produced for 
seismic region structures, if the post peak 
behaviour of concrete can also be improved 
and a strain softening behaviour and high 
ductility be achieved. This may be attainable 
by using longer fibres which can be targeted as 
the future works. 

Static Chord modulus of elasticity at 28 
days (Ec,28) of FRCs and control are compared 
in Table 4. 

From the results it can be noted that PVA 
fibres in low volume fractions used in this 
study do not significantly affect the modulus 
of elasticity.  

However, it is noted that within the FRCs 
incorporating the same fibre, 0.25% volume 
fraction shows the highest Ec,28 and in a same 
fibre content longer fibres have lower Ec,28.

 
Figure 6: Normalized peak load deflection of FRCs in 

4-point flexural test 

3.2 Residual flexural tensile strength  
From the results of the mechanical 

properties, it has been observed that although 
FRCs including 0.5% volume fraction of PVA 
fibres show lower mechanical properties 
compared to control, they provide a relatively 
higher deflection at peak load and flexural 
toughness. Therefore, this fibre volume 
fraction has been selected to be tested in order 
to evaluate its residual flexural tensile strength 
and limit of proportionality. Carrying out the 
3-point bending test over prismatic notched 
samples, a load-crack mouth opening 
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displacement (F-CMOD) relationship is 
established by mounting a clip-gauge on the 
opening of the notch.  These results are 
illustrated in Figure 7.  

 

 
Figure 7: Load-CMOD curves of FRCs versus control 

From this relationship, the load at limit of 
proportionality (FL) can be evaluated. FL is 
equal to the highest value of the load recorded 
up to a CMOD of 0.05 mm according to the 
European standard. Accordingly, concrete 
limit of proportionality (LOP) can be 
calculated using the expression given below; 

   
       

      
 (3) 

where  ct
    is the limit of proportionality (LOP) 

in Newtons per square mm (MPa), FL is the 
load corresponding to the LOP in Newtons, b 
(150 mm) and l (500 mm) are the width and 
span length of the specimen and hsp (125 mm) 
is the distance between the tip of the notch and 
the top of the specimen. All these expressions 
were defined assuming a linear stress 
distribution on the cross section. 

From the analysis of the F-CMOD 
relationship of NFRC (control), the value of 
14.5 kN can be characterised for FL and LOP 
value is calculated as 4.6 MPa using Equation 
3. Following the same analysis for FRCs, FL 
and LOP were calculated and the results are 
presented in Figure 5. FL can be defined as the 
load corresponding to the first crack and limit 
of proportionality (LOP) is the stress at first 
crack [22]. 

From the load-CMOD curve, residual 
flexural tensile strength can also be calculated 
representing the load capacity at different 
CMODs. In this study, the procedure proposed 
in European standard; BS EN 14651, is used to 

determine the residual flexural tensile strength 
of FRCs and plain concretes with the 
expression given in Equation 4.  

     
    
      

 (4) 

where fR,j is the residual flexural tensile 
strength corresponding to CMOD = CMODj (j 
= 1,2,3,4) in MPa which are CMOD1 = 0.5 
mm, CMOD2 = 1.5 mm, CMOD3 = 2.5 mm 
and CMOD4 = 3.5 mm. Fj is the load 
corresponding to CMODj and the other 
parameters are the same as per the description 
for Equation 3. 

According to the above mentioned 
standard, the residual flexural tensile strength 
values are calculated by assuming a linear 
elastic distribution of stresses at the fracture 
point. The load-CMOD curves of all concrete 
mixes indicate that after the peak load, a load 
decay has occurred and the value of Fj 
corresponds to CMOD2 = 1.5 mm and is 
approximately equal to zero, which gives zero 
residual flexural tensile strength (fR,j) and only 
fR,j can be calculated for CMOD1 = 0.5 mm. 
The results for fR,1 are presented in Table 5.  

Table 5: Residual strength and LOP at 28 days 

Mix reference FL 
[kN] 

LOP 
[MPa] 

F1 
[kN] 

fR,1 
[MPa] 

NFRC 14.5 4.6 4.2 1.3 
FRC.3 15.0 4.8 5.0 1.6 
FRC.6 15.5 5.0 6.0 1.9 

Comparing control with FRCs, it is 
noticeable that all concretes have almost the 
same FL and LOP although FRCs showed 
marginally higher values. It is also noticeable 
that FRC.6 including 0.5% of 12 mm PVA 
fibres shows the highest value for LOP while 
its compressive and tensile strength is the 
least.  

In the case of the residual flexural tensile 
strength corresponding to crack opening of 0.5 
mm (fR,1), a slight increasing trend is observed 
by PVA fibre addition to plain concrete. 
Generally, the synthetic fibres show a 
noticeable drop in strength after the first peak, 
even with high fibre content. This can be 
mostly due to the elastomeric nature and 
properties of synthetic fibres, which is known 
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to have low strength characteristics. Once 
concrete begins to crack, synthetic fibres 
require a large deformation to occur before 
fibres are stretched enough and begin to carry 
the load [23]. However, in this study, no 
significant effect was observed by using PVA 
fibres. This may be either due to the short 
length and small diameter of monofilament 
fibres used in the matrix or the strong chemical 
bond present between the fibre and 
cementitious matrix. This very strong chemical 
bond created due to the hydrophilic surface of 
uncoated PVA fibre, leads to tendency of fibre 
to rupture and limits the multiple cracking 
effect which results in a lower tensile strain 
capacity and strain hardening profiles of the 
resulting composite [14] 

3.3 Flexural strength and ductility 
In order to study the effect of PVA fibre 

addition on structural properties of concrete, 
two RC beams with and without PVA fibre 
were fabricated and tested. For this purpose, 
12 mm PVA fibre with volume fraction of 
0.5% was selected having demonstrated the 
highest value for limit of proportionality and 
residual flexural strength.  

From the comprehensive set of data 
collected within 4-point static flexural test, the 
load-deflection curves of RC beams are 
focused on in this paper. 

The load-deflection curves, as shown in 
Figure 8, are calculated from the raw data 
captured by two load-cells which were 
mounted on loading jacks and an LVDT 
placed at mid-span to measure the deflection.  

 

 
Figure 8: Load-deflection curves of PVA-FRC beam 

versus control 

The term ductility in seismic design is used 
to explain the ability of a structure to 
withstand large amplitude cyclic deformations 
in the inelastic range without a considerable 
strength reduction [24]. Ductility factor, which 
is defined as the maximum deformation 
divided by the corresponding deformation 
when yielding occurs, permits the maximum 
deformation to be expressed in non-
dimensional terms. This can be used as indices 
of inelastic deformation for seismic design and 
analysis. The displacement ductility factor (µ), 
which is usually determined in inelastic time 
history dynamic analysis, may vary between 1 
for elastically responding structures to as high 
as 7 for ductile structures. However, it is 
typically ranging from 3 to 6 [24]. The 
displacement ductility factor can be calculated 
using below mentioned equation; 

      
 (5) 

where δu is the ultimate (maximum) 
displacement and δy is the yield displacement.  

In order to evaluate the yield and ultimate 
displacements, the definition proposed by Park 
[24] is utilised which may be considered as the 
most realistic description of the yield and 
ultimate displacement for reinforced concrete 
structures.  Accordingly, δy is the yield 
displacement of the equivalent elasto-plastic 
system with reduced stiffness found as the 
secant stiffness at 75% of the ultimate load of 
the real system and δu is the post-peak 
displacement when the load bearing capacity 
has undergone a small reduction which has 
been taken as 85% of the ultimate load. 

The summary of all above mentioned 
displacement analyses and ductility 
calculations for control and PVA-FRC beams 
are presented in Table 6. From the results, it 
can be observed that although the FRC beam 
incorporating 0.5% volume fraction of 12 mm 
fibre has lower concrete compressive strength, 
it provides approximately 30% higher value 
for ductility factor. This can be due to the fibre 
bridging effect which contributed as secondary 
or intrinsic reinforcement. In case of PVA-
FRC beam, when concrete matrix was cracked, 
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more energy was needed to enforce fibres to 
be fractured through the crack. This 
consequently resulted in higher load bearing 
capacity, especially beyond the peak load. 

 
Table 6: Ductility factor of control and PVA-FRC beam 

Beam lable fc 
1 Fu 2 δy δu µ 

 [MPa] [kN] [mm] [mm]  
NFRC 80.0 120.5 12.7 32.0 2.5 
FRC.6 75.0 120.6 13.9 46.1 3.3 

1 Compressive strength of concrete (cylindrical samples) 
at test day (> 56 days) 

2 Ultimate (maximum) load applied 

4 CONCLUSIONS 
The following conclusions can be drawn 

from the results and discussion presented in 
this paper; 

The compressive strength of concrete is 
marginally increased with increasing fibre 
content and the optimum volume fraction goes 
to 0.25% for both geometric lengths, 6 and 12 
mm, with approximately 10% improvement 
compared to the plain concrete.  

The same trend for tensile and flexural 
strength is also observed with increasing fibre 
content. The average strength development of 
20% in flexure and 30% in splitting tensile at 
0.25% volume fraction shows to what extent 
fibres can improve the properties of plain 
concrete. 

The flexural toughness of concrete is 
improved by introducing PVA fibres to the 
mix. This value is further increased by adding 
more fibres.  

FRCs showed lower flexural stiffness 
together with providing a higher load bearing 
capacity compared to the control. This results 
in a higher ultimate deflection for FRCs where 
the peak load values remained constant. 

Furthermore, from the flexural tensile test 
results, it has been observed that prior to peak 
response of all concrete series was almost 
similar, however, a subtle improvement has 
occurred in post-peak flexural response of 
FRCs compared to control. It is quite possible 
that PVA fibres with 6 mm and 12 mm length 
have very low effect on the post-peak flexural 
capacity of plain concrete. 

In terms of structural properties, it has been 

observed that, PVA fibre addition to the mix 
has significantly improved the ductile 
behaviour of RC beam. 30% higher value of 
ductility factor is calculated for the beam 
incorporating 0.5% volume fraction of 12 mm 
PVA fibres.  
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Abstract: This paper presents the effect of fibres on the behaviour of fibre reinforced concert 
(FRC) which nowadays is recognised for its energy absorption capacity as well as other benefits. 
Incorporating fibres in concrete, results in an ameliorated mix design which can dissipate energy 
and improve the fracture performance of concrete matrix. There are different types of test methods 
developed to measure the concrete energy absorption capacity, one of which is the four point 
bending test. This research work is on the flexural behaviour characterisation of polymer modified 
synthetic fibre reinforced concrete incorporating polypropylene (PP) fibres and styrene butadiene 
(SB) latex copolymer. Results of this study show that by adding PP fibres to concrete, toughness 
and energy absorption characteristics can be enhanced. By increasing the amount of fibre used in 
the concrete matrix this value can be increased. It has also been concluded that by adding fibres to 
the concrete matrix, the energy absorption characteristics can consequently be improved. 
  
 

1 INTRODUCTION 
Known as the most widely used 

construction material that is generally made of 
gravel, sand, cement and water; concrete is 
one of the most popular structural materials in 
the world. Structures are subjected to different 
types of static and dynamic loading. Although 
the design of a structure is important in its load 
bearing capacity, material used in the structure 
has a very important role. As a load is applied, 
structural elements are subjected to a series of 
compression and tension forces and stresses. 

As a matter of fact, the compressive strength 
of the concrete is incomparably higher than 
that of its tensile strength. Because of this 
deficiency, steel bars are used to reinforce the 
concrete structure in tensile zones.  

Another problematic issue regarding 
concrete structures is the energy dissipation 
and ductile properties of this widely used 
material.  

The stress-strain relationship for concrete is 
non-linear and the material does not generally 
obey hook‘s law, therefore an elastic limit 
cannot be identified. This phenomenon results 
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in sudden failure of the concrete and 
categorises it as a brittle material. If the 
ductility of concrete material can be improved 
to a certain level, the reinforcement steel bars 
can ultimately be eliminated or at least 
reduced in concrete structures which results in 
savings of money, time, energy and effort. 

Failure in concrete matrix starts with the 
crack propagation which may occur at the 
aggregate-paste interface, also, the position of 
crack initiation depends on the bonds and the 
local stress positions[1]. So as to be able to 
discuss this behaviour, interfacial transition 
zone (ITZ) is introduced. ITZ is categorised as 
the weakest zones in the matrix which highly 
affects the strength of the concrete[2]. ITZ is 
referred to the zone around the aggregates or 
fibre in which the microstructure of the paste 
is different than that of the paste itself.  For 
instance, it is stated that increase in ductility is 
usually associated with bond failure in the ITZ 
of the fibres, which needs large amounts of 
energy [3]. In order to be able to improve the 
mechanical characteristics of concrete, these 
weak zones must also be strengthened. 

In order to overcome above challenges in 
concrete as well as improving its behaviour in 
mentioned areas, special materials can be 
added to concrete mix. FRC has been 
introduced to construction world around 1900 
and its theoretical concepts have been 
developed since 1960‘s [4]. From among 
different types of fibres introduced into 
concrete, polypropylene (PP) fibres are well 
known but investigations on their behaviour on 
the ductile properties of concrete, is limited. 
Furthermore, an elastomeric material, namely 
styrene butadiene latex (SB latex) is used 
together with PP fibres to improve the energy 
absorption properties of concrete.  

Polypropylene fibres have been 
investigated more closely in recent decades. 
PP is one of the widely used fibres for 
different applications such as automobile, 
interiors, textiles etc. [5]. PP is a 
thermoplastic, hydrophobic material with long 
polymer structure; generally produced by 
polymerising the polypropylene monomers 
consisting of carbon and hydrogen atoms[6]. 

2 MECHANICAL PROPERTIES 

2.1. Flexural characterization  
Ductility of a material can be defined as the 

ability to absorb the inelastic energy without 
losing its load capacity. Higher inelastic 
energy absorption in a system means higher 
ductility. At crack location, as the tensile strain 
increases, fibre crossing becomes more and 
more activated as the crack increases. 
Pantazopoulouet et.al. [7] claim that evidently, 
fibres contribute to tensile resistance due to the 
post peak ductile behaviour before failure but 
addition of fibre prevents particle movement in 
matrix which lowers the Poison‘s ratio 
regardless of the fibre type. The reason 
flexural test is very famous is that it simulates 
the real condition in a more practical and 
simpler way than that of the tension test [8]. 
Research on different length of PP fibres 
mostly ranging from 20 - 50 mm [9] show that 
flexural strength of concrete can be improved 
by adding PP fibres. Post crack behaviour in 
fibre reinforced concrete is known to be 
greatly improved than that of conventional 
concrete [10]. Ductility and toughness of FRC 
with the addition of 1% of 12 – 15 mm 
monofilament and fibrillated PP fibres has 
been reported to increase [11]. It is also 
concluded that before the initiation of the first 
crack the performance of fibre is hardly 
influential and the flexural behaviour and peak 
load highly depends on the concrete quality 
itself [12]. 

2.2. Toughness 
To measure the toughness, the methods 

recommended by ACI Committee 544 and 
ASTM C1609 seem to be reliable techniques. 
These methods calculate this value by means 
of the areas under the load-deflection 
curves[13]. Moreover, Barr et al. have 
presented toughness index of PP fibres as ―the 
ratio of the area under the load/deflection 
curve up to the point of twice the deflection at 
first crack to four times the area under the 
load/deflection graph at the point of first 
crack‖. Studies show that this parameter is 
independent of the test specimen geometry 

1123



Nassim Ghosni, Bijan Samali and Kirk Vessalas 

 3 

[14, 15]. The effect of fibre percentage has 
also been studied [4] and research has shown 
fibres to improve the toughness index by about 
50%  incorporating 0.1% to 0.5%  by weight  
of PP fibres [14]. Studies on 19mm fibrillated 
fibres indicate that fibres can enhance the 
energy absorption and toughness of concrete 
under compression tests [16]. 

3 EXPERIMENTAL PROGRAM 
Different concrete mix designs containing 

two types of fibrillated and monofilament PP 
fibres based on characteristics reviews, with 
diverse percentage volumes were prepared and 
tested to instigate this project. The tests 
conducted in this project are static mechanical 
properties tests to evaluate the behaviour of 
each mix. These mixes include replacement of 
30% fly ash with cement and incorporating 
10% SB latex as a fixed additive. In order to 
have a reference for our final mixes, 100% 
plain concrete with no fly ash was also 
prepared to compare the performance of the 
mix designs. To evaluate the performance of 
the fibres in the mix, from the results of the 
FRPMC mixes, 3 mixes which had either 
higher mechanical properties or showed higher 
performance with regards to flexural 
behaviour are examined. 

3.1. Testing 
Compressive strength testing is carried out 

after 7, 28 and 56 days of ageing. A universal 
testing machine applying axial loads on 
100×200 mm cylinders was used. 

Flexural strength testing (4-point bending 
test) – after 14 and 28 days of ageing for 
computing the modulus of rupture (MOR) was 
carried out. A universal testing machine was 
used to test 100×100×350 mm prisms under 
flexure.  

 Linear variable differential transformer 
(LVDT)s were installed to monitor the 
deflection of the samples under loading 
condition. In this project, for the flexural 
strength testing, AS 1012.11— (1985) set up 
has been used to determine the flexural 
behaviour of the concrete specimens. ASTM C 
1609 [17] has also been used to help calculate 

and measure specific characteristics of 
concrete under flexure. 

In this test the loading rate was applied 
constantly for all mixes according to ASTM 
C1609 in order to avoid any misleading values 
between the reference concrete and modified 
mix specimens. According to mentioned 
standard, for beam size of 100×100×350mm 
for net deflection up to L/900 (0.38 mm in this 
case) the loading rate is 0.025 to 0.075 
mm/min and for deflections beyond the 
mentioned value, the loading rate should be 
0.05 to 0.2 mm/min. Depth and width of each 
specimen were measured in 3 sections to work 
out the average depth and width of the prism 
length was also measured. Some fluctuations 
on the deflection measurements were observed 
during the tests  which are discussed in 
literature and proved not to have a significant 
influence on the values [18]. 

3.2. Materials 
19 mm fibrillated and 18 mm monofilament 

PP fibres have been added to the mix by 
0.25%, 0.5% and 1% volume fraction of the 
whole mix. These mixes also include the 
addition of 30% fly ash (FA) as partial 
replacement of Portland cement (PC), 10% SB 
latex and utilisation of manufactured coarse 
and fine sands to replace natural coarse and 
fine sand, respectively, to aim for producing a 
‗greener‘ concrete. Water ratio to cementitious 
material of the mix is fixed at 0.35 and a target 
slump of 80±20 is set. Water used for concrete 
mix is drinking grade tap water. 

3.3. Mix Design 
Mix design of concrete is fixed in this 

project, the amount of raw material used is 
constant and the water to cementitious material 
proportion is also constant and equal to 35%. 
In the mixes, PC has been partially replaced 
with 30% FA and 10% SB latex was added to 
all the preliminary mixes. It is worth 
mentioning that all FRC mixes containing SB 
latex have the same amount of 10% of the 
additional material inside. This value is also 
kept constant in order to not introduce more 
parameters to affect the comparative results of  

1124



Nassim Ghosni, Bijan Samali and Kirk Vessalas 
 

 4 

Table 1: Mix design and poroportioning 

Mix ID PC  
(kg/m³) 

FA  
(kg/m³) 

Fine 
Aggregate 
(kg/m³) 

10mm Coarse 
Aggregate  
(kg/m³) 

20mm Coarse 
Aggregate  
(kg/m³) 

Fibre   
(Vf)  
(%) 

Water   
(kg/m³) 

SB latex 
(kg/m3) 

C 430.0 0.0 635.0 390.0 700.0 0.0 150.5 0.0 
CF 301.0 129.0 635.0 390.0 700.0 0.0 150.5 0.0 
CL 430.0 0.0 635.0 390.0 700.0 0.0 150.5 43.0 
CFL 301.0 129.0 635.0 390.0 700.0 0.0 150.5 43.0 
PM0.25L 301.0 129.0 635.0 390.0 700.0 0.25 150.5 43.0 
PF0.25L 301.0 129.0 635.0 390.0 700.0 0.25 150.5 43.0 
PM0.5L 301.0 129.0 635.0 390.0 700.0 0.5 150.5 43.0 
PF0.5L 301.0 129.0 635.0 390.0 700.0 0.5 150.5 43.0 
PM1L 301.0 129.0 635.0 390.0 700.0 1.0 150.5 43.0 
PF1L 301.0 129.0 635.0 390.0 700.0 1.0 150.5 43.0 
PM0.25 301.0 129.0 635.0 390.0 700.0 0.25 150.5 0.0 
PM1 301.0 129.0 635.0 390.0 700.0 1.0 150.5 0.0 
PF1 301.0 129.0 635.0 390.0 700.0 1.0 150.5 0.0 

 
PP FRC additions. The amount of SB latex 
added is by mass of cementitious material.  
FRC mix designs are detailed in Table 1. 
Mixes which showed higher performance with 
regards to the mechanical properties in the first 
phase of this project were also tested without 
polymer. These FRCs are also listed in Table1. 
Selection has been from among the lower 
percentage and higher percentage and also the 
two different types of PP fibres.  

Incorporating SB latex with PP fibres does 
not affect the efficiency of PP fibres in 
FRPMC regarding the compressive strength, 
significantly. 

4 RESULTS AND DISSCUSION 

4.1. Compressive Strength 
The results show that by adding SB latex by 
10% as a polymer additive to the mixes, 
compressive strength of concrete decreases. 
By adding lower percentages of fibre to the 
mix the mechanical properties increase.  From 
among the fibre percentages used in this 
project, 0.25% helps with enhancement of 
compressive strength. The improvement of the 
compressive strength is approximately 3% to 
5%. Between the two types of fibre used in 
this study, monofilament fibres help more to 
enhance or maintain the compressive strength 
in lower percentages whereas fibrillated fibres 
are more effective to maintain the ultimate 
compressive strength in general.  

Table 2: Compressive strength results 

 

4.2. Modulus of Rupture 
Figure 1 shows the results of the MOR test 
after 14 and 28 days. Concretes containing no 
FA seem to have a higher MOR than the 
concretes with FA and adding SBR Latex to 
the mixes, have no significant effect on the 
MOR.  

By comparing the results of FRCs with 
their reference concrete (CF) (Figure 2), it is 
observed that by adding fibre to the mixes, the 
modulus of rupture is positively affected and a 
higher value can be achieved. FRPMCs, 
results (Figure 2) show that 0.25% of both 
monofilament and fibrillated PP fibre improve 
the MOR and by increasing the percentage of 
the fibre in the mix, this value decreases. This 

Mix ID 7days 28days 56days 
C 61.0 73.0 76.4 
CF 46.0 57.5 70.3 
CL 47.5 56.5 60.7 
CFL 31.5 40.0 49.9 
PM0.25L 31.0 36.5 52.2 
PF0.25L 30.0 39.0 52.2 
PM0.5L 25.5 31.5 37.0 
PF0.5L 26.5 34.0 38.0 
PM1L 17.5 23.0 25.0 
PF1L 27.0 37.5 48.0 
PM0.25 38.0 66.5 72.1 
PM1 37.5 43.5 49.0 
PF1 38.5 58.0 65.6 
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Figure 1: PMC, MOR comparative results 

trend is the same trend observed in FRC 
except that although in FRC the value of the 
MOR decreases, it is still higher than the 
reference concrete even at 1% volume 
fraction. 

So far, there are no specific standardised 
formulas available for FRC or FRPMC design 
calculation and equations are mostly available 
to calculate conventional concrete behaviour. 
Therefore, formulas for conventional concrete 
have been used to evaluate FRC and FRPMC‘s 
characteristics. In Australian standards ―AS 
3600", the following formula has been 
presented to measure concrete tensile strength 
from compressive strength and also MOR test: 

 
 
 
 

                                 
     √  

                             (1) 

                              
      √  

                             (2) 

                                                                     (3) 

Where,     is characteristic compressive 
strength of concrete at 28 days,    is the 
uniaxial tensile strength,       is the flexural 
tensile strength,        is the characteristic 
flexural tensile strength of concrete and      
represents the characteristic uniaxial tensile 
strength of concrete. Moreover, for theoretical 
calculations, only 28 day results are presented 
due to the fact that design considerations are 
generally based on these values. Using the 
above equations, calculations have been done 
to check if the results of these formulas can be 
comparable to those of experimental results. 

To interpret this data and compare the 
experimental results with those derived from 
theoretical formulas, statistical methods have 
been used. Comparing the experimental 
flexural strength with the theoretical flexural 
strength and also tensile strength calculated 
from the flexural and compressive strength for 
each mix, the results are presented in Table 3. 
Column I and IV are the experimental results 
of compressive strength and flexural strength, 
respectively. Column II shows the calculated 
characteristic uniaxial tensile strength from the 
compressive strength (Column II).  
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Table 3: Flexural strength Theoretical and 
Experimental Results 

Mix I II III IV V 

PM 0.25%L 36.5 3.1 5.1 5.8 3.5 
PF 0.25%L 39.0 3.2 5.3 5.9 3.6 
PM 0.5%L 31.5 2.8 4.7 5.6 3.3 
PF 0.5%L 34.0 2.9 4.9 5.5 3.2 
PM 1%L 23.0 2.4 4.0 4.7 2.8 
PF 1%L 37.5 3.1 5.2 4.7 2.8 
PM 0.25%  66.5 4.1 6.8 7.1 4.2 
PF 1%  57.9 3.8 6.4 6.5 3.7 

  
Column III shows the characteristic flexural 
tensile strength of concrete mixes calculated 
using compressive strength (column II) and 
column V shows the results of the uniaxial 
tensile strength calculated from the 
experimental flexural strength (column IV). 

Comparing the theoretical results with the 
experimental ones, it is observed that the 
flexural strength of FRC and FRPMC with the 
characteristics used in this project (except for 
1% fibrillated fibre in FRPMC) can be  
calculated using the equations available in the 
standard considering the underestimation of 
the theoretical results comparing to the 
experimental ones. 

In ASTM, there is a standard available 
regarding FRC which is used bellow to 
calculate properties and behaviour of 
unconventional concrete. According to ASTM 
C1609 [17], assuming the linear elastic 
behaviour up to the first peak, the first peak 
deflection of the FRC in 4-point bending 
testing can be calculated from below equation: 

 

               
      
      [  

     (   )
     ]          (4) 

 
Where:‖  ‖ is the first peak load, ―L‖ is the 

span length, ―E‖ is the estimated modulus of 
elasticity in MPa, ―I― is the cross sectional 
moment of inertia, ―d‖ is the average depth of 
the specimen at fracture and ― ‖ is the 
poison‘s ratio. ASTM publication on concrete 
testing [19] permits using this equation for the 
normal concrete as well, therefore in order to 
be able to compare the data calculations and 
plotting for the conventional concrete can also 

been tried to evaluate the behaviour of the 
FRC, FRPMC and conventional concrete.  

First peak point on the load deflection curve 
is where the slope is zero and the load is at the 
local maximum. Using this point and using the 
formula presented by ASTM C1609, the first 
peak strength can be calculated (There are 
small fluctuations in the curve which is due to 
noise or mechanical vibration which according 
to the standard is natural but needs to be 
monitored and not confused with the actual 
values): 

                            
                                (5) 

In this standard other characteristics have 
been required to be calculated to evaluate the 
behaviour of FRC. The residual load values 
corresponding to net deflection of 1/600 and 
1/150 of span lengths help finding the residual 
strength values and also corresponding 
toughness. Below figure is extracted from the 
standard which shows the readings from the 
load deflection curves. 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: Example of parameter calculations for 

first-peak load equal to peak load [17] 

For FRPMCs and FRCs these values are 
calculated. The total area under the load 
deflection curve up to the net deflection of 
1/150 of the span length is the toughness 
which will be presented in Joules. Using the 
first peak strength, the equivalent flexural 
strength to the toughness is calculated from 
below equation: 

                         
           

                      (6) 
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As test prisms are 100mm × 100mm × 
350mm with span length of 300mm, therefore, 
L / 150 = 2mm and L / 600 = 0.5mm. 
Readings from the graphs are respectful of 
these values. For specimens with lower 
percentage of fibres, weaker or no post peak 
behaviour has been observed, whereas in 
larger percentages, FRC and FRPMC show 
satisfactory behaviour after peak load. This 
behaviour is more pronounced in mixes 
containing fibrillated PP fibres. These 
calculated results are used and presented in 
next section to evaluate the flexural toughness. 
Calculations are derived from those mixes 
with acceptable post peak behaviour. Due to 
very weak post peak behaviour of the 
conventional concrete, none of the calculations 
in this standard can be applicable to them with 
the data captured in this project. The 
conventional concrete did not reach the L/150 
and L/600 deflections necessary to measure 
and calculate the related residual strength of 
the concrete. 

4.3. Flexural Toughness  
In some literature [20], toughness is 
considered as the area under the load 
deflection curve. This area can be an 
indication of the energy absorbed under 
flexural loading. In this study, 28 day flexural 
toughness of FRC and FRPMCs are calculated 
and presented relative to their reference mixes. 
This can give an indication of how this value 
has changed. Table 4 represents the relative 
flexural toughness values. These values are 
calculated by the following formula: 

                                                      
                                     (7) 

Table 4: Relative flexural  toughness 

From the above calculations it is observed that 
the changes in flexural toughness is almost in 
the same range at similar percentages of 
fibrilated and monofillament PP fibres in 
FRPMCs. The optimum value goes to mixes 
containing 0.5% PP fibre. Lower percentages 
of fibres in the mix do not have asignificant 
effect on flexural toughness capacity of this 
specific FRPMC. This result can be due to the 
presence of SB latex which has a good energy 
absorption charcteristic. From the results of 
the control concrete and refrence mixes, the 
following observations were gathered. 
Increase in flexural toughness when FA is 
added is only 10% larger, which indicates that 
FA has almost no significat effect. When SB 
latex is introduced to the mix, this value is 
improved by 70%, which points out the effect 
of this material in improving the energy 
absorption of the concrete mix.  

When SB latex is taken out and only PP 
fibres are introduced to the mix, flexural 
toughness of concrete-fibre composite 
significantly increases. From the results, it is 
observed that at 0.25% , fibres tend to improve 
this property by about 2 times. When 1% of PP 
fibre is added, the value improved by more 
than 4 times when monofillamant fibre is used 
and in case of fibrilated fibre by about 6 times. 
The reason this high value could not be 
achieved by monofilament fibre can be due to 
the fact that this mix also has lower 
mechanical properties comparing to the 
refrence mixes. 

FRC and FRPMCs could also reach the 
desired deflection to calculate the residual 
strength according to ASTM C 1609 and from 
among these mixes, FRC containing 1% 
fibrillated PP could reach L/150 net deflection. 

The mentioned mix design has shown 
deflection both up to L/600 and almost L/150 
which is the full behaviour explained in 
ASTM C 1609 whereas other FRC and 
FRPMC‘s could not reach L/150 deflection. 
Due to the good behaviour, 1% PP FRC mix 
could gain a much higher deflection 
comparing to all other mixes before it fails.  

Further investigations are worth conducting 
on the FRC to improve standard specifications 
to consider this behaviour of the concrete 

FRPMC FRC 
Mix ID Relative 

Toughness 
Mix ID Relative 

Toughness 
CFL 1.0 CF 1.0 
PM0.25L 1.3 PM0.25 2.2 
PF0.25L 1.1 PM1 4.4 
PM0.5L 2.6 PF1 5.9 
PF0.5L 2.1   
PM1L 1.7   
PF1L 2.0   
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material. Additionally, ASTM C 1550 
(standard test method for flexural toughness of 
fibre reinforced concrete using centrally 
loaded round panels) may be used to calculate 
the toughness when needed but a standard 
calculation for toughness gathered from 3 or 4 
point loading test are more commonly used .  

It is reported that by adding fibre to the mix 
the toughness index (toughness) increases 
[14]. The toughness results of this project are 
also in harmony with the reports of literature. 
With regards to ASTM C1609, 1% fibrillated 
FRC results are calculated taking into account 
six test samples from two sets of mixes. The 
area under the full curve up to L/150 has been 
calculated, the results of which show 
toughness of following values: 

(     )         
Equivalent flexural strength ratio of these 

values is calculated from below equation: 

(     )     3.5% 
In different literature, it has been discussed 

that current formulations may not be sufficient 
or easily used for different situations [14, 18, 
21, 22]. Above calculations can be an 
introduction to a wider range of experiments 
and future work on the specific mix designs. 
Table 5, shows specific values calculated for 
1% fibrillated FRC using ASTM C1609. 

Table 5: ASTM calculations for toughness and 
residual strength of PF1% 

 Max. 
stress 
 

(MPa) 

∆ at 
peak 
stress 
(mm) 

Max. 
∆ 
  

(mm) 

PD
150 

 
 
(kN) 

 

PD
600 

 
 
(kN) 

 

fD
150 

 
 
(MPa) 

fD
600 

 
 
(MPa) 

PF
1%

 

6.10 0.508 2.01 9.0 20.0 2.70 6.00 
6.53 0.722 2.05 11.3 15.3 3.36 4.59 
6.70 0.508 2.03 6.0 10.2 1.80 3.06 
6.20 0.496 1.96 4.21 18.1 1.26 5.43 
6.65 0.650 1.92 7.43 11.0 2.23 3.30 
6.48 0.521 2.10 10.1 20.1 3.03 6.03 

12 CONCLUSIONS 
The results of this research show that by 
adding SB latex by 10% as a polymer additive 
to the mixes the mechanical properties of 
concrete decreases. By adding PP fibres in to 

the mix promising results can be gained in 
different percentages. According to the 
achieved results some general comments can 
be made. 

1. 0.25% of both PP fibre types, help 
with the tensile strength of FRPMCs. 

2. With percentage increase of fibres, 
MOR decreases. 

3. Both types of fibres have shown 
approximately similar performance 
regarding the flexural behaviour of the 
concrete. 

4. FA has no significant effect on long 
term tensile characteristics of concrete. 

5. SB latex addition of 10%, improves 
the MOR by  14%. 

6. Using FA with Latex in concrete tends 
to decrease the MOR. 

7. Where higher percentages of fibre are 
used, especially at 1%, considerable 
post peak behaviour is observed. 

8. Use of 10% SB latex and PP fibres 
together and alone in the concrete 
matrix, helps improve the energy 
absorption capacity and flexural 
toughness of concrete composite. 
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Abstract: Results from an experimental program aimed at evaluating the shear behavior of steel 
fiber reinforced concrete (SFRC) beams without stirrup reinforcement are presented. A total of 28 
simply supported beams with a test shear span-to-effective depth ratio of approximately 3.5 were 
tested under a monotonically increased concentrated force up to failure. Among the 28 beams 
tested, four beams were constructed with regular concrete, three without stirrups and one with 
stirrups satisfying the minimum stirrup reinforcement requirements in the 2008 ACI Building Code. 
Three types of steel fibers were evaluated, all with hooks at their ends. Test variables were: 1) beam 
depth (455 or 685 mm); 2) fiber length-to-diameter ratio (55 or 80); 3) fiber tensile strength (1100 
or 2300 MPa); 4) fiber volume fraction (0.75, 1.0 or 1.5%); and 5) longitudinal tension 
reinforcement ratio (1.6, 2.0 or 2.7%). All beams were designed so that a shear failure would 
ultimately develop, either prior to or after flexural yielding initiated. Regular strength concrete was 
used in all beams, with cylinder strengths at test day ranging between 29 and 51 MPa.  

Test results showed that the use of hooked steel fibers in a volume fraction greater than or equal to 
0.75% led to multiple diagonal cracks and a substantial increase in shear strength compared to 
regular concrete beams without stirrup reinforcement. All SFRC beams failed at a shear stress 
greater than or equal to 0.33√ f’c, MPa, where f’c is the concrete cylinder strength. Also, the fiber 
reinforced concrete beams exhibited higher shear strength and better diagonal crack distribution 
compared to the beam with minimum amount of stirrups. No significant difference in average shear 
stress at shear failure was observed with an increase in beam depth from 455 to 685 mm. Although 
changes in fiber length did not lead to appreciable changes in beam overall behavior, maximum 
diagonal crack width prior to shear failure was found to be on the order of 5% of the fiber length. A 
simple model to predict the shear strength of SFRC beams is proposed based on the assumption that 
shear is resisted by fibers crossing diagonal cracks and shear carried in the concrete compression 
zone. Reasonable agreement between experimental and predicted strengths was found when 
applying this model to SFRC test beams reported in the literature. 
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1 INTRODUCTION 
The use of discontinuous fibers as shear 

reinforcement has been extensively studied in 
the past forty years (for example, see 
References [1-8]. Fibers increase shear 
strength by bridging diagonal cracks, and by 
reducing crack spacing and width, which leads 
to increased aggregate interlock. However, 
most experimental research on the shear 
behavior of fiber reinforced concrete beams 
has focused on small-scale beams. In a test 
database published by Parra-Montesinos [9] of 
steel fiber reinforced concrete (SFRC) beams, 
only 14 beams out of a total of 147 fiber 
reinforced concrete beams were deeper than 
610 mm. 

Given the decrease in shear strength with 
increased depth exhibited by reinforced 
concrete beams without stirrups [10], 
experimental data on the shear behavior of 
relatively large fiber reinforced concrete 
beams are needed. This need led to the 
experimental investigation reported herein, in 
which 24 SFRC beams and 4 companion 
reinforced concrete beams with overall depth 
of either 455 mm or 685 mm and shear span-
to-effective depth ratio of approximately 3.5 
were tested under monotonically increased 
shear to failure. 

2 EXPERIMENTAL PROGRAM 
The experimental program consisted of the 

testing of 28 large-scale beams, 16 beams with 
overall depth of 455 mm (denoted B18 for the 
overall depth in inches) and 12 beams with an 
overall depth of 685 mm (B27 beams). All 
beams had a rectangular cross section, with a 
width of 152 mm for the 455 mm deep beams 
and 203 mm for the 685 mm deep beams. Four 
regular concrete beams were tested for 
comparison purposes, three of those without 
stirrup reinforcement and one satisfying the 
minimum stirrup reinforcement requirements 
in the 2008 ACI Building Code [11]. The main 
properties of each specimen are listed in Table 
1, while the specimen reinforcement details 
are shown in Fig. 1. 

As shown in Fig. 1, all test beams were 
simply supported and a single concentrated 
force was applied to the top of the beams. No 
stirrup reinforcement was used within the test   
shear span (longer span), except for Beam 
B27-8, which contained minimum stirrup 
reinforcement, while the other shear span was 
reinforced with sufficient stirrup reinforcement 
to ensure negligible shear-related damage 
during   the test.  

Three types of fibers were evaluated, all 
made of steel with hooks at their ends and 
manufactured by Bekaert Corp. For 
convenience, these fibers are referred to as 
Type 1, Type 2 or Type 3 fibers. Fiber 
parameters studied were fiber length, aspect 
ratio, and tensile strength. Fiber Type 1 
(length: 30 mm, diameter: 0.55 mm, minimum 
tensile strength: 1100 MPa) was evaluated in 
volume fractions of 0.75, 1.0 and 1.5%. Fiber 
Type 2 (length: 60 mm, diameter: 0.75 mm, 
minimum tensile strength: 1050 MPa), on the 
other hand, was evaluated at volume fractions 
of 0.75 and 1.0%. Fiber Type 3 (length: 30 
mm, diameter: 0.38 mm, minimum tensile 
strength: 2300 MPa) was evaluated only at a 
volume fraction of 0.75% given its 
substantially higher tensile strength, combined 
with a small diameter and large aspect ratio. 

Another variable evaluated was tensile 
longitudinal reinforcement ratio ρ, where ρ = 
As/(bd) and As is the area of longitudinal 
tension reinforcement. In the test beams, ρ was 
either 1.6, 2.0 or 2.7%. This allowed the 
evaluation of the behavior of SFRC beams 
failing in shear either prior to or after flexural 
yielding. For beams with ρ = 1.6%, flexural 
yielding was expected prior to the 
development of a shear failure, while for 
beams with ρ = 2.0 or 2.7%, whether shear 
failure occurred prior to or after flexural 
yielding depended on the type and amount of 
fibers used.  

3. MATERIAL PROPERTIES 
Concrete was either provided by a local 

ready-mix concrete supplier or mixed in the 
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Table 1: Beam properties and main test results 

Beam d  
(mm) /a d  

ρ  
(%) 

Fiber 
type 

fV  
(%) 

cf ′  
MPa 

Pu 
(kN) 

vu 
(MPa) 

u

c

v
f ′  

 
nd Failure mode 

B18-0a 381 3.43 2.7 - - 42.8 168 1.1 0.17 1 DT 
B18-0b 381 3.43 2.7 - - 42.8 162 1.1 0.17 1 DT 
B18-1a 381 3.43 2.0 1 0.75 44.8 441 2.9 0.44 5 SC+ST** 
B18-1b 381 3.43 2.0 1 0.75 44.8 413 2.8 0.41 4 ST+DT** 
B18-2a 381 3.50 2.0 1 1.0 38.1 437 3.0 0.49 5 ST+DT** 
B18-2b 381 3.50 2.0 1 1.0 38.1 445 3.1 0.50 5 ST+DT** 
B18-2c 381 3.50 2.7 1 1.0 38.1 503 3.5 0.57 - N.A.** 
B18-2d 381 3.50 2.7 1 1.0 38.1 367 2.6 0.41 - N.A.* 
B18-3a 381 3.43 2.7 1 1.5 31.0 384 2.6 0.46 2 ST+DT* 
B18-3b 381 3.43 2.7 1 1.5 31.0 507 3.4 0.61 5 SC+ST 
B18-3c 381 3.43 2.7 1 1.5 44.9 494 3.3 0.49 3 ST+DT 
B18-3d 381 3.43 2.7 1 1.5 44.9 490 3.3 0.49 4 ST+DT 
B18-5a 610 3.43 2.7 2 1.0 49.2 445 3.0 0.43 3 DT 
B18-5b 610 3.43 2.7 2 1.0 49.2 565 3.8 0.54 5 ST+DT 
B18-7a 610 3.43 2.0 3 0.75 43.3 498 3.3 0.50 7 ST+DT** 
B18-7b 610 3.43 2.0 3 0.75 43.3 490 3.3 0.50 7 ST+DT** 
B27-1a 610 3.50 2.0 1 0.75 50.8 908 2.9 0.41 4 ST+DT 
B27-1b 610 3.50 2.0 1 0.75 50.8 837 2.7 0.38 6 DT 
B27-2a 610 3.50 2.0 2 0.75 28.7 872 2.8 0.53 4 SC+ST 
B27-2b 610 3.50 2.0 2 0.75 28.7 854 2.8 0.52 5 DT 
B27-3a 610 3.50 1.6 1 0.75 42.3 846 2.7 0.42 7 F** 
B27-3b 610 3.50 1.6 1 0.75 42.3 863 2.8 0.43 7 SC+ST** 
B27-4a 610 3.50 1.6 2 0.75 29.6 663 2.1 0.40 4 ST+DT* 
B27-4b 610 3.50 1.6 2 0.75 29.6 556 1.8 0.33 4 ST+DT* 
B27-5 610 3.50 2.1 1 1.5 44.4 1081 3.5 0.53 6 SC+ST** 
B27-6 610 3.50 2.1 2 1.5 42.8 1046 3.4 0.52 6 ST+DT** 
B27-7 610 3.50 1.6 - - 37.0 402 1.3 0.21 1 DT 

B27-8 (†) 610 3.50 1.6 - - (†) 37.0 570 1.8 0.30 3 DT 
Width of beams in Series B18 and B27 = 152 mm and 203 mm, respectively. 
(†) This beam contained minimum shear reinforcement (see Fig. 1 for reinforcement details) 
* Significant bond degradation near support; **Flexural reinforcement yielded 
d: beam effective depth; a: shear span; ρ: tension reinforcement ratio; Vf: fiber volume fraction; f’c: concrete; 
cylinder strength;  Pu; peak load; vu: peak average shear stress; nd: number of diagonal cracks 
DT: Diagonal Tension; SC: Shear Compression: ST: Shear Tension; F: Flexure 
 

Structural Engineering Laboratory at the 
University of Michigan. Course aggregate 
consisted of crushed limestone with a 
maximum size of 10 mm. Fibers were added 
last to the concrete, and in the case of ready-
mix concrete, fibers were added to the 
concrete truck on site.  

Concrete compressive strength was 
evaluated through tests of 100x200 mm 
cylinders. Concrete cylinder compressive 
strength values are listed in Table 1. Flexural 

performance was evaluated through ASTM 
1609 [12] four-point bending tests. Each 
ASTM beam had a 152 mm square cross 
section and a span length of 455 mm. As 
required in ASTM 1609, the beams were 
tested under displacement control up to a mid-
span deflection of 3 mm. 

In general, the ASTM beams with  longer 
Type 2 fibers (60 mm in length) exhibited a 
more ductile response compared to the shorter 
(30 mm long) Type 1 and Type 3 fibers. This
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4#22M (*)

2#13M

7#10M@1273#10M@76

826 (or 902)152 (or 102)

4#19M (**)

(*) for B18-0a, b; B18-2c, d; B18-3a, b, c, d; B18-5a, b

1310 (or 1334)

2136 (or 2236)

2440

152 (or 102) 152 (or 102)

41
9

45
5

Steel plate
152x152x25

152 (or 102)

Steel plate
152x152x25

+ 3#10M@51

(**) for B18-1a, b; B18-2a, b; B18-7a, b

Dimensions in parentheses apply to B18-2a, b, c,  d

See (***)

See (***)

(***) for B18-2a, b, c, d, a mechanical anchorage was used

2#13M

18#10M@102

5#10M@102

381 2136 1422 381

7#D4@305 (†††)

3558

4320

381 381

64
0

68
5

2#25M (†) 3#25M (†)
2#22M (††) 3#22M (††)

(†) for B27-1a, b; B27-2a, b; B27-5; B27-6 (††) for B27-3a, b; B27-4a,b; B27-7; B27-7

(†††) stirrups apply to B27-8 only

Steel plate
152x152x25

Steel plate
152x152x25

Steel plate 203x203x25

Steel plate 152x152x25
(a)

(b)

Note: (1) all dimensions are in mm; (2) concrete cover = 25 mm for all beams

 

150

34
3

45
5

205

68
5

Typical section
beam Series B18

Typical section
beam Series B27

56
7

Non-shrink grout

Non-shrink grout

(3) bars # D4, 10M, 13M, 19M, 22M, and 25M have an area of 26, 71, 129, 284, 387, and 509 mm2

      and yield strength of 627, 414, 461, 496, 448, and 455 MPa, respectively

 
Figure 1: Reinforcement details in test beams 

 
was because of the better ability of the longer 
fibers to bridge wide cracks (on the order of 
2.5 to 5 mm at the end of the test). The shorter 
high-strength fibers (Type 3) were very 
effective soon after first flexural cracking, 
leading to a pronounced, but short hardening 
response. Type 1 fibers, on the other hand, 
exhibited a deflection softening response 
when used at a 0.75% volume fraction, but a 
slight hardening response, after a small drop 
in load immediately after fist cracking, when 
used in a 1.5% volume fraction. Figure 2 
shows typical equivalent flexural stress versus 
deflection response for various steel fiber 
reinforced concrete mixtures with either 0.75 
or 1.5% fiber volume fraction. Detailed 

information about these ASTM 1609 tests can 
be found elsewhere [13]. 

Stress-strain response of the reinforcing 
bar steel was obtained through direct tension 
tests. Yield and ultimate strength values, as 
well as the strain at initiation of strain 
hardening, are listed in Table 2. 

4 EXPERIMENTAL RESULTS 
In the following, a summary of the test 

results in terms of cracking pattern, failure 
mode, and load versus deflection response are 
provided. 
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4.1 Cracking pattern and failure mode 
Typical crack patterns exhibited by the 

SFRC beams prior to failure are shown in Fig. 
3, while the number of diagonal cracks 
crossing the beam mid-depth level at an angle 
less than 80º with respect to the beam 
longitudinal axis is reported in Table 1.  
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1: B27-3 (Type 1, V
f
 = 0.75%)

2: B27-5 (Type 1, V
f
 = 1.5%)

3: B18-7 (Type 3, V
f
 = 0.75%)

4: B27-2 (Type 2, V
f
 = 0.75%)

5: B27-2 (Type 2, V
f
 = 1.5%)6

 
Figure 2: Representative equivalent bending stress 

versus deflection response from ASTM 1609 tests for 
various SFRCs 

 
Table 2: Reinforcing steel properties 

Bar size fy 
MPa εsh fsu 

MPa 

D4(†) 627* * 661 

10M 414 ** 579 

13M 461 0.0080 689 

19M 496 0.0090 751 

22M 448 0.0080 675 

25M 455 0.0080 689 

 
 

(†) Area = 25.8 mm2  
* No clear yield point (calculated based on 0.2% strain 
offset) 
** Strain hardening initiated as soon as steel yielded 

 
At least three diagonal cracks were 

observed in all beams containing fiber 
reinforcement, except for Beam B18-3a, in 
which 2 diagonal cracks formed prior to 
failure. Only a single diagonal crack formed 
in the RC beams without stirrup 
reinforcement. The use of minimum stirrup 
reinforcement in Beam B27-8, on the other 
hand, led to a minor improvement in the 
cracking pattern compared to the RC beams 
without stirrups. 

Cracking spacing was evaluated by 
determining the average horizontal crack 
spacing at beam mid-depth. Horizontal rather 
than perpendicular spacing between cracks 
was measured due to the fact that inclined 
cracks are generally not parallel to each other 
and tend to change direction as they propagate 
to the beam compression zone. Horizontal 
crack spacing, however, can be easily 
converted into a perpendicular crack spacing 
by assuming an average crack angle. 
Although multiple diagonal cracks occurred 
in all SFRC beams, there seemed to be a 
dependency of diagonal crack spacing on 
beam depth. In general, it was found that the 
average horizontal spacing between diagonal 
cracks could be reasonably approximated as 
0.4d, regardless of the beam depth. Also, the 
width of the critical diagonal crack prior to 
shear failure was found to be dependent on 
fiber length and on the order of 5% of the 
fiber length. This indicates that performance 
criteria based on results from ASTM 1609 
beams should be tied either directly or 
indirectly to crack width dependent on fiber 
length, as discussed in Section 5.1. 

All test beams ultimately failed in shear, 
except for Beam B27-3a, which exhibited a 
flexural failure characterized by crushing of 
the beam compression zone near the load 
point after substantial yielding of the 
longitudinal tension reinforcement (Fig. 3c).
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                      (a)                                                            (b)                                                      (c) 

Figure 3: Cracking pattern in SFRC beams failing in (a) diagonal tension (Beam B27-2b); (b) combination of shear 
compression and shear tension (Beam B27-3b); and (c) flexure (Beam B27-3a) 

 
Although three types of shear failures 

were observed, 1) diagonal tension failure 
(Fig. 3a); 2) a combination of diagonal 
tension and shear-tension failure; and 3) a 
combination of shear-compression and shear-
tension failure (Fig. 3b), failure modes within 
each pair of nominally identical beams were 
not consistent, as can be seen in Table 1. It 
should also be mentioned that failure in four 
of the test beams seemed to have been 
associated with substantial bond degradation 
between the longitudinal reinforcement and 
the surrounding concrete near the support. 
This is believed to be the consequence of 
lumping of fibers along the top layer of 
tension steel reinforcement, or air voids 
during concrete casting, or a combination of 
both. 

4.2 Load versus deflection response 
All beams constructed with regular concrete 
exhibited a linear behavior up to shear failure, 
which even for the beam with minimum 
stirrup reinforcement was brittle. The load 
versus displacement response for the SFRC 
beams, on the other hand, was influenced by 
the amount of flexural reinforcement, fiber 
type and fiber content, which determined 
whether shear failure occurred prior to or after 
flexural yielding. The beams that exhibited 
flexural yielding prior to shear failure are 
identified in Table 1. For SFRC beams that 
failed in shear prior to flexural yielding, the 
response was approximately linear up to 
failure. However, the presence of fibers 
allowed the development of multiple diagonal 
cracks and the widening of at least one of 
them prior to a shear failure, which provided 
some warning about the imminence of failure. 
Ultimate failure in these beams, however, was 
rather sudden. 

For cases in which flexural yielding 
preceded a shear failure, the load (or average 
shear stress) versus displacement response 
exhibited a well-defined yield plateau. 
However, because the shear force demand 
associated with flexural yielding was close to 
the expected beam shear capacity if the beam 
were to behave linearly elastic, the degree of 
yielding often varied, even within the same 
pair of nominally identical beams. Fig. 4 
shows representative responses for the regular 
concrete beams (with and without stirrups), as 
well as for the SFRC beams that failed prior 
to or after flexural yielding.  
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B27-7
Plain
conc.
ρ = 1.6%

 
Figure 4: Shear stress versus deflection behavior of 

selected beam specimens 
 
Peak average shear stress for each test beam 
is listed in Table 1. Average shear stress v = 
V/(bd), where V is the shear force, and b and d 
are the beam width and effective depth, 
respectively. All SFRC beams exhibited a 
shear strength between 0.33√ fc’ and 0.61√ fc’ 
(MPa), while the shear strength of the regular 

Crushed concrete Crushed 
concrete 
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concrete beams without stirrups was 017√ fc’ 
and 0.21√ fc’ (MPa) for the beams with 455 
and 685 mm of depth, respectively. The beam 
with stirrup reinforcement satisfying the 
minimum requirements in the 2008 ACI Code 
exhibited a nearly 50% increase in shear 
strength (0.30√ fc’, MPa) compared to the 
regular concrete beam without stirrups. 
 

5 PREDICTION OF SHEAR 
STRENGTH 

From test observations, a simple model has 
been proposed [14] for estimating the shear 
strength of beams with deformed steel fibers. 
The model is based on the assumption that at 
failure, beam shear strength can be calculated 
as the summation of shear due to diagonal 
tension resisted by fibers and shear carried in 
the compression zone. Fiber contribution 
through diagonal tension is not independent 
of aggregate interlock. For simplicity, 
however, the entire contribution from stresses 
at a crack is assumed to come from diagonal 
tension resisted by the fiber reinforcement. 

Fig. 5 shows the assumed shear failure 
mode for SFRC beams. A critical diagonal 
crack that leads to shear failure, with a 
horizontal projection at the level of the 
tension reinforcement of (d-c) (i.e., α = 45 
degrees in Fig. 5), where c represents the 
neutral axis depth, is assumed at this stage. 
Consistent with the measured crack widths at 
failure, the width of the critical crack at the 
level of the longitudinal tension steel is taken 
equal to 0.05Lf, where Lf is the fiber length. 
The beam shear strength is then calculated as 
the summation of the vertical component of 
the resultant tension force across the critical 
diagonal crack, VFRC = Tf cos(α), and the 
shear carried by the beam compression zone, 
Vcc. The determination of VFRC and Vcc is 
discussed next. 

5.1 Contribution of fiber reinforcement to 
beam shear strength 

The fiber contribution to beam shear 
strength requires the estimation of the tensile 
stresses across the critical diagonal crack. For 

this purpose, an analogy is made between the 
critical diagonal crack in an actual beam, 
which is assumed to increase in width as the 
distance from the neutral axis increases, and 
the flexural crack that forms in the middle 
third of an ASTM 1609 beam under four-
point bending. Assuming that the average 
tensile stress perpendicular to these two 
cracks is equal at a given maximum crack 
width, the problem can be simplified by 
looking at the average tensile stress in the 
ASTM 1609 beam at a crack width 
corresponding to the assumed crack width 
that leads to failure in the actual, i.e., 0.05Lf. 
It is worth mentioning that if more than one 
flexural crack develops in the ASTM beam, 
the procedure outlined next is not applicable. 
Such a case, however, is rare in SFRC 
materials with fiber contents not exceeding 
1% by volume. 

For design purposes, the specification of a 
mid-span deflection at which the average 
tensile stress in an ASTM 1609 beam is to be 
calculated is more attractive than the use of a 
target crack width. In [15], it was shown that 
Lf/24 is a reasonable estimation of the 
deflection associated with a crack width of 
0.05Lf. 

The average tensile stress at the critical 
crack width (σfu in Fig. 5), assuming a neutral 
axis depth of 0.1h, can then be calculated 
based on the moment in the middle third of an 
ASTM 1609 beam at a mid-span deflection δ 
= Lf/24 as follows, 

 

𝜎𝜎𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 =
2(𝑀𝑀𝑀𝑀)

𝛿𝛿𝛿𝛿=
𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓
24 

0.9𝑏𝑏𝑏𝑏ℎ2                              (1) 

 
where b and h are the width and height of the 
ASTM 1609 beam (b = h in ASTM 1609). In 
order to account for potential differences 
between the behavior of SFRC in ASTM 
1609 beams and that in the actual beam (e.g. 
due to fiber distribution, member size), it is 
recommended that a strength reduction factor, 
arbitrarily selected as 0.8, be applied to the 
average tensile stress in Eq. (1) for use in the 
calculation of VFRC. 
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Figure 5: Assumed critical crack and stress distribution at shear failure 

 

5.2 Contribution of concrete compression 
zone to beam shear strength 

The shear carried by the beam compression 
zone is determined based on the failure 
criterion developed by Bresler and Pister [16] 
for concrete subjected to combined shear and 
compression stresses. This failure criterion is 
defined as follows, 
𝑣𝑣𝑣𝑣𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓
𝑓𝑓𝑓𝑓𝑐𝑐𝑐𝑐′

= 0.1 �0.62 + 7.86 �
𝜎𝜎𝜎𝜎𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓
𝑓𝑓𝑓𝑓𝑐𝑐𝑐𝑐′
� − 8.46 �

𝜎𝜎𝜎𝜎𝑐𝑐𝑐𝑐𝑓𝑓𝑓𝑓
𝑓𝑓𝑓𝑓𝑐𝑐𝑐𝑐′
�

2
�

1/2

 

 
     (2) 

where vcu and σcu are the acting shear stress 
and normal compressive stress at failure, 
respectively. It has been shown [13] that 
rather than calculating vcu based on a 
nonlinear compressive stress distribution over 
the beam compression zone, the use of 
Whitney’s stress block, as defined in the ACI 
Building Code [11], leads to conservative 
estimations of the shear carried in the 
compression zone. In this case, σcu = 0.85fc’ 
and vu = 0.11fc’ over a depth a = β1c, where 
β1 = 0.85 for fc’ ≤ 28 MPa and β1 = 0.65 for 
fc’ ≥ 55 MPa. Linear variation of β1 is 
assumed for 28 MPa < fc’ < 55 MPa. The 
shear carried by the beam compression zone 
is thus calculated as, 
 

 

𝑉𝑉𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0.11𝑓𝑓𝑓𝑓𝑐𝑐𝑐𝑐′𝛽𝛽𝛽𝛽1𝑐𝑐𝑐𝑐𝑏𝑏𝑏𝑏 = 0.11
𝑇𝑇𝑇𝑇𝑠𝑠𝑠𝑠

0.85
= 0.13𝐴𝐴𝐴𝐴𝑠𝑠𝑠𝑠𝑓𝑓𝑓𝑓𝑦𝑦𝑦𝑦  

   (3) 
 

where As is the area of tension steel and fy is 
the yield strength of the tension 
reinforcement. In Eq. (3), the neutral axis 
depth is calculated at yielding of the tension 
steel, assuming the beam is under-reinforced, 
as required for design. 

The proposed model predicted reasonably 
well the shear strength of test SFRC beams 
reported in the literature and with 
characteristics satisfying the following: 1) 
shear span-to-effective depth ratio a/d ≥ 2.5; 
2) beam depth h between 230 and 685 mm; 3) 
longitudinal tension reinforcement ratio ρ 
between 1.2 and 4.5%; 4) concrete cylinder 
strength fc’ between 20.7 and 104 MPa; 5) 
hooked steel fibers in volume fractions 
ranging between 0.5% (39 kg/m3) and 2% 
(157 kg/m3); 6) fiber tensile strength ≥ 1030 
MPa; and 7) fiber length-to-diameter ratio 
between 55 and 100. 

As reported in [14], mean value and 
standard deviation of the predicted versus 
experimental strength ratio were 0.79 and 
0.12, respectively. Also, the strength ratios 
were consistent for the range of fiber volume 
fractions considered. 
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6 CONCLUSIONS 
Results from large-scale tests of steel fiber 

reinforced concrete (SFRC) beams subjected 
to monotonically increased shear to failure 
indicate that the hooked steel fibers evaluated 
in this investigation, when used in volume 
fractions greater than or equal to 0.75%, are 
effective in ensuring multiple diagonal cracks 
and substantially increasing shear strength in 
beams without stirrup reinforcement. The 
minimum shear strength of the test SFRC 
beams was 0.33√fc’ (MPa), which exceeded 
that of a beam with stirrup reinforcement 
satisfying the minimum requirements in the 
2008 ACI Building Code (0.30√fc’, MPa).  

A simple model in which the shear strength 
of a SFRC beam without stirrup 
reinforcement is taken as the summation of 
shear resistance contributed by fiber tensile 
stresses across diagonal cracks and shear 
carried in the beam compression zone can be 
used to estimate the shear strength of SFRC 
beams with reasonably accuracy. Average 
tension stresses across a critical diagonal 
crack can be estimated from standard ASTM 
1609 four-point bending tests, while the shear 
carried in the beam compression zone is 
determined from a failure criterion for 
concrete subjected to combined compressive 
and shear stresses. 
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Abstract: The use of FRP reinforcement has attracted great attention in concrete structures due to 
its high tensile strength, good fatigue performance, and especially inherent anti-corrosion ability. 
Engineered cementitious composite (ECC) is a class of high performance cementitious composites 
with pseudo strain-hardening and multiple cracking properties. Substitution of concrete with ECC 
can avoid the cracking and durability problems from weakness of concrete. In this paper, a kind of 
FRP reinforced ECC beam is proposed to obtain super high durability and better mechanical 
performance compared with normal steel reinforced concrete beam. Six FRP reinforced ECC or 
ECC/concrete composite beams with various longitudinal and transverse reinforcement ratios and 
ECC thicknesses have been tested. According to the test results, FRP reinforced ECC beams show 
better flexural properties in terms of load carrying capacity, shear resistance, ductility, and damage 
tolerance compared with FRP reinforced concrete beams. For the FRP reinforced ECC beam 
without stirrups, although it finally fails in shear mode, its flexural load capacity and ultimate 
deformation are comparable to the FRP reinforced concrete beams with proper designed stirrups, 
and the failure process is ductile due to strain hardening behavior of ECC materials. For 
ECC/concrete composite beams, partially application of ECC can lead to considerable increase of 
load capacity, energy dissipation. When the ECC layer is placed in the tension zone, the crack width 
along the beam can be well controlled, and hence high residual strength and stiffness of the 
composite beam can be expected. 
 
 

1 INTRODUCTION 
FRP reinforcement is highly suitable for 

concrete structures subjected to corrosive 
environments, such as concrete pavements 
treated with de-icing salts, waste water and 
chemical treatment plants, and structures built 
in or close to sea water. Furthermore, the 
lightweight nature of FRPs is a distinct 
advantage for weight sensitive structures. The 
nonmagnetic characteristic makes FRP 
feasible for reinforcing facilities and structures 

supporting magnetic resonance imaging units 
or other equipment sensitive to electro-
magnetic fields. However, the widely used of 
FRP reinforcement is limited due to two major 
inherent drawbacks of FRP materials: low 
modulus of elasticity and lack of ductility [1-
2]. 

Generally speaking, the modulus of 
elasticity of most FRP materials is lower than 
that of steel, which causes larger deflection 
and crack width compared with conventional 
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RC members for a given reinforcement ratio. 
Serviceability criteria will control the design 
of FRP-reinforced members. Crack width has 
to be limited with respect to aesthetic 
consideration and special requirement of 
water-retaining structures, even though 
corrosion is not an issue for FRP-reinforced 
members. 

Typically, steel reinforced concrete sections 
are designed in tension-controlled failed mode, 
which exhibits concrete crushing after 
sufficient steel yielding deformation. 
Sufficient yielding behaviour of steel 
reinforcement is referred to as ductile 
behaviour, which consumes substantial 
inelastic energy and provides a warning of 
impending failure. FRP bars often fail by 
brittle rupture under uniaxial tension and the 
failure is regarded as catastrophic. For FRP-
reinforced concrete members, over-reinforced 
concept is adopted to avoid the brittle rupture 
of FRP reinforcement [3-4]. For over-
reinforced concrete beams, a gradual failure 
can be obtained due to nonlinear compression 
failure of concrete in the compression zone. 
Investigation by Nanni [5] indicated that the 
balanced reinforcement ratio, which is defined 
as the reinforcement ratio producing a 
simultaneous failure of the concrete and the 
FRP reinforcement, was much lower than the 
practically adopted value. Two effective 
approaches for developing the strain capacity 
of FRP reinforcement had been put forward, 
which were expected to improve the ductility 
of FRP-reinforced beams. One is through the 
use of ductile hybrid FRP reinforcement. 
Harris et al [6] tested the hybrid FRP-
reinforced concrete beams and found that the 
ductility of these beams was close to the 
conventional RC beam. The other is through 
the use of materials that have higher 
compressive strain capacity in the compression 
zone of the member. Naaman [7] proposed to 
use slurry infiltrated fibre concrete (SIFCON) 
to improve the ductility of FRP reinforced 
beams and Zhou [8] put forward to setting up 
compression yielding (CY) block in the 
compression zone of the beam. A large amount 
of ductility was acquired by developing a 
plastic hinge zone in the compression zone. 

In recent years, a class of high performance 
fiber reinforced cementitious composites 
(called engineered cementitious composites) 
with ultra-ductility, has been developed for 
applications in construction industry [9-11]. 
ECC and concrete have similar ranges of 
tensile (4-6 MPa) and compressive strengths 
(30-80 MPa), while they behave distinct 
difference in tensile deformation. For 
conventional concrete, it fails in a brittle 
manner once its tensile strength is reached. 
However, for an ECC plate under uniaxial 
tension, after first cracking, tensile load 
capacity continues to increase with strain 
hardening behaviour accompanied by multiple 
cracks along the plate. For each individual 
crack, the crack tends to open steadily up to a 
certain crack width, and increasing loading 
will result in formation of an additional crack. 
With the same cracking mechanism, cracking 
of the ECC member can reach a saturated state 
with small crack spacing, which is determined 
by the stress transfer capacity of the fibres in 
the matrix. With increasing loading, a random 
single crack localizes and softening behaviour 
is followed. Typically, mechanical softening 
starts at a tensile strain of 3%-5%, with a crack 
spacing of 3-6 mm and crack width of about 
60 μm [12]. In compression, ECC has a similar 
strength as concrete while the strain at the 
ultimate strength is nearly two times that of 
concrete. Previous studies have indicated that 
the compatible deformation between ECC and 
steel reinforcement can lead to decreased 
interfacial bond stresses and elimination of 
bond splitting cracks and surface spalling [13]. 
Flexural members exhibit significant increases 
in terms of ductility, load carrying capacity, 
shear resistance and damage tolerance if 
concrete is replaced by ECC material [14]. 
These unique properties make ECC material 
desirable for work in conjunction with FRP 
reinforcement to improve ductility and 
durability for FRP reinforced flexural 
members. 

In this paper, several FRP reinforced ECC 
or ECC/concrete composite beams have been 
tested to verify the contribution of ECC 
material on ductility of flexural members. The 
influence of different parameters, including 
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longitudinal reinforcement ratio, ECC 
thickness, usage of shear reinforcement or not, 
on the ultimate strength, deformation capacity, 
and ductility, etc., are evaluated. 

2 EXPERIMENTAL PROGRAM 

2.1 Material properties 
With the consideration of environmental 

sustainability, high volume of fly ash was used 
for making ECC materials in this experiment. 
The volume ratio of fly ash reached 80% of all 
cementitious material. In order to evaluate the 
ductility behavior of ECC used for FRP 
reinforced ECC or ECC/concrete composite 
beams, direct tensile tests were conducted on 
the specimens with dimension of 350 mm×50 
mm×15 mm. Fig. 1 shows the tensile stress-
strain curves of ECC materials. The test results 
indicated that the tensile strength exceeded 
5MPa and the ultimate tensile strain 
approached 4%. Meanwhile, a number of 
cylinder specimens with dimension of 75 mm 
in diameter and 150 mm in height were tested 
in compression to obtain the compressive 
strength of ECC and concrete. The 
compressive strength of ECC and concrete are 
38.3 MPa and 47.2 MPa respectively, and the 
elastic modulus of ECC and concrete are 15.50 
GPa and 34.49 GPa respectively. Two types of 
BFRP bars with the diameter of 12 mm and 20 
mm were used as the tensile reinforcement for 
the FRP reinforced beams. The surface of FRP 
bars is spirally wrapped with basalt fiber braid 
and sand particles are attached on the surface 
to enhance the bonding strength between FRP 
bars and concrete or ECC. Table 1 shows the 
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Figure 1: Tensile stress-strain relationship of ECC. 

mechanical properties of BFRP reinforcement. 
The FRP bars exhibits linear elastic behaviour 
up to brittle failure. The elastic modulus and 
yield strength of steel bar are 200 GPa and 460 
MPa, respectively. 

2.2 Specimen preparation 
Totally six beam specimens were tested to 

investigate the flexural behaviors of FRP 
reinforced ECC or ECC/concrete composite 
beams. Table 2 shows the details of each 
specimen. Since BFRP bars are used as the 
reinforcement, all beams are designed based 
on over-reinforced concept for avoiding brittle 
fracture of FRP reinforcement and increasing 
ductility of the beams. Hence, the 
reinforcement ratio of each beam specimen is 
larger than the balanced reinforcement ratio b. 
The beam specimens in the experimental 
program can be divided into two series. Series 
I consists of four FRP reinforced ECC beams 
with different longitudinal and transverse 
reinforcement ratios. Series II includes two 
FRP reinforced ECC/concrete composite 
beams with different ECC arrangements. The 
notation of the beam specimens is as follows. 
For each beam specimen, the first two 
characters of the notation ‘BR’ mean the beam 
is longitudinally reinforced with BFRP bars. 
The third character, ‘E’ or ‘C’, represents the 
matrix type of ECC or concrete respectively. 
The number ‘12’ or ‘20’, indicates the 
diameter of the longitudinal BFRP bar and 
characters ‘ns’ represent the beam specimen 
without stirrups. Therefore, ‘BRE12’ 
represents a BFRP reinforced ECC beam with 
bar diameter of 12 mm. ‘BREC-C’ stands for a 
BFRP reinforced ECC/concrete composite 
beam with a 90mm ECC layer from the top 
surface in the compression zone, and ‘BREC- 
T’ means a BFRP reinforced ECC/concrete 

 
Table 1: Material properties of steel and FRP bars 

Diameter 
(mm) 

Tensile 
Modulus of 

elasticity 
Ef (GPa) 

Ultimate 
tensile 

strength 
fu (MPa) 

Ultimate 
strain in 
tension, 
fu, % 

12 
20 

45 
46.2 

1088 
907 

2.4 
1.96 
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Table 2: Summary of specimen information 

Series Specimen 
ID 

Longitudinal 
reinforcement 

ratio (%) 

Shear 
reinforcement 

(mm) 
Matrix type 

I 

BRE12 0.377 8@100 ECC 
BRE20 1.05 8@100 ECC 
BRC20 1.05 8@100 Concrete 

BRE20-ns 1.05 --- ECC 

II 
(composite) 

BREC-C 1.05 8@100 90 mm ECC layer in 
compression zone 

BREC-T 1.05 8@100 90 mm ECC layer in 
tension zone 

 
composite beam with a ECC layer of 90 mm 
from the bottom surface in the tension zone. 
The ECC layer of 90 mm is selected to ensure 
the ECC layer had the same centroid as the 
BFRP reinforcement, which was proved to be 
an effective way to increase the bond between 
ECC and BFRP reinforcement [15]. For 
casting of the ECC/concrete composite 
specimens, the ECC material was firstly cast. 
The plain concrete was prepared and cast on 
top of ECC layer after ECC layer was reached 
initial set for preventing the penetration of 
fresh concrete into ECC layer [15]. For 
ECC/concrete composite beam, transverse 
grooves on the ECC layer at every 100 mm 
were made to improve bond strength between 
concrete and ECC layer. The surface treatment 
is shown in Fig. 2. For all specimens except 
for BRE20-ns, the steel bars with diameter of 
8 mm were used as shear reinforcement. For 
each beam specimens, the steel reinforcement 
of 8 mm was also used as the compression  
 

 
Fig 2 : Schematic of surface treatment 

steel reinforcement and supports for the 
stirrups along the beam. The main reason for 
not casting the plain concrete immediately 
after casting the ECC material was to prevent 
the penetration of fresh concrete into ECC 
layer [15]. For ECC/concrete composite beam, 
transverse grooves on the ECC layer at every 
100 mm were made to prevent delamination 
between concrete and ECC layer. The surface 
treatment is shown in Fig. 2. For all specimens 
except for BRE20-ns, the steel bars with the 
diameter of 8 mm were used as shear 
reinforcement. For each beam specimens, the 
steel reinforcement of 8 mm was also used as 
the compression steel reinforcement and 
supports for the stirrups along the span. 

2.3 Test setup 
Each beam was loaded under four-point 

bending with loading span of 350 mm. The 
loading configuration is shown in Fig. 3. Three 
linear variable differential transformers  
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Fig 3: Schematic of test setup and specimen details 
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(LVDTs) were instrumented to monitor the 
mid-span deflection as well as the curvature of 
the beam. The strain variations of two steel 
stirrups were measured to determine whether 
the steel stirrups were yielded during the 
loading process. For the two stirrups, one is 
375 mm from the middle span, and the other is 
675 mm from the middle span. The 
distribution of strain gauges along the stirrup 
is shown in Fig. 3. The load was incrementally 
applied by a hydraulic jack and measured with 
a load cell. All the beams were loaded up to 
failure (corresponding to 80% of its peak load), 
followed by an unloading process for the 
purpose of achieving the elastic energy. 

3 EXPERIMENTAL RESULTS AND 
DISCUSSIONS 

3.1 Load-deflection responses and failure 
modes 
Series I 

The load-deflection curves for specimens of 
series I are shown in Fig. 4. For specimen 
BRE12, which is a FRP reinforced ECC beam 
with a longitudinal reinforcement ratio of 
0.419%, initial tiny cracks occurred at a load 
of 29.7 kN in the pure bending region. After 
that, the slope of the curve showed a slight 
drop and kept almost constant until the peak 
load was reached, as shown in Fig. 4. With 
increasing bending moment, multiple inclined 
flexural shear cracks occurred outside the pure 
bending region and extended to a distance 
approximately 160 mm from the top surface of 
the beam. When the external load reached 
165.6 kN, the outermost fiber of ECC in the 
compression zone reached the ultimate strain 
and started to crush. Almost at the same time, 
the BFRP reinforcement reached its tensile 
strength and fractured, followed by a sudden 
drop of external loading. Specimen BRE12 
failed in a balanced failure mode, which 
indicated that strains in ECC and BFRP bars 
reached their ultimate values simultaneously. 
Based on a section analysis and an assumption 
of ECC ultimate strain capacity of 0.006, the 
balanced reinforcement ratio (b) of an ECC 
beam with the same details as beam BRE12 is 

calculated to be 0.204%. However, beam 
BRE12 reached a balanced failure at a 
reinforcement ratio of 0.377%, which may be 
due to significant increase of ECC strain 
capacity under well confinement in the 
compression zone. The final crack pattern of 
BRE12 is shown in Fig. 5(a). 

Specimen BRE20 has the same geometric 
dimensions and matrix type as specimen 
BRE12, but higher reinforcement ratio. The 
initial tiny crack occurred at the loading level 
of 39.2 kN in the pure bending region. The 
crack propagation was similar to specimen 
BRE12 before peak load, while the flexural 
stiffness is obviously larger than BRE12 due 
to higher longitudinal reinforcement ratio. The 
failure of the beam was initiated by crushing 
of ECC in the compression zone at a load of 
238.6 kN with the mid-span deflection of 43.9 
mm. Afterwards, the beam maintained 
substantial inelastic deformations without a 
significant loss of load carrying capacity, 
indicating that the specimen showed better 
ductility than BRE12. The maximum crack 
width of the beam was measured to be below 
0.4mm until final failure. Specimen BRE20 
finally failed by crushing of ECC in the 
compression zone with the displacement in the 
middle span of 75 mm and corresponding load 
of 185.1 kN. Compared with specimen BRE12, 
specimen BRE20 had larger compression zone 
due to much higher longitudinal reinforcement 
ratio, resulting in much higher load capacity. 
Furthermore, ECC showed much higher 
deformability under compression, which could 
work as a plastic hinge in the middle span and 
provide definite ductility for the BFRP 
reinforced ECC beam. Final crack pattern for 
beam BRE20 is shown in Fig. 5(b). 

Specimen BRC20 has identical 
reinforcement details with BRE20, while the 
matrix is replaced by concrete. The load-
deflection curves of two beams are coincident 
before initial flexural crack occurs, but the 
flexural stiffness of specimen BRE20 after 
first cracking is nearly 30% larger than that of 
specimen BRC20 due to cracking controlling 
ability of ECC materials. The load-carrying 
capacity and ultimate deflection of BRE20 are 
nearly 20% and 50% higher than those of  
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Fig 4: Load-deflection curves for series I 

BRC20, respectively. For specimen BRC20, 
concrete crushing in the compression zone was 
observed at the load of 178.3 kN. However, 
this phenomenon was not observed for BRE20. 
In the ultimate stage, only about 10 evident 
flexural or shear cracks were observed along 
the beam span for specimen BRC20, while 
hundreds of tiny cracks were observed with a 
crack spacing of about 6-8 mm for specimen 
BRE20. It means that substitution of concrete 
with ECC for the BFRP reinforced beam can 
significantly decrease crack width and 
improve flexural stiffness of the beam, 
resulting in high post-peak strength and energy 
absorption of the beam, as well as high 
durability of the beam. Specimen BRC20 
finally failed by concrete crushing in the 
compression zone with serious surface spalling, 
as shown in Fig. 5(c). 

Specimen BRE20-ns has the same matrix 
type and geometric dimensions as BRE20, but 
without shear reinforcement along the span. 
The initial tiny crack occurred at a load level 
of 38.8 kN in the pure bending region. After 
initial crack occurred, the deformation in the 
middle of the span continued to increase with 
the external loading, accompanied by 
appearing of multiple cracks along the beams. 
With increasing external loading, more and 
more cracks occurred along the shear span 
until a saturated cracking state was reached at 
a load level of 180.5 kN with a corresponding 
deflection of 37.5 mm. With further increase 
of external loading, a random inclined shear 
crack localized, indicating peak strength of  

 
 

 
 

 
 

 
Fig 5 : Failure modes of beam series I 

beam BRE20-ns was reached. With further 
increase of deformation, previous tiny cracks 
continued to propagate and open with sharp 
decrease of external load until final failure. 
The ultimate strength and corresponding 
deflection of BRE20-ns are just 8.9% and 
17.4% lower than those of BRC20 respectively. 
According the test results, the shear capacity 
of the ECC beam is 90.25 kN, which is nearly 
1.73 times that of plain concrete beam (51.9 
kN) with the same axial compressive strength 
of concrete and geometric dimensions. The 
shear capacity of plain concrete beam is 
calculated according to ACI Building code 
318M-05. The final crack pattern of BRE20-ns 
is shown in Fig. 5(d). 

 

Series II 
The load-deflection curves for specimens of 

series II are shown in Fig. 6. Due to the higher 
cost of ECC materials compared with normal 
commercial concrete, application of ECC for a 
whole structure is essentially uneconomic. In 
this experiment, FRP reinforced ECC/concrete 
composite beams were designed in series II.  

(a) BRE12 

(b) BRE20 

(c) BRC20 

(d) BRE20-ns 
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Fig 6 : Load-deflection curves for series II 

For specimen BREC-C, an ECC layer of 90 
mm was cast in the compression zone along 
the span. While for specimen BREC-T, the 
ECC layer with the same thickness was 
designed at the bottom of the tensile side. 

For specimen BREC-C, initial flexural 
cracks occurred at the load level of 43 kN. 
With increasing external loading, more and 
more flexural shear cracks occurred along the 
shear span. When the load reached 217.6 kN, 
the beam failed by occurrence of a major shear 
crack under one of the loading points, 
accompanied by rupture of BFRP 
reinforcement in this cracked section. After 
that, the external load sharply decreased with 
further increase of deflection in the middle 
span until final failure. The ultimate failure 
pattern of beam BREC-C is shown in Fig. 7(a). 
Due to much higher compressive strain 
capacity of ECC compared with concrete, the 
compressive side of beam BREC-C remained 
intact even in the ultimate load stage. The load 
carrying capacity and ultimate deformation 
capacity of BREC-C are 9.2% and 12% larger 
than those of the concrete beam BRC20 
respectively. The specimen BREC-C finally 
failed by BFRP rupture at the major shear 
crack section due to high sensitivity of BFRP 
reinforcement to transverse stress 
concentration, which significantly affected the 
ultimate load capacity and ductility of the 
beam. 

For the ECC/concrete composite beam 
BREC-T, the first crack appeared in the 
middle span at a load level of 39.9 kN. With  

 
 

 
Fig 7 : Failure modes of beam series II 

 

 
Fig 8 : Crack diffusion behavior in beam BREC-T 

 
increasing external loading, many tiny cracks 
developed in ECC layer as well as in concrete 
within the tensile zone. It was interesting to 
find that wide cracks in concrete layer diffused 
into multiple fine cracks in the ECC layer, as 
shown in Fig. 8. Meanwhile, ECC has super 
high deformability and it can deform 
compatibly with FRP reinforcement so that 
bond splitting can be avoid during the loading 
process. The smeared crack distribution of 
BREC-T greatly reduced the tensile or shear 
stress concentration in the reinforcement at the 
cracked sections so that shear rupture of BFRP 
reinforcement can be avoided. No sign of 
delamination between the concrete and ECC 
layer was observed during the loading process, 
which proved that the surface treatment was 
effective for preventing delamination between 
ECC layer and concrete. The beam finally  

(a) BREC-C 

(b) BREC-T 
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(a) Top gauge                               (b) Middle gauge                         (c) Bottom gauge 

Fig 9 : Strains variations in stirrups for specimens BRE20 and BRC20

failed by concrete crushing in the compression 
zone. The final crack pattern of beam BREC-T 
is shown in Fig. 7(b). Compared with the 
concrete beam BRC20, BREC-T shows 16.8% 
and 28.6% higher peak load and corresponding 
deflection respectively, which is attributed to 
the fiber bridging effect of ECC in the tension 
zone. 

3.2 Strain analysis 
To avoid shear failure of a beam, a number 

of steel stirrups are used to increase the shear 
capacity of the beam. Under shear stresses, 
concrete material shows low strength and fails 
in a brittle mode. Although tensile or shear 
strength of ECC material is relative low (4-6 
MPa), it shows superior ductile behavior in 
tension or shear. When ECC is applied for 
flexural members, its ductile behaviors in 
tension or shear can help to restrain opening of 
cracks and increase the load and deformation 
capacity. Fig. 9 shows the comparisons of 
average stirrup strains at different locations for 
BRE20 and BRC20. Since both of the beams 
failed in flexural mode, the strain values for all 
stirrups did not exceed the yielding strain 
before final failure. However, the developing 
process of strain values was distinctly different 
for the two beams. It can be found from Fig. 9 
that the strain values of the concrete beam 
BRC20 fluctuated around 0 before the applied 
load reached around 50 kN (the first crack 
occurred in this section at this loading level). 
While for the ECC beam BRE20, the strain 
values fluctuated around 0 before the applied 
load reached about 100 kN, which indicated 
that substitute concrete with ECC can 

significantly delay cracks in the beam. After 
that, the strain values along the stirrups 
increased quickly with the applied load. It can 
be found that the stirrup strain values of the 
ECC beam were much lower than those of the 
concrete beam for the same load value. For 
instance, the average stirrup strain for BRE20 
is 2.34 times that of BRC20 at a load level of 
180 kN. Once cracks occur in the concrete 
beam, concrete can provide very limited shear 
resistance. However, for the ECC beam, 
multiple tiny cracking of ECC material has 
little effect on its shear strength. Therefore, 
substitution of concrete with ECC material in a 
flexural member can significantly improve its 
shear load capacity and deformation ability. 

3.3 Ductility evaluation 
For concrete structures or members, the 

ductility coefficient  is a very important 
parameter for defining the deformability at the 
ultimate load. For FRP materials, the stress-
strain relationship is essentially linear and they 
rupture without any warning at ultimate loads. 
Hence, FRPs are always defined as high 
performance material with low ductility. 
Normally, the ductility coefficient  is defined 
as the ratio of ultimate displacement to 
displacement at yielding point. Since FRPs 
have no yielding behavior and this definition is 
not suitable for FRP or FRP reinforced 
composites. 

For FRP reinforced concrete member, two 
main approaches have been put forward to 
evaluating the ductility property. The first one 
is a deformation-based method, which was 
firstly proposed by Jaeger et al. to evaluate the 
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Table 3: Summary of ductility index by energy-based method 

Series Specimen 
ID 

Total 
energy,
N·m 

Elastic 
energy, 
N·m 

Inelastic 
energy, 
N·m 

Energy 
dissipation 

ratio, % 
Failure mode 

 

I 

BRE12 6879.4 2008.8 4870.6 70.8 Flexural-tension 
BRE20 14495.2 3141.6 11353.6 78.3 Flexural-compression 
BRC20 7196.2 2877.4 4318.8 60.0 Flexural-compression 

BRE20-ns 4535.6 1240.0 3295.6 72.7 Shear-tension 

II BREC-C 8526.4 2266.4 6260.0 73.4 Shear-tension 
BREC-T 10581.3 2838.2 7743.1 73.2 Flexural-compression 

 
ductility of FRP reinforced concrete members 
[16]. This ductility index takes considerations 
of the effect of strength or moment as well as 
the effect of displacement or curvature. The 
strength and deflection factors are defined as 
the ratio of load or deflection values at the 
ultimate state to the corresponding values at 
concrete compressive strain of 0.001. The 
compressive strain value of concrete (0.001) is 
often regarded as the beginning of inelastic 
energy dissipation. The compressive property 
of ECC is different from that of concrete not 
only in modulus of elasticity but also ultimate 
compressive strain capacity. So this ductility 
index based on deformation may not be 
appropriate for evaluating FRP reinforced 
ECC members. Another method for evaluating 
ductility property is energy-based approach, 
which was proposed by Naaman and Jeong in 
1995 [7]. For this approach, the ductility index 
is expressed as the ratio of inelastic energy to 
the total energy of elastic and inelastic. The 
elastic energy can be calculated according to 
the unloading process of the member, or can 
be obtained from the area of the triangle 
determined by the average slope of the two 
initial stiffness of the load-deflection curve, as 
illustrated in Fig. 10. The failure point herein 
is defined as the point where the applied load 
drops to 80% of its peak load. Hence, in this 
paper, the ductility index based on energy 
dissipation is used for evaluating the ductility 
of the beam specimens. 

Table 3 shows the summary of ductility 
indexes of all specimens. For specimens 
BRE12 and BRE20-ns, the elastic energy is 
estimated by the method illustrated in Fig. 10. 
For the other beams, the elastic energy is 

directly calculated from the load-deflection 
curves. According to Table 3, it can be found 
that the energy dissipation ratios for FRP 
reinforced ECC beams are generally higher 
than that of FRP reinforced concrete beam no 
matter what failure mode happens. For beam 
BRE20, the elastic energy is very close to that 
of beam BRC20, while its total fracture energy 
and energy dissipation ratio are 100% and 
30% larger than those of beam BRC20 
respectively. Substitution of conventional 
concrete with ECC can significantly improve 
the inelastic energy dissipation ability. The 
energy dissipation of FRP reinforced beams is 
relevant to cracking mechanism of the matrix 
and interaction behavior between 
reinforcement and matrix. For FRP reinforced 
concrete beams, a large proportion of external 
work is stored as elastic energy in FRP and 
steel reinforcement and concrete, and the other 
part of external work is consumed to form 
cracks and inelastic deformation in concrete 
along the span. The stored elastic energy will 
recover during unloading process of the beam. 
That is why energy dissipation ratio is relative 
small for the FRP reinforced concrete beam. 
However, for FRP reinforced ECC beams, 
small amount of external work is stored as 
elastic energy in the reinforcement and ECC, 
and most of external work will be consumed to 
form multiple tiny cracks in the ECC material. 
Hence, for ECC beams, the inelastic energy 
takes a large proportion of the total energy. 
That is why the elastic energy of these two 
beams is similar while the inelastic energy 
dissipation is quite different.  

The composite beams BREC-C and BREC-
T show much higher ductility than that of the 
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concrete beam BRC20, which can be 
demonstrated by the total fracture energy and 
the energy dissipation ratio given in Table 3. 
For the ECC/concrete composite beam, the 
ductility is mostly related to the position and 
thickness of ECC layer. Based on current test 
results, the beam with ECC layer of 90 mm in 
the tension zone manifests better energy 
dissipation capacity than that of the beam with 
ECC layer in the compression zone. The total 
energy and inelastic energy dissipation of 
BREC-T are both about 1.24 times those of 
BREC-C. 
 

Lo
ad

Deflection

P1

P2

S1

S2
Failure point

Einel

Eel

S

S=[P1S1+(P2-P1)S2]/P2

 

Fig 10 : The ductility index definition based on energy  

4 CONCLUSION 
In this paper, a number of FRP reinforced 

beams with different reinforcement 
configurations and matrix types have been 
tested under static loading conditions. For a 
FRP reinforced concrete beam, substitution of 
conventional concrete with ECC can 
significantly improve the flexural 
characteristics in terms of flexural strength, 
deformation capacity and energy dissipation 
ability. Based on the test results, the 
deformation capacity of the FRP reinforced 
ECC beam with reduced reinforcement ratio 
can show high deformation capacity due to 
high ultimate compressive strain of ECC 
materials. With the same geometric 
dimensions and FRP reinforcement 
configurations, ECC beam without stirrups 
showed comparable flexural strength and 
deformation performance with concrete beam 
with dense stirrups, indicating that the use of 
ECC can effectively enhance the shear 
capacity. The FRP reinforced ECC/concrete 

beams can exhibit superior flexural 
performance to FRP reinforced concrete beam 
in energy dissipation ability. The composite 
beams with the ECC layer in the tension zone 
can show better deformation capacity than the 
beam with the ECC layer in the compression 
zone. Moreover, the ECC layer in the tension 
zone can avoid rupture failure of the FRP 
reinforcement in the ultimate stage. This may 
be attributed to many factors, such as the 
sensitivity of BFRP reinforcement to 
transverse stress concentration, the fiber 
bridging of ECC in the tension zone of the 
beam, and the compatible deformation 
between FRP reinforcement and ECC. In a 
word, the application of ECC in FRP 
reinforced beam member is quite effective in 
enhancing its flexural strength and 
deformation capacity, shear resistance, 
ductility and damage tolerance, compared with 
the proper designed FRP reinforced concrete 
beam member. 
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Abstract: With the development of the rubber and automobile industries, the growing amount of 
waste rubber, rubber products and angle scrap produced from scrap tires has raised ever-increasing 
environmental concern. The utilization of crumb rubber in concrete has attracted attention in the 
field of building materials in the past decades. Engineered cementitious composite (ECC) is a kind 
of composites reinforced with moderate fiber volume fraction, typically 2% by volume. Of special 
interest is the capability of ECC material to deform to high tensile strains, commonly over 3%, 
while maintaining very tight crack width. In this study the crumb rubber is used in ECC to partially 
replace fine silica sand, thus enhancing the greenness of ECC. Two particle size of crumb rubber 
(40CR and 80CR which means passing sieve is No.40 and No.80, respectively) is used in this 
research. Furthermore, three different dosages (0, 15%, 25% by volume replacing silica sand) for 
each crumb rubber size are mentioned in this study. The influence of crumb rubber on the ECC 
mechanical properties is revealed via compressive strength, flexural deformation and crack width. 
In this paper, it is found that the addition of crumb rubber into ECC decreases its first cracking 
strength with enhanced deformation capacity, meanwhile, the compressive strength decreases. The 
study results prove that it feasible to improve the some certain properties of  ECC by replacing 
silica sand partially with crumb rubber, and also greatly promoting the greenness of ECC. 
 
1 INTRODUCTION 

With the development of the rubber and 
automobile industries, the growing amount of 
waste rubber, rubber products and angle scrap 
produced from scrap tires has raised ever-
increasing environmental concern. The 
stockpiles is not only potential to hazard 
environment, but also these stockpiles are 
dangerous, not only due to potential 
environmental threat, but also presents fire 
hazards and provide breeding grounds for rats, 

mice,  vermin  and  mosquitoes[1,2].  Over  the 
years, the disposal of waste tire has become 
one of urgent problems in environment. In 
several countries, waste tire is burned or used 
as fuel, which cause many environment 
problems. In other way, landfills has been 
unaccepted due to the decreasing available site 
for waste disposal, and some countries such as 
France has issued new law to forbid any new 
landfill. Huge volume of accumulation has 
been the main waste management problem. So 
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the use of waste tires as a concrete additive is a 
possible disposal solution.  

In the past two decades, significant 
research work has been carried out to recycle 
the used tyres by grinding them into small 
particles (crumb rubber) and to mix them into 
cement based materials like concrete[3-8]. 
Results of various research studies indicate 
that mixed rubber into concrete is beneficial to 
the deformability and durability[9]. A recent 
study by Ho et al. (2008) confirmed that 
rubber aggregate incorporation improves the 
strain capacity of concrete before macro-crack 
localization[10].  

Although the utilization of rubber powder 
in concrete has attracted attention in the field 
of building materials in the past decades, the 
research on Engineered cementitious 
composite (ECC) mixed rubber powder is 
limited. ECC is a unique class of the new 
generation high-performance fiber-reinforced 
cementitious composites (HPFRCC) featuring 
high ductility and medium fiber content, which 
designed based on micromechanics theory by 
Victor Li at 1990s. Tensile strain capacity at a 
range of 3 to 5% has been demonstrated in 
ECC materials using polyethylene fibers and 
polyvinyl alcohol (PVA) fibers with fiber 
volume fraction no greater than 2%[11,12]. 
Figure. 1 shows a typical tensile stress–strain 
curve of ECC and its tight crack width[11]. The 
large strain capacity in ECC is contributed by 
sequential development of multiple cracks, 
instead of continuous widening of one 
localized crack in concrete. The associated 
high fracture toughness and controlled crack 
width (typically below 100 μm) make ECCs an 
ideal material to improve serviceability and 
durability of the civil infrastructures.  

ECC is called green material because of 
the constituents includes high volume of fly 
ash which is a by-product of coal burning 
power plants and usually considered a waste 
material. In an effort to develop green ECC 
with local waste materials, Zhou et al have 
developed a number of ECC mixtures with 
blast furnace slag (BFS) and limestone powder 
successfully[13]. In this study, it is attempted to 

use crumb rubber to replace silica sand 
partially. On one hand, it consumes the waste 
rubber reasonably; on the other hand, it 
reduces the consuming of silica sand, which 
would improve the greenness of ECC further. 
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Figure 1: Tensile stress–strain curve and tight 

crack width control of ECC. 

ECC with crumb rubber replacement (three 
replacement ratios are referred for both rubber 
particle size in this study) is proposed. This 
paper focuses on the density and mechanical 
properties of ECC with the addition of crumb 
rubber. In the following sections, the 
experimental program is introduced firstly. 
The experimental program is useful in 
understanding the process of experiment. The 
previous data is then reviewed. Finally, 
Rubber-ECC properties in terms of density, 
four-point bending behavior, cracking 
behavior and compressive strength are 
reported. 

Table 1: Properties of PVA fiber 

Diameter 
(mm) 

Length 
(mm) 

Tensile 
strength 
(MPa) 

Modulus 
(GPa) 

Density 
(g/cm3)  

 

39 8 1600 42 1.3  

 2 EXPERIMENTAL PROGRAMS 

 2.1 EXPERIMENTAL PROGRAMS 
In this paper the ingredients used in the 

production of ECC mixtures include ordinary 
Portland cement, fly ash (FA), silica sand, 
crumb rubber, water, polyvinyl alcohol (PVA) 
fiber and polycarboxylate-based high water 
reducer (HRWR). The mechanical and 
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geometrical properties of PVA fiber is 
described in Table.1. The density of two kinds 
of crumb rubber is 1.19 g/cm3 for 80CR and 
1.27 g/cm3 for 40CR, respectively.  

Table 2: Mixture proportion of ECC mixture (g/L) 

Mix  
No. 

Cement Fly  
ash 

Sand Crumb 
rubber 

Water HRWR PVA 

M1 395 868 459 0 312 6 26 
M2 395 868 390 31 312 6 26 
M3 395 868 344 51 312 6 26 
M4 395 868 390 33 312 6 26 
M5 395 868 344 55 312 6 26 

In order to investigate the influence of 
crumb rubber on the performance of ECC, five 
ECC mixtures with the same water-binder 
ratio of 0.25 and the same FA- Cement ratio of 
2.2 are designed in this study. The mix 
proportion of all mixture is listed in Table.2. 
The 80CR is used in M2 and M3, while 40CR 
is used in M4 and M5. The variable parameter 
in ECC mixture is the crumb rubber 
replacement ratio (15%, 25% by volume of 
silica sand). The standard mixture without 
crumb rubber is also studied as the control 
mixture. 

2.2 MIXTURES 
   Five ECC mixtures are all used for four-
point bending test, compressive strength. All 
ECC mixtures are mixed in the standard 
mixing process. All of the solid ingredients 
including cement, fly ash, silica sand, and 
crumb rubber are mixed dry for 3 minutes 
before adding water. Water and HRWR are 
then added into the dry mixture for another 2 
minutes. Then PVA fiber are slowly added 
into the motar and mixed for 8 minutes until 
fibers disperse well. The fresh ECC was then 
cast into steel formwork and then demolded 
after 1 day curing. All the specimens are then 
cured at the temperature of 20°C and relative 
humidity of 95% for 60 days. 

2.3 SPECIMENS PREPARATION AND 
MEASUREMENT 

For each mixture, three specimens are 
prepared for the bending test and compressive 
test. The demension of bending specimen and 

compressive strength specimen is 400*70*16 
mm and 70.7*70.7*70.7 mm, respectively. 
The compressive strength is obtained by 
averaging the strength of three specimens. 

Four-point bending test is conducted under 
deformation control of 0.75 mm/min. The span 
length is 300 mm. During the test, the loading 
stress and load point displacement are 
recorded on the computerized data recording 
system. The load-displacement behavior, first 
cracking strength, flexural strength and 
toughness index can be obtained from this test. 
The crack width and the crack number are 
measured by optical microscope with 
minimum scale of 10 μm after unloading. The 
image of the microscope is shown in Figure 2. 
For each mixture, the average crack width is 
obtained from the crack number of 30-50 for 
each specimen. In order to delete the reading 
error caused by different people during the 
measuring process, all of the reading work is 
completed by one person. 

 
Figure 2: Image of microscope. 

3 PREVIOUS RESEARCH WORK 
REVIEW 

   In the previous research work, in order to 
improve the deformability and get the better 
replacement ratio using crumb rubber partially 
replace silica sand, authors did some work 
about the rubberized ECC. All of the raw 
material used to produce rubberized ECC was 
the same as that used in this study. There were 
three replacement ratios (0, 10%, 15% by 
volume replacing silica sand) for each crumb 
rubber size. The four-point bending test was 
used to determine the effects of the different 
mixtures. All of the specimens used to do 
bending test were cured at the temperature of 
20°C and relative humidity of 95% for 14 
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days before testing. 

The results of bending test are shown in 
Figure 3[14]. Each curve for the mixtures is 
typical to represent the bending property for 
each mixture. As displayed in Fig.3, compared 
with the control mixture, the mixtures with the 
replacement ratio of 15% both exhibit the 
larger deformability, while there is no 
improvement in the bending property for the 
mixtures with replacement ratio of 10%. So it 
increases the replacement ratio further to 25% 
in this study, and the mixture with replacement 
ratio of 10% is not used.  

 
(a) 

 
(b) 

Figure 3: Flexural stress – load point displacement 
relation from bending test. 

4 RESULTS AND DISCUSSIONS 

4.1 COMPRESSIVE STRENGTH 
The material compressive properties for 

different mixtures can be found in Table 3. As 
listed in Table.3, as expected, compressive 
strength of ECC specimens decreases about 
35% with the addition of crumb rubber 
compared with control mixture. But there is no 
obvious change between the replacement ratio 
of 15% and 25% for each crumb rubber size. 

The loss of compressive strength after adding 
crumb rubber can be attributed to the weak 
bonding between crumb rubber particle and 
matrix. And the crumb rubber can be 
considered the artificial flaw due to the much 
lower elastic modulus than silica sand. 

Table 3: Compressive strength 

Mix 
number 

Mix1 Mix2 Mix3 Mix4 Mix5 

fc' 
(MPa) 

54 38 34 34 33 

4.2 FLEXURAL PROPERTY OF 
RUBBERIZED ECC 

   The flexural stress-load point displacement 
curves for all mixtures are shown in Figure 4(a) 
and (b). The chosen curve obtained by testing 
three specimens in Fig.4 is representative for 
observing effect of crumb rubber on flexural 
behavior. In the flexural stress–deflection 
curves, it defines the point of end of the linear 
stage as the first cracking strength, while the 
maximum flexural stress is defined as the 
flexural strength, and the corresponding 
deflection is defined as the flexural deflection 
capacity.  

   Figure 4(a) shows the curves for A case 
which mixed with smaller rubber particle size 
of 80 CR. It can be seen from A case that the 
first cracking strength gets lower as the ratio of 
replacement of rubber powder increase, 
denoting that it lower the toughness of ECC 
for using rubber powder replace silica sand. It 
can be explained by the mechanism that the 
bonding between the matrix and rubber 
powder is much weaker than silica sand. It is 
observed that the deformability increases as 
the replacement ratio increase. The loading 
point displacements of ECC after adding 
crumb rubber are 1.5-2.9 times that of control 
mixture, which is expected in this study. A 
possible mechanism contributes to the increase 
of deformability in ECC is that the crumb 
rubber particle act as the artificial flaw which 
make the crack opening easier in ECC matrix. 
And that is beneficial to achieve the saturated 
multiple cracking behavior, thus improve the 
deformability of ECC[15]. 
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(a) 

 
(b) 

Figure 4: Flexural stress – load point displacement 
relation from bending test for Mix 1,2,3,4,5. 

Figure 4(b) shows the curves for B case 
which mixed with larger rubber particle size of 
40 CR. Similar to A case, it shows the same 
change trend for B case. The loading point 
displacements of ECC after adding crumb 
rubber are 1.5-2.0 times that of control mixture. 
But the deformability of B case is lower than 
that of A case as the same replacement ratio. 
This can be explained that the size of rubber 
powder of 80 CR is more suitable to act 
artificial flaw than of 40CR. Wang and Li 
reported that controlling the size of the 
artificial flaw is essential to effectiveness of 
improving the ductility of ECC[15]. 

4.3 CRACKING BEHAVIOR 
It is observed that specimens of all mixtures 

exhibit multiple micro-cracking behaviors 
under bending test, as is shown in Figure 5. 
Crack width control many transport properties 
in cracked concrete material and has a direct 
impact on durability[16,17]. So it is necessary to 
investigate the crack width. The crack width in 
this paper is measured by optical microscope. 
The average of crack width for each mixture is 

shown in Table. 4. It is seen obviously that the 
crack width get tighter after adding crumb 
rubber. The explained mechanism is that 
adding crumb rubber reduce the toughness of 
matrix, which make the crack opening easier. 
And that is beneficial to the fiber-bridging 
effect which is responsible for the tight crack 
width. Another alternative mechanism is that 
crumb rubber particles are pulled-out which 
means the rubber particles embeded in the 
matrix stengthen the bridging effect between 
the crack surface[18]. 

Table 4: Average crack width 

Mix 
number 

Mix1 Mix2 Mix3 Mix4 Mix5 

Average 
crack 

width(μm) 

52 31 30 36 37 

 

 
Figure 5: Multiple cracking along the length of the 

specimen. 

5 CONCLUSIONS 
In this paper, it is attempted to develop ECC 

using rubber powder partially replace silica in 
order to improve the greenness of ECC and 
expects to enhance the deformation capacity of 
ECC. The influences of rubber powder on the 
mechanical behavior of ECC are studied. The 
following specific conclusions can be drawn 
from this study: 

1. Compressive strength of ECC specimens 
decreases about 35% after adding crumb 
rubber compared with control mixture. 
But there is no obvious change between 
the replacement ratio of 15% and 25% for 
each crumb rubber size.  

2. The deformation capacity gets improved 
after adding crumb rubber. And the 
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deformability increases as increasing the 
content of crumb rubber. And, the first 
cracking strength decreases as increasing 
the content of crumb rubber, denoting the 
toughness of ECC decreases. To some 
degree, the rubber powder act as the 
artificial flaw making matrix easier to 
crack which is beneficial to achieve the 
saturated cracking behavior, thus increase 
the deformability.  

3. The addition of crumb rubber make crack 
width tighter which is contributed to 
improving the bridging effect between the 
surfaces of crack, consequently, improve 
its durability.  

ACKNOWLEDGEMENTS  
The authors would like to graciously thank 

the Jiangsu Provincial and Chinese National 
Natural Science Foundation projects and Top 
Talents Program in Six Major Disciplines for 
partially funding this research under grant 
Nos.BK2010413, 51008071, 51278097 and 
2011-JZ-011, respectively.  

And the authors also would like to 
graciously thank the Jiangsu provincial 
graduate student scientific research innovation 
plan projects for partially funding this research 
under grant No.CXLX_0136. 

REFERENCES 
[1] Naik, T.R, Singh, S.S., 1991. Utilization of 

discarded tires as construction materials 
for transportation facilities. Report No. 
CBU-1991-02, UWM Center for By-
products Utilization. University of 
Wisconsin-Milwaukee, Milwaukee, 16 pp. 

[2] Singh, S.S., 1993. Innovative applications 
of scrap-tires. Wisconsin Professional 
Engineer, 14–17 

[3] Garrick, G.M., 2005. “Analysis and testing 
of waste tire fiber modified concrete.” 
Thesis (PhD), B.S., Louisiana State 
University 

[4] Hernández-Olivares, F., Barluenga, G., 
Parga-Landa, B., Bollati, M., Witoszek, B, 
2007. “Fatigue behaviour of recycled tyre 

rubber-filled concrete and its implications 
in the design of rigid pavements.” 
Construction and Building Materials, 21: 
1918-1927. 

[5] Khatib, Z.K., Bayomy, F.M., 1999. 
“Rubberized Portland cement concrete.” 
Journal of Materials in Civil Engineering, 
11: 206-213. 

[6] Sukontasukkul, P., Chaikaew, C., 2006. 
“Properties of concrete pedestrian block 
mixed with crumb rubber.” Construction 
and Building Materials, 20: 450-457 

[7] Topcu, I.B., 1995. “The properties of 
rubberized concretes.” Cement and 
Concrete Research, 25: 304-310. 

[8] Donaldson, L., 2010. Research news; 
concrete revolutionises road construction. 
Materials Today 13, 10. 

[9] Turatsinze, A., Bonnet, S., Granju, J.L., 
2005. “Potential of rubber aggregates to 
modify properties of cement based-mortars: 
improvement in cracking shrinkage 
resistance.” Construction and Building 
Materials, 21: 176-181. 

[10] Ho, A.C., Turatsinze, A., Vu, D.C., 2008. 
In: Alexander, M.G., Beushausen, H.D, 
Dehn, F., Moyo, P. (Eds.), “On the 
Potential of Rubber Aggregates obtained 
by Grinding End-of-life Tyres to Improve 
the Strain Capacity of Concrete.” Taylor & 
Francis Group, London, pp. 123-129. 

[11] Li, V. C., 1998. “Engineered 
Cementitious Composites—Tailored 
Composites Through Micromechanical 
Modeling,” Fiber Reinforced Concrete: 
Present and the Future, N. Banthia, A. A. 
Bentur, and A. Mufti, eds., Canadian 
Society for Civil Engineering, Montreal, 
Quebec, Canada, 64-97. 

[12] Li, V. C., Wu, C., Wang, S., Ogawa, A. 
and Saito, T., 2002. “Interface Tailoring 
for Strain-Hardening Polyvinyl Alcohol-
Engineered Cementitious Composite 
(PVA-ECC),” ACI Materials Journal, 
99(5): 463-472. 

1157



Zhigang Zhang, Shunzhi Qian 

 7 

[13] Jian Zhou., Shunzhi Qian., M. Guadalupe 
Sierra Beltran., Guang Ye ., Klaas van 
Breugel., Victor C. Li., 2009. 
“Development of engineered cementitious 
composites with limestone powder and 
blast furnace slag.” Materials and 
Structures, DOI 10.1617/s11527-009-
9549-0. 

[14] Zhigang, Zhang, and Shunzhi Qian., 2012. 
“Influence of Rubber Powder on the 
Mechanical Behavior of Engineered 
Cementitious Composites,”// Proceedings 
of SusCoM2012 Conference, October 18-
22, 2012, Wuhan, China, October. 

[15] Wang, S. and V. C. Li, 2004. "Tailoring 
of Pre-existing Flaws in ECC Matrix for 
Saturated Strain Hardening," Proceedings 
of FRAMCOS-5, Vail, Colorado, U S A, 
April, pp. 1005-1012. 

[16] Lepech, M., and Li, V. C., 2005. “Water 
Permeability of Cracked Cementitious 
Composites,” Proceeding of Eleventh 
International Conference on Fracture, 
Turin, Italy. 

[17] Lepech, M., and Li, V. C., 2005. 
“Durability and Long Term Performance 
of Engineered Cementitious Composites,” 
Proceedings of International RILEM 
Workshop on HPFRCC in Structural 
Applications, Honolulu, HI. 

[18] M. M. Reda Taha, M., A. S. El-Dieb, M. 
A. Abd El-Wahab, and M. E. Abdel-
Hameed., 2008. “Mechanical, Fracture, 
and Microstructural Investigations of 
Rubber Concrete,” Journal of Materials in 
Civil Engineering, 20: 640-649. 

1158



 
VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 

FraMCoS-8 
J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 

 
 

1 

 
ANALYTICAL PREDICTION OF CRACK WIDTH OF FRC/RC BEAMS UNDER 

SHORT AND LONG TERM BENDING CONDITION 

EMILIA VASANELLI
*
, FRANCESCO MICELLI

*
, MARIA A. AIELLO*AND GIOVANNI 

PLIZZARI
†
 

* Dep. of Engineering for Innovation, University of Salento 
via per Monteroni 73100 Lecce (Italy) 

e-mail: emilia.vasanelli@unisalento.it, web page: http://www.dii.unisalento.it 
† Dept. of Civil Engineering, Architecture, Land and Environment, University of Brescia 

Via Branze, 38 - 25123 Brescia (Italy) 
Email: plizzari@ing.unibs.it - Web page: http://www.unibs.it 

Key words: Crack width prediction, Fiber Reinforced Concrete, Durability 

Abstract: It is well known that fibers are effective in modifying the cracking pattern 
development of concrete structural element, causing an higher number of cracks and, consequently, 
lower crack spacing values and narrower crack widths compared to the matrix alone. This effect 
could be exploited to improve durability of Reinforced Concrete (RC) structures, especially of those 
exposed to aggressive environments. 

The analytical prediction of crack width and spacing in Fiber Reinforced Concrete (FRC) 
structural elements in bending is still an open issue. A crack width relationship for RC elements 
with fibers similar to those developed for classical RC structural members would be desirable for 
designers. The recent development of important technical design codes, such as RILEM TC 162 
TDF and the new MC2010, embrace this idea. However further validation of these models by 
experimental results are still needed. On the other hand, the study of the influence of a sustained 
load on crack width in presence of the fiber reinforcement is a topic almost unexplored and 
important at the same time. 

In the present work, the cracking behaviour of full-scale concrete beams reinforced with both 
traditional steel bars and short fibers has been analyzed under short and long term flexural loading. 
A theoretical prediction of crack width and crack spacing was carried out according to different 
international design provisions. The analytical results are discussed and compared in order to 
highlight the differences between the models and to check the reliability of the theoretical 
predictions on the basis of the experimental data. 
 
 

1 INTRODUCTION 
The presence of cracks in concrete may 

significantly influence the aesthetic of the 
structure as well as its durability. In this 
context, the ability of fibers in restraining 
crack width of concrete structural elements can 
be conveniently exploited to improve the 
durability of building and infrastructures and 
therefore the constructions sustainability. 

The effectiveness of the fibers in reducing 

cracking in concrete structural elements 
depends on several factors, such as the type of 
fibers, their geometry, their amount as well as 
on parameters that normally influence the 
cracking phenomena in reinforced concrete 
elements, namely the reinforcement ratio, the 
concrete cover, the presence of stirrups, the 
bars diameter, the bars spacing, etc. The 
analytical prediction of crack width and 
spacing in FRC/RC elements in bending is still 
an open problem. In fact, to date there are not 
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widely accepted relationships able to predict 
crack widths in presence of short fibers; this 
lack is still an obstacle to a widespread 
application of short fiber as crack-controlling 
reinforcement. According to Borosnyói and 
Balázs [1] the cracking process and the 
influence of fibers on the cracking 
development may be analysed at different 
levels of accuracy, related basically to four 
main approaches, namely analytical, semi-
analytical, empirical and numerical. For 
practical uses and design purpose, the second 
or third approach are normally considered; in 
fact available Codes, as the Model Code [2] 
and the Eurocode 2 (EC2) [3], join this kind of 
approaches. As the crack width prediction of 
FRC/RC (Reinforced Concrete) is concerned, 
it would be highly desirable to provide design 
equations formally similar to those used for 
plain concrete, making the design approach 
much easier. The RILEM TC 162 TDF [4] and 
the new MC2010 [5] strongly embrace this 
idea. The RILEM TC 162 TDF provisions are 
based on the European pre-standard ENV 
1992-1-1 [6] while the crack spacing 
expression is modified in order to take into 
account the presence of fibers. 

The aforementioned design models need to 
be further validated by experimental studies. 
In fact, to date, there are few works in the 
literature which quantitatively relate the 
cracking behaviour (crack width and spacing) 
to FRC properties [7, 8 , 9, 10, 11]. Moreover, 
the influence of a sustained load on crack 
width in presence of the fiber reinforcement 
remains a topic almost unexplored in 
literature. 

In the present study, the crack width and 
crack spacing relationships of RILEM TC 162 
TDF and MC2010, together with EC2 [3] 
provisions, have been adopted for RC/FRC 
full scale beams, reinforced with steel or 
polyester fibers. The beams were tested under 
short and long term bending condition and 
their cracking pattern, namely crack width and 
crack spacing, was accurately registered 
during the tests at regular intervals. The 
theoretical predictions of crack width and 
spacing, carried out according to the available 
codes, were compared each other in order to 

evidence the main differences as well as the 
influence of empirical coefficients introduced 
by the different codes. They were also 
compared with experimental results in order to 
validate or propose modification to the 
available formulae. 

2 EXPERIMENTAL PROGRAM 
Two sets of beams, S1 and S2, were 

designed and poured: S1 beams were used for 
long term bending test while S2 beams were 
tested under monotonic load (short term 
bending test). One year after casting, the S1 
beams were positioned under two loading steel 
frames; five beams per frame were piled up 
and loaded by means of a screw jack 
(Figure 1). 

 
Figure 1: S1 beams under sustained loading 

In order to simulate service conditions, a 
sustained load equal to 50 kN, about 50% of 
designed ultimate load, was applied. Two 
loading cells were placed under the screw 
jacks to monitor the applied load periodically. 
The beams of frame 1 were unloaded after 
seventeen months for laboratory testing, while 
the beams of frame 2 are still under load. 
During the seventeen months of loading, 
measurements on the cracking pattern, namely 
crack width, crack length and crack position 
were carried out, periodically. Up to 9 months, 
crack widths were measured by means of an 
optical scale loupe, with a precision of 0.05 
mm. Afterwards an handheld digital 
microscope with 200x magnification was used. 
The crack widths were measured along each 
beams between the loading points, at the 
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bottom of their tension side. 
S2 beams were cast in laboratory and tested 

under a four point bending scheme up to 
failure after about two months from casting. 
The cracking pattern of each beam was 
accurately analyzed at five load steps: Step 1: 
20kN; Step 2: 30kN; Step 3: 50kN; Step 4: 
80kN; Step 5: 100kN. At each load step, the 
number of cracks, the crack widths and the 
crack lengths were registered. As for S1 
beams, the crack widths were measured at the 
bottom of their tension side by means of a 
digital microscope with a magnification of 
200x. 

2.1 Materials 
Three different concrete mixes were 

prepared for the S1 and S2 beams: a control 
mix without fiber reinforcement (TQ), a 
concrete mix embedding steel fibers with a 
0.6% volume dosage (ST) and a concrete mix 
embedding polyester fibers with a 0.9% 
volume dosage (POL). The geometrical and 
mechanical properties of the fibers are 
summarized in Table 1 where L is the length 
of the fibers while D is their diameter. 

Table 1: Geometrical and mechanical characteristics 
of the fibers 

 L L/D Tensile 
Strength 

Elastic 
Modulus 

ST 30 
mm 50 > 1150 

N/mm2 
210 x103 
N/mm2 

POL 30 
mm 66 400-800 

N/mm2 
11.3 x103 

N/mm2 
 
All the mixes had a water/cement ratio 

equal to 0.65, a cement type 32.5R II-A/LL 
and a workability class S5. Four cubes 
(150 mm side) for each mix (TQ, ST and POL) 
were cast for quality control. In Table 2, the 
values of the compressive strength obtained 
after 28 days from casting are reported. 

In Table 3, the mechanical properties of 
longitudinal bars and stirrups employed in the 
beams, determined following UNI EN ISO 
15630-1 [12] are reported. The nomenclature 
of the S1 and S2 beams is given in Table 4. 

Table 2: Cube (150 mm) compressive strength 

 Beam  Cube strength (MPa) COV (%) 

S1 

TQ 25.8 4 

ST 21.4 8 

POL 23.2 8 

S2 

TQ 22.70 6 

ST 19.84 6 

POL 22.65 5 

Table 3: Mechanical properties of steel bars 

 Diam. Yield 
strength 

Ultimate 
strength 

Max 
Elong. 

Longit.bars 14mm 520 
MPa 

614 
MPa 

12.2 
% 

Stirrups 8mm 567 
MPa 

600 
MPa 4.8 % 

Table 4: Specimen labels 
Series Beam typology Beam code 

S1 Exposed beams 
– Frame 1 

TQ1_E, ST1_E, 
ST2_E, POL1_E, 

POL2_E 

S1 Exposed beams 
– Frame 2 

TQ2_E, ST3_E, 
ST4_E, POL3_E, 

POL4_E 

S2 Not exposed 
beams 

TQ1, TQ2, ST1, ST2, 
POL1, POL2 

 

2.2 Beams details 
Rectangular reinforced concrete beams 

were designed according to Italian Code and 
EC2 [3, 13], by adopting the loading scheme 
shown in Figure 2: it is a four point bending 
scheme with a 280 cm span length and a 90 cm 
distance between the two loading points. The 
amount of steel reinforcement was calculated 
in order to have a ductile bending failure of the 
beam, with concrete crushing after steel 
yielding. Vertical stirrups were also provided 
to prevent premature shear failure, in 
accordance with the design code. Figure 2 
shows the geometry of the beams and bars 
details. Three 14 mm diameter bars were 
placed at the tension region and two 14 mm 
diameter bars were placed at the upper 
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compression region of the beam as 
longitudinal reinforcement, while 8 mm 
diameter stirrups were placed at 14 cm over 

the entire length of the beam, except near the 
supports where the spacing was 7 cm. 

 
Figure 2: Loading scheme 

3 EXPERIMENTAL RESUTS  

3.1 Long term bending test 
Position, width and length of the cracks of 

each S1 beam were registered during the 
loading period. The results of the 
measurements are extensively reported and 
commented in [14]. In Figures 3 and 4, the 
average crack width measured between the 
two loading points of each beam under frames 
1 and 2, respectively, are reported versus time. 
The crack width values measured on FRC 
beams were lower than those measured on 
plain concrete beams (TQ). This effect 
increased with the loading time. In fact, the 
crack width in FRC beams (ST and POL) 
seems to be stabilized after ten months of 
exposure, while that in TQ beams continued to 
grow until the last measurement. 

 
Figure 3: Average crack width vs time  

 
Figure 4: Average crack width vs time  

The number of cracks did not change 
during the period in which regular monitoring 
was performed. Figures 5 and 6 show the 
average crack spacing calculated between the 
loading points of each beam of frame 1 and 2, 
respectively. 

 

Figure 5: Average crack width after 17 months of 
loading (S1 beams in frame 1) 
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Figure 6: Average crack width after 17 months of 
loading (S1 beams in frame2) 

From a statistical analysis of variance 
(ANOVA) it results that, at 5% level of 
significance, the presence of the adopted fibers 
did not influence the crack spacing that seems 
mainly depend on the stirrup spacing, equal to 
140 mm. Similar results were found by Tan et 
al. [8]. 

3.1 Short term bending test 
The results of tests carried out on S2 beams 

in bending are extensively described and 
commented in [15]. Crack width 
measurements were made on S2 beams during 
the laboratory tests up to failure. In order to 
compare results of short and long term loading 
conditions, the average crack widths of S2 
beams under the service load (50kN) are 
considered in Figure 7. 

 

Figure 7: Average crack width of S2 beams at 50kN 
Comparing the long and short term crack 

width values, it can be noticed that the mean 
value of crack opening of TQ beams change 
from 0.20 mm in short term loading to 
0.24 mm in long term loading, while the FRC 
crack width change slightly with the loading 

condition. Thus, the presence of fibers seems 
to reduce the crack growth with age respect to 
the behavior observed in plain concrete beams. 

 

Figure 8: Average crack spacing of S2 beams at 50kN 
In Figure 8, the average crack spacing 

calculated between the loading points of each 
S2 beam is reported. As for S1 beams, an high 
scatter of results can be observed: from a 
statistical analysis of variance (ANOVA) it 
results that, at 5% level of significance, the 
presence of fibers did not influence the crack 
spacing values. As in the case of long term 
loading, the crack spacing is mainly affected 
by the presence of stirrups. 

4 ANALYTICAL PREDICTION OF 
CRACK WIDTHS 

An analytical prediction of crack width for 
S1 and S2 beams was performed on the basis 
of the recommendations available in 
Eurocode 2 [3], New MC 2010 [5] and 
RILEM TC 162-TDF [4]. While the 
Eurocode2 provisions refer only to plain 
concrete beams, the MC 2010 and RILEM TC 
162-TDF account for the presence of short 
fibers and consider a specific formulation for 
FRC structural members. Eurocode2 has been 
extended herein to the case of FRC, taking into 
account the contribution of fibers in tension 
when evaluating the stress distribution within 
the cracked cross section. Specifically, a 
constant stress (fFts) distribution over the 
tension part of the cross-section is adopted. 
Following Italian CNR DT-204-2006 
guidelines [16], the value of fFts is given by:  

fFts= 0.45feq1 (1) 
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where feq1 is the post-cracking strength 
obtained by tests performed on notched beams 
in four point bending condition according to 
UNI 11039 [17]. In Table 5, the values of fFts 
calculated from the test results on ST and POL 
small-size notched beams are reported [14]. 

Table 5: Specimen labels 
 ST beams POL beams 

fFts 1.1 MPa 0.54 MPa 
 

4.1 EUROCODE 2 
According to EC2, the maximum crack 

width should be calculated as follows: 

wmax =sr,max (εsm-εcm) (2) 

where sr,max is the maximum crack spacing, 
and εsm and εcm are the average strains of the 
steel bars and the concrete in tension, 
respectively, over the length sr,max. The 
maximum value of crack width is related to the 
average value (wm) by the expression: 

wmax = β wm (3) 

where β is a statistical coefficient equal to 1.7 
[1, 6]. 

The difference between steel and concrete 
strains (εsm-εcm) in Eq.2 is given by: 

εsm-εcm= σs /Es-kt fctm/(Es ρs,eff )(1+ρs,eff αe) (4) 

where αe is the ratio between Es (= steel 
modulus of elasticity) and Ec (= concrete 
modulus of elasticity); ρs,eff is the ratio 
between As, that is the whole area of the 
longitudinal reinforcement, and Ace, that is the 
effective area of the concrete in tension. 

 

Figure 9: Ace for RC beams in bending (EC2) 
The value of Ace is obtained multiplying the 

width of the section (B) for hc,eff, equal to the 

minimum value between 2.5 (h -d ), (h -x )/3 
and h /2 (Figure 9). 

The coefficient kt is set equal to 0.6 for 
short-term loading condition and 0.4 for long 
term or cyclic loading; σs is the stress in the 
tensile reinforcement calculated in a cracked 
section under the applied external load. In this 
work, the value of σs for FRC beams has been 
calculated considering the contribution of the 
short fibers in tension, as mentioned above. 

The crack spacing (sr,max) has the following 
semi-empirical formulation: 

sr,max = k3 c+ k1k2k4ϕs /ρs,eff (5) 

where c is the concrete cover thickness (mm) 
and ϕs is the bar diameter (mm). The EC2 
suggests to set k3 equal to 3.4 and k4 to 0.425; 
k1 is a coefficient which accounts for the bond 
properties of steel bars (= 0.8 for corrugated 
bars and = 1.6 for smooth bars); k2 is a 
coefficient which takes account of the form of 
strain distribution along the cross section 
(= 0.5 for bending and = 1 for pure tension). 

In the case of long term loading, the effect 
of shrinkage (εcs) must be taken into account 
when evaluating the concrete strain (Eq. 2). 

4.2 RILEM TC 162- TDF 
The RILEM TC 162- TDF proposes a crack 

width formulation which takes into account the 
presence of steel fibers. Starting from [6], the 
crack width is calculated according to: 

wk = β sr,m εsm  (6) 

in which β is a coefficient (equal to 1.7 for 
load induced cracking) relating the average 
crack width to the maximum crack width; sr,m 
is the average crack spacing, which has a 
semi-empirical formulation: 

sr,m= (50+0.25 k1 k2 ϕs/ρs,eff ) (kϕ/L) (7) 

and εsm is the average steel strain, which takes 
into account the additional contribute of 
concrete in tension (tension stiffening) and is 
expressed as: 

εsm= σs/Es [1-β1 β2 (σsr/σs )2] (kϕ/L) (8) 

where k is set equal to 50, k1 and k2 have the 
same values already specified in Eq. (4); β1 is 
a coefficient which takes account the bond 
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properties of the bars (1 for ribbed bars and 0.5 
for smooth bars); β2 is a coefficient which 
takes account of the duration of the loading or 
of repeated loading (1 for single short term 
loading, 0.5 for sustained load or for many 
cycles of repeated loading); ϕs is the bar 
diameter (mm); ρs,eff is the ratio between As, 
and Ace. The calculation of Ace is that reported 
in EC2, assuming hc,eff equal to 2.5 (h-d) 
(Figure 9). σs is the stress in the tensile 
reinforcement calculated at the cracked 
section; σsr is the stress in the tensile 
reinforcement calculated at a cracked section 
under loading conditions causing the first 
cracking; L is the length of steel fiber (mm) 
and ϕ is its diameter (mm). For FRC, σs and σsr 
are determined taking into account the post 
cracking tensile strength of fiber reinforced 
concrete in the hypothesis of a constant stress 
(fFts) distribution over the tension part of the 
cross-section (Eq.1). In the case of long term 
loading, the contribute of shrinkage has to be 
taken into account for the evaluation of εsm 
(Equation. 8). 

4.3 MODEL CODE 2010 
The new MC 2010 suggests two distinct 

formulations for plain and fiber reinforced 
concrete structural members. In both cases the 
maximum crack width can be calculated as: 

wk = 2lsmax (εsm- εcm - εcs)(kϕ/L) (9) 

where lsmax is the length (mm) over which slip 
between concrete and steel occurs. εsm and εcm 
are the average strains of steel bars and 
concrete, respectively, over the length lsmax. εcs 
is the strain of the concrete due to free 
shrinkage. The average crack width can be 
calculated by dividing the maximum crack 
width (Eq. 9) for 1.5 [1]. 

lsmax has two different expression for plain 
and fiber reinforced concrete (Eqs. 10 and 11, 
respectively): 

lsmax = k c + fctm ϕs /(4τbm ρs,eff) (10) 

lsmax = k c + (fctm – ftsm) ϕs /(4τbm ρs,eff)  (11) 

where ftsm (eq.1) is the residual tensile strength 
of FRC equal to 0.45 fR1 (similar to fFts of 
CNR DT 204-2006 that is equal to 0.45feq(0-0.6) 

[18]). The relative mean strain in Eq. (9) 
follows from: 

εsm- εcm - εcs = (σs - β σsr)/Es + ηrεsh (12) 

where σs is the stress in the steel rebars at a 
cracked section, in which the effect of fibers 
needs to be taken into account; σsr is the 
maximum steel stress in a cracked section at 
the crack formation stage, which is: 

σsr = fctm (1+ρs,eff αe) / ρs,eff  (13) 

for plain concrete and: 

σsr = (fctm - ftsm) (1+ρs,eff αe) / ρs,eff  (14) 

for FRC. 
The values of τbm is equal to 1.8 fctm for 

stabilized cracking in both short and long term 
loading. β is equal to 0.6 and 0.4, for short and 
long term loading, respectively. ηr is equal to 0 
or 1, for short and long term loading, 
respectively. ρs,eff and αe are those reported in 
EC2 (4.1). When comparing to Model Code 
1990 [2], the following parameter has been 
introduced: 

(h-x)/(d-x) (15) 

That, multiplying the wk value of Eq (9), 
allows to calculate the crack width at the 
bottom of the tension side of the beams. 

5 COMPARISON BETWEEN THE 
ANALYTICAL AND EXPERIMENTAL 
RESULTS 

5.1 CRACK SPACING 
In Figure 10, the values of the average 

crack spacing experimentally obtained and the 
theoretical values calculated according to EC-
2, MC 2010 and RILEM TC 162 design codes 
are reported. From the experiments it was 
observed that the crack spacing did not change 
with time (3.1); thus, the average experimental 
value used in the comparison was calculated as 
the mean value of the average crack spacing of 
S1 and S2 beams. 

The crack spacing prediction obtained by 
RILEM TC 162 and MC 2010 relationships 
was found to be in good accordance with 
experimental results for TQ beams 
(Figure 10a), while the EC2 formulation 
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underestimates (21%) the experimental values. 
The main difference between RILEM TC 162 
and EC2 lies in the hc,eff value that results 
lower in the EC2 (see Sections 4.1 and 4.2).  

 
(a) 

 
(b) 

 
(c) 

 Figure 10: Comparison between experimental and 
theoretical average crack spacing (a: TQ beams; b: ST 

beams; c: POL beams) 
A worse comparison with experimental 

results is given by MC2010 in ST beams. In 
fact, the code provision strongly under-
estimates (48%) the experimental crack 
spacing. MC 2010 differs from the other codes 
as it considers the residual tensile strength of 

FRC (ftsm). This effect causes a lower value of 
the average crack spacing compared to the 
other formulations. According to the Authors’ 
opinion, the poor accordance with the 
experimental results may be related to the 
presence of stirrups, which strongly influence 
the crack spacing of the tested ST beams. For 
this reason, a modification of the crack spacing 
formula is proposed (Equation 16) to take into 
account of the presence of stirrups in the case 
of steel fiber reinforced beams: 

spm = (2lsmax/1.5 + sst)/2 (16) 

where spm is the proposed mean value of crack 
spacing; lsmax refers to Eq. (11), 2 lsmax is the 
maximum crack spacing and 2 lsmax /1.5 is the 
average crack spacing according to MC 2010; 
sst is the spacing between stirrups. By applying 
Eq. 16 to the tested beams, a value of 
101.3 mm is obtained as cracks spacing, that is 
narrower to the experimental results 
(119.3 mm). Equation (16) can be applied also 
to TQ and POL beams, obtaining a crack 
spacing of 137.6 mm and 122.7 mm, 
respectively; both values are found to be in 
accordance with the experimental ones 
(143.6 mm and 133.1 mm for TQ and POL 
beams, respectively). 

Referring to RILEM TC 162 predictions, 
for the analyzed ST beams the product 
between k and ϕ/L in Equation 7 is equal to 1, 
thus there are no differences in the relationship 
of crack spacing between ST and TQ beams; a 
good accordance with experimental results is 
still confirmed. More experimental research 
with other values of the fiber aspect ratio is 
needed to validate the RILEM TC 162 
prediction, as well as the influence of stirrups. 
A different result has been obtained in the case 
of POL beams since the product between k and 
ϕ/L is equal to 0.75. In this case, an 
underestimation (28%) of the crack spacing 
value with respect to the experimental one can 
be observed (Fig. 10c). Probably, with fibers 
different from steel, another value of k (Eq. 7) 
should be considered. Furthermore, more 
research is needed to evaluate the influence of 
the presence of stirrups on crack spacing. 
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5.2 CRACK WIDTH UNDER SHORT 
TERM LOADING 

In Figure 11, the experimental average 
crack width obtained for S2 beams and those 
analytically evaluated by the code’s equations 
are reported. Furthermore, the average crack 
width obtained by applying the MC2010 
formulation with an average crack spacing 
calculated according to Eq. 16 (“proposed 
model” in the graph) is also added. 

 
(a) 

 
(b) 

 
(c) 

Figure 11: Comparison between experimental and 
theoretical average crack width of S2 beams (a: TQ 

beams; b: ST beams; c: POL beams). 

All the reported values refers to the crack 
opening at the bottom of the beams; thus, for 
each code formulation, the crack opening, 
calculated at the steel bar level, has been 
multiplied for the factor of Eq. 15. 

All the Codes investigated (included the 
proposed model) give a good prediction of 
experimental average crack width of TQ 
beams. 

In ST beams, the EC2 prediction multiplied 
by the factor of Eq. 15 provides a value of 
crack width equal to 0.12 mm, that is in good 
agreement with experimental results . RILEM 
TC 162 TDF slightly overestimate the average 
crack width experimentally obtained, 
remaining in any case within the scatter of 
experimental results. 

Model Code 2010 strongly underestimates 
(30%) the experimental crack width. This is 
mainly due to the low value of crack spacing 
obtained from Eq. 13, which does not consider 
the presence of stirrups. By using the crack 
spacing value obtained from the proposed 
relationship (Eq. 16), an average crack width 
of 0.13 mm is obtained, that is closer to the 
experimental results (Fig. 15b). 

Referring to POL beams, the MC 2010, 
EC2 and RILEM TC 162 predictions 
(0.14 mm) are in good accordance with the 
experimental value (0.14 mm), even if the 
average crack spacing value of the RILEM TC 
162 underestimates the experimental values 
(5.1). The average crack width of the proposed 
model slightly overestimates the experimental 
crack width, remaining still in the scatter range 
of results. 

5.3 CRACK WIDTHUNDER LONG 
TERM LOADING 

Figure 12 exhibits the average crack width 
obtained from long term bending test and by 
codes provisions. The graphs also shows the 
crack width determined according to MC2010 
formulation by considering the average crack 
spacing (Eq. 16) as well as the proposed 
model. In the codes, the delayed concrete 
strains due to the effect of time can be 
considered as the sum of two components: a 
stress-dependent strain and a stress-

1167



Emilia Vasanelli, Francesco Micelli, Maria A. Aiello, Giovanni Plizzari 

 10 

independent strain. With temperatures ranging 
between 20°C and 40°C, the stress 
independent component considered by the 
codes corresponds to the free shrinkage of 
concrete. In order to take account the effect of 
loading time, a factor which multiplies 
concrete strain is considered, that is β in 
Eq. 12, β2 in Eq. 8 and kt in Eq. 4. In the 
present study, the concrete strain due to free 
shrinkage has been calculated according to the 
codes, considering a relative humidity equal to 
78% and a period of drying of 868 days. 

 
(a) 

 
(b) 

 
(c) 

Figure 12: Comparison between experimental and 
theoretical average crack width of S1 beams (a: TQ 

beams; b: ST beams; c: POL beams) 

Results from TQ beams showed that all the 
analytical models predict well the value of 
average crack width (also in the case of 
proposed model). In particular, the EC2 
formulation slightly underestimates the 
average crack width obtained from 
experiments, as it was underlined in case of 
short term loading. 

Referring to ST and POL beams, a little 
increment in experimental crack width can be 
observed by comparing long and short term 
results. On the contrary, for TQ beams the 
crack width increased from 0.19 mm of S2 
beams (short term) to 0.25 mm for S1 beams 
(long term). For TQ beams the codes predict 
well this increment in crack width due to the 
effect of time, but applying the same formula 
to ST and POL beams, the effect of shrinkage 
and of loading on concrete strains appears 
overestimated. In Table 6, the value of average 
crack width predicted by the codes for short 
and long term loading are reported; the value 
of Δtime evidences the increment of crack width 
estimated by the codes due to the effect of 
time. 

Table 6: Comparison between crack width with 
short and long term loading. 

 ST BEAMS 

 LONG 
TERM 

SHORT 
TERM Δtime 

EXP 0.14 mm 0.13 mm 8% 
MC 
2010 0.2 mm 0.08 mm 150% 

EC-2 0.17mm 0.12mm 42% 
RILEM 
TC 162 0.21mm 0.16mm 31% 

 POL BEAMS 

 LONG 
TERM 

SHORT 
TERM Δtime 

EXP 0.14 mm 0.14 mm 0% 
MC 
2010 0.2mm 0.14mm 43% 

EC-2 0.19mm 0.14mm 36% 
RILEM 
TC 162 0.18mm 0.14mm 29% 

 
The values of Δtime for all the codes are not 

in accordance with the experiments which 
evidenced a negligible increment in crack 
width due to the effect of time. The 
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experimental results would evidence the 
significant contribution of fibers on long-term 
condition and, therefore, on structural 
durability which is not adequately considered 
by the present codes provisions. On the basis 
of this interesting results, a wider experimental 
research is suggested to correctly quantify the 
effect of fibers on the free shrinkage and long 
term loading in the crack width prediction. 

6 CONCLUSIONS 
An analytical prediction of the crack 

spacing and crack width of FRC/RC beams 
under bending loads has been carried out 
according to different codes, namely EC2, 
MC2010 and RILEM TC 162-TDF. 

From the comparison between the 
theoretical predictions and experiments, it 
results that the average crack spacing given by 
design codes are in good accordance with 
experimental results referred to plain concrete 
beams, especially the MC 2010 provisions. 

In case of FRC beams, the EC2 prediction 
of crack spacing is in good agreement with 
experimental results even if a specific 
formulation for fiber reinforced concrete is not 
considered. On the contrary, the MC 2010 
prediction underestimates the experimental 
results especially for ST beams. It is opinion 
of the Authors that this is due to the presence 
of stirrups which are not considered by the 
code but strongly influences the crack spacing 
in the experiments. A good prediction of crack 
spacing is obtained by a modified relationship, 
proposed by the Authors, which takes into 
account the presence of stirrups. The RILEM 
TC 162 TDF prediction is in good accordance 
with the crack spacing obtained for ST beams 
for the specific analyzed aspect ratio, while it 
underestimates the crack spacing obtained for 
POL beams. 

The results of short term crack width 
prediction of MC 2010 are in good accordance 
with the experiments in the case of TQ and 
POL beams, while for ST beams a good 
prediction of crack width is obtained 
considering the effect of stirrups (proposed 
model) on crack spacing. 

RILEM TC 162 TDF and EC2 results are in 

accordance with the experiments when the 
increase in crack width at the bottom of the 
beam is considered. 

Looking at crack width under long term 
loading, it has been found that all the codes are 
in good accordance with the experiments from 
TQ beams. However, when fibers are present 
(both steel and polyester), all the codes 
estimated an increment in crack width due to 
the effect of time which does not correspond to 
the experimental evidence. 

This underlines the importance of FRC for 
better controlling crack development in RC 
beams, especially for long term loading. A 
smaller crack width also provides a better 
resistance to the penetration of aggressive 
agents into the beam that means an enhanced 
durability. 

A future experimental research in the field 
is strongly recommended because of the little 
results available into the literature; in fact, the 
effects of FRC on the free shrinkage and long 
term loading of RC beams remains an 
important challenge for researchers. 
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Abstract: The use of Steel Fiber Reinforced Concrete (SFRC) in columns was experimentally 
evaluated with the aim of reducing the stirrups spacing without compromising the columns seismic 
behavior in terms of drift capacity and dissipation energy. 

Results from eight RC columns and eight SFRC ones are reported. The columns were reinforced 
with hooked steel fibers with a volume fraction of 1.0%, subjected to earthquake-induced displace-
ment reversals and constant axial loads. The spacing and the diameter of the stirrups were varied in 
order to verify their influence, moreover mono-axial and bi-axial quasi-static tests were performed 
by keeping constant the vertical load. 

The tests results confirmed that SFRC can reliably reduce the damage by preventing the concrete 
cover to spall out at earlier stages and increase the initial stiffness and the energy dissipation of the 
columns, especially for mono-axial loads that resulted a less severe load condition with respect to 
the bi-axial one. Nevertheless, it seems that, despite the fibers addition, the increased spacing re-
duces the columns ductility. 

 

1 INTRODUCTION 
The structures designed for seismic loads rec-
ommended by design codes can survive strong 
ground earthquake motions only if they have 
sufficient ability to dissipate seismic energy. 
This energy dissipation is provided mainly by 
inelastic deformations in critical regions of the 
structural system and requires adequate ductil-
ity of elements and their connections. 

In the last decades, several researches have 
established that steel fibers produce significant 
improvements in engineering properties of 
concrete by providing toughness to the con-
crete matrix [1-3]. Steel Fiber Reinforced 
Concrete (SFRC), in fact, exhibits substan-

tially larger strain capacity as compared with 
traditional concrete, which makes its ideal for 
use in member subjected to large inelastic de-
formation demands such as beams, beam-
column joints and columns-foundation joints. 

Most of the researches was concentrated on 
the static loads and SFRC has been recognised 
a promising material for several structural ap-
plications such as floors, pavements [4] and 
tunnel segments [5]. Concerning the cyclic 
solicitations, SFRC improves the fatigue life 
[6] especially in the low-cycle region [7] and 
seems to be promising for seismic use in shear 
critical elements such as beam to column 
joints [8] or flexural critical element such as 
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columns-foundation joints [9-10]. 
The main objective of this paper is the 

evaluation of the cyclic behavior of SFRC for 
a possible use (in combination with traditional 
reinforcement) in columns of RC frames. In 
particular, it is investigated if fibers may be 
added to transverse reinforcement for increas-
ing structural ductility and for reducing the 
stirrups concentration in joint regions. Special 
attention is devoted to highlight the role of 
steel fibers in changing the dissipated energy, 
the ductility and the damage configuration. 

To this aim, an extensive experimental pro-
gram was conveniently designed and the re-
sults will be presented herein. Experiments 
were performed on RC columns, with and 
without fibers; quasi-static horizontal reversal 
loads were applied by keeping constant the 
vertical load. 

The influence of fiber addition, stirrups 
space and steel properties were investigated. 

Since earthquake-induced lateral loading on 
building will not, in general, act along a prin-
cipal axis of the structure (thus, columns with 
rectangular cross sections in such structures 
will generally be subjected to biaxial bending), 
the research program includes tests with load 
orientated in two different directions with re-
spect to the principal axes of the section of the 
column (0 and 45 degree). 

2 EXPERIMENTAL PROGRAM 
Sixteen columns were tested at the University 
of Brescia for evaluating the contribution pro-
vided by fiber reinforcement under severe 
seismic loading conditions, both in terms of 
structural response (hysteretic behavior, 
strength stiffness and energy dissipation) and 
of damage level. 

The full-scale column specimens, represent-
ing cantilever elements (from the foundation to 
the point of contraflexure), including eight 
SFRC columns and eight RC ones, were sub-
jected to quasi-static reverse cyclic lateral 
loads, using either mono-axial and bi-axial 
horizontal loading (Fig. 1).  

The specimens were designed according to 
the Italian Standards [11] by considering a 
corner column of a three storey seismic resis-

tant frame structure under a ground motion of 
0.25 g. Four main parameters were investi-
gated: dosage of fibers, type of steel and spac-
ing of the transverse reinforcement and load-
ing direction. 

The complete experimental program is 
summarized in Table 1. 

 

W

E

NS

W

NS

Mono-axial load

Load
direction

Load
direction

Bi-axial load

E
45°

 
Figure 1: Mono an bi‐axial horizontal load configura‐

tions. 
Table 1: Experimental program 

Horiz. 
load 

Mate-
rial 

Transverse  
reinforcement Axial Load

Spec
Mono/ 
Biaxial [-] Steel n. 

Spa-
cing 
[mm] 

N 
[kN]

N/ 
fcAg 
[%] 

P01 B 
P02 M B450A 

P03 B 
P04 M B450C 

1+1 
Ø 8 

P05 M 
P06 B B450A 

P07 M 
P08 B 

Plain  
Rck 

45MPa

B450C 

1+1 
Ø 6 

80 

P09 M 
P10 B B450C 80 

P11 M 
P12 B B450C 

1+1 
Ø 8 100 

P13 M 
P14 B B450C 80 

P15 M 
P16 B 

SFRC 
- 1%  
Rck 

45MPa

B450C 

1+1 
Ø 6 100 

190 6.03

2.1 Materials and specimens geometry 
All columns, cast horizontally, have a 
300x300 mm cross section and a height of 
2400 mm. In order to guarantee a rigid joint at 
the foundation, a footstall was properly de-
signed. It consist of a steel footstall buried into 
the concrete; the space between the steel and 
the column was filled by a special concrete 
mixture with a mean compressive strength 
(after three days of curing) of about 50 MPa. 
The columns were inserted in the footstall for 
600 mm; hence, the clear height was 
1800 mm, while the distance between the point 

 2
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load and the foundation was 1565 mm (Fig. 2). 
The base footstall simulates a rigid floor sys-
tem or a rigid foundation while the load point 
application represents the middle of a double-
curvature column; hence, only one half of the 
column was tested as a cantilever column, rep-
resenting a double curvature column of about 
3100 mm. 

8D16 longitudinal rebars (B450C) were 
placed uniformly around the perimeter of the 
cross section, resulting in a longitudinal rein-
forcement ratio of 1.79%, and the nominal 
clear concrete cover was 35 mm. 

Concerning the transverse reinforcement, 
D6 or D8 stirrups were spaced at 80 or 
100 mm in the plastic hinge (Fig. 2); outside 
the critical region, the space was doubled ex-
cept the top of the columns where extra ties 
were placed in order to prevent crushing of 
concrete due to the axial load applied. The 
amount of the transverse reinforcement was 
determined according to Italian Standards re-
quirements for high (D8/80) or low (D6/80) 
ductility levels (“A” and “B” class). Two dif-
ferent types of steel were used (B450A and 
B450C) in order to investigate their influence. 

64
0 1+1  6/(2*VAR) 

or 1+1  8/(2*VAR)
B450C or B450A

1+1  6/VAR or 1+1  8/VAR 
B450C or B450A

1+1  6/VAR or 1+1  8/VAR 
B450C or B450A

316

316

216

 
Figure 2: Geometry and reinforcement of the col‐

umns. 

The designed strength class of concrete was 
C35/45. The aggregate had a maximum size of 
16 mm. Slump class S5 and durability class 
XC3 were assumed. Two concrete batches 
were prepared: one reference batch with plain 
concrete (from P01 to P08), while the others 
had the same matrix with the addition of fibers 
(from P09 to P16). 

Hooked fibers, 35 mm in length and 
0.55 mm in diameter (Tab. 2), were added at 
the concrete plant with a dosage of 1.0% by 
volume (78.5kg/m3). 

The compressive strength (Rcm), the Young 
Modulus (Ecm) and the tensile strength (fctm), 
obtained from the tests are reported in Table 3. 
The plain concrete batch has a strength (Rcm ≈ 
50 MPa) very close to the specific target 
strength, whereas SFRC has a concrete class 
lower than the design value (Rcm ≈ 42 MPa). 
This was probably due to the higher porosity 
of SFRC, as it was confirmed by the lower 
density of SFRC specimens. For the same rea-
sons, fiber addition seems to diminish the elas-
tic modulus; further details are reported else-
where [12]. 

The average values of the mechanical prop-
erties of the rebars adopted are reported in 
Table 4. As one can observe, the steel B450A 
showed the lowest values of Agt which is the 
total deformation at the maximum load or ra-
ther a measure of the material ductility. 

Table 2: Geometrical and mechanical properties 
of the fibers. 

Material Diameter 
df  

Length 
Lf  

Aspect 
ratio 
Lf/df 

Tensile 
strength 

fFt  
 [mm] [mm] [-] [MPa] 

Low carbon 0.55 35 65 1100 

Table 3: Average values for the main mechanical 
properties of the concrete matrix. 

Spec. weight Rcm Ecm fctm Material 
Type [kg/m3] [MPa] [MPa] [MPa]
NSC 2308 50.46 34204 2.83 

NSC-SFR 2279 42.17 33556 2.76 
 
The fracture properties of SFRC were deter-

mined according to the European Standard 
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[13] which requires bending test (3PBT) on 
notched beams (150x150x550mm). The tests 
were carried out with a closed-loop hydraulic 
testing machine by using the Crack Mouth 
Opening Displacement (CMOD) as control 
parameter that was measured by means of a 
clip gauge positioned astride a notch (having a 
depth of 25 mm) at midspan. Linear Variable 
Differential Transformers (LVDTs) were used 
to measure the Crack Tip Opening Displace-
ment (CTOD) as well as the vertical displace-
ment at mid-span under the load point. The 
fracture parameters and the classification ac-
cording to the international requirements [14] 
are reported in Table 5. 

Table 4: Average values for the main mechanical 
properties of the rebars. 

Young 
modulus Yielding Rupture Agt Reinforcement 

[GPa] [MPa] [MPa] [%] 
rebars   Ф16/C 195.0 547.0 651.8 12.5 
stirrups Ф6/C 196.7 530.2 603.4 10.9 
stirrups Ф6/A 215.6 552.2 592.4 4.5 
stirrups Ф8/C 198.6 501.2 635.4 11.9 
stirrups Ф8/A 190.7 542.4 569.8 4.8 

 

Table 5: Fracture properties of SFRC. 
UNI EN 14651 

fL fR1 fR2 fR3 fR4 
3PBTs  
results [MPa] [MPa] [MPa] [MPa] [MPa]

Mean Value 7.03 6.86 6.7 6.07 5.44 
Standard Dev. 1.01 1.01 1.06 0.98 0.92 
Charact. value 5.07 5.03 4.77 4.3 3.77 
MC2010 class 5b 

2.2 Testing procedures 
In order to simulate the loads and keep the 
boundary conditions of the specimens as close 
as possible to the real case, a computer-
controlled testing system with a displacement 
control was used with a steel reacting frame 
(Fig. 3). The latter was fixed to the strong 
floor by using dywidag bars conveniently post-
tensioned in order to prevent the rotation; the 
same was done for the footing pad with four 
dywidag bars. With the aim of avoiding any 
translation of the steel frame and the founda-
tion, a shear reacting frame was designed: a 
girder was connected both to the steel frame 
and to the foundation pad by means of post-

tensioned dywidag bars. 
A mono-axial and a bi-axial lateral load 

configurations (with an angle of 45deg) were 
used (Fig. 1). To apply the lateral load, an 
electromechanical screw jack, with a maxi-
mum thrust capacity of 200 kN and a ball 
screw spindle was used and the steel devices 
employed are represented in Figure 4a,b for 
the mono and bi-axial loading respectively. 
The vertical load was applied by post-
tensioning an internal unbonded strand with a 
hydraulic jack. 

 
Figure 3: Steel reacting frame and test set‐up. 

 (a) 

 (b) 
Figure 4: Steel device for the screw jack‐column 
connection for mono (a) and bi‐axial (b) load con‐

figurations. 

The loading conditions (lateral displace-
ment and axial load histories) were chosen 
equal for all the columns. The axial compres-
sive load was equal to 0.06 f’

cAg and it was 
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kept constant during the test. The lateral load 
was applied through a quasi-static protocol; 
the tests were performed under displacement 
control and the rate of lateral loading varied 
between 0.4 mm/min for the low displacement 
cycles to 9 mm/min for the large ones. 

The sequence of reversing lateral load 
(Fig. 5) was developed according to the ACI 
T1.1-01 requirements [15]. The displacement 
history during the test was characterized by: 

- initial drift ratios within the essentially 
linear elastic response range for the column; 

- displacements applied by gradually in-
creasing drift ratio until 6.5%; 

- three fully reversed cycles applied at each 
drift ratio. 

- monotonic displacement increase beyond 
the 6.5% drift ratio or up to the failure of one 
of the longitudinal bars. 

Horizontal Load History
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-5

-2.5
0

2.5
5

7.5

D
ri

ft
 r

at
io

 [%
]

LOAD HISTORY 

displacement
drift 
ratio 

mm % 
0.75 0.05 
1.5 0.10 
2.5 0.16 
4 0.25 
6 0.38 
8 0.51 
14 0.89 
18 1.15 
30 1.91 
40 2.55 
60 3.82 
80 5.10 

102 6.50  
Figure 5: Horizontal load history. 

The horizontal and the lateral loads were 
monitored by means of two load cells; the hor-
izontal displacement was recorded by using 
linear displacement potentiometers settled ac-
cording the scheme reported in Fig. 6a. As 
shown in Figure 6b, linear displacement poten-
tiometers (with metal rod-end bearings at both 
ends of the sensor) were installed on the col-
umn to measure the vertical displacements at 
various levels over the height of the column, in 
order to find the column curvature. Finally, 
two LVDTs were settled in order to monitor 
the steel frame and foundation displacements, 
together with three other LVDTs used to 
measure the rotation and the displacement of 
the filling mortar. 

Moreover, the rebars and the stirrups in the 
plastic hinge region were also equipped with a 
series of strain gauges (Fig. 7) in order to bet-
ter understand the real behavior of the steel 
reinforcement. Further details about set-up 

layout and instrumentation of the specimens 
are presented elsewhere [12]. 

45°

Load
direction

Top 
displacement

Load
direction

Mono-axial load

Bi-axial load
Top displ. Y

Top displ. X

Displacement measurement

Top 
displacement

?
Top displ. X

Top displ. 

Top displ. Y 

Top displ. 

(a) 

Curvature measurementMono-axial load

Bi-axial load

East Side

1 2

East Side

1 2

West Side

Slip Level 1st Level

2nd Level 3rd Level

Slip Level 1st Level

2nd Level

1st Level

2nd Level

Slip Level

3rd Level

West East

1st Level

2nd Level

Slip Level

3rd Level

West East

1st Level

2nd Level

Slip Level

West East

1 2

(b) 
Figure 6: Linear potentiometers arrangement for 
displacement (a) and curvature (b) measuring in 
both the horizontal load configurations employed. 

   (a)                                 (b) 
Figure 7: Strain gauges wiring (a) and coating (b). 

3 RESULTS DISCUSSION 
This section provides a summary of the test 
results by including damage observations and 
presenting the engineering quantities such as 
load, moment, average curvature, ductility and 
energy dissipation. Further details of each is-
sue are reported elsewhere [16]. 
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3.1 Damage distribution and crack pattern 
A qualitative description of damage progres-
sion and the corresponding damage states at 
different drift ratio can be drawn with the help 
of important damage parameters that can be 
recognized as location, width, and orientation 
of the cracks, yielding of longitudinal reinforc-
ing bars, spalling of concrete cover, buckling 
of longitudinal bars together with opening of 
tie hooks, and crushing of concrete core. Most 
of the just abovementioned aspects are related 
to different damage states that in the literature 
are classified in several ways according to the 
available standards [11 and 17]. 

By way of example, the comparison be-
tween two mono-axial specimens (RC and 
SFRC) and two bi-axial ones is reported in 
Figure 8 and Figure 9 respectively, whereas 
the numerical values for maximum crack 
width, crack spacing and crushing region for 
all the specimens are compared from Figure 10 
to Figure 12. 

For all the specimens, the major damage 
was observed just above the footing and the 
collapse took place, when a longitudinal bar 
broke after the development of a severe buck-
ling. The SFRC specimens tend to localize the 
damage at the base foundation more than the 
RC ones (Fig. 8d and Fig. 9d). 

It was observed that the first crack appears 
at 0.25% of drift ratio for the mono-axial spec-
imens and one drift level before for the bi-
axial ones. For both the horizontal load direc-
tion applied and the RC and SFRC specimens, 
the cracked region continuously increased up 
to a drift level of 1.91%, stabilizing around 
1100 mm, whereas the crack spacing de-
creased reaching a value which is generally 
lower with fibers for both the mono and bi-
axial tests (Fig. 10). Moreover, the SFRC col-
umns showed lower crack width with respect 
to the plain concrete ones, although this ten-
dency seems more remarkable after the 1.15% 
of drift ratio (Fig. 11). As far as the crushing is 
concerned, it can be definitely stated that fi-
bers limited the spalling off of the concrete 
cover. 

 (a) 

 (b) 

 (c) 

 (d) 
Figure 8: Damage distribution along the column at 
different drift levels for two specimens (with and 

without fibers) mono‐axially tested: (a) first cracking 
stage); (b) 0.51% (damage state); 1.15% (yielding 

limit); (d) 6.5% or more (end of the tests). 
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 (d) 
Figure 9: Damage distribution along the column 

height at different drift levels for two specimens (with 
and without steel fibers) bi‐axially tested: (a) first 
cracking stage); (b) 0.51% (damage state); 1.15% 
(yielding limit); (d) 6.5% or more (end of the tests). 
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Figure 10: Crack spacing for the mono‐axial speci‐
mens (a) and the bi‐axial ones (b). 
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Figure 11: Maximum crack width for the mono‐axial 

specimens (a) and the bi‐axial ones (b). 
Generally, the crushing of the SFRC col-
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umns started one or two drift after with respect 
to the RC ones; the crushed zone remained 
always lower in the SFRC columns and the 
trend was more pronounced when a bi-axial 
load was applied (Fig. 12). While the plain 
concrete specimens exhibited a severe con-
crete spalling off and buckling of the longitu-
dinal rebars, the SFRC concrete cover was 
cracked and damaged but did not spalled out 
completely, due to the fiber action. No signs of 
noticeable buckling were noticed for the longi-
tudinal bars of the SFRC specimens which 
were not completely exposed even at the end 
of the tests. 
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Figure 12: Crushing for the mono‐axial specimens 

(a) and the bi‐axial ones (b). 

3.2 Horizontal load vs. displacement 

In Figure 13, the comparison between load vs. 
top displacement curves for two specimens, 
that differ only for the addition of fibers, is 
depicted. The displacement plotted comes 
from the linear displacement potentiometer, 
since the steel reacting frame, the foundation 
pad and the cementitious filling displacements 
were negligible. For both the specimens, a 

typical flexural behavior appears, with no 
pinching effect. 

The addition of fibers seems to moderately 
increase the initial stiffness of the columns and 
in case of bi-axial loading also the strength, 
although a clear tendency can not be observed. 
The ultimate displacement of the RC columns 
generally is higher than that of the SFRC ones 
(Fig. 14). However, due to the increased stiff-
ness, the global ductility of the SFRC columns 
(especially for those tested under mono-axial 
load) increased. Anyway, when an higher stir-
rups spacing is employed the ductility de-
creased seriously (P09 vs. P11 and P13 vs.P15 
in Fig. 15). 
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Figure 13: Typical load vs. top displacement curves: 

P07 and P13 comparison. 
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Figure 15: Global ductility for all specimens tested. 
 

By applying a bi-axial load, the ultimate 
displacement generally decreased (Fig. 14a,b); 
thus the global ductility decreased and the ten-
dency is more remarkable for the SFRC col-
umns (Fig. 15). 

The diameter of the transverse reinforce-
ment, as well as the type of steel (B450A), 
does not seem to have had remarkable effects 
with reference to the global behavior of the 
columns. 

3.3 Moment vs. curvature 
By plotting the moment vs. curvature curves, 
the local behavior is investigated and the same 
tendencies observed in term of global behavior 
(load vs. displacement curve) seem to turn out. 
In this case the envelope curves for the RC 
specimens and the SFRC ones are depicted in 
Figure 16a,b respectively. 

When a bi-axial load is applied, the ultimate 
curvature diminishes (with or without the fi-
bers addition), whereas the initial stiffness of 
the RC columns seems to increase. 

By applying a mono-axial load, the local 
ductility of the SFRC specimens is generally 
higher than that of the RC ones (also when a 
larger stirrup spacing is employed), while the 
opposite tendency is noticed for the bi-axial 
load condition (Fig. 17). 
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Figure 16: Envelope curves of all the RC columns (a) 

and the SFRC ones (b). 
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Figure 17: Local ductility.   

3.4 Energy dissipation 
With the aim of quantifying the columns re-
sponse, it is desirable to define efficiency in-
dexes that quantitatively describe the columns 
behavior. In seismic design, the inelastic de-
formation is generally quantified by ductility 
parameters, presented in the previous para-
graph and by energy dissipation capacity, 
which is of paramount importance for the 
evaluation of the seismic performance of a 
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structural member. In fact, when earthquakes 
occur, energy is injected into the structure and 
has to be dissipated by the structure itself; 
when the structure is no longer able to dissi-
pate energy, the collapse occurs. The meas-
urement of the dissipated energy could thus 
become a good efficiency index. 
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Figure 18: Cumulated energy.   
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Figure 19: Cumulated energy at the end of tests.   

For a fixed value of 3.83% drift ratio, when 
a mono-axial load is applied, it can be ob-
served that the SFRC columns dissipate more 
energy than that of the RC ones; this tendency 
is less pronounced in case of the bi-axial load 
condition. Moreover, in RC specimens, it has 
been generally observed that the cumulated 
energy of the columns bi-axially loaded is 
generally higher than that of those mono-
axially loaded.  

When considering the end of the tests, it 
can be observed that the dissipated energy 
drastically diminishes when a bi-axial load is 
applied due to the lower number of cycles at 

failure of the specimens. In case of mono-axial 
load, the SFRC specimens guarantee an energy 
dissipation a little bit higher than that of the 
RC ones (except for the specimen with a stir-
rup spacing of 100 mm and diameter of 
6 mm); when the biaxial load condition is con-
sidered, the addition of fibers seems to be less 
effective and the RC columns dissipate more 
energy than that of SFRC ones. 

4 CONCLUSIONS 
The flexural behavior of reinforced concrete 
columns, with and without the steel fibers ad-
dition, subjected to bending tests about a sec-
tion diagonal and about a principal axis, was 
investigated through an extensive experimental 
campaign. The influence of different types of 
stirrups steel and of the amount of transverse 
reinforcement was studied. 

The comparison of the test results high-
lighted that there was little difference between 
the flexural strength for bending about a sec-
tion diagonal (bi-axial load) and for a bending 
about a principal axis (mono-axial load). 
However, the bi-axial load turned out as a 
more severe load condition, reducing both the 
available ductility and the energy dissipation. 

The influence of the fiber addition seemed 
to be more pronounced in the mono-axial con-
dition by increasing the dissipation energy and 
the ductility; nevertheless, when an higher 
stirrups spacing was employed, the ductility 
decreased seriously. 

The addition of fibers enabled to reduce the 
damage by preventing the concrete cover to 
spall out at earlier stages and by reducing the 
buckling of the longitudinal bars which were 
not completely exposed even at the end of the 
tests. 
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Abstract: Creep of Steel Fiber Reinforced Concrete (SFRC) under flexural loads in the cracked 
state and to what extent different factors determine creep behaviour are quite understudied topics 
within the general field of SFRC mechanical properties. A series of prismatic specimens have been 
produced and subjected to sustained flexural loads. The effect of a number of variables (fiber length 
and slenderness, fiber content, and concrete compressive strength) has been studied in a 
comprehensive fashion. Twelve response variables (creep parameters measured at different times) 
have been retained as descriptive of flexural creep behaviour. Multivariate techniques have been 
used: the experimental results have been projected to their latent structure by means of Principal 
Components Analysis (PCA), so that all the information has been reduced to a set of three latent 
variables. They have been related to the variables considered and statistical significance of their 
effects on creep behaviour has been assessed. The result is a unified view on the effects of the 
different variables considered upon creep behaviour: fiber content and fiber slenderness have been 
detected to clearly modify the effect that load ratio has on flexural creep behaviour. 
 
 

1 INTRODUCTION 
The major feature of steel fiber reinforced 

concrete (SFRC hereafter) in bending is 
residual strength, or toughness [1,2]: while 
conventional unreinforced concrete fails when 
the first (and only) crack appears, SFRC does 
not and has a considerable bearing capacity 
even in its cracked state.  

Creep of SFRC under flexural loads in its 
cracked state, and to what extent different 
factors determine creep behavior are quite 
understudied topics within the general field of 
SFRC mechanical properties. When some of 
the most relevant research papers and reports 
[3,4,5,6,7] are brought together, several 
general aspects arise. There is a great variety 
of test setups, ratios, parameters, and 
methodologies. This, added to the fact that 

SFRCs usually show considerable scatter in 
their flexural response [8], contributes to the 
uncertainty about how to characterize their 
response under sustained flexural loads.  

In relation to this, the authors have 
developed a methodology which has been 
extensively described elsewhere [9] to make it 
possible to study flexural creep of concrete in 
standard-like conditions.  

2 SCOPE AND OBJECTIVES 
The aim of this research is to study how 

SFRC flexural creep is affected by a set of 
variables (geometry of fibers, fiber contents, 
concrete compressive strength, flexural load). 

However, creep behaviour can be looked at 
through a variety of different measurements 
and ratios (creep parameters hereafter) which 
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differ in their definition as well as the time 
spans they cover [10]. 

This paper reports a profound analysis of 
SFRC flexural creep response encompassing 
all creep parameters by means of multivariate 
techniques.  

3 EXPERIMENTAL INVESTIGATION 

3.1 The creep test 

This research comprised a series of creep 
tests carried out on pre-cracked prismatic 
150x150x600 mm SFRC specimens.  

In addition, all batches of concrete were 
characterized by assessing their compressive 
strength and flexural behavior [11,12]. 

A more detailed description of the creep 
test setup and methodology followed has been 
already published [9]. First, the specimen is 
pre-cracked: it is notched and loaded 
according to the four-point scheme of the 
standard bending test [11] until the CMOD 
reaches 0.50 mm. The load corresponding to 
that crack width, Fw, is retained.  

After that, the pre-cracked specimen is 
subjected to the creep test: the load is kept at a 
fixed value (this achieved by means of a 
counterweight) for a certain lapse of time. 
Specimens have been tested in columns of 
three according to the setup shown in Figure 1. 

3.2 Creep parameters 
For each one of the specimens tested,  these 

parameters are defined from the load-CMOD 
curve obtained (Figure 2 shows an idealized 
curve for illustration purposes).  

They are the following (for further 
reference, see [3] and [9]): 
¥ COR(i-14), crack opening rate between 

the initial time and the 14th day. 
¥ COR(14-30), crack opening rate between 

the 14th and the 30th day. 
¥ COR (30-90), crack opening rate between 

the 30th and the 90th day. 
¥ spCOR(i-14), specific crack opening rate 

between the initial time and the 14th day. 
¥ spCOR(14-30), specific crack opening 

rate between the 14th and the 30th day. 
¥ spCOR(30-90), specific crack opening 

rate between the 30th and the 90th day. 
¥ φ(14), φ(30), φ(90), creep coefficients at 

14, 30, and 90 days, respectively. 
¥ φ0(14), φ0(30), φ0(90), creep coefficients 

referred to the initial time at 14, 30, and 
90 days, respectively. 

 

 
Figure 1: Creep test setup. 

 
Figure 2: Idealized load-CMOD curve from creep test. 

3.3 Variables considered 
The variables considered, as well as their 

different levels, are summarized in Table 1. 
Table 1: Variables and levels considered. 

Variables Levels 

Base mix design A (fc = 40 MPa) 
B (fc = 25 MPa) 

Fiber slenderness 
and length, λf / Lf 

80/35 
80/50 
65/40 
45/50 
50/30 

Fiber content, Cf 
40 kg/m3 
70 kg/m3 

Applied load 
Ratio, IFa 

not fixed (IFn=60%) 
not fixed (IFn=80%) 
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Two different base mix designs have been 
considered: one whose specified compressive 
strength was 40 MPa (A), the other one being 
25 MPa (B), hence covering the range of low 
and normal strength concretes.  

Five different steel fibers have been 
considered, this resulting in having both fiber 
slenderness (λf) and fiber length (Lf) 
considered as variables. 

Table 2: Combinations tested. 

Id. 
fc 

MPa 
Cf 

kg/m3 λf 
Lf 

mm 
IFa 
(%) Pos. 

1 40 40 80 35 60.9 1 
2 40 40 80 35 54.9 2 
3 40 40 80 35 54.2 3 
4 40 40 80 35 97.0 1 
5 40 40 80 35 81.9 2 
6 40 40 80 35 70.5 3 
7 40 70 80 35 61.9 1 
8 40 70 80 35 59.2 2 
9 40 70 80 35 59.2 3 

10 40 70 80 35 81.0 1 
11 40 70 80 35 82.2 2 
12 40 70 80 35 81.3 3 
13 40 40 80 50 79.6 2 
14 40 40 80 50 78.8 3 
15 25 40 80 50 88.1 1 
16 25 40 80 50 82.5 2 
17 25 40 80 50 82.2 3 
18 25 40 65 40 56.2 1 
19 25 40 65 40 60.4 2 
20 25 40 65 40 70.8 3 
21 25 40 45 50 97.2 1 
22 25 40 45 50 80.2 2 
23 25 40 45 50 78.3 3 
24 25 40 45 50 90.9 1 
25 25 40 45 50 84.4 2 
26 25 40 45 50 75.1 3 
27 25 40 50 30 76.3 1 
28 25 40 50 30 57.7 2 
29 25 40 50 30 54.4 3 
30 25 40 50 30 72.9 2 
31 25 40 50 30 72.4 3 

 
Fiber contents (Cf) used are 40 kg/m3, and 

70 kg/m3, both below the 1% in volume 
fraction, as it is the case in most of 
applications using SFRC. 

The load ratio determines to what extent the 
material is loaded in relation to its bearing 

capacity. The case of load ratio as applied to 
the specimens (IFa) is different from the 
aforementioned variables because it could not 
be pre-fixed, since nominal (IFn) and applied 
(IFa) load ratio values differ in each case. The 
nominal load ratio (IFn), this could be pre-
fixed: it is the ratio between the load applied to 
the specimen at the top of the specimens 
column (see Figure 1) and Fw, retained from 
the pre-cracking stage, in percentage. Two 
different nominal load ratios have been 
considered: 60%, and 80%.  

Taking all that into consideration, the 
relative position of each specimen in each 
group of three might somehow affect the 
results. This has been taken into account when 
analyzing the creep parameters so that the 
effect of the position (Pos. in Table 2) upon 
them, whenever present, could be substracted 
in order not to obfuscate the effects of the 
other variables [10]. 

4 DETECTION OF OUTLIERS 
Outliers have been identified and removed 

from the dataset before any other analysis is 
carried out [13]. 

 

 
Figure 3: The k-means algorithm exemplified for k=3. 

In terms of only one variable, outliers 
would be unusually high or low values. But in 
a multivariate context like this, a clustering 
method must be used instead, namely the k-
means algorithm [14], which is a highly visual 
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tool to detect outliers. As illustrated in Figure 
3, it partitions the observations into a number 
of clusters or groups. This way, if a certain 
observation ends up isolated, forming a group 
of its own within the 12-dimension set of creep 
test results, therefore it is clearly an outlier, 
since it has no similarity whatsoever with 
other observations. 

Only one outlier has been detected and 
removed (observation no. 30 in Table 3). 

5 SEARCH FOR THE LATENT 
VARIABLES STRUCTURE 

5.1 Principal Components Analysis 
The search for a latent structure, that is a 

reduced set of latent variables, or factors, from 
the set formed by the 12 creep parameters 
provides: 1) an insight into the relationships 
among variables, and 2) a simplified, global 
version of the original information [14]. 

Principal Components Analysis (PCA) is 
the method chosen in this case, namely the 
matrix decomposition procedure known as the 
Singular Value Decomposition (SVD), 
because it is the most common procedure for 
practical purposes [15]. The basis of this 
method is given by the following equation: 

X = U  D  V! + E (1) 

 

Table 3: Complete results from the creep tests carried out. 

 COR (E-03) spCOR (E-03) 
ϕ(14) ϕ(30) ϕ(90) ϕ0(14) ϕ0(30) ϕ0(90) Id. i-14 14-30 30-90 i-14 14-30 30-90 

1 11.2 1.42 0.82 3.44 0.44 0.25 0.598 0.684 0.870 0.297 0.340 0.432 
2 10.9 1.22 0.60 3.23 0.36 0.18 0.662 0.746 0.902 0.288 0.325 0.393 
3 6.5 0.78 0.34 1.85 0.22 0.10 0.616 0.702 0.839 0.197 0.224 0.268 
4 32.8 13.80 1.96 5.58 2.35 0.33 0.601 0.889 1.043 0.443 0.657 0.771 
5 26.0 2.67 1.50 4.34 0.45 0.25 0.668 0.746 0.911 0.435 0.486 0.593 
6 6.8 1.01 0.58 1.11 0.17 0.10 0.459 0.536 0.706 0.193 0.225 0.297 
7 13.3 1.96 0.70 1.96 0.29 0.10 0.668 0.781 0.932 0.362 0.424 0.506 
8 17.7 1.63 1.23 2.57 0.24 0.18 0.844 0.932 1.183 0.455 0.502 0.638 
9 6.3 0.90 0.46 0.91 0.13 0.07 0.582 0.676 0.856 0.208 0.241 0.306 

10 25.8 1.97 1.29 3.35 0.26 0.17 0.585 0.636 0.761 0.415 0.451 0.540 
11 28.4 2.08 0.81 3.63 0.27 0.10 0.612 0.663 0.738 0.440 0.477 0.531 
12 15.8 1.38 0.58 2.00 0.17 0.07 0.754 0.829 0.947 0.410 0.451 0.515 
13 15.6 2.26 1.32 2.85 0.41 0.24 0.478 0.557 0.730 0.309 0.360 0.472 
14 15.3 1.56 1.55 2.73 0.28 0.28 0.699 0.780 1.084 0.366 0.408 0.568 
15 26.3 4.40 2.45 6.67 1.12 0.62 0.727 0.866 1.156 0.484 0.576 0.770 
16 24.0 3.54 1.75 5.91 0.87 0.43 0.837 0.977 1.239 0.479 0.560 0.711 
17 19.0 3.01 1.53 4.56 0.72 0.37 1.208 1.427 1.846 0.520 0.615 0.795 
18 6.5 1.05 0.75 3.77 0.61 0.44 0.291 0.344 0.489 0.081 0.096 0.137 
19 5.4 1.06 0.60 2.97 0.58 0.33 0.345 0.421 0.585 0.117 0.143 0.198 
20 7.5 1.49 0.51 3.87 0.77 0.26 0.551 0.675 0.835 0.202 0.247 0.306 
21 27.9 1.44 2.34 8.79 0.45 0.74 0.965 1.021 1.368 0.513 0.543 0.727 
22 30.2 2.83 3.07 9.19 0.86 0.94 1.182 1.309 1.824 0.592 0.655 0.913 
23 14.8 1.82 1.40 4.36 0.54 0.41 1.062 1.211 1.642 0.392 0.448 0.607 
24 34.7 5.72 3.21 9.69 1.60 0.90 0.791 0.940 1.253 0.500 0.594 0.792 
25 23.7 19.48 3.12 6.41 5.27 0.84 0.940 1.824 2.354 0.464 0.901 1.163 
26 19.2 8.82 2.32 5.05 2.32 0.61 1.003 1.529 2.047 0.441 0.672 0.900 
27 24.3 3.03 1.84 12.9 1.60 0.97 1.611 1.839 2.360 0.555 0.634 0.814 
28 6.7 1.16 0.82 3.36 0.58 0.41 0.742 0.888 1.277 0.184 0.221 0.317 
29 5.4 1.28 0.78 2.55 0.61 0.37 0.739 0.940 1.401 0.168 0.214 0.318 
30 14.1 46.26 6.43 4.92 16.15 2.24 0.599 2.849 4.022 0.276 1.311 1.850 
31 12.3 7.09 4.13 4.16 2.40 1.40 1.070 1.774 3.314 0.328 0.544 1.016 
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where: X is the original creep test results 

matrix, D is a diagonal matrix, U and V are 
orthogonal, rotation matrices, and E is an error 
matrix. Equation (1) can be understood in the 
following terms. Test results are data in a 12-
dimension space originally expressed in a set 
of coordinates which is not orthogonal, since 
the 12 creep parameters are highly correlated. 
But if such matrix is decomposed according to 
equation (1), all these data are rewritten in 
terms of a set of orthogonal, uncorrelated 
coordinates, each one of them corresponding 
to a singular value of the matrix XTX.  

If all singular values were extracted, then E 
would be a null matrix. But, since the 
objective is to simplify the information, only 
the highest singular values are retained, and 
then the error matrix E contains the remaining 
part of the original information.  

Prior to the application of PCA to the 
original dataset of creep test results, all 
variables have been centered and scaled to unit 
variance, since they were not homogeneous in 
their units of measure [14]. 

The principal components (namely PC1, 
PC2,..., PC12) obtained are shown in Table 4 
together with the corresponding eigenvalues 
and the percentages of explained variance per 
component.  
Table 4: Eigenvalues, percentage of variance explained 

by each component and cumulative variance. 

 Eigenvalue 
or variance 

Percentage 
of variance 

Cumulative 
percentage 

PC1 8.0969 67.47 67.47 
PC2 1.5171 12.64 80.11 
PC3 1.2679 10.56 90.67 
PC4 0.6959 5.80 96.47 
PC5 0.3550 2.96 99.43 
PC6 0.0419 0.35 99.78 
PC7 0.0150 0.125 99.90 
PC8 0.0064 0.053 99.95 
PC9 0.0029 0.024 99.98 

PC10 0.0009 0.007 99.99 
PC11 0.0001 0.001 99.99 
PC12 0.0000 0.000 100.00 
 
It can be seen that more than 90% of 

variance in the original creep parameters is 

explained with only the three first principal 
components, which are therefore the only ones 
retained in this analysis. 

Each one of the selected principal 
components is a linear combination of the 12 
original creep parameters. The coefficients of 
such linear combinations, namely loadings, are 
given in Table 5. 

Table 5: Loadings of initial creep parameters on the 
selected principal components. 

 PC1 PC2 PC3 
COR(i-14) 0.2431 0.5224 -0.2357 

COR(14-30) 0.2446 -0.2447 -0.5604 
COR(30-90) 0.3146 -0.0609 -0.0426 
spCOR(i-14) 0.2677 0.2334 0.1833 

spCOR(14-30) 0.2639 -0.3709 -0.3835 
spCOR(30-90) 0.2859 -0.2240 0.2173 

ϕ(14) 0.2773 0.0444 0.4771 
ϕ(30) 0.3129 -0.2226 0.2252 
ϕ(90) 0.2937 -0.3335 0.2791 
ϕ0(14) 0.2765 0.4719 0.0176 
ϕ0(30) 0.3244 0.1824 -0.1912 
ϕ0(90) 0.3410 0.0501 -0.0874 

5.2 Linear projection: obtaining the latent 
variables 

Once the three most relevant principal 
components have been selected, all original 
data are rewritten in terms of the new, rotated 
variables, which are the latent variables LV1, 
LV2, and LV3. The transformed creep test 
results are given in Table 6. 

6 EFFECT OF FIBERS ON CREEP: 
REGRESSION MODELS 

6.1 Overview of the methodology 
The effect that the variables considered in 

this research (see Table 1) have on LV1, LV2, 
and LV3 has been assessed by means of 
multiple linear regression (MLR hereafter) 
[13,14,16]. 

 The core of this methodology is building 
up linear models to relate each latent variable, 
representing creep strains, to the experimental 
variables considered. On the basis of such 
models it is possible to assess which variables 
have a statistically significant effect on creep 

1187



Emili	  García-‐Taengua,	  Samuel	  Arango,	  José	  R.	  Martí-‐Vargas	  and	  Pedro	  Serna-‐Ros	  

 6 

response and which ones have not.  
Table 6: Creep test results re-expressed in terms of the 

latent variables chosen. 

Id. LV1 LV2 LV3 
1 0.979973 -0.186019 0.5815321 
2 1.006095 -0.216228 0.6413448 
3 0.858456 -0.257995 0.6221568 
4 1.364372 -0.137322 0.5774575 
5 1.175825 -0.102928 0.5968666 
6 0.733103 -0.184002 0.4692089 
7 1.118979 -0.174773 0.6323593 
8 1.385543 -0.216913 0.7939476 
9 0.867425 -0.249347 0.5980063 

10 1.038662 -0.050800 0.5022924 
11 1.060729 -0.030094 0.5103900 
12 1.187711 -0.156880 0.6826434 
13 0.890493 -0.103353 0.4481104 
14 1.189751 -0.220800 0.6865328 
15 1.406234 -0.160673 0.6878599 
16 1.468393 -0.217145 0.7975783 
17 1.946081 -0.472166 1.2296110 
18 0.436088 -0.160487 0.3221735 
19 0.548703 -0.179478 0.3784768 
20 0.854250 -0.244747 0.5756109 
21 1.566152 -0.247627 0.9081438 
22 1.973338 -0.386263 1.1661390 
23 1.622947 -0.464754 1.1020160 
24 1.497468 -0.189830 0.7546525 
25 2.355494 -0.700690 1.2333550 
26 2.015099 -0.594860 1.1858320 
27 2.364034 -0.692617 1.6535490 
28 1.093346 -0.443783 0.8421709 
29 1.138060 -0.506564 0.8877888 
31 2.447482 -1.143967 1.6413880 

 

6.2 Conceptual basis of the models 
Considering that constitutive equations 

relate applied loads to the response of the 
material, the linear model for any latent 
variable (which sums up information regarding 
strains) has to relate to the load ratio, IFa, 
whose effect can be affected by the other 
variables considered. As a consequence, the 
models on which statistical inference is based 
will follow this general expression: 

LV! = m! + (n! + ∇!,!C! + p!f!) · IFa (2) 

where: LVi is one of the latent variables 
(i=1,2,3); mi, ni, and pi are constants to be 

fitted in each case; the term that multiplies IFa 
is affected by compressive strength of 
concrete, fc, and fibers, where the fiber content 
Cf depends on fiber geometry according to the 
following expression: 

∇!,!= ∇!,! + ∇!,!λ! + ∇!,!L! (3) 

where 𝛻𝛻!,!, 𝛻𝛻!,!, and 𝛻𝛻!,! are constants to be 
fitted in each case; 𝜆𝜆! is fiber slenderness; and 
𝐿𝐿! is fiber length. 

6.2 Final models obtained and their 
interpretation 

Once all constants have been fitted, those 
variables which have not a statistically 
significant effect are detected and removed. 
Then, the initial model is iteratively simplified 
and constants are re-estimated to achieve the 
final models for LV1, LV2, and LV3, i.e. the 
models that best fit the data and consider only 
statistically significant variables. The 
threshold considered for p-values identifying 
significant effects is 0.05 in all cases [14,16]. 

Table 7 summarizes these final models. It is 
very important to notice that, in all cases, only 
fiber slenderness and fiber content 
significantly modify the effect that load ratio, 
IFa, has on creep behavior. Furthermore, the 
fact that all three models obtained follow the 
same structure reinforces the idea that there 
was a coherent latent structure within the 
dataset of creep test results as evaluated by the 
creep parameters chosen: there exists such a 
global vision of the phenomenon under study. 

Table 7: Fitted coefficients in final models. 

 LV1 LV2 LV3 
Fitted coefficients for the models 
mi,    intercept 1.19·10-1 -3.85·10-1 6.21·10-1 
ni,    IFa 1.32·10-2 -- -- 
∇!,!, IFa·Cf 4.45·10-4 -1.57·10-4 3.47·10-4 
∇!,!, IFa·λfCf -5.48·10-6 2.64·10-6 -4.32·10-6 
Overall indicators of the models fitness 
Model 
significance 

0.0011 0.0010 0.0012 

R-squared 0.45 0.42 0.39 
 
Figure 4 shows the first latent variable, 

LV1, vs the applied load ratio, IFa. It is clear 
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that LV1 increases when the load ratio is 
increased.  

 

 
Figure 4: Effect of IFa on LV1. 

In relation to fiber content and fiber 
geometry, similar reasonings can be made for 
either LV1, LV2, or LV3. Figure 5 shows LV1 
vs the interaction of load ratio with fiber 
content and slenderness. Considering that LV1 
is the latent variable that explains most of the 
overall variance in the results (see 5.1 and 
Tables 4 and 5), it is therefore clear that fibers 
have a significant effect on the creep 
performance of the material. Increasing the 
fiber contents improves the material 
performance and therefore reduces flexural 
creep strains for a certain load. And the higher 
slenderness, the better such improvement is 
achieved. 

 

 
Figure 5: Effect of slenderness on LV1. 

7 CONCLUSIONS 

More than thirty prismatic specimens of 
SFRC have been produced, pre-cracked, and 

tested under sustained bending loads for 90 
days. 

12 creep parameters that characterize 
flexural creep behaviour of pre-cracked SFRC 
have been reduced to a set of only 3 variables 
which constitute a latent structure explaining 
flexural creep behaviour in a unified, global 
way. 

The effect of fiber content, fiber geometry, 
and loading on flexural creep strains has been 
studied through the 3 latent variables obtained. 

Load ratio is the capital factor determining 
flexural creep strains. 

Fiber length has been found to be 
unsignificant in terms of its effect on flexural 
creep strains when compared to fiber 
slenderness. 

Fiber slenderness and fiber content 
significantly modify the effect of the applied 
load ratio on flexural creep strains.  

Higher fiber contents improve the material 
performance and therefore reduce flexural 
creep strains for a given load.  

Given a load ratio and fiber content, the 
higher the fiber slenderness the smaller 
flexural creep strains will be: very slender 
fibers tend to counteract the tendency of creep 
strains to increase with load ratio. 
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Abstract: An experimental investigation on the performance of reinforced concrete 
beam-column joints is reported. The performance of beam-column joints, in terms of load 
vs. deflection, load vs. slip, moment vs. rotation, moment vs. strain and moment vs. drift 
ratio, has been studied. The elongation and slip of tensile reinforcement at beam-column 
interface result in significant fixed end rotations. It has been observed that there is a 
significant influence of anchorage length on the performance of exterior beam-column 
joints. The increase in the strength of the joint was negligible, while its ductility has been 
increased significantly with the anchorage length increased from Ld to (Ld + 10d). The 
drift ration at the peak load has been observed to be around 2.0%, which was increased to 
4.5 or 6.0 at the failure of joint. The reinforcement in the beam-column joint region needs 
special detailing requirements to withstand the ductility demand under seismic loading. 
The detailing of anchorage reinforcement in the beams has a significant influence on the 
ductility of joints. When the beam-column joints are detailed properly, the joint strength 
has not improved much but the ductility has been improved significantly. 

1. INTRODUCTION  
     Anchorage bond plays very crucial in 
reinforced concrete (RC) members at the 
ends of reinforcing bars. Anchorage 
bond is highly complex in beam-column 
joints, which is influenced by several 
parameters. Various codes provide set of 
rules that govern the design of reinforced 
concrete structural elements, which 
require hand calculations for anchorages, 
and define required anchorage lengths 
for development of the ultimate bar 
force. The anchorage bond is to ensure 
detailing and specific geometry, 
engagement of bar deformations in 
concrete, which is sufficient to anchor 
the bar when develops its full bond 
capacity. This research is mainly to study 
the performance of beam-column joints 
with anchorage length. 
     The main objective of the current 
research is to understand the bond stress-
slip response in the bend regions and 
pullout strength of the beam bars in the 

joint regions with more emphasis on full 
scale exterior beam-column joints by 
varying the anchorage lengths. The 
scope is to understand the bond stress in 
beam bars in beam-column joints, to 
clarify the straight lead anchorage 
length. And to check the other strength 
parameters of the joint which are 
responsible for the large deformations 
due to bond between bar reinforcement 
and the surrounding concrete. 

2. REVIEW OF LITERATURE 
     Though it is difficult to estimate the 
bond parameters of the straight lead 
embedment length, it is required to 
evaluate experimentally and numerically 
to evaluate the straight lead embedment 
length, pullout strength and other bond 
parameters. To ensure the integrity of 
various components or to ensure 
composite action, adequate bond should 
be developed by the surrounding 
concrete with reinforcement. 
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     Marques and Jirsa [1] reported that to 
allow the higher stresses at the beam-
column interface, minimum straight 
embedment before the hook are required 
especially for larger bar diameters. No 
distinction has been made between 90˚ 
and 180˚ standard hooks. 
Minor and Jirsa [2] concluded that for 
equal bond length-to-bar diameter ratios, 
larger the angle of bend the greater the 
slip is at the given bar stress; and smaller 
the ratio of radius of bend to bar 
diameter, the greater the slip at the given 
bar stress. 
 Pinc et al. [3] confirmed that in an 
anchorage consisting of both bend and 
straight bars, most of the slip is 
developed in the curved zone. There is a 
little difference in the strength between 
the straight and bent bar anchorages. The 
hooks of 90˚ bents are preferred instead 
of 180 degree and also the radius of bend 
should be as large as possible. 
Zhu and Jirsa [4] reported that the failure 
of the hooked bar is governed primarily 
by loss of cover rather than by pull out of 
bar. The failure of concrete is very little, 
if any stress transferred to the concrete 
along the straight lead embedment for 
small ratios of lead embedment-to-bar 
diameter. To prevent the damage of 
column bar, the sum of flexural capacity 
of column should not be less than 1.4 
times sum of the beam flexural capacity 
including the participation of slab and 
beam. The ratio of beam width-to-
column bar diameter should not be less 
than 22.  
Kaku and Asakusa [5] reported that the 
bond deterioration in the joint changes 
the shear transfer mechanism from the 
truss action to the diagonal concrete 
compressive strut action.  
Park and Pauley [6] stated that here 
appears a need to study the bond 
performance of bars affected by the state 
of surrounding concrete in the joint 
region.  
Lan and Shah [7] reported that the fast 
rate showed fewer cracks concentrated 
near the column face, where as more 

widely distributed cracks observed in the 
beam parts of the beam-column. And the 
stirrup spacing is also an influencing 
parameter.  
Eligehausen et al. [8] confirmed that the 
bond in reinforced concrete (RC) may be 
developed through (i) chemical adhesion 
(ii) friction between reinforcement and 
the surrounding concrete, and (iii) 
mechanical interaction of ribs.    
Soroushian et al. [9] reported an 
integrated experimental–analytical study 
on pullout behavior of hooked bars in 
exterior reinforced concrete joints. The 
hook pullout resistance increases with 
increase in bar diameter, but this increase 
is lower than the corresponding rise in 
bar yield force. The confinement of 
concrete surrounding the hook is an 
important factor influencing the hook 
performance. They also concluded that 
the reduction in the clear spacing 
between the bars might adversely 
influence the pullout resistance of the 
hooked bars. 
Ueda et al. [10] confirmed that bond slip 
for bars anchored within a connection 
strongly influences the stiffness, 
ductility, and energy dissipation 
characteristics of reinforced concrete 
structures. Thus accurate knowledge of 
the load-slip characteristics and 
anchorage length requirements for the 
beam bars is essential for the realistic 
seismic design of concrete structures.  
Experiments simulating the beam 
specimen to calculate the pull out 
strength of the joint have been reported 
[11]. The joint specimen strength of the 
specimen is very low. 
Vollum [12] concluded that joint stirrups 
are potentially effective in increasing the 
joint shear strength if placed within the 
top two thirds of the beam depth below 
the underside of the beam tension 
reinforcement. The increase in the joint 
shear strength due to stirrups may be less 
than the yield potential of the stirrups.  
Murthy at el. [13] studied the 
effectiveness of reinforcement detailing 
in exterior RC beam-column joints. It is 
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necessary to limit the horizontal joint 
shear stress to protect the joint against 
the diagonal crushing. Further the 
diagonal crushing reduces the 
compressive strength of core concrete. 
The physical size and volume of the joint 
becomes the most important factor since 
it not only directly controls the level of 
stress in compressed concrete but also 
dictates how much transverse steel in 
each direction can be provided. 
Sezen and Jack [14] reported that the 
elongation and slip of the tensile 
reinforcement at beam-column interface 
could result in significant fixed end 
rotations that are not included in the 
flexural analysis. These additional 
rotations at beam-column fixed ends can 
increase the total member axial 
displacement significantly.  

3. RESEARCH SIGNIFICANCE 
In exterior beam-column joints the 

expression specified in the codes of 
practice is not adequate enough to 
provide the required anchorage length. 
IS 13920:1993 [15] specifies the 
anchorage length equal to development 
length plus ten times diameter of 
reinforcing bar minus allowance for 90˚ 
bent. But this is too conservative 
compared to ACI 318:2008 [16] 
provisions, according to which the size 
of column is governed by the straight 
lead embedment length apart from the 
other design strength parameters. It 
clearly defines the length of straight lead 
embedment length and hook length. This 
issue needs to be addressed in the 
interest of the safety of the structures. To 
avoid such failures, higher anchorage 
lengths are adopted similar to beam-
column joints. In the present study, bond 
parameters such as confinement, 
distribution of bond stress along the 
hooked straight lead length, bond stress-
slip response, and other strength 
parameters in the straight lead 
embedment length and pullout strength 
of beam bars in beam-column joints have 
been investigated. 

4. PULLOUT TYPE SPECIMEN 

4.1.Axial load 
The axial load is applied on top of the 

column through a 750 kN hydraulic jack. 
This load was recorded through a 1000 
kN load cell connected to a data logger 
attached with a system. The axial load 
applied on the column, Pcol was 260 kN, 
which corresponds to an average axial 
stress 












ckg

col

fA
P of 0.10. Here Ag = gross 

cross-sectional area of the column; fck = 
characteristic compressive strength of 
concrete. This axial load was applied 
gradually at an increment of 0.25 kN up 
to 260 kN and then maintained constant 
throughout the testing. 

4.2. Loading in Anchorage Bars 
The beam anchorage bars extended by 

1.3m beyond the face of the column to 
facilitate the tensile loading to be applied 
through actuators aligned horizontally. 
The extended beam bars were connected 
to a 500 kN capacity actuator, as shown 
in Figure 1, which applied monotonic 
tensile loading in the bars.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 1: Experimental set up for Pullout type 
Specimen. 

The pull on beam bars was controlled 
by load controlling up 25% of the 
expected ultimate load, and 
subsequently, displacement control was 
adopted. The displacement increment 

 

Test Specimen 

Hydraulic 
Jack Actuator 
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was 0.5 mm up to the ultimate load 
reached and then the displacement 
increment was 1.0 mm to generate the 
post-peak response. The experimental 
data from LVDT’s, strain gauges and 
load cell and from the actuator has been 
saved automatically in the system. After 
completing testing, the tested specimens 
were removed without any damage to 
test set-up and attached equipment. 

5. BEAM-COLUMN JOINTS 

5.1.Axial load on column 
The axial load on column is applied at 

the bottom and controlled by two 
hydraulic jacks of capacity 250 kN each, 
which is shown in Figure 2. This load 
was measured by a 1000 kN load cell 
through data logger connected to a 
system. The magnitude of the applied 
axial load on the column during the 
testing, P col was 260 kN, which 
corresponds to the mean axial stress  












ckg

col

fA
P of 0.1 in the column. Here Ag is 

gross cross-sectional area of the column; 
fck is the compressive strength of 
concrete. This axial load was applied 
gradually at an increment of 0.25 kN up 
to 260 kN and then maintained constant 
throughout the testing. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 2: Experimental setup for beam-column 
joints. 

5.2. Load at Beam End 
The schematic view of the test set-up 

and load at the beam end is shown in 
Figure 2. The monotonic load on beam 
was applied through a 350kN capacity 
actuator, which was monitored by using 
a 1000kN load cell, which was 
connected to a data logger through a 
system. Initially, the load at the beam 
end was applied through load control 
system up to 25% of the ultimate load, 
and subsequently, adopted with 
displacement control system with 0.5 
mm increments up to the ultimate load 
was reached. The increment of the 
displacement was 1.0 mm to obtain the 
post-peak response. 

5.3.Testing Procedure 
Before initiating the test, the axial 

load on the column was gradually 
applied and balanced in steps until the 
appropriate level was reached. An axial 
compressive load equal to 0.15Pu was 
applied during each test by manually 
adjusting the small hydraulic cylinder 
after each load step. The lateral load was 
applied through the actuator, indicating a 
quasi-static loading, at the end of the 
beam, as shown in Figure 2.  

6. RESULTS OF PULLOUT TESTS 
6.1. Specimen S2 (Ld) 

6.1.1. Crack Pattern 
The crack was formed along the 

length of the bar approximately at a 
distance equal to half of the hook length. 
There was no crack formation along the 
horizontal length of the reinforcing bar 
beyond the bent portion. There were few 
compression cracks formed near the bent 
region of the rebar. These cracks were 
due to crushing of the concrete. The 
change in deformation in the 
compression diagonal was measured 
with LVDT arranged. The crack pattern 
observed in the joint region is shown in 
Figure 3. Since the load was applied up 
to the ultimate capacity of the rebar, 

 

Specimen 

Load Cell 

Hinge 

Load Cell 

Actuator 

Hydraulic Jacks 

Hinge 
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there was spalling of concrete in 
protruding face of the bar. And slight 
cracking was observed along the rebar 
from the protruding face of the rebar. 
The same behavior was observed on the 
other face of the joint also. The first 
crack near the bent portion, initiated at 
load of 260 kN and at a displacement of 
16mm.  

 

Figure 3: Crack pattern in specimen S2. 

     Figure 4 shows “Total Force vs. Slip” 
of the three bars. The pullout force in the 
beam bars varies linearly with slip up to 
a load of 260kN. The corresponding 
displacement of the beam bar is 15 mm. 
The load was further increased until 
attaining the ultimate load of 350kN. The 
slip of the bar at the ultimate load in the 
bar was 68mm. The maximum 
displacement at the failure of rebar was 
72 mm.  
 

 
 

Figure 4: Total Pull-out Force vs. Slip of three 
beam bars in specimen S2. 

Figures 5 and 6 show the variation of 
Force vs. Slip of the middle bar and the 
end bars respectively in pullout type of 
specimen. The slip at the failure was 
observed to be slightly more in the end 
bars of the beam compared to the beam 
middle bar. The variation is linear 
initially, which becomes nonlinear after 
the peak load. In Figures 7 the variation 
of Force vs. Strain in the middle bars are 
shown. The Load vs. Strain response in 
the middle bars of the beam has been 
reflected the Stress vs. Strain response in 
the beam tensile reinforcement bars. 

 
Figure 5: Force vs. Slip in middle bar at face of 

column. 
 

 
Figure 6: Force vs. Slip in end bars at face of 

column. 

6.1.2. Failure Mode 
     The total ultimate pullout force in the 
three bars is 350kN with a maximum 
displacement of 70 mm. The shape of the 
Pull-out force vs. Slip is similar to the 
Stress vs. Strain response in the beam 
reinforcing bar. The failure of test 
specimen was mainly due to significant 
yielding of reinforcing bars. Though 
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significant slip of the beam bars 
occurred, the failure was due to fracture 
of beam bars. Up to about a load of 
270kN the deformation in the 
compression diagonal was negligible. 
Beyond this load, there was an increase 
in the deformation of the compression 
diagonal with a maximum diagonal 
deformation of 0.6 mm at ultimate load. 

 

Figure 7: Force at face of column vs. Strain at 
end of bent portion in the middle bar. 

6.2. Specimen S3 (Ld + 10d) 

6.2.1. Crack Pattern 
The crack was initiated similar to that 

of the specimen S2 along the length of 
the bar approximately at a distance equal 
to half of the hook length. There was no 
crack formed along the horizontal length 
of the reinforcing bar after the bent 
portion of the bar. There were few 
compression cracks formed near the bent 
portion of the rebar. These cracks were 
caused due to crushing of the concrete. 
The deformation in the compression 
diagonal was measured with LVDT. 
Figure 8 shows the crack pattern 
observed in specimen, S3. 

The first crack near the bent, initiated 
at a load of 270kN and at a displacement 
of 18.88mm. The pullout force in the 
beam bars has been observed to be 
varying linearly up to a load of 250kN at 
a slip of 16 mm. The load was increased 
further up to an ultimate load of 348kN 
with the corresponding displacement of 
58mm. Figure 9 shows the variation of 
total force in three bars with movement 

of the actuator in specimen, S3. Further 
increasing in the load has resulted in 
cracking of concrete and the load vs. 
displacement response was tended to 
become nonlinear. 

Figures 10 show the variation of bar 
force vs. Slip in the end bars of the 
beam. Slightly more slip has been 
observed in the end bars due to less 
restraint from the edge portion of the 
beam. In the middle bars, there has been 
a very good confinement as well as the 
effect of adjoining beam end bars on the 
pull-out response of the middle bars. 

  The ultimate pullout for the three 
bars was 350kN with a maximum 
displacement of 70mm. The pull-out 
force vs. pull out displacement curve is 
similar to the stress-strain response.  The 
failure of test specimen occurred due 
yielding of reinforcing bars and not due 
to the bond. 

 

 
Figure 8: Crack Pattern in specimen S3. 

 
Figure 9: Pull-out force vs. Movement of 

actuator head specimen S3. 
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Figure 10: Force vs. Slip in end bar at face of 

column. 

6.3. Specimen S4 (Ld+10d) 
6.3.1. Crack Pattern 

The behaviour of specimen S4 is 
similar to that of the specimens S2 and 
S3. The cracking pattern in specimen S4 
is shown in Figure 11. The first crack 
near the end of the curved portion of the 
bend, started at load of 265kN at a 
displacement of 18.3mm.  

The total pullout force in the three 
beam bars is linear up to 245kN with a 
corresponding displacement of 
15.88mm. The load was increased 
monotonically up to a maximum value of 
351kN and the corresponding 
displacement of 47.8 mm. The maximum 
displacement was observed to be 48.8 
mm. The variation of total pull-out force 
vs. Actuator movement is shown in 
Figure 12. 

 
Figure11: Crack pattern in specimen S4. 

 
Figure 12:  Pull-out Force vs. Movement of 

actuator in specimen S4. 

The ultimate pullout force for the 
three bars has been observed to be 
351kN with the maximum displacement 
of 47.8 mm. The failure of test specimen 
occurred due to yielding of reinforcing 
bars and not due to the bond. The 
response is very similar to the tensile 
stress vs. strain response of the high 
yield strength deformed bars.  

6.4. Inference from Pullout tests 
From the studies, it has been observed 

that the joints with anchorage length 
equal to the development length only 
could produce similar behaviour of joints 
with anchorage length equal to 
(development length plus ten times the 
diameter of the beam bar. The joints with 
Ld or (Ld + 10d) exhibited the same 
strength. However, the joints with (Ld + 
10d) has been observed to exhibit 
significant deformation before failure. 
Therefore, it is proved that the load vs. 
slip response and the ductility of the joint 
portion have been improved with the 
detailing of the beam bars with 
anchorage length equal to (Ld + 10d). 
The prolonged strain in the steel 
reinforcement bar at the end of the bent 
region shows that the beam bars with (Ld 
+ 10d) provide sufficient anchorage 
length to develop the full tensile strength 
of the bars. The bond slip response has 
been observed to be improved. 
Therefore, in order to achieve the 
seismic ductility of the beam bars in the 
joints, the anchorage length should be 
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provided at least equal to (Ld + 10d). 
This detailing does not increase the 
strength of the joint, but its ductility has 
been observed to improved significantly.  

The experimental observations on the 
pullout strength of various specimens are 
shown in Table 1. 

Table1: Pullout strength of the anchored bars 

S. No Length hook 
Dia. of  

Beam bar, 
mm 

Pullout 
Strength of 

hook 

1 ld 16 - 
2 ld 16 350 
3 Ld+10d 16 348 
4 Ld+10d 16 351 
 

7. RESULTS ON BEAM-COLUMN 
JOINTS 

The behaviour as a function of 
anchorage length has been studied on RC 
beam-column joints by varying the 
anchorage length of beam bars. In all the 
beam-column joints, their performance 
was studied by conducting tests using 
displacement control at the ends of the 
beam, up to the ultimate load and beyond 
to study the post-peak response. The test 
set-up of the beam column joints is 
shown in Figure 2. 
7.1.  Beam-Column Joint, J5 (with 

beam bar anchorage length = Ld) 
The joint was provided with beam bar 

anchorage length of Ld. The beam 
displacement at the end was 58 mm at 
the time of failure. The maximum load 
applied at the end of the beam was 72 kN 
and the corresponding bending moment 
at the face of the column with the beam 
was 92 kN-m. Up to the load on the 
beam equal to 70 kN, the load vs. 
displacement response is almost linear. 
Further, increase in the displacement 
does not increase the load 
proportionately. The ultimate drift ratio 
of the beam was 4.5% and the rotation of 
the joint at the time of failure was 
0.00144. 

The first crack was formed at a 
displacement of 2.4 mm at the beam end 
at a load of 18kN. This crack was formed 
in the beam near the face of the joint and 
the second crack was formed at a load of 
19 kN. The first diagonal crack was 
observed at beam displacement of 21mm 
when the load was 70 kN. The maximum 
load on the beam was 72kN and 
corresponding deflection was 25 mm. 

At a load of 70kN, the diagonal 
cracks formed perpendicular to the 
tension diagonal were observed on the 
both faces showing that the crack was 
propagated over the joint width. The 
crack pattern in the joint region is shown 
in Figure 13. 

 

 

Figure 13: Crack pattern in Joint J5. 

When the beam bar anchorage length 
was Ld, the ultimate failure of the joint 
was due mainly to the failure of beam in 
flexure. There was no excess slip of the 
bars due to bond failure. The maximum 
load carrying capacity of the beam was 
72kN with corresponding deflection of 
25mm at the beam end. The anchorage 
length of Ld was sufficient to achieved 
the beam flexural capacity when the joint 
subassemblies were tested. The Load vs. 
Deflection at the end of the beam, 
Moment vs. Drift Ratio, and Moment vs. 
Rotation responses are shown in Figures 
14, 15 and 16 respectively. 
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Figure14: Load vs. Beam End Displacement in 
beam-column joint J5. 

 
Figure 15: Moment vs. Drift Ratio in Joint J5. 

 
Figure 16: Moment vs. Joint Rotation in Joint J5. 

7.2. Beam-Column Joint, J6 (Ld+10d) 
The beam end displacement at the 

failure was 67mm. The beam could 
sustain a maximum load of 84kN and the 
corresponding joint moment was 108kN-
m. The maximum beam drift ratio was 
observed to be 6.1 and the joint rotation 
was 0.0015. When the anchorage length 
increased from Ld to (Ld + 10d), the drift 
ratio, and the joint rotation capacities 
were also increased. 

In this joint, the first crack was 
formed at the beam end deflection of 2.3 
mm at a load of 21kN. This crack was 

initiated in the beam near joint face. 
Subsequently, second crack was formed 
at a load of 24kN. The first diagonal 
crack was occurred approximately at the 
beam end displacement of 20 mm under 
a load of 79kN. The maximum load was 
84kN with corresponding deflection of 
35 mm at the beam end. 

The cracks formed in beam near the 
joint, were further propagated towards 
the beam end region with increase in the 
loading on the beam. At a load of 79kN 
the diagonal crack was formed 
perpendicular to the tension diagonal 
along the compression diagonal. The 
diagonal cracks were fully developed 
through the width of the joint and the 
crack was extended over the joint 
diagonal.  

The Load vs. Deflection at the end of 
the beam, Moment vs. Drift Ratio, and 
Moment vs. Rotation responses are 
shown in Figures 17, 18 and 19 
respectively. 

 
Figure 17: Beam end Load vs. Beam End 

Displacement in beam-column joint J6. 

 
Figure 18: Moment vs. Drift Ratio in Joint J6. 
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Figure 19:  Moment vs. Joint Rotation,  Joint J6. 

The ultimate failure of the joint was 
due to failure of beam in flexure not in 
bond failure. The maximum load 
carrying capacity of the joint was 84kN 
with beam end deflection of 35mm.  

7.3. Beam-Column Joint, J7 (Ld) 
The beam end displacement was 

70mm at the ultimate failure of the joint. 
The joint has attained the maximum load 
of 76kN with the corresponding joint 
moment of 97kN-m. Up to a load of 
70kN, the load vs. deflection response 
was approximately linear. The drift ratio 
in the beam was 5.5 with the joint 
rotation of 0.001. 

The first crack was formed 
approximately at a displacement of 2.2 
mm at the beam end, which occurred at 
the beam end load of 17kN. This crack 
was formed in the beam near the joint 
face. Another crack was formed at a load 
of 20kN. The first diagonal crack was 
formed in the joint region approximately 
at the beam end deflection was 19 mm at 
a load of 73kN. The maximum load on 
the beam end was 76kN with a deflection 
of 37mm. 

At a load of 73kN the diagonal crack 
was formed along the compression 
diagonal. The diagonal cracks extend on 
both the faces of the joint over the full 
length of the joint. The Load vs. 
Deflection at the end of the beam, 
Moment vs. Drift Ratio, and Moment vs. 
Rotation responses are shown in Figures 
20, 21 and 22 respectively. 

 
Figure 20: Load vs. Deflection in Joint J7. 

 
Figure 21: Moment vs. Joint Rotation in Joint J7. 

 
Figure 22: Moment vs. Drift Ratio in Joint J7. 

The ultimate failure in the joint was 
due to flexural failure of beam. The 
maximum load on the joint was 76kN 
with a deflection of 37 mm. 

7.4. Beam-Column Joint, J8 (Ld+10d) 
The maximum displacement of the 

beam end was 55mm at the maximum 
load of 70kN. The maximum drift ratio 
of the beam was 4.3% and the maximum 
joint rotation was 0.002. 

The initial crack in the beam at the 
face of the joint was forms at a beam end 
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17kN. Another flexural crack was 
formed at a load of 22kN. The first 
diagonal crack was formed when the 
beam end displacement was 18mm at a 
load of 65kN. The maximum load on the 
beam was 70kN with the corresponding 
deflection at the beam end was 25mm. 
The Load vs. Deflection at the end of the 
beam, Moment vs. Drift Ratio, and 
Moment vs. Rotation responses are 
shown in Figures 23, 24 and 25 
respectively. 

 
Figure 23: Load vs. Deflection in Joint, J8. 

 
Figure 24: Moment vs. Drift Ratio in Joint, J8 

 
Figure 25: Moment vs. Joint Rotation in J8. 

The experimental results on beam-
column joints are shown in Table 2. 

Table 2: Experimental on Joint strength. 

8. CONCLUSIONS 
1. The horizontal length of the hooked 

bar should be maintained for 
minimizing the joint deterioration. 

2. The vertical projection of hooked bar 
in exterior beam-column joint needs 
to be fixed, from the strength point of 
view as well as practical point of 
view. 

3. There seems to be no influence of 
anchorage length whether Ld or (Ld + 
10d) on strength of exterior beam-
column joints, quasi static load. 

4. For both Ld and (Ld + 10d), the 
pullout strength of hooked bars is 
approximately equal to the sum of 
their yield forces. 

5. For anchorage lengths, Ld and (Ld + 
10d), the joint strength does not 
change. However, the joint ductility, 
drift ratio, and the joint rotation have 
been significantly influenced. The 
joints with (Ld + 10d), the joint 
ductility has been increased 
significantly. 
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Abstract: Relatively little research has been undertaken on the time-dependent in-service behaviour 
of composite concrete slabs with profiled steel decking as permanent formwork and little guidance 
is available to practicing engineers for predicting long-term deflection. The drying shrinkage profile 
through the thickness of a slab is known to be greatly affected by the impermeable steel deck at the 
slab soffit, but this has not yet been quantified satisfactorily. This paper presents the results of long-
term laboratory tests on composite slabs subjected to both drying shrinkage and sustained loads.

1 INTRODUCTION
Composite one-way concrete floor slabs 

with profiled steel decking as permanent 
formwork are commonly used in the 
construction of floors in buildings (Fig. 1). 
The steel decking supports the wet concrete of 
a cast in-situ reinforced or post-tensioned 
concrete slab and, after the concrete sets, acts 
as external reinforcement. Embossments on 
the profiled sheeting provide the necessary 
shear connection to ensure composite action 
between the concrete and the steel deck (Fig. 
1b). 

Despite their common usage, relatively 
little research has been reported on the in-
service behaviour of such slabs and little 
design guidance is available to practicing
engineers. In particular, the drying shrinkage 
profile through the slab thickness (which is 
greatly affected by the impermeable steel 
deck) and the restraint to shrinkage provided 
by the deck have only recently been quantified 
by Gilbert et al. [1]. In their research, Gilbert 
et al. measured the shrinkage strain variation 
through the thickness of 5 slabs with different 
thicknesses that were epoxy coated on 5 sides 
and were exposed on the top surface to shrink. 
Although the epoxy coating was not entirely 

effective to prevent water loss from coated 
sides, that research clearly showed the 
nonlinearity of shrinkage strain through the 
thickness of tested slabs. 

Carrier et al. [2] measured the moisture 
contents of two bridge decks. One of the 
bridge slabs was 185mm-thick and was placed 
on profiled steel decking. The other slab was 
216mm-thick and was placed on plywood 
formworks, which were removed after the 
concrete was placed and cured. In that research 
it was found that the moisture loss was 
significant only in the top 50 mm of the slab 
with profiled steel decking and top and bottom 
50 mm of the slab with plywood formworks, 
regardless of the specimen size. 

As a consequence, the techniques used to 
predict deflection and the on-set of cracking in 
conventionally reinforced concrete slabs are 
often applied inappropriately. Although 
techniques are available for the time-
dependent analysis of composite slabs (Gilbert 
and Ranzi [3]), due to lack of guidance in 
codes of practice, structural designers often 
specify the decking as sacrificial formwork, in 
lieu of expensive timber formwork and 
falsework, and ignore the structural benefits 
afforded by the composite action. This 
provides a conservative estimate of strength, 
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but may well result in a significant under-
estimation of deflection because of the 
shrinkage gradient and the restraint provided 
by the deck. 

(a) Soffit of a one-way slab and beam floor system.

        

40 mm

487 mm

Fielders (KF40) decking

Fielders (KF70) trapazoidal decking

70 mm

(b) Alternative steel decks showing embossments.
Figure 1: Profiled steel decks for composite slabs (Fielders 
Australia).

In this paper, the results of an experimental 
study of the long-term deflection of composite 
concrete slabs under sustained loads are 
presented. Deflections caused by creep of the 
concrete and the effects of drying shrinkage 
are reported and discussed. 

2 EXPERIMENTAL PROGRAM

2.1 Overview
The experimental program involved the 

testing of ten large scale simple-span 
composite one-way slabs under different 
sustained, uniformly distributed service load 
histories for periods of up to 240 days. Two 
different decking profiles supplied by Fielders 
Australia [4] were considered (KF40 and 
KF70 as shown in Fig. 1b). 

The creep coefficient and drying shrinkage 
strain of the concrete were measured on 
companion specimens cast with the slabs and 
cured similarly. Additionally, the compressive 
strength and the elastic modulus of concrete at 

the age of first loading and at the end of the 
sustained load period were measured on 
standard 100 mm diameter cylinders; while the 
concrete flexural tensile strength (modulus of 
rupture) was measured on 100 mm by 100 mm 
by 500 mm concrete prisms. The elastic 
modulus Es and the yield stress fy of the steel 
decking were also measured on coupons cut 
from the decking.

Crack locations and crack widths were 
recorded throughout the long-term test, 
together with the time-dependent change in 
concrete and steel strains, mid-span deflection 
and the end slip between the steel decking and 
the concrete. 

The objectives of the experimental program 
were to obtain benchmark, laboratory-
controlled data on the long-term structural 
response of composite slabs under different 
sustained service loads, in particular the time-
varying deflection, and to analyse the effect of 
creep and shrinkage on the long-term 
behaviour of composite slabs. The laboratory 
data will be used to validate analytical models 
for the prediction of time-dependent behaviour 
(Gilbert and Ranzi [3] and Gilbert et al. [1]) 
and to assist in the development of design-
oriented procedures to assess the serviceability 
of composite slabs.

2.2 Test Specimens
Each slab was 3300 mm long, with a cross-

section 150 mm deep and 1200 mm wide, and 
contained no reinforcement (other than the 
external steel decking). Each slab was tested as 
a single simply-supported span. The centre to 
centre distance between the two end supports 
(one hinge and one roller) was 3100 mm. Five 
identical slabs with KF70 decking were poured 
at the same time from the same batch of 
concrete. An additional five identical slabs 
with KF40 decking were poured at a different 
time from a different batch of concrete (but to 
the same specification and from the same 
ready-mixed concrete supplier). For both types 
of steel decking, the thickness of the decking 
steel was ts = 0.75 mm.

The cross-section of each of the five slabs 
with KF70 decking is shown in Fig. 3a.
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The composite slabs were cast with the 
profiled sheeting at the slab soffit continuously 
supported on the laboratory floor and with 
timber side forms. A photograph of the KF70 
slabs immediately after finishing the wet 
concrete is shown in Fig. 3b. 

Each slab was covered with wet hessian and 
plastic sheets within four hours of casting and 
kept moist for six days to delay the 
commencement of drying. At age 7 days the 
side forms were removed and the slabs were 
lifted onto the supports. Subsequently the slabs 
were subjected to different levels of sustained 
loading by means of different sized concrete 
blocks. A photograph of the five KF70 slabs 
showing the different loading arrangements 
and the slab designations are shown in Fig. 3c. 
The first digit in the designation of each slab is 
the specimen number (1 to 10) and the 
following two letters indicate the nature of the 
test, with LT for long-term. The next two 
numbers indicate the type of decking (with 70 
and 40 for KF70 and KF40, respectively). The 
final digit indicates the approximate value of 
the maximum superimposed sustained loading
in kPa. 

The section properties of the steel decking 
profiles are provided in Table 1 and the self-
weight and cross-sectional properties of the 
composite slabs are given in Table 2.
Table 1: Properties of deck profiles.

Deck 
Profile 
Type

Deck 
thickness 
ts (mm)

Section 
Area 

As(mm2/m)

Centroid 
Height 

ysh(mm)

Mass
(kg/m2)

Ixx
(mm4/m)

KF-70 0.75 1100 27.7 9.17 584000
KF-40 0.75 1040 14.0 8.67 269000

Table 2: Properties of composite slabs.

Slab 
Deck 

Profile 

Specimen Self-
Weight

(kN/m)/(kPa)

Gross Section 
(Ixx)gross
(mm4)

Cracked Section 
(Ixx)cr
(mm4)

KF-70 3.60/3.00 278 x 106 102 x 106

KF-40 3.89/3.24 310 x 106 111 x 106

2.3 Instrumentation
The mid-span deflection of each slab was 

measured throughout the sustained load period 
with dial gauges at the soffit of the specimen. 
Dial gauges were also used to measure the slip 
between concrete and steel deck at the ends of 

the slab at both roller and hinge supports in all 
slabs. 

At mid-span of each slab, the concrete 
strains were measured using 60 mm long strain 
gauges on the top and bottom surface. The 
strain gauges were glued onto the concrete 
surface and steel sheeting after removing the 
wet hessian at age 7 days. For slabs 
2LT-70-3, 5LT-70-8, 7LT-40-3 and 9LT-40-6 
internal embedded wire strain gauges were 
used to measure the concrete strains at 
different depths through the thickness of the 
slab, with locations shown in Fig. 2. 

The location, height and width of cracking 
were measured and recorded throughout the 
test. Of particular interest was the time-
dependent development of cracking and the 
increase in crack widths with time. Crack 
widths were measured using a microscope 
with a magnification factor of 40. 

32
43

35
40

20
35

40

1200

Figure 2: Cross-section showing position of strain 
gauges in 2LT-70-3 and 5LT-70-8.

2.4 Loading Procedure
Each of the KF70 slabs was placed onto the 

supports at age 7 days and until age 64 days, 
each slab carried just its own self-weight (i.e. 
3.0 kPa). 

At age 64 days, with the exception of 1LT-
70-0, each slab was subjected to superimposed 
sustained loads in the form of concrete blocks. 
The block layouts are illustrated in Fig. 4 (and 
are also shown in Fig. 3c).

Slab 1LT-70-0 carried only it’s self-weight 
for the full duration on the 240-day test. Slabs 
2LT-70-3 and 3LT-70-3 were identical, 
carrying a constant superimposed sustained 
load of 3.4 kPa from age 64 days to 247 days 
(i.e. a total sustained load of 6.4 kPa).
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(a) Cross-section.

      

LT-70-3

LT-70-3

LT-70-8

LT-70-6

LT-70-01LT-70-0 2LT-70-3

3LT-70-3

5LT-70-8

4LT-70-6

     
  (c) Slabs with KF70 decking under sustained load.                 (b) Slabs immediately after finishing the fresh concrete.

Figure 3: Cross-section and view of KF70 slabs.

2 L T -7 0 -3  a n d  3 L T -7 0 -3
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Figure 4: Sustained load configuration for KF-70 slabs.
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Slab 4LT-70-6 carried a constant 
superimposed sustained load of 6.0 kPa from 
age 64 days to 247 days (i.e. a total sustained 
load of 9.0 kPa). Slab 5LT-70-8 carried a 
constant superimposed sustained load of 6.1 
kPa from age 64 days to 197 days (i.e. a total 
sustained load of 9.1 kPa) and from age 197 
days to 247 days the superimposed sustained 
load was 7.9 kPa (i.e. a total sustained load of 
10.9 kPa). 

Each of the KF40 slabs was placed onto the 
supports at age 7 days and until age 28 days, 
each slab carried just it’s own self-weight (i.e. 
3.2 kPa). At age 28 days (after 21 days 
drying), with the exception of 6LT-40-0, each 
slab was subjected to superimposed sustained 
loads with the block layouts similar to that 
used for the KF70 slabs and shown in Fig. 3c.

Slab 6LT-40-0 carried only it’s self-weight 
for the full duration of the 244-day test. Slabs 
7LT-40-3 and 8LT-40-3 were identical, 
carrying a constant superimposed sustained 
load of 3.4 kPa from age 28 days to 251 days 
(i.e. a total sustained load of 6.6 kPa). Slabs 
9LT-40-6 and 10LT-40-6 were identical and 
carried a constant superimposed sustained load 
of 6.4 kPa from age 28 days to 251 days (i.e. a 
total sustained load of 9.6 kPa). 

3 TEST RESULTS

3.1 Material Properties
The measured compressive strength, 

modulus of elasticity and flexural tensile 
strength are presented in Table 3. 

The measured creep coefficient versus time 
curve for concrete cylinders cast with the 
KF70 slabs and first loaded at age 64 days is 
shown in Fig. 5a. The creep coefficient at the 
end of test was φcc = 1.62. For the KF40 slabs, 
the creep coefficient at the end of the test (age
251 days) for the concrete first loaded at age 
28 days was φcc = 1.50.

Table 3: Concrete properties.

Slab type f’c
(MPa)

Ec 
(MPa)

fct.f 
(MPa)

KF-70 
64 days 28.0 64 days 30725 64 days 3.50

247 days 29.8 247 days 31650 247 days 4.54

KF-40 28 days 35.5 28 days 28200 28 days 3.80
251days 42.70 251 days 31600 251 days 5.05

The development of drying shrinkage strain 
for the concrete in the KF70 slabs is shown in 
Fig. 5b. The curve represents the average of 
the measured shrinkage on two shrinkage 
prisms (75 x 75 x 275mm) from the day after 
removing the wet hessian until the end of the 
test. The average measured shrinkage strain at 
the end of test was εsh = 512 με. Similarly, for 
the KF40 slabs, the average measured 
shrinkage strain at the end of tests was εsh = 
630 με.

The average of the measured values of yield 
stress and elastic modulus taken from three 
test samples of the KF70 decking were fy = 
544 (MPa) and Es = 212 (GPa), respectively. 
Similarly, from three test samples of the KF40 
decking, average values were fy = 475 (MPa) 
and Es = 193 (GPa), respectively.

(a) Creep coefficient

(b) shrinkage strain

Figure 5: Creep coefficient and shrinkage vs. time 
curves for concrete in the KF-70 slabs.
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3.2 Mid-span Deflection
The variations of mid-span deflection with 

time for the KF70 and KF40 slabs are shown 
in Fig. 6 and Fig. 7, respectively. Key 
deflection values are summarized in Table 4.

These deflections include the deflection 
caused by shrinkage, the creep induced 
deflection due to the sustained load (including 
self-weight), the short-term deflection caused 
by the superimposed loads (blocks) and the 
deflection caused by the loss of stiffness 
resulting from time-dependent cracking (if 
any). It does not include the initial deflection 
of the uncracked slab at age 7 days due to self-
weight (which has been calculated to be about 
0.5 mm for both the KF70 and KF40 slabs).

3.3 Time-dependent Strains
The measured strain variations with time 

through the thickness of slabs 2LT-70-3, 5LT-
70-8, 7LT-40-3, 9LT-40-6 at mid-span are 
shown in Fig. 9 and the measured curvatures 
(κ) at mid-span at selected times for each of 
the KF70 slabs are given in Table 5.

The measured curvature versus time graphs 
for the KF 40 slabs are given in Fig. 8.

3.4 Cracking
Because of the steel decking at the slab 

soffit, it was difficult to inspect for flexural 
cracking in these simply-supported slabs. 
None of the slabs exhibited any signs of 
cracking at first loading. However, time-
dependent cracking was observed in all of the 
KF40 slabs, but these cracks remained fine and 
well controlled for the duration of the test and 
remained less than 0.15 mm in width 
throughout. The final locations of cracks in 
each of the KF40 slabs are shown in Fig. 10.

No cracking was observed in any of the 
KF70 slabs at any stage of loading, except for 
slab 5LT-70-8 where three cracks were 
detected in the positions shown in Fig. 11 at 
age 210 days (14 days after the second layer of 
blocks was placed on the slab and the
superimposed load was increased to 7.9 kPa).
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Figure 6: Mid-span deflection vs. time for KF-70 slabs.
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Figure 7: Mid-span deflection vs. time for KF-40 slabs.
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Table 4: Mid-span deflections.

Slab

Time-dependent deflection (mm)
57days 

of drying
190 days
of drying

240 days
of drying

Before After Before After Before After
1LT-70-0 2.92 2.92 4.24 4.24 4.04 4.04
2LT-70-3 3.54 4.29 6.74 6.74 6.72 6.01
3LT-70-3 2.97 3.63 5.80 5.80 5.84 5.16
4LT-70-6 2.18 3.38 6.37 6.37 6.40 5.31
5LT-70-8 2.94 4.23 6.56 6.96 7.23 5.78

Time-dependent deflection (mm)
21 days of 

drying 28 days
of 

drying

56 days
of 

drying

244 days 
of drying

Before After Befor
e After

6LT-40-0 2.83 2.83 3.15 3.87 4.99 4.99
7LT-40-3 3.33 4.14 4.72 5.68 7.30 6.62
8LT-40-3 2.72 4.12 4.70 5.38 6.57 5.53
9LT-40-6 2.95 4.35 4.60 5.90 6.94 5.68

10LT-40-6 3.30 5.10 5.52 6.72 8.26 7.81

Table 5: Curvature at Mid-span deflection at key times.

Slab

Curvature (x10-6 mm-1)
57days

of drying
190 days 
of drying

240 days 
of drying

Before After Before After Befor
e After

1LT-70-0 1.94 1.94 3.29 3.29 2.92 2.92
2LT-70-3 1.80 2.42 3.83 3.83 3.51 2.98
3LT-70-3 1.89 2.51 3.79 3.79 3.52 2.97
4LT-70-6 1.41 2.85 3.99 3.99 3.83 2.77
5LT-70-8 2.07 2.99 4.55 5.66 5.88 4.42

4 DISCUSSION OF RESULTS
Shrinkage clearly has a dominant effect on 

the final deflection of these composite slabs. 
With a sustained load of 3.24 kPa (self-
weight), the final deflection of 6LT-40-0 was 
4.99 mm. When the sustained load was 
increased by a factor of about 3 to 9.6 kPa, the 
slabs suffered additional cracking and yet the 
final deflection only increased by a factor of 
about 1.4 to 6.94 mm (9LT-40-6) and by a 
factor of about 1.7 to 8.26 mm (10T-40-6). A 
similarly dominant effect of shrinkage over 
load was observed in the KF70 slabs. 

Prior to the application of any load other 
than self-weight, the slabs deflected 
significantly, primarily due to the shrinkage 
induced curvature. For the five KF70 slabs, 
after 57 days of drying (when sh = 400 ), 
the deflection varied from 2.18 mm (for 4LT-
70-6) to 3.54 mm (for 2LT-70-3). Although 
this was mainly due to early shrinkage, it 
included the creep deflection resulting from
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Figure 9: Strains profiles at mid-span (2LT-70-3, 5LT-
70-8, 7LT-40-3, 9LT-40-6).
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self-weight (estimated at about 0.4 mm). For 
the five KF40 slabs, after 21 days of drying 
(when sh = 390 ), the deflection varied 
from 2.72 mm (for 8LT-40-3) to 3.33 mm 
(for 7LT-40-3).

The difference in the extent of time-
dependent cracking between the KF70 slabs 
and the KF40 slabs was somewhat unexpected.
The tensile force that developed with time on 
the concrete, due to the restraint provided by 
the KF40 decking to drying shrinkage, was 
significantly more eccentric to the centroid of
the concrete than that provided by the KF70 
decking. This may have contributed to the 
observed differences in crack patterns.

5 CONCLUDING REMARKS
The results of an experimental study of the 

long-term deflection of composite concrete 
slabs under sustained loads have been 
presented. Deformation caused by applied 
load, creep of the concrete and the effects of 
drying shrinkage have been reported and 
discussed for ten simply-supported slabs, with 
either KF70 or KF40 steel decking (Fielders
Australia [4]), subjected to different loading 
histories.

The curvature induced by the shrinkage 
gradient resulting from both non-uniform 
drying and restraint by the steel decking was 
quantified in a recent paper by the authors 
(Gilbert et al. [1]). The slab deflections 
measured in this study have confirmed the 
dominant effect of drying shrinkage over load 
for normal levels of sustained loads. 
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(a) 6LT-40-0

(b) 8LT-40-3

(c) 9LT-40-6

Figure 10: Observed crack locations in the KF40 slabs.

Figure 11: Observed crack locations in 5LT-70-8.
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Abstract: Shear resisting mechanisms and the diagonal cracking behavior of fiber reinforced 
concrete (FRC) beams with stirrups were discussed in this paper. Five FRC beams with various 
types of fibers, which were 30-mm and 60-mm long and made of steel, polypropylene, polyvinyl 
alcohol, and polyethylene terephthalate, were tested.  The method to evaluate shear carried by fibers 
in FRC beams using tension softening curves was presented. The tension softening curve was used 
to investigate the force transferred across the diagonal crack from its width, which was measured 
using the image analysis system. The shear carried by fibers was calculated using the proposed 
method. In addition, the cracking of FRC beams was studied. 
 
 

1 INTRODUCTION 
The use of fibers as shear reinforcement has 

focused exclusively on steel fibers. Several 
researchers [1-3] have proposed the equations 
of shear capacity for steel fiber reinforced 
concrete beams. However, these studies have 
been performed without transverse 
reinforcement. Recently, synthetic fibers have 
become more attractive because of the 
effectiveness with which they improve shear 
strength [4] and their relatively less cost when 
compared with that of steel fibers. 
Nevertheless, the influence of steel and 
synthetic fibers on the shear resisting 

mechanism of fiber reinforced concrete (FRC) 
beams with stirrups has not been completely 
understood.  

In the Japanese design guidelines for 
reinforced concrete piers with steel fibers [5], 
steel fibers have been considered for the shear 
reinforcement of concrete structures. The 
increment in shear strength by mixing steel 
fibers has been expressed as a value , which 
has been defined as the ratio of shear carried 
by steel fibers to the shear carried by concrete, 
and it was equal to 1.0 in the guidelines. 
However, the post-cracking behavior of FRC 
beams has not been considered in the design 
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guidelines.  
The method to evaluate shear carried by 

steel fibers of FRC beams with stirrups was 
proposed by the authors (Jongvivatsakul et al. 
[6]). The proposed method considered the 
post-cracking behavior of FRC beams with 
stirrups by applying the concept of fracture 
mechanics with the shear behavior of FRC 
beams. The tension softening curve—one of 
the parameters in fracture mechanics—was 
used to explain the post-cracking behavior of 
FRC beams. The crack surface displacement 
of the diagonal crack, which was the total 
displacement of the crack in the direction of 
the principal tensile strain, was measured by 
the image analysis system. The stress 
transferred across the diagonal crack of the 
FRC beams was calculated using the 
relationship between the tension softening 
curve and crack surface displacement. 
Moreover, shear force carried by fibers has 
been calculated.  

This study intends to investigate the shear 
carried by steel and synthetic fibers of FRC 
beams with stirrups by using tension softening 
curves. The shear resisting mechanism of five 
FRC beams with stirrups and various types of 
fibers (i.e., material type and length) was 
examined. In addition, the diagonal cracking 
behavior (i.e., the crack surface displacement, 
diagonal crack length, and angle of diagonal 
cracks) and tensile stress transferred across the 
diagonal crack were discussed. The method to 
evaluate shear carried by fibers using tension 
softening curves [6] was verified to confirm 
the applicability of those curves in 
investigating shear capacity of FRC beams 
with stirrups and various fibers. 

2 EXPERIMENTAL PROCEDURE 

2.1 Material 
The materials used in this study were high-

early strength Portland cement, fine 
aggregates, coarse aggregates, and high-
performance air-entraining (AE) water-
reducing agent. Table 1 shows the mixture 
proportion for concrete.  

Five types of fibers were incorporated into 

concrete, including steel fibers with lengths of 
30 mm (SF30) and 60 mm (SF60), 
polypropylene fibers (PP), polyvinyl alcohol 
fibers (PVA), and polyethylene terephthalate 
fibers (PET). Pictures of the fibers are shown 
in Fig. 1, and their properties are summarized 
in Table 2. The volume fraction of fibers was 
equal to 1.0% of the full volume of the 
concrete in all specimens.  

The longitudinal reinforcing bars were 
made of deformed steel having 25.4-mm 
nominal diameter and 1006-N/mm2 yield 
strength. The stirrups made of deformed steel 
that was 6.35 mm in nominal diameter were 
arranged as the shear reinforcement. The yield 
strength was 315 N/mm2. Two round bars of 
6-mm diameter were used as compression bars 
with yield strength of 304 N/mm2. 

2.2 Specimens  
Figure 2 shows the dimension and 

reinforcing bar arrangement of a FRC beam. 
The shear span (a) was 700 mm, and the 
effective depth (d) was 250 mm. The ratio of 
shear span to the effective depth (a/d) was 2.8. 
The longitudinal reinforcement ratio (pw) was 
2.7%. All specimens were controlled such that 
they would fail in the left shear span by 
providing fewer stirrups in the left shear span, 

Table 1:  Mixture proportion for concrete 

Gmax 
(mm) W/C  Unit weight (kg/m3) 

W C S G SP 
20 0.35 165 471 917 790 5.2 

Gmax = maximum size of the coarse aggregate, 
W = water, C = cement, S = fine aggregate,  
G = coarse aggregate, SP = high-performance air- 
entraining (AE) water-reducing agent 
 Table 2: Properties of fibers 

Name L 
(mm)

 
(mm) 

Density 
(kg/m3) 

Tensile 
strength 
(MPa) 

E 
(GPa)

 Shape 
of       

the end
SF30 30 0.62 7850 1050 210 Hooked
SF60 60 0.90 7850 1050 210 Hooked

PP 30 1.60.6 910 470 15 Straight
PVA 30 0.66 1300 960 23 Straight
PET 30 0.70 1370 460 5.8 Straight

 L = Length,  = Diameter, and E = Elastic modulus

1212



Pitcha	Jongvivatsakul,	Koji	Matsumoto,	Ken	Watanabe	and	Junichiro	Niwa	
 

 3

as shown in Fig. 2. The stirrup ratio in the test 
span (rw) was 0.30% in all specimens. Five 
FRC beams were prepared with different types 
of fibers. The specimens were named 
according to the type of fibers used in the 
beams. 

2.3 Loading setup and instrumentation 
Specimens were subjected to a four-point 

bending with a simply-supported condition, as 
illustrated in Fig. 2. Steel plates were placed 
on the pin-hinge supports and loading points. 
Figure 2 shows the detailed loading 
arrangement along with the locations of 
loading points and strain gauges.  

The measuring parameters were the applied 
load, displacements of mid-span and 
supporting points using four transducers, and 
the strain of the longitudinal steel bars and 
stirrups. The strain of the longitudinal steel 
bars was measured at mid-span using strain 
gauges, whereas the strains of stirrups were 
measured at the locations where the diagonal 
crack was expected to occur, as shown in Fig. 
2. 

2.4 Measurement of crack surface displacement 
and diagonal crack length 

Crack surface displacement (u) was 
measured from the image analysis system 
developed by Watanabe et al. [7]. Crack 

surface displacement (u) is defined as the total 
displacement of cracks in the direction of 
principal tensile strain (), which is the 
direction of the crack’s movement, as shown 
in Fig. 3. Figure 4 presents a photograph of the 
loading test with the analysis system. To 
analyze the image, red targets of 5-mm 
diameter were attached on the specimen 
surface with an interval of 20 mm. During the 
loading test, photographs of the specimen were 
captured for every 5 kN of shear force by 
using three digital cameras fixed on tripods. 
The image analysis system can investigate the 
coordinates of the red targets throughout the 
test span. As a result, the crack surface 
displacement can be calculated. 

Because the diagonal crack was expected to 
open rapidly near the peak load, some 
photographs were captured near the peak load 
with short time intervals to capture the exact 
behavior at the peak.  

Moreover, the length and angle of the 
diagonal crack were measured from the visible 
diagonal crack at the peak load by using the 
software system, which supports analytical 
functions ranging from the image 
measurement to statistical data processing. 
Calibration was performed to define the length 
of one pixel in the image for converting the 
measurement data in pixels to actual lengths. 
In addition, the images captured for the 
measurements of crack surface displacements 

Figure 2: Detailed diagram of a FRC beam  
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were used to measure crack length and the 
angle of diagonal cracks at the peak.  

3 TENSION SOFTENING CURVES 
The tension softening curves were used to 

investigate stress transferred across the 
diagonal crack of FRC beams. The curves 
were obtained from the bending tests of 
notched beams with a dimension of 100  100 
 400 mm, following the standard of the Japan 
Concrete Institute [8]. The tension softening 
curves of five types of fiber reinforced 
concrete are shown in Fig. 5. Table 3 lists the 
compressive strength and fracture energy of 
the concrete measured by notched beam tests. 
Using a least-squares data-fitting procedure, 
the shape of bilinear curves of the tension 
softening diagram can be obtained as shown in 
Table 3.  

As observed in Fig. 5, the tension softening 
behavior varied depending on the type of 

fibers. SF60 can resist the highest stress in the 
post-cracking region. Steel fibers (SF30 and 
SF60) can transfer higher stress than that by 
synthetic fibers (PP, PVA, and PET). There 
were two mechanisms in which the stress 
transferred between crack surfaces was lost. 
SF30 and SF60 failed in the pulled-out 
mechanism, whereas PP, PVA, and PET 
exhibited both pulled-out and cut-off 
mechanisms. Because the tensile strength of 
steel fibers was comparatively greater than 
their bond strength, pull-out failure occurred.  

4 CALCULATION OF SHEAR FORCES 
AND EVALUATION OF SHEAR 
CARRIED BY FIBERS 

4.1 Calculation of shear forces in FRC beams 
Considering the force acting at the diagonal 

crack in a FRC beam subjected to point loads 
(Fig. 6), shear force is resisted by shear 
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Table 3: Properties and expression of tension softening curves   

Type fc'  
(N/mm2)

ft  
(N/mm2)

GF  
(N/mm) Expression 

SF30 56.6 3.6 4.24 
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σ

SF60 55.9 3.4 8.82 
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PP 58.8 3.9 3.02 
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PET 61.5 3.3 2.89 
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capacity of members without shear reinforcing 
steel (Vc), shear capacity of transverse 
reinforcement (Vs), and shear carried by fibers 
(Vf). Consequently, shear capacity (V) of FRC 
beams is simplified as follows: 

fsc VVVV                    (1) 

Vc was calculated from Equation (2) by 
following the JSCE design specifications [9]. 
Vs was obtained from Equation (3). Hence the 
experimental value of shear carried by fibers 
(Vfexp) can be obtained from Equation (4). 

  dbpd/f.V wwcc  343 100100020   (2) 

  /scotθzfAV wyws                 (3) 

 scfexp VVVV  exp                  (4) 

where fc is the compressive strength of the 
concrete measured using the cylindrical 
specimen  = 100  200 mm (N/mm2), d is 
effective depth (mm), pw is longitudinal 
reinforcement ratio, bw is web thickness (mm), 
s is stirrup spacing (mm), Aw is the total cross-
sectional area of stirrups provided in the range 
of s (mm2), fwy is the yield strength of stirrups 
(N/mm2), z is distance from the location of 
compressive stress resultant to the centroid of 
tension steel (z = 7d/8) (mm),  is angle 
between the diagonal crack and horizontal line 
measured from the observed diagonal crack 
(degree) (see in Fig. 6), and Vexp is the 
experimental value of shear capacity (kN).  

Furthermore, according to the JSCE design 
guidelines [5], the shear capacity of FRC 
members can be predicted by using Equation 
(5). Thus, the experimental value of exp) 
can be calculated by Equation (6). However, 

Equation (5) was proposed only for steel fiber 
reinforced concrete members having 1.0–1.5% 
fiber out of full concrete volume.  

           sccal VVκV  1            (5) 

 cfexpexp V/Vκ                    (6) 

where Vcal is the predicted shear capacity (kN) 
and  is the coefficient representing the effect 
of fibers (= 1.0) [5]. 

4.2 Method for evaluating shear carried by 
fibers 

The authors [6] have proposed a method for 
evaluating shear carried by steel fibers by 
using tension softening curves. Tensile stress 
transferred across the diagonal crack () can 
be converted from crack surface displacement 
(u) by using the relationship between tensile 
stress and crack opening displacement of the 
tension softening curves, as shown in Fig. 7.  

To precisely evaluate the shear carried by 
fibers, the specimens were divided into 15 
elements with a height of 20 mm (Fig. 6), 
corresponding to the interval of red targets in 
the image analysis. Crack surface 
displacement (ui), length (Li), the angle of 
principal tensile strain (i), and the angle of 
the diagonal crack (i) of each element were 
investigated.  

By considering the force acting at the 
diagonal crack in a FRC beam due to the effect 
of fibers (Fig. 6), the force resisted by fibers 
was equal to the product of stress  and the 
area of the crack surface normal to direction of 
. The stress and shear forces were calculated 
for each element. The force along the diagonal 
crack originated from the portion below the 
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compression zone to the tip of the diagonal 
crack in the tension zone, and this zone was 
called the region of interest, as observed in 
Fig. 6. The compression zone was from the 
height of specimens on the top surface to the 
location of the neutral axis at the peak, which 
was calculated from displacements of targets 
obtained from the image analysis. The tip of 
the diagonal crack ended at the location of the 
tensile bars. In this study, the region of interest 
was considered to be in the range 50–250 mm 
from the bottom surface of the specimens.  

The summation of forces in the region of 
interest was corresponded to shear carried by 
fibers. Consequently, shear carried by fibers 
(Vfcal) can be expressed as follows [6]: 

   



n

i
iiiiwifcal βθβLbσV

1
sin90cos    (7) 

where n is the number of elements in the 
region of interest (n = 11), i is the tensile 
stress of the element i (N/mm2), Li is the 
length of the diagonal crack of the element i 

(mm), i is the angle of the principal tensile 
strain of element i (degree), and i is the angle 
of the diagonal crack of the element i (degree). 

This method [6] was validated for 
evaluating shear carried by steel fibers having 
hooked ends and lengths of 30 mm, with high 
accuracy. However, it has not yet been 
extended to FRC beams with various types of 
fibers. 

5 EXPERIMENTAL RESULTS AND 
DISCUSSIONS 

5.1 Effect of fibers on shear behavior 
The relationship between the applied load 

and the mid-span deflection is presented in 
Fig. 8. The load-deflection response was linear 
prior to cracking. After the initiation of the 
first flexural cracking, the load-deflection 
response became nonlinear. Later, the diagonal 
crack was observed in the test span, and it 
propagated to the loading point and support. In 
the pre-peak region, the propagation of the 
diagonal crack stopped, and the inclination of 
the load-deflection curve decreased. Then, 
diagonal tension failure occurred, and the 
concrete in the compression zone was crushed. 
The same behavior of the load-deflection 
response could be observed in all specimens.  

Table 4 summarizes the concrete properties, 
information regarding diagonal cracks, 
calculated shear forces and shear forces 
obtained from the loading tests of FRC beams. 
The shear capacity (Vexp) of SF60 was the 
highest among all specimens. The difference 
in Vc between each specimen was small 
because the compressive strength of the 

Table 4: Summary of the calculation and experimental results 

Specimen 
Concrete Results of diagonal crack Calculation and experimental results

fc' ft uavg L βavg  Vexp Vc Vs Vfexp exp Vfcal Vfexp/Vfcal

(N/mm2) (N/mm2) (mm) (mm) (°) (°) (kN) (kN) (kN) (kN)  (kN) 
SF30 55.3 3.05 0.67 387.3 63.3 36.8 158.8 56.3 43.0 59.5 1.06 72.6 0.82 
SF60 61.9 3.69 1.08 378.3 64.6 38.2 196.3 58.4 39.6 98.3 1.68 96.2 1.02 
PP 57.0 3.14 0.94 428.1 69.2 27.5 170.8 56.9 59.8 54.1 0.95 53.6 1.01 

PVA 65.4 3.02 0.69 490.6 63.7 27.0 166.8 59.5 61.1 46.1 0.78 40.4 1.14 
PET 51.8 2.97 0.62 427.3 64.8 31.0 149.9 55.1 51.9 43.0 0.78 43.0 1.00 

fc': compressive strength, ft: tensile strength, uavg: average crack surface displacement at the peak, L: total 
crack length at the peak, βavg: average angle of principal tensile strain at the peak, : angle between the 
diagonal crack and horizontal line.  
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concrete did not significantly vary. On the 
other hand, Vs was different in each specimen 
due to the deviation in the angle of the 
diagonal crack, which was measured from the 
observed diagonal crack ( in Fig. 6). The 
values of  are given in Table 4. Steel fibers 
provided steeper angles of diagonal cracks 
than synthetic fibers. Figure 9 shows the 
average strain of stirrups in the test span. 
Stirrups in the test span were yielded before 
the ultimate load. Synthetic fibers (PP, PVA, 
and PET) led the early yielding of stirrups 
before SF30 and SF60.  

Considering the shear carried by fibers, it 

was found that the Vfexp of SF60 was the 
greatest, thereby resulting in the largest shear 
capacity. The exp values of SF30 and SF60 
were greater than 1.0, whereas those of PP, 
PVA, and PET were less than 1.0. Steel fibers 
can enhance Vfexp more effectively than 
synthetic fibers. The difference in the type of 
fibers caused the difference between Vexp, Vfexp 
as well as the load level for which stirrups 
were yielded. 

5.2 Crack distribution along the depth  
Figure 10 shows the crack distribution at 

the peak load. The diagonal crack was not 
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observed near the top and bottom fibers. This 
study focuses on the tensile force along the 
critical diagonal crack. 

From the image analysis results, the value 
of crack surface displacement (ui) along the 
height of the diagonal crack is shown in Fig. 
11. Generally, the diagonal crack surface 
displacement was greater at approximately the 
middle height of specimens when compared 
with ui at the top and the bottom of specimens 
because of the compression zone at the top of 
specimens and restraint by longitudinal 
reinforcing bars at the bottom part of the 
specimens. The parameter ui rapidly increased 
at Vexp when compared with that at 0.9Vexp. In 
addition, ui varied depending on the types of 
fibers. Although the ui of SF60 at a height of 
250 mm was wide (Fig. 11(b)), the crack 
above the height of 250 mm was very small. 
To develop an identical calculation procedure 
for all specimens, the region of interest was in 
the range of heights 50–250 mm from the 
bottom surface of the specimens in this study. 

5.3 Growth of crack surface displacement 
by loading 

Figure 12 shows the crack surface 
displacements measured at the middle height 
of the specimens (umid), which was located 150 
mm from the bottom of the specimens in the 
top horizontal axis, together with the load-
deflection curve. In addition, the values of 2Vc 
and 2(Vc + Vs) were indicated in Fig. 12. The 
diagonal crack was generated near the load 
corresponding to 2Vc. After the initiation of 
the diagonal crack, the values of umid linearly 
increased with the load. However, the increase 
in umid for PET was delayed because of the 
delayed occurrence of the critical diagonal 
crack. Then, umid increased drastically before 
the peak load. This increase corresponded to 
the load when the load-deflection curve started 
exhibiting a nonlinear behavior. Therefore, the 
sudden increment in umid was related to the 
peak, and it led to the failure of FRC beams. 

5.4 Diagonal crack length 
The crack length (L) is the summation of Li 

in the region of interest. Table 4 listed the 

crack length. PP, PVA, and PET provided 
longer diagonal crack lengths than those by 
specimens with steel fibers (SF30 and SF60), 
as shown in Table 4, because of the relatively 
flatter angle of diagonal cracks, .  

5.5 Angles of principal tensile strain and 
diagonal crack  

The angles of principal tensile strain () 
and diagonal crack () were measured. Table 4 
gives the average value of i in the region of 
interest (avg). The parameter avg did not 
change significantly among these specimens. 
On the other hand, by considering , the steel 
fibers (SF30 and SF60) revealed steeper 
diagonal cracks than those of synthetic fibers. 

5.6 Calculated shear carried by fibers  
The tensile stress transferred across the 

diagonal crack at the peak load was evaluated 
from crack surface displacement and the 
relationship between the tension softening 
curves listed in Table 3, as mentioned in 
Section 4.2. The stresses across the diagonal 
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crack in FRC beams at the peak load are 
shown in Fig. 13. The larger stress could be 
resisted to the top and bottom parts of the 
specimens because of the smaller ui. SF60 can 
resist the highest stress, thereby resulting in 
the largest Vfexp, whereas PP, PVA, and PET 
resisted relatively lower stresses across the 
diagonal crack. 

Shear carried by the fibers (Vfcal) was 
calculated using Equation (7) and was 
summarized in Table 4. Figure 14 shows the 
comparison between the experimental results 
and calculated values. The ratio of the mean of 
the experimental value to the calculated value 
of shear carried by fibers was 1.00 with a 
coefficient of variation (C.V.) of 11.6%.  

The proposed method can be used to 
evaluate shear carried by fibers of FRC beams. 
Moreover, this method can be used when the 
material types and lengths of fibers were 
varied because the tension softening curves 
can reflect the characteristic of each fiber. The 
application of these curves to examine the 
stress transferred across the diagonal crack of 
FRC beams was proven. 

6 CONCLUSIONS 
(1) Shear capacity of FRC beams with 60-mm 

steel fibers was the greatest when 
compared with a specimen having 30-mm 
steel fibers, polypropylene, polyvinyl 
alcohol, or polyethylene terephthalate 
because of the best post-cracking behavior 
in the tension.  

(2) The value of crack surface displacements 
of FRC beams varied depending on the 
type of fibers. However, the distribution of 
crack surface displacement along the 
diagonal crack was similar because the 
crack surface displacement near the middle 
height of FRC beams was greater than 
those at the top and bottom of specimens. 
In addition, crack surface displacement 
significantly widened just before the peak 
load. This behavior can be observed in all 
specimens regardless of the fiber type. 

(3) The specimen with 60-mm steel fibers 
provided the widest crack surface 

displacement at the peak load because of 
the effects of the fiber length and shape of 
ends. However, it was most effective for 
transferring stress across the crack because 
it could resist the highest stress in post-
cracking behavior, as indicated by the 
tension softening curve. Therefore, the 
post-cracking behavior in the curve is 
essential for investigating the shear 
resisting mechanism of FRC beams. 

(4) By considering an identical crack surface 
displacement, steel fibers can transfer more 
stress across the diagonal crack than that 
by synthetic fibers, thereby resulting in the 
higher shear transferred force by fibers. 

(5) The method to evaluate the shear 
contribution of fibers was presented. The 
calculated shear carried by fibers showed a 
good agreement with experimental results, 
even for various material types and fiber 
lengths.  
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Abstract: This work reports on an experimental investigation dealing with the effects of transverse
reinforcement, in the form of stirrups, on the behaviour under load of high performances concrete
(HPC) beams. The crack patterns and crack widths, the failure modes, the shear strengths and the
ductility of HPC beams containing transverse stirrups were assessed and compared to those in
ordinary concrete beams. The test results show that the use of transverse reinforcement in the form
of stirrups restrains efficiently the inclined cracking and enhances the aggregate interlocking,
known to be weaker in HPC without transverse reinforcement, and thus improves the shear strength
of HPC beams. They also improve the contribution of the main longitudinal reinforcement to the
shear strength through the dowel action. Finally, the transverse reinforcement improves appreciably
the ductility of HPC beams at the ultimate state. In some cases, they changed the failure mode from
a brittle shear to a markedly ductile flexure with an increased ultimate carrying capacity. The test
results concerning the transverse reinforcement contribution to the shear strength are compared with
those predicted by Eurocode 2. The comparison reveals a considerable overestimation of the
contribution of the transverse reinforcement to the shear strength of HPC beams by the Eurocode 2.
This reduces the safety margin required against shear failure, often catastrophic, and may even lead
to unsafe shear design for high performances concrete.

1. INTRODUCTION
A large number of experimental and

analytical investigations have been carried on
the shear strength of reinforced concrete
beams. However, despite the important
research effort, there is still a lack of a simple
analytically derived formula to predict
accurately the shear strength of beams with
transverse reinforcement. This is even more so
for high performances concrete beams and
empirical ordinary concrete beam models
continue to be used in the absence of a clear

understanding of the structural behaviour of
high performances concrete despite its wide-
spreading use today in all the fields of
constructions. Indeed, the continuous search
for improved mechanical properties and a
better durability at the longer term to ensure a
sustainable construction have made of high
performances concrete the ideal material for
the construction industry.

In most current design procedures for shear
analysis, the shear strength of reinforced
concrete beam is taken as the sum of the
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concrete contribution (Vc =Vcz + Va+ Vd) and
the transverse reinforcement contribution (Vs)
as in Figure 1. The concrete contribution is
considered to be the shear of a beam without
transverse reinforcement [1, 2]. The transverse
reinforcement contribution to shear strength is
determined by the Ritter-Morsch truss model,
which is based on the assumption that the
shear capacity is reached when the transverse
reinforcement yields, corresponding to a shear
force of:

s
.d.fA

V vyv
s = (1)

Or in terms of stress:

vyv
yvv fρ

b.s
.fA

==τ (2)

Where Av, s, and fvy are the area, the spacing,
and the yield strength of the transverse
reinforcement, respectively.

Va  (Aggregate interlock)

Vs (Stirrups)

Vcz

Vd (Dowel action)

V=Vcz + Va + Vd + Vs

(Concrete
compression)

C

T (steel tension)

Figure 1: Mechanism of shear forces in a beam with
transverse reinforcement

The transverse reinforcement is supposed to
enter into action from the start of the
development of a diagonal or inclined crack
[3, 4]. In fact, the transverse reinforcement
starts to resist some shear stresses even before
inclined cracking appears [5]. After the
formation of diagonal cracking, most of the
shear force is resisted by the transverse
reinforcement [6].

According to a number of researchers [7-
10], the transverse reinforcement performs a
multiple functions to improve the shear
behaviour of reinforced concrete beams made
of high performances concrete, as it has been
found for beams with normal strength concrete

[11-13]. Indeed, transverse reinforcement
restrains the growth of inclined or diagonal
cracking and confines concrete around the
main longitudinal reinforcement, preventing
the two composite materials from splitting
longitudinally and improving the dowel action
of the tension reinforcement. The clamping
action of the transverse stirrups helps in
arresting the progress of any predominant
diagonal crack and hence avoids the triggering
of any premature failure [14] and consequently
increases the strength capacity and improves
the ductility of the beam [15].

Test results of high performances concrete
with minimum amount of shear reinforcement
indicated that this minimum quantity was
enough to prevent brittle shear failures through
transgranular cracking due to poor
contribution from aggregate interlocking [16,
2]. This suggest that in high performances
concrete, transverse reinforcements are more
useful in stitching the inclined cracking,
improving the post cracking behaviour of the
beams, particularly the post-peak deformation
characteristics and the load capacity [17]. Such
improvement is believed to be due to the better
quality of the bond between concrete and the
reinforcing steel. It should be noted, however,
that due to the relatively higher tensile strength
of high performances concrete, a higher
cracking shear force is expected and hence,
this would require a relatively larger amount
of minimum transverse reinforcement than in
normal strength concrete to take on the load
afterwards [18].

Studies from the litterature have reported
that [19-21] the transverse reinforcement
contribution to the shear strength of large
reinforced concrete beams is considerably
lower than the strength predicted by the ACI
code provisions. In this sense, it is worth
noting that the major codes in use throughout
the world take into consideration the
contribution of the tranverse reinforcement as
being proportional to ρv fvy in a manner similar
to the that given in Eurocode 2 below:
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( ) bdf0.9ρ.bd40ρ1.2d).(1.6(2.5d/a).)(f
γ

0.0525V vyvl
2/3'

c
c

++−=

a/d < 2.5 (3)

( ) bdf0.9ρ.bd40ρ1.2d)..(1.6)(f
γ

0.0525V vyvl
2/3'

c
c

++−=

a/d ≥ 2.5 (4)

Initially, the models given in these
universal codes were developed for normal
concrete; their extension to higher
performances concrete is recommended in the
latest versions of these codes. Thus, in the
absence of sufficient test data, the application
of these models to reinforced concrete beams
with higher compressive strengths
( '

cf >40MPa) needs to be carefully examined.
This study treats the influence of the

transverse reinforcement on the crack patterns,
the ultimate carrying capacity and the ductility
of beams made of high performances concrete
and for beams made of normal strength
concrete for comparison purposes. The test
results for the contribution of shear
reinforcement to the shear strength are
compared with the theoretical predictions from
Eurocode 2, the latest design tool to make its
way into the design practice. The shear
reinforcement effects are considered in
conjunction with other parameters such as the
compressive strength of concrete f'c, the shear-
span to depth ratio a/d and the main tension
reinforcement percentage ρl.

2. TEST PROGRAM
Twenty six beams were tested to failure in

this study. The 26 reinforced concrete beams
were divided into three series:
- The first series of beams were designed to
have a concrete strength of 44 MPa,
- The second series of beams were designed to
have a concrete strength of 65 MPa,
- The third series of beams were designed to
have a concrete strength of 86 MPa.

Each series was divided into two groups:
group N beams without transverse
reinforcement and group W with transverse
reinforcement. The beams in group W (44W,
65W, and 86W) had the same transverse

reinforcement consisting of 6 mm diameter
stirrups spaced at 90 mm.
In groups W and N beams of the first series
(44MPa) and those of the third series (86MPa),
three shear-span/depth ratios were considered
for the testing conditions (a/d=1.5; 2.0 and
3.0). The second series (65 MPa) of beams had
only one shear-span/depth ratio (a/d = 2.0).

Each group was divided into two sub-
groups: specimens of sub-group A were
reinforced with 2∅10 as main longitudinal
bars giving a longitudinal steel ratio ρl of
approximately 1.2%, while those in sub-group
B were reinforced with 2∅14 as main
longitudinal bars giving a steel ratio of
approximately 2.4%.

In the second series of beams (65MPa), all
the beams specimens were reinforced with
2∅10 as main longitudinal bars (ρl =1.2 %).
The notation of the specimens reflects the
main testing parameters. For example, in A86-
2N, ‘A’ stands for the sub-group having main
longitudinal steel ratio ρl equals 1.2%, the
number ‘86’ is the target cylinder compressive
strength of concrete in MPa, the number after
the hyphen gives the a/d ratio, and ‘N’
designates beams without transverse
reinforcement. Figure 2 and Table 1 show the
details of the three series of beams, which
were tested with different a/d values.

The load was applied using a 250 kN servo-
controlled hydraulic jack. The specimens were
tested under monotonic loading. One LVDT
was attached to the bottom surface at mid-span
of the test specimen to measure the mid-span
displacement of the beam. A Video Gom-
Aramis system was used to measure crack
widths and to monitor the development of the
diagonal cracking as the load is increased.
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a a30 1010

L= 90 (a/d =1.5), L=104 (a/d =2), L= 131(a/d=3)

P/2

1

1P/2

1-1

a) Group N (44MPa, 65MPa and 86MPa)

a a30 1010

L= 90 (a/d =1.5), L=104 (a/d =2), L= 131(a/d=3)

P/2

2

2P/2

S

∅6 deformed bars

2-2

b) Group W (44 MPa, 65 MPa and 86MPa)
all dimensions are in cm

Figure 2: Dimensions and reinforcement of the test
beams of N and W Groups

Table 1: Specifications of test specimens and material
properties

Long.
steel Transv. Reinf

Beams f'c
MPa

ft
MPa

d
mm a/d

ρl % S*

mm
∅t
mm

ρt
**

%
A44-1.5N 135 1.5 1.2 -- -- --
B44-1.5N 133 1.5 2.4 -- -- --
A44-2N 135 2.0 1.2 -- -- --
B44-2N 133 2.0 2.4 -- -- --
A44-3N 135 3.0 1.2 -- -- --
B44-3N 133 2.0 2.4 -- -- --
A44-1.5W 129 1.5 1.2 90 ∅6 0.63
B44-1.5W 127 1.5 2.4 90 ∅6 0.63
A44-2W 129 2.0 1.2 90 ∅6 0.63
B44-2W 127 2.0 2.4 90 ∅6 0.63
A44-3W 129 3.0 1.2 90 ∅6 0.63
B44-3W

44 3.37

127 3.0 2.4 90 ∅6 0.63
A65-2N 135 2.0 1.2 -- -- --
A65-2W 65 3.74 129 2.0 1.2 90 ∅6 0.63
A86-1.5N 135 1.5 1.2 -- -- --
B86-1.5N 133 1.5 2.4 -- -- --
A86-2N 135 2.0 1.2 -- -- --
B86-2N 133 2.0 2,4 -- -- --
A86-3N 135 3.0 1.2 -- -- --
B86-3N 133 3.0 2.4 -- -- --
A86-1.5W 129 1.5 1.2 90 ∅6 0.63
B86-1.5W 127 1.5 2.4 90 ∅6 0.63
A86-2W 129 2.0 1.2 90 ∅6 0.63
B86-2W 127 2.0 2.4 90 ∅6 0.63
A86-3W 129 3.0 1.2 90 ∅6 0.63
B86-3W

86 4.50

127 3.0 2.4 90 ∅6 0.63
* Stirrups spacing, ** Transverse reinforcement ratio

3. TEST RESULTS AND DISCUSSION
The primary objective in this paper is to

study the contribution of transverse
reinforcement in resisting shear in high
performances concrete and compare it to that
in or normal strength concrete. This evaluation
is assessed for reinforced concrete beams
having different a/d ratios, different
compressive strengths of concrete and with
different quantities of longitudinal steel.

3.1. Crack pattern, crack width and failure
modes

The crack patterns observed at failure are
shown in Figure 3 for all the tested beams. All
the beams of group N, with no transverse
reinforcement (44N, 65N and 86N), failed in
shear in a brittle manner with the formation of
a single significant diagonal crack

2∅10
16

10

2∅6 12.9
2∅14

16

10

2∅6 12.7

ρl =2.4 %ρl =1.2 %

13.316 13.52∅10

10

ρl =1.2 %

2∅1416

10

ρl =2.4 %
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symmetrically on both sides of the shear spans,
resulting in the splitting of the beam
specimens diagonally along them. The
diagonal cracks have often resulted in the
destruction of the bond between the
longitudinal reinforcement and concrete
towards the adjacent support. The type of
diagonal shear failure was identical for the two
types of concrete, with relatively more
concrete destruction for the case of high
performances concrete. Very few flexural
cracking developed before failure of all the
beams without transverse reinforcement and
the shear behaviour was the dominant one up
to causing the rupture of all the beam
specimens. The diagonal cracks were very
wide prior to failure and clearly needed steel
restraint. They were very straight, joining the
support and loading points for the case of
shorter shear spans (a/d = 1.5 and 2.0) and
split the beams clearly along these critical
lines as in beams A86-1.5N, B86-1.5N, A65-
2N, B86-2N of Figure 3. For higher shear
spans (a/d = 3), these diagonal cracks formed
in two branches. The first branch, being a
slightly inclined shear crack, is identical in
height as a flexural crack. The second branch
extends from the tip of the first branch at a
relatively more inclined angle towards the
compression zone at the loading point,
resulting often in splitting of concrete when
not restrained by transverse steel [2] as in
Figure 3, A86-3N and B86-3N.

(a): ρl =1.2%

(b): ρl =2.4%

Figure 3: Typical crack patterns at failure for the tested
beams
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Generally, specimens of group W, with
transverse reinforcement, showed the same
development of cracks as the specimens of
group N, without transverse reinforcement,
until the formation of diagonal cracking with
the difference that, with the presence of
transverse reinforcement, diagonal cracking
are relatively narrower at formation and more
than one inclined crack develop as the load is
increased.

Beams with shorter shear spans containing
shear stirrups also had diagonal cracks straight
covering almost the full depth from support to
loading point as in Figure 3, A86-1.5W and
B86-1.5W. However, in these beams with
transverse stirrups, diagonal cracking
developed narrower and did not widen so
much up to failure. They also developed other
diagonal cracks parallel to the first ones as the
load was increased, defining clearly inclined
concrete struts as in beams A86-1.5W, B86-
1.5W and B86-2W. The transverse steel was
so efficient in restraining diagonal shear
cracking that failure changed from a splitting
one in beams without shear reinforcement
(beams of group N in Figure 3) into a crushing
of concrete at the loading or support points
after a diagonal crack penetrated into these
highly stressed areas as in beams A86-1.5W,
B86-1.5W and B86-2W.

For the case of beams with transverse
stirrup and having relatively higher shear
spans (a/d=3), diagonal cracking also involved
two branches as in the corresponding beams
without transverse steel with the difference
that these two-branch diagonal cracks stayed
narrower and did not cause failure; they were
effectively retrained by transverse stirrups
which are brought into action after the
formation of the second branch of a diagonal
crack, changing the behaviour from a shear
one into a flexural one with more flexural
cracks extending upwards and widening,
pushing the neutral axis towards the
compression zone and leading to flexural
failure through crushing at the compression
face as in beams A65-2W, A86-2W, B86-3W.
In some cases, flexural tension failure
occurred simultaneously as the concrete

crushed at the compression face (A86-2W,
A86-3W).

In general, beams with transverse
reinforcement did not show any crack along
the longitudinal reinforcement even at failure
as shown in Figure 3, translating the
effectiveness of the clamping action of the
transverse stirrups, preserving the bond
between the longitudinal reinforcement and
concrete and improving the dowel action. The
crack patterns in Figure 3 show that, with the
presence of transverse reinforcement, the
number of cracks increased with the increase
in the compressive strengths of concrete from
44 MPa to 86 MPa, indicating an enhanced
redistribution of internal forces in the beams
made of high performances concrete (65 MPa
and 86 MPa). This could be explained by the
better bond between the reinforcing steel and
concrete in the case of high performances
concrete and translates a relatively better
efficiency of the reinforcing steel in general
when used in composition with this relatively
new concrete material. For higher shear spans,
the presence of the transverse reinforcement
has changed the type of rupture from a typical
shear failure (diagonal splitting) when no
transverse steel was used as in group N beams
to a typical flexural failure when transverse
stirrups were used as in group W beams. For
beams with shorter shear spans, the presence
of the transverse stirrups has changed the
typical shear failure through diagonal splitting
into a shear-compression failure due to the
efficient restraining action of the transverse
reinforcement.

The maximum width of the diagonal cracks
was always located near midheight of the
section and was measured during the tests,
using Video Gom-Aramis system [2]. Figure 4
presents the measured crack widths of all the
tested beams; the 0.3 mm crack width limit for
serviceability is indicated on Figure 4. It can
be clearly seen that this serviceability limit is
reached at a higher load when transverse
reinforcement is used for both high
performances concrete and for ordinary
concrete. However, for high performances
concrete (concrete of 86 MPa), this limit was
practically reached at ultimate if not at all and
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the beam specimens stayed serviceable up to
just prior to failure. From this, it can be
deduced that, by comparison to ordinary
concrete, the service load of high
performances concrete with transverse
reinforcement could be relatively higher.
When taking this service load as equal to 70%
of the ultimate load, the width of the major
diagonal shear crack for the different beams is
shown in Table 2. In general, at this load, the
serviceability limite state of cracking is not
reached when transverse reinforcement is
used, particularly for high performances
concrete where 50% of the 0.3mm
serviceability crack width limit is reached
only. This suggests that, high performance
concrete, when reinforced with transverse
steel, could stay serviceable up to the ultimate
state. This is attributed to the better quality of
the bonding between concrete and the
reinforcing steel in the case of high
performances concrete.
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Figure 4: Diagonal crack width of the beam specimens
(ρl =1.2 %)

Table 2: Measured widths of diagonal cracks at service
and at ultimate loads

Beam Crack width
at service load

Crack width at
ultimate load

ρl = 1.2 %
A44-1.5N 0.28 0.53
A44-2N 0.32 0.81
A44-3N 0.36 1.10

A86-1.5N 0.22 0.71
A86-2N 0.27 0.66
A86-3N 0.33 1.20

A44-1.5W 0.21 0.48
A44-2W 0.17 0.51
A44-3W 0.15 0.38

A86-1.5W 0.17 0.43
A86-2W 0.14 0.27
A86-3W 0.11 0.25

ρl = 2.4 %
B44-1.5N 0.34 0.69
B44-2N 0.47 0.90
B44-3N 0.39 1.05

B86-1.5N -- --
B86-2N 0.42 0.74
B86-3N 0.46 0.84

B44-1.5W 0.26 0.46
B44-2W 0.19 0.75
B44-3W 0.17 0.40

B86-1.5W 0.22 0.43
B86-2W 0.16 0.32
B86-3W 0.10 0.20

3.2. Contribution of the transverse
reinforcement to the shear strength

Figure 5 and Table 3 show the ultimate
carrying capacity for the beams with and
without transverse reinforcement. Figure 6
illustrates the ratios of ultimate loads: PuW/PuN
(ultimate load of beams with transverse
reinforcement/ultimate load of beams without
transverse reinforcement).
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Figure 5: Ultimate strength of beams with and without
transverse reinforcement

Table 3. Ultimate loads and failure modes of the tested
beams

Beams PuN
(kN)

PuW
(kN) PuW/PuN

Mode
of failure

A44-1.5N 129.4 -- -- S (DS)
B44-1.5N 143.6 -- S (DS)
A44-2N 85.1 -- -- S (DS)
B44-2N 100.5 -- -- )DS (S
A44-3N 47.3 -- -- S (DS)
B44-3N 55 -- S (DS)

A44-1.5W -- 148.2 1.15 SC
B44-1.5W -- 173.7 1.21 SC
A44-2W -- 104.5 1.23 F
B44-2W -- 140.9 1.40 SC
A44-3W -- 59.1 1.25 F
B44-3W -- 100.9 1.83 F
A65-2N 89.5 -- -- SC
A65-2W -- 109.2 1.22 F

A86-1.5N 144.3 -- -- S (DS)
B86-1.5N 158.3 -- -- S (DS)
A86-2N 95.5 -- -- S (DS)
B86-2N 113.6 -- -- S (DS)
A86-3N 50.7 -- -- S (DS)
B86-3N 59.03 -- -- S (DS)

A86-1.5W -- 164.2 1.14 SC
B86-1.5W -- 192.9 1.22 SC
A86-2W -- 113.2 1.19 F
B86-2W -- 161.6 1.42 SC
A86-3W -- 72.5 1.43 F
B86-3W -- 109.8 1.86 F

SC: Shear-compression, S(DS): Shear (Diagonal
Splitting), F: Flexure

The ultimate loads of beams with transverse
reinforcement having 1.2 % of longitudinal
tensile steel were greater than those beams
without transverse reinforcement; an average
increase of 25 % for beams made of high
performances concrete. For comparison
purposes, 20 % increase was recorded for the
corresponding beams made of normal strength
concrete. The improvement in the strength
capacity was even greater for beams
containing 2.4% of longitudinal reinforcement;
an average increase of 50% is recorded for
high performances concrete beams as shown in
Figure 6. For example, the ratios PuW/PuN of
beams having a/d of 1.5, 2.0 and 3.0 were
1.22, 1.42 and 1.86, respectively for high
performances concrete (Figure 6). This
increase could be explained by the fact that the
effectiveness of the longitudinal reinforcement
in contributing to shear strength improvement
is higher in the presence of transverse
reinforcement going around them and
clamping them resulting in highly confined
concrete added to the better quality of the bond
between concrete and the reinforcing steel. In
general, the ratio of the ultimate loads
(PuW/PuN) increases as the shear-span to depth
ratio (a/d) increases for beams made of high
performances concrete; that is as the behaviour
of the loaded beams changes from an ‘arch
action’ for the smaller a/d values to that of a
‘beam action’ for the higher a/d values (Table
3 and Figure 6).

The same trend is exhibited by those beams
made of normal strength concrete with the
difference that the rate of increase is lesser in
the latter type of concrete. The relatively better
effectiveness of the transverse steel, and
indeed of the longitudinal steel, when
composed with high performances concrete is
justified by the better quality liaison between
the two distinct materials after the hardening
of concrete. Internal forces are better
transmitted from concrete to steel in the case
of high performances concrete than in ordinary
concrete. Therefore, the effectiveness of
transverse reinforcement in improving the
shear strengths of concrete beams is better in
high performances concrete. Such
effectiveness increases as the a/d value
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increase, that is as the behaviour changes from
an ‘arch action’ for smaller a/d values where
the shear cracks are more inclined to the
vertical hence almost parallel to the vertical
stirrups to a ‘beam action’ for higher values of
a/d where the shear crack are less inclined to
the vertical, hence better restrained by the
vertical stirrups. In this sense, previous works
[22, 23] have shown that a reinforcing bar is
more effective in restraining and arresting a
crack when it crosses the crack
perpendicularly. It can be conclude from this
that, for smaller a/d values, the stirrups may
not develop their full yield capacity as
suggested in an earlier work [24]. This
analysis is supported by Haddadin et al [25]
who reported that the effectiveness of
transverse reinforcement in increasing shear
strength is greater in the case of flexure-shear
failure occurring in general in beams with
higher a/d values than in shear-compression
failure which occurs typically in beams having
smaller a/d values and containing transverse
reinforcement as recorded in the present tests
(beams A86-1.5W, B86-1.5W). From this
analysis, it can be deduced that any shear
design approach based on the yielding of the
transverse reinforcement such as the Ritter-
Morsch truss analogy may not be safe for
beams with smaller shear-span to depth ratios
(a/d) since failure will occur before the
yielding of the transverse stirrups; the
transverse reinforcement contribution to the
shear strength would be overestimated when
based on the yielding hypothesis of this
transverse reinforcing steel. The present tests
showed, however, that the contribution of the
transverse reinforcement to the shear strength,
particularly that of high performances
concrete, is greatly dependent on the quantity
of the longitudinal reinforcement as shown in
Figure 6.
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Figure 6: Transverse reinforcement contribution as a
function of the shear-span/depth ratio

3.3. Effects of the transverse reinforcement
on the ductility

The ductility was appreciated in the present
tests through the deflection measurements up
to just prior to ultimate. Figure 7 shows the
effects of transverse reinforcement on the mid-
span deflections for beams made of high
performances concrete. For comparison
purposes, the effects of transverse
reinforcement on the deflections of the
corresponding beams made of normal strength
concrete are also shown in the same Figures.
The examination of these Figures shows that
the presence of transverse reinforcement has
induced a long plastic range after the peak
strength before ultimate failure occurred for
both types of concrete (group W beams).
When no transverse reinforcement was present
(group N beams), failure was very abrupt and
occurred just on reaching the peak strength at a
load less than that where transverse
reinforcement was used as argued previously.
When comparing the plastic ranges of high
performances concrete beams with those of
normal strength concrete beams, it can be
clearly seen from Figures 7 that those of high
performances concrete were relatively longer,
particularly for higher values of shear-span to
depth ratios (a/d). When the beam exhibited a
typical flexural behavior at ultimate such as in
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beams with higher a/d ratios, the deflection
reached 19 mm prior to ultimate, representing
L/70 in beam A86-3W and 23.7 mm prior to
ultimate, representing L/55 in beam B86-3W.
For the sake of comparison, the deflections of
the corresponding normal concrete beams
reached 16.5 mm, representing L/80 in beam
A44-3W, and 13 mm, representing L/100 in
beam B44-3W. This trend is also exhibited by
the other beams with smaller a/d ratios (see
Figure 7) though their behavior was rather a
shear one and the deflections were relatively
lesser prior to ultimate.
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Figure 7: Mid-span deflection against applied load for
beams with and without stirrups

It can be concluded from the test results
presented in Figures 7 that, with the presence
of transverse reinforcement, high
performances concrete becomes more ductile,
even more than ordinary concrete. This could,
once again, be explained by the better steel-
concrete composition with perfect bonding
between the two materials minimizing greatly
the risk of any slipping movement of one
material in relation to the other. This would
ensure a better transmission of internal forces
from one material to the other and hence a
better redistribution of internal forces.

In terms of ductility defined as deflection at
ultimate over deflection at yield point (δu/δy),
for beams made of high performances
concrete, it varied from 3.0 to 5.0 (Table 4).
The deflection and ductility results clearly
illustrate that, though high performances
concrete is a brittle material when not
reinforced, it becomes a relatively more
ductile material than ordianry concrete when
adequately reinforced with a spreaded
transverse reinforcement pattern (Figure 8,
Table 4).

Table 4: Ductility factor for the tested beams
containing transverse reinforcement

Beams δy-w
(mm)

δu-w
(mm)

f =
δu-w/δy-w

A44-1.5W 2.61 5.95 2.28
B44-1.5W 2.59 3.68 1.42
A44-2W 3.23 12.95 4.03
B44-2W 3.52 11.01 3.13
A44-3W 3.90 16.54 4.19
B44-3W 4.30 12.90 3.00
A65-2W 3.22 13.35 4.15
A86-1.5W 2.55 8.45 3.31
B86-1.5W 2.16 3.77 1.75
A86-2W 3.10 14.03 4.53
B86-2W 3.32 11.05 3.34
A86-3W 3.80 19.00 5.00
B86-3W 5.94 23.73 3.99
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4. COMPARISONS OF TEST RESULTS
WITH CURRENT DESIGN CODES

Table 5 gives the shear strength
contribution provided by the transverse
reinforcement in the tested beams. This is
calculated as the difference between the shear
strength of a beam containing transverse
reinforcement and that of a corresponding one
without transverse reinforcement. For
comparison purposes, the model used in
Eurocode 2 is used to compute the shear
strength contribution provided by the
transverse reinforcement, after having taken
the safety factor considered by the considered
model as equal to one for ease of comparison
with the test results. The Eurocode 2 model
predictions are also shown in Table 5. The test
results and the model predictions are
represented in histograms as shown in Figure
9. It can be clearly seen from Figure 9 that the
theoretical predictions of Eurocode 2
overestimate the transverse reinforcement
contribution to the shear strength. In this
sense, it is wise to note that even the beams,
which failed in flexure did develop distinctive
and wide diagonal cracking as A65-2W, A86-
2W, B86-3W of Figure 3 and were not very far
from a shear failure. Indeed, according to most
major codes, wide open diagonal cracking is in
itself a sign of failure. The ultimate loads of
these beams are in effect considered as
approximately the ultimate shear capacity in
this argumentation. In general, the shear
strength for all the tested beams is not much
increased by the presence of transverse
reinforcement. Their contributions to the shear
strength of the beams in the present tests
varied from 14% to 86%. The higher

transverse steel contribution to shear occurred
in beam with higher a/d ratios where the
diagonal cracks are less inclined to the vertical
and hence are efficiently restrained by the
transverse vertical stirrups. The higher
transverse steel shear contribution occurred in
beam B86-3W made of high performance
concrete and having 2.4% of main longitudinal
steel, reaching 86%. As a comparison, when
1.2% of longitudinal reinforcement was used
as in sub-group A beams, the average
contribution was a little over 25% for high
performances concrete beams and a little over
20% for normal concrete beams. This
transverse reinforcement contribution to shear
strength increased when higher amount of
longitudinal reinforcement was used as in sub-
group B beams (ρl =2.4%) where the average
increase was 50% for high performances
concrete beams and lesser for normal strength
concrete ones.

Table 5: Transverse reinforcement contribution:
comparison of test results with Eurocode 2

Beam Vu
test
(kN)

VC
test
(kN)

VS
test
(kN)

VS
EC2
(kN)

Vs test/Vs EC2

ρl = 1.2 %
A44-1.5W
A44-2W
A44-3W

A86-1.5W
A86-2W
A86-3W

74,1
52,3
29,6
82,1
56,7
36,3

64,7
42,6
23,7
72,1
47,8
25,4

9,4
9,7
5,9

10,0
8,9

10,9

36,4
36,4
36,4
36,4
36,4
36,4

0,26
0,27
0,16
0,27
0,24
0,30

average 0,25
       ρl = 2.4 %

B44-1.5W
B44-2W
B44-3W

B86-1.5W
B86-2W
B86-3W

86,9
70,5
50,5
96,5
80,8
54,9

71,8
50,3
27,5
79,2
56,8
29,5

15,1
20,2
23,0
17,3
24,0
25,4

35,8
35,8
35,8
35,8
35,8
35,8

0,42
0,56
0,64
0,48
0,67
0,71

average 0,58
Average for 12 beams 0,42
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Figure 9: Transverse reinforcement contribution to the

shear strength - Comparison of test results with
Eurocode 2

In contrast, the theoretical transverse
reinforcement contributions to the shear
strength predicted by the Eurocode 2 model
are independent of the shear-span to depth
ratio and independent of the amount of main
longitudinal reinforcement, two factors found
to be very influencing on the efficiency of the
transverse stirrups in contributing to the shear
strength of high performances concrete and to
a lesser extent to that of normal strength
concrete. The Eurocode 2 Shear model seems

to be based on the yielding of the transverse
reinforcing steel, whatever is the span/depth
ratio, and hence whatever is the angle between
the stirrups and the diagonal crack, as clearly
expressed by equations (3) and (4). The
present tests show clearly that for smaller a/d
values, the vertical stirrups do not yield since
almost parallel to the diagonal cracks and
shear failure is by a diagonal splitting and
crushing of concrete within the inclined
concrete strut. The second reason for this
overestimation of the transverse steel shear
contribution is related to the insignificant shear
transfer from concrete to the transverse
reinforcement after diagonal cracking has
occurred because of inefficient transverse
reinforcement patterns. Hence, any design
approach based on a systematic yielding of
transverse reinforcement will necessarily
overestimate the contribution of shear
reinforcement to the shear strength. In this
sense, the Eurocode 2 model predicts
transverse reinforcement contributions to shear
strengths that are on average more than twice
the real ones as obtained in the present tests,
particularly where transverse stirrups are less
efficient such as in smaller shear-span/depth
ratios and in the presence of smaller amount of
longitudinal reinforcement. When more main
longitudinal steel is used, the confining action
of the transverse stirrups tends to be more
efficient in restraining diagonal cracking
particularly with higher shear-span/depth
ratios as in beam B86-3W and as a result the
transverse reinforcement becomes more
strained. In such a case, the theoretical
predictions of the transverse reinforcement
contribution to the shear strength, based on
their yielding, relatively approaches the
experimental ones; a ratio 0.71 was obtained
for VStest/VSEC2 for beam B86-3W with a/d of
3,0 as in Table 5. For beams with smaller
shear-span/depth ratios such as beam A86-
1.5W, the Eurocode 2 predictions are
overestimated, with VStest/VSEC2 around 0.25,
expressing the need for more refinement of
this design model. This overestimation of the
transverse reinforcement contribution to the
shear strength might lead to a lack of security
towards shear, particularly for high
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performances concrete since the test results in
Figure 9 clearly show that the resulting shear
capacity of a beam, that is the concrete
contribution (Table 5) plus the transverse steel
contribution (Vc+Vs), might be overestimated
by the code model, hence leading to unsafe
shear design particularly in the presence of a
lesser amount on main longitudinal
reinforcement such as in sub-group A beams
(Figure 9a). The present results in Table 5 and
Figure 9 illustrate the complexity of shear in
reinforced concrete in general, and in high
performances concrete in particular, and call
for a clearer understanding that may lead to the
development of a rational design theory. In the
absence of such rational theory, more
important safety factors should be used in
design to cover for this lack of understanding.

5. ADJUSTMENT OF THE MODEL OF
EUROCODE2

On examining the Eurocode 2 shear design
model for structural concrete, particularly for
high performances concrete, the contribution
of the transverse reinforcements to the shear
strength is largely overestimated as shown in
Table 5 and Figure 9. When summing up the
concrete contribution [2] and that of the
transverse steel contribution to the shear
strength of high performances concrete beams,
that is VC + VS, the Eurocode2 appears to
overestimate the transverse steel contribution.
From the test results obtained in the present
work, an attempt to readjust the formula giving
the shear contribution of the transverse
reinforcement in Eurocode 2 is presented in
this section.

This readjustment is based on the shearing
behavior exhibited by all the beam specimens
tested, even when the final collapse was by
bending in some cases. Indeed, the wide
diagonal cracks and the damaged shear zones
of the specimens, which failed in flexure
(Figures 3) represent clearer signs that ultimate
shear was not very far and shear failures of
these beam specimens were imminent.
Moreover, the flexural failures that occurred
were more by a flexure-shear interaction. The
proposed adjustment of the Eurocode2 shear

contribution Vs is based on the following
principle of resistance:

VStest ≥ K VSEurocode2 (5)
With K a correction factor deduced from

the present experimental results to be
tentatively taken as 0.5, representing an
average value of VStest/VSEC2 for high
performances concrete beam specimens. More
work is, however, needed to set up definitely a
value for K. The work should cover wider
ranges of shear-span to depth ratios and
amounts of main longitudinal reinforcement.

After adjustment of the model of
Eurocode2, the revised code predictions for
the shear contribution of the transeverse
reinforcement are as presented in Figure 10.
They are more comparable with the
experimental results obtained. A slight
difference remains for the case of a/d = 3,
since for such cases failure is usually by
flexure just before reaching the ultimate shear
and hence the predicted ultimate shear would
be higher than the measured failure load.
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6. CONCLUSIONS
This paper studies the effects of transverse

reinforcement on the shear behaviour of high
performances concrete beams. The cracking
behaviour and the crack patterns, the
transverse reinforcement contribution to the
shear strength and the ductility were
investigated. The predictions of the major code
models in use throughout the world are also
assessed:
1- In the presence of transverse reinforcement,
the number of cracks increased with an
increase of the compressive strengths of
concrete (from 44 MPa to 86 MPa), indicating
a better restraint of cracking. This was thought
to be due to the relatively better quality of the
bonding between the reinforcing steel and
concrete, resulting in a better transfer of the
internal forces from concrete to steel and an
enhanced redistribution of these internal forces
in the beams made of high performances
concrete (65 MPa and 86 MPa).
2- After cracking, transverse reinforcement
controlled better the crack opening in high
strength concrete than in normal strength
concrete. Diagonal crack widths of high
performances concrete beams were less open
even at relatively higher loads than those of
normal strength concrete beams. The
serviceability limit of crack width is reached at
relatively higher loads in high performances
concrete, translating an improved service
loading conditions for the material in the
presence of transverse reinforcement.
3- The presence of transverse reinforcement
improved the shear strength of high
performances concrete beams and changed the
failure mode from shear to flexure for beams
with higher shear-span to depth ratios.
However, such improvement is limited, and in
general, transverse reinforcement did not seem
to have yielded just prior to failure.
4- Transverse reinforcement improved
considerably the anchorage of the main
longitudinal reinforcement by clamping them
and preventing any cracking to develop along
them even at failure as observed in beams
without transverse stirrups. In the presence of
higher amounts of longitudinal reinforcement,

the clamping and confining action proved to
be very efficient in improving the structural
behavior of high performances concrete
beams.
5- The presence of transverse reinforcement
improved considerably the ductility of high
performances concrete beams by comparison
to those without transverse reinforcement.
From a brittle material when plain, high
performances concrete exhibits a very ductile
behavior when reinforced uniformly. The
better bond between steel and concrete is
though to be the key factor in this
improvement of ductility.
6- The current European Eurocode 2 predict
transverse steel contributions to the shear
strengths that are excessively overstimated; the
code predictions could exceed three times the
experimental values for beams with smaller
shear-span/depth ratios. This could have
harmful consequences in terms of safety
towards shear design. This is thought to be due
to the fact that all of these prediction models
use the Richter-Morsch truss model analogy,
which is based on the yielding of the
transverse reinforcement. Such yielding did
not always occur in the present tests,
particularly for the shorter shear spans where
very few stirrups crossed the diagonal cracking
at a very small angle. The Code needs a
rational refinement in this sense.
7- An attempt is made in the present work to
adjust the formula of the Eurocode2 model to
take into consideration the reduced transverse
reinforcement contribution to the shear
strength of high performances concrete beams.
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Abstract: Tension stiffening is still a matter of discussion into the scientific community. The study 
of this phenomenon is also relevant in structural members made of fibre reinforced concrete. This 
paper aims at investigating tension stiffening by presenting tension-test results on reinforced 
concrete prisms having different sizes, reinforcement ratios, amount of fibres and concrete strength. 
The influence of fibres in determining a more distributed crack patterns, characterized by narrower 
and more closely cracks, will be discussed. It is worth noticing that the expected smaller crack 
widths in addition to a low concrete porosity (which strictly depends on the water/cement ratio) is 
of paramount importance for enhancing structural durability. 
 
 

1 INTRODUCTION 
The use of Fibre Reinforced Concrete (FRC) 
has gained considerable attention in recent 
years, as demonstrated by its recent inclusion 
in the new fib Model Code 2010 [1] and by 
many international committees [2] or 
conferences [3, 4]. 

FRC has been particularly used in structural 
elements when crack propagation control is of 
primary importance, such as in slab-on-grade 
applications, precast tunnel segments or in 
beams where little or no shear reinforcement is 
provided. In several of these structural 
applications, the total amount of reinforcement 
consists of a combination of conventional 
rebars and fibres. Nowadays, the crack control 
of these fibrous RC elements is of paramount 
importance in order to guarantee the fulfilment 

of a key-parameter: durability. In fact, several 
codes require that structures have a defined 
service life during which the structural 
performance must satisfy minimum 
requirements by scheduling only ordinary 
maintenance. 

Durability can be associated to 
permeability, defined as the movement of fluid 
through a porous medium under an applied 
pressure load, which is considered one of the 
most important property of concrete [5]. 
Permeability of concrete is strictly related to 
the material porosity but also to cracking. The 
former is basically controlled by the 
water/cement (w/c) ratio as well as by the 
degree of hydration and compaction. 
Concerning the latter, concrete should have an 
enhanced toughness to contrast cracking 
phenomena, which is generally provided by 
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structural fibres added to the concrete matrix. 
The durability issue will be herein 

considered by focusing the attention on 
cracking in ordinary RC or FRC elements 
under uniform tension (tension tie specimens). 

The deformation of a rebar embedded in 
concrete is significantly influenced by the 
bond between the two materials. In fact, it is 
well known that, after cracking, bond transfers 
tensile stresses from the rebar to the 
surrounding concrete (between cracks) that 
stiffen the response of a RC member subjected 
to tension; this stiffening effect is referred to 
as “tension stiffening”. Several Authors 
studied this mechanism in traditional RC 
elements [6, 7]. 

In fibrous RC elements, an additional 
significant mechanism influences the 
transmission of tensile stresses across cracks 
arising from the bridging effect of the fibres. It 
clearly turns out that the combination of these 
two mechanisms (tension stiffening and the 
post-cracking residual strength provided by 
fibres at any crack) results in a different crack 
pattern, namely both the crack spacing and 
crack width. The collapse mode and the 
ductility of the elements may also be affected 
by stress concentrations due to optimized bond 
and the residual tensile stress at a crack. 

Many preliminary studies have been carried 
out so far. Mitchell [8] presented one of the 
first studies for clarifying the beneficial effect 
of fibres in determining narrower and closely 
spaced cracks, as well as in mitigating the 
splitting cracks in the end regions while 
having low concrete covers. Bischoff ([9, 10]) 
performed monotonic and cyclic tension-
stiffening tests and included shrinkage effects 
in the analysis. Noghabai [11] proposed an 
analytical model which describes the 
behaviour of tie-elements based on the 
observation of experimental tests. 

The present paper describes a number of 
experimental results from a collaborative 
research program developed by the University 
of Brescia (Italy) and the University of 
Toronto (Canada), aimed at studying crack 
formation and development in FRC structures. 
Tension stiffening tests were carried out by 
varying the concrete strength, the 

reinforcement ratio, the fibre volume fraction 
and the fibre geometry. Brescia tested and 
interpreted tension members made of Normal 
Strength Concrete (NSC) while researchers at 
the University of Toronto tested identical 
members made of High Strength Concrete 
(HSC; with a concrete strength around 60 MPa 
and higher). A total of 59 uniaxial tension 
HSC specimens were tested at the University 
of Toronto (Canada), in addition to numerous 
material tests to quantify the behaviour of the 
concretes used in the different test series. 
Complete details of the experimental program 
and the full experimental results are provided 
by Deluce [12]. A total of 109 tests were done 
at the University of Brescia on NSC; details of 
this experiments are reported in [13] and [14]. 

This paper is mainly focuses on the effect 
of concrete strength on the behaviour exhibited 
by the specimens in terms of crack formation 
and development.  

2 EXPERIMENTAL INVESTIGATION 
The experimental program was designed so 
that a comprehensive database of uniaxial 
tension tests of reinforced concrete RC and 
SFRC members with conventional steel rebars 
(one bar in the centre of the specimen) could 
be generated. These fibrous and non-fibrous 
members will be identified as SFRC and RC 
tensile ties, respectively. NSC/HSC will be 
used to underline the different concrete 
strength. 

The following key-parameters were 
investigated: 
 Concrete cylinder compressive strength: 

from 25 MPa to 95 MPa; 
 Square element size: from 50 to 200 mm; 
 Clear concrete cover: from 20 to 85 mm; 
 Effective reinforcing ratio: from 0.98 to 

4.17%; 
 eff ratio: from 271 mm to 2042 mm; 
 Bar diameter: from 10 to 30 mm; 
 Specimen length: from 950 mm to 

1500 mm; 
 Volume fraction of fibres: from 0 to 1.5%. 

1238



G. Tiberti, F. Minelli, G.A. Plizzari and F.J. Vecchio 
 

 3 

2.1 Uniaxial Tension RC and SFRC Test 
Specimen Configurations 
In a first phase of research, 64 prismatic 
tensile members containing conventional steel 
reinforcing rebars having the geometry shown 
in Figure 1a were cast with NSC at the 
University of Brescia. Each specimen was 
950 mm long and have a square cross section; 
five sides were selected (50, 80, 100, 150 and 
200 mm). Reinforcing bars having a diameter 
of 10, 20 and 30 mm (B450C steel, according 
to EN 10080, [15]), corresponding to a 
reinforcement ratio (ρ) varying from 1.24% to 
3.24%, have been used throughout this first 
phase. At the University of Toronto, 59 
members of HSC, having the same cross-
sections and a length equal to 1000 mm, were 
cast and tested. The deformed steel reinforcing 
bar sizes varied from 10M to 30M (Canadian 
bar sizes, [16]). Consequently, for HSC tensile 
ties, the reinforcement ratio (ρ) ranged from 
1.35% to 4.17%. The properties of the 
reinforcing bars used in NSC and HSC tie 
elements are reported in Table 1. 

A second phase of research was developed 
only at the University of Brescia in order to 
better investigate the behaviour of NSC tensile 
members. With this purpose, further 
45 prismatic ties were cast and tested; 
reinforcing bars having the same diameter 
were used, whereas four square cross sections 
were selected (80, 120, 180 and 200 mm size) 
and a reinforcement ratio ρ from 0.98% to 
2.23% was adopted. The specimens having a 
rebar diameter equal to 20 and 30 mm were 
longer with respect to those of the previous 
phase (1500 mm vs. 950 mm). In fact, since 
the number of cracks expected was higher, the 
average crack spacing could be better 
evaluated. Members with a rebar diameter 
equal to 10 mm were 1000 mm long. 
Geometry and reinforcement details of 
specimens of this second phase are depicted in 
Figure 1b. 

Different dosages and types of steel fibres 
were included into the NSC matrix: both 
macro and micro fibres were adopted with a 
total volume fraction up to 1.0%. The micro 
fibres were only used in addition to macro 

fibres determining a hybrid system that can 
help both early cracking (mainly controlled by 
micro fibres) and final macro-cracking (mainly 
controlled by macro fibres).Referring to HSC 
elements, three types of hooked-end macro 
steel fibres were used, with volume fractions 
up to 1.5%. 
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Figure 1: Geometry and reinforcement details of 
specimens (1st (a) and 2nd (b) phase). 
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Based on the different combinations of 
concrete strength and fibrous reinforcement, a 
total of 14 test series were cast and tested, as 
summarized in Table 2. Referring to HSC 
elements (first phase) the experimental 
program includes one non-fibrous control 
series (PC) and five series containing steel 
fibres. For NSC elements, two plain control 
(PC) series and six SFRC series were globally 
tested (first and second phase). For each series, 
Table 2 reports the material identification 

(batch ID), the volume fraction of steel fibres 
used and fibre designation. Note that the 
designation used for each fibre type denotes 
the fibre length as the first number and the 
fibre diameter as the second. Table 3 
summarizes the main characteristics of all 5 
fibre typologies. 

Each combination of fibre reinforcement, 
member dimension and steel reinforcement 
ratio defines a specific set of tests, whose 
repetitions and notations are listed in Table 4. 

Table 1: Properties of steel reinforcing bars. 

 Rebar As 
(mm2) 

db  
(mm) 

Es  
(GPa) 

fy 
(MPa) 

εsh 
 (x10-3) 

fult 
 (MPa) εult (x10-3) 

Rebars used 
in NSC 

specimens 

10 78 10 198 522 29.7 624 - 
20 314 20 198 515 20.2 605 - 

30-1† 707 30 187 554 15.8 672 - 
30-2† 707 30 182 484 17.9 604 - 

Rebars used 
in HSC 

specimens 

10M 100 11.3 199 442 27.0 564 164.0 
20M-1† 300 19.5 194 456 21.2 592 144.2 
20M-2† 300 19.5 188 525 17.3 653 111.6 

30M 700 29.9 187 376 11.0 558 177.0 
† - The 20M and 30 bars came from two different production heats 

Table 2: Mechanical properties of concrete and fibre contents. 

 Batch ID fcm 
[MPa] 

fctm 
[MPa] 

Volume Fraction of Steel Fibres Vf [%]vol. 
Fibres 

30/0.62 
Fibres 

13/0.20 
Fibres 

30/0.38 
Fibres 

30/0.55 
Fibres 

50/1.05 Vf,tot 

1st phase 

NSC 

0 Plain 40.5 3.71 - - - - - - 
0.5M 39.7 3.37 0.5 - - - - 0.5 
1M 25.4 2.60 1 - - - - 1 

1M† 36.4 3.50 1 - - - - 1 
1M+m 43.3 2.81 0.5 0.5 - - - 1 

HSC 

Plain 91.4 4.93 - - - - - - 
FRC1 75.7 4.55 - - 0.5 - - 0.5 
FRC2 52.8 3.94 - - 1 - - 1 
FRC3 56.8 3.96 - - 1.5 - - 1.5 
FRC4 41.7 3.28 - - - 1.5 - 1.5 
FRC5 75.0 4.54 - - - - 1.5 1.5 

2nd phase NSC 
0 Plain 47.2 3.50 - - - - - - 
0.5M 40.8 3.35 0.5 - - - - 0.5 
1M 27.4 2.85 1 - - - - 1 

† - The series 1M was repeated 

Table 3: Characteristics of fibres employed. 

Fibre ID Type of steel Shape fuf [MPa] lf  [mm] f [mm] lf /f [-] Batch ID 
30/0.62 Carbon Hooked-end 1270 30 0.62 48.39 0.5M, 1M, 1M†, 1M+m 
13/0.20 High carbon Straight 2000 13 0.20 65.0 1M+m 
30/0.38 High carbon Hooked-end 2300 30 0.38 78.95 FRC1, FRC2, FRC3 
30/0.55 Carbon Hooked-end 1100 30 0.55 54.55 FRC4 
50/1.05 Carbon Hooked-end 1100 50 1.05 47.62 FRC5 

1240



G. Tiberti, F. Minelli, G.A. Plizzari and F.J. Vecchio 
 

 5 

Table 4: Experimental program and specimen notation. 

Phase  Rebar Batch ID b [mm] Length, L 
[mm] 

Reinf. 
Ratio 
(%) 

Clean 
cover 
[mm] 

Specimen ID 

1st 
 phase 

NSC 

10  

0 Plain 

50 950 3.24 20 

N 50/10 – 0 
0.5M N 50/10 – 0.5M 
1M N 50/10 – 1M 

1M† N 50/10 - 1M† 
1M+m N 50/10 - 1M+m 

10 

0 Plain 

80 950 1.24 35 

N 80/10 – 0 
0.5M N 80/10 – 0.5M 
1M N 80/10 – 1M 

1M† N 80/10 - 1M† 
1M+m N 80/10 - 1M+m 

20  

0 Plain 

100 950 3.24 40 

N 100/20 - 0 
0.5M N 100/20 – 0.5M 
1M N 100/20 – 1M 

1M† N 100/20 – 1M† 
1M+m N 100/20 - 1M+m 

20 

0 Plain 

150 950 1.41 65 

N 150/20 – 0 
0.5M N 150/20 – 0.5M 
1M N 150/20 – 1M 

1M† N 150/20 – 1M† 
1M+m N 150/20 - 1M+m 

30 0 Plain 150 950 3.24 60 N 150/30 – 0 
30 0 Plain 200 950 1.80 85 N 200/30 – 0 

HSC 

M10 

0 Plain 

50 1000 4.17 19.35 

H 50/10 – 0 
FRC1 H 50/10 – FRC1 
FRC2 H 50/10 – FRC2 
FRC3 H 50/10 – FRC3 
FRC4 H 50/10 – FRC4 
FRC5 H 50/10 – FRC5 

M10 

0 Plain 

80 1000 1.59 34.35 

H 80/10 – 0 
FRC1 H 80/10 – FRC1 
FRC2 H 80/10 – FRC2 
FRC3 H 80/10 – FRC3 
FRC4 H 80/10 – FRC4 
FRC5 H 80/10 – FRC5 

M20 

0 Plain 

100 1000 3.09 40.25 

H 100/20 – 0 
FRC1 H 100/20 – FRC1 
FRC2 H 100/20 – FRC2 
FRC3 H 100/20 – FRC3 
FRC4 H 100/20 – FRC4 
FRC5 H 100/20 – FRC5 

M20 

0 Plain 

150 1000 1.35 65.25 

H 150/20 – 0 
FRC1 H 150/20 – FRC1 
FRC2 H 150/20 – FRC2 
FRC3 H 150/20 – FRC3 
FRC4 H 150/20 – FRC4 
FRC5 H 150/20 – FRC5 

M30 

0 Plain 

150 1000 3.21 60.05 

H 150/30 – 0 
FRC1 H 150/30 – FRC1 
FRC2 H 150/30 – FRC2 
FRC3 H 150/30 – FRC3 
FRC4 H 150/30 – FRC4 
FRC5 H 150/30 – FRC5 
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Phase  Rebar Batch ID b [mm] Length, L 
[mm] 

Reinf. 
Ratio 
(%) 

Clean 
cover 
[mm] 

Specimen ID 

M30 

0 Plain 

200 1000 1.78 85.05 

H 200/30 – 0 
FRC1 H 200/30 – FRC1 
FRC2 H 200/30 – FRC2 
FRC3 H 200/30 – FRC3 
FRC4 H 200/30 – FRC4 
FRC5 H 200/30 – FRC5 

2nd  
phase NSC 

10 
0 

80 1000 1.24 35 
N 80/10 – 0 

0.5% N 80/10 – 0.5M 
1.0% N 80/10 – 1M 

20 
0 

120 1500 2.23 50 
N 120/20 – 0 

0.5% N 120/20 – 0.5M 
1.0% N 120/20 – 1M 

20 
0 

180 1500 0.98 80 
N 180/20 – 0 

0.5% N 180/20 – 0.5M 
1.0% N 180/20 – 1M 

30 
0 

180 1500 2.23 75 
N 180/30 – 0 

0.5% N 180/30 – 0.5M 
1.0% N 180/30 – 1M 

30 
0 

200 1500 1.80 85 
N 200/30 – 0 

0.5% N 200/30 – 0.5M 
1.0% N 200/30 – 1M 

Table 5: Fracture parameters of the FRCs according to EN 14651 (mean values). 

 Batch ID Fracture parameters of the SFRCs according to EN-14651 
fLm [MPa] fR1m [MPa] fR2m [MPa] fR3m [MPa] fR4m [MPa] 

1st 
phase 

NSC 

0.5M 5.46 5.00 4.55 4.05 3.46 
1M 4.91 5.79 5.15 4.40 3.75 

1M† 4.81 5.09 4.12 3.42 3.01 
1M+m 5.97 6.30 5.35 4.35 3.54 

HSC 

FRC1 6.11 8.98 7.82 6.74 5.54 
FRC2 4.94 10.08 9.53 8.79 7.51 
FRC3 4.98 7.38 7.32 6.60 5.50 
FRC4 4.63 6.71 5.6 4.24 3.75 
FRC5 5.23 7.66 6.91 6.03 4.79 

2nd 
phase NSC 0.5M 4.60 4.12 4.07 3.35 2.69 

1M 4.64 5.43 4.89 4.36 3.86 
† - The series 1M was repeated 

 
2.2 Material Tests 
A number of material tests were carried out in 
order to evaluate the material properties of the 
concretes used in the RC and SFRC 
specimens. 

Regarding NSC series, standard tests on 
150 mm side cubes were carried out. The 
tensile strength (direct tension test) was 
measured from 80·210 mm (first phase) and 
150·300 mm cylinders (second phase). 

Referring to HSC series, standard tests on 
150 mm ∙ 300 mm concrete cylinders were 
carried out to measure the compressive 

strength of the material. 
Table 2 reports the main values of cylinder 

compressive and tensile strength for the 14 
materials tested. 

In addition, all SFRCs were mechanically 
characterized according to the European 
Standard EN 14651 [17], which requires that 
three point bending tests (3PBT) to be 
performed on small notched beams 
(150∙150∙550 mm). Based on experimental 
curves concerning the total nominal stress vs. 
Crack Mouth Opening Displacement 
(CMOD), the post-cracking residual strengths 
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fRi (for 4 different values of CMOD, i.e. 0.5, 
1.5, 2.5 and 3.5 mm), and the flexural tensile 
strength (limit of proportionality) fL, were 
calculated and are listed in Table 5. 

2.3 Set-up and instrumentation 
In the first phase of research, tensile tests 
(both, NSC and HSC series) were performed 
by means of hydraulic servo-controlled 
(closed-loop) testing machines. Tests were 
carried out under stroke control (by clamping 
both the rebar ends) by monitoring the 
specimen behaviour up to the onset of the 
strain-hardening branch of the rebar. The 
deformation rate up the yield limit of the steel 
was varied from 0.1 to 0.2 mm/min. At 
yielding, the rate was progressively increased 
from 0.5 mm/min up to 1 mm/min, the latter at 
an average strain of approximately 2%. 

Four Linear Variable Differential 
Transformers (LVDTs, one for each side), 
were placed to measure the deformation of the 
specimen over a length ranging from 900 mm 
to 950 mm. 

Regarding NSC elements, all specimens 
made of plain concrete and SFRC series 1M† 
were stored in a fog room (R.H. > 95%; T=20 
± 2°C) until 2 or 3 days before testing; then, 
they were air dried in the laboratory. All the 
other specimens were moist cured with wet 
burlap under plastic sheet until 2 or 3 days 
before testing, since it was not possible, for 
space restriction, using the same fog room. For 
these specimens, shrinkage effects were not 
probably totally controlled, even though the 
member response could be corrected by taking 
into account the effect of the initial shrinkage 
strain [18]; however, shrinkage does not 
significantly influence the final crack pattern 
and crack spacing. Referring to HSC elements, 
free shrinkage prism tests were carried out in 
order to estimate the restrained shrinkage 
within the RC and SFRC specimens. In the 
tensile tie tests, restrained shrinkage effects 
were significant since both the free shrinkage 
strains and reinforcement ratios were quite 
high. From the free shrinkage strains, the 
shrinkage-induced offset strain was calculated, 
as suggested by [18]. 

In the second phase, the experimental 
program was carried out only at the University 
of Brescia on NSC tie elements, by means of 
an available steel reacting frame conveniently 
modified. Two steel plates, previously holed, 
were welded at the ends of the specimen (see 
Figure 1b), which was connected by pins to 
the reacting rig (Figure 2). The tests were 
carried out under stroke control and by 
assuming the same load-procedure previously 
described for the first phase. Four LVDTs, one 
for each side of the sample, were placed to 
measure the deformation of the specimen over 
a length of 1400 mm (members with a bar 
diameter of 20 and 30 mm) and 900 mm (bar 
diameter of 10 mm). All specimens were 
stored in a fog room (R.H. > 95%; T=20 ± 
2°C) until 2 or 3 days before testing; then they 
were air dried in the laboratory. In the fog 
room shrinkage strains were measured by 
means of free shrinkage prisms. Since the 
measured strains were negligible, no-shrinkage 
offset strains were applied in the analysis of 
tensile members tested in the second phase. 

 

 
Figure 2: Specimen 1500 mm long placed in the centre 

of the steel reacting frame. Notice the details of the 
holed steel plates (measures given in mm). 
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3 RESULTS AND DISCUSSION 

3.1 Typical Tensile Tie behaviour 

The diagrams reported in Figure 3a and in 
Figure 3b evidence the typical response in 
terms of axial load vs. average tensile strain of 
RC and SFRC for NSC and HSC series, 
respectively. The average member strain was 
calculated as the mean elongation of the 4 
LVDTs, divided by the length of the base 
measurement. In both diagrams, a comparison 
between one typical plain and corresponding 
SFRC member is proposed. Also, the response 
of the corresponding bare bars is reported. 
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Figure 3: Typical response of non-fibrous reference 
Series of NSC (a) and HSC (b). 

 
The results are plotted up to a maximum 

average strain of 5·10-3, in order to properly 
describe the behaviour at Serviceability Limit 
State (SLS, where the crack and displacement 

control is of main importance), and also in 
order to assess the behaviour at yielding. 

In RC specimens, the elastic stiffness 
remained relatively high until the initial crack 
occurred, point at which tension stiffening 
initiated and the overall stiffness significantly 
reduced. Since no fibres were included, the 
transmission of any residual stress across 
cracks was not possible, and so the load-
deformation response quickly approached that 
of the bare bar and the maximum load was 
limited by the yield strength of the rebar. 

In a typical SFRC specimen, the uncracked 
response was similar to that of a non-fibrous 
specimen, as expected. After cracking, fibres 
provided a noticeable increment of the 
concrete toughness, guaranteeing a 
considerable residual strength through cracks 
(this phenomenon is defined as tension 
softening or hardening). Accordingly, by 
referring to a certain average member strain, 
the improved toughness of SFRC determined 
an increment of the average tensile strength of 
the undamaged concrete portions between two 
consecutive cracks. As a result, in both NSC 
and HSC tie elements, the tension-stiffening 
behaviour of SFRC series was more 
pronounced than that of RC specimens. In 
addition, after the first cracking, the reduction 
in load-carrying capacity was significantly 
more gradual for SFRC members than in RC 
specimens. The improvement of the tension-
stiffening can be clearly evidenced in the 
stabilized crack stage for NSC fibrous 
elements (Figure 3a) whereas it is relevant, in 
the HSC ties, only for average strains greater 
than 1∙10-3. (Figure 3b). The main reason is 
that SFRC elements plotted in Figure 3b 
experienced particularly large shrinkage 
strains; this caused the apparent cracking load 
to decrease with respect to that of a RC 
specimen which, on the contrary, exhibited 
lower shrinkage. 

By analyzing the typical responses of SFRC 
tie elements (Figure 3a/b), the fibre resistant 
contribution (post-cracking strength) can be 
clearly shown at yielding since SFRC 
toughness allows for a transfer of residual 
tensile stresses between the crack faces, with a 
consequent increase of the bearing capacity of 
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the structural member, whereas in the control 
samples (plain) there is no possibility of 
increasing the ultimate capacity after yielding. 
It is worthwhile mentioning that some splitting 
cracks were detected in both RC and SFRC 
specimens; however these cracks have little 
effects on the tensile behaviour of the 
specimens. 

3.2 Crack formation and development 
A significant aspect herein investigated 
concerns the crack pattern and its evolution in 
terms of mean crack spacing. 

The mean crack spacing of a single 
specimen was evaluated by measuring the 
distance between visible cracks on the surface. 
Furthermore, the mean crack spacing of each 
set of samples was calculated as the mean 
values of the measured mean values on each 
single specimen. This approach is reliable 
since no crack-localizations occurred in the 
sample before the yielding point. 

In Figure 4a and b, the evolution of the 
mean crack spacing (srm) has been plotted as a 
function to the average strain up to the end of 
the crack formation stage, for specimens 
N 200/30 and H 200/30, respectively. Note 
that in HSC specimens, the effect of shrinkage 
was computed according to [12]. The diagrams 
are plotted for the different SFRC under 
investigation in order to evidence the influence 
of fibre content on the cracking behaviour. 
With this purpose, for HSC tie elements 
(Figure 4b), the curves are referred to series 
FRC1, FRC2, FRC3 (corresponding to fibres 
30/0.38 and a volume fraction of 
0.5%,1%, 1.5%, respectively, see Table 2). On 
the other hand, the NSC series (Figure 4a) are 
plotted for macro fibre (30/0.62) and two 
dosages: Vf=0.5% and 1% (for specimens 
tested in the second phase). The responses of 
control series are also plotted as a reference. 

By referring to a certain member average 
strain, it is demonstrated that as the fibre 
content increases, the mean crack spacing 
decreases. This tendency is consistent for any 
given average strain and it also applies, as 
expected, at the end of the crack formation 
stage, where the stabilized crack stage begins, 

as well depicted in the two graphs by the 
horizontal asymptotes, corresponding to the 
final mean crack spacing. In fact, the residual 
post-cracking strength provided by steel fibres 
contributes to the reduction of the transmission 
length necessary to transfer tensile stresses in 
concrete by means of bond; hence, the mean 
crack spacing and the corresponding mean 
crack width will diminish. 
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(b) 

Figure 4: Evolution of the mean crack spacing of 
fibrous non-fibrous Series NSC (a), HSC (b) 

 
The analysis of the evolution of the mean 

crack spacing with respect to the average 
member strain (for all the series investigated) 
has demonstrated that the crack formation 
stage of NSC fibrous and non-fibrous 
specimens corresponds approximately to a 
range of strains varying from 0.5 to 1.5∙10-3; a 
similar tendency can be reported for HSC tie 
elements, even though the range of strain is 
slightly higher. In particular, according to the 
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enhanced fibre resistant contribution, one 
would expect a lower value of the average 
strain corresponding to the end of the crack 
formation stage. A clear tendency was not 
observed. 

In order to better evaluate the effect of 
concrete strength on the cracking process, the 
crack pattern evolution of the previously 
described N 200/30 and H 200/30 specimens 
(Figure 4) has been compared in Figure 5. 
Both RC and SFRC tie elements (the latter 
reinforced by macro fibres), with Vf of 0.5% 
and 1%, are plotted. Note that the comparison 
of SFRC series depends not only on the 
concrete strength but it is also rather 
influenced, referring to the same fibre content, 
by the fibre toughness. Referring to Figure 5, 
the NSC specimens contain fibres 30/0.62 
whereas HSC samples contain fibres 30/0.38 
(see Table 5 for details). 
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Figure 5: Comparison of the evolution of the mean 

crack spacing: NSC vs. HSC. 
 
The diagrams plotted in Figure 5 clearly 

evidence that, referring to the same 
longitudinal reinforcement ratio (conventional 
rebar) and the same clear concrete cover, RC 
HSC elements present a rather smaller mean 
crack spacing and, consequently, smaller crack 
widths with respect to corresponding NSC 
members. This tendency is consistent for 
average member strains ranging from the crack 
formation stage to the stabilized crack stage. 
The same trend can be also outlined for SFRC 
specimens, even though the rate of reduction 
of crack spacing should not only be attributed 
to concrete strength but also to the FRC 

toughness, as aforementioned. 
Referring to the member average strain at 

the end of the crack formation stage, no 
significantly effects of the concrete strength on 
this parameter was observed. 

In Figure 6 the mean crack spacing (srm) is 
plotted vs. the key parameter /eff, which is 
generally included in many building codes. In 
Figure 6a the experimental results are plotted 
with reference to RC members, whereas in 
Figure 6b the trend of SFRC members 
presenting a total Vf1% is reported (the 
results include macro fibres, macro+micro 
fibres according to all combinations presented 
in Table 4). Note that NSC corresponds to tie 
elements having a cylindrical concrete 
compressive strength lower than 50 MPa, 
whereas HSC refers to members with a higher 
value. The trend reported for RC elements 
(Figure 6a) confirms the tendency previously 
underlined in Figure 5: by referring to 
specimens having the same /eff, the use of 
HSC determines a considerable reduction of 
the mean crack spacing (with percentages up 
to 50%). Since several formulations proposed 
in literature or in design codes define the crack 
spacing linearly proportional to parameter 
/eff, it is meaningful evaluating the 
dispersion of results according to a linear 
regression. As depicted in Figure 6a, the 
coefficient of correlation R2 is equal to 0.92 
for the NSC control samples and 0.83 for HSC 
elements. Basically, a possible linear 
relationship between srm vs. /eff could be 
reliable, even though that should be a function 
of the concrete strength, differently from most 
of published relationships of srm. 

The srm vs. /eff trend for SFRC ties, only 
for Vf1%, as depicted in Figure 6b, is rather 
similar: a global reduction of the mean crack 
spacing with higher concrete strength is 
noticeable. 

Furthermore, as expected, the crack spacing 
of the SFRC series are smaller than the 
corresponding RC due to the enhanced 
material toughness. The linear coefficient of 
correlation R2 is 0.64 for both NSC and HSC 
SFRC elements, evidencing a poorer fitting. 
The reduction of the R2 coefficient, with 
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respect to control samples, is probably due to 
the higher dispersion of the results in presence 
of fibres: in fact, for the sake of simplicity, 
different combinations of fibrous 
reinforcement (presenting diverse toughness 
ranges) are included in the comparison shown 
in Figure 6b. In other words, both the effect of 
concrete strength and toughness is embedded 
on that graph. A broader test database should 
be necessary to clearly identify the effect of 
each parameter on the crack spacing. 

Crack spacing vs. Φ/ρeff - Plain series
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Crack spacing vs. Φ/ρeff - FRC series Vf<1%
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Figure 6: Crack spacing vs. /eff Non-fibrous Series 
(a) Fibrous Series (b). 

4 CONCLUSIONS 
In the present paper, a broad experimental 
study within a joint research program between 
the Universities of Brescia (Italy) and Toronto 
(Canada) is presented. A series of 109 NSC tie 
tests have been carried out in Brescia while 
Toronto tested a series of 59 members made of 

HSC. 
Based on the results above mentioned, the 

following main conclusions might be drawn: 
- the use of HSC determines a noticeable 

reduction of the mean crack spacing with 
respect to normal strength ones. This tendency 
was clearly evidenced for both plain and FRC 
specimens; 

- the stabilized crack stage does not seem to 
be influenced either by the enhanced 
toughness (in FRC materials herein 
considered) and concrete class: in both the 
cases, a higher number of cracks form, without 
a clear indication that the crack stabilized 
stage develops later or earlier than in both 
NSC or non-fibrous elements. 

- FRC diffusely influences the behaviour of 
tension-ties at SLS, by reducing crack width 
and determining a crack patterns with 
narrower and closely spaced cracks; 

- FRC stiffens the post-cracking response of 
RC members and it is effective in diminishing 
the deflections of the structures. This is also a 
key-point for SLS design purposes. 

Further studies have to be planned and 
performed for better understanding the 
relationship between FRC toughness and 
reinforcement ratio and for coming up with an 
analytical model in order to better predict the 
average crack spacing. 
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Abstract: The use of fiber-reinforced high-performance concrete (FRHPC) is becoming more 
extended; therefore it is necessary to develop tools to simulate and better understand its behavior. In 
this work, a discrete model for the analysis of fracture mechanics in FRHPC is presented. The plain 
concrete matrix, made of mortar and coarse aggregates, is modeled by means of a three-dimensional 
random particle model. The fiber inclusions are modeled as truss elements linked to the matrix via 
special interface elements. Fiber pull-out tests are performed to characterize the interface behavior 
and implemented into direct tension tests with different fiber configurations. 
 
 

1 INTRODUCTION 
New requirements for construction 

materials have led to the development of the 
so-called fiber-reinforced high-performance 
concrete (FRHPC), by which different benefits 
over traditionally concrete can be obtained 
(e.g. improvement on mechanical properties, 
maintenance reduction, and extend life cycle 
among others). 

The use of fiber-reinforced high-
performance concrete (FRHPC) is nowadays 
widely extended. The inclusion of fibers inside 
the quasi-brittle concrete matrix enhances the 
mechanical properties (e.g. strength, 
toughness, fatigue life) of the new resulting 
composite material. Different types of fibers 
(e.g. steel, PVA, PP, wood) have been used, 
and are currently subject of study [1]. 

Therefore, there is a clear need in developing 
new numerical tools to aid the materials 
engineer in the design of these new materials. 

In general, the mechanical response of the 
FRHPC material depends on fibre parameters 
(size, stiffness, strength, volume content and 
shape), matrix parameters (stiffness, strength 
and fracture energy), and fiber-matrix bond 
parameters (bond strength, stiffness and 
debonding energy). These parameters can be 
measured experimentally by means of pull-out 
tests [2]. 

In this work, a discrete model, namely a 
lattice-particle approach, is presented for the 
analysis of fracture mechanics in FRHPC. 
Based on the aforementioned parameters, a 
three-dimensional numerical model is 
provided for the design of FRHPC. Due to the 
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lack of experimental data of the fiber-matrix 
interface, the bond properties are obtained 
through pull-out tests and different global 
material behaviour, ranging from softening to 
hardening, can be obtained. 

2 FIBER-REINFORCED LATTICE-
PARTICLE MODEL 

Discrete models have been proven as an 
efficient approach to model fracture processes 
in quasi-brittle materials [3-7]. 

One main issue concerning the discrete 
models is that, depending on its nature, an 
important number of degrees of freedom (dofs) 
may be required. This is especially important 
when dealing with additional phases. For this 
reason, it is important to use an appropriate 
discrete model. In this sense, a lattice-particle 
approach [4,5,7] seems to be a valid choice, 
since the matrix nodes are defined as the 
centroids of the aggregates, lightening the total 
number dofs. 

Different approaches to model fiber-
reinforced cementitious composites can be 
found in the literature, many of them as a new 
feature of previously validated discrete models 
[8-12]. Schlangen et al. [8] included fibers to 
the original lattice model. The fibers where 
linked to the matrix lattice via interface 
elements. These elements were supposed to 
fail under brittle tension or compression [8] 
but ductile response was later implemented 
[12]. Another type of fiber-reinforced lattice 
model is that of Bolander and Saito [9] and 
Kunieda et al. [10], where the matrix cells 
were linked through additional springs 
representing the fiber cross. In Schauffert and 
Cusatis [11], the contribution of the fiber is 
implemented implicitly in the model. 

In this paper, the fiber contribution is 
implemented through interface elements that 
represent the fiber-matrix slip. 

2.1 Mesostructure generation 
At the mesolevel, concrete is considered as 

a random heterogeneous quasi-brittle material 
with three main phases: mortar, aggregates, 
and the interfacial transition zone (ITZ). 

The mesostructure of concrete is mainly 

influenced by the position of coarse 
aggregates. Therefore, a random distribution 
of spherical-like particles, simulating the 
coarse aggregates, is arranged inside the 
specimen. The particle distribution is made 
according to a Fuller’s curve: 

P(d) = (d/dmax)n (1) 

where P(d) is the cumulative percentage 
passing a sieve aperture diameter d with 
respect to the maximum aggregate size dmax; 
the exponent in the equation is set to n=0.5. 
The total volume of coarse aggregates is 
assumed to be 40% of the whole concrete 
volume [13]. 

Once the particle distribution is generated, 
following the previous sieve curve, the 
particles are randomly placed using the take-
and-place method [4]. Largest particles are 
placed first as to preserve locations for smaller 
particles. 

The aggregate arrangement is then used as 
the input for the Delaunay’s triangulation in 
order to define the matrix mesh [4,7]. It should 
be remarked this mesh will only depend on the 
actual material mesostructure. 

2.2 Fiber generation 
The main input for the fiber generation is 

the volume content which, in addition to the 
fiber length and diameter, provides the initial 
number of elements to place in the matrix. 

For every single fiber element, an initial 
node has to be placed randomly within the 
specimen volume. It is also necessary to define 
a direction which can be specified or set 
partially or totally random. This feature is very 
important to study the effect of fibers 
direction. If the second node is out of the 
boundaries, the fiber is automatically cut off at 
it. The subtracted volume of the fiber is taken 
into account when placing the next fibers, so 
as to meet the initial volume content. 

Along with the external nodes of the fibers, 
some internal nodes have to be generated in 
order to provide the linking to the matrix. 
These are placed at a certain distance based on 
the characteristic length of the matrix mesh so 
as to preserve the characteristic length of the 
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whole system. 
The fiber nodes are linked to the closest 

aggregates through special interface elements, 
representing the bond between the concrete 
matrix and the fibers (Figure 1). 

 

 
Figure 1: Fiber-reinforced lattice-particle model. 

2.3 Formulation 
In the present formulation of the fiber-

reinforced lattice-particle model, three 
different types of elements can found: a) 
matrix; b) fiber; and c) bond; for matrix-
matrix, fiber-fiber and fiber-matrix interaction, 
respectively. 

Matrix elements are defined as traditional 
spring elements acting in normal and 
tangential directions at a contact point which is 
proportional to the specific length of the 
particles [4,5], with the following stiffnesses: 

KN
ij,m = k1,mEijAij/Lij  

KT
ij,m = k2,mEijAij/Lij (2) 

Parameters k1,m and k2,m are used to adjust 
the matrix macroscopic elastic modulus and 
Poisson’s ratio, respectively. Values of 
k1,m=1.0 and k2,m=0.2 provides a good 
agreement with experimental data. The length 
of the element, Lij, is obtained directly from 
the Delaunay’s triangulation and the area of 
the element is defined as: 

Aij = min(πri
2, πrj

2) (3) 

where ri and rj are the aggregates radii. 
 Local elastic modulus will depend on the 

phases of the heterogeneous material: mortar 
(Em) and aggregates (Ea) [7]: 

Lij /Eij = (ri + rj)/Ea + 
+( Lij - ri + rj)/Em 

 

(4) 

Fiber elements are modeled as simple 

trusses with the following normal stiffness: 

KN
ij,f = EfAf/Lf (5) 

where Ef is the elastic modulus of  the fiber, Af 
the cross-section area (Af = πrf

2)  and Lf the 
fiber length. 

The bond elements are special elements 
similar to matrix elements which stiffnesses 
are: 

KN
ij,b = KT

ij,b = EbAb/Lij (6) 

where Eb is the elastic modulus of the 
interface, Lij the length of the element and Ab 
the interaction area defined as follows: 

Ab = 2πrf Lf (7) 

Different fracture laws can be found in the 
literature to account for the fracture behavior 
of the lattice elements. In this work, a general 
bilinear material behavior is implemented 
being necessary to define the peak stresses σ1 
and σ2, and the fracture energy. The shape of 
the material curve is discussed in the next 
section.  

The material behavior is used within a 
Mohr-Coulomb failure surface [6] for the 
matrix and interface elements, and a Rankine 
criterion for the fibers. 

2.4 Computational strategy 
The system is solved using an event-driven 

algorithm by which linear steps are solved, 
making it faster and avoiding major numerical 
difficulties [9]. At every step, unitary 
prescribed forces or displacements are applied 
to the specimen and the element stresses are 
calculated. The element with the maximum 
stress-to-strength ratio is supposed to fail and 
its elastic modulus is updated following the 
material curve. 

The material law is discretized into certain 
steps; thus, the numerical implementation is 
straightforward by using a secant reduction 
approach similar to that of Rots et al. [10]. 

3 PULL-OUT TESTS 
The properties of the matrix-fiber interface 

are difficult to obtain experimentally. For this 
reason, pull-out tests of the fiber are carried 
out [2]. In these tests, the fiber is partially 

Fiber 

Bond 
Aggregate 

Mortar 
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embedded in the matrix and it is pulled-out 
through the free end (Figure 2).  

There are three main stages in a typical 
force-slip pull-out curve: 1) elastic branch 
before the chemical bond strength; 2) non-
linear fiber-matrix debonding; and 3) frictional 
softening [2]. 

 

  
Figure 2: Fiber pull-out configuration. 

 
Different interface behaviors can be found 

depending on the material type: a) slip 
hardening; b) elastic-plastic; and c) slip 
softening. The present model, accounts for all 
these material behavior through bilinear laws 
as discussed in section 2.4. The pull-out test 
configuration used in the simulations is a 
concrete-matrix cubic specimen of size 50 x 
50 x 50 mm, fixed at the bottom surface with a 
half embedded steel fiber of 50 mm, which is 
pulled-out by its free end (Figure 3). 

 

 
 

Figure 3: Fiber pull-out test mesh. 
 

The material properties for the interface 
elements are presented in Table 1. The 
concrete matrix is modeled as a softening 
material and the fibers are elastic-plastic 
(Table 2). In Figure 4 different interface 
behaviors are compared, showing the ability of 
the model to account for a wide range of 
behaviors, from softening to hardening. 

Table 1: Interface material properties. 

 E 
(GPa) 

σ1 
(MPa) 

σ2 
(MPa) 

GD 
(N/mm) 

Interface 1 5.0 1.0 0.1 0.035 
Interface 2 5.0 1.0 0.9 0.035 
Interface 3 5.0 1.0 2.0 0.035 

 
These simulations can be used to calibrate 

material properties of the fiber-matrix 
interface in order to study the effect of fiber 
inclusions on the mechanical properties of the 
composite material. 
 

 
Figure 4: Simulation of the fiber pull-out behavior. 

 

4 TENSILE TESTS 
Uniaxial tension tests are suitable for 

studying the contribution of the fiber 
reinforcement to the mechanical properties of 
the new composite material. This change of 
the ductility is more evident on load-
deformation curves and cracking patterns. 

For this purpose, a prismatic specimen of 
size 50 x 25 x 150 mm is subjected to uniaxial 
tension (Figure 5). The two ends of the 
specimen are clamped in a width of 25 mm, as 
usually performed in the laboratory. 
Normalized stress-strain curves are computed 
in order to observe the effect of fiber volume 
content variation and the fiber orientation. The 
material properties are shown in Table 2. 

Different fiber volume content, Vf, are 
simulated to show the increase in ductility 
(Vf= 0, 0.5, 1.0 and 1.5%) and the ability to 
develop distributed cracking (Figure 5). On the 
other hand, three different types of fiber 
orientation are accounted for: a) totally 
random (based on a normal probability 
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distribution), b) totally aligned along a given 
direction (loading axis in this case), and c) 
quasialigned or aligned in a given direction 
with certain misalignment (maximum ±10°). 

 
Table 2: Material properties. 

Matrix Em=20 GPa, Ea=70 GPa 
ft=4 MPa, fc=-80 MPa 
c=2ft, ϕ=35°, GF=0.02 N/mm 

Fiber Ef=210 GPa 
σy1=510 MPa, elastic-plastic 
Lf=50 mm, df=0.5 mm 
Variable Vf and alignment 

Interface Eb=5 GPa 
σ1=1.0 MPa, σ1=0.1 MPa  
c=2σ, ϕ=35°, GD=0.035 N/mm 

 
 

a)      b)      c)  
 

Figure 5: Uniaxial tension test : a) particles 
distribution, b) matrix mesh, and c) fiber mesh. 

 

As mentioned before, the present model is 
able to account for distribute cracking when 
present. In Figure 6 the displacement fields for 
two volume contents are compared at a total 
longitudinal strain of 0.15%. It can be seen 
that, in the case of low fiber content 
(Vf=0.5%), a single crack is developed and 
presented as a displacement jump. However, if 
the fiber content is increased (Vf=1.5%), the 
displacement field is still distributed. The 
cracks are generally presented as vertical stress 
drops in stress-strain curves. 

The increase in ductility is achieved by the 
arresting effect that fibers have in the matrix. 
Therefore, fibers are expected to arrest the 
cracks, increasing the strain capacity of the 
material (Figure 7). 

            
 

Figure 6: Displacement field at 0.15 % global strain: 
a) Vf=0.5%, and b) Vf=1.5%. 

 

    
Figure 7: Acting fibers arresting a crack. 

4.1 Effect of Vf 
The increase of the fiber volume content 

should increase the ductility in the composite 
material. This observation is analyzed with the 
proposed model and by comparing four 
different contents: a) plain concrete (Vf=0%), 
b) Vf=0.5%, c) Vf=1.0%, and d) Vf=1.5%. The 
fibers are quasialigned distributed with a 
maximum misalignment of 10°. 

 

 
Figure 8: Effect of the fiber volume content. 

 
In Figure 8 it is observed that the model 
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predicts well the experimental observations. 
The increase of the fiber content gradually 
increases the peak stress and the fracture 
energy of the material. The softening shape is 
lost, showing a ductile-like behavior in the 
case of high fiber volume content. It can be 
also observed that the strain capacity increases 
in the same manner. 

4.2 Effect of fiber orientation 
One important aspect to analyze when 

dealing with fiber-reinforced composites is the 
effect of the fiber orientation. In fact, this is a 
key issue in order to achieve better 
performances of the material. Different fiber 
distributions are considered in this paper 
(Figure 9). 

The best behavior of the composite is 
expected to happen when the fibers are 
perpendicular to the crack path (Figure 9c), so 
the fiber contribution to the arresting is the 
most. However, this perfectly aligned 
configuration is hard to obtain in situ due to 
certain misalignment given by the casting 
flow. Therefore, fibers with a maximum 
misalignment of 10° along the loading axis are 
simulated in order to account for such effect 
(Figure 9b). Another configuration considered 
in this work is to have a completely random 
fibers distribution (Figure 9a). 

For these simulations, the material 
properties in Table 2 are used and a total fiber 
volume content of 0.5% is considered. 
Uniaxial tension tests are carried out and 
normalized stress-strain curves, as in the 
previous section, were obtained. 

 

a)   b )    c)  
Figure 9: Fiber distributions: a) random, b) 

quasialigned, and c) aligned. 

From the uniaxial curves in Figure 10, it is 
observed that the fiber orientation has its 
effects on material response. Indeed, an 
increase on the alignment level leads to low 
increase of the peak-stress and an important 
increase of the ductility. In Figure 10 this 
effect is observed, being the random 
configuration under the quasialigned and 
aligned specimens. The difference between the 
quasialigned and the perfectly aligned 
configuration is not much. Therefore, for 
concrete, it would not be necessary to have a 
perfect alignment, since a misalignment of 10° 
seems to provide good results close to the ideal 
case. The strain capacity is also higher for the 
quasialigned and perfectly aligned cases, 
obtaining almost twice the bearing capacity at 
a strain level of 0.1%. 
 

 
Figure 10: Effect of the fiber alignment. 

 

5 CONCLUSIONS 
The use of FRHPC is nowadays widely 

extended, and there exists a need to develop 
numerical tools to aid the material engineers in 
the design and structural prediction of these 
types of materials. 

In this paper, a three-dimensional fiber-
reinforced lattice-particle model is presented 
to simulate the mechanical behavior of 
FRHPC. The proposed model is based on the 
interaction of aggregates and fiber through 
interface elements that are especially 
characterized with pull-out tests. Different 
fiber distributions are generated according to a 
given set of geometrical parameters (e.g. fiber 
length and diameter, volume content, 
orientation). This information along with the 
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results from the pull-out tests are implemented 
into direct tension tests to analyze the material 
behavior under different fiber configurations. 

From the results in Section 4, we can 
conclude the model is able to reproduce 
fracture processes in fiber-reinforced 
cementitious composites. Moreover, it has 
shown agreement with the experimental 
observations regarding the effect of the fiber 
volume content and fiber orientation. Different 
types of material behaviors can be represented, 
ranging from softening to hardening, 
modifying the ductility and the peak-stress. 
This depends on the aforementioned 
configurations.  

In general, the increase of the fiber volume 
fraction leads to an increase of the ductility of 
the material. This increase can also transform 
the material behavior from a quasi-brittle to a 
ductile material. For the type of fibers tested in 
this work, volume contents over 1% seem to 
be enough as to strongly improve the 
mechanical response. On the other hand, from 
the fiber orientation results, it is remarkable 
that the improvement obtained by perfectly 
aligning the fibers is not too high with respect 
to a quasialigned configuration. Taking in 
consideration the cost increments of a 
perfectly aligned configuration, it makes not 
worthy to have such distribution, at least for 
concrete. 

This model opens new future research work 
in many directions. The implementation of 
other type of setups as well as different type of 
fibers is of main interest. One important 
objective is the calibration of the model with 
experimental results in order to validate it. 
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Abstract: High Performance Concrete Sandwich Elements (HPCSE) are an interesting option for 
future low or plus energy building construction. Recent research and development work, however, 
indicate that such elements are prone to structural cracking due to the combined effect of shrinkage 
and high temperature load. Due to structural restraints, autogenous shrinkage may lead to high  
self-induced stresses. Therefore autogenous shrinkage plays important role in design of HPCSE.  
The present paper assesses risk of fracture due to autogenous shrinkage-induced stresses in three 
fiber reinforced and regular High Performance Concretes (HPC). The research work described  
in this paper contains a description of experimental setup that allows measurement of effective 
shrinkage in HPC, which develops on an elastic inhomogeneity embedded in HPC matrix 
undergoing shrinkage during hydration (autogenous shrinkage). The test setup is based on direct 
measurement of the hydrostatic pressure developed in a simple pressure sensor embedded  
in the same matrix and a subsequent analysis based on Eshelby's solution for an ellipsoidal 
inhomogeneity embedded in an infinite matrix.  
The paper also presents the analysis necessary to perform an interpretation of the experimental 
results and to determine effective shrinkage in the HPC matrix. 
Furthermore, the mechanical properties of all the mixes – static elastic modulus, compression 
strength, tensile strength as well as fracture energy were investigated in detail as function of time.  
Finally the paper describes the modeling work with HPCSE predicting structural cracking provoked 
by autogenous shrinkage. It was observed that risk of cracking due to autogenous shrinkage rapidly 
rises after 3 days in case of regular HPC and after 7 days in case of fiber reinforced HPC. 
 
 

1 INTRODUCTION 
Thin-walled High Performance Concrete 

Sandwich Elements (HPCSE) undergo volume 
changes. These changes are generated by high 
thermal load applied on the concrete plates in 
the hardened state combined with autogenous 
and drying shrinkage during hardening. 
HPCSE are particularly sensitive to self-
desiccation of the cement paste during 
hydration process, which leads to autogenous 

shrinkage. If a restraint is present, autogenous 
shrinkage may lead to high self-induced 
stresses [1-3]. In practice, restraint of HPCSE 
arises from rigid inhomogeneities, 
reinforcement, temperature gradients over  
the specimen thickness and subgrade friction 
that limits the volumetric changes.  
The prediction of shrinkage cracking due to 
restraint is a complex phenomenon dependent 
on the interaction of several factors such as: 
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free shrinkage, creep relaxation, material 
stiffness, fracture resistance, environmental 
conditions, time dependence, and degree of 
restraint [4,5]. Autogenous shrinkage should 
be limited because it may possibly cause 
surface and even through-thickness micro-
craking or macro-cracking and impair the 
concrete quality [6]. Therefore autogenous 
shrinkage plays important role in design of 
HPCSE. The present paper is case study  
of 3.59m wide and 4.48m high load carring 
HPCSE. These HPCSE were subjected to 
structural cracking approximately 6 months 
after assembly. The HPCSE consist of  
an internal layer of insulation and two external 
High Performance Concrete (HPC) plates.  
The connectors are used to keep the plates 
together and the panel intact during handling. 
The prediction of shrinkage cracking is  
a complex problem dependent on several 
factors as was already mentioned. The 
experimental investigations and monitoring of 
all these factors could lead to high financial 
cost and long-term measurement.  

This work presents a low cost experiment 
which can combine several factors into one. 
The experimental work is based on direct 
measurement of the augoneous shrinkage-
induced stresses. 

In former studies some experiments of self-
induced stresses in concrete were performed. 
Nielsen [7] in his doctoral study developed a 
stress sensor to measure the stresses in an 
aggregate in a uniaxial creep test.  
The technique of measurement was based on 
change in the mutual inductance between two 
coils which are displaced in relation to each 
other. Furthermore, Sato et al. [8] attempted to 
measure self-induced stress with an embedded 
deformed bar and inspection of micro-crack in 
concrete at the vicinity of rebar. Dela [9] used 
massive porcelain spheres encircled with 
manganin wire glued to the surface as stress 
sensor to predict the magnitude of 
eigenstresses around aggregates in hardening 
cement paste. Her study is based on linear 
elastic solution and stepwise calculation taking 
into account change in the stiffness but 
disregarding the relaxation. Finally, the work 
by Stang [10] should be mentioned. In this 

work, the shrinkage-induced clamping 
pressure acting on aggregates and different 
fiber types embedded in cement pastes were 
investigated as a function of time. The 
estimation is based on direct measurement  
of the pressure developed in a simple pressure 
sensor embedded in the same matrix and a 
subsequent analysis based on Eshelby’s 
solution [11] for an ellipsoidal inhomogeneity 
embedded in an infinite matrix. 

The main motivation of the present work  
is to demonstrate that autogenous shrinkage of 
the HPC contributes to the potential structural 
cracking of the front plate of the HPCSE. 
Three fiber reinforced and regular HPC mixes 
were analyzed in order to assess risk  
of fracture and eventually foresee whether 
cracks will be propagated stably or unstably. 
Additionally the mechanical properties of all 
mixes – Static elastic modulus, compressive 
strength, tensile strength as well as fracture 
energy were investigated in detail as function 
of time. 

2 EXPERIMENTAL PROCEDURE 
The present work represents three fiber 

reinforced and regular HPC mixes. The first 
mix was a commercial mix developed  
by CONTEC ApS and will be denoted as 
Contec mix. Another two HPC mix designs 
were based on research work of Ozbay et al. 
[12]. These two mixes were denoted as DTU 
mixes. The DTUI mix was designed to 
correspond to the mechanical properties of  
the Contec mix. The DTUII mix was adjusted 
by bauxite sand and fly ash to obtain better 
mechanical properties than Contec and DTUI. 
The mix designs are shown in Table 1.  

A 60l pan mixer was used for mixing; 
mixing time was 2 minutes for the dry mixing 
and 5 minutes with water and super-
plasticizer. The vibrating time was chosen to 
be 30s. After casting, the specimens were left 
to harden in a climate chamber (22±2 °C and 
65±5% RH). Specimens were demoulded after 
24h and put in the water at 20 °C for curing. 

 Beams for determination of the mechanical 
properties were casted in one use polystyrene 
moulds. 
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Table 1 – HPC mix designs (kg/m3) 

Mix Contec DTUI DTUII Contec-F DTUIF DTUIIF
Cement (CEM I 52.5 R) / 495 460 / 495 460 
Binder Contop S 105-2  582.3 / / 582.3 / / 
CA, granite, 02-05 mm  832.3 868.4 1015.6 832.3 868.4 1015.6 
FA, sea gravel, 0.1-1.5 mm 
FA, bauxite sand, 0-1 mm 

763.7 
/ 

781.6 
/ 

/ 
609.4 

763.7 
/ 

781.6 
/ 

/ 
609.4 

Silica fume 
Fly ash 
Super-plasticizer 
Glass fibers 
Polypropylene fibers 
Total dry mass 

/ 
/ 
/ 
/ 
/ 

2178.3 

55 
/ 

11 
/ 
/ 

2200 

57.5 
57.5 
25.9 

/ 
/ 

2200 

/ 
/ 
/ 

4.04 
2.02 

2184.4 

55 
/ 

11 
4.0 
2.0 

2206 

57.5 
57.5 
25.9 
3.5 

1.78 
2205.3 

Water-cementitious material ratio 0.304 0.25 0.25 0.304 0.25 0.25 
Water-cementitious material ratio* / 0.27 0.295 / 0.27 0.295 

 * including the water content of the superplasticizer 

3 MECHANICAL PROPERTIES 
The developments of the mechanical 
properties - Static elastic modulus, 
compression strength, tensile strength (wedge 
splitting test) as well as fracture energy were 
investigated in detail as function of time. All 
the tests were performed at room temperature 
(20±2 °C). The compressive strength and static 
elastic modulus were determined according  
to EN 1992-1-1 [13]. Specimen geometry for 
mechanical tests is shown in Table 2. 

Table 2 – Specimen geometry for different tests 

Test Specimen geometry 
Compressive strength W/H/L = 40/40/40 mm 
Tensile strength  W/H/L = 100/100/100 mm
Static elastic modulus W/H/L = 100/100/100 mm

3.1 Compressive strength 
The mean compressive strength at 28 days 

was observed to range roughly between 75 to 
110 MPa. DTU mixes have significantly 
higher development of compressive strength 
during the first days. This phenomena can be 
explained by the use of the cement with rapid 
hardening together with silica fume and fly ash 
in case of DTUII(F). There was not found any 
significant difference in compressive strength 
between regular HPC mixes and the fiber 
reinforced. Development of compression 
strength for all HPC mixes is shown in  
Table 3.  

3.2 Tensile strength 
The 28 days splitting tensile strength of all 

HPC mixes was high around 5.5 MPa.  
The tensile strength of the DTU mixes made 
with silica fume, fly ash and cement with rapid 
hardening was observed to develop faster. 
After three days it was at roughly 5 MPa - well 
above the strength of the Contec mixes, 3 MPa 
(Table 3). Tensile strength development of 
Contec mixes tended to increase slower than 
DTU mixes. There was no obvious change of 
tensile strength caused by adding fibers to 
HPC matrix. 

3.3 Static elastic modulus 
With the exception of the Contec mixes,  

the mean static elastic modulus of the 
concretes Ecm, reached about 60GPa after 28 
days. The static elastic modulus of the Contec 
mixes was at 40GPa, thus significantly lower. 
This seems to be caused by discontinues grain 
size distribution curve and by a 
disadvantageous pore size distribution of the 
hardened concrete. The static elastic modulus 
of the DTU mixes developed significantly 
faster than Contec mixes (Table 3).  

3.4 Fracture energy 
An experimental investigation completed as 

part of this study were using the Wedge 
splitting test (WST) to ascertain the fracture 
behaviour of the concrete mixtures used 
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throughout this work. The specimen geometry 
and analysis needed to evaluate the WST were 
published in Ref. [14]. The fracture energy Gf, 
characterize the material's resistance to 
fracture. The mean fracture energy Gfm, was 
found to increasing with age for all the mixes.                     

The brittleness of cohesive material can be 
described by the characteristic length, Lch.  
The general trend in the development of the 
mean characteristic length Lchm, was observed 
to decrease with maturity. The same results 
were also found in literature, e.g. [15-16].

Table 3 – Mechanical properties 

Mix Age 
(days) 

fcm,cube – SD 
(MPa) 

fctm,sp – SD 
(MPa) 

Ecm – SD 
(GPa) 

Lchm – SD 
(mm) 

Gfm – SD 
 (N/m) 

Contec 

1 
3 
7 

28 

31.4 – 4.8 
43.6 – 8.2 
59.1 – 3.2 
72.3 – 8.4 

2.1 – 0.0 
3.0 – 0.4 
5.1 – 0.9 
5.2 – 2.1 

41.3 – 0.8 
43.7 – 5.8 
36.5 – 1.4 
43.3 – 0.0 

777 – 89 
430 – 109 
115 – 24 
186 – 49 

81.5 – 7.6  
86.1 – 35.2 
110.6 – 8.2 
115.9 – 1.4 

DTUI 

1 
3 
7 

28 

61.5 – 3.5 
65.6 – 2.2 
73.1 – 6.9 
89.2 – 3.7 

3.6 – 0.4 
4.4 – 0.0 
5.6 – 0.3 
6.5 – 1.4 

53.5 – 0.5 
44.9 – 7.5 
60.0 – 6.0 

55.5 – 11.6 

768 – 48 
281 – 3 

234 – 34 
168 – 29 

182.7 – 22.6 
119.8 – 19.5 
124.3 – 17.2 
129.3 – 8.0 

DTUII 

1 
3 
7 

28 

60.9 – 10.2 
81.8 – 4.3 
84.2 –  6.3 
102.7 – 9.0 

2.9 – 0.6 
4.7 – 0.1 
4.9 – 0.0 
5.5 – 0.6 

43.5 – 1.5 
48.3 – 3.1 
53.8 – 7.8 

58.6 – 19.0 

621 – 167 
234 – 14 
279 – 79 
258 – 4 

116.4 – 27.1 
106.0 – 2.9 
121.9 – 9.5 
134.6 – 2.4 

Contec-F 

1 
3 
7 

28 

38.0 – 5.2 
52.1 – 2.5 
60.3 – 4.0 
71.9 – 1.5 

2.1 – 0.3 
3.3 – 0.4 
3.9 – 0.0 
4.6 – 0.6 

39.1 – 0.5 
36.5 – 0.4 
36.4 – 0.9 
35.0 – 4.9 

1652 – 188 
464 – 76 
370 – 14 

346 – 156 

184.8 – 9.7 
136.5 – 7.4 
157.8 – 4.4 
204.8 – 5.7 

DTUIF 

1 
3 
7 

28 

47.4 – 3.5 
64.9 – 5.8 
65.0 – 5.4 
81.6 – 2.3 

3.4 – 0.1 
4.8 – 0.2 
5.9 – 0.2 
6.5 – 0.5 

50.0 – 1.1 
48.5 – 0.6 

43.3 – 10.4 
52.3 – 5.6 

697 – 60 
344 – 54 
209 – 3 

223 – 156 

158.2 – 11.8 
161.0 – 4.2 

167.8 – 20.6 
168.9 – 29.1

DTUIIF 

1 
3 
7 

28 

58.1 – 7.3 
75.1 – 5.8  
83.8 – 5.3 

111.9 – 4.6 

3.5 – 0.1 
5.0 – 0.0 
5.1 – 1.7 
5.2 – 0.2 

48.1 – 1.5 
46.8 – 1.6 
46.8 – 2.1 
58.7 – 0. 1  

894 – 76 
299 – 42 
245 – 25 
338 – 21 

222.5 – 40.1 
157.0 –  7.8 
135.8 – 14.8 
155.8 – 3.7 

3.5 Autogenous shrinkage-induced stresses 
The experimental setup proposed by Stang 
[10] was used to determine autogenous 
shrinkage-induced stresses. As stress sensor  
a laboratory mercury thermometer with 
temperature scale going from 0 to 50°C and  
a precision of 0.1°C was chosen. The stress 
sensors were calibrated for hydrostatic 
pressure by using the so-called Budenberg 
instrument. The Budenberg was loaded 
stepwise until reaching 50 bars, and then 
unloaded. The average calibration factor α, 
was found to be 1.67MPa/°C. Furthermore,  
the amount of mercury in the capillary tube 
was measured by weighing the tube with and 
without mercury and the calibration factor β 

 
(g/°C), was determined related to apparent 
temperature change to mass of mercury. The 
equivalent compression modulus of the stress 
sensor κe, was determined according Eq. 1: 

 hge 
 


  (1) 

where γhg is density of mercury and ν is the 
total volume of mercury cell (glass and 
mercury). Based on modelling the mercury 
cell as an axis-symmetric ellipsoidal shell with 
wall thickness h, the linear elastic solution for 
the equivalent compression modulus κe*,  
can be determined as shown in Eq.2 [10] 
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    (2) 

where Es is static elastic modulus and I is 
function of  a/b (a is the length  of the  
half-axis in the direction of symmetry and b is 
radius of the cell) and Poisson’s ration υs.  
The calculated bulk moduli based on linear 
elastic shell solution were compared with 
measured one. It was found that results  
of measured and calculated bulk moduli, κe 
and κe*, are close with 10% differences 
between them. 

To record properly the stresses due to 
autogenous shrinkage, the thermometer should 
disturb the concrete as little as possible. The 
glass tube protecting the mercury-filled 
capillary is removed leaving only the mercury 
container and the capillary (see Fig. 1a). 
Before casting, the 18 cylinders  

(3cylinders per mix) were oiled to allow the 
HPC freely shrink without applying tension on 
the cylinder. After calibration, the stress 
sensors were casted into the center of PVC 
cylindrical mould filled with the HPC. The 
cylinders had a diameter of 100mm and  
a height of 200mm. The recording of the 
temperature during long-term testing was 
performed by thermocouples inserted in the 
concrete cylinder. To compensate the 0.2°C 
precision  
of the couples, two couples were inserted close 
to the thermometer and the average of their 
readings was considered. After casting, the top 
of the cylinder was covered with a thin layer 
of oil to preserve the water from evaporating 
(see Fig. 1b) Thus, the HPC experience only 
autogeneous shrinkage and temperature 
variation associated with the hydration 
process.  

                                            
 (a) (b) 

Figure 1: a) Photograph showing the different parts of the mercury thermometer used as a pressure sensor in the 
experimental investigations. b) Photograph showing the experimental setup, the PVC mould, the stripped thermometer, 

and the thermocouple module. 
 
The output of observation was based on 

temperature differences ΔT, between the stress 
sensor and average value of the two 
thermocouples observed over time t, where  
t = 0 corresponds to the beginning of 
experiment (30 minutes after mixing). Using 
the calibration factor α, the observed ΔT was 
readily transformed to an equivalent 
hydrostatic stress state e

hyd , in the equivalent  

 
elastic inhomogeneity: 

 ( ) ( ( ) ( 0))e
hyd t T t T t      (3) 

The development in equivalent hydrostatic 
stress state for six different mixes is shown in 
Fig. 2. Figure 2 clearly shows that there is  
a significant difference between the DTU and 
Contec mixes. A much higher hydrostatic 
stress develops in the sensors embedded  
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in DTU mixes. Furthermore, the hydrostatic 
stress keeps rising in the Contec mixes and 
then after approximately 600 hours drops to an 
almost constant level. The hydrostatic stress of 
the DTU mixes keeps constantly rising up to 
2000 hours then the curve is flattened. All 
fiber reinforced mixes showed the same 
tendency in development of the hydrostatic 

stresses as regular HPC mixes. However, there 
is a lack of information in literature whether 
increase of the hydrostatic stresses in fiber 
reinforced HPC mixes is significant or not. 
The experimental programme with more 
specimens would be necessary to statistically 
confirm this phenomenon. 

 
Figure 2: Development in equivalent hydrostatic stress e

hyd , in the pressure sensors.  

The analysis in ref. [10] based on Eshelby’s 
original superposition scheme [11] with 
homogeneous infinite medium and an 
inclusion undergoing a stress-free strain was 
utilized in interpretation of the experimental 
results. The concept of effective shrinkage εs,e, 
was defined as a function of time according 
Eq. 4. The effective shrinkage can be defined 
as the autogenous shrinkage that in linear 
elastic system interpret the correct stress state 
in an embedded equivalent inhomogeneity. 

 ,
*

( ) 1 ( )( )
( ) 1 3

e
hyds e c c

e
c i

t E tt
E t
 

 
 

   
 (4) 

Here Ec(t) is static elastic modulus of the HPC 
mixes as function of time. The Poisson’s ratio 
of the HPC mixes, υc of 0.2, is assumed to be 
equal to Poisson’s ratio of embedded 
inhomogeneity, υi.  
 
 

Looking at Figure 3, it has to be noted that 
static elastic modulus of the HPC mixes was 
measured at certain time steps of maturity as 
shown in Table 3. To build up the effective 
shrinkage curves, the static elastic modulus of 
the HPC mixes as function of time was 
linearly interpolated between the measured 
ones. The effective shrinkage of the Contec 
mixes rises to 2.5 10-4- 3.0 10-4 and after 
approximately 600 hours drops to an almost 
constant level of about 2.0 10-4- 2.5 10-4.  
The significant drop can be explained by 
relaxation, which plays an important role in 
Contec mixes. In the case of the DTU mixes 
the effective shrinkage keeps rising, however, 
with a much lower rate. The effective 
shrinkage at 4000 hours almost reaches double 
of the Contec mixes, about 3.0 10-4- 4.0 10-4. 
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Figure 3: Development in effective shrinkage, εs,e  for different inhomogeneities. 

4 ASSESSMENT RISK OF FRACTURE 
In the case of HPCSE embedded steel 

connectors cause restrain to the HPC plates, 
see Fig. 4. The finite element program Abaqus 
was used to calculate the response of the 
concrete front plate to autogenous shrinkage. 
The plate has a width of 3.584m and a height 
of 4.48m. The thickness of the plate is 20mm. 
The shear connectors were implemented in the 
middle of the plate thickness. The calculations 
made the assumption of linear elastic 
behaviour/small displacements. A quarter  
of the panel was modelled, accounting for 
symmetry. The numerical model consists  
of two types of element: C3D8T:  An 8-node 
thermally coupled brick for concrete front 
plate and T3D2T:  A 2-node 3-D thermally 
coupled truss for welded wire truss shear 
connectors. All the investigated mixes were 
analyzed in order to assess risk of fracture and 
eventually foresee weather crack will  
be propagated stably or unstably. The material 
data from experiments (Static elastic modulus, 
E, and coefficient of thermal expansion for 
HPC mixes, αc) were used as input to the 
Abaqus model. 

To obtain the right response of the front 
plate, the analysis has to include autogeneous 
shrinkage of the front plate as well as an effect 
of differential shrinkage between front plate 
and back plate. The effect of differential 
shrinkage between front plate and back plate 

was extracted from experimental setup in 
Section 3.5 as the largest effective shrinkage 
difference between 3 cylinders of the same 
mix. The load induced by autogenous 
shrinkage was applied homogenously over the 
plate. In order to model autogenous shrinkage, 
this can be achieved using an extension of 
Hooke’s law for temperature as: 

 
, ( )s e

c

tT 


    (5) 

 
Figure 4: The front plate with an arrangement of the 

shear connectors. 
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modelling work leads to the present 
conclusions. 

The risk of cracking due to autogenous 
shrinkage rapidly rises after 3 days in case  
of regular HPC mixes and after 7 days in case  
of mixes with fibers. The stresses due to 
autogenous shrinkage have a large role to play 
also but minor compared to the one of the 
environmental conditions. The combination of 
autogenous shrinkage and thermal load from 
outside environment may lead to massive 
structural cracking. Furthermore, the stiffness 
of the shear connectors have a significant role 
in design of HPCSE. Therefore their stiffness 
should be studied in detail and new types of 
shear connector for HPCSE should be 
developed to avoid of structural cracking. 
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Abstract: Multiple cracking and strain hardening can be achieved in cement-based specimens 
subjected to uniaxial tension by increasing the volume fraction of steel fibers with hooked ends, or 
by using plastic fibers with and without steel fibers, or by means of high bond steel fibers (e.g., 
twisted fibers or cords). To better understand why relevant mechanical performances are obtained in 
such situations, an analytical micro-mechanical model was proposed. The model, capable of 
predicting the average distance between cracks as measured in some experimental campaigns, is 
here used to tailor a high performance fiber-reinforced concrete. Specifically, a two High-Strength 
and Strain Hardening Cementitious Concrete (HS-SHCC), reinforced with different types of steel 
fibers, are introduced. By combining direct uniaxial tensile tests, performed on the so-called 
dumbbell-shaped specimens, and the results of the micro-mechanical model, the critical value of the 
fiber volume fraction can be evaluated. It should be considered as the minimum amount of long 
steel fibers which can lead to the formation of multiple cracking and strain hardening under tensile 
actions. The aim of the present paper is to reduce such volume as much as possible, in order to 
improve the workability and reduce the final cost of HS-SHCC. 

 

1 INTRODUCTION 
To tailor a High Strength Concrete (HSC), 

some special techniques and raw materials 
must be adopted (i.e., low water/cement ratio, 
presence of mineral admixtures, high strength 
coarse aggregate, etc.) [1]. As HSC generally 
fails in a brittle manner, in such concretes the 
presence of fibers is also necessary. However, 
the cost of large fiber volume content can be 
higher than that of cementitious matrix. Thus, 
the required ductility of HSC should be 
obtained by minimising, or optimizing, the 
amount of fiber [2].  

According to Banthia and Sappakittipakorn 
[3], in hybrid Fiber Reinforced Concrete 

(FRC) <<…there is positive interaction 
between the fibers and the resulting hybrid 
performance exceeds the sum of individual 
fiber performances. This phenomenon is often 
termed “Synergy”>>. Combining fibers of 
different geometry is a possible manner to 
create this synergy. Indeed, short fibers 
enhance the fracture toughness of 
cementitious matrix in tension. Thus, after the 
initial elastic behaviour, the mechanical 
response of FRC can show a delayed micro-
cracking stage (i.e., the second stage), 
because of the bridging action performed by 
the short thin fibers [4]. Conversely, the 
beneficial effects of long fibers are 
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particularly evident in the third stage, and 
consist of arresting and delaying the growth 
of macro-cracks [5]. If the amount of long and 
short fibers is appropriately evaluated, it is 
possible to obtain a strain-hardening 
cementitious composite (SHCC), capable of 
developing more than one crack before the 
localization of tensile strains [6].  

In what follows, two classes of High-
Strength and Strain-Hardening Cementitious 
Composites (HS-SHCC) are investigated. 
Both the HS-SHCCs are reinforced with 
different amounts of long steel fibers, but 
only one of them also contains a fixed volume 
of short fibers. By means of experimental and 
theoretical analyses, the critical fiber volume 
fraction is herein evaluated. It should be 
considered as the minimum amount of long 
fibers which can lead to the formation of 
multiple cracking and strain hardening under 
tensile actions. The aim of the present paper is 
to reduce such volume as much as possible, in 
order to reduce the cost and improve the 
workability in both the HS-SHCCs. 

2 CRACK SPACING AND FIBER 
VOLUME FRACTION OF SHCC 

SHCC and reinforced concrete (RC) 
elements in tension can show similar response 
not only in terms of normal force N – average 
strain m , but also in terms of crack spacing 
(Fig.1). At the onset of cracking (around point 
A in Fig.1), N is generally lower than 
cracking load Ncr , and the N-m diagram 
shows a softening branch. If these conditions 
persist for higher elongations, the failure of 
the structural elements occurs in the presence 
of a single crack. As depicted in Fig.1, this 
behaviour takes place not only in under-
reinforced RC structures subjected to tensile 
loads, but also in FRC members with a low 
fiber volume fraction Vf . 

At the point B of Fig.1, where N = Ncr , 
new cracks appear and, with the increase of 
elongation, strain hardening characterizes the 
N-sm diagram of normally reinforced RC and 
SHCC ties. 

Figure 1: Mechanical	behaviour	of	RC,	FRC,	and	
SHCC	under	tensile	actions	[7]. 

If the transmission length (ltr ) is assumed 
to be the length of the zone where slips occur 
between reinforcement and cementitious 
matrix [7], during the hardening stage the 
average crack spacing ranges between ltr and 
2 ltr (Fig.1). Thus, the definition of ltr at the 
cracking load (i.e., point B of Fig.1) is of 
primary importance in evaluating the presence 
of multiple cracking and strain hardening 
response in SHCC composites. 

The following value of the transmission 
length is obtained by adapting the tension-
stiffening equations of RC structures to the 
fiber-matrix interaction (see Fantilli et al. [7]): 
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Figure 2: The	cohesive	and	bond	parameters:	(a)	fictitious	crack	model	of	cementitious	matrix;	(b)	bond‐slip	
relationship	of	fibers	in	cementitious	matrix. 

 
In both the equations, Af and pf are the area 

and perimeter of fiber cross-section, 
respectively; Ec and Ef are the Young’s 
moduli of cement-based matrix and fiber, 
respectively; kC is the cohesive parameter; 
and kB is the bond parameter. 

Since Eq.(1) is obtained in the situation 
when the first crack is growing (i.e., the crack 
width w is nearly zero) and other cracks are 
going to develop (point B in Fig.1), kC is used 
to approximate the fictitious crack model c-
w of the cementitious matrix. According to 
Fig.2a, this coefficient can be associated to 
the so-called Fracture Energy Gf , which 
differs from the work of fracture GF [8].  

Similarly, the tension stiffening equations 
are here applied when slips are nearly zero, 
thus bond stresses are assumed to be in linear 
proportion (through the coefficient kB - 
Fig.2b) with slips. In other words, the bond-
slip -s relationship is approximated by a 
linear secant model, in which also other 
phenomena, such as the snubbing of fiber 
pullout, are taken into consideration [7]. 

For a given SHCC, Eq.(1) provides the 
range of the possible crack spacing, which in 
turn depends on the amount of fiber-

reinforcement (i.e., Vf ).  
 

Figure 3: – Range	of	possible	crack	spacing	values	in	
SHCC	[7]. 

Fig.3 shows the range, in terms of crack 
spacing vs. fiber volume fraction, as defined 
by Fantilli et al. [7]. If Vf decreases, 
transmission length (and crack spacing) 
increases, and tends towards infinity when the 
fiber volume fraction reaches the following 
critical value [7]: 
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Thus, the condition of multiple cracking 
and strain hardening cannot occur when 
Vf ≤ Vf,cr . 

3 EXPERIMENTAL STUDY 
In order to verify the applicability of the 

Eqs.(1)-(3) to HS-SHCC, an experimental 
campaign has been performed on two series 
of composites subjected to uniaxial tension. 
In the specimens of Series 1, different 
amounts of long steel fibers (having hooked 
ends) are added to a high-strength 
cementitious matrix, whose constituents are 
reported in Table 1.  

Table 1: Constituent of the cementitious matrix. 

 
Material 

Density 
(g/cm3) 

 
Properties 

Binder 3.01 
low heat cement 
(82%) and silica 

fume (18%) 

Sand 2.60 
Average 
diameter 

0.212 mm 
Wollastonite 2.90  

Superplasticizer 1.05 Polycarboxylic 
acid system 

Antifoaming 
agent 1.0  

Table 2: Properties of the steel fibers. 

 
 

Type 

 
Density 
(g/cm3) 

 
Length 
(mm) 

 
Diam. 
(m) 

Tensile 
strength 
(MPa) 

OL 7.85 6 160 2000 
HDR 7.85 30 280 3000 

Conversely, Series 2 consists of the same 
types of matrix and long fibers (in different 
contents), but also of short steel fibers (1% in 
volume). The main geometrical and 
mechanical properties of the long and short 
fibers, called respectively HDR and OL, are 
summarized in Table 2. 

In the hybrid specimens of Series 2, the 
fiber volume fraction Vf is only referred to the 

amount of HDR, whereas short OL fibers are 
assumed to be a part of the cement-based 
matrix. Indeed, according to Betterman et al. 
[5], hybrid composites show a multiscale 
structure of cracking, in which short fibers 
bridge microcracks, and long fibers prevent 
the sudden propagation of macro-cracks. 
Thus, short fibers (used to reinforce Series 2 
specimens) can be assumed to be a part of the 
cement-based matrix. Under these conditions, 
Eqs.(1)-(3) can be applied to hybrid 
composites, if the coefficient kC (Fig.2a) is 
measured on specimen only reinforced by 
short fibers, and the fiber volume fraction Vf 
is only referred to the amount of long fibers 
(i.e., HDR). However, in both the series, 
Young’s modulus Ec = 21 GPa, cohesive 
parameter kC = 260 MPa/mm, and tensile 
strength fct = 14 MPa define the uncracked 
and cracked stages of the high strength 
cementitious matrix with and without short 
fibers.  

Both the series are composed by 4 groups, 
in the amount of long fibers varies from 0.5 to 
2% in volume (see Table 3). Each group 
comprises five “dumbbell type” specimens. 
The geometrical dimensions of these 
specimens, tested in uniaxial tension and 
depicted in Fig.4a, are in accordance with the 
Recommendations of the Japan Society of 
Civil Engineers [9] for SHCC composites. 
Loads were vertically applied with a 30 kN 
capacity Instron testing machine, using “fix-
fix” support conditions. Tests were controlled 
by vertical displacement at a velocity of 0.5 
mm/min. 

 
Table 3: The specimens tested in the present project. 

  Fiber content 
 

Series 
 

Group 
OL 
(%) 

HDR 
(%) 

1 

S1_05 0 0.5 
S1_10 0 1.0 
S1_15 0 1.5 
S1_20 0 2 

2 

S2_05 1.0 0.5 
S2_10 1.0 1.0 
S2_15 1.0 1.5 
S2_20 1.0 2 
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                                          (a)                                                            (b)             

Figure 4: Uniaxial	tensile	tests:	(a)	geometrical	properties	of	the	“dumbbell	type”	specimens	[9];	(b)	multiple	
cracking	in	the	central	gauge	length.		

 
 
Average extension was measured over the 

central gauge length (80 mm) by means of 
two LVDTs, placed on the opposite side of 
the member and attached to mounting frames, 
firmly clamped on to the specimens. In this 
zone, before strain localization (Fig.4b), 
average crack spacing was also measured and 
compared with the theoretical prediction of 
the cohesive interface model introduced by 
Fantilli et al. [7]. 

4 EXPERIMENTAL RESULTS AND 
DISCUSSION 

4.1 The stress-strain curves 
Subjected to tensile actions, the specimens 

of Series 1 show the stress-strain curves 
depicted in Fig.5a-d. In the specimens S1_05 
(Fig.5a) and S1_10 (Fig.5b), strain softening 
appears in the post cracking stage, and failure 
occurs in presence of a single crack. In 
accordance with Fig.1, such cement-based 
composites cannot be considered as SHCC.  

The stress-strain curves of the hybrid 
composites are reported in Fig.5e-h.  

 
Strain hardening is evident in all the 

specimens, except for those reinforced with 
0.5% HDR (S2_05 - Fig.5e). 

In the case of Series 1, only when the 
volume fraction of HDR is higher than 2%, 
the specimens show a maximum tensile stress 
higher than the strength of the cementitious 
matrix (about 5 %). Conversely, the 
specimens of Series 2 show a tensile strength 
higher than that of plain matrix even in the 
case of 1.5% in volume of HDR (about 14 % 
for S2_15 and 40 % for S2_20). 

4.2 Crack spacing 
When multiple cracking occurs, it is 

possible to measure the crack spacing, here 
considered as the ratio between the central 
gauge length of the specimen (i.e., 80 mm - 
Fig.4b), and the number of cracks. The values 
of the measured crack spacing are reported in 
Table 4. In all the cases, the higher the 
amount of HDR, the higher the number of 
cracks and the lower the crack spacing (see 
Table 4).  
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Figure 5: The	stress‐strain	diagrams	of	the	high	strength	concretes:	(a)‐(d)	Series	1;	(e)‐(h)	Series	2.
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As mentioned before, only two type of 
specimens of Series 1 can show multiple 
cracking (i.e., S1_15 and S1_20), whereas in 
the case of hybrid composites, strain 
hardening can appear also in the presence of a 
lower volume of HDR ( ≥ 1 %). 

 
Table 4: Crack spacing in the specimens tested in 
the present project. 

 
Series 

 
Group 

Crack spacing 
(mm) 

1 

S1_05 - - 
S1_10 - - 

S1_15 

6.8 
9.8 
7.4 
7.3 
9.5 

 
 
 

Average 
8.2 

S1_20 

7.5 
9.5 
7.6 
5.8 

5.20 

 
 
 

Average 
7.1 

 
2 

S2_05 -  

S2_10 

9.5 
5.9 
7.3 

10.4 
8.6 

 
 
 

Average 
8.3 

S2_15 

5.8 
6.6 
5.4 
5.7 
4.9 

 
 
 

Average 
5.7 

S2_20 

5.5 
5.8 
3.6 
4.2 
4.5 

 
 
 

Average 
4.7 

5 PREDICTION OF CRACK SPACING 
AND THE EXPERIMENTAL RESULTS 

The average crack spacing, which 
generally exhibits a large scatter, is not 
representative of the cracking phenomenon 
that inevitably affects cement-based 
composites. For this reason, in reinforced 
concrete structures, not a single value but a 
range of possible crack spacing values has 
been defined by Fantilli et al.[10]. The same 

range can also be computed for SHCC [7], in 
which the values of the possible crack spacing 
are evaluated for a given volume fraction of 
long fibers (see Fig.3). However, to introduce 
such a range for all the hybrid composites 
investigated in this project, the parameter kB 
has to be estimated for each Series from the 
experimental results reported in Table 4. 

5.1 Series 1 
If kB = 1200 MPa/mm is assumed for all 

the specimens of Series 1, most of crack 
spacing values are within the range bordered 
by the curves ltr - Vf and 2 ltr-Vf [Eq.(1)] and 
depicted in Fig.6. For these cement-based 
composites, Eq.(3) gives Vf,cr = 1.1 % as the 
minimum amount of HDR in order to have a 
SH-SHCC. Nevertheless, when Vf = Vf,cr , 
only fibers longer than the adopted HDR 
(fiber length Lf =30 mm) can generate 
multiple cracking and an average crack 
spacing value ranged by the minimum and the 
maximum theoretical distances (ltr and 2 ltr , 
respectively). In general, the multiple 
cracking regime is possible if the half-length 
of the fiber is longer than the maximum crack 
spacing (i.e., 2 ltr < Lf /2 ). Thus, Fig.6 
suggests Vf = 1.4% as the minimum volume 
fraction of long steel fibers. For these reasons, 
the specimens S1_05 and S1_10 do not show 
neither strain hardening nor multiple 
cracking. 

Figure 6: Range	of	possible	crack	spacing	values	 in	
the	HS‐SHCC	of	Series	1. 
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5.2 Series 2 
If kB = 2100 MPa/mm is assumed for 

almost all the specimens of Series 2, all the 
measured crack spacing values are inside the 
range bordered by the curves ltr -Vf and 2 ltr -
Vf (Fig.7). Moreover, for the composites of 
this Series, Eq.(3) gives Vf,cr = 0.8%, even if, 
at Vf = Vf,cr , only HDR longer than 30 mm 
can generate an average crack spacing ranged 
by ltr and 2 ltr . Conversely, Fig.7 seems to 
suggest Vf  1 % as the minimum volume 
fraction of the adopted HDR (Table 2). Thus, 
the volume of long fibers cannot be lower 
than 1 %, if a SHCC has to be tailored. For 
this reason, only the specimens reinforced 
with 0.5 % of HDR do not show neither 
multiple cracking, nor strain hardening (see 
Table 4 and Fig.7). 

 

Figure 7: Range	of	possible	crack	spacing	values	 in	
the	HS‐SHCC	of	Series	2. 

6 CONCLUSIONS 
Eqs.(1)-(3), obtained from a cohesive 

interface model, can be effectively used to 
analyse different types of very ductile 
composites. In the case of the High Strength 
SHCC investigated in the present paper, the 
minimum amount of long steel fibers can be 
effectively defined by these equations. 
Specifically, strain hardening and multiple 
cracking occur in mono-fiber composites 

reinforced with more than 1.5 % of HDR. 
Conversely, in Hybrid fiber-reinforced 
composites, whose matrix is already 
reinforced by 1% of short OL fibers, a lower 
volume of HDR (i.e., 1 %) is sufficient to 
obtain a very ductile high strength composite. 
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Abstract. In this study three beams, with varying contents of steel fibre reinforcement, were tested
in four point bending and compared with results from FE-analysis. The beams were part of a larger
experimental programme where relevant material properties were investigated.

FE-modelling was performed using a two dimensional model. Concrete was represented by four-
node quadrilateral isoperimetric plane stress elements. The smeared crack approach was utilized and
the stress-strain relation describing the tensile behavior of the concrete was calculated from uni-axial
test results, assuming the crack bandwidth to be equal to the element length. In compression, the
concrete was assumed to behave elasto ideal-plastic. The reinforcement was modelled by straight
2-node truss elements connected to the concrete by two-dimensional interface elements providing the
bond-slip properties. A material model including hardening effects was derived from tension tests of
reinforcement bars and used for modelling the conventional reinforcement. A multi-linear bond-slip
model was established through pull-out tests. As an alternative, analyses were also performed taking
into account a reduction of the bond stress after yielding of the reinforcement occurred. Loading was
applied in two phases: the first comprehending only the self-weight, while incremental loading was
applied by deformation control during the second phase.

General agreement between experiments and FE-analyses was obtained with regard to load-
displacement behaviour. By observing the crack patterns, both from FE-analysis and experiments,
it can be concluded that the general behaviour agreed; however, in the analyses not all cracks were
fully localized. A higher degree of crack localization was obtained when the bond loss at yielding
was included.

1 INTRODUCTION

The use of steel fibre reinforcement (SFRC)
has increased during the last two decades. How-
ever, there is a lack of experiments in the scale
of structural elements, in which the material
properties are well-defined enough to facili-
tate model validation. Several researchers have
studied laboratory scale tests with the purpose
to determine material properties for SFRC. Ap-
proaches of determining the tensile behaviour

of SFRC have been discussed in numerous arti-
cles. In RILEM TC 162-TDF [1] and RILEM
TC 162-TDF [2], methods based on uniaxial
testing and beam bending, respectively, were
suggested. Such approaches have been studied
by e.g. Kooiman et al. [3] and Giaccio et al.
[4]. In addition to these methods, a wedge-
splitting procedure was proposed [5]. Larger
scale beams have been studied by several re-
searchers [6, 7, 8, 9]. The current study was

1
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performed in order to evaluate the recently pub-
lished International Federation for Structural
Concrete (fib) [10] (MC 2010) and to contribute
to the field of SFRC-modelling. Establishing a
broad knowledge of the structural behavior and
modelling approaches of SFRC is important in
order to enable a wider usage of the technol-
ogy. By combining well-defined experimental
work, non-linear finite element analysis and re-
sults obtained in accordance with MC 2010, this
paper ultimately evaluates the structural engi-
neering approaches to SFRC.

2 EXPERIMENTAL PROGRAMME
The experimental programme comprised

uniaxial testing, pull-out tests, reinforcement
tension tests and four-point bending test of re-
inforced beams. This paper focuses on the con-
crete beams; however, the other experiments are
also described here in concentrated form as they
are significant while discussing the validity of
the model, presented in Section 3. Full descrip-
tions of the pull-out tests and unaxial tests are
provided in Jansson et al. [11] and Jansson et al.
[12], respectively.

2.1 Four-point bending
Three SFRC beams of fibre content 0.0,

0.25 and 0.5% (percent by volume) were tested
in deformation controlled four-point bending.
The beams were simply supported and spanned
1800 mm, with shear spans of 600 mm, see Fig-
ure 1. Each beam was reinforced with three
reinforcement bars: φ8 in the beams of fibre
content 0.0 and 0.5% and φ6 in the beam of fi-
bre content 0.25%. Steel quality was B500BT
(Swedish quality). Shear reinforcement (stir-
rups) was included over the supports. Fi-
bre content, reinforcement configurations and
tested concrete strengths for all beams are pre-
sented in Table 1.

2.2 Material
The concrete used for all the experiments

was self-compacting and mixed in a central
drum-mixer at a ready-mix plant, in batches of 2
m3 [11]. The fibres used were end-hooked steel

fibres, Dramix R©RC 65/35-BN from Bekaert,
with a tensile strength of 1100 MPa, and the
actual fibre content was estimated performing
washout control in accordance with govern-
ing standard [13]. The compressive strength
(fccm.28d), elastic modulus (Ecm) and splitting
tensile strength (fctm.28d) was determined ac-
cording to european standards [14, 15, 16]. To
capture the softening behaviour of the fibre re-
inforced concrete (σ − w relation), uni-axial
tensile testing was performed on notched cylin-
ders, in accordance with RILEM TC 162-TDF
[1]. The tests were performed in accordance
with RILEM TC 162-TDF [1] at the Technical
Research Institute of Sweden and are further de-
scribed in Jansson et al. [12]. In Figure 2 the test
setup is presented.

Figure 2: Geometry and test setup for uni-axial
testing, Jansson et al. [12].

Tension tests were performed to determine
the behaviour of the reinforcement bars. Each
series (φ6 and φ8) included 5 bars. In addi-
tion to this the bond properties between rein-
forcement bars and concrete were determined
by pull-out tests, see Figure 3. To avoid wall
effects the tested specimens were cut out from
larger prisms of 110x152x720 mm3; the spec-

2
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Figure 1: Experimental set-up

Table 1: Test beam configurations

Beam No. I II III
Vf , nominal 0.00% 0.25% 0.50%

Vf , actual (mean value from wash-out) 0.00% 0.18% 0.45%
Reinforcement 3φ8 3φ6 3φ8

fccm.28d 58.8 MPa 58.1 MPa 57.5 MPa
fctm.28d 2.9 MPa 2.7 MPa 3.0-3.1 MPa
Ecm 32.5 GPa 30.5 GPa 31.0 GPa

3
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imen dimensions were 112x112x110 mm3. A
ribbed φ16 bar of quality B500BT was placed in
the square cross-section centre. Specimen size
was chosen so that the concrete surface strains
would be measurable while delaying splitting in
the series without steel fibre reinforcement as
long as possible. Five specimens were tested
for each fibre content. Full description of ex-
periments and results is given in Jansson et al.
[11].

Results from the described uni-axial, tension
and pull-out tests are presented as model input
data in Section 3.2.

Figure 3: Geometry and test setup for pull-out
testing, Jansson et al. [11].

3 NON-LINEAR FINITE ELEMENT
ANALYSIS

Non-linear finite element analyses were per-
formed using the commercial FE-software TNO
DIANA [17]. A phased loading procedure was
used. In the first of two loading phases, the
selfweight was applied and incremental loading
was applied by deformation control during the
second phase. The model geometry and the ma-
terial models used are described in the follow-
ing two sections, respectively.

3.1 Geometry
A dense quadratic mesh (5x5 mm) of four-

node quadrilateral isoperimetric plane stress
elements was used for concrete representa-
tion. The reinforcement bars were modeled
by straight 2-point truss elements connected to

two-dimensional interface elements to which
the bond-slip properties were assigned. As
a measure for rationalising the computations,
only half beam was modelled due to symme-
try, see Figure 4. In the symmetry line, all
movement in the horizontal direction was con-
strained. Support and loading plates were mod-
eled using eccentric tyings, i.e. the vertical
movement of the nodes at the plates was main-
tained on a straight line intersecting the plate
center node. Regions acting under these as-
sumptions were 150 and 100 mm wide for the
support node and the loading node, respectively.
The centre node in the support was constrained
from vertical movement.

3.2 Material models

Nonlinear fracture mechanics with rotating
cracks were used for concrete modeling. As
previously mentioned, the tensile properties of
the concrete were determined by uniaxial ten-
sion tests. A smeared crack approach was
utilised. The stress-strain relation used for con-
crete in tension was calculated from the crack-
widths measured in these tests, wi, in accor-
dance with Equation 1. The crack bandwidth, h,
was assumed to be equal to the element length.
The stress-crackwidth relation can be seen in
Figure 5.

εi =
ft
E

+
wi

h
. (1)

For compression, an elasto ideal-plastic
compressive behavior was used. In addition to
this relatively simple material model a built-in
DIANA function [17], based on the theory of
Vecchio and Collins [18], was applied. In short
this function reduces the compressive stresses
in elements with large tensile stresses perpen-
dicular to the principal compression direction.
Furthermore, the elastic modulus was assumed
to be linear during the uncracked state and was
established from the uniaxial tension tests, see
Table 1.

4
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Figure 4: Model geometry. Eccentric boundary conditions (tyings) and the reinforcement position are
indicated with thick black lines.
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Figure 5: (a) Input used for concrete tensile be-
havior. (b) Detail for crack widths up to 1 mm.

A material model that included hardening ef-
fects was used for conventional reinforcement
bars. In the model, the average nominal diam-
eter of the tested reinforcement bars was used.
The corresponding input is shown in Figure 6.
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Figure 6: Input for the reinforcement bars.

As decribed in Section 2.2, the bond-slip be-
havior was measured in the pull-out tests. Note-
worthy is that the pull-out tests were performed
on specimens with reinforcement bar diameter
of 16 mm. However, as the ratio between the
concrete cover thickness and the bar diameters
is approximately the same in the pull-out spec-
imens and beams, the bond stress versus slip

5
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measured in the pull-out tests was assumed to
be directly applicable as input in the modeling
of the beams.
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Figure 7: (a) Experimentally obtained bond
stress versus slip used as input. (b) Bond
stress versus slip, original model and modifi-
cation when yielding occurs in reinforcement
(Vf=0.50%).

Several researchers have observed that the
bond stress is reduced after reinforcement yield-
ing [19, 20]. To study the effect of of this
phenomenon on the model behaviour analyses
were carried out on two types of models: one in
which the bond stress depended only on the slip,

and one in which the bond stress was reduced
one the reinforcement reached yielding stress.
In the latter case, the model of Engström [20]
was applied, reducing the bond stress linearly
towards the suggested values τf,pl = 0.5τf and
s4 = 0.5s3, see Figure 7. It should be pointed
out that contrary to what would be expected, the
average bond capacity of the pull-out tests with
Vf = 0.50% was lower than the average of the
ones with less fibre content (Vf = 0.25%). This
is due to large scatter in the experimental re-
sults of the fibre content Vf = 0.50%. In pull-
out tests with higher fibre content (Vf = 1.0%),
presented in Jansson et al. [11], both the maxi-
mum and residual bond capacity increased.

4 RESULTS

The focus of this section is on the compari-
son between the performed beam tests and the
FE-analyses. First load-deflection curves and
crack patterns are presented and in Section 4.1
the effect of bond reduction at yielding are dis-
cussed. Noteworthy is that also the results from
calculations according to MC 2010 are pre-
sented. Detailed information on these calcula-
tions are presented in Fall et al. [21].

Comparing the load-deflection curves in Fig-
ure 8, a general agreement can be seen between
the experimental results and the results obtained
trough FE analysis. For all beams a stiffness
loss can be observed as the first crack devel-
ops. Thereafter, the stiffness is relatively con-
stant until the reinforcement yields. All three
beams failed in bending. Furthermore, it can
be seen that the calculations in accordance with
MC 2010 gives results well on the safe side,
both in terms of ultimate load and deflection.
For the particular structural member analysed in
this study the magnitude of the underestimation
increases with increasing fibre content. The FE
analysis were generally stable and usually con-
verged until some load steps after yielding oc-
curred in the reinforcement. For larger deflec-
tions, the analyses did not converge in all steps;
hence the small disturbances, which can be seen
in Figure 8.

6
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Figure 8: Load deflection behaviour (mid span):
results from experiments, MC 2010 analysis
and FE-modeling with improved bond model
[20]

Considering the FE analysis of the beam
without fibres, a sudden loss of stiffness was
observed just after the yielding of the reinforce-
ment (at a load of approximately 27kN), see
Figure 8. It was observed that tensile strains de-
veloped locally in the elements surrounding the
reinforcement bar, as a continuation of an in-
clined crack. The main direction of these cracks
were along the bars; thus the crack pattern was
similar to shear-splitting failure after this point.

In addition to the general agreement previ-
ously discussed, also the number of cracks, total
spread of cracks and the distance between them
agreed roughly comparing the experiments and
results from the FE-analysis. Some of the dif-
fering results can be explained by imperfections
in the test samples and set-up. A comparison of
modelled crack pattern and the one obtain in ex-
periment can be found in Fall et al. [21]. Some
examples of modelled crack patterns are shown
in Figure 9.

4.1 Influence of bond reduction at yielding

As previously described in Section 3.2, two
analyses of each beam were carried out: one
with original bond-slip model and one where
the bond stress was linearly decreased with in-
creased slip once yielding occurred in the rein-
forcement bar [20]. There was no difference in
cracking before yielding of the reinforcement,
as the two bond models were completely equiv-
alent up until this point, see Figure 9. As ex-
pected the cracks were more clearly localized
when the bond stress is reduced at yielding.
This is due to the fact that when the bond stress
does not increase after yielding of the reinforce-
ment, no new cracks form.

7
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(a) Vf=0.50%, prior yielding with original bond
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(b) Vf=0.50%, prior yielding with bond model
according to Engström [20]
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(c) Vf=0.50%, after yielding with original bond
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(d) Vf=0.50%, after yielding with bond model
according to Engström [20]

Figure 9: Examples of crack patterns
(Vf=0.50%) corresponding to the applied
deformation 2.7 mm (a, b) and 14 mm (c,
d). The difference in crack localization after
yielding of the reinforcement occurred is
indicated.

4.2 Modelling of beams with equal conven-
tional reinforcement

In order to increase the comparability of the
various beam configurations a modelling seria
was made in which the same dimension of re-
inforcement bar was assumed. As expected
the behaviour were approximately equal for all
beams in the elastic phase. In the phase with
cracking and, eventually, yielding of the rein-

forcement the fracture energy was much higher
in the fibre reinforced beams. The results from
this study, in terms of load deflection behaviour,
can be seen in Figure 10.

Figure 10: Modelled load deflection behaviour
(mid span) for beams reinforced with equal
configurations of conventional reinforcement
(3φ6).

5 CONCLUSIONS
To conclude, it can be seen that the increased

post cracking capacity of SFRC, seen in experi-
ments, can be estimated with FE-analysis. Fur-
thermore, reasonable agreement was also ob-
tained with regards to crack patterns when com-
paring experiments and FE-analyses. Utilizing
a bond-stress model where the bond stress is
reduced post yielding, resulted in more local-
ized crack patterns. Modeling fibre reinforced
concrete with non-linear finite element method,
utilizing a 2D-model with plane stress elements
were shown to be successful provided that ma-
terial data is chosen with care. In addition to
the study in which experiment and modelling
was compared, models were also established
with equal amount of conventional reinforce-
ment, but varying content of steel fibre rein-
forcement. As expected the post cracking ca-
pacity became higher with increasing amount of
fibres.

However, in the studied beams, Model Code
2010 (MC 2010) fails to fully quantify the post

8

1283



David Fall, Rasmus Rempling, Anette Jansson and Karin Lundgren

cracking capacity added by the steel fibre rein-
forcement. The method proposed in MC2010
underestimates the additional capacity provided
by the addition of steel fibres, both with regards
to load and deformation capacities. The under-
estimation increases with increased fibre con-
tent.
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[5] Löfgren, I., Stang, H. and Olesen, J.,
2005. Fracture properties of frc deter-
mined through inverse analysis of wedge
splitting and three-point bending tests. J.
of Adv. Concr. Technol. 3(3):423–434.

[6] Noghabai, K., 2000. Beams of fibrous
concrete in shear and bending: Experi-
ment and model. ASCE J. of Struct. Eng.
126(2):243–251.
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Abstract: Capability of a rapid jacketing technique for damaged RC column using Ultra High 
Performance-Strain Hardening Cementitous Composites (UHP-SHCC), was confirmed. UHP-
SHCC has tensile strength more than 8MPa and tensile strain capacity more than 1%. Cyclic 
loading tests for the wall specimens (cross section: 500x1200mm) were conducted. Two kinds of 
repair materials were adopted; one was ordinary SHCC and the other was UHP-SHCC. Each repair 
material has similar material ductility (tensile strain hardening) but different tensile strength. The 
test results showed that the developed technique using UHP-SHCC can be applied to large size of 
specimens. And not only material ductility but also tensile strength affects recovery of repaired 
specimens (ultimate strength and energy dissipation). 
 

1 INTRODUCTION 
For concrete structures damaged due to 

earthquake, development of rapid repair/ 
retrofitting methods [1, 2] is a very important 
issue and required in terms of business 
continuity plan (BCP). There are a wide 
variety of methods such as jacketing with steel 
plate, continuous fibers and RC. These 
methods, however, involve many construction 
processes such as manufacture of parts and 
grouting of epoxy in the case of steel jacketing 
technique, formwork, arrangement of steel 
reinforcement and casting of concrete in the 
case of RC jacketing technique. These 
construction processes give longer downtime 
of service on the infrastructure.  

Ultra High Performance-Strain Hardening 
Cementitious Composites (UHP-SHCC) [3], 
which is one of the fiber reinforced composites, 
has high strength in both compression and 

tension, high strain capacity in tension with 
pseudo strain hardening behavior. And 
spraying technique with UHP-SHCC [4] has 
been also developed to reduce a construction 
process for repair applications. 

This paper introduces the developed rapid 
jacketing technique using UHP-SHCC for 
damaged RC wall subjected to seismic loading. 
The RC wall specimen repaired by UHP-
SHCC was tested, and load carrying capacity 
and ductility were evaluated comparing to the 
specimen repaired by ordinary Strain 
Hardening Cementitious Composites (SHCC). 

2 CONCEPTUAL IDEA ON RAPID 
JACKETING TECHNIQUE AND ITS 
ADVANTAGES

Figure 1 illustrates the conceptual idea on 
rapid jacketing technique by using UHP-
SHCC. UHP-SHCC is sprayed to a damaged 
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part without any additional reinforcement. 
Both the novel material properties (i.e. high 
strength and high strain capacity) and spraying 
technique enable to develop the rapid jacketing, 
and followings are remarkable features of the 
developed technique including its advantages. 
•The target of this technique is a damaged 
structure that has buckling of longitudinal 
reinforcement with spalling of cover concrete. 
•The target of recovery level such as load 
carrying capacity and ductility after the 
jacketing is as well as that before the repair. 
•Cross sectional shape after the recovery is the 
same as that before damage. It means that the 
damaged concrete corresponding to cover 
concrete is replaced by the repair material 
(UHP-SHCC). It allows to apply the other 
strengthening (e.g. steel plate jacketing) later. 
•No additional reinforcement is utilized in the 
jacketing.  
•No formwork is required because of spraying 
technique. 
 

Core concrete with cracks

UHP-SHCCBuckling 
reinforcement

 
 

(a)  damaged column        (b) repaired column 
Figure 1: Construction procedure of developed 

technique. 
 

3 OUTLINE OF EXPERIMENTAL 
PROGRAM

In this study, a cyclic loading was carried 
out in order to induce initial damage for wall 
specimen (namely initial loading). After that, 
repair works were applied by using two kinds 
of repair materials; one was ordinary SHCC, 

and the other was UHP-SHCC. Both repair 
materials can be sprayed to the damaged part 
due to the first loading. After the curing of the 
repaired specimens (SHCC: 10 days, UHP-
SHCC: 5 days), a cyclic loading was 
conducted again (second loading). Figure 2 
shows the experimental procedure in this study. 
 

Initial loading 
| 

Repair (ordinary SHCC or UHP-SHCC) 
| 

Curing (ordinary SHCC: 10days,  
UHP-SHCC: 5days) 

| 
Second loading 

Figure 2: Experimental procedure. 
 

Shape of wall specimens and reinforcement 
arrangement in the specimens are shown in Fig. 
3. Cross sectional size of the specimen was 
1200 x 500 mm2, and height of it was 1600 
mm. As listed in Table 1, compressive strength 
at the age of 30 days (corresponding to the age 
of initial loading) was 23.1MPa. Twenty eight 
longitudinal reinforcements (D16, SD345, 
fy=391 MPa) were used, and hoop 
reinforcement (D13, SD345, fy=365 MPa) 
were also arranged at intervals of 100 mm, as 
tabulated in Table 2. Reinforcement ratio of 
longitudinal reinforcement was about 1.2%. 
Two specimens were prepared in this study. 

A cyclic loading was adopted to the wall 
specimens in both initial loading and second 
one. Axial load to induce nominal axial stress 
of 1 MPa was adopted. The loading was 
terminated, when the load was decreased up to 
yielding load after the peak. 

4  INITIAL LOADING 
Figure 4 shows the relationship between 

load and displacement of the specimen under  
initial loading. Note that specimen No.1 and 
specimen No.2 mean the specimens repaired 
by SHCC and UHP-SHCC, respectively. 
Yielding of longitudinal reinforcement in both 
specimens was occurred at load of 380 kN and 
displacement of 7.4 mm (δy). The peak load of 
the specimen No.1 was 418 kN at the  
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Figure 3: Specimen and reinforcement arrangement. 
 
Table 1: Material properties of concrete (30 days). 
Comp. strength 

(MPa) 
Young's modulus 

(GPa) 
23.1 26.2 

 
Table 2: Material properties of reinforcement. 

Longitudinal  (D16) Hoop (D13) 
Yeild strength (MPa) Yeild strength (MPa)

391 365 
 

displacement of 37.0 mm (5 δy). The response 
of specimen No.2 was almost the same with 
that of specimen No.1. The initial loading was 
terminated at the displacement of 10 δy (380 
kN). Eventually, both specimens exhibited 
similar load-displacement response, as shown 
in Fig. 4. 

Flexural cracks occurred and propagated at 
hinge part (height: about 500 mm) of the wall 
specimens mainly. Then spalling of cover 
concrete was observed. Finally, buckling of 
longitudinal reinforcement was observed after 
spalling of cover concrete, as shown in Fig. 5. 
In addition, fracture of core concrete was also 
obtained. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Load-displacement curves of initial loading. 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Damaged part after initial loading. 
 

5 REPAIR MATERIALS AND REPAIR 
METHOD

Two kinds of cement based materials were 
used in this study; one was SHCC, and the 
other was UHP-SHCC. Both materials can be 
sprayed.  

For SHCC, all powder was premixed, and 
polyethylene (PE) fiber (high strength 
polyethylene fiber, tensile strength: 2700MPa, 
Young’s modulus: 88GPa, length: 12mm, 
diameter: 0.012mm) of 0.75% in volume and 
polyvinyl alcohol (PVA) fiber (tensile 
strength: 1600MPa, Young's modulus: 40GPa, 
length: 12mm, diameter: 0.012mm) of 0.75% 
in volume were used. 

 For UHP-SHCC, water to binder ratio 
(W/B) was 0.22, and volume fraction of PE 
fiber, which is the same with fibers in SHCC,  
was 2.5%. 

Table 3 tabulates the material properties of 
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repair material. SHCC was tested at the age of 
10 days, and UHP-SHCC was tested at the age 
of 5 days. Note that the tested age was 
corresponding to the loading age of second 
loading. Compressive strengths of SHCC and 
UHP-SHCC were 26.5 MPa and 61.6 MPa, 
respectively. The compressive strength was 
obtained from the cylindrical specimens 
having the size of 50 mm in diameter and 100 
mm in length.  

Figure 6 illustrates the tensile test results of 
SHCC and UHP-SHCC dumbbell shaped 
specimens (5 specimens each), which were 
also made by spraying. Note that tested cross 
section was 30 x 13 mm2. Averaged tensile 
strengths of SHCC and UHP-SHCC were 3.7 
and 5.3 MPa, respectively. Both materials 
exhibited pseudo strain hardening and multiple 
fine cracking, in addition to higher strain 
capacity over 1%. 

The damaged wall specimens were brought 
to the original position (residual displacement 
of 0 mm). The damaged cover concrete was 
removed by using a hammer. And small 
amount of water was sprayed to prevent dry 
out of repair materials. 

Both materials were sprayed to be the cross 
section same as the un-damaged one (i.e. 500 
mm x 1200 mm). Note that the approximate 
thickness of the repaired layer was equal to 
about 60mm.  

After the repair, SHCC and UHP-SHCC 
were cured for 10 days and 5 days, 
respectively. After the curing, cyclic loading 
was carried out again for the repaired 
specimens. 

6 SECOND LOADING FOR 
REPAIRED SPECIMENS 

6.1 Load-displacement curves and failure 
behavior 

Figures 7 and 8 show the load-displacement 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 6: Tensile stress-strain curves of SHCC and 

UHP-SHCC (SHCC: 10 days, UHP-SHCC: 5days). 
 

curves of the specimens repaired by SHCC 
and UHP-SHCC, respectively. And each 
figure includes zoom-up of the initial part of 
the curves.  

Regarding the specimen repaired by SHCC, 
maximum load was about 400 kN and it was 
almost same with that of initial loading. Initial 
stiffness was not recovered because of the 
crack located at the joint between wall and 
footing, as shown in Fig. 7(b). Ductility of the 
repaired specimen was slightly decreased, 
especially in negative loading direction. By 
observing the final failure behavior as shown 
in Fig.8, diagonal multiple cracking was 
observed in the front side of the specimen, and 
splitting cracks occurred adjacent to 
longitudinal reinforcement of tensile side. 
Consequently, the splitting cracks allow the 
buckling of reinforcement under compressive 
stress.  Finally, delamination of repaired layer 
was occurred completely. 

For the specimen repaired by UHP-SHCC, 
maximum load was about 420 kN, and it was 
slightly higher than that of initial loading, as 
shown in Fig. 9. Initial stiffness was not, 
however,  recovered, as shown in Fig. 9(b). 
Regarding failure behavior, diagonal multiple 
cracking was observed in the front side. No  

Table 3: Material properties of used repair materials. 

 
Comp. strength

(MPa) 
Young's modulus

(GPa) 
Tensile strength 

(MPa) 
Strain at tensile 

strength (%) 
SHCC (10 days) 26.5 14.1 3.7 0.9 

UHP-SHCC (5 days) 61.6 21.2 5.3 0.86 
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(a) Load-displacement curves 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Zoom-up 
Figure 7: Load-displacement curves of specimen 

repaired by SHCC. 
 
 
 
 
 
 
 
 
 
 
 

Figure 8: Final failure pattern of specimen repaired by 
SHCC. 

 
crushing of the UHP-SHCC and no buckling 
of the longitudinal reinforcement were 
observed before the peak load. 

After the peak load, concrete just above the 
interface between UHP-SHCC and concrete 
was damaged, and delamination of the 
repaired layer was observed finally, in addition 

 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Load-displacement curves 
 
 

 
 
 
 
 
 
 
 
 
 

(b) Zoom-up 
Figure 9: Load-displacement curves of specimen 

repaired by UHP-SHCC. 
 

 
 
 
 
 
 
 
 
 
 

Figure 10: Final failure pattern of specimen repaired by 
UHP-SHCC. 

 
of breaking of longitudinal reinforcement. In 
the side surface that is perpendicular to 
loading direction, multiple cracking was not 
expected. Since the weakest cross section was 
the joint between wall and footing, only 
interfacial crack opening and closing were 
observed during the loading. 
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6.2 Relationship between vertical and 
horizontal displacement 

Figure 11 shows the relationship between 
vertical and horizontal displacement of the 
walls repaired by SHCC and UHP-SHCC. In 
the case of SHCC, vertical displacement of 
second loading was decreased with increasing 
of loading cycles, because buckling of 
longitudinal reinforcement was progressed. It 
seems that SHCC could not resist against 
progress of buckling of the longitudinal 
reinforcement. Regarding the specimen with 
UHP-SHCC, vertical displacement was 
increased with increasing of loading cycles, 
especially in positive loading direction. It 
means that UHP-SHCC imparts higher 
resistance against buckling of the longitudinal 
reinforcement to the specimen. 

7  CONCLUSIONS 
The rapid jacketing technique using UHP-

SHCC for damaged RC wall was developed, 
and cyclic loading tests were conducted. 
Following conclusions were obtained. 

(1) The rapid jacketing technique involves 
only spraying of UHP-SHCC. It was 
confirmed experimentally that the developed 
technique using UHP-SHCC improve not only 
ultimate load but also ductility of recovered 
specimen. 

(2) In terms of difference of repair material, 
material strength affects the recovery of 
damaged specimen. Especially, splitting crack 
along longitudinal reinforcement induced the 
buckling of longitudinal reinforcement. 
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Abstract. The dynamic failure behavior of fiber reinforced cementitious composites (FRCC) is sim-
ulated using an irregular lattice model. During fracture process, the visco-plastic contributions rep-
resent the rate dependency of the matrix phase. Individual fibers are introduced within the lattice
framework for the explicit modeling of these heterogenous features of the composites. Three-point
bending tests are simulated for a plain mortar beam and FRCC beams with two different fiber volume
fractions. Crack patterns and load responses are presented for the evaluation of failure characteris-
tics. The results provide qualitative understandings of the failure features of FRCC structures under
dynamic loading conditions.

1 INTRODUCTION

In the design of infrastructure facilities and
other critical structures, increasing emphasis is
being given to their resistance to extreme dy-
namic events, such as earthquakes, impacts, and
blasts. Fiber reinforced cementitious compos-
ites (FRCC) are appropriate for meeting such
performance requirements, due to their supe-
rior toughness relative to ordinary concrete. Ac-
cordingly, much experimental research has been
conducted on fracture behavior of FRCC under
various dynamic conditions [1–4].

The relevance of modeling becomes even
more important when considering structural
performance under dynamic loadings, due to
the expense and complications of testing at
larger scales. Recently, numerical investiga-
tions have been conducted on dynamic failure

behavior of fiber reinforced concrete subjected
to various loading conditions [5, 6]. These sim-
ulations adopted constitutive relations in which
the composite material is regarded as a homoge-
nous continuum.

As apposed to the above numerical schemes,
the inclusion of fibers can be modeled within
discrete frameworks. Bolander et al. [7, 8] in-
troduced an explicit modeling of fibers within
the rigid-body-spring network (RBSN), which
effectively represents the pre- and post-cracking
contributions of individual fibers to the compos-
ite behavior. Cusatis et al. [9, 10] improved the
lattice discrete particle model (LDPM) frame-
work for modeling micro-mechanical fiber-
matrix interaction including matrix spalling,
bending and snubbing of fibers during fiber
pull-out.

In this study, dynamic failure behavior of

1
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FRCC is simulated by a lattice model based on
the RBSN framework. Simulations of three-
point bending tests are conducted for the cases
of plain mortar and two different volume frac-
tions of fibers. Failure characteristics of each
beam are evaluated through their crack patterns
and load responses.

2 MODEL CONSTRUCTION
2.1 Lattice modeling of FRCC

The lattice representing the matrix phase is
modeled through the Delaunay-Voronoi tessel-
lations of the material domain. Two neighbor-
ing rigid cells i and j interconnect via a spring
set, which consists of normal, tangential, and
rotational springs in local n−t coordinates with
elastic stiffness coefficients kn, kt, and kφ, re-
spectively (Fig. 1). The fracture properties are
described by degrading the strengths and stiff-
nesses of springs according to the fracture cri-
teria [11]. During fracture process, rate depen-
dent features are described by a visco-plastic
rheological component incorporated in the ma-
trix element. Details of element formulation
and calibration of the visco-plastic model can
be found in [11].

i

j

matrix element
kn

kφ

kt
n

t

kr

fiber element

r

s

Figure 1: Two-cell assembly of a lattice element with
fiber inclusion.

Fibers are explicitly represented as addi-
tional spring elements within the lattice model,
irrespective of the discretization of the matrix
elements. A fiber element is composed of an
axial spring along local r−axis (see Fig. 1), and
the stiffness coefficient kr is assigned by as-
suming perfect bonding between the fiber and
matrix before cracking of the matrix element.
Stiffness contribution of the fiber element is
transferred to the degrees of freedom of nodes
i and j. Therefore, the fiber elements do not
increase the number of system degrees of free-
dom, which enables consideration of realisti-
cally large numbers of fibers [8].

After cracks initiate within the matrix phase,
the spring properties of fiber elements that cross
the cracks are modified according to the mecha-
nisms of debonding and frictional pull-out. The
pull-out curves are derived from the parameters
associated with the bond stress-slip relations
and the embedded fiber lengths. As shown in
Fig. 2, the pull-out load is simplified as parabol-
ically ascending-linearly descending with in-
creasing slip displacement. The maximum pull-
out load Pf at full debonding displacement δ0
can be derived as Pf = (πdf le)τf , where df
is the fiber diameter, le is the embedded length,
and τf is the frictional bond strength of the in-
terface. Tensile rupture of the fiber can be mod-
eled, as it depends on fiber axial stress, but this
factor is not considered in this study.

Pf

P

0
le δδ0

Figure 2: Pull-out load versus slip displacement for a
fiber.

2.2 Composition of specimens
The lattice model is applied to simulate the

three-point bending test illustrated in Fig. 3.

2
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The beam specimen is 12.5 mm in depth, 300
mm in length, and 75 mm in thickness. For
loading conditions, a uniform velocity of 100
mm/s is imposed on the 250 mm span length,
which corresponds to the flexural strain rate of
0.12 /s.

(a)

(c)

(b)

v=100 mm/s
12.5 mm

250 mm

300 mm

Figure 3: Modeling of beam specimen: (a) Voronoi cell
discretization and loading configuration; (b) 1145 fibers
for Vf = 0.5%; (c) 2291 fibers for Vf = 1.0%.

Mortar properties are given to characterize
the lattice elements for the matrix phase: den-
sity ρ = 2160 kg/m3; elastic modulus E = 34.8
GPa; tensile strength ft = 6.7 MPa; and fracture
energy GF = 80 N/m. The visco-plastic param-
eters are calibrated to represent the appropriate
increase of dynamic strength from rate effects,
using a procedure outlined in [11].

Steel fibers are uniformly distributed with
randomly generated positions and orientations
in the specimen domain (Fig. 3b and c). The
dimensions of an individual fiber are: diam-
eter df = 0.25 mm; and length lf = 25.0
mm. The number Nf of fibers introduced
in the model can be determined as Nf =
INT[4VfV/(πdf

2lf )], where V is the volume
of specimen domain and Vf is a fiber volume
fraction. In this study, FRCC beams with Vf =
0.5% and 1.0% are tested as well as a plain mor-
tar beam (Vf = 0%). The fiber elements have
elastic modulus Ef = 200 GPa; and tensile rup-
ture strength fr = 620.5 MPa, adopted from [1].
The bond strength τf is assumed to be the same
as the tensile strength ft of the matrix.

3 RESULTS AND DISCUSSION
The resulting data are obtained from the sim-

ulations up to a midspan deflection of 3.5 mm,
which is assumed to represent failure. To eval-
uate the fiber reinforcing effects on the com-
posite failure behavior, crack patterns and load-
deflection responses are presented for the con-
sidered fiber volume fractions Vf = 0.5% and
1.0% including plain mortar.

3.1 Crack patterns
Fig. 4 shows crack patterns of the deformed

specimens at the assumed failure stage. For im-
proved visibility of crack formations, the dis-
placements are magnified and cracked facets are
traced by bold lines. A single crack initiates
and develops near midspan of the plain mor-
tar beam (Fig. 4a), whereas multiple cracks are
distributed along the FRCC beams (Fig. 4b and
c). The higher fiber volume fraction extends the
multi-cracked region with smaller crack open-
ings, which indicates a more ductile failure be-
havior.

(a)

(b)

(c)

Figure 4: Crack patterns for (a) plain mortar, (b) Vf =
0.5%, and (c) Vf = 1.0%.

3.2 Load-deflection responses
Load responses versus the midspan deflec-

tions are presented in Fig. 5. The support re-
actions are acquired at every loading step and
added up as the load resistance. The simulated
responses from original data exhibit much fluc-
tuation due to the wave propagation within the
specimen; the curves are plotted after filtering
and smoothing processes to reduce the noises.

3
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Figure 5: Load-deflection curves for beam specimens.

The plain mortar beam shows a rapid dis-
sipation of the load resistance after the crack
occurs. In contrast, the FRCC beams exhibit
hardening in the load response with higher load-
carrying capacity during multi-cracking of the
matrix elements. The load response is de-
creased after fracture is localized, but the fiber
pulling-out provides ductility in the composite
softening behavior. The greater volume fraction
of fibers involves fracture localization at the
larger deflection and the higher load retained in
the softening behavior.

An additional simulation without the visco-
plastic model is conducted for the plain mor-
tar beam, and the resulting load response is also
plotted Fig. 5. Compared to the load response
simulated with the visco-plastic model, it shows
a lower load-carrying capacity and load reduc-
tion at less deflection. The difference in the re-
sponse curves is not large due to the relatively
low loading rate considered. This comparison
of the results indicates that the enhancement of
properties due to the material rate dependency
is implemented by the visco-plastic model.

Note that rate dependency of fiber-matrix in-
terfacial behavior is not considered within the
current model, but it should be addressed in
further studies. In reality, the pull-out behav-
ior of fibers is quite dependent on the strain
(loading) rates, but the extent of rate sensitivity
is differentiated by the material and the shape

of fibers [12, 13]. Parametric studies will be
needed to represent the rate dependent interfa-
cial properties for various fiber types.

4 CONCLUSIONS
An irregular lattice model framework is used

to study the dynamic failure behavior of FRCC
structures. The elastic and fracture properties of
the matrix phase are represented by the RBSN
model, and the rate effects during fracture pro-
cess can be described by the visco-plastic ele-
ments incorporated in the lattice springs. The
explicit modeling of fiber inclusion enables a
realistic representation of FRCC based on phys-
ical mechanisms of fiber-matrix interactions.

Three-point bending tests are simulated for
the plain mortar and FRCC beams. In the simu-
lation results, ductile failure features, such as
the formation of multiple cracks and the en-
hanced load resistance, are observed and qual-
itatively compared for different fiber volume
fractions. Also, the rate dependency of the ma-
trix fracture is verified in terms of the flexural
strength.

Although the current fiber model does not
account for the rate dependency of interfacial
properties, preliminary results show the ca-
pability to simulate the dynamic fracture of
FRCC. With improvements in the constitutive
model, this modeling approach can be used to
analyze the rate dependent failure of FRCC.
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ing systems. In Bićanić et al. (eds), Proc.
of Computational Modelling of Concrete
Structures (EURO-C 2010), March 15-18,
2010, Rohrmoos/Schladming, Austria; pp.
291-300.

[10] Schauffert, E.A. and Cusatis, G., 2012.
Lattice discrete particle model for fiber-
reinforced concrete. I: Theory. J. Eng.
Mech. 138(7):826–833.

[11] Kim, K. and Lim, Y.M., 2011. Simulation
of rate dependent fracture in concrete us-
ing an irregular lattice model. Cem. Conc.
Compos. 33(9):949–955.

[12] Gokoz, U.N. and Naaman, A.E., 1981.
Effect of strain-rate on the pull-out be-
haviour of fibres in mortar. Int. J. Cem.
Compos. 3(3):187–202.

[13] Kim, D.J., El-Tawil, S. and Naaman, A.E.,
2008. Loading rate effect on pullout be-
havior of deformed steel fibers. ACI Mater.
J. 105(6):576–584.

5

1296



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 
FraMCoS-8 

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 
 

 

  
INFLUENCE OF LOADING RATE ON THE FRACTURE BEHAVIOUR OF 

STEEL FIBER-REINFORCED CONCRETE 
 

X. X. ZHANG*, A. M. ABD ELAZIM* G. RUIZ*, H.M. SALLAM¤ and Z. CHANG† 

 

* Universidad de Castilla-La Mancha (UCLM) 
ETS de Ingenieros de Caminos, Canales y Puertos 

Avda. Camilo José Cela s/n, 13071 Ciudad Real, Spain 
Email: xiaoxin.zhang@uclm.es - Web page: http://www.uclm.es 

 
¤Jazan Univsity  

Civil Engineering Department 
Jazan 706, Kingdom of Saudi Arabia 

E-mail: hem_sallam@yahoo.com 
 

† Harbin Engineering University (HEU) 
College of Aerospace and Civil Engineering 

150001 Harbin, China 
Email: changzhongliang@hrbeu.edu.cn - Web page: http://www.hrbeu.edu.cn 

 

Key words: Steel Fiber-Reinforced Concrete, Loading rates, Drop-weight impact machine, 
Fracture energy 

Abstract: Three-point bending tests on notched beams of steel fiber-reinforced concrete (SFRC) 
have been conducted using both a servo-hydraulic machine and a self-designed drop-weight impact 
device. The shape and geometry of the specimen followed the RILEM recommendation, i.e., 150 
mm × 150 mm in cross section, 700 mm in length, notch-depth ratio was around 1/6 and span was 
kept constant 500 mm. The peak load and the fracture energy were measured over a wide range of 
loading rates (loading point displacement rates), spanning six orders of magnitude. Under low 
loading rates, from 10-3 mm/s to 100 mm/s, the tests were performed with the servo-hydraulic 
machine; from 102 mm/s to 103 mm/s, the drop-weight impact machine was used instead. The 
results show that the fracture energy and the peak load increase as the loading rate increases. 
Furthermore, such a trend is relatively mild under low rates. The gain of the fracture energy and 
peak load is around 10% compared with its quasi-static values. However, under high rates the 
increases in the fracture energy and the peak load are pronounced due to the inertia effect. The 
dynamic increase factor of the peak load and the fracture energy is approximately 3.5 and 2.5, 
respectively. 

 
1    INTRODUCTION 

Steel fiber-reinforced concrete (SFRC) is 
concrete made of hydraulic cements 
containing fine or fine and coarse aggregate 
and discontinuous discrete steel fibers [1]. 
Addition of randomly distributed steel fibers 
improves concrete properties, such as static 

flexural strength, ductility and flexural 
toughness. Some examples of structural and 
nonstructural uses of SFRC are hydraulic 
structures, airport and highway paving and 
overlays, industrial floors, refractory concrete, 
bridge decks, shotcrete linings and coverings, 
and thin-shell structures [2].  
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Besides bearing quasi-static loads, many 
concrete structures are subjected to short 
duration loads. Such as the impacts from 
missiles and projectiles, wind gusts, 
earthquakes, and machine dynamics. Several 
techniques have been developed to study the 
dynamic fracture behaviour of concrete and 
concrete structures, like modified Charpy 
impact test, Split Hopkinson pressure bar test, 
drop-weight impact test and explosive test [3, 
4].  

Many researchers have shown that the 
impact resistance can be increased 
substantially with the addition of randomly 
distributed steel fibers to concretes. For 
instance, Namman and Gopalaratnam [5] have 
used a drop-weight impact machine and an 
Instron universal machine to study the bending 
properties of steel fiber-reinforced mortar 
beams at four different loading rates, 4.23 × 
10-4 mm/s, 8.46 mm/s, 7.0 × 102 mm/s and 1.0 
× 103 mm/s, respectively. The dimension of 
the beam was 12.5 mm × 75 mm × 300 mm 
(width × depth × length) and the span was 254 
mm during the tests. Three volume fractions of 
fibers (1%, 2% and 3%), three fiber aspect 
ratios (47, 62 and 100) were adopted. The 
results showed that depending on the fiber 
reinforcing parameters the energy absorbed by 
the composite at static loading rates can be one 
to two orders of magnitude higher than that of 
the unreinforced matrix. Moreover, up to a 
three times increase was observed in the 
modulus of rupture and the energy absorbed 
by the composite when the loading rate 
increases from 4.23 × 10-4 mm/s to 1.0 × 103 
mm/s. The similar tendency was also obtained 
by Gopalaratnam and Shah [6]. 

Banthia [7] has adopted a drop-weight 
impact machine to conduct dynamic tests on 
steel fiber-reinforced high-strength concrete 
beams at loading rate around 4 m/s, the 
specimen was 100 mm in width, 125 mm in 
depth and 1200 mm in length over a span 960 
mm. The peak bending load and fracture 
energy got 498% and 640% increases, 
respectively, compared with their quasi-static 
values. Later, a modified Charpy impact 
machine was designed to test concrete and 

SFRC in uniaxial tension [8]. The results 
showed that under impact, the higher strength 
of the matrix, the less effective the fibers in 
improving fracture energy absorption.  

ACI Committee 544 [3], has proposed 
another type of drop-weight impact test for 
evaluating the impact resistance of fiber-
reinforced concrete (FRC), i.e., a hammer is 
dropped repeatedly to impact a disc specimen, 
and the number of blows required to cause the 
first visible crack on the top and to cause 
ultimate failure are both recorded. This 
method is designed to obtain relative 
performance of plain concrete and FRC. 
Natraja et al. [9] analyzed the statistical 
variation of impact resistance of SFRC under 
this type of repeated drop impact condition. 
The disc samples were 150 mm in diameter 
and 64 mm in thickness and containing 0.5% 
volume fraction of round crimped steel fibers 
with 0.5 mm in diameter and 55 in aspect ratio. 
The observed coefficients of variation were 57% 
and 46% for the first crack resistance and 
ultimate resistance, respectively. 

Most studies as cited above were 
concentrated on the unnotched specimens, 
unlike notched samples, for them, the crack is 
located close to the notch plane and the 
nonlinear deformation is negligible in the rest 
of the specimen. Thus, in 2002, the final 
recommendation for the bending test for SFRC 
was presented by the RILEM TC 162-TDF 
Committee, which improves several aspects of 
other standards [10]. The test is conducted on 
notched beams (150 mm × 150 mm in cross 
section) with central point loading. One of the 
greater advantages of such configuration is 
that it guarantees the stability during the test 
even for FRC with low fiber contents. In 2005, 
a similar method was also proposed by EN 
14651 standard, two years later, an updated 
version was available [11]. 

In order to get additional insights into the 
loading rate effect on the fracture properties of 
SFRC, in this paper we present three-point 
bending tests of notched specimen conducted 
at a wide range of loading point displacement 
rates (for simplicity, it is substituted by 
loading rates), from 10-3 mm/s to 103 mm/s, 
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using both a servo-hydraulic testing machine 
and a drop-weight impact instrument. The 
shape and geometry of the specimen follow 
RILEM recommendations [10].  

The results show that the fracture energy 
and the peak load increase as the loading rate 
increases. Moreover, such a trend is relatively 
mild under low rates. While it is pronounced 
under high loading rates due to the inertia 
effect. 

The rest of this paper is structured as 
follows: the experimental procedure is given in 
Section 2, in Section 3 the results are 
presented and discussed. Finally, relevant 
conclusions are drawn in Section 4. 

 
2   EXPERIMENTAL PROCEDURE 

2.1 Material characterization 

A single type of SFRC was used throughout 
the experiments, made with a siliceous 
aggregate of 12 mm in maximum size and 
ASTM type II cement, 42.5R. Two types of 
super plasticizer (Glenium ACE-325, Glenium 
B-255) were used in the concrete composition. 
The mixing proportions by weight were shown 
in 1: 0.29: 0.1: 0.048: 1.6: 1.2: 0.0066: 0.021 
(cement: water: limestone filler: silica fume: 
sand: coarse aggregate: nanosilica: 
superplasticizer). 64.5 kg/m3 of steel fiber 
were added as the reinforcement. The steel 
fiber used was hooked-end with 50 mm in 
length, 0.75 mm in diameter and 67 in aspect 
ratio, it has a tensile strength 1900 MPa.  

Compressive tests were carried out at an 
age of 65 days, following ASTM C39 (which 
is analogous to EN 12390-3), cylinders of 150 
× 300 mm (diameter × height) were used. To 
perform the compressive tests, a Servo-
hydraulic testing machine was adopted. Values 
of characteristic parameters: the compressive 
strength (fc), the elastic modulus (E) and the 
Poisson’s ratio (ν) are listed in Table 1. 

 

 

 

 

Table 1: Properties of the SFRC at an age of 65 days 
 fc  

(MPa) 
E 

(GPa) 
ν ρ  

(kg/m3) 
Mean 92.1 35.1 0.18 2438 

Standard 
deviation 5 1 0.01 17 

 

2.2 Three-point bending tests  

To study the mechanical properties of the 
SFRC prisms, three-point bending tests were 
conducted on notched beams over a wide 
loading rate range from 10-3 to 103 mm/s. Two 
testing machines were adopted to carry out the 
tests, one was a servo-hydraulic testing 
machine, and the other was a self-designed 
drop-weight impact instrument.  

The dimensions of the test beams were 
150×150 (B×D) mm in cross-section, and 700 
mm in total length (L). The initial notch-depth 
ratio (a/D) was approximately 1/6, and the 
span (S) was fixed at 500 mm during the tests, 
see Figure 1. 

 
Figure 1: Schematic diagram of the specimen. 

 

2.2.1 Tests under low loading rates 10-3 to 
100 mm s-1  

Within this low loading rate range, the tests 
were performed using the servo-hydraulic 
testing machine under position control coupled 
to a robust frame in the Laboratory of 
Materials and Structures of the Civil 
Engineering School of the University of 
Castilla-La Mancha in Ciudad Real as shown 
in Figure 2. The alignment of the supports and 
the loading line was checked when installing 
each specimen. One of the supports was fixed, 
whereas the other was free to rotate around the 
axis of the frame.  

Force
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Three loading rates, from quasi-static level 
(3.33×10-3 mm s-1) to rate dependent levels 
(0.1 mm/s and 3.33 mm/s), were applied. Six 
specimens were tested at each loading rate. 

 

 

 

 

 

 

 

 
(a) 

 
(b) 

Figure 2: (a) Schematic diagram and (b) photo of the 
experimental set-up of the servo-hydraulic testing 

machine. 
 

2.2.2 Tests under loading rates from 102 to 
103 mm/s 

In this high loading-rate range, all tests 
were conducted using the instrumented, drop-
weight impact apparatus as shown in Figure 3. 
It has the capacity to drop a 316 kg mass from 
heights of up to 2.6 m, and can accommodate 
flexural specimens with spans of up to 
approximately 1.6 m. In this study, an impact 
hammer weighing 120.6 kg was employed and 
three-drop heights adopted were 40, 160 and 
360 mm. The corresponding impact velocities 

were 8.81×102 mm/s, 1.77×103 mm/s and 2.66 
×103 mm/s, respectively. Six specimens were 
tested at each impact speed. A detailed 
description of the instrument is given in 
references [4, 12]. 

The impact force between the hammer tup 
and the specimen is measured by a 
piezoelectric force sensor. Moreover, the 
reaction force is determined by two force 
sensors located between the supports and the 
specimen. An accelerometer bonded to the 
impact hammer was used to measure 
acceleration and displacement during the 
impact process.  

 
 (a)  

 
(b) 

Figure 3: (a) Schematic diagram and (b) photo of 
the drop-weight impact machine. 
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Due to the fact that the specimen was not 
broken completely during the test, the area 
under the load versus displacement at mid-
span curve up to a specified deflection was 
used in the evaluation of fracture energy (GF), 
similar method was also adopted in some other 
references [8, 14, 16]. Here, a cut-off point 
was chosen at the displacement of 2 mm for all 
the tests under low and high loading rates. GF 
was determined by Eq. (1). 

𝐺𝐺𝐹𝐹
𝑊𝑊𝑜𝑜 𝑚𝑚𝑔𝑔𝑆𝑆

𝐿𝐿𝛿𝛿𝑠𝑠
𝐵𝐵 𝐷𝐷−𝑎𝑎                                  (1) 

where 𝑊𝑊𝑜𝑜 𝐵𝐵 𝐷𝐷 𝑎𝑎 𝑆𝑆 𝐿𝐿 𝑚𝑚 𝛿𝛿𝑠𝑠 and 𝑔𝑔  are the area 
under the experimental load-displacement 
curve, width, depth, notch, span, length, mass, 
specified deflection of the beam 𝛿𝛿𝑠𝑠 𝑚𝑚𝑚𝑚  and 
gravitational acceleration, respectively. Under 
dynamic loading conditions, 𝑊𝑊𝑜𝑜 was obtained 
by the area under the reaction force – 
displacement (load – displacement) curves, 
where the reaction force is evaluated by 
adding the values from both support data 
points as proposed in reference [12, 13]. 
 
3   RESULTS AND DISCUSSION 

3.1 Fracture behaviour at a wide range of 
loading rates  

Typical impact and reaction forces versus 
time curves are shown in Figure 4 (left 
column). It is worth noting that the time 
intervals between the start points of the impact 
force and the reaction force are 344, 250, and 
248 μs, corresponding to loading rates 
8.85×102, 1.77×103, and 2.66×103 mm/s 

respectively, as they are indicated in the figure.  
However, it only takes approximately 118 μs 
for the shear stress wave to travel from the 
impact point to the support point. Thus, there 
is an apparent time delay. The reason could be 
the small gap between the support tup and the 
specimen though the contact between them is 
“good” by eyesight. It is obvious that the time 
delay decreases with increase in loading rate, 
on the contrary, the peak loads of the impact 
and the reaction forces increase. 

Fig. 4 (right column) shows the comparison 
between the impact and the reaction forces 
versus displacement curves. The initial time of 

the reaction force has been shifted, thus, the 
impact and the reaction forces have the same 
starting points. For the tests under drop height 
40 mm (loading rate: 8.85×102 mm/s), the 
impact energy was too small to deform and 
fracture the beam apparently as shown in 
Figure 5 (d), hence, the beam is almost like a 
fixed end to the impact hammer. According to 
the stress wave theory, the peak of the reaction 
force (95.2 kN) is greater than that of the 
impact force (70.4 kN). Furthermore, for the 
tests under drop heights 160 mm (loading rate: 
1.77×103 mm/s), the beam was deformed and 
fractured clearly but not broken completely as 
shown in Figure 5 (e). The beam undergoes 
first an acceleration, and then a deceleration 
before it finally comes to rest. During the 
deceleration, the peak load of the reaction 
force will be greater than that of the impact 
force during this period due to the inertia 
effect. When the drop height of the hammer 
was increased to 360 mm (loading rate: 
2.66×103 mm/s), the beam was almost broken 
entirely as shown in Figure 5 (d), consequently 
the peak of the reaction force (164.8 kN) is 
less than that of the impact force (190.1 kN). 
The former is around 87% of the latter, i.e., 
majority of the impact force is used to fracture 
the specimen, only a small portion is keeping 
balance with the inertia force. 

Failure modes of beams under low loading 
rates are shown in Figure 5 (a, b, c), it can be 
observed that there are more branch cracks 
around the main crack compared with the 
crack pattern of beams in Figure 5 (d, e, f) 
under high loading rates.  Moreover, all beams 
were not broken completely; the post-peak 
fracture behaviour of the beam was greatly 
improved by the addition of steel fibers. 
Furthermore, all the fibers in the crack surface 
are pulled out, no single broken fiber is found. 

Figure 6 shows the comparison of the 
typical load–displacement curves at different 
loading rates. It is obvious that the peak load 
increases with increase in loading rates. 
However, the stiffness of the beam does not 
show a similar tendency, which is due to the 
sensitivity of the elastic flexibility of the beam 
to the boundary conditions during the 
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application of the concentrated load as 
proposed in reference [14]. Nevertheless, the 
stiffness still gains a sound increase when the 
loading rates have a big jump, i.e., from low to 
high loading rates. 

Table 2 provides detailed information about 
the experimental results. The dynamic increase 
factor (DIF) is defined by the ratios of the 
peak load (Pmax) and fracture energy to their 
corresponding quasi-static values. Here, the 
lowest loading rate 𝛿𝛿  = 3.33 ×10-3 mm/s) is 
taken as the quasi-static loading condition. H 
stands for the drop height of the hammer under 
impact loading conditions. It is worth noting 
that the fracture energy under drop height 40 
mm was not calculated due to the fact that the 
maximum displacement was only around 0.5 
mm, it did not reach the specified deflection 2 
mm as mentioned before. 

Figure 7 (a) shows the loading rate effect 
on the peak load. It is evident that the peak 
load increases with increase in loading rates. It 
should be also noted that the tendency is minor 
under low loading rates, while it is pronounced 
instead under high loading rates. A prediction 
equation for this rate effect is derived from the 
experimental results as shown in Eq. (2).  

𝑃𝑃𝑚𝑚𝑎𝑎𝑥𝑥 𝑃𝑃𝑚𝑚𝑎𝑎𝑥𝑥
𝑠𝑠 𝑘𝑘𝛿𝛿 𝑛𝑛  

=  − 𝛿𝛿                (2) 
 
where 𝑃𝑃𝑚𝑚𝑎𝑎𝑥𝑥

𝑆𝑆  is the static peak load in kN, 
coefficients 𝑘𝑘 and 𝑛𝑛 are adjusting parameter, 𝛿𝛿  
is the loading rate in mm/s. The equation can 
be used to efficiently predict the rate effect on 
the peak load and could also be helpful in 
performing numerical simulations.  Moreover, 
the fitting curve gives the static value of the 
peak load (53.3 kN) as well, and that this 
could only be obtained by a exactly static test.  

The loading rate effect on the fracture 
energy is shown in Figure 7 (b).  The trend is 
similar to that of the peak load, i.e., the 
tendency is moderate under low loading rates, 
while under high loading rates it is dramatic. A 
similar equation is also proposed to represent 
this behaviour as shown in Eq. (3). 

𝐺𝐺𝐹𝐹 𝐺𝐺𝐹𝐹
𝑠𝑠 𝑚𝑚𝛿𝛿 𝑟𝑟          

   
                  = − 𝛿𝛿      (3) 

where 𝐺𝐺𝐹𝐹
𝑆𝑆 is the static fracture energy in N/m, 

coefficients 𝑚𝑚  and 𝑟𝑟  are adjusting parameter, 
𝛿𝛿  is the loading rate in mm/s. 
 
3.2 Comparison with data already 
published 

 Table 3 provides a comparison of some 
experimental results from other researches and 
the results presented in this paper. From this 
table, it can be observed that the loading rate 
effect on the mechanical properties of different 
steel fiber-reinforced concretes is similar. 
The values of DIF for the peak load and the 
fracture energy are in the same order of 
magnitude, though there is some difference 
among them. Such difference is likely attribute 
to type, shape and geometry of the steel fiber, 
fiber volume ratio, bond behaviour between 
fibers and matrix, size of the specimen and the 
testing conditions. Furthermore, it should be 
taken into account as well that the notched 
specimen absorbs less dissipated energy than 
that of the unnotched one due to the fact that 
the crack locates close to the notch plane. Thus, 
it is better to use notched specimen to study 
the fracture behaviour of SFRC for reducing 
the influence of dissipated energy. Recently, 
Caverzan and Cadoni et al. [17] have 
investigated the dynamic fracture behaviour of 
a high performance fiber-reinforced 
cementitious composite by using a modified 
Hopkinson bar, the notched cylinder 
specimens were used in the test. The results 
showed that the DIF value for the fracture 
energy was approximately 1.5. It is worth 
noting that the rate effect on the fracture 
energy illustrates similar tendency with 
different loading methods, such as modified 
Charpy impact testing machine, drop-weight 
impact instrument and modified Hopkinson 
bar system. 
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(a)  Loading rate 8.85×102 mm/s 

 

 

 

 

 

 

 

 

 

 

(b)  Loading rate 1.77×103 mm/s 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(c)   Loading rate 2.66×103 mm/s

  

Figure 4: Typical impact and reaction forces versus time (left), and comparison of load versus displacement (right), at 
loading rates (a) 8.85×102 mm/s (b) 1.77×103 mm/s and (c) 2.66×103 mm/s. 
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(a) Loading rate 3.33×10-3 mm/s 

 
(b) Loading rate 0.1 mm/s 

 
(c) Loading rate 3.33  mm/s 

 
(d) Loading rate 8.85×102 mm/s 

 
(e) Loading rate 1.77×103 mm/s 

 
(f) Loading rate 2.66×103 mm/s 

Figure 5: Failure modes of SFRC beams under different loading rates. 
 

 

Figure 6: Load-displacement curves at different loading rates.
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Table 2: Expermental results at different loading rates 

 

Testing machine H 
(mm) 

𝛿𝛿  
(mm/s) 

Pmax 
(kN) 

DIF 
for Pmax 

GF 
(N/m) 

DIF 
for GF 

Number 
of fibers 

Servo- 
Hydraulic 

testing machine 

- 3.33 ×10-3 49.5 (11) 1 4432 (1022) 1 267(59) 

- 0.1 55.4 (4) 1.119 4590 (566) 1.04 283(56) 

- 3.33 55.5 (6) 1.121 4676 (455) 1.06 253(46) 

Drop-weight 

impact 

machine 

40 8.85×102 91.6 (6) 1.85 - - 266(31) 

160 1.77×103 134.1 (6) 2.71 8089 (782) 1.83 264(14) 

360 2.66×103 172.5 (11) 3.48 11167(1391) 2.52 248(32) 

Note: values in parentheses are standard deviations. 
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Figure 7: (a) Loading rate dependence of the peak load (b) Loading rate dependence of the fracture 
energy.
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4   CONCLUSIONS  

The fracture behaviour of a steel fiber 
reinforced concrete under dynamic loading 
conditions was investigated in this study. The 
loading rates varied considerably from a 
quasi-static level to a dynamic level, the order 
of magnitude changed from 10-3 to 103   mm/s. 
As a result of the study, the following 
conclusions can be drawn: 

For studying dynamic fracture behaviour 
of steel fiber-reinforced concrete, it is better 
to use notched specimen instead of unnotched 
one, thus, less dissipated energy is found in 
the specimen. 

The peak load and the fracture energy   are 
sensitive to the loading rate. Under low 
loading rates, the rate effect is minor, while it 
is pronounced under high loading rates. The 
dynamic increase factor of the peak load and 
the fracture energy is approximately 3.5 and 
2.5, respectively. This attributes primarily to 
the strain rate sensitivity of the matrix and the 
pullout resistance of the fibers.  

Two prediction-equations for the rate 
sensitivity of the fracture energy and the peak 
load are provided. They are helpful in 
numerical simulations that evaluate the rate 
dependence of the fracture behaviour. 
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Abstract: In this paper, a material design concept based on Hybrid Fiber Reinforced Cement-based 
Composites (HFRCC) is applied to Ultra High Performance Concrete (UHPC) so that a multi-level-
reinforcement system for cracking will enhance the peak stress after crack initiation (i.e. tensile 
strength) and tensile strain capacity (i.e. strain at the peak stress, or ductility). UHP-HFRCC is 
created by means of the multi-level-reinforcement system, in which micro-fibers and macro-fibers 
are blended and work together for preventing crack extension in UHPC. The aim of this research is 
to investigate the effect of blending two different fibers in UHP-HFRCC on tensile strength and 
tensile strain capacity. Lastly, all results are compared with previous ones reported by other 
researchers to reveal the present results far exceed previous ones.  
 

1 INTRODUCTION 
Concrete is one of the most widely used 

materials in structures around the world. 
Advanced concrete technologies have recently 
focused especially on developing Ultra High 
Performance Concrete (UHPC) and High 
Performance Fiber Reinforced Cementitious 
Composites (HPFRCC). UHPC has high 
compressive strength (150-200MPa) [1] and 
also great durability due to its excellent 
environmental resistance. However, UHPC 
leads to ultra high compressive strength that 
results in an explosive failure in compression, 
and a very brittle failure in tension [2]. To 
improve such a poor property, UHP-Fiber 
Reinforced Cementitious Composites (UHP-
FRC) have been developed. Fibers are added 
not to improve the peak tensile strength itself 
but mainly to control the cracking, that is to 
change the behavior of the cracked material by 
bridging of fibers across the cracks. The 
tensile strength of UHP-FRC has been 
reported in the range of about 8MPa to 15MPa 
[2] and strain capacity, i.e. strain value at the 

peak stress in uniaxial tension tests have been 
reported in the range from 0.06% to 0.46% [3-
4]. On the other hand, HPFRCC is defined as a 
ductile material which shows strain hardening 
behavior and multiple cracking [3]. In 
HPFRCC under uniaxial tensile stress, the 
stress level ascends as the tensile strain 
increases, even after the first crack initiates. 
As a result, the strain capacity becomes very 
large. Wille et al. [2] and Park et al. [4] 
reported the reason of difficulties in obtaining 
strain capacity larger than 0.5%, as well as 
tensile strength higher than 15MPa. The 
reasons are as follows: first, there is a limit in 
the amount of fiber volume contents that can 
be mixed, especially for deformed steel macro-
fiber (HDR) with an aspect ratio more than 80 
and length longer than 30mm. Second, the 
bond strength of short micro-fiber is much 
lower than that of HDR, although a much 
larger amount (4.0-6.0vol.%) of fibers can be 
added without serious reduction in workability.  

Our idea for solving the difficulties 
mentioned above is to apply a material design 
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concept of Hybrid Fiber Reinforced Cement-
based Composites (HFRCC) so that a multi-
level-reinforcement system (Fig.1) will 
enhance the peak stress after crack initiation 
(i.e. tensile strength) and strain capacity 
(ductility). UHP-HFRCC is created by means 
of the multi-level-reinforcement system for 
preventing crack extension in UHPC, in which 
short micro-fiber and long macro-fiber are 
blended and work together.  

Rossi [5] reported a concept of UHP-
HFRCC, in which two or three different types 
of fibers are blended in UHPC matrices. For 
example, long and short fibers, or smooth and 
hooked steel fibers were blended accounting 
for 6.0vol.% to 11.0vol.%. The main difficulty 
caused by a large amount of fiber in the 
application of UHP-HFRCC was the high 
material cost and poor workability.  

Kawamata et al. [6] studied the reinforcing 
mechanism of HFRCC. While they used steel 
cord as the macro-fiber and polyethylene fiber 
as the micro-fiber, they revealed the 
effectiveness of the multi-level-reinforcement 
system for enhancing the ductility. Markovic 
[7] investigated optimum combinations of 
various types of steel fibers. Although he 
reported the flexural and tensile behavior of 
HFRCC, no information about tensile strain 
capacity was provided. Thus, very little 
information is available regarding the tensile 
stress-strain response of UHP-HFRCC. Table 
1 summarizes the key properties of UHP-
FRCCs reported in previous studies.  

 

 
Fig.1 Fiber bridging by hybridization of micro-fiber 

and macro-fiber (multi-level-reinforcement system) on 
crack surface 

The aim of this research is to investigate the 
effect of blending the two different fibers on 
tensile strength and tensile strain capacity of 
UHP-HFRCC. A series of experiments are 
carried out and results are compared with data 
shown in Table 1. 
 
2 MATERIALS 

UHP-HFRCC mixture was developed in 
our laboratory by optimizing several 
constituent material’s parameters, leading to a 
compressive strength of 182MPa, which 
additionally exhibits self consolidating 
properties providing good workability. 
Commercial Silica Fume Cement (SFC) was 
used, in which low-heat cement (82wt.%) and 
silica fume (18wt.%) were blended. The 
density and blaine fineness of SFC were 
3.01g/cm3 and 6,555cm2/g, respectively. As 
aggregates, well-graded very fine natural silica 
sand with the average particle size of 0.212mm 
was used and wollastonite (CaSiO3) was also 
substituted. The density of wollastonite was 
2.9g/cm3. Superplasticizer and anti-foaming 
agents were employed for reducing water 
dosage and air content. The steel fibers used in 
this study were OL fiber of 6mm as the micro-
fiber and HDR fiber of 30mm as the macro-
fiber. The properties of fibers are shown in 
Table 2. The volume content of OL fiber was 
maintained as 1.0vol.% for keeping the 
workability available, while the volume 
content of HDR fiber was varied at 0.5vol.%, 
1.0vol.%, 1.5vol.% and 2.0vol.%. Table 3 
provides the mixtures for UHP-HFRCC used 
in this study. 

 
3 EXPERIMENTAL PROGRAM 

The experimental study was carried out for 
investigating the influence of volume content 
of macro-fiber HDR on the mechanical 
behavior of four mixtures in Table 3. After de-
molding, the specimens were cured in a steam 
chamber for 24 hours. The steam curing 
condition was as follows: temperature 
increased at a rate of 15ºC per hour up to 90ºC, 
where it was kept for 24 hours; then gradually 
cooled down to 20ºC. 

Micro-fiber 

Micro-fiber 
bridging 

micro cracks 

Micro cracks 

Macro-fiber 

Macro-fiber 
bridging 

macro cracks 

Macro cracks 
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Table 1 Tensile properties of UHP-FRCCs  

Notation 
Fiber σpc 

(MPa) 
εpc  

 (%) Reference 
Type lf 

(mm) 
df 

(mm) 
Vf 

(%) 
Ceracem Mono 20.0 0.30 Smooth 2.5 9.7 0.25 Jungwirth et al. [8] 

Ductal Mono 13.0 0.20 Smooth 2.0 12.0 0.30 Chanvillard et al. [9] 

RPC Mono 12.0 0.15 Smooth 2.4 7.8 n/a Behloul et al. [1] 

HPFRCC Mono 30.0 0.30 Smooth 2.0 12.0 0.46 Sujiravorakul et al. [10] 

*S-UHPFRC Mono 13.0 0.20 Smooth 2.5 14.2 0.24 Wille et al. [2] 
UHPFRC1 Mono 10.0 0.20 Smooth 6.0 9.65 0.07 Wuest et al. [11] 

UHPFRC2 Mono 13.0 0.16 Smooth 4.0 12.6 0.27 Wuest et al. [11] 

MSCC Hybrid 
25.0 0.30 Hooked 2.0 

15.0 n/a Rossi et al. [5] 
5.0 0.25 Smooth 5.0 

CARDIFRC Hybrid 
13.0 0.16 Smooth 5.0 

13.5 0.06 Benson et al. [12] 6.0 0.16 Smooth 1.0 

CEMTEC 
multiscale Hybrid 

Three 
fiber- 
types 

Three 
fiber- 
types 

Total 11.0 20.0 0.2 Boulay et al. [13] 

Note: In all series, a heat treatment up to 90 ºC was carried out, *: normal curing condition, n/a: not available 
 

Table 2 Properties of different fibers used in this study 

Notation Form 
Specific 
gravity 
(g/cm3) 

Length 
(mm) 

Diameter 
(μm) 

Aspect 
ratio 
(L/D) 

Tensile 
strengh 
(MPa) 

Young's 
modulus 
 (GPa) 

OL6 Straight 7.85 6 160 37.5 2000～ 206 

HDR Hooked 7.85 30 380 78.9 3000 206 
 

Table 3 Mixtures for UHP-HFRCC and results  

Notation B S/B Wo/B W/B SP/B D/B OL6 
(vol.%) 

HDR 
(vol.%) 

σpc 
(MPa) 

εpc 
(%) 

OL1H0.5 

100.0 35.0 13.0 14.3 1.7 0.02 1.0 

0.5 11.9 0.073 
OL1H1.0 1.0 12.4 0.086 
OL1H1.5 1.5 16.1 1.06 
OL1H2.0 2.0 20.1 0.89 
Note: B:binder, A:aggregate, S:sand, Wo:wollastonite, SP:superplasticizer, D: antifoaming agent 

 
After the steam curing, specimens were stored 

in a curing room at 20ºC and about 95%RH 
until the time of the loading tests. The 
geometrical dimension of `dumbbell type` 
specimens tested in this study followed the 
recommendations of the Japan Society of Civil 
Engineers (2007) for HPFRCC composites. 
The uniaxial tensile load was applied with an 
Instron testing machine of 30kN capacity, and 

the supporting condition was ‘fix-fix’. Each test 
was controlled by the loading head’s 
displacement at a velocity of 0.5mm/min. 
Average extension was measured over the 
central gauge length (80mm) by means of two 
LVDTs which were placed on the both sides of 
mounting frames and firmly clamped onto the 
specimens. 
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4 RESULT AND DISCUSSION 

4.1 Tensile Behavior of UHP-HFRCC 
Mean curves of each mixture are shown in 

Fig.2, which were calculated by averaging the 
stress values of each curve at the same strain 
level. All series investigated exhibited strain 
softening or strain hardening without brittle 
behavior. OL1H0.5 series showed strain 
softening but not strain hardening behavior. In 
addition, few multiple cracks were observed. 
This phenomenon was also observed in 
OL1H1.0 series. Strain hardening behavior, 
including multiple cracking, was clearly 
observed for investigated UHP-HFRCC in 
OL1H1.5 and OL1H2.0, both of which contain 
fibers of total volume fractions exceeding 
2.5vol.%. Since the volume content of OL fiber 
was kept constant as 1.0vol.% in this study, it 
was verified that at least 1.5vol.% of HDR 
fibers are required for obtaining strain 
hardening behavior and multiple cracking. 

Figure 3 summarizes the results obtained for 
UHP-HFRCC. Fig.3(a) showed that the peak 
stress, σpc, gradually increased as macro-fiber 
volume content: Vmf increased in all series, 
though the increasing rate drastically changed 
when the value of Vmf exceeded 1.0vol.%. As 
for values of the strain capacity: εpc, they were 
not much different in both cases of OL1H0.5 
and OL1H1.0 series and were 0.073% and 
0.086%, respectively (Fig.3(b)). On the other 
hand, in both cases of OL1H1.5 and OL1H2.0 
series, the values of εpc notably increased, 
though the values did not proportionally 
increase as Vmf increased over 1.5vol.%.   

It is worthwhile to notice that there was a 
remarkable difference between two values of 
the strain capacity when Vmf was below 
1.0vol.% or over 1.5vol.%, though such a 
remarkable difference was not recognized for 
the tensile strength. According to Fig. 2, the 
stress levels of the first crack initiation are 
almost the same for the four series. After the 
first crack initiation, however, strain softening 
behavior starts in OL1H0.5 and OL1H1.0 
series but strain hardening behavior starts in 
OL1H1.5 and OL1H2.0 series. This is due to 
the multi-level-reinforcement system to control 
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Fig.2 Tensile behavior of UHP-HFRCC developed in 
this study 
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Fig.3 Influence of macro-fiber volume content on tensile 
strength (a) and strain capacity (b) 

 
crack initiation and propagation in UHP-
HFRCC with two different types of fibers. A 
large quantity of thin and short OL fibers are 
densely dispersed in the matrix, which usually 
increases the crack initiation strength. However, 
because of the relatively low bond strength and 
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shorter length, OL fibers can’t work well for 
bridging crack surfaces on the macro-level. On 
the contrary, HDR fiber, which has a high bond 
strength and a longer length, increased stress 
transfer performance even after the first crack 
is initiated. During the process of pull-out from 
the crack surface, HDR fiber resists 
mechanically by the bending and yielding of 
the hooked part. Therefore the amount of the 
HDR fiber was very important to control macro 
crack propagation and to enhance the strain 
hardening behavior, while OL fiber reinforces 
the matrix by increasing stiffness, strength and 
crack resistance on the micro-level. Thus, in 
OL1H0.5 and OL1H1.0 series, the amount of 
HDR fibers might be insufficient to control 
macro crack propagation for leading the strain 
hardening behavior after the first crack 
initiation.  

According to the experimental results 
obtained in the present study, tensile strength 
can be increased by increasing the volume 
content of HDR fibers exceeding 1.0vol.% on 
the condition that the matrix of high strength 
mortar is reinforced with short and thin micro-
fibers of at least 1.0vol.%. As for the strain 
capacity, it is concluded that HDR fibers 
exceeding 1.5vol.% on the same condition 
mentioned above are required for achieving 
UHP-HFRCC based on the multi-level-
reinforcement system (Fig.1). 

4.2 Comparison with Results Reported by 
Other Researchers 

Figures 4 and 5 show the tensile properties 
of all series of UHP-HFRCC obtained in this 
study, which are compared with tensile test 
results of UHP-FRCs reported by previous 
studies shown in Table 1. As a result, OL1H1.5 
series containing total fiber volume content of 
2.5vol.% resulted in a tensile strength of 
16.1MPa in association with a strain capacity 
of 1.06%. The strain value is 2 to 17 times 
larger than those obtained in previous studies. 
UHP-HFRCC shows a noticeable increase of 
tensile strength, σpc, as the fiber volume content 
increased. Although this phenomenon is 
observed not only in this study but also in 
previous studies, the increasing rates of these  
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Fig.5 Influence of total fiber volume contents on tensile 
properties of UHP-HFRCC.  

(a) Tensile strength, (b) Strain capacity 
 

two groups are remarkably different from each 
other and previous studies required higher 
volume contents of fiber. As for the strain 
capacity, εpc, UHP-HFRCC shows a noticeable 
enhancement as the total fiber volume content 
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approaches 2.5vol.%,. On the other hand, 
values of the strain capacity obtained in 
previous studies do not increase proportionally 
to the fiber volume content. 

 
5 SUMMARY AND CONCLUSIONS 

This study investigated applicability of a 
material design concept based on the multi-
level-reinforcement system to development of 
UHP-HFRCC, and influence of blending 
micro- and macro-fibers on tensile mechanical 
properties of UHP-HFRCC. The following 
conclusions were obtained:  
1. Applying the multi-level-reinforcement 

system to UHPC is an affordable approach to 
develop UHP-HFRCC.  

2. Increasing the volume content of HDR fibers 
was confirmed to improve tensile strength 
and strain capacity of UHP- HFRCC. 

3. This study clearly showed that UHP-HFRCC 
achieves much higher tensile strain capacity 
than that reported in previous studies. 
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Abstract. The safety and durability of a large number of structures, especially in high humidity envi-
ronments, are endangered by Alkali-Silica Reaction (ASR). ASR is characterized by two processes:
the first is the formation of gel which happens when water transmitted alkali come in contact with
reactive silica in aggregates; the second is the imbibition of water into this formed basic gel and the
consequent swelling, which, in turn, causes deterioration of concrete internal structure by a diffuse
cracking. In this paper, the ASR effect on concrete deterioration is implemented within the frame-
work of a mesoscale formulation, the Lattice Discrete Particle Model (LDPM), that simulates the
heterogeneity of the concrete internal structure as well as the thermo-chemo-mechanical characteris-
tics of the ASR reaction. The proposed formulation allows a precise and unique modeling of ASR
effect including non-uniform expansions, expansion transfer and heterogeneous cracking. The model
can replicate ASR cracking behavior in free and confined expansion tests. This paper presents cal-
ibration and validation of the present model on the basis of experiments for unrestrained specimens
under various axial loadings undergoing ASR expansion. The results show good agreement with the
experimental data.

1 INTRODUCTION

ASR effect is reported in many concrete
structures all around the world, especially those
built in high humidity environments [1]. Tem-
perature plays a fundamental role in the ASR
rate of reaction [2] – the higher the tempera-
ture the faster is the reaction. However, even in
countries with average low temperatures ASR
is reported to be a serious problem for the dura-
bility of concrete structures. The effect of ASR
is a progressive deterioration and loss of con-
crete stiffness and strength that results from the

long term formation and expansion of ASR gel
which, in turn, induce internal pressure on the
concrete meso-structure. This pressure causes
non uniform deformations leading to cracking.
While the chemical representation of the reac-
tion was addressed intensively in the literature,
the fracture mechanics associated with the pro-
gressive expansion is not as much addressed.

In this paper, the chemical model of ASR
is based on the model proposed by Bažant and
Steffens [3], extended hereinafter to include ad-
ditional factors such as temperature effect, al-

1

1315



M. Alnaggar, G. Cusatis and G. Di Luzio

kali content in the concrete mix (Alkali con-
tent effect) and gel formation effect on water
imbibition rate. The proposed model, whose
predecessors were presented in recent confer-
ences [4, 5], is implemented in the Lattice dis-
crete particle model (LDPM) framework [6, 7]
to simulate the deterioration of concrete due
to ASR. LDPM simulates the mechanical in-
teraction of coarse aggregate pieces through a
system of three-dimensional polyhedral parti-
cles connected through lattice struts [6]. LDPM
has been calibrated and validated extensively
through the comparison to experimental data
and it has shown great capabilities in modeling
concrete damage, cracking and fracture [7].

2 ALKALI SILICA REACTION (ASR)
MODELING

According to the model proposed by Bažant
and Steffens [3] – adopted and extended in this
section – the overall ASR process can be ap-
proximately described by considering that (1)
for the ASR reaction to occur, water needs to be
present in the pores to act as transport medium
for hydroxyl and alkali ions required by the
ASR reaction; (2) the expansion of the gel is ba-
sically due to water imbibition; and (3) a contin-
uous supply of water is needed for the swelling
to continue over time. As in the original pa-
per by Bažant and Steffens [3] and consistently
with the LDPM formulation, in this study the
aggregate particles are assumed to have spher-
ical shape and the whole volume of each par-
ticle is assumed to be reactive with the silica
assumed to be smeared uniformly over the ag-
gregate volume. This is certainly an approxi-
mation compared to reality in which shape and
size of the aggregate particles may vary widely,
as well as the content of reactive silica in flaws,
inclusions, and veins. Under this approxima-
tion, however, the dissolution of silica may be
assumed to progress roughly in a uniform man-
ner in the radial direction inward from the sur-
face.

2.1 Gel Formation
A stoichiometric relationship for the ASR re-

action is very difficult to ascertain due to the
great variety of possible chemical equilibria for
different values of pH. In this model, as also
done in Bažant and Steffens [3], the monomer
H2SiO−

4 is considered to be the unique form
of basic gel produced by the dissolution pro-
cess. In this case it can be stated that two wa-
ter molecules are necessary to dissolve one sil-
ica atom. The thermodynamics and kinetics of
the ASR reaction were studied in Refs [8, 9]
and it was concluded that reaction rate is faster
than the actual rate of ASR production observed
in concrete structures. This led researchers to
the conclusion that some other mechanism must
be the dominant one and it was observed that
as the reaction progresses, the unreacted sil-
ica in the interior of each of aggregate parti-
cles is shielded by a spherical layer of the re-
action product, the ASR gel. Through this layer
further water molecules must diffuse in order
to reach the reacting surface of the particle and
dissolve more silica. This diffusion slows down
the ASR tremendously and becomes the pro-
cess governing the rate of ASR [8,9]. Thus, the
rate of ASR gel production can be best approx-
imated by solving a diffusion problem.

A simple characterization of water diffusion
across the gel layer and towards the reaction
front at the surface of the unreacted spherical
aggregate volume can be obtained as follows.
The diffusion is assumed to be governed by a
linear Fick’s law. Thus, the radial flux of water,
Jw, is given by

Jw = as(T ) ∇ · ξw (1)

where ξw = water concentration within the layer
of ASR gel as a function of radial coordinate x,
and as(T ) = permeability of ASR gel to water.
The permeability is assumed to be temperature
dependent as

as(T ) = as0exp

(
Ead
RT0

−Ead
RT

)
(2)

where Ead is the ASR activation energy, R is
the universal gas constant, T0 is a reference tem-
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perature at which the reference ASR gel perme-
ability to water as0 is defined, and T is the cur-
rent temperature. Equation 2 takes into account
the effect of temperature on the permeability of
the ASR gel, as proposed for the permeabil-
ity of concrete by many authors [10–13]. It
should be noted here that the time scale for tem-
perature variation in real structures is the sea-
son length while the ASR process takes place
on about 10 to 50 years, a period on which,
the effect of change in temperature can be ne-
glected. Mass conservation within infinitesimal
elements of the gel requires that ξ̇w = ∇Jw (dot
denotes derivative with respect to time t). One
has

ξ̇w = as(T ) ∇2ξw (3)

ASR gel layer 

Figure 1: Idealization of gel formation in one aggregate

As discussed previously, the reaction at the
silica dissolution front may be considered to be
almost immediate compared to the duration of
water transport to the front. Therefore, the rate
of advance of the reaction front must depend
solely on the rate at which the diffusion through
the ASR gel layer can supply water to the re-
action front. The front can advance only after
enough water has been supplied to combine the
silica. Consequently, for a constant tempera-
ture, the radial profile of ξw may be expected
to be the profile of a steady-state diffusion pro-
cess. This profile can be expressed as in Bažant
and Steffens [3] by

ξw = ws F (x), F (x) =
1− 2z/Dx

1− 2z/D
(4)

where ws = concentration of water in the con-
crete surrounding the particle, F (x) = dimen-
sionless concentration profile, x = radial coor-
dinate, z = radius of the remaining unreacted
particle, D = aggregate diameter, and x = 2x/D
is the dimensionless radial coordinate (See Fig-
ure 1 for details).

The condition of mass balance at the reaction
front x = z requires that

rρsdz = −as(T )
∂ξw
∂x

dt (5)

where r = stoichiometric ratio (mass conver-
sion ratio) = 2mw/ms; mw = 18 g/mole; and
ms = 60.09 g/mole, and this comes from the
assumption that 2 water molecules are needed
to dissolve one silica molecule as stated earlier
in this section. Substituting ξw = ws F (x) ac-
cording to Eq. 4 and differentiating with respect
to x, one obtains the following differential equa-
tion for the velocity of the reaction front:

ż =
2wsD (dF (x)/dx)|x=z

rρsτw
(6)

where τw = D2/as(T ) represents the halftime
of diffusion of water through the gel layer, and
as(T ) is Fick’s permeability (having the dimen-
sion of m2/s). Note that the slope of the pro-
file at the reaction front becomes vertical when
z → 0.

Defining the parameters τs = 4as(T )/D
2,

ks = ws/rρs; and the nondimensional variables
τ = tks/τs and ζ = 2z/D, the differential
equation in Eq. 6 can be written as

dζ

dτ
= −[ζ(1− ζ)]−1 (7)

In this study, this equation was solved numeri-
cally with the given initial value ζ(τ = 0) = 1.
The numerical solution was shown to exist be-
tween τ = 0 and τ = 1/6. At τ = 1/6 the
entire aggregate particle has fully reacted. For
the sake of simplicity and for an efficient com-
putational implementation, the numerical solu-
tion of Eq. 7 can be well approximated by (see
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figure 2)

ζ(τ) = 1− 2.22 τ 0.6 for 0 ≤ τ ≤ 1

12

ζ(τ) = 2.22

(
1

6
− τ

)0.6

for
1

12
< τ ≤ 1

6
(8)
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Figure 2: Numerical and approximate solutions for Eq. 7

The total mass of basic gel, ξg, produced in
the aggregate can be then determined by

ξg =
4π

3

D3

8

(
1− ζ3

) mg

ms

ρs (9)

where mg is the molar weights of the gel
(H2SiO−

4 with mg = 94.1 [g/mole]). Fur-
thermore, the alkali content is not always
present in enough quantity for the ASR re-
action to occur. So, in order to account for
the presence of alkali, the function ρk =
min(〈AC − ACth〉 /(ACreq − ACth), 1) is in-
troduced such that the alkali content AC is re-
lated to the required alkali content, ACreq to
have the full reaction of silica, and to an alkali
content threshold, ACth at which, there is al-
most no expansion. Eq. 9 becomes

ξg =
4π

3

D3

8

(
1− ζ3

) mg

ms

ρsρk (10)

2.2 Water imbibed by ASR gel
The ASR product is a solid (gel) [14], which

has the capacity – typical of colloidal systems

– to imbibe water molecules, causing extensive
swelling. Since the ASR gel is constrained in
the pores of concrete, the swelling must pro-
duce pressure in the gel and the surrounding
concrete structure. This pressure induces the
known cracking and damage to the concrete.
Expansion of the ASR gel can be partly accom-
modated without significant pressure build up
by filling the capillary pores in the hardened ce-
ment paste located close to the surface of the
reactive aggregate particles. This is also facili-
tated by the existence of the so-called interfacial
transition zone (ITZ) that is a layer of material
with a higher porosity in the hardened cement
paste near the aggregate surface. Similarly to
the ITZ size, the thickness, δc, of the layer in
which the capillary pores are accessible to the
swelling ASR gel may be considered constant,
independent of particle size D.

As already mentioned, the physical proper-
ties of the basic form of ASR gel are not yet
known. But it seems logical to assume that the
formation of this basic gel causes no signifi-
cant volume increase per se and that all volume
changes are caused solely by the intake of addi-
tional water. Denoting by wi the mass of water
imbibed by the basic gel, the volume increase
of the gel is

∆V =
wi

ρw
(11)

The imbibition of water from the bulk of
mortar or concrete into the basic gel cannot hap-
pen instantly. It is a local micro-diffusion pro-
cess that occurs with some delay. Because the
gel is expelled into the pores, the geometry of
this diffusion is no longer spherical and it ap-
pears difficult to choose any particular ideal-
ized geometry of the diffusion flow of water
that should be analyzed. It seems therefore ap-
propriate to conduct merely a simplified overall
analysis without reference to any particular ge-
ometry. It is reasonable to assume that

ẇi =
Ai

τi
(12)

where Ai characterizes the thermodynamic
affinity and τi is a certain characteristic time.
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To set up a reasonable expression for Ai, some
aspects should be considered: (1) The chemi-
cal potential governing water transport through
concrete may be assumed to be roughly propor-
tional to the specific water content wi; (2) The
water imbibition rate ẇi, and thus Ai, should be
proportional to the mass of basic gel, ξg; (3) The
water imbibition rate ẇi should decrease with a
decreasing relative humidity h in the pores of
concrete near the reacting particle and should
stop at relative humidity below which water is
not available for ASR reaction and imbibition;
(4) The water imbibition rate ẇi should de-
crease with a decreasing absolute temperature
T of concrete and vice-versa. Such dependence
can be well modeled with an Arrhenius-type
equation. According to these observations and
considering only the case of full saturation (typ-
ical, for example, for dams), the affinity (ther-
modynamic driving force or chemical potential
difference) governing the water imbibition may
be approximately expressed as

Ai = w∗
i (T, h, ξg)− wi (13)

where w∗
i (T, h, ξg) is the value wi at thermody-

namic equilibrium, at which no water migrates
into or out of the ASR gel and can be expressed
as

w∗
i (T, h, ξg) = κ0

i exp

(
Eaw
RT0

−Eaw
RT

)
ξg (14)

where Eaw is the activation energy of the imbi-
bition process and κ0

i represents the amount of
water imbibed by unit mass of basic gel. Analy-
sis of experimental data carried out in this study
suggests that, in absence of more precise in-
formation about the water imbibition process,
κ0
i ≈ 1 is a reasonable assumption.

For reasons of dimensionality, the character-
istic time, called the imbibition halftime, must
have the form τi = δ2/Cwiη(wi), in which
Cwi is the diffusivity for microdiffusion of wa-
ter close to the aggregate (surely much lower
than the diffusivity for global water diffusion
through a concrete structure), δ is the average
(or effective) distance of water transport process
from the concrete around the aggregate into the

ASR gel, and η(wi) is an increasing function of
wi. Roughly, for two adjacent aggregate parti-
cles of diameters D1 and D2, δ can be estimated
as

δ =
l −D1 −D2

2
(15)

where l is the distance between the particle cen-
ters. The characteristic time, τi, must be an
increasing function of wi, because the imbibi-
tion of the layers of gel increases the diffusion
time of the free water to reach the unimbibed
gel. Therefore, it is reasonable to assume the
function η(wi) as η(wi) = eηwi , in which η is a
material constant.

By considering all these effects together, one
has the following equation for water imbibition
into the gel:

ẇi =
(
e−

Eaw
RT ξg − wi

) Cwi

δ2
e−ηwi (16)

The water imbibed into the gel is given by the
following differential equation:

ẇi =

[
e−

Eaw
RT

4π

3

D3

8

(
1− ζ3

) mg

ms

ρsρk − wi

]

·Cwi

δ2
e−ηwi (17)

3 LATTICE DISCRETE PARTICLE
MODEL

LDPM simulates concrete mesostructure by
taking into account only the coarse aggregate
pieces, typically with characteristic size greater
than about 4 mm. The mesostructure is con-
structed through the following steps. 1) The
coarse aggregate pieces, whose shapes are as-
sumed to be spherical, are introduced into the
concrete volume by a try-and-reject random
procedure. 2) Zero-radius aggregate pieces
(nodes) are randomly distributed over the ex-
ternal surfaces. 3) A three-dimensional domain
tessellation, based on the Delaunay tetrahedral-
ization of the generated aggregate centers, cre-
ates a system of cells interacting through trian-
gular facets, which can be represented, in a two-
dimensional setting, by straight line segments
as shown in Figure 3. A vectorial constitutive
law governing the behavior of the model is im-
posed at the centroid of the projection of each
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single facet (contact point) onto a plane orthog-
onal to the straight line connecting the particle
centers (edges of the tetrahedralization). The
projections are used instead of the facets them-
selves to ensure that the shear interaction be-
tween adjacent particles does not depend on the
shear orientation. The straight lines connecting
the particle centers define the lattice system.

Figure 3: a) Mesostructure tessellation. b) Three-
dimensional discrete particle. c) Definition of nodal de-
grees of freedom and contact facets in two-dimensions.

Rigid body kinematics describes the dis-
placement field along the lattice struts and the
displacement jump, �uC�, at the contact point.
The strain vector is defined as the displace-
ment jump at the contact point divided by the
inter-particle distance, L. The components of
the strain vector in a local system of reference,
characterized by the unit vectors n, l, and m,
are the normal and shear strains:

εN =
nT�uC�

L
; εL =

lT�uC�
L

;

εM =
mT�uC�

L
(18)

The unit vector n is orthogonal to the projected
facet and the unit vectors l and m are mutually
orthogonal and lie in the projected facet.

The elastic behavior is described by assum-
ing that the normal and shear stresses are pro-
portional to the corresponding strains:

σN = ENεN ; σM = ET εM ; σL = ET εL (19)

where EN = E0, ET = αE0, E0 = effec-
tive normal modulus, and α = shear-normal
coupling parameter. E0 and α are assumed
to be material properties. Detailed descrip-
tion of model behavior in the nonlinear range
can be found in Ref. [6]. Current LDPM for-
mulation has been implemented into MARS, a
multi-purpose computational code for the ex-
plicit dynamic simulation of structural perfor-
mance [15].

4 AMALGAMATION OF ASR MODEL
WITHIN LDPM FRAMEWORK

The radius variation of one aggregate parti-
cle can be calculated from the volume variation
in Equation 11 as

∆r =
3

√
3∆V

4π
+

D3

8
−D/2 (20)

The calculated aggregate radius variation is
used to calculate the LDPM imposed ASR gel
strain, εN0 as

εN0 = (∆r1 +∆r2 − δc)/L (21)

where ∆r1 and ∆r2 are the radii changes of two
adjacent aggregate particles. This additional
normal strain is imposed on the LDPM facet by
adding it to the stress-dependent facet normal
strain. In the elastic regime, one can write the
normal stress as σN = EN(εN − εN0). Note
that the model formulated here approximately
assumes that the facet shear deformations due
to gel swelling are negligible, εM0 = εL0 ≈ 0,
although this might not be exactly true due to
the irregularity of actual aggregate particles.

5 NUMERICAL SIMULATIONS
In this study, simulation of experimental

results of Multon and Toutlemonde [16] was
performed as described in the following sec-
tions. These accelerated experiments have
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shown good representation to the actual long
term phenomena as they could represent the ex-
pansion growth the same model used by Larive
et al [17] to express dams ASR expansions. In
the following sections, an automatic parameter
identification technique based on the nonlinear
least square method is used throughout all cali-
brations to identify different model parameters.

5.1 ASR model free paramaters
The proposed model contains material pa-

rameters that need to be defined. Some param-
eters, such as activation energies Eaw and Ead,
reference ASR gel permeability to water as0, re-
quired and threshold alkali contents ACreq and
ACth, and silica content ρs, can be determined
directly if specific experimental data such as
diffusion tests and permeability tests and/or ag-
gregate chemical analysis are available. Oth-
ers, such as δc, Cwi, and η are very hard to
measure and they need to be calibrated by in-
verse analysis of macroscopic experimental re-
sults. The remaining parameters are either well
defined or easy to assume as water content ws,
current alkali content AC, T and T0. Through
out the simulations, some parameters were as-
sumed as follows: ρs was assumed to be about
20% of the total aggregate mass so by weight
it equals 0.2 · 2200kg/m3 (silica unit weight)
= 440 kg/m3. The presence of silica in ag-
gregate varies based on the aggregate type and
it can reach up to 50% ± 10% as reported in
[18]. The free water content, ws, can be reason-
ably assumed using the relation given by [19]
as ws = (w/c− (0.235 + 0.19) · αc) · c, where
w/c, αc and c are the water cement ratio, reac-
tion degree and cement content in kg/m3.

5.2 Calibration of LDPM concrete param-
eters

To match the concrete mechanical prop-
erties relevant to the analyzed experimental
data, LDPM parameters were calibrated based
on reported values of compressive strength,
f ′
c, Young’s modulus, E and splitting tensile

strength, f ′
t . Ten numerical specimens with

different meso-structures were always simu-

lated and their average response was consid-
ered. The generation of the different LDPM
meso-structures was performed considering the
grain size distribution of the specimens used in
the experimental campaign as shown in Figure
4. The calibration of LDPM parameters gave
the results shown in Table 1.
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Figure 4: Grain Size distribution for simulated and exper-
imental specimens

Table 1: Mechanical properties

Property Actual Simulated Average
f ′
c (MPa) 38.4 38.41
f ′
t (MPa) 3.2 3.19
E (MPa) 37300 37695

5.3 Creep and shrinkage consideration.
The experimental results show, for the con-

trol specimens, autogenous shrinkage of the or-
der 0.25%. To account for the shrinkage, the
CEB MC99 model was adopted for shrinkage
as it divides the shrinkage into autogenous and
drying parts. Figure 5 shows the calibration
results of the model along with experimental
data. Also for the loaded cases in the experi-
mental campaign, the results show a consider-
able amount of creep. To account for creep de-
formation, the B3 model was adopted. Figure
6 shows the calibrated creep model as well as
the experimental data. Both creep and shrink-
age strains are added to the simulated strain re-
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sults and compared with the experimental re-
ported measured strains.

     






















 

 

 



Figure 5: Calibration of Shrinkage Strain with CEB
MC99 model.

     





























 

 

 



Figure 6: Calibration of Creep Strain with B3 model

5.4 Calibration of ASR model parameters
with free expansion results.

Since the analyzed experiments of Multon
and Toutlemonde [16] are relevant to an accel-
erated reaction (450 days compared to 5 to 50
years in dams), and with big fraction of reactive
aggregate (all aggregates 4 mm in diameter and
above were reactive giving 64.5% by weight)
and high alkali content, δc tends to be zero as
almost all pores surrounding the near aggregate
surface were filled quickly in the early 28 days

of curing. The parameters providing the tem-
perature dependence (Eaw and Ead) were rea-
sonably assumed on the basis of existing liter-
ature as in Ref. [?] and Eaw was also assumed
to be equal to Ead. Also as there was no data
about the temperature values during the test it
was assumed to be the room temperature of 23
◦C. On the contrary, the other parameters (as0,
δc, Cwi and η) were calibrated using the auto-
matic parameter identification procedure based
on available volumetric measured strains. The
average responses of volumetric strains for the
ten simulated specimens after adding shrinkage
strains, as well as the experimental data aver-
ages, are shown in Figure 7.
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Figure 7: Free Expansion calibration based on Volumet-
ric Strain

Figure 8: Free Expansion Axial and Radial Strains

Also the model could replicate the
anisotropy found in the experimental results
of free expansion by Multon and Toutlemonde
[16], which is a unique feature of the model
that can not be done without explicitly defin-
ing anisotropic properties for the model, while
here only the different random geometry could
simulate it. Figure 8 shows both axial and ra-
dial strains for the free expansion case for both
experimental and simulated cases showing also
the scatter of experimental data. The values of
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the calibrated, as well as the assumed parame-
ters, are listed in Table 2. In these experiments,
there was no study for the temperature effects
so, the activation energies have no effect on
simulations.

Table 2: Used ASR Model Parameters

Parameter Value Type
ws (kg/m3) 56.662 Assumed
ρs (kg/m3) 440 Assumed
ρk 1 Assumed
as0(m

2/s) 9.7407 · 10−9 Calibrated
Eaw(Joule/mole) - Assumed
Ead(Joule/mole) - Assumed
δc (m) 0.0 Assumed
Cwi(m

2/s) 3.4552 · 10−13 Calibrated
η(kg−1) 36813 Calibrated

5.5 Simulation of axially loaded unre-
strained specimens with 10MPa and
20MPa.

After parameter calibration, all the parame-
ters were kept fixed and the simulations were
carried out for the axially loaded unrestrained
specimens. Two different axially loaded unre-
strained specimens were considered: the first
with 10 MPa and the second with 20 MPa.
Ten generated specimens were used and their
responses along with the experimental results
for both axial and radial strains are shown in
Figures 9 and 10, which show an excellent
agreement between simulations and experimen-
tal data.
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Figure 9: Unrestrained Expansion under 10 MPa Axial
and Radial Strains
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Figure 10: Unrestrained Expansion under 20 MPa Axial
and Radial Strains

5.6 Simulated Crack patterns
One of the unique advantages of implement-

ing this ASR model within the LDPM frame-
work is the capability of reproducing the very
scattered and heterogenous crack patterns that
closely resemble crack patterns reported in ex-
periments. This is illustrated in Figures 11 and
12. The cracks shown represent cracks with
openings larger 0.015 mm. In Figure 11, it is
clear that each simulated specimen has its own
different crack patterns however all the three
specimens responses showed reasonable visual
agreement with typical experimental data in the
literature [2].
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a) b) c) 

Figure 11: Crack distribution under free expansion for:
a) Specimen n.1, b) Specimen n.3, c) Specimen n.9

Also by examining the surface cracks as well
as internal cracks shown here, the very ran-
dom character of cracking can be identified as
well as the characteristic of having wider crack
openings on the external surface can be shown
clearly. This feature emphasizes the capability
of the model to reproduce realistic crack propa-
gation simulation.

a) b) c) 

Figure 12: Crack distribution for Specimen n.1 under: a)
Free Expansion, b) 10 MPa, c) 20 MPa

Moreover, the effect of axial loading on the
size and distribution of cracks is shown in Fig-
ure 12 for specimen n. 1. It is clear that
the cracks for the free expansion case are ran-
domly distributed with no clear preferential di-
rection, but on the contrary, cracks for both ax-
ially loaded cases show redirection in the radial

direction (cracks are aligned in vertical direc-
tion).

Since the gel expansion is constrained in
the concrete microstructure, the gel volume in-
crease produces a pressure, which in turn causes
cracking in the concrete meso-structure. The
presence of triaxial stress state reduces the ASR
induced expansion in the less compressed direc-
tion leading to the so-called ASR anisotropic
development which is commonly modeled us-
ing the concept of ”Expansion transfer” [16,20,
21]. In the current formulation, no gel redi-
rection is postulated. The redirection of ASR
imposed strain is interpreted as only redirec-
tion of crack distribution. While some authors
in [16, 20, 21] refer to ASR induced expansion
as a volumetric expansions to be calculated for
the different states of stresses, here, the effect
of ASR expansion is decomposed into its two
components, gel volume increase due to water
imbibition and crack volume generated. With
this unique decoupling and considering the het-
erogeneity of the material by means of LDPM,
deeper analysis of the effect of stress was pos-
sible, leading to postulating that the real effect
of stress state is the reduction of cracking in
the direction of higher compression and the in-
crease of cracking in the other directions. This
is also supported by the low likelihood for the
solid gel [14] to migrate easily under stress ef-
fect through the concrete meso-structure. By
observing both the responses shown in Figures
8, 9 and 10 as well as the crack distribution
redirection shown in Figure 12, it can be seen
clearly that the model could capture the ”Ex-
pansion transfer” effect.

6 CONCLUSIONS

A model that simulate the ASR effect has
been implemented within the framework of a
mesoscale formulation, such as the Lattice Dis-
crete Particle Model. This model has been used
for the numerical simulations of experimental
data reported by Multon and Toutlemonde [16].
Based on the observed results, the following
conclusions can be drawn:
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1. The model can accurately simulate free
expansion experimental data and can re-
produce realistic crack patterns.

2. Axial loading simulations show good
agreement with experimental results, es-
pecially the crack patterns demonstrate
the ability of the model to redirect crack-
ing based on the stress state.

3. The expansion transfer concept can be
modeled by decoupling the gel expansion
from crack volume and by this, the stress
state will only affect the crack distribu-
tion and there is no need to assume that
the ASR gel migrates under stress state
changes.
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Abstract. Electrolyte transport in fracturing porous materials such as concrete is strongly influenced
by the complex and random topological structure of the pore space, the state of distributed micro-
cracks inevitably caused by autogenous and drying shrinkage of concrete and finally by propagating
cracks caused by various loading conditions. Information on macroscopic diffusion properties of
the intact concrete requires up-scaling of transport processes within nano- and micro-pores over sev-
eral spatial scales. The macroscopic transport coefficients are computed using a cascade continuum
micromechanics model. The cascade continuum micromechanics model recursively embeds shape
information in the form of the ESHELBY matrix-inclusion problem to obtain the homogenized ef-
fective diffusivity as a function of a perturbation index and the porosity. The effects of the micro-
structure on the transport properties are characterized by porosity dependent short range and long
range inter-phase interactions. To take into consideration the effects of oriented, diffusely distributed
micro-cracks on electrolyte diffusion properties, the homogenization scheme for electrolyte diffusion
in intact concrete is enhanced by representing micro-cracks as additional ellipsoidal inclusions within
the aforementioned homogenized porous matrix. Finally, the effect of propagating macro-cracks on
the diffusion process is taken into consideration by weakly coupling the diffusion model and a fracture
energy based staggered phase-field model to simulate brittle fracture.

1 INTRODUCTION

Three major topological factors influence
transport processes in fracturing cementitious
materials: the micro-structure of the pore-
space, the effect of diffuse micro-cracks and
finally, localized fracture zones. In general,
transport properties are accounted for on the
macroscopic scale using an equivalent diffusiv-
ity that takes into account the aforementioned
effects in an averaged sense. However, in such
a classical approach, the relation between the

microstructure and the observed macroscopic
behavior is lost. Considering that the trans-
port mechanisms act at different scales and
are of a hierarchical nature clearly warrants a
multi-scale approach to model the correspond-
ing effects. Investigations into the diffusivity
of porous materials suggests an existence of
a percolation threshold and thus a strong in-
fluence of the micro-structure on diffusion for
porosities up to 60-70 % beyond which the pore
space is no more tortuous. In the proposed

1

1327



Jithender J. Timothy and Günther Meschke

model, continuum micromechanics is used as
the major modeling strategy to account for the
tortuosity of the pore-space and the effect of
diffuse micro-cracks on the transport behav-
ior of cementitious materials. Classical mi-
cromechanics methods for homogenization are
not suitable as they either cannot predict a per-
colation threshold (MORI-TANAKA, Differen-
tial, and Dilute) or predict non-physical val-
ues for a particular range of porosities (self-
consistent) [4]. The above drawbacks of the
classical schemes motivates us to rethink the
way in which the physics of the problem could
be correctly translated into a micro-mechanical
model while retaining the simplicity of an an-
alytical model. The cascade model [4] consid-
ers the interaction of the micro-structure hierar-
chically through a cascade of ESHELBY matrix-
inclusion problems. The model is characterized
by a micro-structure characterizing variable in
addition to the porosity to predict the consti-
tutive behavior of the material with regard to
transport. This allows for modeling percola-
tion thresholds. Micro-cracks enhance diffu-
sion and thus these effects can be accounted for
by embedding ellipsoidal inclusions which rep-
resent micro-cracks in the previously homoge-
nized porous material. With regard to macro-
scopic cracks, brittle fracture is considered as
an energy minimization problem [1] wherein
the crack surface is approximated by a phase-
field [2] which in turn is coupled to the diffusion
problem. The phase-field which characterizes
the crack path is used to compute the orienta-
tion and the micro-crack volume fraction which
are functions of the constitutive equation for the
diffusion problem.

2 EFFECT OF POROUS MICROSTRUC-
TURE

Intact porous materials are characterized by
an isotropic distribution of pore-channels. The
pore-space is characterized by a pore-size dis-
tribution and the tortuosity. The tortuosity is
a phenomenological artifact which takes into
account the effects of constrictivity, the con-
nectivity, and dead end pores on diffusion pro-

cesses. The microstructure effect is modeled
using the cascade continuum micromechanics
method. We consider an REV uc which is
isotropic w.r.t. the pore-channel distribution.
Initially we model a spherical fluid-filled pore
embedded in a matrix which has zero micro-
structure information. This state is character-
ized by a state variable n. Localization tensors
are computed for this matrix-inclusion prob-
lem. The obtained homogenized diffusivity is
now the new matrix material. The matrix ma-
terial is updated from the solution of the pre-
vious homogenization problem. Thus the in-
teractions of the pores are taken into account
hierarchically. This allows us to model perco-
lation thresholds which are micro-structure de-
pendent. An explicit equation for the diffusivity
of intact porous materials is finally obtained in
terms of the cascade index n and the porosity φ.
See [3, 4] for details. The model counterpart of
the phenomenological tortuosity is the inverse
of the localization tensor Af . The diffusivity of
the porous material is given by,

Duc = φAf (n)Df . (1)

3 EFFECT OF MICRO-CRACKS
Mechanical stresses due to external forces

or localized chemical reactions such as ASR
(Alkali-silica reaction) in concrete give rise to
nucleation of micro-cracks. Micro-cracks tend
to enhance the connectivity of the pore-space
and thus considerably affect the diffusion pro-
cess. As a result, the enhanced pathways are
no longer isotropic, and a suitable model must
consider the effect of oriented cracks.

cb

e3

e1

a

e2 b
e2

Figure 1: Geometry of an ellipsoidal approximation of a
micro-crack

We consider an REV c with oriented micro-

2
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cracks. REV c is modeled with penny-shaped
ellipsoids (see Fig.1) representing micro-cracks
embedded in the already homogenized porous
matrix as described in the previous section.
The homogenized diffusivity thus obtained is
anisotropic. The model automatically takes into
consideration the effect of the interaction be-
tween the surrounding porous matrix and the
micro-cracks [3] through an anisotropic interac-
tion tensor Υ. In Fig.2, the normalized macro-
scopic diffusivity is plotted against the micro-
crack volume fraction ϕc and the porosity φ for
the crack aspect ratio 0.001.

Figure 2: Effect of micro-crack volume fraction on diffu-
sivity for a micro-crack aspect ratio 0.001

4 EFFECT OF A PROPAGATING
MACRO-CRACK

Localized cracks have a major influence on
the transport properties of structures made of
cementitious materials such as concrete, since
they provide transport channels with high per-
meability through the material. With regard
to propagating macro-cracks, energy minimiza-
tion [1] is used to simulate brittle fracture. To
regularize the crack surface, a phase field is in-
troduced [2] which in turn is used to compute
the vectors parallel to the crack. The intensity
of the phase field which varies from 0 for the
fully damaged situation and 1 for the intact sit-
uation together with the vectors parallel to the
crack is used compute the anisotropic diffusiv-

ity Dc.

Dc = Df (1− cr (x)) ·Υ (∇cr) +DucI. (2)

Df is the diffusivity in the pore solution, cr
is the crack volume fraction field which is ob-
tained by minimizing the following potential:

Πm = −
∫

Ω

Wε (ε (x) , cr (x))

−
∫

Ω

Wcr (cr (x)) . (3)

As proposed in [2], the surface energy is ap-
proximated using the field cr, a regularization
length parameter l and the fracture energy Gc as
follows:

∫

Ω

Wcr =

∫

Ω

Gc

(
1

4l
(cr (x)− 1)2 + l (∇cr (x))

2

)

(4)

5 NUMERICAL EXPERIMENT

Consider a L-shaped concrete panel illus-
trated in Fig.3. It is subject to concentration
DIRICHLET boundary conditions which imply
a steady state situation. As the crack propa-
gates due to the applied mechanical load, the
steady state concentration increases along the
crack path (the red, blue and the green curves
in Fig.4 correspond to the concentration).

3
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Figure 3: Prescribed concentration boundary conditions
on the L-shaped panel

The post peak relaxation of the steady state
concentration field in Fig.4 is attributed to the
porous material around the macro-crack. After
the crack opens, the species diffuses through the
walls of the crack to achieve a steady state.
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Figure 4: Change in concentration due to a propagating
crack

6 CONCLUSIONS
A multiscale model to simulate transport

processes in intact and cracked porous materials
has been proposed. A novel Cascade Contin-
uum Micromechanics model has been proposed
to take into account the effect of the porous
micro-structure, incorporating a variable (the
cascade index), which directly reflects the de-

gree of tortuosity. This model predicts a thresh-
old value for the porosity below which no trans-
port is possible due to lack of connected mi-
cropores. The Cascade continuum micro me-
chanics model for the intact porous material has
been linked to a micromechanics model to in-
corporate distributed micro-cracks. This com-
bined model is able to consider the interac-
tions between these topological entities with re-
gard to the transport behavior. For the consid-
eration of the effect of propagating localized
macro-cracks on transport processes, a phase-
field model has been coupled to the homoge-
nized diffusion problem on the continuum level.
This crack model correctly predicts the effect
of the highly anisotropic character of the dif-
fusivity of porous cementitious materials in the
presence of macro-cracks. Nucleation of cracks
enhances the transport pathways leading to an
increase in the concentration along the crack.
The model finds application in prediction and
prevention of leakage of nuclear waste materi-
als, corrosion and failure of concrete structures
in marine environments etc.
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Abstract: Three-point bending tests were performed on cement mortar beams of rectangular cross 
section. The specimens were subjected to abrupt compressive step loading while simultaneous 
Acoustic and Electrical Signal Emissions were recorded. In order to evaluate the development of 
the fracture process, characteristics of acoustic emissions and electrical current signals were studied 
and compared by isolating specific time frames that correspond to every step up to the fracture. In 
terms of time series cumulative energy of Pressure Stimulated Currents (PSC) and Acoustic 
Emissions (AE) were compared. Moreover, cumulative frequency distribution (Gutenberg–Richter 
relationship) and b-value analysis was performed in the AE using Gutenberg–Richter and Aki’s 
methods. The objective of the experiments was to study the variation of AE based b-value with 
respect to time. It was observed that the AE based b-value analysis serves as a tool to identify the 
development of cracks and assess damage evolution. 
 
 

1 INTRODUCTION 
Cement-based materials are widely used in 

constructions. Mechanical testing of such 
materials is of vital importance in order to 
evaluate their use on various applications. In 
situ and laboratory, health monitoring of 
cement-based material constructions and 
testing techniques have been adopted by 
scientists and engineers. Under this concept 
several non-destructive tests (NDT) have been 
developed for real-time mechanical status 
monitoring and damage assessment [1]. 

It is known that when a brittle material is 
subjected to mechanical loading a weak 
electrical current is generated and propagates 

in the bulk of the materials due to charge 
separation processes and local polarizations. 
The experimental protocol that is adopted in 
order to detect and record the electrical 
currents is known as Pressure Stimulated 
Currents (PSC) technique [2]. The PSC 
technique has been applied on materials like 
natural stones (i.e. marble [3-5] and 
amphibolites [6]) and cement-based materials 
[7-8]. Previously conducted experiments using 
the PSC technique on cement-based materials 
involved both axial compressional tests and 
Three-Point Bending (3PB) tests. The 
specimens were subjected to various modes of 
mechanical loading like constantly increasing 
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load up to fracture, and stepwise load increase. 
Previous works on marble, amphibolites 

and cement based materials have shown that 
the qualitative and quantitative characteristics 
of the PSC recordings provide clear 
information regarding the level of mechanical 
damages of the material and the remaining 
strength until the fracture [7-11].   

Another commonly used technique for non-
destructive evaluation of materials is the 
detection of transient elastic waves generated 
from the stress concentration in the bulk of a 
specimen when it is subjected to mechanical 
loading and causes the generation and 
propagation of cracks [12]. These elastic 
waves are known as Acoustic Emissions (AE). 
This technique has been adopted from several 
researches in order to monitor the crack 
generation and propagation processes [13-17]. 
Regarding the cement based materials the AE 
technique has been used to monitor the 
microfracture processes taking place in the 
bulk of a specimen [12]. Laboratory 
experiments conducted when cement-based 
specimens were subjected to externally applied 
mechanical loading have provided significant 
information regarding the characteristics of the 
AE recordings during all regions of the 
mechanical behavior of the specimen [18-19]. 

Recently, an attempt was made for studying 
the results and effectiveness of the AE 
monitoring technique on brittle materials when 
compared with similar techniques adopted in 
seismology [17, 20]. Specifically, the 
Gutenberg–Richter relation that monitors the 
distribution of the cumulative frequency of 
occurrence versus magnitude has been 
evaluated in the past. This relation shows that 
the log-linear slope of the extracted curves 
provides significant information regarding the 
damage development in the bulk of a 
specimen. Another approach besides the 
Gutenberg–Richter relation is the Aki’s 
method that uses the discrete frequency 
distribution of the recorded magnitudes. Both 
methods are considered as valid and 
applicable.  

In this work concurrent recordings of PSC 
and AE were conducted while a cement mortar 
beam was subjected to 3PB mechanical 

loading. The mechanical load was 
continuously increasing in a step-like form 
from an early load level up to the fracture of 
the specimen. The characteristics of the PSC 
and AE are studied in order to investigate 
similarities and pre-failure characteristics of 
the recorded signals. Specifically, the temporal 
variations of the amplitudes and the energy are 
presented and discussed with respect to the 
applied load level. Finally, an attempt was 
made for correlating the results of the the b-
value analysis following the GBR and Aki’s 
approach to the applied mechanical load. 

2 EXPERIMENTAL TECHNIQUE AND 
ANALYSIS 

2.1 Experimental technique 
The cement mortar beams were subjected to 

3PB tests. Specifically, the mechanical load 
was applied in a step-like form. A gradual 
increase of the load from a low level until the 
fracture was performed by applying 
sequentially abrupt and high rate loadings. 
Each loading step was conducted from an 
initial level 1nL   up to a higher one nL  as 
shown in Figure 1a where n is the number of 
each consequent step. 

 

 
Figure 1: (a) A typical loading step applied during the 

3PB test and (b) the corresponding PSC. 
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The mathematical formulation that 
describes the mechanical loading is given by 
the following equation: 

   
1 1

1 1 1

1

                    
              

            

n n

n n n n

n n n R

L constant t t
L t L r t t t t t

L constant t t t t

 

  



 
    
    

       (1) 

where 1nL   and nL  is the low and high level of 
the nth step correspondingly. Taking under 
consideration the dimension and the geometry 
of the specimens used during the experiments, 
the loading rate, r (see Equation 1) and 

1n nL L L     were selected to vary from 
0.2kN/s up to 0.4kN/s and 1kN up to 1.5kN 
respectively, in accordance to the protocol of 
the technique. The duration Rt  that the load 
was kept constant at the high level nL  was 
selected to be 100Rt s  approximately. In this 
work the PSC and the corresponding AE were 
studied during the period of Rt  for each step. 
The aim was to detect the variations of specific 
characteristics and parameters of the PSC and 
AE during the time frame Rt of each step. 

2.2 PSC analysis 
Published works have shown that when a 

brittle material is subjected to 3PB tests the 
recorded PSC shows a deterministic behaviour 
[7, 20]. Specifically, when applying 3PB tests 
following a step like increase of the 
mechanical load, the recorded PSC (I) 
increases during the short time t  reaching a 
peak value of maxI  at the time that the load 
reaches the value of  nL  as shown in Figure 
1b. Consequently, the PSC starts relaxing until 
reaching a background level Ib n during a time 
shorter than Rt . The value of 100Rt s  was 
selected in order to provide enough time to the 
PSC for relaxing and reaching Ib n level. 
During the time frame Rt  the PSC cumulative 
energy is calculated by the following equation:  

n R

n

t t
PSC
n

t

E I dt


   (2) 

where PSC
nE  is the cumulative energy during 

the nth step.  

2.2 AE analysis 

In relation to the PSC cumulative energy PSC
nE  

the corresponding AE cumulative energy E
n
AE  

is calculated by the following equation:  

 



Rn

n

tt

t
ii

AE
n te            (3) 

where  ii te  is the AE recorded energy at time 
ti within Rt  of each step. During each loading 
step the total number N of the AE events is 
also measured.  

Additionally, the amplitude distribution of 
the AE events can be analyzed using the “b-
value analysis”. The b-value is defined as the 
log-linear slope of the frequency – magnitude 
distribution of the AE events. In case of AE 
technique, the Gutenberg–Richter (GBR) 
modified relationship is given by the following 
equation [17, 21]: 

  10 ( )
20

dBAlog N M a b   (3) 

where AdB is the peak amplitude of the AE 
events in decibels, N is the number of AE hits 
having amplitude greater than a predefined 
threshold, a is an empirical constant and b is 
the b-value. 

A second approach to estimation of the b-
value is the Aki’s method [17]. According to 
this method the b-value is calculated by the 
following equation:  

 1020 8.686

dB c dB c

log eb
A A A A


 
     

 (4) 

where dBA   is the mean amplitude and Ac is 
the amplitude threshold that was set at 40dB. 

2.3 Experimental set-up 
The basic experimental setup for measuring 

PSC and AE is shown in Figure 2. Two rigid 
metallic cylindrical rods supported the cement 
mortar beam. The distance of each rod’s centre 
from the centre of the beam was 85mm. 
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Another identical rod was placed on the upper 
side of the beam, on its centre, where the load 
would be applied during the 3PB process. All 
three points were electrically isolated using 
Teflon plates with 2mm thickness.  

 

 
 

Figure 2: The experimental setup to measure PSC 
and AE concurrently during 3PB tests. 

 
In order to capture the PSC a high 

sensitivity electrometer was used (Keithley, 
Model 6514). For further processing, data 
were recorded and stored in a computer in real 
time through a GPIB interface. A pair of 
electrodes was used for sensing the PSC. The 
electrodes were attached to the surface of the 
beam at the tensile zone of the beam. The 
distance of each electrode’s centre from the 
centre of the beam was 20mm. Their shape 
was orthogonal with dimension 30mmx10mm. 
The electrodes were made of a thin foil of 
copper. Before their attachment on the surface 
of the specimen, a silver conductive layer was 
on the area under the electrode. 

The system that was used to detect and 
record the AE is the PCI-2 AE acquisition 
system (Physical Acoustics Corp). The 
acoustic sensor was attached to the front end 
of the beam right at its centre. This location 
was selected for better focusing on the AE 
events that will be generated due to the 
cracking process developed at this particular 
region. In order to improve the acoustic 
coupling of the sensor its effective area was 
covered with a layer of silicon grease before 
attached to the surface of the cement mortar 

beam. For recording and processing AE data 
the Physical Acoustics Corp. Noesis software 
was used. The threshold for detecting acoustic 
events was set at 40dB. Moreover, a frequency 
cut-off filter was installed at the input of the 
acoustic sensors. The filter was used for 
discarding AE events having frequencies 
lower than 20kHz. This way, any AE events 
coming from external sources would be 
ignored. 

A data acquisition device (Keithley, model 
KUSB-3108) was used for recording the 
applied mechanical load. The experimental 
setup was installed in a Faraday shield to avoid 
any external electrical noise from affecting the 
measurements. 

3 MATERIALS 
The experiments were conducted on cement 

mortar specimens. Ordinary Portland Cement 
(OPC) was used as the basic ingredient of the 
mixture. The OPC was mixed with sand, 
consisted of fine aggregates, and water at a 
weight ratio 1:3:0.5 respectively. A refinement 
process was performed on the aggregates in 
order to collect the ones that their size was 
from 0.6mm up to 3.0 mm approximately. 
Low speed was maintained during the mixing 
process for achieving the best moisturizing of 
the cement. The mixture was poured in 
wooden moulds and remained there for 24 
hours. An estimation of the produced beams 
showed that their porosity is 8% 
approximately. The dimensions of the beams 
were 200mm long with a square cross-section 
of 50mmx50mm. After been extracted of their 
moulds, the specimens were stored in a special 
chamber for 90 days in order to obtain 95% of 
their total strength [22]. During the period of 
their storage the conditions remained constant 
(22°C and 75%–80% humidity). After 
conducting preliminary 3PB strength tests the 
fracture limit of the produced specimens was 
4.8±0.3kN. 

4 EXPERIMENTAL RESULTS 
During the experiments four loading steps 

were conducted while an attempt was made to 
conduct a fifth one during which, the specimen 
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failed. Figure 3a shows the temporal behaviour 
of the mechanical load. In the beginning of the 
tests the specimens were pre-loaded L0 at 0.2 
kN. The value of the fracture load of the beam 
in the presented experiment was Lf =5.6 kN. In 
Table 1 the values of load for each step are 
shown. 

Table 1: Values of  mechanical load and the loading 
rate for each step 

n-step Ln-1 

(kN) 
Ln 

(kN) 
Ln/Lf * r 

  (kN/s) 
1 0.21 1.54 0.28 0.30 
2 1.53 2.73 0.49 0.23 
3 2.72 3.94 0.71 0.29 
4 3.95 5.00 0.90 0.25 

*Lf : The fracture load equals to 5.6kN 

At the same time the PSC was detected at 
the centre of the tensile zone of the specimen 
and its temporal variation is shown in Figure 
3b. As expected, the recorded PSC is 
characterized by spikes. Specifically, during 
the load increase, the PSC exhibits a maximum 
value maxI  and consequently the PSC relaxes 
when the load is kept constant. These results 
agree with previous works [7]. The recorded 
PSC is attributed to the creation, development 
and spread of micro cracks which generate 
charge separation phenomena. Systematic 
measurements have shown the following: The 
value of maxI depends on both the loading rate 
r , the applied mechanical load nL  and the 
value of Ib n where the PSC relaxes after 
completing the load step 1nL  . The values of 

maxI  and Ib n are presented in Table 2.  In the 
same table the value of max /I r  for each step 
has also been presented. This value exhibits an 
increasing tendency together with nL . The 
above observation needs further study. 

Figures 3c and 3d show in time 
correspondence the recorded amplitude and 
energy of the AE events during the 
experimental procedure. It is clear that during 
the moment the PSC reaches maxI , AE events 
of high amplitude and energy are recorded.  

 
Figure 3:  (a) mechanical load, (b) PSC recordings, (c) 

Amplitude of AE events, (d) Energy of AE events. 

Table 2: PSC related quantities for each step 

n-
step Ln/Lf 

Imax 
(pA) 

Ib,n 
(pA) 

rImax

 NfC  

PSC
nE  

 spA2   
1 0.28 0.72 0.05 2.39 2.10 
2 0.49 0.63 0.09 2.69 2.25 
3 0.71 0.81 0.13 2.81 4.17 
4 0.90 0.85 0.15 3.42 4.94 
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Table 3: The number of AE events and the 
corresponding cumulative energy for each step 

n-step Ln/Lf 
Number  (Νn) 
of AE events 

E
n
AE  [a.u.] 

1 0.28 78 907 
2 0.49 95 1075 
3 0.71 98 2098 
4 0.90 145 3450 

 
Figure 4 shows the cumulative energy PSC

nE  
and E

n
AE  of PSC and AE respectively in 

relation to the normalized load Ln/Lf. The 
values of PSC

nE  and E
n
AE  are shown in Table 2 

and Table 3 respectively.  
The cumulative energies exhibit similar 

behaviours as shown in Figure 4. Specifically, 
during the two first steps where the applied 
load is below 0.5Lf the cumulative energies are 
practically constant. On the contrary, when the 
applied mechanical load becomes higher than 
0.5Lf the corresponding energy values are 
significantly increased implying the increased 
concentration of damages in the bulk of the 
specimen. 

For each one of the four steps within Rt  the 
values Nn of the AE events were calculated 
(see Table 3). Although no significant increase 
of N relative to the previous step is observed 
during step 3, the recorded events correspond 
to higher values of energy. 

 
 

Figure 4: AE and PSC cumulative energies with respect 
to the normalized load Ln/Lf  of the four loading steps. 

The recorded values of AE amplitudes were 
processed using in order to carry out a b-value 

analysis. A step of 1dB was selected beginning 
from the threshold value of 40dB until the 
maximum recorded value. For each group of 
AE that corresponds to each of the four steps 
the log cumulative frequency log(N) graph 
was plotted for the time frame Rt . As shown in 
Figure 5.  

 

 
 

Figure 5: the distribution of the AE cumulative 
frequency (log(N)) with respect to the amplitude of the 

AE events. 
 
The corresponding linear trend was 

calculated using the least-squares method of 
fitting curves, based on Equation 3 for data 
points when the log(N) >0.5. The fitting 
results of the b-value and the corresponding 
error spaces are presented in Table 4. 

Table 4: b-values from GBR and Aki’s method 

n-
step  Ln/Lf* 

b-value 
 

GBR method     Aki’s method 
1  0.28 2.46 ±0.28 3.12±0.36 
2  0.49 1.97±0.23 2.81±0.29 
3  0.71 1.53±0.16 1.72±0.18 
4  0.90 1.35±0.11 1.54±0.13 

 
The b-values were also calculated applying the 
Aki’s model approach, substituting the value 
of dBA    in the formula given by Equation 
3. In both cases it is observed that the b-value 
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becomes lower as the applied mechanical load 
( nL ) decreases. Aki’s model provides in 
general higher b-values.  

Figure 6 shows the behavior of the b-
values with respect to the corresponding 
mechanical load level for both the GBR and 
Aki’s approach. The observation that when the 
applied load reaches the vicinity of fracture the 
b-value becomes lower is expected since the 
high stress concentrations in the bulk of the 
specimens cause more AE events of high 
amplitudes and energy. Taking into 
consideration that low amplitude AE events 
are mainly attributed to the new crack 
formations and high amplitude and energy AE 
events are attributed mainly to the crack 
extension and propagation processes it is 
expected that when reaching fracture the two 
physical processes to co-exist and provide 
lower slope to the GBR curve.  

 
 

Figure 6: Calculation of b-value using both GBR and 
Aki’s approach. 

5 CONCLUSIONS 
A combined experimental research of PSC and 
AE is introduced in this work. PSC and AE 
techniques have been applied on cement 
mortar beams subjected to three-point bending 
tests. The bending load was applied 
progressively with abrupt increments so that 
the beam remains under a constant bending 
load for a significant time. 
 The experimental results exhibit the 
following: 
 When the constant bending load exceeds 
60%, then, the cumulative AE and PSC 

energies increase significantly. The PSC peaks 
are correlated with increased amplitudes and 
energies of the acoustic events. 
 Using the b-value analysis it was shown 
that the b-parameter can give a clear piece of 
information related to the difference in 
magnitude between the applied constant 
bending load and the fracture load of the 
cement mortar beams. In other words, the 
more the bending load approaches the fracture 
load, the b-value decreases progressively to 
values smaller than 1.5. 
 It is mandatory that systematic 
experiments be carried out for the verification 
of the b-value dependence on the value of the 
bending load. 
 If such an empirically observed 
dependence is verified, then, the b-value 
analysis technique might be applied to 
constant bending load experiments, following 
an abrupt increase of the load. This could be 
an acceptable non-destructive method of 
fracture load estimation. 
 Finally, it is worth studying explicitly 
the characteristic PSC relaxation parameters in 
bending experiments using the fore-mentioned 
application of bending load as it has already 
been used in uniaxial compressive stress 
experiments on cement mortar beams [11]. 
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Abstract. The contribution employs meso-level discrete numerical model to approximate mechan-
ics of concrete failure. The model represents the material by assembly of rigid-like particles inter-
connected by nonlinear bonds with strain softening. Spatial material randomness is introduced by
varying the local meso-level strengths and fracture energies of inter-particle bonds. The variations
are modeled using realizations of stationary autocorrelated random field and studied for two different
correlation lengths. The study is focused on maximal load and energy dissipation during the progres-
sive failure. It is found that material fluctuations in notched beams do not influence the mean values
of maximal load and dissipated energy, but they influence their variance. In the case of unnotched
beams, the mean of maximal load decreases with decreasing correlation length of material properties;
however, the coefficient of variation of the peak load increases.

1 INTRODUCTION

It has been widely recognized that the me-
chanical properties of materials exhibit spa-
tial variability. The seminal theory of Weibull
[27] offered simple and powerful tool to deter-
mine the probabilistic distribution of structural
strength. However, applicability of the Weibull
theory is limited to brittle structures with no
stress redistribution prior to the peak load. The
Weibull theory lacks any material length scale
and the rupture of an infinitely small volume
directly causes the failure of the whole struc-
ture. The absence of any characteristic length
scale also results in spurious infinite strength
of infinitely small structures [3, 24]. Moreover,
the Weibull theory assumes that the strength at
every material point is independent of its sur-

roundings. However, many structures are made
of quasibrittle materials such as concrete, ce-
ramics, rock or ice. These structures have the
ability to partially redistribute the stresses and
thus their failure is triggered by the rupture
of some representative volume of a finite size.
Also the Weibull assumption of independence
stands out against the natural expectation that
the local strength fluctuates rather continuously
inside the structure.

The advantage of Weibull theory comes from
the fact that the mechanics of failure do not in-
teract with the stochastic model—only the elas-
tic stress field is needed. Extension of the
Weibull theory for finite internal material length
scale requires knowledge of the stress redistri-
bution prior to the peak load. The redistribu-
tion can be mimicked by the nonlocal Weibull

1
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theory of Bažant and Xi [8] and Bažant and
Novák [5], where probability of failure of ma-
terial point depends not only on its local stress
but also on the stresses in its neighborhood.
Therefore, the local stress is replaced by a non-
local stress obtained by nonlocal averaging of
the (local) elastic stress field [4]. The nonlo-
cal Weibull theory agrees for the large sizes
with the local one. For intermediate structural
sizes, it predicts higher strengths than the lo-
cal Weibull theory by virtue of stress redistribu-
tion. Unfortunately, in the in the case of very
small structures, the theory is not applicable be-
cause the approximation of stress redistribution
by nonlocal averaging is too simplistic. Al-
though the nonlocal averaging helps to intro-
duce the material internal length, it is unable to
take correctly into account possible spatial cor-
relations of the local material properties.

A laborious option of structural strength esti-
mation is represented by stochastic failure sim-
ulations that include proper mechanics of stress
redistribution. Such a stochastic analysis can
be performed using the finite element method
with a sophisticated material constitutive law
[26]. The failure of highly heterogeneous ma-
terials can also be advantageously estimated
via discrete models. These models can be de-
terministic: Bolander and Saito [9], Van Mier
and Van Vliet [21] or stochastic: Alava et al.
[1], Grassl and Bažant [14]. This study adopts
the lattice-particle model developed at North-
western University by G. Cusatis et al. [10, 11]
to model the distributed fracturing of concrete.
Spatial fluctuations are introduced by modeling
the material properties as realizations of a ran-
dom field.

The following Section 2 briefly describes
the deterministic mechanical (lattice-particle)
model and Section 3 elucidates how the spa-
tial randomness is incorporated into the model.
The model is then used in numerical simula-
tions of failure of notched and unnotched three-
point bend beams. The results are presented in
Sections 4 (notched beams) and 5 (unnotched
beams).

2 DETERMINISTIC MODEL
Modeling of the initiation and propagation

of cracks in quasibrittle materials exhibiting
strain softening has been studied for several
decades. Although this is a difficult task com-
plicated by the distributed damage dissipating
energy within a fracture process zone (FPZ) of
non-negligible size, realistic results have been
achieved by several different approaches; see
e.g. Bažant and Planas [7]. The present study
is based on the cohesive crack model [2, 7, 16],
called sometimes the fictitious crack model. It
relies on the assumption that the cohesive stress
transmitted across the crack is released gradu-
ally as a decreasing function of the crack open-
ing, called the cohesive softening curve. Its
main characteristic is the total fracture energy,
GF—a material constant representing the area
under the softening cohesive stress-separation
curve.

In heterogeneous materials, the dissipation
of energy takes place within numerous meso-
level cracks inside the FPZ. Direct modeling
of such distributed cracking calls for represen-
tation of the meso-level structure of material.
Models capable of efficiently incorporating the
concrete meso-structure should be used. For
this purpose, the present analysis will be based
on the discrete lattice-particle model developed
by Cusatis and Cedolin [12], which is an exten-
sion of Cusatis et al. [10, 11].

The material is represented by a discrete
three-dimensional assembly of rigid cells. The
cells are created by tessellation according to
pseudo-random locations and radii of computer
generated aggregate pieces or particles. Every
cell contains one aggregate (Fig. 1a,b). The
cells are interconnected by a set of three non-
linear springs (one normal, n, and two tangen-
tial, t1, t2). These are placed at the interfaces
between the cells, representing the mineral ag-
gregates in concrete and its surroundings. On
the level of rigid cell connection, the cohesive
crack model is used to represent cracking in the
matrix between the adjacent grains. The inter-
particle fracturing is assumed to be of damage-
mechanics type and is modeled using a single

2
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Figure 1: a) One cell of the lattice-particle model and b) its section revealing the aggregate. c) Geometry of the beams
simulated in three-point-bending.

damage variable ω applied to all three directions
i = n, t1 and t2. Forces Fi in the springs can
thus be evaluated from their extensions ∆ui by

Fi = (1− ω)ki∆ui (1)

where ki is elastic spring stiffness. The damage
parameter ω depends on ∆ui and on the pre-
vious loading history of each connection. For
a detailed description of the connection, the
constitutive law and other model features, see
Cusatis and Cedolin [12]. The confinement ef-
fect (present in the full version of the model) is
neglected here because it was estimated to play
no important role in the type of experiments
studied here.

Beams of depths D = 300 mm, span-depth
ratio S/D = 2.4 and thickness t = 0.04 m,
were modeled. The maximum aggregate diam-
eter was 9.5 mm. The minimal grain diameter
was selected as 3 mm. The aggregate diam-
eters within the chosen range were generated
using the Fuller curve. The parameters of the
constitutive law of the connection were taken
to be similar to those in Cusatis and Cedolin
[12], and were as follows: matrix elastic mod-
ulus Ec = 30 GPa; aggregate elastic modu-
lus Ea = 90 GPa; meso-level tensile strength
σt = 2.7 MPa; meso-level tensile fracture en-
ergy Gt = 30 N/m; meso-level shear strength
σs = 3σt = 8.1 MPa; meso-level shear fracture
energy Gs = 480 N/m; meso-level compres-
sive strength σc = 42.3 MPa; Kc = 7.8 GPa;
α = 0.25; β = 1; µ = 0.2; nc = 2.

To save computer time, the lattice-particle
model covers only the region in which crack-
ing was expected. The surrounding regions of

the beams were assumed to remain linear elastic
and were therefore modeled by standard 8-node
isoparametric finite elements. The elastic con-
stants for these elements were identified by op-
timal fitting of a displacement field with homo-
geneous strain to the displacements of particle
system subjected to low-level uniaxial compres-
sion. The macroscopic Young’s modulus and
Poisson ratio were found to equal Ē = 34.7 GPa
and ν̄ = 0.19. The finite element mesh was
connected to the system of particles by intro-
ducing interface nodes treated as auxiliary zero-
diameter particles [13]. These auxiliary parti-
cles have their translational degrees of freedom
prescribed by shape (or interpolation) functions
of the nearest finite element. The rotations of
the auxiliary particles were unconstrained.

3 STOCHASTIC MODEL

In the present discrete model, the material
properties are assigned at each inter-particle
connection according to a stationary autocorre-
lated random field. The value of the c-th real-
ization of the discretized field at spatial coor-
dinate x is denoted Hc(x). For a given coor-
dinate x0, H(x0) is a random variable H of
cumulative distribution function (cdf) FH(h).
Since random fields considered are stationary,
the cdf FH(h) is identical for any position x0.
The recent studies by Bažant and co-workers
[6, 18, 19] showed that, when H represents the
strength of a quasibrittle material, FH(h) can be
approximated by a Gaussian distribution onto
which a power-law tail is grafted from the left
at a probability of about 10−4–10−3;

3
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FH(h) =





rf

(
1− e−〈h/s1〉m

)
0 ≤ h ≤ hgr (2a)

FH(hgr) +
rf

δG
√
2π

∫ h

hgr

e−(h−µG)2/2δ2Gdh h > hgr (2b)

where 〈x〉 = max(x, 0), s1 = s0r
1/m
f , m is

the Weibull modulus (shape parameter) and s0
is scale parameter of the Weibull tail, µG and
δG are the mean value and the standard devia-
tion of the Gaussian distribution that describes
the Gaussian core. The Weibull-Gauss juncture
at point at hgr requires that (dFH/dh)|h+

gr
=

(dFH/dh)|h−
gr

; here rf is a scaling parameter
normalizing the distribution to satisfy the con-
dition FH(∞) = 1. The distribution has 4 inde-
pendent parameters in total.

The spatial fluctuation of the field is charac-
terized through an autocorrelation function. It
determines the spatial dependence pattern be-
tween the random variables at any pair of nodes.
The correlation coefficient ρij between two field
variables at coordinates xi and xj can be as-
sumed to obey the squared exponential func-
tion:

ρij = exp

[
−
(
‖xi − xj‖

d

)2
]

(3)

It introduces a new parameter d called the auto-
correlation length.

To digitally simulate the stationary ran-
dom field described by the cdf of random
variable FH and the correlation length d
in the discrete model, one needs to gen-
erate N realizations of the discretized ran-
dom field H0(x), H1(x), . . . , HN−1(x) at the
facet centers of the model. This is achieved
using the Karhunen–Loève expansion based on
the spectral decomposition of covariance matrix
C, where Cij = ρij . This procedure decom-
poses the correlated Gaussian variables Ĥ(xi)
into independent standard Gaussian variables
ξk, which are easy to generate. The c−th real-
ization of the Gaussian random field Ĥ

c
(x) is

then obtained using K standard Gaussian ran-

dom variables with the following expression

Ĥ
c
(x) =

K∑
k=1

√
λkξ

c
kψk(x) (4)

Here λ and ψ are the eigenvalues and eigenvec-
tors of the covariance matrix C, and K is the
number of eigenmodes or variables considered.
In practice, it suffices to employ only a reduced
number of eigenmodes K � order of C. In
particular, K can be selected such that

∑K
k=1 λk

corresponds to about 99% of the trace of the co-
variance matrix C [23]. The vectors of inde-
pendent standard Gaussian variables ξ are gen-
erated by Latin Hypercube Sampling using the
mean value in each subinterval. The spurious
correlation of the variables is then minimized
by reordering their K realizations [25].

A non-Gaussian random field can be gener-
ated by iso-probabilistic transformation of the
underlying Gaussian field, as follows:

Hc(x) = F−1
H (Φ(Ĥ

c
(x))) (5)

Such a transformation, however, distorts the
correlation structure of the field. Thus, when
generating Gaussian field Ĥ , the correlation co-
efficients must be modified [23]. This is per-
formed using the approximate method of Hong-
Shuang et al. [17].

The realizations of the random field need to
be evaluated at every (inter-particle bond) of
the mechanical model (at its center). This can
be computationally extremely demanding for a
large number of facets (with a large covariance
matrix) and a short correlation length d (since
many eigenvalues are needed so K is large).
Therefore, the expansion optimal linear estima-
tion method – EOLE [20], is adopted. This
method can significantly reduce the time of ran-
dom field generation. Instead of the facet cen-
ters, the field is initially generated on a regular

4
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grid of nodes with spacing d/3 (see Fig. 2). The
values of the random field at the facets are then
obtain from the expression

Ĥ
c
(x) =

K∑
k=1

ξck√
λk

ψT
kCxg (6)

where λ and ψ are now the eigenvalues and
eigenvectors of the covariance matrix of the
grid nodes, and Cxg is a covariance matrix be-
tween the facet center at coordinates x and the
grid nodes. After the Gaussian random field
values at facet centers are obtained by EOLE
(Eq. 6), they need to be transformed to the non-
Gaussian space by Eq. 5.

Besides significant time savings, another ad-
vantage of using EOLE is that one can simply
use the same field realization for several differ-
ent granular positions. By keeping the c-th real-
ization of decomposed variables ξc unchanged,
the field realization can be adapted for any con-
figuration of the facets in the discrete model.

The structural strength of a quasibrittle mate-
rial is typically governed by two important ma-
terial properties, namely the material strength
and the fracture energy. Realistic fracture
models should therefore incorporate random
spatial variability of at least these two vari-
ables. It is reasonable to consider the material
strength fully correlated with the fracture en-
ergy [14]. Furthermore, the proposed lattice-
particle model also includes the shear strength
fs and mode-II fracture energy Gs, which are
again assumed to be fully correlated with the
tensile strength ft and mode-I fracture energy
Gt, respectively. Assuming identical coeffi-
cients of variation (cov), we can use the same
realizations of the random field to generate val-
ues of material strengths and fracture energies.
When any of the four aforementioned mechan-
ical properties are substituted for X , one can
write

X(x) = X̄H(x) (7)

where X̄ stands for the mean value of the par-
ticular property. The mean value of the (field)
random variable H must equal 1.

correlation length d = 80 mm

correlation length d = 40 mm

H(x)
0.5 1.81.0 1.5

a) b)

c) d)

Figure 2: Left: one realization of the autocorrelated ran-
dom field H on a grid of spacing d/3 for d = 80 mm
(top) and d = 40 mm (bottom). Right: realization of
the field H at the element centers of the lattice-particle
model.

In this study, the following parameters of
the Weibull-Gauss grafted distribution (Eq. 2a)
are used: m = 24; s1 = 0.486 MPa; hgr =
0.364 MPa; δG = 0.25. These parameters
provide the overall mean value µH=1; stan-
dard deviation δH ≈0.25, and grafting proba-
bility FH(hgr) ≈ 10−3. Two correlation lengths
d were considered: a shorter length d4 =
40 mm (according to Grassl and Bažant [14])
and a longer length d8 = 80 mm (according to
Vořechovský and Sadı́lek [26]). The computa-
tion is performed with N = 24 realizations of
the random field for each correlation length.

4 SIMULATIONS OF BENDING OF
NOTCHED BEAMS

The beams of the first set (depth D =
300 mm, span S = 2.4D, thickness t =
40 mm) for three-point bending were modeled
with a central notch up to 1/6 of beam depth.
Ten deterministic simulations were computed.
These simulations exhibit a certain scatter be-
cause of the pseudo-random granular positions
differing for each realization. For both cor-
relation lengths of 40 and 80 mm, 24 simu-
lations with spatial material randomness were
performed.
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Figure 3: Load-deflection curves for simulations of three-
point-bend beams with notch.

All the simulations were terminated when
the magnitude of the loading force dropped to
1/3 of the maximum load reached, Fmax. To en-
sure numerical stability in the presence of soft-
ening, the simulations were controlled by pre-
scribing an increase of the crack mouth opening
displacement (CMOD) in every step.

The notch present in the model induces
a stress concentration at the notch tip. There-
fore, high stresses occur only in a small area

above the notch tip. Consequently, a crack ini-
tiates and propagates always from the notch tip.
In stochastic calculations with a rather large
correlation length, the local strength fluctua-
tions within the region of high stresses get re-
duced because of the imposed spatial correla-
tion. Thus, the peak load Fmax depends mostly
on a single value of the random field realiza-
tion at the notch tip location. In other words,
a random field a with correlation length greater
than the length-width ratio of the FPZ can, in
the vicinity of the crack tip, be viewed as a ran-
domized constant—the random field becomes a
random variable in that region.

The load-deflection curves obtained are
shown in Fig. 3. The figure also shows the
maximum loads, Fmax, in its upper left corner.
The effect of the spatial strength fluctuations of
the mean value of the maximum load is negli-
gible. The mean value of Fmax is, in the de-
terministic calculation, µd = 11.3 kN and, for
stochastic simulations with d = 40 and 80 mm
µ4 = µ8 = 11.0 kN.

However, the standard deviations of the peak
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 m
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random field value H(x)

H(x)
0.5 1.8

damage
0 11/21/4 3/41.0 1.5

damage    at F damage    at 1/3 Fmax max

Figure 4: Realizations of random field H (left) and corresponding damage patterns developed in bent notched beams at
the peak force (middle) and after the load has dropped to 1/3 of its maximum (right).
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Figure 5: Energy per unit ligament area gd dissipated in notched beams up to a) the maximum load, and b) reference beam
compliance 1/45 mm/kN as a function of the vertical position in the beam.

load are significantly influenced by the material
randomness. The standard deviation of deter-
ministic calculations (given solely by random
aggregate position) is δd = 0.4 kN. A signif-
icant increase in the standard deviation is ob-
served for both the correlation lengths δ4 =
1.5 kN (d = 40 mm), and δ8 = 1.8 kN (d =
80 mm). Since the maximum load of the beam
is controlled by the local meso-level strength of
a small zone above the notch tip, it is concluded
that the fluctuation rate does not influence the
standard deviation (unless it is so small that the
material parameters vary significantly inside the
FPZ).

For several selected realizations, the com-
puted damage patterns (damage parameter ω
from Eq. 1) at the peak load and at the termina-
tion of the simulations are showed in Fig. 4 to-
gether with the corresponding random field re-
alization. Even though one can notice that the
crack is slightly attracted (repelled) by areas of
low (high) strength, the macrocrack trajectory
is similar to the deterministic case (dictated by
the singular stress field).

To compare the energy dissipation in the
beams, we need to ascertain the simulation
stages where the same portion of the ligament
has already been damaged. Therefore, we se-
lect a stage in which the crack lengths, equiv-
alent according to the LEFM, are equal. Thus,
all the models should have at that (reference)
stage the same (reference) compliance, chosen

as 1/45 mm/kN (Fig. 3).
The depth of specimen was divided into hor-

izontal strips of depth s (Fig. 1c). All the en-
ergy dissipated at inter-particle contacts within
a specific strip was summed into variable Gd.
One can normalize that energy by ligament area
as gd = Gd/st. The mean values and stan-
dard deviations of gd are plotted in Fig. 5 for
every strip at the peak load and at the reference
compliance stages. The figure confirms that the
mean energy dissipation in notched tests does
not change when the spatial material random-
ness is applied. Similarly to the peak force be-
havior, standard deviations of dissipated energy
increase when randomness is present.

5 SIMULATIONS OF BENDING OF UN-
NOTCHED BEAMS

The second simulation set focused on the
bending of unnotched beams in which cracks
initiate from a smooth bottom surface. Ten de-
terministic simulations and N = 24 simulations
with random field for each correlation length
were performed. To control the simulation, one
needs to find some monotonically increasing
variable, and here again the CMOD was used.
For unnotched beams with spatially fluctuating
meso-level strength, the location of the macroc-
rack, and thus the position of the crack mouth, is
not known in advance. Therefore, several short
overlapping intervals were monitored simulta-
neously and the controlling CMOD was cho-
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deterministic d = 80 mm d = 40 mm

Figure 6: Points of crack initiation of unnotched beams for various degrees of randomness.

sen to be the maximum one among all of them.
Note that another possible controlling variable
might be the total energy dissipation in the spec-
imen [15].

The variations in the position of the crack
mouth of the macrocrack are documented in
Fig. 6. The figure demonstrates the fundamental
difference between the notched and unnotched
situations. When no notch is present, the high-
level stress region is much larger, located along
the bottom central part of the specimen. The
material strength and fracture energy fluctuate
within the region and allow the macrocrack to
“choose a weak spot” to initiate from. The
higher the distance from the midspan, the lower
is the tensile stress. In the process of crack(s)
formation, the stress field with a certain abil-
ity of redistribution increases towards the bar-
rier (or randomly varying strength and energy).
The crack would start far from the midspan
only when the material strength (and energy)
of all points closer to the midspan is signifi-
cantly higher than in the surrounding region. It
is thus expected (and confirmed by Fig. 6) that
a short correlation length, resulting in fluctu-
ations that generate the weak spots more fre-
quently, shrinks the zone where the macrocrack
initiates. Indeed, the initiation zone for corre-
lation length d = 80 mm is wider than it is for
d = 40 mm.

The load deflection curves obtained from all
the simulations performed are plotted in Fig. 7.
The upper left corner shows the mean val-
ues and standard deviations of the peak load
Fmax. The greater the fluctuations of the lo-
cal strength, the weaker is the weakest spot
found in the specimen, and thus the lower is
the mean value: µd = 22.4 kN (deterministic),
µ8 = 17.0 kN (d = 80 mm), µ4 = 16.2 kN

(d = 40 mm). The standard deviation of the
maximum force is low for the deterministic set,
where δd = 0.6 kN (covd=2.7%). For the cor-
relation length 80 mm, it increases rapidly to
δ8 = 3.5 kN (cov8=21%).

When the fluctuation rate increases further
(d = 40 mm), the standard deviation of Fmax

drops back to δ4 = 2.1 kN (cov4=13%). This
trend arises simply from the fact that the stan-
dard deviation of the local strength in the weak-
est spot inside some fixed region decreases
with a decreasing correlation length. Theoret-
ically, the maximum standard deviation of Fmax

should be obtained for d ≈ ∞ (which is a situa-
tion where the random field can be represented
by a random variable–a randomized constant
over the specimen volume).
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Figure 7: Load-deflection curves for simulations of TPB
beams without notch.

Fig. 8 presents several selected realizations
of the random field H and the computed dam-
age patterns. One can see that the damage
patterns differ for different levels of random-
ness. In the deterministic case, the damaged
region at the peak load stage spans continu-
ously the entire bottom area and the damage
intensity directly depends on the distance from
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d 
= 

80
 m

m
d 

= 
40

 m
m

de
te

rm
in

is
tic

 

random field value H(x)

H(x)
0.5 1.8

damage
0 11/21/4 3/41.0 1.5

damage    at F damage    at 1/3 Fmax max

Figure 8: Realizations of random field H (left) and corresponding damage patterns developed in bent beams without
notch at the peak force (middle) and after the load dropped to 1/3 of its maximum (right).

the midspan. For a random local strength and
local fracture energy, the damage regions are
more localized around low random field values.
There is usually one such region for correlation
length d = 40 mm and several low strength re-
gions for d = 80 mm.

To compare the energy dissipation, we
again choose some reference compliance that
marks stages with the same LEFM crack
length. The reference compliance now equals
to 1/100 mm/kN (Fig. 7). Contrary to the re-
sults of the notched simulations, the sum of the
total energies dissipated in the strips (per unit
ligament area) depends on the material random-
ness. In Fig. 9, the deterministic calculations
show higher values of dissipated energy gd both
for the peak force stage and for the stage at the
reference compliance.

This is caused by two factors: i) the localized
macrocrack propagates in stochastic simula-
tions through areas of lower meso-level strength
and meso-level fracture energy, and so less en-
ergy is dissipated in total; and ii) distributed
pre-peak cracking outside the macrocrack oc-

curs mostly for deterministic simulations and
thus it increases the total energy dissipation.
Note that from about the middle of the speci-
men depth upwards, the energy dissipations of
deterministic and stochastic simulations match
each other again. This is because the crack
at that depth cannot choose the weak region
as it has already localized, and the stress field
forces the crack to grow from the current crack
tip, while no pre-peak distributed cracking takes
place there.

Finally, let us focus on a deeper analysis of
the energy dissipation along the bottom surface.
In the bottom boundary strip of width 2dmax =
19 mm, the dissipated energies (per unit liga-
ment area) inside and outside the macrocrack
were evaluated for the peak load stage and for
the reference compliance. These values are
plotted in Fig. 10, separately for each simula-
tion. The results document that the distributed
cracking in the bottommost layer after reaching
the peak load is close to zero.

The amount of energy dissipated outside the
macrocrack is much higher for the deterministic
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simulations than for those with random fields.
Some of the simulations for d = 80 mm reached
the value for the deterministic model, which
can be explained by the absence of a locally
weak spot and subsequent extensive pre-peak
distributed cracking (see Fig. 8, third row). The
energy dissipated within the macrocrack at the
reference compliance is clearly higher in the de-
terministic case than in the stochastic one. This
is due to the positive correlation of the local
meso-level energy and the meso-level strength
at the inter-particle bonds. Since the macroc-
rack propagates through locally weaker areas,
it also dissipates there less energy. The aspects
related to the correlation between the local ten-
sile strength and fracture energy have been dis-
cussed in [22].

6 SUMMARY AND CONCLUSIONS

The paper analyzes the influence of the spa-
tial randomness of material on the peak load
and the energy dissipation, using a discrete
lattice-particle model that reflects the meso-
scale structure of concrete, particularly the ag-
gregate. The spatial material randomness was
introduced by simultaneous scaling of the lo-
cal meso-level strength and the fracture energy
of inter-particle bonds, by means of random re-
alizations of autocorrelated random field. Two
basic cases of three-point-bend beams were in-
vestigated: i) beams with a notch, and ii) beams
without a notch (the modulus of rupture test).
The numerical results generally confirm theo-
retical expectations. The findings are as fol-
lows:
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(i) In the simulations with a sufficiently deep
notch, the crack is forced to start at the notch
tip. Therefore, the mean value of the maxi-
mum load for notched beam simulations does
not change when spatial randomness is present.
However, the standard deviation of the maxi-
mum load increases when strength randomness
is introduced. Also, the energy dissipations
in deterministic and random media exhibit the
same mean but an increasing standard deviation
for the random cases.

(ii) In the case of unnotched beams, the
macrocrack initiates in a locally weaker spot.
The shorter the correlation length of material
properties, the weaker is the statistically weak-
est initiation spot and thus the lower is the mean
maximum load. The standard deviations of the
maximum load increase when randomness is in-
troduced. However, shorter correlation lengths
lead to a decrease of the standard deviation.

(iii) The energy dissipated in unnotched
beams depends on the randomness of the ma-
terial. Two effects responsible for this depen-
dence are identified: i) A change of the dis-
sipated energy due to correlation of the local
meso-level fracture energy and the meso-level
strength of inter-particle bonds through which
the macrocrack propagates. Depending on the
sign of the energy-strength cross-correlation,
this effect may increase or decrease the dissi-
pated energy. For the current settings of the
model, the lower the local meso-level strength,
the lower is the local fracture energy, and the
lower is the energy dissipated within the macro-
crack. ii) The pre-peak distributed cracking has
a tendency to localize in a weaker zone, and
thus the material dissipates less energy outside
the macrocrack when the random field is intro-
duced.

Acknowledgement

The financial support received from the
Czech Science Foundation under Projects Nos.
P105/11/P055 and P105/11/1385 (INSREL) is
gratefully acknowledged.

References
[1] Alava, M. J., Nukala, P. K. V. V., and Zap-

peri, S., 2006. Statistical models of frac-
ture. Adv. Phys., 55(3-4):349–476.

[2] Barenblatt, G. I., 1962. Mathematical the-
ory of equilibrium cracks in brittle frac-
ture. Adv. Appl. Mech., 7:55–129.
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[14] Grassl, P., and Bažant, Z. P., 2009. Ran-
dom lattice-particle simulation of statis-
tical size effect in quasi-brittle structures
failing at crack initiation. J. Eng. Mech -
ASCE, 135:85–92.

[15] Gutiérrez, M. A., 2004. Energy release
control for numerical simulations of fail-
ure in quasi-brittle solids. Commun. Nu-
mer. Meth. En., 20(1):19–29.

[16] Hillerborg, A., Modéer, M., and Peters-
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Abstract: A multiscale oriented approach to the analyses of steel fiber reinforced concrete materials
and structures is proposed. At the micro level, the pullout behavior of a steel fiber embedded in con-
crete matrix, either straight or with hooked end, with or without inclination to the loading direction,
is investigated by means of analytical or numerical models which take into account the interfacial
slip, the plastic deformation of fiber and the localized damage of concrete. A representative volume
element (RVE) containing a number of fibers is used to describe the composite behavior at the meso-
scale. For a certain opening crack, the bridging effect is obtained by the integration of the individual
pullout response of all fibers crossing the crack; the mechanical properties of the RVE is analyzed us-
ing a modified fracture-micromechanics model. At the macroscopic level, the Finite Element Method
is used, applying the Embedded Crack approach, for which the cohesive behavior along macro-cracks
and the material properties of the continuous parts are obtained from the homogenization of fiber-
crack interactions and the corresponding RVE, respectively.

1 INTRODUCTION
1.1 Background

The development of fiber reinforced con-
crete (FRC) can be traced back to the 1960’s,
when the significance of adding steel fibers to
enhance the ductility of plain concrete was rec-
ognized. The expansion of the research has
brought us FRC composites featuring various
types of fiber reinforcement using different ma-
terials, sizes, shapes, surfaces, contents, etc.,
recently leading to high performance materi-
als such as engineered cementitious composites
(ECC) [1].

In addition to the experimental investigation,
large efforts have been devoted to the model-
ing of FRC on the material as well as on the
structural level. Typically, a phenomenological
approach is adopted, where the enhanced duc-

tility of FRC is taken into account by means of
a modification of the softening law in plain con-
crete models (e.g. [2]). More recently, advanced
Finite Element technologies are applied, for ex-
ample the Partition of Unity approach, by rep-
resenting the slip behavior of individual fibers
at a macroscopic level [3].

1.2 Multiscale oriented modeling concept

For the numerical analyses of FRC compos-
ite materials and structures, a multiscale ori-
ented approach enables us to formulate the be-
havior of every constituent (fiber and matrix in
our case) and the interactions between them at
different length scales [4]. Aiming at the devel-
opment of a simulation and optimization plat-
form for structures (e.g. segmental tunnel lin-
ings) made of FRC and hybrid FRC compos-
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ite in conjunction with conventional reinforced
concrete, a multiscale modeling concept is pro-
posed in the present work (Figure 1):

Figure 1: Multiscale oriented approach to the analyses
of structures made of steel fiber reinforced concrete (in
conjunction with conventional reinforced concrete).

• At the structural (macroscopic) level, the
Finite Element Method is used, making
use of a model which is suitable to cap-
ture propagating cracks. The interface
behavior along the macro-cracks and the
material properties of the intact parts are
obtained from the analysis of the corre-
sponding representative volume elements
(RVE).

• An RVE containing a number of dis-
tributed fibers is used to describe the
composite material behavior at the meso-
scale. For a certain growing crack within
the RVE, the bridging effect is obtained
from the summation of pullout responses
of all the fibers intercepting the crack.
The effective mechanical properties of
the RVE is generated by means of mi-
cromechanical homogenization.

• At the micro-level, analytical or numeri-
cal models are developed in order to de-
scribe the pullout behavior of single fiber
embedded in the matrix with arbitrary in-
clination w.r.t. the crack plane.

In the following sections, we first show
the models for the single fiber pullout behav-
ior which are validated for different situations.
Next, making use of the pullout models and by
up-scaling the information from the micro level,
the fiber bridging effect on an opening crack
and the constitutive response of an RVE are an-
alyzed at the meso-scale. In the third part, the
Embedded Crack model is introduced and ap-
plied for the preliminary numerical simulation
of an FRC structure.

2 Micro-scale: single fiber pullout models
2.1 Straight fiber pullout without inclina-

tion
Being the most basic case, straight fiber

pullout without inclination with respect to the
loading direction has been well investigated by
means of laboratory tests, numerical simula-
tions as well as analytical models. It is gener-
ally accepted that the pullout procedure can be
divided into three stages: Bonded state, debond-
ing stage and pulling-out phase (Figure 2).

Figure 2: Straight fiber pullout without inclination: (a)
debonding stage, (b) sliding phase, (c) proposed interfa-
cial friction law.

According to the shear-lag concept (e.g.
[5]), an interfacial friction law (τ − s relation)
is proposed in the present work, as illustrated
in Figure 2c, where τ denotes the interface fric-
tional stress and s the relative displacement at
a point on the fiber axis x; τmax is the bonding
strength of the interface, τ0 the asymptotic value
of the frictional stress and sref a parameter con-
trolling the descending branch of the curve. Ap-
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plying the proposed interfacial friction law, the
load-displacement relations (F−u diagrams) at
the free end are obtained for the whole pullout
process.

2.2 Pullout of inclined straight fiber
Compared to the situation described above,

modeling the pullout behavior of an inclined
fiber involves additional complexities corre-
lated with the additional frictional stress, plastic
deformation of the fiber and change of the ge-
ometrical state, caused by the lateral pressure
on the interface, yielding of the steel and partial
damage of the matrix, repectively (see e.g. the
experimental observation in [6] and the analyti-
cal model in [7]).

Figure 3: Illustration of the inclined straight fiber pull-
out problem: (a) crack initiation, (b) geometrical state of
(one side of) the fiber during pullout.

The situation of an inclined fiber embedded
in the matrix is illustrated in Figure 3a, where
θ indicates the inclination angle, O is the ini-
tial intersection of the fiber axis and the crack
plane and C is the embedded end of the fiber.
For a certain pullout state corresponding to the
crack opening ∆ and concrete spalling S (see
Figure 3b), the additional fiber-concrete inter-
actions is analyzed via two sub-models referred
to as the cantilever-AB and the beam on elas-
tic foundation-BC. In both submodels, the force
equilibrium on the fiber sections is analyzed;
the free end pullout force corresponding to the
current pullout state is calculated.

The model described above is validated by
means of the experimental results reported in
[6]. First, the model for the pullout without in-

clination is calibrated, with the interfacial pa-
rameters determined; then we proceed with a
numerical algorithm to generate the complete
force-displacement diagram for the situation of
straight fiber pullout with an arbitrary inclina-
tion angle. The model developed in the present
work describes the pullout behavior with satis-
factory performance (see the diagrams in [8]).

2.3 Pullout of inclined hooked end fiber
In comparison to straight fibers, steel fibers

with deformed geometry usually exhibit higher
ductility during the pullout process. One of the
most widely applied types of deformed steel
fibers is the hooked end fiber, characterized
by the hook on each end. During the pullout
procedure, the resistance of the hooked end to
straightening often contributes, as an anchorage
effect, to the main portion of the total pullout
force, in comparison to the case of a straight
fiber, where the interfacial behavior plays the
main role [9].

The hooked end fiber pullout behavior is of-
ten investigated by means of laboratory tests.
However, due to the highly nonlinear local be-
havior of the hooked end and the surrounding
matrix, as well as the complicated interactions
between them (see the experimental observation
in e.g. [10]), only a few analytical models de-
scribing the hooked end fiber pullout without
inclination to the crack plane (e.g. [11]) can be
found in the literature; the inclined situation is
only considered in [12].

Figure 4: Numerical simulation of the hooked end fiber
pullout: Load-displacement diagram (upper), contour
plot of the von Mises stress (lower-left) and the compres-
sive damage (lower-right).
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To support the analytical formulation, nu-
merical models for the single fiber pullout be-
havior are developed, using the Finite Element
Analysis software Abaqus, by defining appro-
priate material models for the concrete and
steel, as well as the interface properties between
them. The numerical simulation provides not
only the pullout load-displacement relation at
the free end, but also an insight into the prob-
lem and a reference for the formulation of the
analytical model (Figure 4).

Regarding the analytical model proposed
in the present work, the anchorage effect of
the hooked end is represented by a multi-
linear load-displacement relation, capturing a
sequence of key states (Figure 5).

For every key state, the force equilibrium on
the segments of the hooked end is analyzed and
the resulting anchorage force is calculated, tak-
ing into account the yielding of steel and the
damage of concrete. This submodel is then
combined with the straight fiber pullout model
described in the previous section, in order to
predict the load-displacement relation during
the hooked end fiber pullout with an arbitrary
inclination w.r.t. the loading direction.

Figure 5: Key states during the hooked end fiber pullout.

The model is validated with the experimental
results reported in [13]. From Figure 6 we can
see that the analytical model captures success-
fully the major feature observed during the pull-
out of a hooked end steel fiber in concrete ma-
trix for different values of the strength of con-
crete and steel fiber and the inclination angle.

3 Meso-scale: FRC composite properties
With the pullout behavior of single steel fiber

embedded in concrete matrix investigated, the
scope is now to analyze the behavior of fiber

reinforced concrete at the meso level, consid-
ering an RVE of the composite material under
tensile loading. Initially all the fibers are well
bonded to the matrix and both constituents are
linear elastic. From the micromechanical point
of view, the increasing tension on the boundary
of the RVE will lead to the initiation of microc-
racks at the inherent flaws within the RVE [14].
As the load increases, those microcracks tend
to open and propagate, however, unlike in the
situation of plain concrete, their opening is con-
strained by the bridging effect of the individ-
ual fibers intersecting the cracks. To this end, it
is essential to investigate the bridging stress vs.
crack opening relationship.
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Figure 6: Inclined hooked end fiber pullout model valida-
tion: Comparison between the results of analytical model
and experiments in different cases.

3.1 Crack bridging effect
In [15], for a homogeneous (in terms of posi-

tion) and isotropic (w.r.t. orientation) distribu-
tion of fibers in the composite, the integration of
the pullout forces of all fibers crossing a crack
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divided by the cross sectional area of the RVE
provides the bridging law, i.e. the relation be-
tween the fiber bridging stress σf and the crack
opening displacement ∆. While in [15], ex-
plicit analytical formulations of pullout force-
displacement relation are used, the pullout re-
sponse in the present work is obtained numer-
ically, and the integration over different posi-
tions and orientations gives the fiber bridging
effect:

σf (∆) =
1

Acr

∑
z

∑
θ

F (z, θ,∆). (1)

Acr denotes the cross sectional area of the RVE;
z and θ represent the position and orientation of
individual fibers, respectively; F is the single
fiber pullout force calculated by means of the
models described in the previous section.

Figure 7 shows some results of the crack
bridging relation, considering different situa-
tions of the orientation distribution of fibers,
which is represented by a spheroid: Z-axis co-
incides with the crack normal direction; X-
and Y-axes are parellel to the crack plane; the
semi-axes a and c represent the anisotropy (e.g.
a/c = 1 indicates the isotropic case).

Figure 7: Crack bridging effect obtained through integra-
tion of single fiber pullout responses (in different cases of
orientation distribution).

3.2 Mechanical properties of the RVE
The composite behavior under further ten-

sile loading after the initiation of microc-
racks, i.e. whether those cracks grow quickly,

leading to the softening and failure of the
material, or the RVE shows pseudo strain-
hardening response, which is typically ob-
served in high performance fiber reinforced ce-
ment composites materials (HPFRCC [16, 17]),
depends on the contribution of the evolving
crack bridging stress σf . In the present work,
we propose a “modified fracture mechanics-
micromechanics model” based on the combined
fracture-micromechanics model for brittle ma-
terials with microcracks in [18]. However in
the proposed model for FRC the stress intensity
factor, on which the Griffith fracture criterion

KI = KIc (2)

is based, is modified by defining K∗
I = KI+Kf

[19, 20], in order to take into account the in-
fluence of fiber bridging mechanisms. Kf de-
pends on the crack size r and the interfacial
friction behavior. The full model is currently
in progress. As a first attempt, a simple rela-
tionship Kf (r) = kf r is investigated (kf is
a stiffness-like constant representing the effect
of fibers). The macroscopic constitutive behav-
ior of the composite material, obtained from us-
ing Kf (r) in the upscaling procedure proposed
in [18], is illustrated in Figure 8. The transition
from a brittle to ductile behavior is well repre-
sented.
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The meso-scale model provides the overall
mechanical behavior of the composite material
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generated in the form of a continuum constitu-
tive law at the level of the RVE including an
ascending branch. Transition from distributed
cracks to localized fracture is detected on the
basis of the localization tensor related to the
concrete-fiber composite material [21]. As soon
as the loss of ellipcity is signalled, the behav-
ior is governed by the opening of a macro-crack
which is represented by using the Embedded
Crack model.

4 Macro-scale: Embedded Crack model
The localization of deformation into macro-

cracks is represented on the level of Finite El-
ements by adopting the Embedded Crack ap-
proach [22, 23]. In this model, the scale tran-
sition is accomplished by an additive decompo-
sition of the displacement field u into a large
scale (continuous) portion ū and a discontinu-
ous portion û, representing the local displace-
ment jump:

u(x) = ū(x) + û(x). (3)

Since the element enrichment used for û is
restricted to the element domain, the addi-
tional parameters connected with the displace-
ment jump are resolved by static condensation
without introducing global degrees of freedom
[22, 24].

Figure 9: Numerical simulation of the L-shape exper-
iment [25]: The computed load-displacement relation
compared with the experimental results and the plot of
crack pattern.

By adopting the Embedded Crack formula-
tion proposed in [22] and defining appropriate
traction-sepration laws, the behavior of struc-
tures made of plain concrete can be simulated
(see Figure 9).
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Figure 10: Numerical simulation of the L-shape exper-
iment: Comparison of the results of plain concrete and
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Furthermore, by replacing the cohesive law
on the crack interface with that obtained ac-
cording to the traction-separation law from the
meso-scale analysis of the composite material,
the behavior of structures made of fiber rein-
forced concrete can be simulated (Figure 10).

5 Conclusions
In this paper, the essential components of

a multi-scale oriented modeling framework for
the finite element analyses of steel fiber rein-
forced concrete materials and structures have
been presented. At the lowest level, the pullout
behavior in various cases of single steel fiber
embedded in concrete matrix is described by
analytical or numerical models. The models
have been successfully validated by means of
representative experimental results, capturing
the major mechanisms involved in the pullout of
single fibers. Then, the crack bridging law at the
level of an RVE of the composite material has
been obtained by means of integration over the
response of individual fibers distributed across
the crack. A modified fracture-micromechanics
model for the constitutive response of the RVE
is proposed; a first testing example reveals the
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potential of this model. The crack bridging law
is used as the basis for a macroscopic represen-
tation of cracks on the level of Finite Elements
using the Embedded Crack approach. A pre-
liminary structural simulation shows the perfor-
mance of the multiscale model.

The work presented so far is not yet the full
picture of the multiscale oriented scheme for the
modeling, simulation and optimization of FRC
and hybrid RC-FRC materials to be used for
large structures, e.g. tunnel linings. The steps
in progress and future work include

• the completion of the modified fracture-
micromechanics model for the FRC com-
posite behavior on the meso-scale, partic-
ularly the analysis of the strain-hardening
phenomenon with correct modification
on the stress intensity factor and the tran-
sition from strain hardening to strain soft-
ening (localization) behavior in connec-
tion with the Embedded Crack model,

• the implementation of the Embedded
Crack model in the 3-dimensional config-
uration

• and the application of the complete mul-
tiscale framework to the analyses at the
structural scale.
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Abstract. Fracture increases the permeability of cementitious materials, which is known to accelerate
their deterioration when exposed to aggressive environments. The coupling of fracture and flow is
therefore important for modelling the durability of these materials. Lattice models are suitable for
this in that they describe well the discontinuities that arise from fracture processes and are capable
of modelling flow accurately. This paper describes progress made in developing an approach to
couple irregular lattices of beam-like elements representing mechanical behaviour (i.e. elasticity
and fracture) and conduit elements representing mass transport. The transport part of the model is
used to describe absorption of water in concrete using principles developed originally for unsaturated
soils. The effect of fracture on transport is considered by adjusting the transport properties of the
conduit elements according to a cubic function of the crack opening. The modelling is applied to
several benchmarks and extended to consider the meso-structure of concrete in the form of randomly
arranged circular inclusions. The influence of inclusion volume fraction on the change of water
content is studied.

1 Introduction

Concrete is one of the most common build-
ing materials to suffer from water ingress.
Given that concrete is widely used in all as-
pects of construction, transport models are of-
ten needed for predicting the extent of moisture
movement and, hence, to gauge the condition of
structures. Furthermore, it is known that frac-
ture facilitates the water ingress. In this context,
a mass transport model is proposed to describe

the movement of liquid through partly saturated
porous fractured concrete. The proposed model
is based on a lattice approach that uses a ran-
domly generated dual Delaunay and Voronoi
tessellation of the material domain [1, 2]. The
constitutive retention and permeability laws of
the porous material are based on the hydraulic
functions originally proposed by [3] and [4] for
unsaturated soils and subsequently modified by
[5]. The effect of fracture on transport is con-
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sidered by adjusting the transport properties of
the conduit elements according to a cubic func-
tion of the crack opening [6]. The lattice model
incorporating the above constitutive laws is ap-
plied to two benchmark problems (in 1D and
2D, respectively) to demonstrate its numerical
robustness and ability to describe liquid move-
ment through porous media.

2 Lattice model
The present two-dimensional numerical

model for the coupling of the movement of liq-
uid under the gradient of hydraulic potential and
fracture is based on lattices of one-dimensional
structural and conduit elements. The spatial
arrangement of the lattice elements and their
cross-sectional properties are based on Delau-
nay and Voronoi tessellations of the domain
shown in Figure 1.

For the mechanical lattice, the elements are
placed on the edges of the Delaunay triangles.
The geometry of the mid cross-section of the
lattice elements is determined by the corre-
sponding edge of the Voronoi polygon of length
l. Each node has three degrees of freedom,
that is two translations u and v and one rota-
tion φ, which determine the displacement jump
at the centroid C of the element’s mid cross-
section (Figure 2). The displacement jumps are
transformed into strains by the element length
h. An isotropic damage model is used to re-
late the strains to stresses. The evolution of
damage is controlled by a stress-crack opening
curve, so that the mechanical response is in-
dependent of the length of the lattice elements
used. A more detailed description of the me-
chanical lattice and constitutive model can be
found in [1] and [2], respectively. Transport ele-
ments are placed along the facets of the Voronoi
polygons and their cross-sectional areas are cal-
culated from the length of the corresponding
edges of the dual Delaunay triangles. The mate-
rial response of the transport elements is calcu-
lated, as for the structural elements, at point C
(Figure 2). This simplifies the transfer of in-
formation from the structural to transport lattice
and vice versa.

For the application of the lattice model in this
work, both homogeneous and heterogeneous
material properties are considered. The hetero-
geneity of the material is represented by ran-
domly arranged circular inclusions with varying
diameter which are projected onto the lattice.
Depending on the position of lattice elements
relative to the inclusions, the properties of the
elements represent either those of the matrix or
the inclusions. For the interface between ma-
trix and inclusions, the lattice nodes are placed
at special locations, such that the mid cross-
sections of the mechanical lattice elements form
the boundaries between inclusions and matrix
[7]. The arrangement of the mechanical lattice
elements with respect to the inclusions is shown
in Figure 3a. In the present work, inclusions
are assumed to be impermeable and are, there-
fore, not discretised by transport elements (Fig-
ure 3b).

Transport elements are idealised as one-
dimensional conductive pipes [7]. The gra-
dient of hydraulic head, which governs flow
rate along each transport element, is determined
from the capillary pressures Pc at the two nodes.
Figure 2 shows one transport element together
with the capillary pressures acting at the nodes
and the associated cross-sectional area as ob-
tained from the dual Delaunay triangle. In this
work we restrict our attention to the case where
pore water is in tension and, in the following,
liquid pressure is therefore referred to as cap-
illary pressure. The mass balance equation de-
scribes the change in moisture inside a porous
element as a consequence of liquid flow and
solid-liquid retention. A positive sign is as-
sumed for liquid tension, unlike the convention
of soil mechanics which assumes compression
positive. For the balance equation, the follow-
ing differential expression is obtained:

c
∂Pc

∂t
− kdiv

(
∇

(
Pc

g
− ρz

))
= 0 (1)

where c is the mass capacity, k is the hydraulic
conductivity, g is the acceleration of gravity, z
is the capillary height and t is the time. Bound-
ary conditions are imposed either as prescribed
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values of capillary pressure (on boundary Γ1)
or as prescribed values of flux (on boundary
Γ2). The latter boundary condition can then
be related to the gradient of capillary pressure
through Darcy’s law. This results in the follow-
ing two mathematical constraints on Pc:

Pc = g (x) on Γ1 and
∂Pc

∂n
= f (x) on Γ2

(2)
where n denotes the direction normal to the
boundary while g(x) and f(x) are functions of
the spatial coordinate vector x.

The discrete form of the differential equation
for mass transport in (1) for a one-dimensional
transport element is

αePc +Ce
∂Pc

∂t
= fe (3)

where Pc is a vector containing the nodal val-
ues of the capillary pressure, αe is the conduc-
tivity matrix, Ce is the capacity matrix and fe
is the nodal flow rate vector. The influence of
the capillary height z in (1) is modelled by a
flow vector analogous to the way of consider-
ing body forces in structural problems.

The capacity matrix is

Ce =
A�

12
c

(
2 1
1 2

)
(4)

where c is the capacity of the material. Further-
more, the conductivity matrix is defined as

αe =
A

�
k

(
1 −1
−1 1

)
(5)

where k is the hydraulic conductivity and A =
hb is the cross-sectional area. Here, b is the
out-of-plane thickness of the element assuming
a rectangular cross-section.

3 Constitutive laws
The mass transport equation in (1) and its

discrete form in (3) are based on the constitu-
tive laws for the capacity c and the hydraulic
conductivity k. The capacity c is defined as

c = −ρ
∂θ

∂Pc

(6)

where θ is the volumetric water content which
is calculated by a modified version of van
Genuchten’s retention model proposed in [5].
The presence of a crack in an element does not
influence the capacity in the present model. The
volumetric water content is

θ = Se (θs − θr) + θr (7)

where θr and θs are the residual and saturated
water contents corresponding to effective satu-
ration values of Se = 0 and Se = 1, respec-
tively. The effective degree of saturation Se is
defined as

Se =




Ξ

(
1 +

(
Pc

a

) 1
1−m

)−m

if Pc ≥ Pc(aev)

1 if Pc < Pc(aev)

(8)
in which a, m are model parameters. In (8),

Ξ =
θm − θr
θs − θr

(9)

where θm is an additional model parameter and
Pc(aev) is the air-entry value of capillary pres-
sure which separates saturated (Pc < Pc(aev))
from unsaturated states (Pc > Pc(aev)). From
the physical point of view, air breaks into an ini-
tially saturated material when capillary tension
exceeds Pc(aev) (hence inducing a drop of de-
gree of saturation). Conversely, water floods all
pores of an initially unsaturated material when
capillary tension falls below Pc(aev) (hence at-
taining a degree of saturation of one). It is intu-
itive that the smaller the pore size of the mate-
rial, the larger the value of Pc(aev) will be. The
role of parameter Ξ is illustrated in Figure 4
which provides a schematic representation of
the saturation-pressure law in (8).

3
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Figure 1: Dual lattice model for fracture and transport:
Delaunay triangulation (solid lines) and Voronoi tessella-
tion (dashed lines).

1 2h

Figure 2: Dual lattice model for fracture and transport:
Mechanical and transport elements.

(a)

(b)

Figure 3: Lattice element arrangement around inclusions:
(a) Mechanical elements and (b) transport elements.

0
0 Pc

Modified
1

Se

Figure 4: Effective degree of saturation Se versus capil-
lary pressure Pc for the modified van Genuchten model.

By setting Se = 1 in (8), the air-entry value
of capillary pressure Pc = Pc(aev) is calculated
as

Pc(aev) = a
(
Ξ1/m − 1

)1−m
(10)

The hydraulic conductivity k in (5) consists
of

k = k0 + kc (11)

4
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where k0 is the hydraulic conductivity of the in-
tact material and kc is the additional conductiv-
ity due to cracking. The part k0 is expressed in
terms of intrinsic conductivity κ, relative con-
ductivity κr, density of water ρ and absolute
(dynamic) viscosity of water µ as

k0 =
ρg

µ
κκr (12)

The relative conductivity κr is a function of the
effective degree of saturation and is defined as

κr =
√

Se




1−

[
1−

(
Se

Ξ

)1/m
]m

1−

[
1−

(
1

Ξ

)1/m
]m




2

(13)

If θm = θs, equation (9) reduces to Ξ = 1
and (13) reduces to the expression of the rela-
tive conductivity of the original van Genuchten
model. The cracking part is

kc = ξ
ρg

µ

w̃3
c

12h
(14)

where ξ is a tortuosity factor taking into account
the roughness of the crack surface, w̃c is the
equivalent crack opening of the mechanical lat-
tice and h is the length of the mechanical ele-
ment.

4 Analyses
4.1 1D analysis

To verify that the transport constitutive equa-
tions of Section 3 are correctly implemented,
the 1D capillary infiltration problem investi-
gated by [5] was modelled again in the present
study. Table 1 gives the parameter values of the
modified van Genuchten model [5] as used in
the simulations while Figure 5 shows the corre-
sponding variations of volumetric water content
θ, water capacity c and relative conductivity κr

with capillary pressure Pc.
Prior to the start of the analysis, the 1 m soil

column in Figure 6a is assumed to be in hy-
draulic equilibrium with an imposed capillary

pressure of 0.0981 MPa at the bottom (see Fig-
ure 6b). This value of capillary pressure corre-
sponds to an imposed pressure head of −10 m
as specified in [5]. At time zero, atmospheric
pressure was imposed at the bottom of the col-
umn combined with a zero flux at the top (Fig-
ure 6c), leading to an upward infiltration (i.e.
an infiltration against gravity). As can be seen
in Figure 7, the wetting fronts predicted by the
lattice approach agree well with those presented
in [5].
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Figure 5: Constitutive responses used in the 1D analy-
sis: (a) Volumetric water content versus capillary pres-
sure, (b) water capacity versus capillary pressure and (c)
relative conductivity versus capillary pressure.
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Table 1: Parameters for 1D soil column analysis.

θs 0.380
θr 0.068
θm 0.3803
µ [t/(mms)] 1 × 10−9

κ [mm2] 5.6634 × 10−8

m 0.0826
a [MPa] 0.0123

Figure 6: (a) Geometry, (b) Initial pressure distribution,
i.e. prior to start (t < 0) and (c) Boundary conditions at
start of the analysis (t = 0).
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Figure 7: Comparison of capillary pressure versus spec-
imen height at different times obtained by the lattice
model and against results reported by Vogel et al. [5] us-
ing the modified van Genuchten model.

4.2 2D analysis
The dual lattice modelling approach pre-

sented in the previous section is applied to

model water absorption in cracked and un-
cracked concrete and compared to experimen-
tal results reported by Wittmann and co-workers
in [8]. This experimental study consists of two
parts in which the bottom surfaces of uncracked
and cracked concrete beams are subjected to
contact with water. The absorption of water into
the unsaturated concrete was measured in the
experiments by means of neutron radiography.
The idealised geometry for the present 2D mod-
elling of the experiments is shown in Figure 8.
For the cracked concrete beam, an equivalent
crack opening of w̃c = 0.35 mm at the bot-
tom of the beam was used in accordance with
the experimental study. The model parameters
used for the transport analyses are shown in Ta-
ble 2. Here, the parameters a and m were taken
from [9]. Since θs = θm in Table 2, the ex-
pressions of capacity and relative conductivity
in (6) and (13), respectively, reduce to those of
the original van Genuchten model.

Table 2: Parameters for 2D concrete beam analysis.

θs 0.0924
θr 0
θm 0.0924
µ [t/(mms)] 1×10−9

κ [mm2] 1×10−13

m 0.4396
a [MPa] 18.6237
ρ [t/(mm3)] 1×10−9

In the numerical analyses, the beams were
assumed to be partially saturated with an initial
effective saturation of Se = 0.5 and the results
are presented in the form of a change of wa-
ter content. The parameter θs = 0.0924 in Ta-
ble 2 was chosen assuming a maximum change
of water content of ∆θ = 0.0462 (taken from
[8]) and an initial saturation of S = 0.5. The
value for water density and dynamic viscosity
are obtained from standard tables. The tortuos-
ity parameter ξ was taken from [10]. Only the
intrinsic permeability was adjusted to match the
water content distribution curves reported in the
experiments at a time of 15 min. The chosen in-

6
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trinsic permeability lies within the range of val-
ues observed in experiments.

For the uncracked case the results are pre-
sented in Figure 9 in the form of a contour plot
of the capillary pressure Pc. Only the centre
of the beam is shown. The water content dis-
tribution obtained in the analysis for a vertical
section in the middle of the uncracked beam
(dashed line in Figure 8b) is compared to ex-
perimental results in Figure 10 for water ab-
sorption up to 8 h. For the first 4 time steps,
the water content curves are represented well
by the model, which is expected as the intrin-
sic conductivity was chosen to fit the water con-
tent profile for a time of 15 min. However, for
greater times the lattice model overestimates the
water absorption.

The second part of the analyses involved the
modelling of water absorption for a cracked
concrete beam. Firstly, the mechanical lattice
was used to simulate the three point bending
test shown in Figure 8a. This loading setup re-
sults in one main crack propagating from the
bottom in the middle of the beam to the top. At
a maximum equivalent crack opening of w̃c =
0.35 mm, the mass transport analysis was per-
formed. The resulting contour plots of the cap-
illary pressure Pc for the water transport analy-
sis of the cracked beam are shown in Figure 11.
Only the centre of the beam is shown. It can be
seen that water is transported through the crack
into the concrete beam. In addition, transport
from the crack into the surrounding concrete is
visible. The model and experimental results are
compared in the form of change of water con-
tent versus the x-coord along the length of the
beam at mid-height (Figure 12). The change of
water content within the crack (x = 0) is over-
estimated by the model. However, the penetra-
tion depth into the surrounding concrete is cap-
tured well by the numerical approach.

(a)

(b)

Figure 8: Geometry and loading setup for the three-point
bending beam: (a) mechanical loading to induce crack-
ing, (b) transport.

(a)

(b)

(c)

Figure 9: Contour plots of the distribution of capillary
pressure for three time steps for the uncracked beam.
Black corresponds to Pc = 0 MPa (S = 1) and the
lightest gray shade corresponds to Pc = 39.58 MPa
(S = 0.5).
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Figure 10: Change of water content versus y-coord along
the ligament of the uncracked beam: Lattice results
(lines) against experimental results (lines with symbols)
reported in [8].

(a)

(b)

(c)

Figure 11: Contour plots of the distribution of capillary
pressure for three time steps for the cracked beam. Black
corresponds to Pc = 0 MPa (S = 1) and the lightest gray
shade corresponds to Pc = 39.58 MPa (S = 0.5).
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Figure 12: Change of water content versus x-coord along
the mid-height of the cracked beam: Lattice results
(lines) against experimental results (lines with symbols)
reported in [8].

4.3 2D meso-scale analysis
In section 4.2, concrete was modelled as a

homogeneous material. Using this assumption,
the lattice results agree well with the experi-
mental data for the first hour of the absorption
process. However, for later stages, the model
predictions overestimate the water absorption
observed in experiments. In the recent work
by Wang and Ueda in [11], the heterogeneity of
the material in the form of impermeable inclu-
sions has been considered for the modelling of
the absorption of water by a meso-scale anal-
ysis. In their study, the total amount of ab-
sorbed water has been shown to be in good
agreement with experimental results even for
later stages for which in the present homoge-
neous analyses the water absorption was over-
estimated (Figure 10). However, no informa-
tion on the influence of inclusions on the water
content change profiles was presented in Wang
and Ueda’s work [11].

In the present study, the influence of het-
erogeneity on the water change profiles is in-
vestigated in more detail. Three inclusion vol-
ume fractions ρa = 0.2,0.3 and 0.4 are mod-
elled to investigate the influence of inclusions
on the absorption process. The lattices in Fig-
ure 13 are finer than for the homogeneous anal-
ysis in the previous section so that the closely

8
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spaced circular inclusions for the volume frac-
tion ρ = 0.4 can be discretised. The inclu-
sions are considered to be impermeable and are,
therefore, not discretised by transport elements
(see Figure 13). The profiles of change of wa-
ter content is evaluated by subdividing the mid
region of the beam (over a width of 0.1 m) by
a regular grid of cells. The water content in the
x-direction is averaged. The resulting distribu-
tions of change of water content versus y-coord
along the ligament of the beam are shown in
Figure 14.

The inclusions have a strong influence on the
shape of the water content curves. The larger
the volume fraction, the lower is the water con-
tent inside the beam. For the present 2D ideali-
sation, the consideration of inclusions results in
a strong fluctuations in the water content curve,
which has not been reported in the experiments.
It is expected that a 3D model would predict a
smoother curve if the average of water contents
in the out of plane direction would be consid-
ered. Alternatively, the response of multiple 2D
meso-scale analyses could be averaged.

(a) (b)

(c) (d)

Figure 13: Meshes for the meso-scale transport analysis
for aggregate volume fractions of (a) ρ = 0, (b) 0.2, (c)
0.3 and (d) 0.4.
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Figure 14: Change of water content versus y-coord along
the ligament of the beam for aggregate volume fractions
of ρ = 0, 0.2, 0.3 and 0.4 at a time of 8 h compared to
experimental results reported in [8].

5 Conclusions
In the present work, a dual lattice model for

the coupling of fracture and water transport has
been presented. The main conclusions can be
summarised as follows:

The transport part of the coupled model
based on homogeneous material properties rep-
resents well the transport of water through un-
saturated porous concrete for the first few hours
after the start of the absorption process. How-
ever, at later stages the water absorption is over-
estimated.

The model can simulate transport both
within cracks and from cracks into the sur-
rounding material by means of a single lattice.

By consideration of the meso-structure of
concrete in the form of impermeable inclusions,
the water absorption at later stages is in bet-
ter agreement with experimental results than for
the case of homogeneous properties.
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Abstract: A two-scale numerical homogenization scheme for a description of the 2D behaviour of 
concrete under bending was proposed. At the meso-level, concrete was described with the discrete 
method (DEM), and at the macro-level with the finite element method (FEM). The average stress 
response of a discrete micro-structure was obtained in each macroscopic Gauss point of the FE 
mesh as the result of the macroscopic deformation history imposed on the representative volume 
element (RVE). Discrete element simulations were performed with concrete specimens under 
compression and tension. In addition, three-point bending laboratory tests were carried out on 
notched concrete beams of a different size wherein the influence of the mix type, aggregate shape, 
volume of aggregate, aggregate size and sieve curve was investigated. The width and shape of a 
fracture process zone (FPZ) and crack width were measured using the digital image correlation 
(DIC) technique. 
 
 

1 INTRODUCTION 
To realistically capture the fracture 

behaviour of concrete, its micro-structure 
should be taken into account. However, when 
modelling micro-structure using FEM, a huge 
number of finite elements and computational 
effort are required. To practically solve this 
problem, multi-scale computational 
homogenization approaches are applied which 
are aimed at calculations of material properties 
at a global level using the data from different 
lower material levels. In a two-scale approach 
[1], the material behaviour is simultaneously 
studied at two scales: 1) at the meso-level, 
where the material micro-structure is 
considered and 2) at the macro-level, where 
the material is treated as a homogeneous one. 
The modelling procedure computes a stress-
strain relationship at every integration point of 
the macro-structure by detailed calculations of 
micro-structure attributed to that point. Thus, 
any constitutive assumption at the macro-level 

is not needed.  
Our paper considers a two-scale numerical 

homogenization scheme for a description of 
the 2D behaviour of concrete beams under 
bending. At the micro-level, the structure was 
described with the discrete method (DEM) by 
assuming rigid interacting discs with contact 
moments and cohesion [2]. At the macro-scale 
level, a numerical solution was obtained with 
the finite element method (FEM) with the aid 
of the tangent stiffness matrix calculated 
directly from a discrete concrete behaviour. 
The average stress response of discrete micro-
structure was obtained in each macroscopic 
Gauss point of the FE mesh as the result of the 
macroscopic deformation history imposed on 
the representative volume element (RVE). In 
addition, the acoustic tensor was calculated at 
the Gauss points [1], which is the best 
indicator for the unstable material behaviour 
[3]. 

In parallel, comparative three-point bending 
laboratory tests were carried out on notched 
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concrete beams of a different size [4], [5]. The 
influence of the mix type, aggregate shape, 
aggregate volume, aggregate size and 
aggregate distribution was investigated. The 
width and shape of both a fracture process 
zone (FPZ) and crack above the notch were 
measured using a digital image correlation 
(DIC) technique which is an optical way to 
visualize surface displacements by successive 
post-processing of digital images taken at a 
constant time increment from a professional 
digital camera [4]. In addition, a size effect 
phenomenon was experimentally investigated. 

2 TWO-SCALE FORMULATION 

2.1 Meso-scale formulation 
The concrete at the meso-scale was 

simulated as a set of N polydisperse discs, 
with diameters between 0.5 mm and 16 mm. 
All grains interact via linearly elastic normal 
and tangential Mohr-Coulomb law [6] with 
cohesion: the normal contact force nf  is 
related to the normal interpenetration δ of the 
contact as n nF k δ= , where nk  is the normal 
stiffness coefficient. The tangential component 

sF  of the contact force is proportional to the 
tangential elastic relative displacement with 
the tangential stiffness coefficient sk . The 
Mohr-Coulomb (fig.1) condition 

max| | | |s s nF F F tgμ< +  and min| |n nF F>  

requires an incremental evaluation of 
sF  in 

each step ( max
sF  is cohesion, min

nF  is the 
tensile resistance and μ is the inter-particle 
friction angle). A normal viscous component 
opposing the relative normal motion of any 
pair of grains in contact was added to the 
elastic force nF  to obtain a critical damping of 
the dynamic system when equilibrium states 
were computed. 

2.2 Macro-scale formulation 
A quasi-static finite strain continuum 

formulation was considered at the macroscopic 
level. The constitutive response at this level 
was obtained directly from DEM computations 
in the representative element volume (REV). 

For a given history of the macroscopic 
deformation gradient F, the macroscopic 
Cauchy stress σ resulted from microscopic 
grain forces through the formula written in 
terms of the Piola-Kirchhoff stress P. 
 

 
 

Figure 1: Mohr-Coulomb’s law assumed  
for discrete calculations. 

 
The effective constitutive behaviour was 

formally expressed as 
( ) { ( ), [0, ]}tt tτ τ= Γ ∈P F .                            (1) 
We assumed that for any given history of F 

till time t, P(t) admitted the right time 
derivative  

0
( ) ( )

t
t t tlim

tδ
δ
δ

•

→
+ −

=
P PP                          (2) 

and that the right-sided derivative 
•

P  depended 

on the right time derivative 
•

F  only that is 

( )
••

= ΨP F .                                                     (3) 
The function Ψ  is generally non-linear 

with respect to its argument
•

F . For a given rate 
of the deformation gradient , assuming that 
Ψ  is differentiable at , one could determine 
the material tangent moduli as 

|iJ
iJkL

kl

D
F

• •

•

•
=

⎛ ⎞ ∂Ψ
=⎜ ⎟⎜ ⎟

⎝ ⎠ ∂
0

0

F F
F ,                                 (4) 

where the capital indices refer to Lagrangian 
variables and small indices refer to Eularian 
ones, respectively. 

At the macroscopic scale, finite elements 
were employed to solve the homogenized 
problem. When an incremental linearization 
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procedure was adopted for the obtained non-
linear problem, the constitutive function Ψ  
and its derivatives were evaluated numerically 
in each integration (Gauss) point. During each 
time step, from t to t+Δ t, in every Gauss 
point, the increment of the deformation 

gradient ΔF=
•

F Δ t was transmitted to the 
microstructure. As the result of DEM 
computations, the Piola-Kirchhoff stress 

( )t t+ ΔP  was returned to each Gauss point 
and the corresponding stress rate was 
computed as 

( ) ( )( ) t t t
t

• + Δ −
Ψ =

Δ
P PF ,                              (5) 

giving the discrete version of the constitutive 
function Ψ  in Eq.3. A second step in the 
integration procedure at the level of a 
macroscopic Gauss point concerned the 
computation of the material tangent moduli 

iJkLD  needed in a typical Newton-Raphson 
algorithm. Since the derivatives in the Eq.4 
involve the function Ψ  which is itself 
computed as a derivative in Eq.5, the tangent 
moduli should be computed in two steps. For 

the given 
•

F , we first computed ( )iJ

•

Ψ F  (Eq.5). 
This corresponded to the increment of 

deformation gradient ΔF=
•

F Δ t. Then, we 
considered the perturbed increments of the 
deformation gradient * kL kL

kLF F tΔ = Δ + εΔ Δ , 
where kLΔ is the second-order (two-point) 
tensor such that all its components were equal 
to 0 except the kL one which was equal to 1, 
and ε  was a small perturbation parameter. 
Following again Eq.5, we computed 

( )iJ k
d kL

L

•

+ εΔΨ F . Next the computations were 
performed for all different values of k and L 
(i.e. 4 computations in 2D case). Finally, the 
results of these two steps allowed for the 
computation of the material tangent moduli 

( ) ( )d d
kL k

kL
iJ iJ

JkL
L

iD ε
ε

• •

Ψ + Δ −Ψ
=

F F             (6) 

as a discrete version of Eq.4. This procedure 
was performed in each time step and in each 
Gauss point of the macroscopic finite element 

discretization. The RVE size was calculated 
according to the procedure described by 
Skarżyński and Tejchman [7]. 

3 TWO-SCALE RESULTS 
The combined FEM-DEM method was 

implemented in the FEM code ‘FlagsHyp’ [8] 
that involved several significant code 
modifications. For the initial tests, the 2D 
quadratic element with four Gauss points was 
chosen. A very simple mesh with 4 elements 
was used. At the microscopic level, in DEM 
calculations, the number of aggregate grains in 
the REV cell was 400 in order to reduce the 
computation time. According to the stability 
studies [9], the variation step f=0.1 and 
perturbation e=2e-5 where chosen. The two-
scale tests were performed without cohesion 
between grains. Initially, REV was assigned an 
isotropic stress state by compression at the 
mesoscopic scale under a kinematic control up 
to a certain stress. Accordingly, the stress state 
at the integration point in the FE element was 
equal to the microscopic stress. An initial two-
scale numerical test was performed by 
modelling a typical laboratory biaxial 
compression test with free dilatancy of a pure 
aggregate specimen (concrete without 
cohesion). A constant pressure σ0 was applied 
to lateral sides, while the top was displaced 
downward. Using the symmetry of the 
problem, only the upper left quarter of the 
specimen is taken into account. The case with 
a smooth bottom in Fig.2 shows typical a 
biaxial compression response with hardening, 
peak and softening on the stress-strain curve 
and volumetric strain curve exhibiting initially 
small contractancy and then strong dilatancy. 
The calculated results from the two-scale 
FEM-DEM analysis are similar to pure 
discrete ones. In turn, the response of the 
specimen in the case with a frictional bottom is 
significantly perturbated on the specimen ends 
(the lower and earlier peak stress and delayed 
dilatancy) and departs evidently from the pure 
discrete response. This was expected, since the 
latter belongs definitely to a heterogeneous 
boundary value problem at the macroscopic 
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scale and differs essentially from the 
elementary response given by the DEM. 
 

 
a) 

 
b) 

 
Figure 2: Stress-strain curves (a) and volume 

changes (b) from comparative two-scale 
computations and discrete calculations during 

biaxial compression test. 

4 DISCRETE RESULTS FOR 
CONCRETE USING DEM 

First, the numerical 2D calculations (using 
the program YADE (Kozicki and Donze [10], 
Kozicki et al. [11]) were carried out with 
typical quasi-static laboratory tests for 
concrete: uniaxial compression and uniaxial 
tension. During compression, the specimens 
10×10 cm2 were analyzed (Fig.3a). In turn, 
during tension the specimens in the form of so-
called ‘dog-bones’ were used (height 15 cm, 
bottom and top width 10 cm and mid-part 
width 6 cm (Fig.3b). The aggregate shape was 
circular , its area was 55% and its range varied 
between 0.5 mm and 16 mm. The Poisson’s 
ratio and Young’s modulus of the grain 
contact were taken as ν=0.2 and E=380 GPa, 
respectively.  

The discrete results of uniaxial compression 
were compared to the experiments by van 

Mier [12] (Figs.4a and 5a). In turn, the discrete 
results of uniaxial tension were compared to 
the experiments by van Vliet and van Mier 
[13] (Figs.4b and 5b). The numerical cohesion 
was taken as 2.5 MPa and tensile resistance 
1.25 MPa (compression), and 1.0 MPa and 0.5 
MPa (tension), respectively.  
 

 
 

Figure 3: Geometry of concrete specimens 
under uniaxial compression and tension. 

 
A satisfactory agreement between 

calculations and experiments was achieved 
with respect to the stress-strain curve and 
specimen fracture (vertical cracks during 
compression and horizontal cracks during 
tension).  

Figure 6 demonstrates the effect the 
aggregate distribution in concrete with the 
compressive strength of about 15 MPa. The 
minimum aggregate diameter was 2 mm, 1 
mm and 0.5 mm, whereas the maximum 
aggregate diameter was 16 mm (mean 
aggregate diameter d50 was 4.5 mm, 4 mm and 
3 mm). The calculated strength and material 
ductility increase with increasing mean 
aggregate diameter. 

The influence of the loading velocity on the 
dynamic macroscopic stress-strain diagram for 
concrete with the compressive strength of 
about 15 MPa is depicted in Fig.7 (the vertical 
loading velocity varied between 0.0025 mm/s 
and 25 mm/s). During dynamic uniaxial 
compression (Fig.7a), the strength and 
material ductility increased with increasing 
loading velocity that was in agreement with 
laboratory tests. However, during dynamic 
uniaxial tension (Fig.7b), this effect did not 
occur that was opposite to experiments. This 
problem merits further investigations. 
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a) 

b) 
 

Figure 4: Comparison between discrete 
calculations and experiments [12], [13] during 

uniaxial compression (a) and  
uniaxial tension (b). 

 

 
              a)                                       

 
 
                                                          b) 
 

Figure 5: Calculated fracture at failure  
of concrete specimens during uniaxial 

compression (a) and uniaxial tension (b) from 
discrete simulations. 

 

 
                                      a)                   

                 b) 
 

Figure 6: Influence of mean aggregate 
diameter d50 on stress-strain diagram during 

uniaxial compression (a) and tension (b) from 
discrete simulations (curve ‘1’ - d50=4.5 mm, 
curve ‘2’ - d50 =4.0 mm, curve ‘3’ - d50=3.0 

mm). 

5 OWN EXPERIMENTS 

5.1 Experimental set-up 

Three-point bending laboratory tests carried 
out on concrete beams of a different size D×L 
with free ends were carried out (D – beam 
height, L=4D – beam length) (Fig.8).  

The beams were geometrically similar: 
small size beams 80×320 mm2 medium size 
beams 160×640 mm2 and large size beams 
320×1280 mm2. The beam thickness was 
always 40 mm. The beam span was equal to 
3D. A notch of the height of D/10 mm and 
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width of 3 mm was located in the middle of 
each beam bottom. The geometry of the beams 
was the same as that assumed in laboratory 
tests by Le Bellěgo et al. [14]. The tests were 
performed with a controlled notch opening 
displacement velocity (or crack mouth opening 
displacement CMOD rate) of 0.002 mm/min. 
This type of control allowed for obtaining a 
gradual displacement increase and a steady 
strength decrease in a post-peak regime. A 
CMOD gauge was located below the beam 
notch. 
 

 
a) 

 
b) 
 

Figure 7: Influence of loading velocity on 
stress-strain diagram during compression (a) 

and tension (b) from discrete simulations. 
 

Several different concrete mixes were 
composed of ordinary Portland cement (CEM 
II/B-S 32.5R), water and sand (mean aggregate 
diameter d50=0.5 mm, maximum aggregate 
diameter dmax=2.0 mm) or gravel (mean 
aggregate diameter d50=2.0 mm, maximum 

aggregate diameter dmax=16 mm). The water to 
cement ratio was 0.5. Two volumes of 
aggregate were assumed, namely 45% and 
70%. Rounded-stone-shaped aggregate and 
crushed-stone-shaped aggregate were used.  
The beams were cut out from the same mix 
block. In experiments, the digital camera 
Canon EOS-1Ds Mark II with a powerful 16.7 
megapixels CMOS sensor was applied. It was 
mounted on the tripod with its axis 
perpendicular to the photographed specimen 
surface. The concrete beams were initially 
carefully polished, then painted white. After 
that a spackle pattern (serving as a tracer) was 
put on this surface using the yellow spray. 
During the experiments, the width of FPZ was 
also measured with a CMOD gauge placed 
under the notch. The length resolution of 
images was 100 pixels/mm. 

 
 
Figure 8: Geometry of experimental concrete 

notched beams subjected to three-point 
bending [4], [5]. 

5.2 Experimental results 

A fracture process zone was always 
strongly curved and may even create branches 
(Fig.9). The measured width of FPZ changes 
between 3.55 mm in sand concrete 
(≈1.75×dmax) and 4.84 mm (≈0.3×dmax) in 
gravel concrete (with the volume of rounded-
stone-shaped aggregate V=45%). 

A localized zone was always created 
before the peak on the vertical force–
horizontal CMOD diagram (Fig.10). It 
developed during a deformation process until a 
discrete macro-crack was created at the 
deflection of u/D=0.004.  
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The FPZ width (sand concrete, volume of 
rounded-stone shape aggregate 45%) increased 
due to concrete dilatancy up to wc=3.55 mm in 
the range of CMOD=0.02-0.07 mm. Its 
formation rate was strongly non-linear caused 
be a heterogeneous concrete structure. The 
length and height of a localized zone above the 
notch were lc=65 mm and hc=46 mm 
(hc/D=0.575) at CMOD≈0.07 mm, 
respectively (Fig.11). 
 

a) 

 

b) 

Figure 9: Localized zone directly above notch 
in experiments with concrete notched beams 
based on horizontal normal strain (vertical and 
horizontal axes denote coordinates in [mm] 
and colour scale strain intensity): a) sand 
concrete, b) gravel concrete 

5.3 Size effect 

Figure 12 shows a measured size effect for 
gravel concrete beams (d50=2.0 mm, dmax=16 
mm, V=70%) geometrically similar. In 
addition, the results following the size effect 
law by Bažant [15] (being valid for structures 
of a similar geometry with pre-existing 
notches or large cracks) and experimental 

results by Le Bellěgo et al. [14] were enclosed. 
All results have a similar trend. 
 

 
 
Figure 10: Formation of localized zone and 
macro-crack on vertical force P – CMOD 
diagram (• - appearance of localized zone, ■ - 
appearance of macro-crack) 

6 CONCLUSIONS 
The combined DEM-FEM computations 

with a numerically calculated tangent stiffness 
matrix provide realistic results for simple 
loading cases in spite of the occurrence of 
several unstable points. The results are similar 
to those obtained from DEM computations and 
qualitatively similar to the corresponding 
laboratory tests. They give certainly a faster 
response for large boundary value problems 
than DEM. 

The DEM method is a reliable numerical 
tool for describing the meso-behaviour of 
concrete. It can be used for the detailed study 
of a fracture process at the aggregate level.  

The Digital Image Correlation technique is 
a very effective optical technique to determine 
the displacement field on the surface of 
concrete with a high accuracy and without any 
physical contact with the surface. 

The width and length of a localized zone 
on the concrete surface of notched beams non-
uniformly increased during a deformation 
process before a macro-crack formed due to a 
heterogeneous concrete composition. The 
maximum width of a localized zone was 3.55 
mm in a sand concrete beam (≈1.75×dmax) and 
4.84 mm (≈0.3×dmax) in a gravel concrete 
beam at the length resolution of 100 pixels per 
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mm. The maximum ratio between the height of 
a localized zone and effective beam height was 
approximately 0.6. Α macro-crack occurred in 
a softening regime for displacements about 
two times larger than at the peak load. 

The nominal strength of notched concrete 
beams during three-point bending increased 
with decreasing beam height and beam span. 
 

 

 

 
 

 
 
Figure 11: Evolution of width wc and length lc 
of localized zone against CMOD in 
experiments with notched beam of fine-

grained concrete based on DIC (× - maximum 
vertical force Pmax, • - formation of macro-
crack) 
 

 
 
Figure 12: Calculated and measured size 
effect in nominal strength 1.5Pl/(bD2) versus 
beam height D for concrete beams of a similar 
geometry: a) our laboratory experiments, b) 
experiments by Le Bellěgo et al. [14], c) size 
effect law by Bažant [15]. 
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Abstract. In concrete, growth and coalescence of microcracks lead to formation of visible frac-
ture process zones that transfer stresses by crack bridging and aggregate interlock. Commonly, the
behaviour of the fracture process zones is modelled by nonlinear fracture mechanics approaches us-
ing stress-strain laws with strain softening. One group of nonlinear fracture mechanics approaches
suitable for computational structural analysis are nonlocal models, which lead to regular strain distri-
butions over the fracture process zones, independently of the size of finite elements. This is achieved
by evaluating the stress at each point based on weighted averages of state variables in the vicinity
of that point. However, there is no consensus how the influence of boundaries should be taken into
account by the averaging procedures. In the present comparative study, nonlocal damage models
with different averaging methods and constitutive laws are investigated, with attention focused on the
influence of boundaries. The most common approach of standard scaling is compared to averaging
procedures that depend on the stress state and on the distance to boundaries. Firstly, the nonlocal
models are calibrated by fitting stress-strain curves of one-dimensional uniaxial tension analyses to
the results of mesoscale analyses. Then, the models are applied to two-dimensional simulations of
three-point bending tests with a sharp notch, a 45◦ V-type notch and a smooth boundary without a
notch. The performance of the nonlocal models is evaluated by comparison of load-displacement
curves and dissipated energy profiles along the ligament of the beams with meso-scale results.

1 INTRODUCTION

The failure process of concrete strongly de-
pends on the meso-structure. Growth and
coalescence of microcracks lead to formation
of visible fracture process zones transferring
stresses by crack bridging and aggregate inter-
lock. The response of these fracture process
zones (FPZ) is commonly modelled by nonlin-
ear fracture mechanics using stress-strain laws

with softening. Within the group of compu-
tational methods, the various approaches pro-
posed in the literature may be divided into two
categories; namely meso-scale models describ-
ing explicitly the different phases of the hetero-
geneous material [4, 6], and macroscopic mod-
els based on an equivalent homogenized contin-
uum [1].

In meso-scale models, it is convenient to de-

1
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scribe the heterogeneity of the material by map-
ping the material properties of the individual
phases on a background mesh [6]. The fracture
process of the brackground mesh is often de-
scribed as the progressive failure of discrete el-
ements, such as beams or trusses [2,3]. In recent
years, one discrete element method based on
the Voronoi tessellation has been shown to be
particularly suitable for modelling fracture [5].
The meso-scale approaches provide a detailed
description of the crack patterns. However, a
very fine discretisation and multiple analyses
are required to obtain the averaged response.

Among macroscopic fracture approaches
proposed in the literature, integral-type nonlo-
cal models describe the fracture process zones
as regions of highly concentrated but still regu-
lar strain [1,7]. Interactions at the mesoscale are
reflected by weighted spatial averaging of inter-
nal variables. However, there is no consensus
on how the averaging should be adjusted near
the physical boundary of the body. Commonly
used rescaling procedures may result in exces-
sive spurious energy dissipation close to bound-
aries [9]. In alternative approaches, which have
the potential to reduce this spurious effect, the
averaging procedure depends on the distance to
boundaries [10,11] and on the stress state of the
material point [12].

In the present work, three nonlocal damage
models representing standard, distance-based
and stress-based averaging procedures are ap-
plied to the modelling of fracture in notched
concrete beams subjected to three-point bend-
ing. Initially, the models are calibrated by fit-
ting meso-scale analysis results obtained for a
problem independent of boundaries [4]. This
calibration is thus unaffected by the type of
averaging procedure used. Then, the nonlo-
cal models are applied to simulations of two-
dimensional notched beams subjected to three-
point bending, for which the averaging proce-
dure is expected to influence the response. The
results of these analyses are again compared to
the results of meso-scale analyses in the form of
load-displacement curves and dissipated energy
profiles.

2 MESO-SCALE MODEL
In this work, a meso-scale description of the

fracture process in three-point bending tests has
been used to create reference results for the
evaluation of nonlocal models presented in Sec-
tion 3. In this meso-scale approach, aggregates,
interfacial transition zones (ITZ) and mortar are
modelled as separate phases with different ma-
terial properties. For the mortar and ITZ, a ran-
dom field of tensile strength and fracture en-
ergy is applied. This meso-scale description has
been performed by a lattice approach in com-
bination with a damage mechanics model to
describe the mechanical response of the three
phases [5]. Since it had been used previously
for the determination of fracture process zones
of concrete subjected to uniaxial tension [4], it
is here only briefly described.

2.1 LATTICE APPROACH
The nodes of the lattice are randomly lo-

cated in the domain, subject to the constraint
of a minimum distance, which is independent
of the heterogeneity of the material. The lattice
elements are obtained from the edges of the tri-
angles of the Delaunay triangulation of the do-
main (solid lines in Fig. 1a), whereby the mid-
dle cross-sections of the lattice elements are the
edges of the polygons of the dual Voronoi tes-
sellation (dashed lines in Fig. 1a).

lattice elementcross section inclusionmatrix

interface

(a) (b)

Figure 1: (a) Set of lattice elements (solid lines) with
middle cross-sections (dashed lines) obtained from the
Voronoi tessellation of the domain; (b) Arrangement of
lattice elements around inclusions.

Each lattice node possesses three degrees of
freedom, namely two translations and one ro-

2
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tation. The degrees of freedom of the lattice
nodes are linked to two displacement disconti-
nuities at the centre of the middle cross-section
of the element. The displacement discontinu-
ities are transformed into strains by smearing
them out over the distance between the two lat-
tice nodes. The strains are related to the stresses
by an isotropic damage model describing the
constitutive response of ITZ and mortar.

The spatially varying material properties that
originate from the heterogeneity of the material
are reflected at two levels. Large aggregates
are modelled directly by placing lattice nodes
at special locations, such that the middle cross-
sections of the lattice elements form the bound-
aries between aggregates and mortar (Fig. 1b).
The heterogeneity represented by finer particles
is described by autocorrelated random fields of
tensile strength and fracture energy, which are
assumed to be fully correlated. The random
fields are characterised by an autocorrelation
length that is independent of the spacing of lat-
tice nodes. Discretely modelled aggregates are
assumed to be linear elastic.

3 MACROSCOPIC MODEL
In this section, the macroscopic nonlocal

isotropic damage mechanics approaches are de-
scribed. The constitutive law and the differ-
ent averaging procedures are described in Sec-
tions 3.1 and 3.2, respectively.

3.1 Damage model
The total stress-strain relationship for the

isotropic damage model is

σ = (1− ω)De : ε = (1− ω)σ̃ (1)

where σ is the total stress tensor, ω is the dam-
age variable, De is the elastic stiffness based on
Young’s modulus E and Poisson’s ratio ν, ε is
the strain and σ̃ is the effective stress tensor.
Damage is driven by the history variable κd and
is determined by

ω (κd) =

{
1 − exp

(
− 1

md

(
κd

εmax

)md
)

, κd ≤ ε1

1 − ε3
κd

exp


− κd−ε1

εf

[
1+

(
κd−ε1

ε2

)n]


 , κd > ε1

(2)

where

md =
1

ln(Eεmax/ft)
(3)

The parameter εmax is the uniaxial strain at peak
stress. Furthermore,

εf =
ε1

(ε1/εmax)md − 1
(4)

and

ε3 = ε1 exp

(
− 1

md

(
ε1
εmax

)md
)

(5)

This damage law exhibits pre- and post-peak
nonlinearities in uniaxial tension. The history
variable κd, used in (2) to obtain the damage pa-
rameter, represents the maximum level of non-
local equivalent strain ε̄eq reached in the history
of the material. It is determined by the loading
function

f (ε̄eq, κd) = ε̄eq − κd (6)

and by the loading-unloading conditions

f ≤ 0, κ̇d ≥ 0, κ̇df = 0 (7)

The nonlocal equivalent strain is defined as

ε̄eq (x) =

∫

V

α (x, ξ) εeq(ξ)dξ (8)

Here, x is the point at which the nonlocal equiv-
alent strain ε̄eq is evaluated as a weighted aver-
age of local equivalent strains εeq at all points
ξ in the vicinity of x within the integration do-
main V . According to the standard scaling ap-
proach, the weight function

α (x, ξ) =
α0 (x, ξ)∫

V
α0 (x, ξ) dξ

(9)

is constructed from a function α0(x, ξ) nor-
malised by its integral over the integration do-
main V such that the averaging scheme does not
modify a uniform field: The function

α0 (x, ξ) = exp

(
−‖x− ξ‖

R

)
(10)

3
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(a) (b) (c)

Figure 2: Three approaches to consider boundaries for nonlocal averaging: (a) standard, (b) distance-based and (c) stress-
based rescaling.

is defined here as an exponential (Green-type)
function, with parameter R reflecting the inter-
nal material length. The local equivalent strain
in (8) is

εeq =
1

E
max
I=1,2,3

σ̃I (11)

where σ̃I refers to the principal components
of the effective stress tensor introduced in
(1). This constitutive law results in a Rankine
strength envelope.

3.2 Approaches for treating boundaries
This section presents three different methods

to treat boundaries. They are labelled as stan-
dard, distance-based and stress-based approach
and represent groups of models presented in
the literature (Fig. 2). Although the distance-
based and stress-based averaging approaches
are based on concepts previously reported in the
literature, they have not been presented before
in this form.

For the standard rescaling approach, the
weight function α(x, ξ) in (9) is used, with the
integration domain V in the denominator of (9)
corresponding to the specimen under consid-
eration. Rescaling of the weight function ac-
cording to (9) ensures that the nonlocal operator
does not alter a uniform field.

For the distance-based approach, the
weight function is also rescaled, but α0(x, ξ)
in (10) is made dependent on the minimum

distance of point x to the specimen boundary
(Fig. 2b). The new function is

α0 (x, ξ) = exp

(
−‖x− ξ‖

γ (x)R

)
(12)

where

γ (x) =

{
1 , d(x) ≥ tR
1− β

tR
d(x) + β , d(x) < tR

(13)

Here, β and t are parameters of the distance-
based rescaling approach and d(x) is the min-
imum distance of point x to the specimen
boundary. For a material point x lying on
the boundary (d(x) = 0) the function yields
γ (x) = β. On the other hand, when the dis-
tance is greater than tR, γ (x) = 1 and the
present distance-based approach gives the same
result as the standard rescaling approach.

The stress-based rescaling approach
(Fig. 2c) exploits a transformation matrix

T =

(
cos(θ) sin(θ)

− sin(θ)/γ cos(θ)/γ

)
(14)

which depends on the effective stress σ̃. Angle
θ = atan (n1y/n1x) characterizes the direction
of maximum principal effective stress σ̃1, with
n1y and n1x being the components of the corre-
sponding eigenvector n1. The new function

α0 (x, ξ) = exp

(
−‖T · (ξ − x)‖

R

)
(15)

is affected by the effective stress. In equation
(14), γ is a scaling factor, defined as

4
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γ =





β + (1− β)

(
〈σ̃2〉
σ̃1

)2

, σ̃1 > 0

1 , σ̃1 ≤ 0

(16)

Here, β is a parameter of this approach, σ̃2 is the
second principal effective stress and 〈·〉 denotes
the MacAuley brackets (positive part operator).
For instance, for uniaxial tension the principal
effective stresses are σ̃1 = σ̃t and σ̃2 = 0, which
gives γ = β. On the other hand, for equi-biaxial
tension we have σ̃1 = σ̃2 = σ̃t, so that γ = 1,
which coincides with the standard rescaling ap-
proach.

4 ANALYSES
The nonlocal damage model combined with

the different boundary approaches was applied
to 2D plane-stress analyses of notched three-
point bending tests. The geometry and the load-
ing setup are shown in Fig. 3. Three bound-
aries in the form of a sharp notch with α = 0◦,
an angular notch with α = 45◦ and an un-
notched boundary with α = 90◦ were consid-
ered. The boundary types were chosen so that
the performance of the boundary approaches
(Section 3.2) could be compared.

Figure 3: Geometry and loading setup of the notched
beams subjected to three point bending.

Firstly, the parameters of the nonlocal model
were calibrated, so that the model results for 1D
tensile loading were in agreement with meso-
scale results reported in [4]. For this calibration
step, the results are not affected by the boundary
approaches. This calibration resulted in elas-
tic parameters of E = 29.6 GPa and ν = 0.2.
Furthermore, the parameters of the damage law

are ft = 2.86 MPa, εmax = 0.000198, ε1 =
0.00023 and ε2 = 0.007. Finally, the nonlocal
radius is R = 0.004 m. These parameters are
the same as in [4]. The results of the calibra-
tion are shown in Fig. 4 in the form of stress-
strain curves and dissipated energy across the
fracure process zone. The stress-strain curve of
the nonlocal model agrees well with the meso-
scale results. The energy profile of the nonlocal
model fits well the width of the FPZ obtained
from meso-scale analyses but slightly underes-
timates the maximum energy dissipation in the
middle of the specimen.

In the second step, the additional parame-
ters of the distance-based model were chosen
as β = 0.35 and t = 1 and for the stress-
based model as β = 0.35. The results of the
three nonlocal approaches for the three beam
geometries are compared to meso-scale results
in Figs. 5–7 in the form of load-displacement
curves and dissipated energy profiles along the
ligament length of the beam. As seen in parts
(a) of the figures, the peak load of the meso-
scale analysis is overestimated by the standard
nonlocal model for all beam geometries. For
α = 0◦ and 45◦, this overestimation is ac-
companied by a much higher dissipation near
the notch than in the meso-scale analyses; see
Figs. 5b and 6b. The dissipated energy profiles
for the stress-based and the distance-based are
in much better agreement with the meso-scale
results for these beam geometries. For α = 90◦

all models slightly overestimate the peak load.
For the standard and stress-based aproach, the
dissipated energy along the ligament is overes-
timated as well; see Fig. 7b. However, the en-
ergy peak near the notch, as observed for the
α = 0◦ and 45◦ for the standard approach, is
not present.

For both the distance and stress-based ap-
proach, the energy peaks close to the notch ob-
served with the standard approach are removed,
but the dissipated energy along the ligament is
overestimated. Nevertheless, the stress-based
approach requires only one parameter. Finally,
the standard approach does not require any ad-
ditional parameters, but suffers from excessive

5
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Figure 4: 1D calibration: (a) stress-strain curve, (b) Dissipated energy across the fracture process zone in the last loading
step.
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Figure 5: Comparison of the results of the three nonlocal approaches and meso-scale analysis for different notch angles
α = 0◦: (a) Load-displacement curves and (b) Dissipated energy profiles.
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Figure 6: Comparison of the results of the three nonlocal approaches and meso-scale analysis for different notch angles
α = 45◦: (a) Load-displacement curves and (b) Dissipated energy profiles.
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Figure 7: Comparison of the results of the three nonlocal approaches and meso-scale analysis for α = 90◦: (a) Load-
displacement curves and (b) Dissipated energy profiles.

energy dissipation close to the notch.
The parameter β in both distance-based and

stress-based methods influences the amount of
nonlocal interactions in the weight function
α(x, ξ). A small value of β reduces the non-
local contribution of the points ξ in the vicinity
of the material point x. If β is chosen too small,
it results in a “local” definition of the nonlo-
cal equivalent strain ε̄eq. Consequently, damage
may localise in a single finite element or a sin-
gle row of elements resulting in irregular strain
profiles and mesh-dependent results. Therefore,
a minimum value of β = 0.35 was enforced for
the distance and stress-based approach so that
the width of the localisation zone was larger
than a row of finite elements. If a very fine
mesh was used, β could be reduced further and
it could be expected that the stress-based ap-
proach would yield an even better agreement
with the meso-scale results.

5 CONCLUSIONS
In the present study, a nonlocal isotropic

damage model with different averaging proce-
dures was applied to the modelling of fracture
in three-point bending test with different notch
geometries. In the analyses of the sharp notched
and V-notched beams, the standard approach
overpredicts the energy dissipation close to the
notch, which results in an overestimation of the
load capacity. For the stress-based and distance-
based averaging approaches, the energy dissipa-

tion close to the notch is reduced, which gives
a better agreement with the meso-scale results.
For the unnotched case, the dissipated energy
is in reasonable agreement for all approaches.
The distance-based approach requires two more
input parameters than the standard approach,
whereas the stress-based approach requires only
one additional parameter over the standard ap-
proach.

In future work, the stress-based approach
will be combined with a more advanced
damage-plasticity model which can describe the
failure of concrete in multiaxial stress states.
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Abstract. A global/local method, or sub-modelling method, has been developed to obtain a fine
description of cracking in concrete specimen. A discrete-element model is used to re-analyse at a
local scale the damage zone obtained after the finite-element analysis of the global specimen. This
strategy is applied to study the influence of size effect on cracking of plain concrete. The numerical
results are compared to available experimental results obtained with the Digital Image Correlation
method.

1 INTRODUCTION

Nowadays, experimental campaigns on large
concrete structures are very rare because their
cost is still prohibitive. Therefore, numerical
models are mostly validated and calibrated ac-
cording to results provided by small laboratory
tests. The extrapolation of the laboratory results
to large structures should follow the size effect
theory. The influence of size effect on strength
has been investigated for several years [1]. Re-
cent experimental studies [2] have also put in
evidence the influence of size effect on crack
features propagation, length and opening. A
global/local analysis [3] is used to study the size
effect. Indeed, this computational strategy aims
at quantifying cracking at the structural scale.
First, a continuous damage model is used to per-
form a full calculation at the global scale. This
damage model which takes into account dam-
age coupled to permanent strain and hystere-
sis is able to produce some information about

the non-linear behaviour (load redistribution,
stiffness decrease, dissipated energy) but not
about the cracking. Information about crack-
ing (tortuosity, heterogeneities and openings) is
extracted by using a reanalysis of the damaged
zones at the local scale with a discrete element
model [4]. The global/local technique proposed
is non-intrusive and decoupled so the reanaly-
sis can be seen as a post-treatment. Plus, the
two-scale analysis uses each numerical model
within its more efficient level. This presenta-
tion aims at comparing the numerical results ob-
tained from the proposed strategy with experi-
mental results from three-points bending tests
exhibiting size effect. The relevancy of the two
scale approach is emphasized thanks to exper-
imental field measurements around the crack
path. The parameters identification strategies of
the two levels of modelling based on an equiv-
alent energy dissipation rate will be also ad-
dressed.
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2 THE GLOBAL MODEL
The model used at the global scale is a finite-

element model coupling elasticity, isotropic
damage and internal sliding (see [5]). The state
potential is given by the Helmholtz free energy:

ρΨ =
κ

6
((1− d) < εkk >

2
+ + < εkk >

2
−)

+µ(1− d)εdijε
d
ij + µd(εdij − επij)(ε

d
ij − επij)

+
γ

2
αijαij +H(z) (1)

where ρ is the material density, Ψ the Helmholtz
free energy, d the scalar damage variable rang-
ing from 0 (virgin material) to 1 (failed mate-
rial), εij the total strains second-order tensor, επij
the internal sliding second-order tensor, αij the
kinematic hardening second-order tensor, z the
scalar isotropic hardening variable, H the con-
solidation function, κ the bulk coefficient, µ the
shear modulus and γ the kinematic hardening
parameter that has to be identified from mea-
surements. < . >+ and < . >− stand for the
positive part and the negative part of (.) respec-
tively. (.)d is the deviatoric part of (.) defined as
(.)d = (.)− 1

3
(.)kk.

This model can describe the local mecha-
nisms related to concrete such as the asymme-
try between the tensile behaviour and the com-
pressive behaviour, the inelastic strains and the
unilateral effect. Moreover, it is robust and can
handle large-scale computation.

However, this model requires the introduc-
tion of a characteristic length to prevent the oc-
currence of spurious mesh dependency related
to strain softening. Here, the regularization of
the problem is ensured by means of the well-
known non-local technique [8]. The energy re-
lease rate is averaged in Ω(x, lc), where x and
lc respectively stand for the current Gauss point
and the characteristic length and is therefore ex-
pressed as:

Ỹ (x) =

∫
Ω(x,lc) Ȳ (s)Λ(x − s))ds∫

Ω(x,lc) Λ(x − s))ds
(2)

where Λ is the Gaussian distribution. This regu-
larization tends to smooth the discontinuity and
thus makes the study of the cracks complex.

3 THE LOCAL MODEL
The local model is a discrete-element model

based on a particle assembly, computed from
a Voronoi tesselation. Neighbour particles
are linked together by elastic Euler-Bernoulli
beams representing cohesion forces (lattice
model). The non-linear behaviour of the ma-
terial is obtained by considering that the beams
obey a brittle behaviour.

ui θi

uj

θj

Figure 1: Euler-Bernoulli beam in a deformed state.

The breaking threshold Pij of the beam i− j
depends on the beam strain εij and on the rota-
tions of the particles linked by the beam θi and
θj (see figure 1). It is written as:

Pij =

(
εij
εcrij

)2

+
|θi − θi|

θcrij
> 1 (3)

The critical strain εcrij and the critical rota-
tion θcrij of the beam i − j are assigned to the
beam i−j using a random number generator ac-
cording to the Weibull distribution, as proposed
by [6].

This model gives complete information
about the macro-cracking (initiation, propaga-
tion, opening, length) and the micro-cracking.
Unfortunately, large-scale computation are im-
practical because the time needed to complete
them is prohibitive.

More details about this model can be found
in [4].

4 THE NUMERICAL STRATEGY
The method used here is inspired by the

sub-modelling techniques [7]. This is a non-
intrusive method which only uses available in-
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put and output (nodal displacements). It is com-
posed of the following steps:

• Global analysis of the whole structure
with a non-linear finite element model in-
cluding damage;

• Identification and cutting of the ROI
(Region of Interest), which is the region
of damage concentration;

• Extraction and interpolation of the dis-
placements from the global mesh to the
local mesh;

• Local analysis of the ROI with a discrete
element model.

The local forces are not used to perform a cor-
rection of the global computation with the local
results. Indeed, the local re-analysis is a post-
processing tool which gives complementary in-
formation on the kinematic of the cracks.

5 APPLICATION
The global/local analysis presented above

has been applied to size effect tests on three-
points bending concrete beams.

5.1 Experimental study
The beams used in [2] have a rectangular

cross section of height d and thickness b.

Figure 2: Geometry of the beams [2].

The span of the beam is l = 3d. The
beams are notched at midspan with a length of
a = 0.2d. The geometry of the beams is given

on figure 2. Three sizes of geometrically simi-
lar beams are studied: D1 (d = 100mm), D2
(d = 200mm) and D3 (d = 400mm). The
thickness is constant at b = 100mm for all the
sizes. At least three beams have been tested for
each size.

The Digital Image Correlation (DIC) tech-
nique was used to obtain experimental infor-
mation on the cracking. Indeed, the fine de-
scription of the experimental displacement field
throught DIC allows the extraction of the crack
geometry, tip and opening. Moreover, the com-
putation of the experimental strain field gives
the strain localization zone corresponding to the
micro-cracking area.

The material parameters are summarized in
table 1.

Table 1: Material parameters

Young’s modulus GPa E 38
Poisson’s coefficient - ν 0.21

Tensile strength MPa ft 3.5

5.2 Numerical study
5.2.1 Meshes and loading conditions

The global mesh used for the analysis of the
D1 beam is presented on top of figure 3. The
ROI, centered on the damage zone, is delimited
by a red square.

Figure 3: Global mesh

The local mesh of the ROI for the D1 spec-
imen is presented on bottom of figure 4. Dis-
placements extracted of the global computation
are applied on the black boundaries of the lo-
cal mesh while the red boundaries are kept free.

3
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The global and the local mesh densities are con-
stant for each size of the beam.

Figure 4: Local mesh

5.2.2 Models parameters identification

The calibration of the nonlocal global model
follows the procedure proposed by Le Bellégo
[9]. The calibration relies on inverse analysis
and an optimisation algorithm. The complete
load deflection curves for each size of beam are
used in order to capture correctly the size ef-
fect. The global model parameters identified
with this method are given on table 2.

Table 2: Material parameters for the global model

Tensile brittleness J−1.m3 ADir 4.6 10−3

Comp. brittleness J−1.m3 AInd 3.5 10−4

Kinematic hardening 1 Pa γ 2.0 107

Kinematic hardening 2 Pa−1 a 7.0 10−7

Characteristic length mm lc 20

The local model parameters are calibrated
according to the methods presented in [4] and
[3]. Because the lattice models are naturally
able to capture the size effect, no additional fea-
ture has been added to these methods. The local
parameters are summarized in table 3.

Table 3: Material parameters for the local model beams

Young’s modulus GPa E 40

Inertia ratio - α 0.83
Rotation threshold - θcr 5 10−3

Scale parameter - λεcr 3.25 10−4

Shape parameter - kεcr 0.6
Min. strain threshold - εcr,min 1.1 10−4

5.2.3 Numerical results

The effect of the beam size on the load-
CMOD (Crack Mouth Opening Displacement)
response is presented on figure 5. The numeri-
cal results obtained with the global model are in
agreement with the experimental results.
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Figure 5: Load-CMOD curves (D1: black, D2: red and
D3: orange)

Figure 6 shows a comparison between the
measured and calculated size effect for concrete
beams. In addition, the results of the size ef-
fect law by Bazant [1] are printed. According
to this size effect law, the nominal strength is
expressed as:

σn =
Bft√

1− (D/D0)
(4)

where ft is the tensile strength, B a dimension-
less parameter depending of the structure geom-
etry, D the beam height and D0 the transitional
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size. The experimental and numerical beam
nominal strength shows strong size dependence
and match well the size effect law.
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Figure 6: Normalized diagram of the size effect results

The comparison of the amount of dissipated
energy inside the ROI during the global compu-
tation and the local computation gives us an ap-
preciation of the agreement between the global
analysis and the local re-analysis (see figure 7).
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Figure 7: Comparison of the global and the local dissi-
pated energy-deflection responses (D1: black, D2: red
and D3: orange)

Finally, the results in term of cracking ex-
tracted from the local re-analysis are compared
to the experimental results on figure 8 and 9. A
gap is observed between the experimental crack

features (length and opening) and the numerical
ones but is in accordance with the experimental
variation of ±5µm.
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Figure 8: Crack opening profile at peak (D1: black, D2:
red and D3: orange)

0 50 100 150
0

0.2

0.4

0.6

0.8

1

opening (µm)

y/
d

(−
)

Exp.
Num.

Figure 9: Crack opening profile at 60% post-peak (D1:
black, D2: red and D3: orange)

It has been observed, both experimentally
and numerically, that crack lengths and crack
openings increase non-proportionally to the
size. It does not follow Bazant’s size effect law
either.

6 CONCLUSIONS
A numerical strategy to obtain a fine de-

scription of cracking in plain concrete specimen
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has been applied to size effect tests on three-
points bending tests. Assuming a reliable de-
scription of the material non-linear behaviour at
the global scale using a damage finite-element
model, a re-analysis of the damage zone with
a discrete-element model is performed. The
global and the local results are both compared
to the available experimental results and show a
good agreement. The impact of the size effect
on the cracking features is studied. Only the
crack opening and the crack length have been
studied here but some results about the micro-
cracking area will be presented during the lec-
ture. The experimental information about the
micro-cracking area will be extracted from the
DIC results as proposed by Skarzynski [10].
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Abstract. This contribution discusses a coupled two-scale framework for hydro-mechanical problems
in saturated heterogeneous porous geomaterials. The heterogeneous nature of such materials can lead
to an anisotropy of the hydro-mechanical couplings and non-linear effects. Based on an assumed
model of the mesostructure, the average macroscopic hydro-mechanical behaviour is extracted by
means of a computational homogenisation procedure in a monolithic way. The ingredients needed to
upscale the hydro-mechanical couplings are outlined. The two-scale simulation results are compared
with direct numerical simulation for the consolidation of a particle-matrix porous material.

1 INTRODUCTION
The formulation of macroscopic constitutive

laws for the hydro-mechanical behaviour of het-
erogeneous porous geomaterials such as ma-
sonry, concrete or soil is complex. Due to the
hydro-mechanical couplings, non-linear effects
such as stress-induced permeability evolution
may occur. The mesostructure of geomaterials
may also result in the appearance of anisotropic
hydro-mechanical properties. The characterisa-
tion of such a behaviour by means of macro-
scopic closed-form constitutive laws is difficult
because of their complex formulation and the
costly identification of their parameters. As
a complementary approach, multi-scale com-
putational strategies aim at solving this issue
by deducing a homogenised response at struc-

tural scale from a representative volume ele-
ment of the fine scale (RVE), based on con-
stituents properties and averaging theorems, see
Figure 1. The constituents inside the RVE may
be modelled using a closed-form formulation,
depending on the multi-physical phenomena to
be represented. A variational homogenisation
procedure taking into account fine-scale tran-
sient phenomena and based on (strong) uniform
boundary conditions applied to the fine-scale
RVE was recently proposed for consolidation
problems in [1]. Here, a formulation using peri-
odic computational homogenisation will be pro-
posed for saturated heterogeneous porous me-
dia. The fine-scale constituents considered here
are made of a heterogeneous porous solid skele-
ton saturated with a compressible pore fluid
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such as water and are themselves represented
as homogeneous media. The heterogeneities in
the mechanical, hydraulic and coupling proper-
ties of the solid phases are thus considered at
the RVE level.

Figure 1: Principle of a two-scale nested computational
procedure for saturated hydro-mechanical problems.

2 COMPUTATIONAL HOMOGENISA-
TION

Computational homogenisation approaches
allow identifying equivalent homogenised con-
tinuum properties from the constituents consti-
tutive behaviour of a heterogeneous mesostruc-
tural RVE. The behaviour of each constituent
within the mesotructural RVE is assumed to be
a priori known. This allows the set-up of nested
computational procedures in which a sample of
the mesostructure is used to numerically deter-
mine the local macroscopic material response
of the heterogeneous material. The definition
of such a nested scheme essentially requires the
definition of four ingredients: (i) a fine-scale
constitutive description for the constituents, (ii)
the definition of a representative mesostructural
sample, (iii) the choice of a coarse-scale repre-
sentation, and (iv) the set-up of scale transitions
linking structural and fine-scale quantities.

Such methods were developed for the me-
chanical case in [2] and for thermo-mechanical
problems in [3, 4] using a staggered ap-
proach. Based on these methods, the scale-
transitions are here adapted for saturated hydro-
mechanical problems in a monolithic way based

on fine-scale steady-state information and peri-
odicity constraints applied at the boundary of
the RVE. Such constraints are classically re-
lated to the assumption of the separation of
scales; the material configuration is macroscop-
ically homogeneous, but mesoscopically het-
erogeneous [2].

3 TWO-SCALE FRAMEWORK FOR
SATURATED POROUS MEDIA

3.1 Macroscopic description
At the macroscopic scale, a classical porous

medium assumption [5] including material non-
lineartities is used to model the (evolving)
equivalent hydro-mechanical properties under
quasi-static conditions in the infinitesimal range
of deformation. The balance equations con-
sist of the momentum equilibrium and the mass
conservation equation

�∇M · σM +�b = �0 (1)
ζ̇M + �∇M · �qM = Qs (2)

where σM is the total stress tensor,�b is the body
force vector, ζM is the fluid content increment,
�qM is the fluid flow vector and Qs is a body
flow source. �∇M is the gradient operator with
respect to the coordinates at the macroscopic
scale. The total stress state of a fluid-saturated
porous medium is usually decomposed into an
effective stress state σ

eff
M of the solid skeleton

and a fluid pressure pM as follows

σM = σ
eff
M −αMpM (3)

where αM is the second-order Biot coefficient
tensor associated with the hydro-mechanical
couplings. The multi-physical couplings
of geomaterials generally present an initial
anisotropy [6] which can evolve due to dam-
age [7]. The quasi-brittle mechanical behaviour
of geomaterials is usually driven by a non-linear
constitutive law linking in a variational form the
variation of the effective stress tensor to varia-
tion of the strain tensor εM = (�∇M�uM)sym of the
solid skeleton

δσeff
M = 4

CM : δεM (4)

2
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where 4
CM is the tangent stiffness tensor of

the solid phase. The fluid transport within the
porous medium is driven by Darcy’s law

�qM = −κM
�∇MpM (5)

where κM is the permeability tensor. This pa-
rameter can evolve, for instance, in terms of the
effective stress state in geomaterials susceptible
to damage [8]. The increment of the fluid con-
tent is a storage function which depends on both
the mechanical and hydraulic behaviour as fol-
lows

ζM = αM : εM +
1

M
pM (6)

where 1/M is the compressibility modulus.
This parameter will be assumed constant for the
sake of simplicity.

3.2 Fine-scale description
In the context of a multi-scale framework,

the equivalent macroscopic (hydro-mechanical)
behaviour is obtained by means of nested com-
putations performed on a RVE where the het-
erogeneities observed at the fine scale are mod-
elled. This framework is called FE2 if finite
element modelling is used at both scales. At
the fine scale, any mesostructure and closed-
form law can be a priori postulated. In order
to focus on the upscaling of the coupled hydro-
mechanical properties, a mesostructure consist-
ing of a matrix with a single poroelastic inclu-
sion will be considered.

At fine scale, since the RVE size is assumed
to be small with respect to the structural dimen-
sions (separation of scales), the fine-scale tran-
sient effects are neglected, assuming a steady-
state (instantaneous) hydro-mechanical equilib-
rium within the RVE, in the same spirit as [3].
Neglecting body forces and sources inside the
RVE, the fine-scale hydro-mechanical balance
equations therefore read

�∇m · σm = �0 (7)
�∇m · �qm = 0 (8)

where σm is the fine-scale total stress tensor
and �qm is the fine-scale fluid flow vector. �∇m

is the gradient operator with respect to the co-
ordinates at RVE level. Note that due to the
steady-state assumption, both the hydraulic and
mechanical problems have the same format, i.e.
divergence-free balance equations. Note also
that the fluid content increment and the com-
pressibility modulus are not taken into account
at this level. Only the tangent stiffness 4

CM ,
the permeability κM and the hydro-mechanical
coupling αM take part in the formulation. In
this contribution, elastic properties with a stress
dependent permeability and anisotropic hydro-
mechanical couplings will be considered.

3.3 Non-linear homogenisation of coupled
hydro-mechanical properties

The equivalent macroscopic hydro-
mechanical properties of a heterogeneous
porous mesostructure can be deduced from a
steady-state hydro-mechanical problem solved
on a RVE. The link between the macroscopic
and fine scales is ensured by means of averaging
relations. For the mechanical case, the consis-
tency between scales is enforced for the strain,
the stress and the work variables, see [2]. For
the hydraulic case, averaging relations are de-
fined for the pressure gradient, the flow and the
entropy variables, by analogy with the thermal
case developed in [3]. All these averaging rela-
tions can be satisfied by appropriate boundary
conditions at the boundary of the RVE, among
which the periodicity constraints are the most
used.

Based on the macroscopic strain and pres-
sure gradient, the fine-scale displacement and
pressure profiles within the RVE can be ex-
pressed respectively by

�um(�x) = εM ·�x+ �uf(�x) (9)
pm(�x) = p k

m + �∇MpM ·(�x− �xk) (10)
+pf(�x) (11)

where p k
m is the pressure at an arbritary point �xk.

�uf(�x) and pf (�x) are the displacement and pres-
sure fluctuation fields, respectively. These fluc-
tuations are assumed periodic, i.e. taking equal
values on any two boundary points on the edges
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related by the periodicity relation [2, 3]. Such
fluctuations allow accounting for the material
heterogeneity inside the RVE for the hydraulic
and mechanical behaviours as well as their cou-
plings.

On the basis of the periodicity assumption,
the averaging relations allow one formulating a
boundary value problem on the RVE and con-
trolling its behaviour from degrees of freedom
at specific controlling points [2, 3]. The strain
measure εM and the pressure gradient measure
�∇MpM of the macroscopic description can then
be expressed in terms of controlling degrees of
freedom of the discretised RVE (three control-
ling dofs for the strain and two controlling dofs
for the pressure gradient).

The rigid body translations of the RVE are
implicitly inhibited by means of the assumed
displacement profile (9) without loss of gener-
ality. For the hydraulic case, since the (usual)
averaging relation is assumed for the gradient
of the pressure field, the fluid pressure level at
the fine scale can not be determined in a unique
way with this relation only. This level however
has to be prescribed properly inside the RVE
since it directly contributes to the total stress
level due to the hydro-mechanical coupling (3).
Note that the macroscopic pressure pM cannot
be directly applied on a fine-scale node. By
analogy with [3], this motivates to impose an
additional consistency (averaging relation) for
the pressure field between the macroscopic and
fine scales which reads

pM =
1

V

∫

V

pmdV (12)

where V is the RVE volume. Using a finite
element discretisation, Equation (12) leads to
a non-homogeneous tying relation. A phan-
tom node method can be used to prescribe the
independent term of this relation. A control-
ling degree of freedom associated to this term is
therefore added to the fine-scale system in order
to impose in an average sense the macroscopic
pressure level pM . Note that this tying relation
involves all the degrees of freedom of pressure
which significantly increases the band width of

the system to solve. The macroscopic pressure
gradient is also imposed in an average sense by
using non-homogeneous tying constraints.

Using the periodic displacement and pres-
sure boundary conditions, and the pressure con-
sistency between scales (12), the fine-scale
steady-state hydro-mechanical problem can be
solved in a monolithic way. The average macro-
scopic response, i.e. the total stress and the fluid
flow, can be extracted from the response of
the RVE condensed at the controlling degrees
of freedom. The macroscopic tangent stiff-
ness, permeability and the hydro-mechanical
coupling coefficients can also be extracted from
the condensation of the fine-scale system ma-
trix. Note that the upscaling of the coupling
coefficients is allowed by the additional degree
of freedom controlling the macroscopic pres-
sure level within the RVE and introduced by the
pressure consistency between scales (12).

Since transient phenomena are neglected at
fine scale, the fluid content increment and the
compressibility modulus can not be deduced
from the RVE response condensed at the con-
trolling degrees of freedom. The macroscopic
compressibility modulus is therefore deduced
from fine-scale quantities by an explicit vol-
ume integral on the RVE. The macroscopic fluid
content increment is then deduced by Equation
(6).

4 COMPARISON OF MULTI-SCALE
AND FINE-SCALE RESULTS ON TEX-
TURED POROUS MATERIALS

The proposed multi-scale scheme was im-
plemented using parallel computation. Two
cases of consolidation of heterogeneous tex-
tured porous materials are considered to illus-
trate the non-linear homogenisation procedure.
A periodic poroelastic inclusion-matrix mate-
rial is considered. A non-linearity is introduced
in the fluid transport by making the perme-
ability dependent of the effective stresses, and
the anisotropy of the hydro-mechanical cou-
pling is studied. The multi-scale solutions (MS)
are compared to direct numerical simulations
(DNS) used as a reference, keeping in mind that
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the scale separation assumption of the computa-
tional homogenisation procedure is not exactly
satisfied here.

4.1 Stress-induced permeability evolution
The considered consolidation case is a con-

fined column of dimensions 0.2 × 1 m2 with
a uniformly distributed compressive load of 1
MPa instantaneously applied on the top surface.
The top surface is permeable at a contant pres-
sure precribed to zero and the other edges are
impervious to fluid flow. The fine-scale struc-
ture is a periodic arrangement of square inclu-
sions embedded in a more permeable and softer
matrix. The unit cell used for the multi-scale
computation is therefore a square with a cen-
tered square particle, see Figure 2. The dimen-
sions of the unit cell are 0.05× 0.05 m2 and the
inclusion volume is around 50% of the cell vol-
ume. The material properties are heterogeneous
with respect to the elastic behaviour and the per-
meability, see Table 1. An arbitrary closed-form
law is chosen for the permeability in terms of
the effective stress in order to introduce non-
linearity in the problem. The permeability of
the matrix linearly depends on the volumetric
effective stress as follows [7]

κ = κi(1 + Aσeff
v ) (13)

where A is a constant coefficient, leading to a
decrease of permeability with volumetric com-
pression. The permeability of the inclusion is
kept constant, see Table 1. This case is com-
pared to the case where the permeability of the
matrix is independent of the stress state (κ = κi

or A = 0).

Table 1: Matrix (a) and inclusion (b) material parameters.
E is the Young modulus and ν is the Poisson ratio.

(a) (b)
E (GPa) 1 10
ν (-) 0.4 0.1

M (GPa) 5 5
α (-) 0.5 0.5

κi (m2/Pa.s) 3× 10
−9

3× 10
−10

A (MPa−1) 1 0

Figure 2: Configuration of the consolidation of a hetero-
geneous porous material made of a periodic arrangement
of square inclusions.

The time evolution of the pressure at the bot-
tom of the column is depicted in Figure 3 for
both constant and evolving permeability and for
both fine-scale and multi-scale models. The set-
tlement evolution is also shown in Figure 4.
Note that the settlement is taken at the mid-
depth of the column to avoid top boundary ef-
fect. The heterogeneities of both the mechani-
cal and hydraulic properties are correctly taken
into account by the multi-scale model. The de-
crease of the permeability and the related slower
decrease of the pressure with consolidation is
also well captured by the homogenisation pro-
cedure.

5
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Figure 3: Consolidation of a heterogeneous porous ma-
terial with constant permeability (blue) and evolving per-
meability (red). Comparison of the bottom pressure evo-
lution for direct numerical simulation (DNS - dot mark-
ers) and multi-scale simulation (MS - circle markers).
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Figure 4: Consolidation of a heterogeneous porous ma-
terial with constant permeability (blue) and evolving per-
meability (red). Comparison of the mid-depth settlement
evolution for direct numerical simulation (DNS - dot
markers) and multi-scale simulation (MS - circle mark-
ers).

4.2 Anisotropic hydro-mechanical cou-
plings

In order to introduce anisotropy, the same
case of consolidation is revisited with vertical
and horizontal rectangular inclusions, as de-
picted in Figure 5. The ratio of inclusion-matrix

volume is preserved with respect to the case of
square inclusions used in the previous exam-
ple. Heterogeneous elastic properties are con-
sidered with identical permeability in both ma-
trix and inclusion materials in order to focus on
the effect of an anisotropic hydro-mechanical
coupling. Homogeneous and heterogeneous
Biot coefficients are successively considered for
both fine-scale structures (vertical and horizon-
tal inclusion), see Table 2. Each multi-scale so-
lution is compared to the results of a direct nu-
merical simulation.

Table 2: Matrix (a) and inclusion (b) material parame-
ters for the homogeneous (hmg) and heterogeneous (htg)
cases regarding the Biot coefficient.

hmg htg
(a) (b) (a) (b)

E (GPa) 1 10 1 10
ν (-) 0.4 0.1 0.4 0.1

M (GPa) 5 5 5 5
α (-) 0.5 0.5 0.5 1

κ (m2/Pa.s) 3× 10
−13

3× 10
−13

Figure 5: Configurations of the consolidation of a hetero-
geneous porous material made of a periodic arrangement
of either vertical (V) or horizontal (H) rectangular inclu-
sions.

The bottom pressure evolution and the mid-
depth settlement are presented in Figures 6 and
7, respectively. Since the pressure vanishes at
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the end of each simulation, only the first time
steps are shown. It is observed that the hetero-
geneity of the hydro-mechanical coupling (in
blue) is properly captured by the homogenisa-
tion procedure with respect to the cases where
a homogeneous coupling is used (in red). At
the first time step, the multi-scale solution over-
estimates the presure with an error of less than
5% and underestimates the displacement with
an error of 2.2% (with respect to the DNS).
This error is decreasing with time and only the
anisotropy of the elastic parameters affects the
steady-state (final) settlement. The periodic-
ity condition imposed on the displacement and
pressure fields and the fact that the scale separa-
tion is not satisfied here could explain the initial
overestimation of the undrained stiffness. The
steady-state assumption at the fine scale could
also be an origin of the discrepancy between the
multi-scale and fine-scale results since the fluid
content increment depends on the Biot coeffi-
cients.
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Figure 6: Consolidation of a heterogeneous porous ma-
terial with vertical (V) and horizontal (H) inclusions for
homogeneous (hmg - red) and heterogeneous (htg - blue)
Biot coefficients. Comparison of the mid-depth settle-
ment evolution for direct numerical simulation (DNS -
dot and cross markers) and multi-scale simulation (MS -
circle and square markers).
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Figure 7: Consolidation of a heterogeneous porous ma-
terial with vertical (V) and horizontal (H) inclusions for
homogeneous (hmg - red) and heterogeneous (htg - blue)
Biot coefficients. Comparison of the mid-depth settle-
ment evolution for direct numerical simulation (DNS -
dot and cross markers) and multi-scale simulation (MS -
circle and square markers).

5 CONCLUSIONS
A non-linear computational homogenisa-

tion procedure was proposed for the hydro-
mechanical behaviour of saturated heteroge-
neous porous materials. Based on compu-
tational homogenisation approaches developed
for the mechanical and thermal cases [2, 3], an
enhancement of the scale transitions by means
of a consistency between scales on the pres-
sure field is proposed. It allows accounting
for the hydro-mechanical couplings in a mono-
lithic way. It was shown that the multi-scale
modelling yields results in good agreement with
respect to direct numerical simulations results
for consolidation cases in terms of displace-
ment and pressure evolution. In particular,
the multi-scale methodology allows taking into
account a stress-induced permeability evolu-
tion and an anisotropy of the hydro-mechanical
couplings. The periodicity argument and the
influence of the fine-scale transient phenom-
ena should be addressed in forthcoming pub-
lications. As a perspective, the methodology
proposed in [9, 10] where RVE computations
are used to model localised mechanical be-
haviour will be extended for the case of hydro-
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mechanical couplings. A damage model includ-
ing hydro-mechanical couplings will be incor-
porated at the RVE level in order to capture
damage-induced anisotropy with cracking and
fluid flow inside cracks.
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Abstract: This paper focuses on the discrete modeling of triaxial behavior of concrete. The model 
developed for simulating the response of concrete specimens takes into account the heterogeneity at 
the mesoscopic scale. Behaviors of mortar, rock, and their interaction are identified a priori, by 
means of experimental tests on the mortar and the rock. The construction method of the discrete 
element assembly is based on the 3D segmentation of tomographic images. Such a method allows 
the modeling of concrete at the mesoscopic scale with an internal structure similar to the one of the 
concrete tested experimentally. The comparisons between numerical and experimental results show 
the model is capable to reproduce the triaxial behavior of concrete for confining pressure varying 
from 0 to 650 MPa. 
 
 

1 INTRODUCTION 
This paper concerns the concrete behavior 

under extreme loading situations (ballistic 
impacts, penetration). During such loadings, 
concrete material undergoes severe triaxial 
loading [1,2]. Several authors characterized 
the triaxial behavior of concrete by performing 
quasi-static tests [3,4], like Gabet et al. [5,6], 
they used a very high capacity triaxial press to 
analyze the triaxial behavior of concrete under 
very high confinement. All of these studies led 
to the same conclusions, the confinement 
improves the strength of concrete and 
influences the failure pattern. Vu et al. showed 
that the Water/Cement ratio of the fresh 
mixture, which governs the uniaxial behavior, 
has no influence under high confining pressure 
whereas the saturation ratio of the hardened 
concrete becomes a predominant parameter 
[7,8].  

To build macroscopic models able to 
reproduce these experimental results, it is 

necessary to improve the understanding of 
mechanisms leading to the failure of concrete 
under high triaxial loading. In a previous paper 
X-ray tomography and optical observation 
methods were used to reveal the modification 
of damage modes with the increase of 
confinement [9,10]. One of the main 
limitations of the studies is the impossibility to 
access the visualization of the internal 
structure of concrete during the loading. In 
order to improve the analysis of cracks 
patterns the multiphase modeling, that takes 
into account the heterogeneities of the 
material, can be a useful tool since it enables 
accessing the internal structure of concrete at 
any time of the numerical test. Recently, 
mesoscopic models have been developed in 
order to differentiate the elements 
corresponding to the mortar from the one of 
the biggest aggregates [11,12] and possibly to 
the interface between both constituents [13]. 
These models are capable of reproducing 
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concrete behavior for a more or less important 
range of experimental tests [14]. 

The aim of this paper is to present a 
mesoscopic modeling, using the principles of 
lattice models [15] and discrete element 
method [16], able to reproduce concrete 
behavior under severe triaxial loading. The 
originality of the paper comes from the 
predictive feature of the developed model on 
the one hand; the behavior of mortar, 
aggregates and their interaction being 
identified a priori or from experimental tests 
realized on the mortar and the rock. On the 
other hand, the numerical sample construction 
relies on the 3D segmentation of tomographic 
images of the concrete. Such a construction 
method enables to obtain a numerical 
specimen with an internal structure similar to 
the real one, which gives hope for future work 
in the possibility to compare experimental 
cracks patterns with numerical ones. 

The first part of this paper will cover the 
construction method of the numerical 
specimen. The different steps allowing 
obtaining an assembly of spheres that 
represents the real mesostructure of the 
concrete will be detailed. Subsequently, the 
features of the model will be presented, i.e. the 
different types of interactions and the laws 
governing their behavior. Since concrete is 
modeled as large aggregates surrounded by 
mortar, the third part will be devoted to the 
macroscopic modeling of these two 
constituents in order to identify the 
constitutive parameters associated to the 
interactions mortar-mortar and aggregate-
aggregate and aggregate-mortar. Finally, the 
ability of the model to reproduce the triaxial 
behavior of concrete will be shown. 

2 CONSTRUCTION OF THE 
NUMERICAL CONCRETE SPECIMEN 

The numerical concrete specimen 
corresponds to a cubic and heterogeneous 
assembly of spheres that interact with each 
other. The distribution of material throughout 
spheres of different sizes enables to work 
easily with contact interactions that mainly 
occur after failure of cohesive interactions. 

This assembly is heterogeneous in the meaning 
that the spheres represent materials of two 
different natures: rock and mortar. In addition, 
the macropores are taken into account and 
represented by the absence of spheres. The 
construction of this sample is based on a three-
step procedure: the segmentation of images 
representing the concrete mesostructure, the 
assemblage of spheres and the identification of 
the nature of spheres. 

2.1 Segmentation of images representing 
concrete mesostructure 

The R30A7 concrete material used in the 
X-ray tomographic observations has been 
extensively studied by Gabet et al. [5,6], Vu et 
al. [7,8], and Malecot et al. [17]. Segmentation 
is a process that consists in partitioning an 
image into multiple segments (set of pixels) 
sharing certain characteristics. For the purpose 
of this study, two segmentation methods have 
been developed and then applied to X-ray 
tomographic images (slices) of R30A7 
concrete. The scan parameters were chosen to 
well represent the mesostructure on the slices. 
Consequently, the concrete can be seen as a 
triphasic material, constituted of mortar, 
aggregates and macropores (entrapped 
porosity). Figure 1 (a) exhibits one of the 
slices of a cylindrical specimen: the lowest 
gray levels (black) represent the pores, the 
highest ones the aggregates and those 
intermediate the mortar. Thus, the aim of these 
two segmentation methods is to isolate the 
mortar and aggregates in order to create a new 
concrete specimen in which the meso-
constituents are well localized. 

Entrapped porosity segmentation 
The entrapped porosity segmentation is 

detailed in the article of Poinard et al. [9]. The 
image processing used, called thresholding, 
consists in transforming a gray level image 
into a binary image through a threshold gray 
level. In our case, since there is an uncertainty 
on the threshold gray level, it has been 
identified in order to obtain a value of porosity 
corresponding to the entrapped porosity 
measured experimentally. Figure 1 (b) presents 
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the result of the thresholding step. In order to 
have an image constituted only of pores, it is 
then required to remove the background 
(Figure 1(c)). This porosity segmentation can 
be applied slice by slice or to a volume as 
well.  

 
(a)   (b) 

 
(c) 

Figure 1: Step of porosity segmentation 
(a) concrete slice obtained by Rx tomography 

(b) after threshold processing 
(c) after removing the background 

Aggregates segmentation  
The segmentation of aggregates is more 

complicated to realize since the grey levels of 
both aggregates and mortar are partially mixed 
up. Nevertheless, on the slices representing the 
R30A7 concrete mesostructure, these two 
constituents exhibit a different feature, which 
is the homogeneity of the gray levels. Thus, 
the aggregates segmentation method is based 
on a “standard deviation” filter that enables to 
differentiate the gray levels of mortar from the 
ones of aggregates. Since the segmentation is 
applied to a set of slices, and so a volume, the 
standard deviation filter used is cubic. Its size 
has been chosen in order to obtain the best 
segmentation as possible. Figure 2 exhibits 
one of the slices of the cylindrical specimen 
before and after application of the standard 
deviation filter. It clearly appears, on both 
treated slices and associated gray level 
histogram, that the aggregates are now 
represented by gray levels higher than the ones 
of mortar (two peaks on the gray level 

histogram), even if there is a small overlap. 
After the application of the standard deviation 
filter, a thresholding step allows to isolate the 
voxels corresponding to the aggregates. To do 
that, the threshold grey level is set to the 
minimal value between both peaks. Finally, 
simple modifications such as removing 
porosity are applied to obtain images 
representing only the large aggregates. Figure 
3(a) exhibits a slice once the aggregates 
segmentation is done. Once the aggregates and 
porosity segmentations are done, they are 
combined to rebuild the concrete volume 
(Figure 3(b)). 

 
Figure 2: First steps of aggregates segmentation - 

application of the standard deviation filter 
 

 
(a) 

 
(b) 

Figure 3: (a) Final result of aggregates segmentation (b) 
Combination of both aggregates and porosity 

segmentations 
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2.2 The spheres assembly construction 
The spheres assembly construction is 

independent of what has been done in the 
previous section. This step starts by meshing a 
cube with tetrahedrons and continues by the 
application of an algorithm allowing obtaining 
an assembly of spheres. This algorithm 
described in Jerrier et al. [19], consists in 
filling each tetrahedron with spheres in the 
following way: 

- at the center of each edge 
- on the nodes 
- on the triangular faces 
- at the center of tetrahedron 
- and in the void space 

The interest of such a process is to provide 
an isotropic assembly of different size spheres 
assuring no orientation preference during 
failure. A cubic assembly of 9449 spheres was 
made for the purpose of this study. 

2.3 Identification of the nature of spheres 
The identification of the spheres nature 

consists in overlaying both cubes, the one 
segmented (section 2.1) and the one composed 
of spheres (section 2.2). The material is then 
assigned to each sphere depending on its 
position in the segmented cube. In addition, 
the spheres corresponding to the pores are 
removed out of the assembly what reduces the 
total number of spheres from 9449 to 9113. 
The Figure 4 exhibits the mesostructure of 
R30A7 concrete in both segmented cube and 
numerical specimen. For the assembly of 
spheres, visualization by Voronoï cells has 
been chosen with a representation of pores. 

Table 1 presents the volume percentages of 
the different materials in a REV of concrete, in 
the segmented cube and in the numerical 
concrete sample of 9113 spheres. The 
proportions of the R30A7 meso-constituents 
are well preserved in the segmented cube and 
in the assembly of spheres. Nevertheless, it 
must be mentioned that even if the porosity 
percentages are very close, the number of 
pores in the numerical specimen is strongly 
reduced. 

 
 

 
(a) 

 
(b) 

Figure 4: Mesostructure of a R30A7 concrete: 
(a) in the segmented cube, black = pores, white = 

aggregates, grey = mortar 
(b) in the assembly of 9449 Voronoï cells, green = 

pores, red = aggregates, blue = mortar 
 

Table 1: Proportions of components of R30A7 
mesostructure 

 REV of  
concrete 

Segmented 
cube 

Assembly 
of 9113 
spheres 

Mortar  
(%) 59.5 63.4 62.8 

Aggregates 
(%) 37 33.2 33.7 

Entrapped 
porosity (%) 3.5 3.4 3.5 

 
 

3 THE DISCRETE MODEL 
The particularity of the proposed discrete 

method relies on the use of both the principle 
of the lattice model, in which the specimen is 
represented by network of beams, and the 
principle of the classical discrete element 
method, in which the material is represented 
by a collection of rigid spheres interacting by 
contacts. The combination of these two models 
enables reproducing the triaxial behavior of 
concrete up to very high confining pressures. 

2.
5 

cm
 

2.
5 

cm
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3.1 The interactions 
Two kinds of interaction are distinguished 

in the model: the cohesive interactions (beam 
network) and the contacts. The cohesive 
interactions govern an important part of 
concrete behavior, particularly in the absence 
of the confinement. They are created at the 
beginning of the simulation, before any 
displacement, if the initial distance Dinit 
between two spheres is sufficiently small (1). 
The interaction radius !coh  is defined in order 
to obtain an average of 12 cohesive 
interactions by sphere, what assures a good 
reproducibility of the elastic features (Hentz et 
al. [18] and Rousseau et al. [20,21]). The 
cohesive interactions may break during 
simulation. 
 
!coh.(Ra+Rb) " Dinit (1) 

 
where Ra, Rb, Dinit are defined in Figure 5. The 
contact interactions are required to reproduce 
the behavior of concrete under high 
confinement. They occur during the simulation 
when two spheres, not linked by a cohesive 
interaction, get significantly closer. Actually, 
most of the contacts appear in place of 
cohesive interactions broken in traction, when 
the two spheres come back to the initial 
distance. 

 
Figure 5: Features of an interaction 

3.2 The behavior laws 
This section presents briefly the behavior 

laws introduced at the interaction scale. The 
interaction force F representing the action of 
element a on element b (Figure 5) can be 
decomposed into a normal force FN and a 
shear force FS. Figure 6 presents the relation 
between the normal force and the distance D 
between the centers of the two spheres. 

 

 
Figure 6: Normal behavior law of cohesive and contact 

interactions 
 

The compressive behavior of interactions is 
similar to the one observed at the macroscopic 
scale for cement matrix materials during 
hydrostatic compression tests. It starts by a 
linear elastic phase governed by the stiffness 
KN (2), what is followed by a compaction 
phase controlled by the non-linear stiffness 
KN2 (3). After the consolidation point, the 
behavior is linear elastic with a stiffness 
KN3>KN (4). 

                                                    (2)  

                   (3) 

     (4) 

 

(1) 

An elastic brittle law with damage governs 
the tensile behavior of cohesive interactions. 
The failure appears when the normal force 
exceeds the tensile strength and is more or less 
brittle depending on the value of the softening 
parameter ".  

The tangential behavior is governed by the 
tangential stiffness KS (Figure 5) through the 
modified Mohr coulomb law (Figure 7). The 
limitation of the tangential force facilitates the 
tangential sliding and so the arrival of the 
failure of interactions. It must be noted that to 
take into account the elements size variation, 
the surface Sint, defined by Min(#Ra$, #Rb$) 
(Figure 5) is used. 
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Figure 7: Modified Mohr Coulomb criterion 

3.3 Strategy for modeling the concrete 
behavior at the mesoscopic scale 

The behavior laws presented in the previous 
part are governed by numerous parameters that 
need to be identified. Since concrete is 
modeled as a heterogeneous material, these 
parameters depend on the nature of the 
interaction: mortar-mortar, mortar-aggregate, 
etc. The strategy consists of modeling mortar 
and rock as homogeneous materials in order to 
determine the parameters of interactions 
mortar-mortar and aggregate-aggregate. The 
following steps of the trial and error 
identification procedure are performed: 
¥ Simple compression tests to identify the 

normal stiffness KN and the tangential 
stiffness KS that reproduce the elastic 
features E, # of the material. 

¥ Simple compression tests and tensile tests 
to identify T, " and C0 that reproduce as 
much as possible the pre and post peak 
behavior of the material.  

¥ Hydrostatic compression tests to identify 
the nonlinear stiffness KN2 

¥ Triaxial compression tests at different 
confining pressures to identify the 
parameters C1, $i and $c. 

For the aggregate-mortar interaction, since we 
don’t have any experimental tests, an a priori 
identification of the parameters is performed, 
what will be detailed in section 5.1. 

4. MACROSCOPIC MODELING OF 
THE CONSTITUENTS EXISTING IN 
THE MESOSTUCTURE OF CONCRETE 

4.1 Mortar 
This section shows the capability of the 

model to simulate the behavior of mortar 

characterized experimentally by Dupray et al. 
[12]. Simple compression test presented in 
Figure 8 shows very good reproducibility of 
experimental results in terms of elastic 
parameters, limit states (stress peak and 
contractancy-dilantancy transition) and post 
peak behavior. 

 
(a) 

 
(b) 

Figure 8: Uniaxial behavior of mortar 
(a) axial and transverse behavior 

(b) volumetric behavior 
 

Figure 9 interests in the triaxial 
compression tests at different levels of 
confinement. The numerical sample 
reproduces in a remarkable way the behavior 
of mortar: not only are the contractancy-
dilatancy transition reproduced, but also the 
shape of curves. The increase in ductility with 
the confining pressure found experimentally is 
also observed numerically. The stiffness of the 
numerical specimen is significantly lower than 
the one of the mortar at the early stages of 
deviatoric loading at high confinement. This 
difference can be largely explained by the 
creep existing at the beginning of the 
deviatoric part of the experimental test and not 
taken into account in the simulations. 
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(a) 

 
(b) 

Figure 9: Triaxial behavior of mortar 
(a) axial and transverse behavior 

(b) volumetric behavior 

4.2 Rock 
The behavior of the quartzite sandstone 

existing in the form of aggregates in the 
R30A7 concrete has been characterized 
through experimental tests: uniaxial 
compression, triaxial compression at 50 MPa, 
hydrostatic compression and Brazilian test. 
Figure 10 shows the comparison between 
numerical and experimental results for three 
different compressive tests. We can observe 
that the elastic features, the stress peaks and 
the post peak behaviors are well reproduced by 
the model. Nevertheless it must be mentioned 
that it is not possible to satisfactorily 
reproduce the value of tensile strength 
determined from the Brazilian test (23 MPa) at 
the same time. It remains overestimated and 
equal to 40 MPa. 

 
(a) 

 
(b) 

 
(c) 

Figure 10: Behavior of  a quartzite sandstone 
(a) uniaxial compression 

(b) triaxial compression at 50 MPa 
(c) hydrostatic compression  

5. MESOSCOPIC MODELING OF 
CONCRETE TRIAXIAL BEHAVIOR 

The simulations presented in section 4 
allowed to identify the parameters of mortar-
mortar interaction and aggregate-aggregate 
interaction. Therefore, the parameters of two 
other types of interaction must be determined: 
mortar-aggregate and aggregate-aggregate 
(two different aggregates). The parameters 
governing aggregate-aggregate interaction 
were chosen equal to those of mortar-

TRX60 

TXT120 

TXT300 

TXT650 

TRX60 

TXT120 

TXT300 

TXT650 
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aggregate interaction what is justified by their 
low percentage and the fact that a layer of 
mortar inevitably separates two aggregates. 

5.1 Parameters identification of aggregate-
mortar interaction 

The parameters of the aggregate-mortar 
interaction are identified in an a priori manner 
due to the lack of experimental results. For the 
microscopic stiffnesses KN and KS governing 
the elastic behavior, the mean of the stiffnesses 
of rock and mortar are used. This choice is 
explained by the fact that the stiffness of an 
aggregate-mortar interaction can be seen as 
two stiffnesses in series, the one of mortar and 
the one of rock. Equation 5 presents the 
computation of the normal stiffness KN 
defined by KN_interface for the aggregate-mortar 
interaction. 

        (5) 

Some authors showed that there exist the 
“Interfacial Transition Zone” between 
aggregates and cement paste that exhibits poor 
mechanical properties [22]. In order to take 
into account the weakness of this zone, the 
strength properties (T,C0) are chosen as mortar 
properties divided by the degradation 
coefficient, which is calibrated to reproduce 
the uniaxial strength. The other parameters of 
the aggregate-mortar interaction were chosen 
in order to obtain the best reproduction of the 
triaxial behavior of R30A7 concrete. 

5.2 Behavior of the numerical concrete 
Figures 11 et 12 shows the ability of the 

numerical concrete, defined as an 
heterogeneous assembly of spheres, to 
simulate the behavior of R30A7 concrete 
under compression tests more or less confined. 
The curves presented in Figure 11 show that 
the numerical concrete behaves in a quasi-
identical manner with the real concrete during 
a uniaxial compressive test. The only 
difference concerns the post peak phase when 
the behavior is slightly less brittle numerically 
than experimentally. 

 
(a) 

 
(b) 

Figure 11: Uniaxial behavior of concrete 
(a) axial and transverse behavior 

(b) volumetric behavior 

Figure 12 shows that the model is also 
efficient when simulating the triaxial 
compression tests at confinement ranging from 
50 to 650 MPa. Indeed, the limit states (stress 
peak or plateau and contractancy-dilatancy 
transition) of the numerical and real concrete 
occur at comparable stress and strain levels, 
particularly for the low confinement. At the 
650 MPa of confinement, the model slightly 
under estimates concrete strength. 
 

12 CONCLUSIONS 
A discrete model was used to reproduce the 

triaxial behavior of concrete. The model is 
realized at the mesoscopic scale, what means 
that the features of the three concrete 
mesostructure constituents: aggregates, mortar, 
pores, and their interaction are taken into 
account. In addition, in order to perform 
simulations on a numerical specimen similar to 
the real concrete, an original method of mesh 
conception based on the segmentation of 
tomographic images has been developed. 
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(a) 

 
(b) 

Figure 12: Triaxial behavior of concrete 
(a) axial and transverse behavior 

(b) volumetric behavior 

The comparison between behavior curves 
coming from simulations and experimental 
tests showed the model is capable to reproduce 
the concrete response under triaxial loading 
more or less confined. Nevertheless, a 
macroscopic modeling, that is simpler, would 
be as much efficient. Besides, it was used to 
reproduce the behavior of mortar. 

This mesoscopic modeling method is thus 
developed in order to improve the 
understanding of mechanisms leading to the 
failure of concrete subjected to high triaxial 
loadings, on one hand. Besides, work on the 
damage visualization is being developed in 
order to assess the model ability to reproduce 
the mechanisms observed experimentally. On 
the other hand, such a model, if it is enough 
consistent, might progressively replace the 
experimental tests to study the influence of the 
concrete mesostructure (aggregates size, 
aggregates volume/mortar volume, 
macroporosity, etc.) on the triaxial behavior. 
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Abstract. Adding sufficient quantities of steel fibers to concrete has long been known to transition
a relatively brittle material to a relatively ductile one. That transition is made possible by a number
of well known toughening mechanisms including, fiber-matrix debonding and pull-out, additional
matrix cracking, as well as fiber bending and fracture. In the work here, we seek to measure these dif-
ferent energy dissipation mechanisms through the analysis of 3D microstructural images. Reinforced
and unreinforced flexure specimens of ultra high performance concrete were scanned using an x-ray
computed tomography (CT) imaging system that allowed quantitative measurement and characteriza-
tion of internal features. The CT imaging was done in conjunction with three point bending tests of
notched specimens. Unreinforced specimens were used to measure specific fracture energy in a way
that accounts for the irregular shape of the fracture surface. For fiber-reinforced specimens, 3D digital
image analysis techniques were used to measure fiber volume fraction, as well as the orientation of
individual fibers. In post-fracture scans, the total amount of internal cracking was measured, as was
the degree of fiber pullout relative to undamaged specimens. Measurements show that with a nominal
steel fiber volume fraction between 3.5 and 4.0%, there is a hundred-fold increase in energy dissi-
pated. Through quantitative analysis of the tomographic images, we could account for roughly 90%
of this increase. The analysis shows that roughly half of the internal energy dissipation comes from
matrix cracking, including the crack branching and multiple crack systems facilitated by the fibers,
while the remaining energy dissipation is due to fiber pull-out.

1 INTRODUCTION

The technological significance of reinforc-
ing cement-based composites with steel fibers
is well established and well documented (e.g.
[1, 2]). The presence of fibers can convert the
brittle matrix to a toughened high performance
composite. The mechanisms that facilitate this
transition are well established: matrix tough-
ening through multiple cracking, fiber pullout,
and fiber deformation fracture, and others. The
evidence pointing to the role of these mecha-
nisms is substantial. What is not documented as

well, however, are quantitative measurements
that isolate the relative contributions of the dif-
ferent toughening mechanisms. That is, we can
easily measure the overall increase in the work
of load required to deform a fiber-reinforced
specimen compared to an unreinforced speci-
men, but it is much more difficult to quantify
the relative contributions to this increase by the
different toughening mechanisms.

In the work described in this paper, we com-
bine simple laboratory mechanical testing with
advanced 3D imaging and image analysis to

1
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isolate and measure the relative contributions
of different micromechanical phenomena to the
overall increase in the energy dissipation ca-
pacity of the material. We focus on a particu-
lar combination of high strength reactive pow-
der concrete with hooked steel fibers. Reactive
powder concrete is quite brittle due to its rel-
atively homogeneous microstructure (as com-
pared with conventional portland cement con-
crete), and as such, the addition of a relatively
high volume fraction of steel fibers lead to or-
ders of magnitude increase in overall toughness.

The motivation for this work is to quantify
the energy associated with different microme-
chanical phenomena so that we have a more
fundamental basis for numerical material mod-
els. The assumption being that if we can better
capture the micromechanical mechanisms, our
models will be more universal and less depen-
dent on different calibrations for different geo-
metric or loading conditions.

2 MATERIALS

The specimens used in this study were plain
and reinforced reactive powder concrete. Re-
active powder concretes are high performance
cement-based materials with low water to ce-
ment ratios, high cement paste contents, and
no coarse aggregate particles [3]. “Aggregates”
consist of a fine (0.6 mm maximum nominal di-
ameter) silica sand and fine silica flour. Cemen-
titious materials are type H portland cement and
silica fume. Because of the low water-cement
ratios, high range water reducing admixtures
are required for proper workability.

The specimens used in this study were pro-
portioned according to the quantities listed in
Table 1, and according to the details provided
in Williams et al [4]. Freshly cast specimens
were placed in an environmental chamber held
at 22◦C and 100% RH. After 7 days, specimens
were submerged in an 85◦C bath for four days,
and then oven dried at 85◦C for 2 days. The
material had a nominal compressive strength of
200 MPa.

Table 1: Table of Concrete Matrix Constituents

Constituent % by mass
Cement 35.0
Sand 33.8
Silica Flour 9.7
Silica Fume 13.6
Superplasticizer 0.6
Water 7.3

Some of the specimens were reinforced with
nominally 3.6% steel fibers by volume. The
steel fibers were 30 mm long and 0.55 mm di-
ameter. The ends of the fibers were deformed
to improve pull-out capacity. The manufacturer
(Dramix) specifies an elastic modulus of 200
GPa and a tensile strength of 1100 MPa. Fibers
were added to the fresh concrete after it reached
a flowable consistency. Fibers were dispersed
by continued mixing of the material.

The plain and reinforced beam specimens
used in this study were cast with nominal di-
mensions of 220 by 48 by 30 mm, length, depth,
and width, respectively. After curing, a 5 mm
wide by 18 mm deep saw cut was made at the
midspan.

3 Experiments
3.1 Three Point Bending Tests

All specimens considered here were sub-
jected to three-point bending tests using the ex-
perimental configuration illustrated in Fig. 1.
Unreinforced specimens were tested using
crack mouth opening displacement (CMOD)
control to ensure stable crack growth. Load was
applied such that CMOD opened at a rate of
0.15 mm/min. Because of the stable crack con-
figuration, specimens could be loaded until the
load on the specimen was nearly zero and the
crack propagated nearly the entire depth of the
specimen. For this work, tests were completed
when the load on the specimen dropped be-
low 1% of the maximum. For reinforced spec-
imens, stable crack growth was not an issue, as
all specimens exhibited highly ductile behavior.
As such, the specimens were tested using po-
sition (stroke) control, at a deformation rate of

2
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0.15 mm/min. The test ran until the load on the
specimen was approximately 50% of the max-
imum. Midspan deformation was measured by
a pair of LVDT displacement gages mounted to
the three-point bend fixture. The test fixture was
sufficiently stiff so that deformation of supports
did not cause more than 1% error in the defor-
mation measurement.

CMOD gage

LVDT

48 mm
18 mm

200 mm
220 mm

Figure 1: Schematic illustration test configuration.

Example load-deformation plots for unre-
inforced and reinforced specimens are shown
in Fig. 2. Note the difference in the load-
deformation responses of the two specimen
types. The reinforced specimen has eight times
the load and ten times the deformation, as com-
pared to the unreinforced specimen.
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Figure 2: Example load-midspan deflection plot for un-
reinforced and reinforced specimens.

For both specimen types, the work of load
was determined by calculating the area under

the load-deformation plots. In the case of the
reinforced specimens, all of which still carried
significant loads at the end of testing, the area
under the unloading portion of the curve is sub-
tracted, leading to what is referred to here as
net work of load, Wext, as illustrated in Fig. 3.
In the case of the unreinforced and reinforced
specimens whose plots are shown in Fig. 2,
the reinforced specimen has nearly 120 times
greater net work of load.
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Figure 3: Illustration of net work of load calculation
based on load-deflection data.

3.2 X-ray Computed Tomography
The internal structure of the specimens

tested was evaluated by exploiting 3D x-ray
computed tomographic (CT) imaging. CT im-
ages are 3D maps of x-ray absorption in a ma-
terial. The imaging is accomplished by mak-
ing multiple x-ray radiographs of a specimen at
different angles. A tomographic reconstruction
manipulates the 2D radiographs in such a way
to produce a complete 3D image of the speci-
men’s internal structure. Internal features such
as pores, cracks, and fibers can be precisely lo-
cated inside the specimen. X-ray CT techniques
have been applied to concrete by a number of
researchers [5, 6] because of its versatility in
spatial imaging.

In this work, tomographic scans were made
with an industrial scale CT system consisting of
a microfocus x-ray source operating at 120kV
and 0.875 µA. X-rays were passed through a
1.25 mm copper filter to remove lower energy

3
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components, thereby reducing beam-hardening
artifacts. During tomographic scans, 720 pro-
jection radiographs were captured by a 2000
x 2000 pixel detector at 0.5◦ angle increments
over a complete 360◦ rotation. A complete to-
mographic scan took approximately 110 min-
utes. Tomographic reconstruction was done us-
ing a proprietary algorithm produced by the in-
strument vendor (Northstar Imaging, Inc.). The
reconstruction process produced a 3D image
volume of 2000 x 2000 x 2000 voxels covering
a volume of 60 x 60 x 60 mm, with each voxel
being a 30 µm cube. Example raw and pro-
cessed tomographic images are shown in Fig. 4.
In these images, brightness is proportional to x-
ray absorption, so highly absorptive steel fibers
are light, while voids and cracks are dark. It
should be emphasized that since Fig. 4(a) just
shows a single slice, overall fiber morphology
is not necessarily visible. What is shown is
the intersection of fibers with the particular 2D
plane. The 3D rendering of Fig. 4(b) better il-
lustrates fiber orientation and morphology due
to the partial transparency of the surrounding
concrete matrix.

Because the beams have a high aspect ratio
relative to the geometry of the CT scanner used
in this work, only the middle third of the beam
was scanned. The nature of localized damage
induced in the three-point bending configura-
tion gave reasonable assurance that no cracking
occurred outside the region scanned.

(a)     (b) 

Figure 4: Example segments of tomographic reconstruc-
tion: (a) slice image (b) 3D rendering with partial trans-
parency.

4 3D Image Processing
Images such as those shown in Fig. 4 are

valuable for providing a qualitative picture of a
material’s internal structure, but the digital na-
ture of the image data allows us to make nu-
merous quantitative measurements as well. In
this section, we detail several techniques used
to quantify internal structure, and how we can
use that information to deduce relative magni-
tudes of energy dissipation.

4.1 Fracture Surfaces of Unreinforced
Concrete

The first step in our image analysis was to
measure the fracture surface area of the unrein-
forced specimens. In this work, we applied an
approach that allowed us to consider the irreg-
ular and non-euclidean nature of fracture sur-
faces by exploiting the 3D imaging capabili-
ties of x-ray CT. Specifically, we can isolate the
fracture surface by first segmenting the images
to separate solid from void or air. From this
segmented image, the surface of the specimen
can be identified, as shown in Fig. 5(a). The
fracture surface is removed from the rest of the
specimen boundary through a 3D “cropping” as
illustrated in Fig. 5(b). The surface area is de-
termined by adding up all the voxel faces that
make up the surface for both crack faces.

(b)(a)

Figure 5: 3D rendering of fracture surface of unrein-
forced specimen (a), and extracted fracture surface (b).

As discussed in more detail below, this sur-
face area measurement is used to determine the
energy dissipated by cracking in the fiber rein-
forced specimens.

4
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4.2 Fiber Volume Fraction
As previously noted and illustrated in Fig. 4,

the highly absorptive nature of the fibers rel-
ative to the concrete matrix means that digi-
tal separation or segmentation can easily be ac-
complished based on voxel brightness. Specif-
ically, a threshold value is chosen so that any
voxel that has a brightness greater than or equal
to the threshold is considered part of a fiber,
while any voxel below the threshold is consid-
ered to be concrete or air. It should be noted
that varying this threshold value can lead to dif-
ferent numbers of fiber voxels. In order to set a
correct threshold value, the diameters of fibers
isolated in the 3D image were compared to the
true fiber diameter of 0.55 mm. The threshold
value was established so that the average image-
based fiber diameter was also 0.55 mm.

Table 2: Table of Typical Reinforced Beam Properties

Beam Vf (%) Pmax (N) Wext (mJ)

1 3.54 3832 10480

2 3.46 3686 14240

3 4.16 3479 7080

4 3.77 2343 7300

5 3.99 4186 14580

6 4.03 3911 11600

Table 2 shows sample values of fiber vol-
ume fraction along with the corresponding peak
load and net work of load. Of note is the fact
that these fiber volume fractions are compara-
ble with that dictated by the mix design. This
indicates that although only the central section
of the beams was scanned, the volume scanned
was representative of the entire specimen vol-
ume. Also of interest in the table is the rela-
tionship between fiber volume fraction and both
peak load and net work of load. While one
might expect the fiber volume fraction to affect
both, the table shows no relationship within the
range of the fiber volume fraction tested. As
shown below however, the orientation of the
fibers has a pronounced affect.

4.3 Analysis of Fiber Orientation

The orientation of reinforcement dictates the
performance of the composite to a significant
degree. For this analysis, a method based on
the work of Krause et al. [7], Lorenz [8], and
Nagel [9] was used to find the orientation of
reinforcement at every voxel comprising the fi-
brous reinforcement. The method is based on
the Hessian matrix, a square second order ten-
sor containing the partial derivatives of a func-
tion measuring the local curvature. Use of the
Hessian matrix depends on the assumption that
the 3D digital volume represents the discretized
version of a continuous, twice differentiable 3D
function [7].

In this study, the Hessian analysis was con-
ducted on a twice lowpass filtered volume. The
initial filtering with a block kernel smooths the
fiber surfaces, and subsequent filtering with a
Gaussian kernel smooths the local peaks in in-
tensity at fibers. Initial filtering reduces the ef-
fects of noise on the second derivatives in the
Hessian [9]. After lowpass filtering was com-
plete, the Hessian, H(I), was formulated from
the image intensity at each fiber point. Specifi-
cally:

H(I) =

∂2I
∂x2

∂2I
∂x∂y

∂2I
∂x∂z

∂2I
∂y∂x

∂2I
∂y2

∂2I
∂y∂z

∂2I
∂z∂x

∂2I
∂z∂y

∂2I
∂z2

, (1)

where I is the voxel intensity at point (x, y, z).
The fiber orientation at that point is defined by
the eigenvector of H(I) corresponding to the
third eigenvalue. This vector indicates the di-
rection in which there is the least variation in
intensity; acceptance of this as the fiber ori-
entation is based on the observation that the
transverse axes of a fiber will have highly nega-
tive second derivatives due to the peak in inten-
sity, while moving along the longitudinal axis
will not produce a substantial change in inten-
sity [8]. Fig. 6 illustrates the orientation vectors
generated for a set of fibers using this method.
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(b)(a)

Figure 6: 3D rendering of isolated fiber segments (a),
with corresponding vector representation (b).

The fiber orientation is critical to material
performance. Fig. 7 shows fiber angle dis-
tributions for three different beam specimens
of varying fiber volume fraction, Vf , strength,
Pmax, and bulk energy absorption (labeled as
net work of load, Wext). All three specimens
shown have a reasonably similar fiber volume
fraction; however, they each have a very differ-
ent peak load and net work of load. The basis
for these differences can be seen in the orien-
tation distribution. While all three have a fiber
angle mode of about 22◦, Beam 4 has a much
higher fraction of fibers oriented at higher an-
gles. In the limit cases, a fiber with an angle
approaching 0◦ would be most efficient, while
a fiber at 90◦ would provide no reinforcement.
Indeed, fibers oriented transversely to the direc-
tion of maximum stress can even act as a path-
way to facilitate crack growth, weakening the
specimen. Thus, the specimen with the high-
est concentration of fibers oriented between 0
and 40◦ (Beam 5) also has the highest peak load
and the highest bulk energy absorption. Beam
2 has high energy absorption, but a 12% lower
peak load due perhaps to a cluster of trans-
versely oriented fibers. Beam 4 is the weakest
and has the lowest energy absorption due to the
fewest number of fibers aligned with the speci-
men axis.
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Beam 5 (Vf = 3.99%)
Pmax = 4.19 kN
Wext = 14.6 J

Beam 2 (Vf = 3.46%)
Pmax = 3.69 kN
Wext = 14.2 J

Beam 4 (Vf = 3.77%)
Pmax = 2.34 kN

Wext = 7.9 J

Figure 7: Histograms of fiber orientation in three differ-
ent specimens. Fiber angle, theta, is measured from the
fiber axis to the longitudinal axis of the beam.

4.4 Measurement of Fiber Debonding and
Pull-out

As fiber pull-out is an important toughen-
ing mechanism for fiber reinforced composites,
great care was taken in this work to measure its
effects on overall toughness. In this study, the
extent of fiber pullout was measured manually
by visually identifying fibers displaying pullout
and then measuring the distance of pullout us-
ing the digital image. Fig. 8(a) shows an exam-
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ple of fiber pullout as seen in a 2D slice image.
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Figure 4-19:  Measurement of fiber pullout

 The pullout distance is measured in voxels, and multiplied by the spatial 

resolution to get the physical distance.  The energy required for that pullout is then 

measured using pullout data provided by Todd Rushing (2011).  The load-deformation 

curve for pullout of one fiber with an embedment length of 15 mm (L/2) is shown in 

Figure 4-20.  

Fiber Pullout

Measured visually in ImageJ

Pullout measured in 
voxels and converted 

to mm using 
resolution

13 voxels = 1.092 mm

72

Lp(b)

(a)

Wp = Work of fiber pullout

Lp

Fiber pulled 
out of matrix

Figure 8: Example slice segment showing fiber pulled out
from matrix.

In order to estimate the work required to
achieve the measured fiber pull-out, we turned
to data produced at the U.S. Army Engineer Re-
search and Development Center (ERDC) [10],
where force versus pull-out length was mea-
sured for the same fiber-matrix combination as
used here (shown in Fig. 8(b)). The work of
fiber pull-out was determined by taking the area
under the force versus pull-out curve up to the
length of pull-out measured in the CT images.
This was done for each fiber for which pull-out
was measurable.

We should note that there are several issues
that arise using pull-out tests to estimate in situ
pull-out work. First is the quality of the pull-
out data. The pull-out tests were quite repeat-
able due to the high quality of the cement ma-
trix. Indeed, the locations of the “bumps” in the
descending portion of the curve corresponded
to the bending of the fiber hooks during pull-

out, and these bumps were consistent. The sec-
ond issue is the angle of fiber pull-out. In the
pull-out tests, the load axis was aligned with the
fiber axis; however, this is not necessarily the
case for the fibers imbedded in the beam spec-
imens. Regardless, we believe this to be a rea-
sonable approximation because, while the force
required for pull-out will change with pull-out
angle, only the force component parallel to the
fiber is actually doing work. The assumption
made here is that as long as the movement per-
pendicular to the fiber axis is small, then the
damage in that direction is small, and the pull-
out data is a reasonable proxy. This is further
supported by the observation that fibers with
measurable pull-out did not typically have large
angles relative to the specimen axis.

4.5 Crack Area in Reinforced Specimens
As described above, analysis of CT images

allows us to measure crack area in a way that
reasonably accounts for all the irregular, tortu-
ous surfaces that make up the crack. In the un-
reinforced material, this was simplified because
of the single crack that resulted from notched
beam fracture. In the reinforced specimens, the
crack surfaces become much more interesting
because the fiber crack bridging allows a large
network of branching cracks to develop. Thus
the energy dissipated by matrix cracking can
jump considerably over that of the unreinforced
specimens.

Isolation of the crack network was not as
straightforward as one would think. The pres-
ence of the highly absorptive steel fibers in the
material shifts the x-ray absorption profile in
such a way that small cracks are difficult to iso-
late from the matrix. That is, if one considers
a histogram of voxel intensities in the images,
the less absorptive concrete matrix and the void
space form a very narrow intensity range com-
pared to the much “brighter” steel fibers. Thus,
for this study, cracks were manually identified
slice by slice as illustrated in Fig. 9. Once the
cracks are traced, they can easily become la-
beled objects in the image that can then be iso-
lated and measured in the same way as the crack
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area in the unreinforced specimens described
above.

Figure 4-6:  A sample slice of a damaged fiber reinforced beam.  The crack network in 

the image on the right has been manually labeled

 In Figure 4-6b, the crack network has been highlighted.  Applying a threshold just 

below the intensity of the crack labeling tool isolates the crack objects identified by the 

labeler.  The  surface area of the crack is assumed to be equivalent to the new surface area 

generated during fracture of the concrete.

 The factor by which the volume is downsized in each dimension is accounted for 

by applying a corresponding modification to the spatial resolution of an individual voxel.  

For instance, these scans were downsampled by a factor of 3 in the X and Y dimensions 

and a factor of 6 in the Z dimension.  As a result, the surface area tabulated by analyzing 

the binary volume of labeled cracks is multiplied by a factor of 54 to account for the 

downsizing.  Figure 4-7 illustrates the source of the multiplication factor.  

Matrix Cracking

In reinforced specimens, surface area is 
measured manually

55

(b)(a)

Figure 9: Illustration of crack tracing in a particular slice
image. (a) shows original slice image, and (b) shows
same image after crack network has been mapped.

4.6 Other Energy Dissipation Mechanisms
Two other energy dissipation mechanisms

were considered; both involve fibers bridging
cracks. The first involved bending of fibers that
cross cracks. As illustrated in Fig. 10, the dis-
continuity of the crack can, in some instances,
cause a kinking of the fiber. This kinking re-
quires a certain amount of work to form the
plastic hinges that make up the kinks. Using the
fiber angle measurement techniques described
above, the angle of individual fiber kinks can
be measured and used to calculate the work re-
quired to form a plastic hinge. This work is
simply the kink angle multiplied by the fiber’s
plastic moment, which was determined from the
fiber yield stress and moment of inertia.

 Having identified fibers in the scan of the damaged specimen, the work required 

to create that deformation can be calculated.  Fibers bridging cracks often exhibit plastic 

hinges, some pullout translation, or both.  The fiber pictured in Figure 4-21 has two 

distinct plastic hinges.

Figure 4-21:  Measurement of plastic deformation in plastic hinges formed in fibers 

bridging cracks

 The angular deformations of the plastic hinges at locations 1 and 2 are defined by 

the change in orientation between regions 3 and 4 and 4 and 5, respectively.  Those 

angles are computed using the scalar or dot product of the vectors in each region.  The 

angle between two vectors is defined by Borisenko and Tarapov (1968) as 
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Figure 10: Measurement of plastic hinge formation in
steel fibers.

The second additional energy dissipation
mechanism is an extension of the fiber pull-
out. However, in this case it is an indirect mea-
surement. Specifically, we frequently observe
fibers that bridge cracks yet have no measur-
able pull-out from the matrix at the fiber ends.
For these fibers, continuity dictates that some
slippage along the interface must have occurred
unless the fibers measurably elongated, which
was not observed. This “bridging energy” was
determined by first identifying all fibers that
intersected the crack network, but did not ex-
hibit measurable pull-out at the ends. For these
fibers, a pull-out work was calculated by taking
the area under the pull-out test curve of Fig. 8(b)
up to the distance of crack opening at the fiber
bridging point.

5 Results and Discussion
The image processing techniques described

in the previous section allow us to make mea-
surements of internal changes in material struc-
ture during damage. In this work we seek to
translate those changes into quantifiable energy
dissipation mechanisms, which can be summed
and compared to the energy dissipated by the
entire specimen during loading.

5.1 Matrix Fracture Energy
The energy dissipated by crack growth in

the concrete matrix was determined from the
three point bend tests of unreinforced speci-
mens. This was calculated by dividing the net
work of load (as illustrated for a reinforced
specimen in Fig. 3) by the crack surface area,
measured as described above. That is, the spe-
cific energy of fracture, Gf is calculated by:

Gf =
Uext

∆A
, (2)

where ∆A is the newly created surface area in
the fractured material, and Uext is the total con-
sumed energy, determined by recognizing that
the net work of load must be equal to the en-
ergy consumed by the specimen:

Uext = Wext. (3)
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For the concrete matrix material used here,
using Eq. (2), we determined a mean specific
fracture energy of 24J/m2 with a COV of 16%.

5.2 Energy Balance
The focus of this work was to quantify the

different micromechanical toughening mecha-
nisms that lead to the overall increase in tough-
ness for the bulk material. Given the 3D image
processing tools for fiber pull-out, fiber bend-
ing, and fiber bridging, described in the previ-
ous section, we are in a position to do just that.

If we denote the work of fiber pull-out, fiber
bending, and fiber bridging as Wp, Wb, Wr, re-
spectively, we may calculate the total internal
energy dissipation, Uint as:

Uint = Wf +Wp +Wb +Wr (4)

where Wf is the energy of concrete matrix
cracking, determined simply by taking the spe-
cific fracture energy defined in Eq. (2), and
multiplying it by the area of measured matrix
cracking, ∆A:

Wf = Gf ·∆A (5)

The total internal energy calculation of Eq.
(4) was carried out for three specimens and is
presented in Table 3. Also shown in the table
is a fractional comparison of the total internal
energy dissipation to the external work of load,
which was included in Table 2. The measure-
ments show some variation between different
energy dissipation mechanisms. In all cases,
fiber pullout dissipated the greatest energy, fol-
lowed by either matrix cracking or fiber bridg-
ing. Also in all cases, fiber bending has a very
small contribution.

Additionally, it is immediately seen that the
measured internal energy dissipation is only be-
tween two thirds and three quarters of the net
measured work of load. Clearly there are sig-
nificant energy dissipation mechanisms that are
not accounted for in this analysis.

Table 3: Internal Energy Dissipation Totals (Energy Units
of mJ)

Beam Wf Wp Wb Wr Eint
Uint
Uext

4 1250 2020 130 1950 5350 73%
5 3500 4720 190 1000 9410 65%
6 2210 3890 180 2270 8550 74%

5.3 Additional Energy Dissipation
The nature of failure in the reinforced beams

tested leads to some obvious and some less ob-
vious additional sources of energy dissipation
in the specimens. For many of the specimens,
there were fragments that either spalled off the
surface of the specimen or fell out of the interior
of the specimen. Every effort was made to con-
tain these pieces that completely disconnected
from the specimen, but occasionally fragments
were lost. In these cases, only half of the gener-
ated crack area was measured in our analysis.

A less obvious source of energy dissipation
comes from consideration of additional matrix
cracking. The absolute maximum spatial reso-
lution of the 3D images is the voxel size of 30
µm. However, in images such as these, where
microstructural variations occur at a scale finer
than the voxel size, an object of interest really
needs to be several voxels wide for robust de-
tection. In this work, crack identification re-
quired the crack to be at least 3 voxels wide;
at the resolution used in manual crack identifi-
cation, this is 0.01 mm. Thus, any crack with an
opening smaller than 0.01 mm is not visible in
the CT images. In order to estimate the extent
of cracking not visible in the CT images, opti-
cal microscope images with a nominal resolu-
tion of 4 µm were taken of fractured reinforced
specimens. These images revealed a large net-
work of cracks below the observable threshold,
as shown in Fig. 11, where cracks visible in
the CT images are labeled “visible cracks,” and
those not seen in the CT images are labeled “in-
visible cracks.” While a direct comparison can
only be made on the surface of the specimen,
measurements showed that at the higher resolu-
tion the length of the crack network doubled.
Assuming this phenomenon exists throughout

9
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the specimen, we estimate the measured energy
of matrix cracking is nominally half of the ac-
tual energy of matrix cracking. If we double the
energy of matrix cracking, then the Gf values
of Table 3 become 2500, 7000, and 4420 mJ
for Beams 4, 5, and 6, respectively. It should
be noted that undamaged specimens were also
examined to be sure that surface cracks were
in fact due to damage as opposed to shrinkage
cracking. Thus, implicit in the analysis here is
that all measured matrix cracking is induced by
the work of the load, as opposed to shrinkage or
other mechanisms.

Toughening Mechanisms

Additional crack area

By comparing the length of visible cracks to invisible cracks, 
an additional quantity of surface area is assumed (a factor of 
2)

Visible 

Crack

Invisible 

Cracks

Invisible 

Cracks

Visible 

Cracks
Visible 
Cracks

Invisible Cracks Invisible Cracks

Visible 
Cracks

0.5 mm 0.5 mm

41

Figure 11: Micrographs of cracks on specimen surface.
The images illustrate the limitations of X-ray CT resolu-
tion, as cracks seen under microscope are not visible in
CT images.

5.4 Analysis of Toughening Mechanisms
With these new values of matrix cracking,

new totals for the distribution of internal energy
dissipation is presented in Table 4. While the
internal totals still do not quite add up to the
overall net external work of load, the totals are
close enough to be considered a reasonable ac-
counting.

It is interesting to note the relative contri-
bution of different toughening mechanisms to
overall material toughness, as revealed in Ta-
ble 4. In all cases, matrix cracking dissipates
the greatest amount of energy, followed in each
case by fiber pullout. This is particularly inter-
esting, because it further confirms a case made
by Shah [11] that fibers have the effect of tough-
ening the matrix without actually modifying the
fracture energy of the matrix. This is because
the fibers force branching of matrix cracks so
that a relatively brittle matrix material has the

capacity to dissipate considerably more energy.
The data presented here show that the inclu-
sion of fibers increases the matrix crack area
between 27 (Beam 4) and 75 times (Beam 5).
Thus, we have changed a brittle matrix with
limited ability to dissipate energy, to one that
provides the highest relative contribution to in-
ternal energy dissipation.

6 Conclusions
The results of this work show how internal

energy dissipation mechanisms in a fiber re-
inforced high performance cement-based com-
posite can, to a certain degree, be measured by
combining standard mechanical testing with the
3D imaging capabilities of x-ray computed to-
mography. Quantitative analysis of the 3D CT
images allowed us to measure the distribution
and orientation of hooked steel fibers embed-
ded in the high strength concrete matrix. In ad-
dition, changes in physical structure: cracking,
fiber bending, fiber pull-out, and fiber bridging
can all be measured and related to microme-
chanical properties. Results here show that
when we account for matrix cracking below the
resolution of the CT images, between 35 and
48% of the internal energy dissipation in the
tested fiber reinforced concrete can be attributed
to the fracture energy of the cement-based ma-
trix. The work of fiber pull-out represents be-
tween 28 and 34%, while fiber bridging (an in-
direct form of fiber pull-out) accounted for be-
tween 7 and 25%. Fiber bending was negligi-
ble at 1 to 2%. For the specimens tested, these
mechanisms added up to between 89 and 93%
of the total inelastic energy consumed in the
loaded specimen. We suggest the unaccounted
for energy, nominally 10%, could be attributed
to creep deformations, localized damage at the
supports, and other mechanisms that either do
not manifest themselves in the form of measur-
able changes in microstructure or are beyond
the resolution of the images. While limitations
exist in the measurements, the work does pro-
vide a rational starting point for how toughen-
ing mechanisms can be isolated.
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Table 4: Internal Energy Dissipation Totals Revised to Included Additional Matrix Cracking

Energy of Work of Work Work of Total Internal Fraction
Matrix Fiber Fiber Fiber Energy Internal to

Cracking Pullout Bending Bridging Dissipated External
(Wf ) (Wp) (Wb) (Wr) (Eint) (Uint/Uext)

mJ (% of Eint) mJ %
Beam 4 2500 (35) 2020 (28) 130 (2) 1950 (26) 6600 90
Beam 5 7000 (48) 4720 (32) 190 (1) 1000 (7) 12910 89
Beam 6 4400 (38) 3890 (34) 180 (2) 2270 (20) 10760 93
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Abstract: This paper introduces the meso-scale modeling of fiber reinforced concrete under mixed 
mode fracture. Fibers and matrix are modeled separately in this model, and each fiber is randomly 
arranged within the specimen models. The feature of this analytical model is to evaluate fiber 
resistance against shear deformation across the crack plane by calculating the pullout angle and the 
pullout displacement of each fiber. In order to validate the modeling, fracture analysis of the speci-
men with punching shear failure was conducted. It was confirmed that the proposed model can 
roughly simulate the failure of fiber reinforced concrete including crack patterns and load carrying 
capacity. 
 
 

1 INTRODUCTION 
There are a wide variety of short fiber re-

inforced cement composites. One of the 
materials is Strain Hardening Cementitious 
Composites (SHCC) that exhibit strain harden-
ing and multiple cracking in tension. Quantita-
tive material design methods considering the 
properties of matrix, fiber and their interface 
should be established. In addition, numerical 
models to simulate the fracture process includ-
ing crack width and crack distribution for the 
material are needed.  

Bolander & Saito [1], for instance, con-
ducted 2-D parametric analysis in which short 
fibers were discretized as beam elements to 
examine the effect of the fiber distribution on 
the mechanical performance of the resulting 
composite. The authors also have proposed a 
numerical model for 3-D analysis of SHCC 

tensile fracture, in which the salient features of 
the material meso-scale (i.e. matrix, fibers and 
their interface) are discretized [2-3]. This 
model has the following characteristics: (1) the 
fibers with a specific length are randomly 
arranged as discrete entities within the speci-
men models; (2) crack patterns can be esti-
mated in addition to the improvement of 
mechanical responses due to fiber bridging. It 
has been confirmed that the proposed model 
can adequately simulate the tensile failure of 
SHCC including crack patterns [2]. 

This paper proposes an advanced model, 
which can simulate the failure of fiber rein-
forced concrete under mixed mode fracture, in 
order to expand scope of the aforementioned 
analysis. The feature of the advanced model is 
to evaluate fiber resistance against shear 
deformation across the crack plane by calculat-
ing the pullout angle and the pullout displace-
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ment of each fiber. In order to validate the 
modeling, fiber pullout analysis and fracture 
analysis of the specimen with punching shear 
failure was conducted. 

2 OUTLINE OF RBSM 
In this study, the concrete matrix (hereinaf-

ter, matrix) is represented by 3-D RBSM. 
Figure 1 shows an example of a pair of Voro-
noi cells composing the element stiffness 
matrix in the RBSM. These Voronoi cells are 
assumed to be rigid bodies, while setting 6 
degrees of freedom for each rigid Voronoi cell. 
6 springs are placed on each boundary plane of 
each cell, in the normal (1 spring) and tangen-
tial (2 springs) to the boundaries and rotational 
directions (3 springs).  

The material properties (tensile strength, 
elastic modulus, and fracture energy) of the 
matrix are adopted as the mechanical proper-
ties of the normal and tangential springs, 
whereas the mechanical properties of the 
rotational springs are assumed based on the 
literature [4]. As the tensile model of normal 
spring, linear elastic model is employed up to 
tensile strength, and a bilinear softening 
branch in accordance with a 1/4 model is 
considered after cracking. Tensile fracture 
energy is taken into consideration in the model. 
For tangential springs, the Mohr-Coulomb 
fracture criterion is applied to represent the 
shearing behavior of concrete [5]. 

When using a RBSM, the onset and propa-
gation of cracks are strongly affected by the 
mesh size and shape. Therefore, such depend-
ence is minimized by adopting Voronoi 
discretization based on randomly placed seed 
points. 

3 MODELLING OF FIBER ACTION 
AFTER CRACKING 

3.1 Conventional model 

Short fibers of a specified length are ar-
ranged in elements assuming the specimen size 
to be analyzed, as shown in Figure 2 (a). 
Random numbers are used for the arrangement 
to decide first vertex and fiber angle. As 

shown in Figure 2(b), a zero-size spring is 
placed on a point where a fiber crosses a 
boundary of two Voronoi cells, and the force 
transfer by fibers across a crack plane (herein-
after, fiber bridging force) acted on the spring. 
The embedment length le is also calculated for 
each fiber. Note that, a shorter embedment 
length is defined as le. It is assumed that 
pullout behavior of the fiber prevails at a 
shorter side of the embedment length. 

In a conventional model, the crack width of 
the matrix is used in order to assume the fiber 
pullout displacement, and the fiber bridging 
force is calculated by considering the pullout 
displacement and bond characteristic of the 
fiber [2]. This is a model which only considers 
the pullout behavior of the fiber in normal 
direction against crack plane. In short, normal 
force to the crack plane due to crack opening 
is modeled, but the fibers do not contribute to 
resistance produced by shear deformation 
perpendicular to crack opening. 

h 

Figure 2: (a) Discretized fiber; (b) Fiber location and 
zero-size spring.

(b) 

lc 

P’ 

θf 

Lf 

Fiber
Zero-size 
spring 

le 

Figure 3: Modeling fiber bridging force against shear 
deformation. 

P

Figure 1: Voronoi cells and defined freedom degree.

(a)
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3.2 Advanced model 

A model based on a pullout behavior in-
cluding the pullout angle of fibers, is proposed 
as an advanced model, in order to consider the 
fiber resistance against shear deformation 
across the crack plane. One of the improve-
ments is to calculate the fiber length between 
the crack plane lc shown in Figure 3. lc is used 
instead of crack width to assume the length of 
fiber pullout displacement. With this method, 
fiber resistance can be analyzed, even if only 
shear deformation are excessive without crack 
opening. In addition, the pullout angle θf of 
each fiber is calculated in each analytical step 
to consider the change in θf depending on the 
direction of the shear deformation. θf is calcu-
lated from P and P’ (Figure 3), where P and P’ 
are points where a fiber crosses a boundary of 
two cells after deformation. 

In the advanced model, the fiber bridging 
force is calculated by the steps shown in 
Figure 4. Half of lc is assumed to be the length 
of fiber pullout displacement before softening 
of fiber bridging force-displacement relation. 
After softening, pullout displacement is 
assumed to be equal to lc. The shape of slip 
distribution is determined through the analysis 
of single fiber pullout tests. If the shape of slip 
distribution is known, then the bond stress 
distribution is determined from the bond 
stress-slip relation. The fiber bridging forces 
across cracks can then be calculated by inte-
grating the bond stress distribution in the 
direction of the fiber axis. 

At this stage, the slip distribution of a fiber 
and the bond stress-slip relation are necessary. 
These are identified in the same manner as the 
existing method [3], by conducting analysis of 
single fiber pullout bond testing [6] as stated in 
the following chapter. 

3.3 Effect of the pullout angle 

Li et al. [7] revealed the increase of pullout 
resistance in the inclined fiber pullout test. It 
has also been experimentally confirmed that 
the strength of inclined fiber itself was de-
creased due to surface damage during the 
pullout process. Therefore, in this study, the 

effect of the pullout angle θf is calculated 
using the following equations [7]: 

F = F ne f  θf   (θf ≤ 45°) (1)

σfu = σ n
fu e-f’ θf  (2)

where F = pullout load (N), F n = pullout load 
at pullout angle of 0° (N), f = snubbing coeffi-
cient (0.4), θf = pullout angle of fiber (rad), σfu 
= rupture strength of fiber (MPa), σ nfu = 
rupture strength at pullout angle of 0° (MPa), 
f’= strength reduction factor (0.3). 

The effect of improvements in pullout re-
sistance is not considered in cases of a pullout 
angle 45° or more, because reduction of 
maximum pullout loads is confirmed in the 
case of polypropylene (PP) fiber used in this 
study. This was caused by the matrix spalling 
at the fiber exit point as reported [6]. 

4 ANALYSIS OF FIBER PULLOUT 
BEHAVIOR IN ADVANCED MODEL 

In this chapter, the pullout behavior of fi-
bers embedded in the matrix is verified, 
through an analysis using the advanced model 
described in the previous chapter. 

4.1 Pullout behavior of a single fiber 

As shown in Figure 5, tensile analysis was 
conducted for a uniaxial tension test using 

Calculate the bridging force of each 
fiber at the cracks 

Obtain the bond stress distribution using 
bond stress-slip relation 

Calculate slip distribution 

Assume the fiber pullout displacement 
from one side S0 (S0 = lc /2) 

Calculate the fiber length between the 
crack plane lc 

Figure 4: Procedure for calculation of fiber bridging 
force. 
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specimens containing fibers [6]. While this test 
conducted by Dong et al. used a specimen 
containing five strings of fiber, this analysis 
applied the model embedded a single fiber, as 
shown in Figure 6. The entire body of the 
matrix is divided into two elements and the 
fiber is arranged, so that predetermined em-
bedment length and pullout angle are given. In 
order to represent the separator in the test 
(Figure 5), 1N/mm2 is used for the physical 
properties of the concrete elastic modulus, to 
prevent matrix from being loaded. Table 1 
shows the characteristics of the short fiber and 
fiber-concrete interface used for the analysis. 
The properties of the interface are identified 
by a similar method in an existing study [3]. 

Figure 7 shows the relationship between the 
bridging force per fiber and crack width in the 
case of pullout angle θf = 0°. Once the loads 
reach a peak, the fiber is found to be pulled out 
with a moderate reduction of loads. The value 
of displacement at complete pullout is 15mm. 
This value corresponds to embedment length le. 
As mentioned above, the results from this 
model are controlled by the pullout behavior 

of shorter embedment length on each fiber. 
The deformation and the fiber bridging 

force-crack width curves in the case of θf > 0° 
are as shown in Figures 8 and 9, respectively. 
In the case of θf = 75°, the initial stiffness is 
smaller in the experimental results than the 
analytical results. This is assumed to be 
because a deceptive pullout displacement 
increased by the matrix spalling at the exit 
point in the experiments, once the angle 
becomes θf > 45°, as reported [6]. The effect 
of this phenomenon is not considered in this 
modeling. As a result, the initial stiffness of 
the fiber bridging force-crack width curves in 
the case of θf > 45° is overestimated. 

4.2 Pullout behavior of a single fiber under 
mode II fracture 

An analysis was conducted in order to study 
pullout behavior of the fiber under mode II 
fracture using the same model as that de-
scribed in the previous section. Forced dis-
placement is given to reach mode II fracture in 
this analysis.  

Figures 10 and 11 show the fiber bridging 
force-shear displacement curves and the 
deformation, respectively. The conventional 
model would not resist fiber bridging force 
under mode II fracture in order to assume the 
fiber pullout displacement to be the crack 
width, as aforementioned. With this advanced 
model, the fiber is found to resist the bridging 
force. Note that there are few test reports of 
such tests verifying a pullout behavior at an 
angle of θf > 90° in previous studies, so that 
data should be further collected to verify this 
model. 

4.3 Pullout behavior of multiple fibers 

The authors conducted uniaxial tensile 
analysis and shear analysis to verify the fiber 
pullout behaviors of a specimen containing 
multiple fibers. 

Figure 12 shows the analysis model. The 
fibers are placed in the specimen using random 
numbers. The fiber volume fraction Vf is 2%. 
The fibers shown in Table 1 are used in the 

Fiber 

Separator (thickness=1mm)  

Embedment length le 

24

26 (Unit: mm) 

le 

Figure 5: Outline of fiber pullout test (Dong et al.).

Figure 6: Analysis model.

Fiber 
（PP） 

Length Lf (mm) 30 
Diameter df (mm) 0.8

Elastic modulus Ef (GPa) 9.8

Fiber/concrete 
Interface 
(bond) 

Frictional bond strength τi (MPa) 1.8
Chemical bond strength τs (MPa) 4.0

Bond stiffness G (MPa/mm) 60 

Table 1: Material properties for the analysis.

Fiber

Boundary plane of 
two cells 
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same as the analysis in the previous section. 
1N/mm2 is used for the physical properties of 
the concrete elastic modulus, so that it would 
not resist stress. 

The deformation results taken from the 
analysis and the load-displacement curves are 
shown in Figures 13 and 14, respectively. 
Once the load reaches a peak, the fibers are 
found to be pulled out with moderate reduction 
of loads, from the results of both tensile 

analysis and shear analysis. 
Figure 15 shows the frequency distribution 

of pullout angles of fibers. In the tensile 
analysis, the fibers are pulled out in vertical 
directions against cracks. Therefore, the 
pullout angle θf is less than 90°, as shown in 
Figure15. On the other hand, the result showed 
that the pullout angle of the shear analysis is 
distributed from acute angles to obtuse angles. 

Figure 9: Fiber bridging force-crack width curves (θf > 0°).

θf 

Figure 8: Deformation in tensile analysis (mode I).Figure 7: Fiber bridging force-crack width curves (θf = 0°).
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Figure 10: Fiber bridging force-shear displacement curves. Figure 11: Deformation in shear analysis(mode II).
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5 VALIDATION OF ADVANCED 
MODEL

In this chapter, analysis is conducted on 
punching shear tests to validate the advanced 
model. 

5.1 Outline of punching shear analysis 

Figure 16 shows the overview of the punch-
ing shear test. This test was conducted to 
evaluate the resistance against falling of 
concrete pieces, conducted by Nojima et al. [8], 
according to the standards of Japan Society of 
Civil Engineers. The specimen center was 
cored with a margin of 40mm, and conducting 
a punching shear test. It simulates falling of 
concrete pieces caused by reinforcement 
corrosion. Volume fraction of fiber was 0.71% 
and PP fibers were used as shown in Table 2. 

The analysis model is shown in Figure 17. 
The cored section of the specimen is also 
modeled. Short fibers of the specified length 
are randomly arranged in the elements assum-
ing the specimen size. Steel bars are modeled 
as a series of beam elements, which are con-
nected to concrete through a link element [5]. 

As for the boundary conditions, forced vertical 
displacement is given to the elements located 
in loading plate. 

The material properties of concrete for the 
analysis are given as elastic modulus 
31.0kN/mm2 based on the results of the 
material test. The properties of the fibers used 
for the analysis are as shown in Table 2. The 
properties of the interface between fibers and 
concrete are identical to Table 1 in the previ-

Figure 16: Overview of the punching shear test.

Table 2: Material properties for the analysis.

Fiber
（PP）

Length Lf (mm) 30

Diameter df (mm) 1.0

Elastic modulus Ef (GPa) 9.8

Strength at pullout angle of 0° σ nfu (MPa) 350
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Figure 12: Discritized fibers. 

Figure 14: Load-displacement curves. Figure 15: Frequency distribution of pullout angles of fibers.
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Figure 13: Deformation: (a) Tensile analysis; (b) Shear analysis.
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ous chapter. The rupture strength at a pullout 
angle 0° is 70% of the nominal value, as 
confirmed in the previous tests that the value 
should be less than the nominal value dis-
closed by the manufacturer [7]. Note that the 
rupture strength varies depending on the 
pullout angle, as shown in Equation 2. 

5.2 Results of analysis 

Figures 18 and 19 show the results of the 
analysis, as well as experimental results. The 
analysis shows reinforcing effects of fibers are 
a little overestimated for the post-peak period, 
but the trend of the experiments is demon-
strated. Crack patterns are found to be similar 
to the area of delamination observed in the 
experiment, as shown in Figure 18(b).  

Figure 20 shows the relative frequency dis-

tribution of pullout angles of fibers. The 
analysis shows a wide distribution even for the 
obtuse angle. This suggests shear deformation 
across the crack plane occurs in punching 
shear analysis. 

From the results of the experiment and 
analysis, the new analysis method using the 
advanced model is verified to be sufficient to 
reinforcing effects of fibers, even though there 
is significant shear deformation across the 
crack plane. 

6 CONCLUSION 
This paper has introduced the meso-scale 

modeling for fiber reinforced concrete under 
mixed mode fracture. The findings obtained 
include the following: 
(1) By analysis conducted on punching shear 

tests of fiber reinforced concrete, this 

Beam element  

(b) (a) (c) 

Figure 17: Modeling of punching shear test: (a) view from top; (b) view from bottom; (c) steel bars model.

Figure 18: Crack patterns.
(c) Internal crack patterns in the analysis (Load-point displacement = 6mm). 

 
(a) Fracture in the analysis 

(Load-point displacement = 6mm). (b) Fracture in the experiment. 

1428



Hiroki Ogura, Minoru Kunieda, Naoshi Ueda and Hikaru Nakamura 

 8

model roughly simulated mechanical 
response represented by load-
displacement relations and crack pattern 
under mixed mode fracture. 

(2) The modeling of pullout resistance against 
shear deformation along crack plane was 
essential to represent punching shear tests. 
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Figure 19: Load-displacement curves. Figure 20: Relative frequency distribution of pullout
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Abstract: The mechanical performance of textile-reinforced concrete (TRC) in tension can be 
considerably improved by adding short fibre to its matrix. The goal of the study is to understand the 
mechanisms of the interactions between continuous and short fibres in cement-based matrix and to 
develop a multi-scale model for the mechanical behaviour of cement-based composites with such 
hybrid reinforcement.  

Uniaxial tension tests on TRC specimens as well as multifilament-yarn and single-fibre pullout tests 
were performed to study the fracture behaviour of the composite material and its components and 
gain better understanding of the crack bridging mechanisms. Furthermore, visual inspection and 
microscopic investigation provided deeper insight into the specific phenomena relevant to the 
characteristic material properties.  

This article presents experimental findings for some chosen parameter combinations including the 
type of short fibres and the water-to-binder ratio. Furthermore, failure mechanisms are discussed 
providing a basis for a multi-scale model, which will be published elsewhere. 

1 INTRODUCTION 
Textile-reinforced concrete (TRC) is a 

composite material consisting of a finely 
grained cement-based matrix and high-
performance, continuous multifilament yarns 
made of alkali-resistant (AR) glass, carbon, or 
polymer. The major advantages of TRC are its 
high load carrying capacity, i.e. tensile 
strength, and pseudo-ductile behaviour, which 
is characterised by large deformations due to 
its tolerance of multiple cracking [1]. Such 
large deformations prior to material failure are 
crucial in respect of both structural safety and 
energy dissipation in the case of impact 
loading [2]. However, that high strength levels 
can be only reached at high deformations 

means that for the service state, where only 
small deformations are acceptable, the design 
load-bearing capacity of TRC must be much 
lower than its tensile strength. Moreover, 
relatively wide cracks observed at high 
deformations are undesirable. In recent years 
researchers have performed several test series 
to investigate the influence of short fibres on 
various properties of TRC [3-4]. However, the 
mechanisms in the joint action of short fibre 
and textile reinforcement are still not fully 
understood. In order to gain more and better 
insight into the specific material behaviour of 
the finely grained concrete with such hybrid 
reinforcement, a new multi-scale investigative 
program has been initiated at the TU Dresden. 
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This paper presents some of the results on the 
effect of adding different types of short fibres 
on the fracture behaviour of TRC. 

At macro-level of observation, uniaxial 
tension tests on thin, narrow plates made of 
TRC with and without the addition of short 
fibres were performed. These series constitute 
the core of the experimental program. Special 
attention was directed at the course of the 
stress-strain relationship, crack pattern 
development, and fibre failure behaviour. 
Furthermore, tests at meso- and micro-level of 
observation, i.e. multifilament-yarn and single-
fibre pullout tests, respectively, were 
performed to provide detailed insights into the 
various failure mechanisms observed in the 
experiments, the bond behaviour between 
short fibres and the finely grained concrete as 
well as between the yarn surface and the 
matrix. Moreover, visual inspections of the 
specimens’ surfaces and microscopic 
investigation of the fracture surfaces were 
performed and evaluated to clarify the fracture 
criteria and the various failure mechanisms 
observed in the tests. 

Based on the experimental results at the 
micro-scale a physically based, rheological 
model consisting of simple rheological 
elements will be developed. Then, as a next 
step, an adequate description of the material 
behaviour at the meso and macro scales will be 
developed using statistical approaches and 
according to the results of fracture mechanical 
and phenomenological investigations. 

2 MATERIALS 

2.1 Concrete 
Matrices with slag furnace cement (CEM 

III) and the addition of pozzolans show 
favourable properties regarding the durability 
of glass fibre as well as the bond between fibre 
and cementitious matrix [5-6]. To match the 
small diameter of both the continuous 
filaments and the short fibres, the maximum 
aggregate diameter had to be small as well 
(typically < 1 mm). One such fine-grained, 
cement-based concrete was chosen. Two 
designated mixtures M030 and M045, having 

water-to-binder ratios of 0.30 and 0.45, 
respectively, were used in this investigation. 
Finally, a super-plasticizer was added to 
achieve sufficient flowability. Table 1 gives 
the compositions of the two finely grained 
concretes under investigation. 

Table 1: Concrete composition [kg/m3]

Matrix M030 M045 
w/b 0.30 0.45 
Cement CEM III B 
32.5

632 554 

Fly ash 265 233 
Micro-silica 
suspension*

101 89 

Quartzite sand 0-1 
mm 

947 832 

Water 234 330 
Super-plasticizer 11 2 

          * solid:water = 1:1 

2.2 Textile reinforcement 
One type of polymer-coated, biaxial fabric 

made of alkali-resistant glass was used as 
textile reinforcement for TRC specimens as 
well as for the multifilament-yarn pullout tests. 
The weft and warp threads had a fineness of 
2*640 tex (mass in g of 1 km yarn; tex = 
g/km), the spacing between yarns was 7.2 mm, 
cf. Figure 1. 

Figure 1: Textile reinforcement (AR-glass).

2.3 Short fibres 
Three types of short fibre were chosen and 

combined with textile reinforcement layers as 
additional reinforcement for this investigation: 
short dispersed glass, short integral glass and 
carbon fibres. All fibres had a length of 6 mm. 
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Integral fibre consisted on average of 
approximately 100 filaments. While the 
dispersed glass fibre had a diameter of 20 µm, 
the individual filaments of integral fibre 
measured 13 µm in diameter. The carbon fibre 
had a diameter of 7 µm. During mixing of 
fine-grained concrete, short dispersed fibres 
are distributed within the fresh matrix as 
thousands and millions of predominantly 
single filaments. Integral short fibres remain 
stuck together and act as short pieces of 
multifilament yarn in the mixture, cf. Figure 2. 
A fibre content of 1.0 % by volume of 
concrete was chosen for this study. While both 
types of glass fibre had the same tensile 
strength of 1,700 MPa and a Young’s modulus 
of 72 GPa, the short carbon fibre had a tensile 
strength of 3,950 MPa and a Young’s modulus 
of 283 GPa.

Figure 2: Graphic presentation of the condition of 
fibres used in this investigation when mixed with 

water or concrete.

3 SPECIMENS’ PREPARATION AND 
TEST SETUP 

Tests at macro-level of observation by 
means of uniaxial tensile tests were performed 
on rectangular plates (500 mm x 100 mm x 12 
mm) reinforced by 2 layers of textile. The 
specimens were produced using the lamination 
technique explained in [7]. All plates were 
demoulded at a concrete age of 2 days and 
then stored in water until reaching an age of 7 
days. Subsequently, the plates were stored in a 
climate-controlled room at 20 °C and 65 % RH 
up to a testing age of 28 days. The force was 

introduced to the specimens via non-rotatable 
steel plates glued to the TRC plates, see 
Figure 3. 

Figure 3: Schematic view of the test setup used in 
uniaxial tension tests.

For multifilament yarn pullout tests, i.e. 
tests at meso-level of observation, rectangular 
specimens (200 mm x 70 mm x 12 mm) were 
cut from larger plates produced and cured in 
the same manner as those for uniaxial tensile 
tests. However, here only one layer of textile 
was used as reinforcement. The anchorage 
length was determined by specific 
arrangement of a “must”-crack position visible 
as a saw cut on both sides, cf. Figure 4. In the 
notched cross-section only one multifilament 
yarn still intact and connect the two parts of 
the plates to each other. More details 
concerning this test setup may be found in [8].  

Figure 4: Schematic view of test setup used for 
multifilament-yarn pullout tests.

For the tests at micro-level of observation, a 
series of single-fibre pullout tests was 
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performed on specimens prepared according to 
[9, 10]. These tests were performed only on 
short glass fibres. The specimen was fixed to 
the clamps, and the fibre was glued to the 
upper mounting plate of a testing machine as 
shown in Figure 5. 

Figure 5: Testing device for single-fibre pullout tests.

4 EXPERIMENTAL RESULTS 

4.1 Uniaxial tensile tests 
Figure 6 shows representative stress-strain 

curves obtained from the tests on TRC 
specimens with and without the addition of 
1.0 % by volume of short dispersed glass, 
integral glass, and carbon fibres. A 
pronounced increase in first-crack stress could 
be observed in all experiments with the 
addition of short fibres in comparison to 
results obtained with reference TRC plates. 
The first-crack stress value increased 
approximately by a factor of 2.5 when short 
dispersed glass fibres or carbon fibres were 
added. The most pronounced increased, 
approximately by factor 4, was recorded due to 
the addition of short carbon fibres when matrix 
M045 (w/b = 0.45) was used. Table 2 
summarizes the corresponding values. 

Figure 6: Effect of addition of short dispersed glass, 
integral glass and carbon fibres on the characteristic 
stress-strain behaviour of TRC plates subjected to 

tensile loading.

The addition of short fibres led, on the other 
hand, to the expansion of the region IIa, where 
multiple cracks form. This expansion was 
particularly pronounced in the case of the TRC 
with short carbon fibres: The corresponding 
stains had more than doubled, cf. Figure 6.

The observation of the specimens’ surfaces 
showed that this widening resulted from the 
formation of greater numbers of cracks. To 
emphasize, for the same strain level the TRC 
specimens with short fibre always exhibited a 
higher number of cracks in comparison to the 
TRC specimens without short fibre as shown 
in Figure 7 for specimens with the addition of 
short dispersed glass fibres. This holds true for 
both types of matrices M030 and M045. 

Figure 7: Effect of dispersed short AR glass fibres on 
the cracks pattern on specimen’s surface.
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Table 2: Mechanical performance of TRC plates with and without the addition of 1.0 % by volume of short dispersed 
glass, integral glass and carbon fibres 

Specimens with 2 layers of textile First-crack stress 
[MPa] 

Tensile strength 
[MPa] 

Work-to-fracture
[kN·mm] 

  Average value (standard deviation) 
M030 Without short fibres 1.92 (0.37) 8.34 (0.33) 20.14 (0.91) 
 + 1.0 % short dispersed glass 

fibres 
4.65 (0.21) 9.69 (0.35) 28.88 (1.90) 

 + 1.0 % short integral glass 
fibres 

4.20 (0.06) 10.77 (0.73) 27.45 (2.12) 

 + 1.0 % short carbon fibres 5.04 (0.37) 8.81 (0.34) 27.03 (1.41) 
M045 Without short fibres 1.17 (0.14) 7.25 (0.21) 18.48 (3.37) 
 + 1.0 % short dispersed glass 

fibres 
3.46 (0.06) 7.46 (0.22) 20.50 (4.59) 

 + 1.0 % short integral glass 
fibres 

2.39 (0.69) 9.49 (1.01) 21.16 (1.36) 

 + 1.0 % short carbon fibres 4.48 (0.27) 8.09 (0.11) 23.26 (3.37) 

Since the stress-strain curves for TRC with 
short fibre are always above the corresponding 
curves for TRC without short fibre, see 
Figure 6, it can be concluded that the energy 
dissipated (area under the stress-strain curve) 
increased noticeably due to the addition of 
short fibres. The work-to-fracture due to the 
addition of (all types of) short fibres increased 
by approximately 40 % for the TRC specimens 
made of the matrix M030 and by 
approximately 15 % for the M045-TRC, cf. 
Table 2. 

Moreover, the tensile strength of the 
composite was significantly enhanced by the 
addition of short integral fibres. An average 
increase in the tensile strength values by more 
than 2.4 and 2.2 MPa was achieved due to the 
addition of short integral glass fibres to TRC 
plates made with matrices M030 and M045, 
respectively.  The addition of short dispersed 
fibres (glass or carbon) led to only a very 
moderate increase in the tensile strength of the 
composite: 1.35 MPa for the TRC specimens 
made of the matrix M030 with short dispersed 
glass fibres and less than 1 MPa for those 
made of the matrix M045 with the addition 
short carbon fibres, cf. Table 2. 

4.2 Multifilament-yarn pullout tests 
These tests, considered as meso-level of 

observation, were performed to investigate the 

effect of the short fibre on the bond between 
yarns and the surrounding matrix. Figure 8 
shows force-displacement curves obtained for 
the specimens made with matrix M045 and 1.0 
% of short dispersed glass fibre. Obviously, 
the addition of short fibre led to a higher 
ultimate pullout force, which indicates a better 
bond between the yarn and the matrix. 
Increase in the average pullout force by 45 % 
was achieved. The increase was less 
pronounced (just 11.6 %) when matrix M030 
was used, cf. Table 3. Furthermore, it is clear 
from Table 3 that higher pullout-force was 
needed when matrix M030 was used in 
comparison to that observed for the TRC made 
of the matrix M045, see Table 3. 

Figure 8: Results of multifilament-yarn pullout tests 
with the matrix M045 with and without the addition 

of 1.0 % short dispersed glass fibres.
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Table 3: Ultimate force of multifilament-yarn 
pullout tests for both matrices with and without the 

addition of dispersed short glass fibres

Type of specimen Ultimate pullout-
force [N] 

 Average value 
(standard deviation)

M030 Without short 
fibres 

215.4 (22.1) 

 + 1.0 % short 
dispersed glass 
fibres 

240.5 (26.1) 

M045 Without short 
fibres 

147.6 (3.20) 

 + 1.0 % short 
dispersed glass 
fibres 

214.0 (14.0) 

4.3 Single-fibre pullout tests 

4.3.1 Fibre pullout parallel to its axis 
The single-fibre pullout tests, regarded as 

tests at micro-level of observation, showed 
that brittle failure of fibres dominated when 
matrix M030 was used. Typically, a vertical 
drop in the force-displacement curves due to 
fibre breakage was observed after the 
relatively high ultimate force was reached, see 
Figure 9. This relatively high ultimate force at 
fibre failure indicated the good matrix-fibre 
bond when matrix M030 was used. In contrast, 
the ultimate pullout force of the fibres 
embedded into matrix M045 was much lower. 
Here, most of the tests provided force-
displacement relationships with a pronounced 
softening branch, which indicated fibre 
pullout, cf. Figure 9. 

4.3.2 Pullout of inclined fibres 
As short fibres are oriented nearly randomly 

within the matrix, only very few fibres are 
aligned parallel to the direction of the applied 
tensile load. The great majority of the fibres 
are oriented at different angles to the crack 
surface and, therefore, to the direction of the 
pullout. The angle of inclination of a fibre in a 
cementitious matrix can have a pronounced 
influence on its pullout resistance, as has been 
shown experimentally by several researchers, 
e.g., [12]. 

Figure 9: Force-displacement curves obtained from 
the single dispersed glass fibre pullout tests with 

matrix M030 and matrix M045.

In this investigation three representative 
angles are considered from among all possible 
cases, as shown in Figure 10: 

• Plane fibres, 0°, i.e., fibres are oriented 
parallel to the crack surface; it is assumed that 
this type represents all fibres oriented to the 
crack surface at angles between 0° and 30°. 
These fibres are considered as non-bridging 
fibres; i.e., the contribution of these fibres to 
the stress bearing capacity of the matrix is 
neglected.

• Straight fibres, 90°, i.e. fibres are oriented 
parallel to the load direction; this type 
represents all fibres oriented to the crack 
surface at angles between 60° and 90°. The 
results of pullout tests on these fibres are 
shown in the previous Section. 4.3.1. 

• Inclined fibres, 45°; this type represents 
all fibres oriented to the crack surface at angles 
between 30° and 60°. 

Figure 11 shows the large scattering in the 
results obtained from fibre pullout tests with 
the angle of 45° for both matrices M030 and 
M045. In some cases barely measurable 
pullout behaviour was recorded, in other cases 
the maximum load cell capacity was reached 
before the fibre failed. The reasons for such 
behaviour are discussed in the next section in 
conjunction with microscopic investigations. It 
should be mentioned here that these test were 
limited to the short integral fibre. 
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Figure 10: Classification of the fibre orientations in respect of the fracture surface.

Figure 11: Force-displacement curves obtained from 
the single inclined integral glass fibre pullout tests 

with the matrix a) M030 and b) M045. 

More details on the obtained results at all 
levels of observations may be found in [7, 11].

5 DISCUSSIONS 
In comparison to short integral fibres, short 

dispersed fibres have proven themselves to be 
significantly more efficient in improving the 
behaviour of TRC at low strain levels, 
especially with regard to the increase in first-

crack stress, cf. Figure 6 and Table 2. The 
explanation seems quite straightforward: since 
dispersed fibres are much more numerous and 
much more finely distributed in the matrix, 
they are better able to bridge both micro cracks 
and very fine cracks. 

The higher number of cracks observed on 
TRC specimens’ surfaces with short fibres can 
be traced back to the additional stress transfer 
(by short fibres) over fine macro-cracks. This 
resulted in a less relaxation of the matrix in the 
cracks’ vicinity. The next crack may form at a 
smaller distance from the existing crack; more 
pronounced multiple cracking can develop. 

Due to their small diameter and marked 
slenderness, the failure probability of short 
dispersed fibres increases steadily with 
increased loading and crack opening. It 
appears that the great majority, if not all, of the 
dispersed fibres fail long before the tensile 
strength of the composite is reached. In 
contrast, integral fibres remain ‘‘active’’ at 
high deformations also, which explains the 
increase in the tensile strength of the 
composite when short integral glass fibres are 
added to TRC, cf. Figure 6 and Table 2. 

Microscopic investigation showed, 
moreover, that short fibres can improve the 
bond between multifilament yarns and 
surrounding matrix by means of new, 
additional cross-links, which lead to a better 
yarn-matrix bonding. By their random 
dispersion in the matrix and their positioning 
on the yarn surface, short fibres provide extra 
“connecting points” to the surrounding matrix. 
Figure 12 illustrates experimental evidence 
that such cross-links in connection with short 
fibre indeed exist. This finding, among others, 
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can give a straight explanation of the 
mechanisms leading to the improvement of 
bond strength, due to the addition of short 
fibres, obtained from multifilament-yarn 
pullout tests, cf. Figure 8. Having more 
adhesive cross-links between matrix and 
filaments leads to better bonding, and thus a 
higher pullout force is needed. 

Figure 12: “Cross-link” between multifilament-yarn 
and matrix caused by a short carbon fibre.

Results presented in Figure 9 show that the 
water-to-binder ratio influences the bond 
between the matrix and single short fibres. In 
order to explain this, the specimens of single-
fibre pullout tests were carefully split in the 
middle and investigated using ESEM 
(Environmental Scanning Electron 
Microscope). In most of the specimens made 
with the matrix M030, a part of the fibre was 
found, i.e., the part remained in the specimen 
after fibre breakage, cf. Figure 13a. In 
contrast, the empty fibre canal in the cases 
when matrix M045 was used indicated a 
complete fibre pullout, cf. Figure 13b. 

The single-fibre pullout tests performed on 
inclined integral fibres yielded a very large 
scattering of their results; cf. Figure 11. This 
scattering can be at least partly explained by 
different arrangements of the solid particles in 
the vicinity of the fibre. 

Figure 13: ESEM images on single-fibre pullout 
specimen with matrix a) M030 and b) M045.

Figure 14 shows three characteristic curves 
representing three different modes of failure as 
well as the corresponding microphotographs of 
the specimens. Figure 14a shows a tightly 
fixed fibre; there is no space in the vicinity of 
the fibre. Two particles clamp the fibre 
between them. The loading cell capacity was 
not high enough to finish the tests, which 
means that neither breakage nor pullout of the 
fibre could be achieved. In contrast, a 
relatively large void adjacent to fibre edge is 
presented in Figure 14b; much space in the 
fibre’s vicinity allowed the fibre to be pulled 
out with very little resistance (maximum 
force). Finally, the case shown in Figure 14c 
represents the typical case of a uniform 
particle arrangement around the fibre. This 
arrangement led to the breakage of some outer 
filaments and the pullout of the majority of 
inner filaments. This mode of fracture is the 
preferred one. 
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Figure 14: Three characteristic curves obtained from the single-fibre pullout tests performed on inclined integral fibres 
and the corresponding ESEM images: a) completely fixed fibre, b) easily pulled-out fibre, and c) typical fibre pullout 

response. 
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More details concerning bond and fracture 
mechanisms and deeper discussions are 
presented by the authors in [7-11]. 

6 CONCLUSIONS 
In this research project the effects of adding 

different types of short fibres on the strength, 
deformation, and failure behaviour of textile-
reinforced concrete subjected to tensile 
loading were investigated. The stress-strain 
curves obtained from uniaxial tension tests 
demonstrated clearly the positive influence of 
short fibre on the mechanical performance of 
TRC. Furthermore, depending on the water-to-
binder ratio of the matrix various degrees of 
matrix-fibre bond were observed. To clarify 
the mechanisms leading to the enhancement of 
the mechanical performance of TRC, 
multifilament-yarn and single-fibre pullout 
tests were performed. The morphology of the 
matrix-fibre interface was studied using an 
electron microscope and provided some 
explanation of the phenomena observed. From 
the findings the following conclusions could 
be drawn: 
 The first-crack stress value of TRC 

specimens increased pronouncedly due 
to the addition of short fibres. Increase 
by approximately four times was 
achieved due to the addition of 1.0 % by 
volume short carbon fibres when the 
matrix M045 (w/b = 0.45) was used. 

 Expansion of the strain region, where 
multiple cracks form, was observed for 
the stress-strain curves due to the 
addition of short fibres. The visual 
inspection of the specimens´ surfaces 
showed that a higher number of cracks 
and finer cracks for given strain levels 
were formed when short fibres were 
added to TRC. 

 The work-to-fracture of the composite 
was improved significantly by the 
addition of short fibre. Here the effect 
when matrix M030 (water-to-binder 
ratio of 0.30) was used was more 
pronounced.

 While the advantage of the addition of 
short dispersed fibre began to fade at 

relatively high strain levels, integral 
fibres improved the load bearing 
capacity of the TRC over the entire 
strain range, right up to failure. 

 Short fibres improved the bond between 
multifilament-yarn and the surrounding 
matrix. By their random positioning on 
the yarn’s surface, short fibres built new 
“special” adhesive cross-links which 
provided extra connecting points to the 
surrounding matrix. 

 The water-to-binder ratio of the matrix 
influenced the bond quality between 
fibre and matrix and, thus, the effect of 
short fibre on TRC behaviour.
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Abstract. In this work a hygro-mechanical approach to modelling corrosion induced cracking is pro-
posed. A coupled transport and mechanical lattice model based on Delaunay and Voronoi tessellations
is used to model the penetration of corrosion products into a concrete specimen. The penetration of
the corrosion products into the concrete is described by constitutive laws developed for mass transport
through porous materials. The cracking caused by the penetration of corrosion products is modelled
by the mechanical lattice using a damage mechanics constitutive law. The coupled approach is ver-
ified by comparison of the numerical results with the analytical solution of an elastic thick-walled
permeable cylinder, which has been derived in the present work. Then, the coupled model is applied
to the analysis of corrosion induced cracking. The results of the new approach are compared to those
of a purely mechanical approach for an impermeable material.

1 INTRODUCTION
Corrosion induced cracking and spalling has

a major influence on the life of reinforced con-
crete structures and is caused by the constrained
volume expansion of corroded reinforcement
bars. In previous work, the process of corrosion
induced cracking has been commonly modelled
by a mechanical approach using an expansive
layer between the steel and the concrete [1].
In the present work an alternative approach to
modelling corrosion induced cracking is pro-
posed. The penetration of corrosion products
into concrete is modelled by a mass transport
lattice model for fully saturated materials which
is coupled to a mechanical lattice approach. By
assuming that the product generated by corro-
sion is a fluid permeating the porous concrete
and by following the theory of effective stresses

[2], the fluid pressure obtained from the trans-
port lattice is added to the normal stress in the
mechanical model. Lattice models are suitable
for this type of work as they have been shown to
describe well displacement discontinuities that
occur in fracture processes [3] and to accurately
model flow in porous materials [4]. Cracking is
modelled by a damage mechanics constitutive
law and transport is described by Darcy’s law.

2 LATTICE MODEL
In the present work, fluid transport and me-

chanical response are modeled by lattices based
on one-dimensional structural and transport el-
ements. The domain is discretised by a dual
Delaunay and Voronoi tessellation. Figure 1
shows the structure of this dual lattice mesh.
For the mechanical model, the lattice elements

1

1441



Caroline Fahy, Domenico Gallipoli and Peter Grassl

are placed along the edges of the Delaunay tri-
angles [4]. The geometry of the mid cross-
section of the elements is determined by the
corresponding Voronoi polygon edges, (Fig-
ure 2). The transport lattice consists of one-
dimensional transport elements placed along
the edges of the Voronoi polygons [3]. Their
corresponding cross-sectional properties are de-
termined from the corresponding edges of the
Delaunay triangles. The point C in Figure 2
contains information for both the mechanical
and the transport model, which simplifies the
coupling of the two models.

Figure 1: Dual lattice mesh.

Figure 2: Dual lattice elements.

In Figure 2, u, v and φ are nodal degrees
of freedom of the mechanical model. Further-
more, Pf is the nodal unknown (fluid pressure)
of the transport model.

2.1 Mechanical Model
The stress of the mechanical model which

enters the equilibrium condition is split into an
effective stress carried by the solid and the fluid
pressure in the pores by applying the principle
of effective stress used in soil mechanics:

σ = σm + σf (1)

where σ = {σn, σs, σφ}T is the stress vec-
tor (comprising of normal, shear and rotational
stresses), σm =

�
σm
n , σ

m
s , σ

m
φ

�T is the effective
stress vector and σf = {Pf , 0, 0}T is the fluid
pressure vector (see also Section 2.2).

For the effective stress, an isotropic damage
model is used to describe the inelastic response
of the lattice element which corresponds to a
continuous reduction of the element’s stiffness.
The stress-strain law for this part is

σm = (1− ω)D : ε (2)

where ω is a damage parameter, D is the elastic
stiffness and ε = {εn, εs, εφ}T is the strain vec-
tor (comprising of normal, shear and rotational
strains). The elastic stiffness is defined as

D =




E 0 0
0 γE 0
0 0 E



 (3)

and depends on the model parameters E and γ.
For plane stress analysis and a regular lattice
of equilateral triangles, these model parameters
are related to the continuum Young’s modulus
Ec and Poisson’s ratio ν as

γ =
1− 3ν

ν + 1
(4)

E =
Ec

1− ν
(5)

For the irregular lattices used in this study the
expressions in (4) and (5) are used as an approx-
imation.

The damage parameter ω in (2) is a function
of a history variable κ which is determined from
the loading function

f(ε,κ) = εeq(ε)− κ (6)

and the loading-unloading conditions

f ≤ 0, κ̇ ≥ 0, κ̇f = 0 (7)

2

1442



Caroline Fahy, Domenico Gallipoli and Peter Grassl

The equivalent strain

εeq =
1

2
ε0(1− c)+

+

�

(
1

2
ε0(c− 1) + εn)2 +

cγ2ε2s
q2

(8)

corresponds to an elliptical strength envelope
for εeq = ε0 = ft/E (Figure 3). Here, ft is the
tensile strength of the lattice material, c is a pa-
rameter which relates the compressive strength
to the tensile strength and q relates the shear
strength to the tensile strength.

σn

σs

fs
fc ft

Figure 3: Elliptical strength envelope.

The damage function is chosen so that for
normal tensile loading (σm

s = σm
φ = 0) an ex-

ponential stress crack opening law of the form

σm
n = ftexp(−

wcn

wf

) (9)

is obtained, where wcn is the normal crack open-
ing and wf is the crack opening threshold at
which the material is fully damaged (ω = 1).

2.2 Transport Model
The mass balance equation presented in

this section describes the stationary mass flow
through a transport element subjected to fluid
pressure gradient. The material is assumed to
be fully saturated. In the balance equation, the
flux (i.e. the rate of liquid flow per unit area) is
related to the pressure gradient through Darcy’s
law, which gives

kdiv(grad(Pf)) = 0 (10)

where k is the hydraulic conductivity, Pf is the
fluid pressure. The hydraulic conductivity is de-
fined as k = ρκ/µ where ρ is the density of

the fluid, κ is the intrinsic permeability of the
porous material and µ is the absolute (dynamic)
viscosity of the fluid.

Boundary conditions are imposed either as
prescribed values of fluid pressure (on boundary
Γ1) or as prescribed values of flux (on boundary
Γ2). The latter boundary condition can then be
related to the gradient of fluid pressure through
Darcy’s law. This results in the following two
mathematical constraints on Pf :

Pf = g(x) on Γ1 and − ∂Pf

∂n
= f(x) on Γ2

where n denotes the direction normal to the
boundary while g(x) and f(x) are functions of
the spatial coordinate vector x. More details on
the discretised form of these equations can be
found in [6].

3 ANALYSIS OF THICK-WALLED
CYLINDER

The potential of the coupled lattice ap-
proach to describe the interaction of transport
and mechanical responses was investigated by
analysing an elastic plane stress thick-walled
permeable cylinder subjected to an internal and
external pressure (Figure 4). The response of
the permeable cylinder is also compared to the
behaviour of the impermeable one.

Figure 4: Geometry of the thick-walled cylinder.

The numerical solutions are compared to an
analytical equation for the radial displacements
of an elastic thick-walled permeable cylinder,

3
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which were derived in the present study. The
present case is limited to a stationary flow prob-
lem with homogeneous properties for both the
fluid and the solid. Other, more general, work
on thick-walled permeable cylinders has been
published in [8, 9].

Firstly, the radial fluid pressure distribution
is determined. The flux (i.e. flow rate per unit
area) q in the radial direction is

q =
Q

2πrt
(11)

and in terms of conductivity and gradient of
fluid pressure

q = −k

µ

dPc

dr
(12)

where Q is the total flow rate, r is the radius
and t is the out of plane thickness. Setting
(11) and (12) equal, integrating and using the
boundary conditions to determine Q and the in-
tegration constant gives

Pf(r) =
ln

ro
r

ln
ro
ri

Pfi + Pfo (13)

where Pfi and Pfo are the internal and external
fluid pressures, respectively (Figure 4). Sec-
ondly, the equilibrium equation is given as

dσr

dr
+

σr − σθ

r
= 0 (14)

where σr = σm
r + Pf is the radial stress and

σθ = σm
θ + Pf is the tangential stress. Us-

ing Hooke’s law to relate radial and tangential
stresses to the corresponding strains (see [10]),
the following differential equation is obtained

d2u

dr2
+

du

dr

1

r
− u

r2
+

a

r
= 0 (15)

where

a = −Pfi − Pfo

ln
ro
ri

1− ν2

Ec

(16)

The solution of (15) for the radial displacement
u(r) is

u(r) = −1

2
ar ln r +

C1

r
+ C2r (17)

The two constants C1 and C2 are determined
from the boundary conditions as

C1 = r2i

a

2

�
(1 + ν) ln

ri
ro

�

(ν − 1)

�
1−

�
ri
ro

�2
� (18)

C2 =
a

2 (1 + ν)
[1 + (1 + ν) ln ro] +

+

a

2
ln

ro
ri�

ro
ri

�2

− 1

(19)

The classical analytical solution for the radial
displacements in an impermeable (without fluid
pressure inside the material) thick-walled cylin-
der can be found in [10] and is presented here
once more:

u(r) =
1− ν

Ec

(r2i Pfi − r2oPfo) r

r2o − r2i
+

+
1 + ν

Ec

(Pfi − Pfo) r
2
i r

2
o

(r2o − r2i ) r

(20)

The lattice model results were compared to
the new analytical solution of radial displace-
ment for the permeable cylinder and the well
known solution for the impermeable cylinder
[10]. For the geometry of the cylinder, the fol-
lowing parameters were selected: inner radius
ri = 8 mm, outer radius ro = 58 mm, inner
pressure Pfi = −10 MPa and outer pressure
Pfo = 0 MPa. Furthermore, the Young’s modu-
lus of the solid was chosen as Ec = 38.7 GPa.
The response for two Poisson’s ratios of ν = 0
and 0.2 were studied. The radial displacement
is independent of the hydraulic conductivity of
the fluid as long as it is constant throughout
the cylinder. The comparison of the results
is shown in Figure 5. The lattice model re-
produces well the analytical solutions for the
permeable and impermeable thick-walled cylin-
der. The agreement is particularly good for

4
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Figure 5: Comparison of numerical and analytical results for the radial displacement for the permeable and impermeable
thick-walled cylinder.

ν = 0. The solution for the permeable thick-
walled cylinder is very different from the im-
permeable one. For the permeable cylinder,
the fluid pressure inside the material causes a
stretching of the cylinder in the radial direc-
tion. On the other hand, the impermeable cylin-
der shortens in the radial direction. Also, Pois-
son’s ratio has a strong influence on the result
of the permeable cylinder. Not only the radial
displacements, but also the stress distributions
differ considerably for permeable and imperme-
able cylinders, which is investigated in the next
section where the lattice approach is applied to
the onset of corrosion induced cracking.

4 ANALYSIS OF CORROSION IN-
DUCED CRACKING

In the present section, the new coupled lat-
tice approach is applied to the plane stress anal-
ysis of a concrete specimen with a single eccen-
trically placed reinforcement bar. The geometry
and material properties were taken from the ex-
perimental study on corrosion induced cracking
presented in [12]. The specimen geometry is
shown in Figure 6.

Figure 6: Geometry for concrete specimen according to
[12].

In the present preliminary study the numer-
ical results are not yet compared to the experi-
mental ones. Instead, an internal pressure is ap-
plied at the circumference of the reinforcement
bar and the response in the form of crack pat-
terns for the permeable and impermeable spec-
imens are compared. The material parameters
for the solid were chosen as ft = 3.195 MPa,
Ec = 29.6 GPa, ν = 0.2. Furthermore, the
fracture energy Gf was set to a large value

5
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(a) (b)

Figure 7: Detail (marked in Figure 6 by the dashed boundary) of fracture patterns for a) permeable and b) impermeable
material for the same internal pressure. Black lines indicate cross-sections of mechanical elements in which damage
increases at this stage of analysis.

to avoid any numerical problems in this initial
study. The material parameters for the transport
part were assumed as µ = 1 × 10−9 t/(mms),
κ = 1× 10−13 mm2 and ρ = 1× 10−9 t/mm3.

The loading in this analysis was applied as
an internal pressure at the circumference of the
reinforcement bar. The reinforcement bar was
not modeled. The pressure distribution was de-
termined from the transport analysis of the per-
meable specimen by applying a uniform flux
along the circumference of the reinforcement
bar. The fluid pressure at the outer boundary
was assumed to be in equilibrium with the at-
mosphere and the specimen was assumed to
be fully saturated. The flux, and therewith the
pressure, was applied incrementally. Figure 7a
shows the fracture patterns for a pressure dis-
tribution that was determined from the anal-
ysis of the permeable specimen for a flux of
1.2 × 10−14 t/(mm2s). For the impermeable
solution the same pressure distribution was ap-
plied at the circumference of the specimen. The
fracture patterns predicted for the permeable
and impermeable specimen differ considerably.
Significantly more cracking occurs for the per-
meable specimen. It should be noted that these
fracture patterns are obtained for the same pres-
sure distribution along the circumference of the
reinforcement bar.

5 CONCLUSIONS AND FUTURE WORK
A lattice approach which couples mechani-

cal and mass transport models using the theory
of effective stresses has been applied to anal-
yse the displacements in a thick-walled elastic
cylinder and corrosion induced cracking in a
concrete specimen with a single reinforcement
bar. For the thick-walled elastic cylinder an
analytical solution for the radial displacements
has been presented. The main conclusions of
the present study are the following.

For the thick-walled cylinder, the numeri-
cal and analytical results are in good agreement
for both a permeable and impermeable mate-
rial. For the permeable cylinder, the fluid pres-
sure results in an increase of the thickness of the
cylinder, whereas for the impermeable material
the thickness decreases.

For the reinforced concrete specimen with a
single reinforcement bar, the same internal pres-
sure at the circumference of the reinforcement
bar results in very different fracture patterns for
permeable and impermeable materials. For the
permeable material, much more cracking oc-
curs.

In the future, the nonlinear analyses of the
concrete specimen will be extended so that the
analyses results can be compared to the exper-
imental results in [12]. Also, the coupling of
the mechanical and transport model will be aug-

6
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mented to take into account the change of con-
ductivity due to cracking [7].
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Abstract: A novel experimental method was developed to measure the cyclic response of the 
process zone at crack tip in a mortar. The test geometry was designed so as to measure both the 
fracture toughness and the fatigue crack growth rate using the same specimen and hence the same 
material. The tests conducted showed that a subcritical crack growth by fatigue occurs in this 
material. The displacement field around the crack tip was measured during fatigue cycling using 
digital images correlation and later post-treated so as to extract the non-linear cyclic response of the 
process zone. To do so the measured mode I velocity field was partitioned into two parts, the first 
one characterizing the linear elastic response of the cracked structure while the second one carries 
the non-linear behavior of the process zone. Each part is also approximated as the product of a 
weighting function and of an intensity factor.  The intensity factor that characterizes the non-linear 
response of the process zone was determined during fatigue cycling. 

 

1. INTRODUCTION 
Quasi-brittle materials, such as concrete or 

mortar, show a non-linear behavior in cyclic 
tension which stems, amongst other factors, 
from the nucleation, the growth and the 
coalescence of micro cracks [1-5].  

The initial elastic properties of the material 
(step 1) deteriorate because of the nucleation 
of micro-cracks (step 2) up to a critical point 
for which strain and damage localization 
occurs (step 3). 

The drop of the material elastic properties 
due to micro-cracking can be determined at 
the onset of an unloading step (step 4).  

After unloading, some permanent strains 
remain and partial stiffness recovery is 
observed (step 5) which can be explained, 
amongst other phenomena, by the micro-
crack closure and friction. 

 

 
Figure 1. Schematics of the behavior of a quasi-

brittle material. 

Within the process zone at crack tip, the 
same set of phenomena also occurs. Various 
approaches [6-8] have hence been developed 
to derive the fracture properties of a quasi-
brittle material from the continuum damage 
constitutive behavior (Fig. 1).  

To do so a non-local approach is 
mandatory. As matter of fact, viewing the 
stress and the strain as local becomes highly 
questionable once the strain localization has 
occurred, i.e. beyond the step 2 in Fig. 1. And 
it is precisely the behavior of the material 
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determined once the strain localization has 
occurred that is the most relevant for fracture 
problem, since ahead of a crack tip, the strain 
field is “geometrically” localized by nature. 

This study is therefore focused on the 
experimental characterization of the non-
linear response of the process zone at crack 
tip using a non-local approach. Various non-
local approaches are proposed in the 
literature. In [8] for instance, the authors 
assume that the damage distribution is 
explicitly defined as a function of the distance 
to a level set. In this paper a similar analysis 
is done, except for the weighting function that 
is not given arbitrarily but determined directly 
from experiments. 

This experimental method derives from a 
technique that was used to analyze crack tip 
plasticity in metals [9-11] either using 
experimental velocity fields measured by DIC 
[9] or using finite element results [10,11] in 
mode I or in mixed mode conditions. 

This technique is based on the following 
considerations.  

First, the process zone is assumed to be 
fully constrained by a linear elastic bulk. This 
constraint limits drastically the actual number 
of degrees of freedom required to characterize 
the response of the crack tip process zone. 

Second, to some extent, the geometry of a 
crack is self-similar with respect to the crack 
tip and therefore the velocity field is expected 
also be self-similar, that is to say, is expected 
to be the product of an intensity factor (degree 
of freedom) and a self-similar spatial 
distribution.  

Third, by merely reversing the loading 
direction, it is always possible to get, at least 
transiently, a linear elastic behavior of the 
material within the process zone. This implies 
that the linear and the non-linear responses 
are two independent phenomena that can be 
characterized independently and that are 
characterized independently by an intensity 
factor (degree of freedom) and a self-similar 
spatial distribution.  

Finally, the displacement field in each time 
step    within the local coordinate system 
attached to the crack plane and front in a 

quasi-brittle material is assumed to be the 
superposition of: 

- the displacement field relative to the 
linear elastic response of the process zone, 
considering its current state of damage, 
characterized by the intensity factor     . This 
term being the sum of the contribution of the 
nominal stress intensity factor      and of the 
shielding effect of the process zone onto the 
macro crack, characterized by              

- the displacement field related to the non-
linear behavior of the process zone, 
characterized by the intensity factor    , 

The velocity field in the vicinity of the 
crack tip is hence approximated by Eq.1: 

 
                                    (1) 
 
In Eq. (1),       and        are two 

reference fields relative to the linear elastic 
behavior of the macro-crack and that of the 
process zone, that describe the spatial 
distribution of each part around the crack 
front and that are used as weighting functions 
to approximate the velocity field at crack tip. 

The main objective of these experiments 
was to determine these two weighting 
functions       and        and the evolution 
of damage and hence of    during fatigue 
cycling as a function of the nominal stress 
intensity factor    .  

To do so, a special specimen was used in 
order to get a stable crack growth during 
monotonic and cyclic loading. The velocity 
fields and the crack lengths were measured 
using the digital image correlation program 
Q4-DIC [12,13].  

 

2. MATERIAL AND EXPERIMENTS 
a. Test specimen 

To perform the experiments a prismatic 
beam was tested in axial compression (Fig. 2). 
The beam has a through thickness cylindrical 
hole in its center that induces a tensile stress 
concentration at the two poles of the hole 
during compression. The traction stress 
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decreases with the distance from the hole 
before vanishing.  

  
Figure 2. Specimen geometry 

The nominal stress intensity factor 
evolution for a coplanar double crack initiated 
at the two poles of the cylinder (Fig. 2) was 
determined using linear elastic finite element 
analyzes (Fig. 3).  

The stress intensity factor decreases with 
the crack extent a from each pole, over a 
distance between a = 2 mm and a = 50 mm. 
Beyond a =50 mm the slope of the curve 
changes and the stress intensity factor 
increases (Fig. 3). The crack growth is stable 
between a = 2 mm and a = 50 mm.  

 
(a) 

 
(b) 

Figure 3.: (a) Loading  sequence applied to perform 
repeated measurements of     . 

(b) determination of     using the  measurement of the 
arrested crack length.  

b.Fracture toughness 
The decay of the nominal stress intensity 

factor with the crack length is very useful 
because for a given compression load F, the 
crack is arrested when the crack length is such 
as that the nominal stress intensity factor     
is just below the fracture toughness    . The 
arrested crack length is determined using 
digital image correlation [12,13]. The 
evolution of        determined from linear 
elastic finite element analyses, allows 
determining     using the arrested crack 
length a (Fig. 3).  

(a) 

 (b) 
 

Figure 4.: Evolution of the measured fracture 
toughness with the crack extent in monotonic 

compression, the error bars indicate the uncertainty 
associated with the measurement of the crack extent 

and that associated with the fracture toughness. (a) first 
specimen, (b) second specimen. 

This geometry allows also performing 
repeated measurement of the fracture 
toughness using the same specimen. In 
addition, the slope         is small enough 
so that the quite large uncertainty associated 
with the measurement of the arrested crack 
length a would correspond to a very small 
uncertainty on     (Fig. 3). It is worth to 
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underline that the uncertainty associated with 
the measurement of the arrested crack length 
a in Fig. 4 is an upper bound. The uncertainty 
has been overestimated so as to guarantee the 
result of the measurement of     in all cases. 

In Fig. 4b, it is observed that the fracture 
toughness increases with the crack length 
over a distance of 2 to 8 mm before 
stabilizing at               in both 
tests. In the first test (Fig. 4 a) the load 
applied on the specimen was higher 
(Fmax=90kN) than in the second specimen 
(Fmax=70kN) (Fig. 4 b).  

The observed increase of the fracture 
toughness is believed to be associated with 
the development of a damaged wake along the 
crack faces that produces a shielding effect 
onto the macro-crack. The crack extent 
required to measure a stabilized value of     
should be well above the diameter of the 
damaged zone associated with crack initiation 
so that the measured value of     would be 
characteristic of crack propagation and not of 
crack initiation (Fig. 5).  

 

 
Figure 5.: Illustration of the development of a 

damages wake. (1) damaged zone associated with 
crack initiation, (2) process zone and damaged wake 

for a crack growing at         

c. Creep test 
The objective of these experiments is 

primarily to analyze fatigue crack growth. 
However during fatigue cycling a subcritical 
crack growth by creep may also occur. In 
order to discriminate the individual 
contributions of creep and of fatigue, a creep 
test was also performed before performing the 
fatigue test.  

Using the same protocol as for toughness 
measurements, the specimen was loaded in 
compression and the arrested crack length 
was determined at the end of the loading ramp 

(Fmax). The value of the fracture toughness 
value was measured at: 

              
The compression load Fmax was then 

maintained and the arrested crack length was 
determined after a period of 36 hours of creep 
without any detectable crack propagation, i.e.  
the crack growth rate is below 10-6 mm.h-1. 
The threshold for creep crack growth could 
hence be determined and is equal to: 

    
                

After this point, the specimen was then 
subjected to fatigue cycles with a maximum 
compression load Fmax=70 kN and a load ratio 
R=0.1 in order to measure fatigue crack 
growth by fatigue below the threshold for 
creep crack growth. 

d. Subcritical crack growth by fatigue 
In this test, a subcritical crack growth by 

fatigue was clearly observed but the fatigue 
threshold could not be determined because 
two crack branches were visible on the 
surface of the specimen and grew 
simultaneously. The distance between the two 
crack tips being small, less than 10 mm, the 
two tips are interacting and the stress intensity 
factor determination was questionable. 

A third experiment was therefore 
conducted to observe fatigue crack growth. 

The specimen was first loaded 
monotonically and the fracture toughness was 
determined so as to get a stabilized value of 
the fracture toughness before the beginning of 
the fatigue test (Fig. 4b). The maximum load 
applied to determine     is Fmax=70 kN. Once 
the fracture toughness has reached its 
saturation value, the specimen was then 
subjected to fatigue cycling with Fmax=70 kN, 
a load ratio R=0.5 and at 5 Hz. The loading 
scheme is plotted in Fig. 6 (a) and the 
measured crack growth rate in Fig. 6 (b). 

The crack length was measured 
periodically during the test so as to determine 
the crack growth rate (Fig. 6 b). By applying a 
linear fit on the crack propagation by cycle 
curve, we measured a mean subcritical crack 
growth rate of 4.3 nm per cycle.  
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(a) 

 
(b) 

Figure 6.: Loading scheme (a) and measured crack 
propagation (b) during fatigue cycling at 5Hz and 

R=0.5. 

The arrested crack length was also 
determined after a period of 48 hours of 
fatigue cycling at 5 Hz without any detectable 
crack growth using the DIC analysis which 
yields a fatigue threshold for this mortar equal 
to: 

     
                  at R=0.5 

 
The measured fatigue threshold is well 

below both the fracture toughness and the 
threshold for creep crack growth. 

3. NON-LOCAL CYCLIC RESPONSE OF 
THE PROCESS ZONE 

At this point, the crack remained arrested 
during fatigue cycling with Fmax=70 kN and 
Fmin=35 kN. The next step of the experiment 
was then to determine the non-linear response 
of the crack tip process zone during cycling.  

Since damage, stresses and strains are 
localized in this problem a non-local approach 
is used to post-treat the experimental results. 
This non local approach is tailored for this 
problem. 

a. Assumptions 
In these analyses, the mode I behaviour 

only is analyzed. Additional analyzes were 
done in mixed mode conditions that are not 
reported here, but it is worth to mention that 
the same methodology can be applied in 
mixed mode I+II conditions [9,14].  

First of all, the nominal stress intensity 
factor   

  is determined in the LEFM 
framework, using the compression load 
applied on the test specimen and the crack 
length determined using DIC.  

Then the specimen is loaded cyclically and 
the load signal is used to trigger the capture of 
images so as to get 22 images per cycle. 

The crack tip is first located and the 
images are then cropped to position the tip of 
the crack in the center of the image and the 
crack plane midway. This operation is 
equivalent to removing the rigid body motion 
from the total displacement field. 

Then the displacement field relative to the 
frame attached to the crack plane and tip is 
extracted from the sequence of images 
[12,13]. Then, it is partitioned into mode I and 
mode II components (Eq. 2, 3, 4) using 
symmetry considerations. 

                                     (2) 
 

                          
                         

            (3) 

 

                           
                          

          (4) 

 
It is checked that the mode II part of the 

displacement field is negligible with respect 
to the mode I part. 

Then, the mode I part is partitioned into 
two terms (Eq. 1). The first one characterizes 
the displacement field of the macro-crack 
(considering the effect of the nominal loads 
and the shielding effect of the process zone) 
and the second one characterizes the non-
linear behavior of the process zone. To do so, 
it was first necessary to construct the two 
reference fields       and        that are 
used to approximate the displacement field 
using Eq. (1). 
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b. Construction of the reference fields  
To identify the elastic reference fields, 

three cycles were applied with the load 
amplitude corresponding to the fatigue 
threshold, i.e. with Fmax=70 kN and Fmin=35 
kN. 

For each cycle, eleven images were 
captured during the loading phase and during 
the unloading phase. The images were post-
treated using digital image correlation [12,13] 
to determine the displacement field 
            associated with each couple of 
images. 

The crack being arrested, the behavior of 
the process zone is believed to behave 
essentially elastically. In such a case, for each 
time step   , the approximation in Eq. (1) 
reduces to : 

 
                                     (5) 

 
(a) 

 
(b) 

Figure 7.: Experimental elastic reference field in 
mode I. (a) intensity of the component parallel to the 
crack plane, (b) intensity of the component normal to 

the crack plane. 

The nominal stress intensity factor 
variation     between two images is 
calculated using the load increment       
applied on the specimen and the arrested 
crack length. This allows determining       
for each couple of images using Eq. (5). 
Finally, to limit the measurement errors and 
the noise on the elastic field, the elastic 
reference field       is calculated as the 
average of the fields determined for each 
loading or unloading ramp and for the three 
fatigue cycles.  

The two components of the elastic 
reference field are plotted in Fig.7. 

The intensity of the component Ve normal 
to the crack plane is discontinuous across the 
crack faces and symmetric. 

 
Once the elastic reference field is 

identified, the specimen was then fatigued 
above the fatigue threshold so as to get a non-
linear response of the process zone.  

The specimen was subjected to a cyclically 
increasing loading amplitude keeping the 
mean value constant (Fig. 8 a).  

 
Figure 8.: (a) Loading scheme applied onto the 

specimen and (b) evolution of the intensity factor 
     that characterizes the non-linear response of the 

process zone. 

For each loading and unloading ramp, 10 
images are captured and the displacement 
field between two images is determined by 
DIC. The displacement field is partitioned 
into mode I and mode II components 
considering the crack tip position identified 
during the fatigue cycles at the fatigue 
threshold. The mode I component is then 
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projected onto the mode I elastic reference 
field       as follows: 

 
        

                      
                

               (6) 

 
The residue of this projection (Eq. 7) is 

then determined for each time step: 
 
                                       (7) 
 
In order to construct the reference field 

       that characterizes the behavior of the 
process zone, we used a Karhunen-Loeve 
transform. 

 
Figure 9.: Experimental complementary reference 

field in mode I 

The Karhunen-Loeve transform is a proper 
orthogonal decomposition, that allows to 
enlighten independent or uncorrelated 
displacements. Applied on a spatial-temporal 
matrix, where for each column is assigned the 
displacement field at the time t, and for each 
line the value of                in a given point 
P through time, the spatial self-correlation 
matrix of the displacement field is built. The 
eigenvector associated to the highest eigen-

value of this matrix correspond to the 
reference field        ignoring a multiplying 
factor. The two components of the reference 
field        are plotted in Fig. 9. 

The intensity of the V components of the 
complementary field is highly localized in the 
vicinity of the crack tip and decreases with 
the distance to the crack tip. This result is 
consistent with the fact that the process zone 
is well constrained inside an undamaged bulk.  

 
Once the reference field       is 

constructed, the intensity factor variation     
in each time step is determined as follows: 

 
       

                       
                  

         (8) 

 
The evolution of       during cycling is 

plotted in Fig. 8 (b). During the first cycles, 
for which the amplitude corresponds to the 
fatigue threshold, the value of       remains 
negligible. Then, it is observed that the mean 
value and the amplitude of       increase with 
the loading amplitude. 

The error       associated with the 
approximation in Eq. (1) of the measured 
field            was also determined as 
follows: 

 

       
                                             

                
 (9) 

 
The error        associated with a linear 

elastic approximation of            is also 
calculated as follows: 

 

       
                                

                
   (10) 

 
The evolution of the two errors measured 

during the experiments is plotted in Fig. 10. It 
is observed that these error remain small 
(below 10%), and that in certain loading step 
the error       associated with an elastic 
approximation of            is well above that 
associated with a non-linear approximation 
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       indicating the presence of damage 
during these time steps.  

 
Figure 10.: Evolution of C1R and C2R during cyclic 

loading. 
 

c. Results - non-linear response of the 
process zone at crack tip  

This analyzes makes it possible to plot 
the non-linear response of the process zone at 
crack tip. The nominal stress intensity factor 
    applied during fatigue cycling was plotted 
against the intensity factor   that 
characterizes the non-linear behavior of the 
process zone in Fig. 11.  

 

 
Figure 11.: Evolution of experimental intensity 

factors. The solid line corresponds to the lower bound 
for the crack length and the dashed line to the upper 

bound.  
Since the crack grows during fatigue 

cycling, the entire analyze was repeated for 
two possible crack length, the first one 
corresponding to a lower bound for the crack 
length (before fatigue cycling and considering 
the lower bound for the uncertainty) and the 
second one to an upper bound (after cycling, 
and considering the upper bound for the 
uncertainty). The curve is not significantly 

modified according to the assumption 
regarding the location of the crack tip.  

The evolution is very similar to that of 
an uncracked quasi-brittle material. At first, 
the curve is vertical, then the slope decreases 
when the degree of damage increases. A 
permanent displacement is also observed, that 
is believed to stem from friction between the 
micro-cracks faces. 

It is important to underline that the 
reference field        determined in these 
experiments (Fig. 9b) has a component 
normal to the crack plane that is 
discontinuous across the crack faces. Since 
the part of the displacement field associated 
with the process zone in Eq. (1) is 
approximated by              the 
discontinuity is directly proportional to 
      . In other words        measures also 
the evolution of the crack tip opening 
displacement during fatigue cycling (CTOD). 

The results plotted in Fig. 11 indicate 
that the CTOD increases significantly during 
fatigue cycling.  

It is also observed in Fig. 11 that the 
maximum stress intensity factor   

 applied 
during fatigue cycling is well above the 
fracture toughness. This result was carefully 
checked. Fatigue cycling may allow a higher 
density of micro-cracks to be nucleated inside 
the process zone which may increase the 
shielding effect onto the macro-crack and 
hence explain this apparent increase of the 
resistance to fracture of the material. 
 

 
Figure 12.: Evolution versus time of the nominal 

applied stress intensity factor   
  and of the intensity 

factor of the reference elastic field       determined 
using the displacement field at crack tip      
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The intensity factor    of the reference 
elastic field       is plotted in Fig. 12. As a 
matter of fact, this term includes the effects of 
both the remote stresses and the internal 
stresses (shielding effect of micro-cracks). It 
is obvious in this graph that the apparent 
stress intensity factor     determined using the 
displacement field is very different from that 
determined using the applied loads   

  as 
soon as the degree of damage around the 
crack tip is significant, indicating a large 
shielding effect. 

 

4.CONCLUSIONS 
A novel experimental approach was 

proposed to analyze the non-linear response 
of a cracked quasi-brittle material. Because of 
the localized nature of the mechanical fields 
at crack tip, a non-local approach is used. 

However, instead of using arbitrary 
weighting functions for this non-local 
approach, we used reference fields 
determined directly from the experiments. 
The response of the crack tip region is hence 
represented as the product of an intensity 
factor (the degree of freedom) and a reference 
field (the weighting function). In addition, the 
response is partitioned into two terms, one 
characterizing the elastic response of the 
macro-crack, including the shielding effect of 
the micro-cracks, and the other    
characterizing the non-linear response of the 
process zone. In addition,     could also be 
viewed as the CTOD.  

The degree of freedom    associated with 
the non-linear response of the process zone 
was plotted against the nominal applied stress 
intensity factor. The response of the process 
zone is analogous to the tensile cyclic stress-
strain curve of a quasi-brittle material, 
showing a progressive degradation of the 
material properties and an increase of the 
CTOD with fatigue cycling. 

The test specimen used for these 
experiments allowed also determining the 
fracture toughness of the material, the 
threshold for creep crack growth and the 
fatigue threshold at R=0.5 and 5 Hz.  
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Abstract. Since the 90s, Ifsttar has developed probabilistic models for a reliable description of the
cracking processes in concrete structures. These models take into consideration the inherent hetero-
geneity of the material and the consecutive scale effects on its mechanical properties via appropriate,
and experimentally validated, size effect laws and random distributions. After a brief presentation of
the models, the paper delivers some considerations on the fact that the efficiency and the relevance of
the approach, for a given scale of modelling, directly depends on the judicious choice of the couple
of type of local behaviour model - type of numerical support. It is also shown that this choice has an
important and obvious impact on the richness of the local information obtained for cracking processes
(micro and macro cracking).

1 INTRODUCTION
The numerical modelling of concrete crack-

ing is a challenging issue in Civil Engineering.
The development of models providing informa-
tion on the characteristics of concrete cracks,
for a given environment, loading and limit con-
ditions set, is actually very popular. Cracks
openings, lengths, orientations and spatial dis-
tributions are essential factors. Their impact
on the long-term structural performance main-
tenance must be accounted for an accurate pre-
diction of structures lifespan.

In the literature, a number of approaches for
describing the nucleation/evolution of cracks
can be found: however, results are rarely fully
predictive [4], especially when crack openings
and spacings are concerned. The experimental
analyses held at IFSTTAR(former LCPC) since
more than 20 years [5], [10], [7] have led to
the observation that these phenomena can be
correctly described by explicitly taking into ac-
count concrete heterogeneity (which is at the

origin of volume effects) in the frame of a prob-
abilistic approach. An original discrete model
based on these concepts was first proposed by
Rossi [9] in the 90’ and has been more recently
resumed in [11]. Since the model is based on
a local probabilistic elastic-brittle behaviour of
the concrete and uses contact elements for the
description of the kinematic discontinuities of
the displacement field when cracks appear, the
approach can provide local information on both
micro and macro cracks and it is well suited for
modelling crack patterns. But the increase of
the node number (due to the use of contact ele-
ments) can rapidly have a detrimental effect on
the size of the problem and lead to prohibitive
computation costs when dealing with real struc-
tures. Therefore, a macroscopic probabilistic
approach has been developed to overcome this
difficulty and to be efficient at the scale of a real
concrete structure. The main principles of this
latter are given in [12] [13]. These approaches,
developed in the frame of the FEM, considers

1
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the finite element as a given volume of hetero-
geneous material exhibiting therefore, in local
uniaxial tension, random mechanical properties
(tensile strength, Young modulus, local dissi-
pated energy, ...) directly depending on its size.
Size effect laws are obtained by coupling exper-
imental results [10] and inverse analysis.

The paper proposes a discussion on the con-
sistency between the behaviour model and the
numerical support, and its consequence on the
efficiency and the relevance of the approach
to describe crack creation and to approximate
their propagation. After a brief description of
the cracking processes in concrete and the main
bases of the original (discrete elastic-brittle)
probabilistic approach and these of the macro-
scopic approach as well, the paper focuses on
the effect of the choice of the type of contact
element by presenting a comparison between
experimental results and numerical results ob-
tained with these two approaches.

2 CRACKING PROCESSES IN CON-
CRETE

Concrete is, by nature, a heterogeneous ma-
terial, whose heterogeneity is essentially due
(mechanically speaking) to the difference in
properties of the cement paste and of the gran-
ular skeleton. The cement past also contains
inner defects such as pores and cracks, conse-
quences of hydration of the cement paste and re-
strained shrinkages at early ages. Initial condi-
tions are therefore responsible of internal auto-
balanced stresses (even under no external load),
which also can determine the long-term con-
crete behaviour [1].

When an external load is applied, a new
crack state is observed. The cracks may be
located across several hydrates of the cement
paste. They are either newly created or due
to the propagation of existing cracks. A crack
is created or does propagate when a critical
value of the local tensile stress is reached. The
spatial distribution of cracks is the direct con-
sequence of the spatial distribution of stresses
and strengths, these latter being also the con-
sequence of the heterogeneity of the material.

In addition, the creation or the propagation of
a crack leads to a local spatial redistribution of
stresses in its vicinity. Therefore, cracks newly
formed or propagated constitute an induced het-
erogeneity. When the load is increased, new
cracks are again formed or propagated, so that
the process evolves in two ways:
– the crack density increases,
– cracks appear increasingly long and open.

As long as, the induced heterogeneity, due
to microcrack creation and/or propagation in
the material, does not generate strain localiza-
tion, the concrete structure may accept loadings
of greater magnitude. Otherwise, it leads to
strain localization (local increase of the micro-
crack density) in the structure that enters in an
unstable fracture process. This is known as
macro-crack coalescence and propagation into
the structure.

Therefore, heterogeneity, inner defects, ap-
plied loads and boundary conditions, provoke
stress gradients in concrete and, of course,
cracking. Thus, the global mechanical response
of the structure is a consequence of the com-
bined effect of these stress gradients and lo-
calized cracks propagating during the loading.
And as the material is by nature heterogeneous,
its behaviour obviously exhibits some random-
ness.

3 MODELLING CRACKING PRO-
CESSES IN CONCRETE VIA PROB-
ABILISTIC APPROACHES

The general numerical framwork of these
developments is the one of the finite element
method. As already exposed in the introduc-
tion, the underlying and basic ideas of the orig-
inal model developed by Rossi [9] is to con-
sider a finite element volume as a volume of het-
erogeneous material and to assume that phys-
ical mechanisms influencing the cracking pro-
cesses remain the same whatever the scale of
observation. At the scale of the finite element,
mechanical properties are then functions of its
own volume. To describe the heterogeneity of
the material, these mechanical properties have
to be randomly distributed over the finite ele-

2
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ment mesh. That is the reason why the model
is probabilistic. Caracteristics of random dis-
tribution functions (Weibull for example for the
tensile strength) are directly depending on par-
ticular indicators of (1) the heterogeneity of the
material (the ratio between the volume of the
material and the volume of the coarsest agre-
gate) and (2) of the quality of the cement past,
as the location of inner defects, (for example the
mean compressive strength).

Note that only cracking in mode I is consid-
ered here.

3.1 Discrete approach
This model aims to explicitly represent lo-

calized (micro and macro) crack patterns in
concrete taking into account volume effects.

From a numerical point of view, interface el-
ements are used to describe the displacement
discontinuities consecutive to the crack cre-
ation. As already mentionned, the mechanical
properties of these elements (essentially the ten-
sile strength) are considered as randomly dis-
tributed variables. The volume of the massive
elements, that are adjacent to the considered in-
terface element, acts as the reference volume
(of heterogeneous material). The scale effect
laws cited in introduction have been extrapo-
lated [11], by inverse analysis (see also [3]),
from the scale of experimental test results [10]
to the scale of this reference volume and used
as input data in the numerical modelling.

Volumes of concrete associated to interface
elements follow a local elastic-purely brittle be-
haviour while massive elements, representing
the uncracked concrete, remain purely elastic.
Contact elements verify some Rankin (in ten-
sion) and Tresca (in shear) criteria. In that
sense, it is assumed that the no-consideration
of the local irreversible energy dissipation little
influences the global behaviour of the structure.
In other words, the local energy dissipation is
assumed to be very small compared to the elas-
tic energy stored in the structure. This assump-
tion is acceptable when the phenomenon is lo-
cated in a very small scale with respect to the
scale of the structure.

3.2 Macroscopic approach
The main limit of the use of the discrete ap-

proach is related to the high number of nodes
that it induces, increasing then the computa-
tional cost, which is considerably perceptible
for fine meshes. In that sense, it may be in-
teresting to use a more efficient approach that
better suits the simultation of behaviours at the
scale of real concrete structures.

The macroscopic model aims to represent
the global behaviour of concrete structures with
localized macro crack patterns, of course taking
into account scale effects.

The basic idea of this model is again to con-
sider the finite element as a given volume of
heterogeneous material. The tensile strength is
here also considered as a random variable and
is still determined in the same way as in the
discrete approach. But at the scale of the ele-
ment, the model considers that the cracking pro-
cesses induce some energy dissipation. ”Crack-
ing processes” means here creation and prop-
agation of cracks in the element. When the
whole amount of energy, that the element can
consume, is reached this latter is considered as
failed. That means that its contribution can be
removed from the numerical model.

To take into account this local energy dissi-
pation, a simple isotropic damage model can be
used. Many different modelling strategies are
available and can be used: damage, smeared
crack for the most popular. And it is well
none that they are quite similar as recalled by
Bazant in 83 [2]. A bilinear formulation of the
stress-strain relation is chosen here in a sake
of simplicity. The damage parameter is driven
by the evolution of the strain in the direction
of the principal major stress (in tension). In
this formulation and numerical context, the to-
tal amount of energy dissipation up to failure is
represented by the whole area under the stress-
strain curve multiplied by the volume of the el-
ement. The model considers that this energy is
entirely consumed in the creation and propaga-
tion of a macrocrack inside the element. The
value of the dissipated energy density can be
taken equal the one experimentally obtained by

3
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Rossi [5]:

Gc =
K2

Ic

E
� 1.31410−4MN.m/m2 (1)

This has two consequences:
– the energy consumed in the creation and prop-
agation of a macrocrack can be viewed, in mean
value, as a material parameter, and only de-
pends on the type of concrete. This hypothesis
seams to be reasonable with regard to the results
obtained in [5] and confirmed in [8];
– due to the heterogeneity of the material
(whose impact is enhanced at the scale of the
finite element) the dissipated energy shows in
fact some randomness. Its dispersion can be
considered as directly influenced by the size of
the solicitated volume, in that sense that this
volume may (or not) contain barriers to crack
propagation.

The dissipated energy is then ramdomly dis-
tributed over the mesh. The chosen distribution
function is a log-normal law. And again, as the
mean value of this distribution is chosen con-
stant whatever the scale, the standard deviation
is the only parameter to be dentermine. This
determination has to be performed by inverse
analysis.

4 VALIDATION EXAMPLE
4.1 A double cantilever beam test

This test is related to the study of macrocrack
propagation in a very large double cantilever
beam (DCB) specimen. It was performed in the
framework of a PhD thesis aimed to study ap-
plicability of linear fracture mechanics to con-
crete structures [5]. The geometry and the di-
mensions of the specimen are given in Figure
1.

Prestressing forces(1230 kN) are applied to
concentrate the propagation of the macrocrack
in the center of the specimen and to avoid any
premature bifurcation. The concrete mix design
formula is given Table 1. And the mechanical
properties of the material are reported in Table
2.

Table 1: Mix design formula of the concrete (kg/m3) .

Agregate (4-12 mm) 1105
Sand (0-5 mm) 700

Cement 400
Water 190

Figure 1: Geometry of the DCB specimen.

Table 2: Concrete mechanical properties

Young modulus � 36000 MPa
Compressive strength � 50 MPa

It is important to note the huge size of the
specimen, so that the (mechanical) responses of
the experimental test can be, as a consequence,
representative of the material behaviour.

4.2 Results obtained with the discrete ap-
proach

The modelling is performed here in the
frame of a 2D plain stress state hypothesis. The

4
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dog-bone shape of the cross section of the spec-
imen is represented by an equivalent section, as
schematized Figure 2, to fit this plane stress hy-
pothesis. Model parameters are given Table 3.

Figure 2: Real (a) and idealized (b) shapes of the cross
section of the specimen.

Quadratic (contact and massive) elements
are used in this numerical study. 6 different sim-
ulations have been performed. Mesh, boundary
and loading conditions are given Figure 3. Re-
sults are given Figure 4 (curves load vs. COD).
And Figure 5 shows an example of crack pat-
tern.

Figure 3: Discrete model – Mesh, boundary and loading
conditions.

Table 3: Discrete model parameters.

Young Modulus 36000 MPa
Compressive strength 50 MPa

Agregate diameter 12 mm
Tensile strength Mean val. 4 MPa

(at the elem. scale) Std dev. 0.6 MPa

Figure 4: Discrete model – Global behaviour of the DCB
specimen; comparison between experience (black) and
computations using quadratic contact elements (red).

Figure 5: Example of crack pattern obtained with the dis-
crete model.

A refinement of the mesh can also be per-
formed to ameliorate the description of the mi-
crocracking at the crack tip (Figure 6).

5
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Figure 6: Example of crack pattern obtained with the dis-
crete model on a refined mesh (zoom on the crack tip).

A previous study [14] has also shown the in-
fluence of the choice of the numerical support
(i.e. the type of element) on the accuracy (and
the pertinence) of the response of the model. In
this study, both linear and quadratic contact ele-
ments have been (coupled to a local elasti-brittle
behaviour of the material). Due to the poorness
of the description of the displacement field at
the scale of the element, the linear element over-
estimates the stresses at its centre, compared
to the quadratic. The stress redistributions af-
ter failure during the nonlinear iterations until
convergence are then completely different for
both elements. As a consequence, the failure
is premature in the case of the linear element,
which concentrates much more the stresses and
leads to a more localized failure. One way to
counteract this phenomenon is to enrich the lo-
cal behaviour by allowing the material to locally
dissipate some energy. A cohesive-crack type
model can therefore be used in that way. Fig-
ure 7 shows the comparison between these two
results. The consequence of this enrichment
lies essentially in the scale of representation of
cracking processes: the dissipated energy rep-
resents the effect of the development of the mi-
crocracking at surrounding of the crack tip dur-
ing the propagation of the macrocrack. As this
microcracking is not explicitely described here,
the representation of cracks by this model only

concerns localized macrocracks.

Figure 7: Results obtained with the discrete model – same
mesh as in Figure 3 – and the use of linear contact el-
ements: (a) local elastic-brittle behaviour, (b) cohesive-
crack approach. Experiments are in black.

4.3 Results obtained with the macroscopic
approach

The modelling is again performed in 2D
(plane stress) and the same schematization of
the cross section is used. The mesh for the
macroscopic model is shown Figure 8. The
mesh is made of (basic) linear triangles to
reduce computation costs to their maximum.
Note also that it is coarser than the preceding
(cf. Figure 3). Considering remarks made in
the preceding section of this paper, the use of
linear elements in conjonction with a dissipative
formulation of the cracking processes is reason-
able. The coarser character of the mesh refine-
ment (compared to the one used for the discrete
model) is not a problem in the sense that the dis-
persion of the energy distribution directly takes
into account the size of the finite element.

Parameters of the model are given Table 4.

6
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Figure 8: Macroscopic model – Mesh of the DCB speci-
men.

Again, global responses of the structure are
given Figure 9 for six different simulations and
an example of crack pattern is given Figure 10 .

0 0.0005 0.001 0.0015 0.002
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Figure 9: Macroscopic model – Global behaviour of
the DCB specimen; comparison between experience
(black) and computations using quadratic contact ele-
ments (green).

Table 4: Macroscopic model parameters.

Young Modulus 36000 MPa
Compressive strength 50 MPa

Agregate diameter 12 mm
Tensile strength Mean 4

(MPa) Std dev. 0.8
Dissipated energy Mean 1.314 10−4

(MNm/m2) Std dev. 6.57 10−4

Figure 10: Macroscopic model – Example of macrocrack
pattern obtained with the macroscopic model.

5 DISCUSSION AND CONCLUSION
The paper presents two different numerical

strategies for the modelling of cracking pro-
cesses in concrete structures. They can be es-
sentially distinguished by the way they repre-
sent cracking processes and more precisely by
the modelling scale where they act to describe
these processes: a discrete and a macroscopic
approach are then proposed. They are proba-
bilistic as they take into account the inherent
heterogeneity of the material via random distri-
butions of mechanical properties.
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Both of these approaches only deal with
crack creation. The discrete approach repre-
sents it via a local elastic-brittle behaviour of
the material, and it is here recalled that this is
acceptable only if the phenomenon is consid-
ered as located in a very small scale with re-
spect to the scale of the structure. In addition to
taking into account the randomness of the ten-
sile strength, the macroscopic model allows a
local dissipation of energy at the scale of the
element. This dissipation aims to macroscopi-
cally represent the local energy consumption by
cracking processes (creation and propagation)
considered as diffused in the finite element un-
til its failure. As the propagation is highly influ-
enced by the material heterogeneity, the model
proposes to consider this energy as a random
variable, whose mean value is a material pa-
rameter (equal to the experimental value deter-
mined in [5]) but whose standard deviation is
scale sensitive.

Although the objective of these strategies is
to represent crack creation, validation example
clearly shows that they are quite well adapted
to approximate crack propagation in concrete
structures, but they don’t describe cracking pro-
cesses at the same scale. Whereas the discrete
approach approximates crack propagation via a
successive creation of failure planes, the macro-
scopic approach represents it via a successive
creation of voids.

Results clearly show, that a probabilistic
discrete elastic-brittle approach (coupled to
quadratic elements) can be chosen to precisely
represent crack patterns, if the local informa-
tion on this pattern (openings and spacings of
cracks) are of primary importance for the study
of the structural behaviour. But the direct con-
sequence is a significant computational cost.
On the contrary, a probabilistic damage ap-
proach (coupled to linear elements) can be effi-
ciently used to represent the global behaviour of
concrete structures with a sufficient description
of the main macrocracks involved in the crack-
ing processes. It is also interesting to note that
the CPU time is significantly lower (CPU time
per iteration: 100 times lower in the case of the

macroscopic model with the coarse mesh – cf.
Figure 8 – compared to the discrete model with
the fine mesh – cf. Figure 3) in this case com-
pared to the one of the discrete model.

Finally, when the modelling of cracking pro-
cesses of a concrete structure is concerned:
– The model should take into account the het-
erogeneity of the material, and the cracking
should be considered as a probabilistic phe-
nomenon,
– The heterogeneity of the material depends on
the scales of observation, study and modelling,
– The mechanical model must be adapted to the
chosen scale of modelling, in direct relation to
the type of information requested (global be-
haviour, crack characterization, etc. )
– The numerical support of the modelling must
be adapted to the mechanical model.

REFERENCES
[1] P. Acker, C. Boulay, P. Rossi, On the im-

portance of initial stresses in concrete and
of the resulting mechanical effects, Ce-
ment and Concrete Research (17) (1987)
755764.

[2] Z.P. Bazant, B.H. Oh, Crack Band the-
ory for fracture of concrete. Materials and
Structures, 16:155-177, 1983.

[3] E. M. R. Fairbairn, N. F. F. Ebecken, C. N.
M. Paz and F. -J. Ulm, Determination of
probabilistic parameters of concrete: solv-
ing the inverse problem by using artificial
neural networks, Computers & Structures,
78:1-3 (2000) 497-503.
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Abstract. The purpose of this paper is to discuss a new approach to non-local interactions during
failure in quasi-brittle materials. It focuses on the estimation of the non-local weight functions directly
from interactions. The materials is modeled as an assembly of inclusions and the elastic interactions
upon dilation of each inclusion are computed in a similar way to a classical Eshelby’s problem. A
new interaction-based weight function is then built from these interactions. This new interaction-
based non local model is validated on simple 1D problems and its performances are compared with
the classical integral-type nonlocal model.

1 INTRODUCTION

Classical failure constitutive models involve
strain softening due to progressive cracking and
a regularisation technique for avoiding spuri-
ous strain and damage localisation. Different
approaches have been promoted in the litera-
ture such as integral-type non-local models (e.g.
[1]), gradient damage formulations (e.g. [2]),
cohesive cracks models (e.g. [3] with classical
finite elements and e.g. [4] with extended finite
elements), or strong discontinuity approaches
(e.g. [5]). Such macroscale failure models have
been applied on a wide range of problems, in-
cluding the description of damage and failure
in strain softening quasi-brittle materials [1],
softening plasticity [6–8], creep [9] or compos-
ite degradation [10]. They may exhibit, how-
ever, some inconsistencies such as (i) incor-
rect crack initiation, ahead of the crack tip; (ii)
propagating damage fronts after failure due to
non-local averaging, (iii) incorrect shielding ef-
fect with non-zero non-local interactions across

a crack surface; (iv) deficiencies at capturing
spalling properly in dynamics, with spalls of
zero thickness when the expected spall size is
below the internal length of the model (see e.g.
[11–14]). Moreover changing geometry, e.g.
from tensile to bending loads or from unnotched
to notched specimens, results generally in the
loss of predictive capabilities of the macro-scale
non-local models [15, 16]. On the contrary, it
has been shown recently [15, 17] that meso-
scale models gave good prospect in the pre-
diction of failure and size effect for notched
and unnotched concrete beams. Indeed meso-
scale results have been compared to a new ex-
perimental database [16] consisting in 3 point
bending failure tests for similar notched and
unnotched concrete specimens of four differ-
ent sizes but made from the same formulation.
Not only the different peack loads for all ge-
ometries are recovered but also the failure soft-
ening phase is well predicted which is a more
challenging issue. It means that the meso-scale
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models intrinsically contain relevant informa-
tion leading to a good description of the size
effect, the boundary effect and the whole fail-
ure process.

At the macro-scale, the prediction of failure
in quasi-brittle materials needs enhancement of
existing non-local damage models and the way
the non-locality is taken into account in the
macro-scale models has to be redefined. Non-
locality finds its origin in the interaction be-
tween material points undergoing damage in the
course of failure [18, 19]. There are several
mechanisms which should be considered when
looking at the non-locality due to the interaction
between damaged points : (i) an interaction ex-
ists if there is damage which produces this in-
teraction. Assuming that damage corresponds
to the growth of micro-cracks, this interaction
grows with the size of the defect ; (ii) shield-
ing effects are also expected : the interaction
between two points located apart from a crack
should not exist ; (iii) on free existing or evolv-
ing boundaries, and along the normal to these
boundaries, non-local interactions should van-
ish as demonstrated in [20]. The internal length
in the non-local model is the parameter inside
the weight function that encompasses the non-
locality and there is a consensus that this quan-
tity may not be constant, but should depend on
the geometry of the specimen or on the state of
damage. Therefore enhanced non-local models
accounting for a variation of the internal length
have been proposed recently [13, 20, 21]. Pro-
posals discussed in [13, 20] are considered on
academic one-dimensional problems. Their im-
plementation and extension to 2D or 3D prob-
lems are really not trivial as they involve the
computation of path integrals, which are tedious
in a finite element setting. The stress-based
model in [21] is more tractable in 2D/3D com-
putations but the evolution of non-locality is
rather empirical.

The purpose of this paper is to discuss a
new approach to non-local interactions dur-
ing failure in quasi-brittle materials and to up-
scale the relevant information present from the
meso-scale to the macro-scale. Therefore, the

paper focuses on the estimation of the non-
local weight function directly from interac-
tions. The materials is modeled as an assem-
bly of inclusions and the elastic interactions
upon dilation of each inclusion are computed
in a similar ways to a classical Eshelby’s prob-
lem [22, 23]. A new interaction-based weight
function is then built from these interactions.
This new interaction-based non local model is
first validated on simple 1D problems and its
performances are compared with the classical
integral-type nonlocal model.

2 A NEW INTERACTION-BASED NON-
LOCAL MODEL

2.1 Non-locality in integral-type macro-
scale models

In classical non-local models, such as the
integral-type [1], the internal length is the pa-
rameter inside the weight function that encom-
passes the non-locality (see Eq. 1). Associated
with a classical gaussian weight function, it set
how and how far the interactions produce in-
side the materials. However, the main draw-
back of the formulation is that this parameter
is constant whatever the geometry and the fail-
ure process. For instance, close to a boundary,
the part of the nonlocal averaging domain that
protrudes outside the boundary is classically
chopped off [1]. Improved models can be found
in the literature, with a different averaging pro-
cess close to the boundary of the solid [12, 24]
or with a varying internal length in the course
of damage [13, 20, 21]. However, even if the
internal length variations are based on micro-
mechanical concepts, such as the crack growth
interaction effect or the transfer of information
through a damaged area, the final choice of the
weigh function and thus the evolution of non-
locality are rather empirical.

ε =
1

Ωr(x)

∫

Ω

ψ0(x, ξ)ε(ξ)dξ

ψ0(x, ξ) = exp

(
−

(
2||x− ξ||

lc

)2
)

Ωr(x) =

∫

Ω

ψ0(x, ξ)dξ (1)
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In Eq. 1, Ω is the volume of the structure, Ωr

is a characteristic volume introduced in such a
way that the non-local operator does not affect
the uniform field far away from the boundary, ε
is the non-local strain, ψ0 is a Gaussian weight
function and lc is the internal length of the non-
local continuum which is related to the size of
the fracture process zone.

2.2 Non-locality in meso-scale models

In meso-scale models, the non-locality is in-
trinsically included by representing the meso-
structure of the materials (e.g. granular, ma-
trix and interfaces in concrete). Therefore, the
non-locality does not behave the same close to
a boundary, close to a damaged area, at initia-
tion or during the failure process. It has been
shown recently that such models are able to
capture challenging issues of quasi-brittle ma-
terials failure such as predicting the peak loads
and even the whole softening load-displacement
responses of notched and unnotched beams in
three-point bending [15, 17]. In the following
we aim at building a new interaction-based non-
local weight function which will evolve intrinsi-
cally when damage occurs inside the materials.

2.3 A new interaction-based non-local
weight function

The purpose of the paper is to discuss a
new approach to non-local interactions during
failure in quasi-brittle materials and to upscale
the relevant information present from the meso-
scale to the macro-scale. Therefore, we aim
at estimating the non-local weight function ψ0

presented in Eq. 1 directly from interactions.

Let us consider two material points (x, ξ)
of a quasi-brittle structure and an infinitesimal
strain perturbation locally produced in ξ. Con-
sidering the interaction between x and ξ con-
sists in estimating the non-local contribution of
the strain perturbation of ξ on x. This problem
can be mathematically written as:

εξ(x) =

∫

Ω

ψ int
x (u)ε∗ξ(u)du

=

∫

Ω

ψ int
x (u)δ(ξ, u)ε∗(u)du (2)

δ(ξ, u) =

{
0 if u �= ξ

1 if u = ξ
(3)

In Eq. 2, Ω is the volume of the structure, δ

is the Dirac function, ε∗ is a given strain field
such as ε∗ξ = δε∗ represents the local strain per-
turbation centered in ξ, ψint

x is the interaction-
based non-local weight function to reconstruct
centered in x and εξ(x) represents the non-local
contribution of the strain perturbation of ξ on x.

Following Eq. 3, Eq. 2 can be rewritten as:

εξ(x) = ψint
x (ξ)ε∗(ξ) (4)

Therefore the interaction-based non-local
weight function ψint

x , centered on x, can be sim-
ply reconstructed by considering on each point
ξ the measure of the non-local contribution seen
by a point x when a perturbation is produced in
ξ.

Practically, the interaction-based non-local
weight function ψint

x is reconstructed using a
finite element code Cast3M1. The strain per-
turbation is produced by a thermal expansion:
ε∗ = α∆T I. The thermal expansion is im-
posed on each integration points contained in a
sphere centered in ξ (see Figure 1). The radius
a of the sphere is a model parameter and is re-
lated to the size of the fracture process zone, i.e.
to the maximum aggregate size. The measure of
the non-local contribution is chosen equal to the
Euclidean norm of the eigenstrains. Finally the
interaction-based weight function writes:

ψint
x (ξ) =

√ ∑
i∈�1,3�

|ǫξi (x)|
2 (5)

In Eq. 5, ǫξi (x) represents the value at point x of
the ith-eigenstrain when a thermal expansion is
imposed at point ξ.

1http://www-cast3m.cea.fr
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Figure 1: Non-local contribution seen by a point x when
a perturbation is produced in ξ.

2.4 Eshelby-like problem
We aim here at validating the numerical im-

plementation in the finite element code Cast3M
of the interaction-based weight function recon-
struction. Therefore we consider here a unique
circular source of perturbation ξ in a large struc-
ture (see Fig. 2) and we estimate numerically
the non-local contribution seen by the structure
when a thermal expansion is produced in ξ.

−→y

−→x

ξ

Figure 2: Eshelby-like problem

The numerical solution may be compared to
the Eshelby-like solution of a circular inclu-
sion2 in a infinite medium [22, 23]. We will fo-
cus on the strain component along the Y-axis.

From the Eshelby theory, for a circular inclu-
sion of radius a, an initial dilation ε∗ = α∆T I

(eigenstrain, i.e strain at 0-stress) and a Poisson
ratio ν, the strain inside (εI) and outside (εE)
the inclusion along the Y-axis are respectively
given in Eq. 6 and 7 (see Eq. 15 and 16 in ap-
pendix for details).

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  1  2  3  4  5  6

ε 1
1

Y−axis

Numerical
Analytical

−1

−0.5

 0

 0.5

 1

 0  1  2  3  4  5  6

ε 2
2

Y−axis

Numerical
Analytical

Figure 3: Comparison between the numerical results and
the analytical Eshelby solution

εI = S
Iε∗ = S

Iα∆T I

= α∆T
1 + ν

2(1− ν)



1 0 0
0 1 0
0 0 0


 (6)

εE = S
Eε∗ = S

Eα∆T I

= α∆T
a2

y2
(1− ν)

2(1− ν)



1 0 0
0 −1 0
0 0 0


 (7)

Fig. 3 presents the comparison between the
numerical results and the analytical Eshelby so-

2A 2D circular inclusion corresponds to a cylindrical inclusion in 3D
3α = 1K−1, ∆T = 1K , a = 1m, ν = 0.21
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lution3. Both strains inside and outside the in-
clusion are recovered.

2.5 Final formulation
Damage is considered to be isotropic. Tem-

perature and time-dependent effects are ne-
glected. Therefore, the stress- strain relation is
classically written as:

σ = (1−D)C : ε (8)

In Eq 8, (σ, ε,C) are the stress, strain and stiff-
ness tensors respectively, and D is the scalar
damage variable which represents the material
degradation (D ∈ [0, 1], D = 0 for a virgin
material and D = 1 for a completely damage
material).

Damage is a function of the amount of ex-
tension in the material, defined locally by the
equivalent strain (Eq. 9), see Ref. [25].

εeq =

√ ∑
i∈�1,3�

�εk�
2
+ (9)

In Eq 9, εk are the principal strains (k = 1, 2, 3)
and �εk�+ their positive part.

The classical non-local integral formulation
is modified by taking into account the new
integration-based weight function presented in
Eq. 5. Similarly to Eq. 1, a characteristic vol-
ume is introduced in such a way that the non-
local operator does not affect the uniform field
far away from the boundary when no damage
occurs in the structure. Finally the non-local
formulation writes:

εeq =
1

Ωr(x)

∫

Ω

ψint
x (ξ)εeq(ξ)dξ

Ωr(x) =

∫

Ω

ψ0
x(ξ)dξ (10)

In Eq. 10, ψint
x is the new interaction-based

weight function defined in Eq. 5 and ψ0
x repre-

sents the same function reconstructed when no
damage occurs in the structure (typically at the
beginning of the computation).

The evolution of damage (Eq. 11) is a func-
tion of the non-local equivalent strain (Eq.10)

and it is governed by the Kuhn-Tucker loading-
unloading condition (Eq. 11a).

Γ(ε, h) = εeq(ε)− h , Γ(ε, h) ≤ 0 ,

ḣ ≥ 0 , ḣΓ(ε, h) = 0

h = max(εD0
,max(εeq)) (11a)

D(εeq, x) =
∑

i∈{t,c}

αi[1− (1− Ai)
εD0

εeq(x)

−Ai exp(−Bi(εeq − εD0
))]

αi =
∑

k∈�1,3�

(
εik �εk�+

ε2eq

)
(11b)

In Eq. 11a, Γ is the loading function which
defines the limit of the elastic (reversible) do-
main, εD0

is the damage threshold, h is the
history variable, the largest ever reached value
of the non-local equivalent strain; in Eq. 11b,
which defines the kinetics of damage growth,
the damage variable is split into two parts to
capture the differences of mechanical responses
in tension (i = t) and in compression (i = c) as
proposed by [25]. (αt, αc) are coefficients de-
fined as functions of the principal values of the
strain tensors (εt, εc) due to positive and neg-
ative stresses, i.e. the strain tensors obtained
according to Eq. 8 in which the positive (resp.
negative) principal stresses are retained only.
Note that in uniaxial tension (αt = 1, αc = 0)
and (αt = 0, αc = 1) in uniaxial compression.
(At, Bt, Ac, Bc) are model parameters.

Since the reconstruction process of the
interaction-based weight function is kinemati-
cally driven by the successive thermal expan-
sion imposed on each point of the structure, all
boundary conditions are clamped during the re-
construction process in order to not perturb the
actual kinematics fields on the boundary.

3 VALIDATION AND PERFORMANCES
3.1 Clamped bar in tension

There are several mechanisms which should
be considered when looking at the non-locality
due to the interaction between damaged points:
(i) an interaction exists if there is damage which

5
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produces this interaction. Assuming that dam-
age corresponds to the growth of micro-cracks,
this interaction grows with the size of the de-
fect; (ii) shielding effects are also expected:
the interaction between two points located apart
from a crack should not exist; (iii) on free exist-
ing or evolving boundaries, and along the nor-
mal to these boundaries, non-local interactions
should vanish as demonstrated in [20]. We pro-
pose here to test all these mechanisms on the
simple problem of a clamped bar in tension (see
Fig. 4). The response of the material is sup-
posed to be purely elastic excepted in a dam-
aged area located in the center of the bar. The
structure is modeled as a succession of circular
inclusions (radius a) which will be successively
dilated in order to reconstruct the interaction-
based non-local weight function. In order to
study the response on the exact boundary, only
half of an inclusion is used on both sides of the
structure.

a

Figure 4: Simple problem of a clamped bar in tension.

Close to the left boundary, where no damage
occurs, Fig. 5 shows that a local behavior is re-
covered when the size of the inclusions tends to
zero. Therefore the non-local interactions van-
ish as proposed in [20].

Figure 5: Local response close to a boundary for a de-
creasing size of the inclusion size.

Figure 6: Response close to a damaged area.

When the inclusion stays inside the undam-
aged part but get close to a damaged area,
Fig. 6 shows that a shielding effect is observed
with the new formulation whereas the non-
local contribution are higher inside the damaged
area with the original formulation and the phe-
nomenon increases when the damage increases.
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If the size of the damage part decreases, this
may lead to a transfer of information apart
the damaged part with the original formulation
whereas a perfect shielding effect is observed
with the new one. The only restrictive condition
is that the inclusion size stay smaller than the
damaged area size otherwise some information
may be transferred through the inclusion itself.

These first observations on a very simple ex-
ample of a clamped bar in tension give some
insight about the evolution of the size of the
sphere containing the integration points where
the thermal expansion is imposed to reconstruct
the interaction-based weigh function. Indeed,
this sphere has to decrease in size when it get
close to a boundary in order to recover a local
behavior. Moreover, this sphere has to decrease
in size when the local damage increases to en-
sure an efficient shielding effect. Finally, we
choose empirically the following rules:

a(x) = min(a0
√

1−D(x), d(x)) (12)

In Eq. 12, a(x) represents the radius of the
sphere containing the integration points where
the thermal expansion is imposed to reconstruct
the interaction-based weigh function, a0 is a
model parameter related to the maximum ag-
gregate size, D is the local damage, d is the
minimal distance from any boundary of the
structure.

3.2 Dynamic failure of a rod
This example is used to test the relevance of

the proposed model and its capabilities to de-
scribe progressive failure and complete failure.
A bar is submitted at both extremities to con-
stant strain waves, which propagate toward the
center in the linear elastic regime (see Fig. 7 and
Table 1). When the two waves meet at the cen-
ter, the strain amplitude is doubled, the material
enters the softening regime suddenly, and fail-
ure occurs. In all computations, the time step
is chosen to be equal to the critical time step
of the element size h, which is kept constant
(∆tc =

h√
E/ρ

, where E is the Young’s modulus
and ρ is the density).

t4t3t2t1 t1t3 t2

L0
x

u(x = L, t) = vtu(x = 0, t) = −vt

Figure 7: Dynamic failure of a rod: test description and
time evolution of the strain amplitude repartition along
the rod.

Table 1: Characteristics of the rod dynamic failure test

Parameter L v E ρ

Unit cm cms−1 MPa kgm−3

Value 30 0.7 1 1
Parameter lc / a0 εD0

αt At Bt αc

Unit cm – – – – –
Value 4 1 1 1 2 0

In the course of damage, the crack open-
ing displacement (COD) can be estimated using
the method proposed by [26] and compared to
an ideal crack opening profile obtained from a
strong discontinuity analysis (single crack) (see
Eq. 13). The comparison, e.g., the distance be-
tween the two profiles, indicates how close the
strain and damage distributions are from those
corresponding to a single crack surrounded by a
fracture process zone.

[U ](x) =
ε(x)Ωr(x)

ψ0(x, x)

∆(x) =

∫
Ω
||εsd(x, s)− εeq(x)||ds∫

Ω
εeq(s)ds

εsd(x, s) =
[U ](x)ψ0(x, s)

Ωr(s)
(13)

In Eq. 13, [U ](x) is the COD computed at the
point of coordinate x that corresponds to the lo-
cation of the crack, ∆(x) represents the distance
between an ideal opening profile obtained for
a strong discontinuity (single crack at point of
coordinate x), Ωr is the representative volume,
ψ0 is the weight function, εeq is the nonlocal
strain and εsd is a nonlocal strong discontinuity-
based strain profile resulting from a crack lo-
cated at coordinate x, e.g., the nonlocal strain

7

1473
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corresponding to a local strain described by a
Dirac function. Details may be found in [13]
based on [26].
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Figure 8: Dynamic failure of a rod: distance between the
computed COD and an ideal opening profile obtained for
a strong discontinuity versus time.

Figure 8 shows that the failure process is bet-
ter described with the interaction-based model
since the distance between its crack opening
profile and the one corresponding to a strong
discontinuity COD tends rapidly to zero.

At complete failure, the crack opening com-
puted according to the above technique (see
Eq. 13) should be independent of the element
size. In a simple 1D setting, for instance, and
assuming that the crack opening is smeared over
the finite element that contains the discontinu-
ous displacement at complete failure, the crack
opening is equal to the strain distribution times
the element size. Therefore, after complete fail-
ure, the strain in the cracked element should
evolve in inverse proportion of the element size
(for constant strain element) (see Eq. 14).

[U ](x) ≈ εh = constant (14)

In Eq. 14, the COD [U ] has been smeared over
the element that contains the crack (the other el-
ements being completely unloaded at failure), ε
is the strain in this element, and h is its size.

10−1

100

101

102

103

104

10−2 10−1 100 101

S
tra

in
 (ε

)

Element size/Characteristic lenght (h/lc or h/a0)

Original model Interaction−based model

Figure 9: Dynamic failure of a rod: strain in the cracked
element versus adimensional element size at complete
failure.

Figure 9 shows that the complete failure
is better described with the interaction-based
model since the strain versus adimensional el-
ement size curve follows a linear trend in a log-
arithmic plot. Moreover the slope is coherent
with the CMOD estimated at complete failure.
Note that in the original model, the element size
is dimensioned by the internal length lc whereas
in the new model, it is dimensioned by the char-
acteristic length a0. For the integration-based
model, a peak discontinuity is observed when
the element size is approximately equal to the
characteristics length a0. It means that several
elements are needed inside the inclusion where
is produced the perturbation to well reconstruct
the interaction-based weight function.

3.3 Spalling test
A second 1D example is used to test the

response of the new model close to a bound-
ary. This 1D example consists of a spalling test
presented by [12] based on a split Hopkinson
pressure bar test primarily developed by [27]
for material dynamic behavior characterization,
but often adapted for dynamic fracture testing
[28, 29]. A striker bar generates a square com-
pressive wave that then propagates along the bar
in the linear elastic regime. When this com-
pressive wave reaches the free extremity of the
bar, it is converted into a tensile wave and added
to the incoming compressive wave (see Fig. 10
and Table 2). The resulting wave stays equal

8
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to zero until the tensile one reaches a distance
from the boundary equal to half the initial signal
length. Failure is initiated at this point if the am-
plitude is greater than the tensile strength, gen-
erating a spall at a controlled distance from the
boundary that depends on the initial compres-
sive signal duration. For all numerical studies,
the time step is chosen to be equal to the critical
time step of the corresponding element size.

0
x

t6

t4t3t2t1

L

d =
t0
√

E
ρ

2

d

t5

u(x = 0, t)

u(x = 0, t) =

{
u(x = 0, t < t0) = vt
u(x = 0, t ≥ t0) = 0

Figure 10: Spalling test: test description and time evolu-
tion of the strain amplitude repartition along the rod.

Table 2: Characteristics of the rod dynamic failure test

Parameter L t0 v E ρ

Unit cm s cms−1 MPa kgm−3

Value 20 4 1.5 1 1
Parameter lc / a0 εD0

αt At Bt αc

Unit cm – – – – –
Value 4 1 1 1 2 0
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Figure 11: Spalling test: damage repartition along the bar
after failure.

Figure 11 shows that the spalling failure
is better described with the interaction-based
model since the spall location is predicted in-
side the bar whereas the damage is maximum
on the boundary with the original model.

4 CONCLUSION
A new interaction-based non-local formula-

tion has been proposed. In this formulation,
the materials is modeled as an assembly of in-
clusions and the elastic interactions upon dila-
tion of each inclusion are computed in a similar
ways to a classical Eshelby’s problem. A new
interaction-based weight function is then built
from these interactions. This new interaction-
based non local model has been first validated
on simple 1D problems and its performances
have been compared with the classical integral-
type nonlocal model.

Different results have been presented in the
paper:

• In the course of damage, the crack open-
ing displacement has been estimated and
the comparisons show that the failure pro-
cess is better described with the new for-
mulation. Indeed the crack opening pro-
file is very close to an ideal opening pro-
file obtained for a strong discontinuity.

• At complete failure, the crack opening
should be independent of the element
size. Therefore, after complete failure,
the strain in the cracked element should
evolve in inverse proportion of the ele-
ment size, assuming that the crack open-
ing is smeared over the finite element that
contains the discontinuous displacement.
It has been shown that for the new for-
mulation, the strain versus element size
curve follows a linear trend in a logarith-
mic plot. Moreover the slope is coherent
with the CMOD estimated at complete
failure.

• Close to a boundary, it has been shown
that the spalling failure is better described
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with the interaction-based model since
the spall location is predicted inside the
bar whereas the damage is maximum on
the boundary with the original model.

Finally, it has been shown that this new
interaction-based formulation fulfill several de-
ficiencies of the classical integral-type nonlo-
cal model and the formulation has to be imple-
mented in 2D in order to test its performance on
more challenging issues of quasi-brittle materi-
als failure such as reproducing the peak loads
and even the whole softening load-displacement
responses of notched and unnotched beams in
three-point experimental bending tests [16].
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APPENDIX
Analytical Eshelby solution of a circular inclusion in an infinite medium

G

−→e 2

−→e 1

M

−→e r

r

−→e 3

eθ

−→e 3

O

Figure 12: Eshelby-like problem of a circular inclusion in an infinite medium

From the Eshelby theory, for a circular inclusion of radius a, an initial dilation ε∗ (eigenstrain,
i.e strain at 0-stress) and a Poisson ratio ν, the strain inside (εI) and outside (εE) the inclusion are
respectively given by:

εIij = S
I
ijmnε

∗
mn (15)

∀{i, j,m, n} ∈ {1, 2}




SI
ijmn =

4ν − 1

8(1− ν)
δijmn +

3− 4ν

8(1− ν)
(δimjn + δinjm) ;

SI
i3j3 =

1

4
δij ; SI

ij33 =
ν

2(1− ν)
δij ;

SI
3jmn = 0 ;SI

33mn = 0 ; SI
3j33 = 0 ;

SI
ij3n = 0 ; SI

333n = 0 ; SI
3333 = 0

εEij = S
E
ijmnε

∗
mn (16)

∀{i, j,m, n} ∈ {1, 2}





SE
ijmn =

a2

8(1− ν)x4

�
(4νx2 − 2x2 + a2)δijδmn

+ (−4νx2 + 2x2 + a2)(δimδjn + δinδjm)
− 4(2νx2 − x2 + a2)δmnx

0
ix

0
j + 4(x2 − a2)δijx

0
mx

0
n)

+ 4(νx2 − a2
�
δimx

0
jx

0
n + δinx

0
jx

0
m + δjmx

0
ix

0
n + δjnx

0
ix

0
m

�
+ 8(3a2 − 2x2)x0

ix
0
jx

0
mx

0
n

�

SE
i3j3 =

a2

4x2

�
δij − 2x0

ix
0
j

�
; SE

ij33 =
ν

2(1− ν)

a2

x2

�
δij − 2x0

ix
0
j

�

SE
3jmn = 0 ; SE

33mn = 0 ; SE
3j33 = 0 ;

SE
ij3n = 0 ; SE

333n = 0 ; SE
3333 = 0

where (r, θ) are the polar coordinates:
|x| = r, x0

1 = cosθ and x0
2 = sinθ
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Abstract: New developments for simulating microcracking in cementitious composite materials –
such as concrete – are presented. A micromechanical constitutive model for concrete is proposed 
which employs the classic Eshelby inclusion solution and a Mori-Tanaka homogenization scheme 
to simulate a two-phase composite comprising a matrix phase representing the mortar and spherical 
inclusions representing the coarse aggregate particles. Furthermore the material contains randomly 
distributed penny-shaped microcracks. The onset of cracking is addressed in a microcrack initiation 
criterion, governed by an exterior-point Eshelby solution, in which microcracks are assumed to 
initiate in the interfacial transition zone between aggregate particles and cement matrix [1]. The 
adopted solution captures tensile stress concentrations in the proximity of inclusion – matrix 
interfaces in directions lateral to a compressive loading path. An advantage of the two-phase 
formulation is that it is able to predict the build-up of tensile stresses within the matrix phase under 
uniaxial compression stresses thus allowing the model to naturally simulate compressive splitting 
cracks. The implementation of the microcrack initiation criterion into the constitutive model enables 
the use of realistic material properties in order to obtain a correct cross-cracking response. 

The model combines these solutions with a rough crack contact component which enables it to 
capture the dilatant behaviour of concrete subject to compression. A novel aspect of the present 
work deals with the development of a smoothed contact state function in order to remove spurious 
contact chatter behaviour at a constitutive level. It is shown, based on numerical predictions of 
uniaxial and biaxial behaviour that the model captures key characteristics of mechanical behaviour 
of concrete. 

1 INTRODUCTION
Considerable research has been carried out 

since the late 1960’s for developing models 
and techniques to simulate the mechanisms 
leading to failure of quasi-brittle materials 
such as concrete. Although the progress 
achieved during this time is considerable, as 
yet, no one model has been able to fully 
capture all facets of the complex mechanical 

behaviour of concrete. 
Concrete modelling at a constitutive level 

can be classified in two main categories: 
macroscopic models that follow a 
phenomenological approach and models based 
on micromechanical solutions. 
Phenomenological models generally employ 
theories based on plasticity and/or damage 
mechanics in order to simulate the 
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macroscopic behaviour and their formulation 
often makes use of functions obtained by 
fitting experimental data (e.g. uniaxial tension 
and compression curves, strength envelopes). 
By contrast, micromechanical models aim to 
relate the microstructure of concrete, and the 
physical mechanisms that govern its evolution, 
to the macroscopic behaviour observed in 
experiments. 

The work presented here follows on from 
the micromechanical constitutive models 
proposed by Jefferson and Bennett [2,3] -
based on Budiansky and O’Connell’s [4] 
solution for an elastic solid containing penny-
shaped microcracks and on the Eshelby 
matrix-inclusion solution- and by Mihai and 
Jefferson [1] which additionally employed the 
exterior point Eshelby solution in a microcrack 
initiation criterion. The model also features a 
rough crack contact component that accounts 
for the recovery of stiffness when microcrack 
surfaces regain contact. The novel aspect in 
the present work deals with the formulation of 
a smoothed contact state function to replace 
the discrete formulation employed in [1-3] in 
order to remove spurious chatter behaviour. 

2 MICROMECHANICAL 
CONSTITUTIVE MODEL

A full account of the constitutive model is 
presented in [1] however the main assumptions 
and key equations of the model are provided 
below. The general concepts of the model are 
presented in Figure 1. Concrete is modelled as 
a two-phase composite that comprises a matrix 
(m) - representing the mortar- and spherical 
inclusions (Ω) - simulating the coarse 
aggregate particles. Additionally, penny-
shaped cracks with various orientations and 
rough surfaces are distributed within the 
matrix phase. The elastic constitutive 
relationship for the two-phase composite was 
obtained by making use of the classic Eshelby 
inclusion solution and the Mori-Tanaka 
averaging method for a non-dilute distribution 
of inclusions:

mΩ a: ( )= −σ D ε ε (1)

where σ and ε are the average far-field stress 

and strain respectively. DmΩ is the elasticity 
tensor of the composite, 

( ) ( ) 14s
mΩ m m mf f f f

−

Ω Ω Ω Ω Ω= + ⋅ ⋅ +D D D T I T in 
which Dβ represents the elasticity tensor and fβ
the volume fraction of β-phase (β = m or Ω) 
with fm + fΩ = 1. 4sI is the fourth order identity 
tensor and 

( ) ( )14s
Ω Ω Ω m Ω m m Ω

−
 = + ⋅ − ⋅ + ⋅ − T I S D D S D D D

. SΩ is the Eshelby tensor for spherical 
inclusions [4].

Figure 1: Model concepts.

Microcracking was addressed by evaluating 
the added strain εa from a series of penny-
shaped microcracks distributed according to a 
crack density function )θ ψf( , . Employing 
Budiansky and O’Connell’s solution [4], the 
added strain can be written as follows:

T
a

π2π 
2

1 : :  (θ,ψ) sin(ψ)dψdθ :
2π a

 
 

=  
 
 

∫ ∫ε N C N σf (2)

in which aC is the local compliance tensor in 
the local coordinate system of a microcrack 
(r,s,t) and N the stress transformation tensor. 
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The crack density parameter may be related to 
a directional damage parameter ω (0≤ω≤1) 
such that:

L
ω(θ,ψ)(θ,ψ) (θ,ψ)

1 ω(θ,ψ)a α= =
−

C C Cf  (3)

where L
m m

m

1 0 0
1 4= 0 0

E 2-υ
40 0

2-υ

 
 
 
 
 
 
 
 
 

C is the local 

elastic compliance tensor, with υm and Em
being the Poisson’s ratio and the Young’s 
modulus of the matrix phase respectively.
Introducing Eq. (2) and Eq. (3) into Eq. (1) 
and rearranging gives:

1

4s TmΩ

π2π
2

: (θ,ψ) : sin(ψ)dψdθ
2π α

−
 
 

= + ⋅ ⋅ 
 
 

∫ ∫
Dσ I N C N

mΩ :⋅D ε (4)

Microcracks were assumed to initiate, based 
on experimental evidence, in the interfacial 
transition zone between aggregate particles 
and cement matrix. In order to model this 
mechanism a microcrack initiation criterion 
was formulated which makes use of an 
exterior point Eshelby solution that provides 
the expression of the total stress field outside 
an ellipsoidal inclusion embedded in an 
infinite elastic matrix [5]. The Mori-Tanaka 
averaging method was applied in order to 
account for the interaction between inclusions 
and the total stress field in the matrix outside 
an inclusion (for the composite) was obtained 
as:

1
4 4

mΩ m E Ω m( ) ( ) f f :s s
−

Ω Ω   = ⋅ + ⋅ ⋅ +   σ x D I S x B T I

( )a: −ε ε (5)

in which ( )
11

m m

−−
Ω Ω Ω

 = − + − ⋅ B S D D D .

SE(x) is the exterior point Eshelby tensor for 
spherical inclusions [6] and x is the position 
vector relative to the centre of inclusion. When 

the composite is subjected to uniaxial 
compressive stresses, the expression of the 
stress field in the matrix phase outside the 
inclusion in Eq. (5) captures sharp gradients 
and lateral tensile stress concentrations in a 
region adjacent to a matrix-inclusion interface. 
This enables the model to naturally simulate 
compressive splitting cracks. In each direction 
cracking is assumed to initiate when the local 
principal stress at the peak position in Eq. (4) 
reaches the tensile strength of the interface fti.
The implementation of the microcrack 
initiation criterion into the constitutive model 
enables the use of realistic material properties 
in order to obtain a correct cross-cracking 
response, as shown in [1].

Figure 2: a) Schematic representation of a conical tooth 
b) Rough contact.

A rough crack closure component was then 
implemented to simulate the recovery of stress 
on microcracks that regain contact. In each 
direction the local stress was written as a 
summation of the average stress on intact 
material and the recovered stress on debonded 
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material that regains contact.

α L L f L L g L L(1 ω) : H ( )ω (m , ) := − + ⋅s D ε ε D Φ ε ε (6)

Hf is a reduction function that decreases 
from 1 to 0 as the potential for shear transfer 
reduces with increasing crack opening. This is 

given by 
Lrr tm

1
0

ε -ε
ε

f LH ( )=
c

e β
−

⋅ε with c1 = 3.
Parameter β is the normalised asperity height, 
β=ht/u0, 1

L L
−=D C and Lε is the local strain 

tensor. 
Φ(mg,εL) is a contact matrix that depends 

upon the contact state -open, interlock or 
closed- as illustrated in Figure 2b.

Table 1: Unsmoothed contact formulation

Region Contact 
state Contact matrix

int L( , ) 0gmφ ≥ε Open 2s=Φ 0
int L( , ) 0gmφ <ε

and 
cl L( , ) 0gmφ >ε

Shear 
contact or 
interlock

g=Φ Φ

cl L( , ) 0gmφ ≤ε Closed 2s=Φ I

Where:
T 2

int int int
g 2 2

L L L

1
1 gm

φ φ φ   ∂ ∂ ∂ = +   ∂ ∂+ ∂   
Φ

ε ε ε
(7)

and

2 2
int L Lrr Lrs Lrt

2 2
cl L Lrr Lrs Lrt

( , ) ε ε ε

( , ) ε ε ε

g g

g g

m m

m m

φ

φ

= − +

= + +

ε

ε
(8a,b)

mg is the slope of the interlock contact 
surface and, in a physical sense, it represents 
the slope of the asperity (Figure 2a,b), thus 
being a measure of the crack surface 
roughness.  Mihai and Jefferson [1] expanded 
the contact component to account for the 
variability of the crack roughness which gave 
the recovered stress as a summation:

2
α L k fk k L

k
(1 ω) ω p H :s 

= ⋅ − + ⋅ 
 

∑s D I Φ ε (9)

The added compliance including contact 

Ccα, given in Eq. (10), is obtained by removing 
the elastic compliance from Eq. (9). Finally, 

( ) Lω/(1-ω)α =C C in Eq. (4) is replaced with 
Ccα to give the final average stress – average 
strain relationship. The integration over a 
hemisphere in Eq. (4) is evaluated numerically 
by employing McLaren integration rule with 
29 sample directions.

2 1 2
cα k fk k L

k
[(1 ω) ω p H ]s s− 

= − + ⋅ − ⋅ 
 

∑C I Φ I C

(10)

3 SMOOTHED CONTACT STATE
FUNCTION

It was found that the use of discrete contact 
conditions can, under certain conditions, lead 
to spurious oscillatory response, which has 
been termed ‘chatter’ [7]. The present model 
can exhibit this type of behaviour - even in 
single point stress-strain simulations- when 
different contact conditions are active on 
different microcrack planes (Figure 3).

Figure 3: Examples of rough contact related chatter  
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To minimize the potential for spurious 
contact chatter behaviour at a constitutive 
level, a single smoothed expression, given in 
Eq. (11), which encompasses all three contact 
states, is proposed to replace the discrete 
contact formulation in Table 1:

2
L g cl L g cl L g( ,m ) ( ,m ) 1 ( ,m )sλ λ = ⋅ + − ⋅ Φ ε ε I ε

int L g g L g( ,m ) ( ,m )λ⋅ ⋅ε Φ ε (11)

in which L g( ,m )λ∗ ε , 'int' 'cl 'or∗ = , are
modified tanh type functions that interpolate 
between 0 and 1. In effect, three transition 
bands between each pair of contact regions are 
formed (Figure 2b) based on the smoothed 
contact formulation in Eq. (11). Each
interpolation function features three 
dimensionless smoothing parameters that 
control the width of the transition bands, the 
slope of the interpolation function and the 
position of the transition band relative to the 
relevant contact surface respectively. The 
development of the interpolation functions λ as 
well as a parametric study based on which 
values were assigned to the three smoothing 
parameters, are fully detailed in a forthcoming 
publication [8].   

4 NUMERICAL SIMULATIONS
The smoothed contact function in Eq. (11) 

was found to be effective at removing chatter 
and smoothing the response. This is illustrated 
in Figure 4 for a single component contact 
formulation.

Figure 4: Uniaxial compression predictions for 
unsmoothed and smoothed contact

The performance of the smoothed contact 
function is investigated in detail for uniaxial 
compression and uniaxial tension cases in 
Reference [8]. In the present work, further 
study of the performance of the 
micromechanical constitutive model with 
smoothed contact in combined tension and 
compression multiaxial loading is presented.
Biaxial simulations were carried out with the 
unsmoothed contact (U) and smoothed contact 
(S) versions of the model using the material 
properties in Table 2 and the contact 
components from a Gamma probability 
density function detailed in [8]. Compressive 
strains were prescribed along the xx direction 
and tensile strains were prescribed along the 
yy direction. The predicted stress – strain 
responses along the two orthogonal loading 
directions are presented in Figures 5 and 6. 

It can be observed that the smoothed 
contact formulation performs well and is 
efficient in smoothing the response in 
combined tension and compression loading 
cases.

Table 2: Material properties

Em
MPa

EΩ
MPa

υm υΩ fti 
MPa

u0
mm

dmax
mm

31000 55000 0.19 0.21 1.0 0.1 10

Figure 5: Numerical predictions for unsmoothed and
smoothed contact (compression)
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Figure 6: Numerical predictions for unsmoothed and 
smoothed contact (tension)

Numerical results for a uniaxial 
compression strain path obtained with the 
micromechanical model and using realistic 
material data detailed in [1] are presented in 
Figure 7. Good correlation with experimental 
data indicates that the proposed model 
captures key characteristics of the overall 
macroscopic behaviour.

Figure 7: Uniaxial compression response (compression 
+ve)

5 CONCLUSIONS
The micromechanical model is able to 

simulate successfully micromechanisms that 
lead to failure while employing realistic and 
meaningful material parameters. A smoothed 
contact state function was proposed and found 
to be effective in removing spurious chatter 
behaviour. 
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Abstract:  At early-age, hydration of cement leads to a reduction of volume (caused by the Le 
Chatelier contraction) which induces autogeneous shrinkage. Besides, hydration is an exothermic 
reaction and an increase of temperature occurs (followed by a decrease). As autogeneous shrinkage 
arises only in cement paste and as coefficient of thermal expansion may be different between 
cement paste and aggregates, strains incompatibilities lead to an internal self-equilibrated state of 
stress. Depending especially on the concrete mix, initial cracking may occur at the cement paste 
scale leading to a modification of the global concrete behavior. 
In this contribution, an analysis of the internal stresses is performed on a mesoscopic mesh by finite 
element calculations taking into account hydration, autogeneous and thermal shrinkage, basic creep 
and cracking. 
Influence of creep strains and mesoscopic representation are studied showing that, for an ordinary 
concrete, hydration lead to a reduction of “elastic” stiffness and tensile strength even if creep is 
taken into account. 

1 INTRODUCTION 
At early-age, hydration of cement leads to a 

reduction of volume (Le Chatelier contraction) 
which induces autogeneous shrinkage. 
Moreover, hydration is an exothermic reaction: 
an increase of temperature is followed by a 
decrease. If endogenous and thermal strains 
are restrained, compressive stresses and then 
tensile stresses rise, which can reach the 
concrete strength and thus lead to crossing 
cracks. Besides, autogeneous shrinkage occurs 
only in cement paste and coefficient of 
expansion may be different between cement 
paste and aggregates. These strains 
incompatibilities lead to an internal self-

equilibrated state of stress: tensile stresses in 
cement paste and compressive ones in 
aggregates are generated. Therefore, initial 
cracking may occur in the cement paste, 
depending especially on the concrete mix. 
Indeed, when the water to cement ratio 
decreases and cement content increases (for 
High Performance Concrete for example), the 
autogeneous shrinkage and the global 
hydration heat (and associated elevation of 
temperature) increase and enhance the risk of 
cracking. It is similar to the case of drying or 
at elevated temperature: drying shrinkage of 
cement paste is restrained by aggregates, 
therefore cracking may occur in the cement 
paste. The case of drying shrinkage 
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incompatibilities has been studied in several 
studies at ambient temperature [1-6] or at 
elevated temperatures [7-10], but it is not the 
case of autogeneous and thermal shrinkage at 
early age [11]. 

In this contribution, an analysis of the 
internal stresses will be performed at early age 
on a Representative Elementary Volume 
(REV) of concrete considering two phases: 
cement paste and aggregates. Internal 
transition zone (ITZ) which thickness around 
aggregate increases as the w/c ratio decreases 
[12] is not taken into account explicitly. The 
assumed properties of cement paste are an 
average of the ones of cement paste and ITZ. 
Finite element calculations using Cast3m are 
undertaken with the taking into account (in the 
cement paste) of hydration, autogeneous and 
thermal shrinkage, basic creep [13] and 
cracking (damage and plastic-damage model 
which could including the computation of 
crack opening [14-15]). Drying and associated 
drying shrinkage are not considered here due 
to the fact that this study concerns only 
massive concrete structures at early-age 
(drying is a very slow process affecting at 
early age only a few centimeters depth of 
concrete [16]). Influence of creep strains 
(which relax the induced stresses) will be 
studied on the predicted damage field and 
(eventual) associated reduction of material 
mechanical properties (Young modulus and 
tensile strength). It is worth noting that, in this 
contribution only the material mechanical 
properties modification linked to the material 
scale is studied and that for the analyses of a 
massive concrete structure the structural effect 
of restrained shrinkage must be taken into 
account.  

2 HYDRATION MODELLING 

2.1 Chemo-thermal model 
The prediction of early-age behavior 

required to know the evolution of the concrete 
hydration. This evolution can be achieved by 
the use of a chemical affinity [17] and 

considering that the reaction is thermo-
activated following the Arrhenius law [18-19]: 

( ) 





−=

RT

E
A aexp~ ξξ (1) 

where Ea is the activation energy, R is the ideal 
gas constant 8.3145 J.K-1mol-1, T is the 
temperature, ξ is the hydration degree and 

( )ξA
~

is the chemical affinity. 
To obtain the temperature evolution, the 
energy balance equation, which includes the 
heat release due to hydration reaction, is 
solved:  

( ) ξ LTkTC +∇∇= (2) 

in which L is the latent hydration heat [J.m-3], 
k is the thermal conductivity [W.m-1.K-1] and 
C is the volumetric heat capacity [J.m-3.K-1], 
which are assumed constant [20-21].  
The thermal boundary conditions are assumed 
to be of convective type. The convective heat 
flux ϕϕϕϕ [W.m-2] reads:

where h is the exchange coefficient including 
convection and radiation (after linearization) 
[W.m-2.K-1], Ts is the temperature on the 
surface [K] and Text is the ambient temperature 
[K].

2.2 Autogeneous and thermal strain model 

Autogenous shrinkage auε  and thermal strain 

thε  can be modelled by the following 
equations: 

1ε ξκ−=au  and 1ε )( 0TTth −= α

with +∞ −
−=

0

0

ξξ
ξξξ (4) 

where κ  is a constant material parameter, 0ξ  is 
the mechanical percolation threshold, ∞ξ  is the 
final hydration degree, 

+
⋅  is the positive part 

( )nexts TTh −=ϕ (3) 
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operator and α is the coefficient of thermal 
expansion. 

2.3 Cracking model 
The mechanical behaviour of concrete is 
modelled by an isotropic elastic damage model 
coupled with creep. Such model reveals to be 
sufficient for predicting cracking due to 
restrained strain [16][13].The Young modulus 
E and the tensile strength ft increase due to 
hydration as follows [22-23]: 

( ) EaEE ξξ ∞=  and ( ) fta
tt ff ξξ ∞= (5) 

where ∞E  and ∞tf  are the final Young 
modulus and tensile strength, respectively (i.e. 
when ∞= ξξ ), aE and aft is a constant material 
parameters.  
The evolution of the tensile strain threshold is 
then computed from the evolution of tensile 
strength and the Young modulus: 

( ) ( )
( )

βγξ
ξ
ξξκ −

∞

∞==
E

f

E

f tt
0 (6) 

The Poisson ratio is relatively stable for 
concrete. Neville [24] recommends a value 
equal to 0.2 for most concrete mixes. 
However, De Schutter and Taerwe [25] 
suggests an evolution depending on the 
hydration degree, which has been considered 
here: 

)10exp(5.0
2

sin18.0)( ξπξξν −+= (7) 

where ν is the Poisson ratio and ξ is the 
hydration degree.
The relationship between apparent stresses σ , 
effective stresses σ~ , damage D, elastic 
stiffness tensor E , elastic strains eε , basic 
creep strains bcε , total strains ε , and previously 
defined strains reads: 

( ) ( ) ( )
( ) ( )( )thaubc

e

D

DD

εεεεE
εEσσ





−−−−=
−=−=

ξ
ξ

1
1~1 (8) 

D is linked to the elastic equivalent tensile 
strain ( ε̂ ) and the damage criterion is given by 
Mazars [26]: 

( )ξκε 0ˆ −=f (9) 

where 0κ (ξ) is the tensile strain threshold. 
Then, 0=D  if ε̂ ≤ 0κ (ξ) and if )(ˆ 0 ξκε ≥ :  

( ) ( ) ( )]εε
ε

κ
ˆ2expˆexp1

ˆ
1 0

tttt BAD BA −−
 −+−= (10)

where At and Bt are constant material 
parameters which control the softening branch 
in the stress-strain curve in tension.  
High stress levels lead to non-linear creep 
strains (which may induce failure). Following 
Mazzotti and Savoia [27-30], a part (controlled 
by parameter β) of creep strains εbc (see 
paragraph 2.4) is included into the expression 
of the equivalent strain defined by Mazars 
[26][31]: 

++
++= bcebce εεεεεεεεεεεεεεεε ββε :ˆ (11)

Strain softening induces inherent mesh 
dependency and produces failure without 
energy dissipation [32]. In order to dissipate 
the same amount of energy after mesh 
refinement, when strains localise in one row of 
finite elements, a characteristic length lc is 
introduced which is related to the mesh size 
[33-34]. 
For the adopted model, the dissipated energy 
density gft at failure in tension reads: 

( ) ( )( )
t

tt
ft B

Af
g

21+= ξξ (12) 

It is related to the fracture energy Gft and the 
characteristic length lc: 

( ) ( )
c

ft
ft l

G
g

ξ
ξ =

3
efc Vl =

(13) 

where Vef is the volume of the finite element. 
The fracture energy also depends on the 
hydration degree [35]: 
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( ) δξξ
∞

= ftft GG (14) 

For a CEM I 52.5, De Schutter and Taerwe 
[35] found that δ=0.46 fits well experimental 
data. This value has been used for the finite 
element simulations. 

2.4 Creep model 
The model takes into account directly effects 
of hydration. In order to reproduce the (partial) 
reversible part of basic creep, Kelvin-Voigt 
and dashpot chains are used. The strains can 
be obtained by solving the following 
differential equations [36]: 

( )
( ) ( )ξ

σε
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ξτετ
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bc

i
bci

bc

i
bci

bc
i
bc

i
bc kk

k 





~
1 =







++

 and 
( ) j

bc
i
bc εξησ =~

(15) 

where i
bcτ  is the characteristic time (constant), 

( )ξi
bck  and ( )ξη j

bc  are the spring stiffness and 
viscosity, respectively (increasing with the 
hydration degree) and σ~  is the previously 
defined effective stress (equation 8). 
The stiffness parameter for each unit is 
calculated with the following equation 
proposed by de Schutter [22] and slightly 
modified [36]: 

( ) ψξ
ξ

ξ
608.1081.2

473.0
_ −

= ∞
i
bc

i
bc kk

and ( ) ψξ
ξ

ηξη
608.1081.2

473.0
_ −

= ∞
j

bc
j

bc

(16) 

where i
bck ∞_  and j

bc ∞_η  are the final stiffness 
and viscosity, respectively. The characteristic 
time ( ( ) ( )ξηξτ j

bc
i
bck /= ) is assumed to be 

constant for the Kelvin-Voigt unit. 
At this time, tensile creep is considered to 
have the same amplitude and kinetic that 
compressive one, due to the lack of relevant 
data (especially for cement pastes, where there 
is no data to the authors’ knowledge). Besides, 
the previous equations are extended into 
multiaxial stress state using a creep Poisson 
ratio, taken equal to the elastic one. 

2.5 Mesoscopic mesh 
The algorithm of mesh generation was 
developed by Nguyen et al. [37]. 

Numerical simulations are performed on a 
2D REV of concrete of 100×100 mm² (see 
Figure 1), where the cement paste and the 
aggregate are meshed (the calculations are 
performed in the context of plane stresses) 
using an original technique [37]: both phases 
are not explicitly meshed, instead material 
properties are projected on a existing fine 
mesh. The mesostructure is representative in 
term of aggregate content and sizes 
distribution of an ordinary concrete that has 
been deeply investigated experimentally [38] 
[13] [5]. As the ITZ is not considered, a 
perfect bond could be assumed between 
cement paste and aggregates.  

Figure 1: Mesh of the REV. 

2.6 Bondary conditions and material 
parameters 
The algorithm of mesh generation was 
developed by Nguyen et al. [37]. A massive 
concrete wall of 1.2 m thick is considered. One 
area is extracted (in the core) and is applied in 
a uniform way to the REV of concrete, using 
adapted mechanical boundary conditions 
(Figure 2):  
The displacement of all the sides are partially 
restrained. 
The partial restraint consists of constraining 
the same uniform displacement in the 
concerning sides through adapted kinematic 
relations. Additional kinematic relations are 
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used to eliminate rigid body displacements. It 
is worth noting that the used boundary 
conditions are not exactly representative of 
real boundary conditions.  

Kinematic 
relations

Kinematic 
relations

Figure 2:  Mechanical boundary conditions 
An ordinary concrete is considered. Using 
experimental data [13] and numerical analysis 
[13][36], temperature field evolution is 
predicted (figure 3). In the thermal simulation 
the heat exchange coefficient (h) is adjusted to 
reproduce experimental temperature evolution 
of a massive wall of ordinary concrete [39].  
Creep parameters and autogenous shrinkage 
amplitude of the cement paste are also 
adjusted to reproduce, with a mesoscopic 
simulation (only the cement paste is 
undergoing creep and shrinkage), the results 
obtained on an ordinary concrete by 
experimental test [40]. The table 1 gives the 
value of used parameters for cement paste and 
aggregates.  
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Figure 3: Comparison between experimental 
temperature for an ordinary concrete and numerical 

temperature taken into account. 

Table 1: Parameters of cement paste used in the 
mesoscopic simulations 

Parameter OC cement 
paste 

Aggregates 

Total heat 
released 

L 6.06e8 
J/m3 

- 

Creep 
parameters 

1
_ ∞bck

(τ=0.1days) 

7.5e10 
 Pa 

- 

2
_ ∞bck

(τ=1 days) 

2.25e10 
 Pa 

- 

3
_ ∞bck

(τ=10 days) 

6.25e9  
Pa 

- 

Young 
modulus 

E 15 
GPa 

60GPa 

Tensile 
strength 

ft 1,5 
MPa 

- 

Shrinkage 
amplitude 

κ 160 
µm/m 

- 

Thermal 
dilatation 
coefficient 

α 15 
µm/(m.°C) 

5 
µm/(m.°C) 

To highlight the modification of the concrete 
behaviour due to the mesoscopic 
representation and due to hydration, 
homogeneous simulations of the same 
specimen have also been performed.  
The elastic mechanical parameters of the 
homogeneous simulation have been calculated 
from the parameters of cement paste and 
aggregates by using the Mori-Tanaka approach 
[41]. 

3 STRESSES AND DAMAGE FIELDS 
AFTER HYDRATION 
Numerical simulations are performed on the 
concrete REV to compute the evolution of 
damage field at early-age due to 
incompatibilities of strain (autogeneous 
shrinkage and slight mismatch of coefficient of 
thermal expansion) between cement paste and 
aggregates. Influence of creep is studied. 
Damage fields at different times are displayed 
on Figure 4. The cracking probability is the 
results of a competition between generated 
stresses induced by differential shrinkage 
(thermal and autogeneous one), creep strains, 
Young modulus and the tensile strength 
evolutions. 
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1 

Without 
creep 

t = 100 t = 150 t = 200 t = 240 

With 
creep 

   t = 200 t = 240 
Figure 4: Evolution of the damage field (D) during hydration for OC: Influence of the creep (t represent the time (in 

hours) after casting) 
The numerical results show that, since the 
creep in the cement paste of an ordinary 
concrete is very large (compared to concrete or 
a high performance cement paste), a very 
important relaxation of stresses occur and 
decreases the micro-cracking density. 
Therefore, damage due to strain 
incompatibilities at early-age are largely 
overestimated and may lead to a (misleading) 
significant decrease of mechanical properties 
if creep is not taken into account. On the 
opposite and as expected, creep tends to limit 
(and localize) damage areas, since 
autogeneous shrinkage is very limited for an 

ordinary cement paste and since the mismatch 
of thermal expansion due to the variation of 
temperature induced by hydration is limited. In 
this case, the influence of internal stresses 
developed at early-age need to be studied. 
Figure 5 and 6 shows the internal stress field 
obtained after hydration. The residual internal 
stresses are more important when creep is 
taken into account because without creep, 
cracking occurs which reduces the apparent 
stresses.  

(a) (b) 

X

Y
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Figure 5: Initial stresses after hydration for simulation at the core without taking into account creep for ordinary 
concrete: σXX (a), σYY (b)  

(a) (b) 
Figure 6: Initial stresses after hydration for simulation at the core with taking into account creep for ordinary concrete: 

σXX (a), σYY (b) 

4 GLOBAL BEHAVIOUR AFTER 
HYDRATION 
After the initial computation of internal strains 
and stresses in the REV concrete (see previous 
part), the global behaviour of the concrete is 
computed by a simulation of a cyclic loading 
(tensile uniaxial stresses followed by 
compressive ones). As irreversible strains are 
not considered in the used damage model, the 
crack closure stress should be equal to 
σc=0MPa. In the case of cyclic loading, during 
the load reversal, micro-cracks close 
progressively and the tangent stiffness of the 
material should then increase. The damage 
model proposed in the paragraph 2 is not able 
to reproduce this stiffness increasing. So, for 
the following simulations, the unilateral effect 
is taken into account by a separation of the 
stress tensor into positive and negative parts 
[14]. The stress is given by: 

−+ −+−= σσσ α ~)1(~)1( DD (17) 

Where σ+ and σ- are the positive and the 
negative part of the stress tensor, α is a 
constant parameter and D is the damage 
variable. 
Figure 6 displays the stress – strain 
relationship (which could be called behavior 
law) of ordinary concrete during the test for 
four situations: 

1 OC - Homoref : Homogeneous and 
same parameters for cement paste and 
aggregates without hydration (the 
mesoscopic nature of concrete is not 
considered) 

2 OC - Mesoref : different parameters are 
considered for cement paste and 
aggregates without hydration (the 
mesoscopic nature of concrete is 
considered) 

3 OC - Meso hydration with creep core :  
different parameters are considered for 
cement paste and aggregates (the 
mesoscopic nature of concrete is 
considered), initial stresses, damage 
state due to hydration and creep are 
taken into account  

4 OC - Meso hydration core:  different 
parameters are considered for cement 
paste and aggregates (the mesoscopic 
nature of concrete is considered), initial 
stresses and damage state due to 
hydration are taken into account but 
creep is neglected 

The difference between the case 1 and 2 is 
only due to the mesoscopic representation of 
the concrete. One can remark that an important 
decrease on the maximal strength is obtained 
du to a more gradual cracking process but also 
that the value of the crack closure stress is 
modified. When hydration is taken into 
account and induces initial stresses and 

X

Y
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damage, a significant decrease of the stiffness 
and of the maximal stress is predicted if creep 
is not taken into account (about 50%) whereas 
when creep is taken into account, initial 
stresses are relax and only few element are 
affected by initial damage. Thus, only a slight 
decrease of the maximal reached stress is 
obtained (about 18%). This last case is 
considered as the closer to the realistic one and 
will be considered as the reference case for the 
following comparisons.  
It is interesting to note that when an important 
initial damage field is obtained after hydration 
(case OC- hydration when creep is not taken 
into account), the global behavior seems to be 
more ductile. The same results were obtained 
by Heinfling et al. [42]. This could be 
explained by more distributed energy 

dissipation. Indeed, figure 8 shows the damage 
field evolution during tensile test and one can 
see that damage area are more important 
during tensile test when creep is not taken into 
account during hydration calculation (increase 
of 22% of the equivalent number of element 
where the damage is equal to 1 defined as 

∫
∫

==

s

S
éq

ds

dSD

Dn )1(  where S is the surface of the 

mesoscopic mesh and s is the surface of one 
element).  
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Figure 7: Global behavior during the tensile – compression loading cycle for OC at the wall core 
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(a) 

ε = 30µm/m ε = 70µm/m ε = 120µm/m ε = 600µm/m 
(b) 

Figure 8: Evolution of the damage field (D) during hydration for OC when creep is taken into account (a) or not (b)
ε is the global imposed strain during tensile test 

5 CONCLUSION 
A numerical chemo-thermo-mechanical 

procedure applied on a concrete mesostructure 
has been used to calculate the initial stresses 
and damage state due to hydration on a 
massive wall for OC with taking into account 
explicitely aggregate and cement paste. 
Autogenous shrinkage and different thermal 
dilatation coefficient between cement paste 
and aggregate have been considered. The 
impacts of the initial state on the uniaxial 
tensile behaviour and unilateral effect have 
been discussed. Regarding the cyclic behavior, 
these initial states seem to play an important 
role. Indeed, it is shown on an ordinary 
concrete that autogeneous and thermal 
shrinkage lead to small uniform micro-
cracking when creep is taken into account but 
the initial stress state modify the global 
behavior. It induces a slight reduction of 
apparent elastic stiffness and tensile strength. 
Moreover, the mesoscopic mesh and the 
mechanical properties gradient between 
cement paste and aggregates lead to the 
obtaining of a crack closure stress (σc<0MPa) 
even if plastic strains are not included in the 
model. Therefore, a multi-scaled coupled 
approach should be used and the next step of 
this study will be to associate the mesoscopic 
structure in a massive wall simulation (using 
relation between displacement or/and nodal 
forces at the interfaces of both domains).   
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Abstract: The paper presents results of FE simulations of the concrete behaviour under dynamic 
loading at the different strain-rate. A continuum elasto-plastic constitutive model was used. 
Viscosity, non-locality and inertial terms were included. Numerical results of strength during 
uniaxial compression and uniaxial tension were compared with corresponding laboratory tests and 
CEB recommendations. Some preliminary own dynamic test results on concrete beams under three-
point bending were also shown.  

1 INTRODUCTION 
A fracture process is a fundamental 

phenomenon in quasi-brittle materials like 
concrete [1]. It is subdivided in general into 2 
main stages: appearance of narrow regions of 
intense strain deformation with a certain width 
(including micro-cracks) and occurrence of 
macro-cracks. Within continuum mechanics, 
strain localization can be numerically captured 
by a continuous approach and discrete macro-
cracks by a discontinuous one. Usually, to 
describe the fracture behaviour of concrete, 
one approach is used. However, in order to 
describe the entire fracture process, a 
continuous approach should be connected with 
a discontinuous one [2]. Fracture and strength 
strongly depends among others on the loading 
velocity. The structural concrete resistance 
increases when the strain rate increases ([3]-
[6]) due to 2 main reasons: inertia forces of 
micro-cracking and viscosity of free water in 
the capillary concrete system ([4], [5]). The 
concrete behaviour at high strain rates is also 
strongly influenced by fragmentation [7]. 
Thus, concrete is a highly rate-dependent 

material ([8]-[10]).  
Two different phases in the strength 

increase can be distinguished in compression 
and tension (Figs.1 and 2). Under 
compression, the first phase corresponds to the 
strain rate <10-1 1/s (it leads to the 
maximum 1.5-times increase of the 
compressive strength) and the second one 

10-1 1/s (it leads to the maximum 3-times 
increase of the compressive strength). Under 
tension two distinct phases happen in the 
increase  of  the  tensile  strength.  At  =100 1/s 
the  tensile  strength  is  2-times  higher  and  at  

=102 1/s is even 9-times greater. 
The  aim  of  our  research  is  to  formulate  a  

reliable continuum constitutive model for 
describing the concrete behaviour under 
dynamic conditions verified by experimental 
dynamic results. 

Initial FE calculations were carried out with 
a coupled elasto-plastic-damage continuum 
model  with  non-local  softening  to  capture  a  
quasi-static cyclic behaviour of concrete [11]. 
Next, the concrete dynamic behaviour was 
simulated with an elasto-plastic model 
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enhanced by usual viscosity. The viscosity was 
incorporated via the Duvaut–Lions approach 
which allows for coupling of different criteria 
(in contrast to the Perzyna model). To properly 
reproduce strain localization, in particular for 
small loading velocities, non-local terms were 
also introduced into a constitutive formulation 
during softening. 

Figure 1: Increase of concrete strength versus strain 
rate during compression from different laboratory 

test [9] (CDIF – compressive dynamic increase 
factor). 

Figure 2: Increase of concrete strength versus strain 
rate during tension from different laboratory test [9] 

(TDIF – tensile dynamic increase factor). 

2 MODEL FOR CONCRETE UNDER 
DYNAMIC CONDITIONS 

Our elastic-visco-plastic continuum 
concrete model was developed based on the 
rate-independent elasto-plastic formulation 
enhanced by viscosity incorporated via the so-
called Duvaut–Lions over-stress approach 
[12], wherein the stress state is allowed to 
remain outside the yield surface. 

To describe inviscid behaviour, the 
Drucker-Prager criterion in compression and 
the Rankine criterion in tension were assumed. 
In a compression regime, a shear yield surface 
based on the linear Drucker-Prager criterion 
with isotropic hardening and softening was 
used [13] 

1 1

1
tan 1 tan

3 cf q p , (1)

where q is the Mises equivalent deviatoric 
stress, p denotes the mean stress and  is the  
internal friction angle. The evolution of 
material hardening/softening was defined by 
the uniaxial compression yield stress c( 1).
The internal friction angle  was assumed as 

3 1
tan

1 2
bc

bc

r

r
, (2)

where rbc  is the ratio between the biaxial 
compressive strength and uniaxial compressive 
strength (rbc =1.2). The invariants q and p are 

3
2 ij jiq s s      and      

1
3 kkp , (3)

where ij is the stress tensor and sij denotes 
the deviatoric stress tensor. The flow potential 
was defined as  

1 tang q p , (4)

where  is the dilatancy angle ( ). For 
the sake of simplicity, the constant values of 
and  were assumed. In turn, in a tensile 
regime,  a  Rankine  criterion  was  used  with  a  
yield function f2 with isotropic softening 
defined as [13] 

2 1 2 3 2max{ , , } tf , (5)
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where i – the principal stress, t( 2) – the 
tensile yield stress and 2 – the softening 
parameter equal to the maximum principal 
plastic strain. The associated flow rule was 
assumed. The edges and vertex in Rankine 
yield function were taken into account by the 
interpolation of 2-3 plastic multipliers 
according to the Koiter’s rule. The same 
procedure was adopted in the case of 
combined tension (Rankine criterion) and 
compression (Drucker-Prager criterion). This 
inviscid isotropic elasto-plastic model for 
concrete (Eqs.1-5) requires two elastic 
parameters: modulus of elasticity E and 
Poisson’s ratio , one compression yield stress 
function c=f( 1) (based on a uniaxial 
compression test), one tensile yield stress 
function t=f( 2) (based on a uniaxial tension 
test), internal friction angle  and dilatancy 
angle  (based on a triaxial compression test). 
The model has some simplifications. The 
shape of the failure surface in a principal stress 
space is linear (not paraboloidal as in reality). 
In deviatoric planes, the shape is circular 
(during compression) and triangular (during 
tension); thus it does not gradually change 
from a curvilinear triangle with smoothly 
rounded corners to nearly circular with 
increasing pressure. The strength is similar for 
triaxial compression and extension, and the 
stiffness degradation due to strain localization 
and non-linear volume changes during loading 
are not taken into account. 

The viscosity was incorporated based on 
the Duvant-Lions approach, wherein a 
viscoplastic solution was simply constructed 
through the relevant plastic solution. The 
biggest advantage of this approach is the easy 
numerical implementation (only an additional 
simple stress update loop is needed in existing 
elasto-plastic algorithms). The visco-plastic 
strain rate and hardening parameter were 
respectively defined as 

11vp e
ij ijkl kl klC , (6)

1vp , (7)

where  is the material parameter usually 
called  the  relaxation  time,  and  are  the  stress  
and hardening/softening parameter of an 
inviscid material. The visco-plastic strain rate 
(Eq.6) was defined by the difference between 
the true stresses and stresses obtained in an 
inviscid material. The total strain rate partition 
into an elastic strain rate and a visco-plastic 
strain rate was assumed 

e vp
ij ij ij . (8)

Such formulation allows for a smooth 
transition from an inviscid to viscous case (in 
contrast to the Perzyna visco-plastic model). 
The material was initially considered to be as a 
rate independent one, so the plastic stress 
tensor and a hardening variable were obtained. 
Later, the rate-dependency was incorporated 
by means of Eqs.6 and 7. After solving Eqs.6 
and 7, one obtained the updated viscoplastic 
stress and the updated viscoplastic softening 
parameter integrated over the time step t
(from t to t+ t)

1

1
:

1

n e n
ij ijkl kl ij

n
ij

t

t

C
, (9)

1

1

1

n n

n

t

t
. (10)

A Duvant-Lions visco-plastic model is 
quite  convenient  to  be  implemented,  since  a  
visco-plastic solution is the update of the 
inviscid solution [8]. A Duvant-Lions visco-
plasticity produces a length in field equations 
as a multiplication product of the elastic wave 
speed times the relaxation time [12]. 

3 MODELLING OF STRAIN 
LOCALIZATION 

An integral-type non-local theory was used 
as a regularization technique to describe strain 
localization at the entire strain rate range ([14], 
[15], [16]). It takes advantage of a weighted 
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spatial averaging of a suitable state variable 
over a neighbourhood of each material point. 
Thus, a state variable at a certain material 
point depends not only on the state variable at 
the point but on the distribution of the state 
variable in a finite neighbourhood of the point 
considered (the principle of a local action does 
not hold – a non-local interaction takes place 
between  any  two  points).  It  has  a  physical  
motivation due to the fact the distribution of 
stresses in the interior of concrete at meso-
scale is strongly non-uniform due to the 
presence of different phases (aggregate, 
cement, bond). Usually, in elasto-plastic 
formulations, it is sufficient to achieve mesh-
independent FE results to treat non-locally one 
state variable controlling material softening 
(e.g. non-local softening parameter), whereas 
stresses, strains and other variables remain 
local ([15], [17]). 

In the case of dynamic problem, the 
viscosity solution is an appropriate solution to 
regularize the initial value problem. However 
for quasi-static this approach is not sufficient. 
The non-locality was introduced into the 
constitutive formulation in an inviscid phase of 
the model. The rates of the inviscid softening 
parameter (Eq.7) were averaged according to 
Brinkgreve [15] 

d d

              , d d d

i i

i im

x x

x x
, (11)

Since the rate of the softening parameter is 
not known at the iteration beginning, some 
extra sub-iterations are required to solve 
Eq.11. To simplify the calculations, the non-
local rates were replaced by their 
approximations est

id calculated based on the 
known total strain rate [15] 

d d

          , d d d

i i

est est

i im

x x

x x
. (12)

The FE results show an insignificant 
influence of the calculation method of plastic 
rates of the non-local softening parameter [17]. 
In addition, an approximate method proposed 
by Brinkgreve [15] in Eq.12 is less time 
consuming (by ca.30%). 

As a weighting function  (called also an 
attenuation function or a non-local averaging 
function), the Gauss distribution was assumed 
[16] independently of strain rates 

2

1
c

r
l

g

r e
c

, (13)

where the parameter lc is the characteristic 
length of micro-structure, r is the distance 
between two material points and cg denotes 
the normalizing factor equal to cl (1D case),   

2
cl  (2D case) and 3

cl  (3D  case).  The  
averaging in Eq.13 is restricted to a small 
representative area around each material point 
(the influence of points at the distance of 
r=3×lc is only of 0.01%). The weighting 
function satisfies the normalizing condition 
[16].

0

0

,
d

V

x
x

x
. (14)

A characteristic length is usually related to 
the micro-structure of concrete represented by 
the aggregate size. Based on our both 
numerical simulations of concrete and 
reinforced concrete beams under bending and 
experiments using a digital image correlation 
DIC technique in order to measure the width 
of a localized zone on the concrete surface, a 
characteristic length lc of micro-structure was 
about 5 mm in usual concrete (using the Gauss 
distribution function). A proper non-local 
transformation requires that a non-local field 
corresponding to a constant local field remains 
constant in the vicinity of a boundary. 

The models where implemented into the 
Abaqus  Standard  program  with  the  aid  of  the  
subroutine UMAT (user constitutive law 
definition) and UEL (user element definition). 
For  the  solution  of  a  non-linear  equation  of  
motion governing the response of a system of 
finite elements, a modified Newton-Raphson 
scheme (for simulation neglecting inertia 
effects) and Newmark algorithm (for 
simulation including inertia effects) were used. 
The  calculations  were  performed  with  a  
symmetric elastic global stiffness matrix 
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instead of applying a tangent stiffness matrix 
(the choice was governed by access limitations 
in the commercial software Abaqus). The 
procedure yielded sufficiently accurate and 
fast convergence. The magnitude of the 
maximum out-of-balance force at the end of 
each calculation step was smaller than 1% of 
the calculated total force on the specimen. To 
satisfy the consistency condition f=0 in elasto-
plasticity, the trial stress method (linearized 
expansion of the yield condition about the trial 
stress  point)  using  an  elastic  predictor  and  a  
plastic corrector with the return mapping 
algorithm was applied. The calculations were 
carried out using a large-displacement 
analysis. In this case, the actual configuration 
of the body is taken into account. The Cauchy 
stress was taken as the stress measure. The 
conjugate strain rate was the rate of 
deformation. The rotation of the stress and 
strain tensor was calculated with the Hughes-
Winget method. A non-local averaging was 
performed in the current configuration. This 
choice was governed by the fact that element 
areas in this configuration were automatically 
calculated by Abaqus. 

4 FE RESULTS FOR DYNAMIC TESTS 
In order to investigate the ability of 

presented formulation to proper reproduce the 
strengthening effect under both dynamic 
tension and compression initially the attention 
was laid on influence of viscosity and inertial 
forces on the strength. Therefore, the material 
constants (in particular the relaxation time )
were taken in FE analyses in order to 
satisfactorily match numerical results with 
experimental ones. 

4.1 Uniaxial compression test 
A cube specimen was fixed at the lower and 

upper surfaces and the uniform vertical 
displacement was imposed along the upper 
boundary in the range 0-1 mm (Fig.3). The 
basic concrete parameters were: E=37.7 GPa, 

=0.15, =14º, =8º, the compressive yield 
stress yc0=30 MPa with linear softening 
(H=1.55 GPa). The relaxation time was equal 
to 1×10-6, 2×10-6, 1×10-5, 2×10-5 and 2×10-4.

The calculations were performed as 2D (with 
plane strain triangular elements in the so called 
"union jack pattern") and 3D (with eight-node 
brick elements with full integration) (Fig.3). 

a) b)

Figure 3: Uniaxial compression test for numerical 
calculations: a) specimen geometry with boundary 

conditions and b) mesh discretization. 

The effect of several different loading strain 
rates ranged from 10-5 1/s up to 102 1/s was 
investigated on the concrete dynamic 
behaviour. The numerical strength results were 
compared with the compressive dynamic 
increase factor (CDIF) according to the CEB 
recommendation [4]. 

First, the dynamic results using the visco-
plastic model (simulation #1, =2×10-5) and 
elasto-plastic model (simulation #2) with non-
local softening (lc=5 mm) were compared 
during 2D and 3D calculations (Fig.4). The 
calculated dynamic increase factor is 
underestimated as compared to CEB for the 
strain rate <1 1/s, since the same results 
were obtained for strain rates <1 1/s. In turn, 
for high strain rates ( >10 1/s), the calculated 
dynamic increase factor is overestimated since 
fragmentation was not taken into account. The 
increase of CDIF is more pronounced in real 
3D simulations than in simplified 2D analyses. 
In the case of viscous simulations, the increase 
factor CDIF obviously increases slightly faster 
than in non-viscous simulations for >10 1/s. 

The influence of the viscous relaxation time 
 is shown in Fig.5. The relaxation time varied 

between =1×10-6 and =2×10-4. The results 
show that an increase of the viscosity 
parameter leads to a faster growth of strength 
at loading rates 110 1/ s only. With large 

1502



I. Marzec and J. Tejchman 

6

relaxation, an increase of DIF was obtained 
also at ~1 1/s, but simultaneously it grew too 
rapidly at large strain rates. 

Figure 4: Dynamic FE simulation results considering 
effect of formulation type and presence of viscosity 

with relaxation time =2×10-5 as compared to 
dynamic compressive increase factor CDIF by CEB 

(#1 - elasto-visco-plastic model with non-local 
softening and #2 - elasto-plastic model with non-

local softening). 

Figure 5: Dynamic FE results of CDIF with different 
relaxation time  using elasto-visco-plastic model 

with non-local softening as compared to CEB curve. 

4.2 Direct tension test 
A dumbbell-shaped specimen was 

considered as in the experiments by Yan and 
Lin [18] (Fig.6). The following material 
parameters were assumed in FE calculations: 
E=29.0 GPa, =0.15 and the tensile yield 
stress yt0=2 MPa with linear softening 
(H=0.65 GPa). The numerical dynamic 
simulations were performed with the strain 

rate varying between 10-5 1/s and 101 1/s (the 
experiments were carried out at the loading 
strain rate ranged from 10-5 1/s up to 10-0.3

1/s). The numerical results with the elasto-
visco-plastic model with non-local softening 
(lc=5 mm) and different viscosity parameter: 
=1×10-6, 1×10-5, 2×10-5, 1×10-4 and 2×10-4

(simulation #1) were compared with those 
with the pure elasto-plastic model with non-
local softening (lc=5 mm) (simulation #2). 

Figure 6: Uniaxial tension with of dumbbell-shaped 
concrete specimen: geometry [18] and FE mesh. 

The summarized FE results are shown in 
Figs.7 and 8.  Similarly as under compression, 
the numerical outcomes show that the dynamic 
increase factor is underestimated as compared 
to  the  both  experiments  [18]  and  CEB  
recommendation for the small strain rates <1
1/s) and overestimated for large strain rates. 
An increase of a viscosity parameter leads to a 
better accordance with the comparative data, 
however  only  at  the  strain  rate  <1  1/s.  In  
turn, for the higher loading rates, the 
calculated dynamic effect is quite close to 
CEB for a very small viscosity parameter .
For  simulation  #2  (without  viscosity)  the  
strength increase with increasing strain rate is 
practically not obtained. In the calculations, 
the softening rate increased with increasing 
strain rate at small strain rates and was similar 
at large strain rates. 

5 OWN LABORATORY TESTS 
In order to get a better insight into the 

concrete behaviour under dynamic loading, 
some experimental tests were conducted using 
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a servo-hydraulic load machine Zwick HB 
250. The cyclic dynamic vertical force-
displacement diagrams were measured over a 
wide range of loading rates (from 0.0005 mm/s 
up  to  5  mm/s).  The  displacements  on  the  
concrete surface were registered using the 
Digital Image Correlation technique to register 
the shape and width of localization zones and 
cracks.  

Figure 7: The load-displacement curves from FE 
dynamic simulations for different vertical strain rate 

using elasto-visco-plastic model with non-local 
softening ( =2×10-5, lc=5 mm). 

Figure 8: Dynamic FE results of uniaxial tension as 
compared to TDIF by CEB for different vertical strain 
rate at different relaxation times (#1 - elasto-visco-

plastic model with non-local softening and #2 - 
elasto-plastic model with non-local softening). 

The measured force-displacement 
evolutions are demonstrated in Fig.9. The 
strength and material brittleness increase with 
increasing strain rate. 

a)

b) 

Figure 9: Results of own initial experimental 
dynamic tests on concrete beams under three-point 

bending: a) specimen geometry and contours of 
localized zone captured with DIC, b) force-

displacement curves at different loading rate. 

6 CONCLUSIONS 
The FE calculations with the elasto-visco-

plastic model with non-local softening show 
that at small loading strain rates, the calculated 
dynamic increase factor is too small and for 
high loading strain rates is too high as 
compared to the CEB recommendation. Thus, 
usual viscosity in a plastic domain is not a 
sufficient tool to realistically describe the 
concrete dynamic behaviour. Further research 
works are needed by taking into account 
elastic and retarding viscosity, and material 
fragmentation in the constitutive concrete 
formulation at macro-level. 
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Abstract. Long term exposure to high temperature strongly affects the durability and safety of con-
crete structures due to the severe degradation process that takes place in this composite material. In
effect, most of the relevant macroscopic mechanical features of porous materials like concrete such as
cohesion, friction, strength, stiffness and ductility, strongly depend on the temperature, temperature
gradient and humidity, as well as on the governing stress state. At the macroscopic level of observa-
tion, high temperature exposures cause significant modifications in the chemical features of cement
paste. From the predictive analysis stand point, robust and reliable constitutive theories are required
to accurately simulate the complex failure processes of concrete material subjected to high tempera-
ture exposure. In this work, a thermodynamically consistent gradient poroplastic theory for concrete
under high temperature is proposed. Herein concrete is considered as a closed porous medium while
the relevant thermo-chemo-mechanical couplings that take place in the material subjected to temper-
ature effects are taken into account. Thereby, the dehydration of cement paste when is subjected to
high temperature exposure is the main responsible for the degradation processes of fundamental me-
chanical properties. Regarding the gradient formulation a restricted form is considered whereby the
state variables are the only ones of non-local character. A Temperature-Dependent Leon-Drucker-
Prager (TD-LDP) strength criterion is proposed for porous material under high temperature fields
and a numerical analysis by means of finite element simulations is presented to show the predictive
capabilities of the proposed approach.

1 INTRODUCTION

Concrete exposures to high temperature may
take place both in the case of accidents such as
explosions or fire and under serviceability con-
ditions such as furnaces structures, chimneys,
kiln foundations, pressure vessels, etc. Con-
crete subjected to high temperature undergoes
dramatic changes at microscopic level. One

of the most important is the cement paste de-
hydration that at macroscopic level results in
stiffness and strength losses [1]. Actually, un-
der temperature levels below 200◦C, concrete
shows no significant damage, because the re-
sulting effects are only restricted to the evapo-
ration of free water in the pores network. From
200◦C starts the dehydration of the hydrated
calcium silicates (CSH), essential components

1
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that strongly contribute to the paste strength.
Above 400◦C takes place the calcium hydroxide
(CH) dehydration and beyond 600◦C also starts
the rock aggregates degradation, being more
vulnerable the siliceous than the calcareous
ones, in terms of thermal damage. In this paper,
the CSH dehydration is considered as the main
concrete mechanical degradation cause. There-
fore, high temperatures are understood as those
that exceed 200◦C. Then, water migration and
water vapor through concrete pores processes
are neglected. This means that the spalling on
concrete surface due to the increasing pore pres-
sure and thermal gradient is also neglected be-
cause this is a consequence of the water migra-
tion and water vapor dynamic processes. Ac-
curate predictions of concrete failure behavior
when subjected to high temperature require re-
liable theoretical frameworks, capable to more
realistically reproduce the dramatic changes at
microscopic levels by means of representative
parameters. In this sense, the mechanics of
continuum porous media, the thermodynamic
laws and the concepts of non-local materials
[2–6] define the most effective set of theoretical
frames to approach this complex problem. Non-
local effects in constitutive models lead also to
objective predictions of post-peak behaviors re-
garding finite elements mesh density and orien-
tation. On the other hand, they introduce a char-
acteristic length which allows more accurate
modeling of the pressure and thermal depen-
dency of concrete failure processes in thermo-
chemo-mechanical coupled problems.

The thermodynamically consistent formula-
tion presented in this paper is based on a re-
stricted gradient theory developed by Svedberg
y Runesson [7] for the case of J2 classical con-
tinuous media, expanded later by Vrech and
Etse [8] for cohesive-frictional materials and re-
cently by Mroginski et. al. [9] for porous me-
dia. This gradient theory assumes that a ther-
modynamic state for dissipative materials un-
der isothermal processes is completely defined
by the elastic strain and a finite number of in-
ternal softening/hardening plastic variables, be-
ing these latter the only of non-local charac-

ter. In this formulation, the dehydration degree,
which is considered the controlling-parameter
of the mechanical integrity, is incorporated as
an additional internal variable, representing the
chemical state. After presenting the fundamen-
tal equations of the proposed constitutive theory
and model, the attention is focuses on the eval-
uation of this predictive capabilities.

2 PHYSICAL MODEL
Figure (1) shows the scheme of a represen-

tative volume of porous media. It is composed
by the addition of two components: the solid
skeleton particle and the fluid particle, both co-
incident in time and space. The solid skeleton
is constituted by the solid matrix, the occluded
porosity and the connected porosity. The fluid
particle is composed of the fluids located in the
connected porosity: water and air, according to
the saturation condition [10].

Figure 1: Porous Medium Composition.

Figure 2: Dehydration Model.

2
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2.1 DEHYDRATION MODEL
The calcium silicate hydrates (CSH) forma-

tion is the main responsible of the concrete me-
chanical strength development at early age [11],
i.e. when the cement paste hydration process
develops. Contrarely, in hardened concrete sub-
jected to the action of high temperature, CSH
undergoes a dehydratation process which leads
to the loss of material strength. Addressing
the study of the concrete behavior as a porous
medium, it is possible to consider the existence
of bound water, chemically attached to the solid
matrix and responsible for the integrity of the
CSH. With increasing temperature the bound
water becomes free, in this condition it leaves
the solid skeleton and moves to the connected
porosity, as shown in Fig.(2). This process is
the main reason for the CSH dehydration and
the degradation of concrete strength.

3 POROUS MEDIA THERMODYNAM-
ICS

The first Thermodynamics law expresses the
energy conservation, i.e. it defines the temporal
balance between the internal energy, the kinetic
energy, the mechanical work of external forces
and the supplied heat

Ė + K̇ = Pext +Q0; E =

∫

Ω

edΩ (1)

The second Thermodynamics law states that
the system energy can only irreversibly de-
crease

Ṡ −Qθ ≥ 0; S =

∫

Ω

sdΩ (2)

In the above equations, Pext is the mechani-
cal work done by external forces, Q0 is the
heat, E the system internal energy, S the sys-
tem entropy, e the internal energy density, K
the kinetic energy, Ω the volume, ∂Ω the surface
boundary, Qθ = Q0/θ the heat work per unit of
absolute temperature θ, and s the entropy den-
sity.

The Clausius-Duhem inequality for open
porous media takes the form, see Coussy, O.
[12]

∫

Ω

[
σ : ε̇− gβm∇ ·wβ − sθ̇ − ψ̇+

−wβ ·
(
∇gβm + sβm∇θ

)

−h

θ
· ∇θ

]
dΩ ≥ 0 (3)

where β ∈ [1 : n] and n is the number of fluid
components. Furthermore σ represents the sec-
ond order Cauchy tensor, ε the second order ab-
solute strain tensor, ψ the free Helmholtz en-
ergy, sm the internal entropy per unit mass, w a
first order tensor corresponding to the fluid flux,
gm the enthalpy per unit flux mass and h a first
order tensor corresponding to the heat flux. In
the above equations, (˙) denotes the time deriva-
tive, and the bold letters represent tensors.

3.1 Chemo-mechanics of a closed porous
medium

In this paper closed porous media are con-
sidered, i.e. there is no fluid exchange between
the outside and the system. This implies that the
fluid mass flow is null (wβ = 0), therefore, the
inequality given by Eq.(3) takes the form

∫

Ω

[
σ : ε̇− sθ̇ − ψ̇ − h

θ
· ∇θ

]
dΩ ≥ 0 (4)

Remark. Non-local analysis is based on the
gradient plasticity theory, following the ap-
proach proposed by Svedberg, T. and Runesson,
K., Vrech, S. M. and Etse, G. and Mroginski,
J. et. al. [7–9], where the non-locality is lim-
ited to the internal state variables, adopted as
scalar values. This proposal simplifies the study
of non-local problem, respect to the approaches
submitted by Gao, H. et. al., Fleck, N. A. and
Hutchinson, J. W. and Gudmunson, P. [13–15].

ψ(εe, θ, ξ, κ,∇κ) = ψe(εe, θ, ξ)+

+ψch(ξ) + ψp,loc(ξ, κ) + ψp,nl(∇κ) (5)

3
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Where ψe, ψch, ψp,loc and ψp,nl represent the
elastic, chemical, local plastic and gradient non-
local contributions to the total free energy, re-
spectively. Moreover, εe is the elastic compo-
nent of the strain tensor, κ is a plastic internal
state variable and ξ is the dehydratation grade
of the cement paste. From Eq.(5) follows the
state equations

σ =
∂ψe

∂εe
; S = −∂ψe

∂θ
(6)

with the chemical, thermal and local plastic dis-
sipations, Dch, Dth and Dp,loc, respectively

Dch = −∂ψch

∂ξ
ξ̇ ≥ 0;

Dth = −h

θ
· ∇θ ≥ 0;

Dp,loc = σ : ε̇p − ∂ψp,loc

∂κ
κ̇ ≥ 0 (7)

and the non-local plastic dissipation

Dp,nl =

(
∇ · ∂ψ

p,nl

∂∇κ

)
κ̇+

+

∫

∂Ω

n · ∂ψ
p,nl

∂∇κ
κ̇d∂Ω ≥ 0 (8)

being εp the plastic component of the strain ten-
sor and n the normal vector to the boundary
∂Ω. In a thermodynamically consistent chemo-
gradient poroplastic system exists a convex set
of admissible stress states fulfilling the follow-
ing condition

{(σ, K, ξ) | F (σ, K, ξ) ≤ 0} →
F (σ, K, ξ) = f(σ)−K(λ, ξ) = 0 (9)

where K is the dissipative stress defined in
terms of internal state variables and the dehy-
dration degree, and λ a plastic multiplier. Fur-
thermore, a dissipative potential can be defined
as

Q(σ, K, ξ) = g(σ)−K(λ, ξ) = 0 (10)

that fulfills the flow rule

ε̇p =
∂Q

∂σ
= mλ̇; κ̇ =

∂Q

∂K
λ̇ (11)

and the Kuhn-Tucker conditions

λ̇ ≥ 0, F (σ, K, ξ) ≤ 0,

λ̇F (σ, K, ξ) = 0 (12)

with m the plastic potential gradient

3.2 Constitutive Equations
In a closed porous medium, chemically reac-

tive, each term of the free energy in Eq.(5) can
be defined as follows

ψe =
1

2
εe : C : εe+

− θα : C : εe +
l

θ0
ξθ − C

2θ0
θ2 (13)

ψch =
hch

2
ξ2 − A0ξ;

ψp,loc = −1

2
h(ξ)locκ2

ψp,nl =
1

2
l2cH

g∇.∇κ (14)

Thereby is C the concrete heat capacity, hloc

the softening/hardening chemo-plastic modu-
lus, A0 the initial chemical affinity, lc the
gradient characteristic length, Hg the soften-
ing/hardening gradient modulus, θ the tem-
perature, l the latent dehydratation heat, hch

the chemical modulus and α = αII, with
α the concrete thermal dilatation coefficient
and II the second order identity tensor. From
Eqs.(7) and (8), the dissipative stresses Kch =
−∂ψch/∂ξ, Kp,loc = −∂ψp,loc/∂qα and Kp,nl =
∇·∂ψp,nl∂∇qα are obtained, while from Eq.(6)
the total and dissipative stresses

σ̇ = C : ε̇e + αI : Cθ̇;

Ṡ =
C

θ0
θ̇ +

l

θ0
ξ̇ (15)

4
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are derived. Finally, from Eqs.(13) and (14) fol-
lows

K̇p,loc = −h(ξ)locκ̇− ∂h(ξ)loc

∂ξ

κ2

2
ξ̇

K̇ch = −hchξ̇ +
l

θ0
θ̇ (16)

K̇p,nl = −lc∇ · (Hg∇κ̇) (17)

The coefficients in Eqs.(15), (16) and (17) are
achieved from the Helmholtz free energy, re-
sulting

C =
∂2ψe

∂εe∂εe
; αI : C =

∂2ψe

∂εe∂θ
;

C

θ0
=

∂2ψe

∂θ∂θ
;

l

θ0
=

∂2ψe

∂θ∂ξ
(18)

h(ξ)loc = −∂2ψp,loc

∂κ∂κ
hch =

∂2ψch

∂ξ∂ξ
(19)

Hg =
1

l2c

∂2ψp,nl

∂∇κ∇κ
; (20)

4 THERMAL BALANCE AND KINET-
ICS OF DEHYDRATION

From Eqs.(2) and (15-b), and assuming the
Fourier law for the temperature distribution
(h = −k∇θ) the heat equation that determines
the temperature distribution in space and time is
achieved

Cθ̇ = k∇ · ∇θ + lξ̇ (21)

where k represents the concrete heat conduc-
tivity. Moreover, for determining the dehydra-
tion degree depending on the applied tempera-
ture, it is necessary to evaluate Eq.(16-b) when
Kch → 0. According to the experimental ev-
idence, each temperature level can be linearly
and uniquely related to the cement paste dehy-
dration level [1]. Therefore, the following func-
tion can be considered

ξ = γ(θ − 20) (22)

with θ in Celsius degrees and γ = 0.0015.

5 CONSTITUTIVE MODEL
To model and predict the response of con-

crete in the framework of a thermodynamically-
consistent gradient-elastoplastic theory, the
Temperature-Dependent Leon-Drucker-Prager
Criterion (TD-LDP) is proposed, that arises
from the reformulation of the Leon Drucker-
Prager (LDP) failure criterion [16]. The TD-
LDP failure surface is given in Eq.(23) and its
isotropic variation with different dehydration
levels is shown in Fig.(3).

F∗(ρ, p, ξ) =
3

2
ρ∗+m(

ρ∗√
6
+ p∗)− (1− ξ) = 0

(23)
where

p∗ =
p

f ′
c

; ρ∗ =
ρ

f ′
c

ρ =
√

2J2; p =
trσ

3
(24)

with p and ρ, the deviatoric and volumetric co-
ordinates in the Haigh Westergaard stress space,
and f ′

c and f ′
t the maximum compressive and

tensile strengths, respectively and J2 the sec-
ond invariant of deviatoric stresses, while the
friction parameter has the following expression

m =
3

2

f ′2
c − f ′2

t

f ′
cf

′
t

(25)

Figure 3: TD-LDP Model Failure Surfaces.

Beyond the elastic regime, plastic strains
take place and the material exhibit hardening or

5
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softening. To capture these behaviors a yield
surface is proposed

F (ρ∗, p∗, Kh, Ks) =
3

2
(ρ∗)2+

+Khm(
ρ∗√
6
+ p∗)− (1− ξ)KhKs = 0 (26)

Furthermore, a potential surface is adopted
to reduce the excessive plastic volumetric
strains

Q(ρ∗, p∗, Kh, Ks) =
3

2
(ρ∗)2+

+Khm(
ρ∗√
6
+ ηp∗)− (1− ξ)KhKs = 0

(27)

with η the non-associative variable, Kh and Ks

defined as follows

Kh = 0.1 + 0.9sin

[
π

2

‖m‖λ
xp(p∗, ξ)

]
(28)

Ks = Kf
s (κ, ξ) +Kg

s (∇κ)

Ks = exp

[
−5

ht(ξ)

RG(p∗)

‖〈m〉‖λ
ur

]
+

− l2cH
g∇2κ (29)

In the above equations, xp(p
∗, ξ) represents the

plastic strain corresponding to the peak load. It
can be interpreted as a hardening ductility mea-
sure, depending on the pressure confinement
and the dehydration degree. In Eq.(29) Kf

s rep-
resents the stiffness degradation due to macro or
micro-cracking processes, Kg

s is the decohesion
of the solid between cracks and ur denotes the
maximum crack opening, while ht(ξ) the total
continuum height depending on the dehydration
degree. The Mc. Cauley brackets are defined as
〈x〉 = 0.5(x + |x|). RG is the radio between
GII

f and GI
f and it remains constant with tem-

perature variations. The gradient contribution
to the material stifness and softening is defined

by Ks which is a function of the cahracteristic
length lc. The last one is defined in terms of the
acting confinement pressure. The functions of
xp, ht(ξ) and RG are expressed as

xp(p
∗, ξ) = Ahexp [Bhp

∗ + Chξ] (30)

ht(ξ) = ht

(
Asξ

2 − Bsξ + Cs

)
(31)

RG(p
∗) =





1 p∗ ≥ 0,
Cu +Dusin

(
2p∗ − π

2

)
−1.5 ≥ p∗ ≤ 0,

100 p∗ ≤ −1.5.

(32)

where Ah, Bh, Ch, As, Bs are constants to be
calibrated from experimental results, Cs = 1.00
and ht is the total continuum height at room
temperature . The variation of RG in terms of
p∗ and ht(ξ) in terms of ξ are shown in Figs.(4)
and (5), respectively.

Figure 4: Variation of RG in terms of the confinement
pressure [8]

Figure 5: Variation of RG in terms of the dehydration
degree

6
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6 THERMODYNAMICAL CONSIS-
TENCY OF THE TD-LPD MODEL

The plastic energies in hardening and soft-
ening regimes of the proposed model can be ex-
pressed as

ψp
h(κ, ξ) = −0.1κ− 0.9

κ
cos(−αhκ) (33)

ψp
s(κ, ξ,∇κ) = − 1

αs

exp(αsκ)+

+
1

2
l2cH

g∇ · ∇κ (34)

respectively, where

αh =
π

2

‖m‖λ
xp(1− ξ)

(35)

αs =
5ht

urRG(p∗)

‖〈m〉‖λ
(1− ξ)

(36)

Taking into account Eqs.(7-c) and (8) and the
above expressions for the plastic energies, then
Eqs.(28) and (29) for the dissipative stresses
Kh and Ks can be obtained and the fulfillment
of the thermodynamical consistency is demon-
strated.

7 RESULTS

In this section, the numerical predictions of
the model for the uniaxial compression test
considering uniform temperature profile is pre-
sented. The numerical implementation consid-
ers a mixed constant strain triangular FE for
gradient plasticity [17] under axialsymmetric
conditions. A quarter of the real specimen
(7.5cm x 15cm), was analyzed due to the dou-
ble symmetry conditions, using a uniform mesh
of 384 elements, see Fig.(6).

(a) (b)

Figure 6: (a) Boundary conditions; (b) FE discretization.

For the stiffness degradation a linear re-
lationship was considered in the form E =
E0(1 − ξ), see Ulm, F. J. and Coussy, O. [1],
being E0 the elasticity modulus of the non-
degraded concrete. The considered materials
properties are shown in Table (1) while the
model parameters are summarized in Table (2).

Table 1: Concrete Properties

Elasticity Modulus - E0 19300 MPa
Poisson Modulus - υ 0.20 -

Compressive Strength - f ′
c 22.00 MPa

Tensile Strength - f ′
t 2.20 MPa

Maximum Crack Opening - ur 0.127 mm
Sep. between Tens. Cracks - ht 108.00 mm

Internal Length - lc 30.00 mm
Gradient Modulus - Hg 1.00 MPa

Table 2: Model Parameters

Ah 0.0007
Bh -0.0089
Ch 4.50

RG(p
∗) 4.60

As 3.20
Bs 3.20
Cs 1.00

Figure (7) despicts the predicted total plastic
strain profile for the inhomogeneous compres-
sion test when the concrete probe is subjected

7
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to 300◦C, whereas Fig.(8) illustrates the same
results when the applied temperature is 500◦C.

The results of the stress-strain curves in com-
pression tests for different dehydration levels
are shown in Fig.(9) and compared with the
experimental stress-strain curve at environment
temperature proposed by Hurbult, B. [18] for
the same concrete. It could be clearly ob-
served the decrease of the stiffness and the
peak strength with increasing temperature due
to increase of the dehydration degree. Further-
more, an increase in the fracture energy can
be evidenced, this trend continues until around
400◦C, starting to decrease from that tempera-
ture. These results are in agreement with ex-
perimental data carried out by Lee et. al. [19]
shown in Fig.(10).

Figure 7: Plastic strain distribution in Uniaxial Compres-
sion test with inhomogeneous vinculation after 300◦C ex-
posure.

Figure 8: Plastic strain distribution in Uniaxial Compres-
sion test with inhomogeneous vinculation after 500◦C ex-
posure.

Figure 9: Uniaxial Compression test of normal concrete
(22.50MPa) after high temperatures.

Figure 10: Experimental Uniaxial Compression tests on
Normal Concrete (27.60MPa) after High Temperature ex-
posures.

7.1 Future Developments
Presently, the authors are working in the cal-

ibration of the gradient characteristic length in
terms of the dehydration degree.

8 CONCLUSIONS
In this work a thermodynamically consistent

gradient poroplastic model for concrete sub-
jected to high temperature is proposed. The
model takes into account the thermo-chemo-
mechanical coupling in porous materials like
concrete when they are considered as non-local
closed porous media. The controlling parameter
is the dehydratation of cement paste when sub-
jected to high temperature exposure. A particu-
lar form of gradient poroplasticity is considered
whereby the state variables are the only ones of
non-local characters. The post-peak behavior is
defined by a combined mechanism of fracture
energy release-based softening process in the
active micro-cracks, and a gradient-based soft-
ening in the solid material in between cracks.

8
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Thereby, the gradient characteristic length is de-
fined in terms of the acting confining pressure
while the fracture energy characteristic length
is defined in terms of both the confining pres-
sure and the dehydration degree. The proposed
model is able to realistically and objectively
predict the temperature dependent failure be-
havior of concrete. Particularly, the model is
capable to reproduce the variation of strength,
stiffness and post-peak ductility in terms of the
acting temperature.
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Abstract. It has been commonly agreed that the crack propagation within concrete structures can
be realistically simulated by non-local damage models. Due to their low complexity and computa-
tional cost, simplified damage models are frequently used in virtual testing calculations of structural
health monitoring applications. This contribution aims at justifying the application of such simplified
damage models for early damage states.

1 INTRODUCTION
In the last three decades, the interest in mod-

elling local damage phenomena increased con-
tinuously, which triggered the development of
several damage models for various materials.
Available methods for concrete structures are
reviewed in [1] and [2]. For concrete struc-
tures, continuum damage models are often used
compared to discrete crack models, as during
the initiation phase of concrete cracks the dam-
age zone is larger than the discrete fully estab-
lished crack. The non-local damage model de-
veloped in [3] and the equivalent implicit gra-
dient damage model (e.g., [4]) are both appro-
priate for a realistic modelling of crack propa-
gation in concrete together with the accompa-
nying crack process zone. A typical problem
of complex damage models is the appropriate
definition or identification of several model pa-
rameters. Some parameters are related to phys-
ical phenomena, other parameters are necessary
to stabilise numerically the problem. In addi-
tion, such damage propagation calculations re-
main computationally very expensive.

In the structural health monitoring commu-

nity, virtual tests are frequently performed to
design and optimise damage sensitive features
to monitor continuously the health of the struc-
ture. However, advanced fracture mechanics
models are rarely applied. Usually, simplifica-
tions based on linear material models with re-
duced Young’s modulus of the whole cross sec-
tion are used to simulate a certain damage. Ex-
amples can be found in [5], [6], and [7]. De-
raemaeker [8] first applied an advanced frac-
ture mechanical damage model to investigate
the performance of a damage indicator based on
dynamic strains. Following this idea, other in-
vestigations were performed using an implicit
gradient damage law to obtain realistic damage
patterns for a notched [9] and a simply sup-
ported plain concrete beam [10].

In this paper, a comparison between sim-
plified methods based on partial stiffness re-
ductions of a linear model and the more ad-
vanced nonlinear damage propagation calcula-
tion based on the implicit gradient damage law
is conducted. The results show that under cer-
tain conditions very simple damage pattern de-
scriptions can be applied without significant

1
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loss of accuracy in global, as well as, in the lo-
cal behaviour of the structure under static load-
ing conditions.

2 IMPLICIT GRADIENT DAMAGE LAW
The classical stress-strain relation of elastic-

ity based damage mechanics at a certain point
in the structure reads

σ = (1−D(κ))Cε, (1)

where σ and ε are the stress and strain tensor
and C the linear elastic material tensor, which is
defined in matrix format for a plane-stress state
as

C =
E

1− ν2




1 ν 0
ν 1 0
0 0 1−ν

2


 (2)

with the Young’s modulus E and the Poisson ra-
tio ν. The damage function value D(κ) is set to
zero, for undamaged materials. By increasing
D(κ), a damage growth is in general possible,
depending on the previous stress-strain-history.
Whether a damage growth is possible or not is
defined by the damage loading function

f(ε̄, κ) = ε̄− κ, (3)

with a positive nonlocal equivalent strain mea-
sure ε̄ and a strain related threshold variable κ.
For quasi-brittle damage, the Kuhn-Tucker re-
lation needs to be fulfilled in addition

f ≤ 0, κ̇ ≥ 0, and κ̇f = 0. (4)

Therefore, κ needs to be adjusted to guaran-
tee that the equivalent strain measure ε̄ is never
larger than than κ, that the value of κ can never
decrease, and that an increase of the threshold
value κ is only possible with κ = ε̄.

Assuming an exponential softening law, the
damage function is defined as follows

D(κ) ={
1− κ0

κ

(
1− α + αe−β(κ−κ0)

)
: κ > κ0

0 : κ ≤ κ0
,

(5)
in which κ0 defines the initial linear elastic do-
main in terms of equivalent strains.

One possible local equivalent strain defini-
tion is the modified von-Mises definition

ε̃ =
k − 1

2k(1− 2ν)
I1+

+
1

2k

√
(k − 1)2

(1− 2ν)2
I21 +

2k

(1 + ν)2
J2

(6)

according to [11]. Assuming a 2D plane stress
formulation, the first invariant of the strain ten-
sor and the second invariant of the deviatoric
strain tensor are

I1 =
1− 2ν

1− ν
(εxx + εyy) and

J2 = 2(ε2xx + ε2yy − εxxεyy) + 1.5ε2xy+

+
2ν

(1− ν)2
(εxx + εyy)

2 ,

(7)

respectively. The parameter k = fc
ft

al-
lows accommodating different values for tensile
strength ft and compression strength fc, which
makes this local equivalent strain formulation
suitable for concrete.

Based on local equivalent strains ε̃(y) at cer-
tain positions y of the structure, a nonlocal
equivalent strain

ε̄(x) =
1

Ψ(x)

∫

Ω̃

ψ(y;x)ε̃(y)dΩ (8)

with
Ψ(x) =

∫

Ω̃

ψ(y;x)dΩ (9)

can be defined, thanks to which the local equiv-
alent strains ε̃(y) are averaged over a certain
volume Ω̃. The weighting function ψ(y;x)
guarantees that local equivalent strains ε̃(y)
close to the position x have a higher weight
to the nonlocal equivalent strain ε̄(x) than lo-
cal equivalent strains related to the boundary of
the volume Ω̃.

After substitution of the Taylor expansion of
ε̃(y) into the Equation (8), a differential equa-
tion

ε̄(x) = ε̃(x)+ci
δ2ε̃

δx2
i

++cij
δ4ε̃

δx2
i δx

2
j

+ . . . (10)

2
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can be obtained, which reduces to

ε̄(x) = ε̃(x) + c∇2ε̃(x) (11)

by neglecting higher order terms. Applying
the Laplacian operator to Equation (11) and ne-
glecting again higher order terms, it yields

c∇2ε̄(x) = c∇2ε̃(x). (12)

Finally, the Equation

ε̄(x)− c∇2ε̄(x) = ε̃(x) (13)

can be derived, by subtracting Equation (12)
from (11). Hence, the nonlocal strain is given
as the solution of the boundary value problem
consisting of the Helmholtz equation (13) and
appropriate boundary conditions. Further ex-
planations can be found in [4].

3 SIMPLIFIED LINEAR REPRESENTA-
TION

3.1 General idea
The previously described damage law is suit-

able for the calculation of damage propagation
in plain concrete. For each stress-strain-state,
the damage function values D(κ) defined for
each integration point of all elements are cal-
culated. If someone is only interested in one
single specific stress-strain-state, the complex
nonlinear finite element model can be replaced
by an ordinary linear finite element model, if the
damage function values D(κ) are known for ev-
ery integration point i of all elements.

Without loss of generality of the proposed
approach, it is assumed that the finite element
model consists of 9-node quadrilateral plane fi-
nite elements using a 3 by 3 Gauss point inte-
gration scheme. For each integration point, a
different damage function value D(i) = D(i)(κ)
can be obtained. All other constitutive law pa-
rameters are defined to be constant for all 9 in-
tegration points i. Therefore, the secant element
stiffness matrix can be derived by Gauss point
integration

Ks =
9∑

i=1

(1−D(i))B(i)
TCB(i) detJ(i)w(i)t(i)

(14)

in which w(i), J(i), t(i), B(i) are the weight-
ing coefficients of the Gaussian points, the Ja-
cobian matrix, the thickness of the element, and
the strain-displacement-matrix, respectively.

Using this secant element stiffness matrix
Ks for each element, the linear unloading and
reloading path of the nonlinear finite element
model can be exactly represented with the ordi-
nary linear finite element model. This can be re-
alised by defining the Young’s modulus of each
integration point and element by Edam(i) =
(1 − D(i))E. Of course, most standard finite
element codes do not support the option to de-
fine the Young’s modulus individually for each
integration point of an element. Hence, a pos-
sibility is needed to assign a suitable constant
damage function value D(i) = D̃ ∀ i for all in-
tegration points within each element to obtain
the Young’s modulus

Edam = (1− D̃)E (15)

related to damaged elements. In the following
subsections, several methods are discussed.

3.2 Averaging of damage function values
Assuming the 9 damage function values D(i)

per element serve as support points for a regres-
sion model, several pairs of polynomials can be
used to find a regression surface. One possibil-
ity is to use interpolation functions h(ξ, η) =
[h1(ξ, η) h2(ξ, η) . . .]T defined in the natural
coordinates (ξ, η) as typically applied for dis-
placement interpolation in finite element formu-
lations. With the matrices

A =
∑
i

detJ(i)w(i)t(i)h(ξ(i), η(i))
Th(ξ(i), η(i))

(16)
and

y =
∑
i

detJ(i)w(i)t(i)h(ξ(i), η(i))
TD(i) (17)

equation
Ax = y (18)

can be solved in a least squares sense with re-
spect to the regression coefficients x. The new
regression surface is then defined by

f(ξ, η) = h(ξ, η)Tx (19)

3
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at every point (ξ, η) in the natural coordinate
system.

As a constant approximation of the damage
function value is of interest, an interpolation
function h = h1 = 1 ∀(ξ, η) is chosen. The
scalar value x = D̃a is a constant average of
the damage function value distribution within
one element, which can be applied in Equation
(15). In contrast to the subsequent methods, no
iteration is needed, which makes this approach
computationally very efficient and robust.

3.3 Optimised damage function value
To obtain an optimal damage function value

constant for all integration points of the el-
ement, three different objective functions are
proposed. The first objective function is related
to the Frobenius norm of the differences of stiff-
ness matrices related to the secant stiffness Ks

according to Equation (14) and the stiffness ma-
trix

Kc(D̃) =
9∑

i=1

(1−D̃)B(i)
TCB(i) detJ(i)w(i)t(i)

(20)
obtained by a constant damage function value
D̃. Hence, the optimal value is given by

D̃k = argmin
D̃

‖Ks −Kc(D̃)‖F. (21)

A criterion, which considers the strain distri-
bution, can be defined based on the Euclidean
norm of the differences between the internal
forces

rs = Ksds (22)

related to the secant stiffness and

rc(D̃) = Kc(D̃)ds (23)

using the displacements of each element node
assembled in the vector ds, which are obtained
from the finite element model applying the se-
cant element matrices Ks. The optimality cri-
terion is then defined by

D̃r = argmin
D̃

‖rs − rc(D̃)‖2. (24)

Another criterion is the potential energy of
the element under deformation. Based on the
differences of the elastic potential energy re-
lated to the secant stiffness

Πs =
1

2
dT
sKsds (25)

and the elastic potential energy assuming a con-
stant damage function value within the element

Πc(D̃) =
1

2
dT
sKc(D̃)ds, (26)

the optimal constant damage function value can
be obtained by

D̃π = argmin
D̃

‖Πs − Πc(D̃)‖2. (27)

The optimal damage function values are as-
sembled in Equation (15) to defined the reduced
Young’s modulus of each element.

3.4 Artificial damage pattern
The previously described approaches as-

sume that size and area of the damage pattern
are known for each element. If no detailed in-
formation about the geometry of the damage
pattern is available, a global damage pattern
needs to be defined artificially as realistic as
possible. The parameters, which describe this
damage pattern can be, for example, calibrated
by means of a global load-deflection-curve, as
done in this study.

A common approach for an artificial dam-
age pattern is to distribute the damage equally
across the whole cross-section within a certain
width. In this case, the expansion of the dam-
age is predefined and the normalised value of
damage D̃v ∈ [0, 1] can be adjusted. The value
D̃v can be directly applied in Equation (15) to
calculate the reduced Young’s modulus of the
elements within the predefined damaged area.

If the damage path is approximately known,
the damage propagation can be described by
few variables. In this study, only one variable
λ ∈ [0, 1] is applied to define the damage propa-
gation. The variable λ indicates the crack length
within the normalised section height. All el-
ements within the described damaged area are
assumed to be completely damaged. Hence,

4
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D̃λ = 1 is assembled in Equation (15) for those
elements.

Figures 1 and 2 depict the approach in case
of a single crack and Figures 3 and 4 show
an example in case of multiple cracks within
a beam structure. For multiple cracks a prede-
fined function f(x) is introduced to define the
damage distribution for each crack depending
on its position x within the structure.
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beam length se
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ht

Figure 1: Definition of damage pattern with variable
damage value D̃v and predefined constant damaged area
in case of one crack.
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λD̃λ = 1

Figure 2: Definition of damage pattern with variable
damage length λ and a predefined constant damage width
and damage severity D̃λ = 1 in case of one crack.
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Figure 3: Example of damage pattern definition with vari-
able damage value D̃v and predefined constant damaged
areas in case of multiple cracks.
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Figure 4: Example of damage pattern definition with
variable damage length λ and predefined constant dam-
age widths and damage severity D̃λ = 1 in case of mul-
tiple cracks.

4 BENCHMARK: NOTCHED BEAM
4.1 System description

The study is related to a notched beam un-
der three point loading as described in Figure
5. The experimental results are presented in
[12], whereas the procedure to identify the un-
certain damage and constitutive law parameters
was conducted in [9], where the difference be-
tween the experimentally obtained and numer-
ically derived global load-deflection-curve has
been minimised. The deflections are related to
the vertical displacements in the centre of the
beam. In the present study, only one possi-
ble parameter set is chosen, which is related to
the second run using the objective function W1

based on the Euclidean norm with a constant
variable lc = 1mm related to the descriptions
in [9]. The material and damage law parameters
are given in Table 1. The finite element model,
applied in this study, consists of 9-node plane
elements with element sizes of 2.5mm around
the damage zone and 5mm elsewhere.

P

225 225 2525

5

[mm]

50
50

10
0

5
5

20
20

FBGS chain 1

FBGS chain 3
FBGS chain 2

Figure 5: Geometry of notched beam and position of
FBGS (fibre bragg grating sensor) chains.
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Figure 6: Comparison of load-deflection-curves for investigated simplified damage models of the notched beam.
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Table 1: Parameter combinations of material and damage
law obtained by model updating according to [9].

parameter unit value
Young’s modulus E

[
1010 N

m2

]
2.1262

Poisson’s ratio ν [-] 0.3000
compression strength fc

[
107 N

m2

]
4.3726

tensile strength ft
[
106 N

m2

]
2.5491

α [-] 0.9790
β

[
102

]
1.1987

density �
[
103 kg

m3

]
2.0448

lc =
√
c [mm] 1.0000

0
0.2
0.4
0.6
0.8

1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

D̃
v
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.λ
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]

deflection [mm]

single crack value D̃v

single crack length λ

Figure 7: Damage variable history for artificial damage
pattern descriptions of the notched beam.

4.2 Global load-deflection-curve
By applying the approaches introduced in

Section 3 to generate a finite element model
with a simple linear elastic material law, the
global load-deflection-curves visualised in Fig-
ure 6 can be obtained. With both artificial
damage pattern approaches, a perfect fit of the
global load-deflection-curve can be obtained.
Of course, the parameters are optimised with re-
spect to this load-deflection-curve.

If the true damage pattern is taken into ac-
count, the criterion using the minimised elastic
potential energy yields the best agreement with
respect to the global load-deflection-curve.

4.3 Local damage pattern
Figures 8, 9, and 10 show the obtained dam-

ages patterns in terms of the Young’s modu-
lus distribution for all applied simplification ap-
proaches at different damage states. For all ap-
proaches (D̃a, D̃k, D̃r, D̃π), where the damage
pattern is assumed to be known, the differences
are very small. Of course, the artificial pat-
terns (D̃v, λ) differ a lot more from the refer-
ence damage pattern. The history of the optimal
damage’s value and length for the description of
the artificial damage patterns is given in Figure
7.

D̃a D̃k D̃r D̃π

D̃v λ D(i) [1010]
2.0

1.0

0.0

Figure 8: Young’s modulus distribution around the crack
for the referenceD(i) and all simplification approaches
resulting in a deflection of 0.05mm.

D̃a D̃k D̃r D̃π

D̃v λ D(i) [1010]
2.0

1.0

0.0

Figure 9: Young’s modulus distribution around the crack
for the reference D(i) and all simplification approaches
resulting in a deflection of 0.1mm.

D̃a D̃k D̃r D̃π

D̃v λ D(i) [1010]
2.0

1.0

0.0

Figure 10: Young’s modulus distribution around the
crack for the reference D(i) and all simplification ap-
proaches resulting in a deflection of 0.3mm.
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Figure 11: Distribution of averaged strains along the longitudinal axis of the beam at different heights of the cross-section.
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Figure 12: Distribution of the averaged strains in the central cross-section of the beam.
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4.4 Averaged strains
The measures of interest in this benchmark

study are the horizontal strains in the beam,
which could be measured for example by FBGS
(fibre bragg grating sensor) chains as indicated
in Figure 5. The averaged strains using a strain
gauge length of 5cm at different heights of the
beam are presented in Figure 11 with progress-
ing damage. It can be observed that all sim-
plifications related to the realistic damage pat-
tern show an almost perfect agreement with the
reference. Also the artificial damage pattern de-
scription using the length definition of the crack
shows an acceptable result at least for early
damage states.

Figure 12 depicts the averaged strain distri-
bution in the central cross-section of the beam
with a gauge length of 5cm. The size of discrep-
ancy in relation to the reference solution de-
pends clearly on the position of the strain gauge
within the beam’s cross-section.

5 BENCHMARK: SIMPLY SUPPORTED
BEAM

5.1 System description
The possibilities to simplify a multiple crack

pattern are investigated by a simply supported
plain concrete beam with a cross-section of
10cm by 10cm. Its material and damage law pa-
rameters are given in Table 1. Multiple cracks
are initiated by reducing the tensile strength to
50% of the original value at the predamaged ar-
eas, indicated in Figure 15. A finite element
model with quadratic 9-node plain elements of
size 5mm, refined to 2.5mm around the dam-
aged areas, is applied for the numerical calcula-
tions.

The load-deflection-curve, presented in Fig-
ure 16, is related to the vertical deflection at the
position of the load application. Figure 17 de-
picts the damage patterns at various load steps
of the reference solution obtained by the im-
plicit gradient damage law.

5.2 Global load-deflection-curve
The criteria described in Section 3 are ap-

plied to generate the global load-deflection-

curves of the simplified linear models, which
are summarised in Figure 16. In general, the re-
sults are very similar to those observed for the
notched beam. If the reference damage pattern
is assumed to be known, the smallest discrepan-
cies are obtained by following the energy crite-
rion approach. In terms of the artificial damage
patterns, a single crack and a multiple crack ap-
proach are tested. For both approaches suitable
values can be found to follow exactly the global
load-deflection-curve of the reference solution
at each load step.

5.3 Local damage pattern
By applying the approaches that assume a

known damage pattern according to Subsec-
tions 3.2 and 3.3, very similar damage distri-
butions can be obtained in comparison to the
reference solution. The example for the opti-
mal energy approach in case of load step 65 is
presented in Figure 18.

Figure 18 shows also the damage patterns for
the artificial damage model approach using a
constant value for the whole cross-section and
using a length parameter to define the damage
progress. The evolution of the damage variables
D̃v and λ in dependency of the deflection is vi-
sualised in Figure 13.

It can be observed that it is important to re-
late a certain percentage of damage to the ap-
plied underlying damage model. For example,
a damage of 20% related to the single crack
approach where the severity of damage is ad-
justed for the whole cross-section indicates a
small damage, while a damage of 20% related
to the multiple crack approach described by the
length of the crack indicates the ultimate load
state of the structure.

Moreover, the adjustment of suitable dam-
age levels for the artificial damage models is
very difficult, if no global load-deflection-curve
is available.

5.4 Averaged strains
Next to the global load-deflection-curve, av-

eraged strains along the FBGS (fibre bragg grat-
ing sensor) chains are investigated with respect

8
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to the simplified linear representations of the
damage pattern as presented in Section 3. The
positions of the FBGS chains are described in
Figure 14. From the practical point of view,
strains can be only measured with respect to
a certain distance, which leads then to an av-
eraged strain. Several strain gauge lengths are
possible for FBGS chains. In this benchmark
study, 5cm (chain 1a and 2a) and 20cm (chain
1b and 2b) strain gauge length are assumed at
different heights of the beam.

In Figure 19, the comparison of the av-
eraged strains for each FBGS position and
gauge length is demonstrated for the investi-
gated simplified damage approaches at several
load steps (LS). LS 15 is related to a linear
undamaged state, while LS 65 represents the
peak of the global load-deflection-curve. Of
course, for structural health monitoring sys-
tems, small damages as represented by LS 45
or LS 55 are of higher importance. In gen-
eral, the observed discrepancies are smaller, if
a 20cm gauge length instead of a 5cm gauge

length is applied. Unfortunately, a larger aver-
age length leads to a reduced significance with
respect to the damage. All simplification ap-
proaches, assuming a known damage pattern,
show almost identical averaged strains for the
considered load steps. Only the approach fol-
lowing the energy criterion is representatively
presented in Figure 19. The curves based on ar-
tificial damage patterns agree well with the ref-
erence curves for lower load steps until LS 45.
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Figure 13: Damage variable history for artificial damage
pattern descriptions of the simply supported beam.
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Figure 14: Geometry of investigated simply supported plain concrete beam with static loading.
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Figure 16: Comparison of load-deflection-curves for investigated simplified damage models of the simply supported
beam.
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Figure 17: Young’s modulus distribution around the cracks for the reference solution Di using the implicit damage law
for load steps (LS) 45, 65, and 115.
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Figure 18: Young’s modulus distribution around the cracks for selected investigated simplifications at load step LS 65.

6 CONCLUSIONS
This paper investigated approaches to sim-

plify the modelling of cracks in a concrete
structure. Computationally expensive damage
propagation methods using the implicit dam-
age framework and very simple damage models

typically applied in the field of vibration-based
structural health monitoring were compared. A
notched beam with a single crack and a simply
supported beam with multiple cracks have been
investigated.

The investigations showed that even very
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Figure 19: Distribution of averaged strains along the longitudinal axis of the beam at different heights of the cross-section
for 5cm (1a/2a) and 20cm (1b/2b) gauge lengths.

simple damage pattern models, such as a con-
stant damage over the cross-section, can be ap-
plied to represent the global behaviour of the
structure as demonstrated by the global load-
deflection-curves. Also the averaged strains re-

sulting from very basic descriptions of the dam-
age pattern led to similar results in compari-
son to the computationally expensive reference
solution, if small damages have been the sub-
ject of interest and if the averaging length has
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been sufficiently large. By applying simplified
damage modelling approaches, the adjustment
of the severity of damage turned out to be cum-
bersome, if no reference solution is available.

The current comparison was limited only to
static strains resulting from three-point load-
ing tests. In vibration-based structural health
monitoring systems dynamic strains are of in-
terest, which are the input values of various fea-
tures indicating the health of the structure. As
the error propagation is handled differently in
each feature, further research is needed to jus-
tify generally the application of simplified dam-
age models. In addition, different loading con-
ditions might of interest in future.
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Abstract: The study described in this paper was based on some recently published results of research on 
the behaviour of high-performance concrete in three-point bending tests carried out on notched specimens 
at various testing temperatures. In this study, the trends in the stress intensity factor and the fracture 
energy of the concrete with increasing testing temperature were determined. Numerical modelling of 
three-point bending tests was conducted to examine the formation of damage and the related stress fields. 
The analysis is based on elasticity coupled with Mazars’ damage model for non-local conditions. The 
numerical model was meshed with both triangular and quadrangular quadratic finite elements. The mesh 
was refined with triangular elements in the central zone around the vicinity of the notch plane. The model 
was run for plane stress conditions. The focus of this study was on the analysis of changes in stresses and 
damage fields with increasing temperature. The numerical modelling clearly showed that the major stress, 
strain and damage were located in the vicinity of the notch plane. A detailed analysis is presented of the 
stress components along some nodes located in the notch plane. The results of this study illustrate the 
complexity of normal and shear stress fields and the consistency of the modelling. 

 

1. INTRODUCTION 

 In recent research, high-performance 
concrete was studied at elevated temperatures in 
three-point bending tests of notched specimens. 
Trends in material durability parameters such as 
the stress intensity factor KIC and the fracture 
energy GF with increasing temperature were 
determined [1]. The localisation of stress in the 
notch plane raises questions about the stress and 
strain distribution in the vicinity of the notch 
plane, and the stress distribution should be 
checked for consistency with mode I fracture. 

The three-point bending tests of high-
performance concrete conducted in recent 
research [1] have also been modelled 
numerically. The focus of the study described in 
this paper is on the evolution of stress and 
damage in high-performance concrete, especially 
along the notch plane where the deformation is 
localised. The modelling was based on elasticity 
coupled with Mazars’ scalar isotropic damage 
model [2, 3]. The distributions of stress and 
damage and the evolution of stresses in the most 
constrained zones with increasing loading are 
discussed in this paper. 
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2. NUMERICAL MODELLING OF THE 
THREE-POINT BENDING TEST  
 
2.1 Boundary conditions 

The type of specimen used in the 
experimental tests was modelled as a beam of 
high-performance concrete measuring 160 mm 
in length, with a square cross section of 25 mm 
on a side and a 10-mm notch length. The beam 
was modelled as supported at two points 120 mm 

apart. To simulate the loading applied to the 
tested beams, a displacement is imposed at the 
centre of the top face of the beam. Plane stress 
conditions in the x (longitudinal) and y 
(transverse) directions were assumed. The whole 
beam was modelled because it was anticipated 
that some of the stresses or the damage field 
could evolve asymmetrically. The choice was 
made not to impose symmetry boundary 
conditions (to reduce the number of nodes) that 
could have influenced the solution (Fig. 1). 
 

 

 

 
 
Fig. 1. Mesh of the model with different boundary and loading conditions. Due to the presence of the narrow notch, two mesh 

areas (coarse and fine) were constructed to optimise the calculations. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Discretisation of the resistant ligament: future 
research will address the nodes located in this ligament. 

 
2.2 Model meshing 

Because the stress and damage will exhibit 
strong gradients in the median plane on the one 
hand and because the thickness of the cut is only 
0.2 mm on the other hand, it is essential that the 
mesh near the median plane and around the crack 
be very fine, i.e., approximately the thickness of 
the crack. In contrast, for areas located far from 

the median plane, a coarser mesh is sufficient 
and also has the advantage of minimising the 
number of finite elements and reducing the 
computation time. To address these 
requirements, the mesh was constructed in parts: 
a central, dense area gradually approaching the 
notch plane, meshed using quadratic triangular 
elements: and two parts located on either side of 
the central area, meshed using quadratic 
quadrangular elements. The fineness of the mesh 
along the notch plane was driven by adjusting 
the number of subdivisions of the line from the 
crack tip to the upper surface of the specimen, a 
length of 15 mm for a specimen with a notch 
length a0 of 10 mm. The subdivisions are 
illustrated in Fig. 2. Part I, which is 5 mm long, 
is divided into 25 parts, and part II, which is 10 
mm long, is divided into 20 parts. Future 
research will focus on the nodes belonging to 
this ligament. The nonlinear calculations were 
run using the CAST3M finite element code. 
 

Imposed displacement u0 

Y 

X 

Head of the notch 

Part II : 20 subdivisions 

Part I : 25 subdivisions 
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3. CONSTITUTIVE EQUATIONS AND 
MODEL IDENTIFICATION 
 
3.1 Mazars’ damage model 
 

The numerical model used in this study 
was based on elastic behaviour coupled with an 
isotropic damage model driven by a single scalar 
parameter D. The concept of equivalent strain 
was introduced to characterize the local 
extension of the material. According to the 
damage model, damage occurs when the 
deformation reaches a certain threshold K. The 
damage occurrence criterion is expressed as 
follows:

0)(~),( =−= DKKf εε (1)

where K is a function that represents the damage 
threshold: ( ) 0DDKK ε==  
This is the limit strain in a uniaxial tension test 
above which damage can occur in the material.
The form proposed by Mazars for ε~  is the 
following: 

( ) ( ) ( )23
2

2
2

1
~

+++
++= εεεε (2)

where iε  are the three principal strains and 
+iε  

are defined as follows:  
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=

+

+
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ii
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εε
     

0
0

≤
≥

i

i

ε
ε

 
(3)

The equivalent strain takes into account only the 
positive value of the principal strain, which is to 
say, the tensile strain. However, tensile strain can 
be induced by tensile stress but also by 
compressive stress. The damage parameters 
related to these distinct states of stress are DT 
and DC for tensile and compressive states of 
stress, respectively. The damage D occurring in 
the material is a function of the contributions of 
DT and DC and is expressed as follows: 

( ) CTTT DDD .1. αα −+=  (4)
where: 

( )∑ +
=

i

CiTiTii
T

H
2~ε

εεε
α  

(5)

with 
0=iH Si    0<iε  
1=iH    Si    0>iε  

(6)

The parameters DT and DC are explicitly related 
to the equivalent strain and the strain threshold, 
as shown in the following equations: 
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where Mε

~  is the maximum equivalent strain and 

0Dε is the damage threshold. The coefficients A 
(AC and AT) and B (BT and BC) are the material 
tensile and compressive damage parameters that 
are to be determined theoretically in uniaxial 
monotonic loading in tension and compression 
tests, respectively. Under these conditions, the 
expression of the model in a uniaxial loading 
path is as follows:

( )( )MOM DE εεσ −= 1. (9)
The original feature of this model is the use of a 
distortion criterion imposed by introducing the 
concept of equivalent strain. In summary, the 
values of the six parameters E0, 0Dε , AT, BT, AC 
and BC  are to be determined.
 
3.2 Identification of the model 
 

Mazars’ model has six parameters whose 
values need to be determined to conduct 
numerical modelling. These parameter values 
can be determined theoretically from uniaxial 
tension and uniaxial compression tests. 
However, stable and reliable uniaxial tensile 
tests are difficult to conduct even at room 
temperature. Special tests such as the STAND 
test (to identify diffuse damage) have been 
developed, but they are quite complex to 
implement and difficult to conduct at high 
temperatures. Uniaxial compression tests are 
easier to perform at high temperatures. In this 
study, we relied in part on results obtained by 
Mohsen Roosefid (2006) [4], who employed the 
Mazars model at various temperatures on the 
basis of uniaxial compression and three-point 
bending tests of refractory concretes for 
conditions comparable to those of our study. 
From the initial damage parameter sets obtained 
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for a given temperature, we succeeded, by 
successive variation of these parameters, in 
reproducing the force–displacement behaviour of 
the material exhibited in the three-point bending 
tests. The identification is conducted at a given 
testing temperature using isothermal test results. 
The identification procedure is long and tedious, 
and is not, in our view, of real interest to the 
reader, so it is not presented in this paper. The 
calculations run to identify the parameter values 
were performed assuming a non-local 
application of the Mazars model and a 
characteristic length lc of 5 mm. 
 

In the identification process of the model 
parameters, none of the parameter values was 
fixed a priori. The process essentially consisted 
of trying to obtain the best fit between the 
overall experimental curves obtained and the 
modelled curves. Fig. 3 shows that the modelled 
curves match the experimental curves well for up 
to 50 to 70% of the total loading. In the post-
peak domain corresponding to softening 
behaviour, the modelled curves tend to differ 
notably from the experimental curves. 

 
Fig. 3. Modelling of the material response in three-point 

bending tests at various temperatures with the best retained 
parameters of Mazars’ model after the identification 

process. 
In summary, it is likely that the damage 

model used is inapplicable to post-peak 

behaviour. We believe, however, that the Mazars 
prediction model is satisfactory and convenient 
for use in investigating stress and damage 
distributions in notched specimens. 
 
4. RESULTS AND DISCUSSION 
 
4.1 Stress distributions 
 

The distribution of the normal σXX and 
shear σXY stresses at the end of the loading 
(u0=0.3 mm) are displayed in Fig. 4, on the left 
and right sides, respectively. It is striking to 
observe that the stress state is very particular in 
the central area surrounding the notch plane of 
the specimen. Of course, a neutral axis separates 
the section into two parts: an upper part in 
compression and a lower part in tension. 
However, while the simple bending of an 
unnotched beam would have a nearly uniaxial 
stress state) (σXX≠0 et σYY=σZZ=0) in the median 
plane of the beam, the state of stress in a notched 
beam is more complex and closer to a state of 
biaxial tension in the low zone near the crack tip. 
The principal stresses σXX (Fig. 4) and σYY (not 
displayed here) are positive (tension) and 
comparable in magnitude in the tension zone 
around the notch plane. In general, all the σXX 
and  σYY maps indicate a logical area of stress 
concentration around the crack tip that is a 
singular point of the specimen. Strain 
localisation around the notch plane observed 
during the bending test induces a localisation of 
the stresses that is evident in the maps. 

The maximum shear stress shown on the 
right side of Fig. 4 is reached near the crack tip 
and at particular zones all around the crack tip at 
a distance of 5 to 7 finite elements, which is 
equivalent to 1 to 1.5 mm. The maximum shear 
stress is approximately 1.2 MPa, whereas the 
maximum normal stress is approximately 5.6 
MPa. Hence, the normal stress values are 
approximately 4 to 5 times the shear stress 
values. 

4.2 Evolution of stresses along the resistant 
section
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Fig. 5 displays the evolution of normal stress σxx 
at some nodes located on the resistant ligament, 
with the imposed displacement (up to 0.3 mm) 
on the left side, and the repartition of the same 
normal stress along the resistant ligament at 
various imposed displacement values on the right 
side. The nodes are numbered in increasing order 
beginning from the crack tip (node 1) to the 
upper surface of the specimen (node 20). The 
calculations were run at 20, 150, 300 and 500°C. 
The sign of the stress and the stress evolution 
depend on the distance of each node from the 
crack tip. General observations show that the 
nodes near the crack tip experience the highest 
stresses, essentially of the tensile type, whereas 
those far from the crack tip and near the 
specimen top face experience essentially 
compressive stresses. The nodes located in the 

intermediate zones experience little tensile stress 
or tensile stress followed by compressive stress 
evolving in a sinusoidal form. Whatever the 
temperature considered, the maximum stress 
occurs at the notch tip that is a singular point 
where stresses are localised. On the other hand, 
the evolution of the stresses along the resistant 
ligament is similar for all test temperatures. This 
means that the tension zone near the crack tip 
moves upstream with increasing applied load 
and, of course, with the progression of the crack 
tip. These figures also show that the extent of the 
tension zone ahead of the crack tip increases 
with increasing imposed displacement. As 
expected, the maximum values of the stresses 
occur at 300°C, which is consistent with the 
experimental results [1].  
 

  
25 °C 

  
150 °C 
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300 °C 

  
500 °C 

(a) (b) 
Fig. 4. Distribution of normal stress σxx (a) and shear stress σxy (b) around the notch plane at various temperatures (20, 150, 

300 and 500°C). 
 

The plots on the right side of Fig. 5 show 
the evolution of stress as a function of loading at 
points (nodes) defined previously. It should be 
noted that the closer the crack tip is, the higher 
the maximum stress that occurs during loading 
is. This is true for both the σXX and σYY stresses. 
A few nodes away from the crack tip, the 

maximum stress decreases sharply to a level that 
tends to remain constant for both σXX and σYY. 
Presumably, this limit is characteristic of the 
tensile strength of the material and is, for σXX, 
for example, 6 MPa at 25°C, 5 MPa at 150°C, 7 
MPa 300°C and 2 MPa at 500°C (see Fig. 5-b). 

1533

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang



 

 7

   

   

   

(a) (b) 
Fig. 5. Evolution of the normal stress σxx with the imposed displacement at different nodes (a) and with the distance to the 
crack tip at various imposed displacements (b) at various testing temperatures (20, 150, 300 and 500°C). 
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As Fig. 6 shows, the evolution of the shear stress 
σXY varies in a very irregular manner with 
increasing loading. However, in terms of 
magnitude, the stress σXY is negligible compared 
to σXX and σYY. This reflects the mode I fracture 
behaviour simulated properly by the bending 
test. The maximum shear stresses are observed 

near the crack tip and in the tension-to-
compression transition zone. Finally, with 
respect to the effect of temperature on the 
evolution of these stresses, it appears that the 
temperature has an effect on their magnitudes 
but little effect or no effect on their mode of 
evolution. 
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(a) (b) 
Fig. 6. Evolution of the shear stress σXY with the imposed displacement at different nodes (a) and with distance to the crack tip 

at various imposed displacements (b) for various heating temperatures (20, 150, 300 and 500°C). 
 
4.3 Damage distribution 

 
Fig. 7 displays maps of damage at various 

loading steps determined from calculations run at 
various test temperatures. During the 
calculations, a total displacement of 0.3 mm was 
applied in 600 linear increments. Hence, during a 
load step, a displacement of 0.3 / 600 mm was 
then applied. Fig. 7 shows columns for the test 
temperatures (25, 150, 300 and 500°C) and rows 
for the computation steps (i.e., j = 50, 200, 400, 
600) corresponding to some loading levels. The 
calculations were made for a notch length of 10 
mm. 

As Fig. 7 shows, damage is initiated, as 
expected, at the notch tip of the specimen and 

then spreads along the notch plane as the load 
increases. The size and shape of the damaged 
area evolve until the area reaches the size and 
shape corresponding to a load level of 
approximately 50% of the maximum load. The 
damaged area has either an infinite or eight-sided 
shape at small loads and tends to take the shape 
of inverted heart at large loads. The part of the 
damaged area with high-intensity damage is the 
one shown in red in each of the plots in Fig. 7. 
The plots also show that the shape of the 
damaged area and that of the fully damaged part 
are perfectly symmetrical about the plane of the 
notch, which means that the crack will propagate 
approximately in the plane of the notch. 
Experimental observations showed that the path 
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followed by the macro-crack after the failure of 
the specimen was located in the damage zone, 
indicating that the experimental results are in 
agreement with the numerical simulation results.   
 
5. CONCLUSIONS 

- The Mazars model was employed successfully 
to assess the stresses and damage fields in 
notched beams of high-performance concrete 
during isothermal three-point bending testing at 
various testing temperatures. 
- The stress distribution around the notch plane 
in a three-point bending test of a notched beam is 
complex and differs notably from that of an 
unnotched beam. Normal tensile stresses of 
significant magnitude occur in the x and y 
directions, whereas shear stresses are negligible. 
This finding is consistent with the mode I 
fracture behaviour that this test is intended to 
simulate. 
- The singularity of the tip of the notch generates 
a stress concentration that induces high normal 
tensile stresses in the vicinity of the notch tip. 
These stresses decrease very quickly to realistic 
values. 
- The damage fields that are concentrated in the 
notch plane are realistic, due to the non-local 
approach of the Mazars model and are consistent 
with increasing loading.  
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WITH IRREGULAR SHAPE AGGREGATES 

 

ZHIWEI QIAN
*
 AND ERIK SCHLANGEN

†
 

*
 Materials innovation institute M2i 

Delft University of Technology 

Delft, the Netherlands 

e-mail: z.qian@tudelft.nl, www.m2i.nl 

†
 Delft University of Technology 

Delft, the Netherlands 

e-mail: h.e.j.g.schlangen@tudelft.nl, www.microlab.citg.tudelft.nl 
 

Key words: Lattice Model, Concrete Fracture, Irregular Shape Aggregates 

Abstract: The fracture processes in concrete can be simulated by lattice fracture model [1]. A 

lattice network is usually constructed on top of the material structure of concrete, and then the 

mechanical properties of lattice elements are assigned, corresponding with the phases they 

represent. The material structure of concrete can be obtained experimentally by X-ray computed 

tomography. Alternatively it is also possible to simulate a virtual material structure of concrete. A 

simple way to represent the material structure of concrete is to put multiple spheres in a matrix, 

where the spheres are interpreted as aggregates. This assumption of the shape of aggregates might 

have influences on the fracture processes in concrete, such as the microcracks propagation path. 

Recently the Anm material model was proposed and implemented, which can produce a material 

structure of concrete with irregular shape aggregates [2]. The irregular shape is represented by a 

series of spherical harmonic coefficients. The method to determine these spherical harmonic 

coefficients from aggregate shapes was elaborated in [3]. The further mechanical performance 

evaluation would benefit from this more realistic material structure. 

In this paper a material structure of concrete is simulated by the Anm material model. A number of 

irregular shape particles are planted in a matrix. This material structure is then converted into a 

voxelized image. Afterwards a random lattice mesh is made, and three types of lattice elements are 

defined, which represent aggregates, matrix and interface respectively. A uniaxial tensile test is set 

up and simulated by fixing all the lattice nodes at the bottom of the specimen and imposing a 

prescribed unit displacement onto all the nodes at the top. The lattice fracture analysis gives the 

stress-strain response and microcracks propagation, from which some mechanical properties such as 

Young's modulus, tensile strength and fracture energy can be predicted. 
 

 

1 INTRODUCTION 

Numerical modeling of fracture processes 

in brittle materials, such as cement paste, 

mortar, concrete and rocks, started in the late 

1960s with the landmark papers of Ngo and 

Scordelis [4] and Rashid [5], in which the 

discrete and smeared crack models were 

introduced. Especially the latter approach 

gained much popularity, and in the 1970s 

comprehensive efforts were invested in 
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developing constitutive models in a smeared 

setting which could reproduce the 

experimentally observed stress-strain 

characteristics of concrete. However, neither 

of them could tell the fracture processes in 

detail. In the 1990s, Schlangen and van Mier 

proposed another model to compensate the 

drawbacks of discrete and smeared crack 

models, which is called lattice fracture model 

[1]. 

The concept of lattice was proposed by 

Hrennikoff in the 1940s to solve elasticity 

problems using the framework method [6]. In 

the 1970s and 1980s the lattice model was 

introduced in theoretical physics to study the 

fracture behavior of disordered media [7~8]. In 

the field of material sciences, a model was 

proposed by Burt and Dougill to simulate 

uniaxial extension tests, which consists of a 

plane pin-jointed random network structure of 

linear elastic brittle members having a range of 

different strengths and stiffnesses [9]. 

In the last two decades, plenty of efforts 

have been made to develop the lattice fracture 

model in a variety of different settings: regular 

/ irregular network, triangular / quadrangular 

mesh, truss / beam element, the way to 

implement heterogeneity (random distribution 

of local properties / microstructure mapping) 

and whether to introduce the softening at the 

element level. A lattice system of truss 

elements was constructed based on a random 

particle model to study the fracture of 

aggregate or fiber composites by Bazant et al. 

[10]. The tension softening response of the 

matrix phase was implemented in the lattice 

fracture analysis for concrete by Arslan et al. 

[11]. The fracture of particle composites due to 

large deformation was investigated by 

Karihaloo et al. using lattice fracture model 

[12]. Vervuurt made use of lattice fracture 

analysis to study the interface fracture in 

concrete [13], and van Vliet investigated the 

size effect in tensile fracture of concrete and 

rock [14]. The size effect on strength in 

numerical concrete was also studied by Man, 

where the influences of aggregate density and 

shape were discussed [15]. An irregular lattice 

model was proposed by Bolander and 

Sukumar for simulating quasistatic fracture in 

softening materials, in which accurate 

modeling of heterogeneity is enabled by 

constructing the lattice geometry on the basis 

of a Voronoi discretization of the material 

domain [16]. Lattice modeling of uniaxial 

compression was studied and applied to 

normal concrete, high strength concrete and 

foamed cement by Caduff and van Mier [17]. 

Grassl and Davies modeled corrosion induced 

cracking and bond in reinforced concrete using 

lattice approach [18]. Fracture laws for 

simulating compressive fracture in lattice-type 

models were explored and discussed by van 

Mier [19]. The possibility of modeling self-

healing of cementitious materials using lattice 

approach was investigated by Joseph [20]. 

In the lattice fracture model, the continuum 

is replaced by a lattice of beam elements. 

Subsequently, the microstructure of the 

material can be mapped onto these beam 

elements by assigning them different 

properties, depending on whether the beam 

element represents a grain or matrix. Various 

conventional laboratory experiments like 

uniaxial tensile test, compressive test, shear 

test, bending test and torsional test can be 

simulated by the lattice fracture model and the 

model can be applied towards a wide range of 

multiphase materials, such as concrete [21], 

cement paste [22], graphite and fiber 

reinforced concrete [23]. 

The lattice fracture model can solve both 

2D and 3D problems as the principles are the 

same. The differences mainly exist in the 

computational resources requirements in terms 

of computer memory and computing time. 

Hence comprehensive efforts were made to 

reduce the memory demand by employing a 

matrix free linear algebraic equation solver 

[24]. The pre-conditioned conjugate gradient 

algorithm is also applied to guarantee the 

convergence of solutions to linear equations 

resulting from very large size lattice structure. 

Parallel computing for lattice fracture analysis 

is a good solution to save computational time 

and be able to analyze even larger lattice 

structure [25]. A parallel computer 

implementation of lattice fracture model for 

shared memory architecture computers was 

developed by Qian et al. in 2009, in which 
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OpenMP API (Application Program Interface) 

was used in combination with the host 

programming language C++. 

A lattice network is usually constructed on 

top of the material structure of concrete, and 

then the mechanical properties of lattice 

elements are assigned, corresponding with the 

phases they represent. The material structure 

of concrete can be simulated by the Anm 

material model, which can produce a material 

structure of concrete with irregular shape 

aggregates [2]. The irregular shape is 

represented by a series of spherical harmonic 

coefficients. The method to determine these 

spherical harmonic coefficients from aggregate 

shapes was elaborated in [3]. The further 

mechanical performance evaluation would 

benefit from this more realistic material 

structure. 

2 SIMULATION OF NUMERICAL 

CONCRETE WITH IRREGULAR 

AGGREGATES 

In the Anm material model, the concept of 

particles embedded in matrix applies. An 

empty container is created to represent a 

specimen at the beginning, and then all the 

particles are placed one after another into this 

container, from the larger ones to smaller ones. 

It is good to start with the largest particles as it 

would be more difficult to place them if they 

were processed at a later stage. All the 

particles are separated into several sieve 

ranges according to the particle sizes indicated 

by the particle widths. The largest sieve range 

is processed first, a width within this sieve 

range is picked randomly and assigned to a 

particle which is chosen from the appropriate 

particle shape database. The particle shape 

database can be created for varying classes of 

powders and aggregates with the procedures 

proposed in [3]. An arbitrary rotation is 

performed on the particle to get rid of possible 

orientation bias, which might be introduced 

during the production of the particle shape 

database. After the rotation the particle is 

placed at a randomly chosen primary location 

in the specimen, and then the ghost locations 

are determined if any, depending on the type 

of the specimen boundary conditions and the 

position of the particle. The primary particle 

and its ghost particles are checked against all 

the previously placed particles for overlap. If 

no overlap is detected, then the particle enters 

the simulation box successfully, otherwise it 

will be moved to a new randomly chosen 

location. The reassignment of the location is 

subject to a pre-defined maximum number of 

attempts. After the consecutive failures reach 

the limit, the particle will be resized to another 

randomly selected width within the current 

sieve range, and then be thrown into the 

specimen following the same trial-and-error 

procedure. The particle size rescale is also 

subject to a pre-defined maximum number of 

attempts. If the rescales do not help, then the 

particle will be rotated again to have another 

orientation. If the problem still exits, then a 

new shape will be chosen from the particle 

shape database. In case the particle cannot find 

its position eventually, it may suggest there is 

no space available for new particles within the 

current sieve range. The next sieve range will 

be processed if no availability for the current 

sieve range is found, or all the particles within 

the current sieve range have already been 

placed. The above trial-and-error procedure is 

called parking procedure and it is the essential 

of the Anm material model. 

Concrete specimen of the size 150 mm in 

the cubic shape is simulated by the Anm 

material model. The specimen has two phases, 

the mortar matrix and crushed stone 

aggregates. Non-periodic material boundary 

applies, which requires all the particles are 

inside the specimen and no part of a particle 

can pass through a surface. The total mass of 

the crushed stones is 2653 g, and 64% of 

which are in the sieve 8~16 mm, the rest 36% 

are in the sieve 4~8 mm. The particle size is 

taken as the particle width and its distribution 

for the coarse aggregates is given in Figure 1. 

The volume percentage of the crushed stones 

in the concrete specimen is 30%. The 

simulated mesostructure of the concrete 

specimen with irregular shape crushed stones 

is sketched in Figure 2. 
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Figure 1: Particle size distribution for the coarse 
aggregates in concrete 

 

 

Figure 2: The mesostructure of the concrete 
specimen with irregular shape crushed stones 

3 MECHANICAL PERFORMACE 

EVALUATION 

The mechanical performance of the 

numerical concrete specimen in the previous 

section can be evaluated by simulating a 

uniaxial tensile test on it using the lattice 

fracture model. 

To reduce the computational effect, a 

smaller specimen of the size 40 mm is cut out 

from the original 150 mm specimen at its 

center, as shown in Figure 3. The 40 mm 

concrete specimen is then digitized at the 

resolution of 1 mm, and consists of two solid 

phases namely stone and mortar. A lattice 

network is constructed based on the digital 

concrete specimen, and three types of lattice 

elements are identified, which represent 

crushed stone, mortar and interface 

respectively, as shown in Figure 4. The local 

mechanical properties are given in Table 1. 

The properties of the lattice elements 

representing mortar are varied randomly to 

reflect the heterogeneity of mortar phase. 

 

 

Figure 3: 40 mm out of 150 mm concrete specimen 
at its center 

 

 

Figure 4: Lattice mesh of the 40 mm concrete 
specimen 
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Table 1: Local mechanical properties of stone, 

mortar and interface elements in concrete 

 
Young's 

modulus (GPa) 

Tensile 

strength (MPa) 

Stone 70 24 

Mortar 17~65 1.1~19.5 

Interface 41 1 
 

A uniaxial tensile test is simulated on the 

lattice system meshed from the 40 mm 

concrete specimen as shown in Figure 4, using 

the local mechanical properties listed in Table 

1. The resulting stress-strain response is 

presented in Figure 5, and some mechanical 

properties can be computed as given in Table 

2. 
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Figure 5: Simulated stress-strain response of the 40 
mm concrete specimen 

Table 2: Simulated mechanical properties of the 40 

mm concrete specimen 

Young's 

modulus 

(GPa) 

Tensile 

strength 

(MPa) 

Strain at 

peak load 

Fracture 

energy 

(J/m
2
) 

31 1.8 0.04% 127 
 

The pattern of the simulated stress-strain 

response of the 40 mm concrete specimen is 

similar to the one observed in laboratory, and 

the mechanical properties computed from the 

stress-strain diagram are also located within 

the reasonable range. 

4 SUMMARY 

In this paper a material structure of concrete 

is simulated by the Anm material model. A 

number of irregular shape particles are planted 

in a matrix. This material structure is then 

converted into a voxelized image. Afterwards 

a random lattice mesh is made, and three types 

of lattice elements are defined, which 

represent aggregates, matrix and interface 

respectively. A uniaxial tensile test is set up 

and simulated by fixing all the lattice nodes at 

the bottom of the specimen and imposing a 

prescribed unit displacement onto all the nodes 

at the top. The lattice fracture analysis gives 

the stress-strain response and microcracks 

propagation, from which some mechanical 

properties such as Young's modulus, tensile 

strength and fracture energy can be predicted. 
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Abstract: According to the new fib Model Code 2010 the design shear resistance of a reinforced 
concrete (RC) structure can be evaluated through analytical and numerical calculation methods that 
fall into four different levels of approximations; the complexity and the accuracy of the calculated 
shear resistance increases with increasing the level of approximation. Nonlinear finite element 
(NLFE) analyses belong to the highest level of approximation (Level IV) thanks to their advantage 
to take into account real material properties and “hidden” capacities of the structure. Nevertheless, 
even if NLFE analyses are more and more becoming an usual instrument in the daily design 
process, building codes do not provide specific guidance on how to perform these analyses and if 
appropriate checks are not done on the model used, a big scatter in the results obtained can be 
detected. For this reason the Dutch Ministry of Transport, Public Works and Water Management is 
running a project to re-evaluate the carrying capacity of existing bridges and viaducts (e.g. 
reinforced and prestressed concrete beams and slabs) through NLFE analyses and published in a 
document containing  guidelines for nonlinear finite element analyses to be followed by users in 
order to reduce model and users factors. In the paper several reinforced concrete slabs have been 
analyzed through analytical and numerical procedures according to the Model Code 2010 
prescriptions and following the Dutch guidelines. The analytical and numerical results obtained 
have been compared with experimental results. 
Parametric studies have also been carried out on the slabs in order to focus on the main sensitive 
parameters that influence the results obtained from numerical simulations and in order to obtain 
reliable and, at the same time, safe results. The main indications of the guidelines for reinforced 
concrete slabs are presented in the paper. 
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1 INTRODUCTION 
The Dutch Ministry of Transport, Public 
Works and Water Management is running a 
project to re-evaluate the load carrying 
capacity of existing bridges and viaducts in the 
whole country because of the increase of 
traffic and the reallocation of emercency lanes 
to traffic lanes. For a certain amount of Dutch 
bridges and other infrastructures the safety 
verifications are not satisfied if the usual 
analytical procedures, proposed by the current 
norms (e.g. [1]), are adopted for the 
calculations. For this reason The Dutch 
Ministry of Transport, Public Works and 
Water Management proposed to make a 
structural assessment of existing structures 
through the use of nonlinear finite element 
analyses with the final release of a document 
containing guidelines for nonlinear finite 
element (NLFE) analyses of reinforced and 
prestressed concrete elements [2]. Previous 
studies of the authors specifically deal with 
indications of the guidelines for reinforced and 
prestressed beams [3], [4]. In the present paper 
the focus is on slabs. 
The guidelines not only contain indications on 
the modeling of structures through NLFE 
analyses but also on the way to present the 
results in order to facilitate the preparation of 
technical reports and the reviewing by other 
professionals. The focus is on the analysts 
skills in order to control the results from NLFE 
analyses without “a priori” accepting these 
results 

NLFE analyses, which are more and more 
becoming a usual instrument in the daily 
design process, can in fact take into account 
hidden capacities of the structures and offer 
refined modelling based on realistic material 
properties. Nevertheless the power of NLFE 
analyses does not have to be overestimated. 
The results of NLFE analyses strongly depend 
on the modelling choices and therefore a big 
scatter in the results for the same structure 
analyzed by several analysts can be detected.

For this reason the development of guidelines 
for NLFE analyses to be followed by all users 

in order to obtain reliable and, at the same 
time, safe results is of big importance. The 
project well matches with the philosophy of 
the new Model Code 2010 [5] for the 
structural assessment of existing structures.  
According to this code the design shear 
resistance of RC structures can be evaluated 
through analytical and numerical calculation 
methods that fall into four levels of 
approximations: by increasing the level of 
approximation the complexity and the 
accuracy of the results obtained increases. 
Level of approximation I, II and III refer to 
analytical calculation methods while the 
highest level, level IV, refers to NLFE 
analyses. The results obtained from NLFE 
analyses are reduced in order to obtain the 
same safety level as for the analytical 
calculations. To this aim, within level IV, the 
new Model Code 2010 proposes three 
alternative safety formats methods to elaborate 
the results of NLFE analyses: the Partial 
Factor method (PF), the Global Resistance 
Factor method (GRF) and the Estimation of 
Coefficient of Variation of resistance method 
(ECOV).With this the MC2010 is in advance 
with respect of most other codes. 

In the current paper the shear resistance of 
three concrete slabs has been evaluated 
through the analytical and numerical 
procedures based on the levels of 
approximation proposed by the new Model 
Code 2010  and the results obtained have been 
compared with the experimental results 
performed at Stevin Laboratory [6].  

Shear resistance has been achieved by 
nonlinear finite element analyses carried out 
with the finite element code DIANA [7]. 
However the guidelines [2] are valid any 
commercial finite element code.  

Parametric studies have been carried out on 
the slabs in order to validate the numerical 
model and for the application of the safety 
formats methods. The parametric studies 
investigate the effects that the most sensitive 
parameters of the constitutive model, like the 
aggregate interlock effect, the reduction of the 
compressive strength due to lateral cracking, 
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the Poisson effect and, the influence of the 
fracture energy , have on the results. 

2 CASE STUDIES 
In the paper three reinforced concrete slabs 

denoted as S1T1, S1T2 and S4T1, 
experimentally tested at the Stevin laboratory 
[6] are analyzed. In Figure 1 an overview of 
the slabs is presented with indication of the 
reinforcement layout, the support details and 
the loading scheme. Each slab is constrained 
by a simple support, a continuous support and 
three prestressed dywidag bars (denoted as 

Support 3 in Figure 1). Between the supports 
and the concrete slab layers of felt and 
plywood were inserted. In Figure 2 the 
experimental set-up of S1T1 slab is shown. 
The mean mechanical properties of concrete 
measured during the experimental test, the 
indication of the type of failure detected and 
the experimental ultimate load value (Pu,exp)
are summarized in Table 1. In Table 2 the 
mean mechanical properties of steel are 
reported.
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Figure 1: Case studies: S1T1, S1T2, S4T1. 
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One way shear failure mode was 
experimentally observed for all three slabs. In 
Figure 3, Figure 4 and Figure 5 the 
experimental crack pattern is shown for the 
S1T1, S1T2 and S4T1 slab, respectively. In 
Figure 6 the experimental stress-strain 
relationships of the felt-plywood stacks and 
felt placed at the support-slab interface are 
plotted.

Table 1: Mean mechanical properties of concrete, 
failure mode and experimental ultimate load. 

 Ec
(Mpa)

fc
(Mpa)

ft
(Mpa)

Failure Pu,exp
(KN) 

S1T1 30910 29.7 2.8 OWS* 954 
S1T2 30910 29.7 2.8 OWS* 1023 
S4T1 34930 42.9 3.8 OWS* 1160 
*OWS=One Way Shear 

Table 2: Mean mechanical properties of steel. 

 Es (Mpa) fy (Mpa) Fpe
* (KN) 

φ10 210000 537 - 
φ20 210000 541 - 
3φ36 210000 1000 3·15 

Fpe
*= prestressing force 

Figure 2: Experimental set-up of S1T1 slab. 

   
Figure 3: Experimental crack pattern of S1T1 slab (a) 
at bottom side, (b) on the front face.

 

 
Figure 4: Experimental crack pattern of S1T2 slab (a) 
at bottom side, (b) on the front face. 

Figure 5: Experimental crack pattern of S4T1 slab on 
the front face.

(a) (b)

(a) 

(b)
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Figure 6: Stress-strain relationship determined 
experimentally of (a) felt/plywood and (b) felt.

3 DESIGN SHEAR RESISTANCE 
EVALUATION WITH LEVELS 
OF APPROXIMATIONS 

As mentioned in section 1 the new Model 
Code 2010 [5] proposes different calculation 
methods for the evaluation of the design shear 
resistance of reinforced concrete structures, 
falling into four different levels of 
approximations. Level I, II and III refer to 
analytical procedures while Level IV refers to 
numerical procedures, which results are 
obtained through NLFE analyses. The results 
obtained from NLFE analyses are reduced 
through safety coefficients in order to obtain 
the design shear resistance having the same 
safety level of Level I, II, III. 

3.1 Analytical procedure 
The design shear resistance of reinforced 

slabs without shear reinforcement  is 

calculated as the design shear resistance of 
beams without shear reinforcement for which 
only level I and II are provided. In the paper 
beside the design shear resistance calculated 
with the levels of approximation, the design 
punching resistance is calculated following 
both Eurocode 2 prescriptions [1] and Regan’s 
formulations [8] for loads near supports. In 
Table 3 the design load values corresponding 
to the design shear resistances and to the 
punching resistance are summarized. In Table 
3 it is shown that, for all slabs, the design 
punching resistance is higher than the shear 
resistance so that, even according to analytical 
procedures, the failure is due to one-way shear 
rather than punching failure. The analytical 
failure mode is in accordance with the 
experimental failure and the failure detected 
from nonlinear finite element analyses, as 
shown in the following sections. 

Table 3: Deasign load values in [kN] corresponding to 
the design shear and design punching resistances. 

 Shear MC 2010 Punching 
 Level I Level II Regan EC2 

S1T1 204.8 400.6 472.1 542.0 
SIT2 161.6 489.4 472.1 542.0 
S4T1 229.8 421.2 512.6 498.3 

3.1.1 Design shear resistance 
As a general rule, Level of approximation I 

may be used for the conception or the design 
of a new structure and Level II is appropriate 
for the design of a new structure as well as for 
a general or brief assessment of existing 
structures.
The design shear resistance of a slab without 
shear reinforcement is calculated as: 

eff
c

ck
vc,Rd zb

f
kV

γ
= (1)

where:

⎪
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15001
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1550



B.Belletti, C.Damoni, M.A.N. Hendriks and J.A. den Uijl 

6

75.0
d16

32k
g

dg ≥
+

= (4)

εx is the strain at mid-depth evaluated through 
an iterative procedure, z is the shear depth 
taken equal to 0.9d and beff is the effective 
slab width.
It is well known that for a correct design of a 
slab it is essential to consider the stress 
redistribution and just a strip of the slab width 
participates to the shear resistance 
mechanism. Several works available in 
literature give different interpretations on how 
to determine the effective width and several 
experimental tests have been carried out on 
slabs [8]. In the current paper the effective 
width schematized in Figure 7 has been 
considered in the calculation. The assumption 
made is in agreement with experimental 
observations.

45
° 45°

15
00

45
°

12
88

15
00

(a)                            (b)                           (c) 

Figure 7: Effective width determination for (a) S1T1 
slab, (b) S1T2 slab, (c) S4T1 slab. 

3.1.2 Design punching resistance 
In eq. (5)-(8) the design punching resistance 
calculated according to Eurocode 2 
prescriptions is given: 

effRdcRdc duvV ⋅⋅= (5)

where

( ) 3/1
ckc,RdRdc f100kCv ⋅ρ⋅= (6)

12.05.1/18.0/18.0C cc,Rd ==γ= (7)

effd
2001k += (8)

In eq. (9) the design punching resistance 
calculated according to Regan’s formulation is 
reported:

2R1RR PPP += (9)

Eq. (10) provides the resistance value PR2 
which is referred to the perimeter side parallel 
and next to the support (u2). Eq. (11) provides 

the resistance value PR1 referred to the 
remaining part of the perimeter (u1). 

l2clsl
v

l
2R duv

a
d2

P ⋅⋅⋅ξ⋅= (10)

t1ctstl2clsl1R duv2duvP ⋅⋅⋅ξ⋅+⋅⋅⋅ξ= (11)
where dl and dt are the effective depth of the 
longitudinal and transversal bars  and av is the 
distance from the support to the point load 
application. The variables of eq. (10) and (11) 
are listed in eq. (12)-(15).

4

l
sl d

500
=ξ (12)

4

t
st d

500
=ξ (13)

3
ckl

m
cl f10027.0v ρ

γ
= (14)

3
ckt

m
ct f10027.0v ρ

γ
= (15)

3.2 Numerical procedures 
As already mentioned in the introduction, 

within Level IV, the new fib Model Code 2010 
[5] proposes three different safety formats 
methods for the evaluation of the design shear 
resistance through NLFE analyses: the Partial 
Factor method (PF), the Global Resistance 
Factor method (GRF) and the Estimation of 
Coefficient of Variation of resistance method 
(ECOV).

The PF method provides that design 
mechanical properties of materials, evaluated 
according to the fib Model Code prescriptions 
from the characteristic mechanical properties, 
are used as input data, so that the shear 
resistance obtained from the analysis (Rd) is 
already the design shear resistance: 

( ),...fRR dd = (16)

The GRF method provides that mean 
mechanical properties of materials, evaluated 
from the characteristic mechanical properties 
according to the fib Model Code prescriptions, 
are used as input data. The global resistance of 
the structure Rd is considered a random 
variable so that the effects of various 
uncertainties are integrated in a global design 
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resistance expressed by a global safety 
coefficient (1.27): 

( ) ( ) ( )
27.1

,...fR
06.12.1

,...fR,...fR
R mm

RdR

m
d =

⋅
=

γγ
= (17)

The ECOV method requires that two 
analyses are carried out, one with mean and 
one with characteristic mechanical properties 
of materials. It is based on the assumption of a 
lognormal distribution of the resistance; the 
coefficient of variation of resistance follows 
from the two calculated resistances:  

( ) ( ),...fRR,,...fRR kkmm == (18)

RdR

m
d

R
R

γγ
= (19)

( )

( ) ⎟⎟
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⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡⋅⋅=

βα=γ

km

RRR

RRln
65.1
18.38.0exp

Vexp
(20)

4 FINITE ELEMENT MODEL 
Full 3D modeling is used. To model the 

concrete elements and steel plates 20‐node
brick elements with a ful Gaussian integration 
scheme (3x3x3) have been used; the average 
element’s dimension is 110x100x100mm. For 
the reinforcement embedded truss elements 
with three Gaussian integration points along 
the axis of the element have been used; perfect 
bond has been assumed. For the dywidag bars 
truss elements have been used. Between the 
steel plates and the slab 16‐node interface 
elements have been inserted.  

Boundary conditions have been applied to 
the nodes of the steel plates and dywidag bars. 
Rigid movement of the slab in the x and y
direction are prevented. The analyses comprise 
two phases. In the first phase the prestressing 
force in the dywidag bars (Fpe) and the dead 
load have been applied while in the second 
phase a displacement along z has been applied 
at the central node of the loading steel plate. 
The analyses have been carried out using a 
regular Newton-Raphson iteration scheme 
with a convergence criterion based on force 
and energy.

In Figure 8 a schematization of the mesh and 
boundary conditions are plotted for S1T1 slab, 
as example. 

 

Brick 
elements 

Interface 
elements Truss 

elements 

(a)

Fpe 

Fpe 
Fpe 

uz

(b) 

Figure 8: S1T1: (a) mesh, (b) boundary conditions. 
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Figure 9: Constitutive model of (a) concrete and (b) 
steel.

For concrete a parabolic law in compression 
and an exponential law in tension have been 
used. For the reinforcement an elastic-plastic 
with hardening relation has been adopted, 
Figure 9. The constitutive laws of concrete are 
based on the definition of a compressive 
fracture energy and a tensile fracture energy, 
determined respectively according to [9] and 
[5]. Dywidag bars and steel plates have been 
modeled with a linear elastic behavior. 
Interfaces elements have been modeled with a 
nonlinear no-tension behavior, according to 
the experimental test, Figure 6. 

Basic rotating and fixed crack models, 
implemented in several commercial software 
([10], [11]), Various enhanced models ([12], 
[13], [14]) were not considered in this study. 

1552



B.Belletti, C.Damoni, M.A.N. Hendriks and J.A. den Uijl 

8

In section 5 the effects of some parameters of 
the crack model used [7], like the Poisson 
effect, the shear retention factor function, the 
reduction of the compressive strenght due to 
lateral cracking etc. are investigated and 
further discussed. 

5 MAIN RESULTS 
NLFE analyses can provide refined models 

that are able to take into account hidden 
capacities of the structure, provided the 
validity and the reliability of the model used. 
If some parameters are not properly calibrated 
in the model a big scatter in the results can be 
found and the real load carrying capacity of 
the structure can be substantially 
overestimated or underestimated. Also for this 
reason the availability of guidance on how to 
perform NLFE analyses is helpul for users.
In Table 4 the main parameters investigated 
and combined in the analyses (Analysis A-F) 
are reported.
The variables listed in the table are described 
below:
• ν denotes the Poisson’s ratio. The effect of a 

variable Poisson’s ratio, that linearly 
decreases from its initial value (0.15) in the 
elastic phase down to zero in the cracked 
phase rather than a constant Poisson’s ratio 
(equal to 0.15) has been investigated. 

• fc,red/fc denotes the limit to the reduction of 
the compressive strenght due to lateral 
cracking. In DIANA [7] the reduction trend 
of the compressive strenght due to lateral 
cracking follows the Model B of Vecchio & 
Collins [12], thus the compressive strengh is 
reduced due lateral cracking while the peak 
strain remains the same, leading to a 
reduction in the Young’s modulus already in 
the elastic phase, Figure 10. More refined 
models would properly take into account the 

decrease of both strenght and peak strain 
(e.g. [14]). 

• Gf denotes the tensile fracture energy. In the 
analyses the value of Gf is calculated 
according to the new fib Model Code 2010 
(Gf=73fc

0.18), [5]. 
• Gc denotes the compressive fracture energy. 

The value of 250 Gf, suggested by [9], and a 
lower value (120 Gf) have been adopted in 
the analyses. 

• β denotes the shear retention factor value. 
Analyses A, B, C and D have been carried 
out using a rotating crack model while 
Analyses E and F are using a fixed crack 
model, that requires the definition of a shear 
retention factor. In DIANA [7] a variable 
shear retention factor that linearly decreases 
from 1, in the elastic phase, down to 0.0 as 
the maximum crack width is equals to half of 
the aggregate size is implemented.  

Figure 10: Reduction of the compressive strength due 
to lateral cracking according to the “Model B” of 
Vecchio et al. [12]. 

In Figure 11 the load-deflection curves 
obtained from the parametric study are 
reported. The parametric study for all slabs has 
been carried out inputting mean mechanical 
properties of materials, available from 
experimental tests. 

From Figure 11 it can be noted the big 
influence of some parameters of the crack 
model on the results, especially in terms of 
obtained ultimate load values.  

Table 4: Parametric study. 

ν fc,red/fc Gf Gc crack model β 
Analysis A 0.15 1 MC2010 250GfMC2010 rotating / 
Analysis B variable 1 MC2010 250GfMC2010 rotating / 
Analysis C variable 0.6 MC2010 250GfMC2010 rotating / 
Analysis D variable 0.6 MC2010 120GfMC2010 rotating / 
Analysis E variable 0.6 MC2010 250GfMC2010 fixed variable
Analysis F variable 0.6 MC2010 120GfMC2010 fixed variable
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When the fixed crack model was used a peak 
load value couldn’t be detected. This is most 
likely due to stress locking in combination 
with the simplified model of the shear 
retention factor implemented in the software. 
It is of great importance, especially for shear 
critical specimens, that the shear retention 
factor trend is evaluated by the implementation 
with adequate laws that properly take into 
account the aggregate interlock phenomenon 
([13], [15], [16], [17], [18]).

Within the rotating crack model the 
compressive fracture energy value, the 
Poisson’s ratio trend and the reduction of the 
compressive strength due to lateral cracking 
gave a significant scatter in the results.  
Comparing analysis B and C it the influence of 
the reduction of the compressive strength due 
to lateral cracking becomes visible. The effect 
on the compression behavior of concrete is not 
justified by the type of failure of the slabs, but 
rather by the type of 3D modeling 
implemented in the software [7]. The 
modeling of the compressive behavior 
provides that the reduction of the compressive 
strength due to lateral cracking is equally 
applied in the three directions. This aspect 
should be further investigated in future 
research. Another important aspect is related 
to the maximum displacement obtained from 
the numerical simulations. The nonlinear finite 
element analyses seem to overestimate in all 
cases the ductility of the slabs. In this regard it 
is important to point out that the deformation 
of a slab, which is a very stiff structure, is 
sensitively influenced by the deformation of 
the supports. The deformation of the supports 
is tightly related to the modeling of the 
interface elements placed between the supports 
and the concrete slab. The behavior of the 
interface elements has been modeled 
according to experimental measurements 
(Figure 6) made on felt and felt/plywood, but 
it is also possible that the behavior of these 
layers substantially varied during the loading 
of the slabs. 
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Figure 11: Load deflection curves obtained from the 
parametric study for (a) S1T1 slab, (b) S1T2 slab, (c) 
S4T1 slab. 

From Figure 11 it can be noted that the load-
deflection curve that best fits with the 
experimental curve, for all slabs, is Analysis 
B, which has been chosen as reference analysis 
for the safety format analyses. The parameters 
used in Analysis B are reasonable and rather 
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realistic with regards to the simplified crack 
model used. 

In Figure 12 the tensile cracking strain values 
obtained from Analysis B for all slabs in 
correspondence of the peak load are plotted.

Comparing Figure 12 with Figure 3, Figure 4 
and Figure 5 it can be noted that, also from 
NLFE analyses the failure mode observed can 
be related to a one-way shear failure rather 
than a punching shear failure. 

 

0

0.5

1

1.5

2

2.5

3

0 0.0005 0.001 0.0015 0.002 0.0025

σ
[N

/m
m

2 ]

ε

(a)
 

0

0.5

1

1.5

2

2.5

3

0 0.0005 0.001 0.0015 0.002 0.0025

σ
[N

/m
m

2 ]

ε

(b)
 

0

0.5

1

1.5

2

2.5

3

3.5

4

0.0000 0.0005 0.0010 0.0015 0.0020

σ
[N

/m
m

2 ]

ε

(c)

Figure 12: Tensile cracking strain development at peak 
load for (a) S1T1 slab, (b) S1T2 slab, (c) S4T1 slab.

In Figure 13 the design load values (Pu)
derived from the shear resistance values 
calculated with analytical procedures (Level I-
II) and numerical procedures (Level IV) are 
summarized. The ultimate design load values 
(Pu) are expressed as a percentage of the 
experimental ultimate load (Pu, exp) and plotted 
as histograms. In Figure 13 the ratio Pu/Pu,exp
of the reference analysis (Analysis B), carried 
out without applying the safety coefficient 
imposed by the safety format methods, is also 
plotted. The grey bars plotted in Figure 13 

(Level I, Level II, Level IV PF, Level IV GRF, 
Level IV ECOV) refer therefore to the ratio 
between the design load values and the 
experimental load value, while the white bar 
(Analysis B) refers to the ratio between the 
peak load value, obtained from Analysis B, 
and the experimental value. 
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Figure 13: Design load values obtained analytically 
(Level I-II) and numerically (Level IV), expressed as a 
percentage of the experimental ultimate load Pu,exp for 
(a) S1T1 slab, (b) S1T2 slab, (c) S4T1 slab. 
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From Figure 13 it can be noted that, as 
expected, the design load values are lower than 
the peak load value obtained from Analysis B, 
which does not apply any safety coefficient. 

The trend of the results obtained with safety 
format methods well fits the new Model Code 
2010 philosophy: by increasing the level of 
approximation the design load value increases. 
Level II provides a higher design load value 
than level I and level IV provides higher 
design load values than level I and II. A 
significant increase of the design load, ranging 
from 69% to 87%, can be detected from level 
II to level IV. This leads to confirm that, 
provided the validity of the numerical model 
used in the analyses, NLFE analyses can take 
more advantage of the hidden capacities of the 
structure. For this reason the availability of 
guidelines for NLFE analyses are helpful for 
the determination of the structural resistance. 
Furthermore the results obtained with level IV 
can be of use for intervention plans (e.g. 
maintenance, repair, demolition etc.) on 
existing structures. 

6 CONCLUSIONS 
In the paper the shear resistance of reinforced 

concrete slabs without shear reinforcement has 
been evaluated according to the calculation 
methods proposed by the new Model Code 
2010. Three reinforced concrete slabs, tested at 
the Stevin laboratory [6], have been analyzed 
with analytical and numerical procedures and 
the results obtained have been compared with 
the experimental results.

The main results of the research are listed 
below.
- According to the new Model Code 2010 the 
design shear resistance of reinforced concrete 
slabs can be evaluated through different 
levels of approximation related to analytical 
and numerical procedures. By increasing the 
level of approximation the complexity and 
the accuracy of the shear resistance increases.  

- The results obtained well fit with the 
philosophy of the new Model Code 2010. 
Level of approximation IV, determined from 
NLFE analyses results, properly reduced in 
order to obtain the same safety level of 

analytical procedures, provides substantially 
higher design shear resistance values than the 
shear resistance value obtained from 
analytical calculations. 

- The design shear resistance values 
determined with Level IV are derived 
following the Dutch guidelines for nonlinear 
finite element analyses [2] and are based on 
relatively simple crack models. 

- The results obtained from NLFE analyses can 
strongly depend on the modeling choices 
made by the analyst during the analyses, 
especially with regards to some aspects 
related to the crack model used. The 
availability of guidance on how to properly 
perform NLFE analyses is therefore 
important. 

- All level IV results obtained give a “safe-
side” estimation of the design shear 
resistance. 

- In the authors’ experience, the structural 
assessment of RC slabs is however less 
accurate than the structural assessment of RC 
beams [3], [4]. This is also due to the fact that 
the implementation of crack models in 3D is 
more complex than in 2D. Further 
experimental, theoretical and numerical 
research should be developed for the 3D 
modeling of the non-linear behavior of 
reinforced concrete. 

- The analyst has to be able to critically 
validate input and output. To this aim the 
importance of a good knowledge of both 
physical phenomena and software modeling 
is underlined.

- The structural assessment carried out with the 
levels of approximation can moreover be of 
use for intervention plans on existing 
structures (e.g. maintenance, repair, 
demolition etc.). 
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Abstract. A mesoscopic masonry model is presented using the partition of unity finite element

method. Joints are only explicitly introduced when a critical stress state is exceeded, resulting in

a computationally more efficient procedure when compared to models in which all joints are a priori

active. The performance of the presented model is demonstrated by several numerical examples.

1 INTRODUCTION

Although an ancient building technique, ma-

sonry is still widely used in modern structures

due to its relatively simple way of construct-

ing. The failure modelling of these structures

remains, however, a great challenge due to their

composite nature. Two major modelling scales

exist: macroscopic and mesoscopic. The for-

mer approach homogenises bricks and joints

to one orthotropic material [1, 2] whereas in

mescoscale models bricks and joints are mod-

elled as separate entities, resulting in a more

detailed crack pattern at the expense of more

degrees of freedom and, consequently, yields

a higher computational cost [3–7]. Recently,

multiscale models have been developed and op-

timised to bridge the two modelling scales [8–

11].

The masonry model presented in this con-

tribution is a mesoscopic model in which

the mortar joints are incorporated as poten-

tial strong discontinuities using the partition of

unity method [12] as discussed in Section 2.

The enhanced degrees of freedom, stemming

from this technique, govern the nonlinear joint

behaviour [13]. In contrast to classical meso-

scopic masonry models, the joints are not ac-

tive at the beginning of the calculation, resulting

in less degrees of freedom. If a critical stress

state is exceeded, the joint is activated and the

corresponding enhanced degrees of freedom are

added to the global system of equations. The

employed material model, a shifted damage law

based on a degenerated Drucker-Prager crite-

rion, is presented in Section 3. This section

will also address a modified equilibrium path-

following procedure used in this study. In Sec-

tion 4, three numerical examples are given in

order to show the performance of the new ma-

sonry model.

1
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2 MESOSCOPIC MODELLING OF MA-

SONRY USING THE PARTITION OF

UNITY METHOD

2.1 Kinematic description of the masonry

model

In the presented two-dimensional meso-

scopic masonry model, a partition of unity

method is adopted in which the behaviour of

each brick is governed by a designated set of

enhanced degrees of freedom [13, 14]. Conse-

quently, the displacement field can be decom-

posed according to

u = û+

NB∑
i=1

Hiũi (1)

where NB denotes the total number of bricks

within the masonry wall, û is the regular dis-

placement field, ũi and Hi are the enhanced

displacement field and enrichment function as-

sociated with brick Bi, respectively. Hi = 1
inside Bi. A graphical representation of the as-

signment of the degrees of freedom is given in

Figure 1. In order to avoid linear dependency

of the enrichment functions, the total number

of extra sets at each node should be reduced by

one if the node contains more than one extra set

of degrees of freedom as shown by Simone et

al. [14]. This is illustrated in the lower part of

the figure (Figure 1 (b)).

BB

BA BC

BB

BA BC

(a)

(b)

regular DOF

enhanced DOF brick BA

enhanced DOF brick BB

enhanced DOF brick BC

Figure 1: Assignment of the degrees of freedom (DOF)

for a patch of masonry elements.

2.2 Activation of the enhanced degrees of

freedom

The partition of unity framework allows a

straightforward introduction of discontinuities,

i.e. joints, without the need of a high dummy

stiffness to mimic the pre-discontinuity phase.

Enhanced degrees of freedom, representing the

discontinuities, are simply added to the system

when necessary. In short, the algorithm in this

work is structured as follows: at the end of each

load step (thus in a converged state), the stresses

are evaluated at the joint positions through an

interpolation of the stresses in the bulk mate-

rial. If a critical stress state, governed by the

material model presented in Section 3, is ex-

ceeded, all nodes on the critical joint are en-

hanced, i.e. extra degrees of freedom are added

to the global system of equations. However, in

the case that only two joints are active at the

junction of three joints (joint BC and joint AC

in Figure 2), additional constraints are neces-

sary in order to prevent undesired joint opening

of the inactive (subcritical) joint (joint AB in

Figure 2). In the example of Figure 2, the con-

straint ũA − ũB = 0 is added to the system of

equations.

BB

BA BC

joint AB joint AC

joint BC

joint
opening

(a)

(b)

regular DOF

enhanced DOF brick BA

enhanced DOF brick BB

enhanced DOF brick BC

inactive joint

Figure 2: The need of additional constraints in case of an

inactive joint (joint AB) at a triple junction of joints. (a)

nomenclature; (b) undesired joint opening of the subcrit-

ical joint.

2
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3 NONLINEAR MODELLING

3.1 Material model

In the developed masonry model, the brick

behaviour remains linear elastic throughout the

computation. However, since the mortar joints

are inactive at the start of the simulation, the

virgin material should also include the elas-

tic behaviour of the mortar joints. Ideally, an

anisotropic material model could be used, ob-

tained from the homogenisation of the elastic

mortar and brick behaviour. In this work a

simpler approach is followed, similar to [3], in

which the stiffness of the bulk material is ad-

justed in order to reproduce the experimental

elastic response of the masonry structure. The

adjusted Young’s modulus E ′
b of the bricks then

reads

E ′
b = αEb . (2)

The nonlinear joint behaviour is governed by a

shifted damage law of the form

td = (1− ω)Td[[v]] (3)

in which td is the traction at the joint, Td =
diag(kn, kt) is the joint stiffness matrix and [[v]]
represents the translated displacement jump at

the mortar joint [15]

[[v]] = [[u]] + [[u]]
0
. (4)

Figure 3 represents the shifted origin [[u]]
0
,

which is calculated from the bulk stress at the

moment of joint activation.

tn

[[u]]n

[[u]]n,0

Figure 3: Pure mode I representation of the shifted dam-

age law (dashed line).

The scalar damage variable ω in (3) is obtained

from

ω =

{
0 if κ < κ0

1− κ0

κ
exp

[
−κ−κ0

β

]
if κ ≥ κ0

(5)

where β =
hGfI

ft
− 1

2
κ0 in which h denotes the

joint thickness, GfI is the mode-I fracture en-

ergy, ft is the uniaxial tensile strength of the

mortar joints and the damage threshold κ0 =
ft/kn in which kn is the normal stiffness of the

joint. The history parameter κ stores the largest

value ever attained of the shifted equivalent dis-

placement jump [[v]]eq = f([[v]]), which is de-

fined by a degenerated Drucker-Prager model,

see [13].

3.2 Equilibrium path-following techniques

An important aspect in modelling masonry

and other solids containing many nonlinearities

is the use of a robust algorithm which is capa-

ble of tracing the whole equilibrium path, par-

ticularly the post-peak response of the structure.

In this work, a modified arc-length constraint

function is used to trace the equilibrium path of

the shear wall and settlement tests (Sections 4.2

and 4.3). Since the nonlinear behaviour of the

presented masonry model is solely governed

by the enhanced degrees of freedom ũ, they

are used as the control variables in the path-

following constraint function

g = ∆ũ
T∆ũ− τARCL

2 (6)

in which τARCL represents the enforced arc-

length of the equilibrium path during a load

step. In the case of the simulation of a three-

point bending test (Section 4.1), the crack

mouth opening displacement (CMOD) of the

lower middle joint is chosen as a control vari-

able, similar to the experimental test setup [16].

The constraint function is then given by

g = sT∆u− τCMOD (7)

where s selects the enhanced degrees of free-

dom describing the crack opening of the con-

sidered joint, and τCMOD denotes the allowed

opening in one load step. Since at the start

3
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of the calculation no enhanced degrees of free-

dom or CMOD are present, indirect displace-

ment control, controlling the regular degrees of

freedom, is used in the first load steps. The con-

straint function then becomes

g = sT∆û− τDISP (8)

in which s selects the degree of freedom where

the displacement τDISP is enforced during the

load step.

4 NUMERICAL EXAMPLES

4.1 Three-point bending test

In this first numerical example a three-point

bending test is simulated. Brick arrangement

and boundary conditions are reported in Fig-

ure 4. Material parameters (Tables 1 and 2)

and experimental data (Figure 7) are obtained

from [16]. Figure 5 depicts the active joints and

deformed mesh at the final loading stage. The

failure mode and corresponding load-CMOD

diagram (Figure 7) shows a good correspon-

dence with the experimental data and with the

results from a model in which all joints are ac-

tive at the start of the simulation (Figure 6).

An indication of the computational efficiency

is given by the evolution of the number of en-

hanced degrees of freedom during the computa-

tion, Figure 8.

1200

CMOD

344

F

Figure 4: Test setup and boundary conditions for the

three-point bending test. All dimensions are in mm.

Figure 5: Deformed mesh and active joints (in grey) at a

CMOD value of 2 mm. 40× displacement magnification.

Figure 6: Deformed mesh at a CMOD value of 2 mm for

a model with all joints a priori active. 40× displacement

magnification.

experimental peak load
experimental results
model with critical joints active
model with all joints active

CMOD [mm]

F v
er

t
[k

N
]

21,510,50

3,5

3

2,5

2

1,5

1

0,5

0

Figure 7: Simulation and experimental load-CMOD dia-

grams.

total enhanced DOF (165)

active enhanced DOF

time step

d
eg

re
es

o
f

fr
ee

d
o

m

5045403530252015105

180

160

140

120

100

80

60

40

20

0

Figure 8: Evolution of the number of enhanced degrees

of freedom.
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Table 1: Setup and elastic material parameters for the three-point bending test.

dimensions Eb

[
N/mm2

]
ν kn

[
N/mm3

]
kt

[
N/mm3

]
α

joints 10 mm 416 172

bricks 76 × 230 × 110 mm3 17500 0,15 1,0

Table 2: Inelastic material parameters for the three-point bending test.

ft
[
N/mm2

]
fc

[
N/mm2

]
fb

[
N/mm2

]
GfI [N/mm]

joints 0,086 7,26 1,2 fc 0,002

4.2 Shear wall test

The second example is a shear wall with

opening [17]. Tables 3 and 4 list the material

parameters. A confining stress of 0,30 N/mm2

is applied on top of the wall prior to the ap-

plication of the horizontal loading. Boundary

conditions and test setup are depicted in Fig-

ure 9. Figures 10-13 show that both failure

mode and peak load correspond with the ex-

perimental data and the results obtained with

a masonry model in which all joints are a pri-

ori active. Figure 14 indicates that most of the

computational gain of the presented algorithm

is achieved during the first 30 load steps, i.e.

the load steps prior to the peak load of the struc-

ture. After reaching the peak load, 80% of the

enhanced degrees of freedom are activated.

(a) (b)

0,30 N/mm2

990

70

70

1106

F

Figure 9: Test setup and boundary conditions for the

shear wall test. (a) phase 1: confining load; (b) phase

2: horizontal loading. All dimensions are in mm.

Figure 10: Deformed mesh and active joints (in grey) at

a loading point displacement (LPD) of 0,5 mm. 100×
displacement magnification.

Figure 11: Deformed mesh and active joints (in grey) at

a LPD value of 4 mm. 10× displacement magnification.
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Table 3: Setup and elastic material parameters for the shear wall test.

dimensions Eb

[
N/mm2

]
ν kn

[
N/mm3

]
kt

[
N/mm3

]
α

joints 10 mm 82 36

bricks 52 × 210 × 100 mm3 16700 0,15 0,24

Table 4: Inelastic material parameters for the shear wall test.

ft
[
N/mm2

]
fc

[
N/mm2

]
fb

[
N/mm2

]
GfI [N/mm]

joints 0,25 10,5 1,2 fc 0,018

Figure 12: Deformed mesh at a LPD value of 4 mm for

a model with all joints a priori active. 10× displacement

magnification.

experimental peak loads
experimental results (test wall 2)
experimental results (test wall 1)
model with critical joints active
model with all joints active

LPD [mm]

F h
or

[k
N

]

5,04,03,02,01,00,0

50

40

30

20

10

0

Figure 13: Simulation and experimental load-

displacement diagrams.
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Figure 14: Evolution of the number of enhanced degrees

of freedom.

4.3 Settlement test

As a final numerical example, an end-

settlement of a blind wall is simulated. The ma-

terial parameters are the same as for the shear

wall test (Section 4.2), except the brick dimen-

sions are 290 mm×190 mm×140 mm. The be-

haviour of the soil is governed by an inter-

face element. Its normal compressive stiffness

kn,c = 0,030 N/mm2 whereas the normal ten-

sile stiffness and shear stiffness are zero. For

x < 0,6L, the settlement w takes the form [18]

w = exp

(
−2

(
x− 0,6L

0,4L− 0,6L

)2
)
wend (9)

in which x is the distance from the left side

of the wall, L is the length of the system

(5990 mm) and wend represents the settlement

if x ≥ 0,6L. Figures 15-16 depict the active

6
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joints at an end-settlement of 6 mm and 12 mm,

respectively. At the end of the loading pro-

cess, nearly all joints are active indicating that

the whole structure exhibits damage. However,

the major damage localises in a typical staircase

crack pattern, as observed in real structures sub-

jected to severe settlements [19]. Finally, Fig-

ure 18 depicts the evolution of the amount of

enhanced degrees of freedom during the com-

putation.

total enhanced DOF (1593)

active enhanced DOF

time step

d
eg

re
es

o
f

fr
ee

d
o

m

605040302010

1600

1400

1200

1000

800

600

400

200

0

Figure 18: Evolution of the number of enhanced degrees

of freedom.

5 CONCLUSIONS

In this contribution a new mesoscopic ma-

sonry model using the partition of unity method

was presented. Joints are only explicitly mod-

elled when a critical stress state is reached,

resulting in a computationally more appealing

procedure. In order to improve the robustness of

the algorithm, a modified path-following tech-

nique is employed in which the enhanced de-

grees of freedom are taken as control variables

in the arc-length constraint function. The per-

formance of the new model is demonstrated

by three-point bending, shear wall and settle-

ment tests. Future work will include the use

of more advanced material models that incor-

porate the initial orthotropic behaviour of the

masonry. The partition of unity framework also

allows straightforward applications such as the

modelling of brick cracking and the modelling

of irregular bond masonry using a simple mesh

since the latter does not need to conform to the

masonry joints.
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Abstract: This paper presents a numerical approach to model the complex failure mechanisms that 
define the ultimate rotational capacity of reinforced concrete beams. The behavior in tension and 
compression is described by a constitutive damage model derived from a combination of two 
specific damage models [1]. The nonlinear behavior of the compressed region is treated by the 
compressive damage model based on the Drucker-Prager criterion written in terms of the effective 
stresses. The tensile damage model employs a failure criterion based on the strain energy associated 
with the positive part the effective stress tensor. This model is used to describe the behavior of very 
thin bands of strain localization, which are embedded in finite elements to represent multiple cracks 
that occur in the tensioned region [2]. The softening law establishes dissipation energy compatible 
with the fracture energy of the concrete. The reinforcing steel bars are modeled by truss elements 
with elastic-perfect plastic behavior. 
It is shown that the resulting approach is able to predict the different stages of the collapse 
mechanism of beams with distinct sizes and reinforcement ratios. The tensile damage model and the 
finite element embedded crack approach are able to describe the stiffness reduction due to concrete 
cracking in the tensile zone. The truss elements are able to reproduce the effects of steel yielding 
and, finally, the compressive damage model is able to describe the non-linear behavior of the 
compressive zone until the complete collapse of the beam due to crushing of concrete. The 
proposed approach is able to predict well the plastic rotation capacity of tested beams [3], including 
size-scale effects. 

1 INTRODUCTION 
The development of ductility is influenced 

by several parameters, which makes it difficult 
to create a predictive model that can fully 
describe the mechanical behavior of reinforced 
concrete (RC) beams. Increasing their ductility 
provides a greater margin of safety because it 
favors greater dissipation of energy during the 
process that precedes collapse. Thus, in 
structural design, it is extremely important to 

analyze plastic rotation capacity, seeking 
mainly to know and simulate as accurately as 
possible the nonlinear behavior of concrete in 
the compressed region.  

Aiming to represent nonlinear behavior, 
especially in compression, Carpinteri et al. 
[4,5] proposed a numerical model that 
represents the plastic rotation capacity of RC 
beams subjected to bending. The model is 
based on the concept of localization of 
deformation, which is able to represent the 
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crack growth and the crushing of concrete in 
the loading process. To represent the nonlinear 
behavior in compression, the compressed 
region is described according to the 
overlapping crack model, which describes the 
localization of deformation due to crushing 
failure by interpenetration of the material. 
Thus, the cohesive crack model is proposed to 
represent the behavior of concrete under 
tension and compression. The process of 
fracturing and crushing failure is completely 
localized in the central cross section 
representative of concrete in flexure. The 
stress-strain behavior in the central cross 
section is linear-elastic until the ultimate 
strength of the concrete is reached. The 
stresses in the cohesive zone are thus governed 
by functions that describe their evolution with 
the relative displacement of opening or 
interpenetration, returning a null value when 
the displacement reaches a critical value [4,5]. 

This work aimed to create a more general 
computational model to describe the nonlinear 
behavior and its influence on the ductility of 
reinforced concrete structures. The behavior of 
tensioned and compressed concrete is 
described by models based on Continuum 
Damage Mechanics [6], which has been used 
as an important tool to represent the state of 
degradation of quasi-brittle materials due to its 
relative simplicity, versatility and consistency 
[7]. 

The combined damage model proposed by 
[1] is used here to model the crack process in 
the tensioned region and crushing failure in the 
compressed region. The effect of crack 
formation is modeled using finite elements 
with embedded cracks, within the context of 
the Continuum Strong Discontinuity Approach 
(CSDA) [2,8-14], which has been applied 
successfully to cases in which structural 
nonlinearity arises predominantly from states 
of tension. To represent the nonlinear behavior 
of compression, we use an approximation of 
distributed cracks and a Drucker-Prager 
degradation criterion based on the effective 
stresses.  

The models are composed in series, 
applying first the compressive damage model, 
using purely elastic stresses as effective 

stresses. The stresses degraded by the 
compressive damage model are then treated as 
effective stress by the tensile damage model 
[1].  

The experimental tests reported by [3] were 
simulated numerically, seeking to predict the 
plastic rotation capacity of RC beams. The 
tension and compression reinforcement rate, as 
well as the beams’ dimensions, were varied in 
order to reproduce the size-scale effect 
evidenced in the experimental results. 

2 NUMERICAL FORMULATION 
The methodology used in this paper to 

describe the aforementioned numerical 
simulation of plastic rotation capacity is 
organized as follows:  

 First, we present the mathematical 
formulation for the compressive damage 
model. The model is formulated in the 
effective stress field, based on the Drucker-
Prager criterion, which was originally 
formulated in 1952 and resulted from the 
modification of the von Mises criterion so as 
to include the effect of hydrostatic pressure.   

 The tensile damage model is then 
described, whose degradation criterion is 
based on the strain energy of the positive part 
of the effective stress tensor [15,16]. The 
model is able to represent the formation of 
discontinuities in the displacement field in 
quasi-brittle materials. 

 An explanation is then given on the 
composition of the two models in series 
proposed by [1], where the strain degraded by 
the compressive damage model is treated as 
effective stress by the tensile damage model. 
This model, based solely on continuum 
damage mechanics, is able to represent the 
behavior of materials that exhibit different 
responses when subjected to tensile or 
compressive loads. The combined model can 
also deal with alternating loads (tension and 
compression), involving closing and reopening 
of existing cracks. 

 Lastly, a brief description is given of 
the formulation of finite elements with 
embedded cracks in the context of the 
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Continuum Strong Discontinuity Approach 
(CSDA) [2,11]. 

2.1 Compressive damage model 
The effective stress tensor can be divided 

into a volumetric and a deviatoric part, as 
follows: 

PSISσ +=⋅+= mσ (1) 

where S  is the deviatoric stress tensor, mσ  is 
the mean stress and I  is the second-order 
identity tensor and IP ⋅= mσ  is the volumetric 
stress tensor. 

When applying the damage variable, d , 
only to degrade the deviatoric stress tensor, the 
expression of the nominal stress tensor is 
given by: 

( ) ISσ ⋅+−= md σ1   

which can also be expressed as: 

Sσσ ⋅−= d  (2) 

Note that the deviatoric and volumetric 
parts of the nominal stresses are given, 
respectively, by ( )SS d−= 1  and =P P . 

The damage criterion can be expressed in 
the effective stress field as: 

( ) ( ), 0F r rτ τ= − ≤σ  (3) 

where the scalar variable τ  is defined as: 

( )σ S mτ ασ= +  (4) 

and r  is the internal variable of the strain 
type, which establish the size of the elastic 
domain in the effective stress field.                                                                                                      

In the nominal stress field, the damage 
criterion can be written by multiplying the two 
members of Eq. (3) by )1( d− , 

( ) ( ) ( )rqdrd mm =+−=+= σασατ 1Sσ (5) 

Based on Eq. (5), the damage variable can 
be written in terms of the internal variable of 
the stress type, ( )q r , which defines a 
hardening/softening law: 

( )
m

q r r
d

rασ
−

=
−

 (6) 

An initial value is defined for the damage 
threshold, 0r , as a function of the ultimate 
compressive stress, cσ : 

0
2
3 3 cr α σ

 
= −  
 

 (7) 

The evolution of the damage threshold can 
be expressed in closed form, always using the 
highest value reached by τ  during the loading 
process, i.e., ),max( τrr = . 

The evolution of the damage variable can 
be defined by establishing a linear hardening 
law:  

0 0( ) ( )q r H r r r= − +  (8) 

where H is the linear hardening parameter. 

2.2 Tensile damage model 
In this case, the effective stress tensor is 

decomposed into positive and negative parts 
(positive and negative components of the 
effective stress tensor, respectively), 

−+ += σσσ t  (9) 

where +σ  and −σ  are effective stress tensors 
containing, respectively, the principal tensile 
and compressive stresses: 

ii ppσσ ⊗〉〈=〉〈= ∑
=

+
3

1i
iσ  (10) 

where iσ  denotes the value of the i-th 
principal stress of tensor σ , ip  represents the 
unitary vector associated with the respective 
principal direction, and the symbol ⊗  denotes 
the tensor product. The symbol 〈⋅〉  represents 
the Macaulay function (returning the value of 
the expression when positive, and zero 
otherwise). 

The negative component of the effective 
stress tensor can be obtained as follows: 

+− −= σσσ  (11) 
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To establish the loading, unloading and 
reloading conditions, the damage criterion is 
defined by using the concept of effective 
tensile stress, 

( ) ( ) 0, ≤−= + ttttt rrF σττ  (12) 

where tτ  returns a scalar value as a function 
of the positive component of the effective 
stresses. The variable tr  establishes the 
damage threshold, controlling the size of the 
elastic domain in the space of the effective 
stresses. The damage threshold is bound by the 
surface ( ) 0, =ttt rF τ . 

The standard energy tensor is adopted:  

( )++−+ == σσ:C:σ 1 tt ττ  (13) 

where C  is the constitutive fourth-order 
isotropic elasticity tensor. 

The initial value of the damage threshold is 
expressed in terms of tensile strength, tσ , 

E
r tt σ

=0  (14) 

The evolution of the tensile damage 
variable is defined as a function of the damage 
threshold variable,  

( ) 









−

−=
t

t

r
rA

t

t
tt e

r
rrd 0

1
01  (15) 

which establishes an exponential softening 
law, in terms of the exponential softening 
parameter, A . 

Therefore, the constitutive law can finally 
be expressed as: 

( ) −+ +−= σσσ t td1   

or 
+⋅−= σσσ t td  (16) 

2.3 Combined damage model  
The models are composed in series, first 

applying the compressive damage model, 
using as effective stresses the purely elastic 
stresses, calculated from the strains, ε ,  

=σ C : ε  (17) 

The tensile damage model is then applied, 
admitting that the effective stresses for this 
model are the stresses degraded by the 
application of the compressive damage model, 
i.e.,  

t =σ σ  (18) 

Thus, the constitutive law for the combined 
model can be expressed as follows: 

( )( )σσ ΣΣ= t  (19) 

where  Σ  and tΣ  represent the constitutive 
relationships of the compressive and tensile 
damage models, respectively. 

2.4  Two-dimensional finite element with 
embedded localization band 

The effect of crack formation is modeled 
using finite elements with embedded cracks, 
within the context of the Continuum Strong 
Discontinuity Approach – CSDA. 

Figure 1 illustrates the finite element with a 
strain localization band, eS , where the 
formulation of the finite element with 
embedded crack starts from the imposition of a 
jump in the displacement field, [ ][ ]u , 
producing a relative movement of rigid body 
in the continuum region, eΩ , [2]. 

To represent the tensile fracture process, the 
nonlinear behavior in the region of strain 
localization (fracture process zone) is 
described according to the combined damage 
model, CΣ , with the exponential stress 
softening law. The continuum region is 
described according to the compressive 
damage model, Σ , based on the nonlinear 
behavior in compression. The surface forces in 
the region of strain localization must be in 
equilibrium with the calculated forces in the 
proximities (points in the continuum region 
bordering the strain localization region), i.e., 
the vector space of stresses should have:  

[ ][ ]( ) 0=uF   

    [ ][ ] [ ][ ] 0ˆˆ =

















−−


















−+ uMεΣuMNεΣN

ee

CT

llk
 (20) 
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The jump [ ][ ]u  in the element can be 
obtained by solving Eq. (20) for a given strain 
state by means of the Newton-Raphson 
iterative method [1]. 

 
Figure 1: Element with embedded localization band [2] 

3 RESULTS  
The plastic rotation capacity of RC beams 

is analyzed with the purpose of reproducing 
the experimental tests reported by [3].  

It was decided to begin by numerically 
simulating the experimental tests developed 
with beam B1, of length L=2000 mm, height 
h=200 mm and width b=100 mm, reinforced 
with 6-mm-diameter stirrups, with 150 mm 
spacing.  The longitudinal tensile, tρ , and 
compression reinforcement ratio, cρ , is 0.57% 
and 0.25% for the first test, 1.13% and 0.50% 
for the second test, and 1,71% for the third 
test, respectively. Table 1 presents the 
mechanical and geometrical parameters for 
beams B1, B2 and B3. A numerical analysis 
was then made of the experimental tests of 
beams B2 and B3 (see Table 1). Figure 2 
illustrates the geometric model and scheme of 
the tests, which, for reasons of symmetry, only 
had one half modeled. 

Figure 3 shows the finite element mesh, the 
distribution of the steel bars and stirrups, and 
the boundary conditions for the numerical 
model of the beam. The concrete is 
represented by triangular finite elements of 
three nodes, while the rebars are represented 
by linear elements of two nodes connected to 
the nodes of the solid elements. To obtain the 
structural curve (moment-rotation), the loading 
process was performed by controlling the 
vertical displacement of the loading point 
located in the central section (see Fig. 3).  

 

Table 1: Mechanical and geometric parameters  

 

 

 
Figure 2: Geometric model of the beam [3] 

The composite damage model was used to 
represent the nonlinear behavior of the 
concrete. The hardening/softening module 

01,0−=H  was used for the compression 
model, 0,1=B , and the exponential softening 
parameter of the tensile model 0, 025A = . 
The properties of the material used were: 
elastic modulus  34, 690E G P a= , Poisson’s 
coefficient 0, 2n = , tensile strength 

 2, 66t M P as =  and compressive strength 
 26, 60c M P as = . 

An elastic-perfectly plastic behavior was 
assumed for the steel. The properties of the 
material were: modulus  200, 0E G P a= , 
Poisson’s coefficient 0, 2n = , and yield 
strength  562, 0y M P as = .  
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Figure 3: Finite element mesh, geometric distribution of 

the steel bars and stirrups, and boundary conditions of 
the beam  

The crack pattern of beam B1-1.13 (beam 
B1 with longitudinal reinforcement ratio of 
1.13%) obtained numerically is depicted in 
Figure 4, which shows the lines of embedded 
cracks and an overview of the variable of 
tensile damage.   

 
Figure 4: Crack pattern shown by lines of embedded 

cracks and by the tensile damage variable of  
beam B1-1.13 

Figure 5 shows the moment vs. rotation 
curves for the different reinforcement ratios. 
Note that the numerical results reproduce well 
the experimental behavior characterized by a 
reduction in ductility in response to increasing 
longitudinal reinforcement.  

An important factor in modeling is the 
ability to represent the crushing failure of 
concrete, which in fact defines the maximum 
rotation that can be achieved after ultimate 
yield strength of the tension reinforcement is 
reached. Figure 6 shows the compressive 
damage at the end of the analysis of the beam, 
when the compressed region undergoes 
crushing failure, which is characterized by a 
wedge slip mechanism delimited by shear 
bands. Figure 7 illustrates the different phases 
of the structural behavior. 

 
Figure 5: Moment vs. rotation curve, comparing the 

structural responses obtained numerically and 
experimentally 

 
Figure 6: Crushing of the concrete due to compression 

in the beam (compressive damage variable) 
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Figure 7: Phases of the structural behavior  

(B1, 71,1=tρ ) 

Figures 8 and 9 show the structural 
responses of moment vs. rotation of the tests 
developed with beams B2 and B3 with 
different reinforcement ratios (see Table 1). In 
general, the numerical results efficiently 
simulated the experimental tests developed by 
[3].  Varying the reinforcement ratio for beams 
B2 and B3 produced results similar to those of 
beam B1, since increasing the tension ratios 
led to a considerable increase in strength and a 
decrease in ductility. Therefore, it was found 
that increasing the dimensions of the beam led 
to a significant increase in strength but a loss 
in ductility (Fig. 10). 

Thus, over-reinforced or oversized beams 
gain in strength, but with a loss in ductility, 
caused by crushing failure of the concrete in 
the compressed region, even before the 
tensioned steel begins to yield. 

Lastly, the results of the experimental 
investigation carried out by [3] clearly indicate 
the size-scale effect of the beam in ductility 
after reaching the elastic limit, presenting a 
gain in strength and a loss in ductility in 
response to increasing beam dimensions. In 
addition, the numerical investigation 
demonstrated that the combined model 
proposed for modeling the plastic rotation 
capacity is able to simulate this phenomenon 
efficiently. 

 
 
 
 

 
Figure 8: Moment vs. numerical and experimental 

rotation curve for beam B2 

 

 
Figure 9: Moment vs. numerical and experimental 

rotation curve for beam B3 
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Figure 10: Moment vs. numerical and experimental 

rotation curve for beams B1, B2 and B3, for the same 
tensile reinforcement ratio ( 57,0=tρ ) 

4 CONCLUSIONS 
In this study a numerical analysis was 

developed by the finite element method of 
plastic rotation capacity in RC beams, using a 
model based solely on continuum damage 
mechanics (combined damage model). The 
combined model is able to represent the 
structural nonlinearity resulting from the 
fracture process of concrete in the tensioned 
region, using finite elements with embedded 
cracks, in the context of Continuum Strong 
Discontinuity Approach, and the crushing 
failure of concrete in the compressed region, 
which are phenomena that normally occur in 
reinforced structural elements. 

Both the experimental and numerical results 
demonstrate the importance of the effect of 
compression (compressed region of the beam) 
on the ductile capacity of the RC beam, since 
the structure collapses at high tension 
reinforcement ratios when it reaches its 
ultimate compressive strength (strain domain 
4). For small tension reinforcement ratios 
(typically reinforced or under-reinforced 
beams corresponding to strain domains 2 and 
3), the steel’s yield stresses are reached when 
the compressive stresses in the compressed 
zone are still well below the compressive 
strength of the concrete. In such cases, the 
beam develops large strains before it collapses.  
 

5 ACKNOWLEDGMENTS 
The first author gratefully acknowledges 

CAPES (Brazil’s Federal Agency for the 
Support and Improvement of Higher 
Education) for a doctoral grant; the second 
author acknowledges the support of 
FUNDUNESP (Foundation for the 
Development of UNESP); and the third, fourth 
and fifth authors acknowledge FAPESP (São 
Paulo Research Foundation) for granting a 
doctoral and a postdoctoral fellowship.  

6 REFERENCES 
[1] Manzoli, O.L., Rodrigues, E. A. and 

Gamino, A. L., 2010. Simulação do 
comportamento não linear de materiais 
quase-frágeis via elementos finitos com 
fissura embebida. Revista Internacional 
de Métodos Numéricos para Cálculo y 
Diseño en Ingeniería 27: 117-128. 

 
[2] Manzoli, O.L. and Shing, B., 2006. A 

general technique to embed non-uniform 
discontinuities into standard solid finite 
elements. Computers and Structures 
85:742-757. 

 
[3] Bosco C. and Debernardi P. G., 1992. 

Experimental investigation on the ultimate 
rotational capacity of R.C. beams. Report 
no. 36, Atti del Dipartimento, Politecnico 
di Torino, Ingegneria Strutturale. 

 
[4] Carpinteri, A., Corrado, M., Mancini, G. 

and Paggi, M., 2009. A numerical 
approach to modelling size effects on the 
flexural ductility of RC beams. Materials 
and Structures 42:1353-1367. 

 
[5] Carpinteri, A., Corrado, M., 2010. 

Dimensional analysis approach to the 
plastic rotation capacity of over-reinforced 
concrete beams. Engineering Fracture 
Mechanics 77:1091-1100. 

 
[6] Lemaitre, J., Chaboche, J.L., 1985. 

Mechanics of solid materials. Cambridge: 
University Press. 

 

1582



Eduardo A. Rodrigues, Osvaldo L. Manzoli, Túlio N. Bittencourt, Luís A. G. Bitencourt Jr. and Plínio G. C. dos Prazeres 
 

 9 

[7] Lemaitre, J., 1992. A course on damage 
mechanics. Springer-Verlag. 

 
[8] Oliver, J., 1996. Modeling strong 

discontinuities in solid mechanics via 
strain softening constitutive equations. 
part 1: Fundamentals. Int. J. Num. Meth. 
Eng. 39(21):3575-3600. 

 
[9] Oliver, J., 1996. Modeling strong 

discontinuities in solid mechanics via 
strain softening constitutive equations. 
part 1: Fundamentals. part 2: Numerical 
Simulation. Int. J. Num. Meth. Eng. 
39(21):3575-3600. 

 
[10] Oliver, J., 1996. Modeling strong 

discontinuities in solid mechanics via 
strain softening constitutive equations. 
part 2: Numerical Simulation. Int. J. Num. 
Meth. Eng. 39(21):3601-3623, 1996. 

 
[11] Oliver, J., Cervera, M. and Manzoli, O., 

1999. Strong discontinuities and 
continuum plasticity model: the strong. 
discontinuity approach. international 
journal of plasticity 15: 319-351. 

 
[12] Oliver, J.,2000. On the discrete 

constitutive models induced by strong 
discontinuity kinematics and continuum 
constitutive equations. Int. J. Solid Struct. 
37: 7207–7229. 

 
[13] Oliver, J., Linero, D., Huespe, A. and 

Manzoli, O.L., 2008. “Two dimensional 
modeling of material failure in reinforced 
concrete by means of a continuum strong 
discontinuity approach. Comput. Methods 
Appl. Mech. Eng. 197: 332-348. 

 
[14] Manzoli, O. L., Oliver, J., Huespe, A. E. 

and Diaz, G., 2008. A mixture theory 
based method for three dimensional 
modeling of reinforced concrete members 
with embedded crack finite elements. 
Computers & Concrete – An International 
Journal 5(4): 401-416. 

 

[15] Simo, J.C. and Ju, J.W., 1987. Strain- and 
stress-based continuum damage models – 
I. Formulation, Int. J. Solids Structures 
23: 821-840. 

 
[16] Cervera, M., Oliver, J. and Manzoli, O., 

1996. A rate-dependent isotropic damage 
model for the seismic analysis of concrete 
dams. Earthquake Engineering and 
Structural Dynamics 25:987-1010. 

 
 
 
 
 
 
 
 
 

1583



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures

FraMCoS-8

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds)

SOME ISSUES ON PREDICTION OF MASSIVE STRUCTURES CRACKING

AT EARLY AGE

A. HILAIRE∗, F.BENBOUDJEMA∗, A.DARQUENNES∗, Y.BERTHAUD† AND G.NAHAS‡

∗LMT/ENS Cachan
61 Avenue du Président Wilson, 94230 Cachan, FRANCE.
e-mail: hilaire,benboudjema,darquennes@lmt.ens-cachan

†Université Paris 6
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Abstract. At early age, massive structures are prone to thermal cracking and may be damaged by

the restraint of the thermal strain. Thermal and mechanical analysis have to be relevant to perform

reliable numerical simulations. However, some uncertainties still remains: for instance, the values of

the creep’s compliance differed in the literature. Creep strains modeling is performed by a rheological

model, the evolution of hydration, the long term viscoelasticity and the asymmetry of the behavior

between tension and compression are taken into account. The influence of this dissymmetry is as-

sessed throughout the casting of a massive wall on a raft foundation. The results show that the final

damage field is highly dependent on the value of this dissymetry.

1 INTRODUCTION

The extension of the lifespan of nuclear

plants (beyond 40 years) is a persistent question

of France energy policy. The serviceability of

the containment building beyond the expected

operating life is a controversial subject. This

structure is the last barrier of security and has

to be completely sealed. A relevant prediction

of the cracking state is needed to evaluate the

impact of the ageing on the containment.

Cracking may occur at the early age and induces

a reduction of the durability of the structure.

For instance, during the casting process, tensile

stresses are generated at the construction joint

because of the restraint caused by the previous

lift. Chemical and environmental phenomenons

drive the development of the volume changes in

concrete: the exothermic cement hydration re-

actions generate thermal strains and autogenous

shrinkage happens simultaneously.

Tensile creep has to be considered to have a cor-

rect estimation of the stress state in concrete [2].

However, there is still a lot of uncertainties on

the compliance of concrete’s creep. According

to some experimental results, the creep behav-

ior seems to be different in tension and com-

pression [8] [12] [11] [7] [1] [14] [6] [15](Fig.

1). This distinction is usually not taken into ac-

count, to the author’s knowledge. The objective

of this study is to underline the influence of this

dissymetry on the early-age cracking of mas-

sive structures. The sealing of the damaged ar-

1
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eas may be partially restored thanks to the pre-

stressing operation and the relaxation of con-

crete. However, they remains weakness areas

in case of an accident.
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Figure 1: Compressive basic creep divided by tensile ba-

sic creep

2 MECHANICAL AND CHEMO-

THERMAL MODELING

For each part of the modeling, the governing

equations are described and the choice of the

parameters is done by comparison with experi-

mental data. These date are obtained from the

concrete used for the casting of two reinforced

concrete wall [2].

2.1 Chemo-thermal modeling

It is well known that the cement hydration is

exothermic and thermo-activated. The kinetics

of the hydration reaction is described thanks to

an Arrhenius law (Eq. 1) in which ξ is the hy-

dration degree, Ea is the activation energy, R is

the constant of perfect gaz, T is the temperature

and Ã(ξ) is the normalized affinity [16].

ξ̇ = Ã(ξ)exp(−
Ea

RT
) (1)

The evolution of the temperature is governed by

the thermal diffusion equation (Eq. 2) where L

is the latent heat of hydration, kth is the thermal

conductivity and C is the heat capacity.

CṪ = ∇(kth∇T ) + Lξ̇ (2)

The thermal strain ǫth is proportional to the tem-

perature variation thanks to the thermal expan-

sion coefficient αth (Eq. 3).

˙ǫth = αthṪ l1 (3)

The values of the different parameters are sum-

marized in the table 2.1 and the normalized

affinity is plotted on the figure 2.

Table 1: Thermal parameters

kth(W.m−1.K−1
) 3.05

C(J.m−3.K−1
) 2400

L(J.m−3
) 154.7 10

6

Ea/R(K−1
) 4400

αth(K
−1

) 12 10
−6

10

20

30

40

50

0.25 0.50 0.75 1.00
ξ

Ã(ξ)

Figure 2: Evolution of the normalized affinity Ã(ξ) ver-

sus the hydration degree ξ

2.2 Modeling of basic creep

Rheological model Several explanations are

proposed to explain the difference between ten-

sile and compressive creep: microcracking [15],

debonding at the paste-aggregate interface [3],

the elastic modulus is different in tension and in

compression [7]. A one-dimensional rheologi-

cal model with only 4 parameters is proposed

to predict creep strains (Fig. 3(a)). The sys-

tem of equations (Eq. 4) presents its governing

equations and creep strains under a loading of

| σ |= 1MPa are plotted on the figure 3(b)

where kbc is kept constant and η = kbcτ . There-

fore, only 4 parameters (for 1 Kelvin-Voigt unit

2
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and 1 dashpot unit) need to be identified to es-

timate creep strains in concrete, from early-age

to long term, including the partial recovery and

the asymmetric behavior tension/compression.

˙ǫbc = ˙ǫkv + ˙ǫam (4a)

˙ǫkv =
σ̇ − ˙σea

kbc (ξ)
(4b)

˙ǫkv =
σea

η
(4c)

˙ǫam = α
< σ >+

ηa(t)
+

< σ >−

ηa(t)
(4d)

This system of equations leads to a second-

order differential equation (Eq. 5).

σ̇

kbc
= τ ¨ǫkv + (1 +

˙kbc
kbc

τ) ˙ǫkv (5)

k

η

σ

ε
εe εa

ηa(t) 

σe

σea

(a) 1D model
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Figure 3: The proposed model for concrete creep

The system 4 can be extented to a three di-

mensionnal problem thanks to the relationships

6 where νc is creep Poisson’s coefficient.

ǫ̇bc = ǫ̇kv + ǫ̇am (6a)

ǫ̇kv =
1 + νc

kbc
σ̇e −

νc

kbc
trσ̇e l1 (6b)

ǫ̇kv =
1 + νc

η
σea −

νc

η
trσea l1 (6c)

ǫ̇am =
1 + νc

kbcτ
�σα� −

νc

kbcτ
tr�σα� l1 (6d)

σα = PDαP
−1 (6e)

Dα = �D�− + α�D�+ (6f)

Evolution of the parameters The parameter

kbc of the Kelvin-Voigt chain is linked to de-

gree of hydration ξ according to the relation-

ships proposed by [9]:

kbc(ξ) = k∞
0.473

2.081− 1.608ξ
ξ
0.62

(7)

in which k∞ is the final stiffness of the spring,

and ξ is defined by the equation 8.

ξ = [<
ξ(t)− ξ0

ξ∞ − ξ0
>+]

0.6 (8)

where ξ0 is equal to 0.1, it is the mechanical per-

colation threshold, over this degree of hydration

concrete begins to perform like a solid. ξ∞ is

the final hydration degree.

Identification of basic creep parameters

The modeling is validated against a work done

by M.Briffaut [6], creep tests at early age have

been conducted in compression and in tension

at different age of loading. Strain evolutions

predicted by the parameters in the table 2.2 are

plotted on the figure 4.

Table 2: Basic creep parameters

k∞(GPa) 160

τ(h) 3

ηa(GPa) 42

α 1.69

3
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Figure 4: Comparison between simulated (thick lines)

and experimental evolutions of strains from [6]

2.3 Modeling of autogenous shrinkage

The autogenous shrinkage ǫau is a conse-

quence of the Le Chatelier contraction, so it is

strongly linked to the degree of hydration. The

measurement of its amplitude does not meet a

general consensus. Indeed, depending on the

used method very different results can be ob-

tained for a same concrete [5]. The modeling is

compared to the experimental results (Fig. 5)

obtained thanks the device BTJADE [4]. An

expansion is measured at the beginning of the

hydration.

−0.01

−0.02

−0.03

−0.04

0.01

0.02

0.25 0.50 0.75 1.00
ξ

ǫre(10
−3)

Figure 5: Evolution of ǫau versus the hydration degree

2.4 Elastic-damage behavior

Elastic model The elastic Poisson ratio ν and

the Young modulus E are related to the degree

of hydration thanks to the relationships (Eq.

2.4) proposed in [10] where ν∞ is the final Pois-

son ratio, ν0 is the Poisson ratio when concrete

is still liquid, E∞ is the final Young modulus

and β is a constant. The elastic parameters are

given in the table 2.4. The creep Poisson ratio

νc is assumed equal to the elastic one.

ν(ξ) = ν0e
−10

ξ

ξ∞ + (ν∞ − ν0e
−10)sin

(
π

2

ξ

ξ∞

)

(9a)

E(ξ) = E∞�
ξ − ξ0

ξ∞ − ξ0
�β+ (9b)

Table 3: Elastic parameters

ν∞ 0.2

ν0 0.5

E∞(GPa) 32

β 0.62

Elastic-damage model A classical elastic

damage modeling is used, the decrease of the

stiffness in tension is governed by the equation

10 in which the damage variable D ,the effec-

tive stress tensor σ̃ and the total strain tensor ǫ

are introduced.

σ = (1−D)σ̃ (10a)

˙̃σ = E(ξ)(ǫ̇− ǫ̇bc − ǫ̇au − ǫ̇th) = E(ξ)ǫ̇el
(10b)

The evolution of the damage variable is cal-

culated according to following relationships

where the Mazars’ strain ǫ̃ is introduced [13] [2]

and κ0 is the tensile strain threshold:

ǫ̃ =
√
�ǫel�+ : �ǫel�+ (11)

if ǫ̃ > κ0 then :

D = 1−
κ0

ǫ̃
((1 + At)exp(−Btǫ̃)− Atexp(−2Btǫ̃))

if ǫ̃ ≤ κ0 then :

Ḋ = 0

(12)

The tensile strain threshold is a function of the

hydration degree ξ according to the equation 13

4
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in which f t
∞ is final tensile strength of the con-

crete.

κ0(ξ) =
ft(ξ)

E(ξ)
=

f∞
t ξ

γ

E(ξ)
(13)

In order to avoid mesh dependency, a character-

istic length lc is introduced and correlated to the

fracture energy Gft and to the dissipated energy

density gft at failure in tension (Eq. 14).

gft =
Gft

lc
(14)

The fracture energy is function of ξ (Eq. 15) and

the dissipated energy is calculated according to

the equation 16.

Gft(ξ) = G∞
ftξ

γ
(15)

gft(ξ) = ft(ξ)

(
(1 + At/2)

Bt

)
(16)

The damage parameters are given in the table

2.4.The lack of experimental data leads to take

usual values for these parameters.

Table 4: Damage parameters

f∞
t (MPa) 2.5

Gft(J.m
−2

) 48

At 1

γ 0.46

3 INFLUENCE OF THE CREEP

DISSYMETRY ON THE STRESS

STATE

A review of literature shows that there is not

any consensus on the basic creep dissymetry

(Fig.1). Even if the different works have

been done under very different testing condi-

tions (age of loading, curing, mix of concrete,

samples’ geometry), the influence of this dis-

symetry will be discussed based on the study of

a massive wall poured on a raft foundation.

The data from M. Briffaut [5] are taken as a ref-

erence, in first approach, the ratio of the com-

pressive basic creep divided by the tensile ba-

sic creep can be three times higher [15] or three

times lower [11] than this reference. To take

into account these fluctuations, the coefficient

α is multiplied accordingly.

Because of the symmetry of the problem, only

one half of the studied structure is presented on

the figure 6 and plane strain conditions are as-

sumed, since the lenght of the wall is equal to

30 m. For the thermal problem, a Newton’s

law for the heat exchange is assumed on the red

faces (h = 10 W.m−2.K−1) and the temper-

ature T = 7◦C is imposed on the blue faces.

The initial temperatures T i
wall and T i

foundation

are presented on the figure 6. The mechanical

behavior of the foundation is assumed elastic

with a Young modulus E = E∞.

Text = 10°C

Ti
wall = 20°C

Ti
foundation = 7°C

60

120

72

190

C B

y

x

Figure 6: Geometry of the wall

3.1 Elastic simulation with creep

In this part, the structure remains elastic,

there is not any damage. The influence of the

parameter α is studied, the choice of the param-

eters is based on the work done by M. Briffaut

(Tab. 2.2). The analysis is done for the elastic

case without creep and for three different val-

ues of α: α = 1.69
3

, α = 1.69, α = 1.69 × 3.

The evolution of the stresses σzz and σyy at the

centre (point C) and at the surface (point B) of

the structure are plotted on the figure 7 and 8 .

5
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Figure 7: Evolution of the stresses σzz versus time at the

centre (thick lines) and at the surface (dashed lines)
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Figure 8: Evolution of the stresses σyy versus time at the

centre (thick lines) and at the surface (dashed lines)

As expected, creep relaxation has to be con-

sidered to not overestimate the residual stresses

at the end of the early age. On the figure 7, the

influence of the coefficient α is underlined, high

values for α leads to a decrease of the stresses

in the concrete when it is under tension. The

evolution of the stress σyy on the figure 8 is a

consequence of the temperature gradient along

the horizontal axis
−−→
gradxT , the impact of α is

less highlighted. Contrary to the evolution of

σzz, the value of α bears on the compressive and

the tensile state: the restraint is total along the
−→z axis when the partial restraint caused by the

gradient of temperature
−−→
gradxT is reduced by

creep.

3.2 Elastic-damage simulation with creep

Now, the damage variable is introduced, the

influence of the parameter α on this variable is

studied. The figure 3.2 shows the damage field

for three values of α at the end of the early

age (one month after the casting of the con-

crete). Several significant cracks have been re-

ported after the construction of the wall in the

central and the interfacial areas. However, the

plane strain condition overestimate the restraint

along the −→z direction and as well the damage

is . As previously mentioned, the impact of the

value of α is significant, the final damage field is

hugely dependent on it. For α = 1.69
3

, the struc-

ture is severely damaged when for α = 1.69×3,

the structure remains sound.

(a) Without creep (b) α =
1.69
3

(c) α = 1.69 (d) α = 3× 1.69

Figure 9: Damage field at the end of the early age for

different values of α

4 CONCLUSION

Most of the published works shows that there

is not any consensus about the influence of the

loading on the creep ’s compliance. To take

6
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account this possible dissymetry, a one dimen-

sional modeling is proposed thanks to the pa-

rameter α, a creep Poisson’s coefficient is intro-

duced to analyze massive structures. The cho-

sen modeling is characterized by its simplic-

ity and its ability to introduce a difference be-

tween compression and tension. Comparisons

with experimental data are satisfying.

A massive structure is studied at the early-age,

several values of α are used to convey the un-

certainty about this parameter. The results show

that the creep’s consequences on the behavior of

the wall are strongly dependent on it. Indeed,

the final damage field is severely damaged if

the compressive creep is higher than the tensile

creep but it remains close to zero for an inverse

dissymetry.

A numerical analysis of a typical massive struc-

ture at early age make evident the importance of

a better understanding of creep characteristics.

More experimental tests are needed to fill this

gap of knowledge.
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Abstract. This paper presents a crack model that couples the benefits of the damage mechanics
approach and the extended finite element method (XFEM). A local crack-tracking technique is devel-
oped to propagate a crack pattern along a single row of finite elements as a function of the equivalent
principal stress direction. The level-sets are computed to predict the crack path and with the use of
continuum damage mechanics, the path is corrected. Once a certain level of damage is reached inside
an element, the level-sets computed previously are used to apply the XFEM formulation with Heavi-
side function within this element introducing a discontinuity in the displacement field. The three point
beam tested by Bažant and Pfeiffer, the shear beam with single notch tested by Arrea and Ingraffea
and the tension-shear specimen tested by Nooru-Mohamed are used for the validation of the proposed
model that is targeted to be used shortly in dam safety application.

1 Introduction

The effect of cracks on the structural be-
haviour of concrete dams is a problem of grow-
ing interest, which is greatly stimulated by dam
ageing. Indeed, the presence of cracks in a
dam can be a source of uncertainty regarding
its durability, functional operation, and struc-
tural stability. A dam with a state of signif-
icant cracking and showing signs of distress
may in a particular case such as an earthquake
or a flood creates a major disaster. To decide

whether the structure needs rehabilitation, one
must compute efficiently if the cracks present
a real issue for the stability of the structure.
The method used to model crack initiation and
propagation must be robust and must take into
account the particularities that cracks have in
hydraulic structures such as pressurized water
penetration.

This paper presents a crack model that cou-
ples the benefits of the damage mechanic ap-
proach and the extended finite element method

1
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(XFEM) [1]. Beside the use of the regular-
ized XFEM model [2], XFEM models pre-
sented to date used most often a linear elastic
fracture mechanics (LEFM) approach to enrich
the crack tip. Although large concrete struc-
tures like dams are often cited as possible can-
didates for application of LEFM models, there
are severe limitations to this approach because
of the extent of the fracture process zone (FPZ)
in relation to the size of the structure. Herein,
the proposed constitutive models makes use of
the non linear fracture mechanics (NLFM) ap-
proach in the FPZ by using a classical dam-
age mechanics approach and makes the transi-
tion to XFEM when the concrete has reached
a certain level of damage. The transition from
NLFM to XFEM may also be interpreted as
the time when coalescence of micro-cracks oc-
curs to give a true discrete crack. Hence, the
use of the damage mechanics approach in the
FPZ does not require special crack tip enrich-
ment based on stress intensity factors and frac-
ture toughness material properties difficult to
define. Damage mechanics gives a predictor
for the crack path and helps compute level set
functions. The XFEM formulation with sim-
ple Heaviside function enrichment in the com-
pletely open region avoids the shear locking
phenomenon often observed with smeared type
models. Moreover, it does not require remesh-
ing and the mechanical crack mouth opening
displacement (CMOD) can be computed accu-
rately for hydro-mechanical coupling.

2 Continuum damage model
The benefit of a continuum damage approach

is the possibility to model areas where the dam-
age causes a multitude of micro-cracks that are
not necessarily localized. A good example of
this phenomenen is the damage caused by ther-
mal gradients on the surface of a structure. The
damage is present, but often no dominant crack
grows. This kind of behaviour would be very
complex to model with the XFEM. If damage is
localized, then prevailing crack grows and the
XFEM can adequately model the crack. An-
other benefit of the continuum damage model

is its ability to efficiently predict and adjust ini-
tial predictions of crack directions during their
evolutions.

The rotating anisotropic damage model con-
sidered in this paper is similar to that presented
by Gunn [3]. The effective stress σ̄ for an
isotropic damage model is defined as:

σ̄ = (1− d)σ (1)

where σ is the total stress and d is the scalar
damage index that is equal to zero when the ma-
terial is undamaged and to one when it is com-
pletely damaged. In the case of an anisotropic
formulation, the damage index is given by a ten-
sor and can be written in the following form:

σ̄ = M
−1

: σ (2)

with M the damage tensor. The total stress σ

is computed in terms of the elastic stress-strain
relationship:

σ = C0 : ε (3)
with C0 the usual linear-elastic constitutive ten-
sor. In the case of a damaged material, the
stress-strain relationship is given by:

σ = Cd : ε (4)

where Cd is the damaged constitutive tensor.
Using the previous relations, the damaged con-
situtive tensor can be evaluated as follows:

Cd = M
−1

C0 (5)

To keep the damaged constitutive tensor symet-
ric, one can, with the principle of energy equiv-
alence [4], replace it by a symetric tensor given
by:

Cd = M
−1

C0

(
M

−1
)
T (6)

Damage is initiated when a tensor norm is
greater than the initial threshold r0. The ten-
sor norm must take into consideration the be-
haviour of concrete in tension and compression.
Thus, one suitable norm that takes into consid-
eration the effect of compressive strains and de-
fined as the equivalent strain τ̄ , as proposed by
Ghrib [5], can be written as follows:

τ̄ =

√√√√ 2∑
i=1

(
〈εi〉2 +m〈−εi〉2

)
(7)

2
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where εi are the principal strains, with 〈. . . 〉
the Macaulay brackets: 〈εi〉 = εi if εi > 0,
〈εi〉 = 0 if εi < 0 and m is introduced to con-
sider that the effect of compressive strains are
smaller than tensile strains and is defined by:

m =

(
f ′
t

f ′
c

)2

(8)

with f ′
t , the tensile strength and f ′

c the compres-
sive strength. The damage evolution function is
given by:

d = 1−

√
r0

τ̄
exp (−C (τ̄ − r0)) (9)

The initial threshold is defined in terms of the
tensile strength and the elastic modulus:

r0 =
f ′
t

E0

(10)

with E0, the elastic modulus and C is given by
the relation:

C =
2

r0

(
2GfE0

lrvef
2
t

− 1

) ≥ 0 (11)

where Gf is the fracture energy and corre-
sponds to the area under the stress-strain curve,
lrve the representative volume element charac-
teristic length. The damage evolution is based
on the principal strains exceeding the damage
threshold r0 :

• if ε1 > r0 then d1 = d

• if ε2 > r0 then d2 = d
(12)

Now the anisotropic damage tensor can be de-
fined by:

M =




1
1−d1

0 0

0
1

1−d2
0

0 0 β


 (13)

with β =

√
1
2

(
1

(1−d1)
2 +

1
(1−d2)

2

)
. Damage in

either of the principal directions leads to a re-
duction of shear resistance by the coefficient β
similar to that found in smeared crack models.

The damage tensor is valid in the local reference
frame (aligned with the principal strains direc-
tions). Hence, in the global reference frame,
this tensor must be rotated by the transforma-
tion matrix given by:

T =




l21 m2
1 l1m1

l22 m2
2 l2m2

2l1l2 2m1m2 l1m2 + l2m1


 (14)

with the direction cosine ε1 = {l1, m1}, ε2 =
{l2, m2}. The transformation from the local to
the global reference frame of the damaged con-
stitutive tensor is given by:

C
(g)
d = T

T
C

(l)
d Tl (15)

Finally, it is considered that the damage is dis-
tributed on a representative volume element lrve.
Therefore this measure is given by the relation:

lrve =
2

√
Ve =

2

√√√√
nint∑
i=1

wi det i (16)

with Ve the element volume, nint the number of
integration points, w the weight and det the de-
terminant associated with the Gauss point. Sim-
ilarly, the equivalent strain τ̄ is averaged over
the volume and is given by:

τ̄av =

nint∑
i=1

τ̄iwi det i

nint∑
i=1

wi det i

(17)

3 XFEM representation of the discontinu-
ity

In contrast with the continuum damage
model where the damage is distributed over a
representative element volume, the XFEM al-
lows to represent a discontinuous displacement
field across a localized crack. Thus, when the
coalescence of micro-cracks occurs a true open
discrete crack can be well represented with the
XFEM. The basis of this method is related to
the concept of partition of unity [6] to enrich
the finite element method. A partition of unity

3
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in a domain Ω is a set of functions ϕI(x) such
that: ∑

∀I

ϕI(x) = 1, ∀x ∈ Ω (18)

The property of a partition of unity is that any
function ψ(x) can be reproduced by a product
of the partition of unity function with ψ(x).
So the standard finite element approximation
can be enhanced by introducing additional un-
known aI to the problem:

uh(x) =
∑
∀I

NI(x)uI

︸ ︷︷ ︸
uEF

+
∑
∀I

ϕI(x)ψ(x)aI

︸ ︷︷ ︸
uenr

(19)
with Ni the standard shape functions of the fi-
nite element method and uI the standard de-
grees of freedom of the problem. The first part
of the right hand side of equation (19) repre-
sents the approximation of the standard finite
element method, while the second part is the
enrichment. The nodal values aI are the ad-
ditional degrees of freedom that adjust the en-
richment so that they approximate the func-
tion ψ(x). In the partition of unity finite ele-
ment method (PUFEM) [6] the enhancement is
global while in contrast the XFEM [1] uses a lo-
cal partition of unity, that is enrichment is added
only if required.

To represent a strong discontinuity such as
a crack, the Heaviside function can be used for
ψ(x):

H(z) =

{
1, z > 0
0, else

(20)

The displacement approximation is given by:

uh(x) =
∑
∀I

NI(x)uI +
∑
J∈SH

NJ(x)

[H(f(x))−H(f(xJ))] aJ

(21)

where SH represents the set of nodes that
are enriched because the discontinuity passes
through the element they are attached to and xJ

is the position of node J
For elements cut by the crack, the jump in

the displacement field across the crack Γd is

thus given by the equation:
[
|uh(x)|

]
Γd

=
∑
J∈SH

NJ(x)aj , x ∈ Γd (22)

In equation (21) the enrichment function is
shifted so that the product of the shape func-
tion NI and the enrichment function cancels out
at each node, as proposed in the reference [7]
Therefore, only those elements that are crossed
by the discontinuity should be treated differ-
ently.

Another enrichment can be used for the
crack tip but as these functions are based on
LEFM, they will be omitted in this paper. In-
stead, the crack tip will always be located on
the edge of an element and the stress field be-
yond the tip will be computed with the contin-
uum damage model (micro-cracks in the FPZ).

4 Crack tracking technique
The prediction of the crack direction for

crack propagation is an important key to have a
successful model. To avoid the lack of crack lo-
calisation, the solution algorithm must promote
it to develop along a minimal number of finite
element rows. Thus the crack tracking tech-
nique must indicate the finite elements that can
potentially be crossed by a crack. The position
of the crack within the element can be evaluated
with level-sets [8]. This ensures the continuity
of the crack between the elements and once the
level of damage has reached a certain thresh-
old, these level-sets can directly be used for the
XFEM formulation.

4.1 Location of a new potential crack root
We first make the assumption that cracks ini-

tiate along boundaries. Thus a potential crack
root can be identified on the boundary mesh by
a tensile energy criterion similar to that of ref-
erence [9]:

1

2
σ1ε1 ≥ γU0 (23)

where γ is a threshold factor to identify poten-
tial elements. If γ is close to one, then more
Newton iterations will be required for conver-
gence in a load step because the crack will ad-
vance element by element. In the other hand, if

4
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γ is set too low, many elements will be identi-
fied and there is a chance that the crack diffu-
sion will be high. Numerical experiments has
shown that γ = 0.85 works well. When multi-
ple elements on the boundary exceed the crite-
rion, the one that has the greatest tensile energy
is selected as the crack root for that iteration.
Once a root element is selected, the coordinates
of the crack origin o(x, y) must be computed.
We make the assumption that the origin is lo-
cated at the center of the element edge located
on the boundary. If more than one edge is in
contact with the boundaries, the centroid of the
element is selected as the origin. Knowing the
origin point and the crack normal �n, the level-
set φ can be defined. In this paper the princi-
pal equivalent stress (similar to the equivalent
strain given by the relation (17) direction cosine
is taken as the crack normal direction. Thus a
plane passing through point o(x, y) and with a
normal �n is defined by the equation:

d = −�n · o(x, y) (24)

The level-set, defined by the signed distance
(point-plane distance) can be evaluated for all
the potential root element nodes. For example,
at node i with coordinates p(x, y) the signed
distance is given by the relation:

φi =
�n · p(x, y) + d

||�n||
(25)

4.2 Potential crack propagation
Now that the root element is found, its level

set at every nodes computed, the identification
of the potential crack path can be defined. The
neighbour element whose edge respect the con-
dition min(φi) × max(φj) < 0 is selected (its
minimal level-set times its maximal one is less
than zero). If this neighbour element energy
threshold (23) is exceeded, than the element
nodes level-sets not already computed can be
evaluated similarly to that previously defined.
Particular attention must be taken to scale the
level-sets at these nodes. The signed distance is
evaluated by the point-plane distance. Hence,
the element nodes do not necessarily lie at the

same signed distance of two different planes.
Consequently, the ratio of the level-set at a node
already defined with the level-set it would have
if it would be computed with the new plane is
the scaling factor to apply on the newly defined
level-set for this element. The potential crack
propagation can be cycled until all the element
in the neighbourhood of the crack tip do not re-
spect the threshold defined in equation (23).

4.3 Maximum curvature criterion
Similar to that in reference [10], a maxi-

mum curvature criterion is introduced to cor-
rect spurious changes in propagation direction.
If the current considered element crack normal
�ne makes an angle larger than αmax with the
normal of the previous element �np considered
along the crack path, then the modified normal
�nm of the current element is defined as:

[
(nm)x
(nm)y

]
=

[
cos(α) − sin(α)
sin(α) cos(α)

] [
(np)x
(np)y

]

(26)
where the rotation angle is defined by α =
sign((�np ⊗ �ne)z)

αmax

2
. The direction of the ro-

tation is simply given by the sign of the z com-
ponent of the vector given by the cross product
of the previous element normal with that of the
current element normal.

4.4 Predictor corrector
The element can sustain damage as pre-

sented in section 2 if it respects the condition
min(φi)×max(φj) < 0. The initial equivalent
principal stress direction used to computed the
level-sets is susceptible to change in a rotating
crack model. Given this change of direction,
the crack root found in the previous section is
the starting point for the crack propagation un-
til a certain level of damage threshold d > η

is attained. Hence, when this threshold is ob-
tained, the level-sets are fixed for the element.
As the level-sets need not be updated, the root
element can be defined as the next element in
the crack path where this threshold is not ex-
ceeded. Therefore, the potential crack path is
predicted in section 4.2 and is corrected accord-
ing to the damage sustained by the elements

5

1596



Simon-Nicolas Roth, Pierre Léger and Azzeddine Soulaïmani

crossed by the crack by cycling the propagation
algorithm again at each Newton iteration.

5 Transition from continuum damage me-
chanics to XFEM

In this paper the transition from continuum
damage mechanics to XFEM formulation does
not have any special treatment. Hence, the to-
tal energy dissipation in the process is approxi-
mately correct. If this transition occurs at a time
where the damage is high (d � 1.0), the energy
dissipation for the element is almost completed.
Hence, the error introduced in energy balance
is of small amplitude. This issue will be inves-
tigated in the numerical results presented in the
next section.

6 Validation examples

Three validation examples are presented in
this section. The simple three point beam tested
by Bažant and Pfeiffer [11], the shear beam
with single notch tested by Arrea and Ingraf-
fea [12] and the tension-shear specimen tested
by Nooru-Mohamed [13] are used for the vali-
dation of the proposed model. For all the valida-
tion examples, the parameters are fixed. Thus,
αmax is fixed to 20◦, the level-sets are fixed for
the element when the scalar damage index has
reached d > η > 0.60 and finally the transition
from continuum damage mechanics to XFEM
formulation occurs when the scalar damage in-
dex reaches d > 0.95.

6.1 Three point beam

The beam in figure 1 tested by Bažant and
Pfeiffer [11] with d =0.3048 m and a thickness
of 0.038 m is considered for the first validation
example. The material properties are given in
table 1.

Table 1: Material properties for the three-point beam
specimen

E
(M

Pa
)

f
′ t
(M

Pa
)

f
′ c
(M

Pa
)

ν G
f

(N
/
m

)

27413 2.886 34.0 0.18 40.29

Displacement control has been performed by
applying a displacement increment ∆u = 4 ×
10−6 at the two nodes adjacent to the center
line of the beam. In the experiment, the ulti-
mate average load resistance was Pu = 7784N.
Four different Q4 plane stress meshes were used
to study the results independence with regards
with the mesh refinement. The computed ulti-
mate loads are 6516 kN, 6538 kN, 7093 kN and
7625 kN, respectively for hc = d/6, d/12, d/24
and d/36. The ultimate loads computed are in
the range of the experimental one and given that
the finest mesh is six times more refined than
the coarsest one, the results are nearly mesh in-
dependent.

d=
0.

30
48

m

2.5 d

d/6

d/12thickness = 0.0381 m

u
hc

Figure 1: Notched three-point beam specimen dimen-
sions (mesh hc = d/24)

The force-displacement curve for the case
where hc = d/36 is given in figure 2. Contin-
uum damage model results are compared with
the XFEM+damage model. The responses are
almost identical until the transition occurs in
the first element (at 0.12 mm). The slope of
the softening is greater with the model that uses
XFEM. This is a direct consequence of the tran-
sition that does not take account of energy trans-
fer. In this case, the results are marginally af-
fected.

6
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Applied displacement (mm)
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XFEM+Damage Model
Damage Model

Figure 2: Force-displacement response of the beam

6.2 Shear beam with single notch
A single-notched shear beam illustrated on

figure 3 tested by Arrea and Ingraffea [12]
which failed in curved mode I fracture is
used as a second validation example. Most
smeared crack solutions are unable to predict
full separation and softening down to zero [14].
Hence, the transition from damage mechanics
to XFEM should be able to alleviate this prob-
lem. The crack mouth sliding displacement
(CMSD) is used as a feed-back signal to con-
trol the load applied and capture the snap-back
response of the beam. The material properties
are given in table 2.

Table 2: Material properties for the shear beam specimen

E
(M

Pa
)

f
′ t
(M

Pa
)

f
′ c
(M

Pa
)

ν G
f

(N
/
m

)

24800 2.80 45.5 0.18 100

0.13F F

397 39761 61

22
4

82

thickness = 156 mm

15

A

Figure 3: Shear beam with single notch specimen dimen-
sions

The beam model meshed with Q4 plane
stress elements is used to compute the force-
CMSD response of the shear beam with three
constitutive model. The first model uses contin-
uum damage mechanics with no special crack
tracking technique. The second model uses
the crack technique presented previously with a
continuum damage mechanics model. The last
model, is similar to the second one but makes
transition from damage mechanics to XFEM
when the threshold level of damage is reached.
The force-deflection of point A response curves
are presented in figure 4 for the three models
and compared with the discrete crack model re-
sults given in reference [14]. The model with
no special treatment of the crack path is unable
to predict the beam snap-back. The ultimate
load predicted with this model (80 kN) is low
compared to the experimental results (average
of 130 kN). The two models that makes use of
the special treatment of the crack path predict
the same ultimate load (118 kN) but the con-
tinuum damage model is unable to predict the
snap-back and load-displacement response to
zero fails. The third model gives results that are
in agreement with those presented by Rots [14].
Thus, the softening down to zero in this case is
only possible with the XFEM formulation.

Displacement of point A (mm)

Fo
rc

e 
(k

N
)

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
0

20

40

60

80

100

120

140

160
Rots (discrete crack)
Damage model with tracking
Damage model without tracking
XFEM+Damage Model

Figure 4: Force-deflection of point A of the shear beam

The crack path computed without the crack
tracking technique is given in figure 5. The
path is compared with the profile observed in

7
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the laboratory and used by Rots for the dis-
crete crack analysis performed by introducing
interface elements on the a priori known crack
path. The profile computed is not in agree-
ment with the experimental one. It starts to
propagate vertically and turns slowly in the di-
rection of the applied load. This explains the
discrepancy of the ultimate load predicted with
this model. Figure 6 gives the profile com-
puted with the special crack tracking technique
and the XFEM+damage model. The crack path
is almost identical with the experimental one.
Hence, a special crack tracking technique is re-
quired to compute an accurate crack profile for
this validation case.

RotsNo tracking

Figure 5: Crack path predicted without special crack
tracking technique (Damage)

RotsXFEM+Damage

Figure 6: Crack path predicted with special crack track-
ing technique (XFEM+damage)

6.3 Crack propagation in a tension-shear
specimen

A tension-shear specimen made of concrete
tested experimentally by Nooru-Mohamed [13]
is taken as the last validation example to demon-
strate the applicability of the model. The ge-
ometry, the loading and boundary conditions of
the panel are presented in figure 7. The ma-
terial parameters, similar to those used in ref-
erence [15], are given in table 3. Loading is
applied via prescribed displacements along the
left edge and the top edge of the panel. The
prescribed ux displacement on the left edge is

applied in a manner to have the shear force P,s
constant at all time and the displacement on the
top edge is varied continuously. The model is
meshed with Q4 plane stress elements.

Table 3: Material properties for the tension-shear speci-
men

E
(M

Pa
)

f
′ t
(M

Pa
)

f
′ c
(M

Pa
)

ν G
f

(N
/
m

)

30000 3.00 30.0 0.20 110

�,
�

�,
�

20
0

5

200

25

�,
�

�,
�

thickness = 50 mm

Figure 7: Tension-shear specimen dimensions

Load displacement responses for loading
paths 4a to 4c are presented in figures 8 to 10
and are compared with the experimental results
and those of reference [16]. The ultimate load
for loading path 4a is slightly over estimated,
while that of loading path 4b is in agreement
with the experimental one. For loading path 4c,
the experimental specimen failed in pure shear
mode. Hence, the experimental ultimate resis-
tance in tension is 0. A small tension force
in combination with the shear force is required
in the numerical model to initiate the crack.
Hence, a traction of 2 kN is applied. For the
softening part of the curves from all loading
paths, it is obvious that more energy is dissi-
pated in the transition process from damage me-
chanics to XFEM when the cracks progress and
the force-displacement curves fall below the ex-
perimental one.

8
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Figure 8: Load-displacement for loading path 4a
(P,s=5kN)
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Figure 9: Load-displacement for loading path 4b
(P,s=10kN)
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Figure 10: Load-displacement for loading path 4c
(P,s=27.5kN)
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Figure 11: Computed crack path for loading path 4a
(P,s=5kN)

Meschke 
Present

Figure 12: Computed crack path for loading path 4b
(P,s=10kN)

Meschke 
Present

Figure 13: Computed crack path for loading path 4c
(P,s=27.5kN)
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Abstract: Modelling fracture in concrete or masonry is known to be problematic regarding the 
robustness of iterative solution procedures and, the use of non-iterative methods (or that minimize 
the use of iterations) in quasi-brittle materials is now under strong development, due to the necessity 
to obtain effective results in finite element analysis [1, 2] where strong non-linearities emerge that 
are otherwise unwieldy to model. 
 In the proposed lecture, two new methods designated as Non-Iterative Energy based Method 
(NIEM) and Automatic presented in [1, 3] are applied with extension to modelling damage-plastic 
behaviour. The new methods combine an incremental-total procedure with the preferential use of 
incremental steps, switching to the total approach only at critical bifurcation points. The 
development of the load-unloading abilities is allowed by these incremental/total methods, which 
take advantage of keeping the material’s stress/strain memory due to the preferential use of an 
incremental procedure. A new approach to the unload-load cycles is used in the scope of a non-
iterative procedure, which will mitigate the numerical difficulties inherent to cyclic loading. 
 The formulation for both methods for structures with both softening and hardening behaviour is 
presented and a structural example where the numerical results are compared with experimental 
results. 
 

1 INTRODUCTION 
 The use of total approaches based on a 
secant stiffness allows for the correct 
modelling of concrete and masonry structures 

under monotonic solicitation [2]. However, in 
the total approach only secant unloading is 
assumed (path 4 in Figure 1) and reloading 
will recover the position on the material 
envelope using the same secant stiffness. This 
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 2 

is a simplification of the real behaviour, since 
there is no evaluation of the residual strains or 
crack openings.  
 In fact, modelling the behaviour of 
structures under reversed loading, such as 
cyclic actions or a load decrease on a given 
structural member, is not correctly simulated 
by the secant unloading-reloading (damage) 
constitutive law; instead, plastic, plastic-
damage (Figure 2) or hysteretic laws should be 
adopted. 

 
Figure 1: Stress-displacement paths 

 In Figure 2, 1D representations of the three 
types of unloading-reloading laws adopted 
with the new non-iterative methods are 
presented for softening. In this figure, d refers 
to an isotropic damage parameter, that easily 
translates the current stiffness coefficient of 
any integration point i as a function of the 
initial elastic stiffness De:  

1

1 j
i e

i j j

t
d

D w w

 
 

 

 

(1) 

with, 

 0 1id   
 And is used to define the material 
stress/strain history. The plastic-damage 
parameter dh  (Figure 2 c)), is a numerical 
parameter that takes into account the residual 
strain/displacement jump (dh ≤ d).  
 The unloading-reloading cycles are 
approximated with a linear branch, initially 
defined by the elastic stiffness, with the 
possibility of evolving according to the plastic-
damage dh function. In the following, D refers 

to the tangent constitutive modulus whereas K 
is the secant modulus. 
 Experimentally, steel reinforcement 
exhibits unloading-reloading behaviour which 
is modelled by means of an elastic branch, 
since the reinforcing steel is assumed as an 
elastic-plastic material. 
 As for concrete, this assumption consists on 
a simplification in both the compressive and 
the tensile stress states, since the unloading-
reloading cycle is associated with an increase 
in damage. Under compression, this 
simplification is possible on low levels of 
post-peak damage and for slow unloading-
reloading cycles, since damage increase also 
depends on these factors. Another 
simplification is to substitute the hysteretic 
cycles by linear elastic-damage branches like 
the examples in Figure 3. 
t

w
1D

1(1-d) D
1D

1D

1D

1(1-d  ) Dh

residual residual

t

w

t

w

 

a) Damage       b) plastic           c) plastic-

damage 

Figure 2: Unloading behaviour 

 All above referred models, simplified or 
not, cannot be implemented in a pure total 
approach. Nevertheless, the introduction of 
new methods combining an incremental 
procedure with a total approach opened the 
possibility of modelling the unloading 
behaviour taking into account residual 
deformations. 

 
 

a) tensile test b) compressive test 

Figure 3: Experimental cyclic loading results and 

damage branch simplification (adapted from [4]) 
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2  NON-ITERATIVE PROCEDURES 
 The new non-iterative procedures proposed 
in [1] use the combined incremental and total 
approaches. This combined procedure allows 
for the proper tracking of the material loading 
history, conversely to purely total methods. 
Furthermore, information obtained from the 
previous incremental solution is used to 
predict the constitutive law adopted in the total 
approach. In this way: i) there is no need to 
adjust the material parameters to ensure mesh 
objectivity; and ii) the consistency condition is 
satisfied.  

2.1 Solution control 
 In the incremental approach, whenever a 
bifurcation point is reached, the path choice is 
based upon the signal of the particular load 
increment leading to the largest incremental 
energy dissipation. It is assumed that, for a 
load increment applied on a structure, the 
corresponding evolution on the stress-strain 
law of the material point should follow the 
path which would release the largest amount 
of energy. Using an incremental approach, the 
second order energy release in a finite element, 

G , is given by: 
,

d

T T
dG d d

 

        ε σ w t
 

(2) 

 where  is the bulk and d stands for all 
discontinuities,  and  are the strains and the 
stresses in the bulk, respectively, and w and t 
are the jump displacements and the tractions, 
respectively, at the discontinuities. 
 Since multilinear constitutive relations are 
adopted, a critical load factor ( crit ) is first 
evaluated in a trial step, in order to reach the 
nearest material point connecting two linear 
branches. Afterwards, the true step is enforced 
such that: 

, ,true j crit trial jΔP ΔP  (3) 

2.2 Critical bifurcation points 
 When bifurcation points are reached on the 
material law, two possibilities occur: increase 
of damage or unloading. In Figure 4, four 
paths on the uniaxial traction-displacement 

curve are displayed: path 1 corresponds to 
increase of damage, paths 2 and 3 are 
unacceptable since they violate the material 
law, and path 4 corresponds to secant 
unloading. 

t

w

4

1

23
A

B

 
Figure 4: 1D representation of possible traction-jump 

paths 

 Whenever a material point undergoes 
unloading, memory is kept until it reloads back 
to the envelope. When the current state is 
unloading this point is never critical except for 
preventing overlapping of crack faces but, 
when reloading occurs, the load factor is 
estimated, similarly to what is done for all 
points that remain on the envelope. When 
several nonlinearities arise during the analysis 
due to the existence of many bifurcation 
points, path searching techniques must be 
applied. If no solution is obtained, i.e., if no 
single admissible path is obtained, a transition 
to the total approach is made. This aspect is 
common to both methods herein presented. 

2.3 Automatic method 
 In the automatic method, whenever a 
critical bifurcation point is reached, it becomes 
impossible to incrementally determine the 
effective path, a total method is adopted in 
which the secant material stiffness is used. 
This secant stiffness is then reduced by a 
predefined factor as done in the Sequentially 
Linear Approach (SLA) developed by Rots[2] 
(Figure 5):  
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 4 

 
Figure 5: 1D example of the Automatic method 

j
j

j

t
K

w
  

 

(4) 

 where step j is the current (valid) step and 
traction ‘t’ and displacement jumps ‘w’ are 
defined in Figure 5. In the following step j+1 
the secant stiffness is reduced, using the 
standard SLA, such that:  

0t
red j

SL

ft t
N

   
 

(5) 

 where tred is the new stress on the envelope, 
ft0 is the tensile strength and NSL is the 
predefined number of SLA reduction steps. 
The next step is performed similar to the SLA, 
in which usually only one of the points will 
become critical and reaches the original 
envelope. All other points will remain on the 
current secant path. In the following step the 
incremental approach is recovered using the 
tangent stiffness matrix D.  
 Note that the secant stiffness is always 
adopted in the total approach, which has a 
direct correspondence to the adopted envelope. 
In elastoplastic materials it is also possible to 
enforce the correct unloading path using the 
same total approach; in this case, the secant 
stiffness is only adopted to reach new 
equilibrium positions on either: i) the loading 
surface or ii) the unloading surface. More 
details can be found in [1]. 

2.4 Non-Iterative Energy based Method 
(NIEM) 
 In the automatic method the stepwise 
decrease of the secant stiffness must be 

defined a priori, without a clear physical 
meaning. In order to avoid this situation a new 
method, designated NIEM, was introduced, 
which allows for switching between the 
incremental and the total approach without 
imposing a predefined number of reductions of 
the secant stiffness.  
 In the trial step (Figure 6), all non-critical 
points are treated in the usual way, such that a 
critical load factor λcrit is computed. The goal 
of this step is solely to estimate the damage 
level that would be reached if this was a valid 
step; in this way, the secant stiffness update 
for the next step will emerge from this 
prediction. Nevertheless, since on step j some 
integration points would follow invalid paths, 
this step is null. The secant stiffness Kj+1 is 
estimated according to:  

1
1

,

j
j

j trial j

t
K

w w


 
 

 
 

(6) 

 
Figure 6: 1D example of the NIEM 

 Thus, in step j no change occurs; only the 
evaluation of the new secant stiffness is 
performed, which will be adopted in step j+1 
using a total approach. In the following step 
the incremental approach is recovered, similar 
to the automatic method. More details can be 
found in [1]. 

3 FORMULATION FOR SOFTENING 
BEHAVIOUR 
 In the following, mode-I fracture is 
assumed, although adaptation for mode-II 
fracture is straightforward.  
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 The modelling of non-secant unloading 
presents no problem in an incremental 
approach as long as no critical bifurcation 
points are attained. However, when a critical 
bifurcation point is found, a transition to the 
total approach is made. This is a consequence 
of the formulation presented in [1], where it 
was noticed that an inversion on the jump 
increment over the softening branch leads to 
an inadmissible path: a null step is adopted 
and a transition to a secant stiffness matrix 
occurs, similarly in both new methods.  
 In Figure 7, this inadmissible path occurs in 
step u, in which an unloading branch is 
defined between points Ou and k, with stiffness 
Du. The initial stiffness D1 is assumed elastic. 
However, in the scope of a discrete crack 
approach, the initial branch usually 
corresponds to a penalty function. In this case, 
D1 is limited to an acceptable maximum value 
(taken as 103 N/mm3 in all the examples 
presented). Next, the unloading stiffness Du is 
defined according to: 

1(1 )u hD d D   (7) 

 where dh is the plastic-damage scalar 
function (dh  d). 

1D
A

k

B

uDu+1K

uK



ft0
Nu

OuO  w

1D
A

k

B

uDu+1K

uK



OuO  

a) loading situation b) unloading situation 

Figure 7: Softening curve: definition of the unload 

branch and determination of load situation 

 Similarly to the usual NIEM and Automatic 
formulations, a secant stiffness is defined for 
the following step. In Figure 7, the secant is 
defined by traction update, dividing the tensile 
value by Nu. This reduction parameter Nu will 
correspond to NSL when using the Automatic 
method or a large value (say 50 to 100) when 
using the NIEM. In this way, a non-convergent 
cyclic behaviour is avoided. Furthermore, the 

resulting increase in damage is in agreement 
with the experimental evidence.  
 In the following total step u+1, the 
previously estimated secant stiffness value is 
used and three situations may occur: 
i) the integration point is critical and 

reloads back to the envelope at point A. 
In this situation, in the following steps 
the usual incremental algorithm is 
followed over the original envelope; 

ii) the integration point is not critical and 
is positioned beyond the unloading 
branch (point  in Figure 7 a)), 
meaning that the effective behaviour of 
this integration point is loading and so, 
it will also reload back to the envelope 
at point A in future steps;  

iii) the integration point is not critical and 
lies before the unloading branch (point 
 in Figure 7 b)); in this case, it is 
assumed that an effective unloading 
situation has occurred and a new 
envelope is generated. 

 The new envelope in iii) is defined by the 
intersection of the unloading branch with the 
original envelope, originating a ‘cut’ in the 
abscissa, eliminating the existing original 
surface before point k (Figure 8). In this way, 
the computational algorithm previously 
generated for the two new methods can be 
easily extended to the present formulation by 
supressing the branches before point k and 
adding the new branch. 

w

k

supressed area of the diagram

new branch

OuO  
Figure 8: Softening curve: example of the insertion of 

an unload branch in a multilinear softening envelope 

 In the steps following step u+1, the new 
envelope is assumed for this integration point 
and several situations may develop until point 
k is again reached (in reloading case), either 
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due to the behaviour of this particular 
integration point alone or by influence of the 
remaining ones. The first situation occurs 
when the current state is short of (point  in 
Figure 8 b)) the intersection between the 
current secant and the unloading branch (point 
B). In this case the secant stiffness is followed 
in both unloading and loading, in the interval 
between the origin O and the limit point B. If 
unloading to the origin occurs, crack closure is 
assumed; conversely, if point B is reached, a 
change in stiffness from ku+1 to Du is adopted 
and the new envelope is assumed. Afterwards, 
when the current stress state is on the 
unloading branch (point  in Figure 9a)), the 
incremental approach is followed similarly to 
the original formulation of the method.  
 Loading and unloading cases are allowed 
on the new first branch of the transformed 
envelope and, in loading cases, the path will be 
followed incrementally until the next vertex on 
the linearised curve is found (Figure 9 a)) or, if 
an unloading situation occurs, the load factor 
is computed towards point Ou. In further total 
steps, until point k is reached, the load factor is 
computed such that the new envelope is aimed 
at the new elastic branch (point C in Figure 9 
b)). The location of point C is estimated using 
the original NIEM algorithm. 

w

k

D=D



Ou

u

O  

t

w

k

Ou

D=Du

jK

j+1K
 trial,jw

C

O

ft0
NSL

(*)

(**)
B

 

a) unloading/reloadi

ng on the 

unloading branch 

b) reloading 

situation in a total 

step:  

Figure 9: Softening curve: incremental/total algorithm 

with adapted new envelope 

 In the Automatic method the estimation of 
the position of point C is performed by using 
the usual stepwise secant stiffness update. 
Similarly to the first total step after this 
stiffness update, the secant stiffness Kj+1 will 

be followed until intersection with the 
unloading branch occurs. 

4 DAMAGE PARAMETERS 
 If non-secant unloading is assumed, apart 
from the scalar damage value d previously, an 
additional parameter (du) is adopted. Thus, 
throughout the whole process the value of  d is 
fixed, keeping the memory of the envelope 
stress state, whereas du is a temporary variable 
used for the definition of the secant stiffness, 
until full reloading is achieved. After reloading 
back to the envelope, d will then be normally 
updated with damage increase and du will be 
cleared until another unloading cycle occurs. 
This way, in Figure 10, the fixed damage value 
of the unloading point is:  

1 k
k e

k

t
d

D w
   

 

(8) 

 And, the damage of the subsequent total 
step will be: 

, 1 k
u A e

k u

t
d

D w w
 


 

 

(9) 

 with, wu being the jump increase due to 
the enforced secant update. 

D
A

k

B

uD

uK = (1-d) D

OO

e

AK = K =(1-d    ) DB u,A
e

uw

e

 
Figure 10: Softening curve: evaluation of the damage 

parameters 

 As previously stated, if there is not an 
effective unloading situation, the algorithm is 
abandoned and the original envelope will 
again be followed; for instance, when point A 
is reached, the material damage is made equal 
to the plastic-damage parameter at point A. 
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,u Ad d  (10) 

5 FORMULATION FOR HARDENING 
BEHAVIOUR 
 On Section 2, the formulation used for 
unloading/reloading was presented in the 
scope of the softening behaviour. Now, the 
extension to hardening behaviour is almost 
straightforward. First, in hardening there is no 
need to prevent an overestimated initial 
stiffness value as done in the discrete crack 
approach. Thus, the initial modulus D1 is the 
Young’s modulus (D1 = De). Moreover, the 
secant modulus is not updated by means of 
stepwise stress update, but, by stepwise strain 
increase or stiffness reduction, which are more 
suitable procedures as explained in [1]. The 
reference points previously used in the 
examples are now adapted to hardening curves 
in Figures 11 to 14. 

O

1D

uD

k





uK

B

A

u+1K

Ou



 O

1D

uD

k





uK

B

A

u+1K

Ou



 

a) loading situation b) unloading 

situation 

Figure 11: Hardening curve: definition of the unload 

branch and determination of load situation 

 The procedure adopted for the definition of 
the new envelope is similar to the previous 
one, supressing the area preceding point k. 

O

k


Ou

of the diagram
supressed area

new branch

 
Figure 12: Hardening curve: example of the insertion of 

an unloading branch in a multilinear softening envelope 

 In Figure 13 the value  is estimated 
according to the additional trial step in the 
NIEM, such as implemented with softening; 
when using the Automatic method it must be 
evaluated by means of stepwise strain increase 
or stiffness reduction, obtaining the associated 
parameters from the linear branch. 

O

k


Ou

D=Du



 

k



B

D=Du

 (*)

jK

j+1K


C

 

a) load/unloading 

over the branch 

b) unloading 

situation 

Figure 13: Hardening curve: incremental/total 

algorithm with adapted new envelope 

 Under hardening behaviour, the variable 
plastic-damage parameter du is estimated 
similarly to the presented before, by using the 
original envelope for evaluation (Figure 14). 
In this case, du is computed from the strain 
variation resulting from the intersection 
between the secant value of the current reload 
situation and the original envelope u. 

O

D

uD

k



B

A

Ou

u

uK = (1-d) De

AK = K =(1-d    ) DB u,A
e

e

 
Figure 14: Hardening curve: Evaluation of the damage 

parameters 

 In Figure 15 a flowchart of the 1D 
algorithm is presented, where the previously 
reference points and indexes are used. The 
scheme is presented using a stress-strain 
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referential but it is easily converted to a 
traction-jump procedure. 

6 STRUCTURAL EXAMPLE 
 In this Section, a structural example is 
presented in order to validate the proposed 
methods and discuss the different options 
introduced for computer analysis. Bilinear 
finite elements are used for the simulation of 
the bulk, whereas cracking is simulated using 
strong embedded discontinuities [5, 6]. Thus, 
cracks are as discontinuities embedded inside 
the finite parent element inserted when the 
tensile strength ft0 is attained. 

Unload
d

Yes

D=Di

step u+1

K     =(1-d    )Du+1 u,A
e

K   u+1 u+1 B No

Unload Load

to envelopeunld. branch

No YesCritical ?

?

D     =Duu+3

Critical ?Yes

Return to

step = u+2 

step = u+3

envelope

Return to
envelope

No d No D  =Duj

All int. pts. with
admissible paths?

No

step = j

Yes

K j in accordance 
with the used
method

Compute Compute    to

O
Compute 

u

unld. branch
compute    to

to

D     =Ku+1u+2

D =Dj u+2

Yes

to envelope
compute 

step
Incremental

Total step

Box types:

to envelope
Compute 

D     =Ku+1u+2

D  =Duj

 
Figure 15: Flowchart with non-secant 1D unload 

algorithm 

 The displacement jumps are obtained at 
additional degrees of freedom, located at the 
embedded crack. In this model, these degrees 
of freedom are global, giving rise to 
continuous displacement jumps and tractions 
across element boundaries. The use of 

embedded discontinuities allows for the 
simulation of cracking on quasi-brittle 
materials, with the advantage of avoiding 
remeshing. The use of this widespread 
technique has been applied to concrete in 
tension [6], under strong compression and to 
splitting failure. This type of crack simulation 
can also be adopted in other materials, like 
masonry. 
 As for the compressive behaviour of 
concrete, its modelling can become rather 
complex, since nonlinearities are present 
practically from the beginning of the loading 
and the material undergoes softening after 
peak load. Crushing is simulated using a 
simplified elasto-plastic model which limits 
the compressive stresses. It was found in 
previous analyses [7] that the consideration of 
a nonlinear pre-peak relationship does not 
seem particularly important on tests where 
concrete crushing is not the dominant failure 
mode. Nevertheless, the post-peak softening 
response may induce less bearing capacity 
than the assumed perfect plastic behaviour. 
The main reasons why the compressive 
softening behaviour is not adopted here are: 

i) the lack of experimental evidence, 
which supports the definition of a 
fracture energy under compression as a 
material parameter; 

ii) mesh size inobjectivity, which is a 
consequence of modelling softening 
within a continuum, unless 
regularisation approaches are used, 
which lie outside the scope of the 
present analysis. 

 In 2005, a study was presented with 
reinforced concrete beams, applying the (SLA) 
to models where cracking was simulated using 
strong embedded discontinuities. This study 
was summarised in [7]. These models were 
based on a testing campaign, and had the goal 
of simulating the behaviour of several 
experimental tests performed in reinforced 
concrete beams, loaded until a previously 
defined damage level. After this initial 
damage, the existing cracks were repaired by 
epoxy glue injection, with posterior bonding of 
a steel plate consisting of additional external 
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reinforcement. Next, the beams were subjected 
to additional loading until failure. 
 This test campaign, included the testing of a 
reference beam, which was loaded until failure 
with three unloading cycles. The aim of the 
present example is to illustrate the use of the 
unloading-reloading algorithm presented on 
the previous sections. 
 The model is a four point bending 
reinforced concrete beam (Figure 16) 
subjected to circular bending at the central 
span (no shear) and it is composed of concrete 
with fc = 29.67 N/mm2 , ft0 = 2.4 N/mm2, GFI = 
0.056 N/mm. Steel reinforcement is composed 
of two 10 mm bars on the bottom face and two 
6 mm bars on the top face. Stirrups were used 
on the experimental tests, but they were not 
modelled in the finite element mesh. 

P

900

15
17

0
15

2 Ø 10

2 Ø 6

300 P

900

300

 
Figure 16: Unloading-reloading cycles in a reinforced 

concrete beam: structural scheme, load and boundary 

conditions (200 mm width, dimensions in mm) 

 The finite element model is a structured 
mesh (Figure 17), composed of 360 bilinear 
elements, with a mode-I bilinear softening law 
(w1 = 0.029 mm and ft1 = 1.84 N/mm2, wult = 
0.13 mm), Cracking is modelled by a discrete 
crack approach, using strong embedded 
discontinuities [5]. The traction-displacement 
jump relationship is characterised by a mode-I 
bilinear softening law; the shear stiffness is 
reduced proportionally to zero as mode-I 
softening evolves until a stress-free crack is 
obtained. Unloading-reloading cycles in 
softening are modelled by means of a linear 
branch with a stiffness equal to 103 N/mm, and 
the elastic stiffness in hardening. 

 

Figure 17: Unloading-reloading cycles in a reinforced 

concrete beam: finite element mesh 

 A multi-linear behaviour law for concrete 
under compression is adopted, which consists 
of the linearisation of the MC90 [8] concrete 
behaviour function:  
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(11) 

where:  

 1cE  is the initial tangent modulus 
(32000 N/mm2);  

  / 0.0022ci cE f ; 

  c  is the compression strain; 

 1 0.0022c    is the strain value 
associated with fc. 

 Conversely to the MC90, no softening 
behaviour is defined after c1. As previously 
stated, this simplification is introduced in 
order to avoid the corresponding mesh size 
dependency. Thus, the adopted envelope 
approximates the MC90 function until the 
strain value c1 is attained, after which, a pure 
plastic behaviour is adopted (Figure 18). 
Unloading-reloading follows the elastic 
branch, parallel to the initial tangent modulus. 

 
Figure 18: MC90 and adopted compression models for 

concrete under compression 

 Steel behaviour is modelled, by means of 
72 Linear elements, with an elasto-plastic law 
(fy  = 510.0 N/mm2, E = 205000 N/mm2). The 
unloading-reloading stiffness is the elastic 
stiffness. Bond-slip is modelled using 72 
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interface elements under mode-II fracture, 
using the MC90 local bond slip model. 
 Experimentally, the beam was loaded until 
failure with 3 cycles; the first one until 
10.0 kN, proceeded with unloading and 
reloaded until the second loading stage of 
15.0 kN. After this second stage, the beam was 
unloaded and reloaded until 19.6 kN, after 
which the load was kept fixed for a certain 
period in which creep developed. Since creep 
is not simulated here, the plateau on the charts 
of Figures 19 and 20 is artificially introduced 
by adding the corresponding displacement. 
 The load-displacement curve, using the 
Automatic method, follows accurately the 
experimental curve, with the two first 
unloading branches slightly less stiff than the 
experimental unload-reload branches. Using 
the NIEM the curves are smoother, with 
similar unloading-reloading behaviour. The 
results of both methods do not simulate the 
damage increase due to the unloading-
reloading loops since they were not modelled. 
However, the good agreement between the 
numerical and the experimental unloading 
branches and the lack of numerical difficulties 
opens the possibility of modelling more 
complex cycles.  

 
Figure 19: Unloading-reloading cycles in a reinforced 

concrete beam: load-displacement curve obtained using 

the Automatic method.  

 The deformed shapes and crack pattern are 
presented in Figures 21 to 23. Crack 
localisation is somewhat different between the 
methods. At failure, a diagonal crack is formed 
due to lack of stirrups, but the deformation 
limit of 12 mm prevented shear failure. On 
these figures the circles represent the location 

of the analysed integration points presented 
below. 

 
Figure 20: Unloading-reloading cycles in a reinforced 

concrete beam: load-displacement curve obtained using 

the NIEM method. 

 
Figure 21: Unloading-reloading cycles in a reinforced 

concrete beam: crack superposition in the deformed 

finite element mesh using the NIEM at the initiation of 

the first unloading stage = 3.06 mm (displacements 

amplified 5 times, crack width amplified 25 times)  

 
Figure 22: Unloading-reloading cycles in a reinforced 

concrete beam: crack superposition in the deformed 

finite element mesh using the NIEM at failure stage = 

12.00 mm (displacements amplified 5 times, crack 

width amplified 25 times)  

 In order to visualize the evolution of the 
concrete behaviour, the obtained stress-strain 
diagrams are plotted in Figure 24 for the bulk 
in the most compressed finite element, 
whereas in Figures 25 and 26 the traction-
jump relations at the tip of the most opened 
crack are presented. For bulk compression the 
plotted envelope is obtained with the NIEM, 
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which is similar to the one obtained with the 
Automatic method.  

 
Figure 23: Unloading-reloading cycles in a reinforced 

concrete beam: crack superposition in the deformed 

finite element mesh using the Automatic method at 

failure stage = 12.00 mm (displacements amplified 5 

times, crack width amplified 25 times)  




unloading stages

 
Figure 24: Unloading-reloading cycles in a reinforced 

concrete beam: material envelope of the most 

compressed concrete element using the NIEM. 

 Similarly, on the tensile softening diagrams, 
the unloading stages are clearly identifiable, 
and due to the low value of the limit traction 
jump, only one or two stages occur on each 
fracture integration points. In the cases 
presented in Figures 25 and 26, the last 
unloading stage occurred after the analysed 
integration reached full softening, thus, the 
unload steps followed the horizontal (zero 
stiffness) branch. The second unloading stage 
led to negative traction values, but no crack 
closure is obtained. 

w

ft0

wult
unloading stages

total steps

incremental steps

 
Figure 25: Unloading-reloading cycles in a reinforced 

concrete beam: material envelope of the most opened 

crack tip element using the Automatic method. 

t

w

ft0

wult
unloading stages

total steps

incremental steps

 
Figure 26: Unloading-reloading cycles in a reinforced 

concrete beam: material envelope of the most opened 

crack tip element using the NIEM. 

 In the steel elements Figure 27, due to the 
use of an elastoplastic behaviour law, the two 
first unloading stages occur while the elastic 
branch is being followed. In this way, it is only 
possible to visualise one unloading branch 
emerging from the plastic horizontal stage. 
Again, the envelope is naturally retrieved after 
reloading.  

unloading stage

 
Figure 27: Unloading-reloading cycles in a reinforced 

concrete beam: material envelope of the most yielded 

steel element using the NIEM method. 
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 It can be concluded that the proposed 
algorithm is valid and satisfactorily depicts the 
real unloading-reloading situations, both in 
hardening and in softening behaviour. 
Moreover, the return to the state previous to 
unloading is guaranteed by means of the 
damage variables defined in Section 3.  
 Since, in total steps, the material points may 
lays on the secant branches temporarily, before 
attaining the unloading/reloading branches, a 
softer unloading behaviour can be obtained. A 
new procedure is now being implemented to 
overcome this issue. 

7 CONCLUSIONS 
 In models in which no critical bifurcation 
points arise, the following conclusions can be 
drawn: i) the use of an incremental approach 
with linearised curves has proven suitable in 
presented example; and ii) the energy solution 
control effectively allows for the correct 
loading path choice. 
 Both new methods led to good result. The 
NIEM shows a good agreement with the 
material laws when compared to the Automatic 
method with an acceptable increase in 
computing time. None of the presented 
methods is mesh-dependent in the scope of 
discrete crack approach[1].  
 The possibility of both methods storing the 
material stress/strain or traction/jump history, 
by means of a damage parameter, allows a 
perfect correlation between total (secant) and 
incremental (tangent) approaches, during a 
complete analysis, thus opening the possibility 
to the modelling of other type of unloading 
paths (other than secant), such as elastic and 
damage-plastic unload or even hysteretic 
cycles, since the coordinates of the return point 
on the surface are easily obtained by means of 
the current damage value. The presented laws, 
effectively model cyclic behaviour on both 
hardening and softening, allowing the use of a 
damage prediction between unloading-
reloading situations. Finally, the two methods 
were capable of good predictions of the 
experimental results, conversely to the classic 
iterative methods which often fail to converge. 
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Abstract: Accurate knowledge of stress/displacement field in a cracked specimen is very important 
for fracture analysis and for instance in the case of quasi-brittle materials, where the zone of non-
linear behavior affecting the overall fracture process is larger than in other (brittle) materials, it can 
play a key role. In this paper, it is shown that Williams expansion can describe the crack-tip fields 
reliably, provided that considerably more than one or two terms of the power series are taking into 
account. Such an approach, referred to as multi-parameter fracture mechanics, is usually not used 
for a common assessment of crack behavior. The study presented shows that especially in larger 
distances from the crack tip the higher-order terms are crucial in order to minimize the error corre-
sponding with use of only one or two fracture parameters (the first and second terms of Williams 
expansion). In other words, considering of the higher-order terms of the Williams expansion is 
essential if knowledge of accurate stress/displacement fields around the crack tip in the analysed 
specimen/structure is required.  
 
 

1 INTRODUCTION 
Estimation of reliability of cracked struc-

tures is a very important engineering task. 
Linear elastic fracture mechanics (LEFM) is 
widely extended and used to determine the 
critical (allowed) crack lengths in the case of 
brittle materials. The stress intensity factor is 
well known as the single controlling parameter 
for prediction of crack initiation and propaga-
tion in these materials and it is directly associ-
ated with the singular stress behavior near the 
crack tip. 

Nevertheless, recent studies show that not 
only the T-stress (as the first non-singular term 
of the Williams expansion [1]) has a great 
effect on fracture toughness values, size and 
shape of the plastic zone, crack path direction, 
etc. [2−12] but also the higher-order terms can 
be very significant for crack behavior assess-

ment; they can predict the constraint of elasto-
plastic crack tip fields [7, 9, 13−16] and inter-
pret (at least some aspects of) the size/ge-
ometry/boundary effect typical for quasi-brittle 
materials [17−21]. 

Furthermore, the complicated fracture pro-
cesses in quasi-brittle materials do not occur 
exclusively in the very vicinity of the crack tip 
(the crack tip is practically impossible to dis-
tinguish) and therefore the stress/displacement 
field has to be known even in a larger distance 
from it. As a consequence, not only the first 
(singular) term of the Williams series ap-
proximation of the crack tip asymptotic field 
[1], but also the other (higher-order) terms 
have to be considered during the fracture 
analysis. This way, the extent of the zone 
around the crack tip with non-linear behavior, 
where the material fails, can be estimated 
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reliably, which is essential for additional frac-
ture response assessment. 

In this paper, the higher-order terms coeffi-
cients are obtained by means of combination 
of numerical solution (finite elements, FE) of 
the problem and analytical description of the 
displacement field (Williams power expan-
sion, WPE). The used approach is called as the 
over-deterministic method (ODM), see e.g. 
[22] for details, it represents a regression 
technique based on least squares formulation 
and its main advantage is that it does not re-
quire any special crack elements or compli-
cated FE formulations. Contrary to other 
methods (boundary collocation method, hybrid 
crack elements method, see for instance 
[23−26]) it uses only the displacement field 
around the crack tip determined by means of 
the conventional FE analysis. Note that ODM 
represents a modification of direct methods 
used e.g. for stress intensity factor estimation. 

The application of the ODM on selected 
mode I and mixed-mode configurations is 
described in the following text and the im-
portance of consideration of the higher-order 
terms for stress/displacement field description 
is highlighted.  

2 METHODOLOGY 

2.1 Near-crack-tip field description 
Williams [1] derived that the stress and dis-

placement distribution can be expressed as a 
power series. Assuming a plane crack with 
traction-free faces in a linear-elastic material 
subjected to arbitrary remote loading, the 
stress/displacement field around the crack tip 
obtained by the Williams eigenfunction expan-
sion technique is given as:  
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where i,j  x,y, the coefficients an and bm (in 
our case unknown) depend on the specimen 
geometry and loading conditions, and corre-
spond to the loading mode I and II, respec-
tively. In Eq. (1) and (2), r and θ represent the 
polar coordinates centered at the crack tip, see 
Fig. 1, E and ν are Young’s modulus and 
Poisson’s ratio and σfI, σfII and ufI, ufII symbol-
ize known functions corresponding to the 
mode I/II (fI/fII) and stress/displacement (σ/u) 
distribution.  

Coefficients an and bm are functions of rela-
tive crack length α = a/W, where a is the crack 
length and W is the specimen’s width. They 
can be expressed as dimensionless functions 
(with regard to loading), gI and gII, respec-
tively, as follows [27−29]: 
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where σ is the nominal stress caused by the 
applied load. 

2.2 Over-deterministic method 
There have been derived several methods 

enabling determination of the coefficients of 
the higher-order terms, an and bm, of the Wil-
liams expansion. Most of those methods use 
advanced mathematical procedures and more 
extensive and deeper knowledge of the special 
elements or FE code is unavoidable. From that 
reason, ODM has been chosen for estimation 
of the coefficients of the higher-order terms in 
this paper. This method requires only know-
ledge of the displacement field data deter-
mined by means of the conventional FE analy-
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sis in a set of nodes around the crack tip. The-
se data serve then as input for Eq. (2). As two 
components of displacement vector is known 
in each node (in the case of 2D problem), two 
equations are available for each node. Conse-
quently, a system of 2k equations for variables 
an and bm exist, where k represents the number 
of nodes selected for the ODM application. In 
this paper, commercial mathematical packages 
were used for solution of the resulting system 
of algebraic equations. Note that a relation 
between the number of nodes, k, and the num-
ber of variables of loading mode I (N: a0, a1,..., 
aN) and of loading mode II (M: b0, b1..., bM) 
has to satisfy the following inequality in order 
to meet the condition for an over-determined 
system of equations: 

22  MNk . (3) 

More details about the ODM can be found for 
instance in [22]. Authors of the present paper 
have also devoted several publications to 
parametric studies on ODM accuracy, conver-
gence, or mesh sensitivity etc., see e.g. 
[30−35]. 

3. NUMERICAL MODELING 
In order to demonstrate the significance of 

considering of the higher-order terms of WPE, 
two loading geometries have been chosen. The 
main goal is to compare the stress distribution 
obtained from the numerical simulation of the 
problem (by means of FE analysis) with the 
stress distribution defined analytically by 
Williams expansion, whose terms coefficients 
have been determined from the same FE anal-
ysis’ results using ODM. The analytical ap-
proximation is done in variants with various 
ranges of higher-order terms of WPE. 

3.1 Mixed-mode geometry − AECT 
A plate with an angled edge-crack under 

uniaxial tension (AECT) was chosen as the 
mixed-mode geometry investigated. The angle 
between the crack and the edge normal was 
considered as β = 30°, see Fig. 1 and [22] for 
details. 

In order to obtain the appropriate displace-
ment field near the crack tip (which is neces-

sary for the ODM application) a corresponding 
numerical model of the cracked specimen had 
to be created; it was done in ANSYS software 
[36], see the FE mesh used in Fig. 1. The 
specimen width, half length as well as thick-
ness were considered to be unity, relative 
crack length a/W = 0.6, β = 30°, applied stress 
σ = 1. Note that all units used were self-con-
sistent and therefore no units are presented. 
Because of the independence of the coeffi-
cients of the WPE on material properties, 
values of Young’s modulus and Poisson’s ratio 
were chosen as E = 1 and ν = 0.25. The crack-
tip singularity was modeled through the first 
row of elements made of the so-called crack 
elements with shifted mid-side nodes, whereas 
standard 8-node isoparametric elements were 
used for modeling of the rest of the specimen. 
Plane stress conditions were met in accordance 
with [22] whose results were employed for 
(partial) verification of presented results. 

For evaluation of the higher-order terms co-
efficients the displacements of the fifth ring of 
nodes around the crack tip were used as inputs 
for the ODM procedure programmed in Math-
ematica package [37]. For purposes of this 
paper, the first ten higher-order terms coeffi-
cients of the both loading modes (an and bm) 
were determined. 

  
Figure 1: Numerical model of the plate with an angled 

edge-crack under uniaxial tension, β = 30°, with applied 
boundary conditions used for the stress/displacement 

fields comparative study 
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3.2 Mode I geometry − WST 
A cube-shaped wedge-splitting test (WST) 

specimen was selected as the mode I geome-
try. In this paper, the WST specimen’s size, 
shape and details of the boundary conditions 
(e.g. loading platens, load decomposition, 
dimensions of the groove for inserting of the 
platens etc.) were considered in accordance 
with prepared experimental campaign and 
corresponding numerical analyses which pre-
ceded the testing preparation [32, 33, 38−41]. 
Note that the basic dimension of the cube-
shaped specimen is equal to 100 mm; the value 
of the splitting component of the loading force 
(the horizontal one in Fig. 2) was considered 
equal to 1 kN, the angle of the loading wedge 
equal to 15°. Elastic constants of the material 
model for concrete and steel platens were set 
to E = 35 GPa, ν = 0.2 and E = 210 GPa, 
ν = 0.3, respectively. For other details see e.g. 
[33]. The model was created similarly to the 
above-mentioned mixed-mode case, the same 
FEM software was used [36]. Plane strain 
conditions were used here as the breadth of the 
specimen is significant. FE model of the sym-
metrical half of the test specimen, including 
the detail of the mesh around the crack tip is 
depicted in Fig. 2. 

4 RESULTS AND DISCUSSION 

4.1 AECT 
Values of the coefficients an and bm deter-

mined by ODM and then used for the stress 
evaluation are introduced in Tab. 1. Note that 
values of the first five coefficients corre-
sponding to both loading modes have been 
verified with data published in literature and 
their mutual agreement is very good, see [31] 
for details. 

In order to present the influence of the 
higher-order terms on the stress distribution, 
the stress tensor components σx, σy, τxy have 
been investigated in several directions around 
the crack tip: θ = 0° (a path ahead of the crack 
tip), θ = 45° and θ = 180° (a path along the 
stress-free crack faces). The last angle enables 
to verify the numerical model and estimate the 
region in the very vicinity of the crack tip 

 
Figure 2: Numerical model of the WST on cube-shaped 

specimen (symetrical half) with detail of the FE mesh 
around the crack tip (nodes considered for the higher-
order terms coefficients computation using ODM are 

emphasized) 

Table 1: Values of the dimensionless expression of the 
higher-order terms coefficients of the loading mode I, 

gI,n, and the loading mode II, gII,m, used for the 
comparative analysis 

n, m    gI,n [-]   gII,m [-] 
1 1.394             −3.785 × 10−1 
2 5.971 × 10−1 −6.660            
3 −1.272             −2.212 × 10−1 
4 2.477 × 10−1 −1.931 × 10−1 
5 −5.435 × 10−1 1.817 × 10−1 
6 2.707 × 10−1 −6.539 × 10−1 
7 −2.817 × 10−1 2.730 × 10−1 
8 1.188 × 10−2 −5.623 × 10−1 
9 3.614 × 10−1 3.942 × 10−1 

10 −3.846 × 10−1 −8.561 × 10−1 
 
subjected to numerical errors. Note that similar 
dependences can be observed also in other 
directions. 

In Fig. 3, the opening stress σy is plotted for 
the angle of 180°, i.e. along the crack faces. 
Dependences in Fig. 3 prove the functionality 
of the numerical model used for the calcula-
tions: the value of the opening stress on the 
crack faces (that should be stress-free) is zero, 
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as also the stress values from the Williams 
expansion show. The non-zero σy values 
emerging in the small region in the very vicin-
ity of the crack tip represent the typical nu-
merical errors. Therefore, the stress values 
obtained in this area both in other directions 
and for other stress components should be 
considered as inaccurate/invalid. 

The typical singular stress behavior can be 
observed in Fig. 4, where for instance the 
stress component σx in dependence on the 
relative distance from the crack tip ahead of 
the crack tip (θ = 0°) is presented (depend-
ences for the other stress components are 
similar). 

Fig. 4 shows that there exist differences be-
tween the numerical solution of the stress 
distribution and the stress values calculated by 

means of the WPE. The ratio between the 
values can be about 10 ÷ 20 in a large distance 
from the crack tip if only one or two higher-
order terms of the Williams expansion are 
used for calculation of the corresponding stress 
component.  

The extent of the stress deviations depends 
on two factors. It holds that the larger distance 
from the crack tip, the higher difference be-
tween the numerical solution and the WPE 
approximation. The other dependence (on the 
number of the higher-order terms considered) 
behaves less exactly than one would expect in 
this interpretation of the results. Thus, it seems 
it is generally impossible to state which num-
ber of the higher-order terms of WPE brings 
the best results. This dependence is not as 
unambiguous as in the previous case.  

 

 

key: 

 

 
Figure 3: Demonstration of the extent of the region 

with numerical errors occuring in FE solution by 
means of displaying of the opening stress σy values on 

the crack stress-free faces (θ = 180°) 

Figure 4: Comparison of values σx determined nume-
rically and values calculated from Eq. (1) under con-
sideration of different numbers of the higher-order 
terms in WPE; angle of the path investigated θ = 0° 

 

key: 

 

 
Figure 5: Normalized σx,norm values calculated from 
WPE for various ranges of the higher-order terms; 

angle of the path investigated θ = 45° 

Figure 6: Ditto Fig. 5 for σy,norm values 
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The stress profile reconstructed by the WPE 
considerably fluctuates with changing number 
of terms of the series; however, the trend of 
improving accuracy with increasing number of 
terms is apparent. Both of the conclusions 
presented above can be better seen in Fig. 5 
and Fig. 6, where the dependences of the 
normalized σx,norm and σy,norm components for 
the angle of 45° are displayed. The stress 
components values were normalized via the 
corresponding stress values obtained from the 
numerical solution: σij,norm = σij/σij,num and 
i,j  x,y, i.e. in the ideal case σij,norm = 1, 
which means that the stress value calculated 
by WPE equals the stress value obtained nu-
merically. 

It can be seen in Fig. 5 and 6 that although 
adding of another higher-order term not al-
ways leads to better (more accurate) results, 
using only one or two terms of Williams ex-
pansion can cause considerably different stress 
values than there are in reality in the cracked 
specimen. If such stresses are subsequently 
used in a fracture criterion or any other analy-
sis, the error can arise much more. Therefore, 
estimation of the coefficients of the higher-
order terms of WPE is strongly recommended 
in order to avoid inaccuracies especially in 
larger distances from the crack tip.  

4.2 WST 
Similar analysis was conducted also in the 

case of the mode I geometry – the WST con-
figuration. Here, the values of the higher-order 
terms coefficients were determined for wide 
range of relative crack lengths in order to fit 
the results by suitable functions and thus crea-
te formulas enabling analytical recon-struction 
of the stress/displacement fields in cracked 
specimens for various crack lengths. The 
higher-order terms coefficients were evaluated 
from results of computations with several 
models varying in the near-crack-tip FE mesh 
shape. The reason of that was to introduce 
variances in the selection of (the number and 
the position of) nodes from which the dis-
placements and coordinates were taken to 
enter the ODM and thus investigate the accu-
racy of the method. Detailed description of the 

conducted study related to this issue can be 
found in [33]; here coefficients, an, of the first 
twelve terms of the WPE for selected three 
relative crack length values are presented 
(Tab. 2). Note that the values of coefficients 
correspond to the load magnitude mentioned 
above. Again, normalized values of the first 
five coefficients have been compared with 
published data [28, 29] and good agreement 
was observed [32]. 

In the case of the WST the ODM procedure 
programmed alternatively also in Mathcad 
mathematical package [42] was used.  

Table 2: Dimensionless values of the higher-order 
terms coefficients, gn, for WST geometry 

n 
gn [-] 

   α = 0.2   α = 0.5  α = 0.85 
1 2.105  4.309  2.896 × 101 
2 −1.482 × 10-1 4.670  3.674 × 101 
3 −1.796  −6.126  −1.251 × 102 
4 2.014  1.140 × 10-1 3.796 × 101 
5 −4.490  6.220 × 10-1 −2.101 × 102 
6 −4.725 × 10-1 −1.616  1.547 × 102 
7 1.797 × 101 −5.726 × 10-1 −6.032 × 102 
8 −3.678 × 101 2.142  5.692 × 102 
9 4.048  −5.065  −1.897 × 103 
10 2.177 × 102 1.009  1.990 × 103 
11 −4.084 × 102 −3.960  −6.233 × 103 
12 −6.369 × 102 1.353 × 101 6.743 × 103 

 
The calculated coefficients of the higher or-

der terms were subsequently used for approx-
imation of the stress field in the cracked body 
by means of WPE, similarly to the previous 
example. However, here the entire stress fields 
(i.e. the functions of two variables), not only 
their profiles (i.e. particular cuts), are investi-
gated.  

A procedure in Java was developed for 
handling and displaying of the reconstructions 
of the fields over the area of the specimen. The 
procedure is a subroutine of an application 
being developed for estimation of the size and 
shape (and possibly other relevant features) of 
the fracture process zone evolving around the 
tip of a propagating crack [43−45].  
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In the present study, a tool of the applica-
tion which enables determination of the plastic 
zone contours (or simply isolines at some 
defined levels of stress) is employed; the 
search for points on the plastic zone boundary 
is performed via Newton’s method. A number 
of failure criterions are implemented within 
the application; however, here only the basic 
stress tensor components used for the plasticity 
condition are presented. 

Selected results of the study on description 
of the stress fields using finite number of terms 
of the WPE, N, are shown in Fig. 7. For three 
relative crack lengths and three components of 
stress tensor, namely α = 0.2 and σy, α = 0.5 
and σx, and α = 0.85 and σ1 (from top), respec-
tively, the fields are analyticaly recon-structed 
via WPE using different ranges of its initial 
terms, namely N = 1, 2, 4, 7, and 12 (from 
left), respectively. These fields recon-

 N = 1 N = 2 N = 4 N = 7 N = 12 FEM solution 
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= 

0.
5,

 σ
x 

     
 

 

   [Pa] 

 
= 

0.
85

, σ
1 

     
 

 

   [Pa] 

Figure 7: Comparison of stress fields (from top σy, σx, σ1) reconstructed by means of WPE using various ranges of terms 
of the series (from left 1, 2, 4, 7, and 12, respectively) with the numerical solution (considered as the correct one) 

1621



Lucie Šestáková, Václav Veselý, Jakub Sobek and Petr Frantík 

 8 

structions are interpreted through isolines (the 
scale is identical for σx and σy, but differs for 
σ1, see the scales on the left) and can be com-
pared to FE solution ploted as isoareas (con-
tours between different colours corres-pond to 
values for isolines of the analytical solution, 
see the scales on the right). Note that the FE 
solution is considered as exact and its results 
served as inputs to the ODM from which the 
values of the higher order terms were calcula-
ted. 

In some cases, mostly for the higher values 
of the last considered term, N, certain regions 
(sectors of certain range of angle, θ) are ob-
served where no solution of the plasticity 
condition was found within a distance from the 
crack tip, r, smaller than that of the specimen 
boundary. In these cases the stress isolines, 
particularly for larger distances from the crack 
tip, are not continuous. This effect is extreme-
ly visible in the case of long crack (α = 0.85), 
high value of N and low value of σ1, when 
only discrete points were found as the solution. 

From the mutual comparison of the stress 
fields’ reconstructions for different N and the 
comparison of those with the FE solution, 
following points are worth emphasizing: 

 Description of the stress fields using 
WPE under consideration of only the first 
or the first two terms is feasible only in 
very small region around the crack tip.  
 With increasing of the distance from the 
crack tip also the number of terms neces-
sary for keeping reasonable accuracy of the 
description increases. 
 In larger distances from the crack tip, the 
stress field reconstruction provided by high 
number of terms of WPE may start behave 
in rather uneven manner, which complicates 
its utilization within fracture analysis. 
 Suitable number of terms of the WPE 
which should enter the fracture analysis de-
pends on mutual relations of the specimen 
size and shape, applied load and strength 
limit. In other words, on the proportion of 
the size/shape of the region where the fail-
ure takes place to the specimen boundary. 
Of course, the type failure condition influ-
ences the choice as well. 

5 CONCLUSIONS 
It has been found out that higher-order 

terms of the Williams power expansion de-
rived for the description of the stress/displa-
cement field in a cracked specimen play a key 
role if a knowledge of accurate stress/displa-
cement fields not only very close to the crack 
tip is required. Sufficient number of higher-
order terms necessary for accurate stress and 
displacement field description within a body 
with a crack depends on the size of the region 
in question; the studies presented show that 
probably more than one or two terms, which 
are used conventionally as the well-known 
one- or two-parameter fracture mechanics, 
should be taken into account. For instance in 
the case of quasi-brittle materials, where the 
stress distribution has to be known also farther 
from the crack tip, the use of the higher-order 
terms of Williams expansion can contribute to 
more accurate and reliable fracture analysis 
and prediction of structural behaviour. 
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Abstract: The assessment of dynamic response and residual capacity of reinforced concrete (RC) 
columns to blast load is decisive for protection of buildings, especially regarding progressive 
collapse risk. In the case of explosive devices placed next to a critical structural element, complex 
and extreme loading is applied on the nearby system and the material response is characterized by 
high non-linearities.In this study, detailed weak-coupled fluid dynamics and finite element 
calculations are first used to investigate several scenarios of blast loading and RC columns response 
for contact detonations from 2.5 kg to 500 kg in a generic building. A general damage criterion is 
proposed and numerically evaluated in terms of residual axial load-carrying capacity. Parametric 
studies using a simplified loading methodology are then carried out to investigate the influence of 
charge weight, stand-off distance, column dimensions and concrete strength. Based on these results, 
an analytical empirical formula is derived to predict the damage level of the column. 

1 INTRODUCTION 
Bombing is a threat with low probability 

but with disastrous consequences. Accidental 
or intentional events that have damaged 
important infrastructures in recent years have 
focused attention of constructive guidelines 
and research community on blast loads effects. 
Structural damages caused by blast loading are 
the combination of both immediate effects and 
consecutive hazards, among which progressive 
collapse. This catastrophic failure mode occurs 
when the initial failure of one or several key 
load-carrying members gives rise to a more 
widespread failure of the surrounding 
members, up to complete or disproportionately 
large collapse of the whole structure. The 
limitations of progressive collapse analysis 
procedures prescribed by the US General 
Service Administration (GSA) [1] and the US 

Department of Defense (DoD) [2] have been 
largely discussed, [3-6]. In particular, it has 
been demonstrated by Shi et al. [6] that 
considering and quantifying the direct damage 
of all structural components affected by the 
blast can improve the alternate load path 
method proposed by the guidelines. Therefore, 
one of the most useful information when 
assessing the consequences of a blast event on 
a building would be the accurate evaluation of 
dynamic response and residual load-carrying 
capacity of the primary supporting members. 
Pressure-impulse (P-I) diagrams based on a 
simplified single degree of freedom (SDOF) 
models are commonly used to assess the 
response of a component to a particular load 
history, including blast loads. However, even 
if some works, [7-9], attempted to include 
noticeable details in the analysis, such as the 
irregular pulse loading shape and/or the non-
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linear resistance function of the element, such 
analysis might not be suitable for loading 
conditions imposed by close-in detonations. In 
that case, the structure damage is primarily 
governed by response at local modes and 
detailed numerical simulations have to be 
done. Shi et al. [10] calculated with LS-
DYNA the response of RC columns to an 
idealized triangular blast load uniformly 
applied to the front face in order to establish 
(P-I) diagrams and analytical formulas for the 
asymptotes. Even if the simplification in 
loading description is consistent with the 
prescription of the commonly used Technical 
Manual TM5-1300 [11], it is no more suitable 
when the charge is very close to the column 
because load becomes strongly non uniform. 
Wu et al. [12] carried out similar 
investigations using the Arbitrary Lagrange-
Euler solver of LS-DYNA for a charge of 
25 kg TNT detonating in front of different 
columns. In both studies, the residual axial 
load capacity is considered as the most 
relevant criterion to quantify the damage of the 
column after the blast. In fact, this criterion is 
independent on damage modes, unlike the 
maximum deflection criteria commonly used 
in SDOF analyses, and inhomogeneous local 
properties, such as strength material reduction 
or crater dimensions. 

The present study is part of the European 
project SPIRIT (Safety and Protection of built 
Infrastructures to Resist Integral Threat) which 
attempt to develop an integrated approach to 
mitigate chemical, biological, radiological and 
explosive threats to built infrastructures. 
Considering the explosive threat, part of the 
work consists in developing methodologies to 
quantify the consequences of attack in terms of 
structural damage at both local and global 
levels. Local damages directly induced by 
blast on primary structural components are, in 
a first step, numerically assessed on columns 
for several scenarios of attacks on a generic 
17-floors building designed in accordance with 
European regulations. In a second step, the 
numerical analysis is broadened to parametric 
studies on loading and structural parameters. 
The results are used to propose an analytical 
formula for the prediction of the damage level. 

Blast loads investigated are distinguished by 
close-in (5 cm) to near field (1 m) detonations 
and a large weight range (2.5 to 500 kg TNT). 
Special care is taken in the adopted numerical 
methodology to accurately calculate the non-
uniform and irregular blast load applied on all 
surfaces of the structure and to capture the 
complete response of the component. 
Comparisons between experimental results and 
empirical formula used in constructive 
guidelines are done to validate different parts 
of the developed methodology. 

2 NUMERICAL ANALYSIS 

2.1 Geometries, elements and boundaries 
Figure 1 shows an example of a finite 

element model representing a RC column in 
the generic building and the explosive device. 
The explosive charge is supposed to be 
spherical and placed on the floor, at the bottom 
of the column. The meshes are composed of 
3D 8-nodes brick elements with a single 
integration point for the concrete volume and 
of 1D beam elements for the reinforcing steel 
bars. Perfect bonds are assumed between the 
two materials. A mesh size of 1.5 cm is 
typically used.  

            
Figure 1: Finite element model of a RC column 
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For models including nearby structural 
components of the columns, a perfect tie is 
assumed between the connecting surfaces. The 
top face of the column is constrained against 
horizontal motions. The bottom face (1 m 
above the floor) is constrained against vertical 
motion and also against the three rotations. 
The vertical borders of the slab are constrained 
against horizontal motions and against 
rotations.  

For parametric studies, only a single 
column is represented in the FEM model. In 
that case, a footing and a head are included in 
the numerical model, which constitute rigid 
bodies that simulate the connexions of the 
column with the floor and the roof. The slabs 
thickness is supposed to be 30 cm. Preliminary 
tests proved that free rotations at the footing 
lead to non realistic behaviour for close-in 
detonation, with too large rotation of the 
column end. In fact, even if for design 
considerations under gravity and service loads, 
the column boundary condition at the lower 
column end is generally taken as a pinned link, 
which is the most appropriate to simulate low 
strains and low rotations at the floor junction 
level, these conditions are not satisfied for 
close-in detonations. Consequently, embedded 
conditions in the floor are supposed for all 
numerical simulations on single columns. 
However, as the connexion between the upper 
part of the column and the roof is far from the 
loaded area, standard assumptions are used: 
fixed displacements and possible rotations in 
the x- and y-direction, with stiffness modelled 
by four linear springs generating a resisting 
momentum proportional to the rotation angle θ
of the column.  

Steel reinforcement consists in longitudinal 
rods and transverse hoops. In the generic 
building columns have decreasing cross-
sections from basement to upper levels with 
variable number (4 to 8) and diameters (12 to 
28 mm) of longitudinal bars, as well as 
variable diameters (6 to 12 mm) and partition 
distances (14 to 30 cm) of transverse hoops. 
For single columns of the parametric study, 
reinforcement consists in 8 or 12 longitudinal 
bars for respectively square or rectangular 

sections, with a cross area equal to 1% of the 
concrete area. Transverse reinforcements are 
positioned 25 cm part along the vertical 
direction and have a mass equal to 1/3 of the 
mass of longitudinal reinforcement. 

2.2 Material models 
The concrete behaviour is simulated with 

the material model PRM, developed by 
Pontiroli, Rouquand and Mazard [13]. This 
model has been used to simulate a wide range 
of problems from quasi-static configurations to 
high dynamic impacts or blast loading on 
complex reinforced concrete structures. Two 
versions of the model are available:  the two 
scalar damage model and the two-scalar 
damage model coupled with the Krieg [14] 
and Swenson [15] plasticity model. The 
coupled version includes mechanisms 
occurring at high pressure levels: pore 
compaction, shear plastic limit evolution and 
water content effects. As these mechanisms do 
not play a significant role in the material 
response for blast loadings considered in the 
present study and are computing process time 
consuming, the two-scalar damage model is 
used. While not a material property, an erosion 
criterion is introduced in the calculation so that 
elements are suppressed from the analysis 
when their maximal tensile strain reaches 
50 %.  

S
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Strain [x10-3] 

Figure 2: Stress-strain relation in concrete for cyclic 
tensile and compressive load

Figure 2 shows a typical stress-strain 
relation for cyclic tensile or compressive 
loadings given by the two-scalar damage 
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model. The following main physical 
mechanisms are taken into account: (i) crack 
closure effect observed during a tensile then 
compressive loading; (ii) strain rate effects on 
compressive and tensile strengths with 
constancy of fracture energy; (iii) irreversible 
strains generated for tensile or compressive 
loading; (iv) friction mechanism responsible 
for hysteretic loops during cyclic loading; (v) 
dissipation of a constant energy when a 
localized crack propagates in the mesh ensured 
by the Hillerborg [16] regularisation 
technique. 

Steel behaviour is simulated with the 
Johnson Cook dynamic failure model. This 
model includes an isotropic hardening 
mechanism with strain rate dependency and a 
damage mechanism that simulates the 
progressive failure of the reinforcement. Static 
yield stress is taken equal to 500 MPa. The 
failure process starts when the plastic strain 
reaches 10% and the complete failure is 
achieved for plastic strains higher than 12.5%. 

2.3 Analytical procedure 
The adopted analytical procedure includes 

the following successive calculations. 

Stage 1: preload 
The compressive axial preload due to 

gravity in a low-to-high rise buildings can 
have a significant influence on the column 
behaviour under blast. Therefore an initial 
axial force equal to 25% of the compressive 
concrete strength is prescribed and, 
furthermore, the action line of this force is 
brought out of centre to take into account 
eccentricity. This eccentricity is taken equal to 
the column height divided by 400. The force 
must be applied gradually due to the explicit 
scheme of the analysis: a duration of 50 ms is 
used.  

Stage 2: blast load 
Blast load is calculated with the Eulerian 

solver of the OURANOS code [17], from 
detonation time to a few milliseconds, with the 

assumption that the structure is perfectly rigid. 
In the numerical model, air is assumed to be an 
ideal gas with constant coefficient γ equal to 
1.4 and standard density ρ0 equal to 
1.293 kg/m3. High explosive TNT is modelled 
with a Mie-Grüneisen equation of state and the 
Jones-Wilkins-Lee [18] formalism for the 
reference curve, with related parameters given 
in table 1. Stations are positioned all around 
the external faces of the structure and register 
the applied pressure history under blast. The 
density of the stations is increasing with 
charge proximity, in order to capture detailed 
signals next to the charge. Pressure histories 
are registered until the air shock wave has 
totally diffracted around the structure and no 
more significant overpressure is applied to the 
structure.  

Table 1: Parameters Mie-Gruneisen and JWL  for 
TNT 

Parameter  a  
(GPa) 

 b  
(GPa) 

R1 
- 

R2 
- 

Value 3395 82 8.3 2.8 
Parameter ω 

− 
ρ0

(kg/m3)
PCJ

(GPa)
DCJ

(m/s) 
Value 0.6 1645 18  6930 

Stage 3: dynamic response under blast 
The dynamic response of the structure is 

calculated with ABAQUS Explicit from 
detonation time to 50 ms, which is a sufficient 
step time to capture the complete response to 
the blast. The pressure applied on the external 
face of a finite element is the signal of the 
closest Eulerian station in the blast load 
calculation.  

Stage 4: post-blast capacity assessment 
The residual axial bearing capacity of the 

blast-damaged column is evaluated with a 
quasi-static ABAQUS Explicit calculation. A 
vertical downward force is gradually applied 
on the top of the column with the bottom 
fixed, until failure is reached. As proposed by 
Shi et al. [10] and detailed in equation 1, the 
damage index D is related to the ratio between 
the reduced capacity of the blast-damaged 
column Presidual and the nominal capacity of the 
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component Pnominal. 

nominal

residual

P

P
D −= 1 (1)

3 VALIDATION OF THE 
ANALYTICAL PROCEDURE 

3.1 Close-in detonation tests on RC 
components  

The numerical damage assessment of a two-
third scale RC column (0.4 x 0.4 x 2.4 m3) 
subjected to close-in detonation is compared 
with the experimental test reported by Wu et 
al. [12]. In this test, the column is placed 
horizontally between a top head and a 
foundation block, so that the ground acts as 
lateral support. It is subjected to the detonation 
of a parallelepiped charge equivalent to 25 kg 
of TNT at a standoff distance of 200 mm. 

Figure 3a shows a photograph of the 
column after the blast which sustained severe 
damage around the region of the explosive 
charge; concrete is totally crushed, 
longitudinal reinforcement bars suffered large 
lateral deformation and transverse 
reinforcement bars shifted largely from their 
initial locations.  

The numerical result is shown in figure 3b, 
where colour fringes indicate the maximum 
tensile strain in concrete. The computed crack 
profile of concrete, as well as the large lateral 
deformations of longitudinal and transverse 
reinforcement are correctly reproduced. 
 
a)

b)

Figure 3: Detonation near a RC column                         

a) experimental and b) numerical results

Numerical damage assessments of RC slabs 
subjected to close-in detonation were 
compared with a set of experimental tests 
performed by CEA-Gramat.  

Figure 4a shows the result of the detonation 
a 1 kg charge at a distance of 6 cm from a 1.4 
x 1.4 x 0.1 m3 slab. At the back face, a quasi-
circular hole and a spall are observed in 
concrete, with respective average diameters of 
16 and 45 cm. At the centre of the slab, 
reinforcement bars suffered such large 
deformations that some of them are broken.  

Figure 4b shows the numerical results with 
separated view of plastic deformations in steel 
and damage distribution in concrete. 
Experimental details are properly reproduced, 
even if the fully damaged part of concrete is 
not yet totally separated from the rest of the 
slab at the end of the calculation. 

a)

b) 

DEF. PLASTDEF. PLAST

Figure 4: Detonation near a RC slab                               
a) experimental and b) numerical result 
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3.2 Axial compressive capacity of a RC 
column  

The methodology for assessing axial 
bearing capacity of columns is validated on 
undamaged columns. The maximum load 
capacity of columns obtained from quasi-static 
axial compressive calculations is compared to 
the nominal capacity given by the Mac Gregor 
[19] and ACI formula. According to this 
formula given by equation 2, the maximum 
axial carrying capacity of an undamaged RC 
column PN depends on the concrete 
compressive strength σc, the longitudinal 
reinforcement yield strength σy, the gross area 
of the column cross-section AG and the area of 
the longitudinal reinforcement AS. 

SySGcN AAAP σσ +−= )(85.0 (2)

For all relevant columns of the generic 
building, deviations are found to be less than 
5% between the nominal strengths obtained by 
the Mac-Gregor and ACI code formula and by 
the ABAQUS quasi-static calculations.  

4. NUMERICAL RESULTS 

4.2 Simulations of explosive scenarios in a 
generic building 

Within the SPIRIT project, a total of 14 
scenarios of near field or contact explosive 
attacks from 2.5 to 500 kg equivalent TNT on 
a modern high-rise generic building have been 
derived.  

Figure 5 shows the numerical results for 
25 kg TNT in contact with a column-to-slab 
corner at the third floor of the building 
(scenario 1). The distribution of tensile 
damage in concrete (0 for undamaged and 1 
for fully damaged material) and plastic strains 
in steel reinforcement are represented. 
Concrete is severely damaged in both the 
column and the slab, with breaches formed. 
Large plastic deformations up to 27% are 
observed in steel. In that case, it is concluded 
that the column has no more residual axial 
capacity and is considered as a “missing” 
component for the analysis of the post-blast 

global stability of the building.  

TENSILE
DAMAGE
TENSILE
DAMAGE

Figure 5: Damage in concrete and plastic strain in 
steel after blast in scenario 1  

Figure 6a shows the numerical result for 
2.5 kg TNT in contact with a column-to-slab 
corner at the sixth floor of the building 
(scenario 2). Concrete clearly suffered high 
damage next to the charge in both the column 
and the slab, as well as in several horizontal 
sections in the upper part of the column, due to 
bending actions. However, only small parts of 
concrete are eroded in front of the charge and 
at the rear faces of the column and the slab. In 
that case, a post-blast compressive calculation 
is performed. The result is shown on figure 6b 
which represents the maximal compressive 
strain distribution. The column clearly failed 
in the section which was the most damaged by 
the blast.  

On figure 7 are plotted the applied axial 
compressive force versus downward 
displacement during the compressive 
calculation, on which elastic, plastic, and 
softening stages are captured. The comparison 
of curves obtained on the undamaged and 
blast-damaged column clearly points out the 
degradation of the initial stiffness and 
maximum load capacity of the column 
previously damaged by the blast. In that case, 
a damage index of 36% is deduced. 
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a)   b) 

TENSILE
DAMAGE

½ model

TENSILE
DAMAGE

½ model

Max. compressive 
strain

Max. compressive 
strain

Figure 6: a) Damage in concrete after blast and b) 
Maximum strain in concrete after compression test 

for scenario 2

undamaged
blast-damaged

Presidual

Pnominal

undamaged
blast-damaged

Presidual

Pnominal

undamaged
blast-damaged

Presidual

Pnominal

 
Figure 7: Axial force versus displacement during 

numerical compressive test of scenario 2.

4.2 Parametric simulations for the 
numerical experiment plane 

In order to broaden the assessment of 
explosion scenarios in a generic building to a 
larger number of situations, a parametric 
analysis is performed. In these simulations, the 
detailed fluid dynamic eulerian calculation of 
the blast load is substituted by the use of the 
Conwep module in ABAQUS, which requires 
less computing time. This module computes 
from tabulated data of TM5-1300 Technical 
Manual [11] the blast loading histories 
depending of the charge weight, the standoff 
distance and the orientation of the loaded 
surface. The response of a RC column under 
near field detonation with the pressure loading 

computed by the Conwep module has been 
compared with the response obtained using the 
eulerian 3D simulation for the blast loading. 
The comparison showed reasonable agreement 
on the damage distribution in concrete due to 
the blast and on the residual axial compressive 
strength of the column after blast, even if the 
results obtained with Conwep are more 
conservative.  

Table 2 lists the parameters considered in 
the plane of numerical experiments of near 
field detonations on RC columns. The 
parameters under consideration include the 
compressive strength of concrete σc, the 
column thicknesses along the charge direction 
t, a dimensionless parameter w/t which is the 
ratio between the column width w and the 
column thickness t, the column height H, the 
charge radius R and a dimensionless parameter 
d/R which is the ratio between the standoff 
distance d to the charge radius R. The tensile 
strength is taken equal to one tenth of the 
compressive concrete strength and the 
longitudinal reinforcement ratio is taken 
constantly equal to 1.0 %.  

Table 2: Parameters of the numerical experiment 
plane 

Parameter Values 
1 2 3 4 

1 Section ratio w/t 1.0 2.0   

2 Compressive 
strength 

σc

(MPa)
25 35 50  

3 Column 
height 

H 
(m)

3.3 4.6 6.6  

4 Column 
thickness 

t 
(m)

0.25 0.35 0.5  

5 Charge 
radius 

R 
(m)

0.07 0.11 0.15 0.25

6 Relative 
distance d/R 1.25 1.6 2.0 4.0 

As the full combination of all these 
parameters would lead to 864 possible 
numerical simulations, a restricted number of 
30 experiments have been done. This number 
is considered enough to extract a formula able 
to describe with a reasonable accuracy the 
influence of each parameter on the resulting 
damage level. 
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5. EMPIRICAL FORMULA TO PREDICT 
THE DAMAGE INDEX OF A COLUMN  

5.1 Derivation of the formula 
The results from the parametric analysis are 

used to establish an analytical formula that 
quantifies the column damage level D 
depending on the blast load and column 
characteristics. The formula takes the form 
given by equation 3. 
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bij are coefficients related to each of the i=1 
to 6 parameters and to the j = 1 to 2, 3 or 4 
possible values of each parameter (see table 2), 
which values  are given in equation 4. These 
coefficients have been deduced from the 
results of the plane of numerical experiments, 
from which six experiments have been rejected 
in order to get a better accuracy of the formula. 

The choice of each coefficient depends on 
the value considered for the associated 
variable. For instance, for an experiment with 
the following parameters w/t=1, σc=25 MPa, 
H=6.6 m, t=0.25 m, R=0.1099 m and d/R=4, 
coefficient b11 has to be chosen as w/t takes 
value n°1 (equal to 1), coefficient b21 is chosen 
as second parameter because σc also takes 
value n°1 (equal to 25 MPa). Using the same 
methodology for other coefficients, damage 
parameter D finally equals to:  
D = b0 + b11 + b21 + b33 + b41 + b52 + b64. 

For values of the parameters which are 
different from the one defined in table 2, D can 
be obtained using linear interpolation or 
extrapolation of the coefficients bij. However, 
in case of extrapolation, it is recommended to 
remain inside a reasonable range (± 0.5 time 
the variable interval of the experiment plane). 
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5.2 Accuracy of the formula 
The accuracy of the mathematical formula 

can be checked by comparing its results with 
the results given by the thirty numerical 
simulations. For the 24 simulations used to 
establish the formula, the mean difference is 
less than 5 % and the maximum difference is 
equal to 15%,. If all the 30 numerical 
simulations are included, the mean difference 
is closed to 10 %. This accuracy is considered 
reasonable. 

5.3 Effects of relevant parameters 
Among the six parameters examined in the 

plane of experiments, the thickness of the 
column t, the charge radius R and the ratio of 
standoff distance to charge radius d/R prove to 
be the most significant on the column 
response. In fact, column with greater 
thickness implies more concrete area and 
larger cross-section, which results in an 
increase in both the shear and bending 
strengths. Variations of distance to charge 
radius ratio below 1.6 appear to have less 
effect on the damage level of the column than 
for higher ratios. This result seems to indicate 
a threshold effect in the local damage induced 
by detonations occurring at very low scaled 
distance from the column. 

The column width w, the column height H
and the concrete compressive strength σc do 
not play an important role. Increasing the 
width by a factor of two decreases very 
slightly the damage resistance of the column. 
This can be due to an increase in the blast 
loads acting on a wider column although shear 
and bending strength is constant.  The non-
significant effect of column height can be 
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explained by the damage mechanisms 
involved in these close-in detonations, which 
are mainly governed by local response of the 
material and cross-section erosion. The effect 
of σc was expected to be more important. The 
reason is probably linked to the dynamic 
concrete behavior under high pressure level. 
For such loading, the structure response is 
meanly governed by inertia and confinement 
effects which are probably an order of 
magnitude bigger than the compressive 
material strength. 

6. CONCLUSIONS 
In this work, a numerical procedure is 

proposed to simulate the behavior of RC 
structures under contact to near field 
detonation, and to estimate their residual 
bearing capacity. This procedure is used to 
quantify the local damage of structural 
components in several scenarios of explosive 
attacks in a generic residential building. Using 
a plane of numerical experiments the results 
are extended to more general configurations 
covering a significant number of situations 
encountered in existing or new buildings. 
From this parametric study, the effects of 
column dimension, concrete strength as well 
as charge size and standoff are investigated. 
An analytical formula that quantifies the 
column damage level as a function of the 
varying parameters is also extracted.  
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Abstract: The paper deals with numerical simulations of fracture in concrete using a continuous, 
discontinuous and coupled continuous-discontinuous constitutive model. In a continuum approach, 
cracks were treated in a smeared sense with an elasto-plastic constitutive law with Rankine 
criterion. To ensure mesh-insensitive results, an integral non-local theory was applied. 
Alternatively, cracks were described as displacement jumps using the eXtended Finite Element 
Method (XFEM). A coupled model of these two formulations was also proposed. Some benchmark 
tests were performed. 

1 INTRODUCTION 
Modelling of quasi-brittle materials like 

concrete is demanding task due to the presence 
of material fracture. At the beginning of 
loading, a region with several micro-cracks is 
formed. Later these micro-cracks create 
discrete macro-cracks. There exist two basic 
approaches to simulate cracks in solid bodies. 
The first idea is based on a continuum 
description. The material can be described 
using e.g. elasto-plastic, damage mechanics or 
coupled constitutive laws. These formulations 
include softening, so they have to be equipped 
with a characteristic length of microstructure 
to preserve the well-posedness of the boundary 
value problem. It can be achieved by means of 
e.g. micro-polar, non-local or gradient 
theories. Alternatively, a crack can be regarded 
as a discrete macro-crack with a displacement 
jump (by omitting a micro-crack phase). The 
oldest solutions used interface elements 

defined along element edges. The modern ones 
allow for considering cracks in the interior of 
finite elements using embedded discontinuities 
or XFEM (eXtended Finite Element Method) 
[1] based on a concept of the partition of unity. 
Continuum constitutive laws are more realistic 
in describing strain localization phenomena, 
but they cannot properly capture the crack 
formation and propagation. Discontinuous 
models, on the other hand, can handle macro-
cracks, but they cannot describe localized 
zones. A combination of a continuous and 
discontinuous approach enables to capture a 
full fracture process. Such coupling can be 
done in several ways, e.g. the latest approaches 
combine XFEM with implicit gradient [2] or 
integral-nonlocal [3] isotropic damage models. 
Wells et al. [4] combined XFEM with the 
Perzyna viscoplastic model. 

The paper presents FE results obtained with 
a continuous elasto-plastic model and non-
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local softening and a discontinuous XFEM 
approach. A coupling formulation between 
these two models was also proposed. 

2 CONTINUUM CONSTITUTIVE 
MODEL 
An elasto-plastic constitutive law with 

standard Rankine yield criterion was used 

( )κσσ tf −= max , (1)

where maxσ –  maximum principal stress, tσ  –
tensile yield stress and κ – hardening/softening 
parameter. The associated flow rule was 
assumed. To define softening under tension, a 
curve proposed by Hordijk [5] was applied 

( ) ( )( ) ( ) 
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with κu – ultimate value of the softening 
parameter at the non-zero yield stress and 
constants A1, A2 and A3 are defined as  
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with the coefficients c1=3.0 and c2=6.93. 
To obtain mesh-objective results within 

continuum constitutive models including 
material softening, an integral non-local theory 
was used as a regularisation technique [6]. In 
plasticity, rates of the softening parameter dκ
were treated non-locally according to 
Brinkgreve [7] 

( ) ( ) ( ) ( )xxx κκκ ˆdd1d mm +−=     (4)
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where x - coordinates of considered (actual) 
point, ξξξξ – coordinates of the surrounding 
points, m – non-locality parameter (it should 
be greater than 1). The weighting function 
(Gauss distribution) was defined as 
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e
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π

α ,    (6)

where r – distance between points, l – 
characteristic length of the microstructure.  

In FE-simulations an approximated method 
was used to evaluate non-local quantities. In 
the given integration point, the influence of its 
neighbours was determined using the values 
from the previous iteration. It enabled us to 
simplify calculations and to preserve locality 
of plasticity algorithms.  

3 DISCONTINUOUS APPROACH 
To describe displacement jumps in 

continuum, the eXtended Finite Element 
Method (XFEM) was chosen. It is based on 
the Partition of Unity (PUM) and it allows for 
defining cracks across finite elements. It is 
achieved by adding locally extra known terms 
to a standard FE displacement approximation. 

The formulation used follows (with some 
slight modification and improvements) the 
general idea presented by Wells and Sluys [8] 
based on the so-called shifted-basis 
enrichment [9] to describe a displacement field 
with discontinuous jumps. In the initial 
continuum body, a linear elastic constitutive 
law was assumed. A new crack could be 
activated or an existing crack could propagate, 
if the standard Rankine’s criterion (σmax > ft) 
was fulfilled at least in one point of the 
element at the front of the crack tip. A new 
segment was added to cracks with a new crack 
tip located at the element edge.  

To find a direction of the crack propagation, 
the direction of the crack extension was 
assumed to be perpendicular to the direction of 
the maximum principal stress. To smoothen 
the stress field around the crack tip, the 
average stresses *σ  was used for determining 
the crack direction according to Wells and 
Sluys [8] 

∫=
V

* wdVσσ ,    (7)

where V - semicircle domain at the front of the 
crack tip, w – weight function assumed as 

( ) 
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with lav as the averaging length related to the 
size of finite elements (not equivalent with a 
characteristic length of microstructure). In the 
research literature, more advanced algorithms 
can be found. Oliver et al. [10] formulated so-
called global tracking algorithm. The 
propagation directions of all cracks were 
determined globally by solving a stationary 
anisotropic heat conduction problem. Moës 
and Belytschko [11] assumed that cohesive 
tractions had no influence on the crack 
propagation direction and used the maximum 
circumferential stress criterion from Linear 
Elastic Fracture Mechanics (LEFM). 

After Wells and Sluys [8], the following 
format of the loading function within discrete 
cohesive laws was assumed 

( ) 
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with the history parameter κ equal to the 
maximum value of the displacement jump 
[[un]] achieved during loading. The softening 
of the normal component of the traction vector 
was described using either an exponential 
relationship 
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where Gf – facture energy, Df – correction term 
defined as 
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with the drop factor df [12]. This factor 
improves the convergence under tensile-
compressive load changes. With increasing 
value of df, the term Df approaches 1. During 
unloading, the secant stiffness was used with a 
return to the origin (damage format). In a 
compressive regime, the penalty stiffness in 
the normal direction was used (depending 
upon the drop factor df). In the tangent 

direction, a linear relationship between a 
displacement jump and traction was defined 
with the stiffness TS.  

4 COUPLED NUMERICAL APPROACH 
A coupled model enables to simulate both the 
creation of localised zones of deformation and 
the evolution of discrete cracks. During the 
first phase, the elasto-plastic constitutive law 
described in Section 2 was used. If the 
specified value of the softening parameter κ
was exceeded in any of integration points in 
the element at the front of the crack tip, the 
formulation switched to a cracked element. A 
new crack segment was introduced. The 
direction of a discrete crack propagation p was 
determined by (similar as in [4])  

dVpwp
V
∫= )()()( ξξξκ (13)

where p  – normalized direction from crack 
tip to the point, w – weight function defined in 
Eqn. (9). An introduction of a crack segment 
preserved the stress equilibrium. Therefore 
cohesive discrete material behaviour was 
modified to take into account the initial 
displacement jumps [[ init

n
u ]] and [[ init

s
u ]]. 

These values were determined on the basis on 
the known tractions init

n
t  and init

s
t  at the 

moment of a crack creation and the defined 
relationships in a normal and tangential 
direction. In other words, XFEM softening in 
normal direction started not from the value ft
(peak) but from the smaller value init

n
t . The 

initial displacement [[ init

n
u ]] was also added to 

the softening parameter κ. 
The addition of a new crack segment 

introduced also a new barrier in non-local 
interactions (the points lying at the opposite 
sides of a crack might not see each other in 
non-local summations causing the so-called 
“shading effect”). This operation is equivalent 
to new boundary conditions in a coupled 
gradient damage and XFEM model [2]. This 
assumption is correct for the case when the 
transition from a continuous to discontinuous 
crack description of takes place at very small 
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values of init

n
t . If the transition point is defined, 

e.g. at the level of 0.5ft, this operation seems 
however to be questionable. 

5 EXPERIMENTS BY NOORU-
MOHAMED 

5.1 Problem 
As a representative benchmark problem, a 

double-edge notched (DEN) concrete 
specimen under combined shear and tension 
was analysed (so-called the Nooru-
Mohammed test [13]). The length and height 
of the element were 200 mm, and the thickness 
was 50 mm (Fig. 1). Two notches with 
dimensions of 25×5 mm2 were located in the 
middle of the vertical edges. During the 
analysed load scenario in calculations, the 
shear force Ps was applied until it reached a 
specified value, while the horizontal edges 
were free. Then the shear force remained 
constant and the vertical tensile displacement 
was prescribed. In the experiment, two curved 
cracks with an inclination depending upon the 
shear force were obtained (at the small value 
of Ps – the cracks were almost horizontal, at 
the large value of Ps – the cracks were strongly 
curved), Fig. 2. Apart from a comparison of 
force – displacement diagrams, the distance d
defined as the maximum distance between a 
horizontal line between notches and all points 
lying on crack curves was calculated as the 
indicator of a realistic numerical crack 
reproduction. In the experiments, it was 
calculated as an average value of 4 cracks and 
it was equal to 1.6 cm, 3.6 cm and 5.3 cm at 
the shear force 5 kN, 10 kN and 27.5 kN, 
respectively. In all simulations, the following 
elastic constants were assumed in calculations: 
Young’s modulus E=32.8 GPa and Poisson’s 
ratio v=0.2. 

5.2 FE results within elasto-plasticity 
First, the FE simulations with the enhanced 

standard elasto-plastic Rankine model were 
performed. The tensile strength was 

ft=2.4 MPa and the parameter κu=0.02 to fit 
the experimental force – displacement curves. 
The characteristic length was equal to l=2 mm 

Figure 1: Nooru-Mohamed test [13]: geometry and 
boundary conditions.

           

Figure 2: Nooru-Mohamed test [13]: experimental 
crack pattern at Ps=10 kN. 

and the non-locality parameter was m=2. The 
FE-mesh included 8585 quadrilateral 
elements. The obtained FE results are 
presented in Figs. 3 and 4 (the cracks are 
shown via the contours of the softening 
parameter κ). In the case of the force-
displacement diagrams, a very good agreement 
with the experimental data was obtained when 
the shear forces was 5 kN and 10 kN. A 
significant discrepancy was obtained at the 
maximum shear force of Ps=24.5 kN, although 
a compressive tendency under tensile loading 
was properly simulated. 

A crack propagation was satisfactorily 
reproduced in FE analyses. The distance d was 
equal to 2.4 cm, 3.6 cm and 5.6 cm at the 
small, medium and large shear force, 
respectively. The only drawback of calculated 
cracks was the fact that they were too straight 
at the deformation beginning. 

It should be noted that similar satisfactory 
results  were  also  obtained  using an isotropic 
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a) 

b) 

c) 

Figure 3: Force-displacement curves in Nooru-
Mohamed test and in simulations using elasto-plastic 

model at shear force Ps equal to 5 kN (a), 10 kN (b) and 
24.5 kN (c). 

damage constitutive law with non-local 
enrichment [14]. 

5.3. XFEM results 
The following material parameters were 

assumed in simulations: ft=2.3 MPa and Gf=75 
N/m to fit the experimental force-displacement 
curve. The averaging length was taken as 
lav=7.5 mm. To avoid sudden changes of a 
crack direction, a limit of the maximum 
direction change of 10o was imposed. A mesh 
included 6520 3-node triangular elements. 
Figures 5 and 6 present the numerical results. 

a) 

b) 

c) 

Figure 4: Smeared crack patterns in Nooru-
Mohamed test and in simulations using elasto-plastic 

model at shear force Ps equal to 5 kN (a), 10 kN (b) and 
24.5 kN (c). 

A very good agreement for the force-
displacement curves at the shear forces Ps=5 
kN and Ps=10 kN was achieved. For the 
maximum shear force equal to Ps=25 kN (less 
than in the experiment), large discrepancies 
were observed (although a compressive nature 
of the vertical force under tension was 
properly reproduced). In all tests, two curved 
cracks were calculated with increasing 
curvature with respect to the increasing shear 
force. These cracks were too curved. The 
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a) 

b) 

c) 

Figure 5: Force-displacement curves in Nooru-
Mohamed test and in simulations using XFEM at shear 
force Ps equal to 5 kN (a), 10 kN (b) and 24.5 kN (c). 

distance d was equal to 3.0 cm, 4.5 cm and 
7.5. cm at the shear force equal to 5 kN, 10 kN 
and 25 kN, respectively. Thus, the existing 
algorithm for a crack propagation direction 
requires improvements to better match the 
experimental results. The application of other 
formulations did not improve the results.  

Table 1 shows the distances d calculated 
during simulations of the Nooru-Mohamed test 
using XFEM performed by other researches. It 
can be seen that usually the problem with 
Ps=10 kN was investigated only. The obtained 
distances d are more close to the maximum 
value (not to the average one). In general,  

a) 

b) 

c) 

Figure 6: Discrete crack patterns in Nooru-
Mohamed test and in simulations using XFEM at shear 
force Ps equal to 5 kN (a), 10 kN (b) and 24.5 kN (c). 

Table 1: Calculated distances d (in cm) when 
simulating Nooru-Mohamed test at different shear force 

Ps (5 kN, 10 kN and 27.5 kN) 

Author 5 kN 10 kN 27.5 kN 
[12]  4.3  
[15]  4.1  
[16]  4.6  
[17] 3.0 4.5 7.6 
[18] 1.8 2.7  

these results confirm our conclusions. Even 
the use of Global Tracking Algorithm [10] 
does not improve the crack pattern [17].  
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6 COUPLED APPROACH EXAMPLE 
As the preliminary example, uniaxial 

tension was numerically analysed. A set of 
diagonally crossed 3-node elements was 
defined with 40 finite elements. The left edge 
was fixed while the horizontal displacement 
∆u=0.1 mm was applied at the right edge. The 
Young’s modulus was equal to 30 GPa and the 
Poisson’s ratio was taken as 0. In a continuum 
model, the tensile strength was ft=2.4 MPa and 
the ultimate softening parameter κu=0.002. A 
linear softening curve was assumed. The 
characteristic length was l=1 cm and the non-
locality parameter m=2. To induce a localized 
zone, the tensile strength was reduced in a 
central zone down to 2.3 MPa. For the XFEM 
model, linear softening was also assumed with 
the fracture energy Gf=87 N/m. This value was 
so scaled in order to obtain the almost identical 
force-displacement diagram in a pure 
continuous or discontinuous approach. 

Figure 7 presents the force displacement 
curves at the different transition softening 
parameters κt. Despite the fact that some 
fluctuations are observed near the transition 
point, all curves are very similar. 

Figure 7: Calculated force-displacement curves with 
coupled approach and different values of κt. 

7 CONCLUDING REMARKS 
The FE simulations show that both a 

continuous and a discontinuous approach are 
able to simulate curved cracks in concrete 
elements. A very good agreement was 
obtained between numerical and experimental 
force-displacement curves at the shear forces 
of 5 kN and 10 kN. For the experimental 

maximum shear force, some differences were 
observed but a compressive nature of the 
vertical force response was reproduced. All 
constitutive models properly reproduced the 
experimental crack pattern in the experiment 
by Nooru-Mohammed. When analysing the 
crack trajectory results, a continuous approach 
was more realistic than XFEM. 

Currently, some verification procedures and 
improvements of the defined coupled model 
are performed using the isotropic damage 
constitutive law with non-local softening and 
XFEM is under development. The choice of a 
transition point between continuous and 
discontinuous displacements will be 
numerically analysed and FE results will be 
directly compared with experimental results of 
measured displacements on the surface of 
notched concrete beams under 3-point bending 
using a digital correlation image (DIC) 
technique [19]. 
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Abstract: This article addresses the fundamental issue of shear transfer across rough joints, a 
problem of paramount importance in several civil engineering applications. Starting from the 
examination of the experimental results obtained from shear tests on concrete-concrete joints, rock-
rock joints and concrete-soil interfaces, the main features of the physical phenomenon are 
presented. The experimental results are then interpreted according to a novel formulation based on 
the integration of contact mechanics, suitable for the description of the pre-peak response of the 
joint, and nonlinear fracture mechanics, for the description of the post-peak softening branch. The 
proposed treatment fully takes into account the size-scale effects on the shear response of the joints 
due to interface roughness, providing a significant step forward with respect to the state-of-the-art 
modelling based on elasto-plasticity with a history dependent friction coefficient. 

 

1 INTRODUCTION 
The treatment of shear transfer across rough 

joints arises in several civil engineering 
problems. They range from retrofitting of 
damaged concrete structures with new 
concrete overlays [1] or with fiber-reinforced 
polymers [2] to the analysis of the shear 
response of rock joints [3] and concrete-soil 
interfaces in pile foundations [4]. Moreover, it 
is an aspect of paramount importance for the 
fundamental understanding of the behaviour of 
rough interfaces subjected to Mode II 
deformation. In these problems, although the 
joint is not glued or soldered as in composites, 
roughness induces similar effects, as we will 
quantitatively show in the sequel. 

Starting from the experimental evidence, 
shear tests on rock joints [3], concrete-soil 
interfaces [4], concrete-concrete cold joints [5] 
and bolt-fastened concrete layers [1] present 

common features and show that several 
mechanisms contribute to shear transfer. The 
most important are friction, cohesion due to 
asperity interlocking and the dowel action in 
the presence of bolts. The shear strength, 
which is as the peak shear traction evaluated 
from a shear test, is an increasing function of 
the normal pressure. This trend is shown in 
Fig. 1 for shear tests on concrete-soil 
interfaces [4], where the shear traction q is 
plotted vs. the sliding displacement gT.  

The amplitude of roughness is also 
increasing the shear resistance of the joint, as 
experimentally observed in [3].  

The specimen size, on the other hand, leads 
to an opposite trend, which is difficult to be 
explained according to classical Euclidean 
geometry. Large specimens have a lower 
strength than the small ones [3], as shown in 
Fig. 2. This size-scale effect on the shear 
strength has been interpreted in [6-8] by 
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considering the fractality of rough contact 
interfaces. 

 

0 5 10 15 20 250

20

40

60

80

100

120

140

gT (mm)

q 
(k

Pa
)

p=25 kPa
p=100 kPa
p=200 kPa

 
Figure 1: Shear test results for concrete-soil contact [4] 

showing the effect of the normal pressure p. 
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Figure 2: Shear test results for rock-rock contact [3] 

showing the effect of the specimen size Δ. 

The post-peak branch of the curve obtained 
from a shear test is also very complex and may 
present a transition from softening −for small 
specimen sizes or for high normal pressure− to 
a plastic plateau −for large specimens or for 
low normal pressure−, see Figs. 1 and 2.  

When steel bolts are included, the post-peak 
branch usually presents hardening. This 
phenomenon has been investigated in [1] by 
performing shear tests on concrete-concrete 
joints fastened using 2 12 steel bolts, for 
different amplitudes of roughness. The non 
planarity of the interface is originated by 
surface blasting with high pressure water (Fig. 
3(a)), or with sand (Fig. 3(b)). In both cases, 
the total tangential force, FT, is an increasing 
function of the sliding displacement gT up to a 

peak value (thick solid curves in Fig. 3). 
Afterwards, a softening branch takes place, 
which is followed by hardening for very large 
sliding displacements. The dowel action 
exerted by bolts was also measured in [1] and 
it is superimposed to the previous figures 
using a dashed-dotted line. The difference 
between the curve corresponding to the global 
response and the curve related to the dowel 
action is numerically computed here and it 
represents the shear contribution due to 
roughness (see the dashed curves in Fig. 3). 
This contribution shows a softening branch, in 
close analogy with the previous results 
displayed in Figs. 1 and 2. Sand blasting 
induces a roughness amplitude lower than high 
pressure water blasting and therefore the peak 
shear strength is lower in Fig. 3(b) than in Fig. 
3(a). This confirms that roughness has a 
decisive role on the frictional response of cold 
joints.  

 

0 5 10 15 200

50

100

150

200

gT (mm)

F T (k
N

)

Dowel action
Global response
Roughness contribution

 
(a) High pressure water blasted surfaces. 
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(b) Sand blasted surfaces. 

 
Figure 3: Shear test results for concrete-concrete 

contact [1] showing the effect of the dowel action and of 
roughness, for two different surface treatments. 
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As regards modelling, an attempt to 
interpret these shear phenomena has been 
made in the framework of the finite element 
method and elasto-plasticity. A history 
dependent friction coefficient according to a 
semi-empirical expression and fitted on 
experimental results was proposed in [1] to 
capture the pre- and post-peak branches of the 
curves in Fig. 1. Although successful for these 
tests, the use of seven parameters reduces the 
possibility to generalize the results of this 
approach to other types of joints. In fact, all 
the model parameters are just best-fitting 
coefficients not related to measurable 
roughness properties.  

  In the present contribution, a new model 
based on the integration of contact mechanics 
and fracture mechanics is proposed. The 
novelty of the approach consists in modelling 
the pre-peak and the post-peak branches of the 
shear response by using and integrating two 
different methodologies, a modelling strategy 
not yet explored in the literature. The 
nonlinear pre-peak response is considered as 
the result of the phenomenon of micro-slipping 
of the asperities in contact. This problem is 
solved using the contact mechanics approach 
for rough surfaces proposed in [9] and 
generalized in [10] for cyclic loading. After 
achieving the peak shear stress, the post-peak 
regime is considered to be the result of a 
phenomenon of cohesion exerted by asperity 
interlocking. This stage will be modelled by 
introducing a new Mode II cohesive zone 
model. The micromechanical contact 
formulation and the nonlinear fracture 
mechanics model are integrated to provide a 
complete description of the joint behaviour. In 
case of bolt-fastened concrete blocks, the 
dowel action can also by added to the previous 
contributions to simulate the post-peak 
hardening, following the methodology 
presented in [1].  

The main achievement of the proposed 
model is the ability to take into account the 
size-scale effect observed in experiments. 
Moreover, it involves parameters solely 
dependent on the topology of rough surfaces 
that can be measured according to tribology 
standards [11].   

2 MODELLING THE PRE-PEAK 
RESPONSE BY USING CONTACT 
MECHANICS 

3.1 The normal contact problem 
Dimensional analysis considerations and 

incomplete similarity arguments presented in 
[12] have demonstrated that the normal contact 
stiffness of a rough joint is a power-law 
function of the normal pressure. Experimental 
results and numerical simulations have also 
confirmed this power-law trend, see [12]. This 
is due to the non Euclidean (fractal) character 
of roughness. In dimensionless form, the 
power-law relation between pressure and mean 
plane separation is: 

d
d

p p
d

β∝ (1)

where the dimensionless variables 
/ ( )p p Eσ= Δ  and /d d σ=  have been 

introduced.  The variable  is schematically 
shown in Fig. 4 and represents the distance 
between the average plane of the composite 
topography and a rigid flat indenting plane. 
The variable 

d

Δ denotes the upper cut-off 
length to the power-law behaviour of the 
power spectral density function of the rough 
fractal surface [11]. In the present case, it can 
be related to the lateral size of the sample. The 
remaining parameters, E and σ , are the 
Young's modulus and the r.m.s. roughness of 
the surface. 
 

 
Figure 4: Sketch of the normal contact problem 

between a equivalent composite rough surface and a 
smooth rigid plane. 

Integration of the ordinary differential 
equation (1) relating the normal stiffness to the 
pressure gives the pressure-separation relation. 
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This relation is exponential only in case of 
1=β  [12]. For the most general case 1≠β , 

we have: 

( )p K A Bd γ= − (2)

which is a power-law if and only if A=0. The 
exponent γ is related to β  via )1/(1 βγ −= . 
The coefficient K is a scaling factor taking into 
account the nonlinear size-scale effect on the 
shear strength. A qualitative sketch of Eq. (2) 
is shown in Fig. 5. Considering a loading 
scenario where two rough surfaces are 
progressively brought into contact from a very 
large separation, the pressure is increasing by 
reducing , up to a final configuration 
denoted by the index f in Fig. 5. 

d

 

 
Figure 5: Dimensionless pressure-separation relation. 

3.2 The tangential contact problem 
Following the approach in [9,10], the 

solution of the tangential contact problem 
between rough surfaces can be derived from 
the solution of the normal contact problem. In 
formulae we have: 

)~~(~
)~~(~

NNT

ppq
ggg

,f

,f

−=

−=

μ

μ
(3)

where μ  is the fiction coefficient, 

T T /g g σ=  is the dimensionless sliding 
displacement and / ( )q q Eσ= Δ  is the 
dimensionless tangential traction. Hence, the 
slip and the tangential tractions can be 
obtained from the solution of the normal 
contact problem at the final state of a normal 

contact simulation, minus a corrective term 
related to a lower pressure level.  

Equation (3) is sets up in terms of the 
dimensionless contact compliance, 

σ/~
NN gg = , which should be measured from 

the first point in contact (see Fig. 4). Although 
a tallest asperity always exists in numerical 
realization of rough surfaces, its elevation is 
affected by large variations governed by the 
extreme value theory. Hence, it is preferable to 
rewrite Eq. (3) in terms of the mean plane 
separation, a quantity much more stable from 
the statistical point of view. Noting that 

ddg ~~~
maxN −=  and introducing this relation 

into Eq. (3), we obtain: 

)~~(~
)~~(~

T

ppq
ddg

f

f

−=

−=

μ

μ
(4)

O

Final state 

p~

fp~

fd~ d~

Note that Eq. (4) does not depend on max
~d . 

The pressure range that can be explored is 
from 0 up to . Correspondingly, the 

tangential tractions vary from 
fp~

f fq pμ= down 
to 0. Intermediate values of tractions between 
0 and the value corresponding to full slip, fq , 

will be denoted as . The obtained 
dimensionless tangential traction vs. sliding 
relation is qualitatively shown in Fig. 6. It can 
be considered as a regularization of the Mohr-
Coulomb friction law, which would imply zero 
sliding until full slip takes place for 

q

fq q= . 
This sharp situation would happen only in the 
limit case of two ideally flat planes in contact. 
Physically speaking, the reason for this 
regularization is due to the non constant 
normal contact pressures supported by the 
asperities and induced by roughness. 

Using Eq. (2), the following explicit 
relation between q~  and  is obtained: T

~g

Tf f
KBq p KA g KBd

γ

μ
μ

⎡ ⎤⎛ ⎞
= − − −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
(5)
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Figure 6: Dimensionless tangential traction-sliding 

relation. 

3.4 Interpretation of the pre-peak 
experimental results 

In this subsection, the experimental shear 
tests related to the curves in Fig. 2 are 
numerically simulated and the predicted pre-
peak branches are compared with the 
experimental ones. To do so, the Young's 
modulus and the r.m.s. roughness are chosen 
as to represent the rock material analyzed in 
[3]. The parameters A and B in Eq. (2) are set 
equal to 2.04 and 0.41, respectively. Four 
different values of the specimen size, Δ = 5 
cm, 10 cm, 20 cm and 40 cm, are considered. 
The range of dimensionless separations 
explored is from 5 (large separations, very 
weak interaction)  to 0 (high pressure level). 
This is also the final state for the application of 
Eq. (3) and it leads to normal pressure levels 
consistent with the experimental ones in [3]. 
Considering K=1, the solid curve in Fig. 7 
corresponding to = 5 cm is obtained. All the 
other curves corresponding to different 
specimen sizes are obtained by selecting a 
different  in the fomulae and applying the 
coefficient K reported in Tab. 1. 

Δ

Δ
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Figure 7: Tangential traction vs. sliding displacement: 
numerical predictions (solid lines) and experimental 

curves (dashed lines). 

Table 1: Value of the coefficient K in Eq. (2). 

Δ (cm) K
0.05 1.0 
0.10 1.5 
0.20 2.1 
0.40 3.2 

 
It is remarkable to note that, without the use of 
the coefficient K, the size-scale effect 
predicted by the application of Eq. (5) would 
be much higher. The coefficient K re-scales 
the vertical coordinates and it is related to the 
size-scale effect on the shear strength of the 
joint. Hence, the knowledge of this scaling law 
allows an easy computation of the parameter K
by matching the peak traction given by Eq. (5) 
with K=1 and the shear strength given by the 
scaling law.  
 For rocks, the expression of the scaling law 
for the shear strength has been determined in 
[7,8] by considering a wide range of length 
scales ranging from the size of typical 
laboratory specimens to the size of a natural 
fault, obtaining . Determining  
and d

qdqq −Δ= * *q
q from best-fitting of experimental 

results, in logarithmic form we have:  

Δ−= 1010 log34.033.4log q (6)
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 Equation (6) fits very well the shear 
strength results of the tests in Fig. 2, as shown 
in the comparison of Fig. 8. 
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Figure 8: Size-scale effects on the shear strength: 

experimental data from Fig. 2 vs. scaling law in Eq. (6).

4 MODELLING THE POST-PEAK 
RESPONSE BY USING FRACTURE 
MECHANICS 
 

The post-peak branches of the curves in 
Fig. 2 are modelled in this section according to 
a cohesive zone approach for Mode II 
deformation. The cohesion resistance to 
sliding is due to interlocking between the 
asperities, an aspect that takes place for large 
sliding displacements after the achievement of 
the peak strength. For this analysis, we follow 
the methodology proposed in [13,14] already 
adopted for the interpretation of uniaxial 
tensile tests and compression tests (Mode I 
problems).  

As a preliminary operation, the inelastic 
contribution to the deformation in the post-
peak branch is isolated by removing from the 
total sliding displacement the elastic 
deformation of the pre-peak branch. After this 
operation, the post-peak inelastic traction vs. 
sliding curves of Fig. 2 are transformed in the 
curves plotted in Fig. 9. They show a 
significant size-scale effect, much more 
evident than in Mode I problems [13].  

 

 
Figure 9: Inelastic post-peak branches obtained from 

Fig. 2, depending on the specimen size Δ.

 
In order to obtain a single size-independent 

cohesive zone model in Mode II, a proper 
renormalization of the vertical and horizontal 
coordinates has to be made. Regarding the 
shear tractions, the scaling law in Eq. (6) 
suggests to divide q by , i.e., plotting the 
scaling invariant material property q

qd−Δ
*. The 

horizontal coordinates can also be 
renormalized in a similar way, considering the 
scaling law typical for the displacements 
which is inspired by the Cantor set [13], i.e., 

( )1
T T

gdg g −∗= Δ . In this case,  the fractal 
exponent gd  can range from 0 to 0.61, 
considering the equality relating the sum of the 
fractal exponents for the strength, the strain 
and the fracture energy (refer to [13] for more 
details about the description of the fractal 
domains).  

For the present problem, the best 
dimensionless representation with the 
minimum scatter between the curves is 
obtained for , which leads 

to

0gd =

T Tg g∗ = Δ . The collapse of the curves in 
Fig. 10 shows that the post-peak branch of the 
different experimental shear tests can be 
effectively modelled according to a single 
scale-invariant  Mode II cohesive zone model.  
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Figure 10: Scale-invariant Mode II cohesive zone 
model. The various curves correspond to different 

specimen sizes Δ.

5 CONCLUSIONS 
In this work, the fundamental problem of 

shear transfer between rough surfaces has been 
analyzed in reference to the existing 
experimental results available in the literature. 
Shear tests on rock-rock joints, concrete-
concrete interfaces, and concrete-soil 
foundations present several common aspects. 
In particular, the pre-peak response of the 
shear traction vs. sliding displacement curve is 
highly nonlinear, due to progressive sliding of 
micro-contacts. After the achievement of the 
shear strength, the post-peak branch presents 
softening and plastic plateau, when steel bolts 
are not included. Finally, the shear strength 
exhibits a strong size-scale effect, as also 
typically observed in previous studies 
regarding Mode I problems [15-17].  

In order to interpret both regimes, a hybrid 
formulation based on contact mechanics for 
the pre-peak stage and on nonlinear fracture 
mechanics for the post-peak one has been 
proposed. This modelling strategy is consistent 
with the physics of the phenomenon, since the 
pre-peak response is mainly related to the 
progressive slippage of micro-contacts, 
whereas the post-peak behaviour is governed 
by cohesion originated by asperity interlocking 
and frictional effects. As a result, we have 
been able to predict with a reasonable 
accuracy the pre-peak regime and the related 
size-scale effects, proposing the simple Eq. (5) 
and an algorithm easy to use for the simulation 
of shear tests from the knowledge of the 
normal contact stiffness. Regarding the post-

peak branches, a single scale-invariant Mode 
II cohesive zone model has been proposed. 
This methodology is expected to have an 
impact in the design formulae for the 
estimation of the shear strength of cold joints 
and it overcomes all the main disadvantages of 
the purely numerical elasto-plastic approach 
proposed so far in the literature.    
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Abstract. This paper presents a dedicated numerical test that enables to assess the directional mesh
bias of constitutive models in a systematic way. The test makes use of periodic boundary conditions,
by which strain localization can be analyzed for different mesh alignments with preservation of mesh
uniformity and with exclusion of boundary disturbances.
After an exploratory study of the proposed test, the test is demonstrated by applying it to the classical
and still widely used crack band model. An analysis series is performed on five meshes with different
alignments. The meshes consist of squared quadrilateral elements with varying interpolation function
and numerical integration scheme. From the results it can be concluded that the test identifies a
significant mesh-induced directional bias.

1 INTRODUCTION

When modeling strain localizations (e.g. [1])
with finite element (FE) discretizations and
standard continuum models, generally mesh de-
pendency is observed. The spatial discretization
or mesh layout influences the numerical solu-
tion, and mesh objective energy dissipation of
the fracture process cannot be guaranteed. The
mesh dependency can be subdivided in a pref-
erence to propagation of the strain localization
band along continuous mesh lines (directional
mesh bias) and in a sensitivity with respect to
the size of the finite element (mesh size sensi-
tivity). Although the latter issue has been prop-
erly solved by the introduction of the crack band
model [2], the directional mesh bias is still a
challenging topic. To overcome this issue of
mesh dependency many different solutions have
been proposed. In the context of smeared crack

models one could think of adding nonlocal or
gradient terms to the constitutive modelling,
resulting in higher order continuum models.
Apart from the continuum based models one
could also think of models that include disconti-
nuities, like the extended finite element method
(X-FEM) and the concept of embedded discon-
tinuities.
In order to assess the influence of directional
mesh bias on the results when using one of the
above models, authors usually perform analy-
ses on one or more fracture tests. Very popular
are the single-edge-notched (SEN) and double-
edge-notched (DEN) specimens, uni-axial ten-
sion tests, strips with a hole and a three-point
bending test. Commonly one compares the nu-
merical results obtained from a structured ver-
sus an unstructured finite element mesh, or from
a regular versus a slanted finite element mesh,
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after which conclusions are drawn whether the
directional bias of the mesh is eliminated or
not. Without objecting to the correctness of
these conclusions the authors propose to study
the sensitivity with respect to the orientation of
the crack versus the mesh lines in a more elab-
orated and systematic way. Therefore a dedi-
cated numerical test is presented in this paper.
Assessment of the constitutive models on di-
rectional mesh bias with this test may lead to
a better understanding of the influence of the
involved parameters, and possibly to improve-
ment of model’s ability to deal with it.

The test introduces the concept of periodic-
ity [3] in the field of strain localization anal-
ysis. The idea is that a finite piece is cut
from an assumed infinite, initially homoge-
neous, discretized periodic medium. Within a
two-dimensional R2 space the discretized peri-
odic medium is represented by an infinite (flat)
plane, see an example in Fig. 1, while in a
three-dimensional R3 space an infinite volume
is used. The isolated finite plane or volume
is now considered as a separate FE discretiza-
tion with periodic length scales Li , i = x, y, z,
by which constraints will be added at the op-
posite boundaries. When these constraints or
periodic boundary conditions are properly as-
signed, the behavior of a finite plane/volume
within an infinite periodic medium under cer-
tain loading conditions can be simulated ex-
actly with the FE model of just the isolated fi-
nite plane/volume. Actually, knowing the be-
havior of the finite plane/volume also the be-
havior of the infinite medium is known, under
the assumption of periodicity. Note that due
to the imposed periodicity in principle it is not
important how the boundary edges are shaped,
since they do not have a physical meaning any-
more, as long as they are periodic. This means
that the distance between the opposite boundary
edges/faces should be everywhere the same for
each pair of edges/faces. The absence of physi-
cal boundaries in this numerical test may be par-
ticularly appealing for the nonlocal models and
the gradient-enhanced models.

Figure 1 Conceptual FE model used in test series 
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Figure 1: A possible geometry (2D) of a finite plane,
taken from an infinite discretized periodic medium, with
periodic length scales Lx and Ly , loaded by a uni-axial
tensile load.

Including periodic boundary conditions, the
numerical test enables to adopt different mesh
alignments or element orientation angles θ with
respect to the loading direction. In contrast with
standard tests this can be done without bound-
ary disturbances on the localization process and
with preservation of mesh uniformity. Mesh
uniformity in this sense means that all charac-
teristics of each finite element (i.e. shape, size,
orientation, interpolation function and numeri-
cal integration scheme) in a specific mesh are
identical. More details and some specific pos-
sibilities of the proposed test are described in
another work of the authors [4].

In this paper the numerical test is used to as-
sess the directional mesh bias of the classical
and still widely used crack band approach [2]
in the smeared cracking concept. Although the
test can be used in three-dimensional models
and with different loading cases as well, anal-
yses are only performed for two-dimensional
plane stress situations with uni-axial tensile
loading. Section 2 presents the results of an ex-
ploratory study of the test with periodic bound-
ary conditions. Subsequently, the results of a
mesh alignment study are shown in Section 3.

2 EXPLORATORY STUDY
In this section the numerical test with peri-

odic boundary conditions is explored by means
of variations of the solution procedure, the soft-
ening law and the use of an imperfection. For
all the performed analyses the same mesh is
adopted. The geometry, boundary conditions

2
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and material input of the test are given in Sec-
tion 2.1. Section 2.2 presents results of the dif-
ferent analyses.

2.1 Modeling aspects

In Fig. 1 the general setup of the test is
shown and the element orientation angle θ is de-
fined. For the analysis series described in this
section a θ - value of π/4 is used. The geometry
of the two-dimensional model is composed by
periodic length scales Lx and Ly of 990 mm and
424 mm. The model is meshed with squared
quadrilateral elements based on linear interpo-
lation and with a 2 × 2 Gauss integration or-
der. A selective reduced integration is speci-
fied for the shear terms. Element sizes of 50
mm by 50 mm and a thickness t of 150 mm are
adopted. Periodic boundary conditions are ap-
plied by the specification of linear dependencies
between the degrees of freedom of the nodal
pairs at the opposite edges, using a master-slave
format. The numerical models are loaded by a
uni-axial tensile load in the horizontal direction,
represented by a constant displacement differ-
ence in x-direction between the left and right
model boundaries.
The material behavior is modeled with an or-
thogonal fixed crack model and a variable shear
retention relation [5]. A crack band model
according to Govindjee et al. [6], based on
Oliver [7] is used. The following fictitious ma-
terial properties are adopted: a Young’s modu-
lus E0 of 10,000 N/mm2, a tensile strength ft
of 1.0 N/mm2, a material fracture energy Gf of
0.125 N/mm and a Poisson’s ratio ν of 0.0.

Table 1: List of performed analyses

sol. procedure softening law imperfection
1. SLA Hordijk no
2. rNR Hordijk no
3. SLA Hordijk yes
4. rNR Hordijk yes
5. SLA Moelands no
6. SLA Moelands yes

In total six analyses are performed in this ex-
ploratory study, summarized in Table 1. Re-
garding the variations, in case of an applied im-
perfection the tensile strength ft is reduced with
5% in one element. Furthermore, nonlinear
stress - strain relations according to Hordijk [8]
softening and Moelands & Reinhardt [9] soften-
ing are adopted, see Fig. 2. Based on the afore-
mentioned material properties the crack open-
ings wult at which stresses can no longer be
transferred are 0.642 mm and 0.528 mm re-
spectively. The Moelands & Reinhardt soften-
ing curve is characterized by its initial steep de-
creasing slope of −∞. Finally, two different
solution procedures are used: an incremental-
iterative scheme based on a regular Newton -
Raphson method (rNR), and the Sequentially
Linear Analysis (SLA) method, e.g. [5,10]. The
last mentioned method replaces the standard
incremental-iterative solution procedure by a
series of scaled linear analyses. In every anal-
ysis a critical event is traced and subsequently
a stiffness and strength reduction in the critical
integration point is applied. In order to apply
such damage increments a discretization of the
nonlinear stress - strain relation is required, re-
sulting in the use of a so-called saw-tooth curve
with a finite number of damage increments. For
the analyses in this paper the softening diagram
is approximated by 20 damage increments.
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Figure 2: Hordijk and Moelands & Reinhardt softening
laws for given material properties.
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Figure 3: Load - displacement curves of analyses with Hordijk softening (a) and Moelands & Reinhardt softening (b).

2.2 Results

Fig. 3 presents the global responses of the
six analyses in terms of load - displacement
curves. Firstly, it can be seen that all numeri-
cally obtained curves show a ductile post-peak
behavior with a residual plateau at about 15-20
kN. Subsequently, the curves of the correspond-
ing rNR and SL-analyses with Hordijk soften-
ing show reasonable agreement. The observed
spiky shapes of the SLA curves are typical for
the SLA method due to its saw-tooth softening
input. Note that with respect to the rNR anal-
yses almost all load increments are converged.
Finally, the observed load drops in the curves
coincide with ‘fast’ strain localizations, as will
be shown below. For the analyses with Hordijk
softening and without an imperfection this hap-
pens not immediate after the peak load has been
reached. Their curves in Fig. 3(a) reveal first a
plateau before the load drops and with that the
strains localize in a small zone. For the compa-
rable analysis with Moelands & Reinhardt soft-
ening in Fig. 3(b) strain localization occur right
after the peak. This curve, on the other hand,
shows even an snapback behavior.
From the above mentioned observations it can
be stated that all analyses suffer from stress
locking [11]. In case of a fully developed sin-
gle crack one could expect a Fx of zero when

wult is reached. However, induced by misalign-
ment of the crack band with the mesh lines spu-
rious stresses across the crack occur, resulting
in an asymptotic post-peak behavior to a cer-
tain load level. The height of this load level
depends on the degree of misalignment. Fur-
thermore, it is found that with Hordijk soften-
ing an immediate strain localization after the
peak does not always occur. In case that no im-
perfection is added to the model, both rNR and
SLA results show initial cracking of all the in-
tegration points in the model. This explains the
plateau in the corresponding curves right after
the peak, since all the integration points con-
tribute to energy dissipation in the model. At
a certain moment the strains localize in a rel-
atively small part of the model, leading to un-
loading and crack closure in the remaining part.
Fig. 4 shows this for the analysis ‘rNR - hordijk
- no imp.’. The crack strain plot is taken at utot
= wult . Note that the numerically obtained lo-
calization bandwidth is extended over approxi-
mately two columns of elements.
The addition of an imperfection in the model
helps to trigger a ‘fast’ localization, as can be
concluded from the immediate load drop right
after the peak in Fig. 3(a). The crack plot just
after the peak shows only one single macro
crack in the model rather than micro-cracking
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Figure 4: Crack strain plot (deformed mesh) at utot =
0.642mm (a) and evolution of strain profile (b) at red line
in Fig. 4(a), belonging to analysis ‘rNR - hordijk - no
imp.’.

in all integration points. This hold also true
when a Moelands & Reinhardt softening is
adopted, see Fig. 3(b). Strain localization is
now stimulated by the initial steeper slope of
the softening branch of the local constitutive re-
lation, see Fig. 2. The addition of an imperfec-
tion appears superfluous in case of Moelands &
Reinhardt softening, and this might be advan-
tageous considering the concept of periodicity.
Fig. 5 shows the strain profiles at utot = wult of
both analyses with Moelands & Reinhardt soft-
ening. Two different locations of the strain lo-
calizations can be observed. In case of ‘SLA -
moelands - imp.’ the location of the strain jump
is in the middle (coinciding with the location
of the applied imperfection), where in case of
‘SLA - moelands - no imp.’ the strains arbitrar-
ily localize near the left and right model bound-
aries. In the initial homogeneous strain field
this is determined by numerical round-off [12].
Note that, although not proven here, an imper-
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Figure 5: Strain profiles at utot = 0.528mm of
SL-analyses with Moelands & Reinhardt softening in
Fig. 3(b).

fection is inevitable in order to obtain ‘fast’
strain localizations with standard incremental-
iterative solution procedures. For SLA this is
not necessary, due to the adopted “event-by-
event” strategy.

3 MESH ALIGNMENT STUDY
The mesh alignment study is performed with

Moelands & Reinhardt softening, without im-
perfections and SLA as solution procedure.
Variations are done with element types and
mesh alignments or element orientations. Three
different quadrilateral element types are used.
The first one is a quadrilateral based on linear
interpolation, with a 2 × 2 Gauss integration
order and a selective reduced integration for the
shear terms. The second and third element types
are quadrilateral eight-node elements based on
quadratic interpolation and with a 2 × 2 and 3 ×
3 Gauss integration order respectively. Further-
more, five different element orientation angles
θ are adopted, which are depicted in Fig. 6. The
alignments are the result of five selected a - val-
ues, namely ∞, 9, 4, 2 and 1. From Fig. 1 it can
be seen that the a - values arise from the geome-
try of the step-shaped boundary edges, and that
they are directly coupled to θ. All five FE dis-
cretizations are meshed with each of the three
element types, resulting in 15 different uniform
meshes. The remaining modeling aspects are
the same as in Section 2.1.
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Figure 6: Uniform meshes (including supports) with five different mesh alignments or element orientations.

To present the results of the 15 analyses in
a compact way, an outcome G∗

f is introduced.
This apparent fracture energy is defined by

G∗
f =

∫ wult

0

Fx

Lyt
dutot (1)

Eq. (1) indicates the area under the numerically
obtained load - displacement curve for the range
0 ≤ utot ≤ wult , divided by the theoretically ex-
pected crack area Ly t . Subsequently, the ra-
tio G∗

f /Gf is calculated for all the 15 analyses
and plotted against the element orientation an-
gle θ. This ratio can be seen as a measure for
the deviation of the numerically obtained ma-
terial fracture energy to the specified material
fracture energy. The values are shown in the
graph of Fig. 7.
It can be observed that the actual ratio of G∗

f /Gf

for all analyses ranges from approximately 0.5
to 1.9. A scatter is already seen for θ = 0. Where
the curves belonging to the quadratic quadrilat-
erals converge subsequently with increasing θ,
the curve ‘quads, linear, 2 × 2 Gauss’ deviates
more and more from these two lines. Further-
more, it can be observed that the dashed lines
in the graph are generally increasing with an in-
creasing θ - value. Only for the two quadrilat-
eral element types with quadratic interpolation
the curves show after approximately θ = π/8 a
plateau until θ = π/4.
Fig. 8 shows three crack width plots at
utot ≈ wult for the analyses with θ = 0.24498
rad and varying quadrilateral element types. Ir-
respective of the element type the plots reveal
global cracks that clearly propagates along the
inclined mesh lines, rather than vertically.
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On the other hand, the directions of the lo-
cal cracks in the elements of the final localiza-
tion zone are generally vertical. The widths of
the localization zones in the plots are different,
varying from half the element width (‘quads,
quadratic, 2 × 2 Gauss’) to the entire element
width (‘quads, linear, 2 × 2 Gauss’). Strik-
ing is the observed periodicity in the deformed
meshes in both the crack patterns and opposite
boundary displacements. This reveals that the
periodic boundary conditions are properly ap-
plied.
The above mentioned observations from the
Figs. 7 and 8 indicate that the band model ac-
cording to Govindjee et al. suffers from a sig-
nificant directional mesh bias, depending on in-
terpolation function and numerical integration
scheme. Ideally, the curves of the three ele-
ment types in Fig. 7 should be horizontal lines
at G∗

f /Gf = 1.0. However, they show a signif-
icant spread around this target line. Consider-
ing Fig. 6 and the trend of the curves in Fig. 7,
the results of the analyses reveal that generally
with an increasing misalignment of the cracks
with respect to the element edges, the value G∗

f

also increases. The difference in computed ra-
tios at already θ = 0 can be explained by the
phenomenon of strain localization within only
a part of the element width rather than the en-
tire element width. This happens only for the
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Figure 8: Crack width plots (deformed meshes) at ≈ utot

= 0.528mm belonging to the analyses in Fig. 7 with θ
= 0.24498 rad and varying quadrilateral element types.
The thickest lines correspond to w ≥ wult .

quadratic quadrilateral elements, since they al-
low a linear strain field within the element.
Depending on the adopted integration scheme
the strain localization bandwidth is limited to
one column of integration points (2 × 2 Gauss
scheme) or two columns of integration points
(3 × 3 Gauss scheme). As mentioned above,
the phenomenon of strain localization within
only a part of the element is also observed in
the crack width plots of Fig. 8. With respect
to the adopted numerical integration scheme it
can be seen that the differences in mesh bias
for quadratic quadrilaterals remain relatively
small. The observed plateaus between π/8 and
π/4, after monotonic increasing parts of the
curves, indicate that quadrilateral elements with
a quadratic interpolation function are able to
break through the tendency of the guided crack
developments along continuous mesh lines. Fi-
nally, it should be noted that the value 1.9 at θ
= π/4 of the curve ‘quads, linear, 2 × 2 Gauss’
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resembles with the numerically obtained local-
ization bandwidth of the analysis ‘rNR - hordijk
- no imp.’ in Fig. 4.

4 CONCLUSIONS
In the present study a dedicated numeri-

cal test with periodic boundary conditions is
proposed that enables a systematic assessment
of directional mesh bias of constitutive mod-
els, like the crack band approach, nonlocal and
gradient-enhanced models. The test can be per-
formed for two- or three-dimensional FE dis-
cretizations under different loading conditions.
Since the test includes the concept of periodic-
ity, strain localization can be studied in meshes
with different alignments, without loss of mesh
uniformity and without disturbances from the
model boundaries. Assessment of the consti-
tutive models on directional mesh bias with this
test may lead to a better understanding of the
influence of the involved parameters, and pos-
sibly to improvement of model’s ability to deal
with it.
From an exploratory study with the proposed
test it appears that the results of a standard
incremental-iterative solution procedure and the
SLA-method are in reasonably agreement. Fur-
thermore, it is found that the use of Moelands &
Reinhardt softening stimulates the occurrence
of an immediate strain localization after the
peak load has been reached.
The actual purpose of the test with periodic
boundary conditions is demonstrated by means
of a mesh alignment study. In this small study
the crack band model is evaluated in the con-
text of a two-dimensional plane stress situation
with uni-axial tensile loading. From the results
of the numerical tests a significant directional
mesh bias is recognized. The well-known phe-
nomenon of strain localization within only a
part of the element width rather than the entire
element width, in case of quadratic quadrilater-
als, is also clearly identified with this test.
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Abstract. This paper presents a constitutive equation for the postpeak stress–displacement relation-
ship of concrete in uniaxial compression. The relationship is modelled in relation to the process
of postpeak energy dissipation increasing the postpeak displacement of the localized damage zone.
The proposed equation includes three material parameters: compressive fracture energy, compres-
sive strength, and critical postpeak displacement. The nondimensional form of the equation shows
that a parameter determined from these three material parameters controls the shape of the postpeak
stress–displacement curve. The predictions produced by the proposed equation are fit to uniaxial
compression test results from concrete specimens with different slenderness ratios and strengths. The
fitting results and experimental responses agree quite well.

1 INTRODUCTION
It is generally accepted that during the strain

softening behaviour of concrete in its postpeak
region under uniaxial compression, the dam-
age is localized in certain zones and strain lo-
calization occurs [1]. Due to the localization
phenomena, the postpeak portion of the stress–
strain relationship is not a true material prop-
erty, but is dependent on specimen size, with
longer specimens exhibiting more brittle post-
peak behaviour. Development of an appropri-
ate postpeak relationship based on strain local-
ization is important in accurately estimating the
ductile capacity of concrete structures.

Published tests [1–3] have shown that the
postpeak displacement of the localized damage
zone is independent of specimen size. Some
theoretical approaches have been proposed for
analyzing the compressive behaviour of con-
crete based on this physical evidence. They in-

corporate a stress–strain relationship to describe
the prepeak response and a stress–displacement
relationship to describe postpeak behaviour as
a material property [4–6]. These approaches
can adequately predict concrete specimens’ uni-
axial compression test results, but the post-
peak stress–displacement relationship is ap-
proximated by an overly simple equation. A
more realistic equation for the postpeak stress–
displacement relationship may be needed to fur-
ther improve predictions.

The purpose of this paper is to develop a
postpeak stress–displacement relationship for
concrete in uniaxial compression. We propose
a method to derive a realistic description based
on the correlation between the postpeak stress–
displacement relationship and the postpeak dis-
sipated energy–displacement relationship. We
present the nondimensional form of the pro-
posed equation describing the postpeak stress–
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Figure 1: Correlation between (a) σ – ε relationship, (b) σ – δp relationship and (c) G – δp relationship.

displacement relationship to show how the pa-
rameters influence the shape of the relationship.
We use least squares fitting to uniaxial compres-
sion test results from concrete specimens with
different slenderness ratios and strengths to es-
timate the material parameters used in the pro-
posed equation, then compare the fitted results
and experimental responses.

2 POSTPEAK STRESS–DISPLACEMENT
RELATIONSHIP

2.1 Derivation of fundamental expression
We adopted the approach for the localized

compression model proposed by Hillerborg
[4] to model the postpeak stress–displacement
relationship of concrete. Consider a one-
dimensional concrete specimen under uniaxial
compression. The specimen has a height of
H , and a uniform cross-sectional area along the
height. A typical stress–strain (σ – ε) relation-
ship for a concrete specimen in compression as
observed experimentally is illustrated in Figure
1(a). The relationship of the prepeak region
up to the compressive strength f ′

c can be con-
sidered to be approximately the same through-
out the specimen. At the compressive strength,
strain localization takes place, and strain soft-
ening begins in a localized damage zone.

In the postpeak region, the compressive be-
haviour of the whole specimen can be described
as a combination of the behaviour inside and
outside the damage zone. The postpeak dis-
placement δp in the localized damage zone con-
tinues to increase, while the remainder of the

specimen unloads. Assuming that a linear un-
loading path from the compressive strength f ′

c

with slope Eo during unloading occurs outside
the damage zone, the postpeak displacement δp
shown in Figure 1(a) can be given by

δp =

(
ε− εo +

f ′
c − σ

Eo

)
H (1)

where ε and σ are the strain and stress, and εo
is the strain corresponding to the compressive
strength f ′

c.
The progress of the postpeak displacement

in the localized damage zone is accompanied
by energy dissipation. The area under the curve
of the postpeak stress–displacement (σ–δp) re-
lationship shown in Figure 1(b) corresponds to
the amount of postpeak energy dissipated per
unit specimen area [2, 7]. In this investigation,
we assume that stress is a function of the post-
peak displacement, i.e. σ = σ(δp) as shown in
Figure 1(b), and the postpeak energy dissipated
G is defined as

G =

∫ δp

0

σdδp (2)

where δp and σ are the postpeak displacement
and stress at a given point on the curve of the re-
lationship in Figure 1(b), respectively. The total
postpeak energy dissipated by the time the post-
peak displacement reaches the critical value δpu,
corresponding to the stress condition σ = 0, can
be defined as the compressive fracture energy
GFc.

According to Equation (2), the postpeak dis-
sipated energy is also assumed to be a function

2
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of the postpeak displacement, i.e. G = G(δp),
which satisfies the following equation.

σ =
dG

dδp
(3)

Equation (3) implies that the postpeak stress–
displacement relationship can be defined by
determining the postpeak dissipated energy–
displacement (G – δp) relationship with an ap-
propriate equation and then differentiating that
equation with respect to the postpeak displace-
ment.

The essential features of the postpeak dissi-
pated energy–displacement relationship shown
in Figure 1(c) are the following:

1. The postpeak dissipated energy is an in-
creasing function of the postpeak dis-
placement, starting from G = 0 at δp = 0
and increasing up to G = GFc at δp =
δpu.

2. The slope of the postpeak dissipated
energy–displacement curve corresponds
to the stress σ = f ′

c at δp = 0 and σ = 0
at δp = δpu.

Taking these features into account, the postpeak
dissipated energy–displacement relationship is
assumed to be defined by the following pro-
posed equation.

G =
a1δp + a2δ

2
p

1 + a3δp + a4δ2p
(4)

where a1, a2, a3 and a4 are constants deter-
mined from the boundary conditions of the re-
lationship. Considering an additional bound-
ary condition, the horizontal tangent at the point
of compressive strength on the postpeak stress–
displacement curve, d2G/dδ2p = dσ/dδp = 0 at
δp = 0, together with the previously described
boundary conditions of G = 0 and σ = f ′

c at
δp = 0, G = GFc and σ = 0 at δp = δpu, the
constants are given by

a1 = f ′
c

a2 = f ′
c

(
f ′
c

GFc

− 2

δpu

)

a3 =
f ′
c

GFc

− 2

δpu

a4 =

(
f ′
c

GFc

− 1

δpu

)2

(5)

Thus, using Equations (3) to (5), the following
expression can be derived.

σ=
f ′
c

{
1+2

(
f ′
c

GFc
− 2

δpu

)
δp−

(
2f ′

c

GFcδpu
− 3

δ2pu

)
δ2p

}
{
1+

(
f ′
c

GFc
− 2

δpu

)
δp+

(
f ′
c

GFc
− 1

δpu

)2

δ2p

}2

(6)

As Equation (6) clearly shows, the shape of the
postpeak stress–displacement curve in practical
application depends on three material param-
eters: compressive fracture energy GFc, com-
pressive strength f ′

c, and critical postpeak dis-
placement δpu.

2.2 Nondimensional form expression
To demonstrate the shape of the postpeak

stress–displacement relationship obtained using
Equation (6), we introduce the following new
parameter Ap, determined using those three ma-
terial parameters.

Ap =
GFc

f ′
cδpu

(7)

As can be seen from Figure 1(b) and Equation
(7), the parameter Ap represents the ratio be-
tween the area under the curve of the postpeak
stress–displacement relationship and the area of
a rectangle given by f ′

c times δpu. Considering
softening behaviour, the parameter Ap must be
a positive value less than 1.

Using the parameter Ap, Equation (6) can
be rewritten in the following nondimensional
form.

σ

f ′
c

=
1+2

(
1
Ap

−2
)

δp
δpu

−
(

2
Ap

−3
)(

δp
δpu

)2

{
1+

(
1
Ap

−2
)

δp
δpu

+
(

1
Ap

−1
)2(

δp
δpu

)2
}2 (8)
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In this expression, stress and postpeak displace-
ment are reduced to nondimensional forms by
dividing them by compressive strength f ′

c and
critical postpeak displacement δpu, respectively.
The parameter Ap thus becomes a single pa-
rameter that determines the relationship. Figure
2 shows the nondimensional form of the post-
peak stress–displacement relationship with var-
ious values of Ap. The value of Ap influences
the shape of the relationship, with larger val-
ues exhibiting more ductile postpeak behaviour.
Based on Figure 2, it seems appropriate for pa-
rameter Ap to be less than 0.5 for realistic rep-
resentation of the behaviour of plain concrete.

Another possible expression of the nondi-
mensional form of Equation (6) that makes use
of parameter Ap is given by

σ

f ′
c

=
1+2 (1−2Ap)

f ′
cδp

GFc
−(2−3Ap)Ap

(
f ′
cδp

GFc

)2

{
1+ (1−2Ap)

f ′
cδp

GFc
+(1−Ap)

2
(
f ′
cδp

GFc

)2
}2

(9)

In this expression, GFc/f
′
c is used to reduce

the postpeak displacement to a nondimensional
form.

As a special case, if Ap = 0 is used and the
value of the critical postpeak displacement δpu
is assumed to be infinity, Equation (9) can be
rewritten in the following simple form

σ

f ′
c

=
1 + 2f ′

cδp
GFc{

1 + f ′
cδp

GFc
+
(

f ′
cδp

GFc

)2
}2 (10)

If Ap = 1 is used, Equation (9) (or (8)) becomes

σ

f ′
c

= 1 (11)

These two special cases are illustrated in Figure
3.

3 FITTING TO EXPERIMENTAL RE-
SULTS

In the postpeak stress–displacement relation-
ship proposed in the previous section there are

relative postpeak displacement

re
la

tiv
e 

st
re

ss

Figure 2: Nondimensional form of postpeak stress–
displacement relationship with various parameters Ap.
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Figure 3: Postpeak stress–displacement relationship with
parameters Ap = 0 and 1.

three material parameters, GFc, f ′
c and δpu (or

Ap), that need to be determined for practical ap-
plications. While the compressive strength f ′

c

is easy to determine experimentally, the com-
pressive fracture energy GFc and critical post-
peak displacement δpu are hard to measure us-
ing uniaxial compression tests because the tests
generally cannot continue to the point where
the stress drops to zero. However by fitting
the proposed relationship to experimental data
obtained through the point where the stress
drops to a certain postpeak level, these mate-
rial parameters can be estimated. In this in-
vestigation, we conducted uniaxial compression
tests on concrete specimens, and then fitted the
postpeak stress–displacement relationship us-
ing least squares to estimate the material param-
eters of each concrete specimen.

4
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Figure 4: Concrete specimens with different heights.

3.1 Uniaxial compression test
In the uniaxial compression test, specimens

with different slenderness ratios and strengths
were tested. As shown in Figure 4 and Table 1,
we used two sets of cylindrical specimens with
the same diameters D = 100 mm and heights
H = 200 mm and 400 mm, prepared with two
concrete mixes. To prevent the effect of bleed-
ing in concrete, the specimens were cast 200
mm taller than their proper heights, and 100
mm was cut from the top and bottom of each
specimen. At the time of loading, friction re-
ducing pads consisting of two 0.05 mm thick
Teflon sheets with silicon grease were placed
between the specimen and the loading platens.
The uniaxial compression test results showing
compressive strength f ′

c, strain at compressive
strength εo and the modulus of elasticity Ec are
given in Table 2. The compressive strengths
were about 25 N/mm2 and 50 N/mm2 for the
Mix I and II concretes, respectively.

3.2 Fitting result
The postpeak stress–displacement relation-

ship was fitted to the experimental results us-
ing Equation (9). The postpeak displacement
δp of the test results was calculated by Equa-
tion (1), assuming that the slope Eo is equal to
the modulus of elasticity Ec. The compressive
fracture energy GFc was assumed to be the co-
efficient estimated from the least squares fitting
procedure. By setting parameter Ap to various
values less than 0.5, corresponding values of
compressive fracture energy GFc were obtained

Table 1: Mix proportions

Mix W/C s/a Unit weight (kg/m3) Ad
(%) (%) W C S G (C×%)

I 56.2 44.5 179 318 784 998 0.006∗

II 32.0 47.2 175 547 747 853
0.006∗

1.1∗∗

* air entraining agent
** air entraining and high-range water reducing agent

Table 2: Specimens and test results

Mix H/D H f ′
c εo Ec

(mm) (N/mm2) (×10−6) (kN/mm2)
I 2 200 25.5 1874 24.3
I 4 400 25.3 1805 22.5
II 2 200 51.2 2875 26.4
II 4 400 49.8 2607 25.2

0 0.1 0.2 0.3 0.4 0.5
0

10

20

30
Mix I, H/D = 2
Mix I, H/D = 4
Mix II, H/D = 2
Mix II, H/D = 4

Parameter

C
om

pr
es

si
ve

 F
ra

ct
ur

e 
En

er
gy

   
   

   
   

   
   

   
(N

/m
m

)

(a) Compressive fracture energy GFc

0 0.1 0.2 0.3 0.4 0.5
0

5

10
Mix I, H/D = 2
Mix I, H/D = 4
Mix II, H/D = 2
Mix II, H/D = 4

Parameter

C
rit

ic
al

 P
os

tp
ea

k 
D

is
pl

ac
em

en
t

   
   

   
   

   
   

   
   

 (m
m

)

(b) Critical postpeak displacement δpu

Figure 5: Fitting results for various parameters Ap.
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Figure 6: Experimental and proposed σ – δp relationships
(using Ap = 0.1).
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(b) Mix II

Figure 7: Experimental and proposed G – δp relation-
ships (using Ap = 0.1).

for all the specimens as shown in Figure 5(a).
Also, the values of critical postpeak displace-
ment δpu calculated using Equation (7) are
shown in Figure 5(b). As can be readily seen
from Figure 5, for all specimens, the variation
of estimated values of GFc or δpu compared
to the values of Ap show the same tendency
although each specimen’s values are different.
Since the values of GFc decrease only slightly
as the values of Ap increase, they can be thought
to be generally consistent in this range of Ap.
On the contrary, the corresponding values of
δpu are significantly affected by the values of
Ap. We could not measure the actual values of
δpu in this test, but according to the fitting re-
sults, we assumed them to be at least greater
than 1 mm. As an example, we present a com-
parison between the resulting postpeak stress–

displacement relationships using Ap = 0.1 and
the experimental results in Figure 6. Over-
all, the proposed relationship is quite consistent
with the the experimental results.

Another set of comparisons of the fitting re-
sults using Ap = 0.1 against the experimental
results are shown in Figures 7 and 8 for the post-
peak dissipated energy–displacement relation-
ship and the stress–strain relationship, respec-
tively. The postpeak dissipated energy G of the
test results was obtained from the area under the
curve of the postpeak stress–displacement rela-
tionship calculated by the trapezoidal rule. The
strain ε of the postpeak region based on the pro-
posed relationship was calculated using Equa-
tion (1). For the prepeak region, we used the
following equation [8] with the parameter val-
ues listed in Table 2.
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Figure 8: Experimental and proposed σ–ε relationships
(using Ap = 0.1).

σ

f ′
c

=

Ecεo
f ′
c

ε
εo
−

(
ε
εo

)2

1 +
(

Ecεo
f ′
c

− 2
)

ε
εo

(12)

The results of these figures, including Figure 6
indicate that the proposed approach for mod-
elling the postpeak behaviour of concrete based
on the correlation of these relationships is valid.

4 CONCLUSIONS
We have presented a constitutive equation

for the postpeak stress–displacement relation-
ship of concrete in uniaxial compression. The
derivation of the equation is based on the cor-
relation between this relationship and the post-
peak dissipated energy–displacement relation-
ship. The proposed equation includes three ma-
terial parameters: compressive fracture energy,

compressive strength, and critical postpeak dis-
placement at the point when the stress drops to
zero. The nondimensional form of the equa-
tion shows that the parameter Ap, determined
from those three material parameters, controls
the shape of the postpeak stress–displacement
curve. For realistic representation of postpeak
behaviour in plain concrete, values of parame-
ter Ap that are less than 0.5 seem appropriate.

The results of least squares fitting of the
equation to uniaxial compression tests of con-
crete specimens with different slenderness ra-
tios and strengths show that the value of pa-
rameter Ap has more effect on the estimated
value of the critical postpeak displacement than
does the compressive fracture energy. For any
specimen, the fitted results using Ap = 0.1
and the experimental responses agree quite well
with respect to the stress–strain relationship, the
postpeak stress–displacement relationship and
the postpeak dissipated energy–displacement
relationship.
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DIAGONAL TENSION FAILURE OF REINFORCED CONCRETE BEAM, 
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Abstract: Branch-switching from fundamental to bifurcation paths for diagonal tension failure 
in reinforced concrete beam is performed. Bifurcation points are detected by monitoring the 
determinant of the tangential stiffness matrix and excluding spurious kinematic modes due to the 
strain softening constitutive relation of concrete. The predictor for the bifurcation path is calculated 
from the fundamental solution and eigenvector of the tangential stiffness matrix. Post-bifurcation 
path analysis shows that the method herein can simulate the mechanism of diagonal tension failure 
due to diagonal and longitudinal cracking. The further propagation of diagonal cracks into the 
fl exural compression zone in the post-peak regime of structural collapse cannot be simulated well. 
Several factors related to the analysis insuffi ciency are pointed out by examining the analysis results 
for the stress-strain response of finite elements corresponding to the diagonal and longitudinal 
cracks, such as higher residual levels of shear softening stress of cracks.

1 INTRODUCTION

Many experimental and analytical studies 
have been done to clarify the mechanism of 
diagonal tension failure of reinforced concrete 
structures, however, there still remain unsolved 
problems in understanding the mechanism 
[1], [2], [3]. In particular the phenomenon 
of abrupt unstable propagation of diagonal 
cracks into the flexural compression zone in 
reinforced concrete beams is often observed 
prior to the collapse of beams, and is also very 
important in shear design of structures. The 
author considered the unstable propagation of 
a diagonal crack as a bifurcation phenomenon 
from the previous stable cracking state, and 
tried to simulate the diagonal tension failure 
by utilizing a simple branch-switching method 
with a scaled corrector [1]. 

In the present study [4], [5], more rigorous 
bifurcation analysis than the previous study is 
adopted to simulate the mechanism of diagonal 
tension failure of reinforced concrete beams. 

2 ANALYSIS METHOD

2.1 Analysis models

Diagonal tension failure of a slender 
reinforced concrete beam specimen, BN50, 
having an effective depth of 450 mm, tested 
at the University of Toronto [6] is simulated 
in this study. The specimen is discretized in 
linear triangle finite elements of Delaunay 
triangulation and cross-diagonal meshes for 
concrete, and 3-node beam elements for steel 
rebar, as shown in Figure 1.
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Figure 2: Shear response.
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Figure 1: Finite element mesh for concrete and rebar.

  

2.2 Branch-switching method

To obtain a fundamental path in the 
shear response of the beam, the equilibrium 
equation, Eq. 1, is solved by the displacement 
method of finite element analysis with direct 
displacement control and the Newton-Raphson 
iteration method. 

u qK nD = o  (1)

where K  = tangential stiffness matrix; uD  = 
incremental displacement vector; no = load 
factor increment; q = normalized load vector.
At each loading step in the fundamental path a 
possible bifurcation from the fundamental path 
to a branch path is checked. If a loading step is 
judged to correspond to a possible bifurcation 
point, branch-switching from the fundamental 
path to a bifurcation path is performed. After 
branch-switching to the bifurcation path, 
the path is traced by using the same load 

increment method as the fundamental path 
analysis. When another bifurcation point 
is detected along the post-bifurcation path, 
branch-switching is again performed to trace a 
new bifurcation path. In this study bifurcation 
point A is first detected, and subsequently 
bifurcation points B, C, D, and E are found in 
the following post-bifurcation paths, therefore, 
branch-switching and tracing post-bifurcation 
paths are repeated by subsequently following 
those bifurcation points. Table 1 shows the 
analysis cases and bifurcation points where 
branch-switching to bifurcation paths is 
performed in this study. Figures 2 and 3 show 
the obtained shear responses and bifurcation 
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Figure 6: det K in analysis case K01.

  

Figure 4: Steps with negative det K and spurious 
kinematic mode.

  
points for branch-switching.

In general the bifurcation point and limit 
point or maximum load are singular points 
which should be judged by the determinant of 
the tangential stiffness matrix  det K  of Eq. 2. 

LDLdet det D 0K T
ii

i

n

1

= = =
=

] g %  (2)

where L = lower triangular matrix of K  ; D = 
diagonal matrix of K; Dii = diagonal element 
of D ; n = number of diagonal elements
Since spurious kinematic modes [7] due to 
strain softening of concrete material can also 
produce singular points in the equilibrium 
equation for concrete structures, emergence of 
the lowest eigenmode, usually with negative 
eigenvalue, corresponding to the spurious 
kinematic mode is monitored by checking 
drawn figures of eigenmodes obtained in 
eigenvalue analysis based on Eq. 3. 
 v vK i i im=  (3)
 where vi = right eigenvectors of K  ; im  = 
eigenvalues of K
The spurious kinematic modes are pathological 
and mechanically meaningless, and occurrence 
of the modes results in a premature termination 
o f the numer ica l ana lys i s . There fore , 
bifurcation and limit points are selected from 
singular points after excluding the spurious 
kinematic modes, and branch-switching to the 

bifurcation path is performed starting from the 
bifurcation or limit points. 

In Figure 4 steps at which eigenmodes 
corresponding to spurious kinematic modes 
emerge in analysis case K03 are shown in the 
shear response. Figure 5 is an example for 
the eigenmode corresponding to a spurious 
kinematic mode which is found in analysis 
case K01. In the example strain softening 
behavior of several finite elements in the 
fl exural tension area of the beam is considered 
to cause the spurious kinematic mode.

Figure 6 shows variation of an indicator 
for determinant of tangential stiffness matrix, 

detlog1 Km
10-] g , in which m is the number 

of negative pivots in the diagonal matrix D
The values of det K  seldom become exactly 
zero, but turn from positive to negative in 
the vicinity of bifurcation points as in some 
buckling problems of structures. In this study 
the loading step where the indicator of  det K   
turns from positive to negative is regarded as 
a singular point or bifurcation point. It might 
be possible to fi nd a point in the path at which 
the indicator of det K  gets much closer to zero. 
However, such precise detection of bifurcation 
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Figure 5: Eigenmode corresponding to spurious 

kinematic mode in analysis case K01.
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points is not pursued here since incremental 
load values are chosen small enough compared 
with the bifurcation load value. 

The incremental displacement predictor 
upD is calculated from the eigenvector vi

with the eigenvalue closest to zero, obtained 
in eigenvalue analysis and incremental 
displacement vector ufD  as the fundamental 
solution of the fundamental path at the 
bifurcation point by using Eq. 4 [8] or Eq. 5. 
Branch-switching is conducted by applying 
upD  as a perturbation to obtain a bifurcation 

path.

u u vp f ia bD D= +

 u u u v
u v u u u v

f
T

f f
T

i

f
T

i f f
T

f i

2D D D

D D D D
=

-
-
6 @

 (4)

u v v v
u u

vp i
i
T

i

f
T

f

ibD
D D

= =  (5)

  
upD of Eq. 4 is derived from an orthogonal 

cond i t ion , Eq . 6 fo r fundamenta l and 
bifurcation paths, and a scaling condition, 
Eq. 7 for ufD  and upD . On the other hand, 
upD of Eq. 5 is derived from only the latter 

condition.
  
u u 0p
T

fD D =  (6)

u u u uf
T

f p
T

pD D D D=  (7)

2.3 Constitutive models
         

The Multi Equivalent Series Phase Model [9] 
is used as the concrete constitutive model in all 
the analysis cases here. The model is based on 
the Enhanced Microplane Concrete Model [10], 
and a versatile nonlocal constitutive model, 
that is capable of describing cracking behavior 
of concrete under tension as well as shear and 
compression with good accuracy. 

For steel rebar beam elements, a linear 
elastic-Von Mises plastic constitutive model is 
assumed, but no plastic yielding occurs in the 
present analysis.

Perfect bond is assumed between concrete 
and rebar elements, however, it does not 
necessarily mean that inelastic debonding 

behavior of concrete surrounding steel rebar is 
not taken into account. When rebar elements 
are in tension a certain shear-tension force 
is transferred to the surrounding concrete 
elements, which causes cracking in the 
elements. The cracking can be regarded as 
secondary bond cracking which results in 
inelastic bond behavior.

3 ANALYSIS RESULTS
   

As shown in Figures 2 and 3, the present 
branch-switching analysis cases K03 and 
K04 can simulate the shear responses of the 
experiment well, and result in good estimates 
of maximum shear load. The difference 
between analysis cases K03 and K04 is due to 
the fi nal bifurcation points considered, D and 
E respectively. 

On the other hand, bifurcation points D 
and E are ignored and branch-switching is 
not performed at the points in analysis case 
K02, then diagonal tension failure can not 
be simulated, and thereafter the shear load 
increases and the beam fi nally fails in fl exure, 
as in the fundamental path for analysis case 
K01. Branch-switching to bifurcation paths 
for diagonal tension failure is considered to be 
necessary to evaluate the shear limit load of 
the slender RC beam accurately.
   
3.1 Post-bifurcation responses
        

F igures 7-10 are the eigenmodes for 
eigenvectors vi  chosen to calculate the 
incremental displacement predictor upD  
for perturbation, in which the displacement 
is enlarged with a magnification of 200. 
The individual eigenvalues for bifurcation 
points B, C, D, and E are .4 3541 104

2
#m = , 

.3 1420 101
2

#m = , 3.6131 101
2

#m = , and 
.4 4236 101

0
#m = , respectively. Except for the 

bifurcation point B the first-order or lowest 
eigenmodes are utilized. Figures 11, 12, and 
16 show the incremental displacement at 
load steps just after bifurcation points C, D, 
and E in the post-bifurcation paths, which 
are immediately after branch-switching. The 
distribution of maximum principal strain 1f  is 
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Figure 7: Forth-order eigenmode at bifurcation point B.

  

  
Figure 8: First-order eigenmode at bifurcation point C.

  

  
Figure 9: First-order eigenmode at bifurcation point D.

  
  

Figure 10: First-order eigenmode at bifurcation point E.

  

superimposed in those figures. Widening and 
further propagation of the main diagonal and 
longitudinal cracks along steel rebar in the 
right span of beam are induced by the branch-
switching at bifurcation points C and D, which 
utilizes the lowest eigenmodes corresponding 
to propagation modes of the main diagonal 
and longitudinal cracks. On the other hand, 

the main diagonal crack in the left span of the 
beam develops much after bifurcation point 
E, due to the perturbation utilizing the lowest 
eigenmode which corresponds to widening of 
the main diagonal crack in the left span.

Figures 13, 14, and 15 for analysis case 
K03 show the incremental displacement with 

  
Figure 11: Incremental displacement after bifurcation

point C in analysis case K03.

  

  
Figure 12: Incremental displacement after bifurcation 

point D in analysis case K03.

  

  
Figure 13: Incremental displacement at maximum shear

load in analysis case K03.
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Figure 14: Incremental displacement immediately after 

maximum shear load in analysis case K03.

  
  

Figure 15: Incremental displacement in post peak 
in analysis case K03.
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maximum principal strain at the steps for the 
maximum shear load, just immediately after 
the maximum, and in the post-peak regime. 
Branch-switching to bifurcation paths at 
bifurcation points B, C, and D obviously 
brings drastic propagation of the main diagonal 
and longitudinal cracks prior to the limit load, 
which indicates the complete mechanism of 
diagonal tension failure as well as the collapse 
process of the shear beam.

Figures 17, 18, and 19 for analysis case 
K04 show the incremental displacement with 
maximum principal strain at the steps for the 
maximum shear load, just immediately after 
the maximum, and in the post-peak regime. 
Despite branch-switching to the bifurcation 
path for further propagation of diagonal 
and longitudinal cracks in the left span of 
the beam in analysis case K04, the diagonal 
and longitudinal cracks of the right span of 
the beam develop intensively beyond the 
maximum shear load, and the diagonal tension 
failure occurs in the right span as in analysis 
case K03.

3.2 Diagonal crack propagation
        

In experimental shear tests of slender 
reinforced concrete beams, the main fatal 
diagonal crack is often observed to propagate 
further into the flexural compression zone in 
the post-peak regime of structural collapse. 

  
Figure 16: Incremental displacement after bifurcation 

point E in analysis case K04.

  

  
Figure 17: Incremental displacement at maximum shear

load in analysis case K04.

  

  
Figure 18: Incremental displacement immediately after 

maximum shear load in analysis case K04.

  
  

Figure 19: Incremental displacement in post peak 
in analysis case K04.

  

To examine the results of the present analysis 
case K03 on the issue, several shear load 
levels are chosen, V Vmax = 0.38, 0.58, 0.69, 
0.84, 0.96, and 1.00, as shown in Figure 20, 
and the cracking patterns at the shear load 
levels are compared between the analysis and 
experiment; Vmax  = maximum shear load. 
Figures 21-26 show the comparison, in which 
the analysis crack is represented by plot 
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Figure 20: Load levels for comparison.
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: 1 = 0.02

  
Figure 21: Cracking patterns in analysis case K03 and experiment. (V/Vmax = 0.38)

  

  
Figure 22: Cracking patterns in analysis case K03 and experiment. (V/Vmax = 0.58)

  

  
Figure 23: Cracking patterns in analysis case K03 and experiment. (V/Vmax = 0.69)

  

  
Figure 24: Cracking patterns in analysis case K03 and experiment. (V/Vmax = 0.84)

  

  
Figure 25: Cracking patterns in analysis case K03 and experiment. (V/Vmax = 0.96)

  

  
Figure 26: Cracking patterns in analysis case K03 and experiment. (V/Vmax = 1.00)

  
lines of maximum principal strain 5 t1 0$f f  
with thickness proportional to its value ( t0f  
= the tensile strain corresponding to tensile 
strength). Experimental crack extension up to 
96 percent of the maximum shear load Vmax 
can be simulated very well in the branch-

switching analysis, however, the further 
diagonal crack propagation into the flexural 
compression zone in the post-peak regime of 
structural collapse cannot. The diagonal crack 
propagation into the fl exural compression zone 
between . V0 96 max and Vmax is considered to 
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Figure 27: Selected elements in analysis case K03
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Figure 28: Stress-strain responses of element a 

in analysis case K03
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Figure 29: Stress-strain responses of element b 

in analysis case K03
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Figure 30: Stress-strain responses of element c 

in analysis case K03
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Figure 31: Stress-strain responses of element d 

in analysis case K03

  

                          

at Vmax

σ1 − ε1
σ2 − ε2
σ xx − ε xx
σ yy − ε yy
τ xy − γ xy
σ1 − ε1
σ2 − ε2
σ xx − ε xx
σ yy − ε yy
τ xy − γ xy

at Vmax
at Vmax
at Vmax
at Vmax

be very unstable. The longitudinal crack along 
rebar does not propagate to the end of the 
beam in the analysis, but on the other hand the 
experimental results show intensive splitting 
cracks along the rebar, and the anchorage of 
the rebar seems to collapse completely. 

3.3 Stress-strain responses
        

To examine why the analys is i s not 
able to simulate the mechanism of further 
diagonal crack propagation into the flexural 
compression zone, several concrete finite 
elements corresponding to the main diagonal 
crack and longitudinal crack along steel rebar 
are selected, and their stress-strain responses 

a

h e f g

db c
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Figure 32: Stress-strain responses of element e 

in analysis case K03
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Figure 33: Stress-strain responses of element f 

in analysis case K03
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Figure 34: Stress-strain responses of element g 

in analysis case K03
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Figure 35: Stress-strain responses of element h 

in analysis case K03

  
are investigated in detail. The selected concrete 
fi nite elements a-h are indicated in Figure 27. 
The elements a-d and e-g correspond to the 
main diagonal crack and longitudinal crack, 
respectively. On the other hand, the element 
h represents a typical flexural crack, and the 
responses can be used for comparison with 
other elements. 

Figures 28-31 are the stress-strain responses 
of the concrete finite elements corresponding 
to the main diagonal crack. Although principal 
tensile stress and shear stress are in the post-
peak regime at the tip of the diagonal crack of 
element a, as shown in Figure 28, the residual 
levels of softening stress are still high. This 
indicates that the diagonal crack could not 
extend into the flexural compression zone 
without other driving forces to accelerate 
the diagonal crack propagation. At concrete 

element c which corresponds to the diagonal 
crack near the middle of beam depth, Figure 
30, the principal tensile stress and shear stress 
decrease to relatively lower levels of softening, 
but still there remains a certain residual level 
of softening stress. The relatively lower level 
of shear softening stress represents aggregate 
interlock resistance of the diagonal crack with 
its greater width. The aggregate interlock 
mechanism prevents the diagonal crack 
tip from further extension into the flexural 
compression zone. The fact that the shear 
resistance of the diagonal crack is not that 
low can be deduced from the relatively large 
difference between the angles of the principal 
stress and strain axes.

Figures 32-34 show the stress-strain 
responses of the concrete finite elements 
corresponding to the longitudinal crack along 
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the steel rebar. We see that the individual 
longitudinal crack at each element has a large 
angle of inclination to the rebar, as shown in 
Figures 24-26, since the longitudinal cracks 
in the present analysis are caused by bond 
shear force transferred from rebar, but not by 
bond splitting action as in the experiment. 
Due to this fact , the residual levels of 
shear softening stress are higher, and this 
prevents the longitudinal crack from unstable 
propagation. Without unstable propagation of 
the longitudinal crack, diagonal cracks could 
not extend into the fl exural compression zone.

Figure 35 shows the stress-strain responses 
of concrete finite element h corresponding to 
a typical flexural crack, in which the shear 
responses are small in comparison with the 
normal response.

4 CONCLUSIONS
     

Diagonal tension failure is considered to be 
dominated by crack bifurcation phenomena, 
and simulation of the failure mechanism is 
attempted using a bifurcation analysis. Based 
on a bifurcation theory and eigenvalue analysis, 
branch-switching from the fundamental path 
to the bifurcation path for the diagonal tension 
failure mode in reinforced concrete beam is 
performed. 

B i fu r ca t i on po in t s a r e de t ec t ed by 
monitoring the determinant of the tangential 
stiffness matrix and excluding spurious 
kinematic modes due to the strain softening 
constitutive relation of concrete. 

T h e p r e d i c t o r  o f  t h e  i n c r e m e n t a l 
displacement vector for the bifurcation path is 
calculated from the fundamental solution and 
eigenvector of the tangential stiffness matrix, 
and applied to the beam as a perturbation 
to switch from the fundamental path to the 
bifurcation path for diagonal tension failure. 

It is shown that the present bifurcation 
analysis can simulate well the mechanism of 
diagonal tension failure of a slender reinforced 
concrete beam tested in the University of 
Toronto. 

Along the fundamental path a lot of spurious 
kinematic modes are found as eigenvectors 

corresponding to the lowest or lower order 
of eigenvalues, but not utilized to calculate 
the perturbation since the spurious kinematic 
modes are pathological and meaningless 
mechanically, and application of those modes 
leads to numerical diffi culties in continuation 
of the calculation. 

Up to the limit point there exist several 
bifurcation points to be considered, and the 
branch-switching is performed at each point, 
which forms a multiple bifurcation. In spite of 
the applied perturbation corresponding to the 
diagonal tension fracture mode, the beam does 
not fail in diagonal tension up to the limit point 
or maximum shear load. However, the branch-
switching prior to the limit point leads to the 
complete diagonal tension failure of the beam. 

The post-bifurcation path analysis shows 
that the method herein can simulate the 
complete mechanism of diagonal tension 
f a i l u r e due t o d i agona l c r ack ing and 
longitudinal cracking along rebar in the beam. 
In the post-bifurcation path we can clearly 
see drastic propagation of the diagonal crack 
and longitudinal crack along the rebar, which 
indicates the collapse process of the beam in 
diagonal tension failure. 

The further diagonal crack propagation 
into the fl exural compression zone in the post-
peak regime of structural collapse cannot 
be simulated well. Several factors related to 
the analysis insufficiency are pointed out by 
examining the analysis results for the crack 
strain distribution representing the crack 
pattern and stress-strain response of finite 
elements corresponding to the diagonal and 
longitudinal cracks. Those factors are higher 
residual levels of shear softening stress due 
to aggregate interlock on the diagonal crack 
and not fully developed longitudinal cracking 
along the rebar.
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Abstract: The Great East Japan Earthquake hit Tohoku Area in Japan on March 11, 2011.   A large 
number of concrete structures were damaged by the 9.0 magnitude earthquake in Richter-scale.  
Prior to reconstruction and retrofit of these structures, damage evaluation of in-situ concrete is now 
in urgent demand.  In this concern, quantitative estimation of damaged concrete is going to be 
performed, applying acoustic emission (AE) measurement in the compression test of core samples.  
The procedure is named DeCAT (Damage Estimation of Concrete by Acoustic Emission 
Technique), which is based on estimating an intact modulus of elasticity in concrete.  Distribution 
of micro-cracks in a concrete-core sample is inspected by helical X-ray computer tomography (CT) 
scans at one-millimeter intervals.  Then, damaged samples are evaluated based on AE generating 
behaviors due to fracturing under compression.  It is demonstrated that the decrease in physical 
properties could be evaluated by comparing an average CT number with a rate of AE generation, 
which is analyzed by the AE rate process.  A relation between AE rate and damage parameters is 
correlated.  Thus, by calculating initial Young’s modulus from the DeCAT system, the damage of 
concrete is quantitatively estimated. 
 
 

1 INTRODUCTION 
The durability of a concrete structure could 

decrease drastically due to earthquakes, in 
particular, seismic wave-motions.  The degree 
of damage in concrete structures is, in most 
cases, evaluated from mechanical properties.  
For effective damage estimation of concrete 
structures, it is necessary to evaluate not only 
the mechanical properties but also the degree 
of damage.  Quantitative damage evaluation of 
concrete is proposed by applying acoustic 
emission (AE) method [1] and damage 
mechanics [2].  The procedure is named 
DeCAT (Damage Estimation of Concrete by 
Acoustic Emission Technique) [3-4]. 

In this study, core samples were drill out 

from a damaged water-canal of concrete, 
which has been subjected to the influence of 
the Great East Japan Earthquake.  Core 
samples were taken out both before and after 
the earthquake in the same structure.  Crack 
distribution in core concrete was inspected 
with helical CT scans, which were made at 
one-millimeter intervals.  After helical CT 
scan, concrete damage was evaluated, based 
on fracturing behavior under compression with 
AE measurement.  The decreases in physical 
properties due to the earthquake are evaluated 
by the CT values, mechanical properties and 
relative damages.  Thus, it is shown that 
concrete structures in service damaged due to 
the earthquakes could be quantitatively 
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 2 

evaluated by AE. 

2 ANALITICAL PROCEDURE 

2.1 AE rate-process analysis 
AE behavior of a concrete sample under 

unconfined compression is associated with the 
generation of micro-cracks.  These micro-
cracks are gradually accumulated until final 
fracture.  The number of AE events, which 
correspond to the generation of these cracks, 
increases accelerated by the accumulation of 
micro-cracks.  This process is dependent on 
the number of cracks at a certain stress level 
and the progress rate of the fracture stage, and 
thus could be subjected to a stochastic process.  
Therefore, the rate process theory is 
introduced to quantify AE behavior under 
unconfined compression [5].  The following 
equation is derived to formulate AE 
occurrence dN due to the increment of stress 
from V to V+dV, 

N
dNdVVf )( ,                            (1) 

where N is the total number of AE events and 
ƒ(V) is the probability function of AE at stress 
level V(%).  For ƒ (V) in Eq.1, the following 
hyperbolic function is assumed, 

b
V
aVf )( ,                             (2) 

where a and b are empirical constants.  Here, 
the value ‘a’ is named the rate, which reflects 
AE activity at a designated stress level.  This is 
because at low stress level the probability 
varies, depending on whether the rate ‘a’ is 
positive or negative.  In the case that the rate 
‘a’ is positive, the probability of AE activity is 
high at low stress level, indicating that the 
structure is damaged.  In the case of the 
negative rate, the probability is low at low 
stress level, revealing that the structure is in 
stable condition.  Therefore, it is possible to 
quantitatively evaluate the damage in a 
concrete structure using AE under unconfined 
compression by the rate process analysis. 

AE Measurement

[S/S* and E/E* relation]

Compression Test

σ-ε curve

Young’s Modulus E0

Compressive Strength

AE Hits

a Value Calculation

Loland Model

AE Database

Estimation of Young’s 
Modulus E*

Durability Index E0/E*

Nilsen Model

Quantitative Damage Estimation of 
Concrete

[Database]
[AE rate-process analysis]

[ Experiments ]

[σ-ε curve]

[Damage Estimation]  
Figure 1: Analytical flow of DeCAT system. 
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Based on Eqs.1 and 2, the relationship 
between total number of AE events N and 
stress level V is represented as the following 
equation, 

)exp(bVCVN a ,                          (3) 
where C is the integration constant.  

2.2 Scholar damage model 
A scholar damage parameter Ω in damage 

mechanics can be defined as a relative change 
in modulus of elasticity, as follows, 

*
1

E
E

 ,                               (4) 

where E is the modulus of elasticity of 
concrete and E* is the modulus of elasticity of 
concrete which is assumed to be intact and 
undamaged. 

Loland assumed that the relationship 
between damage parameter Ω and strain ε 
under unconfined compression is expressed [6],  

00 A ,                            (5) 
where Ω0 is the initial damage at the onset of 
the unconfined compression test, and A0 and λ 
are empirical constants of the concrete.  The 
following equation is derived from Eqs.4 and 
5, 

  )*( 00 AEE  ,                        (6) 
here 

)1(* 00  EE ,                           (7) 

 cc AEEE 00 * .                         (8) 

2.3 Estimation of intact Young’s modulus 
As given in Eq.5, the initial damage Ω0 in 

damage mechanics represents an index of 
damage.  In Loland’s model (Eq.4), it is 
fundamental to know Young's modulus of the 
intact concrete (E*).  However, it is not easy 
to obtain E* of concrete in situ.  Therefore, it 
is attempted to estimate E* from AE 
monitoring in the compression test.  Two 
relations between total number of AE events 
and stress level and between stress and strain 
are taken into account.  Based on a correlation 
between these two relationships, a procedure 
is developed to evaluate the intact modulus 
from AE analysis.  This process is named 
“DeCAT” as summarized in Fig.1.  A 
correlation between the damage parameter ‘λ’ 
and the rate ‘a’ derived from AE rate process 
analysis is given in Fig.2.  Good correlation 
between the ‘λ’ ’ and the rate ‘a’ ‘value is 
confirmed.  Here results of all samples 
damaged due to the freeze-thawed process in 
model experiments are plotted by gray circles.  
A linear correlation between ‘λ’ ’ and the rate 
‘a’ ’ value is reasonably assumed, and the 
equation of λ’ is expressed, 

YXa   

    YXaa  100100  ,           (9) 

where 

c

c

EE
E



0

  .                   (10) 

Here, it is assumed that E0 = E* when a = 0. 
0.  This allows us to estimate Young's modulus 
of intact concrete,  E*, from AE rate process 
analysis as,  

Y
EEE c

c * .                   (11) 

In the DeCAT system, a relative damage of 
concrete core is estimated from the ratio E0/E*, 
where E0 is the initial tangential modulus of 
elasticity in the compression test of concrete.   
By applying Eq.11, the intact modulus of 
elasticity, E*, is estimated from AE database.  
AE database consists of 200 samples tested in 

y = 0.9787x + 1.328
R² = 0.9141

-3

-2

-1

0

1

2

3

4

-4 -2 0 2

λ'
 (=

λ+
a'

)

a' (=a×100)  
Figure 2: AE database of DeCAT. 
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the Kumamoto University from 1988 to 2012. 

3 EXPERIMENTAL PROCEDURE 

3.1 Core concrete 
Core samples of 10cm in diameter and about 

20cm in height were taken from a concrete 
open-canal wall in Miyagi prefecture, Japan.  
The concrete wall of the canal was subjected 
to the Great East-Japan Earthquake (Fig.3).  
Typical seismic-waves detected are shown in 
Fig.4, compared with one of the Great 
Hanshin-Awaji Earthquake.  The structure was 
constructed 7 years ago, and is not severely 
damage as observed.   

Core samples are classified into two types 
of Type A and Type B.  Type A samples are 
not subjected to the effects of the earthquake.   
This is because these samples were drilled out 
in October, 2009 surely before the Great-East 
Japan Earthquake hit Tohoku area.  Type B 
samples were drilled out of the concrete canal 
at close locations to cores of Type A in 
January, 2012 after the Great East Japan 
Earthquake.   In addition, the ultrasonic testing 
was conducted in the same canal walls before 
and after the earthquake. 

3.2 Visual observation of concrete damage 
using X-ray computed tomography 

Prior to the compression tests, core samples 
were inspected with helical CT scans at the 
Animal Medical Center, Nihon University.  
The helical CT scan was undertaken at one-
millimeter intervals.  The measurement 
conditions are summarized in Table 1.  The 
output images are visualized in gray scale, 
where air appears as dark area and the densest 
areas appear as white in the image.  The exact 
positioning was ensured using a laser 
positioning device.  Experimental samples 
were scanned constantly at 0.5mm pitch 
overlapping.  A total of 400 2D-images were 
obtained from each specimen depending on the 
specimen length.  These 2D images can be 
assembled to provide 3D representation of 
core specimens.  The CT scanning system 
operates, collecting X-ray absorption values.  
The values of the absorption coefficients are 
transformed into CT numbers using the 
international Hounsfield scale. 

3.3 AE monitoring in compression test 
A uniaxial compression test of the sample 

was conducted as illustrated in Fig.5.  Silicon 
grease was pasted on the top and the bottom of 
the specimen, and a Teflon sheet was inserted 
to reduce AE events generated by friction 
between the loading plate and the specimen.  
SAMOS-AE system (manufactured by PAC) 
was employed as the measuring device.  AE 
signals were detected by using AE sensor 

★

Epicenter
100km 200km

JMA seismic intensity 
scale: 7
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: 6 Lower
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Figure 3: Location of sampling site. 
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Figure 4: Detected earthquake waves in Japan. 

Table 1: Setting used for helical CT scan. 
Helical Pitch 15.0 
Slice Thickness 0.5mm 
Speed 7.5mm/rotation 
Exposure 120kV and 300mA 
Recon Matrix 512×512 
Field of View 100-200mm 
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(R15α: resonance frequency: approx. 150 kHz).  
To count the number of AE hits, the threshold 
level was set to 60dB with 40dB gain in a pre-
amplifier and 20dB gain in a main amplifier.  
For event counting, the dead time was set to as 
2ms.  It should be noted that AE measurement 
was conducted with two channels as the same 
as the measurement of axial and lateral strains.  

4 RESULTS AND DISSUCUSSION 

4.1 Mechanical properties 
Compressive strengths and longitudinal-

wave velocities, Vp, obtained are summarized 
in Table 2, with the maximum and the 
minimum values of all specimens.  The 
longitudinal-wave velocity is 3,250m/s as the 
mode value in the pre-earthquake condition, 
while that of the post-earthquake condition is 
3,000m/s.  Thus, the decrease in the velocity is 
clearly observed, suggesting the damage 
evolution due to earthquake.   At the damaged 
joint parts, the longitudinal wave-velocities 
vary from 3,440m/s at the maximum to 
2,360m/s at the minimum as the average of 
2,830 m/s.    These values are lower than those 
of non-damaged areas. 

4.2 X-ray observation of damaged concrete 
subjected to the Great East Japan 
Earthquake 

The crack distributions of core samples were 
measured by the helical CT scanner with test 
conditions in Table 1.  The CT number 
obtained in Hounsfield Units (HU) represents 
the mean X-ray absorption associated with 
each area on the CT image.  The CT numbers 
vary according to the material properties, 
generally adjusted to 0.0 for water and to -
1,000 for air.   

In this experiment, it was found the CT 
numbers were +130 to +1,780 for pores and 
+2,000 over for aggregate.  At cross-sections 
of Type A sample (pre-earthquake condition), 
the average CT numbers varied between 
+1,542 and +1,833.  In contrast, in Type B 
sample (post-earthquake condition), at the 
regions where small cracks were observed, the 
average CT numbers varied between +143 and 
+1,054, showing the decrease in the CT values.  
Suzuki et al. [7] carried out experiments to 
compare the CT values in cracked and non 

Table 2: Mechanical properties of core samples. 
Samples Numbers Compressive * Vp * 

  Strength(N/mm2) (m/sec) 
Pre-earthquake samples 
 (Type A, October, 2009) 

15 18.5-30.1 
(25.0) 

1,503-3,748 
(3,020) 

Post-earthquake samples 
 (Type B, January, 2012) 

12 20.5-31.5 
(24.8) 

1,899-4,571 
(3,055) 

*Minimum-Maximum (Average) 
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Figure 6: Relations between relative damages 

E0/E*and compressive strengths in pre- and post-
earthquake conditions. 
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Figure 5: Test setup for AE monitoring in core test. 

1683



Tetsuya Suzuki and Masayasu Ohtsu 

 6 

cracked concrete-core.  It is demonstrated that 
the decrease in the CT values are definitely 
observed in damaged parts.    As a result, 
damage evolution is surely confirmed in the 
concrete sample subjected to the earthquake. 

4.3 Quantitative damage evaluation of 
concrete by estimated intact Young’s 
modulus E* 

A relative damage is estimated from the 
ratios of initial Young’s moduli E0 to intact E*.  
The intact modulus E* is estimated by AE 
database (Fig.2).  The compressive strength 
and the relative damage were determined as 
the damage index.  Results of these parameters 
are summarized in Fig.6.  A relationship 
between the compressive strengths and the 
relative damage in Type A is similar to that of 
Type B, although the relative damages are 
definitely lower in Type B than in Type A.  
This confirms that the effect of the earthquake 
results remarkably in the decrease in the 
relative damage.  These results suggest that 
the strength may not be a key factor for the 
durability, while the relative damage (E0/E*) is 
really sensitive to it. 

Along the canal wall of 1.2 km, the 
longitudinal-wave velocities were measured 
before and the after the earthquake with 100 m 
interval.   The modulus of elasticity, E, was 
estimated from the velocity, and the relative 
damage at the location of the velocity 
measurement is estimated as E/E*, where the 
modulus E* of the core sample closest to the 
location was applied.   In Fig.7, these relative 
values in the canal are compared with the 

compressive strengths determined at their 
locations.  It is clearly observed that the 
relative damages estimated are in reasonable 
agreement with the compressive strengths.  In 
Type B (post-earthquake) samples, the relative 
damages E0/E* vary from 0.696 to 0.925 and 
are estimated as below 1.0 which implies the 
damaged condition.   Comparing results of 
Type A with those of Type B, it is 
quantitatively observed that the relative 
damages estimated in Type B (post-earthquake 
samples) are clearly lower than those in Type 
A.   This demonstrates that the open canal has 
been damaged due to the effect of Great East-
Japan earthquake. 

5 CONCLUSION 
For quantitative estimation of damage in 

concrete, AE monitoring is applied to the 
uniaxial compression test of concrete samples.  
The procedure is named DeCAT (Damage 
Estimation of Concrete by Acoustic Emission 
Technique), which is based on estimating the 
intact modulus of elasticity in concrete.  The 
DeCAT system is applied to concrete-core 
samples taken from a concrete water-canal 
which is affected by the Great East Japan 
Earthquake.  It is quantitatively demonstrated 
that concrete of the canal is damaged.  In 
addition, applying the velocity measurement, 
spatial distribution of the damage in the canal 
is readily determined.  Reasonable agreement 
with spatial distribution of the relative 
damages is confirmed by the results of AE 
generation behavior in the core test. 
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Figure 7: Spatial properties of concrete mechanical values and relative damages in monitoring canal. 
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ACOUSTIC EMISSION MONITORING AND QUANTITATIVE EVALUATION OF 
DAMAGE IN CONCRETE BEAMS UNDER CREEP. 
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Abstract: Despite the large number of studies, the mechanisms involved during creep of concrete 
are still not well known and particularly tensile creep which is a major issue especially in the case 
of special concrete structures. The objective of this study is to suggest an assessment of the damage 
mechanisms occurring during the different phases of creep. To achieve this, an experimental 
investigation is proposed on mortar and concrete beams loaded with flexural creep at high stress 
levels. Damage evolution under desiccation creep tests is assessed by using the acoustic emission 
technique. The results show a good proportionality between creep displacement and the acoustic 
emission activity and thus the efficiency of acoustic measurements for the estimation of the damage 
evolution. In addition, the results show the importance of aggregates in the fracture behaviour under 
desiccation creep.  

1 INTRODUCTION 
The study of creep in tension has shown 

different effect on the behaviour of concrete. 
On one hand, creep may relax internal tension 
stresses generated by shrinkage by increasing 
the deformation capacity to rupture and 
consequently reducing the risk of potential 
cracking in concrete [1]. On the other hand, 
the principal mechanism of tensile creep is due 
to microcracks development responsible of the 
decrease of the residual strength and the 
modification of concrete properties [2]. Many 
researchers tried to quantify the effect of 
tensile creep on the behaviour of concrete 
mainly by measuring the residual strength [3, 
4]. A recent study conducted by the authors [5] 
shows, with the acoustic emission (AE) 
technique, a more brittle behaviour and a 
decrease in the fracture process zone (FPZ) in 
specimens subjected to flexural creep. The aim 
of this study is to identify and suggest an 
assessment of the damage mechanisms 

occurring during creep. 
As cement-based composite, concrete can 

be properly represented by three phases in the 
microstructure: cement paste, aggregate and 
the interfacial transition zone (ITZ) between 
them. In order to well understand crack 
propagation in concrete, some authors had 
made many researches on the effect of 
inclusions on the fracture properties of 
concrete such as the aggregate content, the 
type of coarse aggregates, the mortar-
aggregate interface… However, based on the 
available literature on creep, most of the 
experimental works have been conducted on 
concrete specimens. Thus, it is interesting to 
study the creep response of the concrete matrix 
in order to enhance the current knowledge of 
creep mechanisms of concrete and phenomena 
occurring at the constituents level. Fracture 
properties of mortar have a great influence on 
the fracture performance of concrete. But, how 
does mortar influence the creep behaviour of 
concrete? To examine this, an experimental 

1692



J.Saliba, A.Loukili, F.Grondin, J.-P.Regoin  

2

investigation is proposed on mortar and 
concrete beams loaded with flexural creep at 
high stress levels. Damage evolution under 
fracture and desiccation creep tests is assessed 
by using the AE technique. This non-
destructive technique proves to be very 
effective, especially to check and measure 
micro-cracking that takes place inside a 
structure under mechanical loading [6]. In this 
study, desiccation creep tests were monitored 
at 70% and 85% of the maximal strength. The 
results aim to investigate the ranges of 
variation of the time response due to creep 
damage coupled effects and the effect of 
aggregate on the mechanical properties of 
concrete under loading. 

The first part of this paper describes the 
experimental program performed for 
investigating fracture and creep tests. Then, 
complete load versus crack mouth opening 
displacement (CMOD) curves were directly 
obtained and fracture parameters were 
determined. Finally, the effect of aggregates 
on the fracture behaviour under creep was 
evaluated with the AE technique. 

2 EXPERIMENTAL PROCEDURES 

2.2 Materials 
Concrete specimens were mixed with 

Portland cement CPA-CEMII 42.5, crushed 
limestone aggregate distributed in fine sand, 
with a maximum size of 5 mm and a density of 
2570 kg/m3, and crushed gravel of size 5 to 
12.5 mm with a density of 2620 kg/m3. A 
superplasticizer agent has been added for the 
workability. Table 1 shows the mix quantities 
of constituent materials for mortar and 
concrete.  

Table 1: Concrete and mortar mixtures proportions  

 Dosage (kg/m3) 
Constituents Concrete Mortar  

Gravel : 5/12,5 mm 936 - 
Sand : 0/5 mm 780 1270 

Cement : CEM II 42,5 350 550 
Water 219.5 330 

Superplasticizer 1.9 - 

Concrete and mortar mixtures were 

characterized by a water-to-cement (W/C) 
ratio of 0.56. The mix proportions for mortar 
should represent the mortar constituents of 
concrete.  

For the flexural tests, 800 x 200 x 100 mm3

(L x d x b) concrete and mortar beams were 
prepared with an effective span (S) equal to 
600 mm. A plate vibrator was used to compact 
the fresh mixture in two layers. Then, 
specimens were covered with a thin sheet of 
plastic to prevent water loss and were 
maintained in a climatic chamber at a 
temperature of 20°C and a relative humidity 
(RH) of 95%. 24 hours after casting, the 
specimens were stripped off from the moulds 
and kept for curing in lime water, under a 
temperature condition of 20°C. Before flexural 
tests, specimens were taken out from the 
curing tanks and a central notch was formed 
using a diamond saw cut, with a notch-to-
depth ratio of 0.2 (a0 = d/5).  

2.1 Procedure for the three point bending 
test 

Three point bending fracture tests were first 
realized to determine the maximum load so we 
could load the specimens in creep. The 
fracture test employs a load-controlled 
universal testing machine as per RILEM-TMC 
50 recommendations [7]. The load was applied 
with a slow rate of 0.3 µm/s.  

Flexural creep tests were then performed on 
frames with a capacity ranging from 5 to 50 
kN. The frames were placed in a climate 
controlled chamber at 50 % of RH and 
temperature of 20 °C. The load is applied by 
gravity with a weight and counterweight 
system, which enables a fine tuning of the load 
[5]. The displacement was measured at 
midspan on notched specimens.  

2.3 AE technique 
The AE system comprised of an eight 

channel AE Win system, a general-purpose 
interface bus (PCI-DISP4) and a PC for data 
storage analysis. Eight piezoelectric 
transducers (resonant frequency of 150 KHz) 
were used to convert the mechanical waves to 
electrical signals. Transducers were placed 
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around the expected location of the fracture 
process zone (FPZ) to minimize errors in the 
AE event localization [8]. They were placed in 
a 3D parallelepiped position on both sides of 
the specimen, with silicon grease as the 
coupling aging (figure 1). The recorded AE 
amplitudes ranged from 0 to 100 dB. The 
detected signals were amplified with a 40 dB 
gain differential amplifier. In order to 
overcome the background noise, the signal 
detection threshold was set at a value of about 
35 dB slightly above the background noise [8]. 
The acquisition system was calibrated before 
each test using a pencil lead break procedure 
HSU-NIELSEN. The effective velocity and 
the attenuation of acoustic waves were also 
calculated. For this analysis, the effective 
velocity was assumed to be a constant for the 
analysis of AE source locations even though 
there may be some variability depending on 
the wave propagation path. The effective 
velocity was assumed to be 3800 m/s.  
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Figure 1: Specimen geometry and AE transducers 
position. 

During the formation of a microcrack, 
energy is emitted as an elastic wave and 
propagates from the crack location to the AE 
transducers at the specimen surface. The 
locations of the AE sources are evaluated 
based on the arrival times of the first wave at 
each transducer and their respective velocity in 
concrete specimen. 

3  FRACTURE PROPERTIES OF 
CONCRETE AND MORTAR 

Three point bending beams of mortar and 
concrete were tested under loading. The mean 
load-CMOD curves were directly obtained 
(figure 2) and showed the same pattern. For 
the same crack width, the ultimate flexural 
strength (Fmax) of concrete is higher than that 
of the mortar. 
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Figure 2: Mean load-CMOD curves for mortar and 
concrete beams. 

Based on those curves, the fracture 
parameters as the fracture energy (GF) were 
subsequently determined (table 2).  

Table 2 : Fracture characteristics of concrete and mortar 

 Concrete  Mortar  
Fmax (kN) 10.8 8.2 
CMODpeak (µm) 37.9 26.5 
E (Gpa) 28.1 21.9 
GF (N/m) 67.7 39.3 
fnet (MPa) 3.9 2.9 
lch (mm) 129.2 58.5 

The fracture energy, calculated as the ratio 
of the work of fracture (WF [N.m]) to the area of 
the uncracked ligament (Alig [m2]), increased with 
the presence of aggregate in concrete:

( )
0 0

0

F
F

lig

W mgW
G

A b d a

δ+= =
−

(1)

where W0 [N.m] is the work dissipated in 
the area under the load-deflection curve, mg
[N] the mass of the specimen between 
supports and δ0 [m] the maximum 
displacement. In addition, the characteristic 
length (lch), defined by Hillerborg, was also 
calculated and showed a more brittle 
behaviour for mortar: 

2
t

F
ch

f

GE
l

×
=

(2)

where ft [MPa] represents the tensile 
strength. From these phenomena, one can see 
that concrete presents higher fracture 
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properties than mortar because of the 
resistance to crack propagation enhanced due 
to aggregate in concrete.  

4 MONITORING OF CONCRETE AND 
MORTAR BEAMS DURING 
DESICCATION CREEP TESTS 

The monitoring of concrete beams under 
basic creep is studied in [9] and showed 
interesting results; however beams subjected 
to basic creep did not reach tertiary creep. In 
this paper the monitoring of desiccation creep 
test is only presented for concrete and mortar 
beams in order to have more information on 
the effect of the microstructure and the 
heterogeneities of concrete structure on creep 
(figure 3).  

0

20

40

60

80

100

120

140

160

180

0 20 40 60 80 100 120 140 160
Time (days)

D
es

ic
ca

tio
n 

cr
ee

p 
di

sp
la

ce
m

en
t (

µm
)

MDC70

0

5

10

15

20

25

0 20 40 60 80
Time (hours)

D
es

ic
ca

tio
n 

cr
ee

p 
di

sp
la

ce
m

en
t (

µm
)

DC85

DC70

Figure 3: Desiccation creep displacement for mortar 
and concrete beams loaded at 70% and 85% of Fmax. 

Concrete specimens subjected to 
desiccation failed after 1 day at 85% (DC85) 
and three days at 70% (DC70). In fact, 
microcracking initiated due to the applied 
constant load begins to growth and form a 
crack path [10, 2, 11]. The mortar beams 
loaded at 70% (MDC70) did not fail even after 
more than four months of loading (figure 3). 
Creep develops fast in the first days of loading 

(primary creep) and then stabilizes (secondary 
creep). The larger the applied stress, the more 
important are all the kinetics and the 
magnitude of creep displacement. Due to 
desiccation, the neutral axis move upward 
causing an additional curvature [12, 13].  

Creep displacement of mortar beams 
presents a more important amplitude and 
kinetic evolution with a more important 
viscous behaviour due to the presence of the 
aggregate in concrete that restrained creep 
deformation. In fact, the aggregates present an 
elastic behaviour and do not creep. The 
deformation reported to the total volume is 
then reduced with the diminution of the 
relative volume of the cement paste. The 
heterogeneity of concrete seems to play an 
important role in the fracture behaviour under 
creep. In order to quantify the damage 
evolution during creep, creep tests were 
monitored with the AE technique. Figure 4 
presents the evolution of the AE activity 
during the desiccation creep tests at 70% for 
mortar and concrete beams. Desiccation creep 
tests were followed during 46 days in mortar 
beam and till the rupture in concrete beams. At 
the moment of load application, the AE 
activity is important with AE signals of high 
amplitude corresponding to microcracks in the 
beam and to mechanical noises at the contact 
between the beam and the jack. This part was 
removed and the AE activity was followed 
during the distinct phases of creep 
corresponding to the evolution of creep 
displacement into three regimes: primary 
creep, which corresponds to a fast decrease of 
strain kinetic under the initial load, followed 
by secondary creep, which corresponds to a 
quasi-constant strain kinetic, and tertiary creep 
in which the strain rate accelerates leading to 
the global failure reached with concrete 
beams. Those phases generate different signals 
covering different ranges of amplitude and 
corresponding to different damage 
mechanisms. During primary creep, the AE 
activity is important with AE hits of high 
amplitude and an important emission of AE 
energy (figure 4). The rate decreases in 
correlation with the rate of creep displacement. 
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Figure 4: AE activity during desiccation creep tests 
for mortar and concrete beams: correlation between 

the cumulated AE energy and the hits amplitude. 

During this phase, events are arbitrary 
distributed especially in the tension zone 
(figure 5).  

Figure 5: Localization of AE events during primary 
creep for mortar (a) and concrete (b) in the plan XY. 

This may correspond to the initiation and 
the development of microcracks inside the 
material as other physical mechanisms 
responsible of creep as water and stress 
redistribution in the beams and consequently 
microcracking.  

During secondary creep, the rate of the AE 
activity is quasi-constant with a stable 
emission of AE energy (figure 4). The number 
of events increases with different energetic 
values near the notch (figure 6).  

Figure 6: Localization of AE events during secondary 
creep for mortar (a) and concrete (b) in the plan XY. 

This phase corresponds to the apparition of 
a new damage mechanism due to the extension 
and the propagation of microcracking. By 
analysing the energy, the amplitude and the 
localisation map of AE events, it is observed 
that the number of AE hits is less important in 
mortar in comparison with concrete indicating 
a more important damage evolution.  

The localisation map of AE events along 
the depth of the beams (plan YZ) is also 
studied during secondary creep (figure 7). For 
mortar beam, the detected events were 
dispersed with events of high energy appearing 
especially in front of the notch and at the 
surfaces subjected to desiccation [14]. For 
concrete beams, the events presenting higher 
energy are localised as well at the surface as in 
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the width of the beams. This may be due to 
ITZ in concrete which is generally more brittle 
than the matrix [15] and constitute a zone of 
stress concentration. In fact, this zone contains 
a more important part of free water in concrete 
responsible of the important shrinkage when it 
is free to escape. The concentration of water in 
certain zones can cause a creep kinetics 
dependant of the kinetics of desiccation in 
concrete. Stresses are also generated by the 
deformation incompatibility between the 
aggregate and the cement paste produced by 
shrinkage [16, 17, 18, 19]. This could be seen 
on the localization maps which present events 
of different energy and which correspond to 
different damage mechanisms as microcracks 
in ITZ and in the matrix [20]. The stress 
concentrations generated in those zones are 
accentuated by the strain incompatibility 
between the aggregate and the cement paste 
and lead to the failure of concrete beams. In 
mortar beam, stresses related to the load and 
shrinkage are more diffuse. Aggregates play 
then an important role in the microcracks 
development at the ITZ and increase the risk 
of rupture under creep. The localisation of 
microcracks at these interfaces controls the 
behaviour of concrete under creep and may be 
responsible of it’s brittleness at the rupture [5].

      
Figure 7: Localization of AE events during secondary 
creep for mortar (a) and concrete (b) in the plan YZ.

During tertiary creep, the AE activity 
increases quickly in correlation with creep 
displacement with the emission of very 
energetic signals. This phase corresponds to 
the coalescence and the fast propagation of 
microcracks where the events begin to 
concentrate in the cracking zone generating a 
localized crack and leading to the failure of the 
specimen in the third day. The AE signals in 
this phase cover different ranges of amplitude 
that reaches sometimes 100 dB (figure 8).  

Figure 8: Localisation of AE events during tertiary 
creep for concrete in the plan XY. 

The evolution of damage under creep seems 
to be different in mortar and concrete beams. 
Thus, in order to better understand the fracture 
process and the mechanisms involved, three 
point bending fracture tests for mortar and 
concrete beams are also followed with the AE 
technique. Fracture tests give a faster cracking 
process than creep tests.  

5  MONITORING OF THE FRACTURE 
TESTS 

Figure 9 presents the correlation between 
the load-CMOD curves and the amplitude of 
the AE hits for mortar and concrete during the 
different phases of rupture: 1) the linear elastic 
stage before crack initiation, 2) the nonlinear 
pre-peak stage of stable crack propagation 
preceding unstable failure, and 3) the unstable 
extension stage after the peak load. The AE 
activity is in a good correlation with the load-
CMOD curve. The evolution of the acoustic 
emission signature during the different phases 
indicates different damage mechanisms. 
During the elastic phase, the AE activity 
during loading for mortar is negligible 
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however the AE activity for concrete is more 
important (figure 10).  
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Figure 9: Correlation between the load-CMOD curves 
and the AE hits amplitude for mortar and concrete 

beams. 

During the nonlinear phase, some hits of 
weak amplitude begin to appear in mortar but 
always with a small rate relatively to concrete. 
This difference between the two materials 
indicates an additional mechanism in concrete. 
In fact, those signals of weak amplitude could 
be associated to microcracks at the interface 
between mortar and aggregate considered as 
the most weak and brittle zone in concrete. 
This is in agreement with the monitoring of 
creep tests where the AE activity was less 
important during the full test in comparison 
with concrete. The signals of high amplitude 
are globally less important. In addition, the 
signals of weak amplitude are also less 
important during creep and seem to correspond 
to cracks and the interface between aggregate 
and mortar in concrete. 

During the third phase, the number of AE 
hits increases in both materials with the 
emission of high amplitude signals indicating 
the creation of a macrocrack (figures 9 and 
10). During the terminal post-peak region, the 
rate of the AE activity decreases with the 
decrease of stress indicating the crack 
propagation. Note here that an unstable failure 
with a premature rupture was observed for 
mortar beams due to their brittleness.  
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Figure 10: Correlation between the load-CMOD 
curves and the AE hits distribution for mortar and 

concrete beams. 

Figure 11 presents the evolution of 
cumulated AE energy in correlation with the 
load-CMOD curves for the different materials. 
Energy rate jumps are observed where the 
presence of aggregates seems to modify or 
even arrests the first cracks at the ITZ. In the 
case of mortar beams, this barrier at the crack 
opening is less important and the cracks 
propagate more rapidly. 
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Figure 11: Correlation between the cumulated AE 
energy and the load-CMOD curves for mortar and 

concrete beams.  

The AE energy is more important for 
concrete in correlation with the fracture 
energy. This is due to different mechanisms in 
the post peak region that adsorb additional 
energy [21, 22, 23]. In fact aggregates can 
change the orientation or the crack path in the 
matrix which is forced to deflect and 
propagate around the aggregate-mortar 
interface, usually more brittle. Energy release 
and absorption during the fracture processes of 
concrete are accompanied with many specific 
mechanisms such as micro-cracking, crack 
bridging, aggregate interlocking...  

The localisation map of AE events for the 
two materials is also studied to follow the cack 
evolution. The detected events present 
different levels of energy with events of higher 
energy localised at the fracture core zone [24, 
25] (figure 12).  

WFPZ = 60 mmWFPZ = 60 mm

WFPZ = 90 mmWFPZ = 90 mm

Figure 12: Localisation map of AE events and 
comparison of the width of the FPZ for mortar and 

concrete beams. 

Based on the localisation map, the total 
number of AE events is more important in 
concrete. In addition, the crack path in mortar 
is smooth, less tortuous and more linear while 
the events in concrete are more dispersed, 
indicating a rough and complex fracture 
surface and a more tortuous path dominated by 
the distribution of aggregates and the softening 
mechanisms. The width of the FPZ is also 
measured based on the method proposed by 
Haidar et al. [26]. It is equal to 90 mm in 
concrete and decreases to 62 mm in mortar. 
Thus aggregates affect the fracture properties 
of concrete significantly by requiring higher 
energy for overcoming interfacial bond and 
increasing the width of the FPZ.  

6  ESTIMATION OF THE DAMAGE 
EVOLUTION DURING CREEP 

The stress concentration and redistribution 
are responsible of the failure of concrete 
beams and depend on the rate of loading and 
the loading condition. The rate of stress 
modifies the crack development and causes a 
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slow and stable increase of microcracks until 
the unstable condition is reached during 
tertiary creep. This structural damage can be 
correlated to the evolution of microcracks or 
events by relating the rate of the cumulated 
number of AE events (N) and the number 
obtained at the end of the test (Nd) in function 
of the time t [27]:  

d
EA N

N
D =

dN  is bounded by the critical conditions 
( maxNNd ≤ ). Figure 13 shows the evolution of 
the damage coefficient during flexural creep 
tests at 70% and 85%.  
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Figure 13: Evolution of the damage coefficient 
during desiccation creep for concrete beams. 

The rate of damage measured for creep at 
85% is more important in correlation with the 
rate of loading and the kinetics of creep 
displacement. Before the failure, creep 
displacement increases with an exponential 
function and residual life-time duration can be 
then estimated. This suggests a method to 
predict the rupture by following the AE 
activity during creep and allows estimating the 
degree of concrete deterioration at an early 
stage of the deformation before the macro-
crack formation. 

The quantitative understanding of the 
physical processes that ultimately control the 
fracture behaviour and the relationships 
between microstructure phenomena and the 
corresponding effects on the macroscopic 
behaviour is poor. It appears then necessary to 
take the analysis further to obtain information 
about the physical mechanisms, origin of the 

AE. 

7 MULTI-VARIABLE DATA 
CLUSTERING ANALYSES 

A multi-variable analysis of the recorded 
acoustic signals is proposed to discriminate the 
damage mechanisms in the material according 
to the typical AE signals and their apparition 
chronology. For the classification process of 
the monitored AE data under creep, the non-
supervised method K-means associated with a 
principal component analysis (PCA) and the 
dendrogram are proposed [28]. As it is not 
possible to know exactly the origin of an 
emitted event, the K-means method allows 
obtaining a non-supervised classification in n
class representative of the n damage 
mechanisms in the case of multidimensional 
data [29]. The PCA method is achieved in 
order to improve the visualisation of the 
classification result by reducing the dimension 
of the data [30]. It is then necessary to choose 
those descriptors wisely. The parameters were 
classified hierarchically with the dendrogram 
(figure 14). The correlation level was set to 0.9 
and the descriptors used are the energy, the 
absolute energy, the amplitude, the rise time, 
the counts, the counts to peak, the average 
frequency and the duration of the signals. 

Figure 14: Correlation dendrogram of AE features. 

The results of the K-means method for the 
concrete beam loaded at 70% are presented in 
figure 15: three clusters are distinguished for 
desiccation creep.  
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Figure 15: Visualization of the PAC clusters for 
desiccation creep. 

In order to distinguish the origin of those 
clusters, the cumulated AE energy is measured 
for each cluster (figure 16). The first cluster 
corresponds to signals of weak energy while 
the second cluster corresponds to signals of 
higher energy and the third is characterized by 
signals of very weak energy.  
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Figure 16: Cumulated energy for each cluster during 
desiccation creep.  

The apparition chronology of those clusters 
shows that the third cluster appears the most 
important mainly at the beginning of the test 
and decreases with time (figure 17). And at the 
contrary, the second cluster which presents the 
most important AE energy has few AE hits. 
The first cluster is the most distinguished 
damage mechanism and involves much more 
numerous AE hits.  
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Figure 17: Apparition Chronology of the clusters 
during desiccation creep.  

Figure 18 shows the experimental 
distribution of the AE hits amplitude for each 
cluster. The AE hits amplitude distribution 
situated at 50% of the max value for the first 
cluster is between 42 and 55 dB and can be 
associated to microcracking at the matrix-
aggregate interface [31]. For the second 
cluster, it is between 45 and 68 dB and can be 
associated to micro-cracking in the matrix 
[31]. For the third cluster, it is between 38 and 
47 dB. Based on the analyses of the AE 
parameters, this cluster corresponds to signals 
due to the desiccation and liquid transfer in 
concrete (sorption and desorption) [32]. 
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Figure 18: Experimental AE hits amplitude 
distributions for each cluster 

Through this approach, we have shown that 
it is possible, using the AE technique, to 
identify the most critical damage mechanisms 
leading to the final failure of concrete.  
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8 CONCLUSIONS 
The fracture properties of mortar and 

concrete were tested by similar three-point 
bending beams. For mortar, the post peak 
section of the load-CMOD curve is much 
steeper and the critical crack mouth opening 
displacement is smaller. The maximal strength 
and the fracture energy increases in concrete 
due to the deflection of the propagating cracks 
in matrix and the bigger fracture process zone. 
AE technique provides useful information 
about crack propagation inside concrete beams 
during fracture and creep tests. The AE 
activity is proportional to creep displacement 
and permits to distinguish the three distinct 
phases of creep. The aggregates play an 
important role in the crack propagation during 
desiccation creep due to the gradient 
deformation between the aggregate and the 
matrix and the stress redistribution. 
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Abstract: Acoustic emission (AE) monitoring studies have been carried out under controlled 

laboratory conditions on plain concrete beams and reinforced concrete (RC) beams. The results of 

AE statistics have revealed interesting features of the various stages of stress induced micro-

fracturing and growth leading to the failure of plain concrete beams and RC beams. The 

experimental details, results and their applications are presented in this article.  
 

 

1 INTRODUCTION 

Understanding the mechanism of concrete 

fracture at the laboratory scale under simulated 

field conditions as well as in situ is a subject of 

interest in the discipline of fracture mechanics 

of concrete structures. It is known that failure 

of concrete occurs due to the formation and 

growth of stress induced micro-cracks. Micro-

cracking is accompanied by the release of 

stored stain energy in the form of AE. There 

are different mechanisms by which micro-

cracks initiate and grow and later coalesce to 

form macro cracks in concrete structures [1-4]. 

But the important tasks are to detect, 

characterize and locate the damage also 

evaluate the criticality (or state of damage), so 

that adequate steps can be taken to control and 

prevent the failure in concrete structures. 

Another important task is to evolve 

technologies for earthquake prediction based 

AE research and concrete fracture mechanics 

principles. In order to meet such requirements, 

elaborate research work has been carried out in 

the recent years on the development and 

application of AE monitoring and analytical 

techniques [6-10]. At the laboratory scale, 

simultaneous and accurate monitoring and 

recording of stress induced AE data of a 

concrete structure under different loading 

conditions have been possible [9-10]. 

A few laboratory experiments have been 

performed on RC beams and plain concrete 

beams for the study of concrete fracture using 

AE techniques. Nine RC beams with three 

different span-to-depth ratios ranging from 2.0 

to 6.0 with a reinforcement ratio roughly kept 

the same (1.4to1.5%) were tested under 

bending till failure and simultaneously the 
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released AE was recorded. The criteria used to 

characterize the cracking in RC beams are 

based on the AE parameters. The variation of 

AE parameters during different stages of 

cracking was noticed. AE parameters such as 

frequency, duration, amplitude, count, rise 

time, parameters depend on AE signatures 

such as b-value and damage parameter(D), 

follow the fracture process during the entire 

loading. The results are useful to distinguish 

different cracks in RC beams and extend them 

for field applications. 

2.AE PARAMETER ANALYSIS 

It is known that macro-cracks are visible to 

human eye and on the other hand micro-cracks 

are not visible to human eye. The advantage 

about AE technique is that the damage state 

can be related to AE signatures. In case of real 

structures, where damage of similar magnitude 

cannot be easily identified visually, where, 

analysis of the damage can be assessed using 

AE parameters. Thus, it is important to 

identify and estimate the damage of RC 

structures using the AE parameters. AE 

parameters such as amplitude, average 

frequency, rise time, RA value and maximum 

RMS are useful in characterizing the damage 

in RC structures, and can be used for field 

conditions. AE parametric analysis was used 

by earlier researchers to characterize the 

cracking mode in laboratory conditions using 

RC specimens [12-15]. Figure 1 shows a 

typical AE signal and the corresponding AE 

parameters.  

 

 

Figure 1: A typical Acoustic emission signal 

and the corresponding AE parameters 

 

One of the important parameter which is 

influenced by the mode of cracking is the 

average frequency (AF) defined as given 

below[9]        

)1()(
duration

countsAE
AFFrequencyAverage =                                

measured in kHz. AF estimates the frequency 

content of the waveform. RA value is another 

AE parameter defined as given below [5,11]. 

                                                                               

Amplitude

RTtimeRise
RA

)(
=                          (2) 

2.1 AE  based b-value: 

 

In seismology, b- value is defined as the 

negative slope of the plot between logarithm 

of earthquake frequency and its magnitude. In 

general b-value is computed using cumulative 

frequency-magnitude data by applying 

Gutenberg-Richter relationship used in 

seismology [15]. In context of AE technique, 

the Gutenberg- Richter relationship is given by 

[21] 









−=
20

)(log10
dBA

baMN                      (4) 

AdB is the peak amplitude of AE events in dB 

and N is the incremental frequency that the 

number of AE hits with amplitude greater than 

the threshold, ‘a’ is an empirical constant and 

b is the AE based b-value. Equation (4) is 

based on fact that AE events of larger 

magnitude occur less frequently than events of 

smaller magnitude. The amplitude value has to 

be divided by a factor of 20 in order to get b-

values comparable to seismic values [21]. 

2.3 Damage Parameter (D) 

Cox and Meredith (1993) derived a 

parameter (D) to assess the microcracks in 

rock under compression. The accumulated 

state of damage is given by [22-23] 

D=∑10
cm

                                             (5) 

Where m is seismic magnitude and c is a 

constant and it is equal to 3. the constant c 

depends on the type of the instrument used in 

the experiment. The constant m computed here 

is the AE event amplitude in dB/20. 

3 AIM OF THE PRESENT STUDY 

Interpretation of cracks in RC structures is 
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useful for the extension of its service life so 

that a necessary and required action can be 

taken. Generally in RC structures flexural 

cracks, shear cracks and interface cracks 

develop. In order to rehabilitate the RC 

structure which is already under service, it is 

needed to understand weather it is to be 

strengthened in flexure or in shear. There are 

many methods to strengthen a structure based 

on the cause of crack. Improvement of bond 

characteristics between coarse aggregate and 

cement matrix is done if interface cracks are 

observed. Similarly, various methods like 

additional longitudinal reinforcement steel 

jackets, carbon fiber jackets and extra web 

reinforcements in the form of steel/ carbon 

fiber/ glass fiber wrapping are also used to 

strengthen the structure. In order to use the 

appropriate method of strengthening, one 

needs to know whether the member under 

consideration is weakened due to flexure or 

shear respectively. Although  classification of 

cracks in concrete structures was studied 

earlier by using AE technique,  the authors in 

the present experimental study gave emphasis 

on the variation of AE parameters during the 

development of tensile/flexure  and shear 

cracks [5,11,12,24-25] in RC beams during 

bending. The aim of the present experimental 

study is to know about the variation of AE 

parameters during cracking in RC beams 

subjected to bending in laboratory conditions.  

4 EXPERIMENTAL PROGRAM 

4.1 Specimens 

A set of 9 RC beams of three different depths 

viz., 150 mm, 300 mm and 450 mm with 

rectangular cross section were tested and the 

geometric details of these specimens are given 

in Table 1. Also three point bend specimen 

made with plain concrete [78 MPa and 50 

MPa] and cement mortar were tested under 

CMOD control with 0.004 mm/sec rate of 

loading. An electrical strain gauge was affixed 

to the main reinforcing bar before casting to 

measure the strain in steel at mid-section of the 

specimen. 

4.2 Materials  

The materials used for the present study are 

cement, fine aggregate, coarse aggregate 

(maximum size 20 mm). The details of 

concrete mixture are summarized in Table 2.  

Along with test specimens, cubes and 

cylinders were also cast for compressive 

strength determination. After casting, the 

specimen demoulding was carried out with a 

time gap of 24 hours. The 28th day 

compressive strength of concrete mixture is 58 

MPa and tensile strength is 3.5 MPa. 

4.3 Test set setup 

 

The experimental set up consisted of a 

servo-hydraulic loading frame with a data 

acquisition system and an AE monitoring 

system. The data acquisition system records 

load, displacement, strain in steel and time. A 

steel I-beam was placed as a spreader beam 

beneath the actuator to transfer as two point 

loads as shown in Figure 2.  Displacement of 

the beam was measured at three locations at 

centre of the specimen, 1m from left and right 

supports using a linear variable differential 

transformer (LVDT), placed on the underside 

of the specimen.  

Figure 2. Schematic diagram of test specimen 

 

The AE instrument is a 8 channel AEwin 

SAMOS (Sensor based Acoustic Multi-

channel Operating System) E2.0 system which 

was used in the present study. The AE setup 

consisted of AE sensors, pre-amplifiers and an 

AE data recording system. The transducers 

(sensors) used in the experimental study were 

R6D resonant type (PAC make). The diameter 

of AE sensor is 19.0 mm and its height is 22.0 

mm. The AE transducers has peak sensitivity 

at -75 dB with reference 1V/ (m/s). The 

operating frequency of the AE sensor is 35 

kHz – 100 kHz.  The output of a differential 

sensor is processed by a differential amplifier. 
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AE signals over 40 dB were recorded as AE 

waves with AE parameters. The AE 

acquisition system records AE event 

parameters.  

 

Figure 3: RC beam specimen in the test rig, 

structures lab, department of civil engineering, 

Indian Institute of Science, Bangalore , India. 

 

Vacuum grease LR (high vacuum silicon 

grease) was used as a coupling agent to the 

sensor and the surface of the test specimen and 

the sensors were secured by the use of a tape 

during the experiment. The AE signals were 

recorded in eight-channel monitoring board 

PCI-8, with a sampling rate of 5 MHz.  The 

location of AE sensors on the test specimen is 

given in Table 3.  

5. RESULTS AND DISCUSSION 

Figure 3 shows a RC beam specimen in the 

test rig, structures laboratory, department of 

civil engineering, Indian institute of science, 

Bangalore.  The geometric details and the AE 

sensor locations in the test specimen are 

specified in Table 3. Generally in concrete, 

micro-cracking starts to develop initially, 

accompanied by a number of AE hits once it 

reaches tensile strength. Figure 4 shows a 

typical recorded load versus time plot, 

variation of axial strain with load and mid-

span (central) deflection with load. It is 

interesting to note that the steel yielded at 

0.002 strain, which confirms the earlier known 

results and also the maximum deflection at 

collapse is 14 mm [specimen LL1; depth 450 

mm] which agrees with the code of practice IS 

456-2000 [26].  

Figure 4. Typical recorded load versus time, 

axial strain versus load and deflection versus 

load plots during experiment 

 

Figure 5 shows variation in average frequency 

(AF) with RA as the fracture progresses in the 

specimen with load. AF and RA values for 

each loading cycle for all nine RC specimen 

were calculated11. When the variation of 

average AF against RA for each cycle is 

plotted, as shown in Figure 5, a trend is 

observed along the depicted curve. AF 

gradually decreases as the loading progresses. 

The points of AF versus RA plot in Figure 5 

Test specimen 

Spreader beam 
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are clustered closely at the final loading cycles 

compared to earlier loading cycles. This trend 

was observed for the specimens with depth 

450 mm, 300 mm and 150 mm.  

Figure 5 Trend of variation of average 

frequency (AF) against RA value 

 

 

It has been observed that, in case of 

incremental cyclic loading on RC beams with 

depth 450 mm, as fracture progresses, the 

average AF value for each cycle decreases 

gradually, as depicted in Figure 5. Whereas, 

the value of average RA value of each cycle is 

observed to be increasing. The same trend was 

observed in case of beams with depth 300 mm 

and 150 mm. 

The negative slope of the trend line shown in 

Figure 5 is decreasing as the damage 

progresses further and eventually comes to 

zero. The line in Fig.5 shows the trend of the 

average frequency variation with RA. This 

trend is same for specimens with depths of 450 

mm, 300 mm and 150 mm. The reason could 

be that the emissions during the early damage 

stage exhibit higher AF and lower RA. When 

as the material is led to collapse state AF 

decreases and RA increases. Also the RA 

value has been observed to gradually increase 

with time. The large number of AE data 

indicates huge range of experimental 

parameters due to different source locations. It 

was observed that as the specimen reaches 

collapse state the points are clustered as 

compared to the initial loading stage.   

 

Figure 6a depicts the change in AF value, load 

with time for specimen depth of 450 mm. 

Average value of AF for each cycle is taken 

and represented at the corresponding peak 

load. Figure 6b shows a set of graphs showing 

the plot of rise time (RT) versus amplitude for 

each cycle. It is noted that, when there is a 

steep decrease in AF value from cycle 3 to 

cycle 4 as shown in Figure 6a, a sudden 

increase in rise time is observed from cycle 3 

to cycle 4 in Figure 6b. This could be due to 

formation of shear cracks in the specimen [28-

31]. 

 

A clear difference can be observed from 

Figure 6b when the plots of first 3 cycles are 

compared with those of last 3 loading cycles. 

It can be seen that there is a notable increase in 

the value of average RT between the first 3 

cycles and last 3 cycles. This clearly indicates 

a distinction between formation of tensile 

cracks and shear cracks in the specimen. 

During the first 3 loading cycles, tensile cracks 

occur, which produce AE hits of shorter rise 

time. For the last 3 loading cycles, shear 

cracks are observed, which produce AE hits 

with longer rise time. It could be possible to 

find a correlation between AE parameters like 

average frequency and rise time.  
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Figure 6  (a) variation of AF and load with 

time (6b) the corresponding plot of rise time 

versus amplitude for each cycle [specimen  

depth is 450 mm] 

 

In Figure 7, It has also been observed that the 

maximum RMS of voltage increases 

significantly as the specimen reaches failure. It 

is seen that the maximum RMS of failure cycle 

is approximately 10 times more than that of 

the 1st cycle. This concludes that beam failure 

can be predicted by observing the value of 

maximum RMS. 

 

There is a rise in the maximum value of RMS 

before collapse which indicates the structure 

nearing its failure. It was observed that there is 

a significant increase in the maximum RMS 

value from cycle 10 to cycle 11. It can be said 

that maximum RMS parameter can effectively 

be used in monitoring damage in RC 

structures.  It was observed that once the steel 

reached above its elastic strain, the slope of 

line plotted between AF and time became zero. 

It was observed that RA increases with time 

and when the permanent strain in steel is 

present the RA value has reached 

approximately a constant value. 

 

Figure 7   plot between RMS versus amplitude 

for each cycle [specimen depth is 300 mm] 

 

5.1 AE based  b-value analysis 

The AE- based b-values were computed for 

each cycle [22]. The total number of AE hits 

was divided into groups. The cumulative 

number of AE hits in steps of 5dB was 

calculated. A graph was plotted between the 

logarithm of cumulative AE hits and amplitude 

(dB/20). The least square method of curve-

fitting was adopted to get a linear trend. The 

negative slope of the line is the b-value [22]. It 

was observed that there was not much 

variation in the trend of b-values due to the 

change in the group size of 100 AE hits. It was 

observed that b- values of groups of 100 AE 

hits fall between the groups for 70 hits and 150 

hits, hence groups of 100 AE-hits are taken for 

further b-value analysis.  
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In each loading cycle, the b-value reaches its 

minimum and is more clustered during the 

peak load of the corresponding cycle. At the 

region after the peak load, the b-values tend to 

increase and appear more scattered. This trend 

is noted in all the loading cycles. As the load 

increases the b- value is fluctuating. When the 

maximum previous load is reached as sharp 

drop is recorded. A local minimum of the b- 

value is found at the maximum load of the 

cycle.  

The fluctuations are more and the b- values 

are more clustered were observed only after 

the peak load in the previous load cycle was 

attained. This could be due to the presence of 

Kaiser effect in concrete structures. Kaiser is 

defined as AE are not observed during the 

reloading of a material until the load exceeds 

its previous peak load [5]. Moreover, the 

minimum b-value at the peak loading showed 

a decreasing trend as the peak load intensity 

increased for each cycle. The lowest b-value 

was reached at the peak of final loading cycle, 

indicating the damage state of the structure. 

The clustering of the b-value during the peak 

load is due to the micro-crack formation in the 

structure. The increase and the scattering of b-

values after the peak load is attributed to the 

micro-crack growth is proceeding. The 

decreasing trend of the b-value with the 

progress in the loading cycle depicts the 

micro-crack localization leading to macro-

crack. When the b-value reaches its least, it 

can be interpreted that the structure is severely 

damaged. Also, the maximum b-values noticed 

after the peak load showed a decreasing trend 

as the loading cycles progressed. This may be 

due to the micro- crack growth. 

5.2 Damage Parameter (D) 

The damage parameter (D) was computed 

by considering a group of 100 AE hits [23]. It 

was observed that the damage parameter (D) 

reached maximum at peak load of each 

loading cycle. Interestingly, the b-value also 

reached its minimum at the same point.   As 

peak load increased in each cycle, the damage 

parameter (D) also increased. During the last 

loading cycle, the damage parameter (D) 

reached its maximum value. This shows that 

the beam experiences maximum damage at the 

loading maximum. b- value is least when the 

beam is nearing collapse. 

Figure 8. Variation of  AE based b- value and 

damage parameter with axial strain in steel 

 

Figure 8 shows the variation of AE based b-

value and damage parameter (D) with axial 

strain in the steel. The strain in steel is 

recovered during the end of initial cycles 

showing that the structure was in elastic state. 

From the 7
th

 loading cycle onwards, there was 

permanent strain in steel, indicating that the 

structure had undergone a permanent 

deformation. Also, the trend in b-value 

variation started at this loading cycle. It can be 

noted that the b-value reached minimum when 

the strain reached maximum. On the other 

hand when the strain was at its minimum, the 
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b-value reached maximum. The b-value 

reached its minimum at the collapse state of 

the specimen. During the yielding, large 

amount of AE signals are released due to 

formation of macro- cracks, due to this reason 

there is decrease in b-value. From Figure 8, It 

was observed that the damage parameter 

increased each time there is an increase in 

axial strain, and it reached maximum when the 

steel yielded. This shows that b-value and 

damage parameter (D), reciprocates the 

damage state of the structure.  

 

6. MICRO-CRACKING ACTIVITY AS 

INFERRED FROM AE STATISTICS IN 

PLAIN CONCRETE 

The recorded AE data files were replayed 

and processed using AE
win

 SAMOS software 

for the identification and evaluation of various 

phases of fracture process using the data of AE 

event counts (n), energy (E) counts and 

amplitude distribution data at the maximum 

possible digitization rate of 200 bin resolution. 

The frequency of occurrence of micro-

cracking activity has been studied using the 

event rate 







dt

dn
  and energy count rate 








dt

dE
   

data plots. The AE cumulative energy count 

data (∑E) were normalized with respect to the 

final energy count for obtaining the 

normalized micro-crack damage data of the 

tested specimens following the procedure 

reported in detail elsewhere[32]. The origin 

and development of micro-cracking activity in 

cement concrete as well as in mortar can be 

inferred from AE statistics, as the number of 

AE events is more or less proportional to the 

number of growing cracks and the AE 

amplitude or energy count data are 

proportional to the crack growth increments in 

brittle and quasi-brittle materials like rock and 

concrete. The most useful AE statistical 

parameters to identify and characterize the 

various stages of micro-cracking activity in 

concrete are: (i) The occurrence rate of event 

and energy counts, (ii) Amplitude distribution 

(b-value) and its stress-induced changes, and 

(iii) Cumulative energy or event counts. The 

results of the present study show that micro-

cracking activity occurs in three successive 

stages, namely,  Initiation (I), Coalescence (C) 

and Nucleation (N) that would lead to the final 

failure of concrete as well as mortar specimens 

under bending stress.  In fact, the formation of 

micro-cracks is ubiquitous in brittle and 

quasibrittle materials at stresses close to the 

yielding point. The micro-cracking activity can 

be controlled during the initiation and 

coalescence stages. The statistics of AE 

occurring during these phases are distinctly 

different for both cement concrete and mortar 

as shown in Figure 9. 

6.1 Frequency of occurrence 

The AE event rate   refers to the frequency 

of occurrence of micro-cracking activity while 

the energy or peak amplitude corresponding to 

the individual AE events represents the size of 

micro-crack or its incremental growth in brittle 

and quasibrittle materials.  The rate at which 

AE energy is released   is a measure of size 

distribution of micro-cracks in all such 

materials.  Initially as loading commenced, 

hardly any AE activity (energy per event or 

ring down count) was observed. With the 

formation of new micro-cracks, the specimens 

began to generate AE which increased 

steadily. The formation of AE (or micro-

cracks) commenced at 140 sec after the start of 

the experiment for concrete specimen (78 

Mpa), at 120 sec for (50 Mpa) concrete 

specimen and rather early at 90 sec after start 

of the experiment for mortar specimen as  

shown in Figure 9. 

By replaying the AE data recorded, the log 

of energy release rate versus time and log of 

event rate versus time plots for both concrete 

and mortar specimens are obtained and these 

are shown in Figure 9. From these plots it can 

be seen that the trend in AE energy release rate 

versus time and AE event rate versus time is 

more or less remain similar in all the 

specimens. The AE increased steadily with 

increase of load indicating the formation and 

growth of micro-cracks and continued further 

after the peak load is attained upto nearly 450 

sec from the start of the experiment in concrete 

specimen  as shown in Figs 9a and 9b and upto 

300 sec in mortar specimen  shown in Fig. 9c. 
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Region-I called initiation phase showing 

raising trend, region-II called coalescence 

phase which has a constant trend and the 

region-III called the nucleation phase which 

shows a decreasing trend. The initiation phase 

(I) is the steady increase in both the parameters   

which indicates the formation of new micro-

cracks during the prepeak load and post peak 

load regimes can be termed as initiation phase 

(I) of micro-crack damage in concrete. It is 

then followed by coalescence (C) and 

nucleation phase (N) of micro-crack damage in 

concrete . The coalescence phase (C) is 

characterized by nearly stable or with minor 

fluctuations in the plot. It can be attributed to 

subcritical growth of micro-cracks. The 

nucleation phase (N) is characterized by a 

gradual decrease in both the parameters   

indicating the progress towards final failure 

due to aggregate interlock and frictional 

effects. Coalescence phase is a combined 

process involving activities such as micro-

crack deflection, aggregate bridging and crack 

face friction. These plots may be useful in 

identifying the various phases of microc-rack 

damage during the failure of concrete.  

Micro-crack density distribution represents 

the number of micro-cracks per unit of 

observation area. It was observed that the 

fluctuations of   were more in case of the 

mortar specimen when compared to that in 

concrete specimens. This indicates that the 

density and size distribution of micro-cracks in 

concrete specimens is more or less uniform 

and small. While in case of mortar specimen, 

the fluctuations as seen in the plot are 

relatively high indicating that the density and 

size distribution of the newly formed micro-

cracks can be non-uniform and larger in size.   

It is interesting to see from Figure 9 that the 

mortar specimens which have a low 

compressive strength (~ 47 MPa) showed 

more frequent fluctuations. The concrete 

specimen (mix-F: 78MPa) showed the least 

amount of fluctuations. The concrete specimen 

(mix-B: 50 Mpa) showed fluctuations 

somewhere in between. The reasons for the 

changes in fluctuations in addition to the 

compositional and preparation differences 

could be many. (i) Ultrasonic attenuation form 

AE source to the sensor (receiver) could be 

varying the measured AE energy.  (ii) In view 

of ultrasonic wave propagation, the size of the 

largest aggregates approaches that of the 

shortest wave length. Also there is attenuation 

caused by material absorption.  All these 

factors cause significant reduction in the total 

energy of AE waves reaching transducers.  

The two basic quantities which describe a 

sound wave are the frequency n, of the wave 

and the wavelength, λ. These quantities are 

related to each other and to the velocity of 

sound wave (V) by a well known relation v=nλ 
, where V is velocity of sound in concrete in 

m/sec,  n is frequency, kHz and λ is wave 

length in mm. 
In the present study 3800 m/sec was used as 

sound velocity in concrete.  A wavelength of 

20 mm would correspond to a frequency of 

190 kHz and this frequency is with in the 

range of 100 kHz - 500 kHz. In general for 

concrete AE signals are emitted with in the 

range of 100 kHz - 500 kHz. In the present 

study the maximum aggregate size is 20 mm. 

Therefore it scattering of ultrasonic waves. If 

the wave length is less than size of aggregate 

then there is higher probability of internal 

reflection of the waves, which is called 

scattering. This scattering may absorb energy. 

The ultrasonic scattering causes additional 

signal AE wave attenuation.  Since concrete is 

known to be a highly attenuating material, 

lower frequency sensors are suitable. The 

available sensor though has a highest 

sensitivity between 35 kHz - 100 kHz, it is still 

able to pickup the signals with frequency 

higher than 100 kHz.  Since the maximum 

aggregate size in concrete is 20 mm, the 

wavelength should be greater than 20 mm. 

Accordingly, using the relation V=nλ the 

frequency of the AE sensor to be used is 

desirable to be less than 190 kHz. Accordingly 

R6D sensor which has a highest sensitivity in 

the range 35 kHz – 100 kHz has been used.  

However there is surely ultrasonic attenuation 

in mortar specimens. But when compared to 

concrete specimens the effect of scattering is 

less evident than that of concrete with large 

size coarse aggregates. 

RDC and energy counts have the same 
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trend in three phases. It is less in the initiation 

phase and nucleation phase while it is large in 

the coalescence phase. 

 

Figure 9. The logarithm of AE event (n) and 

AE energy count (E) data obtained during the 

experiments on (a) concrete specimen [high 

strength],  (b)concrete specimen [low 

strength]and (c) mortar specimen plotted 

against time. The load versus time plots are 

also included in the Figure 9. 

 

 

Interestingly
n

E
continues to increase from 

initiation phase to nucleation phase. It was 

observed that micro-cracking during 

nucleation phase (N) was more intense in 

concrete specimen (78Mpa) while the micro-

crack accumulation in the other concrete 

specimen (50Mpa) was found to be more 

intense at an early stage of the coalescence (C) 

phase which is signified by the E/n ratio. 

Hence it can be inferred that as the strength 

decreases, damage occurs at an early stage. 

Also, micro-cracking in mortar specimen had 

suddenly increased during nucleation phase.  

 

The above results may be useful for the 

classification of cracks in RC beams and plain 

concrete beams with the help of AE 

parameters such as average frequency, 

amplitude, rise time and RMS and RA.  It will 

be interesting if comparison is made between 

mechanical measurements such as strain in 

concrete and central deflection of the beam 

with the AE parameters. 

7. CONCLUSIONS 

1. Tensile cracks are developed at the initial 

stage of loading, while shear cracks dominate later. 

Variation in RT with amplitude indicate the type of 

the crack. 

2. The RMS voltage of AE signal is useful 

for recognition of approaching failure of the 

specimens. Changes in AF and RT values are 

characteristic of the damage state of the structure. 

3. b-value analysis is useful for identifying 

the micro-crack or macro-cracks in structure. The 

variation of damage parameter (D) and b- value 

indicates the damage state of the structure. 

 4. The trends of log 
.

E and log 
.

n of AE versus 

time are quite useful to identify and analyze 

various stages of micro-cracking activity in the 

samples tested. Micro-cracking occurred in three 

different successive phases namely initiation, 

coalescence and nucleation in both concrete and 

mortar specimens.   

5. Both concrete and mortar  test specimens 

have shown similar trends with regard to the 

changes in RDC and energy count data of AE 

during the course of the experiments. The results 

have helped in identifying the crack initiation 

and crack damage states for the samples tested. 
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Table 1. Geometric details of the RC beam test specimens 

 

Ø=nominal diameter of reinforcement; n=number of reinforcement bars; As= area of reinforcement; L=beam length; S=Span of the beam; b=beam 

width; D= Beam depth; p=%of reinforcement; a/d=ratio of shear span to depth; Pu= final failure load; 

Table 2: Concrete mix details for RC beams 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3: Sensor’s locations on the RC beam test specimen 

Specimen Ø(mm) n A
s
(mm

2

) L (mm) S(mm) b (mm) D (mm)  ρ( %) a/d P
u
(kN) 

LL1  20  3  943  3200  3000  150  450  1.396  2.0  367.4  

LL2  20  3  943  3200  3000  150  450  1.396  2.0  330.0  

LL3  20  3  943  3200  3000  150  450  1.396  2.0  382.9  

LM1  20  2  628  3200  3000  150  300  1.395  3.34  130.9  

LM2  20  2  628  3200  3000  150  300  1.395  3.34  132.8  

LM3  20  2  628  3200  3000  150  300  1.395  3.0  135.3  

LS1  12  3  339  3200  3000  150  150  1.506  6.0  25.5  

LS2  12  3  339  3200  3000  150  150  1.506  6.0  25.9  

LS3  12  3  339  3200  3000  150  150  1.506  6.0  27.8  

Property 
Concrete 

mix 

Water/cement ratio 0.51 

Cement, kg/m
3
 313.2 

Fine aggregate, kg/m
3 

488.0 

Coarse aggregate, kg/m
3 

1240.7 

Water, kg/m
3 

161.4 

Compressive strength (28-days), 

N/mm
2
 

58.0 

Tensile strength, N/mm
2 

3.5 

Sensor 

Location  Sensor Location  Sensor Location  D = 450 

mm  

Sensor 

No. X Y 

D=300 

mm  

Sensor 

No. X Y 

    

 D=150 

mm 

Sensor 

No. X Y 

1 1200 397 1 2395 245 1 735 50 

3 1200 100 2 2395 25 3 1200 75 

5 2000 100 4 2600 145 5 1800 110 
LL1 

7 2000 397 5 800 272 

  

LS1  

 7 2500 40 

1 1200 397 7 795 25 1 480 120 

3 1200 100 

LM1 

8 440 140 3 1200 75 

5 2000 100 4 1900 250 5 1800 110 

 

 

LL2 

7 2000 397 5 1900 50 

 

LS2  

  7 2500 40 

1 1200 397 7 1100 250 1 480 120 

3 1200 100 

LM2 

8 1100 50 3 1200 75 

5 2000 100 1 1200 100 5 1800 110 

7 2000 397 3 2000 100 7 2500 40 

      5 1200 273       

LL3 

      

LM3 

7 2000 273 

LS3 
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Abstract. The field of structural health monitoring and damage detection has been studied intensively
for the last thirty years. The main goal is to reduce inspection costs and risks of unexpected failure
using real-time on-line monitoring systems. In this paper, Non Destructive Testing is applied using
piezoelectric transducers embedded in the structure. Embedded piezoelectric transducers (Smart Ag-
gregates) have been recently developed. These transducers are ideal candidates for active sensing
methods of local damages, due to their low cost, small size and large frequency bandwidth. In this
study, these transducers are used to detect and follow the crack propagation in a reinforced concrete
beam subjected to a three-point bending test. The beam is equipped with two pairs of embedded trans-
ducers, each pair consisting in a sender and a receiver. Two different types of excitation signals are
used (pulse and chirp) and the resulting waves are recorded on the receivers. Based on these signals,
different damage indicators are investigated and compared. The results indicate a very high sensitivity
of the method which is able to pick-up the crack initiation phase and follow the crack propagation
over the whole duration of the test.

1 INTRODUCTION
A concrete structure can be subjected to sev-

eral factors that may damage it during its ser-
vice life. These factors are either climatic,
chemical or accidental. The security require-
ments are more and more specific and severe.
To ensure the safety of a structure, it is impor-
tant to know its state. For this purpose, dif-
ferent destructive or non-destructive techniques
are used. The use of destructive methods in or-
der to determine properties of a material from a
structure in service should be avoided as often
as possible. Visual inspections are costly and
can only identify macroscopic damages at ac-
cessible locations.

As an alternative, the field of structural
health monitoring has developed during the last

thirty years. For civil engineering structures,
the current trend in research is the development
of vibration-based methods relying on ambient
low-frequency vibrations caused by the envi-
ronment (traffic, wind, ...) and measured with
accelerometers or, more recently, fiber optic dy-
namic strain sensors [1]. The methods are more
suitable for large scale effects than for detecting
local damages. An alternative, extensively stud-
ied in aeronautics for metallic and composite
materials, is the use of active systems in which
high-frequency waves are generated and mea-
sured by means of piezoelectric transducers.
The frequency bands used for active sensing
can be much higher which enables the detection
of local defects as cracks. During the last ten
years, a few research teams have started to ap-

1
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ply these techniques to concrete structures us-
ing either surface mounted or embedded trans-
ducers. The latter has two obvious advantages
which are the added flexibility in the choice
of their position, and the better integration in
the overall design of the structure. Within this
framework, the concept of Smart Aggregates
(SMAGs) has been developed by researchers at
the University of Houston, Texas [2].

Several authors have used impedance curves
to assess the strength and the damage state of
concrete. The impedance curve is measured
using a single PZT transducer, which is very
attractive from a practical point of view. Ex-
periments show that this technique is sensi-
tive to damage in very local areas around the
transducers [3, 4]. Other techniques are based
on the use of at least two transducers (one
emitter and one receiver). The methods dif-
fer mainly in the choice of the signal generated
at the emitter side. Harmonic signals can be
used to reveal non linearities due to damage,
which generate harmonics of the fundamental
frequency [5, 6]. A second type of excitation
is the chirp signal which has a much broader
frequency content [7]. Finally, pulse excitation
is traditionally used in commercial systems de-
signed to estimate the quality of the concrete
based on the ultrasonic pulse velocity (UPV).
The systems consist of external probes which
need to be placed on two opposite faces of the
concrete specimen, using an adequate coupling
agent. In practice, for real structures, this limits
the application to through thickness propaga-
tion, or repeated wave reflections, which make
the interpretation difficult. It is also often im-
practical due to limited accessibility when in
service. Coupling such systems to embedded
piezoelectric transducers can overcome most of
these difficulties. More complex analysis of the
wave generated by pulse excitation can be car-
ried out, such as backscattered waves analysis.
In this method the response signal attenuation
form (exponential decreasing) is used as a dam-
age indicator [8]. The backscattered waves are
resulting from numerous interactions such as

voids, cracks or microcracks in the concrete
structure. Each of them contains information
over the state of the material.

In the present study, a three-point bending
test is performed on a reinforced concrete (RC)
beam. The aim of this work is to detect and fol-
low crack growth using embedded piezoelectric
transducers (see Figure 1), recently developed
at the Civil Engineering Laboratory of ULB [9]
based on the concept of SMAGs [10]. Two pairs
of SMAGs are cast in the beam. These pairs
consist of one receiver and one emitter. They
are located on each side of the center of the
beam where the first crack is supposed to ap-
pear. In a first step, the beam is progressively
loaded with very small loading steps up to the
appearance of the first cracks. Secondly, the
beam is subjected to larger loads reaching the
maximum acceptable load. Cracks or micro-
cracks in the structure appear with the load in-
creasing. This modifies the internal structure of
the beam and the paths of waves and therefore
the received signals. Two different types of ex-
citation signals are used in this study. The first
excitation signal is a high voltage pulse as used
in classical UPV and the second excitation sig-
nal is a sweep sine from 0.1 to 100 kHz. For
each of these excitation signals a specific dam-
age indicator is defined. These damage indica-
tors are both built by comparing the response
signal at each damage level with a reference sig-
nal recorded before any damage. The results
indicate a very high sensitivity of the method
which is able to pick-up the crack initiation
phase and follow the crack propagation over the
whole duration of the test.

Figure 1: Test principle.

2
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2 SMART AGGREGATES
SMAGs are thin PZT patches cast in small

mortar pieces. The dimensions of the PZT
patches are 12x12mm of width, and the thick-
ness is about 0.2mm. Dimensions of mortar
pieces are about 2cm of diameter and thickness.
Such types of transducers have been recently
developed in the Civil Engineering laboratory
at ULB BATir. Figure 2 shows the different
material layers used during the manufacturing
of the SMAGs.

Figure 2: Smart Aggregate transducer; details
of different layers.

Figure 3: Smart Aggregate transducer manufac-
tured at ULB-BATir.

To transmit the electrical signal, wires are
attached to both faces of the PZT patch. For
several reasons the patch cannot be cast without
protections. At early age, concrete presents a

certain quantity of water that is relatively con-
ductive. To avoid an electrical coupling be-
tween SMAGs, the introduction of waterproof
coating is needed. First SMAGs produced pre-
sented important interferences. Therefore, a
thin layer of conductive paint was placed as
shielding, surrounding the waterproof layer and
grounded. The PZT patch is really thin and brit-
tle. The waterproof layer is a first mechanical
protection but not sufficient. Then, the sheltered
PZT patch is cast in a small mortar cylinder.
The process is summarized on Figure 3.

3 EXPERIMENTAL PROGRAM
The test consists of loading a reinforced con-

crete beam and following the induced cracks
growth. The test is a three points bending test
(see Figure 4).

Figure 4: Experimental setup.

SMAGs are embedded in the concrete beam.
Excitation signals are sent to the piezoelectric
transducers, which create compression waves
that are picked up by sensors. Cracks or micro-
cracks in the structure appear with the load in-
creasing. This modifies the internal structure of
the beam and the paths of waves and therefore
the received signals. The signal at each damage
state is compared to the initial state. A high-
quality picture corresponds to each excitation
signal sent; it is then possible to compare modi-
fications in the response signal with a visual as-
sessment of the appearance of cracks.

3

1719



Cédric Dumoulin,Grigoris Karaiskos and Arnaud Deraemaeker

3.1 Specimen
Two couples of transducers are disposed in

the beam as exposed on Figure 5. One is lo-
cated near the bottom axis and the second one
is located near the neutral axis. They are dis-
posed on each side of the center of the beam at
a distance of about 20cm.

A6

A18g

A9

A17g

Figure 5: Location of the SMAGs.

Due to the heterogeneity of concrete, cracks
are not always exactly initiated at the center
of the beam. That is an undesirable effect for
this test. A notch permits to reduce locally the
strength of the beam. It also creates stresses
concentration. This pre-cracking should ensure
the crack initiation at the right place.

The constituents of concrete are given in Ta-
ble 1 and the mechanical properties of the con-
crete are given on the Table 2. Table 3 gives
informations on geometrical characteristics and
the computed strength of the beam.

3.2 Loading Procedure
The test occurred during two different

phases. In the first phase, the beam is totally
unloaded slightly after appearance of the first
cracks. Figure 6a summarizes the loading pro-
cedure of the first phase. The loading procedure
for the second phase is shown on Figure 6b; the
beam is loaded close to the maximum accept-
able load. During the second phase, in addi-
tion to the force and displacement sensors of the
bending machine, a LVDT extensometer (Lin-
ear Variable Differential Transformer) is used

to measure the deflection at center of the beam
and six other LVDT extensometers (3 on each
side) are used to measure cracks width. Cracks
width has therefore only been measured on the
second day. Extensometers are then correctly
placed to measure the different cracks width.

Table 1: Concrete constituents of the RC beam

Water 190 kg/m3

Cement (CEM I 52.5 R HES) 350 kg/m3

Sand (0/4) 665 kg/m3

Aggregates Limestone (4/20) 1172 kg/m3

Adjuvant (Viscocrete 4) 1.25 kg/m3

Table 2: Mechanical properties of the concrete

Density 2338.6 kg/m3

Compressive strength fc 57.1 MPa

Tensile strength ft 2.86 Mpa

Young’s modulus (4/20) 33000 Gpa

Table 3: RC beam properties

L x l x h 1470x140x190 mm

Bottom reinforcement bars 2x φ12 mm

Top reinforcements bars 2x φ6 mm

Distance between stirrup 11 cm

Cracking load 9.9 kN

Maximum load 51.3 kN

4 STRUCTURAL HEALTH MONITOR-
ING METHODS

As already indicated, two monitoring sys-
tems are used in the current study. The UPV
system is based on the FreshCon system, a com-
mercial system designed by the University of
Stuttgart for evaluating fresh parameters of con-
crete.

4
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(a) Phase 1: The beam is loaded up to the crack initiation
(15kN).
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(b) Phase 2: The beam is loaded up to the failure(50kN).

Figure 6: Loading procedure in two phases.

In this work, this system is coupled to the
SMAGs. The chirp method system is developed
from a Labview environment with a National
Instrument (NI) data acquisition system (DAQ).
Both systems are based on the same principles.
An excitation signal is transmitted to a piezo-
electric actuator that transforms it in a mechan-
ical wave that propagates through the structure,
a piezoelectric sensor measures strains created
by this wave and transmits the signal to a DAQ
system. The two systems differ in the excitation
signal and the DAQ system. But each of these
monitoring systems are based on the same prin-
ciple. On each step of load, a new measurement
of these signals is recorded. A damage index
is defined by comparing each damaged signal
with the initial undamaged signal.

4.1 FreshCon System
The FreshCon System allows to send a high

voltage short pulse signal to a specific piezo-
electric actuator and measure the time of prop-
agation of the P -wave transmitted by analyzing
the sensors signal. This system is launched dur-
ing the loading ramps of the beam with a fre-
quency of measurements of one pulse every 10
seconds. The duration of each pulse is 10 µs at a
voltage of 800V and the response is measured at
a sampling rate of 10MHz. Previous tests have
revealed that this length of pulse gave better re-
sults than other pulse time.

From the measured waves, it was found that
the signal did not change significantly for loads
below 5 kN. For higher loads, the damage has
been found to affect two main parameters which
are the time of propagation and the amplitude
of the received signal (Figure 7). These two pa-
rameters are difficult to evaluate correctly, as a
decrease of the amplitude causes the signal to
reach the noise level, causing potentially a large
error in the determination of the time of prop-
agation. The choice of the damage indicator is
based on the following reasoning: the first wave
received by the sensor corresponds to the short-
est wave path, which is affected only by the
mechanical properties of the concrete between
the transducers. The other waves are diffracted
and refracted and arrive later to the sensor, and
are therefore not considered. The first period of
the signal mainly contains the contribution of
a direct wave between the SMAGs and the first
half-period corresponds to the compression part
of this wave. As a consequence, we have cho-
sen to define the damage indicator based on the
root main square deviation (RMSD) between
the healthy signal and a damaged signal com-
puted in the time window corresponding to the
first half-period of the undamaged signal. It is
given by :

Ij =

√√√√
∫ tp

tn
(xj(t)− x0(t))

2dt∫ tp

tn
x2

0
(t)dt

(1)

Where xj(t) corresponds to the amplitude of
the damaged signal and x0(t) is the amplitude

5
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of the healthy signal, tn is the time of reception
of x0, tp − tn corresponds to the duration of the
1st half period (Figure 7).
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14 kN 
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Figure 7: Definition of the time window, tn is
the time of reception of the undamaged signal,
tp − tn corresponds to the duration of the 1st
half period of the undamaged signal.

This definition of the damage index takes
into account both the shift of the time propaga-
tion and the decrease of the amplitude without
computing explicitly their values. The satura-
tion of the damage index means that it is con-
stant and equal to one and therefore, that the
damaged signal is equal to zero in the first half
period.

4.2 Chirp system
The aim of this system is to observe the ef-

fect of damage in the frequency domain. It is
a high frequency vibration test. Using a sweep
sine excitation has the advantage that each fre-
quency is separately excited. As all the frequen-
cies (in the defined bandwidth) are swept, the
spectral energy is constant. This signal is there-
fore particularly suitable for a frequency analy-
sis. The frequency bandwidth is from 100 [Hz]
to 100 [kHz] and is swept in 5 seconds. The
response signal is measured at a sampling rate
of 204.8 kHz. In comparison with the previous
test, the length of the signal is important. Con-
sidering the velocity of the sweep sine, from

5kHz the signal can assumed to be in the steady
state. Below 5kHz, the energy of the signal is
very low compared to the higher frequencies
and this part can be ignored (see Figure 8). The
chirp is generated by the NI system and am-
plified by a QuickPack QPA200 voltage ampli-
fier. All the sensors are plugged on the NI DAQ.
This DAQ is controlled by a Labview environ-
ment on a laptop. The signals are measured at
the end of each loading ramp only, as it was
not possible to measure simultaneously with the
Freshcon system on the same transducers. As
for the FreshCon system, the RMSD value is
computed to define the damage index. In this
case, this value is obtained from the Amplitude
of the FRF between the actuator and the sen-
sor computed for the damaged signal and the
healthy signal. The FRF is obtained by divid-
ing the Discrete Fourier Transform (DFT) of the
output signal by the DFT of the excitation sig-
nal. The RMSD value is given by:

Ij =

√∫ ωp

ωn
(Xj(ω)−X0(ω))

2dω∫ ωp

ωn
X2

0
(ω)dω

(2)

Where ωn is equal to 5kHz and ωp is equal to
100kHz.

0 20 40 60 80 100
0

0.01

0.02

0.03

0.04

0.05

0.06

Frequency[Hz]

FR
F 

|X
(f)

|

Figure 8: FRF of a signal, the energy at the
lower frequencies is very low.
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5 EXPERIMENTAL RESULTS
5.1 Visual detection of cracks and cracks

width measurement
A high quality photo camera takes pictures

of the notch every 10 seconds, which cor-
responds to the FreshCon measurement fre-
quency. The main idea is to join the pictures
to signals and later detect and follow the initia-
tion and the propagation of cracks by analyzing
these pictures.

It is difficult to visually detect very small
cracks with the basic pictures as shown on Fig-
ure 9a. Image processing tool as Photoshop al-
lows the application of various numerical fil-
ters that improve the visual detection of cracks
(see Figure 9b). It is important to point out that
processed pictures cannot be used for evaluat-
ing cracks width. Indeed, the processing tools
tend to increase the width.

(a) Before numerical processing.

(b) After numerical processing.

Figure 9: Image processing for visual detection
of cracks. The crack width is approximately
0.1mm.

It was observed that in the area between
the SMAGs, some micro cracks seem to ap-

pear around the notch corresponding approxi-
matively to a load of 10kN. The crack at the
center of the beam is totally formed under a
force of 14 kN. The width of the cracks is
around 0.07 mm, which is very small. It is im-
portant to note that other cracks were observed
under smaller loads that mentioned above. Nev-
ertheless they were located outside of zone of
interest, which is the area between the SMAGs.

5.2 Damages index
Figure 10 shows the the evolution of the

damage indexes for the SMAGs that are located
on the bottom of the beam (A18g-A17g). Un-
fortunately, the other pair of SMAG was defec-
tive and the results can not be exposed.

Figure 10: First 1/2 period (UPV) index and
chirp index for the couple of SMAGs on the bot-
tom of the beam.

The evolution of the UPV damage index
shows a good correlation with the observations
during the experiment. This damage indicator
increases between 5 and 15kN which are the
values of the initiation of the observed cracks.
This index saturates after the appearance of
cracks and therefore, does not evolve anymore
when crack is growing. It saturates largely be-
fore the service limit. This index is a good in-
dicator for detecting crack appearance but does
no give any information about the the evolution
or the size of this damage.

7
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The second damage index (chirp) has the
advantage of evolving after the appearance of
cracks. It can therefore give a qualitative idea
about the evolution of the crack width but de-
pends on many parameters that are not well un-
derstood. The evolution of this damage indi-
cator is difficult to correlate with the observa-
tions. It increases in the first loading steps,
where no cracking has been observed. Further-
more, this index does not saturate even close to
the strength limit of the beam. The impossibil-
ity of distinguishing the local phenomena from
the global phenomena is one of the parameters
that probably make this index difficult to inter-
pret.

6 CONCLUSIONS
The goal of this research was to develop a

method to monitor the damage of a concrete
structure using embedded piezoelectric trans-
ducers. Two methods have been developed for
comparison. One method is based on pulse ex-
citation and post-processing of the measured
signals in the time domain, while the other is
based on chirp excitation and post-processing of
the measured signals in the frequency domain.

The damage index based on pulse excitation
has demonstrated a great agreement with the
visual observations of crack initiation. It can
detect the appearance of cracks but does not
evolve anymore when crack is growing and sat-
urates largely before the service limit. The dam-
age index based on the chirp excitation is less
sensitive and more difficult to interpret. It does
not saturate even close to the failure and should
be used with a lot of caution.

An issue concerning the influence of the
smart aggregates on the strength of the structure
can be raised. Their size are of the same order
of magnitude as the largest aggregates used in
the concrete. Although they are made of mor-
tar, they are responsible for a certain mechani-
cal heterogeneity in the structure that can cause
a local weakness which, in turn, could inflict
additional damage.

The damage indices proposed in this study
are very simple and based on empirical obser-

vations. Further studies will focus on the de-
velopment of more complex signal processing
strategies, for which a deeper understanding of
the wave propagation will be developed through
analytical and numerical models.
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Abstract: Experimental tests have been carried out to evaluate the crushing and the fracture 
energies absorbed by concrete specimens during compression and flexural failure. In the former 
case, concrete cylindrical specimens having a different slenderness have been considered. In order 
to obtain the complete load vs. displacement response, the tests have been controlled by the 
circumferential strain measured with a linked chain placed around the cylinder at mid-height. The 
absorbed energy per surface unit is computed from the overlapping constitutive law. As far as the 
fracture energy is concerned, three-point bending tests have been carried out according to RILEM 
recommendations. The loading process has been displacement-controlled, and the fracture energy 
computed as the area beneath the load vs. mid-span deflection curve. Furthermore, all the tests have 
been monitored by the Acoustic Emission (AE) technique. In particular, the evolution of the most 
representative AE parameters has been analyzed, in order to better understand the cracking pattern 
evolution during the test. The waves frequency and the rise angle are used to discriminate the 
prevailing cracking mode from pure opening or sliding. The cumulated number of AE events and 
their amplitude are used to compute the signal energy. 
 

1 INTRODUCTION 
Damage and fracture characterizing the 

compressive failure of heterogeneous materials 
such as rocks and concrete are complex 
processes involving wide ranges of time and 
length scales, from the micro- to the structural-
scale. They are governed by the nucleation, 
growth and coalescence of microcracks and 
defects, eventually leading to the final 
collapse, and to the loss of the classical 
mechanical parameters, such as nominal 
strength, dissipated energy density and 
deformation at failure, as material properties 
[1]. Furthermore, the collapse mechanism is 
strongly related to the cracking pattern 
developing during the loading process. It 

changes from crushing, for very stocky 
specimens, to shear failure characterized by 
the formation of inclined slip bands for 
intermediate values of slenderness, to splitting 
for very slender specimens. 

Such a variety of failure mechanisms makes 
the definition of scale-invariant mechanical 
parameters difficult to be achieved. However, 
according to experimental evidences [2,3], the 
post-peak phase is characterized by a strong 
strain localization, independently of the actual 
collapse mechanism. Consequently, in the 
softening regime, energy dissipation takes 
place over an internal surface rather than 
within a volume, in close analogy with the 
behavior in tension. According to these 
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evidences, the overlapping crack model has 
been proposed by Carpinteri et al. [4] for 
modeling the compressive behavior of 
concrete-like materials. Such a model, dual to 
the cohesive crack model routinely adopted for 
quasi-brittle materials in tension, assumes a 
stress vs. displacement (fictitious 
interpenetration) law as a material property for 
the post-peak behavior, to which corresponds 
an energy dissipation over a surface. This 
simple model has permitted to explain the 
well-known size and slenderness effects on the 
structural ductility, characterizing the 
mechanical behavior of concrete-like materials 
subjected to uniaxial and eccentric 
compression tests [4,5]. 

The overlapping crack model is very 
effective in describing the overall behavior of 
specimens in compression, without going into 
the details of the cracking pattern, as well as in 
determining the amount of energy dissipated 
during the complete loading process. On the 
other hand, more information on the 
modalities of energy release and the 
development of cracking patterns can be 
obtained on the basis of the acoustic emission 
(AE) monitoring technique, that proves 
possible to detect the occurrence and evolution 
of stress-induced cracks. Cracking, in fact, is 
accompanied by the emission of elastic waves 
which propagate within the bulk of the 
material. These waves can be received and 
recorded by transducers applied to the surface 
of structural elements. This technique, 
originally used to detect cracks and plastic 
deformations in metals, has been extended to 
studies in the field of rocks and concrete, 
where it can be used for the diagnosis of 
structural damage phenomena [6,7]. Recently, 
AE data have been interpreted by means of 
statistical and fractal analysis [7], showing that 
the energy release, proportional to the 
cumulative number of AE events, is a surface-
dominated phenomenon. Analogously, also the 
localization of cracks distribution within the 
specimen volume by means of the AE 
technique has physically confirmed the 
localization of the energy dissipation over 
preferential bands and surfaces during the 
damage evolution [8-10]. 

In the present paper, crushing and fracture 
energies of concrete materials are computed 
from the results of compression and three-
point bending tests, respectively. At the same 
time, they are also derived on the basis of the 
AE monitoring performed during the tests. 
Moreover, the type of failure is identified from 
the analysis of the shape of the AE waves 
recorded during the tests [11-16]. 

2 THEORETICAL MODELS 

2.1 Uniaxial compression 
The overlapping crack model proposed by 

Carpinteri et al. [4] describes the inelastic 
deformation due to material damage in the 
post-peak softening regime by means of a 
fictitious interpenetration of the material, 
while the bulk material undergoes an elastic 
unloading.  Such a behavior is described by a 
couple of constitutive laws in compression, in 
close analogy with the cohesive crack model: a 
stress vs. strain relationship for the undamaged 
material (Fig. 1a), and a stress vs. 
displacement (fictitious overlapping) 
relationship describing the material crushing 
and expulsion (Fig. 1b). The latter law 
describes how the stress in the damaged 
material decreases by increasing the 
interpenetration displacement, up to a residual 
value, σr, is reached, to which corresponds the 
critical value for displacement, wcr. The area 
below the stress vs. overlapping displacement 
curve of Fig. 1b represents the crushing 
energy, GC, which can be assumed, under 
certain hypotheses, as a size-independent 
material property. 

Figure 1: Overlapping Crack Model: (a) pre‐peak 
stress vs. strain diagram; (b) post‐peak stress vs. 

interpenetration law. 

1727



G. Lacidogna, F. Accornero, M. Corrado and A. Carpinteri 
 

 3

According to the overlapping crack model, 
the mechanical behavior of a specimen 
subjected to uniaxial compression (see Fig. 2) 
can be described by three schematic stages. A 
first stage where the behavior is mainly 
characterized by the elastic modulus of the 
material: a simple linear elastic stress–strain 
law can be assumed, or even more complicated 
nonlinear relationships, taking into account 
energy dissipation within the volume due to 
initiation and propagation of microcracks (see 
Fig. 2b). By approaching the compressive 
strength, such microcracks interact forming 
macrocracks, and, eventually, localizing on a 
preferential surface. A second stage where, 
after reaching the ultimate compressive 
strength, σc, the inelastic deformations are 
localized in a crushing band. The behavior of 
this zone is described by the softening law 
shown in Fig. 1b, whereas the remaining part 
of the specimen still behaves elastically (see 
Fig. 2c). The displacement of the upper side 
can be computed as the sum of the elastic 
deformation and the interpenetration 
displacement w: 

l wδ ε= + , for w < wcr (1)

where l is the specimen length. Both ε and 
w are functions of the stress level, according to 
the corresponding constitutive laws shown in 
Fig. 1. While the crushing zone overlaps, the 
elastic zone expands at progressively 
decreasing stresses. When δ ≥ wcr, in the third 
stage, the material in the crushing zone is 
completely damaged and is able to transfer 
only a constant residual stress, σr (see Fig. 2d).  

As a result, very different global responses 
in the σ–δ diagram can be obtained by varying 
the mechanical and geometrical parameters of 
the sample. In particular, the softening process 
is stable under displacement control, only 
when the slope dδ/dσ in the softening regime 
is negative, Fig. 3a. A sudden drop in the load 
bearing capacity under displacement control 
takes place when the slope is infinite, Fig. 3b. 
Finally, the snap-back instability is avoided, 
Fig. 3c, if the loading process is controlled by 
means of the localized interpenetration or the 
circumferential strain, the slope dδ/dσ of the 
softening branch being positive. Analogously 

to quasi-brittle materials subjected to tension, 
the stability of the overall behavior of 
specimens in compression depends on 
geometrical (size and slenderness) and 
mechanical parameters (crushing energy, 
compressive strength and ultimate strain). In 
accordance with previous studies proposed by 
the authors in [5], a catastrophic softening 
(snap-back) occurs when: 

E,c

c

1
2.3

s
ε λ

≤
(2)

where λ = l/d is the specimen slenderness, 
εc is the elastic strain recovered during the 
softening unloading, and 

C
E,c

c

s
dσ

=
G (3)

is the energy brittleness number in 
compression, proposed by Carpinteri et al. [5]. 

 

 
Figure 2: Subsequent stages in the deformation 

history of a specimen in compression. 
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Figure 3: Stress vs. displacement response of a 

specimen in compression. 

An extended validation of the overlapping 
crack model for concrete-like materials can be 
found in Carpinteri et al. [5], where specimens 
of different materials as well as different 
slenderness and/or size have been considered. 
For example, the overlapping laws obtained 
from the results of the compression tests on 
specimens with different sizes and 
slendernesses carried out by Ferrara and Gobbi 
[17] are shown in Fig. 4. The post-peak regime 
in the stress vs. strain response is largely 
influenced by the slenderness and the scale of 
the specimen (Fig. 4b), whereas the stress vs. 
displacement curves collapse onto a very 
narrow band (see fig. 4c), demonstrating that 
the σ–w relationship is able to provide a 
slenderness and size-scale independent 
constitutive law. 

(a)

(b)

(c)
Figure 4: Compression tests on concrete specimens: 

(a) specimens geometry; (b) stress vs. strain 
diagrams; (c) overlapping law diagrams. 

However, it is to be noted that the 
overlapping crack model, considered as a 
scale-invariant constitutive model, is no longer 
valid when the collapse mechanism 
significantly changes. In this case, the cracking 
pattern and the amount of energy dissipation 
also change significantly. As an example, the 
shear collapse mechanism determines an high 
energy dissipation due to friction phenomena 
spread within the specimen volume. On the 
contrary, the splitting failure, typical of slender 
specimens, gives rise to a lower energy 
dissipation, due to the propagation of a main 
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longitudinal tensile crack. The stability of the 
compression phenomenon is still governed by 
Eq. (2), although the crushing energy depends 
on the failure mechanism. 

2.2 Three-point bending 
From a theoretical point of view, the three-

point bending test of plain concrete beams can 
be described by means of the cohesive crack 
model. A linear-elastic behavior is assumed 
for the beam up to the maximum tensile stress 
in the central cross section reaches the ultimate 
strength. Then, a cohesive crack starts to 
propagate from the soffit to the extrados of the 
beam, whereas the rest of the body exhibits an 
elastic unloading. However, due to the 
complexity of the process, only the initial 
linear elastic behavior and the limit case of 
central cross section completely cracked can 
be analytically studied (see Fig. 5) [18]. More 
in details, a linear load vs. deflection 
relationship is obtained for the former phase, 
whereas a more complex curve characterizes 
the post-peak softening phase (Fig. 6). 
Analogously to the compression test, the 
stability of the loading process  is governed by 
a nondimensional parameter. Unstable 
behavior and catastrophic events are expected 
when [18]: 

E,t

u

1
3

s
ε λ

≤
(2)

where λ = l/d is the beam slenderness, εu is 
the ultimate strain in tension, and sE,t is the 
energy brittleness number in tension, proposed 
by Carpinteri [18]. The system is brittle for 
low brittleness number, high ultimate strain 
and large slenderness (Fig. 6). 

 
Figure 5: Three-point bending geometry: (a) linear 
elastic phase; (b) limit situation of complete fracture 

with cohesive forces. 

 
Figure 6: Load–deflection diagrams: (a) ductile; (b) 

brittle condition (δ1=λ3/6; δ2=sE,tλ2/2εu). 

3 ACOUSTIC EMISSION 
The estimation of active cracks is of 

significant importance for any structural 
inspection. For an early warning of crack 
nucleation, the classification of active cracks is 
a great deal of the AE technique [11]. 

AE signals due to microcracks are detected 
by AE sensors attached on the surface of the 
concrete specimen. The signal waveforms are 
recorded by the AE measurement system. In 
order to classify active cracks, AE parameters 
such as rise time and peak amplitude of each 
signal are considered to calculate the rise angle 
(RA) value, defined as the ratio of the rise time 
(expressed in ms) to the peak amplitude 
(expressed in V) [11-15]. 
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The shape of the AE waveforms is typical 
of the fracture mode (Fig. 7). Shear events are 
characterized by long rise times and usually 
high amplitudes [16,19,20], whereas low rise 
time values are typical of tensile crack 
propagations [19,20]. These conditions are 
synthesized by the RA value [14,15]. 

Another parameter used to characterize the 
cracking mode is the Average Frequency (AF) 
expressed in kHz. The AF values are obtained 
from the AE ringdown count divided by the 
duration time of the signal. The AE ringdown 
count corresponds to the number of threshold 
crossings within the duration time. In general, 
the shift from higher to lower values of AF 
could indicate the shift of the cracking mode 
from tensile to shear [16]. Nevertheless, when 
a cracking process involves the opening of 
large cracks (Mode I), the frequency 
attenuation must be a function of this  
discontinuity. In other words, in this case the 
wavelength of the AE signals needs to be 
larger for the crack opening to be overcome, 
and the shift of the frequencies from higher to 
lower values could support also a dominant 
tensile cracking mode [7,21]. 

 
Figure 7: Typical waveforms of tensile and shear 

events. A is the amplitude and RT the rise time (time 
between the onset and the point of maximum 

amplitude) of the waveforms [22]. 

4 EXPERIMENTAL TESTS 

4.1 Uniaxial compression 
In this section, the results of compression 

tests carried out on two cylindrical specimens 
having diameter equal to 100 mm, and 
slenderness equal to 1.0 and 2.0 are presented 
(Fig. 8a). The loading process has been 

controlled by the circumferential strain, 
measured by means of a linked chain placed 
around the cylinder at mid-height. Such a 
control has permitted to completely detect the 
load–displacement curve, even in case of 
severe unstable phenomena such as snap-back. 
More in details, the tests have been controlled 
by the circumferential strain up to the 
maximum displacement for the extensometer. 
Then, the test control has been switched to the 
piston stroke. During the tests, each specimen 
has been monitored by the acoustic emission 
technique. The AE events emerging from the 
compressed specimens were detected by 
applying to the sample surface a piezoelectric 
(PZT) transducer, sensitive in the frequency 
range from 50 to 800 kHz for detection of 
high-frequency AEs. 

The load vs. circumferential expansion and 
the load vs. axial displacement curves for the 
two considered specimens are shown in Fig. 
8b,c. According to the expectations, the more 
slender specimen has exhibited a more brittle 
behavior, the post-peak branch being almost 
vertical compared to that of the other 
specimen, characterized by a normal softening 
response. However, the two failure 
mechanisms were very different: a shear 
failure with several slip bands characterizes 
the specimen with slenderness equal to 1.0, 
whereas a splitting failure is obtained for the 
specimen with slenderness equal to 2.0. As a 
consequence, the obtained overlapping laws 
are also very different (see Fig. 8d). The 
crushing energies are GC = 91 N/mm for the 
specimen with λ = 1.0, and GC = 43 N/mm for 
the specimen with λ = 2.0. The corresponding 
values for the total dissipated energy are: 714 J 
(λ = 1.0)  and 337 J (λ = 2.0), respectively.  

As regards the AE monitoring, the signals 
were detected by piezoelectric dedicated 
sensors produced by LEANE NET (Italy). The 
sampling frequency of recording waveforms 
was set to 1 Msample/s. The data were 
collected by a National Instruments digitizer 
capable up to 8 channels AE sensors. The AE 
waves, captured by the sensors, were amplified 
with 60 dB gain before they have been 
processed, setting the acquisition threshold 
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level up to 2 mV. The AE sensors were 
attached to the surface of the specimens with a 
silicon glue, to guarantee a good contact 
between the sensor and the specimen, also 
during the final stages of the test. 

(a) 

 (b) 

 (c) 

(d)

Figure 8: Compression tests: (a) specimens 
geometry; load vs. axial displacement and load vs. 
circumferential expansion curves for (b) λ=1.0, and 
(c) λ=2.0; (d) corresponding overlapping laws. 

The load vs. time diagram of the specimen 
with slenderness λ = 1.0 is shown in Fig. 9a. 
During the test a clear increase in the AE 
events was obtained approaching the peak load 
(Fig. 9b). The AE average frequencies 
decrease from 230 kHz to 190 kHz during the 
loading test. The load process involves a small 
shift in frequencies from higher to lower 
values (Fig. 10a) and a significant increase in 
RA values after the peak load is come out (Fig. 
10b). Therefore a dominant presence of shear 
cracks seems to lead the damage evolution up 
to the final collapse. The analysis of the 
energy content obtained by the AE signals 
(Fig. 10c), calculated as proportional to the 
envelope of the signal waveform [12], verifies 
that the damage evolution carries more 
powerful signals after the peak load, when the 
final collapse is approaching. During this test, 
the amount of released AE signals energy is 
estimated as 1460 ms∙V∙103. 

As regards the specimen with slenderness 
λ=2.0, the cumulative number of AE events at 
the end of the test is lower than the previous 
case (see Fig. 11b compared to Fig. 9b). The 
AE average frequencies decrease from 100 
kHz to 50 kHz during the loading test (Fig. 
12a). The loading process involves a shift in 
frequencies from higher to lower values and a 
significant decrease in RA values after the 
peak load (Fig. 12b). Therefore a dominant 
presence of tensile cracks seems to lead the 
damage evolution up to the final collapse. Due 
to the slenderness of the specimens and the 
failure mode shown during the experiment (a 
single large subvertical crack), the shift in 
frequencies tends to very low values. As a 
matter of fact, for high frequency waves it is 
possible to propagate only through small 
inhomogeneities, whereas low frequency 
waves can propagate also through large 
inhomogeneities [7,21]. From the analysis of 
the energy content obtained from AE signals 
(Fig. 12c), also in this case it is verified that 
the damage evolution carries more powerful 
signals after the peak load. The amount of 
released AE signals energy at the end of the 
test, estimated as 680 ms∙V∙103, is lower than 
the previous case. 
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 (a)

 (b) 

Figure 9: Concrete specimen with slenderness λ=1.0: 
(a) load vs. time; (b) cumulated AE events vs. time. 

 (a) 

 (b) 

 (c) 

Figure 10: Concrete specimen with slenderness 
λ=1.0: (a) AF values vs. time; (b) RA values vs. time; 

(c) AE signal energy vs. time. 

 (a)

 (b)

Figure 11: Concrete specimen with slenderness λ=2.0: 
(a) load vs. time; (b) cumulated AE events vs. time. 

 (a) 

 (b)

 (c)
Figure 12: Concrete specimen with slenderness 

λ=2.0: (a) AF values vs. time; (b) RA values vs. time; 
(c) AE signal energy vs. time. 
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4.2 Three-point bending 
The results of the three-point bending test 

performed on a beam having dimensions 
100x100x840 mm (Fig. 13a) are herein 
reported. From the mechanical point of view, 
the overall behavior is characterized by a 
normal softening post-peak phase, as shown in 
Fig. 13b. The fracture energy, evaluated 
according to the RILEM recommendations 
[23], is equal to 0.124 N/mm. The 
corresponding total dissipated energy is equal 
to 0.62 J. 

The AE signals detected from an array of 
six sensors show characteristics similar to 
those of the specimen with slenderness λ=2.0 
subjected to compression test. The AE average 
frequencies range between 180 kHz and 150 
kHz (Fig. 15a). A shift in frequencies from 
higher to lower values (Fig. 15a) and a 
significant decrease in RA values (Fig. 15b) 
after the peak load are observed (Fig. 14b). 
The evolution of the damage from the initial 
notch towards a Mode I crack is proved both 
by the RA and the AF decrease, as in the case 
of the specimen with slenderness λ=2.0 in 
compression. 

(a) 

 (b) 

Figure 13: Three‐point bending test: (a) 
experimental setup; (b) load vs. deflection curve. 

 (a) 

 (b) 
Figure 14: Three‐point bending test: (a) load vs. 

time; (b) cumulated AE events vs. time.  

 (a) 

 (b) 

 (c)

Figure 15: Three‐point bending test: (a) AF values vs. 
time; (b) RA values vs. time; (c) AE signal energy vs. 

time. 
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The RA values obtained from the three-
point bending test are considerably higher than 
the previous two cases, because of the bigger 
specimen size: as a matter of fact the 
additional propagation distance from AE 
sources to sensors, considering attenuation 
mechanisms, involves an increase in AE 
signals rise time [22]. Since the longitudinal 
waves are the fastest type, the delay in each 
AE signal between longitudinal and shear 
waves grows with the increasing of the 
propagation length, and consequently the RA 
raises from lower to higher values. 

The signal energy of the AE events detected 
during the test are reported in Fig. 16c, 
distinctly for each sensor. The average value 
of the total released AE signals energy is 
estimated as 126 ms∙V∙103. 

6 CONCLUSIONS 
The AE results obtained from compression 

and three-point bending tests, prove that the 
variation of the AE parameters during the 
loading process strictly depends on the 
specimen damage: a decrease in frequency 
may be provoked both by dominant shear 
cracking process and by dominant tensile 
cracking process. Therefore, the two different 
cracking modes have to be discriminated 
through a different AE parameter, such as the 
rise angle (RA), that is defined as the ratio of 
the rise time to the peak amplitude of each 
signal. Low RA values suggest a Mode I crack 
propagation, whereas high RA values are 
obtained in case of Mode II crack propagation. 
All the monitored damage processes display an 
increase in AE signal energy content 
approaching the final failure. 

The values of the total dissipated energy for 
the specimens subjected to compression are 
714 J for λ=1.0 and 337 J for λ=2.0, with a 
ratio of 2.11 about. An analogous result is 
obtained for values of the AE signals energy 
(in this case the ratio is 2.14), suggesting the 
possibility to define a correlation between the  
two parameters. On the contrary, the fracture 
energy derived from the three-point bending 
test is about 3 orders of magnitude lower than 
the crushing energy, whereas the AE signals 

energy related to the flexural failure is only 
one order of magnitude lower than that relative 
to the compression failure. This suggests the 
impossibility to define a unique correlation 
between AE signal energy and mechanical 
dissipated energy, independently of the failure 
mode. In order to better substantiate these 
outcomes, the authors are carrying on further 
experimental tests, both in compression and 
flexure, on specimens with different size and 
slenderness. 
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Abstract: For non-destructive evaluation (NDE) of corrosion in reinforcing steel-bars (rebar), a 
half-cell potential and a polarization resistance of the electrochemical methods are currently 
available. Since these techniques, however, evaluate surface values of concrete over rebars, it has 
been reported that the measured values are considerably affected by conditions of concrete cover.  
In this study, therefore, a procedure to estimate the potential distributions on rebars is developed by 
applying the boundary element method (BEM). An accelerated-corrosion experiment is conducted 
in a concrete–slab specimen. In order to monitor the corrosion process, acoustic emission (AE) 
measurement is performed during the test.  Based on half-cell potentials and polarization resistances 
measured on the surface of the slab, potential distributions on rebars are estimated at the stages of 
high AE activities. Results are compared with direct observation of rebars, which are removed 
from the specimen. Thus, a great promise for a hybrid-NDE technique to quantitatively evaluate 
the corrosion process in reinforced concrete at an early stage is demonstrated.

1 INTRODUCTION
Corrosion problems of reinforcing steel bar 

(rebar) in reinforced concrete (RC) by salt 
attack have been widely reported through-out 
the world. Basically, concrete provides a good 
durable condition for embedded rebar with 
high alkaline environment by forming a 
passive film on the surface of rebar. Due to 
ingress of chloride ions through concrete, the 
passive film is destroyed and corrosion is 
initiated.

In order to avoid harmful damages, many 
monitoring methods have been developed to 
evaluate the corrosion before reaching the 
critical level [1]. One effective method could 
be nondestructive evaluation (NDE). NDE 

techniques are practical and useful in both a 
laboratory test and on-site measurement. So 
far, such electrochemical techniques as half-
cell potential, polarization resistance and so 
forth are widely employed. Recently, acoustic 
emission (AE) is introduced for detecting both 
the onset of corrosion and the corrosion-
induced cracks in concrete [2].

In this paper, we apply simplified inversion 
of the boundary element method (IBEM) 
based on the 3-dimensional BEM for the 
potential distribution of half-cell potentials.
These results are compared with results of AE 
activity. Then, we propose the Hybrid-NDE to 
precisely evaluate rebar corrosion.
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2 ANALYTICAL METHOD
In the case that concrete is referred to as 

homogeneous, potential u(x) at an internal
point x is obtained by the boundary integral 
equation [3],
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From Eq. (1), internal potentials at the 
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discretized as,
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Setting all variables at the boundary 
elements as discretized values, Eq. (2) is 
further simplified as,
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where uj and Sj are the half-cell potentials at 
the concrete surface and the area of electrode 
section of measurement, respectively. ∂u/∂xj
represents the corrosion currents and has a 
relation with the polarization resistances Ij as,
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Substituting two coefficients C1 and C2 into
the potential term and the current term for 
compensation in Eq. (3), we have,
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In the experiment, potentials and resistances 
were measured at two locations x1 and x2.
Two relations are derived from Eq. (5),
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After determining the coefficients C1 and 
C2 from Eq. (6), half-cell potentials at the 
rebar surface can be calculated by Eq. (5).

3 EXPERIMENT
Configuration of a specimen is illustrated in 

Fig. 1. One RC slab of dimensions 1000 mm x 
570 mm x 100 mm was made. A deformed 
rebar of 13 mm nominal diameter is embedded 
with 20 mm cover-thickness. Ordinary 

1000
800100 100

100

185

185

100

570

100
20

[mm]

(a) Top view

(b) cross-section

100
50

100

100
50

85

85

：Potentials and resistanse (surface)1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

Rebar 1 ：Potentials and resistanse (internal)

Rebar 2

Rebar 3

Figure 1: RC slab tested and the location of NDE.

No. 8 and 9

AE sensor attached to the surface after 
evaluation of corrosion by
electrochemical method.
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Portland cement (OPC) was used.  Coarse 
aggregate (gravel) was granite, of which the 
maximum gravel size is 10 mm. Concerning 
mixture proportion, the ratios of water, cement, 
sand, and gravel were 0.55, 1.0, 2.57, and 3.01 
by weight. The slump value and air content of 
fresh concrete were controlled by admixture as 
80 mm and 5.0 %, respectively. To accelerate 
corrosion of rebar, 0.704 kg/m3 NaCl was 
mixed in water.  

Following water curing for 28 days, a
corrosion process due to salt attack was 
simulated by a cyclic wet and dry test. The 
specimen was cyclically placed into a 
container filled with 3% NaCl solution for a 
week and subsequently taken out of the 
container to dry under ambient temperature for 
another week.

AE measurement was continuously 
conducted using AE measuring system (DiSP, 
PAC). Two AE sensors of 150 kHz resonance 
are attached to the surface of the specimen as 
shown in Fig. 1. The frequency range of the 
measurement was 10 kHz to 2 MHz. AE 
signals were amplified with 40 dB gain in a 
pre-amplifier and 20 dB gain in a main 
amplifier. For ringdown-counting, the dead-
time was set to 2 msec and the threshold level 
to 40 dB gain.

Every week, AE measurement was 
temporarily stopped to conduct the half-cell 
potential measurement. The potentials of the 
surface of the specimen were measured by 
using a portable corrosion meter, (SRI-CM-ІІ) 

[4], and C. S. E. values were estimated on the 
basis of ASTM C876 standard [5].

4 RESULTS

4.1 Activities of electrochemical techniques
Results of half-cell potentials at rebar 1 

(measurement areas are 3 and 4) and rebar 2 
(measurement areas are 8 and 9) are shown in 
Fig. 2. The internal potentials and the results 
of BEM analysis are included in Fig. 2. From 
both results, the half-cell potentials at rebar 1 
increased until 105 days elapsed. It is found 
that the potentials drastically decreased after 
105 days elapsed. At 133 days elapsed, the 
potentials became lower than -350 mV which 
indicates 90 % corrosion possibility. 

However, in the case of results of rebar 2, 
the half-cell potentials increased until 21 days 
elapsed. Then, at 49 days elapsed, the 
potentials became lower than -350 mV. Thus, 
the potentials at the surface of concrete at 
rebar 2 suggested so early as evaluated the 
corrosion possibility than rebar 1. After the 
potentials became more negative than -350 
mV, the potentials were stabilized.  At the 
period, corrosive stains were observed on the 
bottom surface at rebar 2-8. From these results, 
it is realized that corrosion activities due to
half-cell potentials are different from the 
beginning. The corrosion process at rebar 2 is 
more active than that of rebar 1.

According to results of the internal 

Figure 2: Halfcell-potentials of rebar 1 and rebar2 (rebar-measurement area).
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potentials at rebar 1-4 and rebar 2-9, those 
potentials are lower than results of the surface 
potentials. It implies that the potentials at the 
surface of rebar are very important to 
electrically evaluate the corrosion initiation.

CEB recommendation of polarization
resistance and results of those at rebar 2 are 
given in Table 1 and 2, respectively. The
resistances of all measured points become 
quite low from the beginning. The corrosion 
rates from middle to high are observed at 35 
days elapsed.

From these results, we assumed that the 
corrosion started from about 35 days. Then,
two AE sensors were attached to the surface of 
the specimen at rebar 2-8 and rebar 2-9, and 
AE monitoring was conducted until 147 days.

4.2 BEM analysis
Results of BEM analysis at rebar 2 are 

given in Fig. 3. In order to analyze, half-cell 
potentials at the surface are considered as the 
input date. In the figure, results at 3 periods 
(21 days, 63 days and 91 days) are shown.

Comparing all measurement points (6 ~ 10), 
the fluctuation range of both the potentials of 
point 8 through 10 at 21 days and the 
potentials of same points at 63days and 91 
days are more negative than that of the points
6 and 7. It implies that the corrosion activity 
at points 8 to 10 is higher. Furthermore,
comparing the points 8 to 10, the half-cell 
potentials at point 10 are the most negative.
This implies that the corrosion at point 10 
more progressed than at points 8 and 9 in rebar 
2. From these results, it indicates that the 
corrosive location could be readily evaluated
by BEM analysis.

4.3 AE activities
Results of AE activities are shown in Fig. 4.

It is noted that the periods of both “the onset of 
corrosion” and “the nucleation of corrosion-
induced crack” could be evaluated by AE 
monitoring [6].

AE hits are detected from 63 days at both 
measurement areas. In between 70 days and 91 
days, there is no progress of AE hits. Then, AE 
hits drastically increase at 91 days, and the rate 

of increase at rebar 2-9 is higher than rebar 2-8. 
From these results, it is confirmed that the 
corrosion process at rebar 2 is earlier than 
rebar 1, as these are in remarkable agreement 
with results of BEM analysis.

On the other hand, comparing with the half-
cell potentials at the surface of rebar 2-8 and 
2-9 in Fig. 2, any difference was not found in 
both measured points. It implies that the 
imperceptible difference of the corrosion 

Table 1: CEB recommendation

No corrosion or very low rate

Corrosion rate

Low ~ middle rate

Middle ~ high rate

Very high rate

Resistance Rct
（kΩcm2）

26<Rct≤52

Rct≤26

52<Rct≤130

130<Rct≤260

Rebar 2-8

7 days

Rebar 2-9

46 46

21 days 37 37

35 days 30 29

49 days 31 35

63 days 32 35

91 days 38 36

Table 2: Results of resistance

Figure 3: Results of BEM analysis at rebar 2.
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phenomena, which might be difficult to be 
detected in the electrochemical measurement, 
can be detected by AE monitoring. 

4.4 Visual observation
All rebar was removed to observe visually 

the corrosion state after the cyclic test. These 
removed rebar are shown in Fig. 5. Here, red 
circles indicate the location where the rust 
was found.

Corroded areas in the both rebar 1 and 2 are 
visually observed. In the rebar 2, the rust stain 
was found at all measured points, and the high 
corrosion was identified at point 10. Also in 
the point 8 and 9 where AE measurement was 
conducted, definitive corrosion was confirmed. 

This result is in remarkable agreement with
results of the half-cell potentials in Fig.2 and
results of the AE activities in Fig. 4. 

5 CONCLUSIONS
AE techniques and electrochemical 

techniques are applied to evaluate the 
corrosion process in the RC slab. Corroded 
areas are estimated by IBEM analysis, 
compensating the half-cell potentials. The 
results are summarized as follows:

1. In the half-cell potential measurement, 
evaluation of the initiation periods of 
corrosion in RC is possible. However, 
because the half-cell potentials at the 

Figure 4: Results of AE activities.
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surface of the rebar are distinctly more 
negative than that of the surface of the 
specimen, the electrical evaluation at 
the surface of the rebar is very 
important.

2. From the results of BEM analysis, the 
internal half-cell potentials at the all 
points were estimated in RC slab. These 
results are in remarkable agreement 
with the results of the visual 
observation. It implies that the electrical 
evaluation inside concrete is effective.

3. The imperceptible difference of the 
corrosion phenomena which is difficult
to be detected in the electrochemical 
measurement can be identified by using 
AE techniques. AE activities are in 
remarkable agreement with BEM 
analysis and visual observation. Thus, 
it demonstrated that the state of the 
rebar corrosion in RC can be 
quntitatively evaluated by using hyblid-
NDE techniques of AE techniques and 
the electro-chemical techniques with 
numerical analysis.
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Abstract: Early age cracking of structures often leads to aesthetic problems and service life 
reduction. Among the parameters involved in the stress build-up that causes this cracking process, 
the stiffness evolution is of major importance for models and numerical computations. This paper 
reports the use of six different techniques aimed for stiffness evolution assessment, applied on the 
same concrete mix, in a round robin experimental test within three laboratories. The observations 
are compared after having expressed the results at the same maturity. Some of the reported 
techniques provide original means for Young’s modulus monitoring of concrete at early age both 
for industrial and research applications. Two sets of results emerge. Ultrasonic measurements 
provide values of Young's modulus much higher than the values provided by the static or quasi 
static tests at the time of the concrete setting. This difference decreases as the concrete hardens. 

1 INTRODUCTION 

At early age, numerous parameters are 
involved in the cracking process of concrete 
structures. Service life, permeability or 
aesthetic are affected by these damages. 

Before the setting time, important changes 
in volume may produce internal fractures 
mainly due to the relative movements between 
concrete and rebars. They can be avoided by 
adequate casting procedures and limiting the 
desiccation. 

Assuming that concrete is properly cured in 
this early period and that no damage affects 
the structure, other volume changes appear 
after setting. They are mainly due to 
temperature changes, self desiccation and 
drying. In the case of restrained deformations, 
cracks can be induced depending on the 

competition between the stresses induced by 
these restrained deformations and the tensile 
strength of the material. 

As stresses induced by restrained 
deformation are involved in the cracking 
process, the Young’s modulus evolution of 
concrete, since the earliest age, is of major 
importance both for modelling and numerical 
computation purposes. That is why, among our 
three laboratories, a round-robin experimental 
test has been performed. Six different 
techniques were applied on the same ordinary 
concrete in order to monitor the stiffness 
evolution since the earliest age: 
• Classical loadings in the hardened state; 
• Cyclic loadings with a recently developed 
equipment (BTJASPE) [1] and on cylinders 
removed from their mould just after the setting 
time; 
• Cyclic loadings on a TSTM machine [2]; 
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• A new method based on the natural 
resonant frequency of a composite beam 
(EMM-ARM) [3]; 
• Ultrasonic measurements [4] using classical 
equipment. 
• Ultrasonic measurements using a new type 
of sensors (Smart aggregates or SMAGs) 
embedded in concrete [5]. 

The observations can be compared after 
having expressed the results at the same 
maturity (equivalent time method). 

These techniques scan a wide variety of 
ways for monitoring the Young's modulus of 
concrete since the earliest age, for both 
industrial and research applications. 

2 MIXING AND MATERIALS 
CHARACTERIZATION 

The same material is used in the three 
laboratories. The mixture proportions are 
given in Table 1. 

Table 1 - Mixture proportions of the concrete, w/c: 0.54. 

Components Mass (kg /m3)
CEM I 52.5 N PMES CP2 340 
Sand (Bernières 0/4) 739 
Gravel (Bernières 8/22) 1072 
Total water 184 
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Figure 1: Scattering of the results with manual and 
mechanical mixing (± 1 standard deviation around the 

mean values of the 8 tests presented in section 3.2. 

Fresh concrete was mixed mechanically or 

manually depending on the volume of the 
batch (from 2 litres to approx. 30 litres). Even 
though these differences can lead to scattered 
results, no significant effect was observed in 
the performed experiments. Indeed, a series of 
8 tests performed with the techniques 
presented hereafter in section 3.2, led to a 
coefficient of variation of the E-modulus not 
greater than 13 % over a period ranging from 
the setting of the concrete to 48 hours 
(Figure 1). 

The strength evolution in compression and 
in tension was characterized with classical 
tests from just after setting until 180 days. 
Such information was useful for quantifying 
the limits of the automatic loadings applied at 
early age in order to avoid any damage of the 
samples. The samples were cylinders (Ø 11 cm 
x 22 cm and Ø 16 cm x 32 cm). They were 
cured inside auto adhesive aluminium tape at 
20ºC, and capped with sulphur mortar. Results 
are reported on Figure 2. 
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Figure 2: Compressive and tensile strengths. 

For the sake of the calculations of the limits 
imposed during the automatic loadings (tests 
presented in sections 3.2 and 3.3), the best 
fitting were obtained by the following 
mathematical models. For the compressive 
strength, a MMF model [6] is used: 

d
eq

d
eq

cm
tb
 tc  b a)t(f

+
+=

With teq in days, fcm(t) in 
MPa, a = -83.9, b = 0.56, 
c = 65.5 and d = 0.3.

1744



C. Boulay, S. Staquet, M. Azenha, A. Deraemaeker, 
M. Crespini, J. Carette, J. Granja, B. Delsaute, C. Dumoulin and G. Karaiskos 

3

Surely this model applies very well to the 
growth of bacteria populations but it has been 
chosen only for its mathematical accuracy. 

The evolution of the tensile strength is 
modelled by an exponential model: 

b
t
1- exp af
eq

sp,ct −





= With teq in days, fct, sp

in MPa, a = 3.5 and b = 
0.13 

The activation energy, 32.2 kJ mol-1, was also 
determined with calorimetric tests. This 
parameter allows calculations of an equivalent 
age (teq) [7], [8], [9] in order to compare our 
results. 

3 STIFFNESS MONITORING: 
EXPERIMENTAL TECHNIQUES AND 
PROTOCOLS 
3.1 Classical tests 

Figure 3: Extensometer and test setup for cyclic 
loadings on unconfined specimens. This setup was used 

to validate BTJASPE.

Classical tests, considered as reference, 
were performed at IFSTTAR on cylinders at 
different ages. The sample geometry was the 
same as the one used for strength 
measurements. The first tests were performed 
on samples 7 hours after casting. Strains were 

measured by extensometers (Figure 3), with 
results comparable to those of strain gauges 
[10].  

For short term tests (<1 week), the 
cylinders are 11 cm in diameter and 22 cm in 
length. For longer term testing, cylinders are 
16 cm in diameter and 32 cm in length. The 
protocol of loading consists in applying 4 
cycles between 5 and 30 % of the strength 
measured on other cylinders (with the same 
geometry) just before the test [11]. The 
loading rate is set to 0.5 MPa/s 

Classical tests were also performed on 
concrete cylinders (15 cm in diameter and 30 
cm in length) at the University of Minho. The 
protocol of loading consists in applying 5 
cycles between 0.8 MPa and 33 % of the 
strength at the age of testing. The loading rate 
was set to 0.3 MPa/s. 

3.2 BTJASPE and cyclic loadings 
A new testing 

device was designed 
at IFSTTAR [1], 
[12], [13], aimed at 
measuring 
automatically the 
evolution of the 
stiffness of a 
concrete cylinder in 
compression at early 
age (since the setting 
time up to a couple 
of days). It is placed 
between the 
crossheads of an 
automatic testing 
machine. 

The cylindrical 
sample (Ø 100 x 200 
mm) is cast and 
remains in a 1 mm 
thick stainless steel 
mould (Ø 100 x 254 
mm) as shown in 
Figure 4. 

Circulation of 
water around the 
mould allows 

Figure 4: BTJASPE 
associated to the upper 

and lower bearings. 
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controlling the specimen’s temperature and 
thus properly masters its maturity. Once the 
concrete has been placed, the loading is 
applied by means of a steel piston guided 
inside the upper part of the mould. Fixed to 
this piston, three arms support three LVDT 
measuring the longitudinal deformations of the 
sample. These measurements include strains of 
the sample but also strains resulting from the 
deformation of the steel piston and of the base 
of the rig. Finite element calculations 
performed during the design process of the test 
setup allowed taking these artefacts into 
account in the expression of the results [1]. 

An upper conical bearing includes a system 
delicately detecting, during the first step, the 
contact with the sample even if the concrete is 
still in its fresh state. When the contact is 
detected, the control of the test is ensured by 
measuring the mean value of the 
displacements delivered by the 3 LVDT 
around the sample. Then, the loading of the 
sample is ensured at a constant displacement 
rate. This control allows starting the tests soon 
after casting. 

A lower bearing supports BTJASPE. It is 
surrounded by a cylindrical vessel where a 
circulation of water allows removing the heat 
coming from the piston of the testing machine. 

In order to check the accuracy of this test 
setup, other tests using similar cyclic loadings 
were performed on concrete cylinders 
removed from their cardboard mould just after 
the concrete setting (detected by ultrasonic 
measurement). The sample is capped with 
sulphur mortar, equipped with an extensometer 
and placed between the upper and the lower 
bearings used for BTJASPE (Figure 3). A ball 
joint is placed between the upper face of the 
sample and the upper bearing. In that case, the 
sample is not confined inside a stainless steel 
mould thus the results are more reliable and 
they were considered as validation tests for 
BTJASPE study (called VTB). 

3.3 TSTM 
Since 2006, a revisited Temperature Stress 

Testing Machine (TSTM) has been under 
development in the laboratory of civil 

engineering at the ULB for testing concrete 
since setting, under free and restraint 
conditions [2][14]. The machine is equipped 
with a double walled mould allowing a 
thermal regulation and, in particular, ensuring 
isothermal curing conditions (Figure 5). 

A new methodology was developed for the 
monitoring of the Young’s modulus. The test 
is controlled at a constant loading rate, thanks 
to the software "DION®" (Walter & Bai). 

Figure 5: TSTM equipment for cyclic loadings.

The test begins shortly after the final setting 
time of the concrete [15]. This time is 
determined by a device, presented later, called 
FreshCon. 

For each cycle of loading, the moving end 
of the testing machine is controlled by the 
force sensor, up to 20 % of the compressive 
strength at the age of testing. The sample is 
then unloaded till a null force. Recordings are 
taken during the cycles. The Young’s modulus 
is computed from measurements taken in 
concrete in the straight part of the sample 
during each loading and unloading cycle. 
These displacement measurements can then be 
directly used to compute the Young’s 
modulus. The duration of each cycle was 
approximately 60 minutes. The relation 
between the stresses and the deformations is 
quasi linear during the loading. In order to 
keep the strictly linear zone of the stress/strain
curve, the Young’s modulus is calculated 
between 30 and 80% of the maximum load 
reached in each cycle. 
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3.4 EMM-ARM 
The EMM-ARM acronym stands for 

“Elasticity Modulus Measurement through 
Ambient Response Method”. EMM-ARM has 
been initially devised by Azenha et al. [3] for 
continuous and quantitative assessment of 
concrete E-modulus since the fresh state. 
Subsequently, the technique has been extended 
to applications in cement paste [16] and 
cement stabilized soils [17]. The EMM-ARM 
is a variant to classical resonant frequency 
methods to determine stiffness properties in 
concrete cylinders [18], with two fundamental 
differences: (i) the specimen remains inside 
the mould throughout the entire testing 
procedure; (ii) the modal identification 
technique relies on ‘output-only’ techniques, 
thus not requiring explicit excitation of the 
specimen. 

Figure 6: EMM-ARM acrylic mould. Units: mm.

To explain the procedure of EMM-ARM 
testing and analysis, the originally devised 
method for concrete is described. Fresh 
concrete is poured into a 2m long acrylic 
mould with an external/internal diameter of 
100/92mm (Figure 6). After casting concrete 
inside the mould, lids are fixed at both 
extremities and the composite element is 
placed under simply supported conditions with 
1.8 m span. An accelerometer is placed at mid-
span, recording accelerations at a sampling 
rate of 200 Hz. From this point onwards, the 
test does not require any more human 

intervention, as all measurement tasks are 
automatic and the excitation provided by 
ambient vibrations is usually enough for 
adequate modal identification.  

The modal identification process involves 
processing the accelerometer records with 
Fourier Transforms, together with windowing 
and averaging techniques that are explained in 
detailed in reference [3]. Such data processing 
allows obtaining the response spectrum of the 
composite beam. If the ambient vibrations are 
considered to behave as a white noise on 
average (i.e. equal energy content in all 
frequencies), the response spectrum of the 
beam should have peaks in correspondence to 
the resonant frequencies of the beam. It is 
therefore relatively easy to identify the first 
flexural resonant frequency of the composite 
beam, as its relevance in the spectrum is 
usually quite high. Because of the increasing 
stiffness of the concrete inside the acrylic tube, 
the overall stiffness of the composite beam 
increases along time, and so does its 
corresponding flexural resonant frequency. 
Based on the continuous evolution of the 
flexural resonant frequency, it is possible to 
infer the E-modulus of the tested concrete with 
basis on the dynamic equations of motion. The 
detailed explanation of all the equations 
adopted for such purpose, including the effect 
of the accelerometer’s weight, is provided 
elsewhere [3]. However, the explanation for 
the case of a simply supported beam under 
uniformly distributed mass is much simpler to 
understand, and almost yields the same results, 
since the accelerometer’s weight is frequently 
very small. Therefore for illustration purposes, 
the process of determination of concrete E-
modulus for a simply supported beam with 
span L and subjected to uniformly distributed 
self-weight m, is shown. The flexural stiffness 
of the composite beam EI (E standing for the 
E-modulus and I for the second moment of 
area of the composite cross-section) can be 
estimated with basis on the measured resonant 
frequency through the following equation [19]: 

( )244EI m L f π= ⋅ ⋅ ⋅
Based on the known values of acrylic E-

modulus (Ea) and inertia of the acrylic tube 
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Concrete cubes
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and concrete (Ia and Ic), it is possible to 
estimate the E-modulus of concrete (Ec) 
through the simple relationship: 

c c a aEI E I E I= ⋅ + ⋅
The above equations are implemented into 

computer algorithms and allow EMM-ARM to 
provide continuous real-time information on 
the E-modulus of the tested material. 

The experimental program at the University 
of Minho involved the casting of one specimen 
in an acrylic composite beam, under controlled 
environmental temperature of 19.2 ± 0.5 ºC. 
Nonetheless, the temperature inside the 
specimen was monitored to allow for maturity 
corrections. 

3.5 Classical ultrasonic measurements 
On this concrete, two classical techniques 

of ultrasonic measurements were performed. 
The ultrasonic measurements were performed 
with the Freshcon device (Figure 7) developed 
at the University of Stuttgart giving the 
ultrasonic pulse velocity (UPV) of waves 
traversing a concrete sample [20]. 

Figure 7 : FreshCon System. 

The sample thickness is 4.7 cm. Two 
samples are cast inside two similar containers: 
one for P-waves measurements and one for S-
waves measurements. Samples are placed in a 
thermally regulated chamber and their 
temperatures are measured continuously 
during the test. Detailed information about this 
method can be found in [21]. 

The P-waves (VP) and S-waves (VS) 
velocity can be used to compute the dynamic 
E-modulus (Edyn) and Poisson’s ratio (νdyn) 
through the following equations, where ρ is the 
concrete density [22]: 

)VV(22
)VV(21

2
P

2
S

2
P

2
S

dyn
−
−

=ν

)1(
)21(  )1(    VE

dyn

dyndyn2
Pdyn

ν−
ν−ν+ρ=

BTPULS is another device used in the 
study which remained, in the 90’s, at the step 
of prototype [23]. It allows measuring the 
velocity of P-waves traversing standard 
cylinders remaining in their cardboard mould. 
The wave is emitted at the bottom and 
received at the top of the cylinder. Coupling is 
ensured by sonographic gel, between the 
emitter and the sample, while oil is used on the 
other side [4] to fill the gap between the 
sample and the receiver. Although 
performances are lower than FreshCon (the 
detection begins to be effective only during the 
setting time and the temporal resolution is only 
1 µs), their mutual results are comparable. 

3.6 Smart aggregates 
The first smart aggregates (SMAG) were 

developed at the University of Houston [24]. 
They consist in piezoelectric sensors which 
can be embedded inside a concrete element 
and, as for a classical ultrasonic method, 
continuously monitor the P-waves evolution 
throughout the setting process. They are of 
great interest since they do not present the 
same limitations as the Freshcon system. In the 
latter, the fixed design of the mould which 
only allows varying the temperature during the 
tests does not allow applying specific hygral 
and/or mechanical boundary conditions on the 
concrete sample. 

Figure 8: Principle of SMAGs: a) Piezoelectric patch, b) 
Patch with waterproof coating, c) SMAGs [24]. 

The SMAGs can easily be integrated in 
structural elements on the construction sites, 
and the concrete properties can then be 
assessed at any given time. These properties 
are then obtained on a sample that followed 
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the exact same curing and boundary conditions 
as the structure itself. 

A SMAG consists in a flat piezoelectric 
patch which is wrapped in a waterproof 
coating and embedded in a small cube or 
cylinder made of mortar (Figure 8). The 
SMAGs used in this study have been designed 
and fabricated in the laboratory of civil 
engineering at ULB-BATir. Technical details 
and results of these specific SMAGs can be 
found in [5]. 

In order to test the feasibility of 
measurements of the P-wave velocity in 
concrete at early age using SMAGs, a 
prismatic mould, containing a pair of SMAGS 
with a distance d=5.6cm, has been prepared. 
The results have been compared to the 
FreshCon in [5], [25]. 

4 RESULTS AND DISCUSSIONS 

4.1 Classical extensometry 
Measurements of the modulus of elasticity 

were performed by means of classical 
extensometry in two laboratories (Table 2).  

Table 2 – Classic Young’s modulus measurement. 

U Minho IFSTTAR 
Days GPa Days GPa 
2.78 34.66 0.36 2.72 
6.80 36.1 0.47 7.32 

14.11 36.6 0.79 18.76
27.98 38.59 0.97 22.86

  1.16 26.14
  7.23 36.41
  14.23 37.43
  28.23 39.66
  90.23 39.62

As loading protocols are very similar, these 
results are mixed in order to obtain a single 
description of the evolution of the Young’s 
modulus by these classical means. 

For the sake of the analysis of our results, 
the following mathematical model is proposed 
(figure 9): 

b
t
a)t(E p +=

where E(t) is expressed in 
GPa, t in days, a = -16.4, 
b = 39.75 and p=0.84. 
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Figure 9: Evolution of the E-modulus obtained with 
classical methods. A model is adjusted to these data. 

This function is accepted as the reference 
for the comparisons between the different 
methods. 

4.2 BTJASPE Results 
Eight tests with cyclic loadings were 

performed, 4 with BTJASPE and 4 validation 
tests on samples removed from the mould after 
the setting (VTB). All these results are plotted 
in Figure 10. 

0

5

10

15

20

25

30

35

0 1 2 3 4

Equivalent age (d)

E-
m

od
ul

us
 (G

Pa
)

BTJASPE 1
BTJASPE 2
BTJASPE 3
BTJASPE 4
VTB 1
VTB 2
VTB 3
VTB 4
Model

Figure 10: Determination of the Young’s moduli with 
BTJASPE and cyclic loadings on unconfined specimens

(validation tests).
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It can be observed that these data are in 
good agreement, both between themselves and 
also when compared to classical 
measurements. 

If the setting period is defined between the 
time when the Young’s modulus starts to 
become different from a null value to the time 
when the evolution reaches a quasi straight 
line, we can observe that setting periods 
determined with BTJASPE are in a very 
narrow range (6 to 8 hours). The range is 
wider if the validation tests are included in the 
analysis. For these tests, the initial 
temperatures are in a range between 18 to 22 
°C. In BTJASPE, the temperature is rapidly 
equal to 20 °C while, for the validation tests in 
the dormant period, it follows the room 
temperature. That is why, even if the results 
are expressed in equivalent time, concrete 
setting periods are more scattered for the 
validation tests (the equivalent time 
calculation is less reliable in the dormant 
period). A setting time can, after BTJASPE 
results, be fixed at 7 hours. 

4.3 TSTM 

Figure 11 shows the E-modulus evolution 
for one sample in the TSTM device, where a 
very good agreement with the model of the 
classical tests can be observed. 
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Figure 11: Young’s Modulus with TSTM compared to 
reference model. 

4.4 EMM-ARM Results 
The test results for the EMM-ARM beam, 

together with the E-modulus obtained from 
classical testing (model), are shown in figure 
12. Results before and after setting are 
separated depending on a liquid or a solid 
behaviour of the material. 

The coherence between classical testing and 
EMM-ARM is quite satisfactory at all ages of 
testing, confirming the feasibility of this 
technique to evaluate quasi-static E-moduli.  
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Figure 12: Young’s Modulus with EMM-ARM and 
classical testing.

4.5 Comparison between ultrasonic 
measurements 

The results obtained, for the same concrete, 
with the SMAGs are compared to the results 
obtained with the classical FreshCon system 
with a U-shaped mould and the BTPULS 
system. Results are plotted on Figure 13. 
Freshcon seems to give different results, in the 
first part of the curve, but these results occur 
before the setting. 

The relative error sharply decreases after 
setting. From 24 hours onward, the curves are 
almost superimposed. 

With the FreshCon system, P-waves and S-
waves were simultaneously measured on the 
same concrete with dedicated FreshCon 
containers, what allows an accurate 
computation of the E modulus as shown on 
Figure 14 (curve # 3). In the case where no S-

1750



C. Boulay, S. Staquet, M. Azenha, A. Deraemaeker, 
M. Crespini, J. Carette, J. Granja, B. Delsaute, C. Dumoulin and G. Karaiskos 

9

waves measurements is possible, taking a 
constant value of νdyn in the equation for the  
computation of Edyn leads to substantial errors, 
especially at early age. However, in order to 
evaluate the relevance of the Smart Aggregates 
method compared to usual UPV 
measurements, a constant Poisson’s ratio of 
0.3 has been considered. 

0

1

2

3

4

5

0 12 24 36
Equivalent Age (h)

P-
w

av
e 

ve
lo

ci
ty

 (k
m

/s
)

Figure 13: Comparison of the measured P-wave 
velocities using BTPULS, FreshCon and the SMAGs. 
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Figure 14. Comparison of the calculated dynamic E-
modulus. Doted lines mark the age of 8 h. 

1. Model for static classical tests 
2. FreshCon data  assuming a constant ν
3. FreshCon data  assuming a variable ν
4. Smart Aggregates 
5. BTPULS. 

Despite differences before the setting time, 
Figure 14 shows a good agreement between all 
the techniques. 

The discrepancies before the setting time 
(8.3 h) can be due to different air content in 
the different moulds. Furthermore, different 
techniques are used for placing the concrete in 
the moulds. The “SMAGs samples” are placed 
on a vibrating table which the energy is less 
effective due to the high weight of the sample. 
Vibrating needles are used for the other 
techniques. Indeed, it is known that a strong 
dependency of the early age P-waves velocity 
to the air content of the mix exists. In aired 
mixes, the initial velocity is around 250m/s, 
whereas for de-aired mixes, initial values close 
to 1500m/s can be observed.  

In addition, ultrasonic results are compared 
(Figure 14) to classical E-modulus measures. 
It is well known that dynamic E-modulus 
(Edyn) is higher than static E-modulus (Estat). 
Furthermore, it has been observed [13], for 
this concrete, that the ratio Edyn / Estat decreases 
from a value equal to about 13 to a value close 
to 1 between the setting time and 24 h. It is 
then obvious that comparisons between 
dynamic and static measurements of E-
modulus at early age cannot be achieved 
without taking these effects into account. 

Despite the fact that the ultrasonic 
recordings seem to be earlier than the static 
ones, the setting times deduced from the two 
techniques are not so different. Indeed, a 
technique proposed by [26] indicates a setting 
time equal to 8.3 h which is, here, close to the 
setting times obtained with classical tests (8 h) 
or BTJASPE (7 h). 

4.6 Comparison between static techniques 
In addition to these differences between 

static and dynamic results, a more detailed 
analysis of the differences between static or 
quasi-static tests can be performed. 

It can be observed (Figure 15), over the 36 
first hours, that the width of the bunch of 
curves decreases from, approximately, 7 GPa 
at the setting time to 2 GPa at 36 hours. After 
36 h till 100 hours it remains in this range. 
EMM-ARM stays in this range till 

BTPULS : 4 samples. 
FreshCon : 2 samples. 
SMAGs : 1 sample (5.6 cm 
between the transducers). 

The doted line indicates the 
final setting time.
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approximately one month. Presumably this 
very early range would be much lower if the 
setting times were grouped over a shorter 
period of time. 

The question then arises to know why our 
different techniques induce these differences 
in the setting times. The mixing techniques, 
the temperature histories and the amplitude of 
loadings could be at the origin of these 
discrepancies. 

Different techniques of mixing were used. 
It is well known that flocs are present in the 
cement powder. A relationship exists between 
the mixing energy and the deflocculation. 
Knowing that the properties of the concrete 
depend on the fineness of the cement, round 
robin tests should be performed with strictly 
similar protocols. From a practical point of 
view, this goal was, for our 3 laboratories, like 
a holly grail. Indeed, a great amount of 
constituents should be provided in each 
laboratory, the volumes of the batches should 
be the same, the same lot of cement should be 
used, the same mixers should be used and the 
same temperature histories should be applied. 
In the case of our study, we were not able to 
implement these protocols. Instead, we 
decided to show the feasibility of our 
techniques at the cost of a greater dispersion of 
our results. This point should be improved for 
future studies. 

It is known that the setting time is 
influenced by the temperature history during 
the dormant period. This observation could 
explain a part of the discrepancies observed 
between the different techniques. BTJASPE 
and TSTM are well adapted for this kind of 
problem because the temperatures can be kept 
constant. The use of the equivalent time 
method doesn’t give absolutely accurate 
results. Nevertheless, for the EMM-ARM and 
ultrasonic methods, the use of the equivalent 
time method associated with a control of the 
room temperature, gives sufficiently good 
results when the temperature histories are 
measured. 

In these first tests, the amplitude of the 
loading could have an influence on the 
measured evolution of the Young's modulus. 
For EMM-ARM, the deformations are reduced 

at minimal values and this question does not 
arise. For the tests performed with the TSTM, 
20 % of the compressive strength was applied, 
thus, theoretically, there should be no damage. 
For BTJASPE, 250 micro-strain were applied. 
There could be doubts concerning the 
possibility of damage to the sample. No 
systematic analysis was performed but the 
latter technique showed similar results 
compared to classical measurements. 
Nevertheless, future tests should be performed 
by taking into account the evolution of the 
compressive strength. 
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Figure 15: Comparison between the E-modulus 
measured by the static and quasi static methods: 

1. Model for static classical tests 
2. Mean E-mod. of 4 validation tests for BTJASPE 
3. Mean E-mod., 4 BTJASPE 
4. TSTM 
5. EMM-ARM, Acrylic beam 

5 CONCLUSIONS 
Different automatic techniques aimed at 

measuring changes in the stiffness of a 
concrete at early age were used in three 
different laboratories. They can be grouped in 
static and ultrasonic methods. 

The first ones give responses similar to 
classical measurements. These classical 
measurements consist in performing the test 
after having removed the samples from their 
mould just after the setting time. Despite the 
fact that the samples are very fragile, the 
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concrete begins to harden at the end of the 
working day thus, automatic methods are 
almost obligatory. Two methods are based on 
the use of laboratory testing machine (TSTM, 
BTJASPE) while the third method (EMM-
ARM) is well adapted for laboratory testing 
and in field. Their mutual performances are in 
good agreement. Some improvements 
concerning the protocols of mixing and 
loading have to be worked on. 

The ultrasonic measurements are also 
automatic methods and they are good 
candidates for the monitoring of the stiffness 
of the concrete at very early age. Two classical 
techniques (FreshCon, BTPULS) are 
compared to a newly developed technique 
(SMAGs). Their results show a clear effect of 
the loading rate on the E modulus calculation 
compared to values obtained with static tests. 
A transition between the results of ultrasonic 
techniques and static ones is not yet clearly 
accessible. This transition seems to be 
depending on the water content of the concrete 
and thus, at very early age, the degree of 
hydration [13] but models should be found to 
promote the use of ultrasonic techniques 
applied to the monitoring of the concrete 
stiffness at very early age. 
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Abstract: In this study, a new non-destructive testing method for the detailed estimation of the 
rebar corrosion in RC structure, is proposed using infrare thermography and electromagnetic 
heating. The corrosion product has insulation effectiveness by heat characteristic. Therefore, when 
the rebars are heated equally, the surface temperature of concrete in which rebar corroded is lower 
than that of the concrete in which rebar doesn’t corroded. The result of our experiment shows that it 
is feasible to use the proposed method. 

1 INTRODUCTION 
In Japan, RC structures which had been 

constructed over 50 years ago are increasing. 
Owing to this, the early deterioration of RC 
structures become the social problem in recent 
years. Much more attention is paid to the rebar 
corrosion, because it cause the reduction of the 
structural performance by decreasing the cross 
section of rebar and the appearing corrosion 
crack. Thus, it is important to estimate rebar 
corrosion degree to make structure to live 
longly. 

Recentlly, Half-cell potentials measurement  
and polarization resistance method are mainly 
used for testing of rebar corrosion in RC. 
However, those methods can’t estimate 
quantitatively the rebar corrosion degree. In 
Addition, it is necessary to break concrete on 
rebar because of attaching electrode. Therefore, 
it is important to estimate quantitatively the 
degree of the rebar corrosion by non-
destructive testing method. 

For this reason, A new non-destructive 
testing method is propose, here. It is based on 
heat characteristics of corrosion product on 
rebar. In such way, rebar corrosion degree can 
be quantitatively estimated. (hereinafter 
referred to “proposed method”).  

Propose this paper, to make clear heat 
characteristics of corrosion product and heat 
diffsion behavior by heating rebar in concrete. 
Beside,  to discuss applicability of proposed 
method for RC structure. 

2 OUTLINE OF PROPOSED METHOD 
The outline of proposed method is shown 

below: The heat is conducted from the rebar in 
RC structure by electromagnetic induction coil. 
The surface temperature of the concrete, which 
increase by the heat transmited from the rebar, 
is photographed by thermography camera. At 
that time, difference of surface temperature  
arise on reinforced concrete if corrosion  
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Table 1: Heat characteristic 

Non-corroded 
rebar 

Thermal 
conductivity 51.30 W/m℃

Density 7850 kg/ m3

Specific heat 0.47 kJ/kg℃

Corroded rebar

Thermal 
conductivity 0.07 W/m℃

Density 5300 kg/ m3

Specific heat 1.20 kJ/kg℃

Figure 1 : Thermography of rebars at the time 
of finished heating by electromagnetic heating 

product exist on rebar. This reason will be 
examined later again. Accordingly, the 
temperature difference enables us to 
distinguishing whether corrosion product 
exists or not. 

2.1 Heat Characteristics of Corrosion 
Product 

In general, corrosion product has insulation 
effectiveness because specific heat of 
corrosion product is high and its thermal 
conductivity is low. 

Heat characteristics of non-corroded rebar 
and corroded rebar are shown in Table 1.  

Thermal conductivity data is taken by the 
Laser-flash Method. For sample preparation, 
we take corrosion product from rebar which 
corroded by exposure in atmosphere. Specific 
heat and density are quoted from reference [2], 
and [3]. 

2.2 Diffusion Behavior Due to Existence of 
Corrosion Product 

2.2.1 Diffusion Behavior in rebar 
Figure 1 shows thermography of two rebars  

Figure 2 : Heat diffusion in rebar 

Figure 3 : Heat distribution diagram on heated 
rebar in Fig. 1. 

heated by the proposed method. The rebars 
corrode partly with the length of middle 
100mm. The rebar in the test piece is corrode 
at the degree of 1% or 5% by exposure in the 
atmosphere.  

To focus on surface temperature of rebar, it 
is shown that parts of corrosion become high 
temperature.  

Figure 2 shows diffusion behavior in rebar 
which is heated by electromagnetic heating. In 
the following Figure 3, corrosion product has 
insulation effectiveness. Therefore, heat 
diffusion from rebar is inhibited by it.  

In the case that rebar doesn’t corroded, heat 
actively diffuse to outside rebar. In contrast, in 
the case that the rebar is corroded, diffusing 
heat is saved by corrosion product. 

2.2.2 Diffusion Behavior in Concrete 
Figure of heat diffusion behavior in 

concrete is shown in Fig. 4. In ordinary, the 
heat diffuses radially to concrete from rebar 
when rebar is heated in concrete. However, in 
the case of rebar corrosion, radiation amount 
from rebar becomes small. For this reason, as  
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Name K30-C0.66 K50-C0.82 K70-C0.70
Heating time [sec] 320 540 780

Load electricity 2.0 6.0 6.0
Increase of rebar
temperature [℃]

14.7 27.9 15.9

Average corrosion
rate [%]

0.66 0.82 0.70

Average corrosion
thick [mm]

0.039 0.048 0.041

Outside air
temperature [℃]

23.7 21.2 21.8

2D section

Side elevation
Non-corroded rebar

Corrosion product

Inhibited 
heat diffusion

Corroded rebar

Surface Temperature : High Surface Temperature : Low

Figure 4 : Heat diffusion in concrete 

Figure 5 : Outline of test piece; In time to heat 
rebar by electromagnetic heating, we position 
heating uniformly range in coil on center of 
section. 

we mentioned at 2.2.1, corrosion product 
inhibits heat diffusion.  

Altogether, concrete absorbs a large amount 
of heat, however, corrosion product inhibits 
heat diffusion. In other word, corrosion 
product saves heat. 

2.2.3 Influence of Corrosion Product on 
Concrete Surface Temperature 

To focus temperature behavior on RC 
structure, surface temperature of concrete 
whose rebar is corroded is lower than that of 
concrete whose rebar is not corroded (Figure 
4). This is due to the influence of the corrosion 
product. 

Thus, the prediction of rebar corrosion 
degree by proposed method is based on these 
influences of the corrosion product for heat 
diffusion. 

Table.2 : Condition of experiments; Average 
corrosion ratio and average corrosion thick are 
calculated from the ratio of rebar’s weight 
change. Test pieces are named in the order of 
concrete cover, corrosion ratio. 

3 PREDICTION OF REBAR 
CORROSION CHARACTERISTICS  

3.1 Outline of Experiments 
Figure 5 shows the outline of test piece. 

Dimensions of the test piece are 
450*450*250mm, and two rebars which are 
D16 deformed bar are arranged at concrete 
cover 30, 50, 70mm. 

First, The corrosion product on the rebar 
must occur uniformly. In general, the method 
of occurring rebar corrosion is exposure or 
electrolytic corrosion. Exposure method is 
spraying saltwater intrusion. However, both 
method make rebar occur uneven corrosion 
product due to the corrosion crack. Hence, The 
rebar is exposed in the atmosphere to make it 
corrode. 

Second, concrete is deposited after 
arranging the non-corroded rebar and the 
corroded rebar at prescribed place to retain the 
uniform corrosion product. 

In this study, the proposed method is 
applied to these test pieces which are made by 
this way. 

3.2 Concrete Surface Temperature 
The thermographies of test piece are applied 

proposed method, as shown in Fig. 6. 
It is shown that temperature of surface over 

the non-corroded rebar is higher than that of 
surface over corroded rebar in heating 
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(a) K30-C0.66                                    (b) K50-C0.82                                   (c) K70-C0.70 
Figure 6 : Thermography of concrete surface; These thermographies are taken at the time passed of 
180sec since finished heating by electromagnetic induction. All of its, uncorrode rebar is located in 
the upper side and corroded rebar is located in lower side. 

(a) K30-C0.66                                   (b) K50-C0.82                                    (c) K70-C0.70 
Figure 7 : Temperature log at middle of concrete surface over two rebars. These plots are measured 
by thermography camera since starting of electromagnetic heating. 

uniformly range, moreover this trend is found 
at all of thermography. Similarly to chapter 2, 
this is due to the influence of the corrosion 
product. 

Figure 7 shows temperature of concrete 
surface. It is found that surface temperature 
difference of right over the rebar is 0.5~0.9℃.  

Figure 8 shows temperature distribution of 
concrete surface. Existence of rebar corrosion 
is represented in temperature distribution 
graph too. However, the dispersion of 
temperature increases with increasing concrete 
cover. Therefore, it is necessary to improve 
electromagnetic coil because of removing 
dispersion temperature. 
Osada4) has reported prediction method of 
concrete cavitation using thermography. In the 
paper, threshold value is defined as 0.5℃ . 
Thus, the threshold value is defined as 0.5℃
that judge rebar corrosion.  

3.3 Estimation of Rebar Corrosion Degree(8

In this paragraph, we propose estimation 
model of rebar corrosion degree. As the Fig. 3 
indicates, Corrosion product inhibits heat 
diffusion from non-corroded area on rebar to 
concrete. In other words, the inhibited heat 
depends on the rebar corrosion degree.  

Hence, the rebar corrosion degree can be 
estimated if quantity of inhibited heat is 
estimated by quantity of increasing 
temperature on concrete surface. 

We will discuss detailed estimation rebar 
corrosion degree. 

3.3.1 Quantity of Inhibited Heat by 
Existence of Corrosion Product 

In the case of non-corroded rebar, heat 
quantity stW  is accumulated in rebar. It 
influences the behavior of surface temperature. 
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Figure 8 : Temperature distribution of concrete surface over two rebar. Horizontal axis is length 
from center of section in Fig. 5. 

Beside, in the case that rebar corrode, 
corrosion ratio n  increases with the decreasing 
of accumulated heat quantity. In addition, 
because of inhibited heat diffused by corrosion 
product, apparent quantity of heat coW  which 
effects surface temperature on concrete can be 
given by Equation  (1): 

costco WnWnW ′+−= )1(                (1) 
where coW ′ = accumulated heat quantity which 
is added to insulation effect of corrosion 
product. In other words, this is quantity of heat 
which is diffused to concrete. 
      In this study, assuming that heat quantity

coW ′  varies according to specific heat ratio of 
non-corroded rebar and corroded rebar. Thus, 

co

st
co C

C
W =′                           (2) 

 where stC = specific heat of rebar, stC = 
specific heat of corrosion product. 
     Heat quantity rate RlossW  which is 
inhibited by influence of corrosion product is 
shown this Equation: 

st

cost

W

WW
RlossW

−

=                 (3) 

Eq. (3) may be written as follows by 
substituting  Eq. (1) and (2) :  

co

stco

C

CC
RlossW

−

=                  (4) 

3.3.2 Decreasing Rate of Concrete Surface 
Temperature by Existence of Corrosion 
Product 

Temperature decreasing ratio of concrete 

Figure 9 : Cross section of concrete ; It is 
shown range of heat diffusion from rebar 

surface by influence of corrosion product RT
is shown this Equation : 

T

TT
RT st

∆

∆−∆
=                      (5) 

where stT∆ = quantity of increased temperature 
on concrete surface over the non-corroded 
rebar, T∆ = quantity of increased temperature 
on concrete surface over the corroded  rebar.  
     Eq. (4) and (5) become equal. However, 
this state only applies in the case of equality 
material. Therefore, in case of composite 
material like RC structure, we must consider 
the influence of their heat characteristics. To 
consider the difference of the heat 
characteristics of the concrete and the rebar, 
Eq. (5) can be rewritten as follows :

conconcon

stststst
rc SC

SC

T

TT
RT

⋅⋅

⋅⋅
⋅

∆

∆−∆
=

ρ

ρ
      (6) 

where conC = specific heat of concrete, stρ  and

conρ = density of the rebar and the concrete. stS

and  conS  are areas of cross section of the rebar 
and the concrete, as shown in Fig. 9. 

1759

Takayumi Imai and Hideki Oshita



6

Figure 10 : Comparing corrosion rate of actual 
measurement value and that of estimated value. 
Actual measurement value and estimated value 
are equal on the red line. 

3.3.3 Estimated Equation of Rebar 
Corrosion Degree 
Finally, define the parameter α of heat 
diffusion shape in concrete, corrosion rate n
may be written as follow : 

stco

co

conconcon

stststst

CC

C

SC

SC

T

TT
n

−
⋅

⋅⋅

⋅⋅
⋅

∆

∆−∆
⋅=

ρ

ρ
α  (7) 

where             1.00164.0 −= cα                   (8) 
c  is concrete cover. 
     Calculate Eq. (7) so as to estimate 
corrosion ratio, which is shown Figure 10. It is 
found that this estimated equation have 
applicability because plotted point is near the 
red line. 

4 CONCLUSIONS 
(1) Corrosion product has insulation 

effectiveness because of its heat 
characteristics. 

(2) In case that corrosion product occurred in 
RC structure, the concrete surface 
temperature becomes smaller than the 
case that rebar doesn’t corrode. 

(3) Estimated equation of the rebar corrosion 
degree which is proposed in this paper has 
applicability. 

(4) For these consequence in this paper, it is 

found that there is applicability in 
proposed method. 
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Abstract:  
The damage assessment of buildings is currently made visually. The few non-visual methodologies make use 
of wired devices, which are expensive, vulnerable, and time consuming to install. Systems based on wireless 
transmission should be cost efficient, easy to install, and adaptive to different types of structures and 
infrastructures. The Acoustic Emission (AE) technique is an innovative monitoring method useful to 
investigate the damage in large structures. It has the potential to detect damage, as well as to evaluate the 
evolution and the position of cracks. This paper shows the capability of a new data processing system based 
on a wireless AE equipment, very useful to long term monitoring of concrete and masonry structures. To this 
purpose, computer-based procedures, including an improved AE source location based on the Akaike 
algorithm, are implemented. These procedures are performed by automatic AE data processing and are used 
to evaluate the AE results in notched concrete beams subjected to three point bending loading conditions up 
to the final failure. In this case, the final output of the code returns a complete description of damage pattern 
and evolution of the monitored structure. In the most critical cases, or in some cases requiring long in situ 
observation periods, the AE monitoring method is fine tuned for a telematic procedure of processing AE data 
clouds to increase the safety of structures and infrastructural networks. Finally, the proposed AE monitoring 
system could be used to determine the seismic risk of civil constructions and monuments subjected to 
earthquakes. 

1 INTRODUCTION 
Continuous structural health monitoring 
should provide data in order to better 
understand structural performances and to 
predict durability and remaining life-time. 

In the last few years, the Acoustic 
Emission (AE) technique has been used in 
several applications due to its capability to 
detect crack growth, damage accumulation 
and AE source localizations in historical 

monuments, concrete structures, and 
infrastructures [1-7]. 

In Europe, the sudden collapse of a 
training hall in Bad Reichenhall (Germany) in 
early January 2006 and the collapse of a new 
trade building in Katowice (Poland) some 
weeks later, confirm dramatically the 
necessity of structural control in civil 
structures [8]. In U.S.A., the tragedy (August, 
2007) of the highway bridge collapse in 
Minneapolis, Minnesota, raises the question 
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of whether U.S.A bridges are safe. In 
particular, recent events such as the 
reconstruction of the Noto Cathedral in 2007, 
after the collapse and the effects of the 
L’Aquila earthquake in April 2009, brought 
the problem of structural safety as a priority 
in the maintenance of Italian civil structures 
and monuments. These recent events lead to 
the conclusion that a large number of 
structures need monitoring and inspection 
procedures, reliable, inexpensive, and easy to 
implement. 

During the last few years the AE technique 
has been used during long-term monitoring in 
order to analyze the time evolution of 
microcracking phenomena [9-19]. According 
to this technique, it is possible to detect the 
onset and the evolution of stress-induced 
cracks. Crack opening, in fact, is 
accompanied by the emission of elastic waves 
which propagate within the bulk of the 
material. These waves can be detected and 
recorded by transducers applied to the surface 
of the structural elements. AE monitoring is 
performed by means of piezoelectric sensors 
that give out signals when subjected to a 
mechanical stress [1-3]. In this way, the AE 
technique makes it possible to estimate the 
amount of energy released during the fracture 
process, to obtain information on the 
criticality of the process underway and to 
localize the damage source locations [7, 8-
16]. 

In the present paper a new AE equipment 
based on a wireless data acquisition system is 
presented. Due to the attenuation of acoustic 
waves and geometrical spreading in concrete 
structures, numerous sensors have to be 
applied to cover all critical parts. These 
circumstances make the traditional way to 
apply AE techniques too expensive [8,9]. 
Monitoring systems for large structures 
should be based on a new kind of AE 
equipment using wireless transmission 
systems. In the new monitoring system, AE 
signals are detected by the sensor array, 
recorded in situ by a synchronisation and 
storage unit, and, subsequently, they are sent 
via the GPRS/UMTS system to the central 
server for the elaboration phases. In this way, 

it is possible to use a centralised station to 
control continuously and simultaneously, in 
real time, individual structures situated in 
different sites. 

2 AE EQUIPMENT AND WIRELESS 
TRANSMISSION SYSTEM 
In the last few years a computer-based 
procedure including AE source location, AE 
event counting, and statistical analysis applied 
to AE time series has been developed by the 
authors [7,17-19]. The final output of the AE 
data processing code returns a complete 
description of damage characterization and 
evolution [7,17-19]. Today, the most critical 
cases, or those demanding long in-situ 
observation periods (infrastructural or 
monumental buildings), require AE 
monitoring based on telematic working 
procedure. Huge structures, such as large 
concrete structures and infrastructures, should 
be monitored by means of new type sensors, 
using efficient algorithms for processing large 
quantities of data. 

To this purpose, the authors are working 
on a new type of AE equipment able to 
execute the AE data acquisition in real time 
by wireless technology. By means of this new 
equipment, AE signals detected by the sensor 
array are recorded in situ by a synchronization 
storage device, and successively sent via 
GPRS/UMTS system to the central server for 
the elaboration phase. 

In this way, it will be possible to use a 
centralised station to control continuously and 
simultaneously individual structural elements 
or entire structures, possibly situated in 
different places. Moreover, because a 
correlation exists between the regional 
seismic activity and the AE signals collected 
during structural monitoring [7], AE wireless 
equipment can be also used for the 
preservation of concrete structural and 
infrastructural networks from the seismic risk 
[8]. The new AE instrumentations and the 
prototype are the result of a technical 
collaboration between the AE research unit of 
the Politecnico di Torino and LEANE net. srl, 
an Italian company leader in the design and 
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implementation of structural monitoring 
systems. The new AE sensors, calibrated at 
the National Research Institute of Metrology 
(INRIM), are designed to optimize weight, 
size, and applicability to different structural 
supports (Fig.1a and b). The connection 
between the sensors and the acquisition 
module is realized by coaxial cables 
optimized to reduce the effects of 
electromagnetic noise. The modules for the 
signal storage are integrated within the central 
acquisition unit. The AE data coming from 
each channel are synchronized and analyzed 
by a mini-processor. During this phase, the 
main characteristics of AE signals are 
recognized (AE amplitude, signal arrival time, 
duration, signal frequency). 

Figure 1: (a) New PZT AE sensors. (b) The new 
AE sensors, working in a frequency range 
between 50 and 800 kHz, are designed to optimize 
weight, size, and applicability to different 
structural supports. 

In Fig. 2a and b the central unit interface and 
the modem for the AE wireless transmission 
system are reported. The scheme of 
acquisition, pre-processing, and data 
transmission adopted in the prototype is 
reported in Fig. 3. Each channel consists of an 
Analog to Digital Converter module (ADC) 
with the capacity to acquire 10 (mega-

sample/second) Msa/s in order to cover the 
wide band of AE signals frequency range 
(50−800 kHz). The data exchange is run using 
a Field Programmable Gate Array (FPGA) 
connected with a parallel bus and integrated 
into the central unit (Fig. 3). Each channel, 
connected with the central processor, has a 
devoted memory of 64 Mb and is able to 
perform the data synchronization. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Central Unit interface (a). Modem for 
AE wireless data transmission (b). 

The central unit is also equipped by a thin 
film transistor (TFT) touch screen for human 
interface and first signal processing 
executable in situ (Fig. 2a). The stored data 
are collected into a Compact Flash memory 
card (CF 64 Gb) and then sent in real time to 
the AE laboratory, by GSM/GPRS antenna 
(Fig. 3), for AE signal analysis. The AE 
sensors adopted for the new monitoring 
system are of two types: resonant and 
broadband piezoeletric transducers. These two 
kind of sensors were used according to 
different conditions and considering the 
different structures to be monitored. The 
sensitivity of the broadband sensor is lower 
but these sensors are able to acquire data 
clouds in a wide frequency band and can be 
used in structures and component of reduced 
dimensions. In other condition, and specially 
when the localization of the damage must be 

(a)

(b)

(a)

(b)
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particularly accurate the resonant sensors will 
be used according to their greater sensitivity. 
These kind of sensors will be used for very 

large structures or in the case in which the 
monitored elements are characterized by 
heterogeneous materials. 

 
 
 
 

 

Figure 3: Scheme of the pre and post processing phase of the AE data transmission for the new AE 
equipment. 

3  REAL TIME AE ANALYSIS: 
DAMAGE EVOLUTION 

The new AE equipment perform 
automatically different kind of analysis. The 
first analysis are devoted to evaluate the 
damage evolution of the monitored structure. 
According to this objective different 
parameters are computed using the acquired 
data. The first indicator is represented by the 
cumulative number of AE signals N, detected 
during the monitoring time. In addition, the 
time dependence of the structural damage 
observed during the monitoring period, 
identified by parameter η, can also be 
correlated to the rate of propagation of the 
micro-cracks. If we express the ratio between 
the cumulative number of AE counts recorded 
during the monitoring process, N, and the 
number obtained at the end of the observation 

period, Nd , as a function of time, t, we get the 
damage time dependence on AE [1,2]: 

βt

d d d

E N tη
E N t

⎛ ⎞
= = = ⎜ ⎟

⎝ ⎠
   

 (1) 
 
In Equation (1), the values of Ed and Nd do 

not necessarily correspond to critical 
conditions (Ed ≤ Emax; Nd ≤ Nmax) and the td 
parameter must be considered as the time 
during which the structure has been 
monitored. By working out the βt exponent 
from the data obtained during the observation 
period, we can make a prediction as to the 
structure’s stability conditions. If βt<1, the 
damaging process slows down and the 
structure evolves towards stability conditions, 
in as much as energy dissipation tends to 
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decrease; if βt>1 the process diverges and 
becomes unstable; if βt = 1 the process is 
metastable, that is, though it evolves linearly 
over time, it can reach indifferently either 
stability or instability conditions [6,7]. 

Damage assessment in the structure may 
be also investigated by the statistical 
distribution of the AE signal magnitudes 
fitted by the Gutenberg–Richter (GR) law 
[6,7]: 

 
( )LogN M a bM≥ = − ,  (2) 

where N is the number of AE events with 
magnitude greater than M, and a and b (or b-
value) are fitting parameters. The b-value is 
an important parameter for damage 
assessment of structures as it decreases during 
damage evolution, reaching final values close 
to 1 when the failure is imminent [6]. The 
cumulative number of AE, the βt exponent 
and the b-value are computed using the new 
AE equipment for a concrete notched beam 
subjected to three point bending. Eight 
piezoelectric transducers have been applied 
on the external surface of the beam. The 
experimental test was conducted using a 
servo-controlled machine (MTS) with a 
closed loop control. The three point bending 
test was realized by a linear actuator 
(hydraulic jack) with passing stem acting in 
the middle point of the upper side of the 
beam. For the test a concrete element 
measuring 1190×100×200 mm3 was cast, a 
central notch of 100 mm was made starting 
from the middle point at the lower side and 
the beam was tested up to the final failure of 
the specimen (see Figure 4 and 5). The 
monitored notched beam has been conducted 
up to failure controlling the crack mouth 
opening displacement (CMOD) with an 
opening velocity equal to 0.002 mm/s. 

The Load vs. Time diagram of the three 
point bending test is reported in Figure 5. The 
results of AE real time analysis are reported 
in Figure 6 for the monitered specimen. The 
cumulted number of AE computed using the 
new AE equipmnt shows a strong increment 
at the beginning of the test up to the final 
failure of the concrete beam.  

 

 

 

 

 

 

 

 

 

 

Figure 4: (a) New AE equipment applied to the 
monitored specimen. (b) Notched beam during the 
test. (c) Concrete beam after the final failure. 
 
 
 
 
 
 

Figure 5: Load vs. Time diagram of the 
monitored beam. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6: Real time AE analysis: cumulated AE 
8a), βt exponent (b), b-value (c), AE amplitude (d) 
and frequency (e) during time. 
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The parameter βt is significant in 
correspondence to the phase before the failure 
of the beam (between 0 and 60 s). This 
exponent is very high, during the first 30 s 
(0.5 minutes), and, before the failure of the 
specimen, it showed a mean value greater 
than 1 corresponding to a situation in which 
the process diverges becoming unstable 
(Figure 6b). In correspondence to this phase 
the b-value decreases from higher values 
obtained at the beginning of the test down to 
values smaller than 1 (Figure 6c). This 
parameter shows a damage evolution from 
micro-cracks to macro-cracks with 
dimensions comparable to the beam section. 
The new automatic data acquisition system 
computes in real time also the AE amplitude 
and frequency (Figure 6d and e). From these 
data it is interesting to note that the AE 
amplitudes increased before the collapse 
(Figure 6d) with a maximum value of about 
180 mV. At the same time, the AE signals 
trend showed a decay in the frequency 
domain up to the final failure of the concrete 
specimen. 

4 POST PROCESS ANALYSIS: 
DAMAGE LOCALIZATION 

The new AE monitoring system is also 
provided with a computer-based procedure, 
including the improved AE source location 
based on the Akaike algorithm [10-14]. These 
procedures are performed by automatic AE 
data processing and are used to evaluate the 
AE results in concrete notched beams 
subjected to three point bending loading 
conditions up to the final failure. 
Traditionally, picking the signal onset times 
was carried out by checking the signal traces 
based on analyst’s experience. Nowadays, 
handling large volumes of digital and real-
time data imposes less time consuming and 
equally objective alternatives. Here, the onset 
of AE signals is determined by modelling the 
noise and the signal in windows using the 
Akaike Information Criterion (AIC) with an 
automatic procedure for signal data 
processing able to eliminate false or doubtful 
onset times. 

 
4.1 Basic principle of AIC criterion 

Initially developed to predict the optimal 
order of the auto-regressive process fitting the 
time series in seismology [21-25], the AIC 
criterion can be used to demark the point of 
two adjacent time series (noise and signal) 
with different underlying statistics [26-31]. 

Suppose that a voltage time series {x1, 
x2,..., xn}, containing the AE signal, is divided 
in two segments i = 1,2, {x1, x2,..., xk} and {xk 

+1, x2,..., xn}, where k identifies the unknown 
signal onset time. Both segments are assumed 
to be two different pseudo-stationary time 
series, either modeled as an auto-regressive 
(AR) process of order M with coefficients 
{ai

m}: 
 

1
=1, 2

M
i i

j m j m j
m

x a x e i−
=

= +∑ , 

 (3) 
 
where j = M +1, …, k  for interval i = 1 and 

j = k+1, …, n − M for i = 2. 
The model divides either time series into a 

deterministic and a non-deterministic part ei
j, 

the latter assumed to be a white noise. Thus, 
the time series {ei

j} is a sample of 
independent and identically distributed 
random variables, with mean zero, variance 
σi

2 and density function 
f(ei

j)=(σi2π)−1/2exp[−(ei
j /σi)2/2], to which the 

maximum-likelihood estimation (MLE) can 
be applied. Then, we look at the joint density 
function of all variables {ei

j} — expressed in 
terms of the observations { x j} by means of 
Eq. (3) — considered as fixed parameters, 
whereas the model parameters Θi = Θi (ai

1,… 
ai

m, σi
2) for the i-th interval are allowed to 

vary freely. In this perspective, the joint 
density function is the likelihood function L 
[26-31]: 

 

( )
2

2

1 2 2
1

2

2
1

1
2

1exp
2

ni

i i

q Mi i
j m j m

j p mi i

L Θ ,Θ ,k ,M x
σ π

x a x
σ

=

−
= =

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
⎡ ⎤⎛ ⎞
⎢ ⎥− −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

∏

∑ ∑

 (4) 
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where p1 = M + 1, p2 = k +1, q1 = k, q2 = 
n− M, n1 = k − M and n2 = N − k − M. 

As it is known, the MLE finds the 
particular values of the model parameters 
which make the observed results the most 
probable or, in other words, which maximize 
the likelihood function L. Working 
equivalently with the logarithm of Eq. (4) and 
searching for the MLE of the model 
parameters we get: 

( )1 2ln
0  = 1, 2 

i

L Θ ,Θ ,k ,M x
i

σ
∂

=
∂

,(5) 

which has the solution: 
 

2
2 =1, 2

q Mi i
i ,max j m j m

j p m 1i i

1σ x a x i
n −

= =

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑ ∑ .(6) 

 
Inserting Eq.(6) into Eq.(4) we get the 

maximized logarithmic likelihood function 
[29-31]: 

 
( )1 2

2 2
1, 2, 1

ln

ln ln
2 2max max

L Θ ,Θ ,k ,M x

k M n k Mσ σ C

=

− − −
− − +

(7) 

 
where C1 is a constant. 
The expression in Eq. (7) is the basis for 

the Akaike Information Criterion (AIC), in 
which the AIC function is defined as AIC = 
2P − 2ln(maximized likelihood function), 
where P is the number of parameters in the 
statistical model. Generally, a model with 
minimum AIC value is thought to be most 
suitable one among the competing models. 

Originally this function was designed to 
determine the optimal order for an AR 
process fitting a time series. In the current 
application, the order M of the AR process is 
fixed, and therefore the AIC function is a 
measure for the model fit time. The point k 
where AIC is minimized, or L is maximized, 
determines the optimal separation of the two 
time series — the first representing noise and 
the second containing the signal — in the 
least square sense, and is interpreted as the 

onset time of the signal. In this sense, the AIC 
as a function of k is known as AIC picker 
[29]: 

 
( ) ( )

[ ]

2
1,

2
2,

ln

ln
max

max 2

AIC k k M σ

n k M σ C

= −

+ − − +
, (8) 

 
where C2 is a constant. 
Alternatively, the AIC value can be directly 

calculated from the signal without dealing 
with the AR coefficients. As M<< n, Eq. (8) 
can be simplified [29]:  

 

( )
( ) ln(var( [1, ]))

1 ln(var( [1 , ]))
AIC k k x k
n k x k n

= +

− − +
, (9) 

 
where k goes through all the signal trace 

and var is the sample variance. 
As AIC picker finds the onset point as the 

global minimum, it is necessary to choose a 
time window that includes only the segment 
of interest of the signal. If the time window is 
chosen properly, AIC picker can find the first 
arrival of the signal (P-wave arrival for AE) 
accurately. In case of low S/N ratios (as for 
noisy EM signals) or more seismic phases (as 
P-wave and S-wave for AE signals) in a time 
window, global minimum cannot guarantee to 
indicate the first arrival of the signal. For this 
reason a pre-selection of this window is 
necessary to apply the procedure. Here, the 
onset time is firstly pre-determined using a 
threshold amplitude level:  

 

( ) ( )10

1 1
/10 4 /

i

k k
k i k

x x i
= + =

≥∑ ∑ , (10) 

 
The first value for the index k that makes 

relation (10) fulfilled is named k0 and it is the 
first estimation for the onset time. This first 
estimation is always localized after the actual 
onset time. Thus, we apply AIC picker to the 
interval [1,k0] for a rough determination of the 
onset time, k1. Then, the application of AIC 
picker to the time window with center in k1 
and width 2(k1−k0 ) gives the value kmin, 
which is regarded as the actual onset time of 
the analyzed signal. 
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4.2 Application of the improved AIC

4.2.1 Accuracy evaluation of the adopted 
procedure 
 

Traditionally a minimum number of five 
transducers has to be employed to univocally 
determine the three source coordinates and the 
P-wave propagation velocity [7]. The 
corresponding system of nonlinear equations 
is solved by an iterative algorithm. Applying 
a least squares approach, time residuals at the 
different transducers are calculated and 
random measurement errors can be 
recognized [7]. The first stage in the 
localisation method consists in recognising 
the data needed to identify the AE sources, 
followed by the triangulation procedure. 
During the first stage, the groups of signals, 
recorded by the various sensors, that fall into 
time intervals compatible with the formation 
of micro-cracks in the volume analysed, are 
identified. These time intervals are obtained 
considering the difference between the onset 
times of the AE signals detected by the AE 
sensors. In the second stage, the triangulation 
technique can be applied if signals recorded 
by at least five sensors fall into the time 
intervals. The onset time determination can be 
obtained by the improved AIC shown in the 
previous section and can be included into the 
automatic localization procedure. Ad hoc tests 
were performed to reproduce AE using pencil 
breaks in small and predictable regions of a 
concrete specimen. A concrete cube with side 
length of 300 mm was cast at the Fracture 
Mechanics Laboratory of the Politecnico di 
Torino (Fig. 7). An array of seven AE sensors 
has been applied to the external surfaces of 
the concrete element (Fig. 7). In particular, a 
grid corresponding to 16 points (artificial 
sources) has been drawn on the upper face of 
the specimen (Fig. 7). 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 

 
Figure 7: Concrete cube with AE sensors applied 
on lateral faces. A grid corresponding to 16 points 
(artificial sources) has been drawn on the upper 
face of the concrete cube measuring 300×300×300 
mm3. 

The tip of a pencil has been broken for 5 
times in correspondence to each of the sixteen 
points localized on the upper surface of the 
cube for a total of 80 measurements. From 
this experiment 560 AE events from the seven 
sensors were obtained for a comparative 
investigation. The onset times of the 560 
events were picked manually as well as 
automatically using the AIC and the 
improved-AIC method shown in the previous 
section. The results of the localization are 
shown in Fig.8. It can be noted that the events 
localized with the AIC method are not all 
located close to the real positions of the pencil 
breaks (Fig. 8a). The events from the 
improved AIC method give more reliable 
results, although some of them are eliminated 
after the onset determination. Furthermore, in 
Table 1 the deviation of all the results 
obtained by the original AIC-picker and the 
improved AIC-picker are reported. 
Considering the results summarized in Table 
1, it is possible to conclude that original AIC-
picker presents a maximum deviation of 11% 
for y and z coordinates of the sources, the 
improved AIC-picker gives more accurate 
results, whose largest deviation is equal to 
4%. The validity of the onset time 
determination using the improved AIC is 
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confirmed to be effective in increasing the 
accuracy of the localization of AE sources in 
damaged concrete structures. 

 
Table 1. Percentage deviation of localized points 

obtained by onset time determination using AIC and 
improved AIC respect to the manual determination. 

Coordinates 
axis 

Manually Original-
AIC 

Improved-
AIC 

x 0.6% 9% 3% 
y 0.9% 11% 3% 
z 1.2% 11% 4% 

 

 

 

 

 
 
 

Figure 8: (a) Localization results using the 
original AIC and (b) using the improved AIC 
(maximum deviation of 4%). 

4.2.2 AE automatic Localization: Results 
using the improved AIC  
 
The improved AIC is also employed to 
determine the onset times of AE events 
generated during a three point bending tests of 
concrete beam monitored by the new AE 
equipment. In particular, seven AE 
piezoelectric transducers have been applied 
on the external surface of the element as 
shown in Figs. 9a and 9b. The onset times of 
the AE signals detected during the test are 
successively used in the localization 
procedure to determine the crack positions in 
the FRC element. The monitored notched 
beam has been conducted up to failure 
controlling the crack mouth opening 
displacement (CMOD) with an opening 
velocity equal to 0.001 mm/s. The 
geometrical characteristic of the beam and the 
testing scheme are reported in Fig. 9b,c and d. 
Concerning the AE monitoring, a total 
number of 26 AE points have been localized 
by means of the triangulation based on the 

improved AIC. A very good agreement is 
obtained between the localized points and the 
crack pattern configuration (see Fig. 9c and 
8d). 

 

 

 

 

 

 

 

 

Figure 9: (a) Three point bending test and AE 
sensor positions. (b) Scheme of the test. (c,d) AE 
source localizations: During the tests, 26 AE 
sources have been localized by the improved AIC 
method. 

The existing methods used for automatic 
picking of AE arrival time cannot check the 
accuracy of each detected AE signal. The 
improved AIC-picker here proposed allows to 
determine a degree of uncertainty useful to 
eliminate false or doubtful onset times. The 
results obtained during an ad-hoc experiment 
have shown that the deviations of the results 
obtained by the improved method present 
values ranging from 3% to 4% from the 
correct results. This evidence allows to 
consider the proposed method as the most 
accurate and suitable one among the onset 
determination methods of AE signal today 
available. In addition, the AE source location 
algorithm, based on the improved AIC, is 
included in the computer procedure of the 
new AE equipment described in Section 2. 
These method can be very useful for a 
telematic working approach, using the 

(a)

(b) (c)
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wireless transmission systems, where efficient 
algorithms for processing a very large amount 
of data are necessary. 
 

5 CONCLUSIONS 
The paper shows the capability of a new 

AE data processing system based on wireless 
AE data transmission. The new AE equipment 
can be employed to realize contemporary long 
term monitoring of different civil structures 
and to perform AE signal analysis in real 
time. This system, cost efficient, easy to 
install, and adaptive to different types of 
concrete structural and infrastructural 
networks, seems to be also very promising for 
seismic risk monitoring of civil structures and 
historical monuments. The AE cumulative 
number, the βt exponent and the b-value have 
been computed in order to evaluate the 
damage evolution of concrete specimen 
subjected to three point bending tests. These 
analyses are the first parameter extrapolated 
from the AE data and represent damage 
indicators obtained in real time by the new 
AE equipment.  

After the AE data acquisition it is possible 
to perform the localization of the AE sources 
(micro-cracks). This analysis represents the 
second kind of data available by the AE 
monitoring. The position of damage, infact, is 
particularly useful in damage evaluation of 
concrete and masonry structures. In particular, 
the onset of AE signals from rock fracture is 
determined through the joint auto-regressive 
modelling of the noise and the signal, and the 
application of the Akaike Information 
Criterion (AIC) using the onset time as 
parameter. This so-called AIC picker is able to 
find accurately the onset of genuine signals 
against the background noise. The presented 
study suggests the use of AE measurements to 
enhance monitoring, especially applied to 
micro-seismicity with potential applications 
in earthquake forecasting. 

The monitoring system fine tuned could be 
used extending the acquisition to different 
kind of data in addition to AE signals. The 
data acquired from the sensor network will be 

sent electronically to a central server for real 
time monitoring of the condition of the 
buildings, by means of correlation algorithms 
applied to data from the different measured 
variables. This remote monitoring system will 
be maintained after the conclusion of the 
restoration work, allowing for detection and 
real time monitoring of possible structural 
deterioration processes of the buildings, thus 
constituting a useful tool for prevention of 
structural collapses. This monitoring system, 
if properly extended, may use the buildings as 
points of a network over the territory, useful 
for reducing the seismic hazard and securing 
entire metropolitan areas. 
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Abstract: A lot of concrete structures are deteriorating to dangerous levels throughout Japan. 

These concrete structures need to be inspected regularly to be sure that they are safe enough to be 
used. The inspection method of these concrete structures is typically the impact acoustic method.  

In the impact acoustic method the worker taps the concrete on the surface with hammer. So it is 
necessary to set up scaffolding to access vertical structures for inspection. However, setting up of 
high scaffolding is not economical in time and money. Moreover setting up scaffolding is difficult 
on very high concrete walls. So we developed a wireless remote-controlled testing machine for 
vertical concrete walls. This testing machine adheres to the concrete wall by two sets of suction 
cups, and climbs the concrete wall by the alternating motion of the two sets of suction cups. The 
power is supplied by lithium polymer batteries. 

The impact acoustic method is used in this testing machine. This testing machine has a hammer 
for the impact and a microphone for the acquisition of the impact sound. The weight and the 
dimension of the testing machine are about 13 kg and1.39 m by1.39m, respectively. This testing 
machine climbs the concrete wall at a speed of one meter a minute. The testing efficiency of this 
machine is about 10 min/m2. 

 
1 INTRODUCTION 

A lot of concrete structures are deteriorating 
to dangerous levels throughout Japan. These 
concrete structures need to be inspected 
regularly to be sure that they are safe enough 
to be used. The typical inspection method for 
these concrete structures is the impact acoustic 
method carried out by workers. However, the 
impact acoustic method done by workers is not 
economical in terms of time and money 

because it takes a lot of time and effort to set 
up scaffolding so developing more economical 
method is desired. 

Wall-climbing robots have lately attracted 
attention to solve the problem because wall-
climbing robots don't require scaffolding. 
Some wall-climbing robots have already been 
developed that test concrete nondestructively[1]

～ [10]. Typically these robots are characterized 
as light weight with low traction for climbing. 
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Figure 1: Schematic diagram of a testing machine 

However, using the impact acoustic method, 
strong traction is necessary to keep the robot 
attached to the structure because there is a 
reaction to each impact. 

The purpose of this study is the 
development of a testing machine that can 
move the walls of any angle, and mounting the 
inspection device of the concrete wall. 

2 REMOTE-CONTROLLED TESTING 
MACHINE 

We developed a remote-controlled testing 
machine for vertical concrete walls as shown 
in Fig. 1. The appearance of the developed 
testing machine is shown in Fig. 2. This 
developed testing machine strongly attaches to 
the concrete wall by four suction cups and has 
an impact device for the impact acoustic 
method. The weight and the dimensions of the 
testing machine are about 13 kg and 139 cm 
by 139 cm by 11 cm, respectively. The testing 
machine consists of an adsorption part, an 
actuator part, a control part, and a 
measurement part. The details of each part are 
as follows. 

 

2.1 Adsorption part 
The composition of an adsorption part is 

shown in Fig. 3. Negative pressure is 
generated by the fan for cleaners. In order to 
increase the adhesion between the wall and the 

 

 
 
Figure 2: The appearance of a testing machine 

 

Figure 3: Schematic diagram of a adsorption part 

Table 1: Results of pressure measurement 

Wall type NR EPDM 
Textured Paint -3.06 -3.24 

Siding -2.96 -3.10 
Tile -3.09 -3.15 

 gauge pressure[kPa] 

back side is attached sponge. In the selection 
of the sponge rubber, compare the type NR 
and EPDM type were selected higher adhesion. 
Table 1 shows the results of a preliminary 
experiment. Table 1 shows the negative 
pressure in the suction cup when using the 
sponge, respectively. The experimental result 
showed that an EPDM type had a high 
negative pressure and less dispersion on every 
wall. Then, the sponge rubber of the EPDM 
type is selected suction cup sealing material. 
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2.2 Actuator part 
The composition of an actuator part is 

shown in Fig. 4. Drive system is a combination 
of a linear guide and a timing belt. Fixed to the 
suction cups the timing belt, timing pulley to 
rotate at both ends. DC motor is attached to 
one of the timing pulley, the suction cup can 
be moved to any position.  

Two suction cups A and C or two suction 
cups B and D are synchronized as shown in 
Fig. 1. The two sets of suction cups move in 
relation to each other to create linear motions. 
This machine can climb concrete walls by the 
alternating motion of these two sets of suction 
cups. The power is supplied by lithium 
polymer batteries. 

 

 
 
Figure 4: The composition of an actuator part 

2.3 Control system 
The control system is shown in Fig. 5. The 

control unit is composed in the radio control 
system and the motor driver.  

 

DC motors

R/C Transducer

Operator

R/C Receiver

DC motors

DC motors

DC motors

Motor driver (Syren 25)

Motor driver (Syren 25)

Motor driver (TEU-302BK)

Motor driver (TEU-302BK)
Suction cups A&C

Suction cups B&D

 
 

Figure 5: Schematic diagram of a control system 

Four channels AM radio control system 
(Futaba Corporation) is used as a radio control 
system. As the motor driver for fans, SyRen 
25A regenerative motor driver (Dimension 
Engineering LLC.), as the motor driver for 
actuator, Electronic Speed Controller TEU-
302BK  (Tamiya, Inc) , were used. Each motor 
driver is controlled by RC system. One 
channel of receiver is assigned two suction 
cups A and C or two suction cups B and D, 
respectively. 

2.4 Measuring part 
The measuring equipment is shown in Fig. 

6. The measuring system is shown in Fig. 7. A 
CCD camera, a microphone, and an 
accelerometer can be carried as a measuring 
device. This testing machine has a hammer for 
the impact, a CCD camera for the visual 
inspection, a microphone for the acquisition of 
the impact sound. The measurement value is 
converted into an electrical signal and 
transmitted to a computer through a wireless 
LAN.  

 

 
 

Figure 6: Schematic diagram of a measurement part 

CCD Camera

Signal conditioner

A/D converter

Wireless LAN access point

Microphone

Personal computer

Switching hub

Wireless LAN converter
Robot

  

Figure 7: Schematic diagram of a measuring system 
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(1) Suction cups A&C power-on 

 

(2) A main part is moved upwards 

 

(3) Suction cups B&D power-on 

 

(4) Suction cups is moved upwards 

Figure 8: Mechanism of movement 

3 MECHANISM OF MOVEMENT 
The move method of the upward direction 

is shown in Fig. 8. First, (1) the suction cups 
the A and C power-on and adsorption to 
wall,(2) A main part is moved upwards . (3) 
Suction cups B and D power-on (4) suction 
cups A and C moving upward. The downward 
movement is possible in reverse operation. It is 
also possible to move the operation of the left-
right direction similarly. This testing machine 
climbs concrete walls at a speed of one meter a 
minute. The testing efficiency of this machine 
is about 10 min/m2. 

4 VERIFICATION OF WIRELESS 
MEASUREMENT 

For verification of wireless measurement 
system, an impact acoustic test was carried out 
on the test specimen. a schematic diagram of 
the test specimen in Figure 9. The test 
specimen is pasted tiles to concrete plate of 
600mm × 330mm × 48mm. the polypropylene 
disc, 180mm in diameter, is embedded at a 
center of the test piece. An impact acoustic test 
was carried out on two points of the test 
specimen. As a delamination part, point C is 
the center of the polypropylene disc. A point A 
is outside the polypropylene disc, does not 
delamination. Sampling frequency is 50 kHz. 

The experimental results are shown in 
Figure 10. In comparing the results of point 
Aand point C, a clear peak can be observed in 

 
 

 
 
Figure 9: Schematic diagram of a control a test 

specimen 
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about 3 kHz at point C. It seems that this peak 
is a frequency of the bending vibration in a 
delamination part. On the other hand, a clear 
peak is not observed at point A. Thus, validity 
of the wireless measurement system has been 
confirmed.  
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Figure 10: Results of an impact acoustic test 

5 CONCLUSIONS 
 
In this study, we developed a testing 

machine that can move the walls of any angle, 
and mounting the inspection device of the 
concrete wall. As a result, we obtain the 
following results. 

 
(1) Using the four suction cups, the testing 

machine was developed that can move the 
walls of any angle. Then, in the experiment in 
the vertical wall, its performance was 
confirmed. 

 
(2) A impact acoustic test equipment that 

can be mounted test equipment was developed, 
its operation has been confirmed, its motion 
has been confirmed. An accelerometer can be 
replaced by a microphone, the device can be 
easily impact echo method. 
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Abstract: In order to build sustainable structures, the study of mechanical behavior must 
integrate with local phenomena, e.g. fracture and strain localization. The fracture usually develops 
in the form of main crack, with branches, secondary cracks and the microcracking zone ahead. 
Various experimental methods are already employed to detect the fracture process. In this study, 
digital image correlation is used to measure displacement field in the cracking area. Using 
displacement field data, crack opening at various locations of crack is measured. The location of 
crack tip is estimated using crack opening data. Acoustic Emission technique is applied 
simultaneously with digital image correlation to identify the size of microcracking zone ahead of 
the propagating crack. It is observed that the two techniques in coupled position proved effective in 
identifying the fracture process zone and cracking mechanisms of concrete. 
 
 

1 INTRODUCTION 
Cracking in concrete is a major problem in 

the design of concrete structures. Linear 
fracture laws and strength based theories are 
limited in application to concrete because of 
the sizeable fracture process zone and the 
inelastic growth of crack openings and crack 
length. 

Various experimental methods are already 
employed to detect the fracture process as the 
holographic interferometry, the dye 
penetration, the scanning electron microscopy, 
the acoustic emission etc. Such methods offer 
either the images of the material surface to 
observe micro-features of the concrete with 
qualitative analysis, or the black-white fringe 
patterns of the deformation on the specimen 

surface, from which it is difficult to observe 
profiles of the damaged material. 

Complete fracture behaviour can be 
described by two parts of cracking zone. First 
part is the main crack or macro-crack of 
significant crack length and crack openings. 
Second part is the microcracking zone of non-
negligible size but presenting negligible crack 
openings. However, there is another 
intermediate zone between main crack and 
microcracking zone where distributed cracks 
are present and crack openings are also 
significant. In this study growth of above 
cracking zones is investigated using two 
experimental techniques: Digital Image 
Correlation (DIC) and Acoustic Emission 
(AE). Different features of the cracking zones 
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are studied at important loading stages. It is 
observed that the two techniques in coupled 
position proved effective in identifying the 
fracture process zone and cracking mechanism 
of concrete. 

2 EXPEIMENTAL METHOD 

2.1 Materials and Specimens 
ASTM type I cement with 28 days strength 

of 52.5 MPa was used. Coarse aggregates were 
crushed limestone with maximum size of 12 
mm. The mix proportion is shown in the table 
1. The cylinder strength of concrete at 28 days 
was 45 MPa.  
Table 1: Proportions of concrete constituents in kg/m3 

Constituents Dosage (kg/m3) 
Cement 312 
Sand 820 
Coarse aggregate 1100 
Water 190 

 
The specimens were beams with a thickness 

of 100 mm, depth of 200 mm and length of 
800 mm. The beams were notched at mid-span 
with a notch-to-depth ratio of 0.2. The notch 
was created using a rigid non-stick Teflon strip 
of 3 mm thickness. 

2.2 Loading system and experimental setup 
The beams were tested in three point 

bending as shown in figure 1. Load was 
applied with a central jack of a closed loop 
universal testing machine of 160 kN capacity. 
The tests were electronically operated with a 
controlled notch mouth opening rate of 0.05 
μm/s. The notch mouth opening was measured 
using a Crack Mouth Opening Displacement 
(CMOD) gauge. 

In our experimental program, the digital 
images were acquired continuously as the 
specimens were loaded. Two digital cameras 
with 75 mm macro lens were mounted to 
capture images of both faces of the beam. The 
digital cameras have a resolution of 1040 x 
1392 pixels and give 256 levels of gray output. 
Two series of tests were performed. In the first 
series, the cameras are mounted in order to 

image an area of approx. 60 x 100 mm² above 
the notch of beam. At this location, notch 
opening and initial crack profile were 
captured. For this resolution, one pixel in the 
image represents approx. 35 µm square on the 
specimen, which is considered sufficient to 
determine a displacement measurement with 2 
µm accuracy [1]. 

 
Figure 1: Experimental setup 

 In the second series, the cameras were 
mounted at a distance required to observe the 
full height of the specimen with a resolution of 
1 pixel = 180 µm. The images were taken at a 
rate of 6 images per minute for each camera. 
The images were stored in the system and 
were analyzed afterwards. The resolution of 
the system depends directly on the distribution 
of gray levels which depends on the texture of 
the material. A speckle pattern of black and 
white paint was sprayed onto the surface of 
specimen to improve the displacement 
resolution. 

 
Figure 2: Position of piezoelectric sensors on the faces 

of specimen. 
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In this study, a 3D analysis of AE during 
tests is performed. The device for the 
acquisition and signal processing of AE 
consists of a data acquisition system 
MISTRAS 8 channels. For this, it is necessary 
to use 6-8 piezoelectric sensors (depending on 
the size of the sample tested) with a frequency 
of 50-200 kHz and a resonance frequency of 
150 kHz. The sensors are placed on the beam 
around the area of crack propagation. Thus, 
the sensors form a parallelogram grid location 
(12 x 10 cm²) on one side (figure 2). The 
signals were amplified by an amplifier with a 
gain of 40 dB. A detection limit of 35 dB was 
chosen to filter background noise. For the 
source to be located in 3D, a wave must reach 
at least four sensors. An algorithm AEWin is 
used for locating acoustic events. The details 
of the algorithm are explained in [2,3]. 
Location accuracy is measured in the range of 
5 mm (figure 3) using the source HSU-Nielsen 
(NF EN 1330).  

 

 
Figure 3: Estimation of error in AE source location. 

This procedure allows estimating on one 
hand the speed of propagation and on other 
hand the attenuation of acoustic waves in the 

material [4]. The propagation velocity 
measured in our study is 3,800 m/s. 

3 RESULTS 
Figure 4 presents the average Force-Notch 

Mouth Opening Displacement (NMOD) curve 
of the beams. The variation between different 
beams is shown by gray zone. 
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Figure 4: Average Force-Notch mouth opening 

displacement curve. 

In the above curve, the relationship between 
the applied force and NMOD can be divided 
into four parts [2]. In the first part, the 
relationship is linear i.e. the material remains 
in the elastic range. The second part starts as 
soon as the curve deviates from linearity 
indicating the development of damage in the 
material. In this part, the load continues to 
increase further until the peak load value is 
reached. 

After the peak load stage, NMOD continues 
to increase and the load starts to decrease. This 
is the third part of the curve, where a major 
load drop occurs. A shift in the Force-NMOD 
relationship is observed in the tail of the curve 
(at about 60% of peak load). This final part of 
the curve shows a considerable increase in the 
crack opening, while the load decreases 
gradually. The NMOD continues to increase 
until the specimen fails. 

The above stages are the typical trends 
observed in the beams tested. These stages are 
no doubt related to the crack propagation in 
the material but this information is not 
available in the mechanical curve.  
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3.1 Analysis of crack openings using DIC 
The process of DIC consists of analyzing a 

series of images of the specimen surface 
having a distributed grey level pattern. These 
patterns are monitored during the load 
application by a digital camera and stored in a 
computer in a digital format. Displacements 
fields can be measured by matching the first 
image (or the reference image, typically 
corresponding to the unloaded stage) and each 
subsequent image.  
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Figure 5: (a) Axial displacement (µm) (b) Axial 

displacement field in the area A. 

The correlation algorithm determines the 
location of each sub-pixel in the imaging area. 
It provides the corresponding displacement 
vectors in the coordinate axis. The horizontal 
(axial) displacement can be easily calculated 
from the displacement vectors. Figure 5 
presents the axial displacement field on the 
surface of the beam specimen at peak load. A 
sudden jump in the displacement values can be 
observed ahead of the notch and it represents a 
discontinuity (crack) in the material. Crack 

path can be determined easily from this figure. 
Crack openings can be obtained from the 

displacement field [1]. It is the displacement 
jump across the two sides of the crack. In 
figure 6, crack openings profiles are drawn at 
different loading. The profiles are 
approximately the same on both sides of the 
specimen. 

 
Figure 6: Crack opening profile on two faces of the 

beam. 

In all the experiments the digital images are 
stored at a rate of 15 images per minute. The 
correlation of these images with respect to the 
reference image (unloaded specimen) provide 
the crack opening at different crack locations 
and thus crack opening rate can also be 
calculated at each interval of time. In Figure 7 
the crack opening rate at three different crack 
locations is presented. 
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Figure 7: Crack opening rate at different locations in 

the beam 
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- At notch tip (after a few unstable 
measurements at the beginning), the 
crack opening rate decreases while the 
load increases. In this part of the curve, 
the material behavior is in the elastic 
range and the decrease of crack opening 
rate may be due to the resistance of 
material to the opening of crack. The rate 
then starts to increase with further 
increase of the load. This increase of the 
crack opening rate represents the 
localization of microcracks. This 
continues until the specimen reaches its 
maximum load limit. After the peak load, 
the crack opening continues to increase 
at constant rate which indicates that the 
crack surfaces are now completely 
separated at the notch tip. It is also 
observed that the crack opening rate at 
the notch tip is always less than the crack 
opening rate at the notch mouth.  

- At 36.6 mm from the notch tip, the crack 
opening rate increases suddenly just after 
the peak load. After this sudden increase, 
the crack opening rate increases 
smoothly and then it becomes constant. 
Again it is observed that the crack 
opening rate is always less than that at 
the notch tip and the notch mouth. 

The crack can sometimes be interlocked by 
an aggregate. This aggregate interlock or 
aggregate shielding is observed in our 
experimental study (figures 8,9). An aggregate 
particle usually comes into the path and causes 
the crack to deflect. Sometimes aggregate 
particles also break due to a higher stress state 
in that location. In this case, aggregate 
interlock occurs just in front of the notch and 
causes an immediate drop of the crack 
opening. 
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Figure 8: Crack opening profiles showing aggregate 

interlock. 

It can also be seen that the crack extension 
is almost insignificant during the phase of 
aggregate interlock (Figure 8,9). Thus, more 
energy is consumed to break the crack 
interlock than to extend the crack [2]. 
However, the crack continues to extend as 
soon as the aggregate interlock is resolved. In 
this case, crack interlock is resolved by crack 
deflection. We can see in figure 9 that the 
crack path at the interlock location is not the 
same for 100% peak load and 80% post-peak 
load i.e. when the aggregate interlock is 
resolved. It is also observed that after the crack 
extends rapidly, it attains a “normal” crack 
length similar to other specimens where no 
aggregate interlock is observed. 

 
Figure 9: Crack propagation in a specimen showing 

aggregate interlock. 

From the crack opening profiles, the crack 
length (measured from the notch tip) can be 
approximately located considering where the 
COD becomes equal to zero (i.e. crack 
closure). Actually, the crack tip is “blurred” by 
microcracking in the Fracture Process Zone 
(FPZ) and the COD gives the cumulative crack 
openings of all the microcracks in the FPZ. 
Therefore, the crack length measured in this 
way is the length of the macrocrack plus the 
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length of the FPZ where microcracks exist. 
This indicator can be very useful to study the 
durability of concrete structures, especially for 
cases where minor cracks can cause serious 
damage. 

 
Figure 10: Evolution of crack length calculated from 

notch tip with load steps. 

The crack length measured with DIC is 
plotted at different loading stages in figure 10. 
The crack appears at about 60% of the peak 
load in the pre-peak regime. This loading stage 
also corresponds to the sudden increase in the 
crack opening rate at the notch tip (figure 7) 
and the deviation of the mechanical behavior 
from linearity. The crack length increases 
smoothly until the peak load. A sudden 
increase in crack length is observed between 
the peak load and 80% of the peak load in the 
post-peak regime. The crack propagation 
becomes relatively slower in the final loading 
stages until the specimen fails completely. 

3.2 Analysis of fracture process zone by AE 
In this paper, we applied simultaneously 

DIC and AE techniques. In the first method 
only a small section of the sample is 
examined, which does not really represent the 
population of cracks and inaccessible areas are 
still unknown. Also DIC method is incapable 
to give information about the development and 
size of fracture process zone. 

The AE technique is a passive method that 
identifies defects only when they develop 
under loading. An advantage of this technique 
is that it allows observation of the growth of 
damage zone (where fracture energy is 
released) in the tested material during the 

loading history, without moving the specimen. 
Figure 11 shows a 3D localization of AE 

events in the three-point bending test. In this 
test the total number of events is equal to 
2287. 

 
Figure 11: Localization of AE events in the beam. 

One objective of the AE analysis is to 
compare the characteristics of the FPZ, and 
more particularly to know quantitatively the 
change in its width in the different phases of 
rupture. 

 
Figure 12: Distribution of AE events on the rectangular 

grid at final load step 

The approach used here is similar to that 
developed by [5]. The beam surface is divided 
into a two dimensional (XY) grid of square 
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elements with uniform dimensions (1x1 cm2). 
For each element the number of AE events is 
recorded. Figure 12 shows the total number of 
AE events located inside each grid element. 
Greater number of events is present above the 
notch which shows the localization of 
microcracking. Crack path can also be defined 
easily by knowing the total number of AE 
events as shown in figure 12. 

In order to monitor the width of FPZ, 
cumulative number of AE events is recorded 
for each X location. This step is performed at 
different loading intervals. Figure 13 shows 
the cumulative number of events in the post-
peak loading step. It can be seen that the 
number of AE events is more important in the 
zone above the notch and decreases gradually 
on both sides. To evaluate the width of FPZ 
(WFPZ), we consider an arbitrary horizontal 
line located at 20% of Nmax (Nmax corresponds 
to the peak of the cumulative AE events). Thus 
WFPZ can be identified as (i) the zone in which 
cumulative AE events at each X location is 
more than or equal to 20% of Nmax. This zone 
corresponds to a zone of confidence in which 
the high number of events is representing the 
material damage or localization of 
microcracking (ii) the zone outside this zone 
(i), where cumulative AE events are lower 
than 20% of Nmax, corresponds to a lower level 
of damage [6]. 

 
Figure 13: Cumulative AE counts at each X location 

and calculation of WFPZ. 

In our study the length of the FPZ (LFPZ) is 
measured in the same way. LFPZ should be the 
length of microcracking zone ahead of the 

stress free crack. However, alone AE analysis 
does not give information about the tip of the 
stress free crack. Figure 14 shows the 
cumulative number of events at each Y 
location in a post-peak loading step. It can be 
seen that ahead of the notch tip, the number of 
AE events increases, attains the maximum 
value (Nmax) and then decreases. Therefore 
LFPZ is taken as the length from notch tip to the 
intersection of the histogram with an arbitrary 
horizontal line located at 20% Nmax. 

 
Figure 14: Cumulative AE counts at each Y location 

and calculation of LFPZ. 

In addition to the number of events, it is 
very important to investigate the AE signal 
parameters. The initiation and propagation of 
cracks in concrete are generally correlated to 
the study of AE signals of certain amplitude. 
Extensive studies have shown that the absolute 
acoustic energy is the most important 
parameter to characterize an event and not the 
amplitude [6,7]. In this study AE events are 
classified in terms of their level of energy. 
Therefore, seven energy levels are defined as 
shown in figure 15. It can be seen that the AE 
events of higher energy levels are located in a 
narrow zone and only the events having 
energy level greater than 70% of the total 
energy represents the core of fracture process 
zone [8]. So AE events having more than 1000 
aJ of energy should be used to analyze the size 
of FPZ. Now applying this energy filter and 
previously described approach, WFPZ and LFPZ 
are again measured for different loading 
levels. Effect on LFPZ is not very pronounced 
but a significant reduction in WFPZ is observed. 
For the same loading level, WFPZ reduced from 
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100 mm to 40 mm when using the energy 
filter.     

Figure 15: Acoustic Emission location map with energy 
discretization. 

3.3 Combination of fracture data from DIC 
and AE 

In this experimental study, Digital Image 
Correlation (DIC) is applied simultaneously 
with Acoustic Emission (AE) technique to 
study the fracture process in concrete beams. 
The advantage of combining the data obtained 
from the two techniques on the same 
experiment is that relation between 
microcracks and macrocrack can be build. 
Also the location of crack tip and the evolution 
of size of FPZ around the crack tip can be 
correctly estimated. 

The progression of cracking in the beam at 
different loading conditions is presented in 
figure 16. Both the crack length growth 
measured using DIC and the increase of total 
number of AE events are the relative measure 
of damage accumulation in the beam. It can be 
observed that appearance of cracking using AE 
technique is near the peak load. On the other 
hand, appearance of crack is detected by DIC 
at 60% pre-peak loading. Similar experimental 
studies from other researchers also show the 
appearance of crack in the pre-peak loading 
regime. This also explains the nonlinear stress 
strain behavior in the pre-peak 
loading.

 
Figure 16: Evolution of crack length (measured using 
DIC) and cumulative number of AE events detected. 

The crack length can also be detected from 
AE technique as shown in section 3.2. Figure 
17 presents the crack length evolution as 
detected by DIC and AE techniques. It is 
observed that crack length measured from DIC 
is always larger than AE technique. It is very 
difficult to provide the relation between the 
two. As shown in section 3.1, DIC measures 
macrocrack length plus the length of FPZ 
where microcracks are open.  

 
Figure 17: Evolution of crack length and Wfpz using 

DIC and AE. 

The evolution of width of fracture process 
zone Wfpz using AE technique is also shown in 
figure 17. It can be observed that Wfpz is 
maximum at peak load. At this loading step 
Wfpz is estimated to be 120 mm which is ten 
times the maximum aggregate size. After the 
peak load, Wfpz decreases and then remains 
constant after 50% of post-peak load. 

12 CONCLUSIONS 
In this paper an experimental study is 

presented in order to study the fracture growth 
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during three point bending tests in concrete 
beams. Two techniques DIC and AE were 
employed. The conclusions are 

 It is found that DIC and AE can be used 
simultaneously with no experimental 
issues. Real time experimental data can 
be easily collected. 

 DIC is an effective method to measure 
discontinuities such as crack length and 
crack openings. Fracture process zone 
width can be easily monitored with AE 
technique. 

 Crack length measured with DIC is 
more important than that from AE. The 
reason may be that measurement of 
crack length from DIC is based on crack 
openings. It includes the macrocrack 
length but also part of FPZ where 
microcracks are open. 

 It is observed with DIC and AE that 
crack advances more rapidly after the 
peak load. During this early post-peak 
phase, decrease of Wfpz is observed. 
After 50% post-peak loading, Wfpz 
becomes uniform. 

 Wfpz is more important at the beginning 
because the cracking is more distributed 
and therefore the measured Wfpz is 
higher at the peak load. When the 
macrocrack starts to propagate (after 
peak load) AE events are usually 
located in the middle. Thus, the 
measured Wfpz starts to decease. 
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Abstract: This study presents an investigation to evaluate the crack propagation in the cracked 
concrete that is damaged due to alkali-silica reaction (ASR). We obtained the fracture energy and 
tension-softening curves of the ASR damaged concrete. Three-point bending tests for single 
notched concrete beams were carried out to determine the fracture properties. To detect the crack 
propagation behavior, an image analysis by using a digital image correlation method was carried 
out. In this method of image analysis, a region-based matching technique is used to calculate the 
displacement of any portion of the concrete surface. As for the macroscopic damage in the concrete 
the ASR induced cracks that can be observed on the surface of concrete were evaluated and 
classified into their widths, lengths and directions. The experiments show that these ASR-induced 
cracks affect on the crack propagation in the specimen under the bending. 

 

1 INTRODUCTION 
Alkali-silica reaction (ASR) in the concrete 

is a phenomenon that alkali ingredients such as 
reactive silica in the aggregate react with the 
sodium hydroxide in the cement. This reaction 
sometimes results in gel that causes the 
volume expansion of concrete and then the 
crack may occur in the concrete. The ASR-
damaged concrete with cracks has the different 
mechanical properties from the sound concrete. 
The reduction of the elastic modulus of 
concrete is remarkably observed according to 
the expansion due to the ASR. On the other 
hand, the compressive strength of ASR-
damaged concrete slightly decreases even if 
the expansion proceeds. The previous research 
[1] indicates however that the compressive 
strength of ASR-damaged concrete decreases 
to about 60% with the expansion of 5000μ. 
There is room for argument for the influence 
of the ASR induced crack on the mechanical 

properties of the concrete. 
Furthermore, it is a problem when the 

phenomenon of the ASR-damaged concrete is 
evaluated that position and width of the ASR 
induced cracks have an irregularity which 
cannot be observed in the sound concrete. 
Since the ASR induced cracks influence cracks 
to occur under the external loading, the 
fundamental data on the mechanical properties 
of the ASR-damaged concrete are necessary. 

In this study, the tension-softening behavior 
of ASR damaged concrete is experimentally 
evaluated. Three-point bending test for single 
notched concrete beams was carried out to 
determine the fracture properties. These 
fracture properties are determined from the 
propagation of mode I crack in the bending 
test on the concrete beams. This is based on an 
assumption that the microscopic damage in the 
concrete is located in the interface of the 
matrix to both fine and coarse aggregates and 
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uniformly distributed through the beam.  
The previous study presented by the authors 

[2-4] has showed that he strain distribution 
obtained by the image analysis can be 
measured the cracking behavior on the 
concrete surface under the external load. To 
detect these crack propagation behavior, an 
image analysis was carried out during the 
loading test in order to measure the strain 
distribution on the concrete beam. As for the 
macro damage in the concrete the ASR 
induced cracks that can be observed on the 
concrete surface are evaluated and classified 
into their widths, lengths and directions. 

2 EXPERIMENT OUTLINES 

2.1 Specimens 
The concrete specimens is a beam in which 

the section is 100 mm of width, 50 mm of a 
ligament hight and 840 mm of the total length. 
The specimen has a single notch at the 
midspan whose depth is set as 50 mm. Three 
specimens were prepared in this experiment. 
For these specimens, three-point bending test 
was carried out. Each specimen was made by 
the same concrete mix. The situation of ASR 
induced cracks, however, was different 
because of variability of the material and 

exposure condisions as shown in Figure 1. 
The mix proportion of this concrete is showed 
in Table 1. Ordinary portland cement for 
cement and AE water reducing agent for 
admixture were used. The maximum size of 
cause aggregate is 20 mm. Both fine and 
coarse aggregates were mixed where the ratio 
of reactive and nonresponsive aggregates in 
the volume of 1:1. The exposure period of the 
specimen was three years. The upper exposure 
side is “side2” that is shown in Figure 1. In 
this study, the compressive strength measured 
with using cylinder specimens having a 
diameter of 100 mm and a height of 200mm, 
which is same specified concrete mix as beam 
specimens, was 31.6 N/mm2 and the tensile 
strength was 2.90 N/mm2. 

2.2 Three-point bending test 
The loading setup in the experiment is 

Figure 1: Distribution of ASR cracks on the specimens 

top 

side2 

(a) ASR1 (b) ASR2 

bottom 

side1 

Figure 2: Outlines of the loading test 

Table 1: Mix proportion of the concrete 

kg/m3 Gmax 
(mm) 

slump 
(cm) 

W/C 
% 

Air 
% 

s/a 
% W C Sn Sr Gn Gr NaCl AE water  

redu. agent 
20 18 63 5 48 181 287 422 432 466 475 12.4 575 ml 

Sn: no-reactive fine aggregate,  Sr: reactive fine aggregate,  
Gn: no-reactive aggregate,  Gr: reactive aggregate 
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illustrated in Figure 2. During the loading test, 
the load, displacements at both supports and 
midspan, crack opening displacements, and 
digital images for an image analysis were 
measured. For the purpose of the friction 
reduction at each support, a set of Teflon 
sheets lubricated with grease was used. The 
crack opening displacement in the ligament 
was measured using π-shape displacement 
transducers. In order to consider the elastic 
energy released in a bulk part in the specimen 
when the tension-softening curve was 
calcurated, reversed cyclic loading was 
performed. 

2.3 Image analysis 
In this study, to detect these crack 

propagation behaviour, an image analysis by 
using a digital image correlation method [5] 
was carried out during the loading test in order 
to measure the strain distribution on the 
concrete beam. In this method of image 
analysis, region-based matching technique is 
used to calculate the displacement of any 
portion of the concrete surface. The correlated 

region of dozens of pixel (50 to 100 pixels 
were set) in the digital pictures which is 
obtained before/after the deformation under 
loading is search based on the distribution of 
the luminance values. In addition, the accuracy 
of location of the searched region is assumed 
based on the sub-pixel error cancellation [6].  

To take a digital image using a single-lens 
reflex camera, three-dimensional information 
is reflected to a two-dimensional image 
through a camera lens of the camera. In 
addition, a distortion occurs in the digital 
image because of the curvature of the lens. 
Therefore it is necessary to remove a distortion 
due to the lens curvature, and then the camera 
calibration to reduce the lens distortion is 
required in performing the image analysis [4].  

From distance between a coordinate in the 
digital image before the loading and that in an 
arbitrary loading, the displacement of a target 
point is calculated. Using the isoparamtric 
finite element that has nodal points of the 
target point, the strain distribution in the finite 
element is interpolated according to the 
deformation under the loading. In this study, 
maximum principal strain at each load level is 
observed to evaluate crack propagation 
behavior. 

2.4 Determination of the tension-softening 
curve 

In order to determine the tension softening 
curve, the poly-linear approximation method 
proposed by Kitsutaka et al. [7], and the 
extended J-integration method proposed by 
Niwa et al. [8] were used. The extended J-
integral method [8] is one of the way to obtain 
the tension-softening curve of concrete based 
on the energy balance. This method has 
improved problems in the modified J-integral 
method of Uchida et al. [9]. Now following 
two assumptions were pointed out [8] as 
problems of the modified J-integral method. 
(a) All the energy given as an external work is 

cosumed at a fictitious crack department 
(b) Fictitious crack width progresses under the 

loading immediately throughout a ligament 
Regarding to the assumption (a), in the 

modified J-integral method, the energy to be 

Measurement of load-displacement relation (P-δ)
Measurement of load-crack opening 
displacement relation (P-w) 

Formulation of P-δ relation 
Formulation of P-w relation 
Formulation of δ-δp relation 

Evaluation of E(w)-w relation 

Evaluation of w-
dw

dE(w)  relation 

Evaluation of w-
dw
E(w)d

2

2  relation 

Evaluation of liberation 
 of the elastic energy 

Evaluation of crack 
propagation 

Evaluation of σ(w)-w relation 
(Tension-softening curve) 

Figure 3: Flow of the extended J-integration method 
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given as the external work is assumed to 
consume at the fictitious crack. In order to 
evaluate the energy consumed in the fictitious 
crack appropriately, the elastic energy released 
in the bulk part of the beam during unloading 
is considerd. The factual energy consumed at a 
fictitious crack department, E(w) can be 
calcurated as following Equation (1). In this 
formula, the second term explains the release 
of the elastic energy. 
 

 ( )p

σ

0
δδ)P(δ

2
1dδ)P(δE(w) −−= ∫  (1) 

 
where, w: the crack opening displacement 
(mm), E(w): the energy consumed in crack 
opening displacement w (N⋅mm), δ: the 
displacement (mm), P(δ): the load at the 
displacement, δ(N), δp: the plastic 
displacement under complete unloading (mm) 

As for the point (b), when the propagation 
of the fictious crack is considered since the 
fictious crack gradually progresses with an 
increase in the load, the tension-softenning 
stress σ(w) is evaluated in Equation (2). 
 

 
⎭
⎬
⎫

⎩
⎨
⎧

+= 2

2

dw
E(w)dw

dw
dE(w)2

ab
1σ(w)

 
(2) 

 
where, σ(w): the tension-softening stress at a 
crack opening displacement, w (N/mm2), a: the 
fictitious crack length (mm), b: the specimen 
width (mm) 

The culculation flow of the extended J-
integration method [8] is shown in Figure 3. 

3 RESULTS AND DISCUSSION 

3.1 Tension-softening curve 
The tension-softening curves obtained from 
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Figure 7: Difference in the tension-softening curves 
calculated in which different δ－δp relations are used 
for specimen ASR1 
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Figure 6: Tension softening curves calculated by the 
extended J-integration method in which the elastic 
energy absorption is ignored 

Figure 5: Tension softening curves calculated by the 
poly-linear approximation method 

Figure 4: Tension softening curves calculated by the 
extended J-integration method 

refference

Table 2:  δ－δp expression of relations 

case δp 

refference 1.42δmax*(δ/δmax)1.7 
No.1 δmax*(δ/δmax)1.4 
No.2 δmax*(δ/δmax)1.3 
No.3 δmax*(δ/δmax)1.2 

δmax: maximum displacement (mm) 
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the three-point bending tests are summarized 
in this section. Figures 4 and 5 show the 
results using the extended J-integration 
method and the poly-linear approximation 
method that are mentioned above, respectively. 
Figure 4 indicates that the peak tensile stress 
of the all specimens is larger than the initial 
stress that corresponds to the tensile strength. 
On the other hand, for the tension-softening 
curves obtained from the poly-linear approxi-
mation method, the initial stress is of the peak 
and the tension-softening stress decreases as 
the increase in the crack width as shown in 
Figure 5.  

In this study the fracture properties are 
assumed to be determined from the 
propagation of mode I crack in the bending 
test on the notched concrete beams. This is 
based on an assumption that the microscopic 
ASR damage in the concrete is uniformly 
distributed through the beam. Here, for the 
tension-softening curve calculated by the 
extended J-integration method, the elastic 
energy release during unloading is ignored and 
the result is shown in Figure 6. It is observed 
that the tension-softening curves shown in 
Figure 6 are similar to that obtained by the 
poly-linear approximation method as shown in 
Figure 5. This is because that in case of the 
ASR-damaged concrete the elastic energy 
released in a bulk portion except for the 
ligament is apparently overestimated, while 
the energy consumed in the fictitious crack 
may be underestimated. Therefore, it is 
necessary to reconsider the elastic energy 
release of the bulk portion except for the 
ligament.  

Here, to examine the influence of the elastic 
energy release in the bulk on the tension-
softening curves in the case of calculation 
using the extended J-integration method, a 
parametric analysis is performed. As an 
example of the results the tension softening 
curves of specimen ASR1 are shown. Table 2 
is summarized a series of δ-δp expressions that 
we set in this demonstration. The reference is 
the expression to fit approximately with the 
experimental result of load-displacement 
relations while the cases from No. 1 to No. 3 
varies in the plastic displacement, δp under the 

complete unloading. Figure 7 is the results of 
the parametric analysis for the tension-
softening curve calculated by the extended J-
integration method using several δ-δp relations. 
From the comparison of the reference to the 
each case, as δp becomes smaller that is from 
No.1 to No.3, it turns out that the initial tensile 
stress becomes larger. In addition, the tension 
softening curves are approximately similar 
each other when the fictitious crack width is 
larger than around 0.05 mm. Therefore, to 
evaluate the initial tensile stress in the tension-
softening curve and the crack propagation 
behavior just after softening starts, it is 
important to appropriately evaluate the energy 
absorption at the crack propagating through 
the ligament portion. 

3.2 Fracture energy 
The fracture energy GF measured in each 

specimen is summurize in Table 3. Here, the 
GF is determined from Equation (3). 
 
 GF = (W0 + mg ⋅ δmax)/Alig (3) 
 
where, W0: the area under the load-
displacement curve (N⋅mm), mg: the specimen 
weight (N), δmax : the maximum displacement 
(mm), Alig: the cross-sectional area of the 
ligament (mm2) 

It is found from the results of the GF that the 
specimen ASR3 shows largest value of GF in 
all specimens. This is because of that the 
maximum crack width, wcr that was measured 
at the state in which the bending stress 
becomes zero in the loading test was the 
largest as shown in Figures 4 and 6. 

3.3 Influence of the length and area of the 
ASR induced cracks 

As for the macroscopic damage in the 
concrete the ASR-induced cracks that can be 
observed on the surface of concrete are 

Table 3: Fracture energy, GF 

specimen GF (N/mm) 
ASR1 0.168 
ASR2 0.090 
ASR3 0.202 
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evaluated and classified into their widths, 
lengths and directions. Before performing the 
loading test, the crack width observed on the 
whole specimen was measured using a crack 
scale, and classified into the crack width of 
0.05 mm, 0.1 mm, 0.2 mm, 0.3 mm and 0.4 
mm, respectively. Figure 8 shows total length 
and cross sectional area of ASR-induced 
cracks in each specimen. Here, the total cross 
sectional area of the cracks is assumed to be 
the summation of the products of a classified 
crack width and a total crack length within the 
range of the target crack width. Figure 9 
shows the proportion of classified crack width 
to the total in each specimen. The results 
indicate that although the total length of crack 
in the specimen ASR2 is shortest, the total 
cross sectional area of the cracks becomes 
larger in the all specimens. This is because that 
the ratio of cracks having the crack width of 
more than 0.2mm is largest in the specimens 
as shown in Figure 9. In addition, it seems 
reasonable to suppose that for the ASR 
induced crack when the total cross sectional 
area of the cracks is larger, the value of GF 
tends to become smaller. 

3.4 Maximum principal-strain distribution 
Figure 10 shows the distribution of the 

maximum principal strain in the specimen 
ASR1 as a result of the image analysis. The 
result of the image analysis is shown with the 
fictitious crack width, w (mm). The picture of 
the ligament portion in this figure is of that 
before loading and domain as the image 
analysis target (100 mm in width, 50 mm in 

height). In the previous study [3], it has been 
confirmed that the crack to occur under 
external loading propagated along ASR-
induced crack existing around the notch tip in 
the ligament of the notched beam. In addition, 
the ASR-induced crack that has existed 
horizontally at the notch tip opened with the 
increase in the external force. However, in this 
experiment, although the ASR-induced crack 
existed around the notch tip where the crack 
width was around 0.05 mm, the ASR-induced 
crack still closed under the flexural loading. 
From these results, in order to evaluate the 
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influence of the ASR-induced crack on the 
fracture properties of the concrete, an 
evaluation on the state of the ASR-induced 
crack at the ligament portion is needed. 
Moreover, it is necessary to consider the three-
dimensional distribution of the ASR-induced 
cracks inside of the concrete. 

4 CONCLUSIONS 
In this study, the influence of the ASR-

induced cracks on the tension-softening 
behavior of the concrete is experimentally 
evaluated. The three-point bending test for 
single notched concrete beams was carried out 
and the fracture energy and tension-softening 
curves of the ASR damaged concrete were 
obtained. To detect the crack propagation 
behavior, the image analysis by using a digital 
image correlation method was carried out 
during the loading. The conclusions obtained 
in the present study are as follows: 
1) In the determination of the tension-

softening curve calculated by the extended 
J-integration method, it is necessary to 
accurately evaluate the energy consumed 
in the fictitious-crack and the elastic 
energy release of the bulk portion except 
for the ligament.  

2) The crack width observed on the whole 
specimen was measured and classified into 
the several crack widths respectively. It 
seems reasonable to suppose from the 
results of the fracture energy, GF that for 
the ASR induced crack when the total 
cross sectional area of the cracks is larger, 
a value of GF tends to become smaller. 

3) The experiments show that the ASR 
induced cracks visible on the concrete 
surface do not always affect on the crack 
propagation occurred under the external 
loading. From these results, in order to 
evaluate the influence of the ASR-induced 
crack on the fracture properties of the 
concrete, an evaluation on the state of the 
ASR-induced crack at the ligament portion 
is needed. Moreover, it is necessary to 
consider the three-dimensional distribution 
of the ASR-induced cracks inside of the 
concrete. 
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Abstract: This study proposes a method of estimating the distributions of voids and strength within concrete by 
contrast X-ray [1-3] using cores 100 mm in diameter drilled from actual concrete structures. Contrast X-ray is 
characterized by its capability to detect cracks and voids within concrete by radiographic imaging after impregnating 
specimens with a contrast medium. The detected values were then quantified and related to the strength. This technique 
was also applied to small diameter cores to examine if similar measurement is possible by slight destruction. Also, cores 
were drilled from concrete structures damaged by alkali-silica reaction (ASR). These were subjected to contrast X-rays 
to investigate the image characteristics of cracking, with which the feasibility of this method for judging ASR was 
confirmed. The test results demonstrated that the strength of concrete can be accurately estimated from specimens 10 
mm in thickness. This method also enables to determine the strength distribution in drilled cores from the surface 
inward. In regard to tests on cores of different sizes, smaller cores led to greater scatters of void and strength 
distributions, but these scatters were found to be attributed to scatters of concrete as such. Measurement of void 
distribution in ASR-affected concrete revealed great changes in void properties when compared with sound concrete. 
Early ASR may therefore be evaluated by monitoring these void characteristics. 
 
 

1 INTRODUCTION 
In deterioration diagnosis for a concrete 

structure, it is important to know the void 
distribution and strength profile from the 
surface inward, as well as the depth of 
deterioration, for maintenance purposes. The 
information of the void distribution and 
strength profile of a newly built structure 
enable the assessment of its construction and 
curing conditions. The data of deterioration 
depth provide information for deciding the 
depth of chipping for repair and retrofitting. 
This study is intended to estimate the strength 
of concrete and investigate its deterioration 
depth by drilling cores 100 mm in diameter 
from concrete structures and examining the 
state of voids by contrast X-ray imaging. The 

effect of core diameters (70 mm and 40 mm) 
on the measurement results is also examined. 
Contrast X-ray was also applied to cores taken 
from structures deteriorated by alkali-silica 
reaction (ASR) to investigate the possibility of 
detecting ASR from the state of cracking and 
void distribution. 

 

2 CONTRAST X-RAY IMAGING  
Contrast X-ray imaging is a method 

whereby voids in concrete, such as 
microcracks and early defects, can be detected 
by impregnating sliced concrete with a 
contrast medium for concrete originally 
developed by the authors’ laboratory. 
Specifically, 10 mm slices of cores are placed 
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in a container filled with the contrast medium 
to impregnate the slices as shown in Fig. 1. 
These are removed from the container 60 min 
later, wiped with a rubber wiper to remove the 
extra medium on the surfaces, and subjected to 
radiography (see Fig. 2). Each slice is placed 
on an image intensifier and exposed to X-ray 
radiation from above to retrieve the image. An 
image to an inner diameter of 80 mm is 
retrieved from a 100 mm diameter slice in 
consideration of the effects of the core drill bit 
and infiltration of the contrast medium from 
the peripheral surface. Note that an X-ray 
image is also taken under the same conditions 
before impregnation with the contrast medium. 

X-ray images retrieved by the image 
intensifier before and after impregnation with 
the contrast medium are used for determining 
the image density by image analysis / 
measurement software. The density of an X-
ray transfer image is determined by the X-ray 
transmission dose that reaches the detecting 
medium through the specimen. In other words, 
the transmission dose is high through voids, 
such as air bubbles and cracks, and substances 
having a low absorption coefficient. A high 
transmission dose is represented by white 
when an image intensifier is used as the 
detection medium. On the contrary, the X-ray 
transmission dose is low through substances 
having a high absorption coefficient, such as a 
contrast medium, and tends to be represented 
by black. The difference between the densities 

of X-ray images of concrete taken before and 
after impregnation with a contrast medium 
results from the infiltration of the contrast 
medium into such voids as cracks and early 
defects of concrete. Therefore, the authors 
defined this difference as a “transmission dose 
difference (TDD)” and used this for 
quantifying such voids to determine its 
relationship with concrete strength. In this 
paper, the amount of voids is thus defined as 
being equal to the TDD. 

3 RELATIONSHIP BETWEEN 
CONCRETE STRENGTH AND 
TRANSMISSION DOSE DIFFERENCE  

The materials for concrete included the 
following: The cements were normal portland 
cement, high-early-strength portland cement, 
and Type-B blast-furnace slag cement. The 
coarse aggregate was crushed stone with a 
maximum size of 20 mm, saturated surface-
dry (SSD) density of 2.66 g/cm3, and water 
absorption of 2.12%. The fine aggregates were 
land sand A with a SSD density of 2.62 g/cm3 
and water absorption of 1.89% and land sand 
B with a SSD density of 2.36 g/cm3 and water 
absorption of 5.10%. A Type I air-entraining 
admixture (an alkyl ether-type anionic 
surfactant) was used as a chemical admixture. 
To simulate deteriorated conditions, the target 
water-cement ratio (W/C) and air content 
ranged between 40-90% and 2-7%, 
respectively. Concrete specimens 100 mm in 
diameter and 200 mm in height were 

 

 
 

Figure 2: Cutting and impregnate metho2d 

 

 
 

Figure 1: Cutting and impregnate method 
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fabricated by combing these materials and 
cured either in water or in air. For water curing, 
specimens were demolded on the day 
following the placing day and immersed in a 
curing tank at 20°C for 28 days. For air curing, 
specimens were demolded on the day 
following the placing day and left to stand in 
air in a thermo-hygrostatic room at 20°C and 
60% R.H. for 28 days. Three specimens for 
compressive strength and three for contrast X-
ray were fabricated for each of 39 types with 
strengths eventually ranging from 9.3 to 54.9 
N/mm2. The number of specimens totaled 234. 
For contrast X-ray imaging, three specimens 
were cut to discs 10 mm in thickness using a 
wet diamond cutter and kept in a thermo-
hygrostatic room at 20°C and 60% R.H. for 24 
h before testing. Only three mid-height discs 
were used to minimize the effect of bleeding 
after placing, and the averages of the 
measurement results of 9 discs were used for 
analysis. 

Figure 3 shows the strength–TDD 
relationship obtained using 39 types of 
concrete specimens. This figure reveals that 
the compressive strength tends to decrease as 
the TDD increases. Though the results of air-
cured specimens tend to be plotted above the 
regression curve, no appreciable differences 

are observed among the cement types, water 
absorptions of fine aggregate, and air contents. 
The fact that the correlation coefficient was 
0.954 suggests that the materials, mixture 
proportions, and curing conditions have no 
appreciable effect on this relationship. Note 
that the amount of voids is defined as being 
equal to the TDD in this paper. A strong 
correlation is known to exist between the void 
amount and strength as expressed by A. N. 
Talbot in his theory of cement-void ratio. The 
relationship between the strength and the TDD 
determined in the present study also showed a 
strong correlation. The idea that the TDD 
determined by contrast X-ray imaging is equal 
to the amount of voids in concrete is therefore 
considered to be validated 
  

4 EFFECT OF CORE SIZE ON THE 
STRENGTH ESTIMATION  

It is necessary to consider the issue of core 
size when drilling concrete cores at the jobsite 
to estimate the strength. While 100 mm cores 
are generally used for compression tests and 
carbonation tests in consideration of the scatter 
of test values, the core size may have to be 
reduced due to reinforcement intervals. Since 
the present test intends to estimate the void 
distribution and strength of concrete in situ, 
wall-shaped specimens were fabricated, and 
cores of different sizes (100, 70, and 40 mm) 
were drilled from the same levels and 
subjected to contrast X-ray imaging to 
examine the distribution of voids (= TDD) 
from the surface inward. The effect of core 
size on the strength estimation was also 
examined. As to 40 mm cores, two each were 
drilled from the same level and their average 
was taken to minimize the scatter. 

Table 1 gives the mixture proportions of 
concrete used for the tests. Concrete was 
placed in wall-shaped wooden forms 
measuring 600 by 300 by 1,400 mm and cured 
by retaining the forms for 1 week, with water 
ponding on the top surface. After form 
removal, the specimens were exposed to 
outdoor air. The 28-day strength of these 
cylinders under similar conditions was 28 
N/mm2. 
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Table 1: Composition of the concrete 

Gmax 
(mm) 

Slump 
(cm) 

W/C 
(％) 

Air 
(％) 

s/a 
(％) 

Concrete composition 
(Kg/m3) 

W C S G Ad. 
20 15 60 5.5 44 180 300 725 975 0.17 

 

Figure 4 shows the distribution of void 
amount (= TDD) by contrast X-ray imaging 
from the surface inward in 100 mm cores 
drilled from the placement depths of 150 mm, 
715 mm, and 1,280 mm from the bottom. This 
figure reveals that the TDD is large to cause 
low strength only in the surface area (from the 
surface to around 10 mm), whereas the TDD is 
nearly constant at 20 mm or deeper. The large 
TDD near the surface can be attributed to the 
effect of bleeding along the formwork, which 
increases the W/C, as the TDD is larger at a 
higher placement level. It is therefore found 
that the strength at 20 mm from the surface or 
deeper inward is constant with little scatter at 
all levels. Also, the concrete strength estimated 
from the average TDD was 28.5 Nmm2, 
excluding the surficial data at a depth of 10 
mm. 

Figures 5 and 6 show the distribution of 
TDD by contrast X-ray imaging from the 

surface inward in 70 and 40 mm cores drilled 
from the placement depths of 150 mm, 715 
mm, and 1,280 mm from the bottom. In 70 
mm cores, the scatter of TDD of the surface 
layer is greater than that of 100 mm cores, but 
the tendencies deeper inward are the same as 
those of 100 mm cores. In 40 mm cores, 
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Figure 5: Relationship between TDD and  
                Measurment depth (70 mm core) 
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Figure 4: Relationship between TDD and  
                Measurment depth (100 mm core) 
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Figure 6: Relationship between TDD and  
                Measurment depth (40 mm core) 
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however, the TDD deep within concrete 
tended to be 1.22 times greater than that of 100 
and 70 mm cores. While the averages of two 
cores were taken to represent the results of 40 
mm cores, the results of individual cores 
tended to show greater scatter. This may be 
because small diameter cores are more 
sensitive to voids and early defects present or 
absent in each core, resulting in greater 
differences from one core to another. 

It is known that concrete at a deeper level 
tends to become denser due to segregation 
after placing. Such tendencies are clearly 
observed in the surface layers of concretes 
shown in Figs. 4, 5, and 6. 

Accordingly, when determining the void 
distribution by contrast X-ray imaging using 
40 mm cores, the void amounts tend to be 
evaluated as being greater than the case of 
using 70 and 100 mm cores. However, all 
three sizes of cores accurately represent the 
state of void distribution within each core. As 
to strength estimation, the strength of concrete 
can be determined from the TDD-strength 
relationship when using 70 and 100 mm cores. 
When cores 40 mm in diameter are used, the 
strength can be accurately estimated by 
multiplying the results by 1.22. 

5 VOID PROPERTIES OF ASR-
DETERIORATED CONCRETE  

Numerous concrete structures are damaged 
by alkali-silica reaction (ASR) in Japan as well. 
In most cases, ASR is suspected after map 
cracks or cracks along the reinforcement 
become visible on the surfaces of actual 
structures. It is generally after detailed 
investigation into such structures and 
judgment of ASR that countermeasures are 
finally taken. If cracking characteristic of ASR 
is recognized at an early stage, then measures 
to suppress the crack propagation can be 
initiated before cracking becomes detrimental. 
In this context, cores were taken from actual 
ASR-deteriorated concrete structures and 
subjected to contrast X-ray imaging to 
examine the TDD within concrete. Cores were 
drilled from three different piers of a bridge 
that had been judged as being ASR-
deteriorated through detailed investigation. 

Photo 1 shows transfer images (X-ray 
films) of ASR-deteriorated concrete before 
and after impregnation with a contrast medium. 
Numerous fine cracks are found to occur near 
aggregate particles on the image after 
impregnation, whereas they are not recognized 
on the image before impregnation. 

  

           
(a) Before impregnation                                         (b) After impregnation 

 
Photo 1: Cracks in ASR-deteriorated concrete 
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Figure 7 shows the relationship between the 
TDD and the depth from the surface of cores 
drilled from three bridge piers determined by 
contrast X-ray imaging. This graph also 
includes a data example of a structure 
unaffected by ASR for comparison. This 
figure reveals that the TDD of ASR-
deteriorated concrete tends to be extremely 
large and changeable when compared with 
concrete with no ASR. The TDD profiles 
include two patterns: one in which the TDD at 
larger depths is much greater than in the 
surface layer and the other in which the TDD 
in the surface layer is much greater than at 
larger depths. The latter pattern was observed 
in a pier that is exposed to rainwater, where 
water supply from the surface layers may have 
caused expansion particularly from the 
surfaces. The TDD profiles of concrete in 
which ASR is beginning to occur thus tend to 
be significantly changeable in a zigzag manner. 
This characteristic may allow early detection 
of ASR. Note that strength estimation of ASR-
deteriorated concrete by contrast X-ray was 
impossible due to the extremely large 
differences. This is presumably because 
expansive cracks caused by ASR widely differ 
from those that can be determined by the 

theory of the cement void ratio. This issue 
requires further investigation. 

6 CONCLUSIONS  
Within the range of the present tests, the 

following were found: 
(1) The void distribution and strength of 
concrete can be estimated by contrast X-ray 
imaging using 10 mm slices of drilled cores. 
(2)  For strength estimation by contrast X-ray 
imaging, the strength can be estimated based 
on the relationship between the strength and 
the determined TDD when using 70 mm or 
100 mm cores. When the core size is 40 mm, 
the strength can be estimated by correcting the 
test values, as 40 mm cores tend to lead to 
lower strength values. 
(3) Investigation into ASR-deteriorated 
concrete by contrast X-ray revealed that the 
void properties are widely changeable along 
the depth from the surface when compared 
with sound concrete. This characteristic 
suggests the possibility of detecting ASR at an 
early stage by contrast X-ray imaging. 
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Abstract. A new experimental setup for concrete mixed-mode crack propagation is presented. The
specimen and loading correspond to a Nooru-mohamed test, i.e. a square double-notched specimen
submitted to in-plane tension and shear. Innovation comes from the loading setup: a hexapod ma-
chine whose 3D motions are controlled by a Digital Images Correlation algorithms using several
cameras “live” recordings. The interest of this setup is that the 3D (in-plane and out-of-plane) bound-
ary conditions will be controlled contrary to the original Nooru-Mohamed setup, which conditions
have a tremendous influence on the crack propagation, and thus further confrontations to numerical
simulations.

1 INTRODUCTION

The Nooru-Mohamed (NM) tests, schemati-
cally shown on figure 1, consist in submitting a
double notched concrete specimen to a combi-
nation of shear and tension loading. They are
characterized by complex mixed-mode crack
propagation, and are therefore interesting for
model validations, and extensively used for this
purpose. Unfortunately, according to Nooru-
Mohamed himself [1] , boundary conditions of
the tests were not well known. Moreover, at the
time of these experiments, full-field measure-
ments were only burgeoning and were not used
by Nooru-Mohamed, even though NM tests are
intrinsically heterogeneous. The aim of this
work is thus to both reproduce NM results and

improve NM tests with today rich, trustworthy
and versatile experimental techniques to help
model validation.

50 mm 200 mm

200 m
m

Figure 1: Principle of Nooru-Mohamed test.

1
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Performing a NM test is an experimental
challenge for several reasons. First, the speci-
men is very stiff, quasi-fragile with a low elas-
tic limit. Second, the applied load is multiax-
ial (tension and shear) and not aligned (shear).
Last, theoretical loading is in-plane, and small
out-of-plane loading may tremendously change
the crack behaviour. Consequently one has to
accurately measure and control very small dis-
placements (around 10 to 20 µm at the onset of
failure) and strains whereas the applied load is
high (around 10 to 20 kN at the onset of failure),
inducing deformation of the loading system and
potential spurious effects, such as out-of-plane
loading.

This proceeding presents a new experimental
setup, based on a highly multiaxial testing ma-
chine (an hexapod) controlled with a dedicated
Integrated Digital Image Correlation (IDIC) al-
gorithm. The main interest of the proposed
technique is its low measurement uncertainty
in comparison with more standard techniques
of vision-based machine control. Last one are
generally using marker tracking which is very
fast, but less accurate. First, we will briefly
explain the principle of the setup. Second, we
will focus on the IDIC algorithm with its math-
ematical formulation and numerical implemen-
tation. Last, a presentation of the first results of
measurement will be shown. We will conclude
on the expected control performance and future
NM test possibilities.

2 PRINCIPLE OF THE SETUP
2.1 Loading machine

The first key point of this modern version
of NM experiments is to perform tests using a
Stewart platform (a.k.a. hexapod). Very few
tests have already been performed with such
type of machine. To the authors knowledge,
the only examples are a biomechanical test of
a spine joint [3] and a series of test concern-
ing composite material [4] . The specimen is
glued to the two ends of the machine; namely a
still lower platform and the moving upper one
(figure 2). Feasibility of such an experiment
has already been proved by the authors [2] in

the case of a simple displacement law (two in-
plane loadings: tension and shear). This type
of machine offers 6 degrees of freedom (DOF)
(3 translations + 3 rotations) whereas during
a standard NM test, only two in-plane load-
ings are used (tension and shear). The extra
DOF will enable to control as much as possible
boundary conditions, i.e. correct potential un-
wanted motions (in-plane rotation, out-of-plane
bending and translation).

Because such machine is rather flexible, the
use of the joints measurements, in this case the
actuator lengths, doesn’t enable a reliable dis-
placement control.

Figure 2: Scheme of the hexapod in a Nooru-mohamed
test configuration.

2.2 Measurement and control setup
Consequently, the second key point is to per-

form the control by directly measuring the rela-
tive displacement of the two ends of the testing
machine. To this aim, several cameras will be
fastened to the lower end of the machine, each
aiming at a “target” fastened to the upper end
of the machine. The measurement, achieved
through an Integrated Digital Image Correla-
tion (IDIC) technique, will be incorporated in
the feedback control loop. Technically speak-
ing, one will not measure the complete 3D rigid
body motion and then relate it to the 6 DOF of
the hexapod, but directly measure the “equiva-
lent” actuator lengths, i.e. taking into account
the stiffness of the entire machine. To this aim
a calibration matrix Ci relating 3D Rigid Body

2
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Motion to actuators displacement has to be de-
termined before measurement.

The Figure 3 shows the principle of the
whole setup with the different units :

• The control unit, where hexapod position
command is generated, converted into ac-
tuator length by the kinematic model,
compared to the measure and introduced
in the PID corrector. These calculations
are very simple and don’t limit the fre-
quency of the overall control loop.

• The hexapod, driven by the actuator
lengths calculated by the PID. The hexa-
pod has its own inner control loop embed-
ded in the drive controllers. A new com-
mand can be received every 4 ms. Previ-
ous command is maintained until a new
one is received.

• The cameras, with their own acquisition
frequency. The frequency has to be cho-
sen depending on the velocity of the com-
mand. They are automatically started so
that the delay between the images of each
camera is negligible in comparison to the
period of acquisition.

• The IDIC unit, where the measure is ob-
tained by an iterative solving of the global
problem including the latest image of all
the used cameras at each inner iteration.
To have a very low computation time of
the each inner iteration, GPU implemen-
tation is used. This way, convergence is
reached and the measure is sent to the
control unit before a new set of images
is received. A more detailed explanation
of the IDIC algorithm is given in the next
section.

Hexapod position
command

actuator
lengths

motors
Machine

architecture

Actuator
lengths

Hexapod position

kinematic
model

PID drive
controlers

Tension

angular encoder

screw

Angle

Hexapod

Cam 1

Cam n

C1

Cn

DIC
matrix & vector

calculation C1-1

solverconverged 

DIC
matrix & vector

calculation

Cam iCi
DIC

matrix & vector
calculation

+
-

+
++

Ci-1

Cn-1

yes

no

IDIC

Image

Control

Camera

Figure 3: Principle of the control setup.

3 IDIC ALGORITHM
3.1 Integrated Digital Image Correlation

principle
In a DIC algorithm, an initial image f is re-

lated to a deformed image g, the displacement
field u, and the camera noise n by Eq. 1.

g(x+ u) = f(x) + n(x) . (1)

Solving the problem, i.e. measuring u, con-
sists in minimizing a functional Φ over a set of
possible displacements v

Φ(v) =

∫∫
(g(x+ v)− f(x))2 dx . (2)

The set of displacements v is chosen in a
space of 6 shape functions that corresponds to
rigid body motions, denoted by ϕi(x)

v(x) =
6∑

i=1

vi.ϕi(x) . (3)

Shape functions are used to prescribe the dis-
placements of the nodes of a mesh. In our case,
the mesh only contains one element that covers

3
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the whole image (integrated DIC), to enhance
computation time without missing one of the
sought displacements.

Under the small perturbation assumption and
by minimizing the functional over the vi, we ob-
tain a set of 6 equations

∀j ∈ [[1, 6]],
7∑

i=1

∫∫ (
ϕi(x).∇g(x)

)
.
(
ϕj(x).∇g(x)

)
dx.vi

=

∫∫ (
f(x)− g(x)

)
ϕj.∇g(x)dx (4)

which could be written using a matrix [M ] and
a vector F in the following way

[M ].v = F . (5)

Usually, the quantity of interest is v, the mea-
sured displacement over the basis of shape func-
tions. This system is usually solved iteratively.
In this case, another approach has been used to
suppress the use of the kinematic model during
measurement and avoid using the exact position
of the cameras.

A strong hypothesis has been made: we as-
sume a linear relation between the displacement
measured by a camera over the set of shape
functions (u) and the 6 actuator lengths (La).
This linear relation is determined by a calibra-
tion step : each actuator is moved independently
and the displacement measured by each camera
is saved in a “calibration matrix” [C]. We then
get the relation u = [C].La, that we use in Eq.
5 in order to measure the actuator lengths. This
calibration step is made before a test, while the
machine is ready for a test, but without a speci-
men and unloaded.

Theoretically, this measurement of La could
be made using only one camera. However the
uncertainty over the out-of-plane motions ob-
tained using the algorithm is then too high to
control the hexapod in the case of “sensitive”
tests such as NM one. Indeed, the uncertainty
of rotation Rx or Ry corresponds to a lateral dis-
placement of the sample of about 250µm, i.e.
far more than the displacement at failure. Con-
sidering the geometry of the machine, it is wise

to use at least two, or even better, three cameras.
We then denote the number of cameras by k.

There is one linear system by camera, as
written in Eq. 6.

∀i ∈ [[1, k]], [Mi].[Ci].La = Fi . (6)

To make the solving of such systems possi-
ble, we multiply it by [Ci]

−1 (Eq. 7).

∀i ∈ [[1, k]], [Ci]
−1.[Mi].[Ci].La = [Ci]

−1.Fi .
(7)

We then add the systems together (Eq. 8) to
obtain an unique system which solution is the
actuators length. It produces a natural weight-
ing in between the components of the different
[Mi] and Fi(

k∑
i=1

[Ci]
−1.[Mi].[Ci]

)
.La =

k∑
i=1

[Ci]
−1.Fi .

(8)
One can denote that this development could

be adapted to another type of testing machine,
and is not dependent of the number of cameras.

3.2 Numerical implementation
A specific program is in charge of start-

ing camera’s acquisition, performing DIC com-
putations, controling the hexapod, displaying
user interface. For the sake of responsiveness,
stability and permanence, it has been devel-
oped in C++. The UI is a webpage that could
be displayed remotely. Using object oriented
programming, the integration of such different
tasks has been possible.

The challenge of the software implementa-
tion is the computation loop that needs to be
quick, below 50 ms. The use of Graphical Pro-
cessing Units (GPUs) to perform quick DIC
computation has already been demonstrated by
the authors [5] and has been integrated in this
software.

The DIC computation are realized on differ-
ent GPUs using separate threads. Each iteration
gives [M ] and F for each camera. After each it-
eration, the threads are synchronized and hold,
so that we can introduce the actuators length
(La) and calibration matrices ([Ci]) as described
by Eqs. 6 and 7. The systems are added (Eq. 8),

4
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and the actuator length is determined by solving
the global system (Eq. 9).

La =

(
k∑

i=1

[Ci]
−1.[Mi].[Ci]

)−1

.
k∑

i=1

[Ci]
−1.Fi

(9)

To deform pictures and to compute the next
iteration, we need to use the actuator length
measured to obtain the displacement seen by
each camera over the shape function’s space
(ui). This is done by using the “calibration re-
lation” ui = [Ci].La. Then, the different DIC
threads can continue separately from these new
results.

4 FIRST APPLICATION AND RESULTS

4.1 Experimental setup

The loading machine is a Bosch-Rexroth
hexapod (Figure 4) previously used for truck
driving simulation. Each actuator has a theoret-
ical resolution of displacement of 0,15 µm and
a load capacity of 25 kN. The present hexapod
architecture allows for a workspace about 5003

mm3, with very interesting mechanical features
summarized in Table 1. x and y stand for hor-
izontal axes (x is perpendicular to one side of
the base triangle), z is the vertical axis. (x,y,z)
a right-hand orientation. For further details and
application to a NM test, see [2].

Table 1: Mechanical features of the hexapod, given for
actuators at mid-length.

x y z

Force capacity (kN) 57 54 125
Torque capacity (kN.m) 46 41 71

Translation resolution (µm) 3,95 0,54 0,19

xy
z

a

b

c

d

e

Figure 4: Hexapod: (a) base, (b) actuator, (c) moving up-
per end, (d) shaft of the upper end, (e) still lower end with
optical setup.

a

b
c

c
c

d

dd e
e

Figure 5: Optical setup: (a) shaft of the upper end, (b)
lower end with optical rails , (c) cameras, (d) “targets”,
(e) lights. Optical axes are marked with red lines.

For this first test, 3 cameras are clamped to
the lower part of the machine, aiming at 3 tar-
gets fixed to the moving top part (Figure 5). It is
a “sensible” arrangement: camera axes are hor-
izontal, while their angular distribution roughly
balanced around the shaft of the hexapod (about

5
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120 o between each). Approximate pixel size
with the used optical setup is 14 µm.

Machine command and DIC measurement
are performed with a dedicated PC equipped
with 2 GTX590 graphic boards. 900 × 900 pix-
els ZOI are used. The number of iterations is
limited to 5 to keep computation time below the
period between two successive images (50 ms
since cameras have a 20 Hz frame rate).

4.2 Automated calibration step
First, a calibration step is performed, with

an actuator length of calibration set to 150 µm.
The figure 6 shows the measured 3D displace-
ments by each of the camera during this cali-
bration step. For the sake of clarity, only Tx,
which is a “sensitive” shape function, and Rx,
which is a “low sensitive” shape function, are
presented. The sequence of displacement of
each actuator one after the other is clearly visi-
ble. A simplistic but quick way to check if the
camera arrangement is sensible (though not yet
optimized) is to verify that each actuator dis-
placement can be distinguished from the others.
This is clearly shown by figure 6. Of course, the
determining factor is eventually that the matrix∑

i C
−1
i MiCi in Eq. 8 has a low condition num-

ber.
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Figure 6: Two of the 3D displacements measured by each
of the camera during the calibration step.

4.3 Measurement results
Once the calibration step is performed, a se-

ries of simple tests is performed. It does not
yet include closed-loop control, only open-loop,

with DIC setup used as an auxiliary measure-
ment.

The standard deviations of the measured
lengths have been calculated with a 200-point
sample (i.e. a 10 s measurement) acquired with
the machine switched on and with a constant
command. The standard deviation is around 0.8
µm for 4 out of the 6 actuators. Actuator 5 value
is about 0.4 µm and actuator 3 value about 1.3
µm. Small vibrations of the actuators in them-
selves, due to the high power command, may
influence this results. Moreover, low frequency
components, a priori not due to the numerical
algorithm but to the machine or the surround-
ing, are clearly visible during a 10 s period,
especially on actuator 3. It explains its higher
standard deviation.

A test of cyclic displacement along the y di-
rection of the hexapod has then been performed
without load, so that 3D displacements follow
command signal with a minimum error. The set
magnitude is such that actuator maximum posi-
tive length is around the calibration length (150
µm). Figure 7 shows that the length of actuator
1 is measured during the whole motion with a
difference between measurement and command
signal below 10 µm. Figure 8 shows this dif-
ference versus the command signal. One sees
an hysteresis loop with strong discontinuities
(around 15 µm) at each change of command di-
rection, due to the clearances in the joints of the
machine. The slight slope (about 2 %) may be
due to hypothesis of linear relationship (i.e. use
of calibration matrices) whereas the real geom-
etry induces non-linear laws. One notices that
the difference is not higher in the negative range
([−150 0] µm), though the calibration was lim-
ited to the positive range ([0 + 150] µm).

6
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Figure 7: Comparison of measured length of actuator 1
and its command during a cyclic displacement.
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Figure 8: Difference between measure and command as a
function of command. Hysteresis loop due to clearances
is noticeable.

5 CONCLUSIONS
An innovative measurement technique has

been developed to perform modern Nooru-
Mohamed tests. First tests are very convincing
even though the setup is not optimized. It has
now to be thoroughly tested and integrated in
the control loop of the testing machine.

The principle is to use Integrated Digital Im-
age Correlation that directly measure the actua-
tors lengths from the images of “targets” fixed
to the moving end of the machine. To do so,
the matrices and second members built to solve
the DIC equation with 3D Rigid Body Motion
shape functions are combined to the linear rela-
tion in between 3D RBM and actuators lengths,
determined by a calibration step. The mini-
mization is directly performed in terms of ac-
tuators lengths with redundant camera data in a

single iterative process, avoiding the measure-
ment of 3D RBM for each camera.

The proposed method is very versatile in the
sense that it may be used with any kinematic
architecture and number of cameras. In the
present case, a parallel architecture (hexapod) is
used, with three cameras to reach the desired ac-
curacy. The only limitation is the non-linearity
of the kinematic. With the required small dis-
placement range (around 100 µm) in compar-
ison with the size of the used hexapod (actua-
tor length of about 1.5 m), non-linearity is not a
problem for Nooru-Mohamed tests.

6 ACKNOWLEDGEMENTS
The authors want to thank Stéphane Roux for
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Abstract: Steel corrosion and the associated cracking of the concrete cover can significantly reduce 
the service life of reinforced concrete (RC) structures. In most studies on corrosion-induced 
cracking, the distribution of rust was assumed to be uniform around the steel bar. However, under 
practical situations, steel reinforcement corrosion should start at the position nearest to the exposed 
surface and gradually spreads to other parts along its circumference. As a result, the chloride attack-
penetration and the build-up of rust around the bar are far from being uniform. The present work 
will focus on non-uniform corrosion due to chloride penetration. The time-varying corrosion 
penetration around the rebar is first obtained by solving the diffusion equation numerically by 
Matlab. In the calculation, corrosion is assumed to initiate at a point when a specified chloride 
threshold value is reached at that position. The effects of cover thickness and corrosion rate on the 
non-uniformity of corrosion penetration are studied. 

To analyze crack propagation in the concrete cover due to rust expansion, the numerically 
formed shapes of rust and corroded steel configuration at different corrosion levels are employed in 
the finite element analysis. Discrete crack model is adopted to simulate the crack propagation in 
concrete. The surface crack width evolution with increasing corrosion level is examined for both 
non-uniform and uniform corrosion cases with different cover thicknesses (c/d=1 and c/d=2). It has 
been found that: 1) Cover cracking is more severe for non-uniform corrosion than uniform 
corrosion under similar percentage of steel loss. As a result, it is important to consider non-uniform 
corrosion in the analysis. 2) For larger cover thickness, the initiation of surface cracking is delayed, 
but its width becomes larger for the same amount of steel loss after surface cracking. This finding 
suggests that repair work should be performed immediately if corrosion-induced surface cracks are 
found in locations with large cover.  
 
 
1 INTRODUCTION 

Steel corrosion is the main culprit impairing 
the durability and safety of reinforced concrete 
structure. When corrosion-inducing chemicals 
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(such as chlorides) reach a threshold 
concentration on the steel surface, 
reinforcement corrosion starts to occur. Since 
rust has a higher volume than steel, the 
concrete cover will be subjected to internal 
pressure. With continued corrosion leading to 
increasing pressure, the cover will crack, 
making it easier for aggressive chemicals to 
penetrate. The corrosion process will then be 
accelerated.  From the structural point of view, 
corrosion can lead to debonding between the 
rebar and cover, and even significant loss of 
steel area which affects the safety of 
reinforced concrete structures. Due to its great 
harmfulness to durability of RC structures, 
steel corrosion and the associated cracking 
process have been studied by many 
investigators [1-19]. The analytical and 
numerical models to predict corrosion 
induced-cracking [2-3, 6-9, 11-15] usually 
assumed uniform corrosion around the rebar. 
In experimental studies [1, 11-12], corrosion 
was accelerated by applying current or adding 
chloride into the mix, so that the distribution 
of rust around the steel was also uniform. The 
obtained results are difficult to be extended to 
real situations, where steel corrosion occurs 
earlier at locations closer to the exposed 
surface(s) of structure, leading to non-uniform 
rust distribution. Several researchers have 
performed experiments to study non-uniform 
rusting around the steel, when chlorides are 
penetrating from one side of the specimen. 
Yuan and Ji [16] observed the non-uniform 
corrosion distribution by SEM and EPM 
analysis, and fit the distribution curve with an 
elliptic expression. Zhao et al. [19] proposed a 
Gaussian function to describe the rust 
distribution obtained from backscattered 
electron imaging and image analysis. A few 
researchers [8, 17, 18] have conducted 
numerical studies on the effect of non-uniform 
corrosion on cover cracking. The general 
finding is that non-uniform corrosion can 
result in more severe cover cracking than 
uniform corrosion for a similar degree of 
rusting.  

Former studies on cover cracking under 
non-uniform corrosion have made various 
assumptions on the distribution of rust or 

pressure around the reinforcement. The 
assumed distributions are not related to the 
chemical concentration which induces the 
corrosion process. To address such a 
limitation, a coupled diffusion-mechanical 
analysis is performed in the present work for 
chloride-induced steel corrosion. The chloride 
concentration around the steel reinforcement is 
derived by solving the diffusion equation. 
Assuming a constant corrosion rate after 
initiation, the rust distribution can be deduced. 
Finite element models are then set up to study 
the evolution of crack width and crack patterns 
at different corrosion levels. Cracking 
development under uniform corrosion is also 
studied and compared to the results under non-
uniform corrosion.  

2 DIFFUSION PROCESS AND NON-
UNIFORM CORROSION 
DISTRIBUTION 

In the analysis, chloride diffusion is 
assumed to take place in a reinforced concrete 
beam with its top surface exposed to constant 
chloride concentration. Corrosion starts to 
occur at a particular location when the chloride 
concentration reaches a critical value. By 
solving the diffusion equation in Matlab, the 
corrosion initiation time at different locations 
around the rebar is first calculated. Under the 
assumption that (i) corrosion progresses along 
the radial direction of the rebar, and (ii) the 
corrosion rate is constant, the loss of steel at 
any position and time can be obtained.  

The non-uniformity of corrosion around the 
steel is also affected by cover thickness and 
corrosion rate, through their effects on the 
corrosion initiation time and material loss at 
different locations. In the following, these 
effects are investigated with the following 
parameters. Surface chloride concentration C0 
is taken to be 8kg/m3, critical chloride 
concentration Ccrit is 0.71kg/m3 and the 
chloride diffusivity is 50mm2/year. The 
diameter of steel is 20mm. For different cover 
thicknesses (c=20mm, 40mm, 60mm and 
80mm) and corrosion rates (10µm/year, 
20µm/year, 30µm/year and 50µm/year), the 
distribution of corrosion depth (i.e., reduction 
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in steel radius due to corrosion) is calculated 
over the upper half of the steel.  The relation 
between corrosion depth and location (in angle 
θ, measured from the vertical axis) around the 
rebar is plotted in Figure 1 and 2 to illustrate 
the effect of cover and corrosion rate 
respectively. 

For the results in Figure 1, the corrosion 
rate is fixed at 20µm/year. At different cover 
thicknesses, the corrosion initiation time will 
be different. Therefore, instead of comparing 
the corrosion depth distribution at a given 
time, we consider the situation when corrosion 
has reached a certain extent at the outermost 
points along the horizontal diameter (θ=+/-
90o). Specifically, Figure 1(a) shows the 
corrosion depth distribution when corrosion 
initiates at the outermost points and Figure 
1(b) shows the situation when the depth is 
16µm.  In both cases, the corrosion depth is 
found to be largest at the top of the steel bar, 
which is as expected. Interestingly, the 
corrosion depth is more non-uniform with an 
increasing concrete cover.  

Figure 2 shows the distribution of corrosion 
depth for a constant cover thickness (40mm) 
but different corrosion rates. Figures 2a to 2c 
give the distribution at three different times: 
t=tini-1.0year, t=tini, and t=tini+1.0year, where 
tini is the corrosion initiation time at the 
outermost horizontal points, which is 
independent of corrosion rate. At a time before 
tini (Figure 2a), the non-uniform corrosion 
depth distribution is approximately Gaussian, 
as proposed by Zhao et al. [19] for the 
thickness of rust layer. (Note: this is the 
thickness of compressed rust layer which is 
not the same as the depth of corroded steel.) 
However, as time progresses (Figure 2b and 
c), the distribution looks more like a parabola.  
For accurate modeling of the crack-induced 
cracking process, the change in non-uniformity 
of the distribution needs to be considered. 

3 FINITE ELEMENT ANALYSIS OF 
COVER CRACKING DUE TO NON-
UNIFORM CORROSION 
From diffusion process analysis in previous 
section, the evolution of non-uniform corroded 

depth distribution over time has been obtained. 
In this section, the non-uniform corroded steel 
configuration at several selected times is 
imported to the ATENA program for modeling 
the geometry at different corrosion levels. 
Each geometric model (corresponding to a 
particular rust distribution) is then analyzed 
individually by finite element method. The 
surface crack width obtained from ATENA 
analysis is examined for each corrosion level 
to trace the cover crack propagation as 
corrosion proceeds. 
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(c) t=t_ini+1.0year 

 
Figure 2: Corroded depth vs θ for different corrosion 

rates 
 

3.1 Geometry models 
2-D Plain strain condition is assumed and a 

cross section of the RC member is modelled. 

The dimension of the cross section is 150mm x 
150mm, with a single rebar of 20mm diameter 
embedded inside. Two kinds of concrete 
covers are modeled: 20mm and 40mm. 
Corrosion rate is assumed to be constant at 
20µm/year. For cover thickness of 20mm, the 
difference of corrosion initiation time between 
the top of the steel bar (closest to the constant 
chloride boundary) and the outermost 
horizontal point can be easily calculated to be 
0.8years, which results in 16µm difference of 
corrosion depth at the two locations. For cover 
thickness of 40mm, the difference of 
maximum and minimum corroded depth is 
32µm. To examine the crack propagation as 
corrosion develops, finite element analysis is 
performed for different corrosion levels listed 
in Table 2 for cover of 20mm and Table 3 for 
cover of 40mm. 

3.2 Rust properties and expansion 
The properties of rust have been studied by 

several researchers [20-24]. By examining the 
chemical compositions of various oxides in 
rust and their percentage and volumetric ratio 
in relation to steel, Suda et al. [20] reported 
that the average volume of corrosion products 
was 3 times that of the steel. The volumetric 
ratios reported by other authors are not the 
same but in the range of 2-6. However, the 
elastic modulus of rust reported in the 
literature can be very different [22]. Molina et 
al. [2] simply used liquid water (which has 
very small elastic modulus) to represent the 
rust. Solgaard et al. [7] assumed 2.1GPa for 
rust’s Young’s modulus. Tran et al. [4] took 
500MPa and got reasonable results. The 
nonlinearity behavior of rust has also been 
studied and used by a few researchers [9, 23]. 
In this study, the rust is treated as a solid 
elastic material with Young’s modulus of 
500MPa and Poisson’s ratio of 0.3. The 
volume ratio between rust and steel is taken to 
be 3. 

In the analysis, rust expansion is realized by 
giving the corroded layer an initial strain. The 
initial strain generated in rust under non-
uniform corrosion is derived based on the 
theory established for uniform corrosion. 
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According to the cylinder model under 
uniform corrosion (Figure 3), the following 
expression can be written, 

                           
      [     

         ]  (1) 

where   is the initial radius of the rebar,   is 
volume ratio of rust to steel,    is the mass of 
consumed steel due to corrosion,     is the 
density of steel and    is the radial loss of steel 
due to corrosion.    is a function of time t. If 
the corrosion rate   is constant and has the unit 
µm/year,   is equal to   . 

From equation (1), the free increase of rust 
   can be derived as,  

    √     (     )
          ( ) 

The free strain of corrosion products is:  
     

      
 ( ) 

From the given data in this study, the free 
strain is about 0.66.  

For non-uniform corrosion, the penetration 
depth    (and hence    ) is a function of both t 
and θ. Equation (1) can hence be modified to: 

∫  
 

  
                          [     

∫  
 

  
              ] ( ) 

Since the expression of    in equation (2) 
also satisfies equation (4), it is assumed to be 
applicable for non-uniform corrosion. The free 
strain of rust can then be calculated from 
equation (3). 

 

 
Figure 3: Deformation process due to corrosion-

induced expansion 

3.3 Discrete crack model 
In the discrete crack model, the crack opens 

at a point when the stress reaches the tensile 

strength. The crack then transmits stress 
according to the cohesive law (which describes 
the relation between transmitted stress and 
crack width) as long as the crack width is less 
than the critical value. Using discrete crack 
model, the crack open phenomenon can be 
well captured; however, the crack path needs 
to be pre-defined. According to experimental 
observed crack patterns under rebar corrosion 
[1, 4, 6] and crack paths computed from smear 
crack models [2, 3-5, 8], the main cracks are 
vertical and nearly horizontal. Therefore, two 
vertical discrete cracks and two horizontal 
discrete cracks are defined in the mesh. A 
bilinear cohesive law is employed. With 
tensile strength of concrete ft=3.2MPa and 
dmax=16mm, the other fracture parameters can 
be calculated from CEB-FIP model. They are 
presented in Figure 4 and Table 1. With 
discrete cracks in the mesh, the concrete can 
be taken as linear elastic, with Young’s 
modulus of 36GPa and Possion’s ratio of 0.2. 
To allow sliding, interface elements are placed 
between the rust and concrete elements.  
Properties of the interface element are given in 
Table 1.  It is well know that rust can penetrate 
into pores and cracks inside the concrete, thus 
relieving part of the stress due to its expansion 
[4, 6, 11].  This will not be considered in our 
analysis, so the crack opening for a certain 
degree of corrosion will be overestimated. 
However, despite such a simplification in the 
model, the major observations and conclusions 
related to the development and opening of 
cracks, effect of concrete cover as well as the 
difference between uniform and non-uniform 
corrosion, will not be affected.  
 

 
Figure 4: Bilinear cohesive law adopted in the present 

model 
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3.4 Boundary conditions and mesh of the 
model 
Regarding the boundary conditions, the top 
surface and side surfaces are free. The bottom 
surface is supported in the vertical direction, 
and the left-most point is also given a support 
in the horizontal direction to avoid rigid body 
translation of the whole structure. The plane 
triangular element with 3 nodes is used for 
meshing. Figure 5 shows the mesh and the 
boundary conditions. A magnified mesh 
around the rust layer is also shown. 

 
Table 1: Material constants in the finite element model 

material parameters values 
elastic 

concrete 
Young's modulus 36GPa 

Poisson's ratio 0.2 

rust 
Young's modulus 500MPa 

Poisson's ratio 0.3 
volumetric ratio 3 

steel 

Young's modulus 200GPa 
Poisson's ratio  0.3 
yield strength  350MPa 
steel diameter 20mm 

discrete crack 

tensile strength ft 3.2MPa 
fracture energy 0.082N/mm 

σs 0.15ft 
ws 0.024mm 
wc 0.18mm 

interface of 
concrete/rust 

tensile strength 2MPa 
friction coefficient 0.2 

cohesion 1MPa 
 
 

 
Figure 5: Geometry, meshing and boundary conditions 

of the model 

3.5 Cover cracking process under non-
uniform corrosion 

The Netwon-Raphson method is used for 
the nonlinear analysis. The calculated initial 
strain is applied over a large number of load 
steps to achieve convergence to accurate 
results.  

 
3.5.1 Cracking mechanism of concrete 

cover under rebar corrosion 
The crack developments at different load 

steps are shown in Figure 6, with 
displacements magnified. We can see that the 
upper vertical discrete crack opens initially at 
the interior of concrete/rust interface (Figure 
6(a)), and gradually propagates upwards until 
it suddenly opens on the top surface (Figure 
6(b)). With the propagating of the horizontal 
cracks, the concrete cover can rotate to 
facilitate the opening of vertical crack (Figure 
6(c)).  With cover rotation, the crack width on 
the surface will become larger than crack 
width near the rust/concrete interface. Cover 
rotation also induces compression near the 
vertical surfaces, which controls the 
propagation and opening of the horizontal 
cracks.  

It should be noted that the cracking 
mechanism discussed here refers to single 
rebar corrosion with free side surface, which is 
often the case in laboratory experiments. The 
main crack obtained from the present 
computational model is the vertical crack, 
which is consistent with experimental 
observation [1, 4]. For multi-rebar corrosion, 
the side surfaces should be supported 
horizontally with rollers if the reinforcements 
are symmetrically arranged. The rotation of 
concrete cover will then be resisted. Under 
such a situation, the horizontal cracks can 
propagate easily, open widely and causing the 
vertical crack to close. This is the layer 
debonding failure which is often observed in 
the field. Such a phenomenon has also been 
also modeled by some investigators [3, 5, 6].  
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(a) The top surface has not opened yet 

 
(b) The top surface has just opened 

 
(c) The top surface crack has a large width 

Figure 6: Crack developments at different load steps 
(The magnification is different for the above three 

pictures) 
 
3.5.2 Surface crack width evolution and 

effect of cover thickness 
The crack widths on the top surface 

corresponding to different corrosion levels are 
recorded in Table 2 and 3, for cover of 20mm 
and 40mm respectively. In each table, the 
corrosion depth is given as a range, because it 
varies around the circumference of the steel.  
With the distribution of corroded depth 
obtained from diffusion analysis, the corroded 
percentage is calculated as the ratio of 
corroded steel area to the initial steel area.   

Inspection of the results in Table 2 and 3 
clearly reveals the effect of cover thickness on 
surface crack development. For similar 
corroded percentage, the surface crack opening 
is larger for cover of 40mm. This is because a 
large part of the surface crack opening is 
resulted from rotation of the cover (Figure 
6(c)). With a thicker cover, the rotational 
displacement in the horizontal direction is 
increased. While our numerical simulation is 
for a laboratory specimen containing a single 
rebar, the same observation would apply to a 
rebar close to the corner of a beam (with 
different covers from the bottom and the side). 
The finding has an interesting implication to 
the maintenance of concrete structures. A thick 
cover can certainly delay corrosion initiation 
and crack propagation to the surface (Note: 
according to our computational results that are 
not shown in this paper, it takes a higher 
corroded percentage for a crack to reach the 
surface when the cover is thicker). However, 
once the surface crack is formed, its opening 
can increase more rapidly when the cover is 
thicker. Therefore, when surface cracks are 
observed during bridge inspection, repair 
should be performed immediately at locations 
with thick cover, to avoid delay that will allow 
wide opening of the crack, which can greatly 
accelerate the penetration of water and 
chlorides.  

4 COMPARISON OF NON-UNIFORM 
AND UNIFORM CORROSION RESULTS 
To compare the difference between non-
uniform and uniform corrosion, finite element 
analysis is also performed for different 
penetration depths that are uniform around the 
steel bar. The results for cover thickness of 
20mm and 40mm are given respectively in 
Table 2 and 3.  For each penetration depth, the 
corroded percentage is calculated and given in 
the table together with the surface crack 
opening computed from the finite element 
model. The relations between crack width with 
corroded percentage, for the two cover 
thicknesses, are plotted in Figure 7 for both 
uniform and non-uniform corrosion. As shown 
in the figure, for a given corroded percentage, 
the crack is wider when corrosion is not 
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uniform. Moreover, the difference between 
uniform and non-uniform corrosion is larger 
for a higher cover.  This is due to the fact that 
the corrosion depth around the steel varies 
over a large range when the cover is thicker 
(Figure 1). When one looks at Figure 7, the 
difference between non-uniform and uniform 
cases does not seem to be very large.  
However, in practice, we are often interested 
in the degree of corrosion when the surface 
crack has opened to a certain value. For 
example, let us take 0.2mm to be the limiting 
crack opening. For a cover of 40mm, the 
corroded percentage to reach this opening is 
0.45% for non-uniform corrosion. When 
corrosion is uniform, the required corroded 
percentage (from interpolation) is 0.57%. In 
practice, this can correspond to very different 
times. Therefore, for the correct determination 
of critical states of the corrosion process (such 
as a critical damage condition when the crack 
has opened to a certain extent), non-uniform 
corrosion needs to be considered.  

5 CONCLUSIONS 
A model for corrosion-induced cracking 

which combines the diffusion process and 
cracking process has been presented in this 
paper. The time-varying non-uniform 
corrosion distribution was obtained from 
diffusion analysis and effects of cover 
thickness and corrosion rate on the degree of 
non-uniformity were discussed. Concrete 
cover cracking under uniform and non-
uniform corrosion was simulated by ATENA 
with discrete crack model. From this study, the 
following conclusions can be drawn:  

1) The time-varying non-uniformity in the 
corrosion distribution is affected by cover 
thickness and corrosion rate. 

2) To develop the same crack width at the 
cover surface, the corroded percentage of steel 
is lower for non-uniform corrosion than 
uniform corrosion. This indicates that non-
uniform corrosion is more severe than uniform 
corrosion and should be considered in the 
analysis of corrosion-induced cracking. 

3) The difference between results under 
non-uniform and uniform corrosion becomes 

larger with larger cover thickness, because the 
non-uniformity in corrosion penetration is 
more significant in the latter case. Proper 
modeling of the non-uniform rust formation is 
hence important for the generation of accurate 
results.   

4) With increasing cover thickness, crack 
initiation on the top surface is delayed. 
However, once the crack is formed, it will 
grow faster. As a result, when corrosion-
induced surface cracks are found at locations 
with thick cover during inspection, repair 
should be immediately carried out. 
 
Table 2: Crack width evolution under non-uniform 
corrosion and uniform corrosion when cover is 20mm 

non-uniform corrosion 
corroded depth 

(µm)  
corroded 

percentage(%) 
crack width 

(mm) 
16-32 0.43 0.137 
28-44 0.67 0.191 
40-56 0.92 0.257 
52-68 1.16 0.307 
64-80 1.40 0.385 
76-92 1.64 0.436 

 
uniform corrosion 

corroded depth 
(µm)  

corroded 
percentage(%) 

crack width 
(mm) 

16 0.32 0.099 
24 0.48 0.138 
32 0.64 0.165 
44 0.88 0.225 
56 1.12 0.280 
64 1.28 0.338 
72 1.43 0.366 
80 1.59 0.406 
92 1.83 0.463 

100 1.99 0.497 
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Table 3: Crack width evolution under non-uniform 
corrosion and uniform corrosion when cover is 40mm 

non-uniform corrosion 
corroded depth 

(µm)  
corroded 

percentage(%) 
crack width 

(mm) 
0-24 0.13 - 

12-44 0.45 0.204 
32-64 0.85 0.328 
52-84 1.26 0.452 

72-104 1.66 0.568 
 

uniform corrosion 
corroded depth 

(µm)  
corroded 

percentage(%) 
crack width 

(mm) 
16 0.32 0.123 
24 0.48 0.177 
32 0.64 0.222 
44 0.88 0.286 
56 1.12 0.368 
64 1.28 0.424 
72 1.43 0.475 
80 1.59 0.512 
92 1.83 0.601 
100 1.99 0.645 
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Figure 7: Relation between crack width evolution and 

percentage of corroded steel 
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Abstract: This investigation is made to supply information on strength and fracture energy 
evolution of a flowable concrete formulated according to the standard EN NF 206-1 without air 
entraining agent and after exposure to different freezing-thawing cycles.  

Mechanical experiments were carried out on samples before and after their exposure to freezing-
thawing cycles according to RILEM recommendations. The correlations between the number of 
freezing-thawing cycles and the mechanical properties (dynamic modulus of elasticity, static 
modulus of elasticity and strength properties of flowable concrete) reveal that the estimation of the 
degradation degree due to freezing-thawing cycles is more severe when the tensile strength is 
adopted as an indicator.  

From force-crack mouth opening curves, F-CMOD, the intrinsic fracture properties were 
obtained using hinge model based on a power law strain-softening and an inverse analysis 
algorithm. Fracture energy RILEM

FG calculated according to the RILEM recommendations decreases 

by increasing the ratio 0a
H

to reach an asymptotic value of 0.15 N/mm when 0a
H

 exceeds 0.45. This 

value corresponds to this obtained using the general framework of inverse analysis based on 
Hillerborg’s fictitious crack model using the nonlinear hinge model and a power the strain-softening 
law. The exposure of the flowable concrete to freezing thawing cycles generates microcraks and the 
decrease of its mechanical characteristics. However, it has been established that the fracture energy, 

FG , and the critical crack opening displacement, cw , increase. 
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1 INTRODUCTION 

Concrete is a porous material which may 
suffer of severe damage when subjected to 
freezing-thawing cycles. In cold climate, the 
water contained inside the saturated concrete is 
progressively transformed into ice at subzero 
temperature. The harmful effect of ice 
formation arises from several mechanisms 
which put unfrozen water under pressure [1, 
2]. The magnitude of this pressure depends 
mainly of the permeability of the porous 
network and the pore size distribution [3, 4].  

Although several researches have been 
conducted on mechanisms of frost action, 
relatively little attention has been given to 
investigate frost damage effect on fracture 
energy of concrete, GF, which is one of the 
important material properties for the design of 
concrete structure.  

The standard test of fracture properties was 
established by RILEM committee through 
bending tests on notched beams [5]. However, 
several studies have shown that this energy is 
not a material property and increases with 
increased specimen size [6]. Moreover, for 
specimens of the same size, it depends on the 
initial notch’s length [7].  

To overcome this problem and in order to 
obtain an intrinsic material property the 
inverse analysis may be used.  

The general framework of inverse analysis 
is based on Hillerborg’s fictitious crack model  
which describes the softening behavior of 
cementitious materials by a stress decrease 
while increasing crack opening [8]. The laws 
developed in the literature to model this 
phenomenon range from a linear relationship 
[8] to more complicated forms as bilinear [9, 
10] and rarely power law [11]. When  the 
strain-softening law is available, the beam 
flexural behavior may be modeled analytically 
using the nonlinear hinge model developed 
first by Ulfkjaer et al [12]. In general, the 
strain-softening law parameters are not easily 
available. 

 
 
 
 

In this study, strain-softening law 
parameters and intrinsic fracture energy of non 
damaged concrete were found by inverse 
analysis. Thereafter, the evolution of 
mechanical strength, fracture energy and the 
parameters of strain-softening curves during 
freezing thawing test were investigated. From 
the analysis results, relationships between 
cycle’s number and these properties were 
established. 

 

2 MATERIALS AND EXPERIMENTAL 
PROGRAM 

2.1 Raw materials 
CEM I CALCIA cement 52.5 N CE CP2 

NF, manufactured in France and certified in 
conformity with the recommendations of 
standard EN 197-2 was used with a natural 
river sand (0.125-4 mm) and a crushed gravel 
(6-20 mm). The bulk densities of sand and 
gravel were equal to 2.55 and 2.51 
respectively. Finally, the used superplasticizer, 
SP, was Cimfluid 2002 produced by Axim 
Italcementi group with solid content of 35%. 

2.2 Mix design of concrete 

A flowable concrete of a 18 2 cm slump is 
formulated with effective water to cement 
ratio, Weff/C, imposed by the class of 
environmental exposure XF2 according to the 
French standard NF 206-1 [13]. The dosage of 
superplasticizer was found experimentally 
using the concrete equivalent mortar, CEM, 
method. Indeed, a linear correlation with a 
ratio of 1 exists between the flowibility of 
CEM and that of the target concrete. The 
granular skeleton was optimized by packing 
method and a ratio Gravel / Sand of 1.5 is 
retained.  Table 1 recapitulates the mix 
proportion of the studied concrete. 

 
 
 
 
 
 

1819



G. WARDEH, E. GHORBEL 
 

 3 

Table 1: Composition of concrete 

Constituent kg/m3 
Cement 350 
Water 164 
Sand       970 
Gravel     1065 
SP (% cement ) 0.56 
W/C 0.47 
Air content (%) 1.5 
Density (kg/m3) 2200 

 

2.3 Experimental program 
Cylindrical 16x32 cm² and prenotched 

prismatic 10x10x40 cm3 and 8x15x70 cm3 
specimens were prepared in order to determine 
compressive strength, elastic modulus, flexural 
strength and fracture properties of concrete 
before and after exposure to freezing-thawing 
test. All specimens were demolded after 24 
hours and preserved in water at room 
temperature for 28 days before submitting 
them to freezing-thawing cycles. 
Freezing/thawing test was carried out 
according to the French standard NF 18-425 
and Rilem recommendations. It was performed 
without water contribution and specimens 
were covered by a plastic film to avoid 
evaporation [4]. The freezing-thawing cycle is 
described by Figure 1. 

 

 
Figure 1: profile of freezing-thawing cycles. 

 

 

Uniaxial compressive tests were performed 
using a servo-hydraulic INSTRON machine 
with a capacity of 3500 KN. Experiments were 
performed at a stress rate of 0.5 MPa/s. Three 
points bending tests were carried out using the 
same machine with a displacement rate of 1 
mm/min. The crack mouth opening 
displacement, CMOD, was measured by a 
clip-gauge attached to a knife-edges installed 
at the bottom of the beams. The mid-span 
deflection was recorded using a LVDT placed 
at the top of the specimens. 

Tensile strength was achieved by means of 
Brazilian test conducted on the servo-
hydraulic INSTRON machine and dynamic 
modulus of elasticity is determined finally 
using E-Meter MK II device. 

 

3 PHYSICAL AND MECHANICAL 
PROPERTIES OF CONCERETE 

3.1 Physical properties 
Pore size distribution of the studied 

concrete is characterized by mercury intrusion 
porosimetry (MIP). The results are illustrated 
in figure 2 where it can be shown that the 
studied concrete is characterized by a narrow 
distribution of an average pore diameter 
around 30 nm. Total mercury porosity is of 
10.5% while water porosity is about 12%.  

 

 
 

Figure 2: Pore size distribution of concrete. 

3.2 Mechanical properties 
The results of mechanical tests are given in 

table 2. 
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Table 2: Mechanical properties of concrete 

Static elastic modulus (GPa) 41 
Dynamic elastic modulus 
(GPa) 

41.5 

Compressive strength (MPa) 60 
Flexural strength (MPa) 6.3 
Tensile strength (MPa) 3.6 

 
Fracture energy is determined according to 

the RILEM procedure from experimentally 
load-deflection curve using the following 
expression [5]: 

lig

lbRILEM
F A

gmmW
G 00 )2(  

(1) 

With  oW is the total area below load-
deflection curve, bm  the weight of the beam 
between the supports, lm  the weight of the 
loading arrangement which is not attached to 
the machine, g acceleration due to gravity, 

o the deflection of the of the specimen upon 
failure and .ligA t h   the area of the ligament 
defined as the projection of the fracture zone 
on a plane perpendicular to the median line of 
the beam (figure 7). 

In this investigation, three-point bending 
tests were performed on two sets of pre-
notched beams differing in their geometrical 
dimensions. The dimensions of tested 
specimens are given in table 3.  

 
Table 3: Tested beam specimens dimensions. 

Set Specimen Number  
Notch 

a0 
(cm) 

a0/H 

C1 
10x10x40 

cm 

B1 3 1.5 0.15 
B2 3 2.0 0.2 
B3 3 3.5 0.35 
B4 3 4.0 0.4 
B5 2 6.0 0.6 

C2 
8x15x70 

cm 

B6 3 4.5 0.3 
B7 3 5.5 0.37 
B8 2 8.0 0.53 

 
It can be noted that RILEM

FG  depends on the 

initial notch depth and the specimen’s size 
(Figure 3). RILEM

FG  decreases by increasing the 

ratio 0a
H

to reach an asymptotic value of 0.15 

N/mm when 0a
H

 exceeds 0.45. From this ratio 
RILEM
FG  may be considered as material 

property.   
 

 
Figure 3: Dependence between fracture energy and 

notch length. 

4 EVOLUTION OF CONCRETE 
PROPERTIES DURING FREEZING-
THAWING TEST 

The evolution of water porosity and 
mechanical properties was studied as a 
function of the number of freezing-thawing 
cycles. The results presented are the average of 
three measurements on specimens taken out 
every 30 cycles. 

4.1 Evolution of water porosity 
Figure 4 represents the evolution of water 

porosity after exposure to freezing-thawing 
cycles. Compared to the porosity before the 
test, the increase is of 64% after 120 cycles 
and of 120% after the 210th cycle.  It can be 
observed that water porosity increases linearly 
with cycle’s number with a correlation 
coefficient of 0.97. This increase is due mainly 
to the progressive microstructure cracking, or 
to the propagation of existing cracks [14].   
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Figure 4: Evolution of water porosity. 

4.2 Evolution of mechanical properties  
To quantify the effect of frost action on 

mechanical properties, the relative variation of 
the compressive strength, the static elastic 
modulus, the flexural strength and the dynamic 
modulus of elasticity were calculated through 
the expression: 

P
PPD P

F

ˆ
 

(2) 

 
Where P  is the considered property related 

to the non damaged material, P̂  the same 
property after N freezing-thawing cycles and 

P
FD  the damage factor related to the studied 

property. 
The results presented on figure 5 indicate 

that damage factor related to flexural strength 
characterize a more severe state of damage. 
The decrease in flexural strength is more 
sensitive than the compressive strength and 
elastic modulus because ice affects primarily 
the paste-aggregate interfaces, for which 
bending characterizes damage more than 
compressive strength and elastic modulus [3, 
4]. 

 
 

 
Figure 5: Evolution of compressive strength, flexural 

strength and dynamic modulus of elasticity.   

Pre-notched 8x15x70 cm with 

33.00

H
a were subjected to freezing-thawing 

cycles. Figure 6 presents some force-CMOD 
curves as a function of cycle’s number. The 
analysis of the curves shows that the exposure 
to freezing-thawing cycles leads to: a decrease 
in stiffness, a reduction of the maximum load, 
an increase of the crack opening, and a 
significant change in the post-peak phase. 
Moreover it appears that the behavior becomes 
more ductile after exposure to freezing-
thawing cycles. This change makes the 
determination of the fracture energy by the 
RILEM method imprecise and inverse analysis 
of the obtained results is required. 

 

 

Figure 6: Force-CMOD curves as a function to cycle’s 
number.  
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5 INVERSE ANALYSIS OF NON 
LINEAR HINGE MODEL  

5.1 Non linear hinge model 
Single crack propagation in mode I in the 

midsection of a beam loaded in three point 
bending may be modeled analytically using the 
cracked non linear hinge model developed first 
by Ulfkjaer [12]. According to this model, the 
failure of the beam is studied assuming the 
development of a single fictitious crack in a 
narrow zone, the hinge, while outside it the 
material retains its elastic behavior (Fig 7). 
The width of the hinge, s, is taken equal to h/2.  

 

 
Figure 7: beam in three-points bending. 

At the beginning of loading, the behavior of 
the beam is linear elastic (fig 8.b). The crack is 
initiated in the midsection when the tensile 
stress reaches its ultimate value, u, in the 
bottom fiber. While increasing the load, a 
fictitious crack starts to grow and the material 
is softened by cohesive forces in the fracture 
process zone (fig 8.c). When the crack opening 
reaches the critical value, cw , the section 
reaches the third stage during which the crack 
is no longer able to transfer constraints (fig 
8.d). In the fracture state, the cracking process 
is described by the softening relation -w. 

In this study, a power law strain-softening 
relationship is adopted (fig 8.a).  

The latter law is expressed using the 

following equation:  
 

n

cu w
w )(1     (3) 

where n and cw  the power and the critical 
crack opening displacement respectively.  

The specific fracture energy is defined by 
equation 4: 

cu

w

F w
n

ndwG
c

1
.

0

   (4) 

 
 

 
Figure 8: a) strain-softening law, stress distribution in 

the midsection: (b) Phase I-elastic stress distribution, (c) 
Phase II-with a fictitious crack length af and, (c) Phase 

III-with a fictitious crack length af and a real crack 
length a. 

The complete flexural behavior during the 
three phases is described first by Sundara Raja 
Iyengar [11]. Equations describing equilibrium 
are expressed using the non-dimensional 
bending moment, , and the dimensionless 
rotation, , instead of the real bending moment 
M and the real rotation  as defined by  Eq. 5 

  

uth
M
²

6  and 
us

hE   (5) 

In this study only one variable is used being 
the notch’s tip opening displacement, w0, at 
the bottom edge of the beam.  

During the three phases of fracture the 
relationships between  and  are given below: 
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 For phase I: 
 

)(      (6) 
At the end of this elastic phase we have 

1 
 
 
 For phase II: 
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B in this equation is termed as the 
brittleness.  

The end of phase II is reached when: 
cww0 and 

B
B

m
m

Bcr
1

1
21

2
1

2
1   (8) 

 
 For phase III: 
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1
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3
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11
4

n
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nn
BnB

n
n
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The crack mouth opening displacement, 

denoted CMOD (fig 7), is the sum of three 
contributions. The first, ew , is caused by the 
elastic deformation of the beam. The second is 
the opening due to the crack development and 
growth, 0w , while the third contribution, gw , 

is due to the geometrical opening related to the 
distance from the notch’s tip to the 
measurement point. The total CMOD is 
expressed by Eq 10. 

 
ge wwwCMOD 0            (10) 

 ew is evaluated using the following 
formula found in Tada et al [9] : 

)(
²

6
1

0 xv
EtH
PLa

we             (11) 

with 
dH
da

x 0 and 

²1
66.004.2²87.328.276.0)( 3

1 x
xxxxv  

 gw occurs when 1 ( for phases II and 
III) and can be written as [9] : 

)1(
)(2 0

hE
sda

w u
g           (12) 

 0w is calculated as follows: 
Phase II: the relationship between  and 

0w depends on n , the brittleness B and 
the critical crack opening as illustrated 
by equation 13. 
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m
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(13) 

 
Phase III:  
Crack tip opening displacement w0 is 
given by Eq 14. 

BB
s

E
w cru

1
120          (14) 

 
For a beam loaded in three points bending, 

the bending moment is given by: 

84
gLmPLM b            (15) 

Self-weight is included in the expression 
and the mass is denoted by bm and gravity by 
g. 

Equations 10 and 15 allow finally 
calculating the numerical numnum CMODP . 
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5.2 Optimization of the strain-softening 
curve’s parameters 

In order to find the softening curve’s 
parameters that optimally fit the experimental 
P–CMOD curve an optimization algorithm is 
used. The optimization performed for n and 

cw  is based on the mean square of differences 
between measured forces, named exP , and 
calculated forces numP  and achieved when this 
difference is minimized using the simplex 
search method developed in MATLAB 
program. This criterion may be written as: 

 

min))²,((),(
max

1

N

i
cnumexc wnPPwnF (16) 

Where: maxN is the number of measured 
points during bending test. 

 

5.3 Determination of strain-softening 
curve’s parameters of the studied concrete 

The aim of the optimization is to find the 
two parameters n and cw  describing the 
softening behavior of the studied concrete and 
subsequently the intrinsic fracture energy GF. 
Indeed, if these two parameters are intrinsic 
they must be independent of the geometry of 
the specimen and the notch’s length.  Inverse 
analysis was conducted on beams of the two 
sets C1 and C2 and some results are presented 
in table 4. It appears that n , cw  and FG  are 
independent on size effects and can be 
considered as intrinsic material properties.  
Thereafter, the values adopted for the studied 
concrete are 0.36n , 0.16cw mm  and 

0.15F
NG

mm
. It can be outlined that the 

value of FG  is lower those obtained by the 
RILEM method and is equal to the asymptotic 
value reached by RILEM

FG .  
 
 
 
 
 

Table 4: Material properties obtained by inverse 
analysis 

Set specimen a0/H n wc 
(mm) 

GF 
(N/mm) 

C1 
 

B3 0.35 
0.35 0.16 0.149 
0.37 0.135 0.130 
0.33 0.125 0.112 

B4 0.4 
0.36 0.190 0.182 
0.36 0.140 0.132 
0.33 0.20 0.179 

C2 
 

B6 0.3 
0.37 0.163 0.158 
0.38 0.170 0.169 
0.36 0.180 0.172 

B7 0.37 
0.39 0.159 0.161 

0.375 0.168 0.165 
0.368 0.148 0.143 

Averages values 0.36 0.16 0.15 
SD(%) 5 14 14 

 

6 EVOLUTION OF FRACTURE 
PROPERTIES 

The strain-softening curve’s parameters and 
the intrinsic fracture energy were found using 
the inverse analysis. For each set of beams, the 
elastic modulus and the tensile strength values 
were fixed equal to the initial value multiplied 
by the damage factor corresponding to the 
cycle’s number, and the parameters of strain-
softening law were searched. The results of 
this analysis are summarized in table 5 as a 
function of cycle’s number. As seen in this 
table, the fracture energy and the critical crack 
opening displacement, cw , increase while the 
power, n  , decreases with freezing-thawing 
cycles. 

The calculated fracture energy of the 
concrete after its exposure to freezing-thawing 
cycles is illustrated as a function of the water 
porosity (figure 8). It appears that fracture 
energy increases when water porosity rises.  
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Table 5: Fracture properties  as a function of 
freezing-thawing cycles 

Cycle’s  
number 

n wc 
(mm) 

GF 
(N/mm) 

0 0.36 0.16 0.150 
30 0.357 0.26 0.203 
60 0.312 0.35 0.225 
90 0.284 0.49 0.268 
120 0.24 0.68 0.270 
150 0.209 0.87 0.293 
180 0.195 1.12 0.310 
210 0.18 1.56 0.332 

 
The augmentation of both characteristics is 

related to the presence of a network of 
microcracks in the cementitious matrix and at 
the aggregates interfaces. Therefore, the 
coalescence of microcracks in macrocrak 
needs higher energy dissipation to fully 
fracture the concrete. A similar interpretation 
has been given by Hanjari [15]. Rilem fracture 
energy evolution showed also an increase with 
freezing-thawing cycles. 

 

 
Figure 9: Calculated GF as a function of water porosity 

The relationship between RILEM fracture 
energy, RILEM

FG , and the calculated FG is 
plotted in Figure 10. It can be observed that 
calculated GF becomes higher than the RILEM 
fracture energy from the 60th cycle and the 
difference is more pronounced when the 
number of cycles is higher. 

 

 
Figure 10: Relationship between RILEM fracture 

energy and calculated fracture energy. 

7 CONCLUSIONS 
The effect of frost action on mechanical and 

fracture properties of a flowable concrete is 
investigated in this study. Tensile strength 
evolution is studied through flexural behavior 
of prenotched beam. From the obtained results 
it is found that concrete properties suffer from 
frost action.  The tensile strength decreases 
more significantly than compressive strength 
and elastic modulus. When the cycle’s number 
increases, mechanical properties decrease 
while the post cracking behavior of the 
material becomes more ductile. The post-
cracking change leads to the fracture energy 
increase due probably to the occurrence of 
microcraks during the concrete exposure to 
freezing-thawing cycles.  

In order to clarify the frost damage effect 
on softening behavior, inverse analysis of 
experimental force-CMOD curves is employed 
using the non-linear hinge model. For the 
studied concrete a power law strain-softening, 

w , curve is chosen.  For this law only two 
parameters are needed to describe the 
behavior, the powe n  and the critical crack 
opening cw .  

The power strain softening law parameters 
vary when the concrete is damaged throughout 
freezing-thawing cycles. It has been 
established that the power parameter, n , 
decreases while the critical crack opening, cw , 
increases. 
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Abstract: In the paper an appropriate indicator for degradation of bond strength due to corrosion 
of reinforcement is investigated. Common indicators, which are currently in use, are the mass loss 
and the average corrosion penetration of steel. The crack width in concrete cover is not frequently 
used as an indicator of corrosion induced damage in bond. A comparison between the average cor-
rosion penetration and the crack width in concrete cover with respect to bond strength is discussed. 
For this reason, experimental and numerical investigations on beam-end specimens were carried 
out. Within the experimental investigations the specimens were corroded to different states before 
bars were pulled-out. A modest corrosion rate close to the maximum natural corrosion rate under 
splash conditions was chosen. Maximum values of current density were between 15 and 25 µA/cm². 
In addition investigations on morphology and distribution of corrosion products in the vicinity of 
the reinforcement surface were performed. In numerical investigations a detailed 3D-FE model was 
employed. The reinforcement is discretized by 3D finite elements. In order to model expansion, due 
to different levels of corrosion, 1D radial contact elements on the reinforcement-concrete contact 
surface were used. The contact elements can take up axial compressive forces and shear forces due 
to friction between reinforcement and concrete. In the numerical analyses the damage due to the 
radial expansion of corrosion products is simulated first. This is modeled by radial expansion of the 
contact elements. Subsequently, the reinforcement bar is pulled-out from the concrete beam-end 
specimen. The study confirms that the crack width is a good indicator for the degradation of bond 
resistance due to corrosion of reinforcement. The bond strength is dependent on the concrete con-
finement and thus on the crack state of the surrounding concrete. In fact from the mechanical point 
of view crack width should be a better indicator for degradation of bond strength, however, the dif-
ficulty is the fact that crack width depends on bar diameter and concrete cover. 
 
 

1 INTRODUCTION 
Bond degradation due to corrosion of rein-

forcement embedded in concrete is an on-
going topic. There is a large number of rein-
forced concrete structures, which are already 
degraded due to corrosion of steel reinforce-
ment or at which there is a major risk of dete-

rioration due to corrosion of steel reinforce-
ment. Although a tremendous amount of in-
vestigations was conducted notably within the 
past two decades there are still a number of 
open questions. 

The principal effects of reinforcement cor-
rosion on bond performance have been ascer-
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tained. These include the following facts: the 
pressure due to volumetric expansion of corro-
sion products may initially result in increasing 
bond strength at average corrosion penetration 
of xcorr < 25 – 50 µm (loss of bar radius), de-
pending on the cover/bar ratio (c/d-ratio). With 
increasing corrosion the tensile hoop stresses 
in the surrounding concrete exceed the tensile 
strength, longitudinal cracks start to split the 
concrete cover and the bond strength is de-
creasing [1, 2, 3, 4]. The rate of decrease can 
be reduced or even reversed into a certain in-
crease of bond strength due to a transverse 
reinforcement [4, 5, 6, 7, 8]. The transverse 
reinforcement ensures an additional confine-
ment which is limited by loss of cross section 
of the transverse reinforcement. The increase 
of bond strength with increasing corrosion, 
which was found in some cases, is due to the 
pretension of stirrup arms [9] and increasing 
friction coefficient between rebar and concrete 
[10]. 

Experimental results on the change in bond 
strength with increasing corrosion have a wide 
scatter. Beside the two major reasons (i) use of 
different specimens and (ii) a wide range of 
corrosion accelerations used, the parameter 
indicating the change in bond strength with 
increasing corrosion might be a reason as well. 
This assumption was investigated and is dis-
cussed in the present paper. 

2 SPECIMEN GEOMETRY AND TYPES 
According to the recommendations of 

Chana [11] a beam-end specimen was chosen. 
The experimental investigations were per-
formed on specimens with four bars diameter 
12 mm and 16 mm placed in corner positions 
with concrete covers of 20 mm and 35 mm, 
respectively, see Figure 1. The two combina-
tions of bar diameter and concrete cover were 
designed without stirrups in fact, two different 
types have been investigated, see Table 1. The 
specimens had a bond length of 180 mm. For 
each type eight specimens were cast. The bars 
of two specimens were tested without corro-
sion (reference tests) and the bars of six spec-
imens were tested at different corrosion states 
within a period of 16 months. The four bars of 

each specimen were pulled-out load controlled 
one after each other beginning with the top 
cast bars. Mutually diagonally arranged bars 
were pulled-out in the same direction. 

The concrete used had a cement content of 
360 kg/m³, a water/cement ratio of 0.5 and a 
maximum aggregate grain size of 8 mm. The 
resulting material parameters of concrete and 
the parameters of the reinforcement steel are 
shown in Table 2. To proceed depassivation of 
the reinforcement, a chloride content of 2.5 % 
per weight of cement was added to the con-
crete. 

 
Figure 1: Geometry of beam end specimen 

Table 1: Specimen types 

Type d c c/d 
No. mm mm - 

12/20 12 20 1,67 
16/35 16 35 2,19 
 

Table 2: Concrete and steel parameters 

concrete  steel 
fcm fct E GF  fy Rm 

MPa MPa MPa J/m²  MPa MPa 
41 3.3 29,400 180  500 600 

 
 

 
a) 

 
b) 

Figure 2: Crack pattern after bar pull-out of a) a 
type 12/20 reference specimen and b) a type 12/20 spec-

imen after 16 months of corrosion 
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In order to accelerate the corrosion process, 
a potential of +500 mV NHE was applied be-
tween the rebars (anodes) and two platinized 
titanium meshes (cathodes) one at each side of 
the specimen. Twice a day the two longitudi-
nal sides of each specimen were wetted with 
1 % chloride solution for 1 and 3 minutes. The 
resulting current densities for bar diameter 
d = 12 mm were around icorr = 20-25 μA/cm2, 
and for bar diameter d = 16 mm they were 
about icorr = 15-20 μA/cm2. Due to this sensi-
tive conditioning, maximum crack widths of 
around w = 1.3 mm at corrosion penetration 
depths of around xcorr = 400-500 μm were 
reached after a corrosion time of 16 months. 

In Figure 2 the crack pattern after bar pull-
out of a type 12/20 reference specimen with 
d = 12 mm and c = 20 mm and a type 12/20 
specimen after 16 month of corrosion time are 
shown. In both cases failure was reached due 
to splitting of the concrete cover. 

3 NUMERICAL MODEL 
The numerical calculations were performed 

with the FE-code MASA [12]. For concrete 
the microplane material model was used. The 
results presented in the paper are based on the 
following detailed 3D model. The model taken 
for numerical calculation was geometrically 
identical to the beam end specimen used for 
the experimental investigations except, for the 
sake of simplicity, only one bar was modeled, 
see Figure 3a. 

 
90 mm

100 m
m

90 mm

100 m
m

 
 
a) 

 
b) 

bar

concrete

interface layer with 
expansion bars

F

 
c) 

Figure 3: Detailed FE-model with a) discretization 
and constraints of full model, b) detail of bar discretiza-

tion and c) schematic view of bar-interface-concrete 
area. 

The reinforcement bar was modeled by 3D 
solid elements with a simplified axially sym-
metric rib geometry, see Figure 3b. To clarify 
the transition between rebar and surrounding 
concrete a detail is illustrated in Figure 3c. 
Hence it becomes apparent that the load trans-
fer between steel and concrete is performed by 
the rib front faces. No transfer of tension forc-
es can occur at the rib back faces. The expan-
sion of the corrosion products and the lateral 
pressure dependent Mohr-Coulomb friction 
component was modeled by an interface layer 
within the rib dales, see Figure 3c. 

The expansion of the corrosion products 
simulated by the above mentioned interface 
layer was assumed to be uniformly distributed 
around the bar circumference as well as over 
the bond length and defined by the following 
equation: 

2 2( 1) (2 ),r k r x xv eff corr corrr r          (1) 

With Δr as the free radius increase depend-
ent on bar radius r, effective volume ratio 
(volume factor) between corrosion product and 
iron kv,eff and average corrosion penetration 
depth xcorr. Experimental investigations (men-
tioned under chapter 4.2) and numerical cali-
bration of the model resulted in kv,eff = 1.5. 
Another important value is the stiffness of the 
corrosion products. In the literature there are 
values mentioned between 100 to 500 MPa 
[13] and 215,000 to 350,000 MPa [14] de-
pending on the structure of the investigated 
sample. The low values come from the granu-
lar structure of corrosion products. The high 
values are measured at crystalline level. How-
ever, the stiffness applied for the numerical 
investigations was chosen to Ecorr = 250 MPa 
since this value gave best agreement between 
numerical and experimental results within the 
calibration. 

The simulation was performed in two stag-
es. First the expansion of the interface layer 
was performed to the respective corrosion ex-
pansion level. The elemental expansion was 
kept to this stage during bar pull out. After-
wards the bar was pulled out at increments of 
0.08 mm, whereas the load was transferred by 
the rib front faces. Due to the cracked concrete 
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cover and the lack of lateral pressure almost no 
load transfer took place at interface layer with-
in the rib dales. 

The calibration of the model was obtained 
by simulating the experimental types 1 and 3. 
As a result concrete parameters shown in Ta-
ble 2 (except GF) were increased by around 
10 %. The reason for this correction is found 
in the very small element size at the interface, 
which is rather small to present macroscopic 
concrete characteristics, which is intended by 
the microplane model. 

Numerical simulations were carried out for 
variety of bar diameter-concrete cover combi-
nations, see Table 3. For two of the nine com-
binations experimental results were obtained. 

Table 3: Geometrical variations of numerical simu-
lations and experiments 

d c c/d experimental 
mm mm - type 

12 
12 1.0 - 
20 1.7 12/20 
36 3.0 - 

14 
14 1.0 - 
28 2.0 - 
42 3.0 - 

16 
16 1.0 - 
35 2.2 16/35 
48 3.0 - 

 
 

4 EXPERIMENTAL RESULTS 

4.1 Effects on bond strength 
The large differences between the results of 

corrosion affecting bond strength of different 
research teams are the major problem and 
makes assessment of uniform standards diffi-
cult to obtain. For this reason, own experi-
mental results are compared to the results from 
the literature. As evaluation parameters for the 
effects on bond strength the average corrosion 
penetration and the crack width are consid-
ered. By comparing different results it was 
ensured that always the same or similar bar 
diameter and concrete cover were compared. 

The average corrosion penetration was cal-
culated from the gravimetrically obtained mass 
loss by the following equation: 

0 0
corr

m m mx
L L   


 

   
 (2) 

The average corrosion penetration in Equa-
tion (2) is calculated from the original mass 
m0, the mass loss due to corrosion Δm, the 
bond length L and the density of the steel ρ. 
The crack width was measured at the end of 
the conditioning time directly before bar pull-
out. Measurement was performed at three 
points over the crack length by means of a 
crack magnifier. In case of two cracks, one on 
each side of the concrete faces, the sum of 
both was taken into account, see Figure 4. 

w1 w1

w2

w = Σwi  
Figure 4: Measurement of crack width 

In Figure 5 the normalized bond strength is 
plotted over the average corrosion penetration 
and over the crack width. Results of Rodriguez 
et al. [8] and own investigations with bar di-
ameters of 16 mm are shown. Bond strength 
plotted over the average corrosion penetration 
gives no correlation between the two sets of 
results, see Figure 5a. However, plotting the 
same results over the crack width, see Figure 
5b, an almost perfect correlation was found. 
Similar results were found by comparing other 
diameters [9]. Hence the crack width as indi-
cating parameter for the change in bond 
strength due to reinforcement corrosion shows 
advantages compared to the average corrosion 
penetration. 

This raises the question about the reason for 
the better correlation with crack width as indi-
cating parameter. In this context it should be 
noted that the crack width has the great ad-
vantage of being a non-destructive determina-
ble parameter. However, to find an answer for 
the previous question investigations on nature 
and distribution of corrosion products have 
been performed. They are presented in the 
following chapter. 
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b) 

Figure 5: Bond strength values of Rodriguez et al. 
[8] compared to own results for 16 mm bars a) over 

average corrosion penetration and b) over crack width 

 

4.2 Nature and distribution of the corro-
sion products 

Almost all investigations on the influence 
of corrosion on bond strength are based on 
accelerated corrosion conditioning. Accelera-
tion factors vary between the 10- and 2,000-
fold of the maximum natural corrosion rate 
[9]. Hence nature and distribution of corrosion 
products of so conditioned specimens might 

differ from corrosion products developed un-
der natural corrosion. In contrast to previous 
investigations the corrosion rate of the present 
investigation was between 15 and 25 µA/cm² 
and thus at most 5-fold the maximum natural 
value of 5 µA/cm² [15]. 

Within the present investigations the 
emerged corrosion products have been ana-
lyzed with aid of Raman spectroscopy and 
compared to corrosion products developed 
under natural conditions. For this, a thin sec-
tion of the transition zone of steel-rust-
concrete was analyzed, see Figure 6. In this 
picture a dense rust layer between steel and 
concrete developed which is the source for the 
expansion pressure and thus the cracks in the 
concrete cover. With the aid of Raman spec-
troscopy the major corrosion products of this 
layer were identified as goethite (α-FeOOH) 
with inclusions of lepidocrocite (γ-FeOOH). 
Same findings were made by Chitty et al. [16] 
at archeological artefacts of reinforcement in 
concrete corroded under natural conditions. 

However, corrosion products are not only 
kept at the steel surface but penetrate into 
pores and cracks of the surrounding concrete, 
see Figure 7. Thus there is only a certain 
amount of corrosion products to build up the 
expansion pressure causing the cracks in con-
crete. However, the cracks directly indicate the 
loss of bond strength whereas the corrosion 
penetration indicates the total amount of corro-
sion. 

This finding is quantified by comparing the 
nominal volume factor kv (volumetric factor 
between corrosion product and iron) and the 
effective volume factor kv,eff (the volume factor 
responsible for the corrosion expansion). The 
nominal volume factor for goethite and lepido-
crocite is around kv = 3. The effective volume 
factor obtained from the experimental investi-
gations is around kv,eff = 1.35 [9]. It follows 
that only around 45 % of the total corrosion 
products are responsible for the corrosion ex-
pansion pressure, which initiates concrete 
cracking and loss of bond strength. This value 
was obtained at testing conditions comparable 
to a maritime splash zone. Changing these 
conditions may alter this value. 
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Figure 6: Microscopic picture of a thin section of 
transition zone concrete-rust-steel (removed) 

 
Figure 7: Microscopic picture of a thin section of a 

crack zone in the concrete indicating widely distributed 
corrosion products 

5 NUMERICAL RESULTS 
In addition to the experimental investiga-

tions numerical simulations were performed. 
Within the simulations a variety of three dif-
ferent bar diameters each with three different 
concrete covers were analyzed, see Table 3. 

In Figure 10, 9 and 10 results of bond 
strengths over average crack width for bar 
diameters 12 mm, 14 mm and 16 mm each 
with c/d-ratios of around 1, 2 and 3 are shown. 
From these figures it becomes apparent that 
the simulations of the experimental types 
12/20 and 16/35 are showing a good correla-
tion. However, simulations of bar diameter 
12 mm are rather conservative at high corro-
sion levels compared to experimental results. 
Furthermore, it is found that the change of 
bond strength over crack width depends on 

both (i) bar diameter and (ii) concrete cover. 
The larger the bar diameter is the more con-
sistent is the loss of bond strength, especially 
at higher corrosion levels. The decrease of 
bond strength at small corrosion levels intensi-
fies with increasing concrete cover. The reason 
is explained in more detail in [9, 17]. It fol-
lows that the crack width is a good indicator 
for the loss of bond strength, however, the 
intensity of the loss depends on both the bar 
diameter and the concrete cover. 
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Figure 8: Normalized bond strength over average 

crack width of simulations and experiments with 12 mm 
bar diameter and c/d-ratios of around 1, 2 and 3 
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Figure 9: Normalized bond strength over average 

crack width of simulations with 14 mm bar diameter 
and c/d-ratios of around 1, 2 and 3 
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Figure 10: Normalized bond strength over average 

crack width of simulations and experiments with 16 mm 
bar diameter and c/d-ratios of around 1, 2 and 3 

 

6 CONCLUSION 
The reinforcement corrosion of concrete 

structures involves many different aspects and 
one is the effect on bond behavior. Within this 
topic the assessment of bond degradation plays 
an important role. To assess the objective indi-
cator for the bond reduction caused by corro-
sion in the paper the average corrosion pene-
tration and the crack width are compared. It 
turns out that the crack width better represents 
the reduction of bond strength. This was par-
ticularly clear in the comparison of results 
from different researchers. Based on the nu-
merical results the decrease of bond strength 
showed a dependency of both the bar diameter 
and the concrete cover. An increasing bar di-
ameter results in an overall higher loss of bond 
strength. However, increasing concrete cover 
tends to a stronger decline of bond strength 
already at small levels of corrosion. 
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Abstract: Deterioration of concrete structures has been drawing a greater social attention. The 
strength of concrete structures decreases due to corrosion of reinforcement. The relationship 
between the crack width and the amount of reinforcement corrosion (corrosion ratio) is an important 
parameter in maintenance and management activities of the concrete structures. This paper develops 
a model of relationship between the crack width and the corrosion ratio. Basic calculation 
formulation of the expansion pressure, caused by corrosion, was derived using cylinder model. 
Experimental comparison indicated the proposed model is available to estimate the crack width 
based on the corrosion ratio of reinforcement due to corrosion. 
 

1 INTRODUCTION 
Cracks of concrete due to reinforcement 

corrosion caused by carbonation and chloride 
attack have a significant effect on structural 
performance. Hence, it is urgent to establish a 
method that can evaluate the behavior of 
corroded reinforcement from deformation of 
concrete surface, such as the amount of uplift 
and crack width, on concrete surface. However, 
there is no any available method that can 
quantitatively predict the corrosion properties 
of the rebar embedded in the concrete based on 
the properties of the corrosion cracks on 
concrete surface. Therefore, the structural 
performance has been evaluated by the semi-
quantitative method in the range of a certain 
degree of safety margin. 

Furthermore, little is known about what the 

condition of the occurring of the corrosion 
crack is, when it will reach the concrete 
surface, and how it proceeds. Hence, it is 
difficult to predict the corrosion ratio from the 
crack width on concrete surface. 

Over the past few decades, a considerable 
number of studies have been conducted on the 
behaviors of the corroded rebar. Previous 
studies estimated the expansion pressure of 
corrosion by cylinder theory, and estimated the 
crack width by principle of virtual work. In 
fact the expansion pressure is reduced when 
the crack reaches the concrete surface. 
Therefore, crack width was calculated largely 
because this effect was not taken into account 
in the previous studies. 

The purpose of this study is to examine the 
effect of the reduced expansion pressure of the 
corrosion and the effect of the increased crack 
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width due to the increase of the corrosion ratio 
of the rebar. 

In this study, the predicted model for the 
corrosion crack width is developed, based on 
the theory and the result of the experiments. 

2 PREDICTION MODEL FOR THE 
CORROSION CRACK WIDTH 

2.1 An Overview of the Model 
Firstly, there will be a brief model overview 

for the corrosion crack width. 
 Figure 1 shows the expansion pressure 

caused by the corrosion products deposited on 
the surface of the rebar. The corrosion crack is 
caused by this expansion pressure of corrosion.  

The process of cracking is divided into the 
following steps in order to model the corrosion 
crack. These are the sequence of behavior 
from occurrence of crack for proceeding. 
Figure 2 shows the condition of the crack at 
each step. 

Step 1: Crack occurs, and then proceeds 
to the concrete surface (Figure 
2(a)). 

Step 2: Crack opens and the expansion 
pressure is reduced as the crack 
reaches the concrete surface. This 
crack is called as Primary crack 
(Figure 2(b)). 

Step 3: Primary crack width grows 
gradually as corrosion ratio 
increases (Figure 2(c)). 

Step 4: Stress in the circumferential 
direction of the upper edge of the 
rebar reaches the tensile stress of 
the concrete, and then cracks 
occur in the other area. This crack 
is called as Secondary crack 
(Figure 2(d)). 

Step 5: As Primary crack and Secondary 
crack grows, the crack width on 
the concrete surface grows 
gradually (Figure 2(e)).  

Secondly,  the model for the occurrence and 
growth of cracks will be 
described at each step.  

In both Step 1 and Step 2, crack does not 
occur on the concrete surface. The expansion 

pressure of corrosion is calculated with the 
cylinder theory, assuming the concrete cover 
as cylindrical shape. And then, corrosion crack 
width is calculated as its equivalent. 

In Step 3, the width of the crack on the 
concrete surface grows gradually with the 
increase of the corrosion ratio. Hence, the 
concrete surrounding the reinforcing bar 
transforms to the beam shape from the 
cylindrical shape. Then part of the expansion 
pressure of corrosion is released. The crack 
width is calculated by the remaining pressure 
equivalently. 

 

 
Figure 1 : Diagram of corrosion expansion. 

 

 
Figure 2 : Condition of  cracking at each step. –(a) 
Crack proceeds to the concrete surface (b) Crack 

reachs  the concrete surface (c)Primary crack width 
grows (d)Secondary crack width grows (e) Both of 

Primary crack and Secondary crack grow 
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In Step 4, tensile stress in the area other 
than the area of cover concrete surrounding the 
rebar reaches the tensile strength of the 
concrete, the Secondary crack appears in the 
upper area and side area of the rebar. 

In Step 5, crack width on concrete surface 
grows as defined in Step 3 and Step 4.  

Here, the Step2, the Step3, and the Step 4 
are concerned. 

2.2 Modeling for Corrosion Expansion 
Corrosion expansion is discussed in this 

chapter. It is suggested to divide it into layers 
which compose RC. The point is to consider 
each layer have different physical properties. 

Firstly, in the early stage such as rebar 
starts to corrode in Step 1 and Step 2, the 
member of RC is composed of three materials 
with rebar, concrete, and corrosion products 
(Three-layer Model). Secondly, as the 
corrosion ratio increases in Step 3, the 
corrosion can be divided into existing (old) 
corrosion and new corrosion, so member of 
RC is composed of four materials (Four-layer 
Model). Finally, in Step 4 and Step5, the 
stiffness of concrete is reduced greatly due to 
presence of Secondary crack. The concrete can 
be divided into the uncracked concrete and 
cracked concrete, and then the member of RC 
is composed of five materials (Five-layer 
Model).  

Next, the external pressure and the internal 
pressure acting on each layer are calculated 
based on the displacement of the layers and the 
Compatibility condition of the displacement 
between the layers. Figure 3 shows the 
conceptual diagram of Five-layer Model.  

(1) Displacement of Each Layer  

A) Cover Concrete Layer 
Assuming the concrete cover as thick 

cylinder subjected to internal pressure     and 
it is plane strain, the displacement expansion 
of the inner diameter of the concrete      can 
be given by Equation (1) 

             
      

     
          

      (1) 

 
Figure 3 : Diagram of Five-Layer Model.                 

(a) Five-Layer Model (b) Uncracked Concrete 
(c)Crack Concrete (d)Old-corrosion (e)New-

corrosion (f)Rebar 

where    is given      , and    is the two 
times the distance from the center of rebar to 
the concrete surface.    is Poisson’s ratio of 
the concrete and    is the modulus of elasticity 
of the concrete. 

B) Rebar Layer 
Assuming corrosion produced on the rebar 

has uniform thickness, its diameter is   , so 
the diameter reduced due to corrosion      can 
be given by Equation (2) 

       
        (2) 

where the cross-sectional area corroded   , is 
given by Equation (3) 
            (3) 
where    is a cross-sectional area of the rebar, 
  is the corrosion ratio of rebar (mass change 
after corroded) given by Equation(4)  
                 (4) 
where    is weight of rebar before corroded 
and    is weight of rebar after corroded. 

Rebar is subjected to external pressure    as 
compressive stress, so the displacement    is 
given by Equation (5)  

                   
   

   (5) 

where    is Poisson’s ratio of the rebar, and  
   is the modulus of elasticity of the rebar. 

sq
riq roq

rriq rroq

cciq ccoq
ciq

coq

(a) (b) (c) 

(d) (e) (f) 
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C) New Corrosion Layer 
Corrosion acts a free expansion when it is 

produced. Assuming inside diameter is     and 
outside diameter is    , they are given by 
Equation (6) and (7) 
        (6) 

                     (7) 

where   (= 7850/5300) is the ratio of volume 
expansion of corrosion, which is the unit of 
volume weight ratio of iron  and corrosion 
products, obtained in previous study.  

Corrosion is subjected to internal pressure 
    and external pressure     , so the 
displacement expanded on the inner diameter 
    and the displacement restrained in the 
outer diameter     are given by Equation (8) 
and (9) 

    
         
          

          

                           
(8) 

    
         
          

          

                        
(9) 

where    is    /   ，   is Poisson’s ratio of 
the new corrosion and    is the modulus of 
elasticity of the new corrosion.  

D) Old Corrosion Layer 
Corrosion existed already is subjected to 

internal pressure      and external 
pressure      , so the displacement expanded 
on the inner diameter      and the 
displacement restrained in the outer diameter 
     are given by Equation (10) and (11)  

     
           
           

           

                               
(10) 

     
           
           

           

                            
(11) 

where    is          ,     is Poisson’s ratio 

of the Old corrosion and     is the modulus of 
elasticity of the Old-corrosion.  

E) Cracked Concrete Layer 
Cracked Concrete is subjected to internal 

pressure      and external pressure     , so the 
displacement expanded on the inner diameter 
    and the displacement restrained in the 
outer diameter      are given by Equation (12) 
and (13) 

     
           
           

           

                               
(12) 

     
           
           

           

                            
(13) 

where    is          ，    is Poisson’s ratio 
of the Crack-concrete and     is the modulus 
of elasticity of the Crack-concrete.  

(2) Acting Forces and Compatibility 
Conditions of Displacement of Each 
Layer 

A) Three-layer Model 
The compatibility condition of the 

displacement between uncracked concrete and 
new corrosion, and between new corrosion and 
rebar are given by Equation (14). And, the 
pressures acting each layer are given by 
Equation (15). 

                     
       

(14) 

         
       

(15) 

B) Four-layer Model 
The compatibility condition of the 

displacement between uncracked concrete and 
old corrosion, between old corrosion and new 
corrosion and between new corrosion and 
rebar are given by Equation (16). And, the 
pressures acting each layer are given by 
Equation (17). 
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(16) 

          
         
       

(17) 

C) Five-layer Model 
The compatibility condition of the 

displacement between uncracked concrete and 
cracked concrete, between cracked concrete 
and old corrosion, between old corrosion and 
new corrosion and between new corrosion and 
rebar are given Equation (18). And, the 
pressures acting each layer are given by 
Equation (19). 

           
                    
          
       

(18) 

          
          
         
       

(19) 

The expansion pressure of corrosion and 
the stress acting on the inner diameter 
concrete      are calculated with solving a 
system of equations by substituting a variety 
of material properties in the above equation. 

2.3 Prediction of Crack Width on the 
Concrete surface 

(1) The Case Crack Reached the Concrete 
Surface 

First, assuming the concrete cover as a 
cylindrical shape, crack width is calculated as 
crack reaches the concrete surface. As shown 
in Figure 4,  we provided the virtual cracked 
section A-A' on the cylindrical with a 
thickness of concrete cover. The 
circumferential direction stress    with 
cylindrical theory acts in this cross-section is 
given by Equation (20). Also, total force   is 
given by Equation (21) 

    
           
          

         
      (20) 

       
 

 
 (21) 

where    is rebar radius, including corrosion 
products        ,   is the distance from the 
center of the rebar to concrete surface. Internal 
pressure    is the corrosion expansion 
calculated by the model shown in the previous 
section. On the other hand external pressure    
is decided by mutual expansion pressure if 
there are some rebars. However, this is not our 
present concern because there is only a rebar. 

The force on the virtual cracked section will 
be zero because crack occurs. Therefore, it is 
equivalent to act total force   in the opposite 
direction. The crack width is assumed to be 
the displacement as the opposite force acts and 
it given by Equation (22) 

   
   
  (22) 

where   is constant of integration applied to 
the solution of a nearly complete ring for the 
elementary theory of bending rod curved 
[H.Golovin] and  it is given by Equation (23) 

       
      

                         
(23) 

 
Figure 4 : Transform configuration from cylinder to 

beam.－(a)Cylinderical shape (b)Beam shape 

 
Figure 5 : Corrosion crack and crack angle. 
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Since concrete cover bended deformation 
has a central angle   as shown in Figure 5, 
crack width on concrete surface   and the 
crack angle   are given by Equation (24) and 
(25)  

    
 

    (24) 

      (25) 

(2) Primary Crack Width 
Next, the following describes the method of 

the calculating crack width after crack 
occurred on the concrete surface. 

Concrete surrounding the rebar transforms 
to beam from cylinder at the same time as 
crack occurs on the concrete surface. Then, the 
internal pressure acting on the concrete 
significantly reduces. The remaining internal 
pressure is calculated by assuming the shape 
of the concrete transforms to the beam from 
the cylinder. The crack width is calculated by 
the remaining internal pressure    .The 
released internal pressure    is given by 
Equation (26) from the force acting on the 
beam. 

   
 

                
 (26) 

The remaining pressure    can be 
determined by subtracting the released 
pressure    from the pressure assuming it as a 
cylinder   , and it is given by Equation (27).  
         (27) 

At this time, the crack width   is given by 
Equation (28) 

     
 

   
        (28) 

where   is geometrical moment of inertia as a 
beam given by Equation(29) 
              (29) 

3 TEST OF CRACK PROCEEDING 

3.1 Parameter and Materials 
As shown in Table 1, the parameters of the test 
are steel diameters, cover concrete depths and  

Table 1: Parameter of Experiment. 

Specimen 
No. 

Steel 
diameter 

D 
(mm) 

Water- 
cement 

ratio 
(%) 

Cover 
depth 

C 
(mm) 

Modulus 
of elasticity 
of concrete 
(kN/mm2) 

1 

22 

60 
20 19.0  

2 35 19.0  
3 55 19.0  
4 

30 
20 27.2  

5 35 27.8  
6 55 27.8  
7 

16 

60 
20 22.5  

8 25 22.5  
9 40 22.5  

10 
30 

20 27.1  
11 25 27.1  
12 40 27.1  

 

Table 2: the mix proportion of the concrete. 

Gmax W/C Sl Air Quantity of material per unit 
volume of concrete[kg/m3] 

[mm] [%] [cm] [%] W C S G AE NaCl 

20 60 10 5 165 290 798 1003 1.2 8.7 

20 60 10 5 157 550 617 992 2.2 8.3 
 
water-cement ratios. The rebar diameters are 
D16 (SD295A) and D22 (SD295A). There are 
three concrete cover depths per a diameter of 
each rebar. The water-cement ratios are 60% 
and 30%. As shown in Figure 6, specimens are 
prismatic shape of 200 × 200 × 500mm, set a 
rebar in place. The displacement gauge type   
is placed in the center of the axial cross section 
rebar in order to measure of corrosion crack 
width on concrete surface. 

3.2 Specimen 
Mix proportion of specimen is shown in 

Table 2. High-early-strength Portland cement 
is used in this experiment. Water is used 5% 
NaCl aqueous solution in order to promote 
corrosion of rebar. Figure 7 shows corrosion 
test of the electrolytic corrosion. Specimen is 
immersed in a tank with an aqueous solution 
of 5% NaCl after curing for 7 days. At this 
time, water is prevented from immersing 
concrete surface.  
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Figure 6 : Specimen. 

 
Figure 7 : Corrosion test of the electrolytic corrosion. 

Table 3 : Each parameter in the analysis. 

 
Modulus 

of elasticity 
 (kN/mm2) Poisson’s ratio 

Concrete Shown Table 1 0.20 
Crack Concrete 10.0 0.20 
Old-Corrosion 0.40 0.17 
New-Corrosion 0.20 0.17 
rebar 210.0 0.17 

 
The copperplate is set bottom of specimen. 

Then, we use DC stabilized power supply, 
corroded until corrosion ratio for the target. 

4 RESULTS AND DISCUSSION 

4.1 Results of Experiment 
Figure 8 shows the relationship between the 

crack width on the concrete surface and the 
corrosion ratio of rebar in each specimen. The 
solid line is the experimental values obtained 
from the relationship between the measured 
value and the integrated current amount, and 
the dashed line is the predicted value 
calculated   by this model. Each parameter 
used in the analysis is the experimental value 
and it is shown in Table 3. 

 

 

(a)20mm cover depth 

 

(b)35mm cover depth 

 

(c)55mm cover depth 

Figure 8 : Relationships between crack width on 
concrete surface and corrosion ratio of rebar. 
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Table 4 : Relationship of the concrete cover depth, 
the corrosion ratio and the crack width. 

cover concrete depth 20mm 35mm 55mm 

Corrosion ratio 
crack occurs 0.03% 0.10% 0.27% 

Crack width 
rapidly opened 0.01mm 0.03mm 0.05mm 

 
Table 4 shows the relationship of the thickness 
of the concrete cover, the corrosion ratio and 
the crack width at early stage. Cracks occur on 
the concrete surfaces at the corrosion ratio of 
0.03%, 0.10% and 0.27%. And the cover 
concrete depths are 20mm, 35mm and 55mm, 
respectively. At this time, crack widths rapidly 
opened, which are 0.01mm, 0.03mm and 
0.05mm, respectively. It can be seen they 
increase according to the cover concrete depth. 

4.2 Applicability Evaluation for Model 
Examine the accuracy of the model 

developed in Section 2, and evaluate the 
applicability of the model using the 
experimental parameters.  

The value of model shows the same trend of 
increasing in parabolic according to the ratio 
of corrosion in both the theoretical crack width 
and the experimental crack width, after the 
crack occurs on the concrete surface. It can be 
seen very consistent. 

However, the predicted values differ from 
the experimental values in the beam whose 
concrete cover depth is 20mm. 

One of the reasons is that the expansion 
pressure of corrosion is smaller because 
corrosion products flow out to the concrete 
surface and into the water through the crack at 
an early stage.  

5 CONCLUSIONS 
In this study, the prediction model for 

expansion pressure and crack width due to 
corrosion has been developed. Furthermore, 
the relationship between the crack width and 
the corrosion ratio can be compared with the 
experiment of crack proceeding. 

First, both of the crack width rapid opening 
and the corrosion ratio as crack occurs on 

surface concrete tends to increase with larger 
concrete cover. 

Second, it is possible to predict the 
corrosion crack width by the reduction of the 
pressure because the predicted values and 
experimental values are fit well. 

Finally, this model is not able to take into 
account Step 1 and Step 5 i.e. during latent 
Primary crack and Increasing of Secondary 
crack. We would like to consider them for 
future work.  
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Abstract: This paper is focused on the problem of the chloride-induced corrosion of the rebar in 
reinforced concrete, particularly in the case of slabs and decks of bridges. A comprehensive model 
for the chloride ingress into concrete is presented, with special attention to non-linear diffusion 
coefficients, chloride binding isotherms and convection phenomena. The model tries to use a priori 
parameter estimations, according to material characteristics and external environment conditions, 
instead of a posteriori best fit. Complex geometries, like random cracks, can also be incorporated. 
Based on the results of chloride diffusion, subsequent active corrosion is assumed and the radial 
expansion of the corroded reinforcement reproduced. For cracking simulation, the Strong 
Discontinuity Approach is applied. Both models, corresponding to initiation and propagation 
corrosion stages, are incorporated in the same finite element program and chained. Comparisons 
with experimental results are carried out, with reasonably good agreements being obtained, 
especially for cracking patterns. Major limitations refer to difficulties to establish precise levels of 
basic data such as the chloride ion content at concrete surface, the chloride threshold concentration 
that triggers active corrosion, the rate of oxide production or the rust mechanical properties. 
 
 
1 INTRODUCTION 

Cracking of concrete cover due to 
corrosion-induced expansion of steel rebar is 
one of the major causes of the deterioration of 
reinforced concrete (RC) structures exposed to 
marine environments and de-icing salts which 
may lead to failure and even collapse. In any 
case, the cost of associated repair and 
maintenance is enormous [1]. 

Yet despite massive research effort related 
to the concrete durability in recent years, many 
factors involved in the chloride-induced 
corrosion process remain poorly understood. 
In spite of significant progress in predicting 
models, the estimation of service life of RC 

structures is to be more fully and satisfactorily 
defined. 

 This work presents two models that deal 
with the chloride-induced corrosion in RC 
structures corresponding to the two distinct 
phases traditionally adopted in the literature 
[2]. The former (initiation stage) analyses the 
chloride diffusion within partially saturated 
concrete. A comprehensive model is 
developed through the governing equations of 
moisture, heat and chloride-ion flow. The 
latter (propagation stage) describes the internal 
cracking around the bar due to expansive 
pressures as corrosion of the reinforcing bar 
progresses, once a certain chloride 
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concentration threshold is reached. 
This paper presents a meso-modelling 

procedure for analysis of the chloride ingress 
and transportation and concrete cracking. Both 
models are incorporated in a Finite Element 
(FE) code and comparisons with experimental 
data show a reasonably good agreement. The 
ultimate objective of this work is to try to 
integrate the two traditional phases (initiation 
and propagation) based on Tuutti’s conceptual 
model, widely used in the literature and 
usually analysed separately. The estimation of 
the service life of the structure needs to 
evaluate the associated time for each one. 

With reference to the initiation stage, 
though the former approaches considered the 
transport of ions only under the effect of 
diffusion by the mere application of 2nd Fick’s 
law, other phenomena such as convection 
(motion of dissolved substances caused by 
flow of water in pore solution of partially 
saturated media) or chloride binding (capacity 
of free chloride of being chemically bound) 
are soon taken into account. Here a self-
programmed computer code is implemented. 
Given the ideal nature of the ionic solutions, 
activity effects can be neglected. Likewise, the 
effect of chloride binding is introduced under 
local chemical equilibrium, valid except for 
cases where ions are transported very quickly 
through the material pore structure, e.g., under 
an externally applied electrical potential. 
Conventionally, chloride binding is taken into 
account in the diffusion process by means of 
an apparent diffusion coefficient [3,4]. Instead, 
the present approach develops the complete set 
of time-dependent equations for both the 
chloride concentration within the pore solution 
(through an intrinsic effective diffusion 
coefficient) and the moisture content within 
the pore space [5,6], by averaging the relevant 
microscopic transport equations over a 
representative volume element. Three 
macroscopic variables are used: chloride 
concentration, moisture and temperature. 

 The present approach focuses attention on 
the interdependence between chloride and 
moisture flows, with variable diffusion 
coefficients [3,7]. Influence of temperature, 
hydration time, chloride binding or 

hygrometric condition is clearly marked. The 
proposed FE model reproduces results of 
experimental tests by means of a priori 
parameter estimation, according to the 
characteristics of materials (e.g., porosity, ratio 
w/c or compressive strength) and external 
environment conditions. The model can also 
reproduce bi-dimensional complex geometries; 
e.g. cracked concrete cover where transport of 
both ions and moisture within the crack is also 
considered (Figure 1). However, basic 
variables such as surface chloride content or 
threshold chloride concentration are supposed 
to be known though, in fact, they are not 
precisely defined in most practical cases. 

	  

 
Figure 1: Influence	  of	  a	  surface	  crack	  in	  chloride	  

profile. 

Regarding propagation stage, corrosion 
provokes the reinforcement cross-section 
reduction and loss of bond between concrete 
and steel. Moreover, oxide products occupy 
much greater volume than the original steel 
consumed. Tensile stresses are generated in 
the surrounding concrete, resulting in cracking 
and, eventually, spalling and delamination. 
Analytical implementation of the discrete 
crack model, based on the thick walled-
cylinder approach and FE implementation of 
the smeared crack approach has been widely 
used to simulate this stage ([8-10], among 
others). However, the thick walled-cylinder 
approach introduces some difficulties when 
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extended to real and practical cases, with 
complex geometry. Likewise, the smeared 
crack approach may lead to an ill-posed 
system of equations, localisation instabilities 
and spurious mesh sensitivity of the FE 
calculations [11]. More recently, the so-called 
Strong Discontinuity Approach (SDA) has 
been applied. In this approach, the fracture 
zone is represented as a discontinuous 
displacement surface but not restricted to inter-
element lines, because the displacements 
jumps are embedded in the corresponding 
finite element formulation.  

This work presents a procedure, based on 
the SDA, which reproduces the fracture 
process of concrete by means of an embedded 
cohesive crack finite element [12,13]. The 
model has been successful when applied to the 
fracture of concrete and only requires standard 
properties of the material, measured by 
standardised methods. Once some conceptual 
difficulties concerning the localisation of 
cracks are solved, the proposed model is 
capable to estimate time to surface cracking 
quite accurately; although it is necessary to 
make some assumptions about the 
consideration of a special porous zone around 
the steel-concrete interface and the 
accommodation of corrosion products within 
the open cracks generated in the process. 

2 THE INITIATION STAGE 
There are four basic mechanisms 

concerning the movement of ions and fluids 
through concrete pores, namely: capillary 
suction, due to surface tension acting in 
capillaries of cement paste; permeation, related 
to pressure gradients; diffusion, corresponding 
to concentration gradients; and migration, due 
to electrical potential gradients. 

As a first approach to the problem, 
neglecting the transference of electric charges 
and the state of stress of the material, two 
basic mechanisms govern the transport of ions 
into unsaturated concrete: diffusion and 
capillary suction (convection). 

In such a way, equations used to reproduce 
chloride transport in concrete are based on 
three fundamental variables: chloride 

concentration Cc (kg/m3), evaporable water 
content ωe and temperature T. 

With respect to the first variable, 
differences between the concentration of 
bound chlorides Cbc (kg/m3 of concrete) and 
the free chloride concentration Cfc (kg/m3 of 
pore solution) must be distinguished. The total 
chloride concentration Ctc (kg/m3 of concrete) 
then provides [3]:  

fcebctc CCC ω+=  (1) 

2.1 Diffusion 
Chloride diffusion in unsaturated concrete 

is rather complicated and differs notably from 
that described by Fick’s law. 

However, from a practical point of view, 
the use of Fick’s law in a generalised way is 
accepted in the literature, defining an effective 
value of diffusion coefficient Dc or diffusivity: 

d e c fcD Cω= − ∇J  (2) 

where Jd refers to diffusion flux of chloride in 
concrete per unit area and per unit time 
(kg/m2/s) and Dc (m2/s) is the effective 
diffusion coefficient that depends, at least, on 
concentration, humidity and temperature [3,7].  

2.2 Capillary suction 
Models describing moisture diffusion in 

concrete are usually based on an extension of 
Darcy’s law as a constitutive equation. 
Nevertheless, phenomena of water diffusion in 
concrete are highly non-linear. An apparent 
diffusivity Dh, that takes into account 
humidity, temperature and, also, equivalent 
hydration time, is used again. In addition, the 
equation is not formulated in terms of water 
content ωe, but relative humidity h. 

Water is first adsorbed on the surface of 
capillary pores and, then, water condensates as 
the relative humidity increases. Under 
equilibrium conditions, the pore relative 
humidity and evaporable water content can be 
related by sorption and desorption isotherms 
[7]. 

Although the described water transport is 
due to the capillary potential gradient and 
consequently not, strictly, a diffusion process, 
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through mass conservation and assuming no 
chemical reaction between water and solid 
phase and a constant solution density, the 
following relationship arises: 

)( hDdiv
t h
e ∇=

∂
∂ω  (3) 

Likewise, the vaporisation ratio per unit 
volume in the liquid/gas interface should be 
considered [6], though here it has been 
neglected for the sake of simplicity. 

2.3 Heat transfer 
Temperature is the third basic variable of 

the system of equations defined below. Heat 
transfer is described by means of the first law 
of thermodynamics, an expression of the 
principle of conservation of energy, and 
Fourier’s law, with the following well-known 
equation (in the case of neither heat sources 
nor soaks): 

)()( TdivcT
t

∇=
∂
∂ λρ  (4) 

where ρ is the material density, c is the 
specific heat and λ the thermal conductivity. 
Adopting constant values for these three 
parameters, the resulting equation is linear. 
Non-linearity of problems related to humidity 
and chloride concentration comes from the 
dependence of diffusion coefficients on the 
abovementioned variables. Even considering a 
linear heat transfer equation, decoupled then 
from the previous equations corresponding to 
chloride concentration and moisture diffusion, 
it is worth noting that the different coefficients 
involved in the system of equations are, in 
general, highly dependent on temperature. 

2.4 Chloride ion transport 
On the basis shown in the previous 

paragraphs, the total free chloride flux in 
concrete Jfc (kg/m2/s) can be obtained by the 
addition of the flux due to chloride 
concentration diffusion and the flux due to 
convection, i.e., ion transport driven by flux of 
moisture through concrete: 

fc e c fc fc hD C C D hω= − ∇ − ∇J  (5) 

Through the mass balance of solute: 

( )tc
fc

C div
t

∂ = −
∂

J  (6) 

The following expression is obtained:  

( ) ( )

fcbc e
e fc

fc

fc h e c fc

CC C
C t t

div C D h div D C

ωω

ω

⎛ ⎞ ∂∂ ∂+ + =⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠
∇ + ∇

 (7) 

Although chloride binding is not an 
instantaneous process and one which involves 
more factors such as the pH of the solution, in 
practice the models from literature use binding 
isotherm curves (see Figure 2) in assuming an 
instantaneous and completely reversible 
equilibrium between free and bound chlorides. 

Free chlorides C fc

Bo
un

d 
ch

lo
rid

es
 C

  bc

Linear (Cbc = αCf c)

Freundlich (Cbc = αCf c
β)

Langmuir
(Cbc = αCf c/(1+βCf c))

 
Figure 2:	  Chloride	  binding	  isotherm	  curves. 

2.5 Finite element formulation 
The mentioned analysis leads to a system of 

three partial differential equations with three 
variables: free chloride concentration Cfc, 
relative humidity h and temperature T. 
Moreover, values of Cbc (bound chlorides) and 
ωe (pore water content) must be known as a 
function of Cfc and h, respectively. 

Developing the chloride transport case, 
equation (7) can be expressed in matrix 
notation, into elemental cells Ωe, through 
nodal shape functions NI: 

0)(
)(

)(

)(

)( =++
¥

ec
e
fcec

e

fcec fCkCc  (8) 

The non-linearity of the problem arises 
from the dependence of capacitance matrix cc 
and stiffness matrix kc on the unknown 
variables: concentration, humidity and 
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temperature. 
For the capacitance matrix, the following 

arises: 

( )
IJ bc
c e I e J ee

fc

Cc N N d
C

ω
Ω

⎛ ⎞∂= + Ω⎜ ⎟⎜ ⎟∂⎝ ⎠
∫  (9) 

With respect to the system stiffness matrix: 

( ) ( )

( )

IJ
c e I e c J ee

I h J e
e

k N D N d

N D h N d

ω
Ω

Ω

= ∇ ∇ Ω −

∇ ∇ Ω

∫
∫

 (10) 

Finally, the vector of equivalent nodal 
forces is given by: 

    
fc(e)

I = N I (Jd )n!"e!# d$e  (11) 

This vector is considered especially in those 
elements at borders where the diffusion flux Jd 
is known. 

In a similar way, humidity and temperature 
cases can be developed.  

Here, the element matrices and vectors 
needed to assemble the non-linear equations 
were programmed in a user subroutine in the 
framework of the Finite Element Analysis 
Program (FEAP), developed by Taylor [14]. 
The reader is referred to [15] for a more 
detailed description of the analyses. 

2.6 Model contrast 
In order to verify the proposed model, an 

experimental study carried out by Sergi et al. 
[16] is simulated. A cylindrical hardened 
specimen was submerged in a 1M NaCl 
solution for 100 days, with all surfaces isolated 
except the top free. The problem to be 
analysed is then a sudden increase in Cl- 
concentration in the top surface of the concrete 
sample, accompanied by a change in the 
ambient relative humidity, under the 
hypothesis that this sudden increase in the free 
surface remains constant over time. In the 
other boundary model edges, a null flux 
condition is imposed. 

The first approximation is based on a 
simple model through Fick’s second law that 
has an analytical solution for the one-
dimensional case of a semi-infinite medium 

with constant diffusion coefficients: 

( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛⋅−−=

Dt
xerfCCCtxC iss 4

),(  (12) 

where C represents the chloride concentration, 
Cs is the surface concentration, Ci the initial 
value, D is the diffusion coefficient (constant), 
t the time and x the distance to the free surface. 

This simple model takes everything into 
account by modifying the chloride diffusion 
coefficient in order to achieve the best fit. This 
is the reason for the apparent diffusion 
coefficient of concrete varying from 10-10 to 
10-12 m2/s in the literature [17]. 

Here the described comprehensive model 
will be used, taking into account separately 
aspects such as chloride binding or relative 
humidity changes and employing an 
estimation a priori of the diffusion coefficient. 

According to [3], Dc is varying with 
temperature, humidity and equivalent 
hydration time: 

, 1 2 3( ) ( ) ( )c c ref eD D F T F t F h=  (13) 

Similarly, regarding humidity transport: 

, 2 1 3( ) ( ) ( )h h ref eD D G T G h G t=  (14) 

Figure 3 reproduces the free chloride 
concentration profile at 100 days. Firstly, 
experimental data are presented. Secondly, the 
results by the best fit to Fick’s equation, with 
results to an apparent diffusion coefficient of 
1.35 x 10-11 m2/s. Better results are obtained by 
considering the binding effect through 
Freundlich isotherm (αF = 0.88; βF = 0.47). In 
this case, the apparent diffusion coefficient is 
equal to 4.28 x 10-11 m2/s but, again, the 
analysis a posteriori of experimental data 
appears indispensable. 

However, in the present model, an intrinsic 
diffusion coefficient proposed by Wang et al. 
[17] that equals 1.02 x 10-10 m2/s divided by a 
tortuosity factor (τ = 1.9) squared is used, i.e. 
2.825 x 10-11 m2/s. The influence of 
convection is clearly shown by comparing 
results obtained by considering the initial 
humidity of 80% in the samples of the test to 
those considering a saturated condition from 
the very beginning. For humidity transport, a 
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linear relation between water content and 
humidity was assumed and average parameters 
from literature adopted for parameters 
affecting Dh. 
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Figure 3:	  Free	  chloride	  profile	  after	  100	  days	  (please	  

refer	  to	  tests	  by	  Sergi	  et	  al.	  [16]). 

Regarding the total chloride profile, a good 
fit with experimental data is obtained. No 
information is obtained through simple models 
based exclusively on the second Fick’s law. 

3 THE PROPAGATION STAGE 
Once the chloride concentration threshold 

has been reached in the rebar surroundings, the 
subsequent oxide generation increases the total 
equivalent rebar section. The volume of the 
rust products is about four- to six-times higher 
than that of steel. Consequently, expansive 
stress appears in the concrete, causing 
cracking of the cover (see Figure 4). 

In spite of the variety of the proposed 
models [8-10,18-22], most are based on the 
hypothesis of a thick-walled cylinder with the 
wall thickness equal to that of the concrete 
cover, with different approaches to the non-
linear behaviour of concrete after cracking. 

Here, a finite element with a cohesive 
embedded crack will be used [23]. Once again, 
a FEAP program is employed. In fact, the 
same meshes as used in initiation stage models 
are appropriate for the propagation stage, as a 
first step in completing integration of the two 
phases. 

 

Rc

C

Ri

Ro

 
Figure 4:	  Sketch	  of	  cover	  cracking	  due	  to	  expansion	  

of	  rebar	  corrosion	  products. 

This embedded crack element does not need 
a crack tracking algorithm. As the cracking 
pattern caused by corrosion phenomena 
includes multiple cracks and branching, this 
feature of the used formulation is of special 
relevance. The plane model avoids the 
classical central symmetry condition with 
respect to the bar axis with a contact algorithm 
employed to reproduce the oxide-concrete 
interface. 

3.1 Finite element with cohesive embedded 
crack 

A simple generalisation of the cohesive 
crack to mixed mode is used, one which 
assumes that the traction vector t transmitted 
across the crack faces is parallel to the crack 
displacement vector w (central forces model). 
To cope with the possibility of unloading 
[12,13]: 

t =
f !w( )
!w
w  (15) 

where   f !w( )  is the classical softening function 
for pure opening mode (Figure 5) and   !w  is an 
equivalent crack opening defined as the 
historical maximum of the magnitude of the 
crack displacement vector. 

The process is as follows. Within each 
element, initially, w = 0 and linear elastic 
behaviour is assumed. If maximum principal 
stress exceeds the tensile strength, then a crack 
appears perpendicular to the corresponding 
direction and n is computed as a unit 
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eigenvector of σ = E: aε , where aε  is the 
apparent strain tensor. Limiting the analysis to 
CST elements, a node is selected so that the 
side opposite to it is as parallel as possible to 
the crack [12,13,24]. Then, vector +b  can be 
determined as the unit vector orthogonal to 
this opposite side. 

 
Figure 5:	  Sketch	  of	  softening	  curve	  for	  the	  cohesive	  

crack	  model. 

Developing the expressions from the strong 
discontinuity approach [12,13,23]: 

     

f !w( )
!w

1 + n !E !b+
"

#
$
$

%

&
'
'
!w = E : ( a"# %& !n  (16) 

This equation is solved for w using the 
Newton-Raphson method given the nodal 
displacements (and so aε ) once the crack is 
formed and thus n and +b  are also known. 

To avoid locking after a certain crack 
growth, the opportunity of crack adaptability 
within each element is provided, allowing the 
crack to adapt itself to the later variations in 
principal stress direction while its opening is 
small. The threshold value must be related to 
the softening properties of the material. 
Having exceeded these threshold values, the 
crack is considered consolidated and the crack 
direction becomes fixed. 

3.2 Model contrast 
Once again, the numerical model should be 

contrasted with experimental results. On this 
occasion, the reference is the slab specimen L1 
subjected to accelerated corrosion tests 
developed by Liu [25]. Table 1 summarises the 
main experimental data. 

Table 1: Experimental data of slab specimen L1 [26] 

Parameter Symbol Value Unit 
Initial rebar diameter Di 16 mm 

Clear cover to the 
reinforcement  

c 48 mm 

Rebar spacing s 200 mm 
Annual mean 
corrosion rate 

icor 2.41 µA/cm2 

Concrete strength fc 31.5 MPa 
Concrete elasticity 

modulus 
Ec 27.0 GPa 

Tensile concrete 
strength 

fct 3.3 MPa 

Concrete Poisson ratio νc 0.18 - 
Creep coefficient φ 2.0 - 

Porous zone around 
steel-concr. interface 

do 12.5 µm 

For the sake of simplicity, the mechanical 
properties of oxide products are adopted as the 
steel ones, in accordance with the assumption 
offered by Bhargava and Ghosh [9]. A contact 
element in the steel (oxide)-concrete interface 
is necessary to localise cracking and avoid 
tensile stress in the reinforcement bar. A 
perfect sliding contact was chosen here. 
Additionally, a porous zone (in fact, an 
especially porous zone) around the bar is 
considered, taking into account that corrosion 
products accumulating around the 
reinforcement bar do not exert any pressure on 
the surrounding concrete until they fully fill 
voids between steel and concrete. 

Oxide production is modelled as an 
increment of area in the rebar section, as 
usually adopted in the literature. The initial 
radius of steel bar Ri is reduced to Ri*, while 
corrosion products would reach a radius Ri + Δ 
if not constrained by concrete. Uniform 
corrosion around the bar is then assumed. In 
addition, the plane strain condition is 
considered, as well as the exponential function 
for a softening curve with an estimated value 
of GF = 100 N/m. 

Loss of steel mass js is related to the 
amount of current icor using Faraday’s law: 

Fe cor
s
M ij
nF

=  (17) 

where MFE is the atomic weight of iron (55.9 
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g/mol), n the valence of the reaction (typically, 
n = 2 or 3) and F the Faraday’s constant. 

Through knowing the ratio of molecular 
weight of iron to the molecular weight of the 
corrosion products µw, the density of rust can 
be evaluated through the following expression: 

s
r

w v

ρρ
µ µ

=  (18) 

where µv defines the ratio of volume of 
expansive corrosion products to the volume of  
steel consumed. 

If icor is assumed constant (not always 
applicable, especially in a highly varying 
aggressive environment [4]), the rate of the 
loss of steel mass js and, consequently through 
µw parameter, the rate of rust production is 
constant. However, some authors (e.g., [8]) 
consider that the rate of rust production is not 
unchanging but inversely proportional to the 
amount of corrosion products, i.e., decreasing 
with time. These models are based on a time-
invariant parameter kp used to fit experimental 
data, but differing by more than one order of 
magnitude among the proposed values in the 
literature. In this analysis, the rate of rust 
production is set constant and expressed by 
means of the Faraday’s law, in order not to 
underestimate the rate of steel loss caused by 
corrosion [26]. 

Specifically, µw = 0.613 and µv = 3.39 [21] 
were assumed. For a steel density of 7,860 
kg/m3, rust density equals to 3,780 kg/m3. The 
time t is related to radius increment Δ through 
the expression: 

2 2( ) ( 2 )
4 ( 1)

s
i i

i s v

t D D
D j

ρ
µ

⎡ ⎤Δ = + Δ −⎣ ⎦−
 (19) 

Additionally, an increment in time to 
cracking around 90 days is due to the fill of 
porous zone around the rebar as previously 
commented. 

Estimation of time to cracking is slightly 
lower than the experimental ones (1.84 years 
[25]). However, if amount of corrosion 
products that has been accommodated within 
the open cracks during the progress of 
cracking is taken into account, experimental 
values are tallied. Likewise, major limitations 

refer to the quantitative estimation of corrosion 
rate and the possible influence of rust 
mechanical properties around the steel rebar. 

Conversely, the crack patterns obtained 
adequately reproduce those observed in the 
experiments (Figure 6). Firstly, a multiple 
diffuse crack scenario around the 
reinforcement bar is clearly shown. Once some 
localisation of discrete cracks appears, crack 
patterns are progressively moving away from 
those expected through axially symmetric 
analytical models. While vertical cracks do 
appear on the surface, as the corrosion process 
progresses cracks tend to localise on the 
horizontal plane between the reinforcement 
bars, as predicted by others [4]. In fact, with 
thicker concrete cover, early vertical cracks do 
not even appear on the top surface [23]. 

  

  
Figure 6:	  Crack	  pattern	  in	  slab	  specimen	  L1	  (in	  
green,	  consolidated	  cracks	  with	  width	  >	  0.1mm). 

3.3 Application case: upper slab in bridge 
deck 

As a practical application of the previous 
model, a bridge deck upper slab exposed to 
chloride attack is analysed. A 2D finite 
element mesh is extracted from the actual 
bridge. Service life prediction is fully 
dependent on two basic variables not usually 
precisely known, the threshold chloride 
concentration and the corrosion rate. Then, 
major conclusions are referred to the achieved 
cracking pattern, which matches experimental 
results in accelerated corrosion tests (e.g. 
[27]). In Figure 7, cracks with width greater 
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than 0.1 mm are shown in green. In fact, a 
maximum width around 0.25 mm is reached in 
the last figure. 

 

 

 

 

 
Figure 7: Upper	  slab	  in	  bridge	  deck.	  Sequential	  crack	  
patterns	  due	  to	  rebar	  corrosion	  (Δ	  =	  16	  µm,	  32	  µm,	  

48	  µm,	  64	  µm	  and	  80	  µm,	  respectively). 

4 CONCLUSIONS 
This work deals jointly with the two phases 

widely adopted in the literature concerning 
cover cracking of concrete due to rebar 
corrosion induced by chloride penetration: the 
initiation stage and the propagation stage. 
While in others these phases have been 
traditionally analysed separately, in this paper 
the models for both phases are incorporated in 
the same finite element program. Such models 
are chained, though not explicitly coupled, as a 
first step towards their future full integration. 

Concerning the initiation stage, a 
comprehensive model is presented, focused on 

the interdependence between chloride and 
moisture flows, with variable diffusion 
coefficients pending on temperature, humidity, 
and equivalent hydration time. Though 
electrostatic interaction among ions was 
neglected, some experimental results can be 
reproduced quite accurately. In addition, 
complex geometries, with explicit cracks 
included, can be simulated. 

Concerning the propagation stage, an 
embedded cohesive crack finite element is 
proposed to model cover cracking. Time to 
surface cracking can be predicted, though it is 
necessary to make some assumptions about the 
consideration of an especially porous zone 
around the steel-concrete interface and the 
accommodation of corrosion products within 
the open cracks generated in the process. 
Moreover, the rust mechanical properties need 
further analysis. In addition, the crack patterns 
obtained agree well with experiments. As an 
example, crack patterns obtained by the 
application of the model to actual bridges 
match expectations. 
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Abstract: The paper considers the change of cement mortar microstructures due to sodium sulfate 
crystallization. The pressure generated during the crystallization, causes the deterioration of the 
solid skeleton of cement-based materials. The magnitude of stress induced by crystals growing in 
the pores strongly depends on the geometry of the system. The influence of salt crystallization on 
the damage of internal structure was investigated for three types of cement mortar: without air-
entraining admixture (AEA) and with 0.1% and 0.2% AEA. Most severe damage of cement mortar 
microstructure, was observed for samples without AEA. Pores of diameter 0.2-60 µm increased 
their volume up to 250%. The salt crystallization revealed the damage of pores, which diameter 
equals 0.6-30 µm, in samples containing 0.1% and 0.2% of AEA and the increase of pore volume 
never exceeded 155%. The additional pore volume, which appears in CM0 samples affected by salt 
crystallization, is created by micro-cracks generated during crystal growth. The salt crystallization 
significantly influence the volume and availability for water of capillary pores and therefore affect 
the transport properties and the durability of cement-based materials.

1 INTRODUCTION
Cement based materials are widely used in 

the contemporary civil engineering and they 
are exploited in more and more severe 
conditions. They are porous materials, which 
means, that they are built of the solid skeleton 
and the pores, which might be filled with the 
gaseous and the liquid phase. The liquid phase 
contains, besides the water, various types of 
contaminations, including salts. The 
contaminations migrate into the material 
through the system of interconnected pores. 
Therefore the knowledge about the porosity 
and the pore size distribution is extremely 
important considering the durability of the 
material [1]. 
The microstructure of analyzed cement mortar 
is investigated by means of the mercury 

intrusion test [2-4]. The technique is very 
simple in principles. It is assumed that the 
material contains the set of cylindrical pores of 
different dimension. Since the mercury is the 
non-wetting fluid, the pressure must be applied 
in order to intrude it into the pore system; the 
smaller are pores the higher pressure must be 
applied. For such the pore model, to assess the 
diameter of pores, which are currently intruded 
by the mercury, the Washburn equation may 
be applied [5]:

4 cosd
P

γ θ
= − (1)

where d is cylindrical pore diameter, which is 
being intruded, θ is advancing contact angle 
of mercury, γ is the surface tension of 
mercury and P is the applied pressure. One has 
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to remember that the MIP test gives 
information about the model of an internal 
structure, which is composed of the connected 
cylindrical pores, not about the real 
microstructure of cement-based material.
Therefore the MIP method has some 
drawbacks, i.e. it underestimates the larger and 
overestimates the finer pores. These 
disadvantages are well recognized and 
described in the literature [6]. Most of them 
result from the fact that the majority of pores 
in the cementitious materials are connected 
with neighboring ones by thinner necks and 
they are called ink-bottle type pores. Some 
additional information about the pore shape, 
which partly overcomes the disadvantageous 
of the method, may be obtain by applying two 
mercury intrusion cycles [7, 8]. It was 
observed that after first mercury intrusion-
extrusion cycle part of the mercury volume 
was entrapped in the pore system. The 
difference between the mercury volume 
intruded during the first ( 1int

porV ) and the second 

( 2int
porV ) cycle might be the measure of the ink-

bottle type pores contribution ( ink bottleC − ) in the 
whole pore volume as a function of mercury 
pressure or a pore radius, according to the 
equation:

( ) ( )
( )

2int
0

0 1int
0

1 por
ink bottle

por

V r
C r r

V r− ≥ = − (2)

The above equation describes the contribution 
of ink-bottle type pores with diameter larger or 
equal to the considered pore diameter r0.

Cement based materials are loaded not only 
with the external forces but also with the 
internal pressure, which might be created by 
the development of the expanding phases in 
the pore system, i.e. due to salt crystallization, 
ice formation, etc. In the presented paper the
change of cement mortar microstructure due to 
the sodium sulfate crystallization was 
investigated using multi-cycle MIP. Three 
types of cement mortar were analyzed, the 
samples differ with the addition of the air-
entraining admixture (AEA). Applying two 
mercury intrusion-extrusion cycles the change 
of the total porosity, the pore size distribution 

and the information about the pore shape 
during the material damage are investigated.

2 MATERIAL AND METHOD
Table 1. Mixture composition (amount used to obtain 
3 beams 4x4x16cm).
Symbol CM0 CM0.1 CM0.2

CEM I 32.5 [g] 450 450 450

Sand [g] 1350 1350 1350

Water [g] 203 203 203

AEA [g] 0 0,45 0,9

The cement mortar recipe is given in Table 
1. The composition of aggregate was taken 
according to EN:196-1:2005. Two different 
amounts of AEA were added 0.1% and 0.2% 
of cement mass. W/C ratio of cement mixture 
is equal to 0.45. After mixing of all ingredients 
the beams 4x4x16 cm were casted and they 
were stored in water 28 days. AEA was added 
to the cement mortar to modify its internal 
structure and to improve the resistance against 
growing crystals. 
After 28 days curing the cylinders of 0.9 cm 
diameter and 1.2-1.4 cm height were cut from 
the beams. They were dried in the oven (70oC) 
until the constant mass of the samples were 
reached. After the drying they were stored in 
the closed vessel with the relative humidity 
and temperature equal 5-10% and 30±1oC, 
appropriately. The samples were saturated 
with sodium sulfate solution in water, whose 
concentration equals 0.25 kg/kg. Saturated 
samples were sealed to prevent the solution 
outflow from pores. Then the samples were 
put into the climatic chamber. The temperature 
in the climatic chamber was changing 
according to the formula:

30 5 , 0..4
10 , 4..8

10 5 , 8..12
30 , 12..16

t C t h
C t h

T
t C t h

C t h

− ° =
 ° ==  + ° =
 ° =

(3)

The samples containing sodium sulfate were 
exposed to ten temperature cycles. The 
solubility of sodium sulfate considerably 
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changes with temperature. The cooling induces 
hydration of salt molecules and Na2SO4
10H2O (mirabilite) is formed. During the 
warming the deca-hydrate is again dissolved. 
The incorporation of 10 molecules of water by 
one salt molecule increases its molar volume 
up to 219.8 cm3/mol [9]. During the sodium 
sulfate hydration the crystallization pressure is 
released, which acts as the additional internal 
load on the solid skeleton. The magnitude of 
crystallization pressure may be estimated 
using the equation [10]:

ln cl
m

RT a dAp
V a dV

γ
∞

 
∆ = − 

 
(4)

where R is universal gas constant, T is absolute 
temperature, Vm is the molar volume, a∞ is 
equilibrium activity of the large reference 
crystal under the ambient pressure, a is the 
activity of the dissolved salt, clγ is the average 
surface free energy of the crystal–liquid 
interface. Coefficient dA/dV depends on the 
shape and the dimension of pores and equals: 
2/r for the spherical pores, 1/r for the 
cylindrical pores, 4/x for the cubic pores, etc. 
The first term on the right hand side of eq. (4) 
describes the influence of solution 
supersaturation on the crystallization pressure 
and the second term defines the influence of 
size and shape of pores in which the 
crystallization takes place. One can notice that 
the smaller are pores, the smaller is 
crystallization pressure, which is released by 
the growing crystal from the supersaturated 
salt solution of the same concentration. After 
the crystallization cycles the samples were 
taken from the climatic chamber, put into the 
deminerelized water at the temperature equal 
to 30oC. Crystals dissolution and removal of 
salt from the pore system lasted 2 weeks, 
during which the water was being changed 
every day. Such a procedure was designed to 
get rid of the remaining crystals from the pore 
system in order to measure the changes of the 
pure cement mortar microstructure according 
to the salt crystallization.

3 RESULTS AND DISCUSION
Five samples of each materials taken before

and after crystallization test were investigated 
using multi-cycle MIP. The results for samples 
with the higher and the lower porosity were 
rejected and are not analyzed in the paper.

3.1 Cement mortar without admixture

Figure 1. Comparision of a) cumilative pore volume 
and b) contribution of ink-bottle type pores obtained in 

MIP for CM0 samples before and after the 
crystallization test.

The average total porosity before the 
crystallization test equals 13,1% and after the 
test to 13,8%. Comparing the pore size 
distribution – Figure 1a and the contribution of 
ink-bottle type pores, see Figure 1b, the reader 
can find the important difference between the 
samples microstructure before and after the 
crystallization test. The dissimilarity concerns 
the pores of diameter from 20 nm up to 30 µm. 

1857



M. Koniorczyk, P. Konca and D. Gawin 

4

In that range the samples after crystallization 
test contain 2-3.5 times more volume than the 
samples before the test. These range of 
diameters of affected pores corresponds to the 
capillary pores, which play the major role in 
the transport phenomena [11]. This 
observation is confirmed by the analysis of the 
contribution of ink bottle-type pores. For the 
pores of diameter 0.1-2 µm the contribution of 
ink-bottle type pores in the sample after 
crystallization test is lower than in the sample 
before the test. It can be explained by the fact 
that the thin channels, which connect the larger 
pores are broken. The volume of pores, whose 
diameter is smaller than 50 nm, decreased 
during the test. The contribution of ink-bottle 
type pores increases with the progress of salt 
crystallization. Those phenomena may be 
explained by the fact that the entrance to the 
smaller pores was blocked with the damaged 
parts of the skeleton, building the walls of 
larger pores or the parts of the undissolved 
crystals still remaining in the pore system.

3.2 Cement mortar with 0.1% AEA
It can be noticed that the average total porosity 
of samples before the test equals 14.7% and 
after the test 14.0%. The decrease of total 
porosity during the crystallization may be 
caused by the damage of internal structure of 
material, which manifests by the closing the 
entrances to the smaller pores by parts of 
broken skeleton, making them inaccessible for 
mercury. The curves measured for the samples 
after the test are very similar, therefore one 
can conclude that the results, describing the 
behavior of the material under the cycling 
crystallization, are representative. Cumulative 
pore volume obtained during first and second 
mercury intrusion for CM0.1 samples before 
and after crystallization test is presented in 
Figure 2a. The comparison of the contribution 
of ink-bottle type pores for those two kind of 
CM0.1 samples is shown in Figure 2b. The 
dissimilarity between the measured cumulative 
pore volume for affected and unaffected 
samples refers only to the pores of diameter 
from 0.1 to 10 µm.

Figure 2. Comparision of a) cumilative pore volume 
and b) contribution of ink-bottle type pores obtained in 

MIP for CM0.1 samples before and after the 
crystallization test.

The difference between the cumulative pore
volume obtained for the above mentioned pore 
range is smaller than measured for CM0 
samples and does not exceed 150%. The 
crystals growing in the pores of CM0.1 
samples have almost no influence on the 
contribution of the ink-bottle type pores. Only 
channels of diameter between 20-30 µm are 
broken due to salt crystallization. The average 
total contribution of ink-bottle type pores in 
affected samples is slightly higher than for 
unaffected ones and equals: 66% and 75% 
appropriately. It may serve as a confirmation 
of the fact that the entrance to the smaller 
pores are closing by the damaged parts of the 
solid skeleton.
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3.3 Cement mortar with 0.2% AEA

Figure 3. Comparision of a) cumilative pore volume 
and b) contribution of ink-bottle type pores obtained in 

MIP for CM0.2 samples before and after the 
crystallization test.

The average total porosity before the 
crystallization test equals 17.5% and after the 
test 17.3%. The distribution of pore volume is 
very similar for all analyzed affected and 
unaffected samples. The similarity can be 
clearly noticed for the first mercury intrusion. 
The changes in the pore structure are most 
evident for pores, whose diameter ranges from 
0.06-20 µm – Figure 3a. The porosity of the 
samples after the crystallization test, estimated 
for pore diameter equal to 1µm, is about 150% 
higher than before the test. The contribution of 
ink-bottle type pores is very similar for 
samples before and after the test. The salt 
crystallization causes partly destruction of the 
narrow channels, with diameter of 0.06-0.6

µm, connecting the pores – Figure 3b.

4 CONCLUSIONS

Figure 4. Difference of average cumulative pore 
volume of CM0, CM0.1, CM0.2 samples before and 

after the crystallization test.

Internal damage of cement mortar caused 
by the salt crystallization was investigated in 
the paper. Change of internal pore structure 
was measured using the multi-cycle mercury 
intrusion test, which allows to estimate the 
contribution of ink-bottle type pores. The pore 
size is underestimated and one can expect the 
higher content of larger pores. Consequently 
the method overestimates the content of 
smaller pores. Three types of cement mortar 
were analyzed: without AEA, and containing 
0.1% and 0.2% AEA. The significant changes 
of pore structure are observed for pores 
(channel connecting pores) of diameter smaller 
than 30 µm. The higher content of AEA the 
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higher contribution of ink-bottle type pores is. 
The multi-cycle MIP analysis gives 
information about the dimension of the 
channels between the capillary pores, which 
play the major role during the mass transport, 
and therefore the obtained results may be 
utilized during the estimation of the transport 
coefficients (permeability, diffusivity, etc.).
During the designed experimental, the damage 
of cement-based materials microstructure is 
induced by the salt crystallization. The 
changes of the average cumulative pore 
volume of CM0, CM0.1, CM0.2 affected by 
the salt crystallization referenced to the 
unaffected ones are presented in Figure 4a. 
The range and magnitude of internal structure 
damage is most evident in Figure 4b, where 
the relative change of pore volume is shown. 
The most extensive damage of microstructure 
is observed for cement mortar without 
admixture.
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Abstract: It is well known that the static and dynamic strength of cement based material are 
influenced by the water content, moreover its value is greatly dependent on the surface tension of 
the liquid. However, the mechanism for the effect of the surface tension of liquid on the solid 
strength has not been investigated yet. In the beginning, the cavitation phenomenon is incorporated 
to the developed model which is assumed to be a two phase porous material of solid and liquid and 
then the effect of the erosion of bubbles on the solid phase is estimated and compared with the 
experimental results. 

1 INTRODUCTION 
It is noted that the static or dynamic 

strength of the cement based materials such as 
the compressive, tensile and flexural strength 
are influenced by the water content and then it 
is reported that the gradual decrease of these 
behavior occur with the increase of water 
content [1][2][3][4]. Benedicks[3] and Hori[5] 
pointed out that the microcracks easily occur 
and propagate for the wetting specimens since 
the surface energy of solid phase decrease for 
the surface energy of liquid phase due to the 
presence of liquid. Therefore, it may be seen 
that the strength varies by the liquid type, 
namely the decrease of the strength of cement 
based materials occur with the increase of the 
surface tension of liquid [3][5][7][8]. However, 
the decrease of the strength simply is defined 
as an index such as the interface energy 
between the solid and liquid phase and 
therefore, its mechanism does not have been 
investigated yet. 

On the other hands, Oshita et al.[6] pointed 
out that the water migration are expected to 
significantly affect the mechanical 

characteristics and then the positive pressure 
such as a disjoining pressure occurring in the 
elastic region causes the microcracks and the 
negative pressure occurring tin the plastic 
region causes the crush between the solid 
phases due to the experimental and analytical 
procedures.

In this study, an extended mathematical 
model that incorporated the cavitation 
phenomenon in the model developed by 
authors[6] which is assumed to be a two phase 
porous material of solid and liquid is 
developed to investigate in microlevel the 
detailed mechanism such that the liquids with 
the different surface energy and its content 
influences on the decrease of the strength. 

2 MECHANICAL BEHAVIOR DUE TO 
PRESENCE OF LIQUID 

2.1 Influence of Water Content on Strength 
The representative research referring the 

effect of water content in concrete on the 
various strength is shown in figure 1. Figure 1  
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(a) Compressive Strength 

(b) Splitting Strength 
Figure 1: Effect of Water Content.

shows the relationship between the strength 
and water content[2]. 

It can be seen that the compressive and 
tensile strength gradually decreases with the 
increase of the water content and therefore its 
value with drying is the most high. Okajima[2] 
expressed the dependency of water content on 
the tensile strength by modified the Griffith 
theorem taken into the reduction of the surface 
energy of solid by the adsorption of vapors 
account, as shown in following equation. 
However, its model does not show an 
agreement with the experiments since the 
stress concentration in the tip of cracks and 
microcracks are taken the Griffith theorem 

itself into account. 

(1)

where  is the tensile strength,  is a 
young’s modulus,  is half length of crack, 
is a surface energy of solid and  is a 
interfacial energy between the solid and liquid 
which is a function of the relative humidity 
shown as Gibbs equation. 

2.2 Influence of Surface Tension of Liquid 
on Strength 

The representative research referring the 
strength characteristics of the mortar in which 
the pore are completely saturated the various 
liquids with the different surface tension is 
shown in figure 2. Figure 2 shows the 
relationship between the strength and the 
surface tension of the liquid. 

It can be seen that the decrease of each 
strength linearly occur with the increase of the 
surface tension except for the ethanol and 
methanol. It may be said that such strength 
behavior dependent on the surface tension of 
the liquid are caused by that the microcracks 
easily occur and propagate due to the 
reduction of the surface energy of the solid for 
the surface energy of liquid [5]. Namely, the 
strength seems to be proportional to the 
interface energy between the solid and liquid 
as shown in the following equations. 

(2)

where ,  and are interface energy 
between solid and liquid, surface energy of 
solid and liquid, respectively.  is the strength. 
However, Matsushita[8] pointed out that the 
effect of the surface tension of the liquid on 
the strength behavior is different due to the 
water cement ratio (W/C) of the mortar and 
concrete material and then its effect becomes 
higher with the increase of W/C. This fact is 
that the strength behavior is dependent on the 
surface tension of the liquid, but not directly 
the interface energy between the solid and 
liquid. Therefore, the mechanism related the 
surface tension of the liquid to the occurrence  
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(a) Compressive Strength 

(b) Flexural Strength 
Figure 2: Effect of Surface Tension of Liquid.

and progress of cracks and the reduction of the 
strength are remained to be not clear. There is 
no doubt that the strength characteristics of the 
porous material such as the mortar and 
concrete are influenced by the surface tension 
of the liquid. 

3 COUPLED ANALYTICAL MODEL 
WITH LIQUID AND SOLID PHASE 

3.1 Modelling of Concrete by Saturated 
Porous Two Phase Material 
   In the analysis which is a coupled model In 

the analysis which is a coupled model with liquid and 
solid phase of concrete structure (called as Analysis 1) 
developed by authors[7], concrete is regarded as a 
porous material which is composed of aggregate, 
cement paste and water. Aggregate is considered as 
perfectly elastic material while cement paste is assumed 
to behave as an elasto-plastic permeable material. 
(a)Formulation of equilibrium equation 

With the presence of pore water pressure ,
the relation of effective stress  and total 
stress   will become 

         m p (3)

where the sign of tensile stress is taken as 
positive and .

The incremental effective stress-strain 
relation for concrete can be written as 

            d D d d d ds
ep t pr h cr         (4)

where  is the elasto-plastic stiffness 
matrix of concrete where voids are not 
saturated with water, and  is the 
incremental strain of solid phase resulted from 
the incremental pore water pressure .
Elasto-plastic stiffness of concrete can be 
written with the use of average elasto-plastic 
stiffness matrix of solid phase  and 
porosity  as follows. 

(5)

(6)

Then by using the principle of virtual work 
and appropriate shape function, the 
equilibrium equation can be written in 
differential form as 

      0
td
fd

td
pdL

td
udKT (7)

where matrices  and  are the tangential 
stiffness and effect of both pore water pressure 
and volume change of solid phase, 
respectively. The vector  denotes the effect 
of external force on displacement. These 
notations can be defined as follows. 
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where  and  are the shape functions for 
displacement, pore water pressure ,while  is 
the strain-displacement matrix. 
(b)  Formulation of Flow Continuity 
Equation

Water head h  can be written as 


pzh  (9)

where z  is the vertical coordinate of the 
point which is positive for upward direction, 
is the specific gravity of fluid. From the mass 
conservation law, the volume change in a unit 
volume V  is equal to the difference of the 
amount of inflow q  and outflow from this 
volume, which can be written as 

 vqV T (10)

where v  is the flow velocity, which is 
considered to follow Darcy's law. The factors 
which contribute to the volume change can be 
summarized as follows. 
Due to total strain change 
Due to the change of volume of particles 
caused by changes of hydrostatic pressure 
Due to the change of fluid volume 
Due to the change of particle size by effective 
stresses

Substituting these factor into Eq.(10) and 
applying the Galerkin's method, Eq.(10) 
becomes in differential form as 

        0 p
T f

dt
udL

dt
pdSpH (11)
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(c) Formulation of Coupled Equations 
The coupled equations which satisfy the 

force equilibrium and continuity condition can 
be written in the next matrix form. 
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In Eq.(13), if the initial conditions are 
known, it can be solved for both the 
displacement and the pore water pressure. The 
same equation can be transformed to the 
following form 
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where  iu ,  ip  are the nodal 
displacement and the nodal pore water 
pressure at the previous step.

Since, in the analysis, incompressibility of 
solid by pore pressure is assumed, porosity 
 and the incremental strain of solid phase 
resulted from the incremental pore  prd   are 
ignored in the above equations. 

3.2 Analytical Estimation of Compressive 
Strength 

In this section, the effect of the pore water 
pressure occurring in pore structure on the 
uniaxial compressive strength of concrete is 
discussed analytically. The analysis are 
performed for the perfectly drying state and 
perfectly saturated state with water. Figure 3 
shows the relationship between the concrete 
stress and strain, figure(a) and (b) shows the  
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(a) Average Stress 

(b) Inside Stress 
Figure 3: Stress Characteristice.

Figure 4: Pore Pressure Characteristice.

average stress and the inside of concrete stress, 
respectively. In figure(a), the result of the 
drying concrete and saturated concrete are 

shown with solid line and dotted line, 
respectively. In figure(b), the stress at the 
center and surface neighborhood of the 
concrete are shown with solid and dotted line. 
Figure 4 shows the relationship between the 
pore water pressure and strain. In this figure, 
the result of the saturated concrete at the center 
and surface neighborhood of concrete are 
shown with solid and dotted line, respectively. 
Young’s modulus of the concrete in the elastic 
region used in the analysis is 1700MPa. In the 
plastic region, the initial cohesion is taken as a 
half of compressive strength and the final 
internal friction is taken as 27° for the failure 
surface. The permeability of liquid is 1.67×
10-8  cm / s.  The boundary conditions of the 
flow analysis are that the pore pressure at the 
surface of the concrete is equal to the 
atmospheric pressure. 

As shown in figure 3(a), it may be seen that 
the compressive strength of the drying state is 
higher around 20% than that of saturated state. 
In the elastic region, there seems no difference 
of concrete stress between the both, but in the 
plastic region, the concrete stress of the drying 
state becomes gradually higher than that of the 
saturated state. On the other hands, as shown 
in figure 4, the positive pore pressure occurs 
and becomes the maximum value at the elastic 
limit of concrete. After yielding, the negative 
incremental pore pressure occurs due to the 
plastic expansion of the concrete and then the 
sudden decrease occur due to the progress of 
microcracks, finally becomes the slightly 
negative value. Concerning with the difference 
of the pore pressure behavior by the position, 
the maximum and minimum value at the 
center of the concrete is higher than that of 
surface, because the water migration cannot 
easily occur inside the concrete. Therefore, the 
effect of the pore pressure on the concrete 
stress becomes greater as the inside of 
concrete and then the value of the concrete 
stress becomes smaller. Namely, the positive 
pore pressure distributing a part of the external 
load is released and then the released stress 
transfer to the solid phase. As the result, the 
concrete stress reduces due to the occurrence 
and progress of microcracks caused by the 
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increase of the compressive stress among the 
solid phase. These phenomenon gradually 
progress with the increase of the load and 
finally the concrete stress reaches the 
maximum value due to the occurrence of the 
negative pore pressure and then the failure 
occurs. 

4 EXPANSION OF CAVITATION 
FLOW MODEL 

4.1 Surface Tension and Cavitation 
Once the pressure of the liquid becomes 

below the saturated vapor pressure, the 
bubbles as the nucleus such as an air, particles 
etc. occur in the liquid due to the evaporation 
caused by the boiling phenomenon, namely the 
cavitation phenomenon occurs. The pressure 
inside the bubbles have the value that only a 
value based on the Young-Laplace equation as 
follows has a bigger than the pressure of the 
liquid and the Young-Laplace equation shows 
that the difference between the pressure inside 
the bubble and of the liquid is dependent on 
the surface tension of the liquid and the 
diameter of the bubble. Therefore, the pressure 
inside the bubble becomes larger with the 
decrease of the diameter and the increase of 
the surface tension of the liquid. On the other 
hand, when the evaporation of the liquid 
gradually occurs toward the bubbles, the 
pressure inside the bubble becomes smaller 
with the gradual increase of the diameter of 
bubble. Finally, the bubbles collide with and 
cling to the wall surface of the solid by the 
liquid migration and after the surrounding 
liquid collapses the bubbles, the microcracks 
occur on the solid surface due to the shock 
wave, namely the erosion occurs. 

(15)

where  are the pressure of bubble 
and liquid, respectively, is a diameter of a 
bubble,  is a surface tension of the liquid.  

   The representative structures in which the 
cavitation is a very important problem such as 
the fatigue fracture, the loss of the energy are 
the fluid machine such as the pomp, impeller, 
vane wheel, screw etc. In the cement based 

materials, it may be seen that the cavitation 
phenomenon easily occur under the 
circumstances that the pressure of the liquid 
becomes below the saturated vapor pressure 
because there are much air, micro particles 
such as a dust, unreacting cement etc. inside 
the pore which is able to becomes a nucleus 
and the bubbles are easy to adsorb and cling to 
the rough wall surface of the micro porous 
structure. 
   The analytical method to estimate the 
cavitation erosion is a mainly surface tracking 
or capturing model and a bubble flow method. 
The former is to estimate the bubble flow by 
tracing and capturing the interface between the 
liquid and vapor considering the phase 
changing for one or some bubbles. The latter is 
to estimate the liquid flow included the bubble 
by one flow model which considers one 
density and one velocity (called as 
homogeneous flow model) or two flows model 
which considers two densities, two velocities 
and constitutive equation (called as bubble 
flow model). In this study, the bubble flow 
model is introduced to Analysis 1 (called as 
Analysis 2). This model is a coupled procedure 
which satisfy the bubble motion equation such 
as a Rayleigh-Plesset equation, the bubble 
number density conservation and the bubble 
flow conservation for momentum, is applied to 
the liquid flow in micro porous pore of the 
cement based material. 

 Rayleigh-Plesset equation, which describes 
a volumetric motion and an erosion behavior, 
is expressed as following equation. 

(16)

where  are a velocity of the bubble 
and liquid, respectively,  is a density of the 
liquid,  is a time, a subscription  is a 
direction and the pressure inside a bubble 
can be expressed as follows. 

(17)

where  is a pressure of incondensable gas, 
 is a saturated vapor pressure and  is a 
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coefficient of viscosity. 
Void ratio  can be expressed as follows 

by assuming a bubble to be a sphere. 

(18)

where  is a bubble number density. 
Then the density of the liquid included the 

bubbles  is can be written as follows by 
assuming the bubble density to be zero. 

(19)

where  is a liquid density. 
The coefficient of the viscosity is expressed 

as follows. 

(20)

where  are a coefficient of the liquid 
and bubble viscosity, respectively. 
    This research is located the fundamental one 
which estimate the effect of cavitation erosion 
in micro pores of the cement based materials 
on the strength. Therefore, in this study, the 
following assumptions are introduced in 
analysis. 

Bubble is compressibility and liquid is 
incompressibility 
   All bubbles are assumed to be sphere, 
incorporation and separation does not occur 
   Bubble is saturated with the air and vapor 
   Phase does not change and materials does 
not transfer at the liquid-vapor interface 
   Bubble density is small to be able to ignored 
compared with liquid density 
   There is no difference between liquid and 
bubble velocity 

Ignore the coefficient of viscosity of liquid 
and bubble 

4.2 Compressive Strength due to Surface 
Tension

In this section, the effect of the cavitation 
erosion on the strength is discussed in detail 
due to the comparison between the results of 
Analysis 1 in section 3.1 and Analysis 2 
shown in section 4.1.

  Analyses are performed in the state such 
that the mortar are perfectly dried, in which 
pore are perfectly saturated with water and 
aniline. The surface tension and saturated  

Table 1: Liquid Property 

Liquid Water Aniline 
Surface Tension

(dyn/cm) 72.8 42.9 

Saturated Vapor
Pressure at 20℃

(kPa) 
2.3 0.04 

Analysis 1
Analysis 2

Figure 5: Compressive Strength Ratio.

vapor pressure for the water and aniline are 
quite different as shown in Tab.1. Young’s 
modulus of the mortar used in analysis is 
25GPa. In the plastic region, the initial 
cohesion is taken as a half of compressive 
strength and the final internal friction is taken 
as 27 °  for the failure surface. The 
permeability is 1.67 × 10-8 cm/s. The 
volumetric elastic modulus of the water and 
aniline are 2.2 MPa and 1.1 MPa, respectively. 
The boundary conditions of the flow analysis 
are that the pore pressure at the surface of the 
concrete is equal to the atmospheric pressure. 

Figure 5 shows the relationship between 
the compressive strength ratio and the surface 
tension of the liquid and the compressive 
strength ratio is defined as the strength of the 
mortar immersed in the liquid normalized by 
that of drying mortar. In this figure, the 
experimental results are marked with circles 
and the analytical result of Analysis 1 and 
Analysis 2 are marked with square and triangle 
respectively. 

As shown in figure 5, Analysis 2 shows a 
good agreement with the experimental results 
for both the liquid of water and aniline. On the 
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other hand, Analysis 1 shows a good 
agreement with the experiment for the aniline 
having a relatively small surface tension, but 
for the water having a large surface tension, 
Analysis 1 shows a quietly different from the 
experiments. Namely, for the liquid with a 
larger surface tension, it may be seen that the 
strength is influenced by not only the pore 
pressure, but also the surface tension. This 
seems to be caused by that the difference 
between the pressure inside and outside the 
bubble is relatively larger. 

5 CONCLUSIONS 
In this study, an extended mathematical 

model which is introduced the cavitation 
phenomenon into the coupled model of solid 
and liquid phase is developed to investigate 
the detailed mechanism for the effect of the 
surface tension of liquid on the solid strength. 
It is concluded by the comparison between the 
experimental and analytical results that the 
strength is influenced by not only the pore 
pressure occurring in liquid phase, but also the 
cavitation erosion in micro pore of the porous 
materials. 
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Abstract. This paper presents a real-time relation between the evolution of fluid permeability and the
crack width opening in a saturated concrete sample. The standard Brazilian test has been enhanced
so that one single controlled crack (up to 300µm) is generated in the specimen. The procedure has
been then adapted so that the simultaneous monitoring of the cracking process and the evolution of a
fluid flow through the specimen are possible. Poiseulle’s cubic law is commonly used in numerical
analyses for describing the percolation of a fluid in a crack: this law is then corrected accordingly to
our experimental observations thus taking into account the actual morphology of the opening crack.

1 Introduction
Concrete durability is strongly affected by

the flow of fluids, gas and pollutants in its
porous matrix. The presence of cracks weak-
ens the resistance of concrete porous matrix and
constitutes preferential flow paths for aggres-
sive components. A description of fluid/gas
leakage in concrete structures subjected to
thermo-hydro-mechanical loading (e.g. tanks,
reservoirs, dams, . . . ) requires the definition
of experimental constitutive laws relating dura-
bility indicators (e.g. water/air permeability) to
mechanical fields. In the literature, a wide range
of formulations is proposed, relating permeabil-
ity to damage (i.e. diffuse cracks) [7, 12], per-
meability to localized cracks [3, 17],. . . , chlo-
rides diffusivity to damage [9], . . .

In these works, residual cracks and, there-
fore, residual transfer properties are explored.

However, a proper description of the evolution
of such properties should be monitored in real
time as cracks open in the specimen [6]. In such
a way, parasite effects (crack healing, external
ambient conditions changes, crack breathing,
modification of the hygrometric conditions of
the sample, . . . ) can be avoided or, at least, re-
duced. The aim of this paper is to relate in real
time water permeability and crack opening dis-
placement (COD) in a saturated concrete spec-
imen, thus extending the experimental protocol
proposed in [6]. The range of validity of the
standard cubic law [15] is therefore investigated
and a modified formulation describing the fluid
flow in a single concrete crack (i.e. a constitu-
tive law for numerical modelling) is proposed.
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2 Hydro-mechanical experimental protocol
In this section, the experimental protocol de-

veloped for measuring fluid flux in a cracking
specimen is presented. The role of concrete
heterogeneity and its impact on concrete be-
haviour, i.e. size effect, is also taken into ac-
count and discussed.

2.1 Sample preparation
The mix design of the concrete used for this

study is given in table 1. Cylindrical samples
(110mm, 160mm or 250mm in diameter) were
cast in steel molds for the sake of a good geom-
etry. They were removed from the steel moulds
at 24h and cured wrapped in a self-adhesive
aluminium tape and aged for more than three
months at the time of the tests.

Table 1: Ordinary concrete mix design

Components kg/m3

Cement: CEM I 52.5 N PMES CP2 340
Water 184.22

Sand: Bernires 0/4 739.45
Gravels: Bernires 6.3/20 1072.14

Before each permeability test, two glass
blades are glued on both sides of the specimen
in order to ensure a smooth contact with the tips
of the LVDTs (that are not directly in contact
with the lateral surface of the sample, see sec-
tion 2.3). The lateral surface of the sample is
then wrapped in a self-adhesive aluminium tape
in order to ensure the hydraulic insulation.

2.2 Concrete heterogeneity and transport
properties

It is well-known that concrete exhibits a
strong mechanical size effect due to its hetero-
geneous structure [4]. In mechanical tests, het-
erogeneity typically leads to a dispersion in the
results and to a dependence on the specimen
size. Size effects on transport properties have
been studied with less attention than size effects
related to mechanical properties [2].

For these reasons, tests have been performed
on a large number of specimens of different

sizes (thickness -50, 90, 130mm- and diameter
-110, 160, 250mm). For each specimen size at
least three tests are performed.

2.3 Experimental set-up

The classical Brazilian test is unstable af-
ter the peak of load and a transducer is neces-
sary on each face of the sample [3]. Since the
permeability test is performed simultaneously
with the application of the mechanical load, the
displacement transducers can not be positioned
on the faces of the specimen. For this reason,
displacements are measured on each side of
the horizontal diameter with 4 LVDTs, two on
each side of the sample. The distance between
the axes of the LVDTs is 30mm and they are
symmetrically placed with respect to the me-
dian vertical plane of the sample. Each diam-
eter variation ∆df(r) is the sum of the two op-
posite linear variable displacement transducers
(LVDTs) measurements. In order to take into
account the asymmetrical crack openings [17],
the test is controlled in real-time by the mean
value of the diameter variation. More details
on the mechanical control system are presented
in [6].

For the purposes of the permeability test, two
steel vessels are fixed on the faces of the sam-
ples. The vessels allow the connection of the
pipes of the hydraulic circuit (inlet/outlet fluid),
the differential pressure sensor and a thermo-
couple.

During the test, the mass of water M in
a container upstream of the sample is moni-
tored in real time by means of an electronic bal-
ance. Downstream, a negative relative pressure
pd < pu is applied by means of a vacuum pump,
while a constant hydrostatic pressure pu is up-
stream of the specimen.

The test is carried out in controlled tempera-
ture conditions (20± 1 ◦C).

2
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a)

b)

Figure 1: Experimental set-up the real-time monitor-
ing of water flux through the sample under loading. a)
Schematic top view; b) View from downstream of the
sample (Legend: 1) Mass measuring system, 2) Ther-
mocouple; 3) Sample; 4) ∆p gauge; 5) Silicon joint; 6)
LVDTs; 7) Vacuum pump; 8) Data acquisition system.

2.4 Testing protocol and water flux mea-
surements

A loading ramp with a constant (in time) di-
ameter variation ∆ds is applied. ∆ds is then
blocked and different levels of ∆p are im-
posed (see fig.2) for a sufficient time to achieve
the steady-state flow condition (green lines in
fig.3). The mass flow rate Q (kg/s) through the
crack is then estimated as the velocity ∆M/∆t

of time variation of the mass upstream (fig.3).
In order to avoid multiple cracks, when the
mean displacement reaches the maximum value
of 300µm, the ramp is reversed down to unload
the specimen. A typical result of the proposed
protocol is depicted in fig.2.

Figure 2: Testing protocol for permeability: time evolu-
tion of mass upstream M , differential pressure ∆p, force
F and mean diameter variation ∆ds for a representative
test

Figure 3: Procedure to compute the mass flux Q from
mass recordings at ∆ds fixed for a representative test.

2.5 COD measurement - LVDTs
The only information on the crack geometry

available during the permeability test is the dis-
placement at mid-height of each face of the the
sample, i.e. at the LVDTs position. The COD is
then calculated as described in [6] (specimen is
considered split in two elastic blocks). The val-
idation of the proposed methodology is given
in section 3.2 by comparing the LVDTs results
with DIC.

3 Mechanical protocol: statistical crack ge-
ometrical characterization

For each face of the sample, the geometri-
cal characterization of the crack has been com-
pleted by means of a DIC technique. These

3
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measurements complete and validate the infor-
mation provided by the LVDTs. A statistical
relationship between the mean diameter varia-
tion ∆ds, derived from LVDTs measurements,
and other geometrical information on the crack
(surface, mean opening, . . . ) is then obtained.
For this purpose, a second series of mechanical
Brazilian displacement controlled splitting tests
has been carried out.

3.1 Sample preparation
Sixteen mechanical tests have been per-

formed on different size specimens. Specimens
are prepared by applying a white painting and a
random pattern of black dots on each face. Grey
value digital images are taken by means of two
12 MPix digital cameras fixed in front of the
faces of the sample, with optical axis collinear
with the axis of the sample.

3.2 COD measurement - DIC
The study has been carried out by means

of the commercial software ARAMIS devel-
oped by GOM Optical Measuring Techniques
[10]. An additional in-house Matlab script has
been developed to post-process the DIC dis-
placement fields and compute the crack open-
ing along the path of the crack. A typical result
is presented in fig.4.

Figure 4: Horizontal displacement fields on a face of a
representative 110mm sample.

The LVDTs and DIC measurements are
compared at the mid-height of the sample (see
fig.5). The good agreement between the results
given by the two techniques can be observed for

all the tested samples. This comparison con-
firms the validity of the additive decomposition
introduced in order to compute crack openings
am from LVDTs measurements [6].

Figure 5: Mechanical protocol - Comparison of the evo-
lutions with time of the crack opening displacement ob-
tained with LVDTs measurements and the DIC compu-
tations at mid-height of each face of a representative
110mm sample

3.3 Statistical relationship COD-Crack
Surface

For each tested sample, the crack surface
Ωf,k can be represented as a function of the
crack opening am,k. Fig.6 represents the nor-
malized surface Ωf/Ωs versus the normalized
crack opening am/ds (Ωs = πd2s/4 being the
sample surface). A linear regression allows to
fit measurements with a correlation coefficient
R2 > 0.99.

4
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Figure 6: Statistical relationship between measured
(LVDTs) crack aperture at mid-height am and computed
(DIC) effective surface of the crack.

4 Fluid permeability of a concrete single
crack: results and discussion

Experimental measurements of mass flux
through the cracked sample are herein com-
bined with the geometrical information derived
from DIC-LVDTs in order to statistically esti-
mate crack permeability.

4.1 Theoretical background
Due to the small duration of the test, one can

assume the drainage towards the matrix to be
negligible [5]. Therefore, the measured mass
flux can be related only to the water flowing
through the crack without any contribution of
the flow through the porosity. Under the as-
sumption of a laminar flow, Darcy’s law is re-
tained. This latter hypothesis will be validated
in the following.

In a unidirectional case (neglecting gravity
effects), the crack permeability kf (m2) can be
estimated as:

kf = −
Q

Af

µ

ρ

(
∆p

∆x

)−1

(1)

where Af (m2) is a the cross-sectional area to
flow, ∆p/∆x = (pd−pu)/ts (Pa/m) is the mag-
nitude of the pressure gradient (assumed as uni-
form within the sample), µ = 0.001Pa s and
ρ = 998 kg/m3 are the water dynamic viscosity
and the water density respectively (at 20 ◦C).

The simplest model of an incompressible
fluid flow through a fracture is the so-called par-
allel plate model (PPM) [15], often referred as
Hagen-Poiseuille flow model [8]:

kPPMf =
a2

12
(2)

However, PPM applicability is questionable
as real cracks in concrete have rough walls and
variable apertures. Furthermore, the COD in-
side the specimen can not be characterized and
regions where the two opposing faces of the
fracture walls are in contact may occur. Another
possible cause of deviation from the cubic law
is turbulence.

The definition of a crack cross sectional area
Af and of a representative crack aperture a is
required to obtain the fracture permeability kf
(eq.1). In absence of information on the real
crack aperture and morphology inside the spec-
imen, Af is used as the mean value Ωeff

f of the
effective surfaces on the upstream and down-
stream faces of the sample. In a consistent man-
ner, crack opening is defined as the mean value
ā of the mean crack openings on the faces of
the sample. In a similar way, ām is defined
as the mean crack opening (front and rear) at
mid-height of the sample. These quantities are
computed in real time during the test as func-
tion of the real crack apertures at mid-height
of the sample am,u(d) obtained from LVDTs
measurements. Once the apertures am,u(d) are
known, the surfaces Ωeff

f,u(d) can be estimated
by means of the statistical relationships (fig.6).
The mean apertures can then be computed as
āu(d) = Ωeff

f,u(d)/w (w is the depth perpendic-
ular to the flow direction). The full three-
dimensional crack geometry is therefore simpli-
fied as a prism with constant transversal rectan-
gular cross section (dimensions ā × w) in the
direction perpendicular to the fluid flow, and
length ts in the direction of the flow (see also
[6]).

Reynolds number can then be calculated,
confirming the laminar flow hypothesis (Re <

1150) for all the tests.

5
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4.2 Influence of the crack opening
A comparison between the experimental val-

ues of the permeability kf and the PPM cubic
law is given in fig.7.

Figure 7: Fracture permeability kf respect to the mean
crack aperture ā for all the tested samples and compari-
son with the theoretical parallel plates model (Poiseuille)
solution.

Permeability tends to non-linearly increase
as crack opens. The theoretical solution tends
to overestimate experimental permeability, in
particular for low values of aperture when the
difference kPPMf − kf is about one order of
magnitude. A higher dispersion of values can
also be observed for small mean crack apertures
ā ≤ 30µm. This dispersion is essentially due
to the lower precision in the mass measurement
and to the possible presence within the speci-
men of not fully opened zones, resulting in local
reduction of the cross-sectional area.

For larger apertures, the influence on the
flow of these parasite effects progressively dis-
appears and the experimental results tends to
the theoretical solution.

4.3 Discussion about threshold effect on
sample permeability

Several authors [3, 17] argue about the ex-
istence of a so-called threshold effect, i.e. a
crack width for the sample permeability mea-
surements beyond which crack openings accel-
erate water flow rate and water sample perme-
ability increases rapidly.

It should be pointed out that all these works
are presented on residual cracks, for which the

geometry may vary after unloading and during
the permeability test due to self-healing phe-
nomena, crack closure and confining effects
during the permeability test [7].

On the other side, [6] has not observed any
threshold effect on electrical resistivity evolu-
tion under loading.

According to our observations, the existence
of an eventual threshold is not clear as sample
permeability (see eq.1) progressively increases
in the range of apertures between 30µm and
300µm (see fig.8). ks0 = 5 × 10−16m2 is the
undamaged material permeability.

Figure 8: Evolution of normalized samples permeability
coefficient.

4.4 Macroscopic interpretation: modified
cubic law

The theoretical cubic flow law overestimates
a fluid flow in a real crack since secondary
effects such as the crack roughness, aperture
variation and tortuosity are not taken into ac-
count. In numerical modelling, some authors
[11, 13, 14] suggest a correction of the standard
cubic law by introducing an empirical factor
α > 1:

kf =
ā2

12α
(3)

[1, 16, 17] estimated α in the range between
10 and 1000. However, accordingly to what
stated in the previous sections, this parameter
can not be considered as a constant as it should
decrease during the crack opening process.

Based on the experimental results presented

6
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in the previous sections, the evolution of the pa-
rameter α is estimated as follows:

α = α(ā) = β āγ (4)

where ā is in [m], β and γ are material pa-
rameters valid in the range of apertures 20 ×
10−6m ≤ ā ≤ 160 × 10−6m. These pa-
rameters should strongly depend on the con-
crete formulation (in particular for what con-
cerns the aggregates size/distribution) as the
crack path/fluid flow may be significantly mod-
ified. In particular, as already observed [16] in
High Performance Concretes a reduced rough-
ness of the crack may be expected.

a)

b)
Figure 9: a) Estimation of the macroscopic parameter
α = α(ā) to correct the parallel plates model estimations
in order to fit experimental data; b) fracture permeabil-
ity estimation via the experimentally corrected parallel
plates model kf = ā2/12α.

5 Conclusion
The paper presented an experimental proto-

col allowing to establish a relationship between

water permeability and single cracks in satu-
rated concrete samples. The hydraulic and the
mechanical protocols are performed simultane-
ously thus allowing a real-time characterization
of the crack permeability. Poiseuille’s cubic law
is then adapted to actual cracks. As expected,
the correcting coefficient depends on the crack
aperture and gradually vanishes as the crack
opens..
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mécanique sur la perméabilité au gaz et
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Abstract: This paper presents experimental and numerical results to study the effect of chloride 
binding and the crack width on the chloride transport in reinforced concrete beams subjected to 
flexure load. Reinforced concrete beams loaded in flexure to generate cracks were exposed to 8% of 
NaCl solution for three months. A crack influence function (Fw) was developed to correlate the 
crack width (w) and the ratio of chloride diffusion coefficient in the crack Dcr to the chloride 
diffusion coefficient in sound concrete De. Results of numerical simulation using COMSOL was 
seen to be in good agreement with the experimental results and thee mechanical behavior as well as 
the transport of the chloride in damaged RC beams was well predicted.    
 
 

1   INTRODUCTION 

Chloride-induced corrosion is one of the 
major causes of corrosion of reinforcement in 
concrete. In the Arabian Gulf region, the hot 
and arid environment has resulted in premature 
deterioration of concrete structures, requiring 
extensive repairs.  The diffusion of the 
chloride ion in concrete plays an important 
role in limiting the service life of concrete 
structures. The main parameters affecting the 
chloride diffusivity of undamaged concrete 
including mix parameters, moisture contents 
and environmental conditions in concrete have 
been investigated in many researches (Tang 
and Nilsson [1], Saeeta et al. [2], Mangat and 
Mooloy [3]). Chloride diffusion is also 
significantly affected by physical 
adsorption/chemical reaction between the 
chloride ions and solid skeleton in the 

concrete. Modeling of chloride diffusion in 
saturated and partially saturated concrete, 
using finite element/finite difference method 
and Fick’s law has been adopted in several 
researches to predict chloride diffusion 
coefficient. Various factors affecting the 
chloride ingress in concrete including the 
effect of chloride binding has been modeled 
(Xi and Bazant [4], Saetta et al. [2], Nielsen 
and Geiker  [5]).  

The structural members in service are in 
fact subjected to axial and flexural loads which 
results in development of microcracks and 
hairline cracks in the tension zone. In 
unstressed concrete, the chloride transport 
property is related to the porosity of concrete, 
while in cracked concrete, it is related in 
addition to porosity, to the microcracks and 
cracks. The prediction of service life of 
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concrete beams stressed in compression and 
tension based on the data for unstressed 
concrete element could lead to erroneous 
predictions. Chloride diffusion in stressed 
concrete elements could be several orders in 
magnitude higher than the unstressed concrete. 
The rate of penetration of chloride is strongly 
influenced by the extent of stress-induced 
damage. This is analogous to the fact that 
permeability of damaged concrete is increased 
by several orders in magnitude.   

Several investigations have been conducted 
to experimentally investigate the effect of 
cracking on chloride diffusion in concrete. 
Effect of cracks on concrete permeability and 
chloride penetration in concrete, by generating 
artificial crack in the concrete specimen, has 
been investigated extensively (Aldea et al. [6] 
Garces-Rodriguez and Hooton [7], Ismail et al. 
[8]). The diffusion coefficient increases with 
the increasing crack width for crack widths up 
to ∼ 80 μm, beyond which cracks provides 
free concrete surface promoting 2-D chloride 
diffusion in the specimen.  

Experimental studies on concrete elements 
in which micro and macro cracks were 
generated by the application of external 
compressive and flexural loads have been 
Samaha and Hover [9], Lim et al. [10], Gerard 
and Marchand [11] and Gowripalan et al. [12]. 
Gerard and Marchand reported an increase in 
concrete diffusivity by a factor ranging from 2 
to 10 due to cracks in the concrete. Sahmaran 
[13] found that in flexurally loaded reinforced 
mortar specimen an increase in crack width 
resulted in an increase in the effective 
diffusion coefficient For cracks with widths 
less than 135 µm, the effect of crack widths on 
the effective diffusion coefficient of mortar 
was found to be marginal, whereas for crack 
widths higher than 135 µm the effective 
diffusion coefficient increased rapidly.  

Pijaudier-Cabot et al. [14] stipulated that a 
strong interaction exists between material 
damage and transport properties of concrete. 
In concrete element with diffuse cracking, the 
material permeability is controlled by damage 

(decrease of average stiffness due to 
microcracking). In the case of localized 
microcracking, and after a macrocrack has 
formed, permeability is controlled by a power 
function of the crack opening (Poiseuille 
flow). A detailed observation on the 
penetration profile of chloride ions through 
and around a crack in reinforced concrete 
structures was carried by Win et al. [15]. 
Research parameters included water to cement 
ratio (w/c), single and multi-cracks, exposed 
direction, crack width, NaCl solution 
concentration and cover thickness. Ishida et al. 
[16] developed chloride transport model for 
sound and cracked concrete with crack widths 
up to 0.3 mm. The equilibrium relationship 
between free and bound chloride was modelled 
based on the experimental results for ordinary 
Portland cement, blast furnace slag, and fly 
ash and introduced into a thermodynamic 
coupled analytical system a non-linear binding 
model.  The chloride transport was found to be 
very rapid along and cross the crack 
boundaries. Rahman et al [17] presented the 
effect of damage and cracking under 
compressive load on chloride migration in 
concrete. 

 
This paper presents the numerical 

simulation of the coupled problem of chloride 
diffusion equation while accounting for 
chloride binding through concrete, as well as 
the crack width due to mechanical loading 
using a finite element idealization in a 
COMSOL Multiphysics environment [18].  

 

2 CHLORIDE DIFFUSION IN 
SATURATED CONCRETE 
Chloride transport in concrete based on the 

equation of mass balance in 1-D can be written 
as:

 
0








x
J

t
C ct    (1) 

Where Ct is the total chloride content (g of 
total chloride per g of concrete) bft CCC 

 
and Jc is chloride flux (m/s). The total chloride 
content Ct can be expressed as the sum of the 
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bound and free chloride, which can be 
expressed in term of the chloride isotherm or 
the chloride binding capacity ∂Cb /∂Cf as 

   

f

b

f

t

C
C

C
C








1               (2) 

 

The diffusive flux of free chloride ions in 
saturated concrete and combining it with Eq. 
(1) and Eq. (2) the diffusion of free chloride in 
concrete can be written as reported by Tang 
and Nillson [1]:    

            

           




















x
C

D
x

F
t

C f
eb

f

             
(3) 

 
Where De is the intrinsic chloride diffusivity of 
concrete (m2/s) and Fb is the chloride binding 
influence function and could be expressed 
from Eq. (2) as  
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3 EFFECT OF CRACK WIDTH ON 
CHLORIDE DIFFUSION   
To consider the effect of the crack width on 

the diffusivity of chloride in concrete, a form 
of multivariate law for undamaged concrete is 
adopted in which the effective chloride 
diffusion coefficient in cracked concrete Dcr 
together with the impact of chloride binding is 
defined as:  

 
                 wbecr FFDD                  (5) 

 
Fb is the chloride binding influence function 
and Fw is the crack width influence function.  
 

The 2-D form of diffusion equation of 
chloride ion for predicting time and spatial 
concentration of chloride in concrete 

considering the influence of crack width and 
chloride binding is given as follows: 
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4 EXPERIMENTAL PROGRAM 
To investigate the effect of crack width on 

chloride diffusion in concrete, reinforced 
concrete beams (150x150x1200 mm) were 
loaded in flexure using four points loading to 
the stipulated percentage levels of the ultimate 
flexural capacity of the beams.  Four pairs of 
reinforced concrete beams were loaded up to 
40%, 60%, 75% and 90% of the ultimate 
flexural capacity of beams and two beams 
serving as control were not subjected to any 
load. The surfaces of the beams were 
subsequently coated with epoxy, so that 
chloride penetration takes place only from 
tension and compression surfaces.  

 
Two RC beams were loaded back to back in 

a steel frame and by tightening the nuts the 
stress-state prior to its unloading was 
achieved. The beams were kept immersed in 
8% NaCl solution to simulate marine exposure 
condition for three months.   

 
After this period, the specimens were 

cleaned and dried to remove the surface 
moisture and drilled at depths of 5, 15, 35, 50 
and 75 mm at the different crack positions. 
The chloride profile was measured at about 
500 mm from the edge of the beam and under 
the point load, the crack width range in this 
study was from 0.25 to 1 mm. In order to 
determine the water-soluble and the acid-
soluble chloride concentration, three grams of 
the powder was obtained at each depth and 
tested according to AASHTO T-260. Free 
chloride content profile and a relationship 
between the crack width (w) and the ratio of 
chloride diffusion coefficient in the crack Dcr 
to the chloride diffusion coefficients in sound 
concrete De was established.  
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5 SIMULATION OF CHLORIDE 
DIFFUSION IN CRACKED 
CONCRETE 
The 2-D structural mechanics using the 

Drucker-Prager yield criterion was first used to 
describe the ductile behavior of the RC beams 
where, the Drucker-Prager yield criterion can 
be written as: 

                  kIJJIf  ),(             (7) 

in which I = σKK is the hydrostatic component 
of the stress tensor, jiij SSJ 2

1 is the deviatoric 
stress tensor invariant, α and k are material 
constants which can be related to the friction 
angle  and cohesion c of the Mohr-Coulomb 
criterion in several ways. For plane stress 
problem, the relation between the parameters 
is as follows: 

 

           


 cos
3

2
3

sin ck           (8) 

In this study, a value of c=4.8 MPa and  
friction angle  =53o was adopted, where these 
material parameters were found by calibration 
to match the experimentally determined P–Δ 
curve. The chloride transport problem was 
subsequently solved to advance the solution of 
the coupled problem of chloride diffusion and 
binding. Von Mises material model was used 
for the steel reinforcement in which Es and Fys 
was 190,000 MPa and 560 MPa, respectively. 
Fig. 1 shows the finite element model of the 
RC beam including dimensions and boundary 
conditions. The steel reinforcement was 
modeled as a plate represents the area of 
reinforcement in the beam with the same 
thickness of the concrete section.  
 

 
Figure 1: Finite element modeling of the beams.  

 Table 1 shows the parameters used in 
COMSOL model for simulation of mechanical 
load and chloride diffusion response. The 
coefficient of chloride diffusion parameter De 
was taken as 3.35106 mm2/s, the free 
chloride concentration Cf at the boundary was 
0.30% per weight of concrete. Initial chloride 
content in the sample, Ci, was assumed to be 
zero. 

Table 1:  Parameters used in COMSOL model 

 

6 RESULTS AND DISCUSSION 
6.1   Mechanical behavior  

The experimental and numerical results of 
load-deflection curve up to failure loading are 
shown in Fig. 2. The experimental results 
gives the cracking load of 7.5 kN and the 
ultimate load of 95 kN.  These results match 
well with the cracking load calculated using 
ACI and COMSOL While both ACI and 
COMSOL show more stiffened behavior than 
the experimental results after the cracking 
load, the numerical simulation predict well the 
behavior of reinforced concrete beam when 
approaching to the ultimate load where the 
predicted ultimate load was 93 kN. 

Expression Value 
Co 
fcr 
fu 
εcr 
εu 
Ec 
Es 
Fys 
α 
β 
Fb 
Fw 

 
Cb 
Ct 

Cf =0.30% by wt. of conc. 
4 MPa 

50 MPa 
1.55e-4 
2.3e-3 

29,000 MPa 
190,000 MPa 

560 MPa 
2.39 
6.51 

1/(1+ α/(1+βC)) 
120  for w<0.25 mm 

475w+1  for 0 <w<0.25 
αC/(1+ βC) 

Cb+C 
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  Figure 2: Experimental load-mid span deflection  
curve vs. ACI formula and COMSOL simulation. 

6.2   Chloride binding isotherm 
 
The results of free and bound chloride for 

different RC beams are presented in Fig. 3. 
The Langmuir binding isotherm was found to 
give the best fit to the data with a value 2.39 
for α and 15.6 for β. The binding influence 
function Fb can be written as follows:  

 

  















26.151
39.21

1

f

b

C

F                       (9) 

 
 

Figure 3: Relationship between free and bound 
chloride. 

6.3 Effect of crack widths on chloride                 
diffusivity  
Fig. 4 shows the free chloride profile along the 
crack wall with different crack widths ranges 
from 0.25 to 1 mm in damaged RC beams. 

From Fig. 4, it could be noted although there is 
increase in the chloride content with increasing 
crack width, the effect of the crack width 
reduced with increase of depth of the crack. 

Table 2 shows the correlation between crack 
width and chloride diffusion coefficients at 
various crack widths. The chloride diffusion 
coefficient in cracks tends to increase up to 
125 times the chloride diffusion coefficients of 
sound concrete with crack widths of 1 mm. 

 
Figure 4: Free chloride profile a long crack walls with 

different crack widths. 

Table 2: Correlation between crack function Fw and 
chloride diffusivity at various crack widths 

Crack width in 
mm 

Dcr 
(mm2/s) 
x 10-6  

Fw = Dcr/De 

Undamaged  
0.25 
0.4 
0.6 
0.8 
1 

3.35  
350 
378 
389 
385 
423 

1.0 
104 
113 
116 
115 
125 

The crack influencing function Fw, which 
gives the relationship between the crack width 
(w) and the ratio of chloride diffusion 
coefficient in the crack Dcr to the chloride 
diffusion coefficients in sound concrete De 
was established as follows: 

Fw    = 120                          for w > 0.25 
Fw   = 476w + 1             for 0 < w > 0.25    (10)                                  
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Kato et al. [19] also reported that the chloride 
content in cracked zone in concrete increase 
with the increase in the crack width up to 
0.075 mm.  
 

7 2-D COMSOL SIMULATION OF 
CHLORIDE DIFFUSION IN CRACKED 
CONCRETE 
Two-dimensional numerical simulation of 
chloride diffusion in cracked beam was 
conducted using COMSOL software.  Figure 7 
shows the 2D free chloride distribution in the 
undamaged RC beams, at first cracking load, 
10 kN, 40 kN, 65 kN and 90 kN flexural 
loading. The chloride diffusion at the cracks is 
higher as compared to uncracked portion under 
stress. The crack width influencing function 
was used control the transport of the chloride 
along the crack depth. To compare the 
experimental and the numerical results along 
the crack depth a one dimensional chloride 
profile was plotted in Fig. 4 at the position of 
maximum crack width about 500 mm from 
edge of the RC beam. From Fig. 4, it can be 
noted that the finite element simulation match 
well with the experimental results. 

 
8     CONCLUSIONS 
Experimental and numerical study of chloride 
penetration along the cracks in in RC beams 
damaged under flexural loads and exposed to 
8% NaCl solution for three months was 
conducted. Langmuir chloride binding 
hypothesis coupled with chloride diffusion 
was used to assess chloride diffusion in 
cracked RC beams. 

A crack influencing function Fw, was 
established to correlate the crack width (w) 
and the ratio of chloride diffusion coefficient 
in the crack Dcr to the chloride diffusion 
coefficients in sound concrete De. Using the 
approach outlined in this paper, the impact of 
cracking and chloride binding on chloride 
transport may be used for predicting the 
reduced service life of reinforced concrete 
structures subjected mainly to flexural stress 
fields. 

 

 

 

 

 
Figure 7: Free chloride distribution for undamaged, at 

first cracking, 40,75 and 90 kN loading. 
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Abstract: Several models for chloride ingress are being developed in order to calculate service life 
of the reinforcement. This work presents a numerical solution to approach the behavior of a highly 
corroded beam in presence of chloride environment during 26 years. In order to make the study, a 
comparison of the numerical pattern of fracture with the real specimen found during the 
experimental test was made and also was compared the real curve charge-displacement with the 
numerical simulation. 
 In this work, we apply cohesive and embedded theories of fracture to study the cracking process 
induced by corrosion.  The volume change resulted from oxidation is implemented as a radial 
displacement imposed at the concrete-steel interface.  
The numerical model reproduces also the patterns of the opening of cracks observed in the 
experimental data of a 26 years old concrete beam exposed to chloride environment supplied by 
The Commissariat à l'Energie Atomique (CEA) in France where this work was carried out. 

 
1 INTRODUCTION 

 
Chloride-induced corrosion of steel bars 

in reinforced concrete is considered the major 
cause of deterioration of structures. When a 
structure is being corroded, depending on 
humidity, environmental temperature ([1] [2] 
[3] [4, 5]), a mixture of iron oxides is formed, 
generally named “rust” whose composition 
depends upon de oxygen availability and the 
chloride concentration in the case of chloride 
attack, or the pH value in the case of 
carbonation. The oxides formed vary in 
relative composition and usually contain 
ferrous and ferric hydroxides magnetite, and 
akaganeite or goethite  [6]. These oxides are 
poorly crystallized in the initial stages of 
corrosion as is shown in figure 1and in several 

occasion have been identified as “green rust” 
of colloidal nature.  
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Figure 1: Relative volume of the corrosion products 

with respect to iron. 
 

The chemical and physical characteristics 
of the oxides evolve very quickly during the 
first stages of corrosion due the pore solution 
chemistry in the corroding spots also evolve 
and their aspect and composition is not a fixed 
one but is a mix of several iron oxides. Their 
consistence is similar to that of a suspension. 
Regarding their volume, the variation from 1 
to around 7 times of the parent iron is related 
to the theoretical volumes of the oxides once 
crystalized but during a corrosion process in 
presence of water and depending on the pH 
these relations cannot be applied. They 
precipitated particles are not well crystallized 
or even they are partially colloidal micelles 
which move away from the bar by diffusion 
and migration. 

For the case of present work, it is well-
know that, this increase in volume, one the one 
hand, builds up pressure at the steel-concrete 
interface, together with the frictional effects, 
the bond strength is enhanced;  on the other 
hand, it exerts tensile stresses in the 
surrounding concrete and leads to cracking and 
spalling of the concrete cover [7]. Once the 
cracked cover releases completely the built-up 
pressure at the interface, the bond strength 
deteriorates rapidly.  This has been confirmed 
by experimental data (see for example, [8]  [9]  
[10]), which  showed that the ultimate bond 
strength initially increased with an increase in 
the degree of corrosion, until it attained a 
maximum value of about 4% rebar corrosion 
(or steel weight loss), then it decreased rapidly 
with an increase in the corrosion level.  

On the other hand when a steel rebar is 
being corroded, the process is not necessarily 
uniform, actually pitting occurs at the 

interface, Torres-Acosta et al. [11,12,13,14, 
15] have shown that it is the maximum pitting 
depth, not the average penetration that is the 
most important parameter affecting the 
flexural-load capacity reduction in corroded 
beams.   

The objective of this work is to approach 
by finite elements methodology  the behavior 
of a highly corroded beam in presence of 
chloride environment during 26 years  in order 
to study the comparison of the numerical 
pattern of fracture with the real one found 
during the experimental test  and also compare 
the real curve charge-displacement with the 
numerical simulation. 

 In this work, we apply cohesive and 
embedded theories of fracture  to study the 
cracking process induced by corrosion.  The 
volume change resulted from oxidation is 
implemented as a radial displacement imposed 
at the concrete-steel interface.  

 
This work will be presented in five parts. 
 
1 – Introduction 
 
2 – Description of the experimental 

procedure carried out to verify the mechanical 
behavior of long-term corroded reinforced 
concrete beam. 

 
3 – Numerical simulation of the chloride 

diffusion through the concrete cover found 
dissolved in the salt fog until reach a critical 
value at the surface of  the layer concrete-
rebar. This simulation is important because the 
experimental report affirmed that the corrosion 
has been much more intense in the zone of 
traction and very low in the compression zone. 
According to the calculations of chloride 
penetration achieved in this work, the critical 
chloride concentration reach the rebar just 
after 24 years. However, as the beam was 
placed from the beginning of the experimental 
test in a chamber in presence of salt fog and 
beside under mechanical load. Such load 
induced micro cracks that appeared in the 
concrete in the zone of traction thus increasing 
the penetration of chlorine through its crack 
until reaches the critical concentration in a 
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period of less than one year. And this 
phenomenon does not appear in compression 
zone. 

 
4 - To save computational resources, a 

simulation of the fracture behavior in two-
dimensional has been carried out in a section 
of the beam to determine the pattern of 
fracture caused by the increase in volume of 
the corrosion products that has been confirmed 
by the experimental tests. To accomplish this 
simulation was used cohesive elements of 
fracture in order to check how growths the 
cracks until to be visible on the surface of the 
concrete cover. 

 
5 - To simulate the behavior of the beam 

on both action of the external load and the 
internal load caused by the corrosion products 
a 3-D simulation has been performed  using 
elements of imbedded fracture in order to plot 
the curve of the deflection of the central region 
of the beam versus the external load to 
compare with the experimental data. 
 
2 EXPERIMENTAL PROCEDURE 

The experimental program was started at 
Laboratoire Matériaux et Durabilité des 
Constrtuction in INSA-Toulouse using 
reinforced concrete specimens presented in 
figure 2 .  
 

 
Figure 2: The layout of reinforced concrete beam. 

 
The compositions of concrete and is used 

to performed this test is specified below: 
 
 1220 kg/m3 of Rolled gravel (silica + 

limestone) with size of 5/15 mm. 
 820 kg/m3 of Sand with size of  0/5 mm 
 400 kg/m3 of Portland Cement: OPC HP 

(high perform)  
 200 kg/m3 of Water 
 

The mechanical property obtained on 
cylinder specimens (110×220 mm) were: 
 The average compressive strength : 45 

MPa at 28 days. 
 The average elastic modulus : 32 GPa at 28 

days. 
 

Unfortunately the energy of fracture of the 
concrete was not declared on the paper 
presented by INSA. In this case a value of 150 
N/m will be taken in order to carry out the 
numerical simulation. 

 
2.1 Cycle of environment condition: 

The beams were kept in aggressive 
chloride environment. The aggressive 
environment was a salt fog (35g/l of NaCl 
corresponding to the salt concentration of sea 
water) generated through the use of four 
sprays located in each upper corner of a 
confined room (Figure 3). After 6 years of 
storage, the beams were subjected to wetting–
drying cycles in order to accelerate the 
corrosion process: 
 0 to 6 years: continuous spraying under 

laboratory conditions (T°≈20°C), 
 6 to 9 years: cycles spraying under 

laboratory conditions (T°≈20°C), one week 
of spraying and one week of drying.  

 9 to 19 years: cycles spraying, one week of 
spraying and one week of drying, however 
the confined room was transferred outside, 
so the beams were exposed to the 
temperature of the south-west of France 
climate, ranging from -5°C to 35°C. 

 19 to 26 years: cycles have been stopped, 
unloaded, the beams submitted to the 
temperature of the southwest of France and 
had corroded naturally. 
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Figure 3: Environment an load condition of the bean. 

 
The beams were loaded in a three-point 

flexure by coupling a type A beam with a type 
B beam (beam type B was not considered in 
this work) (see Figure 2). According to French 
standards the loading level  (M=21.2kN m) for 
type A beams corresponds to the working load 
determined at ultimate load limit state ULS.  

During the first period of 6 years, the 
loading level was checked by a device using 
strain gauges and springs to allow a constant 
load in spite of creep of concrete. After 6 
years, creep effects were smaller and then the 
load was not re-adjusted with time. 

 
3 NUMERICAL SIMULATION OF THE 
CHLORIDE DIFFUSION 

The numerical simulation of the chloride 
diffusion were carried out because of the fact 
that in the experimental results there are no 
important crack on the surface located in the 
compressive zone. Such phenomenon occur 
because of the fact that the beam was placed 
since of the beginning the beginning of the 
experimental test in a chamber in presence of 
salt fog and also under mechanical load. Such 
load induced micro cracks that appeared in the 
concrete in the zone of traction thus increasing 
the penetration of chlorine through its crack 
until reaches the critical concentration faster 
than the concentration found on the 
compression zone. 

The initial mesh is generated by GMSH 
using quadratic six-node finite element. 

During the simulation this initial mesh is going 
to be changed into two different meshes to 
couple the chloride diffusion process and the 
mechanical behaviour of the concrete crack 
caused by the corrosion process. The 
diffusional mesh is formed dividing each 
quadratic six node element into 4 three node 
linear element. The mechanical mesh is 
formed duplicating each node to insert a 
cohesive quadratic element between 2 
quadratic six node element of the initial mesh 
as shown in figure 4. 

 

 

(a) (b) (c) 
Figure 4: Initial Mesh used in two dimensions. 

 
The numerical solution has been done 

using the solver OOFEM controlled entirely 
by a interface developed during this work by 
the IETCC.  This interface controls during the 
simulation how the property of the 
diffusion/mechanical behaviour change during 
the time and this interface and also re-mesh the 
geometry to make possible to insert the 
cohesive element changing the initial mesh. 
The surface concentration of chloride and the 
humidity changes during the cycles between 
the 6 and 9 years of test is take into account.  

We assumed a value for the apparent 
chloride diffusion coefficient of 1.0E-12m2/s 
for a element not cracked and 1.0E-10 if the 
element is totally cracked using a linear 
relation. We also assumed a value of 0.875%  
wc  taking into account the concentration of 
chloride of the salt fog (34g/l) and the concrete 
porosity of 10% using the equation below: 

Cs = 34g/l*Vol*porosity/(Mass of cement) 
In resume, in two dimensions the entire 

service life of the beam was taken into 
account.  

To perform this simulation we need to 
assume a value for the critical concentration of 
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chloride to begin the propagation period. For 
this simulation the threshold values assumed is 
0,4 % wc. 

The figure 5 shows that such threshold 
values would be reach in about 24 years if no 
micro-cracks is considered on the tensile zone. 
Those explain the reason that the 
reinforcement located on compressive zone 
had a low amount of corrosion after 26 years. 

 

 

(b) (B) 
Figure 5: Chloride concentration distribution not 

considering the presence of the micro-craks after 24 
years. 

 
Taking into account presence of micro-

cracks located in tensile zone since of the 
beginning of the simulation. We can see in 
figure 6 (a) that the chloride concentration 
around the rebars at tensile zone is much 
higher (about 100 times) than those found on 
profile (A). It happens because the micro-
cracks increase up to 100 times the chloride 
diffusion coefficient. 
 

 
 

 
 

(a) (A) 
Figure 6: (a) Chloride concentration distribution 

considering the presence of micro-cracks found since of 
the beginning caused by the external loads. (A) Chloride 
concentration distribution not considering the presence 

of the micro-craks. 
 

3.1 The pattern of fracture 
 

To save computational resources, a 
simulation of the fracture behavior in two-
dimensional has been carried out in a section 
of the beam to determine the pattern of 
fracture caused by the increase in volume of 
the corrosion products that has been confirmed 
by the experimental tests. To accomplish this 
simulation was used cohesive elements of 
fracture in order to check how growths the 
cracks until to be visible on the surface of the 
concrete cover. 
 
Loss of diameter of reinforcement 

To perform the numerical simulation is 
very important to know the loss of diameter of 
reinforcement to put as a input data for the 
simulation. The experimental test provided by 
INSA shows (figure 7) that the average loss of 
diameter on both front and back side bars at 
failure location is 21.6%. It means that if we 
consider that for reinforcements located at the 
tensile zone begin to corrode since of the 
beginning of the test. The rate of loss of 
diameter is 132 micras per year. 
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Figure 7: Loss of diameter of reinforcement along the 

length. 
 

With this simulation we represent the 
crack pattern of a slice of the beam as we can 
see in the figure 8 that the numerical specimen 
represent the real crack  pattern found on the 
real beam.  

(a) 
 

 
(b) 

 
Figure 8: Crack pattern of the beam 

 

 
3.2  3D Simulation
 

To simulate the behavior of the beam on 
both action of the external load and the 
internal load caused by the corrosion products 
a 3-D simulation has been performed  using 
elements of imbedded fracture in order to plot 
the curve of the deflection of the central region 
of the beam versus the external load to 
compare with the experimental data. 

The numerical simulation in three 
dimensions was carried out to take into 
account the load history applied to the beam. 
But in this case, just the propagation period 
has been taken into account. We assumed that 
all the rebar has uniform corrosion  and a 
uniform corrosion current.  The mesh was 
generated using Linear 3d eight – node finite 
elements divided into three different zones: 
 Concrete bulk : Rotating crack model for 

concrete Virgin material is modeled as 
isotropic linear elastic material (described 
by Young modulus and Poisson ratio). The 
onset of cracking begins, when principal 
stress reaches tensile strength. Further 
behavior is then determined by linear 
softening law, governed by principle of 
preserving of fracture energy Gf . For large 
elements, the tension strength can be 
articially reduced to preserve fracture 
energy. The transition to scalar damage 
model takes place, when the softening 
stress reaches the specified limit. Multiple 
cracks are allowed. The elastic unloading 
and reloading is assumed. In compression 
regime, this model correspond to isotropic 
linear elastic material. 

 Rebar: Rotating crack model for Steel. 
 Interface concrete/rebar : this zone uses the 

same material of the concrete bulk, but 
works like a 1mm thick ring to simulate 
the lost of adherence when this zone is 
cracked. 

 
To perform the relation between the 

deflection of the beam an its load , a 3d 
numerical simulation has been performed. 
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The problem of this kind of simulation is the 
fact that is very expensive in time for the 
computer.  

On figure 9 we can see the curve of the 
relation between the deflection of the central 
region of the beam and the external load. It can 
be remarked that the numerical simulation 
present a rigidity of the beam lower than the 
real experement. Such phenomena happens 
because of some possible causes: The energy o 
fracture was not  measured. We have seen that 
the loss of diameter is not homogeneous along 
the rebars. And for this simulation we have 
taken the average value on the crack zone. 
 
 

 
 

Figure 9: Curve of the deflection of the central region 
of the beam versus the external load (numerical and 

experimental data) 
 
4 CONCLUSION 
 

The 2D simulation of Chloride diffusion 
in presence of micro-cracks on the tensile zone 
enabled to identify the possible cause of the 
difference between the corrosion-induced 
crack on the tensile and compression zone. 

Corrosion-induced cracking has been 
studied to model the concrete fracture by 
means of a cohesive model to take into 
account the topological change as multiple 
cracks form and propagate. Present cohesive 
model has enabled to follow on 2D cracking 
pattern and how the material is being 
disintegrated around the bar. This model type 
then will serve to study the evolution of the 
crack pattern at further and advanced stages of 
the corrosion. 

The 3D simulation enabled to verify the 
behaviour of the coupled situation when a 
external load is applied together with the 
presence of corrosion process of the rebars to 
approach the curve of the deflection of the 
central region of the beam versus the external 
load and compare with the experimental data. 
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Abstract: Durability of concrete is mainly influenced by its permeability. High performance 
concrete (HPC) is generally considered to be a highly durable material, owing mainly to its low 
permeability. However, when exposed to fire, HPC is highly vulnerable to the phenomenon of 
explosive spalling. The transport of fluids inside concrete is hindered by low permeability of HPC. 
Permeability measurements on concrete are mainly performed at room temperature, only scarce 
information is available on permeability of HPC at elevated temperatures. In the present paper, a 
new test setup for permeability measurements at elevated temperatures is presented. Two different 
types of concrete, namely plain HPC and HPC with 1kg/m3 of polypropylene fibres, were tested up 
to temperatures of 300°C. It was observed that the melting of fibres is not the only reason for the 
prevention of explosive spalling. Additionally, experiments were conducted on 700x700x300 mm3 
slabs in order to investigate the performance of HPC without and with PP fibres. Furthermore, using 
the thermo-hygro-mechanical model for concrete the phenomenon of explosive spalling was 
numerically investigated. Influence of permeability and relative humidity on various aspects of 
explosive spalling was investigated and the findings are reported. 
 

1 INTRODUCTION 
Explosive spalling of HPC under fire is one 

of the major concerns in front of the 
engineering community today. It is associated 
with violent failure of thin layers of concrete 
resulting in sudden reduction of load carrying 
capacity, which may lead to complete collapse. 
High pore pressures due to low permeability 
and stresses due to thermal gradients are 
considered to be the governing causes of 
explosive spalling [1-2].   

The most popular method to prevent 
spalling is the addition of polypropylene (PP) 

fibres in concrete. It is widely accepted that 
the PP fibres leave a porous network after 
melting at around 160°C, leading to an 
increase in permeability, thus allowing the 
water vapour to escape [3-4]. The influence of 
elevated temperature on permeability of 
concrete is well documented in the literature 
[3-6]. However, the majority of these tests 
have been performed on concrete in residual 
state, i.e. after the specimens were cooled to 
the room temperature. 

This work is aimed at investigating the 
effect of permeability on explosive spalling of 
HPC by means of experiment and numerical 
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analysis. A new test setup for permeability 
measurements at elevated temperatures was 
developed and validated against the RILEM 
CEM-Bureau method [7]. HPC without and 
with PP fibres was tested at temperatures 
ranging from 20°C to 300°C. The tests were 
helpful in observing and understanding the 
beneficial effect of addition of PP fibres in 
mitigation of explosive spalling. The concrete 
slabs made of same batch of concrete were 
exposed to ISO 834 fire, and it was observed 
that concrete without fibres experienced severe 
spalling, whereas concrete with PP fibres 
suffered negligible damage. 

The numerical modelling of explosive 
spalling was performed employing the thermo-
hygro-mechanical model for concrete 
developed in the framework of three 
dimensional finite element program MASA [8-
9]. The modelling was performed at meso-
scopic level, where the concrete was modelled 
as a three phase material comprising coarse 
aggregates, cement mortar and interfacial 
transition zone. The influence of permeability 
and relative humidity on explosive spalling 
was evaluated. It was observed that higher 
relative humidity and lower permeability result 
in an increased risk of explosive spalling. 

2 EXPERIMENTAL INVESTIGATIONS 

2.1 Permeability measurements at high 
temperature 

A new test setup for measurement of 
permeability at elevated temperatures was 
developed and the same is shown in Figure 1. 
Specimens used in these tests were hollow 
cylindrical specimens (ring-shaped), which 
were placed between two steel plates. A 
graphite sealant with dimensions 
corresponding to the geometry of the specimen 
was placed between the plates and the 
specimen. The setup was insulated using 
cooling and insulating plates. The applied load 
was monitored employing a 500 kN capacity 
load cell. The steel frame consisted of two stiff 
plates and four steel rods. The load was 
monitored throughout the experiment using a 
commercial data acquisition software Diadem 

[10]. The specimen was heated using a spiral 
heating collar fastened to the rods.  

 

 
Figure 1: Test new test setup for the permeability 

measurements at elevated temperatures. 

Around the heating collar, a heat resistant 
insulation was applied in order to minimize the 
heat loss to the environment. Temperature was 
measured and controlled throughout the 
experiment in steel plates using 
thermocouples. A heating rate of 0.5°C/min 
was selected to avoid possible cracking due to 
thermal gradients. The gas container was 
connected to the gas inlet and the gas outlet 
was connected to the pressure gauge. Nitrogen 
was used as permeating gas, owing to its inert 
behaviour with respect to concrete and since it 
does not enhance burning. 

Once a pressure of 20MPa was applied, the 
initial permeability measurement was 
performed at the room temperature. The 
hollow portion of the specimen was 
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pressurized using nitrogen and the pressure 
was measured. Maximum applied pressure was 
11 bar, while the minimum was 2 bar (both 
gauge pressure). The pressure history was 
obtained and apparent permeability for every 
time step was calculated using the following 
expression derived from Darcy’s and 
Clapeyron’s law: 

 )p(p

V
Δt
Δp

Hπ

)
r
rηln(

k 2
1

2
2

1

2


  (1) 

Where: k [m2] = permeability, η [Ns/m2] = 
viscosity of the permeating fluid, r1 = inner 
radius of the specimen, r2 = outer radius of the 
specimen, H [m] = height of the specimen, p1 
[Pa] = inlet pressure, p2 [Pa] = outlet pressure 
(atmospheric pressure), V [m3] = volume of the 
pressurized gas. In each time interval Δt, the 
apparent permeability k is calculated according 
to Eq. (1). Pressure decay history was obtained 
from the experiment. Intrinsic permeability 
was evaluated employing the Klinkenberg 
method [11]. 

In case of specimens tested at elevated 
temperature, once the specimen attained the 
desired temperature, three or more 
permeability tests were performed following 
the above-described procedure and the 
specimen was heated to the next target 
temperature. The permeability measurements 
in case of specimens without fibers were 
carried out at temperature levels: 20°C, 80°C, 
150°C and 200°C. A few more measurements 
were made in case of specimens with fibres to 
cover the region around the melting point of 
fibers, i.e. measurements were also performed 
at 130°C and 170°C.  

Upon finishing the test series at elevated 
temperatures, the specimen was gradually 
cooled to the room temperature to prevent high 
temperature gradients. Residual permeability 
measurements were performed after the 
specimen was kept at room temperature for at 
least 12 hours. 

High performance concrete (grade C80/95) 
without and with PP fibers with a maximum 
aggregate size of 8 mm was used. The cubic 
compressive strength at the time of testing was 

approx. 90MPa. Concrete with PP fibres 
contained 1kg/m3 of fibres. 

Specimens were prepared by core cutting 
from the slab and were cut into pieces of 
required height. Hollow cylindrical specimens 
with inner radius, r1 of 40mm, outer radius, r2 
of 120mm and height, H of 40mm were used. 
Top and bottom surface of the specimens were 
then polished to ensure that the surfaces are 
smooth and parallel. 

Prior to testing, all specimens were 
subjected to thermal preconditioning by drying 
in oven at 60°C until constant mass was 
reached, i.e. less than 0.5% variation of mass 
during 24 hours. Very moderate drying 
temperature is opted for to prevent any cracks 
that might influence the permeability of 
concrete. 

In this study, PP fibers with a diameter of 
15.4μm and a length of 6mm were used. The 
fibers were extruded from pure PP with 
following material properties: mass density 
910kg/m3, tensile strength 241N/mm2, 
Young’s modulus 573N/mm2, maximum 
(limit) strain 250%. Fibers lose the thermal 
stability at 120°C, melt at approximately 
160°C and burn at 320°C. The viscosity of the 
fibers was very low with a melt flow rate 
(MFR) greater than 1000g/10 min, which 
makes them much more effective as compared 
to the standard fibers (MFR = 30g/10min). The 
fibers were mixed with aggregates and cement 
before the water was added to ensure even 
distribution of fibres throughout the specimen.  

Sealing of the specimen was achieved using 
fire resistant graphite sealant. Due to the 
sensitivity of graphite to oxidation, the gas 
employed in the permeability tests was 
nitrogen. In order to reach the desired 
permeability of graphite (few orders of 
magnitude lower than the lowest concrete 
permeability), it was required to apply a 
pressure of at least 15MPa. Pressure of the 
order of 20MPa was applied during the test. 

2.2 Experimental results on permeability 
The relation between measured 

permeability and temperature for the two 
investigated concrete types is plotted in Figure 
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2. It can be observed that concrete without 
addition of PP fibers displayed a steady rise in 
permeability with increasing temperature. The 
average permeability for plain concrete at 
20°C was obtained as 2.6x10-18 m2. It was 
observed that up to 80°C there was no 
significant increase in permeability. Beyond 
80°C, there was almost a linear increase in 
permeability with rise in temperature (semi-
log scale). After reaching a temperature of 
200°C, permeability increased by 
approximately 20 to 30 times, whereas at 
300°C there was an increase in permeability of 
two orders of magnitude as compared to the 
value at room temperature. Since no visible 
surface cracking was observed upon finishing 
the heat treatment, it could be concluded that 
the increase of permeability was primarily due 
to the change in the internal porous system of 
concrete, i.e. the percentage of larger pores 
was increased as well as total porosity [12]. 
Residual values obtained on specimens cooled 
to the room temperature are approx. 10-25% 
higher than the values obtained at the elevated 
temperatures. 

In case of concrete with PP fibers, at 
temperatures up to 80°C the permeability was 
found to be very similar to the concrete 
without fibers. Therefore, it can be stated that 
the addition of PP fibers does not significantly 
influence the permeability of concrete at 
temperatures up to 80°C. However, at 
temperatures above 80°C concrete with fibers 
exhibits a sudden jump in permeability of 
almost two orders of magnitude (Figure 2). At 
150°C, the difference between the two 
concrete types is almost two orders of 
magnitude. Beyond 170°C, the rate of 
permeability increase roughly corresponds to 
that of concrete without fibres. Same as in case 
of concrete without fibres, the residual 
permeability values of concrete with fibres 
were found to be higher than the permeability 
values at elevated temperatures.  

These experiments clearly demonstrated 
that there is a significant increase in the 
permeability of concrete with PP fibres in 
temperature range between 80°C and 130°C. 
This is considered to be the major reason for 

the beneficial effect of addition of PP fibres in 
mitigation of explosive spalling. 
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Figure 2: Intrinsic permeability of concrete as a function of 
temperature. 

 It is generally considered that the empty 
fibre beds form an interconnected network of 
empty pores and lead to a rise in permeability. 
However, these experimental data show that 
the permeability increase takes place at 
temperatures much lower than the melting 
point of fibres (160°C). Hence, the results 
suggest that the melting of fibres is not the 
only mechanism responsible for the 
permeability increase. Fibres lose their thermal 
stability at around 120°C, which results in a 
significant decrease in elasticity modulus. 
They become softer and more susceptible to 
change of shape. One of the possible 
explanations for the sudden rise in 
permeability is that the pressurized gas 
compresses fibres and creates a path between 
concrete and fibre surface.  

2.3 Experiments on slabs exposed to ISO 
834 fire 

In order to understand the phenomena of 
explosive spalling and the influence of 
addition of PP fibers on the same, experiments 
were performed on 700x700x300 mm3 slabs 
made of concrete without and with PP fibres. 
The tests were conducted by the authors along 
with other researchers from University of 
Munich, under the collaborative project. The 
slabs were cast from the same batch of 
concrete from which the specimens for 
permeability tests were obtained.  

The specimens were exposed to ISO 834 
fire on one large face (700x700mm2). Three 
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specimens for each type of concrete were 
tested simultaneously. Two fire burners were 
employed in order to heat the oven. 

a)     

b) 

 

 

c)  
Figure 3: Explosive spalling observed in the tests: (a) 

plain HPC, (b) spall depth contours [mm] for plain 
HPC, and (c) spall depth contour [mm] for concrete 

with PP fibres. 

It was observed that the explosive spalling 
of the plain HPC initiated after approx. 8 
minutes of exposure. It was associated with 
forcible separation of thin layers of concrete 
accompanied by a loud sound. Successive 
failure of thin layers finally led to a significant 
reduction of the slab cross section. All three 
tested specimens suffered very extensive 
spalling and the test was stopped after 30 
minutes in order to avoid a complete collapse 
of the slabs. The maximum spalling depth was 

observed to occur approx. above the burners, 
indicating the contribution of non-uniform 
heating to the extent of explosive spalling. 
Figure 3 presents: (a) the specimen without PP 
fibres after completion of the test and the 
corresponding spall depth contours [in mm] 
for (b) plain concrete and (c) concrete with PP 
fibres. It can be observed that significant 
amount of spalling occurred in the case of 
plain HPC specimen and up to 70mm spall 
depth was measured. 

On the other hand, concrete with PP fibres 
experienced almost no explosive spalling (one 
of the three tested specimens exhibited minor 
spalling). However, both concretes 
experienced significant cracking due to 
thermal stresses. Nevertheless, the experiments 
clearly demonstrated that PP fibres are very 
effective in prevention of explosive spalling of 
concrete. 

3 NUMERICAL MODELLING OF 
EXPLOSIVE SPALLING 

Experiments clearly demonstrated certain 
aspects of explosive spalling. However, only 
limited information could be deduced due to 
the inherent difficulties in such experiments. 
On the other hand, numerical analysis can 
provide much more detailed insight into the 
problem. In this work, the problem of 
explosive spalling was numerically analyzed 
employing the thermo-hygro-mechanical 
(THM) model with temperature dependent 
microplane model as constitutive law for 
concrete [8-9]. The concrete was discretized as 
three phase material comprising of coarse 
aggregates, cement mortar and an interfacial 
transition zone between the two. Under 
assumption of plane strain condition, a slice of 
a concrete specimen was simulated. The 
advantage of symmetry was taken. The 
geometry and the boundary conditions are 
shown in Figure 4.  

The analysis was carried out for different 
values of relative humidity (RH) viz. 20%, 
40%, 70%, 85%, 92% and 100%. The typical 
failure mode corresponding to 70% RH is 
shown in Figure 5. One can observe that the 
failure occurs locally and at a relatively low 
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depth, typical to the phenomenon of explosive 
spalling. 

 
Figure 4: Geometry and boundary conditions. 

 
Figure 5: Failure mode corresponding to 70% RH. 

The development of pore and volumetric 
pressure in the critical element with time is 
shown in Figure 6. The pore pressure is 
calculated using the THM model, while the 
volumetric pressure is derived by multiplying 
the pore pressure with the porosity [8]. It can 
be observed that the onset of explosive 
spalling is demarcated with a sudden increase 
in the rate of development of volumetric 
pressure (Figure 6). 

The series of analyses were evaluated to 
obtain the influence of relative humidity on (i) 
strain rate at failure; (ii) time of initiation of 
exp. spalling; and (iii) volumetric pore 
pressure corresponding to the onset of 
explosive spalling.  

Figure 7 displays the variation of strain rate 
with increasing relative humidity. In the case 
of rel. humidity less than approx. 60%, the 
failure strain rate is rather small, indicating 
cracking mainly due to thermal stresses. On 
the other hand, for RH above 60% much 
higher values of failure strain rates were 

obtained, which is associated with the violent 
nature of explosive spalling.  
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Figure 6: Development of pore and volumetric pressure 

in the critical element with time. 

The influence of relative humidity on time 
of spalling is plotted in Figure 8. The time of 
spalling was almost constant for RH less than 
60%, whereas it decreased rapidly for RH 
above 60%.  Together with findings shown in 
Figure 7, it can be concluded that the failure 
mechanism for RH less than 60% can be 
mainly attributed to non-explosive spalling 
caused by thermal stresses.  

Both the findings are consistent with the 
available experimental data [13], which 
showed that higher relative humidity enhances 
explosive spalling. Concrete specimens with 
very low moisture content exhibited no 
explosive spalling.The variation of volumetric 
pressure at failure with respect to relative 
humidity is shown in Figure 9.  
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Figure 7: Variation of failure strain rate with RH. 
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Figure 8: Variation of time of spalling with RH. 
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Figure 9: Variation of volumetric pressure at failure 

with RH. 

A gradual increase of the failure volumetric 
pressure is observed. Since the volumetric 
pressures at failure change with relative 
humidity, it can be inferred that a certain level 
of thermal stresses is essential for explosive 
spalling. Pore and volumetric pressures act as 
a trigger to explosive spalling and only the 
combination of these with thermal stresses can 
lead to explosive spalling. Further analysis of 
the same example with the thermo-mechanical 
model [14] instead of the THM model 
confirmed that the thermal stresses alone can 
result only in non-explosive type of spalling. 

4 CONCLUSIONS 
In this work the phenomenon of explosive 

spalling was experimentally and numerically 
investigated, with emphasis on permeability 
and relative humidity. A new experimental 

setup for measuring permeability of concrete 
at high temperature is presented. It was 
employed in the measurements of permeability 
of HPC without and with PP fibres (1kg/m3) at 
temperatures ranging from 20°C to 300°C. 
Plain HPC exhibited a steady increase in 
permeability with rising temperature, whereas 
HPC with PP fibres experienced a very sudden 
increase in permeability at temperatures 
between 80°C and 130°C. Due to the sudden 
rise in permeability, the water vapour can 
escape thus leading to prevention of explosive 
spalling. Furthermore, these results indicated 
that the melting of fibres may not be the only 
mechanism leading to the sudden rise in 
permeability, since fibres melt only at 160°C. 

Experiments were also carried out on 
700x700x300mm3 slabs subjected to one-sided 
heating as per ISO 834. Significant amount of 
explosive spalling was observed in case of 
plain HPC, whereas HPC with PP fibres 
exhibited only very limited spalling. 

To further investigate the phenomenon of 
explosive spalling, numerical analysis was 
performed at meso-scopic scale employing 
thermo-hygro-mechanical model. Explosive 
spalling could be simulated well using this 
approach. The influence of relative humidity 
on explosive spalling was investigated in detail 
and it was found that the increase in RH leads 
to a higher risk of explosive spalling. With 
increase in RH, explosive spalling tends to 
occur earlier. Below RH approx. 60% the 
probability of occurrence of explosive spalling 
is rather low, while beyond 70% there is a high 
risk of the occurrence of explosive spalling.  
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Abstract. The aim of this paper is to investigate interactions between cracking and permeability in
the tensile splitting test. Two models are briefly introduced: the first one is dedicated to the concrete
modelling at the meso-scale by means of the Enhanced Finite Element Method; the second one is used
for the coupling between cracking and permeability. Finally, numerical computations are performed
and some comparisons with experimental data are presented.

1 INTRODUCTION

In litterature, some experimental results at-
tempting to understand the mutual interaction
and relationship between concrete cracks and
the permeability of concrete by means of con-
trolled splitting tests can be found. Controlled
splitting tests are used to create cracks produced
by tensile stress in cylindrical concrete sam-
ples. These tests have stressed a correlation be-
tween water permeability ( [1]) or chloride dif-
fusion ( [2]) and the crack opening width, but
only if the crack opening displacement (COD)
is greater than 50 µm (under this value there is
no significative increase of the values in the per-
meability matrix). Gas permeability tests have
also been experimented (see [3]). Results show
that the gas permeability markedly increases for
a COD of about 25 µm. Therefore it appears
that gas permeability is more sensitive than wa-
ter permeability to cracks induced by loading
in concrete. However few papers exist regard-

ing the bibliography dealing with the numeri-
cal modelling of these Brazilian splitting tests
and the coupling with permeability (either wa-
ter or gas). One can cite, even if it’s for a com-
pressive loading and so it is out of the scope of
this study, the one of [4], where with the help
of a lattice (mechanical and hydraulic) analy-
ses, the authors find a numerical correlation be-
tween the value of the crack opening and the
gas permeability, and compare their results to
the work of [5]. Their interest is limited to
the phase where only micro-cracks have been
formed (diffuse distribution of cracks), and thus
a connected network resulting in a macro-crack
is not yet present. The link between perme-
ability around the peak regime or in the soft-
ening regime has not been studied in the con-
text of their paper. Concerning the numerical
modelling of the Brazilian splitting test, one can
note a technical paper of [6] where by using
a non local elastic-damage model in the con-
text of the Finite Element method, the authors
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are able to reproduce with accuracy the com-
plex failure mechanism of this test. This model
has then been enhanced by the key idea devel-
oped in [7] permitting to extract a crack opening
from a continuum damage Finite Element com-
putation and thus to develop a model coupling
crack opening and permeability in the context
of the continuum damage mechanics (see [8],
[9]). Contrary to [4], the authors are able to
reproduce the whole regime of growth of the
permeability from diffuse to localised damage.
Thus, the proposed work is a contribution to
these papers: modelling the tensile splitting test
and its coupling with gas permeability in the
context of the Strong Discontinuity approach
(see [10]).

The outline of this paper is as follows: In
Section 2, we give a brief description of the
meso-scale model of concrete developed in [11]
which is used to model the tensile splitting test.
In Section 3, we provide a short review of the
hydro-mechanical coupling model developed in
[12], making the link between the process of
cracking and permeability. In Section 4, we turn
to the example of the tensile splitting test. First,
some mechanical computations are exposed and
then hydro-mechanical coupling results are pre-
sented. Finally, some comparisons with experi-
mental data from [9] are provided.

2 Meso-scale model for cracking modelling
in concrete-like materials

In this section, a brief description of a two-
phase material (such as concrete) model at the
meso-scale is given. For readers interested in
more details, a full description of the model, its
numerical implementation and some examples
showing the model capabilities and its range of
applications can be found in [11] and [13].

2.1 Mechanical meso-scale model features
Being able to take into account the size, in-

fluence of the shape, and the mechanical proper-
ties of aggregates on the mechanical behaviour
of concrete-like materials appear to be of inter-
est, that’s why the model proposed in [11] is
based upon a two-phase (aggregates melt into

a mortar matrix) quasi-brittle Finite Element
model whose meso-scale is chosen to be the
scale of computation. Thanks to this model,
the behavior of concrete-like materials under
mechanical loading paths can be represented.
From a technical point of view, the meso-scale
model for computations is based upon a 3D
lattice Finite Element model ( [14] and [15]),
whose truss elements kinematics have been en-
hanced by two discontinuities.

The first discontinuity is known in littera-
ture by the term of weak discontinuity (continu-
ous displacement field and discontinuous strain
field, see [16]). This discontinuity is introduced
in relation with the retained meshing process,
namely non-conforming meshes (see [17]) in-
volving some truss elements that are cut into
two parts, each having different elastic proper-
ties. The main advantage is to have a mesh-
ing process independent from the microstruc-
ture (positions and shapes of the aggregates).
In the present work, this approach is applied to
samples used for the tensile splitting test. Fig. 1
represents one of them: a cylinder with a diam-
eter of 110 mm and a thickness of 3 mm. The
Finite Element discretization gives three sets of
truss elements: (1) those entirely inside the ma-
trix (in blue) with no weak discontinuity acti-
vated; (2) those entirely in the aggregates (in
green color) with no weak discontinuity acti-
vated and (3) those split by a physical interface
(in red) for which the weak discontinuity is ac-
tivated.

The second discontinuity is based upon a
strong discontinuity (discontinuous displace-
ment field and unbounded strain field, see [10]).
One can note that this discontinuity is in-
troduced with the aim of representing micro-
cracks that can appear in any of the two phases
(aggregates or mortar matrix) and of capturing
the debonding at the interfaces between aggre-
gates and the mortar matrix. It is important to
stress the fact that strong discontinuities using
gives the capability to model softening behav-
ior without any mesh dependency, (see [18]).
In order to introduce the softening behaviour, a
softening law is introduced in terms of the in-
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Figure 1: Cylindrical sample for the brazilian test

ternal variable q by considering the exponential
form

q = σu(1− exp(− [|u|]σu

Gf

)) (1)

with Gf , [|u|] and σu respectively the frac-
ture energy, the crack opening and the tensile
strength before softening. Finally, in order to
introduce this strong discontinuity, a yield func-
tion Φ, triggered only in traction, is adopted
such as

Φ = tΓ − (σu − q) (2)

with tΓ the traction vector at the discontinuity.

2.2 Solving process
The introduction of these discontinuities in

a Finite Element problem is done by means of
the Hu-Washizu three fields variational formu-
lation (see [19]) and their discretization is re-
alised by the mean of the Enhanced Finite Ele-
ment Method (E-FEM). In a nutshell, the princi-
pal of this method is to enhance the deformation
field by two functions G1/2 and G2 correspond-
ing respectively to weak and to strong discon-
tinuities. On each element cut into two parts
and/or which has reached σu, interpolation pa-
rameters are computed (one for each function)
with a local algorithm. Note that one of the in-
terpolation parameters is nothing but the crack
opening [|u|]. When the local convergence is
reached and the values of these two interpola-
tion parameters obtained, a static condensation

is performed; then, a classical Finite Element
problem is solved except that the stiffness ma-
trix takes into account coefficients coming from
the static condensation. The whole computa-
tional procedure is explained in detail in [11].

3 Meso-scale model for hydo-mechanical
coupling problem in a cracked media

In this section, a short review of the hydro-
mechanical coupling model used to make the
link between cracking and permeability at the
meso-scale is provided. For readers interested
in more details, a full description of the model,
its numerical implementation and some exam-
ples can be found in [12] and [20].

3.1 Hydro-mechanical coupling model fea-
tures

The key point of the hydro-mechanical cou-
pling is based upon the fact that the crack open-
ing [|u|] is computed when solving the me-
chanical problem at the meso-scale. This data
leads to a straightforward way to compute mass
flows within meso-scale cracks according to the
Poiseuille law written in the case of two infinite
parallel planes with a distance equals to [|u|].
Moreover, it appears that this mass flow prob-
lem will inherit from information coming from
the mechanical analysis namely different crack
openings and orientations and thus the hydro-
mechanical coupling will naturally take into ac-
count fracture tortuosity and induced anisotropy
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which is usually, except for low stress levels, a
difficult task (see [21]).
Considering an incompressible fluid passing
through a cracked media, one can compute the
permeability tensor as

Km = kintr1 +
[|u|]3

12L
(1− n⊗ n) (3)

where n is the truss unit normal vector, kintr
is the intrinsic permeability of the material (
e.g. 10−17 m2 for ordinary concrete) and L
is the length of the crack. One can observe
that a double porosity is taken into account :
one isotropic coming from the intrinsic poros-
ity (kintr) of the considered uncracked material
and one anisotropic coming from the mechani-
cal computation in terms of meso-scale cracks
opening ([|u|]).
The corresponding mass flow density vector q
is thus:

q = −ρ
Km

µ
· grad(p) (4)

When considering a compressible gas, the den-
sity ρ of the fluid cannot be assumed to remain
constant and q must be rewritten as

q = −
Km

2µ

M

RT
· grad(p2) (5)

where M is the molar mass (kg.mol−1), R is
the universal gas constant (8.314 J.K−1.mol−1),
µ is the viscosity of the fluid (Pa.s) and T is the
absolute temperature (K).

3.2 Solving process
The solving process is based upon a Finite

Element formulation of the flow problem at the
meso-scale. First, the weak form of the mass
balance equation is obtained and then the Fi-
nite Element spatial discretization of the pres-
sure field (for an incompressible problem) or
the pressure-squared field (for a compressible
problem, [22], [23]), the gradient operator and
the permeability matrix is executed. Finally by
applying the Finite Element assembly proce-
dure, the resolution of the problem in terms of
pressure field or pressure-squared field is per-
formed. The whole computational procedure is

explained in detail in [12].

In the next Section, we turn to the example
of the tensile splitting test in order to illustrate
the capabilities of the mechanical model and the
hydro-mechanical coupling.

4 Numerical example: Tensile splitting test
In the first section, we demonstrate the me-

chanical results obtained with the model. In the
second section, results of the hydro-mechanical
coupling are presented. These results are then
discussed.

4.1 Mechanical results
Mechanical computations are performed on

cylindrical samples (such as Fig. 1) with dimen-
sions and material properties detailed in Tab.
4.1. Three samples are tested with different di-
ameter inclusions sizes Φinclusions (2, 4 and 8
mm) keeping the volume of inclusions constant.
In order to impose boundaries conditions, two
planes are cut on the top and on the bottom of
the cylinder. On the top the loading is imposed
by prescribing a vertical displacement and on
the bottom the sample is blocked in the x, y and
z directions. The vertical load is thus computed
as the corresponding reaction.

Fig. 2 represents the stress versus the max-
imum crack opening displacement (CODmax)
for each loading paths and for Φinclusions equal
to 8, 4 and 2 mm. One can observe that the
peak is reached for an average stress value of
8.4 MPa and an average maximum crack open-
ing displacement value of 10.5 µm. We have
tried to highlight a trend between the size of the
aggregates and the value of the Young modulus,
the value of the stress at the peak. The result is
pictured on Fig. 3. Regarding this picture, it is
not clear, there is a trend but it seems that val-
ues of the Young modulus and the stress at the
peak are going up with the size of the aggre-
gates. Moreover, Fig. 2 shows that smaller the
size of inclusions, the more brittle the response.

Fig. 4 illustrates the evolution of the crack
by the mechanical loading after the peak for
Φinclusions equals to 8 mm. The path of the
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Table 1: Dimensions and material properties

Cylinder dimensions (mm) φ = 110 & e = 3
Samples name 1 2 3
Φinclusions (mm) 8 4 2
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Figure 3: Values of the log(Young modulus, CODmaxat the peak, Stress at the peak) versus the size of the aggregates
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Figure 4: Evolution of the crack by the mechanical loading (Φinclusions = 8 mm): CODmax (µm) = 100, 160 and 390

crack is tortuous because it follows the aggra-
gates which remain elastic. Note: values in the
colorbar are in mm.

In the next section, we turn to hydro-
mechanical results obtained from these cracked
samples.

4.2 Hydro-mechanical results and discus-
sion

In order to solve the mass transfer problem, a
pressure called Pin is imposed in the z-direction
on the face z = 0 mm such as Pin = 2×105 Pa
and a pressure called Pout is imposed in the z-
direction on the face z = 3 mm such as Pout =
1×105 Pa. The gas considered is air, thus M is
equal to 0.02895 kg.mol−1 and µ to 1.82×10−5

Pa.s. The intrinsic permeability of the inclu-
sions is chosen equal to 10−25 m2 and the one
of the mortar matrix to 10−16 m2.

Fig. 5 shows results of the permeability
computation. It pictures the log of the Perme-
ability/Initial Permeability versus the CODmax.
One can observe three regimes (with the help
of Fig. 2 too) regardless of the size of the
inclusions; the first one going almost to the
CODmaxat the peak. It shows a slow increase of
the permeability because of the increase of the
density of diffuse (micro) cracks. Because of
the coalescence of the micro-cracks leading to
a macro-crack, a second regime of permeabil-
ity can be observed. It exhibits around the peak
a fast increase of the permeability. These two
regimes are quite illustrated on Fig. 6 which is

a zoom of Fig. 5 for a COD ranging from 0 to 50
µm. It depicts the log of the Permeability/Initial
Permeability versus the CODmax. One can ob-
serve, around a value of 10 µm, a fast increase
of the permeability. Finally, and for a CODmax

larger than several times the CODmaxat the peak,
a third regime is observed which is character-
ized by a slower growth of the permeability (see
Fig. 5 again). Last but not least, it is important
to stress the fact that the presence of these three
regimes is in good agreement with what one can
observed experimentally (see [24] for instance).

One can note that all these computations
have been performed with three sizes of inclu-
sions (2, 4 and 8 mm); the aim being to inves-
tigate the influence of the size of the inclusions
in relation with the permeability as done in the
work of [25]. Regarding Fig. 5 and Fig. 6 it
is not easy to find a trend between the size of
the aggregates and the evolution of permeabil-
ity. Nevertheless Fig. 5 tends to show that what-
ever the size of inclusions is, the second regime
starts at the same time (around 10 µm here).

Finally regarding Fig. 7, one can compare
numerical results with the experimental data
from [9]. The experimental results have been
obtained considering 4 Brazilian test samples
(A, B, C and D) with thickness from 3 cm to 5
cm and a size of inclusions of 4 mm of diameter.
Even if the numerical results are in good agree-
ment with the experimental values, this compar-
ison must be done with precaution. Indeed, the
thickness of the numerical sample has been cho-
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sen equal to 3 mm for computational time rea-
son and so is far away from the thickness used
in experiment. The numerical simulation is thus
much closer to a 2D simulation than a 3D sim-
ulation. Moreover, in the numerical approach
no coefficient is introduced in order to take into
account the rugosity of the crack: this could ex-
plain too the higher rate of growth of perme-
ability for the numerical approach ragarding the
experimental one. For further computations it
would be of interest to introduce this coefficient
following for the work of [3].
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6 CONCLUSION
The aim of this paper was to investigate

interactions between cracking and permeabil-
ity in the context of the tensile splitting test.
In the first part of this work, the key points
of the mechanical model were presented: two
discontinuities have been introduced in order
to model cracking in heterogeneous materials.
Then, in the second part the hydro-mechanical
coupling was briefly introduced, it relies on a
double porosity approach permitting to build
up a permeability matrix taking into account
cracks opening and their orientations. Finally,
some numerical computations dealing with the
hydro-mechanical coupling in the context of the
Brazilian splitting test have been shown. Sev-
eral results have been obtained. First, the pres-
ence of three regimes of permeability have been
highlighted as observed in experimental ap-
proaches. The first regime, going almost to the
peak, is governed by the intrinsic porosity of the
material and shows a slow increase of the per-
meability, then around the peak, when there is
coalescence of micro-cracks that gives a macro-

crack, one can observed a second regime with
a fast growth of the permeability (between two
and three decades) and finally a third regime is
observed for a displacement larger than the one
at the peak with a slower rate of growth of per-
meability. Then, concerning the influence of the
size of the inclusions in relation with the perme-
ability, one can note that whatever the size is,
the second regime of permeability starts practi-
cally at the same time (around 10 µm). Even if
these results are encouraging for further works,
several things have to be improved. Concerning
the mechanical simulation of the tensile split-
ting test, boundaries conditions should be im-
posed more neatly namely by respecting what
is done in [26]. This should be done in mod-
elling the bearing strip in steel and so the con-
tact between concrete and steel. Then, it should
be important to work with a sample thickness
in the range of experimental approaches namely
in between 3 and 5 cm. In this work, because
of computational time, the thickness had to be
chosen equal to 3 mm which is far away from
real samples. Changing the thickness could be
a first lead to improve the comparison with ex-
perimental results (see Fig. 7). Regarding the
hydro-mechanical coupling, no rugosity coeffi-
cient has been introduced in order to model the
rugosity of the crack. Therefore the influence
of this rugosity is not taken into account in the
computation; this could be a second lead to im-
prove the comparison with experimental results.
Several authors have identified this coefficient
using experimental data (see [3]).

To conclude, future works will have to im-
prove the predictions of permeability with ex-
perimental data on split cylinders even if ini-
tial comparisons provide qualitative and quan-
titative results that are quite enough consistent.
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Abstract: Although reinforced concrete design typically allows for non-critical cracking of the 
concrete, such cracking is known to increase the effective permeability of concrete, which can 
promote various forms of structural deterioration. Numerical modeling offers opportunities for the 
study of these durability problems. In particular, lattice models are attractive for this purpose. The 
present work describes the fundamental concept and related recent developments of a dual-lattice 
model for coupled fracture-flow analyses of cementitious materials. The capabilities of this model 
are demonstrated by simulating water absorption in cracked reinforced concrete, the experiment of 
which was performed by Zhang et al. [24]. Comments are provided regarding more realistic 
simulations of reinforced concrete durability problems and potential future developments of this 
model. 
 
 

1 INTRODUCTION 
Design codes for structural concrete 

typically allow for non-critical cracking, and 
therefore cracking is inevitable in reinforced 
concrete structures. However, such cracking is 
known to accelerate the transport of moisture 
and other deleterious substances such as 
chlorides or sulphates, which greatly increases 
the potential for reinforcing steel corrosion and 
other mechanisms that lead to severe 
deterioration of reinforced concrete structures. 
Understanding such coupled fracture-flow 
phenomena is essential for the study of 
reinforced concrete durability. 

Numerical modeling offers opportunities 
for the study of these durability problems, 
complementing what knowledge can be gained 
from physical testing. Due in part to the use of 
discrete, two-node elements, lattice models are 
simple and effective in simulating fracture of 
such quasi-brittle materials [1-4] . Furthermore, 
recent developments of the dual-lattice 
concept [5-7] offer opportunities for realistic 
simulations of flow through fractured concrete 
materials. 

This paper first describes the fundamental 
concept of the dual-lattice models, in which 
the duality between the Delaunay tessellation 
and Voronoi diagram is utilized. Based on this 
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concept and use of the finite volume method, 
the discrete advection-diffusion equation on 
the flow lattice is derived and implemented. 
Secondly, the proposed method is verified by 
solving several basic problems. Finally, 
numerical simulations of water absorption in 
cracked reinforced concrete demonstrate the 
capabilities of the present method. 

2 FORMULATION 

2.1 Dual-lattice concept 
Dual-lattice models, as shown in Figure 1, 

are constructed by the following procedure: 1) 
Prepare a set of arbitrary points in the 
computational domain; 2) Decompose the 
domain into a set of tetrahedra (in 3D) or 
triangles (in 2D) using the Delaunay 
tessellation [8]; 3) Take the Delaunay edges as 
elements of the structural lattice; 4) 
Decompose the domain into polyhedra (in 3D) 
or polygons (in 2D) based on the dual Voronoi 
diagram; and 5) Take the Voronoi edges as the 
elements of the flow lattice.  

In the dual-lattice models, fracture analyses 
are performed on the structural lattice, whereas 
flow analyses are performed on the flow lattice. 
A potential cracking surface is the shared facet 
of two adjacent Voronoi cells as seen in 
Figure 2. It is noted that this surface coincides 
with a flow lattice element in two dimensions 
and is bounded by flow lattice elements in 
three dimensions. To couple the fracture and 
flow analyses, the amount of crack opening is 
evaluated for each structural element 
exhibiting fracture. The crack opening 
associated with a structural lattice element can 
be related to an increase of the permeability of 
the surrounding flow lattice elements, in 
accordance with theory or experimental 
observations [9-11]. 

2.2 Fracture analyses 
Each point used in the Delaunay 

tessellation has three degrees of freedom in 
two dimensions and six in three dimensions. 
Normal, shear, and rotational springs are 
placed between two Voronoi cells as shown in 
Figure 2. 

Concrete materials are assumed to crack 
when the stress reaches the prescribed tensile 
strength, and to soften according to a 
prescribed stress-crack opening relation 
(Figure 3). 

Additional details and validations of 
fracture analyses on the structural lattice have 
been presented elsewhere [1-4]. This paper 
focuses on the development of the flow lattice 
for flow analyses, with emphasis on the effects 
of cracking. 

2.3 Flow analyses 
The governing equation for the flow 

analyses appears as either the diffusion 
equation or the advection equation in the 
literature [12,13]. Transport of heat, moisture, 
oxygen, or carbon dioxide is expressed as a 
diffusion phenomenon, whereas ionic transport 
such as that of chloride or other ions is partly 
regarded as an advection phenomenon. 

In the present study, the following 
advection-diffusion equation is assumed to 
govern. 

( ) ( ) 0 =⋅∇+∇⋅∇−
∂
∂ uθθθ D

t
, (1)

where θ  is the unknown scalar function, t  is 
time, D  is the diffusion coefficient, and u  is a 
given velocity. No internal source or sink term 
is considered in Eq. (1). 

The authors have discretized Eq. (1) using 
the finite volume method [7] as done on the 
structural lattice in the literature [14,15]. The 
derived semi-discrete equations are: 
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where 
e
A  denotes the assembling procedure, θ  

is the column vector of the unknown scalar 
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values at all the nodes including those with 
Dirichlet boundary conditions, θ&  is the time 
derivative of θ , M  is the total capacity matrix, 
K  is the total diffusivity matrix, B  is the total 
advection matrix, f  is the term due to the 
Neumann boundary conditions, eM , eK , and 

eB  are the elemental capacity, diffusivity, and 
advection matrices, respectively, d  equals 2 in 
two dimensions and 3 in three dimensions, eA  
and eh  are the facet area and the length of 
element e , respectively (see Figures 4 and 5), 
and en  is the unit normal to the facet from 
node i  to node j . It should be noted that these 
elemental matrices coincide with those 
obtained by the finite volume method on the 
structural lattice [16,17]. 

The semi-discrete equation, Eq. (2), is 
discretized in time and solved using the Crank-
Nicolson scheme [18]. 

3 VERIFICATIONS 

3.1 Linear transient diffusion in a three-
dimensional random lattice 

A linear transient diffusion problem on a 
cubic domain is solved as a verification of the 
three-dimensional random lattice (Figure 6). 
The initial conditions and boundary conditions 
are expressed by Eqs. (6) and (7), respectively. 
Zero flux conditions are imposed on the other 
boundary surfaces. 

L
xtzyx πθ sin)0,,,( == . (6)

0),,,(),,,0( ==== tzyLxtzyx θθ . (7)

The initial condition and the potential 
development in time appear as blue dots in 
Figure 6 (right), together with the analytical 
solutions of Eq. (8) drawn in red lines.  

L
x

L
ttzyx ππθ sinexp),,,( 2

2

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−= . (8)

The lattice solutions precisely agree with 
the analytical solutions. It is verified that the 
three-dimensional random lattice, constructed 
on the edges of the Voronoi polyhedra, solves 
linear transient diffusion problems. 

3.2 Periodic advection flow in a plane 
An advection problem on a square domain 

of L by L is considered to demonstrate the 
capability of solving the advection equation. 
The sine distribution of Eq. (9) serves as the 
initial condition, and the periodic boundary 
condition of Eq. (10) is provided. The domain 
is quasi-regularly discretized as presented in 
Figure 7 (a).  

L
xtyx πθ 2sin)0,,( == . (9)

),,(),,(),,( tyxtLyxtyLx θθθ =+=+ . (10)

The evolution of the potential distribution 
in time is shown in Figure 7 (b). The 
periodicity is well reproduced despite some 
dispersion. Thus, it is verified that the 
advection equation can be solved on the two-
dimensional flow lattice. 

3.3 Water absorption in uncracked concrete 
Water absorption in uncracked concrete is 

simulated to verify the capability of solving 
non-linear diffusion problems. The Darcian-
flow modeling of capillary suction through 
concrete, expressed in terms of hydraulic 
diffusivity [19], is adapted in this study. The 
diffusion coefficient of such flow is given as 
Eq. (11), which is defined as an exponential 
function of reduced water content. 

θθ nDD exp)( 0= , (11)

rs

r
Θ−Θ
Θ−Θ

=θ
, 

(12)

where θ  is the potential variable representing 
the reduced water content, also known as the 
normalized water content or effective 
saturation, i.e. θ  ranges from 0 to 1, D0 is the 
base diffusion coefficient at θ=0, n is the shape 
term governing the profile shape, Θ is the 
volumetric water content, Θr is the residual 
water content, and Θs is the saturated water 
content. D0=2.2×10-4 (mm2/s) and n=6.4 [20] 
are used in the following simulation. It is 
noted that capillary suction models for 
unsaturated soil can be used as alternative 
formulations on the dual lattice [21]. 
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The domain, the discretization, and the 
boundary conditions are shown in Figure 8 (a). 
The domain is a square of 30 mm by 30 mm in 
two dimensions. Zero-flux (qn=0) boundary 
conditions are imposed on the three edges, 
whereas the θ = 1 potential boundary condition 
is imposed on the other edge. The initial 
condition is θ =0 all over the domain. 

The calculated distributions of the reduced 
water content at t=3, 15, and 60 min are shown 
in Figure 8 (b). It is observed that water 
ingresses from the bottom with some degree of 
uniformity. The solution along y axis 
(indicated as “lattice”) is compared with the 
one-dimensional finite difference solutions 
(indicated as “FDM”) in Figure 8 (c). The 
lattice solutions exhibit a slight delay from the 
finite difference solutions. The oscillation 
observed at t=3 min disappears at t=60 min.  

To quantitatively investigate the precision 
of the lattice solutions, we have calculated the 
sorptivity s  as defined in Eq. (13) [20]. 

∫=
1

0

d θλs , (13)

2
1−

= xtλ , (14)

where λ  is the Boltzmann variable, x is the 
location variable (indicated as y in Figure 8 
(c)), and t is time. Since Eq. (13) is of one 
dimension, and the lattice models are of higher 
dimensions, we cannot directly evaluate Eq. 
(13) with the dual-lattice models. Therefore, 
the sorptivity of the lattice solution is 
calculated with Eq. (15), in which the 
polygonal Voronoi cells  are divided into a set 
of triangles Ωj and the potential distribution θ  
is integrated over these triangles using 
Gaussian quadrature [22], followed by division 
by the dimension of x and the square root of 
time t. 

∑ ∫
Ω
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j
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t
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This sorptivity is compared with an 
approximation, which is suggested by Parlange 
et al. [23] in Eq. (16), as listed in Table 1. 
These two values show good agreement within 

2% difference. Hence, it has been shown that 
the dual lattice solves non-linear diffusion 
problems with good accuracy. 

( ) 2121

0

2
2 −−−− −−−≈ nnnne

D
s n . (16)

Table 1: Comparison of sorptivity values 

Method Sorptivity 
(mm s−1/2) 

Lattice solution (at t=60 min) 0.191 
Approx. solution by Eq. (16) 0.195 
 

4 NUMERICAL SIMULATIONS 

4.1 Target experiment 
The water absorption experiments 

performed by Zhang et al. [24] are simulated 
by the dual-lattice models. In this experiment, 
some sections of steel reinforced concrete, the 
dimensions of which are 100 mm × 100 mm × 
25 mm, were prepared. The sections were 
equipped with two steel bars of 8-mm 
diameter, located in the lower and upper 
portions of the section, respectively. Each 
specimen has a single flexural crack of 
approximately 0.35 mm width at the center, 
which was introduced through a three-point 
bending loading. The bottom face of each 
specimen was soaked in water, with the sides 
being covered by aluminum foil after complete 
drying over a four-day period. The progress of 
water absorption was observed through the 
neutron radiography technology, and given as 
grey-scale images.  

4.2 Numerical models 
The Voronoi diagram used in the 

simulation is drawn in Figure 9. The locations 
of the vertical flexural crack and two 
horizontal debonded zones are also indicated 
in the figure as well as the boundary 
conditions. The initial condition θ=0 is 
imposed through the domain. 

Based on the verification exercise presented 
in section 3.3, seven sets of base diffusion 
coefficients are simulated as listed in Table 2. 
The lattice elements represent one of four 
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features: matrix, flexural crack, and lower and 
upper debonded zones. The diffusion 
coefficients of each feature are different, such 
that they represent the effects of crack opening 
and fracture damage on permeability. These 
parameters are determined so as to reproduce 
the experimental observations. The shape term 
in the diffusion coefficient of Eq. (11) is fixed 
to be n=6.4 as suggested by Leech et al. [20]. 
Case B is the base set of diffusion coefficients, 
from which comparisons can be made. For 
example, cases A, B, and C elucidate the role 
of the matrix diffusion coefficient; cases B, D, 
and E clarify the influence of the flexural 
crack diffusion coefficient; and cases B, F, and 
G permit study of the diffusion coefficient of 
the debonded zones. 

Table 2: Base diffusion coefficient D0 (mm2/s) 

case matrix flexural 
crack 

debonded 
(lower) 

debonded 
(upper) 

A 2.4×10-4 
2.4×10-1 

0.6×10-2 0.3×10-2
B 1.2×10-4 
C 0.6×10-4 
D 

1.2×10-4 

7.2×10-1 
E 0.8×10-1 
F 2.4×10-1 1.8×10-2 0.9×10-2

G 0.2×10-2 0.1×10-2

 

4.3 Numerical results 
The left column of Figure 10 is the ratio of 

absorbed water content to the total absorbable 
water content at location y, which is calculated 
as 

∫
−

=
2/

2/

d ),,(1),(
L

L

xtyx
L

ty θθ . (17)

For t=1, 5, and 30 min, the results of cases 
B, D, and E are displayed to compare the 
effect of the diffusion coefficient for the 
flexural crack. Larger diffusion coefficients 
provide higher water content distributions, i.e. 
case D shows the highest water content 
distributions, and the case E shows the lowest. 
Case B shows good agreement with 
experimental results at earlier times (t=1 to 30 
min). 

For t=60, 120, and 480 min, cases B, F, and 

G compare the effect of the debonded zone 
diffusion coefficients. The qualitative 
observation is similar to that for the previous 
cases, t=1, 5, and 30 min, i.e. larger diffusion 
coefficients provide higher water content 
distributions. For these results, case B shows 
higher water content distributions compared to 
the experimental results. 

The middle-right column of Figure 10 
presents contour images of the reduced water 
content distributions for case B, whereas the 
middle-left column presents grey-scale images 
of water content measured by Zhang et al. 
using neutron radiography [24]. Water first 
penetrates the flexural crack, and then 
progresses into the debonded zones. As the 
flexural crack and debonded zones become 
saturated, water gradually ingresses into 
matrix. Along with water entering from the 
bottom face, the specimen becomes nearly 
saturated at t=480 min. The contour image at 
480 min resembles that obtained through the 
experiment, in particular with respect to the 
low water content regions at the middle of 
both sides. 

The right column of Figure 10 is the 
reduced water content at the middle of the 
sections at y=50mm. For t=1, 5, and 30 min, 
cases B, D, and E show the influence of the 
flexural crack diffusion coefficients. Cases B 
and D show better results than that of case E, 
although these three cases show almost no 
difference for these times. For t=60, 120, and 
480 min, cases A, B, and C are chosen to study 
the effect of matrix diffusion coefficient. In all 
cases, it is observed that the flexural crack first 
becomes saturated, and then water ingresses 
into the matrix. Case A reaches the almost 
saturated state too early. Cases B and C exhibit 
better results, similar to those of the 
experiments. 

4.4 Discussions 

Differences between the lattice model and 
experimental results may be due to several 
reasons. While the neutron radiography detects 
the absolute water content, the current method 
calculates the reduced water content, i.e. the 
ratio of absorbed water content to the total 
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absorbable water content. In the proposed 
model, the volume of steel reinforcing bars is 
treated as that of normal concrete. Hence, the 
volume of steel reinforcing bars should be 
subtracted from the numerical results if 
directly compared with experimental results. 
This would be achieved by three-dimensional 
analyses with the volume of the steel 
reinforcing bars explicitly modeled. 

The contour images of Figure 10 (middle) 
provide slightly different results from those 
obtained through experiments. The difference 
comes, in part, from the assumption that the 
base diffusion coefficient of each region is 
constant. It is likely that flexural loading 
produces non-uniform distribution of stresses 
and strains along the vertical axis. This leads 
to the non-uniform crack opening along the 
crack path and also non-uniform debonding of 
the steel reinforcement bars. Thus, it is 
expected that graded diffusion coefficients 
along the flexural crack and debonded zones 
should produce more realistic results. 

5 CONCLUSIONS 
This paper has reviewed fundamental 

concepts of a dual-lattice model, which is 
based on the duality between the Delaunay 
tessellation and Voronoi diagram generated 
from a random set of points. The discrete 
advection-diffusion equation on the flow 
lattice has been described with reference to the 
finite volume method. This proposed method 
has been verified by solving a linear transient 
diffusion problem, a linear advection problem, 
and a non-linear diffusion problem. The 
solutions obtained via the dual lattice have 
shown good agreement with analytical or other 
numerical solutions. 

Finally, numerical simulations of water 
absorption in cracked reinforced concrete have 
demonstrated the capabilities of the present 
method through qualitative comparisons with 
those obtained by the neutron radiography 
experiments. The simulated results suggest 
that closer agreement with the experimental 
results could be obtained with more realistic 
settings of the diffusion coefficients. In future 
work, the proposed method could be extended 

to simulate more complicated durability 
problems of reinforced concrete structures 
such as those due to the ingress of chlorides 
and sulfates, carbonation, or steel corrosion. 
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1) Arbitrary point set 2) Delaunay tessellation 4) Voronoi diagram

3) Structural lattice 5) Flow lattice  
Figure 1: Generation procedure of dual-lattice models. 
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two dimensions (left) and normal and shear springs of a 

structural lattice element (right). 

crack opening

st
re

ss

σ

βft

ft

wwcηwc

 
Figure 3: Typical stress versus crack opening  

relation [3]. 

i

j

e

Vi

i
j

eVi
e

he

Ae

 
Figure 4: Configuration of flow lattice elements in two 
dimensions (left) and elemental dimensions of a flow 

element (right). 

length = he

potential cracking surface
facet of flow lattice

flow lattice element

structural lattice element

circumcenter of tetrahedron

area = Ae

 
Figure 5: Configuration and elemental dimensions of 

dual-lattice elements in three dimensions. 

x
y

z

LL

L

0 0.2 0.4 0.6 0.8 1
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

x/L

θ

t/L2 = 0.02

t/L2 = 0.05

t/L2 = 0.1

t/L2 = 0.2

initial 
values

－…analytical
・…lattice

 
Figure 6: Linear transient diffusion in three dimensions: 
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Figure 8: Water absorption in uncracked concrete. 
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Figure 10: Reduced-water-content distributions in cracked reinforced concrete: (left) calculated via Eq. (17) along 
vertical axis; (middle-left) images of water penetration obtained via neutron radiography (adapted from [24]); (middle-
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Abstract: Concrete structures near marine environments are subjected to a combination of chloride 
and varying stress conditions resulting in both macro and microcracking. Knowledge of the 
transport properties of cracked concrete is essential for predicting its durability. The impact of 
damage upon gas permeability and chloride diffusion through ordinary concrete (OC) and high 
performance concrete (HPC) was carried by an experiment in the present study. Concrete cylinders 
were induced microcracks by mechanical uniaxial compression between 60% and 90% of the 
ultimate strength. The damage of specimens was evaluated by elastic stiffness degradation and 
ultrasound pulse velocity. After unloading intrinsic gas permeability was measured using a constant 
head permeameter, the chloride migration coefficient was evaluated by migration test in steady state 
conditions, with the same concrete specimen. The damage of specimens showed correlation with 
gas permeability and chloride diffusion of concrete in this experiment. A linear correlation was 
obtained between intrinsic permeability coefficient and chloride diffusion coefficient depending on 
the damage variable, specific for each concrete type (OC and HPC).  

1 INTRODUCTION 
Understanding transport phenomena in 

concrete at its microstructural level has 
become of increasing importance in 
elucidating the deterioration process of 
concrete such as corrosion of reinforcement 
embedded in concrete which is caused by 
penetration of aggressive substances into 
concrete. Concrete structures near marine 
environments are subjected to a combination 
of chloride and load. The chloride resistance of 
concrete is governed primarily by the pore 
structure and the concrete diffusivity. The 
corrosion onset is dependent on the concrete 

permeability (Oxygen transport) [1] and on the 
thickness of concrete cover. 

Extensive work has been carried on over 
the past decades to understand transport 
properties of concrete, and numerous service 
life prediction models have been introduced. 
The disadvantage of these models is that all 
predictions are carried out considering a 
perfect, uncracked concrete [2-4]. Concrete 
structures in service are subjected to varying 
stress conditions resulting in both macro and 
microcracking. Knowledge of the transport 
properties of cracked concrete is essential for 
predicting its durability. The presence of 
cracks can significantly modify transport 
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properties of concrete. Microcracks that are 
discrete and well distributed will influence 
transport in very different manner compared to 
visible connected localized macrocracks. 
Transport in a cracked concrete is 
corresponding to a coupled phenomenon 
between transport into the matrix and the 
crack. However, since the kinetics of different 
transport process varies, changes resulting 
from cracking greatly depend on the 
mechanism which is predominant [5-17].  

In the case of localized damage it has been 
shown that gas permeability of concrete 
measured on disks fractured using a splitting 
tensile test increases with crack opening 
displacement COD cubed [5]. Concerning 
chloride diffusion measured by migration test, 
a linear variation was obtained between the 
diffusion coefficient through the crack and 
crack width, this coefficient was not dependent 
on material parameters and becomes constant 
when the crack width was higher than 80 µm, 
its value is the diffusion coefficient of chloride 
in a free solution [9]. 

 In comparison, the studies of diffuse 
damage obtained by compression load have 
shown a marked threshold effect which called 
percolation threshold, regardless of concrete 
studied and the experimental protocol adopted 
to measure the transport properties and crack 
of concrete [10-17]. If the crack network is not 
connected, these transport properties are 
related to the concrete itself, such as the 
porosity of concrete and interconnectivity of 
the pore system. Beyond the percolation 
threshold cracked concrete its related to crack 
properties, the gas permeability changes very 
significantly with the increase of damage 
level: an increase in permeability with several 
orders of magnitude for damaged concrete can 
be observed [8,10-13], while chloride 
penetration is much less affected by cracks 
[14-17]. 

Existing experimental data provide some 
correlation between the material degradation 
and the permeability of concrete. The same 
exists for the influence of the concrete 
degradation on chloride penetration. Moreover 
very little data are available on the relationship 
between permeability and chloride diffusion of 

concrete damaged by uniaxial compressive 
loading. The development of microcracks was 
often represented by compressive load levels, 
residual load, or cumulative crack length. That 
is why this study proposes a link between this 
concrete degradation and damage variable 
resulting from a reduction in stiffness of the 
concrete. Thanks to this research work a 
relationship between permeability and chloride 
diffusion will be established by introducing 
this damage variable in the case of concrete 
damaged by sustained uniaxial loading to 
simulate a short-term creep phase and to get 
diffuse damage. One objective of this research 
was conducted to achieve further information 
on the influence of microcracks on the gas 
permeability and chloride diffusion of ordinary 
concrete (OC) and high performance (HPC). 
Concrete cylinders were loaded under uniaxial 
compression between 60% and 90% of the 
ultimate strength. The time of sustained load is 
2 h for each load level, added 1h and 30 min 
for high load level. A damage variable can be 
obtained by static and dynamic method. After 
unloading intrinsic gas permeability was 
measured using a constant head permeameter, 
the chloride migration coefficient was 
evaluated by migration test in steady state 
conditions, with the same concrete specimen. 
These measurements allow the comparison 
between chloride diffusion and gas 
permeability for similar concrete at similar 
load levels.  

2 EXPERIMENTAL PROGRAM 

2.1 Specimen Preparation 
Two concrete mixes were made with the 

same cement CPA-CEM I 52.5: one ordinary 
concrete (OC) with a water/cement ratio of 
0.49 and high performance with a 
water/cement ratio of 0.32 (HPC), (see Table 
1). Concrete cylinders of length 22 cm and 
diameter 11 cm were prepared from a single 
batch for each mix. The concrete mixtures 
were cast in steel molds and compacted using 
a mechanical vibrator. After casting the 
cylindrical specimens were stored in a room 
maintained at 20°C and about 95% relative 
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humidity (RH) for 24 hours, and were cured in 
water at 20°C for 1 year. They were stored in 
air-conditioned room (20°C and RH 50 ± 5%) 
until testing. The characteristics of these 
concretes ageing 1 year are shown in Table 2. 
The open porosity was measured by water 
saturation.  

Table 1: Details of test series and mix proportion 

Mix ingredients (kg/m3) OC HPC 
Coarse aggregate, 12.5 – 20 mm 777 550
Medium aggregate, 4 – 12.5 mm 415 475
Sand (Boulonnais), 0 – 5 mm 372 407 
Sand (Seine), 0 – 4 mm 372 401 
Cement CPA-CEM I 52.5 353 461
Plasticizer - 12.4 
Retarder  - 3.3 
Total water 172 146 
w/c  0.49 0.32 

Table 2: Material properties measured at 1 year 

 OC HPC 
Module of elasticity 

(static evaluation) E0(GPa) 51 51 

Compressive strength 
fc(MPa) 68 92 

Open porosity measured by 
water saturation (%) 11 9.62 

All concrete specimens were tested under 
an axial compressive loading condition (see 
Figure 1). After unloading concrete discs of 5 
cm in thickness were cut off from the central 
portion of the cylindrical specimens with a 
diamond blade saw (see Figure 2).  

Figure 1: Experimental setup for compressive loading 
test 

Ø 110 mm 

110 mm 

110 mm 50 mm thick specimen for gas 
permeability 

and chloride diffusion 
measurements 

 Figure 2: Preparation of the specimen 

These discs were sealed with two epoxy 
resin coats in order to ensure one-dimensional 
gas and chloride flow through the discs. 
Drying the discs before proceeding to any gas 
permeability test is necessary [12,13,18,19]. In 
this study, all disc specimens are oven-dried at 
60°C to constant weight. This procedure has 
taken 2 months for OC and 3 months for HPC. 
Then, they are cooled for 48h in a desiccator at 
20°C before being tested.  

After permeability test the cracked samples 
were then vacuum saturated in order to 
measure the chloride diffusion. These were 
placed in vacuum container with a 2.5 kPa 
pressure for 4 h. Then, with the vacuum pump 
still running, the container was filled with 
water saturated with NaOH (0.025 mol/l) and 
KOH (0.083 mol/l) in order to immerse the 
specimen. The vacuum was maintained for 24 
h before allowing the air to enter into the 
container [20]. After this saturation procedure, 
chloride migration test was driving.     

2.2 Uniaxial damage 
Concrete cylinders were tested under 

uniaxial compression between 60% and 90% 
of the ultimate strength measured at 1 year 
called fc (see Table 2). An hydraulic press of 
2400 kN capacity was used for this test. On
each cylinder, the longitudinal strain is 
measured using an extensometer cell equipped 
with three linear variable displacement 
transducers (LVDT), with a range agreeing 
within 0.5 mm and an accuracy of 1 µm, (see 
Figure 1). The transducers are laid every 120° 
intervals to take into account any asymmetric 
longitudinal strain. The concrete cylinders 
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were loaded progressively for predetermined 
load levels. Each load level was being 
sustained for varying periods  up to two hours 
(Table 3) to simulate a short-term creep phase 
[17,21]. The short duration of tests was 
required to avoid the broken of measurement 
system in the case of high load level (90% fc). 
These displacements are recorded during the 
loading and unloading phase until the recovery 
was negligible. The average longitudinal 
displacement is calculated with the three 
LVDT measurements. 

Table 3: Loading Program 

Number of specimens 1 1 1 3 
Load level (%) 60 70 80 90 

Time of load level (h) 2 2 2 0.5, 1 and 2

2.3 Damage evaluation 
Damage, as pointed out by Lemaitre [22], 

can be measured by a number of means 
including microscopy (number/density of 
cracks), ultrasonic waves, density changes and 
changes in relative amplitude of load and 
strain. Concrete degradation is interpreted 
herein with the framework of damage 
mechanics. We adopted an isotropic scalar 
measure of damage [23], which derives from a 
reduction in the stiffness of the material, as in 
Eq. (1): 

d = (E0-E)/ E0 (1)

Where E0 is the initial modulus of elasticity 
(Table 2), and E is the final modulus of 
elasticity obtained for damaged concrete. 

The modulus of elasticity can be 
determined by a static and dynamic evaluation. 
The static modulus of elasticity is usually 
calculated with (strength-strain) curve from a 
plastic-fracturing model [24]. Before each 
stress level, the initial modulus of elasticity of 
each cylinder was obtained with the slope of 
the loading curve calculated from 5% to 30% 
of the ultimate strength. The final modulus of 
elasticity for damaged concrete is calculated 
with the unloading curve also from 5% to 30% 
of the ultimate strength. . 

The dynamic modulus of elasticity of 
concrete can be determined non destructively 

using resonance tests based on measuring the 
fundamental flexural and torsional frequencies 
of concrete specimens using a ‘Grindosonic’ 
apparatus [25]. This last were carried out on 
concrete cylinders before loading to obtain E0 
and immediately after unloading to obtain E. 

2.4 Gas permeability test procedure 
An apparatus known as the CEMBUREAU 

permeameter was used for the determination of 
permeability [26]. This is a constant head 
permeameter and nitrogen gas is used as the 
permeating medium. A pressure difference up 
to 0.3 MPa can be applied to the specimens in 
the pressure cells which are sealed by a tightly 
fitting polyurethane rubber pressing under 
high pressure (0.7 MPa) against the curved 
surface. Permeability measurements were 
made in an air-conditioned room (20 ± 1°C 
and RH 50 ± 5%). Each disc was tested with 
five differential pressures: 0.05, 0.1, 0.15, 0.2 
and 0.3 MPa. The volume flow rate through 
the specimens is measured by means of a soap 
bubble flow meter. After initiating the 
percolation of nitrogen through a specimen at 
a given applied pressure, sufficient time 
(varying from 40 minutes to several hours) is 
provided for the establishment of steady state 
flow before an actual measurement is taken. 
This condition is verified by taking two 
measurements separated by a 15 minute time 
interval. If the two values differ by less than 
3%, a steady state flow condition is assumed 
to be achieved.  

The apparent coefficient of permeability kA 
(m²) is calculated from the Hagen-Poiseuille 
expression Eq. (2) for laminar flow of a 
compressible fluid through a porous body 
under steady state conditions [9,18]. 

kA =( Q/A)(2µLPatm / P2
i - P

2
atm) (2)

Where L is the thickness of the sample (m), 
A is the cross-sectional area (m²), Q is the gas 
flow (m3/s), µ is the coefficient of viscosity 
(1.78.10-5 Pa.s for nitrogen gas at 20°C), Pi is 
the applied absolute pressure or inlet pressure 
(Pa), and Patm is the atmospheric pressure (Pa).  

In fact, the gas percolation through a fine 
porous body like concrete, can be regarded as 
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resulting from two flow modes: viscous flow 
and slip flow or Knudsen flow. Various 
methods for the calculation of non
flow exist. The most widely used is the 
relation proposed by Klinkenberg 
introducing the concept of an intrinsic 
coefficient of permeability kV
viscous flow only. 

kA = kv (1+b/Pam) 

Where Pm is mean gas pressure, 
Patm)/2, b is the Klinkenberg coefficient (Pa) 
which is function of the porous body an
infiltrated gas, and kV is the limiting value of 
gas permeability when the mean pressure P
tends towards infinity. The method of 
determination of kV consists in measuring k
at different pressures (Pi) and plotting it 
against the inverse of the mean
(1/Pm). The slope of the line leads to the 
empirical Klinkenberg coefficient b and the 
origin leads to the intrinsic permeability.

2.5 Steady state migration test
Since diffusion experiments are time

consuming, steady state migration tests were 
developed to accelerate chloride ions through 
the concrete [27-29]. Each specimen is placed 
between the two compartments of a cell where 
flat silicone circular seals ensure th
system is leaktight (Figure 3). 
were made with NaOH (0.025 mol
(0.083 mol/l) in upstream and downstream 
compartment. NaCl (0.513 mol/l) was added in 
the upstream solution. A 12 V was applied 
between the sides of the concrete sample and 
the test was carried out at temperature 
T=20±5°C. The downstream solution
titrated with silver nitrate (0.05M). As the flux 
becomes constant, Nernst-Planck’s relation 
allows to deduce the value of the diffusion 
coefficient, as seen in Eq. (4): 

J(x) = -De( ∂ c/ ∂ x) + De(zFE/RTL) c

Where De is the diffusion coefficient of 
concrete (m²/s), c is the chloride concentration 
of the upstream compartment (mol/m
assumed to be constant, J(x) is the flux of 
chloride ions (mol/(m2s)), z is the chloride ion 
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resulting from two flow modes: viscous flow 
and slip flow or Knudsen flow. Various 
methods for the calculation of non-viscous 
flow exist. The most widely used is the 
relation proposed by Klinkenberg Eq. (3) 
introducing the concept of an intrinsic 

V relative to 

(3)

is mean gas pressure, Pm = (Pi + 
, b is the Klinkenberg coefficient (Pa) 

which is function of the porous body and the 
is the limiting value of 

gas permeability when the mean pressure Pm
tends towards infinity. The method of 

consists in measuring kA
) and plotting it 

against the inverse of the mean pressure 
). The slope of the line leads to the 

empirical Klinkenberg coefficient b and the 
origin leads to the intrinsic permeability.

Since diffusion experiments are time-
consuming, steady state migration tests were 

eveloped to accelerate chloride ions through 
Each specimen is placed 

between the two compartments of a cell where 
flat silicone circular seals ensure that the 

). The solutions 
were made with NaOH (0.025 mol/l) + KOH 
(0.083 mol/l) in upstream and downstream 
compartment. NaCl (0.513 mol/l) was added in 
the upstream solution. A 12 V was applied 
between the sides of the concrete sample and 
the test was carried out at temperature 

. The downstream solution was 
titrated with silver nitrate (0.05M). As the flux 

Planck’s relation 
allows to deduce the value of the diffusion 

RTL) c+ cν(x) (4)

is the diffusion coefficient of 
concrete (m²/s), c is the chloride concentration 
of the upstream compartment (mol/m3) 
assumed to be constant, J(x) is the flux of 

s)), z is the chloride ion 

valency (z=1), F is the Fa
96480 J/(V.mol)), E is the actual potential 
drop between the surfaces of specimen (V), R 
is the gas constant (R=8.3144 J/(mol.K)), T is 
the absolute temperature (K) and 
velocity of the solute (m/s). If the concrete is 
saturated, the velocity of the solute can be 
neglected. Since the potential drop is 
ions migrate as a result of the electrical field 
rather than of the concentration gradient. 
insures that the diffusion flow can be 
neglected in the experiments as sho
Andrade [27]. Eq. (4) can be simplified and 
then Eq. (5) is obtained:

De=L/c (RT/zFE) J

To establish a steady state, the 
concentration gradient must be constant during 
the test. Therefore we have to renew the 
upstream and downstream solutions 
frequently. The evolution of current during 
testing showed a small increase at the 
beginning of the test and then a stabilisation 
for all concretes.  

Figure 3: Migration cell

3 RESULTS AND DISCUSSI

3.1 Effect of uniaxial damage on the strai
results 

Figure 4 presents the evolution of maximal 
strain εmax under loading versus load level.
results enhanced that the maximal strain 
obtained at 2 hours increased regularly with 
the level of applied load for both concretes. It 
was generally accepted that the compressive 
load below 30%fc will not cause microcracks 
and thus the crack system remains stable. At 
30%fc to 60%fc micro cracks in transition zone 
between the mortar matrix and aggregate 

valency (z=1), F is the Faraday constant (F = 
96480 J/(V.mol)), E is the actual potential 
drop between the surfaces of specimen (V), R 
is the gas constant (R=8.3144 J/(mol.K)), T is 
the absolute temperature (K) and ν(x) is the 
velocity of the solute (m/s). If the concrete is 

ted, the velocity of the solute can be 
Since the potential drop is ≥ 10V, 

ions migrate as a result of the electrical field 
rather than of the concentration gradient. This 
insures that the diffusion flow can be 
neglected in the experiments as shown by 
Andrade [27]. Eq. (4) can be simplified and 

(5)

To establish a steady state, the 
concentration gradient must be constant during 
the test. Therefore we have to renew the 
upstream and downstream solutions 

equently. The evolution of current during 
testing showed a small increase at the 
beginning of the test and then a stabilisation 

Migration cell

RESULTS AND DISCUSSION 

Effect of uniaxial damage on the strain 

presents the evolution of maximal 
under loading versus load level. The 

results enhanced that the maximal strain 
obtained at 2 hours increased regularly with 

load for both concretes. It 
was generally accepted that the compressive 

will not cause microcracks 
and thus the crack system remains stable. At 

micro cracks in transition zone 
between the mortar matrix and aggregate 
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particles begin to increase in length, number, 
and width as the load increases (
[17,30]). However in these tests, at 60%f
above the crack system becomes unstable and 
continuous due to the rapid propagation of 
cracks in the concrete. At 90%f
strain increased with the increase of the time 
load. This might be explained by the increase 
of the crack size due to the expansion of the 
cylinder and the increase of longitudinal 
displacement. This result confirms that the 
cracking pattern is developing during the 
loading phase only.  

Figure 4: Maximal strain versus stress level

The residual strain εres evaluated after 
unloading increase linearly with the increase 
of maximal strain εmax for both concretes (see 
Figure 5).

Figure 5: Maximal strain versus residual strain

The microcracking patterns var
the mixes for each load level the maximal 
strain under loading of HPC is higher than OC 
but the residual strain is lower. This implies a 
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es begin to increase in length, number, 
and width as the load increases (as reported in
[17,30]). However in these tests, at 60%fc and 
above the crack system becomes unstable and 
continuous due to the rapid propagation of 
cracks in the concrete. At 90%fc the maximal 
strain increased with the increase of the time 
load. This might be explained by the increase 
of the crack size due to the expansion of the 
cylinder and the increase of longitudinal 
displacement. This result confirms that the 

developing during the 

Maximal strain versus stress level

evaluated after 
unloading increase linearly with the increase 

for both concretes (see 

Maximal strain versus residual strain

The microcracking patterns varied among 
the mixes for each load level the maximal 
strain under loading of HPC is higher than OC 
but the residual strain is lower. This implies a 

partial closure of the microcracks of HPC 
concrete after unloading which is due to a 
more elastic response of
Table 2) 

3.2 Increase Permeability versus strain
The results obtained from uniaxial damage 

tests have been used to investigate the damage 
effect at high load level and its relation wi
transport properties of concrete (gas 
permeability and chloride diffusion). 
Characteristic gas permeability through 
cracked and uncracked concrete was studied. 
The concrete under investigation was prepared 
according to the drying procedures which are 
given in section 2.1. Gas permeability was 
than calculated from the volumetric gas flow 
using Darcy’s law for a compressible fluid 
(Eq. 2.).  

The results enhanced that the 
permeability coefficient k
increased with the increase of the
strain, and HPC kV values were 
OC values (Figure 6).  

Figure 6: Permeability versus residual strain

This might be explained by the progressive 
change in the internal structure of the 
specimen due to the increasing of load level. 
Concrete is a capillary porous material and its 
permeability is closely related to its 
microstructure. The HPC porosity is lower 
than OC porosity (see Table 2) and thus the 
HPC gas permeability is lower than OC 
permeability, the average 
virgin specimen, were 2,57 10
and 1,11 10-17 m2/s for HPC.

partial closure of the microcracks of HPC 
concrete after unloading which is due to a 
more elastic response of HPC than OPC (see 

Increase Permeability versus strain
The results obtained from uniaxial damage 

tests have been used to investigate the damage 
effect at high load level and its relation with 
transport properties of concrete (gas 
permeability and chloride diffusion). 
Characteristic gas permeability through 
cracked and uncracked concrete was studied. 
The concrete under investigation was prepared 
according to the drying procedures which are 

ven in section 2.1. Gas permeability was 
than calculated from the volumetric gas flow 
using Darcy’s law for a compressible fluid 

The results enhanced that the intrinsic 
permeability coefficient kV of OC and HPC 
increased with the increase of the residual 

values were lower than the 

Permeability versus residual strain

This might be explained by the progressive 
change in the internal structure of the 
specimen due to the increasing of load level. 
Concrete is a capillary porous material and its 

rmeability is closely related to its 
microstructure. The HPC porosity is lower 
than OC porosity (see Table 2) and thus the 
HPC gas permeability is lower than OC 

the average kV values for the 
virgin specimen, were 2,57 10-17 m2/s for OC 

/s for HPC. Once there are 
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micro cracks in the concrete caused by 
uniaxial damage, there would also be 
favourable passages for gas flow, This can be 
explained by the gas flow through the pores 
and additionally through cracks in the case of 
cracked concrete, (as reported in [12,13]). 
Therefore, higher residual strain would result 
in higher gas permeability as obtained in 
figure 6. 

3.3 Relationship between increase in gas 
permeability and damage value 

The damage coefficient, d, which is a 
measure of the stiffness degradation, can be 
calculated using (Eq. 1). This coefficient was 
evaluated by both methods (see section 2.3). 
The first is the static method where the 
stiffness loss is calculated with the 
strength/strain curves (as reported in [12,21]). 
The second is the dynamic method where a 
reduction of flexural and torsional frequencies 
of the specimen was observed after unloading 
measured with the “grindosonic”. For these 
load levels (60%fc to 90%fc), damage 
coefficients approximately from 0.015 to 0.16 
were obtained (see Figure 7).  

Figure 7: Relationship between damage value 
obtained by static and dynamic method 

The damage coefficient of OC and HPC 
increased with the increase of the load levels; 
this is due to the applied load which produces 
the degradation in the materials shown by a 
continuous reduction in the elastic modulus 
and appearance of the residual strain. The 
damage coefficient evaluated by static or 
dynamic method of OC is higher than HPC for 

the same load level. This result confirms that 
the crack pattern of OC is more significant 
than HPC. There is a relationship between the 
damage variable measured by the static 
method and that measured by the dynamic 
method with a correlation coefficient R2=0.95 
(Figure 7). This linear relationship shows that 
the damage obtained by the dynamic method is 
slightly higher than that obtained by the static 
method. This linear trend which is non 
material dependent should be confirmed with 
others cementious materials before being used 
to get damage rate with this very useful non 
destructive technique. 

The relative permeability of cracked 
concrete kv(d)/kv0 is defined as the ratio 
between the permeability coefficient of 
cracked concrete kv(d) and the permeability 
coefficient of uncracked concrete kv0. It can be 
related to the damage variable “d”. The 
increase in permeability relative permeability 
kv(d)/kv0 with the damage coefficient 
evaluated by dynamic method is illustrated in 
Figure 8. kv(d)/kv0 tended to increase slightly 
beyond the damage coefficient of 0,03 for both 
concretes.  

Figure 8: Relation between relative permeability and 
damage value 

This range of damage coefficient 
corresponds to the observed load level which 
was found 70%fc for OC and HPC. An 
exponential curve for the relative increase of 
gas permeability was obtained as a function of 
damage coefficient. A similar relation was 
obtained by Picandet et al. [12] using cyclic 
compression test. 
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3.4 Effect of uniaxial damage on chloride 
diffusion 

After the measurements of the gas 
permeability on virgin and cracked specimen, 
these specimens were then saturated in basic 
solution in order to measure the chloride 
diffusion. The accumulation of chloride ions in 
the downstream compartment is shown as a 
function of time for OC and HPC in Figure 9.  

a. OC 

b. HPC 

Figure 9: Evolution cumulative increase of chloride in 
downstream cell 

The amount of chloride ions that had 
flowed through the thickness of the concrete 
specimen was recorded and plotted versus time 
and for different load level. The results show a 
transition period and a steady state period. The 
transition period was dependent on the 
concrete mixes and on the microcracks. In 
steady state period the increase in the amount 
of chloride ions became linear and the flux J is 
calculated with the constant slope of a 
regression line. These slopes were used to 
calculate the diffusion coefficient of chlorides 
ions using Eq. (5).  

The time to penetrate through the specimen 
is called lag time (Tlag), which is the 
intersection point of the line with the X-axis 
[9]. The results showed that for virgin concrete 
the chloride diffusion coefficient increased 
with the increase of the porosity, the average 
diffusion coefficients for the virgin specimen, 
were 1,88 10-12 m2/s for OC and 0,67 10-12

m2/s for HPC. For the applied load of 90% fc
for 2 hours, the diffusion coefficient were 5,74 
10-12 m2/s for OC and 1,28 10-12 m2/s for HPC. 
Figure 10 presents the variation of time lag 
versus the diffusion coefficient. The results 
show that for virgin concrete Tlag of HPC are 
higher than for OC. A higher Tlag may result 
from a lower porosity. This is an effect of the 
material. Tlag depends on the porosity of 
concrete and chloride binding [31] However, 
for cracked specimen it appears that Tlag
decreased with the diffusion coefficient De
increasing. A linear correlation was obtained 
between the diffusion coefficient De and the 
time lag Tlag. 

Figure 10: Relation between time lag and diffusion 
coefficient 

The time lag reduction Tlag between virgin 
and most cracked concrete is more marked for 
HPC which has a Tlag of virgin concrete higher 
than the OC. The Time lag reduction of HPC 
is about 65h while it’s about 47h for OC. This 
was due probably to chloride ion penetration 
from microcracks to the virgin concrete, which 
was considered to occur more easily in OC 
concrete compared with HPC as OC porosity 
is higher than HPC porosity. This essentially 
means that the effect of cracking on Tlag is 

Time (h) 
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more important for dense materials with a 
higher Tlag for the uncracked material. 

3.5 Increase chloride diffusion coefficient 
versus strain 

The chloride diffusion coefficients 
evolutions of OC and HPC versus a residual 
strain are reported in Figure 11. It seems that 
the diffusion coefficient less sensitive than gas 
permeability to the residual deformation 
obtained. This variation begins for residual 
deformations in excess of 100 µ/m 
corresponding to loads greater than 70%fc for 
OC and 80% fc for HPC.  

Figure 11: Effect of residual strain on chloride diffusion 

3.6 Relationship between increase chloride 
diffusion coefficient and damage value 
The relative diffusivity of cracked concrete 
De(d)/De0 is defined as the ratio between the 
diffusion coefficient of cracked concrete De(d) 
and the diffusion coefficient of uncracked 
concrete De0. It can be related to the damage 
variable “d”. Figure 12 presents the evolution 
of relative diffusivity of cracked concrete with 
damage value assessed by the dynamic 
method. This evolution which is non material 
dependant is consistent with an increasing 
more marked for OC which has a diffusion 
coefficient of uncracked concrete larger than 
the HPC. The relative diffusivity of OC for the 
high load level is about 2.5 while it’s about 
2.19 for HPC. From Figure 12 the relationship 
between these two parameters has an 
exponential variation with a correlation 
coefficient R2=0.94. This relationship is 

similar to that obtained for the gas 
permeability with different empirical 
coefficients. This allows to develop an 
empirical relationship between these two 
transfer parameters, even if they are not 
corresponding to the same transport 
mechanisms. 

Figure 12: Relation between increase in diffusion 
coefficient and damage value 

3.7 Relationship between increase in the 
gas permeability and chloride diffusion 
coefficient  

Gas permeability and diffusivity are 
governed by two transport modes. The 
variation of these two parameters depends on 
the microstructure of concrete and cracking 
that can be characterized by the damage.
According to the equations presented in Figure 
8 and Figure 12, we find that the gas 
permeability and diffusion coefficient show a 
same trend based on the damage variable. This 
allows us to establish a relationship between 
these two transfer parameters. Gas 
permeability is measured on a dry sample as 
the diffusion coefficient is measured on the 
same sample in saturated state by migration 
test under steady state condition. The results 
show that there is a linear relationship between 
the evolution of these two parameters 
depending on the damage variable, specific for 
each concrete type (Figure 13), with a 
correlation coefficient R2 = 0.98 for OC and 
R2 = 0.99 for HPC. 

Figure 14 shows the variation of the 
kv(d)/kv0 according to the ratio De(d)/De0 for 
OC and HPC. The existence of a microcrack 
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network seems to modify significantly the 
sustainability indicators. However, the 
influence is different for each concrete. It is 
observed that gas permeability is more 
sensitive to damage: in the case of OC 
kv(d)/kv0 increases by a factor of 10 while 
De(d)/De0 increases by a factor of 2.5. For 
high-performance concrete kv(d)/kv0 increases 
by a factor of 7 while De(d)/De0 increases by a 
factor of 1.9. 

a. OC

b. HPC 

Figure 13: Relationship between chloride diffusion and 
gas permeability 

It is noted that the relative permeability 
increases linearly with the relative diffusion 
coefficient, with a correlation coefficient R2 = 
0.98 for OC and R2 = 0.97 for HPC. This 
relation could be assimilated to a no material 
dependant linear relationship. This could be 
useful to avoid experimental test: only gas 
permeability are request to calculate the 
relative diffusion coefficient of cracked 
concrete. The increase obtained for these two 
transfer parameters is more important for OC 
than for HPC, this result confirms that micro 
cracking obtained with diffuse damage impact 
on the transfer parameters for concrete which 

have higher porosities. Cracking contributes to 
the increase in the total porosity of the material 
and causes a change in the distribution of pore 
size [32]. The increased connectivity of cracks 
is more important for concrete which has the 
highest porosity. 

Figure 14: Comparison between relative permeability  
and relative chloride diffusion coefficient 

4 CONCLUSIONS 
From the results presented in this paper it 

can be concluded that: 
The diffuse damage of concrete can be 

obtained using a uniaxial compression test. For 
loads above 60%fc, the maximal strain εmax
and residual strain εrés increase with increasing 
load and time load for both concretes OC and 
HPC. This variation can be interpreted by the 
existence of microcracks and their evolution 
according to the applied load.  

The diffuse damage obtained by uniaxial 
compression test in pre-peak affects the 
diffusion of chloride ions. This damage causes 
an increase in the diffusion coefficient De and 
a decrease in the time lag Tlag. There is a linear 
correlation between these two parameters; this 
relationship is specific for each of concrete 
type. The effect of cracking on reduction of 
time lag Tlag is different than on the increase of 
the relative diffusivity De(d)/De0. The 
reduction of Tlag  is more pronounced on HPC 
than OC, whereas the increase of the relative 
diffusivity De(d)/De0 is more marked for OC 
than for HPC. This can be explain by transport 
process of chloride ions in cracked concrete, 
for the same load level the penetration of 
chloride ions through the cracked sample is 
easily for HPC compared to the OC but with a 
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flow low than OC. This results in an increase 
of the relative diffusivity for OC than for HPC 
and reduced Tlag for dense concrete. 

A linear correlation is obtained between 
intrinsic permeability coefficient kV and 
diffusion coefficient De depending on the 
damage variable, specific for each concrete 
type (OC and HPC). The increase of these two 
transfer parameters is greater for OC than for 
HPC. This type of damage assigns more 
particularly the concrete that have a higher 
porosity. 

Gas permeability is more sensitive of 
concrete damage than chloride diffusion: in the 
case of OC kv(d)/kv0 increases by a factor of 
10 while De(d)/De0 increases by a factor of 2.5. 
For high-performance concrete kv(d)/kv0
increases by a factor of 7 while De(d)/De0
increases by a factor of 1.9. 
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Abstract: This experimental investigation presents an improvement on the mechanical properties 
and durability of conventional concrete (CC) exposed to marine environment using synthetic fibre-
concrete composites incorporating Polypropylene fibres. Conventional concrete (CC) as a reference 
specimen; and polypropylene fibre reinforced concrete (FRC) specimens with various proportions 
of polypropylene (PP) fibres were cast and exposed to simulated marine environment in the 
laboratory for 24 months. An accelerated corrosion experimental program carried out to measure 
the time to concrete cover cracking and anodic current. According to the results, a considerable 
enhancement on concrete durability in terms of increasing the time to crack initiation and reducing 
the anodic current for FRC was observed. 

 
1 INTRODUCTION 

Premature deterioration of reinforced 
concrete (RC) structures exposed to marine 
environment has become a worldwide problem 
with serious economic consequences due to 
maintenance, repair, and replacement of the 
RC structures and also environmental impact 
and safety issue[1, 2]. According to the vast 
investigations, it is found out that the dominant 
factor of this process is the chloride-induced 
corrosion of the steel reinforcement in 
concrete [3, 4]. 

Chloride diffusion into the concrete occurs 
through the concrete permeability and surface 
cracks resulted from different sources such as 
loading and shrinkage. Increasing the number 
and the width of cracks will not only 
accelerate the diffusion process but also 

enhance the probability of the steel corrosion 
leading to decreasing the service life of 
structures. When the concentration of chloride 
ions around the steel reinforcement surface 
reaches to chloride threshold, depassivation of 
high alkaline protective layer leads to 
corrosion initiation [5, 6]. The surface of the 
corroding steel functions as a mixed electrode 
that is a composite of anodes and cathodes 
electrically connected through the body of 
steel itself, upon which coupled Anodic and 
Cathodic reactions take place. Concrete 
functions as an aqueous medium, i.e., a 
complex electrolyte. Therefore, a 
reinforcement corrosion cell is formed [7]. 

Since concrete in the corrosion process 
contributes as an electrolyte (solid electrolyte) 
then electrical resistivity (or conductivity) of 
concrete is of importance to certain diffusion 
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of aggressive ions and corrosion process [8]. 
Generation of cracks relates to low tensile 

strength and strain of conventional concrete. 
To help overcome to these imperfections, there 
has been a steady increase in use of the fibre 
reinforced concrete (FRC) over the last 40 
years. The main role of fibres is to control the 
numbers and width of cracking in the 
concrete[9].  

Synthetic fibres have become increasingly 
important to the civil and structural 
engineering over the last decade and now have 
a broad range of applications. Different kinds 
of synthetic fibres like polypropylene, aramid, 
polyvinyl alcohol etc. are utilized in 
cementitious materials to enhance mechanical 
properties of concrete such as tensile and 
flexural strengths, toughness, impact load 
resistance, and fracture energy [10]. Among 
the various types of fibres, polypropylene 
fibres (PP) have become more and more 
important in engineering application due to 
their low cost, light weight, good bond with 
matrix and high corrosion resistance. 

It has been shown earlier that cracking 
resulted from shrinkage and differential 
settlements during the fresh state can be 
effectively inhibited by monofilament type of 
polypropylene (PP) fibres reinforcement. 
Because of the large numbers involved, fibres 
can be properly distributed throughout the 
mortar matrix, around the coarse aggregate 
particles, and even in boundary layers of 
concrete elements. 

In this paper, the mechanical properties and 
durability assessment of FRC incorporating PP 
fibres exposed to simulated marine 
environment utilizing Accelerated Chloride-
Induced Corrosion Test are investigated. 

2   MATERIALS AND METHODS 

2.1 Materials 
a. A Portland cement type General Purpose 

(GP) based on Australian Standard which is 
equivalent to ASTM C 150 Type (I) was 
used in this study.  

b. Monofilament type of PP fibres with a 
length of 18 mm and a diameter of 20 µm 

were employed. 
c. Crush coarse aggregate with maximum size 

of 20 mm, specific gravity of 2.71, and 
water absorption capacity of 1.48% was 
used. Table 1 presents the sieve analysis of 
coarse aggregate based on Australian 
Standard (AS2758.1). 

Table1: Coarse aggregate grading 

Sieve Size(mm) 26.5  19 9.5 4.75 
Passing (%) 100 91.30 9.21 0.34 

d. Natural fine aggregate with specific gravity 
of 2.62 and water absorption capacity of 
1.67% was used. Table 2 reveals sieve 
analysis of fine aggregate according to 
Australian Standard (AS2758.1).    

Table2: Fine aggregate grading 

Sieve Size (mm)  Passing (%) 
9.5 99.74 
4.7 93.64 
2.3 82.33 

1.18 55.20 
0.600 34.27 
0.300 16.67 
0.150 6.74 

2.2 Methods: Mechanical Properties 
In this investigation, Conventional Concrete 

(CC) as a reference specimen; and Fibre 
Reinforced Concrete (FRC) specimens with 
various proportions of PP Fibres, were cast 
and examined. According to Australian 
standard (AS4997), “Guidelines for Design of 
Maritime Structures”, a minimum 
characteristic compressive strength of 40 MPa, 
minimum cement content (400kg/m3) and 
maximum water to cement ratio of 0.4 were 
taken into account as the basic and initial 
assumptions of concrete mix design. 

2.3 Methods: Accelerated Chloride-Induced 
Corrosion Test 

Since the corrosion of reinforcing steel bars 
is a long-term electrochemical process, the 
electrochemical accelerated methods can help 
to obtain the results in relatively shorter time 
for laboratory investigation [11, 12].  In this 
investigation, the Accelerated Chloride-
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Induced Corrosion Test (constant impressed 
voltage technique) was performed to compare 
the corrosion time of embedded steel bar in 
different categories of concrete. 

The corrosion time of reinforcing steel bars 
was considered as a criterion for durability 
assessment of the concrete. The greater 
corrosion time indicates the more durable 
concrete. The procedure for this test can be 
illustrated as follows: the specimens for the 
corrosion resistance test consist of concrete 
beams (400×100×100 mm) with one 
embedded 12 mm diameter reinforcing steel 
bar. The specimens were exposed to simulated 
marine environment for 24 months.  

After this period, the specimens were tested 
under Accelerated Chloride-Induced Corrosion 
Test to measure the corrosion time of each 
category of the concretes. In this 
electrochemical test the embedded steel in 
concrete acts as an anode and steel bar acts as 
a cathode and the electrolyte is 15% sodium 
chloride solution. A constant voltage of 30 V 
is applied from the external DC source 
between anode and cathode. The intensity of 
electrical current versus time is continuously 
recorded by using digital data logger. Based on 
the concept of this method, any impulsive raise 
in electrical current indicates corrosion 
induced cracking in concrete cover. The time 
to initiate a first crack on the concrete was 
observed and corresponding anodic current 
was noted. The schematic of the test 
arrangement is shown in Figure 1. 

 
Figure 1: Accelerated Chloride-Induced Corrosion Test 

Set up 

3 EXPERIMENTS 
The mean concrete compressive strength of 

60 MPa and water-cement ratio of 0.35 with a 
cement content of 400 kg/m3 and slump 
between 60 and 80 mm were fixed to design of 
the concrete mix. After that, the aggregate 
proportions were found out according to some 
trial mixes.  

The concrete mix design is reported in 
Table 3. 

Table3: Concrete mix design 

Material  Magnitude 
(kg/m3) 

Cement 400 
Water 140 

Coarse aggregate 1173 
Fine aggregate 781 

Three types of fibre reinforced concrete 
with different polypropylene fibres proportion 
were selected to be investigated. The amount 
of 0.1%, 0.2%, and 0.3 % by the concrete 
volume was selected as the PP fibers 
proportions. The characteristics of these PP 
fibre reinforced concrete samples are depicted 
in Table 4. 

 
Table4: Characteristics of concrete categories 

Concrete 
Category 

Fibre Content 
(%)* 

Superplasticizer 
(%)** 

CC 0.0 0.6 
FRC1 0.1 1.0 
FRC2 0.2 1.3 
FRC3 0.3 1.8 

*by the volume of concrete 
**by the weight of cement 

3.1 Mixing procedure 
The mixing process was conducted 

according to Australian Standard (AS 1012.2). 
After finishing the mixing process for 
conventional concrete, the PP fibres were 
added to the mix and another four minutes was 
added to the mixing time to disperse the fibres 
in the concrete mix uniformly. Increasing the 
proportion of fibres causes the reduction in 

1936



S. F. Nabavi, S. Nejadi and B. Samali 

 4 

fresh concrete workability leading to use more 
Superplasticizer. 

3.2 Curing and exposure conditions  
The wet curing system was utilized to all 

specimens for 28 days. Then, all reinforced 
concrete specimens were exposed to a 
simulated marine environment consisting of 
high concentrated Sodium Chloride solution 
(15%) with equal time interval (seven days) 
wetting and drying cycles at about 23  3ºC for 
the period of 24 months. 

4 RESULTS AND DISCUSSIONS 

4.1 Mechanical characteristics 
In this experimental study, compressive 

strength test based on Australian Standard (AS 
1012.9) and flexural test based on Australian 
Standard (AS 1012.11) for different categories 
of concrete were conducted.  The 7-day and 
28-day compressive strength and also modulus 
of rupture test results are summarised in Table 
5 and Table 6, respectively. Three specimens 
(samples 1,2, and 3) for each concrete 
category were cast to estimate the final results 
more accurately by using the average of the 
results.  

Table5: Compressive strength results 

Concrete 7-day Average 28-day Average 
Category MPa MPa MPa MPa 

CC1 40.5 
41.0 

61.7 
62.3 CC2 41.4 62.8 

CC3 41.2 62.5 
FRC1-1 43.6 

44.5 
64.8 

64.7 FRC1-2 45.3 65.3 
FRC1-3 44.6 63.9 
FRC2-1 46.8 

46.5 
68.3 

67.9 FRC2-2 45.3 67.9 
FRC2-3 47.4 67.4 
FRC3-1 49.2 

48.5 
68.4 

69.4 FRC3-2 47.8 70.5 
FRC3-3 48.8 69.2 

The results confirm that PP fibres can 
improve the compressive strength of concrete 
due to bridging effect. Increasing the amount 
of fibres increases the compressive strength. 
Fibre proportions of 0.1, 0.2, and 0.3% by the 

volume of concrete improved the compressive 
strength by 4, 9, and 13%, respectively.  

Table6: Flexural test results 

Concrete MOR Average Change  
Category MPa MPa (%) 

CC1 6.81 
6.73 0.0 CC2 6.71 

CC3 6.68 
FRC1-1 7.02 

7.17 +6.5 FRC1-2 7.33 
FRC1-3 7.17 
FRC2-1 7.78 

7.78 +15.6 FRC2-2 7.75 
FRC2-3 7.81 
FRC3-1 6.7 

6.75 +0.3 FRC3-2 6.81 
FRC3-3 6.75 

To better comparison of the above 
discussions, the average of compressive results 
for 7-day and 28-day test is shown in Figure2. 
All FRC specimens show an improved 
compressive strength compare to CC. 

 
Figure 2: The average of compressive strength results 

The results regarding to modulus of rupture 
are represented in Figure 3. Considering the 
results, it can be stated that by increasing the 
proportion of Polypropylene up to 0.2% by the 
volume of concrete, MOR will be enhanced by 
approximately 16%. But, by increasing the 
amount of fibre more than 0.2% in the 
concrete, the MOR compare to other PP FRC 
will be reduced but it is still around the 
modulus of rupture for CC.  

The reason can be stated as reduction in 
bond strength between PP fibres and matrix 
due to increasing ITZ area which results the 
increasing of porosity of concrete. 
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Figure 3: MOR results 

4.2 Constant impresses DC voltage 
technique 

In this experiment a constant 30V DC 
voltage is applied and the current intensity is 
continuously measured by a digital data logger 
and is sent to computer to save the data as MS 
Excel spread sheet as well as graphical output.  

The results time to crack initiation test for 
conventional concrete and polypropylene fibre 
reinforced concrete with different proportions 
of fibres are reported in Table 7. 
Table7: Impressed voltage test results, Time to cracking 

Concrete 
Category 

Time to 
Cracking 

(h) 

Average of Time 
to Cracking 

(h) 
CC1 68 

70 CC2 71 
CC3 70 

FRC 1-1 73 
74 FRC 1-2 74 

FRC 1-3 76 
FRC 2-1 77 

77 FRC 2-2 78 
FRC 2-3 76 
FRC 3-1 80 

81 FEC 3-2 83 
FRC 3-3 81 

The results indicate that generally FRC has 
a greater time to crack initiation which proves 
that permeability of FRC is less than CC. Also, 
it can be stated that by increasing the fibres 
proportion, the time to cracking is increased. 
For instance, adding 0.1% PP fibres to the 
concrete mix can improve the time to 

corrosion by approximately 6% and using 
0.3% of fibre proportion can enhance the time 
to cracking up to approximately 15% compare 
to CC. The summarized of time to cracking 
results are illustrated in Figure 4.    

 
Figure 4: Time to cracking for different categories of 

concrete 

The maximum values of anodic current for 
all concrete categories are expressed in 
Table8. 

Table8: Maximum anodic current for different 
categories of concrete 

Concrete 
Category 

Maximum 
Current 
(mA) 

Average of 
Maximum Current 

(mA) 
CC1 93.6 

91.4 CC2 89.2 
CC3 91.4 

FRC 1-1 87 
84.8 FRC 1-2 84.8 

FRC 1-3 82.6 
FRC 2-1 82.6 

80.4 FRC 2-2 78.2 
FRC 2-3 80.4 
FRC 3-1 76 

77.5 FEC 3-2 78.2 
FRC 3-3 78.2 

The anodic current can be considered as a 
criterion to judge about the concrete 
conductivity (resistivity). The lower anodic 
current value shows the higher concrete 
resistivity property. The results from 
measuring the maximum anodic current reveal 
that totally PP FRC has more electrical 
resistivity compare to CC. Besides, it can be 
noted that increasing the fibre proportion in 
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the FRC causes the improvement of concrete 
electrical resistivity. This discussion will be 
more clear by comparison the results displayed 
in Figure 5. 

 

Figure 5: Maximum anodic current for different 
concrete categories utilizing impressed voltage 

technique 

 Finally, by combining the two measured 
factors including time to crack initiation and 
maximum current for all investigated concrete 
categories, a clear conclusion can be obtained. 
Figure 6 depicts the relation between the time 
to crack initiation and maximum anodic 
current for concrete categories. 

 
Figure 6: The average maximum anodic current versus 

the average time to crack initiation for concrete 
categories 

Figure 6 illustrates that by increasing the 
fibre proportion in the FRC not only the time 
to crack initiation is increased, but also the 
maximum anodic current is reduced. 

5 CONCLUSIONS 
In this experimental study the mechanical 

properties and durability assessment of 
polypropylene fibre reinforced concrete 
exposed to marine environment have been 
investigated and following outcomes can be 
drawn: 
  Increasing the proportion of PP fibres 
increases the air entrapped and decreases the 
workability of freshly concrete. 

  PP fibres with proportion of 0.3% increase 
the concrete compressive strength 
approximately by 13%. But, flexural test 
results present that the magnitude of MOR 
beyond 0.2% of fibres proportion is 
decreased 

  The electrochemical experiment results 
obtained from measuring the anodic current 
indicate that PP fibre reinforced concrete 
shows lower concrete conductivity. 

  PP FRC shows reduction in permeability 
compare to CC considering results of time to 
crack initiation. Increasing the amount of PP 
fibres increases the time to cracking 
remarkably. 

  By obtaining less maximum current intensity 
and more time to crack initiation in PP fibre 
reinforced concrete, it can be declare that the 
PP fibres increasing the durability of concrete 
which consequently prevents the premature 
deterioration of structure or in another hand, 
extends the structure service life of RC 
structures.  
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Abstract: Reinforced concrete structures are frequently exposed to aggressive environmental 
conditions. Most notably, chloride ions from sea water or de-icing salts are dangerous for the 
reinforcement. Good concrete cover can ensure its protection. However, it is necessary to study the 
effects of material heterogeneity and cracking on chloride ingress in concrete. This is done herein 
by proposing a three-dimensional lattice model capable of simulating chloride transport in saturated 
sound and cracked concrete. Means of computationally determining transport properties of 
individual phases in heterogeneous concrete (aggregate, mortar, and interface), knowing the 
concrete composition and its averaged transport properties, are presented and discussed. Based on 
numerical experimentation and available literature, a relation between the effective diffusion 
coefficient of cracked lattice elements and the crack width was adopted. Finally, these findings were 
validated on experimental results from the literature and discussed.  

1 INTRODUCTION 
Modern reinforced concrete structures, if 

properly designed and executed, can achieve 
their intended service life. Corrosion of 
reinforcing steel due to chloride ingress can be 
prevented. An increasing number of service 
life models are available to aid the practicing 
engineer. These are all based on one, but very 
crucial, assumption: that the structure in 
question is and remains crack free. Evidently, 
this is almost never the case: reinforced 
concrete structures crack due to many reasons, 
most important ones being mechanical loading 
and shrinkage. This has been an issue of 
increasing focus in the research community 
lately: a number of publications deals with 
experimental investigations on the influence of 
cracking on chloride ingress (see [1]) and 
reinforcement corrosion (see [2]) in cracked 
concrete.  

Apart from experimental studies on the 

subject, a number of models have been 
proposed in the literature. Some of them model 
the effect of cracking in a smeared way, by 
introducing an increase of the diffusion 
coefficient in the whole domain (e.g. [3]). 
Others model cracks as notches or faults in 
concrete, without the mechanical analysis (e.g. 
[4, 5]). Very few have made a step further, and 
coupled the mechanical and transport analyses 
(e.g. [6]). Most of these models treat concrete 
as a quasi-homogeneous continuum, i.e. 
mechanical and transport properties are 
constant for the whole domain. On the other 
hand, a truss-network approach proposed by 
[7], considers concrete as a three-phase 
composite, consisting of coarse aggregate, 
mortar, and ITZ. Both of these approaches 
(homogeneous and heterogeneous) are 
applicable within the lattice framework as 
presented here. 

In the following, a three dimensional lattice 
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model for simulating chloride penetration in 
sound and cracked concrete is presented. 
Governing equations and discretization 
procedure are only briefly addressed. The 
focus of the paper lies on determination of 
transport properties of different phases in 
concrete (aggregate, mortar, and the interface), 
and cracks. The model is validated using 
experimental results from the literature. 
Finally, these results are discussed and 
evaluated, and some conclusions are drawn. 

2 METHOD 

2.1 Model description 
Lattice models have long been used in 

fracture mechanics of concrete [8]. Recently, 
the use of lattice (or rather discrete) models 
has been extended on simulating transport 
processes in concrete [7, 9, 10]. Coupling of 
the mechanical and transport simulations, 
while taking into account the effect of 
cracking on the transport mechanism, was 
performed by [10, 11]. In the mechanical 
lattice approach, concrete is discretized as a set 
of truss or beam elements. In the transport 
lattice approach, concrete is treated as an 
assembly of one-dimensional “pipes”, through 
which the flow takes place. While some 
authors use “dual” lattices (one for the 
mechanical simulation, and the other for the 
flow simulation- for details see [11]) the 
approach proposed here uses the same lattice 
network for both simulations. In this approach, 
mechanical simulation is performed first; its 
output is then used as an input for simulating 
chloride ingress. Therefore, it is actually a 
one-way coupling - mechanical degradation 
does effect the chloride penetration, while, on 
the other hand, there is no influence of the 
chloride penetration on the mechanical 
behavior.  

In order to take material heterogeneity into 
account, the particle overlay procedure 
(schematically shown in figure 1) is employed: 
it is in this manner that different transport (or 
mechanical) properties are assigned to 
different phases. For this purpose, either a 
computer-generated material structure, or a 

material structure obtained by micro-CT 
scanning can be used. What has to be noted 
here is that interface, as used in the present 
model, does not exactly coincide with the 
interfacial transition zone (ITZ). Its thickness 
is between 30 and 80µm [12], while on the 
other hand interface elements in the present 
model take up also a piece of aggregate and a 
piece of mortar (figure 1). Their actual size in 
the model depends on the characteristic 
element size. Therefore, the transport 
properties of this “phase” are slightly altered, 
as explained later. 

Figure 1: Particle overlay procedure (2D) 

Saturated concrete was assumed in all 
analyses, since the purpose of this work was to 
validate the approach by comparing the results 
with experimental data, not to develop a fully 
functional service-life modelling tool. 
Therefore, Fick’s second law was assumed to 
be valid, and diffusion was the only transport 
mechanism considered. 

2.2 Phase transport properties 
In order to determine transport properties of 

individual phases within the heterogeneous 
concrete, the approach developed by [13] (the 
so-called n-phase model) was used. The model 
was developed with spherical particles in 
mind, so for any other particle shape (e.g. the 
Anm material model developed by [14]) can 
be considered as only an approximation. The 
following formulae were used (assuming 
impermeable aggregates): 

Deff/DM = N/D (1)
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Here, the following are: 

N=6DM(1-CA)(CA+CI) 

+2CI(DI-DM)·(1+2CA+2CI) 

D=3DM(2+CA)(CA+CI) 

+2CI(1-CA-CI)(DI-DM) 

(2)

Here, Deff, DM, and DI are the effective 
diffusion coefficient of concrete, the diffusion 
coefficient of the mortar phase, and the 
diffusion coefficient of the interface phase, 
respectively. Also, CA and CI are volume 
fractions of the aggregate and the interface 
phases, respectively. This approach enables 
one to determine the diffusion coefficient of 
individual phases (mortar and interface) in 
concrete, given the volumetric contents of 
each phase, and the effective diffusion 
coefficient of concrete. All these are usually 
available from the experimental data. 
Therefore, in order to determine this, it is 
necessary to determine the ratio between the 
diffusion coefficient of mortar and the 
diffusion coefficient of the interface. 

To estimate the magnitude of this relation, a 
set of experimental data provided by [15] was 
used. Here, transport properties of concrete are 
compared to corresponding mortars. Concrete 
used in the experiments contained about 35% 
coarse aggregate by volume. Rapid chloride 
migration test was used in order to determine 
the non-steady state migration coefficient 
(DNSSM) of concretes and mortars. From these, 
diffusion coefficients (D) were calculated. 

Table 1: Results of [15] (C-concrete, M-mortar) 

 DNSSM (·10-12 m2/s) D (·10-12 m2/s) 
ID

*
 C M M/C

†
C M M/C

†

NI0 6.56 8.80 1.34 2.43 5.53 2.28 
NIF15 3.54 4.55 1.29 1.47 3.18 2.17 
NIS15 5.77 6.79 1.18 2.16 4.31 2.00 
NIS30 5.42 4.93 0.91 2.00 3.09 1.54 
NV0 9.43 11.94 1.27 3.35 7.20 2.15 
NVF30 3.43 5.04 1.47 1.19 2.94 2.47 
NVS30 4.68 5.49 1.17 1.70 3.39 2.00 
LI0 15.7 11.23 0.71 5.48 6.64 1.21 
HI0 3.76 5.4 1.44 1.49 3.56 2.40 
HIS30 3.54 2.92 0.82 1.42 1.96 1.37 

*
Different concrete/mortar mix designs from [15] 

†
Not provided in [15] 

By careful observation of the results, it is clear 
that the ratio of mortar to concrete diffusion 
coefficient (M/C) changes dramatically when 
the diffusion coefficients are calculated. It 
even states that, in some cases, the diffusion 
coefficient of mortar is higher than that of 
concrete, even though its non-steady state 
migration coefficient is lower. This is hardly to 
be the case. In order to correct this, diffusion 
coefficients of concrete were calculated using 
a suggestion from [16]: it is stated that there 
exists a linear relationship between the non-
steady state migration coefficient (DNSSM)  and 
the diffusion coefficient of concrete (D). 
Similarly, [17] found that there is a linear 
relationship between the non-steady state 
diffusion coefficient obtained from the 
accelerated chloride migration test (ACMT), 
and the diffusion coefficient obtained from the 
ponding test, irrespective of the concrete 
composition. Linear regression of the data 
provided by [16] yields the following 
equation: 

        D=0.9672·DNSSM-2.6389 (3)

where D and DNSSM are in 10-12 m2/s. 
Furthermore, by employing the M/C ratio from 
the migration experiment, the diffusion 
coefficient of mortar is calculated. It has to be 
noted that equation (3) is used here merely as a 
tool to calculate the diffusion coefficient from 
the non-steady state migration coefficient. 

Table 2: Calculated diffusion coefficients

 D (·10-12 m2/s)  
ID C M DI/DM

NI0 3.70 4.97 2.79 
NIF15 0.78 1.01 3.06 
NIS15 2.94 3.46 3.57 
NIS30 2.60 2.36 5.23 
NV0 6.48 8.21 3.14 
NVF30 0.68 1.00 2.24 
NVS30 1.88 2.21 2.46 
LI0 12.56 8.98 7.16 
HI0 1.00 1.44 2.39 
HIS30 0.78 0.65 5.94 

In order to determine the ratio between the 
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diffusion coefficient of mortar and the 
diffusion coefficient of the interface (DI/DM 
ratio), a concrete material structure with about 
35% of coarse (spherical) aggregates was 
generated using a simple packing algorithm. A 
lattice with characteristic elements size (voxel 
size) of 1 mm was projected on top of it, and 
volume of lattice elements of each phase was 
calculated (58.41% mortar, 29.35% aggregate, 
and 12.24% interface). Then, using formulae 
(1) and (2), the ratio between the diffusion 
coefficient of mortar and the diffusion 
coefficient of the interface was calculated for 
each mixture (Table 2). In order to achieve the 
desired effective concrete properties, these 
vary in the range 2.24-7.16. This seems to be 
in accordance with the variability of the 
diffusion coefficient of ITZ, which is stated to 
be somewhere in the range 2-8 times that of 
the cement paste [12]. 

Figure 2: Determination of the DI/DM ratio (top-the 
whole lattice; bottom-only aggregate and the interface) 

The variability of this parameter can also be 

taken into account in a statistical manner; 
however more experimental results are needed 
to justify this approach. Based on presented 
analysis, a deterministic value of 3 for the 
DI/DM ratio was selected. This value is used in 
further analyses. 

2.3 Crack transport properties 
Two sets of experiments performed by 

Ismail et al. [18, 19] are used for determining 
transport properties of a single crack. They 
used the expansive core method to create 
parallel-walled cracks in doughnut shaped 
specimens. Due to a large variety of smaller 
crack widths, these experiments are suitable 
for the procedure employed here. First set of 
experiments [18] was performed on cracked 
brick samples, while the second set [19] used 
cracked mortar samples. In both instances, 
cracked samples were placed in a chloride 
penetration cell, with chloride loading on both 
sides of the sample. After the exposure period, 
using the grinding technique, two types of 
chloride profiles were determined: 
perpendicular to the exposed surface, and 
perpendicular to the crack walls. The second 
type of profiles were determined by grinding 
the material in the middle part of the specimen 
height, in order to ensure that powder samples 
would contain only chloride ions penetrating 
from the crack plane, and not from the sample 
surface (figure 4). 

Figure 3: Brick/mortar specimen of [18, 19] 

Here, the approach proposed by [7] was 
used. In order to determine the effective crack 
transport properties, numerical simulation 
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results are fitted to experimental data. To 
simplify the process, the mechanical analysis 
is not performed here; rather an artificial 
“crack” with varying transport properties 
(corresponding to different crack widths) is 
created in the middle of the analysed 
specimen, and simulation results compared to 
experiments. For the simulations, a 3D slice of 
50×5×50 mm was used, with a total number of 
12500 nodes and 85095 lattice elements. 

Figure 4: Lattice used in the simulations. Blue-
brick/mortar, red-“crack” 

First, experimental results of cracked brick 
specimens are reproduced [18]. After cracking, 
these were fitted in the chloride penetration 
cell, and exposed for 10 hours. Regression 
analysis of the chloride profile perpendicular 
to the exposed surface (uncracked sample) 
yielded the diffusion coefficient of     
156.71·10-12 m2/s, and the surface chloride 
concentration of 0.37% per weight of sample 
(figure 5). These were used as input for all 
analyses of this experiment. 

In order to obtain results close to 
experimental values, a trial-and-error 
procedure was followed. This means that the 
effective diffusion coefficient of “cracked” 
elements was adjusted until the calculated 
perpendicular-to-crack profile corresponded 
well to the experimental one. Values of the 
fitted effective diffusion coefficients for 

different crack widths are shown in figure 6. 
  

Figure 5: Surface chloride profile-uncracked sample 
(brick) 

Perpendicular-to-
crack profile 

Cl 

Cl 
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Figure 6: Perpendicular-to-crack chloride profiles for 
different crack widths (brick)

For large cracks (60µm and 128µm), the 
effective diffusion coefficient is 3 orders of 
magnitude higher than the diffusion coefficient 
of chloride ions in free bulk water (which is 
around 2.03·10-9 m2/s at 20°C [20]). These 
results seem to be in good accordance with 
values proposed by [7]. They also suggested 
that the effective diffusion coefficient in large 
cracks is very large, much higher than that in 
free bulk water. This was attributed to 
additional transport mechanisms which may 
occur in the crack, e.g. “convection current 
due to the small temperature gradient and/or 
small hydraulic pressure gradient”. However, 
it is also possible that the brick specimens had 
not been fully saturated when the experiment 
begun, so capillary suction might have played 
a significant role. Due to high porosity of brick 
samples, this could strongly influence the 
chloride ingress behaviour. Based on the 
present tests, the following quadratic relation 
can be proposed: 

       DCR=10-6·(4.2384·10-6w2-

        7.926·10-5w+0.0052954),

for w≤55 µm 

DCR=1.4·10-6, 

for w>55µm 

(4)

The value of 55µm in (4) was selected based 
on the recommendation of [18]. It was found, 
after performing a deformation-controlled 
uniaxial tension test on the material, that the 
critical crack opening  of about 50-55µm is 
where the mechanical interaction between 
crack surfaces ceases to exist, so there can be 
no reduction of the chloride diffusion in larger 
cracks. This value is higher for concrete, 
where, due to material heterogeneity, crack 
bridging also occurs. 

In order to check whether these results are 
directly applicable to cement based materials, 
the same experiment, but this time on cracked 
mortar samples, was simulated [19]. In this 
work, two series of mortar specimens were 
cracked at different ages (28 days and 2 years). 
These were tested in order to check also the 
influence of cracking age on autogeneous 
healing of cracks. Regression analyses of 
perpendicular-to-surface profiles yielded the 
following data: diffusion coefficient of 
8.66·10-12 m2/s, surface chloride concentration 
of 0.32% mortar weight; and the diffusion 
coefficient of 7.51·10-12 m2/s, surface chloride 
concentration of 0.32% mortar weight, for 28 
days and 2 years series, respectively. In both 
instances, specimens were exposed to chloride 
loading for a total of 14 days.  

Based on (4), effective diffusion 
coefficients for different crack widths were 
calculated. After the analyses were performed, 
the results indicated that (4) overestimated the 
perpendicular-to-crack diffusion in cracked 
mortar (figure 7). A different relation [21] was 
also used to check whether it gives better 
results when applied to cement-based 
materials: 

DCR=2·10-11w-4·10-10,

 for 30µm≤w<80µm 
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DCR =1.4·10-9, 

For w≥80µm 

(5)

The lower bound in the equation accounts for 
crack healing (30µm). The upper bound 
(80µm) is where mechanical interaction 
between the crack faces ceases to exist (higher 
for concrete than for brick-see (4)). 

Comparison of the simulations performed 
with use of both (4) and (5) is shown in figure 
7. Note that (5) was used here also for a crack 
narrower than 30µm (29µm in this case), 
which was created in mortar after 2 years. 
Unlike the specimens cracked at a young age, 
these older specimens have a diminished 
autogeneous healing potential. This is due to 
the fact that the amount of unhydrated cement 
is low in these samples.

Figure 7: Perpendicular-to-crack chloride profiles for 
different crack widths (mortar). Not underlined-cracked 
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at 28 days. Underlined- cracked at two years. 

Clearly, the values obtained from equation 
(4) overestimate the perpendicular-to-crack 
chloride penetration in this case. On the 
contrary, results obtained using (5) are in good 
agreement with the experiments. It seems, 
then, that the values which hold for cracked 
brick specimens overestimate the chloride 
penetration in cracked mortar. Since brick is 
much more brittle and homogeneous, no crack 
branching and bridging occurs when it cracks. 
This potentially slows down chloride ingress 
through cracks in heterogeneous materials, like 
mortar and concrete. Also, it is most probable 
that capillary suction played a significant role 
in [18], thereby altering the effective transport 
properties of a crack. Also, whether results 
from tests on different materials can be applied 
directly to mortar and concrete is questionable. 
In the mechanical lattice model with 
embedded aggregate particles, crack branches 
and bridges will be found automatically, and 
slowing down the diffusion process.  It can be, 
therefore, concluded that equation (5) can be 
used to simulate chloride penetration in 
cracked cement based materials using the 
proposed lattice approach. 

3 VALIDATION AND DISCUSSION 

3.1 Heterogeneous material 
In order to validate the approach developed 

in chapter 2.2, experimental data provided by 
[17] was used. A 90-day ponding test was used 
to determine the diffusion coefficient of 
different concretes. All concrete mixes used in 
their study had a volumetric content of coarse 
aggregates of about 30%., with maximum 
grain size of 10mm. For the simulation, a 
concrete material structure with about 30% of 
coarse aggregate particles was generated. A 
lattice with characteristic elements size (voxel 
size) of 1 mm was projected on top of it, and 
volume of lattice elements of each phase was 
calculated (61.60% mortar, 22.50% aggregate, 
and 15.90% interface). The total size of the 
mesh was 50×50×50mm, with 125000 nodes 
and 938156 lattice elements. This particular 
mix was made using ASTM Type I Portland 

cement as a binder.  
Regression analysis of experimental data 

yielded the following: diffusion coefficient of 
47.614·10-12 m2/s, and surface chloride content 
of 0.51%. Using equations (1) and (2) and the 
DI/DM value of 3, diffusion coefficients of the 
mortar and the interface phases were 
calculated as 48.35·10-12 m2/s, and 145.06·10-12

m2/s, respectively. 
An analysis was performed using both the 

homogeneous and the heterogeneous lattices, 
using the input data as provided above. 

Figure 8: Comparison of the homogeneous and 
heterogeneous lattice analyses and the experiment

   
Figure 9: Total chloride content from the 

heterogeneous analysis (% of concrete weight) 

Figure 8 shows that the results of both 
homogeneous and heterogeneous lattice 
analyses correlate well with experimentally 
obtained data. Zero values in the 
heterogeneous lattice analysis correspond to 
lattice nodes which are inside the impermeable 
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aggregate particles; therefore, no chloride ions 
can be present. Other points below the 
maximum penetration band show that, in a 
heterogeneous material as modelled here, there 
is no sharp front of chloride penetration. 
Instead, a three-dimensional profile is present, 
with variable chloride content at a certain 
depth. It can also be seen that there exists a 
difference between the maximum total 
chloride content at a certain depth (the one 
obtained from the heterogeneous analysis), and 
the value which is obtained if concrete is 
considered to be a homogeneous medium. By 
performing similar analyses (but considering 
concrete as a two-phase medium, comprising 
mortar and coarse aggregates), this 
phenomenon also occurred in other studies 
[22, 23]. They suggested that this could be one 
of the factors contributing to large discrepancy 
in values of critical chloride contents reported 
in the literature. It is possible that a threshold 
value of chloride is reached in certain points 
on the reinforcing steel, thus depassivating it 
and creating local corrosion pits. However, 
chloride content elsewhere along the steel 
could be lower, due to material 
inhomogeneity. Due to the usual experimental 
procedure (i.e. grinding the material close to 
the reinforcing steel and performing chemical 
analysis to determine the chloride content), the 
value obtained would be lower than the actual 
value which caused the local depassivation of 
the steel. This phenomenon justifies the use of 
more advanced material models, such as the 
presented one, in order to get more insight into 
the process of steel depassivation and 
corrosion pit locations in concrete. Also, it 
encourages the use of more sophisticated 
experimental techniques, such as laser-induced 
breakdown spectroscopy (LIBS) [24] or 
electron probe microanalysis (EPMA) [25], 
especially when determining the value of 
critical chloride content in concrete. 

3.2 Cracked material 
The approach presented in chapter 2.3. was 

verified on experimental results of [26]. 
Mortar prisms (355.6×50.8×76.2mm) 
reinforced with three levels of steel mesh 

reinforcement were cast. The prisms were 
reinforced to enable creation of varying 
controlled widths. After the curing period, they 
were cracked using 4-point bending test to 
obtain different crack widths.  After loading, 
one single crack occurred in each of the 
specimens. Cracks formed in bending are 
tapered (V-shaped). Upon unloading, some 
crack closure occurred, so their width was 
measured in the unloaded state. Then, the 
samples were exposed to NaCl solution for 30 
days. After the exposure period, area around 
the crack was drilled, ground, and analyzed for 
chloride.  

Regression analysis of the experimental 
data gave the following (for the uncracked 
sample): diffusion coefficient of 20.3·10-12

m2/s, and surface chloride content of 0.39% by 
weight of mortar.  The analyzed sample had a 
size of 355×50×75mm, with a characteristic 
element size of 2.5mm. Steel mesh 
reinforcement was neglected in the simulation. 
First, a mechanical analysis was performed. 
Using a four-point bending setup, cracks of 
different widths were produced. As in the 
experiments, one single crack formed in the 
fracture analysis. The output of the mechanical 
analysis was used as input for the chloride 
diffusion analysis. Equation (5) was used for 
defining the effective diffusion coefficients of 
cracks. Every “local” cracked element has its 
own value of the diffusion coefficient, 
depending on its crack width. 

Figure 10: Mortar sample with surface crack width of 
369µm. Top- crack pattern. Bottom- total chloride 
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profile (% of mortar weight) after 30 days of exposure. 

Several analyses were performed using the 
range of surface crack widths similar to the 
experiments. The surface chloride contents for 
each analysis were adjusted to match those in 
experiments with a similar crack width. Both 
experimental and simulation results are shown 
in figure 11. 

Figure 11: Total chloride profiles for different crack 
widths after 30 days of exposure. Top- experiment; 

bottom- simulation. 

As expected, chloride penetration depth 
increases with the increase of surface crack 
width. The effect is less pronounced than in 
the case of a parallel-walled crack, though. 
This is due to the fact that bending cracks are 
V-shaped, being wider at the surface than on 
the inside of the prism. According to equation 
(5), cracks wider than 80µm all have the same 
effective diffusion coefficient. However, since 
wider bending cracks also run deeper, the 
effect of widening is still pronounced with 
large cracks. This means that widening of the 

cracks above the 80µm threshold does  
increase chloride penetration further, since 
they become deeper in the process. 

Comparing the experimental and simulation 
results (figure 11), evidently there is a 
difference. Experimental results for wider 
cracks (more than 210µm) show a more 
pronounced influence of cracking, compared 
to simulation results. There are two reasons for 
this: first, the crack width was measured in the 
unloaded state. This means that the crack was 
larger during the loading and some damage 
was created, which is not accounted for in the 
model. Secondly, some cracks have probably 
formed alongside the steel mesh 
reinforcement, speeding up the lateral chloride 
penetration. This was disregarded in the 
model.  Overall, the simulation results seem to 
be in relatively good agreement with 
experimental data. Accordingly, the approach 
developed in chapter 2.3 can be successfully 
employed in simulating chloride ingress in 
cement based materials cracked in flexure.  

4 SUMMARY AND CONCLUSIONS 
As cementitious materials  are highly 

inhomogeneous and cracked, their transport 
properties show significant local variations. 
More advanced models than presently 
available are needed for studying these effects. 
In view of this, a three-dimensional lattice 
model for simulating chloride ingress was 
developed. The proposed framework described 
here enables:  
(1) Simulating chloride ingress in 
heterogeneous concrete, i.e. taking into 
account the presence of impermeable 
aggregate particles and porous interface 
surrounding them. 
(2) Taking into account presence of cracks on 
chloride ingress, by coupling the simulation 
with the mechanical analysis. 
In order to focus on these two issues, saturated 
concrete was assumed in all analyses. 

The procedures developed were tested and 
validated using data from the available 
literature. The following conclusions can be 
reached from the presented numerical 
simulations: 
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(1) When neglecting the material 
heterogeneity, simulation results are very close 
to experimental ones. The reason for this lays 
in the usual experimental procedure (grinding 
and chemical titration), which gives an 
averaged value of the chloride content at a 
certain depth. 
(2) The heterogeneous model shows some 
deviation from the perfect diffusion profile, 
which is commonly observed in experiments 
where penetration depth is determined by 
silver nitrate spraying. More importantly, 
maximum chloride contents at a certain depth 
are higher than the averaged ones. This should 
be kept in mind, especially when studying the 
critical chloride content in concrete. Use of 
more advanced experimental methods is 
therefore encouraged. 
(3) Mechanical cracks do promote chloride 
ingress into concrete, depending on their 
width. This is observed also in the model. 
However, even though commonly addressed 
only by their surface widths, not all cracks are 
created equal. Bending cracks are V-shaped, 
meaning that a part of the crack close to its tip 
remains inaccessible for rapid chloride 
penetration. Accordingly, parallel walled 
cracks of certain surface width are more 
detrimental than flexural cracks of the same 
surface crack width. Coupling of the 
mechanical and transport model, as proposed 
here, enables studying this behaviour in more 
detail. 

Finally, it can be concluded that the 
presented model can be successfully employed 
in simulating chloride penetration in both 
sound and cracked cement based materials. 
Presence of coarse aggregates in concrete can 
be included in the model, and gives more 
insight on the transport behaviour. 
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Abstract: Steel corrosion is a major problem with concrete structures. For concrete structures 
exposed to chlorides, once a critical chloride concentration is reached at the steel surface, corrosion 
starts to occur. For a given cover thickness, the corrosion initiation time depends on the chloride 
diffusivity. The diffusivity Do for concrete is normally measured at the un-cracked state. However, 
in reinforced concrete design, concrete members are allowed to crack in tension. Once cracking 
occurs, chloride can also diffuse through the crack at a faster rate governed by the crack diffusivity 
Dcr. In the present study, finite element analysis is performed to study the effect of cracking on 
corrosion initiation in concrete with different values of Do. For various crack width and cover 
thickness, the time for critical chloride concentration to be reached at steel intersected by the crack 
is determined. Based on the simulation results, we derive the empirical equation for an equivalent 
diffusion coefficient (Deq) which can be employed directly in the solution of the one-dimensional 
diffusion equation to calculate the corrosion initiation time. The study provides a convenient but 
accurate approach for predicting corrosion initiation under real world situations where cracks are 
present in a concrete structure. 

1  INTRODUCTION 

Steel corrosion is a major problem with 
concrete structures. In the alkaline environment 
inside concrete, steel is in the passivated state 
with a thin surface layer of stable iron oxide to 
protect it from corrosion. For concrete 
structures exposed to chlorides, the chloride 
concentration at the surface of steel 

reinforcements will increase with time due to 
the diffusion process. Once a critical chloride 
concentration is reached, the steel is 
depassivated and corrosion starts to occur. For 
a given cover thickness, the corrosion initiation 
time depends on the chloride diffusivity of the 
concrete. Many researchers have measured the 
diffusivity of concrete at its virgin state [1-3].
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However, in reinforced concrete design, 
concrete members are allowed to crack in 
tension. The effect of cracks on chloride 
diffusivity is therefore an important issue to be 
studied.  

In Aldea et al. [4], the Rapid Chloride 
Penetration Test (RCPT) was performed on 
loaded concrete discs with discrete tensile 
cracks from 0.05mm to 0.4mm in width. For 
normal strength concrete samples, chloride 
permeability was found to be much less 
sensitive to crack opening than high strength 
concrete with lower permeability in the 
un-cracked state. In Gerard and Marchand [5], 
the coefficient of chloride diffusivity (DCl) was 
measured for specimens cracked under 
freezing/thawing with the two cell migration 
test, in which a concrete disc is placed between 
two cells with solutions of different chloride 
concentration. Results indicated that DCl would 
increase with the number and opening of cracks. 
Olga and Hooton [6] performed bulk chloride 
diffusion test on concrete specimens containing 
artificial cracks with openings between 0.10 
mm to 0.68 mm. In the test, one face of the 
specimens was exposed to chlorides, and DCl 
was determined from the chloride profile in the 
specimen. According to the test results, the 
value of DCl is not dependent on crack opening 
within the tested range. However, since the 
cracks in the samples are artificial ones 
introduced in a certain special way, the findings 
may not apply quantitatively to concrete with 
cracks formed under loading.   

To date, the most comprehensive study on 
the effect of cracks on chloride diffusivity was 
conducted by Djerbi et al [7]. In this work, 
concrete discs made with three different kinds 
of concrete were subjected to split tension to 
produce discrete cracks of various openings. 
The cracked discs (as well as control specimens 
with no cracks) were tested in the chloride 
migration cell with both chloride concentration 
gradient and electric potential across the two 

sides of the sample. The value of DCl for each 
specimen was obtained from the change of 
chloride concentration in the downstream cell 
after steady state had been reached. Based on a 
parallel flow model first proposed by Gerard 
and Marchand [5] for the steady state, the 
chloride diffusivity of the crack (Dcr) was 
determined and plotted against the crack width. 
Interestingly, Dcr was found to be dependent on 
crack width but not the diffusivity of 
un-cracked concrete (Do). This explains the 
observation in Aldea et al [4] that a crack has 
larger effect on concrete with lower diffusivity, 
as Dcr is much higher than Do for such a case. 

Knowing the value of Dcr for a particular 
crack width, analysis of the chloride diffusion 
process in cracked concrete can take into 
consideration the increased diffusivity along 
the crack. In this study, the finite element 
method is employed to study the effect of crack 
width on corrosion initiation in concrete with 
various values of Do. In the analysis, adjacent 
cracks are assumed to be sufficiently far away 
from one another so we can neglect interactive 
effects and focus on a single crack. Based on 
the simulation results, an empirical equation 
will be derived for the equivalent diffusion 
coefficient (Deq) which can be used directly for 
calculating the corrosion initiation time in 
cracked concrete.  

2 NUMERICAL SIMULATION 

2.1 Outline of the simulation approach 

For concrete structures exposed to the 
chloride environment, chloride diffusion 
through the cover layer can often be considered 
as a 2-D diffusion process, Fig.1 illustrates the 
typical situation of a cracked concrete member 
with one of its surfaces exposed to chloride. If 
the crack is not present, and the chloride 
concentration is constant along the surface of 
the member (in the y-direction), 1-D diffusion 
occurs in the x-direction. An analytical solution 
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for the chloride concentration at any point 
within the concrete can then be obtained. For 
concrete structures containing cracks, the rate 
of chloride diffusion through cracks is much 
higher than that through concrete matrix. The 
resulted concentration gradient between the 
crack and adjacent concrete will induce lateral 
diffusion of chloride along the y-direction as 
well. The diffusion problem then becomes 2-D 
in nature. Under such a situation, an analytical 
solution is very difficult to derive so the finite 
element method is employed to determine the 
chloride concentration within the member at 
various times. The time for critical chloride 
concentration to be reached at a given concrete 
cover can then be obtained. 

In this study, adjacent cracks in the 
concrete structure are assumed to be 
sufficiently far away from one another, so there 
is no interactive effect among the cracks. It is 
then only necessary to consider a single crack 
in the finite element model. To simulate the 
diffusion process, the ANSYS10.0 FEA 
software is employed.  

Fig. 2 shows a typical finite element mesh 
of the diffusion domain. The dimension of the 
model is 200 mm (along the surface) times 200 
mm (along the direction of the crack). The 
focus of the work is to determine the chloride 
concentration along the crack, because steel 
corrosion will occurs first at the section 
intersected by the crack. The chosen length of 
the model is 200 mm, which is significantly 
higher than the typical steel cover of 30 to 100 
mm. When critical chloride concentration is 
reached at the steel, the chloride concentration 
at the lower boundary is found (in the 
simulation results) to be very small so the 
boundary has little effect on the diffusion 
process. Similarly, with the width of 100mm, 
the calculated chloride concentrations at the 
vertical boundaries were found to be much 
lower than that along the crack (at the same 

value of x), indicating that the boundaries in the 
model are sufficiently far away from the crack. 

To obtain accurate numerical results, the 
mesh size of concrete matrix is kept within 1 
mm, while the mesh size of the crack is refined 
to less than 0.05 mm. The transition from small 
to large elements is shown in Fig. 2. The 
maximum permitted time step is taken to be 

D4/δITS 2 , where δ is the mesh size at the 
point with highest concentration gradient 
(along the upper boundary in this case), and D 
is the corresponding diffusion coefficient.  

 

 
Fig. 1. Diagram of chloride diffusion in cracked concrete 

 

Fig. 2 Mesh of matrix and crack in FEM 
 
While the range of Do for concrete is well 

documented, Dcr is dependent on the crack 
width (w). Based on experimental 
measurements, Djerbi et al [7] proposed 
empirical equations to relate Dcr to w. When w 
increases from 30 to 80 μm, Dcr increases from 
2×10-10 to 12×10-10 m2/s. For larger values of w, 
Dcr remains constant at 12×10-10 m2/s. In the 
finite element simulation, instead of following 
this relation directly, the value of Dcr for a 
given w is allowed to vary within a certain 
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range. This is to accommodate the possibility 
of different Dcr vs w relation that may be 
revealed from future experiments. Specifically, 
Dcr varies from 1×10-10 to 20×10-10 m2/s. Also, 
Do is taken to range from 0.2×10-12 m2/s to 
10×10-12 m2/s while w ranges from 30μm to 
1000 μm. Simulations with various 
combinations of parameters Dcr, Do and w are 
performed to cover the whole range. For 
convenience, the chloride concentration on the 
member surface is fixed at Co=1000 g/m3. The 
actual value of Co is not important as it is the 
C/Co ratio which is of interest. The calculated 
diffusion time is up to 10 years. 

2.2 Simulation results 

Typical simulation results are shown in 
Fig.3 for w=60 μm and diffusion time of one 
year. Dcr is taken to be 8×10-10 m2/s. In the 
simulation, we are comparing the real situation 
(i.e., a domain with a crack) to two limiting 
cases: case I with diffusion through un-cracked 
concrete with D=Do=0.5×10-12 m2/s and case II 
with 1-D diffusion through the crack alone, 
with D=Dcr=8×10-10 m2/s. Fig.3(a) shows the 
chloride concentration for the three cases: Case 
I on the left, the actual situation for cracked 
concrete in the middle and Case II on the right. 
It is obvious that the diffusion process is fastest 
when chloride is assumed to diffuse through the 
crack alone, with no lateral flow. In reality, 
however, due to the concentration gradient in 
the y-direction, chloride penetration in the 
x-direction can be significantly slowed down, 
as observed from the results for cracked 
concrete and Case II. Also, according to the 
result for cracked concrete, the crack has little 
influence on diffusion at locations far away 
from the crack. At such locations, the diffusion 
process can be considered as 1-D and governed 
by the surface concentration alone. 

Fig. 3(b) shows the variation of normalized 
chloride concentration with distance from 
surface (x) for Case I (uncracked) and variation 
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Fig. 3 Chloride diffusion in cracked concrete compared 
to limiting cases. (a) Plot of chloride concentration, 
(b) Variation of chloride concentration with distance 
from surface. 

 
along the crack in Cases II and III. The results 
again illustrate that it is important to consider 
the 2-D nature of the diffusion problem. 
Specifically, if one does not account for the 
lateral diffusion (i.e., the diffluence effect), 
chloride penetration is severely over-estimated 
as indicated by the result for Case II.  

Based on physical considerations, one can 
argue that the diffluence effect decreases with 
the ratio Dcr/Do, but increases with the ratio 
Al/Aw, where Al is the area for lateral diffusion 
to occur across the crack surfaces, and Aw is 
the area for direct diffusion through the crack. 
Al/Aw is proportional to the ratio x/w. As w is 
often very small, x/w can be very large. 
Therefore, even though Dcr is much higher than 
Do in many cases, the diffluence effect can still 
be significant. From this analysis, we can 

(a) 

(b) 
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deduce that the chloride diffusion through 
crack in high strength concrete will be faster 
than that in ordinary concrete when the two 
kinds of concrete have the same width of 
cracks (i.e. the same Dcr), because the high 
strength concrete owns the lower matrix 
diffusion coefficient Do and thus induces the 
weaker diffluence effect on the chloride 
diffusion through crack than ordinary strength 
concrete. 

 

 

Fig. 4 Typical simulation results of chloride diffusions in 
cracked concretes 

Fig.4 shows three types of chloride 
distribution in cracked concrete with different 
combinations of Dcr, Do and w after diffusion 
has occurred for 5 years. When the Dcr/Do is 
high and/or w is large, diffusion through the 
crack will be much faster than that through the 
concrete matrix, as shown in Fig.4 (a) and Fig.4 
(b). When Dcr/Do is low and/or w is small, as in 
Fig.4(c), the effect of the crack is not too 
significant.  

In practice, we are most interested in the 
chloride penetration along the crack, as steel 
corrosion will occur first at the crack’s vicinity. 
To avoid the need to perform computational 
analysis for every single case, an empirical 
approach for analyzing chloride diffusion 
through the crack is proposed. 
One-dimensional diffusion is assumed to occur 
and the equivalent diffusion coefficient (Deq) is 
determined empirically from the fitting of 
numerical results. With a general expression for 
Deq, the chloride concentration along the crack 
under any combination of Dcr, Do, w and time 
can be obtained, details of the empirical 
approach are discussed in the following 
sections. 

3  EMPIRICAL MODELING OF 
DIFFUSION THROUGH CRACK 

3.1 Equivalent diffusion coefficient 

As mentioned above, diffusion through the 
crack is affected by the diffluence effect in the 
y-direction (which is perpendicular to the 
crack). Based on mass conservation, the 
chloride concentration (Ccr) along the crack can 
be obtained from the following equation:  

)G(
w
D2

x
CD

t
C o

2
cr

2

cr
cr x






 (1)

where G(x) is absolute value of yC  / at 

y=+w/2 (i.e., the boundaries of the crack), in 

(a)  w = 60 μm; 

Dcr=8×10-10m2/s; 

Do=0.2×10-12m2/s.

(b)  w = 500μm;  

Dcr=12×10-10m2/s 

Do=0.2×10-12m2/s.

(c)  w = 60μm; 

Dcr=8×10-10m2/s

Do=2×10-12m2/s
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unit of g/m4. As eqn (1) is very difficult to 
solve, a semi-empirical approach is proposed to 
replace it with the equation for 1-D diffusion: 

2
cr

2

eq
cr

x
CD

t
C






 (2)

Where 

2
cr

2ocreq

x
C

w

2G(x)DDD






(3)

For the sake of simplicity, Deq can be 
further expressed in the following form 

ocrqe DK-DD  (4)

Eqn (4) indicates that Deq will be smaller 
than Dcr due to the diffluence effect. It is clear 
that Deq and K are not constants. Generally 
speaking, they are functions of various 
parameters including Dcr (m2/s), Do (m2/s) and 
w (m), as well as distance from the external 
boundary x (m) and diffusion age t (s). In 
Djerbi et al [7], a relation between Dcr and w 
was proposed. However, as mentioned above, 
different researchers have reported different 
effects of w on Dcr.  In the present study, to 
make the model more general and applicable to 
data from different investigations (including 
those to be obtained in the future), Dcr and w 
are treated as two separate variables.   

To obtain Deq for a particular combination 
of Dcr, Do, w, x and t from the finite element 
result, the classical solution for one-dimension 
diffusion is employed:  
















tD2
xerfcCt)(x,C

qe
0cr (5)

Eqn (5) is not a solution to eqn (2) because 
Deq is not constant. The use of this equation to 
obtain Deq is simply for convenience. Once we 
have carried out a sufficient number of 

numerical simulations, an empirical expression 
for Deq will be determined in terms of the 
various parameters through data fitting. With 
this empirical expression, the chloride 
concentration along the crack can be easily 
obtained from eqn (5).  

3.2 Range of valid numerical data 

As in any computational method, results of 
the finite element model are subject to 
numerical error. In the fitting of finite element 
results, it is important to avoid data with high 
inaccuracy. The two major reasons for 
inaccurate numerical data are discussed below. 

In the derivation of the diffusion equation, 
the transfer speed of chlorides is assumed to be 
infinite [8]. As a result, the chloride 
concentration at any point in the computational 
domain is non-zero once the diffusion process 
begins (i.e.t > 0). This is clearly revealed from 
eqn (5), which is the solution for the 1-D 
diffusion equation. At locations far away from 
the surface, very small values of chloride 
concentration will be calculated. For such 
results, the numerical error will be very high, 
leading to inaccurate values of Deq in eqn (5).   
For a given distance from the surface, the 
calculated concentration can only be considered 
valid after the diffusion process has gone on for 
a sufficiently long time. Determination of this 
‘minimum’ time value is best illustrated with 
the un-cracked case, the results of which are 
given in Fig.5. Fig.5(a) shows the variation of 
matrix diffusion coefficient Do (calculated from  
numerical results according to eqn(5)) with 
distance from surface x. For diffusion ages of 6 
months, 1 year, 3 years, 5 years and 10 years, 
Do begins to deviate from the correct value of 
0.2×10-12 m2/s beyond the distances of 1.1 cm, 
1.8 cm, 3.1cm, 4.0 cm, 5.1cm and 5.5 cm 
respectively.. The increase of Do is caused by 
the significant relative error of the low 
computed chloride concentration. For a certain 
diffusion age, the finite element result can only 
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be considered valid for points within a certain 
distance from the surface. Beyond the critical 
distance, notable error arises. Conversely, for a 
certain distance from the surface, only after a 
sufficient long time of diffusion is the 
simulated chloride concentration valid and 
hence suitable for computing Do.  

To help identify the critical distance for 
data to be valid, the derivative of Do ( Do/ x) 
is plotted against x for different diffusion times 
in Fig. 5(b). The derivative is initially zero but 
begins rising after a certain distance from the 
surface is reached. The critical point (i.e. the 
point of abrupt increase) is consistent with the 
demarcation point between valid and invalid 
data on the Do-x curve in Fig. 5(a), but it can be 
picked up more easily on the  Do/ x-x curve. 
For the case with a crack, a similar approach to 
determine the range of valid data can be 
adopted. Curves of  Deq/ x vs x at different 
times for diffusion through a crack are shown 
in Fig. 6. The derivative of Deq should approach 
zero with increasing distance x, but an abrupt 
increase can be observed due to errors in the 
numerical results.  The critical distance (for a 
particular time) can again be picked up on the 
curve of  Deq/ x vs x. 

A second source of error is arising from 
reflection effect of the bottom boundary of the 
finite element model. This effect becomes 
significant for high crack diffusion coefficient 
Dcr and large crack width w. To examine this 
effect, results obtained from our standard finite 
element model with depth of 200mm is 
compared to that from a model of 400mm 
depth for the same values of Dcr, Do, and w. 
Results up to a distance of 200mm are shown in 
Fig.7.  Deq/ x vsx curves for the 400mm case 
(broken lines) show an expected decreasing 
trend as there is little effect from the far away 
boundary.  For the 200mm case (solid lines), 
the reflection effect of bottom boundary causes 
the derivative of Deq to increase. The longer the 
diffusion age, the higher is the concentration 

near the bottom boundary and hence more 
significant is the reflection effect.  A second 
critical distance is obtained from the rising part 
of the curve when distance is 200mm.   

For a given combination of Dcr, Do, w, the 
two critical distances described above can be 
obtained at a given time. The smaller of these 
two distances is then plotted against time, as 
illustrated in Fig.8 to identify the range of valid 
data.  For instance, at a distance 15 cm from 
the surface, the valid data should be selected 
between time t1 and t2 in Fig.8. Before t1, the 
numerical results suffer from significant 
relative error, while after t2, the results are 
affected by boundary reflection. In the 
following section, only results in the valid 
range are used as data for the fitting of K for 
determining an empirical expression for Deq.  
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Fig. 5 Validity of Do calculated by simulation results 

(a)Variations of Do with x ; 
(b) Variations of derivative of Do to x with x 
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Fig. 6 Curves of  Deq/ x vs x calculated from 

simulation results 
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Fig. 7 Effect of bottom boundary reflection on curves of 

 Deq / x vs x 
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Fig. 8  Range of valid numerical results for fitting

3.3 Modeling and data fitting 

As discussed above, the factor K in eqn (4) 
is governed by Dcr (m2/s), Do (m2/s), w (m), x 
(m) and t (s). To obtain an empirical relation 
between K and the various parameters, 
dimensional analysis is first carried out to see 
how the parameters can be combined. The 

dimension of K is unity. Dimensions of 
parameters of Dcr, Do, x, w, t are M2T-1, M2T-1, 
M, M and T respectively. According to 
Buckingham π theory [9], the following 
equation can be obtained: 

1T MM )T(M )T(M 54321 aaaa-12a-12  (6)

The relations between the indices are then 
given by: 








0aa-a-
0aa2a2a

521

4321 (7)

Three possible solutions to eqn (7) are (a1, a2, 
a3, a4, a5)=(0,1,-2,0,1), (1,-1,0,0,0) and 
(0,0,1,-1,0).  Based on these three solutions, 
the independent parameters can be combined as 
Dot/x2, Dcr/Do and x/w. With the dimensional 
analysis method, the number of independent 
parameters is reduced from 5 to 3. In addition, 
the relationship in terms of dimensionless 
parameters can better reflect the physical nature 
of the diffusion behavior. 

From the numerical results, Deq is first 
calculated and K is obtained from eqn(4). We 
then attempt to relate K to Dot/x2 and the 
following function is found to provide a very 
good fit. 

b
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The first term in eqn (8) indicates that 
when Dcr is similar to Do, K is very small, so 
Deq is similar to Dcr (or Do). In other words, the 
crack has little effect on the diffusion process.  

Substituting eqn (8) into eqn (4), Deq can 
be expressed as 

b

2
o
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ocr
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x
tDk1
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tDkDD
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 (9)

1960



Christopher K Y Leung, Dongwei HOU 

 9

The parameters k and b are then expressed as 
functions of Dcr/Do and x/w, and the following 
best-fitted expressions are found.   

0.109-0.484
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cr

0.201
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cr

w
x5.973

D
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D
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x10024.3-

D
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 (11)

For all combinations of Dot/x2, Dcr/Do and 
x/w used in the finite element analysis, b and k 
are calculated from eqn (10) and (11), and Deq 
obtained from eqn(9). To further illustrate the 
applicability of the empirical expressions, the 
calculated Deq is substituted into eqn (5) to 
obtain chloride concentration along the crack 
under various situations. The results are then 
compared directly to those from the finite 
element analysis. Fig.9 (a) shows the variation 
of chloride concentration with distance from 
the surface at different times, while Fig.9 (b) 
shows the variation of chloride concentration 
with time for different locations along the crack. 
It is clear from both figures that results from 
empirical equations (continuous line) are very 
close to the finite element results (open dots).  

As shown in Fig.9 (c), for cases with high 
crack diffusion coefficient Dcr and large crack 
width w, the chloride concentrations from the 
empirical model are lower than numerical 
results at locations far away from boundary 
with constant chloride concentration.  This is 
caused by the reflection effect of the bottom 
boundary in the numerical simulations. In the 
empirical fitting, only data without the 
reflection effect is selected, so the predictions 
from the empirical expression should be free of 
boundary reflection effects and more accurate. 
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Fig.9 Comparison of chloride concentration from 

empirical model(continuous line) with finite element 
analysis (discrete points) 

(a) Chloride concentration along the crack at different 
times; (b) and (c) Chloride concentration in the crack at 

different locations vs time 

3.4 Time to steel corrosion initiation 

As chloride at the steel surface reaches a 
critical concentration, corrosion starts to occur. 
The determination of corrosion initiation time 

(a) 

(b) 

(c) 
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is important in the durability assessment of 
reinforced concrete structure. Knowing the 
critical chloride concentration Cini and the 
surface concentration Co, eqn (5) can again be 
employed to obtain the time for Cini to be 
reached at a particular distance x from the 
surface (so steel with such a cover will start to 
rust), or the depth of penetration of the 
corrosion front (which is the distance from 
surface where Cini is just reached) at a given 
time. In the calculation, Deq in eqn (5) are 
obtained from eqns (9) to (11). Due to the 
complex form of the empirical equations, eqn 
(5) cannot be transformed to an explicit 
analytical form. It is therefore necessary to 
solve it implicitly through numerical iteration.    
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Fig.10 Time to corrosion initiation for various 

distances from the surface 
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Fig.11 Penetration depth of corrosion front at different 
times 

 

Fig.10 and Fig.11 show respectively the 
calculated results for corrosion initiation time 
at various distances and depth of penetration 
front at different times. In these calculations, 
Cini/Co is taken to be 5%. In both figures, the 
continuous line represents the result obtained 
from the empirical model and the dots are finite 
element results. The good general agreement 
between the two can again be observed. For the 
case with Dcr=12×10-10 m2/s, Do=0.2×10-12 m2/s 
and w=100μm in Fig.11, the predicted 
corrosion initiation time obtained from the 
empirical model is higher than that from the 
finite element analysis at locations far away 
from surface (x>6 cm). This is again due to the 
reflection effect at the bottom of the finite 
element mesh which increases the chloride 
concentration and hence reduces the time for 
critical chloride concentration to be reached. 
According to the results in Fig.10, the corrosion 
initiation time can increase significantly with 
distance from the surface. This implies a 
thicker cover is still effective in delaying steel 
rusting even when the concrete structure 
exhibits surface cracks.   

4  CONCLUSION 

For cracked concrete structures exposed to 
chloride environment, chloride diffusivity 
through the crack (Dcr) is higher than that 
through the concrete matrix (Do). As a result, 
steel corrosion in the cracked member will 
occur at an earlier time. The analysis of 
chloride penetration through the crack is a 
complicated problem as diffusion along the 
crack is coupled with diffusion perpendicular to 
the crack resulted from the lateral concentration 
gradient between the crack and the surrounding 
matrix. To obtain a good understanding of the 
diffusion process, finite element analysis is first 
carried out to obtain the chloride concentration 
distribution at different times for concrete with 
different Do, Dcr and crack width (w). Then, 
after a sufficiently large amount of numerical 

1962



Christopher K Y Leung, Dongwei HOU 

 11

data are produced from the simulation, an 
equivalent diffusion coefficient Deq is derived 
from empirical fitting, assuming the diffusion 
to be one-dimensional in nature. Deq obtained in 
this manner is a function of Do, w, Dcr as well 
as time and distance from the surface. 
According to dimensional analysis, Deq can be 
expressed in terms of three dimensionless 
parameters. Using the empirically determined 
Deq, predicted chloride profile, corrosion 
initiation time and penetration of corrosion 
front are all in good agreement with finite 
element results. The approach developed in the 
present study therefore provides a simple but 
accurate means for the analysis of chloride 
diffusion in cracked concrete members.  
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Abstract: This study aims at clarifying the effects of rebar rapture caused by ASR on the 
mechanical performance of RC members.  Rapture of tensile or shear reinforcement was simulated 
in RC beam specimens, which were subjected to a bending test after deteriorated by ASR.  Some of 
the beams were repaired by adding rebars, and the effects of the repair were investigated. The 
results showed that the ASR increased the shear strength of the beams with less shear reinforcement, 
and caused a reduction in bond between the tensile rebar and cover concrete. It was also found out 
that the repair by adding rebar may not necessarily be effective when the integrity of the concrete 
has been lost due to cracks propagating by the ASR. 
 
 

1 INTRODUCTION 
In Japan, rapture at the bend of 

reinforcement in RC structures caused by ASR 
has been frequently reported in the last decade 
[1]. Rebar suffering rapture at the bend may 
lose its bond and anchorage and may be pulled 
out, which will deteriorate mechanical 
performances of RC the structure [2-3]. 
However, the mechanical properties of RC 
structures suffering ASR and raptured rebar 
are yet to be clarified.  

In this study, RC beam specimens were 
prepared using a reactive aggregate and kept in 
a humid room to accelerate ASR deterioration. 
A bending test was conducted after that to 
investigate the effects of the difference in the 
amount and anchorage condition of the tensile 
and shear reinforcement on the mechanical 
performance of the ASR-deteriorated RC 
members. Some of the deteriorated beams 
were repaired by adding rebar, and the effects 
of the shear strengthening were investigated. 

2 EXPERIMENTAL PROCEDURE 

2.1 Materials and mixtures 
Table 1 shows three concrete mixtures used 

in this study: A normal concrete mixture 
without reactive aggregate (NC), a mixture 
using both fine and coarse reactive aggregates 
(SG), and a mixture using a coarse reactive 
aggregate (G). Ordinary Portland cement was 
employed for all the mixtures, and the water-
cement ratio was 0.57. The reactive aggregates 
were crushed sand and crushed stone of 
andesite. Mixing ratios of reactive and non-
reactive aggregates were 70:30 for the fine 
aggregate and 50:50 for the coarse aggregate. 
These ratios were set based on the pessimum 
values that were determined through a 
preliminary test. Sodium chloride was added 
to the ASR mixtures so that the equivalent 
amount of alkali was 12kg/m3. Non-shrink 
mortar with a water-cement ratio of 0.46 was 
used for grouting in repair for the shear 
strengthening by adding rebar. 
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Table 1: Mixtures of concrete 

 W/C s/a 

Unit 
mass 
kg/m3 

Ratio of 
Reactive 
aggregate  

W S G 
NC 

0.57 0.474 
180 0 0 *1 

SG 
168 

0.7 
0.5 *2 G 0 

*1: 0.79kg/m3 of WRA 
*2: 19.5kg of sodium chloride (NaCl) 

2.2 Specimens 
Table 2 shows a list of the specimens. 

Figures 1 and 2 are the schematics of the beam 
specimens. 3-D13 steel bars with a nominal 
yield strength of 345N/mm2 were used for the 
tensile reinforcement. Lateral confinement of 
D6 steel bars were arranged at an equal 
interval of 100 mm within a pure bending span 
in all the beam specimens to allow for later 
comparison of failure mode in the shear span. 
In addition to RC beams with tensile 
reinforcement having hooks at both ends, 
beams without hooks were prepared in order to 
simulate a rapture at the anchorage of tensile 
reinforcement by ASR expansion. In addition 
to the specimens with shear-reinforcing D6 
stirrups spaced at 100mm intervals within 
shear spans (hereafter referred to as “Series 
D6”), specimens with φ3 stirrups spaced at 
100mm intervals (as “Series φ3”) and 
specimens without stirrups (as “Series 0”) 
were prepared to simulate decreasing of shear 
reinforcement due to the rapture of the stirrups. 
Two beams each were prepared for each type 
of the specimens. The specimens with reactive 
aggregate were kept in a chamber in which the 
temperature was kept between 35 and 40 
degrees Celsius, with the relative humidity 
kept around 100% to accelerate deterioration. 

Table 2: List of specimens 

 Stirrup Hooks for 
tensile rebar Mixture 

Series D6 D6 Yes 
NC 

/ 
SG 

/ 
G 

No 

Series φ3 φ3 Yes 
No 

Series 0 none Yes 
No 

 

800 100

200

3-D13

D6D6 / 3 /none

7@100

100

CL

 
Figure 1: Loading test beams with hooks (unit: mm) 

800 100

200

3-D13

D6D6 / 3 /none

7@100

100

CL

 
Figure 2: Loading test beams without hook (unit: mm) 

2.3 Length change measurement 
As shown in Figure 3 eight plugs were 

embedded in each beam for measuring a 
length change of the concrete by a contact 
gauge method. The gauge length was 100mm 
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along the vertical direction, and 200mm along 
the longitudinal direction of the specimen. 

 
200

100

200
upper surface

bottom surface

1
5

2
6

3
7

4
8

 
Figure 3: Plug arrangement for expansion measurement 

(unit: mm) 

2.4 Shear strengthening 
Shear strengthening [4] was applied to two 

beams of Series φ3 with mixture G, one with 
tensile rebar hooks and one without, and two 
beams of Series 0 with mixture G, one with 
tensile rebar hooks and one without, i.e., a 
total of four specimens. Twelve holes with a 
diameter of 22mm and a depth of 160mm, 
which equals to the distance between the 
concrete upper surface and the tensile 
reinforcing rebar, were drilled to the ASR-
deteriorated specimens with a spacing of 
100mm using a core drill. Two each 160mm 
long D6 bars were inserted into the respective 
holes, which were then filled with non-shrink 
mortar. Figures 4 and 5 show the schematics 
of the thus repaired Series φ3 specimens and 
Series 0 specimens, respectively.  

2.5 Bending test 
A two-point loading test was performed to 

the beams of mixture NC at the age of 28days, 
and to the beams of mixtures SG and G after 
being left in a high-humidity, high temperature 
chamber for one year for deterioration, with a 
constant moment span of 300mm, a shear span 
of 550mm, and a shear span ratio of a/d=3.10, 
as shown in Figure 6. Displacements were 
measured with high-sensitivity displacement 
transducers at the two supporting points, two 
loading points, and the mid point. Eight Pi 
gauges were set to measure the width of 
bending cracks, shear cracks, and bond 
splitting cracks caused by the pull-out of the 
tensile rebar. 

5@100
2-D6

20CL

160

 
Figure 4: Shear strengthening for Series φ3 specimens 

(unit: mm) 

5@100
2-D6

20CL

160

 
Figure 5: Shear strengthening for Series 0 specimens 

(unit: mm) 

300 550550

High sensitivity displacement transducer

Pi-type displacement transducer 

  (gauge length: 100mm)  

Figure 6: Setup for loading test (unit: mm) 

3 DETERIORATION BY ASR 

3.1 Compressive strength 
Table 3 shows the compressive strength of 

mixtures NC, SG, and G. Note that the 
compressive strength and the elastic modulus 
of mixtures SG and G were measured both 
before the ASR deterioration (28days age) and 
after the deterioration (1year age). Cracks 
were visible on the surface of the ASR-
deteriorated SG and G concrete. While both 
SG and G concrete had a lower elastic 
modulus after the deterioration, the decrease 
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being more remarkable with SG concrete, the 
compressive strength of SG concrete slightly 
increased.  This increase is considered to be 
due to the progress of cement hydration during 
the ASR deterioration acceleration period of 
one year. Namely, it is assumed that the 
specimens at early ages did not exhibit their 
full strength as Sodium ions inhibited the 
hydration, which then progressed during the 
one year.  
 

Table 3: Compressive strength of concrete 

Mixture Test age Comp. 
strength 
N/mm2 

Young’s 
modules 
KN/mm2 

NC 28days 41.7 31.5 
SG 28days 28.5 26.0 

About 1year 33.3 8.6 
G 28days 52.8 28.1 

About 1year 41.0 11.8 
 

3.2 Expansion 
Table 4 shows the expansions of the beam 

specimens after one year of accelerated ASR 
deterioration just before the loading test. 
Figure 7 shows examples of expansion 
changes with time. In the table, the values in 
the column “upper longitudinal” show the 
averages of expansions determined by gauges 
1 and 3, the values in the column “lower 
longitudinal” show the averages of expansions 
determined by gauges 2 and 4, and the values 
in the column “vertical” show the averages of 
expansions determined by gauges 5, 6, 7 and 8. 
Vertical expansions were larger than 
longitudinal expansions in most specimens. 
This is because the beams were less restrained 
in the vertical direction due to the smaller 
amount of reinforcement. The upper half along 
the longitudinal direction showed larger 
expansions than the lower half, which is due to 
the tensile reinforcement arranged at the 
bottom of the beams. As a result, all the beams 
were visibly arched (Figure 8). 

Table 4: Average expansion (and its standard deviation) 
by ASR after 1 year (unit: micro) 

 Lower 
longitudinal 

Upper 
Longitudinal 

Vertical 

SG-D6 
(4beams) 

959 
(422) 

3456 
(575) 

4107 
(5106) 

G-D6 
(4beams) 

1767 
(604) 

4348 
(912) 

5392 
(3220) 

SG-φ3 
(4beams) 

1355 
(1756) 

4645 
(1221) 

6410 
(3913) 

G-φ3 
(4beams) 

729 
(602) 

3918 
(1179) 

7288 
(3461) 

SG-0 
(4beams) 

1231 
(230) 

3539 
(1023) 

7106 
(4564) 

G-0 
(4beams) 

1520 
(586) 

2481 
(775) 

7433 
(2990) 
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Figure 7: Examples of expansion changes with time 

 

 
Figure 8:  Arched shape of ASR deteriorated beam 

While the presence of hooks did not affect 
the expansions, Series φ3 and Series 0 beams 
showed generally greater vertical expansions 
than Series D6 beams which is considered to 
be because of the difference in the amount of 
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stirrups, i.e., the degree of restraint. As for the 
type of mixtures, the specimens with mixture 
SG showed slightly larger expansions than the 
specimens with mixture G at early ages. This 
is attributable to the difference in the specific 
surface area between fine and coarse 
aggregates, which resulted in the difference in 
expansion rate. However, there was no distinct 
difference in the final expansions between 
mixtures SG and G at the final stage. 

As can be seen from Figure 7, the beams 
expanded rapidly between 100 and 200 days of 
age, then the increase slowed down after 200 
days. Since all the specimens showed this 
tendency, the loading test was carried out at 
the age of one year. 

4 MECHANICAL PROPERTIES 

4.1 Calculation of beam strength 
Table 5 shows the bending and shear 

capacities of the beams calculated from the 
compressive strength test results of Table 3. 
Irrespective of the type of concrete, Series D6 
beams have a higher shear capacity than 
bending capacity, while Series 0 beams have a 
lower shear capacity than bending capacity. 
Thus these beams can be considered as the 
flexural failure type and the shear failure type, 
respectively. Series φ3 beams have more or 
less the same bending capacity and shear 

capacity. 
 
Table 5: Calculated capacity of the beams (kN) 

 Bending 
capacity 

Shear capacity 
D6 φ3 0 

NC 86.7 127.8 87.9 64.0 
SG 81.2 118.3 78.4 54.5 
G 83.9 122.2 82.3 58.4 
 

4.2 Effects of ASR on beam strength 
Table 6 shows the results of the loading test. 

Figure 9 shows examples of the load-
deflection curve of the beams. Even though the 
compressive strength of ASR-deteriorated 
concrete was lower than NC concrete and the 
ASR-deteriorated beams had lower calculated 
shear capacity than those of NC concrete, the 
shear failure type beams, i.e., Series φ3 beams 
and Series 0 beams, of mixtures SG and G 
generally showed higher shear strength than 
the NC beams (apart from a few exceptions). 
Possible causes of the increase in the shear 
capacity include chemical prestress induced by 
the expansion of concrete, and the arched 
shape of the beams that was formed due to 
uneven rebar arrangement in the expanding 
concrete. ASR-induced cracks that were 
already produced at portions where high shear 
stress was generated are considered to be 

Table 6: Results of the loading test 

  NC SG G 
Pmax failure mode Pmax failure mode Pmax failure mode 

D6 

with hooks-1 86.3 bending 79.1 bending 81.0 bending 
with hooks-2 85.5 bending 76.0 bending 82.5 bending 
w/o hooks-1 85.9 bending 78.0 bending 82.0 bending 
w/o hooks-2 89.7 bending 73.8 bending 80.9 bending 

φ3 

with hooks-1 62.6 shear 79.3 bending 82.9 bending 
with hooks-2 59.6 shear 82.1 bending 82.5 bending  # 
w/o hooks-1 73.5 shear* 79.4 shear bond  80.8 bending 
w/o hooks-2 64.4 shear* 79.1 shear 79.8 bending  # 

0 

with hooks-1 59.4 shear* 66.5 shear bond** 44.3 shear bond** 
with hooks-2 52.3 shear* 70.9 shear bond** 63.1 shear bond** # 
w/o hooks-1 55.6 shear* 61.0 shear* 59.4 shear bond 
w/o hooks-2 64.4 shear* 54.0 shear* 81.1 bending  # 

Note #: repaired by adding shear reinforcemnet 
*: with a light degree of bond splitting failure 

 **: with a failure at the end of the beam 
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another factor whereby the shear capacity of 
ASR-deteriorated beams was higher, since 
these cracks apparently enlarged as the shear 
strain increased and thereby prevented 
formation of new cracks that could lead to a 
sudden shear failure. The test results 
confirmed that the shear cracks at the failure in 
the SG and G concrete beams were wider than 
those in the NC beams, as shown in Figure 10.   
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Figure 9: Examples of load-deflection curves 
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Figure 10: Examples of shear crack propagations 

Figure 10 also shows that the SG and G 
concrete beams have lower stiffness than the 
NC beams. This is probably because of the 
significant decrease inelastic modulus of the 
ASR-deteriorated concrete and also of the 
presence of the ASR-induced cracks 
mentioned above. 

4.3 Effects of hooks and shear reinforcement 
All the specimens of Series D6 reached 

their failure point when the concrete crushed at 
the upper surface. There was no apparent 
difference between the beams with hooks and 
those without, and therefore the effects of loss 
of anchorage due to ASR were not observed.   

Series φ3 beams with tensile rebar hooks of 
mixtures SG and G showed a flexural failure 
with a concrete crush at the compression 
surface, while the NC beams showed a shear 
failure. That is, the failure mode was changed 
by the effects of ASR-induced deterioration. 
This change was assumed to be due to the 
chemical prestress, the presence of ASR-
induced cracks, and the formation of the 
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arched shape, as previously discussed (see 
Figure 10).  Series φ3 beams without tensile 
rebar hooks of NC concrete and mixture SG all 
showed shear failure. One of the SG/Series φ3 
beams without the hooks also showed bond 
splitting failure at the tensile reinforcement 
and cover spalling.  The tensile rebar without 
hooks seemed to have lost its bond and 
anchorage in the cover concrete because of the 
ASR-induced cracks and concurrent chloride-
induced rebar corrosion, resulting in bond-slip 
of the tensile rebar. 

Series 0 beams all exhibited shear failure. 
The SG and G beams with rebar hooks not 
only showed the bond splitting failure but also 
suffered splitting at the beam ends as shown in 
Figure 11. The failure of concrete around the 
rebar hooks is attributable also to the loss of 
the bond and anchorage caused by ASR, which 
brought about pullout of the tensile rebar. 
Another factor was the loss of concrete 
integrity due to the ASR cracks.  No clear 
effects of the type of concrete on the failure 
mode were observed with Series 0 beams 
without tensile rebar hooks.  

 

 
Figure 11: Splitting at the beam ends (SG, Series 0 with 

hooks) 

4.4 Shear repair 
The G/Series φ3 beams that were repaired 

with additional rebar exhibited bending failure. 
However, the effects of the shear repair could 
not be confirmed, because Series φ3 beams of 
mixture G that were not repaired, whether with 
or without rebar hooks, also showed bending 
failure.  

The G/Series 0 beams without rebar hooks 
that were not repaired showed shear bond 
failure, while those that were repaired showed 
bending failure and exhibited much improved 
strength. The repair with additional rebar is 
therefore considered to have been effective. 
On the other hand, while the G/Series 0 beams 
with rebar hooks that were repaired had higher 
strength than those that were not repaired, they 
exhibited shear bond failure as well as the 
concrete failure around the rebar hooks (see 
Figure 11) despite the repair.  

Figures 12 and 13 show the widths of the 
shear cracks and the bond cracks in the 
G/Series 0 beams without rebar hooks, 
respectively. It is clear from these charts that 
the repair was effective in suppressing the 
crack widening at early stages with smaller 
load. In contrast, such effect of preventing 
propagation of cracks could not be observed 
with the beams with hooks. In the repair 
carried out in this study, the additional rebar 
was inserted from the upper surface of the 
beams to as far as the top surface of the tensile 
reinforcement. Therefore, while the repair with 
additional rebar is expected to stop further 
widening of diagonal shear cracks, it cannot 
prevent propagation of bond-splitting cracks 
along the tensile reinforcement, especially 
when the integrity of the concrete has been lost 
due to ASR-induced cracks. It is considered 
that the shear failure of the G/Series 0 beams 
with rebar hooks could not be prevented 
despite the repair because of the propagation 
of bond-splitting cracks. Further, the ASR-
induced cracks that were already present in the 
beams when loaded could have affected the 
failure mode, since the direction of cracks 
made by the loading depends largely on the 
size and direction of the cracks that were 
already there [5]. This is considered to be the 
reason why the repair was effective only with 
the beams without the rebar hooks. 
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Figure 12：Effect of shear repair on shear crack 

propagation 
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Figure 13：Effect of shear repair on bond-splitting 
crack propagation 

5 CONCLUSIONS 
This study aimed at clarifying the effects of 

the ASR-induced tensile rebar rapture and 
shear reinforcement rapture on the mechanical 
performance of the deteriorated RC members. 
Model beams were prepared using reactive 
aggregate and deteriorated in a high-humidity 
chamber to simulate rapture of the tensile and 
shear reinforcement, after which they were 
tested to determine the amount of expansion 
and mechanical performance. Some of the 
ASR-deteriorated beams were repaired by 
adding rebar for the shear reinforcement, and 
the effects of the repair were investigated. 

Results of this study can be summarized as 
follows; 
¥ Specimens with less amount of shear 

reinforcement generally showed larger 
expansion. The expansion rate was faster in 
the mixture with both fine and coarse 
reactive aggregates than in the mixture with 
only coarse reactive aggregate.  

¥ The compression test results confirmed that 
ASR deterioration caused a significant drop 
in the elastic modulus of concrete and  
reduced stiffness of the beams. 

¥ The shear capacity of specimens with less 
amount of shear reinforcement was 
increased by ASR. 

¥ ASR-induced cracks reduce the 
bond/anchorage of the tensile reinforcement.  
The direction of cracks and the degree of 
crack propagation may affect the failure 
mode of deteriorated RC beams. 

¥ The shear repair by adding rebar is not 
necessarily effective, if the integrity of the 
concrete has been lost by ASR-induced 
cracks. 
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Abstract. This work shows the chloride transport equations at the macroscopic scale in non-saturated
concrete. The equations involve diffusion, migration, capillary suction, chloride combination and pre-
cipitation mechanisms. The material is assumed to be infinitely rigid, though the porosity can change
under influence of chloride binding and precipitation. The involved microscopic and macroscopic
properties of the materials are measured by standardized methods. The variables which must be im-
posed on the boundaries are temperature, relative humidity and chloride concentration. The output
data of the model are the free, bound, precipitated and total chloride ion concentrations, as well as
the pore solution content and the porosity. The proposed equations are solved by means of the finite
element method (FEM) implemented in MATLAB (classical Galerkin formulation and the stream-
line upwind Petrov-Galerkin (SUPG) method to avoid spatial instabilities for advection dominated
flows).

1 INTRODUCTION
Chloride penetration into reinforced con-

crete causes corrosion of the reinforcement
bars. The expansion of the resulting corrosion
products (iron oxides) can induce mechanical
stress which can lead to formation of cracks.
Therefore, it is important to predict the time the
chloride ions need to reach the reinforcement
bars.

Basic models of chloride transport are based
on a linear diffusion equation [1, 2]:

∂C

∂t
= De∇.

�∇C
�

(1)

where C is the free chloride concentration

(kg/m3 of solution) and De the so-called effec-
tive diffusion coefficient (m2/s). Equation 1 is
only valid for fully saturated and non-reactive
concrete. To distinguish between free and total
chloride ion diffusion, Saetta et al. [3] used two
different kinds of diffusion coefficients, namely
the effective diffusion coefficient De and the ap-
parent diffusion coefficient Da, both expressed
in m2/s. Denoting the total chloride concentra-
tion as Ct and the free chloride concentration as
Cf , both expressed in kg/m3 of concrete. Then,
the diffusion equations are given by:

∂Ct

∂t
= ∇.

�
De∇Cf

�
(2)

∂Ct

∂t
= ∇.

�
Da∇Ct

�
(3)
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Coussy and Ulm [4] used a diffusion-reaction
model contemplating the chloride binding,
based on De:
∂ (φC)

∂t
+

∂ ([1− φ]Cb)

∂t
= ∇.

�
φDe∇C

�
(4)

where φ is the porosity and (1−φ) corresponds
to the relative volume of solid material. A value
of 2.3×10−12m2/s was adopted for φDe. Equa-
tion 4 is valid for saturated concrete (φl = φ).
Samson et al. [5] derived the mass transport
equations using the homogenization technique
and obtained the following chloride ion trans-
port model for fully saturated and non-reactive
concrete:

∂C

∂t
= ∇.

�
De∇C − FDe

RT
C∇Φ

�
(5)

where R and F are the gas and the Faraday con-
stants, respectively, and Φ the electric potential.

In this paper, the macroscopic transport
equations for chloride ions in unsaturated hard-
ened concrete are derived from the microscopic
equations. This is carried out by comparing the
porous network with one single equivalent pore
whose properties are the same as the properties
of the real porous network. The resulting sys-
tem of differential equations is then solved by
means of the finite element method (FEM) on
an unstructured 2D mesh of triangular elements.
Several standard test methods were employed to
characterize the intrinsic properties of the stud-
ied materials.

2 GENERAL CONSIDERATIONS
Different types of chloride concentrations

are used in this work. The free chloride con-
centration C expressed in kg/m3 or g/l of pore
solution, and the free chloride concentration Cf

expressed in kg/m3 of concrete. Those quan-
tities are related to each other by means of
the evaporable water content φl, expressed in
m3/m3 of concrete:

Cf = φlC (6)

Furthermore, the bound and the total chloride
concentrations are denoted by Cb and Ct, re-
spectively, and both are expressed in kg/m3 of

concrete. The total chloride concentration can
be expressed as a function of the free and bound
chloride concentrations as follows:

Ct = Cf + Cb = φlC + Cb (7)

3 MASS FLUXES AT THE MI-
CROSCALE LEVEL

In the absence of advective flows and chlo-
ride binding, the flux of dissolved ions in a fluid
is generally described as a function of the gradi-
ent of an electrochemical potential. The electro-
chemical potential can be interpreted as the me-
chanical work performed by moving one mole
from a reference state to another state defined
by its chemical concentration and electrical po-
tential. The mathematical definition for species
i is [6]:

µi = µ0
i +RT ln (γiCi) + ziFΦ (8)

where the subscript i refers to the ion species,
µi is the electrochemical potential (J/mol), µi

is the chemical potential at a reference state
(J/mol), zi the valency of ion i (z = −1 for
Cl−), and γi is the chemical activity coefficient.
The gradient of the electrochemical potential
reads:

∇µi = Di∇Ci +
FDi

RT
ziCi∇Φ

+
1

T
ln (γiCi)DiCi∇T (9)

where Di is the diffusion coefficient of species
i. Samson et al. [7] showed that the effect of
chemical activity on chloride penetration is neg-
ligible. Therefore, the last term on the right
hand side of Equation 9 can be ignored. While
temperature has a high influence on chloride
penetration, the temperature gradient does not
[8]. Denoting the diffusion coefficient in water
of species i by Di and multiplying Equation 9
by DiCi/RT , yields:

DiCi

RT
∇µi = Di∇Ci +

FDi

RT
ziCi∇Φ (10)

For chloride ions, Di = DCl, Ci = C and
zi = −1, the diffusive and electric fluxes at

2
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the microscopic scale are deduced directly from
Equation 10:

Jµ
D = −DCl∇C (11)

Jµ
P =

FDCl

RT
C∇Φ (12)

The advective flux, due to capillary suction, is
modelled at the macroscopic scale by means of
Darcy’s law.

4 MASS FLUXES AT THE MACROSCALE
LEVEL

4.1 The diffusive flux
A general expression for the diffusive flux at

the macroscopic scale is:

JD = −D∇C (13)

where D is the diffusion coefficient (m2/s)
determined below.

Consider a single cylindrical pore, com-
pletely saturated with an aqueous NaCl solution
(the pore solution). The total amount of chlo-
ride ions, expressed in kilograms that crosses a
transverse section a of the pore per second, is:

aJµ
Cl = −aDCl∇C (14)

where Jµ
Cl is the flux of chlorides due to dif-

fusion at the pore scale. It is worth noting that
Equation 14 holds for any transverse section
and not only for circular sections, as long as
it is constant along the longitudinal axis of the
pore. Next, a partially saturated infinitesimal
volume of concrete is considered (Figure 1).
The cross section dA of the volume is taken to
be small enough so that the concentrations in
each pore (for a given depth) can be considered
equal. dx is the thickness of the volume.

The volume is partially saturated. The equiv-
alent pore is a fully saturated cylindrical pore of
length dx, where the radius is such that the vol-
ume of the equivalent pore equals the sum of the
volumes of the pores containing water.

Figure 1: Partially saturated infinitesimal volume of con-
crete.

Denoting the cross section of the equivalent
pore by daw, the total amount of chloride ions
expressed in kilograms that crosses a transverse
section daw of the pore per second is:

dawJ
eq
Cl = −dawDCl∇C (15)

where J eq
Cl is the diffusive flux of chloride

ions in the equivalent pore, which is a macro-
scopic quantity. Until now, the pores have been
assumed to be straight and cylindrical. How-
ever, real pores are usually neither cylindrical,
nor continuous or parallel one to another. This
implies that the gradient of the concentration is
no longer the same in the real pores as in the
equivalent pore. Indeed, the latter is much more
important in magnitude. Therefore, the flux in
the equivalent pore must be corrected, which
is done by means of the tortuosity-connectivity
parameter τ . The shape of the equivalent pore
remains the same, though its diffusive proper-
ties change. The total amount of chloride ions
expressed in kilograms that crosses a transverse
section daw of the modified equivalent pore per
second is now:

dawJ
eq
Cl = −dawτDCl∇C (16)

This amount of chlorides coincides with the
amount of chlorides which pass the cross sec-
tion dA of the infinitesimal volume per second,
and can therefore be expressed as:

dAJD = −dAD∇C (17)

Multiplying Equations 16 and 17 by dx, and
setting them equal to each other, yields:

dAdxD∇C = dawdxτDCl∇C (18)

3
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where dAdx is the volume of the continuum
dΩ and dawdx is the volume of the equivalent
pore dΩw. The diffusion coefficient D is de-
duced directly from Equation 18:

D =
dΩw

dΩ
τDCl (19)

where dΩw/dΩ is the water content φl ex-
pressed in m3/m3 of concrete. The diffusive
flux at the macroscopic scale reads:

JD = −τφlDCl∇C (20)

The effective diffusion coefficient De can
now be written as De = τDCl, and is an intrin-
sic parameter of the material. Indeed, it solely
depends on the diffusion coefficient of chlorides
in water and on the properties of the material, τ .

4.2 The electric flux
The traditional expression for the electric

flux of chloride ions is:

JP = −P∇Φ (21)

where P is the proportionality coefficient.
Following the same procedure as for the diffu-
sive flux, starting from Equation 12, the coeffi-
cient P can be determined:

P = − τF

RT
DClφlC (22)

The electric potential Φ can be calculated by
means of the Poisson equation for electrostat-
ics. However, since the potential is induced by
the diffusion of chlorides (and other ions), the
electric flux can be expressed as a diffusive flux,
which is further explored below.

When NaCl is dissolved in water, the sodium
and chloride ions are separated according to the
following dissolution reaction:

NaCl(s) −→ Na+(aq) + Cl−(aq) (23)

For the sake of simplicity, the Na+ and
Cl− ions are assumed to come from dissolved
molecules of NaCl solely. These ions are trans-
ported by diffusion, by the electric flux and by

advection (capillary suction). The total flux of
each species reads:

JNa = −D̂Na∇CNa − PNa∇Φ

+ uCNa (24)
JCl = −D̂Cl∇CCl − PCl∇Φ

+ uCCl (25)

where u is the advection velocity and the
subscripts Na and Cl refer to the ion species.
The other coefficients are given below:

D̂i = τφlDi Pi = τ
ziF

RT
DiφlCi (26)

where i refers to the species, Na+ or Cl−.
The current density associated to the ionic
fluxes is given by:

I =
zNaF

mNa

JNa +
zClF

mCl

JCl (27)

where I is the current density (A/m2) and
mi is the molar mass of species i (kg/mol).
Substitution of Equations 24-25 into Equation
27 yields:

I = F

��
D̂Cl

mCl

∇CCl −
D̂Na

mNa

∇CNa

�

− u

�
CCl

mCl

− CNa

mNa

�

+

�
PCl

mCl

− PNa

mNa

�
∇Φ

�
(28)

According to Equation 23, the following
identity is reached:

CCl

mCl

=
CNa

mNa

(29)

Substituting Equation 29 into Equation 28
gives:

I =
F

mCl

�
D̂Cl − D̂Na

�
∇CCl (30)

+ F

�
PCl

mCl

− PNa

mNa

�
∇Φ (31)

Substituting the coefficients defined in Equa-
tions 26 into Equation 30, and using Equation
29, the final expression of the current density is
obtained:

4
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I =
τFφl

mCl

[DCl −DNa] ∇C

− τF 2φl

RTmCl

CCl [DCl +DNa] ∇Φ (32)

The electric field E = −∇Φ is finally ob-
tained by setting I to zero. If no external elec-
tric field is applied, the pore solution is elec-
troneutral everywhere [9]. In the following,
the chloride concentration CCl is denoted by C.
The electric field reads:

E = −RT

FC

DCl −DNa

DCl +DNa

∇C (33)

The electric flux of chloride ions at the
macroscale can finally be rewritten as:

JP = PE = τφlDCl
DCl −DNa

DCl +DNa

∇C (34)

4.3 Diffusive versus electric flux
Dividing the electric flux (Equation 34) by

the diffusive flux (Equation 20), a dimension-
less coefficient Dr is obtained:

Dr = −DCl −DNa

DCl +DNa

(35)

The value of Dr is a direct measure of how
much the electric field slows down the diffusive
flux of chloride ions. Note that it is difficult
to separate the two different fluxes in practice,
since the diffusive flux induces the electric flux.
Therefore, the experimentally obtained effec-
tive diffusion coefficients obtained from stan-
dard test methods are not pure diffusion coef-
ficients. That is, the effective diffusion coeffi-
cient obtained from such methods includes the
modification due to the electric flux:

Dexp
e = τDCl (1 +Dr) (36)

where Dexp
e is the experimentally obtained dif-

fusion coefficient. The coefficient Dr can be
derived for more general cases as well, where
multiple ion species are present [8]. However,
to that end, detailed knowledge of the concen-
tration of each ion species in the pore solution
is needed.

4.4 Advective flux
A general expression for the advective flux

of chloride ions at the macroscopic scale is:

JA = uC (37)

where JA is the advective flux and u is
the advection velocity obtained by coupling
the chloride transport model to a pore solution
transport model. The flow of the pore solution
is modelled by means of Darcy’s law:

Jφl
= −ρl

kl
νl
∇pl (38)

where Jφl
is the mass flux of the pore solu-

tion (kg/m2s), ρl is the density of the pore solu-
tion, kl is the permeability function (m2), νl the
dynamic viscosity of the pore solution (Pa · s)
and pl is the pressure of the liquid pore solution.
The permeability is the product of the intrin-
sic permeability coefficient by the permeability
function relative to the pore solution:

kl = Kkrl (39)

where K is the intrinsic permeability coefficient
and krl the relative permeability function. The
capillary pressure is defined as the difference
between the pressure of the non-wetting fluid
(dry air and water vapour) and the wetting fluid
(liquid water):

pc = pg − pl (40)

where pg is the pressure of the gaseous phase
and pl the pressure of the liquid phase. Main-
guy et al. [10] observed that, in weakly perme-
able materials like concrete, there is no signifi-
cant darcean advective transport of the gaseous
phase considered as a whole. Therefore, the
gradient of the capillary pressure can be approx-
imated as:

∇pc = −∇pl (41)

The mass flux of the pore solution can thus
be rewritten as:

Jφl
= ρl

kl
νl
∇pc (42)
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The capillary pressure is a function of the
water content φl, porosity φ and temperature T .
Equation 42 finally becomes:

Jφl
= ρl

kl
νl

�
∂pc
∂φl

∇φl +
∂pc
∂φ

∇φ

+
∂pc
∂T

∇T

�
(43)

5 TRANSPORT EQUATIONS
The transport equations are obtained by sub-

stituting the previously obtained mass fluxes
into the continuity equation.

5.1 Chloride transport
The continuity equation can be expressed as

follows:

∂ϕ

∂t
+∇.Jϕ = 0 (44)

where ϕ is the conserved quantity and Jϕ is
the flux of that quantity. In the case of trans-
port of chloride ions, the bound chloride con-
tent needs to be accounted for, which is done
by adding a source/sink term:

∂ϕ

∂t
+∇.Jϕ = s (45)

where s acts as a source if s > 0 (bound
chlorides dissolve) and as a sink if s < 0 (free
chlorides are removed due to chloride binding).
Generally, the bound chloride concentration de-
pends on the free chloride concentration and on
temperature. For the sake of simplicity, the de-
pendence of chloride binding on temperature
is ignored in this work. Assuming that the
bound chloride concentration Cb solely depends
on the free chloride concentration Cf , the chlo-
ride transport model reads:

�
1 +

dCb

dCf

�
∂Cf

∂t
+

∂Cp

∂t

∇.

��
u

φl

+
τ

φl

DCl(1 +Dr)∇φl

�
Cf

�

= ∇.
�
τDCl[1 +Dr]∇Cf

�
(46)

where Cp is the amount of precipitated salt
(kg/m3 of concrete), and u is expressed as:

u =
kl
νl

�
∂pc
∂φl

∇φl +
∂pc
∂φ

∇φ

+
∂pc
∂T

∇T

�
(47)

When chloride ions combine or precipitate,
the porosity is reduced and porosity gradients
appear, which can be expressed as follows:

∇φ = ∇φ0 −
1

ρfs
∇Cb −

1

ρps
∇Cp (48)

where φ0 is the initial porosity, while ρfs and
ρps are the densities of Friedel’s salt and the pre-
cipitated salt. Precipitation of salt only occurs
when C > Csat where Csat is the saturated con-
centration. The derivative of C with respect to t
is then zero, as well as the gradient of C (no dif-
fusion occurs where salt precipitates). Taking
this into account, Equation 46 for areas where
chloride precipitation occurs, reads:

∂Cp

∂t
= − dCb

dCf

����
Cf=φlCsat

Csat
∂φl

∂t
(49)

5.2 Pore solution flow
The evolution of the pore solution content is

expressed as:

∂ (ρlφl)

∂t
= −∇. (ρlu) (50)

5.3 Heat transfer
The heat transfer is modelled by the lin-

ear heat equation with thermal diffusivity αT

(m2/s):

∂T

∂t
= ∇.

�
αT∇T

�
(51)

6 MATERIAL PARAMETERS
Four different concretes were studied, re-

ferred to as mat1, mat2, mat3 and mat4. The
dosages of those materials are listed in Table 1.
More details about the materials can be found
in [11, 12].

6
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Table 1: Dosages (kg/m3)

Material mat1 mat2 mat3 mat4
Cement 380 357 380 304
Water 171 194 171 154
Fly ash 0 76 0 0
Silica fume 0 0 0 38
Aggregate 787 770 787 800
Sand 1022 966 1022 1067
Superplasticizer 0.97 0.70 1.30 1.80

6.1 Diffusive material properties
The effective diffusion coefficient De (Equa-

tion 36), which accounts for both diffusion and
the induced migration, must be determined ex-
perimentally. The coefficients DCl and Dr

are assumed to depend on temperature accord-
ing to the Arrhenius equation. The tortuosity-
connectivity coefficient is obtained by setting
the Hagen-Poiseuille flux of the pore solution
in the equivalent pore equal to the Darcy flux
[8]. The experimental diffusion coefficient at
a given temperature is obtained by fitting the
FEM solution of the model to experimental
data, namely, the total, free and bound chlo-
ride profiles. The total and free concentration
profiles were measured according to the stan-
dard test methods UNE-112010:1994 [13] and
RILEM TC 178-TMC [14]. The sum of the dif-
fusive and induced electric fluxes in function of
the experimental diffusion coefficient is:

JDP = −Dexp
e

�
1−

�
1−

�
φl

φ

� 1
e

�e�2

√
φφl exp

�
−Ea

R

�
1

T
− 1

T0

��
∇C (52)

where Ea is the activation energy of the sys-
tem which depends on the activation energies
of the ions in the pore solution [8] (in this case,
only Cl− and Na+), T0 = 20◦C is the reference
temperature at which Dexp

e was measured, and e
is a material parameter which is determined be-
low.

6.2 Hygroscopic material properties
The hygroscopic properties of the materi-

als were determined by means of absorption-
desorption and imbibition tests. In addition,
the porosity (accessible to water) was deter-
mined by recording the weights of dry and fully
saturated concrete samples. The absorption-
desorption and imbibition tests were performed
according to the standard test methods UNE-EN
ISO 12571 [15] and ASTM C 1585–04 [16], re-
spectively. The experimental data led to the de-
termination of the capillary pressure (with the
capillary hysteresis included), the permeability
(K and krl), as well as the pore size distribu-
tion. More details about these procedures can
be found in [8]. The following model for the
capillary pressure was proposed which fits very
well with the experimental data [8]:

pc = A(T ) (atan (a [b− φl])

+ atan (a [φ− b])) (53)

where A(T ) is the capillary modulus which
depends on temperature in the same way as the
surface tension of water does, and a and b are
parameters which depend on the microstructure
of the materials. The relative permeability krl
was modelled by means of the well known van
Genuchten model [17]:

krl =

�
φl

φ

�
1−

�
1−

�
φl

φ

� 1
e

�e�2

(54)

The constants a, b and e, as well as the intrin-
sic permeability coefficient K were determined
by fitting the FEM solution to the experimental
data.

6.3 Results
From the experimentally obtained free and

total chloride concentrations, the bound chlo-
ride content was obtained by calculating the dif-
ference between the total and the free chloride
contents. A good relation was found between
the bound and the free chloride concentrations
by means of the Langmuir model:

Cb(Cf ) = C̃b
KCf

1 +KCf

(55)
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where C̃b is the maximum bound concentration
and K is the equilibrium constant.

The samples were submerged in a NaCl so-
lution of 0.5M for 546 days. The effective dif-
fusion coefficient Dexp

e was found by fitting the
FEM solution to the experimental data. The re-
sults are shown in figure 2. The fitting analysis
showed very good results for all the materials
except for mat3. This is explained below. The
contents of Al2O3 (responsible for the chemical
choride binding) and the contents of SiO2 (re-
sponsible for the C-S-H which retains chlorides
physically) for each material are listed in Table
2.

Table 2: Aluminates and silicates (kg/m3)

Material mat1 mat2 mat3 mat4
Al2O3 13.1480 35.3042 28.1200 10.5184
SiO2 11.6280 41.7498 101.46 41.6024

The SiO2 content of material mat3 is signif-
icantly higher than for the other materials. Fur-
thermore, its content of aluminates is almost as
important as for material mat2. This leads us
to believe that the binding capacity of material
mat3 is at least as important as that of mate-
rial mat2. Luo et al. [18] found that cement
with slag increases the chemical binding capac-
ity of concrete. Glasser et al. [19] reported such
increase of the physical binding onto the hy-
drate slag walls which present a high specific
surface. This, however, contradicts the experi-
mental data. The experimental method for de-
termining the free chloride concentration plau-
sibly detected an important part of the physi-
cally adsorbed chlorides as free chloride ions
and, therefore, underestimated the bound chlo-
ride content. As can be observed in figure 2, the
free chloride content of material mat3 reaches
values higher than 3kg/m3. The porosity of
material mat3 was determined to be φ = 0.125
and the free chloride concentration of the solu-
tion was 0.5M (C = 18.5g/l). The free chlo-
ride concentration C near the surface, accord-

ing to the experimental data, would be greater
than 3× 12.5% = 24g/l which is impossible.
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Figure 2: Total, free and bound chloride concentrations
for materials mat1-mat4.

Finally, the Langmuir model of material
mat2 was used to model the bound chloride
content of mat3, with good results. In figure
2, it may be observed that the model seems to
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fit very well to the total chloride profile. The
obtained diffusion coefficients, as well as the
overall porosities, are listed in Table 3.
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Figure 3: Imbibition test for materials mat1-mat4.

Fitting the FEM solution to the experimental
data obtained from the imbibition tests allowed
calculation of the intrinsic permeability coeffi-
cient K for each material. The results are plot-

ted in figure 3. The capillary pressure model
(Equation 53) was fitted to experimental data
and is plotted in figure 4. The intrinsic perme-
ability coefficients are given in Table 3.
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Table 3: Porosity (%), diffusion coefficient ×10−11m2/s

and permeability coefficient ×10−21m2

Material mat1 mat2 mat3 mat4
φ 14.5 15.0 12.0 12.5
D

exp
e 4.5 2.5 2.0 1.2

K 2.70 2.45 0.27 0.20

7 FEM SOLUTION
The pore solution flow and heat transfer

models were solved by means of the classical
Galerkin formulation. The chloride transport
model was modelled by means of the stream-
line upwind Petrov-Galerkin (SUPG) method.
The classical Galerking formulation would give
unstable results when advection predominates
over diffusion. The model was implemented for
linear and quadratic elements on a 1D-mesh, as
well as on a 2D-mesh of triangular elements.
More details on the modelling can be found in
[8]. An example of unstable results is shown
in figure 5. A fully saturated concrete sample,
with a uniformally distributed chloride concen-
tration of 5g/l, is dried during 5 days at a tem-
perature of 20◦C and relative humidity 80%.
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Figure 5: Galerking vs. Petrov-Galerking solutions.

In order to illustrate the capabilities of the
model, the following simulation is considered.
A concrete sample is initially saturated with wa-
ter. An aqueous solution of C = 100g/l is im-
posed on one side of the sample for 125 days.
During that time, the only transport mechanism
considered is diffusion (and the induced electric
flux). The numerical experiment was performed
by imposing different relative humidities on the

same side of the sample for 55 days, so that the
sample underwent a drying process. The rela-
tive humidities are chosen to be hr = 70%, 50%
and 30% at a temperature of 20◦C. The results
are plotted in figures 6-9.
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Figure 6: Concentration profiles Ct (top), Cf (middle)
and C (bottom).

0 1 2 3 4 5 6 7 8 9 10
0

5

10

15

20

25

30

35

40

45

Precipiated chloride concentration for different drying conditions

x [mm]

C
p
 [

k
g

/m
3
]

 

 
h

r
 = 70%

h
r
 = 50%

h
r
 = 20%

Figure 7: Precipitated chlorides Cp.

10

1982



M. Fenaux, E. Reyes, A. Moragues and J.C. Gálvez

0 1 2 3 4 5 6 7 8 9 10
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

Pore solution content for different drying conditions

x [mm]

φ
l [

%
]

 

 

h
r
 = 70%

h
r
 = 50%

h
r
 = 30%

Figure 8: Pore water content φl.

0 1 2 3 4 5 6 7 8 9 10
8.2

8.4

8.6

8.8

9

9.2

9.4

9.6

9.8

10

Porosity profiles for different drying conditions

x [mm]

φ
 [

%
]

 

 

h
r
 = 70%

h
r
 = 50%

h
r
 = 30%

Figure 9: Porosity φ.

8 CONCLUSIONS
The transport equations of chloride ions in

hardened concrete at the macroscopic scale
were derived from the transport equations at
the microscopic scales. This was performed by
defining an equivalent pore which accounts for
that part of the porous network filled with pore
solution. The advective mass flux was mod-
elled by means of Darcy’s law. The material
properties were determined by fitting the nu-
merical solution to experimental data obtained
through standard test methods. Finally, the
chloride transport equation, pore solution trans-
port equation, as well as the heat transfer equa-
tion were solved simultaneously by means of
the FEM method.
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Abstract: Concrete has a crucial role in protecting reinforcement steel from corrosion. The high 
alkalinity of cement promotes the formation of a passive layer on the steel, protecting it against 
corrosion. Destabilization of this layer can happen because of the presence of chlorides, or because 
of a pH reduction due to carbonation of the cement matrix due to ingress of CO2 from the 
atmosphere. Corroded steel reinforcement leads to a reduction of the mechanical properties and can 
induce accelerated fracture formation. As chloride ions are transported via liquid water, the water 
permeability plays an important role. Moreover as carbonation is determined by the transport of 
CO2 in the remaining gas phase, the gas permeability also plays a major role. The water and gas 
permeability are directly depending on the saturation degree or moisture content. Concrete shows a 
strong hysteresis in sorption, and consequently, the permeability and the ingress of e.g. chlorides 
and CO2, - and thus the durability of concrete - will be highly influenced by the hysteretic moisture 
behavior. In this paper, we present a sorption hysteresis model for concrete based on the 
independent domain theory.  
 

1 INTRODUCTION 
The durability of reinforced concrete is 

crucial for civil and building infrastructures. 
The high alkalinity of the cement matrix 
promotes the formation of a passive layer on 
steel, protecting it against corrosion. 
Destabilization of this layer can happen 
because of the presence of chlorides, or 
because of a pH drop due to atmospheric 
carbonation [1]-[2]. Steel corrosion may then 
initiate and lead to concrete degradation.

As chloride ions are transported via liquid 
water, the water permeability plays an 
important role. Moreover, as carbonation is 
determined by the transport of CO2 in the 
remaining gas phase, the gas permeability also 
plays a major role. The water and gas 
permeability are directly depending on the 
saturation degree or moisture content. 
Concrete shows a strong hysteresis in sorption, 
and consequently, the permeability and the 
ingress of e.g. chlorides and CO2, - and thus 
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the durability of concrete - will be highly 
influenced by the hysteretic moisture behavior. 

Moisture hysteresis refers to the 
phenomenon that, at the same relative 
humidity, the material experiences a different 
degree of moisture saturation or level of 
moisture content depending on its loading 
history. The difference in moisture content at 
the same relative humidity for cement or 
concrete during repeated cycles of ad- and 
desorption under isothermal conditions is 
illustrated in amongst others De Belie et al. 
[3], Anderberg and Wadsö [4], Baroghel-
Bouny [5] and Maruyama and Igarashi [6]. 
These hysteresis measurements count a limited 
number of ad/desorption loops, as the sorption 
process of concrete is slow. However, when a 
concrete structure is exposed to environmental 
conditions, it undergoes a large number of 
sorption cycles. Thus the ability to predict the 
hysteretic response of a concrete structure 
would be valuable especially with respect to 
its durability. 

In this paper, we present a sorption 
hysteresis model for concrete based on the 
independent domain theory. The history of 
filling and emptying of sorption sites is 
efficiently monitored using an integrated PM 
formulation. This model is implemented in a 
finite element code for coupled heat and mass 
transfer. It allows assessing the influence of 
sorption hysteresis on the moisture behavior of 
concrete when exposed to changing 
temperature and relative humidity conditions. 
We compare simulations using the moisture 
hysteresis model with commonly performed 
simplified simulations only using the main ad- 
or desorption curve. It is found that sorption 
hysteresis has a high influence on the moisture 
behavior of the outside layer of concrete and 
as such CO2 or chloride ingress are highly 
underestimated when using only ad- or 
desorption isotherms. 

2 MOISTURE HYSTERESIS MODEL 
      Following the independent domain 
approach [7]-[11], a porous material contains a 
number of domains or sorption sites, which 
behave independently. Figure 1 describes the 

typical behavior of a sorption site. With 
increasing relative humidity, an initially dry 
sorption site becomes filled at a critical 
relative humidity a resulting in a moisture 
content mf. When the relative humidity 
decreases again, the site unfills at a lower 
relative humidity d, resulting in a jump back 
to the unfilled state. Since d  a hysteresis 
occurs between adsorption and desorption, a
and d represent respectively the relative 
humidity in the adsorption (a) or desorption (d)
regime. Adsorption includes both multilayer 
adsorption of water molecules on the pore wall 
surfaces and capillary condensation. Current 
physical explanations for the existence of 
hysteresis for a single sorption site are, for 
example, capillary condensation hysteresis, 
contact angle hysteresis and the ink-bottle 
effect due to entry pores with small diameter.  

Figure 1. Characteristic behavior of a hysteretic 
sorption site. During increasing relative humidity a 
jump in moisture content occurs to mf at a relative 
humdity ϕa. During decreasing relative humidity, 
unfilling occurs at ϕd, jumping back from mf to the dry 
state.

     A porous material consists of a number of 
sorption sites. Thus changes in moisture 
content are the outcome of the behavior of an 
assemblage of independent sorption sites. An 
efficient way to represent sorption sites is to 
map a site characterized by (a, d), on the half 
a-d space, also called the PM space 
(Preisach-Mayergoyz [11],[12]). The PM 
space is represented in Figure 2. On the PM 
space, a frequency density distribution (a,
d), called the PM distribution, represents the 
number of sorption sites. The PM space is 
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triangular and filling occurs in its lower 
surface, since d  a.

Figure 2. The triangular PM space on which a density 
distribution function (a, d) is defined. The gray 
triangle represents the area over which integration is 
needed to obtain the function value H(RHF,RHE) in the 
integrated PM space (see Figure 4). 

Suppose the specimen is taken through a 
relative humidity (RH) history RH=0, RHA,
RHB, RHC (=RHA), RHD  1, RHE (=RHA),
RHF (=RHB), 0 (Figure 3a). The series of 
Figure 3b show the states of the sorption 
elements in the PM space for each RH (filled 
elements are gray). The resulting sorption 
curve is shown in Figure 3c. Initially the 
porous material is at RH=0, all sorption sites 
are unfilled and the moisture content is 0. 
When RH is increased towards RHB, the 
sorption sites become progressively filled from 
left to right in the PM space, and the main 
adsorption curve is followed. As RH decreases 
from RHB to RHC the elements empty from top 
to bottom and a primary desorption curve is 
formed. We observe a different moisture 
content at RHA and RHC (=RHA) resulting 
from the difference in filling (AB) and 
unfilling of elements (BC). Comparing the 
gray areas representing the filling in the PM 
space for state A and C, we see that the 
material is at a different filling state. When RH 
is further increased from RHC, a loop is 
formed, which closes at RHB. From then on, 
the main adsorption isotherm is again followed 
towards RHD. When decreasing RH, the main 
desorption isotherm is followed, emptying 
elements from top to bottom. While increasing 

and decreasing again RH, a second loop is 
formed (EFE), which is congruent with 
the first loop (BCB) formed during the 
adsorption.

Figure 3. Typical snapshots during (a) a relative 
humidity loading history of (b) the PM space and (c) the 
moisture content M. a is the relative humidity in 
adsorption, d the relative humidity in desorption and 
is the region of domains completely filled with water. 

The region of filled sites is denoted . After a 
certain RH loading history,  is typically 
bordered at the right side by a staircase line. 
Performing integration over the  domain 
gives the moisture content M:

( ) ( , ) ( , )d da d a d a dM m       


   (1)

To determine the integrals, the PM density 
(a, d) and the moisture function m(a, d)
have to be known. Instead of trying to directly 
determine these functions, the integrated PM 
(IPM) approach is adopted. In the IPM 
approach, an integral function H is defined as: 

( , ) ( , ) ( , ) d d
a a

d

a d
y

H x y m x y x y
 



      (2)

where for example H(RHE,RHF) equals the 
integral over the triangle (RHE,RHE),
(RHF,RHE), (RHF,RHF) (shown in Figure 2). 
By the introduction of the IPM function H, the 
integral M in equation (1) can be calculated as: 

1 1 1 2

2 2 2 3

1
1 1
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( , ) ( , )

a d a d

a d a d
m n

ai d i ai d i
i i

M H H
H H

H H

    
   

    
 

  
 

  

 (3) 

with m and n the number of vertical 
respectively horizontal boundary segments 
characterizing the staircase border. Thus the 
moisture content M can be determined by 
summing and subtracting values of H. The 
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IPM function H covers the triangle of the PM 
space, attains its maximum at the bottom and 
right borders, decreases towards the diagonal 
and becomes zero on the diagonal (Figure 4).  

Figure 4. Representation of the function H(a, d) in the 
IPM space. The IPM function is zero on the diagonal 
and attains maximal values at the boundaries. 

3 IMPLEMENTATION 

     The IPM function ( , )a dH    is determined 
based on experimental data of the moisture 
content M (equation (3)). An analytical 
expression is used where the parameter values 
are found by a best fitting procedure on the 
experimental data [13]. As the parameters are 
based on real ad- and desorption data, 
phenomena such as film forming and capillary 
condensation are implicitly incorporated. 

     The heat and mass transport equations are 
solved using the finite element method with 
capillary pressure and temperature as primary 
variables [13]. In order to obtain a mass and 
energy conservative system of equations, a 
mixed form of the capacitive terms is used, as 
described in Janssen et al. [14]. A Newton-
Raphson iterative scheme is employed and an 
adaptive time stepping algorithm is embedded 
to optimize the efficiency of the numerical 
solver.

    The material property dataset used for the 
simulations is composed for a common 
concrete based on material properties from 
different literature sources [13]. 

4 RESULTS 

   We present simulation results to exemplify 
the proposed model assuming a 30 cm thick 
concrete structure exposed on one side to (1) 
an environment of constant temperature, 23°C, 
and a sinusoidally varying relative humidity 
(between 90 and 30% RH) with a period of 1 
year and (2) a real climate, i.e. the outdoor 
climate of Essen, Germany. An initial wet 
state of the concrete is considered.

Figures 5 shows the calculated response at 
different positions in the 30 cm thick concrete 
after being subjected for 40 days to the 
sinusoidal relative humidity fluctuations with a 
1-year period, starting from an initial ‘wet 
state’ (90% RH, main desorption curve). The 
loops represent the response during the final 
calculated year (40th year). The main 
adsorption and main desorption curves are 
depicted in the figures as well. The moisture 
content, the corresponding vapor resistance 
factor and moisture capacity are shown as 
function of the relative humidity. Comparing 
the moisture content variations as determined 
by the hysteresis model with the main 
ad/desorption curves (Figure 5a), we observe 
an important difference for the outer concrete 
layers; deeper inside the concrete, the material 
approaches the main desorption curve. 
Fluctuations in the material properties occur 
over a depth of about 15 cm into the structure. 
Consequently the vapor resistance factor, thus 
moisture and gas permeability, which highly 
depend on the moisture saturation, differs 
significantly from the main ad/desorption 
values.

Figure 6 shows the moisture content, vapor 
resistance factor and moisture capacity at 
different positions in the 30 cm thick concrete 
structure after being exposed for 40 years to 
the outdoor climate in Essen, Germany. As 
concrete is initially in a wet state if sufficiently 
well cured on site, an initial ‘wet state’, equal 
to the initial outdoor conditions in Essen (91% 
RH, 0.5°C), is considered. When using the real 
climatic conditions of Essen, the climatic  
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Figure 5. Moisture content, vapor resistance factor and 
moisture capacity in function of relative humidity in a 
30 cm thick concrete sample during the last year of 40 
years exposure. The sample is initially in a ‘wet state’ 
(90% RH) and subjected to relative humidity 
fluctuations between 90 and 30% RH with a 1-year 
period. 

variations penetrate less deep than the 
isothermal relative humidity fluctuations with 
a 1-year period as a climate comprises a 
superposition of daily and yearly variations. 

Figure 6. Moisture content, vapor resistance factor and 
moisture capacity in function of relative humidity in a 
30 cm thick concrete sample during the last year of 40 
years exposure. The sample is initially in a ‘wet state’ 
(91% RH) and subjected to the outdoor climate of 
Essen, Germany. 

The penetration depth is around 10 cm. Again 
a significant difference is observed between 
simulating with the main sorption curves or 
the hysteresis model. The moisture behavior is 
characterized by a cloud of values and do not 

1989



H.	Derluyn,	D.	Derome,	J.	Carmeliet,	E.	Stora	and	R.	Barbarulo	

6

form a single loop as in the isothermal 
simulations. The deeper inside the concrete 
material, the thinner the cloud gets. Remark 
that the simulation results using the main ad- 
or desorption curve also form a thin cloud and 
not a single line: due to the temperature 
fluctuations, different moisture contents can be 
found at the same relative humidity. 

5 CONCLUSIONS 
Degradation of concrete occurs in the outer 
concrete layer. It is in this same outer layer 
that hysteresis plays its major role and 
influences the permeability of CO2 and 
chlorides. The moisture content, or saturation 
degree, is a good parameter to evaluate the risk 
for carbonation or chloride ingress, as the 
water permeability is directly related to the 
moisture content. With increasing saturation 
degree, the water permeability will increase 
and consequently gas permeability will 
decrease since more pores are filled with 
water. Thus the diffusion of CO2 will be 
underestimated due to an overestimation of the 
saturation degree and consequently the risk for 
carbonation will not be predicted correctly. 
This means that if one would use the main 
desorption curve to simulate the behavior of an 
initial ‘wet’ concrete, the diffusion of CO2 is 
underestimated compared to using the 
hysteresis model. On the other hand, the liquid 
permeability will be underestimated when the 
saturation degree is underestimated and 
consequently the risk for ingress of chlorides 
is underestimated. Therefore if one would use 
the main adsorption curve instead of the 
hysteresis model to describe the behavior of an 
initial ‘dry’ concrete, the moisture 
permeability is underestimated and so is the 
corrosion risk due to chloride infiltration. 
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Abstract: A three-dimensional lattice model is used to evaluate the fracture behavior of Strain-
Hardening Cementitious Composites (SHCC) in tension. Individual fibers are explicitly represented 
within the random lattice representation of the cement-based matrix. Comparisons are made with 
experimental measurements of crack openings and their evolution during increasing levels of tensile 
strain. The preliminary results indicate crack openings are correlated with characteristics of the fiber 
distribution.

1 INTRODUCTION 
The penetration resistance of structural 

concrete to water and other deleterious 
substances is strongly affected by the opening, 
connectivity, and spacing of cracks [1,2]. The 
introduction of short dispersed fibers is 
effective in preventing or reducing crack 
openings. With proper constituents and design, 
such materials strain-harden and exhibit 
numerous fine cracks, rather than few large 
ones. These strain-hardening cementitious 
composites (SHCC) are attractive for a variety 
of applications, including those that require 
long-term durability.  

One relevant area of study regards the 
sensitivity of SHCC performance to variations 
in the design parameters, including the 
potential for non-uniform distributions of the 
fibers. During tensile loading, SHCC exhibits 
variations in crack openings [3-6].  It is the 
larger of the crack openings that control the 
durability of the SHCC and its substrates. It 
has been hypothesized that crack openings 

depend on local variations in the fiber content. 
Regions with fewer fibers act as defects within 
the material and promote larger crack openings 
[7].  

To test this hypothesis, and gain further 
insights into the fracture mechanics of SHCC, 
the authors have developed three-dimensional 
lattice models of SHCC in tension. Individual 
fibers are explicitly represented within the 
random lattice representation of the cement-
based matrix [8,9]. This form of discrete 
modeling enables the simulation of crack 
spacing and crack saturation prior to fracture 
localization. Comparisons are made with 
experimental measurements [3,6] of crack 
opening histograms and their evolution during 
increasing levels of tensile strain. The results 
also indicate correlations exist between crack 
width and characteristics of the fiber 
distribution. In particular, larger cracks occur 
in regions with fewer fibers. These simulations 
provide insights into some of the relationships 
between material parameters, methods of 
processing, and composite performance. 
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2 LATTICE MODELING OF SHCC 
Tensile fracture of SHCC is simulated 

using a lattice model [8,9], in which the matrix 
and short fibers are modeled as distinct phases. 
This approach belongs to a growing trend in 
the modeling of fiber reinforced cement 
composites [10-14]. In this paper, the matrix 
elements are connected on a set of randomly 
distributed nodes. The Delaunay tessellation of 
this nodal set defines the lattice topology, 
whereas the dual Voronoi tessellation defines 
the matrix element properties. Matrix elements 
are based on the rigid-body-spring concept 
illustrated in Fig. 1b, where Aij is the area of 
the associated Voronoi facet and hij is the 
distance between nodes i and j. By the Aij / hij
scaling of the spring stiffnesses, the lattice 
representation of the matrix is elastically 
homogeneous. Details of the matrix element 
formulation and solution process are given 
elsewhere [8,9]. Hereafter, the modeling of 
short fibers is briefly described.

(a) Delaunay/Voronoi tessellations of material domain 

(b) Matrix element ij with zero-size spring set at point C

Figure 1: Lattice modeling of matrix phase [9] 

2.1 Semi-discrete fiber model 
A fiber lattice element is formed wherever a 
fiber intersects a matrix element cross-section 
(e.g., at point P in Fig. 2, where lf is the fiber 
length and  is the angle between the fiber axis 
and the loading direction). Analogous to the 
construction of the matrix elements, nodes i
and j are linked via rigid-arm constraints and a 
zero-length spring. The spring is positioned at 
point P and aligned with the fiber. This spring 
represents the axial stiffness of the fiber prior 
to matrix cracking, according to shear lag 
theory [8,9].

Figure 2: Fiber element and zero-size spring set 
positioned at point P [9] 

After cracking of the matrix element ij,
properties of the spring traversing the crack 
are governed by debonding and frictional 
pullout, according to the micromechanical 
model of Naaman et al. [15]. The spring 
stiffness is nonlinear and gradually reduces to 
the stress free condition as the fiber pulls out. 
Fiber rupture in tension is possible, but not 
considered in this study. 

If N fibers intersect the matrix element 
cross-section, there will be N fiber element 
contributions to the stiffness coefficients 
associated with nodes i and j. In this sense, 
fiber additions do not increase the number of 
computational degrees of freedom of the 
model, since fiber elements and matrix 
elements connect to the same lattice nodes.  
This enables computations involving a large 
number of fibers. For example, elastic moduli 
of micro-fiber composites have been 
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calculated, in which over 1x107 fibers were 
explicitly modeled [9].

We describe this fiber model as semi-
discrete, because fiber loading is constrained 
to the rigid-body kinematics of the associated 
matrix elements. Alternatively, fibers can 
possess their own degrees of freedom [16], but 
that capability is computationally expensive 
when large numbers of fibers are considered. 

2.2 Discretization of tensile test specimen
The SHCC tensile specimens are modeled 

by the lattice structure shown in Fig. 3, which 
represents a series of specimens tested by 
Adendorff et al. [6]. Loads were applied 
through displacement control of two hinged 
supports within the end regions of the model, 
as done in the experiments. Nodal density has 
been graded, so that a finer discretization is 
used within the 80 mm gage length. 

(a) Lattice discretization of dog-bone specimens 

(b) Random placement of fibers within gage length 

Figure 3: Modeling of SHCC tensile specimens 

Fibers were randomly placed in the central 
(100 mm) portion of the specimen, where 
crack formation is expected (Fig. 3b). Based 
on the dimensions of the Polyvinyl Alcohol 
(PVA) fibers (lf = 12 mm, df  = 40 m), 
approximately 64,000 fibers were introduced 
to achieve a volume fraction Vf = 2%. Typical 
values were assumed for the matrix and fiber 
properties that were not reported in [6]. At this 
preliminary stage of our research, matrix 
fracture was assumed to be brittle. The 
consequences of this assumption are discussed 
later. 

3 SIMULATION RESULTS 

3.1 Crack patterns 
Results presented in this section were 

obtained using a prismatic specimen, shown in 
Fig. 4. To compensate for the lack of wider 
end zones, as previously shown in Fig. 3a, 
fracture outside of the 80 mm gage length was 
suppressed. The displacements have been 
magnified so that, at the 0.8% strain level 
shown in the figure, non-uniformity of the 
multiple crack openings is clearly evident. The 
multi-cracked region of the composite 
resembles islands of material bridged by 
individual fibers, which can be seen through 
close inspection of Fig. 4. Future simulations 
will make use of the more accurate mesh 
design shown in Fig. 3a. 

Figure 4: Multiple crack formation within lattice model 
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3.2 Stress-strain response 
The stress-strain response of the lattice model, 
over the 80 mm gage length, is compared with 
the results of Adendorff et al. [6] in Fig. 5. 
Tensile strength of the matrix was adjusted so 
that the first cracking strength of the model 
agrees with those of the test specimens. 
Immediately after first cracking, however, the 
model exhibits a sudden drop in load 
resistance that does not appear in the 
experimental results. This is possibly due to 
the assumption of brittle fracture of the matrix. 
Furthermore, although extensive multiple 
cracking occurs, the model exhibits limited 
strain capacity prior to fracture localization. 
By 1% strain, fracture has already localized 
and softening has initiated in the model. The 
lack of strain capacity is possibly due to 
several factors: 

- The mesh is relatively coarse when 
considering the fine crack systems that 
develop in the test specimens. A finer 
mesh could allow for continued crack 
formation and extension of the hardening 
regime. 

- The sudden loss of matrix strength, 
associated with the brittle fracture 
assumption, transfers larger loads to the 
fiber bridges and causes a greater degree 
of non-uniformity of load paths through 
the specimen. These effects hasten the 
localization process. 

- Controlled variations in matrix strength are 
known to promote progressive cracking 
and strain hardening. However, the matrix 
strength was assumed to be uniform for 
this simulation.  

Even when considering these factors, however, 
the lack of toughness of the model is 
unexpected and points to a need for further 
study of fiber-matrix interactions in these 
systems. The simple notion of summing the 
matrix and fiber contributions to represent 
composite performance might be insufficient. 
The presence of the fibers modifies the 
fracture properties of the matrix; the 
distributed nature of fracture also affects the 
efficiencies of the fiber reinforcement. 

Whereas the explicit modeling of the matrix 
and fibers as separate phases is an attractive 
feature of this work, the two-way coupling of 
matrix and fiber behaviors presents a modeling 
challenge. 

Figure 5: Stress-strain response of SHCC specimens 

3.3 Crack opening histograms 
Figure 6 presents crack width histograms 

for several strain levels. In the experiments, 
crack openings were measured (using Digital 
Image Correlation) along three longitudinal 
paths over the gage length.  The same 
approach was used to count and measure crack 
openings in the model.  

At the 0.2% strain level, several cracks 
have appeared in the model but cracks were 
not seen in the test results. This difference is 
likely due to brittle fracture of the matrix in 
the model. With increasing levels of strain, the 
cracking trends of the model and test 
specimens are similar: many fine cracks 
develop, accompanied by the larger openings 
of a few cracks. The model tends to support 
the hypothesis that larger crack openings occur 
where the local volume fraction of fibers is 
lower. The histograms of crack width are 
dependent, to some degree, on how fibers are 
distributed within the matrix.  

In these comparisons, however, the model 
exhibits larger crack openings. At the 0.8% 
strain level, for example, the model indicates 
more than two (equivalent) cracks with 
openings significantly larger than 100 m, 
which is approximately the threshold for large 
increases in the effective permeability [1]. The 
overestimation of crack openings, relative to 

1995



Jingu Kang and John E. Bolander 

5

the experimental results, points to a need for 
careful consideration of the fracture energy of 
the matrix.  

Figure 6: Crack opening histograms

3.4 Future developments 
Simulations are currently being run that 

account for the fracture energy of the matrix 
phase. The event-by-event solution strategy is 
stable, but computationally expensive. 
Furthermore, it appears that much finer 
discretizations are necessary for resolving the 
fine crack patterns witnessed during testing. 
More efficient solution methods are needed to 
achieve this goal and perform parametric study 
of SHCC.

The fiber model applied in this paper did 
not account for snubbing effects, matrix 
micro-spalling, fiber group effects, and other 
factors affecting the efficiencies of fiber 

reinforcement [17]. However, these 
considerations can be addressed within this 
form of lattice modeling [13]. 

Eventually, the attributes of this type of 
modeling approach will be most apparent 
when the positions of fibers within the 
specimen are known, allowing for direct 
correspondence between the physical and 
numerical specimens. The positions of steel 
macro-fibers can be mapped using X-ray 
computed tomography, for example, but 
further developments are needed to map 
micro-fibers and most synthetic fibers.  
Alternatively, the effects of mixture rheology, 
boundary conditions and processing 
techniques on the fiber distribution can be 
simulated. Svec et al. [18] track the movement 
of steel fibers within a self-compacting 
concrete during casting using a fluid dynamics 
model. The prospect for linking such 
simulations of the construction process with 
discrete fiber models of SHCC, such as that 
presented herein, is intriguing. 

4 CONCLUSIONS 
A random lattice model has been used to 

study the tensile fracture behavior of SHCC. 
The modeling efforts, and comparisons with 
experimental results, have led to the following 
observations and conclusions. 

– The fine crack systems that develop during 
strain-hardening are simulated by the 
model, at least in a qualitative sense. 
However, quantitative comparisons with 
test data reveal that the simulated cracks 
appear earlier in the strain history and there 
is a tendency for larger crack openings. 
Brittle fracture of the matrix (in the model) 
likely contributed to these discrepancies 
with the test results. 

– Strain capacity of the model is low relative 
to that commonly observed during testing. 
Finer discretization of the matrix would 
provide pathways for additional cracking, 
potentially extending the process of 
multiple cracking and strain-hardening. 

– Although not yet described in quantitative 
terms, the model results indicate that 
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correlations exist between local volume 
fraction of fibers and crack opening. With 
model improvements, particularly with 
respect to local interactions between the 
fibers and matrix, this model can be used 
to study the effects of fiber distribution 
non-uniformity on cracking performance. 
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Abstract: Increase in repair and replacement costs and poor performance of so-called conventional 
concrete materials force engineering society to pay serious attention to the durability issues. Many 
researchers agree on the general idea that cracking is vitally important if durability is of concern. 
Cracking of concrete under service conditions is inevitable due to several external factors and/or 
mechanisms occurring in concrete material itself. Therefore, elimination or minimization of 
cracking through various techniques arises great interest. One of the most effective techniques in 
eliminating cracks is self-healing phenomenon, which is commonly related with on-going hydration 
reactions or crystal formation in concrete. It is believed that the use of Engineered Cementitious 
Composites (ECC) may greatly promote the attainment of substantial self-healing, and accordingly 
increase the long term performance of concrete structures. In this study, the effects of self-healing 
on the durability performance of ECC were investigated in terms of mechanical property 
enhancement, chloride ion penetrability and frost resistance. The research results indicate that due 
to intrinsic self-controlled tight crack width, many durability challenges confronting concrete can be 
overcome by using ECC.  The superior durability performances of micro-cracked ECC as a result of 
self-healing phenomenon are expected to contribute substantially to improving civil infrastructure 
sustainability by reducing the amount of repair and maintenance during the service life of the 
structure. 

 

1 INTRODUCTION 
Self-healing ability of cracked concrete is a 

frequently studied phenomenon. Both 
experimental research and practical experience 
have demonstrated that cracks in concrete 
material itself have a potential to seal 
themselves especially under the conditions 
where water and CO2 are present. Self-healing 
is generally attributed to the hydration of 

previously unhydrated cementitious materials, 
calcite formation, expansion of the concrete in 
the crack flanks, crystallization, closing of 
cracks by solid matter in the water and closing 
of the cracks by spalling of loose concrete 
particles resulting from cracking [1]. Self-
healing of cracks should be taken into account 
when specifying tolerable crack widths.  
Jacobsen et al. [2], Reinhardt and Jooss [3], 
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Edvardsen [1], Aldea et al. [4] and Clear [5]  
have proposed the maximum crack widths as 5 
to 10 μm, 100 μm, 200 μm, 205 μm and 300 
μm, respectively in order for a crack to seal 
itself completely. In all, it is pointed out that 
the most serious challenge for complete 
healing of a crack is tolerable crack width. 
Since conventional concrete has the tendency 
to deform in a brittle manner under mechanical 
loading, such small crack widths in 
conventional concrete could be a major 
concern to attain. Since the crack width was 
identified as a key factor in the self-healing of 
concrete, materials that can recover the 
drawbacks caused due to brittle nature of 
concrete came into prominence lately. 

 
One of such materials called Engineered 

Cementitious Composites (ECC) was first 
developed by Li and coworkers during the last 
decade [6]. As a new class of High 
Performance Fiber Reinforced Cementitious 
Composites (HPFRCC), ECC is a ductile fiber 
reinforced cementitious composite 
micromechanically designed to achieve high 
damage tolerance under severe loading and 
high durability under normal service 
conditions. [6-8]. The most distinctive 
characteristic separating ECC from 
conventional concrete and fiber reinforced 
concrete (FRC) is an ultimate tensile strain 
capacity between 3% to 5%, depending on the 
specific ECC mixture. This strain capacity is 
realized through the formation of many closely 
spaced microcracks, allowing for a strain 
capacity over 300 times than that of normal 
concrete. These cracks, which carry increasing 
load after formation, allow the material to 
exhibit strain hardening, similar to many 
ductile metals. 

 
While the components of ECC may be 

similar to FRC, the distinctive ECC 
characteristic of strain hardening through 
microcracking is achieved through 
micromechanical tailoring of the components 
(i.e. cement, sand, and fibers), along with 
control of the interfacial properties between 
components [6-9]. Fracture properties of the 
cementitious matrix are carefully controlled 

through mix proportions.  Fiber properties, 
such as strength, modulus of elasticity, and 
aspect ratio have been customized for use in 
ECC.  The interfacial properties between fiber 
and matrix have also been optimized in 
cooperation with the manufacturer for use in 
this material.  While most HPFRCCs rely on a 
high fiber volume to achieve high 
performance, ECC uses low amounts, typically 
2% by volume, of short, discontinuous fiber. 
This low fiber volume, along with the common 
components, allows flexibility in construction 
execution. To date, ECC materials have been 
engineered for self-consolidation casting, 
extrusion, shotcreting, and conventional 
mixing in a gravity mixer or conventional 
mixing truck [10-13].  

 
 Figure 1 shows a typical uniaxial tensile 
stress-strain curve of ECC material containing 
2% PVA fiber [14]. The characteristic strain-
hardening behavior after first cracking is 
accompanied by multiple microcracking.  The 
crack width development during inelastic 
straining is also shown in Figure 1.  Even at 
ultimate load, the crack width remains smaller 
than 100 µm.  This tight crack width is self-
controlled and, whether the composite is used 
in combination with conventional 
reinforcement or not, it is a material 
characteristic independent of rebar 
reinforcement ratio.  In contrast, normal 
concrete and fiber reinforced concrete rely on 
steel reinforcement for crack width control.  
Given the intrinsically well-controlled tight 
crack width in ECC, the effect of self-healing 
of cracks on the durability and residual 
mechanical properties of cracked ECC 
specimens has recently been investigated 
under a number of commonly encountered 
environments by author.  In this article, 
emphasis is placed on the accumulated 
knowledge on the effect of self-healing on the 
durability performance (mechanical property 
enhancement, chloride ion penetrability and 
frost resistance) of micro-cracked ECC. 
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Figure 1: Typical tensile stress-strain curve and crack 

width development of ECC 

2 EXPERIMENTAL PROGRAM 

2.1 Materials, mixture proportions and 
basic mechanical properties  

The influence of self-healing on durability 
performance of ECC mixtures was 
investigated in terms of mechanical property 
enhancement, rapid chloride permeability test 
(RCPT) results and frost resistance. To do this, 
ECC mixtures having water to cementitious 
material ratio (W/CM) of 0.27 and fly ash to 
Portland cement ratio (FA/PC) of 1.2 and 2.2, 
by mass (from now on ECC-1 and ECC-2, 
respectively) were prepared, details of which 
are given in Table 1. Type I ordinary Portland 
cement (C), silica sand with an maximum size 
of 400 μm, Class-F fly ash (FA) conforming to 
ASTMC 618 requirements, polyvinyl alcohol 
(PVA) fibers, and a polycarboxylate based 
superplasticizer (SP) were used.  The chemical 
compositions and physical properties of the 
cement and FA are reported in Table 2.  The 
PVA fibers had an average diameter of 39 μm, 
average length of 12 mm, a tensile strength of 
1600 MPa, a density of 1300 kg/m3, an elastic 
modulus of 42.8 GPa, and a maximum 
elongation of 6.0%. 
 

Table 1 shows compressive strength test 
results of the ECC mixtures cured in an 
environmental chamber at a temperature of 23 
± 2 °C and a relative humidity of 95 ± 5% 
until the age of testing.  The compressive 

strength was computed as an average of six 50 
mm cubic specimens.  As seen from Table 1, 
the compressive strength of ECC decreased 
with increasing FA content.  However even at 
almost 70% replacement of Portland cement 
with FA (FA/C = 2.2), the compressive 
strength of ECC at 28 days can be more than 
50 MPa. 

 
Table 1:  Mixture properties of ECC 

Ingredients, kg/m3   ECC-1 ECC-2

C   558 375 
FA   669 823 
Water   5.55 21.68 
PVA   3.35 5.48 
Sand   2.49 1.71 
SP   2.49 0.34 

FA/C   1.2 2.2 

Compressive Strength, 
MPa 

14-d 39.2 27.7 

28-d 62.5 54.1 
 

Table 2:  Properties of cement and fly ash 

Chemical Composition C FA 

CaO 61.8 5.57 
SiO2 19.4 59.5 
Al2O3 5.3 22.2 
Fe2O3 2.3 3.9 
MgO 0.9 - 
SO3 3.8 0.2 
K2O 1.1 1.1 
Na2O 0.2 2.7 
Loss on Ignition 2.1 0.2 
Physical Properties      
Spec. Grav. 3.15 2.18 
Ret. On 45 µm, % 12.9 9.6 
Water Req., % - 93.4 
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2.2 Pre-cracking and methods to evaluate 
self-healing 

Mechanical and chloride ion permeability 
properties 

Ø100×200 mm cylinder specimens were 
prepared to define ultimate splitting tensile 
load carrying capacity of the ECC mixtures.  
At the end of the 28 days, three 50 mm thick 
discs were extracted by using a diamond blade 
saw from the central portion of the cylinder 
specimen. From each mix, six disc specimens 
were tested under the splitting tensile loading 
up to failure of the specimens using a closed-
loop controlled material testing system at a 
loading rate of 0.005 mm/s, and average 
ultimate splitting tensile load carrying capacity 
and deformation level of the mixtures were 
defined. The remaining disc specimens of the 
both mixtures were pre-loaded to 0.75, 1.00 
and 1.25 mm deformation level under splitting 
tensile loading to achieve various amounts of 
microcracks before exposure to different 
curing regimes. 
 

In addition to splitting tensile properties, at 
the age of 28 days, the rapid chloride 
permeability testing (RCPT) of the ECC 
specimens, based on the ASTM C1202, was 
conducted on the pre-cracked and virgin ECC 
specimens to determine whether 
microcracking due to mechanical pre-loading 
affects chloride ion penetration resistance or 
not. After, the pre-loaded ECC disc specimens 
together with some uncracked (virgin) disc 
specimens without pre-loading were subjected 
to different exposure conditions at room 
temperature for additional 30 and 60 days.  
Three different conditioning regimes (CA – 
continuous air, W/D – wet/dry cycle and CW – 
continuous wet) were used to simulate 
different environmental exposures and to 
investigate their influences on the chloride ion 
permeability of ECC mixtures at different ages 
by using three disc specimens at each age.  In 
addition to chloride ion permeability resistance 
of pre-cracked and virgin ECC specimens, 
residual mechanical properties (under splitting 
tensile loading) of ECC specimens preloaded 

to 0 mm (virgin) and 1.25 mm deformation 
level were also tested at the ages of 28+60 
days. 

Frost durability properties 
From each ECC mixture, fourteen 400 × 

100 × 75 mm prisms for the freeze-thaw test 
were prepared.  All specimens were demolded 
at the age of 24 h., and moist cured in lime-
saturated water at 23±2 °C for 13 days.  
Fourteen days after casting, from each 
mixture, six prism specimens with a span 
length of 355 mm and a height of 75 mm were 
tested under the four-point bending test up to 
failure, and the average ultimate flexural 
strength, mid-span beam deflection capacity 
and flexural stiffness of each mixture were 
determined.  The deflection capacity was 
defined as the deflection at which point the 
bending stress reaches maximum (MOR).  At 
the same age, six prisms were pre-loaded up to 
2.5 mm deformation level and then load 
released; just after that three of those 
preloaded beams were reloaded up to failure to 
observe the effect of damage by pre-loading.  
The deflection of 2.5 mm is below ultimate 
deflection capacity of both ECC mixtures (> 
3.44 mm) with no localized fracture.  Tests 
were conducted on a closed-loop controlled 
material test system with 100 kN capacity 
under displacement control at a rate of 0.005 
mm/s.  LVDT was fixed on the test set-up to 
measure the flexural deflection of the 
specimen.  The crack widths were measured 
just after load released by using a video 
microscope.  The widths of the crack were 
measured on the tension surface of the beam 
specimens along the span length.  Then from 
each mixture three pristine and three preloaded 
specimens were transferred into the freeze-
thaw chamber in accordance with ASTM C666 
Procedure A, and subjected to between five 
and six freeze-thaw cycles in a 24 h. period in 
the unloaded state.  After completing the 300 
freeze-thaw cycles (F/T), beam specimens 
were also loaded up to failure under flexural 
loading and decrements due to frost action in 
flexural properties were determined. 
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3 RESULTS AND DISCUSSION 

3.1 Mechanical properties  
In this section, only the mechanical 

properties of ECC specimens preloaded to a 
deformation level of 1.25 mm after 60 days of 
further curing regimes were tested.  In Figure 
2, the influence of curing conditions on 
splitting tensile load – deflection behavior of 
ECC mixtures pre-loaded to 1.25 mm 
deformation level was displayed for further 60 
days of curing after 28 days moist curing. As it 
is clear from the figure, there was a significant 
recovery in load carrying capacity, deflection 
capacity and stiffness within 60 days of further 
curing implying significant amount of self-
healing attainment. The recovery was found to 
be more pronounced in the case CW and W/D 
curing conditions compared with CA curing. 
This result suggests that damp environments 
are much more influential when marked self-
healing is of concern. The occurrence of self-
healing was also supported by visual 
observations during the splitting tensile 
loading so that at the time of retesting, the 
failure of ECC specimens was not always 
initiated from the first cracking points. The 
probable reason for this trend was primarily 
correlated with higher amounts of 
cementitious material and lower W/CM ratio 
of ECC mixtures that would trigger further 
hydration reactions in an attempt to seal the 
microcaracks on the specimens [15,16]. 
Another reason for marked self-healing in the 
case of CW and W/D curing conditions can be 
attributed to the formation of calcium 
carbonate since moist curing provides much 
higher concentration of CO2, both as a 
dissolved gas and as a bicarbonate solution, 
than that of the laboratory air curing, where 
the amount of CO2 is limited [17]. In the case 
of air cured specimens, the reason for lower 
recovery is highly attributable to the widely 
acknowledged fact that hydration reactions 
stop when the relative humidity in the 
hardened cement paste falls below 80% [18]. 

 
 
 

ECC-1 

ECC-2 
Figure 2:  Effect of curing regimes on splitting tensile 

load-deflection behavior of ECC mixtures  

In Table 3, mechanical properties of ECC 
specimens pre-cracked to a deformation level 
of 1.25 mm after 60 days of further curing 
regimes along with the results obtained after 
initial 28 days curing were displayed. When 
the effect of FA content is examined, it can be 
seen that there is a reduction in ultimate 
splitting load carrying capacity with pre-
deformation level of 1.25 mm so that at the 
end of 28 days the decrease was around 14% 
and 7% for ECC-1 and ECC-2 mixtures, 
respectively. The decrease in the values 
diminished with further 60 days of moist 
curing to 9% and 4%. This may be attributed 
to the higher tensile ductility, tighter crack 
width and higher amount of unhydrated 
cementitious material available for further 
hydration in ECC-2 mixtures. From the 
observations made, it was, therefore, 
concluded that the amount of FA is an 
important parameter in realizing the effects of 
mechanical pre-loading and self-healing 
capacity [15]. 
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Table 3: Mechanical properties of ECC mixtures under 
different exposure conditions 

Curing   Pre-def., Def. Cap., Ult. Split. 
Condition mm mm Load, kN 

ECC-1 

7 days CW +  0.00 1.58 57.6 

21 days AC 1.25 0.77 49.8 

  
CW 

0.00 1.46 70.7 
28+60 1.25 1.32 64.6 
days W/D 1.25 1.21 60.0 
  AC 1.25 1.03 51.6 

ECC-2 

7 days CW +  0.00 1.73 51.8 

21 days AC 1.25 0.88 48.1 

  
CW 

0.00 1.66 63.7 

28+60 1.25 1.64 61.1 
days W/D 1.25 1.53 56.6 
  AC 1.25 1.21 50.2 
 

3.2 Rapid chloride permeability test 
(RCPT) 

As another way of measuring the extent of 
self-healing under different curing conditions 
and pre-deformation levels, rapid chloride 
permeability tests (RCPT) were run on sound 
and pre-cracked ECC specimens [15]. The 
results were expressed in terms of the total 
electrical charge in Coulomb, which provides 
an indirect measure of the resistance of ECC 
mixtures to chloride ion penetration. Figure 3 
shows the chloride ion permeability changes of 
ECC mixtures, which were cured in CW (a), 
CA (b) and W/D (c) at different ages. As seen 
in figure, chloride ion penetration decreases 
with time irrespective of the applied further 
curing conditions.  Chloride ion permeability 
of virgin ECC-1 specimens after 30 days 
further curing decreased from 1863 to 1610 
coulomb under CW, 1863 to 1785 coulomb 
under CA and 1863 to 1633 coulomb under 
W/D.  For ECC-2, after 30 days further curing, 
chloride ion permeability decreased from 2921 
to 1961 coulomb under CW curing, 2921 to 

2567 coulomb under CA curing and 2921 to 
2105 coulomb under W/D curing.  Decrease in 
chloride ion permeability of the virgin 
specimens was much more evident after 60 
days further curing.  For instance, chloride ion 
permeability of virgin ECC specimens 
decreased to as low as 963 coulomb for ECC-1 
and 829 coulomb for ECC-2 when exposed to 
CW, confirm the high resistance of HVFA-
ECC to chloride-ion penetration.  This means 
that compared to the results of virgin 
specimens at 28 days of age, the decrease in 
chloride ion permeability was around 48% and 
72% with the 60 days further CW curing for 
ECC-1 and ECC-2 specimens, respectively.  
As also seen in Figure 3, at the end of 28+60 
days further curing, chloride ion permeability 
values of the ECC-2 specimens are nearly 
equal to or less than that of the ECC-1 
specimens’ chloride ion permeability values 
for both virgin and preloaded specimens.  As 
mentioned earlier, contrary to the expectance, 
with the increase of FA content from 55 to 
70% increased the chloride ion permeability of 
the ECC at the 28 days as a result of 
inadequate moist curing.  However, further 60 
days CW and W/D curing, unhydrated cement 
and FA particles are hydrated, reduced pore 
sizes and densified the matrix and decreased 
the chloride ion permeability values of the 
ECC-2 specimens drastically. 

 
For the different curing regimes, the 

decreasing trend of chloride ion permeability 
against curing age can also be seen in Figure 3.  
As seen in Figure 3 (a), chloride ion charge-
testing age slope of ECC-1 specimens was 
very low and close to zero under the CA 
curing irrespective of preloading deformation 
level.  However, change in chloride ion 
charge-testing age slope of ECC-2 specimens 
was explicit and became more evident when 
the preloading level increased.  For CA curing, 
chloride ion charge-testing age slope variation 
of ECC-2 specimens between at 28 and 28+30 
days and between 28+30 and 28+60 days was 
quite different from each other; decrease in 
chloride ion penetration increased remarkably 
after 28+30 days.   
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(a) 

(b) 

(c) 
Figure 3: Chloride ion changes of ECC mixtures due to 

different curing regimes and testing ages 

In Figure 3 (b) and (c) shows the variation 
in the chloride ion charge-testing age of ECC 
under CW and W/D curing regimes.  As seen 
in both figures, for ECC-1, a slight decrease in 
the slope of chloride ion charge-testing age 
was observed with the further curing of 30 
days due to continued hydration of the 
cementitious material.  In general, there was 
no meaningful variation in the chloride ion 
charge-testing age slope due to the applied 
preloading deformation level; the decreasing 
trend was fairly similar for ECC-1 specimens.  
However, for ECC-2 specimens, chloride ion 
penetration decreasing trend was continuous 

and drastic without regard to the preloading 
deformation level.  Moreover, the keenest 
decrease in the chloride ion penetration and 
the highest chloride ion penetration-testing age 
slope values were observed at the 1.25 mm 
preloaded ECC-2 specimens.  As mentioned 
before, increasing the preloading deformation 
level increased the number of cracks, and so as 
the number of cracks increases, the recovery of 
cracks also increases. This means that the 
more damage experienced in the form of crack 
numbers, the more opportunity of crack 
healing the specimen presents.  However, the 
ultimate self-healed condition may not be as 
complete as in specimens strained to a lower 
deformation.  This is likely due to the 
probabilistic existence of larger crack widths 
that limit the amount of self-healing for highly 
strained specimens.  Test results also supports 
the above mentioned modality, at the end of 
the 28+60 days CW curing, chloride ion 
penetration values of the virgin and 1.25 mm 
preloaded specimens were 963 and 1649 
coulomb for ECC-1 and 829 and 1512 
coulomb  for ECC-2 specimens, respectively.   

3.3 Frost durability 
Table 4 shows the test results of pristine 

and preloaded ECC specimens in terms of 
ultimate deflection capacity, flexural strength, 
stiffness and residual crack width after 
subjected to 300 freeze-thaw cycles.  Each 
reading represents the average value of three 
specimens.  As seen from Table 4, it is 
noticeable that both of the flexural strength 
and deflection capacities of all ECC mixtures 
reduced due to the 300 freeze-thaw cycles, 
however, the impression of frost action is 
considerably low. After subjected to freeze-
thaw cycles, under flexural loading, all ECC 
specimens demonstrate the strain-hardening 
behavior and multiple cracking. As in the non-
frost deteriorated specimens, the first crack 
started inside the mid-span at the tensile face.  
The flexural stress increased at a slower rate, 
along with the development of multiple cracks 
with small crack spacing and tight crack 
widths. Micro-cracks developed from the first 
cracking point and spread out in the mid-span 
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of the flexural beam. Bending failure in the 
ECC occurred when the fiber-bridging 
strength at one of the micro-cracks was 
reached; resulting in localized deformation 
once the modulus of rupture was approached. 

 
Table 4:  Flexural properties of ECC mixtures 

Mix. ID 

Pre- 
def. 

level, 
mm 

Mid-
span 
def.,
mm 

Flex 
Str., 
MPa 

Res. 
CW., 
μm 

Flex. 
Stif., 
MPa/
mm 

Cured 
14 
days 
moist 
curing 

FA_
1.2 

0.0 5.36 11.1  ~60 11.1 

2.5 3.31 10.6 ~60 8.8 
FA_
2.2 

0.0 6.27 9.3 ~40 8.6  
2.5 4.40 9.1 ~40 7.6 

After 
300 
F/T 
cycles 

FA_
1.2 

0.0 4.33 9.6 ~80 10.7 

2.5 3.18 8.5 ~80 8.0 

FA_
2.2 

0.0 4.23 7.2 ~80 7.8 
2.5 3.05 6.2 ~80 5.7 

 
In Figure 4, the variation of flexural 

strength and deflection capacity of ECC 
mixtures before and after subjected to frost 
action was demonstrated. The results obtained 
after 300 F/T cycles was found to be surprising 
so that flexural parameters of virgin and pre-
cracked specimens were close to each other 
implying that mechanical preloading did not 
have significant effect on the residual 
mechanical properties. The drop in the flexural 
strength and mid-span deflection values were 
fairly close to each other. In the case of virgin 
and 2.5 mm – preloaded ECC-2 (FA/PC=2.2) 
specimens the decrease in the mid-span 
deflection values were 32.5% and 30.6% and 
these values were 13.0% and 19.4% for 
flexural strength, respectively. This suggests 
that slight healing of microcraks took place 
during freeze-thaw cycles. The probable 
reason behind this behavior could be in 
relation with high amounts of cementitious 
materials present in ECC specimens. During 
the thawing period, healing of microcracks 
caused due to mechanical preloading is more 
likely to take place leading to the development 
of further hydration processes [19, 20]. 
Therefore, it can be stated that self-healing in 

the case of F/T cycles is only valid for pre-
deformed specimens. These findings are in 
line with those discussed in the literature [21, 
22]. In literature it was concluded that the 
formation of re-hydration products in micro-
cracks is possible during freeze-thaw cycles. 
In ECC, the re-healing process is especially 
aided by the innately tight crack width. 

 

(a) 

(b) 
Figure 4: Variation in flexural parameters of ECC 

mixtures due to freeze-thaw cycles (F/T) 

4 CONCLUSIONS 
The influence of self-healing on durability 

properties was investigated in terms of 
improvement in mechanical properties, 
chloride ion permeability test results and frost 
resistance. For the disturbance of specimens, 
deformation levels of 0.75, 1.00 and 1.25 mm 
under splitting tensile loading and 2.50 mm 
under four point flexural loading were chosen 
depending on the pre-determined testing 
procedure. After pre-cracking of the specimens 
on the specified days, continuous wet (CW), 
continuous air (CA), cyclic wet-dry (W/D) and 
cyclic freeze-thaw (F/T) curing conditions 
were applied. From the results obtained, the 
following conclusions can be drawn: 
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1. With the effect of applied further 60 days 

CW and W/D curing regimes, mechanical 
properties of the preloaded ECC specimens 
can be close to, or almost reach to the 
mechanical properties of the same age 
virgin specimens cured in damp 
environment. Preloading deformation 
affected the chloride ion penetration of the 
ECC specimens.  When the FA content used 
in the production of ECC is increased, the 
increase in chloride ion permeation 
properties is less influenced from the 
mechanical pre-loading.  This may be 
attributed to the fact that an increase in the 
FA content in ECC production caused a 
reduction in the residual crack width from 
about 70 µm level to 40 µm level. 

2. CW and W/D cycles contributed, and 
speeded up the healing process of the cracks 
and decreased the chloride ion permeability 
of the HVFA-ECC drastically, especially at 
the 28+60 days of age.  

3. Mechanical properties of pristine and pre-
cracked ECC specimens were found to be 
quite close to each other after 300 F/T 
cycles. The main reason for this trend was 
correlated with the possibility of healing of 
microcracks during thawing period and 
higher amounts of unhydrated cementitious 
materials in ECC systems. 
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Abstract: Any number of studies have been conducted in the past to analyse mechanical behaviour 
of corroded reinforcement steel bars. The general procedure adopted in most studies is threefold: In 
a first step, rebars are subjected to an accelerated corrosion procedure. Then the corrosion degree, 
which expresses the material loss of the specimen due to corrosion, is determined. Finally, the 
rebars are subjected to tensile testing and the obtained mechanical properties are related to the 
corrosion degree. 

However, further research is certainly needed on the consequences of localized corrosion 
phenomena. In presence of chloride anions able to break the passive layer, corrosion pits may be 
generated on the steel reinforcement. In this case, loss of mechanical properties will depend 
primarily on localized corrosion related aspects, like geometry and distribution of the pits, rather 
than on general material loss of the bars. This calls for an explicit geometrical characterization of 
pitting corrosion and analysis of its consequences on mechanical performance. 

In the present work, a numerical analysis on the tensile behaviour of B500B rebars, affected by a 
elliptically shaped corrosion pit, has been carried out. In a parametrical study, the principal 
mechanical properties characterizing strength and ductility of the bars have been determined as a 
function of the pit dimensions. Beside the maximum pit depth, the slenderness of the pits (length to 
depth ratio) has been found to affect considerably the mechanical properties of the rebars. The 
ductility of the bars is particularly sensitive to changes in pit geometry.  
 
 

1 INTRODUCTION 
Several experimental studies have been 

carried out in the past with the aim to assess 
the mechanical properties of corrosion affected 
reinforcing steel bars [1-9]. In most of those 
studies, test specimens are exposed to a certain 
type of corrosion process, followed by their 
mechanical characterization by means of 
tensile testing. The obtained mechanical 

properties from the tests are normally related 
to corrosion degree Qcorr, which indicates the 
percentage loss of material due to the 
corrosion process. In view of the assessment of 
mechanical performance of corrosion-affected 
reinforced concrete structures, establishing 
such relations seems to be generally useful 
since Qcorr can be easily estimated from 
corrosion rate measurements [10].  
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However, the estimation of mechanical 
properties from Qcorr is subjected to 
considerable uncertainties, especially when 
rebars are affected by local corrosion attack. 
The experimental results obtained in several 
studies evidence that certain mechanical 
parameters, like for instance the ultimate 
deformation, may be very sensitive to the 
effects introduced by corrosion pits [3-8]. Care 
should therefore be taken, where corrosion 
attack is governed by the presence of chloride 
ions, for instance. In that case, the mechanical 
parameters obtained from models depending 
on Qcorr, should be interpreted as a rough 
estimates only, and even run the risk of being 
overestimated. 

This calls for a complementary, explicit 
analysis of localized corrosion effects. For 
instance, models should be available from 
which a description of localized corrosion 
characteristics, like pit geometry and 
distribution, may be drawn. Moreover, models 
for a closer estimation of mechanical 
properties as a function of such characteristics 
are required, subject addressed in the present 
paper. To be accurate, a numerical study has 
been carried out with the aim to analyze the 
influence of geometrical characteristics of 
corrosion pits on the mechanical properties of 
a reinforcing steel bar. 

Section 2 of the present contribution 
contains a summary of a previous literature 
review on the mechanical properties of 
reinforcing steel bars affected by corrosion. In 
section 3, the approach and the main results of 
the numerical study performed are presented. 
The paper ends with concluding remarks in 
section 4. 

2 MECHANICAL PROPERTIES OF 
CORRODED REBARS 

Several studies dedicated to the analysis of 
mechanical properties of corroded rebars have 
been reviewed. With the exception of [1], 
where specimens extracted from a concrete 
bridge have been analyzed, the determination 
of mechanical properties of corroded rebars is 
based on an experimental procedure which is 
characterized by three fundamental steps: 

 In a first step the reinforcing steel bars, 
contained in solution, embedded in concrete 
specimens or exposed to salt spray [2], are 
subjected to an accelerated corrosion process 
with applied current densities varying from 10 
to 2000 μA/cm2. Secondly, the corroded 
specimens are geometrically characterized. 
This is generally done by weighing the amount 
of material lost during the corrosion process. 
From this data, the corrosion degree Qcorr is 
obtained and the corresponding remaining 
average cross-sectional area As,corr,av of the 
corroded specimen is determined from (1), 
where As0 is the cross-sectional area of the 
non-corroded rebar. 

         As,corr,av = (1-Qcorr / 100) 0,5·As0     (1) 
Normally, no explicit geometrical 

characterization of localized corrosion damage 
phenomena is being carried out. An exception 
is given for example in [1,5] where the 
relationship between the maximum and 
average depth of corrosion attack is being 
established, known as the pitting factor 
according to its definition in the manual 
Contecvet [10].  

The 3-step experimental procedure 
concludes by subjecting the rebars to tensile 
tests, recording force and displacement to then 
obtain the stress-strain curve. Finally, from 
this curve, the main mechanical properties of 
the corroded bars are deduced, like yield and 
tensile strength, and parameters characterizing 
ductility, as for instance ultimate strain. 

In most of the studies [2-8] analyzed, 
strength of the corroded bars is represented by 
the ratio of the force applied to the bar, F, to 
its average remaining cross-sectional area, 
As,corr,av, obtained from (1). This ratio 
represents an average stress level in the 
corroded bar, which in the following will be 
denominated σcorr,av. 

σcorr,av = F / As,corr,av (2) 

The average stresses corresponding to the 
yield strength of the bars, σy,corr,av = Fy / 
As,corr,av, and to its tensile strength, σu,corr,av = 
Fu / As,corr,av, are of special interest in the 
context of structural safety assessment. Figure 
1 represents the ratios of σy,corr,av and σu,corr,av 
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to the respective resistances of sound bars, σy0 
and σu0, obtained in [5]. The ratios are 
expressed as a function of corrosion degree 
Qcorr and corresponding linear regression 
models have been deduced. Such models may 
then be employed to estimate decrease in yield 
and ultimate force of corroded rebars. For 
instance, according to the model deduced by 
Du et al. [5] represented in Figure 1, a 
corrosion degree of 20% entails ratios σcorr,av / 
σ0 of about 0.90. Applying equations (1) and 
(2), it may then be concluded that the 
corresponding yield and ultimate force of 
corroded rebars are expected to decrease about 
20% with respect to the values of sound bars, 
Fy0 and Fu0. Other experimental studies, for 
instance [3,4] confirm this rather moderate 
decrease in load carrying capacity of corroded 
reinforcement bars. 

Another interesting finding from Figure 1 
[5] is the tendency of σy,corr,av and σu,corr,av to 
decrease with increasing Qcorr, as well 
observed in other experimental studies [2-6]. 
According to Du et al. [5], this shows the 
increasing influence of corrosion pits on the 
reinforcement surface and the corresponding 
stress concentrations which may arise at those 
pits. Almussalam [8] as well relates significant 
pit formation to high corrosion degrees. 

 
Figure 1: Ratios σy,corr,av / σy0 y σu,corr,av / σu0 

corresponding to 8, 16 and 32mm plain and ribbed 
bars, as a function of corrosion degree, Qcorr [5] 

It is important to point out that regression 
models, like those represented in Figure 1, 
should be applied with care in case localized 
corrosion effects are present. Though such 
effects are implicitly accounted for in this type 
of models, they run the risk of leading to 

inconsistent and even non conservative 
predictions of load carrying capacity of rebars 
with significant, irregular corrosion attack. In 
those cases, the estimation of residual 
resistance should be completed by use of 
models which explicitly take account of effects 
introduced by localized corrosion phenomena, 
like pits. With this aim, Stewart [11] combines 
the regression model derived in [5] to estimate 
ratio σy,corr,av / σy0 (Figure 1), with the 
aforementioned pitting factor in order to 
perform a reliability analysis of pitting 
corrosion affected reinforced concrete beams. 

Figure 2: Load-displacement curves corresponding 
to 6mm bars affected by different Qcorr [8] 

Another conclusion which may be drawn 
from the literature review is that corrosion can 
have a significant impact on the ductility of 
rebars. In some of the analyzed studies [6,8,9] 
it is shown that corroded bars may be affected 
by a very significant reduction of ultimate 
strain, εu,corr, even in case of moderate Qcorr. In 
Figure 2, taken from the work of Almussalam 
[8], it is observed that a Qcorr of only 12.6% 
entails a brittle behavior with a reduction of 
εu,corr around 65%. However, other authors do 
not detect such drastic diminishments. Garcia 
[3,4], for instance, found a reduction in 
ductility of about 20% when Qcorr ≈10%. The 
regression models shown in Figure 3, 
extracted from an experimental study on 
ductility of corroded rebars [6], show up a 
reduction of εu,corr around 40-55%, when 
corrosion degree is 15%. Moreover it may be 
seen in Figure 3 that ultimate strain decreases 
clearly with increasing Qcorr, what could 
equally be observed in other studies [1,3,4,7-
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9]. As formerly reported in the context of load 
carrying capacity of corroded rebars, this 
could be indicative of the rising influence of 
localized corrosion effects with increasing 
corrosion degree. It should also be 
remembered that regression models like the 
one shown in Figure 3, depending on Qcorr 
only, should be carefully employed when bars 
suffer from an irregular corrosion attack. The 
above reported, widely scattered experimental 
results from [1,3,4,6-9] suggest that ultimate 
strain of rebars is highly sensitive to pitting 
corrosion. In the reviewed literature, there is a 
general agreement that brittle behavior of 
corroded rebars may be mainly attributed to 
the geometrical influences of corrosion pits on 
the rebar surface and the corresponding strain 
concentrations at such pits. In [9] a theoretical 
exercise is carried out to show that ductility of 
corroded rebars is function of both, the non-
uniform distribution of corrosion pits along the 
bar length and the local penetration depths. 
However, no models were found within the 
here reported literature which would allow for 
a more detailed explanation of ductility 
decrease as a function of corrosion pit 
geometry and distribution on the rebars. 

Another parameter which characterizes the 
ductility of a reinforcing steel bar is the ratio 
of tensile strength to yield strength of the bars. 
In [1,6,9], where the ratio between the average 
stresses σu,corr,av and σu,corr,av was 
experimentally deduced, it is shown that this 
ratio is not sensitive to variations of Qcorr. 

Figure 3: Ratio εucorr / εu0 as a function of corrosión 
degree, Qcorr, for rebars of 16 and 20 mm diameter [6] 

It should also be noted that the 

bibliographic review could not clarify whether 
the reduction of the load bearing capacity and 
ductility of corroded bars is due exclusively to 
geometrical effects, like reduction of cross-
sectional area and the effects derived from 
localized corrosion pits. Additionally, it could 
be possible that the proper mechanical material 
properties are altered by the corrosion 
procedure. This would require specific tensile 
tests on previously corroded, machined rebars, 
to fully exclude the geometrical effects 
introduced by corrosion pits. 

To summarize the most relevant of the 
above, localized corrosion may have important 
effects on the mechanical performance of 
reinforcing steel bars, especially on its 
ductility. However, in most of the analyzed 
studies, the experimentally deduced 
mechanical parameters of corroded bars are 
related to corrosion degree only, what could 
entail inconsistent and even unsafe predictions 
when significant corrosion pits are present. In 
that case, a complementary, explicit analysis 
of localized corrosion effects would be of 
advantage. Such an explicit analysis requires, 
amongst others, models which relate the 
mechanical properties with the geometrical 
changes induced by localized corrosion in the 
bars. This subject is being addressed in the 
present paper. Strictly speaking, a numerical 
study has been performed, which will be 
presented in the next section. The objective 
was to study the mechanical behavior of a 
reinforcing steel bar depending on the 
geometrical characteristics of corrosion pits. It 
should be noted that Cordero [12] performed a 
similar study which, unlike the present, 
focused on prestressing steel wires. 

3 NUMERICAL STUDY 

3.1 Geometry 
The numerical study has been carried out 

with the finite element software COMSOL 
Multiphysics. A 3-dimensional model has been 
developed by intercepting a rebar of diameter 
d with an ellipsoid characterized by its semi-
axis a, b and p, defining in that way an 
elliptically shaped corrosion pit. This is shown 
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schematically in Figure 4.  
 

pa b

 
Figure 4: Modeling of a notched bar by interception 
of a cylinder with an elipsoid of semi-axis a, b and p 

Moreover, from Figure 4 it can be observed 
that the bar symmetry in both longitudinal 
(with respect to the x-y plane) and transverse 
direction (with respect to the x-z) has been 
accounted for in the modeling procedure. 
Considering those two symmetry planes, 
signalized as well in Figure 5 in blue color, 
allows for a significant reduction of element 
numbers and thereby for a more efficient 
computational procedure. 

 

 
Figure 5: Symmetry planes and tensile-loading  

plane at the bar end   

In order to cover a large number of cases 
encountered in practice, the main parameters 
describing the geometry of both the rebar and 
the corrosion pit have been varied within 
reasonable limits yielding a total of 36 cases. 
The covered parameter ranges are listed 
below.  

 
- Bar diameter: d = 12 and 32 mm 
- Relative maximum pit depth:             

p/d = 0.05; 0.1; 0.2; 0.4 
- Pit length to depth ratio: a/p = 1; 5; 10 
- Pit width to depth ratio: b/p = 1; 2 

(study of cases b/p = 2 was limited to 
bars with d = 12 mm) 

3.2 Loading 
The modeled rebars have been subjected to 

a progressively incrementing tensile load, 
applied perpendicular to the red colored plane 
(Figure 5) at the bar end. Load has been 
incremented in steps of Fu0 ·10-2, where Fu0 is 
the load corresponding to the tensile strength 
of the sound bars, Fu0 = fu0 · As0. In order to 
assure that the stress state at the extreme of the 
bars, where the load was introduced, would 
not be influenced by the pit, a bar length of l = 
5·d had to be provided. Only the cases 
characterized by combination of p/d = 0.4 and 
a/p = 10, required an increased bar length of  l 
= 7.5·d. 

3.3 Mesh characteristics 

The number of tetrahedral elements which 
composed the finite element mesh varied from 
case to case between 7000 and 15000 elements 
approximately. This order of magnitude 
ensured numerically stable results. As shown 
in Figure 6, a refined mesh was provided in the 
notched zone where stress concentrations were 
expected to occur.  

 
Figure 6: View of the meshed rebar with zoom 

(right) of the notched zone 

3.4 Material properties 
The material characteristics laid down in 

the numerical analysis correspond to a class 
B500 B steel, according to [13]. The 
corresponding characteristic bilinear stress-
strain diagram, based on [14], is shown in 
Figure 7 (blue curve). The elastic range of this 
diagram is defined by a yield strength of fyk = 
500 N/mm2 and Youngs modulus E = 200000 
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N/mm2. The behavior in the plastic range is 
characterized by ratio k of tensile strength fuk 
to yield strength fyk, k = 1.08, considering 
strain hardening, and an ultimate strain of εuk = 
5%. 

In a next step the mean values were 
estimated from the described characteristic 
values and the corresponding stress strain 
relation (Figure 7, red curve) was laid down in 
the numerical analysis. The mean value of the 
yield strength was estimated to fym = 1.12·fyk = 
560 N/mm2, according to [15]. The slope of 
the elastic range was kept equal to that of the 
characteristic diagram, E = 200000 N/mm2. 
The same assumption was made for the plastic 
range. Moreover, the ratio k of fum to fym was 
adopted from the characteristic diagram. 
Hence, the mean values of the tensile strength 
and the ultimate strain were estimated to be, 
respectively, fum = 604.8 N/mm2 and εum = 
5.6%. It should be noted that the latter is a 
very conservative value, what should be kept 
in mind when analyzing the results obtained in 
the present study. 

 
Figure 7: Elasto-plastic material behaviour of steel 

B500-B. Characteristic curve (blue) and curve 
adopted in numerical study (red), based on 

estimated mean values. 

In order to account for the multi-axial stress 
state at the corrosion pits, the von Mises yield 
criterion in conjunction with an isotropic 
hardening model has been employed, which is 
an appropriate and frequently adopted 
assumption for ductile materials such as steel.  

4 RESULTS 

4.1 General aspects 
In the following, the procedure applied to 

analyze the obtained results will be outlined. 
In a first step, the stress-strain diagram for 
each of the 36 studied cases has been derived. 
By way of example, Figures 8 and 9 compare 
results obtained for d = 12 mm rebars with, 
respectively, varying relative pit-depths, p/d 
(Figure 8) and varying length to depth ratios, 
a/p (Figure 9). For comparative purpose, in 
both figures the stress-strain diagram 
corresponding to the sound bar is as well 
included. Before those results will be 
commented in the next section, it has to be 
stated that the represented stresses σ were 
determined by ratio of the applied force to the 
bar, F, and its non-notched cross section, As0. 
The strains ε were obtained from equation (3), 
where ∆Lz is the displacement in axial 
direction (z-direction, Figure 5) of a particular 
reference point on the bar, and Lref the distance 
from this point to the symmetry plane of the 
notch, which in advance will be referred to as 
reference length. 

ε = ∆Lz / Lref (3) 

In accordance with the observations in 
[1,12], it could be observed that strain 
determination in bars affected by significant 
corrosion pits is very sensitive to the choice of 
Lref, which is attributable to strain 
concentrations at the pits. Therefore the 
election of Lref should generally be done with 
care when testing bars suffering from pitting 
corrosion. In the present work, deformations 
have been determined with Lref equal to the 
recommended minimum gauge length 
according to ISO 6892:1998 [16]. This has 
been done in view of an experimental 
verification of the results, which is currently 
under progress. 
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Figure 8: Stress-strain diagrams of bars with d = 

12mm, a/p = const. = 5, b/p = const. = 1, and varying 
relative pit depths, p/d  

 
Figure 9: Stress-strain diagrams of bars with d = 

12mm, p/d = const. = 0.2, b/p = const. = 1, and 
varying pit length to depth ratios, a/p 

Once the stress-strain diagrams were 
derived, the principle mechanical properties of 
the notched bars were obtained:  the equivalent 
stress corresponding to the yield strength of 
the notched bars, σy = Fy /As0, defined at the 
point where strain increment ∆ε/∆σ exceeds a 
defined threshold value of 3.3·10-5 MPa-1, the 
equivalent stress corresponding to the tensile 
strength of the bar, σu = Fu /As0, hardening 
ratio k = σu /σy and ultimate deformation εu. 

Finally, the deduced mechanical properties 
of the analyzed bars were related to the 
corresponding values supposed for non-
corroded, sound bars and graphically 
represented as a function of the parameters 
characterizing the geometry of the pits. This is 
shown in the following section.  

4.2 Cases d=12 mm and b/p =1  
Equivalent stresses 

Figure 10 shows that the ratio of equivalent 
yield stress σy to the corresponding value of a 
sound bar, σy0 = 560 N/mm2, decreases with 
rising relative maximum pit depth, p/d, 
circumstance which may be equally observed 
in Figure 8. In the latter, one may appreciate as 
well that the same conclusion may be drawn 
for the equivalent stress to ultimate strength of 
the bar, σu. 

From the mentioned figures it may be 
observed as well that the decrease of σy and 
σu, with respect to the corresponding stresses 
in sound bars, can be judged insignificant (< 
5%) for p/d up to 0.1, moderate (≈ 10-20%) 
for p/d = 0.2 and important (≈ 45-55%) if ratio 
p/d attains values of around 0.4. It is also 
noteworthy that ratios p/d exceeding 0.15 may 
lead to situations where σy falls below the 
characteristic value of material yield stress, fyk 
= 500 N/mm2, represented in Figure 10 by the 
horizontal dot-dashed line. Moreover, from 
figures 9 and 10 it may be deduced that 
slender pits (a/p = 5 or 10) entail more 
pronounced reductions of equivalent stress σy 
than do short pits (a/p = 1). 

 
Figure 10: Ratio of equivalent yield stress σy of 

notched bars to corresponding value supposed for 
sound bars, σy0 = 560 N/mm2,  as a function of p/d 

and a/p; d=12 mm, b/p=1 

The observed reduction of load carrying 
capacity of the bars may be attributed to stress 
concentrations related to cross section 
reduction and stress gradient, which is a 
function of the pit geometry. Stress 
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concentration at the pit may be observed in 
Figure 11 for a particular case. Moreover, it 
must be taken into account that a corrosion pit 
will change the center of gravity of the bar 
cross section. Hence an eccentricity is 
introduced which gives rise to bending 
moments when the bar is exposed to tensile 
force. As well known, the combined effect of 
axial forces and bending moments may reduce 
cross section resistance of the bar. 

 

 
Figure 11: Von Mises stress concentration at 

corrosion pit, d = 12 mm, p/d = 0.40, a/p = 1, b/p = 1 

Ductility 
As a measure of ductility, the ratio of 

equivalent ultimate strength to equivalent yield 
strength, k = σu/σy, has been computed. Figure 
12 shows that variation of k with respect to the 
here supposed value of non-corroded bars, k0 = 
1.08, is insignificant up to relative pit depths 
of p/d = 0.2. Beyond this threshold, even a 
slight increase of k can be detected. This could 
lead to the premature conclusion that ductility 
is not sensitive to pit depth variation. 
However, from Figure 13, it may be rapidly 
deduced that such a conclusion would be 
misleading. As may be observed, the ratio of 
ultimate strain εu of the notched bars to the 
corresponding value supposed for sound bars, 
εu0, generally decreases with increasing p/d, at 
least until p/d = 0.2. Beyond that limit, an 
increase of εu/εu0 may be observed which may 
be attributed to the favorable effect of large, 
slender pits. Note in that context that an 
increase of p/d entails by definition an increase 
of pit length a, and thereby a favorable effect 
which counteracts the unfavorable influence of 
maximum pit depth. 

It is also interesting to mention that a pit 
with a small relative penetration depth of 5% 
(p/d = 0.05) causes εu to decrease moderately 

around 20-30%, when pits are of slender 
aspect (a/p = 5, a/p = 10). On the contrary, in 
case of short pits (a/p = 1), the obtained 
decrease of εu is very significant with 
reductions reaching from 78%, in case of small 
penetration depths (p/d = 0.05), up to 90% for 
deeper pits.  
 

 
Figure 12: Ratio of parameter k = σu/σy to the 

corresponding value supposed for sound bars, k0 = 
1.08,  as a function of p/d and a/p; d=12 mm, b/p=1 

 
Figure 13: Ratio of ultimate strain εu to 

corresponding value supposed for sound bars, εu0 = 
5.6%, as a function of p/d and a/p; d=12 mm, b/p=1 

The important decrease in ultimate strain, 
and hence in ductility, can be related to the 
reduced capacity of the notched bars to 
undergo significant plastic deformations. 
While in a sound bar submitted to a tensile 
force, strain may be supposed to be uniformly 
distributed over its length (at least until 
initiation of plastic instabilities upon attaining 
maximum force), in a locally pitted bar strain 
concentrations arise at the pits and, in that 
way, reduce its overall deformation capacity at 
failure. As exposed before, this has been 
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observed in some of the reported experimental 
studies [1,8,9], and could be confirmed by the 
here presented numerical simulations. 

Note also that alarming reductions of εu up 
to 90%, which are obtained when the corrosion 
pit is short in relation to the bar diameter 
(Figure 13, case a/p = 1), were as well 
observed in the work from Almussalam [8], as 
shown in Figure 2. However, in the mentioned 
study the significant ductility decrease is 
attributed primary to locally high penetration 
depths, and the corresponding strain 
concentrations, on bars suffering in general 
from very severe corrosion attack. On the 
contrary, the results presented in Figure 13 
show that even a small penetration depth of 
5% (p/d = 0.05) causes the ultimate strain to 
decrease about 80%. Intuitively, this seems not 
realistic and suggests that the results presented 
in Figure 13 are to some extend conservative, 
what is probably related to the definition of the 
material behavior (Figure 7) in the present 
study. The first results of an experimental 
study on notched rebars, currently under 
progress, dedicated to the validation of the 
here presented numerical results, seem to 
corroborate this hypothesis. 

Moreover, it should be mentioned that the 
modeling of a single corrosion pit is as well a 
conservative approach concerning the ductility 
performance of the rebars since practically the 
entire plastic deformations will concentrate at 
this pit. 

4.3 Influence of pit width and scale effect 
The results presented in the previous section 
correspond to rebars of diameter d = 12mm 
and pit-widths characterized by ratio b/p = 1 
(Figure 4). When incrementing this ratio to     
b/p = 2, an additional reduction of mechanical 
performance in terms of resistances and 
ductility is observed, as could be expected. 
However, this additional reduction is of minor 
importance, suggesting that pit-width is not as 
decisive as pit length and depth.  

Finally, it is mentioned that scale effect 
does not alter the mechanical parameters of the 
notched bars. That could be concluded by 
comparison of results corresponding to bars of, 

respectively, d =12 and 32 mm. For both type 
of bars, practically identical results are 
obtained when pit dimensions are kept 
proportional to the diameter of the bars.    

5 CONCLUSIONS 
In the present paper the results of a 

numerical study dedicated to the influence of 
geometrical characteristics of elliptically 
shaped corrosion pits on mechanical properties 
of a B500B type rebar. The most relevant 
conclusions drawn from the study may be 
resumed as follows:  

The load-carrying capacity of the notched 
rebars reduces with increasing relative 
maximum pit depth, p/d. Ratios p/d around 0.2 
may entail relatively moderate reductions up to 
15%, approximately. The influence of pit 
slenderness, characterized by ratio of pit 
length, a, to its depth, p, on load carrying 
capacity is as well relatively moderate. 

Ductility of the notched rebars, expressed in 
terms of ultimate strain, is very sensitive to 
variations of pit geometry. Both pit depth and 
pit slenderness have significant influence on 
ultimate strain. Slender pits with relative high 
a/p ratios (a/p = 5-10) are in general less 
harmful than short pits (a/p = 1). For the latter, 
ultimate strain reductions up to approximately 
90% were obtained. However, first results of 
an ongoing experimental study suggest that the 
here presented numerical results are to some 
extend conservative what might be related to 
the definition of material stress-strain relation 
in the numerical analysis. Further research in 
that direction is certainly required. 
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Abstract. Cracking of reinforced concrete can occur in certain environments due to rebar corrosion.
The oxide layer growing around the bars introduces a pressure which may be enough to lead to the
fracture of concrete. To study such an effect, the results of accelerated corrosion tests and finite ele-
ment simulations are combined in this work. In previous works, a numerical model for the expansive
layer, called expansive joint element, was programmed by the authors to reproduce the effect of the
oxide over the concrete. In that model, the expansion of the oxide layer in stress free conditions is
simulated as an uniform expansion perpendicular to the steel surface. The cracking of concrete is
simulated by means of finite elements with an embedded adaptable cohesive crack that follow the
standard cohesive model. In the present work, further accelerated tests with imposed constant cur-
rent have been carried out on the same type of specimens tested in previous works (with an embedded
steel tube), while measuring, among other things, the main-crack mouth opening. Then, the tests have
been numerically simulated using the expansive joint element and the tube as the corroding electrode
(rather than a bar). As a result of the comparison of numerical and experimental results, both for
the crack mouth opening and the crack pattern, new insight is gained into the behavior of the oxide
layer. In particular, quantitative assessment of the oxide expansion relation is deduced from the ex-
periments, and a narrower interval for the shear stiffness of the oxide layer is obtained, which could
not be achieved using bars as the corroding element, because in that case the numerical results were
insensitive to the shear stiffness of the oxide layer within many orders of magnitude.

1 INTRODUCTION

Cracking of reinforced concrete structures
can occur in certain environments as a conse-
quence of the corrosion of the rebars. The ox-
ide layer growing around the bar exerts a pres-
sure on the surrounding concrete which may be
enough to crack the concrete cover [1].

In the present work, the cracking of concrete
produced by rebar corrosion is studied combin-
ing the results of accelerated corrosion tests and
finite element simulations.

To reproduce the mechanical action of the
oxide on the concrete, a numerical so-called
expansive joint element was developed by the

1
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authors in which the formation of the oxide is
simulated as an uniform expansion proportional
to the corrosion depth which is assumed to be
given at any specified time [2].

For the cracking of concrete, finite elements
are used with an embedded adaptable cohesive
crack as described in [3]. The embedded crack
follows a simple 3D extension of the standard
cohesive model introduced by Hillerborg [4] .

The parameters that characterize the crack-
ing of concrete are experimentally determined
in three point bending tests and brazilian tests,
following the method described in [5].

In previous works, the model was applied
to a simple specimen, consisting in a concrete
prism cast around a smooth steel bar. Para-
metric simulations allowed to find bounds for
the parameters of the expansive joint element,
which are not directly accessible to experiment
[2, 6].

In parallel, accelerated corrosion tests were
carried out under current intensity control us-
ing concrete prisms of the same dimensions as
those used in the simulations, but with a cast-
in steel tube instead of a steel bar. The exper-
imental crack pattern was revealed under ultra-
violet light of cross-sectional slices of the cor-
roded specimens impregnated with resin con-
taining fluorescein. The experimental crack pat-
tern was found to agree well with the numerical
predictions [7].

For the present work, further accelerated
tests with imposed constant current have been
carried out on the same type of specimens tested
in previous work (with an embedded steel tube),
while measuring, among other things, the main-
crack mouth opening. Then, the tests have been
numerically simulated using the expansive joint
element and the tube as the corroding electrode
(rather than a bar). As a result of the compari-
son of numerical and experimental results, both
for the crack mouth opening and the crack pat-
tern, new insight is gained into the behavior of
the oxide layer.

The paper briefly describes the numerical
model and its underlying parameters and out-
lines the experimental procedure. Then the re-

sults are summarized and the implications of the
comparative parametric analysis are discussed.

2 OUTLINE OF THE NUMERICAL AND
EXPERIMENTAL PROCEDURES

As already pointed out, the cracking of the
concrete surrounding a corroding rebar is stud-
ied in this work combining the results of accel-
erated corrosion tests and finite element simula-
tions. In this section, we give a short account of
the essential features of both numerical simula-
tions and tests.

The finite element simulations rest on two
basic models: the cracking model, which is as-
sumed to follow a cohesive crack behavior, and
the oxide layer model, which is implemented
as a layer of interface elements with zero initial
thickness which expand as the corrosion depth
increases.

2.1 About concrete cracking
The cracking behavior of concrete can be

characterized in independent tests in which its
fracture properties are determined by well es-
tablished procedures [5, 8]. Likewise, a rela-
tively large experience exists about the numeri-
cal modeling of concrete cracking. The authors
use a relatively simple implementation consist-
ing of constant strain elements with an embed-
ded cohesive crack with limited adaptability [3].

The cohesive crack is the simplest 3D ex-
tension of the standard cohesive crack proposed
by Hillerborg and co-workers in 1976 [4]. It is
fully characterized by a single scalar softening
function, the one for pure Mode I crack growth,
and the extension consists in assuming that the
forces are central, i.e., that the cohesive traction
vector on one crack face is proportional to the
relative displacement vector of the two crack
faces.

A generic softening function is displayed in
Figure 1, in which the initial linear approxima-
tion is also shown. The initial linear approxi-
mation of the softening curve and a bilinear fit
to the full curve can be obtained in closed form
from a combination of diagonal splitting tests
and stable bending tests on notched beams sub-
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jected to three-point bending [5].
The limited adaptability of the crack is actu-

ally a numerical expedient to avoid crack lock-
ing while keeping the formulation strictly lo-
cal. It consists in allowing the crack to rotate
to adapt itself to the local stress fields while the
crack opening is smaller than a certain threshold
wth, which, by default, is taken to be 0.2GF1/ft,
in which GF1 and ft are defined in Figure 1.

GF1

σ

w
w1

σ

w

GF

ft

GF1 ≈ 0.5GF

softening curve

linear approximation
ft

Figure 1: Softening curve of concrete and linear approxi-
mation. The area under the linear curve GF1 is, approxi-
mately, half of the the fracture energy GF , the area under
the full softening curve.

2.2 The expansive joint model
Contrary to cracking behavior, the mechani-

cal behavior of the oxide layer cannot be inde-
pendently measured, and its basic mechanical
properties have to be inferred from the results
of the accelerated corrosion tests. To reproduce
the effect of the expansion of the oxide at the
surface of corroding steel, a so-called expansive
joint element was devised that simulates the me-
chanical action of the oxide layer on its neigh-
borhood. It is a four-node element with zero
initial thickness that reproduces the growth of
the oxide as a normal expansion.

During the corrosion process, there is a part
of steel that is transformed into oxide, the cor-
rosion depth x (Fig. 2), but there is also a volu-
metric expansion, due to the specific volume of
the oxide being greater than the specific volume

of the steel. However, in order to simplify the
calculations, the expansive joint element only
includes the volumetric expansion βx of the ox-
ide and the steel section remains constant, as
shown in Fig. 2, and the composite behavior is
found by a series-coupling model.

Initial
steel

section

x: corrosion depth

ßx: volumetric expansionexpansive
joint elem.oxide

Figure 2: Expansive joint element to reproduce the vol-
umetric expansion of the oxide in finite element simula-
tions [2].

The free volumetric expansion is assumed to
depend linearly on the corrosion depth and on
an expansion factor β, which is defined by the
ratio of the specific volumes of the oxide vox

and the steel vst as

β =
vox

vst

− 1 (1)

For a free expansion of the oxide, without
any other mechanical actions, the traction vec-
tor t of the element is assumed to be zero. How-
ever, when there is a mechanical displacement
w apart from the free expansion, the traction
vector is calculated as

t = kn(w · n− βx)n + kt[w− (w · n)n] (2)

where n is the normal direction to the element
and kn and kt are, respectively, the normal and
shear stiffnesses of the expansive joint element.

The composite stiffnesses kn and kt are cal-
culated to maintain mechanical equivalence of
the real and the simulated systems, based on the
properties of the steel, the real oxide and the ex-
pansion factor β using a series coupling model.

From a simple analysis, it turns out that
the stiffnesses are inversely proportional to the
thickness of the oxide layer and, thus, also to
the corrosion depth, i.e.,

kn ∝ 1

x
, kt ∝ 1

x
(3)
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which means that, as one might expect, the stiff-
ness of the corrosion layer is infinite when its
thickness is zero.

To avoid numerical instabilities during the
calculations for very small values of corrosion
depth, a cut-off is stablished for a certain corro-
sion depth x0, assuming that the stiffnesses are
constant for corrosion depths smaller than x0,
as shown in Fig. 3.

k0
n

kn

x0 x

analytical curve
numerical curve

Figure 3: Analytical and numerical curves of the normal
stiffness of the expansive joint element. A cut-off of the
stiffness is set to avoid numerical instabilities during the
computations.

Thus, the numerical law for the normal stiff-
ness is written as

kn =

{
k0

n if x ≤ x0

k0
n

x0

x
if x > x0

(4)

and likewise for the shear stiffness.
The model incorporates a debonding ability

to allow easy relative movement of the steel
and the concrete in shear and tension, which
is necessary to achieve proper localization of
the cracks. This is accomplished by taking a
shear stiffness substantially less than the normal
stress (kt � kn) and by strong directionality of
the normal stiffness, implemented through a di-
rectionality factor η, which is equal to one for
compression and much less than one for ten-
sion, i.e.,

η =

{
1 if w · n− βx ≤ 0
ηt � 1 if w · n− βx > 0

(5)

with the joint equation (2) replaced by

t = ηkn(w · n− βx)n + kt[w− (w · n)n] (6)

2.3 Experimental procedures
Accelerated corrosion tests have been car-

ried out on concrete prisms cast around a steel
tube which is corroded at constant current in-
tensity. The samples in this study are concrete
prisms with a cross-sectional section of 100 mm
width and 90 mm height, with a steel tube in-
side simulating a rebar of 20 mm diameter and
a cover equal to the diameter of the rebar. The
thickness of the tube is 1 mm. A sketch of the
geometry of the samples is shown in Fig. 4.

a b

1/2 b

D

a

D

Figure 4: Geometry of the samples, with a = 90 mm, b =
100 mm, D = 20 mm

During the tests, the samples are submerged
in water to provide electrical contact between
the working- and the counter-electrodes.

In the experiments, a constant density cur-
rent of 400 µA/cm2 is applied to the rebar for
3 days. A corrosion depth of 35 microns has
been estimated according to the Faraday´s law
as described in [9].

During the tests, the relative displacement w′

between the two faces parallel to the main crack
is measured with a longitudinal extensometer,
as indicated in Fig. 5, at the middle section of
the sample.

After corrosion, the samples are cut into
slices and impregnated under vacuum with resin
containing fluorescein to study the cracking
along the bar. Previous to the impregnation,
the surface of the slices is grounded, then the
slices are dried in an oven until constant weight,
next they are kept in vacuum atmosphere for 24
hours to empty the pores of concrete and finally
they are impregnated with the resin. That pro-
cedure is described in detail in [7].
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w
w’

A B

Figure 5: Relative displacementw′ between the two faces
parallel to the main crack, which is measured with an
extensometer at points A and B during the tests and
recorded in the simulations and which slightly differs
from the opening width of the main crack w.

Complementary tests consisting on three
point bending tests and diagonal splitting
(Brazilian) tests have been carried out follow-
ing the method described in [5] to determine the
fracture parameters of concrete.

2.4 Numerical simulations
In the simulations, the geometry with the

tube is reproduced, but also simulations with a
bar are carried out to compare with the results
obtained in previous studies, and a total radial
expansion of 10 microns is applied in 100 steps,
to focus only on the earliest state of cracking.

The concrete is modeled with elements with
embedded adaptable crack, the oxide with ex-
pansive joint elements and the steel with en-
hanced strain quadrilateral elements.

A minimum number of 3 elements in the
thickness of the tube and 16 elements per quar-
ter of circumference was found to be adequate
to capture the bending of the tube wall. The
mesh is automatically generated using Gmsh
program [10].

The properties of the materials in the simu-
lations have been chosen similar to those in the
experiments and they are shown in Table 1.

Standard values have been assumed for the
steel, but, in the case of the concrete, a lin-
ear curve fitted to the initial part of softening,

as shown in Fig. 1, has been used to speed-up
the calculations. That curve has a fracture en-
ergy GF1 that is approximately half of the ac-
tual fracture energy GF of the softening curve
of concrete, but it properly reproduces the frac-
ture of concrete at early stages of cracking.

Table 1: Mechanical properties of steel and concrete,
where E is the elasticity modulus, ν is the Poisson co-
efficient, α′ is the adaption factor of the crack, ft is the
tensile strength and GF1 is the fracture energy in the lin-
ear softening curve.

Steel Concrete
E (GPa) 200 30

ν 0.3 0.2
α′ – 0.2

ft (MPa) – 3.0
GF1 (N/mm) – 0.05

For the oxide layer, the parameters were ini-
tially assumed based on the literature, with a
bulk stiffness similar to that of water [11], and
the cut off selected to keep the computations
stable [6]; they are shown in Table 2. The para-
metric study for a corroding steel bar showed
that a wide range of values for the tangent stiff-
ness produced nearly indistinguishable values
of the crack pattern and maximum crack width.
However, the results of the present tests indi-
cate that the shear stiffness of the oxide layer
kt need to be reconsidered when the corroding
electrode is thin-walled tube. Also, the effec-
tive expansion factor β turned out to be larger
than previously considered as shown in the next
section.

Table 2: Reference values for this study, where k0
n is the

cut-off normal stiffness in compression, k0
t is the cut-off

shear stiffness, ηt is the directionality factor to reduce the
normal stiffness in tension and β is the expansion factor.

oxide
k0

n (MPa/mm) 7.0 · 106

k0
t (MPa/mm) 7.0 · 10−14

x0 (mm) 1.0 · 10−3

ηt 1.0 · 10−11

β 1.0
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3 RESULTS AND DISCUSSION
3.1 Experimental crack pattern

After corrosion, all the samples are cut into
slices and impregnated under vacuum with resin
containing fluorescein as described in section
2.3. The experimental pattern of a slice of a
sample corroded with a density current of 400
µa/cm2 for 3 days is shown in Fig. 6.

The crack pattern is analyzed combining two
views of the same sample: In the first view, in
which the slice is illuminated with natural light
(top part of the figure), the main crack and the
root of some secondary cracks are detected. In
the second view, in which the slice is illumi-
nated with UV ligth (bottom part of the fig-
ure), the thinner cracks are observable, while
the main crack seems to be full of black iron
oxide and not to have taken so much resin in-
side.

3.2 Main crack opening: β fitting
The relative displacement w′ between the

faces parallel to the main crack is measured in
the experiments as indicated in Fig. 5 at the
middle section of the sample and it is also cal-
culated in simulations with a bar and a tube as
rebars, using the parameters indicated in Tables
1 and 2. The results are shown in Fig. 7. The
curves of the simulations with a tube reproduce
the shape of the experimental curve better than
the simulations with a bar, as expected. How-
ever, in both cases, the results are lower than the
experimental ones, although the model properly
reproduced the crack pattern of samples with a
bar with those parameters [2, 6].

Thus, new simulations have been computed
only for the case of a tube, varying the expan-
sion factor β to scale the curves, as seen in
Fig. 8, finding out that the curve for β = 2 is
the one that better fits the experimental results.

3.3 Crack pattern: kt fitting
The simulations of the samples with a bar

and with a tube have been computed again us-
ing the value of β determined in section 3.2 but
maintaining the values of stiffness shown in Ta-
ble 2.

Figure 6: Experimental crack pattern in a sample with an
estimated corrosion depth of 35 microns, observed under
natural light (top) and under UV light (bottom).

Figure 7: Relative displacement w′ in the tests and in the
simulations with a bar and a tube as rebars for β=1.
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Figure 8: Relative displacement w′ in the tests and in the
simulations with a tube varying the expansion factor β.

The crack width in millimeters and the pos-
itive maximum principal stresses in MPa are
shown in Fig. 9 for the bar (top) and the tube
(bottom).

It is found out that although the model prop-
erly reproduces the crack pattern in the case of
a bar (Fig. 9-top) and the relative displacement
w′ in both cases, the pattern in the sample with a
tube (bottom of the same figure) differs from the
experimental pattern (Fig. 6): only a main crack
at the cover and an opposite secondary crack
predominate, while all other relevant secondary
cracks are closed as these two cracks grow dur-
ing the calculations, whereas in the simulations
with the bar several relevant secondary cracks
distributed around the bar appear. This effect
seems to be due to the stiffness of the tube be-
ing much less than that of the bar. As a conse-
quence, while for the stiffer bar the crack pat-
tern results were insensitive to the shear stiff-
ness kt of the oxide layer over many orders of
magnitude, it appears that kt has a much greater
effect on the cracking in the case of the tube.

Then, new simulations have been computed
in order to delimit the values of kt which repro-
duce the real cracking observed in the experi-
ments, covering a range from 7·10−14 MPa/mm
(virtual zero) to 7·106 MPa/mm (equal to kn).

0 3

body: t = 100

0 0.098

crack: t = 100

0 0.0987

crack: t = 100

0 3

body: t = 100

Figure 9: Simulated crack pattern for a corrosion depth
of 10 microns, an expansion factor β = 2 and the stiffness
parameters shown in Table 2 in a concrete sample with a
bar (top) and with a tube (bottom) as rebars.

For values of kt lower than 700 MPa/mm,
only the main crack and an opposite crack ap-
pear, obtaining a crack pattern very similar to
the pattern shown in Fig. 9-bottom. There
is a range of values between 1000 and 2000
MPa/mm for which the crack pattern resembles
those found in the experiments. But for val-
ues higher than 7000 MPa/mm, although the
number of secondary cracks increase, they are
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clamped at the root and there are points of stress
lock-in, as it was disclosed in [2] revealing the
necessity of reducing the shear stiffness.

In Fig. 10, the crack patterns for kt 1000,
2000 and 7000 MPa/mm are shown. For a shear
stiffness equal to 1000 MPa/mm (top), there is a
secondary crack that predominates, apart from
the main crack, but there are two more sec-
ondary cracks still remaining. For a shear stiff-
ness of 2000 MPa/mm (middle), the crack op-
posite to the main crack has a smaller length and
there are other six secondary cracks around the
tube, all of them with similar length, resembling
the experimental pattern observed in Fig. 6.

The pattern obtained for 7000 MPa/mm ap-
parently is very similar to that obtained for 2000
MPa/mm, except for a greater number of sec-
ondary cracks. However, if only the cracks
with a width greater than 0.005 mm are plot-
ted, more differences are observed. In Fig. 11,
a detail of the cracking around the rebar is
shown. In all the cases there are only three or
four cracks wider than 0.005mm, so the cracks
that do not appear are microcracks with open-
ing width near to zero. But only in the case of
7000 MPa/mm (right) there is a jump between
the tube and some of the cracks, what means
that those cracks are clamped at the root due to
an excessive shear stiffness kt of the expansive
joint element.

It must be pointed out that the corrosion
depth in the simulations is lower than the cor-
rosion depth estimated in the experiments, what
might explain a difference in the length of the
cracks. However, a greater corrosion depth
is not simulated because, at this stage of the
study, a linear softening curve is being used for
the cracking of concrete, which properly repro-
duces the fracture of concrete for early stages of
cracking only.

Finally, in Fig. 12 the relative displacement
w′ is represented versus the corrosion depth for
all the values of shear stiffness of this study,
showing that the curves of relative displacement
obtained in the simulations using the new values
of kt are in agreement with the experimental re-
sults.

0 0.0916

crack: t = 100

0 3

body: t = 100

0 0.0875

crack: t = 100

0 3

body: t = 100

0 0.0861

crack: t = 100

0 3

body: t = 100

Figure 10: Crack pattern in a concrete prism with a steel
tube, for a corrosion depth of 10 microns and kt 1000
(top), 2000 (middle) and 7000 (bottom) MPa/mm.
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0
body: t = 100

0.005 0.0916
crack: t = 100

00.005 0.0875
crack: t = 100

0 0
body: t = 100

0 0
body: t = 100

0.005 0.0861
crack: t = 100

1000 MPa/mm 2000 MPa/mm 7000 MPa/mm

0
body: t = 100

0.005 0.0916
crack: t = 100

00.005 0.0875
crack: t = 100

0 0
body: t = 100

0 0
body: t = 100

0.005 0.0861
crack: t = 100

Figure 11: Detail of the cracking around the rebar in a
concrete sample with a steel tube and a corrosion depth of
10 microns for a shear stiffness of 1000 (left), 2000 (mid-
dle) and 7000 (right) MPa/mm. Only the cracks wider
than 0.005 mm are shown.

Figure 12: Maximum crack width versus the corrosion
depth in concrete prisms with a steel tube depending on
the shear stiffness kt of the expansive joint element.

4 CONCLUSIONS
Accelerated corrosion tests have been car-

ried out on concrete prisms with a steel tube
inside as a rebar to study the cracking of con-
crete due to rebar corrosion. During the tests,
the main crack mouth opening is measured, and,
after corrosion, the samples are cut into slices
and impregnated under vacuum with resin con-
taining fluorescein to improve the detection of
cracks.

Then, two views of every slice are combined
to study the experimental crack pattern: under
natural light, a main crack is observed at the

concrete cover, but also some secondary cracks
and microcracks are detected when illuminating
the slice under UV light.

A model called expansive joint element pro-
grammed by the authors to simulate the ef-
fect of the volumetric expansion of the oxide,
combined with finite elements with embedded
adaptable cohesive crack has been proved to
reproduce the cracking of real samples both
for the crack pattern and the quantitative crack
opening.

The combination of the tests and the numeri-
cal simulation leads to a quantitative assessment
of the oxide expansion relation —factor β in
Fig. 2 and Eq. (2.2).

The simulations show that the crack pattern
for a corroding tube is much more sensitive
to the parameters of the expansive joint model
than for a bar, presumably because of the re-
duced stiffness of the tube with respect to the
bar.

In particular, the order of magnitude of the
shear stiffness kt of the oxide layer can be es-
timated from the tests with a corroding tube,
while the results for a bar were insensitive to
kt over various orders of magnitude.
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Abstract: The introduction of various kinds of Fibre Reinforced Concrete (FRC) has brought a new 
dimension in structural performance in the last few decades. The results obtained with Strain Hardening 
Cement Based Composite (SHCC) show improved performance especially in terms of tensile ductility and 
accompanied multiple cracking, and potentially reduced water and gas permeability and effective chloride 
diffusivity in the cracked state. Most of the published results for SHCC are based on SHCC with fine silica 
sand. For construction work fine silica sand is not freely available in South Africa and as a result it is often 
expensive to use it. Preliminary research on SHCC with coarse sand shows that it is possible to obtain more 
than 3% tensile strain, but up to and beyond 5% strain for SHCC with fine sand. However, a strain capacity 
of more than 1% will be sufficient for many applications. So, this paper reports on a research project in 
which SHCC with a maximum size of 300 µm of fine sand and 2.36 mm of coarse sand respectively, were 
developed. Dumbbell specimens were used in direct tensile tests and beam specimens were used to study 
chloride penetration in cracked SHCC, for both fine and coarse grained SHCC. Cracks in beam specimens 
were formed by flexural testing, after which chloride attack was simulated by cyclic wetting and drying with 
NaCl solution respectively to study the chloride penetration profiles caused by these exposures. Conclusions 
are drawn on the resistance to chloride penetration of fine and coarse grained SHCC under such simulated 
chloride exposure(s) in the cracked state. 

 
1 INTRODUCTION 

The durability of concrete is a much discussed 
issue worldwide in the last few decades. 
Researches have indicated that a large amount of 
money is required to repair and rehabilitate 
structures which have already been suffering from 
serious durability problems [1, 2]. Simultaneously 
much research has been carried out to improve 
structural performance against different 
environmental actions. 

The repair and lower service of existing 
normal concrete (NC) structures are a burden for 
most countries as it impacts on the country's 
economy. Cracking in concrete is one of the major 
causes of reduced service life of structures. Cracks 
increase the chemical loading and reduce the 
lifetime of the structures. Chemical substances 
like chlorides - penetrating through cracks corrode 
the steel bar which has been noted as the most 

severe problem in concrete structures in the last 
40 years. As a result, a huge amount of money is 
being invested for repair and rehabilitation of 
damaged concrete structures. Cracks in concrete 
structures are unavoidable and they are induced in 
structures in many ways, like temperature 
changes, creep and shrinkage, settlement of 
structures and lateral movement of the structure 
due to seismic action, or simply in its intended 
function subjected to operating loads. However, if 
it is possible to reduce the influence of cracks in 
structures, it may increase the life span and 
reducing repair cost of structures. 

Cracks are indeed unavoidable in concrete 
structures, but, it is possible to mitigate cracks by 
providing sufficient ductility using reinforcement, 
both by fibres and steel bars. Now it is a 
challenging job to find out the specific pattern in 
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structures, since the crack pattern in the composite 
will differ even under the same strain or loading 
level. Recent research results indicate that finely 
controlled cracks reduce the rate of permeation of 
water and gas in so called strain hardening cement 
based composite (SHCC), but the cracks do act as 
pathways for fast penetration under conditions of 
capillary absorption. SHCC came to light in 1990 
by V.C.Li [3]. Typically polyethylene (PE) and 
polyvinyl alcohol (PVA) micro fibres are used in 
the SHCC widely. Through careful mix design, 
these fibres can control cracks to remain fine in 
SHCC. Being so fine, these micro cracks also 
appear to self heal. Continued hydration and 
pozzolanic activities in the SHCC causes such self 
healing. However it requires limited of crack 
width in the SHCC and best results are achieved if 
the crack width is lower than 0.05 mm [4]. 
Cracked SHCC has been shown to protect steel 
reinforcing bars against corrosion in patch 
repaired reinforced concrete beams subjected to 
cyclic spraying with salt solution [5]. However, 
several research questions remain, including the 
link between crack patterns, ingress, deterioration 
processes like corrosion, as well as which chloride 
exposure is more representative of the actual 
structural exposure, and the link to structural life. 

Until now, the applications of SHCC are 
limited mostly to non-structural elements. Lack of 
information and design guidelines are the main 
obstacle of using SHCC structurally, or even in 
large repair strategies. In this research report, the 
main focuses are on tensile strength, cracking and 
chloride penetration through cracks in two 
specific SHCC’s. Most of the existing research 
reported on SHCC where for SHCC containing 
fine sand (FS). Here, SHCC with both FS 
maximum particle size 300 µm) and local coarse 
sand (CS) (maximum particle size 2.36 mm). 
Their performances have been examined under 
tensile load, flexural load and chloride attack.  

2 PROBLEM STATEMENT 
The Civil Engineering Department at the 

Stellenbosch University has been conducting 
fruitful research on various fibre reinforced 
concrete classes like FRC, UHPFRC, SCC and 
SHCC for the last few years. Till now the results 
obtained from these materials are significant for 
new generation construction materials both 
qualitatively and quantitatively. The results also 
depict the future of these materials, proposing 
different experimental and analytical techniques 
for the best representation of results and 

explaining applications of these materials. This 
research paper illustrates the results obtained from 
SHCC containing FS and CS and explains their 
performance in the SHCC under tensile load and 
chloride attack at different ages. Most 
importantly, it delineates the future of CS in 
SHCC to achieve better structural performance at 
reduced cost.      

3 TENSILE RESPONSE OF SHCC 
Recently developed advanced concretes like 

high strength concrete (HSC), ultra-high strength 
concrete (UHSC), or high performance (HPC) and 
ultra-high performance (UHPC) concretes  have 
shown drastic improvement in compressive 
strength, E-modulus, flexural strength as well as 
tensile strength [6, 7, 8]. However, one of the 
major disadvantages of these concretes is  low 
tensile strain capacity or ductility. Ductility is a 
very important parameter for structures, especially 
structures in seismic regions and harsh 
environments. Therefore, the designer needs to 
provide extra reinforcement in such structures for 
enough ductility which is often very costly, and in 
some cases also not sufficient to prevent 
significant damage or collapse. One of the major 
advantages of the SHCC is that it has higher 
ductility than normal concrete (NC), HSC or 
UHSC. Using SHCC, it is possible to get more 
than 3-5% tensile strain at full or increased post-
crack tensile resistance, while the ultimate strain 
in NC is about 0.015-0.02%. In spite of the fact 
that the initial cost of the SHCC is higher than that 
of NC, it may be balanced by reduced intervention 
cost in future. However, the 300-500% higher 
ultimate strain of SHCC may improve structural 
performance against chemical and seismic action 
at certain levels. So it may be possible to reduce  
the amount of extra reinforcement needed for 
ductility in structures, and the life cycle cost may 
be reduced in harsh environments. 

Micro fibre in the SHCC improves crack 
bridging capacity, whereby multiple cracks form 
in the SHCC which are the mechanism of pseudo 
strain hardening. In SHCC the sustained bond and 
prevention of fibre breakage  allows that the 
deformation is increased with the increase of load, 
leading to cracking at the next weakest point in 
the matrix. As a result, multiple cracks form and 
increased tensile stress and strain is found in 
SHCC [9, 10]. The strain hardening in SHCC can 
be achieved by fulfilling the following conditions 
[11]: 
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 Crack tip toughness should be equal or less 
than complementary energy (Jtip ≤ Jb’). 

 Steady state cracking must be achieved 
rather than Griffith type cracks. 

 
To realise the above, it is required that 
 

 A critical fibre volume is used ( crit
f fV V ). 

 Fibres in the matrix must be pull out rather 
than rupture. 

 
The basic micro-mechanical theory of SHCC 

can be formulated in terms of equations (1) to (5) 
below. The tensile response / behaviour as well as 
micro-crack formation in SHCC will differ in 
different composites because of various 
percentages of Vf, aggregate to binder ratio (a/b), 
water to binder ration (w/b), type and amount of 
binder and aggregate. From the specific type of 
SHCC mix with FS and CS investigated in this 
research, the tensile behaviour is discussed in 
subsequent sections. 

The ultimate tensile strength of SHCC can be 
expressed as follows:  
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τ  is the bond strength of the matrix,  
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wc the matrix crack width at ultimate force in the 
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with Ef  the fibre modulus of elasticity,  

Em the matrix modulus of elasticity and Vm= 1 - Vf 
is the matrix volume fraction. The crack tip 
toughness is given by 
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with Km the matrix fracture toughness. The
 

complementary energy can be expressed as 
follows:
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where Gd is the so-called chemical bond of fibre 
with the matrix. 

4 CHLORIDE PENETRATION IN SHCC 
Concrete durability serves the service life of 

the structures. Therefore designers must pay 
enough attention in this regard during the design 
of concrete structures. It can be achieved in many 
ways, viz. providing sufficient cover in concrete, 
higher concrete strength, adding a water repellent 
agent, using anti corrosion steel bars, etc.  Early 
attention can save a lot of money for the repair or 
rehabilitation of structures through its life span.  

In SHCC the material characteristics include a 
resistance to the widening of cracks. SHCC 
displays self-controlled crack width which is 
another great advantage and the cracks in SHCC 
are very small in comparison to NC usually used 
in structures [12]. In concrete structures, it 
appears that if cracks are controlled to a level 
below a certain threshold width, ingress rates of 
water, gas and chlorides may be insignificant [13]. 

Cracks in concrete are the major cause of steel 
corrosion in coastal environments and exposure to 
de-icing salts, and corrosion of steel is one of the 
major durability problems of infrastructure. 
Corrosion of steel in concrete can be clarified as 
carbonation induced corrosion and chloride 
induced corrosion. Chloride induced corrosion 
will start, if enough O2 and H2O are present in 
concrete for the reaction. It is said to be the most 
severe damaging cause of steel corrosion in 
concrete. In this paper only chloride penetration in 
unreinforced, cracked SHCC is reported. In future 
studies, chloride induced corrosion will be 
examined in both FS and CS reinforced SHCC. 
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5 MATERIALS AND METHODS 
Table 1 shows the composition of materials 

used in this study. CEM I 52.5 cement and class F 
Fly ash supplied by the PPC Cape Town were 
used. Fine grain Phillippi sand (graded to ASTM 
F95) was used as FS and coarse natural 
Malmesbury sand was used as CS. The sieve 
analysis of both sands are shown in Figure 1. PVA 
fibres supplied by Kuraray Co. Ltd., Japan, of 
specification Lf  = 12 mm, df  = 40 m, Ef = 40 
kN/mm2 was used. Dynamo SP1 super plasticizer 
(SP) was used. Dynamo SP1 is an admixture 
based on modified acrylic polymer supplied by 
MAPEI SA. To prevent segregation of the mix 
with the high w/c ratio, viscous agent (VA) was 
used together with an air-entraining agent (AEA)  
to ensure good fibre distribution and associated 
formation of multiple cracks in SHCC. Both 
viscous and air-entraining agents were also 
supplied by MAPEI SA and the specifications can 
be found on MAPEI website (www.mapei.co.za). 

After performing several trial mixes on SHCC 
with FS and CS, three mix designs were chosen 
for FS and CS-SHCC, as shown in Table 1. The 
work is divided in three parts. Part one describes 
the SHCC performance under mechanical 
(compression and tension) load with FS and CS at 
different ages. Small dumbbell shaped specimens 
with cross section 30±2 x 16±2 mm2 in the 80 mm 
gauge length were made for the direct tensile test.  
100 mm cubes and 100 mm diameter and 200 mm 
long cylinders were made to determine the 
compressive strength and E-modulus of the 
matrixes. Parts two and three describe flexural and 
chloride penetration test results of FS and CS 
SHCC. Beams with dimensions of 100 x 100 x 
500 mm3 were made for the flexural test, but were 
subsequently used for chloride penetration testing 
as well. All the mixes were performed in a 50 liter 
pan mixer in the Stellenbosch University concrete 
materials lab. The maximum duration of SHCC 
mixes was 9 minutes. After mixing SHCC, slump 
flow and air content tests were also performed for 
both FS and CS, and their results shown in Table 
2. All the specimens (dumbbells, cubes, cylinders 
and beams) were covered with plastic until de-
moulding, approximately 48 hours after casting. 
After de-moulding, specimens were kept in a 
water curing tank at 21± 3oC until the testing day. 

A Zwick Z250 materials testing machine was 
used to perform direct tension tests of the 
dumbbell specimens at a constant deformation 
rate of 0.0075 mm/s of the 80 mm gauge length. 
The maximum test time period was less than 10 

minutes. In total 18 specimens from each set of FS 
and CS at 14 and 28 days were tested respectively. 
The number of cracks and crack widths in the 
dumbbells were determined using a contactless 
deformation measurement system ARAMIS. The 
details of this measuring system can be found in 
Nieuwoudt [14]. 

Table 1: Materials used in this study 
 FS-SHCC (kg/m3) CS-SHCC (kg/m3) 

Materials 1 2 3 1 2 3 
Cement 450 
Fly-ash 670 

Sand 550 
Water 395 
Fibre 28.6 19.5 13 26 19.5 13 

SP 2.7 - - 3.6 - - 
VA 1.13 1.35 1.35 1.35 1.35 1.35 

AEA 0.45 0.45 0.45 0.45 0.45 0.45 
 

 

 

 

 

 

 

 

 

Figure 1: Grading of fine and coarse sand in this study. 

Flexural beam testing was performed (loading 
span length of 300 mm) as the preparation of 
chloride penetration testing in SHCC. The same 
Zwick Z250 materials testing machine was used 
for the flexural test (three point bending) at a 
constant rate (force control) of 0.03 kN/s and the 
maximum test time period was 12 minutes. 

 
 

 

 

 
 
 

Figure.2: Preparation of specimens for chloride 
penetration test. 

2032



Suvash C. Paul and Gideon.P.A.G. van Zijl 

 5 

An HBM 20 ton load cell was used to record 
the force and one 10 mm linear variable 
differential transformer (LVDT) was used to 
record deflection of the beam. In total 9 
specimens were tested at the age of 28 days for 
both FS and CS, which were further  used in 
chloride penetration tests of duration 30, 60 and 
90 days respectively, i.e. 3 specimens were used 
on each duration of chloride testing. Besides these 
9 specimens, another 3 specimens of each SHCC 
type were tested to determine the ultimate flexural 
resistance. For the preparation of the chloride test 
specimens, approximately 60% of the ultimate 
flexural load was applied to cause pre-cracks in 
the specimens. The reason behind the application 
of 60% load is to simulate in-service loading 
conditions, as opposed to ultimate limit state, 
failure loads. For the chloride penetration test, a 
150 mm length of each cracked specimen was 
prepared by saw-cutting it from the middle 
portion of the each beam - see Figure 2. The 
figure shows that the specimen was collected 
between lines A and B. After the chloride 
penetration test, it was sawn along the C line to 
observe the chloride penetration. Five faces of the 
specimens were sealed with a layer of 
waterproofing repellent (plascon roofseal 
product), leaving the cracked face open for 
penetration (top face in Figure 2b). Presently there 
is no specific method for chloride penetration into 
SHCC, so, different methods were followed by 
different researchers [5, 15, 16, 17]. In this 
research paper, only one method was followed 
which was cyclic wetting (1day submerged) and 
drying (5 days). The specimens were submerged 
into a 3.5% solution of NaCl in water by weight. 
After 1 day, the specimens were removed and 
kept in ambient laboratory conditions for 5 days. 
This cyclic wetting and drying procedure was 
followed until the specimens were ready for 
testing at 30 days (5 wet and dry cycles), 60 days 
(10 cycles) and 90 days (15 cycles) respectively. 
The NaCl solution concentration was not checked 
to ensure that it remained at 3.5% in time, but a 
new mix was made after 30 days to ensure the 
solution quality. On the above mentioned day of 
chloride testing, each specimen was sawn through 
the middle along the line C in Figure 2 (left). 
After that, 0.1N of AgNO3 solution was painted 
on the cutting surface to observe the chloride 
penetration into SHCC specimen. It is worth 
mentioning that, only two types of SHCC (FS-
SHCC1 and CS-SHCC1) were used for the 
flexural test and further chloride penetration test. 

Detail results of chloride penetration are given in 
the next section. 

6 EXPERIMENTAL OUTCOME 
The compressive strength range of SHCC was 

31 to 39 MPa and the E-modulus was 13 to 20 
GPa. See Table 2. The detail procedures of testing 
and are given in Paul and van Zijl [18]. Only the 
tensile strengths of SHCC are discussed here 
together with other parameters like crack width 
and number of cracks.     

Table 2: Fresh and mechanical properties of SHCC at 
28 days (and at 14 days in brackets). 

 FS-SHCC CS-SHCC 
 1 2 3 1 2 3 

Slump 
(mm) 

170-
200 

185 190 170-
200 

185 173 

% of 
Air 

4.5-
6.5 

- - 4.5-
8.9 

- - 

fcu 
(MPa) 39 33.6 34.4 35.1 31.2 36.7 

E-mod 
(GPa) 19.9 15.8 17.7 18.1 12.9 19.1 

σu,st 
(MPa) 

4.05 
(3.61) 

3.47 2.46 3.42 
(3.64) 

3.27 2.28 

εmax (%) 1.48 
(3.4) 

1.16 0.86 1.46 
(4.1) 

1.14 0.76 

 

6.1 Tensile stress and strain of SHCC   

The typical responses of SHCC’s containing 
various fibre volumes to direct tension at different 
ages are shown in Figures 3 to 6. In total 10 FS-
SHCC1 specimens (5 at 14 days and 5 at 28 days 
age), 4 FS-SHCC2 specimens and 4 FS-SHCC3 
specimens were tested. Their average ultimate 
strength (σu,st) and strain (εmax) at different days 
have given in Table 2. CS-SHCC1 shows lower 
cracking strength than the CS-SHCC2, but at that 
stage the ultimate strain was higher for CS-
SHCC1 than others. Figures 3 and 4 also show the 
results for FS and CS-SHCC1 at 14 days. In both 
cases, the ultimate strain was much higher than at 
the age of 28 days. Maximum tensile strength of 
3.61 MPa and 3.64 MPa was found for FS and 
CS-SHCC1 respectively, which is close to the 28 
days strength. However, in case of ultimate strain, 
maximum 3.4% and 4.1% were found for FS and 
CS-SHCC1 at that age. So the experimental 
results show that SHCC becomes more brittle in 
direct tensile testing at higher age (14 days to 28 
days). This trend was also shown by Wang and Li 
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[19] and Yang et al. [20]. The complex behaviour 
of binder, sand, fibre and matrix/fibre interface 
properties, influence the strain capacity of SHCC 
during aging [13]. However, no major changes in 
ultimate tensile strength are observed at different 
ages.  

6.2 Number of cracks and crack width in SHCC 

As mentioned earlier the major advantage of 
SHCC to NC is the formation of multiple fine 
cracks. These fine cracks delay ingress of liquids 
and salts into the SHCC. This is why it is thought 
that SHCC may delay the corrosion of steel in 
structures and increase the total life span. This 
paper only reports detailed crack information as 
found in FS-SHCC1 and CS-SHCC1 specimens 
tested at the age of 14 days. Figure 7 shows the 
formation of cracks in FS-SHCC1 and CS-
SHCC1. Figures 8 and 9 show the average 
number of cracks (NOC), crack width (ACW) and 
maximum crack width (MCW) from 3 specimens 
of FS-SHCC1 and CS-SHCC1 at 14 days. In 
Table 3, the NOC, ACW and MCW at strain level 
1% of each type of FS-SHCC and CS-SHCC at 28 
days. It is worth mentioning that the cracks were 
counted at the intersections with three lines drawn 
vertically along the 80 mm gauge length of the 
dumbbell specimen, shown in Figure 7. Also, all 
the results shown here are the average value of 3 
sections from a total of 3 specimens for each type 
of SHCC. 

Higher fibre volume leads to higher NOC, 
lower ACW and MCW in the all SHCC’s except 
CS-SHCC3. In this study it was assumed that 
deformations exceeding 15 µm (measuring with 
ARAMIS during testing) between two points 
(roughly 1 mm apart) in the direct tensile test 
were cracks.  

 
Table 3: Number of cracks and crack width (µm) in 

SHCC at 28 days at 1% strain level 
 Strain 1.0% 

SHCC NOC ACW MCW 
FS-1 18 41.9 88.7 
FS-2 12.78 62.1 129.4 
FS-3 6.67 122.0 260.9 
CS-1 12.33 64.9 140 
CS-2 10.67 88.9 187.3 
CS-3 10.67 70.9 156.4 

 
6.3 Micromechanical behaviour of SHCC   

As mentioned before, the behaviour of SHCC 
differs from one mix to another. For the specific 

SHCC’s reported here, the micromechanical 
parameters in eqs (1) to (5) for FS and CS-SHCC1 
are shown in Table 4.  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Tensile stress strain response of FS-SHCC1 
at 14 and 28 days. 

 
 

 

 
 
 

 
 
 

Figure 4: Tensile stress strain response of CS-SHCC1 
at 14 and 28 days. 

 

 
 
 

 

 
 
 

 
Figure 5: Tensile stress strain response of FS-SHCC2 

and 3 at 28 days. 
 
The results presented in the Table 4, were 

determined by assuming that the critical fibre 
volume (Vf) is 1% for both FS and CS-SHCC and 
the mechanical properties KI, Em and Jtip were 
taken from 28 days response of FS and CS mortar 
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notched beam tests More details are given in Paul 
and van Zijl [18]. Coarse sand leads to increased 
KI and Jtip in this specific SHCC mix.  

 
 

 

 

 

 
 
 

Figure 6: Tensile stress strain response of CS-SHCC2 
and 3 at 28 days. 

 

 

 

 

 

 

Figure.7: Formation of cracks in (a) FS-SHCC1 and 
(b) CS-SHCC1. 

 
 
 
 
 
 
 
 
 
 
 
Figure.8: No. of cracks and crack width at 14 days in 

FS-SHCC1. 

Table 4: Micromechanical properties of the matrix of 
SHCC [18] 

SHCC KI  Em  Jtip  τ  g wc 
FS-1 0.82 17 0.04 1.55 0.79 0.13 
CS-1 1.12 17 0.08 3.18 0.36 0.27 

Note the units of KI is in MPa.m1/2, Em is in GPa, Jtip is 
in J.m2, and τ is in MPa. 
 
 
 
 

 

 

 

 

 

 

Figure.9: No. of cracks and crack width at 14 days of 
CS-SHCC1. 

6.4 28 days Flexural behaviour of SHCC   

A maximum ultimate flexural strength of 11 
MPa with coefficient of variation (CoV) 9.7% was 
found for FS-SHCC1 and 9.5 MPa with CoV 
4.6% was found for CS-SHCC1. The cracking 
strengths were 4.74 MPa (CoV 8.4%) and 4.61 
MPa (CoV 3.0%) for FS and CS-SHCC1 
respectively. The flexural test responses of both 
SHCC are shown in Figure 10. Figure 11 shows 
SHCC beam responses up to 15 kN load which 
have been used for pre-cracking the chloride 
penetration test specimens. In this particular type 
of SHCC mix, at ultimate flexural load state, only 
4 cracks were found at the tensile face with 
maximum width about 2 mm (see Figure 12a). It 
was proved in 28 days direct tensile test that 
number of cracks reduce with the maturity of 
SHCC. At the 15 kN load state, a maximum of 2 
cracks were found per specimen and the crack 
width was about 0.02 mm at the widest part, i.e. at 
the furthest tensile face (see Figure 12b).  

The small cracks (0.02 mm) in the SHCC at 
about 60% of ultimate load brings another issue of 
self healing, because at this crack level self 
healing of SHCC is expected. The crack depth in 
the specimens are different from one to another, 
as illustrated in Figures 13 and 14 by the white-
gray colours indicating NaCl penetration. 
 
6.5 Chloride penetration in SHCC   

Chloride penetrations through cracked FS-
SHCC1 and CS-SHCC1 specimens’ depth were 
monitored at the three different durations of cyclic 
wetting and drying exposure (30, 60, 90 days). 
Figures 13 and 14 show the penetration of 
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chloride in the specimens. The white-gray colour 
represents the chloride penetration in the 
specimens. It is clear from the figures, that the 
waterproofing repellent used here did not work at 
all. As a result penetration through the sealed 
faces was observed as well.  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure.10:  28 days flexural load vs deflection of FS-
SHCC1 and CS-SHCC1. 

 

Figure.11:  Applied flexural load vs deflection in FS 
and CS-SHCC1 specimens for chloride penetration 

test. 

 

 
 

 
 

Figure.12:  28 days SHCC beam, a) cracks at ultimate 
load state, b) cracks at 15 kN load. 

The chloride penetration depth in SHCC 
specimens was measured manually using normal 
scale and their results are shown in Table 5 as the 
average values of three specimens of each type of 
SHCC. A maximum of 13 mm and 14.5 mm  
penetration of chloride is found along the top face 

in FS-SHCC1 and CS-SHCC1 respectively at 90 
days. From the Table 5 it is clear that the number 
of wetting and drying cycles influence the 
penetration depth. 
 
 

 

 

 

 

 
 

 
Figure.13: Chloride penetration through FS-SHCC1 at 

30 (a), 60 (b) and 90 (c) days. 
 

 
 

 

 

 
 
 
 
 

Figure.14: Chloride penetration through CS-SHCC1 at 
30 (a), 60 (b) and 90 (c) days. 

Table 5: Chloride penetration in SHCC at different 
days (faces representation are shown in Figure 2b) 

SHCC 
type 

Specimens 
face 

Chloride penetration (mm) 
at different durations (days) 

30 60 90 

FS 

Top 4.7 8 13 
Bottom 4.0 7.3 7.5 
Avg of 

two sides 3.7 4.7 5.0 

CS 

Top 5.7 9.0 14.5 
Bottom 5.7 6.0 8.0 
Avg of 

two sides 4.0 5.3 5.0 

 
To determine the concentration of chloride 

content in the specimen, two layers of SHCC were 
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sliced and tested (see Figure 13c) only from one 
specimen FS-SHCC1 at 90 days. In layer one and 
two the concentration of chloride was about 0.1% 
and 0.004% respectively by weight of cement. It 
is noted that for the discolouration, a chloride 
content level of about 0.1 – 0.15% is present at the 
lower end of the crack, but because of the large 
portion of material away from the crack tip 
included in this particular  chloride concentration 
test, the low overall concentration of 0.004% was 
found. The details about the discolouration for 
various chloride content level by weitght of 
cement in the cementitious matrix materials can 
be found in Otsuki et al [21]. A next step will be 
to determine whether corrosion initiates in steel 
reinforcement of finely cracked SHCC, and 
corrosion rate.   

7 CONCLUSIONS  
The initial cost of the SHCC is relatively 

higher than NC but the potential better 
performance against the long term deterioration 
processes is of importance. If  increased life span 
and/or reduced repair frequency can be assured by 
SHCC, it will be possible to save money from the 
repairs and rehabilitations of structures. The 
insight gained from this work can be  summarised 
as follows: 

Coarse sand including particles of size up to or 
more than 2 mm can be an alternative source of 
sand, instead of the usual fine sand used in SHCC. 
The prominent behaviour typical of fine sand 
SHCC can be reproduced. The multiple cracks in 
SHCC are fully depending on its overall mix 
design.  

In both fine and coarse sand SHCC, a 
reduction in strength and ultimate strain was 
found for lower fibre volume at 28 days. So, the 
higher fibre volume leads to improved mechanical 
behaviour of SHCC.  

Both FS-SHCC1 and CS-SHCC1 show 
reduction in ultimate strain at the age of 28 days 
compared to that at the age of 14 days. However, 
before coming to any solid conclusion in this 
regard, it is necessary to perform more studies to 
determine whether this is mix dependent.  

In the particular mix of FS-SHCC and CS-
SHCC with 1% fibre, CS-SHCC shows better 
performance in terms of number of cracks, 
average crack width and maximum crack width. 
So, future studies need to prove the critical fibre 
volume for both fine and coarse sand at this lower 

fibre volume. Coarse sand in SHCC leads to an 
increased crack tip toughness, and probably also a 
higher bond strength. 

Chloride penetration depth in uncracked parts 
of SHCC is dependent on the number of wetting 
and drying cycles. A crack width of 0.02 mm in 
SHCC allowed chloride  penetration apparently to 
its full depth. So future research needs to 
determine whether chloride penetrating through 
fine cracks leads to corrosion initiation in 
reinforcing bars, and if so, the corrosion rates. 
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Abstract: This study aims to evaluate the effects of alkali silica reaction (ASR) on mechanical 
behaviour of cement based materials. Two mortars are fabricated respectively with reactive and 
non-reactive aggregates. After a maturation period of 28 days, triaxial compression tests with 
confining pressures of 0, 5 and 15MPa and bending tests are performed on a part of the samples in 
order to obtain a reference state as the sound material. The other part of samples is subjected to a 
controlled environment with temperature of 60°C and relative humidity of 95% for ASR 
development, and the axial expansion of the two mortars is monitored. It is observed that after 
storage period of samples in controlled environment, the triaxial compressive strength increase of 
the reactive mortar is more significant than that of the non-reactive one. According to the results of 
microstructural analyses, this can be attributed to the more compact microstructure of the reactive 
mortar compared with the non-reactive one. However, the ASR process leads to the deterioration of 
the Young’s modulus and bending strength of the reactive mortar. Therefore, the tensile strength 
and Young’s modulus are more significantly affected by the ASR induced damage than the 
compressive strength. 

1 INTRODUCTION 
The alkali silica reaction (ASR) is the most 

widespread type of alkali-aggregate reaction 
and leads to the formation of alkali-silica gels 
and/or alkali-calcium-silica gels which absorb 
water, swell and can provoke microcracks. The 
gels fill the microcracks in the aggregates and 
paste as well as the voids. The formation of 
ASR requires the simultaneous presence of 
three conditions at ambient temperature: 

sufficient quantity of alkalis in the pore 
solution, reactive aggregates and relative 
humidity higher than 80-85%. The extent of 
the ASR induced deterioration is influenced in 
particular by the reactivity, quantity, size and 
particle size distribution of the reactive 
aggregates, the amount of the alkalis available, 
porosity of material and pre-existence of 
microcracks [1-3]. Several types of disorders 
such as expansion, differential movements, gel 
exudations, decrease in mechanical properties 
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etc. can be observed in the ASR affected 
structures [1,2].  

Many studies have been carried out in order 
to evaluate the mechanical performances of 
ASR affected concrete. For this purpose, 
uniaxial compression and tension tests are 
generally performed. Some authors reported a 
decrease in the compressive strength [4,5] 
whereas others did not observe such a 
diminution due to the ASR related expansion 
[6,7]. The compressive strength decreases in 
particular when the aggregates are highly 
reactive [8,9]. However, whether the 
compressive strength increases or not during 
the development of the alkali silica reaction, a 
clear degradation of elastic modulus is 
observed [2-4,6-9] and the material becomes 
more deformable [4,6,7]. The elastic modulus 
is thus very sensitive to the ASR induced 
damage, and decreases even if the aggregates 
are slowly or moderately reactive. This 
sensitivity is also reported for the direct tensile 
strength which decreases drastically with the 
ASR expansion [5]. The evolution of the 
flexural strength also seems to be affected by 
the ASR [7-9]. 

However, as concrete structures can also be 
subjected to multi-axial mechanical loading 
during their service life, it is necessary to 
understand the influences of ASR on the 
mechanical properties of materials under such 
complex loading conditions. The results 
obtained will contribute to the improvement of 
constitutive models for ASR affected materials 
as well as design tools for the ASR affected 
structures. Therefore, two selected mortars, 
one with reactive aggregates and the other 
with non-reactive aggregates are investigated. 
In the following, the experimental program is 
first presented. Then the results obtained are 
detailed and analysed by comparing the 
behaviours of the two groups of mortar. 

2 EXPERIMENTAL PROGRAM 

2.1 Materials, samples preparation and 
conditioning 

Two mortars whose composition is inspired 
by Poyet [10] are fabricated to conduct the 

study. The mortar samples have a water to 
cement ratio of 0.5 and sand (1613.4 kg/m3) to 
cement (537.8 kg/m3) ratio of 3. The non-
reactive mortar (designated as NR mortar) is 
fabricated with an inert crushed limestone sand 
while the reactive mortar (designated as R 
mortar) with a reactive siliceous limestone 
crushed sand [10]. The mortars are fabricated 
with specific sand grains composed of only 
three different grain-size fractions: fine 
aggregates with an equivalent diameter 
between 0.08-0.16mm; medium aggregates 
with an equivalent diameter between 0.63-1.25 
mm and coarse aggregates with an equivalent 
diameter between 2.5-4 mm. For each mortar, 
the sand grains are composed of 25% of fine 
aggregates, 50% of medium aggregates and 
25% of coarse aggregates. These fractions are 
obtained by sieving; the sands are then washed 
to be disposed of very fine particles and dried 
before use. CEM I 52.5 R with a high alkali 
content of 1.11% Na2Oeq and demineralised 
water are used to cast the mortars. The alkali 
content is increased to 15 kg/m3 by adding 
NaOH to the mixed water.  

Prismatic (40x40x160 mm3) and cylindrical 
(φ 36x100 mm3) samples are cast for this 
study. The first are used for the monitoring of 
length variation in order to determine the 
expansion of material and also for the bending 
strength measurements. The second are used to 
carry out uniaxial and triaxial compression 
tests.  

Three days after the casting, the samples are 
un-moulded and kept in sealed bags for 28 
days at ambient temperature. During this 
period, the cylindrical samples are sliced to 
obtain smaller samples for tests. This 
operation is done under dry conditions in order 
to avoid any leaching of alkalis [10]. After 28 
days of maturation, the samples are stored in a 
temperature and humidity controlled chamber 
with temperature of 60°C and relative 
humidity 95% for ASR development [10]. 
This intermediately high temperature can 
facilitate the beginning and increase the initial 
kinetics of the ASR process [2,6,10]. 
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 2.2 Tests and measurements performed 
Three point bending tests on prismatic 

samples 40x40x160 mm3 and uniaxial 
(Pc=0MPa) and triaxial compressive tests 
(Pc=5 and 15MPa) on cylindrical samples 
(φ 36x72 mm3) are carried out during 
experimental investigation. These tests are 
performed respectively after a period of 28 day 
maturation and after 100 days of conditioning 
of samples at 60°C and 95% HR. The results 
obtained at 28 day maturation are taken as the 
reference values. The change in length of 
samples is measured during the conditioning 
of samples. All tests are performed after a 
cooling period of samples for at least six hours 
at ambient temperature. 

 The length change of the prismatic samples 
(equipped with stainless steel studs at both 
end) during time is measured with a 
mechanical retractometer. Uniaxial and triaxial 
compression tests are carried out using a 
hydraulic press under displacement controlled 
condition. The axial displacement rate used is 

sµm /2 . A triaxial cell is used in order to 
apply desired confining pressures by injection 
of oil into the cell. The axial strain is measured 
by LVDT. The triaxial compression tests are 
classically conducted: increase of hydrostatic 
pressure until the desired value (5 or 15MPa) 
and application of the deviatoric stress by 
keeping the radial stress constant. The 
deviatoric strength is identified as the 
maximum (peak) deviatoric stress reached 
during the test. Three-point bending tests are 
carried out on prismatic samples with a 
loading rate of sµm /1.0  using a specific 
bending system mounted on the hydraulic 
press. 

3 RESULTS AND ANALYSIS 

3.1 Expansion of mortars 
Fig. 1 shows the evolution of the average 

expansion of NR mortar and R mortar. As 
expected, the expansion of the NR mortar is 
very weak, approximately 0.02%. However, 
the expansion of the R mortar is significant, 
about 0.40% indicating that the ASR induced 

expansion is 0.38%. The expansion of NR 
mortar is an intrinsic expansion mainly due to 
water absorption, and reaches a maximum 
value very quickly. The kinetics of the 
expansion of the R mortar is very high up to 
approximately 25 days and the expansion is 
stabilized after 50-60 days.  
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Figure 1: Axial expansion of the NR mortar and R 
mortar.

The higher the level of aggregates reactivity 
is the higher will be the weight gain [9]. 
Notice that this expansion is mainly due to the 
presence of the medium and coarse size 
aggregates. The presence of reactive fine 
aggregates leads to a reduction in expansion 
[10,12]. In addition, the expansion obtained by 
the mixture of the three fractions remains 
lower than the sum of the expansions obtained 
for each fraction of aggregates [10] (the 
expansion for a given reactive fraction is 
obtained by replacing the two other fractions 
by non-reactive ones). Even if the free 
expansion is only measured in the longitudinal 
direction in the present study, it is important to 
point out that this one is generally anisotropic 
in nature [6,9].  
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3.2 Effects of ASR on compressive strength 
evolution 

Figure 2 shows the evolution of deviatoric 
strength versus confining pressure for the two 
mortars after maturation period and after 
conditioning period at 60°C and 95% RH for 
the development of the ASR expansion. 
Depending on confining pressure, the 
mechanical strength increases during the 
conditioning period of samples. The increase 
is in the range 6-14% for the NR mortar and 
26-42% for the R mortar. On the other hand, 
the results obtained after the maturation period 
show that the multi-axial compressive strength 
of the R mortar is slightly higher than that of 
the NR mortar (3-9%). After the conditioning 
of samples at 60°C and 95% RH, the 
deviatoric strength of the R mortar becomes 
significantly higher than that of the NR mortar 
(23-34%). Thus, the relatively small difference 
of multi-axial strength between the two 
materials at the reference state becomes 
significant after the storage period for ASR 
process.  

After the maturation period, the very 
slightly higher mechanical strength of the R 
mortar with respect to the NR mortar seem to 
be well correlated with the microstructural 
analysis [11] carried out by SEM (scanning 
electron microscopy) together with EDS 
(energy dispersive X-ray spectrometry). 
Indeed, this microscopic analysis indicates that 
the microstructure of the two mortars is overall 
rather similar and that their rate of hydration is 
close each other. On the other hand, the 
important increase of the multi-axial strength 
of the R mortar after the conditioning period 
for ASR comes from a more compact 
microstructure [11]. The compactness of the 
material is due to filling of voids by the alkali-
calcium-silica gels and also probably to the 
reaction of some such gels with portlandite to 
form C-S-H. This compactness plays a 
dominant role with respect to the induced 
microcracking, which leads to the increase of 
the deviatoric strength.  
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Figure 2: Deviatoric strength versus confining 
pressure for NR mortar and R mortar after 

maturation period and after conditioning at 60°C 
and 95% RH.

The results obtained in this study on the 
evolution of uniaxial compressive strength 
with ASR process are different from those 
reported by other authors who observed a 
decrease in the strength of cement-based 
materials with reactive aggregates [4,5]. 
However, the level of aggregate reactivity 
seems to play an essential role on the 
mechanical strength [2,8,9]. The higher the 
level of aggregate reactivity the more the 
strength will decrease. However, some authors 
observed an increase of compressive strength 
compared to that measured at 28 days for a 
concrete made with highly reactive aggregate 
[7]. Thus, the ASR does not necessarily 
prevent the increase in mechanical strength but 
this increase seems to remain weak compared 
to the concrete without reactive aggregates. On 
the other hand, a study on the mechanical 
behaviour of two concretes fabricated with the 
aggregates (sand and gravel) of the same 
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origin than those used in the present study 
showed that the increase in compressive 
strength of a cement-based material with 
reactive aggregates can be as high as that of a 
material without reactive aggregates [6].  

3.3 Effects of ASR on elastic modulus 
evolution 

Figure 3 shows the evolution of elastic 
modulus with confining pressure for the two 
mortars. The initial value of elastic modulus is 
determined on the third cycle of loading-
unloading of each test.  
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Figure 3: Initial Young’s modulus versus confining 
pressure for NR mortar and R mortar after 

maturation period and after conditioning at 60°C 
and 95% RH. 

As for the deviatoric strength, the Young’s 
modulus depends on confining pressure and 
increases with this one. Regarding the 
conditioning effects, the initial Young’s 
modulus of NR mortar nearly does not change 
while that of the R mortar decreases by 8% 
after the conditioning of the samples at 60°C 
and 95% RH. On the other hand, the tests after 
the maturation period show that the Young’s 

modulus of the R mortar is lower than that of 
the NR mortar by 0-11%. After the 
conditioning of samples at 60°C and 95% HR, 
the Young’s modulus of the R mortar becomes 
much lower than that of the NR mortar by 8-
17%. Thus, the difference between the 
Young’s modulus of the two materials is 
accentuated after the conditioning of samples.  

The Young’s modulus of the R mortar 
decreases slightly during ASR process in spite 
of an important increase in multi-axial 
compressive strength. As underlined already 
by several authors, this shows a more 
important sensitivity of the Young’s modulus 
to the development of ASR which induces 
microcracks. 

3.4 Influence of ASR on bending strength 
Table 1 gives the values of average bending 

strength of two mortars after maturation period 
and after conditioning period at 60°C and 95% 
RH. The bending strength increases by 45% 
for the NR mortar and by 6% for the R mortar.    

Table 1: Average bending strength of NR mortar 
and R mortar after 28 day maturation and after 

conditioning at 60°C and 95% RH for ASR 
development. 

Material Bending 
strength  after 

maturation 
[kN] 

Bending 
strength after 
conditioning 

[kN] 
NR mortar 2.2 3.2 
R mortar 3.2 3.4 

Contrary to the multi-axial compressive 
strength, the increase in the bending strength 
of R mortar remains marginal compared to that 
of NR mortar. This shows again a higher 
sensitivity of the flexural strength to the ASR 
induced microcracking compared to the 
compressive strength [2,3,5,7-9]. This could 
be explained by the closing of the ASR 
induced microcracks under compressive stress 
whereas the tensile stress in flexion tests 
quickly leads to the propagation of the 
microcracks [2,5].  

5 CONCLUSIONS 
Two mortars, one with reactive aggregates 

2043



Dawei Hu, Ismail Yurtdas, Chen Da and Jian-Fu Shao 

6

(R mortar) and the other with non-reactive 
aggregates (NR mortar) are investigated in 
order to study the influence of ASR on 
mechanical behaviour evolution.  

After a maturation period of 28 days, the 
difference between the multi-axial strength of 
the two mortars is relatively small even if the 
compressive strength of the R mortar is 
slightly higher (3-9%) than the NR mortar. 
This result is in good accordance with the 
microscopic analysis which indicates that the 
microstructures of the mortars are overall 
similar and that their rate of hydration is close. 
After the storage of samples at 60°C and 95% 
RH during 100 days for ASR development, the 
compressive strength of the R mortar becomes 
higher than that of the NR mortar by 23-34%. 
The compacted microstructure of R mortar, 
generated by the activity of alkali-calcium-
silica gels, could explain this significant 
increase.  

The tests also show that after ASR process, 
the elastic modulus of the R mortar slightly 
decreases while that of the NR mortar remains 
unchanged. Consequently, the ASR expansion 
leads to a decrease of the elastic modulus by 
inducing microcracks. The ASR expansion-
related microcracking also leads to a decrease 
of bending strength in the R mortar compared 
with the bending strength in the NR mortar. 
Therefore, the results of the present study 
illustrate that, as indicated by other authors, 
the tensile strength and elastic modulus are 
more significantly affected by the ASR 
induced microcracking than the compressive 
strength.  
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Abstract: Results of experimental investigations into the mechanical behavior of the interface 
between strain hardening cement-based composites (SHCC) and concrete are presented. Wedge 
splitting tests served for the determination of the mode I fracture properties of the interface. The 
corresponding stress-crack opening curves were determined by inverse analysis of the experiments. 
Expectedly, they strongly depend on the roughness of the concrete surface if this roughness is 
smaller than a certain threshold value. Tests of the interface under combined tension and shear 
loading were also performed. The identification of the material parameters controlling the interface 
behavior under this type of loading will also require inverse analyses of the experiments. 
 
 

1 INTRODUCTION 
Strain hardening cement-based composites 

(SHCC) have proved to be suitable materials 
for repair layers on cracked concrete surfaces. 
For the durability of such covering layers, not 
only the mechanical behavior of the SHCC, 
but also the interface properties are of 
importance. Inadequate bond behavior may 
lead to local damages like chipping or, 
eventually, to the failure of the whole repair 
layer. 

The behavior of interfaces between ce-
mentitious materials depends on a variety of 
influences, as are the surface roughness and 
cleanness, the properties of the fresh material, 
the casting and curing methods as well as the 
mechanical properties of the hardened 
materials. During the last decades, the 
behavior of such interfaces was investigated in 
numerous experimental studies and appro-
priate material models have been developed. 
In most cases, interfaces between quasi-brittle 
cementitious materials were subject of the 
investigations. Recently developed strain 

hardening materials may require adjusted or 
extended mechanical models for the interface 
behavior which account for the high 
deformability of these materials. The intention 
of the authors was to investigate the bond 
between SHCC repair layers and concrete 
subgrade in order to appropriately model and 
optimize the behavior of such layers. 

For the experimental investigation of bond 
properties, different types of experiments and 
setups were proposed. An overview has been 
published by Silfwerbrand et al. [1]. These 
authors consider a comparison of bond 
properties obtained in different types of tests 
as problematic. This may be attributed to 
significant influences of specimen geometry 
and size on the stresses and displacements in 
the interface. Another problem are the 
technical difficulties to impose pure shear on 
an interface. Interface tests under combined 
normal and shear loading are easier to 
perform, but still challenging from the 
technical point of view. 

The so-called slant shear test is often used 
for the characterization of repair materials. In 
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this test, an interface is subjected to a com-
bined compressive and shear loading. A pris-
matic specimen with an inclined joint is loaded 
in the uniaxial direction. Austin et al. [2] dis-
cussed the advantages and drawbacks of the 
slant shear test. The realistic loading 
conditions of the interface are considered to be 
an advantage. On the other hand, the moduli of 
elasticity of the two adjacent materials have a 
strong influence on the stress concentrations at 
the edges of the interface. It has also to be 
considered that bond failure will only occur 
when the surface roughness and, consequently, 
the interface shear strength are low. Otherwise, 
the specimen will exhibit a compressive failure 
with the formation of characteristic longi-
tudinal splitting cracks. This failure mode is 
likely to occur especially in the case of flat 
joint inclinations. The slant shear test with 
compressive loading is reasonable only for 
steeper inclinations, preferably above 60°. In 
addition, the ratio of the bond strength to the 
material’s strength should be smaller than one.  

Damage patterns observed at real cement-
based covering layers show that the interfaces 
to the subgrade are failing predominantly 
under tension or under combined tension-shear 
loading. For this reason, the bond behavior 
under these types of loading was subject of the 
present investigation.  

For the tensile loading (mode I) wedge 
splitting tests were conducted and for the 
combined tension-shear loading (mode I & 
mode II, i.e., mixed mode) the setup of the 
slant shear test has been adopted, see 
Section 2.4. The last-mentioned test allows to 
vary the tension-shear ratio by changing the 
inclination of the joint. It is impossible, 
however, to directly separate the damage 
levels reached under tension and shear, 
respectively. Therefore, inverse analyses of the 
experiments are required. In these analyses, 
the non-uniform stress distribution along the 
interface is also accounted for. An appropriate 
material model describing the softening under 
tension and shear may be identified in this 
way. The present paper contains the inverse 
analysis results for the wedge splitting tests 
(mode I). For the case of combined loading 
(mixed mode), the inverse analyses are still 

being carried out. The corresponding tension-
shear test results, however, will be presented 
here.  

2 EXPERIMENTAL PROGRAM 
As stated before, two different test setups 

were used for the experimental investigations. 
The specimens for the wedge splitting tests 
(mode I) consisted of two materials with an 
interface along the ligament, i.e., along the 
expected crack path, see Figure 1. One half of 
the respective specimen was made of SHCC, 
the other one of high-strength concrete. The 
surface roughness in the interface was varied 
and, for a comparison, reference specimens 
without interface and consisting only of SHCC 
were tested. 

For the tension-shear tests (mixed mode), 
the setup has been derived from the slant shear 
test, see Figure 2. The latter has originally 
been proposed for compression-shear loading 
and in the literature several critical discussions 
on the validity of the test results may be found. 
For the tests performed here, the original setup 
was modified and the final interpretation of the 
results will be based on inverse analyses of the 
tests. 

A total of about 45 wedge splitting tests and 
30 slant tension-shear tests were conducted. 

2.1 Materials 
For the concrete subgrade, a high-strength 

concrete, see Table 1, was used. Hence, failure 
of the concrete subgrade was unlikely to occur.  

Table 1: Material composition for the concrete 
subgrade. 

Material Content 
by mass 
[kg/m³] 

Content 
by mass 
[kg] 

Cement CEM I 42.5 R 420 1.00 
Fly ash 80 0.19 
Silica fume 30 0.07 
Water 168 0.40 
Aggregates (0/8 mm) 1699 4.05 
Superplasticizer 10.5 0.025 
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Table 2 contains the material composition 
for the repair material (SHCC). Polyvinyl 
alcohol (PVA) fibers from Kuraray, Japan, 
with a length of 8 mm and a diameter of 0.04 
mm were used as reinforcement. The fiber 
content amounted to 2.0 % by volume. The 
material design was aimed at a high strain 
capacity. 

Table 2: Material composition for the SHCC repair 
material. 

Material Content by mass 
[kg] 

Cement CEM I 42.5 R 1.00 
Fly ash 1.18 
Water 0.68 
Quartz sand (0/0.25 mm) 0.98 
Superplasticizer 0.027 
Stabilizer 0.015 
PVA fibers 2.00 % by volume 

Table 3: Material properties. 

Material Compressive 
strength 
[MPa] 

Elastic 
modulus 

[GPa] 
Concrete (28 days) 86.3 37.4 
SHCC (28 days) 47.5 18.4 

The application of the SHCC to the 
concrete subgrade took place when the latter 
had reached an age of 14 days. The actual 
interface tests were conducted 28 days after 
the application of the SHCC, i.e., 42 days after 
casting the high-strength concrete samples. 
The mechanical properties of both materials 
are listed in Table 3. 

2.2 Specimen preparation and surface 
characterization 

For preparing the specimens for the wedge 
splitting tests (WS), concrete beams with a 
cross-section of 150 x 155 mm² and a length of 
500 mm were cast. After one week, they have 
been split longitudinally and the cast surfaces 
(150 x 500 mm²) of the two halves (WS1-
WS8) were sandblasted until the aggregate 
particles were exposed. For quantifying the 
surface roughness, sand patch tests were 
carried out. The measured depths of roughness 
are listed in Table 4.  

Table 4: Surface roughness of the sandblasted concrete 
beams. 

Wedge 
splitting 

tests 

Depth of 
roughness 

[mm] 

Slant 
tension-

shear tests 

Depth of 
roughness 

[mm] 
WS1 0.41 SS00 0.27 
WS2 0.35 SS20 0.26 
WS3 0.47 SS40 0.29 
WS4 0.36 SS60a 0.34 
WS5 0.38 SS75a 0.32 
WS6 0.43 SS90a 0.33 
WS7 0.35 SS60b 0.41 
WS8 0.29 SS75b 0.39 
  SS90b 0.37 

The SHCC repair material was applied to 
the sandblasted surfaces with a layer thickness 
of 75 mm. Prior to the wedge splitting tests, 
slices with a thickness of 100 mm have been 
cut out of the beams and served as test 
specimens. The notches were saw cut. 

The specimens for the slant tension-shear 
tests (SS) were prepared in a similar way. 
However, in order to obtain inclined 
interfaces, the concrete beams (SS00-SS90) 
were cast into oblique-angled forms. Surface 
preparation and characterization have been 
conducted as in the case of the specimens for 
the wedge splitting tests. Slices with a 
thickness of 70 mm were cut out of the beams 
and notched as explained in Section 2.4. 

2.3 Setup for the wedge splitting tests 
For the wedge splitting tests, specimens 

with a length of 150 mm, a height of 150 mm 
and a thickness of 100 mm were used. The 
experimental setup is shown in Figure 1. The 
notch length has been varied. Table 5 contains 
the specimen dimensions. 
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Figure 1: Experimental setup for the wedge splitting 

tests. 

Table 5: Specimen dimensions for the wedge 
splitting tests. 

 
Length 

l 
[mm] 

Height 
h 

[mm] 

Thickness 
t 

[mm] 

Ligament 
length lLig 

[mm] 
 I 150 150 100 90 
 II 150 150 100 75 
 III 150 100 100 60 

Two LVDTs with a base length of 40 mm 
have been used for measuring the CMOD 
between the load application points. The tests 
were performed in a comparatively stiff 
100 kN loading frame under displacement 
control with 0.2 µm/s. 

2.4 Setup for the slant tension-shear tests 
In contrast to the specimen geometry origi-

nally proposed for the slant shear tests, two 
notches were cut into the specimens used here, 
see Figure 2. The remaining interface area was 
70 x 70 mm² for all inclinations α of the 
interface. There are two reasons for these 
notches. On one hand, the influence of the 
near-surface material properties was to be 
excluded. In the vicinity to the formwork, the 
local properties may be different from those in 
the bulk, for instance due to the aggregate 
particles arrangement. On the other hand, 
without the notches acute-angled edges will be 
formed in both halves of the specimen, i.e., in 
the concrete as well as in the SHCC. In these 
regions, failure of the material itself may occur 

instead of bond failure. This would distort the 
results of the interface test. 

By varying the joint inclination α, the state 
of stress in the interface is changed. In the 
experiments performed here, specimens with 
six different angles (0°, 20°, 40°, 60°, 75°, and 
90°) were tested. An angle of zero results in 
pure tension and an angle of 90° theoretically 
in pure shear. Figure 2 shows a specimen with 
a joint inclination of 60°. 

During the tests, two orthogonal 
displacement components between two points 
at each notch tip were measured by using 
LVDTs, see Figure 2. On the basis of these 
measured displacement values, the normal and 
tangential displacements in the interface could 
be calculated, i.e., Δu and Δv in Figure 2. 

 
Figure 2: Experimental setup for the slant 

tension-shear tests. 

Two additional LVDTs were attached to the 
backside of each specimen. They served for 
measuring the vertical notch tip opening 
displacement which was used as feedback 
signal for the closed-loop controlled test. The 
loading velocity amounted to 0.1 µm/s. 

3 EXPERIMENTAL RESULTS 

3.1 Results of the wedge splitting tests 
The results of the wedge splitting tests are 

presented in Figures 3-5 for the different 
ligament lengths. It may be seen that the 
curves show a comparatively large scatter. 
This may be explained by the locally different 
failure behavior. In a certain portion of the 
fracture surface, the SHCC remains attached to 
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the interface, i.e., the final crack is formed in 
the SHCC rather than in the interface. The 
interface portion with SHCC adherence 
strongly influences the bond properties. This 
will be discussed in Section 4.  

Some of the wedge splitting tests with the 
longest ligament length, see Figure 3, became 
unstable after reaching the peak load and were 
excluded from the following evaluation.  

 
Figure 3: Load-displacement curves for the wedge 

splitting tests with a ligament length of 90 mm. 

 
Figure 4: Load-displacement curves for the wedge 

splitting tests with a ligament length of 75 mm. 

 
Figure 5: Load-displacement curves for the wedge 

splitting tests with a ligament length of 60 mm. 

It has to be considered that the roughness 
values given in Figures 3-5 are average values 
for the respective concrete beam the individual 
specimens were originating from, see Sec-
tion 2.2. Exact roughness values for the 
individual specimens are not known. An 
evaluation of the obtained fracture surfaces is 
under way. 

The results of the wedge splitting tests of 
SHCC specimens without interface are pre-
sented in Figure 6. The maximum loads are 
significantly higher than in the tests with 
interfaces. In order to enforce a localized 
fracture, grooves along the crack path were cut 
into the front and back faces of the specimens. 
In this way, the ligament has been weakened 
and the width of the fracture process zone was 
confined. The intention was to allow for a 
comparison with the bond failure observed in 
the specimens with interface. 

 
Figure 6: Load-displacement curves for the wedge 

splitting tests of SHCC specimens. 

3.2 Results of the slant tension-shear tests 
For each test, five load-displacement curves 

were obtained, two for the tangential 
displacement, two for the normal displace-
ment, and one for the longitudinal dis-
placement measured at the backside of the 
specimen. Figure 7 shows individual curves 
obtained for the interface inclination of 40°. 
For the other inclinations, averaged curves are 
presented in Figure 8 as an overview. 

The curves in Figure 7 belong to three 
different tests. They were measured at the 
upper notch tip and show a good agreement.  
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Figure 7: Load-displacement curves for the normal and 

tangential displacement in the interface at the upper 
notch tip. 

 
Figure 8: Load-displacement curves for the normal 

displacement at the upper notch tip. 

 
Figure 9: Comparison of the load-displacement curves 

for the normal displacement at the upper and lower 
notch tip. 

When comparing the measured displace-
ments at the upper and lower notch tip, differ-
ences may be found which are getting larger 
with increasing interface inclination, see 
Figure 9. This results from the non-uniform 
stress distribution in the interface and points to 
the necessity of inverse analyses of the 
experiments. These analyses will be performed 

for determining the strength and softening 
properties of the interface under tension and 
shear. 

4 DETERMINATION OF INTERFACE 
PROPERTIES BY INVERSE ANALYSIS 

4.1 Interface properties for mode I 
The determination of the uniaxial stress-

crack opening curves for the interface requires 
the inverse analysis of the conducted wedge 
splitting tests. This analysis includes 
simulations of the fracture process and the 
iterative fitting of the numerical results to the 
experimental ones. Objective inverse analysis 
results require very good fits, i.e., compara-
tively small error values. For this reason, the 
applied optimization procedure is based on an 
evolutionary algorithm [4]. 

The stress-crack opening curves obtained 
by inverse analysis are presented in 
Figures 10-12. As expected, these curves have 
a similarly large scatter like the measured 
load-displacement curves shown in Figures 3-
5. As stated before, this is attributed to the 
significant influences of the surfaces rough-
ness and of the different interface portions 
with adhering SHCC. The SHCC adherence is 
also considered to be the reason for the 
hardening effect which is observed in many 
stress-crack opening curves after the steep 
post-peak stress drop.  

It has to be taken into account that the 
inverse analysis of the wedge splitting tests is 
based on the assumption of uniform fracture 
properties within the ligament. Since the final 
crack will be formed partially along the 
interface and partially in the SHCC, this 
assumption is no longer fulfilled for the 
particular type of failure investigated here. The 
measured load-displacement curve will not 
only be influenced by the total area portion 
with SHCC adherence, but also by the location 
of such areas within the ligament. This also 
contributes into the observed comparatively 
large scatter of the stress-crack opening 
curves, see Figures 10-12.  
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When comparing the inverse analysis 
results obtained for the different specimen 
geometries, no systematic influence of the 
ligament length may be identified. It has to be 
considered, however, that for the longest 
ligament length not all the samples were 
included in the evaluation since unstable frac-
ture occurred in some tests, see Section 3.1. 

 
Figure 10: Softening curves obtained by inverse 

analysis of the wedge splitting tests with a ligament 
length of 90 mm. 

 
Figure 11: Softening curves obtained by inverse 

analysis of the wedge splitting tests with a ligament 
length of 75 mm. 

 
Figure 12: Softening curves obtained by inverse 

analysis of the wedge splitting tests with a ligament 
length of 60 mm. 

Table 6 contains the obtained values for the 
uniaxial tensile strength and for the fracture 
energy. For series WS1, WS2, WS3, WS4, and 
WS7 no clear correlation between bond tensile 
strength and surface roughness (0.35-
0.47 mm) may be seen. For Series WS8, 
however, which is characterized by a low 
surface roughness (0.29 mm), significantly 
lower values for the tensile strength were 
measured. 

Table 6: Results of the inverse analysis of the wedge 
splitting tests. 

Wedge splitting 
(WS) tests 

Depth of 
roughness 
[mm] 

Tensile 
strength 
[MPa] 

Fracture 
energy 
[N/m] 

WS1-I-2 0.41 2.89 839 
WS1-II 0.41 1.54 375 
WS1-III-1 0.41 2.17 636 
WS1-III-2 0.41 1.52 751 
WS2-I-2 0.35 2.64 137 
WS2-II 0.35 2.23 661 
WS2-III-1 0.35 2.23 424 
WS2-III-2 0.35 1.54 482 
WS3-I-1 0.47 2.04 431 
WS3-I-2 0.47 2.00 565 
WS3-II 0.47 2.66 800 
WS3-III-1 0.47 2.57 412 
WS3-III-2 0.47 2.29 478 
WS4-I-1 0.36 2.12 97 
WS4-II 0.36 2.08 773 
WS4-III-1 0.36 1.38 563 
WS4-III-2 0.36 1.87 546 
WS5-I-1 0.38 1.63 11 
WS5-I-2 0.38 1.28 7 
WS5-I-3 0.38 1.29 7 
WS5-I-4 0.38 1.29 7 
WS6-I-1 0.43 0.85 23 
WS6-I-2 0.43 0.89 22 
WS6-I-3 0.43 1.52 25 
WS6-I-4 0.43 1.01 26 
WS7-I-1 0.35 1.21 339 
WS7-I-2 0.35 1.54 851 
WS7-I-3 0.35 1.34 1032 
WS7-I-4 0.35 0.93 555 
WS8-I-1 0.29 0.48 5 
WS8-I-2 0.29 0.37 6 
WS8-I-3 0.29 0.42 6 
WS8-I-4 0.29 0.30 5 
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A higher surface roughness results in a 
more pronounced post-peak hardening and, 
consequently, in a higher fracture energy. This 
is due to the larger interface portion with 
adhering SHCC in the case of the higher 
roughness. 

It was observed that for low roughness 
values of the interface, the high deformability 
of the SHCC has nearly no effect on the bond 
behavior. This shows the comparison of the 
curves for SHCC and unreinforced repair 
mortar (matrix of the SHCC without fibers) 
with the lower roughness value in Figure 13. 
The specimens with PVA fibers (SHCC) and 
without fibers exhibit nearly the same post-
peak behavior. The low surface roughness 
prevents SHCC adherence and the fiber 
reinforcement can not be activated. 

 
Figure 13: Stress-crack opening curves obtained by 

inverse analysis of wedge splitting tests. 

In Figure 13 it may also be seen that the 
interface with the unreinforced material and 
the higher surface roughness exhibits a much 
more ductile fracture behavior.  

Silfwerbrand [3] stated that there is a 
certain threshold value for the surface rough-
ness of interfaces. If this threshold value is 
exceeded, a further increase of the roughness 
will no longer influence the bond strength. 
According to Silfwerbrand et al. [1], this 
threshold roughness is in the order of 
magnitude of the one of typical sandblasted 
concrete surfaces. 

On the basis of the results presented here, it 
is speculated that above the aforementioned 
roughness threshold value the high deforma-
bility of the SHCC is activated resulting in a 
ductile bond behavior. Below this threshold 

value, the ductility of the bond depends on 
both the surface roughness and the deformabi-
lity of the repair material. If the surface rough-
ness is getting even lower, the influence of the 
material’s deformability vanishes and, eventu-
ally, the fiber reinforcement will no longer 
have an effect. This was probably the case for 
the SHCC results presented in Figure 13. 
When the curves for SHCC in Figure 13 are 
compared to those in Figures 10-12, however, 
a strong effect of the material’s deformability 
on the bond behavior may be seen. Because of 
the higher surface roughness, SHCC is 
adhering to the interface resulting in a 
significantly larger critical crack opening 
displacement (average value about 1.20 mm), 
see Figures 10-12, and in a significantly higher 
fracture energy. In addition, many curves in 
Figures 10-12 show a characteristic second 
peak in the post-peak range which is also 
attributed to the SHCC adherence. If a ductile 
bond behavior is to be achieved, the high 
deformability of SHCC can only be utilized 
when the surface roughness is sufficiently 
high. The bond strength has to exceed the 
strength of the SHCC. 

After the wedge splitting tests, the interface 
area portions with SHCC adherence were 
determined. Figure 14 shows the relationship 
between this area portion and the fracture 
energy. An almost linear dependency is 
observed. For 100 % adherence, the fracture 
energy values determined in the wedge 
splitting tests of the SHCC specimens without 
interface, see Section 3.1, were used. In these 
tests, the highest fracture energy values have 
been measured. It should be noted, however, 
that in case of uniaxial tension and perfect 
bond, the formation of multiple parallel cracks 
may result in significantly higher fracture 
energy values. In the wedge splitting tests 
performed here, this multiple cracking was 
constricted.  
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Figure 14: Relationship between the fracture energy 

and the interface portion with SHCC adherence. 

4.2 Interface properties for mixed mode 
The inverse analyses of the slant tension-

shear tests are still under way. Nevertheless, 
some characteristic experimental results are 
presented in the following. 

The ultimate stresses for different interface 
inclinations are shown in Figure 15 by means 
of a Mohr-Coulomb type presentation. The 
dots (labeled as Slant tension-shear tests) 
correspond to the normal and shear stresses 
obtained under the assumption of a uniform 
stress distribution in the interface. An im-
proved stress analysis yielded the circles 
(labeled as Slant tension-shear tests adjusted). 
Thereby, the stress distributions have been 
determined by linear-elastic finite element 
analyses.  

Figure 15 also shows a failure function 
(solid line) which is expressed according to 
Červenka et al. [5] by Eq. 1.  

  02
2

2
1  baF   

with 

     tfca tan2  

   222tan tfb    

(1) 

where 1 and 2 = shear stresses, t = tensile 
strength,  = normal stress, f = angle of fric-
tion, and c = cohesion. The material properties 
adopted here for this failure function are listed 
in Figure 15. 

 
Figure 15: Ultimate stresses in the slant tension-shear 

tests. 

It is assumed that the bond strength is 
underestimated by the simplified evaluation of 
the test results. As repeatedly stated before, 
inverse analyses of the experiments are 
required. 

5 CONCLUSIONS 
For characterizing the mode I fracture 

behavior of an interface between SHCC and 
concrete subgrade, wedge splitting tests and 
inverse analyses of these tests were carried 
out. The following conclusions may be drawn: 
 If the surface roughness of the interface 

is low, the bond strength depends 
strongly on the roughness values. 

 If the bond strength is high, cracks will 
be formed in the SHCC and the fibers are 
activated. In this case, the influence of 
the surface roughness on the bond 
strength vanishes. 

 The higher the area portion with an intact 
bond between SHCC and concrete, i.e., 
the higher the area portion with SHCC 
adherence, the more ductile the bond be-
havior will be. 

 The mode I fracture energy strongly 
depends on the portion of the fracture 
surface with SHCC adherence. 

 If the bond strength is low when com-
pared to the matrix strength, the interface 
will fail and the SHCC properties do not 
have an influence on the bond behavior. 
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For investigating the interface behavior 
under combined tension and shear (mixed 
mode) loading the slant shear test has been 
adopted. Although the inverse analyses of 
these tests are still to be completed, the 
following preliminary conclusions may be 
drawn: 
 The proposed experimental setup for a 

modified slant shear test has proved to be 
applicable. Reproducible test results 
were obtained which may serve as a 
basis for the inverse analyses. 

 A first simplified evaluation of the test 
results yielded a failure surface with the 
expected shape. It has also shown a 
strong non-uniformity of the stress 
distribution within the ligament. An 
exact evaluation of the experimental 
results requires inverse analyses of the 
tests. 
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Abstract: An inverse analyses procedure for determining the mechanical material properties of 

strain hardening cement-based materials is presented. It allows to determine the uniaxial stress-

strain curve up to the material’s localization point on the basis of the results of four-point bending 

tests. In these tests, the beam curvature is measured and serves as input value for the inverse 

analysis. An evolutionary optimization algorithm is used. It is demonstrated that the beginning of 

damage localization in a bending test does not necessarily lead to a decrease of the external load. 

Results of direct tension tests were used for validating the inverse analysis procedure.  
 

 

1 INTRODUCTION 

Fibre reinforced cementitious materials may 

exhibit a strain hardening behaviour under 

uniaxial tension. This means that after crack 

initiation the stress will increase or at least 

remain constant under increasing strain. In this 

hardening stage, multiple parallel cracks are 

being formed. Eventually, the traction in one 

of these cracks will start to decrease resulting 

in a closing of the neighbouring cracks. The 

uniaxial stress-strain curve up to this point of 

damage localization is the subject of the 

present investigation.  

Whereas the softening behaviour of 

cementitious materials may be determined by 

testing notched specimens, preferably in 

wedge splitting or bending tests, the 

investigation of the hardening behaviour 

requires tests of unnotched specimens. 

Otherwise, the characteristic multiple cracking 

may not be activated.  

An accepted experimental method for 

determining the material-specific stress-strain 

curve of hardening materials are uniaxial 

tension tests. Since such tests are time-

consuming and expensive, easy to perform 

bending tests are an alterative for practical 

material testing. However, these tests require 

inverse analyses because the uniaxial stress-

strain curve can not be obtained directly from 

the test results. The inverse analyses include 

numerical simulations of the fracture process 

taking place in the specimen and an iterative 

fitting of the numerical results to the 

experimental ones. In this way, the best fitting 

set of material parameters is identified. 

In the following, an inverse analysis 

procedure for determining the strain hardening 

behaviour of cementitious materials is 

described and discussed. The underlying 

mechanical model and the optimization 

method were already presented at a previous 

FraMCoS conference [1]. In the present paper, 

an improved experimental setup is proposed 

and for the validation of the method new 

experimental as well as numerical results are 

presented. 

Inverse analysis methods have been used 

successfully in concrete fracture mechanics for 

decades, in most cases for identifying 

softening properties [2-5]. For strain hardening 
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materials, Qian et al. [6] developed a simpli-

fied inverse analysis procedure to be applied in 

quality control. Tensile strength and strain 

capacity are derived from the results of 

bending tests by using previously determined 

master curves linking the flexural behaviour to 

the uniaxial one. Østergaard et al. [7] modified 

their hinge model and the corresponding 

inverse analysis method in order to determine 

both the hardening and the softening behaviour 

of cementitious materials. 

The inverse analysis procedure described in 

the present paper allows to identify only the 

hardening behaviour. It has to be considered, 

however, that for most structural applications 

of cementitious strain hardening materials only 

the stress-strain curve up to the localization 

point is of technical interest. If, in spite of that, 

the softening curve of strain hardening 

cementitious materials needs to be determined, 

the authors refer to a previously proposed two-

step method involving bending tests of 

notched specimens in addition to those of 

unnotched specimens [1, 10-11]. 

The objective of the authors’ work on the 

inverse analysis of fracture experiments was, 

firstly, to adopt mechanical models which 

would not require the assumption of model 

parameters in addition to the material 

properties to be identified and, secondly, to 

use a suitable optimization method for the 

fitting process [1, 4, 12-13]. As far as the 

optimization method is concerned, an 

evolutionary algorithm including local 

neighbourhood attraction for convergence 

improvement has proved to be an appropriate 

method for determining different material 

parameters of cement-based materials. This 

algorithm was used in inverse analyses of 

fracture tests for determining softening 

parameters [4] as well as in inverse analyses of 

drying experiments for the determination of 

the moisture dependent diffusion coefficient 

[8] and of the infinitesimal shrinkage strain 

[9]. Evolutionary algorithms are biologically 

motivated iterative stochastic optimization 

methods. They originate from Darwin’s model 

of evolution by natural selection of 

individuals, i.e., of possible solutions in 

computational applications, and incorporate 

genetic operations like combination of indi-

viduals (heredity) or mutations [14-16]. 

The evolutionary algorithm used by the 

authors allows within a moderate computing 

time for very good fits which could not be 

achieved by manual fitting. In its current 

version, the associated software tool allows to 

optimize models with up to 12 parameters. In 

the case of the hardening behaviour, these 12 

parameters may describe a multi-linear stress-

strain curve with seven segments. The 

comparatively high number of parameters 

which may be optimized is an advantage of 

evolutionary algorithms. The optimization 

problem discussed here, i.e., the identification 

of the stress-strain curve, requires indeed a 

high number of parameters. This may be 

attributed to the fact that large variations in the 

hardening function cause only comparatively 

small differences in the numerically obtained 

load-displacement curves. Consequently, only 

quite exact approximations provide reliable 

inverse analysis results, i.e., sufficiently 

accurate hardening functions. This entails the 

formulation of an adequate error measure. In 

the work presented here a mixed error criterion 

based on vertical and horizontal deviations 

between the experimentally and numerically 

obtained curves was used [4]. 

Because of the stochastic nature of evolu-

tionary algorithms the risk of getting caught by 

local minima in the error function is reduced. 

This is another advantage of this type of 

optimization algorithms and of particular 

importance for the parameter identification in 

concrete fracture mechanics since the 

corresponding error functions are usually quite 

jagged [4]. 

Finally, it should be mentioned that in 

evolutionary algorithms the underlying 

physical model is completely separated from 

the optimization method. There are no 

restrictions concerning type and mathematical 

formulation of the model. This allows for a 

high variability in the process of finding an 

appropriate material law. 

 

2057



N. Bretschneider, B. Villmann and V. Slowik 
 

 3 

2 PROPOSED METHOD 

2.1 Experiments 

As explained before, the investigation of 

the hardening behaviour requires bending tests 

of unnotched specimens. In order to 

completely activate the high strain capacity of 

the respective material, four-point loading is 

applied, see Figure 1, resulting in a compara-

tively large highly strained volume. The 

specimen dimensions for the tests described in 

Section 3.1 are given in Table 1. Of course, the 

inverse analysis procedure may also be applied 

to bending tests with other specimen dimen-

sions.  

 

Figure 1: Geometry of the tested beams. 

Table 1: Specimen dimensions. 

H 80 mm 

L 400 mm 

c 25 mm 

d 125 mm 

Thickness 40 mm 

Length of region with 

constant moment 

150 mm 

 

Figure 2 shows the experimental setup for 

the four-point bending tests. In view of the 

inverse analysis, it appeared to be useful to 

measure the curvature of the beams in order to 

have an additional or alternative measurand to 

be compared to the analysis results. For that, 

LVDTs are installed in axial direction at the 

side faces of the respective beam, on each side 

one at the top and one at the bottom, see 

Figure 2. On the basis of the measured 

displacement differences, the average 

curvature in the centre part of the beam may 

be calculated. The LVDTs used for the 

curvature measurement are connected to the 

beam’s surface by hinges, see Figure 3. The 

vertical displacements of the loading points 

and of the supports are also measured by 

LVDTs.  

 
Figure 2: Experimental setup for the bending tests. 

 

Figure 3:  LVDT with hinge connectors for the 

curvature measurement. 

Measuring the curvature rather than the 

deflection has already been recommended by 

the Japan Concrete Institute [17], although a 

completely different analysis procedure was 

proposed in this recommendation. The investi-

gations presented here have confirmed that the 

inverse analysis results are more accurate 

when the beam curvature is measured and used 

as an input parameter for the iterative curve 

fitting. This may be attributed to the fact that 

only the deformation in the inner part of the 

beam length is captured by the curvature 

measurement whereas the mechanical behav-

iour outside this part does not influence the 

measurement results. Since these influences 

are excluded, a better accordance between 

experiment and mechanical model may be 

achieved. This is an improvement with respect 

to the method proposed in [1]. 
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2.2 Mechanical model  

Taking advantage of symmetry, only half of 

the beam is modelled, see Figure 4. The inner 

region of the 2D model, i.e., the region with 

constant maximum moment, consists of non-

linear axial members and the side region of a 

linear-elastic finite element model. Hence, the 

mechanical model does not require a plane 

section assumption, except in the plane of 

symmetry. Cracking outside the inner region 

of maximum moment is neglected. For 

practical reasons, the linear-elastic part, i.e., 

the side region, is pre-analyzed by finite 

elements and replaced by a linear-elastic 

macro-element in the actual inverse analyses. 

It has to be pointed out that evolutionary 

optimization algorithms require a high number 

of individual simulations. By the linear-elastic 

pre-analysis, the number of degrees of 

freedom and, consequently, the computing 

time are significantly reduced. 

 

Figure 4: Model for the numerical simulations. 

The mechanical behaviour of the nonlinear 

axial members is described by a multi-linear 

stress-strain curve with strain hardening in the 

tensile range, see Figure 5. In order to obtain 

correct simulation results, it appeared to be 

necessary to consider a nonlinear stress-strain 

behaviour also in the compressive range. In 

this range, a bilinear curve with a linear-elastic 

branch and a constant post-peak stress was 

adopted.  

With the mechanical model shown in 

Figure 4 and the material law shown in 

Figure 5, the numerical simulations required 

for the inverse analysis are carried out, 

however only up to the localization point 

which is characterized by the maximum tensile 

stress. Thereafter, further damage would take 

place in a single fracture process zone and 

should be described by a softening curve 

[1, 11]. A continuing simulation with the 

model shown in Figure 5 would not be 

physically correct since it can not correctly 

reproduce the strain localization. Hence, the 

hardening curves obtained in the inverse 

analyses of the bending tests are truncated at 

the point of maximum stress. 

Figure 5:  Stress-strain curve assumed for the nonlinear 

axial members. 

The specimen self-weight is taken into 

account in the simulations, although 

parametric studies have shown that its 

influence is negligible for practical specimen 

sizes. 

2.3 Inverse analysis of numerical 

experiments 

The proposed analysis procedure has been 

tested on the basis of simulated bending tests, 

i.e., on the basis of artificial “experimental” 

results. Initially, the four-point bending tests 

described in Section 2.1 were numerically 

simulated by using a 2D finite element model 

and under the assumption of uniform material 

properties, i.e., assuming a homogeneous 

material. Thereby, the material law shown in 

Figure 5 was assigned to the elements. The 

mechanical behaviour of the models turned out 

to be too ductile when compared to real 

experiments. The uniform stress distribution 

led to the opening and softening of numerous 

parallel cracks the spacing of which was 

strongly mesh dependent rather than a material 

characteristic. The obtained crack patterns and 
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force-curvature curves were not realistic.  

A simple unsystematic application of a 

random distribution to the local tensile 

strength values resulted also in a strong mesh 

dependence of the simulation results, 

especially in the post-peak range. Therefore, 

the spatially varying material properties were 

assigned to the model by using global random 

fields, see Figure 6. The element properties 

were retrieved from the respective random 

field by a numerical averaging over the 

element area. Random fields have also been 

used by Kabele [18] for modelling strain 

hardening cementitious materials. 
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Figure 6:  Random field for the material properties 

(dimensionless random variable). 
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Figure 7: Simulation results of four-point bending tests. 

Figure 7 shows five simulation results 

obtained on the basis of five different random 

fields. It is clearly visible that the differences 

between the individual curves are more 

pronounced in the softening range. They result 

from different crack patterns. Two examples 

of calculated crack patterns are shown in 

Figure 8. 

 

Figure 8: Simulation results of four-point bending 

tests, contours correspond to maximum 

principal strain. 
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Figure 9:  Hardening curves obtained by inverse analy-

sis of the simulated four-point bending tests 

in comparison to the original material law. 

The simulation results were used for testing 

the proposed inverse analysis procedure. 

Figure 9 shows the obtained hardening curves. 

As expected, these curves are in good 

accordance with the original uniaxial material 

law used for generating the different scatter 

fields. This indicates that the simplified 

mechanical model described in Section 2.2 is 

applicable for the inverse analyses. It yields 

results which are very close to those of a “full” 

nonlinear finite element analysis with plane 

elements. 

 

3 VALIDATION OF THE METHOD BY 

EXPERIMENTS 

3.1 Test materials and experiments 

For validating the proposed procedure of 

conducting four-point bending tests and 

inverse analyses of the same, direct (uniaxial) 

tension tests were carried out. The results of 

these tests served as a reference for the 
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hardening behaviour to be determined in the 

inverse analyses. Two different materials 

belonging to the group of High Performance 

Fibre Reinforced Cementitious Composites 

(HPFRCC) were investigated. The first one 

was a Strain Hardening Cement-based 

Composites (SHCC) with polyvinyl alcohol 

(PVA) fibre reinforcement. The fibres of type 

Kuraray REC15 had a length of 8 mm. Table 2 

shows the material composition. 

Table 2: Composition of the tested SHCC. 

Cement [kg] 1.0 

Water [l] 1.1 

Fly ash [kg] 2.3 

Silica flour [kg] 1.0 

Silica sand [kg] 0.4 

Plasticizer [kg] 0.04 

Stabilizer [kg] 0.015 

Fibre content [% by vol.] 2.2 

 

The second test material was a ready mixed 

steel fibre reinforced mortar of type Refortec 

GF3 produced by Technochem Italiana Spa. 

This material was prepared according to the 

manufacturer recommendation. It is character-

ized by high strength in tension and compres-

sive as well as by a high strain capacity. In 

contrast to that, the tensile strength of SHCC is 

usually as low as the one of unreinforced 

cement-based mortar. Hence, two very 

different hardening materials were used for 

validating the proposed inverse analysis 

procedure. 

After casting, the specimens were left in 

their metal moulds and covered for three days. 

Thereafter, they were stored at 65 % relative 

air humidity and 20°C. The compressive 

strength after 28 days amounted to 

25.5 N/mm² for the SHCC and to 

163.5 N/mm² for the steel fibre reinforced 

mortar. 

The four-point bending tests were 

conducted as explained in Section 2.1. For the 

direct tension tests, dog-bone shaped 

specimens with a cross-section of 40 mm by 

40 mm over a length of 100 mm have been 

prepared. These specimens were glued 

between stiff platens and tested under dis-

placement control as explained in [1]. 

3.2 Determination of the hardening curves 

by inverse analysis of the bending tests 

Figure 10 shows the force-curvature curves 

for the SHCC. The solid lines are the 

experimental results of seven four-point 

bending tests and the dots represent the curves 

obtained by inverse analysis of the individual 

experiments. It may be seen that the 

evolutionary algorithm yields very good fits. 
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Figure 10: Comparison of measured and simulated 

force-curvature curves for the SHCC. 
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Figure 11: Obtained hardening curves for the SHCC. 

The seven hardening curves obtained by the 

inverse analyses are presented in Figure 11 in 

comparison to the results of three direct 

tension tests conducted with the same material. 

It turns out that in most cases the stress at 

crack initiation is underestimated by the 

inverse analysis. The stress level at the 

localization point, however, is in good 

accordance with the reference results of the 

direct tension tests. The calculated strain at the 

localization point is in the same order of 

magnitude as the one in the direct tension 

tests, although two inverse analysis results 

overestimate this strain.  
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The force-curvature curves and the corre-

sponding inverse analysis results for the steel 

fibre reinforced mortar are shown in Figure 12 

and Figure 13, respectively. In contrast to the 

results for the SHCC, the inverse analysis 

tends to overestimate the initial cracking 

strength here. The hardening stress level and 

the localization strain seem also slightly to be 

overestimated. 
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Figure 12: Comparison of measured and simulated 

force-curvature curves for the steel fibre 

reinforced mortar. 
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Figure 13: Obtained hardening curves for the steel 

fibre reinforced mortar. 

A possible reason for the deviation between 

the inverse analysis results and the stress-strain 

curves obtained in direct tension tests is the 

simplified material law, especially as far as the 

nonlinear behaviour under compression is 

concerned. In addition, the fibres in the 

vicinity of the highly strained specimen 

boundary in the bending tests are usually 

oriented parallel to the surface. This results in 

a locally increased effective fibre content. 

Considering the technical difficulties con-

nected with direct tension tests and the scatter 

of the results, the inverse analysis of bending 

tests has proved to be a recommendable 

method for determining the material properties 

of strain hardening cementitious materials. For 

most practical applications, the inverse 

analysis yields sufficiently accurate results. 

 

4 UNIAXIAL STRAIN HARDENING 

VERSUS DEFLECTION HARDENING 

As stated in Section 2.2, the stress-strain 

curves obtained by inverse analyses of bending 

tests are physically correct only up to the 

localization point. Therefore, they are 

truncated at the point of maximum tensile 

stress although the numerical simulations may 

be continued beyond this point. In the bending 

tests, the point of local maximum tensile stress 

may be reached before the maximum of the 

external load is measured. Fracture localiza-

tion in bending tests does not necessarily lead 

to an immediate decrease of the external load. 

This is demonstrated in Figure 14 which 

shows the results of two four-point bending 

tests of SHCC specimens. The dots represent 

the numerical results obtained by the 

corresponding inverse analysis. In each of the 

inverse analysis results, a characteristic point 

is marked. At these points, the maximum 

stress is reached at the bottom face of the 

respective beam, i.e., damage localization 

starts. In the case of beam I, the marked point 

coincides with the peak of the global force-

curvature curve. In beam II, however, this 

point is reached at a load level lower that the 

external maximum load. The hardening 

occurring in the global force-curvature curve 

beyond the marked point is a phenomenon 

which may be observed only under bending. It 

does not indicate a continuing local strain 

hardening. Figure 15 shows the stress-strain 

curves corresponding to the results shown in 

Figure 14. The strain at fracture localization, 

also indicated by markers, is significantly 

smaller in beam II than in beam I. It may also 

be seen, that the stress decreases only slightly 

after fracture localization in beam II. This 

event does obviously not result in a sudden 

stress drop. 

2062



N. Bretschneider, B. Villmann and V. Slowik 

 8 

0

2000

4000

6000

8000

10000

12000

0.0 0.2 0.4 0.6 0.8 1.0

Curvature [1/m]

F
o
rc

e 
[N

]

beam I

beam II

simulation

localization point

 

Figure 14: Comparison of measured and simulated 

force-curvature curves for the SHCC. 
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Figure 15: Obtained hardening curves for the SHCC. 

Figure 16 and Figure 17 show correspon-

ding results for the steel fibre reinforced 

mortar. As for the SHCC, two different four-

point bending tests have been selected for 

demonstrating the difference between uniaxial 

strain hardening and deflection hardening. The 

results confirm that the point of local maxi-

mum stress does not necessarily coincide with 

the point of maximum external load in the 

bending test. Although the strain capacity of 

the steel fibre reinforced mortar is significantly 

lower than the one of the SHCC, this phe-

nomenon may be observed. The results shown 

in Figure 16 and Figure 17 indicate that in the 

case of beam II deflection hardening may be 

observed after local softening has already 

started. 

According to the results, it is impossible to 

distinguish between uniaxial strain hardening 

and deflection hardening purely on the basis of 

experimental results obtained in bending tests. 

An inverse analysis of these tests is required. 
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Figure 16: Comparison of measured and simulated 

force-curvature curves for the steel fibre 

reinforced mortar. 

0

2

4

6

8

10

12

14

16

18

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008

Strain [-]

S
tr

es
s 

[N
/m

m
²]

beam I

beam II

localization point

 

Figure 17: Obtained hardening curves for the steel 

fibre reinforced mortar. 

 

5 CONCLUDING REMARKS 

The presented procedure for the characteri-

zation of strain hardening cement-based 

materials yields sufficiently accurate results 

for practical material testing. In four-point 

bending tests, the external force and the 

curvature are measured. For the inverse 

analysis of these tests, a simplified mechanical 

model and an evolutionary optimization 

method have proved to be suitable. Simpli-

fications of the mechanical model were 

necessary since the high number of individual 

fracture simulations during the optimization 

requires computationally efficient analyses. 

Thus, within moderate computing times very 

good fits of the numerical results to the 

experimental ones are obtained. 

The procedure allows to determine only the 

hardening behaviour, not the softening 

behaviour of the tested materials. It is possible, 

however, to identify the localization point in 

2063



N. Bretschneider, B. Villmann and V. Slowik 
 

 9 

the bending tests and to distinguish between 

strain hardening and deflection hardening. 

 

 

REFERENCES 

 

[1] Bretschneider, N., Villmann, B. and 

Slowik, V., 2007. Inverse analyses of 

bending tests for determining material 

properties of strain hardening cement-

based materials. In Carpinteri et al. (eds.), 

High-Performance Concrete, Brick-

Masonry and Environmental Aspects; 

Proc. of the 6th Int. Conf. on Fracture 

Mechanics of Concrete and Concrete 

Structures (FraMCoS-6), Vol. 3, June 17-

22, 2007, Catania, Italy; pp.1419-27. 

[2] Roelfstra, P.E. and Wittmann, F.H., 1986. 

Numerical method to link strain softening 

with failure of concrete. In F.H. Wittmann 

(ed.), Fracture Toughness and Fracture 

Energy of Concrete; Proc. of the Int. 

Conf. on Fracture Mechanics of Concrete, 

October 1-3, 1985, Lausanne, Switzer-

land; pp.163-75. 

[3] Japan Concrete Institute, 2001. Deter-

mination of tension softening diagram of 

concrete. JCI-TC992 Test Method for 

Fracture Property of Concrete. 

[4] Slowik, V., Villmann, B. and Bret-

schneider, N., 2006. Computational 

aspects of inverse analyses for 

determining softening curves of concrete. 

Computer Methods in Applied Mechanics 

and Engineering 195(52):7223-36. 

[5] Østergaard, L., 2003. Early-age fracture 

mechanics and cracking of concrete. PhD 

Thesis. Technical University of Denmark. 

[6] Qian, S. and Li, V.C., 2008. Simplified 

inverse method for determining the tensile 

properties of strain hardening cementi-

tious composites (SHCC). Journal of 

Advanced Concrete Technology 6(2):353-

63.  

[7] Østergaard, L., Walter, R. and Olesen, 

J.F., 2005. Method for determination of 

tensile properties of ECC. Int. Workshop 

on High Performance Fiber Reinforced 

Cementitious Composites in Structural 

Applications, May 23-26, 2005, Honululu, 

Hawaii, USA. 

[8] Villmann, B., Slowik, V. and Michel, A., 

2007. Determination of the diffusion 

function by inverse analysis of drying 

experiments. In M.J. Setzer (ed.), Trans-

port in Concrete: Nano-to Macrostruc-

ture, Aedificatio Publishers, Freiburg, 

Germany; pp.127-36. 

[9] Villmann, B. and Slowik, V., 2011. 

Infinitesimal shrinkage as determined by 

inverse analysis. Restoration of Buildings 

and Monuments 17(6):383-96. 

[10] Bretschneider, N., Slowik, V. and Vill-

mann, B., 2010. Inverse analysis of 

experiments for determining fracture 

properties of strain hardening cement-

based composites. In Mechtcherine et al. 

(eds.), Fracture and Damage of Advanced 

Fibre-reinforced Cement-based Materi-

als; Proc. of a Symposium organized 

within the European Conference on 

Fracture (ECF 18), Aug. 30 - Sept. 3, 

2010, Dresden, Germany; pp.203-11. 

[11] Bretschneider, N., 2011. Inverse Analyse 

zur Ermittlung der bruchmechanischen 

Eigenschaften entfestigender und ver-

festigender zementgebundener Werkstoffe. 

PhD Thesis. Technische Universität 

Dresden, Germany.  

[12] Villmann, B., Villmann, T. and Slowik, 

V., 2004. Determination of softening 

curves by backward analyses of 

experiments and optimization using an 

evolutionary algorithm. In V.C. Li et al. 

(eds.), Proc. of the 5th Int. Conf. on 

Fracture Mechanics of Concrete and 

Concrete Structures (FraMCoS-5), April 

12-16, 2004, Vail, Colorado, USA; Vol. 1, 

pp.439-45. 

2064



N. Bretschneider, B. Villmann and V. Slowik 

 10 

 

[13] Villmann, B., Bretschneider, N., Slowik, 

V. and Michel, A., 2006. Bestimmung von 

Materialeigenschaften zementgebundener 

Werkstoffe mittles inverser Analyse. 

Bautechnik 83(11):747-53. 

[14] Bäck, T., 1996. Evolutionary Algorithms 

in Theory and Practice. Oxford University 

Press, New York, Oxford. 

[15] Villmann, T., 2001. Evolutionary algo-

rithms and neural networks in hybrid 

systems. Proc. of the European Sym-

posium on Artificial Neural Networks 

(ESANN), Bruges, Belgium; pp.127-52. 

[16] Villmann, T., 2002. Evolutionary algo-

rithms with subpopulations using neural 

network like migration scheme and its 

application to real world problems. 

Integrated Computer-Aided Engineering 

9:25-35. 

 

[17] JCI-s-003-2005. Japan Concrete Institute 

Standard. Method of test for bending 

moment-curvature curve of fiber-

reinforced cementitious composites. 

[18] Kabele, P., 2010. Stochastic finite element 

modeling of multiple cracking in fiber 

reinforced cementitious composites. In 

Mechtcherine et al. (eds.), Fracture and 

Damage of Advanced Fibre-reinforced 

Cement-based Materials; Proc. of a 

Symposium organized within the 

European Conference on Fracture (ECF 

18), Aug. 30 - Sept. 3, 2010, Dresden, 

Germany; pp.155-63. 

 

2065



VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 
FraMCoS-8 

J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 
 

1 
 

MEASUREMENT OF THE RELATIVE GAS PERMEABILITY OF 
ORDINARY CONCRETE: INFLUENCE OF SATURATION DEGREE AND 

THE SAMPLE SIZE 

ZINE A. KAMECHE
*
, FOUAD GHOMARI

*
, ABDELHAFID KHELIDJ

†
                          

AND MARTA CHOINSKA
†

* Université de Tlemcen, Département de génie civil, BP 230 -13000-,  Tlemcen, Algérie 
e-mail: kam_zino2000@yahoo.fr , gomarifouad@yahoo.fr  

† Université de Nantes, Institut de Recherche en Génie Civil et Mécanique. (GeM, UMR CNRS 6183),  
BP 420 - 44606 - Saint-Nazaire Cedex, France 

e-mail: abdelhafid.khelidj@univ.nantes.fr, marta.choinska@univ.nantes.fr  

Key words: Durability, Concrete, Relative Gas Permeability, Degree of Saturation, Scale Effect 

Abstract: The gas permeability is an important indicator to assess the material's ability to prevent 
the ingress of aggressive chemical species. The presence of aggressive fluids and their transport is 
by far the most important factor controlling the durability of cement based composites. This paper 
presents an experimental study of gas permeability of ordinary concrete according to its saturation, 
because the hydric state of concrete conditions the transfer parameters such as permeability. Thus 
the world of aggressive penetration varies significantly depending on moisture content and its 
evolution over time. The experimental results concerning the measurement of gas permeability of 
concrete samples with different sizes and that of the degree of saturation by weighing and therefore 
mass loss measurements were performed. The analysis highlights the effect of saturation on the 
variation of the relative gas permeability of concrete stressing the specific attention to sample size
(scale effect). Validation of the law of Van Genuchten based on Mualem’s model for porous media 
has been verified for our ordinary concrete (OC). 

1 INTRODUCTION 
In concrete structures, durability of 

concrete and the corrosion of reinforcing steel 
are intimately linked to the permeability of 
exposed concrete surfaces [1]. Therefore, 
permeability, defined as the movement of fluid 
through a porous medium under an applied 
pressure head, is the most important property 
of concrete governing its long-term durability 
[2]. Gas permeability of concrete is a major 
indicator for evaluating the ability of this 
material to prevent the penetration of 
aggressive agents like carbon dioxide (CO2) 
and the transfer of water vapor from drying of 
the material. For more than a century, Darcy’s 
coefficient of permeability has been used as a 

measure of its leaktightedness and its 
durability is often derived from this 
leaktightedness [3].  

The hydric state of the concrete is so 
important because, according to the saturation 
rate of the material, different pore sizes are 
available [4]. Therefore, measuring the 
permeability is influenced by moisture content 
of the material [5]. Coussy & al. [6] have 
shown that a change in physical-mechanical 
properties of cementitious materials strongly 
depends on their degree of saturation. Within 
the meaning of Darcy permeability was 
measured on materials saturated with water, 
yet the reality is that the concrete is partially 
saturated  
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This paper is devoted to the assessment of 
the durability indicator: gas permeability. We 
present here the results of an experimental 
study concerning the measurement of the 
relative gas permeability of an ordinary 
concrete (OC) having any value of moisture 
content between the saturated state and 
perfectly dry. To achieve this objective, 
concrete is characterized by its intrinsic 
permeability (see section 2.2) and the variation 
of this parameter is studied against the 
variation of the degree of saturation of the 
material. In the other hand, this study is carried 
out with the aim to underlines the effect of the 
size of the test body (scale effect) on the 
measurement of gas permeability of concrete 
versus saturation degree.      

The results are likely to be introduced into 
models to predict mass transfer in concrete and 
predicting the durability of concrete structures. 

2 EXPERIMENTAL PROGRAM 
2.1 Concrete composition and specimen 

curing 
The study was conducted on a non-

adjuvanted ordinary concrete, it was made 
with an ordinary Portland cement (CEM II/A 
42.5) from the factory of Beni Saf (west 
Algeria). The chemical and mineralogical 
compositions of this cement are presented on 
Table 1. Aggregates (sand and gravel) are 
from the career of the National Company in 
Sidi Abdelli Aggregates (wilaya of Tlemcen). 
The mix proportion of concrete tested in this 
study is given in Table 2. 

We chose for this test campaign, three sizes 
of cylindrical specimens: (5x10) cm, (11x22) 
cm and (15x30) cm. This concrete mixture is 
cast in cylinders molds ((11x22) cm and 
(15x30) cm) and compacted using a 
mechanical vibrator. To obtain the concrete 
specimens with 5 cm diameter, we applied 
coring, using a core drill, on concrete cylinders 
with 15 cm diameter, after 28 days curing.  

After casting, the concrete, which was 
covered with a plastic film to avoid water 
evaporation, was kept in the moulds for 24 
hours. Then, each cylindrical specimens used 
((15x30) cm and (11x22) cm) was removed 

from its mould and cured in tap water at 
temperature of 20 ± 2 °C for 4 weeks to 
stabilize the hydration mechanism. 

Table 1: Chemical and mineralogical (Bogüe) 
compositions of Portland cement

Chemical  
composition (%) 

 Bogue 
composition (%) 

SiO2 24.82 C3S 55.65 
Al2O3 5.62 C2S 20.18 
Fe2O3 3.07 C3A 9.77 
CaO 60.98 C4AF 9.5 
MgO 0.74   
SO3 2.45   
K2O 0,43   
Na2O 0.30   
CaO libre 0.94   
Fire loss 1.71    

Table 2: Mix proportion of Concrete 

Mix ingredients (kg/m3) Amount 
Cement CPA-CEM II / A 42.5  350 
Aggregate 15-25 mm  533 
Aggregate 8-16 mm  432 
Aggregate 3-8 mm  144 
Sand  660 
Water/Cement ratio 0.5 
Dry apparent density 2471 
Total open porosity (%) 13.7 
Compressive strength at 28 days (MPa) 35 

At the age of 28 days, the specimens were 
removed from the water. First, we applied 
coring of 5 cm diameter on two cylindrical 
specimens. Then, samples of 5 cm thickness 
were sawn from all the original specimens of 
concrete by using a diamond blade saw, to 
obtain. One disc, with 5 cm-thick, is extracted 
from the middle (central portion) of each 
concrete cylinder to use for permeability tests. 
The discs are then ground true. Their thickness 
is measured with an accuracy of 0.1 mm. Their 
curved surface is sealed with two epoxy resin 
coats to ensure a one dimensional gas or water 
flow inside the discs. 
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2.2 Gas permeability test procedure
The permeability was measured in the GeM 
Laboratory, using a constant head 
permeameter, known as the CEMBUREAU 
parmeameter, and Nitrogen is used as a neutral 
percolation gas [7]. A general view and the 
general layout of the apparatus are given in 
figure 1 and 2 respectively. 

Figure 1: General view of gas permeameter (The 
CEMBUREAU), (GeM Laboratory -

Nazaire (France)) 

Figure 2: General layout of the apparatus of gas 
permeameter (CEMBUREAU)

The test consists in subjecting a concrete 
test body, to a constant pressure upstream  (Injection pressure) to the stabilization of 
the flow of gas through the material (steady 
state); the downstream pressure is the 
atmospheric pressure . The gas flow is 
measured upstream and downstream of the test 
body by mass flow meters which convert the 
mass flow rate in a volume flow rate 
equivalent. The principle of conservation of 
mass to Darcy's law for isothermal flow of a 
gas, considered perfect, to determine the 
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Gas permeability test procedure
The permeability was measured in the GeM 
Laboratory, using a constant head 
permeameter, known as the CEMBUREAU 

Nitrogen is used as a neutral 
]. A general view and the 
the apparatus are given in 

General view of gas permeameter (The 
- UIT of Saint-

General layout of the apparatus of gas 
permeameter (CEMBUREAU)

The test consists in subjecting a concrete 
test body, to a constant pressure upstream 

(Injection pressure) to the stabilization of 
the flow of gas through the material (steady 
state); the downstream pressure is the 

he gas flow is 
measured upstream and downstream of the test 
body by mass flow meters which convert the 
mass flow rate in a volume flow rate 
equivalent. The principle of conservation of 
mass to Darcy's law for isothermal flow of a 

o determine the 

apparent permeability 
apparent permeability (
dependent of the pore structure of the material, 
but also varies with the applied mean 
pressure;    ⁄

Permeability measurements
in an air-conditioned room (20 ± 1 °C). Each 
disc is tested at five differential pressures: 0.1, 
0.15, 0.2, 0.25 and 0.3 MPa (3 x 10
pressure difference up to 0.5 MPa can be 
applied to the specimens in the pressure cells 
which are sealed by a tightly fitting 
polyurethane rubber pressing under high 
pressure against the curve surface. After 
initializing the percolation of nitrog
a specimen at a given applied pressure, 
sufficient time (about one hour) is provided for 
the establishment of the steady state flow 
before an actual measurement is taken. This 
condition is verified by taking two 
measurements separated by a 10
interval. If two values differ
the steady state flow condition is assumed to 
be achieved. 

By assuming laminar of a compressible 
viscous fluid through a porous body, the 
apparent gas permeability, denoted 
calculated from direct measurement, for each 
differential pressure (one side of the test 
specimen is submitted to a constant inlet 
pressure ), by using equation 
from Hagen-Poiseuille’s law when applied to 
compressive fluids (gases) [

  2. .  
Where:  is the volume gas flow (m

cross-sectional area (m²); 
flow direction) of the sample (m);
coefficient of viscosity of the gas (1.76 x 10
N.s/m²) for nitrogen gas at 20 °C); 
pressure, i.e., applied absolute pressure 
(N/m²); : atmospheric pressure (N/m²).

To determine the intrinsic permeability of 
the material, that is to say independent of the 
permeability gas pressure, it is necessary to 
make several measurements at different 
pressures. Thus, the apparent permeability was 
measured under pressure gradients between 
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  (in m²) [8]. The 

apparent permeability () is not only 
dependent of the pore structure of the material, 
but also varies with the applied mean /2⁄ . 

Permeability measurements are carried out 
conditioned room (20 ± 1 °C). Each 

disc is tested at five differential pressures: 0.1, 
0.15, 0.2, 0.25 and 0.3 MPa (3 x 105 N/m²). A 
pressure difference up to 0.5 MPa can be 
applied to the specimens in the pressure cells 
which are sealed by a tightly fitting 
polyurethane rubber pressing under high 
pressure against the curve surface. After 
initializing the percolation of nitrogen through 
a specimen at a given applied pressure, 
sufficient time (about one hour) is provided for 
the establishment of the steady state flow 
before an actual measurement is taken. This 
condition is verified by taking two 
measurements separated by a 10-min time 
interval. If two values differ by less than 2%, 
the steady state flow condition is assumed to 

By assuming laminar of a compressible 
viscous fluid through a porous body, the 
apparent gas permeability, denoted  , can be 

m direct measurement, for each 
differential pressure (one side of the test 
specimen is submitted to a constant inlet 

), by using equation (1) derived 
Poiseuille’s law when applied to 

compressive fluids (gases) [7]: . .                       1
is the volume gas flow (m3/s);  : 

sectional area (m²); : Thickness (in the 
flow direction) of the sample (m);  : 
coefficient of viscosity of the gas (1.76 x 10-5

N.s/m²) for nitrogen gas at 20 °C);  : Inlet 
pressure, i.e., applied absolute pressure 

: atmospheric pressure (N/m²).
To determine the intrinsic permeability of 

the material, that is to say independent of the 
ure, it is necessary to 

make several measurements at different 
pressures. Thus, the apparent permeability was 
measured under pressure gradients between 
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0.1 and 0.3 MPa in steps of 0.05 MPa. To 
obtain the value of the intrinsic permeability  which is solely a characteristic of the void 
network (independent of the applied mean 
pressure and theoretically of the fluid, liquid or 
gas), and which is associated to pure viscous 
transport, we used Klinkenberg’s method [9] 
based on equation (2) 

    1                  2
    2                     3

Where the so-called Klinkenberg’s constant  is a characteristic of both the porous 
medium and the percolating fluid. .  is 
the slope of the straight line (linear 
regressions). This method has already been 
used by various authors (Bamforth, 1987; 
Perraton & al., 1999; Abbas & al., 1999; 
Villain & al., 2001) [10-11-3-5]. 
Klinkenberg’s concept is based on the 
observation that the measure gas flow is higher 
than the value theoretically expected, as a 
result of slip effects in addition to pure viscous 
flow [12]. 

The determination of intrinsic permeability 
() consists in measuring apparent 
permeability () at different pressures () 
and in plotting it against the inverse of the 
mean pressures (1 ⁄ ). From the five 
differential pressures applied, the correlations 
of the linear regressions are satisfactory with 
coefficient higher than 0.99 [13].  

The intrinsic permeability () is the limit 
value of the apparent permeability when 
the 1 ⁄  tends towards 0 (i.e.  tends 
towards infinity), that is to say when the gas 
tends towards a condensed phase (liquid) [14].  
The permeability is then regarded as the 
intrinsic gas permeability  determined in 
equation (2) and depending on the degree of 
water saturation of the tested concrete [3]. 

2.3 Drying procedure 
Preconditioning procedure (a procedure of 
drying out moisture), is an unavoidable 
necessity to measure the relative gas 

permeability of concrete. The procedure of 
preconditioning must be rapid and easy to 
perform and minimize the modification of the 
porous structure of the material [15]. In order 
to verify these requirements, some 
preconditioning procedures consist of heating 
the specimen at 80 °C for 28 days and after at 
105 °C before permeability measurements [16-
17-5]. These procedures are very rapid and 
easy, but they modify the pore structure [18-
19] and may induce microcracking due to 
drying shrinkage and then artificially increase 
permeability of concrete. For that purpose, 
numerous studies aim to develop experimental 
preconditioning procedure for determining gas 
permeability [3-13-15-17]. 

In this study, after 28 days of curing and 
after preparing concrete samples with different 
sizes (diameters, 15 cm, 11 cm and 5 cm; 
thickness, 5 cm), concrete specimens were 
divided in three groups.  

About the first group concerned only the 
concrete samples with 15 cm diameter; three 
samples for gas permeability test were used. 
Before testing, the samples were dried at 60 °C 
increments and the duration of each level is 
equivalent to 24 h drying in the ventilated 
oven. In the second group, nine specimens 
with different sizes (three test bodies for each 
diameter: 5, 11 and 15 cm), were placed in an 
oven and dried at 70 °C increments and then 
retained to achieve different levels of 
saturation. The duration of each level is 
equivalent to 48 hours drying in a ventilated 
oven. Then, before testing, all of the test 
bodies in this study are cooled for 24 h in 
desiccators at 20 °C to achieve thermal 
stabilization before starting the permeability 
test. Their mass is then measured with an 
accuracy of 0.02 g to determine their moisture 
content. Thus by weighing, it was possible to 
obtain various degrees of saturation inside the 
sample to get information on the gas 
permeability saturation dependence. In order 
to have uniform saturation state, the lateral 
surface of the samples were covered with 
epoxy resin and aluminum adhesive, so that 
the gas transfer, during drying and the 
measurement of the gas occur only in so-way 
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(perpendicular to the two planar surfaces of 
the samples).  

Accounting for the slow drying process, 
due to drying step by step, the relatively small 
specimen thickness and the lack of mass loss 
during the water redistribution period, we 
expected good saturation state uniformity 

The characteristics of this preconditioning 
were chosen, first, to limit the risk of cracking 
due to temperature gradients, second, to obtain 
the saturation level as homogeneous as 
possible and to determine the influence of 
different drying methods. Given the large size 
of the test bodies, like slices with 15 cm 
diameter and 5 cm thickness, to be closer to 
the perfectly dry state, it took us several 
months of drying. The complete saturation of 
the samples tested was carried out under 
vacuum in a desiccator as recommended by 
the AFREM [16].  

3    RESULTS AND DISCUSION 

3.1 Nature of the gas flow 
The permeability tests are performed at 

constant pressure, in continuous operation. 
According to several authors (Villain et al. and 
Perraton et al.)[5-11], it is necessary to verify 
the nature of the gas flow during the test gas 
permeability, because, according to 
Klinkenberg [9], the determination of the 
intrinsic permeability is located in the context 
of a viscous flow. 

According to Perraton [20], the 
measurement points corresponding to a 
viscous flow are aligned and the slope of the 
line must be greater than or equal to 1. In the 
case of a non-constant mean pressure during 
the test and high gas flow rates, the measuring 
points are no longer aligned and the curve has 
a concavity turned towards the axis (slope at 
any point less than 1) [5]. We applied this 
method to verify the nature of the gas flow for 
each sample tested in this study. 

Figure 4 shows a portion of these results for 
test bodies of similar size (15 cm diameter) 
and different degrees of saturation. According 
to the curves obtained (figure 3), it is clear that

Figure 3: Relationship between the square of the 
pressure gradient DP ² and the gas flow rate Q in the 

permeability test 

the linearity property is respected and the 
slope of the three lines is greater than 1, which 
is consistent with the assumptions of the 
method. It is therefore considered that the flow 
is viscous and, in this study, the intrinsic 
permeability can be approximated the theory 
of Klinkenberg. 

3.2 Evolution of gas permeability with the 
degree of saturation 

The evolution of intrinsic permeability with 
the degree of saturation is given in figure 4. 
These results correspond to three samples of 
concrete from the same batch of concrete and 
the same size (15 cm diameter) for which the 
degree of saturation is determined by weighing 
after drying progressing (see section 2.3).  

The results show that gas permeability is 
influenced by the saturation degree of the 
concrete samples. This confirms the results 
obtained by several researchers. 

The gas permeability of a concrete 
specimen increases when the saturation rate 
decreases [3-21]. This can be explained by the 
fact that, more there is continuity between the 
water molecules in the porous network of the 
material; more the passage of gas is prevented. 

The intrinsic permeability curves as a 
function of saturation may be made by means 
of logarithmic curves. 
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Figure 4: Intrinsic permeability of the concrete 
according to the degree of saturation 

The slope .  of the Klinkenberg’s 
straight, as function as the rate of saturation, 
complete characterization of concrete tested 
[5]. It calculates the apparent permeability of 
the concrete at a mean pressure different from 
that used for the measurement from the 
equation (1). From these measurements of the 
permeabilities at different degrees of 
saturation of concrete specimens, it is possible 
to deduce a curve     , where  
is the relative gas permeability (Figure 5). 

Relative gas permeability  (defined as 
the ratio between the permeability measured at 
a given saturation (0    1) and 
permeability measured in fully dry (  0)) 
can be correlated with the degree of saturation. 
So, different relationships have been proposed 
by different researchers attempt to quantify the 
influence of water saturation  on concrete 
permeability [3-5]. 

In the literature, there are analytical 
formulas for the relative gas permeability 
which are often accepted and which are 
corresponding with the famous equation given 
by Van-Genuchten [22] for modeling the 
permeability of a porous material;  

   1  . 1    
     (7) 

And using the model of Mualem [23] (with   1 when   0 (fully-dry)) [24]. In 
this formula,  is a coefficient to be 
determined from the capillary pressure curve 

of the material    [25]. From a 
series of measures from the literature, values 
of  between 3.5 and 5.5 appear to be 
satisfactory [26]. The value of   5.5 can be 
generalized for calculations of the relative 
permeability to gases of all cementitious 
materials [27]. 

With   0,5, the evolution of the relative 
gas permeability, according to the degree of 
saturation, will be defined by the following 
formula (equation (8)) [26]:  

  1  . 1               (8) 

The validity of this law of Van Genuchten 
modified with  = 2.5 to 5.5 for modeling the 
permeability of a porous material, has been 
verified with the experimental results with our 
concrete (figure 5). 

Figure 5: Relative gas permeability of concrete 
according to the degree of saturation 

The relative gas permeability for all the 
samples, with the same size (15x5) cm, was 
calculated and the values are shown in figure 
5. The relative gas permeability deduced from 
the modified Van Genuchten’s relation is also 
represented in this figure.  

For a small variation of water saturation in 
the 0 and 0.2 range, the experimental gas 
relative permeability decreases strongly to 
about 40 % of permeability rate to its intrinsic 
permeability measured at fully-dry condition 
( = 0).  
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In the range of variation in degree of 
saturation ( between 0 and 0.4), relative 
permeability calculated from modified Van 

 Genuchten’s relation fits almost perfectly 
with the experimental results, with values of 
between 3.5 and 4.5 for the three samples 
tested. The relative agreement between 
calculated and experimental values is due to 
the fact that equation (8). Beyond 60% 
saturation, relative gas permeability, calculated 
by the analytical formula (equation (8)), given 
by Van Genuchten, becomes almost zero. This 
is in agreement with previous studies, 
quantitative or qualitative, to highlight the 
influence of this variable (degree of saturation) 
on the transfer properties. Thus, Picandet & al.
[21] show that whatever the mechanical 
condition and the concrete mix (ordinary OC, 
high performance HPC or high performance 
fiber HPFC), more the material is dry, more 
the gas permeability of the concrete increases. 
Therefore, water saturation is an important 
parameter influenced on gas permeability. 

3.3 Influence of sample size on the 
permeability test 

In this section, we focus on scale effects on 
the measurement of relative gas permeability, 
especially to the influence of specimen size on 
the permeability depending on the degree of 
saturation. 

3.3.1 Test results of gas permeability of 
samples with different sizes 

Figure 6 shows the evolution of the intrinsic 
permeability of the different test body (sample 
with different sizes) based on their degrees of 
saturation. In this part of the study, an 
arithmetic mean of three measurements on 
samples of the same size is given. 

The results show that the intrinsic 
permeability decreases with increasing the 
diameter of the concrete samples. The intrinsic 
permeability of concrete is then not only 
influenced by the degree of saturation, but also 
by the size of the test body. The evolution of 
the intrinsic permeability of concrete between 
the dry and 20 % of liquid water saturation 
degree is very important. In this range, the 

permeability decreases significantly from 10-16

to 10-17 m². Preconditioning (dry procedure) 
and size of the test body of the concrete tested, 
have a great influence on the measure of the 
permeability. 

Figure 6: Intrinsic permeability depending on the 
degree of saturation

The intrinsic permeability curves as a 
function of saturation degree may be made by 
means of logarithmic curves. In figure 6 the 
logarithmic curve corresponding experimental 
results obtained with (15x5) cm samples, is 
presented. 

3.3.2 Evolution of the Klinkenberg constant  of samples with different sizes 
The coefficient  , known, Klinkenberg 

constant of all the test bodies (with different 
diameters; (15, 11 and 5) cm) are calculated by 
using equation (2) (see section 2.2). Figure 10 
shows the evolution of the permeability 
constant , for the different samples as 
function as saturation rate of concrete. 

According to figure 7, the values of 
Klinkenberg constant  shows a continuous 
increase with the decrease on the degree of 
saturation. A straight line fit shows a good 
regression coefficient of 0,968. 

Since all specimens tested in this study are 
of the same batch of concrete and thus a 
similar material, we could not distinguish 
between the values of Klinkenberg constant  
of the three sets of specimen sizes, because 
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is a constant which depends mainly on the 
porous structure of the material. 

Figure 7: Evolution of Klinkenberg constant  as 
fonction as the saturation degree of the concrete 

The linear fit for the concrete sample with 
size (15x5) cm is given in figure 7. Using the 
straight line fit, Klinkenberg constant  can be 
calculated by the following equation:    3,574  3,201         (9) 

3.3.3 Relative gas permeability of samples 
with different sizes:   

The evolution of the relative gas 
permeability of test bodies with different sizes 
is shown in figure 8. The validity of the law 
according to Van Genuchten’s relation 
(equation (8)) was checked with the relative 
permeabilities obtained with three different 
diameters and with different coefficients . 

According to the curves obtained (see 
figure 11), we observe that the relative gas 
permeability is influencing by size of the test 
body.  increases when the size (diameter) 
of the test body decreases. For all the samples 
(with different sizes) and for a small variation 
of water saturation degree in the 0 – 0.2 range, 
there was a drastic influence on the relative 
gas permeability of the material (OC) by its 
moisture content. Rapid decrease of  was 
observed when  increases, in this range (0 <  < 0.2). Also, figure 11 shows that more the 
coefficient  is less, more the model of Van 

Genuchten fits with the experimental results 
corresponding to the little test bodies.  

Beyond a degree of saturation of 0.2 and 
with an intermediate range of  , there is a 
larger gap between curves and the modified 
Van Genuchten model does not fit with the 
experimental results of . This can be 
explained by the fact that, drying procedure in 
this part of study (dry at 70°C) modify the 
pore structure and may induce microcracking 
due to the dry shrinkage and then artificially 
increase gas permeability. 

Figure 8: Relative gas permeability of different test 
bodies of concrete (with different sizes) 

As shown in figure 8,  is influenced by 
the size of the sample tested. We believe that 
the parameter  should depend not only on the 
nature of the material but also on the sample 
size. 

3.3.4 Loss of relative density 
The evolution of the loss in relative density 

of different samples with different sizes is 
given in figure 9. The drying protocol 
followed has covered the whole field of 
degrees of saturation () for the type of 
concrete studied (OC). 

According to figure 9, the relative 
permeability of the large samples ((15x5) cm) 
based on the loss density is somewhat lower 
than those obtained with other samples 
(medium and small), confirming that the 
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drying is also influenced by the size of the test 
body. 

Figure 9: Relative gas permeability as a function of the 
loss of relative density 

The relative permeability of the material 
increases gradually with the loss in relative 
density (masse/volume) of different test 
bodies. Their dry states correspond to about 
5% relative weight losses (see figure 9).  

4   CONCLUSIONS 
In this study, with the apparent gas 

permeability obtained at different inlet 
pressures on our material (OC), it is possible 
to assess the “Intrinsic” gas permeability, 
which is independent of the applied mean 
pressure and which is associated to pure 
viscous transport, by using Klinkenberg’s 
method. 

The intrinsic coefficient of permeability can 
be a better parameter for characterization of a 
concrete for durability compared to the 
traditional Darcy’s coefficient of permeability, 
as it is independent of the fluid properties and 
the applied pressure gradient. It is hence, a 
characteristic of the porous medium alone.

The different drying protocols followed has 
covered the whole field of degrees of 
saturation () for the type of concrete studied 
(OC). Therefore, preconditioning applied has a 
great influence on the measurement. 

The experimental results show that the 
relative permeability of concrete is strongly 
dependent on the degree of saturation.  

The originality of this study was to test 
concrete with different sizes to get an estimate 
of the scale effect. The results show that more 
the surface of the sample tested is large, more 
its permeability decreases. The sample size is 
an important parameter influencing the relative 
gas permeability of concrete.  

One of the aims of this study was to 
determine if the relations given by Van 
Genuchten and based on the work of Mualem, 
largely validated for soils, can be used in 
predicting durability of our ordinary concrete 
which is partially saturated. Comparison 
between experimental values and calculated 
values using Van Genuchten’s parameters 
obviously shows that the values of some 
parameters have to be revised. From a series of 
steps we have made, the analytical results 
obtained for the relative gas permeability with 
the Van Genuchten relations appear to be 
satisfactory for low saturation level (0 to 0.2), 
with values of  between 3.5 and 4.5 (often 
taken equal to 0.5 in the case of soils). 
However, the analytical formula of Van 
Genuchten amended does not seem 
appropriate for different specimen sizes and 
for different saturation levels. We conclude 
that the coefficient  depends not only on the 
nature of the material but also on the size of 
the sample. 

Acknowledgements 
Our thanks go to the project Tassili 10 

MDU811 whose funding allowed for this 
work. 

References 
[1] Aldea, C.-M., Shah, S. P., Karr, A., 1999. 

Permeability of cracked concrete. RILEM 
Materials and Structures, vol. 32, pp. 370-
376 

[2] Banthia, N., Biparva, A., Mindess, S., 
2005. Permeability of concrete under 
stress. Cement and Concrete Research,
vol. 35, pp. 1651 – 1655. 

[3] Abbas, A., Carcasses, M., Olivier, J. P., 
1999. Gas permeability of concrete in 

0,00E+00

2,00E-01

4,00E-01

6,00E-01

8,00E-01

1,00E+00

0 1 2 3 4 5

Re
la

ti
ve

 g
as

 p
er

m
ea

bi
lit

y 
(-

)

loss of relative density (%)

OC. Sample (15x5)cm

OC. Sample (11x5)cm

OC. Sample (5x5)cm

2074



Zine A. Kameche, Fouad Ghomari, Abdelhafid Khelidj and Marta Choinska 
 
 

10 
 

relation to it degree of saturation. 
Materials and Structures, vol. 32, pp. 3-8. 

[4] Boroghel-Bouny, V., 1994. Caractérisation 
des pâtes de ciment et des bétons : 
Méthodes, Analyses, Interprétations.  
Edition Bulletin LCPC, Paris. 

[5] Villain, G., Baroghel-Bouny, V., Kounkou, 
C., Hua, C.,  2001. Mesure de la 
perméabilité aux gaz en fonction du taux 
de saturation des bétons. Revue Française 
de Génie Civil, Transfert dans les bétons 
et durabilité, vol. 5, pp. 251-268. 

[6] Coussy, O., Eymard, R., Lassabatère, T., 
1998. Constituve Unsaturated modeling of 
drying deformable materials. Journal of 
Engineering Mechanics, 124 (6), pp. 658-
667. 

[7] Kollek, J. J., 1989. The determination of 
permeability of concrete to oxygen by the 
method CEMBUREAU - A recommend-
dation. Materials and Structures, vol. 22, 
pp. 225-230. 

[8] Fabien, A., Choinska, M., Bonnet, S., 
Pertué, A., Khelidj, A., 2012.  Etude 
expérimentale sur l’effet de la taille des 
granulats sur le comportement mécanique 
et la perméabilité du béton. "TRANSFERT 
2012". Mars 2012. 

[9]  Klinkenberg, J., 1941. The permeability of 
porous media to liquids and gases, in 
drilling and production practice, American 
Petroleum Institute, New York, pp. 200-
213. 

[10] Bamforth, P. B., 1987. The relationship 
between permeability coefficients for 
concrete obtained using liquid and gas. 
Magazine concrete research, vol. 39, n° 
138, pp. 3-11. 

  
[11] Perraton, D., Aïtcin, P-C., Carles-

Gibergues, A., 1999. Mesure de la 
perméabilité au gaz des bétons : 

perméabilité apparente et perméabilité 
intrinsèque – Partie I : Validation des 
concepts de Carman et de Klinkenberg 
dans le cas d’un BHP. Bulletin des 
laboratoires des ponts et Chaussées, n° 
221, pp. 69-78.  

[12] Baroghel-Bouny, V., Thiery, M., 
Barberon, F., Coussy, O., Villain, G., 
2007. Assesment of transport properties of 
cementitious materials: a major challenge 
as regards durability? Revue Européenne 
de Génie Civil, Special issue « Propriétés 
de transfert des géomatériaux » (Ed. by Z. 
Lafhadj & F. Skoczylas, Lavoisier, 
Cachan), vol. 11, n° 6, pp. 671 – 696. 

[13] Picandet, V., 2001. Influence d’un 
endommagement mécanique sur la 
perméabilité et sur la difusivité hydrique 
des bétons. PhD thesis, Université de 
Nantes, France, 2001. 

[14] Rozière, E., 2007. Etude de la durabilité 
par une approche performantielle, Thèse 
de l’Ecole Centrale de Nantes, France, 
2007. 

 [15] Caré, S., Derkx, F., 2011. Determination 
of relevant parameters influencing gas 
permeability of mortars. Construction and 
Building Materials, vol. 25, pp. 1248 – 
1256 

[16] AFREM,  1997. « Essai de perméabilité 
aux gaz des bétons durcis » : Mode 
opératoire recommandé par l’AFPC-
AFREM, Compte rendu des journées 
Techniques AFPC-AFREM « Durabilité 
des bétons », 11 et 12 Décembre 1997, 
Toulouse, pp. 125 – 134. 

[17] Carcasses, M., Abbas, A., Olivier, JP.,  
Verdier, J., 2002. An optimized 
preconditioning procedure for gas 
permeability measurement. Materials and 
Structures, vol. 35, pp. 22-27. 

2075



Zine A. Kameche, Fouad Ghomari, Abdelhafid Khelidj and Marta Choinska 
 
 

11 
 

[18] Caré, S., 2008. Effect of temperature on 
porosity and chloride diffusion in cement 
pastes. Construction and Building 
Materials, vol. 22, pp. 1560 – 1573. 

[19] Gallé, C., 2001. Effect of drying on 
cement-based materials pore structure as 
identified by mercury intrusion 
porosimetry: a comparative study between 
oven-vacuum- and freeze-drying. Cem. 
Con. Res., vol. 31, pp. 1464 – 1477.  

[20] Perraton, D., 1992. La perméabilité au 
gaz des bétons hydrauliques. Thèse de 
l’INSA de Toulouse, France. 1992. 

[21] Picandet, V., Khelidj, A., Bastian, G., 
2001. Effect of axial compressive damage 
on gas permeability of ordinary and high 
performance concrete. Cement and 
Concrete Research, Vol. 31, pp. 1525-
1532. 

[22] Van Genuchten, M.T., 1980. A closed 
form equation for Predicting the 
Unsaturated hydraulic conductivity of 
soils. Soil Science Society of America 
Journal, vol. 44, pp. 892-898. 

[23] Mualem, Y. A., 1976. New Model for 
Predicting the Unsaturated hydraulic 
conductivity of porous media. Water 
Resources Research, vol. 12, pp. 513-522. 

[24] Boroghel-Bouny, V., 2008.  Développe-
ment d’une approche globale, 
performantielle et predictive de la 
durabilité des structures en béton (armé) 
sur la base d’indicateur de durabilité; 
Billan et perspectives. LCPC Editions, 
Paris, December 2008. 

[25] Coussy, O., Baroghel-Bouny, V., Dangla, 
P., Mainguy, M., 2001. Evaluation de la 
perméabilité à l’eau liquide des bétons à 
partir de leur perte en masse Durant le 
séchage, Revue Française de Génie civil,
Numéro spécial «Transfert 2000», vol. 5, 
No. 1-2. 

[26] Jason, L., 2004. Relation endommage-
ment perméabilité pour les bétons : 
Application aux calculs des structures. 
Thèse de l’Ecole Centrale de Nantes, 
France. 2004.  

[27] Monlouis-Bonnaire, J.P., Verdier, J., 
Perrin, B., 2004. Prediction of the relative 
permeability to gas flow of cement-based 
materials. Cement and Concrete Research,
vol. 34, pp. 737-744. 

2076



 
VIII International Conference on Fracture Mechanics of Concrete and Concrete Structures 

FraMCoS-8 
J.G.M. Van Mier, G. Ruiz, C. Andrade, R.C. Yu and X.X. Zhang (Eds) 

 
 

1 

 
HYDROGEN EMBRITTLEMENT OF HIGH STRENGTH STEELS BY PHASE 

TRANSITIONS 

 
JAVIER SANCHEZ*, PEDRO DE ANDRES†, ALEJANDRO CASTEDO*, CARMEN 

ANDRADE*, JOSE FULLEA* 

* Centro de Seguridad y Durabilidad Estructural y de Materiales. Instituto de Ciencias de la Construcción 
Eduardo Torroja (CISDEM-IETcc-CSIC-UPM).  
C/ Serrano Galvache, 4 - 28033 Madrid, Spain 

e-mail: alejandro.castedo@estudiante.uam.es, javiersm@ietcc.csic.es, andrade@ietcc.csic.es, 
fullea@ietcc.csic.es 

† Instituto de Ciencias de Materiales de Madrid (ICMM-CSIC).  
E-28049 Cantoblanco, Madrid, Spain  

Email: pedro.deandres@csic.es 
 

Key words: Ab-Initio, Hydrogen Embrittlement, High Strength Steel 

Abstract: Hydrogen embrittlement is believed to be one of the main reasons for cracking of steel 
structures under stress and stress corrosion cracking process. To control and prevent the cracking of 
steel it is necessary to understand the chemical and physical properties of hydrogen inside iron. 
Usually, pre-stressed steels are high strength steels that include a ferritic core made of α-iron (body-
centered-cubic lattice, bcc). Previous works have focused on the effect of internal and external 
stresses/strains on the interstitial H and bcc-Fe interaction. Using ab-initio Molecular Dynamics and 
by taking statistical averages diffusion coefficients for hydrogen diffusion paths have been 
obtained. Depending on temperature, the diffusion path visits preferentially tetrahedral or 
octahedral sites. Simulations where a number of hydrogens occasionally meet in one unit cell have 
been performed to elucidate the effect of interactions between hydrogens, and diffusion coefficients 
have been calculated from Einstein´s equation. Under these conditions, the Fe-Fe interaction has 
been found to be weaker than in the absence of hydrogen. Debye temperature for Iron decreases 
monotonically with and increasing concentration of interstitial hydrogen, showing that iron-iron 
interatomic potential is weaker in the presence of a large number of diffusing hydrogen atoms. In 
this work, we have focused on the structural consequences for the iron lattice upon absorption of 
interstitial H in octahedral sites. Using ab-initio Density Functional Theory we have computed the 
kinetic barriers for a phase transition bcc > fcc > hcp along a Bain's pathway. All the barriers are 
lowered by the presence of hydrogen; the initial part (bcc>fcc) being almost barrierless. This kind 
of phase transformation carries out atomic rearrangements and changes in the unit cell volume that 
should affect the mechanical properties of iron, as revealed by calculations for the elastic constants 
of the material. 
 
 

1 INTRODUCTION 
Hydrogen embrittlement is believed to be 

one of the main reasons for cracking of steel 
structures under stress [1-4]. Pearlitic cold-
drawn wires and strands are the active tendons 

in prestressed concrete structures. The word 
estimated production of pearlitic-drawn wire is 
more than 25 million tons per year [5]. 
Pearlitic steels have a ferrite matrix with 
cementite lamellas. The ferritic core is made of 
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-iron (body centred cubic lattice, BCC). To 
control and prevent the cracking of steel it is 
necessary to understand the chemical and 
physical properties of hydrogen inside BCC 
iron. These results are critical to use as set 
parameters in modeling H embrittlement and 
should help suggest engineering solutions. 
Hydrogen absorbed in iron has been studied 
from different approaches, both from a 
theoretical and experimental point of view. 
Unfortunately, a clear consensus about 
fundamental questions, like the nature of the 
equilibrium absorption site, the reasons for H 
to prefer some regions over others, or how to 
modify the diffusion barriers has not been 
reached. Many theoretical papers have 
favoured hydrogen absorbed in the tetrahedral 
site (T) [6-9], some have preferred the 
octahedral one (O) [10], others have reported 
that they are almost equivalent [11] (Fig. 1). 
From an experimental point of view, it is 
generally believed that hydrogen has low 
solubility and high mobility in bcc-iron. 
However, some experiments have attained 
high concentrations [12-15], have concluded 
that hydrogen partly occupies the O-site, or 
have measured diffusion barriers that depend 
on the amount of H admitted into the material 
[16]. 

We simulate the atomic absorption and 
diffusion of hydrogen in the body centred 
cubic iron lattice from first-principles [17, 18]. 
Absorption in high-symmetry sites for 
different hydrogen loads (densities) has been 
explored and the internal strains/stresses have 
been calculated. Diffusion barriers between 
these stationary absorption sites have been 
obtained, and the effect of external stresses on 
diffusion coefficients has been analyzed. 

In this paper, firsly we show the dynamical 
behaviour of hydrogen inside the iron lattice. 
Using ab-initio Molecular Dynamics we obtain 
hydrogen diffusion paths and by taking 
statistical averages diffusion coefficients. 
Depending on temperature, the diffusion path 
involve going through tetrahedral or 
octahedral. Simulations where a number of 
hydrogens occasionally coincide in one unit 
cell have been performed to elucidate the 
effect of interactions between hydrogens. 

From simulated diffusion path we extract the 
diffusion coefficient from Einstein´s equation. 
We also show the Fe-Fe interaction weakens. 
Iron Debye temperature decreases 
monotonically for increasing concentration of 
interstitial hydrogen, proving that iron-iron 
interatomic potential is significantly weakened 
in the presence of a large number of diffusing 
hydrogen atoms. 

 

 
Figure 1: High symmetry sites for H absorption inside 

-iron: the octahedral (O) and tetrahedral (T) sites 
(grey) are shown along with iron atoms in the BCC 

lattice (black). 

Finally, we show the possible structural 
changes of the lattice that might be produced 
by the tetragonal distortion induced by 
hydrogen. There are several know phases of 
iron reported in literature. Experimental work 
shows three main phases: bcc iron (α-iron), fcc 
iron (γ-iron) and hcp iron (ε-iron). These three 
phases are shown in Figure 2. Bain's pathway 
[19] offers an elegant and easy to understand 
mechanism for the martensitic transformation 
between α-iron and γ-iron. If we name a, b and 
c the axes of our unit cell (UC) we can explain 
this mechanism in terms of the change in the 
a/c ratio (a = b throughout the whole process). 
The tetragonal distortion consists of a 
contraction upon two of the cubic axes (a and 
b) and a continuous expansion along the third 
one (c). When the value √2 is reached the 
configuration of the system now matches that 
of the fcc iron. Our calculations go up to a    
c/a = 1.6 where the hcp stable phase of iron 
has been found, although the mechanism that 
transforms fcc into hcp differs from that of 
Bain, since we no longer find the UC in the bct 
regime (one angle of the UC deforms to reach 
60º) and it can be explain by a shear and a 
shuffle. This is the actual unit cell used in the 
calculations, a bct cell that consists of 2 atoms 
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(or 3 in the case when we add hydrogen). 
Bain's path is not the only transformation 

suggested in literature to explain this phase 
changes but it is preferable for a number of 
reasons: (i) it retains the highest possible 
crystal symmetry throughout the process, (ii) it 
is simple, and (iii) it contains the lattice 
deformation expected for hydrogen occupation 
of (O-site) interstitials. 

      
Figure 2: Bcc, fcc and hcp structures. 

2 METHODOLOGY 
First-principles molecular dynamics (MD) 

calculations have been performed with the 
CASTEP code [20]. A 2x2x2 periodic 
supercell is set up including 16 Fe atoms and 
several H atoms depending on the different 
concentrations being considered. The Born-
Oppenheimer approximation is used; ions are 
considered classical objects moving on the 
potential created by the electrons obeying the 
Schrödinger equation. Electronic wave 
functions are expanded using a plane-
wavebasis set up to an energy cutoff of 375 eV 
and are sampled inside the Brillouin zone in a 
4x4x4 Monkhorst-Pack mesh [21]. Electronic 
energies are converged up to 10−5 eV. 
Ultrasoft pseudopotentials are used to describe 
Fe and H [22] and the generalized gradients 
approximation for exchange and correlation 
due to Perdew, Burke, and Ernzerhof is chosen 
[23]. These approximation have been 
thoroughly checked before and it has been 
found that they reproduce correctly the main 
physical properties of -iron, including lattice 
constant, magnetization, and bulk modulus 
[18]. The k-point mesh we are using in this 
Brief Report is less dense than the ones we 
have previously shown to be adequate to 
accurately reproduce different equilibrium 
properties of -iron at T = 0 K. Our choice is 
based in two different reasons. First of all, it is 
a practical one since Ab-Initio Molecular 

Dynamics is a computer intensive task and a 
compromise between accuracy and time must 
be made. Second, we notice that computing 
different physical magnitudes require different 
accuracies. Figure 2 in [18] shows that a k-
point mesh similar to the one we are using 
here incurs in a fractional error of 0.4% for the 
equilibrium lattice constant but ~300% for the 
bulk modulus. Presently, we focus in the 
calculation of total energies that fluctuate in 
the current range of temperatures by ~0.05 eV. 
We have checked that for the maximum 
density of interstitial impurities considered 
here the total energy changes at T = 0 K by 
0.047 eV if the 4x4x4 mesh is replaced by a 
8x8x8 one. Therefore, the error becomes 
acceptable because it is similar to the random 
fluctuations intrinsic to the system. On the 
other hand, we notice that the error in the 
equilibrium lattice parameter by introducing 
such an approximation is ~0.01 Å [18], which 
is of the same order of magnitude or lower 
than the root-mean-squared amplitude 
displacements of vibrating atoms at the 
temperatures used here. Finally, we have 
checked our ability to reproduce the 
experimental value for the Debye temperature 
of bcc iron ( = 420 K), a physical magnitude 
that will be used below to get physical insight 
from the molecular dynamics runs. We have 
obtained a theoretical value of =505 K, quite 
acceptable for our purposes, in particular, 
because our methodology relies more than on 
absolute values on interpreting differences in 
magnitudes computed theoretically with the 
same parameters where a common background 
error should tend to cancel. Therefore, we 
conclude that the 4x4x4 mesh is both practical 
and accurate enough for the purpose of these 
simulations. 

3 RESULTS AND DISCUSSION 

3.1 Hydrogen diffusion in Fe lattice 
To study the diffusion of several H atoms 

inside the unit cell we test in the 
microcanonical ensemble the quality of the 
total energy conservation during a typical MD 
run. Simulations for 1 or 2 ps are performed 
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with time steps of 0.5 or 1.0 fs showing that 
the total energy is conserved within a 0.01% 
error (equilibration taking place during the 
first 100–200 fs have been taken out from 
averages). Keeping fixed the parameters 
defining the model, we switch to the canonical 
ensemble to reproduce conditions where the Fe 
and H atoms are in equilibrium with a thermal 
bath kept at a fixed temperature (Nose-Hover 
prescription has been used). All these 
simulations are performed keeping constant 
the volume of the unit cell and the number of 
particles. These boundary conditions are 
important to understand the physical model 
and the solutions obtained. In particular, it is 
relevant to discuss the meaning of keeping the 
volume fixed. In a previous work we have 
investigated the volume deformation and 
atomic displacements necessary to find an 
equilibrium solution with zero forces and 
stresses in the presence of interstitial hydrogen 
binding to either the octahedral or tetrahedral 
high-symmetry sites. Here we are interested, 
for the case of an overall low dilution 
concentration of impurities, in the effect of a 
high concentration of interstitial atoms inside a 
small region embedded in a matrix of iron that, 
except for the large concentration of interstitial 
hydrogen in a small number of regions, mostly 
keeps its original properties. This is consistent 
with the experimental observation of overall 
low dilution of interstitial H in -iron, but 
possibly large concentration in particular 
regions, maybe as a consequence of the 
existence of defects [15, 24]. Therefore, we 
assume that the modification of the volume in 
the region of interest due to the internal 
pressure created by the impurities is 
effectively controlled by the larger amount of 
unperturbed bulk material surrounding the 
region where the interstitial hydrogen diffuses 
in a scale of time compatible with our 
simulations (ps). Consequently, we keep the 
simulation 2x2x2 supercell volume fixed, 
equal to the one corresponding to -iron. 
Other models might be of interest for different 
conditions: e.g., a large and uniform 
concentration of impurities. This would 
require adjusting the volume for each density. 
We estimate that for this case the volume 

would change between 5% and 15% in the 
range of impurity concentrations considered in 
this work. While the NVE and NVT 
collectives are appropriate for the first scenario 
above, for the second one the NPH and NPT 
collectives should be used.  

Diffusion coefficients are computed by 
assuming a random walk for interstitial 
impurities. Figure 3 shows the different paths 
for the high-density case with eight hydrogen 
atoms diffusing simultaneously inside the 
2x2x2 supercell. As already predicted by our 
static geometry optimization interstitial 
hydrogen atoms avoid each other and no 
tendency to formation of molecular hydrogen 
has been observed. We follow the different 
trajectories during the simulation time and 
compute averages to extract the three-
dimensional diffusion coefficient D. Barriers 
for diffusion are estimated from an Arrhenius 
plot D =D0e−B/kBT by a least-squares fit. Here, 
the prefactor D0 is related to a typical 
vibrational frequency for H in the Fe bcc 
lattice, and it is assumed to be a constant value 
independent of the number of interstitial atoms 
in the supercell. This assumption is 
corroborated by our fits within an uncertainty 
of ±12%. 

 (1) 

 
trayectoria 0 trayectoria 1 trayectoria 2 posicionatomos 0 posicionatomos 1 posicionatomos 2 trayectoria 0 trayectoria 1 trayectoria 2 posicionatomos 0 posicionatomos 1 posicionatomos 2

 
Figure 3: Diffusion path: tetrahedral-tetrahedral 

jump (H/Fe=1/16, T=600 K), and octahedral-
octahedral jump (H/Fe=8/16, T=500 K). 

We simulate MD trajectories for a single H 
atom diffusing inside the supercell to compare 
with previous results derived from ab initio 
DFT geometrical optimization and transition 
state theory. From a least-squares fit to the 
data in the Arrhenius plot we determine a 
barrier for diffusion B1 = 0.145 eV (Figure 4) 
in good agreement with previous values 
obtained under similar conditions [18]. This 
agreement shows that our MD simulations 
adequately sample the relevant phase space. 
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Figure 4: Diffusion coefficient, D (m2/s), obtained for a 

set of diffusion MD trajectories for four H atom in a 
2x2x2 bcc iron supercell (H/Fe = 1/4). A barrier for 
diffusion of B4 = 0.102 eV is obtained from a least-

squares fit. Same for eight H interstitial atoms diffusing 
in the supercell (H/Fe = 1/2). A barrier of B8 = 0.047 

eV is deduced from the fit. 

The time evolution of the interstitial atom 
can be further analyzed to show that under 
these conditions trajectories near tetragonal 
sites (T) are preferred over octahedral sites 
(O). This conclusion can be made quantitative 
by computing a characteristic residence time 
for both sites. We assign parts of the diffusing 
path either to T or O according to proximity to 
estimate the likelihood to find the particle, say, 
near O. Figure 5 displays the fractional 
occupation of octahedral sites for one, two, 
four, and eight (H1, H2, H4 and H8) hydrogen 
atoms in the 2x2x2 supercell. These values can 
be understood by comparing with a simple 
two-level model where the only parameter is 
the energy difference between T and O sites, 
kB =EO−ET. 

 
(2) 

This model reduces all the accessible 
volume for the interstitial hydrogen diffusing 
in the unit cell to only a set of discrete lattice 
points (either T or O) but in spite of its 
crudeness it already captures the essentials of 
the problem. Equation 2 has been plotted in 
Figure 5 for kB = 0.06, 0.07, 0.04, and 
−0.035 eV, yielding least-squares fits to the 
points extracted from the MD simulations for 
nH = 1, 2, 4, and 8 interstitial hydrogen atoms, 
respectively. The dashed line represents the 

asymptotic equilibrium distribution (OT→∞ = 
1/3) to be approached from above or below 
depending on the sign of . These results show 
that for nH = 8 has moved from positive to 
negative and the equilibrium site has been 
exchanged from T to O. The dependence of 
the parameter with the interstitial density 
proves how site-adsorption energies are 
affected by the presence of an increasing 
number of hydrogen atoms concentrated in a 
particular region. This behaviour follows the 
pattern previously predicted by Ab-Initio DFT 
geometry optimization where the T site is the 
lowest energy configuration for low densities 
while for large densities occupancy of the O 
site favors a body-centered tetragonal 
distortion of the lattice and becomes the global 
minimum. Although for the  phase, 
experiments reporting a qualitative 
modification of the system around a hydrogen 
concentration of ~0.4 show how the increasing 
density of interstitial impurities might 
significantly modify the dynamics of these 
systems [25]. This is an observation that might 
help to explain the spreading of values 
extracted from different experimental 
techniques for diffusion barriers that has 
previously been linked to partial occupation of 
both sites [16]. Partial occupation of both sites 
at a given temperature happens most naturally 
in molecular dynamics simulations but it is not 
easy to describe in a standard geometry 
optimization. We remark that the present 
approach represents a feasible route to 
investigate a regime that otherwise is too 
difficult: in the 2x2x2 there are 48 different O 
sites and 96 different T sites, being the number 
of ways to distribute several interstitial among 
these combinatorially large (~1011). Such a 
huge configurational space can only be 
addressed from a statistical point of view and 
by letting the system to explore as many 
relevant cases as possible by following its own 
dynamics. To understand to which extent 
barriers for diffusion are affected by the 
presence of extra interstitial atoms we analyze 
the high-density case  = 1/2 in more detail. 
From an Arrehnius plot (Figure 4) we extract 
by a least squares fit an effective barrier of B8 
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= 0.047 eV; significantly lower than the one 
found for a single interstitial, B1. 

 

 
Figure 5: As a percentage over the total simulation 

time, residence time around octahedral sites, PO for: 
(i) a single interstitial hydrogen H1corresponds to 

kB∆ = 0.06 eV in Eq. 2; (ii) two H (kB∆ = 0.07 eV); (iii) 
four H (kB∆ = 0.04 eV); and (iv) eight H (kB∆ = −0.035 

eV). 

Based in ab initio DFT geometrical 
optimization we have previously suggested 
that an important consequence of interstitial 
hydrogen diffusing in -Fe is to weaken the 
Fe-Fe interaction [17, 26]. From a physical 
point of view this effect is related to several 
factors: first, interstitial impurities help to 
screen the Fe-Fe interaction; second, the 
symmetry is distorted, an effect that is 
important to explain the stability of octahedral 
sites versus tetrahedral ones in the high-
density regime; third, spin-polarized DFT 
calculations reveal that hydrogen contributes 
an extra spin to the system, but the total 
ferromagnetic moment does not grow 
accordingly, which we interpret as a 
weakening of electronic interactions. Current 
MD simulations should be interpreted as 
controlled and clean theoretical experiments 
that help to explore new domains, such as 
nonzero temperatures, or the collective 
behaviour of a large number of interstitial 
impurities meeting together in the same 
region. We remark that our MD simulations 
support similar physical interpretations as the 
ones derived from Ab Initio DFT at T = 0 K. 
We compute the mean-square amplitudes of 
iron atoms vibrating around their equilibrium 
positions, <u2>, which is related to the strength 
of the potential confining these atoms. For 
each temperature we obtain the mean-squared 

amplitude of vibration by fitting their time-
averaged probabilities to a Gaussian 
distribution centred around its equilibrium 
position. These values are compared with an 
isotropic Debye-Waller model for the mean-
squared displacement of atoms vibrating at 
temperature T: 

 
(3) 

where  is the Debye temperature and M 
the mass of the atom. Figure 6 shows how the 
root-mean-squared amplitude of vibration <u> 
increases steadily with the number of H atoms 
inside the 2x2x2 supercell, being nearly 
doubled from nH = 1 to 8. Adopting a 
Lindemann-type criterion we can conclude 
that increasing the number of interstitial 
hydrogen drives the material closer to a 
thermodynamic instability that eventually 
should lead either to a phase transition or to 
the material failure. This idea is more clearly 
illustrated by using Eq. 3 to fit these <u2> to 
an effective Debye temperature for each 
density (Figure 7).  decreases monotonously 
when the number of interstitial hydrogen 
atoms increases marking the softening of -
iron and proving that the material is, at a given 
fixed T, getting closer to its own melting point 
under the internal pressure of dissolved H. 
This is closely related to the growing number 
of interstitial atoms sitting together in the same 
unit cell. The inverse situation (growing 
temperature getting closer to the melting point 
at a fixed number of interstitial impurities) 
cannot be inferred from our simulations 
because the Debye Temperature is constant 
under these conditions. 
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Figure 6: Iron root-mean-squared displacement 

from equilibrium positions u (Å) vs density of 
interstitial hydrogen at two temperatures. The 

horizontal line corresponds to Fe without H. 

 
Figure 7: Debye-Waller temperature (K) vs number 
of interstitial H diffusing in the unit cell. Dashed line 

is a linear least-squares fit to guide the eye. 

3.2 Hydrogen induced changes in 
structural properties of iron 

Our calculations are performed at the 
following system conditions, T = 0 K and       
P = 0 GPa. The global minimum for pure iron 
(without impurities) is a bcc phase 
corresponding to a ferromagnetic state, c/a = 1 
and all angles 90º. The next minimum found 
corresponds to a minimum close to a fcc 
configuration, angles 90º and c/a = 1.51 and it 

is an antiferromagnetic (Type I; AF-I) state. 
The ideal ratio for a fcc phase is √2 ≈ 1.41 
which can be found by our calculations if we 
consider NM (non magnetic) states. Once we 
consider the possibility of AF states we 
realized that an AF-I state would decrease the 
energy of this specific local minimum, making 
it the most possible candidate for the local 
minimum. Further away in the c/a ratio we 
find another local minima with an hexagonal 
configuration (hcp), with γ = 60º and c/a ≈ 1.6 
that matches the prediction for the ideal ratio 
of hcp structures as well as experimental 
examples of this phase. Magnetism is 
important and in the present work three 
possible magnetic ordering states have been 
considered for each minimum; Non-magnetic 
(NM), Ferromagnetic (FM) and 
Antiferromagnetic (AF). Only the lowest 
energy states are displayed in the figures that 
accompany this article. 

In the case in which we add hydrogen the 
picture is qualitatively different. First we 
notice that hydrogen produces the so 
mentioned tetragonal distortion of the UC and 
bcc is no longer a minimum. The system is no 
longer at an stable configuration and the effect 
of this internal stress is to drive the system 
along Bain's path towards a fcc phase first, and 
subsequently towards an hcp phase that can be 
reached by a shear and a shuffle of our bct unit 
cell. This last configuration is the global 
minimum. We observed that the position of 
hydrogen slowly varies throughout the process 
choosing always an O-site, including the 
hexagonal phase only that this time it is harder 
to visualize. This behaviour agrees with 
experimental findings where hydrogen always 
occupies O-sites in hexagonal-close-packed 
structures, with no experimental evidence of 
occupancy of T-sites [12]. These experimental 
findings are also a good evidence of high 
density hydrogen systems.  

The interpretation of the results obtained by 
our calculations has been summarized in 
Figure 8 and Figure 9. Table 1 gives actual 
numerical values compared to those available 
from experimental works. Our calculations are 
performed at the following system conditions, 
T= 0 K and P = 0 GPa. The global minimum 
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for pure iron (without impurities) is a bcc 
phase corresponding to a ferromagnetic state, 
c/a = 1 and all angles 90º. The next minimum 
found corresponds to a minimum close to a fcc 
configuration, angles 90º and c/a = 1.51 and it 
is an antiferromagnetic (Type I; AF-I) state. 
The ideal ratio for a fcc phase is √2 ≈ 1.41 
which can be found by our calculations if we 
consider NM (non magnetic) states. Once we 
consider the possibility of AF states we 
realized that an AF-I state would decrease the 
energy of this specific local minimum, making 
it the most possible candidate for the local 
minimum. Further away in the c/a ratio we 
find another local minima with an hexagonal 
configuration (hcp), with γ = 60º and c/a ≈ 1.6 
that matches the prediction for the ideal ratio 
of hcp structures as well as experimental 
examples of this phase. Magnetism is 
important and in the present work three 
possible magnetic ordering states have been 
considered for each minimum; Non-magnetic 
(NM), Ferromagnetic (FM) and 
Antiferromagnetic (AF). Only the lowest 
energy states are displayed in the figures that 
accompany this article. 

In the case in which we add hydrogen the 
picture is qualitatively different. First we 
notice that hydrogen produces the so 
mentioned tetragonal distortion of the UC and 
bcc is no longer a minimum. The system is no 
longer at an stable configuration and the effect 
of this internal stress is to drive the system 
along Bain's path towards a fcc phase first, and 
subsequently towards an hcp phase that can be 
reached by a shear and a shuffle of our bct unit 
cell. This last configuration is the global 
minimum. We observed that the position of 
hydrogen slowly varies throughout the process 
choosing always an O-site, including the 
hexagonal phase only that this time it is harder 
to visualize. This behaviour agrees with 
experimental findings where hydrogen always 
occupies O-sites in hexagonal-close-packed 
structures, with no experimental evidence of 
occupancy of T-sites [12, 27]. These 
experimental findings are also a good evidence 
of high density hydrogen systems.  

The interpretation of the results obtained by 
our calculations has been summarized in 

Figure 8 and Figure 9. Table 1 gives actual 
numerical values compared to those available 
from experimental works. 
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Figure 8: Total energy along Bain's path for pure 

iron parameterized by the value c/a. The values of 
the angle γ is indicated above. 
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Figure 9: Same as 8 but for the system with 

hydrogen. 

Table 1: Comparison of theoretical and 
experimental parameters. Distances are given in Å, 

enthalpies in eV and spin in µB 

Clean Fe a(Å) c/a µB vol (Å³) 
BCC-Teor 2.82 1.00 2.20 22.33 
BCC-Exp[28] 2.87 1.00 2.20 2.80 
FCT-Teor 2.43 1.50 0.00 20.27 
FCC-Exp[28] 2.55 1.42 0.00 - 
HCP-Teor 2.45 1.58 0.00 22.16 
HCP-Exp[12] 2.58 1.62 0.00 - 
          
Fe+H a(Å) c/a µB vol (Å³) 
HCP-Teor 2.52 1.60 0.00 22.13 

 
 

12 CONCLUSIONS 
We have found by direct analysis of our 

MD trajectories that the diffusing barrier for 
interstitial hydrogen inside -iron depends on 
the density of diffusing atoms in the near 
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region. By using a simple statistical model we 
have also analyzed how the energy difference 
between the T and O sites, , is modified by 
the presence of other interstitials. Finally, by 
looking at the amplitude of vibration of iron 
atoms around their equilibrium position and 
comparing with a simple Debye-Waller model, 
we conclude that the Fe-Fe interaction 
weakens as the concentration of interstitial 
hydrogen increases, finding that for the largest 
considered density the effective Debye 
temperature for iron is already below room 
temperature. 

Calculations for the Bain path of clean iron 
have allowed us to investigate the different 
stable and/or metastable phases of iron 
according to the energetic of the structures. 
Interstitial hydrogen hosted on O sites 
becomes a source of large internal stress that 
can be released by a body-centered tetragonal 
deformation that fits naturally with Bain’s 
mechanism. DFT calculations show that the 
bcc phase is deformed until it reaches an AF-
type I phase with c/a = 1.5 (close to the fcc 
crystal structure). It is favorable for the system 
to continue deforming to reach a paramagnetic 
minimum with hexagonal symmetry (c/a = 1.6 
and γ = 60º). This scenario agrees with current 
ideas about the Earth’s core composition under 
extreme external pressure. Tsuchiya and 
Fujibuchi have considered the effect of 
substitutional Si on iron under large pressures 
[29]. They also conclude that kinetic barriers 
between bcc and fcc phases disappear under 
external pressure. In their case, however, the 
substitutional Si plays a minor role on the 
physical origin of this effect, probably because 
an interstitial position increases the internal 
stress more than a substitutional one. The 
internal strain introduced by interstitial 
hydrogen increases the potential energy; this 
can be used to excite phonons and can 
propagate through the lattice as an excess 
vibrational kinetic energy. It is known that the 
γ to α transformation happens fast up to a 
critical temperature, Ms, but for higher 
temperatures it is slowed by competition with 
a different process. Our calculations show that 
such a martensitic transformation should 
compete with the formation of an ϵ  phase 

favoured by the accumulation of interstitials in 
octahedral sites. This process inhibits the γ to 
α phase transition, because small nucleation 
seeds are formed that will grow by attracting 
further hydrogen diffusing fast at high 
temperatures. 
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Abstract:  During the last decades, studies regarding reinforced concrete (RC) deterioration have 
focused mainly on problems such as chloride ingress, corrosion and fatigue; however, recently, other 
deterioration mechanisms such as concrete biodeterioration have called the attention of researchers.  
Biodeterioration has shown to be critical in structures located in aggressive environments, which may 
include polluted air, sewage waters, deep waters, water runoff, landfill leachate, acid mine drainage, 
and offshore placement. Also it has been observed that concrete inner conditions such as the use of 
recycled concrete or demolition waste like slag, and the use of pyritic aggregates favor microbial attack 
threatening both durability and concrete quality. This paper presents an overview of microbial attack 
and biodeterioration of RC structures; it focuses mainly on biologically mediated transformations.  In 
addition, the paper presents current research initiatives and future challenges in the field of concrete 
biodeterioration. 
 

1  INTRODUCTION 
Biodeterioration of Reinforced Concrete 

(RC) structures has recently gained 
momentum as a mayor structural 
deterioration mechanism.  Biodeterioration is 
a phenomenon that has been observed in 
structures located in aggressive 
environments; for instance sewage waters, 
deep waters, water runoff, landfill leachate, 
acid mine drainage, and offshore placement. 
Several research studies have found that the 
activity of some microorganisms on the inner 
concrete matrix can severely impact the 

structure’s life generating high reparation or 
replacement costs [28]. 

Concrete is a material composed mainly of 
cement, aggregates and water. In particular, 
the basic constituent, i.e., Portland cement, 
has a chemical composition consisting of 
Dicalcium Silicate (2CaOSi2), Tricalcium 
Silicate (3CaOSi2), Tricalcium Aluminate 
(3CaOAl2O2), Tetracalcium Aluminoferrite 
(4CaOAl2O3Fe2O3), Calcium Sulfate or 
Gypsum (CaSO4·2H2O) and others [20]. It 
has been observed that with this chemical 
structure, the presence of sulfur and calcium 
compounds in the concrete matrix, and of 
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iron in both aggregates and steel 
reinforcement, favors the attack of certain 
damaging microorganisms.  

The main objective of this paper is to 
describe current research initiatives and 
future challenges in the field of concrete 
biodeterioration.  

2 DEFINITION AND BASIC 
CONCEPTS 

Biodeterioration can be described as “any 
undesirable change in the material properties 
caused by the vital activities of organisms” 
[28]. Thus, biodeterioration is a multi-
disciplinary field that encompasses both 
engineering and biology concepts. 
Biodeterioration problems have been 
observed and studied in various material 
types such as wood, metals and concrete [28-
29]. 

Biodeterioration mechanisms can be 
classified according to the effects on the 
material [28]; these might be:  a)  physical or 
mechanical breaking; b)  aesthetic, promoted 
by mold, mycelium, microalgae, and major 
biomass producers that cause fouling or 
soiling [11]; and c) chemical, which takes 
place when microorganisms use concrete 
materials as a growth substrate or excrete 
harmful products into the material damaging 
its structure. A crucial aspect of concrete 
deterioration is the damage caused to the 
material inner structure, which frequently 
leads to an increase in porosity that reduces 
the strength and facilitates cracking and 
chloride ingress [8-28]. 

The biodeterioration process in RC can be 
divided in two stages:  initiation stage; and 
secondary or development stage [14]. During 
the former substrate conditioning for living 
organisms (pH lowering, moisture gain, 
biofilm formation) or inner changes (adverse 
chemical reactions, cracking from swelling or 
shrinkage) produce often small changes in 
appearance.  In this stage bioreceptivity, i.e., 
the intrinsic capability of a material to allow 
colonization by living organisms [8], plays a 

key role in the process. Bioreceptivity of 
concrete, mortar and stone exposed to indoor 
and outdoor environments has been identified 
as a favorable quality for microbial growth 
[21-25]. According to Prieto et al. [25], 
bioreceptivity can be measured using seven 
categories (from inappreciable to very 
intense) based on a qualitative assessment of 
the color change.   

On the other hand, during the 
development stage, the growth of 
microorganisms, and/or the excessive 
cracking may facilitate chemical attack  (e.g., 
due to chlorides) adversely affecting the 
material integrity;  i.e. increment of porosity, 
loss of weight, and strength reduction (Fig 1). 

 

 
Fig 1:  Material changes trend from biodeterioration. 

3 BIODETERIORATION OF 
INFRASTRUCTURE 

3.1 Drinking water systems 
Problems associated to bacteriological 

growth, biofilm formation and microbial 
corrosion of pipes have been reported in 
drinking water systems. The most important 
triggers to these problems are temperature, 
water age, concentration of organic 
compounds and residual chlorine 
concentration.  Bacteriological regrowth, 
biofilm formation and microbial corrosion 
are the main biological issues associated to 
drinking water systems.   Also operational 
practices affect the growth of 
microorganisms like nitrifying bacteria and 
general bacteriological re-growth modifying 

2089



J. F. Márquez P., M. Sánchez-Silva, and J. Husserl 

3 
 

their influence over the distribution systems 
materials [19]. 

3.2 Sewer systems 
In sewer systems, carbonation and 

presence of hydrogen sulfide make the initial 
pH of pore water to drop from 12 or more 
(original pH of concrete) to about 9. Under 
these new conditions, microbial growth 
initiates with its correspondent metabolic 
byproducts.  For example, sulfur oxidizing 
bacteria (SOB) produce sulfuric acid that 
reacts with calcium hydroxide forming 
gypsum (CaSO4 • 2H2O), which later reacts 
with Tricalcium Aluminate leading to 
formation of ettringite (3CaO • Al2O3 • 
3CaSO4 • 32H2O) [23].  For H2S 
concentrations between 30 and 400 ppm  
SOB can cause deterioration (thickness 
reduction) in sewers at rates ranging from 1.4 
to 7.6 mm/year in periods of 2 months to 14 
years.  Also sulfate reducing bacteria (SRB) 
living in biofilm attached to sewer walls or 
immersed in wastewater convert 
anaerobically sulfates (typically 20 and 50 
mg/L wastewater) to sulfides [14]. 

Carbonation and sulfate attack 
combination accelerate damage in deeper 
layers of RC pipes. In some experiments 
reported in [10], these two attack 
mechanisms were investigated. In these 
experiments, 100 mm-side cubic samples 
were exposed to 20% carbon dioxide, 70% 
relative humidity and four sulfate forms 
during 360 days. The results reported a 
superficial weight loss ranging from 13.5% 
to 20.24% and a deep weight loss of about 
11.88%. The compressive strength and 
splitting strength losses were up to 10% and 
19% respectively [10].    

In addition, swelling and cracking can 
appear due to delayed ettringite formation, 
which weakens the concrete matrix and 
accelerates other damaging mechanisms such 
as steel corrosion.  Even more harmful 
effects can be observed when there is 
chloride ingress, carbonation and sulfate 

attack.  Such a case is described by Moradian 
et al. [23]; a sewage system buried in soils 
containing considerable amounts of sulfate 
and chloride, and where the inner 
environment was rich in sulfates and carbon 
dioxide, had to be intervened in less than 10 
years. 

3.3 Transportation system components 
Use of deicing salts and freeze-thaw 

processes can lead to steel corrosion in 
cracked and porous concrete pavements and 
bridge decks.  Also the recycling of 
pavements, the presence of ammonia-
nitrogen, nitrate-nitrogen and 
orthophosphate-phosphorus increase the 
porosity of concrete, changes the shape and 
size of porous structures and increase the 
clogging vulnerability of road materials [13]. 
Microorganisms in runoff can reach 
geotextile layers and stay there for long 
periods of time.  Their growth involves 
chemical reactions that may affect the 
substrate of the concrete.    

3.4 Landfills 
Solid waste disposal in Landfills and land 

reclamation have also shown problems as a 
result of microbial attack. Demolition 
materials are commonly used in this type of 
structures. The use of construction materials 
like Drywall made of gypsum and sheets of 
paper, constitute up to 30%, by wet weight, 
of the demolition waste disposed off in 
Landfills. As a result of this process, 
researchers have reported up to 12000 ppm 
of H2S produced.  The simultaneous presence 
of gypsum, moisture, anaerobic conditions, a 
carbon source, neutral pH environment and 
medium temperatures (30 to 38°C) give the 
optimal conditions for growth of sulfur 
reducing bacteria (SRB); SRB metabolize 
gypsum to hydrogen sulfide.  In turn, 
presence of H2S and carbon facilitate the 
proliferation of sulfur oxidizing bacteria 
(SOB) in aerobic environments [30].   
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3.5 Soil stabilization systems 
Soil stabilization methods used to handle 

expansion problems are frequently treated by 
mixing Portland cement with soil. The 
resulting material can be classified as a 
cement mortar that can suffer from 
bioderioration problems. During the 
hydration of cement, more than twenty-three 
minerals are formed, which produce up to 
15% ettringite/mass causing the swelling of 
the soil. Ettringite and gypsum are the main 
sulfate-binding after 28 days of curing being 
more important the amount of sulfate than 
that of ettringite [7]. This chemical structure 
combined with polluted sub-superficial water 
and groundwater could be a source of 
microbial attack. Further research on these 
improved soils is required. 

4 BIODETERIORATION OF 
CONCRETE COMPOSITES 

Pyritic aggregates in RC are a source of 
energy for microorganisms. In nature, pyrites 
and pyrrhotites are the most abundant 
minerals containing iron sulfide.  Pyrite 
(FeS2), is associated with igneous and 
metamorphic rocks and mineral veins and it 
is formed when these materials are subjected 
to high temperatures. When formed under 
low temperature it is related to organic-rich 
sediments. Pyrite is unstable under 
atmospheric conditions and is oxidized in the 
presence of water and oxygen. Microbial and 
chemical processes oxidize pyrite producing 
swelling and cracking in the material that 
contents it. [24]. 

Waste rock with pyrite content up to 30% 
and acidification of groundwater in coal 
mining are problems that have been largely 
investigated [26]. Current scarcity of good 
quarry in some parts of the world has forced 
the use of pyrite-bearing rock like concrete 
aggregate [32]. The content of sulfur and 
ferrous compounds inside the resultant 
concrete offers a source of food for SOB and 
SBR bacteria allowing for its 
biodeterioration. 

5 BIODETERIORATION  AND 
CHLORIDE INGRESS 

In RC structures, the corrosion of the 
reinforcement can be facilitated when in 
contact with chlorides.  Corrosion of steel 
reinforcement in RC structures affects 
adversely their ductility, their strength, and 
their fatigue life [9-17].     

Shortly after the casting, high pH values 
(>12) in the concrete matrix allow the steel 
reinforcement to be protected by an oxide 
film. Chloride ions can reach the surface of 
the concrete primarily because of marine 
environments or application of de-icing salts 
to road surfaces. When chloride ions ingress 
into the concrete matrix and come into 
contact with the reinforcement, a process 
called depassivation occurs initiating its 
corrosion [3]. This process accelerates when 
concrete ages. The presence of CO2 or H2S in 
the environment may lower the pH down to 
around 9 promoting microorganisms to grow 
and modify the porosity [14]. In RC 
structures exposed to environments that 
combine bacteria proliferation and chloride 
availability, porosity and cracking caused by 
bacterial attack increase facilitating diffusion 
of chloride within the concrete matrix leading 
to reinforcement corrosion [4].  

6 EFFECT OF MICRORGANISMS IN 
RC STRUCTURES 

6.1 Types of microorganisms 

Microorganism growth can be achieved 
when a source of carbon, an electron donor 
and a final electron acceptor exist. Microbes 
are called heterotrophs when the source of 
carbon is organic, or autotrophs when linked 
to carbon dioxide. The dynamics of 
microorganisms is based on the transfer of an 
electron from a donor to an acceptor. 
Microorganisms are called aerobic if the 
electron acceptor is oxygen or anoxic, if the 
electron acceptor is different from oxygen. In 
the absence of an external electron acceptor, 
electrons can be redistributed within the 
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electron source, partially oxidizing some 
carbon atoms and reducing other carbon 
atoms (anaerobic metabolism) [14]. The 
primary organisms involved in concrete 
biodeterioration include bacteria, fungi, algae 
and lichens [28]. 

6.2 Algae, fungi and lichens 
Fungal growth has been observed in 

buildings, monuments and underground 
structures. The most common fungi observed 
are Alternaria, Aspergillus, Cladosporium 
and Penicillium [2].  Chemoorganotrophic 
bacteria and fungi with or without the 
presence of photoautrotrophs may 
collectively act as primary microbial 
colonizers preparing the surface for 
subsequent microbial succession [12]. 

Stichococcus sp., Chlorella sp. And 
Cyanobacterium Gloeocapsa are the most 
common algae genus found and used in tests 
related to construction materials [21].  On the 
other hand Coccoid and colonial 
Cyanobacteria, Endoliths, Trentepholia, 
Thyrea, Aspicilia, Verrucaria, Caloplaca are 
the Lichens associated to biodeterioration of 
terracotta, mortar and painted plaster [11]. 

Colonization of outdoor buildings surfaces 
from cyanobacteria, algae, bryophytes and 
lichens leads to form complex communities 
that facilitate the development of 
heterotrophic bacteria, protozoa, molluscs, 
and arthropods.  Many of them are thermo-
tolerant (65-70°C) when dry but thermo-
sensitive when wet (20-55°C) and physical 
treatments based on wetting and heating (45-
55°C) or plastic wrapping have been 
proposed to inhibit the proliferation of 
microoragnisms [31]. 

6.3 Bacteria 
Bacteria are the most aggressive 

microorganisms to RC elements.  In an 
adequate environment they metabolize 
atmospheric or linked-materials compounds 
leading to chemical reactions harmful to 
concrete. This process is called Microbially 

Induced Concrete Corrosion (MICC) and can 
be developed in sewage systems, water 
treatment facilities, swimming pools, cooling 
towers and hydraulics facilities [27]. 

In sewage, there is a continuous 
transformation of H2S into partially oxidized 
sulfur (thiosulfate, elemental sulfur and 
polysulfate species). The existence of 
nutrients and the turbulence of flow facilitate 
the ingress of H2S into the pipe walls.   

In this environment Thiobacillus species 
can grow using atmospheric CO2 as a source 
of carbon [27-28]. Then, as pH is reduced, a 
better environment in created for other  
bacteria to grow, reproduce and die.  

Neutrophilic Sulfur-Oxidizing 
Microorganisms (NSOM) include T. 
thioparus (4.5-10), T. novellus (5-9.2), T. 
neapolitanus (4-9), T. intermedius (1.7-9); 
while Acidophilic Sulfur-Oxidizing 
Microorganisms (ASOM) include A. 
cryptum (4.6 to 5.3). and T. thiooxidans (0.5-
4).  T. thiooxidans (newly Acidithiobacillus 
thiooxidans) produce sulfuric acid (H2SO4) 
that attacks the matrix of concrete producing 
Calcium Sulfate (CaSO4) [18] and very 
expansive ettringite capable of causing 
internal cracking and pitting  [22-27-28].   

Also Thiobacillus ferrooxidans, 
Leptospirilium ferrooxidans and 
Acidiphilium cryptum have been observed in 
sewer pipes [33] and Cyanobacterium 
Chroococcidiopsis and Cyanobacterium 
Pleurocapsa were found in biofilms of 
buildings and monuments [11].   

ASOM can move into the corroding layer 
of concrete but NSOM cannot do it.  Bacteria 
activity may modify corrosion rates making 
them to vary between 2 to 4.7 mm/year [5-
18-27-33]. On the other hand it has been 
observed that in environments rich in ASOM, 
microbiological deterioration is more 
deleterious than chemical deterioration 
(immersion in sulfuric acid) leading to an 
additional material weight loss of up to 8% in 
the first case [22].     
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Giannantonio et al. [12] studied the main 
microbial communities present in exposed 
concrete surfaces.  Proteobacteria, 
Acidobacteria, Firmicutes, Actinobateria, 
Cyanobacteria, bacteroidetes and 
Planctomycetes were identified, being the 
gamma-proteobacteria the most abundant 
(75%). Three bacterial phylotypes: 
Actinomycetales, Xanthomonadales, and 
Rhodospirillales were identified to be the 
most abundant (more than 70%) of microbial 
community composition in sewers while only 
4% of the total community belonged to 
Acidithiobacillales (e.g. A. thiooxidans) [6]. 

Pitting steel corrosion is also a major 
concern in steel corrosion.  Johnston and 
Voordouw [15] reported that the influence of 
SRB in the steel pitting can cause losses of 
0.050, 0.090 and 0.095 mm/year for 
oxygen/sulfide rates of 1.0, 1.6 and 2.4 
respectively.  These results suggest that 
biotic growth generates greater material 
distortion than chemical attack or abiotic 
growth. 

A summary of most common bacteria 
strains used in concrete and related materials 
biodeterioration tests is shown in Table 1. 

Table 1:  Related tests to effect of bacteria in concrete 

AUTHOR MATERIAL AND 
MICROORGANISMS 

Monteny et 
al. 2001.   

Material: Concrete made with 
sulfate resistant  
Bacteria: Sulfur-oxidizing 
bacteria (Thiobacillus-like 
bacteria) and biopolymers. 

Hernandez et 
al. 2002   

Material:  Concrete.  Crowns of 
sewer pipes. 
Bacteria:  Thiobacillus 
ferrooxidans, Thiobacillus 
thiooxidans, Leptospirilium 
ferrooxidans and Members of 
the genus Acidiphilium.  

Roberts et al. 
2002 

Material:  Mortars of calcium 
aluminate, microsilica and 
Portland cement. 
Bacteria:  Row sewage from 
the City of Houston 

Aviam et al.  
2004.  

Material: Mortar of Portland 
Cement. 
Bacteria:  Thiomonas 
intermedia and 
Halothiobacillus neapolitanus. 

Bielefeldt et 
al. 2009 

Material:  Concrete of new 
sewage collection pipe. 
Bacteria: Acidiphilium 
cryptum, Thiobacillus 
neapolitanus, Thiobacillus 
thioparus, Acidithiobacillus 
thiooxidans. 

Lors et al. 
2009.   

Material:  Mortar of Portland 
Cement. 
Bacteria:  Acidithiobacillus 
thiooxidans. 

Giannantonio 
et al. 2009b 

Material: Concrete (painted / 
unpainted surfaces)  
Bacteria: Phylum 
Proteobacteria, mainly 
Gammaproteobacteria. 

7 POSITIVE EFFECTS OF BACTERIA 
Bacteria have been used also as a way to 

improve concrete performance; in this case, 
instead of describing the process as 
biodeterioration, it is called bioremediation. 
Bioremediation uses microbes for producing 
benefic changes in the properties of a 
material and seems to be an alternative to 
deal with biodeterioration.  For example 
Kaur et al.  [16]  studied the effects of fungal 
(Eupenicillium crustaceum) treated waste 
foundry sand (WFS) on concrete properties. 
They found that fungal treated material had a 
compressive strength gain (28 d) of 24%.  In 
addition, water absorption and porosity 
dropped down 44% to 50% as compared to 
the untreated material. This improvement can 
be explained by the ability of the fungal 
culture to form biominerals and conduct 
biodeposition (bacterial carbonate 
precipitation). Possible interaction of 
lichenous, mycorrhizal and saprotrophic 
fungi with natural rock systems, soil and 
buildings, gypsum and granites and their 
influence in the formation of secondary 
biomineral on the attacked substrates are 
proposed as future research initiatives. 
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According to Achal et al. [1], the use of 
Bacillus sp. CT-5 (isolated from cement) 
leads to biomineralization of calcium 
carbonate and improves the compressive 
strength by 36%, reducing water-absorption 
up to 83% in cubes of mortar.  A minor gain 
(18%) was observed in compressive strength 
of cement mortar samples subjected to 
Bacillus pasteurii and Pseudomonas 
aeruginosa. 

8 BIODETERIORATION TESTS AND 
PROCEDURES 
There are many test methods available to 
identify bacterial activity on concrete. First, 
mineralogical-microbiological methods can 
be used to describe materials’ surface 
topography, microorganisms morphology, 
material composition, and other properties 
using electromagnetic radiation or electron 
diffraction. Some of the most common tests 
include Scanning Electronic Microcopy 
(SEM), Energy Dispersive Spectroscopy 
(EDS), Energy Dispersive X/Ray 
Spectroscopy (EDAX), X/Ray Powder 
Diffraction (XRPD). There are also chemical 
tests which focus on identification and 
quantification of the chemical components 
and their reactions within the materials.  
These include quantitative (gravimetric and 
volumetric) and qualitative analysis. 

9 FUTURE RESEARCH 
CHALLENGES 

Ongoing research is being conducted to 
investigate the effect of the conjunction of 
microorganisms availability and pyritic-
aggregate-concrete in wet or saturated 
environments. Also the influence of bacterial 
attack on porosity, mechanical strength and 
diffusivity of chlorides in mortar is being 
investigated by the authors.  These issues 
require more research specifically in the 
involved microbiological dynamics.    

Additional research needs in the field may 
include: 

1. Study of microbial attack in RC 
structures built within polluted sub-
superficial water or stabilized soils. 

2. Study of the effect of microbial attack  
on structures built on reclaimed lands.  

3. Understanding of microbiologic 
issues of microorganisms linked to 
biodeterioration of RC elements is highly 
recommended.  

4. Study of the combination of 
biodeterioration and chloride attack over 
offshore structures and energy 
infrastructure    

5. Review and study of possible 
remedial strategies. 

6. Study of possible application of 
biodegradation in creating new green 
materials.  

7. Development of comprehensive 
models to explain the biodeterioration 
processes in each one of previous topics. 

10 SUMMARY AND CONCLUSIONS 
Biodeterioration of RC structures, also called 
Microbially Induced Concrete Corrosion 
(MICC), is a facilitator and a principal actor 
of the global deterioration process. Physical 
and chemical biodeterioration are the most 
aggressive classes of deterioration that are 
commonly promoted by the bacterial activity.  
Biodeterioration can affect concrete and 
reinforcement bars directly or indirectly from 
biogenic consequences (cracking, porosity 
increase) and chloride ingress.    
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Abstract: In the present paper a finite element model is introduced to simulate corrosion-induced 
damage in concrete. The model takes into account the penetration of corrosion products into the 
concrete as well as non-uniform formation of corrosion products around the reinforcement. To ac-
count for the non-uniform formation of corrosion products at the concrete/reinforcement interface, a 
deterministic approach is used. The model gives good estimates of both deformations in the con-
crete/reinforcement interface and crack width when compared to experimental data. Further, it is 
shown that non-uniform deposition of corrosion products affects both the time-to cover cracking 
and the crack width at the concrete surface.  
 
 

1 INTRODUCTION 
Infrastructure constructions represent major 

investments for society and consequently vast 
efforts are made to understand and predict the 
service life and associated deterioration mech-
anisms of infrastructure constructions. A major 
part of these infrastructure constructions is 
made of reinforced concrete. One of the most 
important deterioration mechanisms in rein-
forced concrete structures is reinforcement 
corrosion [1]. Corrosion-induced damages, 
such as concrete cracking, spalling, delamina-
tion, and cross sectional reduction of the rein-
forcement, may cause aesthetic damages, de-
crease the load bearing capacity of a structure, 
and in the worst case lead to fatal structural 
consequences, such as failure. 

In particular, the formation of cracks in the 
concrete cover as well as cross sectional re-
duction of reinforcement area is affecting 
strength and serviceability of reinforced con-
crete structures. Hence, corrosion-induced 
cover cracking has been studied to a great ex-
tent, see e.g. [2,3], and various models such as 
analytical, see e.g. [4,5], empirical, see e.g. 
[6,7], and finite element based, see e.g. [8-11], 

models have been suggested over the years. In 
general, these models are consistent with ex-
perimental data, however, recent application of 
experimental techniques such as x-ray attenua-
tion [12-14] and digital image correlation [15] 
have highlighted that (i) corrosion products 
penetrate into the concrete matrix and (ii) cor-
rosion products form non-uniformly around 
the circumference of the reinforcement leading 
to non-uniform deformations - both topics are 
so far relatively uncharted. The majority of the 
proposed models neglect these mechanisms, 
which may cause misleading and unrealistic 
results. Therefore, the influence of penetration 
of corrosion products as well as non-uniform 
formation in the concrete/reinforcement inter-
face should be further investigated. 

In the present paper an existing finite ele-
ment based model [15], which simulates the 
expansion of uniformly deposited corrosion 
products - taking into account the penetration 
of corrosion products into the concrete matrix 
- and predicting the propagation of corrosion-
induced damage, is taken one step further al-
lowing for non-uniform formation of corrosion 
products around the circumference of the rein-
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forcement. The model is accounting for the 
expansion of corrosion products utilizing a 
thermal analogy. Non-uniform corrosion is 
introduced assigning a specific thermal expan-
sion to each element in the corrosion layer. 
Initially, the modeling approach to account for 
non-uniform formation of corrosion products 
is tested comparing numerical results with 
experimental observations presented in [15]. 

Finally, a numerical example is given to 
demonstrate the influence of non-uniform cor-
rosion on the time-to corrosion-induced cover 
cracking. 

2 MODELING APPROACH 
The proposed modeling approach is based 

on an existing finite element method (FEM) 
model [10,11,15] that simulates the formation 
and propagation of corrosion-induced damage 
in a reinforced concrete body applying a dis-
crete cracking approach. Neither micro-
cracking nor the influence of cracks on the 
transport properties of concrete is currently 
included in the model. 

To simulate the formation and propagation 
of corrosion-induced damage, the proposed 
model is divided into five distinct domains; 
concrete, reinforcement, a corrosion layer, 
cracking, and debonding domain (crack open-
ing and sliding at reinforcement surface). 
Crack propagation along with the different 
domains is illustrated in Figure 1 for two dif-
ferent times, t1 and t2. The crack initiates at or 
near the surface of the reinforcement and sub-
sequently propagates towards the concrete 
surface as observed in [12-15]. The concrete 
domain is described by a semi-infinite con-
crete body with elastic material behavior. Ze-
ro-thickness cohesive interface elements are 
implemented perpendicular (simulating mode-
I crack propagation in the concrete cover) and 
circumferential (simulating mixed-mode crack 
propagation) to the reinforcement allowing 
only for crack propagation in the implemented 
interface elements. However, corrosion-
induced crack patterns obtained from experi-
mental investigations (see e.g. [2,3,16]) sup-
port the assumption of a prescribed crack path. 

 

Figure 1: Crack propagation in proposed FEM model, 
from [10]. 

Cracking in the concrete cover layer is in-
duced once tensile stresses (which are caused 
by the expansion of corrosion products) ex-
ceed the tensile strength of the concrete. To 
simulate corrosion-induced damage in the 
model two steps are implemented; a) calcula-
tion of the reduction of the reinforcement radi-
us and b) calculation of the expansion of cor-
rosion products.  

Figure 2 illustrates the confined and free 
expansion mechanism of the corroding rein-
forcement assuming uniform formation of cor-
rosion products. R2 is the free expanding radi-
us of the corroded reinforcement, R1 the radius 
of the non-corroded part of the reinforcement 
and R0 the radius of the original non-corroded 
reinforcement. 

 

Figure 2: Load application in FEM model (left) and 
basic geometrical considerations of the free expansion 

of the corroding reinforcement (right) in crack propaga-
tion model, from [10]. 
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From Faraday’s law the reinforcement radi-
us reduction due to corrosion i.e. the thickness 
of the corrosion layer is determined:  

             
          

     
 (1) 

where M is the molar mass of the metal 
[g/mol], icorr the corrosion current density 
[A/mm2], ∆  the duration of current application 
[s], z the anodic reaction valence [-], F Fara-
day’s constant [96485 As/mol] and   the den-
sity of the metal [g/mm3].  

Considering Figure 2, the thickness of the 
free expanding corrosion products can be ex-
pressed as: 

∆          (2) 

The expansion of corrosion products is in-
cluded in the model applying a fictitious ther-
mal load to the corrosion layer as described in 
the following equation: 

    (     )     (3) 

where ηlin is the linear expansion coefficient 
depending on the type of corrosion products 
formed. The linear expansion coefficient is 
described by a fictitious thermal expansion 
coefficient, α [K-1], and a corresponding tem-
perature increment,  T [K], see Equation (4). 

η      α  T (4) 

2.1 Penetration of corrosion products into 
the concrete matrix. 

Figure 3 illustrates experimental results of 
accelerated corrosion tests observed by x-ray 
attenuation measurements in [14]. The figure 
clearly shows that corrosion products form in a 
non-uniform manner around the reinforcement 
and furthermore penetrate the surrounding 
concrete matrix and thereby delaying stress 
formation. Therefore, the penetration of corro-
sion products into the concrete matrix was 
included in the modeling scheme in [12,15] to 
reduce the effect of corrosion-induced expan-
sion. The model was based on experimental 
data obtained from x-ray attenuation [12-14] 
and digital image correlation measurements 
[15] describing the penetration (time and 

depth) of corrosion products. From the exper-
imental data a conceptual model (see Figure 4) 
to describe the penetration of corrosion prod-
ucts into the cementitious matrix was devel-
oped. 

 Based on the experimental results present-
ed in [12-15], it is assumed that an initial cor-
rosion accommodating region (CAR) around 
the reinforcement exists, denoted CAR0, which 
delays stress formation while filling with solid 
corrosion products.  

 
Figure 3: Contour plots highlighting penetration of 

corrosion products into mortar, from [14]. 

 
Figure 4: Conceptual schematic of idealized filling 

process of capillary porosity with corrosion products: 
(a) shows the initial CAR, CAR0, (b) the subsequent 

increase in CAR size to a maximum, CARMAX and filling 
of additional pores due to (c) formation of micro-cracks 
between pores allowing movement of corrosion prod-

ucts, from [15]. 
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Once this initial CAR0 is filled with corro-
sion products, tensile stresses in the surround-
ing cementitious material will increase and 
potentially lead to the formation of micro-
cracks. These micro-cracks allow solid corro-
sion products to penetrate additional pore 
spaces and further delay corrosion-induced 
stresses. At some point a maximum size of the 
CAR, denoted as CARMAX, is reached. No cor-
rosion products can penetrate the matrix of the 
cementitious material beyond that point and all 
additionally formed corrosion products will 
introduce tensile stresses and potentially lead 
to the formation of a macro-crack. 

Equations (5) and (6) express the observed 
characteristics of the CAR. κ describes the 
change in connectivity of capillary pores in-
side the CAR, tCAR_min the time until CAR0 is 
filled with corrosion products, tCAR_max the time 
until CARMAX is filled with corrosion products,  
and t the time. 

κ    {
 
  
 

                           
                                  

                          
 

(5) 

where 

   
            

                   
 

 

                        κ (6) 

Assuming the CAR consists of the capillary 
porosity of the cementitious material, φ, the 
CAR volume, VCAR, may be determined as 
follows: 

            (7) 

where VCM is the accessible volume of the 
cementitious matrix. 

As mentioned before, a thermal analogy is 
used in the model to mimic the expansion of 
the corrosion products. The variation of the 
temperature increment in time is thereby cal-
culated as shown in Equation (8), where  TCAR 
is an adjusted equivalent temperature incre-
ment accounting for the impact of the CAR on 
corrosion-induced deformations and is applied 
in the FEM analysis instead of  T. 

 TCAR = λCAR  T (8) 

where λCAR describes the penetration of cor-
rosion products into the accessible space of the 
cementitious matrix, VCAR, and is described as 
follows: 

λ        {(
   

    
)
 

               

                         

 
(9) 

where n is an empirical parameter estimated 
to be 1.3 in [15]. Both the volume of the corro-
sion products, Vcp, and the volume of the CAR, 
VCAR, are time dependent parameters, see e.g. 
Equations (1) and (5). 

2.2 Creep 
The effect of creep was implemented in the 

model in [15] according to Eurocode 2 [17] 
where the effective Young’s modulus of the 
concrete matrix is adjusted at each time step 
according to Equation (10). 

         
  

         
 (10) 

where Ec,eff and Ec are the effective and se-
cant Young’s modulus [MPa], respectively, 
     0) is the creep coefficient, which is a func-
tion of time, t the age of the concrete matrix 
[days] and t0 the time at loading [days]. 

In the following a description of the modi-
fications made to include the non-uniform 
formation of corrosion products is found. 

2.3 Implementing non-uniform corrosion 
Figure 5 illustrates the expansion mecha-

nism of non-uniformly deposited corrosion 
products. The non-uniformity is implemented 
varying the corrosion current density around 
the circumference of the reinforcement and 
thereby generating different degrees of corro-
sion of the reinforcement - maintaining the 
same total corrosion current as in the uniform 
case. Mathematically the non-uniformity is 
modeled changing the corrosion current densi-
ty from a scalar to a vector. This implies that 
Equation (1) is changed to Equation (11) in 
which the reinforcement radius reduction not 
only depends on time but also on the location. 

2100



Anna Emilie A. Thybo, Alexander Michel and Henrik Stang 

 5 

The new vector describes the change in cor-
rosion current density around the circumfer-
ence of the reinforcement and thereby the 
shape of the corrosion layer. The shape is con-
sidered constant over time, which corresponds 
well to experimental observations made in 
[12,13,15]. 

     ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗    ⃗⃗⃗⃗    ⃗⃗⃗⃗          ⃗⃗ ⃗⃗ ⃗⃗    
     

 (11) 

As Equation (11) is dependent on Equations 
(8) and (9), the partial penetration coefficient, 
λCAR, and the adjusted temperature increment, 
 TCAR, are also dependent on the location. 

 

Figure 5: Load application (left) and basic geometrical 
considerations to model non-uniform formation of cor-
rosion products (right) in the crack propagation model. 

3 COMPARISON OF NUMERICAL 
AND EXPERIMENTAL DATA 

The ability of the proposed model to simu-
late deformations and crack formation, in-
duced by non-uniform deposition of corrosion 
products, is verified comparing, for a concrete 
body, numerical results with experimental ob-
servations presented in [15]. To compare nu-
merical results with experimental results, the 
actual geometry of the test specimens was 
modeled.  

In the experiment, a 23×100×100 mm3 rein-
forced mortar specimen was subjected to cor-
rosion impressing an electrical current of 100 
μA/cm2. To provide an electrical connection 
between working (reinforcement) and counter 
electrode (ruthenium/iridium electrode), the 

specimen was placed in tap water, which was 
maintained at a level of approximately 10 mm 
below the reinforcement, see Figure 6. One 
smooth 10 mm steel reinforcement bar was 
embedded in the center of the specimen and 
the water-to-cement ratio, w/c, of the mortar 
was 0.5. 

Corrosion-induced deformations and crack 
formation were observed by means of digital 
image correlation (DIC) and the experiment 
was stopped when the first macro-crack was 
observed. For more information about the ex-
perimental approach the reader is referred to 
[15,18,19]. 

To simulate corrosion-induced defor-
mations, the commercial FEM program DI-
ANA 9.4.2 was used. 1766 elements (10,992 
DOFs) were used to discretize the interface, 
concrete, reinforcement and corrosion layer 
domain in the model. Nonlinear solution of the 
problem was obtained using a standard New-
ton-Raphson method with a displacement con-
trolled convergence criterion. 

The input parameters for the numerical 
simulation are provided in Table 1. In the 
model the linear expansion coefficient is set to 
0.7 assuming the formation of hematite 
(Fe2O3), which was confirmed by energy dis-
persive spectroscopy in [14]. The fictitious 
thermal expansion coefficient was set constant, 
i.e. 1, while the adjusted temperature incre-
ment,  TCAR, accounted for the non-uniform 
deposition of corrosion products. 

The experimental data was fitted adjusting 
the corrosion current density vector,      ⃗⃗ ⃗⃗ ⃗⃗ , in the 
FEM model. As starting point for the estima-
tion of      ⃗⃗ ⃗⃗ ⃗⃗ , DIC measured deformations (after 

 
Figure 6: Experimental set up for DIC, from [15]. 
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three days of accelerated corrosion) in the 
concrete/reinforcement interface were used. 
The resulting non-uniform      ⃗⃗ ⃗⃗ ⃗⃗  around the cir-
cumference of the reinforcement (see Figure 5) 
provided a unique solution for all measure-
ment times, see Figure 6. 

Table 1: Input parameteres 

Parameter Value Dimension 
Length 23 mm 
Width 100 mm 
Height 100 mm 

Concrete cover 45 mm 
dr 10 mm 

RH 65 % 
MFe 55.845 g/mol 

z 2 - 
 steel 7.86 g/cm3 

F 96485 A·s/mol 
mean(icorr)  0.0001 A/cm2 

CAR0 0.14 mm 
CARMAX 0.28 mm 

ηlin 0.7 - 
w/c 0.5 - 
fcm 45 MPa 
Ec  32 GPa 

µconc 0.2 - 
fct 4.5 MPa 
τconc 4.5 MPa 
Esteel  210 GPa 
µsteel 0.3 - 
Ecorr  2 GPa 
µcorr 0.3 - 

 
Figure 5: Illustration of measured deformations (dashed 

line) around the circumference of the reinforcement 
(solid line) at three days and the corresponding non-

uniform corrosion current density. 

Figure 6 illustrates a comparison of the 
modeled deformations at the con-
crete/reinforcement interface and experimen-
tally measured deformations by DIC. In the 
figure, locations are described by polar coor-
dinates where 90° marks the location of the 
predefined crack path. For the three different 
measurement times illustrated in the figure, the 
model predicts the corrosion-induced defor-
mations very well. In general, the deviations at 
the different locations are less than 1 μm after 
six and nine days. When comparing the nu-
merical and measured results for three days, 
higher deviations are found i.e. around 1 μm, 
which was accepted as the deviation decreased 
with time. For one point (150°) higher devia-
tions between experimental and numerical 
results were found for three and six days. 
However, the deviation was not found after 
nine days and was therefore neglected. In the 
modeling approach it was assumed that the 
shape of the corrosion layer, i.e. non-uniform 
formation of corrosion products, is constant 
with time, which seems to be a fair assumption 
considering the comparison of the modeled 
and DIC measured deformations. The devia-
tions that are seen for three days in general and 
at 150° for three and six days may be ex-
plained by small changes in the shape of the 
corrosion layer over time and due to micro-
cracking, which is not included in the model. 

 
Figure 6: Modeled corrosion-induced deformations 

(lines) and corrosion-induced deformations measured by 
DIC (markers). 
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In Figure 7, the predicted corrosion-induced 
crack width is compared to the experimentally 
measured crack width. It should be noted that 
numerical predictions of the crack width are a 
result of the fitted corrosion-induced defor-
mations at the concrete/reinforcement interface 
presented in Figure 6 and the material proper-
ties defined in Table 1. No additional fitting 
was performed.  

To correspond to the location of the meas-
ured DIC crack width, the model predicted 
crack width was taken 1.4 mm from the rein-
forcement surface. In general, it is seen from 
the presented results that the modeled crack 
width corresponds well to the measured crack 
width. Both results, i.e. numerical and experi-
mental, show a crack width of approximately 0 
μm until six days after which the model pre-
dicted crack width rapidly increases. In con-
trast, the measured crack width starts to in-
crease rapidly at approximately 7.5 days. Alt-
hough, the numerical results do not capture the 
time-to crack initiation exactly, the model pre-
dicted crack width depicts the measured crack 
width well, as the slope of the two curves are 
approximately the same after 7.5 days. A rea-
son for the deviation is most likely that micro-
cracking is neglected in the present model. In 
the experiment two micro-cracks were ob-
served and the formation of these micro-cracks 
has most likely postponed the initiation of the 
third crack (macro-crack).  

 
Figure 7: Modeled corrosion-induced crack width (line) 
and crack width measured by DIC (markers) at 1.4 mm 

from the reinforcement surface. 

Additional uncertainty in the model is the 
Young’s modulus of corrosion products. In the 
present model a value of 2.0 GPa was used as 
proposed in [15]. Furthermore, it should be 
noted that studies in [15] showed a weak de-
pendence of corrosion-induced deformations 
on the Young’s modulus o  corros on prod-
ucts. 

4 INFLUENCE OF MODELING NON-
UNIFORM CORROSION ON SURFACE 
CRACKING 

To demonstrate the impact of non-uniform 
deposition of corrosion products on the time-to 
crack initiation and crack propagation, a nu-
merical example is given. In the example, the 
crack width at the concrete surface (CWCS) is 
compared for four different scenarios, which 
are illustrated in Figure 8 and defined in Table 
2. The different scenarios represent situations 
in which the main part of corrosion products 
accumulate in one area and are subsequently 
compared to a scenario assuming uniform 
deposition of corrosion products. For each 
scenario the model is set to simulate 40 days 
of impressed current. Parameters used for the 
simulations are provided in Table 1. The width 
and height of the concrete body were changed 
to 210 mm and 155 mm, respectively. The 
values for the width and height of the concrete 
(assuming semi-infinite behavior) were based 
on a study presented in [10]. 

 
Figure 8: Illustration studied scenarios. θ describes the 
location around the circumference of the reinforcement 
in polar coordinates. Please note: the figure illustrates 

corrosion-induced deformations at 40 days. 
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Locations around the circumference of the 
reinforcement are described in polar coordi-
nates in Figure 9 along with a clock reference 
(numbers inside circle) and placement of the 
predefined corrosion-induced crack path. 

Table 2: Scenarios investigated. 

Scenario Characteristic 
1 Uniform shape 
2 Vertex at 6 o’clock 
3 Vertex at 9 o’clock 
4 Vertex at 12 o’clock 

 
Figure 9: Placement of angles (numbers outside circle) 
in the circumference of the reinforcement together with 

a clock reference (numbers inside circle). The crack 
 n t ates at 12 o’clock (90°). 

5 RESULTS 
In Figure 10, the crack width at the concrete 

surface is illustrated as a function of time for 
the four different scenarios. 

In general, a considerable difference is seen 
regarding both time-to cover cracking and 
crack width for the investigated scenarios. For 
scenario 2, the crack is initiated after approxi-
mately 14 days, which is six days later than for 
scenario 3 and eight days later than for scenar-
io 4. It should be noted that under natural con-
ditions the difference in time-to cover cracking 
could in fact be years instead of days as the 
corrosion current density under natural condi-
tions is considerably smaller. Also, the crack 
width at the concrete surface for scenario 4 is 
21% bigger than for scenario 3 and 63% big-
ger than for scenario 2, see Table 3. Compar-
ing scenario 1 (uniform formation of corrosion 
products) with the three other scenarios, it is 

seen that the assumption of uniform corrosion 
can lead to considerable underestimations of 
the time-to corrosion-induced cover cracking. 
Both the comparison of the time-to corrosion-
induced cover cracking and crack widths illus-
trate the importance of understanding and 
modeling non-uniform deposition of corrosion 
products. A realistic method to implement this 
mechanism could be a probabilistic modeling 
approach. The presented results may thereby 
be seen as a first step illustrating extreme sce-
narios and providing impertinent information 
on the uncertainty of time-to corrosion-
induced cracking. 

 
Figure 10: Crack width at concrete surface, CWCS, as a 

function of time. 

Table 3: Time-to cover cracking and crack width 
at the concrete surface after 40 days.  

Scenario Initiation 
of CWCS 

[Days] 

Final 
CWCS 
[mm] 

1 11 0.3377 
2 14 0.2394 
3 8 0.3245 
4 6 0.3912 

6 SUMMARY AND CONCLUSIONS 
In the present paper, the non-uniform depo-

sition behavior of corrosion products is includ-
ed in the modeling scheme of an existing de-
terministic finite element fracture model. The 
non-uniformity was implemented varying the 
corrosion current density along the circumfer-
ence of the reinforcement. In the model, pene-
tration of corrosion product was included but 
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micro-cracking and the influence of cracks on 
transport properties of the concrete was not 
considered. 

To verify the model, digital image correla-
tion measurements of deformations and crack 
widths were compared to simulated results. 
Comparisons between experimental observa-
tions and numerical results showed that the 
model simulates both deformations and crack 
width in accordance with measured data.   

To investigate the influence of non-uniform 
deposition of corrosion products, a numerical 
example was given. In the example four dif-
ferent scenarios (accumulation of corrosion 
products at different locations along the cir-
cumference of the reinforcement) were stud-
ied. Comparison between the studied scenari-
os, showed considerable differences in the 
time-to cover cracking and the crack width at 
the surface. For scenario 4 (accumulation of 
corrosion products at crack initiation point) the 
shortest time-to cover cracking and largest 
final crack width was found. Based on the re-
sults presented in this study, it is recommend-
ed that future investigations and modeling of 
corrosion-induced cracking should focus on 
non-uniform deposition of corrosion products. 
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Abstract: Several cement pastes with different addition content and size, nano and micro silica, 
have been prepared, following two different ways in incorporating the additives. Paste test 
specimens of dimensions 1x1x6 cm have been prepared and characterized by TGA, XRD, SEM and 
29Si NMR. In order to evaluate the rate of hydration, measurements were performed in samples with 
different curing ages: 2, 7 and 28 days. The obtained results show a higher degree of hydration for 
previously additivated samples compared to manual mixing cements with the same curing age. 
Moreover, relevant changes concerning the structure of hydrated compounds have also been 
detected. The behavior of previously additivated samples is consistent with the presence of hydrated 
calcium silicoaluminates. Finally, regardless of the method employed, the addition of nanoparticles 
modifies the size of the obtained crystals. SEM images show a significant reduction in the size of 
portlandite crystals. 

1 INTRODUCTION 
The use of nanosilica additions in cement-

based materials has actually attracted much 
attention in the last decade. Nanosilica 
together with several different oxides is among 
the most employed additions [1,2]. The main 
searched targets in obtaining new materials 
depend on the type of nanoparticle chosen. 
Thus, the addition of nanosilica and 
nanoalumina mainly aims to improve the 
characteristic properties of cement paste 
materials: enhancement of compressive 
strenght, densification of the aggregates/paste 

interface, increase of the permeability and 
therefore optimization of durability, etc [3,4].  
Besides this, other additions of metallic oxides 
concentrate in eventual functional abilities of 
the material. In this sense, it is worth citing 
titanium oxide, whose role connected to 
cement self-cleaning has been widely tested 
and numerous examples, including specific 
applications, have been already reported [5].  
Iron oxide constitutes another promising 
additive which concentrates the attention of 
interesting research concerning the magnetic 
behavior and possible applications [6]. In all 
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cases, one of the main difficulties arises for 
their application due to operational problems 
associated with the difficulty in workability. In 
order to optimize the additive efficiency, a 
good dispersion inside the material is required, 
and this implies to ensure a good dispersion of 
particles in the mixing water and a subsequent 
successful compaction of the material. 

The present work reports on the changes 
produced in the hydration process of cement 
pastes additivated with nano and microsilica, 
obtained under different addition 
methodologies. The main aim deals with 
establishing the most relevant changes 
occurring in the hydrated compounds, when 
comparing mixing methods.  In the first 
method the samples were prepared by means 
of the dispersion of particles in the mixing 
water, in the second method the cement is 
additivated with the silica (nano and micro 
size). 

2 EXPERIMENTAL PROCEDURES 
-Materials 
The plain cement paste (PCP) used as base 

and reference material is an Ordinary Type I 
52.5R Portland cement, which composition is 
indicated in Table 1. In this work two sets of 
samples have been studied. One set (denoted 
AC) consists in samples previously prepared 
by another research group, for which additions 
are made directly on the cement. The 
additivated samples of the second set (denoted 
as AW), manually mixed samples, were 
prepared at a water–cement ratio w/c=0.4 
using different concentrations of two types of 
additives: commercial silica nanoparticles (dry 
powder), supplied by Cab-O-sil and 
microparticles (silica fume), supplied by 
Ferroatlantica SL. In Table 1 the details of 
their compositions are also gathered. The 
selected concentrations were, for both sets of 
samples, 4 and 10 % of nanosilica (denoted 
with N) and 5 and 10 % of microsilica 
(denoted with F). In the notation of water 
manual mixed samples, i.e. AW ones, a “MA” 
is included at the end of the name in order to 
avoid ambiguity.  

For the AW specimens, the method 

employed is a variation of that described in the 
UNE-EN 196-1: 2005 norm [7], using 60 hits 
in a compacting unit. The samples were cast 
into 1×1×6 cm prisms using steel moulds, 
where they stayed for 24 h in a chamber at 20 
°C and 100% humidity. Then they were 
unmoulded and introduced again into the 
chamber until the desired curing age: 2, 7 and 
28 days. After the required time, the samples 
were removed and soaked in isopropanol for 
24 hours, and after in a stove at 40ºC for 24 
hours, in order to stop the hydration. The 
characteristics and notation of the studied 
samples are indicated in Table 2. 

Table 1: Composition of employed materials  
(*Loss on ignition percentage). 

Analyte 
(%) 

Portland 
Cement 

CEM I 52.5R

Silica 
Fume 

Nanosilica 
cab-o-sil

SiO2 19.20 95.37 99.9 
Al2O3 6.07 0.34 0.05 
Fe2O3 1.70 0.16 0.003 
CaO 63.41 0.08  
MgO 2.56 0.04  
SO3 3.38 0.15  
K2O 0.82 0.30  
Na2O 0.33 0.18  
TiO2   0.03 
LOI* 2.09 2.70 1.00 

Table 2: Mix proportions and notation of specimens. 
Cem: cement, SF:silica fume, NS:nanosilica, W:water, 

SP:superplasticizer 

Probes Cem 
(g) 

SF 
(g) 

NS
(g) 

W 
(g) 

SP 
(%) 

PCP 450 - - 180 - 
4N 432 - 18 180 - 

10N 405 - 45 150 4.8 
5F 427.5 22.5 - 180 - 

10F 405 45 - 180 - 
4NMA 432 - 18 180 - 

10NMA 405 - 45 150 4.8 
5FMA 427.5 22.5 - 180 - 

10FMA 405 45 - 180 - 
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-Techniques 

The X-ray diffraction (XRD) patterns were 
registered using a PANalytical X'Pert PRO 
ALPHA1 apparatus using Cu(Kα) radiation 
with a wavelength of  λ=1.5418 Å. Sample 
preparation consisted in simply grounding a 
representative piece of the paste and then 
compacting it manually; therefore, the results 
can be considered as an average.  

TGA/DTA profiles were registered using a  
Setaram Labsys Evo TGA-DTA apparatus. A 
total quantity of 50-100 mg of sample was 
heated at 10ºC/min up to 1200ºC. 

Solid state 29Si NMR-MAS (Magic Angle 
Spinning Nuclear Magnetic Resonance) 
spectroscopy was used to characterize the 
molecular composition. The experiments were 
carried out on a Bruker Avance 400MHz 
spectrometer, with a 9.39 T widebore 
superconducting magnet, operating at 79.49 
MHz, with spin rate of 12KHz, 90º pulse 
length of 4.5 µs. 

Scanning electron microscopy (SEM) was 
performed using a JEOL JSM6335FEG, with 
resolution of 12 Å. Samples were metallized 
by covering with Au. Semiquantitative 
chemical analyses were made from energy 
dispersive X-ray spectroscopy (EDS). 

3 RESULTS AND DISCUSSION  

3.1 X-ray diffraction 
The XRD patterns of all samples have been 

registered at different ages of the hydration 
process in order to qualitatively check the 
composition and evolution of the cement 
pastes[8,9]. Figure 1 shows a representative 
diffraction pattern for the sample 10N_28D, 
compared to the PCP pattern, in which the 
presence of different indicated phases is 
detected: alite, belite, portlandite, ettringite, 
calcite, calcium carbonates hydrates and 
ferrite. The addition of both nano and 
microsilica considerably improve the 
hydration process.  

Portlandite maxima decreasing in intensity 
and enhanced background in the 25-35º 2θ
range indicate a loss of crystallinity indicative 
of an increase of C-S-H proportion. 

3.2 TGA/DTA 
The TGA/DTA curves have been 

quantitatively analyzed considering the three 
typical contributions corresponding to the 
reactions occurring in the cement-based paste 
when subjected to a progressive temperature 
increase (from 40 ºC to 1100 ºC).  

The first endothermic peak is normally 
attributed to the dehydration of the gel phase 
(C-S-H), corresponding to the mass loss on the 
TG profile below ca. 400 ºC.  Such a peak 
(rather a broad band) is actually obtained in 
the AC cement specimens around 130 ºC. 

Figure 1: XRD patterns of PCP and 10N at curing age 
of 28 days. E: ettringite, A:alite, B:belite, 

P:portlandite, F:ferrite, C:calcite, CC: 
carbonatehydrate  

However, in the manual mixing cements, 
this peak is split in two components, similarly 
to that found in the cement paste taken as 
reference, at temperatures around 120 and 180 
ºC. In them, the first component can be 
ascribed to the de-hydration of C-S-H gel, 
whereas the second one could be attributed to 
de-hydration of ettringite (AFt) or monosulfate 
(AFm). Figure 2 shows the DTA/TG curves 
for two selected samples, 10FMA and 4N at 
28 days, together with the plain cement paste 
(PCP) curve, showing both specific features 
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mentioned above, are presented. These 
differences obtained in the first step could be 
ascribed to the stabilization of two different 
compositions of C-S-H phases; indeed, the 
incorporation of aluminum to the silica chains 
giving rise to aluminosilicate structures seems 
to be favored in the case of AC samples, while 
in the manual mixed specimens only silica 
chains are detected. In this sense, the mixing 
condition influences in a relevant way the 
tendency towards aluminum isomorphical 
substitution [10,11]. 

The second step is also endothermic and 
corresponds to the de-hydration of calcium 
hydroxide, resulting in a new loss in mass 
starting at about 410 °C. A third stage was 
found around 800 °C, which could be related 
to minor uncontrolled carbonation of the 
sample.  

Figure 2: TGA/DTA curves for PCP, 10FMA-28D and 
4N_28D. Red circles indicate the bands concerning 

the first steps.  

In order to analyze the evolution of the 
hydration process, in Figure 3 the hydration 
degree and the C-S-H loss water mass 
percentage for all the samples is shown at 
curing ages of 7 and 28 days.  

From these data several tendencies can be 
underlined: 

-It is observed that, for a given curing age and 
a given additive composition, the AC samples 
present an enhancement of the C-S-H phase 
respect to the AW specimens. In this sense, the 
AC deposition mixing method improves the 
samples hydration. It is also observed that for 
the AW samples the hydration is hindered, 
obtaining smaller amounts of C-S-H gel and 
lower degrees of hydration than in the sample 
used as a reference. This could be related to 
compaction problems together with a higher 
water demand of the additives once 
incorporated, as a consequence of poor 
homogeneity. 

-Among the AC samples, those fabricated 
from nanosilica additions (N) present higher 
values of both hydration degree and C-S-H 
water loss percentages than the microsilica 
additivated ones (F). This is coherent with the 
expected behavior as the smaller particle size 
of nanosilica compared to silica fume 
promotes an enhanced puzzolanic activity and 
therefore a higher content of secondary 
tobermorite is stabilized [12]. Note, for 
example, that the behavior displayed by 4N 
(minimum addition of nanosilica) is similar to 
that corresponding to 10F (maximum addition 
of microsilica), even at early ages.  

3.3 29Si MAS-NMR  
Polimerization degree (P) and mean 

chain length (MCL) have been evaluated from 
deconvolution of 29Si MAS-NMR spectra, 
applying the expressions found in previous 
literature [13]. Typically, the silicate 
tetrahedra are denoted as Qn, where Q 
represents the silicon tetrahedron bonded to 
four oxygen atoms and n is the connectivity, 
i.e., the number of other Q units attached to the 
[SiO4] tetrahedron under study.
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Figure 3: Evolution of C-S-H water loss mass and 
hydration degree for all specimens. 

Thus, Q0 denotes the monomeric 
orthosilicate anion [SiO4]4- (nesosilicate) and 
typical of anhydrous silicate of cement (C3S 
and C2S); Q1 represents an end group of a 
chain of C-S-H, Q2 a middle group, Q3 a chain 
branching site and Q4 a three-dimensionally 
fully cross-linked group both in silica fume 
and nanosilica. The 29Si nuclei chemical shift 
(δ) allows obtaining information concerning 
the organization of tetrahedral links [14-16].  

Figure 4 gathers the spectra for 10F_28D 
and 4NMA_28D showing typical bands 
assignment and a schematic representation of 
the different chains present, being this fact 
coherent to that observed from DTA/TGA 
results discussed above. Tables 3, 4 and 5 
include in detail the most relevant parameters 
for the PCP, 4N and 4NMA samples at 
different curing ages: chemical shifts (ppm), 
integral percentages (%), MCL and P (%). In 
Figure 5 the data for all the samples are 
graphically gathered with comparative 
purpose. 

Figure 4: 29Si MAS-NMR spectra for a) 10F_28D 
and b) 4NMA_28D. Insets: schemes of the types of C-

S-H chains in each case 

First, it is observed that in general 
polymerization values, P(%), are greater for 
the AC samples than for the manual mixed 
ones, which indicates that they are more easily 
hydrated as they present a greater percentage 
of anhydrous phases (alite and belite), and this 
is also supported by the thermogravimetric 
analyses.  

Table 3: Chemical shifts (ppm), integral percentages 
(%), MCL and P (%) parameters for PCP.

time 2 days 
ppm     I(%) 

7 days 
ppm    I(%) 

28 days 
ppm    I(%) signal

Q0 -72.9 46.4 -73.0 31.7 -72.9 32.1
Q1 -80.5 42.6 -80.6 

-76.8 
39.2 
14.3 

-80.4 51.2

Q2 -85.4 11.0 -85.6 14.9 -85.5
MCL 2.51  2.56  2.65  
P(%) 53.6  63.0  68.0  
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Table 4: Chemical shifts (ppm), integral percentages  
(%), MCL and P (%) parameters for 4N. 

Table 5: Chemical shifts (ppm), integral percentages  
(%), MCL and P (%) parameters for 4NMA. 

Concerning MCL parameter, it has been 
previously established that C-S-H gel in young 
pastes consists mainly of dimeric silicate 
chains (MCL values closer to 2 that to 3) and 
trimethylsilylation studies have indicated that 
in older pastes some of the dimers are linked 
to form pentamers by Q2 units, Al or Si 
monomers known as bridging tetrahedra [17].  

Comparing microsilica additivated samples 
prepared differently, it can be observed that 
the mixing method influences the values of the 
MCL and P. The AC specimens present 
greater values of both parameters, which is an 
interesting result considering that, as it has 
been previously pointed out [18], there is a 
lineal relationship between MCL enhancement 
and the strength compression.  The 
improvement of these parameters could be 
related to the differences encountered in the 
obtained C-S-H phase. In the manually mixed 

samples no Al signals were detected, which 
means that no isomorphical Al3+ substitution 
in the silicate chains takes place, contrary to 
that obtained for the AC samples. For these 
ones Q1(1Al) signals were present, similar to 
that found in literature [19], linked to 
aluminosilicate chains, suggesting that Al 
substitute Si cations at non-bridging sites; even 
more, that there are few ions at these sites, i.e. 
the C-S-H structure is basically constituted by 
dimers and some pentamers. Thus, Q2(1Al) 
signals, typically appearing at ca. -82 ppm 
[20], are not observed in any specimen and 
this corroborates that Al3+ cations are not 
incorporated at bridging sites. Considering that 
the Al-containing chains are dimers or trimers 
there are only two possibilities for the Al3+

positions: terminal in a dimmer or in the 
middle of a trimmer; and this is coherent to the 
MCL obtained values and the TGA/DTA data.  

Comparing nanosilica additivated samples 
prepared differently, it can be observed that 
the incorporation of Si in the chains needs a 
greater curing time in order to be effective (28 
days) compared to PCP, but once incorporated 
it is very efficient; i.e. the elongation of chains 
does not take place progressively.  

Figure 5: Evolution of P and MCL with curing age 
for all the samples. 

time 2 days 
ppm     I(%) 

7 days 
ppm    I(%) 

28 days 
ppm    I(%) signal 

Q0 -72.7 16.9 -72.6 16.4 -73.3 14.1 
Q1 -80.6 51.0 -80.9 53.1 -81.1 39.3 
Q2     -85.4 17.0 
Q1(1Al) -74.5 30.9 -74.0 30.5 -75.1 29.6 
Q4 -110.9 1.2     
MCL 2.00  2.00  2.87  
P(%) 83.1  83.6  85.9  

time 2 days 
ppm     I(%) 

7 days 
ppm    I(%) 

28 days 
ppm    I(%) signal 

Q0 -72.5 51.0 -72.7 40.0 -72.7 38.7 
Q1 -80.4 44.6 -80.9 45.9 -80.8 43.9 
Q2     -85.3 17.3 
Q4 -106.9 

-111.3 
2.6 
1.8 

-101.0 
-107.0 
-109.3 
-111.9 

3.7 
3.6 
3.8 
3.0 

  

MCL 2.00  2.00  2.79  
P(%) 49.0  60.0  61.3  
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Some special features are observed in the 
case of the 10N sample. This sample exhibits 
great values of MCL since 2 days and 
therefore it can be assumed that this nanosilica 
concentration favors a faster chain formation 
compared to other additions and the reference 
cement paste. However, although obtained P 
values are high and follow an expected 
evolution with curing time, the MCL values 
smoothly diminish with the curing age from 7 
to 28 days. This could be explained in terms of 
the competition of two growth processes 
implying Si supply: the C-S-H development 
and the formation of silica clusters, as 
previously reported [13]; this would provoke 
the apparition of new Q1 signals which 
enhances the Q1/Q2 ratio, closely related to 
MCL. Thus, in this sample a large amount of 
chains is stabilized but they are short. In this 
sense, high percentages of nanosilica do not 
improve the MCL values as expected but it 
rather seems that there is a limit value capable 
to optimize the formation and growing of long 
chains.  

On the other hand, it is noticeable that a 
10% nanosilica addition provokes a faster 
chains growing than any other else. For 
instance, the 10N sample shows a high MCL 
value even at 2 days, whereas this effect is not 
visible in the 10F specimen. Again, this could 
be due to the smaller particle size of 
nanosilica, which permits a higher specific 
surface and therefore an enhanced puzzolanic 
activity, giving rise to an increase of C-S-H 
gel, following the mechanism described by 
Qing et al. [12]. 

3.4 SEM and EDS 
In order to evaluate the microstructure 

features related to the hydration processes of 
the samples, SEM and EDS experiments were 
carried out for all of them. As general features, 
it is observed that the employed nano and 
microsilica additions from both tested mixing 
methods lead to a considerable modification of 
portlandite crystals and have a great influence 
on ettringite species.  

In Figure 6 SEM images for PCP and 

4NMA, at a curing age of 7 days, showing 
portlandite-type phases are gathered. The 
composition of CH crystals was confirmed by 
EDS and a representative spectrum is also 
show in Figure 6.  The portlandite crystal size 
clearly decreases from 4.2 µm in PCP to 1.4 
µm for 4NMA and, interestingly, at the same 
time the C-S-H phase acquires a denser and 
more compact aspect [21,22]. This change in 
morphology and size, together with the 
homogeneity of dispersion are determinant 
factors in the improvement of paste 
compressive strength, making more effective 
the union between paste and aggregates [23].  

Figure 6: SEM images of PCP (up) and 4NMA (left 
bottom) at a curing age of 7 days; EDS spectrum of CH 

crystals (right bottom). 

For the AC sample with similar additive, 
4N, the CH crystal size reduction is also 
pronounced (from 4.2 µm in PCP to 1.9 µm) 
and moreover the portlandite crystals lose their 
crystalline morphology, as it can be 
appreciated in Figure 7a. Moreover, this type 
of addition provokes the apparition of a great 
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quantity of aciculate AFt species, which coat 
the pores surface, as it can be appreciated in 
Figure 7b. This process could have a relevant 
role in aspects such as concrete durability for 
buildings in marine environments, as the 
penetration of ions as Cl-, SO4

2-,…would be 
prevented [24]. In Figure 7c a micrograph of 
4NMA is shown and it can be appreciated that 
for manual mixing samples with equivalent 
additive, changes in AFt needles are observed: 
they are thicker and fewer in number and they 
do not cover the whole surface.    

For microsilica AC additivated samples, 
portlandite crystals lose cristallinity and are 
present following fault lines forms, whereas 
AFt characteristics, i.e. the interior coating of 
pores, become worse, as it can be observed in 
Figure 8a. Finally, for the manual mixed ones, 
the incorporation of microsilica to the gel 
becomes more difficult as the concentration of 
additive increases. See, for example, Figure 
8b, in which a representative SEM image of 
the 10FMA sample is gathered. 
Microstructural characteristics consistent in 
isolated microsilica spheres are shown. These 
results are coherent to those obtained from 
NMR and TGA/TDA, which pointed out low 
polimerization degrees and small C-S-H 
percentages, respectively. 

4 CONCLUSIONS 

 Two sets of nano and microsilica 
additivated cement pastes, prepared by two 
different mixing methods, have been studied at 
curing ages of 2, 7 and 28 days. The 
characterization of the hydration process has 
been made from XRD, DTA/TG, 29Si MAS-
NMR, EDS and SEM techniques.  

It is observed that nanosilica additions 
provoke higher values of hydration degree 
than the microsilica ones, coherently with the 
smaller particle size of the former. The AC 
deposition mixing method improves the 
samples hydration, mean chain length and 
polymerization parameters, and this has been 
interpreted in terms of different mechanisms 
implied in each case. 

Figure 7: SEM images of a) 4N  b) and c) 4NMA at 
the same curing age of 7 days.

In the manually mixed samples no 
isomorphical Al3+ substitution in the silicate 
chains takes place, whereas for the AC 
samples Q1(1Al) signals prompted to the 
existence of aluminosilicate chains, in which 
Al3+ cations are located in terminal positions 
of dimers and/or in the middle of trimers, as, 
Q2(1Al) signals do not appear. New 27Al NMR 
experiments are now in route in order to get 
deeper insight about these structural details.  

Finally, it is observed that the employed 
nano and microsilica additions from both 
tested mixing methods lead to a considerable 
modification of the microstructure, especially 
concerning the morphology of portlandite and 
ettringite species. Portlandite crystals size is 
drastically reduced (ca. 60%) when the cement 
is nanosilica additivated, even with a 
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concentration as low as 4%. Ettringite is 
present as needle-type crystals grown inside 
the pores of the specimens. The deposition 
type of addition employed in AC samples 
provokes the apparition of a great quantity of 
aciculate AFt species efficiently coating the 
pores surface and therefore leading to 
promising durability parameters. 

Figure 8: SEM images of a) 10F and b) 10FMA at 
the same curing age of 7 days.  
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Abstract: Reinforced concrete is a widely used material for structures of different types as bridges, 
buildings, underground structures and others. Damage due to reinforcement corrosion is recognized 
as one of the major causes of deterioration of such structures with service life reduction and 
considerable additional costs as consequence. An extensive amount of research on these topics has 
been organized and reported over the last decades and it has been published elsewhere and also 
reflected in recent international standards and documents – e.g. fib Draft Model Code [1]. 

The present paper concentrates on the propagation period, i.e. reinforcement corrosion effects, 
relevant limit states, modelling of degradation mechanism, software tool and service life issue. 
Several analytical models are briefly presented. The described approach is applied to some 
illustrative examples showing the feasibility to capture the development of reinforcement corrosion 
and consequently its effect on the service life and/or reliability of the structure. 
 
 

1 INTRODUCTION 
Reinforced concrete is a widely used 

material in structures of such different types as 
bridges, buildings, underground structures and 
others. Damage due to reinforcement corrosion 
is recognized as one of the major causes of the 
deterioration of such structures with service 
life reduction and considerable additional costs 
as consequences. Cost-effective decisions need 
to be made when forecasting the time when an 
existing structure should be repaired or 
predicting the service life of a structure during 
the design stage. Both these activities require 
some knowledge about the corrosion 
mechanism and its progress over time, and 
about the relevant reliability level. The 
objective is to ensure the functionality and 

reliability of the structure over its entire 
service life in order to obtain an optimal result 
from the whole-life financial point of view. 
Note that the performance requirements of a 
structure are generally established by means of 
performance criteria and associated constraints 
related to service life and reliability; 
considering in this respect the reinforcement 
corrosion of a concrete structure it is evident 
that a general approach capable of modelling 
relevant deteriorative effects is needed.  An 
extensive amount of research on these topics 
has been organized and reported over the last 
decades and has been published elsewhere; 
some of these studies are mentioned in the 
following text. 

Owing to either the carbonation of 
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reinforced concrete or the ingress of chlorides 
into such a material, the depassivation of the 
reinforcing steel within it occurs (a process 
known as the initiation period). This may be 
followed (under the presence of moisture and 
oxygen) by a steel corrosion process (known 
as the propagation period) – see [2]. Suitable 
methods for the monitoring and reliable 
mathematical modelling of associated effects 
are needed – better knowledge in this respect 
provides the basis for a practical and proactive 
strategy when designing and maintaining 
concrete structures. This is also reflected in 
recent international standards and documents – 
e.g. [1].    

Frequently, the initiation of reinforcement 
corrosion is supposed to define the end of a 
structure’s service life – see e.g. [3], in spite of 
the fact that the propagation period may form a 
significant part of the total service life of a 
structure. In the case of corroding structures, 
the residual service life is often taken as the 
time remaining before a crack of certain width 
develops at the surface of the concrete. 

This is why the present paper concentrates 
on the propagation period, i.e. reinforcement 
corrosion effects, relevant limit states, 
modelling of the degradation mechanism and 
the use of a software tool to do this, and the 
service life issue. Note that modelling of the 
initiation period and associated degradation 
mechanisms has been dealt with in many other 
works, e.g. [4-7].  

2 LIMIT STATES ASSOCIATED WITH 
THE PROPAGATION PERIOD 

Among the key factors influencing 
reinforcement corrosion in concrete are the 
presence of moisture and the ingress of oxygen 
from the air. The reader may find a detailed 
description of these factors in e.g. [8-10]. A 
number of models have been developed which 
can be roughly divided into two categories – 
empirical models and more complex 
electrochemical models. For the purpose of 
introducing a practical approach for the 
prognosis of the service life and relevant 
reliability level of concrete structures the 
simplest models are utilized in the present 

work. Inherent uncertainties in the material, 
technological and environmental 
characteristics of reinforced concrete 
structures have to be considered while solving 
such problems. To respect this, a probabilistic 
approach has been utilized.  

The limit state (LS) concept – in either its 
Serviceability limit state (SLS) or Ultimate 
limit state (ULS) variant – is applicable here, 
governed by a probability condition which in 
its general form reads: 

   f dP P A t B t P      (1) 

where Pd is the design (required) probability, t 
is time, A is the effect of the analysed action 
and B is the barrier. Generally, both A and B 
are time dependent and hence the probability 
of failure Pf is time dependent too. The 
combined effect of both structural 
performance and ageing should be considered 
wherever relevant. Time tS corresponds to the 
limit given by Eq. (1), i.e. it is the predicted 
service life; time tD is the design service life. 
Both tS and the deteriorative effect A are 
assessed by utilization of the appropriate 
degradation models, which apply a 
probabilistic approach. Note that the index of 
reliability β is frequently utilized in practice 
instead of the probability of failure Pf – see 
e.g. [11, 12].  

The level of reliability in the context of 
durability should be left to the client’s decision 
together with the definition of a target service 
life, creating in this way a necessary 
background for the making of critical 
decisions (e.g. financial optimisation) – see 
e.g. [1, 13].  

Concerning reinforcement corrosion and the 
appropriate LS, the following cases may be 
distinguished: 

(i) The volume expansion of rust products 
develops tensile stresses in the surrounding 
concrete leading to concrete cracking (mainly 
affecting the concrete cover); for more details 
about the crack mechanism see e.g. [14]. In 
this case, B in Eq. (1) represents the critical 
tensile stress that initiates a crack in concrete 
at the interface with a reinforcing bar.  A is the 
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tensile stress in concrete at design service life 
tD ; 

(ii) alternatively, B is the critical crack 
width at the concrete surface and A is the crack 
width at the concrete surface generated by 
reinforcement corrosion at time tD. When the 
progress of corrosion and consequently the 
opening of cracks continue, a network of 
cracks is propagated that possibly reaches the 
surface of the concrete cover. Together with 
cracks due to mechanical loading [15], a crack 
network may form and lead to the separation 
of concrete elements. Such delamination is a 
complex effect depending e.g. on the 
diameters of reinforcing bars, their location, 
concrete quality, coarse aggregate size, cover, 
the type and amount of loading, and the 
configuration of the structure.  Such a state is 
either an SLS or a ULS – depending on the 
location and the severity of this effect;   
(iii) given a decrease in the effective 
reinforcement cross-section due to corrosion 
and excessive deformation, loss of bearing 
capacity and finally the collapse of the 
member/structure in question may occur. Such 
effects fall either into the SLS (deformation 
capacity) or ULS (load bearing capacity) 
categories; in this situation A is the actual 
(modelled) reinforcement cross-sectional area 
at time tD and B is the minimum acceptable 
reinforcement cross-sectional area with regard 
to either an SLS or a ULS; 
(iv)  finally, some changes will occur in the 
characteristics of the bond between steel and 
concrete due to corrosion. This may lead either 
to an excessive deflection of the structure or to 
a loss of structural strength. The former 
appears to be a more critical effect [16]. The 
bond may be modelled by using the time 
function of bond stress vs. slip affected by the 
degree of reinforcement corrosion.  

3 SOFTWARE TOOL AND MODELS 

3.1 Model selection 
With respect to durability assessment it is 

important to develop a relevant approach, 
evaluation procedures and methods for service 
life prognosis. In this area, mathematical 

modelling is often a useful tool together with 
relevant limit states for the accomplishment of 
such a task. Several models may be available 
for the degradation process in question and the 
engineer can select a suitable one for each 
specific use. The main criteria in selecting the 
relevant degradation model for each specific 
use may be listed as follows: 
 the type of relevant limit state and 

exposure conditions; 
 the accuracy and relevance of the model 

when using the available data in relation 
to the required design exactness; 

 the type of representation (1D, 2D or 3D; 
spatial and/or temporal variability); 

 the level of physical sophistication 
(macro-, meso- or micro-level); 

 the level of mathematical involvement; 
 the possibility or feasibility of model 

combination or conditionality;   
 the availability of model data and their 

statistical characteristics, and/or the 
availability of relevant testing methods; 

 labor and/or time consumption; 
 level of model validation and calibration; 
 the type of concrete (HSC, FRC, ...) 

and/or the type of structure; 
 the availability of efficient software tools. 

There are many predictive computational 
models for the modelling of degradation 
caused by the corrosion of reinforcement. 
They are mainly heuristic, using more or less 
simplified approaches and data. A common 
feature of all these models is that the input 
data are very uncertain. The authors of this 
paper and their colleagues have developed a 
software application called FReET-D in which 
all relatively well-known models are 
summarized within the framework of a unified 
software environment. In FReET-D a 
combination of analytical models and 
simulation techniques has been amalgamated 
to form specialized software for assessing the 
potential degradation of newly designed as 
well as existing concrete structures [17, 18]. 
The included models for carbonation, chloride 
ingress and corrosion of reinforcement (among 
other phenomena) can be directly employed in 
the durability assessment of concrete 
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structures in the form of a durability LS, i.e. 
the assessment of service life and of the level 
of the relevant reliability measure. Several 
features are offered including parametric 
studies and Bayesian updating. Altogether, 32 
models are implemented as pre-defined 
dynamic-link library functions. In this paper 
only the included models for corrosion of 
reinforcement are presented. 

FreET-D is actually a specialized module of 
FReET software [19]. FReET probabilistic 
software allows simulations of uncertainties 
affecting an analyzed problem basically at the 
level of random variables (in civil/mechanical 
engineering these are typically material 
properties, loading, geometrical 
imperfections). Attention is given to those 
techniques that have been developed for the 
analysis of computationally intensive 
problems; nonlinear FEM analysis being a 
typical example. The stratified simulation 
technique Latin hypercube sampling (LHS) is 
used in order to keep the number of required 
simulations at an acceptable level. This 
technique can be used for both the random 
variable and random field levels. Statistical 
correlation is efficiently imposed by the 
stochastic optimisation technique known as 
simulated annealing, which is described by 
Vořechovský and Novák [20]. Sensitivity 
analysis is based on nonparametric rank-order 
correlation coefficients.  

In the following sections the models 
implemented in FReET-D for corrosion of 
reinforcement in concrete are briefly 
described. For the purpose of this paper and 
for simple cross referencing the models are 
labeled as CorrX in the following sections, 
where X is an ordinal number.  

3.2 Corr1 – rebar diameter 
This model by Andrade et al. [21] and 
Rodriguez et al. [22] is frequently used for the 
prediction of uniform corrosion. The formula 
for the time-related net rebar diameter d(t) at 
exposure time t reads (see Fig. 1a): 
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0.0116
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i i
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Figure 1: Schematic representation of the damage 

caused to a reinforcing bar due to: a) uniform corrosion; 
b) and c) pitting corrosion. 

where di is the initial bar diameter; t = ti+tp 
where ti is the time to corrosion initiation 
(steel depassivation), and tp is the time of 
corrosion propagation. Parameter Rcorr 
expresses the type of corrosion;  is the 
uncertainty factor of the model. For uniform 
corrosion the coefficient Rcorr equals 2. The 
effects of chloride concentration, pH level or 
other conditions may also be described by the 
coefficient Rcorr whenever applicable. The 
parameter icorr is the current density; the mean 
value can be obtained by measurement or 
testing, or alternatively, calculated according 
to Eq. (3). This formula describes the 
dependence of icorr on time, which is derived 
on the basis of experiments for RC flexural 
members in [23] as: 
 

0.3686ln( ) 1.1305corri t    (3) 
 
In [24] the parameter icorr was derived from 

experimental measurements as a function of 
chloride concentration C for two different pH 
values of 9 and 12.5 – see Fig. 2. It was 
recalculated from the corrosion rate found on 
the basis of experiments and was deliberately 
rearranged to transform it into the uniform 
type of corrosion. The pH values of 9 and 12.5 
were chosen due to the fact that the pH value 
of the pore solution is about 12.5 in the case of 
non-carbonated concrete and pH = 9 in the 
case of carbonated concrete. 
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Figure 2: The dependence of current density on 

chloride concentration according to [24]. 

3.3 Corr2 – the depth of pit 
In cases of localised corrosion the 

following model can be taken into 
consideration. The studies by Gonzalez et al. 
[25] show that the maximum rate of corrosion 
penetration in the case of pitting corrosion is 
about 4-8 times that of general corrosion. The 
depth of the pit p(t) at time t can be estimated 
by the following equation (see Fig. 1b): 

 
   0.0116 corr corr ip t i R t T     (4) 

 
The meaning of the parameters is the same 

as in Eq. (3). The value of coefficient Rcorr 
varies from 4 to 8 [25]; note that the effects of 
chloride concentration, pH level or other 
conditions may also be described by the 
coefficient Rcorr whenever applicable. It is 
evident that the model given by Eq. (4) can 
serve as an estimate only. The value of p(t) 
may serve as an input parameter for model 
Corr3. 

3.4 Corr3 – net cross sectional area 
An alternative means of modelling localised 

corrosion has been presented by Val and 
Melchers [26]. The section at the pits is 
predicted by a simplification in the 
hemispherical form. The net cross sectional 
area of a corroded rebar Ar at time t is 
calculated as: 
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   (7) 

 
For the description of the parameters from 

Eqs. (5, 6 and 7) see models Corr1 and Corr2, 
and Fig. 1c. 

It should be noted that pitting corrosion is 
highly localised on individual reinforcement 
bars. It is unlikely that many bars could be 
affected in the same section of a construction 
member; hence, pitting corrosion will not 
significantly influence the structural capacity 
in the early stage of corrosion. The value of 
p(t) may be obtained from model Corr2. 

3.5 Corr4 - time to cracking of concrete 
cover 

The corrosion cracking model was 
proposed by Liu and Weyers [27] to estimate 
the critical time to cracking tc = ti + tp,cr of 
concrete cover due to stresses resulting from 
the expansion of corrosion products from 
reinforcement. Within this paper only the 
modelling of tp,cr is described. It is assumed 
that uniform corrosion causes rust products to 
form uniformly around the steel surface. Three 
stages are considered in this model: (1) Free 
expansion – the porous zone around the 
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reinforcement is filled by rust products. The 
total amount of corrosion products is less than 
the amount of corrosion products required to 
fill the porous zone around the steel-concrete 
interface WP and so no stresses are exerted on 
the surrounding concrete; (2) Stress initiation – 
the total amount of corrosion products exceeds 
the amount of corrosion products needed to fill 
the porous zone WP and expansive pressure is 
applied to the surrounding concrete; (3) 
Cracking – the total amount of corrosion 
products reaches the critical amount of 
corrosion products Wcrit and cracking of the 
surrounding concrete is induced. 

The critical amount of corrosion products 
Wcrit consists of two parts: WP, the amount of 
corrosion products needed to fill the porous 
zone around the steel-concrete interface, and 
WS, the amount of corrosion products that 
generate critical tensile stresses. Wcrit can be 
estimated from the following formula: 

 
 0 02

1

rust i s s
crit

rust
st

d d d d d
W

 



   


 (8) 

where d0 is the porous zone thickness, 
andrust st  are the specific gravities of rust and 

steel, respectively,  is the ratio of steel to the 
molecular weight of the corrosion products, 
and ds is the thickness of the corrosion 
products needed to generate tensile stresses, 
which is given by Eq. (9). Note that in [27] the 
term 02 sd d is neglected for Wcrit derivation, 
which is not the case assumed here. 

2 2

3 2 210
t

s c
ef

a f x yd
E x y


  

    
   (9) 

 
In this formula a represents the concrete 

cover, ft is the tensile strength of concrete, c is 
the Poisson ratio of concrete and Eef is the 
effective modulus of elasticity given by Eq. 
(10);  02 / 2ix d d   

and  02 / 2iy a d d   . 

1
c

ef
cr

EE





            (10) 

Ec is the modulus of elasticity of concrete 
and cr is the creep coefficient. For a constant 
corrosion rate, the resulting time to cracking at 
the rust-concrete interface since corrosion 
initiation tp,cr can be derived as: 

2

, 2
crit

p cr
p

Wt
k

             (11) 

where kp is related to the rate of metal loss and 
is expressed as: 

10.092p i corrk d i

   
 

           (12) 

3.6 Corr5 - corrosion induced crack width  
This model, proposed by Li et al. [28], 

provides an estimation of corrosion-induced 
crack width – essential information for the 
prediction of the serviceability of corrosion-
affected RC structures. 

A concrete element with an embedded 
reinforcing steel bar can be modelled as a 
thick-walled cylinder – see [19-31]. This is 
shown schematically in Fig. 3a. Usually d0 is 
constant once the concrete has hardened.  
When the reinforcing steel corrodes, its 
products fill the pore band completely. As the 
corrosion propagates in the concrete, a ring of 
corrosion products forms, the thickness of 
which, ds(t) (Fig. 3b), can be determined from 
the following relation according to [27]: 

0

0

( ) 1 _

( 2 )

rust
rust rust i

st
s

rust i

W t d d
d

d d

  




 
 

 


    (13) 

 

 
 
Figure 3: Schematic diagram of the corrosion-induced 

concrete cracking process. 

where Wrust(t) is the mass of corrosion 
products. Obviously, Wrust(t) increases with 
time and can be determined from the following 
relation according to [27]: 
 

2122

D. Vořechovská and B. Teplý



 7 

1/2
1( ) 2 0.092( ) ( )

i

t

rust corr
rustt

W t a i t dt


 
    
 
 (14) 

 
The growth of the ring of corrosion products 
(known as a rust band) exerts outward pressure 
on the concrete at the interface between the 
rust band and the concrete. Under this 
expansive pressure the concrete cylinder 
undergoes three phases in terms of cracking: 
(i) no cracking; (ii) partially cracked; and (iii) 
completely cracked. In the no cracking phase 
the concrete cylinder can be considered to be 
elastically isotropic so that the theory of 
elasticity can be used to determine the radial 
stress ( )r r and tangential stress ( )r  at any 
point (r) in the cylinder [32]. From the radial 
stress ( )r r , the expansive pressure at the 
interface between the rust band and the 
concrete can be obtained as: 
 

1 2 2

2 2

( )
( ) ef s

r

c

E d t
P x

y xx
y x




  
 

  

          (15) 

From the tangential stress ( )r  at r = a, 
the initial cracking time can be determined by 
satisfying the condition ( ) tx f  . After 
initiation, the crack in the concrete cylinder 
propagates in a radial direction and stops 
arbitrarily at r0 (which varies between the radii 
x and y) to reach a state of self-equilibrium. 
The crack divides the thick-walled cylinder 
into 2 co-axial cylinders: an inner, cracked 
cylinder and an outer uncracked one, as shown 
in Fig. 3c. In the case of the outer uncracked 
concrete cylinder the theory of elasticity still 
applies. Let us assume that the cracks in the 
inner cracked concrete cylinder are smeared 
and uniformly circumferentially distributed 
[30], and that the concrete is a quasibrittle 
material. According to Bažant and Jirásek [33] 
and Noll [34], a residual cracked surface exists 
along the radial direction dependant on the 
tangential strain of that point; it is a function 
of the radial coordinate r. It is assumed in this 
model that the residual tangential stiffness is 
constant along the cracked surface, i.e. in the 

interval [x, r0] and represented by stiff efE , 
where 1stiff   is the tangential stiffness 
reduction factor. According to Bažant and 
Planas [35] the stiffness reduction factor 

stiff is dependent on the average tangential 
strain  over the cracked surface and can be 
determined as follows: 

exp[ ( )]c
t

stiff
ef

f
E

 



  


 
            (16) 

where c
  denotes the average tangential 

cracking strain and /t ff G   is a material 
constant where fG  is fracture energy. The 
cracking in the radial direction makes the 
concrete an anisotropic material in the local 
vicinity of the cracks. Therefore, the elastic 
modulus in the radial direction is different 
from the tangential one. Based on the 
described concept, the corrosion-induced 
concrete crack width can be expressed as 
follows: 

 
4 ( ) 2

(1 )( / ) (1 )( / )stiff stiff

s t
c

efc c

d t yfw
Ex y y x 

 

 
 

  
 (17) 

 

3.7 Corr6 - time to cracking  
A mathematical model for the prediction of 

time to cracking due to corrosion 
,c i p crt t t  was proposed by El Maaddawy 

and Soudki [36] aiming for the further 
improvement of model Corr4. The authors 
developed a relationship between steel mass 
loss and the internal radial pressure caused by 
rust growth. The time to corrosion cracking is 
estimated on the basis of Faraday´s law. 

Four basic assumptions were used in the 
currently-described model to determine the 
internal radial pressure caused by the 
expansion of corrosion products: 
1) The corrosion products are formed 
uniformly around the steel reinforcing bar, 
which results in uniform expansive stresses 
around the steel bar. 
2) There is a porous zone around the steel 
reinforcing bar which the corrosion products 
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must first fill before they start to induce 
pressure in the surrounding concrete. 
3) The volume expansion caused by corrosion 
only creates strain in the concrete (i.e. strain in 
the steel is neglected). 
4) The concrete around the steel reinforcing 
bar is modelled as a thick-walled cylinder with 
a wall thickness equal to the thinnest concrete 
cover. The concrete ring is assumed to crack 
when the tensile stresses in the circumferential 
direction at every part of the ring have reached 
the tensile strength of the concrete. 

A uniform layer of corrosion products 
would create uniform expansive stresses at the 
interface surface between steel and concrete 
that would result in a uniform radial 
displacement at the surface of the rust layer. 
The relationship between the percentage steel 
mass loss and the corresponding radial 
pressure on the concrete is given by Eq. (18). 
It is assumed that the corrosion products must 
first fill the porous zone at the steel-to-
concrete interface before their expansion starts 
to create pressure on the surrounding concrete. 
A linear relationship is considered to exist 
between radial pressure and displacement. The 
relationship between Mr, the mass of rust per 
unit length of one bar, and Mloss, the mass of 
steel per unit length consumed to produce Mr, 
is expressed as 0.622loss rM M , where 0.622 
is the considered value of the ratio of steel to 
rust molecular weight,  . The relationship 
between the mass density of rust rust and steel 

st is considered as 0.5rust st  , where 
37.85g / cmst  . 

     
0

0 0

100 2
90.9 1 2 1 2
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ef i

efst
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M E d d EMP
k d d k d d 

 
     

 (18) 

where k is given by the following equation: 
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By combining Eq. (18) with the radial pressure 
that causes cracking (Eq. 20), the governing 
criterion is obtained for the pressure when 
cracking occurs (Eq. 21). 

2 t
cr

i

afP
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(21) 

To introduce time in Eq. (21), Faraday’s well 
known law will be used. When Faraday’s law 
is applied to a steel geometry, the units are 
adjusted and it is combined with Eq. (21), the 
time from corrosion initiation to corrosion 
cracking, tp,cr, is obtained:  
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(22) 

 

4 EXAMPLES 

4.1 Comparison of steel corrosion models 
The above-mentioned models operate using 
different sets of input parameters. To compare 
them completely is not a simple or 
straightforward task. For this reason only three 
models are compared here – Corr4, Corr5 and 
Corr6, all in deterministic form only for the 
purpose of a clearer comparison. Corr4 and 
Corr6 enable the calculation of the time to 
crack initiation in concrete while Corr5 allows 
the tracking of the whole cracking process. As 
assumed in these models, concrete with an 
embedded reinforcing steel bar is modelled as 
a thick-walled cylinder. The models are 
compared in Fig. 4a via the dependence of rc 
on ds, where rc is the radial distance from the 
steel-concrete interface to the outer face of the 
cracks and ds is the thickness of the ring of 
corrosion products (see Fig. 4b). A time axis is 
also given in the figure. A full description of 
all input values can be found in Table 1.  
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Figure 4: (a) Comparison of models Corr4, Corr5 and 

Corr6; (b) a quarter of the section of the model. 

Table 1: Input parameters for corrosion model 
comparison 

Input 
parameter Nom. Unit Value Model 

Initial bar 
diameter di mm 25 4,5,6 

Porous zone 
thickness d0 mm 0 4,5,6 

Concrete 
cover  mm 50 4,5,6 

Current 
density icorr A/cm2 1 4,5,6 

Specific 
gravity of 
rust 

rust kg/m3 3925 4,5,6 

Specific 
gravity of 
steel 

st kg/m3 7850 4,5,6 

Ratio of 
steel to rust 
molecular 
weight 

 - 0.622 4,5,6 

Tensile 
strength of 
concrete 

ft MPa 2.4 4,5,6 

Elastic 
modulus of 
elasticity of 
concrete 

Ec GPa 30.5 4,5,6 

Poisson´s 
ratio of 
concrete 

c - 0.24 4,5,6 

Creep 
coefficient 

 

- 2 4,5,6 

Material 
constant  - 1 5 

 
In Fig. 4a, zero time is assumed to be the 

time of corrosion initiation. According to the 
Carb4, Carb5 and Carb6 models, cracks in 
concrete initiate in 2.10 (triangular point), 0.61 
(rectangular point) and 0.27 (circular point) 
years, which corresponds to ds = 0.0156, 
0.0084 and 0.0056 mm, respectively. These ds 
values, which correspond to times of crack 
initiation, agree with linear tangential stresses 
in concrete (at the steel-concrete interface) of 
9.60, 5.17 and 3.41 MPa, respectively. Note 
that the input tensile stress of concrete has 
been taken to be equal to 2.4 MPa.  

4.2 Critical crack width on the concrete 
surface 
A parametric study utilizing the Corr5 model 
is demonstrated in this example. The limit 
state condition is constructed in this case in the 
form: 

  ( ) 0f D cr a D dP t P w w t P             (24) 
 
where wcr is the limit value of a crack width 
equal to 0.3 mm – one of the essential limits 
for the serviceability assessment of corrosion-
affected RC structures recommended in CEN 
[37]. The actual corrosion-induced crack width 
wa over time is computed according to Eq. 
(16). In this example, time tD represents the 
propagation period only; to gain a service life 
prediction the appropriate initiation period 
must be added. 

In Fig. 5 the results of statistical analysis 
are depicted, i.e. the values of crack width on 
the concrete surface after 15 years of steel 
corrosion development as the function of 
concrete cover a. Next, Fig. 6 shows the 
reliability index β vs. concrete cover for three 
different propagation time values; the limit 
value of β = 1.5 prescribed typically for SLS is 
also shown in the figure. It appears that e.g. for 
tD = 25 years the cover should be greater than 
50 mm to satisfy the serviceability 
requirements; for tD = 15 years 30 mm of 
cover would be satisfactory. 

Table 2: Input parameters for crack width analysis 
cr
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Nom. Unit Distribution Mean COV 
di mm Normal  20 0.02 
d0 mm Deterministic 0.0125   
a mm Deterministic 30-70    

t years Deterministic 15, 20, 
25   

icorr A/cm2 Normal  1.5 0.2 

rust kg/m3 Normal  3600 0.02 

st kg/m3 Normal  7850 0.01 
 - Deterministic 0.57   

ft MPa Lognormal 
(2 par) 3.3 0.12 

Ec GPa Lognormal 
(2 par) 27 0.08 

c - Deterministic 0.18   


- Deterministic 2   

 - Deterministic 1   
  

- Lognormal 
(2 par) 1 0.15 

 

Figure 5: Crack widths on the concrete surface after 15 
years of steel corrosion development. 

Figure 6: Reliability index  after 15, 20 and 25 years 
of steel corrosion development (the condition given by 

Eq. 24). 

5 CONCLUDING REMARKS 
 The use of modelling in the field of 

reinforcement corrosion in RC structures 
has recently increased; nevertheless, it is 
recommended that users be aware of the 
conditions under which the model in 
question was developed – see comments 
by Otieno et al. [38] or Ahmad [39]. 

 A broader choice of models is useful e.g. 
due to problems with the availability of 
statistical data for the input variables of 
some models. 

 The usefulness of effective degradation 
modelling and hence reliable 
design/assessment for durability may 
enhance decision processes and, as a 
consequence, bring positive financial and 
sustainability impacts. 
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